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Abstract

In this work we discuss the theoretical status for the study of the lifetime of heavy

hadrons. After presenting some introductory topics like the effective weak Hamil-

tonian and the heavy quark effective theory (HQET), we describe the construction

of the heavy quark expansion (HQE), which constitutes the theoretical framework

to systematically compute the total decay width of heavy hadrons, in terms of an

expansion in inverse powers of the heavy quark mass. The structure of the HQE is

discussed in detail, and the computation of the lowest dimensional contributions, ex-

plicitly outlined. Particular emphasis is put in describing the expansion of the quark

propagator in the external gluon field using the Fock-Schwinger (FS) gauge, which

represents a fundamental ingredient of the calculation. Moreover, the main result is

the computation of the dimension-six contribution due to the Darwin operator, only

recently determined and found to have a sizeable effect. Finally, we consider two

phenomenological applications of the HQE in the charm sector, namely the study of

the lifetime of charmed mesons and the analysis of the Glashow-Iliopoulos-Maiani

(GIM) cancellations in neutral D-meson mixing. By comparing our results with

recent measurements performed by the LHCb, Belle-II and BESIII collaborations,

we conclude that the HQE is able to reproduce, within large theoretical uncertain-

ties, the experimental pattern for the lifetimes of charmed mesons and we discuss

a potential solution for the discrepancy of previous theoretical determinations of

D-mixing with data.
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Zusammenfassung

In dieser Arbeit erörtern wir den theoretischen Status der Untersuchung von Lebens-

dauern schwerer Hadronen. Nach einigen einführenden Themen wie dem schwachen

effektiven Hamiltonian und der effektiven Theorie für schwere Quarks (HQET)

beschreiben wir die Konstruktion der Heavy Quark Expansion (HQE), die den theo-

retischen Rahmen für die systematische Berechnung der totalen Zerfallsbreite schw-

erer Hadronen in Form einer Entwicklung in inversen Potenzen der schweren Quark-

masse bildet. Die Struktur der HQE wird im Detail diskutiert und die Berechnung

der niedrigstdimensionalen Beiträge wird explizit dargestellt. Ein besonderes Au-

genmerk wird auf die Beschreibung der Entwicklung des Quark-Propagators in einem

externen Gluon-Feld unter Verwendung der Fock-Schwinger-Eichung (FS) gelegt, die

einen grundlegenden Bestandteil unserer Rechnungen darstellt. Darüber hinaus ist

das Hauptergebnis die Berechnung des Beitrags des Darwin Terms mit der Massendi-

mension sechs, der erst vor kurzem von uns erstmals bestimmt wurde und numerisch

bedeutend ist. Schließlich stellen wir zwei phänomenologische Anwendungen der

HQE im Charm-Sektor vor, nämlich die Untersuchung der Lebensdauern von Charm

Mesonen und die Analyse der Glashow-Iliopoulos-Maiani (GIM)-Kanzellierungen in

der Mischung neutraler D Mesonen. Durch den Vergleich unserer Ergebnisse mit den

jüngsten Messungen der Kollaborationen LHCb, BelleII und BesIII kommen wir zu

dem Schluss, dass die HQE in der Lage ist, innerhalb großer theoretischer Unsicher-

heiten, die experimentellen Resultate für die Lebensdauern von Charm Mesonen zu

reproduzieren, und wir diskutieren eine mögliche Lösung für die Diskrepanz zwischen

früheren theoretischen Bestimmungen von D-Mischung und den Daten.
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Alla mia famiglia:

mamma, papà e Beniamino



“If the doors of perceptions were cleansed,

everything would appear to man as it is, Infinite.”

William Blake, The Marriage of Heaven and Hell.
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Introduction

The standard model of particle physics (SM) describes our knowledge about the

fundamental constituents of nature, quarks and leptons, and the interactions among

them [1–3] and it is confirmed by numerous measurements to an astonishing preci-

sion, see e.g. textbooks like [4]. With the discovery of the Higgs boson [5–7] by the

experimental collaborations ATLAS [8] and CMS [9] at the Large Hadron Collider

(LHC) at CERN in 2012, the spectrum of the SM particles is complete.

Despite the enormous success, the SM leaves many important questions open, in

fact, e.g. it is not able to explain the existence of ordinary matter in the Universe or

that of dark matter. According to the Sakharov criteria [10], the fundamental theory

of nature must incorporate C and CP violation, baryon number violating processes

and a strong first order phase transition in the early Universe, to potentially explain

the existence of ordinary matter. C violation is implemented by construction in the

SM and CP violation is present in the Cabibbo-Kobayashi-Maskawa matrix [11,12],

although typically, the amount of CP violation contained in the CKM matrix is

considered to be too small to explain the matter-antimatter asymmetry [13], see,

however Ref. [14] for a counter example. Baryon number is violated in the SM via

sphalerons [15], but a strong first order phase transition could only occur for Higgs

masses below 70 GeV [16], which is not realised in nature [8, 9] 1.

Because of this, the SM is typically considered to be an effective theory, see e.g. the

textbook [18], extended at higher energies with contributions that might explain

some of the open questions. Numerous possible extensions of the SM have been

studied in the literature, one of the simplest predicts the existence of a second Higgs

doublet, see e.g. the review [19], which could provide the missing amount of CP

violation and also a strong first order phase transition, see e.g. Ref. [20]. Another

example is the framework presented in Ref. [14], in which it is investigated the pos-

sibility to explain the existence of matter and dark matter, through new sources of

CP violation in mixing of neutral B mesons and new couplings of the B mesons

with light dark matter particles.

1In Ref. [17], we have developed a method to solve differential equations using neural networks,
applied then to the study of cosmological phase transitions in the early Universe.
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The search for beyond standard model (BSM) effects in particle physics, can be

direct and indirect. With the former, new heavy resonances can be produced in

particle collisions by increasing the center of mass energy, however, apart from the

discovery of the Higgs boson, direct searches have not been successful so far at the

LHC. On the other side, with indirect searches, measurements of observables with

high precision, are compared with the corresponding SM predictions. In this case

a robust control over the theoretical uncertainties is crucial, and the bottleneck is

represented by the strong interaction, which either requires the calculation of higher

order perturbative corrections or the use of non perturbative methods. Since the

LHC will continue running for several years with increased luminosity and in the

upcoming future there will not be a new particle accelerator with higher center

of mass, in recent years there has been a progressive shift from direct to indirect

searches, see e.g. Ref. [21].

Quark flavour physics is particularly well suited for indirect searches of BSM ef-

fects due to several reasons. First, many experiments are providing precise flavour

data, e.g. LHCb, Belle II, BESIII, ATLAS, CMS and formerly BaBar, Belle and

many more, see e.g. the extensive HFLAV report for a list of the numerous mea-

surements [22]. Second, the theoretical description of quark flavour observables is

theoretically very advanced and enables a control of the hadronic effects, see e.g. the

textbooks [23–25]. The computation of higher order perturbative corrections can be

systematically improved, see the recent N3LO-QCD calculation for the semileptonic

bÑ c`ν` decay [26]. Moreover, many heavy flavour observables can be expressed in

terms of a series in inverse powers of the heavy quark mass, see e.g. the review [27],

and again higher order power corrections can be systematically determined, see e.g.

the computation of the contributions up to order 1{m5
b for semileptonic b-decays [28].

Non perturbative effects can be determined with theoretical tools like light-cone sum

rules (LCSR) [29–31] or lattice QCD [32], which can also be systematically improved,

in order to match the increasing experimental precision. Third, CP violating effects

are large in the Bd-system and they are well studied, see e.g. Ref. [33]. Conversely,

they are expected to be very small in the charm sector, see e.g. the review [34], and in

the Bs system, see e.g. the review [35], and can then provide a useful null-hypothesis

test of the SM, since any measurement of a sizeable amount of CP violation could be

a clear signal for BSM effects. Finally, we currently witness a significant number of

deviations between experiments and SM predictions for quark flavour observables.

The most famous are the so-called “flavour anomalies” [36], observed in semileptonic

loop-level decays, induced by the bÑ s``, with ` “ µ, e, transitions and semileptonic

tree-level decays, induced by the b Ñ c`ν, with ` “ µ, τ , transitions. A combined

statistical analysis of these anomalies points at deviations of the order of six to seven

standard deviations, see e.g. Ref. [37].
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The above arguments show that indirect BSM searches with quark flavour observ-

ables represent a very interesting and promising field for future investigations in

elementary particle physics. However, in order to be able to unequivocally identify

the signals of BSM effects, it is of primary importance to further improve the control

over the theoretical predictions. In this respect, the work here presented constitutes

a detailed study of the theoretical status for the determination of the lifetime of

heavy hadrons, like the B- and the D-mesons. In particular, we analyse the struc-

ture of the heavy quark expansion (HQE), which provides a consistent framework to

compute the total decay width of heavy hadrons in terms of a series in inverse powers

of the heavy quark mass, and discuss the recent computation of higher power cor-

rections of dimension-six. Specifically, the content presented in this work is divided

into four major parts. In Chapter 1 we introduce the main theoretical ingredients

required for the computation, and in particular describe the construction of the

HQE. In Chapter 2 we present the explicit calculation of the lowest dimensional

contributions to the HQE of a B-meson, namely due to two-quark operators up to

order 1{m2
b and to four-quark operators up to order 1{m4

b . In Chapter 3 we outline

in detail the computation of the contribution of order 1{m3
b due to the Darwin op-

erator for the case of arbitrary non-leptonic decay modes of the b-quark, which has

only recently been determined and found to be sizeable. Moreover, particular em-

phasis is put in describing the mixing between four-quark operators and the Darwin

operator at dimension-six, that ensures the cancellation of the infrared divergences,

arising from the emission of a soft gluon from a light quark propagator, otherwise

present in the coefficients of the Darwin operator. In Chapter 4 we consider two

phenomenological applications of the HQE in the charm-sector, specifically, we per-

form a comprehensive study of the inclusive decay width of charmed mesons and

propose a possible solution to explain the large discrepancy between the theoretical

determination of mixing of neutral D-mesons and the corresponding experimental

data. Finally we conclude with a discussion of the results.
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Notations

Here we list some of the notations adopted throughout this work, mostly following

the textbooks [38, 39]. We use the natural system of units, i.e. c “ ~ “ 1. Indices

representing all four components of a four-vector are always labelled by Greek letters

e.g. µ “ 0, 1, 2, 3, while indices corresponding only to the three space components

are labelled by Latin letters e.g. k “ 1, 2, 3. Summation over repeated indices is

understood unless otherwise stated. The four-dimensional Minkoswki metric tensor

is gµν “ diagp1,´1,´1,´1q, so that the invariant product between two four-vectors

xµ and yµ is given by x ¨ y ” gµνx
µyν “ x0y0 ´ x ¨ y, with three-vectors denoted in

bold type. Moreover the differential operator reads

Bµ “
B

Bxµ
“ pBt,∇q , B

µ
“

B

Bxµ
“ pBt,´∇q . (1)

The Pauli matrices are the three hermitean 2 ˆ 2 matrices

σ1 “

˜

0 1

1 0

¸

, σ2 “

˜

0 ´i

i 0

¸

, σ3 “

˜

1 0

0 ´1

¸

, (2)

satisfying σjσk “ δjk` iεjklσl , with ε123 “ 1. The four-dimensional gamma matrices

γµ, in the standard representation, are respectively given by

γ0
“

˜

12 0

0 ´12

¸

, γk “

˜

0 σk

´σk 0

¸

, (3)

with

tγµ, γνu “ 2gµν14 , γµ: “ γ0γµγ0 . (4)

The commutator of two gamma matrices is

σµν “
i

2
rγµ, γνs , (5)
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while the fifth gamma matrix is defined as

γ5 “ γ5
“ iγ0γ1γ2γ3 . (6)

Regarding the convention for the four-dimensional Levi-Civita tensor εµνρσ, we use

ε0123 “ 1 “ ´ε0123. With the above definitions for γ5 and εµνρσ, it follows that the

tensor decomposition of three gamma matrices reads

γµγνγρ “ gµνγρ ´ gµργν ` gνργµ ` iεµνρσγσγ5 , (7)

and that the trace of four gamma matrices and one γ5 is

Tr rγµγνγργσγ5s “ ´4iεµνρσ . (8)

Quantum Chromodynamics (QCD) is a non-abelian gauge theory with the symmetry

group SUpNcq and number of colours Nc “ 3. Colour indices of fields in the adjoint

representation are indicated by a, b, c “ 1, . . . , pN2
c ´ 1q, whereas i, j, k “ 1, . . . , Nc,

are used to label fields in the fundamental representation. The generators in the

fundamental and in the adjoint representation are respectively denoted by ta and

T a. They satisfy the following commutation relations

“

ta, tb
‰

“ ifabc tc ,
“

T a, T b
‰

“ ifabcT c , pT aqbc “ ´if
abc , (9)

where fabc are the structure constants of the group. From the normalisation choice

Trrtatbs “
1

2
δab , (10)

it follows that

`

ta ¨ ta
˘

ij
“ CF δij , fabcfdbc “ CA δ

ad , (11)

with CF “ pN2
c ´ 1q{2Nc, and CA “ Nc. The Feynman rules for a perturbative

analysis of QCD are derived from the Lagrangian 2

Lclassical ` Lgauge´fixing ` Lghost , (12)

2Note that this is an abuse of notation, it actually corresponds to the Lagrangian density.
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here, without discussing Lgauge´fixing and Lghost, required for the renormalisation of

the theory, the classical Lagrangian reads

Lclassical “ ´
1

4
Ga
µνpxqG

aµν
pxq `

ÿ

flavours

q̄ipxq
`

i {D ´mq

˘

ij
qjpxq . (13)

In Eq. (13), the gluon field strength tensor is

Ga
µνpxq “ BµA

a
νpxq ´ BνA

a
µpxq ` gsf

abcAbµpxqA
c
νpxq , (14)

Aaµpxq denotes the corresponding gauge field and gs is the strong coupling. More-

over, we use Gµν “ Ga
µνt

a and Aµ “ Aaµt
a. Acting respectively on fields in the

fundamental and adjoint representation, the covariant derivative takes the form

pDµqij “ Bµδij ´ igsA
a
µpxqpt

a
qij , (15)

and

pDµqab “ Bµδab ´ igsA
c
µpxqpT

c
qab . (16)

Finally, the gluon field strength tensor can be expressed in terms of the commutator

of two covariant derivatives in the fundamental representation, as

Gµν “ Ga
µνt

a
“

i

gs
rDµ, Dνs

“
i

gs

“

Bµ ´ igsA
b
µpxqt

b, Bν ´ igsA
c
νpxqt

c
‰

“
`

BµA
a
νpxq ´ BνA

a
µpxq

˘

ta ´ igsA
b
µpxqA

c
νpxq

“

tb, tc
‰

“
`

BµA
a
νpxq ´ BνA

a
µpxq ` gsf

abcAbµpxqA
c
νpxq

˘

ta , (17)

while from Eqs. (16), (15), and (9), we obtain that a covariant derivative acting on

the gluon field strength tensor i.e. DρGµν “ pDρqabG
b
µνt

a, see also e.g. Ref. [40], can
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be written as

DρGµν “ BρδabG
b
µνt

a
´ gsA

c
ρG

b
µνf

cabta

“ BρGµν ´ igs
“

tc, tb
‰

AcρG
b
µν

“ BρGµν ´ igs rAρ, Gµνs

“ rDρ, Gµνs “
i

gs
rDρ, rDµ, Dνss , (18)

where the covariant derivative on the l.h.s. of Eq. (18) is in the adjoint representation

and those in the last line of Eq. (18) in the fundamental. However, in the following,

the coupling constant will be mostly absorbed in the definition of the gluon field i.e.

Aµpxq Ñ 1{gsAµpxq, and Gµν Ñ gsGµν , so that in this case

Gµν “ i rDµ, Dνs , DρGµν “ i rDρ, rDµ, Dνss . (19)

18



Chapter 1

The Theoretical Framework

In this first chapter we present four of the fundamental theoretical tools necessary for

the upcoming discussions and computations. Specifically, in Section 1.1, we intro-

duce the effective weak Hamiltonian, which provides the appropriate framework to

study processes like b- and c-quark decays, that happen at energy scales much lower

than the W -boson mass. We then briefly describe in Section 1.2, the construction

of the heavy quark effective theory (HQET), which represents an approximation of

QCD, valid in the case of heavy quarks Q with mass mQ " ΛQCD, where ΛQCD

characterises the onset of the non perturbative regime of the strong coupling αs.

Particular emphasis is put in deriving in Section 1.3, the expansion of the quark-

propagator in the external gluon field using the Fock-Schwinger (FS) gauge, a key

ingredient for the calculations presented in the subsequent chapters. Finally, in

Section 1.4, we introduce the general framework in which all of the computations

and results obtained in the present work are embedded, namely, the heavy quark

expansion (HQE).

1.1 The effective weak Hamiltonian

The study of hadronic weak decays defines a typical multi-scale problem in which

the mass of the W -boson, mW , the one of the decaying constituent quark, m, and

the hadronic non perturbative scale ΛQCD, lead to the hierarchy mW " m " ΛQCD.

The construction of effective field theories (EFTs) provides a general way to deal

with multi-scale problems, as it allows to reduce them to a combination of simpler

and single-scale ones.

In order to derive the effective Hamiltonian needed to describe weak decays of

B- and D-hadrons in the sequent chapters, we consider as a paradigmatic example

the cÑ sd̄u decay. We stress that the content of this section closely follows the one

19



Chapter 1 The Theoretical Framework

W

c s

ud

c s

ud

Figure 1.1: By expanding in powers of 1{m2
W , the non-local amplitude in the full

theory (left), results in a local interaction in the effective theory (right). The crosses
in vertices denote the insertion of the effective four-quark operator.

of the reviews [41–44], to which we refer for a comprehensive introduction to the

effective Hamiltonians for weak decays as well as for further references on the topic.

The tree-level flavour changing transition c Ñ sd̄u, proceeds through the ex-

change of a W -boson between the pcsq and pudq left-handed quark currents, as it

is diagrammatically shown in the left diagram of Figure 1.1. The amplitude for

process is given by

iT “

ˆ

i
g

2
?

2

˙2

V ˚csVud x

ż

d4x

ż

d4y s̄ipxqΓµcipxq iDµνpx, yq ū
j
pyqΓνdjpyqy , (1.1)

where g is the coupling corresponding to the SUp2qL symmetry group, Vq1q2 the

elements of the quark-mixing Cabibbo-Kobayashi-Maskawa (CKM) matrix, and we

have introduced the short-hand notation for the Lorentz structure Γµ “ γµp1´ γ5q,

and for the matrix element between external quark states x. . .y. Moreover, in

Eq. (1.1) the propagator of the W -boson Dµνpx, yq, in the unitary gauge, admits the

Fourier representation, see e.g. the textbook [38]

Dµνpx, yq “

ż

d4k

p2πq4
´1

k2 ´m2
W

ˆ

gµν ´
kµkν
m2
W

˙

e´ik¨px´yq . (1.2)

Because of momentum conservation, the integral in Eq. (1.2) is saturated by values

of k of the order of the decaying quark mass mc, much smaller than mW . It follows

that by expanding in powers of 1{m2
W , the expression of the W -propagator reduces to

Dµνpx, yq “

ż

d4k

p2πq4

„

gµν
m2
W

`O
ˆ

k2

m4
W

˙

e´ik¨px´yq «
gµν
m2
W

δp4qpx´ yq . (1.3)

Substituting Eq. (1.3) into Eq. (1.1), and performing the integration over the vari-

able yµ, we obtain that the transition amplitude for the tree-level process, up to

20



Chapter 1 The Theoretical Framework

Figure 1.2: Diagrams describing the decay cÑ sd̄u, at NLO-QCD in the full theory.
Left-right and up-down reflected diagrams are not shown.

corrections suppressed by powers of k2{m2
W in the W -propagator, reads

iT “ ´i
GF
?

2
V ˚csVud x

ż

d4x s̄ipxqΓµcipxqūjpxqΓµd
j
pxqy , (1.4)

where the Fermi constant GF is defined as

GF
?

2
“

g2

8m2
W

. (1.5)

The amplitude in Eq. (1.4), valid at energy scales much lower than mW , could have

been equivalently derived starting from the following effective Hamiltonian

Heff pxq “
GF
?

2
V ˚csVud s̄

i
pxqΓµcipxqūjpxqΓµd

j
pxq . (1.6)

We see that, by exploiting the hierarchy mW " mc, the non-local product of two

currents, namely the non-local operator in Eq. (1.1), has been expressed in Eq. (1.4)

in terms of a local operator weighted by an effective coupling. This is schemati-

cally shown in Figure 1.1 and represents a basic illustration of the Wilson operator

product expansion (OPE) [45, 46]. The next step is to include perturbative QCD

corrections to the tree-level transition cÑ sd̄u, as schematically shown in Figure 1.2.

In this case the effective Hamiltonian must be modified as

Heff pxq “
GF
?

2
V ˚csVud

´

C1 Q1pxq ` C2 Q2pxq
¯

, (1.7)

where the local effective four-quark operators are given by

Q1pxq “
´

s̄ipxqΓµcipxq
¯´

ūjpxqΓµd
j
pxq

¯

, (1.8)

Q2pxq “
´

s̄ipxqΓµcjpxq
¯´

ūjpxqΓµd
i
pxq

¯

. (1.9)
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Chapter 1 The Theoretical Framework

Figure 1.3: Diagrams describing the c Ñ sd̄u at NLO-QCD in the effective theory.
Again, left-right and up-down reflected diagrams are not shown.

We see that in addition to the operator Q1pxq
1, already obtained in the case of

tree-level transition, there is a new operator Q2pxq, with different contractions of

the colour indices, which arises due to the fact that the exchange of a gluon leads to

two possible colour structures, because of the completeness property of the SUp3qc

generators ta, i.e.

taik t
a
jl “

1

2

ˆ

δil δjk ´
1

Nc

δik δjl

˙

. (1.10)

In Eq. (1.7), C1 and C2 denote the corresponding Wilson coefficients (WCs) of the

effective operators Q1 and Q2. From the result in Eq. (1.6), it follows that in the

absence QCD corrections, it is C1 “ 1 and C2 “ 0.

The general prescription to determine the expression of the Wilson coefficients is

to require that the amplitude in the full theory is reproduced by the corresponding

one in the effective theory, which reads

iT “ ´i
GF
?

2
V ˚csVud

´

C1 xQ1y ` C2 xQ2y

¯

. (1.11)

By computing, on one side, QCD corrections to the amplitude iT in the full theory,

see Figure 1.2, and on the other side, the matrix elements of the effective operators

xQ1y and xQ2y, at the same order in αs, see Figure 1.3, we can obtain the corre-

sponding expressions for the Wilson coefficients by equating the two results and by

taking into account Eq. (1.11). This procedure is called matching of the full theory

onto the effective theory. Omitting the explicit calculation, we only show the final

result for the renormalised amplitude in the full theory up to NLO-QCD corrections.

This is

1Note that we do not adopt the convention historically used in the literature, see e.g. Ref. [42],
and instead denote by Q1 the colour-singlet operator.
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iT “ ´i
GF
?

2
V ˚csVud

„ˆ

1` 2CF
αs
4π

log

ˆ

µ2

´p2

˙˙

xQ1ytree

`
3

Nc

αs
4π

log

ˆ

m2
W

´p2

˙

xQ1ytree ´ 3
αs
4π

log

ˆ

m2
W

´p2

˙

xQ2ytree



, (1.12)

where xQ1,2ytree denote the tree level matrix elements of the operators Q1 and Q2.

The expression in Eq. (1.12) has been obtained in dimensional regularisation [47–50],

with D “ 4´2ε space-time dimensions, using the Feynman gauge for the gluon prop-

agator, massless external quark states and an off-shell momentum p, see Ref. [42].

Note that Eq. (1.12) includes only logarithmic corrections of the type αs ¨ log and

constant terms of order Opαsq have been neglected, which corresponds to the leading

logarithmic approximation. Moreover, the renormalisation of the quark fields has

been already implemented and has resulted in the explicit µ dependence.

Similarly, by computing the diagrams within the effective theory shown in Figure 1.3,

leads to the following results for the unrenormalised matrix elements of the opera-

tors Q1 and Q2, up to NLO-QCD corrections, namely

xQ1y
p0q
“

„

1` 2CF
αs
4π

ˆ

1

ε
` log

ˆ

µ2

´p2

˙˙

xQ1ytree

`
3

Nc

αs
4π

ˆ

1

ε
` log

ˆ

µ2

´p2

˙˙

xQ1ytree ´ 3
αs
4π

ˆ

1

ε
` log

ˆ

µ2

´p2

˙˙

xQ2ytree ,

(1.13)

and

xQ2y
p0q
“

„

1` 2CF
αs
4π

ˆ

1

ε
` log

ˆ

µ2

´p2

˙˙

xQ2ytree

`
3

Nc

αs
4π

ˆ

1

ε
` log

ˆ

µ2

´p2

˙˙

xQ2ytree ´ 3
αs
4π

ˆ

1

ε
` log

ˆ

µ2

´p2

˙˙

xQ1ytree .

(1.14)

The 1{ε poles in the square brackets of Eqs. (1.13), (1.14), are removed again with

the renormalisation of the quark field. However, the results are still divergent and

require in addition an operator renormalisation, i.e.
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Q
p0q
i “ Zij Qj, i, j “ 1, 2 , (1.15)

where the superscript p0q refers to unrenormalised quantities, and Ẑ is a 2ˆ2 renor-

malisation matrix. By taking into account also the field renormalisation Zq, the

relation between the unrenormalised and renormalised matrix elements, denoted by

xQiy, is given by

xQiy
p0q
“ Z´2

q Zij xQjy, (1.16)

and in the MS scheme [51], the explicit expression of Zq is

Zq “ 1´
1

ε

CF αs
4π

`Opα2
sq . (1.17)

Using Eq. (1.16), and Eqs. (1.13), (1.14), (1.17), yields to the following result for

the Ẑ matrix in the MS scheme, namely

Ẑ “ 12 `
αs
4π

1

ε

˜

3{Nc ´3

´3 3{Nc

¸

`Opα2
sq, (1.18)

from which we obtain that the renormalised matrix elements of the local operators,

respectively read

xQ1y “

„

1` 2CF
αs
4π

log

ˆ

µ2

´p2

˙

xQ1ytree

`
3

Nc

αs
4π

log

ˆ

µ2

´p2

˙

xQ1ytree ´ 3
αs
4π

log

ˆ

µ2

´p2

˙

xQ2ytree , (1.19)

and

xQ2y “

„

1` 2CF
αs
4π

log

ˆ

µ2

´p2

˙

xQ2ytree

`
3

Nc

αs
4π

log

ˆ

µ2

´p2

˙

xQ2ytree ´ 3
αs
4π

log

ˆ

µ2

´p2

˙

xQ1ytree . (1.20)
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Finally, by substituting Eqs. (1.19), (1.20), into Eq. (1.11) and taking into account

Eq. (1.12), we can extract the corresponding expressions of the WCs, i.e.

C1pµq “ 1`
3

Nc

αs
4π

log

ˆ

m2
W

µ2

˙

, C2pµq “ ´3
αs
4π

log

ˆ

m2
W

µ2

˙

. (1.21)

Setting αs to zero in Eq. (1.21), we recover C1 “ 1, C2 “ 0. Note that this same

result is obtained also by setting µ “ mW , corresponding to the matching scale.

From the above description it is evident that the main property of the construction

of the OPE lies in the possibility to factorise the short and long distance contribu-

tions of the full amplitude, between the Wilson coefficients and the matrix element

of local operators in the effective theory. In fact, up to terms of order Opα2
sq, we have

ˆ

1`
3

Nc

αs
4π

log

ˆ

m2
W

´p2

˙˙

“

ˆ

1`
3

Nc

αs
4π

log

ˆ

m2
W

µ2

˙˙ˆ

1`
3

Nc

αs
4π

log

ˆ

µ2

´p2

˙˙

,

(1.22)

and then

log

ˆ

m2
W

´p2

˙

“ log

ˆ

m2
W

µ2

˙

` log

ˆ

µ2

´p2

˙

. (1.23)

By taking into account that the logarithms originate from the integration over a

loop variable, it follows that we can schematically write

m2
W
ż

´p2

dk2

k2
“

m2
W
ż

µ2

dk2

k2
`

µ2
ż

´p2

dk2

k2
, (1.24)

showing that the effect of large virtual momenta in the loop, e.g. from scales µ « 1

GeV to mW is absorbed in the expression of the Wilson coefficients, while the low

energy contributions, depending on the off-shell momentum p, are encoded into the

matrix elements of the local operators.

However, it is easy to verify that at scales much smaller than mW , the logarithms

in Eq. (1.21) become large, namely

αs log
m2
W

µ2
“ Op1q, with µ2

! m2
W , (1.25)

and therefore the series in powers of αs logpm2
W {µ

2q does not converge. The solution

is provided by employing the renormalisation group equations (RGEs), which allow
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to resum the leading logarithms of the type αns logpm2
W {µ

2qn to all orders in per-

turbation theory. Analogously to Eq. (1.15), we then introduce the unrenormalised

Wilson coefficients

C
p0q
i “ Zc

ijCj , (1.26)

where Zc
ij is the corresponding renormalisation matrix 2. From the definition of the

anomalous dimension matrix γ̂

γ̂ “ Ẑ´1 d

d log µ
Ẑ , (1.27)

or explicitly, using Eq. (1.18)

γpαsq “
αs
4π

˜

´6{Nc 6

6 ´6{Nc

¸

, (1.28)

it follows that, taking into account Ẑc T “ Z´1, the RGEs satisfied by the renor-

malised Wilson coefficients, read

d

d log µ
Cipµq “ γTijpαsqCjpµq . (1.29)

The solution of Eq. (1.29), can be formally presented as

Cipµq “ Uijpµ,mW qCjpmW q , (1.30)

with Ûpµ,mW q being the evolution matrix describing the running of the Wilson

coefficients from the matching scale mW to the lower scale µ.

We conclude by emphasising that the presence of only two operators Q1pxq and

Q2pxq, in the effective Hamiltonian in Eq. (1.7), follows from having considered the

specific decay mode cÑ sd̄u. In fact, in the description of arbitrary c-quark decays,

additional operators are generated by including QCD corrections, these are the pen-

guin operators

2Because the effective Hamiltonian, proportional to ~C ¨x ~Qy, must be scale independent, it follows
that Zcij “ Z´1

ji , where Zij is given in Eq. (1.18).
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Q3pxq “ ūipxqγµp1´ γ5qc
i
pxq

ÿ

q

q̄jpxqγµp1´ γ5qq
j
pxq , (1.31)

Q4pxq “ ūipxqγµp1´ γ5qc
j
pxq

ÿ

q

q̄jpxqγµp1´ γ5qq
i
pxq , (1.32)

Q5pxq “ ūipxqγµp1´ γ5qc
i
pxq

ÿ

q

q̄jpxqγµp1` γ5qq
j
pxq , (1.33)

Q6pxq “ ūipxqγµp1´ γ5qc
j
pxq

ÿ

q

q̄jpxqγµp1` γ5qq
i
pxq . (1.34)

1.2 The heavy quark effective theory

The low-energy dynamics of hadrons is governed by the confining QCD interactions

and the scale ΛQCD, at which the strong coupling αspµq becomes non perturbative,

provides a characteristic parameter for it. The inapplicability of standard pertur-

bation theory poses a big challenge for the computation of any hadronic matrix ele-

ment, however, simplifications usually arise when considering special limiting cases.

The description of hadrons containing a heavy quark Q, where by heavy it is meant

that mQ " ΛQCD, leads to profound consequences, because under this condition, the

hadronic system can be parametrised as an almost free heavy quark surrounded by

a cloud of light degrees of freedom. In particular, in the limit mQ Ñ 8, it is only the

four-velocity vµ of the infinitely heavy quark, which coincides with the hadron ve-

locity, that characterises the bound state dynamics. The QCD interaction with the

light constituents, despite changing the heavy quark momentum pµQ, cannot affect

its velocity, which is conserved because of ∆vµ “ ∆pµQ{mQ. In this limit, the heavy

quark effectively acts as a static external colour source. The soft gluons and quarks

are sensitive to the static colour field because of confinement but they are unable

to resolve other quantum numbers of the heavy quark, like flavour and spin. These

relativistic effects are suppressed by the heavy quark mass and can be systematically

taken into account in a perturbative way, see e.g. the early review [52]. It follows

that, in the heavy-quark limit, the QCD Lagrangian is approximated by an effective

theory, the heavy quark effective theory (HQET) [53–63], where new symmetries,

which are not present in the original theory, become manifest. Specifically, for a

system with f heavy flavours, there is a SUp2fq symmetry group corresponding to

rotations in spin and heavy flavour space. The possibility to exploit the existence of

the heavy-quark symmetry in certain kinematical domains, leads to simplifications

in the computation of hadronic matrix elements involving heavy quarks, in particu-
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lar it allows to derive model-independent relations between hadronic form factors for

weak decays, thus reducing significantly the number of independent input required,

see e.g. the review [64].

Far from being exhaustive, the rest of this section is mainly intended as a brief

introduction to the HQET, in order to derive the basic properties that will be used

in the sequent chapters. The exposure closely follows the comprehensive monograph

[65] and the excellent reviews [52,64,66,67].

The fundamental assumption for the construction of the HQET is that a heavy

quark bounded in a QCD state with light constituents carries most of the four-

momentum of the system and is quasi on-shell. Interactions with soft gluons and

quarks can only change pµQ by a fraction small compared to its large “kinetic” com-

ponent. According to this picture, the heavy quark momentum is parametrised as

pµQ “ mQv
µ
` kµ , (1.35)

where vµ is the hadron velocity with v2 “ 1 and the “residual” momentum kµ deter-

mines by how much the heavy quark is off-shell because of the QCD interaction with

the light degrees of freedom, so k is of the order of ΛQCD. Substituting Eq. (1.35)

into the expression for the Feynman propagator for Q, and expanding in the small

quantity k{mQ, yields

i
{pQ `mQ

p2
Q ´m

2
Q ` iε

“ i
mQ{v ` {k `mQ

´

m2
Q ` 2mQv ¨ k ` k2 ´m2

Q ` iε
¯

“
i

v ¨ k ` iε

ˆ

1` {v

2

˙

`O
ˆ

k

mQ

˙

. (1.36)

Eq. (1.36) shows that the propagator of a heavy quark contains a velocity dependent

operator which projects onto the positive energy components of the Dirac field. In

fact it is immediate to verify that the operators

P˘ “
1˘ {v

2
, (1.37)

fulfil P 2
˘ “ P˘, P˘P¯ “ 0, and are thus projectors. Their meaning becomes partic-

ularly transparent if we consider the rest frame of the heavy quark i.e. vµ “ p1,0q,

in fact in this case P˘ “
`

1˘ γ0

˘

{2, or explicitly
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P` “

˜

12 0

0 0

¸

, P´ “

˜

0 0

0 12

¸

, (1.38)

indicating that P˘ respectively project onto the upper/lower two components of

the Dirac spinor. Because in Eq. (1.36) only the positive energy solutions of the

Dirac equation are propagated, it appears appropriate to introduce the following

parametrisation for the heavy quark field:

Qpxq “ e´imQv¨x hvpxq `O
ˆ

k

mQ

˙

, (1.39)

where the effective heavy quark hvpxq satisfies

hvpxq “ eimQv¨x
1` {v

2
Qpxq , (1.40)

and hence

P`hvpxq “ hvpxq . (1.41)

The presence of the exponential prefactor in Eq. (1.39) removes the large “kinetic”

part of the heavy-quark momentum, so that hvpxq contains only the small frequencies

of the order of k. Notice also that due to Eq. (1.40), hvpxq is constrained to be

effectively a two-component field. By expressing the QCD Lagrangian for Q, in

terms of hvpxq, gives

LQCD “ Q̄pxq
`

i {D ´mQ

˘

Qpxq “ h̄vpxq i {Dhvpxq `O
ˆ

k

mQ

˙

“ h̄vpxqP` i {DP` hvpxq `O
ˆ

k

mQ

˙

, (1.42)

where we have used Eq. (1.41) and then {vhv “ hv. Taking into account the identity

P`γ
µP` “ P`P´γ

µ
` P`v

µ
“ P`v

µP` , (1.43)

we obtain that in the limit of a infinitely heavy quark, Eq. (1.42) becomes

LHQET “ h̄vpxqpiv ¨Dqhvpxq “ h̄jvpxq
`

iv ¨ B δjk ` gsv ¨ A
a tajk

˘

hkvpxq , (1.44)
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and for clarity the colour indices j, k, have been explicitly indicated in the second

equality. Eq. (1.44) defines the Lagrangian of the HQET. The corresponding Feyn-

man rules for the heavy quark propagator and for the coupling of a heavy quark to

the gluon field can be easily read off Eq. (1.44). They are respectively given by 3

i j
v, k

= i
v·k

1+ 6v
2 δji

(1.45)

and

i j
v

= igs t
a
ji v

µ

a, µ

(1.46)

Clearly Eq. (1.45) reproduces the leading term in Eq. (1.36). It is worthwhile to

emphasise that the effective heavy field hvpxq, by construction, annihilates a heavy

particle with velocity vµ but does not create a heavy antiparticle. The conjugate

field h̄vpxq, on the other side, creates a heavy particle with velocity vµ but does

not annihilate a heavy antiparticle. Pair production is absent in the infinite heavy

mass limit and the field-theoretic description becomes actually redundant, see e.g.

Ref. [67]. Consistently, contrary to the full QCD propagator, Eq. (1.45) has a single

pole since only heavy particles are propagating in space and time, see e.g. Ref. [52].

The contribution of heavy antiparticles is suppressed by the heavy quark mass and

arises when power corrections are included, cf. Eq. (1.40). Note that Eq. (1.44)

does not depend on the heavy quark mass, so that the theoretical description stays

unchanged if the heavy quark Q is replaced by a different heavy quark Q1 with the

same velocity vµ, provided that the condition mQ1 " ΛQCD is verified. Furthermore,

since the vertex Eq. (1.46) does not contain any gamma matrix, which would act on

the spin states of the heavy quark field, the interaction with the gluon is independent

of the heavy quark spin. The effective theory exhibits a flavour-spin symmetry,

broken by the inclusion of mass effects.

Eq. (1.39) describes only the contribution of the large component of the heavy

quark field, hvpxq. In order to derive power corrections to the HQET Lagrangian in

Eq (1.44), we introduce the small component hvpxq, defined by

hvpxq “ eimQv¨x
1´ {v

2
Qpxq , (1.47)

3The `iε prescription is consistent with a heavy quark propagating forward in time, see Ref [58].
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with

P´hvpxq “ hvpxq . (1.48)

In the rest frame of the heavy quark, see Eq. (1.38), hvpxq corresponds to the lower

two components of Qpxq and creates a heavy antiquark with velocity vµ. Including

also the effect of hvpxq, Eq. (1.39) reads 4

Qpxq “ e´imQv¨x
”

hvpxq ` hvpxq
ı

, (1.49)

and correspondingly Eq. (1.42) becomes

LQCD “
”

h̄vpxq ` h̄vpxq
ı´

mQ{v ` i {D ´mQ

¯”

hvpxq ` hvpxq
ı

“ h̄vpxqpiv ¨Dqhvpxq ´ h̄vpxq
`

iv ¨D ` 2mQ

˘

hvpxq

` h̄vpxqP`i {DP´hvpxq ` h̄vpxqP´i {DP`hvpxq . (1.50)

Notice that in deriving the second equality in Eq. (1.50), we have used Eqs. (1.41),

(1.48), together with {vhvpxq “ hvpxq and {vhvpxq “ ´hvpxq. Moreover, the last line

of Eq. (1.50) can be further simplified. Because {D is squeezed between P` and P´,

the component of the covariant derivative parallel to vµ vanishes and only the one

orthogonal to the four-velocity actually contributes. Defining

Dµ
K “ Dµ

´ vµpv ¨Dq , (1.51)

with v ¨DK “ 0, gives

LQCD “ h̄vpxqpiv ¨Dqhvpxq ´ h̄vpxq
`

iv ¨D ` 2mQ

˘

hvpxq

` h̄vpxqi {DKhvpxq ` h̄vpxqi {DKhvpxq . (1.52)

Eq. (1.52) shows that the Lagrangian of a heavy, but not infinitely heavy, quark

Q contains two independent fields hvpxq and hvpxq, describing respectively massless

degrees of freedom and massive excitations with mass twice as large as mQ. These

4Note that the formalism introduced so far applies to the description of a bound state with a
heavy quark. The case of a hadron containing a heavy antiquark is obtained by replacing the sign
of the velocity i.e. vµ Ñ ´vµ.
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Figure 1.4: Virtual fluctuation involving the creation and annihilation of a heavy
antiquark. Time flows from left to right.

fields interact due to the presence of the two terms in the second line of Eq. (1.52),

so that the propagator of a heavy particle hvpxq receives virtual corrections from the

coupling with the heavy antiparticle hvpxq. Precisely, a heavy quark propagating

forward in time can turn into a virtual heavy antiquark propagating backward in

time and then turn back into a heavy quark as it is schematically shown in Fig-

ure 1.4, see also Ref. [52]. From Eq. (1.52), it follows that the propagator of the

virtual antiquark is suppressed by a factor of 2mQ and at energy scales of the order

of ΛQCD, the diagram in Figure 1.4 can be effectively described by a local interaction

of the form

h̄vpxqi {DK1{p2mQqi {DKhvpxq , (1.53)

in which the heavy degrees of freedom corresponding to hvpxq, appear decoupled.

The process of integrating out the small component of the heavy quark field can be

carried out in a systematic way by constructing an effective Lagrangian expressed

only in terms of the large component hvpxq. To this end, first we derive from

Eq. (1.52) the equations of motion for hvpxq and hvpxq by computing δLQCD{δh̄vpxq
and δLQCD{δh̄vpxq. This yields respectively

piv ¨Dqhvpxq “ ´i {DKhvpxq , (1.54)

and
`

iv ¨D ` 2mQ

˘

hvpxq “ i {DKhvpxq . (1.55)

Eq. (1.55) can be inverted in order to find a relation between hvpxq and hvpxq, i.e.

hvpxq “
`

iv ¨D ` 2mQ ´ iε
˘´1

i {DKhvpxq , (1.56)

showing that hvpxq indeed represents the small component of the heavy field Qpxq,

as it is suppressed with respect to hvpxq, by the heavy quark mass mQ. By sub-
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stituting Eq. (1.56) into the equation of motion for hvpxq, Eq. (1.54), we readily

arrive at

piv ¨Dqhvpxq ` i {DK
`

iv ¨D ` 2mQ ´ iε
˘´1

i {DKhvpxq “ 0 , (1.57)

which can be evidently traced back to the following Lagrangian 5

Leff “ h̄vpxqpiv ¨Dqhvpxq ` h̄vpxqi {DK
`

iv ¨D ` 2mQ ´ iε
˘´1

i {DKhvpxq . (1.58)

Eq. (1.58) provides the appropriate theory to describe the strong interactions of a

heavy quark at the energy scale of the order of ΛQCD. It is expressed only in terms

of the effective heavy field hvpxq, as the dynamics of the massive degrees of freedom

becomes irrelevant at this scale. The information on hvpxq however, is contained in

the second term of Eq. (1.58), which represents a non local operator. Because the

action of a derivative on hvpxq, returns only the “residual” momentum kµ, the non

local contribution in Eq. (1.58) can be consistently expanded in powers of 1{p2mQq

leading to higher dimensional operators built from covariant derivatives. Corre-

spondingly, the equation of motion satisfied by hvpxq, Eq. (1.57), explicitly depends

on the heavy quark mass. In order to exploit the symmetries of the effective theory

in the limit of a infinitely heavy quark, it appears convenient to regard Eq. (1.58)

in an alternative way, namely by treating the tower of power suppressed operators

arising from the expansion of the non local term in Eq. (1.58), as perturbations to

the HQET Lagrangian in Eq. (1.44) [63,69,70]. Accordingly, Eq. (1.58) is recast in

the form

Leff “ LHQET ` Lpower , (1.59)

with

Lpower “ h̄vpxqi {DK
1

2mQ

i {DKhvpxq ` h̄vpxq i {DK
p´iv ¨Dq

p2mQq
2
i {DKhvpxq ` . . . . (1.60)

Here the ellipsis denote terms suppressed by higher powers of mQ. Now, the effec-

tive heavy quark field hvpxq, satisfies the equation of motion following only from the

leading term of Eq. (1.59) i.e.

