
❲❲❯
▼Ü◆❙❚❊❘

♣✲❆❞✐❝❲❡✐❧●r♦✉♣❘❡♣r❡s❡♥t❛t✐♦♥s

▼❛r❦❋❡❧❞♠❛♥♥

✷✵✶✽

✇✐ss❡♥ ❧❡❜❡♥

❲❲❯▼ü♥st❡r

❋❛❝❤❜❡r❡✐❝❤ ✶✵

▼❛t❤❡♠❛t✐❦ ✉♥❞

■♥❢♦r♠❛t✐❦





▼❛t❤❡♠❛t✐❦

p✲❛❞✐❝ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s

■♥❛✉❣✉r❛❧❞✐ss❡rt❛t✐♦♥

③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ❛❦❛❞❡♠✐s❝❤❡♥ ●r❛❞❡s ❡✐♥❡s ❉♦❦t♦rs

❞❡r ◆❛t✉r✇✐ss❡♥s❝❤❛❢t❡♥ ❞✉r❝❤ ❞❡♥ ❋❛❝❤❜❡r❡✐❝❤

▼❛t❤❡♠❛t✐❦ ✉♥❞ ■♥❢♦r♠❛t✐❦

❞❡r ❲❡st❢ä❧✐s❝❤❡♥ ❲✐❧❤❡❧♠s✲❯♥✐✈❡rs✐tät ▼ü♥st❡r

✈♦r❣❡❧❡❣t ✈♦♥

▼❛r❦ ❋❡❧❞♠❛♥♥

❛✉s ❖❡❧❞❡

✲ ✷✵✶✽ ✲



❉❡❦❛♥✿ Pr♦❢✳ ❉r✳ ❳✐❛♦②✐ ❏✐❛♥❣

❊rst❡r ●✉t❛❝❤t❡r✿ Pr♦❢✳ ❉r✳ P❡t❡r ❙❝❤♥❡✐❞❡r

❩✇❡✐t❡r ●✉t❛❝❤t❡r✿ Pr♦❢✳ ❉r✳ ❯rs ❍❛rt❧

❚❛❣ ❞❡r ♠ü♥❞❧✐❝❤❡♥ Prü❢✉♥❣✿ ✵✻✳✵✾✳✷✵✶✽



❆❜str❛❝t

❲❡ st✉❞② ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ♦✈❡r t❤❡ ❝♦❡✣❝✐❡♥t ✜❡❧❞ Qp ❛♥❞ ❡s✲
t❛❜❧✐s❤ ❝❡rt❛✐♥ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❝❛t❡❣♦r✐❡s ✐♥ t❤❡ ✢❛✈♦r ♦❢ ❋♦♥t❛✐♥❡✬s ❝❧❛ss✐✲
✜❝❛t✐♦♥ ♦❢ p✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ●❛❧♦✐s ❣r♦✉♣✳ ■❢ ✇❡ r❡str✐❝t
t♦ ❝r②st❛❧❧✐♥❡ ✭♦r ❞❡✲❘❤❛♠✮ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡
❝❛t❡❣♦r② ♦❢ t❤❡s❡ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ❣❡♥❡r❛t♦rs✳ ▼♦r❡
♣r❡❝✐s❡❧② ✐t ✐s ❣❡♥❡r❛t❡❞ ❛s ❛♥ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r② ❜② t❤❡ ❢✉❧❧ s✉❜❝❛t❡✲
❣♦r② ♦❢ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ✜♥✐t❡ ✉♥r❛♠✐✜❡❞ ✐♥❞✉❝t✐♦♥s ♦❢ t❤❡
❝❤❛r❛❝t❡r Qp(| · |) ❣✐✈❡♥ ❜② ❆rt✐♥✬s r❡❝✐♣r♦❝✐t② ❧❛✇✳





❈♦♥t❡♥ts

■♥tr♦❞✉❝t✐♦♥ ✐✐✐

✶ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ✶

✶✳✶ ❚r✐✈✐❛ ❛❜♦✉t t❤❡ ❲❡✐❧ ●r♦✉♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✷ p✲❛❞✐❝ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✸ ▼♦❞✲p✲ ❛♥❞ Zp✲❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✹ ❋♦r♠❛❧✐s♠ ♦❢ ❆❞♠✐ss✐❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✷ P❡r✐♦❞ ❘✐♥❣s ✶✾

✷✳✶ P❡r❢❡❝t♦✐❞ ❋✐❡❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷ ❚✐❧t✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✸ ❚❤❡ ♠❛♣ θ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✹ ❚❤❡ ❈r②st❛❧❧✐♥❡ P❡r✐♦❞ ❘✐♥❣ ✭B❝r②s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✺ ❚❤❡ ❘✐♥❣ ♦❢ p✲❛❞✐❝ P❡r✐♦❞s ✭B❞❘✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✻ ❚❤❡ ❚✐❧t❡❞ ♣✲❛❞✐❝ ▲♦❣❛r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✼ GK✲■♥✈❛r✐❛♥ts ♦❢ P❡r✐♦❞ ❘✐♥❣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✽ ❚❤❡ ▲♦❣✲❝r②st❛❧❧✐♥❡ P❡r✐♦❞ ❘✐♥❣ ✭Bst✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✾ ❆ ❚✇♦✲❉✐♠❡♥s✐♦♥❛❧ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸ ✭❇✲✮❆❞♠✐ss✐❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥s ✸✾

✸✳✶ ❋♦♥t❛✐♥❡✬s ❊q✉✐✈❛❧❡♥❝❡s ♦❢ ❈❛t❡❣♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✷ ▲♦❣✲❝r②st❛❧❧✐♥❡ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✸ ❉❡ ❘❤❛♠ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹ ❲❡✐❧ ✈s ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✺✶

✹✳✶ ▲✐❢t✐♥❣ ▼❛♣s ❢r♦♠ Z t♦ Ẑ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✷ ■❞❡♥t✐❢②✐♥❣ t❤❡ ●❛❧♦✐s ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✸ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✹ ●❡♥❡r❛t♦rs ♦❢ ❆❜❡❧✐❛♥ ❚❡♥s♦r ❈❛t❡❣♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✺ ●❡♥❡r❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✐



✐✐

✺ (ϕ,Γ, F )✲▼♦❞✉❧❡s ✻✾
✺✳✶ (ϕ, F )✲▼♦❞✉❧❡s ❛♥❞ ▼♦❞✲p✲❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✺✳✷ (ϕ,Γ, F )✲▼♦❞✉❧❡s ❛♥❞ ▼♦❞✲p ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✺✳✸ ❘❡❛❧✐t② ❈❤❡❝❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✺✳✹ (ϕ, F )✲▼♦❞✉❧❡s ❛♥❞ p✲❛❞✐❝ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✺✳✺ (ϕ,Γ, F )✲▼♦❞✉❧❡s ❛♥❞ p✲❛❞✐❝ ❘❡♣r❡s❡♥t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

❆♣♣❡♥❞✐❝❡s ✽✺

❆ ❉✐✈✐❞❡❞ P♦✇❡rs ✽✼
❆✳✶ ❯♥✐✈❡rs❛❧ ❊♥✈❡❧♦♣✐♥❣ ❉✐✈✐❞❡❞ P♦✇❡r ❘✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
❆✳✷ ❉✐✈✐❞❡❞ P♦✇❡r ❊♥✈❡❧♦♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
❆✳✸ ❈♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ❚❡♥s♦r Pr♦❞✉❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

❇ ❙❧♦♣❡ ✜❧tr❛t✐♦♥s ✾✼
❇✳✶ ❙❧♦♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
❇✳✷ ❋✐❧tr❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
❇✳✸ ❉✐❡✉❞♦♥♥é✲▼❛♥✐♥ ❈❧❛ss✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

❇✐❜❧✐♦❣r❛♣❤② ✶✶✶



■♥tr♦❞✉❝t✐♦♥

▲❡t p ❜❡ ❛ ♣r✐♠❡✱ K/Qp ❛ ✜♥✐t❡ ✜❡❧❞ ❡①t❡♥s✐♦♥ ✇✐t❤ r✐♥❣ ♦❢ ✐♥t❡❣❡rs OK ❛♥❞
r❡s✐❞✉❡ ✜❡❧❞ k✱ ❞❡♥♦t❡ ❜② K ❛♥ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ ♦❢ K✳ ■t ✐s ❛ ❢✉♥❞❛♠❡♥✲
t❛❧ ♣r♦❜❧❡♠ ✐♥ ◆✉♠❜❡r ❚❤❡♦r② t♦ ✉♥❞❡rst❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✭❧♦❝❛❧✮
❛❜s♦❧✉t❡ ●❛❧♦✐s ❣r♦✉♣ GK := ●❛❧(K/K)✳ ❆♥ ✉s✉❛❧ str❛t❡❣② ✐♥ ♠❛♥② ✜❡❧❞s
♦❢ ♠❛t❤❡♠❛t✐❝s t♦ ✉♥❞❡rst❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❣r♦✉♣ ✐s t❤❡ st✉❞② ♦❢ ✐ts
r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r②✳ ❚❤❡ ✭❧♦❝❛❧✮ ▲❛♥❣❧❛♥❞s ♣r♦❣r❛♠ s✉❣❣❡sts t❤❛t t❤❡r❡ ✐s
❛ ❞❡❡♣ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GK ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢
r❡❞✉❝t✐✈❡ ❣r♦✉♣s✳ ❖✈❡r t✐♠❡ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ✇❡r❡ ♠❛❞❡ t♦ ❣✐✈❡ t❤✐s ✐❞❡❛
❛ ❝♦♥❝r❡t❡ ✐♥❝❛r♥❛t✐♦♥✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❧♦❝❛❧ ▲❛♥❣❧❛♥❞s ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦✲
✈✐❞❡❞ ❜② ❍❛rr✐s✲❚❛②❧♦r ❬❍❚✵✶❪ ❛♥❞ ❍❡♥♥✐❛rt ❬❍❡♥✵✵❪ ❢♦r ●▲n r❡❧❛t❡s ❝❡rt❛✐♥
✭♠♦r❡ ♣r❡❝✐s❡❧②✿ ✐rr❡❞✉❝✐❜❧❡ ❛❞♠✐ss✐❜❧❡✮ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ●▲n(K) ♦✈❡r C
❛♥❞ ❝❡rt❛✐♥ n✲❞✐♠❡♥s✐♦♥❛❧ ✭♠♦r❡ ♣r❡❝✐s❡❧②✿ s❡♠✐s✐♠♣❧❡ ❲❡✐❧✲❉❡❧✐❣♥❡✮ r❡♣r❡✲
s❡♥t❛t✐♦♥s ♦❢ WK ♦✈❡r C✱ ✇❤❡r❡ t❤❡ ❲❡✐❧ ❣r♦✉♣ WK ✐s ✭❛s ❛♥ ❛❜str❛❝t ❣r♦✉♣✮
t❤❡ s✉❜❣r♦✉♣ ♦❢ GK ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❛✉t♦♠♦r♣❤✐s♠s ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ t❤❡
r❡s✐❞✉❛❧ ●❛❧♦✐s ❣r♦✉♣ Gk ✐s ❛♥ ✐♥t❡❣r❛❧ ♣♦✇❡r ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ❛✉t♦♠♦r♣❤✐s♠✳
❉✉❡ t♦ ●r♦t❤❡♥❞✐❡❝❦✬s ✭l✲❛❞✐❝✮ ▼♦♥♦❞r♦♠② ❚❤❡♦r❡♠ ❬❚❛t✼✾✱ ➓✹❪ t❤❡ ❧❛tt❡r
❝❛t❡❣♦r② ♦❢ ❲❡✐❧✲❉❡❧✐❣♥❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WK ♦✈❡r C ✐s ❡q✉✐✈❛❧❡♥t t♦ ✉s✉❛❧
l✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WK ✇❤❡r❡ l 6= p✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ l✲❛❞✐❝ ❝❛s❡
p✲❛❞✐❝ ❍♦❞❣❡ t❤❡♦r② ♦♥❧② ❞❡❛❧s ✇✐t❤ ●❛❧♦✐s r❡♣r❡s❡♥t❛t✐♦♥s ✐♥st❡❛❞ ♦❢ ❲❡✐❧
❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ r❛✐s❡s t❤❡ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❤♦✇ ❜♦t❤ ❝♦♥❝❡♣ts
❝❛♥ ❜❡ ❧✐♥❦❡❞✳ ■♥ t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝❛t❡❣♦r✐❡s
♦❢ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ♦✈❡r t❤❡ ❝♦✲
❡✣❝✐❡♥t ✜❡❧❞ Qp✳

▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ♠♦❞✐❢② ❋♦♥t❛✐♥❡✬s ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ p✲❛❞✐❝ ●❛❧♦✐s r❡♣✲
r❡s❡♥t❛t✐♦♥s ✭❣✐✈❡♥ ✐♥ ❬❋♦♥✾✵❪ ❛♥❞ ❬❋♦♥✾✹❛❪✮ ✇✐t❤ t❤❡ ✐♥t❡♥t✐♦♥ t♦ ✜t ❲❡✐❧
❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥t♦ t❤❡ ♣✐❝t✉r❡✳ ■❢ ✇❡ r❡str✐❝t t❤❡ ♣r♦❜❧❡♠ t♦ ❞❡✲❘❤❛♠
r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❡ r❡❝❡✐✈❡ ❡♥♦✉❣❤ str✉❝t✉r❡ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞✉❧❡s
t♦ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡ t❤❡ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ❛s s✉❜q✉♦t✐❡♥ts ♦❢ ●❛✲
❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s t✇✐st❡❞ ❜② ✐♥❞✉❝❡❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❝❤❛r❛❝t❡r
❣✐✈❡♥ ❜② ❆rt✐♥✬s r❡❝✐♣r♦❝✐t② ❧❛✇✳

✐✐✐
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■♥ ❝❤❛♣t❡r ✶ ✇❡ ❝♦❧❧❡❝t ❣❡♥❡r❛❧ st❛t❡♠❡♥ts ❛❜♦✉t ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥✲
t❛t✐♦♥s✳ ■t ✐s ♣♦✐♥t❡❞ ♦✉t t❤❛t ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❛s
●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ♦✈❡r t❤❡ ❝♦❡✣❝✐❡♥t r✐♥❣s Fp,Fp ❛♥❞ Zp✳ ■❢ ♦♥❡
❝♦♥s✐❞❡rs r❡♣r❡s❡♥t❛t✐♦♥s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Qp✱ t❤✐s ✐s ❢❛❧s❡✳ ❚❤❡ ❝❤❛r❛❝✲
t❡r ❣✐✈❡♥ ❜② ❆rt✐♥✬s r❡❝✐♣r♦❝✐t② ❧❛✇ Qp(| · |) ✐s ❛ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥
❜✉t ❝❛♥✬t ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥
❛①✐♦♠❛t✐❝ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ ✇❡ ❛❞❥✉st t❤❡ t❤❡♦r② ♦❢ B✲❛❞♠✐ss✐❜❧❡ r❡♣r❡s❡♥✲
t❛t✐♦♥s ✭❡✳❣✳ ❣✐✈❡♥ ✐♥ ❬❇❈✵✾❪✮ t♦ ♦✉r ♣✉r♣♦s❡s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❞❡✜♥❡ ❛
B✲❛❞♠✐ss✐❜❧❡ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥ ❜② r❡q✉❡st✐♥❣ t❤❛t t❤❡ r❡str✐❝t✐♦♥ t♦
❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥❡rt✐❛ ❣r♦✉♣ ✐s B✲❛❞♠✐ss✐❜❧❡✳ ❆❢t❡r✇❛r❞s ✇❡ ♣r♦✈❡
t❤❛t t❤❡ ❝❛t❡❣♦r② ♦❢ B✲❛❞♠✐ss✐❜❧❡ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣❛✐rs (D,F ) ✇❤❡r❡ D ✐s t❤❡ ♦❜❥❡❝t ❝♦♥s✐st✐♥❣ ♦❢ ✧❧✐♥❡❛r
❛❧❣❡❜r❛ ❞❛t❛✧ ❋♦♥t❛✐♥❡ ❛ss♦❝✐❛t❡s t♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ✐♥❡rt✐❛ ❣r♦✉♣
❛♥❞ F ✐s ❛ s❡♠✐❧✐♥❡❛r ♦♣❡r❛t♦r s❛t✐s❢②✐♥❣ ❝❡rt❛✐♥ ❡①tr❛ ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❆①✐♦♠s
✶✳✶ t♦ ✶✳✺✮✱ ❡ss❡♥t✐❛❧❧② t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ F ❤❛s t♦ ❞❡✜♥❡ ❛♥ ✐s♦♠♦r♣❤✐s♠✳

■♥ ❝❤❛♣t❡r ✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣❡r✐♦❞ r✐♥❣s✱ ✇❤✐❝❤ ❛r❡ r❡q✉✐r❡❞ ✐♥ ♦r❞❡r
t♦ ❞❡✜♥❡ ❝r②st❛❧❧✐♥❡✱ ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭✐✳❡✳ s❡♠✐st❛❜❧❡✮ ❛♥❞ ❞❡✲❘❤❛♠ r❡♣r❡s❡♥✲
t❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ❧❛♥❣✉❛❣❡ ✐♥tr♦❞✉❝❡❞ ❜② ❙❝❤♦❧③❡ ❬❙❝❤✶✶❪ ♦❢ ♣❡r❢❡❝t♦✐❞
✜❡❧❞s ❛♥❞ t✐❧ts ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ✇✐❧❞ ❛♠♦✉♥t ♦❢ ♥♦t❛t✐♦♥ t♦ ❛ ♠✐♥✐♠✉♠✳
❉✉r✐♥❣ t❤✐s ❡①❝✉rs✐♦♥ ✇❡ r❡❝❛♣✐t✉❧❛t❡ t❤❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t t❤❡s❡ r✐♥❣s✳ ❲❡
❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡ t❤❡ ●❛❧(K/F )✲✐♥✈❛r✐❛♥ts ♦❢ B❞❘ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✶✻✮ ❛♥❞
Bst ✭s❡❡ ▲❡♠♠❛ ✷✳✸✺✮ ❢♦r ❛♥ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ F/K s✉❝❤ t❤❛t F̂ ⊆ Cp ✐s ❛
♣❡r❢❡❝t♦✐❞ ✜❡❧❞✳

■♥ ❝❤❛♣t❡r ✸ ✇❡ ❛♣♣❧② t❤❡ t❤❡♦r② ♦❢ B✲❛❞♠✐ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ❞❡✈❡❧✲
♦♣❡❞ ✐♥ ❝❤❛♣t❡r ✶ t♦ t❤❡ ♣❡r✐♦❞ r✐♥❣s ♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣t❡r ✷✳ ❇② ❝❤❡❝❦✐♥❣
t❤❛t t❤❡ ❛①✐♦♠s ❢♦r♠✉❧❛t❡❞ ❜❡❢♦r❡ ❤♦❧❞ ✐♥ t❤✐s s✐t✉❛t✐♦♥ ✇❡ r❡❝❡✐✈❡ s❡✈❡r❛❧
❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❝❛t❡❣♦r✐❡s✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡ ❝❡rt❛✐♥ ❝❛t❡❣♦r✐❡s ♦❢ B✲❛❞♠✐ss✐❜❧❡
✭❡✳❣✳ ❝r②st❛❧❧✐♥❡✱ ❧♦❣✲❝r②st❛❧❧✐♥❡✱ ❞❡✲❘❤❛♠✮ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥
t❡r♠s ♦❢ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❞❛t❛✳ ❚❤❡s❡ ❡q✉✐✈❛❧❡♥❝❡s ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✶✷ ❛♥❞
❚❤❡♦r❡♠ ✸✳✷✵✮ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❝❛t❡❣♦r✐❡s ❢♦r
✭❝r②st❛❧❧✐♥❡✱ ❧♦❣✲❝r②st❛❧❧✐♥❡✱ ❞❡✲❘❤❛♠✮ p✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ✐♥❡rt✐❛
❣r♦✉♣ IK ✳ ❲❡ ❡♥❞♦✇ t❤❡ ♦❜❥❡❝ts ♦❢ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❞❛t❛ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧
♦♣❡r❛t♦r F t❤❛t ✐s ❤✐❣❤❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❣✐✈❡♥ str✉❝t✉r❡s ❛♥❞ ♠✐♠✐❝s
❛ ❧✐❢t ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ✐♥ WK ⊆ GK ✳

■♥ ❝❤❛♣t❡r ✹ ✇❡ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ❝❛s❡ ♦❢ ✭♣♦t❡♥t✐❛❧❧②✮
❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ❜② t❤❡ p✲❛❞✐❝ ▼♦♥♦❞r♦♠② ❚❤❡♦r❡♠
✭s❡❡ ❬❇❡r✵✷❪✮ t❤❡ s❛♠❡ ❛s ❞❡❛❧✐♥❣ ✇✐t❤ ❞❡✲❘❤❛♠ r❡♣r❡s❡♥t❛t✐♦♥s✳ ■t t✉r♥s ♦✉t
t❤❛t ❛ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❧✐❢t❡❞ t♦ ❛ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛✲
t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✭❛❞♠✐ss✐❜❧❡ ✜❧t❡r❡❞ ϕ✲✮♠♦❞✉❧❡ (D,F )



✈

❤❛s ◆❡✇t♦♥ s❧♦♣❡ 0 ✇✐t❤ r❡s♣❡❝t t♦ F ✭s❡❡ ❚❤❡♦r❡♠ ✹✳✼✮✳ ❍❡♥❝❡ ✇❡ ❞❡❝♦♠✲
♣♦s❡ t❤❡ ♠♦❞✉❧❡ (D,F ) ❛❧♦♥❣ t❤❡ s❡♠✐❧✐♥❡❛r ♠❛♣ F ✈✐❛ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥
❚❤❡♦r❡♠ ♦❢ ❉✐❡✉❞♦♥♥❡✲▼❛♥✐♥✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡s ✭s❡❡ ❚❤❡♦r❡♠ ✹✳✶✾✮ ♦♥ t❤❡ ♠♦❞✉❧❡
D✳ ■♥ t❤❡ ❧❛st st❡♣ ✇❡ t❛❦❡ ♣♦✇❡rs ♦❢ ❡✈❡r② s✉♠♠❛♥❞ ❛♥❞ t❤❡♥ ✧t✐❧t✧ ✐t t♦
◆❡✇t♦♥ s❧♦♣❡ 0 ❜② ❢♦r♠✐♥❣ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ✇✐t❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥❞✉❝❡❞
❢r♦♠ Qp(| · |)✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ♠❛✐♥ r❡s✉❧t ✭s❡❡ ❚❤❡♦r❡♠ ✹✳✷✺✮✿ ❚❤❡ ❝❛t✲
❡❣♦r② ♦❢ ✭♣♦t❡♥t✐❛❧❧②✮ ❧♦❣✲❝r②st❛❧❧✐♥❡ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✐s ❣❡♥❡r❛t❡❞
✭❛s ❛ t❡♥s♦r ❝❛t❡❣♦r②✮ ❜② t❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s
❛♥❞ ✐♥❞✉❝❡❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❝❤❛r❛❝t❡r Qp(| · |)✳

