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1 Overview

1.1 Introduction to Univariate and Spatial Extremes

Extreme events have a strong influence on various aspects of human life. While financial
crises and stock market crashes can lead to large financial losses for individuals, compa-
nies and economies, natural hazards such as severe storms, heavy precipitation, floods or
droughts often cause personal injury, death and infrastructure damage.
In order to estimate the risks associated with extreme events and take appropriate counter-
measures, the probabilities of exceeding extreme, possibly previously unobserved, thresh-
olds must be estimated from data or, conversely, the corresponding thresholds for specified
excess probabilities need to be determined – two of the key questions of extreme value
theory and statistics.

Mathematically speaking, one is interested in the tail behavior of some random vari-
able X describing the “impact” (e.g. the financial loss or the amount of precipitation)
of some extreme event. There are two main approaches that are closely related to each
other according to the Pickands–Balkema–de Haan Theorem (Balkema and de Haan, 1974;
Pickands, 1975): the block maxima and the peaks-over-threshold (POT) approach.
In this thesis, we will mainly focus on the block maxima approach, that is, we consider
the behavior of the random variable

Mn = max
i=1,...,n

Xi

for large n whereX1, X2, . . . are independent copies of the random variable X. Now assume
that {an} ⊂ (0,∞) and {bn} ⊂ R are normalizing sequences such that a−1

n (Mn − bn)
converges in distribution to a non-degenerate random variable Z as n → ∞. Then, by
the Fisher–Tippett–Gnedenko Theorem (Fisher and Tippett, 1928; Gnedenko, 1943), one
of the main results in extreme value theory, the limiting variable Z necessarily follows a
generalized extreme value (GEV) distribution

P(Z ≤ z) = Gξ,µ,σ(z) :=

{︄
exp

(︂
−
(︁
1 + ξ z−µσ

)︁−1/ξ

+

)︂
, ξ ̸= 0,

exp (− exp (−z)) , ξ = 0,
z ∈ R,

with shape parameter ξ ∈ R, location parameter µ ∈ R and scale parameter σ > 0. The
class of GEV distributions encompasses three types of distributions: the class of Fréchet
distributions with heavy tails, the light-tailed Gumbel distribution and the class of Weibull
distributions with finite upper endpoint.
All of these distributions are stable with respect to the maximum operation: For every
n ∈ N, there are sequences {cn} ⊂ (0,∞) and {dn} ⊂ R such that

max
i=1,...,n

Zi − dn
cn

=d X,

where Z1, Z2, . . . are independent copies of Z and “=d” denotes equality in distribution.
Such a random variable Z and its distribution, respectively, are called max-stable. It can
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2 1. Overview

be shown that any max-stable distribution is either degenerate or a GEV distribution.
More details on the extremal behavior of single random variables, so-called univariate
extreme value theory, can be found in the textbooks of Resnick (1987), Embrechts et al.
(1997) and de Haan and Ferreira (2006).

In many practical examples, however, extreme events cannot be fully described by a single
random variable such as the price of a single stock or the amount of precipitation at a
single site. Instead, the joint extremal behavior of various components of random vectors
or even stochastic processes has to be considered resulting in multivariate extreme value
theory and extreme value theory of stochastic processes, respectively. Most of this thesis
focuses on the general case of stochastic processes on some domain S ⊂ Rd, having spatial
processes in environmental applications in mind.
There is an analogous result to the Fisher–Tippett–Gnedenko theorem in this setting:
Let Xi = {Xi(s), s ∈ S}, i ∈ N, be independently and identically distributed sample-
continuous stochastic processes. Furthermore, assume the existence of sequences of con-
tinuous functions an : S → (0,∞) and bn : S → R and a sample-continuous process
{Z(s), s ∈ S} with non-degenerate marginal distributions such that{︃

max
i=1,...,n

Xi(s)− bn(s)

an(s)
, s ∈ S

}︃
n→∞−→ {Z(s), s ∈ S} (1.1)

weakly in the space C(S) of continuous functions on S. Then, it can be shown that
the limit process Z is a max-stable process, i.e., for every n ∈ N, there are sequences of
continuous functions cn : S → (0,∞) and dn : S → R such that{︃

max
i=1,...,n

Zi(s)− dn(s)

cn(s)
, s ∈ S

}︃
=d {Z(s), s ∈ S},

where Z1, Z2, . . . are independent copies of the process Z (cf. Chapter 9 in de Haan and
Ferreira, 2006).
Necessarily, by the Fisher–Tippett–Gnedenko theorem, for each s ∈ S, the random variable
Z(s) follows a GEV distribution. As max-stability is preserved under marginal transfor-
mations within the class of GEV distributions (cf. Resnick 1987, Prop. 5.10, and de Haan
and Ferreira 2006, Thm. 9.2.1, for instance), one often focuses on the class of simple
max-stable processes, i.e. max-stable processes with unit Fréchet margins.

Max-stable processes and their finite-dimensional counterparts, multivariate extreme value
distributions, form the main object we study in this thesis. The thesis consists of eight
articles that have been published recently in various scientific journals. It contains contri-
butions to the theory and statistics of max-stable processes including their representation
(Chapter 2), likelihood-based inference (Chapter 3), unconditional simulation (Chapters
4, 5 and 6) and conditional simulation with applications to downscaling and statistical
post-processing (Chapters 7, 8 and 9). Brief overviews over the main results in these areas
and the author’s contributions will be given in the following sections of this introductory
chapter.

1.2 Spectral Representation of Max-Stable Processes

The class of simple max-stable processes can be characterized by the following spectral
representation (cf. de Haan, 1984; Giné et al., 1990; Penrose, 1992, among others):

Z(s) = max
i∈N

ζiWi(s), s ∈ S, (1.2)
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where {ζi}i∈N are the points of a Poisson point process on (0,∞) with intensity measure
ζ−2dζ, and, independently of the ζi, theWi are independent copies of a sample-continuous
nonnegative stochastic process W = {W (s), s ∈ S}, the so-called spectral process, satis-
fying EW (s) = 1 for all s ∈ S.

The spectral representation and the specific choice of W play an important role in extreme
value theory and statistics as many procedures for the estimation and simulation of max-
stable processes are based on an appropriate choice of the spectral process W which is not
unique, cf. Engelke et al. (2014, 2015); Dieker and Mikosch (2015); Dombry et al. (2016a);
Oesting et al. (2018b); Oesting and Strokorb (2018), for instance. Popular examples
include the following processes:

• Often a the spectral process of the form

W (s) = Γ
(︁
ν+1
2

)︁−1
√︂

22−νπ
Var(G(s))ν max{0, G(s)}ν , s ∈ S,

is considered where G is a centered Gaussian process and ν > 0 . This results in the
max-stable extremal-t process (Opitz, 2013). For ν = 1, one obtains the so-called
extremal Gaussian process (Schlather, 2002).

• If the spectral process is a log-Gaussian process, i.e.

W (s) = exp
(︁
G(s)− 1

2 Var(G(s))
)︁
, s ∈ S,

where, again, G is a centered Gaussian process, we obtain a Brown–Resnick process
(Kabluchko et al., 2009) for Z.

If S = Rd (or an additive subgroup), special attention is given to stationary processes.
The extremal-t process and, thus, also the extremal Gaussian process, is stationary if the
underlying Gaussian process G is stationary. For the Brown–Resnick process, stationarity
of the increments of G already implies stationarity of Z.

An important subclass of stationary simple max-stable processes is given by the class
of simple max-stable processes allowing for a mixed moving maxima representation (cf.
Schlather, 2002; Stoev and Taqqu, 2005; Stoev, 2008, for instance)

Z(s) = max
i∈N

UiFi(s− Si), s ∈ Rd, (1.3)

where {(Ui, Si)}i∈N are the points of a Poisson point process on (0,∞)×Rd with intensity
measure u−2du ds, and, independently of the (Ui, Si), the Fi are independent copies of a
sample-continuous process F satisfying E

(︁∫︁
Rd F (s) ds

)︁
= 1. A popular example of a max-

stable process with such a representation is the Gaussian extreme value process (Smith,
1990) where F is deterministic and equals the density of a multivariate Gaussian distri-
bution. For further examples and the existence of such a representation, see Kabluchko
(2009), Strokorb et al. (2015) and Kabluchko and Stoev (2016), among others. By con-
struction, the mixed moving maxima representation (1.3) is of a different type than the
general spectral representation (1.2), but can be transformed in several ways (cf. Engelke
et al., 2014; Oesting et al., 2018b, for instance).

Motivated by practical applications where discontinuities are present because of measure-
ment errors or physical phenomena, one often drops the assumption of sample-continuity
and considers the broader class of processes arising as limits in (1.1) with respect to finite-
dimensional distributions. In case of a countable index set S ⊂ Rd, de Haan’s (1984)
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representation (1.2) is still valid with a discontinuous spectral process W . A more specific
popular max-stable model is the Reich and Shaby (2012) model

Z(s) = ε(1/α)(s) ·
[︂∑︂L

l=1
Blwl(s)

1/α
]︂α
, s ∈ S, (1.4)

where B1, . . . , BL are independent α-stable random variables whose distribution is given
by their Laplace transform E(exp(−tBl)) = exp(−tα), t > 0, for some α ∈ (0, 1), and,
independently of the Bl, ε is a noise process on S with (1/α)-Fréchet marginal distribu-
tions. The functions w1, . . . , wL : S → [0, 1] are deterministic weight functions such that∑︁L

l=1wl(s) = 1 for all s ∈ S. If S is a dense subset of Rd, the sample path properties of Z
are of interest. Due to the noise process ε(1/α), which can be perceived as a multiplicative
nugget effect, the sample paths of Z cannot be extended to continuous functions on Rd.
This feature makes the Reich and Shaby (2012) model (1.4) different from the models
discussed above, but also attractive for environmental applications.

The question of the relation between the Reich–Shaby model (1.4) and the general spectral
representation (1.2) has been the motivation for the article Oesting (2018) which is pre-
sented in Chapter 2. In this article, a general framework of representations of max-stable
processes via ℓp norms, p ∈ (1,∞], is established, namely

Z(s) =
ε(p)(s)

Γ(1− p−1)

[︂∑︂
i∈N

(ζiWi(s))
p
]︂1/p

, s ∈ S, (1.5)

where ε(p), {ζi}i∈N and {Wi}i∈N are all independent and defined as above. This repre-
sentation covers both the representation (1.4) of the Reich–Shaby model as a finite sum
and the spectral representation (1.2) by de Haan (1984) as the maximum over an infinite
number of processes. Thus, on the one hand, representation (1.5) allows to extend the
Reich–Shaby model to a class of processes whose finite-dimensional distributions are gen-
eralized logistic mixtures (cf. Fougères et al., 2009, 2013). On the other hand, it provides
a way to include multiplicative nugget effects into well-known max-stable models.
Various results for max-stable processes with ℓp norm based representation (1.5) are pre-
sented. It is demonstrated that each process with an ℓp norm based representation also
possesses an ℓq norm based representation for q > p with the special case q = ∞ corre-
sponding to de Haan’s (1984) representation (1.2). Explicit formulae to switch from one
representation to another equivalent one are provided. In particular, this includes the
transformation from representation (1.5) for p <∞ to representation (1.2). The converse
transformation, however, is not always possible. Here, necessary and sufficient conditions
for the existence of ℓp norm based representations are given. Interestingly, these conditions
are closely connected to the theory of negative definite functions on semigroups.
Furthermore, mixing and ergodicity properties of stationary processes with ℓp norm based
representation (1.5) are discussed. It is shown that the properties are the same as for the
“denoised” analogues, which have been studied in works by Stoev (2008) and Kabluchko
and Schlather (2010), for instance.

1.3 Likelihood-Based Inference for Multivariate Extreme Value
Distributions and Max-Stable Processes

In view of the large variety of max-stable models, the question of inference for these models
arises. More precisely, we assume that a number of independent observations of the same k-
dimensional random vector Z, e.g. observations at pairwise disjoint sites s1, . . . , sk ∈ S, are
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available. In the classical setting introduced in Section 1.1, these data correspond to block
maxima and are assumed to approximately follow a multivariate max-stable distribution
or, equivalently, a max-stable process on a finite index set S = {s1, . . . , sk}. There is
a large variety of methods for parametric, semi-parametric and non-parametric inference
for max-stable distributions. Here, for the sake of brevity, we will focus on parametric
approaches based on likelihoods.

Due to the representation (1.4) of the Reich and Shaby (2012) model as a finite sum,
its likelihood becomes tractable within a Bayesian hierarchical model. Conditional on
B1, . . . , BL, the random variables Z(s1), . . . , Z(sk) are independent Fréchet variables.
Even though there is no closed-form expression for the likelihood of the stable variables
Bi, it can be processed by introducing auxiliary variables (Stephenson, 2009).
For a general simple max-stable model with representation (1.2), the computation of the
likelihood is more intricate. In this case, we have that the distribution function F of Z is
of the form F (z) = P(Z ≤ z) = exp(−V (z)) where

V (z) = E
(︃

k
max
i=1

W (si)

zi

)︃
, z = (z1, . . . , zk)

⊤ ∈ (0,∞)k,

denotes the so-called exponent function. If V is continuously differentiable, then the
corresponding density f exists (see Dombry et al., 2017a, for more details on the existence
of f) and satisfies

f(z) =
∑︂

τ∈Pk
f(z, τ) :=

∑︂
τ∈Pk

exp{−V (z)}
∏︂|τ |

j=1
{−∂τjV (z)}, (1.6)

where Pk is the set of all partitions τ = {τ1, . . . , τ|τ |} of {1, . . . , k} and ∂τjV (·; θ) denotes
the partial derivative of V with respect to the arguments zi, i ∈ τj . As the number of
summands in (1.6) grows super-exponentially in k, maximum likelihood estimators can be
directly implemented for small dimension k only.
Instead, often, a composite pairwise likelihood built from bivariate sublikelihoods only is
considered. The resulting maximum composite likelihood estimator (Padoan et al., 2010)
is known to be usually less efficient than the maximum likelihood estimator based on full
likelihoods, an effect that might be mitigated by including likelihood terms corresponding
to higher-dimensional subsets (cf. Genton et al., 2011; Huser and Davison, 2013; Castruccio
et al., 2016, for instance).
Alternative approaches are based on the fact that representation (1.2) naturally suggests a
partition τ of the vector Z with j1 and j2 being in the same subset of {1, . . . , k} if and only if
the maxima Z(sj1) and Z(sj2) in (1.2) are attained by the same function ζiWi(·). The term
f(z, τ) in (1.6) then provides the joint density of the vector Z and the underlying random
partition τ , which is integrated out in the sum (1.6). If, additionally to the block maxima,
the occurrence times of the maxima within the blocks are available for each component,
these occurrence times can be used to form an observed partition τ̂ in an analogous
way. For this case, Stephenson and Tawn (2005) suggest to consider the joint likelihood
of the data and the observed partition, that is, only one single summand in (1.6), for
maximum likelihood estimation. Due to the approximation of the underlying partition by
its empirical counterpart, however, the resulting estimator often suffers from a significant
bias. A correction is proposed in Wadsworth (2015). More details on these likelihood-based
estimators for max-stable models, alternative approaches based on threshold exceedances
and a comparison of different estimators are given in Huser et al. (2016).

Several recent works put the focus on different ways to treat the unknown random par-
tition, allowing for inference based on full likelihoods. For instance, Huser et al. (2019)
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suggest a stochastic expectation-maximization algorithm perceiving the underlying ran-
dom partitions as missing observations. As an alternative, Thibaud et al. (2016) propose to
use the random partition as latent variable in a Bayesian framework to fit a Brown–Resnick
process to extreme low temperature data. In Dombry et al. (2017b), which is Chapter 3
in this thesis, we generalize and further investigate this approach. More precisely, we
consider N independent data z(1), . . . , z(N) from a max-stable distribution belonging to
a parametric family {Fθ, θ ∈ Θ} equipped with an appropriate prior distribution and
also account for the unknown partitions T (1), . . . , T (N) corresponding to each data vector,
thus allowing for the use of the Bayesian full likelihood. Sampling from the joint posterior
distribution of (θ, T (1), . . . , T (N)) can then be performed via Markov chain Monte Carlo
(MCMC) methods. Similarly to Thibaud et al. (2016), we update each variable separately
by the means of a Metropolis-Hastings sampler for θ and the Gibbs sampler proposed in
Dombry et al. (2013) for the random partitions.

We show that, under appropriate conditions, the median of the posterior distribution of
θ is an asymptotically normal estimator of the true parameter θ0 as N → ∞. Further-
more, it possesses the same asymptotic variance as the maximum likelihood estimator.
The most important conditions for this result are differentiability in quadratic mean and
the existence of uniformly consistent tests. While conditions for differentiability of simple
max-stable models, i.e. max-stable models with unit Fréchet margins, are given in Dombry
et al. (2017a), we provide a sufficient condition for the existence of uniformly consistent
tests in terms of pairwise extremal coefficients. Making use of further results of Dombry
et al. (2017a), the validity of all of these conditions is verified for a variety of max-stable
process models and multivariate extreme value distributions. For the logistic model, simu-
lation studies are conducted to compare the finite-sample performance of the Bayesian full
likelihood estimator to various other estimators such as the pairwise likelihood estimator
(Padoan et al., 2010), the independence likelihood estimator for marginal parameters, the
Stephenson-Tawn estimator (Stephenson and Tawn, 2005) and its bias corrected version
(Wadsworth, 2015). Furthermore, genuinely Bayesian techniques such as Bayesian model
comparison are discussed.

1.4 Simulation of Max-Stable Processes

Besides its use for the construction of parametric models, the spectral representation of
max-stable processes is of particular importance for their simulation. A first approach to
this problem has been considered in Schlather (2002). It relies on the intuition that the
product ζiWi(·) is more likely to contribute to the maximum in (1.2) if ζi is large, and on
the fact that the Poisson points {ζi}i∈N can be generated subsequently in a descending
order, i.e., such that ζ1 > ζ2 > . . . a.s. Hence, for n ∈ N, Schlather (2002) proposes the
finite approximation

Z(n)(s) = max
i=1,...,n

ζiWi(s), s ∈ K, (1.7)

to the exact process {Z(∞)(s), s ∈ K} d
= {Z(s), s ∈ K} on a compact simulation domain

K ⊂ S. Provided that the spectral process W is uniformly bounded on K by some
constant C > 0, a stopping rule can be used to determine a finite, but random number T
such that {Z(T )(s), s ∈ K} = {Z(∞)(s), s ∈ K} with probability one. Thus, the max–
stable process Z can be simulated exactly in finite time. A similar procedure also works
in case of a mixed moving maxima representation (1.3) provided that the corresponding
process F is uniformly bounded and has compact support.
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If, in contrast, the spectral process is not uniformly bounded, one might use an approx-
imation Z(N) where N is determined according to the above mentioned stopping rule
for sufficiently large C. In practice, such an approximation provides satisfactory results
in many cases where the spectral process is stationary with light tails and rather small
variance such as for extremal-t process with small ν > 0. For Brown–Resnick processes,
however, approximations often turn out to be highly inaccurate. To overcome these issues,
several approximate simulation algorithms based on other equivalent representations are
considered in Oesting et al. (2012), which has been part of the author’s PhD thesis.

In recent years, also exact simulation procedures have been developed starting from the
work by Dieker and Mikosch (2015) for the case of Brown–Resnick processes on a finite
index set. Their approach is based on a measure transform resulting in spectral functions
that are normalized w.r.t. the L1 norm.

The use of a family of more general measure transforms for the exact simulation of arbitrary
max-stable processes is investigated in the article Oesting et al. (2018b) which is presented
in Chapter 4. In this article, we start from the general representation

Z(s) = max
i∈N

UiVi(s), s ∈ K, (1.8)

where {(Ui, Vi)}i∈N are the points of a Poisson point process on (0,∞) × C+(K) with
intensity measure u−2 duH(dv) for some Radon measure H satisfying

∫︁
v(s)H(dv) = 1

for all s ∈ K, and C+(K) denotes the space of nonnegative continuous functions on K.
This representation (1.8) comprises both de Haan’s (1984) representation (1.2) and the
mixed moving maxima representation (1.3). Then, introducing some probability density
g on C+(K) w.r.t. H, it can be shown that

Z(s) =d max
i∈N

Ui
Ṽ i(s)

g(Ṽ i)
, s ∈ K, (1.9)

where {(Ui, Ṽ i)}i∈N are the points of a Poisson point process on (0,∞) × C+(K) with
intensity measure u−2 du g(v)H(dv), i.e. the process allows for an equivalent spectral rep-
resentation of type (1.2) with spectral processes Wi(s) = Ṽ i(s)/g(Ṽ i). Provided that g
is chosen such that these processes are uniformly bounded with probability one, again, a
stopping rule can be applied such that for some finite but random number T the approx-
imation Z(T ) as defined in (1.7) provides an exact sample from the law of Z.

The article Oesting et al. (2018b) aims at minimizing the expected number ET of func-
tions to be involved in the finite approximation among all probability densities g. As
the resulting optimization problem cannot be solved directly, two surrogates for the
original problem are stated, both of them being solved by the same probability den-
sity g∗(h) = c−1 sups∈K h(s), h ∈ C+(K), where c > 0 is an appropriate normalization
constant. The corresponding spectral functions Wi(s) = cṼ i(s)/ supt∈K Ṽ i(t), i ∈ N, con-
sequently satisfy sups∈KWi(s) = c a.s., which is why the resulting spectral representation
is called normalized spectral representation. While the existence of such a representa-
tion has already been verified in Giné et al. (1990), the article Oesting et al. (2018b)
provides the underlying transformation to obtain such a representation from any other
equivalent representation and proposes its use for exact simulation. For the evaluation of
the computational costs of the simulation, an expression for the expectation ET is given.
Explicit formulae for the spectral functions and the normalizing constant c are available in
case of moving maxima processes with radial symmetric and non-increasing shapes. More
specifically, for the extremal Gaussian process (Smith, 1990), the performance of the exact
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simulation algorithm based on the normalized spectral representation is demonstrated and
compared to the approach by Schlather (2002).

In the general case of a max-stable process with representation (1.2), i.e. representation
(1.8) with H being equal to the distribution of W , sampling of normalized spectral func-
tions or, equivalently, the underlying processes Ṽ i in (1.9), is not straightforward due to
the underlying measure transform

P(Ṽ i ∈ dv) = c−1 sups∈K v(s) · P(W ∈ dv), v ∈ C(K), v ≥ 0. (1.10)

While Oesting et al. (2018b) suggest an approach by MCMC techniques, de Fondeville and
Davison (2018) propose to simulate normalized spectral functions via rejection sampling
in the context of Pareto processes. For the important case of Brown–Resnick processes
whereW is a log-Gaussian process, both the MCMC algorithm and the rejection sampling
approach are refined in Oesting et al. (2019), i.e. Chapter 5 of this thesis. More pre-
cisely, for a finite simulation domain K = {s1, . . . , sn}, we propose a Metropolis-Hastings
algorithm using a mixture of the type

fprop(v) =
∑︂N

i=1
pifi(v) =

∑︂N

i=1
piv(si)P(W ∈ dv), v ∈ (0,∞)N ,

as proposal density, where pi ≥ 0 are weights such that
∑︁N

i=1 pi = 1. In case of a
Brown–Resnick process, each modified density fi is also a log-Gaussian density (cf. Dombry
et al., 2016a) and, thus, allows for sampling in an efficient way. Specifying the acceptance
probability in an appropriate way, the distribution of the resulting Markov chain can be
shown to converge to the desired distribution in total variation norm. In order to obtain
good mixing properties, we recommend to choose the weights pi, i = 1, . . . , N , such that
the relative deviation between fprop and the target density is minimized, resulting in a
quadratic optimization problem.
As an alternative to approximate sampling from the desired distribution, in Oesting et al.
(2019), we also consider exact simulation via rejection sampling. Here, using the same
type of proposal density fprop as before with weights p1 = . . . = pN = 1

N results in an
procedure equivalent to the one proposed by de Fondeville and Davison (2018). Then,
the expected computational complexity is the same as for the algorithm developed by
Dieker and Mikosch (2015) (see Oesting and Strokorb, 2019). To reduce the computational
effort, we propose a more flexible approach with proposal density of the type fprop =∑︁N

i=1 pigi,ε, where gi,ε, ε ∈ [0, 1), are log-Gaussian densities with an increased variance.
Ideally, one would choose the weights p1, . . . , pN and the additional parameter ε such that
the average acceptance rate is maximal. As the solution of this optimization problem
cannot be calculated directly, we present lower bounds for the average acceptance rate
and present strategies for their maximization. An example demonstrates the potential of
our modifications to improve the original approaches.
Thus, the work presented in Chapter 5 complements the results from Chapter 4 by showing
that, apart from the overall normalization constant c, also Brown–Resnick processes can
be simulated exactly and efficiently via the normalized spectral representation.

In addition to simulation via the normalized spectral representation, there are (at least)
two other general exact simulation methods both of which are presented in Chapter 6.
This chapter corresponds to the publication Dombry et al. (2016a). Our first approach is
based on the concept of so-called extremal functions which has been developed by Dombry
and Éyi-Minko (2012, 2013). More precisely, it can be shown that, for each s ∈ S, there is
one and only one function ϕi = ζiWi such that Z(s) = ϕi(s) in (1.2). Such a function, also
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denoted by ϕ+s , is called extremal function at point s ∈ S. In order to simulate Z exactly
on a finite simulation domain K = {s1, . . . , sN}, we propose to subsequently simulate the
extremal functions ϕ+s1 , ϕ

+
s2 , . . . , ϕ

+
sN

. By definition, the process

Z̃
(N)

(s) = max
i=1,...,N

ϕ+si(s), s ∈ S,

satisfies Z̃
(N)

(s) = Z(s) for all s ∈ K. An important ingredient for the simulation of the
extremal functions ϕ+si is the probability measure Psi . This measure is constructed from
the original spectral distribution of W by a transformation and is concentrated on those
functions f ∈ C(K) that satisfy f(si) = 1. In Dombry et al. (2016a), we give explicit
formulae for Psi for the most popular max-stable process models and various multivariate
extreme value distributions. In all of these cases, the distributions Psi allow for simulation
in an efficient way.

Our second approach generalizes the procedure developed by Dieker and Mikosch (2015)
for the simulation of Brown–Resnick processes on a finite domain K = {s1, . . . , sN} to
more general max-stable processes. It is based on a transformation of the spectral vector
such that it becomes normalized w.r.t. the L1 norm. As this also implies a uniform
bound for the spectral vector, exact simulation can be performed as suggested in Schlather
(2002). This procedure is closely connected to the other two procedures discussed in
Chapter 4 and Chapter 6. First, the resulting representation is a special case of the
transformed representation (1.9) with g(f) = N−1

∑︁N
i=1 f(si). Second, the distribution of

the vectors Ṽ i, i ∈ N, is a mixture of the distributions Psj , j = 1, . . . , N , occurring in the
simulation procedure via extremal functions. Thus, using the above results on the Psj ,
exact simulation can be performed for the most popular max-stable models.
For both exact approaches discussed in Dombry et al. (2016a), expressions for the compu-
tational complexity defined as the expected number of spectral vectors to be simulated to
obtain one max-stable realization are given. Here, the extremal functions approach turns
out to be always preferable to the second approach. There is no clear ordering, however,
between the extremal functions approach and the procedure based on normalized spectral
functions, see Dombry et al. (2016a) and Oesting et al. (2018b) for examples.

In addition to the generic algorithms discussed above, there are also approaches tailored
specifically to Brown–Resnick processes. For instance, Liu et al. (2019+) propose an al-
gorithm for their exact simulation based on record breakers. In contrast, Oesting and
Strokorb (2018) revisit non-exact simulation procedures. Allowing for some small simu-
lation error, they suggest to reduce the computational effort by minimizing the maximal
variance of the underlying log-Gaussian spectral processes. Interestingly, in the non-exact
setting, the approach by Dieker and Mikosch (2015), or, more generally, the second ap-
proach in Dombry et al. (2016a), become competitive again even though not being efficient
for exact simulation, see Oesting and Strokorb (2019) for more details.

1.5 Conditional Simulation of Max-Stable Processes and its
Applications in Environmental Sciences

In many practical examples, additional information on the realization of a stochastic pro-
cess is given. For instance, its value at specific sites might be obtained from station
measurements or average values over certain grid cells might be available from satellite
data or numerical models. In order to get more insight in the distribution of the process
given these information, conditional simulations are necessary.
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For a max-stable process Z on S, the problem of conditional sampling given values
Z(s1), . . . , Z(sN ) for s1, . . . , sN ∈ S, has been addressed in a series of papers starting
from Wang and Stoev (2011) who consider spectrally discrete max-linear models. In
Dombry and Éyi-Minko (2013), general results for max-stable processes, and, even more
generally, max-infinitely divisible processes, are provided. For three popular regular cases,
the Brown–Resnick, extremal Gaussian and extremal-t processes, these are explicitly cal-
culated and applied in Dombry et al. (2013) and Ribatet (2013). Their results are comple-
mented by the work of Oesting and Schlather (2014), which has been part of the author’s
PhD thesis and examines the irregular cases of mixed moving maxima processes.
Even though the works mentioned above use different techniques in the proofs, their algo-
rithms all rely on the concepts of extremal functions (cf. Section 1.4) and the partition of
the index set formed by the extremal functions (cf. Section 1.3) which is also called hitting
scenario in this context. Based on these ideas, a three-step algorithm is proposed. First, a
hitting scenario is sampled conditionally on Z(s1), . . . , Z(sN ). Second, extremal functions
corresponding to this hitting scenario are simulated. Third, the spectral functions that do
not contribute to the maxima Z(s1), . . . , Z(sN ), but might contribute to Z(s) for other
s ∈ S are sampled. Here, the last step is closely related to the problem of unconditional
simulation, see the review article Dombry et al. (2016b) for more details.

Besides values of the process at specific sites, other information such as functionals of
the process might be given. Two types of such functionals are considered in Oesting
(2015) and Oesting et al. (2018a), which correspond to Chapter 7 and Chapter 8 of this
thesis, respectively. In Chapter 7, we focus on the problem of conditional simulation of
a simple max-stable process Z on some compact domain K given the values of continuous
max-linear functionals L1, . . . , Ln : C+(K) → [0,∞), i.e. continuous functionals satisfying

Lj(max{a1f1, a2f2}) = max{a1Lj(f1), a2Lj(f2)}, a1, a2 ≥ 0, f1, f2 ∈ C+(K).

Examples of such functionals are suprema over subsets of K. From the spectral represen-
tation (1.8) and the max-linearity of the Lj , we obtain

Lj(Z) = max
i∈N

ζiLj(Wi), j = 1, . . . , n.

Thus, one can consider the extended process ZL = ({Z(s), s ∈ K}, L1(Z), . . . , Ln(Z)).
By the above considerations, this process is then a max-stable process with values in
C+(K) × [0,∞)n and possesses a spectral representation of the form (1.2) with spectral
process WL = ({W (s), s ∈ K}, L1(W ), . . . , Ln(W )). Hence, one can adapt the gen-
eral methodology developed in Dombry and Éyi-Minko (2013) for conditional simulation
leading to a three-step procedure similar to the one described above. In Oesting (2015),
following Dombry and Éyi-Minko (2013), general formula for the conditional distributions
involved in each step are given. Particular emphasis is put on the case that only one
max-linear condition is given. Then, the distribution of corresponding extremal function
is closely related to the distribution of a spectral process with is normalized w.r.t. the
max-linear functional. Similarly to Chapter 4, an explicit formula can be obtained for
the Gaussian extreme value process, i.e. a moving maxima process. In the case of multi-
ple max-linear conditions, the conditional distributions can be rewritten in terms of the
Lebesgue density of the random vector (L1(W ), . . . , Ln(W )) provided that it exists.

In Chapter 8, we consider the case of one single condition given by a positively homoge-
neous functional, i.e. a functional ℓ : C+(K) → [0,∞) such that

ℓ(af) = aℓ(f), a > 0, f ∈ C+(K).
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For instance, one could consider weighted averages, suprema or minima over subsets of K.
We start with the spectrally discrete case, i.e. a max-linear model

Z(s) = max
j=1,...,n

aj(s)Zj , s ∈ K, (1.11)

where Z1, . . . , Zn are independent α-Fréchet variables and a1, . . . , an ∈ C+(K) are de-
terministic weight functions (cf. Wang and Stoev, 2011). Due to the homogeneity of ℓ,
the random variables Z1, . . . , Zn and, thus, also the process Z, are uniquely determined
by the value of ℓ(Z) and the ratios Zj/Z1, j = 2, . . . , n. Here, the density of the vec-
tor (Zj/Z1)j=2,...,n conditionally on ℓ(Z) can be stated explicitly up to some normalizing
constant. Thus, we propose a Metropolis–Hastings algorithm with independence sampler
to sample from the conditional distribution. This idea can be extended to the case of
conditionally max-linear models even further to general max-stable models. To this end,
we use similar ideas as discussed in Section 1.4, and exploit the fact that a max-stable
process can be represented as

Z(s) =d Z
(T )(s) = max

i=1,...,T
ζiWi(s), s ∈ K,

with a finite, but random number T provided the spectral functions are uniformly bounded.
Here, the random spectral functions Wi, i ∈ N, can be interpreted analogously to the
weight functions a1, . . . , an in (1.11), while the Poisson points ζi, i ∈ N, take a similar role
as the α-Fréchet variables Z1, . . . , Zn. Thus, the Metropolis-Hastings algorithm above can
be adapted to sample from the joint distribution of T , {Wi}i=1,...,T and {ζi}i=1,...,T condi-
tional on ℓ(Z), using the building blocks obtained from unconditional simulations of the
max-stable process Z as proposals. The performances of the algorithms for the max-linear
and the general max-stable case are demonstrated in simulation studies. Furthermore, the
behavior of the Markov chains produced by these algorithms are analyzed.

Conditions of the same type as in Chapter 8 play an important role in environmental
sciences. Climate models, for instance, often provide output on a rather coarse grid. In
many cases, the value corresponding to a grid cell can be interpreted as a spatial average
over the cell. As averaging typically tends to conceal localized extremes, one is interested in
the behavior of the process at fine scale, i.e. the problem of downscaling arises. A natural
approach to tackle this question is via conditional simulation. Focusing on extremes,
Bechler et al. (2015), for instance, propose to use transfer functions in order to assign
the value for each grid cell to a single site inside the cell. Then, conditional simulation
of an appropriate max-stable process given its values at these sites can be performed.
In the application part of Oesting et al. (2018a), which has been omitted in this thesis,
the methodology developed in our work, is applied to downscale precipitation data in the
southeast of France.

Often, the aggregated values that are available do not correspond to an aggregation of
block maxima, i.e. the max-stable process Z itself, but an aggregation of a single event,
i.e. a process X in the max-domain of attraction of Z. This broader setting is considered in
Engelke et al. (2018), which is part of Raphaël de Fondeville’s PhD thesis. In this paper, we
develop methods to estimate the parameters of the underlying max-stable process Z from
aggregated data given by homogeneous functionals ℓ1(X), . . . , ℓL(X). These are based on
limit results for the joint distribution of the aggregated data. Conditional simulations
from the limit model can then be used for downscaling.

Downscaling can be seen as a specific type of statistical post-processing, which is required
because of the phenomenon that output of numerical models such as a weather prediction



12 1. Overview

models often does not reflect extremes accurately. Such a post-processing procedure is
presented in Oesting et al. (2017), which is Chapter 9 of this thesis. Here, we develop a
bivariate spatial process model (Z(1), Z(2))⊤ where the first component Z(1) corresponds
to standardized observed block maxima and the second component Z(2) to the forecast
analogues. More precisely, we propose a bivariate Brown–Resnick model defined via(︃

Z(1)(s)

Z(2)(s)

)︃
=

(︄
maxi∈N ζi exp(G

(1)
i (s)−Var(G

(1)
i (s))/2)

maxi∈N ζi exp(G
(2)
i (s)−Var(G

(2)
i (s))/2)

)︄
, s ∈ Rd, (1.12)

where {ζi}i∈N are the points of a Poisson point process on (0,∞) with intensity measure

ζ−2dζ and, independently of the Poisson points, Gi = (G
(1)
i , G

(2)
i ), i ∈ N, are independent

copies of a centered bivariate Gaussian process G = {(G(1)(s), G(2)(s))⊤, s ∈ Rd}. The
bivariate Brown–Resnick process Z is stationary if and only if the pseudo cross-variogram

2γ(h) = (2γij(h))1≤,i,j≤2 =
(︁
Var(G(i)(s+ h)−G(j)(s))

)︁
1≤i,j≤2

,

does not depend on s ∈ Rd (cf. Genton et al., 2015; Molchanov and Stucki, 2013). We
further show that stationarity of Z implies that the components of (

√︁
γij(h))1≤i,j≤2 dif-

fer by bounded functions only, i.e. the asymptotic behavior of all the components of γ is
essentially the same provided that at least one component tends to infinity. Based on the
bivariate Matérn model (Gneiting et al., 2010), we develop a flexible bivariate unbounded
cross-variogram model that allows for different smoothness properties of the two compo-
nent. The model can be fitted by a weighted least squares fit of the corresponding extremal
coefficients. Statistical post-processing can then be performed by simulating from the bi-
variate random field model Z conditionally on its second component Z(2) at various sites.
The procedure is demonstrated for daily maxima of station data and forecasts for wind
gusts in Northern Germany. Model verification by the means of scores reveals that, in
contrast to a univariate max-stable model, the post-processing procedure based on the
bivariate model leads to convincing improvements of the forecasts.

Contributions to the Chapters of the Thesis:

In the final part of the introductory chapter, I would like to comment on my contributions
to the eight published articles that form Chapters 2–9 of this thesis.

• Oesting (2018) and Oesting (2015), i.e. Chapter 2 and Chapter 8 of this thesis, are
single author papers.

• Dombry et al. (2017b) and Dombry et al. (2016a), that is, Chapter 3 and Chapter
6, are joint work with Clément Dombry and Sebastian Engelke. Each of the three
authors contributed in equal parts to both articles.

• Martin Schlather, Chen Zhou and me contributed equally to Oesting et al. (2018b),
i.e. Chapter 4 of this thesis.

• I wrote the majority of Oesting et al. (2019), i.e. Chapter 5. Martin Schlather
contributed with a few ideas and the time relevant programming part while Claudia
Schillings made contributions to one of the optimization procedures.

• As first author, I contributed in a leading manner to the three-author articles Oesting
et al. (2018a) and Oesting et al. (2017), which correspond to Chapter 7 and Chapter
9, respectively. In this thesis, the application part of Oesting et al. (2018a) is left
out as it has mainly been implemented by Liliane Bel.



2 Equivalent Representations of Max-Stable
Processes via ℓp Norms

Up to minor modifications and corrections, this chapter is a reprint of the article Oesting
(2018) which has appeared in the Journal of Applied Probability.

While max-stable processes are typically written as pointwise maxima over an infinite
number of stochastic processes, in this chapter, we consider a family of representations
based on ℓp norms. This family includes both the construction of the Reich–Shaby model
and the classical spectral representation by de Haan as special cases. As the representation
of a max-stable process is not unique, we present formulae to switch between different
equivalent representations. We further provide a necessary and sufficient condition for the
existence of a ℓp norm based representation in terms of the stable tail dependence function
of a max-stable process. Finally, we discuss several properties of the represented processes
such as ergodicity or mixing.

2.1 Introduction

Arising as limits of rescaled maxima of stochastic processes, max-stable processes play
an important role in spatial and spatio-temporal extremes. Here, a stochastic process
X = {X(s), s ∈ S} on a countable index set S is called max-stable if there exist sequences
{an(·)}n∈N and {bn(·)}n∈N of functions an : S → (0,∞] and bn : S → R such that, for all
n ∈ N,

L(X) = L
(︃

n
max
i=1

Xi − bn
an

)︃
,

where Xi, i ∈ N, are independent copies of X and the maximum is taken pointwise. From
univariate extreme value theory, it is well-known that the marginal distributions of X, if
non-degenerate, are necessarily Generalized Extreme Value (GEV) distributions, i.e.

P(X(s) ≤ x) = exp

(︃
−
(︃
1 + ξ(s)

x− µ(s)

σ(s)

)︃−1/ξ(s))︃
, 1 + ξ(s)

x− µ(s)

σ(s)
> 0,

with ξ(s) ∈ R, µ(s) ∈ R and σ(s) > 0 for s ∈ S. As max-stability is preserved by marginal
transformations, it is common practice in extreme value theory to consider only one type
of marginal distributions, e.g. the case that the shape parameter ξ is positive. In this
case, the marginal distributions are of α-Fréchet type, i.e., up to affine transformations,
the marginal distribution functions are of the form

Φα(x) = exp
(︁
−x−α

)︁
, x > 0,

for some α > 0. Here, we will focus on the case of max-stable processes with unit Fréchet
margins, i.e. X(s) ∼ Φ1 for all s ∈ S. In this case, X is called a simple max-stable process.

13
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By de Haan (1984), the class of simple max-stable processes on S can be fully characterized:
A stochastic process {X(s), s ∈ S} is simple max-stable if and only if it possesses the
spectral representation

X(s) = max
i∈N

AiVi(s), s ∈ S, (2.1)

where
∑︁

i∈N δAi is a Poisson point process on (0,∞) with intensity measure a−2da and
Vi = {Vi(s), s ∈ S} are independent copies of a stochastic process V such that E(V (s)) = 1
for all s ∈ S (Giné et al., 1990; Penrose, 1992, see also). It is important to note that this
representation is not unique. As different representations of the same max-stable process
might be convenient for different purposes such as estimation (see Engelke et al., 2014,
2015, among others) or simulation (cf. Oesting et al., 2012; Dieker and Mikosch, 2015;
Oesting et al., 2018b, for instance), finding novel representations is of interest.

Recently, Reich and Shaby (2012) came up with a class of max-stable processes written
as a product

X(s) = U (p)(s) ·

[︄
L∑︂
l=1

Blwl(s)
p

]︄1/p
, s ∈ S, (2.2)

where {U (p)(s)}s∈S is a noise process with U (p)(s) ∼iid Φp, the functions wl : S → [0,∞),

l = 1, . . . , L, are deterministic weight functions such that
∑︁L

l=1wl(s) = 1 for all s ∈ S
and, independently from {U (p)(s)}s∈S , the independent random variables Bl, l = 1, . . . , L,
follow a stable law given by the Laplace transform

E{exp(−t ·Bl)} = exp
(︂
−t1/p

)︂
, t > 0.

The parameter p ∈ (1,∞) determines the strength of the effect of the noise process which
– analogously to the terminology in geostatistics – is also called a nugget effect. In Reich
and Shaby (2012), the weight functions wl are chosen as shifted and appropriately rescaled
Gaussian density functions yielding an approximation of the well-known Gaussian extreme
value process (Smith, 1990) joined with a nugget effect. Similarly, Reich and Shaby (2012)
propose analogues to popular max-stable processes such as extremal Gaussian processes
(Schlather, 2002) and Brown-Resnick processes (Kabluchko et al., 2009) by choosing ap-
propriately rescaled realizations of Gaussian and log-Gaussian processes, respectively, as
weight functions. Due to the flexibility in modeling the strength of the nugget by the
additional parameter p and the tractability of the likelihood which allows to embed the
model in a hierarchical Bayesian model, the Reich–Shaby model (2.2) has found its way
into several applications (cf. Shaby and Reich, 2012; Reich et al., 2014; Stephenson et al.,
2015; Sebille et al., 2017, for instance).

While a simple max-stable process in the spectral representation (2.1) is written as the
pointwise supremum of an infinite number of processes, i.e. the pointwise ℓ∞ norm of
the random sequence {Ai · Vi(s)}i∈N, the Reich–Shaby model (2.2) is represented as the

pointwise p norm of the finite random vector (B
1/p
l ·wl(s))l=1,...,L. In this chapter, we will

present a more general class of representations of max-stable processes by writing them as
pointwise ℓp norms of sequences of stochastic processes, including, for instance, both de
Haan’s representation and the Reich–Shaby model as special cases. The finite-dimensional
distributions of the resulting processes will turn out to be generalized logistic mixtures
introduced by Fougères et al. (2009) and Fougères et al. (2013).

This chapter is structured as follows: In Section 2.2, we will introduce the spectral repre-
sentation based on ℓp norms. As a single max-stable process might allow for equivalent ℓp
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norm based representations for different p ∈ (1,∞], we give formulae to switch between
them in Section 2.3. Section 2.4 provides a full characterization of the resulting class of
processes whose properties are finally discussed in Section 2.5.

2.2 Generalization of the Spectral Representation

Denoting by

∥A ◦ V (s)∥p =

{︄[︁∑︁
i∈N(Ai · Vi(s))p

]︁1/p
, p ∈ (1,∞),

maxi∈NAi · Vi(s), p = ∞,

the ℓp norm of the Hadamard product of the two random sequences A = {Ai}i∈N and
V (s) = {Vi(s)}i∈N, s ∈ S, the spectral representation (2.1) can be rewritten as

X(s) = ∥A ◦ V (s)∥∞, s ∈ S.

We present a more general representation replacing the ℓ∞ norm by some general ℓp

norm, p ∈ (1,∞], and multiplication by an independent noise process with Φp marginal
distributions. Here, we use the convention that Φ∞ denotes the weak limit of Φp as p→ ∞,
i.e. Φ∞(x) = 1[1,∞)(x) is a degenerate distribution function.

Theorem 2.1. Let p ∈ (1,∞] and {U (p)(s)}s∈S be a collection of independent Φp random
variables. Further, let

∑︁
i∈N δAi be a Poisson process on (0,∞) with intensity a−2da

and, independently of
∑︁

i∈N δAi, let W
(p)
i , i ∈ N, be independent copies of a nonnegative

stochastic process {W (p)(s), s ∈ S} with E{W (p)(s)} = 1 for all s ∈ S. Then, the process
X, defined by

X(s) =
U (p)(s)

Γ(1− p−1)
∥A ◦W (p)(s)∥p, s ∈ S, (2.3)

is simple max-stable.

Proof. For p = ∞, we have U (p)(s) = 1 a.s. and, thus, representation (2.3) is of the same
form as representation (2.1). Consequently, max-stability follows from de Haan (1984).
For p ∈ (1,∞), we first show that ∥A ◦ W (p)(s)∥p < ∞ a.s. According to Campbell’s
Theorem (cf. Kingman, 1993, p. 28), this holds true if and only if

E
(︃∫︂ ∞

0
min{|aW (p)(s)|p, 1} a−2 da

)︃
<∞. (2.4)

Substituting v = aW (s), we can easily see that the left-hand side of (2.4) equals

E
(︂
W (p)(s)

)︂
·
∫︂ ∞

0
min{|v|p, 1}v−2 dv = 1 +

1

p− 1
.

Thus, ∥A ◦W (p)(s)∥p <∞ a.s. Then, for s1, . . . , sn ∈ S, x1, . . . , xn > 0, n ∈ N, we obtain

P(X(si) ≤ xi, i = 1, . . . , n)

= E
(︃
P
(︃
U (p)(si) ≤

Γ(1− p−1)xi

∥A ◦W (p)(si)∥p
, i = 1, . . . , n

⃓⃓⃓⃓
A,W (p)

)︃)︃
= E

(︄
exp

(︄
−

n∑︂
i=1

(︃
Γ(1− p−1)xi

∥A ◦W (p)(si)∥p

)︃−p)︄)︄
.
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Using well-known results on the Laplace functional of Poisson point processes, this yields

P(X(si) ≤ xi, i = 1, . . . , n)

= exp

(︃
E
(︃∫︂ ∞

0

{︃
exp

(︃
−

n∑︂
i=1

(︃
aW (p)(si)

Γ(1− p−1)xi

)︃p)︃
− 1

}︃
a−2 da

)︃)︃

= exp

⎛⎝E

⎛⎝⃦⃦⃦⃦⃦
(︄
W (p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
⃦
p

⎞⎠ · 1

pΓ(1− p−1)
·
∫︂ ∞

0

(︁
e−a − 1

)︁
a−1−p−1

da

⎞⎠
= exp

⎛⎝−E

⎛⎝⃦⃦⃦⃦⃦
(︄
W (p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
⃦
p

⎞⎠⎞⎠ (2.5)

where we used Formula 3.478.2 in Gradshteyn and Ryzhik (2007). Thus, form independent
copies X1, . . ., Xm of X, m ∈ N, the homogeneity of the ℓp norm yields

P
(︃

1

m
max

j=1,...,m
Xj(si) ≤ xi, i = 1, . . . , n

)︃
= P (X(si) ≤ xi, i = 1, . . . , n) ,

i.e. Z is simple max-stable.

Remark 2.2. Theorem 2.1 could alternatively be verified by observing that the process
T (s) = ∥A ◦ W (p)(s)∥pp, s ∈ S, is α-stable with α = 1/p (see also the proof of Theorem
2.5). Thus, all the finite-dimensional distributions of X are generalized logistic mixtures
(cf. Fougères et al., 2009, 2013) and, consequently, are max-stable distributions.

Noting that the finite-dimensional distributions of the Reich–Shaby model (2.2) are given
by

P (X(si) ≤ xi, i = 1, . . . , n) = exp

⎛⎝−
L∑︂
j=1

⃦⃦⃦⃦
⃦
(︃
wj(si)

xi

)︃n
i=1

⃦⃦⃦⃦
⃦⃦
p

)︄
,

it can be easily seen that (2.2) is a special case of representation (2.3) where W follows
the discrete distribution P(W = Lwi) = 1/L, i = 1, . . . , L. Further, the classical spectral
representation (2.1) by de Haan (1984) can be recovered from representation (2.3) with
p = ∞.

Analogously to the law of the spectral processes {Vi(s), s ∈ S}i∈N in representation (2.1),

the law of the processes {W (p)
i (s), s ∈ S}i∈N in the ℓp norm based representation of a

given process {X(s), i ∈ S} is not unique: Let Yi, i ∈ N, be independently and identically
distributed random variables with E(Yi) = 1 which are independent from

∑︁
i∈N δAi and

{W (p)(s), s ∈ S}. Then, the processes {U (p)(s)/Γ(1 − p−1) · ∥A ◦W (p)(s)∥p, s ∈ S} and
{U (p)(s)/Γ(1− p−1) · ∥A ◦ Y ◦W (p)(s)∥p, s ∈ S} are equal in distribution.

Consequently, even for some fixed p ∈ (1,∞] representation (2.3) of a simple max-stable
process X is not unique. Furthermore, there might be representations of type (2.3) with
different p for the same process X. Such equivalent representations are discussed in the
following section.
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2.3 Equivalent Representations

By de Haan (1984), the class of simple max-stable processes is fully covered by the class
of processes which allow for the spectral representation (2.1), i.e. representation (2.3) with
p = ∞. Thus, any ℓp norm based representation (2.3) with p < ∞ of a simple max-
stable process can be transformed to an equivalent representation of type (2.1). This
transformation is presented in the following proposition. Even more generally, it is shown
how a ℓq norm based representation can be derived from a ℓp norm based representation
with p < q <∞.

Proposition 2.3. Let X be a simple max-stable process with representation (2.3) for some
p ∈ (1,∞). Then, the following holds:

1. The process X allows for the spectral representation (2.1) with

V (·) =d
U (p)(·)

Γ(1− p−1)
W (p)(·). (2.6)

2. For q ∈ (p,∞), the process X satisfies

X(·) =d
U (q)(·)

Γ(1− q−1)
∥A ◦W (q)(·)∥q, (2.7)

where {U (q)(s)}s∈S is a collection of independent Φq random variables and W
(q)
i ,

i ∈ N, are independent copies of a stochastic process {W (q)(s), s ∈ S} given by

W (q)(s) =
Γ(1− q−1)

Γ(1− p−1)
(T(p/q)(s))

p/q ·W (p)(s), s ∈ S.

Here, independently from the process W (p), the collection {T(p/q)(s)}s∈S consists of
independent stable random variables whose law is given by the Laplace transform

E
(︂
e−tT(p/q)(s)

)︂
= e−t

p/q
, t ≥ 0.

Proof. 1. By comparing the finite-dimensional distributions of the processes defined via
(2.1) and (2.3), it suffices to show that

1

Γ(1− p−1)
E

(︄⃦⃦⃦⃦
⃦
(︄
U (p)(si)W

(p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
⃦
∞

)︄
= E

⎛⎝⃦⃦⃦⃦⃦
(︄
W (p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
⃦
p

⎞⎠ , (2.8)

for all s1, . . . , sn ∈ S, x1, . . . , xn > 0, n ∈ N. To this end, we first note that, for
y > 0,

P

(︄⃦⃦⃦⃦
⃦
(︄
U (p)(si)W

(p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
⃦
∞

≤ y

⃓⃓⃓⃓
W (p)

)︄
= exp

(︄
− 1

yp

n∑︂
i=1

(︄
W (p)(si)

xi

)︄p)︄
,

that is, conditionally on the vector W (p), the norm ∥(U (p)(si)W
(p)(si)/xi)

n
i=1∥∞

follows a p-Fréchet distribution with scale parameter ∥(W (p)(si)/xi)
n
i=1∥p. Thus,

E
(︃⃦⃦⃦⃦(︄

U (p)(si)W
(p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
∞

)︃
= EW

{︃
E
(︃⃦⃦⃦⃦(︄

U (p)(si)W
(p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
∞

⃓⃓⃓⃓
W (p)

)︃}︃

= EW
{︃
Γ(1− p−1)

⃦⃦⃦⃦ (︄
W (p)(si)

xi

)︄n
i=1

⃦⃦⃦⃦
p

}︃
,

i.e. Equation (2.8).
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2. From the first part of the proposition, it follows that the right-hand side of (2.7) al-
lows for a spectral representation (2.1) where the spectral functions are independent
copies of the process ˜︁V given by

˜︁V (·) =
U (q)(·) · (Tp/q(·))1/q

Γ(1− p−1)
·W (p)(·),

while the spectral functions of the process X on the left-hand side of (2.7) are
independent copies of the process V given in (2.6). Conditioning on the value of the
stable random variable T(p/q)(s), it can be shown that the product U (q)(s) ·T(p/q)(s)
has the distribution function Φp for all s ∈ S (cf. Fougères et al., 2009) and, thus,˜︁V (·) =d V (·).

Remark 2.4. Even though the transformation in the second part of the proposition
requires p < q <∞, the two cases p = q and q = ∞ can be regarded as limiting cases.

As q ↘ p, we obtain that U (q)(·) →d U
(p)(·) and {T(p/q)(s)}s∈S converges in distribution

to a collection of random variables which equal 1 a.s. Thus, in the limit p = q, there is no
transformation.

As q → ∞, we have that Γ(1 − q−1) → 1 and each U (q)(s), s ∈ S, converges to 1 a.s.
Further, by Theorem 1.4.5 in Samorodnitsky and Taqqu (1994), for each s ∈ S, the random
variable T(p/q)(s) can be represented as

T(p/q)(s) =
1

Γ(1− p/q)

∑︂
i∈N

(ÃiYi)
q/p

where {Ãi}i∈N are the points of a Poisson point process on (0,∞) with intensity ã−2dã
and Yi, i ∈ N, are independently and identically distributed non-negative random variables
with expectation 1. Thus, as q → ∞,

(︁
T(p/q)(s)

)︁1/q
=d

(︄
1

Γ(1− p/q)

∑︂
i∈N

(ÃiYi)
q/p

)︄1/q

−→d max
i∈N

(ÃiYi)
1/p

which has the distribution function Φp. Consequently,
(︁
T(p/q)(·)

)︁1/q →d U
(p)(·).

Denoting by MS the class of all simple max-stable processes and by MSp the class of
simple max-stable processes allowing for a ℓp norm based spectral representation (2.3),
Proposition 2.3 yields

MSp ⊂ MSq ⊂ MS∞ = MS, 1 < p < q <∞.

A full characterization of the class MSp is given in the following section.

2.4 Existence of ℓp Norm Based Representations

In the following, we will present a necessary and sufficient criterion for the existence of
a ℓp norm based representation of a simple max-stable process X in terms of the stable
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tail dependence functions of its finite-dimensional distributions. For a simple max-stable
distribution (X(s1), . . . , X(sn))

⊤, its stable tail dependence function ls1,...,sn is defined via

ls1,...,sn : [0,∞)n → [0,∞)

(x1, . . . , xn) ↦→ − log

{︃
P
(︃
X(s1) ≤

1

x1
, . . . , X(sn) ≤

1

xn

)︃}︃
.

From the spectral representation (2.1), we obtain the form

ls1,...,sn(x) = E
(︃

max
i=1,...,n

xiW (si)

)︃
, x ∈ [0,∞)n. (2.9)

The stable tail dependence function is homogeneous and convex (cf. Beirlant et al., 2004,
among others). Further, from Equation (2.9) together with dominated convergence, we
can deduce that the stable tail dependence function is continuous.

Theorem 2.5. Let {X(s), s ∈ S} a simple max-stable process and p ∈ (1,∞). Then, the
following statements are equivalent:

(i) X possesses a ℓp norm based representation (2.3).

