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Abstract. We define an overconvergent version of the Hyodo—Kato complex for semi-stable
varieties Y over perfect fields of positive characteristic, and prove that its hypercohomology
tensored with QQ recovers the log-rigid cohomology when Y is quasi-projective. We then de-
scribe the monodromy operator using the overconvergent Hyodo—Kato complex. Finally, we
show that overconvergent Hyodo—Kato cohomology agrees with log-crystalline cohomology
in the projective semi-stable case.

1. INTRODUCTION

For a proper and smooth variety Y over a perfect field k of characteristic
p > 0, the hypercohomology of the Deligne-Illusie de Rham—-Witt complex
waQs, Ik tensored with Q computes — using the comparison isomorphism with
crystalline cohomology [1] — the rigid cohomology

Hi (Y/W(R)[1/p]) = H* (Y, WQy,,.) © Q.

However, rigid cohomology is well-defined without any properness assumption
on Y. In [4], Davis, Langer and Zink define an overconvergent de Rham—Witt
complex WTQ3, /> which is a subcomplex of WQS, ;. and show that

H (Y/W(R)[L/p]) 2 HY (Y, W05, ) © Q
for Y quasi-projective and smooth over k.

On the other hand, one could instead relax the smoothness condition on Y.
Let Sy = (Speck,N) be the standard log point, and let Y be a fine Sp-log
scheme. Let Gg be the (weak) formal log scheme (Spf W,N — W, 1 — 0).
Then Grosse-Klénne [8] defines the log-rigid cohomology Hyi,, ,;,(Y/&0) of ¥
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542 OLIVER GREGORY AND ANDREAS LANGER

(we recall the definition in Section 2). Grosse-Klonne shows that the log-
rigid cohomology of Y agrees with Shiho’s log-convergent cohomology of Y
whenever Y is a semi-stable variety whose irreducible components are proper.
In particular, by the comparison between log-convergent and log-crystalline
cohomology [19], there is an isomorphism

HlT)g—rig(Y/GO) =~ H* (K Ww;’/k) ® @

for proper semi-stable varieties Y over k, where Ww$, n is the Hyodo-Kato
complex [10].

There is, however, currently no Hyodo—Kato style theory available for non-
proper semi-stable varieties. We shall define a complex WTw;,/k, functorial
in Y, which computes log-rigid cohomology in non-proper situations. More
precisely, we prove the following theorem.

Theorem 1.1. Let Y be a quasi-projective semi-stable variety over Sy. Then
there is a quasi-isomorphism

RFlog-rig(Y/60) = RF(K WTW;//IC ® @)

We then describe the monodromy operator on log-rigid cohomology in terms
of the overconvergent Hyodo-Kato complex, using the method of [18].

Using the overconvergent Hyodo-Kato complex, we can formulate Grosse-
Klonne’s Hyodo—Kato isomorphism [8] in the non-proper case as follows: For a
strictly semi-stable weak formal scheme X over Spwf W (k) with generic fibre X,
a Ko = W(k)[1/p]-dagger space, and a closed fibre ¥ which we assume to
be quasi-projective, there is a canonical isomorphism between the de Rham
cohomology of X and the (rational) overconvergent Hyodo-Kato cohomology
of Y [8, Cor. 3.5].

In [3], log-rigid cohomology and overconvergent syntomic cohomology are
used to study the p-adic cohomology of semi-stable p-adic Stein spaces, notably
Drinfeld half-spaces, within the context of a hoped for p-adic local Langlands
correspondence. We expect that the overconvergent Hyodo—Kato complex will
have interesting applications in this area.

Note that even in the smooth case X/, [4] only construct a map Rl 'yig(X) —
RI(X, WTQB(/k ® Q) when X is quasi-projective. We will see in the proof of
Theorem 5.3 (= Theorem 1.1) in Section 5 why we need to assume quasi-
projectivity. In a recent preprint [16], Lawless has been able to remove the
quasi-projectivity hypothesis at least in the smooth case. For details, we refer
to [16]. In a work in progress, Lawless also intends to remove this hypothesis in
the semi-stable case and hence we expect Theorem 1.1 to hold unconditionally
as well.

In the final part of the paper, we compare the usual and overconvergent
Hyodo—Kato cohomology in the proper case:

Theorem 1.2. Let Y be a projective semi-stable variety over Sy. Then the
canonical map

H (Y, Wiwy ) = H' (Y, Wy ) = Higgenss (Y, M) /(W (), W(L)))
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OVERCONVERGENT DE RHAM—WITT COHOMOLOGY FOR SEMI-STABLE VARIETIES 543

induced by the inclusion WTw;,/k C Ww;,/k is an isomorphism of finite type
W (k)-modules. Here M ‘s the log structure on'Y given by Oy Nu.Of, where
u: U =Y is a smooth dense open, and W (L) is the canonical lifting of the
log structure L on Speck given by 1 — 0 (previously denoted by Sp).

It should be noted that in fact we give two definitions of the overconvergent
Hyodo—Kato complex in this paper. The first is constructed in the style of
[10], and the second in the more modern approach of [17]. We prove that the
two complexes are the same. Along the way, this has the serendipitous conse-
quence that we show that Matsuue’s log de Rham-Witt complex WAS, J(RN)
(see Section 3.1 for the notation) gives the Hyodo-Kato complex Wwy, . in
the special case that R = k, thus filling a gap in the literature.

We assume that the reader is familiar with the de Rham—Witt complex of
Deligne-Illusie and its basic properties, including its explicit description for
(Laurent)-polynomial algebras [14], étale base change results, and the over-
convergent version in the smooth case proven in [4].

2. LOG-RIGID COHOMOLOGY

Let k be a field of characteristic p > 0, let W = W (k) be the Witt vectors
of k and K := FracW. Set W,, = W/p™ for n € N. We will write &y for the
(weak) formal log scheme (Spf W,N — W, 1 — 0). The special fibre of &g is
the standard log point Sy = (Speck,N — k, 1+ 0).

We briefly recall Grosse-Klonne’s definition of the log-rigid cohomology of a
fine Sp-log scheme Y. For the details, one should consult [8]. Let Y = J;; Vi
be an open covering, and suppose there are exact closed immersions V; < B;
into log smooth weak formal &¢-log schemes for each i. For each H C I, choose
an exactification of the diagonal embedding

Vir= (Vi s Bu L [[ %

i€H i€H

(this means that ¢ is an exact closed immersion and f is log-étale). Then the log
de Rham complex w%H /60 tensored with Q induces a complex of sheaves w%H’K
on the K-dagger space Py i associated to the generic fibre of Py (see [7]). Let
sp: Pu.xk — Pu be the specialization map, and write |Vy [;%H = sp (Vi)
for the tubular neighborhood of Vg in Py . Then

t . e
]VH[‘BH and o'}]VH[:SJH T me,KhVH[TDH
are independent of the choice of exactification above [8, Lem. 1.2]. Now, for
H, C Hj, the projection pi2: |V, [:53;12 — 1V, [‘33111 induces

—
Vi, [;;Hl

-1 .
Pio W w P
12 |Vh, [qBH2
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544 OLIVER GREGORY AND ANDREAS LANGER

]VH. [;H
space |V, [J%H.. The log-rigid cohomology of Y is given by
RTog 1 (Y/S0) i= REVir, [, ot o+ ).

]VH. [mH.

This defines a complex of simplicial sheaves w on a simplicial dagger

Then RIogrig(Y/S0) is independent on the choice of open cover Y = J,c; Vi
and the choice of embeddings V; < P; [8, Lem. 1.4].

3. THE OVERCONVERGENT HYODO-KATO COMPLEX

Now suppose that k is a perfect field of characteristic p > 0. We follow
closely the approach of [10]. Let X be a regular flat W-scheme and write

A J

Y ¢ X > Xk

L

Spec k —— Spec W «—— Spec K

for the special and generic fibres of X. We suppose that X has semi-stable
reduction, that is to say we suppose that étale locally on X, there is a smooth
morphism X — SpecW([T1,...,T,]/(Th---Ty — p) for some n > d. In par-
ticular, X is smooth and Y is a reduced normal crossings divisor on X. If
we endow X with the log-structure induced by the special fibre and consider
Y with the pullback log structure, then Y is a fine log-smooth Sy-log scheme.
Etale locally on Y, the structure morphism factors as

Y L5 (Speck[Th, ..., To]/(Ty -~ Ta), N e; = T) 55 So,

where f is exact and étale and ¢ is induced by the diagonal. We say that Y is
semi-stable over Sp.

