Fach Mathematik

Dissertationsthema

Bianchi-convexity
and applications to Ricci flow

Inaugural-Dissertation
zur Erlangung des Doktorgrades
der Naturwissenschaften im Fachbereich
Mathematik und Informatik
der Mathematisch-Naturwissenschaftlichen Fakultat
der Westfalischen Wilhelms-Universitat Munster

vorgelegt von
Stine Franziska Beitz
aus Potsdam

- 2018 -



Dekan:

Erster Gutachter:

Zweiter Gutachter:

Tag der miindlichen Priifung:

Tag der Promotion:

Prof. Dr. Xiaoyi Jiang
Prof. Dr. Burkhard Wilking
Prof. Dr. Christoph Bohm
22. Juni 2018

22. Juni 2018



Abstract

Convexity and weaker forms of convexity play a crucial role in many areas of mathematics. In
this thesis, we introduce and investigate the new notion of Bianchi-convezity, a generalization
of convexity inspired by the second Bianchi identity of Riemannian curvature tensors, and give
some applications to the Ricci flow: In the setting of algebraic curvature tensors, we generalize
Hamilton’s maximum principle for Bianchi-convex sets. Using this, in dimension three, we derive
a family of non-convex Bianchi-convex sets which are preserved by the Ricci flow. Moreover, we
prove rigidity results for compact Ricci solitons respectively complete shrinking gradient Ricci
solitons involving the concept of Bianchi-convex functions. As a consequence, we obtain explicit
curvature conditions such that complete shrinking gradient Ricci solitons (and as a special case
complete Einstein manifolds) satisfying these are locally symmetric. This yields a further step
into the direction of a complete classification of shrinking Ricci solitons.
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Introduction

The notion of convexity plays an important role in many areas of mathematics. It has applications,
for instance, in convex minimization, a subfield of optimization theory, where the problem of mini-
mizing convex functions over convex sets is investigated. Since minima of strictly convex functions
on vector spaces are unique, these are of particular significance in this area. Concerning convexity
of sets, the Brunn-Minkowski inequality gives a connection between the Lebesgue-measure of a
certain Minkowski-sum of two convex bodies and their Lebesgue-measure. A direct consequence
is the famous isoperimetric inequality, which in three-dimensional space implies that under all
bodies with the same surface area, the ball (a convex set) has the largest volume. An analogous
statement holds true in arbitrary dimensions. An elementary inequality for convex functions is
Jensen’s inequality which is the basis of many important results in probability theory, measure
theory and analysis. In the study of non-positively curved spaces, convexity is an important tool,
since subsets of CAT(0)-spaces are convex if and only if the distance functions from these sets
are convex. In Riemannian geometry, the existence of a non-constant convex function f on a
complete Riemannian manifold M (i.e. a function that is convex along all geodesics) has strong
topological and geometrical consequences. In the case that f is additionally continuous, an obvi-
ous implication is that the manifold is non-compact. Moreover, in [Yau74], Yau showed that in
this case its volume is infinite. In dimension two, Greene and Shiohama proved that if f is locally
non-constant, then M is either diffeomorphic to the plane, the cylinder or the open Mobius strip
[GS81b]. Furthermore, in [GS81a|, they proved results about the differentiable structure of M
depending on whether the set of minimum points of f is empty or not.

In many situations where convexity is used, only a weaker form of convexity is needed. An example
for this is the concept of quasiconvex functions (i.e. functions defined on a convex subset of a vector
space, the sublevel sets of which are all convex), relevant in quasiconvex programming, a subfield
of optimization theory, as well as in game theory, in particular for applications of Sion’s minimax
theorem. In the study of majorization, one considers Schur-convex functions, i.e. order-preserving
functions in the sense that if one argument is majorized by another, then the corresponding values
under this functions are ordered in the same way [PPT92, Definition 12.23]. For functions on the
space of matrices, the notion of rank-one convexity occurs in the analysis of partial differential
equations, calculus of variations and elasticity theory. In the case of twice continuous differentia-
bility, this notion is equivalent to the Legendre-Hadamard condition, which means that in each
point the Hessian of the function is positive semidefinite on the space of matrices of rank one.

In the analysis of the Ricci flow, where Riemannian metrics on a manifold evolve according to

0

o gy = —2ricy,

(here ricy, denotes the Ricci curvature of the metric g,), convexity is of particular interest via
Hamilton’s maximum principle. It states that an O(n)-invariant, closed and convex subset of the
space of algebraic curvature tensors A, := S%(A?(R™)*), which is invariant under the ordinary



2 INTRODUCTION

differential equation
R(t) = R(t)* + R(t)", (1)

is already invariant under the Ricci flow, i.e. for all n-dimensional compact manifolds M and
solutions g, t € [0,T), to the Ricci flow on M with gq satisfying €2, we have that g, satisfies  for
allt € [0,T"). Here, a Riemannian metric g satisfies €2, if the Riemannian curvature operator Rm,
(see Section 1.3) is contained in 29 C S%(A2T*M) (i.e. Q transfered to the fibres via g-isometries)
at all points in M, and the map # will be defined in Definition 1.1.17. Moreover, a set being
invariant under a differential equation means that solutions of this differential equation which
start in the set stay in it for all times. Following the above ideas, it turns out that this theorem
can be generalized by weakening the notion of convexity to what we call Bianchi-convexity. We
define a closed subset 2 C A,, with smooth boundary to be Bianchi-convex, if for all R € 92 and
tuples (171, ...,T,) € (TrROQ)™ which satisfy a certain second Bianchi identity, we have that

S 03T, T)) <0,

=1

where 1% denotes the second fundamental form of 9 in R. In the general case that the boundary
of £ is not smooth, we give a definition involving supporting submanifolds. One goal of this thesis
is to investigate this new notion, including examples of non-convex Bianchi-convex sets which show
that Bianchi-convexity is a real generalization of convexity, and to give a proof of the following
maximum principle.

Theorem A. Let Q) C A, be O(n)-invariant, closed, Bianchi-convex and uniformly transversally
star-shaped with respect to A\ for some A\ € R (see Definition 4.53.1). If Q is invariant under the
ordinary differential equation (1), then Q) is invariant under the Ricci flow.

Here, I denotes the identity in A,,. In dimension three, using the maximum principle, Theorem
A, we derive a family of non-convex Bianchi-convex sets which are invariant under the Ricci flow.

Proposition. Fora € (3,2) and ¢ > 0, the set
{R € As ’ |R||? — ascal(R)* < ¢ and scal(R) > ba,c}

is invariant under (1), thus invariant under the Ricci flow. Here,

3c . 3
bac =4/ y— smh<2> > 0.

The second part of this thesis treats Bianchi-convex functions, i.e. smooth functions F : U — R,
where U C A, is open, such that for all R € U and tuples (T1,...,T,) € (TrU)" that satisfy the
afore-mentioned second Bianchi identity, we have that

> HessgF(T;,T;) > 0.

=1

If the inequality above is strict unless T; = 0 for each ¢ = 1, ..., n, then F is called strictly Bianchi-
convex. In dimension n > 3, a non-constant smooth function F' on an open cone Q2 C A, \ {0},
the sublevel sets of which are strictly convex cones, can never be convex. However, we will see
that up to an appropriate reparametrization and restriction such a function is Bianchi-convex:



Theorem B. For each open cone U with U C QN B, and such that HesspF | is positive definite
for all R € U with dFgr = 0, there exists a smooth function ¢ : R — R with ¢’ > 0 such that po F
restricted to U s strictly Bianchi-convez.

Here, the closure of U is taken in A, \ {0} and we define the cone
B ={R € Ay | Rlpzqry # 0 for all v € R"\ {0} .

In the study of singularity formation of the Ricci flow, Ricci solitons are of special significance.
These are tuples (M, g, X, \) consisting of a Riemannian manifold (M, g), a smooth vector field
X and a real number \ which satisfy

1
ricy + §£Xg = \g,

where £ denotes the Lie derivative. In particular, shrinking gradient Ricci solitons (i.e. Ricci
solitons with A > 0 and X = grad, f for some smooth function f : M — R, denoted by (M, g, f, A))
arise as singularity models for so-called Type I Ricci flows. However, although several partial
results exist, a classification of shrinking gradient Ricci solitons is not yet understood and is an
active area of research.

Trivial examples for shrinking gradient Ricci solitons are Einstein manifolds £ with positive Fin-
stein constant \ as well as (E x R* gp + d2?, f,\), where k > 0 and the potential function is
given by f(e,z) := 3||z||* for e € E and € R*. It is known that all two-dimensional complete
shrinking gradient Ricci solitons are either S?, RP? or R? ([Ham88], [BM15, Corollary 1]) and in
dimension three they are finite quotients of S3, S? x R or R? [CCZ08, Proposition 4.7]. In higher
dimensions, the classification is more difficult. There exist non-trivial shrinking gradient Ricci
solitons (see [Koi90], [Ca096], [WZ04], [FIKO03]). However, all known examples so far are Kéahler.
Yet there are many rigidity results for complete shrinking gradient Ricci solitons satisfying some
curvature condition such as bounded non-negative curvature operator (in the four-dimensional
non-compact case [Nab07]), non-negative sectional curvature and scalar curvature bounded from
above by 2\ [PW09, Theorem 1.4], vanishing Weyl tensor [Zha09a, Theorem 1.2], harmonic Weyl
tensor ([FLGR11], [MS13]) and vanishing Bach tensor [CC13] to name just a few.

The notion of Bianchi-convex functions introduced above yields a further step into the direction of
a complete classification of shrinking gradient Ricci solitons, namely the following rigidity result.

Theorem C. Let Q C A, \ {0} be an open and O(n)-invariant cone and F : Q@ — R a scale-
and O(n)-invariant, smooth, bounded and strictly Bianchi-convex function, the sublevel sets of
which are invariant under the ordinary differential equation (1). Then all n-dimensional complete
shrinking gradient Ricci solitons (M, g, f, \) such that g satisfies Q0 are locally symmetric.

By [FLGR11] and [MS13], such a Ricci soliton (M, g, f, A) is trivial, i.e. either Einstein or a finite
quotient of E x R* where k > 0, F is an (n — k)-dimensional Einstein manifold and R* is the
Gaussian shrinking soliton.

Keeping the reparametrization theorem, Theorem B, in mind, a first step into the direction of
finding functions that satisfy the assumption of Theorem C is to find a one-parameter family of
strictly convex cones in A,, which are invariant under the ordinary differential equation (1). Given
the conjecture of Bohm-Wilking that the cones

n— 2

Q, = {R € A, (4 4 a) IR|? < ric(R)|* and scal(R) > o}
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are invariant under (1) for n > 12 and a € [0, 2], respectively the conjecture of the author that

4
the cones

<(R,I) < arctan (\/g) and scal(R) > O}

are invariant under (1) for n > 3 and a > d,, where d,, = w, one obtains scale- and

2
O(n)-invariant, bounded and smooth functions

0, = {RGAn

IR
Q—>R:R—> ——F——
[ric(R)|]?
||RriCO + RWH2
©—>R:R~— ,
| R[[?

where  := U,-08),, © 1= Ua>$@a. Above, Ry, R, respectively R; denote the Weyl, traceless
Ricci respectively scalar curvature part of the algebraic curvature tensor R and [ is the identity
in A,,. The sublevel sets of these functions are strictly convex. Moreover, the sublevel sets of the
first function are invariant under (1), for the second function this is only true after restricting it
to Og4,. With the help of the reparametrization theorem, Theorem B, this yields the following two
applications of Theorem C.

Theorem D. Let n > 12. Then all n-dimensional complete shrinking gradient Ricci solitons
(M, g) with g satisfying Q, for some a > % are locally symmetric.

Theorem E. Let n > 3. Then all n-dimensional complete shrinking gradient Ricci solitons (M, g)
with g satisfying ©4, are locally symmetric.

In dimension n > 5, we show that the Bryant soliton, a complete non-compact steady gradient
Ricci soliton, satisfies €2, C B,, for some a > % Since it is not locally symmetric, this shows that
Theorem D (and consequently Theorem C) is sharp in the sense that it is false, if one drops the
assumption “shrinking”. Furthermore, as a consequence of Theorem D we obtain the following
result.

Theorem F. Let n > 12. Then all n-dimensional complete Einstein manifolds (M, g) with g
satisfying 2, for some a > 0 are locally symmetric.

This thesis is organized as follows. After discussing some preliminary notions, in Chapter 2 we
introduce curvature conditions, that is O(n)-invariant subsets Q C A,, and the corresponding
subsets 29 of the bundle of algebraic curvature tensors over a Riemannian manifold (M, g) being
parallel with respect to the Levi-Civita connection V9 of (M, g). As in our results, curvature con-
ditions often arise as domains of O(n)-invariant functions F', we provide formulas for derivatives
of the corresponding parallel functions FY on €9 in terms of those of F. Moreover, we give some
properties of tangent cones as well as a connection to subsets of a vector space which are invariant
under an ordinary differential equation of the form f’(t) = ®(f(¢)). In Chapter 3, we investigate
the notion of Bianchi-convex sets and in dimension three derive examples of such sets of algebraic
curvature tensors that are not convex but invariant under (1). The fourth chapter is dedicated
to maximum principles. We recall the weak and strong maximum principles for functions and
Hamilton’s maximum principle. Using the Uhlenbeck trick, we give a reformulation of the latter
in the special case of algebraic curvature tensors. As one main result we give a proof of Theorem
A. Chapter 5 prefaces the second part of this thesis. Here, the notion of Bianchi-convex functions



is introduced and the reparametrization theorem (Theorem B) is proved. The last chapter deals
with Ricci solitons and aims at giving rigidity results for compact Ricci solitons as well as com-
plete shrinking gradient Ricci solitons (see Theorem 6.1.16 and Theorem C). Finally, we derive

two applications of these classification results, Theorem D and Theorem E, based on conjectures
of B6hm-Wilking and the author.
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Chapter 1

Preliminaries

This chapter is dedicated to introducing all known objects, spaces, notions and facts that will be
important throughout the whole present work. As we will be interested in Riemannian manifolds
which satisfy certain curvature conditions, we define the space of algebraic curvature tensors and
give some first properties. We recall notions of curvature of a Riemannian manifold, as for example
the Riemannian curvature tensor, which pointwise can be identified with an algebraic curvature
tensor. Moreover, we consider time-dependent Riemannian metrics on a manifold and introduce
a metric connection on the space-time. In the special case that the time-dependent metrics are
solutions to the Ricci flow, we formulate the evolution equation of the Riemannian curvature
operator along these metrics.

1.1 Skew-symmetric endomorphisms, two-forms and
algebraic curvature tensors

In this section, we introduce the space of algebraic curvature tensors, which plays a crucial role
when investigating the curvature of a Riemannian manifold. We give some properties of this space
and define the Ricci respectively scalar curvature of an algebraic curvature tensor. Moreover, we
recall that there is an orthogonal decomposition of this space into irreducible subspaces and derive
formulas for the norms of the components of an algebraic curvature tensor with respect to this
splitting. Finally, we provide a definition and some characteristics of the map #, which allows us
to formulate the right-hand side of certain differential equations arising when working with the
Ricci flow, such as the evolution equation of the Riemannian curvature operator.

Throughout this section, let V' be an n-dimensional Euclidean vector space.
Definition 1.1.1. We define the spaces
so(V):={A:V — V| Ais a skew-symmetric endomorphism }
and  A*V*:={w:V xV — R | w is antisymmetric and bilinear}.
As a special case, we set so(n) := so(R").

Remark 1.1.2. Using the scalar product, we will always freely identify so(V) and A?V* via the
isomorphism
so(V) — A*V*
A= w A

(1.1)
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where wa (v, w) := (v, A(w)) for v,w € V. On so(V'), we have the scalar product
1, 1
(A, B) = itr(A B) = —itr(AB).

Moreover, we choose the scalar product on A*V* in such a way that the isomorphism (1.1) is an
isometry. This means that for each orthonormal basis (b', ..., b") of V* the vectors b' AV, i < j,
form an orthonormal basis of A2V*.

Definition 1.1.3. By S?(V*), we denote the space of symmetric bilinear forms on V.
This space can be identified with the space SymEnd(V') of self-adjoint endomorphisms of V' via
SymEnd(V) — S*(V*)
L~ L
BB,

where L(v,w) := (L(v),w) respectively 8(v) := S0, 8(v,b;)b; for v,w € V. Here, (by,...,b,) is
an orthonormal basis of V. Therefore, we will not always distinguish between symmetric bilinear
forms and self-adjoint endomorphisms.

Remark 1.1.4. In the case that V = so(n), the identification of S*(V*) with SymEnd(V) leads
to a one-to-one correspondence between self-maps ¢© on SymEnd(V) satisfying

O(c(Q) o Roc(Q") = c(Q) 0 &(R) 0 c(Q")

and self-maps ® on S?(V*) satisfying

for all Q € O(n) and R € S2(V*), via ®(R) = ®(R). Here,
c(Q) : s0(n) — so(n) : A— QAQ"

denotes the conjugation with @ and p : O(n) — End(S?*(V*)) the representation of O(n) on
S%(V*) given by

(P(Q)R)(A, B) := R(Q'AQ, Q"'BQ) = R(c(Q")A, c(Q") B),

where Q € O(n), R € S*(V*) and A, B € so(n).
In the case that ¥V = A?R"™, the same is true after replacing c(Q) by the linear map A%Q given by

A2Q : A’R™ — A’R™ : v Aw = Qu A Quw
for @ € O(n), and adjusting p accordingly.

Definition 1.1.5. The space of algebraic curvature tensors S%(A*V*) associated to V' is the space
of symmetric bilinear forms R on A2V which satisfy the first Bianchi identity, that is

R(x Ny,zANw)+ Ry A z,z Aw) + R(z Az,y ANw) =0

for all z,y, z,w € V. In the case that V = R", we will denote it by A,.
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This space is of special interest when investigating Riemannian manifolds, since the Riemannian
curvature tensor can be considered as an algebraic curvature tensor at each point (see Section
1.3).

Remark 1.1.6. From [Str88, Theorem 2.1], it is known that

dim(A,) = ”(”12_1) —: N(n) = N.

Therefore, from now on n will always be at least 2.

Remark 1.1.7. The scalar product on A?2V* induces a scalar product on S*(A?V*), and hence
on S%(A2V*), given by the formular

(R,S) = Z R(b; N bj, b ANby)S(b; Abj, by Aby)
1<i<j<n,
1<k<I<n

for R, S € S?*(A*V*), where (by,...,b,) is an orthonormal basis of V. We notice that (R, S) =
tr(Ro S), if R and S are considered as self-adjoint endomorphisms on A2V,

Remark 1.1.8. Let A(V) be the space of all (0,4)-tensors R on V (i.e. of all multilinear maps
R:V xV xV xV — R) which have the following symmetries:

1. R(z,y,z,w) = —R(y,x,z,w) = —R(z,y,w, 2),
2. R(z,y,z,w)+ R(y,z,x,w) + R(z,z,y,w) =0
for all z,y,2,w € V. Then the map ® : A(V) — SE(A?V*) given by
O(R)(z Ny, z ANw) :=2R(z,y,z,w)

for R € A(V) is an isometry with respect to the usual tensor norm on A(V) and the norm on
S%(A?V*) introduced in Remark 1.1.7. Namely, for R € A(V) we have that

1
IRI* = 32 R(bisbj, b bo)* = 7 3 D(R)(bi Ay b Aby)?

ig kil igikil
= > O(R)(bi Aby b ALY = (@R
i<jk<l
where (by,...,b,) is an orthonormal basis of V. Hence, we can and will freely identify the spaces

A(V) and S%(A?V*).
Lemma 1.1.9. If V is of dimension n < 3, we have that SE(A*V*) = S?(A?V*).
Proof. We prove the statement for the case that n = 3. The cases n < 2 are trivial. Let
R € S?(A?V*) and (b, b, b3) be an orthonormal basis of V. In order to show that R satisfies the
first Bianchi identity, it suffices to show that
R(bi Nbj, b Aby) + R(bj A by, b Nby) + R(bi, Ab;,bj Nby) =0
for all i,j,k,1 € {1,2,3}. Since the set {b;,b;, by, b} consists of at most three elements, at least
two are the same. For example, in the case that ¢ = j, we compute that
R(b; Nbj, by ANby) + R(bj A by, bi ANby) + R(bi, A b, b Aby)
= R(b; Nbi, b Aby) + R(b; Abg,b; ANby) + R(bi Ab;, by Aby) = 0.
=0 biAb
- =—03/\0k

The other cases are similar. O
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Definition 1.1.10. Corresponding to an algebraic curvature tensor R € S%(A?V*), we define the
Ricci tensors ric(R) : V x V' — R and Ric(R) : V — R by

vie(R) (v, w) = (Ric(R)(v), w) — ;tr(R(v AwA ),
where v,w € V, and the scalar curvature scal(R) by
scal(R) := tr(Ric(R)).
Notice, that here we use a different convention for the Ricci tensor and consequently the scalar

curvature than e.g. in [BW08] and [CCG*08], where the factor § is omitted.

Remark 1.1.11. Let (by,...,b,) be an orthonormal basis of V. Then according to Remark 1.1.2
(b; A'b;)i<; is an orthonormal basis of A%V, so that for R € SE(A?V*) we find that

scal(R) = tr(Ric(R)) = i(Ric(R)(bi), b;) = ;itr(R(bi A b N-))

=1

1 2

i,5=1 1<j

By introducing the following symmetric product on symmetric bilinear forms, we can give a
decomposition of the space of algebraic curvature tensors into irreducible subspaces with respect to
the O(n)-representation p as discussed in Remark 1.1.4, which will be useful for some applications
in Section 6.3.

Definition 1.1.12. Let g, h be symmetric bilinear forms on V. Then the Kulkarni-Nomizu product
g ® h of g and h is defined by
for z,y,z,w € V.

Remark 1.1.13. The Kulkarni-Nomizu product of g and h defines an algebraic curvature tensor.
Furthermore, we notice that

id ®id = 41,

where id denotes the identity in the space of symmetric bilinear forms on V' (i.e. the scalar product
on V) and I the identity in S%(A2V*) (i.e. the induced scalar product on A*V as introduced in
Remark 1.1.2). Of course in this equality we used the identification of A(V) with SE(A?V*) as in
Remark 1.1.8.

Lemma 1.1.14 ([CCGT08]). For n > 4, the space of algebraic curvature tensors as an O(n)-
representation has the following orthogonal decomposition into irreducible subrepresentations

A, =Rid®id @ id® SE((R™)*) @& W, (1.2)

where id denotes the given scalar product on R™, Sg((R™)*) the space of traceless symmetric bilinear
forms on R™ and W := ker(Ric) the space of Weyl tensors. By Ry, Ry, and Ry, we denote the
components of R € A, with respect to the decomposition (1.2), so that R = R;+ Ry, + Rw. Then

R, = scal(R)id ® id,

2n(n — 1)
I :
RriCQ = mld D rlCo(R),

where rico(R) = ric(R) — scal(R)id denotes the traceless part of ric(R).
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Remark 1.1.15. The factors in the decomposition of R in Lemma 1.1.14 differ from those of
[BW08] and [CCGT08, Section 2.2.3] due to the different convention we made for the Ricci tensor
and scalar curvature (see above).

Remark 1.1.16. For all bilinear forms 5 on R", we have that
18 @id||* = 4(n — 2)[|B]|* + 4tx(8)*.

This yields for R € A, that

2
IR:])* = ———<scal(R)?,
”(Z -1 (1.3)
1 Reico|” = — lIrico(R)]I*
Hence, together with
1
rico(R)[* = [Iric(R)[|* — —scal(R)?, (1.4)
we obtain that
2 .
1| = e —yseal(B) + o= lrieo(R)I” + |1 R | .
9 :
_ 1(R)2 . 2 2
7 N (B + R

Moreover, polarization of (1.3) leads to

<R7 S> = <R17 SI) + <Rric0> Sric0> + <RW7 SW>

2 4, .
= mseal(R)scal(S) + o 2<rlcQ(R),rlco(S)> + (Rw, Sw)

(1.6)

for all R, S € A,,.

The following map arises for example in the evolution equation of the Riemannian curvature
operator of a Riemannian manifold under the Ricci flow (see Lemma 1.4.2).

Definition 1.1.17. The symmetric bilinear map
# : SymEnd(so(V)) x SymEnd(so(V)) — SymEnd(so(V)) : (R, S) — R#S

is given by
1
<(R#S)(A), B> = —ztr(adA oRoadgoS+adgoSoadgoR)

for A, B € so(V). Here, for any A € so(V) the adjoint representation ady : so(V) — so(V) is
given by

ads(B) :=[A,B] = AB — BA

for B € so(V). Note that R#.S is self-adjoint by the trace property. Moreover, we set R¥ := R#R.
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Remark 1.1.18. Since ad.g)a = ¢(Q)oadsoc(Q"), hence ad.(gyacad.g)s = ¢(Q)oadsocadgoc(Q’)
for all @ € O(n) and A, B € so(n), it is easy to show that

c(Q) o R 0 ¢(Q") = (¢(Q) o R o c(Q"))*.

Therefore, by Remark 1.1.4 we find that

for all Q € O(n) and R € SymEnd(so(n)). In this sense, R — R# is O(n)-equivariant.

Remark 1.1.19. Let M := dim(so(V)). For an orthonormal basis (B, ..., By) of so(V), we
have that

1
<R#(Bz)7BJ> = _5 Z Rl an ;rchiCp
k,l,m,p=1

fori,j =1,..., M. Here, the coefficients Rf and cfj are given by
M .
=Y R!B; respectively [B;, Bj] Z ¢;; B

fori,7 =1,..., M. We notice that cfj = —ck.

J

Example 1.1.20. In dimension 3, R# can be described as follows. By (Ei, Es, E3), we denote
the orthonormal basis of s0(3) defined by

Since
[E17E2] = Eg, [El, Eg] = _E2 and [EQ, Eg] = El,

we obtain from Remark 1.1.19 that if R is the self-adjoint endomorphism of s0(3), which is with
respect to (F1, Fy, E3) given by the matrix

a b c
R=1|b d e],
c e f
then with respect to the same basis R* corresponds the the adjoint matrix, i.e.
df —e? ce—bf be—cd
R¥*=|ce—bf af—c bc—ae].
be —cd bc—ae ad—b?

For R invertible this means that R# = det(R)(R™!)’.

Remark 1.1.21. One can show that R? + R* is an algebraic curvature tensor.
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1.2 The frame bundle and a connection on space-time

Given a one-parameter family of Riemannian metrics on a manifold M, we want to investigate
how the geometry changes along this family. For this, a connection on the tangent bundle over
the manifold M x R plays a central role. In this section, we are particularly interested in the
evolution of the orthonormal frame bundle on an initial Riemannian manifold.

Definition 1.2.1. Let (M, g) be an n-dimensional Riemannian manifold with Levi-Civita con-
nection V9. The orthonormal frame bundle OY of (M, g) is the principle bundle with structure
group O(n), the fibres over points @ € M of which are given by

0% :={p: (R", () = (I:M, g,) | pis an linear isometry},

where (-, ) is the standard metric on R™. Hence, the group O(n) acts freely and transitively on
the fibres of OY from the right.

We say that a smooth curve p : I — OY, where I C R is an interval, is parallel with respect to V9
along v := 7o p, if the vector field t — p(t)v along - is parallel with respect to V7 for all v € R™.
Here, 7 : TM — M denotes the bundle projection on M.

Throughout this section, let (g;)icr be a smooth family of Riemannian metrics on a manifold M
and set

10
hiy = ———
t 28tgt

Definition 1.2.2. On the vector bundle TM — M x R, we introduce a linear connection V,
which on the times slices M x {t} is given by the Levi-Civita connection V9 of the metric g, and
is not the product connection: Let 2 be the vector field on M x R given by 2|, = ¢(t) for
(z,t) € M x R, where c(t) := (x,1). Let further X, Y € I'(M x R, TM) be time- dependent vector
ﬁelds on M. Then V is given by

(Vy X)) = (VX 0) s
0
(Vo X) = X t) = Hy(X (2,1))
for (xz,t) € M x R, where by H; we denote the map
Hy: TM — TM : X s hy(X, )P,
i.e. for X € TM the vector H;X satisfies ¢:(H: X, ) = h(X, ).

(1.7)

Remark 1.2.3. The introduced connection extends in the usual way to a connection on the
vector bundle S%(A?T*M) — M x R. More explicitly, for R € T'(M x R, S%(A?*T*M)) and
XY, Z, VW € I'(M x R, TM) we have that

(VZRY(VAW,XAY) = 0z(R(VAW,XAY)) = R(VZ,V AW, X AY)
—R(VAVZW,XAY)=RVAW,VzXAY)
—R(VAW,X AVzY)

and

(R V/\W,XAY))—R(V%VAW,XAY)

Sﬁ\@

(Vo R)(VAW,XAY) =
R(VAVaWX/\Y) R(V/\W,V%X/\Y)
R(V/\WX/\VaY)
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Remark 1.2.4. V is metric with respect to g(-). Namely, for X,Y € I'(M x R,TM) we can
compute that

0 0 0 0
&(gt(Xa Y)) = (atgt> (X,Y) + g ((%X’ Y) + 9 (X, (%Y>
= =20 (X,Y) + (V2 X, V) + g(HX,Y) + (X, V2 Y) + g:(X, HY)
= (Vo X,Y) +a(X,VaY).
Definition 1.2.5. Let o € M and p; : R" — T,,,M be a one-parameter family of linear maps.