■♥ ❝❤❛♣t❡r ✺ ✇❡ tr❡❛t t❤❡ ❝❛s❡ ♦❢ ❣❡♥❡r❛❧ p✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❲❡
✉s❡ t❤❡ ♠❛✐♥ r❡s✉❧t ❢r♦♠ ❝❤❛♣t❡r ✶ ♦♥❝❡ ❛❣❛✐♥ t♦ ❝♦♥str✉❝t ❝❛t❡❣♦r✐❡s ♦❢
❧✐♥❡❛r ❛❧❣❡❜r❛ ❞❛t❛ ✇❤✐❝❤ ❝❧❛ss✐❢② ✭❣❡♥❡r❛❧✮ ♠♦❞✲p r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WK

✭s❡❡ ❚❤❡♦r❡♠ ✺✳✼✮✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✇♦r❦s ♦✉t ✐♥ ❛ s✐♠✐❧❛r ✇❛② ✐♥ t❤❡ ❝❛s❡
♦❢ p✲❛❞✐❝ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ✭s❡❡ ❚❤❡♦r❡♠ ✺✳✶✶✮✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❋✐rst ♦❢ ❛❧❧ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❛❞✈✐s♦r P❡t❡r ❙❝❤♥❡✐❞❡r ❢♦r ❣✐✈✐♥❣ ♠❡
t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❜❡ ♣❛rt ♦❢ ❤✐s ✇♦r❦ ❣r♦✉♣ ❛♥❞ ❢♦r ♦✛❡r✐♥❣ ♠❡ t❤✐s ❡①❝✐t✐♥❣
❛s ✇❡❧❧ ❛s ❧✉❝r❛t✐✈❡ t♦♣✐❝✳ ❍✐s s✉♣♣♦rt ❛♥❞ s✉♣❡r✈✐s✐♦♥ ✇❡r❡ ❡ss❡♥t✐❛❧ ❢♦r t❤❡
♣r♦❣r❡ss ♦❢ t❤✐s t❤❡s✐s✳ ❋♦r ✈❛r✐♦✉s ❞✐s❝✉ss✐♦♥s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ t♦♣✐❝s ♦❢ t❤✐s
♣❛♣❡r ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ▼❛rt❡♥ ❇♦r♥♠❛♥♥✱ ▼❛r✐✉s ❑❧❡②✱ ❏♦♥❛s ❙t❡❧③✐❣✱
▼❛tt❤✐❛s ❲❡✐r✐❝❤ ❛♥❞ ▼❛tt❤✐❛s ❲✉❧❦❛✉✳

❆✉❝❤ ❞❛♥❦❡ ✐❝❤ ❛❧❧❡♥✱ ❞✐❡ ♠✐❝❤ ✐♥ ❞❡r ❩❡✐t ❞❡r Pr♦♠♦t✐♦♥✱ ❜❡❣❧❡✐t❡t ❤❛❜❡♥✱
✐♠ s♣❡③✐❡❧❧❡♥ ♠❡✐♥❡♥ ❊❧t❡r♥ ✉♥❞ ♠❡✐♥❡♠ ❇r✉❞❡r ❢ür ✐❤r❡ ❜❡❞✐♥❣✉♥❣s❧♦s❡
❯♥t❡rstüt③✉♥❣✳ ❊✐♥ ❜❡s♦♥❞❡r❡r ❉❛♥❦ ❣❡❤t ❛✉❝❤ ❛♥ ♠❡✐♥❡ ❑♦❧❧❡❣❡♥ ✉♥❞
❋r❡✉♥❞❡✱ ❞✐❡ ❡✐♥❡ ❇❡r❡✐❝❤❡r✉♥❣ ❢ür ❞✐❡s❡♥ ▲❡❜❡♥s❛❜s❝❤♥✐tt s✐♥❞ ✉♥❞ ✇❛r❡♥✳
❆✉s❞rü❝❦❧✐❝❤ ❞❛♥❦❡ ✐❝❤ ❆♥♥❛✱ ❆r♠✐♥✱ ❇♦r✐s✱ ❈❤r✐st✐❛♥✱ ❈❤r✐st✐♥❡✱ ❉✐♠✐tr✐✱
❊✉❣❡♥✱ ❋❡❞❡r✐❝♦✱ ❋❡❧✐①✱ ❏❛❦♦❜✱ ❏❛♥♥✐❦✱ ❏♦♥❛s✱ ❑✐rst❡♥✱ ▼❛tt❤✐❛s✱ ▼❛tt❤✐❛s✱
▼❛tt❤✐❛s✱ ▼❛r✐✉s✱ ▼❛rt❡♥✱ ◆✐❝♦✱ ◆✐❦❧❛s✱ ◆✐❦♦❧❛✐✱ P❛✉❧✱ ❙❡❜❛st✐❛♥✱ ❙t❡♣❤❛♥✱
❚❛♠ás✱ ❚✐♠✱ ❚♦rst❡♥✱ ❱❡r❡♥❛ ✉♥❞ ❱✐❝t♦r✐❛✳

❩✉ ❣✉t❡r ▲❡t③t ❜❡❞❛♥❦❡ ✐❝❤ ♠✐❝❤ ♥♦❝❤ ❜❡✐ ❞❡♥ ❊❤r❡♥❛♠t❧✐❝❤❡♥ ❞❡s ❍♦❝❤✲
s❝❤✉❧s♣♦rts ✉♥❞ ❜❡✐ ❛❧❧❡♥ ❋✉ts❛❧❡r♥ s♦✇✐❡ ❞❡♥ ❖r❣❛♥✐s❛t♦r❡♥ ❞❡r ❉♦❦t♦r❛♥❞❡♥✲
tr❡✛❡♥✳



✈✐



❈❤❛♣t❡r ✶

❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s

❖♥❝❡ ❛♥❞ ❢♦r ❛❧❧ ✇❡ ✜① t❤❡ ❢♦❧❧♦✇✐♥❣ ◆♦t❛t✐♦♥s✿ ❲❡ ❞❡♥♦t❡ ❜②

❼ k t❤❡ ✜♥✐t❡ ✜❡❧❞ ✇✐t❤ q = pf ❡❧❡♠❡♥ts✳

❼ Gk
∼= Ẑ t❤❡ ❛❜s♦❧✉t❡ ●❛❧♦✐s ❣r♦✉♣ ♦❢ k✳

❼ K0 t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ t❤❡ r✐♥❣ ♦❢ ❲✐tt ✈❡❝t♦rs W (k)✳

❼ K/K0 ❛ ♣✉r❡❧② r❛♠✐✜❡❞ ✜♥✐t❡ ●❛❧♦✐s ❡①t❡♥s✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜①❡❞
❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ K ♦❢ K✳

❼ OK ⊆ K t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣r❛❧ ❡❧❡♠❡♥ts ✇✐t❤ ♠❛①✐♠❛❧ ✐❞❡❛❧ (π)✳

❼ GK t❤❡ ❛❜s♦❧✉t❡ ●❛❧♦✐s ❣r♦✉♣ ♦❢ K✳

❼ degK : GK → Gk
∼= Ẑ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥✳

❼ IK := ker(degK) t❤❡ ❛❜s♦❧✉t❡ ✐♥❡rt✐❛ ❣r♦✉♣ ♦❢ K✳

❼ Knr :=
⋃

r∈NK(µpr−1) t❤❡ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ K✳

❼ P0 t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ Qp✳

❼ σK ❛♥ ❡❧❡♠❡♥t ♦❢ GK s✉❝❤ t❤❛t degK(σK) = 1✳

❼ σ t❤❡ ❝♦♥t✐♥✉♦✉s ❛✉t♦♠♦r♣❤✐s♠ ♦❢ P0 s✉❝❤ t❤❛t σ(x) ≡ xp mod p✳

❼ K∞ t❤❡ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ K ❣✐✈❡♥ ❜② ❛❞❥♦✐♥✐♥❣ ❛❧❧ p✲♣♦✇❡r r♦♦ts
♦❢ ✉♥✐t② t♦ K✳

❼ W (·) t❤❡ ❢✉♥❝t♦r t❤❛t ❛tt❛❝❤❡s t♦ ❛ r✐♥❣ R t❤❡ r✐♥❣ ♦❢ ✭✉♥r❛♠✐✜❡❞✮
❲✐tt ✈❡❝t♦rs W (R)✳ ❲❡ ❞❡♥♦t❡ ✭♠✉❧t✐♣❧✐❝❛t✐✈❡✮ ❚❡✐❝❤♠ü❧❧❡r ♠❛♣ ❜②
τR : R→ W (R) ❛♥❞ ♥❡❣❧❡❝t t❤❡ ✐♥❞❡① ✐❢ ♥♦ ❝♦♥❢✉s✐♦♥ ✐s ♣♦ss✐❜❧❡✳

✶



✷ ❈❍❆P❚❊❘ ✶✳ ❲❊■▲ ●❘❖❯P ❘❊P❘❊❙❊◆❚❆❚■❖◆❙

✶✳✶ ❚r✐✈✐❛ ❛❜♦✉t t❤❡ ❲❡✐❧ ●r♦✉♣

❲❡ ❝❛❧❧WK := deg−1
K (Z) t❤❡ ❲❡✐❧ ❣r♦✉♣ ♦❢ K ❛♥❞ ❝♦♥s✐❞❡r ✐t ❛s ❛ t♦♣♦❧♦❣✐❝❛❧

❣r♦✉♣ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❝♦❛rs❡st t♦♣♦❧♦❣② s✉❝❤ t❤❛t✿

❼ t❤❡ s✉❜s♣❛❝❡ t♦♣♦❧♦❣② ♦♥ IK ✐s t❤❡ ✉s✉❛❧ ✭♣r♦✜♥✐t❡✮ t♦♣♦❧♦❣② ♦❢ IK ✳

❼ IK ✐s ♦♣❡♥ ✐♥ WK ✳

❚❤❡♥

1→ IK
⊆
−→ WK

degK−−−→ Z→ 1

✐s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✱ ✇❤❡r❡ Z ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡
❞✐s❝r❡t❡ t♦♣♦❧♦❣②✳ WK ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ GK s✐♥❝❡ Z ✐s ❞❡♥s❡ ✐♥ Ẑ ∼= Gk✳
❚❤❡ ❲❡✐❧ ❣r♦✉♣ ♥❛t✉r❛❧❧② ❡♠❜❡❞s ✐♥t♦ t❤❡ ❝♦♥t❡①t ♦❢ ❧♦❝❛❧ ❝❧❛ss ✜❡❧❞ t❤❡♦r② ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❋♦r ❛ ✜♥✐t❡ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ L/K t❤❡ ❧♦❝❛❧ ♥♦r♠ r❡s✐❞✉❡
s②♠❜♦❧

(·, L/K) : K× → ●❛❧(L/K)

✐s ❛♥ ❡♣✐♠♦r♣❤✐s♠ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s ✇✐t❤ ❦❡r♥❡❧NL/K(L
×) ❬◆❡✉✽✻✱ ❈❤❛♣✲

t❡r ■■■✱ ❚❤❡♦r❡♠ ✭✷✳✶✮❪✱ ✇❤✐❝❤ ♠❛♣s O×
K ♦♥t♦ I(L/K) ❛♥❞ t❤❡ ❣r♦✉♣ 1+m

n
K

♦♥t♦ t❤❡ n✲t❤ r❛♠✐✜❝❛t✐♦♥ ❣r♦✉♣ Gn(L/K) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉♣♣❡r ♥✉♠✲
❜❡r✐♥❣ ❬◆❡✉✽✻✱ ❈❤❛♣t❡r ■■■✱ ❚❤❡♦r❡♠ ✭✽✳✶✵✮❪✳ ▲❡t Kab ❞❡♥♦t❡ t❤❡ ♠❛①✐♠❛❧
❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ ♦❢ K✳ ❇② ♣❛ss✐♥❣ t♦ t❤❡ ♣r♦❥❡❝t✐✈❡ ❧✐♠✐t ✇❡ ♦❜t❛✐♥ t❤❛t
(O×

K , K
ab/K) ⊆ I(Kab/K) ✐s ❞❡♥s❡ ❜✉t s✐♥❝❡ O×

K ✐s ❝♦♠♣❛❝t t❤✐s ❛❝t✉❛❧❧② ❛♥
❡q✉❛❧✐t②✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✇✐t❤ ❡①❛❝t r♦✇s✿

1 // O×
K

(·,Kab/K)
��

⊆
// K×

(·,Kab/K)
��

νK // Z

=

��

// 0

1 // I(Kab/K)
⊆

//W ab
K

degK // Z // 0

.