5The Lagrangian in Eq. (1.58) can be equivalently derived using the path integral formalism
by integrating out the heavy degrees of freedom from the generating integral of the QCD Green
functions with heavy quark fields, see Ref. [68].
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piv ¨Dqhvpxq “ 0 , (1.61)

and in the computation of hadronic matrix elements, the contribution of Lpower in

Eq. (1.60) must be included in a standard perturbative way by taking the time or-

der product with the respective leading order operators. Similarly, by substituting

Eq. (1.56) into the expression for the heavy quark field Eq. (1.49), leads to the fol-

lowing expansion:

Qpxq “ e´imQv¨x
´

1`
`

iv ¨D ` 2mQ ´ iε
˘´1

i {DK

¯

hvpxq

“ e´imQv¨x
ˆ

1`
1

2mQ

i {DK `
1

p2mQq
2
p´iv ¨Dq i {DK ` . . .

˙

hvpxq , (1.62)

which provides the prescription to consistently define in HQET any operator in-

volving a heavy quark field Qpxq. Consider e.g. the heavy to light vector current

Vµpxq “ q̄pxqγµQpxq, with mq ! mQ. Up to leading power corrections, Vµpxq can

be expressed as

Vµpxq “ e´imQv¨x q̄pxqγµ
ˆ

1`
i {DK
2mQ

` . . .

˙

hvpxq . (1.63)

Due to the equation of motion Eq. (1.61), the effective heavy field hvpxq does not

contain any information about the heavy quark mass. This has the advantage that

the local hadronic matrix element x0|Vµp0q|Mpvqy, where M is the corresponding

heavy meson, defined in full QCD, admits a systematic expansion in powers of 1{mQ,

in which the dependence on the heavy quark mass results completely factored out.

In fact, from Eqs. (1.63), (1.60), it follows that

x0|Vµ|MpvqyQCD “ x0|q̄γµhv|MpvqyHQET `
1

2mQ

x0|q̄γµi {DKhv|MpvqyHQET

`
1

2mQ

x0|i

ż

d4zT tq̄γµhv,L1pzqu |MpvqyHQET `O
˜

1

m2
Q

¸

,

(1.64)

where we have introduced the notation
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Lpower “
1

2mQ

L1 `
1

4m2
Q

L2 ` . . . . (1.65)

Contrary to the matrix element on the l.h.s. of Eq. (1.64), the ones on the r.h.s

are independent on mQ and can be parametrised by universal form factors [59, 70].

However, because of Eq. (1.61), the hadronic state |MpvqyHQET differs from the

original one |MpvqyQCD. This is encoded in the appearance of the time ordered

product of the first term in Lpower, with the leading order part of Vp0q, which can

be interpreted as a correction to the wave function of the heavy meson, see Ref. [52].

Finally, in order to identify the set of lowest dimensional operators generated by the

Lagrangian in Eq. (1.60), we can employ the identity

P` i {DKi {DKP` “ P` iD
µ
K iD

ν
K

ˆ

tγµ, γνu

2
`
rγµ, γνs

2

˙

P`

“ P`piDKq
2P` ` P` iD

µ iDν
p´iσµνqP` , (1.66)

where in the second line of Eq. (1.66) we have replaced Dµ
K with the total derivative

Dµ since the component of the covariant derivative parallel to the four velocity does

not contribute, in fact

P`v
µσµνP` “

i

2
P`p{vγν ´ γν {vqP` “

i

2
P`pγν ´ γνqP` “ 0 . (1.67)

Recalling the definition of the gluon field strength tensor Gµν “ ´i riDµ, iDνs, see

Eq. (17), it follows that at order 1{mQ, two operators appear in Lpower, namely

Lpower “
1

2mQ

´

OIpxq `OIIpxq
¯

` . . . , (1.68)

with

OIpxq “ h̄vpxqpi {DKq
2hvpxq , (1.69)

and

OIIpxq “
1

2
h̄vpxqG

µνσµνhvpxq . (1.70)

The two contributions in Eq. (1.68), describe respectively the covariant extension of

the kinetic energy of the heavy quark due to its off-shell motion inside the hadron

and the chromo-magnetic interaction of the heavy quark spin with the external gluon
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field.

1.3 Expansion of the quark-propagator in the Fock-Schwinger

gauge

In light of the primary role that it will play in the following chapters, we discuss

the computation of the quark propagator 6 in the presence of non perturbative

QCD interactions, in a form suitable to describe the case in which the gluon field

is soft, namely its characteristic momentum is much smaller than the one carried

by the corresponding quark field. Under this assumption the dynamics reduces to

that of a quark propagating in a weakly changing gluon background, see e.g. the

lecture notes [71], and the solution of the Green function equation can be build as

an operator expansion in terms of the the external gauge field. The formulation

is based on the Schwinger method which was introduced in the early 50’s in the

context of Electrodynamics in Ref. [72]. Later it has been adapted to QCD where

it has found a large number of applications, see e.g. Ref. [73]. A variation of the

background field technique based on the Fock-Schwinger (FS) gauge [72, 74] has

been first considered in Refs. [75–77]. This alternative method results extremely

convenient for calculations in gauge theories due to the remarkable property that

only gauge covariant expressions appear in the intermediate steps of the computation

of gauge invariant quantities. For details on the application of the Schwinger method

and of the FS gauge in QCD we refer to the technical review Ref. [78] as well as to

the references within.

In the rest of the present section, after introducing the FS gauge and discussing

its main features, we turn to the calculation of the quark propagator. Specifically,

we use the FS gauge to compute the coefficients of the gluon operators that arise in

the expansion of the quark propagator, up to terms proportional to one covariant

derivative of the gluon field strength tensor Gµν . The corresponding expressions are

derived both in momentum and in coordinate space.

Let us start by recalling that the vacuum expectation value of the time ordered

product of two free-quark fields is defined as

x0|T
 

ψpxq, ψ̄pyq
(

|0y “ iS0px, yq . (1.71)

For e.g. x0 ą y0, the l.h.s. of Eq. (1.71) describes a quark emitted at the space-time

point yµ and subsequently annihilated at point xµ, i.e. S0px, yq denotes the propa-

6We now consider an arbitrary quark, without making any assumption on its mass.
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gator of a free-quark. Equivalently S0px, yq constitutes the Green function for the

Dirac equation, namely it satisfies the inhomogeneous differential equation

`

i{Bx ´m
˘

S0px, yq “ δp4qpx´ yq . (1.72)

It is worthwhile to emphasise how the translation invariance of Eq. (1.72) implies

that the free-quark propagator is also translation invariant, this is reflected by the

condition S0px, yq “ S0px´yq. Eq. (1.72) can be solved exactly. In momentum space

S0px´ yq admits the well known Fourier representation, see e.g. the textbook [38]

S0px´ yq “

ż

d4p

p2πq4
S0ppq e

´ip¨px´yq , (1.73)

with

S0ppq “
{p`m

p2 ´m2 ` iε
. (1.74)

A quark bounded in an hadronic state is subject to the long-distance interaction

with the confining gluon field Aµpxq. Correspondingly, the quark propagator Spx, yq

defines the Green function of the coupled Dirac equation, see e.g. Ref [78] 7

`

i{Bx ` {Apxq ´m
˘

Spx, yq “ δp4qpx´ yq . (1.75)

Eq. (1.75) cannot be solved exactly, however in the kinematical region k2 ! q2 where

k refers to the momentum of the gluon field and q " ΛQCD, is a large perturbative

scale saturated by the quark momentum p i.e. p2 „ q2, the quark propagates with

a characteristic length scale that is much smaller than the one of the external gluon

field, which effectively acts as a slowly changing background, see e.g. Ref. [79]. Under

the assumption that the field Aµpxq is weak and randomly orientated, it is possible

to construct the solution of Eq. (1.75) in the form of the series, see e.g. Ref. [78]

iSpx, yq “ iS0px´ yq ` iS1px, yq ` . . . , (1.76)

where S1px, yq denotes the first order correction, describing the interaction of the

quark with one gluon field while the ellipsis stand for higher order terms with more

than one gluon, explicitly

7Unless otherwise stated, in the following, the coupling constant gs is absorbed in the definition
of the gauge field Aµpxq.
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= + +
y x y x y z x y z z′ x

. . .

Figure 1.5: A quark propagating from y to x in the background gluon field, scatters
off 0, 1, 2, . . ., soft gluons.

iS1px, yq “

ż

d4z iS0px´ zq i {Apzq iS0pz ´ yq. (1.77)

Eq. (1.76) is schematically represented in Figure 1.5. It is straightforward to verify

that Eq. (1.76) does indeed satisfy Eq. (1.75) up to terms of first order in Aµpxq,

by substituting Eq. (1.77) and using Eq. (1.72). To fix the form of the gauge field

in Eq. (1.77), it is particularly convenient to employ the FS gauge. This is defined by

pxµ ´ xµ0qAµpxq “ 0 . (1.78)

In Eq. (1.78) the gauge fixing parameter xµ0 is an arbitrary space-time point which

we set for convenience to zero. On one side, this will lead to simpler expressions,

on the other, the possibility to use the independence of the final result on xµ0 as a

consistency check for the computation, is lost. The gauge condition then becomes

xµAµpxq “ 0 . (1.79)

Let us immediately point out that the quark propagator Spx, yq is not translation

invariant anymore. First, the gauge field in Eq. (1.77) depends on the space-time

coordinate. This however only apparently breaks the translation symmetry, since

after averaging, the background gluon field is actually translation invariant, see

Ref. [78]. The true reason for the symmetry breaking lies in the choice of the FS

gauge Eq. (1.79), which gives to the origin the special role of gauge fixing parameter.

In general then

Spx, yq ‰ Spx´ yq . (1.80)

Eq. (1.80) can lead to differences in intermediate steps of the computation of a

physical quantity although the translation invariance must be restored in any final
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meaningful expression.

The FS gauge though, has many advantages. The first is that it allows for a

simple relation between the gauge field Aµpxq and the field strength tensor Gµνpxq.

This relation reads 8

Aaµpxq “

ż 1

0

dααxρGa
ρµpαxq. (1.81)

The proof of Eq. (1.81) proceeds as follows. We start with the identity

Aσpxq “
d

dxσ
`

x ¨ Apxq
˘

´ xρ
B

Bxσ
Aρpxq

“ xρGρσpxq ´ x
ρ B

Bxρ
Aσpxq ` i x

ρ
“

Aρpxq, Aσpxq
‰

“ xρGρσpxq ´ x
ρ B

Bxρ
Aσpxq , (1.82)

where the second and third equalities are consequence of the gauge condition Eq. (1.79).

By performing the change of variable xµ Ñ αxµ, it is easy to see that the depen-

dence on Aσpαxq is reduced to that of a total derivative i.e. Eq. (1.82) becomes

d

dα

´

αAσpαxq
¯

“ αxρGρσpαxq , (1.83)

which reproduces Eq. (1.81), after integrating both sides over α from 0 to 1. In

order to prove another property of the FS gauge, we expand Aµpxq in Eq. (1.79)

around x “ 0, this yields 9

xµ
´

Aµ ` x
ν1Bν1Aµpxq

ˇ

ˇ

x“0
`

1

2
xν1xν2Bν1Bν2Aµpxq

ˇ

ˇ

x“0
` . . .

¯

“ 0 . (1.84)

For arbitrary space-time coordinates, evidently Eq. (1.84) requires that

xµAµ “ xµxν1Bν1Aµpxq
ˇ

ˇ

x“0
“ xµxν1xν2Bν1Bν2Aµpxq

ˇ

ˇ

x“0
“ . . . “ 0 . (1.85)

8In the literature this is known as inversion formula, in reference to the fact that it inverts the
usual relation in which the field strength tensor is expressed in terms of the gauge field and of its
derivative, for a comprehensive overview on the FS gauge see the PhD thesis [80].

9Note that we often omit to explicitly write the space-time coordinate when this is zero.
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Eq. (1.85) leads to the important result that in the expansion of an arbitrary func-

tion fpxq, the action of the partial derivative Bµ at the origin can be replaced with

that of the covariant derivative Dµ, in fact

fpxq “ f ` xµBµfpxq
ˇ

ˇ

x“0
`

1

2
xµxνBµBνfpxq

ˇ

ˇ

x“0
` . . .

“ f ` xµ
`

Bµ ´ iAµpxq
˘

fpxq
ˇ

ˇ

x“0
` xµxν

`

Bµ ´ iAµpxq
˘`

Bν ´ iAνpxq
˘

fpxq
ˇ

ˇ

x“0
` . . .

“ f ` xµDµfpxq
ˇ

ˇ

x“0
`

1

2
xµxνDµDνfpxq

ˇ

ˇ

x“0
` . . . . (1.86)

We can now derive a convenient representation for the gauge field Aµpxq. Expanding

Gρµpαxq around x “ 0 in Eq. (1.81), and taking into account Eq. (1.86), yields

Aaµpxq “
1

2
xρGa

ρµp0q `
1

3
xαxρDαG

a
ρµp0q ` . . . , (1.87)

where the ellipsis denote terms with higher derivatives. Eq. (1.87) shows that the

gauge field Aµpxq can be expanded directly in terms of the gluon field strength tensor

and of its covariant derivatives evaluated at the origin and it constitutes the main

result of the FS gauge. In particular it follows that Aµp0q “ 0. This property will

reveal to be very useful in practical calculations.

To compute the first order correction to the free-quark propagator in Eq. (1.76),

we substitute Eq. (1.87) into Eq. (1.77), and choose for simplicity yµ “ 0. This gives

S1px, 0q “

ż

d4z

ż

d4p

p2πq4

ˆ

ip{p`mq

p2 ´m2 ` iε

˙

e´ip¨px´zq

ˆ

ˆ

1

2
γµzρGρµ `

1

3
γµzαzρDαG

a
ρµ

˙

ˆ

ż

d4k

p2πq4

ˆ

ip{k `mq

k2 ´m2 ` iε

˙

e´ik¨z ` . . . . (1.88)

The functions zρ and zαzρ in the second line of Eq. (1.88) can be conveniently rewrit-

ten using the identity 10 zµ “ i B
Bkµ
e´ik¨z, which leads to

10Rewriting zµ in terms of a derivative with respect to kµ is the simplest choice. Equivalently
one could write zµ “ ´i B

Bpµ
eip¨z, in this case though, when integrating by parts one would have to

differentiate also the function e´ip¨x.
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S1px, 0q “

ż

d4z

ż

d4p

p2πq4

ˆ

ip{p`mq

p2 ´m2 ` iε

˙

e´ip¨px´zq

ˆ

«

1

2
γµGρµ

ż

d4k

p2πq4

ˆ

ip{k `mq

k2 ´m2 ` iε

˙ˆ

i
B

Bkρ
e´ik¨z

˙

`
1

3
γµDαGρµ

ż

d4k

p2πq4

ˆ

ip{k `mq

k2 ´m2 ` iε

˙ˆ

´
B

Bkα

B

Bkρ
e´ik¨z

˙

ff

` . . . . (1.89)

Performing a single and double integration by parts, respectively in the second and

third line of Eq. (1.89), we obtain

S1px, 0q “

ż

d4z

ż

d4p

p2πq4

ż

d4k

p2πq4
e´ipk´pq¨ze´ip¨x

ˆ

ˆ

ip{p`mq

p2 ´m2 ` iε

˙

«

1

2
γµGρµ

ˆ

´i
B

Bkρ

˙ˆ

ip{k `mq

k2 ´m2 ` iε

˙

´
1

3
γµDαGρµ

B

Bkρ

B

Bkα

ˆ

ip{k `mq

k2 ´m2 ` iε

˙

ff

` . . . , (1.90)

also note that we have taken into account that all the boundary terms vanish,

which can be easily verified by direct inspection. The integral over the variable zµ

in Eq. (1.90), results in a delta function and enforces the momentum conservation

kµ “ pµ when integrating over the variable kµ. Furthermore, the first and second or-

der derivatives of the free-quark propagator in the square brackets of Eq. (1.90), yield

B

Bpρ

p{p`mq

p2 ´m2 ` iε
“

γρ

p2 ´m2 ` iε
´

2pρp{p`mq

pp2 ´m2 ` iεq2
, (1.91)

and

B

Bpρ

B

Bpα

p{p`mq

p2 ´m2 ` iε
“ ´

2ppαγρ ` pργαq

pp2 ´m2 ` iεq2
´

2gραp{p`mq

pp2 ´m2 ` iεq2
`

8pαpρp{p`mq

pp2 ´m2 ` iεq3
.

(1.92)
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By substituting Eqs. (1.91), (1.92), the expression in Eq. (1.90) can be written as

S1px, 0q “

ż

d4p

p2πq4
e´ip¨x

´

gρµ2 Gρµ ` g
αρµ
3 DαGρµ ` . . .

¯

, (1.93)

where for clarity we have introduced the compact notation

gρµ2 “
i

2

«

pη
γηγµγρ

pp2 ´m2 ` iεq2
`m

γµγρ

pp2 ´m2 ` iεq2

´ 2pηpσp
ρ γηγµγσ

pp2 ´m2 ` iεq3
´ 2m2pρ

γµ

pp2 ´m2 ` iεq3

ff

, (1.94)

and

gαρµ3 “ ´
2

3

1

pp2 ´m2 ` iεq3

«

´

pηpξγ
ηγµγτ `mpξγ

µγτ

¯´

gξαgτρ ` gξρgτα
¯

`

ˆ

gρα ´
4pρpα

pp2 ´m2 ` iεq

˙

´

pηpσγ
ηγµγσ `m2γµ ` 2mpµ

¯

ff

.

(1.95)

We can simplify Eq. (1.93) by using the tensor decomposition of three gamma ma-

trices, see Eq. (7), together with the antisymmetry of the field strength tensor Gµν .

A slightly lengthy yet simple algebraic manipulation leads to the final result for the

quark propagator

Spx, 0q “

ż

d4p

p2πq4
Sppq e´ip¨x , (1.96)

with

Sppq “ S0ppq ` S1ppq ` . . . , (1.97)
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and

S1ppq “ ´
m

2

Gρµ

pp2 ´m2 ` iεq2
σρµ `

G̃ση

pp2 ´m2 ` iεq2
pσγηγ5

´
2

3

pαDαGρµ

pp2 ´m2 ` iεq3
γµpρ

`
2

3

DαGαµ

pp2 ´m2 ` iεq3

”

γµpp2
´m2

q ´ pµp{p` 2mq
ı

` 2i
DαG̃τη

pp2 ´m2 ` iεq3
pαpτγηγ5

`
2

3
m

DαGρµ

pp2 ´m2 ` iεq3

´

pαγργµ ´ pργµγα
¯

` . . . . (1.98)

Here the ellipsis denote terms with higher order derivatives of the field strength ten-

sor, while the dual field tensor is G̃µν “ p1{2qεµνρσG
ρσ. Eq. (1.98) has a transparent

meaning. The interaction with the soft gluon field introduces corrections to the

free-quark propagator parametrised by operators of higher dimensions built from

the gluon field strength tensor and its covariant derivatives, evaluated at the origin.

Each operator of dimension-n is suppressed by n powers of the quark momentum

p, with the lowest order contribution being due to the dimension-two operator Gµν .

In the limit of massless quark, Eq. (1.98) reproduces the result of Ref. [78], apart

from the opposite sign in front of the two terms proportional to γ5. We trace this

back to the different convention used in the Russian literature to define the fifth

gamma matrix, namely γ5 “ ´i γ
0γ1γ2γ3, cf. Eq. (6). We stress that having fixed

the notation and been consistent with it, the computation of any observable using

Eq. (1.98) or the expression in Ref. [78] must lead to the very same result. More-

over, it is worthwhile to emphasise that the massless limit should be taken with care.

Upon integration over pµ, it is only in the domain p2 „ q2, where q denotes a large

perturbative scale, that the operator expansion in terms of the external gluon field is

legitimate. However, as higher dimensional operators are considered and the power

of the momentum variable in the denominator increases, the integral in Eq. (1.96)

starts to be sensitive also to the long-distance region p2 “ 0 and to develop infrared

(IR) divergences. In this case, the corresponding quark line becomes soft and the

effect must be parametrised in terms of quark operators, see for details Ref. [78] or

Chapter 3.

Because of Eq. (1.80), the expression obtained in Eq. (1.98) is valid only in the

specific reference frame chosen, namely yµ “ 0. In order to compute S1p0, yq we

must repeat the calculation and set xµ “ 0. In this case substituting Eq. (1.87) into

Eq. (1.77) gives
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S1p0, yq “

ż

d4z

ż

d4p

p2πq4

ˆ

ip{p`mq

p2 ´m2 ` iε

˙

eip¨z

ˆ

˜

1

2
γµzρGρµ `

1

3
γµzαzρDαG

a
ρµ

¸

ˆ

ż

d4k

p2πq4

ˆ

ip{k `mq

k2 ´m2 ` iε

˙

e´ik¨pz´yq ` . . . , (1.99)

where now it is convenient to rewrite zρ and zαzρ in the second line of Eq. (1.99)

using the identity zµ “ ´i B
Bpµ
eip¨z. The next intermediate steps proceed in analogy

to the case of S1px, 0q, for brevity we omit them and state here only the final result,

which reads

Sp0, yq “

ż

d4p

p2πq4
S̃ppq eip¨y , (1.100)

with

S̃ppq “ S0ppq ` S̃1ppq ` . . . , (1.101)

and

S̃1ppq “ ´
m

2

Gρµ

pp2 ´m2 ` iεq2
σρµ `

G̃ση

pp2 ´m2 ` iεq2
pσγηγ5

´
2

3

pαDαGρµ

pp2 ´m2 ` iεq3
γµpρ

`
2

3

DαGαµ

pp2 ´m2 ` iεq3

”

γµ pp2
´m2

q ´ pµ{p
ı

´ 2i
DαG̃τη

pp2 ´m2 ` iεq3
pαpτγηγ5

´
2

3
m

DαGρµ

pp2 ´m2 ` iεq3

´

pαγργµ ´ pργµγα
¯

` . . . . (1.102)

The absence of translation symmetry Eq. (1.80), is then reflected in momentum

space by the condition S̃1ppq ‰ S1ppq, which actually holds true only starting from

the operator of dimension-three DρGµν . In fact a comparison between Eq. (1.98) and

Eq. (1.102), shows that the translation invariance is still preserved in the coefficients

of the dimension-two operator Gµν .

For completeness, it is instructive to derive also an explicit representation of

the quark propagator in coordinate space, by performing the anti-Fourier transform
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of the expressions in Eqs. (1.98), (1.102). These contain both scalar and tensor

functions of the variable pµ. However, it actually suffices to directly evaluate only

the scalar integrals. In the case of Spx, 0q in Eq. (1.96), they have the following form

Inpxq “

ż

d4p

p2πq4
1

`

p2 ´m2 ` iε
˘n e

´ip¨x , n P N . (1.103)

Given the analytic expression of Inpxq, it is possible to obtain the tensor integrals

appearing in Eq. (1.96), by differentiating Eq. (1.103) with respect to xµ, namely

Iµ1...µn1n pxq “

ż

d4p

p2πq4
pµ1 . . . pµn1

`

p2 ´m2 ` iε
˘n e

´ip¨x
“

n1
ź

j“1

ˆ

i
d

dxµj

˙

Inpxq , (1.104)

with n1 ď n 11. The integral in Eq. (1.103) can be conveniently computed in Eu-

clidean space by performing the Wick rotations p0 Ñ ´ip4 and x0 Ñ ´ix4, see e.g.

the textbook [81] or the lecture notes [82]. This gives

InpxEq “ i p´1qn
ż

d4pE
p2πq4

1
`

p2
E `m

2
˘n e

ipE ¨xE . (1.105)

The Euclidean four-vectors are defined as pµE “ pp, p4q and xµE “ px, x4q, while

the Euclidean metric reads diagp1, 1, 1, 1q. The factor of p´1qn in Eq. (1.105), fol-

lows from the fact that pp2 ´m2q Ñ ´pp2
E `m2q, also note that we have dropped

the `iε prescription since the denominator is now positive definite. The latter

can be suitably expressed in an integral form. To this end, we start by writing

Γpsq “ tMe´tupsq, where tMgptqu denotes the Mellin transform of gptq and Γpsq is

the gamma function, see Ref. [83] for exhaustive tables with definitions and useful

properties, i.e.

Γpsq “

ż 8

0

dt ts´1e´t , Re s ą 0 . (1.106)

Performing the change of variable tÑ λt with λ ą 0, yields λ´sΓpsq “ tMe´λtupsq,

and after setting λ “ pp2
E `m

2q and s “ n, we readily obtain that

1

pp2
E `m

2qn
“

1

Γpnq

ż 8

0

dt tn´1e´tpp
2
E`m

2q . (1.107)

11Note that for n ě 2 only n ´ 1 powers of the four-momentum can appear in the numerator.
This follows from the fact that Sppq must have mass dimension of ´1 and that for each gluon
operator of dimension n there are 2n powers of the momentum in the denominator.
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Equivalently, Eq. (1.107) can be derived by taking into account the identity

1

pp2
E `m

2q
“

ż 8

0

dt e´tpp
2
E`m

2q , (1.108)

easily proved by directly computing the integral on the r.h.s. The result for n ą 1

follows from differentiating n ´ 1 times both sides of Eq. (1.108) with respect to

the parameter m2 and using that Γpnq “ pn ´ 1q!. Substituting Eq. (1.107) into

Eq. (1.105), we then arrive at

InpxEq “ i p´1qn
ż 8

0

dt tn´1e´tm
2

ż

d4pE
p2πq4

e´tp
2
E`ipE ¨xE . (1.109)

The second integral on the r.h.s. of Eq. (1.109) reduces to a standard four-dimensional

Gaussian integral, see e.g. Ref [84], after shifting the integration variable by a con-

stant Euclidean four-vector i.e. pµE Ñ pµE ´ ix
µ
E{p2tq. The solution reads

ż

d4pE e
´tp2E`ipE ¨xE “

´π

t

¯2

e´
x2E
4t , (1.110)

which we insert into Eq. (1.109) to obtain

InpxEq “ i
p´1qn

16π2

ż 8

0

dt tn´3e´tm
2´

x2E
4t . (1.111)

It is easy to show that Eq. (1.111) can be expressed in terms of the modified Bessel

functions of the second type Kνpzq. Starting with the integral representation, see

e.g. Ref. [83]

Kνpzq “
1

2

´z

2

¯ν
ż 8

0

dt t´ν´1e´t´
z2

4t , |arg z| ă
π

2
, Re z2

ą 0 , (1.112)

and performing the change of variables tÑ αt, z2 Ñ αz2, with α ą 0, gives

ż 8

0

dt t´ν´1e´αt´
z2

4t “ 2

ˆ

4a

z2

˙
ν
2

Kν

`?
az
˘

. (1.113)

From Eq. (1.113), it then follows that

InpxEq “ i
p´1qn

8π2

ˆ

4m2

x2
E

˙
2´n
2

K2´n

ˆ

m
b

x2
E

˙

, (1.114)
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and the condition Repmx2
Eq ą 0 translates into x2

E ą 0 for positive and real values

of m as well as real Euclidean distances. We can now rotate back to the Minkowski

space-time and arrive at the final expression

Inpxq “ i
p´1qn

8π2

ˆ

4m2

´x2

˙
2´n
2

K2´n

´

m
?
´x2

¯

, (1.115)

which is valid for space-like separations x2 ă 0. The solution corresponding to the

space-time region x2 ą 0 can be derived from Eq. (1.115) by analytic continuation,

taking into account, see e.g. Ref. [83], that

Kνpizq “
´πi

2
e´

π
2
νiH

p2q
´ν pzq , (1.116)

where H
p2q
ν pzq denotes the Hankel’s function of the second kind. Finally, recall that

the Bessel functions Kνpzq satisfy the following recursive relation

d

dz
Kνpzq “

ν

z
Kνpzq ´Kν`1pzq , (1.117)

that allows to compute the tensor integrals appearing in Eq. (1.96) according to

Eq. (1.104). Let us consider explicitly the case n “ 1. Eqs. (1.115), (1.104) then

read

I1pxq “ ´
i

4π2

m
?
´x2

K1

´

m
?
´x2

¯

, (1.118)

and

Iµ1 pxq “ ´
1

4π2

m2

x2
K2

´

m
?
´x2

¯

xµ , (1.119)

from which we can readily derive the expression of the anti-Fourier transform of the

free-quark propagator S0ppq, namely

S0pxq “ ´
1

4π2

m2

x2
K2

´

m
?
´x2

¯

{x´
i

4π2

m2

?
´x2

K1

´

m
?
´x2

¯

. (1.120)

Proceeding in a similar way for the remaining cases n “ 2, 3, it is straightforward to

verify that the coordinate representation of the first order correction in Eq. (1.98),
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has the following form

S1px, 0q “ ´
G̃αβ

8π2
xαγβγ5

mK1pm
?
´x2q

?
´x2

´ i
Gαβ

16π2
σαβmK0pm

?
´x2q

` i
DαG

αβ

24π2
γβK0pm

?
´x2q ´ i

DαG
αβ

48π2
xβ {x

mK1pm
?
´x2q

?
´x2

´
DαG

αβ

24π2
xβmK0pm

?
´x2q ´ i

DαGβρ

48π2
γρxαxβ

mK1pm
?
´x2q

?
´x2

´
DαG̃βρ

16π2
γργ5xαxβ

mK1pm
?
´x2q

?
´x2

´
DαGβρ

48π2
γργαxβmK0pm

?
´x2q

´
DαGβρ

48π2
γργβxαmK0pm

?
´x2q ` . . . . (1.121)

The result in Eq. (1.121) was first derived in Ref. [85] up to terms proportional

to Gµν , while the contribution of DρGµν can be found in Ref. [86] 12. In order

to compute the corresponding expression for Sp0, yq we can make the replacement

xµ Ñ ´yµ in Eqs. (1.103), (1.104). Notice that because of Eq. (1.115), the function

Inpxq is even i.e. Inp´xq “ Inpxq and from this we obtain that

Iµ1...µnn p´yq “ p´1qnIµ1...µnn pyq . (1.122)

The above relation allows to immediately write

S0p´yq “
1

4π2

m2

y2
K2

´

m
a

´y2
¯

{y ´
i

4π2

m2

a

´y2
K1

´

m
a

´y2
¯

, (1.123)

consistently with the fact that free-quark propagator is translation invariant. More-

over it is easy to check that the first order correction now reads

12Note that it is presented only the expression relevant for the computation described in the
paper, namely with an odd number of gamma-matrices.
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S1p0, yq “
G̃αβ

8π2
yαγβγ5

mK1pm
a

´y2q
a

´y2
´ i

Gαβ

16π2
σαβmK0pm

a

´y2q

` i
DαG

αβ

24π2
γβK0pm

a

´y2q ´ i
DαG

αβ

48π2
yβ {y

mK1pm
a

´y2q
a

´y2

´ i
DαGβρ

48π2
γρyαyβ

mK1pm
a

´y2q
a

´y2
`
DαGβρ

48π2
γργαyβmK0pm

a

´y2q

`
DαGβρ

48π2
γργβyαmK0pm

a

´y2q `
DαG̃βρ

16π2
γργ5yαyβ

mK1pm
a

´y2q
a

´y2
` . . . ,

(1.124)

which clearly indicates that the translation symmetry is firstly broken in the coef-

ficients of the dimension-three operator DρGµν , due to the fact that some of the

quadratic functions in Eqs. (1.121), (1.124), appear with a negative relative sign.

We conclude this section with a final remark about the dependence of the quark

propagator on the mass parameter m. Following the comment made on the massless

limit of Eq. (1.98), the expressions in Eqs. (1.121), (1.124), become divergent for

m Ñ 0. In coordinate space the singularity derives from the asymptotic behaviour

of the Bessel functions in the limit of small argument, see e.g. Ref. [83], namely

Kνpzq „

$

&

%

´ log
`

z
2

˘

´ γE , ν “ 0 ,

Γpνq
2

`

2
z

˘ν
, ν ą 0 .

(1.125)

Notice that in the specific case of Eqs. (1.121), (1.124), the divergence originates

from the dimension-three contribution DαG
αβγβK0pm

?
´x2q.

1.4 The heavy quark expansion

The total decay width Γ or equivalently its inverse, the total lifetime τ “ Γ´1, defines

one of the fundamental properties of elementary and composite particles and hence

constitutes an observable of phenomenological primary importance. In the study

of lifetimes a special role is occupied by heavy hadrons, due to the interplay that

strong and weak interactions have in determining their decay, see e.g. Ref. [87]. As

discussed already in Section 1.2, a heavy flavour hadron HQ is a QCD bound state

that can be conveniently represented as heavy quark Q surrounded by a cloud of

light quarks, antiquarks and gluons, where the distinction between heavy and light
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degrees of freedom is meant with respect to the typical hadronic scale ΛQCD. The

description of these systems considerably simplifies by considering the limit of an

infinitely heavy quark Q, i.e. mQ Ñ 8. In this case it is possible to neglect the

effect of the non perturbative QCD interactions and the hadron dynamics results

entirely determined by that of a free quark Q, with the light constituents reducing

to passive spectators, see e.g. Ref. [88]. This approximation leads to the result

ΓpHQq “ ΓQ, and then to the theoretical prediction that the lifetimes of hadrons

containing the same heavy flavour but different spectator quarks should be equal.

While among bottom hadrons this statement can be experimentally accommodated

within deviations of few percent [22], the pattern in the charm family is far less

monotonous and lifetime ratios of charmed hadrons can be as large as 7 [89, 90] 13.

The infinite mass limit is clearly not sufficient for a proper interpretation of the

experimental data, particularly in the charm sector where deviations from the free

quark decay approximation are expected to give the dominant contribution. Before

discussing how the corrections to this limit can be systematically taken into account,

in what is the current theoretical framework for the study of inclusive decays of heavy

hadrons, it is instructive to briefly retrace the main developments that have brought

to its construction. In this respect we refer to the comprehensive review [27].

The possibility to describe the decay of a heavy hadron in terms of an asymp-

totically free constituent heavy quark was first exploited in 1973 by Nikolaev in

Ref. [91], where constraints on the decay properties of a ’supercharged’ (charmed)

hadron, which at the time was only a theoretical particle, were proposed as an in-

direct test of its existence. Furthermore, after their discovery, the description of

charmed hadrons decays was initially performed by considering only the dominant

partonic contribution see e.g. Refs. [92–95]. A pioneering work for the study of the

lifetime of heavy hadrons is the one of Shifman and Voloshin, Ref. [87], where many

of the ingredients that contributed to the formulation of the heavy quark expansion

(HQE) were originally presented. The HQE is a theoretical framework in which

inclusive decays of heavy hadrons can be computed in terms of an operator product

expansion (OPE) [45, 46, 96], by exploiting the large scale hierarchy mQ " ΛQCD.

This method was firstly applied in a systematic way by Chay, Georgi and Grinstein

for the analysis of inclusive semileptonic decays of heavy hadrons in Ref. [97], and

briefly after employed in the work of Bigi, Shifman, Uraltsev and Vainshtein [98,99]

and of Blok, Koyrakh, Shifman and Vainshtein [100], for the description of inclusive

non-leptonic as well as semileptonic decays, see e.g. Ref. [101].

In order to discuss the construction of the HQE, it is convenient to review some

13More precisely, the lifetime ratio between the longest and the shortest living b-hadrons, de-
caying weakly and containing only one heavy quark, is τpΩbq{τpΛbq “ 1.11, to be compared with
τpΞ0

cq{τpD
`q “ 6.8, in the charm sector [22,89,90].
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important results in scattering theory, focusing in particular on the case of particle

decay. We recall that the scattering process is described by introducing a unitary

operator S, which governs the evolution of an asymptotically free state |iy into an

asymptotically free state |fy for a given interaction theory, where the information

about the non trivial part of the dynamics is encoded in the action of a transition

operator T . The S matrix is then decomposed into

Sfi ” xf |S|iy “ δfi ` i Tfi . (1.126)

By taking into account that the interaction must conserve four-momentum, the tran-

sition amplitude Tfi can be further parametrised as

Tfi “ p2πq
4δp4qppf ´ piqMfi , (1.127)

where pµi , pµf label respectively the momentum of the initial and final states and

Mfi denotes the invariant scattering amplitude. In the case that |iy contains only

one particle, say A, the total decay width ΓpAq, is obtained by computing the am-

plitude squared for the process A Ñ n, where |ny represents an allowed n-particle

final state, by summing over all the possible values of n and finally by accounting

for the flux factor 2mA, namely, see e.g. the textbook [38]

ΓpAq “
1

2mA

ÿ

n

ż

n

p2πq4δp4q

˜

n
ÿ

j“1

pj ´ pA

¸

|xn|M|Ay|2 , (1.128)

here
ż

n

”

ż n
ź

j“1

d3pj
p2πq32Ej

, (1.129)

denotes the integration over the Lorentz invariant n-particle phase space while the

presence of the delta function ensures that four-momentum is conserved in each

decay. An equivalent and, for practical calculations, more advantageous represen-

tation of Eq. (1.128), can be obtained by employing the optical theorem, see e.g.

the textbook [81], which states that in a given interaction theory, the imaginary

part of the forward scattering amplitude is proportional to the total cross section

for the production of all final states. The optical theorem follows from the unitarity

of the scattering operator S and hence from the mathematical requirement for the

conservation of probability in Quantum Field Theory. The unitarity condition reads
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= 2Σ

2

Figure 1.6: Schematic representation of the optical theorem: the amplitude squared
for the production of all final states is proportional to the absorptive part of the
forward scattering amplitude.

S:S “ I “ SS: . (1.130)

Considering the matrix element between the states |iy, |fy, and using the com-

pleteness relation
ř1

n |nyxn| “ I, where
ř1

n ”
ř

n

ş

n
implies the sum over all the

particles in |ny as well as the integration over their momenta, cf. Eq. (1.129), the

first equality of Eq. (1.130) can be recast as

ÿ

n

1

xf |S:|nyxn|S|iy “ δfi . (1.131)

In the special case of forward scattering i.e. |fy “ |iy, taking into account that

xi|S:|ny “ xn|S|iy: “ xn|S|iy˚, from Eqs. (1.126), (1.131), it follows that

ÿ

n

1

pδni ´ i T
˚
niqpδni ` i Tniq “ δii , (1.132)

and expanding the l.h.s. of Eq. (1.132), readily yields

i pTii ´ T
˚
iiq `

ÿ

n

1

T ˚niTni “ 0 , (1.133)

or equivalently

2 ImTii “
ÿ

n

1

|Tni|
2 . (1.134)

Finally we can rewrite Eq. (1.134) by substituting Eq. (1.127) on both sides and by

using pδp4qpzqq2 “ δp4qp0qδp4qpzq to evaluate the square of the delta function, namely

2 ImMii “
ÿ

n

ż

n

p2πq4δp4q

˜

n
ÿ

j“1

pj ´ pi

¸

|Mni|
2 , (1.135)
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which corresponds to the standard formulation of the optical theorem, schematically

sketched in Figure 1.6. Setting |iy “ |Ay, a comparison between Eq. (1.135) and

Eq. (1.128), evidently gives

ΓpAq “
1

mA

ImMAA , (1.136)

showing that the total decay width ΓpAq can be obtained by computing the imagi-

nary part of the forward scattering amplitude AÑ A.

We now apply the result in Eq. (1.136) to the decay of a heavy quark Q 14. We

assume that at the renormalisation scale µ “ mQ the weak interaction is described

by an effective Hamiltonian Heff pxq, governing the transition of the heavy quark

into all possible lighter fermions, see Section 1.1, so that the scattering operator S

can be written as 15

S “ T exp

"

´i

ż

d4xHeff pxq

*

, (1.137)

where T is the time-ordering operator. The first non vanishing contribution to the

forward scattering amplitude MQQ, is obtained by expanding S to second order in

the weak effective coupling. Up to terms of higher order this gives

TQQ “
1

2
xQ| i

ż

d4x

ż

d4yT
!

Heff pxq,Heff pyq
)

|Qy . (1.138)

Using that the translation invariance of the Hamiltonian operator implies

Heff pxq “ eiP̂ ¨xHeff p0q e
´iP̂ ¨x , (1.139)

with P̂µ “ B{Bxµ, and that |Qy corresponds to a state with definite momentum pµQ,

namely

e´iP̂ ¨x|Qy “ e´ipQ¨x|Qy , (1.140)

14The choice of a heavy quark is just for future convenience, the same description applies, taking
into account the proper replacements, to the weak decay of any elementary fermion.

15It is worthwhile to emphasise that Heff must be intended as supplemented with the QCD
as well as with the QED Lagrangian, responsible for higher order corrections to the leading weak
decay.
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Eq. (1.138) can be simplified as, see for a similar derivation the textbook [23]

TQQ “
1

2
xQ| i

ż

d4x

ż

d4yT
!

e´iP̂ ¨yHeff pxq e
iP̂ ¨y

loooooooooomoooooooooon

Heff px´yq

,Heff p0q
)

|Qy

“
1

2
p2πq4δp4qp0q xQ| i

ż

d4xT
!

Heff pxq,Heff p0q
)

|Qy , (1.141)

where in the last step we have performed the change of variable xµ ´ yµ Ñ xµ un-

der the integration over xµ and used that
ş

d4y “ p2πq4δp4qp0q. From Eqs. (1.127),

(1.136), we finally obtain that

ΓpQq “
1

2mQ

Im xQ|T |Qy , (1.142)

with

T “ i

ż

d4xT
!

Heff pxq ,Heff p0q
)

. (1.143)

We can interpret Eqs. (1.142), (1.143), as the statement that, due to the optical

theorem, the total decay width of Q is proportional to the amplitude for the process

Q Ñ X Ñ Q, describing the forward scattering of Q via the production and anni-

hilation of all the possible intermediate states X. This corresponds to computing

the imaginary part of the time ordered product of the Hamiltonian operator eval-

uated at two different space-time points, namely the non local operator T , and to

determining its expectation value between external |Qy states.

An analogous description for the decay of a hadronic state is plagued by the

presence of the non perturbative QCD effects responsible for the confinement dy-

namics. However, it was first proposed by Shifman and Voloshin in Ref. [87], that

the inclusive decay width of a heavy hadron, in their specific case a charmed meson,

in the assumption of an infinitely heavy constituent quark, could be obtained using

the partonic description, and hence by computing the probability for the free heavy

quark to decay into all the lighter fermions. Following their formulation, the total

decay width of a heavy hadron HQ can be expressed as the imaginary part of the

non local operator T in Eq. (1.143), evaluated between external hadronic states,

namely

ΓpHQq “
1

2mHQ

Im xHQ|T |HQy . (1.144)
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When mQ Ñ 8, the hadronic state and mass coincide with those of the heavy

quark and Eq. (1.144) becomes ΓpHQq “ ΓpQq. However, this approximation is

not sufficient for phenomenological applications and corrections to this limit must

be systematically included. The HQE provides a theoretical framework to compute

ΓpHQq in Eq. (1.143), in the case of large, but finite, heavy quark mass mQ. The

fundamental assumption is that, inside a heavy hadron, the heavy quark, propagat-

ing in the soft background generated by the non perturbative gluon field, interacts

with the light degrees of freedom exchanging momenta of the order of ΛQCD, much

smaller than mQ, meaning that there is a large part in the heavy quark momentum,

which is proportional to the heavy quark mass and that can be extracted by means

of a field redefinition, see e.g. Ref. [102], i.e.