Since k is a perfect field, we can find a dense open subscheme u: U — Y,
which is smooth over k. We may therefore consider the pushforward of the
overconvergent de Rham-Witt complex Wwg, /i of [4]. Let

dlog: flj*((’))x(K) — u*WQllj/k
be the homomorphism considered in [10, Section 1]. Note that the image lies
in u*WTQllj/k (see [17, Prop. 10.1]). Then the Hyodo—Kato complex Ww3,
is the p-adic completion of the W (Oy )-subalgebra of . W7, /k generated by

dW (Oy) and the image of dlog. Let WT(Oy) denote the Zariski sheaf of
overconvergent Witt vectors (see [5, Prop. 3.2]) on Y.

Definition. WTw;,/k is the differential graded WT(Oy )-algebra
Wwy N u*WTQ'U/k.
Then WTOJ;//k is a subcomplex of the WT(Oy )-algebra u*WTQ'U/,C and in-

herits the operators F' and V satisfying the usual de Rham—Witt relations, as
in [10].
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Now let u, WTQ, /il01/ (6?) be the complex given by adjoining an indeter-
minate 6 in degree one, subject to fa = (—1)%a# for all a € u*VVTQqU/,C and
df = 0. Let

dlog: i j.(0%,) = w.WQ . [6]/(6%)

be the unique homomorphism which induces on u='i~!(O%) the composite

map

uTliTH0%) = of B way,
and induces on K* the map a — ordg(a)f (again, see [10, Section 1]). The
image of dlog lies by definition inside W, ne defined in [10, Section 1.4].

Definition. W'a3, , is the W(Oy)-algebra W3, , 0w WTQy, ,[6]/(67).

Then we have a short exact sequence of complexes, induced by (see [10,
Prop. 1.5])

0= Wiwy ([-1] = WTas, - Wiwy , — 0,
(1)
a—antd, 0+—0.

3.1. An equivalent approach. In this section we shall outline another def-
inition of the overconvergent Hyodo—Kato complex, this time in the style of
[17], and we will show that the two definitions are the same. This will become
particularly useful in Section 7.

In [17, Section 3.4] Matsuue defines the log de Rham-Witt complex
WAls,q)/(r,p) for any morphism of pre-log rings (R, P) — (S5,Q), where R
is a Zy)-algebra, as the initial object in the category of log F-V-procomplexes.
The construction is a logarithmic generalization of the construction given in
[14, Section 1.3].

Fix integers n > d and let (B := k[Ty,...,T,],N% e; — T;) be considered
as a pre-log ring over (k,{x}), where {*} denotes the trivial monoid. Then
one has, in particular, the log de Rham-Witt complex WAZB,Nd) J(k,{+}) @S
special case. Any element of WA{p 4y /k,(+}) can be written as a convergent
sum of basic log Witt differentials [17, Prop. 4.3]. Matsuue then defines a
subcomplex WTALp na) /(1 4) as those elements of WAg ney /(x4}y which are
overconvergent (see [17, Section 10.1]).

Now consider a pre-log ring (A, M, a) over (k, {*}) such that A is a finitely
generated k-algebra. Then we may choose a surjective morphism of pre-log
rings over (k, {x}):

N¢ —— B =k[T,..., T}

| |

M < A

9

where the top morphism is e; +— T;. This morphism of pre-log rings induces a
morphism of log de Rham—Witt complexes

A WAZB7Nd)/(k7{*}) — WAZA,M)/(k,{*})'
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546 OLIVER GREGORY AND ANDREAS LANGER

Matsuue defines WTAEAM)/(;@,{*}) = )‘(WTAZB7N‘1)/(I€7{*}))' Notice that one
could have taken any log polynomial algebra over k which surjects onto (A4, M),
but Matsuue shows that WTAZ A,M)/(k,{+}) 15 independent of this choice (see [17,
Def. 10.2] and the subsequent discussion). By construction, WTAEA’{*})/(,C’{*})
is the overconvergent de Rham-Witt complex WTw$, /i of [4]. In [4, Cor. 1.7],
it is shown that this construction glues to give a complex of Zariski sheaves
Wiws, /i on any variety X. In [17, Section 10.3] this is generalized to show that
WAL A )/ (k,{+}) Glues to give a complex of Zariski sheaves WALy vr) /(1 (1)
where (X, M) denotes the log scheme associated to the complement of a strict
normal crossing divisor. We give a similar argument in the semi-stable case.
Let Spec A be a semi-stable affine k-scheme and let (A, M, o) be the asso-
ciated pre-log ring. Define P;WA{ 4 rr)/(k,{+}) t0 be the image of the map

WAL ) ety © Wk = WAL M) (k1))

This gives a filtration PeW AT 4 ar)/(k,{+}) Of the complex WAL apy /e g41)- Let
{Spec A;}icr be the irreducible components of Spec A. For subsets J C I, let
(N;cs Spec A; = Spec A ;. Then the Poincaré residue maps give

Gr;WALA vy o)) = @ WS, il=il
17125
=]

Similarly, define PyWTA{4 a1 /(1 {+}) to be the image of the map

WA

tQr—i fAT
() (txp) @ WL = WAL v /o)

to get a filtration P.WTAEA’M)/(,C,{*}) of the complex WTAZA,M)/(,C’{*}). The
argument in [17, Lem. 10.9] shows that the above residue isomorphism induces

G WAL any ey = D WO, u[-d].
17125
=J

Proposition 3.2. Let Spec A be a semi-stable affine k-scheme and let (A, M, «)
be the associated pre-log ring. Then the presheaf canonically determined by

D(f) = WA 4, ary o)

on the basis of distinguished opens is a Zariski sheaf on Spec A. (Given f € A,
we consider the localization Ay as a pre-log ring via the composition M N
A— Af.)

Proof. The proof is similar to the proof of [4, Prop. 1.2] and [17, Prop. 10.12].
Let fi,..., fi € A be a generating set for A. Write A4;,..;, for Ay, ..r, . Con-
sider the Cech complex C'*® given by

s __ TAT
C= D W4, e

1<y < <is <1
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(so CY = WTA(A M)/ (k,{+}))- Then it suffices to show that C* is exact. Define
5 — AT
PC = D PWIAG o/
1<iy << <1
This gives a filtration P,C* of the complex C*®. The graded piece Gr;C* is

D DWeul

1<i1 << <l ‘J‘CI
J

@ @ WTQ AJ)11 Is/k

1<iy << <l JCI
[J|=3

Gr;C*

1%

1%

in degree s. Here the second direct sum in the first line runs over all j-fold

intersections of irreducible components of Spec 4;,...;.. Therefore,
Gr;C* = @ C*,
JcI
[71=3
where
C= D W

1<iy <--<is<l

is the Cech complex for WTw;;Jkk. This is exact by [4, Prop. 1.6]. Induction,
using the short exact sequence of complexes

0— ijlc. — PjC. — GI’jC. — 0,
shows that P;C* is exact for all j, and hence C* is exact. (]

One may therefore glue to define a complex of Zariski sheaves WTASY, (ko {x})
for semi-stable schemes Y over Sy (recall from Section 2 that Sy is the standard
log point (Speck,N,1 +— 0)). Finally, we define the overconvergent Hyodo—
Kato complex WTAS, 5 to be the image of WTAY,), () under the projection

WAS ey = WA ey = WAY s,
of log de Rham—Witt complexes. This is again a complex of Zariski sheaves.

Proposition 3.3. The overconvergent Hyodo—Kato complex WTwy/k of the
previous section is the same as W1 AY s,

Proof. We first show that Matsuue’s log de Rham—Witt complex WA'y/SO
agrees with the Hyodo-Kato complex Wwy, ;. of [10]. This must be well known
to the experts, but the authors do not know of a proof recorded in the liter-
ature; it seems important to reconcile the two approaches, so we give a proof
here. Since both complexes are complexes of Zariski sheaves, it suffices to
construct a canonical isomomorphism, functorial in Y, if YV is affine.
Given a log F-V procomplex {E?, } men, define differential graded ideals
Fil°E! :=V*E! _ +dV*E. ' CE!.

m—s
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548 OLIVER GREGORY AND ANDREAS LANGER

Then this gives a filtration of log F-V-procomplexes which is compatible with
F, V, d and the projections, see [17, Section 3.5].