❙✐♥❝❡ t❤❡ ♦✉t❡r ✈❡rt✐❝❛❧ ♠❛♣s ❛r❡ s✉r❥❡❝t✐✈❡ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ✐♥♥❡r ✈❡rt✐✲
❝❛❧ ❛rr♦✇ ♠❛♣s ♦♥t♦ W ab

K ✳ ❇② t❤❡ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ❬◆❡✉✽✻✱ ❈❤❛♣t❡r ■■■✱
❚❤❡♦r❡♠ ✭✸✳✶✮❪

⋂

L/K ✜♥✐t❡ ❛❜❡❧✐❛♥

NL/K(L
×) ⊆

⋂

f,n

(πf
K)× 1 +m

n
K = {1}.

❍❡♥❝❡ t❤❡ ♠❛♣ (·, Kab/K) : K×
∼=
−→ W ab

K ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ t♦♣♦❧♦❣✐❝❛❧
❣r♦✉♣s✳ ❲❡ ❝❛❧❧ ✐ts ✐♥✈❡rs❡

rK : W ab
K → K×

t❤❡ r❡❝✐♣r♦❝✐t② ❧❛✇ ♦❢ ❧♦❝❛❧ ❝❧❛ss ✜❡❧❞ t❤❡♦r②✳
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✶✳✷ p✲❛❞✐❝ ❘❡♣r❡s❡♥t❛t✐♦♥s

❉❡✜♥✐t✐♦♥ ✶✳✶ ▲❡t G ❜❡ ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣ ❛♥❞ E ❜❡ ❛
♥♦r♠❡❞ ✜❡❧❞✳ ❆♥ E✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G ✐s ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡
V ♦✈❡r E t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ ρ : G→ ❆✉tE(V )
✭✇❤❡r❡ ❆✉tE(V ) ∼= ●▲n(E) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② t❤❡ ♥♦r♠
♦♥ E✱ ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s❡ ♦❢ V ✮✳ ❲❡ ❞❡✜♥❡ ❛ ♠♦r✲
♣❤✐s♠ ♦❢ E✲r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ G t♦ ❜❡ ❛♥ E✲❧✐♥❡❛r ♠❛♣ t❤❛t ✐s G✲❡q✉✐✈❛r✐❛♥t
❛♥❞ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛t❡❣♦r② ❜② ❘❡♣E(G)✳ ❚❤❡ ❝❛t❡❣♦r② ❘❡♣Qp

(G)
♦❢ p✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ G ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ❘❡♣(G)✳

❆♥ ✐♠♣♦rt❛♥t ❧❡♠♠❛ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ G ✐s ❛ ♣r♦✜♥✐t❡ ❣r♦✉♣ ✐s t❤❡
❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✶✳✷ ▲❡t R ❜❡ ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ✜❡❧❞ ♦❢ ❢r❛❝t✐♦♥s E✳ ❋♦r ❛♥②
♣r♦✜♥✐t❡ ❣r♦✉♣ G ❛♥❞ ❡❛❝❤ ♦❜❥❡❝t V ♦❢ ❘❡♣E(G) t❤❡r❡ ❡①✐sts ❛ G✲st❛❜❧❡ R✲
❧❛tt✐❝❡ M ⊆ V ✳

❲❡ ✭❧✐t❡r❛❧❧②✮ ✐♠✐t❛t❡ t❤❡ ♣r♦♦❢ ♦❢ ❬❇❈✵✾✱ ▲❡♠♠❛ ✶✳✷✳✻✳❪✳

Pr♦♦❢✿ ▲❡t ρ : G → ❆✉tE(V ) ❜❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ t❤❛t
❞❡✜♥❡s V ✳ ❚❛❦❡ ❛♥ ❛r❜✐tr❛r② R✲❧❛tt✐❝❡ M0 ⊆ V ❛♥❞ ♦❜t❛✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠

❆✉tR(M0)

∼=
��

�

�

// ❆✉tE(V )

∼=
��

●▲d(R)
�

�

// ●▲d(E),

✇❤❡r❡ d = ❞✐♠E(V )✳ ❙✐♥❝❡ ●▲d(R) ✐s ❛♥ ♦♣❡♥ s✉❜❣r♦✉♣ ♦❢ ●▲d(E) t❤❡
♣r❡✐♠❛❣❡ G0 := ρ−1(❆✉tR(M0)) ✐s ♦♣❡♥ ✐♥ G✱ ✐♥ ♣❛rt✐❝✉❧❛r G/G0 ✐s ✜♥✐t❡✳
❚❤❡r❡❢♦r❡

M :=
∑

gG0∈G/G0

ρ(g)(M0)

✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ R✲❧❛tt✐❝❡ ✐♥ V t❤❛t ✐s G✲st❛❜❧❡✳ �

❊①❛♠♣❧❡ ✶✳✸ ❈♦♥s✐❞❡r t❤❡ ❝♦♥t✐♥✉♦✉s ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ❣r♦✉♣s ❣✐✈❡♥ ❜②

ρ : WK ։ W ab
K

rK−→ K× |·|K
−−→ pZ ⊆ Q×

p ,

✇❤❡r❡ t❤❡ ✜rst ❛rr♦✇ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥✳ ❚❤✐s ❞❡✜♥❡s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
p✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Qp(| · |K) ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣✳ ❚❤❡ ♠❛♣ ρ ❞♦❡s ♥♦t ❡①t❡♥❞ ✭❝♦♥t✐♥✉♦✉s❧②✮ t♦ ❛ ♠❛♣ ρ̂ : GK → Q×

p ✳
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❆ss✉♠❡ t❤✐s ✇♦✉❧❞ ❜❡ t❤❡ ❝❛s❡✳ ❆s ❛ ♣r♦✜♥✐t❡ ❣r♦✉♣ GK ✐s ❝♦♠♣❛❝t ❛♥❞ t❤✉s
✐ts ✐♠❛❣❡ ρ̂(GK) ⊆ Q×

p ✇♦✉❧❞ ❜❡ ❝♦♠♣❛❝t✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜♦✉♥❞❡❞✳ ❇✉t ρ̂(GK)
✇♦✉❧❞ ❝♦♥t❛✐♥ pZ ✇❤✐❝❤ ✐s ✉♥❜♦✉♥❞❡❞✳ ❋♦r ❛♥♦t❤❡r ✇❛② t♦ s❡❡ t❤✐s✱ ✇❡ ❛♣♣❧②
▲❡♠♠❛ ✶✳✷✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t σK ∈ WK s✉❝❤ t❤❛t ρ(σK) = p−1 t❤❡r❡
❝❛♥ ❜❡ ♥♦ Zp✲❧❛tt✐❝❡ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❛ ✭❤②♣♦t❤❡t✐❝❛❧✮ ❛❝t✐♦♥ ♦❢ GK✳

❘❡♠❛r❦ ✶✳✹ ▲❡t E ❜❡ ❛ ♥♦r♠❡❞ ✜❡❧❞✳ ❚❤❡♥ ❛♥② E✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK

r❡str✐❝ts t♦ ❛♥ E✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK s✐♥❝❡ t❤❡ t♦♣♦❧♦❣② ♦♥ WK ✐s ✜♥❡r t❤❛♥
t❤❡ s✉❜s♣❛❝❡ t♦♣♦❧♦❣② ♦♥ WK ✐♥❤❡r✐t❡❞ ❢r♦♠ GK✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛♥② E✲
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK t❤❛t ❡①t❡♥❞s t♦ ❛♥ E✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ❞♦❡s t❤✐s ✐♥
❛♥ ✉♥✐q✉❡ ✇❛② s✐♥❝❡ WK ✐s ❞❡♥s❡ ✐♥ GK✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥s✐❞❡r ❘❡♣E(GK)
❛s ❛ ❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢ ❘❡♣E(WK)✳ ❇② t❤❡ ♣r❡❝❡❞✐♥❣ ❡①❛♠♣❧❡ t❤❡s❡ ❝❛t❡❣♦r✐❡s
❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t ✈✐❛ r❡str✐❝t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ E = Qp✳

✶✳✸ ▼♦❞✲p✲ ❛♥❞ Zp✲❘❡♣r❡s❡♥t❛t✐♦♥s

▲❡t E ♥♦✇ ❜❡ ❛ ❧♦❝❛❧ ✜❡❧❞ ✇✐t❤ ✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞✳ ❲❡ r❡♠❛r❦ t❤❛t ❜♦t❤
❡①❛❝t s❡q✉❡♥❝❡s ✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

1 // IE
⊆

//

=

��

WE

⊆

��

degE // Z

⊆
��

// 0

1 // IE
⊆

// GE
degE // Ẑ // 0

s♣❧✐t ✈✐❛ ❝❤♦♦s✐♥❣ ❛♥ ❡❧❡♠❡♥t σE ∈ deg−1
E (1)✳ ❲❡ s❡❡ t❤❛t

GE = IE ⋊ Ẑ ❛♥❞ WE = IE ⋊ Z

❛s t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✳ ❚❤✐s ❡♠♣❤❛s✐③❡s t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡✲
♠❡♥t ❬❇♦✉✼✶✱ ■■■✱ Pr♦♣✳ ✷✽❪✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❛t ❝❡rt❛✐♥ ❛❝t✐♦♥s
♦❢ WE ❡①t❡♥❞ ❝♦♥t✐♥✉♦✉s❧② t♦ GE✲❛❝t✐♦♥s ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ Z✲❛❝t✐♦♥ ❡①✲
t❡♥❞s ❝♦♥t✐♥✉♦✉s❧② t♦ ❛ Ẑ✲❛❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺ ▲❡t L,N ❜❡ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s ❛♥❞ τ : L→ ❆✉t(N) ❛ ❣r♦✉♣
❤♦♠♦♠♦r♣❤✐s♠ s✉❝❤ t❤❛t

N × L→ N, (x, y) 7→ τ(y)(x)

✐s ❝♦♥t✐♥✉♦✉s ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣② ♦♥ t❤❡ s♦✉r❝❡✮✳ ❋♦r ❝♦♥✲
t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠s f : N → G ❛♥❞ g : L → G ✐♥t♦ ❛ t♦♣♦❧♦❣✐❝❛❧
❣r♦✉♣ G✱ s✉❝❤ t❤❛t f(τ(y)(x)) = g(y)f(x)g(y−1) ❤♦❧❞s ❢♦r ❛❧❧ x ∈ N ❛♥❞
y ∈ L✱ t❤❡ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ N ⋊ L → G ❣✐✈❡♥ ❜② (x, y) 7→ f(x)g(y)
✐s ❝♦♥t✐♥✉♦✉s✳ ■♥ ♣❛rt✐❝✉❧❛r N ⋊ L ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣② ✐s ❛
t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣✳
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❆❝❝♦r❞✐♥❣ t♦ ❬❘❩✵✵✱ ❈❤❛♣t❡r ✹❪ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ▲❡♠♠❛ ✹✳✶✮ ❡✈❡r②
❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ Z→ G ✐♥t♦ ❛ ♣r♦✜♥✐t❡ ❣r♦✉♣ G ❡①t❡♥❞s ❝♦♥t✐♥✉♦✉s❧②
t♦ ❛ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ Ẑ→ G✳ ❚❤✐s ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡s✳

❈♦r♦❧❧❛r② ✶✳✻ ▲❡t q ❜❡ ❛ ♣♦✇❡r ♦❢ p✳ ❚❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r

