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Abstract

We review the construction of Jensen’s L-forcing which we apply to study the Il
consequences of the theory ZFC + BMM + NS, is precipitous. Many natural con-
sequences for H,, of the theory ZFC + MM follow from this weaker theory. We give
a new characterization of the axiom () by isolating a class of stationary set pre-
serving L-forcings whose semiproperness is equivalent to (). This characterization
is used to generalize work of Todorcevi¢: we show that Rado’s Conjecture implies
the combinatorial axiom (t).

Furthermore we study genericity iterations beginning with a measurable Woodin
cardinal §. We obtain a generalization of Woodin’s %% absoluteness theorem for
c.c.c. forcings. We study the class of subsets of w; that extend to a class with
unique condensation and develop a genericity iteration for such sets in generic ex-
tensions. Such a genericity iteration is used to show absoluteness results. Moreover
we show that large cardinals imply that sets that extend to a class with unique
condensation are constructible from a real.
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Introduction

One of the main interests of modern set theory is absoluteness. Given two models
M, N of set theory a statement ¢, possibly in a parameter from N N M, is absolute
between M and N if

ME¢ < N

Set theorists are curious about absoluteness phenomena for (at least) two reasons:
absoluteness theorems are central results of set theory and have also become im-
portant tools in the theory. We give an example: a classic absoluteness result is
Shoenfield’s Theorem, i.e. given two models M, N of set theory that both contain
wi as a subset and a real x, and given a Xi(x) statement ¢

ME¢ < Nk

Shoenfield’s Theorem is both, a central result of set theory and an important tool.
Often Shoenfield’s Theorem is applied in the context of forcing: if V[G] is a forcing
extension of V', then

V <51 VI[G].

Also in this thesis one of the main themes is absoluteness, especially in the sense
of forcing absoluteness. We produce absoluteness theorems and we also frequently
apply them. The most prominent we apply is the following: Bagaria discovered
that bounded forcing axioms can be rephrased as absoluteness axioms.

Theorem (Bagaria [Bag00]) Let I be a class of partial orders. The Bounded
Forcing Axziom for T' holds if, and only if, for all P € T

P

H,, <s, HY, .

We especially consider the case I' = {P; P preserves stationary subsets of ws },
then the Bounded Forcing Axiom for I" is Bounded Martin’s Maximum, BMM.

We will now go into detail about the structure and contents: this thesis contains

work on stationary set preserving L-forcings and their application as well as work

on the extender algebra and Y2-absoluteness. We give an introduction to both parts
of the thesis.

L-Forcing

Besides Bagaria’s reformulation of BMM, the main tool of the first part of this thesis
is R. Jensen’s L-forcing. In the early 90’s Jensen developed the first example of an £-
forcing in the handwritten notes [Jenb]. This first example was a partial order P with
the following properties: if GCH holds, x is a measurable cardinal and U a normal
measure on x, then P collapses x to become wi, makes cof(kT") = w and adds
a countable structure (H;U) that iterates in wYP = k many times to (HY,,;U).
Since then Jensen has substantially refined his theory of L-forcings: starting with
some large cardinal assumption (or possibly just ZFC), GCH, a regular cardinal
and some regular § > k, an L-forcing adds a family of countable models M;, i < k

together with a commutative system m; ; : M; — M;, 1 < j < k of elementary
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embeddings such that the direct limit of the system (M;,m; ;31 < j < k) is Hg
In the example of the forcing P above, the embeddings m; ;11 are the ultrapowers
formed with the measure U and its images respectively. Other L-forcings have
different types of embeddings; usually the type of the embedding is closely related
to the large cardinal assumption. The model My is not an element of V', so the
above type of L-forcing adds reals. Other generalizations of £-forcings do not add
reals, see [Jena]. In Chapter 2 of this thesis we will review the construction of
L-forcings that add reals; moreover we generalize Jensen’s construction to allow for
other types of embeddings, especially generic ultrapowers.

The modification of L-forcings towards generic ultrapowers is motivated by the
following: B. Claverie and R. Schindler, starting with a precipitous ideal I on wi,
constructed the first example of an L-forcing P(wq, I) that adds a direct system
(M, 7 5,1;,Gi;1 < j < k) such that the direct limit of this system is (H,,,I) and
for each ¢ < wq m; ;41 @ My — M1 ~ Ult(M;, G;) is a generic ultrapower. The use
of generic ultrapowers is the substantial new idea in the construction of Claverie-
Schindler forcing; this allows to construct a stationary set preserving L-forcing if I
is the nonstationary ideal on wy. The first application of (a slight generalization of)
P(wg, I) was the following:

Theorem ([CS09]) If Bounded Martin’s Mazimum (BMM) holds and NS, is
precipitous, then §5 = wo.

Note that it was known that 62 = wo follows from the much stronger Martin’s
Maximum (MM). We will construct Claverie-Schindler forcing in Chapter 2 in our
setup and study applications of P(ws,I) and other stationary set preserving L-
forcings in Chapter 2 and 3, among them the above theorem, which we generalize
in Theorem 3.1.25 by showing that BMM and NS, is precipitous implies Admis-
sible Club Guessing which in turn implies 63 = ws, see Lemma 3.1.9. A rather
elementary application we will study, due to S. Todor¢evié, is that IP’(22UJ1+ ,I) seals
all antichains of I-positive sets from the ground model, see Theorem 2.4.16.
Chapter 3 is devoted to results in the style of the theorem above: for various Il
formula ¢ in parameters from H,, we study the following question: if ¢ is a con-
sequence of MM, does BMM + NS, is precipitous imply ¢? It will turn out that
Woodin’s Admissible Club Guessing, ¢pac and 1 ac all follow from BMM + NS,
is precipitous, see Theorem 3.1.25 and Corollaries 3.2.11 and 3.2.20 respectively.
Woodin had shown this for ¥ 4c before using a more straightforward forcing con-
struction. To show that ¢ 4¢ follows from BMM + NS, is precipitous we construct
a variant of Claverie Schindler forcing.

One can interpret these results as follows: any natural Il consequence of MM for
H,, follows from BMM and NS, is precipitous. Of course “natural” is a very vague
word and moreover there are IIs consequences of MM that can provably not follow
from BMM and NS, is precipitous, namely certain Godel sentences that assert the
existence of countable models of large cardinals beyond the consistency strength of
BMM and NS, is precipitous.

In Chapter 4 of this thesis we use L-forcing to characterize the axiom

(1) := Every stationary set preserving forcing is semiproper.
We will show:

Theorem (Theorem 4.2.6) The following are equivalent:

1. For every regular cardinal > wq the Claverie-Schindler forcing P(6,NS,,) is
semiproper.
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2. (1)
3. CC**

Here CC** is a combinatorial principle that strengthens Chang’s Conjecture. The
above theorem is in turn applied to show that Rado’s Conjecture implies (1) by show-
ing that Rado’s Conjecture implies CC**. This generalizes a result by Todoréevié,
who showed that Rado’s Conjecture implies CC*, see [Tod93].

The Extender Algebra

The second part of this thesis, which is identical with Chapter 5, deals with the
extender algebra, a construction due to H. Woodin. Given a (fine-structural) suf-
ficiently iterable countable model M that contains a Woodin cardinal d, one can
construct the extender algebra Ws in M. This construction then has the following
application due to Woodin: given some x C w and seeing Ws as a forcing notion,
one can find an iteration map j : M — M?* such that z is generic over M* for
j(W5s). This iteration is known as a genericity iteration. It should be stressed that
x was arbitrary to begin with and even more than that: if P is a notion of forcing,
M is highly iterable and 7 is a forcing-name for a real in VT, then there is an
iterate M* of M, such that regardless of the choice of G C P generic over V we
have that 7€ is generic over M*; this result is also due to Woodin. So all possible
interpretations of the name 7 are generic over M*.

We will carry out the construction of the extender algebra for a fine-structural
model with a Woodin cardinal J; for reals this has also been done in detail by Steel
in [Ste], but we review the construction of the extender algebra, due to Woodin,
for subsets of wy;. The construction for reals starts with w-many generators, the
construction for subsets of wy starts with J-many generators. For the version with
d-many generators sources besides this thesis are scarce: see [Far| for the coarse
case and a slightly different construction of the extender algebra, or see [SS09] for
another application of the extender algebra with d-many generators. These gener-
icity iterations are applied to prove an original ¥3-absoluteness theorem for c.c.c.
forcings with ordinal parameters, Theorem 5.5.3.

Additionally we introduce and discuss sets that extend to a class with unique con-
densation: A C wy extends to A* with unique condensation if A* is class of ordinals
such that A* Nw; = A and for all uncountable cardinals &

if A > k is a sufficiently large regular cardinal, then there is a club
C(A*, K, A) of countable substructures X < H)y such that A* Nk € X
and

ANk = A" Nk,

where 7 is the inverse of the collapse of X and 7 (%, A* N k) = K, A*.

We analyse the sets that extend to classes with unique condensation in detail and
construct non-trivial examples. We show that these sets can trivialize in the fol-
lowing sense: granted large cardinals in V' and an iterability assumption, we show
that every set with a uniquely condensing extensions is constructible from a real,
see Theorem 5.6.14 for the precise statement.

We mentioned that, given a forcing-name for a real, a genericity iteration exists
such that all interpretations of the name are generic over the final model. Given
a name 7 for a set that extends to a class with unique condensation, we construct
a genericity iteration such that all interpretations of 7 are generic over the final
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model. We show that if 7 is in a reasonable forcing extension, then such a gener-
icity iteration behaves like genericity iterations for reals, see Lemma 5.6.16. We
apply this Lemma to show two absoluteness results, Theorem 5.6.25 and Theorem
5.6.24.
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1 Basic Concepts and Definitions

In this chapter we recall basic concepts that we will encounter later. Due to the
complexity of what follows it is not possible to give a self-contained exposition in
our framework. Definitions and basic results not found in this chapter are part of
the standard set theoretic literature, i.e. the reader is advised to consult [Jec03]
and [Kan03].

Our notation is standard and follows [Jec03].

1.1 Forcings that preserve w;

For the reader’s convenience we recall several classes of forcings that do not collapse
w1.

Definition and Lemma 1.1.1 A notion of forcing P is proper if it satisfies the
following equivalent conditions:

w

1. for every uncountable cardinal X every stationary S C [N“ in V is still sta-

tionary in ([)\]‘*’)VP ;

2. for every sufficiently large \, every well-ordering < of Hy and every countable
elementary submodel X < (Hy; €,<) the following holds:

Vpe XNP: Jg<p:qis (X, P)-generic,
where q is (X, P)-generic if

qIF GNX is a filter on P generic over X.

For a proof of the well know equivalence above see [Jec03, 31.7, 31.16]. Note that
all c.c.c. forcings and all w-closed forcings are proper.

Definition 1.1.2 A notion of forcing P is semiproper if for every sufficiently
large A, every well-ordering < of H) and every countable elementary submodel
X < (Hy; €, <) the following holds:

Vpe X NP 3¢ <p:qis (X,P)-semigeneric,
where ¢ is (X, P)-semigeneric if for every name & € X for a countable ordinal
gF3peX:a=40.
Clearly every proper forcing is also semiproper.
Definition 1.1.3 A notion of forcing P preserves stationary subsets of wi if every
stationary S C wy is stationary in V[G] for all G C P generic over V. When it is

clear from the context which stationary sets are meant, we will call a forcing from
the above class just stationary set preserving.



1 Basic Concepts and Definitions

It is well known that all semiproper forcings are stationary set preserving and that
all stationary set preserving forcings do not collapse w} . So we have the following
diagram:

c.c.c. C proper C semiproper C stationary set preserving C wi-preserving.

There is one more class of forcings that we will encounter:

Definition and Lemma 1.1.4 (Foreman-Magidor [FM95]) A notion of forcing
P is reasonable if it satisfies the following equivalent conditions:
1. for all ordinals o ([a]*)V is stationary in ([a]“’)vnp,
2. for all p € P and all sufficiently large reqular \ there is an elementary sub-
structure N < (Hy; €,P,{p}) and an (N,P)-generic ¢ < p.

It is not difficult to see that reasonable forcings preserve wy, since any count-
able sequence cofinal in w}" would witness that ([w}']*)" is not stationary in the

extension. Further note that every proper forcing is reasonable.

1.2 Forcing Axioms

D.A. Martin formulated the axiom that is known today as MA,,. That was the
foundation of the theory of forcing axioms. Martin and Solovay studied the slight
generalization of MA,,,, nowadays called Martin’s Axiom MA, see [MS70]. Using
Shelah’s concept of proper forcing, Baumgartner introduced the Proper Forcing
Axiom PFA, see [Bau84]. The provably strongest forcing axiom was then isolated
by Foreman, Magidor and Shelah and named Martin’s Maximum MM, see [FMS88].
The following definition encompasses many forcing axioms.

Definition 1.2.1 Let I' be a class of partial orders. The Forcing Axiom for T,
FA(T), is the following principle: let P € T and let (D;; i € wq) denote a collection
of sets dense in P. Then there is a filter F' C Q meeting every D;, i < wi.

If T is the class of c.c.c. partial orderings, then FA(T") is MA,,,. Clearly MM is
FA(T) for T" the class of stationary set preserving forcings, and PFA is FA(T') for T’
the class of proper forcings.

1.3 Bounded Forcing Axioms

Goldstern and Shelah were the first to study a “bounded” version of a forcing
axioms. They weakened the Proper Forcing Axiom PFA to the Bounded Proper
Forcing Axiom BPFA and studied it in depth, see [GS95]. The following definition
encompasses many different bounded forcing axioms.

Definition 1.3.1 Let I' be a class of partial orders. The Bounded Forcing Axiom
for T, BFA(T'), is the following principle: let Q = ro(P) \ {0} for some P € T,
here ro(P) is the Boolean algebra consisting of the regular open subsets of P. Let
(D;; i € wy) denote a collection of sets dense in Q, each of cardinality at most w;.
Then there is a filter F' C Q meeting every D;, i < wy.

If T is the class of c.c.c. forcings, then BFA(T) is just MA,,. Clearly BMM is

BFA(T) for I the class of stationary set preserving forcings, and BPFA is BFA(T") for
" the class of proper forcings. The following characterization of BFA(T') is due to

10



1.4 Precipitous Ideals

Bagaria, see [Bag00]. We will use this characterization without further notice. In
our context the characterization of Bounded Forcing Axioms below is much more
natural and applicable than the original definition.

Theorem 1.3.2 (Bagaria) BFA(T") holds if, and only if, for allP € T

.
H,, <x, HY .

w2

We will also make use of the following result from [Sch04]:
Theorem 1.3.3 (Schindler) If BMM holds, then X* exists for every set X.

Note that even a stronger closure property holds: if BMM holds, then for every
set X there is an inner model with a strong cardinal containing X, see [Sch06].
Nevertheless we have no use for this fact in the following. The last fact that we will
use without further notice is the following:

Theorem 1.3.4 ([Moo05]) If BPFA holds, then 280 = 2% = R,.

1.4 Precipitous ldeals

We will often deal with ideals on w;. Given an ideal I, we will consider the partial
order (P(w;)\ I, C). Forcing with this partial order yields an ultrafilter on P(w;)V;
therefore one is able to form a generic ultrapower:

Definition 1.4.1 An ideal I C P(Z) is precipitous if for every G C P(Z) \ I
generic over V the ultrapower j : V — Ult(V, G) is well-founded. Here Ult(V, G) is
formed using functions from V. We will call j : V — Ult(V, G) a generic ultrapower
and identify it with its transitive collapse if it is well-founded.

Note that even if an ideal is not precipitous, well-founded ultrapowers might exist.
It is well known that the existence of a precipitous ideal on P(w;) is equiconsis-
tent with a measurable cardinal, see [JMMP80]. Note that Kakuda and Magidor
independently showed how to force a precipitous ideal on w; from a measurable
cardinal; this result is known as Kakuda’s Theorem which we discuss in more depth
in a moment.
By NS,,, we denote the ideal of nonstationary subsets of w;. Magidor showed that
the precipitousness of NS,, can also be forced from a measurable cardinal, see
[JMMP80]. One might believe at first glance that precipitousness is a second order
property, but precipitousness is equivalent to a first order combinatorial property,
see for example [Jec03, 22.19, 22.21]. Hence if I is precipitous and G C P(wy) \ I
is V-generic, then j(I) is still precipitous in Ult(V,G), where j : V. — Ult(V, G)
is the generic ultrapower. So we can force over the ultrapower and form another
generic ultrapower. This observation leads to generic iterations of which we will
give a formal definition further below.

1.4.1 Adding a precipitous ideal with k-c.c. forcing

Theorem 1.4.2 (Kakuda’s Theorem) If ¢ is a measurable Woodin cardinal and P
a d-c.c. notion of forcing, then forcing with P adds a precipitous ideal on 6.

The above theorem is due to Kakuda and Magidor independently, see [Kak81]
and [Mag80] respectively. If forcing with P is trivial, the precipitous ideal is the

11



1 Basic Concepts and Definitions

complement of the normal measure U witnessing that § is measurable. Forcing with
this ideal will also be trivial.

1.4.2 Stronger ldeals

If I is a precipitous ideal on wy, one can study the Boolean algebra P(w;) \ I and
ask which properties it has.

Definition 1.4.3 Let I be a normal uniform ideal on wj.

1. T is wa-saturated, or simply saturated, if P(wq) \ I satisfies the we-chain con-
dition.

2. I is wi-dense, if P(wy) \ I has a dense subset of cardinality w;.

It is a standard fact that all saturated ideals on w; are precipitous. Clearly
every wi-dense ideal is saturated and hence precipitous. If [ is any normal uniform
ideal on wy, then forcing with P(wy) \ I collapses wy to w. This implies that
P(wr) \ I is isomorphic to the Boolean algebra generated by Col(w,w;) if T is wi-
dense. We stress that in this case P(wi) \ I is a homogeneous forcing. If I is
wo-saturated, then for all generic G C P(w;) \ I and all induced generic embedding
j:V — U(V,G) = M we have that M*“1 C M, where M*! is calculated in V[G].

1.5 Generic lterations

We will often deal with generic iterations, obtained by iterating the process of
forming generic ultrapowers. For this note that generic ultrapowers are a meaningful
concept even in (countable) models of (fragments of) ZFC; all that one needs to
form a generic ultrapower is that the class of functions with domain w; exists and
is reasonably closed, so that we can prove a version of the Los’ Theorem. The
exact choice of the fragment in the definition below is not too important, we could
have used a different fragment. The fragment ZFC* we use in the definition below
originates from [Wo0099]; note that for example H,, = ZFC*. In the definition
below we allow I to be a class from the point of view of M.

Definition 1.5.1 Let M be a countable transitive model of ZFC* 4+ “w; exists,”
and let I C P(wM) be such that (M;€,I) = “I is a uniform and normal ideal on
w{w.” Let v < wy. Then

(M, 15,1, k351 < 5 <), (Gt <)) €V

is called a putative generic iteration of (M;€,I) (of length v+ 1) iff the following
hold true:

1. M():MandIO:I.

2. Foralli < j <~, m;: (M;;€,1;) — (Mj;€,1;) is elementary, I; = mo;(I),

and k; = 7o i(w}) = w{m.

3. For all i < v, M; is transitive and G; is (P(k;) \ I;, C)-generic over M.

4. For all i +1 <+, M;41 = Ult(M;; G;) and 7; ;41 is the associated ultrapower
map.

5. TjkOTj = T4k for 4 S _] S Y-

12



1.6 Canonical Functions

6. If A < v is a limit ordinal, then (My,m; ;¢ < A) is the direct limit of
<Mi,ﬂ'i7j;i < j < )\>

We call
(M, mi 4, iy kizi < § <), (Gizi <))

a generic iteration of (M; €, 1) (of length y+1) iff it is a putative generic iteration of
(M; €, 1) of length v+ 1 and M, is transitive. (M;e,T) is generically v+ 1 iterable
iff for any 4’ < w; every putative generic iteration of (M; €, I) of length 4/ +1 is an
iteration. We will call (M; €, 1) generically iterable if (M; €, 1) is generically wy + 1
iterable in all generic extensions of V. We will call (N; E, J) a (generic) iterate of
(M; €, 1) if there is a putative generic iteration

(M, mi 5, 1iy kit < § <), (Gi;1 <))

of (My; €,1y) = (M; €,I) such that (M.,; E,,I,) = (N; E,J), where E, is M,’s €-
relation. Sometimes we will say that j : (M;€,I) — (N; E, J) is a generic iteration
if we only want to refer to the iteration map but not to the generic filters.

Notice that we want (putative) iterations of a given countable model (M; €, 1) to
exist in V', which amounts to requiring that the relevant generics G; may be found
in V.

The next lemmas roughly says: the critical points of a generic iteration and a few
functions generate the final model of the iteration.

Lemma 1.5.2 (folklore) Let
(M, 15,1, kit < 5 <), (G0 < 7))

be a generic iteration of Mo. Let § < a <~y. All elements of M. are of the form
73,a(f)(§) for some f: kjy — Mp, f € Mg and ordinals &y, ..., &, < w{w”. Moreover
all the ordinals &1, ..., &, can be chosen in {k;; f < i< a}.

Proof. Fix # < wy. We show this by induction on . Let « = v+ 1. Then M, is
isomorphic to Ult(M,,G,). Hence every element of M, has the form my o(f)(x+)
for some f : kK, — M,, f € M,. By the inductive hypothesis f is of the form
ﬂgﬁ(g)(g—') for some g : kjj — Mp,g € Mg and £e k. Then

— —

.0 () () = 7,0(75,5(9)(€)) (Kr) = 75,0 (9) (€) (Kr ),

since the critical point of 7, o is K.

The case Lim(a) simply uses the fact that M, is the direct limit of all M, for
v < a: if x € M,, then ¢ = 7, (Z) for some v < o and some Z € M,. Without
loss of generality we may assume 3 < «y. Then Z is of the form 73 (g) (5) for some
g: K5 — Mg,g € Mg and ordinals EG k4. Then

—

T = 1y,0(T) = 7,0(15,4(9)(€)) = 75,0(9) (€)-

1.6 Canonical Functions

When working with a generic ultrapower j : V' — Ult(V,G) we often deal with
functions f : w; — wq representing ordinals < j(wq).
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1 Basic Concepts and Definitions

Definition 1.6.1 Let 1 < ws be uncountable. Let g : w1 — 1 be surjective. Define
fn w1 — w1 by fp(a) = otp(g“a). We call f, the canonical function for n derived
from g.

We recall the folklore around canonical functions. First note that we will not
always make g explicit when referring to some canonical f,; the following remark
justifies to do so:

Remark 1.6.2 Let wi <1 <ws. If g,¢' : w3 — n are both surjective, then there
is a club C' such that

Va e C: fyla) = fi(a),

where f, is the canonical functions derived from g and f,’7 is the canonical function
derived from g¢'.

Proof. Let o < wy be such that there is some countable X < H,, with g,¢' € X
such that X Nw; = a. We compute f,(c):

fn(a) = otp(g“a) = otp(g“X Nw1) = otp(X Nn),

here the last equality holds since g is surjective. Clearly the same computation
shows f; (o) = otp(X Nn). It now suffices to note that there are club many a < w;
such that X Nw; = « for some countable X < H,,, with g,¢" € X. O

There is a second approach to canonical functions: we inductively define a series
of functions and prove that they are in fact canonical functions.

Definition 1.6.3 Let n < wy. Let fy : w; — wy be defined by fo(a) = 0 for all
a < wi. Suppose that fz has already been defined for all 8 < 7. If n = 3+ 1, then
we set

fo(@) := fala) + 1.

If n is an ordinal of cofinality w, say (3;)icw is & sequence cofinal in 7, then we set

fn(a) :=sup{fs,(a); i € w}.

If n is an ordinal of cofinality wy, say (8)icw, is a sequence cofinal in 7, then we set

fn(@) :=sup{fs,(a); i <a}.

We call the construction in the uncountable cofinality case a diagonal supremum.

It is easy to verify the following: if n < ws is a limit ordinal, then f,, (modulo
a nonstationary set) does not depend on the choice of the cofinal sequence. More
generally we have the following notation: if f,g : w3 — w1, then we set f < g if
and only if the set {a € wy; f(a) > g(«)} is nonstationary. Clearly we can define
relations =, < in the very same fashion. The relation < is also a well founded partial
ordering because NS,,, is o-complete. Hence each f :w; — wy has a rank || f||. We
need a straightforward generalization. If S is stationary, then we say f <g g if and
only if the set {« € S; f(a) > g(a)} is nonstationary. This leads to a new notion
of rank || f||s. Note that if S C T then ||f||7 < ||f||s. The following lemma is then
easy to check, see [Jec03, 24.5].

Lemma 1.6.4 Ifn < wy is a limit ordinal, then f, is a least upper bound of

{fs; B <n} in <. Each f, is unique modulo =, and ||f,||s = n for all stationary
) O

14



1.6 Canonical Functions

We now check that each f;, is in fact a canonical function according to our original
definition.

Lemma 1.6.5 Letn < wa. Then there is a surjection g : w1 — 1 and some club
C C wy such that for all « € C

fn(a) = otp g“a.

Hence fy is a canonical function

Proof. By induction on 7. There are clearly three cases: successor case, countable
cofinality and uncountable cofinality. We discuss the uncountable cofinality case,
the other cases are simpler. Let (3;)i<., witness that n has uncountable cofinality.
By our inductive hypothesis there exists for each ¢ < w; some surjection gg, : w1 —
B; and some club C; witnessing that fs, is a canonical function. We construct
g : w1 — 7 such that if A is a limit ordinal, then

2= U gnn
i<wi
For this recall that there is a bijection 7 : w3 — w1 X wy such that 7“A = A x A for
all limit ordinals A. Let o < wy and let 7(a) = (e, 7). We set
g(a) := gg,, (a1).
Clearly for all limit ordinals A
g“)‘ = U 9B; “A
i<

There is a club D C Lim such that for all « € D if i,5 € D, 7 < j, then gg, “a C
gp; “a. So for A € D

otp g“\ = otp U g3, “\ = sup{otp gg, “A; i < A}
i<A
Let C denote the diagonal intersection of all the C;. Let A € C'N D be some limit
ordinal. Then

otp g“A = sup{otp gg, “A; i < A} =sup{fs,(\); i < A} = fr(A).

As a corollary to the above lemmata we note:

Corollary 1.6.6 Let f, be a canonical function for n < wa. In every generic
ultrapower j : V. — N, n is represented by f,; i.e. if N is well-founded, then
n = [fy]. This clearly holds regardless of the representative. |

The following lemma describes a general way to obtain canonical functions. Note
that a non-transitive X in the hypothesis of the lemma below can be obtained by
taking a substructure closed under sequences of length w; of some Hy, © > w;
regular. Moreover note that a canonical function only needs to defined on a subset
of wy containing a club.

Lemma 1.6.7 Let X be a model of ZFC™ of cardinality wy such that X Nws is
transitive. Let X = (X;;1 < wy) be a continuous chain of countable elementary

15



1 Basic Concepts and Definitions

submodels of X. For i < wy let m; : M; — X; denote the inverse of the transitive
collapse of X;. Let B <wy and o € Xg Nwa. Then

fron\B—wiy = (@)
is a canonical function for «.

Proof. Let f, : wy — wi be a canonical function for « derived from some surjective
g : w1 — a. We have to show that there is a club C such that f,(v) = f(y) for all
~v € C. Let k be large enough so that H, contains X and g. Let C consist of the
ordinals v < w; such that v = Y Nw; for a countable substructure ¥ < H, with
)?, geY. Forye C and aY < H, witnessing this we can then compute:

fa(v) = otp(g“y) = otp(Y Na).

Since X Nwy is transitive we have: Y Na =Y NX nNna = J{X;Na;i<~v}; so,
since X is continuous, ¥ Na = X, Na. Hence

otp(Y Na) = otp(X, Na) = 75" (a) = f(7).

This is what we wanted to show. O

1.7 Admissibles, Indiscernibles and Sharps

We will assume that the reader has a basic understanding of the theory of admissible
ordinals. Since we do not too frequently encounter admissibles, we hint the reader
at [Bar75]. Also we presuppose that the reader is familiar with indiscernibles, say
with the exposition in [Kan03]. When referring to the sharp of a set, we do not
think of Ehrenfeucht-Mostowski blueprints; we rather have the following in mind:

Definition 1.7.1 For a set X, we let X# denote the least X-mouse, i.e. the least
X-premouse P = (J,(X); €, X, E,), such that E, # 0, P is sound above X and P
is iterable.

For all concepts of inner model theory [Ste] is our reference if not otherwise stated;
there the reader can find the definition of premouse, soundness and iterability.
Note that the universe of any X* is a model of ZFC™ and also of ZFC*+“w;. exists”.
The next lemma shows how sharps and indiscernibles are related.

Lemma 1.7.2 (Folklore) Let X be a set and suppose X* =P = (J,(X); €, X, E,)
exists. Let k denote the critical point of E,. Then k is an X -indiscernible. More
generally: if m: P — M is an iteration map, where M is a linear iterate of P that
we produced using only E, and its images, then 7(k) is also an X -indiscernible. O

1.8 Universally Baire Sets of Reals

Feng, Magidor and Woodin introduced and analysed the universally Baire sets of
reals.

Definition and Lemma 1.8.1 ([FMW92]) Let A C w* and let K > w be a
cardinal. The following are equivalent:

1. For every topological space X with a reqular open basis of cardinality < k and
for every continuous function f : X — w* the set f~1“A is Baire.
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1.9 Chang’s Conjecture

2. There are trees T, S on w X 2% such that A = p[T] and for every forcing P of
cardinality < K

VE [ plT] = w” \ p[S].
3. There are trees T, S such that A = p[T| and

Y Celw:m) = p[T] = w® \ p[S].

If A satisfies the three equivalent conditions, we will say that A is k-universally
Baire. If A is k-universally Baire for all cardinals k > w, then we will say that A
is universally Baire. O

In [FMW92] it is shown that all analytic sets are universally Baire (and hence
also all co-analytic sets). In general large cardinals are required to see that a given
projective set is universally Baire. The following lemma says that any set that is
Al in all forcing extensions of V, is also universally Baire. Note that this pointclass
contains the sets that are provably Al.

Lemma 1.8.2 (Folklore) Let ¢g and ¢ denote X3 formulae with real parameters
and one free variable. Furthermore assume if M is a forcing extension of V', then

M =V : do(x) <= ~¢1(2).

Then {x € w*; ¢po(z)}V is universally Baire.

Proof. For this let us recall a fact about Shoenfield trees: given a X1-formula ¢ one
usually constructs the Shoenfield tree T for ¢ on w X wy; i.e. the canonical tree T
such that p[T] = {z € w¥; ¢(x)}. Nevertheless it is well known that one can also
construct a canonical Shoenfield tree T" for ¢ on w x k for a regular cardinal > ws.
If T and the parameters of ¢ are in some transitive M |= ZFC such that w] < &,
then p[T|M = {z € w¥; ¢(x)}™. Furthermore note that such a T is in L[p] where
p are the real parameters of ¢.

We need to show that {x € w*; ¢o(x)} is k universally Baire for all k. Let T be
the Shoenfield tree on w x x* for ¢y and let S be the Shoenfield tree on w x K+
for ¢;. Let M denote a forcing extension of V' by a forcing of size < k. We have
p[TIM = {z € w*; ¢o(x)}M, p[SIM = {z € w¥; ¢1(x)}M, so by our hypothesis

MEVzew :zepl] < z¢p[S]

1.9 Chang’s Conjecture

In this thesis we will encounter Chang’s Conjecture and some of its generalizations.
Before we give a definition we recall a basic notion: for infinite cardinals A > «
a closed unbounded set C' C [A]" is strongly closed unbounded if there is some
F : A< — X such that C D Cp := {z € [\]®; F¥[z]<¥ C z}. By a theorem of
Kueker, for k = w the notion of closed unbounded and strongly closed unbounded
coincide.

Definition and Lemma 1.9.1 The following are equivalent
1. Every model of type (wa,w1) has an elementary submodel of type (wi,w).

2. The set {X C wq; otp(X) = w1} intersects all strongly closed unbounded sets.
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1 Basic Concepts and Definitions

If one of the equivalent conditions holds, then we say Chang’s Conjecture (CC)
holds.

Proof. Let F : [ws]<¥ — wy be a function. The set Cp := {x € [wo]“t; F“[z]<* C
x} is strongly club in [ws]“t. Granted 1. we have to show an X € Cp of ordertype
wy exists. For this study the structure A = (wo; €, w1, F, G) where G : wg X w1 — wo
is such that G(a,-) : w; — « is a surjection. By 1. a substructure B = (4;€
,B,F,G) < 2 exists such that A has cardinality w; and B is countable. Let
(a; €, B, F,G) denote the transitive collapse of 8. Clearly o = otp(a) = otp(A) and
A is closed under F'. So it remains to show o = wy. If w; € @, then by elementarity
G(wi,-) : B — wy is a surjection, but this contradicts that 3 is countable. Since a
is uncountable w; = .