Then t — p; is parallel, if t — p,(v) is parallel along the curve t — (z,t) with respect to the
connection V (introduced in Definition 1.2.2) for all v € R™, i.e. if

d

%pt(v) = H;py(v)

for all v € R™.

Lemma 1.2.6. Let xg € M, R, € SE(A°T; M) be a one-parameter family of algebraic curvature
tensors and p; : R™ — T, M be a one-parameter family of linear maps. If t — Ry is smooth and
t — p; is parallel, then

d, . .
a(Pth) = ptV%Rt'

Proof. Let v,w,z,y € R". Then we can compute that

SR Aw,w Ay) = S (GF R A w,x Ay)) = o (Relpo) A i), pula) A i)
= (V2 Re) (i(v) A po(w), pu() Apu(y)) + Re(V2pu(v) Api(w), () A pily))
-+ Re(pi(0) Api(w), pi(2) A Vo pi(y))

= (V%Rt) (pt(U> A pt(U)),pt(Q3> /\pt(y))
— (p:V%Rt)(U Aw,z Ay).

This finishes the proof. [

Next, we show that if ¢t — p; is parallel and pg is an isometry with respect to the standard metric
(,-) on R™ and gg, then p; is an isometry with respect to (-,-) and g; for all ¢ € R as well.

Lemma 1.2.7. Let xqg € M and p be a solution of

d

%pt = Hp, (1-8)

with po : (R, (-,)) = (TxeM, go) being an isometry. Then p, : (R™, (-,-)) — (T, M, g¢) is an
isometry for each t € R.
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Proof. Let v,w € R". Then we have that

1 (@00 00) = (539) ) 4 G0 0)) 4 (o), )

= =2hi(pe(v), pe(w)) + ge(Hepe(v), pe(w)) + ge(pe(v), Hepy(w))
= =2hy(pe(v), pe(w)) + he(pe(v), pe(w)) + he(pe(v), pr(w))
=0.

Therefore, we find for each ¢t € R that

9:(pe(v), pe(w)) = go(po(v), po(w)) = (v, w). u

Given an initial value, according to the Picard-Lindel6f theorem, there is a solution to the linear
ordinary differential equation (1.8). Lemma 1.2.7 therefore shows that given an initial isometry py
there is always a parallel curve t — p, € O% starting at pg. This shows that the flow % g = —2hy
preserves the bundle OY-.

1.3 Curvature of Riemannian manifolds

In this section, we recall the common notions of curvature of a Riemannian manifold, give a
connection to algebraic curvature tensors and show how the introduced objects behave under
rescaling of the metric.

Let (M, g) be a Riemannian manifold with Levi-Civita connection V9. Let further 7 : TM — M
be the bundle projection on M, x € M and X,Y, Z, W € T, M.

e The Riemannian curvature tensor Ry : T'M x TM x TM — T'M is defined by
Ry(X,Y)Z :=V%VyZ -V V%Z — Vny]Z.
We may also write

Ry(X,Y, Z, W) := g(R,(X,Y)W, Z).

e The Riemannian curvature operator Rm, is the symmetric bilinear form on A?*T'M, respec-
tively the self-adjoint endomorphism of A>T'M, defined by

Rmg(X NY,Z AW) = g(Rmy(X ANY),Z AW) :=2R,(X,Y, Z,W). (1.9)

Hence, Rm,, is a section of the bundle of algebraic curvature tensors S%(A*T*M). Note that
Rmyg = 21 for the standard sphere.

e We define the Ricci curvature ricy : TM x T'M — R of g in terms of the Ricci tensor of an
algebraic curvature tensor (see Definition 1.1.10) by

ricy(X,Y) = ric(Rmy(x))(X,Y) = ;trg(ng(X ALY NG =trg(Ry(X, Y, )

and Ric, : "M — T'M by

g(Ricy(X),Y) :=ricy(X,Y).
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e The scalar curvature scal, : M — R of g is defined by

scal, := try(Ric(Rm,)) = try(Ricy).

Remark 1.3.1. If ¢ : N — M is a smooth map, then the pullback v*Rm, of Rmg, along v is
given by

(V" Rmg) (2)(X ANY, Z ANW) i= Rmg(¥(2))(dyp(X) A dip(Y'), dp(Z) A dp(W))
forx e M and X,Y, Z W €T, M.

Remark 1.3.2. The objects introduced above have the following scaling behaviour under confor-
mal changes of the metric: Let & > 0. Then V% = V9, R,, = R, (respectively R,, = aR, when
interpreted as (0,4)-tensor), Rm,, = aRm, (respectively Rm,, = éng when interpreted as
endomorphism of A’T'M), ||[Rm|lag = 25||Rm||y, rice, = ricy, Ricay = tRic, and scal,y = Lscal,,.
For a function f : M — R, we further have that Hess,,f = Hess, f.

1.4 A brief introduction to the Ricci flow

Given a manifold equipped with a Riemannian metric g, one can consider solutions g, t € [0,7),
of the partial differential equation

9. _
atgt -

starting at go, so-called solutions to the Ricci flow. The Ricci curvature ricy of a Riemannian
manifold (M, g) can be considered as a Laplacian of g. For instance, in harmonic coordinates we
have that (ricy);; is given by —%Agij plus lower order terms respectively in normal coordinates
by —%Agij in the central point. Therefore, the partial differential equation (1.10) can be seen
as a version of the heat equation. Hence roughly speaking, similar to the diffusion of heat the
curvature evens out it time such that in the limit one expects a metric of constant curvature.
However, there are some problems, since solutions may possibly not be continued for all times as
singularities may arise in the flow. In particular, not every manifold can carry a metric of constant
curvature.

For compact manifolds, Richard S. Hamilton, who was the first to introduce the Ricci flow in
1982 [Ham8&2|, proved short-time existence and uniqueness of solutions to the Ricci flow to a given
initial metric [Ham82]. Provided that the sectional curvature of the initial metric is bounded,
Shi [Shi89] showed that one has short-time existence on complete non-compact manifolds. Fur-
thermore, Chen and Zhu [CZ06] proved that complete solutions to the Ricci flow on non-compact
manifolds with bounded sectional curvature are unique.

The Ricci flow is the main tool in Perelman’s proof of Thurston’s geometrization conjecture for
three-manifolds [Per02, Per03b, Per03a], which in particular implies the Poincaré conjecture and
Thurston’s elliptization conjecture. Moreover, the Ricci flows plays a central role in the investi-
gation of manifolds with different curvature conditions as for example in the proofs of Hamilton’s
theorems for compact 3-manifolds with positive Ricci curvature [Ham82| respectively compact
4-manifolds with positive curvature operator [Ham86|, Huisken’s result for compact manifolds
satisfying an explicit open conical curvature condition in dimension n > 4 [Hui85|, the theorem
of Bohm and Wilking for compact manifolds with 2-positive curvature operator [BWO08| and the
differentiable sphere theorem by Brendle and Schoen [BS09].

—2ric,, (1.10)



1.4. A BRIEF INTRODUCTION TO THE RICCI FLOW 17

Given a solution g; to the Ricci flow on a manifold M, one is interested in how the Riemannian
curvature operator Rm,, changes in time. By setting h; := ricg,, Definition 1.2.2 yields a con-
nection V on the vector bundle TM — M x R. In order to formulate the evolution equation of
the Riemannian curvature operator, we additionally need to define the Laplace operator acting
on sections of the bundle of algebraic curvature tensors.

Definition 1.4.1. Let (M, g) be a Riemannian manifold, z € M and ~,...,7, be geodesics in
M such that v;(0) = x for i = 1,...,n and (71(0),...,7,(0)) is an orthonormal basis of T, M.
The Laplace operator A, with respect to g on M is defined as follows.

1. If f: M — R is a smooth function, then

n 2

(Agf)(@) =2~

52

f(i(s))-

s=0

=1

2. If R € T'(M,S%(A*T*M)) is a smooth section of the bundle of algebraic curvature tensors,
then

(BeR)() =3

1=1

R(7i(s)), (1.11)

where V9 denotes the Levi-Civita connection of (M, g).

3. More generally, for sections of an arbitrary vector bundle V' over M with connection, an
associated Laplace operator can be defined by the same formula (1.11) using the connection
of V instead of the Levi-Civita connection V9.

We can now formulate the evolution equation of the Riemannian curvature operator under the
Ricci flow.

Lemma 1.4.2. ([Ham86, p.155]) If ¢; is a solution to the Ricci flow on a manifold M, then the
Riemannian curvature operator of g; evolves under the partial differential equation

V%ngt = A, Rmg, + Rmfh + ij:. (1.12)

Here, for any x € M we regard Rmg,(x) as a self-adjoint endomorphism of so(T,,M) and define
Rm? (x) := Rmyg,(x) o Rmy,(x) and RmY () as in Definition 1.1.17.






Chapter 2

Curvature conditions and
ODE-invariance

This chapter is dedicated to introducing curvature conditions, that is O(n)-invariant subsets
of the space of algebraic curvature tensors A,,. To these sets, one can associate subsets 29 of
the bundle of algebraic curvature tensors over a Riemannian manifold (M, g), which are invariant
under parallel transport by the Levi-Civita connection V9 of (M, g). Generically, these are exactly
the subsets being invariant under V9. Using this notation, we are able to say when a Riemannian
metric satisfies a given curvature condition.

Furthermore, we consider subsets of a vector space which are invariant under an ordinary differ-
ential equation of the form f'(t) = ®(f(t)) and give a characterization of these in terms of their
tangent cones. In some of our applications, such sets arise as sublevel sets of some function. We
show that these are invariant under the mentioned ordinary differential equation if and only if
the angle between the gradient of this function and the map @ is at least 7. As an application,
we obtain that scalar curvature bounded from below is invariant under the ordinary differential
equation R'(t) = R(t)? + R(t)*.

2.1 Curvature conditions
Let (M, g) be an n-dimensional Riemannian manifold and Of the orthonormal frame bundle on
(M, g) (see Definition 1.2.1). There is a left-action of O(n) on the space of algebraic curvature
tensors. Remember from Section 1.1 that the representation
p:0O(n) — End(A,)
of O(n) on A, = S%(A?(R")*) is given by
(PQR) (v Aw,yAz)=RQ vAQ 'w,Q 'y AQ '2),
where @Q € O(n), R € A, and v, w,y,z € R".
Definition 2.1.1. A subset Q C A, is called O(n)-invariant, if for all R € Q we have that
p(QR € Q

for every @ € O(n).

19
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Definition 2.1.2. To an O(n)-invariant subset 2 C A,,, we associate the subset 29 C S%(A*T*M)
defined by

9= {R € SE(A*T*M) | p*R € Q for some p € Oi(R)},
where 7 : S(A*T*M) — M is the projection map and p*R € A, is the pullback of R along p, i.e.

(p*R)(v Aw,xz ANy) :== R(p(v) A p(w), p(z) A p(y))
for v, w,x,y € R™.

Remark 2.1.3. If p*R € ) for one p € O p), then p*R € Q for every p € O} ). Namely, let
pE OZ(R) with p*R € Qand ¢q € Oi(R)- Since O(n) acts transitively on OfT(R), there is a Q € O(n)
with ¢ = p o ). Therefore, we have that

¢R=(poQ)'R=p(Q")(p'R) € Q,
since 2 is O(n)-invariant.
Lemma 2.1.4. Q9 is invariant under parallel transport by V9.

Proof. Let s — R, be a parallel curve in S%(A?(T*M)) with respect to V¢ with Ry € Q9. Let
further s — p, be a parallel curve in 09 along wo R with respect to V9. Then for all v, w,y, z € R,
we have that

;S(pj;RS) (vAw,yAz)= js ((p:Rs)(v Aw,y A Z>)
- ;S<Rs( s(0) A ps(w), ps(y) Am(z)))

= (VQRS> ( 8(1}) /\ps(w),ps(y) /\pS(Z)) + RS(ZSPS(U) A ps(w>7ps(y) /\ps(2)>

ds (2.1)
=0 =0
\V44
ot B (o) Apslw) () A (=)
=0
= ()7
where the last equality holds, since s — p,; and s — Ry are parallel. Therefore,
d
—(piRs) =0
ds (ps )
and thus s — piR; is constant. Since Ry € €29, we have that
psRs = poRo € Q
for all s. Consequently, R, € €9 for all s. n

Definition 2.1.5. For x € M, the holonomy group of V9 based at x is defined by
hol,(VY) := {P, | v : [0,1] = M piecewise smooth with v(0) = v(1) =z} C O(T, M).

Here, P, : T, M — T, M denotes the parallel transport along the loop v with respect to V¢, that
is for Xg € T, M

P’Y(X(J) = X(l)v

where ¢t — X (t) is the parallel vector field along v with respect to V9 satisfying X (0) = Xj.



2.1. CURVATURE CONDITIONS 21

Remark 2.1.6. If M is connected and z,y € M, then the groups hol,(V?) and hol,(V?) are
isomorphic. Namely, let v : [0, 1] — M be a piecewise smooth curve with v(0) = x and (1) = y,
then

hol,,(V?) — hol,(VY) : Q +— P, o Qo PJI
is an isomorphism.

The holonomy of a generic n-dimensional Riemannian manifold is isomorphic to O(n), or SO(n)
if it is orientable. We show that in this case, all subsets of S%(A?*T*M), which are invariant under
parallel transport by V9, are of the form €29 for a suitable set {2 C A,,.

Lemma 2.1.7. Let C C S4(A*T*M) be invariant under parallel transport by V9 and suppose that
hol,(V?) = O(T, M) (or SO(T, M) if M is orientable)

for an x € M. Then there exists an O(n)-invariant (respectively SO(n)-invariant) subset Q C A,
such that C = Q9. Here, in the case that M is orientable, we define Q9 using the orientable frame
bundle of M instead of OY.

Proof. We prove the lemma for the case that hol,(V9) = O(T, M) for an x € M. The other case
works analogously. Choose p € OY and set

Q:=pC, CA,,

where C, denotes the restriction of C' to the fibre over x. Then 29 = C,, where again 2 denotes
the restriction of 29 to the fibre over x. Since C' is invariant under parallel transport, for all y € M
and piecewise smooth paths v : [0,1] — M with v(0) =y and (1) = x, we have that

P;Ox = {R(P“/(’) A Pv(')a P,(-) A Pv(')) | Re C,} = Cy.
Using the parallel invariance of €29 (see Lemma 2.1.4), this leads to
Cy = P;C, = P;QY = Q7.

Hence, C' = Q9. It remains to show that € is O(n)-invariant. To this end, let @ € O(n). Then
poQltopt e O(T,M)=hol,(VY). Again using that C is invariant under hol,(V?) yields that

Co=(poQ ' op™)'Co=(p) (p(Q)PCo)) = (p71)"(p(Q)9).
Thus,
p(Q)L=p"Cy = O
Remark 2.1.8. If Q is open respectively closed, €29 is open respectively closed as well.
Example 2.1.9. The set
Q:={Re A, |Ric(R) >0}
is O(n)-invariant and
Q9 = {R € S3(N*T*M) | Ric,(R) > 0},

where Ricy(R) denotes the Ricci tensor of R with respect to the metric g.
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Definition 2.1.10. Let Q C A, be O(n)-invariant. We say that g satisfies €2, if for all x € M,
we have that

Rmy(x) € 9.
Therefore, we often call such a set Q a curvature condition.
Definition 2.1.11. We define the O(n)-invariant set
C(M,g) :={p"Rmy(x) |z € M and p € O} C A,.

Obviously, g satisfies C(M, g). Moreover, for curvature conditions 2 C A,,, we have that g satisfies
Q2 if and only if C(M, g) C Q.

Definition 2.1.12. We say that an O(n)-invariant set 2 C A, is invariant under the Ricci flow,
if for all n-dimensional compact manifolds M and solutions g;, t € [0,T), to the Ricci flow on M
with gy satisfying €, we have that g, satisfies Q for all t € [0, T).

2.1.1 As domain of functions

In our results, curvature conditions 2 often arise as domains of O(n)-invariant functions F. Again,
to these functions one can associate functions FY which are defined on the associated sets €29 and
are invariant under parallel transport by the Levi-Civita connection of the Riemannian manifold
(M, g). In this section, we provide formulas for derivatives of F9 in terms of those of F'.

Throughout this section, let 2 C A,, be an O(n)-invariant subset.

Definition 2.1.13. A function F': Q — R is called O(n)-invariant, if

for all R € Q and @ € O(n).
To such a function F', we associate a function FY : (29 — R, which is defined via

F9(R) := F(p"R)

for some p € OY r)- Remark 2.1.3 shows that this is independent of the choice of p, hence well
defined, due to the O(n)-invariance of F.

Lemma 2.1.14. Let F' : Q@ — R be an O(n)-invariant function. Then F9 is invariant under
parallel transport with respect to V9.

Proof. Let s — R, be parallel in S%(A*T*M) with respect to V¢ with Ry € Q9, and let s — p, be
a parallel curve in 09 along 7o R with respect to V9. Then s — pi R, is constant as shown in the
proof of Lemma 2.1.4, and therefore

s = FY(Rs) = F(p Rs)

is constant as well. This means that FY is invariant under parallel transport. O
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Remark 2.1.15. A vector space V' can be canonically identified with its tangent space T,V at a
point v € V' via the map

d
can, : V =T,V : w— —| [v+tw].
dt li=o

Moreover, for R € S%(A*T*M) by 1 we denote the inclusion
v« TRSBH(N* T gy M) — TrSH(A*T*M) = TrSH(N* T} myM) ® Hp
of the vertical part of the tangent space of the bundle at R. Here, Hr denotes the horizontal space
Hp = {[U(O)] ‘ v:(—¢€) = SE(A*T*M) parallel
with respect to V7 along 7 o v with v(0) = R}.

Setting V := S%(AQT:( r)M), one can consider the composition of these to maps
VR := LR OcCang : S%(AQT;(R)M) — TrSE(A’T*M) : S+ SVE.

For the sake of notational simplicity, we will always use the identifications cang silently, and omit
the base point of vg and write v instead.

Remark 2.1.16. By Lemma 2.1.14, FY is invariant under parallel transport with respect to V9.
Therefore, dF}, vanishes identically on the horizontal space Hg for all R € Q9. Namely, let

[R(0)] € Hg such that s — R(s) is parallel with respect to V9. Then

. d

dFR([R(O0)]) = | F9(R(s)) =0

=0
as ['9 is invariant under parallel transport, thus s — F'9(R(s)) is constant.

Lemma 2.1.17. Let §2 be open and F : 2 — R a smooth and O(n)-invariant function. Then for
all Re I, S € SH(N T pyM) and p € O gy, we have that

AF%(S¥) = dF,. (p*S).

Proof. Let R € Q9, S € S%(AQT:(R)M) and p € Ofr(R). Since €29 is open, there exists an € > 0
such that R+ tS € 9 for small t € (—¢, €). Therefore,

d d
dF%(SY) = pr FI(R+1S) = pr F(p*"(R+19))
t=0 t=0
== F(p*R+tp*S) = dF,-r(p*95). O
t=0

A key lemma is now the following.

Lemma 2.1.18. Let Q2 be open, F' : Q — R a smooth and O(n)-invariant function and R €
['(M,Q9) a smooth section of Q9. Then for each x € M, we have that

(Ay(F? 0 R))(x) = >_ Hessye o) F (p"VE,R, VI R) + dFjy ) (AgR)(x)") .
=1

Here, (e1,...,¢e,) is an orthonormal basis of T, M with respect to g and p € O9.
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Proof. Let x € M, v a geodesic in M with v(0) = x and s — p, a parallel curve in O that lies
over v, meaning that p, € Oi(s) for all s. Then we find that

js(P?R(’Y(S») = PZ‘Z:RW( ) = pV? R

and therefore that

CF9(RO(S)) = - FILRO6) = dFyeen (ddsp:R(v(s))) = oo (P RO5) )

Differentiating this once more and again using (2.1) yields that

S P (B((5))) = Hessy:py o F (P3V4 R PiVE (O R) + dFys i) (ps I RW(S)))
*v7g *v7g g (Vg> ¥
= Hesssz(’Y(S))F(psv‘y(s)R7psv’y(s)R) + dF g9 ds2 R(v(s)) |-

Now, let (eq, ..., e,) be a g-orthonormal basis of T, M and 7, . .., 7, geodesics in M with ,;(0) = =
and 4;(0) =e; for i =1,...,n and let p € OY. Then

d2

I
NE

(Ay(F? o R))(z)

52

FI(R(7i(s)))

5=0

@
Il
MR

(V9)?
ds?

d
(Hessp o) F (p*VgiR, p*VgiR) + de.]z(x) (
1

I
NgE

7

Il

s
Il
MR

Hessy ey ' (p"V9, R, p"VE R) + dFjy ) (AgR)(2)") . 0

Lemma 2.1.19. Let Q be open and F : Q — R a smooth and O(n)-invariant function. Moreover,
let (M, go) be an n-dimensional Riemannian manifold and g(t), t € [0,T), be a solution to the
Ricci flow with g(0) = go such that g(t) satisfies Q for allt € [0,T). Then for all x € M and
t €[0,7T), we have that
3 t v
aFg (ng(t (z)) = dF}%’En)g(t)(x) (V%ng(t) () ) :
Proof. Throughout the proof we write g, := ¢(t). Let V be the metric connection on the vector
bundle TM — M x R introduced in Definition 1.2.2. Let further x € M and t — p, € O% be a
parallel curve. Since g; satisfies €2, the function F'% o Rm,, : M — R is defined for all ¢ € [0,T)
and we have that

0 o . . o,
S P (R, () = = F (9 By, (1) = By g, 0 (mm Rm,, <x>>)

1.2.6 2.1.17 ) v
20 AFy iy, () (P10 Bimg, (2)) *2 7 dFYy, (0 (Vo Ry, (2)").
This finishes the proof. O

Similarly to the case of O(n)-invariant functions, to O(n)-equivariant maps on the space of alge-
braic curvature tensors, we can associate maps on the bundle of algebraic curvature tensors over a
Riemannian manifold. These will enable us to formulate a version of Hamilton’s maximum prin-
ciple for algebraic curvature tensors and finally a generalization of this version to Bianchi-convex
sets in Section 4.
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Definition 2.1.20. A map ¢ : A, — A, is called O(n)-equivariant, if for each @ € O(n) and
R € A,, it satisfies that
P(p(Q)R) = p(Q)P(R),

where p denotes the representation of O(n) on A, as defined in the beginning of Section 2.1.
To such a map ®, we associate a map

9 ST(A*T*M) — SH(A*T*M)
R (p7)"®(p"R),
where p € OF 5 can be chosen arbitrarily.

Remark 2.1.21. The map ®7 is well defined. Namely, let R € S%(A*T*M) and p,q € Ofr(R).
Since O(n) acts transitively on Oi(R), there is a ) € O(n) with ¢ = p o Q and we have that

()@@ R) = (p )" p(@Q)2(p(Q P R)) = (p7) (" R).
Moreover, we notice that ®9 is fibre-preserving.

Remark 2.1.22. Properties of the map ® such as being locally Lipschitz continuous or bounded
transfer to ®9.

2.2 Properties of tangent cones

For closed subsets C' of a metric space with smooth boundary dC, we can linearly approximate the
submanifold dC at some point xq € dC, namely by the tangent space T,,0C. If the boundary of
C' is not smooth this concept fails. However, tangent cones of such subsets generalize this notion
to arbitrary regularity of the boundary. In this section, we show some properties of tangent cones,
which, in the non-smooth case, involves approximating the boundaries of the subsets by certain
submanifolds, so-called supporting submanifolds.

Throughout, let V' be a metric space and C' C V' be a closed subset.
Definition 2.2.1. Let xy € C. The tangent cone of C' at xq is defined by

T C = {5(0) | v : (—€,€) = V in C! with y(0) = x¢ and ~(¢) € C for all t € [0,€)}.

From now on, let V' be a Euclidean vector space with induced norm || - || and let C' C V be a
closed subset.

Lemma 2.2.2. Let xq € C'. Then we have that
T,,C CK,,C:={veV|VxeV withdz,C)=|zxy—z| : (x —z9,v) <0}.

Proof. For xq being in the interior of C', we have that K,,C = V. Hence, in this case the statement
is trivial. Now, let 2y € 9C and v € T,,C such that v = 4(0), where vy : (—¢,e) — V is a C'-curve
with v(0) = zg and ~(t) € C for all t € [0,€). Let x € V with d(x,C) = ||zg — z||. If we had that
(x — xg,v) > 0, then for ¢ > 0 small enough, we would find that

lz = 4@ = llz = 7(0) = t3(0) + o()|* = [l — olI* — 2t (& — @0, v) +0(t) < ||z — xol?,
>0

in contradiction to ||z — x¢|| = d(z,C) < ||z — y(¢)|| since v(t) € C. Thus, (x — zg,v) < 0 and
therefore v € K,,C. The statement follows since K,,C' is closed. [
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If the boundary dC of C' is smooth and of codimension one, then for xy € dC', we have that
T,,C={veV](vn,) <0},

where n,, denotes the outward pointing unit normal on 9C' at . If the boundary of C' is of lower
regularity, approximating it pointwise by certain submanifolds of V', a similar, however slightly
weaker, result is true (see Lemma 2.2.4). To this end, we introduce the notion of a supporting
submanifold.

Definition 2.2.3. Let z¢o € 9C. A supporting submanifold of C' in xy is a submanifold N of V'
of codimension one that touches C' in zy such that C locally lies on one side of N, meaning that
there is an open neighborhood U C V of xg such that U \ N consists of exactly two connected
components U; and Uy, the closure of one of those (say U;) containing C N U.

Moreover, by 7V, we will always denote a signed distance function from a supporting submanifold
N of C in xg, i.e. a function

TN:U—>]R:x|—>{_d($’N)’ $€U1}:{—d(x,N), x lies on the side of C'

d(z,N), x€U; d(z,N), else.

By possibly making U smaller, we can always arrange 7V to be smooth, which we will assume
throughout.

Lemma 2.2.4. Let xg € OC and N be a supporting submanifold of C' in xy. Then we have that
T.,C C{veV|({vn,) <0} =: Hy,

where n,, denotes the unit normal on N at xy pointing in the opposite direction of C'. In particular,
the tangent cone T,,C' lies on one side of the tangent space T, N .

Proof. Let v : (—e€,e) — V be once differentiable with v(0) = xy and v(t) € C for all t € [0, ¢).
Then %(0) € T,,,C C V and we have that r™(y(¢)) <0 for all ¢ € [0,¢) and 7V (y(0)) = 0. Hence,

0= rY(v(t)) = driie) (7(0)) = (ng,(0)).

Passing to the closure yields that 7,,,C C Hy. Since the tangent space T,,/N is the boundary of
the half space Hy, the tangent cone 7, C' lies on one side of T, N. n

2.3 Invariance under an ordinary differential equation

We start with the following definition.

Definition 2.3.1. Let V' be a vector space and ® : V — V a locally Lipschitz continuous map.
A subset C C V is invariant under the ordinary differential equation

F'(t) = @(f(2)), (2.2)

if for all solutions f : [0,d] — V of (2.2) with f(0) € C, we have that f(t) € C for all t € [0, ¢].
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Remark 2.3.2. Since ® is locally Lipschitz continuous, given an initial value, the theorem of
Picard-Lindelof provides existence and uniqueness of such solutions.

In our applications, we will always have that V' = A, and that ® : A, — A, is the map
corresponding to the self-map ® on SymEnd(A?R"™) given by

®(R) := R* + R*

for all R € SymEnd(A*R") as in Remark 1.1.4. Since ® is a quadratic function, it is locally
Lipschitz continuous. Moreover in Remark 1.1.18, we have shown that ® is O(n)-equivariant.
From now on, we will freely identify ® and .

The following proposition is somewhat more general than Hamilton’s statement in [Ham86, Lemma
4.1] since the convexity assumption is not required.

Proposition 2.3.3. Let V' be a normed vector space, ® : V- — V locally Lipschitz continuous and
C CV a closed set. Then C' is invariant under the ordinary differential equation (2.2) if and only
if for all v € OC we have that ®(v) € T,C.

Proof. First, assume that C' is invariant under (2.2). Let v € 9C and f : [0,0] — V be a solution
of (2.2) with f(0) = v. By the theorem of Picard-Lindelof, f is defined on the interval (—e,¢)
for an € € (0,9) as well. Moreover, f'(0) = ®(v) and the invariance of C' under (2.2) yields that
f(t) € C for all t € [0,6]. Hence, ®(v) € T,,C.

In order to show the opposite direction, let f : [0,d] — V be a solution of (2.2) with f(0) € C.
Let 7 : V' — [0, 00) be the distance function from C, i.e. for v € V' let

r(v) :=d(v,C) = ul)Ielg |lv —w]|.