F : ❘❡♣Fq
(GE)→ ❘❡♣Fq

(WE)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

Pr♦♦❢✿ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ρ : WE → ❆✉tFq(V ) ∼=
●▲d(Fq) ❝❛♥ ❜❡ ❧✐❢t❡❞ t♦ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GE✳ ❈❤♦♦s❡ σE ∈ deg−1

E (1)
❛♥❞ ♦❜t❛✐♥ ❛ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ f : Z → ●▲d(Fq) ❣✐✈❡♥ ❜② 1 7→ ρ(σE)✳

❙✐♥❝❡ ●▲d(Fq) ✐s ✜♥✐t❡ f ❡①t❡♥❞s t♦ ❛ ❝♦♥t✐♥✉♦✉s ❤♦♠♦♠♦r♣❤✐s♠ f : Ẑ →
●▲d(Fq) ❛♥❞ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✶✳✺ t♦ ❡①t❡♥❞ ρ ✈✐❛ f t♦ ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣
❤♦♠♦♠♦r♣❤✐s♠ ρ̂ : GE → ●▲d(Fq)✳ �

▲❡t R ❜❡ ❛ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞ ❛♥❞
♠❛①✐♠❛❧ ✐❞❡❛❧ (t)✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ ❢✉♥❝t♦r ●▲d ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ r✐♥❣s
t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ s❡ts ✐s r❡♣r❡s❡♥t❛❜❧❡ ❛♥❞ t❤❡r❡❢♦r❡ ♣r❡s❡r✈❡s ♣r♦❥❡❝t✐✈❡
❧✐♠✐ts ❜② ❬▼▲✼✽✱ ❱✳✹✳ ❚❤❡♦r❡♠ ✶❪✳ ❚❤❡♥ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡ st✐❧❧
✇♦r❦s ✐❢ ✇❡ ❝♦♥s✐❞❡r ❢r❡❡ R✲r❡♣r❡s❡♥t❛t✐♦♥s ✭✐✳❡✳ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢r❡❡ R✲
♠♦❞✉❧❡s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❛❝t✐♦♥ ♦❢ GE✮ s✐♥❝❡

●▲d(R) ∼= lim←−
n

●▲d(R/(t
n)) ✭❛s t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✮

✐s ♣r♦✜♥✐t❡✳ ✭❍❡♥❝❡ ❛♥② ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ Z → ●▲d(R) ❧✐❢ts t♦ ❛ ❝♦♥✲
t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ Ẑ→ ●▲d(R)✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❘❩✵✵✱ ➓✹✳✶✳❪✮✳

❈♦r♦❧❧❛r② ✶✳✼ ❚❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r

F : ❘❡♣R(GE)→ ❘❡♣R(WE)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

❚❤✐s ❤♦❧❞s ❢♦r R = Zp ✐♥ ♣❛rt✐❝✉❧❛r✳

✶✳✹ ❋♦r♠❛❧✐s♠ ♦❢ ❆❞♠✐ss✐❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ ❢♦r♠❛❧✐s♠ ♦❢ ❛❞♠✐ss✐❜✐❧✐t② ✭s❡❡ ❡✳❣✳ ❬❇❈✵✾✱ ■✳✺✳❪✮
✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ ✐t t♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❲❡✐❧ ❣r♦✉♣s✳
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▲❡t G ❞❡♥♦t❡ ❛ ♣r♦✜♥✐t❡ ❣r♦✉♣✱ I ⊆ G ❛ ❝❧♦s❡❞ ♥♦r♠❛❧ s✉❜❣r♦✉♣ s✉❝❤ t❤❛t
G/I ∼= Ẑ ❛♥❞ ❞❡♥♦t❡ ❜② deg : G ։ Ẑ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤✐s ✐s♦♠♦r♣❤✐s♠
✇✐t❤ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ G։ G/I✳ ❈❤♦♦s❡ ❛♥ ❡❧❡♠❡♥t

ς ∈ deg−1(1) ⊆ G.

❚❤❡ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

Z→ ❆✉t(I) ❣✐✈❡♥ ❜② n 7→ (u 7→ ςnuς−n)

✐s ❝♦♥t✐♥✉♦✉s✳ ❙❡t W := I ⋊ Z ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛♣ ❛❜♦✈❡✮✱ ✇❤✐❝❤ ✇❡
✉♥❞❡rst❛♥❞ ❛s ❛ s✉❜❣r♦✉♣ ♦❢ G ✈✐❛ (u, n) 7→ uςn✱ ❛♥❞ ❡♥❞♦✇ ✐t ✇✐t❤ t❤❡
♣r♦❞✉❝t t♦♣♦❧♦❣② ♦❢ I ✭✇❤✐❝❤ ❝❛rr✐❡s t❤❡ t♦♣♦❧♦❣② ✐♥❤❡r✐t❡❞ ❜② G✮ ❛♥❞ Z
✭✇❤✐❝❤ ❝❛rr✐❡s t❤❡ ❞✐s❝r❡t❡ t♦♣♦❧♦❣②✮✳

▲❡t (F, σ) ❞❡♥♦t❡ ❡✐t❤❡r t❤❡ ♣❛✐r (Fps , σ̄)✱ ✇❤❡r❡ σ̄ : x 7→ xp
r
✐s t❤❡ r✲

t❤ ♣♦✇❡r ♦❢ t❤❡ ✉s✉❛❧ ❋r♦❜❡♥✐✉s ♠❛♣✱ ♦r t❤❡ ♣❛✐r (W (Fps)[
1
p
], σ)✱ ✇❤❡r❡ σ =

W (σ̄)[1
p
] ❢♦r s♦♠❡ N ∋ r ≤ s ∈ N∪{∞}✳ ❆ss✉♠❡ t❤❛t B ⊇ F ✐s ❛ t♦♣♦❧♦❣✐❝❛❧

r✐♥❣ t❤❛t ❝❛rr✐❡s ❛♥ ❛❝t✐♦♥ ♦❢ G s✉❝❤ t❤❛t BG ⊂ BI ❛r❡ ✜❡❧❞s ❡♥❞♦✇❡❞ ✇✐t❤ ❛
❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ σ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❋r♦❜❡♥✐✉s ♦♥ F ❛♥❞ ❝♦♠♠✉t❡s
✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ G✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ t❡r♠ ϕ✲♠♦❞✉❧❡ r❡❢❡rs t♦ ♠♦❞✉❧❡s
❡♥❞♦✇❡❞ ✇✐t❤ ❛ σ✲s❡♠✐❧✐♥❡❛r ♠❛♣ ϕ✳

◆♦✇ ✇❡ ✇❛♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛❞♠✐ss✐❜✐❧✐t② ✭✇✐t❤ r❡s♣❡❝t t♦
❛♥ (E,G)✲r❡❣✉❧❛r r✐♥❣ B✮✳ ❍❡♥❝❡ ❧❡t E ❜❡ t❤❡ ✜①❡❞ ✜❡❧❞ ♦❢ F ✇✐t❤ r❡s♣❡❝t t♦
σ ❛♥❞ B ❜❡ ❛♥ (E,G)✲r❡❣✉❧❛r r✐♥❣✱ ✐✳❡✳ B ⊇ F ✐s ❛♥ E✲❞♦♠❛✐♥ t❤❛t ❝❛rr✐❡s ❛♥
❛❝t✐♦♥ ♦❢ G s✉❝❤ t❤❛t ❋r❛❝(B)G = BG ✐s ❛ ✜❡❧❞ ❛♥❞ ❢♦r ❛❧❧ b ∈ B s✉❝❤ t❤❛t E ·b
✐s G st❛❜❧❡ ✇❡ ❤❛✈❡ b ∈ B×✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ B t♦ ❜❡ (E, I)✲r❡❣✉❧❛r✳ ❘❡❝❛❧❧
❬❇❈✵✾✱ ➓✺✳✷✳❪ t❤❛t ❛♥ E✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G ✭r❡s♣✳ I✮ ✐s ❝❛❧❧❡❞ ❛❞♠✐ss✐❜❧❡ ✐❢

❞✐♠BG(B ⊗E V )G = ❞✐♠E(V ) ✭r❡s♣✳ ❞✐♠BI (B ⊗E V )I = ❞✐♠E(V )).

❋♦r t❤❡ ❣r♦✉♣ W ✇❡ ✈❛r② t❤✐s ❦✐♥❞ ♦❢ ❞❡✜♥✐t✐♦♥ ❢♦r ♦✉r ♣✉r♣♦s❡s ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✶✳✽ ❆♥ E✲r❡♣r❡s❡♥t❛t✐♦♥ V ♦❢ W ✐s ❝❛❧❧❡❞ B✲❛❞♠✐ss✐❜❧❡ ✐❢ t❤❡
r❡str✐❝t✐♦♥ V |I ✐s ❛ B✲❛❞♠✐ss✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❢✉❧❧
s✉❜❝❛t❡❣♦r② ♦❢ ❘❡♣E(W ) ❝♦♥t❛✐♥✐♥❣ ♦♥❧② t❤❡ B✲❛❞♠✐ss✐❜❧❡ E✲r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ W ❜② ❘❡♣BE(W )✳

❖♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❛ss✐❣♥♠❡♥ts V 7→ (B ⊗E V )G ✭r❡s♣✳ V 7→ (B ⊗E

V )I✮ ❛s ❢✉♥❝t♦rs ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ❘❡♣BE(G) ✭r❡s♣✳ ❘❡♣
B
E(I)✮ t♦ t❤❡ ❝❛t❡❣♦r②
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♦❢ ϕ✲♠♦❞✉❧❡s ♦✈❡r BG ✭r❡s♣✳ BI✮✳ ❆s ✉s✉❛❧ ✇❡ ❞❡♥♦t❡ t❤❡ ✧❝♦♠♣❛r✐s♦♥
♠♦r♣❤✐s♠s✧ ❛s ❢♦❧❧♦✇s✳ ▲❡t

α̃′
• : B ⊗BI (B ⊗E (•))I → B ⊗E (•)

❞❡♥♦t❡ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ❜②

α̃′
V :
∑

i,j

bi ⊗ bij ⊗ vj 7→
∑

j

(
∑

i

bibij)⊗ vj

❢♦r ❛❧❧ ♦❜❥❡❝ts V ✐♥ ❘❡♣B
E(I) ❛♥❞ ❧❡t

β̃′
• : B ⊗BI (B ⊗BI (•))ϕ=✐❞ → B ⊗BI (•)

❞❡♥♦t❡ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ❜②

β̃′
M :

∑

i,j

bi ⊗ bij ⊗mj 7→
∑

j

(
∑

i

bibij)⊗mj

❢♦r ❛❧❧ ϕ✲♠♦❞✉❧❡s M ♦✈❡r BI ✳ ❚❤❡s❡ ❛r❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ E✲❧✐♥❡❛r
❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝t♦rs ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❉❡✜♥✐t✐♦♥ ✶✳✾ ▲❡t C ❛♥❞ D ❜❡ E✲❧✐♥❡❛r ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s ❛♥❞ ❧❡t
F,G : C → D ❞❡♥♦t❡ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝t♦rs✳ ❲❡ ❝❛❧❧ ❛ ♥❛t✉r❛❧
tr❛♥s❢♦r♠❛t✐♦♥ t• : F 99K G ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡
t❡♥s♦r ❢✉♥❝t♦rs ✐❢ t❤❡ ❞✐❛❣r❛♠

F (X1 ⊗C X2)

∼=
��

tX1⊗CX2 // G(X1 ⊗C X2)

∼=
��

F (X1)⊗D F (X2)
tX1

⊗DtX2 // G(X1)⊗D G(X2)