For the converse assume we have a model 2 = (4; R, ...) of type (w2,w;). Without
loss of generality we can assume A = ws and also we can add the € relation, so
A = (wa; R, €,...). There is a function F : [w]<“ — ws such that all sets closed
under F are elementary substructures of 2. Clearly the sets of cardinality w; closed
under F form a club in [wy]“!, hence by our hypothesis there is some B C wq of
ordertype wi such that B is closed under F'. Since R C A is a bounded subset of A,
we have that RN B is bounded in B. Any bounded subset of B must have countable
ordertype. This shows that (B; RN B, ...) is of type (w1,w). O

18



2 L-Forcing

Following Jensen’s handwritten notes [Jena] we develop the theory of L-forcing
more or less from scratch. In contrast to [Jena] we do not make use of infinitary
languages and Barwise theory. This of course changes the proofs; the forcings we
can construct with this approach are nevertheless the same. Additionally we discuss
L-forcings that add generic iterations and isolate a class of L-forcings that preserve
stationary subsets of wy. Such a forcing was constructed in [CS09] and a reader
familiar with [CS09] will see that our presentation is influenced by [CS09)].

2.1 Definition of L-Forcing

We will now describe what all L£-forcings have in common: given some cardinal
0 > wq, an L-forcing P adds a system (M;;i < k) of models and a commutative,
continuous system of elementary embeddings m; ; : M; — M; for i < j < s such
that all M; are countable for i < x and M, = HX . Also P preserves the regularity
of k, hence k = wYP. Note that the cardinality of Hg/ is Ny in the extension, since
HY = M, is a direct limit of countable structures and & is the w; of the extension.
Different L-forcings are not only constructed by choosing different x and 6 but
also by discussing different types of elementary embeddings (m; j;¢ < j < k); for
example m; ;41 could be an ultrapower or a generic ultrapower. Also there are L£-
forcings such that subsets of x are coded into the system of elementary embeddings
<7rm-;i < j < k), see for example Theorem 3.2.5 and Theorem 3.2.15. Also note
that in the definitions below we want to include the possibility that M, is slightly
larger than H)', say M, = (H) )*.

In the following we will often consider models of a language £ of set theory with
two additional constants 7 and M, where the constant M will be interpreted as a
continuous system of models and the constant 7 will be interpreted as a commuting
system of elementary embeddings. Note that we do not restrict ourselves to a
language with only these two constants; it might be convenient to consider models
of languages with additional non-logical symbols to build other £-forcings.

We outline our cardinal setup: in the following we fix three regular cardinals p =
2<P > 20 > 0 = 2<% > ;> w. We are aware of the fact that such p and § might not
always exist. Nevertheless in the applications we have in mind it is not relevant:
one forces p = 2<P and 6 = 2<% and then proceeds with the construction we will
outline, see the proof of Theorem 2.4.8 for a rigorous treatment of this problem.
Let us fix a model M° of cardinality @ such that § C |M] and let <o be a well-
ordering of MO of ordertype ORN|M?|. End-extend <g to a well ordering < of H,
of order type p such that <] |[M° =<, . In an abuse of notation we will write <
for < if talking about M?Y. All Skolem-hulls will be calculated with the help of <;
i.e. we choose <-least witnesses. We set

M= (M| e, <,...),
i.e. MY extended by <, and
H=(H,e, <, M,..).

For the next few definitions we fix 6, K, M and H as above.
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2 L-Forcing

Definition 2.1.1 Let A = (||; €, 7%, M2, ...) be a transitive model. Let ® be a
(possibly uncountable) collection of statements in the language of 2 with parameters
from Hy+. We call A a certifying structure for ® with respect to Hy+, k and M if
the following conditions are met:

1. Hgfr Cc A and M €%,

2. A = ZFC™, where ZFC™ is ZFC without the power set axiom,

3. AEkKk=w,

4. A= M = (M?;i < k) and if i < k then M2 is countable in 2 and M2 = M,
5. A 7% = (7¥;i < j < k) is a commutative, continuous system of elementary

1,50
: Ve T
embeddings 7775 + M — M7,

6. A = crit(w7,) < crit(d, ) for all i <k,
7. A =k € ran(i},) for all i < &,

8. A E ¢ for every ¢ € P.

We stress that every ¢ in item 8. above contains the symbols from the language
of A, especially every ¢ may contain the symbols 7 and M. If it is clear from the
context which Hy+, k and M are meant we will drop them. Clearly if k > w; then
a certiyfing structure cannot exist in V. There is a slightly more subtle reason why
certifying structures do not exist in V: since k = w} and M is a limit of countable
structures the model M has at most cardinality R; in 2; since the cardinality of M
is at least Ng in V' a certifying structure can not exist in V. We will hence always
consider certifying structures in some forcing extension.

The choice of ® and M determines what kind of L-forcing we construct. Of course
we only want to consider reasonable choices of @, i.e. those that are consistent in
some certifying structure:

Definition 2.1.2 Let M, 6 and « be as above. Let ® be a collection of statements
in the language of set theory with two additional constants 77, M (and maybe other
relation and function symbols) with parameters from V. We call ® consistent if in

VCol@:2”) there is a certifying structure for ® with respect to Hy+,x and M .

Jensen isolated the following concept of resectionability; we merely made minor
changes to adopt it to our situation. Resectionability is crucial in the proof that £-
forcings preserve the regularity of x and that certain £-forcings preserve stationary
subsets of wy, see Theorem 2.2.3 and Theorem 2.3.2 respectively. Roughly resec-
tionability states the following: given a certifying structure 2 for ® and a small
certifying structure 21 € 2 that certifies an “initial segment” of 7% and M2 we
can change 7% and M according to 7% and M? and still have that the changed
structure is a certifying structure for ®. We try to explain why resectionability is
crucial in the theory of L-forcing: all conditions of a L-forcing will be certified by
a certifying structure. In the proof for the central Theorem 2.3.2 resectionability is
used to find certifying structures for a certain L-forcing condition ¢ that appears
in the proof; without resectionability it is not clear that ¢ is certified by some
structure, i.e. it is not clear that ¢ is a condition. Note that in all cases we know
resectionability is trivial to check, albeit it is a lengthy concept. We believe that
only pathological examples of a non-resectionable forcings exist.
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2.1 Definition of L-Forcing

Definition 2.1.3 Let 0, x and M be as above. Let ® be a collection of state-
ments in the language of set theory with two additional constants 7, M with pa-
rameters from Hg+. We call ® resectionable if the following holds: let 20 = (|2U]; €
72 M, ..) € HCUw2") he a certifying structure for ® with respect to Hg+, K
and M. Let Y < H such that ® € Y and H € Hgl where H denotes the transitive
collapse of Y. Let &, N, 7, M, ¢ such that

1. ® is the transitive collapse of @,
2. N is transitive and N C H,

3. m,MeH? and o € ¥,

4. 0 (N; 7, M) < (HY 5 7%, M).

Letting & = 0~ '(x), we have: M = M2, where 0(M) = M, and 0 | M = o

R

Let § = 071(0). Let A € H2 be a certifying structure for ® with respect to N, &
and M. Define M = <M1,z <k)and T = (7; ;;1 < j < k) by:

i K;

7%?}]- i ifi <j <R,

T = 7}%,]» Oﬁ?}— ifi: <k <y,
.Q‘ . — .

T ifr<i<jy

Form 2 by interpreting M and 7+ by M and #. THEN 2 is a certifying structure
for ® with respect to 6, k and M.

Note that in the above definition, since H € Hu%[p it is clear by elementarity of

H — H that a countable certifying structure 2 exists in Hﬁll. Also, since 2 € 2,
we can calculate 7 and M in 2.
We will now define L-forcing in a very general form. We first define a set of pre-
conditions P; the forcing we are going to define will be a subset of P. The first and
the second component of a condition should be seen as finite attempts to describe
a system of models and a commutative system of elementary embeddings: the first
component gives finitely many heights of the models, the second component gives
finite approximations to the maps of the commutative system restricted to the ordi-
nals. Though these maps only act on ordinals we will be able to extend them using
the well-ordering <, see Lemma 2.2.2. The third and the fourth component help
to control the embeddings. The third component locally bounds the heights of the
models and the fourth component allows us to extend some of the elementary em-
beddings to embeddings into H; both components are only important in the proof
of 2.3.2.

Definition 2.1.4 Let 6, x and M be as above. Let ® be a collection of statements
in the language of set theory with two additional constants 7, M with parameters
from Hyy such that ® is consistent and resectionable. Then P := P(6, x, M) is the
collection of all quadruples! p of the form

p = ((6;i € dom(p)), (xV;i € dom(p)), c”, (r7;i € dom_(p)))

where

IThis is in constrast to [Jena] and [CS09] where triples are used.
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2 L-Forcing
1. All three dom(p), ¢® and dom_(p) are finite and dom_(p) C dom(p) C k and
c? C dom(p).
2. (B?;i € dom(p)) is a sequence of ordinals < k.
3. For i € dom(p) 7 is a finite partial map from 3? to 6.
4. For i € dom_(p) 77 C Hy.
Let p e P. By ®(p) we denote ® augmented by the further statements:
1. B = ORN M; and 7? C ;. for i € dom(p),?
2. 3@ i (My,a) — (M, 7F) for i € dom_(p),
3. ORN M; < v = crit(#,) for v € ¢? and i < 7.

If @ is clear from the context a certifying structure for ®(p) will also be called a
certifying structure for p. Set 77(n) = {x; (n,z) € 77} forn < w. A condition p € P
will be called good if ®(p) is consistent. We will call p neat if for all i < j € dom_(p)
there is some n and finitely many ordinals @ € ran(wf ) such that

' ={(m,x); @ m"x €7} (n)}.

Finally we are ready to define L-forcing. By Pg we will denote the collection of
all good and neat p € P ordered as follows: if p,q € Pg then p < ¢ if and only
(Bl;i € dom(q)) C (BY;i € dom(p)) and 7] C « for i € dom(q) and 7 = 77 for
i € dom_(g) and ¢ C ¢P.

In general it is nontrivial to see that a given L-forcing is nonempty. We will first
carry out a basic analysis and later show that nonempty L-forcings exist.

2.2 The Basic Analysis of L-Forcing

Here is a lemma on the extendability of conditions in £-forcings.

Lemma 2.2.1 Let P =Pg be an L-forcing. Let p € P.

1. Let u C & be finite such that dom(p) C u. There is p' < p such that u C
dom(p’).

2. Let i € dom(p) and let w C (Y be finite. There is p' < p such that v C
dom(w?).

3. Let w C ORN|M]| be finite. There is p' < p such that u C ran(7r§7/) for some
j € dom(p’).

4. Letu C 7% be finite where X is a limit ordinal. There isp’ < p and j € dom(p")
such that u C ran(wf/) NA.

5. There is p' < p such that ran(ﬂ'f/) C ran(ﬂ'g’,) whenever i,j € dom(p'), i < j.

2Readers of [CS09] will note that the first component of the conditions in [CS09] are finite
approximations to the critical points of the maps 7; ., where our first component is a finite
approximation to the sequence of heights of model OR N M;, like in [Jena].

3This is in contrast to the approach in [Jena]. Jensen uses the stronger statement ,Gip < crit(mi41)
which would exclude all examples involving generic ultrapowers.
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2.3 Stationary Set Preserving L-Forcings

6. Let i € dom(p) and let &y, ...,Ep € ran(x?) such that M = 3ng(n,€). There
is p’ < p with some n € ran(n? ) such that M |= o(n, ).
7. Let a < k. There is p' < p and some o' € ¢ such that o/ > a.
Since proofs of all but the last statement above can be found in [Jena], we only
prove the last statement. Nevertheless the proofs are all of the same structure and

basically follow this pattern: look at a certifying structure 2l for p and extend the
condition according to #% and M*. Note also that [CS09] contains similar lemmata.

Proof. Assume w.l.o.g. that dom(p) C o < k. Let 2 be a certifying structure for
p. Clearly x C 2. Pick some X < H §‘+ of cardinality less than x = w} such that

au {7%, MQ‘} C X. Let X denote the transitive collapse of X and let M denote
the collapse of M. Then

X = M is uncountable and a limit of countable, transitive structures.
Hence for all i < kN X = wf_(

OROM?</{|’1X.

Define p’ by dom(p’) = dom(p) U {x N X}, ﬁgmx = ORN M, ”i;wx =0, =
c® U{x N X} and leaving all other components of p unchanged. So, noting that
M = M2 ., the condition p’ is certified by 2. Clearly p’ is neat and p’ < p. O
Lemma 2.2.2 Let P =Pg be an L-forcing. Let G C P be generic.

1. Then | J{(BY;i € dom(p)); p € G} = (Bi;i < k), where B; < K for i < k. Set
Bx = ORN|M].

2. Leti < k. Set m; = U{nV';p € GAi € dom(p)}. Then 7 : B; — By is
monotone with k; = crit(7;) where k; := 7; '(k).

If i < j <k, then ran(7;) C ran(7;) (letting 7., = id [ 5, ).
If X <k is a limit ordinal, then ran(7y) = U{ran(7;); i < A}.

Let i < k. Set X; := Hull™(van(7;)). Then X; N B, = ran(7;).

S v Ce

Let m; : M; — X; be the inverse of the transitive collapse of X; for i < k.
Then m; : M; < M, =; rﬂz = T, ﬂz = ORN M; and m; r/ﬁli = ldrliz

7. Setm;; = 71'j_1 om; fori < j<k. Thenm;;: M; < M; and (m; j;i < j < k)
is a commutative continuous system of embeddings. O

A proof of the above lemma and the next theorem can be found in [Jenal.
Theorem 2.2.3 Let P = Pg be an L-forcing. Let G C P be generic. Then K is
regular in V[G]. O

2.3 Stationary Set Preserving L-Forcings

To discuss stationary set preserving forcings we need to discuss certifying structures
that are close to V in the following sense:

Definition 2.3.1 Let I € V be a normal, uniform ideal on a regular uncountable

cardinal A. A ZF~ model 2 such that P(\)V C || is I-close to V if every S €
P(A)V \ I is stationary in 2.
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2 L-Forcing

Clearly the previous definition is only interesting if 2 lives in a forcing extension
of V. The proof of the following theorem is modeled after Jensen’s proof of Theorem
2.2.3 and the proof of [CS09, Lemma 17].

Theorem 2.3.2 Let I € V be a normal, uniform ideal on k. Let p > 6 > k and
<, M, H as above. Let ® be a collection of statements in a language containing
constants © and M such that for every S € P(A\)V \ I the statement

“S is stationary in k”

is contained in ®. Let P = Pg be the resulting L-forcing. Then all certifying
structures for ® are I-close to V and in V¥ every S € P(wy)V \ I is stationary in
K.

Proof. Let us assume that ® is consistent and resectionable, else P = () and the
theorem trivializes. Let S C k be I positive and in V and let C be a P-name such
that for some p € P

pl-C is club in wy = &.

We want to find some o < w; and some p’ < p such that
plFaeCns.

Recall that p > 27, hence without loss of generality we can assume that C' € H » by
replacing C' with the set

{(B,T};rﬁpArll—BEC}.

Let (7(n); n < w) enumerate the 7 C Hy that are H-definable from C,p,k,M,<p, ®
and set
T:={{z,n);n<wAzxz€T(n)}

If A is a model and X a set, we write X < A to mean: X C |A| and A|X < A.
Claim 1. For any X C | M| the following are equivalent:

1. X < (M, 7(n)) for all n < w.
2. Let Y = Hull™(X U {C,p, 5, M, <p,®}). Then Y N M| = X.

Proof of Claim 1. Let us assume X < (M, 7). Each z € Y is H-definable in param-
eters from X U {C,p, s, M, <p, ®}, hence especially each z € Y N | M| is definable
in this fashion. So by the choice of 7 each such z is in X.

For the converse again recall the definition of 7. O(Claim 1)

Let G C Col(w,29) be generic over V. Let us work in V[G] for a while. Let B

be a certifying structure for p. Then (M, 7) € Hyr C B. Since k = w¥ is regular

in 2B and S is stationary in 28 there is o < k such that
o o =crit(w2 ) D dom(p),
o foralli <a: ORNMP < a,
e s,
e there is 7 C M2 such that
(MB,7) < (M, 7).

[e3%
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2.3 Stationary Set Preserving L-Forcings

We define p/ = (87 ;i € dom(p)), (" ;i € dom(p)),c? (¥ ;i € dom_(p))) as
follows:

e dom(p’) = dom(p) U {a},

. ﬁz’.’/ = 47 and wf, = 7 for i € dom(p),

. T,Lp/ =77 for ¢ € dom_(p),

e B8 =ORN MY,
o 1 = {({a,r)},

’
o 7P =1,

o & =c?U{a}.

Then p’ is good since B is a certifying structure for p’; also p’ is neat since each
77 = 7(n) for some n. Thus p’ < p and it suffices to show: p’ I a € C. Suppose
this is not the case and work towards a contradiction. Hence there is ¢ < p’ and
¢ < a such that

g-Cnac &;

else C would be unbounded in « and hence, by closedness, C would contain a. Pick
a certifying structure A for g. Then 74 = 7. In 2 there is some 7 such that

i (M2 F) < (M, 7),

and the only choice for 7is 7 = (ﬁgﬁn)_l “r. Let X = ran(irg’ﬁ) and Y := Hull” (XU
{C,p,k, M, <p,®}). Then Y N M = X by the above claim. Let 7 : H — Y denote
the inverse of the transitive collapse of Y. Then 73, C 7 and (M) = M.
Claim 2. H € 2 and there is an elementary map o : H — Hg+ from some
transitive H' C H such that o € 2.

Proof of Claim 2. Let Y := Hull""(M U {C,p,k, M, <p,®}) and let # : H — Y
denote the inverse of the transitive collapse of Y. Clearly # € V and H € Hy+.
Hence H € 2. Note that 7| M = id | M. Let

7AT‘-(C~(7ﬁ7 ’%a-/\;ly éa (i) = C’7pa H7M7 SIP, @7

and let B R L
Y* =Hull? (X U{C,p,k, M, <, P}).

Since X € 2 also Y* € 2 and hence the transitive collapse of Y* is in 2(. This
transitive collapse is H. Since Hyp+ € 2 and Hy+ € Y it is straightforward to define
o. O(Claim 2)

Now let - - s )
F(C757RaM7SPa¢79) = Cvpa"{angIF’a(bve'

Set ¢’ = ¢« i.e. the condition that results by intersecting dom(q), ¢? and dom_(q)
with . Then ¢ < ¢'.
Claim 3. ¢’ €Y.

Proof of Claim 3. Since a € ¢4 clearly ﬂgl < a CY for every i € dom(q’). The set
dom(q’) is finite, hence (ﬂgl;i € dom(¢')) € Y. Since ran(ﬂf') is a finite subset of
X CY,also <7T;—1/;i € dom(q')) € Y. Again by finiteness ¢? € Y. If i € dom_(¢),
then Tiq/ is (M, 7(n))-definable in parameters from ran(n2) C X for some n < w.
Hence 7/ € Y, since 7 € Y. So <’7'iql;i € dom_(q')) € Y by finiteness. O(Claim 3)

i
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2 L-Forcing

So there is some ¢ such that w(¢") = ¢. Then by elementarity ¢ <p p. Since
7 M Cis club in a,
there is 7 < ¢ in P and some 3 > ¢ such that
FiIHE e C.

Let r := 7(7). Then by elementarity » € P and r is incompatible with ¢ since
qlF Cnac &. We derive a contradiction by showing that ¢ is in fact compatible
with 7.

Since 7 is good in H there is some A € H that is a certifying structure for
®(7). This can be reformulated as a ¥} statement in a parameter from Hffl, SO
by absoluteness such a certifying structure is also in 2(; we will again denote this
structure by 2. By resectionability we can then define a new model 2 with the

same universe as 2, by interpreting M and 7 as M and 7 where:

Col(w,Zé)

oo JaR i<,

! M2 ifi > R;
i Hi<j<F
ﬁi,j: '%jofr?} leSRSJ,
7'72‘]- ifr<i1<j

For this note, that A € A implies that #, M € 2. Then 2 is a certifying structure
for ®. Also 2l is a certifying structure for 7: if i € dom(r), then 37 = ¥ and
7y C 7 and if ¢ € dom_(r), n < w, then

T <Mm d) - <M7a;-(n)>7

7

where a is such that

a s (MR, a) — (M2, al (n)).

(2

Since r <p ¢ it follows that 2 certifies ¢; also 2 certifies ¢ | (k \ a). Hence A
certifies ¢ = ¢’ U ¢ [ (k \ @) and also r U ¢, where r U ¢ is the condition one obtains
by setting ¢™? = ¢" Uc? and joining all other components in the same way. Clearly
r U q is good. However r U ¢ might not be neat, so we have to modify the partial
maps 7, % to obtain an s <p 7, q.

First note that » = n(7) € Y. By the definition of 7 there is a parameter w €
X =ran(7} ) = ran(7} ) and some n < w such that r is (M, 7(n)) definable in
w. Hence for every ¢ € dom_(r) the set 77 is (M, 7(n)) definable in w. For each
v € dom(q) \ o we pick some w, such that ﬁ%n(ww) = w. For i € dom(r U q) set

s m fori < a,
7T. =
! 7l U {{wy,w)} fori> a;

we leave the other components of r U ¢ unchanged. Hence s is certified by 2 and
is neat by construction. Also clearly s <p r,¢. But the existence of such an s is a
contradiction to the incompatibility of r and q. O

2.4 Examples of Stationary Set Preserving L-Forcings

The first example of a stationary set preserving £-forcing appeared in [CS09]. Read-
ers familiar with [CS09] will note several small differences to our approach. Nev-
ertheless we will construct a forcing very similar to the one from [CS09] in our
setup.
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2.4 Examples of Stationary Set Preserving L-Forcings

2.4.1 Claverie-Schindler forcing

Given a precipitous ideal I on w; and a cardinal 8 > w; we will construct a notion
of forcing P(I, ) that adds a generic iteration

<<Mi77ri,j7‘[i7"€i;i S] < W1>, <G27Z < w1>>

such that M,,, = (Hg; €,I) and I,, = I; here r; = w}’ and all M; with i < w; will
be countable. Of course P(I,0) will be an L-forcing. Let us fix a (normal, uniform
and) precipitous ideal I on wy; note that NS, C I.

We set k = wy. Recall the cardinal setup

p=2">2>¢9=2<°
and fix a well-ordering < of H, such that <[ Hy is a well-ordering of Hy of ordertype
6. Set M = (Hp; €,1,<) and H = (H,; €, M, <). Note that we are in the situation
of Defintion 2.1.4. It is convenient, but not necessary, to add the constants G and

1.

Definition 2.4.1 By ® we denote the collection of statements in the language of

set theory with the additional constants 7, M,I and G in parameters from Hy+ that
contains the following statements:

1. “S is stationary” for every S € P(w1) \ I,

2. “G = (Gy;i < wq) is a sequence”,
3. “I = (I;;i > wy) is a sequence”,

4. “G; is (P(w1) \Ii)Mi—generic over M;, and Tiid1 M; — My ~ Ult(M;, G;)
is a generic ultrapower”,

5. “I,, =1I".

Note that the constant I is obsolete if I = NS.,. Later we will discuss collections
containing @, see Definition 3.2.6 and Definition 3.2.16. It will be clear that the
results on Pg we are about to show will also hold for these larger collections.

To see that the forcing Pg is nonempty we need to see that ® is consistent, since
this will certify Lp(z.9) = (), (), 0, ())-

Lemma 2.4.2 ([CS09, Lemma 5]) @ is consistent.

Proof. We need to see that in VCol@.2’) there a certifying structure for ® with
respect to Hg+, w1 and M. Let g be Col(w,< p)-generic over V. We work in
V]g] until further notice. So (V;€,I) is p + 1 iterable, by [Wo099, 3.11]. Hence
(Hg; €,1) is also p+ 1 iterable. We prepare a book-keeping device: pick a bijection
g : [p|<? — p and a family (S,,v < p) of pairwise disjoint stationary subsets of p.
Now define f : p — [p]<” by

f(i) =8 <= i€ Sy

Note that f enumerates each s € [p]<” stationarily often. We recursively construct
a generic iteration

T = (M, 5,1 ki1 < 5 < p), (Gizi < p))
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2 L-Forcing

of My = (Hp; €,I), where I; = mg;(I). Suppose we are at stage i < p. If there is a
(unique) j < such that f(7) is stationary in Mj, i.e. m;;(f(¢)) is stationary in M;,
then we choose G; such that 7, ;(f(¢)) € G;. If there is no such j < i we choose G;
arbitrarily. This defines the generic iteration.

Let S be stationary in M,. Let j < p and s be such that 7, ,(s) = S. Whenever
j <i < pand f(i) = s, then m;(s) € G, i.e. crit(m 1) € miit1(m)i(s)) =
7ji41(8) C 7 p(s) = S. This shows that

Sgs) \J C {i < pj; crit(m 1) € S},

so that in fact S is stationary in V[g].

The map my, : Hp — M, admits a canonical extension 7 : V — N, where N
is transitive and w(Hy) = M,. Let us now leave V[g] and pick some h which
is Col(w, 7(29))-generic over V[g]. Hence h is also Col(w,n(2%))-generic over N.
Let z € NJh] be a real that codes 7((Hy+)") in a natural way. The existence
of a countable, well-founded certifying structure for = (®) with respect to w(Hp+ ),
m(w1) and 7(M) then clearly a X3 (z) statement. This statement is true in Vg, h]:
the witness is an initial segment of V[g] that contains the generic iteration we
constructed. Hence by Shoenfield absoluteness this statement holds in N[h]. So in
NColw.m(2") there is a certifying structure for m(®) with respect to w(Hg+), m(w1)
and m(M). So by elementarity, in VOol@.2) there is a certifying structure for @
with respect to Hy+, wi and M. O

Note the following trivial fact: if two generic iterations of countable length have
the same last model (M; e, ), where I is the ideal, then any continuation of the
first generic iteration is a continuation of the second. Hence:

Remark 2.4.3 & is resectionable.

The basic analysis of L-forcing we have outlined yields that Pg adds system of
elementary embeddings and a system (M;;i < wq) of models such that M,, = M.
By Theorem 2.3.2 Pg will “spare” the I-positive sets, i.e. each S € I is stationary
in the forcing extension; in the special case I = NS,,, this means that Pg preserves
stationary sets of w;. We do not know yet that the elementary embeddings are in
fact a generic iteration. For this we show four lemmata, the first being an easy
observation:

Lemma 2.4.4 Let (m; ;1 < j < k) be a system of elementary embeddings and let

(M;;i < K) be a sequence of transitive models of ZFC* + “wy ewists”, where k = wy’

and M; is countable for i < k. Additionally assume that
M, E w = k.
Then crit(m; ) = k Nran(m; ).
Proof. By elementarity there is some k; € M; such that m; .(x;) = &; i.e.
M; & wi = K;.
Hence k Nran(m; ) = k; is transitive and countable. Hence crit(m; ) = K. O

Lemma 2.4.5 Letp € Py, i,i +1 € dom(p). Let £ € ran(n?, ;) and suppose
(ki) = K for some k; € dom(n?). There is some ¢ < p such that £ is definable

over M from parameters in ran(r]) U {r;}.
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Proof. Let 2 certify p. Since Mﬁ_l = Ult(]\l?‘7 G;) for some Mfl—generic G, there
is an f : ;g — M2, f € M such that ()71 E) = 721 (f) k), Le. € =
7 (f)(ki). By the presence of <, the function 7%, (f) is definable over M in some
ordinal parameter A € ran(irigfﬁ)7 say 7%1-9}%(5\) = A. By 2.2.1 we find some ¢ < p such
that dom(p) = dom(q), dom_(p) = dom_(q), B} = B} for i € dom(p), ¥ = ¢4,
mf =7} for j € dom(p) \ {i} , 7 = 77 U{(A\,\)}, and 7} = 7/ for i € dom_(p).
Clearly 2 also certifies ¢ and ¢ < p. O

Note that in the next lemma we discuss definable sets rather than elements to
handle the case § = wy; i.e. the situation where P(w) \ I is a class from the point
of view of Hy.

Lemma 2.4.6 Letp € Py, i € dom(p) and suppose D € Hy is definable over M
from parameters in ran(7?) and also suppose

M = D is dense in the partial order P(wq) \ I.

There is some p' < p and some X € D that is definable over M from parameters
in ran(m? ) such that

P IFp, Crit(ﬂfi+1) € X,

G is a Py-name for the system of elementary embeddings added by Pe.

where T
Proof. By Lemma 2.2.1 it is safe to assume that there is some x; € dom(n!) such
that 7} (k;) = wi. By Lemma 2.4.4 k; = crit(a},, ) for all 2 that certify p. This,
by Lemma 2.2.2, implies

pl- crit(wfiﬂ) = F;.

Let 2 certify p and let D € M2 be such that i, (D) = D. Since 2 believes that
7541 1s a generic ultrapower there is some X € D such that r; = crit(#};,,) €

i1 (X) € 7, (X) =: X. By the presence of the well-ordering <, we know that
X is definable; for this note that X is the <-least member of D such that k; € X.
Exploiting the well-ordering < and the elementarity of ran(w%‘w]) < M we find
a single ordinal £ € ran(w%wl) such that X is definable from £. Now another

application of 2.2.1 yields some p’ < p such that £ € ran(n? /). Hence the lemma
follows. O

Lemma 2.4.7 Let G C Py be generic over V and let (m; ;;i < j < k) be the
system of elementary embeddings added by G and let {(M;;i < k) be the sequence of
transitive models added by G. Then:

1. M1 ~ Ult(M;, G;) fori < wy, where G; = {X € ’P(w{w"’)Mi ; crit(m; 41 €
i1 (X)),

2. (M, mij,Ii kit < j <wi), (Gisi < wi)) is a generic iteration, where k; =
7 2 (k) and I; = w; b (I).

7,wW1 1,W1

Proof. Fix some i < w;. Let D be a dense subset of P(w!)M: that is definable
over M;. Hence D := m;, (D) is definable over M from parameters in ran(m; ., ).
By the previous lemma and some straightforward density argument, there is some
X € D that is definable over M from parameters in ran(m; ., ) such that

K = crit(m’iJrl) e X.
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Hence by elementarity, there is some X definable over M; such that X € D and
X € G;. The elements of Ult(M;, G;) are all of the form [f]q, for some f € M;, f :
ki — M;. Tt is straightforward to verify that

o - Ult(M;, Gi) — Hull™ (ran(mw, ) U {wi}); [l = i, () (k2)
is an isomorphism. By Lemma 2.4.5
My ~ Hull™ (ran(m; ) U {K}).

This shows M; 1 ~ Ult(M;, G;) for i < wy. The rest follows easily since one forms
direct limits at limit stages of generic iterations and also at limits of the system of
elementary embeddings (m; j;¢ < j < k). O

Combining these results we get:

Theorem 2.4.8 ([CS09]) Let I be a precipitous ideal on wy. Let 8 > w; be a
regular cardinal and let M = (Hp;€,NS,,,<). Then there is an wi-preserving
L-forcing P(I1,0) that adds a generic iteration

(M, 55,1, kit < § < wi), (Gisi < wi))

such that M, = (HY;€,I) and 1, = I; here k; = w{m and all M; with i < wy are
countable. All I-positive S € V are stationary in VFUO . Especially if I = NS,,,,
then P(1,0) preserves stationary subsets of wy.

Proof. If the cardinal setup p = 2<¢ > 29 > § = 2<% holds in V for some reg-
ular p we set P(I,0) = Pg. If Col(f,0) preserves the precipitousness of I we
set P(I,0) = Col(p,p) x Col(6,0) x Pg, where Pg is a name for Py calculated
in VCollpp)xCol(9:0) " Tf Col(#,H) does not preserve the precipitousness of I let
o = (229)+ and set P(I,0) = Col(p/, p') x Col(¢’,0") x Pg for some regular p’ >> 6’
and restrict the resulting generic iteration. This will be possible since Hy € Hy:.
Note that ¢ is sufficiently large so that the precipitousness of I is preserved by forc-
ing with Col(#’, 6"); there are no new strategies in Y Cel(0".6") for the players Empty
and Nonempty in the precipitousness game, see [Jec03, 22.21].

In any of the three cases we can apply the previous lemmata and Theorem 2.3.2 to
get the desired result. O

The previous theorem does not tell us whether My is generically iterable. The
following theorem shows that under an additional large cardinal assumption this is
possible.

Theorem 2.4.9 ([CS09]) Let I be a precipitous ideal on wy. Let 8 > w; be a

reqular cardinal and suppose Hg exists. Let M = <Hg; €,NS,,,<). Then there is a
stationary set preserving L-forcing P'(I,6) that adds a generic iteration

(M, i 4, iy kizi < § <wi), (Gisi < wi))
such that M,, = M and I,, = I; here k; = w{‘/[" and all M; with i < wy are count-
able. Additionally My is generically iterable. All I-positive S € V are stationary in
VEWO) - Especially if I = NS,,,, then P'(I,0) preserves stationary subsets of w;.

Proof. By the previous theorem there is a forcing P that adds a generic iteration

(M, 5,1, kit < § < wi), (Gisi < wi))
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such that Hy € M,,,. Without loss of generality assume that Hy € ran(mo,,, ). Set
N; = m; 5 (Hp). Then N; = m; }

i (Hg) = Nf, so we can restrict the above generic
iteration such that the last model is <Hg; €,NS,,, <). It remains to show the generic
iterability of (Ng; €, Ip). For this note that <N§; €, Ip) is generically wy + 1-iterable
if and only if (L[No]; €, Iy) is generically wy + l-iterable, see [Wo0099, 3.8] and also
note that (L[No|; €, Iy) is generically wy + 1l-iterable by [Wo099, 3.10, 3.11]. O

Question 2.4.10 Ketchersid, Larson and Zapletal also developed a notion of
forcing that adds a generic iteration

(M, 735, 1;, kisi < § <wip), (Giyi < wy))

with countable M; for i < wy and M,,, D Hp for some given 0, see [KLZ07]. We do
not know if this forcing construction can be recast as an L-forcing, nor do we know
if it is equivalent to Claverie-Schindler forcing.