Moreover, for t € [0, d] we set

In general, the function s : [0,d] — [0, 00) is not differentiable. Still we can define

t+h)—s(t
s'(t) := limsup s(t+h) = s(t) < 00
hN\O h

for t € [0,0), since r is Lipschitz continuous and f is once continuously differentiable. Let 7 be
the maximum of s on [0, d]. Then

U Bym(f(®)

t€[0,4]

is compact. Since & is locally Lipschitz continuous, there exists a constant L > 0 such that ®|x is
L-Lipschitz continuous. Our goal is to show that s'(t) < Ls(t) for all ¢ € [0,8). Because then for

g:[0,6] —=[0,00) : t +> s(t)e ™,

we find that ¢/(t) < e H(s'(t) — Ls(t)) < 0 for all t € [0,6) and g(0) = 0. Therefore, g(t) < 0 for
all ¢ € [0,6], hence S( ) <0 for all t € [0,6]. Since s is non-negative, however, this means that
s = 0, which yields that f(t) € C for all ¢t € [0, ].
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Let now ¢t € [0,d). Since C is closed, there is an z; € C with d(f(t),C) = || f(t) — z¢||. By
assumption, ®(z;) € T,,C C K,,C, thus (f(t) — x;, P(z;)) < 0. Consequently,

d(f(t+h),C)* —d(f(t),C)* b 1+ h) — @el|* = [[f(t) — ]

s'(t) = lim sup < limsu
hN\O h 0 A
— lim sup LF(E+ D)2 = IF I = 20f(t + h) — f(2), z)
hN\O h

(2:2)

= jtllf(t)HQ = 2(f'(t), ) =" 2(f'(1), f(1)) — 2{R(f (1)), 22) = 2D(f(2)), [(t) — 1)
S 2R(f(1)), f(t) = o) — 2(P(xe), f(t) = 2e) = 2P(f(t)) = D(xe), f(E) — x1)
< 2[@(f(t)) — (@)l f(t) — zell < LIF(t) — zel|* = Ls(t),
where the last inequality holds, since
lze = fFOII* = s(t) < o,
thus o, € B s (f(t)) € K. O

For a smooth function F', the following lemma gives a connection between the invariance of the
sublevel sets of F' under the ordinary differential equation (2.2) and the angle between the gradient
of F and the map .

Lemma 2.3.4. Let V' be a vector space and ® : V — V a locally Lipschitz continuous map. Let
further C" C V' be an open set and F' : C' — R a smooth function. If the sublevel sets of F' are
invariant under (2.2), then for all v € C we have that

dF,(®(v)) < 0. (2.3)

Conversely, if F' satisfies (2.3) for all v € C, then for all a € im(F') and solutions f : [0,0] — C
with f(0) € F~1((—o00,al), we have that f(t) € F~1((—o0,a]) for all t € [0,6]. In particular, if C
is additionally invariant under (2.2), then the sublevel sets of F' are invariant under (2.2).

Proof. Under the assumption that the sublevel sets of F' are invariant under (2.2), let v € C' and
f:10,0] = V be a solution of (2.2) with f(0) = v. Let further a := F(v). Thenv € F~!((—00,a]).
Hence, by assumption f(t) € F~'((—oo,a]) for all t € [0,6]. This means that the function
Fof:]0,0] — R is defined and satisfies F'(f(0)) = a and F(f(t)) < a for all £ € [0,6]. Therefore,
we find that

02 2| F(0) = dE(F0) = dR(@(0) = d(2(0).

Conversely, we assume that F' satisfies (2.3) for all v € C. Let f : [0,d] — C be a solution of (2.2)
with f(0) € F~!((—o0,a]) for some a € im(F). Then

d

S F0) = dFy(2(f(1)) <0

for all t € [0,6]. Hence, F' o f is decreasing, which means that F(f(t)) < F(f(0)) < a, thus
f(t) € F71((—o0,al), for all t € [0, 4]. O

An example of a family of sets which are invariant under the ordinary differential equation
R(t) = R(t)* + R(t)* (2.4)

is the following. (Remember that the map # was defined in Definition 1.1.17.)
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Example 2.3.5. For a € R, the sets
{R € A, |scal(R) > a}
are invariant under the ordinary differential equation (2.4).
Proof. Let us consider the function
F:A,—>R: R~ —scal(R).
Using a formula for the components of R? + R# (see for example [Ham86]), one can compute that
dFr(R* + R*) = —scal(R* + R*) = —2||ric(R)||* < 0

for all R € A,. Therefore, Lemma 2.3.4 implies that for a € R the sublevel sets F'~((—o0, —a]) =
{R € A, | scal(R) > a} are invariant under (2.4). O






Chapter 3

Bianchi-convex sets

In this chapter, we introduce Bianchi-convex sets of algebraic curvature tensors and show some
first properties. Bianchi-convexity relaxes the notion of convexity in a certain sense inspired by
the second Bianchi identity for the Riemannian curvature tensor of a Riemannian manifold. In
dimension 3, we consider Bianchi-convex sets of algebraic curvature tensors whose eigenvalues lie
in a sublevel set of some function f : R® — R and derive another characterization of Bianchi-
convexity for those sets in terms of f. This enables us to find examples for Bianchi-convex sets
which are not convex and thereby show that the introduced notion is a real generalization of
convexity. Moreover, we show that certain subsets of these Bianchi-convex sets are invariant
under the ordinary differential equation (2.4).

3.1 The definition and first properties

First of all, recall that for a submanifold N of codimension one of a Riemannian manifold (M, g)
and a point © € M, given the choice of a normal vector n, at x, the second fundamental form of
N in x is defined as the symmetric and bilinear map

nY:7T,N x T,N - R: (X,Y) — g.(V%Y,n,),
where VY is the Levi-Civita connection of M. For X, Y € TN, one can show that
9:(V&Y.ng) = —go(Y, Vin). (3.1)
Here, n denotes an extension of n, to a neighborhood of x in M.

Remark 3.1.1. Let V be a vector space and C' C V a closed convex set, the boundary 0C' of
which is smooth and of codimension one. If one chooses n, to be the outward pointing unit normal
on OC at z, then 29 is negative semidefinite for all 2 € 9C.

Our generalization of the notion of convexity requires a second Bianchi identity for tuples of
algebraic curvature tensors.

Definition 3.1.2. An n-tuple (T1,...,T,) € A" satisfies the second Bianchi identity, if for some
orthonormal basis (b1, ...,b,) of R" we have that

Ti(b; A by) + T;(bk, A bi) +Ti(bi ANbj) =0

for all 4,7,k € {1,...,n}. Moreover, we can replace A, by S%(A*TM) and R™ by T,,M for some
x e M.

31
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Remark 3.1.3. In dimension n < 2, the second Bianchi identity is always satisfied. In dimension
n =3, (T, Ty, T3) € A3 satisfies the second Bianchi identity if and only if

T1<b2 VAN bg) + Tz(bg A\ bl) + T3(b1 N bg) = O
for some orthonormal basis (by, ba, b3) of R3.

Example 3.1.4. Let (M, g) be an n-dimensional Riemannian manifold, x € M and (by,...,b,)
an orthonormal basis of T, M. Then (T,...,T,), where T; := V,, Rm, for i = 1,...,n, satisfies
the second Bianchi identity with respect to (by,...,by,).

For closed subsets of algebraic curvature tensors, we introduce a weaker form of convexity.

Definition 3.1.5. A closed subset 2 C A, is called Bianchi-convex, if for all ¢ > 0 and R € 02
there is a supporting submanifold NV of © in R such that for each S € N and (T3,...,T,) € (TsN)"
satisfying the second Bianchi identity, we have that

n

SO T) < 30T (32)

i=1 i=1
Furthermore, we can replace A,, by S%(A*TFM) for some x € M.

Remark 3.1.6. If the boundary of €2 is smooth, then the supporting submanifolds in the Definition
3.1.5 can be chosen to be 012 itself, and we obtain that {2 is Bianchi-convex, if and only if for all
R € 0Q and (Ty,...,T,) € (TrONQ)" satisfying the second Bianchi identity, we have that

n

i=1
Roughly speaking, in order for a set of algebraic curvature tensors to be Bianchi-convex, concavity
is permitted in certain directions as long as these directions are compensated by the convex ones.

Remark 3.1.7. Closed convex subsets of A,, are Bianchi-convex.

Remark 3.1.8. Let (M, g) be an n-dimensional Riemannian manifold and Q@ C A4, an O(n)-
invariant set. If 2 is Bianchi-convex, then €29 (as defined in Definition 2.1.2) is fibrewise Bianchi-
CONVEX.

Lemma 3.1.9. The intersection of two Bianchi-conver sets is Bianchi-convez.

Proof. Let ©,Q C A, be Bianchi-convex sets. Let € > 0 and R € 9(Q2NQ). If R € 002N C 09,
then, since €2 is Bianchi-convex, there exists a supporting submanifold N of €2 in R such that
(3.2) is true for each S € N and (17,...,T,) € (TsN)" that satisfies the second Bianchi identity.
Since N is also a supporting submanifold of 2N Q' in R, we are done in this case. The case that
R € 02 NQ C 09 works analogously. ]

The following lemma is a crucial step towards generalizing Hamilton’s maximum principle [Ham86,
Theorem 4.3| to the Bianchi-convex setting (see Section 4.3).

Lemma 3.1.10. Let (M, g) be an n-dimensional Riemannian manifold, C C S%(A*T*M) be
closed, invariant under parallel transport with respect to the Levi-Civita connection V9 and fi-
brewise Bianchi-conver. Let R € T'(M,C) be a smooth section of C' and R(x) € 0C, for some
point x € M. Moreover, assume that (Vy, R, ...,V R) satisfies the second Bianchi identity with

n



3.1.

respect to some orthonormal basis (by, ...,
submanifold of C, in R(z) satisfying (3.2).

(A, R)(@).nrw)),

where Ng,) denotes the unit normal on N at R(x

Above, we identified the normal vector ng,)
at R(z), with a vector of S%(A?T} M) itself.

Proof. For v =1,...,n, let ~; :
is invariant under parallel transport with respec
that

P

Yi

h(t) == (
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1
|[O,t])

33

b,) of T.M. Let further ¢ > 0 and N be a supporting
Then we have that

n
<e> |[V]R|?,
=1

) pointing in the opposite direction of C,.

, which was a priori a tangent vector to S%(A2T; M)

(—0,0) — M be geodesics with v;(0) = x and 7,;(0) = b;. Since C

tto V9, fori=1,...,nand t € (=6,0) we find

(Rov)(t) € Ch,

€0y

where P, denotes the parallel transport along Yil[o,g with respect to V9. Hence, h; is a curve
in C, with h;(0) = R(z) € N. Now, let ¥ be a signed distance function from N. Then
(r o 1) (0) = 7 (R()) = 0,
and (1Y oh)(t) <0 forallt € (—6,9).
Therefore, 0 is a local maximum of 7%V o h;. On the one hand, this implies that
d
0= 2| (™ ohi)(t) = dryl(hi(0)) = {grad, o™, hi(0)) = (1, 0),1i(0))
t=0
thus
g VI /
Vi, R = o R(i(t)) = h;(0) € Ty, )N
t=0
On the other hand, we obtain that
d2
0> 5 t_o(rN o hi)(t) = Hessy, o)™ (1}(0), h}(0)) + drp o) (h} (0)).
Since
Hessy, (o (h’( ), h;(O)) <V9/ grad rV h;(0)> @b _ <gradR Vg/ 01 (0 )>
= — (nr@), Vi) hi(0)) = =3, (h(0), 7(0)),
we find that
3 (R1(0), H(0)) > (nag), b (0)), (3.3)
which leads to
n o/ (V9)? <Y
(QgR)(@),mp0) ) = (| ROu().0mg) ) = D (h(0). nre)
i=1 t=0 i=1
63 & / g g
<> oy () (P (0 Z [IR(x) ViR, Vi R)
i=1
(32) 2 ,
< e IViRI%
=1
where the last inequality holds since (V3 R,...,V] R) € (Tr@)N)" satisfies the second Bianchi
identity (with respect to the orthonormal basis (b, ...,b,)) and C, is Bianchi-convex. O
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3.2 Bianchi-convex sets in dimension 3

In this section, we have a closer look at Bianchi-convex sets in dimension n = 3. First of all,
the following lemma allows us to reformulate the second Bianchi identity in terms of symmetric
3 x 3-matrices and oriented orthonormal bases of R3, which makes explicit calculations much
easier.

Lemma 3.2.1. Let (By, By, B3) be a positively oriented orthonormal basis of A*R3. Then there
exists an orthonormal basis (by, by, bs) of R® with By = by A by, By = b3 A by and Bz = by A by.
Here, an orthonormal basis of A*R? is called positively oriented, if it lies in the same connected
component as (ex A e3,e3 A er,e; A ey), where (e1, ey, e3) is the standard basis of R3.

Proof. Let ONB(RR?) and ONB(A?R?) be the sets of orthonormal bases of R? and A*R?, respec-
tively. These are compact submanifolds of R3*3 and (A?R3)3, respectively. Let us consider the
map

D ONB(Rg) — ONB(AQR?’) : (bl, bz, bg) — (b2 VAN b3, bg VAN bl, b1 A bg)

between these manifolds and show that it is surjective. In order to do so, we first show that & is
a local diffeomorphism. Let b = (by, by, b3) € ONB(RR?). The differential of ® at b is given by

d®, : TLONB(R®) — T, ONB(A’R?)
X = (Xg Aby— by A X3, Xz Aby —bs A X1, Xy Aby — by A Xo).

Using that

3 3 3
TbONBGRs) = { (Z Cljbja Z ngbj, Z ngbj) Cii — 0, Cij = _Cji} y
j=1 j=1 j=1

one shows that d®; is injective. Thus, as a linear map between equal dimensional spaces, d®, is
bijective. The inverse function theorem yields that there is an open neighborhood U of b such
that ®|y : U — ®(U) is a diffeomorphism. Since b € ONB(R?) was arbitrary, ® is a local
diffeomorphism and therefore an open map. Hence, ®(ONB(RR?)) is open in ONB(A?R?), and
compact since ® is continuous and ONB(R3) is compact. In particular, ONB(RR?) is open and
closed. This results in ® mapping surjectively onto each connected component of ONB(A?R?),
which means that if it hits a connected component at all, it hits every point of it. It remains to
show which of the two connected components of ONB(A?R?) are hit by ®. Since the standard basis
(€1, e, e3) of R? and (ey, ey, e3) are of the opposite orientation but both ®(ey, e, €3) and ®(es, €1, €3)
have the same orientation, continuity of ® yields that ® is surjective onto the connected component
of ONB(A?R?) containing (ex Aes, e3Aeq, €1 Aey), which we call the positively oriented orthonormal
bases of A%R3. O

Lemma 3.2.2. Let (T, Ty, Ts) € A3. Then the following are equivalent:
(1) There is an orthonormal basis (by, by, b3) of R® such that
Tl(bg A\ b3) + Tg(b3 A bl) + Tg(bl A\ bg) = 0.

(2) There is a positively oriented orthonormal basis (cy,c,c3) of R®, meaning that the matriz
(c1c9c3) € SO(3), such that

3
S TMe; =0,

i=1
where TM denotes the matriz representation of T; with respect to (ex A ez, ez A er,er A es),
where (eq, ez, e3) is the standard basis of R3.
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Proof. With respect to the standard scalar product on R? and the scalar product on A%R3 in-
troduced in Section 1.1 (using the identification of A*R?® with s0(3)), we consider the following
isometry

YR — APR? : (21, 29, 23)" = 1e9 A €3 + Taes A e + T3e1 A es.

Now, TM = ¢p=' o T; 0 9. In order to show the implication "="', we assume that there is an
orthonormal basis (b, by, b3) of R3 such that

T1(by A b3) + To(bs A by) + T3(by Aby) = 0. (3.4)
Let
¢ oq
C=|cd 3
g 3 G

be the change of basis matrix between the orthonormal bases E := (e A e3,e3 A e1,€e1 A e3) and
B = (bz A b3, b3 VAN bl, bl VAN bg), that is

bg AN b3 = 0162 N es + C%€3 Nep+ Ci’el N e,
bs A by = cheq A es + cres A ey + caer A es (3.5)

and b; Aby = c§e2 Nes+ cgeg Ner+ cgel A eo,

and set
CZ1 3 '
ci=CTleg= || => de; (3.6)
c j=1

for ¢ = 1,2,3. Since both E and B are positively oriented, we find that C' € SO(3). Hence,
(c1, o, c3) is a positively oriented orthonormal basis of R3. Tt follows that

;TiMc,- = ; T ()
(36) = <T1 (Z Ciﬂﬁ(@i)) + T <Z Cé@b(ei)) + T3 <Z Cg¢(6i>>>
(3.5) Y (Ty (b A bg) + Ta(bs Aby) + Ts(by A by))
0.

Conversely, let (cy, co, c3) be a positively oriented orthonormal basis of R? with

3
> TMe; = 0. (3.7)

i=1
Then C := (cic2¢3)" € SO(3), hence (By, Bs, Bs), where
By i=ciea Nes +Ces Aep + e A ey,

By = céeg Nes+ 0363 Nep+ cgel N e

and Bs:= céeg N es + cgeg Neil+ cgel A eo,
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is a positively oriented orthonormal basis of A2R3. Therefore, by Lemma 3.2.1 there is an or-
thonormal basis (by, be, b3) of R? such that By = by A bs, By = b3 A by and Bz = by A by. As above,
this yields that

3.7

3
Ti(by A b3) + To(bg Aby) + T3(by Abg) =1 (Z TZ.M(;@) @D 0. O
=1

From now on, we will always identify .43 with the space of symmetric (3 x 3)-matrices (via mapping
each algebraic curvature tensor to its matrix representation with respect to (ea Aes, ez Ae,e; Aes),
where (ey, €9, e3) is the standard basis of R?).

Remark 3.2.3. The triple (7, 0,0) (respectively (0,7',0) and (0,0, T")) satisfies the second Bianchi
identity if and only if T is singular, that is the kernel of T is non-trivial. In dimensions n > 4,
however, T' € A, being singular in general does not imply that the n-tuple (7,0, ...,0) satisfies
the second Bianchi identity, since there is no splitting as in Lemma 3.2.1 anymore.

Corollary 3.2.4. Let Q C A3 be a Bianchi-convex set with smooth boundary 02 of codimension
one and R € 0F). Then the second fundamental form [l%Q is negative semidefinite on the singular
part of TrOSY, i.e. for each T € TrON with ker(T') # {0}, we have that

9T, T) < 0.

Next, we show that in the definition of Bianchi-convexity, it is equivalent to require that the triples
satisfy the second Bianchi identity with respect to some fixed positively oriented orthonormal basis
of R3, say the standard basis.

Lemma 3.2.5. A set Q C Aj is Bianchi-convez if and only if for all R € 0 and (11,13, T3) €

3
Z ,Iziei = Oa
i=1
we have that
3
S 09T, T) < 0. (38)

i=1
Here, (e1,eq,e3) denotes the standard basis of R3.

Remark 3.2.6. It is, however, not true that a triple (7, T, T3) € As satisfies the second Bianchi
identity if and only if

3
i=1

where (e1, es, €3) denotes the standard basis of R3. Of course, only the obvious of both implications
is true, namely (3.9) implies that (T}, Ts, T3) satisfies the second Bianchi identity.

Proof. That the implication “=-" holds true is obvious. To show the other direction, let R € 0f2
and take (71, Ty, T3) € (TrOQ)? satisfying
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for some positively oriented orthonormal basis (b, by, b3) of R®. There exists some Q € SO(3)
with (b1, by, b3) = (Qeq, Qea, Qes) and we have that b; = Qe; = Z?:l Qjiej. For i =1,2,3, we set

3
T; = QyT;
j=1
Then we find that

3 3 3 3 3
Y Tiei =Y QuTiei =Y T; > Qyei =) T;b; =0.
i=1 ij=1 i—1 j=1

=b;
Hence, by assumption, we obtain that

3 3
0347, T)) = Z[lm (Z Qi T; ZQika) = Y QyQuDy (T, Tx)

k=1 i,5,k=1

Mw

7

E I
TTMw .

(Z@ Qu (T, T) = WA, T,

jk=1 j=1

————
=(Q'Q);j1=0;1
This proves that €2 is Bianchi-convex. O

Remark 3.2.7. The formulation of Lemma 3.2.5 is convenient since for R € 90f) the set

(TRGQ)?QBI) = {(Tl, TQ, Tg) TRGQ

— 0} (3.10)

forms a vector space.

3.2.1 Ansatz

Although the reformulation of Bianchi-convexity of sets given in Lemma 3.2.5 is somewhat better
to handle, it is still unclear whether there are Bianchi-convex sets which are not convex, so whether
Bianchi-convexity is at all a reasonable notion. To this end, we develop another characterization
of Bianchi-convex sets which have the following concrete form.

Let f : R* — R be a smooth function with f~1(0) # () such that 0 is a regular value of f, i.e. df, # 0
for all z € f~*(0). Let further f be symmetric, meaning that f(z1,22,23) = f(Zo(1): To2)s To(3))
for all z € R3 and all permutations o € S5. We set

Qp :={Re A3 | f(MR)) <0}
Here,
A Ay = R’ R (M(R), Ma(R), As(R)),
where A\1(R) < Ao(R) < A3(R) are the eigenvalues of R.
Example 3.2.8. The following functions satisfy the properties mentioned above:

T Ty + T+ T3

or x>+ 15+ a5 —a(z + 1+ x3)° —C

for a € R and ¢ > 0.
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Lemma 3.2.9. The boundary
09y ={R € As | f(\(R)) =0} = (fo)7'(0)
of 2y is smooth and 5-dimensional, that is of codimension one.

Proof. Since f is smooth and symmetric, by Schwarz’s theorem [Sch75], f can be written as a
smooth function in the elementary symmetric polynomials o1, o5, 03 on R?, i.e. there is a smooth
function g : R — R such that f = g(01, 02, 03). Moreover, it is well known that for i = 1,2, 3 the
function A — o;(A(A)) is smooth on the space of matrices. This yields that

f oA: Ag — R
A= g(01(A(A)), 02(A(A)), 03(A(A)))
as composition of smooth functions is smooth as well.
Next, we show that 0 is a regular value of fo). To this end, let R € (fo))~!(0) and write X := A\(R).
Since R is symmetric, there is some @ € O(3) such that R = QDQ", where D := diag()\).

Since f(A\) = 0 and 0 is a regular value of f, there is an z € T\R® such that dfy(x) # 0. Set
D(s) := diag(A + sx) and ¢(s) := QD(s)Q". Due to the symmetry of f, we obtain that

(f o A)(e(s)) = F(AD(s))) = f(A + sz).
Differentiating this equation at s = 0 yields that

d(f o M)r(¢(0)) = dfx(z) # 0.

Hence, d(f o A)g is surjective. This shows that 0 is a regular value of f o A. Now, the submersion
theorem [Kl1i95, Theorem 1.3.3] implies that (f o A)7(0) is a submanifold of A3z of codimension
one. g

Lemma 3.2.10. Let R € 0Q¢. Then there exists an € > 0 and a smooth curve ¢ : (—¢, €) — 0
with ¢(0) = R and c(s) having pairwise distinct eigenvalues for all s # 0.

Proof. Let R € 09y with eigenvalues Aj, Ay and 3. Set A := (A1, A2, A3).

Step 1: We show that there exists a v € Ty f~!(0) such that for € > 0 small enough ~,(s) := X+ sv
has pairwise distinct components for s € (—¢, €) with s # 0.

o If \;, \y and A3 are pairwise distinct, this is clearly true for each v € R?, in particular for
each v € T\ f~1(0), and € > 0 small enough.

e If two of the eigenvalues of R coincide, say A\; = Ay, then the symmetry of f gives that

d d
O f(A AL A3) = —| f(A4s,A,08) = 1 f(A, A+ 8, 43) = 0o f (A1, A1, As).
ds|s=o ds|s=o
Therefore, v := (1, —1,0)* € grad, f= = T f~'(0) and it is easy to see that 7,(s) has pairwise
distinct components for s € (—e¢, €) but s # 0 for € > 0 small enough.

Step 2: Let v € Ty f~1(0) as in Step 1 and 7 : (—¢,€) — f1(0) be any smooth curve with 5(0) = A

and 7(0) = v. Since v, and 7 correspond up to first order, 5(s) has pairwise distinct components
for each s # 0 and € > 0 small enough as well.

Step 3: Let @ € O(3) such that R = Qdiag(\)Q". Then, ¢ := Q(diag o 7)Q" is a smooth curve in
0 with ¢(s) having pairwise distinct eigenvalues for each s € (—¢,€) with s # 0 for € > 0 small
enough. O]
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Lemma 3.2.11. (T@Qf)?gB[) is a smooth vector bundle over 02 of rank 12.

Proof. For i =1,2,3, R € Az and (Ty,T,,Ts) € (TrAs3)?, we define
3
S(R)(TL T Ty) = <ZT> |
j=1

where (ey, €2, €3) denotes the standard basis of R®. (Here, we canonically identified A3 with Tr.Aj3.)
Then 5; € T'(As, (T\A3)?)*), i = 1,2, 3, are smooth sections of ((T'A3)?)*. Since IO is smooth,
their restrictions s; € T'(9Qy, ((T082)?)*), i = 1,2, 3, are smooth sections of ((T'9€2)%)*. We claim
that these are linearly independent in each point R € 9€;. In order to see this, let o, 5,7 € R
such that

asi(R) + Bsa(R) + vs3(R) = 0.
Then for all (T, Ty, T3) € (Tr0S;)?, we have that
3 3 3
a<el,ZTje]~>+B<62,ZT]-6J~>+7<63,ZTjej> =0. (3.11)
=1 =1 =1

Since the system of linear equations Z?Zl Tje; = 0 has full rank 3 as a system in the 7}, (3.11)
leads to @« = = v = 0. Hence, {s1(R),s2(R),s3(R)} is linearly independent. Moreover, we
notice that

(3.10)

ker(si(R)) Nker(sa(R)) Nker(sz(R)) (TRGQf)?QBI).

Proposition A.0.2 implies that

(3.10)

ker(s1) Nker(sy) Nker(ss) (Tan):éBI)

is a smooth subbundle of (T9Q;)? of rank 12 since (T'9€2;)* has rank 15. O

The following considerations aim at explicitly computing the second fundamental form of 0€;.

Lemma 3.2.12. For each D := diag(\) € 9Qy, i.e. X € f71(0), with Ay # Aa # A3 # A1, we have
that

TpoSy = [s0(3), D] & diag(ker(df)). (3.12)

Proof. Let D := diag(\) € 0Qf with A, Ay and A3 being pairwise distinct. In order to prove
the inclusion "D", let S € s0(3) = T1,0(3) and = € kerdfy = Thf'(0). Let further € > 0,
Q : (—€,€) = O(3) be a curve with Q(0) = 15 and Q(0) = S and ¢ : (—e,€) — f~(0) be a curve
with ¢(0) = A and ¢(0) = 2. Then for the curve

v (=€ €) = 09 s> Q(s)diag(c(s))Q(s)',
we have that
[S, D] + diag(x) = 4(0) € TpoS2y.
This yields that

[50(3), D] + dlag(ker(df,\)) - TDan. (313)
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Since (Ey, Ey, E3) (as defined in Example 1.1.20) is a basis of s0(3), the commutator

[50(3), D] = span{[E;, D] | i = 1,2,3},

where
0 00
[E17D] :()\3_)‘2) 001 ’
010
0 01
(B2, D= (s —A) [0 0 0 (3.14)
1 00
010
and [Eg, D] = ()\2 — )\1) 1 00
000

Since Aj, Ay and A3 are pairwise distinct, this shows that [so(3), D] is the space of all symmetric
matrices with vanishing diagonal, hence 3-dimensional and orthogonal to the space of diagonal
matrices. Therefore the sum in (3.13) is direct. Since 0 is a regular value of f, the submersion
theorem implies that f~1(0) is 2-dimensional. Consequently,

[s0(3), D] & diag(ker(df))) = [s0(3), D] & diag(T)f~'(0))
is a 5b-dimensional space. By Lemma 3.2.9, we have equality in (3.13). O]
Remark 3.2.13. Since for each @ € O(3) the map
g 00y — 0Q; : R— QRQ'
is an isometric diffeomorphism, for all R € 0
dogl|r : TROSY — ToredQy : X — X — QXQ'
is an isomorphism. Hence, we have that
TorgtOYy = dpg|r(TrOQ) = QTRON Q"

Therefore, Lemma 3.2.12 yields an explicit formula for the tangent space of 9€2y at an arbitrary
point R € 0€); with pairwise distinct eigenvalues.

Lemma 3.2.14. For each D := diag(\) € 08, we have that the outward pointing unit normal
on O at D is given by

np diag(grad, f). (3.15)

1
lgrad, /]|

Proof. First of all, let D := diag(\) € 09 with A;, Ay and A3 being pairwise distinct. Using
Lemma 3.2.12, we observe that

TDAg = TpﬁQf D NDan = [50(3), D] @D diag(ker(df,\)) ) NDan.
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Since [s0(3), D] is the space of all symmetric matrices, the diagonal of which is zero, we obtain
that

diag(ker(dfy)) ® Npd€); = diag(R?).
It follows that the normal space of 92y at D is given by
NpoQy = Rdiag(grad, f).

Recalling that ||diag(grad, f)| = ||grad, f|| yields that np is given by (3.15) in this case. Here, the
norm on the left-hand side is the one induced by the scalar product on Az introduced in Remark
1.1.7, which is given by

3
<A7 B> - Z Az'sz‘j

i,j=1

for symmetric 3 x 3-matrices A and B. Since Lemma 3.2.10 implies that the set

{ANeFTH0) | A # Ao # A # M}

is dense in f~!(0) and the right-hand side of (3.15) depends continuously on )\, we obtain that
(3.15) is also true for general A € f~1(0). O

Remark 3.2.15. For ) € O(3), let pg be as in Remark 3.2.13 and R € 0. For all X €
Torgt0S2s, we have that

0= (ng,deolr ' (X)) = (dwolr(ng), X).
Thus, dpg|r(nr) € Norgt0€2s. Since

ldeq|r(np)l| = |Ingl =1

and 13 € O(3), it follows that

norg: = deg|r(ng) = QneQ".