Qpxq “ e´imQv¨xQvpxq , (1.145)

where vµ denotes the hadron velocity. It is worth emphasising that despite the

strong analogy, Qvpxq in Eq. (1.145) constitutes a rescaled four-component QCD

field and not the two-component non relativistic field introduced in the context of

the HQET, cf. Section 1.2, more details on the difference between the two methods

can be found e.g. in Ref. [71]. From Eq. (1.145) it then follows that

iDµQpxq “ e´imQv¨x
´

mQvµ ` iDµ

¯

Qvpxq , (1.146)

which combined with the equation of motion pi {D ´mQqQpxq “ 0, gives

P`Qvpxq “ Qvpxq ´
i {D

2mQ

Qvpxq , (1.147)

and

P´Qvpxq “
i {D

2mQ

Qvpxq , (1.148)

with the projector operators P˘ defined as in Eq. (1.37). Moreover, acting with P`

on both sides of Eq. (1.148) and using that P`i {D “ i {DP´ ` piv ¨Dq, yields

piv ¨DqQvpxq “ ´
1

2mQ

i {Di {DQvpxq . (1.149)

The relations in Eqs. (1.145)-(1.149), allow to construct a systematic procedure to
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compute the inclusive decay width ΓpHQq. Specifically, Eq. (1.144) can be evaluated

in two steps, see e.g. Ref. [103]. First, by taking into account the soft interaction

with the background gluon field as well as with the light spectator quarks, the imag-

inary part of the non local second order operator T is expanded in a series of local

operators Od with increasing dimension d, where the corresponding coefficients cd

are suppressed by d´ 3 powers of the heavy quark mass mQ, namely

Im T “
ÿ

d

cd
Od

md´3
Q

. (1.150)

In general all possible Lorentz and gauge invariant operators, bilinear in the heavy

quark field, can appear on the r.h.s of Eq. (1.150) and for large values of mQ, it is

sufficient to consider only those of lowest dimension. These respectively are Q̄Q,

p1{2qQ̄σµνG
µνQ, Q̄Γqq̄ΓQ, etc., where Γ denotes a combination of gamma matrices

and colour matrices. The corresponding coefficients in Eq. (1.150) are extracted

by taking the matrix element of both sides of Eq. (1.150) between external quark

and gluon states, see e.g. Ref. [71]. Notice that there is no dimension-four operator,

since Q̄ {DQ can be reduced to Q̄Q by means of the equation of motion for Q [103].

The series in Eq. (1.150) starts at dimension-three with the operator Q̄Q “ Q̄vQv.

This is not suppressed by the heavy quark mass and at leading order in 1{mQ it

reproduces the partonic result in Eq. (1.142). In fact, Q̄Q receives non perturbative

corrections from higher order operators, see Ref. [98]. The proof starts with the

following identity

Q̄Q “ Q̄v{vQv ` 2Q̄vP´Qv “ Q̄v{vQv ` 2Q̄vP´P´Qv , (1.151)

which, using Eq. (1.148) together with Q̄vP´ “ Q̄vp´i
Ð

{Dq{2mQ, leads to

Q̄Q “ Q̄v{vQv´2Q̄v
i
Ð

{D

2mQ

i
Ñ

{D

2mQ

Qv “ Q̄v{vQv`Q̄v
pi {Dq2

2m2
Q

Qv`total derivative , (1.152)

where the contribution of the total derivative can be neglected since, in forward

matrix elements with zero momentum transfer, it vanishes, see e.g. Ref. [104]. The

first operator on the r.h.s. of Eq. (1.152) is the generator of the conserved charge as-

sociated to the heavy flavour Q, its matrix element between external hadronic states

is one, up to a normalisation factor [98]. Note that in Eq. (1.152) there are no linear

terms in 1{mQ. These would be generated by operators of dimension-four, however,

containing only one covariant derivative, they would either correspond to a total

derivate, which does not contribute, as stated above, or to a derivative acting on the
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heavy quark field, which, by means of the equation of motion Eq. (1.149), is propor-

tional to operators of higher order. The absence in the HQE of linear terms in 1{mQ

was first discussed by Chay, Georgi and Grinstein in Ref. [97], and subsequently by

Bigi, Uraltsev, and Vainshtein in Ref. [98] and is known as CGG/BUV theorem, see

Ref. [71] 16. First corrections to the infinite mass limit arise at dimension-five, and

correspond to operators with two covariant derivatives acting on the heavy quark

field. We can identify them from Eq. (1.152), i.e.

Q̄v
pi {Dq2

2m2
Q

Qv “
1

2m2
Q

Q̄vpiDµqpiD
µ
qQv `

1

2m2
Q

Q̄vpiDµqpiDνqp´iσ
µν
qQv , (1.153)

where we have used that γµγν “ tγµ, γνu{2 ` rγµ, γνs{2. The kinetic and chromo-

magnetic operators are then defined respectively as

Okin “ Q̄vpiDµqpiD
µ
qQv , (1.154)

Omag “ Q̄vpiDµqpiDνqp´iσ
µν
qQv . (1.155)

At dimension-six, operators generated from the action of three covariant derivatives,

but also four-quark operators, contribute. The former correspond to the spin-orbit

and Darwin operators, defined respectively as, see e.g. Ref. [105]

OLS “ Q̄vpiDµqpiv ¨DqpiDνqp´iσ
µν
qQv , (1.156)

OρD “ Q̄vpiDµqpiv ¨DqpiDνqQv . (1.157)

Four-quark operators have the schematic form Q̄Γqq̄ΓQ, where Γ refers to a com-

bination of gamma matrices as well as colour matrices, compatible with the V ´ A

structure of the effective Hamiltonian, and q denotes a light spectator quark. It is

worth mentioning that, using the equation of motion for the gluon field DµG
µνa “

´gs
ř

q q̄γ
νtaq, the Darwin operator can be expressed, at leading order in 1{mQ, in

terms of four-quark operators, see e.g. Ref. [98] and also Chapter 4. Finally, opera-

tors of higher dimension are built by further expanding in the number of covariant

derivatives and of light quark fields.

16In the framework of the HQET, the absence of linear terms in 1{mQ to the forward matrix
element of a heavy quark current is known as Luke’s theorem [63], see e.g. Ref. [66].
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Having constructed the series in Eq. (1.150) up to the desired order in 1{mQ,

the second step in the calculation of Eq. (1.144) is to evaluate the matrix element of

the local operators obtained, between external hadronic states, see Ref. [103]. These

encode the large distance dynamics responsible for the hadronic structure and re-

quire non perturbative methods like Lattice QCD [32] or QCD Sum Rules [29, 30]

to be determined. In some cases they can also be extracted performing fits to the

experimental data, see e.g. Ref. [106]. Alternatively, using the framework of the

HQET, the dependence of the heavy quark field and of the hadronic state on the

heavy quark mass, see Section 1.2, can be further factored out, the correspond-

ing matrix elements are then expanded in inverse powers of mQ and expressed in

terms of a minimal set of elementary parameters, which must again be determined

by means of the non perturbative methods mentioned above, or in some cases via

spectroscopy relations [52]. For the matrix element of the dimension-three operator

in Eq. (1.152), the HQET expansion has the following form [98,105]

xHQ|Q̄Q|HQy

2mHQ

“ 1´
µ2
πpHQq ´ µ

2
GpHQq

2m2
Q

`O
˜

1

m5
Q

¸

, (1.158)

where the non perturbative parameters µ2
π, µ2

G are related to the expectation value

of the operators in Eqs. (1.154), (1.155), as

2mHQ µ
2
πpHQq “ ´xHQ|Okin|HQy , 2mHQ µ

2
GpHQq “ xHQ|Omag|HQy . (1.159)

Similarly, the matrix elements of the spin-orbit and Darwin operators, are expressed

in terms of the two non perturbative parameters ρ3
LS, ρ3

D, i.e.

2mHQ ρ
3
LSpHQq “ ´xHQ|OLS|HQy , 2mHQ ρ

3
DpHQq “ xHQ|OD|HQy . (1.160)

In the case of four-quark operators, a simple way to estimate the matrix elements

between external mesons states, is the so called ‘vacuum insertion approximation’

(VIA), corresponding to the assumption that the matrix elements can be saturated

by the vacuum intermediate state, see e.g. Ref. [71], namely

xHQ|Q̄Γqq̄ΓQ|HQy
VIA
“ xHQ|Q̄Γq|0yx0|q̄ΓQ|HQy . (1.161)

Set for definiteness Γ “ γµγ5 and consider HQ to be e.g. a pseudoscalar B meson. It

follows that the matrix element on the l.h.s. of Eq. (1.161) is parametrised in terms
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Figure 1.7: Schematic representation of the HQE in Eq. (1.164). The imaginary
part of the double insertion of the effective Hamiltonian (top line), is matched into
a series of local operators (bottom line).

of the B meson mass mB and decay constant fB, where the latter is defined as

x0|q̄γµγ5b|By “ ifBp
µ
B , (1.162)

here pµB denotes the meson four-momentum with p2
B “ m2

B. By taking into account

that the matrix element of the corresponding vector current vanishes due to parity

conservation in QCD, see e.g. the textbook [39], we obtain that

xB|b̄γµp1´ γ5qq|0yx0|q̄γ
µ
p1´ γ5qb|By “ f 2

Bm
2
B . (1.163)

Finally, the construction of the HQE leads to the following expansion for ΓpHQq

ΓpHQq “ Γ3 ` Γ5
xO5y

m2
Q

` Γ6
xO6y

m3
Q

` . . .` 16π2

«

Γ̃6
xÕ6y

m3
Q

` Γ̃7
xÕ7y

m4
Q

` . . .

ff

, (1.164)

schematically sketched in Figure 1.7. Eq. (1.164) shows that, by exploiting the

large hierarchy mQ " ΛQCD, the total decay width of a heavy hadron can be sys-

tematically computed as a series in inverse powers of the heavy quark mass. The

lowest order contributions describe the effect of two- and four-quark operators and,

in Eq. (1.164), the latter are labelled with a tilde. Moreover, from the diagram-

matic representation in Figure 1.7, we see that while the contribution of four-quark

operators corresponds to one-loop diagrams at LO-QCD, two-quark operators are

generated only at two-loop, again at LO-QCD, and this mismatch is reflected in

the presence of the enhancement factor of 16π2 in front of the square brackets in

Eq. (1.164) [107–110]. As already stressed in Section 1.1, the essential feature of the

OPE is the separation between short- and long-distance effects. Namely, the non
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perturbative dynamics is absorbed in the matrix element of local operators, whereas

the short distance contribution is encoded in the corresponding coefficients. The

latter, in fact, obey the perturbation expansion

Γd “ Γ
p0q
d `

´αs
4π

¯

Γ
p1q
d `

´αs
4π

¯2

Γ
p2q
d ` . . . , (1.165)

and can be computed within standard perturbation theory. Extensive work has

been put in this direction, here a brief summary of the current status. The complete

calculation of Γ3 up to NLO-QCD corrections has been obtained in Refs. [111–118].

Currently, also NNLO-QCD corrections are known for semileptonic decays [119–128],

while for non-leptonic decays, these have only been determined, for massless final

quarks and in full QCD, i.e. without using the effective Hamiltonian, in Ref. [129].

Γ5 has been computed at LO-QCD for both non-leptonic and semileptonic decays

[98,103,130,131], for the latter even NLO-QCD corrections are available [132–134].

For semileptonic decays, Γ6 was first computed at LO-QCD in Ref. [135] and recently

the NLO-QCD corrections were determined in Ref. [136], while the LO-QCD compu-

tation for non-leptonic decays has been performed for the first time in Refs. [137–139]

for the b-system and in Ref. [140] for c-quark decays, see also Section 4.1. Finally

Γ̃6 is known at NLO-QCD [141–143], while Γ̃7 only at LO-QCD [144].

We conclude by emphasising that the construction of the HQE is based on the va-

lidity of the so called quark-hadron duality (QHD). This refers to the assumption

that the inclusive rate determined by summing over all the exclusive hadronic decay

channels, and the one predicted by the HQE, are dual to each other, in the sense

that they provide two valid representations of the same quantity, using respectively

the hadron-level and the quark-level description. However, violations of QHD con-

stitute a systematic uncertainty of the HQE, and one simple argument is the fact

that, by computing the total decay width in terms of a series expansion in pow-

ers of ΛQCD{mQ, any term of the type expp´mQ{ΛQCDq sinpmQ{ΛQCDq, would be

systematically neglected, since expp´1{xq is non-analytic and its expansion around

x “ 0, yields identically zero. Despite deviations of HQD cannot be excluded, there

is no experimental evidence so far for sizeable violations that might compromise the

applicably of the HQE. For a detailed discussion of QHD see e.g. Refs. [145–147] .
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Practical Calculations within the HQE

With the theoretical background discussed in Chapter 1, we can now show the

explicit computation of the lowest-order contributions to the total decay width of a

heavy hadron, Eq. (1.144). For definiteness we assume HQ to be a B meson with

B “ tB̄d, B
´, B̄su, i.e. we limit ourselves to systems containing a heavy b quark and

a light antiquark q̄ “ td̄, ū, s̄u, without discussing the case of the Bc meson 1. We

stress, however, that the expressions obtained, taking into account the appropriate

replacements, e.g. of the CKM factors and masses, can be also applied to the study

of the charm system and of the b-baryons with one heavy quark. Furthermore, we

emphasise that all the calculations presented are only at LO-QCD.

The total decay width in Eq. (1.164) can be decomposed in the sum of semilep-

tonic and non-leptonic widths, namely

ΓpBq “ ΓpSLq
pBq ` ΓpNLq

pBq . (2.1)

For simplicity, in the following, we consider only the computation of ΓNLpBq, again,

the corresponding results for the semileptonic case can be easily derived by setting

Nc “ 1, C1 “ 1 and C2 “ 0. According to Eq. (1.144), the total non-leptonic decay

width of a B meson is induced at the quark level by the flavour-changing transition

b Ñ q1q̄2q3, with q1, q2 “ tu, cu and q3 “ td, su, described, at the renormalisation

scale µ1 „ mb, by the effective weak Hamiltonian Heff pxq, see Section 1.1, i.e.

Heffpxq “
GF
?

2
V ˚q1bVq2q3

”

C1 Q1pxq ` C2 Q2pxq
ı

` h.c. . (2.2)

The colour-singlet and colour-rearranged local four-quark operators Q1, pxq, Q2pxq,

1In this case the HQE must be properly generalised in order to include a double expansion in
inverse powers of the bottom as well as the charm quark mass, see e.g. Refs. [148–150].
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in Eq. (2.2), are respectively given by

Q1pxq “
´

q̄i1pxqΓµb
i
pxq

¯´

q̄j3pxqΓ
µqj2pxq

¯

, (2.3)

Q2pxq “
´

q̄i1pxqΓµb
j
pxq

¯´

q̄j3pxqΓ
µqi2pxq

¯

, (2.4)

where Γµ “ γµp1 ´ γ5q. In Eq. (2.2), C1pµ1q, C2pµ1q, define the corresponding

Wilson coefficients, their scale dependence is often omitted in order to simplify the

notation. Note also that, being interested in discussing only the general structure

of the computation, in Eq. (2.2) we have neglected the contribution of the penguin

operators, however the expressions can be easily generalised to include them. Sub-

stituting Eq. (2.2) into Eq. (1.143), leads to the following decomposition for the non

local second-order operator T i.e.

T pq1q̄2q3q “ C2
1 T pq1q̄2q3q11 ` 2C1C2 T pq1q̄2q3q12 ` C2

2 T pq1q̄2q3q22 , (2.5)

here the superscript pq1q̄2q3q refers to the specific decay mode of the b quark, which

for the sake of a more compact notation will be sometimes dropped, and

T pq1q̄2q3qmn “
G2
F |Vq1b|

2|Vq3q2 |
2

2
i

ż

d4xT
!

Qmpxq , Q
:
np0q

)

` pxØ 0q . (2.6)

In Eq. (2.6), the corresponding term due to the exchange of coordinates px Ø 0q

must be considered separately, and cannot be in general reduced to a symmetry

factor of 2, since the computation of power corrections will be performed in the FS

gauge, which, it is worth remarking, explicitly breaks the translation invariance of

the propagator, see Section 1.3.

The time-ordered product in Eq. (2.6) is written, by means of the Wick’s theo-

rem [151], as a linear combination of terms where only normal products, normal

products and contractions and only contractions of fields appear, see e.g. the text-

book [152]. The lowest-order contributions in the HQE correspond to two- and

four-quark operators and are generated respectively from the contraction of three-

and two-pairs of light quark fields while leaving the b-quark fields uncontracted. The

first case is discussed in Section 2.1, the second in Section 2.2.
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2.1 Contribution of two-quark operators

Following Refs. [130, 131], for a straightforward treatment of colour in the com-

putation of power corrections due to the expansion of the quark propagator, it is

convenient to perform in T12, Eq. (2.5), the change of basis

!

Q1pxq, Q2pxq
)

Ñ

!

Q1pxq, Q3pxq
)

, (2.7)

where Q3pxq denotes the colour-octet operator 2

Q3pxq “
´

q̄i1pxqΓµ t
a
ij b

j
pxq

¯´

q̄l3pxqΓ
µ talm q

m
2 pxq

¯

. (2.8)

The relation between Q2pxq, and Q3pxq, in Eq. (2.7) is obtained by taking into ac-

count the completeness property of the SUp3qc generators, i.e.

taijt
a
lm “

1

2

ˆ

δimδjl ´
1

Nc

δijδlm

˙

. (2.9)

Substituting Q2pxq “ p1{NcqQ1pxq`2Q3pxq in T12 in Eq. (2.5), and considering only

the contribution of two-quark operators, leads to the general decomposition

T p2qq “ C2
1 T p2qq11 ` 2C1C2

ˆ

1

Nc

T p2qq11 ` 2 T p2qq13

˙

` C2
2 T p2qq22 , (2.10)

where the superscript p2qq indicates that all pairs of light quarks fields in the time-

ordered product in Eq. (2.6) have been contracted and replaced with the correspond-

ing propagators, namely, without specifying the colour structure 3

T
!

q̄1pxqΓµbpxqq̄3pxqΓ
µq2pxq, b̄Γνq1q̄2Γνq3

)

“: q̄1pxqΓµbpxqq̄3pxqΓ
µq2pxqb̄Γνq1q̄2Γνq3 : ,

(2.11)

here the two colons denote the normal product. Eq. (2.11) can be schematically

visualised in Figure 2.1. Taking into account Eq. (2.11), it follows that the expres-

2Note that in Refs. [130,131] the colour octet-operator is denoted by Q̃1.
3We recall that we often omit to explicitly indicate the dependence on the space-time coordinate

for fields evaluated at the origin, so unless otherwise stated, we assume q “ qp0q, for generic qpxq.
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sions of the non local operators T p2qq
mn in Eq. (2.10), are respectively given by

T p2qq11 “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x b̄jγνp1´ γ5q iS
pq1q
jk p0, xqγµp1´ γ5qb

k
pxq

ˆ Tr

«

γνp1´ γ5qiS
pq3q
lm p0, xqγµp1´ γ5qiS

pq2q
ml px, 0q

ff

` pxØ 0q , (2.12)

T p2qq13 “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x b̄jγνp1´ γ5qt
a
jl iS

pq1q
lk p0, xqγµp1´ γ5qb

k
pxq

ˆ Tr

«

γνp1´ γ5qt
a
mn iS

pq3q
nr p0, xqγ

µ
p1´ γ5qiS

pq2q
rm px, 0q

ff

` pxØ 0q , (2.13)

and

T p2qq22 “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x b̄jγνp1´ γ5q iS
pq1q
lm p0, xqγµp1´ γ5qb

k
pxq

ˆ Tr

«

γνp1´ γ5qiS
pq3q
jk p0, xqγ

µ
p1´ γ5qiS

pq2q
lm px, 0q

ff

` pxØ 0q , (2.14)

where the minus sign and the trace over spinor indices, derive from the fermion loop.

Note that applying the Fierz identity

´

q̄i1Γµq
i
2

¯´

q̄j3Γµqj4

¯

“

´

q̄j3Γµq
i
2

¯´

q̄i1Γµqj4

¯

, (2.15)

to the four-quark operators in Eqs. (2.3), (2.4), gives

Q1,2 “ Q
pq1Øq3q
2,1 . (2.16)

meaning that the four-quark operator Q1 is equal to Q2 with the exchange q1 Ø q3

and vice versa. This important relation implies that in Eq. (2.14) we can write

S
pq1q
lm, αβ S

pq3q
jk, γδ Ñ S

pq1q
lm, γδ S

pq3q
jk, αβ , (2.17)
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Figure 2.1: Diagram describing the leading order contribution to the free b-quark
decay.

where the Greek letters denote spinor indices, and then that

T p2qq22 “ T p2qq pq1Øq3q11 . (2.18)

By taking into account Eq. (2.18), the contribution of Q2 bQ2 in Eq. (2.6) can be

obtained from that of Q1 bQ1 after performing the replacement q1 Ø q3.

The coefficients of the two-quark operators up to order 1{m3
b , are computed in

detail in Chapter 3, for generic non-leptonic decays of the b-quark and using the

representation of the quark-propagator in momentum space, Eqs. (1.98), (1.102).

However, it is instructive to perform the same calculation also using the expression

of the quark-propagator in coordinate space given in Eqs. (1.121), (1.124). This is

discussed in the next two sections, respectively for the case of dimension-three and

dimension-five contributions, and for the single mode bÑ cūd.

2.1.1 Computation of Γ
pcūdq
3

The leading term in Eq. (1.164) corresponds to the decay of a free b quark, as shown

in Figure 2.1. Neglecting the interaction with the background gluon field, see Sec-

tion 1.3, all the propagators in Eqs. (2.12)-(2.14), reduce to

S
pqq
jk px, yq “ S

pqq
0 px´ yq δjk , q “ c, u, d , (2.19)

where S
pqq
0 px´yq is the free-quark propagator defined in Eq. (1.72), and a superscript

has been introduced in order to distinguish between the different quarks consistently

with the description of the b Ñ cūd decay. The presence of the Kronecker delta in

Eq. (2.19) leads to immediate simplifications. In fact, by enforcing the trace of the

SUp3qc generators ta in the square brackets of Eq. (2.13), we readily obtain that
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T p2qq13 must vanish at this order i.e. 4

T p2qq13 “ O
ˆ

1

m2
b

˙

. (2.20)

Moreover, it follows that Eqs. (2.12), (2.14), exactly coincide, so that T p2qq11 and T p2qq22

are equal up to higher order corrections, namely

T p2qq22

ˇ

ˇ

ˇ

d“3
“ T p2qq11

ˇ

ˇ

ˇ

d“3
. (2.21)

Because of Eqs. (2.20), (2.21), we need to compute only one expression, i.e.

T p2qq11 “ ´
NcG

2
F

2
|Vq1b|

2
|Vq3q2 |

2

ż

d4x b̄ γνp1´ γ5qS
pcq
0 p´xqγµp1´ γ5qbpxq

ˆ Tr

«

γνp1´ γ5qS
pdq
0 p´xqγµp1´ γ5qS

puq
0 pxq

ff

` pxØ 0q ` . . . . (2.22)

In Eq. (2.22), the colour factor is δii “ Nc, and the ellipsis denote power suppressed

contributions due to higher order terms in the quark-propagator. Notice also that

the result in Eq. (2.21), combined with Eq. (2.18), shows that Eq. (2.22) must

be a symmetric function under the exchange c Ø d. A further simplification in

the computation of the dimension-three contribution, derives from the translation

invariance of the free-quark propagator, meaning that the integral in Eq. (2.22) is

also translation invariant, and that the second term on the r.h.s. of Eq. (2.22), at

this order, reduces to a symmetry factor of 2.

In Eq. (2.22), the corresponding expressions for the three propagators follow

from Eq. (1.123). For the charm quark, it is

S
pcq
0 p´xq “ ´

i

4π2

m2
cK1pmc

?
´x2q

?
´x2

`
{x

4π2

m2
cK2pmc

?
´x2q

x2
, (2.23)

and, due to the chiral structure of Eq. (2.22), only the term in Eq. (2.23) propor-

tional to an odd number of gamma matrices contributes. Furthermore, neglecting

the mass of the up- and down-quarks, we need to consider the following limits of

the Bessel functions

4Note that the first correction to the free-quark propagator arises at order Op1{m2
bq.
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lim
mÑ0

m2K1pm
?
´x2q “ 0 , lim

mÑ0
m2K2pm

?
´x2q “ ´

2

x2
, (2.24)

from which we obtain that

S
puq
0 pxq “

{x

2π2x4
“ ´S

pdq
0 p´xq . (2.25)

Moreover, we recall that the coefficient of the dimension-three operator b̄b in the

OPE in Eq. (1.150), is obtained by evaluating Im T p2qq between external b states

with momentum pb, hence we can make the following replacement in Eq. (2.22) 5,

see also Refs. [69, 87]

bpxq Ñ e´ipb¨x bp0q . (2.26)

By substituting Eqs. (2.23), (2.25) and (2.26) into Eq. (2.22), it is then straightfor-

ward to arrive at

T p2qq “ 4
G2
F

π6
|Vcb|

2
|Vud|

2
´

Nc

`

C2
1 ` C

2
2

˘

` 2C1C2

¯

ˆ b̄

#

ż

d4x e´ipb¨x
m2
cK2pmc

?
´x2q

x8
{x

+

p1´ γ5q b` . . . . (2.27)

The next step is to compute the imaginary part of the integral in the curly brackets

of Eq. (2.27). This is easily obtained using the formalism presented in Ref. [130],

based on the technique developed by Belyaev and Blok in Ref. [85] for the compu-

tation of the spectral representation of integrals appearing in the Fourier transform

of the product of several massless and one massive quark propagator, expressed in

coordinate space, see Ref. [130]. The result reads 6

Im

ż

d4x e´ip¨x
Kνpm

?
´x2q

p
?
´x2qn

xµ “ Gν,npp
2
q pµ , (2.28)

with

5This follows from bpxq|by “ expp´ipb ¨ xqubppbq where ubppbq “ bp0q|by, is the b-quark spinor.
6Note that the result in Ref. [130] must be multiplied by ´π. This might be due to a different

convention used to define the discontinuity of a complex function.
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Gν,npp
2
q “

π3

2pn´4qmν

1

Γ
`

n´ν
2

˘

n´ν
2
´1

ÿ

k“0

p´1q
n´ν
2
´1´k Ck

n´ν
2
´1
Un`ν´4
n`ν
2
´k
pp2
q . (2.29)

In Eq. (2.29), the coefficients Cm
n are given by

Cm
n “

ˆ

n

m

˙

“
n!

m! pn´mq!
, (2.30)

while the functions U2j
i ppq are

U2j
i pp

2
q “

m2pi´1q

pj ´ 1q!

p2
ż

m2

dz
pp2 ´ zqj´1

zi
. (2.31)

Setting ν “ 2 and n “ 8 in Eq. (2.28) yields

Im

#

ż

d4x e´ipb¨x
m2
cK2pmc

?
´x2q

x8
{x

+

“
π3

768
p4
b {pb

`

1´ 8r ´ 12r2 log r ` 8r3
´ r4

˘

,

(2.32)

where we have introduced the dimensionless parameter r “ m2
c{p

2
b . Substituting

Eq. (2.32) into Eq. (2.27), we then obtain

ImT p2qq “ G2
F

192π3
|Vcb|

2
|Vud|

2
´

Nc

´

C2
1 ` C

2
2

¯

` 2C1C2

¯

ˆ p4
b p

µ
b

`

1´ 8r ´ 12r2 log r ` 8r3
´ r4

˘

b̄γµp1´ γ5qb` . . . . (2.33)

Finally, Eq. (2.33) depends on the heavy quark momentum pb, which, it is worth

remarking, admits the general parametrisation pµb “ mbv
µ`kµ, here vµ is the hadron

velocity and the ‘residual’ momentum kµ describes the interaction of the heavy quark

with the light degrees of freedom, see Chapter 1. As stated above, the dimension-

three contribution to ImT p2qq corresponds to the decay of a free b-quark, meaning

that all the interactions with the soft gluons and quarks can be neglected at this

order. In this case the heavy quark momentum reduces to pµb “ mbv
µ`Op1{mbq, and

recalling the definition of the rescaled heavy quark field bpxq “ expp´imbv ¨xqbvpxq,

see Eq. (1.145), satisfying {vbv “ bv`Op1{mbq, cf. Eq. (1.148), from Eq. (1.144) and
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Figure 2.2: Soft gluon corrections to the free b-quark decay.

Eq. (1.158), we arrive at the well known expression

Γ
pcūdq
3 “

G2
Fm

5
b

192π3
|Vcb|

2
|Vud|

2
´

Nc

`

C2
1 ` C

2
2

˘

` 2C1C2

¯

`

1´ 8ρ´ 12ρ2 log ρ` 8ρ3
´ ρ4

˘

,

(2.34)

where ρ “ m2
c{m

2
b is a dimensionless mass parameter and we have taken into account

that the contribution of the axial current to the matrix element between B mesons

states vanishes due to conservation of parity in QCD [39].

2.1.2 Computation of Γ
pcūdq
5

In order to compute power corrections to the free b-quark decay in Eq. (2.34), we

must include the effect of the QCD interaction of the heavy quark field with the soft

degrees of freedom inside the heavy hadron. This results in three contributions, gen-

erated by expanding respectively, the propagator of the quarks inside the two-loop

diagram, because of the large b-quark momentum flowing into it, the heavy-quark

momentum and the relevant matrix elements up to the order in 1{mb considered.

In the case of two-quark operators, the starting point is represented by Eqs. (2.12)-

(2.14), where now, being interested in computing dimension-five contributions, we

must take into account, in the expression of the quark propagator, also terms pro-

portional to the gluon field strength tensor Gρσ, see Section 1.3 and Figure 2.2,

namely

S
pqq
jk px, yq “ S

pqq
0 px´ yqδjk ` S

pqq
1 px´ yq

a tajk , q “ c, u, d , (2.35)

here S
pqq
1 px´ yq contains only corrections to the free-quark propagator due to oper-

ators of dimension-two, cf. Eq. (1.121) and we have explicitly indicated that up to

this order the translation invariance is still preserved. The presence of the Kronecker

delta and of the SUp3qc generators in Eq. (2.35), significantly simplifies the colour
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structure of Eqs. (2.12)-(2.14), in fact, it is easy to verify that, since Trrtas “ 0 and

terms proportional to GρσGµν correspond to corrections of at least dimension-seven,

a soft gluon cannot be radiated off every propagator for each of the expressions in

Eqs. (2.12)-(2.14). Namely, only S
pcq
1 p´xq can contribute to T p2qq11 and as consequence

of Eq. (2.18) only S
pdq
1 p´xq can contribute to T p2qq22 . Finally, in Eq. (2.13) only the

expansion of the two propagators inside the trace is non vanishing and both S
puq
1 pxq

and S
pdq
1 p´xq must be independently taken into account in T p2qq13 . However, it is clear

that by substituting Eq. (2.35) into Eqs. (2.12)-(2.14), we also recover the leading

order result already discussed in the previous section. This generates the remaining

dimension-five contributions, once the corrections to the heavy quark momentum

in Eq. (2.33) and to the matrix element of the dimension-three and dimension-four

operators are respectively included. To avoid confusion we introduce the notation

Γ
pcūdq
5 “ Γ

pcūdq
5

ˇ

ˇ

ˇ

I
` Γ

pcūdq
5

ˇ

ˇ

ˇ

II
, (2.36)

corresponding to the sum of the dimension-five contributions arising from the ex-

pansion of the quark-propagator on one side (I) and of the heavy-quark momentum

as well as of the matrix elements of dimension lower than five, on the other (II).

Let us start by considering (I). In the case of T p2qq11 , as commented above, only

the contribution of the gluon emitted from the charm-quark line is non vanishing

and the three propagators in Eq. (2.12) are respectively given by 7

S
pcq
1 p´xq “

G̃ρηxργηγ5

8π2

mcK1pmc

?
´x2q

?
´x2

, (2.37)

and

S
puq
0 pxq “

1

2π2

{x

x4
“ ´S

pdq
0 p´xq . (2.38)

Substituting these expressions as well as including a symmetry factor of 2 due to

the translation invariance 8, Eq. (2.12) becomes 9

7We already take into account that in the propagator of the charm quark only terms proportional
to an odd number of gamma matrices contribute.

8The same factor appear also in the remaining contributions.
9Note that the replacement in Eq. (2.26) is again introduced, since at this order the contribu-

tion from the dimension-five operator with one gluon field is obtained taking the matrix element
xbg|ImT p2qq|by between external b-quark and gluon states.
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T p2qq11

ˇ

ˇ

ˇ

d“5
“

G2
F

64π6
|Vcb|

2
|Vud|

2 b̄

#

ż

d4x e´ipb¨x
G̃ρη xρxξxτ

x8

mcK1pmc

?
´x2q

?
´x2

ˆ

´

γµp1´ γ5q γηγ5 γνp1´ γ5q

¯

Tr
”

γµp1´ γ5q γ
ξ γν p1´ γ5q γ

τ
ı

+

b .

(2.39)

From

xξxτ
`

γµγηγν
˘

Tr
”

γµp1´ γ5q γ
ξ γν p1´ γ5q γ

τ
ı

“ 32 xη {x , (2.40)

it is clear that the contribution in Eq. (2.39) must vanish since the dual field strength

tensor G̃ρη is contracted with the symmetric tensor xρxη i.e.

T p2qq11

ˇ

ˇ

ˇ

d“5
“ 0 . (2.41)

In the case of T p2qq22 , in Eq. (2.14) we can only expand the propagator of the down

quark while the c- and u-quark propagators are free. Using the following limits

lim
mÑ0

mK0pm
?
´x2q “ 0 , lim

mÑ0
mK1pm

?
´x2q “

1
?
´x2

, (2.42)

we evidently obtain that

S
puq
0 pxq “

1

2π2

{x

x4
, S

pdq
1 p´xq “ ´

1

8π2

xρ

x2
G̃ρξγ

ξγ5 , (2.43)

and

S
pcq
0 p´xq “

{x

4π2

m2
cK2pmc

?
´x2q

x2
. (2.44)

Substituting these expressions into Eq. (2.14) gives
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T p2qq22

ˇ

ˇ

ˇ

d“5
“

G2
F

128π6
|Vcb|

2
|Vud|

2 b̄

#

ż

d4x e´ipb¨x
G̃ρξx

ρxηxτ
x8

m2
c K2pmc

?
´x2q

ˆ

´

γµp1´ γ5q γη γνp1´ γ5q

¯

Tr
”

γµp1´ γ5q γ
ξ γ5 γ

ν
p1´ γ5q γ

τ
ı

+

b ,

(2.45)

where now the corresponding gamma structure can be simplified as

xηxτ

´

γµγηγνp1´ γ5q

¯

Tr
”

γµp1` γ5q γ
ξ γν p1´ γ5q γ

τ
ı

“ 32 xξ {xp1´ γ5q , (2.46)

showing that also this contribution must vanish, since again the dual field tensor

G̃ρξ in Eq. (2.45) is contracted with the symmetric tensor xρxξ, namely

T p2qq22

ˇ

ˇ

ˇ

d“5
“ 0 . (2.47)

We see that the emission of a soft gluon from both the charm and down quark prop-

agators does not contribute at dimension-five, therefore in Eq. (2.13) it is sufficient

to consider the expansion of the u-quark propagator only. However, we notice that

the result in Eqs. (2.41), (2.47) is general and that the fact that contributions to

the propagator of the q1- and q3-quarks vanish at order 1{m2
b , holds independently

of the specific mode considered see Refs. [130, 131]. We will discuss this again in

Chapter 3.

Finally in the case of T p2qq13 , considering only corrections to the propagator of the up

quark, we must substitute the following expressions into Eq. (2.13), i.e.

S
puq
1 pxq “

1

8π2

xρ

x2
G̃ρτγ

τγ5 , S
pdq
0 p´xq “ ´

1

2π2

{x

x4
, (2.48)

and

S
pcq
0 p´xq “

{x

4π2

m2
cK2pmc

?
´x2q

x2
, (2.49)

which, taking into account that Trrtatbs “ p1{2qδab, leads to
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T p2qq13

ˇ

ˇ

ˇ

d“5
“

G2
F

128π6
|Vcb|

2
|Vud|

2 b̄

#

ż

d4x e´ipb¨x
G̃ρτx

ρxηxξ
x8

m2
cK2pmc

?
´x2q

ˆ

´

γµp1´ γ5q γη γνp1´ γ5q

¯

Tr
”

γµp1´ γ5q γ
ξ γν p1´ γ5q γ

τ γ5

ı

+

b .

(2.50)

The gamma structure simplifies as

xηxξ
`

γµγηγνp1´ γ5q
˘

Tr
”

γµp1` γ5q γ
ξ γν p1´ γ5q γ

τ
ı

“ 32 γτ x2
p1´ γ5q , (2.51)

from which it follows that, since the dual field tensor G̃ρτ is now contracted with

xργτ , this contribution is non vanishing and equal to

T p2qq13

ˇ

ˇ

ˇ

d“5
“
G2
F

2π6
|Vcb|

2
|Vud|

2 b̄ G̃ρτγ
τ

#

ż

d4x e´ipb¨x
m2
c K2pmc

?
´x2q

x6
xρ

+

p1´ γ5q b .

(2.52)

The imaginary part of the integral in the curly brackets of Eq. (2.52) can be again

obtained using the general result derived in Ref. [130]. Setting ν “ 2 and n “ 6 in

Eq. (2.28), yields

Im

#

ż

d4x e´ipb¨x
m2
cK2pmc

?
´x2q

x6
xρ

+

“ ´
π3

24
p2
b p

ρ
b p1´ rq

3 , (2.53)

where we recall that the dimensionless parameter r is defined as r “ m2
c{p

2
b . In order

to single out the operator appearing in Eq. (2.52), we use that G̃ρτ “ p1{2qερτµνG
µν ,

then, from the the tensor decomposition of three gamma matrices Eq. (7) we have

ερµντγ
τ
“ ´iγργµγνγ5 ` igρµγνγ5 ´ igρνγµγ5 ` igµνγργ5 , (2.54)

which leads to
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b̄ G̃ρτγ
τpρbp1´ γ5q b “

1

2
b̄ Gµνερµντγ

τpρbp1´ γ5q b

“ b̄

#

i

2
Gµνγργµγν p

ρ
bp1´ γ5 q ´ i G

µνγµ pbνp1´ γ5q

+

b . (2.55)

Note that, when contracted with the antisymmetric tensor Gµν , the fourth term

on the r.h.s of Eq. (2.54) vanishes while the second and third terms give the same

contribution. Taking into account that at this order pµb “ mbv
µ`Op1{mbq and intro-

ducing the rescaled heavy quark field bpxq “ expp´imbv ¨ xqbvpxq, see Eq. (1.145),

satisfying bvpxq “ {vbvpxq ` Op1{mbq, cf. Eq. (1.148), it is easy to show that the

second term on the r.h.s. of the second line in Eq. (2.55) is zero, in fact

´i b̄ Gµνγµ pbν b “ ´imb b̄v G
µνγµvν bv `Op1{mbq

“ ´imb b̄v G
µνvµvν bv `Op1{mbq

“ Op1{mbq , (2.56)

where the contributions proportional to γ5 in Eq. (2.55) can be neglected, since they

vanish in matrix elements between B meson states due to parity conservation, and

we have used the following identity

b̄vγµbv “ b̄v{vγµ{vbv “ ´b̄vγµbv ` 2b̄vvµbv , (2.57)

valid up to 1{mb corrections, to write b̄vγµbv “ b̄vvµbv, see e.g. Ref. [153] or cf.

Eq. (1.43). Conversely, the first term on the r.h.s. of the second line in Eq. (2.55)

gives

pi{2q b̄ Gµνγργµγν p
ρ
bb “ p1{2qmb b̄v G

µν
{vσµνbv `Op1{mbq

“ p1{2qmb b̄v G
µνσµνbv `Op1{mbq

“ Omag `Op1{mbq , (2.58)

here the first equality follows from taking the antisymmetric part of γµγν upon con-
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Figure 2.3: Diagrams describing respectively, from left to right, the WE, PI and WA
topologies.

traction withGµν , while the chromo-magnetic operator Omag is defined in Eq. (1.155).

From Eqs. (2.53), (2.55), (2.58), and (2.10), we finally obtain, in agreement with

Ref. [130], that

Γ
pcūdq
5

ˇ

ˇ

ˇ

I
“ ´

G2
Fm

3
b

192π3
|Vcb|

2
|Vud|

2 2C1C2 8p1´ ρq3 µ2
GpBq , (2.59)

where the dimensionless mass parameter ρ is again defined as ρ “ m2
c{m

2
b and the

non perturbative parameter µ2
G is given in Eq. (1.159).

The second type of contribution (II) in Eq. (2.36) is obtained by expanding the

expression in Eq. (2.33) up to order 1{m2
b . Using the results in Appendix A, a

slightly long yet straightforward computation, which can be easily performed with

e.g. Mathematica [154], leads to

Γ
pcūdq
5

ˇ

ˇ

ˇ

II
“
G2
Fm

3
b

192π3
|Vcb|

2
|Vud|

2
´

Nc

`

C2
1 ` C

2
2

˘

` 2C1C2

¯

ˆ

«

`

1´ 8ρ´ 12ρ2 log ρ` 8ρ3
´ ρ4

˘

ˆ

´
µ2
πpBq

2

˙

`
1

2

`

´3` 8ρ´ 12ρ2 log ρ´ 24ρ2
` 24ρ3

´ 5ρ4
˘

µ2
GpBq

ff

, (2.60)

with the non perturbative parameter µ2
π given in Eq. (1.159).

2.2 Contribution of four-quark operators

We now turn to discuss the contribution of four-quark operators. By applying the

Wick’s theorem in Eq. (2.6), we consider all possible contractions of two pairs of
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light-quark fields in the time ordered product, which leave the b-quark as well as a

pair of light-quark fields uncontracted, namely

T

#

´

q̄1pxqΓµ bpxq q̄3pxqΓµ q2pxq
¯

,
´

b̄Γν q1 q̄2 Γν q3

¯

+

“ : q̄1pxqΓµ bpxq q̄3pxqΓµ q2pxq b̄Γν q1 q̄2 Γν q3 :

` : q̄1pxqΓµ bpxq q̄3pxqΓµ q2pxq b̄Γν q1 q̄2 Γν q3 :

` : q̄1pxqΓµ bpxq q̄3pxqΓµ q2pxq b̄Γν q1 q̄2 Γν q3 : . (2.61)

Note that for simplicity we have omitted to specify the colour structure. The three

terms on the r.h.s. of Eq. (2.61) generate different topologies, usually referred to,

respectively, as Weak Exchange (WE), Pauli Interference (PI) and Weak Annihila-

tion (WA) 10, schematically shown in Figure 2.3. In analogy to Eq. (2.10) we then

introduce the notation

T p4qq “ T WE
` T PI

` T WA , (2.62)

where the superscript p4qq indicates that four-quark fields are not contracted and

T X
“

˜

C2
1 T X

11 ` 2C1 C2 T X
12 ` C

2
2 T X

22

¸

, (2.63)

with X labelling the specific topology. We emphasise that the three contributions

in Eq. (2.63) correspond to the same Dirac structure and differ only by the contrac-

tion of the colour indices, namely, starting with the case of Weak Exchange, we can

conveniently define the following tensor in colour space

Aijmn
klrs “

G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x
´

b̄i γνp1´ γ5q iS
pq1q
kl p0, xqγµp1´ γ5qb

j
pxq

ˆ q̄m3 pxq γ
µ
p1´ γ5q iS

pq2q
rs px, 0q γ

ν
p1´ γ5q q

n
3

¯

` pxØ 0q , (2.64)

10It is worth mentioning that for the description of baryons, the WE and PI topologies are
interchanged.
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so that the three terms in Eq. (2.63) are respectively given by

T WE
11 “ Aijmn

klrs δ
i
kδ
j
l δ
m
r δ

n
s , T WE

12 “ Aijmn
klrs δ

i
sδ
j
l δ
m
r δ

n
k , T WE

22 “ Aijmn
klrs δ

inδjmδksδlr .