2.4.2 Variants of Claverie-Schindler forcing

The forcing P(NS,,,, #) can be modified to force (a single instance of) ¥ 4¢ and ¢ ac,
combinatorial principles isolated by Woodin. These modified forcing constructions
are carried out later, see Theorem 3.2.5 and Theorem 3.2.15.

2.4.3 A First Application: Sealing Antichains

We show that Claverie-Schindler seals all antichains in P(wy) \ NS,,. This obser-
vation (i.e. what we call Theorem 2.4.16) is due to S. Todorcevié¢. Let us first have
a look at the classic approach to sealing antichains:

Definition 2.4.11 Let I C P(w;) be a normal and uniform ideal. Let A be a
maximal antichain in P(wy) \ I =: I'", ie. if S,T € A, then SNT € I and for all
S € I'™ there is some T' € A such that SNT € I't. We say A is sealed if there is a
surjection F': w; — A and a club C' C wy such that

C C Vaew, Fla) :={a; a € Ug<o F(B)}.
We call Vo, F(a) the diagonal union of F'.
The following lemma explains the term sealed.

Lemma 2.4.12 Let A be a mazimal antichain in P(wi) \ NS, that is sealed. Let
F:w; — A and C be witnesses. Then in all outer models W such that w} = wi’
the set A contains a mazimal antichain in (P(w1)\ NS, )W.

Especially if W is a stationary set preserving extension of V', then A is a mazimal

antichain in (P(wy) \ NS, ).

Proof. Let S C w; be some stationary set of W. The set C is also club in W, so
SN C is stationary. Let us assume S witnesses that A does not contain a maximal
antichain, i.e. if T € A, then SNT € NSK, and work toward a contradiction. For
each a € wy fix a club D, such that F(a) N SN D, = 0. Let D := AD,, the
diagonal intersection of the D,. Then SNC N D # ), say ayg is in this intersection.
Since C C VF(a)

Qg € U F(ﬂ)

B<ao
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On the other hand by the definition of D

oo € ﬂ Dﬁ.
B<ag

So there is some [y < ag such that oy € F(8y) and ag € Dg,. But this is absurd
since Dg, N F(By) N S = 0. O

Antichains can be forced to be sealed.

Definition 2.4.13 (Foreman, Magidor, Shelah) Let A C P(wi1) \ NS,, be a
nonempty set. Let P4 be the following partial order: elements are pairs (f,c)
such that ¢ C w; is closed and bounded in w; and

frimax(c)+1— A

and for all « € ¢ there is some 5 < « such that « € f(3). For (f,¢),(g,d) € P4 we
set (g,d) < (f,c¢) if and only if ¢ D f and d D ¢ and dN (max(c) + 1) = c.

Lemma 2.4.14 The forcing P4 preserves stationary subsets of wi if A is pre-
dense in P(w1) \ NSy, . So especially for all antichains A the forcing P4 preserves
stationary subsets of wy. Furthermore the forcing is w-distributive.

Proof. Let S C w; be a stationary set in V and let C' € VP4 be a name for a club.
Since A is predense, there is some T' € A such that S N T is stationary. Let A be
large enough so that all the dense subsets of P4 are contained in H, and C e H,.
Pick a countable X < H) such that {4,P4,T, S, C} CXanda:=wiNXeSNT.
Let m: M — X be the inverse of the transitive collapse of X. Let g be generic for
7 Y(P4) over M. Let

co= 53 (L) eghif = im(f): 3 (f. ) € g}

Clearly c¢ is club in o and f : @ — AN X is surjective. Note that (f,c) is not
a condition, since c¢ is not closed in wy. It is straightforward to check that p :=
(f~(a,T),cU{a}) € P4; the key fact is that by the genericity of g over M there
is some 3 < « such that f(3) = T. Since

M]g] = n=H(C)? is club in a,

we have p IF C is unbounded in «. Then plFace C. So plFaesSn C.
For the w-distributivity we look at some name p for a function with domain w and
range in V. We only have to modify the argument above slightly. Pick an X as
above with the additional property that p € X. Then construct p as before. By
genericity p decides p(n) for all n € w, i.e. for all n € w there is some r > p and
some z such that

rlk p(n) = z.

O

Lemma 2.4.15 (Foreman, Magidor, Shelah) Let A be a mazimal antichain in
P(w1) \ NSy, . Let G C P4 be generic over V. Let

Ci=|Jle; 3f: (f.0) e GhF = Jif: 3e: (f.0) € G

Then C' C wy is closed unbounded and F : w; — A is surjective and C, F witness
that A is sealed in V[G].
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2.4 Examples of Stationary Set Preserving L-Forcings

Proof. By the previous lemma we know that V[G] is a stationary set preserving
extension of V. Obvious density arguments imply that C' is club and that F is
surjective. We show that C' C Vew, F'(a). Fix some o € C. Hence there is some
(f,c) € G such that o € ¢. Hence by the definition of P4 we have that o € f(5)
for some 8 < a. Then clearly a € (Js_,, F(8) which suffices to show. O

We now show how to seal all antichains in V' by a single notion of forcing.

Theorem 2.4.16 Let § > 22" and regular. Let I C P(wy) be a precipitous ideal.
Let P be a notion of forcing that preserves all I-positive sets; i.e. all I-positive sets
are stationary in V. Furthermore suppose that P adds a generic iteration

(M 735, iy ki < <wn), (Gisi < wi))

such that (M, ,1,,) = (Hp;I). Then all mazimal antichains A C (P(wi)\ 1)V in
V are sealed in VE.

We state the following obvious corollary before proving the theorem.

Corollary 2.4.17 Let 0 > 22"" and regular. Let I be precipitous. Let P = P(I,0).
Then all mazimal antichains A C (P(w1)\ 1)V in V are sealed in VF.

We now prove the theorem.

Proof. Let A € V be a maximal antichain in P(w;) \ I. Let
(M, i 5,1 kit < § < wi), (Gisi < wi))

be a generic iteration with last model (Hy; I). Then clearly A € Hy. Let us assume
without loss of generality that there is some A € My such that mg ., (A) = A. Let
T : w; — w1 Xw denote a function such that for all limit ordinals § < w; the function
I'[d:d— 6 xw is bijective. We also fix for all @ < w; enumerations

O :w— M,

of all stationary subsets of k. in M,. We define a function F' that will witness that
A is sealed in VF. We set

Frwn o Aars 4 elos() i T(e) = (5,n) and 750, (05(n) € A
' ’ So else, for some fixed Sy € A.

Let C:={a < wi; a = Kq} It clearly remains to show
C C Vaew, Fla).

Fix some a € C. The set mp o(A) is a maximal antichain in (P(k4) \ Io)™=. Hence
by the genericity of G, over M, there is a unique ¢ € m o(A) such that t € G,.
This implies that o € Tg,q4+1(t) C Taw, (t). Since « is a limit ordinal, there is a
B < a and a t € Mg such that 7g,(t) = t. So there is some n € w such that
og(n) =t an hence some v < « such that I'(y) = (8,n). Note that v < « since «
is a limit ordinal. So we have F(7y) = mqw, (1). Hence @ € Jycq F(), which is
what we needed to show. O

Theorem 2.4.16 yields a characterization of precipitousness:

Corollary 2.4.18 Let I C P(w1) be a normal and uniform ideal. The following
are equivalent:
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2 L-Forcing

1. I 1is precipitous.

2. There is a notion of forcing P such that all maximal antichains A C P(w1)\ 1,
A €V are sealed in VF and all S € P(wi)\ I, S € V are stationary in VF.

3. For all cardinals 8 > wq there is a notion of forcing P such that P adds a
generic iteration of length wy +1 with last model (Hg; I) and all S € P(w1)\1,
S €V are stationary in VF.

Proof. Let us assume 1. holds. Then P(/,6) witnesses that 3. holds. Clearly 3.
implies 2. by the previous theorem. It remains to check that 2. implies 1.
Assume there is some S € P(wy) \ I such that

S |- Ult(V, G) is ill-founded,

and work towards a contradiction. So there is some 6 > 22°" that is a cardinal in
VP such that L
SIF Ult(H) , G) is ill-founded.

Let X < (HY ;e,I,HY), X € V¥ such that S € X and o := X Nw € 5. This
is possible, since S is stationary in VF. Let 2 denote the collection of all maximal
antichains of P(wi) \ I. So for every A € AN X, there is a surjection F : w; — A
and a club C C wy, F,C € X, such that F, C witness that A is sealed. Let 7 : (H; €
,I,H)) — X denote the inverse of the transitive collapse and let 7(S,A) = S, 2.
Set

g=f{aeM;acPla)\INaecm(a)}

Clearly S € g. We claim that g is generic over HY . So let A € 2 and let F,C € X
witness that m(A) is sealed. Then a € C, since C N « is unbounded in a by
elementarity. This implies that there is some § < « such that a € F(8). So
7 1(F(B)) € g (in fact this 8 is unique). That shows that g intersects all members
of 2, hence g is generic over H) . Since S € g, the generic ultrapower j : H) —

Ult(HY , g) is ill-founded. This contradicts the fact that the map

J(f)(a) = m(f)(e)

witnesses the well-foundedness of j. This finishes the proof. O
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3 The Theory BMM + NS, is
precipitous

We will now investigate which II; sentences (over H,,) that are consequences of
ZFC + MM also follow from ZFC + BMM + NS, is precipitous. It turns out that
admissible club guessing (acg), §5 = wa, the club bounding principle (CBP), and
Yac as well as ¢ 4c follow from this weaker theory. This was known for §3 = wy and
1 ac but not for ¢ 4c and acg. We will define and study the principles mentioned
above. First we will study acg and its various direct consequences and show that
acg follows from BMM + NS, is precipitous. Then we will define and study ¢ac
and ¥ ac and show that they are consequences of BMM + NS, is precipitous.
Here is an outline of the strategy of our investigation. Given a Il statement ¢ =
Vzé(z,p), where p € H,,, and ¢ is X1 we will make use of the theory BMM + NS,
is precipitous as follows: the precipitousness of NS,,, will allow us to construct a
stationary set preserving L£-forcing that forces ¢(z, p) for a fixed z € H,,,. Then we
will apply BMM to see that ¢(z,p) holds in the ground model. The forcing will be
Claverie-Schindler forcing or a variant.

The theory BMM + NS, is precipitous does nevertheless not imply that NS, is
saturated, in contrast to MM: it is well known that MM implies that NS, is wa-
saturated, see [FMS88], but by [Wo099, 10.103, 10.99] BMM + NS, is precipitous
does not!.

The following diagram illustrates the logical structure of the various statements;
here the superscripts of the implications refer to the respective result:

BMM + NS, is precipitous

3.2.5

acg Yac pac

3.1.14 3.1.6

3.1.9

Vr e R:zf exists  Jh = wo CBP

The implication from 1 4¢ to CBP is due to Aspero and Welch, see [AW02]. Claverie
and Schindler have shown that BMM + NS, is precipitous implies 3 = ws, see
[CS09]. The implication from ¢ac to CBP follows easily from Lemma 3.1.5. All
implications from acg are due to Woodin, see [W0099, (proof of) 3.19]; nevertheless
we will discuss acg in greater detail and review the implications from acg.

3.1 The Principle acg

Let z C w. Recall that an ordinal « is x-admissible, or simply admissible if x is
clear from the context, if L,[z] = KP, where KP is Kripke-Platek set theory.

!n the situation of [Wo0099, 10.103] one considers a 2Pmax extension; there NS,,, is not saturated
but one can check that it is precipitous using the 2Pmyax analysis in [Wo0099, 6.14].
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3 The Theory BMM + NS,,, is precipitous

Definition 3.1.1 We call the following principle admissible club guessing (acg).
For all clubs C' C w; there exists a real x such that

Ay i={a < wi; Ly[z] is admissible} C C.
Note that acg is a II; statement in no parameters over H,,,.

Remark 3.1.2 The principle acg was isolated by Woodin. If MM holds, then NS,
is wo-saturated and the universe is closed under the sharp operation (the closure
under the sharp operation is already a consequence of BMM, see [Sch04]). So by
[W0099, 3.17] §3 = wy and hence by [Wo0099, 3.16, 3.19] acg holds.

3.1.1 Consequences of acg
We discuss several interesting consequences of acg. Recall the definition of the Club

Bounding Principle (CBP).

Definition 3.1.3 The Club Bounding Principle (CBP) is the following axiom:
For all f : w; — w; there is some 1 < ws and some club C such that for all
a€C: f(a) < fy(a) where f, is a canonical function for 7.

Clearly CBP can be recast as a II; statement in no parameters over H,,.

Definition 3.1.4 (Tilde Operation) Let T' C w;. Then we set
T := {a<wy;w; <aA 1p(wins,, IFa € J(M)},
where j is a name for the generic ultrapower added by P(wy) \ NS, .
Note that C' contains w; if and only if C' contains a club.

Lemma 3.1.5 (Folklore) The following are equivalent:
1. CBP

2. For every club C C wy thereis a club D C wy, a < ws, wy < a and a canonical
function f, for a such that fo,“D C C.

8. For every club C C wy there is some a € C such that wi < a.

Proof. Unraveling the definition of C' it is not difficult to see that 2. and 3. are
equivalent. It remains to show 1. if and only if 2. We assume CBP. Let C C w;
be club. Inductively we construct a sequence (f;;¢ < w) and a sequence (o;;i < w)
of ordinals < wy such that ran(f;) C C and such that there is a club D; such that
fi(€) < fa;(&) < fix1(€) for all £ € D; where f,, is a canonical function for o;.
Set fo(§) = min(C'\ (§ + 1)) for £ < wy. Then by CBP there is some ap < wa, a
canonical function f,, for g and a club Dy such that fo,(§) > fo(&) for £ € Dy.
In the induction step set f;+1(€) = min(C \ (fo,(§) + 1) for £ < wy. Note that by
the choice of fy every «; is > wy. Set D = N;<,D;. Then for all £ € D

sup fa, (§) = sup fi(£) € C,

i<w i<w

since ran(f;) € C by construction. By Lemma 1.6.5 f : w3 — wy; f(§) =
SUP; <y, fa,(§) is a canonical function for o := sup;., ;. Hence f(¢) € C for
all ¢ € D.
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3.1 The Principle acg

It remains to show the converse. Assume 2. holds. Let f : w; — w; be a function
and let C':= {8 < wy; f“B C B}. By the hypothesis there is a club D, an a > wy
and a canonical function f, : w; — wy for « such that f,(8) € C for all § € D.
Since o > wy the set {B; B > fo(8)} is nonstationary. Hence we can assume with-
out loss of generality that f,(8) > (8 for 8 < wy. If § € D, then f,(8) € C. Hence

F“fa(B) C fa(B) > B for B € D. So especially f(8) < fo(B) for all 8 € D. O

Note that CBP implies that wy = w{¥ for every well-founded generic ultrapower
7:V — N, see Lemma 3.1.17

Lemma 3.1.6 ([Wo0099, (proof of) 3.19]) acg — CBP.

In the proof of the lemma and later on it is convenient to use the following
function.

Definition 3.1.7 If z is a real we define a function looking for the next z-
admissible above some ordinal.

Tyt wi + 1 — wa; 7,(a) := the least x-admissible > a.

Note that we sometimes write 7, for 7, [ w1, especially when equivalence classes
of functions with domain w; are discussed. Note the following: if f = f; () is a
canonical function for 7, (w1), then f and 7, agree on a club.

‘We now show Lemma 3.1.6.

Proof. Let f :w; — wi. Let C be the club of ordinals « such that f“a C a. Let
x € w¥ such that A, C C. If @ < wy, then m,(a) € A, and so f“my(a) C ().
Hence for all o € w;

fla) < mp(a).

So clearly f < m, on a club. Let n = 7, (w1), so wi <1 < wa. We claim that f;, (i.e.
an nth canonical function) is a function that dominates 7, on a club (this clearly
suffices to show). The set D C wy of € such that there is an X < H,, such that the
following conditions hold is club:

1. §:mel,

2. fn(§) = otp(X Nn).

Such X exist, by the following argument: pick some X < (H,,,€,1,g,), where
gy : w1 — 1 bijective such that f,(a) = otp(g,“e) (such a g, exists by the definition
of canonical functions). If £ = X Nw; then, by elementarity,

peEXNn <= XEJa<w gy(a) =p < pecgy,“,

Hence X Nn = g,“¢. But then f, (&) = otp(g,“€) = otp(X Nn).

Without loss of generality we can assume that each witness X as above contains
x as an element. We now show: if £ € D, then 7,(§) < f,(¢). Pick X, a witness
for ¢ € D. Let 0 : H — H,, be the inverse of the transitive collapse of X. Let
7=0"1(n). So = f,(£). Since H,, = “n = m,(w;) is an z-admissible”, the same
holds for 77 in H by elementarity. Since H is transitive, 7 is really an x-admissible.

So m(§) <77 = fy(8)- O

Recall the following concepts:
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3 The Theory BMM + NS,,, is precipitous

Definition and Remark 3.1.8 By 1 we denote the supremum of the lengths
of all Al well-orderings of the reals and by us we denote the second uniform indis-
cernible, i.e. the least ordinal above w; that is an z-indiscernible for all z € R. It
is well known that if 2% exists for all reals = then § = uy. It is easy to see that
always wy < 83 < wo and wy < us < wo.

Lemma 3.1.9 ([Wo0099, (proof of) 3.19]) acg = 3 = ws.

We have not yet shown that acg implies that sharps for all reals exist but want
to make use of this fact in the proof. We promise to prove the existence of sharps
for reals in 3.1.14

Proof. By 3.1.14 acg implies that sharps for all reals exist. So us = §3. Hence it
suffices to show that us = wy. If sharps for all reals exists, the second uniform
indiscernible us can be characterized as follows:

uy = sup{(w} )" 2 € wl.

Since 7, (wy) < (w})TH it suffices to show that the ordinals of the form 7, (w;)
are cofinal in wy. Fix some 7 < wy and a canonical function f, : w3 — w;. We
now apply acg as in the proof of the previous lemma to find a real x such that 7,
dominates f;, on a club. So clearly m,(w1) > 7. O

The following lemma is (3) = (4) in [Wo0099, 3.19]. Since there is no proof of
this implication given, we give one here.

Lemma 3.1.10 Ifz! exists for every real x and additionally for every club C C wy
there exists a club C' C C that is constructible from a real, then acg holds.

Proof. Fix a club C C w;. By our hypothesis, there is a real 2 and a club C’ € L]x]
such that €’ € C. Since z! exists, we find z-indiscernibles v1 < ... < v, < wy and
some formula ¢, such that C’ is the unique set (in L[z]) defined by ¢ using 7 and
x as parameters. Pick some real y such that « € L[y] and L[y| = “v1,...,vn < w1”.
Since there is a club of countable z-indiscernibles there is clearly an z-indiscernible
in C’. Hence all z-indiscernibles £ such that v, < £ < w; are in C’. Note that
every y-indiscernible £ < w; is an a-indiscernible. Now look at A := Ay = {a <
w1 ; a is yi-admissible}. We claim that A C C. Pick some o € A. Hence Lo [yf] =
KP. Using only KP one can check that unboundedly many y-indiscernibles exist in
La[y*]. Hence a is a limit of y-indiscernibles and so also a y-indiscernible. Clearly
a > v, since y was chosen so that there is a surjection from w to v, in L[y]. So
a € C'. This suffices to show. O

By 3.1.14 acg implies that sharps exist for all reals. For any x the set A, is clearly
constructible from z. So we have the following corollary:

Corollary 3.1.11 The following are equivalent:

1. Sharps for all reals exist and for every club C C wy there exists a club C' C C
that is constructible from a real.

2. acg. (|

38



3.1 The Principle acg

3.1.2 The consistency strength of acg

To derive strength from acg it is crucial to know that sharps for reals exist if acg
holds. We will now show that acg implies that z¥ exists for every real . There are
two ways to show this; we are going to present both, since the more cumbersome
way yields additional information about the generic iterability of substructures of
H,,.

Lemma 3.1.12 (Woodin) Let (X;€,NS,, N X) < (Hy,; €,NS,,) be a countable
substructure. Let N denote the transitive collapse of X. Then acg implies that N
is (fully) generically iterable, i.e. if there is a generic iterate N, of N in some
transitive ZFC model W OV such that N, is countable in W then we can continue
the generic iteration in W to an iteration of length WiV + 1.

Proof. Fix a countable (X;NS,, N X) < (H,,;NS,,) and let (N; €, NSi,Vl> denote
its transitive collapse. The proof of 3.1.9 shows that {7, (w1); € w¥} is cofinal in
ws. If x,y are reals such that 7, (w;) < my(w1) then there is a club C of a < wy such
that 7, (a) < my(a); this can easily be seen by looking at collapses of elementary
substructures of H,,. Now acg implies that for each such C' there exists a real z
such that A, C C. We now construct a sequence (z;; i € w) of reals such that

1. View:x; € X,
2. {my,(w1); 4 € w} is cofinal in X Nwa,

3. for each a € A

Tit2
Trxi (O[) < Trwi+1 (OL)

Pick some countable sequence (a;;i € w) of ordinals cofinal in X N wq. Pick
xo, 21 € X Nw* such that oy < g, (w1) < Ty, (w1) and a3 < 74, (w1). We now apply
acg to find a real z; such that for all & € A,, 7, (@) < 7, (). By elementarity
zp can be picked in X. Pick some real z; such that as < 7 (w1). Again such
a real exists in X. Let zo € X code zy and zj, then clearly for all a € A,,
ap < Ty, (@) < 7y, (). We can now continue in this fashion to pick z; for 2 < i.
Since N is the transitive collapse of X it follows for i € w that 7, (wi¥) is the image
of m,, (w1) under the collapsing map. Thus if j : (N; €, NSSD — (M E, NS%} is a
generic iterate, {j(m,, (w]¥)); i € w} is cofinal in the ordinals of M, simply because
j“ORNN is cofinal in the ordinals of M and {7, (w)); i € w} is cofinal in ORN N.
We prove two claims and derive the desired result from them.

Claim 1. Suppose that (N*; E* I*) is a generic iterate of (N; €, NSSD such that
wl" is well-founded. Then N* is well-founded.

Proof of Claim 1. Let v be the well-founded part of OR™". Thus for each z €
N*Nw*, Ly[z] is admissible, see [Bar75, Corollary II 8.5], i.e. the so called Trun-
cation Lemma (the quoted result works for x = (J; for « # () it is easily checked that
an analog holds). Since wi¥™ is well-founded wi¥™ € 5. Hence for all z € N* N w®
we have 7, (wi¥' ) < 7. So sup{m,(w¥ ); 2z € N* Nw*} < ~; this implies that
v = ORY". Hence N* is well-founded. O(Claim 1)

Claim 2. Let (N*; €, I*) be a well-founded iterate of N and let (N**; E** I**) be
a generic ultrapower of (N*; €, I*). Then

WV = N*NOR.

Proof of Claim 2. The proof of 3.1.6 shows that for all f : w; — w; a real x exists
such that for all @ € A, we have f(a) < m;(a). Hence this also holds in N and
its iterates. Let j* : (N*;€,I*) — (N**; E** I**) be a generic ultrapower. All
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3 The Theory BMM + NS,,, is precipitous

elements of w{v** are represented by functions f : w{v* — w{v*. Fix such an f. It
suffices to show that
7(N)w”) <ORNN™,

since the ordinals of N* are clearly an initial segment of the ordinals of N**. Now
pick some real z € N* such that for all « € AY",

fla) <m(a).
Again by elementarity we know that m, (wi¥ *) € N*. By absoluteness we have
N* N* N
m(wy ) = (me(wy )7 .
By the elementarity of j*

Vae AT (f)(@) < 5 (m) ().

N*
x

N**

Since j(m, )= m;lw;' we conclude

PN < 7 (m2)(N) < ORNN™.
Hence j*(wi¥" ) = ORN N*. O(Claim 2)

From the two claims it follows inductively that all generic iterates of N are well-
founded: the successor case is a direct consequence of the two claims. For the limit
case it suffices to check that for any putative generic iteration

<<Ni7 Ti,55 NSZY;NKC’HZ S .7 S 7>7 <G’L?Z < ’7>>
of (N; e, NSﬁ), where 7 is a countable limit ordinal, the ordinal w{v * is well-founded.
If not there is a decreasing chain (a;);c, of countable ordinals in Ny. Since all a;
are countable in Ny there is some a < A such that all a; have a preimage a; in V.
But this contradicts the well-foundedness of N,. Hence generic iterations of N can
be continued in either case. O

Lemma 3.1.13 (Woodin) If there is an (X;€,NS,, N X < (Hu,; €,NS,,) such
that the transitive collapse of X is (fully) generically iterable, then x* exists for all
reals x.

Proof. Let (M; NS&{) be the transitive collapse of some X < H,, such that the

model (M; NS%) is generically iterable. Note that sharps for all reals exists if and
only if H,, = Vo € w¥ : x* exists. We assume that sharps did not exist for all
reals and prove that this contradicts Jensen’s Covering Lemma. It clearly suffices
to discuss only reals in M. So let z be a real in M and assume z* did not exist.
Claim 1. If N is a countable, transitive, generically iterable model of ZFC*+ “w;
exists” and if ¢ is a real in NV then w{¥ is a regular cardinal in L[t].

Proof of Claim 1. Let S = {k < w}; k is singular in L,n[t]}. We prove that S
is nonstationary. Otherwise it was stationary in N. Let j : N — N* be an iter-
ation of length w;. So j(wd) = w;. Work in some generic extension V|G| where
wy is countable. Continue the iteration by one step, say k : N* — N**, such that
wi € k(5(9)). So wY is singular in L+ [t], which is clearly a contradiction.
Hence there is a club C C wi¥ in N such that all x € C are regular in Lwlt].

Suppose wi¥ was not regular in L[t]. Let 8 < w; such that w} is singular in Lg[t].

Let j : N — N* be some iteration of N of length 3. So # < w]" and hence wi¥ is
singular in L,~+[t]. But wd € j(0), hence w must be regular in L,n+[t]. Contra-

diction. O(Claim 1)
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3.1 The Principle acg

We now use the claim to show that all uncountable cardinals in V' are regular
cardinals in L[z]. Let A be an uncountable cardinal in V. Let V[G] be a generic
extension of V' in which A is countable. Let

(M, 5, NSﬂ{i,ni;i <J <A (Gii < )

be a generic iteration of (M; €, NSﬁf). By Lemma 3.15 of [Wo0099] we have j(w}) =
. Also M) is generically iterable in V[G]. Hence an application of the claim implies
that A is regular in L[z]. But this implies that XY is regular in L[z] which clearly
contradicts Jensen’s Covering Lemma. O

Combining the lemmata above we have:

Lemma 3.1.14 ([Wo099, (proof of) 3.19]) acg implies that sharps exist for all
reals.

Remark 3.1.15 Since acg implies that sharps for all reals exist and §3 = wo, it
follows by [SW98], that ZFC+acg has at least consistency strength of ZFC+3 Ik >
A Ais < k-strong and k is inaccessible. In fact it can be shown that n strong
cardinals exist in some inner model for all n € w. Unpublished work of Steel and
Welch indicates that even k-many strong cardinals exist in some inner model, for
every cardinal k. It is frequently conjectured that §3 = wy and the existence of
sharps for all reals has the consistency strength of one Woodin cardinal.

We now present a simplified proof of the fact that acg implies that sharps for
all reals exists. Because the previous proof also gives information on the generic
iterability of countable substructures of H,,,, we decided to present both.

First we show two lemmata about the Club Bounding Principle.

Lemma 3.1.16 (Folklore) If CBP and j: V — N is any generic ultrapower (not
necessarily well-founded), then each ordinal < j(w1) is represented by a canonical
function.

Proof. Let f:wi — wi. By CBP there is some 7 < wy such that f,, > f on a club.
The relation <g is well-founded for all stationary S and || f,||s = 1. Hence

1p@iws,, IF gl =n AL < 1fy]

But then for some S € G and some 7’ <7

Si[fl=n"

Since || fyr||s = 1/, we have

S = [y

The following is an immediate consequence of the previous lemma.
Lemma 3.1.17 (Folklore) If CBP, then wy + 1 C wip(N), where N = Ult(V, G)
and G C P(w1) \ NS, is generic for V. Also j(w1) = wy , where j is the canonical

generic ultrapower map j: V — N.

Lemma 3.1.18 Let a C w. Then CBP implies that wy is inaccessible in Lla].
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3 The Theory BMM + NS,,, is precipitous

Proof. Assume w; was not inaccessible in some L[a]. So there is a countable ordinal
a such that the following is true in V'

VB < w13y <wy : Lyfa] |= there is a surjection from « to §.

Let j : V — N be any generic ultrapower. Then by elementarity the following holds
in N

VB < j(w1)3y < j(w1) : Ly[a] = there is a surjection from « to £,

since j(a) = a. By the previous Lemma w) + 1 C wfp(N), so setting 3 = w) we

get some v in the well-founded part of N such that L. [a] contains a surjection from
« to wy’. But this is absurd, since L, [a] is absolute between V and N. O

The following theorem is due to Silver and a (simplified) proof due to Paris was
published by Harrington in [Har78].

Theorem 3.1.19 Leta C w. Assume that all a-admissibles are L-cardinals. Then
0% ewists in L[a).

It is straightforward to generalize the previous theorem to arbitrary sharps, so
we do not give a proof of the following theorem.

Theorem 3.1.20 Let a,b C w. Assume that all a-admissibles are L[b]-cardinals
and that b € Lla]. Then b* exists in Lla].

Corollary 3.1.21 acg implies that sharps ezist for all reals.

Proof. Fix an arbitrary real b. Since acg = CBP we have that C := Card ! nw,
is club in w; by Lemma 3.1.18. By acg there is a real a that guesses C'. Furthermore
without loss of generality we can assume that b € L[a]. Hence all a-admissibles are
L[b]-cardinals. So b* exists in L[a] by the previous theorem. Since b* is absolute,
we are done. O

Remark 3.1.22 If acg then there are at least wy many reals, see the proof 3.1.9.
Nevertheless acg does not decide the size of the continuum, by the following argu-
ment: add many Cohen reals, say ws many to a model of acg. Any club of the
forcing extension has a subset which is a club in the ground model. Hence acg still
holds in the forcing extension! This shows that relative to large cardinal assump-
tions, the continuum can be arbitrarily large and CBP can hold at the same time.
Moreover this also implies that CBP does not bound the size of the continuum. In
fact by [LS03], CBP + CH is consistent relative to some large cardinal.

An upper bound for the consistency strength of acg is the following.
Remark 3.1.23 If

ZFC+ 363k : 6 < k and ¢ is Woodin and k is measurable

is consistent then so is
ZFC + acg.

Proof. Let  and & be as above. Shelah showed that there is a forcing extension V¥
of V such that NS, is saturated in V¥. Since P € V,, & is still measurable in V*.
Hence P(w1)* exists in VF. By [Wo0099, 3.17] and [Wo0099, 3.16] it follows that acg
holds in V. O
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Clearly the upper bound given by the remark is suboptimal. We did not really
need the measurable, an adequate sharp would have done. Also note the following
interesting fact. If NS, is saturated, then it need not be the case that §i = wo;
Woodin, starting with one Woodin cardinal, has constructed a model of NS, is
saturated and J3 # wa, see [W0099, 3.28].

3.1.3 The consistency of acg

Claverie and Schindler have shown:

Theorem 3.1.24 ([CS09]) BMM + NS, is precipitous = §3 = wo.
We will now refine the above theorem by showing the following.

Lemma 3.1.25 BMM + NS, is precipitous = acg.

Proof. Fix some club C'. We have to show that C is guessed in the sense of acg. Since
NS, is precipitous we can construct P’'(wa, NS, ), see Theorem 2.4.9 or see [CS09]

for the original construction. P’(ws, NS,,,) adds a countable generically iterable M

generically iterating in wy many steps to ((HY, )¥:€,NS,,,), i.e. a generic iteration

(M, 755, 1, kisi < j < wi), (Gisi < wr)),

such that (M, ;I,,) = <(H§f2)ﬁ, NS,,). For brevity we write 7, instead of 7 o, -

So there is some ap < wy such that C'N wiwao € M,, and 7o, (C'N wiw"o) =C. We
can assume w.l.o.g. by changing some indices that 0 = ay. We now show that in
the extension by P’'(wa, NS,,,) there is a real y such that A, C C. Let x be a real
that codes My and let y code .

Writing C, = C' N w{w‘* we have C, € M, and 7,(C,) = C for all & < wy. By
elementarity, C,, is unbounded in w{%. So by the closedness of C' we have w{v'[‘* eC.

Claim 1. If « is an z-indiscernible and

(M), Il i < 5 < ), (Gl < a))

20 N, T TV

’

. , . . M
is an arbitrary generic iteration of M = My’ then o = w; ©.