(ii) For all pairwise distinct s1, . . . , sn ∈ S and n ∈ N, the function f
(p)
s1,...,sn, defined by

f (p)s1,...,sn(x) = ls1,...,sn

(︂
x
1/p
1 , . . . , x1/pn

)︂
, x = (x1, . . . , xn) ∈ [0,∞)n,

is conditionally negative definite on the additive semigroup [0,∞)n, that is, for all
x(1), . . ., x(m) ∈ [0,∞)n and a1, . . . , am ∈ R such that

∑︁m
i=1 ai = 0, we have

m∑︂
i=1

m∑︂
j=1

aiajf
(p)
s1,...,sn(x

(i) + x(j)) ≤ 0. (2.10)

Proof. Firstly, we show that (i) implies (ii). To this end, let X be a simple max-stable
process with representation (2.3). Then, from (2.5), we obtain that

f (p)s1,...,sn(x) = − log

{︄
P

(︄
X(s1) ≤

1

x
1/p
1

, . . . , X(sn) ≤
1

x
1/p
n

)︄}︄

= E

⎧⎨⎩
(︄

n∑︂
i=1

xiW
(p)(si)

p

)︄1/p
⎫⎬⎭ , x = (x1, . . . , xn) ∈ [0,∞)n.

Now, let w(s1), . . . , w(sn) ≥ 0 be fixed. Then, by a straightforward computation, it can be
seen that the function x ↦→

∑︁n
k=1 xkw(sk)

p is conditionally negative definite on [0,∞)n.
As the function y ↦→ y1/p is a Bernstein function and the composition of a conditionally
negative function and a Bernstein function yields a conditionally negative definite function
(Berg et al., 1984, Theorem 3.2.9), the function x ↦→ (

∑︁n
k=1 xkw(sk)

p)1/p is conditionally

negative definite, as well. Being a mixture, the same is true for f
(p)
s1,...,sn .

Secondly, we show that (ii) implies (i). From the conditionally negative definiteness of

f
(p)
s1,...,sn , it follows that e−f

(p)
s1,...,sn is positive definite on [0,∞)n (Berg et al., 1984, Theo-

rem 3.2.2). As ls1,...,sn is non-negative and continuous, e−f
(p)
s1,...,sn is further bounded by 1
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and continuous. Thus, by Theorem 4.4.7 in Berg et al. (1984), there exists a unique finite
measure µs1,...,sn on [0,∞)n with Laplace transform

Lµs1,...,sn(x) =
∫︂
[0,∞)n

exp (−⟨x, a⟩)µ(da) = exp (−fs1,...,sn(x)) , x ∈ [0,∞)n. (2.11)

Because of µs1,...,sn([0,∞)n) = exp(−ls1,...,sn(0, . . . , 0)) = 1, µs1,...,sn is a probability mea-
sure. Further,

ls1,...,sn(x1, . . . , xi−1, 0, xi+1, . . . , xn)

= ls1,...,si−1,si+1,...,sn(x1, . . . , xi−1, xi+1, . . . , xn) (2.12)

for all x = (x1, . . . , xn) ∈ [0,∞)n and i ∈ {1, . . . , n} implies that

µs1,...,sn(A1 × . . .×Ai−1 × [0,∞)×Ai+1 × . . .×An)

= µs1,...,si−1,si+1,...,sn(A1 × . . .×Ai−1 ×Ai+1 × . . .×An)

for all Borel sets A1, . . . , An ⊂ [0,∞) and i ∈ {1, . . . , n}. Consequently, the family
{µs1,...,sn : s1, . . . , sn ∈ S, n ∈ N} of probability measures satisfies the consistency con-
ditions from Kolmogorov’s existence theorem. Thus, there exists a stochastic process
{T (s), s ∈ S} with finite-dimensional distributions µ·.
Now, let {U (p)(s)}s∈S be a collection of independent Φp random variables and

X̃(s) = U (p)(s)T (s)1/p, s ∈ S.

Then, for all pairwise distinct s1, . . . , sn ∈ S and x1, . . . , xn > 0, we have

P
(︂
X̃(s1) ≤ x1, . . . , X̃(sn) ≤ xn

)︂
= E

{︃
P
(︃
U (p)(s1) ≤

x1

T 1/p(s1)
, . . . , U (p)(sn) ≤

xn

T 1/p(sn)

⃓⃓⃓⃓
T (s1), . . . , T (sn)

)︃}︃
= E

{︄
exp

(︄
−

n∑︂
i=1

T (si)

xpi

)︄}︄
,

By Equation (2.11), we obtain

P(X̃(s1) ≤ x1, . . . , X̃(sn) ≤ xn) = exp
(︂
−f (p)s1,...,sn(x

−p
1 , . . . , x−pn )

)︂
= P (X(s1) ≤ x1, . . . , X(sn) ≤ xn) .

Thus, X allows for the spectral representation

X(s) = U (p)(s)T 1/p(s), s ∈ S. (2.13)

Now, let T (1), . . . , T (m) be m independent copies of T , m ∈ N. Then, for all s1, . . . , sn ∈ S
and x = (x1, . . . , xn) ∈ [0,∞)n, we have

E

{︄
exp

(︄
−

⟨︄
x,

(︄
m∑︂
k=1

T (k)(si)

)︄n
i=1

⟩︄)︄}︄
= [E {exp(−⟨x, (T (si))ni=1⟩)}]

m

= exp(−m · ls1,...,sn(x
1/p
1 , . . . , x1/pn )) = exp(−ls1,...,sn((mpx1)

1/p, . . . , (mpxn)
1/p))

= E {exp (⟨x,mp(T (si))
n
i=1⟩)} ,
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where we used the homogeneity of the stable tail dependence function. Hence, for all
s1, . . . , sn ∈ S, the vectors

(︁∑︁m
k=1 T

(k)(si)
)︁n
i=1

and mp(T (si))
n
i=1 have the same distribu-

tion, i.e. {T (s), s ∈ S} is an α-stable process with α = 1/p. Thus, from Theorem 13.1.2
and Theorem 3.10.1 in Samorodnitsky and Taqqu (1994), we can deduce that {T (s), s ∈ S}
allows for the representation

T (s) =
1

Γ(1− p−1)p

∑︂
i∈N

Api W̃ i(s), s ∈ S, (2.14)

where {Ai}i∈N are the points of a Poisson point process on [0,∞) with intensity a−2da
and {W̃ i(s), s ∈ S} are independent and identically distributed stochastic processes which
are independent from {Ai}i∈N and satisfy E(W̃ i(s)

1/p) = ls(1) = 1 for all s ∈ S. Defining

W
(p)
i (s) = W̃ i(s)

1/p, s ∈ S, i ∈ N, and plugging Equation (2.14) into Equation (2.13), we
obtain Equation (2.3).

Remark 2.6. Note that Theorem 2.5 assumes that, for each s1, . . . , sn ∈ S, ℓs1,...,sn is
the stable tail dependence function of the simple max-stable vector (X(s1), . . . , X(sn))

⊤.

The conditional negative definiteness of the function f
(p)
s1,...,sn is an additional condition. In

particular, it is always satisfied for p = ∞ – i.e. any simple max-stable process allows for

de Haan’s (1984) spectral representation (2.1) – as f
(∞)
s1,...,sn ≡ ls1,...,sn(1, . . . , 1) is always

conditionally negative definite.

In order to check whether a function ls1,...,sn is the stable tail dependence function of some
process X with an ℓp norm based representation, we first need to ensure that ls1,...,sn
is a valid stable tail dependence function. This can be done by checking necessary and
sufficient conditions given in Molchanov (2008) and Ressel (2013), for instance.

Using an integral representation of continuous conditionally negative definite functions on
[0,∞)n (cf. Paragraph 4.4.6 in Berg et al., 1984) condition (ii) in Theorem 2.5 can be
reformulated yielding the following corollary.

Corollary 2.7. For a simple max-stable process {X(s), s ∈ S} and p ∈ (1,∞), the
following statements are equivalent:

(i) X possesses a ℓp norm based representation (2.3).

(ii) For all pairwise distinct s1, . . . , sn ∈ S and n ∈ N, there exist a vector

c(s1, . . . , sn) = (c1(s1, . . . , sn), . . . , cn(s1, . . . , sn))
⊤ ∈ [0,∞)n

and a Radon measure µs1,...,sn on [0,∞)n such that the stable tail dependence function
ls1,...,sn satisfies

ls1,...,sn(x) =

n∑︂
i=1

ci(s1, . . . , sn) · xpi

+

∫︂
[0,∞)n

{︄
1− exp

(︄
−

n∑︂
i=1

aix
p
i

)︄}︄
µs1,...,sn(da),

for all x = (x1, . . . , xn)
⊤ ∈ [0,∞)n.
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From the characterization given in Theorem 2.5, we can deduce necessary conditions on
the dependence structure of a max-stable process with ℓp norm based representation (2.3)
in terms of its extremal coefficients: For a general simple max-stable process {X(s), s ∈ S}
and a finite set S̃ = {s1, . . . , sn} ⊂ S, let the extremal coefficient θ(S̃) be defined via

P
(︃
max
s∈S

X(s) ≤ x

)︃
= exp

(︄
−θ(S̃)

x

)︄
, x > 0.

Then, we necessarily have θ(S̃) ∈ [1, n] where θ(S̃) = n if and only if X(s1), . . ., X(sn) are
independent and θ(S̃) = 1 if and only if X(s1) = X(s2) = . . . = X(sn) a.s. The extremal
coefficient is closely connected to the stable tail dependence function via the relation

θ({s1, . . . , sn}) = ls1,...,sn(1, . . . , 1).

If X further allows for an ℓp norm based representation (2.3), we obtain the following
condition.

Proposition 2.8. Let {X(s), s ∈ S} be a simple max-stable process with representation
(2.3) and S1, S2 ⊂ S be finite and disjoint. Then, we have

θ(S1 ∪ S2) ≥ 21/p
θ(S1) + θ(S2)

2
.

Proof. Let S1 = {s1, s2, . . . , sk1} and S2 = {sk1+1, . . . , sk1+k2} be disjoint. Furthermore,
let {e1, . . . , ek1+k2} denote the standard basis in Rk1+k2 . As the function

(x1, . . . , xk1+k2) ↦→ ls1,...,sk1+k2

(︂
x
1/p
1 , . . . , x

1/p
k1+k2

)︂
is conditionally negative definite by Theorem 2.5, inequality (2.10) particularly holds true
for m = 2, a1 = 1, a2 = −1, x(1) =

∑︁k1
i=1 ei and x

(2) =
∑︁k1+k2

i=k1+1 ei, i.e.

ls1,...,sk1+k2

(︄
2

1
p

k1∑︂
i=1

ei

)︄
+ ls1,...,sk1+k2

⎛⎝2
1
p

k1+k2∑︂
i=k1+1

ei

⎞⎠− 2ls1,...,sk1+k2

(︄
k1+k2∑︂
i=1

ei

)︄
≤ 0.

Using the homogeneity and property (2.12) of the stable tail dependence function, we
obtain

21/pls1,...,sk1 (1, . . . , 1) + 21/plsk1+1,...,sk1+k2
(1, . . . , 1)− 2ls1,...,sk1+k2 (1, . . . , 1) ≤ 0.

As θ(S̃) = lS̃(1, . . . , 1) for any finite S̃ ⊂ S, this yields the assertion.

Of particular interest in extreme value analysis is the case of the pairwise extremal coef-
ficient function (cf. Smith, 1990; Schlather and Tawn, 2003) where S̃ = {s1, s2}. Then,
Proposition 2.8 provides the lower bound

θ({s1, s2}) ≥ 21/p for all s1 ̸= s2 ∈ S. (2.15)

For the particular case of model (2.2), this bound has already been found by Reich and
Shaby (2012) motivating their interpretation of model (2.2) as a max-stable process with
nugget effect in analogy to the Gaussian case.

The bound (2.15) and the characterization of simple max-stable processes with a ℓp norm
based representation given in Theorem 2.5 can be used to show the existence of a minimal
ℓp norm based representation of a simple max-stable process X, i.e. the existence of some
pmin(X) such that X ∈ MSp if and only if p ≥ pmin(X).
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Corollary 2.9. Let {X(s), s ∈ S} be a simple max-stable process such that not all random
variables {X(s)}s∈S are independent. Then, there exists a number pmin(X) ∈ (1,∞] such
that X ∈ MSp if and only if p ≥ pmin(X).

Proof. By de Haan (1984), any simple max-stable process X satisfies X ∈ MS∞. Thus,
the assertion follows directly if

pmin(X) = inf {p > 1 : X ∈ MSp} = ∞.

Thus, we restrict ourselves to the case that pmin(X) <∞. As not all the random variables
{X(s)}s∈S are independent, there exist s1, s2 ∈ S and ε > 0 such that

θ({s1, s2}) < 21/(1+ε).

Hence, by Equation (2.15), we obtain that pmin(X) ≥ 1 + ε. Now, using the fact that
MSp ⊂ MSq for p < q, it remains to show that X ∈ MSpmin(X). By Theorem 2.5,
for all pairwise distinct s1, . . . , sn ∈ S, n ∈ N, a1, . . . , am ∈ R such that

∑︁m
i=1 ai = 0,

x(1), . . . , x(m) ∈ [0,∞)n and m ∈ N we have that

m∑︂
i=1

n∑︂
j=1

aiajls1,...,sn

(︂
(x

(i)
1 + x

(j)
1 )1/p, . . . , (x(i)n + x(j)n )1/p

)︂
≤ 0

for all p > pmin(X). By the continuity of ls1,...,sm , the same holds true for p = pmin(X),
and, thus, by Theorem 2.5, X ∈ MSpmin(X).

For any p ∈ (1,∞], we now give an example for a simple max-stable process X(p) such
that pmin(X

(p)) = p. Thus, we will also see that

MSp ⊊ MSq ⊊ MS∞ = MS, 1 < p < q <∞.

We consider the process X
(p)
log ∈ MSp which possesses an ℓp norm based representa-

tion (2.3) with W (s) = 1 a.s. for all s ∈ S. From Equation (2.5), for pairwise distinct
s1, . . . , sn ∈ S, we obtain the finite-dimensional distributions

P
(︂
X

(p)
log (si) ≤ xi, 1 ≤ i ≤ n

)︂
= exp

⎧⎨⎩−

(︄
n∑︂
i=1

x−pi

)︄1/p
⎫⎬⎭ , x1, . . . , xn > 0,

i.e. all the multivariate distributions are multivariate logistic distributions (Gumbel, 1960).

Thus, the process X
(p)
log has pairwise extremal coefficients θ(s, t) = 21/p for all s, t ∈ S,

s ̸= t. From Equation (2.15), it follows that X
(p)
log /∈ MSp′ for p′ < p. Consequently, we

have pmin(X
(p)
log ) = p.

While we have θ(s, t) = 21/pmin(X) for the process X = X
(p)
log , the connection between

pmin(X) and the pairwise extremal coefficients θ(s, t) is more involved in general. To
see this, we consider the case S = {s1, s2}. In this case, for a process X ∈ MSp, the
condition θ(s1, s2) = 21/p implies W (p)(s1) = W (p)(s2) a.s., i.e. X necessarily follows a
bivariate logistic distribution. For any other bivariate simple max-stable distribution, we
have θ(s1, s2) > 21/pmin(X).
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2.5 Properties of Processes with ℓp Norm Based Representation

In this section, we will analyze several properties of simple max-stable processes with an ℓp

norm based representation in more detail. We will particularly focus on properties related
to the dependence structure of the process such as stationarity, ergodicity and mixing.
A characteristic feature of a process X with ℓp norm based representation (2.3) is the
additional noise introduced via the process {U (p)(s), s ∈ S}. Thus, we will compare the
process X to a “denoised” reference process

X∗(s) = max
i∈N

AiW
(p)
i (s), s ∈ S,

i.e. the simple max-stable process constructed via the same spectral functions used in the
original (ℓ∞ norm based) spectral representation (2.1). As the processes X and X∗ just
differ by the Fréchet noise process U (p), we will call X∗ the denoised max-stable process
associated to X.
The following proposition relates the extremal coefficients θ({s1, s2}), s1, s2 ∈ S, of X
to the extremal coefficients θ∗({s1, s2}) = E

(︁
max{W (p)(s1),W

(p)(s2)}
)︁
of the associated

denoised process X∗. We obtain that extremal dependence of the process X is always
weaker than dependence of the associated denoised process – as expected.

Proposition 2.10. Let {X(s), s ∈ S} be a simple max-stable process with ℓp norm
based representation (2.3) with p ∈ (1,∞]. Then, for the pairwise extremal coefficients
θ({s1, s2}), we obtain the bounds

θ∗({s1, s2}) ≤ θ({s1, s2}) ≤ 21/p · θ∗({s1, s2})1−
1
p ,

where θ∗({s1, s2}) are the pairwise extremal coefficients of the associated denoised process
X∗.

Proof. In the case p = ∞, we have

θ({s1, s2}) = E
(︂
max{W (p)(s1),W

(p)(s2)}
)︂
= θ∗({s1, s2}),

which equals both the lower and the upper bound given in the assertion.
Now, let p ∈ (1,∞). Then, we have the lower bound

θ({s1, s2}) = E
{︃(︂

W (p)(s1)
p +W (p)(s2)

p
)︂1/p}︃

≥ E
(︂
max{W (p)(s1),W

(p)(s2)}
)︂
= θ∗({s1, s2}).

Further, for any p < r <∞ and w ∈ [0,∞)2, we obtain

∥w∥pp ≤ ∥w∥
r−p
r−1

1 · ∥w∥
r p−1
r−1
r

(cf. Theorem 18 in Hardy et al., 1952), or equivalently

∥w∥p ≤ ∥w∥
1
p
r−p
r−1

1 · ∥w∥
1−p−1

1−r−1

r .

As r → ∞, this yields

∥w∥p ≤ ∥w∥1/p1 · ∥w∥1−p−1

∞ .
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Taking the expectation of w with respect to the joint distribution ofW (p)(s1) andW
(p)(s2)

and applying Hölder’s inequality, we obtain the upper bound

θ({s1, s2}) = E
{︃(︂

W (p)(s1)
p +W (p)(s2)

p
)︂1/p}︃

≤ E
{︃(︂

W (p)(s1) +W (p)(s2)
)︂1/p

·max{W (p)(s1),W
(p)(s2)}1−p

−1

}︃
≤
[︂
E
{︂
W (p)(s1) +W (p)(s2)

}︂]︂1/p [︂
E
(︂
max{W (p)(s1),W

(p)(s2)}
)︂]︂1−p−1

.

The assertion follows from E{W (p)(s1)} = E{W (p)(s2)} = 1.

In the following, we will consider the case that S = Z. In this case, properties such
as stationarity, ergodicity or mixing are of interest. For a simple max-stable process
{X(s), s ∈ Z} with representation (2.1), necessary and sufficient conditions for these
properties can be expressed in terms of the distribution of the spectral function V : By
Kabluchko et al. (2009), X is stationary if and only if

E {V (s1)
u1 · . . . · V (sn)

un} = E {V (s1 + s)u1 · . . . · V (sn + s)un} (2.16)

for all n ∈ N, s, s1, . . . , sn ∈ Z and u1, . . . , un ∈ [0, 1] such that
∑︁n

i=1 ui = 1. For sta-
tionary simple max-stable processes, Kabluchko and Schlather (2010) give necessary and
sufficient conditions for ergodicity and mixing in terms of the pairwise extremal coefficients
θ({s1, s2}) = E(max{V (s1), V (s2)}), stating that X is mixing if and only

lim
r→∞

θ({0, r}) = 2, (2.17)

and X is ergodic if and only if

lim
r→∞

1

r

r∑︂
k=1

θ({0, k}) = 2, (2.18)

respectively.
Now, we transfer these results to a max-stable process X with ℓp norm based represen-
tation (2.3) giving necessary and sufficient conditions in terms of W (p). For the associ-
ated denoised process X∗, Equations (2.16)–(2.18) depend on the distribution W (p) = V
only, while the structure of the process X is more difficult according to the relation
V (·) = [Γ(1 − p−1)]−1U (p)(·)W (p)(·) (cf. Proposition 2.3). The following result, however,
shows that those conditions simplify to the conditions for the associated denoised process
X∗.

Proposition 2.11. Let {X(s), s ∈ Z} be a simple max-stable process with ℓp norm based
representation (2.3) and let X∗ be the denoised process associated to X. Then, the follow-
ing holds:

1. X is stationary if and only if X∗ is stationary.

If X is stationary, we further have

2. X is mixing if and only if X∗ is mixing.

3. X is ergodic if and only if X∗ is ergodic.
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Proof. 1. By Kabluchko et al. (2009) and Proposition 2.3, the process X is stationary
if and only if (2.16) holds for V (·) = [Γ(1 − p−1)]−1U (p)(·)W (p)(·). The left-hand
side of (2.16) equals

E {V (s1)
u1 · . . . · V (sn)

un} =
1

Γ(1− p−1)
E

{︄
n∏︂
i=1

U (p)(si)
uiW (p)(si)

ui

}︄

=
1

Γ(1− p−1)
E

{︄
n∏︂
i=1

U (p)(si)
ui

}︄
E

{︄
n∏︂
i=1

W (p)(si)
ui

}︄

=

∏︁n
i=1 Γ(1− uip

−1)

Γ(1− p−1)
E

{︄
n∏︂
i=1

W (p)(si)
ui

}︄
,

where we used the fact that U (p)(si)
ui , i = 1, . . . , n, are independent Φp/ui random

variables. Thus, X is stationary if and only if Equation (2.16) holds for V = W (p),
i.e. if and only if X∗ is stationary.

2. By Kabluchko and Schlather (2010), the process X is mixing if and only if Equation
(2.17) holds where θ denotes the pairwise extremal coefficient of X. Proposition 2.10
yields the bounds

lim
r→∞

θ∗({0, r})) ≤ lim
r→∞

θ({0, r}) ≤ 21/p lim
r→∞

θ∗({0, r})1−p−1 ≤ 2.

Thus, limr→∞ θ({0, r}) = 2 if and only if limr→∞ θ∗({0, r}) = 2 which is equivalent
to X∗ being mixing.

3. The proof runs analogously to the proof of the second assertion. The process X is
ergodic if and only if Equation (2.18) holds. From Proposition 2.10 and Jensen’s
inequality, we obtain

lim
r→∞

1

r

r∑︂
k=1

θ∗({0, k}) ≤ lim
r→∞

1

r

r∑︂
k=1

θ({0, k})

≤ 21/p lim
r→∞

1

r

r∑︂
k=1

θ∗({0, k})1−p−1 ≤ 21/p lim
r→∞

[︄
1

r

r∑︂
k=1

θ∗({0, k})

]︄1−p−1

≤ 2.

Consequently, we have that limr→∞ r−1
∑︁r

k=1 θ({0, k}) = 2 holds true if and only if
limr→∞ r−1

∑︁r
k=1 θ

∗({0, k}) = 2

Remark 2.12. The mixing properties of a stochastic process {X(s), s ∈ S} are described
more precisely by its mixing coefficients. For two subsets S1, S2 ⊂ S, the β-mixing coeffi-
cient β(S1, S2) is defined by

β(S1, S2) = sup{|PS1∪S2(C)− PS1 ⊗ PS2(C)|, C ∈ CS1∪S2},

where, for each S̃ ⊂ S, the probability measure PS̃ denotes the distribution of the restricted

process {X(s), s ∈ S̃} on the space of non-negative functions on S̃ endowed with the Borel-
σ algebra CS̃ .

For the case of a max-stable process, Dombry and Éyi-Minko (2012) provide the upper
bound

β(S1, S2) ≤ 4
∑︂
s1∈S1

∑︂
s2∈S2

[2− θ(s1, s2)].
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Applying Proposition 2.10 , we obtain

β(S1, S2) ≤ 4
∑︂
s1∈S1

∑︂
s2∈S2

[2− θ(s1, s2)] ≤ 4
∑︂
s1∈S1

∑︂
s2∈S2

[2− θ∗(s1, s2)],

i.e. the upper bound for a process with ℓp norm based representation (2.3) is lower than
the bound for the associated denoised process.

As Proposition 2.11 states, a max-stable process with ℓp norm based representation (2.3)
shares properties such as stationarity, ergodicity and mixing with the associated denoised
process. In particular, the “noisy” analogues of well-studied max-stable processes might
be used without changing any of these properties.
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3 Bayesian Inference for Multivariate
Extreme Value Distributions

joint work with Clément Dombry and Sebastian Engelke

This chapter is based on the research article Dombry et al. (2017b) which has appeared in
the Electronic Journal of Statistics. Besides some minor modifications, also some changes
in the structure of the chapter have been made: all the proofs have been shifted from the
appendix to appropriate places in the main body of the chapter.

Statistical modeling of multivariate and spatial extreme events has attracted broad atten-
tion in various areas of science. Max-stable distributions and processes are the natural
class of models for this purpose, and many parametric families have been developed and
successfully applied. Due to complicated likelihoods, the efficient statistical inference is
still an active area of research, and usually composite likelihood methods based on bi-
variate densities only are used. Thibaud et al. (2016) use a Bayesian approach to fit a
Brown–Resnick process to extreme temperatures. In this chapter, we extend this idea
to a methodology that is applicable to general max-stable distributions and that uses
full likelihoods. We further provide simple conditions for the asymptotic normality of
the median of the posterior distribution and verify them for the commonly used models
in multivariate and spatial extreme value statistics. A simulation study shows that this
point estimator is considerably more efficient than the composite likelihood estimator in
a frequentist framework. From a Bayesian perspective, our approach opens the way for
new techniques such as Bayesian model comparison in multivariate and spatial extremes.

3.1 Introduction

Extremes and the impacts of rare events have been brought into public focus in the context
of climate change or financial crises. The temporal or spatial concurrence of several such
events has often shown to be most catastrophic. Arising naturally as limits of rescaled
componentwise maxima of random vectors, max-stable distributions are frequently used
to describe this joint behavior of extremes. The generalization to continuous domains
gives rise to max-stable processes that have become popular models in spatial extreme
value statistics (e.g., Davison and Gholamrezaee, 2012), and are applied in various fields
such as meteorology (Buishand et al., 2008; Engelke et al., 2015; Einmahl et al., 2016) and
hydrology (Asadi et al., 2015).

For a k-dimensional max-stable random vector Z = (Z1, . . . , Zk) with unit Fréchet mar-
gins, there exists an exponent function V describing the dependence between the com-
ponents of Z such that P[Z ≤ z] = exp{−V (z)}, z ∈ (0,∞)k. Many parametric models
{Fθ, θ ∈ Θ} for the distribution function of Z have been proposed (cf. Schlather, 2002;
Boldi and Davison, 2007; Kabluchko et al., 2009; Opitz, 2013), but likelihood-based infer-
ence remains challenging. The main reason is the lack of simple forms of the likelihood

29
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L(z; θ) in these models, which, by Faá di Bruno’s formula, is given by

L(z; θ) =
∑︂
τ∈Pk

L(z, τ ; θ) =
∑︂
τ∈Pk

exp{−V (z)}
|τ |∏︂
j=1

{−∂τjV (z)}, (3.1)

where Pk is the set of all partitions τ = {τ1, . . . , τ|τ |} of {1, . . . , k} and ∂τjV (·; θ) denotes
the partial derivative of the exponent function V = Vθ of Fθ with respect to the variables
zi, i ∈ τj . The fact that the cardinality of Pk is the kth Bell number that grows super-
exponentially in the dimension k inhibits the use of the maximum likelihood methods
based on L(z; θ) in (3.1).
The most common way to avoid this problem is to maximize the composite pairwise like-
lihood that relies only on the information in bivariate sub-vectors of Z (Padoan et al.,
2010). Apart from the fact that this likelihood is misspecified, there might also be consid-
erable losses in efficiency by using the composition of bivariate likelihoods instead of the
full likelihood L(z; θ). To reduce this efficiency loss, higher order composite likelihood has
been considered (Genton et al., 2011; Huser and Davison, 2013; Castruccio et al., 2016).
In practice, to obtain observations from the random variable Z, the data, typically a
multivariate time series, is split into disjoint blocks and a max-stable distribution is fitted
to the componentwise maxima within each block. To increase the efficiency, not only
the block maxima but additional information from the time series can be exploited. The
componentwise occurrence times of the maxima within each block lead to a partition τ
of {1, . . . , k} with indices belonging to the same subset if and only if the maxima in this
component occurred at the same time. The knowledge of this partition makes inference
much easier, as a single summand L(z, τ ; θ) in the full likelihood L(z; θ) given in (3.1)
corresponds to the likelihood contribution of the specific partition τ . This joint likelihood
L(z, τ ; θ) was introduced in Stephenson and Tawn (2005) and is tractable for many extreme
value models and, consequently, can be used for inference if occurrence times are available.
In real data applications, however, the distribution of the block maxima is only approx-
imated by a max-stable distribution and the distribution of the observed partitions of
occurrence times are only approximations to the limiting distribution (as the block size
tends to infinity) given by the likelihood L(z, τ ; θ). This approximation introduces a sig-
nificant bias in the Stephenson–Tawn estimator and a bias correction has been proposed
in Wadsworth (2015).
In many cases, only observations z(1), . . . , z(N) ∈ Rk of the random max-stable vector Z are
available, but there is no information about the corresponding partitions τ (1), . . . , τ (N). In
this case, the Stephenson–Tawn likelihood cannot be used since the partition information
is missing. In the context of conditional simulation of max-stable processes, Dombry et al.
(2013) proposed a Gibbs sampler to obtain conditional samples of τ (l) given the observation
z(l), l = 1, . . . , N . Thibaud et al. (2016) use this approach to treat the missing partitions as
latent variables in a Bayesian framework to estimate the parameters of a Brown–Resnick
model (cf., Kabluchko et al., 2009) for extreme temperature. They obtain samples from
the posterior distribution

L
(︂
θ, {τ (l)}Nl=1 | {z(l)}Nl=1

)︂
∝ πθ(θ)

N∏︂
l=1

L(z(l), τ (l); θ), (3.2)

via a Markov chain Monte Carlo algorithm, where πθ is the prior distribution on Θ.
In this chapter, we extend the Bayesian approach to general max-stable distributions and
provide various examples of parametric models Fθ where it can be applied. The first focus
is to study the statistical efficiency of the point estimators obtained as the median of the
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posterior distribution (3.2). This frequentist perspective allows to compare the efficiency
of the Bayesian estimator that uses the full likelihoods to other frequentist estimators. A
simulation study shows a substantial improvement of the estimation error when using full
likelihoods rather than the commonly used pairwise likelihood estimator of Padoan et al.
(2010).

From the Bayesian perspective, this approach opens up many new possibilities for Bayesian
techniques in multivariate extreme value statistics. Besides readily available credible in-
tervals, we discuss how Bayesian model comparison can be implemented. Thanks to the
full, well-specified likelihoods in our approach, no adjustment of the posterior distribution
as in the composite pairwise likelihood methods (Ribatet et al., 2012) is required.

Finally, we note that Huser et al. (2019) follow a complementary approach to ours where
they apply an expectation-maximization algorithm to use full likelihoods L(z; θ) in the
frequentist framework. The large sample asymptotic behavior of the frequentist and
Bayesian estimators are the same (see Section 3.3 below) but the Monte-Carlo Markov
Chain computation of the Bayesian estimator offers better convergence guarantees than
the expectation-maximization computation of the maximum likelihood estimator. More-
over, alternatively to the perspective of max-stability and block maxima, inference can be
based on threshold exceedances (Engelke et al., 2014; Wadsworth and Tawn, 2014; Thibaud
and Opitz, 2015) and the corresponding multivariate Pareto distributions (Rootzén and
Tajvidi, 2006; Rootzén et al., 2018).

The chapter is organized as follows. In Section 3.2 we provide some background on max-
stable distributions and their likelihoods, and we present the general methodology for
the Bayesian full-likelihood approach. Section 3.3 develops an asymptotic theory for the
resulting estimator. We show in Section 3.4 that our method and the asymptotic theory
are applicable for the popular models in multivariate and spatial extremes, including the
Brown–Resnick and extremal-t processes. The simulation studies in Section 3.5 quantify
the finite-sample efficiency gains of the Bayesian approach when used as a frequentist point
estimator of the extremal dependence parameters. Interestingly, this advantage persists
when the dependence is a nuisance parameter and one is only interested in estimating
marginal parameters (Section 3.5.3), at least in the case of a well-specified model. The
posterior distribution and genuinely Bayesian techniques are studied in Section 3.6, with
a focus on Bayesian model comparison. Section 3.7 concludes the paper with a discussion
on computational aspects.

3.2 Methodology

In Section 3.2.1 we review some facts on max-stable distributions and their likelihoods.
We describe the general setup of our approach and review the Markov chain Monte Carlo
algorithm from Thibaud et al. (2016) and the Gibbs sampler from Dombry et al. (2013)
in Section 3.2.2.

3.2.1 Max-Stable Distributions, Partitions and Joint Likelihoods

Let us assume from now on that the max-stable vector Z belongs to a parametric family
{Fθ, θ ∈ Θ}, where Θ ⊂ Rp is the parameter space, and that it admits a density fθ. The
exponent function of Fθ is Vθ(z) = − logFθ(z). If there is no confusion we might omit the
dependence on θ for simplicity.

Recall that if Z has standard Fréchet margins, it can be represented as the componentwise
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maximum
Zi = max

j∈N
ψ
(j)
i , i = 1, . . . , k, (3.3)

where {ψ(j) : j ∈ N} is a Poisson point process on E = [0,∞)k\{0} with intensity measure
Λ such that Λ(E \ [0, z]) = V (z). For more details and an exact simulation method of Z
via this representation, we refer to Dombry et al. (2016a).
Analogously to the occurrence times in case of block maxima, the Poisson point process
induces a random limit partition T of the index set {1, . . . , k}, where two indices i1 ̸= i2

belong to the same subset if and only if Zi1 = ψ
(j)
i1

and Zi2 = ψ
(j)
i2

for the same j ∈ N
(Dombry and Éyi-Minko, 2013). The joint likelihood of the max-stable vector Z and the
limit partition T under the model Fθ satisfies

L(z, τ ; θ) = exp{−V (z)}
|τ |∏︂
j=1

{−∂τjV (z)}, z ∈ (0,∞)k, τ ∈ Pk, (3.4)

and it equals the likelihood introduced in Stephenson and Tawn (2005). This fact provides
another interpretation of Equation (3.1), namely that the likelihood of Z is the integrated
joint likelihood of Z and T .
In Dombry et al. (2017a) it has been shown that the existence of a density for the simple
max-stable random vector Z with exponent measure Λ is equivalent to the existence of a
density λI for the restrictions of Λ to the different faces EI ⊂ E defined by

EI = {z ∈ E; zi > 0 for i ∈ I and zi = 0 for i /∈ I}, ∅ ̸= I ⊂ {1, . . . , k},

that is,

Λ(A) =
∑︂

∅̸=I⊂{1,...,k}

∫︂
{zI : z∈A∩EI}

λI(zI)µI(dzI),

Thus, the Stephenson–Tawn likelihood L(z, τ ; θ) can be rewritten as

L(z, τ ; θ) = exp{−V (z)}
ℓ∏︂

j=1

ω(τj , z), (3.5)

where

ω(τj , z) =
∑︂

τj⊂I⊂{1,...,k}

∫︂
(0,zτc

j
∩I)

λI(zτj , uj)duj , (3.6)

and τ1, . . . , τℓ denote the ℓ = |τ | different blocks of the partition τ , and zτj and zτcj are the

restrictions of z to τj and τ
c
j = {1, . . . , k} \ τj , respectively.

Equation (3.5) provides a formula for the joint likelihood of max-stable distributions with
unit Fréchet margins and its partition. From this we can deduce a formula for the joint
likelihood of a general max-stable distribution that admits a density. More precisely, let
Z̄ be a k-dimensional max-stable random vector whose ith component, i = 1, . . . , k, has a
generalized extreme value distribution with parameters (µi, σi, ξi) ∈ R× (0,∞)× R, i.e.

P(Z̄i ≤ zi) = exp

{︃
−
(︃
1 + ξi

zi − µi
σi

)︃−1/ξi

+

}︃
, zi ∈ R.

Then, Ui(Z̄i) has unit Fréchet distribution where Ui denotes the marginal transformation

Ui(x) =

(︃
1 + ξi

x− µi
σi

)︃1/ξi

, 1 + ξi
x− µi
σi

> 0.
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For a vector zI = (zi)i∈I with I ⊂ {1, . . . , k}, we define U(zI) = (Ui(zi))i∈I , such that
P(Z̄ ≤ z) = exp {−V [U(z)]}, where V is the exponent measure of the normalized max-
stable distribution U(Z̄). Consequently, the joint density of the general max-stable vector
Z̄ and the limit partition T is

L(z, τ ; θ) = exp {−V [U(z)]} ·

⎛⎝ ℓ∏︂
j=1

ω(τj , U(z))

⎞⎠ ·

(︄
k∏︂
i=1

1

σi
Ui(zi)

1−ξi

)︄
, (3.7)

for z ∈ (0,∞)k such that 1 + ξi(zi − µi)/σi > 0, i = 1, . . . , k and τ = {τ1, . . . , τℓ} ∈ Pk.

3.2.2 Bayesian Inference and Markov Chain Monte Carlo

Extreme value statistics is concerned with the estimation and uncertainty quantification
of the parameter vector θ ∈ Θ. Here, θ might include both marginal and dependence
parameters of the max-stable model. In a Bayesian setup we introduce a prior πθ(θ) on
the parameter space Θ. Given independent data z(1), . . . , z(N) ∈ Rk from the max-stable
distribution Z ∼ Fθ, we are interested in the posterior distribution of the parameter
θ conditional on the data. As explained in Section 3.1, the complex structure of the
full likelihood L({z(l)}; θ) =

∏︁N
l=1 L(z

(l); θ) prevents a direct assessment of the posterior
distribution, which is proportional to the product of L({z(l)}; θ) and the prior density
πθ(θ). Instead, we introduce the corresponding limit partitions T (1), . . . , T (N) as latent
variables and sample from the joint distribution of (θ, T (1), . . . , T (N)) conditional on the
data z(1), . . . , z(N), which is given in Equation (3.2).

It is customary to use Monte Carlo Markov Chain methods to sample from a target dis-
tribution which is known up to a multiplicative constant only. The aim is to construct a
Markov chain which possesses the target distribution as stationary distribution and has
good mixing properties. To this end, in each step of the Markov chain, the parameter vec-
tor θ and the partitions T (1), . . . , T (N) are updated separately by the Metropolis–Hastings
algorithm and a Gibbs sampler, respectively (cf., Thibaud et al., 2016).

For fixed partitions T (l) = τ (l), l = 1, . . . , N , and the current state θ for the parameter
vector, we propose a new state θ∗ according to a probability density q(θ, ·) which satisfies
q(θ1, θ2) > 0 if and only if q(θ2, θ1) > 0 for θ1, θ2 ∈ Θ. The proposal is accepted, that is,
θ is updated to θ∗, with probability

a(θ, θ∗) = min

{︄∏︁N
l=1 L(z

(l), τ (l); θ∗)πθ(θ
∗)q(θ∗, θ)∏︁N

l=1 L(z
(l), τ (l); θ)πθ(θ)q(θ, θ∗)

, 1

}︄
(3.8)

where L(z, τ ; θ) is given by (3.7). In general, there are various ways of choosing an ap-
propriate proposal density q. For instance, it might be advisable to update the vector
θ component by component. It has to be ensured that any state θ2 with positive poste-
rior density can be reached from any other state θ1 with positive posterior density in a
finite number of steps, that is, that the Markov chain is irreducible. The convergence of
the Markov chain to its stationary distribution (3.2) is then guaranteed. Note that the
framework described above enables estimation of marginal and dependence parameters si-
multaneously. In particular, it allows for response surface methodology such as (log-)linear
models for the marginal parameters.

For a fixed parameter vector θ ∈ Θ we use the Gibbs sampler in Dombry et al. (2013)
to update the current states of the partitions τ (1), . . . , τ (N) ∈ Pk conditional on the data
z(1), . . . , z(N). Thanks to independence, for each l = 1, . . . , N , we can update τ = τ (l)
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conditional on z = z(l) separately, where the conditional distribution is

L(τ | z; θ) = L(z, τ ; θ)∑︁
τ ′∈Pk L(z, τ

′; θ)
=

1

Cz

ℓ∏︂
j=1

ω{τj , U(z)}, (3.9)

with Cz the normalization constant

Cz =
∑︂

τ∈Pk

ℓ∏︂
j=1

ω{τj , U(z)}.

For i ∈ {1, . . . , k}, let τ−i be the restriction of τ to the set {1, . . . , k} \ {i}. As usual with
Gibbs samplers, our goal is to simulate from

Pθ (T = · | T−i = τ−i, Z = z) , (3.10)

where τ is the current state of the Markov chain and Pθ denotes the probability under
the assumption that Z follows the law Fθ. It is easy to see that the number of possible
updates according to (3.10) is always less than k, so that a combinatorial explosion is
avoided. Indeed, the index i can be reallocated to any of the components of τ−i or to a
new component with a single point: the number of possible updates τ∗ ∈ Pk such that
τ∗−i = τ−i equals ℓ if {i} is a partitioning set of τ , and ℓ+ 1 otherwise.

The distribution (3.10) has nice properties. From (3.9), we obtain that

Pθ(T = τ∗ | T−i = τ−i, Z = z) =
L(z, τ∗)∑︁

τ ′∈Pk L(z, τ
′)1{τ ′−i=τ−i}

∝
∏︁|τ∗|
j=1w{τ∗j , U(z)}∏︁|τ |
j=1w{τj , U(z)}

. (3.11)

for all τ∗ ∈ Pk with τ∗−i = τ−i. Since τ and τ∗ share many components, all the factors
in the right-hand side of (3.11) cancel out except at most four of them. This makes the
Gibbs sampler particularly convenient.

We suggest a random scan implementation of the Gibbs sampler, meaning that one itera-
tion of the Gibbs sampler selects randomly an element i ∈ {1, . . . , k} and then updates the
current state τ according to the proposal distribution (3.10). For the sake of simplicity,
we use the uniform random scan, i.e., i is selected according to the uniform distribution
on {1, . . . , k}.

3.3 Asymptotic Results

In the previous section, we presented a procedure that allows to sample from the posterior
distribution of the parameter θ of a parametric model {fθ, θ ∈ Θ} given a sample of N
observations. In this section, we will discuss the asymptotic properties of the posterior
distribution as the sample size N tends to ∞.

The asymptotic analysis of Bayes procedures usually relies on the Bernstein–von Mises
theorem which allows for an asymptotic normal approximation of the posterior distribution
of

√
N(θ − θ0), given the observations z(1), . . . , z(N) from the parametric model fθ0 . The

theorem then implies the asymptotic normality and efficiency of Bayesian point estimators
such as the posterior mean or posterior median with the same asymptotic variance as the
maximum likelihood estimator.

A key assumption is that for every ε > 0 there exists a sequence of uniformly consistent
(non-randomized) tests ϕN = ϕN (z

(1), . . . , z(N)) ∈ {0, 1} for testing the null hypothesis
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H0 : θ = θ0 against H1 : ∥θ − θ0∥∞ ≥ ε, where H0 is not rejected if and only if ϕN = 0.
The uniformity means that

Pθ0(ϕN = 1) → 0 and sup
∥θ−θ0∥∞≥ε

Pθ(ϕN = 0) → 0 as N → ∞. (3.12)

where Pθ denotes the probability measure induced by N independent copies of Z ∼ fθ.

Theorem 3.1 (Bernstein-von Mises, Theorems 10.1 and 10.8 in van der Vaart (1998)).
Let the parametric model {fθ, θ ∈ Θ} be differentiable in quadratic mean at θ0 with non-
singular Fisher information matrix Iθ0, and assume that the mapping θ ↦→

√︁
fθ(z) is dif-

ferentiable at θ0 for fθ0-almost every z. For every ε > 0, suppose there exists a sequence
of uniformly consistent tests ϕN as in (3.12). Suppose further that the prior distribu-
tion πprior(dθ) is absolutely continuous in a neighborhood of θ0 with a continuous positive
density at θ0. Then, under the distribution fθ0, the posterior distribution satisfies⃦⃦⃦

πpost(dθ | z(1), . . . , z(N))−N
(︂
θ0 +N−1/2∆N,θ0 , N

−1I−1
θ0

)︂⃦⃦⃦
TV

d−→ 0 as N → ∞,

where ∆N,θ0 = N−1/2
∑︁N

i=1 I
−1
θ0
∂θ log fθ0(z

(i)) and ∥ · ∥TV is the total variation distance.
As a consequence, if the prior distribution πprior(dθ) has a finite mean, the posterior median

θ̂
Bayes

n is asymptotically normal and efficient, that is, it satisfies

√
N(θ̂

Bayes

N − θ0)
d−→ N (0, I−1

θ0
), as N → ∞.

In order to apply this theorem to max-stable distributions, two main assumptions are
required: the differentiability in quadratic mean of the statistical model and the existence
of uniformly consistent tests satisfying (3.12). Differentiability in quadratic mean is a
technical condition that imposes a certain regularity on the likelihood fθ0 . For the case
of multivariate max-stable models this property has been considered in detail in Dombry
et al. (2017a), where equivalent conditions on the exponent function and the spectral
density are given.
We now discuss the existence of uniformly consistent tests and propose a criterion based
on pairwise extremal coefficients. This criterion turns out to be simple and general enough
since it applies for most of the standard models in extreme value theory. Indeed, in many
cases, pairwise extremal coefficients can be explicitly computed and allow for identifying
the parameter θ.
For a max-stable vector Z with unit Fréchet margins, the pairwise extremal coefficient
ηi1,i2 ∈ [1, 2] between margins 1 ≤ i1 < i2 ≤ k is defined by

P(Zi1 ≤ z, Zi2 ≤ z) = exp
{︂
−ηi1,i2

z

}︂
, z > 0.

It is the scale exponent of the unit Fréchet variable Zi1 ∨ Zi2 and hence satisfies

ηi1,i2 =

(︃
E
[︃

1

Zi1 ∨ Zi2

]︃)︃−1

.

In the case that Z follows the distribution fθ, we write ηi1,i2(θ) for the associated pairwise
extremal coefficient.

Proposition 3.2. Let θ0 ∈ Θ and ε > 0. Assume that

inf
∥θ−θ0∥∞≥ε

max
1≤i1<i2≤k

|ηi1,i2(θ)− ηi1,i2(θ0)| > 0. (3.13)

Then there exists a uniformly consistent sequence of tests ϕN satisfying (3.12).
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Remark 3.3. The identifiability of the model parameters θ ∈ Θ through the pairwise
extremal coefficients ηi1,i2(θ), 1 ≤ i1 < i2 ≤ k is a direct consequence of Equation (3.13)
provided that the equation holds for every ε > 0.

Remark 3.4. If θ = (θ1, . . . , θp) ∈ Θ, and for any 1 ≤ j ≤ p there exists 1 ≤ i1 < i2 ≤ k,
such that ηi1,i2(θ) depends only on θj and it is strictly monotone with respect to this
component, then Equation (3.13) is satisfied.

Proof of Proposition 3.2. For a random vector Z with distribution fθ and 1 ≤ i1 < i2 ≤ k,
the random variable 1/(Zi1 ∨ Zi2) follows an exponential distribution with parameter
ηi1,i2(θ) ∈ [1, 2] and variance η−2

i1,i2
(θ) ∈ [1/4, 1]. Hence,

T−1
i1,i2

=
1

N

N∑︂
i=1

1

Z
(i)
i1

∨ Z(i)
i2

is an unbiased estimator of η−1
i1,i2

(θ) with variance less than or equal to 1/N . Chebychev’s
inequality entails

Pθ
(︁⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ)
⃓⃓
> δ
)︁
≤ 1

Nδ2
, for all δ > 0. (3.14)

Define the test ϕN by

ϕN =

{︃
0 if max1≤i1<i2≤k

⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ0)
⃓⃓
≤ δ,

1 otherwise.

We prove below that, for δ > 0 small enough, the sequence ϕN satisfies (3.12). For θ = θ0,
the union bound together with Equation (3.14) yield

Pθ0(ϕN = 1) ≤
∑︂

1≤i1<i2≤k
Pθ0
(︁⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ0)
⃓⃓
> δ
)︁
≤ k(k − 1)

2Nδ2
−→ 0,

as N → ∞. On the other hand, Equation (3.13) implies that there is some γ > 0 such
that

max
1≤i1<i2≤k

⃓⃓
η−1
i1,i2

(θ)− η−1
i1,i2

(θ0)
⃓⃓
≥ γ, for all ∥θ − θ0∥∞ ≥ ε.

Let θ ∈ Θ be such that ∥θ−θ0∥∞ ≥ ε and consider 1 ≤ i1 < i2 ≤ k realizing the maximum
in the above equation. By the triangle inequality,⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ)
⃓⃓
≥
⃓⃓
η−1
i1,i2

(θ)− η−1
i1,i2

(θ0)
⃓⃓
−
⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ0)
⃓⃓
≥ γ −

⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ0)
⃓⃓
,

so that, on the event {ϕN = 0} ⊂
{︁⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ0)
⃓⃓
≤ δ
}︁
, we have⃓⃓

T−1
i1,i2

− η−1
i1,i2

(θ)
⃓⃓
≥ γ − δ.

Applying Equation (3.14) again, we deduce, for δ ∈ (0, γ),

Pθ(ϕN = 0) ≤ Pθ
(︁⃓⃓
T−1
i1,i2

− η−1
i1,i2

(θ)
⃓⃓
≥ γ − δ

)︁
≤ 1

N(γ − δ)2
.

Since the upper bound goes to 0 uniformly in θ with ∥θ − θ0∥∞ ≥ ε, as N → ∞, this
proves Equation (3.12).
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3.4 Examples

In the previous sections we discussed the implementation of a Markov chain Monte Carlo
algorithm to obtain samples from the posterior distribution L

(︁
θ, {τ (l)}Nl=1 | {z(l)}Nl=1

)︁
and

its asymptotic behavior as N → ∞. The only model-specific quantity needed to run the
algorithm are the weights ω(τj , z) in (3.6). In this section, we provide explicit formulas for
these weights for several classes of popular max-stable models and prove that the models
satisfy the assumptions of the Bernstein–von Mises theorem; see Theorem 3.1. It follows

that the posterior median θ̂
Bayes

N is asymptotically normal and efficient for these models.
For the calculation of the weights ω(τj , z), we first note that all of the examples in this
section admit densities as a simple consequence of Proposition 2.1 in Dombry et al. (2017a).
We further note that, for the models considered in Subsections 3.4.1-3.4.4, we have λI ≡ 0
for all I ⊊ {1, . . . , k}, i.e.

Λ(A) =

∫︂
A
λ(z)µ(dz), A ⊂ [0,∞)k \ {0},

and, consequently, Equation (3.6) simplifies to

ω(τj , z) =

∫︂
(0,zτc

j
)
λ(zτj , uj) duj .

For the posterior median θ̂
Bayes

n , in the sequel, we will always assume that the prior
distribution is absolutely continuous with strictly positive density in a neighborhood of
θ0, and that it has finite mean. Given the differentiability in quadratic mean of the
model, it suffices to verify condition (3.13) in Proposition 3.2. This implies the existence
of a uniformly consistent sequence of tests and, by Remark 3.3, the identifiability of the
model. Theorem 3.1 then ensures asymptotic normality of the posterior median.
Henceforth, analogously to the notation zI = (zi)i∈I for a vector z ∈ Rk and an index set
∅ ̸= I ⊂ {1, . . . , k}, we write AI,J = (Aij)i∈I,j∈J for a matrix A = (Aij)1≤i,j≤k and index
sets ∅ ̸= I, J ⊂ {1, . . . , k}.

3.4.1 The Logistic Model

One of the simplest multivariate extreme value distributions is the logistic model where

V (z) =
(︂
z
−1/θ
1 + · · ·+ z

−1/θ
k

)︂θ
, θ ∈ (0, 1). (3.15)

The logistic model is symmetric in its variables and interpolates between independence as
θ ↑ 1 and complete dependence as θ ↓ 0.

Proposition 3.5. Let τ = (τ1, . . . , τℓ) ∈ Pk and z ∈ E. The weights ω(τj , z) in (3.6) for
the logistic model with exponent measure (3.15) are

ω(τj , z) = θ−|τj |+1Γ(|τj | − θ)

Γ(1− θ)

⟨︄
(
k∑︂
i=1

z
−1/θ
i

)︄θ−|τj | ∏︂
i∈τj

z
−1−1/θ
i . (3.16)

Proof. Taking partial derivative of the exponent function (3.15) we obtain

−∂τjVθ(z) =
|τj |−1∏︂
i=1

(︃
i

θ
− 1

)︃(︄ k∑︂
i=1

z
−1/θ
i

)︄θ−|τj | ∏︂
i∈τj

z
−1/θ−1
i .
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We note that

Γ(|τj | − θ)

Γ(1− θ)
=

|τj |−1∏︂
i=1

(i− θ).

Using this, Equation (3.5) becomes for the logistic model

L(τ, z; θ) = exp{−V (z)}
ℓ∏︂

j=1

ω(τj , z)

with

ω(τj , z) = θ−1|τj |+1Γ(|τj | − θ)

Γ(1− θ)

(︄
k∑︂
i=1

z
−1/θ
i

)︄θ−|τj | ∏︂
i∈τj

z
−1−1/θ
i .

Remark 3.6. From (3.16), it can be seen that we can also write

L(τ, z) = exp(−V (z))

(︄
k∏︂
i=1

z
−1−1/θ
i

)︄(︄
k∑︂
i=1

z
−1/θ
i

)︄−k

θ−k
ℓ∏︂

j=1

ω̃(τj , z)

with

ω̃(τj , z) = θ
Γ(|τj | − θ)

Γ(1− θ)

(︄
k∑︂
i=1

z
−1/θ
i

)︄θ
.

This suggests to use the simplified weights ω̃ for the Gibbs sampler.

Proposition 3.7. For the logistic model with θ0 ∈ (0, 1), the posterior median θ̂
Bayes

N is
asymptotically normal and efficient as N → ∞.

Proof. From Proposition 4.1 in Dombry et al. (2017a) it follows that the model is differ-
entiable in quadratic mean. For any 1 ≤ i1 < i2 ≤ k, the pairwise extremal coefficient of
the logistic model with parameter θ ∈ (0, 1) is ηi1,i2(θ) = 2θ, a strictly increasing function
in θ. The assertion of the proposition follows by Remark 3.4.

3.4.2 The Dirichlet Model

The Dirichlet model (Coles and Tawn, 1991) is defined by its spectral density h on the
simplex Sk−1 = {w ∈ [0,∞)k : w1 + · · ·+ wk = 1}. For parameters α1, . . . , αk > 0, it is
given by

h(w) =
1

k

Γ(1 +
∑︁k

i=1 αi)

(
∑︁k

i=1 αiwi)
k+1

k∏︂
i=1

αi
Γ(αi)

(︄
αiwi∑︁k
j=1 αjwj

)︄αi−1

, w ∈ Sk−1, (3.17)

and it has no mass on lower-dimensional faces of Sk−1 (Coles and Tawn, 1991). Equiva-
lently, the exponent function of the Dirichlet model is given by

V (z) = kE
[︃
max
i=1,...,k

Wi

zi

]︃
,

where W is a random vector with density h(w).
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Proposition 3.8. Let τ = (τ1, . . . , τℓ) ∈ Pk and z ∈ E. The weights ω(τj , z) in (3.6) for
the Dirichlet model with spectral density (3.17) are

ω(τj , z) =
∏︂
i∈τj

ααii z
αi−1
i

Γ(αi)

∫︂ ∞

0
e
− 1
r

∑︁
i∈τj

αizi

⎛⎝∏︂
i∈τcj

Fαi(αizi/r)

⎞⎠ r−2−
∑︁k
i=1 αi dr, (3.18)

where

Fα(x) =
1

Γ(α)

∫︂ x

0
tα−1e−t dt

is the distribution function of a Gamma variable with shape α > 0.

Proposition 3.9. Consider the Dirichlet model with θ0 = (α1, . . . , αk) ∈ Θ = (0,∞)k.

For k ≥ 3 and almost every θ0 ∈ Θ, the posterior median θ̂
Bayes

N is asymptotically normal
and efficient as N → ∞.

Both the proof of Proposition 3.8 and Proposition 3.9 rely on the following lemma.

Lemma 3.10. Let Y (α1), . . . , Y (αk) be independent random variables such that Y (α) has
a Gamma distribution with shape parameter α > 0 and scale 1.

(i) Let U1 > U2 > . . . be the points of a Poisson point process on (0,∞) with intensity

u−2 du and, independently of the Ui, let Ỹ
(1)
, Ỹ

(2)
, . . . independent copies of the

random vector Ỹ = (Y (αi)/αi)1≤i≤k. Then the simple max-stable random vector

Z =
⋁︁
i≥1 UiỸ

(i)
has angular density (3.17).

(ii) In the Dirichlet max-stable model with angular density (3.17), the pair extremal
coefficient ηi1,i2, 1 ≤ i1 < i2 ≤ k, is given by

ηi1,i2 = η(αi1 , αi2) = E
[︃
Y (αi1)

αi1
∨ Y (αi2)

αi2

]︃
.

Furthermore, η : (0,∞)2 → [1, 2] is continuously differentiable and strictly decreasing
in both components.

Proof. For the proof of the first part, we note that the intensity of the spectral measure
is given by

λ(z) =

∫︂ ∞

0
fỸ (z/u)u

−k−2 du, z ∈ (0,∞)k,

where

fỸ (ỹ) =

k∏︂
i=1

ααii
Γ(αi)

ỹαi−1
i e−αiỹi , ỹ ∈ (0,∞)k,

is the density of the random vector Ỹ . A direct computation yields

λ(z) =
Γ(1 +

∑︁d
i=1 αi)

(
∑︁d

i=1 αizi)
1+

∑︁d
i=1 αi

d∏︂
i=1

ααii z
αi−1
i

Γ(αi)
.