Now, WeAY s, = {WmAY/g, tmen and Wews ), = {me;,/k}meN are log
F-V-procomplexes, so we have a map of log F-V-procomplexes, evidently func-
torial in Y,

WeAS /s, = Wewy s

by the universal property of WAS, /0" This map induces diagrams

0—— Filme+1A;//So E— m+1A;//50 - WmA;//So 0

|

0—— Filme+1w;/k E— m+1w).//k — mw).//k 0

of short exact sequences (see [17, Prop. 3.6] for the top row, and [10, Thm. 4.4]
for the bottom row) for each m € N. Now one notices that

WlAy/s0 Wlw;//k = W?/k
is the usual logarithmic de Rham complex, by definition. This gives
FilmeHA;,/S = FilmeHw;/k

and then the diagrams glve Wi AY 5o = Wmwy i for all m € N.

Since W' wy . and WTAY /5, are subcomplexes of Zariski sheaves of the com-
pleted versions, it suffices to show the claim for Y affine. By a result of Kedlaya
[13, Thm. 2], Y can be covered by finitely many affines Spec B; such that B;
is finite étale and free over A; = k[T4,...,Ty]/(T1---T),) for some r. Using
again a sheaf argument, it suffices to prove the claim for B finite étale and free
over A = k[T1,...,T4)/(T1 - - - T)). By étale base change [17, Prop. 3.7] and the
fact that W (DB) is again finite étale and free over W(A), we have WAL g =
W(B)@wa) WAY s, and likewise Ww}, ) = W(B) @w a4y Ww} .. Note that
the isomorphism WA$ /S0 = Ww$ Jk is explicitly given by formula (14) in Sec-
tion 7.

Now, [5, Cor. 2.46] implies that WT(B) is finite étale and free as a WT(A)-
module. The proofs of [4, Prop. 1.9] or, alternatively, [4, Prop. 3.19] transfer
to the Hyodo—Kato complexes and provide étale base change in the overcon-
vergent setting:

WAL g, = WT AA/s0 Rwiay WH(B),
WTQJB/k = W wA/k ®WT( A) WT( )
This finishes the proof, since evidently by definition WTA% /50 = Wiwh e O

4. COMPARISON WITH LOG-MONSKY—WASHNITZER COHOMOLOGY

Let Y = Spec A be a semi-stable affine scheme over Sy. Let Y — Z =
Spec B be a closed embedding into a smooth affine k-scheme such that Y is
a normal crossings divisor on Z, in other words, A = B/(f1--- fr) and each
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B/(f;) is smooth. Let B be a smooth WW- algebra lifting B (there always exists
such a B by [6]) and set A:= B/(f1--- fr) for some liftings fi € B of the f;,
such that Y := Spec 4 is a normal crossings divisor in Z = Spec B. That is,
we have a diagram

Y = Spec A «— Z = Spec B

| |

Y = Spec A —— Z = Spec B.

We define the complexes WTwy/k and W' @3, as in Section 3. Indeed,
X = Spec B /( fi-- — p) is a regular scheme whose special fibre is Y, so the
definition applies.

Now let 0% /W(log 37) denote the logarithmic de Rham complex of Z with
respect to the normal crossings divisor Y. We set

@y = Oy ®o, QZ/W(logf/)
and write ~
Wy = Opi R0, Q'ZT/W(log YT

for the weak completion.
Definition. The logarithmic Monsky—Washnitzer complex of Y is defined to
be
W, =@l /(@3 A6,
where 0 := dlog f1 + - - - + dlog f.. We define
Higg vw (Y/K) := H* (Y, wy: ® Q).

This is the logarithmic Monsky—Washnitzer cohomology, as discussed in [8,
Section 5]. It is clear that

HlT)g—MW (Y/K) = HlT)g—rig (Y/Go)v

and that there is a short exact sequence of complexes
) 0= wyi[1] = & = wy: =0,
@ a—and, 0~—0.
In this section we shall construct a morphism of short exact sequences from
(2) to (1). We will then prove that the subsequent vertical arrows become
quasi-isomorphisms after tensoring with Q. 3 }

Let AT and B denote the weak completion of A and B, respectively. Then
we have an induced diagram
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550 OLIVER GREGORY AND ANDREAS LANGER

where the vertical arrows are the Lazard morphisms [11, Section 0, Eq. 1.3.6].
Since B is a smooth finitely generated k-algebra, tp: Bt — W(B) has image
contained in the overconvergent Witt vectors WT(B) [4, Prop. 3.2]. By func-
toriality of the Lazard morphisms and since W(B) —» W (A) sends WT(B) to
W1(A), we deduce that we in fact have a diagram

Bt ———— At

Wi (B) — WT(A).

~ Let u apd U Slenote the respective open immersions U := Z\' Y < Z and
U:=2Z\Y — Z. Then the map
@y = wWQY, dlog fi — dlog]fi],

sends logarithmic differentials along Y to logarithmic differentials along Y.
(Here [f;] € W(B) denotes the Teichmiiller lift). In particular, it induces a
map

Q'Z/W(log Y) — WQZ/k (logY),

and by the above discussion, this induces a map

0%y (log Y1) - wiay , (logY).

These maps were considered in [17, Section 10] and become quasi-isomorphisms
after tensoring with Q, by [17, Lem. 10.9]. In any case, this gives a map

(3) Gy, = WH(A) @i WIQY . (logY).

Notice that the logarithmic differentials dlog[f;] along Y coincide with the
logarithmic differentials as defined by Hyodo Kato as the image of dlog using
the regular W-scheme X = Spec B/(f1 —p). Indeed, f; is mapped to
dlog[f;] and p is mapped to 6 = dlog[f1] + —|— dlog[fr].

Let W,&3, be the sheaves introduced in [9, Section 1.6]. These are the
same as WyAy /4 (). One way to see this is by mimicking the proof of
Proposition 3.3. Recall that one can express the sheaves anY  as quotients
of the W, Q% /k(log Y). Indeed, we may assume that Z is an admissible lifting
of Y (see [18, Section 2.4] for the definition). Set Z, :== Z xw W, and Y,, :=
Y Xw Whp, so that Z = Z1 and Y = Y1 Then

(4) Wn(DY/k = WnQZ/k(IOg Y)/WTLQiZ/k(_ logY),
where we have identified

WSy, (log V) = H' (23, (log Yn))
and

Wy (~logY) = H (Tn 0, Q3 1y, (log¥y)),
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where J,, = ker(Oz, — Oy, ). The fact that the right-hand side of (4) gives
the same sheaf Wndz@/k as defined in [10] is discussed in [18, Section 2.4].
Passing to the projective limit gives W&y, ;. as a quotient of W, /k(log Y).
We therefore deduce a map of complexes of sheaves on Y':

W(A) @w(B) WQ'Z/k(log Y)— WcD;/k.

Let ¥ be the singular locus of Y, U =Y \ X, u: U < Y and i: Y — Z. Then
we have canonical maps

which extend to a map
WiQy ,(logY) — i.u WTQE . [6]/(6%),

since the dlog[f;] are overconvergent [17, Prop. 10.1]. The image of this map
lies — by the above interpretation of W3, Ik in

WIS, = WGy, N i VIQY [6]/(67).
We get in each degree a WT(B)-module map
wiQy , (logY) — i.Wiay .
Hence, we get a canonical map
WH(A) @) WY, (logY) — WTas ;.
Composing with (3) defines a comparison morphism
() W = WHag
which sends 6 = dlog fi+---+dlog f, to § = dlog[f1]+- - -+dlog|[f,]. Since the

“divide by 8” projection WT@;,/k —» WTw;,/k sends 6 to 0, we get an induced
comparison morphism

(6) o.);,T — WTw;,/k

between the logarithmic Monsky—-Washnitzer and overconvergent Hyodo-Kato
complexes. Moreover, (5) and (6) give a diagram of exact rows

0 —— we,[-1] &

|

0—— WTw;,/k[—l] — WT(;.);,/,c — WT(;.);,/,c — 0.