Proof of Claim 1. First note that M is generically w; + 1 iterable by 2.4.9. Fix an
z-indiscernible o and an iteration as above. Every x-indiscernible is inaccessible in
Lix], so for all 8 < «

L[z]°°'@#) = o is inaccessible.

Let g C Col(w, 3) be L[x]-generic. Assume w.lo.g. that g is a real. Then, by
[W0099, 3.15] (compare Lemma 19 in [CS09]), M3NOR < wi9 Hence wiwﬁ <a.
This implies wiw‘/* < a. So it follows easily that w{wé‘ =a. O(Claim 1)

If o is zf-admissible, then « is z-indiscernible. Hence by the above claim it follows
that each y-admissible < w; is in C. Hence A+ C C. Since the existence of a real y

such that A, C C can be recast as a X;-statement over H,, with C' as a parameter,
BMM implies that it is already true in V. O
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3 The Theory BMM + NS,,, is precipitous

3.2 The Sentences ¢ 4¢ and ¥ 4¢

We will now discuss the combinatorial principles ¢ 4¢ and ¥ 4¢. Both are I, state-
ments over H,,, and both will be shown to follow from BMM + NS, is precipitous.
This was known for ¥ 4¢, but not for ¢ 4¢.

3.2.1 Definition of ¢,
We recall the Tilde Operation: Let S C wy. Then we set
S:={a<w;w <arlglaecjS))},

where B = ro(P(w:i) \ NS, ) and j is a name for the corresponding generic elemen-
tary embedding (V;€) — (M,E) c VEB. Note that o € S if and only if for all
(equivalently one) canonical function f, for «, there is a club C such that if 8 € C

then f,(08) € S.

Definition 3.2.1 (Woodin) Let § = (S;;ie€w), T = (T;; i €w) be sequences of
pairwise disjoint subsets of wq, such that all S; are stationary and

wy = U{Ti; i € w}.
wAC (§ , f) is the conjunction of the following two statements:

1. There is an w; sequence of distinct reals.?

2. There is v < wo and a continuous increasing function F' : w; — 7 with range
cofinal in « such that for all i € w

FT; C gz
©ac(S,T) is clearly 31 ({S,T}) in (H,,: €). We set
pac = VSVTpac(S,T).
Note that ¢ac is equivalent to a Il5 statement in (H,,,; €).

By [Wo0099, 5.9] MM implies ¢ a4c. Note that by an observation of Larson MM(c)
already suffices, see [W0099, p.200].
Our plan is as follows: we modify the forcing P'(w2, NS,,,) from [CS09] to show an
arbitrary instance of ¢ 4¢ in the generic extension. An application of BMM will
then give us the desired result. We need to prepare the proof a little:

3.2.2 Hitting many cardinals

The following lemma states that for a generically iterable (M;I) there is a generic
iteration that realizes many cardinals.

Lemma 3.2.2 (Hitting many cardinals lemma) Let (M;I) be a countable model
of ZFC*+ “wy exists” and let I be a precipitous ideal on wit. Assume that P(P(w1))
exists in M. Let o € M be such that

M =277 =R,

2We are working in models of ZFC so this will trivially hold. It is more interesting if working in
models of ZF + DC.
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furthermore assume that
M = (Rayo )M exists.

Let 6 := (Rasw, ). Then a generic iteration
(M, m;.5,1;, kizi < j < 0), (G310 < 0))
of (My; Io) = (M, I) exists such that for all 0 < 3 < wit

My _ M
TORM,_, (W) =Rgy s

Proof. First note the following fact: it suffices to construct a generic iteration
(M, mi g, iy ki < < 0),(Gizi < 0))
such that for all 8 < w!

My _ WM
7T0,Ny+5+1(w1 ) =R s

To see this let 0 < A < wM a limit ordinal: then

monn (i7) =sup{mowu  (wif); B <A}

So we will focus on the successor cardinals < (Rqw, ) of M. Let g C Col(w, < )
be generic over M. Since M is countable in V' the generic g can be chosen in V.
Let P := P(w})M\ I. For 3 < wi we set

Jatp+1 = g N Col(w, < Ng[+ﬂ+1)~

Clearly all the g; defined in this fashion are generic over M. Recursively we construct
a generic iteration

(M, m;5,1;, kizi < j < 0), (G310 < 0))

such that for 8 < w the sequence (G;;i < NQ/IH,H) is in M[ga+p+1]. We induc-
tively maintain the following:

e For 3 <wM and i < Ngﬂﬁﬂ the set

Di = {d S Ml ) dC 71'0,1'(]?) A Ml ): d is dense in Wo’i(]P))}
is countable in M[ga+a+1]-

Set Mg =M, Iy =1 and kg = w{”. Assume we are at stage i < 6 of the construc-
tion. Let 3 < wi be least such that i < Ngﬂﬁﬂ. Inductively we have that D, is
countable in M[ga+p+1]. Choose a D;-generic G; in M[ga+p+1]. At limit stages
form direct limits.

Let us check our inductive hypotheses in the successor case, the limit case being an
easy consequence of the fact that the sequence (Gy;i < M, 5,1) is in M[gatp11].

For the successor case note that an appropriate hull of

7T07i+1“(H9)M0 U {/ij i <i+ 1}
is (Hyp,, )M+ where ;11 = mo,+1(0). This hull can be calculated in M[gas41)-
Hence D;11 C (Hg,,,)i+! is also countable in M[go4g+1]. It is trivial to maintain
that the sequence (G;;j < i+ 1) is in M[gata+1]-
Now we need that Nfﬁ_ﬂ 41 is regular in M. Hence

Mga+p+1] _ oM
W1 = Rotgt1-

So an easy calculation shows that for all 8 < wi
M M
(w1') = Na+,@+1'

s M
O’Na+ﬁ+1

45



3 The Theory BMM + NS,,, is precipitous

Clearly the previous lemma can be generalized further. Since we only need the
case above, we refrained to state it in a more general fashion. Note that we have a
lot of freedom when choosing the generics of the iteration; the only true restriction
is that they come from small generic extensions. We will make use of this later.
We define a set of ordinals relative to a generic iteration. This set will come in
handy in the proof of the main result of this section.

Definition 3.2.3 Let (M;I) be a countable model of ZFC* 4+ “w; exists,” such
that M |= I is precipitous. Let 6 be a cardinal in M. Let

T = (M, mi 5, Likiyi < § < p),(Gizi < p))

be a generic iteration of (My; Ip) = (M;I). We inductively define the important
ordinals of J relative to 6.

1. 0 is an important ordinal.

2. If o is an important ordinal, then the least ordinal v such that v = s, and
70,a(0) < 7 is the next important ordinal.

3. Limits of important ordinals are important.

Remark 3.2.4 Let (M;I) be countable and as in the previous definition and let
J be as in the previous definition and p = wi. Then clearly the set of important
ordinals of J relative to 6 is a club in wy. Also, if & > 0 is important, then k., = a.
3.2.3 Obtaining ¢ ¢

We will show the following theorem:

Theorem 3.2.5 Suppose 2* = Ry. Let R, = (22 )+. Let 0 := R4y, . Let NS,
be precipitous and suppose Hg exists. Let F': wy — 0 defined by

F(ﬂ) = Na+ﬁ'

Let S = (Sk; k € w), T= (Tk ; k € w) be sequences of pairwise disjoint subsets of
w1, such that all Sk are stationary and wy = \J{Tk; k € w}. There exists a forcing
construction P =P’ (0, NSwl,g, f) that preserves stationary subsets of wy such that
if G is P-generic over V, then in V[G] there is generic iteration

(M, 3.5, 1;, kisi < § <wi), (Giyi < wy))

such that if i < w1, then M; is countable and M,, = <Hg; €,NS,,,). Moreover M
is generically wy-iterable. Additionally the following holds in V[G] for all k € w:

F“Ty. C S'k
We use a similar setup as in Theorem 2.4.8, i.e. we assume:
0 =29 <20 < p=2°r,

for some cardinal p. For reasons of convenience we like to think of X, = (22” )+

as X4. This eases notation considerably. Note that we can force R4 = (227 )+ with
stationary set preserving forcing. Since 2! = W, the precipitousness of NS, is
preserved by forcing with Col(ws, (22°")), since no new subsets of 2“1 are added, see
[Jec03, 22.19]. Nevertheless the reader can verify that all of the following arguments
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3.2 The Sentences ¢ oc and Pac

go through for an arbitrary R, instead of N4. If X, = Ny, then clearly § =X, .

At this point a remark is in order. In Theorem 2.4.8 6 is supposed to be regular.
Nevertheless it is straightforward to check that if one can add generic iterations with
last model H,, for arbitrarily large regular 7 you can also add generic iterations with
last model Hy by restricting the generic iteration with larger last model. We can
hence work with a singular 6 and use the theory of L-forcings we have developed.
Fix a well-order < of H, such that < H(g is a well-ordering of Hg of ordertype
ORN Hg. We now fix § = (Sk; k € w), T = (Ty; k € w) sequences of pairwise
disjoint subsets of wy, such that all Sy are stationary and wy = |J{Tk; k € w}. We
use

H = (H,; €, H} NS, , <)

and
M = (H}; e,NS,,, <)

since we are defining a variant of P'(6,NS,,,). We will now define our modified
forcing construction P’ (6, NS,,, , ST ). For this we need a collection of statements in
the language of set theory augmented by two constants 7, M. Tt is convenient, but
not necessary, to add further constants to the language we are working with: we

add 7, G and D.

Definition 3.2.6 By ® we denote the collection of statements in the language of
set theory augmented by the constants 7, M, J, G and D that contains:

1. “S is stationary in wy” for every S € P(wq) \ NS,
9. G = (G319 < wy) is a sequence of (P(w1) \ NSwl)Mi—generics over M;”,
3. “Jisa generic iteration
(M, 70 5, NSM Mo < < ) (Gisi < wr)),
and (1) : My — Mgy ~ Ult(M;, G,)”,

4. “D is the set of important ordinals of J relative to (7g ., )~ (6)”

5. “If v € D, then for all 3 < sz{m and all k£ € w.

Ni\fjﬁ €S, — ﬁ eT.”

We set P'(6,NS,,,,S,T) = Pg.

Note that the only difference between the above forcing and P'(6,NS,,,) is the
requirement that a witness for a single instance of ¢ a¢ is coded into the generic
iteration.

We now show Theorem 3.2.5. First we show that Pg # ); i.e. the consistency of ®.

Lemma 3.2.7 Pg # ().

Proof. We need to verify, that in VOol@:2”) there is a model which certifies the
trivial condition with respect to M. Let g be Col(w, < p)-generic over V. We work
in V[g] until further notice. So (V; €,NS,,) is p+1 iterable, by [Wo099, 3.10, 3.11].

Hence (H g; €,NS,,,) is also p + 1 iterable. We prepare a book-keeping device: pick
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3 The Theory BMM + NS,,, is precipitous

a bijection ¢ : [p]<” — p and a family (U,,v < p) of pairwise disjoint stationary
subsets of p. Now define f : p — [p]<? by

(i) =u <= i€ Uy-

Note that each u is enumerated stationarily often. We recursively construct a
generic iteration

T = ((M;,mi 5, Liykiyi < § < p),(Gii < p))

of My = (V;€,NS,,) together with a set of local generics g;. Later the restriction
of this iteration to <H§; €,NS,,) will be of interest. For each important ordinal 4 of
the iteration a local generic g; will be picked. Suppose we have already constructed
J to some i < p. Note that we can calculate the important ordinals of J relative
to 6 while we construct J. The following three clauses define the iteration.

1. If ¢ is an important ordinal of J relative to 6, we continue the iteration as
follows: g; := g N Col(w, < mo,;(#)) € V]g] is generic over M;. Then pick G;
in M;[g;] with the following property: if for a (unique) j the set m;;(f(4)) is
a stationary subset of wi’® in M;, then 7;;(f(i)) € Gi. Note that j is unique

J

because f(i) can only be stationary in M; if sup f(i) = wiw

2. If 7 is not important, 7 is the largest important ordinal below ¢ and ¢ = wﬁ”ﬁ

for some 3 < k., = 7, we continue the iteration as follows: we already have
fixed g, C Col(w, < m () in V[g] that is generic over M,. We pick some

G in M, [g, N Col(w, < wﬁ”BJrl)] such that
ﬂ S '/TO,'y(Tk) < Wo’i(sk) S Gz
Note that since T is a partition of wy, there is a unique k such that 8 € g ;(Tk).

3. If the first and second clause do not hold and + is the largest important
ordinal below ¢, we continue the iteration as follows: we already have fixed
gy C Col(w, < mo~(0)) in Vig| that is generic over M,. In the case that
i < m,(0) in M,, i is not a cardinal in M., hence there is a least § < k- such
that ¢ < wé\fﬁ“. We pick some arbitrary G; in M [g, N Col(w, < wé\_{_”ﬂ_s_l)].
Else we pick a completely arbitrary generic.

Fix some important v > 0. So J restricted to [y, m ()] is an iteration like in
the “Hitting many cardinals lemma” 3.2.2. Hence we know that the iteration is
well-defined and additionally we have for 8 < k., =y and 7 := Ni\fjﬁ

i =Tyi(Ky) = i
By the second clause of the iteration we hence have for ¢ as above and k € w:
B € moy(Tk) < m0,i(Sk) € Gi <= ki € mo,i4+1(Sk) < 1 € mo,p(Sk)-

Let D denote the club of important ordinals and let U be a stationary subset of
wiw" = p. Let j < p and u be such that 7; ,(u) = U. If i € D\ j and f(i) = u, then

7ji(u) € G;. This shows that
DﬂUg(u)\jC{i<p; Iil‘EU},

so that in fact U is stationary in Vg].
Hence in Mf o000 there is a model that certifies the empty condition with
respect to mo_,((H, g; €,NS,,,)). Now we can literally complete our proof by following

the last paragraph of the proof of 2.4.2. O
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Clearly Pg is resectionable. Since the ® from Definition 2.4.1 is contained in our
current ® we have:

Lemma 3.2.8 Let G C P be V-generic. Then in V[G] there is a generic iteration

Jo = (M, i, NS ki < j < wy'), (Gyyi < wr))

w1 ?
of My such that if i < wy, then M; is countable, and M,,, = <H§; €,NS,,,).
1

w1

without loss of generality that there are 5, i'€ My such that 7, ((5,2) = (S, T).

Let D¢ denote the important ordinals of Jg relative to 7, (#). We can assume

Lemma 3.2.9 Dg is club and for all v € D¢ the following holds: if B < w{w” =7
then for all k € w

M.
b e 7T0,'y(tk) <~ N4-i:/ﬁ S ’/TO,wl(Sk)7

which by the choice of § and t means
peT, — Nﬁ”ﬂ € Sk.

Proof. That D¢ is club is obvious.
Claim 1. Let p € P. Then p IF ¥ € D, if and only if for all &% which certify p,
v e DX,

Proof of Claim 1. Fix p such that p IF ¥ € D¢ and some structure 20 which certifies
p. Towards a contradiction suppose v ¢ D*. Then there is some 7/ < v, 7/ € D*
with
LA _
(ﬂ—'y’,wl) 1(9) > .
By Lemma 2.2.1 we can extend p to p’ also certified by 2 such that 4" € dom(p’),

wgi(v’) = w; and (7721)_1(0) > ~. Then

p/ H— ’V)/ ¢ DG'
Contradiction! The other direction is easy. O(Claim 1)

Now if 3 € mo(tx) and v € D¢ there is some p € G with p IF ¥ € D, and
B € (b))t omg(tr) (Note the following subtlety: nfl is only defined on the ordinals,

but using the well ordering < on H, g we can assume that dom(rf)) contains ¢;). Let

A
p’ < p be arbitrary and let 2 certify p’. Then Nﬁ:ﬁ € Sk by the above claim and
the fact that 2 certifies p’. So we may extend p’ to p” making sure

M.
p” 1= NAH:Y,(} € 0, w1 (Sk)

Hence the set of p” forcing the desired result is dense below p. The other direction
is similar. O

By Theorem 2.3.2 it is clear that P'(6, NSwl,g, f) is stationary set preserving.
To finish the proof of 3.2.5 we have to show that in V[G] for all k € w

F“Ty, C S.
For this fix k € w and some 8 € Tj.. By 3.2.9 we have for all v € Dg \ (8+ 1)

,BETk < Nﬁ"ﬁeSk.
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3 The Theory BMM + NS,,, is precipitous

Recall that G adds a generic iteration, and hence a continuous chain, of the form

N/e] <<M1,7T1],NS m,z<]<w1> <Gi;i<w1>>§

wi ?

the following lemma is a consequence of this and Lemma 1.6.7.

Lemma 3.2.10 The function f: Dg\ (B8+1) — w
M’Y
Y= N
. . . v ViG] .
is a canonical function for V), 5 <w, " in V[G].
So the club D¢ \ (8 + 1) and f from the previous lemma witness that in V]G]
1 - XY, 5 € 5(S0),

where B is ro(P(w1) \ NSM) Gl and j is a name for the generic embedding added
by forcing with B. Hence N4+B € S;. This finishes the proof of 3.2.5.

Observe that the single 1nstance of qSAc that holds in VP/(O NS, ,8,T) is a X state-

ment in H,, in the parameters S and T. Since P/ (0,NS,,, S T) preserves stationary
subsets an application of BMM, noting Theorem 1.3.4 and Theorem 1.3.3, yields
the following corollary.

Corollary 3.2.11 If NS, is precipitous + BMM then ¢ac. (]

3.2.4 Obtaining ¥ 4¢

Definition 3.2.12 (Woodin) t%4¢ : Let S C wy and T C w; be stationary, costa-
tionary sets. Then there exists a canonical function f for some 1 < wsy such that
for some club C' C wq

{a<wr; fla) eTINC=5nC.
Note the following reformulation of the above definition in terms of generic ul-

trapowers: let j be a name for the ultrapower embedding induced by some generic
G C P(w1) \ NS, : with S, T as above we have

Lens,, IF 5 € G < nej(T).

Woodin has shown:
Theorem 3.2.13 ([Wo099, 10.95]) If BMM + NS, is precipitous, then Y ac.

With the technology from the previous section we developed for ¢ ¢ it is possible
to give a different proof of 3.2.13. Since this is very similar to the section on ¢ ¢,
we shall only state the required results. The proofs are very similar to the ¢ 4¢
case.

Lemma 3.2.14 (Hitting regular cardinals lemma) Let (M;I) be a countable model
of ZFC* and let I be a precipitous ideal on w} . Assume that P(P(wy)) ewists in
M. Let 0 € M be such that

M k= Card(P(P(w1)))" =9,
and let 0" > 0 such that 6’ is a reqular cardinal in M. Then a genericity iteration
(M, 5, Liskizi < § < 0"),(Gi;i < 0'))
of (Mo; Io) = (M, I) exists in V such that mo g (wWM) =0'. 0
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We again modify the forcing P'(wz, NS, ) to show a weak form of ¢ 4¢ in the
generic extension. An application of BMM will then give us the desired result.

Theorem 3.2.15 Suppose 2“* = Ngo. Let NS, be precipitous and suppose Hg

exists, where 6 = (22N1)+. For all S, T stationary and costationary there ezists a
forcing construction P = P'(0,NS,,, S,T) that preserves stationary subsets of w1,
such that if G is P-generic over V', then in V[G] there is generic iteration

(M;,mi 5,1 kit < j <wi), (Gisi < wr))

such that if i < w1, then M; is countable and M, = (Hg; €,NS.,). In particular,
My is generically wn-iterable. Additionally the following holds in V[G]: there is a
club C C wy, such that for all a € C

wle e 8§ = 0,¢T,

where 0, = 7, (0).

o,Wl

We will now define our modified forcing construction P := P’(6,NS,,,, S, T'). For
this we need a collection of statements in the language of set theory augmented
by two constants 7, M. Again it is convenient, but not necessary, to add further

constants to the language we are working with: we add J , G and D.
Definition 3.2.16 By ® we denote the collection of statements in the language
of set theory augmented by the constants 7, M , T, G and D that contains:

1. “S is stationary in wy” for every S € P(wy) \ NS,,,

2. “G = (G431 < wy) is a sequence of (P(wy) \ NSwl)M"'—generics over M;”,

3. “J is a generic iteration

(M, 703, NSDT wiisi < 5 < wi), (Gisi < wi)),
and ﬁ’i(i«kl) : MZ — Mi+1 >~ Ult(MZ,GZ)777

R

4. “D is the set of important ordinals of 7 relative to (g ., )~ "(6)

5. “If ye D ,
wilo e § = 771 () eT”

oW1

We set P'(6,NS,,,, S, T) = Pg.

Applying the “Hitting regular cardinals lemma” 3.2.14 one can show that certi-
fying structures for ® exist. Hence one has:

Lemma 3.2.17 Pg # 0. O

Clearly Pg is resectionable. Since the ® from Definition 2.4.1 is contained in our
current ® we have:

Lemma 3.2.18 Let G C Py is V-generic. Then in V|[G)] there is a generic iteration
Ja = ((Mi,m; j,NSL  kizi < j < w)), (Gisi < wi))

w1 ?

of My such that if i < wy, then M; is countable, and M,,, = <H§; €,NS,,,). O
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3 The Theory BMM + NS,,, is precipitous

We set
0; .=} (0),

7,W1

an we let Dg denote the club of limits of important ordinal of 7 relative to 6y. A
density argument shows:

Lemma 3.2.19 Dg is club and for all i € Dg
wlic§ «— 6, eT.

O

By Lemma 1.6.7 the sequence (0;; ¢ € D¢g) is a canonical function for  in the
forcing extension, so we have

1]P’(w1)\NSw1 FSeG < fe ](T)

By Theorem 2.3.2 it is clear that P'(6, NS,,,, S, T) is stationary set preserving. Hence
Theorem 3.2.15 follows. Again we have an obvious corollary:

Corollary 3.2.20 IfNS,, is precipitous + BMM then ¥ ac. ]
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4 The axiom ()

4.1 Introduction to (1)

Foreman, Magidor and Shelah isolated the following interesting axiom.
Definition 4.1.1 ([FMS88])
(1) := Every stationary set preserving forcing is semiproper.
We review some results on the consistency strength of (t):

Remark 4.1.2 1. If s is supercompact, then VCoIw1.<#) = (1), Also SPFA
implies (f) and hence SPFA implies MM.

2. (1) implies that O, does not hold for any .

The failure of [J,, for a singular strong limit x is known to imply ADL(R)7 see
[Ste05].

Proof. For the first item, see [FMS88]. For the second we need a short chain of
reasoning. Shelah showed, that (1) is equivalent to Semistationary Reflection (SSR),
see Definition 4.2.1 for a definition of SSR and see [She98, XIIL.1.7(5)] for the
result. SSR in turn was shown by Sakai to imply the following reflection property
of stationary sets, see [Sak08]:

If A > wy is a regular cardinal, then for every stationary S C E = {a €
A; cof(a) = w} there is an ordinal § < X of cofinality wy such that SNG
is stationary.

The above reflection principle contradicts the existence of a [,.-sequence for k+ = X:
assume towards a contradiction that a [.-sequence (Cy;a € Lim(k™)) exists. Let
f: E'£+ — kT be defined by f(a) = otp(Cy); so f(a) < a if @ > k. Hence there

is an ordinal § < k of countable cofinality such that Sz := {a € E5": fla) = B}
is stationary. If Sp reflects to some v < st of cofinality > wq, then C, N S
is unbounded in v, a contradiction to the fact that Sg has at most one point in
common with each C,. O]

4.1.1 Other forms of (7)
Definition 4.1.3 Let I' be a class of stationary set preserving forcings.
()r := every P € T is semiproper.
We study three examples of this dagger axiom. The first two examples will be
weaker than (1) and the third will be shown to be equivalent to (). The first

example is taken from [She98].

Example 4.1.4 (When Namba is semiproper) Let P be the set of perfect subtrees
of [we]<“ ordered by reverse inclusion, i.e. Namba Forcing. Note that perfect here
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4 The axiom (7)

means that every node of the tree has Ny many extensions. Forcing with P gives
wy cofinality w. If CH holds, then P adds no reals and hence preserves w;. Let
I' = {P}. If & is measurable, then VC°«1,<%) = CH A ({)r, see [She98, XII. 2.8]
and [GIJMT78] respectively. Hence (f)r is clearly weaker than (}), also in terms of
consistency strength, since by Remark 4.1.2 (}) implies ADE®),

Note that by [She98, XII. 2.5] ()r implies CC**(w2), a principle defined in Defini-
tion 4.2.4. In fact they are equivalent, which we will show in 4.3.11.

Example 4.1.5 (The semiproperness of all sealing forcings) Let I' denote the
class of all sealing forcings, i.e. the forcings to seal antichains of P(w;), see Defin-
tion 2.4.13. We will show that if NS, is saturated, then ({)r holds; like in the
previous example this shows that (f)r is clearly weaker than (), also in terms con-
sistency strength: to force that NS,, is saturated one needs a Woodin cardinal,
but by Remark 4.1.2, (f) implies AD*®) We need the following concept: A set
A C P(w1) \ NSy, is semiproper if for any transitive M closed under sequences of
length 22°' and for any countable X < M, A € X, there is Y < M and some
SeYnAsuch that w; N X =w; NY € S. In [FMS88] it is implicitly shown that
some antichain A is semiproper if and only if the sealing forcing P 4 is semiproper,
see the (proof of) [FMS88, Theorem 26]. By (the proof of) [Wo0099, 3.12], every
maximal antichain is semiproper if NS, is saturated. Hence (f)r holds.

On the other hand if (f)r holds, then by [FMS88, Theorem 26] NS, is precipi-
tous. Hence (})r has at least the consistency strength of a measurable cardinal, see
[JMMPS0].

4.2 The Semiproperness of P(NS,,, )

The third example of a (seemingly) weaker form of () requires more work. We will
discuss the case that T is the class of all P(NS,,, 8) for 8 > wy and show that (f)r
is equivalent to ().

We have seen that P(NS,,, , §) preserves stationary subsets of wy provided that NS,
is precipitous. The forcing P(NS,,,, ) can clearly be semiproper if large cardinals
are present, for example if (1) holds. We show that the semiproperness of the
forcings P(NS,,, , ) implies a generalization of Chang’s Conjecture, CC**, which in
turn implies the semiproperness of all stationary set preserving forcings.

Definition 4.2.1 ([She98, XIII. 1.5])
e Let z,y be countable. We write x C y if tNw; =y Nwy and = C y.

o A set S C [W]¥ is semistationary in [W]¥ if {y € [W]|¥; 3z €S :2C y}is
stationary in [W]«.

e Let A > wo. We denote by SSR([A]“) the following principle: For every S
semistationary in [A]“ there is W C A, Card(W) = wy C W and SN [W]¥ is
semistationary in [W]“.

o If SSR([A]“) holds for all cardinals A > wy then we will say that Semistationary
Reflection (SSR) holds.

Note that [She98] has a more general notation for the above reflection principles.
In [She98] the principle SSR([A]“) is called Rss(R3, A) and SSR is called Rss(XNs).

Lemma 4.2.2 ([She98, XIII.1.7(3)]) Semistationary Reflection implies that all
stationary set preserving forcings are semiproper.
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4.2 The Semiproperness of P(NS,,, , 6)

Foreman, Magidor and Shelah have shown:
Lemma 4.2.3 ([FMS88, Theorem 26]) If () holds, then NSy, is precipitous.
We will consider a generalization of Chang’s Conjecture that we call CC**.

Definition 4.2.4 Let A > wy. CC*(A) is the following axiom: There are arbitrarily
large regular cardinals # > A such that for all well-orderings < of Hy and for all
a € [A]“* and for all countable X < (Hy; €, <) there is a countable Y < (Hy; €, <)
such that X C Y and there is some b € Y N [A]“! such that a C b.

CC** holds if CC*(A) holds for all cardinals A > ws.

Note that CC*(wz) implies Todorcevié’s CC*, i.e. the axiom

CC* := There are arbitrarily large regular cardinals 8 such that for all well-
orderings < of Hy and for all countable X < (Hp; €, <) there is a
countable Y < (Hp; €, <) such that X C Y and X Nwy # Y Nws.

To see that CC*(w9) implies CC* pick an X as in CC* and set a = wy U X Nws.
Then CC*(wq) applied to X, a yields a Y as desired. The axiom CC* was first
studied in [Tod93].

Remark 4.2.5 CC* implies Chang’s Conjecture.

Proof. We have to show that every model of type (we,w;) has an elementary
submodel of type (wi,w). For this let (M;A) be a model of type (ws,w;), i.e.
Card(M) = we and Card(A) = wy. Let 6 be large enough such that the implication
of CC* holds for Hy. Inductively we define a sequence (X;;i < wy) of elementary
submodels of (Hy; €, <) as follows: pick Xy < (Hp; €, <) such that (M; A) € X, at
limit stages A let X = [J{Xo; @ < A} and at successor stages a+ 1 apply CC* to
obtain some X1 < (Hp; €, <) such that X, C Xo41 and X, Nwo # Xop1 Nwa.
So wy N (Xot1 \ Xo) # 0. Hence X, is a model of cardinality w; such that
XoNwy = Xy, Nwy. Since Xy | Card(A) = wy, we have that ANXg=ANX,, is
countable. By construction Card(X,, Nws) = w1, so Card(M N X, ) = w1, hence
(MNX, ;AN X)) < (M;A) is of type (w1,w). O

The next theorem answers a question of Todorcevi¢ who asked Ralf Schindler
under what circumstances P(NS,,,, #) is semiproper.
We would like to thank Daiske Tkegami for telling us about Lemma 4.2.2 and for
explaining that CC* implies a weak version of SSR.

Theorem 4.2.6 The following are equivalent:

1. NS, is precipitous and for all reqular 6 > wo the partial ordering P(NS,,,,0)
18 semiproper.

2. For arbitrarily large 8 > wy there is a semiproper partial order P that adds a
generic iteration

(M, 55, 1, kisi < J < wi), (Gisi < wr)).
such that Hy C M, and all M; are countable.
3. CC**
4. SSR
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4 The axiom (7)

5. (1)

Before we prove the above theorem note that the Namba-like forcing in [KLZ07]
is stationary set preserving (cf. [Zap]) and hence P(NS,, , ) is not the only example
witnessing the consistency of 2.

Proof. 1. = 2. is trivial and 4. = 5. is Lemma 4.2.2.

5. = 1. is clear since by 4.2.3, NS, is precipitous in this case and so by [CS09]
the forcing P(NS,,, , 0) exists for all regular < wo and preserves stationary subsets
of wi.

It remains to show 2. =— 3. and 3. = 4. For the first implication we assume that
CC** does not hold and work toward a contradiction. So there is a least cardinal
Ao > Ny for which CC*(\g) fails. Since 2. holds there is a least 6y > A¢ such that a
semiproper P exists that adds an iteration

T = (M, 5, Li, ki1 < j <wq), (Giji <wi))

such that Hg, C M,, and all M, are countable. Let § > 6, large enough so that
a name for an iteration as above and P(P) are both in Hy. Let < be some well-
ordering of Hy. Now fix some arbitrary X < (Hy; €, <) and some a € [Ag]“!. Our
aim is now to construct a Y < (Hyp; €, <) like in CC**. For this we first show that
it suffices to do so in a generic extension:

Claim 1. If there is some generic extension W of V with w}V = w} that contains
some Y < (Hp; €, <) such that X C Y and there is some b € ¥ N [Ag]“* NV such
that a C b, then there is already some Z € V with Z < (Hy;€,<), X C Z and
be Z.

Proof of Claim 1. If Y is in some generic extension W of V with w}V = w}, then
by b € V there is a tree T € V searching for a countable Z < (Hy; €, <) such that
be Zand X C Z. So T has a branch in W, since this is clearly witnessed by Y. By
the absoluteness of wellfoundedness we have a branch through T in V' and hence
there is some countable Z < (Hg;€, <) with X C Zandbe Zin V. [(Claim 1)

By the minimality of Ag and 6y there is in X a semiproper forcing I and a IP'-
name J for a generic iteration with the properties of 7. In an abuse of notation
let us write P for . Let G C P be generic over V such that G contains an (X, P)-
semigeneric. By X[G] we mean {0%; 0 € X NVF}.

Claim 2. X[G] < Hy[G].

This claim is part of the folklore. For the readers convenience we give a short
Proof of Claim 2. An induction along the first order formulae will yield the desired
result: let ¢ be a formula and let 0 € X denote some name such that

Hy[G] = Fyo(y, o).
Then by the fullness of the forcing names we have
Hg |= 3rvp € P(p Ik Fyd(y,0) = pl- ¢(7,0)).

The above is a statement in the parameters P and o, so by elementarity such a 7
exists in X. By the inductive hypothesis we have

H9[G] ': ¢(TG’UG) — X[G] ’: ¢(TG70G)'
O(Claim 2)
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4.2 The Semiproperness of P(NS,,, , 6)

By our hypothesis we can force the existence of a generic iteration
TG = (M, i, i ki < j <wi), (Gisi < wr)).

with M,,, D Hy. So by the regularity of § we have a € M,,,. Note that X[G] can
calculate M.

We now apply the basic Lemma 1.5.2. In Lemma 1.5.2 we set § = 0 and a = wq, so
we have that there is some f € My, f: k§ — My and 5: &1, ., & < wy such that

a = 70w, (f)(&)-
This f is in X[G]. We set

b= {0, (£)(@); & € W} Ao, (£)(@) € ([Hol)V}.