(2.65)

Similarly, for the Pauli Interference topology, we introduce the tensor

Bijmnklrs “
G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x
´

b̄i γνp1´ γ5q iS
pq1q
kl p0, xqγµp1´ γ5qb

j
pxq

ˆ q̄m2 γνp1´ γ5q iS
pq3q
rs p0, xq γ

µ
p1´ γ5q q

n
2 pxq

¯

` pxØ 0q , (2.66)

and the three contributions in Eq. (2.63) read

T PI
11 “ Bijmnklrs δikδ

j
l δ
m
r δ

n
s , T PI

12 “ Bijmnklrs δikδ
j
rδ
m
l δ

n
s , T PI

22 “ T PI
11 . (2.67)

Finally, in the case of Weak Annihilation, we define

Cijmnklrs “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x
´

b̄i γνp1´ γ5q q
j
1 q̄

m
1 pxqγµp1´ γ5qb

n
pxq

¯

ˆ Tr
”

γνp1´ γ5q iS
pq2q
kl p0, xq γ

µ
p1´ γ5q iS

pq3q
rs px, 0q

ı

` pxØ 0q , (2.68)

where the minus sign and the trace over spinor indices follow from the fermion-loop

and

T WA
11 “ Cijmnklrs δijδmnδksδlr , T WA

12 “ Cijmnklrs δikδ
j
sδlrδ

mn , T WA
22 “ Cijmnklrs δikδ

j
sδ
m
r δ

n
l .

(2.69)

2.2.1 Computation of ImT p4qq
6

To compute the leading power corrections to the WE, PI and WA topologies, namely

the dimension-six contribution to the four-quark operators, we can ignore the QCD
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interaction with the background field and set in Eqs. (2.64), (2.66), (2.68)

S
pqiq
jk px, yq “ S

pqiq
0 px´ yq δjk , i “ 1, 2, 3 , (2.70)

where S
pqiq
0 px´yq is the free-quark propagator associated to qi, and note that we con-

sider now the general case of bÑ q1q̄2q3 transition. Higher order terms in Eq. (2.70),

cf. Eqs. (1.76), (1.121), describe soft gluon corrections to the four-quark operators

and lead to contributions to the HQE of at least dimension-eight. These will not be

discussed in the present work. However now, the loop-computation is more easily

performed in momentum space and we will use, contrary to what we have done

in the previous section, the Fourier representation of the propagator in Eq. (2.70).

Substituting Eq. (1.73) into the first of the three expressions in Eq. (2.65) yields 11

T WE
11 “ ´G2

F |Vq1b|
2
|Vq3q2 |

2 i

ż

d4x

ż

d4l

p2πq4

ż

d4k

p2πq4
e´ipp`k´lq¨x

´

b̄iγνp1´ γ5q

ˆ

ˆ

{l

l2 ´m2
1 ` iε

˙

γµp1´ γ5qb
iq̄j3γ

µ
p1´ γ5q

ˆ

{k

k2 ´m2
2 ` iε

˙

γνp1´ γ5qq
j
3

¯

,

(2.71)

where pµ “ pµb `p
µ
q3

. In deriving Eq. (2.71) we have used that bpxq and q̄3pxq describe

respectively, an incoming quark with momentum pµb and an incoming antiquark with

momentum pµq3
12. We notice that a symmetry factor of 2 due to translation invari-

ance has been already included and that the chiral structure of Eq. (2.71) implies

that all terms in the propagator proportional to an even number of gamma matrices

must vanish. Performing the integration over the variables xµ and kµ, leads to

T WE
11 “ ´4G2

F |Vq1b|
2
|Vq3q2 |

2 i

ż

d4l

p2πq4

`

lρlσ ´ pρlσ
˘

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

ˆ gσξ

´

b̄iγνp1´ γ5qγργµb
i
¯´

q̄j3γ
µγξγνp1´ γ5qq

j
3

¯

, (2.72)

where the structure of the four-quark operator in Eq. (2.72) can be simplified taking

into account the tensor decomposition of three gamma matrices in Eq. (7) and the

Fierz identity in Eq. (2.15), i.e.

11Note that we take into account the replacement in Eq. (2.26), supplemented with the corre-
sponding one for the light spectator antiquark.

12For baryons, being both b and q3 quarks, it would be pµ “ pµb ´ p
µ
q3 .
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´

b̄iγνp1´ γ5qγργµb
i
¯´

q̄j3γ
µγξγνp1´ γ5qq

j
3

¯

“ 4
´

b̄iγξp1´ γ5qq
j
3

¯´

q̄j3γρp1´ γ5qb
i
¯

.

(2.73)

Using the Passarino-Veltman reduction algorithm [155], the one-loop tensor integral

in Eq. (2.72) can be decomposed in terms of one- and two-point one-loop scalar in-

tegrals. Note that the latter are ultraviolet (UV) divergent and must be regularised.

Performing the computation in dimensional regularisation [47–50] with D “ 4 ´ 2ε

space-time dimensions, one obtains the results listed in Appendix B, in which the

singularity appears as a single pole in ε, see Eqs. (B.4), (B.5). However, being

interested only in the imaginary part of T WE
11 which, cf. Eqs. (B.8), (B.9), is finite

for εÑ 0, we can use the expressions in Eqs. (B.10)-(B.20) setting D “ 4. This gives

Im

˜

i

ż

d4l

p2πq4

`

lρlσ ´ pρlσ
˘

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

¸

“

p2
a

λp1, r1, r2q

48π

«

gρσ
´

2´ r1 ´ r2 ´ pr1 ´ r2q
2
¯

` 2
pρpσ

p2

´

2pr1 ´ r2q
2
´ p1` r1 ` r2q

¯

ff

,

(2.74)

where ri “ m2
i {p

2 and λpa, b, cq ” pa ´ b ´ cq2 ´ 4bc is the Källen function. Notice

that Eq. (2.74) is a symmetric function under the exchange m1 Ø m2. Substituting

Eqs. (2.73), (2.74) into Eq. (2.72), we then obtain

Im T WE
11 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2 p2
a

λp1, r1, r2q

ˆ

«

´

pr1 ´ r2q
2
` r1 ` r2 ´ 2

¯´

b̄iΓµq
j
3

¯´

q̄j3Γµbi
¯

´ 2
pµpν

p2

´

2pr1 ´ r2q
2
´ p1` r1 ` r2q

¯´

b̄iΓµq
j
3

¯´

q̄j3Γνb
i
¯

ff

. (2.75)

Finally, we can express the colour-rearranged operators in Eq. (2.75) in terms of

colour-singlet and colour-octet ones using Eq. (2.9), this yields
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Im T WE
11 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2 p2
a

λp1, r1, r2q

#

´

pr1 ´ r2q
2
` r1 ` r2 ´ 2

¯

ˆ

«

1

Nc

´

b̄iΓνq
i
3

¯´

q̄j3Γνbj
¯

` 2
´

b̄iΓνt
a
ijq

j
3

¯´

q̄l3Γνtalmb
m
¯

ff

´ 2
pµpν

p2

´

2pr1 ´ r2q
2
´ p1` r1 ` r2q

¯

«

1

Nc

´

b̄iΓµq
i
3

¯´

q̄j3Γνb
j
¯

` 2
´

b̄i Γµ q
i
3

¯´

q̄j3 Γν b
j
¯

ff+

. (2.76)

To compute the remaining colour structures we substitute Eq. (1.73) into the second

and third term of Eq. (2.65), obtaining respectively

T WE
12 “ ´G2

F |Vq1b|
2
|Vq3q2 |

2 i

ż

d4x

ż

d4l

p2πq4

ż

d4k

p2πq4
e´ipp`k´lq¨x

«

b̄iγνp1´ γ5q

ˆ

ˆ

{l

l2 ´m2
1 ` iε

˙

γµp1´ γ5qb
j q̄j3γ

µ
p1´ γ5q

ˆ

{k

k2 ´m2
2 ` iε

˙

γνp1´ γ5qq
i
3

ff

,

(2.77)

and

T WE
22 “ Nc T WE

12 , (2.78)

with the colour factor in Eq. (2.78) following from δii “ Nc. The calculation of

Eq. (2.77) proceeds in the very same way as for Eq. (2.71). For brevity we only

state here the final expression which reads

Im T WE
12 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2 p2
a

λp1, r1, r2q

«

´

pr1 ´ r2q
2
` r1 ` r2 ´ 2

¯

ˆ

´

b̄iΓνq
i
3

¯´

q̄j3Γνbj
¯

´ 2
pµpν

p2

´

2pr1 ´ r2q
2
´ p1` r1 ` r2q

¯´

b̄iΓµq
i
3

¯´

q̄j3Γνb
j
¯

ff

,

(2.79)
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note that in this case, the result contains already colour-singlet and colour-rearranged

operators and we do not need to further use Eq. (2.9). Substituting Eqs. (2.76),

(2.79), and (2.78), into Eq. (2.63), we readily arrive at

Im T WE
“
G2
F

12π
|Vq1b|

2
|Vq3q2 |

2 p2
a

λp1, r1, r2q

#

k1

«

ω1pr1, r2q

´

b̄iΓµq
i
3

¯´

q̄j3Γµbj
¯

´ 2
pµpν

p2
ω2pr1, r2q

´

b̄iΓµq
i
3

¯´

q̄j3Γνb
j
¯

ff

` k2

«

ω1pr1, r2q

´

b̄iΓµt
a
ijq

j
3

¯´

q̄l3Γµtalmb
m
¯

´ 2
pµpν

p2
ω2pr1, r2q

´

b̄iΓµt
a
ijq

j
3

¯´

q̄l3Γνt
a
lmb

m
¯

ff+

` . . . , (2.80)

where the ellipsis refer to power suppressed contributions arising from corrections

to the propagator of order Op1{m2
bq and for the sake of a more compact notation we

have introduced the following combinations of Wilson coefficients

k1 “
1

Nc

C2
1 ` 2C1C2 `NcC

2
2 , k2 “ 2C2

1 , (2.81)

while

ω1pa, bq “ pa´ bq
2
` a` b´ 2 , ω2pa, bq “ 2 pa´ bq2 ´ p1` a` bq . (2.82)

We now turn to consider the contribution of Pauli Interference. Inserting Eq. (1.73)

into the first expression in Eq. (2.67), gives

T PI
11 “ ´G

2
F |Vq1b|

2
|Vq3q2 |

2 i

ż

d4x

ż

d4l

p2πq4

ż

d4k

p2πq4
e´ipp´k´lq¨x

˜

b̄iγνp1´ γ5q

ˆ

ˆ

{k

k2 ´m2
1 ` iε

˙

γµp1´ γ5qb
iq̄j2γ

ν
p1´ γ5q

ˆ

{l

l2 ´m2
3 ` iε

˙

γµp1´ γ5qq
j
2

¸

,

(2.83)

here pµ “ pµb ´ p
µ
q2

, which follows from the fact that q2pxq describes an outgoing an-
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tiquark with momentum pµq2
13. The integration over the variables xµ and kµ yields

T PI
11 “ 4G2

F |Vq1b|
2
|Vq3q2 |

2 i

ż

d4l

p2πq4
plρlσ ´ pρlσq

pl2 ´m2
3 ` iεqppl ´ pq

2 ´m2
1 ` iεq

ˆ gσξ

´

b̄iγνp1´ γ5qγργµb
i
¯´

q̄j3γ
νγξγµp1´ γ5qq

j
3

¯

, (2.84)

where the four-quark operator can be simplified as in Eq. (2.73), again using Eq. (2.9),

while the imaginary part of the one-loop integral in Eq. (2.84) is obtained, taking

into account the symmetry under the exchange m1 Ø m3, by replacing r2 Ñ r3 into

Eq. (2.74). A straightforward calculation leads to

Im T PI
11 “

G2
F

2π
|Vq1b|

2
|Vq3q2 |

2p2
a

λp1, r1, r3q p1´ r1 ´ r3q

ˆ

˜

1

Nc

´

b̄iΓµq
i
2

¯´

q̄j2Γµbj
¯

` 2
´

b̄iΓµt
a
ijq

j
2

¯´

q̄l2Γµ talmb
m
¯

¸

. (2.85)

The remaining colour structure is obtained by substituting Eq. (1.73) into the sec-

ond term of Eq. (2.67), i.e.

T PI
12 “ ´G

2
F |Vq1b|

2
|Vq3q2 |

2 i

ż

d4x

ż

d4l

p2πq4

ż

d4k

p2πq4
e´ipp´k´lq¨x

˜

b̄iγνp1´ γ5q

ˆ

ˆ

{k

k2 ´m2
1 ` iε

˙

γµp1´ γ5qb
j q̄j2γ

ν
p1´ γ5q

ˆ

{l

l2 ´m2
3 ` iε

˙

γµp1´ γ5qq
i
2

¸

.

(2.86)

All the steps proceed analogously to the case of T PI
11 , the only difference being that

the result is already expressed in terms of colour-singlet operators and we do not

need to use Eq. (2.9). It is in fact easy to show that

Im T PI
12 “

G2
F

2π
|Vq1b|

2
|Vq3q2 |

2 p2
a

λp1, r1, r3qp1´ r1 ´ r3q

´

b̄iΓµq
i
2

¯´

q̄j2Γµbj
¯

, (2.87)

13For baryons, being both b and q2 quarks, it would be pµ “ pµb ` p
µ
q2 .
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and from Eqs. (2.85), (2.87), (2.63) we readily obtain that

Im T PI
“
G2
F

2π
|Vq1b|

2
|Vq3q2 |

2p2
a

λp1, r1, r3q p1´ r1 ´ r3q

ˆ

«

k3

´

b̄iΓµq
i
2

¯´

q̄j2Γµbj
¯

` k4

´

b̄iΓµt
a
ijq

j
2

¯´

q̄l2Γµtalmb
m
¯

ff

` . . . , (2.88)

with

k3 “
1

Nc

´

C2
1 ` C

2
2

¯

` 2C1C2 , k4 “ 2
´

C2
1 ` C

2
2

¯

. (2.89)

Finally we discuss the Weak Annihilation topology. Substituting Eq. (1.73) into the

first expression of Eq. (2.69) yields

T WA
11 “ NcG

2
F |Vq1b|

2
|Vq3q2 |

2i

ż

d4x

ż

d4l

p2πq4

ż

d4k

p2πq4
e´ipp`k´lq¨x

´

b̄iγνp1´ γ5qq
i
1

¯

ˆ

´

q̄j1γµp1´ γ5qb
j
¯

Tr

„

γνp1´ γ5q

ˆ

{l

l2 ´m2
2 ` iε

˙

γµp1´ γ5q

ˆ

{k

k2 ´m2
3 ` iε

˙

,

(2.90)

where pµ “ pµb ` pµq1 , due to the fact that q̄1pxq describes an incoming antiparticle

with momentum pµq1
14, and we have taken into account that only terms in the prop-

agator proportional to an odd number of gamma matrices contribute to the trace.

Performing the integration over the variables xµ and kµ and evaluating the trace in

Eq. (2.90), leads to

T WA
11 “ 8NcG

2
F |Vq1b|

2
|Vq3q2 |

2 i

ż

d4l

p2πq4
lρlσ ´ pρlσ

pl2 ´m2
2 ` iεqppl ´ pq

2 ´m2
3 ` iεq

ˆ

´

b̄iγνp1´ γ5qq
i
1

¯´

q̄j1γµp1´ γ5qb
j
¯´

gνρgµσ ` gνσgµρ ´ gνµgρσ ` iενρσµ
¯

.

(2.91)

Again, since the one-loop integral in Eq. (2.91) is symmetric under the exchange

14For baryons, being both b and q1 quarks, it would be pµ “ pµb ´ p
µ
q1 .
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m2 Ø m3, its imaginary part can be obtained from Eq. (2.74) making the replace-

ment r1 Ñ r3, namely

Im T WA
11 “

Nc

12π
G2
F |Vq1b|

2
|Vq3q2 |

2p2
a

λp1, r3, r2q

«

´

pr3 ´ r2q
2
` r3 ` r2 ´ 2

¯

ˆ

´

b̄iΓνq
i
1

¯´

q̄j1Γνbj
¯

´ 2
pµpν

p2

´

2pr3 ´ r2q
2
´ p1` r3 ` r2q

¯´

b̄iΓµq
i
1

¯´

q̄j1Γνb
j
¯

ff

.

(2.92)

Note that Eq. (2.92) reproduces ImT WE
22 in Eq. (2.78) with the exchange q1 Ø q3.

This result is consequence of the Fierz identity in Eq. (2.15), and by taking into

account Eq. (2.16) it follows that

T WA
mn “ T WE pq1Øq3q

nm . (2.93)

From Eq. (2.93), we see that the expression for ImT WA can be immediately obtained

from Eq. (2.80) by replacing C1 Ø C2, and q1 Ø q3, namely

Im T WA
“
G2
F

12π
|Vq1b|

2
|Vq3q2 |

2 p2
a

λp1, r3, r2q

#

k5

«

ω1pr3, r2q

´

b̄iΓµq
i
1

¯´

q̄j1Γµbj
¯

´ 2
pµpν

p2
ω2pr3, r2q

´

b̄iΓµq
i
1

¯´

q̄j1Γνb
j
¯

ff

` k6

«

ω1pr3, r2q

´

b̄iΓµt
a
ijq

j
1

¯´

q̄l1Γµtalmb
m
¯

´ 2
pµpν

p2
ω2pr3, r2q

´

b̄iΓµt
a
ijq

j
1

¯´

q̄l1Γνt
a
lmb

m
¯

ff+

` . . . , (2.94)

with

k5 “ NcC
2
1 ` 2C1C2 `

1

Nc

C2
2 , k6 “ 2C2

2 . (2.95)

In deriving Eqs. (2.80), (2.88) and (2.94) we have only neglected power corrections

due to the expansion of the quark propagator, however, because pµ depends on

the residual component of the heavy quark momentum kµ as well as on the soft

momentum of the light spectator quark pµqi , the expressions above contain also the
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information about the interaction of the heavy quark with the light degrees of free-

dom. In order to single out the dimension-six result, we set pµ “ mbv
µ `Op1{mbq

and introduce the rescaled field bpxq “ expp´imbv ¨ xqbvpxq, see Eq. (1.145), satisfy-

ing bvpxq “ {vbvpxq `Op1{mbq, cf. Eq. (1.148). We then obtain that

pµpµ

p2

´

b̄γµp1´ γ5qqi

¯´

q̄iγνp1´ γ5qb
¯

“

´

b̄vp1´ γ5qqi

¯´

q̄ip1` γ5qbv

¯

`O
ˆ

1

mb

˙

,

(2.96)

where for simplicity we have not specified the colour structure, and that the dimension-

six contributions to ImT WE, ImT PI and ImT WA are given respectively by

Im T WE
6 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2m2
b

a

λp1, x1, x2q

#

k1

”

ω1px1, x2qO
pq3q
1 ´ 2ω2px1, x2qO

pq3q
2

ı

` k2

”

ω1px1, x2qÕ
pq3q
1 ´ 2ω2px1, x2qÕ

pq3q
2

ı

+

, (2.97)

Im T PI
6 “

G2
F

2π
|Vq1b|

2
|Vq3q2 |

2m2
b

a

λp1, x1, x3q p1´ x1 ´ x3q

”

k3O
pq2q
1 ` k4Õ

pq2q
1

ı

,

(2.98)

and

Im T WA
6 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2m2
b

a

λp1, x3, x2q

#

k5

”

ω1px3, x2qO
pq1q
1 ´ 2ω2px3, x2qO

pq1q
2

ı

` k6

”

ω1px3, x2qÕ
pq1q
1 ´ 2ω2px3, x2qÕ

pq1q
2

ı

+

. (2.99)

In Eqs. (2.97)-(2.99), xi denotes the dimensionless mass parameters xi “ m2
i {m

2
b ,

and the following basis for the dimension-six four-quark operators has been intro-

duced
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O
pqq
1 “

´

b̄ivγνp1´ γ5qq
i
¯´

q̄jγνp1´ γ5qb
j
v

¯

, (2.100)

O
pqq
2 “

´

b̄ivp1´ γ5qq
i
¯´

q̄jp1` γ5qb
j
v

¯

, (2.101)

Õ
pqq
1 “

´

b̄ivγνp1´ γ5qt
a
ijq

j
¯´

q̄lγνp1´ γ5qt
a
lmb

m
v

¯

, (2.102)

Õ
pqq
2 “

´

b̄ivp1´ γ5qt
a
ijq

j
¯´

q̄lp1` γ5qt
a
lmb

m
v

¯

. (2.103)

2.2.2 Computation of ImT p4qq
7

By including 1{mb corrections to the incoming four-momentum pµ as well as to the

heavy quark field bpxq, in Eqs. (2.80), (2.88), and (2.94), leads to dimension-seven

contributions to the WE, PI, and WA topologies. In the following, we discuss in

detail only the first two cases since the corresponding expression for WA can be

immediately obtained using Eq. (2.93). However, before considering the specific

contributions separately, it is convenient to derive some general results which will

facilitate the computation. We recall that the incoming momentum pµ is the sum

(for WE and WA), or the difference (for PI), of the b-quark and of the light-quark

momentum, i.e. pµ “ pµb ˘ pµq , here pµb “ mbv
µ ` kµ, while q “ q1, q2, q3, respec-

tively for the case of WA, PI and WE. Taking into account that k „ pq ! mb, the

square of the incoming momentum can be written, up to terms of order Op1{m2
bq,

as p2 “ m2
b p1` zq, with the small parameter z given by

z “ 2
v ¨ k

mb

˘ 2
v ¨ pq
mb

! 1 . (2.104)

Correspondingly, the heavy quark field bpxq, using the framework of the HQET, see

Section 1.2, can be expanded in powers of 1{p2mbq, as

bpxq “ e´imbv¨x
ˆ

hvpxq `
i {DK
2mb

hvpxq `O
ˆ

1

m2
b

˙˙

, (2.105)

where hvpxq denotes the effective heavy quark field, which coincides with bvpxq at

leading order in 1{mb, and which obeys to the equation of motion piv ¨Dqhvpxq “ 0,

following from the HQET Lagrangian in Eq. (1.44). However, in the original QCD
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Lagrangian in Eq. (1.58), there are also subleading contributions suppressed by

the heavy quark mass, which are treated as perturbations to LHQET , cf. Lpower in

Eq. (1.59), so that, in the expansion of the matrix element of an operator containing

the heavy quark field, their effect must be included in a standard perturbative way

by taking the time ordered product of Lpower with the corresponding leading order

operators, see Eq. (1.64). It then follows that

b̄Γµqq̄Γνb » h̄vΓµqq̄Γνhv `
1

2mb

„

h̄vΓµqq̄Γνi {Dhv ` h̄vp´i
Ð

{DqΓµqq̄Γνhv



`
1

mb

i

ż

d4yT
!

h̄vΓµqq̄Γνhv,L1pyq
)

`O
ˆ

1

m2
b

˙

, (2.106)

and for brevity we have not specified the colour structure. Note that in Eq. (2.106),

the equation of motion for hvpxq has been used to replace the action of Dµ
K with

that of Dµ and that the symbol » refers to the fact that left and right hand side

of the equation must be evaluated respectively between QCD and HQET states, cf.

Eq. (1.64) and see for more details Ref. [109] 15. Moreover, the non local operator

in the second line of Eq. (2.106), parametrises the contribution of the first power

correction to the QCD Lagrangian, i.e. L1 in Eq. (1.65).

Taking into account that the action of a derivative on hvpxq, returns only small

frequencies of the order of k and that qpxq describes an outgoing antiquark with

momentum pµq , we respectively have 16

v ¨ k
´

h̄vΓµqq̄Γνhv

¯

“ lim
xÑ0

´

h̄vpxqΓµqpxqq̄pxqΓνiv ¨Dhvpxq
¯

“ 0 , (2.107)

while

v¨pq

´

h̄vΓµqq̄Γνhv

¯

“ lim
xÑ0

´

h̄vpxqΓµp´iv¨Dqqpxqq̄pxqΓνhvpxq
¯

“ ´h̄vΓµiv¨Dqq̄Γνhv ,

(2.108)

where Eq. (2.107) vanishes due to the equation of motion for hv, and in Eq. (2.108),

the small momentum pq has resulted in a dimension-seven operator with a covariant

derivative acting on q. Consider now the expansion of the product of two momenta,

namely

15However, for simplicity, in the following we will just use an equal sign.
16Recall that in the FS gauge Aµp0q “ 0, and that the action of a partial derivative at the origin

can be replaced with that of a covariant derivative, see Section 1.3 and also Appendix A.
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pµpν “ m2
b

ˆ

vµvν `
vµkν

mb

`
vνkµ

mb

`
vµpνq
mb

`
vνpµq
mb

`O
ˆ

1

m2
b

˙˙

, (2.109)

which, combined with the result in Eq. (2.106), yields

pµpν
´

b̄Γµqq̄Γνb
¯

“ m2
b

˜

h̄vp1´ γ5qqq̄p1` γ5qhv `
1

mb

h̄vp1´ γ5qqq̄p1` γ5qi {Dhv

`
1

mb

i

ż

d4yT
!

h̄vp1´ γ5qqq̄p1` γ5qhv,L1pyq
)

´ 2
mq

mb

h̄vp1´ γ5qqq̄p1´ γ5qhv ` . . .

¸

,

(2.110)

where the ellipsis stand for terms of order Op1{m2
bq. Notice that in Eq. (2.110),

the anti-commutation relation {v {D “ ´ {D{v ` 2v ¨ D, and the corresponding equa-

tions of motion for hvpxq and for the light field, i.e. pi {D ´mqqqpxq “ 0, have been

used. Moreover, we have taken into account that operators related by Hermitian

conjugation lead to the same matrix element, hence a factor of 2 has been included.

Specifically these are

h̄vp´i
Ð

{Dqp1´ γ5qq̄p1` γ5qhv “
”

h̄vp1´ γ5qqq̄p1` γ5qpi {Dqhv

ı:

, (2.111)

and

h̄vp1` γ5qqq̄p1` γ5qhv “
”

h̄vp1´ γ5qqq̄p1´ γ5qhv

ı:

. (2.112)

Finally, we introduce the dimension-seven four-quark operator basis, which for clar-

ity, we split into three categories, namely

P pqq1 “ mq

`

h̄ivp1´ γ5qq
i
˘`

q̄jp1´ γ5qh
j
v

˘

, (2.113)

P pqq2 “
`

h̄ivγµp1´ γ5qiv ¨Dq
i
˘`

q̄jγµp1´ γ5qh
j
v

˘

, (2.114)

P pqq3 “
`

h̄ivp1´ γ5qiv ¨Dq
i
˘`

q̄jp1` γ5qh
j
v

˘

, (2.115)
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parametrising the effect of the light-quark momentum pq,

Rpqq
1 “

`

h̄ivγµp1´ γ5qq
i
˘`

q̄jγµp1´ γ5qi {Dh
j
v

˘

, (2.116)

Rpqq
2 “

`

h̄ivp1´ γ5qq
i
˘`

q̄jp1` γ5qi {Dh
j
v

˘

, (2.117)

describing local contributions due to the expansion of the heavy-quark field, and

Mpqq
1 “ i

ż

d4yT
!

Opqq
1 ,OIpyq

)

, (2.118)

Mpqq
2 “ i

ż

d4yT
!

Opqq
1 ,OIIpyq

)

, (2.119)

Mpqq
3 “ i

ż

d4yT
!

Opqq
2 ,OIpyq

)

, (2.120)

Mpqq
4 “ i

ż

d4yT
!

Opqq
2 ,OIIpyq

)

, (2.121)

with OI,II defined in Eqs. (1.69), (1.70), corresponding to the non-local contribu-

tions generated by taking the time ordered product of the 1{mb correction in the

Lagrangian in Eq. (1.59), with the dimension-six local HQET operators

Opqq
1 “

´

h̄ivγνp1´ γ5qq
i
¯´

q̄jγνp1´ γ5qh
j
v

¯

, (2.122)

Opqq
2 “

´

h̄ivp1´ γ5qq
i
¯´

q̄jp1` γ5qh
j
v

¯

, (2.123)

Õpqq
1 “

´

h̄ivγνp1´ γ5qt
a
ijq

j
¯´

q̄lγνp1´ γ5qt
a
lmh

m
v

¯

, (2.124)

Õpqq
2 “

´

h̄ivp1´ γ5qt
a
ijq

j
¯´

q̄lp1` γ5qt
a
lmh

m
v

¯

. (2.125)

Note that the 1{mb contributions arising from the expansion of the heavy quark

momentum vanish due to the equation of motion for hvpxq. Apart from the oper-

ators in Eqs. (2.113)-(2.121), the basis includes also the corresponding colour-octet

operators P̃ pqq1 , P̃ pqq2 , P̃ pqq3 , R̃pqq
1 , R̃pqq

2 , containing respectively the colour matrices ta,
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and M̃pqq
1 ,M̃pqq

2 ,M̃pqq
3 M̃pqq

4 , in which we must replace Oi Ñ Õi. For brevity however,

we omit to explicitly show them.

With the above results, it is straightforward to obtain the expansion of Eq. (2.80),

up to order Op1{m2
bq, namely

Im T WE
“
G2
F

12π
|Vq1b|

2
|Vq3q2 |

2m2
b

a

λp1, x1, x2q

ˆ

1`
p1´ x1 ´ x2q

λp1, x1, x2q
z

˙

ˆ

#

k1

«

`

ω1px1, x2q ´ y1px1, x2q z
˘

´

Opq3q
1 `

Rpq3q
1

mb

`
Mpq3q

1

mb

`
Mpq3q

2

mb

¯

´ 2
`

ω2px1, x2q ´ y2px1, x2q z
˘

p1´ zq
´

Opq3q
2 `

Rpq3q
2

mb

`
Mpq3q

3

mb

`
Mpq3q

4

mb

´ 2
P pq3q1

mb

¯

ff

`

´

k1 Ñ k2, singlet Ñ octet
¯

`O
ˆ

1

m2
b

˙

+

, (2.126)

where

y1pa, bq “ 2 pa´ bq2 ` pa` bq , y2pa, bq “ 4 pa´ bq2 ´ pa` bq , (2.127)

and the small parameter z is defined in Eq. (2.104) (with the plus sign). The lead-

ing order result in Eq. (2.126) reproduces the dimension-six expression obtained in

Eq. (2.97), but with the QCD operators, i.e. Q
pq3q
i , Q̃

pq3q
i , see Eqs. (2.100)-(2.103),

replaced by the corresponding HQET ones i.e. Opq3q
i , Õpq3q

i , see Eqs. (2.122)-(2.125).

Moreover, using Eqs. (2.107), (2.108), to rewrite z in terms of derivatives acting on

light-quark field, we arrive at the final dimension-seven contribution, which reads
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Im T WE
7 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2mb

a

λp1, x1, x2q

#

k1

«

ω1px1, x2q

´

Rpq3q
1 `Mpq3q

1 `Mpq3q
2

¯

` 2
p1´ x1 ´ x2q

λp1, x1, x2q

´

2ω2px1, x2qP pq3q3 ´ ω1px1, x2qP pq3q2

¯

` 2ω2px1, x2q

˜

2
´

P pq3q1 ´ P pq3q3

¯

´

´

Rpq3q
2 `Mpq3q

3 `Mpq3q
4

¯

¸

` 2
´

y1px1, x2qP pq3q2 ´ 2 y2px1, x2qP pq3q3

¯

ff

`

´

k1 Ñ k2, singlet Ñ octet
¯

+

. (2.128)

Similarly, it follows that the expansion of Eq. (2.88) up order O p1{m2
bq, yields

Im T PI
“
G2
F

2π
|Vq1b|

2
|Vq3q2 |

2m2
b

a

λp1, x1, x3q p1´ x1 ´ x3q

ˆ

«

1`

˜

px1 ` x3q

p1´ x1 ´ x3q
`
p1´ x1 ´ x3q

λp1, x1, x3q

¸

z

ff

ˆ

#

k3

”

Opq2q
1 `

Rpq2q
1

mb

`
Mpq2q

1

mb

`
Mpq2q

2

mb

ı

`

´

k3 Ñ k4 , singlet Ñ octet
¯

`O
ˆ

1

m2
b

˙

+

, (2.129)

with the small parameter z defined in Eq. (2.104) (with the minus sign). Again,

the leading order contribution in Eq. (2.129) reproduces to the dimension-six ex-

pression obtained in Eq. (2.98), but with the QCD operators, i.e. Q
pq2q
i , Q̃

pq2q
i , see

Eqs. (2.100)-(2.103) replaced by the corresponding HQET ones i.e. Opq2q
i , Õpq2q

i , see

Eqs. (2.122)-(2.125). Moreover, using Eqs. (2.107), (2.108), to rewrite z in terms

of derivatives acting on light-quark field we arrive at final dimension-seven result,

which reads
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Im T PI
7 “

G2
F

2π
|Vq1b|

2
|Vq3q2 |

2mb

a

λp1, x1, x3q p1´ x1 ´ x3q

ˆ

#

k3

«

Rpq2q
1 `Mpq2q

1 `Mpq2q
2 ` 2

˜

px1 ` x3q

p1´ x1 ´ x3q
`
p1´ x1 ´ x3q

λp1, x1, x3q

¸

P pq2q2

ff

`

˜

k3 Ñ k4, singlet Ñ octet

¸+

. (2.130)

Finally, the corresponding dimension-seven contribution to the WA topology is sim-

ply obtained by replacing C1 Ø C2, and q1 Ø q3, into Eq. (2.128), namely

Im T WA
7 “

G2
F

12π
|Vq1b|

2
|Vq3q2 |

2mb

a

λp1, x3, x2q

#

k5

«

ω1px3, x2q

´

Rpq1q
1 `Mpq1q

1 `Mpq1q
2

¯

` 2
p1´ x3 ´ x2q

λp1, x3, x2q

´

2ω2px3, x2qP pq1q3 ´ ω1px3, x2qP pq1q2

¯

` 2ω2px3, x2q

˜

2
´

P pq1q1 ´ P pq1q3

¯

´

´

Rpq1q
2 `Mpq1q

3 `Mpq1q
4

¯

¸

` 2
´

y1px3, x2qP pq1q2 ´ 2 y2px3, x2qP pq1q3

¯

ff

`

´

k5 Ñ k6, singlet Ñ octet
¯

+

. (2.131)

We emphasise that the results in Eqs. (2.128), (2.130), and (2.131), can be applied

without any difference, to the description of baryons as well. In fact, in this case, the

sign change in front of the light-quark momentum i.e. pµ “ pµb ¯ p
µ
q , is compensated

by the same sign change in front of the operators P pqqi , i “ 1, 2, 3, since now qpxq

describes an incoming quark with momentum pµq .

To conclude, we note that we have derived the dimension-seven contribution in terms

of operators defined in HQET, the corresponding expressions in terms of QCD fields

are obtained by expanding Eqs. (2.80), (2.88), and (2.94), only in the small momen-

tum pq of the light spectator quark, but not in the HQET field. This results in the

following basis
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P
pqq
1 “ mq

`

b̄ip1´ γ5qq
i
˘`

q̄jp1´ γ5qb
j
˘

, (2.132)

P
pqq
2 “

1

mb

`

b̄i
Ð

Dνγµp1´ γ5qD
νqi

˘`

q̄jγµp1´ γ5qb
j
˘

, (2.133)

P
pqq
3 “

1

mb

`

b̄i
Ð

Dνp1´ γ5qD
νqi

˘`

q̄jp1` γ5qb
j
˘

, (2.134)

together with the colour-octet operators P̃
pqq
i . Due to the presence, in Eqs. (2.133),

(2.134), of a covariant derivative acting on the b-quark field, which scales as mb at

this order, there is no explicit power counting, differently to the HQET basis. The

corresponding QCD result for Eqs. (2.128), (2.130), (2.131), can be immediately ob-

tained by setting in these expressions, Rpqq
i ,Rpqq

i ,Mpqq
i ,Mpqq

i to zero and by replacing

P pqqi Ñ P
pqq
i and P̃ pqqi Ñ P̃

pqq
i . We stress that, in this case, the difference in the op-

erator basis is compensated by the different parametrisation of the corresponding

matrix elements in QCD and in HQET, cf. Chapter 4 and Appendix G.
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Chapter 3

Contribution of the Darwin Operator

In Section 2.1 we have discussed the calculation of the dimension-three and dimension-

five contributions to the HQE of a B meson due to the single mode bÑ cūd and using

the representation of the quark-propagator in coordinate space given in Eqs. (1.121),

(1.124). In the present chapter, we generalise the above results by computing the

coefficients of the two-quark operators in the HQE, for the generic bÑ q1q̄2q3 tran-

sition and up to terms of order 1{m3
b , where the latter describe the contribution of

the Darwin operator, see Eq. (1.157) 1. The representation derived in Ref. [130] for

the calculation of the imaginary part of integrals containing Bessel functions, is not

sufficient for the case in which more than one propagator is massive, hence now the

whole computation is performed in momentum space, using the expression of the

quark-propagator given in Eqs. (1.98), (1.102). Specifically, we start in Section 3.1,

by computing the expansion of ImT p2qq up to order 1{m3
b . We will find that the

coefficients of the Darwin operator develop IR divergences in correspondence of the

emission of a soft gluon from a light quark propagator. In particular, the singular-

ities originate from the expansion of the propagator of the up, down, and strange

quarks, which we consider massless, and are logarithmic, namely the correspond-

ing coefficients have the asymptotic form „ logpm2
q{m

2
bq in the limit mq Ñ 0, with

q “ u, d, s. As described e.g. in Ref. [73], these logarithmic infrared divergences

are due to the mixing between operators of the same dimension under renormali-

sation. This is discussed in Section 3.2, where we compute the one-loop diagram

describing the mixing of the four-quark and the Darwin operators and perform their

renormalisation in order to ensure the cancellation of the IR divergences. Finally,

the complete expressions for the coefficients of the Darwin operator are presented in

Section 3.3 together with a discussion of the results. The structure closely follows

the one of Ref. [137].

1We stress that again, the computation is performed only at LO-QCD.
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3.1 Computation of Γp2qqpBq up to order 1{m3
b

The starting point for the computation of the contribution of two-quark operators

is Eq. (2.10), which we state here again for practicality, i.e. 2

T p2qq “ C2
1 T p2qq11 ` 2C1C2

ˆ

1

Nc

T p2qq11 ` 2 T p2qq13

˙

` C2
2 T p2qq22 , (3.1)

with Eqs. (2.12), (2.13), compactly written as

T p2qq11t13u “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2 i

ż

d4x b̄ γνp1´ γ5qtt
a
uiSpq1qp0, xqγµp1´ γ5qbpxq

ˆ Tr

«

γνp1´ γ5qtt
a
uiSpq3qp0, xqγµp1´ γ5qiS

pq2qpx, 0q

ff

` pxØ 0q . (3.2)

Note that only in the case of T p2qq13 the SUp3qc generators ta appear on the r.h.s.

of Eq. (3.2), as indicated by the curly brackets, and that a summation over colour

indices is understood. Furthermore, the corresponding expression for T p2qq22 has been

omitted, since it can be derived from that of T p2qq11 by taking into account the result

in Eq. (2.18).

Being interested in the expansion of T p2qq up to order 1{m3
b , we must now sub-

stitute in Eq. (3.2), the complete expression of the quark propagator derived in

Section 1.3, namely including also terms proportional to one covariant derivative

of the gluon field strength tensor DρGµν . It is worth remarking that the colour

structure of Eq. (3.2) allows for a straightforward treatment of colour, in complete

analogy to what has already been discussed in Section 2.1.2. To this end, it is

convenient to single out the colour structure of the propagator in Eq. (1.97), which

schematically reads

Spqiqjk ppq “ Spqiq0 ppq δjk ` Spqiq a1 ppq tajk `O
`

tatb
˘

, i “ 1, 2, 3 , (3.3)

where Spqiq0 ppq denotes the Fourier transform of the free-quark propagator given

in Eq. (1.74), while Spqiq1 ppq includes higher order corrections due to operators of

dimension-two and dimension-three describing the emission of one soft gluon field,

2Note that the superscript pq1q̄2q3q is often omitted for the sake of a cleaner notation, however
it must be always understood.
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b b

q1

q2

q3

Q1 Q1

b b

q1

q2

q3

Q2 Q2

Figure 3.1: Two-loop diagrams describing power corrections due to the expansion of
the quark propagator up to order 1{m3

b , from the Q1bQ1 (left) and Q2bQ2 (right)
contributions.

b b

q1

q2

q3

Q1 Q3

b b

q1

q2

q3

Q1 Q3

Figure 3.2: Two-loop diagrams describing power corrections due to the expansion
of the quark propagator up to order 1{m3

b , from the Q1 bQ3 contribution.

see Eq. (1.98), and again the superscript pqiq has been introduced in order to dis-

tinguish between different quarks. As consequence of fact that Trrtas “ 0 and that

terms quadratic in the gluon field strength tensor correspond to operators in the

HQE of at least dimension-seven, a soft gluon cannot be emitted from all the prop-

agators in Eq. (3.2). Specifically, in the case of T p2qq11 only the contribution of S
pq1q
1

is non zero and hence, because of Eq. (2.18), only S
pq3q
1 contributes to T p2qq22 , see

Figure 3.1. Finally, in the case of T p2qq13 , we can independently expand the two prop-

agators inside the trace and both S
pq2q
1 and S

pq3q
1 give a non vanishing contribution,

see Figure 3.2. Substituting Eqs. (1.96), (1.100) into Eq. (3.2), and taking into

account Eq. (2.18), we respectively obtain 3

3Note that the replacement in Eq. (2.26) is used.
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T p2qq11 “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2

ż

d4x

ż

d4l1
p2πq4

ż

d4l2
p2πq4

ż

d4l3
p2πq4

#

e´ippb`l2´l1´l3q¨x

ˆ b̄γνp1´ γ5q

´

Spq1q0 pl1q ` S̃pq1q1 pl1q
¯

γµp1´ γ5qb

ˆ Tr

«

γνp1´ γ5qSpq3q0 pl3qγ
µ
p1´ γ5qSpq2q0 pl2q

ff

` b̄γνp1´ γ5q

´

Spq1q0 pl1q ` Spq1q1 pl1q
¯

γµp1´ γ5qb

ˆ Tr

«

γνp1´ γ5qSpq3q0 pl3qγ
µ
p1´ γ5qSpq2q0 pl2q

ff

eippb`l2´l1´l3q¨x

+

`O
ˆ

1

m4
b

˙

,

(3.4)

T p2qq22 “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2

ż

d4x

ż

d4l1
p2πq4

ż

d4l2
p2πq4

ż

d4l3
p2πq4

#

e´ippb`l2´l1´l3q¨x

ˆ b̄γνp1´ γ5q Spq1q0 pl1q γµp1´ γ5qb

ˆ Tr

«

γνp1´ γ5q

´

Spq3q0 pl3q ` S̃pq3q1 pl3q
¯

γµp1´ γ5qSpq2q0 pl2q

ff

` eippb`l2´l1´l3q¨x b̄γνp1´ γ5qSpq1q0 pl1qγµp1´ γ5qb

ˆ Tr

«

γνp1´ γ5q

´

Spq3q0 pl3q ` Spq3q1 pl3q
¯

γµp1´ γ5qSpq2q0 pl2q

ff+

`O
ˆ

1

m4
b

˙

,

(3.5)
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and

T p2qq13 “ ´
G2
F

2
|Vq1b|

2
|Vq3q2 |

2

ż

d4x

ż

d4l1
p2πq4

ż

d4l2
p2πq4

ż

d4l3
p2πq4

#

e´ippb`l2´l1´l3q¨x

ˆ b̄γνp1´ γ5qSpq1q0 pl1qγµp1´ γ5qb

ˆ

#

Tr

«

γνp1´ γ5qS̃pq3q1 pl3qγ
µ
p1´ γ5qSpq2q0 pl2q

ff

` Tr

«

γνp1´ γ5qSpq3q0 pl3qγ
µ
p1´ γ5qSpq2q1 pl2q

ff+

` eippb`l2´l1´l3q¨x b̄γνp1´ γ5qSpq1q0 pl1qγµp1´ γ5qb

ˆ

#

Tr

«

γνp1´ γ5qSpq3q1 pl3qγ
µ
p1´ γ5qSpq2q0 pl2q

ff

` Tr

«

γνp1´ γ5qSpq3q0 pl3qγ
µ
p1´ γ5qS̃pq2q1 pl2q

ff++

`O
ˆ

1

m4
b

˙

, (3.6)

where, owing to the fact that starting with the dimension-three operator DρGµν ,

the translation invariance of the quark-propagator is broken, see Section 1.3, the

second term in Eq. (3.2) must be explicitly computed and cannot be derived from

symmetry arguments. Note also that in writing Eq. (3.6) we have already taken into

account that the contribution of the free-quark propagator alone, vanishes because

of the traceless property of the colour matrices, cf. Eq. (2.20).