T \

e
—

We will use the weight filtration of Steenbrink to show that the vertical arrows
(5) and (6) become quasi-isomorphisms after tensoring with Q.

Theorem 4.1. The comparison morphisms (5) and (6) induce quasi-iso-
morphisms

Gy, @Q S WIS, ®Q and W ®Q S Wiwy , @ Q.
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Proof. Recall that the weight filtration Pe@?,, of @2, (see [8, Section 5] for it
in this context) is defined as

Pk, = image(QZWW(log Y)® QZZ]LJ/W — QZf/W(log Y)) ®0,: Oyt

Via the Poincaré residue maps, the graded pieces of the filtration are identified

as

Gr (@3 ©Q = D %, [,
YreM;
where M, denotes the collection of all (smooth) intersections of j different
components of Y which lift to a smooth intersection of j different liftings in Y,
with QY,[T denotmg the usual de Rham complex on the smooth affinoid
dagger space ]YI[ By [8, Section 5.2, one has an isomorphism of exact
sequences

0 — Gro(@2, ® Q) % Gr (@Y, ® Q)[1] — 2~ Gra(@

1
I i |
0—— Qf/T ® Q - ng/h Q]YI[TZJ( @ Q 7 Y[%Q Q]YI

(the bottom row is exact because the Y; are normal crossings intersections).
Similarly, consider the weight filtration of Mokrane [18] on W3, -

PW @y, = image(Wai,,, @ WQT] — Wi,
and set _
PyWay,, = image(Wiad,, @ W2 — Wial ).
By construction, the comparison morphism (5) induces maps chTJ;,T —
PjWTL:J;/ Ik for each j, and therefore respects the weight filtrations. Moreover,
we have P,W1as, = Wiay, , NP;Way, ), for each j. By [18, Section 3.7], the
graded pieces of the weight filtration are identified, via the Poincaré residue
maps, as
GFJWWY/]C —> @ WQYI/]C[ ]
YremM;
and therefore
GI'JW wY/k —> @ W QYI/k[ ]
YremM;

Since each Y; is smooth over k, we know by [4] that WTwY n ®Q is
quasi-isomorphic to Q]yl[ +» and therefore conclude that the comparison mor-
phism (5) is a quasi- lbOInOI"phlbIn when tensored with Q.

To show that the second comparison morphism induces a quasi-isomorphism
after tensoring with @Q, define a double complex

~1+J+1 ® @

AlBd . — Y
Q Pj ;/tj—i-l ®Q
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with differential AT” ATHLJ induced by (—1)7d, and the other differential
.AJ” J .AJ” I+ 1nduced by wrwAb. Let AJ“ be the total complex of AT' *
Entlrely blmﬂarly, define another double complex BT * by
1+75+1
i WevimeQ

Q . P WTQJ;;gj»l ® Qa

with the differential BTw — BJ”H’] induced by (—1)7d and the differential
By — BEIH induced by @ + w A0, and let B’ be the total complex of
B@J” *. Then AQ is quasi-isomorphic to Bl , because the graded quotients

Q].YI[TZ and WTw;,I /e ® Q are quasi-isomorphic by the comparison theorem in
the smooth case [4].
Now, the map

W3+ ®Q—>AE’O, w—wAb,
induces a quasi-isomorphism w? . ® Q = ATQ'. This is [8, Section 5] in this
context, but the argument goes back to [20]. The same argument shows that
the map

WT(IJy/k ®Q — BJ“’O, W wAb,

induces a quasi-isomorphism W' wy /5 ® Q= BJr As we already noted that
.AJ“ o BT', we conclude that the comparison morphism (6) is a quasi-iso-
morph1sm when tensored with Q. U

Corollary 4.2. Let Y be a semi-stable affine scheme over Sy. Then there is
a canonical isomorphism

Hioy 11 (Y/S0) = HY (Y, Wiwy ) © Q).
Proof. We showed that H* (Y, Wiwy, , ®Q) = H, \y(Y/K). The comparison
between log-Monsky—-Washnitzer cohomology and log-rigid cohomology is more
or less by definition (see [8, Section 5.2]). O
5. COMPARISON WITH LOG-RIGID COHOMOLOGY

Our aim in this section is to globalize the comparison isomorphism between
log-rigid and overconvergent Hyodo—Kato cohomology. We note here that given
a W-scheme X, we shall always write X for the formal completion of X along
the special fibre, and Xk for the associated rigid analytic generic fibre.

Definition. Let Y = Spec A be a semi-stable affine scheme over Sp. A semi-
stable frame for Y is the data of a normal crossings divisor relative to W

G = SpecC — F = Spec B
of affine WW-schemes, where F' is smooth over W and
Y > Gr =G XWw k

is an exact closed k-immersion.
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Note that if (F,G) is a semi-stable frame for Y, then F' is a special frame
for Y in the sense of [4, Def. 4.1]. Recall from [4, p.253] that the rigid tube

Y[~C Fx has a dagger space structure ]Y T which induces a dagger structure
F F

JY[L, on ]Y[g. This is functorial in (Y, F,G).

Definition. An overconvergent semi-stable frame for Y = Spec A is the data
of a semi-stable frame (F' = Spec B,G = Spec() for Y along with a homo-
morphism s: C — WT(A) which lifts the comorphism C' — A of the closed
W-immersion Y — G.

Let Y = Spec A be a semi-stable affine scheme over Sy and suppose that
(F, G, ») is an overconvergent semi-stable frame for Y. Choose an embedding
F < P into a proper smooth W-scheme and write G and F for the respective
closures of G and F inside P. Let G, and F be the special fibres of G and
F, and let Y be the closure of Y inside Gi. Since G is defined in Fx by
overconvergent functions, we can extend the normal crossings divisor Gk —
Fx to a normal crossings divisor V' < V, where V is a strict neighborhood
of |Fi[s in |Fi[p and V' is a strict neighborhood of ]G [s in |Gi[s. We get the
following diagram of strict neighborhoods:

JFylp C 1% C JFlp
] J R
1Gklp C %4 C JGklp

J ] 7]

Vg € V:=vn¥[ < |

In order to define the comparison morphism, we will find it useful to have a
rigid analytic description of log-rigid cohomology in terms of sheaves on strict
neighborhoods, in the style of Berthelot. Let @} be the complex given by
the restriction of Q3 (log V') ® Oy to V, and wy := &% /(O% ! A 0), where
0 = dlog f1+---+dlog fs for the functions f; cutting out the normal crossings
divisor V in V.

Recall that given an abelian sheaf F on a strict neighborhood W of JY[4
in ]7[@, Berthelot’s sheaf of overconvergent sections (see [1, Section 1.2]) is
defined to be

JTF = lim jwvadyy F
%
where the limit is over strict neighborhoods of |Y[5 in W, and jw,y: V — W
is the inclusion.

We claim that we have the following Berthelot-style interpretation of log-
rigid cohomology.

Lemma 5.1. We have
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and

RT1og1ig(Y/ &) == Rr(]y[g, w =RI(V,jTw).

)
Proof. We shall only prove the first statement, since the second is proved using
exactly the same argument.
In order to prove the lemma, it suffices to prove that
RO(YL, RU(Y [z, 5 @)

]Y[T ) = ]Y[

Indeed, the right-hand side is the same as RT(V, j10%) by [1, Section 1.2 (iv)].
For a coherent sheaf F on ]Y[5 considered as a dagger space with corre-
sponding coherent sheaf F’ on the rigid space ]Y[A let F be the restriction of

F to the open subspace Y’ [ Since the map ]Y[Jr EN ]Y[G is affinoid and any
section of F is defined via a neighborhood of |Y [ in ]Y'[5, we have a canonical
map

Rj.F = j.F — jiF.
If F* is a complex of coherent sheaves on ]Y[G, with corresponding complexes
F'*, F* defined as above, we get a canonical map

RU(Y[L, F*) = RT(Y [z, jTF).
Let 02 YL f be the log de Rham complex of the log morphism

]
VL~ ('K, ().