We see that the restriction of λ to the simplex Sk−1 is equal to h which proves the claim.
The first statement of the second part, is a direct consequence of the first part since

η(α1, α2) = − logP(Z1 ≤ 1, Z2 ≤ 1) = E
[︃
Y (α1)

α1
∨ Y (α2)

α2

]︃
.



40 3. Bayesian Inference for Multivariate Extremes

The proof of the strict monotonicity relies on the notion of convex order, see Chapter 3.4 in
Denuit et al. (2005). For two real-valued random variables X1, X2 we say that X1 is lower
than X2 in convex order if E[φ(X1)] ≤ E[φ(X1)] for all convex functions φ : R → R such
that the expectations exist. It is known that the family of random variables (Y (α)/α)α>0

is non-increasing in convex order (Ramos et al., 2000, Section 4.3), and, in this case, the
Lorenz order is equivalent to the convex order (Denuit et al., 2005, Property 3.4.41). We
show below that this implies that η(α1, α2) is strictly decreasing in its arguments.
Let α′

1 > α1 > 0 and α2 > 0 and let us prove that η(α′
1, α2) < η(α1, α2). For independent

random variables Y (α1), Y (α′
1) and Y (α2), we have

η(α′
1, α2) = E

[︃
Y (α′

1)

α′
1

∨ Y (α2)

α2

]︃
and η(α1, α2) = E

[︃
Y (α1)

α1
∨ Y (α2)

α2

]︃
.

Using that Y (α′
1)/α

′
1 is lower than Y (α1)/α1 in convex order, we obtain

E
[︃
Y (α′

1)

α′
1

∨ y2
α2

]︃
≤ E

[︃
Y (α1)

α1
∨ y2
α2

]︃
for all y2 > 0, (3.19)

because the map u ↦→ u ∨ (y2/α2) is convex. Replacing y2 by Y (α2) and integrating,
we get η(α′

1, α2) ≤ η(α1, α2). The equality η(α′
1, α2) = η(α1, α2) would imply that for

almost every y2 > 0 the equality holds in (3.19) which is true if and only if Y (α1)/α1 and
Y (α′

1)/α
′
1 have the same distribution. Since this is not the case, η(α′

1, α2) < η(α1, α2) and
η is strictly decreasing in α1. By symmetry, η is also strictly decreasing in α2.
Finally, the fact that (α1, α2) ↦→ η(α1, α2) is continuously differentiable follows from the
integral representation

η(α1, α2) =

∫︂ ∞

0

∫︂ ∞

0

y1
α1

∨ y2
α2

1

Γ(α1)Γ(α2)
yα1−1
1 yα2−1

2 e−y1e−y2 dy1 dy2, (3.20)

for α1, α2 > 0, and standard theorems for integrals depending on a parameter.

Proof of Proposition 3.8. From the construction given in the first part of Lemma 3.10, we
obtain

λ(z) =

∫︂ ∞

0

(︄
k∏︂
i=1

ααii
Γ(αi)

(︂zi
r

)︂αi−1
e−(αizi/r)

)︄
r−2−k dr

=
k∏︂
i=1

ααii z
αi−1
i

Γ(αi)

∫︂ ∞

0
e−

1
r

∑︁k
i=1 αizir−2−

∑︁k
i=1 αi dr

and, consequently,∫︂
uj<zτc

j

λ(zτj , uj) duj

=
∏︂
i∈τj

ααii z
αi−1
i

Γ(αi)

∫︂ ∞

0

∫︂
uj<zτc

j

∏︂
i∈τcj

(︃
ααii z

αi−1
i

Γ(αi)
e−(αizi/r)

)︃
duj · e

− 1
r

∑︁
i∈τj

αizi
r−2−

∑︁k
i=1 αi dr

=
∏︂
i∈τj

ααii z
αi−1
i

Γ(αi)

∫︂ ∞

0
e
− 1
r

∑︁
i∈τj

αizi

⎛⎝∏︂
i∈τcj

Fαi(αizi/r)

⎞⎠ r
−2−

∑︁
i∈τj

αi
dr,

where

Fα(x) =
1

Γ(α)

∫︂ x

0
tα−1e−t dt,

is the distribution function of a Gamma variable with shape α > 0.
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Proof of Proposition 3.9. Proposition 4.2 in Dombry et al. (2017a) implies that the model
is differentiable in quadratic mean. In order to verify Equation (3.13) for the Dirichlet
model, we consider the mapping

Ψ : (0,∞)k → [1, 2]k, θ = (α1, . . . , αk) ↦→ (η1,2, η2,3, η1,3, η1,4, . . . , η1,k).

We first show that Ψ is injective. To this end, let θ(1) ̸= θ(2) ∈ Θ where ψi = (α
(i)
1 , . . . , α

(i)
k ),

i = 1, 2. We distinguish between two cases.
First, we assume that θ(1) and θ(2) share at least one common component. Then, there

is a pair (i, j) ∈ {(1, 2), (2, 3), (1, 3), (1, 4), . . . , (1, k)} such that (α
(1)
i , α

(1)
j ) and (α

(2)
i , α

(2)
j )

differ in exactly one component. As ηi,j = η(αi, αj) is strictly decreasing both in αi and

αj , by Lemma 3.10, we have that η(α
(1)
i , α

(1)
j ) ̸= η(α

(2)
i , α

(2)
j ).

Secondly, we consider the case that θ(1) and θ(2) do not share any common component.
Then, there is a pair (i, j) ∈ {(1, 2), (2, 3), (1, 3)} such that both components of the vector

(α
(1)
i − α

(2)
i , α

(1)
j − α

(2)
j ) have the same sign and, again, by the strict monotonicity of

η(αi, αj), it follows that η(α
(1)
i , α

(1)
j ) ̸= η(α

(2)
i , α

(2)
j ).

Hence, in both cases, Ψ(θ(1)) ̸= Ψ(θ(2)), that is, Ψ is injective and there exists a unique
inverse function Ψ−1 : Ψ((0,∞)k) → (0,∞)k.
Consider the set

Θ′ =
{︂
(α1, . . . , αk) ∈ (0,∞)k : ∂αiη(αi, αj) < 0, ∂αjη(αi, αj) < 0 ∀1 ≤ i < j ≤ k

}︂
.

Note that since η is continuously differentiable and strictly decreasing in its argument,
Θ \Θ′ has Lebesgue measure 0. For all θ0 = (α1, . . . , αk) ∈ Θ′, the Jacobian DΨ satisfies

det{DΨ(θ0)} = {∂α1η(α1, α2) · ∂α2η(α2, α3) · ∂α3η(α1, α3)

+∂α2η(α1, α2) · ∂α3η(α2, α3) · ∂α1η(α1, α3)} ·
k∏︂
j=4

∂αjη(α1, αj) ̸= 0.

The inverse function theorem then implies that Ψ−1 is continuously differentiable at Ψ(θ0),
that is, for every ε > 0, there exists δ > 0 such that ∥Ψ(θ0) − Ψ∞(θ)∥∞ < δ implies
∥θ0 − θ∥∞ < ε. In particular, we obtain

inf
∥θ0−θ∥∞>ε

∥Ψ(θ0)−Ψ(θ)∥∞ ≥ δ,

that is, Equation (3.13), and the asymptotic normality and efficiency of the posterior
median for θ0 ∈ Θ′ follow from Proposition 3.2. Finally, we note that each extremal
coefficient η is continuously differentiable and strictly decreasing with respect to both
components by Lemma 3.10. Thus, ∂α1η(α1, α2) < 0 and ∂α2η(α1, α2) < 0 for almost
every θ ∈ Θ.

Remark 3.11. We believe that the result for the posterior median holds true even for
every θ0 ∈ Θ. In the proof of 3.9, we need the partial derivatives of (α1, α2) ↦→ η(α1, α2)
to be negative, but this can only be concluded almost everywhere.

3.4.3 The Extremal-t Model and the Schlather Process

The extremal-t model (Nikoloulopoulos et al., 2009; Opitz, 2013) is given by an exponent
measure of the form

V (z) = cνE
[︃
max
i=1,...,k

max{0,Wi}ν

zi

]︃
, (3.21)
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where (W1, . . . ,Wk)
⊤ is a standardized Gaussian vector with correlation matrix Σ, the

constant cν is given by cν =
√
π2−(ν−2)/2Γ{(ν + 1)/2}−1 and ν > 0.

Proposition 3.12 (Thibaud and Opitz, 2015). Let τ = (τ1, . . . , τℓ) ∈ Pk and z ∈ E. The
weights ω(τj , z) in (3.6) for the extremal-t model with exponent function (3.21) are

ω(τj , z) = T|τj |+ν
(︁
z
1/ν
τcj

− µ̃, Σ̃
)︁
· ν1−|τj | · π(1−|τj |)/2 · det(Στj ,τj )−1/2

· Γ{(ν + |τj |)/2}
Γ{(ν + 1)/2}

·
∏︂
i∈τj

|zi|1/ν−1 ·
{︂(︁
z1/ντj

)︁⊤
Σ−1
τj ,τjz

1/ν
τj

}︂−(ν+|τj |)/2
(3.22)

where µ̃ = Στcj ,τjΣ
−1
τj z

1/ν

τ j
,

Σ̃ = (|τj |+ ν)−1
(︁
z
1/ν

τ j

)︁⊤
Σ−1
τj zτj

(︁
Στcj − Στcj ,τjΣ

−1
τj ,τjΣτj ,τcj

)︁
and Tk(·; Σ) denotes a multivariate Student distribution function with k degrees of freedom
and scale matrix Σ.

Proposition 3.13. Consider the extremal-t model with θ0 = (Σ, ν) where Σ is a positive

definite correlation matrix and ν > 0. Then, for fixed ν > 0 the posterior median θ̂
Bayes

N

is asymptotically normal and efficient as N → ∞.

Proof. By Proposition 4.3 in Dombry et al. (2017a), the model is differentiable in quadratic
mean (even if ν > 0 is not fixed). For any 1 ≤ i1 < i2 ≤ k, and fixed ν > 0, the pairwise
extremal coefficient of the extremal-t model with parameter matrix Σ = {ρij}1≤i,j≤k is

ηi1,i2(Σ) = 2Tν+1

(︄√︄
(ν + 1)

1− ρi1i2
1 + ρi1i2

)︄
, (3.23)

where Tν+1 denotes the distribution function of a t-distribution with ν + 1 degrees of
freedom. Therefore, ηi1,i2(Σ) as a function of ρi1i2 ∈ [−1, 1] is strictly decreasing and the
claim follows by Remark 3.4 together with Proposition 3.2.

Remark 3.14. If ν is not fixed, then the parameter θ = (Σ, ν) cannot be identified from
the pairwise extremal coefficients and Equation (3.13) is not satisfied. The identifiability
can still be shown by considering the behavior of the bivariate angular measure at the
origin (Engelke and Ivanovs, 2017, Section A.3.3).

A popular model in spatial extremes is the extremal-t process (Opitz, 2013), a max-
stable process {Z(x), x ∈ Rd} whose finite-dimensional distributions (Z(x1), . . . , Z(xk))

⊤,
x1, . . . , xk ∈ Rd have an exponent function of the form (3.21) where the Gaussian vector
is replaced by a standardized stationary Gaussian process {W (x), x ∈ Rd} evaluated at
x1, . . . , xk. The correlation matrix Σ then has the form

Σ = {ρ(xi − xj)}1≤i,j≤k,

where ρ : Rd → [−1, 1] is the correlation function of the Gaussian process W . The special
case ν = 1 corresponds to the extremal Gaussian process (Schlather, 2002), also called
Schlather process.
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Corollary 3.15. Let Z be the Schlather process on Rd with correlation function ρ coming
from the parametric family

ρ(h) = exp

(︃
−∥h∥α2

s

)︃
, (s, α) ∈ Θ = (0,∞)× (0, 2].

Suppose that Z is observed at pairwise distinct locations t1, . . . , tk ∈ Rd such that not
all pairs of locations have the same Euclidean distance. Then, the posterior median of
θ = (s, α) is asymptotically normal.

Proof. Analogously to the proof of Corollary 4.4 in Dombry et al. (2017a), it can be shown
that the model is differentiable in quadratic mean. Suppose that ∥t1 − t2∥2 ̸= ∥t2 − t3∥2
and observe that the mapping

Ψ : Θ → Ψ(Θ), θ = (s, α) ↦→ {ρij}1≤i,j≤k =
{︃
exp

(︃
−∥ti − tj∥α2

s

)︃}︃
1≤i,j≤k

is continuously differentiable. Since

α =
log{log ρ12} − log{log ρ23}

log ∥t1 − t2∥2 − log ∥t2 − t3∥2
, s = −∥t1 − t2∥α2

log ρ12
,

the same holds true for the inverse mapping Ψ−1.

Further, from the continuity of Ψ−1 at Ψ(θ0) at any θ0 ∈ Θ, we obtain that for every ε > 0
there is some δ > 0 such that for all Ψ(θ) ∈ Ψ(Θ) with ∥Ψ(θ0) − Ψ(θ)∥∞ < δ we have
∥θ0 − θ∥∞ < ε. Consequently,

inf
∥θ0−θ∥∞>ε

∥Ψ(θ0)−Ψ(θ)∥∞ ≥ δ.

From the proof of Proposition 3.13 and with the same notation as in (3.23), we obtain
that ∥Ψ(θ0)−Ψ(θ)∥∞ ≥ δ implies max1≤i1<i2≤k |ηi1,i2{Ψ(θ0)}−ηi1,i2{Ψ(θ)}| > δ′ for some
δ′ > 0, that is, Equation (3.13) holds. The assertion follows then from Proposition 3.2.

3.4.4 The Hüsler–Reiss Model and the Brown–Resnick Model

The Hüsler–Reiss distribution (cf., Hüsler and Reiss, 1989; Kabluchko et al., 2009) can be
characterized by its exponent function

V (z) = E
[︃
max
i=1,...,k

exp {Wi − Σii/2}
zi

]︃
, (3.24)

where W = (W1, . . . ,Wk)
⊤ is a Gaussian vector with expectation 0 and covariance matrix

Σ. It can be shown that the exponent function can be parameterized by the matrix

Λ = {λ2i,j}1≤i,j≤k =
{︃
1

4
E(Wi −Wj)

2

}︃
1≤i,j≤k

as we have the equality

V (z) =

k∑︂
p=1

z−1
p Φk−1

(︂
2λ2p,−p + log(z−p/zp); Σ

(p)
)︂
, z ∈ (0,∞)k, (3.25)
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(cf. Nikoloulopoulos et al., 2009), where for each p = 1, . . . , k, the matrix Σ(p) has (i, j)th
entry 2(λ2p,i+λ

2
p,j−λ2i,j), i, j ̸= p and Φk−1(·,Σ(p)) denotes the (k−1)-dimensional normal

distribution function with covariance matrix Σ(p).
Note that the positive definiteness of the matrices Σ(p), p = 1, . . . , k, follows from the fact
that Λ is conditionally negative definite, i.e.∑︂

1≤i,j≤k
aiajλ

2
i,j ≤ 0 (3.26)

for all a1, . . . , ak ∈ R summing up to 0 (cf. Berg et al., 1984, Lemma 3.2.1). In the
following, we will assume that Λ is even strictly positive definite, i.e. equality in (3.26)

holds true if and only if a1 = . . . = ak = 0. Then, all the matrices Σ
(p)
I,I with p ∈ {1, . . . , k}

and ∅ ̸= I ⊂ {1, . . . , k} are strictly positive definite.

Proposition 3.16 (see also Wadsworth and Tawn, 2014; Asadi et al., 2015, for instance).
Let τ = (τ1, . . . , τℓ) ∈ Pk and z ∈ E. For j ∈ {1, . . . , k}, choose any p ∈ τj and let
τ̃ = τj \ {p}, τ̃ c = {1, . . . , k} \ τj. The weights ω(τj , z) in (3.6) for the Hüsler–Reiss
distribution with exponent function (3.25) are

ω(τj , z) =
1

z2p
∏︁
i∈τ̃ zi

φ|τ̃ |

{︂
z∗τ̃ ; Σ

(p)
τ̃ ,τ̃

}︂
Φ|τ̃c|

{︂
z∗τ̃c − Σ

(p)
τ̃c,τ̃ (Σ

(p)
τ̃ ,τ̃ )

−1z∗τ̃ ; Σ̂
(p)
}︂
, (3.27)

where

z∗ =

{︃
log

(︃
zi
zp

)︃
+

Γ(xi, xp)

2

}︃
i=1,...,k

and Σ̂
(p)

= Σ
(p)
τ̃c,τ̃c − Σ

(p)
τ̃c,τ̃ (Σ

(p)
τ̃ ,τ̃ )

−1Σ
(p)
τ̃ ,τ̃c .

Here Φk(·; Σ) denotes a k-dimensional Gaussian distribution function with mean 0 and
covariance matrix Σ, and φk(·; Σ) its density. The functions Φ0 and φ0 are set to be
constant 1.

Proposition 3.17. Consider the Hüsler–Reiss model with θ0 = Λ being a strictly con-

ditionally negative definite matrix. Then, the posterior median θ̂
Bayes

N is asymptotically
normal and efficient as N → ∞.

Proof. From Proposition 4.5 in Dombry et al. (2017a), it follows that the model is differ-
entiable in quadratic mean. For any 1 ≤ i1 < i2 ≤ k, the pairwise extremal coefficient of
the Hüsler–Reiss model with parameter matrix Λ = {λ2i,j}1≤i,j≤k is

ηi1,i2(Λ) = 2Φ1

{︂√︂
λ2i1,i2

}︂
,

which is a strictly increasing function in λ2i1,i2 > 0, and the claim follows by Remark 3.4
together with Proposition 3.2.

Hüsler–Reiss distributions also appear as the finite dimensional distributions of the max-
stable Brown–Resnick process, a popular class in spatial extreme value statistics. Here,
the Gaussian vectors (W1, . . . ,Wk)

⊤ in (3.24) are the finite-dimensional distributions of
a centered Gaussian process {W (x), x ∈ Rd} which is parameterized via a conditionally
negative definite variogram γ : Rd × Rd → [0,∞), γ(x1, x2) = E(W (x1)−W (x2))

2. If W
has stationary increments, we have that γ(x1, x2) = γ(x1 − x2, 0) =: γ(x1 − x2) and the
resulting Brown–Resnick process is stationary (Brown and Resnick, 1977; Kabluchko et al.,
2009). The most common parametric class of variograms belonging to Gaussian processes
with stationary increments is the class of fractional variograms, which we consider in the
following corollary.
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Corollary 3.18. Consider a Brown–Resnick process on Rd with variogram coming from
the parametric family

γ(h) = ∥h∥α2 /s, (s, α) ∈ Θ = (0,∞)× (0, 2).

Suppose that the process is observed on a finite set of locations t1, . . . , tm ∈ Rd such that
the pairwise Euclidean distances are not all equal. Then the posterior median of θ = (s, α)
is asymptotically normal.

Proof. Analogously to Corollary 4.6 in Dombry et al. (2017a), the model can be shown
to be differentiable in quadratic mean. Suppose that ∥t1 − t2∥2 ̸= ∥t2 − t3∥2. As the

mapping Ψ : Θ → Ψ(Θ), θ = (λ, α) ↦→ {λ2ij}1≤i,j≤k =
{︂

∥ti−tj∥α2
4s

}︂
1≤i,j≤k

is continuously

differentiable and

α =
log γ12 − log γ23

log ∥t1 − t2∥2 − log ∥t2 − t3∥2
, s =

∥ti − tj∥α2
4λ2ij

,

the inverse mapping Ψ−1 is continuously differentiable, as well. The same arguments
as in the proof of Corollary 3.15 together with the proof of Proposition 3.17 yield the
assertion.

3.5 Simulation Study

Let z(l) = (z
(l)
1 , . . . , z

(l)
k ), l = 1, . . . , N , be N realizations of a k-dimensional max-stable

vector Z whose distribution belongs to some parametric family {Fθ, θ ∈ Θ}. As described
in Section 3.2, including the partition τ (l) associated to a realization z(l) in a Bayesian
framework allows to obtain samples from the posterior distribution L(θ | z(1), . . . , z(N)) of
θ given the data. This procedure uses the full dependence information of the multivariate
distribution Z. This is in contrast to frequentist maximum likelihood estimation for the
max-stable vector Z, where even in moderate dimensions the likelihoods are to complicated
for practical applications. Instead, at the price of likelihood misspecification, it is common
practice to use only pairwise likelihoods which are assumed to be mutually independent.
The maximum pairwise likelihood estimator (Padoan et al., 2010) is then

θ̂PL = argmax
θ∈Θ

N∑︂
l=1

∑︂
1≤i<j≤k

log fθ;i,j(z
(l)
i , z

(l)
j ), (3.28)

where fθ;i,j denotes the joint density of the ith and jth component of Z under the model
Fθ. Using only bivariate information on the dependence results in efficiency losses.
In this section, we analyze the performance of our proposed Bayesian estimator and com-
pare it to θ̂PL and other existing methods. Since the latter are all frequentist approaches,
for a Markov chain whose stationary distribution is the posterior, we obtain a point esti-
mator θ̂Bayes of θ as the posterior median, i.e.,

θ̂Bayes = median
{︁
L(θ|z(1), . . . , z(N))

}︁
.

As the parametric model we choose the logistic distribution introduced in Subsection 3.4.1
with parameter space Θ = (0, 1) and uniform prior. This choice covers a range of situations
from strong to very weak dependence. Other choices of parametric models will result in
different efficiency gains but the general observations in the next sections should remain
the same.
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Figure 3.1: Root mean squared errors (dashed) and biases (solid) of θ̂Bayes (blue) and θ̂PL
(red) for different dimensions k and different parameters θ. Values have been
multiplied by 10000.

We note that other functionals of the posterior distribution can be used to obtain point
estimators. Simulations based on the posterior mean, for instance, gave very similar
results, and we therefore restrict to the posterior median in the sequel. Similarly, changing
the prior distributions does not have a strong effect on the posterior distribution for the
sample sizes we consider; see also Section 3.6.1.

3.5.1 Max-Stable Data

We first take the marginal parameters to be fixed and known and quantify the efficiency
gains of θ̂Bayes compared to θ̂PL. We simulate N = 100 samples z(1), . . . , z(N) from the
logistic distribution for different dimensions k ∈ {6, 10, 50} and different dependence pa-
rameters θ = 0.1× i, i = 1, . . . , 9. For each combination of dimension k and parameter θ
we then run a Markov chain with length 1500, where we discard the first 500 steps as the
burn-in time. The empirical median of the remaining 1000 elements gives θ̂Bayes. The chain
is sufficiently long to reliably estimate the posterior median; see also the mixing properties
in Section 3.6.1. The maximum pairwise likelihood estimator θ̂PL is obtained according
to (3.28). The whole procedure is repeated 1500 times to compute the corresponding root
mean squared errors and biases shown in Figure 3.1.

As expected, the use of full dependence information substantially decreases the root mean
squared errors and thus increases the efficiency of the estimates. In extreme value statistics,
where typically only small data sets are available, this allows to reduce uncertainty due
to parameter estimation. The advantage of this additional information becomes stronger
for both higher dimensions and weaker dependence, analogously to the observations in
Huser et al. (2016). This behavior can to some extent be understood by the results in
Shi (1995) on the Fisher information of the logistic distribution for different dimensions
and dependence parameters. When θ ↓ 0, pairwise likelihood performs just as well as full
likelihood, which is sensible since, up to a multiplicative constant, the pairwise likelihood
equals the full likelihood when θ = 0.

It is interesting to note that the estimates θ̂Bayes appear to be unbiased in almost all cases,
whereas the pairwise estimator has a finite sample bias for θ close to 1.
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3.5.2 Data in the Max-Domain of Attraction

In applications, the max-stable distribution Z might not be observed exactly but only as
an approximation by componentwise block maxima of data vectors X(1), . . . , X(b) in its
max-domain of attraction with standard Fréchet margins, where b ∈ N is the block size.
Indeed, the random vector

Z̃ =
1

b

(︃
max
l=1,...,b

X
(l)
1 , . . . , max

l=1,...,b
X

(l)
k

)︃
,

approximates the distribution of Z, where the approximation improves for increasing b.
In this situation we can associate to Z̃ the partition of occurrence times of the maxima,
say τ̃ . Stephenson and Tawn (2005) proposed to use this information on the partition to
simplify the likelihood of the max-stable distribution. For N observations z̃(1), . . . , z̃(N) of
Z̃ with partitions τ̃ (1), . . . , τ̃ (N) they defined the estimator

θ̂ST = argmax
θ∈Θ

N∑︂
l=1

logL(z̃(l), τ̃ (l); θ).

This estimator suffers from two kinds of misspecification biases. Firstly, the z̃(l) are only
approximately Z distributed and, secondly, the partitions τ̃ (l) are only finite sample ap-
proximations to the true distribution of the limit partition T . For the latter, Wadsworth
(2015) proposed a bias reduction method for moderate dimensions and showed in a simu-
lation study that it significantly decreases the bias of the Stephenson–Tawn estimator in
the case where the X(k) and thus also Z̃ follow exactly a max-stable logistic distribution.
However, if the X(k) are samples from the outer power Clayton copula (cf. Hofert and
Mächler, 2011) and thus only in the max-domain of attraction of the logistic distribution,
then even the bias reduced estimator suffers from significant bias (cf., Wadsworth, 2015,
Table 3).

We repeat the simulation study from Section 3.5.1 with the only difference that, instead of
sampling from Z, we simulate N = 100 samples z̃(1), . . . , z̃(N) of Z̃, which is the rescaled
maximum of b = 50 samples from the outer power Clayton copula for different parameters.
Based on these data in the max-domain of attraction of the logistic distribution we estimate
the dependence parameter θ using our Bayes estimator and compare it to the pairwise
likelihood estimator. Both approaches ignore the additional information on the partitions
τ̃ (l) that we have in this setup. On the other hand, we can also compute the Stephenson–
Tawn estimator and its bias reduced version by Wadsworth (2015), which explicitly include
the partition information.

Table 3.1 shows the root mean squared errors and biases of the four estimators. For
all of them the bias plays a significant role for the overall estimation error and that is
due to the model misspecification for only approximately max-stable data. This bias is
however much stronger for θ̂ST and θ̂W, which use the again misspecified partitions. In this
case, the Bayes estimator that treats the partitions as unknown and samples from them
automatically seems to be more robust and does not need a bias correction. At the same
time it has a small variance and thus in many cases the smallest root mean squared error.
Especially in higher dimensions (≥ 20) where the bias reduction of Wadsworth (2015)
can no longer be used, the Bayes estimator still provides a robust and efficient method
of inference. As one would expect, the pairwise likelihood estimator has the smallest bias
since it is less sensitive to model misspecification, but it still a higher root mean squared
error due to its higher variance.
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θ0 = 0.1 θ0 = 0.4 θ0 = 0.7 θ0 = 0.9
k 6 10 6 10 6 10 6 10

RMSE(θBayes) 36 29 144 111 241 191 262 220
RMSE(θPL) 40 32 159 127 279 235 311 286

RMSE(θST) 38 29 148 126 352 401 647 840
RMSE(θW) 38 29 134 108 230 228 313 434

Bias(θBayes) -9 -10 -44 -35 -57 -70 -96 -114
Bias(θPL) -10 -10 -47 -32 -44 -42 -46 -42

Bias(θST) -12 -11 -90 -88 -315 -385 -634 -835
Bias(θW) -11 -11 -61 -58 -158 -194 -277 -422

Table 3.1: Root mean squared errors (top four rows) and biases (bottom four rows) of

θ̂Bayes, θ̂PL, θ̂ST and θ̂W, estimated from 1500 estimates; figures have been
multiplied by 10000.

3.5.3 Estimation of Marginal Extreme Value Parameters

In spatial settings, the marginal extreme value parameters are often estimated by using
the independence likelihood (Chandler and Bate, 2007), where all locations are assumed
independent. This avoids to specify a dependence structure but can result in efficiency
losses, even if only the marginal parameters are of interest.

We perform a simulation study to assess how using the full likelihoods in a Bayesian frame-
work improves estimation of the marginal parameters. We fix the dimension k = 10 and
set the marginal parameters to µ = 1, σ = 1 and ξ ∈ {−0.2, 0.4, 1}, equal for all k margins.
The dependence is logistic with unknown nuisance parameter θ0 ∈ {0.1, 0.4, 0.7, 0.9}.
Based on N = 100 independent samples from this model, we compare three different
estimation procedures. The first one is our Bayesian approach using the full joint likelihood
of the marginal parameters and the dependence parameter. We use a uniform prior for
θ, and independent normal priors for µ, log σ and ξ with large standard deviations. For
the univariate case, more sophisticated choices for the prior distributions are possible,
including dependencies between the three extreme value parameters (e.g., Stephenson and
Tawn, 2004; Northrop and Attalides, 2016).

The second procedure is the maximum pairwise likelihood estimator that only uses bivari-
ate dependence, and the third is the maximum independence likelihood estimator that
completely ignores dependence between different components. Each simulation and esti-
mation is repeated 1500 times.

Table 3.2 contains the root mean squared errors of the marginal parameters for the three
approaches. Interestingly, for the location and scale parameter we see only little differ-
ence between the three methods, meaning that they can be efficiently estimated without
taking into account dependencies. For the shape parameter, however, there are substan-
tial improvements in the estimation error by including the unknown dependence structure
in the model and estimating it simultaneously. Since estimation of the shape is both the
most difficult and the most important of the three extreme value parameters, the Bayesian
approach is promising also for marginal tail estimation. Finally, we observe that there is
already an efficiency gain for the shape parameter when only the pairwise dependence is
considered, but it is even more remarkable in the Bayesian setting with full likelihoods.
Table 3.2 also shows that these observations hold across different ranges for the shape
parameter ξ. It should be noted that we considered the case of a well-specified model,
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θ0 = 0.1 θ0 = 0.4 θ0 = 0.7 θ0 = 0.9
ξ = −0.2 µ σ ξ µ σ ξ µ σ ξ µ σ ξ

Bayes full 105 75 22 97 58 21 71 37 20 51 28 19

Pairwise 106 73 31 98 57 28 72 39 24 52 30 21

Independence 111 75 67 101 58 52 73 39 35 52 30 24

ξ = 0.4 µ σ ξ µ σ ξ µ σ ξ µ σ ξ

Bayes full 102 99 41 96 89 39 71 65 34 51 45 32

Pairwise 106 98 57 97 89 54 71 67 45 51 47 38

Independence 112 100 96 100 89 79 72 67 56 51 48 42

ξ = 1 µ σ ξ µ σ ξ µ σ ξ µ σ ξ

Bayes full 109 155 85 100 144 76 77 111 59 53 75 46

Pairwise 106 146 94 96 135 90 74 108 72 52 75 53

Independence 110 146 127 98 135 107 74 109 81 52 76 57

Table 3.2: Root mean squared errors of (µ, σ, ξ) estimates with different values of ξ for the
Bayesian approach, pairwise likelihoods and independence likelihoods, respec-
tively, where θ is an unknown nuisance parameter; figures have been multiplied
by 1000.

where the class of dependence structures is known. An additional model uncertainty might
render the independence likelihood more favorable.

3.6 Applications in a Bayesian Framework

In the previous sections we discussed the efficiency gains of the Bayesian full likelihood
approach in the frequentist framework of point estimates. The Markov chain from Section
3.2.2 however produces not only a point estimate but an estimate of the entire posterior
distribution. For instance, this can directly be used to produce credible intervals for the
parameter of interest. As a further application of our approach in the Bayesian framework,
we will present Bayesian model comparison in this section.

3.6.1 The Posterior Distribution and Credible Intervals

As an illustration of the methodology we simulate a sample of N = 15 data z(l) =

(z
(l)
1 , . . . , z

(l)
k ), l = 1, . . . , N , from a k-dimensional max-stable vector Z whose distribu-

tion belongs to the parametric family of logistic distributions introduced in Subsection
3.4.1 with parameter space Θ = (0, 1). We run the Markov chain from Subsection 3.2.2.
The left panel of Figure 3.2 shows the Markov chain for the parameter θ with simulated
data from the logistic distribution in dimension k = 10 with θ0 = 0.8. The prior dis-
tribution is uniform, that is, πθ = Unif(0, 1). The chain seems to have converged to its
stationary distribution, namely the posterior distribution

L
(︂
θ | {z(l)}Nl=1

)︂
∝ πθ(θ)

N∏︂
l=1

L(z(l); θ), (3.29)

after a burn-in period of about 200 steps. The auto correlation of the Markov chain in
Figure 3.3 suggests that there is serial dependence up to a lag of 30 steps. The parallel chain
that updates the partitions is difficult to plot. The right panel of Figure 3.2 therefore shows
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Figure 3.2: Markov chains for θ (left) and the mean partition size (right) with uniform
prior.
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Figure 3.3: Auto correlation function of the Markov chain for the parameter θ.

in each step as a summary the mean number m of sets in the partitions τ (1), . . . , τ (N), that
is, m = 1/N

∑︁N
l=1 |τ (l)|. For complete independence (θ0 = 1) we must have m = k = 10,

whereas for complete dependence (θ0 = 0) we have m = 1.

The left panel of Figure 3.4 shows a histogram and an approximated smooth version of the
posterior distribution, together with the uniform prior. In order to assess the impact of the
prior distribution on the posterior, the two other panels contain the corresponding plots for
the same data set but for different priors, namely the beta distributions πθ = Beta(0.5, 0.5)
(center) and πθ = Beta(4, 4) (right). Even for a relatively small amount of N = 15 data
points, the influence of the prior is not very strong.

The Bayesian setup provides us with a whole distribution for the parameter instead of a
point estimate only. From this we can readily deduce credible intervals for the parameter
θ. This is an advantage compared to frequentist composite likelihood methods since the
Fisher information matrix has a “sandwich” form adjusting for the misspecified likelihood,
and confidence intervals are thus not easily computed (Padoan et al., 2010). When us-
ing composite likelihoods in a Bayesian setup, the posterior distributions are much too
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Figure 3.4: Histogram and smooth approximation of the posterior distribution (dotted
red) for different priors (solid blue): Unif(0, 1) (left), Beta(0.5, 0.5) (center)
and Beta(4, 4) (right).

concentrated and the empirical coverage rates are very small. Adjustments are necessary
to obtain appropriate inference (Ribatet et al., 2012). Since our approach uses the full,
correct likelihood, no adjustment is needed to obtain accurate empirical coverage rates.
Indeed, in Table 3.3 we provide the coverage rates of the 95% credible intervals obtained
in the simulation study in Section 3.5.1 for some values of θ0.

3.6.2 Bayesian Model Comparison

Starting from data z from a family of max-stable distributions {Fθ, θ ∈ Θ}, we consider
two sub-models M1 : θ ∈ Θ1 and M2 : θ ∈ Θ2 for disjoint sets Θ1,Θ2 ⊂ Θ. In Bayesian
statistics, comparison of such models is often based on the Bayes factor B1,2, which trans-
lates the prior odds into the posterior odds (e.g., Kass and Raftery, 1995), that is,

πposterior(Θ1)

πposterior(Θ2)
= B1,2 ×

πprior(Θ1)

πprior(Θ2)
. (3.30)

The Bayes factor can also be written as B1,2 = L(z |M1)/L(z |M2), where

L(z |Mi) =

∫︂
Θ
L(z; θ)π(θ |Mi) dθ, i = 1, 2, (3.31)

are the so-called marginal probabilities of the data and π(· |Mi) is the prior density of the
parameter θ under the model Mi. Since the max-stable likelihood cannot be computed,
the integral in (3.31) is computationally infeasible. However, we can use the estimation of
the posterior probability (3.29) discussed in the previous subsection and estimate

B1,2 =
πθ(Θ2)

πθ(Θ1)
×
∫︁
Θ1
L(θ | {z(l)}Nl=1) dθ∫︁

Θ2
L(θ | {z(l)}Nl=1) dθ

. (3.32)

θ0 = 0.1 θ0 = 0.4 θ0 = 0.7 θ0 = 0.9
k 6 10 50 6 10 50 6 10 50 6 10 50

Coverage (in %) 94 93 90 95 94 94 94 94 94 94 94 90

Table 3.3: Empirical coverage rates of 95% credible intervals obtained from the posterior
distributions using full likelihood.
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As an example, we consider a simple regression model

ξi = α+ iβ, i = 1, . . . , k, (3.33)

for the marginal shape parameters ξ1, . . . , ξk of the k-dimensional max-stable distribution
in dimension k. One might be interested in testing if there is a linear trend in the shape
parameters, and, thus, in comparing the models M1 : {β = 0} and M2 : {β ̸= 0}. In order
to compute the Bayes factor as the ratio of the posterior probabilities of the two models
according to (3.32), the prior distribution πβ of β must be a mixture

p0,π × δ{0} + (1− p0,π)× πcβ

of a Dirac point mass δ{0} on 0 and an appropriate continuous distribution πcβ on R with
mixture weight p0,π ∈ (0, 1). This ensures that we have a positive posterior probability on
both sets {β = 0} and {β ̸= 0} and the Bayes factor is well-defined. Here, it is important
to note that the choice of the mixture weight p0,π does not have an effect on the Bayes
factor B1,2 as Equations (3.30)–(3.32) show.
Similarly as in Section 3.5.3, we simulate N = 15 data from a max-stable logistic distribu-
tion with dimension k = 10 and dependence parameter θ0 = 0.5, with marginal parameters
µi = 1, σi = 1 and ξi as in (3.33) with α = 1 and different values for β, i = 1, . . . , k.
The prior distributions for the dependence, location and scale parameters are chosen as
in Section 3.5.3. The prior for α is standard normal and for the prior for β is a mixture of
0.5 × δ{0} + 0.5 × πcβ of a point mass and a centered normal with standard deviation 0.5
as the continuous component πcβ .
A Markov chain whose stationary distribution is the posterior distribution of the param-
eters given the data can be constructed analogously to Section 3.2.2. However, given the
current state β of the Markov chain, the proposal β∗ is not drawn from a continuous
distribution with density q, but from a mixture

p0(β)δ{0}(·) + (1− p0(β))q
c(β, ·)

of a Dirac point mass on {0} and a continuous distribution with density qc(β, ·), with
mixture weight p0(β) ∈ (0, 1). To ensure convergence of the Markov Chain, the densities
qc(β, ·) should be chosen such that qc(β, β∗) > 0 if and only if qc(β∗, β) > 0.
Figure 3.5 gives an illustration of the Bayes factors B1,2 that compare the model without
trend M1 : {β = 0} and the model with trend M2 : {β ̸= 0} for the simulated data
described above. The true trend varies from β = 0, in which case M1 would be correct,
over positive values up to β = 0.08 where M2 is the correct model. As comparison, we
implemented a Bayesian approach based on the independence likelihood (Chandler and
Bate, 2007), which is the product of the marginal densities and ignores the dependence
structure. The results show that using the full likelihood that takes the dependence
into account and treats it as a nuisance parameter significantly facilitates the distinction
between the two different models. The Bayes factors for the full likelihood show stronger
support for M1 if β = 0, and decrease more rapidly to 0 if β > 0 than the Bayes factors
for independence likelihood.
Finally, we note that a similar approach has been proposed in the univariate setting for
estimation of the shape parameter in Stephenson and Tawn (2004) in order to allow the
Gumbel case ξ = 0 with positive probability.

3.7 Discussion

We present an approach that allows for inference of max-stable distributions based on full
likelihoods by perceiving the underlying random partition of the data as latent variables
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Figure 3.5: Bayes factors for different value of β for full likelihood (blue) and independence
likelihood (red).

in a Bayesian framework. The formulas for ω(τj , z) provided in Section 3.4 allow in prin-
ciple to perform Bayesian inference based on full likelihoods for many popular max-stable
distributions in any dimension. However, computational challenges arise for both the
extremal-t and the Brown–Resnick model in higher dimensions since the corresponding
ω(τj , z) require the evaluation of a multivariate Student and Gaussian distribution func-
tions, respectively, which have to be approximated numerically; see also Thibaud et al.
(2016). The recent work de Fondeville and Davison (2018) on efficient computation of
Gaussian distribution functions allows for even higher dimensions.

Making use of the weights ω(τj , z), the posterior distribution of the parameters becomes
numerically available by samples based on Markov chain Monte Carlo techniques. As the
results in Section 3.6.1 indicate, the posterior distribution does not show strong influence
of the prior distribution even in case of a rather small amount of data; cf., Figure 3.4. In
most of the examples presented here, the proposal distributions for the model parameters
in the Metropolis–Hastings algorithms were chosen to be centered around the current
state of the Markov chain with an appropriate standard deviation, resulting in chains
with satisfactory convergence and mixing properties; cf., Figures 3.2 and 3.3, for instance.
Further improvements of these properties might be possible, e.g., by implementing an
adaptive design of the Markov chain Monte Carlo algorithms.

In the frequentist framework, we propose to use the posterior median as a point estimator
for the model parameters. As the simulation studies in Section 3.5 show, the use of
full likelihoods considerably improves the estimation errors compared to the commonly
used composite likelihood method even in the case of a rather small sample size. This
complements our theoretical results on the asymptotic efficiency of the posterior median.
Besides the point estimator in the frequentist setting, we can also make use of the posterior
distribution in a Bayesian framework. In Section 3.6, we discuss the use of credible intervals
and Bayesian model comparison for max-stable distributions. Further applications such
as Bayesian prediction are possible.
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4 Exact and Fast Simulation of Max-Stable
Processes on a Compact Set Using the
Normalized Spectral Representation

joint work with Martin Schlather and Chen Zhou

This chapter is based on the article Oesting et al. (2018b) which has appeared in Bernoulli.
Only few changes have been made: Besides some minor modifications and a correction in
Equation (4.47), the proof of Proposition 4.13 has been shifted from the appendix to the
main body of the chapter.

The efficiency of simulation algorithms for max-stable processes relies on the choice of the
spectral representation: different choices result in different sequences of finite approxima-
tions to the process. We propose a constructive approach yielding a normalized spectral
representation that solves an optimization problem related to the efficiency of simulating
max-stable processes. The simulation algorithm based on the normalized spectral repre-
sentation can be regarded as max-importance sampling. Compared to other simulation
algorithms hitherto, our approach has at least two advantages. First, it allows the ex-
act simulation of a comprising class of max-stable processes. Second, the algorithm has
a stopping time with finite expectation. In practice, our approach has the potential of
considerably reducing the simulation time of max-stable processes.

4.1 Introduction

Max-stable processes have become a popular tool for modeling spatial extremes, particu-
larly in environmental sciences, see, e.g. Coles (1993), Coles and Tawn (1996) and Padoan
et al. (2010). A stochastic process {Z(y) : y ∈ K} with standard Fréchet margins defined
on an index set K, i.e. P(Z(y) ≤ z) = exp(−z−1), z > 0, for all y ∈ K, is called max-stable
if

1

n

n
max
i=1

Zi =d Z

for any n ∈ N and independent copies Zi, i = 1, . . . , n, of Z, where the maximum is
taken pointwise. Max-stable processes occur naturally as limits of suitably normalized
pointwise maxima of stochastic processes which motivates their usage in the context of
spatial extremes.

Simulating max-stable processes is an important step in application for the following three
reasons. First, while bivariate marginal distributions can be calculated frequently, higher
dimensional marginal distributions do not have, in nearly all the cases, explicit formulae.
Consequently, they can be addressed only by simulation. Second, most applications re-
quire the estimation of characteristics of max-stable processes that cannot be explicitly
calculated. That leaves simulation as the only option, see, e.g. Buishand et al. (2008) and

55
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Blanchet and Davison (2011). Finally, unconditional simulation appears as part of the con-
ditional simulation of max-stable processes (Dombry et al., 2013; Oesting and Schlather,
2014).

Schlather (2002) suggested an algorithm to simulate max-stable processes. However, the
simulation is exact only under substantial restrictions, namely when the shape function is
bounded and has compact support. In this case, the algorithm ends in finite time almost
surely. Compact support can be enforced by cutting the shape function, which introduces
an approximation error. In some cases, such an error is not negligible. For example,
consider moving maximum processes with monotone shape functions that have a pole at
the origin. Strokorb et al. (2015) provided a derivation of such processes whose realizations
have poles on a dense subset of the space. In particular, they are discontinuous everywhere
with probability one. For such processes, any modification of the shape function towards a
bounded shape function will alter dramatically the properties of the process. Consequently,
the use of Schlather’s (2002) algorithm becomes doubtful. By contrast, this chapter deals
with the question of drawing random samples of max-stable processes in an exact and
efficient way, including shape functions that are unbounded and do not have compact
support.

Simulation of max-stable processes is based on their spectral representation (see de Haan,
1984; Giné et al., 1990; Kabluchko, 2009; Wang and Stoev, 2010, for instance): For any
max-stable process Z with standard Fréchet margins defined on an index set K, there
exists a spectral measure H defined on an appropriate set H of non-negative functions
such that

Z(y) = max
(t,f)∈Π

tf(y), y ∈ K, (4.1)

where Π is a Poisson point process on (0,∞)×H with intensity t−2 dtH(df) and∫︂
H
f(y)H(df) = 1 (4.2)

for all y ∈ K. The functions f in H are the spectral functions of the max-stable process
Z. As any max-stable process can be obtained from a max-stable process with standard
Fréchet marginals via marginal transformations, we will henceforth assume processes with
standard Fréchet marginals, i.e. processes with representation (4.1) and (4.2).

According to the spectral representation (4.1), the construction of a max-stable process
involves infinitely many points (t, f) ∈ Π. Nevertheless, since only the maximum over all
functions tf counts, the number of points (t, f) that contribute to Z, i.e. Z(y) = tf(y)
for at least one point y ∈ K, is finite under mild conditions, see de Haan and Ferreira
(2006), Corollary 9.4.4. However, their statement is a theoretical one that does not help
for simulation purposes because one cannot determine ex ante which functions f will
contribute.

Schlather’s (2002) algorithm for simulating max-stable processes requires that K is com-
pact, the shape functions f : Rd → [0,∞) are bounded by some C ∈ (0,∞) and the
support is within a ball of radius r centered at the origin. For example, consider a sta-
tionary moving maxima processes with the measure H given by

H({f(· − x) : f ∈ B, x ∈ A}) = Λ(A)Hf (B) (4.3)

for some probability measure Hf and the Lebesgue measure Λ. Let Kr = {x ∈ Rd :
∥x − y∥ ≤ r for some y ∈ K}. Under the aforementioned assumptions, Schlather (2002)
showed that the right-hand side of (4.3) can be restricted to Λ(A∩Kr)Hf (B). Hence, the



4.1. Introduction 57

intensity for (t, f(· − x)) equals

t−2Λ(Kr)dt ·
Λ(dx ∩Kr)

Λ(Kr)
Hf (df),

where f(· − x) can be reinterpreted as realization of a random function F with law
Λ(dx ∩ Kr)/Λ(Kr) · Hf (df) that is independent of the Poisson point process with in-
tensity t−2Λ(Kr)dt.
Schlather (2002) suggested to start with those points (t, f) that will contribute most likely
to Z, i.e., with those points (t, f) that have the highest values of t. By ranking the
points t in a descending order t1 > t2, . . ., we have that ti =d 1/(

∑︁i
j=1Ej), where Ej

are independent and identically distributed random variables with standard exponential
distribution. Let Fi ∼i.i.d. F be independent of the Ej and

Z(m)(y) = max
1≤i≤m

1∑︁i
j=1Ej

Fi(y), y ∈ K,

be a finite approximation for Z. Then, Z =d Z
(∞). Assume that for some m the inequality

Z(m)(y) ≥ 1∑︁m+1
j=1 Ej

sup
f∈H

f(y) for all y ∈ K, (4.4)

holds. Then, obviously, Z(n)(y) = Z(∞)(y) for all y ∈ K and all n ≥ m. In other words,
any spectral function fi with i > m cannot contribute to Z. This results in a stopping rule
for a “m-step representation” of Z which can be used to construct an exact simulation
procedure. Here, the minimal number of steps M = min{m ∈ N : m satisfies (4.4)} is a
random integer. The properties of M depend on the choices of the spectral functions.
Schlather (2002) further proposed to replace inequality (4.4) by a stronger stopping rule
infy∈K Z

(m)(y) ≥ C/
∑︁m+1

j=1 Ej . As a generalization of Schlather (2002), we consider
stopping rule (4.4) with H being any locally finite measure, not necessarily of the form
(4.3).
The random number of steps in the simulation of a max-stable process depends on the
choice of the corresponding ensemble of spectral functions which is not unique (cf. de Haan
and Ferreira, 2006, Remark 9.6.2). Some specific choices may bear severe disadvantages
for the accuracy and speed of the simulation. For instance, finite approximations based
on the original definition of the Brown–Resnick process are usually far from the actual
process (Kabluchko et al., 2009; Oesting et al., 2012). The optimality of the choice of
spectral functions with respect to the number of steps in simulating max-stable processes
has not been discussed in literature yet. Here, we propose a choice of spectral functions,
the normalized spectral representation and show that it is the solution to an optimization
problem related to the number of steps in the simulation.
An illustrative example may clarify why the choice of spectral functions can have a signif-
icant impact on the distribution of the stochastic number M . Consider the simplest case
where Z is univariate. Specializing (4.1) to K = {y0} and f ≡ 1, the random variable
Z(y0) follows a univariate Fréchet distribution. It has a representation given by

Z(y0) =d max
t∈Π

t (4.5)

where Π is the Poisson point process on (0,∞) with intensity t−2 dt. By ranking the points
t, we get that

Z(m)(y0) = max
1≤i≤m

1∑︁i
j=1Ej

=
1

E1
= Z(1)(y0).



58 4. Simulation of Max-Stable Processes Using the Normalized Spectral Representation

In other words, M ≡ 1 based on the constant spectral function f ≡ 1. Differently,
Z(y0) can also be constructed by (4.1) with f(y0) being a non-degenerate random variable
satisfying Ef(y0) = 1. In that case, the stochastic number M is greater than 1 with
positive probability. Therefore, for simulating Z(y0), the spectral representation in (4.5)
would be considered as optimal. This example illustrates the optimality we intend to
achieve by the choice of spectral functions for an arbitrary max-stable process.
The very general optimality problem for general index sets K and arbitrary random func-
tions f seems to be rather complicated. Therefore, we shall suggest a modified optimization
problem and shall demonstrate that its solution is explicit and unique for each given max-
stable process and index set K. The optimality is achieved by transforming any ensemble
of spectral functions to a new ensemble of spectral functions satisfying supy∈K f(y) = c,
for all f ∈ H. We call such a representation with all spectral functions sharing the same
supremum the normalized spectral representation. This representation was initially used
in constructing the spectral representation for max-stable processes with a continuous
sample path on K = [0, 1], see e.g. de Haan and Lin (2001) and de Haan and Ferreira
(2006), Corollary 9.4.5. In this chapter, we provide a theoretical justification on the use
of this normalized spectral representation in simulation algorithms.
This chapter is organized as follows. In Section 4.2, we revisit de Haan’s (1984) spec-
tral representation of max-stable processes and give the formula of spectral representation
transformation, i.e. transforming one ensemble of spectral functions under a given spectral
measure to another ensemble under a different spectral measure. Based on the transformed
representation, we formulate a stopping rule that allows an exact simulation of max-stable
processes. In Section 4.3, we pose an optimization problem for selecting the spectral rep-
resentation that yields the most efficient simulation procedure. This problem is closely
related to the problem of importance sampling. In addition, we give the explicit solution
of a modified optimization problem. This results in the normalized spectral representa-
tion. Differences between the modified problem and the original optimization problem are
evaluated in Section 4.4. Section 4.5 deals with the normalized spectral representation for
moving maxima processes. For moving maxima processes and Brown–Resnick processes,
the performance of the simulation procedure based on the normalized spectral represen-
tation is compared to other algorithms in Section 4.6. In Section 4.7, we summarize and
discuss our results.

4.2 Transformation of Spectral Representations

Throughout the chapter we consider a max-stable process Z on some index set K that is
assumed to be a compact Polish space. Further, we will assume that the spectral functions
f from representation (4.1) lie in some Polish space H ⊂ [0,∞)K equipped with a σ-algebra
H such that the mapping f ↦→ supy∈K f(y) is (H,B∩ [0,∞))-measurable where B denotes
the standard Borel σ-algebra on R.
The subsequent proposition presents a general procedure to transform one spectral repre-
sentation to another yielding the same max-stable process. It can be proved by standard
arguments from extreme value theory, see Oesting et al. (2013) for details.

Proposition 4.1. Let Z be a max-stable process with standard Fréchet margins defined
as in (4.1) and (4.2). Suppose that H is a locally finite measure on H. Let g be some
probability density on H w.r.t. H, i.e. g ≥ 0 and

∫︁
H g(f)H(df) = 1, such that

H

(︄{︄
f : g(f) = 0, sup

y∈K
f(y) > 0

}︄)︄
= 0. (4.6)
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Then, by excluding all the functions f ∈ H with g(f) = 0, we get

Z(y) =d max
(t,f)∈Π̃

t
f(y)

g(f)
, y ∈ K, (4.7)

where Π̃ is a Poisson point process with intensity t−2 dt g(f)H(df).

Applying Proposition 4.1, a given ensemble of spectral functions {f}(t,f)∈Π can be trans-
formed to a new ensemble {f/g(f)}(t,f)∈Π̃, where f follows the transformed probability
measure gH defined by

gH(A) =

∫︂
A
g(f)H(df)

for all measurable sets A ⊂ H. For this transformed spectral representation (4.7), the
stopping rule (4.4) can be formulated as follows. Denote

Z(m)(y) = max
1≤i≤m

1∑︁i
j=1Ej

· Fi(y)
g(Fi)

, y ∈ K, (4.8)

for standard exponentially distributed random variables Ej and Fj ∼ gH, which are all
independent. Let

Z(∞) = lim
m→∞

Z(m). (4.9)

Then, Z(∞) =d Z and, for fixed ω ∈ Ω, we have Z(m) ≡ Z(∞) on K if

esssup
f∈H

sup
y∈K

f(y)

g(f)Z(m)(y)
≤

m+1∑︂
j=1

Ej , (4.10)

where the essential supremum is taken w.r.t. the probability measure gH. Note that, by
(4.6), up to a H null set, the set {f ∈ H : g(f) = 0} consists of functions f ∈ H with
f |K≡ 0. Thus, for fixed g, we may exclude all the functions f ∈ H with g(f) = 0.
If the number Mg := min{m ∈ N : m satisfies (4.10)} is finite, the max-stable process Z
can be simulated exactly in finite time via the following algorithm.

Algorithm 4.1: Exact simulation of a max-stable process via threshold stopping

Set m = 0 and Z(0)(y) = 0 for all y ∈ K.
Simulate a standard exponentially distributed random variable E1.
while (4.10) is not satisfied do

Update m by m+ 1.
Sample Fm from gH.

Set Z(m)(y) = max
{︂
Z(m−1)(y), 1∑︁m

j=1 Ej

Fm(y)
g(Fm)

}︂
for all y ∈ K.

Simulate a standard exponentially distributed random variable Em+1.

return Z(m)

Algorithm 4.1 requires the evaluation of the stopping rule (4.10) which involves suprema
with respect to y ∈ K and f ∈ H. While, in practice, the set K often is finite, i.e. the
supremum w.r.t. y is a maximum, the evaluation of the essential supremum w.r.t. f is
more difficult. However, with the normalized spectral representation (cf. Algorithm 4.2),
it is possible to provide a bound for the essential supremum facilitating this evaluation;
see Remark 4.12.
The exact simulation based on the stopping rule (4.10) requires the simulation of Mg

processes from law gH andMg+1 exponentially distributed random variables. Therefore,
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the time costs of Algorithm 4.1 depend on the stopping rule, which essentially depends
on the choice of g. Consequently, the following question arises: which density g minimizes
the random number of steps Mg? This optimization problem will be formulated in a more
rigorous way in the next section.

4.3 The Optimization Problem

Henceforth, we will always assume that we are in the framework of Proposition 4.1. Fur-
ther, the process Z is assumed to be almost surely strictly positive on K, i.e.

P
(︃
inf
y∈K

Z(y) > 0

)︃
= 1. (4.11)

Note that this assumption is valid for continuous sample path process.1

We are interested in minimizing the number of steps in Algorithm 4.1, Mg, i.e. the minimal
number m such that (4.10) holds. Since Mg is a random variable, we aim at minimizing
some of its mathematical characteristics. As many applications require a large number of
simulations, a natural choice to start with is to minimize the mean Qg of Mg by choosing
a proper density g, i.e.,

Qg = EMg, Mg = min

{︃
m ∈ N : esssup

f∈H
sup
y∈K

f(y)

g(f)Z(m)(y)
≤

m+1∑︂
j=1

Ej

}︃
. (4.12)

In addition, we aim to determine at least one member of

G = argmin
g
Qg.

We remark that the finiteness of Qg is not ensured. As a first step, the following proposition
provides a sufficient condition for Mg being finite almost surely. It follows directly from
the definition of Mg.