It is worth remarking that the expression of the propagator in Eqs. (1.121),

(1.124) is infrared divergent in the limit of massless quark, cf. Eq. (1.125). This

point will be further discussed later on, for the moment it is important to stress

that by setting the mass of the up, down and strange quarks to zero, the logarith-

mic divergences would appear in Eqs. (3.4)-(3.6) from the contribution of S
puq
1 , S

pdq
1

and S
psq
1 , starting at order 1{m3

b . In the following, in order to regularise the inte-

grals, we keep the light-quark masses finite and only in the final expressions, once

the infrared divergences have been subtracted, we take the limit mq Ñ 0, where

q “ u, d, s. Moreover, the computation is performed in D “ 4 space-time dimen-

sions since the imaginary part of the integrals Eqs. (3.4)-(3.6) is ultraviolet (UV)

finite at LO-QCD. Alternatively, Eqs. (3.4)-(3.6) could be calculated in dimensional

regularisation setting in this case mq “ 0 from the beginning [138,139].

The manipulation of Eqs. (3.4)-(3.6) proceeds in a similar way and can be con-
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veniently performed using e.g. the Mathematica package FeynCalc [156]. After inte-

grating over the variables xµ and lµ3 , Eqs. (3.4)-(3.6) reduce to a linear combination

of two-point two-loop tensor integrals with one external momentum pµb and of pos-

sible rank r “ 1, . . . , 4, of the type

ż

d4l1
p2πq4

ż

d4l2
p2πq4

 

lµ1 , l
µ
2 , l

µ
1 l
ν
2 , . . . , l

µ
1 l
ν
1 l
ρ
2, . . . , l

µ
1 l
ν
1 l
ρ
1l
σ
2 , . . .

(

“

l21 ´m
2
1 ` iε

‰a1“l22 ´m
2
2 ` iε

‰a2“
pl1 ` l2 ´ pbq2 ´m2

3 ` iε
‰a3 ,

(3.7)

with ai “ 1, 2, 3. The tensor structure of the integrals in Eq. (3.7) can be simplified

using the procedure discussed in Appendix C for D “ 4. As a result, each integral

of rank-r in Eq. (3.7), is expressed in terms of a linear combination of tensors of the

same rank built from the metric tensor gµν and the external momentum pµb where

the corresponding coefficients represent scalar integrals of the form

ż

d4l1
p2πq4

ż

d4l2
p2πq4

!

l21, l1 ¨ l2, l1 ¨ pb, . . .
)

“

l21 ´m
2
1 ` iε

‰a1“l22 ´m
2
2 ` iε

‰a2“
pl1 ` l2 ´ pbq2 ´m2

3 ` iε
‰a3 .

(3.8)

Note that all the possible scalar products of the three momenta lµ1 , l
µ
2 , p

µ
b appear

in the numerator of Eq. (3.8). In the next step, we use the Mathematica package

LiteRed [157,158] to perform the reduction of the set of scalar integrals obtained, to

a liner combination of master integrals (MIs). Let us introduce the notation

In1n2n3 ”

ż

d4l1
p2πq4

ż

d4l2
p2πq4

1
“

l21 ´m
2
1 ` iε

‰n1
“

l22 ´m
2
2 ` iε

‰n2
“

pl1 ` l2 ´ pbq2 ´m2
3 ` iε

‰n3
,

(3.9)

with ni P N0, then the set of master integrals reads

#

I111, I211, I121, I112, I011, I101, I110

+

. (3.10)

The first four integrals in Eq. (3.10) correspond to the MIs of the sunrise graph

with three different masses [159, 160]. From the definition in Eq. (3.9), it evidently

follows that once the expression of I111 is known, the solution for the remaining

three MIs can be obtained by differentiating I111 with respect to the appropriate
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mass parameter, i.e.

I211 “
B

Bm2
1

I111 , I121 “
B

Bm2
2

I111 , I112 “
B

Bm2
3

I111 . (3.11)

Furthermore, the last three integrals in Eq. (3.10) factorise into the product of two

scalar tadpoles, in fact, e.g. I101, can be rewritten as

I101 “

ż

d4l1
p2πq4

1

l21 ´m
2
1 ` iε

ż

d4l2
p2πq4

1

l22 ´m
2
3 ` iε

, (3.12)

by performing the change of variable lµ1`l
µ
2´p

µ
b Ñ lµ2 , and similarly for I011 and I110.

However, we immediately point out that these do not contribute to ImT p2qq, since

the imaginary part of the product of two tadpoles vanishes, cf. Eq. (B.8), namely

Im I101 “ Im I110 “ Im I011 “ 0 . (3.13)

From Eq. (3.11), (3.13), it then follows that in order to compute the imaginary part

of the set of integrals in Eq. (3.8), it suffices to know the solution of the master in-

tegral I111 in the physical decay region p2
b ě pm1`m2`m3q

2, in correspondence of

which its integrand develops a discontinuity. Using the result presented in Ref. [161],

we obtain that 4

Im I111 “
1

256π3

p
?
s´m1q

2
ż

pm2`m3q2

dt

a

λpt,m2
2,m

2
3qλps, t,m

2
1q

t s
, (3.14)

where s “ p2
b . However, the integral in Eq. (3.14) admits a simple analytical

expression if at most two masses are non zero. For three non vanishing masses,

its complexity highly increases and the solution involves elliptic functions, see e.g.

Refs. [162–165]. We emphasise that in the approximation of massless u, d and s

quarks, it is always possible to set at least one mass to zero and to compute all the

corresponding master integrals analytically, except in the case of bÑ cc̄s transition

where, as discussed above, we need to keep the mass of the s-quark finite in order

to regularise the IR divergence originating from S
psq
1 . It follows that for this specific

mode, we do not provide an analytical expression for all the corresponding MIs, and

our results still require a numerical integration.

The integrals in Eqs. (3.14)-(3.11), are scalar functions of the external momen-

4Note that we set d “ 4 in the result of Ref. [161].
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tum pµb and depend on the dimensionless parameters ri “ m2
i {p

2
b . At this point of

the computation then, taking into account that Gµν “ ´i riDµ, iDνs, see Eq. (17),

together with DρGµν “ ´ riDρ, riDµ, iDνss, see Eq. (19), the imaginary part of

Eqs. (3.4)-(3.5) can be schematically written in the following form 5

ImT p2qqmn “ Fmnppb, riq b̄b` Gµνmnppb, riq b̄piDµqpiDνqb

`Dµνρ
mn ppb, riq b̄piDµqpiDνqpiDρqb`O

ˆ

1

m4
b

˙

, (3.15)

corresponding, respectively, to the sum of the contributions due to the free quark

propagator and to the two lowest dimensional corrections to this, namely the ones

proportional to the gluon field strength tensor and to its first covariant derivative.

We notice that F13ppb, riq “ 0, since the free-quark propagator is colour singlet and

the contribution of the colour octet operator Q3, cf. Eq. (2.8), vanishes. Moreover,

another feature of Eq. (3.15) is that

F22ppb, riq “ F11ppb, riq , (3.16)

which is the generalisation of the result given in Eq. (2.21), to the case of an arbitrary

decay mode of the b quark. Singling out the colour factor due to δii “ Nc, we can

write

F11ppb, riq “ Nc F̃11ppb, riq , (3.17)

and then from Eq. (3.1) we readily obtain that

ImT p2qq
ˇ

ˇ

ˇ

pq1q̄2q3q

d“3
“

´

Nc

`

C2
1 ` C

2
2

˘

` 2C1C2

¯

F̃ pq1q̄2q3q
11 ppb, riq b̄b , (3.18)

which again generalises the result in Eq. (2.33). Furthermore, Eq. (3.15) presents

also the important property, already encountered in Section 2.1.2 for the specific

case of b Ñ cūd transition, that at order 1{m2
b only the expansion of the q2 quark

propagator gives a non vanishing contribution, namely

Gµν11 ppb, riq “ Gµν22 ppb, riq “ 0 , Gµν13 ppb, riq ‰ 0 . (3.19)

5Note that for brevity spinor and colour indices are not shown.
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This result has relevant numerical consequences, since the coefficient of C2
1 at or-

der 1{m2
b , is strongly suppressed. So far only power corrections deriving from

the expansion of the quark-propagator have been taken into account. The coef-

ficient functions in Eq. (3.15) depend on the heavy quark momentum pµb explicitly

and implicitly through the variable ri. Introducing the standard parametrisation

pµb “ mbv
µ ` kµ, see Section 1.2, and recalling the definition of the rescaled heavy

quark field bpxq “ expp´imbv ¨ xqbvpxq, see Eq. (1.145), each term in Eq. (3.15) can

be further expanded in powers of 1{mb, resulting in higher dimensional operators

with additional covariant derivatives acting on the bv field. Specifically, in our case,

the expansion must be performed up to order 1{m3
b , hence power corrections to

the dimension-six coefficients Dµνρ
ab ppb, riq in Eq. (3.15), can be neglected as these

would lead to contributions of order Op1{m4
bq. Using the procedure described in

Appendix A, we then obtain

Fmnppb, riq b̄b “ Fmnpmbv, ρiq b̄vbv `Kµ
mnpmbv, ρiq b̄viDµbv

` G 1µνmnpmbv, ρiq b̄viDµiDνbv `D1µνρmn pmbv, ρiq b̄viDµiDνiDρbv ` . . . ,

(3.20)

Gµνmnppb, riq b̄iDµiDνb “ Gµνmnpmbv, ρiq b̄viDµiDνbv`D2µνρmn pmbv, ρiq b̄viDµiDνiDρbv`. . . ,

(3.21)

and

Dµνρ
mn ppb, riq b̄iDµiDνiDρb “ Dµνρ

mn pmbv, ρiq b̄viDµiDνiDρbv ` . . . , (3.22)

where the ellipsis denote power suppressed contributions of order Op1{m4
bq and we

have introduced the dimensionless mass parameters ρi “ m2
i {m

2
b . Finally, in order

to compute Γp2qqpBq, we must evaluate the matrix element of ImT p2qq between ex-

ternal B states. This can be conveniently done in the framework of the HQET, in

which, the residual mass dependence of the bv field and of the B meson state, can

be systematically extracted, leading to a further expansion in 1{mb. A consistent

procedure to determine the forward matrix element of operators containing multiple

covariant derivatives acting on the heavy quark field and to express them in terms

of a minimal set of non perturbative parameters, has been presented in Ref. [105].

Using their results, we readily arrive at the final expression for the contribution of
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two-quark operators to the total decay width of a B meson, namely

Γp2qqpBq “ Γ0

«

´

NcC
2
1 ` 2C1C2 `NcC

2
2

¯

Cpq1q̄2q3q0

ˆ

1´
µ2
πpBq

2m2
b

˙

`

´

NcC
2
1 Cpq1q̄2q3qG,11 ` 2C1C2 Cpq1q̄2q3qG,12 `NcC

2
2 Cpq1q̄2q3qG,22

¯µ2
GpBq

m2
b

`

´

NcC
2
1 Cpq1q̄2q3qD,11 ` 2C1C2 Cpq1q̄2q3qD,12 `NcC

2
2 Cpq1q̄2q3qD,22

¯ρ3
DpBq

m3
b

ff

`O
ˆ

1

m4
b

˙

,

(3.23)

where we have introduced

Γ0 “
G2
Fm

5
b

192 π3
|Vq1b|

2
|Vq2q3 |

2 , (3.24)

and the non perturbative parameters µ2
πpBq, µ

2
GpBq and ρ3

DpBq are defined as in

Eqs. (1.159), (1.160). In Eq. (3.23), Cpq1q̄2q3q0 refers to the partonic-level coefficient,

which coincides, up to a factor of p´1{2q, with that of the kinetic operator Okin{m
2
b

6,

cf. Eq. (1.154), while Cpq1q̄2q3qG,mn and Cpq1q̄2q3qD,mn , respectively describe the contribution of

the chromo-magnetic and of the Darwin operators. Note that having adopted a

covariant definition for these operators, the coefficient of the spin-orbit operator

OLS, cf. Eq. (1.156), is identically zero, see for more details e.g. Refs. [105,138,166].

Moreover, we stress that while Cpq1q̄2q3q0 and Cpq1q̄2q3qG,nm are finite functions of at most

one dimensionless mass parameter ρ “ m2
c{m

2
b , and we list their complete expres-

sions in Appendix D, as previously discussed, the coefficients of the Darwin operator

still depend on the infrared regulator mq, with q “ u, d, s. These in fact, have the

following schematic form

Cpq1q̄2q3qD,mn “ Rpq1q̄2q3q
mn `Dpq1q̄2q3qmn , (3.25)

where Rpq1q̄2q3q
mn are finite functions of at most the dimensionless parameter ρ, while

Dpq1q̄2q3qnm absorb the remaining divergent contributions, namely

Dpq1q̄2q3qmn „ log

ˆ

m2
q

m2
b

˙

, (3.26)

6This follows from the reparametrisation invariance of the HQE, see e.g. Ref. [166].
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Figure 3.3: Schematic representation of the OPE at order 1{m3
b . At LO-QCD, the

Darwin operator is generated at two-loop, whereas the four-quark operators arise
already at one-loop.

and their explicit expression can be found in Appendix E. Eq. (3.26) shows that the

functions Cpq1q̄2q3qD,nm are logarithmically sensitive to the light quark mass mq ! mb.

However, the advantage of constructing the operator product expansion lies in the

introduction of a factorisation scale µ, in terms of which the dependence on the

hard, i.e. µh and soft i.e. µs scales with mb ě µh ě µ, and µs ď µ, is respectively

factorised between short distance coefficients and matrix elements of local operators,

see e.g. Ref. [71]. Eq. (3.23) alone, including the effect of two-quark operators only,

does not correspond to the complete OPE up to dimension-six because starting at

this order also four-quark operators contribute. In fact, the logarithmic infrared

divergence in Eq. (3.26) reflects the mixing between operators at order 1{m3
b under

renormalisation. It follows that by solving the corresponding RGEs, the dependence

on the light quark mass in the coefficients in Eq. (3.25) can be correctly absorbed

in the matrix element of local operators, making then manifest the factorisation

between hard and soft scales. This is discussed in detail in the next section.

3.2 Operator-mixing at order 1{m3
b

To understand the origin of the IR divergences in Eq. (3.26), and how these are

properly subtracted, we study the structure of Eq. (1.144) at order 1{m3
b . Within

the HQE, the imaginary part of time ordered product of the double insertion of the

effective Hamiltonian is expanded in a series of local operators with new effective
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b b

q q

Figure 3.4: One-loop diagram describing the mixing of four-quark operators with
the Darwin operator.

couplings. This can be schematically written as 7

xImT y
ˇ

ˇ

ˇ

d“6
“ cρDpµ0q xOρDypµ0q `

ÿ

q“q1,q2,q3

~c
pqq
4q pµ0q ¨ x ~O pqq

4q ypµ0q , (3.27)

where the shorthand x. . .y denotes a matrix element between external B meson

states and the dependence on the scale µ0 at which the matrix element of the local

dimension-six operators are renormalised, is now explicitly indicated. In Eq. (3.27),

the Darwin operator OρD is defined as in Eq. (1.157) and we have introduced a

compact notation for the four-quark operators listed in Eqs. (2.100)-(2.103), namely

~Opqq
4q “

´

O
pqq
1 , O

pqq
2 , Õ

pqq
1 , Õ

pqq
2

¯

. (3.28)

In the following we want to determine the short distance coefficients cρDpµ0q and

~c
pqq
4q pµ0q. The OPE leading to Eq. (3.27) can be schematically visualised as in Fig-

ure 3.3. It has the peculiarity that the order of the Darwin and of the four-quark

operators, in terms of the loop- and αs-expansion, does not coincide. Specifically,

while the four-quark operators are generated at one-loop at order α0
s, the Darwin

operator arises only at two-loop again at order α0
s. It follows that the one-loop

correction to the four-quark operators, shown in Figure 3.4, is of the same order

in terms of loop- and αs-expansion as the coefficient of the Darwin operator and

must be included to obtain the complete contribution to cρDpµ0q at LO-QCD, see

e.g. Refs. [167–169]. We note that operator mixing at zeroth-order in αs has been

extensively discussed for the bÑ sγ effective Hamiltonian, see e.g. Refs. [170–172].

In order to evaluate the diagram in Figure 3.4 for all four operators in Eq. (3.28),

we start by considering the one-loop matrix element of the colour-singlet operators

in the presence of a soft gluon field Aµpxq, which is obtained by computing the time

7Note that the superscript pq1q̄2q3q and the subscript mn are omitted for the sake of a cleaner
notation, however they must be always understood.
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ordered product of Opqq
4q,j, j “ 1, 2, with the interaction part of the QCD Lagrangian

LintQCDpxq “
ř

q q̄ {Apxqq. This reads 8

xOpqq
4q,jy1´loop “ xi

ż

d4zT

#

~Opqq
4q,j,

ÿ

q1

q̄1pzq {Apzqq1pzq

+

y ` . . .

“ xb̄vΓ̄j

˜

ż

d4z iS
pqq
0 p´zqi {ApzqiS

pqq
0 pzq

¸

Γjbvy ` . . . , (3.29)

where the ellipsis denote terms with more than one gluon field, S
pqq
0 px ´ yq is the

free-quark propagator and for convenience we have introduced the notation

Γ1 “ γµp1´ γ5q Γ2 “ p1` γ5q , Γ̄j “ γ0Γ:jγ0 . (3.30)

We recognise in the term in round brackets of Eq. (3.29) the first order correction to

the free-quark propagator for vanishing space-time separation, cf. Eq. (1.77), namely

ż

d4z iS
pqq
0 p´zqi {ApzqiS

pqq
0 pzq “ lim

xÑ0
iS
pqq
1 px, 0q , (3.31)

which, in the FS gauge, admits the Fourier representation

lim
xÑ0

S
pqq
1 px, 0q “

ż

d4l

p2πq4
Spqq1 plq , (3.32)

with Spqq1 plq given in Eq. (1.98). The integral in Eq. (3.32) has both UV- and

IR-divergences in the limit of massless quark q. To regularise the former we use di-

mensional regularisation, setting the number of space-time dimension to D “ 4´2ε,

for the latter we must choose the same regularisation scheme applied to the com-

putation of the coefficients in Eq. (3.25), hence we keep the mass of the light-quark

running into the loop finite. The algebra of gamma matrices in D dimensions is

computed using the naive dimensional regularisation (NDR) scheme, with

tγµ, γνu “ 2gµν , gµνg
µν
“ D , tγµ, γ5u “ 0 . (3.33)

Taking into account in the expression for the quark-propagator Spqq1 plq that Gµν “

´i riDµ, iDνs and that DρGµν “ ´ riDρ, riDµ, iDνss, Eq. (3.29) becomes

8Note that summation over colour indices is understood.

107



Chapter 3 Contribution of the Darwin Operator

xOpqq
4q,jy1´loop “ xb̄vΓ̄ji

ż

dDl

p2πqD

#

´
i

2

rDσ, Dτ s

pl2 ´m2
q ` iεq

2
lργµερµστ

` i
2

3

rDρ, rD
ρ, Dµss

pl2 ´m2
q ` iεq

2

ˆ

γµ ´ lµ
{l

pl2 ´m2
q ` iεq

˙

´ i
2

3
rDν , rDρ, Dµss

lνlργµ

pl2 ´m2
q ` iεq

3

` i
rDν , rD

σ, Dτ ss

pl2 ´m2
q ` iεq

3
lνlργµερµστ

+

Γjbvy ` . . . . (3.34)

We stress that due to the chiral structure of Eq. (3.34), terms in the propagator pro-

portional to an even number of gamma matrices do not contribute and that we have

used that γ5Γj “ Γj. Moreover, the first integral on the r.h.s of Eq. (3.34) vanishes,

being the integrand an odd function of lµ and the integration domain even. This

result is independent of the colour structure of the operator inserted in the vertex of

the diagram in Figure 3.4 and applies also to the matrix element of the remaining

colour-octet operators in Eq. (3.28). Hence, the four-quark operators ~Opqq
4q do not

mix with the chromo-magnetic operator at order α0
s

9. Eq. (3.34) then simplifies to

xOpqq
4q,jy1´loop “ ´xb̄vΓ̄j

ż

dDl

p2πqD

#

rDν , rD
σ, Dτ ss

pl2 ´m2
q ` iεq

3
lνlργµερµστ

`
2

3

rDρ, rD
ρ, Dµss

pl2 ´m2
q ` iεq

2

ˆ

γµ ´ lµ
{l

pl2 ´m2
q ` iεq

˙

´
2

3
rDν , rDρ, Dµss

lνlργµ

pl2 ´m2
q ` iεq

3

+

Γjbvy ` . . . . (3.35)

The dimensional analysis of Eq. (3.35) reveals an interesting subtlety. From

rψs “
D ´ 1

2
, rDµs “ 1 , rlµs “ 1 , (3.36)

where the square brackets denote the dimension in units of mass i.e. rms “ 1 and

ψ an arbitrary fermion field, see e.g. Ref. [38], we obtain that while Eq. (3.35) is

9Note that mixing with lower-dimensional operators can arise at NLO-QCD, see e.g. Ref. [173].
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dimensionally correct, since both sides have the same mass dimension, the integrals

in Eq. (3.35) have now become dimensionful, namely

„
ż

d4l

pl2 ´m2
q ` iεq

2



“ 0 Ñ

„
ż

dDl

pl2 ´m2
q ` iεq

2



“ ´2ε . (3.37)

This fictitious dimension is an artefact of the regularisation scheme and does not

correspond to any physical parameter. In fact, in this case, the integrals in Eq. (3.35)

would be expressed in terms of ill defined logarithms with a dimensionful argument,

cf. Eqs. (B.1), (B.23). The origin of this mismatch lies in the different scaling be-

tween the Darwin and the four-quark operators with the number of dimensions, see

a similar discussion, for the case of bÑ sγ and bÑ sg, in Ref. [172], i.e.

”

~Opqq
4q

ı

“ 6´ 4ε ‰ 6´ 2ε “
”

OρD

ı

. (3.38)

In order to keep the integrals in Eq. (3.35) dimensionless, we must introduce a scale

factor of µ2ε in the integration measure. Eq. (3.35) then becomes

xOpqq
4q,jy1´loop “ ´µ

´2ε
xb̄vΓ̄jµ

2ε

ż

dDl

p2πqD

#

rDν , rD
σ, Dτ ss

pl2 ´m2
q ` iεq

3
lνlργµερµστ

`
2

3

rDρ, rD
ρ, Dµss

pl2 ´m2
q ` iεq

2

ˆ

γµ ´ lµ
{l

pl2 ´m2
q ` iεq

˙

´
2

3
rDν , rDρ, Dµss

lνlργµ

pl2 ´m2
q ` iεq

3

+

Γjbvy ` . . . . (3.39)

Using the results in Eqs. (B.21), (B.24), to evaluate the scalar and tensor integrals

in Eq. (3.39), we obtain that

xOpqq
4q,jy1´loop “ ´µ

´2ε
xb̄vΓ̄j

#

1

4
I0pm

2
qqrDν , rDσ, Dτ ssε

νµστ

`
1

3
I0pm

2
qqrDρ, rD

ρ, Dµ
ss

+

γµ Γj bvy ` . . . , (3.40)

where I0pm
2
qq is given in Eq. (B.23). The gamma structure on the r.h.s. of Eq. (3.40)

reduces to
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γν p1´ γ5q γµ γ
ν
p1´ γ5q “ 2 p2´Dq γµ p1´ γ5q , j “ 1 , (3.41)

p1´ γ5q γµ p1` γ5q “ 2 γµ p1` γ5q , j “ 2 , (3.42)

and by substituting the expression in Eq. (B.23), it follows that

xOpqq
4q,jy1´loop “

aj
24π2

«

µ´2ε

ˆ

1

ε
´ γE ` logp4πq

˙

` log

ˆ

µ2

m2
q

˙

` bj

ff

ˆ

«

3

4
xb̄vrDν , rDσ, Dτ ssγ

νγσγτ
`

γ5 ` p´1qj
˘

bvy

` ixb̄vrDρ, rD
ρ, Dµ

ssγµ
`

1` p´1qjγ5

˘

bvy

ff

` . . . , (3.43)

with

a1 “ 2 , b1 “ ´1 , a2 “ ´1 , b2 “ 0 . (3.44)

Note that the tensor decomposition of three gamma matrices Eq. (7) has been used

to rewrite i ενστµ γµ in the second line of Eq. (3.43), see also Eq. (2.54), and that

terms Opεq have been already neglected. We emphasise that the presence of the

constant terms bj in Eq. (3.43) depends on the choice of the four-quark operators

basis in Eq. (3.28). This will be discussed further at the end of this chapter.

In order to simplify the structure of Eq. (3.43) and identity the relevant opera-

tors, first we take into account that due to parity conservation, matrix elements

with an odd number of γ5 vanish, then we recall that the rescaled heavy quark

field bvpxq satisfies piv ¨Dqbvpxq “ Op1{mbq, cf. Eq. (1.149), together with {vbvpxq “

bvpxq`Op1{mbq, cf. Eq. (1.148). It follows that the two operators in the second and

third line of Eq. (3.43), respectively give
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xb̄vrDν , rDσ, Dτ ssγ
νγσγτ bvy

“
1

2

˜

xb̄v{vrDν , rDσ, Dτ ssγ
νγσγτbvy ` xb̄vrDν , rDσ, Dτ ssγ

νγσγτ {vbvy

¸

` . . .

“
1

2
xb̄vrDν , rDσ, Dτ ss

´

{vγνγσγτ ` γν {vγσγτ ` 2vτγνγσ ´ 2vσγνγτ
¯

bvy ` . . .

“ ´ixb̄vrDν ,rDσ, Dτ ss

´

vνσστ ` vτσνσ ´ vσσντ
¯

bvy ` . . .

“ O
ˆ

1

mb

˙

, (3.45)

where in the last step we have taken into account the result in Eq. (1.67), which

applies up to order Op1{mbq, moreover

ixb̄vrDρ, rD
ρ, Dµ

ssγµbvy

“
i

2

´

xb̄v{vrDρ, rD
ρ,Dµ

ssγµbvy ` xb̄vrDρ, rD
ρ, Dµ

ssγµ{vbvy
¯

` . . .

“
i

2
xb̄vrDρ, rD

ρ, Dµ
sst{v, γµubvy ` . . .

“xb̄vriDρ, riD
µ, iDρ

ssvµbvy ` . . .

“ 2 xOρDytree `O
ˆ

1

mb

˙

, (3.46)

with

xOρDytree “
1

2
xB|b̄v riDρ, riv ¨D, iD

ρ
ss bv|By . (3.47)

Using Eqs. (3.45), (3.46), from Eq. (3.43) we finally obtain

xOpqq
4q,jy1´loop “

aj
12π2

«

µ´2ε

ˆ

1

ε
´ γE ` logp4πq

˙

` log

ˆ

µ2

m2
q

˙

` bj

ff

xOρDytree ` . . . ,

(3.48)
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and the ellipsis refer to terms of higher order in αs and 1{mb. We can now consider

the one-loop matrix element of the colour octet operators Opqq
4q,j`2, j “ 1, 2, namely

xOpqq
4q,j`2y1´loop “ xi

ż

d4z T

#

~Opqq
4q,j`2,

ÿ

q1

q̄1pzq {Apzqq1pzq

+

y ` . . .

“ xb̄lvΓ̄jt
a
lm

˜

ż

d4z iS
pqq
0 p´zqi {A

b
pzqtbmr iS

pqq
0 pzq

¸

Γjt
a
rsb

s
vy ` . . . .

(3.49)

where for clarity the colour indices have been explicitly indicated. Taking into ac-

count the relations in Eqs. (9), (11), it is straightforward to simplify the product of

three colour matrices on the r.h.s. of Eq. (3.49), i.e.

`

ta ¨ tb ¨ ta
˘

ls
“
`

tb ¨ ta ¨ ta
˘

ls
` ifabc

`

tc ¨ ta
˘

ls

“ CF t
b
ls ´

1

2
f bacfdactdls

“ tbls

ˆ

CF ´
CA
2

˙

“ ´
1

2Nc

tbls . (3.50)

Substituting Eq. (3.50) into Eq. (3.49) and comparing with Eq. (3.29) we can readily

obtain that

xOpqq
4q,j`2y1´loop “ ´

1

2Nc

xb̄vΓ̄j

˜

ż

d4z iS
pqq
0 p´zqi {ApzqiS

pqq
0 pzq

¸

Γjbvy

“ ´
1

2Nc

xOpqq
4q,jy1´loop ` . . . , (3.51)

and the ellipsis stand for terms of order Opαsq and Op1{mbq. Eq. (3.51) shows that

up to higher order corrections, to compute the mixing between the four-quark and

the Darwin operators, it is sufficient to know only the contribution of the colour

singlet operators xOpqq
4q,jy1´loop. The basis in Eq. (3.28) is then redundant and the
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computation would appear simpler if we would had chosen the equivalent basis 10

~Opqq 1
4q “

´

Opqq
1 , Opqq

2 ,Opqq
3 , Opqq

4

¯

, (3.52)

in terms of the colour-rearranged four-quark operators

Opqq
3 “

`

b̄lvγνp1´ γ5qq
m
˘`

q̄mγνp1´ γ5qb
l
v

˘

, (3.53)

Opqq
4 “

`

b̄lvp1´ γ5qq
m
˘`

q̄mp1` γ5qb
l
v

˘

. (3.54)

In fact, from

Opqq 1
4q,j`2 “

ˆ

2Opqq
4q,j`2 `

1

Nc

Opqq
4q,j

˙

, (3.55)

it immediately follows that

xOpqq 1
4q,j`2y1´loop “ O

ˆ

1

mb

˙

` Opαsq . (3.56)

However, we will continue the computation using the original basis in Eq. (3.28).

The one-loop matrix elements in Eq. (3.48), and then also in Eq. (3.51), are

divergent in the limit ε Ñ 0 and need to be renormalised. For the sake of clarity,

let us introduce the compact notation for the dimension-six operators in Eq. (3.27)

and their corresponding coefficients i.e.

~O “

´

OρD ,
ÿ

q

~Opqq
4q

¯

, ~c “
´

cρD ,
ÿ

q

~c
pqq
4q

¯

(3.57)

so that the operator renormalisation reads

x ~Oyp0q “ Ẑ x ~Oy , (3.58)

where x ~Oyp0q and x ~Oy denote respectively the bare and the renormalised matrix el-

ements and the Ẑ matrix is constructed, by definition, to absorb the divergences of

10We stress that the computation in Ref. [137] has been performed in this basis.
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x ~Oyp0q. From

x ~Oyp0q “ x ~Oytree ` x ~Oy1´loop ` . . . , (3.59)

and Eqs. (3.48), (3.51), we can read the expression of the Ẑ matrix and of the renor-

malised matrix elements x ~Oy, in the MS scheme [174] and at order α0
s, namely

Ẑ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0

Z21 1 0 0 0

Z31 0 1 0 0

Z41 0 0 1 0

Z51 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

` Opαsq , (3.60)

with

Z21 “
a1

12π2
µ´2ε

ˆ

1

ε
´ γE ` logp4πq

˙

, (3.61)

Z31 “
a2

12π2
µ´2ε

ˆ

1

ε
´ γE ` logp4πq

˙

, (3.62)

Z41 “ ´
1

2Nc

Z21 , Z51 “ ´
1

2Nc

Z31 , (3.63)

and

xOρDypµq “ xOρDytree `Opαsq , (3.64)

xOpqq
4q,jypµq “ xO4q,jytree `

aj
12π2

ˆ

log

ˆ

µ2

m2
q

˙

` bj

˙

xOρDytree `Opαsq , (3.65)

xOpqq
4q,j`2ypµq “ xO4q,j`2ytree ´

1

2Nc

aj
12π2

ˆ

log

ˆ

µ2

m2
q

˙

` bj

˙

xOρDytree `Opαsq ,

(3.66)

where j “ 1, 2 and aj, bj are given in Eq. (3.44). While Eqs. (3.64)-(3.66) describe

how the renormalised matrix elements depend on the renormalisation scale µ, the

behaviour under a variation of µ is obtained by requiring that the bare matrix ele-

ments x ~Oyp0q in Eq. (3.58), are scale independent, i.e.
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d

d log µ2
x ~Oyp0q “ 0 , ñ

d x ~Oy
d log µ2

“ ´γ̂ x ~Oy , (3.67)

with the anomalous dimension matrix (ADM) γ̂ defined as

γ̂ “ Ẑ´1 d

d log µ2
Ẑ , (3.68)

or explicitly, taking into account Eq. (3.60)

γ̂ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0

γ21 0 0 0 0

γ31 0 0 0 0

γ41 0 0 0 0

γ51 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

` Opαsq , (3.69)

where

γ21 “ ´
a1

12π2
, γ31 “ ´

a2

12π2
, γ41 “ ´

γ21

2Nc

, γ51 “ ´
γ31

2Nc

. (3.70)

The RGEs for the renormalised matrix elements in Eq. (3.67) lead to the corre-

sponding ones for the renormalised coefficients ~c, since the product

xImT y
ˇ

ˇ

ˇ

d“6
“ ~c ¨ x ~Oy , (3.71)

must be scale independent. We then obtain the following system of equations

$

’

’

’

&

’

’

’

%

d x ~Oy
d log µ2

“ ´γ̂ x ~Oy ,

d~c

d log µ2
“ γ̂T ~c ,

(3.72)

which can be easily solved since γ̂ is constant at this order. Integrating from the

matching scale µ “ mb to µ “ µ0, respectively yields
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xOρDypµ0q “ xOρDypmbq `Opαsq , (3.73)

x ~Opqq
4q ypµ0q “ x ~Opqq

4q ypmbq ´ ~γ log

ˆ

µ2
0

m2
b

˙

xOρDypmbq `Opαsq , (3.74)

together with

~c
pqq
4q pµ0q “ ~c

pqq
4q pmbq `Opαsq , (3.75)

cρDpµ0q “ cρDpmbq `
ÿ

q

~γ ¨ ~c
pqq
4q pmbq log

ˆ

µ2
0

m2
b

˙

`Opαsq , (3.76)

and we have defined ~γ “
`

γ21, γ31, γ41, γ51

˘

. Substituting Eqs. (3.73)-(3.76) into

Eq. (3.27) and taking into account Eqs. (3.64)-(3.66), we arrive at

xImT y
ˇ

ˇ

ˇ

d“6
“

«

cρDpmbq `
ÿ

q

~γ ¨ ~c
pqq
4q pmbq log

ˆ

µ2
0

m2
b

˙

ff

xOρDytree

`
ÿ

q

2
ÿ

j“1

˜

c
pqq
4q,jpmbq ´

c
pqq
4q,j`2pmbq

2Nc

¸

aj
12π2

„

log

ˆ

m2
b

m2
q

˙

` bj



xOρDytree

`
ÿ

q

~c
pqq
4q pmbq ¨

„

x ~O pqq
4q ytree ´ ~γ log

ˆ

µ2
0

m2
b

˙

xOρDytree



`Opαsq , (3.77)

in which the dependence on the renormalisation scale µ0 cancels, consistently with

a calculation of order α0
s. Dropping for simplicity the the suffix tree, we then obtain

xImT y
ˇ

ˇ

ˇ

d“6
“ cρDpmbqxOρDy `

ÿ

q

~c
pqq
4q pmbq ¨ x ~O pqq

4q y

`
ÿ

q

2
ÿ

j“1

˜

c
pqq
4q,jpmbq ´

c
pqq
4q,j`2pmbq

2Nc

¸

aj
12π2

„

log

ˆ

m2
b

m2
q

˙

` bj



xOρDy `Opαsq .

(3.78)

The l.h.s. of Eq. (3.78) has been computed in Section 2.2.1 and in Section 3.1 and

schematically reads
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xImT y
ˇ

ˇ

ˇ

d“6
“ CDxOρDy `

~CWE ¨ x ~Opq3q
4q y `

~CWA ¨ x ~Opq1q
4q y `

~CPI ¨ x ~Opq2q
4q y , (3.79)

where the coefficients CD have the divergent behaviour shown in Eq. (3.26). Equat-

ing the respective r.h.s. of Eqs. (3.78), (3.79), we can finally read the expression of

~c
pqq
4q and cρD at the matching scale mb, namely

~c
pqq
4q pmbq “ ~CWE δ

qq3 ` ~CWA δ
qq1 ` ~CPI δ

qq2 , (3.80)

and

cρDpmbq “ CD ´
ÿ

q

2
ÿ

j“1

ˆ

c
pqq
4q,jpmbq ´

1

2Nc

c
pqq
4q,j`2pmbq

˙

aj
12π2

„

log

ˆ

m2
b

m2
q

˙

` bj



.

(3.81)

It is straightforward to check, by taking into account the results for the coefficients of

the four-quark operators computed in Section 2.2.1, together with the expressions of

the divergent functions listed in Appendix E, that all the dependence on log
`

m2
q{m

2
b

˘

exactly cancels on the r.h.s. of Eq. (3.81), leaving the final coefficient of the Darwin

operator cρD , free of any IR divergences. Notice though that as consequence of the

operator mixing, CD and cρD differ also by a finite contribution due to the presence

of the constants bj. The complete expressions for the coefficients cρD are presented

in the next section.

3.3 Analytical expressions for the coefficients of the Darwin

operator

The final expression for the contribution of the Darwin operator to the inclusive

decay width of a B meson, induced by the flavour-changing transition b Ñ q1q̄2q3,

with q1, q2 “ tu, cu and q3 “ td, su, is presented in the following form 11

Γpq1q̄2q3qρD
pBq “ Γ0

´

NcC
2
1 c
pq1q̄2q3q
ρD, 11 ` 2C1C2 c

pq1q̄2q3q
ρD, 12 `NcC

2
2 c
pq1q̄2q3q
ρD, 22

¯ ρ3
DpBq

m3
b

, (3.82)

11Note that the coefficients originally presented in Ref. [137], still depend on the renormalisation
scale µ0 since the running of the matrix element of the corresponding four-quark operators was
not explicitly included.
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where the non perturbative parameter ρDpBq is defined as in Eq. (1.160), Γ0 is given

in Eq. (3.24) and the coefficients c
pq1q̄2q3q
ρD,mn respectively read

c
puūdq
ρD,11 “ 6 , c

puūdq
ρD,12 “ ´

34

3
, c

puūdq
ρD,22 “ 6 , (3.83)

for the bÑ uūd mode,

c
puc̄sq
ρD,11 “

2

3
p1´ ρq

„

9` 11ρ´ 12ρ2 logpρq ´ 24
`

1´ ρ2
˘

logp1´ ρq ´ 25ρ2
` 5ρ3



,

(3.84)

c
puc̄sq
ρD,12 “

2

3

„

´41´ 12
`

2` 5ρ` 2ρ2
´ 2ρ3

˘

logpρq ´ 48p1´ ρq2p1` ρq logp1´ ρq

` 26ρ´ 18ρ2
` 38ρ3

´ 5ρ4



, (3.85)

c
puc̄sq
ρD,22 “

2

3
p1´ ρq

„

9` 11ρ´ 12ρ2 logpρq ´ 24
`

1´ ρ2
˘

logp1´ ρq ´ 25ρ2
` 5ρ3



,

(3.86)

in the case of bÑ uc̄s transition,

c
pcūdq
ρD,11 “

2

3

„

17` 12 logpρq ´ 16ρ´ 12ρ2
` 16ρ3

´ 5ρ4



, (3.87)

c
pcūdq
ρD,12 “

2

3

„

´9` 12
`

1´ 3ρ2
` ρ3

˘

logpρq

` 24p1´ ρq3 logp1´ ρq ` 50ρ´ 90ρ2
` 54ρ3

´ 5ρ4



, (3.88)

c
pcūdq
ρD,22 “

2

3
p1´ ρq

„

9` 11ρ´ 12ρ2 logpρq

´ 24
`

1´ ρ2
˘

logp1´ ρq ´ 25ρ2
` 5ρ3



, (3.89)

for the bÑ uc̄s mode and finally
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c
pcc̄sq
ρD,11 “

2

3

«

a

1´ 4ρ
`

17` 8ρ´ 22ρ2
´ 60ρ3

˘

´ 12
`

1´ ρ´ 2ρ2
` 2ρ3

` 10ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

, (3.90)

c
pcc̄sq
ρD,12 “

2

3

«

a

1´ 4ρ
`

´45` 46ρ´ 106ρ2
´ 60ρ3

˘

` 12
`

1` 4ρ2
´ 16ρ3

´ 10ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

` 8
”

M112pρ, ηq ´
a

1´ 4ρ logpηq
ı
ˇ

ˇ

ˇ

ηÑ0
, (3.91)

c
pcc̄sq
ρD,22 “

2

3

«

a

1´ 4ρ
`

´3` 22ρ´ 34ρ2
´ 60ρ3

˘

´ 24ρ
`

1` ρ` 2ρ2
` 5ρ3

˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

` 8
”

M112pρ, ηq ´
a

1´ 4ρ logpηq
ıˇ

ˇ

ˇ

ηÑ0
, (3.92)

in the case of bÑ cc̄s decay. In Eqs. (3.84)-(3.92) the dimensionless mass parameter

is ρ “ m2
c{m

2
b , moreover the master integral M112 in Eqs. (3.91), (3.92) is defined as

M112pρ, ηq “ ´

p1´
?
ρq2

ż

p
?
ρ`
?
ηq2

dt
pt2 ´ 2p1` ρqt` p1´ ρq2q pt´ η ` ρq

t
a

pt2 ´ 2p1` ρqt` p1´ ρq2q pt2 ´ 2tpη ` ρq ` pη ´ ρq2q
,

(3.93)

with η “ m2
q{m

2
b . We emphasise however, that the analytical expression for the

limits in Eqs. (3.91), (3.92), has been derived in Ref. [138], namely

”

M112pρ, ηq ´
a

1 ´ 4ρ logpηq
ıˇ

ˇ

ˇ

ηÑ0
“ 2p1´ ρq log

ˆ

1`
?

1´ 4ρ

1´
?

1´ 4ρ

˙

`
a

1´ 4ρ
”

1` 2 logpρq ´ 4 log
´

a

1´ 4ρ
¯ı

,

(3.94)
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Figure 3.5: Relative effect of the Darwin operator with respect to the dimension-
three term for the b Ñ cūd (top left), b Ñ uūd (top right), b Ñ cc̄s (bottom left),
and bÑ uc̄s (bottom right) transitions. For each mode, the green dotted, the solid
cyan and the dotted-dashed orange lines correspond respectively to the Q1 b Q1,
Q1bQ2 and Q2bQ2 contributions. The reference values mb “ 4.5 GeV and ρ3

D “ 0.2
GeV3 have been used and the dashed vertical line indicates the approximate value
ρ “ 0.05 in the MS scheme.

in terms of which Eqs. (3.91), (3.92), can be simplified as

c
pcc̄sq
ρD,12 “

2

3

«

a

1´ 4ρ
`

´33` 24 logpρq ´ 24 logp1´ 4ρq ` 46ρ´ 106ρ2
´ 60ρ3

˘

` 12
`

3´ 2ρ` 4ρ2
´ 16ρ3

´ 10ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

, (3.95)

c
pcc̄sq
ρD,22 “

2

3

«

a

1´ 4ρ
`

9` 24 logpρq ´ 24 logp1´ 4ρq ` 22ρ´ 34ρ2
´ 60ρ3

˘

` 24
`

1´ 2ρ´ ρ2
´ 2ρ3

´ 5ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

. (3.96)

Finally, we stress that for md “ ms “ 0, the following relations hold, i.e.

cpcūdqρD,mn
“ cpcūsqρD,mn

, cpcc̄sqρD,mn
“ cpcc̄dqρD,mn

, cpuūdqρD,mn
“ cpuūsqρD,mn

, cpuc̄sqρD,mn
“ cpuc̄dqρD,mn

.

(3.97)
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Figure 3.6: Relative size of the Darwin term compared to the partonic-level con-
tribution respectively for the b Ñ uūd (dashed orange), b Ñ cūd (solid purple),
bÑ uc̄s (dotted green) and bÑ cc̄s (dot-dashed cyan) modes. The reference values
mb “ 4.5 GeV and ρ3

D “ 0.2 GeV3 have been used and the dashed vertical line
indicates the approximate value ρ “ 0.05 in the MS scheme.