Clearly a C b and Card(b) = w;. Since the parameters 7, (f), [Hp]“* used in the
definition of b are in V' we have that b € V. Also b € X[G]. By the semiproperness
of P and the choice of G we have X T X|[G]. So X[G] witnesses that in some generic
extension of V there is some Y as desired. This suffices to show by Claim 1.

We now show that 3. = 4. This implication is a slight generalization of [Tod93,
Lemma 6]. Let us assume that SSR does not hold and work toward a contradiction,
say A > we and a semistationary S C [A]“ witness that. We set

W:={W cCX; Card(W) =w; C W}

and
T:={ye[N*;FxeS:zCy}
By the very definition of semistationarity T is stationary. For all W € W
Sw={ye[W*;TzeSNW|*:z2Cy}
is nonstationary. For each W € W we may hence pick a function
fw WY =W

such that

Sw N{z € [W]“; fw“[z]<¥ Cz} = 0.

Let F denote the collection of these fyy. Let 8 > X be regular large enough such that
FW,S, T € Hy and such that the implications of CC*(\) hold for this 6. Let < be
a well-ordering of Hy. Pick a countable M < (Hy; €, <) such that F, W, S, T, A € M
and

MnNieT.

Let
a:=(MNAUuw.

Since CC*(A) holds for 6, there is a countable M* < Hy and some W € [A]** such
that M C M*, a CW and W € M*. So fw € M*. Then by elementarity of M*

fw W N M* <Y cWnM*".
By the choice of a and the properties of M* we have
MnACWnM*.

Since we have M N A € T there is some x € S such that  — M N A. Note that
x € [W]“. By the transitivity of C,

cCWnM*.

This implies W N M* € Sy. We thus have a contradiction to the choice of fyy.
This finishes the proof. O
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4 The axiom (7)

4.3 RC implies (t)

We show that Rado’s Conjecture, a combinatorial principle of large consistency
strength, implies that the class of forcings preserving stationary subsets of w; is
equal to the class of semiproper forcings. First we will discuss Rado’s Conjecture,
then we will study a class of cut and choose games G, ([\]“*,w;) that will be a key
tool for showing that Rado’s Conjecture implies (7).

We recall some basic concepts. A tree is special if it can be partitioned into w-many
antichains. An interval of a linear ordering (A, <) is a nonempty a C A such that
ifx <y<zandx z € a, then y € a. A family of intervals is o-disjoint if it is the
union of countably many disjoint subfamilies. If (T, <) is a tree, then a subtree of
(T, <) is a subset of T' with the inherited tree structure.

Definition and Lemma 4.3.1 ([Tod83, Theorem 6]) The following are equivalent

1. If T is a tree such that all subtrees of T of cardinality Ny are special, then T
is special.

2. Every family of intervals of a linearly ordered set is o-disjoint if and only if
each of its subfamilies of size ¥y is o-disjoint.

We refer to these equivalent statements as Rado’s Conjecture, RC, though we will
always have the first statement in mind.

Note that the second statement is the countable case of a conjecture of Rado, see
[Tod93].
Let us collect some facts about (non)special trees. A tree (T, <) of countable height
is always special: if T, denotes the nodes of T at the ath level, then T, is an
antichain. Also if a tree (T, <) has height > wj, then it is nonspecial: pick an
element of height wy then the subtree of T formed by all s < t has size N; and
clearly can not be partitioned into w-many antichains. Hence for the purpose of RC
it will suffice to study trees of height w;. Also note that if we study a subtree U of
size N; of a tree of height < wy, then we can always close U under initial segments
without changing the cardinality of U.
When working with (non)special trees the following lemma is useful. A mapping
f:T — T is called regressive if t € T\ {0} implies f(¢) < t, here () denotes the root
of T which we assume to be always present.

Lemma 4.3.2 (Pressing Down Lemma for Trees, [Tod81]) Fuvery regressive map-
ping defined on a nonspecial tree must be constant on a nonspecial subtree.

Since this result is not part of the standard literature, we prove it here.

Proof. Let f : T — T be regressive. Let Us = {t € T'; f(t) = s}. It will suffice to
show that if all Uy are special, then T is special. Let g5 : Us — w be a specializing
function. Since the tree order is well-founded, for every t € T'\ {#} there is some
n € w such that applying f n-times yields (). Hence for every t € T there is a unique
sequence (tg, ..., t,) such that to = ¢, t, = 0 and t;41 = f(t;) for i < n. We define
g:T\ {0} — [w]<¥ by setting

g(t) = <gt1 (t0)7 c Gty (tn*1)>'

Hence if s,t € T\ {0}, s # t and g(s) = g(t) then the unique sequences 3, { have
the same length, say n+1. So t, = s, = 0 and hence g5, (sp—1) = g¢, (tn—1). Since
gp is a specializing function either s,,_1 = t,_1 or s,_1 and ¢,,_; are incompatible.
If the first case holds we continue in the same fashion until for some i < n s;
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4.3 RC implies (})

and t; are incompatible. Hence, modulo a bijection [w]<* — w, g is a specializing

function. ]

A tree (T, <) is Baire, if for all countable sequences (D,,),, of open dense sets in
T the intersection (), Dy, is dense; here a set D C T is dense if for all t € T' there
is some s € D such that t < sand D C T is open if forallt € D and s € T'if t < s,
then s € D. These notions clearly coincide with the notions for partial orders if one
sees T as a partial order with < reversed.

Remark 4.3.3 Every Baire tree is nonspecial.

Proof. We show that every special tree is not Baire. Fix a special tree 7. By an
application of Zorn’s Lemma there is a specializing function g : T — w such that
g(s) is minimal for all s € T' in the following sense: if k < g(s), then there is some
t € T such that g(t) = k and s < t or t < s. It easily follows that such a ¢ is in
fact a partition of T into countably many maximal antichains (A, )necw of T. Set
D, :={teT;3se A, :s<t}. Hence every D, is a dense open set. Since (A,),
is a partition (,, D, is empty. So T is not Baire. O

In [Tod83] and [Tod93] Todorcevi¢ analysed RC in detail; we sum up the results
of this analysis:

Remark 4.3.4 1. If k is supercompact, then V°«1,<#) = RC 4 CH.
2. If RC holds, then O, fails for all k.
3. RC implies 2% < X,.

4. f V = RC and W C V is a transitive inner model such that w} = ws, then
RY CcW.

5. MA,, implies -RC.

6. RC implies CC*.
O

The implication RC = CC* was shown in [Tod93]. We will generalize the
argument for this from [Tod83] and show the following theorem.

Theorem 4.3.5 RC implies CC**.

The proof we are going to give for the above theorem is structured very much
like Todoré¢evié’s original proof for RC = CC* . Since CC** is equivalent to (})
by 4.2.6 the above theorem instantly yields the following corollary.

Corollary 4.3.6 RC implies (}). |

For the proof of the above theorem we will need the following cut and choose
game:

Definition 4.3.7 Let A > ws denote an ordinal. We will call the following game
G, ([A\]“Y, wr):

I fo 1
II do 01
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4 The axiom (7)

In the nth round player I splits [A]“! into wy pieces, i.e. player I plays f, : [A\|* —
wy. Player IT responds by choosing some J,, < w;. The game has w many rounds.
Player II wins a play fo, o9, f1,01, ... if and only if the set

{a € [N]“*; ¥n: fn(a) <sup{d;;i € w}}

is unbounded in [A]“', i.e. for all b € [A]** there is some a in the above set such
that b C a.

The class of games above generalizes the game G, (w2, w1) studied in [Tod93] and
also in [She98, XII. §2]; one obtains G, (ws,w) if one replaces [A]“* by ws in the
above definition. The game G, (ws,w;) is due to Galvin. In [Tod93] it is shown
that player I1 has a winning strategy in G, (ws,w;). We generalize this as follows:

Lemma 4.3.8 RC implies that player II has a winning strategy in G, ([A\]“!,w1)
for all A > ws.

Proof. The proof of this lemma runs through several claims. Let us fix some A > wo.
Set F\ := wgmwl) U wy, here wg’\]ul) is the set of all functions [A]** — w;. For
X € [Fy]¥, let

Dx :={ae[N“'; f(a) € X for all fe X}.

Set
S:={X e F\; XNuw; €w and Dx is bounded in [A]“*}.

Claim 1. Player IT has a winning strategy in G ([A\]“',w;) if and only if S is
nonstationary in [Fj]“.

Proof of Claim 1. Let us first assume player II has a winning strategy o in
Gu([N“r,w1). Let & > 2* and let Y < Hp be countable such that o € V. Set
X :=Y NF\. Let (fn)necw enumerate all functions [A\|“* — w; that are in Y. We
play (fn)n against o. Since finite initial segments of this play are in Y and Y < H),
the responses (d,), of IT according to o are all countable in Y’; hence for all n:
0, <Y Nwi; =X Nw;y. Since o is a winning strategy

{a € [N]“*;¥n: fn(a) <sup{d;;i € w}}

is unbounded. Hence Dy, which contains the above set, is unbounded. Since there
are club many Y < Hy such that ¢ € Y, there are also club many X such that
Dx & S.

For the converse direction let C' be a club witnessing that S is nonstationary. Player
I will play functions f,,. We will choose player I1I’s responses §,, such that J,, = X,,N
wy for some increasing sequence (X,,), of elements of C, i.e. X,, C X,,11. Suppose
f0,00, -y fn—1,0n—1, fn are already played and Xy, ..., X,,_1 € C are already picked.
Since C' is unbounded we find some X,, D X, _; such that X, Nw; > §,_1 and
fn € Xp. Let §,, = X;, Nw;. Since C'is closed X :=J,, X,, € C. So

Dx :={a e [N\*“*; f(a) € X forall fe X}
is unbounded. Hence
fa € ¥ 5 ¥t fula) < sup{d;s i € w}}

is also unbounded. O(Claim 1)

If X,Y €5, then we will say that Y strongly includes X if X CY and X Nwy <
Y Nws; this concept originates from [Tod93] and also the idea for the following tree
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4.3 RC implies (})

construction is taken from [Tod93]. Let T be the tree of all countable continuous
strong inclusion chains ¢ of elements of S such that [J¢ is also an element of S. The
ordering of T is end-extension. We want to apply RC to see that T is special. For
this we have to check the following:
Claim 2. Every subtree of T of size N; is special.
Proof of Claim 2. Fix some U C T of size X;. Without loss of generality we can
close U under initial segments. Since Dy, is bounded for all ¢ € U, we can find a
d € [A]** such that d is a bound for all Dy, t € U. We now define a regressive
function H with the limit nodes of U as H’s domain. Pick some ¢ € U of limit
length. Hence d is a bound for Dy ¢; so by the definition of Dy, there is f; € [Jt
such that fi(d) > (|Jt) Nwy. We can hence find some proper initial segment H (t)
of ¢ such that |J H(¢) contains f;. Clearly H is regressive, since H(t) is a proper
initial segment of . So by the Pressing Down Lemma for Trees 4.3.2 it suffices to
show that every H~!“{s} is special for s € U. For this fix some f € |Js for some
s € U and set

Wy ={t; fr = f and H(t) = s}.

Hence if t € Wy, then f(d) > (Jt) Nwy. Since ¢ is a strong inclusion chain the
length of ¢ is bounded by (|J¢) Nwi, so the length of ¢ is bounded by f(d) which
is a countable ordinal. It is straightforward to partition Wy: for a < f(d) set
We = {t € Wy;lh(t) = a}. Since there are only countably many f € [Js, we
clearly have that H~!“{s} is special. O(Claim 2)

So an application of RC yields that T is special. So it remains to show that player
IT has a winning strategy in G, ([\]“*,w1). By Claim 1 it is enough to show: if S
is stationary, then T is nonspecial. We even show that T is Baire. Pick a regular
0 such that 6 > 22", Fix a sequence (D,,)necw of dense open subsets of T and pick
an arbitrary ¢t € T. Let X < Hy be countable such that t,(Dy),,S,T,A € X and
XNF\€eS. Let (z,)new enumerate X N Fy. We now construct a sequence (t,)new
such that t, €e TN X, t, € D,NX, t < tyg, t, < tp+1 and z, € t,. This is
possible by the elementarity of X and the unboundedness of S. Set t, = |J,, tn,
then Jt, = X N F)y, hence ¢, € T. Since t was arbitrary, we have that (| D,, is
dense in T'. So T is Baire. This finishes the proof. O

The proof of Theorem 4.3.5 will be completed once we show the next lemma,
which generalizes the following implication from [Tod93]: if player I has a winning
strategy in G, (w2, w1 ), then CC* holds.

Lemma 4.3.9 If player I1 has a winning strategy in G, ([\“?,w1) for all A > wa,
then CC** holds.

Proof. Let us assume towards a contradiction that CC** fails; i.e. there is a least
A such that CC*(\) does not hold. Fix some 6 > 22" and some well-ordering < of
Hy. Since A is least such that CC*(\) fails, it is definable in Hy. Fix an arbitrary
countable X < Hy and an arbitrary a € [A]“!. Clearly A € X and hence a winning
strategy o for player IT in G, ([A]“*,w1) is also in X. Let (fn)ncw enumerate
XnA{f; f: [N — wi}. We play (fn). against o and obtain a sequence (0, )new
of responses of player II. Each 4,, < X Nwy, since initial segments of the play are
in X. Hence 6 = sup,, 6, < X Nw; (in fact 6 = X Nwy, but we have no use for this
fact). Since o was winning we have that

{be [N ;Vn: fr(b) <4}

is unbounded in [A]“1. Pick some b in the set above such that b D a. Let Y denote
the Skolem Hull of X U{b} in (Hp; €, <). It remains to show Y Nw; = X Nw;. Since
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4 The axiom (7)

we assume all the Skolem functions to be defined relative to <, they are definable
in X; furthermore we can assume they are closed under composition. Since b is the
only new member of the Hull and we are only interested in Y N ws, it suffices to
look at functions of the form

f : Hg X [/\]W1 — Wi.

Fix some such f € X. For each x € X, the function f(z,-) : [\]** — wy is a
member of X, hence f = f, for some n < w. So for all z: f(x,b) <d. So X CY,
a contradiction to the failure of CC*(\), since X and a were arbitrary. O

Clearly the previous two lemmata show Theorem 4.3.5.
For A\ = wy the converse of the previous lemma holds.

Lemma 4.3.10 (Folklore) CC*(w2) holds if and only if player II has a winning
strategy in Gy, (Jwa]“t,wr).

Proof. In the previous lemma we have shown that a winning strategy for player I
yields CC*(ws). For the converse we construct a strategy in a similar fashion as in
the proof of 4.3.8. Let 6 be large enough such that the consequences of CC*(ws)
hold for (Hy;€,<), where < is some well-order of Hy. Together with a run of
Gy ([wa]“t,wy1) we construct a sequence (X, )new Of substructures of Hy. Assume
fos -y fn and 6o, ...,0,—1 are already played and (X;);<, are already picked such
that X; C X411, fi € X; and §; = X; Nw;. Then pick a countable X,, < Hy such
that X,,_1 C X, and f, € X,,; player I plays d,, = X,, Nwi. Now assume towards
a contradiction that player I1 did not win this run; i.e. the set

D= {a € [wo)* ; Vi : fula) < sup i}
1EW

is bounded in [wa]“'. So there is an ordinal o < wg such that every b € D is
contained in o. By CC*(ws) there is a Y < Hy such that X C Y and a4+ 1 C b
for some b € Y N [wo]“t. Hence for every f € Y such that f : [w2]“* — w; by
elementarity f(b) <w; NY =w; N X = sup, ;. Hence the set

Dy i={e€ [wal s VF € Y(f: [wa]* — w1 = f(c) < sup{is i € w})}

contains b. But clearly Dy C D, a contradiction to the fact that D is bounded by
a+1Ch. O

Corollary 4.3.11 (Folklore) Namba forcing is semiproper if and only if CC*(w-2)
holds.

Proof. By [She98, XII. 2.2] Namba forcing is semiproper if and only if player 1T has

a winning strategy in G, ([w2]“?,w1). Note that the game used in [She98, XII. 2.2
is slightly different but is readily seen to be equivalent to ours. O
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5 The Extender Algebra and
Absoluteness

5.1 Introduction to absoluteness for L(R)

In this introductory section we will review some results about forcing absoluteness
for L(R). In what follows some concepts of inner model theory appear. All these
concepts, especially the concepts of premice and (w,w; + 1)-iterability, can be found
in [Ste]. We believe that stating the definitions from [Ste] without Steel’s enlighten-
ing explanations would not help the reader understand what follows. A reader not
too familiar with inner model theory is nevertheless encouraged to proceed: coarse
iterations in the sense of [MS94] are sufficient to construct the main tool of this
chapter, the extender algebra. We believe that many of proofs that follow, if not
all, have natural versions in the coarse case.

Woodin has shown that L(R) is X% absolute with respect to forcing extensions of
V' if large cardinals are present.

Theorem (Woodin) Suppose M}, evists and is (w,w; + 1)-iterable in all set
forcing extensions. Assume CH holds. Let P be a notion of forcing and let G C P
be V-generic. Let z be a real in V. If in V[G]

3A C RVICLRYICL A) = 6(4, 2),

then in V
JACRVL(RY,A) = 6(4A, 2).

Furthermore if CH holds in VT, then the converse is true.

Here M, is a fine-structural premouse that contains a measurable Woodin car-

dinal; we will give more details about MF, , later. Note that the existence of MF,
is not the original hypothesis of the %3 absoluteness theorem; Woodin’s first proof
used class many measurable Woodins. We will give a detailed proof of the above
theorem, see Theorem 5.4.1.
It is natural to ask if one can add ordinal parameters to the statement of the above
theorem. Neeman and Zapletal showed, granted the large cardinal assumption A,,
that the theory of L(R) with ordinal parameters is stable under reasonable forcing.
In the following theorem A, is a large cardinal assumption that follows from the
existence and (w, x* + 1)-iterability of M¥.

Theorem (Embedding Theorem [NZ01]) Assume A,; holds. Let P be a reasonable
forcing notion of size < k, and let G be P-generic over V. Then there exists an
elementary embedding

j: LRY) — LRV

which is the identity on all ordinals.
Note that a version of the Embedding Theorem exists which is shown using the

stationary tower; this uses a weakly compact Woodin cardinal, see [NZ98|.
Woodin studied a class of forcings larger than the reasonable forcings and obtained
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5 The Extender Algebra and Absoluteness

the following result, using a related but different hypothesis. The conclusion of the
following theorem is more general than the conclusion of the Embedding Theorem:

Theorem ([W0099, 10.63]) Let P € Vs be a weakly proper notion of forcing; i.e.
for all ordinals o ([a]*)Y is cofinal in ([a]“’)VP. Assume A C R, L(A,R) = AD
and every set in P(R) N L(A,R) is §-weakly homogeneously Suslin. Let G C P be
generic and let

jG : L(A,R) — L(Ag,RG)

be the associated generic elementary embedding. Then jo(a) = « for all o € OR.

Clearly A is < d-universally Baire in the previous theorem, so it makes sense to
consider the natural reinterpretations Ag, Rg in the above theorem and also jg is
well-defined!. Note that Woodin has show relative to large cardinals that there is
a semiproper forcing extension V[G] of V such that

je : L(R) — L(Rg)

is not the identity on the ordinals. So one cannot hope to generalize the above
theorem to a larger class of forcings.

Another result in this direction due to Woodin is the following theorem published in
[Wo005]. We state it with the reduced large cardinal assumption Larson obtained
in [Lar04, Theorem 3.4.17].

Theorem (Woodin with stronger hypothesis, Larson) Let T'yp denote the class of
universally Baire sets. Suppose there is a proper class of Woodin cardinals. Suppose
d is supercompact and Vsi1 is countable in V[G], G set generic over V. Let V[G][g]
be any set generic extension of V|G|. Then

1. P(R) N L(R,T,p5)V1¢ =1V

2. P(R) N L(R,T,5)"6le) = pV[CNls]
5. (L) © (T, )%, where each set in Ty is identified with its reinter-
pretation in V[G][g].

The above theorem says that the theory of L(R,T',p) is sealed with respect to
set forcing and hence generalizes the ¥2 absoluteness for L(R).
All the above theorems are shown with modern set theoretic methods. Station-
ary tower forcing is one way to show X2 absoluteness for L(R) and is also used to
show the above theorem. The second way to show ©2 absoluteness for L(R) is the
extender algebra; also the Embedding Theorem is shown using the extender alge-
bra. Besides stationary tower forcing and the extender algebra there is yet another
method to show 2 absoluteness for L(R): Todoréevié¢ imitated the stationary tower
proof by Levy collapsing measurable Woodin cardinals to ws. In such a Levy col-
lapse a wo-saturated ideal on wq exists and one can force with this ideal. A detailed
proof of 32 absoluteness for L(R) hay been published by Farah in [Far07].
In the literature there are other variants and extensions of X2 absoluteness for L(R).
For example one can enrich the language and add predicates for universally Baire
sets of reals; see [FL0O6] and [FKLMO8] for such a result and other extensions of ¥2
absoluteness.

f T is a §-weakly homogeneously Suslin tree such that A = p[T], then the associated generic
embedding jg is uniquely determined by the following three clauses: (1) jg(A) = Ag =
p[T]V19), (2) Rg = RVIC and (3) L(Ag,Rg) = {jc(f)(a); a €Rg, f: R — L(A,R) and f €
L(A,R)}
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5.2 The Extender Algebra

In this chapter the extender algebra will be our main tool. We construct the exten-
der algebra and give a detailed proof of X2 absoluteness for L(R).

It is well known that given a real © C w and a sufficiently iterable structure M (i.e.
a (coarse) premice) that contains a Woodin cardinal one can make x generic over
some countable iterate of M. This technique, due to Woodin, is known as genericity
iteration. The first result we present in this chapter is a generalization of the above
technique, also due to Woodin: we explain how to make an arbitrary subset of wq
generic over an iterate of a fine structural model containing a measurable Woodin
cardinal. We believe that all basic results not otherwise attributed to someone are
due to Woodin.

We then look at & C w; that lives in a c.c.c. generic extension and also construct a
genericity iteration for . We apply this technique to show:

Theorem (Theorem 5.5.3) Suppose M%, exists. Assume CH holds. Furthermore
assume P is a c.c.c. forcing of size k such that V¥ = CH. Let G C P be V-generic.
Then

VEJACR:LRA) E¢(Azd)

if, and only if,
VIG] =34 c RVIC: LRV A) = ¢(A, 2,@).
Here z is a real parameter and & are finitely many ordinal parameters.

Note that it is not possible to substitute c.c.c. by w-closed in the statement of
the above theorem: let G C P = Col(wy,ws) be V' generic. Then the following
statement in parameters w{ and w} is true in V[G] but absurd in V:

JA c RVIE: L(RVIC] A) = A codes a surjection from w) onto wy .

So we turn to more restrictive subsets of wi: the sets A C w; that extend to a class
with unique condensation. We develop a genericity iteration for & C wy in (reason-
able) forcing extensions that extend to a class with unique condensation and use
this genericity iteration to show a weak absoluteness result.

These subsets of wy can trivialize: granted a large cardinal hypothesis and an iter-
ability hypothes, then every A that extends to a class with unique condensation is
constructible from a real, see Theorem 5.6.14.

5.2 The Extender Algebra

We begin by recalling the Lindenbaum algebra and some basic facts. Then we will
construct the extender algebra. We would like to mention the notes [Far] which
were very helpful.

Definition 5.2.1 For a cardinal  and an ordinal 3 < § let Lgs0 be the propo-
sitional logic with § many propositional variables a¢, £ < 3, allowing conjunctions
/\f < @¢ for all K < 6. In addition to the axioms and rules for finitary propositional
logic we have for all n < x < ¢ and all (¢¢; & < k) the abbreviation

\ ¢e=- N\ o,
(<K E<k

the axiom

N\ ¢ — 6y

(<K
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5 The Extender Algebra and Absoluteness

and an infinitary rule of inference for each x < §

from = ¢¢ for all £ < & infer - /\ O¢.

E<k

Every & C @ naturally defines a valuation v, for Lgso via vz(ag) = true if, and
only if, { € xz. For ¢ € Lg s let

Ay ={z CB; 2 ¢}
If T 'C Lgsyp is a theory, we set Ap ={z C 3;z=T}.

Note that « |= ¢ is absolute between transitive models of ZFC containing = and
¢; in particular collapsing é to w makes no difference.

Lemma 5.2.2 For every ¢ € Lgso the following are equivalent.
1. ko
2. Ay =P(B) in all generic extensions.
3. Ay ="P(B) in all generic extensions by Col(w, J).

Furthermore: for every theory T C Lgso and every ¢ € Lgso the following are
equivalent:

1. Tt ¢.
2. Aruiey = At in all generic extensions.

3. Aruggy = Ar in all generic extensions by Col(w, d).

Proof. We only show the first part since the characterization of T ¢ has almost
the same proof. It suffices to show 1. = 2. and 3. = 1. Let us suppose that
F ¢. Since F ¢ is upwards absolute, it holds in all generic extensions. So we need
to verify the correctness of Lg s, i.e. ¢ = x |= ¢ for all x C 5. We omit this
argument since it is an easy induction on the rank of the proof for ¢.

So let us suppose that A, = P(F) holds in all generic extensions by Col(w,d). We
assume that F ¢ fails and construct a forcing of size § that adds an x C § such
that [~ ¢. Since the forcing we are going to construct completely embeds into
ro(Col(w, d)), this will suffice.

Let P={p C Lgso; pt ¢ A Card(p) < ¢} ordered by reverse inclusion. For p € P
and ¢ € Lg 0 we claim that either p U {¢} or p U {—¢} belongs to P. Otherwise
we would have p -1 — ¢ and p - - — ¢. Hence, by elementary inference rules,
we have p - ¢, contradiction to p € P! So the set Dy, = {p e P; ¢y € pV ¢ € p}
is dense in P, and hence every generic I' C P is forced to be a complete theory
such that I t/ ¢. In V[I'] define r C § by £ € zr if, and only if, ag € I'. Then

or - 6. O
Let Bg s be the Lindenbaum algebra of Lg 50, i.e. we set
b~ iff F g
and let [¢] denote the ~-equivalence class of ¢. Let

p<y¢iff Fo—19,
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5.2 The Extender Algebra

we then set Bgs0 = ({[¢]; ¢ € Lgso}, </ ~).
For a theory T we define the quotient Lindenbaum algebra Bg 50/ as follows:

prr BTG o
and let [¢]r denote the ~p-equivalence class of ¢. Let
o <r i THo— o
then Bgs0/T = ({[¢]7: ¢ € Lgso}, <1/ ~1).

Lemma 5.2.3 For every theory T if Bgso/T has the d-chain condition, then
Bg 50/T is a complete Boolean algebra.

Proof. Bgs, is d-complete, since for any x <

Seenltel =\ deli

E<k

the same clearly holds for Bgs0/T. Let X C Bgs0/T. We have to show that XX
exists. Fix an antichain Y that is maximal with respect to the following property:
if z € X, then there is some y € Y such that y < z. By the §-chain condition, Y
has cardinality < J, hence XY exists. It is easy to verify that XY = 3 X. O

For x C 3 such that = = T define an ultrafilter I'; C Bg 5,0/T by

Ly ={[dlr; = = ¢}

Note that T, is well-defined on the ~r-equivalence classes since x = T. For a
generic I' C Bg5,0/T we also set ar = {{ < ¢; [ag]r € T'}. Then Iy, =T and it is
also not difficult to check that xr, = x for any z such that z = T.

Lemma 5.2.4 Let § be an ordinal. Assume M is a transitive model of ZFC —
Powerset + “P(8) exists” such that for some T € M the Boolean algebra Bgso/T
has the §-chain condition. Then for every x C (8 such that x =T the filter T'; C
Bgso/T is generic over M. In particular, since I'y and = are interdefinable, = is
generic over M.

Proof. Fix ¢ C 8, x = T. Assume {[¢¢]; £ < Kk} is a maximal antichain of Bg s0/T
that belongs to M. By Lemma 5.2.2 it suffices to verify x € Apyqg,) for some
¢ < k. Assume otherwise. Let G C Col(w,d) be V-generic. Note that G is also
M-generic. Let {1, ; n € w} be an enumeration of {¢¢; & < £} in order type w in
MIG] C V[G]. Since the statement “there is an x C §, = T such that x & ¢,
for all n < w” is a ¥ statement true in V[G], it is also true in M[G]. Therefore
Col(w, d) forces over M that there is an o C 3, z |= T such that z = V., ¢e.
Hence by Lemma 5.2.2 the sentence =/, ¢ is consistent with 7". This statement
is absolute and holds in M, contradicting the maximality of the antichain. O

We now define the extender algebra relative to a sequence of extenders E. For
details regarding extender sequences, premice and other concepts of inner model
theory we refer the conscientious reader to [Ste]. Though we suppress many details
we want to give the reader an intution of iteration strategies and iterability: given
a premouse M one can define an iteration game for M. Such a game exists for all
ordinals . In an iteration game of length a two players construct an iteration tree
T of length a on M = M. For each node 3 in the tree there is a model M7,
and the models at each direct <z-successor of a node 3 are obtained by forming
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5 The Extender Algebra and Absoluteness

an ultrapower of (an initial segment of) Mg with some extender. These extenders
are chosen by player I at successor stages of the game. Player IT only plays at
limit stages. It is player II’s responsibility to pick well-founded branches through
the tree at limit stages; i.e. the direct limit of the models along the branch is well-
founded. An (w, a)-iteration strategy ¥ for M is a winning strategy for player I7 in
the iteration game of length «; here we suppress many details, especially why there
is an w in (w, a)-iteration strategy. So ¥ tells us what branches to pick. We will
then choose player I’s moves to obtain an iteration. A premouse is (w, a)-iterable
if there is an (w, a)-iteration strategy.

Note that the extender algebra can also be defined for “coarse” iterable models with
Woodin cardinals, see [Far|; in this case iterability refers to the concept in [MS94].

Definition 5.2.5 Let M = (J,[E]; €, E, E ,») be a premouse such that M = § is
Woodin, let § < 6 and let ¢ < p. Then T'(E [C,ﬂ) C Lg,s,0 is the theory containing
the axioms

\/ Go < \/ ZE(<¢’§»§ < "5>)a

a<k a<

for E on the sequence E | ¢ such that crit(E) = x < A, and v(E) is a M-cardinal
such that ig({(¢¢; € < K))[A € ._7M

If 6 = ¢, we will simply write T(E B) for T(E | 6,0). We will call W;(E, ) :=
357570/T( .B) the extender algebra of E with B-many generators. If B = § = (,
then we will write W;(E) and T(E) respectively.

Note that the extender algebra of E with 3 many generators exists in M. If
and E are clear from the context, we will omit them. Also note that the extender
algebra only depends on E [ 6 and not on the whole sequence E.

For us the most interesting case is 8 = 0. The extender algebra with §-many
generators is used to make subsets of w; generic. Sometimes it is convenient to use
the extender algebra with less than § many generators; we will especially need the
case with w-many generators to make reals generic over iterates.

Another well known trick is the following: one can restrict the extender sequence
E such that only extenders with critical point > k for some k < § appear on E. It
is not difficult to see that it is possible to restrict in such a way, that the restricted
sequence still witnesses that § is Woodin. We cannot hope that the restriction of
E is a fine extender sequence in the sense of [Ste].

Note that the extender algebra has atoms: for less than § many generators this is
easy to see. In the case of é-many generators, look at the L; ;o statement ¢ :=
/\f <x ¢, where £ is a cardinal strong up to ¢ such that this strongness is witnessed

by E. Forall kK < A < & we have, using the axioms induced by extenders with

critical point k,
N 6= V(N ae).

E<K E<A E<A
SO
T(E)F ¢ )\ ac
£<A
Hence the condition [A¢_, a¢ly g is an atom, since A._y ae € [Aeo, aelpz) for
k<AL,
Let us recall some notation for iteration trees. Let 7 = {(a, <7) be an iteration

tree of length « in the sense of [Ste], then ./\/lg denotes the Sth model of this tree.
The set [3,7]7 is the branch through 7 from 3 to v. If v is a 7-successor of [,
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then there is an iteration map jg’,y : Mg — /\/q If an extender was picked to

continue the iteration at stage 3, then we denote this extender by Eg Any notions
left undefined are to be found in [Ste].

5.3 The Genericity Iteration

Theorem 5.3.1 (Woodin and Steel independently) Let 9t = <JP[E]; €, E, E,)
be a sound premouse that is active and has a (w,w; + 1)-iteration strategy ¥ such
that E witnesses the measurability and Woodiness of § in M. Let Wy := Wg(E, J)
denote the extender algebra ofE with § many generators. Let x C wy. Then there
is an iteration tree T on M of height wi + 1 such that iOT,wl 9N — M2 such that
 is id ,,, (Ws)-generic over M7 .

Note that if z C w; i.e. the situation when the extender algebra is only con-
structed with w-many generators, then the measurability of § is not required, see
[Ste, 7.14]. The proof we are about to give mainly follows the proof of [Ste, 7.14];
the notes [Far] were also very helpful.

Proof. The extender algebra Wj is built using extenders witnessing that ¢ is Woodin;
we will make use of this fact in the following claim:

Claim 1. W is d-c.c. in 9.