Combining this with Lemma 3.2.14 gives an explicit formula for the unit normal on 9€2; at every
point R € 0€;.

Remark 3.2.16. For all Q € O(3), R € 092y and T3, T, € Tr0S2s, we have that
U (11, T5) = = (To, Vim) = — {dgqln(T2), dgql (Vi)
o9
= —(Q1Q" Vor,gm) = oo (QTiQ", QTQ").
Here, ¢ denotes the isometric diffeomorphism introduced in Remark 3.2.13.

Lemma 3.2.17. For each D := diag(\) € 082y with Ay # Xy # X3 # A1, the second fundamental
form [IBDQf is diagonal with respect to the decomposition TpOSly = [so(3), D] & diag(ker(df))), i.e.

a0
H%Qfg <HD f|[so(3),D} 00 0 ) :
0 HD f|diag(ker(df>\))
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Proof. Let D := diag(\) € 0Qy with \;, i = 1,2,3, being pairwise distinct. Let further [S, D] €
[s0(3), D] and @ : (—e€,¢) — O(3) be a curve with Q(0) = 13 and Q(0) = S. For s € (—¢,¢), we
set ¢(s) := Q(s)DQ(s)". Since
F(A(e(s))) = fF(A) =0
for all s € (—¢,€), ¢ is a curve in 0Q; with ¢(0) = D and ¢(0) = [S, D]. Now, by Remark 3.2.15,
we find that
d

d t
Visom= | (mec)(s)= | Qs)npQ(s) (3.16)

= SI’ID -+ l’lDSt = SHD — HDS = [S, I’ID].
Since np is diagonal, [S,np]| has vanishing diagonal by (3.14). As a consequence,
5" ([S. D). X) = ~(X, Vis.om) = —(X,[S,np]) = 0

for X € diag(ker(dfy)), where again (-,-) denotes the scalar product on 43 introduced in Remark
1.1.7. [

In the next lemma, we give explicit formulas for the second fundamental form of 9€2; on the two
factors of the above decomposition.

Lemma 3.2.18. Let D := diag(\) € 0y with Ay # Xy # A3 # A\1. Then for all X = diag(z),Y =
diag(y) with x,y € ker(dfy), we have that

0% (X,Y) = Hessy f(x,y).

b
lgrad, /]
For all Sy, 52 € s0(3), we have that

05" (181, D), [S2, D)) = =([85, D), [S1, mo))-

Proof. Let X = diag(z),Y = diag(y) € diag(ker(dfy)). Let further g : (—e,€) — f71(0), € > 0, be
a curve with g(0) = A and ¢(0) = z. Now, set c(s) := diag(g(s)) for every s € (—¢,€). Then c is
a curve in 02y with ¢(0) = D and ¢(0) = X and we have that

d d 1
= — —d d
VXn ds s:(](n C) (5> dS I ||grad f“ lag(gra g(s)f)
d ( ! )d' (grad, ) + ————diag (V,gradf)
= — ———— | diag(gra ———diag (V,gradf).
dsls=o ”gradg(s)fH * ngad)\fH
Since y € ker df), it follows that
0% (X,Y) = —(Y, Vxn)
d 1 1
== T ) W erady f) —s———(y, Vograd f
o () LD o, 11 >

1
= ———Hess) f(x, y).
farad, )

Using (3.16), for S;, Se € s0(3), we can compute that

3.16)

0% ([S1, D), [S2, D)) = —([S2, D), Vis,.om) 2 —([S5, D), [S1,np)). O
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3.2.1.1 The first factor of the decomposition (3.12)

The following Lemma shows that Bianchi-convex sets can only be concave in directions coming
from the second factor diag(ker(dfy)) of the decomposition (3.12). Since, by Lemma 3.2.18, the
second fundamental form on this space is essentially given by the Hessian of f, the degree of
concavity of € is determined by that of f~*((—o0,0]).

Lemma 3.2.19. Let Qy be Bianchi-convex and D := diag(\) € 0Qp with Ay # Ay # A3 # A1
Then H%thsa(g)p] is negative semidefinite.

Proof. In the proof of Lemma 3.2.12, we have seen that ([Ey, D], [Es, D], [Es, D]) is a basis of
[s0(3), D] which only consists of singular matrices. According to Remark 3.2.3, for i = 1,2, 3, the
triples ([E;, D], 0,0) therefore satisfy the second Bianchi identity. Since 2 is Bianchi-convex,

H%Qf([Ei,DL (£, D]) <0

for + = 1,2,3. Moreover, one can compute that

2 nD]:a3f(/\)—82f(,\) 8 8 g)
| grad, f]| 00 1),
00 1
Osf(N) = D1 f(N)

- ) oo 3.17
[E2,mp] lgrad, f]] 000 -

010

and [E37HD]:a2f|(!)\ia?ia;ﬁc()‘) 100

grad, 100

Together with (3.14), we find for i # j that

(3.14)

05" ([E:, D), [E;, D)) = —([E;, D], [Ei,np]) "= 0.

Therefore, [I%Qf |iso(3),0] is diagonal with respect to the basis ([Ey, D], [Es, D], [Es, D]) and has
non-positive diagonal elements, hence it is negative semidefinite. O]

Corollary 3.2.20. If Q0 is Bianchi-convez, then for all X € f~1(0) with \y < Ay < A3, we have
that

Of(A) < 02f(A) < 0sf(A). (3.18)

Proof. Let A € f71(0) with \; < XAy < A3. Set D := diag()\). Again using that the triples
([Es, D],0,0), i = 1,2, 3, satisfy the second Bianchi identity, the Bianchi-convexity of {2y implies
that

02 U351, D) 181, D) = ~([E4, DL [y mp]) 8017 oo =2l /) 2T )
0 > 12 (Ey, D), [Ey, D)) = —([Ey, D, [Ey, np]) @217 _oQ2 = M(@S ) = 01 f())
Jgzad, 1

Therefore, 03 f(\) — 02f(A)) > 0 and Oy f () — 01 f(N)) > 0. O
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Remark 3.2.21. Let D := diag(\) with A\; # Ay # A3 # A1 and define

_ Of(N) = Bf ) _ () =B f N _ ) =)

Z1(A) : Zo(N) : d Zs(\):
1(A) SV W 2(A) N and  Z3(A) S
For i =1, 2,3, let further
[EiaD]
Fri=
I 2, D]

Then (F}, Fy, F3) is an orthonormal basis of [s0(3), D], and with respect to this basis, we find that

o = b ae(ZiN. 2o, Za(A
D iso(3),D] grad, ]| iag(Z1(A), Z2(A), Z5(A)).

If ; is Bianchi-convex and additionally A € f~1(0), then Z;(\) > 0 for i = 1,2, 3.

The sublevel sets of a convex function are convex, as is well known. Since {2 is a sublevel set of
f o, it is natural to ask whether f being convex implies that €2 is already convex. Since by
assumption f is symmetric, the answer is yes.

Lemma 3.2.22. If f is convez, then each connected component of Qs is conves.

Proof. Step 1: By assumption, f is symmetric and convex, hence Schur-convex (for a reference see
[PPT92, Def. 12.23, Thm. 12.27]). Therefore, the Schur-Ostrowski criterion [PPT92, Thm. 12.25]
yields that

(zi —25) (Oif(x) = 0;f(x)) > 0

for all z € R® and 4,5 = 1,2,3. In particular, for all A\ € f~1(0) with A;, A\» and A3 being
pairwise distinct, we have that Z;(A) > 0 for i = 1,2,3. Remark 3.2.21 implies that H%thso(g)’D]
is negative semidefinite, where D := diag(\). Moreover, f being convex together with Lemma
3.2.18 yields that [l%ﬂf ]diag(ker(dm) is negative semidefinite as well. Thus, Lemma 3.2.17 gives that

H%Qf is negative semidefinite. Using Remark 3.2.16, all in all we have shown that Hzﬂf is negative
semidefinite in all points R € 01y with pairwise different eigenvalues.

Step 2: Let now R € 02y, the eigenvalues of which are not pairwise distinct. By Lemma 3.2.10,
there exists a smooth curve ¢ : (—e,e) — 08 with ¢(0) = R and c¢(s) has pairwise distinct
eigenvalues for all s # 0. Let T' € TroQ; and s — T'(s) € Ty(5)0€; a smooth vector field along c
with 7'(0) = T'. From Step 1, we obtain for all s # 0 that

By continuity, this is also true for s = 0, hence [I%Qf is negative semidefinite.

Taking both steps together yields that [I%Qf is negative semidefinite for all R € 9€2y. Consequently,
the connected components of {2; are convex. n

Remark 3.2.23. However, {1y being (component-wise) convex in general does not imply that f
is convex. To see this, for a € (0,1) consider the symmetric smooth function

ez

f..RRR:iz—a—e
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If z € f,71(0), then ||x]|> = —log(a) > 0, hence = # 0, which implies that grad, f, = 2ax # 0. It
follows that 0 is a regular value of f,. Moreover,

2
D*f(er) = ~diag(—1,1,1)
(&

is indefinite. Because of this, f, is not convex. Since for R € A3 we have that [|A\(R)|| = ||R]|, we
observe that

Q. = (R € A | fuA(R)) < 0} = {R € A

I1R] < /=Tog(a) }

is a ball in A3, hence convex, while f, is not convex.

3.2.1.2 The second factor of the decomposition (3.12)

As we have seen in the previous section, the second factor diag(ker(dfy)) of the decompositon
(3.12) is the more interesting one concerning the degree of concavity a Bianchi-convex set can have,
meaning that concave directions can only come from this space. In this section, we investigate
how positive the second fundamental form of a Bianchi-convex set restricted to this space can be.

Let Q0 be Bianchi-convex and D := diag(\) € 0Q; with A\, Ay and A3 being pairwise distinct.
Then for all (1,75, T3) € TpoSds, there are unique S; € [s0(3), D] and z; € ker(dfy) such that
T; = S; + diag(z;) for i = 1,2,3. If 33, Tie; = 0, where (ej, e, e3) denotes the standard basis of
R3, we have that

3 3
> 15" (diag (), diag(w:)) < — 210 5" (S:. 50).

=1

where we used Lemma 3.2.17. As a consequence, for all z1, xq, x3 € ker(df,), we have that

3
> 0% (diag(x;), diag(x;)) < min — Z 0% (s;, Sy, (3.19)

=1 =1

3.2.19
>0

3
where the minimum is taken over all S1,.Ss, S5 € [s0(3), D] with > (.S; + diag(x;))e; = 0.
i=1

Before determining the right-hand side of the inequality (3.19) more specifically, we make sure
that we are not taking the minimum over an empty set.

Lemma 3.2.24. Let D := diag()\), where X € R® with \y # Xy # A3 # \1. For all 11, x5, 73 € R3,
there exist Sy, 52, S5 € [s0(3), D] such that

3

> (i + diag(x;))e; = 0.

i=1
Here, (e1, e, e3) denotes the standard basis of R3.

Proof. Let x1, 22, x5 € R3. Then for all a,b,c € R,

0 —X929 —I33 0 —T11 b 0 ¢c O
Sl = | —T92 0 a s SQ = | —T11 0 0| and 83 =1c 0 O
—X33 a 0 b 0 0 0 00
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are elements of [s0(3), D], where x; = (2,1, ;2, x;3) for i = 1,2,3, and we have that

3

i=1
Lemma 3.2.25. Let D := diag()\), where A € R with \; < Ay < A3 and O, f(\) < dof(\) <
O f(N). Let further Z; = Z;(\), i = 1,2,3, be defined as in Remark 3.2.21. Then, unless
Zy=TJy=T5=0, for all x1, 29, x5 € R® we have that

3
min — 3097 (S;, ;) =

_ 2 <ZQZ3 9 AVARER: YAV 2)
i=1 ngadAfH ’

—_— 3.20
7y +ng11 7 +Z3$22 7, +Z2$33 ( )

where the minimum is taken over all Sy, Sy, Ss € [s0(3), D] with >3, (S; + diag(z;))e; = 0. If
7y = Zy = Zy =0, the left-hand side of (3.20) is zero.

Remark 3.2.26. Notice that Z; + Z; # 0 for all ¢ # 7, unless Z; = Zy = Z3 = 0.

Proof. By assumption, Z; > 0 for « = 1,2, 3. The case that Z; = Zy, = Z3 = 0 is trivial since then

[I%Qf|[50(3)7m = 0. In the other case, fix x1, 2o, x5 € R3. Let further

0 a; bz
S;ii=1la; 0 ¢l € [5 (3),D],
bi C; 0

where a;,b;,c; € R, i = 1,2, 3, such that

i=1
Then

$11+CL2+63:0,
ay; + Tog +C3 = O, (321)
by +co+x33 =0

and S; = V2(c;Fy + b;Fy + a;F3), i = 1,2, 3, where (Fy, F, F3) denotes the orthonormal basis of
[s0(3), D] introduced in Remark 3.2.21. Consequently,

3 9 3
=3RS, 80) PE S22y + b2 o + a2 Ly).
2> ferado 1 25

Since Z; > 0 for i = 1,2, 3, the function

3
qg: Rg —R: ((11, ag, a3, b17 bg, bg, C1, Co, 03) — Z(C?Zl + b?ZQ + CL?Zg)
i=1
is bounded from below and homogeneous of degree two. Using the method of Langrange multi-
pliers, one can compute that the minimum of g subject to the equality constraints (3.21) is given

by
ZZZS xQ le3 ZE2 leZ xg
Z2 + Z3 11 Zl +Z3 22 Zl i 22 33

This proves the statement. O
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Lemma 3.2.25 directly provides how concave a Bianchi-convex set 2; can at most be.

Corollary 3.2.27. Let Qs be Bianchi-convex and D := diag(\) € 0y with Ay # Xg # A3 # Ay.
Let further Z; :== Z;(\), i = 1,2, 3, be defined as in Remark 3.2.21. Then, unless Zy = Zy = Z3 =
0, for all x € ker(df\) we have that

ZiZ;

%% (diag(z), diag(r)) < ———— min ——d g2,

(3.22)

In the case that Zy = Zy = Z3 = 0, the left-hand side of (3.22) is non-positive.
Proof. Using Corollary 3.2.20, Lemma 3.2.25 shows that for all 21, x5, x3 € ker(df)), we have that

3 0 Iy =ly=2U3=0
s, 5. . ) 1 2 3
ZHD ! (diag(w;), diag(w;)) < { 2 ( ZoZ3 .2 2125 .2 2125 :

i=1 Teadl \Zatz: i1 T 252522 + 2142

2
1’33) , eclse

In particular, this holds true for zy, x9, z3 € ker(dfy) with in each case two of these vectors being
Zero. O

Remark 3.2.28. As we have seen in Lemma 3.2.18, the inequality (3.22) is equivalent to

{13121} Zi+ Z; T
={1,2,3}

Hessyf(z,z) > —2

An immediate consequence of Corollary 3.2.27 is the following statement.

Lemma 3.2.29. Let Q; be Bianchi-convex. If for all X € f~1(0) with Ay # Ao # A3 # A1 there is
an i € {1,2,3} such that Z;(\) = 0, then the connected components of 2y are convex.

Proof. Let A € f71(0) with A;, Ay and A3 being pairwise distinct and set D := diag(\). Since
Q¢ is Bianchi-convex, Z;(A) > 0 for ¢ = 1,2,3. By assumption, there is a j € {1,2,3} such
that Z;(A\) = 0. Therefore, from Corollary 3.2.27, we obtain that [I%Qf|diag(ker(dfk)) is negative
semidefinite, and by Lemma 3.2.19 so is H%Qf’[so(g)’l)}. Arguing as in the proof of Lemma 3.2.22
finishes the proof. O

Remark 3.2.30. Lemma 3.2.29 shows that in order for 2; to be Bianchi-convex but not convex,
OLf(N) < Oaf(N) < O5f(N) must hold true for all A € f71(0) with A\; < Ay < As.

3.2.1.3 Another characterization of Bianchi-convex sets

The previous considerations finally enable us to prove another characterization of Bianchi-convex
sets of the form Q; for a function f : R* — R as above.

Proposition 3.2.31. The set Q; is Bianchi-convex if and only if for all X € f~1(0) with \; <
A2 < A3 the following are true.

1) Buf(N) < 0of(N) < B3 (N) and,
2.) unless Zy = Zy = Z3 = 0, we have for all x € ker(dfy) that

L ZiZy
min xy,
ik} Zi+2;°"
—{1,2,3}
while if Z1 = Zy = Z3 = 0, we have that Hess)f(x,z) > 0 for all x € ker(dfy). Here,
Zi = Zi(N), i =1,2,3, are defined as in Remark 3.2.21.

Hessy f(z,z) > —2
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Proof. The implication “=" follows immediately from Corollary 3.2.20 and Corollary 3.2.27. To
show the converse implication, let first of all R € J€)y with pairwise different eigenvalues. Then
there exists a Q € O(3) such that R = QDQ!, where D := diag()\) for some A\ € f~1(0) with
)\1 < )\2 < /\3.

Step 1: Let (T3, T3, T3) € (Tr0Q;)? with 32, T;Qe; = 0. Recalling Lemma 3.2.12 and Remark
3.2.13, for i = 1,2, 3 there are unique S; € [s0(3), D] and z; € ker(dfy) such that T; = Q(S;+X;)Q",
where X; := diag(x;). Then

0= zngiQei = 23:@(51‘ + Xi)ei,
i=1 i=1
which implies that
Z(Si + X;)e; = 0. (3.23)
Now, we can compute

3 3 5 &
SO0 (T, 1) PO ST (S, + X, S+ X)) PETS I8, 80 + 300 (X, X).

i=1 =1 i=1 i=1

If Z1 = Zy = Z3 = 0, from Remark 3.2.21, we obtam that [l ] 3),p] = 0 and the second

assumption together with Lemma 3.2.18 yields that n D |d1ag (ker(dfy)) < 0. Hence, in this case, we
immediately obtain that

3
> R (T3,T3) < 0.

i=1

In the other cases, both assumptions together with Lemma 3.2.25 provide that

ST 2 SIS, 8) ij n 2% 2
i=1 n (L1 < i=1 b |grady f|| = {{J’”}}Z +Zk
3 2 YAYA 7 YAV
< e S..S)) + ( 243 o 1232 142 xg)
= ; D ( ) ”grad)\fu ZQ+Zg 11 Z1+Zg 22 Z1+Z2 33
1.), 3 3
32255 1%%7(5;, )+ min 309 (S, 5))
i=1 51,3275'36[50(3),D]: i=1
3

> (Si+Xi)ei=0
i=1

3.23) 3 3 ,
v z 09 (S;,8:) — S 05 (S;, S,) =
=1 =1

Step 2: Let now (T1, Ty, T3) € (Tr0Q)? with 22_, Tye; = 0. Then

3
Z iQe’L = 07
i=1
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where T} := Z?:l Q;iT; for 1 = 1,2,3. Similarly to the proof of Lemma 3.2.5, one computes that

2. o0 200, 5 a5, Stepl
Z[IR f(E’E)ZZHR f(ﬂ;ﬂ) S O
i=1 i=1
Thus, by Lemma 3.2.5, we have shown that €, is Bianchi-convex in all R € 0Q; with pairwise
distinct eigenvalues.

To finish the proof, let R € 0€, the eigenvalues of which are not pairwise distinct. From
Lemma 3.2.10, we know that there exists a smooth curve ¢ : (—e, €) — 09 with ¢(0) = R and
¢(s) having pairwise distinct eigenvalues for all s # 0. Let further (73, 7Ts,T3) € (Tr0Q;)* with

i1 Tie; = 0. Then (Ty, Ty, Ts) € (Try)hpy)- Since (T9Qy)Yp;) is a vector bundle, as we have
shown in Lemma 3.2.11, there exists a smooth section s — T'(s) € (Tc(s)an)?QB[) along c such that
T(0) = (T1,Ty,Ts). Hence, T(s) = (T1(s),T5(s),T5(s)), where s — T;(s) € T 02y are smooth
vector fields along ¢ with T;(0) = T; for i = 1,2, 3, satisfying 32, Ti(s)e; = 0. Since we already
know that 2, is Bianchi-convex in all points in 0€2; having pairwise distinct eigenvalues, we find
that

Zlﬂi’(”s{m(sm(s)) <0

for all s # 0. By continuity, this holds true for s = 0 as well. This proves that €, is Bianchi-
convex. O

3.2.1.4 Application
In order to prove the subsequent proposition, we need the following lemma.

Lemma 3.2.32. In each two-dimensional linear subspace of R3 there are two linearly independent
vectors with one vanishing component.

Proof. Let U be a two-dimensional subspace of R? not being one of the coordinate planes, since we
are done otherwise. Then UN{z € R® | x; =0}, UN{z € R? | o = 0} and UN{z € R® | 3 = 0},
as intersections of transversal subspaces, are one-dimensional. Moreover, these three intersections
cannot coincide since elements x in their intersection have z; = 0, x5 = 0 and x3 = 0, hence x = 0.
This yields that at least two of these three subspaces are distinct. Choosing a non-zero vector in
each of them provides two vectors as desired. O

Proposition 3.2.33. If ) is Bianchi-convex and scale-invariant, then the connected components
of Qs are convex.

Proof. As we have seen in the proof of Lemma 3.2.22, it suffices to show that [I%Qf is negative
semidefinite for all D := diag()\), where A € f~1(0) with A\;, A and A3 being pairwise distinct.

Since €1f is Bianchi-convex, from Lemma 3.2.19, we already know that I]%Qf |1s0(3),p] 15 negative

semidefinite. Thus, by Lemma 3.2.17, it remains to show that this is also true for [I%Qf | diag (ker(dfy))»
which by Lemma 3.2.18 is equivalent to Hess) f|r, j-1(0) being positive semidefinite. To this end,
let A and D be as above. Then D € 9€);. Since () is scale-invariant, so is J§2; as we know from
Lemma A.0.1. Therefore, aD € 99y, i.e. aX € f71(0), for all @ > 0. Hence, f~1(0) is scale-
invariant as well. Because of this, for s € (—¢, €) with 0 < € < 1, the curve s+ ¢(s) := A+ s\ is
contained in f~1(0) and we find that

_ 4
_dS s=0

dfx(A) (foc)(s) = 0.
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This yields that A € ker(dfy) = Thf~*(0). Furthermore,

d2

0=
ds?

(foc)(s) =Hessyf(\ ).

s=0

Now, let z € Thf~1(0). If d: (—=6,6) — f~1(0), 0 < § < 1, is a curve with d(0) = X and d(0) = =
and (s, t) := d(t) + sd(t) for s,t € (—4,0), then ~ is a curve in f~!(0) as well and we find that

£ d
= ) = —
0= Gsdilf (v(s: 1)) =

dfsisx(z + sx) = Hessy f(\, z) + dfa(x) = Hessy f(A, z).

s=0

Moreover, x = 1A + v for a unique r € R and v € A NT,f~1(0) and we have that

Hessy f(z, ) = r? Hessy f(\, A) +2r Hessy f(\, v) +Hessy f (v, v) = Hessy f(v,v). (3.24)

=0 =0

Hence, it remains to show that Hess) f restricted to A N Ty f~1(0) is positive semidefinite. Since
Trf~1(0) C R3 is a two-dimensional vector space, by Lemma 3.2.32, there are two linearly in-
dependent vectors having at least one vanishing component. Thus, Ty f'(0) \ R\ contains a
vector xg having at least one vanishing component. Writing o = rA 4+ vy for unique r» € R and
0 # vy € A NTyf~1(0), by Proposition 3.2.31, we therefore find that

Hess f(vo, vo) 3.24) Hessy f (20, x9) > 0.
Since the space A-NT) f~1(0) is one-dimensional, it follows that Hessy f restricted to AXNTy f~1(0)

is positive semidefinite. n

3.2.2 Example of ODE-invariant non-convex Bianchi-convex sets

We are now in the position to show that Bianchi-convexity is a genuine generalization of convexity,
i.e. there are Bianchi-convex sets which are not convex.

Proposition 3.2.34. Fora € (%, %) and ¢ > 0, the set
Que :={R € A3 | |R||* — ascal(R)* < ¢}
1s Bianchi-convex but not convez.

Proof. For a € (%, %) and ¢ > 0, we consider the function

foc RP =5 Rz ||z)|* —alz, I)* —c,

where I := (1,1,1)". Obviously, f,. is smooth and symmetric. For z := ( 1fa,0,0)t € R?,

we have that fo.(z) = 0, thus f,}(0) # 0. Moreover, 0 is a regular value of f,., since ¢ # 0.
Remembering Remark 1.1.11, we obtain that €, . = €y, .

Step 1: Let A € R? with \; < Ay < \3. Because
2)\1 - 2a()\1 + )\2 + )\3)

grad, foe = | 222 —2a(A1 + A2 + A3) |,
2)\3 - 2@()\1 + )\2 + )\3)
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we obtain that

81fa,0()‘) < a?fa,c(k) < ana,c()\)- (325)
Let
100 000 0 00
Ell—000,E222010andE33—000
000 000 0 0 1
and

The matrices A + E11, A+ Es and A + FEj33 all have the same eigenvalues

1 1
L Aifa) = 5 (3—38a+ V92 +2a+1) and Ay(a) = 5 (3—3a—Vv9a2+2a+1).

Since A1(a) > 0 for all @ € R and Ag(a) > 0 for all a < %, we find that A + E1q, A+ Ey and

A + Es3 are positive definite. Therefore, for each z € R\ {0} and k € {1,2, 3}, we have that
<(A =+ Ekk)[)?, I‘> > 0,

which is equivalent to

;Hess,\fw(x,x) = ;(D2fa7c(/\)x,x> = (Ax,x) > —(Eppr, ) = —xz.

Since Z1(A) = Z3(\) = Z3(A\) = 2, this results in

7.7
_— 2 == — 1 2 == — 1 v ] 2
Hossafucle,) > max, (—20p) = =2, mip, @i = =2 miy Zi+ 7, " (8.26)

={1,2,3}
for all x € R*\ {0}. With a view on (3.25) and (3.26), Proposition 3.2.31 yields that €, is
Bianchi-convex. (For this we only used that a < % and ¢ # 0.)

Step 2: First, we observe that we can write the function f, . as follows: For all 2 € R?, we have
that

Jac(z) = (Az, x) — c.

Furthermore, there is some @ € O(3) such that A = QDQ", where D := diag(l — 3a,1,1).
Computing for all z € R? that

fae(Qx) = (QDz,Qx) — c = (Dx,x) —c=(1— 3a)r? + 23 + x% —c,
we find that

Jae(=00,0]) = {z € R?| foc(w) < 0} = {Qu | v € R?, fuo(Qx) < 0}

3.27
=Q{r cR*| (1 —3a)z? + 235+ 22 < c}. (3:27)
1T Ty T T3
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From this, it is easy to read off that fafcl((—oo, 0]) is not convex given that 1 —3a < 0, i.e. a > %,
and ¢ > 0, but a one-sheeted hyperboloid. In this case, let

Ve —y/ec
R :=diag [ Q | V3ac and S :=diag | Q | v/3ac
0 0

Keeping in mind that
oo = Q. ={R € Az | MR) € foo((—00,0])}

yields that R, S € 09, .. However, the connecting straight line ¢t — ¢(t) := tR + (1 — t)S, where
t € [0,1], is not contained in , .. For example,

0
1
c <2> =diag | Q | V3ac | | & Que
0
since 3ac > c. Consequently, €, . is not convex. n
(:COforaE 5 andc>0

Remark 3.2.35. From the proof of Proposition 3.2.34, it even follows that for a € ( 35 5) and ¢ >

0, the set Q, . is strictly Bianchi-convex, that is for all R € 9Q,. and (T, Ty, T3) € (Tr0Q.)*\ {0}
satisfying the second Bianchi identity, the inequality

3
S0 (T;,T;) < 0
=1

is strict. Consequently, the sets €1, . can be deformed a little bit in such a way that they remain
Bianchi-convex.

Next, we show that suitable subsets of the sets ), . are invariant under the ordinary differential
equation (2.4).
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L 2) and ¢ > 0, there ewists a constant b, . > 0 such that

Proposition 3.2.36. For every a € <§, :

the intersection

Qoe = cN{R € Az |scal(R) > by}

is invariant under the ordinary differential equation (2.4). Moreover, a possible choice of b, is
given in (3.31) below.

Remark 3.2.37. Since {R € A; | scal(R) > b,.} as a half space is convex and hence also
Bianchi-convex, with a view on Lemma 3.1.9, the set €, . as intersection of Bianchi-convex sets is
still Bianchi-convex.