The relative effect of the Darwin operator with respect to the corresponding partonic-

level contribution Cpq1q̄2q3q0 is given by

∆pq1q̄2q3q
ρD,mn

“
c
pq1q̄2q3q
ρD,mn

Cpq1q̄2q3q0

ρ3
D

m3
b

. (3.98)

In Figure 3.5, the dependence of the functions in Eq. (3.98) on the dimensionless

mass parameter ρ, is plotted for all the three colour structures and the four modes,

using for reference the values mb “ 4.5 GeV and ρ3
D “ 0.2 GeV3. Furthermore,

Figure 3.6 shows the total relative contribution for each mode, namely

∆pq1q̄2q3q
ρD

“
3C2

1 c
pq1q̄2q3q
ρD, 11 ` 2C1C2 c

pq1q̄2q3q
ρD, 12 ` 3C2

2 c
pq1q̄2q3q
ρD, 22

´

3C2
1 ` 2C1C2 ` 3C2

2

¯

Cpq1q̄2q3q0

ρ3
D

m3
b

, (3.99)

indicating that the Darwin operator can lead to sizeable corrections to the bÑ q1q̄2q3

decay width, of the order of 1 ´ 7 % (for ρ “ 0.05).

A final comment about the numerical effect of the constant terms bj in Eq. (3.81)

for the coefficients c
pq1q̄2q3q
ρD,mm . We have already noticed that their values depend on

the choice of the four-quark operators basis. Consider as an example the coefficient

c
pcūdq
ρD,12. In our basis given by Eq. (3.28), c

pcūdq
ρD,12 “ ´29.0, for the reference value

ρ “ 0.05. Had we chosen the same basis as done in Ref. [138], namely with O
puq
1 and

O
puq
2 , replaced by
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Opuq
1 “ pb̄ ivΓ

σγµΓρuiqpūjΓσγµΓρb
j
v q, Opuq

2 “ pb̄ ivΓ
σ
{vΓρuiqpūjΓσ{vΓρb

j
v q, (3.100)

we would have obtained in Eq. (3.44), that a1 “ 8, b1 “ ´5{4 and a2 “ 2, b2 “ ´3{2,

leading to c
pcūdq
ρD,12 “ ´24.0, for the same value of ρ. This shift of „ 17% must be

compensated, up to corrections of higher orders, by the different value of the matrix

element of the operators defined in these two bases.
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Phenomenology of Lifetime and Mixing

In this last chapter, we consider two phenomenological applications of the HQE

in the charm sector, specifically, the study of the lifetime of charmed mesons and

of neutral D-meson mixing. In light of the large amount of current and future

charm data collected by LHCb [175], BESIII [176], and Belle-II [177], an improve-

ment of the theoretical understanding of charm physics, see Refs. [34,178–181] for a

comprehensive introduction to the subject, is crucial to fully exploit the significant

experimental progress in this field. The recent discovery by the LHCb collabora-

tion [182] of direct CP violation in the charm sector, specifically in the non-leptonic

decays D0 Ñ π` ` π´ and D0 Ñ K` `K´, provides one example of this necessity,

since after its announcement, both SM and BSM interpretations of the measurement

have been proposed, see Refs. [183–186] for the former, and Refs. [187, 188], partly

based on the calculation of Ref. [189], for the latter 1. Exclusive non-leptonic decays

of charm hadrons and even of b-hadrons are among the most challenging observables

in quark flavour physics from a theoretical point of view. In the following, we will in-

stead focus on the study of inclusive quantities like the total decay width, for which

the HQE provides a systematic theoretical framework, see Section 1.4. However, due

to the size of its mass, the charm quark sits at the boundary between the heavy- and

light-quark region, making the applicability of the HQE a priory questionable. This

is clearly signalled by the fact that contrary to the b-sector, lifetime ratios of charmed

hadrons can significantly differ from one, which represents the naive expectation in

the heavy quark limit. Specifically, lifetimes of charmed hadrons are experimentally

determined very precisely [191] and also inclusive semileptonic branching fractions

have been measured [191], with a recent update for the Ds-meson released by the

1A summary of references investigating a previous claim for evidence of CP violation can be
found in Ref. [190].
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D0 D` D`s

τ rpss 0.4101p15q 1.040p7q 0.504p4q

Γ rps´1s 2.44p1q 0.96p1q 1.98p2q

τpDXq{τpD
0q 1 2.54p2q 1.20p1q

BrpDX Ñ Xe`νeqr%s 6.49p11q 16.07p30q 6.30p16q

ΓpDX Ñ Xe`νeq

ΓpD0 Ñ Xe`νeq
1 0.977p26q 0.790p26q

Table 4.1: Status of the experimental determinations of the lifetime and the semilep-
tonic branching fractions of the lightest charmed mesons. All values are taken from
the PDG [191], apart from the ones for the semileptonic Ds-meson decays, which
were recently measured by the BESIII Collaboration [192].

BESIII Collaboration [192] 2. A summary of the current experimental status for the

lightest D-mesons, is shown in Table 4.1. Finally, a long-standing puzzle in charm

physics, is the theoretical description of mixing of neutral D mesons, see e.g. the

excellent reviews [194–196]. Charm-mixing is experimentally well established and

the HFLAV [197] average of Refs. [182,198–231] 3 reads

x “
∆MD

ΓD0

“ p0.409`0.048
´0.049q% , y “

∆ΓD
2ΓD0

“ 0.615`0.056
´0.055% , (4.1)

where ∆MD is the mass difference of the neutral D0 mesons mass eigenstates and

∆ΓD the corresponding decay rate difference. However, the theoretical predictions

for x and y cover a vast range of values, which spread over several orders of mag-

nitude, see e.g. Refs. [232, 233]. Future measurements will not only increase the

precision of x and y, but also provide stronger bounds or even evidence for CP

violation in mixing [234]. It is clear that having a reliable range of potential SM

predictions is necessary in order to benefit from these experimental improvements.

In Section 4.1 we discuss the study of the total decay width of charmed mesons

and obtain theoretical predictions for the lifetimes of the D0, D`, and D`s mesons

and their ratios, as well as for the semileptonic branching fractions BrpD Ñ Xe`νeq,

and their ratios. Furthermore, in Section 4.2 we present a possible solution for the

discrepancy between previous HQE determinations of D-mixing with data. The

content of this chapter closely follows the one of Ref. [140] and Ref. [235].

2New results from Belle II have recently been published [193]: τpD0q “ 410.5 ˘ 1.1 ˘ 0.8 fs,
τpD`q “ 1030.4˘ 4.7˘ 3.1 fs.

3Performed in the case of allowed CP violation.
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4.1 Theoretical study of the total decay width of charmed

mesons

In the present section, we analyse the structure of the HQE in the charm sector,

to try to shed further light into the question, whether the expansion parameters

αspmcq, and ΛQCD{mc, are small enough in order to ensure meaningful theoretical

predictions for the observables listed in Table 4.1. The Particle Data Group [191]

quotes, respectively for the pole and the MS mass of the charm quark, the values

mPole
c “ p1.67˘ 0.07q GeV , mcpmcq “ p1.27˘ 0.02q GeV , (4.2)

while the dependence of αs on both the charm scale and the loop order, obtained

using the RunDec package [236], is shown in Table 4.2. We emphasise that in our

numerical analysis we use the five-loop running result.

αspmcq mc “ 1.67 GeV mc “ 1.48 GeV mc “ 1.27 GeV

two-loop 0.322 0.346 0.373

five-loop 0.329 0.356 0.387

Table 4.2: Numerical values of the strong coupling αs evaluated at different scales
and loop order, obtained using the RunDec package [236].

The relation between the pole and MS mass schemes, up to third order in the strong

coupling, reads [237–239]

mPole
c “ mcpmcq

«

1`
4

3

αspmcq

π
` 10.43

ˆ

αspmcq

π

˙2

` 116.5

ˆ

αspmcq

π

˙3
ff

“ mcpmcq r1` 0.1642` 0.1582` 0.2176s , (4.3)

where we have used the five-loop value of αs, at the scale 1.27 GeV. The strong

dependence of Γ3 on the charm pole mass, cf. Eq. (3.24), leads to different results

according to how higher orders in Eq. (4.3) are treated. Specifically, by truncating

the expansion in Eq. (4.3) at first order in αs, and using mcpmcq “ 1.27 GeV, we

obtain for the pole mass the value mPole
c “ 1.479 GeV, which, respectively yields

`

mPole
c

˘5
“ mcpmcq

5
r1` 0.1642s5 “ 2.14mcpmcq

5, (4.4)
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by computing the fifth power of mPole
c , and

`

mPole
c

˘5
« mcpmcq

5
r1` 5 ¨ 0.1642s “ 1.82mcpmcq

5 , (4.5)

by further expanding the fifth power up to the first order in αs. Note that the result

in Eq. (4.5) is about 15 % smaller than the one in Eq. (4.4). Conversely, by including

also all the higher order terms shown in Eq. (4.3), gives

`

mPole
c

˘5
“ mcpmcq

5
r1` 0.1642` 0.1582` 0.2176s5 “ 8.66mcpmcq

5 , (4.6)

which is roughly four times larger than the result in Eq. (4.4). In order to deal with

this numerical instability, in the following we investigate different scenarios:

1. Use Eq. (4.3) to first order in αs, since this is the order at which most of

the Wilson coefficients are known. In this case we fix mPole
c “ 1.48 GeV and

αs “ 0.356. A further possibility would be to use as input the pole mass value

from the PDG, i.e. mPole
c “ 1.67 GeV. However, in this case, our numerical

analysis gives results for the decay rates which are roughly 30% larger than

the ones obtained in the 1S scheme, discussed below. Since we expect this

enhancement to be compensated by missing NNLO corrections to the non-

leptonic decay rates, we do not present explicit results for mPole
c “ 1.67 GeV.

2. Express mPole
c in terms of the MS mass [174]

mPole
c “ mcpmcq

„

1`
4

3

αspmcq

π



, (4.7)

using mcpmcq “ 1.27 GeV [191], and expand consistently up to order αs.

Because of the dependence on the fifth power of the charm quark mass, in this

case, Γ3 receives large corrections „ 5ˆ p4{3qpαs{πq.

3. Express mPole
c in terms of the kinetic mass [104, 240]. The kinetic scheme has

been introduced in order to obtain a short distance definition of the heavy

quark mass which allows a faster convergence of the perturbative series and

which is still valid at small scales µ „ 1 GeV. The relation between the kinetic

scheme and the MS and pole schemes can be found, up to N3LO corrections,

in Ref. [241]. At order αs we have
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mPole
c “ mKin

c

«

1`
4αs
3π

˜

4

3

µcut

mKin
c

`
1

2

ˆ

µcut

mKin
c

˙2
¸ff

, (4.8)

where µcut is the Wilsonian cutoff separating the perturbative and non pertur-

bative regimes. In our numerical analysis we set µcut “ 0.5 GeV, which gives,

at NLO-QCD and using as an input mcp3 GeVq [241]

mkin
c p0.5 GeVq “ 1.363 GeV . (4.9)

4. Express mPole
c in the 1S-mass scheme, defined as [242,243]

mPole
c “

mJ{ψ

2

ˆ

1`
pαsCF q

2

8

˙

, (4.10)

where CF “ 4{3, and we use mJ{ψ “ 3.0969 GeV [191], so that mJ{ψ{2 «

1.55 GeV. Note that in Eq. (4.10), the NLO correction actually starts at order

α2
s, see Ref. [242].

4.1.1 Description of the computation

The non-leptonic decay of a charm quark c Ñ q1q̄2u, with q1, q2 “ tu, d, su, is

described by the following effective Hamiltonian, cf. Section 1.1, i.e.

HNL
eff “

GF
?

2

»

–

ÿ

q1,2“d,s

λq1q2

´

C1 Q
q1q2
1 ` C2 Q

q1q2
2

¯

´ λb

6
ÿ

j“3

CjQj

fi

fl` h.c., (4.11)

where we have defined the CKM factors respectively as λq1q2 “ V ˚cq1Vuq2 and λb “

V ˚cbVub, and introduced the following notation for the tree-level ∆C “ 1 operators:

Qq1q2
1 “

`

q̄i1γρp1´ γ5qc
i
˘ `

ūjγρp1´ γ5qq
j
2

˘

, (4.12)

Qq1q2
2 “

`

q̄i1γρp1´ γ5qc
j
˘ `

ūjγρp1´ γ5qq
i
2

˘

, (4.13)

while Qj, with j “ 3, . . . , 6, refer to the penguin operators, which can only arise

in the singly Cabibbo suppressed decays c Ñ ss̄u and c Ñ dd̄u. In Eq. (4.11),

Cipµ1q, with i “ 1, . . . , 6, denote the corresponding Wilson coefficients evaluated

at the renormalisation scale µ1 „ mc. A comparison of their values respectively at

NLO-(LO-)QCD and for different choices of mc, is shown in Table 4.3.
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µ1rGeVs 1 1.27 1.36 1.48 1.55 3

C1pµ1q
1.25
p1.34q

1.20
p1.27q

1.19
p1.26q

1.18
p1.24q

1.17
p1.23q

1.10
p1.15q

C2pµ1q
´0.48
p´0.62q

´0.39
p´0.50q

´0.40
p´0.53q

´0.37
p´0.48q

´0.36
p´0.47q

´0.24
p´0.32q

C3pµ1q
0.03
p0.02q

0.02
p0.01q

0.02
p0.01q

0.01
p0.01q

0.01
p0.01q

0.00
p0.00q

C4pµ1q
´0.06
p´0.04q

´0.05
p´0.03q

´0.04
p´0.03q

´0.04
p´0.02q

´0.04
p´0.02q

´0.01
p´0.01q

C5pµ1q
0.01
p0.01q

0.01
p0.01q

0.01
p0.01q

0.01
p0.01q

0.01
p0.01q

0.00
p0.00q

C6pµ1q
´0.08
p´0.05q

´0.05
p´0.03q

´0.05
p´0.03q

´0.04
p´0.03q

´0.04
p´0.02q

´0.01
p´0.01q

Table 4.3: Comparison of the Wilson coefficients at NLO-QCD (LO-QCD), for
different values of µ1 “ mc.

We see that the Wilson coefficients Cj, with j “ 3, . . . , 6, are very small and addi-

tionally strongly CKM suppressed because of the factor λb ! λq1q2 . For these rea-

sons, in the following, the contribution due to the penguin operators in Eq. (4.11) is

neglected. However, the most general effective Hamiltonian describing all possible

c-quark decays is a sum of non-leptonic, semileptonic as well as radiative contribu-

tions, namely

Heff “ HNL
eff `HSL

eff `Hrare
eff , (4.14)

here, HNL
eff is given in Eq. (4.11),

HSL
eff “

GF
?

2

ÿ

q“d,s

ÿ

`“e,µ

V ˚cq Q
q`
` h.c. , (4.15)

where we have introduced the semileptonic operator

Qq`
“ pq̄γµp1´ γ5qcq pν̄`γµp1´ γ5q`q , ` “ e, µ , (4.16)

while Hrare
eff describes decays like D Ñ π```´, whose branching fraction is much

smaller than those corresponding to the tree-level transitions. Hence, in the follow-

ing, we also neglect the presence of rare decays and omit to specify further the form
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of Hrare
eff . Starting from the expression of the effective Hamiltonian in Eq. (4.14),

the total decay width of the heavy charm mesons D0, D`, D`s , can be computed ac-

cording to Eq. (1.144), where now we need to set Q “ c. The structure of the HQE

is schematically given in Eq. (1.164), and its diagrammatic representation can be

visualised as in Figure 1.7. The lowest dimensional contributions, namely those due

to two-quark operators up dimension-six, and to four-quark operators up dimension-

seven, have been discussed in detail in Chapter 2 and Chapter 3. Despite having

considered explicitly the case of the B meson, almost all the expressions obtained,

can be used also in the charm sector, taking into account the proper replacements

i.e. bÑ c, cÑ s, etc.. However, we cannot directly use the coefficients of the Darwin

operator listed in Eqs. (3.83)-(3.92), since by setting ρ “ m2
s{m

2
c , it is straightfor-

ward to see that some of the functions diverge in the limit ms Ñ 0. The presence

of IR divergences reflects the fact that now there are further contributions due to

mixing of four-quark operators with external s-quarks and the Darwin operator,

that must be included, whereas for the b-system, the corresponding operators with

external c-quarks did not. This point will be discussed further later on, and we refer

to Ref. [169] for more details.

Following Ref. [140], we try to analyse each of the contributions that enter the

HQE of a D meson, in order to identify the presence of possible cancellations

which might affect the charm system. We start from the leading order term Γ3,

cf. Eq. (1.164), which, including also NLO-QCD corrections to the short distance

coefficients, can be schematically written as

Γ3 “ Γ0 c3 “ Γ0

“

3C2
1 C3,11 ` 2C1C2 C3,12 ` 3C2

2 C3,22 ` C3,SL

‰

, (4.17)

where a summation over all modes is implied and we stress that now Γ0 is defined

slightly differently compared to Eq. (3.24), i.e.

Γ0 “
G2
Fm

5
c

192π3
|Vcs|

2 . (4.18)

At LO-QCD, the three non-leptonic coefficients C3,11, C3,12, and C3,22, for each of

the c Ñ q1q̄2u modes, reduce to Cpq1q̄2uq0 , computed in Chapter 3, cf. Eq. (3.23) 4.

The expressions for the QCD corrections to the non-leptonic coefficients C3,11 and

C3,22, as well as to C3,SL, are obtained from Ref. [111]. In the latter, the computation

has been performed for three arbitrary massive final states of the decaying quark,

hence their results can be easily applied to all c-quark decay modes, by taking the

4Up to the CKM factor λ2q1q2{|Vcs|
2.
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ΓLO
3 [ps´1] ΓNLO

3 [ps´1]

mPole
c “ 1.48 GeV 1.45`0.17

´0.14 1.52`0.20
´0.16

mcpmcq “ 1.27 GeV 0.69`0.06
´0.09 1.32`0.06

´0.03

mkin
c p0.5 GeVq “ 1.363 GeV 0.97`0.10

´0.11 1.47`0.27
´0.30

m1S
c “ 1.548 GeV 1.80`0.24

´0.16 2.12`0.51
´0.30

Table 4.4: Numerical values of Γ3 and LO- and NLO-QCD, using different schemes
for the c-quark mass. The uncertainties are obtained by varying the renormalisation
scale µ1 between 1 GeV and 3 GeV.

appropriate mass limits. For the coefficient C3,12, we use the results of Ref. [114],

respectively for the c Ñ sd̄u, c Ñ ds̄u and c Ñ dd̄u decay channels, and those of

Ref. [118] in the case of two massive final states, e.g. c Ñ ss̄u. To compare the

size of c3 between the b- and c-system, it is interesting to consider the effect of

the NLO corrections in the case of dominant CKM non-leptonic and semileptonic

modes 5, neglecting for simplicity the mass of the final state particles. The result

was determined in 1991 in Ref. [112], and reads 6

cNLO
3 ´ cLO

3 “ 8
αs
4π

»

—

—

—

–

ˆ

25

4
´ π2

˙

looooomooooon

ă0

`pC2
1 ` C

2
2q

ˆ

31

4
´ π2

˙

loooooooooooooomoooooooooooooon

ă0

´
2

3
C1C2

ˆ

7

4
` π2

˙

looooooooooomooooooooooon

ě0

fi

ffi

ffi

ffi

fl

.

(4.19)

The first term on the r.h.s. of Eq. (4.19), corresponds to the semileptonic mode while

the remaining two terms to the non-leptonic one. For the b-quark decay, the NLO

corrections are negative, while for the charm system, the third term can dominate

over the second one and lead to a positive correction to c3. Moreover, there is a

sizeable enhancement of the QCD corrections for non-leptonic b-quark decays due to

finite charm quark mass effects [113–115, 118], whereas the corresponding increase

for charm is much less pronounced since m2
c{m

2
b « 0.1 " m2

s{m
2
c « 0.005. A com-

parison of Γ3, both at LO- and NLO-QCD, for different c-quark mass schemes is

shown in Table 4.4. The range of values between 1.3 ps´1 to 2.7 ps´1 for the free

charm-quark decay at NLO-QCD, is in good agreement with the experimental de-

terminations in Table 4.1, and we find that the effect of a non-vanishing strange

quark mass leads to small corrections (ă 5%). Interestingly, the NLO-QCD result

is affected by strong cancellations. We in fact observe a suppression of the non-

5For example bÑ cūd, bÑ c`ν` and cÑ sd̄u, cÑ s`ν` transitions.
6Note that the factor |Vud|

2 « 1 has been omitted for simplicity.

130



Chapter 4 Phenomenology of Lifetime and Mixing

leptonic contribution because of the opposite sign between the NLO corrections to

the ∆C “ 1 operators and to their Wilson coefficients. Furthermore, a cancellation

is present between the semileptonic and the non-leptonic modes. In the MS scheme

an additional NLO contribution arises from the conversion factor of m5
c , which is

the origin of the large shift between the LO and the NLO value. This is explicitly

indicated in the following two equations

pPoleq Γ3 “ ΓLO
3

»

–1`

¨

˝

NL
hkkkkkkkkikkkkkkkkj

1.84
loomoon

oper.

´ 0.74
loomoon

WC

´

SL
hkkikkj

0.67

˛

‚

αs
π
`O

´αs
π

¯2

fi

fl , (4.20)

pMSq Γ3 “ ΓLO
3

»

–1`

¨

˝

NL
hkkkkkkkkikkkkkkkkj

2.10
loomoon

oper.

´ 0.70
loomoon

WC

´

SL
hkkikkj

0.71 `

conv.fac.
hkkikkj

6.66

˛

‚

αs
π
`O

´αs
π

¯2

fi

fl .

(4.21)

To obtain a first indication of the behaviour of the QCD series for Γ3 at higher orders,

the authors of Ref. [140] have compared the results for the NNLO- [127] and NNNLO-

[26] QCD corrections to the semi leptonic b-quark decay and the preliminary NNLO-

QCD corrections for the non-leptonic b-quark decay [129], concluding that higher

order corrections seem to be crucial for a reliable determination of Γ3
7.

At order 1{m2
c in the HQE, Eq. (1.164), we find the contribution of the kinetic

and the chromo-magnetic operators, defined in Eqs. (1.154), (1.155), and respec-

tively parametrised by the non perturbative input µ2
π and µ2

G, see Eq. (1.159). At

this order and at LO-QCD, we can schematically write

Γ5
xO5y

m2
c

“ Γ0

„

cµπ
µ2
π

m2
c

` cG
µ2
G

m2
c



, (4.22)

where now, compared to the corresponding ones introduced in Eq. (3.23), the short

distance coefficients cµπ , cG, contain also the contribution due to the semileptonic

modes as well as the dependence on the CKM factor λq1q2{|Vcs|
2, due to the differ-

ent definition of Γ0. Their expressions can be then obtained from those of Cpq1q̄2uqG,mn

and Cpq1q̄2uq0 listed in Appendix D. Note that again a summation over all modes is

implied. Specifically, we can decompose cG as

cG “ 3C2
1 cG,11 ` 2C1C2 cG,12 ` 3C2

2 cG,22 ` cG,SL , (4.23)

7Note that the results presented in Ref. [129] are not complete and hence cannot be used for
phenomenological applications.
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Figure 4.1: Scale dependence of the coefficient of the chromo-magnetic operator cG.

which leads to the following expression if we neglect the strange and muon masses

and consider only the dominant CKM modes, i.e.

cG « ´|Vud|
2

„

9

2

´

C2
1 ` C

2
2

¯

` 19C1C2



´ 3. (4.24)

Because of the large coefficient in front of C1C2 and of its negative value, Eq. (4.24)

can be affected by cancellations. This can be visualised in Figure 4.1, in which we

show the dependence of the function cG in Eq. (4.23), on the renormalisation scale

µ1, for both LO- and NLO-QCD, ∆C “ 1 Wilson coefficients. Note that the latter

case in Figure 4.1, is indicated in quotation marks since it does not represent the

complete NLO result, as corrections for non-leptonic modes are still missing and their

effect could significantly reduce the strong scale dependence. In particular, from

Figure 4.1, we see that a change of sign occurs in the region between 1 and 2 GeV,

leading to a large uncertainty due to scale variation. The numerical determinations

of µ2
π and µ2

G are presented at the end of this section.

We now turn to analyse the contribution of the Darwin operator, which arises

at order 1{m3
c in Eq. (1.164) and which has been discussed in detail in Chapter 3.

This can be compactly written as

Γ6
xO6y

m3
c

“ Γ0 cρD
ρ3
D

m3
c

, (4.25)

where again a summation over all modes is implied and the coefficient cρD includes

the effect of non-leptonic and semileptonic channels, namely
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cρD “ 3C2
1 CρD,11 ` 2C1C2 CρD,12 ` 3C2

2 CρD,22 ` CρD,SL . (4.26)

As already mentioned, the expressions for the non-leptonic coefficients obtained in

Eqs. (3.83)-(3.92), cannot be directly applied to the charm sector, since by naively

replacing mb Ñ mc and mc Ñ ms, some of the functions would develop infrared di-

vergences in the limit ms Ñ 0, whereas in the b-system the corresponding coefficients

were finite functions of ρ “ m2
c{m

2
b . In fact, while we can assume mb „ mc " ΛQCD,

and neglect the effect of four-quark operators with external c-quarks in matrix el-

ements between B-meson states 8, see e.g. Ref. [169], in the charm sector, it is

mc " ms „ ΛQCD, and there are further contributions due to the mixing of four-

quark operators with external s-quarks which must be additionally included. Specif-

ically, this leads to a modification of the coefficients proportional to C2
1 and C1C2.

Using the same procedure as discussed in Ref. [137], the coefficients of the Darwin

operator required for the study of D-meson decays have been computed in Ref. [140],

and the analytical expressions, including the full s-quark mass dependence, however

finite in the limit ms Ñ 0, are listed in Appendix F, for all non-leptonic modes.

The results for CρD,SL, can then be obtained by setting, Nc “ 1, C1 “ 1, C2 “ 0

and ms Ñ mµ in the case of cÑ sµ`νµ decay. By neglecting the strange and muon

masses and by considering only the dominant CKM modes, we have

cρD « |Vud|
2

ˆ

18C2
1 ´

68

3
C1C2 ` 18C2

2

˙

` 12 . (4.27)

It is interesting to note that in this combination all terms have the same sign and

no cancellations arise. In Figure 4.2 we show the dependence on the renormalisation

scale µ1 of the function cρD in Eq. (4.26), where the quotation marks in the NLO-

QCD result reflect again the fact that only corrections due to the ∆C “ 1 Wilson

coefficients have been included, since also in this case a complete determination of

the NLO corrections is still missing. Estimates for the matrix element of the Darwin

operator will be presented at the end of this section.

In order to discuss the contribution of four-quark operators at order 1{m3
c in

Eq. (1.164), see Section 2.2, we introduce the following basis, in complete analogy

8We recall that we do not consider the case of the Bc meson.
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Figure 4.2: Scale dependence of the coefficient of the Darwin operator cρD .

to Eqs. (2.100)-(2.103) 9, namely

Oq
1 “

`

c̄ γµp1´ γ5qq
˘ `

q̄ γµp1´ γ5qc
˘

, (4.28)

Oq
2 “

`

c̄p1´ γ5qq
˘ `

q̄p1` γ5qc
˘

, (4.29)

Oq
3 “

`

c̄ γµp1´ γ5qt
aq
˘ `

q̄ γµp1´ γ5qt
ac
˘

, (4.30)

Oq
4 “

`

c̄p1´ γ5qt
aq
˘ `

q̄p1` γ5qt
ac
˘

, (4.31)

where a summation over colour indices is implied and we have replaced cv with

c, cf. Eq. (1.145). The parametrisation of the matrix element of the operators in

Eqs. (4.28)-(4.31) is given in Appendix G. However, by evaluating them in the

framework of the HQET, the dependence on the charm quark mass can be further

extracted from the c-quark field and meson state cf. Section 2.2.2, and in this case,

the corresponding dimension-six operators read

Oq
1 “ ph̄v γµp1´ γ5qqq pq̄ γ

µ
p1´ γ5qhvq , (4.32)

Oq
2 “ ph̄vp1´ γ5qqq pq̄p1` γ5qhvq , (4.33)

Oq
3 “ ph̄v γµp1´ γ5qt

aqq pq̄ γµp1´ γ5qt
ahvq , (4.34)

Oq
4 “ ph̄vp1´ γ5qt

aqq pq̄p1` γ5qt
ahvq , (4.35)

9Note however that now, we do not use the tilde to denote the colour-octet operators.
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where hv denotes the effective heavy quark field, see Section 1.2. The parametrisa-

tion in HQET of the matrix element of the operators in Eqs. (4.32)-(4.35), see also

Appendix G, can be written as

xDq|Oq
i |Dqy “ F 2

pmcqmDq

´

B̃q
i ` δ̃

qq
i

¯

“ f 2
Dqm

2
Dq

ˆ

1`
4

3

αspmcq

π

˙

´

B̃q
i ` δ̃

qq
i

¯

,

(4.36)

xDq|Oq1

i |Dqy “ F 2
pmcqmDq δ̃

qq1

i “ f 2
Dqm

2
Dq

ˆ

1`
4

3

αspmcq

π

˙

δ̃qq
1

i , q ‰ q1 , (4.37)

where q, q1 “ u, d, s, B̃q
i are the Bag parameters computed in HQET, while F pµq

and fDq correspond respectively to HQET and QCD decay constants, defined, by 10

x0|q̄γµγ5c|DqpvqyQCD “ ifDq p
µ, (4.38)

with pµ “ mDv
µ, and

x0|q̄γµγ5hv|DqpvqyHQET “ i F pµq
?
mDq v

µ. (4.39)

The relation between fD and F pµq up to QCD and power corrections, can be found

e.g. in Refs. [244,245]. At the scale µ “ mc, it reads

fD “
F pmcq
?
mD

ˆ

1´
2

3

αspmcq

π
`
G1pmcq

mc

` 6
G2pmcq

mc

´
1

2

Λ̄

mc

˙

, (4.40)

where Λ̄ “ mD´mc, and the parameters G1 and G2 characterise matrix elements of

non-local operators. Note that in Eqs. (4.36), (4.37), by expressing the HQET decay

constant in terms of the one defined in QCD, we have included only corrections due

to αs, which become part of the NLO-QCD contribution at dimension-six. In fact,

as we will discuss, the power corrections can be absorbed in the contribution of some

of the dimension-seven operators appearing in HQET.

In vacuum insertion approximation (VIA), the Bag parameters of the colour-

singlet operators are equal to one, i.e. B̃q
1,2 “ 1, and those of the colour-octet

10The subscript ‘QCD’ or ‘HQET’ on the states is usually omitted, however for clarity it is
specified in the definition of the decay constant.
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c c

q q

q

c c

q′ q′

q

Figure 4.3: Diagram describing the eye-contractions.

operators vanish, i.e. B̃q
3,4 “ 0. Note that we assume isospin symmetry, so that

B̃u
i “ B̃d

i . The parameters δ̃qqi , δ̃qq
1

i , in (4.37), describe subleading effects in the

non perturbative matrix elements, compared to the dominant B̃i, and correspond

to the so called eye-contractions, shown in Figure 4.3. In VIA, the contribution of

all eye-contractions vanish i.e. δ̃qqi “ δ̃qq
1

i “ 0. However, beyond vacuum insertion

approximation, the matrix element of four-quark operators with external q1 quarks,

differ from zero even when the spectator quark q in the Dq meson does not coincide

with q1, as it is indicated in Eq. (4.37) and in Figure 4.3. Again, due to isospin

symmetry, we assume δ̃uq
1

i “ δ̃dq
1

i and δ̃qui “ δ̃qdi . The Bag parameters B̃i and δ̃qq
1

i

have been computed using HQET sum rules, specifically, the formed were obtained

for the D`,0 mesons in Ref. [246], while corrections due to the strange quark mass as

well as the contribution of the eye-contractions, have been determined for the first

time in Ref. [247]. The numerical values of the HQET Bag parameters are listed in

Table 4.10.

By considering only the dominant CKM modes and by neglecting the effect of the

eye-contractions, at LO-QCD and at dimension-six, the contribution of four-quark

operators to the decay rate of the D0, D` and D`s mesons, cf. Eq. (1.164), reads

16π2Γ̃D
0

6

xÕ6y
D0

m3
c

“ Γ0|V
˚
ud|

2 16π2MD0f 2
D0

m3
c

p1´ xsq
2

#

CS
WE

”

pB̃u
2 ´ B̃

u
1 q

ı

` xs

˜

2B̃u
2 ´

B̃u
1

2

¸

` CO
WE

”

pB̃u
4 ´ B̃

u
3 q ` xs p2 B̃

u
4 ´

B̃u
3

2
q

ı

+

,

(4.41)

which corresponds to the WE topology,

16π2Γ̃D
`

6

xÕ6y
D`

m3
c

“ Γ0|V
˚
ud|

216π2 MD`f
2
D`

m3
c

p1´ xsq
2
!

CS
PI B̃

d
1 ` C

O
PI B̃

d
3

)

, (4.42)
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describing the PI contribution, and

16π2Γ̃D
`
s

6

xÕ6y
D`s

m3
c

“ Γ0|V
˚
ud|

216π2
MD`s

f 2
D`s

m3
c

#

ˆ

CS
WA `

2

|V ˚ud|
2

˙

´

B̃s
2 ´ B̃

s
1

¯

` CO
WA

´

B̃s
4 ´ B̃

s
3

¯

+

, (4.43)

due to WA. Here xs “ m2
s{m

2
c , and we have introduced the following notation for

the combinations of Wilson coefficients, cf. Eqs. (2.81), (2.89), and (2.95), namely

CS
WE “

1

3
C2

1 ` 2C1C2 ` 3C2
2 , CO

WE “ 2C2
1 , (4.44)

CS
PI “ C2

1 ` 6C1C2 ` C
2
2 , CO

PI “ 6 pC2
1 ` C

2
2q , (4.45)

CS
WA “ 3C2

1 ` 2C1C2 `
1

3
C2

2 , CO
WA “ 2C2

2 , (4.46)

where the superscript “S” and “O” refers to coefficient in front of the colour-singlet

and of colour-octet Bag parameters, respectively. Note that in Eq. (4.43), the con-

tribution due to the muon mass in the semileptonic decay c Ñ sµ`νµ, has been

neglected. The expressions in Eqs. (4.41)-(4.43) lead to some interesting numerical

effects. First, in the charm system, one expects that the contribution due to the

spectator quark is of similar size compared to the leading term Γ3 in the HQE, unless

some additional cancellations are present. Using the pole mass mPole
c “ 1.48 GeV

and Lattice QCD values for the decay constants [248], roughly yields

16π2MD0f 2
D0

m3
c

“ 4.1 « Opc3q , 16π2
MD`s

f 2
D`s

m3
c

“ 6.0 « Opc3q . (4.47)

This result has led the authors of Ref. [249] to propose a different way to rearrange

the HQE series in the charm sector. However, to investigate further the size of

four-quark contributions at dimension-six, we consider the combinations of Wilson

coefficients that appear in Eqs. (4.41) - (4.43). A comparison of these coefficients

at LO- and NLO-QCD, for different values of the renormalisation scale µ1 is shown

in Table 4.5. The first observation is that CS
WE is strongly suppressed. Moreover, in
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µ1 [GeV] 1 1.206 1.27 1.48 1.67 3

CS
WEpLOq 0.09 0.04 0.03 0.01 0.00 0.01

CS
WEpNLOq ´0.03 ´0.03 ´0.03 ´0.02 ´0.02 0.04

CO
WEpLOq 3.57 3.30 3.24 3.08 2.98 2.63

CO
WEpNLOq 3.11 2.93 2.89 2.77 2.70 2.44

CS
PIpLOq ´2.80 ´2.25 ´2.12 ´1.79 ´1.57 ´0.79

CS
PIpNLOq ´1.74 ´1.36 ´1.28 ´1.04 ´0.88 ´0.27

CO
PIpLOq 13.0 11.7 11.4 10.6 10.1 8.50

CO
PIpNLOq 10.6 9.73 9.55 9.05 8.72 7.60

CS
WApLOq 3.82 3.65 3.61 3.51 3.45 3.24

CS
WApNLOq 3.57 3.45 3.42 3.35 3.31 3.16

CO
WApLOq 0.77 0.59 0.55 0.46 0.40 0.21

CO
WApNLOq 0.41 0.32 0.30 0.24 0.21 0.10

Table 4.5: Comparison of the combinations CS,O
WE,PI,WA, respectively at LO- and

NLO-QCD, for different values of the renormalisation scale µ1.

Eq. (4.44) the Bag parameters of the colour-singlet operators exactly cancel in VIA.

On the other side, the combination of Wilson coefficients in front of the colour-octet

operators is not suppressed for weak exchange, indicating that both colour structures

might be equally important in this case. For Pauli interference, the combinations

of Wilson coefficients multiplying the colour-singlet operators are significantly en-

hanced compared to those in WE, the same holds for the colour-octet operators.

Note that CO
PI and CS

PI get large modifications, and even a change of sign, compared

to the case C1 “ 1 and C2 “ 0 revealing the importance of gluon radiative correc-

tions. Moreover CO
PI is enhanced compared to CS

PI, again indicating that both colour

structures might be equally important for PI. In the case of weak annihilation, CS
WA

is large. On the other hand, the Bag parameters of the colour-singlet operators

exactly cancel in VIA. The above arguments show that by neglecting the effect of

the colour-octet operators in VIA, one might be led to misleading conclusions, and

therefore an accurate determination of the deviation of the Bag parameters from

their VIA values, using non-perturbative methods like HQET sum rules or lattice

simulations, is necessary. Finally, by including all CKM modes as well as NLO-

QCD corrections, the contribution of four-quark operators to the total decay width

at order 1{m3
c , schematically reads
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scheme D0 D` D`s

VIA

Pole ´0.06
loomoon

NLO

“ 0.00
loomoon

LO

´0.06
loomoon

∆NLO

´11.3
loomoon

NLO

“ ´7.18
loomoon

LO

´4.13
loomoon

∆NLO

´0.85
loomoon

NLO

“ ´0.51
loomoon

LO

´0.34
loomoon

∆NLO

MS ´0.09
loomoon

NLO

“ 0.00
loomoon

LO

´0.09
loomoon

∆NLO

´22.9
loomoon

NLO

“ ´11.3
loomoon

LO

´11.5
loomoon

∆NLO

´1.66
loomoon

NLO

“ ´0.77
loomoon

LO

´0.89
loomoon

∆NLO

Kinetic ´0.08
loomoon

NLO

“ 0.00
loomoon

LO

´0.08
loomoon

∆NLO

´16.3
loomoon

NLO

“ ´9.18
loomoon

LO

´7.14
loomoon

∆NLO

´1.21
loomoon

NLO

“ ´0.64
loomoon

LO

´0.57
loomoon

∆NLO

1S ´0.05
loomoon

NLO

“ 0.00
loomoon

LO

´0.05
loomoon

∆NLO

´10.1
loomoon

NLO

“ ´6.27
loomoon

LO

´3.82
loomoon

∆NLO

´0.76
loomoon

NLO

“ ´0.45
loomoon

LO

´0.31
loomoon

∆NLO

HQET SR

Pole 0.06
loomoon

NLO

“ 0.10
loomoon

LO

´0.04
loomoon

∆NLO

´12.3
loomoon

NLO

“ ´7.97
loomoon

LO

´4.37
loomoon

∆NLO

´0.93
loomoon

NLO

“ ´0.69
loomoon

LO

´0.24
loomoon

∆NLO

MS 0.23
loomoon

NLO

“ 0.17
loomoon

LO

`0.06
loomoon

∆NLO

´24.9
loomoon

NLO

“ ´12.6
loomoon

LO

´12.3
loomoon

∆NLO

´1.78
loomoon

NLO

“ ´1.06
loomoon

LO

´0.72
loomoon

∆NLO

Kinetic 0.12
loomoon

NLO

“ 0.13
loomoon

LO

´0.01
loomoon

∆NLO

´17.8
loomoon

NLO

“ ´10.2
loomoon

LO

´7.61
loomoon

∆NLO

´1.31
loomoon

NLO

“ ´0.87
loomoon

LO

´0.43
loomoon

∆NLO

1S 0.06
loomoon

NLO

“ 0.09
loomoon

LO

´0.03
loomoon

∆NLO

´11.0
loomoon

NLO

“ ´6.97
loomoon

LO

´4.05
loomoon

∆NLO

´0.83
loomoon

NLO

“ ´0.60
loomoon

LO

´0.23
loomoon

∆NLO

Table 4.6: Dimension-six contributions to the D-mesons decay width normalised
by Γ0 and split up into LO-QCD and NLO-QCD corrections within different mass
schemes and using both VIA and HQET SR values for the Bag parameters.

Γ̃
Dq
6

xÕ6y
Dq

m3
c

“
Γ0

|Vcs|2

ÿ

q1,q2“d,s

|λq1q2 |
2

4
ÿ

i“1

«

AWE
i,q1q2

xDq|Ou
i |Dqy

m3
c

` API
i,q1q2

xDq|Oq2
i |Dqy

m3
c

` AWA
i,q1q2

xDq|Oq1
i |Dqy

m3
c

ff

`
Γ0

|Vcs|2

ÿ

q1“d,s

|Vcq1 |
2
ÿ

`“e,µ

4
ÿ

i“1

„

AWA
i,q1`

xDq|Oq1
i |Dqy

m3
c



,

(4.48)

where the matrix elements of the four-quark operators are given in Eqs. (4.36),

(4.37), and the short-distance coefficients for the WE, PI and WA topologies are

denoted by AWE
i,q1q2

, API
i,q1q2

and AWA
i,q1q2

, AWA
i,q1`

, respectively. Their expressions at LO-

QCD have been derived in Section 2.2.1, while NLO corrections to AWE
i,q1q2

and API
i,q1q2

have been computed in Ref. [142]. The corresponding results for AWA
i,q1q2

can be

obtained by using Eq. (2.93), since the Fierz symmetry is respected also at one-loop.
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For the semileptonic modes, the coefficients AWA
i,q1`

have been determined in Ref. [143].

Note that in our analysis, we treat the contribution of the δ̃qq
1

i parameters effectively

as a NLO effect, therefore their coefficients are included only at LO-QCD. Finally, in

Table 4.6, we compare the size of the LO- and NLO-QCD corrections in Eq. (4.48),

normalised by Γ0, both in VIA and using HQET SR results for the Bag parameters.

The NLO-QCD corrections turn out to have an essential numerical effect for the

contribution of four-quark at order 1{m3
c . In particular, in the case of the D0 and

D`s mesons, they lift the helicity suppression present in the weak exchange and

weak annihilation topologies at LO-QCD and in VIA. Note that for the D`s meson,

in addition to the CKM dominant WA contribution, there is a correction due to the

CKM suppressed, but nevertheless large PI topology. In the case of the D` meson

the NLO corrections to Pauli interference are very large, 50%´ 100% depending on

the mass scheme. Already in the B system they were found to be of the order of

30% for the ratio τpB`q{τpBdq, in the pole scheme, see e.g. Ref. [141]. We conclude

that, neglecting these contributions in the study of charm lifetime, as it has been

previously done in Ref. [250], is clearly not justified and the determination of higher

order corrections would be highly desirable.

We now consider the contribution of four-quark operators at order 1{m4
c to the

HQE in Eq. (1.164), which have been discussed in detail in Section 2.2.2. By ex-

panding pµ “ pµc ˘ pµq , only in the small momentum of the light spectator quark

pq „ ΛQCD, leads to the following basis for the dimension-seven operators 11

P q
1 “ mq pc̄p1´ γ5qqqpq̄p1´ γ5qcq , (4.49)

P q
2 “

1

mc

pc̄
Ð

Dνγµp1´ γ5qD
νqqpq̄γµp1´ γ5qcq , (4.50)

P q
3 “

1

mc

pc̄
Ð

Dνp1´ γ5qD
νqqpq̄p1` γ5qcq , (4.51)

together with the corresponding P̃ q
1 , P̃

q
2 , P̃

q
3 , containing the generators ta. Due to

the presence in Eqs. (4.50), (4.51), of a covariant derivative acting on the charm

quark field, which scales as mc at this order, there is no immediate power count-

ing for these operators, contrary to those defined in HQET, cf. Eqs. (4.53), (4.54).