Proposition 4.2. Assume that (4.11) holds. Then Mg is finite a.s. if

esssup
f∈H

sup
y∈K

f(y)

g(f)
<∞. (4.13)

Proposition 4.18 below assures the finiteness of Qg provided that condition (4.13) is fulfilled
and Z is sample-continuous.
There is a close relation between our approach and the importance sampling (Hastings,
1970). We interpret (4.7) as “max-importance sampling” as follows. Importance sampling
is targeted on calculating an integral

∫︁
f(x)λ(dx) in an efficient way for a function f :

X → R and a measure λ on some space X . It uses the fact that∫︂
f(x)λ(dx) =

∫︂
f(x)

g(x)
(gλ)(dx), (4.14)

1Assuming sample continuity, we even have

E
(︁
(infy∈K Z(y))−1)︁ < ∞,

(Dombry and Éyi-Minko, 2012, Theorem 2.2). It can be shown that this also holds true under weaker
assumptions than sample continuity (see Oesting et al., 2013).
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where g : X → (0,∞) is a probability density w.r.t. λ and (gλ)(A) =
∫︁
A g(x)λ(dx). Then

the integral can be approximated by Î
(n)

= 1
n

∑︁n
i=1

f(Xi)
g(Xi)

, where (Xi)
n
i=1 is an i.i.d. se-

quence of random variables on X with law gλ. Importance sampling considers a practically

advantageous choice of the density g such that Var(f(X1)/g(X1)) and hence Var(Î
(n)

) are
small. Exchanging the underlying space X with the function space H, and replacing the
integral with the max-integral (de Haan, 1984), we receive a similar description of our
approach:

Z(y) =

∫︂ ∨
y(f)H∗(df) =

∫︂ ∨ y(f)

g(f)
(gH∗)(df) (4.15)

where y : H → [0,∞), f ↦→ f(y), is the punctual evaluation of a function f at y, H∗ is a
random discrete measure on H defined as H∗({f}) = sup(t,f)∈Π t and the integral

∫︁ ∨
is

understood as taking the maximum of the integrand weighted by the measure H∗.
Despite the formal correspondence between (4.14) and (4.15), there are some notable
differences. First, in our approach, y, which is formally an element of the dual space of H,
is not fixed. Second, importance sampling is always an approximation to the integral value
of interest. Under mild conditions, see Section 4.4, a finite approach to the right-hand
side of equality (4.15) renders the exact value of the max-integral. Hence, we intend to
choose g so that the required number of steps is minimized in order to eliminate the error
of the finite approximation. In contrast, importance sampling searches for a g that leads

to a high speed of convergence, i.e., a small variance of Î
(n)

.
Whilst the theoretical optimum is well known in importance sampling, and the diffi-
culty there is to find a numerically advantageous function g, the optimization prob-
lem (4.12) itself is difficult to solve, since both the numerator and the denominator of
f(y)/(g(f)Z(m)(y)) depend on y and the denominator is stochastic. To circumvent this
difficulty, we modify the optimization problem in Subsection 4.3.1 and solve the modified
problem in Subsection 4.3.2. The solution of the modified problem leads to the normalized
spectral representation discussed in Section 4.3.3.

4.3.1 A modified optimization problem

We first motivate the modification of the optimization problem. Recall the stopping rule
(4.10) as

esssup
f∈H

sup
y∈K

f(y)

g(f)Z(m)(y)
≤

m+1∑︂
j=1

Ej .

A stronger inequality that implies this stopping rule is

esssup
f∈H

supy∈K f(y)

g(f) inf ỹ∈K Z(m)(ỹ)
≤

m+1∑︂
j=1

Ej , (4.16)

while a weaker inequality that is implied by the stopping rule is

esssup
f∈H

supy∈K f(y)

g(f) supỹ∈K Z
(m)(ỹ)

≤
m+1∑︂
j=1

Ej . (4.17)

The actual stopping time is larger than that under the weaker rule and smaller than that
under the stronger rule. In other words, if we consider (4.16) and (4.17) as stopping rules,
we might simulate too many or too few spectral functions, respectively. Next, we define
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an ensemble of alternative stopping rules that also lie in between the rules (4.16) and
(4.17). Suppose T : [0,∞)K → [0,∞) is a functional that satisfies T (1) = 1 and that is
max-linear, i.e.

T (max{a1h1, a2h2}) = max{a1T (h1), a2T (h2)}

for all a1, a2 ≥ 0 and h1, h2 : K → [0,∞). Then, we have that T (h) ≤ T (g) for all h ≤ g,
which leads to

inf
y∈K

h(y) ≤ T (h) ≤ sup
y∈K

h(y) (4.18)

for all h : K → [0,∞). Therefore, any max-linear functional T delivers a stopping rule

esssup
f∈H

supy∈K f(y)

g(f)T (Z(m))
≤

m+1∑︂
j=1

Ej (4.19)

that lies also in between the aforementioned stronger and weaker stopping rules.
We regard these new conditions (4.19) as surrogates for the actual stopping rule (4.10).
The corresponding modified optimization problem is then

G∗ = argmin
g
Q∗
g, (4.20)

Q∗
g = EM∗

g = Emin

⎧⎨⎩m ∈ N : esssup
f∈H

supy∈K f(y)

g(f)T (Z(m))
≤

m+1∑︂
j=1

Ej

⎫⎬⎭ .

Examples of T are T (h) = supy∈K h(y) and T (h) = h(y0) for some y0 ∈ K. The corre-
sponding modified problems based on these two specific T minimize the quantities

Q(1)
g = Emin

⎧⎨⎩m ∈ N : esssup
f∈H

supy∈K f(y)

g(f) supỹ∈K Z
(m)(ỹ)

≤
m+1∑︂
j=1

Ej

⎫⎬⎭ , (4.21)

and Q(2)
g (y0) = Emin

⎧⎨⎩m ∈ N : esssup
f∈H

supy∈K f(y)

g(f)Z(m)(y0)
≤

m+1∑︂
j=1

Ej

⎫⎬⎭ . (4.22)

Note that the modified condition (4.19) does not correspond to the stopping rule under
consideration (Algorithm 4.1).

4.3.2 The Solution of the Modified Optimization Problem

The following proposition provides a first but also a key step towards the solution of (4.20).
It shows that the solution of (4.20) is independent of T .

Proposition 4.3. The solution of the modified optimization problem in (4.20) satisfies

G∗ = argmin
g

esssup
f∈H

supy∈K f(y)

g(f)
.

Proof. If there exists some g such that Q∗
g is finite, then necessarily

esssup
f∈H

supy∈K f(y)

g(f)
<∞.
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Thus, we can restrict ourselves to

g ∈ D =

{︃
g : esssup

f∈H

supy∈K f(y)

g(f)
<∞

}︃
and assume w.l.o.g. that D ̸= ∅. For c =

∫︁
H supy∈K f(y)H(df) and any g ∈ D, we have

c ≤
∫︂
H
esssup
h∈H

supy∈K h(y)

g(h)
g(f)H(df) = esssup

h∈H

supy∈K h(y)

g(h)
<∞. (4.23)

Thus, by (4.18), for cT =
∫︁
H T (f)H(df), we obtain cT ≤ c <∞.

Next, we prove cT > 0 by contradiction. Assume that cT = 0. This yields T (f) = 0 for
H-a.e. f ∈ H which – by the max-linearity of Z – implies T (Z) = 0 a.s. in contradiction
to infy∈K Z(y) > 0 a.s. and (4.18). Thus, we conclude that cT ∈ (0,∞).
Now, let g ∈ D. Using the max-linearity of T and the fact that

Q∗
g = EM∗

g =

∞∑︂
m=0

P(M∗
g > m),

we have

Q∗
g − 1 =

∞∑︂
m=1

P

⎛⎝esssup
f∈H

sup
y∈K

f(y)

g(f)

/︃m+1∑︂
j=1

Ej > max
1≤k≤m

1∑︁k
j=1Ej

T (fk)

g(fk)

⎞⎠
=

∞∑︂
m=1

P

(︄∑︁k
j=1Ej∑︁m+1
j=1 Ej

>
T (fk)

g(fk)

/︃
esssup
f∈H

sup
y∈K

f(y)

g(f)
, 1 ≤ k ≤ m

)︄
. (4.24)

Note that
T (fk)

g(fk)

/︂
esssup
f∈H

sup
y∈K

f(y)

g(f)
∈ [0, 1].

As the joint distribution of (
∑︁k

j=1Ej
/︁∑︁m+1

j=1 Ej)k=1,...,m equals the joint distribution of
the order statistics of m independent random variables U1, . . . , Um which are uniformly
distributed on [0, 1], and as, by exchangeability,

P(U(1) > X1, . . . , U(m) > Xm) = P(U1 > X1, . . . , Um > Xm)

holds for i.i.d. [0, 1]-valued random variables X1, . . . , Xm, we obtain

Q∗
g = 1 +

∞∑︂
m=1

[︃
1− E

(︃
T (f1)

g(f1)

)︃/︂
esssup
f∈H

sup
y∈K

f(y)

g(f)

]︃m
= esssup

f∈H
sup
y∈K

f(y)

g(f)

/︂
E
(︃
T (f1)

g(f1)

)︃
= esssup

f∈H

supy∈K f(y)

g(f)

/︂∫︂
H
T (f1)H(df1). (4.25)

This finishes the proof since cT ∈ (0,∞).

Remark 4.4. In the proof of Proposition 4.3, the distribution of the random variable
M∗
g defined in (4.20) is calculated. We see that M∗

g follows a geometric distribution
with parameter

∫︁
H T (h)H(dh)

/︁
esssupf∈H supy∈K(f(y)/g(f)). Therefore, a density g that

minimizes esssupf∈H supy∈K(f(y)/g(f)) does not only minimize the expectation of M∗
g ,

but also other characteristics. For example, the probability P(M∗
g > m0) for a given

m0 ∈ N, or the quantile of M∗
g at a given probability level. However, this property does

not necessarily hold for the stochastic number Mg in the actual stopping rule (4.10).
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We carry on to find the density g that minimizes esssupf∈H
supy∈K f(y)

g(f) . Instead of consid-
ering the supremum in the numerator, we deal with a broader class of functionals in the
following proposition.

Proposition 4.5. Let L : H → (0,∞) be measurable and cL :=
∫︁
H L(f)H(df) < ∞.

Then,
gL(f) = c−1

L L(f) (4.26)

is an element of

G(L) = argmin
g

esssup
f∈H

L(f)

g(f)
.

Furthermore, for every g ∈ G(L), Equation (4.26) holds for H-a.e. f ∈ H.

Proof. First, by contradiction, we show that the inequality

esssup
f∈H

L(f)

g(f)
≥ cL (4.27)

holds for all g. So, assume that (4.27) does not hold for some g considered in Proposition
4.1. Then some ε > 0 and some density g with

∫︁
g(f)H(df) = 1 exist such that, for

almost all f ∈ H, we have L(f)/g(f) ≤ cL − ε. Hence,

cL =

∫︂
H
L(f)H(df) ≤ (cL − ε)

∫︂
H
g(f)H(df) < cL

which is a contradiction. Hence, (4.27) is proved. Note that the choice g(f) = c−1
L L(f)

implies equality in (4.27). The first assertion follows.
For the proof of the second assertion, assume that there is some g ∈ G(L) such that (4.26)
does not hold for H-a.e. f ∈ H. Then, as∫︂

H
g(f)H(df) = 1 =

∫︂
H
c−1
L L(f)H(df),

there is some set A ⊂ H with H(A) > 0 such that, for all f ∈ A, g(f) < c−1
L L(f), but

g(f) > 0 by (4.6). This yields gH(A) > 0 and, hence, esssupf∈H L(f)/g(f) > cL, which is

a contradiction to g ∈ G(L).

Remark 4.6. Let Lp(H) be the space of p-integrable functionals with respect to H. Then

cL = ∥L∥L1(H) and esssupf∈H
L(f)
g(f) = ∥L/g∥L∞(H). Proposition 4.5 states a special case of

Hölder’s inequality for all density functions g, cL ≤ ∥L/g∥L∞(H)∥g∥L1(H) = ∥L/g∥L∞(H)

and equality holds if and only if g is proportional to L (H-a.e.).
Similarly, in importance sampling, the second moment E(f̃(X1)/g(X1))

2 = ∥f̃/√g∥22 is

intended to be small. Now, cg := ∥f̃∥1 ≤ ∥f̃/√g∥2 ∥
√
g∥2 = E(f̃(X1)/g(X1))

2 and equality

holds if and only if g is proportional to f̃ .
Both cL and cg can simply be regarded as a factor that normalize L and f̃ , respectively.

The results stated above enable us to describe the solution of the optimization problem
(4.20). To be rigorous, we first give a necessary and sufficient condition for the solvability
of the problem. Here an optimization problem

argmin
x∈A

h(x), h : A→ R ∪ {∞},

is called solvable if infx∈A h(x) ∈ (−∞,∞) and there exists some x0 ∈ A such that
h(x0) = infx∈A h(x). Our key theorem is given as follows.
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Theorem 4.7. The optimization problem (4.20) is solvable if and only if

c =

∫︂
H
sup
y∈K

f(y)H(df) <∞.

Assuming c <∞, the solution is given as

g∗(f) := c−1 sup
y∈K

f(y), f ∈ H. (4.28)

The solution is unique H-a.s.

Proof. If c = ∞, Equation (4.23) and Proposition 4.3 yield that (4.20) is not solvable. For
c <∞, the solution and its uniqueness follow directly from Propositions 4.3 and 4.5 with
L(f) = supy∈K f(y).

Remark 4.8. It is obvious that g∗ is also the H-a.s. solution for the two examples of the
modified optimization problem in (4.21) and (4.22) and these problems are solvable if and
only if c < ∞. Consequently, the original optimization problem (4.12) is not solvable if

c = ∞, because Q
(1)
g ≤ Qg for any g.

We close this subsection with analyzing under which conditions c is finite, i.e. the modified
optimization problem is solvable. For instance, if Z is sample-continuous or if K is finite,
c < ∞ follows from a result by Resnick and Roy (1991) (see also de Haan and Ferreira,
2006, Theorem 9.6.1) who showed the equivalence of the first and third assertion in the
following proposition. Our result is more general as it shows the equivalence to further
conditions and supy∈K f(y) is replaced by a general max-linear functional L.

Proposition 4.9. Assume the framework of Proposition 4.1. Furthermore, assume that
the functional L : H → (0,∞) is measurable and max-linear. Then the following conditions
are equivalent:

1. cL :=
∫︁
H L(f)H(df) <∞

2. P(L(Z) ≤ a) > 0 for some a > 0

3. P(L(Z) <∞) = 1 (or, equivalently, P(L(Z) <∞) > 0).

If there is some stochastic process W such that

Z =d max
t∈Π0

tWt, (4.29)

where Π0 is a Poisson point process on (0,∞) with intensity t−2 dt and Wt, t ∈ Π0, are
independent copies of W , we get another equivalent condition:

4. EL(W ) <∞.

Proof. The assertion follows from the following continued equality:

exp
(︂
−cL
a

)︂
= exp

(︄
−
∫︂
H

∫︂ ∞

a/L(f)
t−2 dtH(df)

)︄
= P (L(Z) ≤ a)

= exp

(︄
−EW

(︄∫︂ ∞

a/L(W )
u−2 du

)︄)︄
= exp

(︁
−a−1EL(W )

)︁
.

for any a > 0. The equivalence to the third assertion can be seen from the relation
P(L(Z) <∞) = lima→∞ P(L(Z) ≤ a).
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4.3.3 The Normalized Spectral Representation

Plugging in the solution g∗ of (4.20) given by (4.28) into (4.7), we obtain Z =d Z̃ with

Z̃(y) = max
t∈Π0

t
cFt(y)

supỹ∈K Ft(ỹ)
, y ∈ K, (4.30)

where Π0 is a Poisson point process on (0,∞) with intensity t−2dt and Ft, t ∈ Π0, are
independent random processes with density g∗(f)H(df). It can be verified that the trans-
formed spectral functions {cFt/ supy∈K Ft(y)} are independent copies of a stochastic pro-
cess F ∗ with

supy∈K F
∗(y) ≡ c. (4.31)

We define such a representation as the normalized spectral representation as follows.

Definition 4.10. Let Z be a max-stable process on K satisfying

Z =d max
t∈Π0

tF ∗
t . (4.32)

Here, Π0 is a Poisson point process on (0,∞) with intensity t−2dt and F ∗
t , t ∈ Π0, are

independent copies of a stochastic process F ∗ satisfying (4.31) for some c ∈ (0,∞). Then,
the right-hand side of (4.32) is called normalized spectral representation of Z.

Theorem 4.7 implies that the normalized spectral representation exists if and only if c <∞.
The following proposition implies that the constant c and the finite-dimensional distribu-
tions of the processes F ∗

t in the normalized spectral representation are uniquely determined
by the process Z.

Proposition 4.11. Let Z be a max-stable process with a normalized spectral representa-
tion. Furthermore, let ZK := supy∈K Z(y). Then, we have

1. c = − logP
(︁
ZK ≤ 1

)︁
2. For any y1, . . . , yn ∈ K, v1, . . . , vn > 0, it holds

P(F ∗(yi) ≤ vi, 1 ≤ i ≤ n) = lim
z→∞

P
(︃
Z(yi)

ZK
≤ vi

c
, 1 ≤ i ≤ n

⃓⃓⃓⃓
ZK > z

)︃
. (4.33)

Proof. The first part is a consequence of the proof of Proposition 4.9. In order to prove
the second part, we provide an lower and an upper bound for the probability of the event

A = {Z(yi) ≤ viZ
K/c, i = 1, . . . , n, ZK > z}.

To this end, let Π̃ = {(t, F ∗
t ) : t ∈ Π0} and note that ZK > z if and only if there is

some (u,w) ∈ Π̃ such that ZK = uc = u supy∈K w(y) > z. Now, suppose that further

Z(yi) ≤ viZ
K/c holds for all i = 1, . . . , n. Then, this point (u,w) necessarily satisfies

w(yi) ≤ vi for all i = 1, . . . , n. This yields an upper bound for P(A). If, on the other
hand, Z(yi) > viZ

K/c for some i = 1, . . . , n, then one point (u,w) ∈ Π̃ with uc > z
satisfies w(yi) > vi for some i = 1, . . . , n or there is some point (u,w) ∈ Π̃ with uc ≤ z,
but uw(yi)/z > vi/c for some i = 1, . . . , n. Considering the complementary probabilities,
we obtain a lower bound. Summing up, we have

P
(︃ ⃓⃓⃓

Π̃ ∩
{︂
(u,w) : u >

z

c

}︂⃓⃓⃓
> 0,

⃓⃓⃓⃓
Π̃ ∩

{︃
(u,w) : u >

z

c
, 1 > min

1≤i≤n

vi
w(yi)

}︃⃓⃓⃓⃓
= 0,
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⃓⃓⃓⃓
Π̃ ∩

{︃
(u,w) : u ≤ z

c
,
u

z
> min

1≤i≤n

vi
cw(yi)

}︃⃓⃓⃓⃓
= 0

)︃
≤ P(A)

≤ P
(︃ ⃓⃓⃓⃓

Π̃ ∩
{︃
(u,w) : u >

z

c
, max
1≤i≤n

w(yi)

vi
≤ 1

}︃⃓⃓⃓⃓
> 0

)︃
. (4.34)

The lower bound in (4.34) equals(︂
1− exp

(︂
− c
z
P(F ∗(yi) ≤ vi, 1 ≤ i ≤ n)

)︂)︂
· exp

(︃
− c
z
P
(︃
max
1≤i≤n

F ∗(yi)

vi
> 1

)︃)︃
exp

(︄
−E

∫︂ z
c

z
c
∧min1≤i≤n

zvi
cF∗(yi)

u−2du

)︄
=
(︂
1− exp

(︂
− c
z
P(F ∗(yi) ≤ vi, 1 ≤ i ≤ n)

)︂)︂
· exp

(︃
− c
z
P
(︃
max
1≤i≤n

F ∗(yi)

vi
> 1

)︃)︃
exp

(︃
− c
z
E
(︃
max
1≤i≤n

F ∗(yi)

vi
− 1

)︃
+

)︃
,

while the upper bound equals 1 − exp
(︁
− c
zP(F

∗(yi) ≤ vi, 1 ≤ i ≤ n)
)︁
. By using that

P(ZK > z) = 1− e−c/z and taking the limit z → ∞, inequality (4.34) yields (4.33).

Proposition 4.11 implies that the solution of the optimization problem (4.20) is unique in
two different aspects. First, as stated in Theorem 4.7, any solution g ∈ G∗ satisfies g = g∗

H-a.s. Second, the finite-dimensional distributions of the normalized spectral functions
{f/g∗(f)} do not depend on the initial choice of the spectral functions. In particular, the
normalized spectral representation is unique if H is the space of continuous functions on
K equipped with the Borel σ-algebra, i.e. the product σ-algebra on [0,∞)K .
Summarizing the results in this section, we suggest to make use of the normalized spectral
representation for exact and efficient simulation as it is the unique solution to the modified
optimization problem provided that c <∞. Analogously to Algorithm 4.1, the algorithm
for simulation via the normalized spectral representation is given as follows.

Algorithm 4.2: Exact simulation of a max-stable process Z via the normalized
spectral representation

Set m = 0 and Z(0)(y) = 0 for all y ∈ K.
Simulate a standard exponentially distributed random variable E1.
while esssupf∈H supy∈K

cf(y)

supỹ∈K f(ỹ)Z(m)(y)
>
∑︁m+1

j=1 Ej do

Update m by m+ 1.
Sample Fm with density c−1 supy∈K f(y)H( df).

Set Z(m)(y) = max
{︂
Z(m−1)(y), c∑︁m

j=1 Ej

Fm(y)
supỹ∈K Fm(ỹ)

}︂
for all y ∈ K.

Simulate a standard exponentially distributed random variable Em+1.

return Z(m)

Remark 4.12. In practice, with the normalized spectral representation, the criterion in
the while-loop in Algorithm 4.2 might be replaced by the weaker criterion

c

infy∈K Z(m)(y)
>

m+1∑︂
j=1

Ej .

Although the use of the weaker stopping rule based on this criterion may increase the
number of iterations, it simplifies the evaluation of the essential supremum.
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The constant c plays the role analogous to the bound of the quotient of the genuine density
function and the proposed density function in rejection sampling. In particular, c controls
the speed of the algorithm, while (4.10) guarantees the exactness.

Finally, we investigate the sampling of Fm in Algorithm 4.2. The simulation of the stochas-
tic processes Fm = {Fm(y), y ∈ K}, m ∈ N, according to the transformed measure g∗H
may not be always straightforward. For some processes, such as the moving maxima pro-
cesses (cf. Section 6.4), the distribution of Fm can be calculated explicitly, which allows for
efficient sampling. For many other processes, such as Brown–Resnick or extremal t pro-
cesses, there is no direct way to simulate the normalized spectral functions. One solution
is to use the following Metropolis–Hastings algorithm.

Algorithm 4.3:Metropolis–Hastings algorithm for the simulation of normalized
spectral functions

Simulate f (1) according to the law H.
for k = 1, . . . , nMCMC − 1 do

Sample fprop from H and set

f (k+1) =

⎧⎨⎩f
prop with probability min

{︂
supy∈K fprop(y)

supy∈K f (k)(y)
, 1
}︂
,

f (k) with probability max
{︂
1− supy∈K fprop(y)

supy∈K f (k)(y)
, 0
}︂
.

return f (nMCMC)

If H is a probability measure, Algorithm 4.3 generates a Markov chain of length nMCMC

whose stationary distribution is g∗H based on simulations from H.

4.4 Evaluating the Modified Optimization Problem

In this section, we discuss how close the modified optimization problem and the original
problem are. Considering the two examples (4.21) and (4.22) of the modified problem, we

have that Q
(1)
g ≤ Q

(2)
g (y0) ≤ Qg for all g under some mild condition on H (see the proof

of Proposition 4.13). Therefore, the modified optimization problem is in fact minimizing
a lower bound of g ↦→ Qg. This section proceeds in two steps. First, we will improve
the lower bound and show that the normalized spectral representation also minimizes
the improved lower bound function. Second, we give a formula for calculating Qg. In
particular, this formula allows the calculation of Qg∗ , that is, the expected number of
steps when simulating Z using the normalized spectral representation and the original
stopping rule (4.10).
We start giving bounds for the expected number of iterations in the simulation algorithm.

Proposition 4.13. Assume that the there exists a countable subset K0 ⊂ K such that
supy∈K f(y) = supy∈K0

f(y) for H-a.e. f ∈ H. Denoting by g0 ∈ G a solution of the
original optimization problem, we get for all y0 ∈ K,

1 = Q
(1)
g∗ ≤ Q

(2)
g∗ (y0) ≤ Qg0 ≤ Qg∗ .

Proof. First, the last part of the inequality, Qg0 ≤ Qg∗ , holds automatically due to the
optimality of g0. Second, note that

esssup
f∈H

supy∈K f(y)

g(f) supỹ∈K Z
(m)(ỹ)

≤ esssup
f∈H

supy∈K f(y)

g(f)Z(m)(y0)
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and thus Q
(1)
g ≤ Q

(2)
g (y0) for any g and any y0 ∈ K. In particular, these inequalities hold

for g = g∗. Therefore, we get that Q
(1)
g∗ ≤ Q

(2)
g∗ (y0) for any y0 ∈ K.

Third, we show that Q
(1)
g∗ = 1. On the one hand, we have that

sup
y∈K

f(y)

g∗(f)
= c for g∗H-a.e. f ∈ H. (4.35)

On the other hand, with (4.8), we obtain

sup
y∈K

Z(m)(y) = sup
y∈K

max
i∈N

1∑︁i
j=1Ej

fi(y)

g∗(fi)
= cE−1

1 for all m ∈ N. (4.36)

Combining equations (4.35) and (4.36) yields

Q∗
g∗ = Emin

⎧⎨⎩m ∈ N : esssup
f∈H

sup
y∈K

f(y)

g∗(f)
≤ sup

y∈K
Z(m)(y)

m+1∑︂
j=1

Ej

⎫⎬⎭
= Emin

⎧⎨⎩m ∈ N : c ≤ c ·
m+1∑︂
j=1

Ej/E1

⎫⎬⎭ = 1.

To complete the proof of the proposition, we show that Q
(2)
g (y0) ≤ Qg for all g. We first

consider the case that esssupf∈H supy∈K
f(y)
g(f) = ∞. Since c < ∞, by Proposition 4.9, we

get that supy∈K Z
(m)(y) ≤ supy∈K Z(y) <∞ with probability one. Thus, by the definition

of Q
(1)
g in (4.21), we get that Q

(1)
g = ∞. Consequently, Qg ≥ Q

(1)
g = ∞. It is thus proved

that Q
(2)
g ≤ Qg.

Next, consider the case esssupf∈H supy∈K
f(y)
g(f) <∞. Since there exists some countable set

K0 ⊂ K such that supy∈K f(y) = supy∈K0
f(y) for H-a.e. f ∈ H, we have that

esssup
f∈H

sup
y∈K

f(y)

g(f)
= sup

y∈K0

esssup
f∈H

f(y)

g(f)
.

Therefore, for every ε > 0, there exists some y(ε) ∈ K0 such that

1

1 + ε
esssup
f∈H

sup
y∈K

f(y)

g(f)Z(m)(y(ε))
≤ esssup

f∈H

f(y(ε))

g(f)Z(m)(y(ε))
≤ esssup

f∈H
sup
y∈K

f(y)

g(f)Z(m)(y)
.

(4.37)
Analogously to the proof of Proposition 4.3, we have that

Emin

⎧⎨⎩m ∈ N :
1

1 + ε
esssup
f∈H

supy∈K f(y)

g(f)Z(m)(y(ε))
≤

m+1∑︂
j=1

Ej

⎫⎬⎭
= 1 +

∞∑︂
m=1

[︃
1− E

(︃
1 ∧

(︃
(1 + ε) · f1(y(ε))

g(f1)

/︃
esssup
f∈H

sup
y∈K

f(y)

g(f)

)︃)︃]︃m

=

[︃
E
(︃
1 ∧

(︃
(1 + ε) · f1(y(ε))

g(f1)

/︃
esssup
f∈H

sup
y∈K

f(y)

g(f)

)︃)︃]︃−1

≥
esssupf∈H supy∈K

f(y)
g(f)

1 + ε
,

where the last step follows from
∫︁
H f(y(ε))H(df) = 1. From (4.25), it is straightforward to

verify that, for any y0 ∈ K, Q
(2)
g (y0) = esssupf∈H supy∈K

f(y)
g(f) , which is independent from

the choice of y0 ∈ K. Hence, by using (4.37) and taking ε → 0, we obtain Q
(2)
g (y0) ≤ Qg

for any g, which implies that Q
(2)
g∗ (y0) ≤ Qg0 , due to the optimality of g∗.
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As Proposition 4.13 shows, approximating the optimal number of steps in the original
problem (4.12) by the solution for the two example problems (4.21) and (4.22) might be

quite vague. In particular, the achieved minimum of Q
(1)
g always equals to 1. In other

words, some spectral functions that in fact contribute to Z are not taken into account in

the calculation of Q
(1)
g or Q

(2)
g .

To overcome the aforementioned pitfall, we proceed with a theoretical investigation to
improve the lower bound of Qg for a given density g. The idea is to evaluate Qg by sepa-
rating two types of spectral functions. First, we consider those functions that contribute
to the max-stable process under the transformed spectral representation. Second, we deal
with those functions that do not contribute, but are taken into consideration because of
the stopping rule. To this end, we replace the processes Z(m) occurring in the construc-
tion of Z by the final process Z(∞) given by (4.9). Theoretically, this will not affect the
construction of the process because once we stop after m steps according to the stopping
rule (4.10), we have Z(m) = Z(∞). However, the modified inequality is not a stopping rule.
This is why we call the analysis below a “theoretical investigation”.
We further assume that H corresponds to the space C+(K) of nonnegative continuous
functions on K endowed with the Borel σ-algebra H. This ensures the finiteness of c,
and thus the solvability of all the optimization problems. Note that all the results of this
section hold true for more general spaces H, see Oesting et al. (2013).
In order to separately consider these two types of functions, we adopt the concepts of
K-extremal and K-subextremal points introduced by Dombry and Éyi-Minko (2013) and
Dombry and Éyi-Minko (2012) as follows.

Definition 4.14. Let Φ be some Poisson point process on (0,∞)×C+(K) with intensity
measure u−2 du×ν(dh) where ν is a locally finite measure on C+(K). We call (t∗, h∗) ∈ Φ
a K-extremal point and write (t∗, h∗) ∈ Φ+

K if and only if

t∗h∗(y) = max
(t,h)∈Φ

th(y) for some y ∈ K.

Otherwise, i.e. if t∗h∗(y) < max(t,h)∈Φ th(y) for all y ∈ K, the pair (t∗, h∗) ∈ Φ is called a

K-subextremal point and we write (t∗, h∗) ∈ Φ−
K .

In contrast to Dombry and Éyi-Minko (2013), we are interested in tuples (t, h) instead
of the product th. Therefore, we generalize a result given in Dombry and Éyi-Minko
(2013) and show that the random sets Φ+

K and Φ−
K are point processes on (0,∞)×C+(K),

i.e. Φ+
K(S) and Φ−

K(S) are random variables for any bounded set S ∈ B × C+(K); see
the following proposition. The proof runs analogously using the fact that the mapping
ϕ : (0,∞)× C+(K) → C+(K), (t, h) ↦→ th(·) is measurable and is therefore omitted.

Proposition 4.15. Φ+
K and Φ−

K are point processes on (0,∞)× C+(K).

To apply the theory of extremal and subextremal points in the construction of the process
Z(∞), we define the Poisson point process

Φ =

{︃(︃
t,

f

g(f)

)︃
: (t, f) ∈ Π̃

}︃
.

Similar to the proof of Lemma 3.2 in Dombry and Éyi-Minko (2012), the following lemma
characterizes the points of the point process Φ−

K .

Lemma 4.16. Conditional on Z(∞), the point process Φ−
K is a Poisson point process on

(0,∞)× C+(K) with intensity measure

dΛ̃
−

dt× dH
(t, h) = t−2g(h) · 1th(·)/g(h)<Z(∞)(·).
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In addition, we calculate the expected number of points in the point process Φ+
K in the

following lemma.

Lemma 4.17. We have

E|Φ+
K | = EZ

(︄∫︂
C+(K)

sup
y∈K

f(y)

Z(y)
H(df)

)︄
which does not depend on the choice of g.

Proof. Let B = [t0,∞) × C+(K) with t0 > 0. Then, Φ ∩ B is finite and we have
E
⃓⃓
Φ+
K ∩B

⃓⃓
= E |Φ ∩B| − E

⃓⃓
Φ−
K ∩B

⃓⃓
. Conditioning on Z(∞), Lemma 4.16 yields

E
⃓⃓
Φ+
K ∩B

⃓⃓
=

∫︂
C+(K)

∫︂ ∞

0
t−21{t≥t0} dt g(f)H(df)

−EZ(∞)

(︃∫︂
C+(K)

∫︂ ∞

0
t−21{t≥t0}1

{︃
1
t
>supy∈K

f(y)

g(f)Z(∞)(y)

}︃ dt g(f)H(df)

)︃
= EZ

(︃∫︂
C+(K)

∫︂ ∞

0
t−21{t≥t0}1

{︂
1
t
≤supy∈K

f(y)
g(f)Z(y)

}︂ dt g(f)H(df)

)︃
.

Considering a monotone sequence t0,n ↘ 0 as n→ ∞, the monotone convergence theorem
yields

E|Φ+
K | = EZ

(︃∫︂
C+(K)

∫︂ ∞

0
t−21{︂

t>1/ supy∈K
f(y)

g(f)Z(y)

}︂ dt g(f)H(df)

)︃
= EZ

(︃∫︂
C+(K)

sup
y∈K

f(y)

Z(y)
H(df)

)︃
,

which completes the proof.

The first type of spectral functions that contribute to Mg correspond to the extremal
points (t∗, h∗) ∈ Φ+

K . Thus, we can rewrite (4.12) as

Qg = E|Φ+
K |+ E

(︃⃓⃓⃓⃓{︃
(t, h) ∈ Φ−

K : esssup
f∈C+(K)

sup
y∈K

f(y)

g(f)Z(∞)(y)
>

1

t

}︃⃓⃓⃓⃓)︃
. (4.38)

The second term in the right hand side of (4.38) corresponds to the number of the sec-
ond type of spectral functions: they do not contribute to the max-stable process but are
counted due to the stopping criterion (4.10). Notice that the component E|Φ+

K | is inde-
pendent of the choice of g. We thus modify the optimization problems by maintaining this
component, while refining the second component in an analogous way as the modification
in (4.20). This results in a refined version of the modified optimization problem (4.20) as

Q̃
∗
g = E|Φ+

K |+ E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)

supy∈K f(y)

g(f)T (Z(∞))
>

1

t

}︃⃓⃓⃓⃓)︃
. (4.39)

The following proposition relates the minimizer of (4.39) to the solution of our previously
modified optimization problem, g∗ ∈ G∗. In addition, it provides a formula for Qg for any
given g based on the results in Lemma 4.16 and 4.17.

Proposition 4.18. 1. For any g, we have

Qg = EZ
(︃

esssup
f∈C+(K)

sup
y∈K

f(y)

g(f)Z(y)

)︃
. (4.40)
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2. For any max-linear function T , it holds

argmin
g
Q̃

∗
g ⊃ argmin

g
esssup
f∈C+(K)

supy∈K f(y)

g(f)
= G∗,

where Q̃
∗
g is as in (4.39) and G∗ = argming Q

∗
g.

Proof. Let Z(∞) be given by (4.9). By Lemma 4.17, we obtain

Qg = EZ
∫︂
C+(K)

sup
y∈K

f(y)

Z(y)
H(df)

+ E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)
sup
y∈K

f(y)

g(f)Z(∞)(y)
> t−1

}︃⃓⃓⃓⃓)︃
.

Conditioning on Z(∞), Lemma 4.16 yields

E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)
sup
y∈K

f(y)

g(f)Z(∞)(y)
> t−1

}︃⃓⃓⃓⃓)︃
= EZ

(︃∫︂
C+(K)

∫︂ ∞

0
t−21

t>1/ esssup
h∈C+(K)

sup
y∈K

h(y)
g(h)Z(y)

1
t<1/ sup

y∈K

f(y)
g(f)Z(y)

dt g(f)H(df)

)︃
= EZ

(︃∫︂
C+(K)

{︃
esssup
h∈C+(K)

sup
y∈K

h(y)g(f)

g(h)Z(y)
− sup
y∈K

f(y)

Z(y)

}︃
+

H(df)

)︃
= EZ

[︃
esssup
h∈C+(K)

sup
y∈K

h(y)

g(h)Z(y)

]︃
− EZ

∫︂
C+(K)

sup
y∈K

f(y)

Z(y)
H(df).

In the last step we used the fact that

esssup
h∈C+(K)

sup
y∈K

h(y)g(f)

g(h)Z(y)
− sup
y∈K

f(y)

Z(y)
≥ 0

for H-a.e. f ∈ C+(K). The first assertion follows.
Analogously to the first part, we get that

Q̃
∗
g = EZ

∫︂
C+(K)

sup
y∈K

f(y)

Z(y)
H(df)

+ E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)

supy∈K f(y)

g(f)T (Z(∞))
> t−1

}︃⃓⃓⃓⃓)︃
and

E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)

supy∈K f(y)

g(f)T (Z(∞))
> t−1

}︃⃓⃓⃓⃓)︃
= EZ

(︃∫︂
C+(K)

∫︂ ∞

0
t−21

t>1/ esssup
h∈C+(K)

sup
y∈K

h(y)
g(h)T (Z)

1
t<1/ sup

y∈K

f(y)
g(f)Z(y)

dt g(f)H(df)

)︃

= EZ
(︃∫︂

C+(K)

{︃
esssup
h∈C+(K)

supy∈K h(y)

g(h)T (Z)
g(f)− sup

y∈K

f(y)

Z(y)

}︃
+

H(df)

)︃
≥ EZ

(︃∫︂
C+(K)

{︃
supy∈K f(y)

T (Z)
− sup
y∈K

f(y)

Z(y)

}︃
+

H(df)

)︃
. (4.41)

Now, let g ∈ G∗ = argming esssupf∈C+(K)(supy∈K f(y)/g(f)). Then, by Theorem 4.5, we

have that g(f) = c−1 supy∈K f(y) for all f ∈ C+(K), H-a.e. Thus, we get equality in

Equation (4.41) and hence G∗ ⊂ argming Q̃
∗
g.
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Proposition 4.18 leads to two implications in applications. Firstly, it facilitates the nu-
merical calculation of Qg = E(Mg) by simulation. While Equation (4.40) is difficult to be
evaluated exactly in many cases, it may be used to obtain bounds for EMg such as

esssup
f∈C+(K)

sup
y∈K

f(y)

g(f)
≤ Qg = EMg ≤ esssup

f∈C+(K)
sup
y∈K

f(y)

g(f)
E
[︂(︂

inf
y∈K

Z(y)
)︂−1]︂

. (4.42)

This confirms the finding of Proposition 4.2 that esssupf∈C+(K) supy∈K
f(y)
g(f) < ∞, is a

necessary condition for EMg to be finite.

In particular, the result can be applied to analyze Qg∗ . With f(y)
g∗(f) ≤ c, we obtain

Qg∗ ≤ c · E
[︁(︁

infy∈K Z(y)
)︁−1]︁

. (4.43)

This yields that Qg∗ < ∞ if Z is sample-continuous, as in this case we have c < ∞ and

E
[︁(︁

infy∈K Z(y)
)︁−1]︁

<∞ holds. In other words, the expectation of the stochastic number
Mg∗ based on the normalized representation is finite. Note that the upper bound in (4.43)
is reached under some mild conditions, see Oesting et al. (2013). We will see that all
examples considered in the present chapter meet these conditions.
Secondly, Proposition 4.18 implies that the minimal value for Q̃

∗
g can be achieved by any

g∗ ∈ G∗. As further Q∗
g ≤ Q̃

∗
g by construction, we obtain the following corollary.

Corollary 4.19. The optimization problem given in (4.39) is solvable if and only if the
optimization problem (4.20) is solvable (cf. Theorem 4.7). With solvability, the normalized
spectral representation is an optimal solution to (4.39) and (4.20).

This corollary further confirms that using the normalized spectral representation may lead
to an efficient and exact simulation, because the refined optimization problem (4.39) is
closer to the original optimization problem than the modified problem (4.20).
Lastly, we improve the lower bounds for Qg̃. To this end, refined versions of the examples
in (4.21) and (4.22) are considered:

Q̃
(1)
g = E|Φ+

K |+ E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)

supy∈K f(y)

g(f) supỹ∈K Z
(∞)(ỹ)

>
1

t

}︃⃓⃓⃓⃓)︃
, (4.44)

Q̃
(2)
g (y0) = E|Φ+

K |+ E
(︃⃓⃓⃓⃓{︃

(t, h) ∈ Φ−
K : esssup

f∈C+(K)

supy∈K f(y)

g(f)Z(∞)(y0)
>

1

t

}︃⃓⃓⃓⃓)︃
. (4.45)

Proposition 4.20. For any g0 ∈ G, we have

1 ≤ Q̃
(1)
g∗ ≤ infy0∈K Q̃

(2)
g∗ (y0) ≤ Qg0 ≤ Qg∗ ,

where g∗ ∈ G∗ is given by (4.28).

By definition, Q̃
(1)
g ≥ Q

(1)
g and Q̃

(2)
g ≥ Q

(2)
g for all g. Hence, the results in Proposition

4.20 give improved lower bounds of Qg0 . The proof is analogous to Proposition 4.13 and
is thus omitted.

4.5 Example: Moving Maxima Processes

In this section, we discuss the normalized spectral representation for the class of moving
maxima processes which can be simulated via an algorithm of Schlather (2002). In this
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case, the normalized spectral functions can be calculated explicitly and are convenient
to handle, which allows a rather general implementation of the simulation procedure for
processes on a grid, see the R package RandomFields (R Core Team, 2018; Schlather et al.,
2019). The procedure is further compared to Schlather’s (2002) algorithm both from a
theoretical point of view and in a simulation study in Section 4.6.

Here, we focus on moving maxima processes on a compact set K ⊂ Rd, i.e. processes of
the form

Z(y) =d max
(t,x)∈ΠM2

th(y − x), y ∈ K, (4.46)

where ΠM2 is a Poisson point process on (0,∞)×Rd with intensity t−2 dtΛ(dx), Λ denotes
the Lebesgue measure on Rd and h : Rd → [0,∞) is a so-called shape function satisfying∫︁
Rd h(x) dx = 1. Thus, Z has a spectral representation of form (4.1) with

H(A) = λ
(︂{︂
x ∈ Rd : h(· − x) ∈ A

}︂)︂
, A ∈ H.

In the following, we will explicitly calculate the distribution of the normalized spectral
functions for moving maxima processes. First, we note that, due to the specific structure
of a moving maxima process Z defined in (4.46), its normalized spectral representation
can be written as

Z(y) =d max
t∈Π0

ct
h(y −Xt)

h̃(Xt)
, y ∈ K,

where Π0 is a Poisson point process on (0,∞) with intensity measure t−2 dt and Xt, t ∈ Π0,
are independent random vectors with Lebesgue density c−1h̃(x) dx, h̃(x) = supy∈K h(y−x)
and c =

∫︁
Rd h̃(x) dx. Thus, both the function h̃ and the constant c are crucial for the

simulation of the normalized spectral functions. Further, c also occurs in the stopping
rule and thus influences the number of spectral functions considered in Algorithm 4.2. If
h is continuous or K is discrete, the upper bound (4.43) is reached, i.e.

Qg∗ = EMg∗ = c · E

[︄(︃
inf
y∈K

Z(y)

)︃−1
]︄
.

In general, the term E[(infy∈K Z(y))−1] cannot be calculated analytically, but needs to be
estimated via simulations. For the implementation of Algorithm 4.2, however, only the
constant c and the function h̃ are needed, both of them depending on the shape function
h and the geometry of the set K.

In the following, we will calculate c and h̃ under different assumptions on the domain K.
We restrict ourselves to the case where the shape function h is radial symmetric and non-
increasing, i.e. h(x) = f0(∥x∥) for a non-increasing function f0 : [0,∞) → [0,∞). Then,
in general,

h̃(x) := supy∈K f0(∥y − x∥) = f0 (miny∈K ∥y − x∥) .

First, consider the case that K is a d-dimensional ball b(0, R) centered at the origin with
radius R, i.e. K = {x ∈ Rd : ∥x∥ ≤ R}. Then,

h̃(x) = f0(0)1{∥x∥≤R} + 1{∥x∥>R}f0(∥x∥ −R), x ∈ Rd,

and c = vol(b(0, 1)) ·
[︃
f0(0)R

d + d

∫︂ ∞

0
(r̃ +R)d−1f0(r̃) dr̃

]︃
<∞ (4.47)

where vol denotes the d-dimensional volume.
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Second, consider the case that K is a d-dimensional cube, i.e. the case that K = [−R,R]d
for some R > 0. Then, we get

h̃ ((x1, . . . , xd)) = f0 (∥((|x1| −R) ∨ 0, . . . , (|xd| −R) ∨ 0)∥) . (4.48)

We consider the subcases d = 1 and d = 2 to derive explicit formulae. If d = 1, then
K satisfies K = [−R,R] = b(0, R), and, according to the formulae above, we get that
h̃(x) = 1{|x|≤R}f0(0) + 1{|x|>R}f0(|x| −R) and thus,

c =

∫︂
R
h̃(x) dx = 2Rf0(0) +

∫︂
{|x|>0}

f0(|x|) dx = 2Rf0(0) + 1.

If d = 2, we obtain

h̃(x) = 1{|x1|∨|x2|≤R}f0(0) + 2 · 1{|x1|∧|x2|≤R,|x1|∨|x2|>R}f0((|x1| ∧ |x2|)−R)

+ 1{|x1|∧|x2|>R}f0 (∥(|x1| −R, |x2| −R)∥) .

Thus,

c = (2R)2 · f0(0) + 4R ·
∫︂
R
f0(|x|) dx+

∫︂
R2

f0(∥x∥) dx = 4R2f(0) + 4R

∫︂
R
f0(|x|) dx+ 1.

Next, we further specify explicit examples on the function f0, under which the constant c
can be further calculated.

Example 4.21. 1. Indicator function
We consider the case that the shape function is the indicator function of a ball b(0, r)
with radius r > 0 centered at the origin, i.e. f0(∥x∥) = 1{∥x∥≤r}. In this case we

have h̃(x) = 1{K⊕b(0,r)}(x) and c = vol(K ⊕ b(0, r)) where ⊕ denotes morphological
dilation. Here, all the finite approximations derived from the normalized spectral
representation coincide with the corresponding approximations resulting from the
algorithm proposed by Schlather (2002). See Section 4.6 for details on this algorithm.

2. Smith model
As a second example, we consider the Gaussian extreme value process (Smith, 1990)
where f0 is a Gaussian density function. Here, for simplicity, we assume the shape
function is the density of a multivariate normal random vector Y ∼ N (0, σ2Id) with
σ > 0. Thus, it is a radial symmetric monotone function. Let K = [−R,R]d for
some R > 0. Then, by the considerations above, we get that h̃ is of type (4.48) and
for d = 1, 2, we obtain

c =

⎧⎨⎩
√︂

2
π
R
σ + 1, d = 1

2
π

(︁
R
σ

)︁2
+ 2
√︂

2
π
R
σ + 1, d = 2.

Remark 4.22. Note that the results can easily be generalized to the case of mixed moving
maxima processes (Schlather, 2002; Stoev and Taqqu, 2005), i.e. the case where the
deterministic shape function h is replaced by independent copies of a random function.
See Oesting et al. (2013) for details.
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4.6 Simulation: Comparison to Other Algorithms

In this section, we investigate the number of spectral functions needed in simulating a
max-stable process, considering the suggested normalized spectral representation as well
as other algorithms. In Subsection 4.6.1, we compare it with the analogous number in
Schlather’s (2002) algorithm for moving maxima processes. Then, we compare simulations
via the normalized spectral representation to the recent algorithms devised by Dieker
and Mikosch (2015) and Dombry et al. (2016a) focusing on Brown–Resnick processes in
Subsection 4.6.2. Besides the number of spectral functions, we further consider the actual
computational costs accounting for the fact that simulation of the normalized spectral
functions is not straightforward in this case.

4.6.1 Comparison to the Algorithm Proposed in Schlather (2002)

Let Z be a moving maxima process on K ⊂ Rd as defined in (4.46). Assume that the shape
function h is bounded and has compact support, i.e. h(x) < C for all x ∈ Rd for some
C > 0 and supp(h) ⊂ b(0, r)}) for some r > 0. Schlather’s (2002) algorithm considers the
following equivalent representation

Z(y) =d |K ⊕ b(0, r)| · max
1≤k≤M

Fk(y − Uk)∑︁k
i=1Ei

, y ∈ K,

where Ei are standard exponentially distributed random variables, Fi follow the law π, Ui
are uniformly distributed on K ⊕ b(0, r) and all these random variables are independent.
Following Schlather’s (2002) algorithm, the number of simulated spectral functions is then
a random number defined as

M = min

{︄
m ∈ N :

C∑︁m+1
i=1 Ei

≤ inf
x∈K

max
1≤k≤m

Fk(x− Uk)∑︁k
i=1Ei

}︄
.

Here, analogously to Proposition 4.18, the following result can be shown.

Proposition 4.23. The expectation of M , defined as above, equals

EM = E
(︃
|K ⊕ b(0, r)| · C
infy∈K Z(y)

)︃
.

Thus, the ratio between the expected numbers of spectral functions considered by the
normalized spectral representation and by Schlather’s (2002) algorithm is

Q∗
g∗

EM
=

EMg∗

EM
=

c

|K ⊕ b(0, r)| · C
.

If the shape function h is bounded, but not compactly supported, the max-stable process
Z can be approximated using a shape function which is cut off outside a compact set J ,
i.e. hcut(x) = h(x) · 1{x∈J}. Let Ũk ∼i.i.d. Unif(K ⊕ J̌) where J̌ = {−x : x ∈ J}, and
ZJ(·) be given by

ZJ(y) = |K ⊕ J̌ | ·max
n∈N

hcut(y − Ũn)∑︁n
k=1Ek

, y ∈ K,

Then, the number MJ of shape functions that need to be considered is finite a.s., and, by
Proposition 4.23, its expectation equals EMJ = E

(︁
(infy∈K ZJ(y))

−1 · |K ⊕ J̌ | · C
)︁
. Hence,
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in the approximative case, the ratio of expected numbers of spectral functions considered
by the two algorithms, can be written as the product

Qg∗

EMJ
=

EMg∗

EMJ
= AK,J · PK,J , (4.49)

where AK,J =
c

|K ⊕ J̌ | · C
and PK,J =

E
(︁
supy∈K Z(y)

−1
)︁

E
(︁
supy∈K ZJ(y)

−1
)︁ .

The first factor AK,J refers to the domain of the Poisson point process, and the second
factor PK,J refers to the precision of the approximation by Schlather’s (2002) algorithm.
As hcut(·) ≤ h(·), we have that PK,J ≤ 1 with limJ↗Rd PK,J = 1. Thus, we obtain the
upper bound Qg∗/EMJ ≤ AK,J which can be calculated via the formulae for c obtained
in Section 4.5. The factor PK,J , however, cannot be calculated explicitly in general, but
needs to be accessed via simulation.

In view of these theoretical observations, we perform a simulation study for Smith’s (1990)
model described in Example 4.21 on a rectangle [−R,R]d for d = 1, 2. For the simulation
algorithm of Schlather (2002), we need an approximation as described above. Here, a
natural choice for cutting off the shape function is J = [−kσ, kσ]d for some k ∈ N. Then,
by Example 4.21, the first factor AR,k := A[−R,R]d,[−kσ,kσ]d in Equation (4.49) equals

(R/σ +
√︁
π/2)d/(R/σ + k)d, i.e. AR,k < 1 if and only if k >

√︁
π
2 . In order to access

PR,k := P[−R,R]d,[−kσ,kσ]d and the exact values of Qg∗ and EM[−kσ,kσ]d , we choose σ = 1

and simulate Z and Z[−k,k]d for k = 2, 3 on a grid K = {−R,−R + h, . . . , R − h,R}d,
d = 1, 2. For simplicity, the normalized spectral representation is chosen as if K was the
rectangle [−R,R]d.
In the case d = 1, for h = 0.1 and each R ∈ {1, 2, 5, 10, 50, 100} we simulate each process
N = 5000 times. The values of Qg∗ and EM[−k,k]d are estimated via the corresponding

empirical means denoted by Q̂g∗ and ˆ︁EMk (the corresponding emopirical standard devi-

ations are denoted by ˆ︂s(Mgj) and ˆ︂s(Mk), respectively). We use a plug-in estimator P̂R,k
for PR,k that is based on the empirical means of supy∈K Z(y)

−1 and supy∈K Z[−k,k]d(y)
−1.

The results of the simulation study are shown in Table 4.1.
First, we note that – in accordance to Equation (4.49) – Qg∗ is always smaller than
EM[−k,k]d . For instance, for R = 1, the number of considered shape functions is decreased
by 29% (k = 2) and 43% (k = 3), respectively. Furthermore, we observe that PR,k
seems to be almost constant in R, namely PR,2 ≈ 0.95 and PR,3 ≈ 1 which shows that
the approximation of Z by Z[−3,3] is sufficiently good for h = 0.1. Thus, the behavior
of Qg∗/EM[−k,k] is basically driven by AR,k which tends to 1 as R → ∞. For large R,
Qg∗/EM[−k,k] ≈ PR,k. This explains the surprising fact that EM[−2,2] > EM[−3,3] even
though the approximation of Z by Z[−2,2] is less accurate than that by Z[−3,3].
Next, we perform the simulation for d = 2, R ∈ {1, 2, 5, 10} and h = 0.25. Each process
is simulated N = 2500 times. The results are shown in Table 4.2. In general, the results
are similar to our observations for d = 1. However, for d = 2 the improvements compared
to Schlather’s (2002) algorithm are even more distinct. In the case R = 1, the number of
considered spectral functions is decreased by 45% (k = 2) and 69% (k = 3), respectively.

4.6.2 Comparison to the Algorithms Proposed in Dieker and Mikosch (2015)
and Dombry et al. (2016a)

Recently, Dieker and Mikosch (2015) proposed an exact algorithm for the simulation of
Brown–Resnick processes on a finite set. In Dombry et al. (2016a), a generalization of this
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Table 4.1: Results for simulations of Z (via the normalized spectral representation) com-
pared to Z[−k,k] with k = 2 (top) and k = 3 (bottom), on the 1-dimensional grid
{−R,−R+0.1, . . . , R−0.1, R} for different R. For each case, AR,k and the esti-
mates for Qg∗ , EM[−k,k] and PR,k as well as the corresponding sample standard

deviations are displayed, based on N = 5000 simulations of each process.

R ˆ︁EM2 Q̂g∗ AR,2 P̂R,2 ˆ︂s(M2) ˆ︂s(Mg∗)

1 4.38 3.12 (-29 %) 0.75 0.94 2.84 1.85
2 7.57 5.73 (-24 %) 0.81 0.94 4.10 3.06
5 18.83 15.82 (-16 %) 0.89 0.95 7.93 6.68

10 40.57 35.63 (-12 %) 0.94 0.94 14.03 12.55
50 257.61 239.75 (- 7 %) 0.99 0.94 62.63 60.96
100 579.11 540.44 (- 7 %) 0.99 0.94 124.66 117.76

R ˆ︁EM3 Q̂g∗ AR,3 P̂R,3 ˆ︂s(M3) ˆ︂s(Mg∗)

1 5.46 3.12 (-43 %) 0.56 1.00 3.78 1.85
2 8.93 5.73 (-36 %) 0.65 0.98 5.13 3.06
5 19.98 15.82 (-21 %) 0.78 1.02 8.71 6.68

10 41.16 35.63 (-13 %) 0.87 1.00 14.82 12.55
50 247.35 239.75 (- 3 %) 0.97 1.00 60.14 60.96
100 550.70 540.44 (- 2 %) 0.98 1.00 114.36 117.76

Table 4.2: Results for simulations of Z (via the normalized spectral representation) com-
pared to Z[−k,k]2 with k = 2 (top) and k = 3 (bottom), on the 2-dimensional
grid {−R,−R+0.25, . . . , R−0.25, R}2 for different R. For each case, AR,k and
the estimates for Qg∗ , EM[−k,k]2 and PR,k as well as the corresponding sam-
ple standard deviations are displayed, based on N = 2500 simulations of each
process.

R ˆ︁EM2 Q̂g∗ AR,2 P̂R,2 ˆ︂s(M2) ˆ︂s(Mg∗)

1 14.86 8.14 (-45 %) 0.56 0.96 9.26 4.65
2 40.17 26.32 (-34 %) 0.66 1.00 18.07 10.96
5 189.83 150.89 (-21 %) 0.80 0.99 49.32 40.96

10 727.33 636.03 (-13 %) 0.88 0.99 146.88 127.36

R ˆ︁EM3 Q̂g∗ AR,3 P̂R,3 ˆ︂s(M3) ˆ︂s(Mg∗)

1 26.37 8.14 (-69 %) 0.32 0.96 16.63 4.65
2 61.07 26.32 (-57 %) 0.42 1.03 26.99 10.96
5 247.10 150.89 (-39 %) 0.61 1.00 65.75 40.96

10 839.44 636.03 (-24 %) 0.75 1.01 168.31 127.36
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algorithm and a novel exact simulation procedure based on extremal functions have been
presented. Denote the number of stochastic processes to be simulated for obtaining an
exact simulation on K via the (generalized version of the) Dieker–Mikosch algorithm and
via the extremal functions approach by M (DM) and M (EF ), respectively. Then, it can be
shown that

EM (DM) = |K| · E

[︄(︃
inf
y∈K

Z(y)

)︃−1
]︄

and EM (EF ) = |K| (4.50)

(cf. Dombry et al., 2016a). As E[(infy∈K Z(y))−1] ≥ 1 for any max-stable process with
standard Fréchet margins, we have EM (DM) ≥ EM (EF ). Further, the underlying stochas-
tic processes follow mixtures of the same laws. Consequently, between these two ap-
proaches, the one via extremal functions is always preferred in terms of the average com-
putational costs of simulation.