Since ]Y[E: is a partially proper rigid space and w=

Vi is a coherent O]Y[T -
module, we have canonical isomorphisms

Y

HI (Vg by ) = BV L gy | ) =H (Y6 )

for all 4, f, by [7, Thm. 5.1 (a)]. But ]Y[5 =Yg, and therefore ]V[L =]\
too. Hence, ¢

HI(Y =, jlol, Y2 HI(Y[L, &'

(] [G ]Yw]y[é) (] [G W )

for all 7, j. Since we have a canonical map
RI(Y(. G5y ) — ROV .50,

we conclude from the first hypercohomology spectral sequence that

RI(T (g, ey, ) = ROOY [}, 3 )
G
as required.
The second statement is proved with exactly the same argument, but where
one instead considers the log de Rham complex with respect to the base (K, N).
The proof is complete. O
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n [4, Section 4], an explicit fundamental system of strict affinoid neigh-
borhoods V), of |Y[s in JY[s (here 0 < A,n < 1) is constructed, as well as
canonical morphisms (see [4, p. 251])

T(Vay,iT0v, ) = Wi4) 2 Q,
and therefore morphisms
r(V,jt0p) - Wi4) 2 Q

for any strict neighborhood V of Y[ in ]Y[3. The universal property of the
de Rham complex then gives a map

IV, jio V) — U*WTQU/k[o]/(GQ) ®Q,

where u: U — Y is the smooth locus of Y = Spec A, and this clearly factors
through

(7) LV, jlay) - Wiy, © Q.
The argument used after [4, Eq. (4.28)] can be used verbatim to show that this
factors through a morphism
(8) RT(V,ji@y) — Wioy , ® Q.
Indeed, V contains some V,n and we can consider the restriction
RI(V,jT@ v) = RE(V 5 wvA ).
Given any strict neighborhood V' of Y[z in V, let us write ag,: V' NV, <
Vi, for the inclusion. Then, by the definition of jt, we have
jTCD‘./A, lg RO, .
V/
where the direct limit runs over all strict neighborhoods V' of |Y[s in V.

Therefore,

RI‘(VM,’]’T@"/M?) = RI'(Vy,p, hgaf/’*@\."/'mvkm) @RI‘(V)\ - av/*wv,mvA n)
V/

where the isomorphism is by the quasicompactness of V) ,. Now for each v/,
one can find a X" such that V), is a strict affinoid neighborhood of Y[ in
V' N V. The restriction to the affinoids Vi, gives a map

RT (Vg 1@, ) = WmRE (Var g, &Y, ) = Hm T (Varg, @, ) = WaS ,0Q,
A by

where the isomorphism is because each V), is affinoid and the last map is
induced by the morphisms I'(V,, Oy,, ) — WT( ) ® Q constructed in [4,
p.251]. Precomposing with the restriction RI(V,jT02) — RF(VA,,?,]'TLD"/AY”)
then gives the desired morphism.

)
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If f1,..., fs define the normal crossings divisor V in V, then f; --- f, = 0,

and hence fi---fs = 0. Therefore, dlog[fi] + --- + dlog[fs] 0 and the
morphism (8) induces a morphism
(9) RTlogrig(Y/S0) = RT(V, jTw?) = Wiwg , © Q.

Proposition 5.2. The morphisms (8) and (9) for overconvergent semi-stable
frames are isomorphisms in the derived category and do not depend on the
choice of overconvergent semi-stable frame for Y.

Proof. We first prove the independence assertion. Let (F, G, ) and (F', G, »')
be two overconvergent semi-stable frames for Y. Let

FEL Fxy F 22 F
be the projections. Then the product
(F",G", ") := (F xw F',pr; H(G) + pry H(G'), # @ 5)

is another overconvergent semi-stable frame for Y. Choose strict neighbor-
hoods V, V' and V" such that V" is sent to V and V' by the respective
projections. By functoriality, the projections induce diagrams

*
~ priy prs

RF(V’.]T(:)‘S/) - RP(V”?] V//) A— RF(Vl)jT(:)‘,//)

Wios , ®Q

and

*

S ) pry [/ SN ) pr (7 T0,,®
RO(V, jlws) —— RO(V”, jlw?,,) —— RO(V', jTw?,)

WTw;l/k ®Q,

and we see therefore that the morphisms (8) and (9) do not depend on the
choice of overconvergent semi-stable frame for Y.

To prove that the morphisms are isomorphisms, since we have already shown
independence, we may as well work with the log-Monsky—Washnitzer frame
(Z,Y, ), as in Section 4 for the overconvergent semi-stable frame for Y (re-
member that Y is affine). We then conclude by Theorem 4.1. O

Theorem 5.3. Let Y be a quasi-projective semi-stable scheme over Sy. Then
the overconvergent Hyodo—Kato complexr computes the log-rigid cohomology
of Y:

RT1og1ig(Y/S0) = RL(Y, Wiwy , @ Q).
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Proof. Let Y = J,c; Y be an open covering, and for J = {io,...,it} C I, let
Yy =Y, N---NY;,. By choosing a possibly finer covering, we may assume
that Y; = Spec A; is affine and that A; = (4;,)5 for some element § € A,
where Y;, = Spec A;,. It is here that we use the quasi-projectivity hypothesis
(compare the argument in [4, Def. 4.33] and the subsequent discussion). For
each i € J, choose a smooth affine k-scheme X; = Spec B; such that Y; is
a normal crossings divisor in X;. We may assume that each X; is standard
smooth in the sense of [4, Def. 4.33]. Let F; be a smooth affine W-scheme
lifting X;, which is again standard smooth, and let Z; be a lifting over W of Y;
which is a normal crossings divisor in F; (compare with [12, Prop. 11.3]).

Now let Z;, = Spec A;, and Zj = Spec(A;, ), for some lifting g of g, and
let F;, = Spec B;, and F}, = Spec(B;, )y for some lifting f of g. Set

E:=]] F-
i
Then, by the strong fibration theorem, the special frames (Y, F;, x F) and
(Y, Fj, x E) have isomorphic dagger spaces. See the argument in the proof
of [4, Prop. 4.35]. Since E is standard smooth, we can choose an étale map
E — A}, for some n. Again by the strong fibration theorem, the dagger
spaces associated to (Y, Fj x E) and (Y;, Fj x Af,) are isomorphic. By
the coordinate change argument in the proof of [4, Prop. 4.35], we may assume
that the map Yy — Afj, factors through the zero section Spec & — Ajj,. Hence,
the dagger space associated to (Y, Fj) x Ajy) is isomorphic to @ x D™, where
D is the open unit dagger disk and @ is the dagger space associated to the
special frame (Y, Fj ). Using the notation of [4, p.252], we write the dagger
space associated to (Y, Fj x Afy) as Q x Dn =: 1Y [},,/XK%, where FZ.’O/X\A’V‘V
denotes the weak formal completion of F; x Ay, along p.
Now consider the embeddings

Yy [ %< Zi,x [[ Fy = Fy xE
icJ jeJ

J#io
and
Y; < 2 x HZi%Z(Z{x HF;) < F x E,
icd icd jeJ
i#i0 J#i
where

s {Zi if i £ i,

g, ifi=io,
and likewise for F}. Note that
D, ::Z(zg x HF;) - (Z;O x HF;) +Z(F;O < Zix ] F)
ieJ jed icJ icJ jeJ

j#i i#io i#ig J#isi0
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is a normal crossings divisor in Fj x E, and ]YJ[ is a normal crossings
Dy

divisor in ]YJ[ T Applying the strong fibration theorem and coordinate
ig X
change argument as above, we get a commutative diagram of dagger spaces

Woly, —— Wilpmg, = Wl
0

| [

My ——— Q x D" ——— Q x D",

where the dagger space M, which is a normal crossings divisor in @ X Dm,is
a sum of normal crossings divisors of the following form:
(a) ]YJ[ , xD™, where ]Y; [TZ, is a normal crossings divisor in @,
! .