Moreover, note that this basis differs from the one used in Ref. [144] for the compu-

tation of the dimension-seven and dimension-eight contributions. By evaluating the

11Note that the basis used e.g. in Ref. [143], is redundant, since it contains also the additional
operator denoted by P q2 , related to P q1 by hermitean conjugation, namely P q2 “ mq pc̄p1`γ5qqqpq̄p1`
γ5qcq “ pP

q
1 q
:. Leading to the same matrix element, we do not include this operator in our basis.
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matrix elements of the dimension-seven four-quark operators using the framework

of the HQET, we have to further expand the charm quark momentum, according to

pµc “ mcv
µ`kµ, see Section 1.2, as well as to include 1{mc corrections to the effective

heavy quark field and to the HQET Lagrangian, cf. Section 2.2.2. In this case, we

obtain the following basis, in complete analogy to Eqs. (2.113)-(2.121), namely

Pq
1 “ mq ph̄vp1´ γ5qqqpq̄p1´ γ5qhvq , (4.52)

Pq
2 “ ph̄vγµp1´ γ5qpiv ¨Dqqqpq̄γ

µ
p1´ γ5qhvq , (4.53)

Pq
3 “ ph̄vp1´ γ5qpiv ¨Dqqqpq̄p1` γ5qhvq , (4.54)

due to the contribution of the light spectator quark momentum,

Rq
1 “ ph̄vγµp1´ γ5qqqpq̄γ

µ
p1´ γ5qpi {Dqhvq , (4.55)

Rq
2 “ ph̄vp1´ γ5qqqpq̄p1` γ5qpi {Dqhvq , (4.56)

due to 1{mc corrections to the effective heavy quark field hv, and

Mq
1 “ i

ż

d4yT
“

Oq
1p0q, ph̄vpiDq

2hvqpyq
‰

, (4.57)

Mq
2 “ i

ż

d4yT

„

Oq
1p0q,

1

2
gs
`

h̄vσαβG
αβhv

˘

pyq



, (4.58)

Mq
3 “ i

ż

d4yT
“

Oq
2p0q, ph̄vpiDq

2hvqpyq
‰

, (4.59)

Mq
4 “ i

ż

d4yT

„

Oq
2p0q,

1

2
gs
`

h̄vσαβG
αβhv

˘

pyq



, (4.60)

due to 1{mc corrections to the HQET Lagrangian, which we have explicitly indi-

cated, cf. Eq. (1.69), (1.70). Moreover, the set of operators in Eqs. (4.52)-(4.60), are

supplemented by the corresponding colour octet ones. To parametrise the matrix

element of the dimension-seven operators in HQET, we use VIA and account for

deviations from it by including the corresponding Bag parameters, as it is explicitly

shown in Appendix G. However, since for these matrix elements, does not exist a non
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perturbative evaluation available yet, in our analysis we have to rely only on VIA.

It follows that, at LO-QCD the matrix element of the dimension-seven operators

listed above, can be expressed in terms of the HQET non perturbative parameters

F pµq, G1pµq, G2pµq, and Λ̄, so far determined only with large uncertainties. For this

reason, we prefer to use as an input the QCD decay constant fD, which is computed

very precisely using Lattice QCD [248]. In doing so, we obtain that in VIA and at

the matching scale µ “ mc, the contribution of the local operators Rq
1,2, as well as

that of the non-local Mq
1, Mq

2, Mq
3 and Mq

4, can be entirely absorbed in the QCD

decay constant fD, cf. Eq. (4.40), more precisely, in the QCD matrix element of the

dimension-six operators in Eqs. (4.28), (4.31), which are proportional to fD, and

the only remaining 1{mc contribution is due to the operators Pq
1,2,3, analogously to

the QCD case 12. To make this point more clear, we consider as an example the

contribution due to Pauli interference at LO-QCD and up to order 1{m4
c , in the case

of cÑ sd̄u transition, which constitutes the dominant correction to ΓpD`q, namely

Im T PI
“ Γ0 |V

˚
ud|

2 32π2

m3
c

p1´ xsq
2

«

CS
PI

ˆ

Od
1 `

Rd
1

mc

`
Md

1

mc

`
Md

2

mc

` 2
1` xs
1´ xs

Pq
3

mc

˙

` psinglet Ñ octetq

ff

. (4.61)

By evaluating the matrix element of ImT PI in VIA, the contribution due to the

colour-octet operators vanishes. Moreover, using the parametrisation for the matrix

elements of the four-quark operators given in Eq. (4.36) and in Appendix G, we

obtain in VIA and setting µ “ mc, that

xOd
1 `

Rd
1

mc

`
Md

1

mc

`
Md

2

mc

yHQET “ F 2
pmcqmD`

„

1´
Λ̄

mc

`
2G1pmcq

mc

`
12G2pmcq

mc



“ f 2
Dm

2
D` “ xO

d
1yQCD, (4.62)

where in the second line we have used the conversion between the QCD and HQET

decay constants given in Eq. (4.40). From Eq. (4.62) we see that the contribution

of the local operators Rq
1 and non-local operators Mq

1 and Mq
2, is entirely absorbed

by using the QCD decay constant. Note that, by neglecting the effect due to the

strange quark mass and using VIA we reproduce the result in Eq. (19) of Ref. [249].

12In the matrix element of P̃ q1,2,3 one can replace the HQET decay constant with the QCD one,
up to higher order corrections.
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The same argument applies also to the remaining topologies i.e. WE and WA. How-

ever, it is worth remarking that in VIA and neglecting the strange quark mass,

the contribution of WE and WA exactly vanishes at LO-QCD, due to the helicity

suppression. This suppression is lifted once the s-quark mass or perturbative gluon

corrections are included, and in this case it becomes again manifest that the contri-

bution of Rq
i , and Mq

i in HQET, can be completely absorbed in fD by evaluating

the matrix elements in VIA. 13. We stress that in our numerical analysis, we employ

this argument also when using the results of the Bag parameters determined from

HQET SR, by neglecting the small deviation from their corresponding VIA values.

Note that a detailed analysis of the dimension-seven contributions within the HQET

has been performed in Ref. [245] for the case of B ´ B̄-mixing. Specifically, it was

found that in VIA, subleading power corrections due to non-local operators can be

entirely absorbed in the definition of the QCD decay constant, and that the residual

1{mb corrections, due to the running of the local dimension-seven operators from

the scale mb to µ „ 1 GeV, is numerically small („ 5% for Ref. [245]).14 Finally, by

summing over all the CKM modes, at LO-QCD, the dimension-seven contribution

can be presented as

16π2Γ̃
Dq
7

xÕ7y
Dq

m4
c

“
Γ0

|Vcs|2

ÿ

q1,q2“d,s

#

|λq1q2 |
2

3
ÿ

i“1

”

GWE
i,q1q2

xDq|Pu
i |Dqy

m4
c

`GPI
i,q1q2

xDq|Pq2
i |Dqy

m4
c

`GWA
i,q1q2

xDq|Pq1
i |Dqy

m4
c

ı

` |Vcq1 |
2
ÿ

`“e,µ

3
ÿ

i“1

„

GWA
i,q1`

xDq|Pq1
i |Dqy

m4
c



` pcolour-octet partq

+

, (4.63)

and we confirm the results for the short-distance coefficients GWE
i,q1q2

, GPI
i,q1q2

and

GWA
i,q1q2

, GWA
i,q1`

presented in Ref. [143]. Note that, due to the current accuracy of the

analysis, at dimension-seven we include only the contribution of the valence-quark

therefore e.g. xD0|Ps
i |D

0y “ 0.

Having presented each of the contributions that enter the HQE of D-mesons,

we now turn to discuss the numerical evaluation of the corresponding matrix ele-

ments. For most of the non perturbative parameters in the charm-sector there is no

determination available yet, contrary to the b-system, where e.g. the value of µ2
G,

13Note, that for the operator Oq2 the contribution of Rq
2 is absorbed by the combination

pmD fD{mcq
2 « p1` 2 Λ̄{mcq f

2
D.

14By neglecting the effect of running down to a lower scale, from Ref. [245] one can see that in
VIA the QCD decay constant entirely absorbs all the 1{mb contributions.
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µ2
π, and ρ3

D, has been extracted performing fits to experimental data for B0 and B`

semileptonic decays [251]. Specifically, for µ2
G they find [251]

µ2
GpBq “ p0.332˘ 0.062qGeV2 . (4.64)

By using the heavy quark symmetry, we could expect the corresponding parameter

in the D system to have a similar size. The value of µ2
G can also be obtained taking

into account the spectroscopy relation [252]

µ2
GpDpsqq “

3

2
mc

´

MD˚
psq
´MDpsq

¯

, (4.65)

which holds up to power corrections. Using the value for the meson masses given in

the PDG [191] and setting mc “ 1.27 GeV, we obtain the following estimates

µ2
GpDq “ p0.268˘ 0.107qGeV2, µ2

GpDsq “ p0.274˘ 0.110qGeV2, (4.66)

where we have conservatively added an uncertainty of 40% due to unknown power

corrections of order 1{mc. The values in Eq. (4.66) are roughly 19% smaller than

those obtained from experimental fits for semileptonic B-meson decays, see Eq. (4.64).

Moreover, Eq. (4.65) leads to a tiny amount of SUp3qf -symmetry breaking of « 2%,

which might, however, be enhanced by the neglected power corrections. In the lit-

erature instead of Eq. (4.65) it is often adopted the relation [52, 70]

µ2
GpDpsqq “

3

4

´

M2
D˚
psq
´M2

Dpsq

¯

, (4.67)

which coincides with Eq. (4.65) up to corrections of order 1{mc. Numerically we

find that Eq. (4.67) yields

µ2
GpDq “ 0.41 GeV2 , µ2

GpD
`
s q “ 0.44 GeV2 , (4.68)

which are roughly 23% higher than the values in Eq. (4.64). In our numerical

analysis we take the average of the two determinations in Eq. (4.66) and Eq. (4.68).

This gives

µ2
GpDq “ p0.34˘ 0.10qGeV2, µ2

GpD
`
s q “ p0.36˘ 0.10qGeV2 , (4.69)

which agrees well with the one in Eq. (4.64). From Eq. (4.22), we expect correc-
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Source
LQCD
[253]

LQCD
[254]

Exp. fit
[251]

QCD SR
[255]

QCD SR
[256]

µ2
πrGeV2

s 0.05(22) 0.314(15) 0.465(68) 0.10(5) 0.6(1)

Table 4.7: Different determinations of µ2
πpBq available in the literature.

tions to the total decay rate due to the chromo-magnetic operator, cG µ
2
G{pc3 m

2
cq

ranging between ´6% and `8% with respect to the leading free-quark decay con-

tribution. A large part of the sizeable uncertainty derives from the cancellations in

the coefficient cG, as shown in Figure 4.1, which could be reduced with a complete

determination of the NLO-QCD corrections. For semileptonic rates the contribution

of the chromomagnetic operator can be even of the order of 20%. An experimental

determination of µ2
GpDq from inclusive semileptonic D-meson decays could further

reduce the uncertainties and could in particular give some insight into the numerical

size of SUp3qf breaking.

For the matrix element of the kinetic operator, there are several predictions of

µ2
π, available in the literature for the B-meson, which cover a large range of values,

see Table 4.7. Assuming heavy quark symmetry we can again use the determination

in Ref. [251]

µ2
πpBq “ p0.465˘ 0.068qGeV2 , (4.70)

to obtain the following estimate in the case of D-meson

µ2
πpDq “ p0.465˘ 0.198qGeV2, (4.71)

where we have added a conservative uncertainty of 40% in order to account for the

breaking of the heavy quark symmetry. This value fulfils the theoretical bound

µ2
π ě µ2

G, see e.g. the review [257]. We then expect, from Eq. (4.22), corrections

due to the kinetic operator of the order of ´10%. The SUp3qf breaking effects for

the matrix element of the kinetic operator have been estimated in Refs. [143,258], i.e.

µ2
πpD

`
s q ´ µ

2
πpD

0
q « 0.09 GeV2 , (4.72)

leading to the following estimate in the case of the Ds meson

µ2
πpD

`
s q “ p0.555˘ 0.232qGeV2. (4.73)

Again a more precise experimental determination of µ2
π from fits to semileptonic
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D`, D0 and D`s meson decays, as it has been done for the B` and B0 decays, would

be very desirable.

For the matrix element of the Darwin operator, we can again assume the validity

of the heavy quark symmetry and use the corresponding value obtained from fits of

the semileptonic B decays [251], namely

ρ3
DpBq “ p0.170˘ 0.038qGeV3 , (4.74)

which, by adding quadratically an uncertainty of 40% to account for the breaking

of the heavy-quark symmetry, leads to a first estimate of

ρ3
DpDq

I
“ p0.17˘ 0.07qGeV3 . (4.75)

Alternatively the Darwin parameter can be related to the matrix elements of the

dimension-six four-quark operators through the equation of motion for the gluon

field. At leading order in 1{mQ, we obtain

ρ3
DpHQq “

g2
s

18
f 2
HQ

mHQ

«

2 B̃q
2 ´ B̃

q
1 `

3

4
B̃q

3 ´
3

2
B̃q

4

`
ÿ

q1“u,d,s

ˆ

2δ̃q
1q

2 ´ δ̃q
1q

1 `
3

4
δ̃q
1q

3 ´
3

2
δ̃q
1q

4

˙

ff

, (4.76)

where HQ is a heavy hadron with the mass mHQ and the decay constant fHQ ,

q “ u, d, s, is the light valence quark in HQ, and the Bag parameters have bee intro-

duced in Eqs. (4.36). The strong coupling g2
s “ 4παs, should be evaluated at a non

perturbative scale and e.g. Ref. [259] suggests to set αs “ 1. From the input listed

µ “ 1.5 GeV µ “ 1.0 GeV αs “ 1

ρ3
DrGeV3s VIA HQET VIA HQET VIA HQET

B`, Bd 0.048 0.047 0.066 0.064 0.133 0.129

Bs 0.072 0.070 0.098 0.095 0.199 0.193

D`, D0 0.021 0.020 0.027 0.026 0.059 0.056

D`s 0.030 0.029 0.040 0.038 0.086 0.082

Table 4.8: Values of ρ3
DpHq for B- and D-mesons in VIA and using HQET SR for

the Bag parameters for three different choices of αs in Eq. (4.76).
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in Table 4.9 and the expression in Eq. (4.76), we can estimate the size of ρ3
D for

both the B- and D-mesons and using the VIA as well as the HQET SR values for

the Bag parameters. The results are summarised in Table 4.8 for the three different

choices, namely αspµ “ 1.5 GeVq, αspµ “ 1 GeVq and αs “ 1. By setting αs “ 1 in

Eq. (4.76), we obtain values for ρ3
DpBq that are close to the one in Eq. (4.74), indi-

cating 1{mb-corrections in Eq. (4.76) of the order of `30%. Moreover, the difference

between using VIA and HQET sum rule is small. We emphasise that because of the

sizeable SUp3qF breaking in the decay constants, Eq. (4.76) leads also to a sizeable

SUp3qF breaking for the non-perturbative parameters ρ3
DpDq, ρ

3
DpD

`
s q. By setting

αs “ 1 and using HQET SR results for the Bag parameters we arrive at the second

estimate, cf. last column in Table 4.8

ρ3
DpDq

II
“ p0.056˘ 0.022qGeV3 , ρ3

DpD
`
s q

II
“ p0.82˘ 0.033qGeV3 , (4.77)

where we have again added 40% uncertainty. Finally, another possibility to extract

ρ3
DpDq is to substitute in Eq. (4.76) the values of the Bag parameters in VIA, which

gives

ρ3
DpHQq «

g2
s

18
f 2
HQ

mHQ . (4.78)

Assuming the strong coupling to have a similar size for both the B- and D-meson

matrix elements, from Eq. (4.78) we obtain

ρ3
DpDq «

f 2
DmD

f 2
BmB

ρ3
DpBq , ρ3

DpDsq «
f 2
Ds
mDs

f 2
BmB

ρ3
DpBq . (4.79)

Using the most precise determination of the decay constants from Lattice QCD [248],

and of the meson masses from PDG [191] and taking into account the value of ρ3
DpBq

in Eq. (4.74), leads to the third estimate

ρ3
DpDq

III
“ p0.075˘ 0.034qGeV3 , ρ3

DpDsq
III
“ p0.110˘ 0.050qGeV3 , (4.80)

where we again assign in addition a conservative 40% uncertainty due to missing

power corrections. These values are consistent with the numbers shown in Table 4.8
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for αs “ 1. Contrary to the case of the dimension-five matrix elements, in Eq. (4.80)

we observe a large SUp3qf symmetry breaking of « 46%, and similarly of « 49% for

the Bpsq-mesons, as already stated above, mostly stemming from the ratios fBs{fBd
and fD`s {fD0 . In our numerical analysis we use the values shown in Eq. (4.80),

which lie between the estimates obtained in Eq. (4.75) and Eq. (4.77). Again, a

more precise experimental determination of ρ3
D from fits to semileptonic D`, D0

and D`s meson decays, as it has been done for the B` and B0 decays , would be

very desirable and could have a significant effect on the phenomenology of inclusive

charm decays.

Finally, the dimension-six Bag parameters of the D` and D0 mesons have been

determined using HQET sum rules in Ref. [246]. Corrections due to the inclusion of

the strange quark mass, needed in the case of the D`s meson, as well as the effect of

the eye-contractions, have been computed for the first time in Ref. [247], again using

HQET sum rules. The results, collected in Table 4.10, show only a small deviation

from the corresponding VIA values. For the dimension-seven Bag parameters we

use only VIA. In HQET the matrix elements of dimension-seven operators depend

also on the parameters Λ̄psq “ mDpsq ´mc, for which we use the following range of

values [247]

Λ̄ “ p0.5˘ 0.1qGeV, Λ̄s “ p0.6˘ 0.1qGeV . (4.81)

4.1.2 Numerical results

In this section, using all the ingredients described above, we present the theoretical

predictions for the total and semileptonic decay rates of the D0, D` and D`s mesons,

and for their ratios. All the input included in our numerical analysis are collected

in Table 4.9. For each observable we investigate several quark mass schemes, using

as default the kinetic and the 1S scheme, and compare the corresponding results

with both VIA and HQET SR values for the dimension-six Bag parameters. The

uncertainties quoted are obtained by varying all the input parameters within their

intervals. For the renormalisation scales, we fix the central values to µ1 “ µ0 “

1.5 GeV 15, and vary both of them independently between 1 and 3 GeV. Moreover,

we add an estimated uncertainty due to missing higher power and QCD corrections.

We start by considering the total decay rates, which are expected to have size-

able uncertainties due to the dependence of the free quark decay on the fifth power

of the charm quark mass and due to large perturbative and power corrections. A

15The renormalisation scale µ0 enters in the NLO-QCD corrections to the dimension-six coeffi-
cients as well as in the running of the Bag parameters.
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Parameter Value Source

αspMZq 0.1179˘ 0.0010 PDG [191]

|Vus| 0.224834`0.000252
´0.000059

CKMfitter [260]
|Vub|{|Vcb| 0.088496`0.001885

´0.002244

|Vcb| 0.04162`0.00026
´0.00080

δ
`

65.80`0.94
´1.29

˘˝

mcpmcq p1.27˘ 0.02qGeV PDG [191]

mkin
c p0.5 GeVq 1.306 GeV [241]

mJ{ψ 3.0969 GeV PDG [191]

ms

`

93`11
´5

˘

MeV PDG [191]

MD0 1.86493 GeV

MD` 1.86965 GeV PDG [191]

MD`s
1.96834 GeV

fD p0.2120˘ 0.0007q GeV
Lattice QCD [248]

fDs p0.2499˘ 0.0005q GeV

µ2
πpDq p0.465˘ 0.198q GeV2 Exp. fit [251] and HQ symmetry

µ2
πpDsq p0.555˘ 0.232q GeV2 SUp3qf -breaking [258] and HQ symmetry

µ2
GpDq p0.339˘ 0.098q GeV2

Spectroscopy relations [70, 252]
µ2
GpDsq p0.357˘ 0.104q GeV2

ρ3
DpDq p0.075˘ 0.034q GeV3

Exp. fit [251] and E.O.M relations
ρ3
DpDsq p0.110˘ 0.050q GeV3

Table 4.9: Numerical input used in the numerical analysis.
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HQET B̃1 B̃2 B̃3 B̃4

D`,0 1.0000`0.0020
´0.0006 1.0000`0.0007

´0.0000 ´0.0161`0.0115
´0.0206 ´0.0007`0.0104

´0.0170

D`s 1.0000`0.0014
´0.0003 1.0000`0.0007

´0.0000 ´0.0094`0.0103
´0.0171 ´0.0001`0.0104

´0.0169

HQET δ̃1 δ̃2 δ̃3 δ̃4

xDq|Õ
q|Dqy 0.0026`0.0004

´0.0009 ´0.0018`0.0005
´0.0002 ´0.0004`0.0001

´0.0001 0.0003`0.0000
´0.0001

xDs|Õ
q|Dsy 0.0025`0.0004

´0.0008 ´0.0018`0.0005
´0.0002 ´0.0004`0.0001

´0.0001 0.0003`0.0000
´0.0001

xDq|Õ
s|Dqy 0.0017`0.0005

´0.0009 ´0.0012`0.0005
´0.0003 ´0.0003`0.0001

´0.0001 0.0002`0.0001
´0.0001

xDs|Õ
s|Dsy 0.0023`0.0005

´0.0009 ´0.0017`0.0005
´0.0002 ´0.0004`0.0002

´0.0001 0.0003`0.0000
´0.0001

Table 4.10: Numerical values of the HQET Bag parameters [246,247], at the renor-
malisation scale µ0 “ 1.5 GeV.

comparison of the central values for the HQE prediction of the decay widths in

several mass schemes is shown in the three first rows of Table 4.11, using VIA for

the Bag parameters and of Table 4.12 using the HQET sum rules results. In Ta-

ble 4.13 we present the complete theoretical prediction including the corresponding

uncertainties, using the 1S and kinetic scheme for the quark masses and the HQET

SR values for the dimension-six Bag parameters, the same results can be visualised

also in Figure 4.4. In each table, the corresponding experimental determinations are

listed in the last column. For the D`s meson there is an additional subtlety due to

the large branching fraction of the leptonic decay D`s Ñ τ`ντ , which however is not

included in the HQE, since the tau lepton is more massive than the charm quark.

Using the experimental value of the leptonic branching ratio [191] (online update),

we obtain

BrpD`s Ñ τ`ντ q “ p5.48˘ 0.23q% , (4.82)

accordingly, we define the reduced decay rate Γ̄pD`s q, as

Γ̄pD`s q ” ΓpD`s q ´ ΓpD`s Ñ τ`ντ q “ p1.88˘ 0.02q ps´1 , (4.83)

which leads to the reduced lifetime ratio

τ̄pD`s q

τpD0q
“ 1.30˘ 0.01 . (4.84)
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VIA

Observable Pole MS Kinetic 1S Exp. value

ΓpD0qrps´1s 1.68 1.47 1.56 2.31 2.44

ΓpD`qrps´1s 0.19 ´0.03 0.09 0.56 0.96

Γ̄pD`s qrps´1s 1.72 1.48 1.58 2.34 1.88

τpD`q{τpD0q 2.55 2.56 2.53 2.82 2.54

τ̄pD`s q{τpD
0q 0.99 1.00 0.99 0.99 1.30

BD0

sl r%s 5.31 6.46 6.03 8.48 6.49

BD`

sl r%s 13.5 16.4 15.3 21.5 16.07

BD`s
sl r%s 6.88 8.24 7.74 10.8 6.30

ΓD
`

sl {Γ
D0

sl 1.000 1.000 1.000 1.000 0.985

ΓD
`
s

sl {Γ
D0

sl 1.04 1.04 1.04 1.05 0.790

Table 4.11: Central values of the charm observables in different quark mass schemes
using VIA for the matrix elements of the four-quark operators compared to the
corresponding experimental values (last column).

The first and main result we can derive from Table 4.13 and from Figure 4.4, is

that the HQE can reproduce the experimental values of ΓpD0q, ΓpD`q, and ΓpD`s q,

within very large uncertainties. Moreover, we find that in the 1S scheme we obtain

larger values for the decay rates, while the kinetic and the MS scheme typically result

in smaller values, close to the pole scheme. Within the uncertainties the predictions

in the different mass schemes are compatible with each other, however, to a large

extent. Given the current precision then, to consider only one quark mass scheme

might lead to considerably underestimate the uncertainties. Due to the fact that

the values of the HQET Bag parameters [246, 247] are close to the corresponding

ones in VIA, the predictions shown in Table 4.11 and in Table 4.12 do not differ

much. A peculiar role is played by the D` meson, for which we obtain huge the-

oretical uncertainties because of the large negative value of the Pauli interference

contribution at dimension-six. This term actually dominates the total decay rate.

Furthermore, the large negative value is enhanced by the NLO-QCD corrections, but

partly compensated by the dimension-seven contribution. In this respect, having an

independent determination of the HQET sum rule results, e.g. with a lattice QCD

computation, as well as higher order QCD corrections to dimension-six and seven
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HQET SR

Observable Pole MS Kinetic 1S Exp. value

ΓpD0qrps´1s 1.71 1.50 1.59 2.34 2.44

ΓpD`qrps´1s ´0.05 ´0.25 ´0.14 0.29 0.96

Γ̄pD`s qrps´1s 1.70 1.46 1.56 2.32 1.88

τpD`q{τpD0q 2.83 2.83 2.80 3.14 2.54

τ̄pD`s q{τpD
0q 1.01 1.02 1.01 1.01 1.30

BD0

sl r%s 5.18 6.37 5.93 8.34 6.49

BD`

sl r%s 13.2 16.2 15.1 21.2 16.07

BD`s
sl r%s 6.79 8.19 7.67 10.7 6.30

ΓD
`

sl {Γ
D0

sl 1.002 1.001 1.001 1.002 0.985

ΓD
`
s

sl {Γ
D0

sl 1.05 1.05 1.05 1.05 0.790

Table 4.12: Central values of the charm observables in different quark mass schemes
using HQET sum rule results [246, 247] for the matrix elements of the four-quark
operators compared to the corresponding experimental values (last column).

might could significantly bring more insights. For the determination of the lifetime

ratios, in order to eliminate the contribution of the free-quark decay, we use

τpD`
psqq

τpD0q
“ 1`

´

ΓHQE
pD0

q ´ ΓHQE
pD`

psqq

¯

τ exp
pD`

psqq . (4.85)

In Eq. (4.85), Γ3 cancels exactly and Γ5 and Γ6 cancel up to isospin or SUp3qf

breaking corrections in the corresponding non-perturbative matrix elements. The

lifetime ratios should then be dominated by the contribution of four-quark operators.

The results for the HQE prediction of the lifetime ratios, in several mass schemes,

are shown in the fourth and fifth rows of Table 4.11, Table 4.12, Table 4.13 as

well as in Figure 4.4. We observe that the large lifetime ratio τpD`q{τpD0q is well

reproduced in all schemes considered, while in the case of τpD`s q{τpD
0q the HQE

result lies closer to one, compared to the experimental value. In the latter case,

the theoretical prediction is dominated by SUp3qf -symmetry breaking effects in the

non-perturbative parameters µ2
π, µ2

G and ρ3
D, which are only very roughly known.

Future and more precise determinations of their values can considerably improve our
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Observable Kinetic scheme 1S-scheme Exp. value

ΓpD0qrps´1s 1.590˘ 0.242`0.451`0.002
´0.365´0.002 2.348˘ 0.247`0.651`0.002

´0.489´0.001 2.44˘ 0.01

ΓpD`qrps´1s ´0.138˘ 0.572`0.581`0.252
´0.273´0.102 0.293˘ 0.664`0.939`0.360

´0.453´0.161 0.96˘ 0.01

Γ̄pD`s qrps´1s 1.572˘ 0.309`0.508`0.018
´0.399´0.004 2.330˘ 0.349`0.734`0.027

´0.540´0.009 1.88˘ 0.02

τpD`q{τpD0q 2.798˘ 0.606`0.001`0.109
´0.135´0.263 3.137˘ 0.691`0.023`0.169

´0.299´0.376 2.54˘ 0.02

τ̄pD`s q{τpD
0q 1.010˘ 0.105`0.018`0.003

´0.030´0.010 1.010˘ 0.118`0.027`0.006
´0.044´0.015 1.30˘ 0.01

BD0

sl r%s 5.94˘ 1.15`0.33
´0.28 8.36˘ 1.31`0.23

´0.08 6.49˘ 0.11

BD`

sl r%s 15.1˘ 2.91`0.83
´0.72 21.2˘ 3.32`0.58

´0.19 16.07˘ 0.30

BD`s
sl r%s 7.73˘ 1.80`0.45

´0.40 10.76˘ 2.18`0.33
´0.04 6.30˘ 0.16

ΓD
`

sl {Γ
D0

sl 1.002˘ 0.002˘ 0.001 1.002˘ 0.003˘ 0.001 0.985˘ 0.028

ΓD
`
s

sl {Γ
D0

sl 1.053˘ 0.130`0.006
´0.007 1.060˘ 0.164`0.006

´0.007 0.790˘ 0.026

Table 4.13: HQE predictions for all the ten observables in the kinetic (second
column) and in the 1S-schemes (third column), using HQET SR results for the Bag
parameters. The first uncertainty is parametric one, second and third uncertainties
are due to µ1- and µ0-scales variation, respectively. The results are compared with
the corresponding experimental measurements (fourth column).

conclusion for these lifetime ratios. In the case of the inclusive semileptonic decays,

we introduce the shorthand notations ΓDsl ” ΓpD Ñ Xe`νeq and BD
sl ” BrpD Ñ

Xe`νeq. The theoretical predictions are then obtained as

BD,HQE
sl “ ΓD,HQE

sl ¨ τpDqExp. . (4.86)

The HQE results in several mass schemes are shown in the sixth, seventh and eighth

row of Table 4.11, Table 4.12 and Table 4.13, as well as in Figure 4.4. In the ki-

netic scheme all HQE predictions for the semi-leptonic branching fractions cover the

experimental values, while the results in the 1S scheme tend to be too large. It

is interesting to note, that by adding NNLO-QCD corrections to the semileptonic

decays, the difference between the two quark mass schemes is considerably reduced,

see Figure 4.5. Using the experimental values respectively for the D0 lifetime and

the semileptonic branching fraction, we determine the semileptonic ratios in the fol-

lowing way
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-1 -0.5 0 0.5 1 1.5 2

Figure 4.4: A comparison of the HQE prediction for the charm observables in the
kinetic scheme (magenta) and in the 1S scheme (blue), with the corresponding
experimental data (green). Note that all the quantities are normalised to the corre-
sponding experimental central values.

ΓD
`

sl

ΓD
0

sl

“ 1`
”

ΓD
`

sl ´ ΓD
0

sl

ıHQE
„

τpD0q

BD0

sl

exp

, (4.87)

ΓD
`
s

sl

ΓD
0

sl

“ 1`
”

ΓD
`
s

sl ´ ΓD
0

sl

ıHQE
„

τpD0q

BD0

sl

exp

. (4.88)

The HQE results for these ratios are shown in the ninth and tenth row of Table 4.11,

Table 4.12 and Table 4.13 and in Figure 4.4. In agreement with the experimental

data, the HQE leads to values for ΓD
`

sl {Γ
D0

sl very close to one. Also for ΓD
`
s

sl {Γ
D0

sl

the corresponding theoretical prediction is close to one, however, the corresponding

experimental number is as low as 0.79, confirming the necessity of having better con-

trol over the SUp3qf -symmetry breaking effects in the non-perturbative parameters

µ2
G, µ2

π and ρ3
D for the D mesons.

4.2 Charm mixing

In Section 4.1 we have shown that the HQE is able to reproduce, within large the-

oretical uncertainties, the experimental pattern for the lifetime of charmed mesons.
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-1 -0.5 0 0.5 1 1.5 2

Figure 4.5: A comparison of the HQE prediction for the charm observables in the
kinetic scheme (magenta) and in the 1S scheme (blue) with the corresponding ex-
perimental data (green). All the quantities are normalised to the corresponding
experimental central values. In comparison to Fig. 4.4 now the NNLO corrections
to the semileptonic branching fractions are included, taken from the talk of Matteo
Fael at the CHARM-2020 conference.

However, a naive application of the HQE yields results for the decay rate difference of

neutral D mesons that are four orders of magnitude smaller than the experimental

ones. It is well known that this huge suppression results from severe Glashow-

Iliopoulos-Maiani (GIM) cancellations [261]. Following Ref. [235], we discuss a pos-

sible explanation for the large discrepancy between the theoretical prediction for

D-mixing and experimental data. We stress though, that we do not present a de-

tailed derivation of the fundamentals of the theory of mixing, for which, instead, we

refer to the comprehensive reviews [194–196].

4.2.1 GIM cancellations in D-mixing

Because of the weak interaction, neutral mesons, here we consider the case of the

D0 meson, can mix with their corresponding antiparticles through the box diagrams

shown in Figure 4.6. The process is described by a 2ˆ 2 Hamiltonian matrix with

non vanishing off-diagonal entries M12 and Γ12. By diagonalising the mixing ma-

trix of the D0 and the D̄0 mesons, we can obtain the two eigenstates with definite

mass and decay width. The corresponding observables ∆MD and ∆ΓD, denoting

respectively the mass and decay width difference between the two eigenstates, are
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Figure 4.6: Box diagrams contributing to mixing of neutral D-mesons.

functions of Γ12 and M12,. Moreover we define

x “
∆MD

ΓD0

, y “
∆ΓD
2ΓD0

, (4.89)

and

x12 “
2 |M12|

ΓD0

, y12 “
2 |Γ12|

ΓD0

, φ12 “ arg

ˆ

M12

Γ12

˙

. (4.90)

In the following we only discuss the computation of Γ12 and, by taking into account

the bound ∆ΓD ď 2 |Γ12|, see e.g. Refs. [195, 262], we derive the theoretical predic-

tion for ∆ΓD. In fact, we do not consider the calculation of M12, and hence we can

only determine one contribution to the mixing phase φ12 in Eq. (4.90). Γ12 corre-

sponds to the absorptive part of the mixing amplitude of the D0 - D̄0 system, and

it is then obtained by computing the imaginary part of the matrix element of the

effective Hamiltonian describing the c-quark decay, between the D0 and D̄0 states.

Using the formalism described in Section 1.4, Γ12 can be expanded in inverse powers

of the heavy c-quark mass, leading to

Γ12 “

”

Γ
p0q
6 `

αs
4π

Γ
p1q
6 ` . . .

ı

xQ6y

m3
c

` . . . , (4.91)

where the ellipsis stand for terms of higher order and we have explicitly shown

the perturbative expansion of the short distance coefficient Γ6, cf. Eq. (1.165).

Eq. (1.164), is diagrammatically represented in Figure 4.7. The product of ∆C “ 1

operators in the effective Hamiltonian, i.e. in the “full” theory, cf. Eq. (4.11), is now

matched into a series of local ∆C “ 2 operators Qd of increasing dimension d ě 6,

with the short distance coefficients denoted by Γd. The expressions for Γ
p0q
6 can be

easily derived in complete analogy to what it has been done in Section 2.2, while

those for Γ
p1q
6 can be obtained from the corresponding ones for B-mixing determined

in Refs. [263–268] by replacing mb Ñ mc, mc Ñ ms, etc. Furthermore, the matrix

elements of the dimension-six operators have been computed e.g. in Refs. [246,269].
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The experimental value of the decay rate difference reads 16

∆ΓExp
D “ 2y{τpD0

q “ p0.032˘ 0.003q ps´1, (4.92)

which, at one standard deviation, leads to the following bound

∆ΓExp
D ě 0.028 ps´1 . (4.93)

In order to compare the theoretical predictions with the experimental determina-

tions, we investigate the quantities

α “ ´ argpΓ12q , Ω “
2 |Γ12|

SM

0.028 ps´1
, (4.94)

where α contributes to CP violation in mixing and values of Ω smaller than one sig-

nal a discrepancy between the theoretical and experimental description of D-mixing,

within the one sigma range. A naive application of the HQE leads to Ω “ 3.4 ¨ 10´5

at LO-QCD and to 6.2 ¨ 10´5 at NLO-QCD, showing that the theoretical prediction

for the decay rate difference is more than four orders of magnitude smaller than

the corresponding experimental number. Moreover, the phase α is very large, i.e.

α “ 93˝ at LO-QCD and α “ 99˝ at NLO-QCD. By default in our numerical anal-

ysis we have used PDG [270] values for the quark, in the MS scheme, and meson

masses, as well as for the strong coupling, CKM input from Ref. [260], the results

of Ref. [246] for the non-perturbative matrix elements and Ref. [248] for the D0

decay constant. In order to analyse the peculiarities of D-mixing, we decompose Γ12

according to the flavour of the internal quark pair, cf. Figure 4.7. We denote the

corresponding three contributions by Γss12, Γdd12, and Γsd12, i.e.

Γ12 “ ´

´

λ2
s Γss12 ` 2λsλd Γsd12 ` λ

2
d Γdd12

¯

“ ´λ2
s

´

Γss12 ´ 2Γsd12 ` Γdd12

¯

` 2λsλb

´

Γsd12 ´ Γdd12

¯

´ λ2
bΓ

dd
12 , (4.95)

where the CKM factors are defined as λq “ VcqV
˚
uq, and we have used the unitarity

relation λd ` λs ` λb “ 0, to eliminate λd in the second line of Eq. (4.95). Taking

16Note that for consistency we present the numbers used in the analysis of Ref. [235] based on
the previous determination y “ 0.68`0.06

´0.07 %, however, using the new value quoted in Eq. (4.1),

would not lead to any significant difference, and we would have instead ∆ΓExp
D ě 0.027 ps´1.
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Figure 4.7: Diagrams describing mixing of neutral D mesons via intermediate ss̄,
sd̄, ds̄, and dd̄, states in the“full” theory at LO-QCD (left) and NLO-QCD (center)
and at NLO-QCD in the HQE (right). The crossed circles denote the insertion of
∆C “ 1 operators of the effective Hamiltonian describing the charm-quark decay,
while the full dot indicates the insertion of ∆C “ 2 operators in the HQE.

into account the numerical value of the CKM elements, we see that Eq. (4.95) shows

the presence of a very pronounced hierarchy, namely

´λ2
s “ ´4.791 ¨ 10´2

` 3.094 ¨ 10´6i, (4.96)

`2λsλb “ `2.751 ¨ 10´5
` 6.121 ¨ 10´5i, (4.97)

´λ2
b “ `1.560 ¨ 10´8

´ 1.757 ¨ 10´8i. (4.98)

The CKM factor in the first term of Eq. (4.95) has considerably the largest real

part, whereas the second term has the largest imaginary part and it should then be

important for the determination of the potential size of CP violation in D-mixing.

The relative size between the imaginary and real part, is much larger in λb than in

λs and we therefore suggest to include all terms in Eq. (4.95). Moreover, extreme

GIM cancellations [261] affect the short distance coefficients of the CKM elements

in Eq. (4.95). By expanding in the small mass parameter z “ m2
s{m

2
c , we obtain at

LO- (top line) and at NLO-QCD (lower line), respectively

Γss12 “

$

&

%

1.62´ 2.34 z ´ 5.07 z2 ` . . . ,

1.42´ 4.30 z ´ 12.45 z2 ` . . . ,
(4.99)

Γsd12 ´ Γdd12 “

$

&

%

´1.17 z ´ 2.53 z2 ` . . . ,

´2.15 z ´ 6.26 z2 ` . . . ,
(4.100)

Γss12 ´ 2Γsd12 ` Γdd12 “

$

&

%

´13.38 z3 ` . . . ,

0.07 z2 ´ 29.72 z3 ` . . . .
(4.101)
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Note that in the NLO result in Eq. (4.101), the GIM suppression is lowered by

one power of z, as it has been observed before [271, 272]. We conclude that the

peculiarity of Eq. (4.95) lies in the fact that the CKM dominant factor λ2
s multi-

plies the extremely GIM suppressed term given in Eq. (4.101), the CKM suppressed

factor λsλb multiplies the GIM suppressed term given in Eq. (4.100), while the

very CKM suppressed factor λ2
b multiplies Γdd12, obtained taking the limit z Ñ 0 in

Eq. (4.99), in which no GIM suppression is present. Therefore, the three contribu-

tions in Eq. (4.95) have actually a similar size, in fact

Γ12 “
`

2.08 ¨ 10´7
´ 1.34 ¨ 10´11i

˘

(1st term)

´
`

3.74 ¨ 10´7
` 8.31 ¨ 10´7i

˘

(2nd term)

`
`

2.22 ¨ 10´8
´ 2.5 ¨ 10´8i

˘

(3rd term). (4.102)

Because of Eq. (4.97), it also follows that a sizeable contribution to the mixing

phase can only arise if the slightly GIM suppressed term in Eq. (4.100) is enhanced.

In order to explain the mismatch between the HQE prediction and experimental

determination, in the literature different solutions have been proposed.

i) At higher order in the HQE, the GIM suppression could be less pronounced

[273–275]. First estimates of the dimension-nine contribution to D-mixing,

performed in Ref. [276], show indeed such an enhancement, but not on a scale

sufficient to reproduce the experimental result. For a final statement about

this possibility, the complete determination of the dimension-nine and twelve

contributions, would be necessary.

ii) The discrepancy is a signal of the violation of quark hadron duality. However,

while it was originally suggested that deviations of quark hadron duality should

be as large as 105, because of Ω « 10´5, this seems unlikely given the many

successful tests of the HQE. In fact in Ref. [262] it was shown that violations

as small as 20 per cent could be sufficient to explain the experimental data.

iii) The HQE is not applicable and we have to consider different methods, like

to sum over all the exclusive decays channels contributing to the decay rate

difference, see e.g. Refs. [277–279].
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Figure 4.8: Comparison of µ1-dependence of |Γ12| at LO-QCD (dotted blue) and
NLO-QCD (solid pink).

4.2.2 Alternative scale setting

Γ12 depends on the two scales µ1 and µ2. The former denotes the renormalisation

scale of the ∆C “ 1 operators, and it is explicitly present in the expressions of

the corresponding Wilson coefficients in the effective Hamiltonian, the latter is the

renormalisation scale of the ∆C “ 2 operators that arise in the HQE and it appears

also in their short distance coefficients. Up to higher order terms, the dependence

on µ1 and µ2 must cancel between the local matrix elements and the correspond-

ing short distance functions. Without discussing the dependence on µ2, for which

the cancellation is very effective, in the following we consider only that on µ1. In

the Bs system the cancellation is numerically only weakly realised when moving

from LO- to NLO-QCD, see Refs. [280, 281], indicating the importance of higher

order corrections. First steps in this direction show indeed large NNLO-QCD ef-

fects [280, 281]. In the D system a reduction of the µ1-dependence, when moving

from LO- to NLO-QCD, is present in the individual contributions Γss,sd,dd12 , but not

in Γ12, see Figure 4.8, which seems to be again consequence of the severe GIM can-

cellations. By explicitly showing the scale dependence in Γ12, we can write

Γ12 “
ÿ

q1q2“ss,sd,dd

Γq1q26 pµq1q21 , µq1q22 qxQ6ypµ
q1q2
2 q

1

m3
c

` . . . . (4.103)

In general different internal quark pairs contribute to different decay channels of the

D0 pD̄0q meson e.g. ss̄ to a K`K´ final state and sd̄ to a π`K´ final state. For

each of these observables the choice of the renormalisation scales is a priori arbitrary,

nevertheless typically one fixes µssx “ µsdx “ µddx “ µ, which is then chosen to be equal

to the mass of the decaying heavy quark, i.e. µ “ mQ for Q quark decays, in order to

minimise the effect of the logarithmic terms αspµq logpµ2{m2
Qq. Uncertainties due to
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unknown higher order corrections are estimated varying µ between mQ{2 and 2mQ

and in the case of the charm quark we fix the lower bound to 1 GeV to still ensure

reliable perturbative results.