In this subsection, we will compare the computational costs of these algorithms to that
of simulation via the normalized spectral representation for simulating Brown–Resnick
processes. This is what the original Dieker–Mikosch algorithm was designed for. Let Z
be a Brown–Resnick process on K ⊂ Rd associated to a variogram γ (Kabluchko et al.,
2009), i.e. a max-stable process with representation (4.1) with H being the probability
measure of the stochastic process

W (y) = exp

(︃
G(y)− 1

2
Var(G(y))

)︃
, y ∈ Rd.

Here G is a centered Gaussian process with stationary increments and variogram γ defined
as γ(h) = E(W (y + h)−W (y))2. In the following, we consider a Brown–Resnick process
associated to the variogram γ(h) = ∥h∥ on the rectangle [0, 1]2. We simulate N = 500 real-
izations of the process on the grids {0, 0.05, . . . , 0.95}2 (400 points) and {0, 0.01, . . . , 0.99}2
(10000 points), respectively, via each of the three algorithms on a 2.90 GHz processor.
We start with comparing the average numbers of spectral processes to be simulated, i.e.
Qg∗ = EMg∗ , EM (DM) and EM (EF ). Since the terms c in (4.43) and E[(infy∈K Z(y))−1]
in (4.43) and (4.50) often cannot be calculated explicitly, the above expectations need
to be estimated via simulations. Furthermore, in the Dieker–Mikosch algorithm and the
extremal functions approach, we can directly simulate the underlying spectral functions
as a single log-Gaussian process, whereas we have to use the Algorithm 4.3 to simulate the
normalized spectral functions. For each process F (m), we simulate nMCMC log-Gaussian
processes. Consequently, a fair comparison across the three algorithms should be based
on the average computational costs accounting for the number of simulated log-Gaussian
processes. The costs for the simulation via the normalized spectral representation, the
Dieker–Mikosch algorithm and the extremal functions approach are thus

C(NSR) = nMCMC · EMg∗ = nMCMC · c · E

[︄(︃
inf
y∈K

Z(y)

)︃−1
]︄
,

C(DM) = EM (DM) = |K| · E

[︄(︃
inf
y∈K

Z(y)

)︃−1
]︄

and C(EF ) = EM (EF ) = |K|.

We use nMCMC = 100, 500 and 1000 in our simulation. The normalization constant c
is finally estimated by the average of the maxima of the nMCMC log-Gaussian processes
simulated in each Markov chain.
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Finally, we consider the exactness of the simulations. Notice that the Dieker–Mikosch
algorithm and the extremal functions approach yield exact realizations of the Brown–
Resnick process. This is true for the normalized spectral representation approach only if
the Markov chains have converged. Therefore, we need to evaluate the quality of the sim-
ulations. As a measure of exactness, we first calculate the Kolmogorov–Smirnov distance
between the standard Fréchet distribution Φ1 and the empirical cumulative distribution
function F y(500) obtained from the N = 500 realizations Z1(y), . . . , ZN (y) at each location
y. Then we calculate the average of these distances across all y ∈ K i.e.

dKS =
1

|K|
∑︂
y∈K

∥F y(500) − Φ1∥∞.

Further, we consider the extremal coefficient (Smith, 1990; Schlather and Tawn, 2003),
θ(y1, y2) defined by

P(Z(y1) ≤ z, Z(y2) ≤ z) = P(Z(y1) ≤ z)θ(y1,y2), z > 0,

as a measure of extremal dependence between Z(y1) and Z(y2). By definition, we have
θ(y1, y2) ∈ [1, 2] with θ(y1, y2) = 1 if Z(y1) = Z(y2) a.s. and θ(y1, y2) = 2 if Z(y1) and
Z(y2) are independent. For a Brown-Resnick process Z, we have θ(y1, y2) = 2Φ(

√︁
γ(h)/2)

where Φ denotes the standard normal distribution function. We estimate the extremal
coefficients making use of the relation

θ(y1, y2) =
1 + 2νF (y1, y2)

1− 2νF (y1, y2)
, y1, y2 ∈ K, (4.51)

between θ(y1, y2) and the F -madogram (Cooley et al., 2006)

νF (y1, y2) =
1

2
E |F y1(Z(y1))− F y1(Z(y1))| , y1, y2 ∈ K,

with F (y) being the cumulative distribution function of Z(y), y ∈ K. The F -madogram
can be estimated non-parametrically by

ˆ︂νF (y1, y2) = 1

2N(N + 1)

N∑︂
i=1

|Ri(y1)−Ri(y2)|, y1, y2 ∈ K,

where Ri(y) denotes the rank of Zi(y) (Ribatet, 2013). Plugging the estimator ˆ︂νF (y1, y2)
into relation (4.51), we obtain an estimator θ̂(y1, y2) and θ(y1, y2). As a measure of quality
of the simulations, we calculate the root-mean-square error between the estimated and the
theoretical extremal coefficients, i.e.

dEC =

⎡⎣ 1

|Y|
∑︂

(y1,y2)∈Y

(︂
θ̂(y1, y2)− 2Φ(

√︁
∥y1 − y2∥/2)

)︂2⎤⎦1/2

for some finite set Y ⊂ K ×K \ {(y, y) : y ∈ K}.
Table 4.3 reports the average number of simulated spectral functions M , the average
computational costs both in terms of the number of log-Gaussian processes simulated C
and in terms of the CPU time for a single simulation (in seconds), the average Kolmogorov–
Smirnov distance dKS and the root-mean-square error dEC based on 79800 pairs. We
note that the average CPU time t is effectively proportional to the average number C of
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Table 4.3: Results for simulations of Brown–Resnick processes on the 2-dimensional grids
{0, 0.05, . . . , 0.95}2 (top) and {0, 0.01, . . . , 0.99}2 (bottom). For simulation via
the normalized spectral representation with nMCMC = 100, 500 and 1000
(NR100, NR500 and NR1000), the Dieker–Mikosch algorithm (DM) and simula-
tion via extremal functions (EF), the average number M of simulated spectral
functions, the average computational costs C (with sample standard deviation
s(C)), the average CPU time t (with sample standard deviation s(t)), the av-
erage Kolmogorov–Smirnov distance dKS and the root-mean-square error dEC
are displayed.

M C t dKS dEC s(C) s(t)

NSR100 7 704 0.13 0.030 0.011 492 0.07
NSR500 7 3677 0.56 0.050 0.014 2462 0.36
NSR1000 7 7244 1.07 0.047 0.020 4971 0.71
DM 932 932 0.17 0.036 0.020 713 0.11
EF 390 390 0.09 0.036 0.013 355 0.05

M C t dKS dEC s(C) s(t)

NSR100 9 896 108 0.041 0.012 666 81
NSR500 9 4357 522 0.028 0.013 2888 346
NSR1000 9 9194 1095 0.040 0.011 6131 737
DM 26270 26270 3126 0.027 0.012 21199 2542
EF 9361 9361 1116 0.054 0.015 8448 1014

simulated log-Gaussian processes. For the grid {0, 0.05, . . . , 0.95}2, we observe t ≈ 2·10−4C
while we have t ≈ 0.12C for the grid {0, 0.01, . . . , 0.99}2. Smaller deviations from this
proportion in case of the first grid are mainly due to some preparatory computations which
have a larger effect in case of small C. Thus, we can conclude that C is an appropriate
measure of the computational costs of the simulations.

Comparing the results for the different algorithms in more detail, we first focus on the
exactness of the simulations via the normalized spectral representation. As both the
Kolmogorov–Smirnov distances and the root-mean-square errors for the extremal coeffi-
cients indicate, the Markov chains converge quite fast. In all the cases, both measures of
the quality of the simulations via the normalized spectral representation are comparable
to those for the exact simulations via the Dieker–Mikosch (2015) algorithm or via extremal
functions. Therefore, the algorithms perform with equivalent exactness even though the
algorithm based on the normalized spectral representation provides approximations only.

Secondly, the number of simulated normalized spectral functions in our algorithm is much
lower than that in the other two algorithms. This difference becomes even more pro-
nounced in the case of a dense grid: While the numbers of simulated processes in the
Dieker–Mikosch (2015) algorithm and the algorithm via extremal functions grow (at least)
linearly in |K|, that in our algorithm remains bounded and practically stable (increased
from 7 to 9), as long as K ⊂ [0, 1]2.

Lastly, even though the computational costs of a single normalized spectral function in
our algorithm is nMCMC times higher than that for the other two algorithms, on a dense
grid, the total computational costs is much lower than that via the other two algorithms.

The aforementioned three features make the simulation via the normalized spectral rep-
resentation very attractive, particularly when the process should be simulated at a large
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number of locations on a dense grid. Simulation via extremal functions (Dombry et al.,
2016a) is preferred only if the process should be simulated at a small or moderate number
of locations.

4.7 Summary and Discussion

Whilst in the definition of a max-stable process an infinite number of spectral functions is
involved, the minimal expected number of spectral functions that are actually needed for
a simulation is an open problem. We consider two substitution problems, problems (4.20)
and (4.39), and show that the unique normalized spectral representation is a solution in
both cases. Consequently we propose a simulation algorithm based on the normalized
spectral representation.
Our simulation result reveals two advantages of the proposed algorithm. First, it improves
the algorithm of Schlather (2002) for (mixed) moving maxima processes, because in this
case the normalized spectral functions can be simulated easily.
Secondly, it is competitive to other algorithms even if simulation of the underlying nor-
malized spectral functions from the transformed measure g∗H is not straightforward, such
as in the simulation of Brown–Resnick processes, even though simulations are no longer
exact in this case. Similar results are also expected for other popular max-stable models,
such as the extremal Gaussian (Schlather, 2002) and extremal t processes (Opitz, 2013).
Although the problem (4.39) is rather close to the original problem (4.12), it remains
unclear whether the normalized spectral representation is also the solution to the original
one. It is even not known whether different initial choices of the spectral representation
in (4.1) may lead to the same solution via renormalizations g in (4.7) and whether the
solution is unique.
Other representations of max-stable processes may also allow for exact simulations. For
example, Wang and Stoev (2010) considered a representation based on a finite number
of Fréchet variables when the spectral measure H is discrete. Our approach may be
advantageous if the number of Fréchet variables gets large while the domain K is bounded.
The assessment of the relative performance is left to future research.
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5 Sampling Sup-Normalized Spectral
Functions for Brown–Resnick Processes

joint work with Martin Schlather and Claudia Schillings

Up to some minor modifications, this chapter is reprint of the research article Oesting
et al. (2019) which has appeared in Stat.

Sup-normalized spectral functions form building blocks of max-stable and Pareto processes
and therefore play an important role in modeling spatial extremes. For one of the most
popular examples, the Brown–Resnick process, simulation is not straightforward. In this
chapter, we generalize two approaches for simulation via Markov Chain Monte Carlo
methods and rejection sampling by introducing new classes of proposal densities. In both
cases, we provide an optimal choice of the proposal density with respect to sampling
efficiency. The performance of the procedures is demonstrated in an example.

5.1 Introduction

Spatial and spatio-temporal extreme value analysis aims at investigating extremes of quan-
tities described by stochastic processes. In the classical setting, the real-valued process
of interest X = {X(t), t ∈ K} is sample-continuous on a compact domain K ⊂ Rd.
Analysis of its extremes is often based on results of the limiting behavior of maxima of
independent copies Xi, i ∈ N. Provided that there exist continuous normalizing func-
tions an : K → (0,∞) and bn : K → R such that the process of normalized maxima
{maxni=1 a

−1
n (t)·(Xi(t)−bn(t)), t ∈ K} converges in distribution to some sample-continuous

process Z with nondegenerate margins as n→ ∞, the limit process Z is necessarily max-
stable and we say that X is in the max-domain of attraction of Z.
From univariate extreme value theory, it follows that the marginal distributions of Z
are necessarily generalized extreme value (GEV) distributions (cf. de Haan and Ferreira,
2006, for instance). As max-stability is preserved under marginal transformations between
different GEV distributions, without loss of generality, it can be assumed that Z has
standard Fréchet margins, i.e. P(Z(t) ≤ z) = exp(−1/z), z > 0, for all t ∈ K. By de Haan
(1984), any sample-continuous max-stable process with standard Fréchet margins can be
represented as

Z(t) =d max
i∈N

{Ui · Vi(t)} , t ∈ K, (5.1)

where the so-called spectral processes Vi, i ∈ N, are independent copies of a nonnegative
sample continuous stochastic process V on K satisfying E{Vi(t)} = 1 for all t ∈ K, and∑︁

i∈N δUi is a Poisson point process on (0,∞) which is independent of the Vi and has
intensity measure Λ given by Λ{(u,∞)} = u−1 for all u > 0.
Due to its complex structure, many characteristics of the max-stable process Z in (5.1)
cannot be calculated analytically, but need to be assessed via simulations. In order to
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simulate Z efficiently, Oesting et al. (2018b) suggest to make use of the sup-normalized
spectral representation

Z(t) =d max
i∈N

{︂
Ui · c∞ · V max

i (t)

∥V max
i ∥∞

}︂
, t ∈ K, (5.2)

where the Ui are the same as above, the processes V max
i are independently and identically

distributed, independently of the Ui, with distribution P(V max ∈ ·) given by

P(V max ∈ B) = c−1
∞ ·

∫︂
B
∥v∥∞P(V ∈ dv), B ∈ C(K), (5.3)

and ∥f∥∞ = supt∈K f(t) for every f ∈ C(K), where C(K) denotes the set of all real-valued
continuous functions on K equipped with the supremum norm ∥ · ∥∞ and corresponding
σ-algebra C(K). Here, the normalizing constant c∞ = E{∥V ∥∞} is the so-called extremal
coefficient of the max-stable process Z over the domain K. In a simulation study, Oesting
et al. (2018b) demonstrate that simulation based on the sup-normalized spectral repre-
sentation is competitive to other state-of-the-art algorithms such as simulation based on
extremal functions (Dombry et al., 2016a) provided that the normalized spectral process
V max can be simulated efficiently.

The law of the processes V max also occurs when analyzing the extremes of a stochastic
process X in an alternative way focusing on exceedances over a high threshold: If X is in
the max-domain of attraction of the max-stable process Z in (5.1), we have

L
(︁
x−1X(·) | ∥X∥∞ > x

)︁
−→w L

(︃
P
V max(·)
∥V max∥∞

)︃
as x → ∞, where P is a standard Pareto random variable and V max is an independent
process with law given in (5.3). The limit process PV max(·)/∥V max∥∞ is called Pareto
process (cf. Ferreira and de Haan, 2014; Dombry and Ribatet, 2015).

Arising as sup-normalized spectral process for both max-stable and Pareto processes,
the process V max plays an important role in modelling and analyzing spatial extremes.
As a crucial building block of spatial and spatio-temporal models, this process needs to
be simulated in an efficient way. Due to the measure transformation in (5.3), however,
sampling of V max is not straightforward even in cases where the underlying spectral process
V can be simulated easily.

In the present paper, we focus on the simulation of V max for the very popular class of log
Gaussian spectral processes, i.e. V (t) = exp(W (t)) for some Gaussian processW such that
E{exp(W (t))} = 1 for all t ∈ K. The resulting subclass of max-stable processes Z in (5.1)
comprises the only possible nontrivial limits of normalized maxima of rescaled Gaussian
processes, the class of Brown–Resnick processes (Kabluchko et al., 2009; Kabluchko, 2011).
In order to obtain Brown–Resnick processes that can be extended to stationary processes
on Rd, Kabluchko et al. (2009) consider W (t) = G(t)−Var{G(t)}/2, t ∈ K, with G being
a centered Gaussian process on Rd with stationary increments and variogram

γ(h) =
1

2
E
{︁
(G(t+ h)−G(t))2

}︁
, t, h ∈ Rd.

It is important to note that the law of the resulting max-stable process Z does not depend
on the variance of W , but only on γ. Therefore, Z is called the Brown–Resnick process
associated with the variogram γ.
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Recently, Ho and Dombry (2017) introduced a two-step procedure to simulate the corre-
sponding sup-normalized process

V max(·)
∥V max∥∞

= exp (Wmax(·)− ∥Wmax∥∞)

efficiently if the finite domain K = {t1, . . . , tN} is of small or moderate size:

1. Sample the index i of the component where the vector Vmax = (V max(tk))k=1,...,N

assumes its maximum, i.e. select one of the events Vmax ∈ Si = {s ∈ (0,∞)N :
∥s∥∞ = si}, i = 1, . . . , N . Provided that the covariance matrix C of the Gaussian
vector W = (W (tk))

N
i=k is nonsingular, we have that this index is a.s. unique and

that the probabilities of the corresponding events can be calculated in terms of the
matrix Q ∈ RN×N and the vector m ∈ RN given by

Q = C−1 −
C−11N1

⊤
NC

−1

1⊤NC
−11N

and m = −
(︂1
2
σ +

1− 1
2σ

⊤C−11N

1⊤NC
−11N

1⊤N

)︂
C−1

where σ = (Var(W (tk)))k=1,...,N denotes the variance vector of W and, furthermore,
1N = (1, . . . , 1)⊤ ∈ RN . More precisely, by Ho and Dombry (2017),

P (Vmax ∈ Si)

=
det(Q−i)

−1/2 exp{1
2m

⊤
−iQ

−1
−im−i}ΦN−1(0N−1;Q

−1
−im−i,Q

−1
−i )∑︁N

j=1 det(Q−j)−1/2 exp{1
2m

⊤
−jQ

−1
−jm−j}ΦN−1(0N−1;Q

−1
−jm−j ,Q

−1
−j )

,

where m−j denotes the vector m after removing the jth component, Q−j denotes
the matrix Q after removing the jth row and jth column and ΦN−1(0N−1;µ,Σ)
is the distribution function of an (N − 1)-dimensional Gaussian distribution with
mean vector µ ∈ RN−1 and covariance matrix Σ ∈ R(N−1)×(N−1) evaluated at
0N−1 = (0, . . . , 0) ∈ RN−1.

2. Conditional on Vmax ∈ Si, we have V max(ti)/∥Vmax∥∞ = 1 and the distribution of
the vector M = (log(V max(tj)))j ̸=i−log(∥Vmax∥) is an (N−1)-dimensional Gaussian
distribution with mean vector Q−1

−im−i and covariance matrix Q−1
−i conditional on

M being nonpositive.

However, the first step includes computationally expensive operations such as the evalua-
tion of (N − 1)-dimensional Gaussian distribution functions and the inversion of matrices
of sizes N × N and (N − 1) × (N − 1). Furthermore, an efficient implementation of the
second step is not straightforward. Thus, the procedure is feasible for small or moderate
N only.
In this paper, we will introduce alternative procedures for the simulation of V max, or,
equivalently, Wmax = log V max, that are supposed to work for larger N , as well. To this
end, we will modify a Markov Chain Monte Carlo (MCMC) algorithm proposed by Oesting
et al. (2018b) and a rejection sampling approach based on ideas of de Fondeville and
Davison (2018). Both procedures have originally been designed to sample sup-normalized
spectral functions in general. Here, we will adapt them to the specific case of Brown–
Resnick processes.

5.2 Simulating Wmax via MCMC algorithms

Based on the Brown–Resnick process as our main example, we consider a max-stable pro-
cess Z with spectral process V = eW for some sample-continuous process W . Henceforth,
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we will always assume that the simulation domain K = {t1, . . . , tN} ⊂ Rd is finite and
that the corresponding spectral vector W possesses a density f w.r.t. some measure µ
on RN . Then, by (5.3), the transformed spectral vector Wmax = log(Vmax), where the
logarithm is applied componentwise, has the multivariate density

fmax(w) = c−1
∞

N
max
i=1

exp(wi)f(w), w ∈ RN ,

which obviously has the same support as f , i.e. supp(fmax) = supp(f).

As direct sampling from the density fmax is rather sophisticated and the normalizing
constant c∞ is not readily available, it is quite appealing to choose an MCMC approach
for simulation. In the present paper, we focus on Metropolis-Hastings algorithms with
independence sampler (cf. Tierney, 1994, for example). Denoting the strictly positive
proposal density on supp(f) by fprop, the algorithm is of the following form:

Algorithm 5.1: MCMC Approach (Metropolis–Hastings)

Input: proposal density fprop
Simulate w(0) according to the density fprop.
for k = 1, . . . , nMCMC do

Sample w from fprop and set

w(k) =

{︄
w with probability α(w(k−1),w),

w(k−1) with probability 1− α(w(k−1),w),

where the acceptance probability α(·, ·) is given by (5.4).

Output: Markov chain (w(1), . . . ,w(nMCMC)).

Here, the acceptance ratio α( ˜︁w,w) for a new proposal w ∈ supp(f) given a current state˜︁w ∈ supp(f) is

α( ˜︁w,w) = min

{︃
fmax(w)/fprop(w)

fmax( ˜︁w)/fprop( ˜︁w)
, 1

}︃
, (5.4)

using the convention that a ratio is interpreted as 0 if both the enumerator and the
denominator are equal to 0. This choice of α( ˜︁w,w) ensures reversibility of the resulting
Markov chain {w(k)}k∈N with respect to the distribution of Wmax. Further, it allows
for a direct transition from any state ˜︁w ∈ supp(f) to any other state w ∈ supp(f).
Consequently, the chain is irreducible and aperiodic and, thus, its distribution converges
to the desired stationary distribution, that is, for a.e. initial state w(0) ∈ supp(f), we have
that

∥Pn(w(0), ·)− P(Wmax ∈ ·)∥TV
n→∞−→ 0, (5.5)

where Pn(w(0), ·) denotes the distribution of the n-th state of a Markov chain with initial
state w(0) and ∥ · ∥TV is the total variation norm.

As a general approach for the simulation of sup-normalized spectral processes of arbitrary
max-stable processes, Oesting et al. (2018b) propose to use Algorithm 5.1 with the density
f of the original spectral vector W as proposal density (Algorithm 1A) and the Metropolis-
Hastings acceptance ratio in (5.4) simplifies to

α( ˜︁w,w) = min

{︃
maxNi=1 e

wi

maxNi=1 e
˜︁wi , 1

}︃
, w, ˜︁w ∈ RN . (5.6)
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As the proposal density fprop = f is strictly positive on supp(f), convergence of the
distribution of the Markov chain to the distribution of Wmax as in (5.5) is ensured. If the
support of f is unbounded, however, there is no uniform geometric rate of convergence of
the chain in (5.5), as we have

essinf
w∈RN

f(w)

fmax(w)
= essinf

w∈RN

(︃
c∞ ·

N
min
i=1

e−wi
)︃

= 0

(Mengersen and Tweedie, 1996). In particular, this holds true for the case of a Brown–
Resnick process where W is a Gaussian vector.
Furthermore, due to the structure of the acceptance ratio in (5.6), the Markov chain may
get stuck, once a state ˜︁w with a large maximum maxNi=1 exp( ˜︁wi) is reached. This might
lead to rather poor mixing properties of the chain. Even though independent realizations
could still be obtained by starting new independent Markov chains (cf. Oesting et al.,
2018b), such a behavior is undesirable having chains in high dimension N with potentially
long burn-in periods in mind.

While the algorithm in Oesting et al. (2018b) is designed to be applicable in a general
framework, we will use a specific transformation to construct a Markov chain with stronger
mixing and faster convergence to the target distribution. For many popular models such
as Brown–Resnick processes, this transformation is easily applicable. More precisely, we
consider the related densities fi, i = 1, . . . , N , with fi(w) = exp(wi)f(w). These densities
are closely related to the distributions Pi that have been studied in Dombry et al. (2016a).
Hence, we propose to approach the target distribution with density fmax = c−1

∞ maxNi=1 fi
by Algorithm 5.1 using a mixture

fprop =

N∑︂
i=1

pifi (5.7)

as proposal density, where the weights pi ≥ 0, i = 1, . . . , N , are such that
∑︁N

i=1 pi = 1.
The corresponding acceptance probability in (5.4) is then

˜︁α( ˜︁w,w) = min

{︄
maxNi=1 e

wi/
∑︁N

i=1 pie
wi

maxNi=1 e
˜︁wi/∑︁N

i=1 pie
˜︁wi , 1

}︄
. (5.8)

With the proposal density being strictly positive on supp(f), we can see that the distribu-
tion of the Markov chain again converges to its stationary distribution with density fmax.
As we further have

inf
w∈RN

fprop(w)

fmax(w)
= inf

w∈RN

∑︁N
i=1 pie

wi

c−1
∞ maxNi=1 e

wi
= c∞ ·

N
min
i=1

pi > 0, (5.9)

provided that pi > 0 for i = 1, . . . , N , the results found by Mengersen and Tweedie (1996)
even ensure a uniform geometric rate of convergence for any starting value w(0) ∈ supp(f)
in contrast to the case where fprop = f .

In order to obtain a chain with good mixing properties, we choose pi such that the accep-
tance rate in Algorithm 5.1 is high provided that the current state w(k) is (approximately)
distributed according to the stationary distribution. To this end, we minimize the relative
deviation between fprop and fmax under fmax, i.e. we minimize

D(p1, . . . , pN ) =

∫︂
RN

(︃
fprop(w)

fmax(w)
− 1

)︃2

fmax(w) dw,
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under the constraint
∑︁N

i=1 pi = 1. Introducing a Lagrange multiplier λ ∈ R, minimizing

D(p1, . . . , pN ) = E

⎧⎨⎩
(︄ ∑︁N

i=1 pie
W (ti)

c−1
∞ emaxNj=1W (tj)

− 1

)︄2

c−1
∞ emaxNj=1W (tj)

⎫⎬⎭
= c∞

N∑︂
i=1

N∑︂
k=1

pipkE
{︂
eW (ti)+W (tk)−maxNj=1W (tj)

}︂
− 1

results in solving the linear system(︃
Σ 1N
1⊤N 0

)︃ (︃
p
λ

)︃
=

(︃
0N
1

)︃
, (5.10)

where p = (p1, . . . , pN )
⊤ and Σ = (σik)1≤i,k≤N with

σik = E
{︁
eW (ti)+W (tk)−maxNj=1W (tj)

}︁
. (5.11)

Provided that the matrix Σ is nonsingular, the solution of (5.10) is given by

p =
Σ−11N

1⊤NΣ
−11N

(5.12)

(cf. Cressie, 1993, for instance). This solution does not necessarily satisfy the additional
restriction pi ≥ 0 for all i = 1, . . . , N . In case that Σ is singular or the vector p has at
least one negative entry, the full optimization problem

minp⊤Σp

s.t. 1⊤Np = 1 (QP)

pi ≥ 0 ∀i = 1, . . . , N,

has to be solved. Using the Karush–Kuhn–Tucker optimality conditions, the quadratic
program (QP) can be transformed into a linear program with additional (nonlinear) com-
plementary slackness conditions. It can be solved by modified simplex methods. Alter-
natively, the problem (QP) can be solved by the dual method by Goldfarb and Idnani
(1983).

Remark 5.1. In order to ensure a geometric rate of convergence of the distribution of
the Markov chain, we might replace the condition pi ≥ 0 for all i = 1, . . . , N, in (QP) by
pi ≥ ε for some given ε > 0. Then, a geometric rate of convergence follows from (5.9) as
described above.

In the case of Brown–Resnick processes, for simplicity, we consider the case that the
random vector W possesses a full Lebesgue density. In particular, the covariance matrix
C = (Cov(W (ti),W (tj)))1≤ti,tj≤N of W is assumed to be nonsingular. Then, the target

density is

fmax(w) = c−1
∞

N
max
i=1

exp(wi)f(w)

=
c−1
∞ maxNi=1 exp(wi)

(2π)N/2 det(C)1/2
exp

{︃
−1

2

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂}︃
, w ∈ RN ,
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where σ = (Var(W (tk)))k=1,...,N is again the variance vector of W. Now, the densities
fi(w)) = ewif(w) which form the proposal density are just shifted Gaussian distributions:

fi(w) =
exp(wi)

(2π)
N
2 det(C)

1
2

exp

{︃
−1

2

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂}︃
=

1

(2π)
N
2 det(C)

1
2

exp

{︃
−1

2

(︂
w −C·i +

σ

2

)︂⊤
C−1

(︂
w −C·i +

σ

2

)︂}︃
,

cf. Lemma 1 in the Supplementary Material of Dombry et al. (2016a), i.e. we have

L(W(i)) = L(W + C·i) (5.13)

where the Gaussian vectors W(i) and W possess densities fi and f , respectively. The
calculation of the optimal weights pi is based on the expectation in (5.11) which typically
cannot be calculated analytically, but needs to be assessed numerically via simulations.
Such a numerical evaluation, however, is challenging as the random variable exp(W (ti) +
W (tk)−maxNj=1W (tj)) is unbounded. To circumvent these computational difficulties, we
make use of the identity

σik = E
{︂
eW (ti)+W (tk)−maxNj=1W (tj)

}︂
=

∫︂
RN

ewi+wk−maxNj=1 wj

(2π)
N
2 det(C)

1
2

exp

{︃
−1

2

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂}︃
dw

=

∫︂
RN

ewk−maxNj=1 wj

(2π)
N
2 det(C)

1
2

exp

{︃
−1

2

(︂
w −C·i +

σ

2

)︂⊤
C−1

(︂
w −C·i +

σ

2

)︂}︃
dw

=

∫︂
RN

ewk−maxNj=1 wjfi(w) dw = E
{︃
exp(W (i)(tk)−

N
max
j=1

W (i)(tj))

}︃
. (5.14)

The expression on the right-hand side of (5.14) can be conveniently assessed numerically
as the random variable exp(W (i)(tk)−maxNj=1W

(i)(tj)) is bounded by 1.

Remark 5.2. Note that both (5.13) and the final result in (5.14) still hold true if W
does not possess a full Lebesgue density, but exactly one component Wi∗ is degenerate
and the reduced covariance matrix (Cij)i,j ̸=i∗ is nonsingular. This situation appears in
several examples such as W being a fractional Brownian motion where W (0) = 0 a.s.

In summary, we propose the procedure below to simulate the normalized spectral vector
Wmax for the Brown–Resnick process (Algorithm 1B):

1. Calculate p by solving the quadratic program (QP) where the entries of the matrix
Σ are given by (5.14). Provided that all its components are nonnegative, the solution
p has the form (5.12).

2. Run Algorithm 5.1 with proposal density fprop =
∑︁N

i=1 pifi and acceptance probabil-
ity given by (5.8). The output of the algorithm is a Markov chain whose stationary
distribution is the distribution of Wmax.

5.3 Exact Simulation via Rejection Sampling

In this section, we present an alternative procedure to generate samples from Wmax with
probability density fmax. In contrast to Section 5.2 where we generated a Markov chain



90 5. Sampling Sup-Normalized Spectral Functions for Brown–Resnick Processes

consisting of dependent samples with the desired distribution as stationary distribution,
here, we aim to produce independent realizations from the exact target distribution. To
this end, we make use of a rejection sampling approach (cf. Devroye, 1986, for instance)
based on a proposal density f̃prop satisfying

fmax(w) ≤ (c∞ · C)−1f̃prop(w), for all w ∈ RN , (5.15)

for some C > 0.

Algorithm 5.2: Rejection Sampling Approach

Input: proposal density f̃prop and constant C > 0 satisfying (5.15)

repeat

Simulate w∗ according to the density f̃prop.
Generate a uniform random number u in [0, 1].

until u · f̃prop(w∗) ≤ C · c∞ · fmax(w
∗);

Output: exact sample w∗ from distribution with density fmax

Thus, on average, (c∞ · C)−1 simulations from the proposal distribution are needed to
obtain an exact sample from the target distribution. Of course, to minimize the com-
putational burden, for a given proposal density f̃prop, the constant C should be chosen
maximal subject to (5.15), i.e.

C = inf
w∈RN

f̃prop(w)

c∞fmax(w)
.

Recently, de Fondeville and Davison (2018) followed a similar idea and suggested to base
the simulation of a general sup-normalized spectral process V (·)max/∥V max∥∞ on the re-
lation

P
(︃

V max

∥V max∥∞
∈ dv

)︃
=

∥Ṽ ∥∞
E∥Ṽ ∥∞

P

(︄
Ṽ

∥Ṽ ∥∞
∈ dv

)︄
(5.16)

where Ṽ is a spectral process normalized with respect to another homogeneous functional
r instead of the supremum norm, i.e. r(Ṽ ) = 1 a.s. If ∥Ṽ ∥∞ is a.s. bounded from above
by some constant, from the relation (5.16), we obtain an inequality of the same type as
(5.15) for the densities of V (·)max/∥V max∥∞ and Ṽ (·)/∥Ṽ ∥∞ instead of fmax and fprop,
respectively. Thus, samples of Ṽ (·)/∥Ṽ ∥∞ can be used as proposals for an exact rejection
sampling procedure. For instance, the sum-normalized spectral vector Ṽ, i.e. the vector
which is normalized w.r.t. the functional r(f) = ∥f∥1 =

∑︁N
k=1 |f(tk)|, can be chosen as

it is easy to simulate in many cases (cf. Dombry et al., 2016a) and satisfies ∥Ṽ∥∞ ≤ 1
almost surely.

For a Brown–Resnick process, it is well-known that the sum-normalized process Ṽ has
the same distribution as exp(Wprop)/∥ exp(Wprop)∥1 where Wprop has the density fprop
from (5.7) in Section 5.2 with equal weights p1 = . . . = pN = 1/N (see also Dieker
and Mikosch, 2015). Thus, in this case, the procedure proposed by de Fondeville and
Davison (2018) with r(f) = ∥f∥1 is equivalent to performing rejection sampling for Wmax

with f̃prop =
∑︁N

i=1
1
N fi as proposal distribution (Algorithm 2A). From Equation (5.9), it

follows that rejection sampling can also be performed with f̃prop =
∑︁N

i=1 pifi and arbitrary

positive weights p1, . . . , pN summing up to 1, since we have (5.15) with C = minNi=1 pi.
Thus, accepting a proposal w∗ in the rejection sampling procedure with probability

N
min
i=1

pi ·
c∞fmax(w

∗)

fprop(w∗)
=

minNi=1 pi ·maxNi=1 e
w∗
i∑︁N

i=1 pie
w∗
i

,
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we will obtain a sample of independent realizations from the exact target distribution
fmax. The rejection rate, however, is pretty high. In order to obtain one realization of

Wmax, on average
(︁
c∞ ·minNi=1 pi

)︁−1
simulations from f∗prop are required. It can be easily

seen that the computational costs are indeed minimal for the choice p1 = . . . = pN = 1/N ,
i.e. the choice in the approach based on the sum-normalized representation. In this case,
one realization of Wmax on average requires to sample c−1

∞ N times from fprop. Therefore,
this approach becomes rather inefficient if we have a large number N of points on a dense
grid.

In order to reduce the large computational costs of rejection sampling which are mainly
due to the fact that minNi=1 fi(w)/fmax(w) gets small as ∥w∥ → ∞ , we replace each
density fi by the modified multivariate Gaussian density gi,ε whose variance is increased
by the factor (1− ε)−1 ≥ 1 for some ε ∈ [0, 1):

gi,ε(w) =
(1− ε)N/2

(2π)N/2 det(C)1/2
exp

(︃
−1

2
(1− ε) ·

(︂
w −C·i +

σ

2

)︂⊤
C−1

(︂
w −C·i +

σ

2

)︂)︃
=

(1− ε)N/2

(2π)N/2 det(C)1/2
exp ((1− ε)wi) · exp

(︃
−1

2
(1− ε) ·

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂)︃
.

Analogously to fprop for the MCMC approach in Section 5.2, we propose a mixture

f̃prop =
∑︂N

i=1
pigi,ε

with pi ≥ 0 and
∑︁N

i=1 pi = 1 as proposal density for the rejection sampling algorithm. A
proposal w∗ is then accepted with probability

C(p, ε) · c∞ · fmax(w
∗)∑︁N

i=1 pigi,ε(w
∗)

= C(p, ε) ·
exp

(︂
− ε

2

(︂
w + σ

2

)︂⊤
C−1

(︂
w + σ

2

)︂)︂
(1− ε)

N
2 ·
∑︁N

i=1 pi exp
(︂
(1− ε)wi −maxNj=1w

∗
j

)︂ ,
(5.17)

where

C(p, ε) = inf
w∈RN

∑︁N
i=1 pigi,ε(w)

c∞fmax(w)
= inf

w∈RN

N
min
j=1

∑︁N
i=1 pigi,ε(w)

fj(w)

= inf
w∈RN

(1− ε)
N
2

N∑︂
i=1

pi exp

(︃
(1− ε)wi −

N
max
j=1

wj +
ε

2

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂)︃
.

(5.18)

Thus, to summarize, for appropriately chosen ε > 0 and p ≥ 0 such that ∥p∥1 = 1, we
propose to run Algorithm 5.2 with proposal density f̃prop =

∑︁N
i=1 pigi,ε and C = C(p, ε)

according to (5.18).

Remark 5.3. To further reduce the computational costs in the simulation, we might
even choose a more flexible approach. For instance, instead of using a mixture of a finite
number of functions g1,ε, . . . , gN,ε, one could consider arbitrary mixtures

f̃prop(w) =

∫︂
Rd
gt,ε(w)ν(dt), w ∈ RN ,

where gt,ε(w) =
∫︁
R gN+1,ε(w, wN+1)dwN+1 on the enlarged domain {t1, . . . , tN , t} and ν

is a probability measure on Rd. Furthermore, depending on t ∈ Rd, different values for
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ε = ε(t) ∈ [0, 1) might be chosen. However, due to the complexity of the optimization
problems involved, we restrict ourselves to the situation above where ν is a probability
measure on K = {t1, . . . , tN} and ε is constant in space.

Using the procedure described above, on average, (c∞ · C(p, ε))−1 simulations from the
proposal distribution are needed to obtain one exact sample from the target distribution,
i.e. the computational complexity of the algorithm depends on the choices of p and ε. The
remainder of this section will be devoted to this question.

Choice of p and ε For a given ε ≥ 0, the computational costs of the algorithm can
be minimized by choosing p = p∗(ε) such that the constant C(p, ε) given in (5.18) is
maximal, i.e. by choosing p as the solution of the nonlinear optimization problem

max
p∈RN

C(p, ε)

s.t. ∥p∥1 = 1 (NP)

pi ≥ 0 ∀i = 1, . . . , N

Optimizing further w.r.t. ε ∈ [0, 1), we obtain the optimal choice (p, ε) = (p∗(ε∗), ε∗)
where ε∗ = argmaxε∈[0,1)C(p

∗(ε), ε).

As the above optimization problem includes optimization steps with respect to w ∈ RN ,
p ∈ {x ∈ [0, 1]N : ∥x∥1 = 1} and ε ∈ [0, 1], none of which can be solved analytically, the
solution is quite involved. In order to reduce the computational burden, we simplify the
problem by maximizing an analytically simpler lower bound. To this end, we decompose
the convex combination

∑︁N
i=1 pigi,ε/fj into sums over disjoint index subsets of the form

I = {i1, . . . , im} ⊂ {1, . . . , N}. For a convex combination of (gik,ε)k=1,...,m with weight
vector λ = (λk)k=1,...,m ∈ [0, 1]m, we obtain the lower bound

inf
w∈RN

∑︁m
k=1 λkgik,ε(w)

fj(w)

= inf
w∈RN

(1− ε)N/2 ·
(︂∑︂m

k=1
λke

(1−ε)wik−wj
)︂
· exp

(︃
ε

2

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂)︃
≥ inf

w∈RN
(1− ε)N/2 · exp

(︄
(1− ε)

m∑︂
k=1

λkwik − wj

)︄
· exp

(︃
ε

2

(︂
w +

σ

2

)︂⊤
C−1

(︂
w +

σ

2

)︂)︃
=: c

(j)
I (ε,λ),

where we made use of the convexity of the exponential function. Setting

κ
(j)
I (ε,λ) = (1− ε)

m∑︂
k=1

λkC·ik −C·j ,

this bound can be calculated explicitly:

c
(j)
I (ε,λ)

= inf
w∈RN

(1− ε)N/2 · exp

{︄
ε

2

(︃
w +

1

ε
κ
(j)
I (ε,λ) +

σ

2

)︃⊤
C−1

(︃
w +

1

ε
κ
(j)
I (ε,λ) +

σ

2

)︃}︄

· exp
(︃
−(κ

(j)
I (ε,λ))⊤C−1σ

2
− 1

2ε
(κ

(j)
I (ε,λ))⊤C−1κ

(j)
I (ε,λ)

)︃
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= (1− ε)N/2 · exp

(︄
−1− ε

2

m∑︂
k=1

λkCikik +
1

2
Cjj −

(1− ε)2

2ε

m∑︂
k=1

λ2kCikik −
1

2ε
Cjj

)︄

· exp

⎛⎝−(1− ε)2

2ε

m∑︂
k=1

∑︂
l ̸=k

λkλlCikil +
1− ε

ε

m∑︂
k=1

λkCikj

⎞⎠
= (1− ε)N/2 exp

(︄
−1− ε

ε

m∑︂
k=1

λkγ(tik − tj) +
(1− ε)2

2ε

m∑︂
k=1

m∑︂
l=1

λkλlγ(tik − til)

)︄
. (5.19)

Hence, for w ∈ RN ,

∑︂
i∈I

pigi,ε(w) = ∥pI∥1 ·
∑︂
i∈I

pi
∥pI∥1

gi,ε(w) ≥ ∥pI∥1 · c(j)I

(︃
ε,

pI
∥pI∥1

)︃
· fj(w),

where pI = (pi)i∈I for every subset I ⊂ {1, . . . , N}. Now, for each j ∈ {1, . . . , N}, let J (j)

be a partition of {1, . . . , N}, so that

c∞ · C(p, ε) = inf
w∈RN

gprop(w)

fmax(w)
= inf

w∈RN

N
min
j=1

∑︁
I∈J(j)

∑︁
i∈I pigi,ε(w)

c−1
∞ fj(w)

≥ inf
w∈RN

N
min
j=1

∑︁
I∈J(j)

(︁∑︁
i∈I pi

)︁
· c(j)I

(︂
ε, pI

∥pI∥1

)︂
· fj(w)

c−1
∞ fj(w)

= c∞ ·
N
min
j=1

∑︂
I∈J(j)

(︄∑︂
i∈I

pi

)︄
· c(j)I

(︃
ε,

pI
∥pI∥1

)︃
. (5.20)

Thus, the RHS of (5.20) provides an explicit lower bound for the average acceptance
probability for any choice of the J (j).

Remark 5.4. Assume that, for some index j ∈ {1, . . . , N}, there is some index set
I = {i1, . . . , im} ⊂ {1, . . . , N} such that γ(ti− tj) = Γ for all i ∈ I. Then, Equation (5.19)
provides the bound

m∑︂
k=1

pikgik,ε(w) ≥ ∥pI∥1c(j)I

(︃
ε,

pI
∥pI∥1

)︃
fj(w)

= ∥pI∥1 exp

(︄
−1− ε

ε
Γ +

(1− ε)2

2ε

m∑︂
k=1

m∑︂
l=1

pikpil
∥pI∥21

γ(tik − til)

)︄
fj(w)

(5.21)

for all w ∈ RN . Alternatively, for the same index set I, we could bound each summand
separately, i.e.

m∑︂
k=1

pikgik,ε(w) ≥
m∑︂
k=1

pikc
(j)
{ik}(ε, 1)fj(w) = ∥pI∥1 exp

(︃
−1− ε

ε
Γ

)︃
fj(w). (5.22)

Note that, for all w ∈ RN , the RHS of (5.22) is less than the RHS of (5.21), i.e. the lower
bound is less sharp. Therefore, we prefer pooling locations with the same distance to tj
rather than considering them separately in order to have the bound in (5.20) as sharp as
possible.
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In view of (5.20), instead of considering the exact value C(p, ε) which is needed to calculate
the minimal rejection rate, but cannot be given explicitly, we might maximize the function

Cgroups(p, ε) =
N
min
j=1

∑︂
I∈J(j)

∑︂
i∈I

pic
(j)
I

(︃
ε,

pI
∥pI∥

)︃

for fixed partitions J (1), . . . , J (N). Due to the complex dependence of c
(j)
I on p, the result-

ing optimization problem is nonlinear in p even for fixed ε. To circumvent this difficulty,
for each I ∈ J (j), we fix |I|-dimensional weight vectors λ(I) and consider the function

Cfix
groups(p, ε;λ) =

N
min
j=1

∑︂
I∈J(j)

∑︂
i∈I

pic
(j)
I (ε,λ(I)) =

N
min
j=1

N∑︂
i=1

picij(ε;λ) = minp⊤c(ε;λ)

with c(ε;λ) = {cij(ε;λ)}1≤i,j≤N and cij(ε;λ) = c
(j)
I (ε;λ(I)) for the unique set I ∈ J (j)

such that i ∈ I.

Analogously to the solution above, we first maximize Cfix
groups(·, ε;λ) for fixed ε ∈ [0, 1) and

λ, i.e. we consider the optimization problem

max
p∈RN

N
min
j=1

c·j(ε;λ)
⊤p

s.t. ∥p∥1 = 1 (LP1)

pi ≥ 0 ∀i = 1, . . . , N .

To convert the linear program to standard form, we introduce an additional variable z ∈ R,
unconstrained in sign, leading to the equivalent program

max
p∈RN ,z∈R

z

s.t. z ≤ c·j(ε;λ)
⊤p ∀j = 1, . . . , N (LP2)

1⊤Np = 1

pi ≥ 0 ∀i = 1, . . . , N .

The standard form of (LP2) is then given by

max
p∈RN

s,z+,z−∈R

z+ − z−

s.t. z+ − z− + s = c·j(ε;λ)
⊤p ∀j = 1, . . . , N (LP2S)

1⊤Np = 1

p1, . . . , pN , s, z
+, z− ≥ 0 .

Such a linear program in standard form can be solved by standard techniques such as the
simplex algorithm. Compared to the optimization of Cgroups(·, ε), the complementary one-
dimensional problem of maximizing Cgroups(p, ·) for fixed p can be solved rather easily.

To summarize, starting from some ε∗ > 0 and p∗ = N−11N , we propose to apply the
following two steps repeatedly (Algorithm 2B):
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1. Define

λI =
p∗
I

∥p∗
I∥1

, I ∈ J (1) ∪ . . . ∪ J (N)

and set

p∗ = argmax
p

Cfix
groups(p, ε

∗;λ),

i.e. the solution of the optimization problem (LP1) (or (LP2) or (LP2S), equiva-
lently).

2. Set ε∗ = argmaxεCgroups(p
∗, ε).

Even though Cgroups(p, ε) might be significantly smaller than C(p, ε), in some cases, this
bound is already sufficient to improve the results for ε = 0 that have been discussed in
the beginning of this section, where we have already seen that the corresponding optimal
weight vector equals p∗ = N−11N and that C(p∗, 0) = 1/N . We show an example to
illustrate that this choice is not necessarily optimal, i.e. there is some ε > 0 and a vector
p of weights such that C(p, ε) ≥ Cgroups(p, ε) > 1/N .

Example 5.5 (Fractional Brownian Motion). Let x1, . . . ,xN be N equidistant locations
in [0, 1] and γ(h) = |h|α for some α > 1. Choose p = N−11N , ε =

√
2N−1 and set

J (1) = . . . = J (N) = {{1}, . . . , {N}}. Then, for every xi there are at least ⌊N−1/α · N⌋
locations xj such that γ(xi − xj) ≤ 1/N . Thus, we obtain for large N that

C(p, ε) ≥ Cgroups(p, ε)

≥ ⌊N−1/α ·N⌋ · 1

N
·

(︄
1−

√
2

N

)︄N/2
exp

(︃
− N√

2
· 1

N

)︃
∼ N−1/α exp(−

√
2)

which is eventually larger than 1/N as α > 1.

5.4 Illustration

Finally, we illustrate the performance of Algorithm 5.1 and the rejection sampling algo-
rithm in an example. Taking up Example 5.5 in higher dimensions, we consider the case
that Z is a Brown–Resnick process associated with the variogram

γ(h) =

⃦⃦⃦⃦
h

5

⃦⃦⃦⃦1.5
, h ∈ R2,

on the grid K = {0, 0.2, . . . , 5} × {0, 0.2, . . . , 5} (N = 676 points). We run four different
algorithms:

1A. Algorithm 5.1 with proposal density fprop = f as proposed by Oesting et al. (2018b)

1B. Algorithm 5.1 with proposal density fprop =
∑︁N

i=1 pifi where p is given as the
solution of (QP) (cf. Section 5.2).

2A. Algorithm 5.2 with proposal density fprop = 1
N

∑︁N
i=1 fi and C = 1/N (equiva-

lent to the procedure proposed in de Fondeville and Davison (2018) based on sum-
normalized spectral functions)
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Figure 5.1: Vectors p (left) and p∗ (right) of optimal weights used in Algorithms 1B and
2B, respectively, for a Brown–Resnick process associated with the variogram
γ(h) = ∥h/5∥1.5 on the set K = {0, 0.2, . . . , 5}2.

2B. Algorithm 5.2 with proposal density f̃prop =
∑︁N

i=1 p
∗
i (ε

∗)gi,ε∗ and C = C(p∗, ε∗) in

(5.18) where p∗(ε∗) ∈ [0, 1]N and ε∗ ∈ (0, 1) are obtained as described in Section 5.3

Even though the laws of the Brown–Resnick process Z and the normalized spectral process
V max do not depend on the variance, but only on the variogram of the underlying Gaussian
process G, the choice of the Gaussian process may affect the performance of the algorithms.
Here, we choose the Gaussian process G whose law is uniquely defined via the construction

G(t) = G0(t)−
1

4

(︃
G0

(︃(︃
0
0

)︃)︃
+G0

(︃(︃
5
0

)︃)︃
+G0

(︃(︃
0
5

)︃)︃
+G0

(︃(︃
5
5

)︃)︃)︃
, t ∈ K,

where G0 is an arbitrary centered Gaussian process with variogram γ. Oesting and
Strokorb (2018) show that this process has a smaller maximal variance and is thus prefer-
able in the context of simulation.
We first calculate the optimal weights p = (p1, . . . , p676)

⊤ as a solution of (QP) (used
in Algorithm 1B) as well as the optimal weights p∗(ε∗) as a solution of (LP1) and the
optimal variance modification ε∗ (used in Algorithm 2B). The results for p and p∗(ε∗) are
displayed in Figure 5.1. It can be seen that, in both cases, the weights are not spatially
constant, but are larger on the boundary of the convex hull conv(K) = [0, 5]× [0, 5] with
the maximum in the corners of the square. This observation is well in line with the fact
that these points have the largest contribution to maxt∈K exp(G(t) − Var(G(t))/2) since
the variance of G attains its maximum there (see also Oesting and Strokorb, 2018).
We run Algorithm 5.1 with both proposal densities as specified above (Algorithms 1A

and 1B, respectively) to obtain two different Markov chains {W (k)
1 }k=1,...,1 000 000 and

{W (k)
2 }k=1,...,1 000 000 of length nMCMC = 1000 000. It can be seen that the empiri-

cal acceptance rate of the second chain (0.855) is remarkably higher than the one of
the first chain (0.656). The consequences on the mixing properties of the chains can
be discovered by analyzing the empirical autocorrelation functions of the time series

{∥ exp(W (k)
1 )∥∞}k=1,...,1 000 000 and {∥ exp(W (k)

2 )∥∞}k=1,...,1 000 000 which are shown in Fig-
ure 5.2. Here, the empirical autocorrelation in the second chain is drastically reduced in
comparison with the first chain, indicating that two states of the chain can be regarded
as nearly uncorrelated after roughly five steps.
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Figure 5.2: Empirical autocorrelation functions of the two different time series

{∥ exp(W (k)
1 )∥∞}k=1,...,1 000 000 (left) and {∥ exp(W (k)

2 )∥∞}k=1,...,1 000 000 (right)
obtained via Algorithms 1A and 1B, respectively. Here, by the optimal choice
of p, the autocorrelation is clearly reduced.

The rejection sampling algorithm (Algorithm 2A and Algorithm 2B) automatically gen-
erates independent realizations from the multivariate target density fmax. Therefore, we
will compare them with respect to their computational complexity. To this end, we run
them to generate a sample of size 100 000 and count the average number of simulations of
Gaussian vectors from the proposal density to generate one realization of Wmax. In case
of Algorithm 2A, this number is 203.1 which is close to the theoretical expression c−1

∞ ·N .
For Algorithm 2B, the number is improved by a factor of approximately 4.4, leading to an
average number of 45.9 Gaussian vectors to be simulated to obtain one realization from
the target distribution. This improvement is well in line with the corresponding value
C(p∗, ε∗) ≈ 0.0065 ≈ 4.4 · N−1 where N−1 corresponds to the constant C in (5.15) for
Algorithm 2A.

As the example illustrates, the two modifications we suggested may lead to significant
improvements of MCMC and rejection algorithms that have been proposed so far. Here,
only the modified rejection sampling algorithm ensures independence of exact samples
from the target distribution. However, as the example indicates, the MCMC algorithm
might be particularly attractive in practice as a thinned chain results in nearly independent
samples even if the thinning rate is rather small. Note that we also tried other examples
such as a Brownian sheet (α = 1). However, we found that significant improvements in
the rejection sampling procedure become apparent only for α > 1, see also Example 5.5.
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6 Exact Simulation of Max-Stable Processes

joint work with Clément Dombry and Sebastian Engelke

This chapter is based on the research article Dombry et al. (2016a) that has been published
in Biometrika and the corresponding supplementary material. Besides some minor modi-
fications, also some changes in the structure of the chapter have been made: the different
parts of the appendix and the supplementary material have been shifted to appropriate
places in the main body of the chapter.

Max-stable processes play an important role as models for spatial extreme events. Their
complex structure as the pointwise maximum over an infinite number of random functions
makes their simulation difficult. Algorithms based on finite approximations are often
inexact and computationally inefficient. In this chapter, we present a new algorithm
for exact simulation of a max-stable process at a finite number of locations. It relies
on the idea of simulating only the extremal functions, that is, those functions in the
construction of a max-stable process that effectively contribute to the pointwise maximum.
We further generalize the algorithm by Dieker and Mikosch (2015) for Brown–Resnick
processes and use it for exact simulation via the spectral measure. We study the complexity
of both algorithms, prove that our new approach via extremal functions is always more
efficient, and provide closed-form expressions for their implementation that cover most
popular models for max-stable processes and multivariate extreme value distributions.
For simulation on dense grids, an adaptive design of the extremal function algorithm is
proposed.

6.1 Introduction

Max-stable processes have become widely used tools to model spatial extreme events.
Occurring naturally in the context of extremes as limits of maxima of independent copies
of stochastic processes, they have found many applications in environmental science; see for
instance Coles (1993), Buishand et al. (2008), Blanchet and Davison (2011) and Davison
et al. (2012).

Any sample continuous max-stable process Z with unit Fréchet margins on some compact
domain X ⊂ Rd is characterized by a point process representation (de Haan, 1984)

Z(x) = max
i≥1

ζiψi(x), x ∈ X , (6.1)

where {(ζi, ψi), i = 1, 2, . . . } is a Poisson point process on (0,∞) × C+(X ) with intensity
measure ζ−2 dζ×ν(dψ) for some locally finite measure ν on the space C+(X ) of continuous
non-negative functions on X equipped with the Borel σ-algebra C+(X ) such that∫︂

C+(X )
ψ(x)ν(dψ) = 1, x ∈ X . (6.2)

99
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Figure 6.1: The Poisson point process {(ζi, ψi), i ≥ 1} (grey). Only finitely many (colored)
(ζi, ψi) contribute to the maximum process Z (bordered in black).

Figure 6.1 shows a realization of Z composed of those random functions of the above point
process that are maximal at some location. Due to this complex structure of max-stable
processes, in many cases, analytical expressions are only available for lower-dimensional
distributions and related characteristics need to be assessed by simulations. Moreover,
non-conditional simulation is an important part of conditional simulation procedures that
can be used to predict extreme events given some additional information (e.g., Dombry
et al., 2013; Oesting and Schlather, 2014). Thus, there is a need for fast and accurate
simulation algorithms.

As the spectral representation (6.1) involves an infinite number of functions, exact simula-
tion of Z is in general not straightforward and finite approximations are used in practice.
For the widely used Brown–Resnick processes (Kabluchko et al., 2009), Engelke et al.
(2011) and Oesting et al. (2012) exploit the fact that the representation (6.1) is not unique
in order to propose simulation procedures based on equivalent representations. However,
often these approximations do not provide satisfactory results in terms of accuracy or com-
putational effort. The effect of the approximation can be illustrated in Fig. 6.1, where an
approximate algorithm might miss one or several of the colored processes and the resulting
maximum process would be strictly smaller than the exact realization Z.