Proof. Fix a € (é, %) and ¢ > 0. Firstly, in three steps, we show that the set

Ca,c = C;cl((—OO, OD N {y € RB ‘ U1 + Y2 + Y3 2 ba,c}
is invariant under the ordinary differential equation

F'(@t) = o(f(2)). (3.28)

Here, f,. denotes the function introduced in the proof of Proposition 3.2.34 and the map ¢ is
defined as follows

33%"‘1’2553
0:R* > R®: 2 | 22 4+ 2123
$§+l’1$2

5

Step 1: For v € R? with ||v|| = y/c and v L I, where I := (1,1,1)", we consider the curve
¢y : R — f,2(0) : £ = cosh(t)v + Bsinh(t)]

in f,1(0) with ¢,(0) = v, where

a,c
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and show that
(p(co(t)), grad,, ) fae) <0
forall t >ty := % First, since v L I, i.e. v; + vy + v3 = 0, we notice that
0= (v1 + vy +v3)? = v + 03 + V3 4+ 2(v1v2 + vV1v3 + Vov3) = ¢ + 2(v1vy + V13 + Vav3),
thus
V1V + V1U3 + Va3 = —— (3.29)
and

0= (v1 + vz +v3)° = v} + V5 + V3 + 6v1V203 + 3(ViVg + VU3 + V15 + VU] + VU3 + V203)

=(v1+v2+vs)(vive+vivs+v2v3) —3v1v2V3
=—3v1v2v3
= v} + v3 + v3 — 3v1v9v3,
hence
V2 4 3 + v5 = 3v1v903. (3.30)
Using (3.29) and (3.30), one can calculate that

(p(co(t)), grad,, (o fae) = 12010005 cosh(t)® + 126°(1 — 3a) sinh(t)” + 3¢B(1 — a) cosh(t)* sinh(t)
= 12010905 cosh(t)? + 36%(1 — 9a?) sinh(¢)® + 3¢B(1 — a) sinh(t).
Moreover, using the method of Langrange multipliers, one can show that the maximum of the

function g : R® — R : o — x,2973 subject to the equality constraints z; 4+ 2 + 23 = 0 and
3
i + a3 + a} = c is given by g zc2. Therefore,

(pleo(t)), grad,, ;) fae) S 1 % cosh(t)® + 35%(1 — 9a?) sinh(t)® 4 3¢3(1 — a) sinh(t)

3(1 —9a?) . 3 3(1—a) . ) 3
= | —= cosh(t ——— - sinh(¢)” + ——==sinh(?) | c2
(f (9a—3)% 7+ g =3 Sinh(®)
<0
forallae( )c>0andt>t0—f.Weset
3¢ . 3
bac = T smh<2) . (3.31)

Then ¢,(tg) € {y € R | y1 + y2 + y3 = bs.}. Consequently, since v (as in the beginning of Step 1)
was arbitrary, we have shown that

(p(r), grad, fae) <0

for any z € f;1(0) N {y € R® | y1 + y2 + y3 > bac}-
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[

Step 1

Step 2: For x # 0, we have that
(p(x), (1)) = —(aF + 25 + x5 + 2125 + 2125 + To23)
1
= —5 (Il” + (@1 + 22+ 25)°)
< 0.

Notice that, in particular, this is true for z € f; }((—00,0]) N {y € R® | y1 + y2 + y3 = bac} and
that —1 is the outward pointing unit normal on this part of the boundary of C, .

Away from the set

Sac = fae(0)N{y € R’ | y1 + y2 + y3 = ba,c},

the boundary of the set C, . is smooth. Hence, all things considered, in steps 1 and 2 we have
shown that

<QO(SC), nw> < 07
i.e. p(z) is contained in the tangent cone T,C, ., for each z € 9C, . \ S,
Step 3: Now, let z € S, . and define

V(t) =z +to(x)
for t € R. Then, by Step 1, we have that
d

dt

fac(z) = 0, this implies that there is an ¢; > 0 such that f,.(y(t)) < 0, i.e.
), for all t € [0, €1). Moreover, from Step 2, we know that

fac(v(t)) = (grad, fa.c, ¢(z)) < 0.

t=0
Since f,.(7v(0)) =
V() € foe((—00,0]

a
dt

t=0
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Since (y(0),I) = (z,I) = by, this yields that there is an €5 > 0 such that (y(¢),I) > by, i.e.
Y(t) € {y €R® | y1 + Yo+ y3 > bac}, for all t € [0, €). In total, y(t) € C, . for all t € [0, €), where
¢ := min{ey, e2}. Due to y(0) = x and 4(0) = ¢(z), we have shown that ¢(x) € T,C, . as well.
Proposition 2.3.3 together with the previous considerations yields that C, . is invariant under the
ordinary differential equation (3.28).

Step 4: Now, we are in the position to show that Qa,c is invariant under (2.4), i.e. that for each
R e (‘3@“, we have that R?2 + R* € TRQM (see Proposition 2.3.3).

To this end, let R € aﬁa,c and Q € O(3) such that R = QDQ?, where D := diag(\). Then of
course A € C, .. Above we have shown that therefore () € T\C, .. Hence, by Example 1.1.20
together with the fact that €, is O(3)-invariant, we obtain that

D2 4 p# 1120 diag(¢(N)) € diag(ThCa.) C Tdiag(/\)ﬁa,c = TDQQ,C = Qt(TRQa,c)Q
and consequently
R* + R* "E° Q(D? + D#*)Q"' € TpQ,.. O

From (3.27), we immediately see that for ¢ = 0 and a > % the sets €2, . are convex double cones.
The following proposition shows that the upper cone, that is the subset of €2, which lies in the
half-space of non-negative scalar curvature, is invariant under the ordinary differential equation
(2.4).

Proposition 3.2.38. For all a > %, the cones
Qa0 = Qo N{R € As | scal(R) > 0}
are invariant under the ordinary differential equation (2.4).

Proof. Throughout the proof, we will use the notations as in the proof of Proposition 3.2.36. First
of all, let @ > L. It is obvious that 0 = ¢(0) € TyCyo. Now, let 0 # z € f,5(0) N {z € R?® |
Ty + x3 + w3 > 0}. Then there are a, 3 > 0 and v € R?® with ||v|| = 1 and v L I such that

x = av + B1. Firstly, let « = 1. Since = € f;&(O), we find that
0= fao(z)=|lv+BI|> —alv+BI1)*=1+33*1 - 3a),

hence = \/92—73. Similar to the proof of Proposition 3.2.36, one can show that

(), grad, fao) = 12010903 + 3(1 — a)B + 12(1 — 3a)5*

< \;% +3(1 —a)B+12(1 — 3a)5°
4 1 — 9a?
= —+

V6 V3(3a—1)3

<

o

for all a > % Now, for o # 1, by setting y := v + g[, we find that x = ay, hence

<‘10('T)7gradxfa,0> = <@(ay)7gradayfa,0> = a3<90(y)>gradyfa,0> S 0

Consequently, we have shown that ¢(z) € T,C, 0 for all € 0C, . Arguing as in the proof of
Proposition 3.2.36 shows the statement in the case that a > . Since (with a view on (3.27)) Q1
is the set of non-negative multiples of the identity in A3, this finishes the proof. O



Chapter 4

Maximum principles

In this chapter, we recall the weak and strong maximum principles for functions, introduce Hamil-
ton’s maximum principle and give a reformulation in the special case of algebraic curvature tensors
and the Ricci flow. The aim is to generalize this version to Bianchi-convex sets. As an application,
we obtain new curvature conditions which are preserved by the Ricci flow in dimension three.

4.1 Statements for functions

Theorem 4.1.1 (Weak parabolic maximum principle for scalars [Top06, p. 35]). Fort € [0,T),
where 0 < T < 00, let g; be a smooth family of metrics on a closed manifold M. Suppose that
u € C®(M x[0,T),R) solves

E S Agtu.

Let a € R. Ifu(-,0) < a, then u(-,t) < « for all t € [0, 7).

Remark 4.1.2. By setting a := max u(+,0), it follows immediately that u attains its supremum
on M x {0}, that is

sup w = maxu(-,0).
Mx[0,T) M

Remark 4.1.3. The strong parabolic maximum principle for scalars [Top06, p. 36| tells us that
under the same assumptions as in Theorem 4.1.1, u(-,t) < o for all ¢t € (0,7"), unless u = a. In
particular, if u attains its maximum in the interior of M x [0,T), i.e. at a point (z,t) with x € M
and ¢ € (0,7'), then u is constant.

Remark 4.1.4. Theorem 4.1.1 is also true after replacing all three < by > and is called the weak
parabolic minimum principle. Applying this, we obtain that if g; is a solution to the Ricci flow
and scaly,, > «a for some a € R, then scal,, > « for all ¢ € [0,7"). Moreover, strictly positive scalar
curvature is preserved by the Ricci flow as well.

4.2 Hamilton’s maximum principle and the Uhlenbeck trick

For t € [0,T), let g, be a smooth family of Riemannian metrics on a compact manifold M and
V a vector bundle over M with a time-independent fibre metric A and connections V! which are
compatible with h. Let further U C V be open, ® : U — U be a fibre-preserving smooth map

57
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and C' C U a closed subset which is invariant under parallel transport by Viforall t € [0,7) and
fibre-wise convex. Then the maximum principle of Hamilton [Ham86, Theorem 4.3] is as follows.

Theorem 4.2.1 (Hamilton). If C' is invariant under the ordinary differential equation

f'(t) = 2(f(1))
in each fibre, then C' is invariant under the partial differential equation

0

aft = Ay fe +O(f2), (4.1)

meaning that each solution of (4.1), i.e. time-dependent section f; € T'(M,V), with fo(x) € C
for all x € M satisfies that fy(x) € C for allx € M and t € [0,Ty). Here, Ty < T denotes the

maximal existence time of the solution f.

Here, the Laplacian Agt of a section f € I'(M, V) at time t is defined as in Definition 1.4.1 and
formed using the metric ¢, and the connection V°.

Remark 4.2.2. In the special case that V' = R is the line bundle equipped with the standard
metric h and the usual connection V! = 9 and that ® = 0, Hamilton’s maximum principle implies
that all intervals [a, b] are invariant under the heat equation. This leads to a version of the weak
parabolic maximum principle (see Theorem 4.1.1) and thereby gives an explanation why Theorem
4.2.1 is called a maximum principle even though no maximum appears in its formulation.

As a special case, let us consider the bundle of algebraic curvature tensors S%(A*T*M) together
with the fibre metrics ¢g; and the induced Levi-Civita connections V9. In order to reformulate
Hamilton’s maximum principle in this setting, we use the so-called Uhlenbeck trick to get rid of the
time-dependence of the metric. More precisely, we fix a vector bundle V' which is isomorphic to T'M
via a bundle isomorphism g : V' — T'M with fibre metric h := u{go. Hence, uqy : (V,h) — (T'M, go)
is a bundle isometry. Now, for t € [0,7], let uy = u(t) : V. — TM be a family of bundle
homomorphisms with u(0) = ug solving

0

ot
Here, H, is defined as in Definition 1.2.2. One can show that ujg; = h for all ¢t € [0,7]. Thus,
u 2 (V,h) — (I'M, g;) is a bundle isometry for all ¢ € [0,T]. By pulling back the Levi-Civita
connections V¥ on T'M with the isometries u;, we obtain compatible connections V! on V and sim-
ilarly for S%(A*T*M) and S%(A2V*). More precisely, for sections X in TM and R in SE(A?T*M),
we have that

U = Ht(ut).

Vi (uiR) = uj (V¥R).

Moreover, let n := dim(M) and @ : A, — A, be an O(n)-equivariant locally Lipschitz continuous
map. We define the fibre-preserving map

D = uf o DN o (ug)* 1 SH(AVF) = SE(A2VY),

where @9 : SH(A*T*M) — SE(A*T*M) is defined as in Definition 2.1.20. One easily checks
that ® = u} o ®% o (u;')* for all t € [0,T] since ufO% = us0% for all t € [0,T]. Then each
time-dependent section R; € T'(M, S%(A?T*M)) is a solution to

V%Rt — Agth + (I)gt(Rt)7 (42)
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if and only if R, := ufR, € ['(M, S%(A?V*)) solves

— R, = Ay, R, + (R)). (4.3)
In (4.2), V is the connection on the vector bundle S%(A?T*M) — M xR as introduced in Definition

1.2.2 respectively Remark 1.2.3.

This leads to the following reformulation of Hamilton’s maximum principle in this setting.

Theorem 4.2.3. Let Q C A, be an O(n)-invariant, closed and convex set. If Q) is invariant
under the ordinary differential equation

then the family of sets Q9 C S%(A2T*M) is invariant under the partial differential equation
V%Rt - Agth + q)gt<Rt), (44)

i.e. for solutions R to (4.4) with Ro(z) € Q% for all x € M, we have that Ry(x) € Q9 for all
r €M andt € |0,Ty). Here, Ty <T denotes the maximal ezistence time of R.

Proof (using Theorem 4.2.1). Let R be a solution to (4.4) with Ry(z) € Q% for all z € M. Then
R := u*R is a solution to (4.3) with Ry(z) € ufQ% for all z € M. By the assumptions on , we
find that u;€2% is closed, fibre-wise convex and invariant under the ordinary differential equation
S'(t) = CTD(S (t)). Moreover by Lemma 2.1.4, the set (% is invariant under parallel transport by
V9. Since ugQ% = u; Q% for all t (where again we used that u;O% = ugO? for all t), this yields
that this set is invariant under parallel transport by u; V9 = V* for all t. Consequently, Theorem
4.2.1 implies that Ry(z) € ujQ9 = uQ% for all t and 2 € M. Thus, Ry(x) € Q% for all ¢t and
x e M. O

Corollary 4.2.4. Let Q) C A, be an O(n)-invariant, closed and convez set. If Q) is invariant under
the ordinary differential equation (2.4), then § is invariant under the Ricci flow (see Definition
2.1.12).

In the next section, we will generalize this corollary to Bianchi-convex sets.

Remark 4.2.5. Hamilton’s maximum principle implies for example that in dimension n = 3 non-
negative sectional curvature as well as non-negative and positive Ricci curvature are preserved by
the Ricci flow, i.e. the sets

(Re A, | M(R)>0Y, {Re A, | M(R) + Ma(R) >0} and {R € A, | M(R) + \o(R) > 0},

are invariant under the Ricci flow. Here, A;(R) denotes the i-th eigenvalue of R.

4.3 Generalization for tensors in the Bianchi-convex
setting

In this section, we prove a generalization of Hamilton’s maximum principle in the setting of
Corollary 4.2.4 to Bianchi-convex sets and apply it to the sets €2, . discussed in Section 3.2.2.
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Definition 4.3.1. A closed set Q2 C A, is called uniformly transversally star-shaped with respect
to S € A, if for each compact set K C A, there exists a constant » > 0 such that for each
R € K NN there is an gy > 0 such that

R+eB.(S—R)CQ
for all € € [0, &).

Remark 4.3.2. Notice that if (2 is uniformly transversally star-shaped with respect to S, then
for all R € (2 we have that S — R is in the interior of the tangent cone Tg().

Theorem 4.3.3. Let Q@ C A, be O(n)-invariant, closed, Bianchi-convex and uniformly transver-
sally star-shaped with respect to Al for some A € R. If ) is invariant under the ordinary differential
equation (2.4), then Q is invariant under the Ricci flow (see Definition 2.1.12)

In Theorem 4.3.3, I denotes the identity in A,,. Before we prove this maximum principle, we show
two auxiliary lemmas.

Lemma 4.3.4. If a closed set Q0 C A, is uniformly transversally star-shaped with respect to
S € A, then for each R € Q, we have that R+ oS — R) is in the interior of Q for all a € (0,1).

Proof. From the assumption, it immediately follows that S — R € TxS) for all R € 0€2. Therefore,
by Proposition 2.3.3, 1 is invariant under the ordinary differential equation

R(t) = S — R(?). (4.5)

Let R € Q. Then R(t) := R+ (1 — e *)(S — R) is a solution to (4.5) with R(0) = R. Therefore,
R(t) € Q for all t € [0,00), which by the closedness of 2 means that R + «(S — R) € Q for all
a e |0,1].

Now, let R € 092, K C A, be a compact set containing R and r > 0 be as in Definition 4.3.1.
By assumption, there is an gy > 0 such that R + ¢B,.(S — R) C ) for all ¢ € [0,&¢). It follows
that (1 — &) Usepoe) (R+€Br(S — R)) + aS C Q for all o € [0,1]. Therefore, (1 — a)R + «S is
contained in the interior of Q for all a € (0, 1).

If R is in the interior of €2, then there is a neighborhood U of R which is contained in the interior
of Q as well. Therefore, (1 — @)U + aS C Q for all a € [0, 1], which shows that (1 — a)R + S is
in the interior of  for all o € [0, 1). O

Lemma 4.3.5. If a closed set Q0 C A, is uniformly transversally star-shaped with respect to
S € A,, then for each compact set K C A,,, we have that

—a:=sup(n,S — R) <0, (4.6)

where the supremum is taken over all R € K NOQ and n € A, with (n,v) <0 for all v € TR
and ||n|| =1 (i.e. outward pointing generalized normal vectors n on 052 at R).

Proof. Let K C A, be compact, » > 0 as in Definition 4.3.1, R € K N 92 and n € A, with
and [|n]] = 1 and (n,v) < 0 for all v € TgS). By assumption, there is an gy > 0 such that
R+ ¢eB.(S—R) C Q for all ¢ € [0,g9). Hence, B.(S — R) C T2 and by scale-invariance of
TrQ, it follows that R.¢B,.(S — R) C Tr). Let a € (0,7) denote the opening angle of the cone
R-0B,(S — R). Then

(n,S—R)\ a T
arccos( 1SRl =<(n,S—R) > 5 + 5
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and since § + § € (3, 7), we find that

<77J’S_R><cos(0[—|—7r>.

IS — R|| 2 2
Hence,
(n, 5 — R) < ||S — R| cos (O‘ 4 ”) < max S — B[ cos <O‘ + ”) <0.
22 ReKnon 2 2
Since a only depends on K, this finishes the proof. O

Now, we are in the position to prove the maximum principle in the Bianchi-convex setting.

Proof of Theorem 4.3.3. Let M be an n-dimensional compact manifold and g;, t € [0,7), be a
solution to the Ricci flow with gy satisfying €2, ie. with Rmgy (xz) € Q% for all z € M. Let
Ty € (0,7). We will show that Rm,, € Q9 for all t € [0,7]. To this end, let a > 0 be defined
by (4.6) as in Lemma 4.3.5 with K = B,(0), were r > 0 is so large that C(M, g;) C B,(0) for all
t €10, T3], and set

L= (w,t)énl\/laﬁo,Tl] Hngt(:U) + ngt (‘T)#Igt (x)“gt
and P:= max [\, (x) — Rmg(x)l,,

(z,t)EM X [0,T1]

where I, € T'(M, S%(A*T*M)) with I, (z) being the identity in SE(A*T M) with respect to g; for
all x € M. (Recall that the set of possible algebraic curvature tensors C(M, g) of a Riemannian
manifold (M, g) was defined in Definition 2.1.11.) By the compactness of M x [0, T3], the constants
r, L and P are finite. Moreover, we choose b > 22E and ¢, € (0,1) such that

a

goe”'t < miny -, :
2 X2 /2n(n —1)3 + bP

For € € (0,¢9), we define
R := Rm,, + e (A, — Rm,,) = (1 — ee”™)Rmy, + ce"' ),

for t € [0,T). Using Lemma 1.4.2 and that I + I# = (n — 1)I, by [BWO08, Lemma 2.1], we find
that

V%Rf 142 —ebe’ Rmy, + (1 — ee™) (Agtngt + ngt + iji) + ebe” A,
= Ay, R+ cbe’ (M, — Rmy,)

1
+ 1 et ((Ri)Q + (R))* — 5262bt/\2(jgt + ]jf) —2(1 - 5ebt)5€bt)‘(ngt + ngt#‘lgt>)
= Ay R +cbe® (M, — RS) + e%be® (M, — Rmy,)
52e2bt)\2(n —-1)

1 — eebt Ly

b (R (R¥) -

- . — 2ee” \(Rmyg, + Rmg,#1,,).

(4.7)
By assumption and Lemma 4.3.4, R = Rmy, + (A, — Rmy,) is in the interior of Q9. We

claim that RS is in the interior of Q9 for all ¢t € [0,T}]. Suppose this is not true. Then there is a
minimal time ¢, € (0, 73] such that R (o) € 9Q4 for some xq € M, since M is compact. Hence,
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Ri(x) € QJ for all t € [0,%9] and x € M, and in particular R; € I'(M,Q%). Let t > p, € O
be parallel and set Sy := p; R (70) € 0. Furthermore, for i = 1,...,n, set b; := py,(e;), where
(é1,...,e,) denotes the standard basis of R". Then (by,...,b,) is an orthonormal basis of T, M
with respect to g¢,. We choose 6 > 0 such that

52 Vi RS |2, < eet (ab “ AL — e0 N2\ 20 (n — 1) + eobel P) .

By the choice of the constants b and ¢, the right-hand side of this inequality is positive. Since €2
is Bianchi-convex, there is a supporting submanifold N of €2 in .Sy with

n

SOY(TLT) < o> T

i=1 =1

for all S € N and (T4,...,T,) € (TsN)™ that satisfy the second Bianchi identity. It follows that
(pi,")*N is a supporting submanifold of Q% in Rf (o) with

ZH”%)* (T, T) <6Z||TH

for all S € (p;,")*N and (T, ...,T,) € (Ts(py')*N)™ that satisfy the second Bianchi identity.

By ng,, we denote the unit normal on N at Sy pointing in the opposite direction of 2. Then
NR; (a0) = (p%l)*ngo is the unit normal on (pt_ol)*N at R (7o) pointing in the opposite direction
of Q.

Let further v be a signed distance function from N. Now, using that Q is invariant under the
ordinary differential equation (2.4) in combination with Proposition 2.3.3 and Lemma 2.2.4, and
applying Lemma 3.1.10, we can compute that

d e d
dt ttOrN(pt R;(x0)) = dré\g (dt _

pZ‘Ri(xo)>
to

t=t0>

29 g (ptOVaR (o)

D oy, A B (10)) + i (s, (B )+ (20)%)
— 22X (n5 i, (Rmgg, (30) + Ry (a0) 81, (20)))

b —
B 6262;0_)\28(67;0 1) <n5m ]> + ebe™” <n507pz<0 (/\]gto (ZEO) B Rio ($0>)>
+ £2pe?bto <n5'07p2<0 ()‘]gto (z0) — Rmyg,, <I0)>>
(x )>gt0 +2(ng,, S3+S) +

2.3.3,2.2.4
<0

cebto ) <nR§0 (w0) (ngto (w0) + Bmy, (z0)#1, (mO))>

+ ebebto <nR§O($0)= (Algto (o) — Ry, (x0>)>
<—-a

e (g, (M (20) = Ring, (20)))

g2e?\2(n — 1)

1 — egebto

IA

<(nRE 360)7A RE

9tg

111]

tg

9tg

gio
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S <nR§O (x0)7 Agto R?O ($0)>g _.I_ €2€2bt0)\2 2n<n o 1)3

to

+ 2ee|\| Hngfo (o) + Rmyg, (x0)#1g,, (7o)

tg
<L
— ebe’™q + g2be?to [ A gy, (20) — Ri (%0)llge,
<P
3.1.10 ™
< 6y HV‘ZfoRfoﬂzto + gel™ (2])\|L — ab + goe" A% /2n(n — 1)3 + 8OebT1P)
i=1
< 0.

Here, we could apply Lemma 3.1.10 for C' = Q%% since with Rmy, also R = Rmyg,, +eeb (], 9o —
Rmy, ) satisfies the second Bianchi identity and, in addition, I € I'(M, Q%). This together with
the fact that vV (p; R (o)) = ¥ (So) = 0 yields that there is a > 0 such that

N (p; Rf (%)) > 0

for all t € (to — ,to). Therefore, p; R;(wo) ¢ Q, thus Rf(xo) ¢ QJ for all t € (to — p,tp). This,
however, is a contradiction to Rj(zo) € Q% for all t € [0,%o] as assumed in the beginning of the
proof. Hence, as we claimed, R$(x) is in the interior of 9 for all z € M and ¢ € [0, T}].

Since 29 is closed and R;(z) converges to Rmy,(z) as ¢ tends to zero for each t € [0,7;] and
x € M, we have that Rmy, () € Q% for all t € [0,71] and x € M. Since T} was chosen arbitrarily,
this is true for all ¢ € [0,7)). Consequently, we have shown that € is invariant under the Ricci
flow. [l

Remark 4.3.6. Let us consider the special case that n = 3. As we have seen in Section 3.2.2, for
a € (3,2) and ¢ > 0, the sets Q. C As are O(3)-invariant, closed, Bianchi-convex and invariant
under the ordinary differential equation (2.4). Moreover, it is easy to varify that Qa,c satisfies the
cone condition with respect to I. Therefore, Theorem 4.3.3 yields that Qa,c is invariant under the

Ricei flow.






Chapter 5

Bianchi-convex functions

In this chapter, we introduce the notion of a Bianchi-convex function and give a first connection
to the Ricci flow on a compact manifold. The sublevel sets of such functions are Bianchi-convex
sets. In order to obtain examples of Bianchi-convex functions, we show that smooth functions,
the sublevel sets of which are strictly convex cones, can be reparametrized in such a way that
(restricted appropriately) they become strictly Bianchi-convex. This will lead to rigidity results
of complete shrinking gradient Ricci solitons as an application of Theorem 6.2.9 in the subsequent
chapter.

5.1 The definition and first properties

We start with the definition of a Bianchi-convex function.

Definition 5.1.1. Let U C A,, be open. A smooth function F' : U — R is called Bianchi-convex
at R e U, if for all (Ty,...,T,) € (TrRU)" satisfying the second Bianchi identity, we have that

Z Hesspr F'(T;,T;) > 0.

i=1

Moreover, we say that F'is strictly Bianchi-convex at R € U, if the inequality above is strict unless
T; = 0 for each i. If F'is (strictly) Bianchi-convex at all R € U, we call F' (strictly) Bianchi-conver.

Remark 5.1.2. Let V be a vector space, ' : V — R a smooth function and ¢ € R a regular value
of F. By the submersion theorem [K1i95, Theorem 1.3.3], we have that F'~!(c) is a submanifold
of V of codimension one, and that for all v € F~!(¢) and X,Y € T,F~*(c) = ker(dF,),

grad, F’
n, = ————
lgrad, £

is the outward pointing unit normal on F'~*(¢) = 0F ((—o0, c]) at v. Therefore,

gradF’ >

n @O, y) = —(Y, = (Y, Vx>

v ( ) ) < 7VXn> < ’VXHgI'adFH
1

= (Y,ngradF)—8X<

— Y, grad, F'
fatad, F] < )

ngadFH) —

1
= ————Hess, F(X,Y).
Tggad, Yo E (L Y)
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Lemma 5.1.3. Let F : A, — R be a Bianchi-convex function with dFr # 0 for all R € A,,. Then
all sublevel sets of F' are Bianchi-convez.

Proof. Let ¢ € R. We show that the sublevel set {F' < ¢} is Bianchi-convex. To this end, let
Re d{F <c} = FYc) and (Ty,...,T,) € (TrF~(c))" satisfying the second Bianchi identity.
Since F is Bianchi-convex and TrF'~'(¢) C TrA,, Remark 5.1.2 yields that

lgrad . F || S0 (T, T = S Hessp (T3, T) > 0.

i=1 =1

Hence,

which proves the statement. O

Considering Bianchi-convex functions along the Riemannian curvature tensor of a Ricci flow, we
obtain the following result.

Remark 5.1.4. Throughout, a sublevel set of a function F' will always be a non-trivial sublevel
set of F', that is a set F'~1((—o0, ¢]) for some ¢ € im(F).

Proposition 5.1.5. Let Q C A,, be an open and O(n)-invariant set and F' : Q@ — R a smooth,
O(n)-invariant and Bianchi-convex function, the sublevel sets of which are closed and invariant
under the ordinary differential equation (2.4). Moreover, let (M, go) be a compact n-dimensional
Riemannian manifold and g(t), t € [0,T), be the solution to the Ricci flow with g(0) = go. If go
satisfies ), then g(t) satisfies Q) for allt € [0,T).

Moreover, the function F9 o Rmg: M x [0,T) — R satisfies the heat inequality

o (P29 0 Riny) < By (F0 0 Ringy)

Hence, by the parabolic mazximum principle either F'9 o Rmy is constant or max (F9® o Rmy)
is strictly decreasing in t. Moreover, if F' is strictly Bianchi-convex and F9 o Rmy is constant, we
have that (M, go) is locally symmetric, i.e. V9 Rmg, = 0.

Remark 5.1.6. In fact, instead of being closed (in A,,), it suffices to assume that the sublevel
sets of F' are closed in a set U C A,,, which is invariant under the Ricci flow, i.e. if gy satisfies U,
then g; satisfies U for all ¢ € [0,T"). For example, this is true for U := {R € A, | scal(R) > 0}.

Proof. Throughout the proof, we write g; := ¢g(t). The total space of the orthonormal frame bundle
O% on (M, go) is compact, because (M, go) is compact. Therefore, C(M, go) is compact as it is
the image of the compact set O% under the continuous function 0% — A, : p — p*Rmg,(7(p)).
Moreover, since gy satisfies €2, we have that C(M, go) C €. Both together implies that

a:= max F(R)
REC(M,Q())

exists, thus C(M, go) € F~'((—00,a]). For continuity reasons there is a maximal ¢y > 0 such that
C(M,g:) C Qforallt e |0,ty). This gives that the function F'9o Rm,, is well defined on M X [0, ty).
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Therefore, we can calculate that

1

1=

8 2.1.19 n v
o 0 (Bing (1)) "2 dFg, ) (Vg Ry, (2)")
(1.12) ’ v . v v
SUAFE, o (Dg Bimg, (2)) + dFg, o (Rm2 (x)" + RmZ(2)")

) v v (5.1)
18 (A, (F9% o Rmy,)) (z) + dFjg%mgt (@) (ngt (x) + Rm;{t(m) )

2.