Proof of Claim 1. Working in 9t we pick a set A = {[QSE]T(E) ; € < 0} We have to
show that A is not an antichain. Let k < § be (¢¢; & < 6)-reflecting and let this fact
be witnessed by E. Let v be a cardinal such that (pe;€ <k +1) € T and let F
on E witness the reflection of # at this v. Let E be the trivial completion of F'[v.
Then

ie(\/ ¢)1(k+1) =\ o

<k (<K

Hence

T(E)F \/ ¢ = \/ o

<k <k

and hence also

T(E) - én — \/ ¢

E<k

Reformulating this fact gives [¢]z) < [Vec, @elpz)- So A is not an antichain.
O(Claim 1)

By Lemma 5.2.3 W is a complete Boolean algebra. In general an arbitrary y C )

will not satisfy T'(E). We will produce a normal iteration tree 7 of height wy + 1
such that for ig , : 9 — MZ

i, (0) =wy and z = ig , (T(E)),
for a fixed  C wq. If we achieve this, then by Lemma 5.2.4 the set « will be j(Wjs)-
generic over M7 .

There is a normal measure U on ¢ such that U’s trivial completion appears on E.
Let us assume that U’s index is minimal; i.e. the trivial completion of U is E,,
where (o is minimal among all ordinals ¢’ such E;: is the trivial completion of a
normal measure on §.

Let iy : 9 — 9 ~ Ult(IM, U) and let F denote the extender sequence of M. The
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—

model 9 can see a part of iy (T(F)): the coherence of 9M’s fine extender sequence
implies . .
F 16 =ETC.

So if F, is an extender on E with a < ¢o and crit(E) = &, then E, = F,; hence
every axiom of the form

V ba =\ ie((¢6:€ < K))a,

a<k a<A

with ig, ((¢pe;§ < K))TA € j}f(fi];m) is in 9. We introduce a notation for this slightly

“longer” theory: set T(E)* = T(E | (o, Co)-
We now recursively construct the iteration tree 7 for a fixed x C w;. Before giving
more details we outline our plan: we will show that for club many v < w; we have

zNig . (0) Eig (T(E)).

We call such a v a baby closure point. At a baby closure point v we would like to
use the trivial completion of igjv(U ) to continue the iteration, but we need to ensure
that the resulting iteration is normal. For this we define: ~ is a closure point, if
there is no extender with index < ig:w (Co) that induces an axiom not satisfied by
N iOT,'v (Co), or equivalently:

Nig(Go) F i, (T(E)*).

Clearly every closure point is a baby closure point. Moreover we will show in the
end that there are also club many closure points. Note that this is not trivial: using
the agreement of models in an iteration tree, it is not difficult to see that limits of
closure points are baby closure points, but in general such limits are not closure
points.

We now give more details how to iterate away the least extender which induces an
axiom not satisfied by . Set MZ = 9 and suppose 7 on M has been constructed
up to some countable stage 3; furthermore suppose that D7 = (), i.e. the tree has
not dropped. If 3 is a limit ordinal we use the strategy X to continue the iteration.
If 3 is a successor there are two cases: if 3 is a closure point, then we continue the
construction of 7* by picking (the trivial completion of) the least normal measure
witnessing that iaﬁ(d) is measurable.

The second case is: 3 is not a closure point. Let E' be on the Mg-sequence such
that E induces an axiom of i075(T(E)*) not satisfied by x, and such that 1h(E)
is minimal among all extenders on the Mg sequence with this property. We set
ET = FE and use E according to the rules for w-maximal iteration trees to extend
7T one more step. Note that 1h(F) < ioT,,@(CO) in this case.

The following is easily verified: if an extender F an axiom ¢ false of x, then ig(¢) is
true of x, where ig is the ultrapower formed with F. In this sense we iterate away
false axioms.

We check that all moves are valid in the iteration game. For this we must check
that v < 8 = In(E7) < lh(Eg) to see that E is a valid move of player I in the
iteration game. There are four cases:

(1) Ify and 8 are closure points, then Ih(E7 ) = 1h(ig (U)) = iOTﬁ(CO) < iOTﬂ(Co) =
Ih(if 5(U)) = Ih(E}).

(2) If B is a closure point, then an easy induction, using the definition of closure
point, yields that lh(EﬂT) = iOTﬁ((O) is an upper bound for the length of all
extenders used at stages < [ (note that (1) is a special case of (2)).
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(3) Now suppose neither v nor 3 is a closure point. Suppose the implication does
not hold for v < 3. The agreement of models in an w-maximal iteration tree
implies that Ej3 is on the sequence of Mg We show that Z/(Eg) is a cardinal
of Mg: I/(Eg) is a cardinal of Mz and any cardinal < I/(Eg) of Mg is a
cardinal of Mg By our assumption I/(Eg) < lh(Eg) < lh(E3) and there
are no cardinals in the open interval ]V(E,YT), lh(EWT)[, SO Z/(Eg) < V(E?;) isa
cardinal in Mg So clearly the false axiom induced by Eg is also induced in
MZ . But this contradicts our choice of ET, since Ih(ET ) was not minimal.

(4) Now suppose 7 is a closure point and at stage 5 > v we used the extender Eg
to iterate away a false axiom. Like in (3) we suppose towards a contradiction
lh(Eg) < lh(E,?). Then the argument for (3) yields that Eg is in /\/13, so in
fact lh(Eg) < lh(Eg ). Moreover Eg also induces in MZY_ an axiom false of x,
but then + is not a closure point! Contradiction.

We must check that [0, 3+ 1]7 does not drop; that is EBT measures all subsets of its
critical point x in the model M;[ to which it is applied. In the closure point case
this is clear. In the other case this is true because x < V(E,WT% Z/(E,z') is a cardinal
of ./\/lg7 and ./\/Ig agrees with ./\/lg below I/(E,z—) This finishes the successor step of
the construction in both cases.
Set M* = MZ and let b = [0,w;]7 denote the branch that yields M*. We now
show that b contains w; many closure points.
So suppose not and aim for a contradiction, say the closure points are bounded
by some (. Let H, be large enough such that z,7,9,%,¢ € H, and pick some
countable, elementary

m:H — Hp,

such that H is transitive and ¢ < v := crit(7) = wf’ and all the objects mentioned
are in the range of w. Let m(7) = 7 and set y = crit(m) = w{’. Set 6* = ij_(0)
and (" = iOTW (Co)- Like in the proof that the comparison process terminates we get
the following claim.
Claim 2. We have

MZT MT
‘/:y Y — ‘/’y Y
and . .
M T M
Vs " =150 vy

O
Let 841 € b be the 7-successor of . Because the critical points of the extenders
used along b are increasing, we have crit(Eg) = crit(iZ , ) = . Also we have an

K ’Y7w1)
ax101m
V de = inr(\/ ée) 1A

£<y £<y

of iOTﬂ(T(E')*) induced by EﬁT that does not hold for N ¢*. The falsity of this
axiom means that the right hand side is true of z N {*, but the left hand side is not.
But now VE <y Peis essentially a subset of 7, and therefore, by the agreement of the

models of the iteration, contained as an element in /\/l?; Recall that A < V(Eg);
since generators are not moved on 7

ipr(\/ de)IA=14],,(\/ o) IA=m(\/ ¢¢) I\

<y <y E<y

Now v < ¢* and 2 N (* P~ \/5<7¢§ implies that = N~ £ \/5<7¢§. Since x Ny € H
and 7(x Ny) = x, we have z = m(V,_, ¢¢). This contradicts the fact that z N ¢*
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5 The Extender Algebra and Absoluteness

satisfies the initial segment iE;’(V§<7 ¢¢) [ A of this disjunction. In other words
is a closure point: contradiction!

So b contains uncountably many closure points (in fact club many, but we have
no use for this fact here), hence the least normal measure on § witnessing the
measurability of ¢ (resp. its image) was used wi-many times. For a closure point +,
note that z N ig:v ) E zgv(T(E)), sox = igjv (T(E)). Also note that the existence

of unboundedly many closure points in b implies Z'OTVUJ (0) = w1. We need to show
zE i()T,wl (T(E)), i.e. wy is a baby closure point. For this fix some ¢ € 08, (T(E)).
Clearly there is some 1 and some closure point v € b such that iZ  (¢) = 1. But

VWi

since 1 € iOTW (T(E)), it is basically a bounded subset of iOTﬂ((S) = c1rit(i§wl)7 hence

¢ = 1. Since x Mg (8) = ¢ clearly z |= 1. O

We will call an iteration as above a genericity iteration. In the following we
will refine the concept of genericity iteration. Note that the argument above for
z =il (T(E)) also yields that limits of closure points are baby closure points and
moreover that the baby closure points are club in w;.

5.3.1 First applications of genericity iterations

We use genericity iterations to present Corollary 5.3.4, an absoluteness argument
due to Steel and Woodin independently; this is not the most general result though,
but the proof is quite easy to grasp. We will refine the argument later to add more
parameters and to obtain ¥3 absoluteness, see Theorem 5.4.1.

Definition 5.3.2 Let # C OR and let E be a fine extender sequence over x. We
let M§, (z) = (Js(2)F; €, 2, E | 3, Eg) denote the minimal sound z-premouse that
satisfies the following properties:

1. M§, (z) is active, i.e. Eg# 0, and crit(Eg) > 6,
2. M} (z) has a (w,w; + 1)-iteration strategy ¥,

3. E witnesses the measurability and Woodiness of §.

Note that we demand that the witnesses for the measurability and Woodiness
of § are on E. We can describe the top measure of MY : we do not prove the
following fact, it follows from the minimality of ME, . If M! (z) = <Jg(l‘)é S
,a:,ﬁ I B, Eg), then on E | B there is no extender witnessing the measurability
of M}, (z)’s measurable Woodin; Fj is in fact the only extender so that Ej is
the trivial completion of a normal measure on §. Furthermore, since we have the
indexing of [Ste], 8 = §HHUR(MLL(2).B5) . Without a proof we state the following

fact that we will make use of without further notice:
Remark 5.3.3 If M}, := Mg (0) exists, then ME  (z) exists for every z C w.

The key ingredients to show the above are the following: first one observes that
even without the least Woodin cardinal n of M, there are measure one many
Woodins in M, , say the thinned out sequence of extenders with critical point > 7
is called F. Then one performs a genericity iteration to make = generic over some
iterate of Mg, for W, where W, is constructed with w-many generators. So in
the generic extension containing z (the image of) F witnesses that there is still an
iterable system of extenders.

We remark that the current inner model theory does not tell us under what circum-
stances MY, exists.
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5.3 The Genericity Iteration

For the next theorem we introduce a quantifier Q. The interpretation of Q is as
follows: if ¢ is a statement in the language of set theory with one free variable,
then QX ¢(X) if, and only if, there is some X C w; such that X is unbounded in
w1 and ¢(X) holds. This quantifier ensures that the next theorem is more than
Shoenfield’s Absoluteness Theorem.

Corollary 5.3.4 (Woodin and Steel independently) Suppose ME, exists and is
(w,w + 2)-iterable. Let ¢ be a statement in the language of set theory with one free
variable. There is a statement ¢* such that

QX : L[X] |= ¢(X)

if, and only if,
M | 0"

Proof. Let & be the measurable Woodin cardinal of Mf,,. We will define ¢* in a
moment. Suppose L[X]| E ¢#(X) for some unbounded X C wj. If necessary we
modify ¢ and X a little so that L[X] = w; = w}. By Theorem 5.3.1 there is
an elementary map j : M¥f,, — 9% such that j(§) = w; and X is generic over
M*. Then M* has a top measure U and the critical point of this top measure is
j(0) = wq. Let h: 990 = Ult(M*, U) and note that the extender U must be applied
to 9* by the rules of the iteration game. Since Vf{‘** = szt*, we have that X is
also generic over 9U**. Because h(wi) is still measurable in 9**[X], we have that
h(wy) is an X-indiscernible. So

L) [X] = o(X).

In 90t*, the existence of an X, such that X is generic for the extender-algebra W,
and Ly, )[X] F ¢(X) in the ultrapower with U is a first order statement in the
paramters w; and U, call it ¢*(w1,U). By elementarity ¢*(6,U) holds in ME
where U is ME,,’s top-measure.

For the other direction pick some G C W;, G € V that is generic over M, such

] 1
that for some Y C w{VImW[G] unbounded in w{me[G], Y € M{,,[G] and Y is a witness

for ¢*, say p € G is a condition that forces Y is a witness for ¢*. Then we iterate
M? , linearly wi-many times using only its top measure on §. We need to apply
the technique we call “piecing together end-extending generics” from the proof of
Theorem 5.4.1; since we give a very detailed and far more general version of this
technique there, we omit the details of this construction and just sum up the result.
Set Gog = G. For each countable iterate 2; of M}LW, 1 < w1, obtained by linearly
iterating, we have a generic G; C jo;(Ws), where jo; : ME . — 9N, is the iteration
map. For i < j the generics G;, G; end-extend each other, i.e.: G; C G;. Then
Go, = U{G;; i < w1} is generic over M,,,. We have p € G,,,, so Y, has the desired
properties, where Y, is calculated from G, in the same way as Y was calculated
from G. O

We then have the following obvious corollary which looks like a bounded forcing
axiom, except that it lacks interesting parameters.

Corollary 5.3.5 Suppose ME,,, exists and furthermore suppose that the (w,w; +1)-

iterability of ME,,, is preserved in all generic extensions. Then for every forcing P
and every Aqg statement ¢ with one free variable

HY = QX¢(X) = H., = QX¢(X).
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5 The Extender Algebra and Absoluteness

The above corollary is suboptimal. With different methods one can show far
more than the above corollary using a weaker large cardinal hypothesis: in [FLO6,
Theorem 5.2], assuming the existence of two Woodin cardinals but not the existence
of M}, a similar absoluteness result is shown using a more expressive language as
in the corollary above. The language in [FL06, Theorem 5.2] in addition contains
a predicate for NS, and predicates for all universally Baire sets of reals, as well as

constants for every member of H,,,.

5.3.2 Adding parameters

We now explore what parameters one can reasonably hope to add to the statement
of the above corollaries. The arguments to follow are blueprints which can be
applied for example to add parameters to the statement of Theorem 5.4.1. Let us
first consider a real z: if we demand that MY, exists then we have remarked that
M}, () exists.

Corollary 5.3.6 Suppose M (z) exists. Let z be a real and suppose that in all
generic extensions ME (2) is (w,w; + 1)-iterable. Then for every forcing P and
every Ao statement ¢ with two free variables

HY = QX¢(X,2) = H., = QX¢(X, 2).
O

We now study parameters for which forcing names exist in some generic extension
of M%  (z). We need some notation first.

Definition 5.3.7 For S C w; let code(S) = {x € WO; ||z]| € S}. Aset ACRis
closed under ordertypes if x € ANWO and ||z|| = ||y|| for some y implies y € A.
Let A C R, we then set decode(4) = {a < wy1; Iz € ANWO : ||z|| = a}. Let
M be a (w,w; + 1)-iterable premouse that contains a Woodin cardinal ¢ and let
A C R. We say a term for a set of reals 7 € M9 captures A if for all iterations
w9 — M* and all g C 7(Col(w,d)) generic over M*

m(T)y = AN .

We will say that S C wy is captured by T over I if for all iterations 7 : M — M*
such that 7(d) = wy and for all ¢ C 7(Col(w, d)) generic over M*

(1) NWO = code(S) N M*[g].
Note that equivalently we could say
decode(n(7)9) = S Nw™ 1

in the last part of the definitions above. Moreover note that in the presence of large
cardinals lots of definable sets can be captured.

Lemma 5.3.8 Let M = (Jg[E]; €, E, Eg) be a sound premouse that is active and

has a (w,wy + 1)-iteration strategy ¥ such that E witnesses the measurability and
Woodiness of §. Furthermore assume that S C w1 is captured by T over IMM. Let ¢
be a statement in the language of set theory with two free variables, then

X Cw : LIX, S] = 6(X, )
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5.3 The Genericity Iteration

if, and only if,
Ipe W pIF 3X C 6 : L[X,decode(T)] = ¢(X, decode(r)),
where K s the critical point of the top measure of M.

Proof. The proof is similar to the proof of 5.3.4. First assume L[X,S] E ¢(X,S)
for some X C wj. Then produce a genericity iteration w : 9t — 9 such that
7(8) = wy and X is 7(Wj)-generic over M*. So 7(7)X NWO = code(S) N M*[X]
by our hypothesis. So S € 9t*[X]. Then by (X, S)-indiscernibility of 7 (k)

L[X’ S]w(n) ): ¢(X’ S),

where « is the critical point of the top measure of 9. It remains to appeal to the
elementarity of .

The presence of 7 does change the proof of the other direction. We need to piece
together end-extending local generic objects for the other direction. Since a more
complex argument of this type is given in the proof for 5.4.1, we omit it here. [

Unfortunately there are serious restrictions on the complexity of a parameters S
such that code(S) is captured. Recall that a (k, A)-extender E = {E,; a € [\]<¥}
with critical point x on the sequence of a premouse M is complete, if E, measures
P(k!l*)™ for a € [\|<“. If E is complete, then we can linearly iterate 9t using only
E and its images without dropping to an initial segment of 9.

Lemma 5.3.9 Let S C wy be such that code(S) is captured by some T over some
countable sound premouse M that is active and (w,w; + 1)-iterable. Furthermore

suppose that the M-extender sequence contains a complete measure on a regular
IM-cardinal. Then

1. there is a Al-set A such that S = decode(A);

2. if furthermore sharps for all reals exist, then either S or wy \ S contains a
club.

Proof. We show how to calculate A C WO with the desired properties. For this let
us fix a a cardinal § € 91 such that there is a complete measure U on §. Let x € WO,
say ||z|| = a. Pick a countable linear iteration 7 : 9t — 2* that is obtained using
only U and its images such that 7(6) > «. In V pick a g C Col(w,w(d)) generic
over M*. If © € M*[g] then by the choice of T

ren(r)! < aeb.
So we define A such that x € A if and only if

VaVglpo(m, U, M) A () > ||z|| A p1(m,9,d) —
Jy e WO NIM™ : [Jy|| = [|z|| Ay € m(7)7],

here ¢o(m, U, 9M) expresses that 7 is a linear iteration of 9 using only U and its
images and ¢4 (m, g, ) expresses that ¢ is Col(w,7(d)) generic over the last model
of the iteration m and M* denotes 7’s last model.

We can also calculate A in the following fashion: x € A if and only if

FrAg[do(m, U, M) A7(8) > [[z][ A ¢, g, )N
(Fy e WO NI : [Jyl| = [lz|| Ay € m(7))].

(0]



5 The Extender Algebra and Absoluteness

By choosing a nice coding we see that the first formula defining A is 113(z) where 2
is a real coding (9,8, U) and the second is ¥3(z). Hence A is Al(z2).

This clearly implies that S is constructible from the real z. If z* exists, then there
is either a z-indiscernible in S or in w; \ S, hence there are either club many z-
indiscernibles in S or in wy \ S. O

This shows that we cannot hope to capture (a code for) a stationary and costa-
tionary set if we have sharps for reals. Also we can not capture a ladder system
for wq, since such a system would allow to partition w; into wi-many stationary
sets (a ladder system is in fact the amount of choice one needs to calculate such a
partition).

5.4 Y7 absoluteness

We now work a little harder to obtain X2 absoluteness which was first shown by
Woodin. Our proof differs substantially from Woodin’s original proof and uses
genericity iterations instead of the stationary tower. The proof we are going to
present is due to Steel and Woodin independently.

Theorem 5.4.1 (Woodin) Suppose Mt exists and is (w,w; +1)-iterable in all set
forcing extensions. Assume CH holds. Let P be a notion of forcing and let G C P
be V -generic. Let z be a real in V. If in V[G]

3A c RVICILRVIC), A) k= ¢(4, 2),

then in'V
JACRVL(RY,A) = 6(4A, 2).

Furthermore if CH holds in VT, then the converse is true.

Before we give proof, we want to state three Lemmata. The first one is part of
the folklore; for a more general result see (for example) [Kan03, 10.10].

Lemma 5.4.2 Let P and Q be notions of forcings in V' such that in VP forallqg € Q
a Q-generic containing q exists. Then a Q name R exists such that V&*E = VP O

The above Lemma is shown using Boolean algebras. If P and Q are Boolean
algebras, then the conclusion of the above Lemma reads: Q is a regular subalgebra
of P.

The second lemma is also part of the folklore; we do not explicitly state it for
fine-structural models since it clearly also holds in the coarse case.

Lemma 5.4.3 Let P be a complete Boolean algebra that satisfies the §-c.c. and let
j:V — M be an elementary embedding with critical point §. Then j“P is a regular
subalgebra of j(P).

Furthermore if § is WQoodin as witnessed by the extender-sequence E, w< <6
and P = W5 = Ws(B, E), then the embedding

[Blr ) = 12l
witnesses that Wy is a reqular subalgebra of j(Wy).

Proof. Let A be a maximal antichain of P. Then Card(A4) < 4§, so j(A) =j"Ais a
maximal antichain of j(IP). Hence j“P is a regular subalgebra of j(P).
For the second part let A = {[¢i]p ;4 < £}, £ < 0 be a maximal antichain of

76



5.4 %% absoluteness

W;s. Notice \/,_,. ¢; € Vs. Hence by maximality T(E) + Vi<, ¢i- By elementarity
JT(E) Ve, bi- N

The third lemma discusses the relationship of the extender algebra with w-many
generators and small forcing. It is a slight generalization of the genericity iteration
to make a real generic.

Lemma 5.4.4 (Woodin) Let M = <JP[E]; €,E,Ep> be a sound premouse that is
active and has a (w,w +1)-iteration strategy 3 such that E witnesses the Woodiness
of 6 in M. Let P € V™ k < &, be a notion of forcing. Let F denote the complete

extenders ofﬁ with critical point > Kk and index < 8. Let x C w. Then the following
hold:

1. If g C P is generic over M and o < & such that Fo # 0, then there is a
qomplete extender F,, € M[g] such that F, NI = F,,. We will say F, induces
F,.

2. For g C P is generic over M, let Wi := W} (ﬁ, w) denote the extender algebra
with w many generators calculated from the set of induced extenders {]3'0, <
0} in M[g] and let W(g denote a name for that forcing. If g C P is generic
over M, then there is an iteration tree T on M of some height o +1 < wy
such that:

a) if E is the extender we apply at stage 3 of the construction of T, then
E is on the sequence iOTﬁ(ﬁ);

b) crit(id o) > k;

¢) if g C P is generic over MM, then g is generic over M
is generic for i ,(W§)9 over MZ][g].

T

[

and moreover x

3. Moreover there is an iteration tree T on 9 of some height o +1 < wy such
that for all g C P generic over M the real x is generic for iaa(Wf)g over

M7 [g].

We will give the key ideas for this Lemma only. For 1. one needs to run the
argument that shows that the measurability of some cardinal is preserved under
small forcing. Note that 2. of the above lemma is identical to [Ste, 7.16] and 3.
has almost the same proof: one performs a genericity iteration for x using only the
extenders from F and their images. We hint how to pick extenders to obtain a tree
like in 3. At stage [ of the tree construction do the following: if there is a condition
p € P and an extender E € iaﬁ(ﬁ ) such that p forces that E induces an axiom false
of x, then pick the minimal such E to continue the construction of 7. The rest
runs similar to the proof of [Ste, 7.14]. It is routine to check that the extenders on
F witness that d is Woodin and that the extenders induced from F continue to do
so in MP. So Wy is well-defined and é-c.c. We shall give no more details.

We now prove 5.4.1.

Proof. We fix G C P generic over V and some A € P(R)VI such that
W(A) = LRV A) | 6(4, 2),

where z € RY. We force CH over V|[G] using Col(wy,2%)"[¢] and call the resulting
extension W. For a while we will work in W. We code A and RV by a set B C w;.
Clearly there is a formula ¢’ such that L[B] = v¢'(B) if, and only if, ¥(A) holds.
By our hypothesis, we have that 9 := M (z) has a (w,w; + 1)-iteration strategy
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Y in W, so by Corollary 5.3.4 there is an iteration j : 9t — 9* such that B is
generic over M for the extender algebra. Let § denote 91’s measurable Woodin and
let W5 be the extender algebra calculated in 9 relative to 9’s extender sequence
E. Hence by elementarity of j there is a condition p € Wy, say p = [gb]T( B such
that

pllon 6 = w1 A3B: L[B] = ¢/ (B),

where £ is the critical point of 9’s top extender.
Our plan is as follows: we will construct in V' an iteration tree 7 of length wy + 1
and I' generic over the last model 9t* of 7 such that p € I', RV C 9*[I'] and p is
not moved by jéf w,- The tree 7 will be constructed in w; many rounds; for each
round ¢ there is an ordinal «;, and in round ¢ we will construct the map
jZC"i7ai+1 : MZ’L - MZ;H»I'

Before we can go into details we need to care for a minor technical thing. Recall that
the members of Wy are of the form [¢]T( B alternatively we could have constructed
Ws using the < Mnnqw—least formula in an equivalence class. So for the rest of the
proof we assume without loss of generality that W contains formulae and so the
maps of the form

iz ey = iz, @)
are the identity on formulae. This identification eases the reasoning considerably,
since L; 5,0 formulae are not moved by maps with critical point 6. One consequence
we will need later is that nice names for reals are not moved by such maps; another
consequence of this and Lemma 5.4.3 is the following: if j : 9% — 9 has critical
point §, then W5 = j“W; is a regular subalgebra of j(Wjs).
For book-keeping pick an enumeration {z;; 0 < ¢ < w; is not a limit ordinal} of
the reals in V. We call what follows piecing together end extending generics. We
now construct in V an iteration tree 7 of length w; + 1, a sequence of ordinals
(31 <wy + 1) and a sequence of generics (I';;4 < wy + 1) such that

1. {(@;;1 < wq) is a normal sequence, i.e. {a;; i < wi} is closed unbounded in wy
and ay,, = wi,

2. P € FO)

3. p is not moved by joTMl,

4. crit(jgiwl) = j&ai (6),

5. [ C jda,(Ws) is generic over MZ [T;] for j < i,

6. if i > 0 is not a limit ordinal, then z; € MZ [I';] and

=~

ifi< 7, then I'; C Fj.

Let U denote (the trivial completion of) the least normal measure on § that is on
E. Set MZ = 9 and set ag = 0. In V we can pick I'g such that p € I'g. This
finishes the construction of ag and I'g.

At all stages «; of the iteration we use the trivial completion of ig,ai (U) to continue
the iteration. At limit stages A < w; we set ay = sup{a;; ¢ < A\} and we use the
iteration strategy > to continue the iteration. We set

Dy = J{Ti5 i <A} C o, (Ws).

All antichains of the extender algebra are small and crit(jZ, ) = jd o, (0) for i < A,

so we have that I'y is generic over MZA.
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We now discuss the successor case. Fix ¢ < w; and let v = «;. We continue the
iteration by picking jg: 7(U ) as the next extender. At stage v+ 1 let 77, be the least
Woodin cardinal in M%VH in the open interval ]jOTW (5)7]‘07’7“(5)[. Let F' consist of
the extenders on M{H’s extender sequence with critical point > jOT’ ,(0) and index
< 1y that witness that 7, is Woodin. As in Lemma 5.4.4 we define from F an
extender algebra WWF] € M?_H[FW] with w-many generators. We now apply 2. of
Lemma 5.4.4: we continue the iteration tree 7 by performing a genericity iteration
to make x; 41 generic for i$+17ﬁ(W7%) over Mg[l"v], where Mg is some iterate of
MZ, |, such that crit(iVTH”@) > jd,(6).

A model of the form Mg[]f‘v] is well-defined since I'y is small forcing over Mzﬂ
and crit(jWTH’B) > j({,y((S) by Lemma 5.4.4. Also the genericity iteration to make
x;41 generic over a small forcing extension of an iterate terminates after countably
many steps. Note that we never apply extenders to models with index < v+ 1
(every extender used in the construction of W;j, i.e. every extender on F , has
critical point > jgﬁ/(é); since v(E¢) < jg:,y(cY) for all ¢ < v we see that the extenders
are never applied to models with index < v+ 1). So we have that x;,1 is generic
over M%’[Fﬂ,]. We now want to apply Lemma 5.4.2 to find I'g. Let D denote
the collection of all dense sets of jvT_Hﬂ(WnF]) computed in Mg[l"v]. Recall that

p Ik wy =&, hence we have for all ¢ € j;_lﬂ(WyI,;”)

jgoﬂ(p) |-M5 (] dg C j,YT_H’ﬁ(WnFJ)[q € g A g meets every d € D].

So by Lemma 5.4.3 and Lemma 5.4.2 we find a generic filter I'g extending I',, such
that x;41 € Mg[rg]. This finishes the construction of 7 and (I';;i < wy).

Let b = [0,w1]7 be the uncountable branch through 7. By construction, b contains
every a;; hence jf , (6) = wy.

So T :=T,, Cjd,, (Ws) is generic over MZ , and jd , (p) € I'. We have to check
RY € MZ [I']. Consider some z; € RV. By construction z; € MZ [I';], so there is
a nice name o such that z; = O‘Z»F. By the d-c.c. of Wy, o is not moved by jzé—i’wl
and since I'; = T'N Ws,, we have z; = of € MZ .

Recall that p € T" and that p was not moved by jé{ w, - By elementarity it now suffices

to iterate the top-extender of ./\/IZ:1 [T] out of the universe to obtain
VE3IA CRYLRY,A) E oA, 2).

The same method yields a proof for the converse direction: basically one changes
the roles of V[G] and V; i.e. in V[G] replace (z;;¢ < wy) by an enumeration of the
reals of V[G], run the according tree construction in V[G] O

It is possible to add parameters besides reals to the formulae above, using for
example Lemma 5.3.8. Also one can add a subset of the reals captured by a term for
example. Nevertheless the same restrictions to the complexity of such parameters
as before apply, see Lemma 5.3.9.

5.5 Subsets of w; in Forcing Extensions
The classic genericity iteration to make a fixed real generic has a generalization for
reals living in forcing extensions. It is possible to produce a long iteration such that

all interpretations of a name for a real are generic:

Theorem 5.5.1 (Woodin) Let P be a forcing of size k and suppose the sound
premouse M = (J3|E]; €, E, Eg) is active and has a (w, s + 1)-iteration strategy

79



5 The Extender Algebra and Absoluteness

Y such that E witnesses the Woodiness of 6. Let W denote the extender algebra
with w many generators relative to E. Let i € VP be a name for a real. Then there
exists an iteration j : M — IM* in 'V of length < k* such that for all G C P generic
over V' the real % is j(W)-generic over 9.

We do not give a proof of the above theorem but refer the reader to the appendix
[NZ] of [NZ01]; we will give a proof of a more general result, Lemma 5.6.16, with a
similar proof. We aim to generalize the above theorem to subsets of w;. The first
generalization is the following theorem which allows us to make subsets of w; in
c.c.c. forcing extensions generic over an iterate living in V; clearly the following
theorem also generalize Theorem 5.3.1. The second generalization is Lemma 5.6.16,
which allows us to make certain subsets of w; living in reasonable extensions generic
over an iterate in V.

Theorem 5.5.2 Let P be any c.c.c. forcing. Let A be a P-name such that
1p I+ A C wy.

Let M = (Jg[ﬁ]; € E, Eg) be a sound premouse that is active and has a (w, w1 +1)-
iteration strategy X such that E witnesses the Woodiness and measurability of 9.
Then there exists an iteration j : M — I of length wy in V such that for all
G C P generic over V the set AG is j(Ws)-generic over 9.

The proof we are about to give is very similar to the one for Theorem 5.3.1; we
will omit some details that we gave in the proof for Theorem 5.3.1.

Proof. Let U on E Dbe the extender with the least index witnessing the measurability
of §, i.e. U is (the trivial completion of) a normal complete measure on 4. Let (g
be the index of U. We construct an iteration tree 7 of length w; +1 on MZ = 9.
We will call an o < wy a P-baby closure point for A if for all p € P

plF ANjd L (0) E ji o (T(E)).

To ensure normality of the resulting iteration we need a more technical definition:
a < wi is a P-closure point for A if for all p € P and all { < jg:a(co) and FF M2’s
extender sequence

plF AN jg (o) does not contradict any axiom induced by Fr.

Clearly any P-closure point for A is a P-baby closure point for A and limits of P-
closure points for A are P-baby closure points for A.
We define the iteration as follows: in the limit case we use ¥ to continue the
iteration. In the successor case there are two subcases: if a < w; is a P-closure
point for A, then we use jd.o(U) to continue the iteration. If a is not a closure
point, then there is a least “bad” extender E on the extender sequence of MZ and
some p € P such that )

pl- AN T (o) ¢,

where ¢ is some axiom induced by E. We then use F to continue the iteration. This
finishes the construction of 7. The arguments we have given before make sure 7 is
a normal tree. Let b = [0,w:]7 and let j = jf , : 9 — MZ . We set M* = M7 .
Let us now check that there are unboundedly many (in fact club many) P-closure
points for A in b; so suppose towards a contradiction that the set of closure points
is bounded in w; say by n < wi. Pick a countable X < V) for some large enough A
such that wy N X >nand A,7,P € X. Let 7 : H — X denote the inverse of the
transitive collapse of X and let = w; N X. Then 7 [ MZ = jT,wl. Since o € b

[e3
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there is a direct 7-successor of «, say v+ 1. Then there is a p € P that forces that

T
the extender Eé\/t” on the Mg—sequence is the minimal extender that induces a bad
axiom. Let G C P be V-generic such that p € G. We show that G is generic over
X: Let D € X be an antichain of P; then ¢ € GN D for a unique g. Since D can be
enumerated in ordertype w, we have ¢ € X NG. Moreover we show: X[G]NV = X,
this follows from the following claim:

Claim 1. Let 7 € X be a P-name, let B = ro(P) and let ¢ := [[r € V]]z. Then
q € X and there is a countable set y € X such that g IF7 € 7.
Proof of Claim 1. Clearly ¢ € X by elementarity. Let

A={q¢ <q;0# ¢ =[[r =] for some z € V}.