Exact simulation procedures can so far be implemented only in special cases. Schlather
(2002) proposes an algorithm that simulates the points {ζi, i ≥ 1} in (6.1) in descending
order until some stopping rule takes effect. If ν is the probability measure of a stochas-
tic process whose supremum on X is almost surely bounded or if Z is a mixed moving
maxima process with uniformly bounded and compactly supported shape function, this
procedure allows exact simulation of Z. For extremal-t processes (Opitz, 2013), the ellipti-
cal structure of Gaussian processes can be exploited to obtain exact samples (Thibaud and
Opitz, 2015). Oesting et al. (2018b) focus on a class of equivalent representations for gen-
eral max-stable processes that, in principle, allow for optimally efficient exact simulation.
They propose to simulate max-stable processes via the normalized spectral representation
with all the spectral functions sharing the same supremum. Being efficient with respect to
the number of spectral functions, the simulation of a single normalized function might be
rather intricate in some cases including Brown–Resnick processes. For the latter, Dieker
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and Mikosch (2015) derived a new representation that enables exact simulation at finitely
many locations.

Several articles focus on the simulation of finite dimensional max-stable distributions or,
equivalently, of their associated extreme value copula. Ghoudi et al. (1998) and Capéraà
et al. (2000) propose simulation procedures for certain bivariate extreme value distribu-
tions. Stephenson (2003) considers extreme value distributions of logistic type. Boldi
(2009) provides a method for exact simulation from the spectral measure of extremal
Dirichlet and logistic distributions.

In this chapter, we consider the problem of exact simulation of a general max-stable
process Z at a finite number of locations. We introduce a new procedure based on the
idea to simulate only the extremal functions (cf. Dombry and Éyi-Minko, 2012, 2013)
out of the infinite set {ζiψi, i ≥ 1}, i.e., those functions that satisfy ζiψi(x) = Z(x) for
some x ∈ X , the colored functions in Fig. 6.1. In contrast to all existing simulation
procedures, the process Z is not simulated simultaneously, but successively at different
locations, rejecting all those functions that are not compatible with the process at the
locations simulated so far. We propose also a second procedure that relies on sampling
from the spectral measure on the L1-sphere of a multivariate extreme value distribution.
Interestingly, in the case of Brown–Resnick processes, this second procedure turns out
to be identical to the algorithm by Dieker and Mikosch (2015). We prove that the new
procedure based on extremal functions is computationally more efficient than simulation
via the spectral measure. Both procedures are based on random functions following the
same type of distribution that can be easily simulated for most popular max-stable models.
Both algorithms also apply very efficiently to exact simulation of finite-dimensional max-
stable distributions or, equivalently, of the associated extreme value copulas.

6.2 Simulation via Extremal Functions

In Sections 6.2 and 6.3, we will propose two procedures for exact simulation of arbitrary
max-stable processes and distributions. More precisely, for a fixed number N ∈ N of
distinct locations x = (x1, . . . , xN ) ∈ XN , we aim at obtaining exact simulation of the
max-stable random vector

Z(x) = {Z(x1), . . . , Z(xN )}, (6.3)

where Z is a sample-continuous process given by the spectral representation (6.1). Without
loss of generality, we may restrict to processes with unit Fréchet margins as any sample-
continuous max-stable process can be obtained from a process with unit Fréchet margins
via marginal transformations. The first procedure, presented in this section, relies on
conditional distributions of the Poisson point process underlying the max-stable process.
This allows for exact simulation of (6.3) by simulating at each location only the unique
function that actually attains the maximum, see Fig. 6.1. In the following, we will briefly
present some results on the distribution of this function, the so-called extremal function.
Throughout, we write f(x) = {f(x1), . . . , f(xN )} for the restriction of a generic, possibly
random, function f to the locations x ∈ XN .

Starting from representation (6.1), we use a point process approach and recall that the
C+(X )-valued point process Φ = {ϕi}i≥1 with ϕi = ζiψi is a Poisson point process with
intensity

µ(A) =

∫︂
C+(X )

∫︂ ∞

0
1{ζψ∈A}ζ

−2 dζ ν(dψ), A ∈ C+(X ), (6.4)
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where 1{L} denotes the indicator function of a logical expression L, i.e. 1{L} = 1 if L is
true and 1{L} = 0 otherwise.

Definition 6.1. Let K ⊂ X be a nonempty compact subset. A function ϕ ∈ Φ is called
K-extremal if there is some x ∈ K such that ϕ(x) = Z(x), otherwise the function is called
K-subextremal. We denote by Φ+

K the set of K-extremal functions and by Φ−
K the set of

K-subextremal functions.

It can be shown that Φ+
K and Φ−

K are properly defined Poisson point processes. When
K = {x0}, x0 ∈ X , is reduced to a single point, it is easy to show that Φ+

{x0} is also almost

surely reduced to a single point which we denote by ϕ+x0 , termed the extremal function at
x0. The distribution of ϕ+x0 is given in the next proposition.

Proposition 6.2 (Dombry and Éyi-Minko (2013), Proposition 4.2). The random variables
Z(x0) and ϕ

+
x0/Z(x0) are independent. Furthermore, Z(x0) has a unit Fréchet distribution

and the distribution of ϕ+x0/Z(x0) is

Px0(A) = P
{︁
ϕ+x0/Z(x0) ∈ A

}︁
=

∫︂
C+(X )

1{f/f(x0)∈A}f(x0) ν(df), A ∈ C+(X ). (6.5)

By definition, ϕ+x0(x0) = Z(x0), so the distribution Px0 is supported by the subset of
functions {f ∈ C+(X ), f(x0) = 1}.

Proposition 6.3. The restricted point process Φ ∩ {f ∈ C+(X ), f(x0) > 0} is a Poisson
point process with intensity∫︂

A
1{f(x0)>0}µ(df) =

∫︂
C+(X )

∫︂ ∞

0
1{ζf∈A}ζ

−2 dζ Px0(df), A ∈ C+(X ). (6.6)

Proof. The fact that the restricted point process Φ∩{f ∈ C+(X ), f(x0) > 0} is a Poisson
point process with intensity 1{f(x0)>0}µ(df) is standard. We prove Equation (6.6). For
A ∈ C+(X ),∫︂

C+(X )

∫︂ ∞

0
1{ζf∈A}ζ

−2 dζ Px0(df) =

∫︂
C+(X )

∫︂ ∞

0
1{ζf/f(x0)∈A}ζ

−2 dζ f(x0) ν(df)

=

∫︂
C+(X )

∫︂ ∞

0
1{ζ̃f∈A}ζ̃

−2
dζ̃ 1{f(x0)>0} ν(df) =

∫︂
C+(X )

1{f∈A}1{f(x0)>0} µ(df).

Here, we use successively Equation (6.5), the change of variable ζ̃ = ζ/f(x0) with f(x0) > 0
and Equation (6.4) for the last equality.

Remark 6.4. As a consequence of (6.6), independent copies Y1, Y2, . . . of processes with
distribution Px0 result in a point process {ζiYi}i≥1 which has the same distribution as the
restricted point process Φ ∩ {f ∈ C+(X ), f(x0) > 0}. If ν({f ∈ C+(X ), f(x0) = 0}) = 0,
then Φ consists only of functions with positive value at x0 and Φ has the same distribution
as {ζiYi}i≥1. This provides an alternative point process representation of the max-stable
process Z in terms of a random process Y such that Y (x0) = 1 almost surely. Engelke
et al. (2014, 2015) exploit this representation for statistical inference on Z.

These preliminary considerations on extremal functions enable us to introduce a procedure
for exact simulation of the max-stable process Z at locations x ∈ XN . More precisely, for
n = 1, . . . , N , we consider the extremal and subextremal point processes Φ+

n = Φ+
{x1,...,xn}
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and Φ−
n = Φ−

{x1,...,xn}. We have that Φ+
n equals {ϕ+xi}1≤i≤n where the cardinality of this

set may be less than n as several locations may share the same extremal function. We
define the nth-step maximum process

Zn(x) = max
ϕ∈Φ+

n

ϕ(x) = max
1≤i≤n

ϕ+xi(x), x ∈ X . (6.7)

By the definition of extremal functions we have Z(xi) = ϕ+xi(xi) and clearly

Z(xi) = Zn(xi), i = 1, . . . , n. (6.8)

Hence, in order to exactly simulate Z at locations x, it is enough to exactly simulate
Φ+
N . We will proceed inductively and simulate the sequence (ϕ+xn)1≤n≤N according to the

following theorem.

Theorem 6.5. The distribution of (ϕ+xn)1≤n≤N is given by the following sequential proce-
dure. The initial distribution for the the extremal function ϕ+x1 has the same distribution
as F1Y1 where F1 is a unit Fréchet random variable and Y1 an independent random process
with distribution Px1 given by (6.5).
For 1 ≤ n ≤ N − 1, the conditional distribution of ϕ+xn+1

given (ϕ+xi)1≤i≤n is equal to the
distribution of

ϕ̃
+
xn+1

=

{︄
argmaxϕ∈Φ̃n+1

ϕ(xn+1), Φ̃n+1 ̸= ∅,
argmaxϕ∈Φ+

n
ϕ(xn+1), Φ̃n+1 = ∅,

where Φ̃n+1 is a Poisson point process with intensity

1{f(xi)<Zn(xi), 1≤i≤n}1{f(xn+1)>Zn(xn+1)}µ(df) (6.9)

and Zn is defined by (6.7).

Proof. The distribution of ϕ+x1 is given in Proposition 6.2. We prove the result for the
conditional distribution of ϕ+xn+1

given (ϕ+xi)1≤i≤n. Recall that Φ
+
n = {ϕ+x1 , . . . , ϕ

+
xn}. Then,

by Lemma 3.2 in Dombry and Éyi-Minko (2012), the conditional distribution of Φ−
n given

Φ+
n is equal to the distribution of a Poisson point process with intensity

1{f(xi)<Z(xi), 1≤i≤n}µ(df) = 1{f(xi)<Zn(xi), 1≤i≤n}µ(df), (6.10)

where the equality follows from Equation (6.8). In order to determine ϕ+xn+1
we focus on

the functions ϕ ∈ Φ−
n satisfying ϕ(xn+1) > Zn(xn+1) and consider the restriction

Φ̃n+1 = Φ−
n ∩ {f ∈ C+(X ), f(xn+1) > Zn(xn+1)} .

It follows from Equation (6.10) that conditionally on (ϕ+xi)1≤i≤n, Φ̃n+1 is a Poisson point

process with intensity given by Equation (6.9). We distinguish two cases. If Φ̃n+1 = ∅ then
there is no function in Φ−

n exceeding Zn at point xn+1, that is, Z(xn+1) = Zn(xn+1) and
ϕ+xn+1

= argmaxϕ∈Φ+
n
ϕ(xn+1). If Φ̃n+1 ̸= ∅ then there is some function in Φ−

n exceeding

Zn at point xn+1, that is, Z(xn+1) > Zn(xn+1) and ϕ
+
xn+1

= argmaxϕ∈Φ̃n+1
ϕ(xn+1). This

concludes the proof of Theorem 6.5.

From Theorem 6.5 one can deduce Algorithm 6.1 for exact simulation of the max-stable
process Z at locations x = (x1, . . . , xN ). According to Proposition 6.3 and Remark 6.4,
the distribution Pxn+1 can be used to simulate Φ̃n+1 with intensity (6.9). Hence, the
algorithm requires only that one can simulate from the distributions Px1 , . . . PxN , which
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Figure 6.2: Simulation of Z via Algorithm 6.1 at locations (x1, x2, x3, x4). Initial process
ϕ+x1 is always accepted (first panel). Second process ϕ+x2 is accepted as it exceeds
Z1 = ϕ+x1 at x2 but not at x1 (second panel). Third process ϕ+x3 is equal to ϕ+x2
since Φ̃3 = ∅ (third panel). First sample of Px4 (grey line) is rejected since it
exceeds Z3 at x3; second sample is valid and thus called ϕ+x4 (fourth panel).

can be easily done for the most popular max-stable models. See Section 6.4 for details.
Figure 6.2 illustrates the procedure.

Algorithm 6.1: Exact simulation of a max-stable process Z at x = (x1, . . . , xN )
via extremal functions

Simulate ζ−1 ∼ Exp(1) and Y ∼ Px1 .
Set Z(x) = ζY (x).
for n = 2, . . . , N do

Simulate ζ−1 ∼ Exp(1).
while ζ > Z(xn) do

Simulate Y ∼ Pxn .
if ζY (xi) < Z(xi) for all i = 1, . . . , n− 1 then

Update Z(x) to the componentwise maximum max{Z(x), ζY (x)}.
Simulate e ∼ Exp(1) and update ζ−1 to ζ−1 + e.

return Z

6.3 Simulation via the Spectral Measure

Dieker and Mikosch (2015) presented the first procedure for exact simulation of the finite-
dimensional distributions of stationary Brown–Resnick processes. Applying change of
measure arguments for Gaussian processes, they found an alternative representation of
these processes that can be simulated easily. In this section, we introduce an approach
relying on the spectral representation on the L1-sphere that can be applied for general
max-stable distributions. In the case of stationary Brown–Resnick processes, in Remark
6.11 we retrieve the algorithm of Dieker and Mikosch (2015).

Let us recall the spectral decomposition of the max-stable random vector Z(x) with x ∈
XN ; for details see (Resnick, 1987, Chapter 5). Following Equation (6.1), the vector
Z(x) = maxi≥1 ζiψi(x) is generated by the Poisson point process Φx = {ζiψi(x), i ≥ 1}
whose intensity measure on the cone D = [0,∞)N \ {0} is denoted by µx. Due to its
homogeneity, the exponent measure µx can be factorized into a radial part on (0,∞) and an
angular part on the unit L1-sphere SN−1 = {z ∈ D : ∥z∥ = 1}, where ∥z∥ = z1+ · · ·+ zN ,
for z = (z1, . . . , zN ) ∈ D. More precisely, a change to polar coordinates under the map
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U : D → (0,∞)× SN−1, U(z) = (∥z∥, z/∥z∥) yields

µx(F ) =

∫︂
U(F )

µx ◦ U−1(dr, ds) = N

∫︂
U(F )

r−2 dr H(ds), (6.11)

for any Borel subset F ⊂ D. The probability measure H on SN−1 is called the spectral
measure of Z(x), and it satisfies∫︂

SN−1

sjH(ds) = N−1, j = 1, . . . , N.

Equation (6.11) shows that we can represent the process Φx as

Φx = {U−1(Ri, Qi) : i ≥ 1} = {RiQi : i ≥ 1}, (6.12)

where {Ri : i = 1, 2, . . . } is a Poisson point process on (0,∞) with intensity Nr−2dr
and Q1, Q2, . . . are independently sampled from the spectral measure H on SN−1. The
advantage of this representation is that the components of Qi are bounded by 1. This
ensures that Z(x) = maxi≥1RiQi can be simulated exactly by generating the largest Ri
first until no more of the remaining points RiQi can contribute to the maximum.

The only difficulty is thus to generate the random variables Qi from the probability mea-
sure H on the (N − 1)-dimensional positive sphere SN−1. The following theorem gives
such an explicit representation for the Qi for general max-stable distributions Z(x) based
on the distributions Pxk , k = 1, . . . , N , in (6.5).

Theorem 6.6. Let T1, T2, . . . be independent copies of a random variable T with uni-
form distribution on the discrete set {1, . . . , N}. Further, for any k = 1, . . . , N , let

Y
(k)
1 , Y

(k)
2 , . . . be independent random processes with distribution Pxk as in (6.5). Then,

the SN−1-valued random variables

Qi =
Y

(Ti)
i (x)

∥Y (Ti)
i (x)∥

, i ≥ 1,

are independent with distribution H. Consequently, with {Ri, i ≥ 1} as above,

Z(x) = max
i≥1

Ri
Y

(Ti)
i (x)

∥Y (Ti)
i (x)∥

. (6.13)

Proof. For any k = 1, . . . , N , Equation (6.5) implies∫︂
C+(X )

f(xk)1{f(x)/∥f(x)∥∈A} ν(df) =

∫︂
C+(X )

1{f(x)/∥f(x)∥∈A} Pxk(df). (6.14)

We compute the µx-measure of the set U−1{(u,∞) × A} for u > 0 and a Borel set
A ⊂ SN−1.

µx[U
−1{(u,∞)×A}] =

∫︂
C+(X )

∫︂ ∞

0
1{ζ∥f(x)∥>u}1{f(x)/∥f(x)∥∈A}ζ

−2dζ ν(df)

=
1

u

∫︂
C+(X )

∥f(x)∥1{f(x)/∥f(x)∥∈A} ν(df) =
1

u

N∑︂
k=1

∫︂
C+(X )

f(xk)1{f(x)/∥f(x)∥∈A} ν(df)
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=
1

u

N∑︂
k=1

∫︂
C+(X )

1{f(x)/∥f(x)∥∈A} Pxk(df) =
N

u

1

N

N∑︂
k=1

∫︂
C+(X )

1{f(x)/∥f(x)∥∈A} Pxk(df),

(6.15)

where the penultimate equality follows from (6.14). Let Y (k), k = 1, . . . , N , be independent
random processes with distribution Pxk , respectively, and let T be an independent uniform
random variable on {1, . . . , N}, then Equation (6.15) can be restated as

µx[U
−1{(u,∞)×A}] = N

u
P
{︂
Y (T )(x)/∥Y (T )(x)∥ ∈ A

}︂
.

Comparing this with (6.11) yields the assertion of the theorem.

Theorem 6.6 shows how to simulate from the spectral measure H. It requires only to be
able to simulate from the distributions Pxk , k = 1, . . . , N . Algorithm 6.2, an adaptation
of Schlather’s (2002) algorithm, provides an exact sample from the max-stable process Z
at locations x.

Algorithm 6.2: Exact simulation of a max-stable process Z at x = (x1, . . . , xN )

Simulate ζ−1 ∼ Exp(N) and set Z(x) = 0.
while ζ > min{Z(x1), . . . , Z(xN )} do

Simulate T uniform on {1, . . . , N} and Y according to the law PxT .
Update Z(x) by the componentwise max{Z(x), ζY (x)/∥Y (x)∥}.
Simulate e ∼ Exp(N) and update ζ−1 by ζ−1 + e.

return Z

Both Algorithm 6.1 and Algorithm 6.2 include the simulation of random functions with
distributions Px0 in (6.5), x0 ∈ X . In Section 6.4 we provide closed-form expressions
for various important examples of max-stable process and multivariate extreme value
distributions.

6.4 Examples

6.4.1 Moving maximum process

The parameter space is X = Zd or Rd and λ denotes the counting measure or the Lebesgue
measure, respectively. A moving maximum process on X is a max-stable process of the
form

Z(x) = max
i≥1

ζih(x− χi), x ∈ X , (6.16)

where {(ζi, χi), i = 1, 2, . . . } is a Poisson point process on (0,∞)×X with intensity measure
ζ−2dζ × λ(dχ) and h : X → [0,∞) is a continuous function satisfying

∫︁
X h(x)λ(dx) = 1.

A popular example is the Gaussian extreme value process proposed in Smith (1990) where
h is a multivariate Gaussian density on Rd.

Proposition 6.7. Consider the moving maximum process (6.16). For all x0 ∈ X , the
distribution Px0 is equal to the distribution of the random function

h(·+ χ− x0)

h(χ)
, χ ∼ h(u)λ(du).
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Proof. In the case of the moving maximum process (6.16), the measure ν associated with
the representation (6.1) is

ν(A) =

∫︂
X
1{h(·−χ)∈A}λ(dχ), A ∈ C+(X ).

We deduce from Proposition 6.2,

Px0(A) =

∫︂
C+(X )

1{f/f(x0)∈A}f(x0) ν(df) =

∫︂
X
1{h(·−χ)/h(x0−χ)∈A}h(x0 − χ)λ(dχ)

=

∫︂
X
1{h(·+u−x0)/h(u)∈A}h(u)λ(du)

where the last line follows from the simple change of variable x0 −χ = u. This proves the
result since h(u)λ(du) is a density function on X .

6.4.2 Brown–Resnick process

We consider max-stable processes obtained by representation (6.1) where ν is a probability
measure on C+(X ) given by

ν(A) = P
(︃
exp

{︃
W (·)− σ2(·)

2

}︃
∈ A

)︃
, A ∈ C+(X ), (6.17)

with {W (x), x ∈ X} being a sample-continuous centered Gaussian process on X with
variance σ2(x) = E{W (x)2}. In other words, ν is the distribution of the log-normal
process Y (x) = exp

{︁
W (x)− σ2(x)/2

}︁
, x ∈ X .

An interesting phenomenon arises when X = Zd or Rd and W has stationary increments:
Kabluchko et al. (2009) show that the associated max-stable process Z is then stationary
with distribution depending only on the semi-variogram

γ(h) =
1

2
E
[︁
{W (h)−W (0)}2

]︁
, h ∈ X .

The stationary max-stable process Z is called a Brown–Resnick process. However, our
results apply both in the stationary and non-stationary case (cf., Kabluchko, 2011) and
unless stated otherwise we do not assume that W has stationary increments.

Proposition 6.8. Consider the Brown–Resnick type model (6.17). For all x0 ∈ X , the
distribution Px0 is equal to the distribution of the log-normal process

˜︁Y (x) = exp
[︂
W (x)−W (x0)−

1

2
Var{W (x)−W (x0)}

]︂
, x ∈ X .

The proof of Proposition 6.8 relies on the following lemma on exponential changes of
measures for Gaussian processes. Note that the distribution of Px0 is strongly connected
to the notion of conditional intensity introduced in Dombry et al. (2013) and that the
formula are similar.

Lemma 6.9. The distribution of the random process (W (x))x∈X under the transformed
probability measure ˆ︁P = eW (x0)−σ2(x0)/2dP is equal to the distribution of the Gaussian
random process

W (x) + c(x0, x), x ∈ X ,

where c(x, y) denotes the covariance between W (x) and W (y).
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Proof. We need to consider finite dimensional distributions only and we compute for some
x1, . . . , xk ∈ X the Laplace transform of (W (xi))1≤i≤k under the transformed probability

measure ˆ︁P. For all θ = (θ1, . . . , θk) ∈ Rk, we have

ˆ︁E{︂e∑︁k
i=1 θiW (xi)

}︂
= E

{︂
eW (x0)−σ2(x0)/2e

∑︁k
i=1 θiW (xi)

}︂
= exp

(︃
1

2
θ̃
⊤
Σθ̃ − 1

2
σ2(x0)

)︃
,

(6.18)

with θ̃ = (1, θ) ∈ Rk+1 and Σ̃ = (c(xi, xj))0≤i,j≤k the covariance matrix. We introduce the
block decomposition

Σ̃ =

(︃
σ2(x0) Σ0,k

Σk,0 Σ

)︃
with Σ = (c(xi, xj))1≤i,j≤k and Σk,0 = Σ⊤

0,k = (c(x0, xi))1≤i≤k. The exponent in Equation
(6.18) can be rewritten as

1

2
θ̃
⊤
Σ̃θ̃ − 1

2
σ2(x0) =

1

2

{︂
σ2(x0) + θ⊤Σθ + 2θ⊤Σk,0

}︂
− 1

2
σ2(x0) = θ⊤Σk,0 +

1

2
θ⊤Σθ.

We recognize the Laplace transform of a Gaussian random vector with mean Σk,0 and
covariance matrix Σ whence the lemma follows.

Proof of Proposition 6.8. Equations (6.5) and (6.17) together with Lemma 6.9 yield, for
all A ∈ C+(X ),

Px0(A) =

∫︂
C+(X )

1{f/f(x)∈A}f(x) ν(df)

= E
[︂
eW (x0)− 1

2
σ2(x0)1{exp(W (·)− 1

2
σ2(·))/ exp(W (x0)+

1
2
σ2(x0))∈A}

]︂
= ˆ︁P(︃exp [︃W (·)−W (x0)−

1

2

{︁
σ2(·)− σ2(x0)

}︁]︃
∈ A

)︃
= P

(︃
exp

[︃
W (·) + c(x0, ·)−W (x0)− c(x0, x0)−

1

2

{︁
σ2(·)− σ2(x0)

}︁]︃
∈ A

)︃
= P

(︃
exp

[︃
W (·)−W (x0)−

1

2

{︁
σ2(·) + σ2(x0)− 2c(x0, ·)

}︁]︃
∈ A

)︃
.

Using the fact that for all x ∈ X

σ2(x) + σ2(x0)− 2c(x0, x) = Var[W (x)−W (x0)]

we deduce that Px0 is equal to the distribution of the log-normal process

˜︁Y (x) = exp
[︂
W (x)−W (x0)−

1

2
Var {W (x)−W (x0)}

]︂
, x ∈ X .

This proves Proposition 6.8.

Remark 6.10. The finite dimensional margins of Brown–Resnick processes are Hüsler
and Reiss (1989) distributions and the above therefore provides a method for their exact
simulation.

Remark 6.11. For stationary Brown–Resnick processes, i.e., when W has stationary
increments with W (0) = 0, it is easy to deduce from Proposition 6.8 that Px0 is equal to
the distribution of

exp {W (x− x0)− γ(x− x0)} , x ∈ X .
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Thus, Theorem 6.6 yields

Z(x) = max
i≥1

Ri
exp{Wi(x− Ti)− γ(x− Ti)}∑︁N

ℓ=1 exp{Wi(xℓ − Ti)− γ(xℓ − Ti)}

where {Ri : i = 1, 2, . . . } is a Poisson point process on (0,∞) with intensity Nr−2dr,
T1, T2, . . . are independent with uniform distribution on {x1, . . . , xN} and W1,W2, . . . are
independent copies of W . The same representation appears in Dieker and Mikosch (2015),
so Algorithm 6.2 is identical to Dieker and Mikosch procedure in this case.

6.4.3 Extremal-t process

We consider the so called extremal-t max-stable process (cf. Opitz, 2013) defined by rep-
resentation (6.1) with ν the distribution of the random process

Y (x) = cαmax{0,W (x)}α, x ∈ X , (6.19)

where α > 0, cα = π1/22−(α−2)/2/Γ {(1 + α)/2}, and W a sample-continuous centered
Gaussian process on X with unit variance and covariance function c. For α = 1, the cor-
responding max-stable process in (6.1) coincides with the widely used extremal Gaussian
process of Schlather (2002).

Proposition 6.12. Consider the extremal-t model (6.19). For all x0 ∈ X , the distribution
Px0 is equal to the distribution of max(T, 0)α, where T = (T (x))x∈X is a Student process
with α+ 1 degrees of freedom, location and scale functions given respectively by

µ(x) = c(x0, x), ĉ(x1, x2) =
c(x1, x2)− c(x0, x1)c(x0, x2)

(α+ 1)
.

It is worth noting that the formula for Px0 provided in Proposition 6.12 is similar to
the formula for the conditional intensity of the extremal-t process that was computed in
Ribatet (2013).
The proof of Proposition 6.12 is based on the following lemma.

Lemma 6.13. The distribution of the random process (W (x)/W (x0))x∈X under the trans-

formed probability measure ˆ︁P = cαW (x0)
α
+dP is equal to the distribution of a Student

process with α+ 1 degrees of freedom, location and scale functions given respectively by

µk = Σk,0 and ˆ︁Σk = Σk − Σk,0Σ0,k

α+ 1
,

where Σk = (c(xi, xj))1≤i,j≤k and Σk,0 = Σ⊤
0,k = (c(x0, xi))1≤i≤k.

Proof. We consider finite dimensional distributions only. Let k ≥ 1 and x1, . . . , xk ∈ X .
We first assume that the covariance matrix ˜︁Σ = (c(xi, xj))0≤i,j≤k is non singular so that
(W (xi))0≤i≤k has density

g̃(y) = (2π)−(k+1)/2 det(˜︁Σ)−1/2 exp

(︃
−1

2
y⊤˜︁Σ−1y

)︃
with y = (yi)0≤i≤k.

Setting z = (yi/y0)1≤i≤k, we have for all Borel sets A1, . . . , Ak ⊂ R

ˆ︁P{︃W (xi)

W (x0)
∈ Ai, i = 1, . . . , k

}︃
=

∫︂
Rk+1

1{yi/y0∈Ai, i=1,...,k}cα(y0)
α
+g̃(y) dy
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=

∫︂
Rk

1{zi∈Ai, i=1,...,k}

{︂∫︂ ∞

0
cα(y0)

α
+g̃(y0, y0z) y

k
0 dy0

}︂
dz

We deduce that under ˆ︁P, the random vector (W (xi)/W (x0))1≤i≤k has density

g(z) =

∫︂ ∞

0
cαy

k+α
0 g̃(y0, y0z) dy0

= cα(2π)
−(k+1)/2 det(˜︁Σ)−1/2

∫︂ ∞

0
yk+α0 exp

(︂
− z̃⊤˜︁Σ−1z̃

2
y20

)︂
dy0

with z̃ = (1, z). Using the change of variable u = 1
2 z̃

⊤˜︁Σ−1z̃y20, we get∫︂ ∞

0
yk+α0 exp

(︂
− z̃⊤˜︁Σ−1z̃

2
y20

)︂
dy0 =

1

2

(︂ z̃⊤˜︁Σ−1z̃

2

)︂−α+k+1
2

∫︂ ∞

0
u(k+α−1)/2 exp (−u) du

=
1

2

(︂ z̃⊤˜︁Σ−1z̃

2

)︂−α+k+1
2

Γ
(︂k + α+ 1

2

)︂
and we obtain after simplification

g(z) = π−k/2
Γ
(︁
k+α+1

2

)︁
Γ
(︁
α+1
2

)︁ det(˜︁Σ)−1/2
{︂
z̃⊤˜︁Σ−1z̃

}︂−α+k+1
2

.

Introducing the block decomposition ˜︁Σ =

(︃
1 Σ0,k

Σk,0 Σk

)︃
, the inverse matrix is

˜︁Σ−1 =

(︃
1 + Σ0,k(Σk − Σk,0Σ0,k)

−1Σk,0 −Σ0,k(Σk − Σk,0Σ0,k)
−1

−(Σk − Σk,0Σ0,k)
−1Σk,0 (Σk − Σk,0Σ0,k)

−1

)︃
.

By the definition of µk and ˆ︁Σk, we have

˜︁Σ−1 =
1

1 + α

(︄
1 + α+ µ⊤k

ˆ︁Σ−1
k µk −µ⊤k ˆ︁Σ−1

k

−ˆ︁Σ−1
k µk ˆ︁Σ−1

k

)︄
and

z̃⊤˜︁Σ−1z̃ = (1, z)⊤˜︁Σ−1(1, z) = 1 +
(z − µk)

⊤ˆ︁Σ−1
k (z − µk)

α+ 1

Finally, we obtain after simplification

g(z) = π−k/2(α+ 1)−k/2
Γ
(︁
k+α+1

2

)︁
Γ
(︁
α+1
2

)︁ det(ˆ︁Σk)−1/2

{︃
1 +

(z − µk)
⊤ˆ︁Σ−1

k (z − µk)

α+ 1

}︃−α+k+1
2

.

We recognize the k-variate Student density with α + 1 degrees of freedom, location pa-
rameter µk and scale matrix Σ̂k.

Proof of Proposition 6.12. Consider the set

A = {f ∈ C+(X ) : f(x1) ∈ A1, . . . , f(xk) ∈ Ak}.

Equations (6.5) and (6.19) together with Lemma 6.13 yield,

Px0(A) =

∫︂
C+(X )

1{f/f(x)∈A}f(x) ν(df) = E
[︂
cαW (x0)

α
+1{W (xi)α+/W (x0)α+∈Ai, i=1,...,k}

]︂
= ˆ︁P{︁W (xi)

α
+/W (x0)

α
+ ∈ Ai, i = 1, . . . , k

}︁
= P

{︁
(Ti)

α
+ ∈ Ai, i = 1, . . . , k

}︁
where T = (T1, . . . , Tk) has a multivariate Student distribution with α + 1 degrees of
freedom, location parameter µk and dispersion matrix ˆ︁Σk. This proves the result.
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6.4.4 Multivariate extreme value distributions

In this section, we review some popular models for multivariate extreme value distribu-
tions, i.e., the case when X = {1, . . . , N} in (6.1) is a finite set for some fixed N ∈ N.
For these models, we explicitly calculate the measure Pj0 for any j0 = 1, . . . , N . Unless
otherwise stated, all random vectors are N -dimensional in this section. For more details
on the models, we refer to Gudendorf and Segers (2010).

Logistic model

The symmetric logistic model in dimension N with parameter θ ∈ (0, 1] corresponds to
the max-stable random vector with cumulative distribution function

P{Z ≤ z} = exp

{︄
−
(︃∑︂N

j=1
z
−1/θ
j

)︃θ}︄
, z = (z1, . . . , zN ) ∈ (0,∞)N . (6.20)

Proposition 6.14. Let β = 1/θ. In the logistic model (6.20), the probability measure Pj0
for any j0 = 1, . . . , N is equal to the distribution of the random vector(︃

F1

Fj0
, . . . ,

FN
Fj0

)︃
where F1, . . . , FN are independent, Fj, j ̸= j0, follows a Fréchet(β, cβ) distribution with
scale parameter cβ = Γ(1− 1/β)−1 and (Fj0/cβ)

−β follows a Gamma(1− 1/β, 1) distribu-
tion.

Proof. It is easily shown that the logistic model admits the representation

Z = max
i≥1

ζiFi

where the Fi are independent random vectors with independent Fréchet(β, cβ)-distributed
components. To check this, we compute

E
(︃

N
max
j=1

Fj
zj

)︃
=

∫︂ ∞

0
P
(︃

N
max
j=1

Fj
zj

> u

)︃
du =

∫︂ ∞

0

{︃
1−

∏︂N

j=1
P(Fj < zju)

}︃
du

=

∫︂ ∞

0

{︃
1−

∏︂N

j=1
e−(zju/cβ)

−β
}︃
du =

∫︂ ∞

0

{︃
1− e−u

−β∑︁N
j=1(zj/cβ)

−β
}︃
du

=

(︃∑︂N

j=1
z−βj

)︃1/β

.

For the computation of the last integral, we recognize the expectation of a Fréchet distri-
bution. Next we use the fact that Pj0 is the distribution of F/Fj0 under the transformed
density

yj0

N∏︂
k=1

β

cβ

(︃
yk
cβ

)︃−1−β
e−(yk/cβ)

−β
.

We recognize a product measure where the jth margin, j ̸= j0, has a Fréchet(β, cβ)
distribution. The j0th marginal has density

yj0
β

cβ

(︃
yj0
cβ

)︃−1−β
e−(yj0/cβ)

−β

and a simple change of variable reveals that this expression is the density of cβZ
−1/β with

Z ∼ Gamma(1− 1/β, 1).
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Remark 6.15. The asymmetric logistic distribution can be represented as the mixture
of symmetric logistic distributions; see Theorem 1 in Stephenson (2003), for instance.
As a consequence, Proposition 6.14 also enables exact simulation of asymmetric logistic
distributions.

Negative logistic model

The negative logistic model in dimension N with parameter θ > 0 corresponds to the
max-stable random vector Z with cumulative distribution function

P{Z ≤ z} = exp

⎧⎨⎩ ∑︂
∅̸=J⊂{1,...,N}

(−1)|J |
(︂∑︂

j∈J
zθj

)︂−1/θ

⎫⎬⎭ , z ∈ (0,∞)N . (6.21)

Proposition 6.16. In the negative logistic model (6.21), the probability measure Pj0 for
any j0 = 1, . . . , N is equal to the distribution of the random vector(︃

W1

Wj0

, . . . ,
WN

Wj0

)︃
where W1, . . . ,WN are independent, Wj, j ̸= j0, follows a Weibull(θ, cθ) distribution with
scale parameter cθ = Γ(1 + 1/θ)−1 and (Wj0/cθ)

θ follows a Γ(1 + 1/θ, 1) distribution.

Proof. Similarly to the logistic model, we have the spectral representation

Z = max
i≥1

ζiWi

where theWi are independent random vectors with independent Weibull(θ, cθ)-distributed
components with scale parameter cθ =

1
Γ(1+1/θ) . To check this, we compute

E
(︃

N
max
j=1

Wj

zj

)︃
=

∫︂ ∞

0
P
(︃

N
max
j=1

Wj

zj
> u

)︃
du =

∫︂ ∞

0

⎧⎨⎩1−
N∏︂
j=1

P(Wj < zju)

⎫⎬⎭ du

=

∫︂ ∞

0

⎡⎣1− N∏︂
j=1

{︂
1− e−(zju/cθ)

θ
}︂⎤⎦ du = −

∑︂
J

(−1)|J |
∫︂ ∞

0
e−u

θ
∑︁
j∈J (zj/cθ)

θ

du

= −
∑︂
J

(−1)|J |

⎧⎨⎩∑︂
j∈J

(zj/cθ)
θ

⎫⎬⎭
−1/θ

Γ(1 + 1/θ) = −
∑︂
J

(−1)|J |

⎛⎝∑︂
j∈J

zθj

⎞⎠−1/θ

.

For the computation of the last integral, we recognize the expectation of a Weibull distri-
bution. As for the logistic model, Pj0 is the distribution of W/Wj0 under the transformed
density

yj0

N∏︂
k=1

θ

cθ

(︃
yk
cθ

)︃θ−1

e−(yk/cθ)
θ
.

We recognize a product measure where the jth margin, j ̸= j0 has a Weibull(θ, cθ) distri-
bution. The j0th marginal has density

yj0
θ

cθ

(︃
yj0
cθ

)︃θ−1

e−(yj0/cθ)
θ

and a simple change of variable reveals that this expression is the density of cθZ
1/θ with

Z ∼ Gamma(1 + 1/θ, 1).
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Dirichlet mixture model

The Dirichlet mixture model was introduced by Boldi and Davison (2007). In dimension
N , the model corresponds to the max-stable random vector given by

Z = max
i≥1

ζi(NYi) (6.22)

where the Yi’s are independent identically distributed random vectors on the simplex

SN−1 =

{︃
y ∈ [0, 1]n :

∑︂N

j=1
yj = 1

}︃
.

The distribution of each Yi is a mixture of m Dirichlet models, i.e., its Lebesgue density
is of the form

h(y) =
m∑︂
k=1

πkdiri(y | α1k, . . . , αNk), y = (y1, . . . , yN ) ∈ SN−1, (6.23)

where πk ≥ 0, k = 1, . . . ,m such that
∑︁m

k=1 πk = 1, αik > 0, i = 1, . . . , N , k = 1, . . . ,m,
and

diri(y | α1, . . . , αN ) =
1

B(α)

N∏︂
j=1

y
αj−1
j , B(α) =

∏︁N
j=1 Γ(αj)

Γ(
∑︁N

j=1 αj)
. (6.24)

Here, the parameters πk and αik, i = 1, . . . , N , k = 1, . . . ,m, are such that

E(Yj) =

m∑︂
k=1

πk
αjk∑︁N
i=1 αik

=
1

N
, j = 1, . . . , N.

Proposition 6.17. In the Dirichlet model (6.22), we have for any j0 = 1, . . . , N that

Pj0 =
∑︁m

k=1 π̂kP
(k)
j0

where π̂k = πkαj0k/(
∑︁N

i=1 αik) and P
(k)
j0

is equal to the distribution of
the random vector (︄

G
(k)
1

G
(k)
j0

, . . . ,
G

(k)
N

G
(k)
j0

)︄

and G
(k)
1 , . . . , G

(k)
N are independent random variables with

G
(k)
j0

∼ Gamma(αj0k + 1, 1), Gj ∼ Gamma(αjk, 1), j ̸= j0.

Proof. By definition, Pj0 has the form

Pj0(A) = N

m∑︂
k=1

πk

∫︂
SN−1

yj01{y/yj0∈A}diri(y | α1k, . . . , αNk) dy

= N
m∑︂
k=1

π̂k

∫︁
SN−1

yj01{y/yj0∈A}diri(y | α1k, . . . , αNk) dy∫︁
SN−1

yj0diri(y | α1k, . . . , αNk) dy
, A ⊂ (0,∞)N .

Thus, Pj0 is given as the mixture Pj0 =
∑︁m

k=1 π̂kP
(k)
j0

, where for each k = 1, . . . ,m, the

probability measure P
(k)
j0

is equal to the distribution of the random vector Ỹ
(k)
/Ỹ

(k)
j0 , and

Ỹ
(k)

has a transformed density proportional to yj0
∏︁N
j=1 y

αj−1
j . We recognize the Dirichlet

distribution with parameters α̃1k, . . . , α̃Nk given by

α̃j0k = αj0k + 1 and α̃jk = αjk j ̸= j0.
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It is well known that Dirichlet distributions can be expressed in terms of Gamma distri-
butions. More precisely, we have the stochastic representation

Ỹ
(k)

=

⎛⎝G(k)
1

/︃ N∑︂
j=1

G
(k)
j , . . . , G

(k)
N

/︃ N∑︂
j=1

G
(k)
j

⎞⎠ ,

where G
(k)
j are independent Gamma(α̃jk, 1) random variables. The result follows since

P
(k)
j0

is the distribution of Ỹ
(k)
/Ỹ

(k)
j0 .

6.5 Complexity of the Algorithms

In this section, we assess the complexity of Algorithms 6.1 and 6.2 as a function of the
number N of simulation sites. Both algorithms contain the simulation of exponential
random variables e and the simulation of N -dimensional random vectors Y (x) according
to a mixture of the laws Px1 , . . . , PxN . The simulation of e involves much less computa-
tional effort than the simulation of Y and can therefore be neglected in the analysis of
the algorithmic complexity. We thus consider the number C1(N) and C2(N) of random
vectors Y (x) that must be simulated by Algorithm 6.1 and 6.2 respectively to obtain one
exact simulation of Z(x). The following proposition provides simple expressions for the
expectations E(C1(N)) and E(C2(N)).

Proposition 6.18. The expected number of random vectors Y (x) that are needed for exact
simulation of Z at x = (x1, . . . , xN ) are:

Algorithm 6.1: E{C1(N)} = N

Algorithm 6.2: E{C2(N)} = NE
{︃

max
i=1,...,N

Z(xi)
−1

}︃
Furthermore, E{C1(N)} ≤ E{C2(N)}, with equality if and only if Z(x1) = · · · = Z(xN )
almost surely.

Proof. In order to analyze the complexity of Algorithm 6.1, we consider each step of the
algorithm separately. In the nth step, i.e. for sampling the process perfectly at site xn,
we simulate Poisson points ζ and stochastic processes Y , until one of the following two
conditions is satisfied:

(a) ζ < Zn−1(xn). This condition is checked directly after the simulation of ζ and, in
this case, no stochastic process Y needs to be simulated.

(b) ζ > Zn−1(xn) and ζY (xi) ≤ Z(xi) for all 1 ≤ i < n − 1. In this case, Z is updated
and ζY is an extremal function as it contributes to Z at site xn (and possibly also
at some of the sites xn+1, . . . , xN ).

Thus, any stochastic process that is simulated is either rejected, i.e. it is not considered
as contribution to Z as it does not respect all the values Z(x1), . . . , Z(xn−1), or it leads

to an extremal function. Denoting by Φ(n) = {(ξ(n)i , ψ
(n)
i ), i ≥ 1} a Poisson point process

on (0,∞)× C+(X ) with intensity measure ξ−2dξ Pxn(dψ), the random number C1(N) of
processes simulated in Algorithm 6.1 satisfies

C1(N) = |Φ+
{x1,...,xN}|+

∑︂N

n=2

⃓⃓⃓⃓{︃
i ≥ 1 : ξ

(n)
i > Z(xn), ξ

(n)
i >

n−1
min
j=1

Z(xj)

ψ
(n)
i (xj)

}︃⃓⃓⃓⃓
. (6.25)
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In this formula, the term |Φ+
{x1,...,xN}| is the number of extremal functions that need to

be simulated, and the term with index n in the sum is the number of functions that are

simulated but rejected since ξ
(n)
i ψ

(n)
i (xj) > Z(xj) for some j ≤ n−1. For the computation

of the expectation of the second term, conditionally on Φ+
{x1,...,xn−1}, i.e. for fixed Z(xj),

1 ≤ j ≤ n− 1, the two sets

Φ
(n)
1 = {(ξ(n)i , ψ

(n)
i ) : ξ

(n)
i ψ

(n)
i (xj) > Z(xj) for some j = 1, . . . , n− 1}

and Φ
(n)
2 = {(ξ(n)i , ψ

(n)
i ) : ξ

(n)
i ψ

(n)
i (xj) ≤ Z(xj) for all j = 1, . . . , n− 1}

are restrictions of the Poisson point process Φ(n) to disjoint sets and, thus, are indepen-
dent Poisson point processes with intensities ξ−21{ξ>minn−1

j=1 (Z(xj)/ψ(xj))}dξ Pxn(dψ) and

ξ−21{ξ<minn−1
j=1 (Z(xj)/ψ(xj))}dξ Pxn(dψ), respectively. Conditioning further on Φ

(n)
2 , Z(xn)

is also fixed and we obtain

E
[︃⃓⃓⃓⃓{︃

(ξ
(n)
i , ψ

(n)
i ) : ξ

(n)
i > Z(xn), ξ

(n)
i >

n−1
min
j=1

Z(xj)

ψ
(n)
i (xj)

}︃⃓⃓⃓⃓]︃
= E

(︂
E
[︂⃓⃓⃓{︂

(ξ, ψ) ∈ Φ
(n)
1 : ξ > Z(xn)

}︂⃓⃓⃓ ⃓⃓⃓
Φ+
{x1,...,xn−1}, Φ

(n)
2

]︂)︂
= E

[︃ ∫︂ ∫︂
ξ−21{ξ>Z(xn)}1

{︃
ξ>minn−1

j=1

Z(xj)

ψ(xj)

}︃dξ Pxn(dψ)
]︃
= E

[︃
min

{︃
1

Z(xn)
,
n−1
max
j=1

Yn(xj)

Z(xj)

}︃]︃

where Yn ∼ Pxn and Z are independent. The relation min{a, b} = a + b − max{a, b},
a, b ∈ R, and the fact that Yn(xn) = 1 almost surely yield

E
[︃⃓⃓⃓⃓{︃

(ξ
(n)
i , ψ

(n)
i ) : ξ

(n)
i > Z(xn), ξ

(n)
i >

n−1
min
j=1

Z(xj)

ψ
(n)
i (xj)

}︃⃓⃓⃓⃓]︃
= E

{︃
1

Z(xn)

}︃
+ E

{︃
n−1
max
j=1

Yn(xj)

Z(xj)

}︃
− E

{︃
n

max
j=1

Yn(xj)

Z(xj)

}︃
= 1 + E

(︂
|Φ+

{x1,...,xn−1}|
)︂
− E

(︂
|Φ+

{x1,...,xn}|
)︂
,

as E(|Φ+
{x1,...,xn}|) = E{maxnj=1 Yn(xj)/Z(xj)} by Lemma 4.5 in Oesting et al. (2018b).

Thus, by (6.25), we obtain

E {C1(N)} = E
(︂
|Φ+

{x1,...,xN}|
)︂
+

N∑︂
n=2

{︂
1 + E

(︂
|Φ+

{x1,...,xn−1}|
)︂
− E

(︂
|Φ+

{x1,...,xn}|
)︂}︂

= N − 1 + E
(︂
|Φ+

{x1}|
)︂
= N.

Moreover, by (6.2), we have that EZ(xi)−1 = 1 for i = 1, . . . , N , and, thus,

E
{︂

N
max
i=1

Z(xi)
−1
}︂
≥ 1,

with equality if only if Z(x1) = · · · = Z(xN ) holds almost surely.
The expectation of C2(N) can be calculated similarly to Proposition 4.6 in Oesting et al.
(2018b).

Remark 6.19. The expectation of C1(N) does not depend on Z(x). Further charac-
teristics of its distribution such as its variance however depend strongly on the model
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ε µ̄1 µ̄2 σ̄1 σ̄2
0.25 291 1037 195 605
0.5 79 260 53 149
1 25 68 15 40
2 9 21 5 12

Table 6.1: Empirical means µ̄1 and µ̄2 and standard deviations σ̄1 and σ̄2 of the number of
random vectors to be simulated to obtain an exact sample of a Brown–Resnick
process on the grid (εZ∩[−2, 2])×(εZ∩[−2, 2]) via Algorithm 6.1 and Algorithm
6.2, respectively.

and apparently cannot be readily expressed by an explicit formula in the general case.
The following simple examples may provide some further insight into the distribution of
C1(N). In the case of independent random variables Z(xi), 1 ≤ i ≤ N , the extremal
function at xi is Z(xi)1{xi}(·) which is why, at each step of Algorithm 6.1, a new extremal
function is simulated and accepted, whence C1(N) ≡ N . In contrast, for completely de-
pendent random variables Z(xi) ≡ Z(x1), there is only one extremal function, namely
the constant function x ↦→ Z(x1), the one simulated at the first location. At each further
step of Algorithm 6.1, all proposed extremal functions are rejected. The number C1(N)
follows a geometric distribution with success probability 1/N and, thus, E{C1(N)} = N
and Var{C1(N)} = N(N − 1). In this case, C1(N) and C2(N) share not only the same
mean, cf. Proposition 6.18), but also the same distribution.

We conclude this section with some comments on the complexity of our algorithms and
a comparison with other exact simulation procedures. Proposition 6.18 shows that, for
any max-stable process, Algorithm 6.1 is more efficient than Algorithm 6.2 in terms of
the expected number of simulated functions. As the spectral functions follow either of
the laws Px1 , . . . , PxN or a mixture of these, the simulation of a single spectral function is
equally complex in both cases. Thus, the new Algorithm 6.1 based on extremal functions
is always preferable to Algorithm 6.2.

The differences in complexity of the two algorithms are further illustrated in a simulation
study. We consider exact simulations of the Brown–Resnick process associated to the
variogram γ(h) = ∥h∥ on a grid (εZ ∩ [−2, 2]) × (εZ ∩ [−2, 2]). For ε ∈ {0.25, 0.5, 1, 2},
Algorithms 6.1 and 6.2 are run 10000 times. The empirical means µ̄1 and µ̄2 and standard
deviations σ̄1 and σ̄2 of C1(N) and C2(N), respectively, are reported in Table 6.1. It
can be seen that both the mean and the standard deviation are remarkably larger in case
of Algorithm 6.2. The corresponding histograms for C1(N) and C2(N) are displayed in
Figure 6.3 for the cases ε = 0.5 and ε = 1.

Finally, we briefly comment on exact simulation via the normalized spectral representation
proposed by Oesting et al. (2018b). By Proposition 4.6 in Oesting et al. (2018b), the
number C3(N) of simulated normalized spectral functions in this algorithm satisfies

E{C3(N)} =
{︂∫︂

max
i=1,...,N

ψ(xi) ν(dψ)
}︂
E
{︂

max
i=1,...,N

Z(xi)
−1
}︂

(6.26)

and, thus, depends both on the geometry of the set {x1, . . . , xN} and on the law of the
max-stable process Z. In general, the numbers E{C3(N)} and E{C1(N)} can however
not directly be used to compare the complexity of simulation via the normalized spectral
representation and simulation via extremal functions, because the distribution and the
simulation complexity of a single random function are different for the two algorithms. As
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Figure 6.3: Histograms for C1(N) (grey) and C2(N) (white) based on 10000 exact simu-
lations of an original Brown–Resnick process on the grid (εZ∩ [−2, 2])× (εZ∩
[−2, 2]) for ε = 1 (left) and ε = 0.5 (right), respectively.

we have seen in Section 6.4, the random functions in Algorithms 6.1 and 6.2 with distri-
butions Px0 in (6.5), x0 ∈ X , can be simulated efficiently for the most popular max-stable
process and extreme value copula models. For the normalized spectral function, exact
and efficient simulation procedures are only known for some cases such as mixed moving
maxima processes, but are unavailable in other cases like Brown–Resnick or extremal-t
processes. For this reason, simulation via Algoritm 6.1 is often preferable to simulation
via the normalized spectral representation when E{C1(N)} > E{C3(N)}.

6.6 Simulation on Dense Grids

In many applications, one is interested in simulating a max-stable process Z on a dense
grid, e.g., x = X ∩ (εZ)d. As discussed in Section 6.5, on average, this requires the
simulation of EC1(N) = N random functions in Algorithm 6.1, that is, the simulation
of N random vectors of size N . For small ε, N will be large and the procedure can
become very time-consuming. Thus, one might be interested in aborting Algorithm 6.1
after m < N steps, ensuring exactness of the simulation only at locations x1, . . . , xm. In
this case, an alternative design of the algorithm which efficiently chooses the subset of m
locations might improve the probability of an exact sample at all N locations.
For comparison of two designs, we introduce the random number

N0 = min{m ∈ {1, . . . , N} : Zm(x) = ZN (x)}.

For n ≥ N0, the algorithm does not provide any new extremal functions, but all the
simulated functions are rejected. Hence, N0 is the optimal number of iterations before
aborting the algorithm. One design is preferable to another if its corresponding random
number N0 is stochastically smaller. An efficient design should thus simulate the extremal
functions at an early stage of the algorithm. Based on the intuition that ϕ+xn+1

is likely not
to be contained in Φ+

n if Zn(xn+1) is small, we propose the following adaptive numbering
x(1), . . . , x(N) of points in Algorithm 6.1:

x(1) = x1, (6.27)

x(n+1) = argmin
{︂
Zn(x) : x ∈ {x1, . . . , xN} \ {x(1), . . . , x(n)}

}︂
, n = 1, . . . , N − 1.
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Figure 6.4: Histogram of N0 based on 5000 realizations of a Brown–Resnick process as-
sociated to the semi-variogram γ(h) = c∥h∥α with c = 1 and α = 1.5 (left),
c = 2.5 and α = 1 (middle) and c = 5 and α = 0.5 simulated via Algorithm 6.1
with the deterministic design (grey) and the adaptive design (6.27) (white),
respectively.

We perform a simulation study to compare the adaptive version of Algorithm 6.1 intro-
duced in (6.27) to a version, where the numbering of locations is deterministic. The simu-
lation study is based on 5000 simulations of a Brown–Resnick process associated to a semi-
variogram of the type γ(h) = c∥h∥α on the two-dimensional grid {0.05, 0.15, . . . , 0.95} ×
{0.05, 0.15, . . . , 0.95}. We run Algorithm 6.1 with the deterministic design (the grid points
are ordered by their coordinates in the lexicographical sense) and with the adaptive design
(6.27). The simulation is repeated for different values of the parameter vector (c, α) repre-
senting strong dependence ((c, α) = (1, 1.5)), moderate dependence ((c, α) = (2.5, 1)) and
weak dependence ((c, α) = (5, 0.5)). The histograms of N0 are shown in Figure 6.6. For
each of the three parameter vectors, the number N0 for the adaptive design is stochastically
smaller than the corresponding number for the deterministic design.
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7 On the Distribution of a Max-Stable
Process Conditional on Max-Linear
Functionals

Up to minor modifications, this chapter is a reprint of the article Oesting (2015) that has
been published in Statistics & Probability Letters.

Recently, Dombry and Éyi-Minko (2013) provided formulae for the distribution of a max-
stable process conditional on its values at given sites and and proposed a methodology for
sampling from this distribution. In this chapter, we generalize their results by allowing for
conditions stemming from max-linear functionals of the process. Furthermore, we show
that the conditional distribution of the extremal functions, i.e. the spectral functions at-
taining the imposed conditions, is closely related to the normalized spectral representation.
The results are illustrated in several examples.

7.1 Introduction

During the last years, max-stable processes have become frequently used models for spatial
extremes, in particular for applications in environmental sciences. In the context of the
prediction of these processes given some data, the question of their conditional distribution
arises. The conditions considered so far are restricted to values of the process at several
sites. For this case, exact formulae in terms of the exponent measure of the max-stable
process have been provided (Dombry and Éyi-Minko, 2013) and explicit computations have
been implemented for several subclasses (cf. Dombry et al., 2013; Oesting and Schlather,
2014, for example).
In this chapter, we analyze the conditional distribution allowing for more general con-
ditions given by max-linear functionals of the process. For instance, a condition on the
maximum of the process may be considered. In this case, the analysis of the conditional
distribution may provide further insight in characteristics of extreme events that exceed
a certain value. More precisely, we consider a max-stable process {Z(x), x ∈ K} on some
compact set K ⊂ Rd which — without loss of generality — can be assumed to have unit
Fréchet marginals, i.e. P(Z(x) ≤ z) = exp(−1/z), z > 0, for all x ∈ K. Further, we
require Z to be sample-continuous, that is, all sample paths are in the space C+(K) of
nonnegative continuous functions on K. Thus, Z possesses a spectral representation (see
de Haan, 1984; Giné et al., 1990; Penrose, 1992, for example):

Z(t) = max
i∈N

UiWi(t), t ∈ K, (7.1)

where {Ui, i ∈ N}, is a Poisson point process on (0,∞) with intensity measure u−2du and
Wi, i ∈ N, are independent copies of a nonnegative sample-continuous stochastic process
W with EW (t) = 1 for all t ∈ K.
Assume that we observe values of continuous functionals L1, . . . , Ln : C+(K) → [0,∞)
that are max-linear, i.e.