We consider two alternative possibilities to treat the renormalisation scale µq1q21 ,

which both allow to reduce the discrepancy between the theoretical and the ex-

perimental determination of D-mixing, while leaving the other HQE predictions

unchanged, namely

A) We fix the central value of the three scales µss1 , µsd1 , and µdd1 , to mc, but we

vary them independently between 1 GeV and 2mc.

B) We choose different central values for the three scales µss1 , µsd1 , and µdd1 , ac-

cording to the size of the available phase space. In particular we evaluate Γss6
at the scale µss1 “ µ ´ 2ε, Γsd6 at the scale µsd1 “ µ ´ ε, and Γdd6 at the scale

µdd1 “ µ, where ε is an unknown parameter, related to the kinematics of the

decays.

If ε is not too large, both methods yield results for the individual Γss6 , Γsd6 and Γdd6 ,

which lie within the usually quoted theory uncertainties obtained following the pre-

scription stated above, but they affect in a sizeable way the severe GIM cancellations

in Eqs. (4.100) and (4.101). The first method gives a considerably enhanced range

of values for Ω in Eq. (4.93), i.e.

Ω P r4.6 ¨ 10´5, 1.3s , (4.104)

which nicely covers also the experimental determination of the decay rate difference.

Scanning independently over µss1 , µsd1 , and µdd1 , in 11 equidistant steps we find that

out of the 1331 points only 14 give a value of Ω ă 0.001, while 984 give a value

of Ω ą 0.1. The large discrepancy between the theoretical and the experimental

determinations, seems then to be an artefact of fixing the scales µss1 , µsd1 , and µdd1 , to

be the same. The range of values shown in Eq. (4.104) does not change significantly

if we use the pole scheme for the quark masses, lattice results instead of the HQET

sum rule results, or a different ∆C “ 2 operator basis. In all these cases we can

obtain Ω ě 1. For α in Eq. (4.94), we observe that the results lie in the range

r´π, πs. A closer look however, shows that for Ω ą 0.5 only values of α ă 0.1˝ are

allowed, and conversely large values of α correspond to results for Ω inconsistent

with the experimental data.

The second method for the scale setting requires the introduction of a mass scale

ε. A possible estimate for the size of this parameter could be the strange quark

mass ε “ ms « 0.1 GeV or the phase space difference of the corresponding exclusive
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Figure 4.9: Comparison of the ε dependence of Ω at LO-QCD (blue) and NLO-QCD
(pink) for different values of µ: the dashed line corresponds to µ “ mc while the
two solid lines to µ “ 1 GeV and µ “ 2mc.

decay channels, specifically, by comparing the energy release of D0 Ñ K`K´, MD0´

2MK` “ 0.88 GeV, with that of D0 Ñ π`π´, MD0 ´ 2Mπ` “ 1.59 GeV we might

expect that ε « 0.35 GeV. In Figure 4.9 it is shown how the HQE prediction of Ω

would be affected in this scenario. Also in this case, it appears possible that the

theoretical prediction could reach the experimental value for ε « 0.2 GeV.

Finally, we have to consider how other HQE predictions would be affected by

choosing a different scale setting procedure. In the case of observables in which

GIM-like cancellations are not present, like the lifetime, both in the charm and bot-

tom system, and the decay rate difference ∆Γs, there is no significant change, but

only a shift within the usually quoted theory uncertainties. However, the semilep-

tonic CP asymmetries are governed by the weakly GIM suppressed contribution in

Bs-mixing. The SM predictions read

Re

ˆ

Γq12

M q
12

˙SM

“ ´
∆Γq
∆Mq

“

$

&

%

´p49.9˘ 6.7q ¨ 10´4 q “ s

´p49.7˘ 6.8q ¨ 10´4 q “ d
,

Im

ˆ

Γq12

M q
12

˙SM

“ aqsl “

$

&

%

p`2.2˘ 0.2q ¨ 10´5 q “ s

p´5.0˘ 0.4q ¨ 10´4 q “ d
, (4.105)

while in the scenario B we obtain
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ε pGeVq Γs12{M
s
12 Γd12{M

d
12

0. ´0.00499` 0.000022i ´0.00497´ 0.00050i

0.2. ´0.00494` 0.000023i ´0.00492´ 0.00053i

0.5. ´0.00484` 0.000026i ´0.00482´ 0.00059i

1.0 ´0.00447` 0.000037i ´0.00448´ 0.00084i

1.5. ´0.00287` 0.000091i ´0.00309´ 0.0021i

We see that for values of ε ď 1 GeV, the predictions for the real part lie within the

usually quoted theory uncertainties, indicated in bold type. However, they would

be increased by almost 100% in correspondence of larger values of ε.

Our conclusion is that, by modifying the usually adopted scale setting, the the-

oretical uncertainty of y, within the HQE, becomes larger than previously thought

and it can cover the experimental value. However, this does not represent a com-

plete solution and more precise estimates of higher power corrections to the HQE, as

well as full NNLO-QCD corrections to the leading dimension-six term, could bring

further insights. The alternative scale setting procedure shows that a small contri-

bution to CP violation in mixing stemming from the decay rate can be up to one per

mille within in the SM, which agrees with estimates made in Refs. [282, 283]. For

a prediction of CP violation in mixing, the contribution coming from M12 needs to

be determined in addition. This might be done in future via the help of dispersion

relations, see e.g. Refs. [278, 283, 284]. We would like to note that our suggested

procedure still respects the GIM mechanism, because for vanishing internal strange

quark mass, also the parameter ε is zero. Finally this alternative scale setting does

not affect quantities like τpD`q{τpD0q, b-hadron lifetimes and ∆Γs outside the range

of their quoted theoretical errors, but it affects the semileptonic CP asymmetries

and we get enhanced SM ranges

adsl P r´9.2;´4.6s ¨ 10´4 , assl P r2.0; 4.0s ¨ 10´5 . (4.106)

Note that in Ref. [14], the CP violating effects responsible for creating the baryon

asymmetry stem actually from adsl and assl.
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Conclusion

As discussed at the beginning this work, indirect BSM searches with quark flavour

observables, represent a promising route to improve the current understanding of the

fundamental laws of physics. However, this strategy strongly relies on the ability to

systematically increase both the experimental and the theoretical precision. In the

present thesis we have analysed the theoretical status for the study of the inclusive

decay widths of heavy hadrons, which define observables of primary phenomeno-

logical importance in heavy flavour physics. In particular, we have discussed the

computation of higher power corrections to the HQE, and tested its applicability

in the charm sector, for the case of inclusive quantities like lifetimes, semileptonic

branching fractions and mixing observables. Specifically, the first part of this thesis

has been dedicated to presenting the main ingredients required for the computation.

We have started by introducing the weak effective Hamiltonian and the heavy quark

effective theory, which constitute the two effective theories that allow to disentan-

gle a multi-scale problem like the weak decay of heavy hadrons, by progressively

integrating out the heavier degrees of freedom, respectively, the W -boson and the

massive component of the heavy quark field. We stress that our exposure, far from

being exhaustive, has only covered the aspects relevant for the subsequent discus-

sions and has mostly followed the excellent reviews available in the literature. We

have then performed a detailed derivation of the expansion of the quark propagator

in the external gluon field using the Fock-Schwinger gauge, which provides a gauge

covariant parametrisation of the soft interaction with the non perturbative QCD

field, for a quark propagating with large momentum inside the hadronic state. The

corresponding expressions, up to terms proportional to one covariant derivative of

the gluon field strength tensor, have been computed both in momentum and in co-

ordinate space. Finally, we have presented a pedagogical introduction to the heavy

quark expansion, the theoretical framework in which all of the remaining computa-

tions and discussions are embedded. In the second part of this work, we have shown

the explicit calculation of the lowest dimensional contributions to the HQE of a B

meson, namely those of two-quark operators up to order 1{m2
b and of four-quark

operators up to order 1{m4
b . For the former, the computation has been performed
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using the coordinate representation of the quark propagator and considering the

single decay mode bÑ cūd. Moreover, we have reproduced the results given in the

literature and in some cases derived more general expressions. Also in this case we

have tried to provide a very comprehensive and detailed presentation. The most

important results, from a technical point of view, have been discussed in the third

part of this work. Here, we have outlined the detailed computation of the contri-

bution of two-quark operators up to order 1{m3
b , for arbitrary non-leptonic decays

of the heavy b-quark and using the momentum representation of the quark prop-

agator in the external gluon field. Particular emphasis has been put in describing

the mixing between four-quark operators and the Darwin operator at dimension-

six, which ensures the cancellations of the infrared divergences otherwise present in

the coefficients of the Darwin operator, due to the emission of a soft gluon from a

light quark propagator. The contribution of the Darwin operator for non-leptonic b-

quark decays, has been only recently determined and found to be sizeable, hence its

effect, previously neglected, might have important consequences for b-physics phe-

nomenology. In the last part of this work, we have considered two phenomenological

applications of the HQE in the charm sector, specifically the study of the inclusive

decay width of D-mesons and of the Glashow-Iliopoulos-Maiani (GIM) cancellations

in D-meson mixing. Due to the value of its mass, the charm quark sits at the bound-

ary between the heavy- and light-quark region, and the applicability of the HQE

in the charm sector is a priori questionable. In fact, both the perturbative and the

power corrections might not describe a well converging series. For this reason, the

charm system can be considered an important testing ground for the theoretical

framework here discussed. We have then performed a comprehensive study of the

structure of the HQE for the inclusive decay width of charmed mesons, including for

the first time the contribution of the Darwin operator and in addition clarified some

inconsistencies related to the contribution of dimension-seven four-quark operators.

Our predictions appear to be consistent with the corresponding experimental pat-

tern, albeit with large theoretical uncertainties. Given the current poor knowledge

of many of the non perturbative input in the charm sector, as well as the absence

of determinations of higher order perturbative and power corrections, we conclude

that our numerical analysis does not show signals for a breakdown of the HQE in the

charm system. Finally, we have also attempted to clarify the long standing puzzle

due to the big discrepancy between the experimental determination for neutral D-

meson mixing and the corresponding HQE prediction, which might naively point at

a complete failure of the HQE in the charm sector. In this respect, we have proposed

a novel procedure to treat the renormalisation scale for observables affected by GIM

cancellations. Our results show that the experimental value can be accommodated

within the HQE, albeit again with very large theoretical uncertainties.
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In conclusion, we have improved the current theoretical status of the HQE, by

computing the contribution of the Darwin operator to non-leptonic decays of heavy

quarks and by testing its applicability in the charm system. The same framework

can in future be applied to the B system, to improve the theoretical prediction

for lifetimes and mixing observables. A precise determination of e.g. τpBsq{τpBdq,

could in fact increase the bounds on the size of potential new physics contributions

in the decay b Ñ sττ , which are predicted by some of the current BSM models

that explain the B-anomalies, or could further constrain the baryogengesis model

discussed in Ref. [14].
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Appendix A

Expansion of operators containing the heavy

quark momentum

Here we discuss a general procedure to generate operators of higher dimension, bilin-

ear in the heavy quark field, starting from expressions containing lower dimensional

operators with coefficients proportional to the heavy quark momentum. For definite-

ness we consider the case of the b-quark in order to make the connection to Chapter 2

and Chapter 3 easier. We start by recalling that inside a heavy hadron, the mo-

mentum of the heavy quark can be conveniently parametrised as pµb “ mbv
µ ` kµ.

Correspondingly the rescaled heavy quark field bvpxq is defined by

bpxq “ e´imbv¨x bvpxq , (A.1)

where the phase factor removes the large ‘kinetic’ part of the heavy quark momen-

tum so that a derivative acting on bvpxq returns only the residual component k.

Consider now the following expression pµb b̄b, with the b-fields evaluated at the origin

x “ 0. By taking into account Eq. (A.1), we can write, see Refs. [130,131]

pµb b̄b “ lim
xÑ0

b̄pxqiBµbpxq “ lim
xÑ0

b̄vpxqpmbv
µ
` iBµqbvpxq , (A.2)

here the partial derivative is acting on the right. Using that in the FS gauge, see

Section 1.3, the gauge field satisfies the useful property Aµp0q “ 0, cf. Eq. (1.87), it

follows that on the r.h.s. of Eq. (A.2), the partial derivative acting on bvpxq can be

replaced by the corresponding covariant derivative in the limit xÑ 0, namely
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pµb b̄b “ lim
xÑ0

b̄vpxq
`

mbv
µ
` iBµ ` Aµpxq

˘

bvpxq “ b̄vpmbv
µ
` iDµ

qbv , (A.3)

which generates the dimension-four operator b̄viD
µbv. If the original expression con-

tains more than one power of the heavy quark momentum, to keep track of the order

of the covariant derivatives we can symmetrise the action of the partial derivatives,

e.g. the case of pµb p
ν
b b̄b gives

pµb p
ν
b b̄b “

1

2
lim
xÑ0

b̄pxq
`

iBµiBν ` iBνiBµ
˘

bpxq

“
1

2
lim
xÑ0

b̄vpxq
´

pmbv
µ
` iBµqpmbv

ν
` iBνq ` pmbv

ν
` iBνqpmbv

µ
` iBµq

¯

bvpxq .

(A.4)

Here again we would like to replace the action of the partial derivative with that

of the covariant derivative. Note that in this case, apart from terms containing the

gauge field on the most left, which vanish when taking the limit xÑ 0, we introduce

also terms with derivatives of the gauge field evaluated at the origin, that are in gen-

eral non zero. From Eq. (1.87), it follows that BµAνp0q “ p1{2qGµνp0q, however, due

to the antisymmetry of the gluon field strength tensor, these contributions cancel in

the symmetric combination in Eq. (A.4), namely

1

2
b̄v

´

iDµiDν
` iDνiDµ

¯

bv

“
1

2
lim
xÑ0

b̄vpxq
´

`

iBµiBν ` AµpxqiBν ` iBµAνpxq ` AνpxqiBµ ` AµpxqAνpxq
˘

`
`

iBνiBµ ` AνpxqiBµ ` iBνAµpxq ` AµpxqiBν ` AνpxqAµpxq
˘

¯

bvpxq

“
1

2
b̄v
`

iBµiBν ` iBνiBµ `
i

2
Gµν

p0q `
i

2
Gνµ

p0q
˘

bv

“
1

2
b̄v
`

iBµiBν ` iBνiBµ
˘

bv . (A.5)

We then obtain that

pµb p
ν
b b̄b “

1

2
bv

!

pmbv
µ
` iDµ

q, pmbv
ν
` iDν

q

)

bv , (A.6)
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where the curly brackets denote the anticommutator. Notice that we generate oper-

ators of dimension-four and dimension-five with respectively one and two covariant

derivatives. In the case of three powers of the heavy quark momentum, pµb p
ν
bp
ρ
b b̄b,

in rewriting this expression in terms of partial derivatives we consider all the per-

mutations in the three Lorentz indices µνρ. The replacement iBµ Ñ iDµ again

follows from the symmetric combination of antisymmetric tensors, since Eq. (1.87)

now gives BµBνAρp0q “ p1{2qBµGνρp0q ` p1{3qDµGνρp0q. For n-powers of the heavy

quark momentum, we use the general expression

pµ1b . . . pµnb b̄b “
1

n!

ÿ

σPSn

b̄v
`

mbv ` iD
˘σpµ1q . . .

`

mbv ` iD
˘σpµnq

bv , (A.7)

where Sn is the group of all permutations of n elements. Furthermore consider the

following function

fprq “ a` bprq r ` cprq r2
` dprq r3

` eprq r4 , (A.8)

with the dependence on the heavy quark momentum contained in the argument

r “ m2{p2
b . In this case, we can use that p2

b “ m2
b p1`Xq, where

X “ 2
v ¨ k

mb

`
k2

m2
b

! 1 , (A.9)

and expand Eq. (A.8) in series, i.e.

fprq “
8
ÿ

n“0

gnpρq p´Xq
n , (A.10)

here g0pρq “ fpρq and the dimensionless mass parameter ρ “ m2{m2
b . The series

in Eq. (A.10) can be truncated at a certain value of n, leading to corrections up to

order 1{m2n
b . Expressing X in Eq. (A.10) back in terms of the four-momentum, we

then obtain

fprq “
8
ÿ

n“0

gnpρq

˜

1´
p2
b

m2
b

¸n

,

from which it follows that fprq b̄b can be expanded according to Eq. (A.7). Finally,

for the computation of the coefficient of the Darwin operator discussed in Chapter 3,
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we need to expand also the structure pρb b̄ G
µνb. In this case we write

pρb b̄ G
µνb “

1

2
lim
xÑ0

´

b̄pxqp´i
Ð

B
ρ
qGµν

pxqbpxq ` b̄pxqGµν
pxqpi

Ñ

B
ρ
qbpxq

¯

“
1

2
lim
xÑ0

´

b̄vpxqpmbv
ρ
´ i

Ð

B
ρ
qGµν

pxqbvpxq ` b̄vpxqG
µν
pxqpmbv

ρ
` i

Ñ

B
ρ
qbvpxq

¯

“
1

2
lim
xÑ0

´

b̄vpxqpmbv
ρ
` i

Ñ

B
ρ
qGµν

pxqbvpxq ` b̄vpxqG
µν
pxqpmbv

ρ
` i

Ñ

B
ρ
qbvpxq

¯

“
1

2

´

b̄vpmbv
ρ
` iDρ

qGµνbv ` b̄vG
µν
pmbv

ρ
` iDρ

qbv

¯

, (A.11)

where in the third step we have applied the chain rule for the derivative operator

acting on the left and dropped the corresponding term with a total derivative since

it does not contribute in forward matrix elements with zero momentum transfer.

In general, by expressing powers of the heavy quark momentum in terms of op-

erators acting on the heavy quark field, we generate a set of higher dimensional

operators with multiple covariant derivatives. Specifically, in order to compute the

contributions discussed in Chapter 2 and Chapter 3, it is sufficient to consider the

expansions up to three covariant derivatives. The operators obtained in this way,

must be then evaluated between external B meson states for the calculation of the

total decay width. This can be easily done by taking into account the results pre-

sented in Ref. [105], in which the complete parametrisation of these matrix elements,

up to order 1{m4
b was derived.
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Appendix B

Results for one-loop integrals in dimensional

regularisation

Here we list some useful results for the computation of one-loop integrals in dimen-

sional regularisation [47–50] with D “ 4´ 2ε. All the expressions presented can be

found in standard QFT textbooks like Refs. [38,81,285]. Note that in the following

we use the notation

µ2ε

ż

dDl

p2πqD
”

ż

l

. (B.1)

The scalar tadpole and bubble integrals are respectively given by

ż

l

1

pl2 ´m2 ` iεq
“ A0pm

2
q , (B.2)

and
ż

l

1

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

“ B0pp
2,m2

1,m
2
2q , (B.3)

with

A0pm
2
q “

im2

16π2

˜

1

ε
´ γE ` logp4πq ` 1` log

ˆ

m2

µ2

˙

¸

`Opεq , (B.4)

B0pp
2,m2

1,m
2
2q “

i

16π2

˜

1

ε
´ γE ` logp4πq ` fpp2,m2

1,m
2
2q

¸

`Opεq , (B.5)

where γE is the Euler-Mascheroni constant and

175



fpp2,m2
1,m

2
2q “ ´

1
ż

0

dx log

ˆ

p1´ xqm2
1 ` xm

2
2 ´ x p1´ xq p

2 ´ iε

µ2

˙

, (B.6)

Note that as ε Ñ 0, the function fpp2,m2
1,m

2
2q is real and analytic in s P C, with

Repsq “ p2, only for p2 ă
`

m1 ` m2

˘2
_ 0 ď x ď 1, while it exhibits a branch

point when the argument of the logarithm in the integrand on the r.h.s of Eq. (B.6)

vanishes. This leads to a cut in the complex s-plane, in correspondence of the points

p2 ą
`

m1 `m2

˘2
in which the argument of logarithm becomes negative. By intro-

ducing ε, the computation of the integral, performed above and below the branch

cut, gives see e.g. the lecture notes [286,287]

Disc fpp2,m2
1,m

2
2q “ 2iπ

a

λpp2,m2
1,m

2
2q

p2
θ
´

p2
´
`

m1 `m2

˘2
¯

, (B.7)

and θpxq is the Heaviside function. From Eqs. (B.4)-(B.7) it follows that

Im iA0pm
2
q “ 0 , (B.8)

while

Im iB0pp
2,m2

1,m
2
2q “ ´

1

16π2
Imfpp2,m2

1,m
2
2q “ ´

1

16π

a

λpp2,m2
1,m

2
2q

p2
, (B.9)

for p2 ě
`

m1`m2

˘2
. The corresponding one- and two-point one-loop tensor integrals

of rank r can be computed, using the Passarino-Veltman reduction algorithm [155],

as a linear combination of tensors of the same rank, built from the metric gµν and

the external momentum pµ, with coefficients proportional to the scalar integrals in

Eqs. (B.2), (B.3). Let us consider explicitly the cases r “ 1, 2. Rank-1 integrals can

only depend on the four-vector pµ, namely

ż

l

lρ

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

“ B11 p
ρ , (B.10)

where the coefficient B11 is obtained contracting both sides of Eq. (B.10) with pρ i.e.

B11 “
1

p2

ż

l

l ¨ p

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

. (B.11)

By substituting the identity
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l ¨ p “
1

2

´

l2 ` p2
´ pl ´ pq2 `m2

1 ´m
2
1 `m

2
2 ´m

2
2

¯

, (B.12)

into Eq. (B.11), evidently yields

B11 “
1

2p2

ż

l

pl2 ´m2
1q ´ ppl ´ pq

2 ´m2
2q ` pp

2 `m2
1 ´m

2
2q

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

“
1

2p2

˜

A0pm
2
2q ´A0pm

2
1q `

´

p2
`m2

1 ´m
2
2

¯

B0pp
2,m2

1,m
2
2q

¸

, (B.13)

where we have taken into account Eqs. (B.2), (B.3). In the case of rank-2 integrals,

we can build two independent tensors, gρσ and pρpσ, namely

ż

l

lρlσ

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

“ B21 p
ρpσ `B22 p

2gρσ , (B.14)

here, the coefficients B21, B22, are the solutions of the system of two equations ob-

tained contracting both sides of Eq. (B.14) respectively with pρ and gρσ, i.e.

ż

l

l2

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

“ B21 p
2
` p2 B22 D , (B.15)

ż

l

pl ¨ pq pσ

pl2 ´m2
1 ` iεqppl ´ pq

2 ´m2
2 ` iεq

“ B21 p
2 pσ ` p2 B22 p

σ . (B.16)

Adding and subtractingm2
1 in the numerator of Eq. (B.15) and substituting Eq. (B.12)

into Eq. (B.16), we obtain 1

´

B21 `DB22

¯

p2
“ A0pm

2
2q `m

2
1 B0pp

2,m2
1,m

2
2q , (B.17)

´

B21 `B22

¯

p2
“

1

2

´

A0pm
2
2q ` pp

2
`m2

1 ´m
2
2qB11

¯

, (B.18)

solved by

1Note that integrals of odd functions of lµ vanish due to parity.
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B21 “
1

D ´ 1

1

2p2

˜

A0pm
2
2qpD ´ 2q ´ 2m2

1 B0pp
2,m2

1,m
2
2q

`

D pm2
1 ´m

2
2 ` p

2q

´

A0pm
2
2q ´A0pm

2
1q ` pp

2 `m2
1 ´m

2
2qB0pp

2,m2
1,m

2
2q

¯

2p2

¸

,

(B.19)

and

B22 “
1

D ´ 1

1

2p2

˜

A0pm
2
2q ` 2m2

1 B0pp
2,m2

1,m
2
2q

´

pm2
1 ´m

2
2 ` p

2q

´

A0pm
2
2q ´A0pm

2
1q ` pp

2 `m2
1 ´m

2
2qB0pp

2,m2
1,m

2
2q

¯

2p2

¸

,

(B.20)

where Eq. (B.13) has been used. The expressions in Eq. (B.2)-(B.20) are needed for

the computation of the four-quark operators contribution discussed in Chapter 2.

Finally we derive some useful results used in the calculation of the one-loop di-

agram in Figure 3.4, describing the mixing of four-quark operators with two-quark

operators at dimension-six, discussed in Chapter 3. Consider the following scalar

integrals

ż

l

1

pl2 ´m2 ` iεq2
“ I0pm

2
q , (B.21)

and

ż

l

l2

pl2 ´m2 ` iεq3
“
D

4
I0pm

2
q , (B.22)

with

I0pm
2
q “

i

16π2

˜

1

ε
´ γE ` logp4πq ` log

ˆ

µ2

m2

˙

¸

`Opεq . (B.23)

Rank-2 integrals, since now there is no external momentum they can depend on,

can be only parametrised by the metric tensor i.e.
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ż

l

lµlν

pl2 ´m2 ` iεq3
“ gpm2

q gµν , (B.24)

where the coefficient gpm2q is obtained by contracting both sides of Eq. (B.24) with

gµν . This gives

ż

l

l2

pl2 ´m2 ` iεq3
“ D gpm2

q , (B.25)

and from Eq. (B.22) it then follows that

gpm2
q “

1

4
I0pm

2
q . (B.26)
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Appendix C

Decomposition of tensor integrals

In the following section we describe how to reduce rank-r integrals to a linear com-

bination of tensors of rank-r with coefficients given by scalar integrals. We consider

explicitly integrals of the sunset type encountered in Chapter 3 although the same

procedure can be generalised to any tensor integral without loss of generality. We

work again in dimensional regularisation with D “ 4´ 2ε and to simplify the nota-

tion we define

ż

l1l2

”

ż

l1

ż

l2

1

pl21 ´m
2
1 ` iεq pl

2
2 ´m

2
2 ` iεqppl1 ` l2 ´ pq

2 ´m2
3 ` iεq

, (C.1)

with
ş

l
defined as in Eq. (B.1). Rank-1 integrals can only be parametrised in terms

of the external momentum pµ, hence

ż

l1l2

lµj “ ajpp
2,m2

i q p
µ , (C.2)

where j “ 1, 2 and the coefficient ajpp
2,m2

i q is obtained by contracting both sides

of Eq. (C.2) with pµ i.e.

ajpp
2,m2

i q “
1

p2

ż

l1l2

plj ¨ pq . (C.3)

In the case of rank-2 integrals, we can build two independent tensors, namely p2gµν

and pµpν , hence

ż

l1l2

lµj l
ν
k “ bjkpp

2,m2
i q p

2gµν ` cjkpp
2,m2

i q p
µpν , (C.4)

where j, k “ 1, 2 and the coefficients bjkpp
2,m2

i q, cjkpp
2,m2

i q are the solutions of the
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system of two equations obtained by contracting both sides of Eq. (C.4) respectively

with gµν and pµpν i.e.

bjkpp
2,m2

i q “
1

D ´ 1

1

p4

ż

l1l2

´

plj ¨ lkqp
2
´ plj ¨ pqplk ¨ pq

¯

, (C.5)

cjkpp
2,m2

i q “
1

D ´ 1

1

p4

ż

l1l2

´

D plj ¨ pqplk ¨ pq ´ plj ¨ lkqp
2
¯

. (C.6)

In the case of rank-3 integrals, there are four independent tensors p2gtµνpρu with the

curly brackets denoting all possible permutation of the Lorentz indices, hence

ż

l1l2

lµj l
ν
kl
ρ
m “ d1,jkmpp

2,m2
i q p

2 gµνpρ ` d2,jkmpp
2,m2

i q p
2 gρµpν

` d3,jkmpp
2,m2

i q p
2 gνρpµ ` ejkmpp

2,m2
i q p

µpνpρ ,

(C.7)

where j, k,m “ 1, 2 and the coefficients dr,jkmpp
2,m2

i q, ejkmpp
2,m2

i q are the solutions

of the system of four equations obtained by contracting both sides of Eq. (C.7) re-

spectively with gµνpρ, gρµpν , gνρpµ and pµpνpρ. Defining for simplicity

djkmpp
2,m2

i q “
1

D ´ 1

1

p6

ż

l1l2

´

plj ¨ lkqplm ¨ pqp
2
´ plj ¨ pqplk ¨ pqplm ¨ pq

¯

, (C.8)

leads to

d1,jkmpp
2,m2

i q “ djkmpp
2,m2

i q , (C.9)

d2,jkmpp
2,m2

i q “ dkmjpp
2,m2

i q , (C.10)

d3,jkmpp
2,m2

i q “ dmjkpp
2,m2

i q , (C.11)

while
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ejkmpp
2,m2

i q “
1

D ´ 1

1

p6

ż

l1l2

´

pD ` 2q plj ¨ pqplk ¨ pqplm ¨ pq

´ plj ¨ lkqplm ¨ pq p
2
´ plk ¨ lmqplj ¨ pq p

2
´ plm ¨ ljqplk ¨ pq p

2
¯

. (C.12)

Finally in the case of rank-4 integrals there are 10 independent tensor structures we

can build, namely p4 gtµνgρσu, p2gtµνpρpσu, and pµpνpρpσ, hence

ż

l1l2

lµj l
ν
kl
ρ
ml

σ
n “ f1,jkmnpp

2,miq p
4 gµνgρσ ` f2,jkmnpp

2,miq p
4 gµρgνσ

` f3,jkmnpp
2,miq p

4 gµσgνρ ` g1,jkmnpp
2,miq p

2 gµνpρpσ

` g2,jkmnpp
2,miq p

2 gµρpνpσ ` g3,jkmnpp
2,miq p

2 gµσpνpρ

` g4,jkmnpp
2,miq p

2 gνρpµpσ ` g5,jkmnpp
2,miq p

2 gνσpµpρ

` g6,jkmnpp
2,miq p

2 gρσpµpν ` hjkmnpp
2,miq p

µpνpρpσ , (C.13)

where the coefficients fr,jmkpp
2,miq, gs,jmkpp

2,miq and hjmkpp
2,miq are the solutions

of the system of 10 equations obtained by contracting both sides of Eq. (C.13) with

each of the tensor structures. Defining

fjkmnpp
2,miq “

1

pD2 ´ 1qpD ´ 2q

1

p8

ż

l1l2

”

D
´

plj ¨ pqplk ¨ pqplm ¨ pqpln ¨ pq

` plj ¨ lkq
´

plm ¨ lnq ´ plm ¨ pqpln ¨ pq
¯

´ plj ¨ pqplk ¨ pqplm ¨ lnq
¯

` plj ¨ lmqplk ¨ pqpln ¨ pq ` plj ¨ lnqplk ¨ pqplm ¨ pq

` plj ¨ pqpln ¨ pqplk ¨ lmq ` plj ¨ pqplm ¨ pqplk ¨ lnq

´

´

plj ¨ lmqplk ¨ lnq ` plj ¨ lnqplk ¨ lmq ` 2 plj ¨ pqplk ¨ pqplm ¨ pqpln ¨ pq
¯ı

,

(C.14)
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and

gjkmnpp
2,miq “ ´

1

pD2 ´ 1qpD ´ 2q

1

p8

ż

l1l2

”

´D2
plj ¨ lkqplm ¨ pqpln ¨ pq

`D
´

D plj ¨ pqplk ¨ pqplm ¨ pqpln ¨ pq ` plj ¨ lkqplm ¨ lnq ´ plj ¨ pqplk ¨ pqplm ¨ lnq
¯

` 2 plj ¨ lkqplm ¨ pqpln ¨ pq ` plj ¨ lmqplk ¨ pqpln ¨ pq ` plj ¨ lnqplk ¨ pqplm ¨ pq

` plj ¨ pqpln ¨ pqplk ¨ lmq ` plj ¨ pqplm ¨ pqplk ¨ lnq

´
`

plj ¨ lmqplk ¨ lnq ` plj ¨ lnqplk ¨ lmq ` 4 plj ¨ pqplk ¨ pqplm ¨ pqpln ¨ pq
˘

ı

,

(C.15)

it follows that

f1,jkmnpp
2,miq “ fjkmnpp

2,miq , (C.16)

f2,jkmnpp
2,miq “ fjmknpp

2,miq , (C.17)

f3,jkmnpp
2,miq “ fjnkmpp

2,miq , (C.18)

g1,jkmnpp
2,miq “ gjkmnpp

2,miq , (C.19)

g2,jkmnpp
2,miq “ gjmknpp

2,miq , (C.20)

g3,jkmnpp
2,miq “ gjnkmpp

2,miq , (C.21)

g4,jkmnpp
2,miq “ gkmjnpp

2,miq , (C.22)

g5,jkmnpp
2,miq “ gknjmpp

2,miq , (C.23)

g6,jkmnpp
2,miq “ gmnjkpp

2,miq , (C.24)

while
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hjkmnpp
2,miq “ ´

1

D2 ´ 1

1

p8

ż

l1l2

«

´ pD ` 4qpD ` 2q plj ¨ pqplk ¨ pqplm ¨ pqpln ¨ pq

` pD ` 2q
´

plj ¨ lkqplm ¨ pqpln ¨ pq ` plj ¨ lmqplk ¨ pqpln ¨ pq

` plj ¨ lnqplk ¨ pqplm ¨ pq ` plk ¨ lmqplj ¨ pqpln ¨ pq

` plk ¨ lnqplj ¨ pqplm ¨ pq ` plm ¨ lnqplj ¨ pqplk ¨ pq
¯

´

´

plj ¨ lkqplm ¨ lnq ` plj ¨ lmqplk ¨ lnq ` plj ¨ lnqplk ¨ lmq
¯

ff

. (C.25)
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Appendix D

Expressions for the coefficients Cpq1q̄2q3q

0 and

Cpq1q̄2q3q

G,mn

Here we present the analytic expressions for the coefficients Cpq1q̄2q3q0 and Cpq1q̄2q3qG,mn

with mn “ 11, 12, 22, introduced in Eq. (3.23). They read respectively

Cpuūdq0 “ 1 , CpuūdqG,11 “ ´
3

2
“ CpuūdqG,22 , CpuūdqG,12 “ ´

19

2
, (D.1)

Cpuc̄sq0 “ 1´ 8ρ´ 12ρ2 logpρq ` 8ρ3
´ ρ4 , (D.2)

Cpuc̄sqG,11 “ ´
1

2

`

3´ 8ρ` 12ρ2 logpρq ` 24ρ2
´ 24ρ3

` 5ρ4
˘

“ Cpuc̄sqG,22 , (D.3)

Cpuc̄sqG,12 “ ´
1

2

`

19` 16ρ` 12ρpρ` 4q logpρq ´ 24ρ2
´ 16ρ3

` 5ρ4
˘

, (D.4)

Cpcūdq0 “ 1´ 8ρ´ 12ρ2 logpρq ` 8ρ3
´ ρ4 , (D.5)

CpcūdqG,11 “ ´
1

2

`

3´ 8ρ` 12ρ2 logpρq ` 24ρ2
´ 24ρ3

` 5ρ4
˘

“ CpcūdqG,22 , (D.6)

CpcūdqG,12 “ ´
1

2

`

19´ 56ρ` 12ρ2 logpρq ` 72ρ2
´ 40ρ3

` 5ρ4
˘

, (D.7)
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Cpcc̄sq0 “
a

1´ 4ρ
`

1´ 14ρ´ 2ρ2
´ 12ρ3

˘

` 24ρ2
p1´ ρ2

q log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸

,

(D.8)

Cpcc̄sqG,11 “ ´
1

2

«

a

1´ 4ρ
`

3´ 10ρ` 10ρ2
` 60ρ3

˘

´ 24ρ2
p1´ 5ρ2

q log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

“ Cpcc̄sqG,22 , (D.9)

Cpcc̄sqG,12 “ ´
1

2

«

a

1´ 4ρ
`

19´ 2ρ` 58ρ2
` 60ρ3

˘

´ 24ρ p2` ρ´ 4ρ2
´ 5ρ3

q log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

, (D.10)
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Appendix E

Expressions for the divergent functions Dpq1q̄2q3q
mn

Here we list the expressions for the divergent functions Dpq1q̄2q3qnm given in Eq. (3.26).

Dpuūdq11 “ 8 log

ˆ

m2
u

m2
b

˙

, (E.1)

Dpuūdq12 “ 8

„

log

ˆ

m2
d

m2
b

˙

´ log

ˆ

m2
u

m2
b

˙

, (E.2)

Dpuūdq22 “ 8 log

ˆ

m2
d

m2
b

˙

, (E.3)

Dpuc̄sq11 “ 8 p1´ ρq2 p1` ρq log

ˆ

m2
u

m2
b

˙

, (E.4)

Dpuc̄sq12 “ 8 p1´ ρq2 p1` ρq

„

log

ˆ

m2
u

m2
b

˙

` log

ˆ

m2
s

m2
b

˙

, (E.5)

Dpuc̄sq22 “ 8 p1´ ρq2 p1` ρq log

ˆ

m2
s

m2
b

˙

, (E.6)

Dpcūdq12 “ ´16 p1´ ρq2 log

ˆ

m2
u

m2
b

˙

` 8 p1´ ρq2p1` ρq log

ˆ

m2
d

m2
b

˙

, (E.7)

Dpcūdq22 “ 8 p1´ ρq2p1` ρq log

ˆ

m2
d

m2
b

˙

, (E.8)

Dpcc̄sq12 “ 8
a

1´ 4ρ log

ˆ

m2
s

m2
b

˙

, (E.9)

Dpcc̄sq22 “ 8
a

1´ 4ρ log

ˆ

m2
s

m2
b

˙

. (E.10)
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Appendix F

Coefficients of the Darwin operator for the

charm system

The coefficients Cpq1q2qρD,mn of the Darwin operator corresponding to the c Ñ q1q̄2u de-

cya, needed for the analysis of D-meson decays, including the full s-quark mass

dependence with ρ “ m2
s{m

2
c , are given by the following expressions

Cpdd̄qρD,11 “ 6 , Cpdd̄qρD,12 “ ´
34

3
, Cpdd̄qρD,22 “ 6 , (F.1)

Cpds̄qρD,11 “
2

3
p1´ ρq

„

9` 11ρ´ 12ρ2 logpρq ´ 24
`

1´ ρ2
˘

logp1´ ρq ´ 25ρ2
` 5ρ3



,

(F.2)

Cpds̄qρD,12 “ ´
2

3

„

17` 12ρ
`

5` 2ρ´ 2ρ2
˘

logpρq ` 48p1´ ρqp1´ ρ2
q logp1´ ρq

´ 26ρ` 18ρ2
´ 38ρ3

` 5ρ4



, (F.3)

Cpds̄qρD,22 “
2

3
p1´ ρq

„

9` 11ρ´ 12ρ2 logpρq ´ 24
`

1´ ρ2
˘

logp1´ ρq ´ 25ρ2
` 5ρ3



,

(F.4)
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Cpsd̄qρD,11 “
2

3

„

9´ 16ρ´ 12ρ2
` 16ρ3

´ 5ρ4



, (F.5)

Cpsd̄qρD,12 “ ´
2

3

„

17` 12 ρ2
p3´ ρq logpρq

´ 24p1´ ρq3 logp1´ ρq ´ 50ρ` 90ρ2
´ 54ρ3

` 5ρ4



, (F.6)

Cpsd̄qρD,22 “
2

3
p1´ ρq

„

9` 11ρ´ 12ρ2 logpρq

´ 24
`

1´ ρ2
˘

logp1´ ρq ´ 25ρ2
` 5ρ3



, (F.7)

Cpss̄qρD,11 “
2

3

«

a

1´ 4ρ
`

17` 8ρ´ 22ρ2
´ 60ρ3

˘

´ 4
`

2´ 3ρ` ρ3
˘

`

´ 12
`

1´ ρ´ 2ρ2
` 2ρ3

` 10ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸

´ 12 p1´ ρqp1´ ρ2
q logpρq

ff

, (F.8)

Cpss̄qρD,12 “
2

3

«

a

1´ 4ρ
`

´33` 24 logpρq ´ 24 logp1´ 4ρq ` 46ρ´ 106ρ2
´ 60ρ3

˘

` 12
`

3´ 2ρ` 4ρ2
´ 16ρ3

´ 10ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸

` 4 p1´ ρq2 p4` 3p1´ ρq logpρq ´ ρq

ff

, (F.9)

Cpss̄qρD,22 “
2

3

«

a

1´ 4ρ
`

9` 24 logpρq ´ 24 logp1´ 4ρq ` 22ρ´ 34ρ2
´ 60ρ3

˘

` 24
`

1´ 2ρ´ ρ2
´ 2ρ3

´ 5ρ4
˘

log

˜

1`
a

1´ 4ρ

1´
a

1´ 4ρ

¸ff

. (F.10)
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Appendix G

Parametrisation of matrix elements of four-

quark operators

The matrix elements of the dimension-six operators in QCD are parametrised as

xDq|O
q
i |Dqy “ Ai f

2
Dqm

2
DqB

q
i , (G.1)

xDq|O
q1

i |Dqy “ Ai f
2
Dqm

2
Dq δ

qq1

i , q ‰ q1 (G.2)

where

Aq1 “ Aq3 “ 1 , Aq2 “ Aq4 “
m2
D

pmc `mqq
2
. (G.3)

In VIA the Bag parameters reduce to Bq
1 “ Bq

2 “ 1, Bq
3 “ 0, Bq

4 “ 0 and δqq
1

i “ 0.

The matrix elements of the dimension-seven four-quark operators in Eqs. (4.52) -

(4.60) in HQET are parametrised in the following way

xDq|Pq
1 |Dqy “ ´mqF

2
pµ0qmD B̃

q
P,1 , (G.4)

xDq|Pq
2 |Dqy “ ´F

2
pµ0qmD Λ̄ B̃q

P,2 , (G.5)

xDq|Pq
3 |Dqy “ ´F

2
pµ0qmD Λ̄ B̃q

P,3 , (G.6)

xDq|Rq
1|Dqy “ ´F

2
pµ0qmD pΛ̄´mqq B̃

q
R,1 , (G.7)

xDq|Rq
2|Dqy “ F 2

pµ0qmD pΛ̄´mqq B̃
q
R,1 , (G.8)
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with Λ̄ “ mD ´mc, and

xDq|Mq
1|Dqy “ 2F 2

pµ0qmDG1pµ0q B̃
q
M,1 , (G.9)

xDq|Mq
2|Dqy “ 12F 2

pµ0qmDG2pµ0q B̃
q
M,2 , (G.10)

xDq|Mq
3|Dqy “ 2F 2

pµ0qmDG1pµ0q B̃
q
M,3 , (G.11)

xDq|Mq
4|Dqy “ 12F 2

pµ0qmDG2pµ0q B̃
q
M,4 , (G.12)

and similar expressions for the colour-octet operators. Again, in VIA, the dimension-

seven Bag parameters are B̃q
P,i “ 1, B̃q

R,i “ 1, and L̃qM,i “ 1, while the corresponding

colour-octet Bag parameters vanish. The expressions in Eqs. (G.4) - (G.8) have

been obtained using the general parametrisation in HQET of the matrix element

of heavy-quark currents between a heavy pseudo-scalar meson and the vacuum, see

e.g. Ref. [52], namely

x0|q̄ Γhv|Mpvqy “
i

2
F pµqTrrΓMpvqs , (G.13)

x0|q̄ Γ iDαhv|Mpvqy “ ´
i

6
pΛ̄´mqqF pµqTrrpvα ` γαqΓMpvqs , (G.14)

x0|q̄p´i
Ð

DαqΓhv|Mpvqy “ ´
i

6
F pµqTrrpp4Λ̄´mqqvα ` pΛ̄´mqqγαqΓMpvqs,

(G.15)

while for the non-local operators

x0|i

ż

d4yT
“

pq̄ Γhvqp0q, ph̄vpiDq
2hvqpyq

‰

|Mpvqy “ F pµqG1pµqTrrΓMpvqs,

(G.16)

x0|i

ż

d4yT

„

pq̄ Γhvqp0q,
1

2
gs
`

h̄vσαβG
αβhv

˘

pyq



|Mpvqy “ 6F pµqG2pµqTrrΓMpvqs,

(G.17)

where Γ is a generic Dirac structure, and

Mpvq “ ´
?
mD

p1` {vq

2
γ5 . (G.18)
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