(b) @ x D”( ), where D™(m) is the divisor in D™ corresponding to

Let w},, denote the logarithmic de Rham complex on the normal crossings
divisor My in @ X D” as defined in [8]. We rewrite the comparison morphism
defined in (9) in terms of dagger spaces using Lemma 5.1. Then for the case (a),
we have a map

T nn o, e _ t nn e .
LYol %D iy, win) =T(¥olzy <D™y ©905)
iQ iQ
r(]YJ[Z, i, ) = Wiwh ,©Q,

10

where Q2% is the usual (non-logarithmic) de Rham complex on D", and where
the first map is the projection and the second comes from the comparison
between the log-Monsky—Washnitzer complex and overconvergent Hyodo—Kato

complex constructed in (6). For the case (b), we have a map

(@ x bn(m)awéxf)n(m)) =I(Q x En(m)’w].yj[}( xf)"(m))

=T1(Q x D"(m), Q]'Y][}/ ® w})n(m))
r(]YJ[F, Dy, )= Wi, ©Q
to

— I/I/“—(AJAJ/]c (24 Q,
where Q° . is the usual de Rham complex on ]Y; [;, and the first map is
F! i
again the projection. Let sp: |Y; [})J = Mj; — Y; be the specialization map.
Then, by the argument in [4, Eq. 4.32], we have a local version of the above
morphisms and get morphisms of complexes of Zariski sheaves on Y}

T, e
Py, i1, xpn 7 WW e ©Q
*0
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and
. T, e
SPLW o o (m) w Wy, /k ® Q,
which give rise to a morphism

(10) Sp*w].YJ{},J =sp,wis, — WTw;/J/k ®Q
into the overconvergent Hyodo-Kato complex (tensored with Q) of Y;. For
the convenience of the reader, we recall the argument in [4, pp. 253 and 254].

We use the notation as above. Let Y; = Spec Ay with A; = (4i,)3, Z(0 =
Spec(A;, )y with g a lifting of g, and Fj = Spec(B;,)s with f a lifting of g.
Let U = Spec(Aj)j, h a lifting of h in (A;y)y and h a lifting of h in (By,)y.
Let Z] = Spec((Ai,)g)n and F;! = Spec((B;,)s);- Then ]U[ZEO is open in
]YJ[Z;O and |U [E;O is open in ]Y; [Fi,o, hence U [Zéo and |U [F{O inherit dagger
space structures from ]YJ[E{ and |Y; [TF, . By the strong fibration theorem

iQ i

0
applied in the same way as in the section following [4, Eq. 4.32], the dagger
spaces ]U[TZ{ and ]U[TZ{, (resp. ]U[TF, and ]U[}{,) coincide. This induces the
two morphisoms ’ ’ ’
sp*w]'yj[;/ B WTw;,J/k ®Q
0

and

S oy = WY, 1 @ Q

which combined give the morphism (10).
We claim, in analogy to [4, Cor. 4.38], that the canonical morphisms

] [ ]
sp.wyr, — Rsp,wyy,

are quasi-isomorphisms. For now we will assume this claim; the proof is post-
poned until Proposition 5.4. Then (10), together with the claim, gives a mor-
phism

(11) Rsp,whs, = Wiwy, @ Q.

Let U = Spec C be affine open in Y;. By applying RI'(U, —) to (11), we get
from Lemma 5.1 and Proposition 5.2 an isomorphism

R (U, Rsputl oyt J) = RO(U, Wiag ), @ Q) =~ Wing, , ® Q,
where the latter isomorphism follows from the fact that H'(U, Wiw}, /k) =0

for all » > 0, 4 > 0. This is the semi-stable analogue of [4, Prop. 1.2 (b)]
and is derived from the smooth case by considering the graded quotients of
the weight filtration on the Cech complex associated to WTwTC w» as in the
proof of Proposition 3.2. The above isomorphism shows that (11) is already
an isomorphism.
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Now, as we range through the subsets J C I, we get an augmented simplicial
k-scheme 0: Yy :={Y;}jcr — Y. Let

DJ = Z(Zl X HFj)’
icJ jed
J#i
which is a normal crossings divisor in Fj, x E. Again by the strong fibration

theorem, the dagger tubes |Y;[. and Y [L are isomorphic. We get a simpli-
J

TA
EJ -
cial object of special frames {(Y;, D)} scr, and this gives rise to a simplicial
object of dagger spaces

M, = {]YJ[%J}JCI ={Mj}icr.

The quasi-isomorphisms (11) glue to give a quasi-isomorphism of simplicial
complexes on Y,

(12) Rsp,wiy, = WTw;,./k ® Q.
Therefore,
RO, Rsp,wyy, = RH*WTw;,./k ®Q WTw;//k ® Q,
and we deduce that
RT1og4ig(Y/S0) = RT(Y, RO, Rsp,why, ) = RI(Y, Wiwy ), @ Q),
as desired. (]
It therefore remains to prove the following proposition.

Proposition 5.4. Let M be the dagger space considered in the proof of The-
orem 5.3. Then the canonical morphism

sp,Wwhs, — Rsp,wyy,
s a quasi-isomorphism.
The proof will occupy us for the rest of the section. By using the Mayer—
Vietoris exact sequence, it is easy to see that it suffices to prove the proposition

separately for the two cases (a) and (b) above. That is, it suffices to prove that

]YJ[}

.
x D - Rsp*w]YJ[t x Dn
io Zig

Spw

and
L] L]
Sp*wQXf)" (m) — Rsp*wQXfD" (m)
are quasi-isomorphisms. We recall from the proof of Theorem 5.3 that we have

“Ivot, xbn = vt © o
0 ig
and
Waximim) = Yy, © hnm)

i
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The proof for case (a) is easy. Indeed, in [4, Prop. 4.37 and Cor. 4.38], it
is not needed that @ is a smooth affinoid dagger space. What is needed is
that Qg is a locally free Og-module and that H i(Q,Qg) vanishes for ¢ > 0

(Tate-acyclicity). Both properties hold for the locally free (Alvo); ® Q-module

w]py ¢oas well; indeed,
124, '
K 7 T P —
a (]YJ[2i0 ’ w]YJ{Tz"io) -

for i > 0 because |Y; [TZ is affinoid. Hence, we can replace Q by |Y; [TZ and
iQ 0
Qp by o.}]py ’ in the proofs of [4, Prop. 4.37, Cor. 4.38 and Lem. 4.44-4.47]
J Z.

L0
to obtain the desired quasi-isomorphism

]YJ[TZ xD
0

1Yol xDn
0

Rsp,w L sp,w
Now we will treat case (b), which is more subtle. Since @) is an open subspace
in the smooth affinoid dagger space @), it is enough to show that

RSP*WQXf)n(m) = Sp*wQXf)n(m)-
Note that we have
©xbr(m) = 4G © W (m)-

We have the following analogues of [4, Lem. 4.45 and 4.47].

Lemma 5.5. Let A be a smooth dagger algebra, Q = Sp A the associated
affinoid dagger space, and D™(m) the normal crossings divisor on the closed
unit dagger n-ball D™ associated to

Sp K(Tv,....T) /(T Thn).
Let
Ap = (AQK Whn(my = ABK Wpn(my = ABK Whn(my = +-+)
be the complex with obvious differential. Let
dy = dim H (Wi or, 1yt jomym)

be the dimension of the log-Monsky—Washnitzer cohomology of k[Th,...,Tys]/
(Th---Ty). Then A, is quasi-isomorphic to the complex (with zero differen-
tials)

AL gd O pde O
Lemma 5.6. With the same notation as above, let

/v\n = (A RK w%n L

D" (m

2

)—>A®Kw B (m)

) > ARk w — )

(m
be the analogue complex for D™ and its closed normal crossings divisor D”(m)
Then A, is quasi-isomorphic to the complex

0 0 0
A= AN DAt o
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We can now follow the proof of [4, Prop. 4.37]. Let D" = |2, U; be
a union of dagger balls of ascending radius, and let D"(m) = Uiz, Ui(m)
be the correbpondmg normal crossings divisors. For notational brevity, write
wd = waU (m)- Since Q x U;(m) is affinoid, H?(Q x U;(m),w?) vanishes for
p > 1 and RI'(Q x D”( ),w?) is quasi-isomorphic to the global sections of the
complex

quQxU %quQxU st—)H i — Sit1)-
Note that
D trsm) = @Q DI )

Then the complex HO(Q x U;(m), w®
plex with components

BxU; (m)) is represented by the double com-

CP(Uy(m)) = H*(Q, ) @x H(Us(m),w?).