—

— 3" HesSy; g, o) F (9 V% Ring, (2), 0 V% Ry, (2))

=1

for t € [0,tp) and © € M, where (e},... e!) is a gi-orthonormal basis of T,M and p, € O%.
Here, we applied Lemma 2.1.19 in the first and the evolution equation of the Riemannian curvator
operator (1.12) in the second step. The last equality holds due to Lemma 2.1.18. Since p; :
(R™, {-,-)) — (T,M, g,(x)) is an isometry, (b, ..., bt), where b} := p; *(e!), is an orthonormal basis

of R™. We set T; := p;“V‘th)ngt(x) € A,. Then

Ti(bj A bi) + T;(bk A b;) + Ty (bi A by)
= VY% Rmg, (z)(e; A ey) + Vi Rmg, (z)(er A e;) + V‘Z%ngt (z)(e; Nej) = 0.

Consequently, (T1,...,T,) € A" satisfies the second Bianchi identity, and therefore the last sum-
mand on the right-hand side of (5.1) is non-positive due to the Bianchi-convexity of F.
Since the sublevel sets of F' are invariant under (2.4), from the lemmas 2.3.4 and 2.1.17 it follows
that

v v\ 2.1.17 . 2.3.4

dFg, o (Rm?, ()" + Rm(2)") "= 7 dFy pm,, ) (0} (R, (2) + RmZ(2))) "< 0
Thus, the second summand on the right-hand sight of (5.1) is also non-positive. Put together, we
obtain that F9 0o Rmg : M x [0,ty) — R satisfies the heat inequality
0

a(th o Rmyg,) < Ay, (F% o Rmy,). (5.2)

The weak parabolic maximum principle (see Remark (4.1.2)) yields that

sup (FYo Rm,) = max(F% o Rmg,) =a
Mx[0,to) M

and therefore C(M, g;) C F~((—o0,a]) for all t € [0,¢y). Suppose that to < T'. Then by continuity
reasons we find that

C(M7 gto) C Fﬁl((_oo7a]) - Q?

since the sublevel sets of F' are closed. As above, this yields that there is a t; > ¢y such that
C(M,g;) C Q for all t € [tg, 1), in contradiction to the maximality of t;. Consequently, to = T
and thus g; satisfies Q for all ¢ € [0, 7).

Thus, we have shown that the function F9 o Rm,, is defined on all of M x [0,7") and satisfies the
heat inequality (5.2).

Now, let F' be strictly Bianchi-convex and F'Y o Rm, be constant, in particular a solution to the
heat equation

0
&(th o ngt) = Agz(th © ngt)'
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Then combining this with (5.1) results in
Z HeSSp:ngt(:v)F (p:vgg ngt (l’), prvgf ngt (I>) =0
i=1

forallt € [0,T), x € M, p, € O% and g;-orthonormal bases (e, ..., e!) of T, M. Since F is strictly
Bianchi-convex, this means that

pfvinggt (r)=0

for ¢ = 1,...n. As a consequence, V¥Rm, = 0, that is (M, ¢;) is locally symmetric, for all
tel0,T). O

5.2 A reparametrization theorem

The sublevel sets of convex functions are convex as is well known. However, a function, the
sublevel sets of which are convex, need not to be convex. The following theorem shows that (in
the case that the sublevel sets are strictly convex cones) up to reparametrization and restriction
such a function is at least Bianchi-convex. The goal of this section is to prove this statement.
Here, the cone B,, defined by

By :={R € Ay | Rlpouy #0 for all v € R"\ {0}},

where the restriction on A?(v') is meant in the endomorphism sense, plays an important role.

Theorem 5.2.1. Letn > 3, Q C A, \ {0} an open cone and F : Q — R a smooth function, the
sublevel sets of which are strictly convex cones. Let further U be an open cone with U C QN B,
(where the closure is taken in A, \ {0}) and assume that HessgrF |1 is positive definite for all
R € U with dFgr = 0. Then there exists a smooth function ¢ : R — R with ¢’ > 0 such that
o F|y is strictly Bianchi-convex.

Remark 5.2.2. By a strictly convex cone we mean a cone, i.e. a scale-invariant set, the base of
which is strictly convex.

Example 5.2.3. As an anticipation on the next chapter, examples for functions F' as in Theorem
5.2.1 are the following:

| R[?
Q—-R: R ——r——
[ric(R)][?
| Ruico + Rw ||
O—-R: R~ ,
| R ][2

where 2 and © will be defined in Section 6.3.2 respectively Section 6.3.3. Moreover, in these
sections, using Theorem 5.2.1 and Lemma 5.2.13, we will show that reparametrizing and restricting
these functions appropriately provides strictly Bianchi-convex functions which are not convex.

Remark 5.2.4. In order to facilitate following the somewhat technical proofs of the subsequent
auxiliary lemmas, we sketch the idea of the proof of Theorem 5.2.1: The wanted reparametrization
¢ : R — R is going to be defined by ¢(s) := " for s € R, where the main task is to show that
k > 0 can be chosen appropriately. As we will see in Lemma 5.2.13, for all R € U, we have
that Hessgr(p o F) has exactly one negative eigenvalue, all other eigenvalues are positive (unless
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dFr = 0 which turns out to be a rather trivial situation). The set of all “negative directions” in
TrU, that is the set of all S € TrU with Hessg(po F)(S,S) < 0, is therefore a double cone. Given
a tuple T := (T4, ...,T,) € (TRU)™\ {0} satisfying the second Bianchi identity, we will show that
there is at least one index i € {1,...,n} such that T; has a certain uniform angle to R and a
non-negligible length in comparison to the length of 7' (see Lemma 5.2.16; this uses U C B,,). By
making k large enough, we are able to shrink the opening angle of the double cone mentioned
above such that T; becomes a “positive direction” (in the sense analogously to above), i.e. gives a
positive contribution to the sum Y7 ; Hessg(p o F')(T;, T;) (see Lemma 5.2.14). In order to have
that the sum becomes positive as well, we use the fact about the length of T; (as indicated above).

5.2.1 Scale-invariant functions

In this section, we collect some first properties of scale-invariant functions on Euclidean vec-
tor spaces. In particular, we study how their gradient and Hessian behave under rescaling and
how the Hessian looks like in a matrix representation. Moreover, we start investigating certain
reparametrizations of these functions in the case that their sublevel sets are strictly convex.

Throughout, let V' be a Euclidean vector space, 2 C V' \ {0} an open cone and F' : 2 — R a
smooth function, the sublevel sets of which are strictly convex cones.

Lemma 5.2.5. F' is scale-invariant, i.e. F(av) = F(v) for allv € Q and a > 0.

In particular, the lemma shows that F' cannot be defined in 0 unless it is constant.

Proof. Letv € Qand set F(v) =: ¢. Thenv € F~!(c) = d{F < c¢}. Since, by assumption, {F < c}
is scale-invariant, due to Lemma A.0.1 this is also true for 9{F < c}. Therefore, av € I{F < ¢}
for all @ > 0. This, however, implies that F'(v) = ¢ = F(aw) for all a > 0. O
Lemma 5.2.6. For allv € Q and o > 0, we have that grad, F' = « - grad,, F' .

Proof. For o > 0, we define the map p, : V — V : v — av. For all v € V| the differential dy,|,
is given by multiplication with « as well. Since F' is scale-invariant, we have that F o u, = F for

all & > 0. This yields that

grad, F = grad, (F o p1a) = Dy(F 0 i)'
= (D) F - Do)t = Dypie' - Do F' = v - grad, F. O

Lemma 5.2.7. For allv € Q and o > 0, we have that Hess,F' = o? - Hesso, F', where the Hessian
is considered as bilinear form.

Proof. Let ve Q, X|Y € T,C2 and a > 0. Then

Hess, F(X,Y) = ((DxgradF)(v),Y) *2° o - ((Dygrad, F)(v),Y) = o - {(Dxgrad F)(ow),Y)
= o? - Hesso F(X,Y). O

Lemma 5.2.8. For allv € Q and w € V', we have that

Hess, F(v,w) = —dF,(w).
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Proof. Let w € V. Then

d
Hess, F'(v,w) = P AFy s (V)
s=0
d d
= . APy s (v + sw) — SZOdFersw(sw)
=0
d
- . F
ds 5205 APy sw(w)
= —dF,(w).

Here, in the third equality, we used that F'(u+ su) is constant in s for all u € Q by scale-invariance
of F' (Lemma 5.2.5). Thus, dF,(u) = 0 for all u € 2. O

Let v € Q with dF, # 0 and set F(v) := ¢. Near v, F"!(c) is a smooth submanifold and we can
split
T,U =T,V = T,F~'(c) ® Rgrad . F = (v- N T,F'(c)) ® Rv & Rgrad, F.
Let (b, ...,bx_2) be an orthonormal basis of v+ NT,F~*(c) such that
v grad, F’
b17 ES) bN—Qa bN—l =T bN = U)
< 0] lgrad, F|

is an orthonormal basis of T,U, where by N we denote the dimension of V. Since F'(v) = ¢, we
have that v € d{F < ¢} = F~'(c) and since {F < c} is a strictly convex cone, we have that
Hess, F' restricted to T,F~*(c) is positive semidefinite and restricted to v+ N T,F~(c) is even
positive definite. Together with Lemma 5.2.8, this observation yields the following lemma.

Lemma 5.2.9. For all v € Q with dF, # 0, we have with respect to the basis (b, ...,byx) above
that

A0 b
Hess, F = (Hesst(bi,bj))' =10 0 e,
1, bt e f
where A = A(v) € SymMat(N — 2 x N — 2, R) is positive definite, b = b(v) € RN=2 and e = e(v),
f= ) er,
Remark 5.2.10. Notice that, by Lemma 5.2.8, we have that
v grad, F ) _ |lgrad, F|
o]l [grad,

e(v) = Hess, F (
o]

for v € Q with dF, # 0.

Notation 5.2.11. For every vector space V, bilinear form H : V x V — R and linear subspace
W of V, we will denote H|w = H|wxw and by Apin(H) respectively Apax(H) the smallest
respectively largest eigenvalue of H, calculated with respect to the metric.

Lemma 5.2.12. For s € R, let p(s) := €™ for some k € R. Then for all v € Q with dF, # 0, we
have that
A0 b
Hess,(po F) = ¢'(F(v)) [0 0 e
btoe [+ kel
with respect to the orthonormal basis (by, ...,by), where A = A(v), b =0b(v), e = e(v) and f = f(v)
are as in Lemma 5.2.9.
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Proof. For all v € (), we have that
Hess, (¢ o F) = ¢"(F(v)) - dF, @ dF, + ¢’ (F(v)) - Hess, F, (5.3)
which immediately implies the statement. [

Lemma 5.2.13. Let ¢ : R — R : s+ €, where k > 0. Then for all v € Q0 with dF, # 0, the
Hessian Hess, (¢ o F') has exactly one negative eigenvalue, all other eigenvalues are positive.

Proof. Let v € Q with dF, # 0. Then, by Remark 5.2.10, e(v) # 0. Therefore, in the notation of
Lemma 5.2.12, we have that

A0 b
det(Hess, (¢ o F)) = ¢'(F(v))Ndet | 0 0 e
b'oe [+ kel

— (F(v))" det(A) det <<2 i RZQHUW) - (2) A= (0 b))

= @0/(F<U))N det(A) det (2 f+ /€62HU‘TQ . btA—1b>

= —¢'(F(v))" det(A)e?
< 0.

It follows that Hess,(@o F) is invertible and in particular has no vanishing but at least one negative
eigenvalue. Since Hess,(¢ © F)(graa )+ is positive semidefinite and (grad, )* has codimension
one, we find that Hess,(¢ o F') has exactly one negative eigenvalue and all other eigenvalues are
positive. ]

The following lemma shows that having some uniform lower bound for A, (Hess, F'|,1), the nega-
tive eigenvalue of Hess, F' can be pushed arbitrarily close to zero using a suitable reparametrization.

Lemma 5.2.14. Assume that there exists some p > 0 such that

p
[v]|?

Amin(Hess, F|,1) >
for allv € Q. Then for each k > 0, we have that
1
—Amin(Hess, (p o F)) < —Apin(Hess, (p o F)|,1)
PR

for all v € Q, where p(s) :=e"* for s € R.
Note that the sublevel sets of F' being strictly convex cones is equivalent to
Amin (HessUF|vLm(gradvF)¢) >0

for all v € Q, which is implied by (5.4). Therefore in Lemma 5.2.14, it suffices to assume that F
is scale-invariant together with (5.4).
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Proof. Let k > 0 and v € §2. Due to the scale-invariance of F' (see Lemma 5.2.7), we may assume
that ||v]| = 1. In the case that dF, = 0, let w € V and write w = av + w’, where @ € R and
w’ € v*t. Then, using Lemma 5.2.8, we can compute that

Hess, (¢ o F)(w, w)(ig) ¢'(F(v))Hess, F(w,w)
= ¢'(F(v)) (a2Hesst(U, v) + 2aHess, F (v, w') + Hess, F (v, w’))
°2% ' (F(v))Hess, F(w', w') (5.5)
> ¢/ (F(0))Amin(Hess, 1) [Jw'|?
(5.4)
> 0.

This shows that Hess, (¢ o F') is positive semidefinite. Hence,

1
Amin(Hess, (p o F)) > 0 > —— A (Hess, (@ o F)|y1) -
PK

Now, we consider the case that dF, # 0. By Lemma 5.2.12, we have that

A0 b
Hess,(po F) = ¢/ (F(v)) (0 0 e )

bt e f+ ke?

with respect to the orthonormal basis (by, ..., by ), where A = A(v), b = b(v), e = e(v) and f = f(v)
are as in Lemma 5.2.9. Hence, by assumption

%mm@%wOme=¢%ﬂme{ﬁ ffwﬂ

/ A b , 0 O
> GE@Dm(y )+ Mg 0] o
= ¢'(F(v)) Amin(Hess, F|,1) )

A0 b
—Amin(Hess, (p o F)) = —¢'(F(v)) Amin (0 0 )
bt e f+ ke?
A0 b 00 O
< - (F) Amin[ 0 0 0| = (F(v)Amin [0 0 e
oo f 0 e ke?

4 _¢'(F(v))Amin<O ‘ ) 20 w’(F(v))llgradvFllx\maxG) ,3€>
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/ Ke K22
= ¢'(F(v))||grad,F|| (2 NIV S 1)

' (F(v))

( <— ) )\Hl 11( ( ) | )
i v v )
P IIeSS SO o I 1

which is what we wanted to show. O

The next lemma shows that the lower bound from Lemma 5.2.14 can actually by achieved using
the assumptions of Theorem 5.2.1.

Lemma 5.2.15. Let U be an open cone with U C 2, where the closure is taken in V\{0}. Assume
that Hess, F|,. is positive definite for allv € U with dF, = 0. Then there exist constants r,p > 0
such that

Amin (Hess, (p 0 F)|,1) > H pH2
v

for allv € U, where ¢(s) := e for s € R.

Proof. Since Apin(Hess, F'|,1) depends continuously on v, there is some open scale-invariant neigh-
borhood W C Q of {v € Q| dF, = 0} such that

Amin(Hess, F|,1) > 0 (5.7)
for allv e W.
Choose k > max{ro, 0}, where we set
fo = max (B () A" (W)b(v) — (1)),
ver\w: ||grad, F'[|?

llvfl=1

using the notation of Lemma 5.2.9. Notice that the maximum exists since it is taken over a
compact set. Using Lemma 5.2.12, we find that with this choice of &,

det (Hess, (o F)|,.) = ¢’ (F(v))V ! det (ﬁ Ft /{22||U”2>
= ¢/ (F(v))N" det(A)(f + re?[[v]|* = b'A™'b) > 0

for each v € U \ W, since €*||v||? = |lgrad,F||* (see Remark 5.2.10). Because additionally A
is positive definite, Sylvester’s criterion [Gil91] gives that Hess,(p o F')|,+ is positive definite for
v € U\ W. Hence, together with (5.7), we obtain that

Amin (Hess, (¢ o F)[,1) >0
for all v € U. Since UN{v € V| ||v|| = 1} is compact, there exists some p’ > 0 such that
Amin(Hess, (¢ 0 F)|,1) > o

for all v € UN{v € V| ||v|]| = 1}. By scale-invariance of F' (see Lemma 5.2.7), this finishes the
proof. O
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5.2.2 Two further ingredients for the proof of the theorem

The following lemma explains the relation between the sets B,, and the second Bianchi identity.

Lemma 5.2.16. For all cones C C B,, which are closed in A, \ {0}, there are constants L € (0,1)
and 6 € (0, 5] such that the following is true. For all R € C and T := (11, ...,T,) € A}, satisfying
the second Bianchi identity, there exists an © € {1,...,n} such that <(T;,R) € [0,7 — 0] and

173l = L||T||.

Proof. We assume that the statement is not true. Then there exists a cone C' C B,, which
is closed in A, \ {0}, such that for all m € N with m > 1 there exists an R,, € C and a
T = (17", ..., T") € A} satisfying the second Bianchi identity with respect to some orthonormal
basis €™ = (e}, ...,e) of R™ such that for all i € {1,...,n}, we have that

rn

1 1 1
UL B) > = — or - (T, Ry) < — or [T < —[IT™]].
m m m

Due to the scale-invariance of C', we may assume without loss of generality that ||77| = 1 and
|Rn|| = 1. Since {R € C' | |R|| = 1} and {T € A" | ||T|| = 1} are compact, the sequences
(Rim)men and (T™)men subconverge to an R, € C' with ||[Ro|| = 1 respectively a T € A? with
|T>°|| = 1, i.e. there is a sequence (m;);ey € N with

lim R,,, = R,
=00
a subsequence (my,)pen € (M)1en With

lim 7™ =T

p—0o0

and for all i € {1,...,n} we have that
UT°,Roo) =m or <«(T7°,Ry) =0 or |7 =0.
Therefore, we find that for all i € {1,...,n}
T>° = a; Ry (5.8)

for an a; € R. We do not have that o; = 0 for all ¢ € {1,...,n}, since otherwise we had that
T = 0 in contradiction to ||7°°|] = 1. Without loss of generality, let ay # 0.

Next, we show that T satisfies the second Bianchi identity as well: Since the space of orthonormal
bases of R™ is compact, there is a subsequence (by)qen € (1,)pen such that ebe converges to an
orthonormal basis e* of R™ for ¢ — oo. Together with the fact that 7™ satisfies the second
Bianchi identity for all m € N, this implies that

0= qli_}IgO Tibq(e?-q Aeb) + T;)q(ezq Aelt) + Tr (el A e?q)

= T7o(ef” N e) + T5° (e A &) + T8 (e Aeff)

for all 4,5,k € {1,...,n}. Hence, T satisfies the second Bianchi identity with respect to e>.
Moreover, by (5.8) this yields that

Roo(aie® Nep” + ajep” A el +age® Nei®) =0

=ik
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for all 4,5,k € {1,...,n} and due to the linearity of R, that

Let now (el , ..

{1,...,n}, where we identified R™ with ((R™)*)*. We set

n
o= Z el
=1

Then for all 4, j,k € {1,...,n}, we have that

., €™ ) be the dual basis corresponding to (5°,...,e), i.e. e(el ) = &7 for i, j €

I
NE

vk (e, ) oy <ai(5§-ez° — 526?0) + aj(éiefo — 55620) + ozk(ézl»e;-’o — 5;@’0))

o~
Il

Il
o 9

1
i(oger” — awel”) + ajlape” — auer”) + ap(iel” — a;e)

7

and thus that
span{vijx | 4,5,k € {1,...,n}} C A*(a’). (5.9)
For 2 <i < j <n,let 8;; € R with

0= Z ﬁijvh-j = Z Bij(ozlefo A e;)o + Oéie?o N €TO + OéjeCfo AN 6?0)
2<i<i<n 2<i<j<n

Since {e° Ae® | 1 < i < j < n}is a basis of A’R" and a; # 0, we find that f;; = 0 for
2 <i<j<n. It follows that {vy;; | 2 <i < j <n} is linearly independent. Consequently,

—1)(n—2

dim(span{vyjy | 4,5,k € {1,...,n}}) > #{v; |2<i<j<n}= (n )2(n ) = dim(A*(a™))

(5.9)

> dim(span{v;jx | 7, j,k € {1,...,n}}).
This implies that

span{vi, | 4,7,k € {1,...,n}} = A% (o)

and therefore we have shown that R.[j2(qty = 0. This, however, is a contradiction to our
assumption. Consequently, the statement of the lemma is true. O

Directly from the proof of Lemma 5.2.16, we obtain the following result.

Corollary 5.2.17. Let R € A,,. If (R, ..., a,R) satisfies the second Bianchi identity, where
(avq,...,0p) € R*\ {0}, then R € BE.

The final ingredient will be the next linear algebra lemma.

Lemma 5.2.18. Let H : VXV — R be a symmetric bilinear form on an N -dimensional Fuclidean
vector space V' with one negative and N — 1 positive eigenvalues. Let further 0 # R € V' such that
H(R,R) =0 and H|p. is positive definite. Then for all w € V '\ {0}, the following is true:

a) If 2arctan ( /\_’\"(‘}}‘fHL)J < <(w, R) < m— 2arctan (, /%), then H(w,w) > 0.
min R min R
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b) If 2arctan(e) < <(w, R) < m — 2arctan(e), where € > |~ thep,

Amin(I{|RJ_) 7
H(w,w) > C(H, R, e) ||
Here,

2N\ i (H o (H
C(H,R,¢) := € Amin(H| 1) + Amin(H) > 0.
1+ €2

Remark 5.2.19. Of course, statement a) follows from b). However, in the proof of b) it is
convenient to use a), which is why we prove a) beforehand.

Remark 5.2.20. The zero-directions of a bilinear form H as in Lemma 5.2.18, i.e. those vectors

v € V with H(v,v) = 0, form the boundary of a double cone with axis Eig(H, Anin(H)) and an

(N — 2)-dimensional ellipse as base. For the vectors v € V in the interior of the cone, we have

that H(v,v) < 0 and for those outside the cone that H(v,v) > 0.

Proof. Let e; € V be an eigenvector to the negative eigenvalue of H with |le;|| = 1 and set

A=

_)\min(H) > 0.

a) For v € V with ||v] = 1 and H(v,e;) = 0, that is v L e; and H(v,v) > 0, let «, be the

opening angle of the double cone (around the axis Re;) of the non-positive directions of H
in Re; @ Ru, i.e. the double cone of those vectors w € Rey & Rv with H(w,w) < 0. In
particular, we have that «, = 2<((e1,u), where u with <(ej,u) < Z is on the boundary of

2
this cone.

We claim that

A
o, = 2arctan ( H(v,v)) : (5.10)

Namely, let 0 # u = ae; 4+ bv, a,b € R, be an element of the boundary of the cone with
(e, u) < 3, ie.

0= H(u,u) = —Xa* + b*H (v, v). (5.11)
Then, due to H(v,v) > 0 and A > 0, it follows that a,b # 0. In particular, we have that

0 < <(eg,u) < g

Therefore, (5.11) yields that

= tan(<(e;, u)) = tan (?) 7

which is the claim.
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H(w,w)>0
Hiw,w)>0

Moreover, we notice that
Amin(H |e;2) > Amin (H| 1) (5.12)
for all u € V, as Re; is the eigenspace of the smallest eigenvalue of H.

Now, let w € V' \ {0} with H(w,w) < 0. In the case that <(w, R) < 7, we obtain that

<(w,R) < sup <a(v,R) < elpax o ®19 9 arctan \l — )\H(v,v)
TR e (5.13)
= 2arctan ( A) (5%2) 2 arctan < /\> .
/\min<H|e1l> )\min(H|RJ-)
If <(w, R) > 7, we find that

(w. 1) =7 = (-, 8) 2 1~ 2ancton (15—
<(w, =7 — <(—~w, > m — 2arctan _— .
)‘min(H|Ri)

This proves a).

b) Step 1: Let v € V with |v]| = 1 and H(v,e;) = 0, i.e. v L e;. First, we show that for
w € Rey @ Ro, w # 0, with arctan(e) < <(w,e;) < 7 — arctan(e), where € > H(;\) oL
have that

we

eH(v,v) — A
H > 07
—_—

>0

ol |*.

To this end, write w = ae; + bv, where a,b € R and suppose that arctan(e) < <(w,e;) <
m — arctan(e) and € > ,/H(i 5 Clearly, b # 0.

In the case that a = 0, we find that

T
<(w, ep) = 5
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Thus, the assumption is satisfied and we have that

eH(v,v) — A

H =’ H —H 2>
(w,w) (v,v) (v, v)[Jw]” = 1+ 2

[

as desired.

Let now a > 0. Then tan(<t(w, e1)) = ’g‘ and therefore, by assumption,

b? A
= > : :
3 2€ > Ho.0) (5.14)
Consequently,
0= ——— 1 1
i €O (515

and we obtain that
H(w,w) = —Xa*+b*H(v,v)
= —Xa® +6H(v,0)b* + (1 —6)H (v, v)b?

(5.14)
> —Xa® + 6H(v,v)e?a® + (1 — 6)H (v, v)b?

O (1~ §)H (v, )b

1 €2 (5.16)
= (1-90)H R E——
( ) (U’U)<1—|—62 1+ €2 )

(5.14),(5.15) by €?
> l——|H 2 4 p?
S (1 g O (@)

eH(v,v) — A
= — 5wl

14 €2

Since with w also —w satisfies the assumption on the angle <((—w, e1), in the case that a < 0
we find that

(5:16) 2H (v, v) — A
2 ' 7

,  €EH(v,v) — A\
1+ €2 F=——re

H(w,w) = H(—w, —w) o

[—w ol .

Step 2: Let w € V'\{0} with 2arctan(e) < <(w, R) < m—2arctan(e), where € > W
. min R

First, we show that w satisfies the assumptions of Step 1. To this end, we claim that
arctan(e) < <(w,e;) < 7 — arctan(e). (5.17)

Namely, if <(e;, R) < 7, then similar to (5.13) one shows that

<(e1, R) < ! < arct A < arctan(e)
e, R) < —max a, < arctan | /| —————— arctan(e).
! vEelL: ! /\min(H|Rl)

llvl=1

Hence, by assumption,

<(w,e1) > <(w, R) — <(R, e1) > 2arctan(e) — arctan(e) = arctan(e)



5.2. A REPARAMETRIZATION THEOREM 79

and
<w,e1) < <(w, R) + <(R, e;) < 7 — 2arctan(e) + arctan(e) = m — arctan(e).

Since — R still satisfies the assumption on the angle <((w, —R), exchanging R by —R, in the
same way one shows that the inequalities (5.17) also hold in the case that <(e;, R) > 7.

Moreover, we compute that

N ) 612 )\ B )\
TNV N ) T \ am(Hlor)  y| min H(v,v)

[[v]|=1,vLeq

I . )
_||v||I£1,5<Le1 H(v,v) — | Hwt, wt)

Here, we denote w' := % 1 ey, where 7 : V — e+ is the orthogonal projection on e;=.

This is well defined, since m(w) # 0. Namely, if we had that w(w) = 0, that is w € Re;, we
would obtain that H(w,w) < 0 and thus due to a) that

) < q(w, R) < 2arctan< A) :

T — 2arctan
( Amin (H |g1)

Amin (H | g2)

This, however, is a contradiction to the assumption.

Now, by Step 1, it follows that
e H(wh,wh) — X

H > 2
() 2 U2 Ay
€2>\ i (H| J_) - A
> min €1 2
> Chmntlllet) =2y
G12) X i (H| ) — A
2 i) 222
€
=:C(H,R,e)
Here, C(H, R, €) > 0 by the choice of €. ]

5.2.3 Proof of the theorem

Now, we are in the position to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. By Lemma 5.2.15, there are constants ', p > 0 such that
Ausn(Hessn(v 0 F)l ) = o (5.18)

for all R € U, where t)(s) := e for s € R. Throughout the proof, write F := 1) o F.

Let L € (0,1), 0 € (0,%] be constants corresponding to the cone U C B, as in Lemma 5.2.16.
Then for s € R, we set

1
= ith > —
o(s) =e wi K > preR

L2e2
h
where ¢ € (O’Jl—l—(l—[ﬂ)e?)

and €:= tan <9> .
2
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Let Re U and let T := (T4,...,T,) € (TRU)™ \ {0} C A satisfy the second Bianchi identity.