Lj(max{a1f1, a2f2}) = max {a1Lj(f1), a2Lj(f2)} ,

119
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for all a1, a2 ≥ 0, f1, f2 ∈ C+(K), j = 1, . . . , n. An example for such a max-linear
functional is L(f) = supt∈K′ f(t) for some compact set K ′ ⊂ K, including the special
cases L(f) = supt∈K f(t) and L(f) = f(t0) for some t0 ∈ K. More generally, using
continuity arguments and the compactness of K, it can be shown that every functional of
this type is of the form

L(f) = sup
t∈K

h(t)f(t), f ∈ C+(K), (7.2)

for some bounded, but not necessarily continuous function h : K → [0,∞).
In this paper, we analyze the conditional distribution of Z given L1(Z), . . . , Ln(Z), i.e. the
distribution of Z | L(Z) where L(Z) = (L1(Z), . . . , Ln(Z))

⊤. In Section 7.2, we provide
formulae for the conditional distribution in terms of the exponent measure generalizing
the results of Dombry and Éyi-Minko (2013). More explicit expressions for the case of one
single condition are derived in Section 7.3 making use of connections to the normalized
spectral representations to max-stable processes. Section 7.4 deals with the more general
case of a finite number of conditions.

7.2 General Theory

In the following, we analyze the distribution of Z conditionally on L(Z) = z for some
z = (z1, . . . , zn)

⊤ ∈ (0,∞)n. Here, we note that, because of the max-linearity of Lj ,
j = 1, . . . , n, the properties of Lj(Z) are directly connected to those of Lj(W ). By
Proposition 2.3 in Oesting et al. (2018b), the finiteness of L(Z) implies that ELj(W ) <∞
and P(Lj(Z) ≤ z) = exp(−E(Lj(W ))/z), z > 0, i.e., Lj(Z) follows a Fréchet distribution.
To exclude the trivial case that the distribution of Lj(Z) is degenerate, assume that
pj = P(Lj(W ) > 0) > 0 for every j ∈ {1, . . . , n}. We consider the extended process
ZL = ({Z(t), t ∈ K},L(Z)) on C+(K) × (0,∞)n. By the max-linearity of Lj , we obtain
that Lj(Z) = maxi∈N UiLj(Wi). Thus,

ZL = max
i∈N

(ξi,L(ξi)) (7.3)

where the maximum is considered componentwise and Π =
∑︁

i∈N δ(ξi,L(ξi)) denotes a
Poisson point process on S = C+(K)× [0,∞)n with intensity measure

Λ(A×B) =

∫︂ ∞

0
u−2P(uW ∈ A, uL(W ) ∈ B) du,

for Borel sets A ⊂ C+(K) and B ⊂ [0,∞)n (cf. Kingman, 1993), that is, ξi corresponds
to the product UiWi in representation (7.1).
Perceiving the conditions L1(Z) = z1, . . . , Ln(Z) = zn as conditions on the value of the
process ZL at specific “sites” according to representation (7.3) the results of Dombry and
Éyi-Minko (2013) can be applied on ZL, in order to derive the distribution of Z conditional
on L(Z). To this end, for every non-empty index subset J ⊂ {1, . . . , n}, we consider the
J-extremal random point measure Π+

J and the J-subextremal random point process Π−
J ,

defined by

Π+
J =

∑︂
i∈N

δξi1{Lj(ξi)=Lj(Z) for some j∈J} and Π−
J =

∑︂
i∈N

δξi1{Lj(ξi)<Lj(Z) for all j∈J}.

It can be shown that Π+
J and Π−

J are well-defined point processes on C+(K) (see Dombry

and Éyi-Minko, 2013, Lemma A.3). Further, as Π+
{j}(C

+
K) = 1 a.s. (cf. Dombry and Éyi-

Minko, 2013, Proposition 2.5), Π+
{1,...,n} is characterized via so-called hitting scenarios (cf.
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Wang and Stoev, 2011; Dombry and Éyi-Minko, 2013), i.e. partitions τ = {τ1, . . . , τl} of
{1, . . . , n} representing the situation that Π+

{1,...,n} = {ξ+1 , . . . , ξ
+
l } s.t.

Lj(ξ
+
k )

{︄
= Lj(Z), j ∈ τk

< Lj(Z), j /∈ τk
, 1 ≤ j ≤ n, 1 ≤ k ≤ l.

Let Θ ∈ P{1,...,n} be the random partition realized by Z where P{1,...,n} denotes the space of
partitions of {1, . . . , n}. Based on the different hitting scenarios, conditional simulations
of Z | L(Z) = z can be performed via the following three-step procedure proposed by
Dombry and Éyi-Minko (2013):

1. Draw a partition τ = {τk}lk=1 from the distribution of Θ | L(Z) = z.

2. Simulate (ξ+k }
l
k=1 as a realization of Π+

{1,...,n} | L(Z) = z, Θ = τ .

3. Draw {ξ−i }i∈N from the distribution of Π−
{1,...,n} | L(Z) = z.

Then, maxlk=1 ξ
+
k ∨maxi∈N ξ

−
i is a realization of Z | L(Z) = z.

The distributions involved in the algorithm are given in the following theorem which
summarizes Theorem 3.1 and Theorem 3.2 in Dombry and Éyi-Minko (2013). First, we
need some more notation. For any non-empty index subset J ⊂ {1, . . . , n}, define the
mapping RJ : [0,∞)n → [0,∞)|J | as the projection on the components belonging to J , i.e.
RJ(z) = zJ where zJ = (zj)j∈J for z = (zj)

n
j=1. Further, let µ be the exponent measure of

Z, i.e. µ(A) = Λ(A× [0,∞)n), A ⊂ C+(K), and µJ the exponent measure of (Lj(Z))j∈J ,
i.e.

µJ(B) = Λ(C+(K)×R−1
J (B)), B ⊂ [0,∞)|J | Borel.

The tail function of µJ is denoted by µ̄J(zJ) = µJ([0, zJ)
c), zJ ∈ [0,∞)|J |. Furthermore,

let {PJ(zJ ; ·), zJ ∈ [0,∞)|J |} be a regular version of the measure µ(df) conditional on
(Lj(f))j∈J = zJ . That is, PJ(zJ ; ·) satisfies

∫︁
A 1B(L(f))µ(df) =

∫︁
B

∫︁
A PJ(z; df)µJ(dzJ)

for all Borels sets A ⊂ C+(K) and B ⊂ [0,∞)|J |.

Theorem 7.1 (adapting Dombry and Éyi-Minko, 2013). With the above notation, the
following holds true:

1. P(Θ = τ | L(Z) = z) =
P(Θ = τ, L(Z) ∈ dz)∑︁

τ ′∈P{1,...,n}
P(Θ = τ ′, L(Z) ∈ dz)

,

where the fraction is understood as a Radon-Nikodym derivative and

P(Θ = τ, L(Z) ∈ dz)

= exp
(︂
−µ̄{1,...,n}(z)

)︂∏︁l
k=1

{︁
Pτk(zτk ; {(Lj(f))j∈τck < zτck})µτk(dzτk)

}︁
.

2. P(ξ+k ∈ dfk | L(Z) = z, Θ = τ) =
l∏︂

k=1

1{Lτc
k
(fk)<zτc

k
}Pτk(zτk ; dfk)

Pτk(zτk ; {f : Lτck (f) < zτck})
.

3. Conditionally on L(Z) = z, Π−
{1,...,n} is a Poisson point process with intensity mea-

sure 1{L(f)<z} µ(df), independently of Θ and Π+
{1,...,n}.

Remind that, for the conditional simulation of Z, we do not need the whole Poisson point
process Π−

{1,...,n}, but only the pointwise maximum Z−(t) = maxi∈N ξ
−
i (t), t ∈ K. By the
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third part of Theorem 7.1, simulation of Z− is closely related to unconditional simulation
of Z. The only difference is that those points that violate the condition L(Z) = z are
neglected.

A specific spectral representation of Z proves beneficial for an exact simulation: By
de Haan and Ferreira (2006), Cor. 9.4.5, any sample-continuous max-stable process with
unit Fréchet margins can be written as

Z(t) = max
i∈N

UiVi(t), t ∈ K,

where Vi, i ∈ N, are independent copies of some stochastic process V with supt∈K V (t) = c
a.s. for some uniquely determined c > 0. Recently, Oesting et al. (2018b) revisited this
representation – which they call the normalized spectral representation – and showed
that the law of the process V can be expressed in terms of the law of the process W in
representation (7.1) via the equality

V =d c ·
(︃
sup
t∈K

W̃ (t)

)︃−1

· W̃ ,

where the law of W̃ is given by

P(W̃ ∈ A) = c−1

∫︂
A
sup
t∈K

w(t)P(W ∈ dw), A ⊂ C+(K),

with c = E(supt∈KW (t)). For this representation, only a finite number of tupels (Ui, Vi)
— those tupels that satisfy cUi > inft∈K Z(t) — can contribute to the maximum Z. This
fact allows for an exact simulation of Z in finite time and can also be used for an exact
simulation in the third step of the procedure for conditional simulation described above.
Further, as we will see in what follows, the distribution of the normalized spectral functions
is closely connected to the conditional distribution of the extremal functions.

7.3 Conditioning on One Max-Linear Functional

We first consider to the special case that we have one condition L(Z) = z for some z > 0,
only. In this case, there is one extremal function ξ+ satisfying L(ξ+) = z and there is no
need to consider different hitting scenarios. The second part of Theorem 7.1 allows us to
calculate the distribution of ξ+:

P(ξ+ ∈ A | L(Z) = z) = P{1}(z;A) =
d

dz
Λ(A× [0, z]) =

E
(︁
L(W )1{zW/L(W )∈A}

)︁
EL(W )

, (7.4)

for A ⊂ C+(K). Thus, we can write ξ+ = zW̃L/L(W̃L), where the law of W̃L is given by
the Radon-Nikodym derivative P(W̃L ∈ dw)/P(W ∈ dw) = c−1

L L(w) with cL = EL(W ).

Remark 7.2. Note that there is a connection between the law of the extremal function
ξ+ and a representation similar to the normalized spectral representation. Generalizing
the functional f ↦→ supt∈K f(t) by a max-linear functional L : C+(K) → [0,∞) as above,
we obtain the L-normalized spectral representation

Z(t) = max
i∈N

UiV
L
i (t), t ∈ K, (7.5)
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Figure 7.1: Examples of samples from the distribution of max-stable processes conditional
on max-linear functionals containing five realizations each. The dots indicate
the hitting of the condition. Left: A Smith process Z with σ = 1 conditional
on maxt∈[−5,5] Z(t) = 4. Middle: A Brown-Resnick process Z associated to
the variogram γ(h) = 2|h|1.3 conditional on maxt∈[−5,5] Z(t) = 4. Right: A
Smith process Z with σ = 1 conditional on L1(Z) = maxt∈[−4,−1] Z(t) = 2 and

L2(Z) = maxt∈[1,4] Z(t) = 3.

where V L
i , i ∈ N, are independent copies of a stochastic process VL satisfying

VL = B
cL

P(L(W ) > 0)L(W̃L)
W̃L + (1−B)W0

where B is some Bernoulli random variable with parameter p = P(L(W ) > 0), W̃L has
the same law as in (7.4) and W0 has the distribution of W | L(W ) = 0. Thus, the spectral
functions V L

i , i ∈ N, of the L-normalized spectral representation are characterized by the
fact that L(V L

i ) = p−1cL with probability p and L(V L
i ) = 0 with probability 1− p. From

(7.5), it can be seen that the law of extremal function ξ+ conditional on L(Z) = z equals
the law of c−1

L pzVL | L(VL) > 0, confirming Equation (7.4).

In practice, the simulation of the process W̃L, which is needed for the simulation of the
extremal function, and the process W̃ , which can be used for the exact simulation of the
subextremal functions, is not straightforward. Here, remind that W̃ is a special case of
W̃L for the choice L(f) = maxt∈K f(t). One possible way of simulation is simulation via
MCMC methods. For instance, one could use the Metropolis-Hastings algorithm with the
distribution of W as proposal distribution.

We now present two examples for sampling of max-stable processes conditionally on the
max-linear functional L(f) = maxt∈K f(t).

Example 7.3 (Smith process). We consider Smith’s (1990) process of moving maxima
type

Z(t) = max
i∈N

Ũ ifσ(t− Si), t ∈ K,

on some finite interval K = [−r, r], where
∑︁

i∈N δ(Ũ i,Si) is a Poisson point process on

(0,∞)×R with intensity u−2duds and fσ(x) = (
√
2πσ)−1 exp

(︁
−x2/(2σ2)

)︁
, x ∈ R, denotes

the normal density with standard deviation σ > 0. As we consider a condition on the
overall maximum of Z, we can make use of the normalized spectral representation of the
Smith process which was calculated explicitly in Oesting et al. (2018b):

Z(t) =d max
i∈N

Ui
cf(t− S̃i)

f(max{0, |S̃i| − r})
, t ∈ K, (7.6)
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where S̃i, i ∈ N, are independent copies of some random variable S̃ whose law is given by
P(S̃ ≤ s) = c−1

∫︁ s
−∞ f(max{0, |x|−r})dx and c = 2rf(0)+1. Thus, the extremal function

ξ+ can be written as

ξ+(t) = z
f(t− S̃)

f(max{0, |S̃| − r})
, t ∈ K.

As the spectral functions in representation (7.6) can be simulated easily, we also use them
to simulate the subextremal functions contributing to Z | L(Z) = z exactly. An example is
shown in Figure 7.1.

Example 7.4 (Brown-Resnick process). The second example we consider are Brown-
Resnick processes (Brown and Resnick, 1977; Kabluchko et al., 2009) on some compact
set K ⊂ Rd:

Z(t) = max
i∈N

Ui exp

(︃
Bi(t)−

σ2(t)

2

)︃
, t ∈ K,

where Bi, i ∈ N, are independent copies of a centered Gaussian process {B(t), t ∈ Rd}
with stationary increments, variance σ2(·) and variogram γ(h) = Var (B(h)−B(0)).
Kabluchko et al. (2009) showed that the process Z, extended to Rd, is stationary and
its law depends on the variogram γ only. Figure 7.1 shows five realizations of a Brown-
Resnick process Z on [−5, 5] conditional on maxt∈[−5,5] Z(t) = 4. Here, for the simulation
as well of the extremal as of the subextremal functions, we use a Metropolis-Hastings al-
gorithm. However, for the subextremal functions, also other (approximative) methods for
the simulation of Brown-Resnick processes can be used, see Oesting et al. (2012).

7.4 Conditioning on a Finite Number of Max-Linear Functionals

In this section, we use the formulae given in Theorem 7.1 to explicitly calculate the distri-
bution of the random partition Θ and the extremal functions ξ+k in the general case of n
conditions L1(Z) = z1, . . ., Ln(Z) = zn. Here, we restrict to the case that the distribution
of the random vector L(W ) is absolutely continuous and has density fL with respect to
the Lebesgue measure. Then, applying Theorem 7.1, yields to the following proposition.

Proposition 7.5. Under the above assumptions, we obtain the following results.

1. For any partition τ = {τ1, . . . , τl} ∈ P{1,...,n}, we have

P (Θ = τ | L(Z) = z) ∼
l∏︂

k=1

∫︂ ∞

0
v|τk|

∫︂
[︂
0,vzτc

k

]︂ fL (︁vzτk ,yτck)︁ dyτck dv.
2. Conditional on Θ = τ for a partition τ as in the first part, the distribution of the

extremal functions ξ+k , k = 1, . . . , l, is given by

P(ξ+k ∈ A | L(Z) = z, Θ = τ)

∼
∫︂ ∞

0
v|τk|

∫︂
[︂
0,vzτc

k

]︂ P (︁zjW/Lj(W ) ∈ A | L(W ) =
(︁
vzτk ,yτck

)︁)︁
fL
(︁
vzτk ,yτck

)︁
dyτck dv,

for any Borel set A ⊂ C+(K) and an arbitrary index j ∈ τk.

In the case τ = {{1, . . . , n}}, the inner integrals are read as a single evaluation of the
integrand.
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Alternatively to representation (7.1) and the corresponding spectral processW , we can also
consider the L-normalized spectral representation (7.5). Let V (j) be the spectral process of
the Lj-normalized spectral representation conditional on Lj > 0, i.e. Lj(V

(j)) = c(j) a.s. for
some c(j) > 0. Assuming that all the (n−1)-dimensional vectors (L1(V

(j)), . . . , Lj−1(V
(j)),

Lj+1(V
(j)), . . . , Ln(V

(j)))⊤, j = 1, . . . , n, possess densities fL,j w.r.t. the Lebesgue mea-
sure on (0,∞)n−1, Proposition 7.5 can be reformulated in terms of these lower-dimensional
densities.

Proposition 7.6. For any partition τ = {τ1, . . . , τl}, let jk,τ be an element of τk with
k = 1, . . . , l. Then, the following statements hold true.

1. The conditional distribution of the random partition Θ has the form

P(Θ = τ | L(Z) = z)

∝
l∏︂

k=1

(c(jk,τ ))|τk|

z
|τk|+1
jk,τ

∫︂
[︂
0,c

(jk,τ )zτc
k
/zjk,τ

]︂ fL,j
(︃
c(jk,τ )

zτk\{jk,τ}

zjk,τ
,yτck

)︃
dyτck .

2. The distribution of the extremal functions ξ+k , k = 1, . . . , l, conditional on Θ = τ for
τ = {τ1, . . . , τl}, is given by

P(ξ+k ∈ A | L(Z) = z, Θ = τ)

∝
∫︂
[︂
0,c

(jk,τ )zτc
k
/zjk,τ

]︂ fL,j
(︃
c(jk,τ )

zτk\{jk,τ}

zjk,τ
,yτck

)︃

P

(︄
zjk,τV

(jk,τ )

c(jk,τ )
∈ A

⃓⃓⃓⃓
L(V (jk,τ )) =

(︃
c(jk,τ )

zτk
zjk,τ

,yτck

)︃)︄
dyτck .

In general, sampling from the distribution of the extremal functions may be quite sophis-
ticated even in the case of few conditions. We finally consider an example that allows for
conditional simulation in the case of two conditions.

Example 7.7 (Smith process, cf. Example 7.3). We consider Smith’s (1990) process
{Z(t), t ∈ K} on some real interval K conditional on L1(Z) = z1 and L2(Z) = z2
for some z1, z2 > 0. Here, we consider conditions of the type L1(f) = maxt∈A1 f(t)
and L2(f) = maxt∈A2 f(t) for disjoint closed intervals A1, A2 ⊂ K. Using the notation
f̃σ,A(x) = maxt∈A fσ(t − x) and cA =

∫︁
R f̃σ,A(x)dx, the spectral function V (j) of the Lj-

normalized spectral representation can be written as V (j)(t) = cAjfσ(t − Xj)/f̃σ,Aj (Xj),

t ∈ K, j = 1, 2, where Xj is a random variable with Lebesgue density c−1
Aj
f̃σ,Aj (cf. Oesting

et al., 2018b). Thus, the distribution of Lk(V
(j)), j ̸= k, is given by

P(Lk(V (j)) ∈ ·) =
∫︂
R
1{cAj f̃σ,Ak (x)/f̃σ,Aj (x)∈·}

c−1
Aj
f̃σ,Aj (x)dx. (7.7)

By Proposition 7.6, we obtain

P(Θ = {{1}, {2}}) = cA1cA2

z21z
2
2

P
(︃
L2(V

(1)) ≤ cA1z2
z1

)︃
P
(︃
L1(V

(2)) ≤ cA2z1
z2

)︃
,

P(Θ = {{1, 2}}) =
c2A1

z31
P
(︃
L2(V

(1)) ∈ d
cA1z2
z1

)︃
=
c2A2

z32
P
(︃
L1(V

(2)) ∈ d
cA2z1
z2

)︃
,
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where the right-hand sides can be calculated by solving the integral in (7.7) numerically.
The extremal functions belonging to the partition {{1}, {2}} can be simulated easily by
simulating V (1) and V (2) conditional on L2(V

(1)) ≤ cA1z2/z1 and L1(V
(2)) ≤ cA2z1/z2,

respectively. Sampling the extremal function associated to {{1, 2}} is more involved as
it includes the law of V (j) | Lk(V (j)). However, in many situations, V (j) is uniquely
determined by the condition Lk(V

(j))/Lj(V
(j)) = zk/zj. Figure 7.1 shows five realizations

of a Smith process Z conditional on L1(Z) = 2 and L2(Z) = 3.
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8 Sampling from a Max-Stable Process
Conditional on a Homogeneous Functional

joint work with Liliane Bel and Christian Lantuéjoul

This chapter is based on the article Oesting et al. (2018a) that has been published in the
Scandinavian Journal of Statistics. Here, the section on the application to climate data is
omitted as it has mainly been implemented by Liliane Bel. Apart from this, only minor
modifications have been made. The appendix of the paper has been put to Section 8.6
and Section 8.7 at the end of the chapter.

Conditional simulation of max-stable processes allows for the analysis of spatial extremes
taking into account additional information provided by the conditions. Instead of observa-
tions at given sites as usually done, in this chapter, we consider a single condition given by
a more general functional of the process as may occur in the context of climate models. As
the problem turns out to be intractable analytically, we make use of Markov chain Monte
Carlo methods to sample from the conditional distribution. Simulation studies indicate
fast convergence of the Markov chains involved.

8.1 Introduction

Naturally occurring as limits of appropriately rescaled pointwise maxima of stochastic pro-
cesses, max-stable processes have become popular models in spatial and spatio-temporal
extremes. For instance, they have found application in modelling of extreme rainfall (Huser
and Davison, 2014), temperatures (Davison and Gholamrezaee, 2012), snowfall (Gaume
et al., 2013) or wind speeds (Engelke et al., 2015). A detailed review can be found in
Davison et al. (2012). In this chapter, we will deal with a sample-continuous max-stable
process {X(t), t ∈ K} on some compact metric space K with α-Fréchet marginals, i.e.
P(X(t) ≤ x) = exp (−σ(t)x−α), x > 0, for some σ(t) > 0, α > 0. In the following, we will
write X(t) ∼ Φα,σ(t), for short, using the convention that Φα = Φα,1. By de Haan (1984),
the process X possesses a spectral representation which, without loss of generality, may
be assumed to be of Penrose (1992) type:

X(t) = max
i≥1

UiWi(t), t ∈ K, (8.1)

where {Ui, i ≥ 1} are the points of a Poisson point process on (0,∞) with intensity measure
αu−(α+1)du andWi, i ≥ 1, are independent copies of some nonnegative sample-continuous
process {W (t), t ∈ K} such that σ(t) = EW (t)α ∈ (0,∞) for all t ∈ K.

In the framework of spatial and spatio-temporal modelling, simulations have proven to
be a useful tool for gaining more insight in the structure of the problem at hand. In the
situation that additional information on the process is available, simulations conditional
on this information are required. For max-stable processes, expressions for the conditional
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distribution and algorithms for conditional simulation have been developed recently. Wang
and Stoev (2011) provide exact formulae and an exact and efficient algorithm for condi-
tional simulation for the subclass of spectrally discrete, also called max-linear, models.
In the general case of max-stable processes, Dombry and Éyi-Minko (2013) derive for-
mulae for the conditional distribution in terms of the exponent measure. Further works
on the problem of conditional simulation deal with algorithmic aspects and more explicit
expressions for popular subclasses like Brown-Resnick and extremal Gaussian processes
(Dombry et al., 2013), (mixed) moving maxima processes (Oesting and Schlather, 2014)
and extremal t processes (Ribatet, 2013).

In all the cited works, the conditions for the simulation are given by observations at some
sites, i.e. conditions of the type X(t1) = x1, . . . , X(tk) = xk for some t1, . . . , tk ∈ K and
x1, . . . , xk > 0. Oesting (2015) showed that the same methodology can be used if the
conditions stem from max-linear functionals such as the maximum of the process over
some subregion. However, in many applications, some aggregated data may be given that
are not of max-linear type. For instance, numerical models for meteorological and climate
variables often provide average values on large grid cells rather than values at specific sites.
Here, conditional sampling given these average values can be used for downscaling. For
this purpose, Bechler et al. (2015) proposed to assign aggregated data to specific locations
via transfer functions and to perform conditional simulations in the classical framework
where the conditions are given by values at several sites. In this chapter, we will deal with
a procedure to directly simulate a max-stable process conditional on a more general, single
observation functional. More precisely, we consider a positively homogeneous functional
ℓ : C+(K) → [0,∞), that is, a functional satisfying ℓ(λf) = λℓ(f) for all λ ≥ 0 and
f ∈ C+(K) where C+(K) denotes the space of nonnegative continuous functions on K
equipped with the topology of uniform convergence. Examples for such a functional are
ℓ(f) = supt∈K f(t), ℓ(f) = inft∈K f(t) or ℓ(f) =

∫︁
K f(t)µ(dt) for any positive and finite

measure µ on K. There is already some related work in the literature such as in the papers
by Dombry and Ribatet (2015) and Thibaud and Opitz (2015) who consider a process Y in
the domain of attraction of a max-stable processX and analyze the conditional distribution
Y |ℓ(Y ) > y, as y → ∞. Here, we will focus on a max-stable process X and condition
on ℓ(X) = x, instead. Thus, we consider the exact value of the functional applied to the
limiting max-stable process, while existing work typically considers exceedances of high
thresholds by the functional applied to the underlying process as condition.

In general, the conditional distribution cannot be expressed in terms of the exponent mea-
sure of the max-stable process. Thus, the approach of Dombry and Éyi-Minko (2013)
cannot be applied here. Instead, we will develop a simulation algorithm based on Markov
chain Monte Carlo techniques. The problem of conditional simulation of max-stable prob-
lem will be approached in three steps: In Section 8.2, we will first restrict to max-linear
models. Then, in Section 8.3, we will extend our focus to conditionally max-linear models,
before covering the general max-stable case (Section 8.4). Finally, we conclude the chapter
and provide some perspectives for future research (Section 8.5).

8.2 Max-linear Models

8.2.1 Background

We first consider a max-linear, also called spectrally discrete, model (cf. Wang and Stoev,
2011):

X(t) = max
j=1,...,n

aj(t)Zj , t ∈ K, (8.2)
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where Zj ∼ Φα, j = 1, . . . , n, are independent random variables and aj ∈ C+(K) for
j = 1, . . . , n. Following Wang and Stoev (2011), henceforth, we will write X = a⊙Z with
a = (aj(t))t∈K,j=1,...,n and Z = (Zj)j=1,...,n instead of (8.2), for short. Further, for any
vector z ∈ (0,∞)n and an index i ∈ {1, . . . , n}, we use the notation z−i = (zj)j∈{1,...,n}\{i}.

The definition (8.2) allows for the calculation of the finite-dimensional distributions yield-
ing

P(X(ti) ≤ xi, 1 ≤ i ≤ m) = exp

⎛⎝−
n∑︂
j=1

max
i=1,...,m

(︃
aj(ti)

xi

)︃α⎞⎠ , ti ∈ K, xi > 0.

In particular, X has marginal distributions of α-Fréchet type. Further, all the finite-
dimensional marginal distributions of a max-stable process can be approximated arbitrarily
well by a max-linear model using a sufficiently large number n of spectral functions aj (cf.
Wang and Stoev, 2011, among others).

For such max-linear models, Wang and Stoev (2011) calculated the conditional distribu-
tion of Z conditional on a finite number of observations X(t1) = x1, . . . , X(tk) = xk by
considering so-called hitting scenarios describing which components of Z hit their upper
bound given by the conditions. However, for a general condition of the type ℓ(X) = x,
such upper bounds for Z may not necessarily be hit. Consider for instance the process
X(t) = max{Z1, tZ2}, t ∈ [0, 1]. The condition

∫︁ 1
0 X(t) dt = x implies that Z1 ≤ x and

Z2 ≤ 2x. Although Z1 or Z2 may be arbitrarily close to these bounds, they are hit with
probability zero. Thus, an alternative approach has to be designed for sampling from the
distribution of Z conditional on ℓ(X) = x. First, we observe that this distribution has all
its mass in the set

M+,a = {z ∈ (0,∞)n : ℓ(a⊙ z) > 0}.

Due to the homogeneity of ℓ, for each (1,y−1) ∈ M+,a, there is one and only one vector
z ∈ (0,∞)n with z−1/z1 = y−1 satisfying ℓ(a⊙ z) = x, namely

z =
x

ℓ(a⊙ (1,y−1))

(︃
1

y−1

)︃
.

Thus, the mapping z ↦→ (ℓ(a ⊙ z), z−1/z1) maps the set M+,a bijectively onto the set

(0,∞)×M
(−1)
+,a where

M
(−1)
+,a =

{︃
y−1 ∈ (0,∞)n−1 : ℓ

(︃
a⊙

(︃
1

y−1

)︃)︃
> 0

}︃
.

Thus, instead of sampling from the vector Z conditional on ℓ(X) = x directly, we can focus
on the equivalent problem of sampling from the distribution of Y−1 = (Z2/Z1, . . . , Zn/Z1)
conditional on ℓ(X) = x. In contrast to the conditional distribution of Z given ℓ(X) = x
which is supported on some Lebesgue null subset of (0,∞)n, the conditional distribution of

Y−1 is supported on M
(−1)
+,a ⊂ (0,∞)n−1 and possesses a Lebesgue density fY−1|ℓ(X)=x(·).

Thus, the homogeneity of ℓ allows us to sample from a distribution on a lower-dimensional
space. The sampling algorithm presented in the following subsection will make use of the
fact that this Lebesgue density is proportional to the joint density of (ℓ(X),Y−1), i.e. the
product of the densities given in the following proposition.
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Proposition 8.1. The Lebesgue density of Y−1 is

fY−1(y−1) =
αn−1(n− 1)!

(
∑︁n

i=1 y
−α
i )n

n∏︂
i=1

y
−(α+1)
i , y−1 ∈ (0,∞)n−1. (8.3)

Further, for x > 0, the conditional density of ℓ(X) given Y−1 = y−1 for y−1 ∈ M
(−1)
+,a

equals

fℓ(X)|Y−1=y−1
(x) =

αx−αn−1

(n− 1)!

(︃∑︂n

i=1

(︃
ℓ(a⊙ y)

yi

)︃α)︃n
exp

(︃
− 1

xα

∑︂n

i=1

(︃
ℓ(a⊙ y)

yi

)︃α)︃
,

(8.4)

where y = (y1, . . . , yn)
⊤ with y1 = 1.

Proof. First, we use the fact that there is a diffeomorphic one-to-one mapping between the
random vectors Z and (Z1,Y−1) given by (z1, . . . , zn)

⊤ ↦→ (z1, z2/z1, . . . , zn/z1)
⊤. Thus,

the joint density f(Z1,Y−1)(·, ·) of Z1 and Y−1 is obtained by the density transformation
formula

f(Z1,Y−1)(z,y−1) = zn−1
n∏︂
i=1

Φ′
α(zyi) = αnz−αn−1 exp

(︃
− 1

zα

∑︂n

i=1
y−αi

)︃ n∏︂
i=1

y
−(α+1)
i ,

(8.5)

where z > 0, y1 = 1, y−1 = (y2, . . . , yn)
⊤ ∈ (0,∞)n−1 and Φ′

α denotes the α-Fréchet
density function. Integrating (8.5) with respect to the first component yields

fY−1(y−1) = αn
∫︂ ∞

0
z−αn−1 exp

(︄
− 1

zα

n∑︂
i=1

y−αi

)︄
n∏︂
i=1

y
−(α+1)
i dz

= αn−1

∫︂ ∞

0
un−1 exp

(︂
−u
∑︂n

i=1
y−αi

)︂ n∏︂
i=1

y
−(α+1)
i du

=
αn−1(n− 1)!

(
∑︁n

i=1 y
−α
i )n

n∏︂
i=1

y
−(α+1)
i ,

which is (8.3). Thus, by (8.3) and (8.5), the conditional density fZ1|Y−1=y−1
(·) is

fZ1|Y−1=y−1
(z) =

f(Z1,Y−1)(z,y−1)

fY−1(y−1)
=
αz−nα−1

(n− 1)!

(︄
n∑︂
i=1

y−αi

)︄n
exp

(︄
− 1

zα

n∑︂
i=1

y−αi

)︄
.

Conditional on Y−1 = y−1 for some y−1 ∈ M
(−1)
+,a , the homogeneity of ℓ implies the

linear relationship ℓ(a ⊙ Z) = ℓ(a ⊙ y)Z1. Thus, by standard density transformation,
fℓ(X)|Y−1=y−1

(x) = ℓ(a⊙ y)−1fZ1|Y−1=y−1

(︁
ℓ(a⊙ y)−1x

)︁
, which yields (8.4).

8.2.2 The Algorithm

Due to the fact that the distribution of ℓ(X) is unknown, the target distribution fY−1|ℓ(X)=x

is only known up to a constant. Thus, we will use a Metropolis-Hastings algorithm with
independent samplers (cf. Tierney, 1994, for example) for sampling from the conditional
distribution of Y−1 given ℓ(a⊙Z) = x. Here, we will propose the transition from a current
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state y−1 to a new state ỹ−1 according to the unconditional density fY−1(ỹ−1) which does
not depend on the current state. The proposal will be accepted with probability

p(y, ỹ) = min

{︃
1,
fY−1|ℓ(X)=x(ỹ−1)/fY−1(ỹ−1)

fY−1|ℓ(X)=x(y−1)/fY−1(y−1)

}︃
= min

{︄
1,
fℓ(X)|Y−1=ỹ−1

(x)

fℓ(X)|Y−1=y−1
(x)

}︄
, (8.6)

= min

{︄
1,

(︃
ℓ(a⊙ ỹ)α

∑︁n
i=1 ỹ

−α
i

ℓ(a⊙ y)α
∑︁n

i=1 y
−α
i

)︃n
exp (−x−α

∑︁n
i=1(ỹi/ℓ(a⊙ ỹ))−α)

exp (−x−α
∑︁n

i=1(yi/ℓ(a⊙ y))−α)

}︄

by Proposition 8.1. Then, by construction, fY−1|ℓ(X)=x(·) is the density of the stationary

distribution of the resulting Markov chain. Further, for any state y−1 ∈ M
(−1)
+,a , the

probability of proposing a new state that is not accepted is positive and, consequently,
the Markov chain is aperiodic. As the proposal density allows for a direct transition from

any state y−1 ∈M
(−1)
+,a to any other state ỹ−1 ∈M

(−1)
+,a , the chain is also irreducible. This

implies that the distribution of the Markov chain converges to the desired conditional
distribution in total variation norm. Using that

inf
y−1∈M(−1)

+,a

fY−1(y−1)

fY−1|ℓ(X)=x(y−1)
= inf

y−1∈M(−1)
+,a

κ(x)
1

fℓ(X)|Y−1=ỹ−1
(x)

= inf
y−1∈M(−1)

+,a

κ(x) · (n− 1)!

α
· x ·

(︃
1

xα

n∑︂
i=1

(︃
ℓ(a⊙ y)

yi

)︃α)︃−n
exp

(︃
1

xα

n∑︂
i=1

(︃
ℓ(a⊙ y)

yi

)︃α)︃
≥ κ(x) · (n− 1)!

α
· x ·

(︂ e
n

)︂n
> 0

for some κ(x) > 0, we even get a geometric rate of convergence by Theorem 2.1 in
Mengersen and Tweedie (1996). Hence, Algorithm 8.1 below generates a Markov chain
{X(k)(t), t ∈ K}k=1,...,M whose distribution converges to the desired conditional distribu-
tion of Y−1.

Algorithm 8.1: Conditional sampling from max-linear model withM iterations

Initial Step: Simulate independent random numbers z1, . . . , zn ∼ Φα.
Set y(0) = z/z1. Repeat the simulation if necessary until ℓ(a⊙ y(0)) > 0.

Update Step: for k = 1, . . . ,M do
Sample independent random numbers z̃1, . . . , z̃n ∼ Φα.
Set ỹ = z̃/z̃1 and

y(k) =

{︄
ỹ with probability p(y(k−1), ỹ)

y(k−1) else

where p(·, ·) is defined as in Equation (8.6).

return {X(k)(·)}k=1,...,M where X(k)(·) = (xa⊙ y(k))/ℓ(a⊙ y(k))

Remark 8.2. For specific choices of ℓ and a, it may happen that ℓ(X) = 0 with some
positive probability. In this case, repeating the simulation in the first step of Algorithm 8.1
may be necessary to ensure that the initial state y is in the support of the density fY |ℓ(X)=x

and, consequently, the acceptance probability p(y, ỹ) is almost surely well-defined in each
iteration step.
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8.2.3 Simulation Study

We aim to analyze the performance of Algorithm 8.1 empirically in a simulation study. To
this end, we compare the results of the algorithm with the exact conditional distribution
which can be calculated analytically or at least be simulated in some special cases. Here,
we consider the distribution of a max-linear model at m locations, i.e.

Xi = max
j=1,...,n

aijZj , i = 1, . . . ,m,

conditional on its maximum

X̌ = max
i=1,...,m

Xi = max
j=1,...,n

bjZj ,

where bj = maxi=1,...,m aij . Then, there exists a well-defined random variable J with
values in {1, . . . , n} such that X̌ = bJZJ . The conditional distribution of this random
variable given X̌ = x is

P(J = j | X̌ = x) =
bαj∑︁n
k=1 b

α
k

, j = 1, . . . , n,

and, thus, does not depend on the value of X̌ (cf. Resnick and Roy, 1990). Conditional
on J = j and X̌ = x, we have Zj = x/bj . The other Zj′ , j

′ ̸= j, follow the conditional
law of independent Φα-variables given Zj′ < x/bj′ . Consequently, after sampling from
the conditional distribution of the random index J , we can easily simulate from the exact
conditional distribution of the vector (Zj)j=1,...,n, and, thus, of the vector (Xi)i=1,...,m,
given X̌ = x.

In our simulation study, we choose coefficients aij which are independently drawn from a
uniform distribution on [0, 1] for m = 10 and n = 100. Given a = (aij)i=1,...,m,j=1,...,n, a
realization (xi)i=1,...,m ofX = a⊙Z is simulated with independent unit Fréchet distributed
random numbers Z1, . . . , Zn. Then, a sample of size 5 000 is drawn from the conditional
distribution of mini=1,...,mXi given X̌ = maxi=1,...,m xi via Algorithm 8.1. Here, as a
more detailed analysis of convergence and mixing properties of the algorithm suggests
(cf. Subsection 8.6), we use a burn-in period of 1000 steps and thin the chain by using
every 250th step only. Thus, we consider the states of the Markov chain after 1 000, 1 250,
1 500, . . ., 1 250 750 iterations as an independent sample of size 5 000 from the conditional
distribution.
In order to compare the output of Algorithm 8.1 to the exact conditional distribution, we
take an independent sample of size 5000 from the exact conditional distribution and we con-
sider the p-value of the two-sample Kolmogorov-Smirnov test. This procedure is repeated
500 times yielding different coefficient functions a and different values of maxi=1,...,m xi.
Under the null hypothesis that Algorithm 8.1 produces independent samples from the de-
sired stationary distribution, i.e. the samples from the algorithm and the exact conditional
distribution follow the same law, the p-value are uniformly distributed on the interval [0, 1],
i.e. the histogram of the p-values shown in Figure 8.1 is flat. The fact that the histogram
fully lies in the region of acceptance of the hypothesis test with a significance level of 5%
(indicated by the dashed red lines) obtained by a Monte Carlo experiment, confirms the
performance of the algorithm.

8.3 Extension to Conditionally Max-Linear Models

In this section, we deal with a generalization of Algorithm 8.1 which can be applied
to models of type (8.2) where the coefficient functions aj(·), j = 1, . . . , n, are random.
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Figure 8.1: Histogram of 500 p-values of Kolmogorov-Smirnov tests comparing samples
of size 5000 from the exact conditional distribution for a max-linear model of
n = 100 coefficients with the output of Algorithm 8.1.

More precisely, let Z1, . . . , Zn be independent α-Fréchet distributed random variables and
{Aj(t), t ∈ K}, j = 1, . . . , n, be independent sample-continuous processes. Then, the
process

X(t) = max
j=1,...,n

Aj(t)Zj , t ∈ K, (8.7)

is max-linear conditionally on A1(·) = a1(·), . . . , An(·) = an(·). However, in general, it
is not max-stable and does not have marginal distributions of α-Fréchet type any more.
Instead, the finite-dimensional distributions are given by

P(X(ti) ≤ xi, 1 ≤ i ≤ m) = E
(︃
exp

(︃
−
∑︂n

j=1
max

i=1,...,m

(︃
Aj(ti)

xi

)︃α)︃)︃
, (8.8)

for all t1, . . . , tm ∈ K, x1, . . . , xm > 0, m ≥ 1. Although not being max-stable themselves,
conditionally max-linear models (8.7) allow for a straightforward approximation of general
max-stable processes as we will see in Section 8.4.

A first approach to perform conditional sampling from model (8.7) might be to reduce
the problem to the problem of conditional sampling from a max-linear model by drawing
the vector of coefficient functions A = (A1(·), . . . , An(·))⊤ in a first step before applying
Algorithm 8.1. However, in this case, A has to be drawn from the conditional law of A
given ℓ(X) = x. For this law, we obtain

P(A ∈ da | ℓ(X) = x) ∝ fℓ(a⊙Z)(x)P(A ∈ da) = E
(︁
fℓ(a⊙Z)|Y−1

(x)
)︁
P(A ∈ da). (8.9)

In general, the expectation in (8.9) cannot be calculated explicitly.

As an alternative to such a two-step procedure, we could also directly sample from the
joint conditional distribution of A and Z given ℓ(A ⊙ Z) = x. Analogously to Section
8.2, we note this distribution has all its mass in the set⋃︂

a∈supp(P(A∈·))

{a} ×M+,a.
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Again, for every fixed vector of coefficient functions A = a , the vector Z is uniquely
determined by Y = Z/Z1. Consequently, we will sample from the joint conditional distri-
bution of A and Y−1. Up to the normalizing constant P(ℓ(A⊙Z) ∈ dx), this distribution
can be calculated by the means of Proposition 8.1 yielding

P(Y−1 ∈ dy−1, A ∈ da | ℓ(A⊙Z) = x) ∝ P(Y−1 ∈ dy−1, A ∈ da, ℓ(A⊙Z) ∈ dx)

= fℓ(a⊙Z)|Y−1=y−1
(x)fY−1(y−1)P(A ∈ da)dy−1dx (8.10)

and the first and the second factor are given by formulae (8.4) and (8.3), respectively.
Analogously to Subsection 8.2.2, it can be shown that the distribution of the Markov
chain generated in Algorithm 8.2 converges to the desired conditional distribution.

Algorithm 8.2: Conditional sampling from a conditionally max-linear model
with M iterations

Initial Step: Simulate a(0) according to the distribution of A and independent
random numbers z1, . . . , zn ∼ Φα. Set y

(0) = z/z1. Repeat the simulation, if
necessary, until ℓ(a⊙ z) > 0.

Update Step: for k = 1, . . . ,M do
Draw ã from the distribution of A and, independently, z̃1, . . . , z̃n ∼ Φα.
Set ỹ = z̃/z̃1 and

(a(k),y(k)) =

{︄
(ã, ỹ) with probability p((a(k−1),y(k−1))), (ã, ỹ))

(a(k−1),y(k−1)) else

where

p((a,y), (ã, ỹ)) = min

⎧⎨⎩1,

(︂∑︁n
i=1

(︂
ℓ(ã⊙ỹ)
ỹi

)︂α)︂n
exp

(︂
− 1
xα
∑︁n

i=1

(︂
ℓ(ã⊙ỹ)
ỹi

)︂α)︂
(︂∑︁n

i=1

(︂
ℓ(a⊙y)
yi

)︂α)︂n
exp

(︂
− 1
xα
∑︁n

i=1

(︂
ℓ(a⊙y)
yi

)︂α)︂
⎫⎬⎭

return {X(k)(·)}k=1,...,M where X(k)(·) = (xa(k) ⊙ y(k))/ℓ(a(k) ⊙ y(k))

8.4 General Max-Stable Processes

8.4.1 An Exact Algorithm for Max-Stable Processes

We now consider a not necessarily spectrally discrete max-stable process {X(t), t ∈ K}
with α-Fréchet marginals and sample paths in C+(K), i.e. a process X given by a spectral
representation (8.1). One of the main difficulties of such a general max-stable process
compared to a (conditionally) max-linear model is the fact that it is represented as a
maximum over an infinite number of functions. However, the following two well-known
observations allow us to restrict to a finite (but random) number of functions and, thus,
form the basis for the algorithm:

First, let E = (Ei)i≥1 be a sequence of independent standard exponential random variables

and Ψk(E) =
(︁∑︁k

i=1Ei
)︁−1/α

for k = 1, 2, .... Then, {Ψk(E), k ≥ 1} are the points

of a Poisson point process on (0,∞) with intensity measure αu−(α+1)du. Moreover, by
construction, the sequence (Ψk(E))k≥1 is monotonically decreasing. Thus, the points
{Ui, i ≥ 1} from the construction (8.1) of X can be simulated in a descending order.
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Second, for a given max-stable process X, the spectral representation (8.1) is not unique,
but allows for several choices of the spectral process W . By de Haan and Ferreira (2006,
Cor. 9.4.5), for any sample-continuous max-stable process, there exists a corresponding
spectral process W such that

sup
t∈K

W (t) ≤ C (8.11)

almost surely for some C > 0. Moreover, any spectral representation can be transformed
such that equality in (8.11) holds almost surely for C = (E supt∈KW (t)α)1/α (Oesting
et al., 2018b). We have that

X(t) = max
k∈N

Ψk(E)Wk(t), t ∈ K,

and by (8.11), those (Ψk(E),Wk) that satisfy CΨk(E) ≤ inft∈K X(t) do not contribute
to the above maximum X. Thus, a finite (but possibly random) number of points need
to be taken into account when simulating X(t) over the set K. More precisely, for any
positive sequence E = {Ek}k≥1 and any collection W = {Wk}k≥1 of continuous functions
bounded by C, we consider the operation W ⊙Ψ(E) which – in analogy to the max-linear
case with finite vectors – is defined by

(W ⊙Ψ(E))(t) = max
k≥1

Wk(t)Ψk(E), t ∈ K.

By definition, W ⊙ Ψ(E) depends only on a potentially random, but finite number of
components, namely the first N(W ,E) elements of W and E where

N(W ,E) = min {n ≥ 1 : Ψn(E)C ≤ inft∈K(W ⊙Ψ(E))(t)} . (8.12)

Assuming from now on that C and W are chosen such that (8.11) is satisfied, for Ek,
k ≥ 1, being independently standard exponentially distributed and Wk, k ≥ 1, being
independent processes with the same distribution as W , the definitions above imply that

{X(t)}t∈K =d {(W ⊙Ψ(E))(t)}t∈K =

{︃
max

i=1,...,N(W ,E)
Ψi(E)Wi(t)

}︃
t∈K

.

As N(W ,E) is a stopping time, i.e. the event N(E,W ) ≤ n depends only on E1, . . . , En
and W1, . . . ,Wn, this finite representation can be used for an exact simulation of X (cf.
Oesting et al., 2018b). Further, it allows the conditional distribution of X given ℓ(X) = x
to be simulated as the limit distribution of a Markov chain similarly to the case of a
(conditionally) max-linear model. Here, the Poisson points Ψk(E), k ≥ 1, take the role
of the random variables Zk in the max-linear model, while the spectral functions Wk

correspond to the random coefficient functions Ak. Analogously to the max-linear case,
the conditional distribution of E | W = w, N(W ,E) = n, ℓ(W⊙Ψ(E)) = x is supported
in the set

M+,w,n = {e ∈ (0,∞)n : N(w, e) = n, ℓ(w ⊙Ψ(e)) > 0}.
Moreover, for each (1,d−1) ∈ M+,w,n, there is exactly one vector e ∈ (0,∞)n such that
e/e1 = d and ℓ(w⊙Ψ(e)) = x, namely e = (ℓ(w⊙Ψ(d))/x)α(1,d−1). Thus, the mapping

e ↦→ (ℓ(w⊙Ψ(e)), e2/e1, . . . , en/e1) maps M+,w,n bijectively onto (0,∞)×M
(−1)
+,w,n where

M
(−1)
+,w,n =

{︃
d−1 ∈ (0,∞)n−1 :

(︃
1

d−1

)︃
∈M+,w,n

}︃
.

Hence, similarly to the case of a max-linear model, we will sample from the vector
D−1 = (E2/E1, . . . , En/E1)

⊤ given that W = w, N(W ,E) = n and ℓ(W ⊙ Ψ(E)) = x.



136 8. Sampling from a Max-Stable Process Conditional on a Homogeneous Functional

The corresponding density fD−1|w,n,x(·) is proportional to the product of the conditional
density of D−1 given W = w and N(E,W ) = n and the conditional density of ℓ(W ⊙
Ψ(E)) given D−1 = d−1, W = w and N(E,W ) = n.
These densities are given in the following proposition which can be proved analogously to
the proof of Proposition 8.1.

Proposition 8.3. For n ≥ 1 and w ∈ (C+(K))n, the conditional density of D−1 given
W = w and N(E,W ) = n is

fD−1|w,n(d−1) =
(n− 1)!

(
∑︁n

i=1 di)
n

1{N(d,w)=n}

P(N(D,w) = n)
, d−1 ∈ (0,∞)n−1, (8.13)

where d1 = 1 and d−1 = (d2, . . . , dn)
⊤. The conditional density of ℓ(X) given D−1 = d−1,

W = w and N(E,W ) = n equals

fℓ(X)|d−1,w,n(x) (8.14)

=
α/x

(n− 1)!

(︃∑︂n

i=1

(︃
ℓ(w ⊙Ψ(d))

x

)︃α
di

)︃n
exp

(︃
−
∑︂n

i=1

(︃
ℓ(w ⊙Ψ(d))

x

)︃α
di

)︃
, x > 0.

Similarly to the first approach in the case of conditionally max-linear models, this result
suggests to sample via the following two-step procedure which reduces the problem to a
problem similar to the max-linear case:

1. Draw some realization of the number N(W ,E) and the vector (Wk)
N(W ,E)
k=1 of

stochastic processes conditional on ℓ(W ⊙Ψ(E)) = x.

2. Conditional on (Wk)
N(W ,E)
k=1 , N(W ,E) and ℓ(W ⊙Ψ(E)) = x, simulate the vector

E = (E1, . . . , EN(W ,E))
⊤.

However, the first step would require to sample from the distribution

P(W ∈ dw, N(W ,E) = n | ℓ(W ⊙Ψ(E)) = x)

∝ fℓ(X)|w,n(x)P(W ∈ dw, N(W ,E) = n)

=

∫︂
M

(−1)
+,w,n

fℓ(X)|d−1,w,n(x)fD−1|w,n(d−1)dd−1P(W ∈ dw, N(W ,E) = n)

= E
{︃

α/x

(n− 1)!

[︃(︃
ℓ(w ⊙Ψ(D))

x

)︃α∑︂n

i=1
Di

]︃n
(8.15)

· exp
[︃
−
(︃
ℓ(w ⊙Ψ(D))

x

)︃α∑︂n

i=1
Di

]︃ ⃓⃓⃓⃓
N(w,D) = n

}︃
P(W ∈ dw, N(W ,E) = n),

where we used the results from Proposition 8.3. In general, the expectation in (8.15)
cannot be calculated explicitly.
Thus, we directly sample from the joint conditional distribution of E, W and N(W ,E)
conditional on ℓ(W ⊙Ψ(E)) = x, which is supported in the set⋃︂

n∈N

⋃︂
w∈(C+(K))n

M+,w,n × {w} × {n}.

Sampling from D again instead of E requires the density

P(D−1 ∈ dd−1, W ∈ dw, N(W ,E) = n | ℓ(W ⊙Ψ(E)) = x)

∝ P(D−1 ∈ dd−1, W ∈ dw, N(W ,E) = n, ℓ(W ⊙Ψ(E)) ∈ dx)
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= fℓ(X)|d−1,w,n(x)P(D−1 ∈ dd−1, W ∈ dw, N(W ,E) = n)dx, (8.16)

where the first factor is given by Equation (8.14).

Noting that we can sample from the unconditional distribution of (D−1,W , N(W ,E))
by simulating the max-stable process X and extracting these quantities, we can use this
as the proposal distribution. This leads to the following algorithm generating a Markov
chain whose distribution converges to the conditional distribution of X | ℓ(X) = x.

Algorithm 8.3: Conditional sampling from a max-stable process with M iter-
ations

Initial Step: Simulate (e(0),w(0), n(0)) according to the law of (E,W , N(W ,E))

by simulating X and set d(0) = e(0)/e
(0)
1 .

Update Step: for k = 1, . . . ,M do
Simulate (ẽ, w̃, ñ) according to the law of (E,W , N(W ,E)) by simulating X
and set d̃ = ẽ/ẽ1. Update

(d(k),w(k), n(k))

=

⎧⎪⎨⎪⎩
(d̃, w̃, ñ) with probability

p((d(k−1),w(k−1), n(k−1)), (d̃, w̃, ñ))

(d(k−1),w(k−1), n(k−1)) else

where

p((d,w, n), (d̃, w̃, ñ))

= min

{︄ 1
(ñ−1)!

(︂(︂
ℓ(w̃⊙Ψ(d̃))

x

)︂α∑︁ñ
i=1 d̃i

)︂ñ
1

(n−1)!

(︂(︂
ℓ(w⊙Ψ(d))

x

)︂α∑︁n
i=1 di

)︂n exp
(︂
−
(︂
ℓ(w̃⊙Ψ(d̃))

x

)︂α∑︁ñ
i=1 d̃i

)︂
exp

(︂
−
(︂
ℓ(w⊙Ψ(d))

x

)︂α∑︁n
i=1 di

)︂ , 1}︄.
return {X(k)(·)}k=1,...,M where X(k)(·) = w ⊙Ψ((ℓ(w ⊙Ψ(d))/x)αd)

8.4.2 Simulation Study

In order to study the performance of Algorithm 8.3, we consider an extremal-t process
(Opitz, 2013) given by

X(t) = max
i≥1

cν · Ui ·max{0, Gi(t)}ν , t ∈ K ⊂ R2, (8.17)

where {Ui, i ≥ 1} are the points of a Poisson point process on (0,∞) with intensity u−2du,

ν > 0, cν =
√
π2−(ν−2)/2Γ

(︁
ν+1
2

)︁−1
and Gi, i ≥ 1, are independent copies of a centered

Gaussian process G with unit variance and correlation function ρ. Conditioning on a
max-linear functional such as ℓ(X) = supt∈K X(t), exact conditional simulation can be
performed by the algorithm introduced in Oesting (2015) and the results can be compared
to those of Algorithm 8.3.

To apply Algorithm 8.3, we need to find a constant C such that the corresponding spectral
processes Wi are bounded. Such a constant does not exist for the spectral processes

Wi(t) = cν ·max{0, Gi(t)}ν , t ∈ K
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given in (8.17). Applying an appropriate transform of the probability measure, an equiv-
alent representation of the same max-stable process with bounded spectral processes can
be found (cf. Oesting et al., 2018b). However, the resulting transformed spectral processes
are difficult to simulate. Thus, for simplicity, we will assume that the original spectral
processes are bounded by a constant C of the form C = cν ·CνG where CG is an appropriate
bound for the standard Gaussian process G, e.g. CG = 4.

In our simulation study, we consider an extremal-t process X with unit Fréchet mar-
gins, parameter ν = 2 and correlation function ρ(h) = exp(−∥h∥/1.5) on the set K =
{0, 0.2, . . . , 1} × {0, 0.2, . . . , 1}. A realization {x(t)}t∈K is simulated from the uncondi-
tional distribution of X. Then, both Algorithm 8.3 and the exact algorithm in Oesting
(2015) are performed to obtain two samples of size 5 000 from the conditional distribution
of inft∈K X(t) given supt∈K X(t) = supt∈K x(t). For Algorithm 8.3, we choose CG = 4,
and, based on some further analysis (cf. Subsection 8.7), a burn-in period of length 1 000.
We further thin the chain by using every 200th step only, i.e. we select the states of the
Markov chain after 1 000, 1 200, . . . , 1 000 800 iterations as a sample.

The procedure is repeated 250 times and the p-values two-sample Kolmogorov-Smirnov
test is calculated for each pair of samples. The histogram of the obtained p-values is shown
in Figure 8.2. It fully lies in the region of acceptance of the test of the hypothesis that both
distributions coincide with a significance level of 5% which indicates a good performance
of the algorithm.
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Figure 8.2: Histogram of 250 p-values of Kolmogorov-Smirnov tests comparing samples
of size 5000 from the exact conditional distribution for an extremal-t process
with the output of Algorithm 8.3.

8.5 Conclusion and Perspectives

We investigate the simulation of max-stable processes conditionally on the value of a single
positively homogeneous functional of the process. An iterative algorithm based on Markov
chain Monte Carlo techniques is used to sample from the conditional distribution. In
simulation studies, we verify that simulations exhibit convergence to the right distribution
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in a reasonable way. Further, the algorithm can be successfully applied to climate data
for downscaling (see Oesting et al., 2018a).

Resorting to conditional simulation for downscaling has several advantages: both the
spatial dependence structure and the extremal behaviour of the max-stable process are
used to full capacity by the algorithm. Moreover, we can profit from standard downscaling
techniques for post-processing the large scale conditions. Thus, the overall procedure takes
benefit from various sources of information.