Therefore, the morphism of double complexes

[T wim) =[] wi(m)

given on the (p, g)-entry by

[Icrewiom)) = [[cme@Wim)), [[si— [L(si — sisn).
=1 i=1

induces a map of total complexes with kernel H°(Q x D"(m),w&x o (m)) and
cokernel H'(Q x D™(1n),w&x pr (m))- It follows from Lemma 5.5 that the total
complex associated to C'**(U;(m)) is quasi-isomorphic to

PH Q. 2))*
t
with the correction dy = 1. Analogously, it follows from Lemma 5.6 that
H®(Q x D™(m),w&x pr(m)) is quasi-isomorphic to
@(HO(Q, QZ}))dt — (@(HO(Q, Q%))dt N @(HO(Q, Qg))dt .. )
t

Finally, H'(Q x D"(m), WG B (m)) 1 quasi-isomorphic to the total complex
of the triple complex

HY@Q x D"(m), Qg @ w}, ) = 1;[10”(U¢(m)) - HC%'(U m
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which is quasi-isomorphic to the total complex of the double complex
@2y - [ D@2~ [ D@2
i=1 t i=1 t
H S; > H — Sl+1

(we note that the direct sums are finite, since d; = 0 for ¢ greater than twice
the dimension).

Since the double complex is acyclic with regard to the horizontal differential,
the total complex is acyclic too, and hence H(Q x D™ ( ), WO B (my) 18 also
acyclic. This proves [4, Prop. 4.37 and Cor. 4.38] for waDn(m), and hence we
conclude that Proposition 5.4 holds.

6. THE MONODROMY OPERATOR

We follow the argument in [18] but in the more general setting that ¥ need
not be proper.
Let Y be a quasi-projective semi-stable scheme over Sy. Define a double

complex

1+j+1
WT Y/k

e
PiWte Y/{C

with the differential B — Bf*+1J given by (—1)/d and the differential
Btbi — BtHi+l given by w +— w A 6. Let Bf® be the total complex of Bf**.
Then B* ® Q is the complex BT considered in the proof of Theorem 4.1 in
the log-Monsky—-Washnitzer settmg Let ® denote the map induced by p*t!'F
on B1"J. Define also a map v by requiring that (—1)"+/+1y: Biid — gii—Li+l
is the projection. This induces a map on B'®, which we also call v. The
same argument as in the proof of Theorem 4.1 shows that the natural map
WTLZJ;//k — Bf* factors through ©: VVTw;,/,C — Bf*, and ©® = 0. One also
has that ©® ® Q is a quasi-isomorphism. Indeed, this is a local question on Y,
so we may reduce to the case that Y is a semi-stable affine scheme over Sy,
and this case was already shown in the proof of Theorem 4.1.

Bf** .=

Proposition 6.1. The map v: Bf** — B** induces a nilpotent operator N
on
H*(Y, B&.) = H*(Y, WTW;//I@ ® Q) = Hiy 115 (Y/S0),

which coincides with the monodromy operator

N: Hlt)g—rig(Y/GO) - HlT)g-rig(Y/GO)
defined in [8, Section 5.4].
Proof. Let us define another double complex by

ctid .— ghi=1.J o Bt
for 4,5 > 0, with the differential Ct%7 — CT"*+1J given by
(wl, o.)g) — ((—l)jdwl, (—1)jdw2)
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and the differential Ct"7 — CT%/*1 given by
(w1, ws2) = (w1 A0+ vwa,wa A D).
Let C® be the total complex of C®*. Then we get a natural morphism
v wiay, —cr
fitting into the following diagram of short exact sequences:

— A6
0 —— Whoy, [-1] == Wiay, —— Wiey, —— 0

ER 9 s E

0 ——— Bf*[-1] cte Bie 0.

- A

Tensoring by Q gives the diagram

0—— Wty , ®Q[-1] —% WW;T ®Q — wa;r ®Q ——0

1| ©®Q[-1] TRQ 1e®Q
00— Bif[-1] — 2 ¢t eQ Bir 0,

where the outermost vertical arrows are quasi-isomorphisms by the local argu-
ment given in the proof of Theorem 4.1, and hence we conclude that ¥ ® Q is
also a quasi-isomorphism. By construction, this shows that the map

N:H (Y, Wiw$ ), Q) —» H (Y, Wiwy,, @ Q)

induced by v: Bf** — Bf** is exactly the connecting homomorphism on co-
homology associated to the top short exact sequence.

It therefore suffices to prove that the connecting homomorphism gives the
monodromy operator on Hf:)g_rig(Y/ So). Let Y, be the simplicial scheme and
M, :=1Y, [}). the simplicial dagger space as constructed in the proof of The-
orem 5.3. Then we have a diagram of short exact sequences of complexes of
simplicial sheaves

Ny
0 —— Rsp,w}, [~1] —— Rsp, &}, ——— Rsp,w}, —— 0

RN
0— Wiwy , ®Q[-1] — Wiey, , ©Q— Wiwy , ®Q— 0,
where the outermost vertical arrows are the quasi-isomorphisms (12), and the

middle arrow is constructed as follows.
We rewrite the morphism (7) in terms of dagger spaces for each J:

L(My, &%) = Wiay Q.
Then applying the argument after [4, Eq. 4.32] gives a local version

sp.@hy, = Wias @ Q.
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The proof of Proposition 5.4 holds verbatim with sp,w3, replaced by sp, @},
to show that the canonical morphism sp,w},, — Rsp,wj, is a quasi-iso-
morphism. This then defines the middle arrow in the diagram, which is there-
fore a quasi-isomorphism. The monodromy operator on the log-rigid coho-
mology of Y is, by definition, the connecting homomorphism on cohomology
associated to the top short exact sequence.

7. COMPARISON WITH LOG-CRYSTALLINE COHOMOLOGY IN THE
PROJECTIVE CASE

We prove a semi-stable analogue of a comparison, obtained for smooth pro-
jective varieties in [15] between overconvergent and usual de Rham-Witt co-
homology, for Hyodo—Kato cohomology:

Theorem 7.1. Let Y be a projective semi-stable scheme over Sy. Then the
canonical map

H* (Y, Wiwy ;) = H* (Y, Wwy )
is an isomorphism of W (k)-modules of finite type.

For the assumption of (quasi-)projectivity, see the remark below Theo-
rem 1.1.
First we need the following lemma.

Lemma 7.2. Under the assumptions of Theorem 7.1, there is a commutative
diagram

H*(Y, WTW;//k) H*(Y, WW;//k)

| |

H*(Y, Wiwy , ® Q) H*(Y, Wwy, ), ® Q)

| |

HlZg—rig(Y/GO) - Hlt)g—cris((Y7 M)/(W(k), W(L))) ® Q.

Here M is the log structure on'Y giwen by Oy Nu,Of, where u: U =Y is a
smooth dense open, and W (L) is the canonical lifting of the log structure L on
Speck given by 1 — 0 (previously denoted by Sp).

Proof. We need to show that the lower square commutes. The isomorphism
on the left and right are the comparisons between log-rigid and overconvergent
Hyodo—Kato (resp. between log-crystalline and Hyodo—Kato cohomology [10,
Thm. 4.19]). These isomorphisms also hold if Y is only quasi-projective. The
lower horizontal isomorphism is the logarithmic analogue of a comparison be-
tween rigid and crystalline cohomology defined in the proof of [1, Thm. 1.9].
If there exists a global semi-stable frame, the analogy with Berthelot’s proof
is clear, otherwise one has to proceed by simplicial methods. Using Grosse-
Klonne’s definition of log-rigid cohomology as the cohomology of simplicial
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dagger spaces [8, 1.5] one obtains a canonical map, by using p-adic formal
schemes and rigid spaces instead of weak formal schemes and dagger spaces, to
Shiho’s analytic cohomology which is isomorphic to log-convergent cohomology
by Shiho’s log convergent Poincaré lemma [19, Cor. 2.3.9]. Using the isomor-
phism between log-convergent and log-crystalline cohomology [19, Thm. 3.1.1],
one obtains the lower horizontal arrow for any semi-stable Y, not necessarily
proper. If Y is proper, then the log-rigid cohomology is isomorphic to analytic,
respectively, log-convergent cohomology by [8, Thm. 5.3], and hence the lower
horizontal arrow is an isomorphism for Y proper semi-stable.