If dFp = 0, then dFr = 0 and, by (5.5), Hessg(p o 1’5) is positive semidefinite. For k = 1,... n,
write T}, = ax R + S, where a;, € R and S, € R*+. Then,

S Hessg(p o F)(Ti, Ty) > 0. (5.19)
k=1
Suppose we have equality in (5.19). Then, by Lemma 5.2.8,
0= )Y <HessR(<p o F)(Sk, Sk) + 20y, Hessg(p o F)(Sk, R) 402 Hessp(p o F)(R, R) )

k=1

=0 =0

b28 Z esSp gpoF (Sk, Sk)-

Since

Hessg(p 0 F)|pe (29 ¢ (F(R))Hessp F| s

is positive definite by (5.18) and x > 0, this implies that S, = 0 for each k. Hence, T = o R
for each k, which implies that R € Bj, by Corollary 5.2.17, in contradiction to R € U C B,.
Therefore, the inequality in (5.19) is strict, i.e. ¢ o F' is strictly Bianchi-convex in all R € U with

dFr = 0.
Now, consider the case that dFr # 0. Since then also dFg # 0, from (5.6), it follows that

)\min<HessR(gp o ﬁ)'RL) > 0. (5.20)
Therefore, by Lemma 5.2.14, we have that
—Amin (HessR(go o ]5)) < i)\min (HessR(gp o ﬁ)|RL) < 5% A\ in (HessR(gp o F’)|RL) . (5.21)
= n <

Thus, using that L < 1, we find that

—Amin (HessR(go o F))
Amin (HessR(go o ﬁ)|RL)

<d<e

From the choice of L and 0, it follows that there is an i € {1,...,n} with <(7;, R) € [0, 7 — 0]
and ||7;|| > L||T"||. Without loss of generality, let i = 1. This yields that

2arctan(e) =0 < (T, R) <7 — 0 = 7 — 2arctan(e).

Due to R # 0 (because R € B,,), Lemma 5.2.13, Lemma 5.2.14 and (5.20), we can apply Lemma
5.2.18 and obtain that

Hessg(p o F)(T1,Ty) > C||Th|?

with

~ Ehin(H|pr) 4+ Amin(H)

It > 0,
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where we used the abbreviation H := Hessp(yp o F'). Since ||T||? = i | T%||?, this implies that
k=1

> Hessp(p o F)(Ti, Ti) = ClIT2* + Ain(H) (1 T2 + - - + | Tal?)
k=1

= (C = M) TP + Auain (D) T2

2

_ e . oy 2 _ 2
= oz Cin (H ) = Xia(H)) [ T3 + Awin (DI T
>L2||T|?
22 22
> 7)\min H l1——— /\min H T 2
> (ol + (1= 55 Al 7]
(5:21) §2 + 1 52 e2L?
> - Amin H)|\|T 2
S (52“ L) dn) 171
<0
<0

> 0,

by Lemma 5.2.13 and the choice of 4. Consequently, this results in ¢ o F = p o1 o F restricted
to U being strictly Bianchi-convex. ]






Chapter 6

Ricci solitons, curvature conditions and
local symmetry

In the study of singularity formation of solutions to the Ricci flow, so-called Ricci solitons play an
important role. They are natural generalizations of Einstein metrics and correspond to self-similar
solutions to the Ricci flow. In this chapter, we give a short introduction to this concept and as a
special case to gradient shrinking Ricci solitons. Moreover, we consider curvature conditions that
are the domains of certain scale-invariant and strictly Bianchi-convex functions, the sublevel sets
of which are invariant under the ordinary differential equation (2.4). As a main result, we show
that complete shrinking gradient Ricci solitons (respectively compact Ricci solitons) which satisfy
such curvature conditions are already locally symmetric. Finally, we derive two applications of
these rigidity results based on conjectures of Bohm-Wilking and the author.

6.1 Ricci solitons

A metric g on a manifold is called Einstein, if there exists a constant A € R such that ric, = Ag.
In this section, we want to investigate a natural generalization of Einstein metrics, so-called Ricci
solitons.

Definition 6.1.1. A Ricci soliton is a quadruple (M, g, X, \) consisting of a Riemannian manifold
(M, g), a smooth vector field X € I'(M,TM) and A € R such that
_ 1
ric, + §£Xg = \g. (6.1)

Here, £ denotes the Lie derivative. If X and A need not to be specified, sometimes we just write
(M, g) for a Ricci soliton. A Ricci soliton is called ezpanding, steady or shrinking depending on
whether A < 0, A = 0 or A > 0 respectively. Furthermore, we say a Ricci soliton is complete, if
(M, g) is complete and the vector field X is complete, i.e. if all of its flow curves exist for all times.
If the vector field X can be written as the gradient of some smooth function f : M — R with
respect to g, i.e. X = grad, f, then the Ricci soliton is called gradient and denoted by (M, g, f, ).
The function f is referred to as potential function. Since in this case one can compute

Lxg = 2Hess, f,
the equation (6.1) becomes

ric, + Hess, f = Ag. (6.2)

83
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Taking the trace of equation (6.2) gives
scaly, + Ay f = nA. (6.3)

Remark 6.1.2. If the vector field X = 0, which in the gradient Ricci soliton case means that
the function f is constant, then g is an Einstein metric. Therefore, Ricci solitons are natural
generalizations of Einstein metrics.

Remark 6.1.3. In [Zha09b|, Z.-H. Zhang shows that if (M, g, f, \) is a gradient Ricci soliton,
the metric g of which is complete, then grad, f is already complete, i.e. (M, g, f,\) is complete as
Ricci soliton.

Remark 6.1.4. Equivalently to the above definition, (M, go, X, A) is a Ricci soliton, if there exists
a function o : [0,7] — (0,00) and a one-parameter family of diffeomorphisms ¢, : M — M such
that

g(t) == a(t)¥; g0 (6.4)

is a solution to the Ricci flow. Namely, given a metric g satisfying (6.1) one can show that

g(t) = (1 = 2At)¢; go

is a solution to the Ricci flow (to which we will refer as the solution to the Ricci flow corresponding
to (M, go)). Here, 1, is the one-parameter family of diffeomorphisms with 1y = id given by

opy(z) 1

Xy
ot 1 — 2\t [ete)

for + € M. Conversely, if we have a solution to the Ricci flow of the form (6.4), differentiating
(6.4) at t = 0 yields that (M, gy, X, A) satisfies (6.1) for appropriate A and X.
Therefore, Ricci solitons correspond to the self-similar solutions to the Ricci flow.

Remark 6.1.5. Since ¢, : (M, ;g0) — (M, go) is an isometry, the evolution of the Riemannian
curvature operator (interpreted as bilinear form) of a Ricci soliton in time is very explicit, namely

1.3.2 X
Rmygywy = U(t)mez*go = o(t); Rmy,. (6.5)

The following observation is crucial when working with gradient Ricci solitons.

Proposition 6.1.6 ([CLN06, Thm. 4.1]). Let (M, go, fo, \) be a complete gradient Ricci soliton.
Then for all t € R with

o(t):==1—2Xt >0,

there exist a solution g(t) to the Ricci flow with g(0) = go, diffeomorphisms ¢, : M — M with
Yo = id|yr and functions f(t) : M — R with f(0) = fo such that

1. 1y is the one-parameter family of diffeomorphisms generated by the vector field X (t) =
ﬁgradgofo. That s

0

1
a%(@ = ——~grady, foly(x)- (6.6)

o(t)
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2. g(t) is the pullback of go by ¥ up to the scale factor o(t):
9(t) = a ()9 go.
3. f(t) is the pullback of fo by 1y:

f(t) =i fo= foot.

Moreover,
. A
ricgy + Hessgq f(t) = %g(t) (6.7)
and
9 2
af(t) = |lgrady i f ()l 50)- (6.8)

Remark 6.1.7. Below, we often write g; and f; instead of g(t) and f(¢). Moreover, whenever we
speak of the solution ¢(t) to the Ricci flow corresponding to (M, go, fo, A), the same notation as
in Proposition 6.1.6 is implied.

Remark 6.1.8. As an immediate consequence, in the case of a shrinking gradient soliton, i.e.
A > 0, we observe that g(t) is an ancient solution, that is defined for all ¢ € (—oo, i)

Remark 6.1.9. Taking the trace with respect to g(t) in (6.7), we obtain that

B An
1 =20t

scaly) + B (1) (6.9)
Remark 6.1.10. Perelman [Per02] showed that any compact Ricci soliton is a gradient Ricci
soliton.

In Lemma 1.4.2, we reminded of the evolution equation of the Riemannian curvature operator
under the Ricci flow. In the special case that the Ricci flow corresponds to a gradient Ricci
soliton, the evolution equation is as follows.

Lemma 6.1.11. Let (M, go, fo,\) be a gradient Ricci soliton and let g(t) = o(t)}go be the
corresponding solution to the Ricci flow with g(0) = go. Then the Riemannian curvature operator
Rmyq of g(t) evolves under the partial differential equation

2)\ (t)
V% ng(t) = @ng(t) + vgradg(t)f(t)ng(t)’
where f(t) := ¥ fo.
Proof. Let z € M and (¢Y,...,€%) be a go-orthonormal basis of T, M, where n is the dimension of
M. Fori=1,...,n, let ¢; be the solution to the partial differential equation
0 .
aei(t) = Ricyy (ei(t)) (6.10)

with €;(0) = €?. Note, that (6.10) is equivalent to Vagei(t) = 0. Then (e1(t),...,en(t)) is a
g(t)-orthonormal basis of T, M for all ¢t. Extending (e (¢),...,e,(t)) for each t to a neighborhood
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of z via parallel transport along geodesics starting at = and using the abbreviations e} := ¢;(t)
and g, := ¢(t), we can compute that

(V%ngt (as)) (ef Nej e Nep)

0
=5 (ngt( )(er A€l e A ef)) — Rmy, () (Va e; N e, ep A el)
— -+ — Rmy,(2) (e;F A€l e N V%e}‘)
(1) 9 (6.11)
=5 (ngt (z)(ef A €5, ep, A ef))
0
= (gr ) ) e A b e + oy o) Ry ) . )
+ -+ -+ Rmy,(z)(e; A€, e} A Ricg,(€])).
Using (6.5), the first term of the right-hand side of (6.11) can be rewritten as follows
aRm (z) | (el Aetyeh Ael)
ot gt [ 71 %k l
(6.5) . d, ..
D DA R )0 ) e el) 4 0(0) 50 o)) ) (el e
2\
= — %ngt ()(ef A€l ep, Nep) (6.12)
d /, . «
+alt) (& (07 By ) () (€} A €. e Aef)) = (47 Rimg,) () (Ricy, (€]) A €5, e} A e])
e (01 R @) sl A iy ()
Since for all Y € T, M we have that
Ve 9o 9o i
d¢t( ) = V%(x)d@/)t(Y) = V(wt(yﬂﬁt(x) (6.13)
and due to (6.2) for all X € TM that
Ricg, (X) 4+ VRgrad, fo = X, (6.14)
we find for all ¢ = 1,...,n that
Ve 6.13) (66) .
(€D 2 VI ) b (Ricy () ) VR rad ol + i (Ricy (€)
(6.14) 1 . .
= @dwt(ef) ~ o Niew (dipr(€})) + dipy(Ricg, (7))
A 1
= @d%t(@ ) — Tt)dwt(m%t”( e)) + dir(Ricy, (7))
1.3.2 A t
O'(t) 1/}15(61)

(6.15)
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Hence, we obtain that the first summand in the bracket on the right-hand side of (6.12) is equal
to

0 (g, () () A (). ) A () )
= (V% By, ) () (di(eh) A dipy(eh), di(ef,) A diin(e)))
+ Ry (0(2)) (i) A ), () A (e
b R ((2) () A e i N )

.15) (wt Vf;)(z ngo) (z)(ej Nej e Nep) +

(1/12‘ Rmg,) () (€} A €5, e, Aer)

U(t)
(6.6),(6.5) 1 4
= ﬁ <77Dt grad o Jolyy(2) ngo) (ZL') (6f N 6;, 62 N 6;) + Wngt ([L’)(ef N ez’a ei;c N 6?)

Plugging this into (6.12) yields that

(o)) (e ek et

2\
= —)ngt (z)(ef Nef,e Nep) + <¢t vgradgofowt(x) ngo) (z)(ef Nl e Aep)

o(t
— ((Bmy,)(2)(Ricg, (€}) A€, e, Aef) + -+ + (Rmy, ) (@) (€} A€}, e} A Ricy,(¢])))
From this, we obtain that
(V%ngt(x)) (e N el ep Aep)

2\
= Rma (D) A el nel) + (9t 1 P ) ()€l A €],

It remains to show that

t
% Vgradgofowt(z) Rm vgradgt ft\mngt :

From f; = fy o1y, it follows that for all Y € T, M we have that

gO(gradgofU|’tbt(x)7 d¢t(Y)) = dfo(dwt(y)) = dft(Y) = gt(gradgtft‘xv Y)
= o(t) (Vi go)(grady, fils,Y) = o (t)go(din(grady, fil.), dib(Y)).

Since di|, is an isomorphism, this provides that

grad,, foly, @) = o(t)dy(grad,, filz)- (6.16)

Moreover, we have that ¢y : (M, 1Yy go) — (M, go) is an isometry. Thus,

1.3.2,

_ vt/}t 90 (6.16), (65)

* gt
wt gradgofow () ngO dyp, (gradgof()lwt<z 77Z)t ngo vg]rad ft|xR gt

as we wanted to show. O
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6.1.1 Ricci solitons and curvature conditions

In this section, we show that conical curvature conditions are invariant under self-similar solutions
to the Ricci flow. If such a curvature condition is the domain of a certain scale-invariant and
Bianchi-convex function F', the sublevel sets of which are invariant under the ordinary differential
equation (2.4), and if, moreover, the curvature condition is satisfied by a gradient Ricci soliton,
then F' along the Riemannian curvature tensor of the Ricci soliton is f-subharmonic, where f
denotes the potential function of the Ricci soliton.

Remark 6.1.12. Let (M, go) be a Ricci soliton and ¢(t) = o(t)fgo, t € [0,T), be the corre-
sponding solution to the Ricci flow with ¢g(0) = go. Then, with a view on Remark 1.3.2 and
remembering Definition 2.1.11, in the case that Rm,, is considered as bilinear form on A*TM, we
have that C(M, go) = o(t)C(M,g(t)) for all t € [0,7). In the case that Rm, is interpreted as
endomorphism of A*T'M, we have that C(M, go) = o(t)3C(M, g(t)) for all t € [0,T).

Recall that for a Riemannian manifold (M, g), by definition, ¢ satisfies C(M, g) and for curvature
conditions Q C A, (where n is the dimension of M), we have that ¢ satisfies 2 if and only if
C(M,g) C Q. Therefore, Remark 6.1.12 implies the following lemma.

Lemma 6.1.13. Let Q C A, be an O(n)-invariant cone, (M, go) an n-dimensional Ricci soliton
and g(t) = o(t)fgo, t € [0,T), be the corresponding solution to the Ricci flow with g(0) = go. If
go satisfies ), then g(t) satisfies Q for all t € [0,T).

Corollary 6.1.14. Let Q2 C A, be an open and O(n)-invariant cone and F: Q@ — R be a smooth
and O(n)-invariant function. Moreover, let (M, gy) be an n-dimensional Ricci soliton such that
go satisfies Q0 and let g(t) = o(t)Y;go, t € [0,T), be the corresponding solution to the Ricci flow
with g(0) = go. Then for allt € [0,T) and x € M, the following is true

0 v
o P00 (Bimgy () = dF) ) (Vo Rimge (2)°).

Proof. This follows directly from Lemma 2.1.19 and Lemma 6.1.13. [

Lemma 6.1.15. Let Q C A, \ {0} be an open and O(n)-invariant cone and F': Q@ — R be a scale-
and O(n)-invariant, smooth and Bianchi-convex function, the sublevel sets of which are invariant

under the ordinary differential equation (2.4). Then for any n-dimensional gradient Ricci soliton
(M, go, fo, A) such that gy satisfies 2, we have that

Agy(F® 0 Rmy,) > 0.
Here, we define the fo-Laplacian Ay = Ay, — agradgofo.

Proof. Let g(t) = o(t)Yfgo, t € [0,T), be the solution to the Ricci flow corresponding to (M, go)
with ¢(0) = go and write g; := g(t) throughout the proof. Since g, satisfies 2, so does g, for all
t €1[0,7T) (see Lemma 6.1.13), thus the function F% o Rm,, : M — R is defined for all ¢ € [0,T).
As in the proof of Proposition 5.1.5, one can show that

O (F 0 Rm,) < 8, (F% o Bmy,) (6.17)

Furthermore, the scale-invariance of F' yields for all R € Q) that

dFR(R) = 0. (6.18)
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Namely, let R € Q and F(R) =: c¢. Then R is contained in 0F ~!((—o0, ¢|), which is a cone, since

F' is scale-invariant, and therefore contains the curve s — c¢(s) :== R + sR for s € (—¢,€) with
€ < 1. Now,
aF(R) = 5| Fe) = 1| Fa+agm=1| Fm=0
= — c(s)) = — S)R) = — =0.
R dS s=0 dS s=0 dS s=0

Therefore, on the other hand, this together with the evolution equation of a gradient Ricci soliton
(see Lemma 6.1.11) and the fact that F'¥ is invariant under parallel transport for all ¢ € [0,7)
(see Lemma 2.1.14) gives for t € [0,7), x € M and p € O% that

6.1.14

9 1 \ .
o PO (Bmg, (2)) "2 dFg, ) (Vg By, (2)°)

2\ Y ) t .
" 1 ! O'(t) dFqu (z) (ngt (IE) ) + dF]%mgt (z) (vgradgtfﬂmegt )

2 t t 6.19
= e dFy g, () (D Ry, (2)) + dFf (Vi 1 Rmy,) (6.19)

0()

dF }gz;@gt (z) (Vgiadgt filo Rmyg,")

- agradgtft\z(th © ngt)'
Consequently, for t = 0 the equations (6.17) and (6.19) provide that

Ago (Fgo © ngo) = agmdgofo (Fgo © ngo)' [

6.1.2 Rigidity of compact Ricci solitons

Using the weak and strong parabolic maximum principles for functions, in this section we show a
first rigidity result for compact Ricci solitons.

Theorem 6.1.16. Let Q2 C A, \ {0} be an open and O(n)-invariant cone and F : Q@ — R a scale-
and O(n)-invariant, smooth and strictly Bianchi-convex function, the sublevel sets of which are
invariant under the ordinary differential equation (2.4). Then all n-dimensional compact Ricci
solitons (M, go) such that gy satisfies Q) are locally symmetric.

Proof. Let g(t) = o(t)1fgo, t € [0,T), be the solution to the Ricci flow corresponding to (M, go)
with ¢(0) = go and write g; := g(t) throughout the proof. As in the proof of Lemma 6.1.15, we
find that F9 0 Rm, : M x [0,T) — R satisfies the heat inequality

0
a(th o Rmy,) < Ay, (F% o Rmy,).

Since M is compact and F9 o Rm, € C*(M x [0,T),R), we can exhaust the weak and strong
parabolic maximum principles in order to show that the function F'9o Rm, is actually a solution to

the heat equation. For this, let x € M, t € [0,T) and p € O%. Moreover, set q := /o (t)diy|, o p.
Then ¢ € O;‘Z () and the scale-invariance of F' gives

(6.5)

F9(Rmyg, () = F(p"Rmg, () =" F(o(t)(dir|. 0 p)* Rmg, (¢1(x)))

- ( 2 S0 R (e )>> = F(q" Rmyy (44(2))) = F* (Rmg, (14(x)).
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Maximizing this over M yields for all ¢ € [0,7T) that

gt — go — 90 — g9
max 9 (Rimyg, (2)) = max 9 (Rimg, (4(x))) = max F* (Rmg, (v)) = [O,S%I)IEMF ° Ry,

where in the last step we applied the weak parabolic maximum principle (see Remark 4.1.2), that
is the supremum of F'9 o Rm,, is attained in M x {0}. In particular, this is true for all ¢ € (0, 7).
Thus, the strong maximum principle (see Remark 4.1.3) implies that F'Y o Rm, is constant and
in particular a solution to the heat equation. As in the proof of Proposition 5.1.5, this leads to
V9 Rmg, = 0, hence (M, g¢) being locally symmetric, for all ¢ € [0,T). O

Remark 6.1.17. In Lemma 6.1.15 and consequently Theorem 6.1.16, the condition that F' is
strictly Bianchi-convex and its sublevel sets are invariant under the ordinary differential equation
(2.4) can be relaxed as follows: Due to the scale-invariance of ' and Remark 6.1.12, the function
F needs only to be strictly Bianchi-convex when restricted to C(M, gy) and we only need to have
that

dFr(R* + R*) <0
for R € C(M, go).

In the next section, we want to prove a similar result for non-compact Ricci solitons.

6.2 Shrinking gradient Ricci solitons

In this section, we have a closer look at shrinking gradient Ricci solitons. They are of special
interest as they arise as possible singularity models for the Ricci flow. More precisely, suppose
that g(¢), t € [0,T") with T" < oo, is a maximal solution to the Ricci flow and that there exists a
constant C' > 0 such that for all ¢t € [0,T)

C

R N
521\8 I mg(t)(x)”g(t) A

i.e. g(t) is a so-called Type I Ricci flow, then for every “singular” point p € M, there exists a
sequence (\;);en tending to infinity as ¢ — oo such that the rescaled Ricci flows (M, g;(t), p),
t € [-\NT,0), where

t
gi(t) == \ig (T + /\) :

subconverge to a non-flat shrinking gradient Ricci soliton as i — oo [EMT11].

Remark 6.2.1. If (M, g, f, \) is a shrinking gradient Ricci soliton, then (M, 2)g, f, %) is a shrink-
ing gradient Ricci soliton with the same potential function. Namely,

1
ricoyg + Hessoy, f = ric, + Hess, f = A\g = 5(2)\9).

Lemma 6.2.2 ([Zha09b]). Let (M, g, f,\) be a complete shrinking gradient Ricci soliton. Then
scaly, > 0.

Lemma 6.2.3 ([Ham95]). Let (M, g, f,\) be a complete shrinking gradient Ricci soliton. Then
scaly + [|grad, f |2 — 2Af = ¢

for a constant c.
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For the proof, see for example [Caol0, Lemma 1.1].
For f:= f+ 55, we have that

scal, + ||gradgf||§ —2\f=0. (6.20)
Due to Lemma 6.2.2, the normalization f of f is non-negative.

The asymptotic behaviour of the potential function of a complete non-compact shrinking gradient
Ricci soliton is as follows.

Lemma 6.2.4 ([CZ10, Thm. 1.1]). Let (M™, g, f, 1) be a complete non-compact shrinking gradient
Ricci soliton satisfying (6.20). Then

(r(z) —a)* < f2) < S (r(@) + 2)*,

] =

1
4
where ¢1,co > 0 depend only on n and the geometry of g on Bi(xy). Here, r := d(xo,-) denotes

the distance function from a fized point xq € M.

6.2.1 Rigidity in the general case

In this section, we prove a second rigidity result for complete shrinking gradient Ricci solitons.

Remark 6.2.5. For the convenience of the reader, we briefly recall the divergence theorem: For
compact sets B with smooth boundary, continuously differentiable functions f, g and continuously
differentiable vector fields X defined on a neighborhood of B, we have that

|, foXmydA = [ div(fgX)av = [ goxf+ foxg+ fodiv(X)av,
where n denotes the outward pointing unit normal on 9B5.

Lemma 6.2.6. Let (M, g, f,\) be a complete shrinking gradient Ricci soliton. Then for all smooth
functions u : M — R with |u(z)| < C for all x € M for some constant C > 0, we have that
Ayu > 0 implies that Ayu = 0. Here, the f-Laplacian Ay is defined as in Lemma 6.1.15.

Proof. By f = f+d, we denote the normalization of the potential function f. Moreover, for r € R
we define the set D(r) := {z € M | f(z) < r}, which is compact due to Lemma 6.2.4 and Remark
6.2.1. Let u : M — R be as in the statement. Then for r € R, we have that

h(r) = /D(r)(gradu, gradf>e_de

_ [ du, nye~FdAd
/O/aD(S)<gra u,nye s

by the co-area formula [SY94], where n := Iéizj;ll denotes the outward pointing unit normal on

the boundary dD(s). Since Ay = Ay, by assumption we have that

W)= [ du,mye faa *2 [
(r) aD(qﬂ)(gra u,n)e

div(e’fgradu)dV = / A e fdv > 0.
D(r) D(r) o~

>0
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Combining the soliton equations (6.3) and (6.20) yields that An — 2\ f = Af — ||gradf||>. Hence,
on the other hand

h(r) = /D( | (div (ue_fgradf) - u(Af— ngadf”z)e_f) av

= ) div (ue_fgradf) av — A /D(T) U (n — Qf) e fdv

025 u(gradf, n)e_fdA - A u (n — 2f) e 1dV.
oD(r) D(r)

For the first term on the right-hand side, we obtain that

‘/ u(gradf, n>e_fdA‘ < C/ (gradf,n)e~/dA
oD(r) 0D(r)

6.2.5 . _f 3
= C div(e ' grad f)dV
[, div(e arad )
= AF —|lgradf|?) e'd
O [ (AT ~llgadfIP) e Tav

= CA o) (n—2f)e/av.

In total, using that f > 0, we find that

h(r) < |h(r)| <20A [ (n—2f)efav

D(r)

< QC)me’d/ e Tdv
D(r)

< 20)\n6_d/ e~ 1dv.
M
By [CZ10, Corollary 1.1], the weighted volume [,;e=/dV of M is finite, hence h is bounded
from above. Since additionally h is monotonously increasing, there exists a sequence (7;);eny With
lim;_,., r; = 0o such that

i—00

0= lim A'(r;) = / Afue_fdv.
M
This implies that Ayu = Azu = 0, since the integrand is non-negative. m

Remark 6.2.7. Due to Sard’s theorem and the preimage theorem, the boundary dD(r) is smooth
for almost all » € R. In the proof of Lemma 6.2.6, the equations derived by applying the divergence
theorem therefore only hold true for almost all ». However, by continuity reasons, they are correct
for all r.

Corollary 6.2.8. Let Q C A, \ {0} be an open and O(n)-invariant cone and F : Q — R a scale-
and O(n)-invariant, smooth, bounded and Bianchi-convex function, the sublevel sets of which are
invariant under the ordinary differential equation (2.4). Then for any n-dimensional complete
shrinking gradient Ricci soliton (M, g, f,\) such that g satisfies ) we have that

A¢(F? 0 Rmy) = 0.

Proof. This follows directly from Lemma 6.1.15 and Lemma 6.2.6. [
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Theorem 6.2.9. Let 2 C A, \{0} be an open and O(n)-invariant cone and F' : Q@ — R a scale- and
O(n)-invariant, smooth, bounded and strictly Bianchi-convez function, the sublevel sets of which
are invariant under the ordinary differential equation (2.4). Then all n-dimensional complete
shrinking gradient Ricci solitons (M, g, f,\) such that g satisfies Q are locally symmetric.

Remark 6.2.10. Note that the assumptions in Theorem 6.2.9 can be relaxed as in Remark 6.1.17
and, in addition, F' needs only to be bounded on C(M, g). Furthermore, if C(M, g) is contained in
a closed non-trivial sublevel set F~((—o0, c]) # Q of F, then F~*((—oo,c])N{R € A, | |R|l, = 1}
is compact, hence due to its scale-invariance, F' is bounded on F'~!((—o0,c|). Therefore, in this
case, the boundedness assumption on F' in Theorem 6.2.9 can be removed as well.

Proof. From Corollary 6.2.8, we know that A;(F? o Rm,) = 0. Therefore, the proof of Lemma
6.1.15 yields that

Z HeSSP*ng(I)F (p*ngng(:E),p*VgZng(x)) =0

i=1

for x € M, where (eq,...,e,) is an orthonormal basis of T, M and p € OY9. Since F is strictly
Bianchi-convex, this shows that VIRm, = 0. O

Remark 6.2.11. If a Riemannian manifold (), g) is locally symmetric, we find that in particular
the covariant derivative of the Weyl part of the Riemannian curvature tensor vanishes, which
implies that its divergence is zero. By [FLGR11] and [MS13], this shows that all n-dimensional
locally symmetric complete shrinking gradient Ricci solitons are either Einstein or finite quotients
of E x R* where k > 0, F is an (n — k)-dimensional Einstein manifold and R* is the Gaussian
shrinking soliton.

Remark 6.2.12. In Theorem 6.2.9, one can relax the condition that 2 and F are O(n)-invariant
and require invariance under SO(n) or U(%) (if n is even) instead. In that case, the Ricci soliton
(M, g) in question needs to be orientable respectively Kéhler. Here, one uses the fact that Kahler
manifolds stay Kéhler under the Ricci flow.

6.3 Application

A first step into the direction of finding functions that satisfy the assumptions of Theorem 6.1.16
respectively Theorem 6.2.9 is to find one-parameter families of strictly convex cones in A,, which
are invariant under the ordinary differential equation (2.4). Constructing a function which has the
sets of such a family as sublevel sets, reparametrizing and restricting it appropriately provides a
scale-invariant strictly Bianchi-convex function (see Theorem 5.2.1). In this section, we give two
examples of such families and thereby derive two explicit rigidity results for complete shrinking
gradient Ricci solitons, and as a special case for complete Einstein manifolds.

6.3.1 The cone 5,

To obtain explicit applications of theorems 6.1.16 and 6.2.9, we will need to apply the reparametriza-
tion theorem 5.2.1. Therefore in this section, we want to have a closer look at the cone

B, ={R € Ay | Rlpe) #0 for all v € R"\ {0} ],

where the restriction on A%(v1) is meant in the endomorphism sense.



94 CHAPTER 6. RICCI SOLITONS, CURVATURE CONDITIONS, LOCAL SYMMETRY

Remark 6.3.1. The cone B, is open and dense in A4,.