♦❢ ✈❡❝t♦r s♣❛❝❡s ♦✈❡r E ❝♦♠♠✉t❡s ❢♦r ❛❧❧ ♦❜❥❡❝ts X1 ❛♥❞ X2 ✐♥ C✳ ✭❚❤❡
✈❡rt✐❝❛❧ ❛rr♦✇s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s ♠❛❦✐♥❣ t❤❡ ❢✉♥❝t♦rs F
❛♥❞ G t❡♥s♦r ❢✉♥❝t♦rs✳✮

❉❡♥♦t❡ ❜② j• t❤❡ ✭❝❛♥♦♥✐❝❛❧✮ ♥❛t✉r❛❧ ✐♥❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥

✐❞❘❡♣BE(I) 99K B
ϕ=✐❞ ⊗ (•)

✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② jV (v) = 1⊗ v✳

❲❡ ❛❞♦♣t❡❞ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ❢r♦♠ ❬❉▼✽✷❪ ❛♥❞ ❛ss✉♠❡ t❤❛t
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠ ❤♦❧❞s✿
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❆①✐♦♠ ✶✳✶ ❚❤❡r❡ ❡①✐sts ❛♥ E✲❧✐♥❡❛r ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r② CI t♦❣❡t❤❡r ✇✐t❤
❛♥ E✲❧✐♥❡❛r ❢❛✐t❤❢✉❧ ❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝t♦r

T : CI → (ϕ✲♠♦❞✉❧❡s ♦✈❡r BI)

s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ♠✉t✉❛❧❧② ✐♥✈❡rs❡ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝t♦rs

D̃B : ❘❡♣B
E(I)→ CI ❛♥❞ ṼB : CI → ❘❡♣B

E(I),

✐♥ ♣❛rt✐❝✉❧❛r t❤❡r❡ ❡①✐st ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s ♦❢ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡ t❡♥s♦r
❢✉♥❝t♦rs

α̃• : ṼB ◦ D̃B

∼=
99K ✐❞❘❡♣BE(I)

❛♥❞
β̃• : D̃B ◦ ṼB

∼=
99K ✐❞CI .

❲❡ ❢✉rt❤❡r♠♦r❡ r❡q✉✐r❡ t❤❡s❡ ❞❛t❛ t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❼ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥❥❡❝t✐✈❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡
t❡♥s♦r ❢✉♥❝t♦rs

η• : ṼB 99K (B ⊗BI T (•))ϕ=✐❞

❼ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝✲
t♦rs

ξ• : T ◦ D̃B

∼=
99K (B ⊗E (•))I

s✉❝❤ t❤❛t

α̃′′
• := (α̃′

•)
ϕ=✐❞ ◦ (B ⊗BI ξ•)

ϕ=✐❞ ◦ ηD̃B(•) : ṼB(D̃B(•)) 99K (B ⊗E (•))ϕ=✐❞

✐s ❛♥ ✐♥❥❡❝t✐✈❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝t♦rs
s❛t✐s❢②✐♥❣ j• ◦ α̃• = α̃′′

• ❛♥❞

β̃′′
• := (β̃′

•)
I ◦(B⊗E η•)

I ◦ξṼB(•) : T (D̃B(ṼB(•)))
∼=
99K (B⊗BI T (•))I (

∼=
99K T (•))

✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ E✲❧✐♥❡❛r ❛❞❞✐t✐✈❡ t❡♥s♦r ❢✉♥❝t♦rs s❛t✐s❢②✐♥❣

T (β̃•) = β̃′′
• .

❘❡♠❛r❦ ✶✳✶✵ T (❍♦♠CI (D1, D2)) ⊆ ❍♦♠ϕ✲♠♦❞✳✴BI (T (D1), T (D2)) ✐s ❛♥ E✲
s✉❜s♣❛❝❡ s✐♥❝❡ T ✐s E✲❧✐♥❡❛r ❛♥❞ ❢❛✐t❤❢✉❧✳
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❘❡♠❛r❦ ✶✳✶✶ ▲❡t (D,ϕ) ❜❡ ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r BI ✳ ❲❡ ❞❡✜♥❡ (BI , ς) t♦ ❜❡
t❤❡ BI✲♠♦❞✉❧❡ ✇❤✐❝❤ ✐s BI ❛s ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s
❣✐✈❡♥ ❜② µ.b := ς(µ) · b ❢♦r ❛❧❧ µ, b ∈ BI ✳ ❙❡t

ς∗(D) := BI ⊗BI ,ς D := (BI , ς)⊗BI D.

❲❡ r❡❝❡✐✈❡ ❛ ♠❛♣

ς∗(ϕ) : ς∗(D)→ ς∗(D), µ⊗ d 7→ σ(µ)⊗ ϕ(d).

❙✐♥❝❡ σ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ G✲❛❝t✐♦♥ ♦♥ B t❤❡ ♠❛♣ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ✐t ✐s
σ✲s❡♠✐❧✐♥❡❛r✿

ς∗(ϕ)(µ ·
∑

i

µi ⊗mi) = ς∗(ϕ)(
∑

i

µµi ⊗mi)

=
∑

i

σ(µ)σ(µi)⊗ ϕ(mi)

= σ(µ) · ς∗(ϕ)(
∑

i

µi ⊗mi)

❤♦❧❞s ❢♦r ❛❧❧
∑

i

µi ⊗mi ∈ ς
∗(D) ❛♥❞ µ ∈ BI ✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❢✉♥❝t♦r✐❛❧✳

❚❛❦❡ ❛ ♠♦r♣❤✐s♠
f : (D1, ϕ1)→ (D2, ϕ2)

♦❢ ϕ✲♠♦❞✉❧❡s ♦✈❡r BI ❛♥❞ ❞❡✜♥❡

ς∗(f) : ς∗(D1)→ ς∗(D2), µ⊗ d 7→ µ⊗ f(d).

❚❤✐s ♠❛♣ ✐s BI✲❧✐♥❡❛r ❛♥❞ s❛t✐s✜❡s ς∗(f) ◦ ς∗(ϕ1) = ς∗(ϕ2) ◦ ς
∗(f)✱ ❤❡♥❝❡ ς∗

✐s ❛ s❡❧❢✲❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳ ❋✉rt❤❡r♠♦r❡

ι(D) : ς∗(D)→ D, 1⊗ d 7→ d

✐♥❞✉❝❡s ❛ ς−1✲s❡♠✐❧✐♥❡❛r ❜✐❥❡❝t✐♦♥ ❛♥❞ ❢♦r ❛❧❧ µ ∈ BI ❛♥❞ d ∈ D

ι(D)(ς∗(ϕ)(µ⊗ d)) = ι(D)(σ(µ)⊗ ϕ(d))

= (ς−1 ◦ σ)(µ)ϕ(d)

= (σ ◦ ς−1)(µ)ϕ(d)

= ϕ(ς−1(µ)d)

= ϕ(ι(D)(1⊗ ς−1(µ)(d)))

= ϕ(ι(D)(µ⊗ d))

❤♦❧❞s✱ ✐✳❡✳ ι(D) ◦ ς∗(ϕ) = ϕ ◦ ι(D) ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ✇❡
❝❤❡❝❦

ι(D2) ◦ ς
∗(f) = f ◦ ι(D1). ✭✶✳✶✮
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▲❡♠♠❛ ✶✳✶✷ ▲❡t (D,ϕ) ❜❡ ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r BI ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦✲
♠♦r♣❤✐s♠ ς∗(σ∗(D)) ∼= σ∗(ς∗(D)) ♦❢ ✈❡❝t♦r s♣❛❝❡s✳

Pr♦♦❢✿ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠❛♣ ❣✐✈❡♥ ❜②

ς∗(σ∗(D))→ ((ς ◦ σ)−1)∗(D), λ⊗ µ⊗ d 7→ λς(µ)⊗ d.

❚❤✐s ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ✐s ❣✐✈❡♥ ❜② x ⊗ d 7→ x ⊗ 1 ⊗ d✳ ❖♥❡
r❡❝❡✐✈❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ σ∗(ς∗(D)) ∼= ((σ ◦ ς)−1)∗(D) ❜② ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡
r♦❧❡s ♦❢ σ ❛♥❞ ς✳ ❇✉t σ ❛♥❞ ς ❝♦♠♠✉t❡ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❧❛✐♠✳ �

■♥ ♦r❞❡r t♦ ♠♦❞✐❢② t❤❡ ❝❛t❡❣♦r② CI s✉❝❤ t❤❛t ✐t ❝❛♣t✉r❡s t❤❡ str✉❝t✉r❡ ♦❢
❘❡♣B

E(W ) ✐♥st❡❛❞ ♦❢ ❘❡♣BE(I) ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠✳

❆①✐♦♠ ✶✳✷ ❆ss✉♠❡ t❤❛t ς∗ ❧✐❢ts t♦ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ♦♥ CI ✱ ✐✳❡✳
t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❢r♦♠ CI t♦ ✐ts❡❧❢ ✇❤✐❝❤ ✇❡ ❛❧s♦ ❞❡♥♦t❡
❜② ς∗ ♠❛❦✐♥❣ t❤❡ ❞✐❛❣r❛♠

CI

T
��

ς∗
// CI

T
��

(ϕ✲♠♦❞✳ ♦✈❡r BI)
ς∗

// (ϕ✲♠♦❞✳ ♦✈❡r BI)

❝♦♠♠✉t❛t✐✈❡✳

❚❤✐s ❛❧❧♦✇s ✉s t♦ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✶✸ ❉❡♥♦t❡ ❜② CW t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛t❡❣♦r②✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ ♦❜❥❡❝t ♦❢ CI ❛♥❞ F ✐s ❛
s❡❧❢✲♠❛♣ ♦❢ T (D) s✉❝❤ t❤❛t F ❧✐♥,ϕ := F ◦ ι(D) ❧✐❢ts ✭✉♥✐q✉❡❧②✮ t♦ ❛♥
✐s♦♠♦r♣❤✐s♠ F ❧✐♥ ✐♥ CI ✱ ✐✳❡✳ T (F ❧✐♥) = F ❧✐♥,ϕ ❤♦❧❞s✳

❼ ❆ ♠♦r♣❤✐s♠ (D1, F1)→ (D2, F2) ✐♥ CW ❝♦♥s✐sts ♦❢ ❛ ♠♦r♣❤✐s♠ f : D1 →
D2 ✐♥ CI s✉❝❤ t❤❛t f ◦ F ❧✐♥

1 = F ❧✐♥
2 ◦ ς

∗(f) ❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ ❢✉♥❝t♦r ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ❘❡♣BE(W ) t♦ CW ✇❡ ♥❡❡❞
t♦ ❞❡✜♥❡ ❛ s❡❧❢✲♠❛♣ FV ♦❢ T (D̃B(V )) ❢♦r ❛♥② ♦❜❥❡❝t V ♦❢ ❘❡♣B

E(W )✳ ▲❡t FV

❜❡ t❤❡ ♠❛♣ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

T (D̃B(V ))

ξV∼=
��

FV // T (D̃B(V ))

ξV∼=
��

(B ⊗E V )I
Fϕ
V // (B ⊗E V )I
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✇❤❡r❡ t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s ❣✐✈❡♥ ❜②

Fϕ
V :
∑

i

bi ⊗ vi 7→
∑

i

ς.bi ⊗ ς.vi.