The methodology proposed in this work provides a mathematically rigorous way to sample
from the conditional distribution if the condition is expressed as a single functional of the
process. Nevertheless, in most applications, there are several conditions which need to
be respected and performing conditional simulations for each condition separately is not
satisfactory. Lifting this restriction remains a challenging problem from a mathematical
point of view. In the application we choose the simplest way to deal with this restriction,
that is, we separately sample in each region covered by a large scale grid cell. This
approach is feasible because the range of precipitation is small compared to the cell size.
In order to rectify the resulting discontinuities at the interfaces of different cells, smoothing
techniques could be investigated.
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8.6 Diagnostics of Markov Chain in Algorithm 8.1

We further analyze convergence and mixing properties of the Markov chain in Algorithm
8.1. To this end, we consider three random matrices with m = 10 and n = 100 as in
Subsection 8.2.3 and perform Algorithm 8.1 conditioning on X̌ = maxi=1,...,mXi. More
precisely, for the first, second and third matrix A, we condition on X̌ being equal to
the 5%-, 50%- and 95%-quantile of the unconditional distribution of X̌, respectively,
which is given by P(X̌ ≤ x) = exp(−

∑︁n
j=1(bj/x)

α) where bj = maxi=1,...,m aij . Then,
each iteration provides a realization of the vector (Xi)

m
i=1. For each of the three Markov

chains, Figure 8.5 shows the values of mini=1,...,mXi for the first 10 000 iteration steps
of the algorithm. It can be seen that the behaviour of the chains appears stationary
already after a small number of iterations. Besides this common effect, however, there
are some obvious differences in the behaviour of the Markov chains. In the third case,
where we condition on X̌ being large, we encounter much longer sequences of iterations
with mini=1,...,mXi being constant than in the first case where X̌ is small. This difference
becomes even more pronounced if we compare the third and the second Markov chain
where X̌ is moderate.

To further investigate this phenomenon indicating different strengths of mixing, we calcu-
late the empirical autocorrelation functions of the Markov chains based on the values for
mini=1,...,mXi in iteration steps 5 000-500 000. The results displayed in Figure 8.3 confirm
the observation made in Figure 8.5. While the autocorrelation drops below 0.05 after 70
and 30 steps for the first and second chain, respectively, there is much stronger dependence
in the third chain where autocorrelation is higher than 0.05 for almost 200 steps.
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Figure 8.3: The empirical autocorrelation function for the values of mini=1,...,mXi provided

by Algorithm 8.1 conditioning on X̌ being equal to the 5%-, 50%- and 95%-
quantile of its distribution (from left to right) for three random matrices A of
size 10× 100.

8.7 Diagnostics of Markov Chain in Algorithm 8.3

Similarly to Section 8.6, we analyze the Markov chains occurring in Algorithm 8.3. To
this end, we consider the same extremal-t process model as in the simulation study in
Subsection 8.4.2 and perform Algorithm 8.3 conditioning on X̌ = supt∈K X(t). More
precisely, we condition on X̌ being equal to the 5%-, 50%- and 95%-quantile of the
unconditional distribution of X̌, respectively. For each of the three scenarios, we run a
Markov chain according to Algorithm 8.3 with CG = 4.
For each of the three Markov chains, Figure 8.6 shows the values of mini=1,...,mXi for the
first 10 000 iteration steps of the three chains. Further, the corresponding autocorrelation
functions based on iteration steps 5 000-100 000 are displayed in Figure 8.4. The results
are very similar to those obtained in Section 8.6.
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Figure 8.4: The empirical autocorrelation function for the values of inf t∈K X(t) provided

by Algorithm 8.3 conditioning on X̌ being equal to the 5%-, 50%- and 95%-
quantile of its distribution (from left to right) where X is an extremal-t process.
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Figure 8.5: The values of minmi=1Xi in the first 10 000 iterations of Algorithm 8.1 condi-

tioning on X̌ being equal to the 5%-, 50%- and 95%-quantile of its distribution
(from top to bottom) for three random matrices A of size 10× 100.
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Figure 8.6: The values of inf t∈K X(t) in the first 10 000 iterations of Algorithm 8.3 condi-

tioning on X̌ being equal to the 5%-, 50%- and 95%-quantile of its distribution
(from top to bottom) where X is an extremal-t process.



9 Statistical Post-Processing of Forecasts
for Extremes Using Bivariate
Brown–Resnick Processes with an
Application to Wind Gusts

joint work with Martin Schlather and Petra Friederichs

Up to some minor modifications, this chapter is a reprint of the article Oesting et al.
(2017) that has been published in Extremes.

To improve the forecasts of weather extremes, in this chapter, we propose a joint spatial
model for the observations and the forecasts, based on a bivariate Brown-Resnick process.
As the class of stationary bivariate Brown-Resnick processes is fully characterized by the
class of pseudo cross-variograms, we contribute to the theorical understanding of pseudo
cross-variograms refining the knowledge of the asymptotic behaviour of all their compo-
nents and introducing a parsimonious, but flexible parametric model. Both findings are
of interest in classical geostatistics on their own. The proposed model is applied to real
observation and forecast data for extreme wind gusts at 119 stations in Northern Germany.

9.1 Introduction

Spatial extremes may occur in various forms such us heavy rainfall, floods, heat waves
or wind gusts. In view of their severe consequences, an adequate and precise forecast of
these events is of great importance. However, the rareness of extreme events impedes any
such task and, consequently, existing forecasts often lack accuracy. In meteorology, for
example, forecasting extreme wind gusts, which are defined as peak wind speeds over a few
seconds, is exacerbated by the short temporal and spatial ranges. Furthermore, numerical
weather prediction (NWP) models provide estimates or diagnoses of wind gusts based on
empirical knowledge only (cf. Brasseur, 2001). Although wind is a prognostic variable in
NWP models, its values represents an average wind speed over a few minutes or longer
depending on the grid spacing of the NWP model. Hence, post-processing procedures are
needed that allow for an enhanced probabilistic forecast.

Occurring as limits of normalized pointwise maxima of stochastic processes, max-stable
processes provide a suitable framework for the description of spatial extreme events, com-
monly used in environmental sciences (Coles, 1993; Coles and Tawn, 1996; Huser and
Davison, 2014). Of particular interest is the subclass formed by Brown-Resnick processes
which arise as limits of rescaled maxima of Gaussian processes (Brown and Resnick, 1977;
Kabluchko et al., 2009; Kabluchko, 2011).
During the last years, max-stable processes have been frequently applied as models for
spatial extremes in environmental sciences. For instance, Engelke et al. (2015) and Genton
et al. (2015) recently used max-stable processes to model extreme wind speed observations.

143



144 9. Statistical Post-Processing of Forecasts for Extremes

The model we propose will go one step further, also taking into account the forecasts in two
different aspects: First and in contrast to Engelke et al. (2015) and Genton et al. (2015), we
consider the mean forecast to get a normalized version of the extreme observations. Second,
besides the observable variable of interest itself, the corresponding forecast is included as
second variable yielding a bivariate max-stable process. Here, we will focus on the class
of bivariate Brown-Resnick processes (cf. Molchanov and Stucki, 2013; Genton et al.,
2015) to exploit the statistical relation between observable data and the corresponding
forecast. Modeling the behavior of observational data, a sample from the distribution of the
observations conditional on the forecast is supposed to provide more realistic results than
the original forecast and thus will appear as an appropriate probabilistic post-processed
forecast.

The chapter is structured as follows: In Section 9.2, we present a univariate model for
extreme observations, which may, in general, provide a first alternative to the original
forecast. We introduce a model for the marginal distribution, i.e. the distribution of the
observable variable of interest at a single location, motivating the normalization of its
extremes by the mean forecast. The spatial dependence structure is incorporated into the
model by the use of univariate Brown-Resnick processes. Section 9.3 is dedicated to the
bivariate Brown-Resnick process which serves as a joint model for both the maximally
observed and forecasted quantities. We deduce a necessary condition on the asymptotic
behavior of the pseudo cross-variogram and provide a flexible cross-variogram model which
leads to a stationary bivariate Brown-Resnick process. In Section 9.4, we describe how the
model can be fitted to data. Based on this model, we propose a post-processing procedure
which is presented in Section 9.5. Further, we provide tools to verify the procedure and
the underlying models. Finally, the methods presented in Sections 9.4 and 9.5 are applied
to real observation and forecast data for extreme wind gusts provided by the German’s
National Meteorological Service, Deutscher Wetterdienst (DWD) (Section 9.6).

9.2 Modeling by a Univariate Random Field

In this section, we present a spatial model for the observed pointwise maximum V obs
max within

a specific time period. To this end, we assume that, for each location and time period,
the maximum V obs

max is based on observations at N equidistant instants of times per period,
that is, we have V obs

max = maxt=1,...,N V
obs
t for V obs

1 , . . . , V obs
N ∼ Fϑ for some parameter ϑ.

Here, the probability distributions Fϑ are supposed to form a location-scale family with
finite second moments, i.e. ϑ = (m, s) ∈ R× (0,∞) with F(m,s)(x) = F(0,1)

(︁
x−m
s

)︁
, x ∈ R,

and F(0,1) is standardized to mean zero and unit variance. We assume ϑ = (m, s) to be
temporally constant at each location within the same time period, but allow the values
to vary among different locations and different time periods. The values of m and s will
essentially be estimated from the bulk of the distribution, not the tail, and thus, they can
often be extracted accurately from forecasts. Within the same time period and at the same
location, the observable variables V obs

1 , . . . , V obs
N are assumed to be subsequent N elements

of a stationary time series (V obs
t )t∈Z. Furthermore, we assume that the standardized

distribution F(0,1) belongs to the max-domain of attraction of some univariate extreme
value distribution Gξ, ξ ∈ R, i.e. there are sequences (an)n∈N, an > 0, and (bn)n∈N,
bn ∈ R, such that

Fn(0,1)(anx+ bn)
n→∞−→ Gξ(x), 1 + ξx > 0,
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where

Gξ(x) =

{︄
exp(−(1 + ξx)−1/ξ), ξ ̸= 0,

exp(− exp(−x)), ξ = 0,

for 1 + ξx > 0. As the second moment of F(0,1) is assumed to be finite, we have ξ < 0.5.
Under some conditions on the regularity and the dependence of the stationary sequence
V obs
1 , V obs

2 , . . ., we obtain that

P
(︃
maxi=1,...,n V

obs
i −m−˜︁bns˜︁ans ≤ x

)︃
n→∞−→ Gξ(x), 1 + ξx > 0, (9.1)

where ˜︁an = anθ
−ξ and ˜︁bn = bn − ξ−1(1 − θ−ξ) for some θ ∈ (0, 1] called extremal index

(cf. Coles, 2001; Leadbetter et al., 1983).

Let m = m(l, p) and s = s(l, p) be the mean of the variable at location l and period p and
its standard deviation, respectively. Let

Gξ,µ,σ(x) = Gξ

(︃
x− µ

σ

)︃
, 1 + ξ

x− µ

σ
> 0

be the generalized extreme value distribution (GEV). Then, considering the maximum
V obs
max = V obs

max(l, p) for large N , we have approximately that

V obs
max(l, p)−m(l, p)

s(l, p)
∼ Gξobs,µobs(l),σobs(l). (9.2)

Here, the GEV parameters are assumed to be the same for every time period, which, in
general, enables us to estimate the parameters for current and future time periods from
past data. As common in many applications, the extreme value index ξ is also assumed
to be constant in space. Under the ideal assumption that V obs

i ∼ F(m,s) and that m and s

can be determined exactly, the GEV parameters ξobs, µobs and σobs are constant in space,
as well. In practice, however, the observed variable of interest is subject to measurement
errors whose distribution is spatially varying. Further, m and s often need to be extracted
from forecasts with limited spatial resolution. To account for these difficulties, we allow
µobs(l) and σobs(l) to depend on the location l, while the extreme value index ξobs is
assumed to be constant in space, as common in many applications. In contrast to µobs

and σobs, m(l, p) and s(l, p) vary in space and time and may be interpreted as normalizing
constants that will be the same for observation and forecasts. As m(l, p) and s(l, p) are
defined as mean and standard deviation of the variable of interest, the parameters µobs(l)
and σobs(l) are uniquely determined. Marginal transformation yields that

Xobs(l, p) =
1

ξobs
log

(︃
1 + ξobs

V obs
max(l, p)−m(l, p)− s(l, p)µobs(l)

s(l, p)σobs(l)

)︃
(9.3)

is standard Gumbel distributed for every location l and time period p.

Perceiving the set of locations as a subset of R2 and the set of periods as a subset of Z, the
transformed observations can be regarded as realizations of a spatio-temporal random field
{Xobs(l, p), l ∈ R2, p ∈ Z}. While we assume that the spatial random fields {Xobs(l, p), l ∈
R2}, p ∈ Z, are independent and identically distributed, we allow for a non-trivial spatial
dependence structure. Here, we use the class of Brown-Resnick processes that can be
defined for arbitrary dimensions D (Brown and Resnick, 1977; Kabluchko et al., 2009): Let
Π =

∑︁
i∈N δUi be a Poisson point process on R with intensity e−u du and, independently of
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Π, let Wi, i ∈ N, be independent copies of a zero-mean Gaussian random field {W (s), s ∈
RD} with stationary increments and semi-variogram γ(·) defined by

2γ(s) = Var(W (s)−W (0)), s ∈ RD.

Then, the random field Z defined by

Z(s) = maxi∈N
(︁
Ui +Wi(s)−Var(W (s))/2

)︁
, s ∈ RD,

and called Brown-Resnick process associated to the semi-variogram γ, is stationary and
max-stable with standard Gumbel margins and its law only depends on the semi-variogram
γ (Kabluchko et al., 2009). For the application of the Brown-Resnick model to observed
data with locations in R2, we propose to restrict to semi-variograms from a flexible para-
metric subclass, such as semi-variograms of the type

γϑ(h) = ∥sA(b, ζ)h∥α, h ∈ R2, (9.4)

with ϑ = (s, b, ζ, α) for s, b > 0, ζ ∈ (−π/4, π/4] and α ∈ (0, 2]. Here, the matrix
A(b, ζ) ∈ R2×2 allows for geometric (elliptical) anisotropy, i.e.

A(b, ζ) =

(︃
cos ζ sin ζ

−b sin ζ b cos ζ

)︃
(9.5)

(cf. Chilès and Delfiner, 2012, Subsection 2.5.2), and s is an overall scale factor.

9.3 Modeling by a Bivariate Random Field

In this section, we also take into account the dependence between the observed maximum
V obs
max and its forecast V pred

max . As V pred
max is a forecast for V obs

max, it seems reasonable to use a
GEV model similar to the one described in Section 9.2 with possibly different parameters
ξpred, µpred(·) and σpred(·), i.e.

V pred
max (l, p)−m(l, p)

s(l, p)
∼ Gξpred,µpred(l),σpred(l) (9.6)

(cf. Equation (9.2)). Marginally transforming V pred
max analogously to (9.3) yields a random

field {Xpred(l, p), l ∈ R2, p ∈ Z} with standard Gumbel margins. Thus, we end up with
bivariate spatial random fields {(Xobs(l, p), Xpred(l, p)), l ∈ R2} which are assumed to be
independent and identically distributed for p ∈ Z.
A bivariate Brown-Resnick process can be constructed in the following way (cf. Molchanov
and Stucki, 2013; Genton et al., 2015): Let

∑︁
i∈N δUi be a Poisson point process on R with

intensity measure e−u du. Further, let Wi, i ∈ N, be independent copies of a bivariate cen-
tered Gaussian process W = (W (1),W (2))⊤ = {(W (1)(s),W (2)(s))⊤ : s ∈ RD} such that
the pseudo cross-variogram (Clark et al., 1989; Papritz et al., 1993) γ(h) = (γij(h))i,j∈{1,2}
defined by

2γij(h) = Var(W (i)(s+ h)−W (j)(s)), h ∈ RD, (9.7)

does not depend on s ∈ RD. Analogously to the univariate Brown-Resnick process, it can
be shown that the bivariate Brown-Resnick process Z = (Z(1), Z(2))⊤ defined by

Z(j)(s) = max
i∈N

(︁
Ui +W

(j)
i (s)−Var(W (j)(s))/2

)︁
, s ∈ RD, j = 1, 2, (9.8)

is max-stable and stationary. Its law only depends on the pseudo cross-variogram γ.
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Remark 9.1. The fact that (γij(h))i,j=1,2 can be defined independently of s ∈ RD implies
thatW is intrinsically stationary, i.e. the process {W (s+h)−W (s) : s ∈ RD} is stationary
for every h ∈ RD. Both conditions, however, are not equivalent as the definition of
γ12(h) might depend on s ∈ Rd even if W is intrinsically stationary. For instance, if
both components are independent, we have γ12(h) = 2γ11(s + h) + 2γ22(s) for the off-
diagonal element of pseudo cross-variogram. By way of contrast, intrinsic stationarity is
equivalent to the cross variogram h ↦→ (E(Wi(s + h) −Wi(s))(Wj(s + h) −Wj(s)))i,j=1,2

being independent of s.

Indeed, Molchanov and Stucki (2013) already gave necessary and sufficient conditions for
a multivariate process of Brown-Resnick type to be stationary. For a fixed intensity e−u du
of the Poisson point process, the conditions on Gaussian processes given in Theorem 5.3
in Molchanov and Stucki (2013) can be shown to be equivalent to the conditions on the
process W stated above (if we additionally require Z to have standard Gumbel margins)
by a straightforward computation. Thus, the Gaussian processes in the above definition
of bivariate Brown-Resnick processes are essentially the only ones that yield a stationary
max-stable process.

In the following, we investigate the structure and the asymptotic behavior of bivariate
variograms that are translation invariant, refining the result by Papritz et al. (1993) that
limh→∞ γ12(h)/γ11(h) = 1 if γ11 is unbounded. This allows us to find valid models for
bivariate Brown-Resnick processes. The following theorem, as well as the statements
above, immediately extend to the general multivariate case.

Theorem 9.2. Let W = (W (1),W (2))⊤ be a bivariate second-order process on RD with
pseudo cross-variogram (γij(h))i,j∈{1,2} which does not depend on s ∈ RD. Then,

√︁
γ(h) =

√︂
(γij(h))i,j∈{1,2} =

(︃
1 1
1 1

)︃√︁
γ0(h) +

(︃
f11(h) f12(h)
f21(h) f22(h)

)︃
for some univariate variogram γ0 and bounded functions f11, f12, f21, f22 : RD → R.

Proof. For i, j ∈ {1, 2}, and h ∈ RD, we obtain(︂√︁
γii(h)−

√︂
γjj(h)

)︂2
= γii(h)− 2

√︂
γii(h)γjj(h) + γjj(h)

≤ γii(h)− Cov
(︁
W (i)(h)−W (i)(0),W (j)(h)−W (j)(0)

)︁
+ γjj(h)

=
1

2
Var

(︁
W (i)(h)−W (i)(0)−W (j)(h) +W (j)(0)

)︁
= γij(0)− Cov

(︁
W (i)(h)−W (j)(h),W (i)(0)−W (j)(0)

)︁
+ γij(0) ≤ 4γij(0),

where we used the Cauchy-Schwarz inequality for both inequalities. Analogously, we get
the assessment (︂√︁

γii(h)−
√︂
γji(h)

)︂2
= γii(h)− 2

√︂
γii(h)γji(h) + γji(h)

≤ γii(h)− Cov(W (i)(h)−W (i)(0),W (j)(h)−W (i)(0)) + γji(h)

=
1

2
Var

(︂
W (i)(h)−W (j)(h)

)︂
= γij(0).

Thus, the assertion of the theorem follows with γ0 = γ11.
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As the components of a translation invariant bivariate pseudo cross-variogram only differ
by a function that may increase only with a rate of order O(

√︁
γ0(h)) (Theorem 9.2), a

reasonable and not too restrictive model for the corresponding bivariate Gaussian random
field W = (W (1),W (2))⊤ is given by

W (s) = (1, 1)⊤V1(s) + V2(s), s ∈ RD,

where V1 is a univariate Gaussian random field with stationary increments and semi-
variogram γ0 and V2 is a bivariate stationary Gaussian random field with bivariate cross-
covariance function C(h) = (Cij(h))i,j∈{1,2}, independent from V1. Then, the pseudo
cross-variogram γ of W has the form

γij(h) = γ0(h) +
1

2
Cii(0) +

1

2
Cjj(0)− Cij(h), i, j ∈ {1, 2}, h ∈ RD.

Analogously to the univariate case, we propose to restrict to a parametric subclass of
semi-variograms for γ0 such as

γ0(h) = σ2
(κ−1∥h∥)2

((κ−1∥h∥)2 + 1)β

where σ, κ > 0 and β ∈ (0, 1). Here, γ0 is a valid univariate variogram as h → ∥h∥2 is
a variogram and λ ↦→ λ/(λ + 1)β is a Bernstein function (cf. Berg et al., 1984; Schilling
et al., 2010). Note that γ0 is a variogram of power law type modified to be smooth at the
origin.
For the bivariate cross-covariance C, we propose to use a parsimonious version of the
bivariate Matérn model (cf. Gneiting et al., 2010), which is a bivariate generalization of
one of the most widely used models in geostatistics, the Matérn model (cf. Guttorp and
Gneiting, 2006; Stein, 1999, for example). In the bivariate Matérn model, each component
of C is a Matérn covariance function which we parametrize in the way suggested by
Handcock and Wallis (1994), i.e.

Cii(h) = σ2i
21−νi

Γ(νi)

(︃
2
√
νi

ai
∥h∥
)︃νi

Kνi

(︃
2
√
νi

ai
∥h∥
)︃
, i = 1, 2,

C12(h) = C21(h) = ρσ1σ2
21−ν12

Γ(ν12)

(︃
2
√
ν12

a12
∥h∥
)︃ν12

Kν12

(︃
2
√
ν12

a12
∥h∥
)︃
,

for a1, a2, a12, σ1, σ2, ν1, ν2, ν12 > 0 and suitable ρ ∈ [−1, 1].
Here, analogously to the parsimonious version of the bivariate Matérn model which is
based on a different parametrization (Gneiting et al., 2010), we set a1 = a12 = a2 = a > 0
and ν12 =

1
2(ν1+ν2). Then, by Theorem 3 in (Gneiting et al., 2010), C is a valid bivariate

cross-covariance model if and only if

ρ2 ≤ (1 + ν−1
12 )

2ν12+2

(1 + ν−1
1 )ν1+1(1 + ν−1

2 )ν2+1
.

To increase the flexibility of the model, we further add a spatially constant effect with
variance c2 in the second component. Thus, C has the form

C11(h) = σ21
21−ν1

Γ(ν1)

(︃
2
√
ν1
a

∥h∥
)︃ν1

Kν1

(︃
2
√
ν1
a

∥h∥
)︃
,

C12(h) = C21(h) = ρσ1σ2
21−ν12

Γ(ν12)

(︃
2
√
ν12
a

∥h∥
)︃ν12

Kν12

(︃
2
√
ν12
a

∥h∥
)︃
,
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C22(h) = c2 + σ22
21−ν2

Γ(ν2)

(︃
2
√
ν2
a

∥h∥
)︃ν2

Kν2

(︃
2
√
ν2
a

∥h∥
)︃
.

Note that as the common summand γ0 is smooth at the origin, the behavior of γii near the
origin, i.e. the differentiability of W (i), depends only on the behavior of C which can be
modeled flexibly by the smoothness parameters ν1 and ν2 of the bivariate Matérn model.
In particular, as ∥h∥ → 0 and for some k(a, ν) > 0, we have

γii(h) =

⎧⎪⎨⎪⎩
k(a, νi)∥h∥2νi +O(∥h∥2), νi < 1,

k(a, 1)∥h∥2 log ∥h∥+O(∥h∥2), νi = 1,

k(a, νi)∥h∥2 + o(∥h∥2), νi > 1

(cf. Stein, 1999). Furthermore, the sample paths are m times differentiable if and only if
ν > m (Gelfand et al., 2010). The behavior of the γii as ∥h∥ → ∞, which has to be the same
for all components by Theorem 9.2, is parameterized by β as we have γii(h)∥h∥−2(1−β) → 1
as ∥h∥ → ∞. To increase the applicability of our model to real data located in R2, we
further allow for geometric anisotropy, replacing ∥h∥ by ∥h∗∥ where h∗ = A(b, ζ)h and
A(b, ζ) is the anisotropy matrix defined in (9.5). Thus, we obtain the variogram model
γ(ϑ; ·) given by

γii(ϑ;h) = σ2
(κ−1∥h∗∥)2

((κ∥h∗∥)2 + 1)β
+ σ2i

(︃
1−

(︃
2
√
νi
a

∥h∗∥
)︃ν1

Kν1

(︃
2
√
νi
a

∥h∗∥
)︃)︃

,

γ12(ϑ;h) = σ2
(κ−1∥h∗∥)2

((κ∥h∗∥)2 + 1)β
+
σ21 + c2 + σ22

2

− ρσ1σ2
21−ν12

Γ(ν12)

(︃
2
√
ν12
a

∥h∗∥
)︃ν12

Kν12

(︃
2
√
ν12
a

∥h∗∥
)︃
, (9.9)

for i = 1, 2 and h ∈ R2 where ϑ = (σ, κ, b, ζ, β, c, σ1, ν1, σ2, ν2, a, ρ).

9.4 Model Fitting

In the following, we will assume that data vobsmax(li, p) and vpredmax (li, p) for the maximal
observed and forecasted variable of interest at stations li, i = 1, . . . , nl and time period
p = 1, . . . , np are available.

9.4.1 Fitting of the Univariate Model

Let henceforth be k ∈ {“obs”, “pred”}. We concentrate here on the estimation of the
GEV and max-stable parameters assuming that the unknown mean m(li, d) and standard
deviation s(li, p) of the underlying distribution F have already been estimated by m̂(li, p)
and ŝ(li, p), respectively. An example for the later estimates can be found in Section 9.6.
Given the estimates m̂(li, p) and ŝ(li, p), we obtain the standardized data

yk(li, p) =
vkmax(li, p)− m̂(li, p)

ŝ(li, p)
, i = 1, . . . , nl, p = 1, . . . , np, (9.10)

which are assumed to be GEV distributed with parameters ξk, µk(li) and σk(li). We
assume that the parameters are independent between the stations. This can be justified
by measurement errors and the fact, that the forecasts used to estimate m̂(li, d) and ŝ(li, d)
are not directly available for the station li but only for the closest grid point. Furthermore,



150 9. Statistical Post-Processing of Forecasts for Extremes

we face model errors, e.g. misrepresentation of orographic effects. Effects stemming from
the environment of the measurement stations might even be the major cause for the
variations. As genuine variation and measurement errors cannot be separated in our set
up, we estimate the parameters separately for each station, via maximum likelihood. As
the standardized data yk are assumed to be temporally independent, by Smith (1985), the

maximum likelihood estimators (ξ̂
k
(li), 1 ≤ i ≤ nl, are asymptotically normally distributed

if ξk > −0.5. Thus, under the hypothesis that ξ̂
k
= 1

nl

∑︁nl
i=1 ξ̂

k
(li) is the true shape

parameter of the GEV at each station, the standardized residuals

ξ̂
k
(l1)− ξ̂

k

(ˆ︃Var(ξ̂k(l1)))1/2 , . . . ,
ξ̂
k
(lnl)− ξ̂

k

(ˆ︃Var(ξ̂k(lnl)))1/2
are approximately standard normally distributed, whereˆ︃Var(ξ̂k(li)) is the variance of ξ̂k(li)
estimated via the Hesse matrix of the log-likelihood function. Thus, the three hypotheses
that the shape parameter, the location and the scale parameter are spatially constant
can be checked indirectly via one-sample Kolmogorov-Smirnov tests of the correspond-
ing residuals for the standard normal distribution. Here, although the data for different
locations may be dependent, we assume that the normalized estimated parameters are
independent.

By transformation (9.3), the estimates ξ̂
k
, µ̂k(li) and σ̂

k(li) yield normalized data

xk(li, p) =
1

ξ̂
k
log

(︄
1 + ξ̂

k yk(li, p)− µ̂k(li)

σ̂k(li)

)︄
, 1 ≤ i ≤ nl, 1 ≤ p ≤ np. (9.11)

These can be compared to a standard Gumbel distribution via Kolmogorov-Smirnov tests
separately for each station as a goodness-of-fit test for the marginal model

V k
max(li, p) ∼ G

ξ̂
k
,µ̂kv(li,p),σ̂

k
v(li,p)

, (9.12)

where µ̂kv(l, p) = m̂(l, p) + ŝ(l, p)µ̂k(l) and σ̂kv(l, p) = ŝ(l, p)σ̂k(l). (9.13)

In order to capture the spatial dependence structure, a univariate Brown-Resnick pro-
cess associated to a variogram γk as defined in (9.4) is fitted to the transformed data
(xk(li, p))1≤i≤nl,1≤p≤np . Note that there exist numerous methods of inference for Brown-
Resnick processes, see, for example, Engelke et al. (2015) for a comparison of differ-
ent estimators. The method we will use is based on the extremal coefficient function
(Schlather and Tawn, 2003). For a stationary Brown-Resnick process associated to the
semi-variogram γk, the pairwise extremal coefficients are given by

θk(s1, s2) =
logP(Xk(s1) ≤ x,Xk(s2) ≤ x)

logP(Xk(s1) ≤ x)
= 2Φ

(︄√︃
γk(s1 − s2)

2

)︄
, s1, s2 ∈ R2,

(9.14)
where Φ denotes the standard normal distribution function (cf. Kabluchko et al., 2009).
This relation can be used for fitting Brown-Resnick processes to real data as the extremal
coefficients θk(s1, s2) can be estimated well via the relation

θk(s1, s2) =
1 + 2νF,k(s1, s2)

1− 2νF,k(s1, s2)
, s1, s2 ∈ R2, (9.15)

where the F -madogram νF,k(s1, s2) is defined by

νF,k(s1, s2) =
1

2
E
⃓⃓⃓
F (Xk(s1))− F (Xk(s2))

⃓⃓⃓
, s1, s2 ∈ R2, (9.16)
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and F is the marginal distribution function of Xk(s) (Cooley et al., 2006). Thus, we

obtain a plug-in estimator θ̂
k
(li, lj) for the extremal coefficients θk(li, lj), by replacing νF,k

in (9.15) by an estimator ν̂F,k(li, lj), 1 ≤ i, j ≤ nl. In order to avoid propagation of errors
in marginal modeling, we choose the non-parametric estimator

ν̂F,k(li, lj) =
1

2 · np · (np − 1)

np∑︂
p=1

⃓⃓⃓
Rp(x

k(li, ·))−Rp(x
k(lj , ·))

⃓⃓⃓
(9.17)

where Rp(x) denotes the rank of the p-th component of some vector x (cf. Ribatet, 2013).

Then, the corresponding variogram parameter vector ϑ̂
k
can be estimated by a weighted

least squares fit of θ̂
k
(li, lj) to θ

k(li, lj) as given in (9.14). As proposed by Smith (1990),

we choose weights that depend on the (estimated) variance ˆ︃Var(θk(li, lj)) of the estimator
θk(li, lj). Thus, we obtain the estimator

ϑ̂
k
= argmin

ϑ

∑︂
1≤i<j≤nl

⎛⎝ θ̂k(li, lj)− 2Φ
(︂√︁

γk(li − lj)/2
)︂

√︂ˆ︃Var(θk(li, lj))
⎞⎠2

. (9.18)

We will further discuss the estimation of the variance of θk(li, lj) in Section 9.6.

9.4.2 Fitting of the Bivariate Model

For fitting the bivariate Brown-Resnick process {(Xobs(l), Xpred(l))⊤ : l ∈ R2} we consider
the extremal coefficients θk1,k2(s, t) of max-stable vectors (Xk1(s), Xk2(t))⊤ for k1, k2 ∈
{“obs”, “pred”}. The extremal coefficients can be estimated from the transformed data
xobs(li, p) and xpred(li, p), 1 ≤ i ≤ nl, 1 ≤ p ≤ np, in the same way as in the univariate

case. The resulting estimates θ̂
k1,k2

(li, lj), 1 ≤ i, j ≤ nl, k1, k2 ∈ {“obs”, “pred”} are
compared to the corresponding extremal coefficients of a bivariate Brown-Resnick process
associated to the variogram γ(ϑ; ·) yielding the weighted least squares fit

ϑ̂ = argmin
ϑ

∑︂
1≤i,j≤nl

∑︂
k1,k2∈{“obs”,“pred”}

(︄
θ̂
k1,k2

(li, lj)− 2Φ(
√︁
γk1,k2(ϑ; li − lj)/2)ˆ︃Var(θk1,k2(li, lj))

)︄2

.

9.5 The Post-Processing Procedure

As the bivariate Brown-Resnick process model developed in this chapter describes the joint
distribution of the observed and forecasted maxima of the variable of interest, it allows
for some spatial post-processing of the original forecast. In this section, we will describe
the resulting post-processing procedure in more detail and provide some tools to verify
the procedure and the underlying model.

9.5.1 Post-Processing via Conditional Simulation

Let ξ̂
obs

, µ̂obs(·), σ̂obs(·), ξ̂pred, µ̂pred(·), σ̂pred(·) and ϑ̂ be estimates for the GEV and
variogram parameters derived from past training data. Further, assume that we have
vpredmax (li, p), m̂(li, p) and ŝ(li, p), i = 1, . . . , nl, based on forecasts for nl locations l1, . . . , lnl
and a time period p in near future. Then, we obtain an arbitrary number K of realiza-
tions (vj(li))1≤i≤nl , j = 1, . . . ,K, of the modeled distribution of the maximal observation
conditional on the forecast by the following three-step procedure:
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1. Transform vpredmax (·, p) to standard Gumbel margins:

xpred(·) = 1

ξ̂
pred

log

(︃
1 + ξ̂

pred vpredmax (·, p)− µ̂predv (·, p)
σ̂predv (·, p)

)︃
,

where µ̂predv and σ̂predv are given by Equation (9.13) for k = pred.

2. Conditional simulation of a bivariate Brown-Resnick process given its second com-
ponent: Simulate K independent realizations (xobsj (·), xpredj (·)), j = 1, . . . ,K, of a

bivariate Brown-Resnick process associated to the pseudo cross-variogram γ(ϑ̂
obs

; ·)
with standard Gumbel margins conditional on xpredj (·) = xpred(·).

3. Transform xobsj (·) to GEV margins: For j = 1, . . . ,K, set

vj(·, p) = σ̂obsv (·, p)
exp(ξ̂

obs
xobsj (·))− 1

ξ̂
obs

+ µ̂obsv (·, p),

where µ̂obsv and σ̂obsv are given by Equation (9.13) for k = pred.

The random fields obtained by this three-step procedure can be interpreted as post-
processed probabilistic forecasts for the maxima of the variable of interest at time period
p. While the first and the third steps only consist of marginal transformations, the con-
ditional simulation in the second step is the challenging part of the procedure. For this
step, the algorithm by Dombry et al. (2013) can be used. Note that the algorithm, which
has originally been designed for conditional simulation of univariate Brown-Resnick pro-
cesses, can directly be transferred to the multivariate case by perceiving the multivariate
processes as univariate processes on a larger index set. However, the computations will
be computationally expensive, in particular if the number of conditioning locations gets
large.

9.5.2 Verification

In practical applications, the proposed post-processing procedure and the underlying
model need to be verified. Here, we do not only consider the full bivariate Brown-Resnick
model which forms the base of the post-processing procedure, but also intermediate mod-
els such as the marginal GEV model and the univariate model. This allows us to evaluate
the effect of incorporating the spatial dependence structure and the forecasted maxima,
respectively.
For the evaluation and verification of the different models, we choose a standard verification
score in probabilistic prediction, the (negatively oriented) continuous ranked probability
score (CRPS) (cf. Gneiting and Raftery, 2007):

CRPS(F, x) =

∫︂ ∞

−∞
|y − x|F (dy)− 1

2

∫︂ ∞

−∞

∫︂ ∞

−∞
|y1 − y2|F (dy1)F (dy2),

where F is a real-valued distribution and x ∈ Rm is an observation. The continuous ranked
probability score is a strictly proper scoring rule, i.e.∫︂

CRPS(F, x)F (dx) ≤
∫︂
CRPS(G, x)F (dx)

for all distribution functions F and G with finite first moments and equality if and only
if F = G. This indicates that the mean CRPS for different observations is the smaller,
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the better the predicted distribution F fits to the true distribution of the observation
data. The usefulness of the CRPS for evaluating extremes was shown by Friederichs and
Thorarinsdottir (2012).

First, we evaluate the improvement in predictive quality by fitting the parameters of the
GEV model given in (9.12) and (9.13) to the observations instead of the forecast, i.e. we
calculate CRPSobs(li) and CRPSpred(li) where

CRPSk(li) = n−1
d

nd∑︂
d=1

CRPS(G
ξ̂
k
,µ̂kv(li,d),σ̂

k
v(li,d)

, vobsmax(li, d)).

for every station li, 1 ≤ i ≤ nl, and k ∈ {“obs”, “pred”}. For the calculation, we employ
the closed formula for the CRPS of a GEV provided by Friederichs and Thorarinsdottir
(2012). For ξ ̸= 0, they obtain

CRPS(Gξ,µ,σ, x) =

(︃
x− µ+

σ

ξ

)︃
(2F (x)− 1)

− σ

ξ

(︂
2ξΓ(1− ξ)− 2Γl(1− ξ,− logF (x)

)︂
where Γl is the lower incomplete gamma function. Furthermore, the CRPS for the GEV
fitted to the observations can be compared to the CRPS of the original forecast

CRPSorig(li) = np
−1

np∑︂
p=1

CRPS(F orig
li,p

, vobsmax(li, p)) (9.19)

where F orig
li,p

denotes the distribution of the original (probabilistic) forecast for the maxi-
mum of the variable of interest at location li within time period p. If this forecast is given
by an ensemble of values, such as the output of a numerical weather prediction model, for
example, F orig

li,p
corresponds to the empirical distribution function of this sample. If the

forecast corresponds to a single value, CRPSorig(li) reduces to the mean absolute error.

Finally, the full bivariate model and, thus, the proposed post-processing procedure can be
evaluated and verified by comparing the CRPS

CRPSbiv(li) = np
−1
∑︂np

p=1
CRPS

(︁
F
li,p|vpredmax

, vobsmax(li, p)
)︁

where F
li,p|vpredmax

is the distribution of the observed maximum at location li, 1 ≤ i ≤ nl

within time period p conditional on vpredmax , that is, the distribution of the post-processed
forecast, with the CRPS of the original forecast, CRPSorig(li).

9.6 Application to Real Data

In this section, we will apply the fitting and verification procedure described in Section
9.4 to real wind gust data consisting both of observation and forecast data. We will see
that, even though the marginal distributions are fitted quite well, a forecast based on the
single GEV for the observations is not able to outperform the forecast by the numerical
weather prediction model. However, the results for the bivariate model indicate that the
post-processing procedure proposed in Subsection 9.5.1 improves the predictive quality.
We also discuss the uncertainty of the obtained estimates.
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9.6.1 The Data

We consider observed as well as forecasted wind speed data provided by Germany’s Na-
tional Meteorological Service, the Deutscher Wetterdienst (DWD). We use observations
from 218 DWD weather stations over Germany at 360 days from March 2011 to February
2012. The weather stations register mean and maximum wind speed on an hourly basis.
Due to the inertia of the measuring instruments, the maximum wind speed approximately
corresponds to the highest 3-second average wind speed. Here, we use the maximum wind
speed vobsmax(l, d) between 08 UTC and 18 UTC for each station l and each day d.

Furthermore, for each day, forecasts for the wind speed maxima and for the hourly mean
wind speed both in 10m height above ground and for the 10-hour-period from 08 UTC
to 18 UTC are available. The forecasts are provided by the COSMO-DE ensemble pre-
diction system (EPS) operated by DWD. COSMO-DE (Baldauf et al., 2011) is a non-
hydrostatic limited-area numerical weather prediction model that gives forecasts for the
next 21 hours on a horizontal grid with a width of 2.8km covering Germany and neigh-
boring countries. For each variable of interest, the COSMO-DE EPS yields forecasts
consisting of 20 ensemble members stemming from COSMO-DE runs with five differ-
ent physical parameterizations and four different lateral boundary conditions provided by
global model forecasts. For more details on the Consortium for Small-scale Modeling see
http://www.cosmo-model.org/, and Gebhardt et al. (2011) and Peralta et al. (2012), for
COSMO-DE EPS.

The COSMO-DE EPS is initialized every 3 hours. Here, we take the forecasts that are
initialized at 00 UTC. Using the forecasts for the nearest grid point of a station, we obtain

forecasts v
(1)
mean(l, d, τ), . . ., v

(20)
mean(l, d, τ), τ ∈ {9, 10, . . . , 18}, and v(1)max(l, d), . . ., v

(20)
max(l, d)

for every weather station l and every day d. Here, v
(j)
mean(l, d, τ) and v

(j)
max(l, d) denote the

forecast for the mean wind speed between (τ −1) UTC and τ UTC and the maximal wind
speed, respectively, at station l and day d, forecasted by the jth COSMO-DE ensemble
member.

For the application of our model with a stationary spatial dependence structure, in the
following, we will restrict ourselves to forecasted and observed data for 119 DWD stations
north of 51◦N, denoted by l1, . . . , l119, as the northern part of Germany has a much more
homogeneous topography than the southern part.

9.6.2 Applying the Univariate Model

As the wind speed observations correspond to 3-second averages, the daily maximal wind
gusts vobsmax can be perceived as the maximum of a long time series. Further, the distribution
of a single wind speed is frequently modeled by a Weibull or a Gamma distribution (e.g.,
Conradsen et al., 1984; Pavia and O’Brien, 1986; Sloughter et al., 2007), that is, given
a fixed shape parameter of the Weibull or Gamma distribution, respectively, which is
spatially and temporally constant, the single observations may be assumed to come from
a location-scale family of distributions. These considerations give support to the usage of
the GEV model presented in Section 9.2 as a model for the maximal wind speed V k

max(li, d),
i ∈ {1, . . . , 119}, d ∈ {1, . . . , 360}. Fitting a GEV distribution to the standardized wind
speeds yk(li, d) as defined in (9.10) needs the estimates m̂(li, d) and ŝ(li, d) for the mean
and the standard deviation of the underlying wind speed distribution. We aim to extract
these characteristics from the forecast. Here, instead of direct estimates for the mean and
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the standard deviation, we use

m̂(li, d) =
20

max
j=1

1

10

18∑︂
τ=9

v(j)mean(li, d, τ) (9.20)

and ŝ(li, d) =

⎛⎝ 1

199

20∑︂
j=1

18∑︂
τ=9

⎡⎣v(j)mean(li, d, τ)−
1

200

20∑︂
j′=1

18∑︂
τ ′=9

v(j
′)

mean(li, d, τ
′)

⎤⎦2⎞⎠1/2

. (9.21)

Even though not providing consistent estimates for mean and standard deviation of the
underlying distribution, m̂(li, d) and ŝ(li, d) lead to a consistent normalization in the fol-

lowing sense: If the data vobsmax and the forecasts v
(j)
mean are affinely transformed (i.e. the

parameters m and s are modified) in the same way, the normalized data yobs(li, d) remain
unchanged. This choice of m̂(li, d) and ŝ(li, d) also ensures the identifiability of the GEV
parameters µk(li) and σ

k(li).

As described in Section 9.4, the GEV parameters for the standardized observations can be
estimated via maximum likelihood and the hypotheses that these are spatially constant
can be checked via Kolmogorov-Smirnov tests. For ξobs, we obtain a p-value of 0.194. The
analogous tests for µobs and σobs both yield p-values smaller than 2.2 · 10−16. Thus, the
hypotheses that the residuals of the estimates of µobs and σobs follow a normal distribu-
tion both can be rejected and, consequently, we stick to the assumption that the GEV
parameters, location and scale, differ among the stations.
In contrast to the location and the scale parameter, the shape parameter of the GEV will
be assumed to be spatially constant in northern Germany with the value

ξobs = ξ̂
obs

=
1

119

119∑︂
i=1

ξ̂
obs

(li) = 0.043

(The empirical standard deviation of the sample {ξ̂obs(li) : i = 1, . . . , 119} is 0.049). Note,
however, that the estimated shape parameter differs significantly (to a 5%-level) from the
mean value in case of 20 stations. For six of these stations, it even differs highly signif-
icantly (to a 1%-level), and four of them even to a 0.1%-level. The parameter estimates
µ̂(li) and σ̂(li), 1 ≤ i ≤ 119 for the location and scale parameters, respectively, obtained

by maximum likelihood estimation with fixed shape parameter ξobs = ξ̂
obs

are depicted
in Figure 9.1a. Note that the estimated vectors of location and scale parameters show a
strong empirical correlation of 0.97. By (9.3), the data can be transformed to standard
Gumbel margins. Kolmogorov-Smirnov tests performed separately for each station yield
p-values of at least 0.098 with a mean value of 0.718 which indicates that the GEV model
fits quite well for all the stations.

As a fit of the GEV distribution to the forecast is needed for both verification of the
marginal model and the bivariate Brown-Resnick model, we repeat our analysis replacing
the observed maximal wind speed vobsmax(li, d) by v

pred
max (li, d), i.e. a forecast for the maximal

wind speed at station li and day d. Here, we use the maximum over the 20 corresponding
COSMO-DE ensemble members

vpredmax (li, d) = max
j=1,...,20

v(j)max(li, d), 1 ≤ i ≤ 119, 1 ≤ d ≤ 360,

which suggests that the distribution of vpredmax should be close to a GEV distribution. Note
that this choice of vpredmax is in complete accordance to the choice of m̂(li, d) as maximal
mean of all the ensemble members in Equation (9.20).
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Figure 9.1: a Estimates µ̂obs(li) and σ̂obs(li) for the location and scale parameters corre-
sponding to the observed maximal wind speed at the stations in the northern
part of Germany. b Estimates µ̂pred(li) and σ̂

pred(li) for the location and scale
parameters corresponding to the forecasted maximal wind speed at the stations
in the northern part of Germany.

As the Kolmogorov-Smirnov test of the normalized estimates for ξpred yields a p-value of
0.53 and the estimates differ significantly from the mean for seven stations (for three of
them very significantly), we may assume a shape parameter of

ξpred = ξ̂
pred

=
1

119

119∑︂
i=1

ξpred(li) = 0.028

(The empirical standard deviation of the sample {ξ̂pred(li) : i = 1, . . . , 119} is 0.044) at
every station in northern Germany. However, the hypotheses that the estimates for the
location and the scale parameter follow a normal distribution have been both rejected.
The maximum likelihood estimates µ̂pred(li) and σ̂pred(li), 1 ≤ i ≤ 119, with fixed shape
parameter are shown in Figure 9.1b. Here, the empirical correlation of the vectors of
estimated location and scale parameters is just as strong as in case of the observations.
Kolmogorov-Smirnov tests of the transformed data xpred(li, d) for every station yield p-
values of at least 0.142 with and equal 0.748 in average which also indicates an appropriate
fit.

The spatial dependence is modeled by a univariate Brown-Resnick process which is ob-
tained by a weighted least squares fit of the extremal coefficient function. Here, the weights

depend on the variance of the estimators ϑ̂
obs

(li, lj) (see Section 9.4) estimated by a jack-
knife procedure where the extremal coefficients are reestimated leaving out one month of

data. The estimated extremal coefficients θ̂
obs

and the fitted extremal coefficient function

θ̃
obs

(s, t) = 2Φ

⎛⎝√︄γ
ϑ̂
obs(s− t)

2

⎞⎠ , s, t ∈ R2.
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Figure 9.2: Left: The estimated extremal coefficients θ̂
obs

(black circles) and the fitted

extremal coefficient function θ̃
obs

(red line) of the normalized random field
Xobs(·, d) of observed wind gusts. Right: Contour level plot of the fitted

extremal coefficient function θ̃
obs

(l0, ·) where l0 is located at Hanover.

are displayed in Figure 9.2. Here, the estimated coefficients seem to be fitted quite well.

For verification, we first calculate the mean CRPS for each of the two models given by
(9.12), CRPSobs(li) and CRPSpred(li), for every station li, 1 ≤ i ≤ 119. Then, the im-
provement or deterioration by using the GEV distributions of the observations instead of
the forecasts is expressed in terms of the skill score (e.g., Gneiting and Raftery, 2007)

S(li) = 1− CRPSobs(li)

CRPSpred(li)

which has the value 1 in case of an “optimal” model which equals vobsmax a.s. and the value
0 if both models yield the same result. Here, Sli > 0 for 115 of 119 stations. For the skill
score corresponding to the mean CRPS averaged over all the stations, we obtain

S = 1−
∑︁119

i=1CRPS
obs
li∑︁119

i=1CRPS
pred
li

≈ 0.293.

Note that, for simplicity, the reference model (9.12) for the predictions is based on the

maximal ensemble members vpredmax (li, d) only and further information given by the maximal
wind speed forecasted by the other ensemble members are neglected. Thus, we further
compare the CRPS of the GEV model for the observations, CRPSobs(li), with the CRPS
of the original COSMO-DE ensemble, CRPSorig(li), taking the ensemble forecast as a
probabilistic forecast with equal probability for each ensemble member. Here, the skill
S̃(li) = 1 − CRPSobs(li)/CRPS

orig(li) is positive for 37 of 119 only, with the skill of
the averaged CRPS being approximately −0.032. As the skill score is slightly negative,
the COSMO-DE ensemble forecast seems to contain more information than our marginal
model.

Note that, for a fair comparison, we should avoid the validation of our model on the
same data that have been used for the model fit. Hence, we perform cross validation:
Separately for every month, the GEV parameters are reestimated leaving out the data
for this month and using only the data for the other eleven months for the model fit.
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The GEV parameters estimated for different months in this way show very little variation
corroborating the assumption that they are constant in time. Further, the verification
results above are confirmed: We obtain skill scores of 0.285 for the CRPS compared with
the GEV model for the forecast and −0.048 compared to the COSMO-DE ensemble.

9.6.3 Applying the Bivariate Model

A bivariate Brown-Resnick process is fitted to the transformed data according to Section
9.4. Here, as a preliminary analysis suggests, the parameter ρ is set to the maximal value
yielding a valid valid variogram, i.e.

ρ =
(1 + ν−1

12 )
ν12+1

(1 + ν−1
1 )

1
2
ν1+

1
2 (1 + ν−1

2 )
1
2
ν2+

1
2

The estimate ϑ̂ of the remaining eleven pseudo cross-variogram parameters leads to the
fitted extremal coefficient function

θ̃(li, lj) =
(︂
θ̃
k1,k2

(li, lj)
)︂
k1,k2∈{“obs”,“pred”}

= 2

⎛⎝Φ

⎛⎝√︄γk1k2(ϑ̂; li − lj)

2

⎞⎠⎞⎠
k1,k2∈{“obs”,“pred”}

.

Figure 9.3 presents the estimated extremal coefficients θ̂
k1,k2

(li, lj), and the fitted extremal

coefficient functions θ̃
k1,k2

(·, ·) for k1, k2 ∈ {“obs”, “pred”}. As illustrated, the fitted model
seems to be appropriate with respect to the behavior of the extremal coefficient function.
Figure 9.4 depicts a simulated realization of the corresponding Brown-Resnick process as-
sociated to the variogram γ(ϑ̂; ·) with standard Gumbel margins. The realization indicates
a remarkable amount of positive correlation between xobs and xpred which emphasizes the
gain of information by taking xpred into account.

In order to verify the bivariate model, we apply the post-processing procedure proposed in
Subsection 9.5.1. Due to the computational complexity of the conditional simulation, we
do not simulate the observations at all stations simultaneously conditional on the forecast
at all locations, but perform post-processing with sample size K = 20, i.e. the size of the
original COSMO-DE ensemble, at each location separately conditioning on the forecast at
the same location and two neighboring grid cells only. We calculate the CRPS of the post-
processed distribution, CRPSbiv(li), and compare it with CRPS(NWP )(li), i.e. the CRPS
belonging to the empirical distribution of the COSMO-DE ensemble, yielding a positive
skill score for 82 of 119 stations where the skill score related to the mean CRPS equals 0.128
(0.111 cross-validated). If we increase the sample size K = 100, we obtain an improved
skill score of 0.164 (0.147 cross-validated), being positive for 104 of 119 stations. Thus, we
conclude that the post-processing procedure based on the bivariate Brown-Resnick model
is able to improve the forecast given by COSMO-DE ensemble.

9.6.4 Uncertainty Assessment

We assess the uncertainty in the estimation of the model parameters via parametric boot-
strap, i.e. we simulate data sets from the fitted model and repeat the estimation procedure.
As a detailed analysis of the numerical model producing the forecasts is beyond the scope
of this chapter, we do not account for the uncertainty in the estimates m̂(li, d) and ŝ(li, d),
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Figure 9.3: Left: The estimated extremal coefficients (black circles) and the fitted ex-
tremal coefficient function (red line) of the normalized bivariate random field
(Xobs, Xpred) of observed and forecasted wind gusts. Right: Contour level
plots of the fitted extremal coefficient function θ̃(l0, ·) where l0 is located at
Hanover.
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Figure 9.4: Simulated realization of a Brown-Resnick process associated to the variogram
γ(ϑ; ·) with standard Gumbel margins.

b θ β σ κ c σ1 ν1 σ2 ν2 a

orig. 1.2 -0.10 0.91 2.0 425 1.5 1.3 0.3 1.1 0.4 124
mean 1.2 0.05 0.72 1.3 307 1.5 1.4 0.3 1.2 0.5 306
std. dev. 0.2 0.36 0.23 0.8 214 0.1 0.4 0.5 0.4 0.7 283

Table 9.1: Results for parameters of the bivariate Brown–Resnick model obtained via para-
metric bootstrap

but focus on the normalized values{︃
vobsmax(li, d)− m̂(li, d)

ŝ(li, d)
,
vobsmax(li, d)− m̂(li, d)

ŝ(li, d)
: i = 1, . . . , 119, d = 1, . . . , 360

}︃
.

To this end, we draw 360 independent realizations from the bivariate Brown-Resnick pro-
cess fitted in Subsections 9.6.2 and 9.6.3 using the simulation algorithm by Dombry et al.
(2016a). The procedure is repeated 100 times yielding 100 independent data sets of the
same size as the original one. Following the steps described in Subsections 9.6.2 and 9.6.3,
we thus obtain 100 independent estimates.

The sample of estimates ˆ︁ξobs has mean 0.043 and a standard deviation of 0.02. In order
to validate the p-value of the Kolmogorov-Smirnov tests for ξobs, we repeat these tests
on the simulated data sets and obtain a p-value smaller than the original one (0.194) in
22 of 100 cases which supports the non-rejection of the hypothesis that ξobs is spatially
constant. The p-values of the tests for µobs and σobs are confirmed, as well.

Analogously, the results for the marginal parameters for the forecast are verified: The
sample of estimates ˆ︁ξpred has mean 0.03 and a standard deviation of 0.02 while the original
p-value (0.53) of the test for ξobs is undercut in 62 of 100 cases.

Further, we assess the estimation of the Brown-Resnick model parameters. The origi-
nal parameter values and the sample means and standard deviations obtained from the
parametric bootstrap are presented in Table 9.1. It can be seen that most parameters are
recovered well by the estimation procedure. For some parameters of the bivariate Whittle-
Matérn model, however, rather large variances are observed, a phenomenon which is often
encountered in practice in accordance to the fact that not all parameters of the Whittle-
Matérn model can be consistently estimated from observations in a fixed domain (cf.
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Zhang, 2004). Even though some parameters show considerable variation, there is little
variation in the bivariate extremal coefficient function as displayed in Figure 9.5.
Besides the uncertainty of the parameter estimates, we also assess the deviation of the non-
parametrically estimated extremal coefficients from the parametrically estimated extremal
coefficient function. To this end, for k1, k2 ∈ {“obs”, “pred”}, we calculate the root-mean-
square error

RMSEk1,k2 =

⎡⎣ 1

1192

∑︂
1≤i,j≤119

(︃
θ̂
k1,k2

(li, lj)− 2Φ(

√︂
γk1,k2(ϑ̂; li, lj)/2)

)︃2
⎤⎦1/2

.

For the original data, the corresponding root-mean-square errors are RMSEobs,obs = 0.074,
RMSEobs,pred = RMSEpred,obs = 0.078 and RMSEpred,pred = 0.061. Repeating the calcula-
tion for the simulated data sets, we obtain sample mean root-mean-square errors 0.039 (for
RMSEobs,obs), 0.041 (for RMSEobs,pred and RMSEpred,obs) and 0.037 (for RMSEpred,pred)
with standard deviations 0.0018, 0.0019 and 0.0018, respectively. Thus, the deviations for
the real data are roughly twice as large as expected in case of the model being correct.
One may conclude, that the extremal coefficient for real data is not only a function of the
distance, but may be modulated by the topography or the climate at the stations.

Finally, note that the same methodology could be used to assess the uncertainty of the
post-processed forecast. To this end, different sets of estimated parameters could be used
as input for the post-processing procedure described in Subsection 9.5.1 to determine the
uncertainty of its output. However, a full analysis would also require an assessment of
the uncertainty in the estimates m̂(li, d) and ŝ(li, d) which, as already mentioned above,
is beyond the scope of this work.
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Figure 9.5: Results for the bivariate extremal coefficient functions obtained via parametric
bootstrap as functions of the distance in north-south (left) and east-west (right)
direction. The dashed lines are the true extremal coefficient functions while
the solid lines gives the pointwise bootstrap sample mean of the fitted extremal
coefficients. The dotted lines indicate the pointwise 0.025 and 0.975-quantiles,
respectively.
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and the Hüsler–Reiss Pareto distribution. ArXiv preprint arXiv:1712.09225.
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