Hence, all maps in the lower square are defined for quasi-projective varieties
as well. Using the Mayer—Vietoris sequence for cohomology, we may assume
that Y is affine. Since the lower horizontal map in the diagram is independent
from the choice of embeddings into log-smooth (weak) formal schemes, we may
assume that Hio, .ie(Y/S0) is given by the logarithmic Monsky-Washnitzer
cohomology Hige nw (Y/K). In this case the map is given by a morphism of
complexes

Wy = w;:/,
i.e., by taking p-adic completion of the logarithmic Monsky—Washnitzer com-
plex. The comparison maps to the overconvergent and usual Hyodo—Kato
complexes evidently commute with taking p-adic completions. This proves the
lemma. U

Next we show the analogue of [15, Prop. 2.2].

Proposition 7.3. Under the assumptions of Theorem 7.1, we have quasi-
isomorphisms

Wiws /p" = Wwy ), /p" = Wows ),
for all m € N.

Only the first quasi-isomorphism requires a proof; the second quasi-iso-
morphism follows from [10, Cor. 4.5].

This is a Zariski-local question, so we may assume that Y is affine. Moreover,
by a result of Kedlaya [13, Thm. 2], we may assume that ¥ = Spec B is finite
étale and free over Spec A = Speck[Th,...,Tq]/(Ty---T;) for some r.

We note that [15, Prop. 2.3] is based on [5, Cor. 2.46] and does not need
A being a smooth k-algebra, hence we conclude that WT(B) is a finite étale
Wt(A)-algebra and free as a W(A)-module.

The proof of [4, Prop. 1.9] transfers verbatim to the Hyodo-Kato com-
plexes and extends the étale base change for the Hyodo—Kato complexes in
[17, Prop. 3.7] to the overconvergent setting, hence we have

Wiwh . @wreay WHB) = Whap .

Let ka: At = W(k)(T1,..., T))t/(Ty---T,) — WT(A) be the canonical
map obtained by sending T; to [T;] for ¢ = 1,...,d. Note that [T} ---T,] =
[Ty]---[T}] is zero in W(A), hence k4 is well defined. By reproducing the
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argument before [15, Prop. 2.5], we conclude that the above map extends
uniquely to

kp: BT = W1(B)
(note that this map is used to construct the comparison morphisms (5) and
(6)). Then we have the following proposition.

Proposition 7.4. Let B be finite étale and free over A = k[Ty,...,T4]/
(T ---T,.). Then there is a decomposition of Wng/k into subcomplezxes

Wiwg = Wiogir @ Wiwgie,

where WToJf”/‘C’ s acyclic and WTw‘g;,: is isomorphic to w%

induced by

Bt via the morphism

KBt Wk —>WwB/k

Proof. 1t is enough to treat the case A = B; the argument for this is the same
as in the proof of [15, Prop. 2.5]. Indeed,

Wiwp 2 Wiwh ), @piay WH(B)

by éEale base change. Let by, ..., bm~be an A-module basis of B and lift these to
an Af-module basis uy, ..., U, of Bf. Then kg(u1),...,xp(uy) is a WT(A)-
module basis of WT(B). Therefore,

Wi, = Wiwh ), @z BT

If WTLLJZ Jk decomposes as in the statement of the proposition, then we obtain
a decomposition
Wiwg ), = Wioghie @ Wiwgi®

by tensoring the corresponding decomposition for A with Bf. The same proof
as that of [4, Thm. 3.19] shows that if WTwij® is acyclic, then Wiwpgig®
is acyclic. It therefore suffices to prove the proposition for the case A = B.
For this we use the description of the de Rham-Witt complex of a (Laurent-)
polynomial algebra given in [2, Section 10.4].

For a Zp)-algebra R, any element w in W, 0l
written as a finite sum

(13) o= Y eeur kP 1] dlog( T] (7).

kP Jj=p+1 i€l;

RITE .. TH) /R can be uniquely

where k ranges over the weight functions k: [1,d] — Z[%] U {oo} satisfying
properties (i), (ii), (iii) in [2, Section 10.4], and P = {Io, I1, ..., Iy, Ipy1, ..., I¢}
is a disjoint partition of I = suppk, such that P<, = {Ip,I1,...,I,} and p
is the integer denoted by ps in [2, Section 10.4], Iy is possibly empty and
e(&k,p,k, P<,) is a basic Witt differential of type Case 1, Case 2, Case 3 given
in [14, Eq. 2.15-2.17] (but where the exponents of the T; for ¢ occurring in I;
for 0 < j < p can be negative).

Consider now the log-scheme Spec(A,N"), where N" 3 ¢; — T3, 1 < i < r,
over the trivial base Spec(k,*). Then the complex WA, ). ), defined
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in [17], can be described as follows (our description differs from the description
in [17] but is equivalent): any w in WAf AN/ (ko) has a unique expression as
a convergent sum

Z (€ep ke, Pey) H dlog(H )

j=p+1 i€l

as in (13), where for any given m, the following hold:

o {p € VIV (k) =pmW (k) for all but finitely many k.

o All weight functions take nonnegative values, i.e., on IoU---UI,, they
take values in Zxo[].

e [1,r] ¢ I; for any j = 0,...,p, and for any ¢ occurring in I; for
j=p+1,...,0, wehaveiec[l,...,r].

It is clear from this description that we get a decomposition

WA.(ANT)/(k ®) — WA ANT)/ k%) 69V[/Alz‘lclw)/(lC *)?

given by integral and purely fractional weights, and that the fractional part is
acyclic, as in the case of (Laurent-) polynomial algebras [2, Thm. 10.13].

Now we apply [17, Section 7.2]. Let W,,A® := Win ALa N7y (k,v) a0d Wi A® =
Wi Alanmyseny = WmAlanr)/s,, which is isomorphic to the Hyodo-Kato
complex Wpwy Ik by the proof of Proposition 3.3. Then we have a short exact
sequence (see [17, Lem. 7.4])

0 — Wi A*~L 207 W R 5 W, A® — 0,

where 0, := dlog[T}] + --- + dlog[T}]. This implies that any element w in
W,,AY can be written uniquely as a sum

¢
(14) w=Y ek Ps,) T dlog( [TIT)

kP j=p+1 i€l
with the following properties:

o [1,7] ¢ Ij for any j = 0,...,/; p is equal to p in [2, Section 10.4].
o Forall j=p+1,...,0 wehave I; C {1,...,7}.
e c(&.p,k, P<,), as before.

From the definitions it is clear that we again have a decomposition
W, Ao — W Ainto o W, Afraco
m - m m k)

and the fractional part is acyclic. Passing to the projective limit and overcon-
vergent subcomplexes, we obtain decompositions

WA® = WAinto ® WAfraco
and

WTAQ _ WTAint *® WTAfraC.,
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and the fractional parts are acyclic subcomplexes (the acyclicity is inherited
from the case of polynomial algebras). Hence, we have the desired decomposi-
tion
WTw;//k = WTwi;‘/tk' & WTw§57Z'

in the case that Y = Speck[T1,...,Ty])/(T1 -+ T}). It is evident that WTwi;‘/tk'
is isomorphic to w}‘ e O

Since the Wwa,/k and Wwf,/k are p-torsion-free [10, Cor. 4.5], we conclude
that W*wﬁj‘,‘;' ® Z/p™ is acyclic too. It is clear that wéT ® Z/p™ is isomorphic
to w:é} ® Z/p™. This concludes the proof of Proposition 7.3.

Finally, since

lim H (Y, Wt /") = I HY Y, Wy ) = HECY, Wed ),

where the last equality holds because all H'(Y, W,wy/;) are of finite length
if Y is proper [10, Section 3.2] and H'(Y, Wwy;.) are W (k)-modules of finite
type, we can apply the arguments in [15, p. 1392] to conclude that

H* (Y, Wiy ) = HY (Y, W),
This proves Theorem 7.1. O
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