Since PP is c.c.c. A is countable. By elementarity A € X. Since A is countable we

have y € X. O(Claim 1)

Let 7 : H — X|[G] denote the inverse of the transitive collapse of X[G]. Since
X[GINV = X, we have that H C H and # [ H = 7. Let A,G be such that
#(A,G) = A,G. So

H | A9 N3 o(8) - d3.o(T(E)).
As before we get the following claim:
Claim 2. We have

O(Claim 2)

We have now reproduced the situation in the proof of Theorem 5.3.1 and can
proceed like in that proof. Hence « is a P-closure point for A. By the argument at
the end of the proof of Theorem 5.3.1 we have that w; is a P-baby closure point for
A. This suffices to show. O

We now refine the previous argument to show more ¥2 absoluteness for the class

of c.c.c. forcings; we allow not only real parameters but also ordinals.

5.5.1 Y2 Absoluteness and c.c.c. Forcing Extensions

Theorem 5.5.3 Suppose ME, exists. Assume CH holds. Furthermore assume P
is a c.c.c. forcing such that V¥ |= CH. Let G C P be V-generic. Then

VIEIJACR: L(R,A) E ¢(A, zd)
if, and only if,
VIG] =34 c RVIC: LRI A) £ ¢(A, z,@).

Here z is a real parameter and & are finitely many ordinal parameters.
The proof will use ideas from the previous proof and from the proof of Theorem
5.4.1. It is convenient to introduce some notation: we will code two subsets of

wp into one. For this purpose we define the useful @-operation and its reverse
operations:

Definition 5.5.4 Given (maybe set-sized) classes A, B C OR we define the set
A@® B byy€ A® B if and only if

(JaeA:3Jd €elim:Inew:a=ad +nAy=ad +2n)V
(3a€B:3 €lim:Incw:a=a +nAy=a +2n+1).
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Furthermore we implicitly define operations (-)eyen and (-)odd acting on classes of
ordinals by demanding:

(A ©® B)even =A

and
(A &) B)odd = B.

The intuition in the above definition is that A is mapped to the “even” ordinals
and B to the “odd” ordinals. In the following we will make us of the following fact:
if A and B are forcing names for sets of ordinals, then we can compute a forcing
name C' such that it is forced that ¢ = A @ B. In an abuse of notation, we will
denote a name C as above by A @® B. We now show Theorem 5.5.3.

Proof. We will first give a detailed proof of the downwards direction of the abso-
luteness, i.e. we assume

LRV, BY) = 6(BY, 2,)
for some B, and we want to show
L(RY, B) k= ¢(B, z,d)

for some B € V. The converse direction of this absoluteness is a variant of what
we are going to show now; we will mention some details for the upwards direction
at the end of the proof.

We denote the measurable Woodin cardinal in 9 = M, by § and we let ¥ denote
M’s (w,w;y + 1)-iteration strategy. Let us fix a P-name B such that for all G C P
generic over V'

LRVIE B9 = ¢(BY 2,d) A B C ;.

In the following we will suppress z and work with 9 = M¥ . We will construe 9t
and its iterates as class sized models if convenient (i.e. we will confuse 9t with the
class sized model one obtains when iterating 9U’s top measure out of the universe);
we will need this fact to allow for arbitrarily large ordinal parameters at the end of
this proof.

Set A = B@® R for some name R such that

1p I+ RC w1 N R codes a well-ordering of R.
Our aim is to produce an iteration tree 7 € V, p and I € V such that
e 7 on MZ =M is of length w; + 1,

e for all G C P generic over V the set AS is generic for j&wl (W5) over MZ

wi?

p € jd ., (Ws) is such that

p I- L(]R; (F)even) |: ¢((F)even7 0_2)7

where I is the canonical name for a jd , (Ws)-generic,

T

wi?

I C jd.,, (Ws) contains p and is generic over M

RY c MZ [T].
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For this our stratgey is as follows: like in the proof for Theorem 5.4.1 we have
to piece together end-extending generics. Again it is helpful to assume that the
conditions of the extender algebra are not equivalence classes of formulae, but take
the form of (minimal) formulae. In the proof of 5.4.1, we knew p from the beginning,
in this proof we will have to consider all possible p; also we have ordinal parameters
present which are moved in general by iterating, so we will have to arrange that in
VT the set A is generic over M2

We will drop the superscript 7 in the rest of this proof; i.e. 7 has models M, and
maps jo. 3. We prepare a book-keeping device: let (y;;4 < wq) be an enumeration of
the reals of V and for i < w; let x; € V be such that (y;;j <) € L[z;]. Let U on
E be the extender with the least index witnessing the measurability of J, i.e. U is
(the trivial completion of) a normal complete measure on §, and let {y be the index
of U, in fact (y is the height of ME , and U is ME,’s top-measure. An ordinal « is
a P-closure point for A if for all ¢ € P and all ¢ < jo.o(¢o)

ql-An Jo,a(Co) does not contradict any axiom induced by Fg,

where F denotes M, ’s extender sequence; in this case we clearly have: for all ¢ € P
¢k AN joa(8) E jo.a(T(E)),

we will call o a P-baby closure point for A if it only satisfies this weaker property.
As before we have that a limit of P-baby closure points for A is also a P-baby closure
point for A; in general a limit of P-closure points for A is just a P-baby closure point
for A.

We now formally define the iteration tree 7 in wi-many rounds; each round i starts
at a stage o; of 7. Set My = 9. In each round «; we have 7 | (a; + 1) defined
and so M, exists. The tree 7 and the ordinals («;;4 < wy) will have the following
properties:

1. 7 € V is an iteration tree on 9 of length wy + 1,
2. the set {a;; i < wi} is a club of P-baby closure points for A.

Additionally, for ¢ < w; and p € jo o, (Ws) such that
p ”_ j0,0éi (5) - djl

we will pick a generic I'?, with p € T'Y. For this it is convenient to introduce some
objects: we will define a partial regressive function j that maps «; to the maximal
a; < oy such that the generic Fé-) can be extended to a generic I'V. We now define
7 formally: for v < wy we inductively define

J(7) =175 a5 € [0,7[7Acrit(Ga, 4) = Jo,a;(0)},

So if j € J(7v) we have jq, » [ jo,a, (0) = id. It is not difficult to check that J(v) is
a closed set if v is not a limit of ;. If v = a for a limit A, then J(vy) might be
unbounded in A. We set

J(v) = max(J(v)),

if max(J(y)) < 7 exists, and let j(y) be undefined else. Here we want the maximum
of the empty set to be undefined. For j < i look at the map ja, o, : Mo, — Ma,,
if it exists. If this map does not exist, then the following definition trivializes, i.e.
Pj,i = (Z) Let

Pj,i = {p € jU,DLj (W5) 3 jaj,ai rjO,aj (5) = ld /\p H_ j0,0é]‘ (5) = wl}v
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so that Pj; is empty if jo, o, [ Jo,q, () is not the identity. Let
Py = Pj(a,).i
if j(cy) is defined and empty otherwise. Finally let
P’ = {p € jo,a,(Ws); pIF joa,(8) =dn Ap & P}
The generic I' will satisfy the following conditions:
3. if pe P, U P!, then p € IV C jo.o,(Ws) and I'? is generic over M,,,

4. if j(cy) is defined and if p € P;, then I'! end-extends I'},

(Xi)’

5. if A is a limit ordinal and J(«y) is unbounded in A, then
5= J{17: € J(an)}

for all p € P,

6. if p € P; and j(oy) is defined, then the real x;(,,) is generic over M, [I‘;’(ai)]
for a forcing of cardinality < jo.q,(9),

7. if j(;) is defined and p € P, then x4,y € Ma, e,
8. each Ff is generic over all models with index v > «.

Once we state how we construct the iteration in each round, the last item above will
follow easily by the agreement of models of an iteration tree. At each limit ordinal
< w; we use X to continue the iteration tree 7. Suppose we have already constructed
the iteration with the above properties up to a stage «;, i.e. we have produced
T | (c; +1). We now describe a tree U of length w; 4+ 1 that continues 7 | (a; + 1).
After we do so, we will decide which countable § is i1, i.e. 7 [ (01 +1)=UTPS
for some countable (.

Say the construction of U has reached a countable stage § > «;. There are three
rules, (P1), (P2) and (P3) that define the iteration at a stage . These rules tell us
which extender we use; (P1) in fact gives rise to countably many rules. We use the
minimal extender E with

(P1) jo,a;(Co) < crit(E) < jo,3(0) and there is some j < ¢, some k < ¢ and some
p € P7 U P; such that in Mg[F?] the extender E induces an axiom false of
Xy, or

(P2) there is some ¢ € P such that

ql- An jo,ﬁ(g‘o) does contradict an axiom induced by E.

Here E is the induced extender in the sense of Lemma 5.4.4. We explicitly do not
fix a system of extenders and a Woodin cardinal. One can define axioms induced
by extenders independently of a Woodin cardinal. Of course later we will specify a
system. Also note that Ms[I'%] in the definition of (P1) is well-defined by condition
8. For 8 = o the rule (P1) is trivial.

If none of the above rules imply that we have to use an extender, then rule (P3)
tells us what to do:

(P3) If neither (P1) nor (P2) implies that we use an extender, use the top-measure
Jo,3(U) of Mg, i.e. the measure witnessing that jo g(d) is measurable.
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So if we use jo g(U), then especially 5 is a P-closure point for A. This fact and
the fact that we always picked the minimal extenders at all stages yield that the
extenders we used are of increasing length, i.e. the resulting iteration is normal.
We now show that in the construction of & we reach a stage where neither (P1)
nor (P2) implies that we use an extender, so that the top-measure is actually used.
Assume that this was not the case and work towards a contradiction. So in the ith
round we produce a tree U of length w; + 1 such that rule (P3) was not used at a
stage 8 > «;. This implies that (P1) was unboundedly often the reason why we had
to apply an extender, otherwise by the argument from 5.5.2 we reach a P-closure
point for A after countably many steps.

Claim 1. Stationarily often (P1) was the reason why we had to continue the
iteration.

Proof of Claim 1. If (P1) was at nonstationary many stages the reason why we had
to continue the iteration, then there is a club C' C w; of points such that (P1) was
not the reason, and hence (P2) was. Now pick an elementary substructure X < V)
for a large enough A such that v = X Nwy, € C'and 7 € X. Making use of P’s c.c.c.,
like in the proof for Theorem 5.5.2, we can now study the embedding X[G] < V4[G]
for a G C P generic over V. But then an argument like in the proof for Theorem
5.5.2 shows that ~ is a P-closure point for A. Contradiction! O(Claim 1)

By an application of Fodor’s Theorem there is a stationary S, a k and a p such
that for all § € S: some extender E induces an axiom false of zj, in the sense
of (P1). Pick an elementary substructure X < V) for a large enough X such that
a; <v=XNuw € Sand U € X. But then an argument like in the proof for
Theorem 5.3.1 shows that zj, is generic over M., [I'¥] (here one has keep in mind
that M., [T'?] is a small forcing extension of M., see Lemma 5.4.4). This contradicts
v e S!

This shows that unboundedly often during the construction of ¢ rule (P3) implied
that we had to use the top-measure at a stage 0 > «;. An easier version of this
argument shows that we reach unboundedly many stages 3, such that 3 is a P-baby
closure point for A and (P1) is not the reason why we have to use an extender at
stage (3, call such a stage extraordinary. Then we let o; 1 be the least extraordinary
stage such that we have used the top-measure at some stage v, a; <7 < ;1. We
set T [ (j41 + 1) := U [ (41 + 1). Clearly a;1 is a P-baby closure point, since
@;41 s extraordinary. We have to show how to pick the generics of the form I'? 1
such that conditions 3. through 8. are satisfied. We first show:

Claim 2. For j < i, k <i and p € P? U P; the real x, is generic over M
for a forcing of cardinality < jo a,,,(5)-

Proof of Claim 2. Let 11 < jo.a,.,(5)s 1 > Jo,a: (o) be a Woodin cardinal such that
there are extenders F on M, s extender sequence that witness that 7 is Woodin.
In the construction of U we picked ;41 as an extraordinary stage, so none of the
extenders from F induce an extender F in M, 1 [I'%] that induces an axiom false
of zx. So xy is generic over Mg, , [F?] for the extender algebra with w-many gen-

erators calculated from {F € M., [T%]; F on F}. O(Claim 2)

P
7]

Qjf1 [

This claim clearly shows more than what we demand in condition 6. Recall for
any j < wy and any p € P/ U P; we have p I+ Jo,a (8) = @y, so if Joj,cip, €Xists
and p is not moved by ja, a,,,, We have by elementarity p I+ jo,aiH(g) = wi. So
the powerset of any forcing of cardinality < jo,q,.,(0) is forced to be countable. We
recall this fact because we are about to apply Lemma 5.4.2. Now pick a p in P14
and let j = j(aiy1). Inductively we already picked I'¥. An argument like in the
proof for Theorem 5.4.1, using crit(ja,,a;1) = Jo,a,(6), Lemmata 5.4.2 and 5.4.3,
shows that we find I'}, |, an end-extension of T}, such that z; € M, ,[I'},;]. This
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choice satisfies condition 7. For p € P! we pick I'? | C jo,ais, (Ws) generic over
M1, so 4. is satisfied. Note that since ;41 is extraordinary, we will not pick
an extender with length < jo q,,,(0) when we continue the iteration at stage a1,
this shows that condition 8. holds.

For a limit A of rounds we set ay = sup{w;; ¢ < A}. It is not difficult to see, using
the agreement of models along the iteration, that ay is a P-baby closure point for A.
We now have to pick the generics of the form I'y. There are three cases. The first
case is: J(ay) is unbounded in A\. Then we pick the generics according to condition
5.: for all p € P set

Fﬁ—U{F i J € J(an)}

The second case is: j(cy) is undefined but the first case does not hold, then for p €
P we pick I C jo.a, (Ws) generic over M. The third case is: j := j(a) exists,
then inductively we picked I‘? . Recall that j < X and hence a1 < ax. The above
claim shows: in the jth round we produced an iteration such that z; was generic
over Mg, ,, for a forcing of cardinality < jo,a,,,(d). Since aj4 is extraordinary,
we used an extender with length > jo o,,, () to continue the iteration, so by the
agreement of models of 7

Mo May
]O,ozj+1 (5) JU,CXJ'+1 (6)'

This implies that x; is also generic over M, for small forcing. This shows condition
6. By the argument from the successor case we find I'}, an end-extension of FP
such that z; € M, [I'}], making 7. true.

This finishes the construction of 7 and the family (I'?);.

Let b = [0,w1]7 and let j* = jou, : M — M,,. We set M* = M,,. We have
shown that in each round we produce a countable iteration that terminates at
an extraordinary stage. For this we showed that we actually use the top-measure.
Another Skolem-hull argument of this type shows that there are unboundedly many
[ € b where we use the top-measure, so j*(§) = wy. It is easy to see that there are
club many P-baby closure points «; for A in b such that crit (o, w, ) = . Since wy
is a limit of P-baby closure points for A, we have that wy is also a P-baby closure
point for A. Hence: if G C P is V-generic, then in V[G] the set AC is generic
over M*. Let C C b denote a club of P-baby closure points 3 for A such that
crit(jgw, ) = ag = B = jo,s(0).

We now iterate the top-measure of 9t* linearly and write 991** for the resulting class
sized model; we do this to make sure @ € 9**. Note that all generics of the for T'?
are still generic over 9** and ng* = Vfﬂt“. Moreover if G C P is V-generic, then

in V[G] the set A is generic over MM**. So clearly there is a condition p € j(Ws)
such that

H_gD(I‘KJ) L(R ( )even) ': ¢(( )evena&) /\]*(5) = d)l,

where T is the canonical name for the j(Wjs)-generic. Then p € P;
countable o, € C. Set

0w, for some

I = J{T?;jo<iniecCh

We show that I' is well defined: by the choice of C, we have that C N A C J(ay)
for every limit point A = a;, of C, so J()\) is unbounded in A in this case. Then
conditions 4. and 5. imply that the generics of the form I'V, i € C, extend each
other. Using that the antichains of j*(Ws) are of cardlnahty < 7*(9), we see that
I" € V is generic over 9* and hence over 91**.

We have to check RV < 9*[[]. If y is a real in V, then y € L[z;] for all large
enough i. Let o; € C and let «; denote the least a > a; in b. We have j(a;) =4
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and so z; € Mg, [T}] by condition 7. Hence z; € 9*[T'], because a nice name for
x; is not moved by ja, ., . Since i can be arbitrary large, we have RV € 91*[T']. So
RY € I+ [T).

By the choice of p

M = LR, (Teven) = ¢((T)evens @)

This is what we needed to show for the downwards direction of the absoluteness.
For the upwards direction of the absoluteness, one runs a similar argument: we
reverse the roles of V[G] and V, still the construction takes place in V. Note for
this we have to replace the sequence (y;;7 < wi) by a sequence of names for reals.
If § € VP is a name for a real, then a genericity iteration for 7 still terminates after
countably many steps, see [NZ01, Lemma 3]. This is the key fact one additionally
needs in the converse direction. We replace B with an B € V such that L(RY, B) =
$(B, z, &) and so we replace P-(baby) closure points for A with (baby)-closure points
(for an appropriate A) in the sense of Theorem 5.3.1. We shall give no more details.
O

5.6 Sets that extend to a Class with unique
Condensation

We mentioned that we cannot hope to generalize Theorem 5.5.3 to all proper forc-
ings. One problem is that the witnesses for %% absoluteness are very general. If
we restrict the choice of witnesses, then we can generalize Theorem 5.5.3. Sets
that extend to a class with unique condensation, which we are about to define, are
well-suited witnesses as we will see in Theorem 5.6.25.

We will systematically study the sets that extend to classes with unique condensa-
tion. Besides constructing examples, we will also show that a set that extends to a
class with unique condensation, granted a large cardinal hypothesis, is constructible
from a real.

Definition 5.6.1 Let A C w; and let k > w; be a cardinal. We will say A extends
to A* with unique condensation up to k if A* C k is a set such that

1. A*ﬂwle,

2. if A > & is a sufficiently large regular cardinal, then there is a club C'(A4*, K, \)
of countable substructures X < H) such that A* € X and ANk = A*, where
7 is the inverse of the collapse of X and 7 (&, A*) = &, A*.

We will say A extends to a class A* with unique condensation if A* C OR is a class
such that

1. A*ﬂwle,

2. for all cardinals k > w; A extends to A* N k with unique condensation.

In the above definition sufficiently large means that for every x > w; as above
there is some g such that for all A > A\g the above property holds. If A extends
to a class A* with unique condensation, then w; \ A also extends to OR\ A* with
unique condensation. In Lemma 5.6.7 we will show that all A C wy that live in a
model of AD extend to a class with unique condensation. We now show that the
term “unique” is justified in the above definition.

Lemma 5.6.2 If A C w; extends to A* with unique condensation, then A* is
unique with this property.
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Proof. Suppose A* and A** are both classes to which A extends with unique con-
densation. It suffices to show that all ordinals 8 are in A* if and only if g € A**.
Fix an ordinal 8. Let x > w; be a regular cardinal > § and let X € C(A*,k,A) N
C(A**,k,\) be a countable substructure such that A* Nk, A** Nk, B € X; here
A is sufficiently large for A* and A**. Let m : M — X denote the inverse of the
collapsing map of X and let 7(A*, A** 3, k) = A* Nk, A** Nk, B, k. Then by our
hypothesis

A* = ANk = A**.
So by elementarity of m

BEA* «—= Bc A < [c A — [ A™.

We will call an A* as above a uniquely condensing extension of A.

Lemma 5.6.3 Let A, B C w;.

1. If A extends to a class A* with unique condensation, then A contains a club
ifwy € A* and A is nonstationary if w; ¢ A*.

2. If A is bounded in wy, then A extends to a class with unique condensation.

3. If A and B both extend to a class with unique condensation, then A & B
extends to a class with unique condensation, too.

4. If A extends to a class with unique condensation and A’ is obtained from A
by replacing a countable initial segment of A with another countable set, then
A’ extends to a class with unique condensation.

Proof. For 1. we will show that if w; € A*, then A contains a club; the other
implication then follows from the previous lemma and the fact that wy \ A extends
to OR\ A* with unique condensation. The following set contains a club C' := {a <
wi; 3X € C(A*,wq,0) : @« = X Nws}, for some sufficiently large 6. By the unique
condensation of A* and wy, € A*, we have that C C A.

The rest of the lemma is straightforward to verify: we list the appropriate witnesses
for each case: If A is bounded, then A* = A is a uniquely condensing extension of A.
If A and B both extend to a class with unique condensation, then there are classes
A*, B* that witness this fact; it is not difficult to see that A* & B* witnesses that
A @ B extends to a class with unique condensation. If A* is a uniquely condensing
extension of A and A’ = (A \ o) Ua for some a C a < wy, then A’ := (A*\ a)Ua
is a uniquely condensing extension of A’. O

If A* is a uniquely condensing extension of some A, then A* satisfies even better
condensation properties, as the following lemma shows:

Lemma 5.6.4 Let k > w; be a cardinal and let A extend to a class A* with
unique condensation. Let F : [Hg|<“ — Hy be such that the club Cp = {X €
[Hy]“; X is closed under F} C C(A*,k,0). Let X C Hy of cardinality < k such
that X is closed under F' and let m : M — X denote the inverse of the transitive
collapse of X. Then

A* Nk = ANk,

where w(R, A* N k) = K, A* N k.
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Proof. Let 6’ > 0 be a regular cardinal such that Hy € Hy,. Let Y be a countable
substructure of Hy, such that X, FF € Y. Then Z := X NY is a countable substruc-
ture of Hy and by elementarity of Y, Z is closed under F. So Z € C(A*,k,6). Let
o : N — Y denote the inverse of the transitive collapse of Y, so

p=0c Y(n):07 (M) - Z
is the inverse of the transitive collapse of Z. Then
p H(A*Nk)=ANp (k).
By elementarity of ¢ we have that 7w also has the above property, i.e.
7 A*Nk) = ANt (k).
O

Lemma 5.6.5 Let OR C M C N denote two transitive models of set theory such
that wM = W], If A C wy extends to a class A* with unique condensation in M
and A* is definable in N, then A also extends to a class with unique condensation
in N.

Proof. We suppose that A* did not witness that A extends to class with unique
condensation in N and work towards a contradiction. So given an uncountable
N-cardinal A > w;, there are unboundedly many 6 such that the second part of
Definition 5.6.1 fails for A and 6 in NN; i.e. the set of countable X < Hév such that
A A*N A € X and m (AN A) # Ana~1()) is stationary. On the other hand,
there is a club C(A*,0,)\) in M that witnesses that A* has unique condensation.
Say all countable structures closed under F' : [Hy|<¥ — Hy are in C(A4*,6,)) for
some F' € M.

Pick X < (H};€,H}) countable with A, A*NA\,;p € X and 771 (ANA) # AN
771()\), where 7 : (X;€, H) — X denote the inverse of the transitive collapse of
X. Since wM = w¥, we can assume without loss of generality that Y = X N H} is
closed under F. Then H is the transitive collapse of Y and 7 [ H is its uncollapsing
map. So

(rTH) M ANAN) =7 Y (ANN) #AnT '\ = An ([ H)"H(N).

We now study the tree T" of height w searching for a countable substructure Z of
HM, Z closed under F such that o71(AN\) # ANo~1()\), where o is the inverse
of the transitive collapse of Z. Then T' € M and Y witnesses that T is ill-founded
in N. By absoluteness of well-foundedness, we have a branch Z through 7', Z € M.
But since Z is closed under F', we have Z € C'(A*, 60, \), a contradiction! O

5.6.1 Constructing sets with uniquely condesing extensions

We now show that any A C w; coded by a universally Baire sets of reals extends to a
class with unique condensation. For this let us fix a recursive function {(-)*; i < w}
that maps a real y to a countable set of reals {y*; i < w}.

Lemma 5.6.6 Let A C wyi be unbounded in w1 and let B C w* be a set of reals
with the following properties:

1. B is universally Baire;

2. ify € Band {y'; i <w} C WO, then {||y!]|; i < w} = ANa for some a < wy;

89



5 The Extender Algebra and Absoluteness

3. for every B < wy there is some y € B such that {y';i < w} C WO and
{Nlyill; i < w}=ANa for some B < a < wi;

4. ify € B and {y'; i <w} C WO and z € w* is such that {z*; i < w} C WO
and {||y’||; i < w} end-extends {||2'||; i < w}, then z € B.

Then A extends to a class with unique condensation.

Proof. For every cardinal x we fix trees T, S, such that B = p[T,] and p[T,] =
w?\ p[Sk] in all forcing extensions by forcings of cardinality < x. We can now define
the uniquely condensing extension A* of A. We set a € A* if and only if

VOl 3y e plT] : {y's i <w} C WO A G € {|ly]] ;i < wh,

where £ is the least cardinal > «. Note that by the homogeneity of Col(w, «) the
above statement is decided by 1coi(w,qa)-

Claim 1. A* is definable from B and furthermore A* does not depend on the
choice of the family of trees (T, Sk)x-

Proof of Claim 1. Tt will suffice to show that the set A* does not depend on the
choice of the trees T}, S. If we can show this, then A* is definable from any class
of trees witnessing the universal Baireness of B.

We fix another pair of trees T\, SI. witnessing that B is k-universally Baire. Assume
for some o < & there is some real § € V) guch that g € p[TK] and y €
p[S’], then the tree U searching for a branch through T} and S’ is ill-founded in
Yy Collw.2): note that U is without loss of generality in V. By the absoluteness of
well-foundedness, this tree is ill-founded in V. So there is some z € V such that
z € p[T;] N p[S},]. This contradicts the fact that in V'

plTa] = w” \ p[Sk] = w*” \ p[SL]-

O(Claim 1)

We now have to show that A* Nw; = A. By the choice of B it is not difficult to
see that A C A*. So let & € A* Nwy, we have to show a € A. Let 7 € VCoUw.®) he
such that

Vel o g e [T A{y's i <w} CWOAGE (][] i < w).

Let A be regular and large enough such that ¢,7,,,S,,,R € Hy and let X < H),
be countable such that ¢,T,,,S,, € X and a < X Nw;y. Let 7 : H — X be the
inverse of the transitive collapse of X and let 7 (y,T,S) = ¢,T.,,S.,. Let g € V,
g C Col(w, a) be an arbitrary generic over H. Then 79 € p[T], so for some f with
domain w we have (79, f) € [T]. Hence back in V we have (59, U{m(f [n;n € w}) €
[T], so g9 € B. This implies that o € A.

We have to show the second item in Definition 5.6.1; the argument for this will be
similar to the argument we have just given for A* Nw; = A. So let us fix a cardinal
Kk > wp and let A be regular and large enough such that B, A* Nk, T, S, € Hy.
Pick X < Hy such that A* Nk, B € X and let 7 : H — X denote the inverse of the
transitive collapse of X. Since B € X, there are two trees 1,5 € X that witness
that B is k-universally Baire. Let 7(&, A*, T, S) = k, A*Nr, T, S. We have to show
ANk = A*. Fix a € A*. Then by elementarity there is some g € HC ) such
that 3

HCNw0) | e p[] A {35 i < w} € WO A€ {I[§]]5 i < wh.

Let g € V, g C Col(w, @) be an arbitrary H generic. Then o € {||7%]|; i < w} and

79 € p[T]. By the same reasoning as before y9 € p[T] in V. Hence 9 € B and
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a€e ANk.

Let us assume the other inclusion fails aind work towards a contradiction. Let o < &
be minimal such that o € A but o ¢ A*. Hence there is a condition p € Col(w, a)
such that

HCMNw) = p -y {y' i <w} CWOA& e {|[yf]];i<w} = yeplS].

Let p€ g € V, g C Col(w, ) generic over H. Note that HCUw:2) can calculate
ANa = A*Na. In H@) we find a real y such that {||y]|; i < w} = AN(a+1).
Since p € g, we have that y € p[S]. By the same argument as before y € p[S]
and hence y ¢ B. Hence by the properties of B there is no z € B such that
{ll¥*l]; i < w} is end-extended by {||z%||; i < w}. Hence a € A; a contradiction to

our choice of a. This finishes the proof of the lemma. O

As a consequence to the previous lemma we can show that subsets of wq living
in determinacy models extend to uniquely condensing classes.

Lemma 5.6.7 Let M be a transitive class sized model such that R ¢ M |
ZF + AD. Let A € M be a subset of wM = w}. Then A extends to a class with
unique condensation.

Proof. Let A€ M |= AD, A C wi. We aim to show that there is a universally Baire
B that satisfies the properties in the statement of the previous lemma. For this we
study the following well-known Solovay Game

1 i) T

CAD: T oy

Here player I is obliged to play some z = (z;;i < w) € WO, else I wins, and Player
1T has to respond by playing a real y = (y;;4 < w) such that y codes (in some fixed
recursive way) a countable set {y’; i € w} C WO, else I wins. Player IT wins G(A)
if {||y¥|]; i <w} = AnNa for some a > ||z]|.

We show that player I cannot have a winning strategy: let o be a strategy (not
necessarily winning) for I, then the set {o*y; y € w*} is a £1 subset of WO. Hence
by boundedness there is a countable ordinal « such that a > ||o *y|| for all y € w®.
So player IT can play a y such that {||y’|;i < w} = AN« and win against the
strategy o, hence ¢ is not winning.

By the determinacy hypothesis a winning strategy 7 for player I exists. With the
help of 7 we will define B. Set z € B if and only if

po(z) = {z';i<w}CWOA
Jy(y € WO A {||(y * 7)¥||; i < w} end-extends {||z’||; i < w}).

A straightforward calculation shows that ¢q is ©3 in a code for 7. We promise that
the next claim shows that we can also define B as follows: x € B if and only if

¢1(x) = {xi; i <w} CWOAVYy[(y e WOA |ly|| > sup{||xi|\ ji<w}) =
{ll(y * 7)'||; i < w} end-extends {[|z"||; i < w}].

Another straightforward calculation shows that ¢; is I3 in a code for 7. The
following statement is true in V' by the fact that 7 is a winning strategy for player
IT in G(A):

Yy, z[y, 2 € WO = ({||(y * 7)"||; i <w} end-extends {||(z *7)||; i < w} V
{I[(z+7)¥|; i <w} end-extends {||(y *7)||; i < w})].
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It is not difficult to see that that ¢ is a II} statement in a code for 7. Hence by
Shoenfield Absoluteness 1 holds in all forcing extensions of V.
Claim 1. If a transitive model of set theory containing 7 satisfies ¢, then

Vo : go(x) <= o¢1(x).

Proof of Claim 1. Clearly ¢1(x) implies ¢g(x). So suppose ¢g(z) and let y € WO
be such that Let y € WO be such that {||(y * 7)¥||; i < w} end-extends {||z¢||; i <
w}. Now let 2 € WO be arbitrary such that ||z|| > sup{||zf||; i < w}. Since
¥ holds, we have that {||(z x 7)||; i < w} end-extends {||(y * 7)i||;i < w} or
{l|(y*7)¥|]; i < w} end-extends {||(z *7)¥||; i < w}. In either case {||(z*7)||; i <
w} end-extends {||z*||; i < w}. O(Claim 1)

So B is (in a weak sense) provably Al hence by Lemma 1.8.2 B is universally
Baire.
We have to check that B satisfies the properties stated in the previous lemma;
for all properties not obvious this is verified by using the fact that 7 is a winning
strategy for player I. Hence by the previous lemma A extends to a class with unique
condensation. O

Note that if A C w; is in a model of AD, then A is constructible from a real; in
fact A € L[o] where o is a winning strategy for player I7 in G(A). In this sense, the
set A trivializes. Nevertheless non-trivial examples of sets with uniquely condensing
extensions exist if the universe has a uniform shape:

Example 5.6.8 Suppose sharps for all sets exist. Let V' = L*, the smallest inner
model that is closed under the f operation. Using the Gddel pairing function and
the well order < of Lf, we can uniformly code initial segments of L¥ in the following
way: if @ < 3 are limit ordinals, then the code A, for L is a subset of o and the
code Ag for L% end-extends A,, i.e. AgNa = A,. By A* we denote the class
coding L!. Set A = A,,. We claim that A* is a uniquely condensing extension of
A. For 6 > k both regular uncountable cardinals consider a countable substructure
X < L#||0 such that A, = A*Nk € X. Let m : M — X denote the transitive
collapse of M and let 7(&, A) = k, A.. By elementarity of 7

MEV =1L

and for all € M the set (%)M is embedded into (7 (x))*, hence (z#)™ = xf. Thus
M is an initial segment of L*. So, since we defined the sets of the form A, uniformly,
we have A = Az.