❘❡♠❛r❦ t❤❛t t❤✐s ♠❛♣ ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ I ✐s ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ♦❢ W ❛♥❞
❤❡♥❝❡

u.Fϕ
V (x) =

∑

i

(u ◦ ς).bi ⊗ (u ◦ ς).vi = Fϕ
V ((ς

−1 ◦ u ◦ ς).x) = Fϕ
V (x)

❢♦r ❛❧❧ u ∈ IK ❛♥❞ x =
∑

i

bi ⊗ vi ∈ (B ⊗E V )I ✳ ❋✉rt❤❡r♠♦r❡

(ϕ ◦ Fϕ
V )(x) =

∑

i

ϕ(ς.bi)⊗ ς.vi

=
∑

i

ς.ϕ(bi)⊗ ς.vi

= (Fϕ
V ◦ ϕ)(x)

❤♦❧❞s ❢♦r ❛❧❧ x =
∑

i

bi ⊗ vi ∈ (B ⊗E V )I ✳ ▲❡t F ❧✐♥,ϕ
V := FV ◦ ι(D̃B(V )) ❞❡♥♦t❡

t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ FV ✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ✐♥❞❡❡❞
❢✉♥❝t♦r✐❛❧ ✇❡ ♥❡❡❞ t♦ ❡♥❢♦r❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✭✉♥✐q✉❡✮ ❧✐❢t ♦❢ F ❧✐♥,ϕ

V ✿

❆①✐♦♠ ✶✳✸ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✭✉♥✐q✉❡✮ ❧✐❢t F ❧✐♥
V ∈ ■s♦♠CI (D̃B(V ))

s✉❝❤ t❤❛t T (F ❧✐♥
V ) = F ❧✐♥,ϕ

V ❢♦r ❛♥② ♦❜❥❡❝t V ✐♥ ❘❡♣B
E(I)✳

◆♦✇ ❝♦♥s✐❞❡r ❛ ♠♦r♣❤✐s♠ f : V1 → V2 ✐♥ ❘❡♣B
E(W )✳ ❲❡ s❡❡ t❤❛t

(Fϕ
V2
◦ (B ⊗E f)

I)(x) = Fϕ
V2
(
∑

i

bi ⊗ f(vi))

=
∑

i

ς.bi ⊗ ς.f(vi)

=
∑

i

ς.bi ⊗ f(ς.vi)

= ((B ⊗E f)
I ◦ Fϕ

V1
)(x)
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❤♦❧❞s ❢♦r ❛❧❧ x =
∑

i

bi ⊗ vi ∈ D̃B(V1)✳ ❍❡♥❝❡ ♦♥❡ ♦❜t❛✐♥s

T (D̃B(f) ◦ F
❧✐♥
V1

= T (D̃B(f)) ◦ F
❧✐♥,ϕ
V1

= ξ−1
V2
◦ (B ⊗E f)

I ◦ ξV1 ◦ FV1 ◦ ι(D̃B(V1))

= ξ−1
V2
◦ (B ⊗E f)

I ◦ Fϕ
V1
◦ ξV1 ◦ ι(D̃B(V1))

= ξ−1
V2
◦ Fϕ

V2
◦ (B ⊗E f)

I ◦ ξV1 ◦ ι(D̃B(V1))

= FV2 ◦ T (D̃B(f)) ◦ ι(D̃B(V1))

✭✶✳✶✮
= FV2 ◦ ι(D̃B(V2)) ◦ ς

∗(T (D̃B(f)))

= T (F ❧✐♥
V2
◦ ς∗(D̃B(f)))

❛♥❞ t❤❡r❡❢♦r❡ D̃B(f) ◦ F
❧✐♥
V1

= F ❧✐♥
V2
◦ ς∗(D̃B(f)) ❤♦❧❞s s✐♥❝❡ T ✐s ❢❛✐t❤❢✉❧✳

❋♦r t❤❡ ❝❛s❡ t❤❛t η• ✐s ♥♦t s✉r❥❡❝t✐✈❡ ✭✐✳❡✳ ♥♦ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠✮✱ ✇❡
♥❡❡❞ t♦ ❛ss✉♠❡ t✇♦ ♠♦r❡ ❛①✐♦♠s✳ ■♥ t❤❡ ❝❛s❡s ✇❤❡r❡ t❤✐s ♥❛t✉r❛❧ tr❛♥s❢♦r✲
♠❛t✐♦♥ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ t❤❡s❡ ❛①✐♦♠s ❛r❡ s❛t✐s✜❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

❆①✐♦♠ ✶✳✹ ❆ss✉♠❡ t❤❛t ❢♦r ❛❧❧ ♦❜❥❡❝t D ✐♥ CI t❤❡r❡ ❡①✐sts ❛ ✭✉♥✐q✉❡✮ ❜✐❥❡❝✲
t✐✈❡ ♠❛♣ ς̂D ♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❛t✐✈❡✿

ṼB(D)

ηD
��

ς̂D // ṼB(D)

ηD
��

(B ⊗BI T (D))ϕ=✐❞
ς̂ϕD // (B ⊗BI T (D))ϕ=✐❞

✇❤❡r❡ t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s ❣✐✈❡♥ ❜②

ς̂ϕD :
∑

i

bi ⊗ di 7→
∑

i

ς.bi ⊗ di.

❘❡♠❛r❦ ✶✳✶✹ ❚❤❡ ❧❛tt❡r ❛①✐♦♠ ♠❛❦❡s s❡♥s❡ s✐♥❝❡ t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s ✇❡❧❧✲
❞❡✜♥❡❞✿

ϕ(ς̂ϕD(x)) = ϕ(
∑

i

ς.bi ⊗ di)

=
∑

i

ϕ(ς.bi)⊗ ϕ(di)

=
∑

i

ς.ϕ(bi)⊗ ϕ(di)

= ς̂ϕD(ϕ(x)) = ς̂ϕD(x),

❤♦❧❞s ❢♦r ❛❧❧ x =
∑

i

bi ⊗ di ∈ (B ⊗BI T (D))ϕ=✐❞✳ ■❢ η• ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r✲

♣❤✐s♠ t❤❡ ❛①✐♦♠ ✐s s❛t✐s✜❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳
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❆①✐♦♠ ✶✳✺ ❆ss✉♠❡ t❤❛t ❢♦r ❛❧❧ ♦❜❥❡❝ts (D,F ) ✐♥ CW t❤❡r❡ ❡①✐sts ❛ ✭✉♥✐q✉❡✮
❜✐❥❡❝t✐✈❡ ♠❛♣ F̂D ♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❛t✐✈❡✿

ṼB(D)

ηD
��

F̂D // ṼB(D)

ηD
��

(B ⊗BI T (D))ϕ=✐❞
F̂ϕ
D // (B ⊗BI T (D))ϕ=✐❞

✇❤❡r❡ t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s ❣✐✈❡♥ ❜②

F̂ϕ
D :
∑

i

bi ⊗ di 7→
∑

i

bi ⊗ F (di).

❘❡♠❛r❦ ✶✳✶✺ ❚❤❡ ❧❛tt❡r ❛①✐♦♠ ♠❛❦❡s s❡♥s❡ s✐♥❝❡ t❤❡ ❜♦tt♦♠ ♠❛♣ ✐s ✇❡❧❧✲
❞❡✜♥❡❞✿

ϕ(F̂ϕ
D(x)) = ϕ(

∑

i

bi ⊗ F (di))

=
∑

i

ϕ(bi)⊗ (ϕ ◦ F )(di)

=
∑

i

ϕ(bi)⊗ (F ◦ ϕ)(di)

= F̂ϕ
D(ϕ(x)) = F̂ϕ

D(x),

❤♦❧❞s ❢♦r ❛❧❧ x =
∑

i

bi ⊗ di ∈ (B ⊗BI T (D))ϕ=✐❞✳ ■❢ η• ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r✲

♣❤✐s♠ t❤❡ ❛①✐♦♠ ✐s s❛t✐s✜❡❞ ❛✉t♦♠❛t✐❝❛❧❧②✳

❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇✳

❘❡♠❛r❦ ✶✳✶✻ ▲❡t (D,F ) ❞❡♥♦t❡ ❛♥ ♦❜❥❡❝t ♦❢ CW ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s
❛r❡ ✐♠♠❡❞✐❛t❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✿

❼ ς̂ϕD ◦ F̂
ϕ
D = F̂ϕ

D ◦ ς̂
ϕ
D ❤♦❧❞s ❛♥❞ ❤❡♥❝❡ ✇❡ ❛❧s♦ ❤❛✈❡ ς̂D ◦ F̂D = F̂D ◦ ς̂D✳

❼ F̂D(ux) = u.F̂D(x) ❢♦r ❛❧❧ u ∈ I ❛♥❞ x ∈ ṼB(D)✳

❼ ς̂(ux) = (ςuς−1).ς̂D(x) ❤♦❧❞s ❢♦r ❛❧❧ x ∈ ṼB(D)✳

◆♦✇ ✇❡ ❛r❡ s❡t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝❛t❡❣♦r② CW ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ✐s ✐♥❞❡❡❞
❡q✉✐✈❛❧❡♥t t♦ ❘❡♣BE(W )✳
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❚❤❡♦r❡♠ ✶✳✶✼ ❚❤❡ ❛❞❞✐t✐✈❡ E✲❧✐♥❡❛r t❡♥s♦r ❢✉♥❝t♦r

❘❡♣B
E(W )→ CW ❣✐✈❡♥ ❜② V 7→ (D̃B(V ), FV ),

♣r♦✈✐❞❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

Pr♦♦❢✿ ▲❡t (D,F ) ❜❡ ❛♥ ♦❜❥❡❝t ♦❢ CW ✳ ❲❡ s❡t V := ṼB(D)✱ ✇❤✐❝❤ ✐s t❤❡♥
❛♥ E✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ W ✲❛❝t✐♦♥ ♦♥ V ❧❡t

W × V → V ❜❡ ❣✐✈❡♥ ❜② (g, v) 7→ g.v := (F̂D ◦ ς̂D)
deg(g)(u.v).

❋♦r ❛❧❧ v ∈ V ❛♥❞ g1 = ςdeg(g1) · u1, g2 = ςdeg(g2)u2 ∈ W s✉❝❤ t❤❛t u1, u2 ∈ I
✇❡ ❤❛✈❡

g1.(g2.v) = g1.((F̂D ◦ ς̂D)
deg(g2)(u2.v))

= (F̂D ◦ ς̂D)
deg(g1)(u1.(F̂D ◦ ς̂D)

deg(g2)(u2.v))

= (F̂D ◦ ς̂D)
deg(g1g2)((ς− deg(g2)u1ς

deg(g2)u2).v)

= (g1g2).v ✭✶✳✷✮

s✐♥❝❡ g1g2 = ςdeg(g1g2)(ς− deg(g2)u1ς
deg(g2)u2) ❤♦❧❞s✳ ❚❤✉s ✇❡ ✐♥❞❡❡❞ ❞❡✜♥❡❞ ❛♥

W ✲❛❝t✐♦♥ ❛♥❞ ✐t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠❛♣ ❛❜♦✈❡ ✐s ❝♦♥t✐♥✉♦✉s✳ ❇②
❛ss✉♠♣t✐♦♥ ✐ts r❡str✐❝t✐♦♥ t♦ I × V → V ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ I ✐s ♦♣❡♥ ✐♥ W ✳
❍❡♥❝❡ I × V ✐s ♦♣❡♥ ✐♥ W × V ❛♥❞ W × V → V ✐s t❤❡r❡❢♦r❡ ❝♦♥t✐♥✉♦✉s✳ ❲❡
❝❧❛✐♠ t❤❛t t❤✐s ♣r♦❝❡❞✉r❡ ❞❡✜♥❡s ❛ ❢✉♥❝t♦r ✇❤✐❝❤ ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜② ṼB ❜②
s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✳ ❈♦♥s✐❞❡r ❛ ♠♦r♣❤✐s♠ f : (D1, F1)→ (D2, F2) ✐♥ CW
❛♥❞ ❢♦r s❛❦❡ ♦❢ ❜r❡✈✐t② ✇r✐t❡

f ∗ := (B ⊗BI T (f))ϕ=✐❞.