Remark 6.3.2. Notice that, by Lemma 3.2.1, the complement B of B3 is exactly the set of
singular symmetric 3 X 3-matrices. Moreover, analogously to the three-dimensional case (see
Remark 3.2.3), we have that the tuple (7,0,...,0) € A} satisfies the second Bianchi identity if
and only if 7" is contained in Bf. In this sense, in arbitrary dimensions, elements of B{ are a
natural generalization of singular matrices in Ajs.

Definition 6.3.3. For w,n € A%2(R")*, the symmetric tensor product w @ n of w and 7 is defined
as follows:

WO =wnN+1nQw,

that is for p, v € A2R", we have that

(w©n)(p,v) = wlp)n(v) +n(pwv).

Remark 6.3.4. Let R € B; and v € R" \ {0} with R|j2(,1) = 0. Let further (ey,...,e,) be
an orthonormal basis of R" with e; = v and (e!,...,¢e") the corresponding dual basis. Then
R=Yjpa Rijue’ Ne? ©€F A€l and for p,q # 1, we obtain that

0=Rle, Neg) = > Rijua ((010] — 0167)e" A€l + (350, — 6¥aL)e’ ne?)

1<j,k<l

=2 (Rpgij — Ropig)e' N€? =43 Rygije’ N

1<j 1<j
Since (e’ A e7);<; is a basis of A*(R™)*, this yields that R,,; = 0 for ¢ < j. Due to the symmetry
of R, all components R;;i; with 1 ¢ {i,j} or 1 ¢ {k,[} are zero. Consequently, we have that
R = Z ijel N Bi ® 61 A Gj.
ij=2
Definition 6.3.5. We call an algebraic curvature tensor R € A, to be of type (D), if
R:cZel/\ei@el/\ei
=2
for some suitable orthonormal basis (e!,...,e") of (R")* and ¢ € R.

In order to understand the geometric meaning of the cone B,, a bit better, subsequently we give
some properties of the complement B, of B,,.

Lemma 6.3.6. For R € B¢ with scal(R) > 0, we have that

—2
<R, 1) Zarctan( n2 )

FEquality holds if and only if R is of type (D). Here, I denotes the identity in A,.

Proof. Let R € B;, and v € R"\ {0} with R|s2(,0) = 0. Let further (ei, ..., e,) be an orthonormal
basis of R" with e; = v and (e', ..., e") the corresponding dual basis. In the following computation,
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we consider R as (0,4)-tensor, that is R = 37 =) Rijue’ ® ¢/ ® e/ @ e*. Remembering Section
1.1 and Remark 6.3.4, we find that

S(Zal é Z ijij 6i4 2 Z Rlili (621)
1=2

and therefore

IR — Ryll* = |IR]* — ||~ )1”

1116 ~— 2 2
= Rij® — ——scal(R)
m%l::l ’ ”(” —1)
n 2
EN4Y R - O] (Z Rmz)
ij=2

n 2
> 4y R — ——— Z Ry
i=2 B 1) i=2

e

n—l

(6.22)

Vv

n—2
= mscal(R)

1116 n—
IIRIII2

Since scal(R) > 0, i.e. <(R,I) < 7, it follows that

|R—Ril| _ [n—2

tan(<(R, 1)) = w2 5

(6.23)

The first inequality in (6.22) is an equality if and only if Ry;;; = 0 for all ¢ # j, whereas by
Cauchy-Schwarz, the second inequality is an equality if and only if there is a constant ¢ € R such
that Ry;; = c for all i = 2,...,n. Hence, in (6.23) equality holds for

R:cZel/\ei@el/\ei. O

i=2
Lemma 6.3.7. For R € B, we have that

oo 4y 2

IRI" = —lric(R)]"

Equality holds if and only if R is of type (D).
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Proof. Let R € B¢ be as in the proof of Lemma 6.3.6. Then, by Remark 6.3.4, we have that

Jrie(R)[? = Z(wa

i,0=1

- () + 2 (E ) « £ (£ )

1,j=2

=0

n 2 n
= (Z lelk) + Z Riji®,
k=2

i.j=2

hence by setting 6 = ”T’l that

IR|I” = Z Riji? —423111] —4231111 +43 Riaj®

z]kl 1 1,j=2 1#£j
—4HZR1111 +4 1-0 ZRlll’L +4ZR111]
1=2 1#£j
(Z Rlzlz) +4(1—0) Z R1i1j2
n—1 o
4
— 2 Iric(R)|.
ric(R)|

Here, equality holds if and only if Ry;1; = 0 for ¢ # j and Ry;;; = ¢ for i = 2,...,n for some
constant ¢ € R, i.e. if and only if R is of type (D). O

An algebraic curvature tensor R € A, is called Finstein, if there is some A € R such that
ric(R) = X - id, that is if rico(R) = 0. We refer to A as the Einstein constant of R.

Lemma 6.3.8. Forn > 3, we have that
{R € A, \ {0} | R is Einstein} C B,.

Proof. Suppose there is an R € BS with R # 0 and ric(R) = Aid for some A € R. Let R be as in
the proof of Lemma 6.3.6. Since ric(R);; = >j_q Rixjx for i,j = 1,...,n and R € Bf, we obtain
that

A =ric(R)is = Rt = R

for i = 2,...,n and therefore that

A= I‘iC(R)H = Z lelk = (n — 1))\

This, however, is a contradiction, since n > 3 and A # 0. Indeed, if we had that A = 0, then
ric(R) = 0, which would imply that 0 = ric(R);; = Ry1;1 for i,5 # 1. Hence, by Remark 6.3.4,
this would lead to R = 0. O

Remark 6.3.9. All algebraic curvature tensors in A, are Einstein, whereas By = ().
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6.3.2 Application 1

For n > 3 and a € [0, §], we consider the family of scale-invariant sets

-2
Q, = {R €A, (”4 4 a) IR|? < |ric(R)|? and scal(R) > o} .

Remark 6.3.10. For a > b, we have that Q, C €,. More precisely, from Remark 1.1.16, we
obtain that

n—2 )
("= +a) IRIP < frie(R)

is equivalent to

4a

-n n—2
U + all R+ (S +a) 1Bl < 0.

This immediately yields that for a > % the sets ), are empty. For a = %, we have that {2, = R¢-1,
where I denotes the identity in A,,. Moreover, for a > 0 the cones €2, are convex and in the case
that a > 0 even strictly convex. For a = 0, we have that

n

-2
Q0 "HO R e A | "E Bl < IR and w(R) >0}

= {ReAn

-2
<I(R1+RW,[)§arctan( nn ) and tr(R)>0}.

Lemma 6.3.11. For a € (3, %], we have that Q, C B,,. Moreover, if R € A, is of type (D) with

scal(R) > 0, then we have that R € 0% N By,

Proof. Let a € (5, %] and assume that there is an R € ©, N BS. Then we have that

1ln
274

. n—2 637 /n—2 4
lric(RI? = ("= +a) IR = (" +a) > ric(R)|*

Therefore, either |ric(R)|| = 0, which is a contradiction to scal(R) > 0, or a < 3, in contradiction
to the assumption. Hence, 2, C B,,.

Moreover, due to Lemma 6.3.7, we find that R as in the statement of Lemma 6.3.11 is contained
in B}, as well as in 9, since scal(R) > 0. O

On the set scal, ;= {R € A, | scal(R) > 0}, we can define the O(n)-invariant function

12

F 1 R:R _
TR T iR

(6.24)

Due to scal(R) > 0, thus ric(R) # 0, for all R € scal,, this function is well defined. Restricted to
the open cone §2 := U,~of),, F' is bounded, more specifically

4
n—2

0< F(R) <
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for R € Q, and its sublevel sets are given by Q, = F~!((—o0, n_%ﬂa]) for @ > 0 and thereby are

strictly convex cones. Moreover, F' is smooth and for each R € scal, its differential is given by

dFR(S) = WZW«R, S) — F(R){ric(R), ric(S)))
Y i (o~ o semsan(s) (6:25)

+ (n i 5~ F(R)) (rico(R), rico(S)) + (Rw, SW))

for all S € Tgscal, = A,. Here, we used Remark 1.1.16, ric(R) = rico(R) + +scal(R)id and

(rico(R),id) = tr(ricg(R)) = 0. For the identity I, we find that F(I) = -2, since ||I||* = @
and ric(I) = “5*id. Using (6.25), this directly leads to dFy = 0. The next lemma shows that the

positive multiples of I are the only points where the differential of F' vanishes.
Lemma 6.3.12. For R € scal, with R ¢ R.ol, we have that dFr # 0.

Proof. Let R € scal; with R ¢ Ro¢l. Then either Ry # 0 or Ry, # 0. If Ry # 0, we
set S := Ry. Then by definition, we have that ric(S) = 0, hence scal(S) = 0 and therefore
ric(S) = 0. This yields that

2| Rw|*

dFR(S) = ——— > 0.

[[ric(R)[[*
Conversely, if Ry, # 0, we put S := Ryi,- Then Sy = 0 and since ric(Ryie,) = ricg(R), we again
find that scal(S) = 0 and thus that ricy(S) = ric(S) = rico(R). Consequently,

2 4
dFgp(S) = - F i 2

W) = e o~ FUD) lrico(R)]
(1.3) 2 ( n—2 ) 9
= 1-— F(R) ) || Ryic 0.

e (L FO)) B >
>0
This leads to dFr # 0 in any case. O

Furthermore, we notice that the Hessian of F' at R is given by

HessrF'(S, S) :jt

dFp15(S)
t=0

= Hric(2R)H2 (I1S]1? — 2dFr(S) (ric(R), ric(S)) — F(R)|ric(S)]?)

(6.26)

for S € Tgscal, .

As we have already seen in Lemma 5.2.8, the Hessian of a scale-invariant function at a point R is
always zero restricted to the space RR. However, the following lemma shows that Hess;F' is “as
positive definite as possible”.

Lemma 6.3.13. For all S € A, with S L I, we have that

Hess F'(S,S) > 1S]]?.

4
(n—1)°

Moreover, HessF is diagonal with respect to the decomposition (1.2) of A,.
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Proof. Let S € A, with S L I. Then S; = 0, hence scal(S) = 0 and therefore

2 (15)

IS

4
— lIrico()I* + (19w [1* (6.27)

Since dF; =0 and F(I) = -2, we obtain that

(6.26) 2 ( s 2 i 2)
e (11 = o= lrie()

(1.4),(1.5) 8 mn

nm_ly(wwu+xn_nm_2ﬂmmsm)

(6.27) 8 n 2 2
2 (sl + g 1P

4
m”ﬂﬁ

By polarization of the last equality in (6.28), we immediately obtain that Hess;F'(I,S) = 0 and
polarizing the first equality in (6.28) yields that Hess; F(R,W)=0for W e Wand R L W. O

Hess F'(S, S)

(6.28)

Remark 6.3.14. In dimension n = 3, the closures of the sets €2, coincide with the sets discussed
in Section 3.2.2 for ¢ = 0. More precisely, Q, = Q, U {0} = ino‘ (To show this, notice that
W = {0} in dimension 3.) In Proposition 3.2.38, we have already seen that for a < % these sets
are invariant under the ordinary differential equation (2.4).

Analogously to Proposition 3.2.34, it should be possible to show that for certain a and ¢ € R the
sets

-2
{R € A, (”4 + a) IR|> = [[ric(R)|> < ¢ and scal(R) > o}

are strictly Bianchi-convex.

Remark 6.3.15. An unpublished conjecture of Christoph B6hm and Burkhard Wilking is that

for n > 12 the cones ), are invariant under the ordinary differential equation (2.4) for a € [0, %].

Some evidence for this is the following.

Lemma 6.3.16. There is some € > 0 such that Q, respectively ), are invariant under the ordinary
differential equation (2.4) for a € [} — €, 7).

Proof. First of all, we consider the function
G :scaly = R: R~ dFr(®(R)),

where ®(R) := R*+ R*, and show that restricted to €, it is non-positive for a near 2. To this end,
we notice that 12+ I* = (n—1)I (see [BW08, Lemma 2.1]. Therefore, G(I) = (n—1)dF;(I) = 0,
since F' is scale-invariant. Moreover, since dF; = 0, for R € scal; we find that

d
AGH(R) = 7| G(I+sR) = 1| dFren(®( +5R))
6.3.1

— Hess; F(R, ®(I)) = (n — 1)Hess; F(R, I) *% 0,
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where in the last step we applied Lemma 6.3.13. Hence, dG; = 0, which means that [ is a critical
point of G. Again using [BWO08, Lemma 2.1], we observe that

d

o (I +sR)=2(R+ I#R) =2(n—1)R; + (n — 2) Ryic, - (6.29)
s=0

Moreover, (6.26) yields that

(6.26)

8
Rl = s Rl (6:30)

HeSS[F<RW,RW) W

2
[[ric(1)]J?
and since ric(Rye,) = rico(R) that

(6.26) 8 4
~ n(n—1)2 (n—1)3

This together with Lemma 6.3.13 yields that for R € A,,, the Hessian of G at [ is given by

HeSSIF(Rricoy Rric0> HRriCOH2' (631)

2 . (1.3)
(1R = = lric( R ) ) =

d2 2

d
Hess;G(R, R) = T s:OG([ +sR) = e S:odFHSR((I)(I + sR))
d
= DSFI(R, R, q)([)) + ZHGSS]F <R, % (D(I + 3R>>
s=0
29),6.3.13 d
(6:29),6.3.13 7 HessrisonF (R, R) + 2(n — 2)Hess; F/(Ryicy, Riicy)
s=0
d 1
= — Hess; F’ 2(n — 2)Hess; F(Ry -
o e e 1 il

= —2(n — 1)Hess; F(R. R) + 2(n — 2)Hess; F(Ruy, R,
6'3:'13 —QHGSS[F(Rricoa RriCo) - 2(” - 1>HeSSIF(RW7 RW)

(6.30),(6.31) 16 9
= —||R
e

8
mHRmJF -

IA

0.

In total, we have shown that G(I) = 0, dG; = 0 and that Hess;G is negative definite on I+.
Consequently, [ is a local maximum of G, which means that there is a neighborhood U C scal
of I such that G|y < 0. Since G is scale- and O(n)-invariant, without loss of generality we may
assume that U is scale- and O(n)-invariant as well. It follows that there is a ¢ > 0 such that
Gla, . <0.
4

Now, let a € [2—¢, 2], Ry € 0Q, = OF ~'((—o0, #Ha]) C scal; and R : [0,0] — A, be a solution
to the ordinary differential equation (2.4) with R(0) = Ry. From Example 2.3.5 we know that
scaly is invariant under (2.4), hence R(t) € scaly for all ¢ € [0,0]. It follows that F o R is defined
and we have that

4
dt

 F(R(t)) = dFr,(®(Ro)) = G(R) <0,

which means that F(R(t)) < F(Ro) = —5 and equivalently

- n—2+

4

r e r (o —
(t) € =2+ 4a

[) =2 ct-0u
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for small t. Comparing Definition 2.2.1, this yields that

O(Ry) = R'(0) € T, a. (6.32)

Since clearly ®(0) = 0 € Ty, (6.32) holds true for all Ry € 99),. Consequently, Proposition 2.3.3
implies that €, is invariant under (2.4). Moreover, €, is invariant under (2.4). Namely, if there
was a solutions R : [0,0] — A, of (2.4) with R(0) € €2, and R(ty) = 0 for some ¢, € [0,0], then
by uniqueness of solutions of ordinary differential equations we had that R = 0, in contradiction
to R(0) € §,, thus R(0) # 0. O

The following rigidity result is based on the conjecture of Bohm and Wilking (see Remark 6.3.15).

Theorem 6.3.17. Forn > 12, let (M, g) be an n-dimensional complete shrinking gradient Ricci
soliton with R~q - C(M, g) C QN B, where ) = U,~082, and the closure is taken in A, \{0}. Then
(M, g) is locally symmetric.

Proof. By assumption, in A4, \ {0}, the closed set R~ - C(M, g) is contained in the open set QN B5,,.
Therefore, there exists an open neighborhood U of R - C(M, g) such that U C QN B,. Since
Q2N B, is an O(n)-invariant cone, without loss of generality we may assume that U is O(n)- and
scale-invariant as well.

By Lemma 6.3.12, the only points where the differential of F' vanishes are the positive multiples
of I. From Lemma 6.3.13, we know that Hess;F'|;. is positive definite. Therefore, by the scale-
invariance of F' (see Lemma 5.2.7), HessgpF|p. is positive definite for all R € R./. Since the
function F' : 2 — R is smooth and its sublevel sets are strictly convex cones, according to
Theorem 5.2.1 there exists a smooth function ¢ : R — R with ¢’ > 0 such that ¢ o F|y is strictly
Bianchi-convex.

As it satisfies C(M, g), g also satisfies U, that is C(M,g) C U C Q. Since the sublevel sets of
F : Q — R are conjectured to be invariant under the ordinary differential equation (2.4), Lemma
2.3.4 shows that in particular we have that dFr(R* + R*) < 0, hence d(p o F)r(R* + R*) < 0
(since ¢ > 0), for all R € C(M,g). Consequently, we can apply Theorem 6.2.9 together with
Remark 6.1.17 to the smooth, bounded, strictly Bianchi-convex, scale- and O(n)-invariant function
@ o F :U — R and obtain that (M, g) is locally symmetric. O

Remark 6.3.18. For n > 12, let (M, g) be an n-dimensional complete shrinking gradient Ricci
soliton with g satisfying €2, for some a > % Then according to Lemma 6.3.11, we automatically

have that R.q-C(M,g) C QN B,. Thus, by Theorem 6.3.17, (M, g) is locally symmetric.
A direct consequence of Theorem 6.3.17 is the following.

Theorem 6.3.19. Let n > 12. Then all n-dimensional complete Einstein manifolds (M, g) with
g satisfying 2, for some a > 0 are locally symmetric.

Proof. Clearly, (M, g) is a complete shrinking gradient Ricci soliton. Let a > 0. Since C(M, g) C
2, and, moreover, €2, and {R € A,,\ {0} | R is Einstein} are closed cones (in 4, \ {0}), according
to Lemma 6.3.8, we have that

Reo-C(M,g) CQ,N{R e A, \ {0} | R is Einstein} C QN B,,.

Therefore, Theorem 6.3.17 yields that (M, g) is locally symmetric. O
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6.3.2.1 The Bryant soliton

In this section, we show that the assumption “shrinking” cannot be dropped in Theorem 6.3.17
(and consequently in Theorem 6.2.9 in dimension n > 12).

The Bryant soliton (M, g, f,0) is a complete, non-compact and steady gradient Ricci soliton,
where M = R" and on M \ {0} = (0,00) x S"~! (via polar coordinates) g is the warped product
metric g = dt? + w(t)ggn-1, where ¢ denotes the standard coordinate on (0,00), (S™7!, ggn-1) is
the unit sphere with constant sectional curvature 1 and w : (0,00) — R satisfies w > 0 and is
given by a system of ordinary differential equations involving derivatives of the potential function
f. Moreover, lim; ,ow(t) = 0 and lim;_,o w'(t) = 1 ensure that g can be smoothly extended to all
of R™. For x € S"~!, with respect to an orthonormal basis (b; = %, ba,...,by), where (by, ..., b,)
is an orthonormal basis of T,S"~!, we have that

w"(t
1—w'(t)?
for all £ > 0 and i # j € {2,...,n}. In other words, the sectional curvature of the Bryant soliton

for planes tangent to the radial direction is given by § and for planes tangent to Sn=1 by g This
yields that for all (¢,z) € (0,00) x 5"~ and isometries p : R" — T{; ;)M with p(e;) = £, where
(é1,...,€,) is an orthonormal basis of R", we have that

p*Rmy(t,x) = a(t)D + b(t)({ — D),

where I denotes the identity in A4,, (as in Remark 1.1.13) and D is of type (D) with respect
to (e1,...,€,) (with ¢ = 1 in Definition 6.3.5). Note that 2(/ — D) is the Riemannian curvature
operator of R x S"~! together with the product metric, if one identifies 2 with e; and 7;,5"~! with
er for z € S™71. Since the sectional curvatures of the Bryant soliton are known to be positive, we
find that a(t),b(t) > 0 for t > 0. Furthermore, ag := lim; o a(t) and by := lim;_, b(t) exist and
are positive.

The Bryant soliton is asymptotically cylindrical in the following sense: Let (z;);en be a sequence in
(M, g) tending to infinity. Then there exists a sequence (\;);en in R and isometries p; : R™ — T, M,
1 € N, such that

li)m \ipi Rmgy(z;) = 2(I — D), (6.33)

the Riemannian curvature operator of the cylinder R x S"~1. Of course, this requires that p;(e;) =
9 fori=1,...,n. (For references of the above see for example [CCG*07].)

Lemma 6.3.20. There is an € > 0 such that % > € for all t > 0.

Proof. We suppose the opposite. Then there exists a sequence (t;);en such that
b(t:)

=0.

Case 1: The sequence (;);en is bounded. Then there exists a convergent subsequence (t;, )gen. Set
t = limy_,00 t;,. If t =0, we have that

b(t;,) lim b(¢;,)

_ k—o

) lim a(t;,)

k—o0

0= lim > 0,
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since the limits in the numerator and denominator exist and are positive. This is a contradiction.
If t > 0, then due to continuity we have that

— lim b(tlk) _ @
"=, e

K

which implies that b(t) = 0. This a contradiction to b > 0.

Case 2: The sequence (t;);en diverges. Let (z;);en be a sequence in S"~1. Then (#;, z;)sen tends to
infinity in R x S"~!. Since the Bryant soliton is asymptotically cylindrical, there exists a sequence
(Ai)ien in R and isometries p; : R — Ty, o, )M, i € N with (6.33). Hence,

2(1 — D) = lim A\;p; Rmy(t;, x;)
12— 00
= lim A (a(t:) D +b(t:)(I = D))

:hm&mm<D+MmU—D0

1—>00 a(ti)
- <115£10 )\ia(tz‘)> (D + lim ZE?)) U= D>>
=cD,

where the forth equality holds, since the sequence (x;y;)ien, Where x; := N\a(t;) and y; == D +
b(ts)
a(ts)
lim; ., x; =: ¢ exists. This is a contradiction, since I, D are linearly independent (in the case that

¢ # —2) respectively to [ # 0 (if ¢ = —2).

Consequently, the statement is true. O

(I — D), is convergent (with limit I — D) and (y;);en converges by assumption to D # 0, hence

Lemma 6.3.21. Let n > 5. Then g satisfies €, for some a > %
Proof. We consider the function

4+2(n—2)t2
2(n — 2)t + (n — 2)2¢2
0)

g:[0,00) > R:t— F(D+t(I— D))=

n +
g é

with F' being the function defined in (6.24). Obviously, g(0) = ~. Since n > 4, we have that
g(t) < L for t > 0 and since n > 5, that lim; g(t) = -2 < 2. Moreover, g has one local
minimum (at ¢ = 1) and this is even global. Therefore, for all € > 0 there exists some J > 0 such

that g(t) < 2 — 6 for all ¢t > e. (Namely, § = 2 — g(e).) In particular, there is some 6 > 0 such

that
2) <4

b(t)  ~
@>efort>0.

Now, set € := 167124(15 > 0. Let (t,z) € (0,00) x S ! and p : R" — T{;,»M be an isometry. Then

the scale-invariance of F' and a > 0 imply that

for all t > 0, since by Lemma 6.3.20 we have that

FW&W@QPJW@D+WWFD»:FGHﬁU_D02968>
4 4

n + 4e’

<-——-0=
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Since Z—g > €, the same is true for ¢ tending to 0. Together with the fact that the scalar curvature
of the Bryant soliton is positive for n > 2, this shows that p*Rm,(x) € Q% 4 forall z € M, thus

C(M,g) C Q%+E, which means that g satisfies Q%Jre. O

Remark 6.3.22. Since the Bryant soliton is not locally symmetric, Lemma 6.3.21 shows that in
general Theorem 6.3.17 (and consequently Theorem 6.2.9 in dimension n > 12) is false, if one
drops the assumption “shrinking” (see Remark 6.3.18).

6.3.3 Application 2

For n > 3 and a > 0, we consider the family of scale-invariant sets

Ou i ={R € Ay | a|| Ruc, + Rw|* < ||Ry|* and scal(R) >0}

1
<(R,I) < arctan (\/;) and scal(R) > O} ,

where I denotes the identity in A,. Note that ©y = scal, and ©,, = R.gl. For a > 0, the
cones ©, are strictly convex. In [Hui85, Theorem 3.1], Huisken shows that ©, is preserved by
the Ricci flow for a > d,,, where d,, := % (although his proof works only in dimension
n > 4 and for n = 5, he needs that ds = 10). The constant d,, is the smallest value a such that
©, C{R € A, | R > 0}, the cone of positive curvature operators. In dimension n > 4, the author
expects that ©, is even invariant under the ordinary differential equation (2.4) for all a > d,, (in
dimension n = 3, see Remark 6.3.24 below). Some indication for this is the following.

:{ReAn

Lemma 6.3.23. There exists an ag > 0 such that ©, is invariant under the ordinary differential
equation (2.4) for a > ay.

Proof. The proof works analogously to the proof of Lemma 6.3.16. m

Remark 6.3.24. Notice that in dimension n = 3, the closures of the sets ©, coincide with the
sets discussed in Section 3.2.2 for ¢ = 0. More precisely, ©, = O, U {0} = Ql;ﬁaﬁ. In Proposition
3.2.38, we have already seen that these sets are invariant under the ordinary differential equation
(2.4) for all a > 0.

Lemma 6.3.25. For a > —2-, we have that ©, C B,,.

n—2’

Proof. Let R € BS. Then, by Lemma 6.3.6, we have that

<(R,I) > arctan ( n;2) .

Hence, R ¢ O,, which finishes the proof. O

Next, we define the smooth and O(n)-invariant function

”RriCO + RWH2
[l

F:scaly = R:R— (6.34)
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For a > 0, its sublevel sets are the strictly convex cones F~'((—o0,a]) = ©1. The differential of
F at R € scaly is given by

2

dFR(S) = Hfi[||2(<RriC0 + Rw, SriCO + Sw> - F(R)<R[, S[>)
- s (R ) = (1+ FR) (1. 51)

for all S € Tgscal,. Since F(I) = 0, we immediately obtain that dF; = 0, which is clearly
contained in scal,, since scal([) = n(n=1)  The next lemma shows that the positive multiples of T
are the only points where the differential of F' vanishes.

Lemma 6.3.26. For R € scaly with R ¢ Rool, we have that dFr # 0.

Proof. Let R € scaly with R ¢ RogI. Then either Ry, # 0 or Ry # 0. If Ry, # 0, we find that

||RriCOH2
dFRr(Ryic,) = 2 >0
lftie) =2 g
and if Ry # 0, we have that
[ Rw|?
B |?
Hence, dFr # 0. m

Moreover, one can calculate the Hessian of F' at R to be

HessgpF' (S, S) = ||R21||2 (HSH2 — 2dFr(S){(R;,Sr) — (1 + F(R))HSIHQ)

for S € Tgscal,. For R = I, we obtain that

2
Hess;F(S,S) = W (HSrico + SW”2> :

For S L I, this yields that

2
(el

Hess; F'(S,S) = IE

Under the assumption that in dimension n > 3 the cone ©, is invariant under the ordinary
differential equation (2.4) for a > d,,, the following theorem holds.

Theorem 6.3.27. Let n > 3. Then all n-dimensional complete shrinking gradient Ricci solitons
(M, g) with g satisfying g4, are locally symmetric.

Proof. Using the observations above, the proof works similarly to the proof of Theorem 6.3.17 after
exchanging €2 by O := Ua>%2@a and U by the interior of O, for some a € (%, d,). However, we
apply a slightly more general version of Theorem 6.2.9 (see Remark 6.1.17). O]






Appendix A

In order not to disturb the reading flow, we have outsourced a collection of some statements
we needed in the previous work. In this chapter, we finally give the results and corresponding
references respectively proofs.

Lemma A.0.1. Let (V.|| -||) be a normed vector space and Q@ C V' a closed scale-invariant subset.
Then 0N is scale-invariant as well.

Proof. If v = 0 € 012, then trivially tv = 0 € 09 for all ¢t > 0. Now, let v € 92 with v # 0.
Suppose there is a ty > 0 with tgv ¢ 9. Since Q is scale-invariant, we have that tyv is in the
interior of 2. Hence, there exists an € > 0 such that B.(tov) is contained in the interior of .
Since (2 is scale-invariant, it follows that R.q - B(tov) is contained in 2. In particular, we have
that

1
B (v) = —Be(ty) € Q
%0 to

and therefore v lies in the interior of 2. This, however, is a contradiction to v € 9f). O
From [Die76, 16.17.5] the following Proposition is known.

Proposition A.0.2. Let V' be a vector bundle over a manifold M and let si,...,s, € I'(M,V*)
be smooth sections of V* being linear independent in each point p € M. Then

ker(sy) N --- N ker(sy)
is a subbundle of V.

Remark A.0.3. Since s;(p) : V, — R is linear and non-zero for i = 1,2,3 and p € M, the
dimension of its kernel is dim(V,) — 1. Since {s1(p), ..., sx(p)} is linear independent,

dim(ker(sl(p)) N---N ker(sk(p))) = dim(V},) — k.
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