We need to show that A is not constructible from a real. Suppose otherwise that
A € L[z] for some real z € V = Lf. Then 2 exists and is clearly not in L[z]. But
2% € L, [A] C L[2], a contradiction!

Note that given any mouse operator J, the same construction works for L7, the
smallest inner model that is closed under J.

5.6.2 Sets with uniquely condensing extensions, precipitous ideals
and CC*

We analyse how sets with uniquely condesing extensions behave in the presence of
ideals and the combinatorial principle CC*.
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Lemma 5.6.9 Let I be a precipitous ideal on wy with the following property: if
G CP:=P(w)\ I is generic, then j(w)) = wY , where j is the generic ultrapower
induced by G. Let A be a set that extends to a class A* with unique condensation.
If j is a generic ultrapower induced by some generic G C P(w1) \ I, then

JA) =A"Nwy=AUA,

where A is the set of w1 < a < ws such that there is a club C and a canonical
function fo, such that fo(B) € A for every B8 € C, i.e. the Tilde operation applied
to A.

Proof. Fix some generic G and j as above. We first show j(A) C A* Nwa. Let
a € j(A). So there is some I-positive S € G and some canonical function f, such

that f,(8) € A for all 8 € S. The set
C:={f<wi; Bf=XNuw; for some X € C(A*,woq,0) with o, f,, € X}

is club, where 6 is sufficiently large. Since S is stationary we find some § € SNC, say
X < Hy witnesses 0 € C. Let m: M — X be the inverse of the transitive collapse
of X and let (&, A* Nwy) = a, A* Nwy. Then fo(8) = otp(X Na) =a € A and
since A extends we have that @ € A* Nwy. Applying 7 yields: a € A* Nws.

We show A* Nws C AU A. Let a € A* Nwsy, @ > wi. Fix a surjection g : w1 — «
and f :w; — wp let be the canonical function induced by g. Consider the club

C:={f<wi;f=XNuw; for some X € C(A*,ws,0) with a, g, f € X}

for some sufficiently large 6. Let 8 € C' and X < Hyp be a witnesses for this, let
m: M — X be the inverse of the transitive collapse of X and let 7(&) = «. Since
a € A* Nwse we have @ = otp(X Na) = otp(g“B) = f(B) € A. Hence C, f witness
that a € A.

Trivially AU A C j(A). This finishes the proof. O

We conjecture that the existence of a strong enough ideal on w; implies that every
set with a uniquely condensing extension is constructible from a real.
Using the combinatorial principle CC* we can show that only countably many reals
can be constructed from a set with a uniquely condensing extension.

Lemma 5.6.10 If CC* holds and A extends to a class A* with unique condensa-
tion, then L[A] only contains countably many reals.

Proof. Suppose otherwise and work towards a contradiction. Then L[A] contains
uncountably many reals and any real of L[A] is in some L,[A] for a countable
a. Let f :w; — w; be such that f(«) is the least ordinal such that the <p4-
least real a & Lo[A] is in Ly)[A]. Clearly f € L[A]. Let C = C(A*,wy,0)
for some sufficiently large 6 and suppose there is a function F : [Hyp]<“ — Hy
such that C' contains exactly the X < Hpy closed under F. Let X < Hy+ be
countable such that F,A,A* Nwy € X. Let « = X Nw; and let 7 : M — X be
the inverse of the transitive collapse of X. In general we can not compute f(«a) in
M, we apply CC* f(a) + l-many times to find a countable Y D X, Y Nw; = «,
Y < Hp+ such that otp(Y Nwa) > f(a). Let 0 : N — Y denote the inverse of the
transitive collapse of Y and note that by elementarity Y N Hy is closed under F'. Let
o(A, A* Nwy, B) = A, A*Nwy,wy. Then, since Y NHy € C, we have A* Nwy = ANJ
and 8 > f(a). Hence Lg[A] € N and we can compute f(a) in N. By F' € Y we have
that Hy € Y. In Y we find a countable Y < Hy that contains A, A* Nws, f(a) and
is closed under F, s0Y” € C. Let 7(Y’) = Y" and let p : N’ — Y’ be the inverse of
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the transitive collapse of Y’. Note that N’ € N and crit(p) < a. Then in N the set
A* Nwy witnesses that A has a countable extension that condenses uniquely up to 3.

Let p(A* Nwy, ) = A* Nwa, . Hence A* Nwy = ANB and so A* Nwy = ANA. In

N’ compute Lz[A* Nws] = Lz[A]. By elementarity f(a) € L[A], a contradiction
to the fact that 3 < . O

5.6.3 Sets with uniquely condensing extensions and
term-capturing

We have seen: if an wi-dense ideal on w; exists, then every set with a uniquely
condensing extension is constructible from a real. If V' contains w-many Woodin
cardinals and a measurable above and satisfies an iterability hypothesis, we can
also show that sets with uniquely condensing extensions are constructible from a
real. The key idea is the following: if A C w; is in a model of determinacy, then
it is constructible from a real. So we aim to show L(R) = L(R, A) = AD, this is
Theorem 5.6.14. This is of course similar to a proof of AD¥ ®) from w-many Woodin
cardinals. There are various ways to show determinacy from large cardinals. We
will use the technique of capturing sets of reals over sufficiently iterable premice. In
contrast to the rest of this chapter, we will work with coarse premice in the sense
of Martin and Steel [MS94], since we will apply [Nee95].

Definition 5.6.11 Let B C w*. Let 91 be a premouse with an iteration strategy
¥ that contains w-many Woodin cardinals (0;);e,. Let 7 be a Col(w, dp) term in
M. We say 7 captures B with respect to X if, and only if, for all countable iteration
maps i : I — IM*, i € V, obtained by using 3 and for all g C Col(w,i(dy)), g €V,

i(r)9 = Bnam*g).

Definition 5.6.12 Let A be an infinite ordinal. Let G C Col(w, < A) be 9M-generic
for some suitable 1. Then we set

R = U{Rﬂ M[G N Col(w, < a)]; o < A}

If 901 is sufficiently iterable and contains w-many Woodin cardinals, it is possible
to use M to verify parts of the theory of L(RY); for this recall the following result:

Theorem 5.6.13 ([Ste, 7.15]) Suppose that M = A is a limit of Woodin cardinals,
where X is countable in 'V, and that ¥ is an wy + 1-iteration strategy for IN. Let H
be Col(w, R)-generic over V; then in V[H] there is an iteration map i : M — M*
coming from an iteration tree all of whose proper initial segments are played by X,
and a G which is Col(w, < i(X))-generic over IM*, such that

R: =RY.

Moreover, given a g C Col(w,a) for an a < A, we can construct i, G such that
crit(i) > ot for any given o < X and G is generic over M*[g]. O

First note that [Ste, 7.15] deals with fine-structural premice, nevertheless the
proof of [Ste, 7.15] works in the coarse case, too. As we stated earlier the extender
algebra, which is the main tool in the proof of [Ste, 7.15], can also be used to
construct genericity iterations with coarse premice. Also note that the moreover
part of the above theorem is only implicit in [Ste]; it follows by a minor modification
of the proof using [Ste, 7.16]. We apply the previous theorem to obtain:
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Theorem 5.6.14 Suppose
V | X is the limit of w-many Woodin cardinals and ' > X' is measurable

Suppose A extends to A* C N with unique condensation up to X'. Let 0 > ¢ >
(28)F be large enough such that

1. the club C = C(A*,X,0") of countable substructures of Vy witnesses that A
extends to A* with unique condensation,

2. 0 is large enough so that (Vy; €, N') is a premouse in the sense of [MS94],

3. if X <V, A* N\, C € X is a countable elementary substructure with = : 9 —
X the inverse of the transitive collapse, then

a) M has a wy + L-iteration strategy ¥, and

b) (Re-embedding) if i : M — IM* is a countable iteration map obtained
by using X, then there is an elementary mwop+ : IM* — Vy satisfying
Tonx 01 = T.

Then
1. L(R, A) = AD,
2. A is constructible from a real, and

3. L(R, A) = L(R).

Proof. We first discuss the conclusions: Clearly 2. implies 3. If A is contained in a
model of AD, then it is a well-known fact that the determinacy of the Solovay-Game
G(A) implies that A is constructible from a real that codes a winning strategy for
player IT in G(A). So it suffices to show 1.

For this assume L(R, A) = —AD, hence there is a set of reals B that is not deter-
mined. By minimizing the ordinal parameters in the definition of B we can assume
without loss of generality that B is definable without ordinal parameters in L(R, A).
Let z be the only real parameter used in the definition of B. If we can show that
B is captured by a term over some countable sufficiently iterable model then by
[Nee95, Lemma 1.7] the set is determined, contradicting our assumption. So we
aim to show that B is captured.

Assume z € B if and only if

LR, A) E ¢(z,z, A).

Pick X < Vp with z,C, A*, A € X. Let m : 9 — X denote the inverse of the
transitive collapse and let (A, \, k) = A*, N, " and let (&;);c. denote the countably
many Woodin cardinals in 9. In 9% we define a Col(w, dp)-term 7 as follows: if
g C Col(w, dg) is generic over M, then = € 79 if and only if

’(/J($7 2, A) = 1Col(w,<)\) I+ JR(Rga E) ': ¢(i‘7 2; A)a

here G is a canonical name for a Col(w,< \) generic and & is the measurable
> A in 9. We need to verify that 7 captures B. Assume ¢ : 9 — 9* is a
countable iteration according to ¥ and let ¢ C Col(w,i(dg)) be generic over 2.
Let x € RN M*[g]. We have to show

(LRY, A) | ¢(z,2,4)) <= (M[g] F ¢(z,2,A)).
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By the previous theorem, we find an iteration map j : 9M* — IM**, j € VCOI(““RV),
with crit(j) > i(5o)Tt™ coming from an iteration tree 7 of length w; +1 on M* all
of whose proper initial segments are played by 3, and a G which is Col(w, < j(i(\)))-
generic over M**[g], such that

R =RY.

For this note, that since crit(j) is large enough, g is a M**-generic; moreover j lifts
to
J = M [g] — M [g],

where j(09) = j(0)9. In an abuse of notation we shall write j for j. By our
re-embedding hypothesis, we have for & < w; an elementary embedding

Wa:MaT—ﬂ/]g,

such that m, (jd,(i(A))) = A*. The model 9** is the direct limit of the models
MZ  and hence there is a map

T I — V.

Since for every v < wy a real z, € WO with ||z|| = v is in M**[g, G N Col(w, < )]
for some a < j(i(\)), we have that j(i()\)) > w} and by a standard homogeneity
argument and the symmetry of the name R, we have RNL(RE, A) = R and hence

J(i(\)) < w). So j(i(\)) = w). We now apply that A extends to A* with unique
condensation: for all & < w; we have that ran(m,) N Vg € C. Hence

a (AN = Anat(N).

From sup{m;1(\); a < w1} = j(i(\)) = w} it follows (7**)71(A*) = A. We can
now calculate

i) R, GEA))™ D = T 00y RV, A).

Note that 7** o j o i(k) = w(k) = k’. By elementarity of j and the fact that we can
iterate the measure on j(i(k)) out of the universe

M*g] = ¥(z,2,A)
= Jaw)(RE:1(i(A))) E ¢(x, 2, A)
= Jiaw R, A) E o(z, 2, 4)
— LRY,A) = é(z, 2, A).

This shows that B is captured by 9. This is what we needed to show. O

5.6.4 Sets with uniquely condensing extensions in forcing
extensions

We work with fine-structural premice again. Given a forcing name & € V¥ for a
real and granted that M, exists and is sufficiently iterable, one can construct an
iteration tree 7 of length < Card(P)* + 1 such that for every G C P generic over
V the real ¢ is generic over 7’s last model, see Theorem 5.5.1. In general such
an iteration is uncountable. Neeman and Zapletal showed that, given one generic
G C P for a reasonable forcing P, one finds v < wy such that £ is generic over M7,
see [NZ01, Lemma 3]. We generalize this to names for subset of w; with uniquely
condensing extensions; before we can state the lemma we need a definition:
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Definition 5.6.15 Let  be an ordinal and let MM = (J5[E]; €, E, Eg) be a count-
able sound premouse that has a (w,k + 1)-iteration strategy X. We will say &
condenses to fragments if it satisfies the following property: if A is a regular car-
dinal such that 91,3 € H), and if X < H), is a countable with uncollapsing map
7:H — X and 7(2) = ¥, then ¥ = X [dom(X).

Here we do not want to construct iteration strategies that condense to fragments;
nevertheless let us note that there are (at least) two ways to see that they exist: in
the large cardinal area below one Woodin cardinal one is always in the situation that
there is at most one well-founded branch through an iteration tree, hence there is
only at most one (highly absolute) iteration strategy, this is one of the main results
of [MS94]; for a fine-structural version see [Ste, Theorem 6.10]. Beyond that one uses
Q-structures in the construction of iteration strategies. Under the assumption that
the ultimate projectum drops below the least Woodin cardinal of a tame premouse
N, there is a unique branch b through an iteration tree on 9% such that b comes
with a Q-structure (if there is any). Again this gives rise to an absolute iteration
strategy. For more details on Q-structures and iteration trees see, for example, the
introduction of [BS09].

Lemma 5.6.16 Let M = (J3]E]; €, E, Eg) be a sound premouse that is active
and has a (w, kT + 1)-iteration strategy Y. such that E witnesses the Woodiness and
measurability of § < 3. Let P be a forcing of size < k. Let A € VT be a name such
that

1p - A C &y extends to A* with unique condensation;

here we see A* as a P-name for a class definable from some set in VF.
It is possible to construct an iteration tree T of height k + 1 with the following
properties:

1. There are arbitrary large ordinals 3 < k™ such that for any G C P that is
generic over V., the set A*¢ ﬂjoTﬁ(d) is jgﬁ(ﬂﬂg)-genem‘c over M%, where W
is the extender algebra with 6 many generators calculated in 9. We call such
a B a baby closure point.

2. IfP is a reasonable forcing and additionally ¥ condenses to fragments, then in
VP there are club many weak closure points 3 € [0,w;]7; i.e. forany G CP
that is generic over V there are club many ( such that set AS N jgﬁ(é) 18

g 5(Ws)-generic over M.

3. Especially: if P is a reasonable forcing and additionally ¥ condenses to frag-

ments, then for any G C P that is generic over V, the set A c wy s
38 0, (Ws)-generic over M2, where Wy is the extender algebra with § many
generators calculated in M. So wy is a baby closure point.

Note that Theorem 5.5.1 is a special case of conclusion 1. above: if A C w, then
A extends to A with unique condensation.
Before we begin the proof of the above lemma, we need a suitable notation. Fol-
lowing Neeman and Zapletal, we extend our notation for the axioms that arise in
the construction of the extender-algebra.

Definition 5.6.17 Let M = (J4[E]; €, E, Es) be a premouse such that M = §
is Woodin. Let q; = (¢¢; € < K) be a sequence of Ls 5 -sentences and let £ = E,
be a extender on E. Let A such that crit(E) = x < A < p, and suppose v(E) is a
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M-cardinal such that ig((¢e;§ < K)) A € jlf\(’}g). We set

4,5 ,5=V\ ¢a— \ is((de€ < k)

a<k a<A

Now we are ready to prove the lemma.

Proof. We construct 7 using the strategy we have used many times: iterate up to
some closure point and then hit the measure (or its image respectively) witnessing
the measurability of §. This time the tree will be of height k™ + 1. Let us fix P not
necessarily reasonable. Let U be the least extender on the extender sequence of M
that witnesses that ¢ is measurable, and let (y; be the ordinal where U is indexed.
First we define what a baby closure point is in the context of this proof: We will
call an a < kT a baby closure point if for all p € P

pl- A" N4, (0) b= id o (T(E)).

Note the following subtlety: we are talking about A* above, the uniquely condensing
extension of A; this allows us to discuss the case a > w; in contrast to the previous
proofs. Now a < kT is a closure point for if for all p € P and all ¢ < iOT)a (¢o)

p I F: does not induce an axiom false of A* N jg:a(CO),

where F is M7Z’s extender sequence. Clearly every closure point is a baby closure
point. We will show something a little stronger than what we state in conclusion
1.; we actually show that there is a closure point.

We construct an iteration tree 7 of length xt 4+ 1 on MZ = 9. We will refer to
this construction as a genericity iteration for A*. We define the iteration as follows:
in the limit case we use X to continue the iteration. In the successor case there are
subcases: if o < wy is a closure point, then we use jg:a(U) to continue the iteration.

T
If « is not a closure point, then there is a least “bad” extender E,ﬁ\/[“ on the extender
sequence of MZ and some p, € P such that

Pa b A" N3, (C0) = a,

where a is some axiom in MZ of the form a,_ ,.¢ for some (M, @) € MZ.
Furthermore we pick p, so that it decides the value of a and minimizes A, i.e.

there is some ¢ € MZ such that

Pa lF A" 0§ 0 (Co) o ar, s, g

and )\, is minimal among all A with
Pa b A" 03 o (G0) o ay, s,

T
for some ¢'“. We then use E;Vl‘* to continue the iteration. This finishes the con-
struction of 7. The arguments we have given before make sure 7 is a normal tree.
Let b = [0,x%]7 and let j = j7 . : M — MZ. Note that b is club in T. We
set M* = ./\/lz We aim to show the first part of the theorem, i.e. that there is a
closure point < xT.
For every a € b let a;’ be the least ordinal such that o/]'ag' +1. So there is an exten-
der E§+ which we used to continue the iteration at stage agL; let Kot = crit(E§+).
b b

Since MZ and M§++1 agree on subsets of Kot it follows that ¢ € MZ. Let us

b
denote (;5"‘b+ by .
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Let S = bNLim. For o € S; the model Mg is a direct limit and contains 1/_)'0‘,
so there is some h(a) < « such that JD‘ € ran(th(a)’a). So Fodor’s Theorem yields
a stationary Sy C S7 such that h(a) = 8 for all @ € S5. Since ME; has at most
cardinality x, further thinning of Sy produces a stationary S3 C S; and a fixed
1[; € Mg such that 1/7“ = ]ga(q/_f) for all @ € S5. Since P has cardinality < k, we
can also assume that there is a fixed p € P such that Poj =P for all a € Ss.

Let « be any element of S3 and set v =« (hence v+ 1 € b). So
pIm A0 G5 (C0) G sty

where p satisfies our minimality assumption and . = crit(EZ) and a

¥ KAy o3 % o ()

is calculated in Mg Hence
ik ) " ik MT ™
pF A NG (G e and A 04T () -\ s (Fa (@)
E<kn E<v(ET)

Mz T . MZ T e . . .
Note that ig7 (o)) = gt (J5.a(1)), so we will drop the superscript. Since

ipT (jga (1)) is j§7+1(j,37,a(117)), we can rewrite the above statement as

(*) pIF AT (G0) e Vear, F.a($)e and A7 05T (G0) I Veawpr) df 401 (@)e.

Let o € Ss such that o’ > y+1. Then crit(j7, , ) > v(ET) and so for £ < v(ET),
jgﬁﬂ(ﬁ)g is not moved by j3+1,a" Thus

ple\/ fa @)

E<v(EY)

But then clearly
ple \ d5a (),

E<K!
where k' = crit(E§+). This clearly contradicts (x). Hence we have shown that
b

there is a closure point < x*; in fact we did not need that A* is (a name for) a
uniquely condensing extension but our argument works for any subset of k*. Also
it is obvious that there are arbitrarily large closure points < k™, since we could run
the same argument starting with S \ 7 instead of S; for an arbitrary n < ™.

We now additionally assume that P is reasonable and that 3 condenses to fragments.
We show the second part of the theorem; the third easily follows from the second.
We fix a countable ordinal 7 and some G C P generic over V. We aim to find a
weak closure point, i.e. some 3 > 1, f < wy such that for some ¢ € G

qIF A" 0 jd 50) | Ga 5(T(E)).

In V pick a countable X < H) for some large enough regular A such that w1 NX > 7
and A, A* N kT2, 7T,P € X. Let 7 : H — X denote the inverse of the transitive
collapse of X and let & = w1 N X. By the definition of reasonable forcings we can
assume without loss of generality that G N X is P-generic over X and X|[G N X] <
H )\ [G); this implies that 7 lifts, i.e.

7 H|G] — H\[G],

PRCEN 7T(T)G
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is an elementary embedding, where G = 7 '“G. We write 7 again for #. Let
7(R, A, A* 5, T) = k, AG (A* N&T)E %, 7. Since (A*)G is the uniquely condensing
extension of A® we have A® N& = A*. By the first part of the theorem there is
an uncountable closure point 3 € x* N X. Let 7(3) = 3, then by elementarity
AS N joT,B (6) = A* ﬂjgé(é) is ng(Wg)—generic over M% Also by elementarity the
tree 7 in H is built using the same rules as in the construction of 7, but at limit
stages one uses the strategy % to pick branches. By our hypothesis we have that
is a fragment of 3, hence we know that the branches picked by ¥ in H are the same
branches that ¥ picked in V. This implies that the iteration tree 7 is an initial
segment of 7. So in V[G] we have

VIG] = A9 N g 500) E g 5(T(E)).
So there is a condition ¢ € G that forces that 3 is a weak closue point. O

Note that if P is reasonable but not c.c.c. we can not hope to show that in the
previous tree construction there are countable stages « such that

1p Ik ji o (5) N A |= 53 o (T(E)).

To see this pick a maximal antichain A C P of cardinality w; (we can do so if we
without loss of generality suppose that P is a Boolean algebra). Assume CH and
let f: A — P(w) be a surjection. Choose a name A such that a I A = f(a) for
every a € A. Then clearly A is a name for a bounded subset of w; and hence A
extends to class with unique condensation. Let 7 be the iteration tree given by the

previous lemma. Now assume towards a contradiction that for a countable «
1o I §T.(6) N A = T, (T(E)).

Let a be such that f(a) codes an ordertype > MZ N OR. Then
alF f(a) is generic over MZ,

a contradiction.

Remark 5.6.18 Lemma 5.6.16 can be easily seen to generalize. Using the notation
of Lemma 5.6.16 : if P is reasonable and ¥ condenses to fragments and we have
an arbitrary iteration tree 7 on 9t of height < ws, then one can continue 7 by
performing a genericity iteration for A* as in the proof of Lemma 5.6.16 of length
kT 4+ 1. Note that in general one will have to apply extenders to models of 7 in
this process. By the same reflection argument this genericity iteration terminates
after < wo-many steps. So we reach a closure point in the sense of Lemma 5.6.16
at some stage < ws.

5.6.5 Applications of sets with uniquely condensing extensions
The following lemma is part of the folklore surrounding measurable cardinals and

not too difficult to prove. A detailed proof can be found in [Lar04, 1.1.20, 1.1.19]

Lemma 5.6.19 (folklore) Let x be measurable and assume 0 is a regular cardinal
such that a normal measure p on k is in Hy. Let Z < M be a substructure such
that p € Z and Z N'P(k) has cardinality < & and suppose Card(Z) < 6. Then for
all v < Kk

1. ZM={f(v); f€Z f:r— M} <M,
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2. {A; AeZnu}l #0,
3. ifyen{d; AeZnu} #0, then Zy|Ny=ZnN~. O

Recall that Chang’s Conjecture is equivalent to the statement: the set {X C
wa; otp(X) = wi} intersects all strongly closed unbounded subsets of [wo]¥?, see
Lemma 1.9.1. In the light of this, the following lemma can be seen as a generalization
of Chang’s Conjecture.

Lemma 5.6.20 (folklore) Let k be measurable. Let M = Hy for some regular
0 > 2%. Then

{XCrjotp(X)=wn AIZ<M: X =ZNk}
intersects all strongly closed unbounded subsets of [k]“*. Especially
{X Ck;otp(X) =wi}
intersects all strongly closed unbounded subsets of [k]“*.

Proof. Fix a function F' : [k]<% — k. We have to show that
{XChrjotp(X)=w1 AIZ <M : X =ZNk}

intersects Cr. We build a chain of length w; of elementary substructures (Z,;a <
w1y of M such that Z, C Z,41 for @ < wy and Z, Nk = Zyp1 Nsup(Z, N k). Let
Zy < M be a countable substructure with x, F' € Z;y. At limit stages form unions. If
Z4 is already constructed, then an application of Lemma 5.6.19 yields a Z,4+1 < M,
Zo C Zoy1 wWith Zo Nk = Zoyp1Nsup(Zo,Nk). Set Z =J{Za; @ < wi}. Then Z is
closed under F' and otp(Z N k) = wy, the latter holds because the sets of the form
Zy N K, a < K, end-extend each other. This finishes the proof of the lemma. O

We show that the conclusion of the previous lemma is preserved under c.c.c.
forcing.

Lemma 5.6.21 Let P be notion of forcing that satisfies the c.c.c. Let k > wy be
a cardinal and let S C [K]“* be such that S intersect all strongly closed unbounded
subsets of [k]“1. Then in V¥ the set S also intersects all strongly closed unbounded
subsets of [k]“1.

Proof. Fix a name F € VP such that
1p Ik F: [R]<% — k.

Let 0 be large enough such that all the dense sets of P, ', S € Vy. The set of C’
of Y < Vj of cardinality w; such that P, F.SeYisa strongly closed unbounded
subsets of [V3]“?, so the set C = {Y Nk;Y € C} is strongly closed unbounded in
[k]“t. Pick Y € ¢’ such that Y Nk € CNS. Then, by the argument for Claim 1 in
the proof of Lemma 5.5.2, we have for all V-generics G C P

Y[G] < Vp[G] and Y[G] NV =Y.
By elementarity Y Nk = Y[G] Nk is closed under FG. This suffices to show. O

Using the characterization of CC in Lemma 1.9.1 we obtain:

Corollary 5.6.22 (folklore) Chang’s Conjecture is preserved by c.c.c. forcing. O
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The following concept is not standard; we introduce it to state the following
theorems.

Definition 5.6.23 Let x > w; be a cardinal and let S C [x]** such that S
intersects all strongly closed unbounded subsets of [k]“*. A notion of forcing P
preserves S, if in V¥ the set S intersects all strongly closed unbounded subsets of
[k] .

Theorem 5.6.24 Let r be measurable and let P be a forcing of cardinality < k.
Let A be a name such that

where & are finitely many ordinal parameters, and A* be a name for subset of r
such that ) _
1p IF A extends to A* with unique condensation.

Let 0 > (2°)T be large enough such that A* € Hy and set M = (Hg; e, P, A, A*).
Suppose ME = exists and has an (w,k + 1)-iteration strategy ¥ that condenses to
fragments. Suppose that

S;:{Xcm;otp(X):wl/\HY<M:Yﬂn:X}V

intersects all strongly closed unbounded subsets of [k]“* and P preserves S.
Then there is some A C w1, A € V' such that

LIA] E 6(A, @),

Proof. Set M = ME,, and let § denote 9’s measurable Woodin. Let U € M,
denote the (trivial completion of the) least normal measure on § and let (y denote
the index of U on MF ’s extender sequence. Our strategy is as follows: using the
ideas of Lemma 5.6.16 we build an iteration tree 7 € V on 91 of height x + 1 such
that for all G C P the set A*C is generic over MZ. Once 7 is constructed it will
follow from the hypothesis on S that we find some elementary substructure X < M,
X €V, otp(X Nk) = w; such that AG is generic over this substructure.

We construct 7; we will omit superscripts 7 where possible, so 7 has iteration
maps ja,s and model M,. We will call o < x a closure point if

1p - A* N o, (Co) = Jo,a(Ws)

where W;s is the extender algebra with J-many generators calculated in 9. If « is
a closure point we use jo,o(U) to continue the iteration. If a is not a closure point
we perform a genericity iteration for A* in the sense of Lemma 5.6.16. Since P has
size < k we can apply conclusion 1. of Lemma 5.6.16; so we reach the next closure
point after < x-many stages. Literally Lemma 5.6.16 only tells us where the first
baby closure point is; nevertheless from the proof we also obtain a closure point.
Moreover it is easy to see the following: after we apply (the image of) U at a closure
point «, we can perform another genericity iteration for A* in the sense of Lemma
5.6.16. This completes the definition of 7.
Clearly 7 € M. Let b = [0, k]7. By the argument we have given before b contains
unboundedly many (and hence club many) closure points. So club often we have
used (the images of) U to continue the iteration. Moreover jo (0) = k and & is a
baby closure point. Let 9" = M.
Now pick an arbitrary G C P generic over V. In V[G] we consider the structure
M* = (H);€,P, A, A*, A*C). Trivially all substructures of M~ contain 7. The
set

C={XCr;otp(X)=w AFY <M : Y Nnr=X}VIC
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is strongly closed unbounded. By our hypothesis on S, we find some Y < M, Y € V
such that otp(Y Nk) = w; and there is some Y € C such that YNk = YNk. Since
k is a closure point Y+ = A*G N k is generic over M*. Let 71 : Nt — Y+ denote
the inverse of the transitive collapse of Y. By Lemma 5.6.4 and otp(Y T Nk) = w;y
we have (71) 1 (A*¢ Nk) = AS. Set T = (7+)"'(7) and let 7 : N — Y denote
the inverse of the transitive collapse of Y. Since YT Nk = Y Nk we have that
T = 7~ }(T). Since ¥ condenses to fragments, 7 is build according to ¥. So by
elementarity of 7+, 7 contains wj-many closure points for AG and hence A% is
generic over 9" = Mg]_. Summing up we have that AS is generic over MM* € V.
If necessary we iterate 9*’s top-measure to make sure & € MM*. Pick a condition
q € jd ., (Ws) such that

gk wy =g, (6) A3A: LIA] | ¢(A, d).

We want to find ' e V, q e I', T' C j()T,wl(Wé) generic over 9t*. For this we
need to piece together end-extending generics; since we do not need to make sure
that RV C 9*[I'] the argument is much simpler than in the proof for Theorem
5.4.1. Especially we do not have to pick generics while iterating this time. Let
C C [0,w1]7 denote the club of points o where we used jo o(U) to continue the
iteration. Let oy € C be such that ¢ € ./\/lz;0 and ¢ is not moved by jgo,wf In

V pick T'y C jOT’aO(W(;) generic over M;[O. Let oy = min(C \ (ap + 1)). Using
Lemma 5.4.3, we can end-extend I'y to some I'; generic over Mgl. In this fashion
we continue all the way up through C: at successor stages repeat the argument we
have just given, at limit stages A € C form the union I'y = [J{T';; ¢ < A}. Using
the fact that anitchains are small, it is not difficult to see that I'y is generic over
MZ. Finally we set T' = [J{I';; i <w;}. Then I is as desired.

There is some A C wy, A € 9M*[['] such that

Lo[A] = ¢(4, @),

where p is the critical point of 9t*’s top measure. Iterating this top measure out of
the universe we obtain

LIA] = ¢(A, d).
This finishes the proof. O

The previous theorem has a variant:

Theorem 5.6.25 Let P be a reasonable forcing of cardinality < k, r reqular. Let
A be a name such that _ o
1p IF L[A] = ¢(A, d),

where & are finitely many ordinal parameters, and A* be a name for subset of k
such that ) _
1p IF A extends to A* with unique condensation.

Let § > (25)% be large enough such that A* € Hy and set M = (Hyp; €, P, A, A*).
Suppose ME  exists and has an (w,k + 1)-iteration strategy ¥ that condenses to
fragments. Suppose that

S:={X Cuwp;otp(X)=wi ATY <M :Y Nwy = X}V

intersects all strongly closed unbounded subsets of [w2]** and P preserves S.
Then there is some A C w1, A € V' such that

LIA] E $(A, @),
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Note that S intersects all strongly club sets in V' is equivalent to Chang’s Con-
jecture, compare Lemma 1.9.1. The proof of the above theorem is similar to the
proof of the previous theorem. We nevertheless give some details, especially at the
point where the reasonability of P is applied.

Proof. Set M = ME, and let § denote 9Us measurable Woodin. Let U € M,
denote the (trivial completion of the) least normal measure on ¢ and let {p denote
the index of U on M ’s extender sequence. Using Lemma 5.6.16 we are going
to build an iteration tree 7 € V on 9N of height wy + 1 such that for all G C P
the set A*G N w, is generic over ./\/lgz. Once 7 is constructed it will follow from
the hypothesis on S that we find some elementary substructure X < M, X € V|,
otp(X Nwy) = w; such that AS is generic over this substructure.

We construct 7; we will omit superscripts 7 where possible, so 7 has iteration
maps jq,s and model M,. We will call o < wq a closure point if

1p IF A* N jo.a(Co) B Jo.a(Ws)

where W is the extender algebra with J-many generators calculated in 9. If « is
a closure point we use jo,o(U) to continue the iteration. If « is not a closure point
we perform a genericity iteration for A* in the sense of Lemma 5.6.16. Since P is
reasonable and X condenses to fragments we can apply Lemma 5.6.16, so, taking
note of Remark 5.6.18, we reach the next closure point after < ws-many stages.
This completes the definition of 7. Clearly 7 € M. Let b = [0,ws]7. Clearly b
contains unboundedly many (and hence club many) closure points. So club often
we have used (the images of) U to continue the iteration. Moreover jg ., (6) = wo
and ws is a baby closure point.

The rest follows like in the previous proof if one replaces x with ws. O
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