❋♦r ❛❧❧ v =
∑

i

bi ⊗ di ∈ (B ⊗BI T (D1))
ϕ=✐❞ ❛♥❞ g ∈ W ✇❡ ❤❛✈❡✿

f ∗(g.v) = f ∗(
∑

i

g.bi ⊗ F
deg(g)
1 (di))

=
∑

i

g.bi ⊗ (f ◦ F
deg(g)
1 )(di)

=
∑

i

g.bi ⊗ (F
deg(g)
2 ◦ f)(di)

= g.f ∗(v).
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❚❤✐s ❡♥❛❜❧❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥✿

(ηD2 ◦ ṼB(f))(g.v) = (f ∗ ◦ ηD1)(g.v)

= f ∗ ◦ ηD1 ◦ (F̂D1 ◦ ς̂D1)
deg(g)(u.v)

= f ∗ ◦ (F̂ϕ
D1
◦ ς̂ϕD1

)deg(g)(u.ηD1(v))

= f ∗(g.ηD1(v))

= g.((f ∗ ◦ ηD1)(v))

= g.(ηD2 ◦ ṼB(f))(v)

= (F̂ϕ
D2
◦ ς̂ϕD2

)deg(g)(u.(ηD2 ◦ ṼB(f))(v))

= ηD2 ◦ (F̂D2 ◦ ς̂D2)
deg(g)(u.ṼB(f)(v))

= ηD2(g.ṼB(f)(v))

❤♦❧❞s ❢♦r ❛❧❧ g = ςdeg(g)u ∈ W ❛♥❞ v ∈ ṼB(D1) ❛♥❞ s✐♥❝❡ ηD2 ✐s ✐♥❥❡❝t✐✈❡ ✇❡
❤❛✈❡

ṼB(f)(g.v) = g.ṼB(f)(v)

✐♥ ♣❛rt✐❝✉❧❛r✳ ❚❤✉s ṼB(f) ✐s E[W ]✲❧✐♥❡❛r ✐♥❞❡❡❞✳ ■♥ t❤❡ ❧❛st st❡♣ ♦❢ t❤❡ ♣r♦♦❢
✇❡ s❤♦✇ t❤❛t D̃B ❛♥❞ ṼB ❛r❡ q✉❛s✐✲✐♥✈❡rs❡ ❢✉♥❝t♦rs ✭❜❡t✇❡❡♥ ❘❡♣B

E(W ) ❛♥❞
CW ✮✳ ■t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♠♣❛r✐s♦♥ ✐s♦♠♦r♣❤✐s♠s ❢r♦♠ ❆①✐♦♠ ✶✳✶
❧✐❢t t♦ ✐s♦♠♦r♣❤✐s♠s ✐♥ t❤❡ ❝✉rr❡♥t s✐t✉❛t✐♦♥✱ ✐✳❡✳ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ E[W ]✲
❧✐♥❡❛r✐t② ♦❢ t❤❡ E[I]✲❧✐♥❡❛r ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

α̃• : ṼB ◦ D̃B

∼=
99K ✐❞❘❡♣BE(I)

❛♥❞ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ F ♦❢ t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

β̃• : D̃B ◦ ṼB

∼=
99K ✐❞CI .

❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❧❛tt❡r✳ ❋♦r s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ❞❡♥♦t❡ t❤❡ ♠❛♣ (B⊗E ηD)
I

❜② η∗D✳ ❚❤❡♥ t❛❦❡ ❛♥ ❡❧❡♠❡♥t x =
∑

i

bi ⊗ vi ∈ (B ⊗E ṼB(D))I ✱ ❡①♣❛♥❞ t❤❡
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✐♠❛❣❡ ηD(vi) =
∑

j

bij ⊗ dj ∈ (B ⊗E (B ⊗BI T (D))ϕ=✐❞)I ❛♥❞ ♦❜t❛✐♥✿

(β̃′
D)

I ◦ η∗D ◦ F̂
ϕ

ṼB(D)
(x) = (β̃′

D)
I ◦ η∗D(

∑

i

ς.bi ⊗ ς.vi)

= (β̃′
D)

I(
∑

i

ς.bi ⊗ ηD(ς.vi))

= (β̃′
D)

I(
∑

i

ς.bi ⊗ ηD(F̂D ◦ ς̂D)(vi)))

= (β̃′
D)

I(
∑

i

ς.bi ⊗ (F̂D ◦ ς̂D)(ηD(vi))
︸ ︷︷ ︸

=
∑

j

ς.bij⊗F (dj)

)

=
∑

i,j

ς.biς.bijF (dj)

= (F ◦ (β̃′
D)

I ◦ η∗D)(x).

◆♦✇ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t β̃D ✐s ❛ ♠♦r♣❤✐s♠ ✐♥ CW ✿

T (β̃D) ◦ FṼB(D) = (β̃′
D)

I ◦ η∗D ◦ ξṼB(D) ◦ F̂ṼB(D)

= (β̃′
D)

I ◦ η∗D ◦ F̂
ϕ

ṼB(D)
◦ ξṼB(D)

= F ◦ (β̃′
D)

I ◦ η∗D ◦ ξṼB(D)

= F ◦ T (β̃D)

✐♠♣❧✐❡s

T (β̃D ◦ F
❧✐♥
ṼB(D)

) = T (β̃D) ◦ FṼB(D) ◦ ι(D̃B(V ))

= F ◦ T (β̃D) ◦ ι(D̃B(V ))

✭✶✳✶✮
= F ◦ ι(D̃B(V )) ◦ ς∗T (β̃D)

= T (F ❧✐♥
ṼB(D)

◦ ς∗β̃D).

❚❤❡r❡❢♦r❡ β̃D ◦ F
❧✐♥
ṼB(D)

= F ❧✐♥
ṼB(D)

◦ ς∗β̃D ❤♦❧❞s s✐♥❝❡ T ✐s ❢❛✐t❤❢✉❧✳ ■t ✐s ❧❡❢t t♦

❝❤❡❝❦ t❤❛t α̃V ✐s E[W ]✲❧✐♥❡❛r ❢♦r ❛♥② V ✐♥ ❘❡♣B
E(I)✳ ❙✐♥❝❡ jV ✐s E[W ]✲❧✐♥❡❛r

❛♥❞ ✐♥❥❡❝t✐✈❡ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t α̃′′
V ✐s E[W ]✲❧✐♥❡❛r✳ ❚❛❦❡ ❛♥ ❡❧❡♠❡♥t

x ∈ (ṼB ◦ D̃B)(V )✱ ✇r✐t❡ ηD̃B(V )(x) =
∑

i

bi ⊗ di ∈ (B ⊗BI T (D̃B(V )))ϕ=✐❞ ❛s

✇❡❧❧ ❛s ξV (di) =
∑

j

bij ⊗ vj ∈ (B⊗EV )I ❛♥❞ ❛❜❜r❡✈✐❛t❡ ξ∗V := (B⊗BI ξV )
ϕ=✐❞✳
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❚❤❡♥ ✇❡ ❤❛✈❡

α̃′′
V (ς.x) = ((α̃′)ϕ=✐❞ ◦ ξ∗V ◦ ηD̃B(V ))(ς.x)

= ((α̃′)ϕ=✐❞ ◦ ξ∗V ◦ F̂
ϕ

D̃B(V )
◦ ς̂ϕ

D̃B(V )
(
∑

i

bi ⊗ di)

= ((α̃′)ϕ=✐❞ ◦ ξ∗V (
∑

i

ς.bi ⊗ FV (di))

= ((α̃′)ϕ=✐❞(
∑

i

ς.bi ⊗ (ξV ◦ FV )(di))

= ((α̃′)ϕ=✐❞(
∑

i

ς.bi ⊗ (FV ◦ ξV )(di))

= ((α̃′)ϕ=✐❞(
∑

i,j

ς.bi ⊗ ς.bij ⊗ ς.vj)

= ς.(
∑

i,j

bibijvj)

= ς.(α̃′)ϕ=✐❞(
∑

i,j

bi ⊗ bij ⊗ vj)

= ς.α̃′′
V (x).

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t α̃ ✐s ❛♥ E[W ]✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ ✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳
�

❊①❛♠♣❧❡ ✶✳✶✽ ❚❛❦❡ E = Fp ✭✐✳❡✳ r = 1✮ ❛♥❞ B = Fp✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✶✳✶✼
r❡❝♦✈❡rs t❤❡ ❢❛❝t t❤❛t ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ♦✈❡r Fp ❛r❡ ❥✉st t❤❡ s❛♠❡
❛s ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ♦✈❡r Fp ❛s ❢♦❧❧♦✇s✿

❘❡♣Fp
(WFp) ∼ CWFp

∼ ✭ϕ✲♠♦❞✉❧❡s ♦✈❡r Fp✮ ∼ ❘❡♣Fp
(GFp).

❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ✐s ❣✐✈❡♥ ❜② D 7→ DF=✐❞ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥ ❛♥❞
❜② ❣✐✈❡♥ ❜② M 7→ (Fp⊗Fp M,F ) ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ✇❤❡r❡ F ✐s ❣✐✈❡♥ ❜②

∑

i

µi ⊗mi 7→
∑

i

σ(µi)⊗mi

❢♦r ❛❧❧ x =
∑

i

µi ⊗mi ∈ Fp ⊗Fp M ✳



✶✽ ❈❍❆P❚❊❘ ✶✳ ❲❊■▲ ●❘❖❯P ❘❊P❘❊❙❊◆❚❆❚■❖◆❙



❈❤❛♣t❡r ✷

P❡r✐♦❞ ❘✐♥❣s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ s♦ ❝❛❧❧❡❞ ♣❡r✐♦❞ r✐♥❣s ❝♦♥str✉❝t❡❞ ❜②
❋♦♥t❛✐♥❡ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❋♦♥✾✹❛❪✮ t❤❛t s❡r✈❡ ✇❡❧❧ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ ❤✐✲
❡r❛r❝❤② ♦❢ ♣✲❛❞✐❝ ●❛❧♦✐s r❡♣r❡s❡♥t❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❛ s❧✐❣❤t ❣❡♥❡r❛❧✐③❛t✐♦♥
❜② ❝♦♥str✉❝t✐♥❣ t❤❡s❡ ♣❡r✐♦❞ r✐♥❣s ❢r♦♠ ❛ ♣❡r❢❡❝t♦✐❞ ✜❡❧❞ F t❤❛t ✐s ❝♦♥t❛✐♥❡❞
✐♥ Cp r❛t❤❡r t❤❛♥ ❥✉st st❛rt✐♥❣ ✇✐t❤ Cp ✐ts❡❧❢✳ ■t ✇✐❧❧ ❜❡ ♣r♦✈❡♥ t❤❛t t❤✐s ✈❛r✐✲
❛t✐♦♥ ❜❡❤❛✈❡s ✇❡❧❧ ✇✐t❤ t❛❦✐♥❣ ✐♥✈❛r✐❛♥ts ✉♥❞❡r ❆✉t(Cp/F ) ✭s❡❡ Pr♦♣♦s✐t✐♦♥
✷✳✸✹ ❛♥❞ ✷✳✶✻✮✳

✷✳✶ P❡r❢❡❝t♦✐❞ ❋✐❡❧❞s

❉❡✜♥✐t✐♦♥ ✷✳✶ ▲❡t L ❜❡ ❛ ✈❛❧✉❡❞ ✜❡❧❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♥♦♥❛r❝❤✐♠❡❞✐❛♥
❛❜s♦❧✉t❡ ✈❛❧✉❡ | · | : L→ R≥0✳ ❲❡ ❝❛❧❧ L ♣❡r❢❡❝t♦✐❞ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❛r❡ s❛t✐s✜❡❞✿

✶✳ ▲ ✐s ❝♦♠♣❧❡t❡ ❛♥❞ t❤❡ ✈❛❧✉❡ ❣r♦✉♣ |L×| ✐s ❞❡♥s❡ ✐♥ R>0✳

✷✳ ❚❤❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ OL/p→ OL/p✱ x̄→ x̄p ✐s s✉r❥❡❝t✐✈❡✳

❲❡ ❝❛❧❧ t❤✐s r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ t❤❡ ✧♠♦❞ ♣✧✲❋r♦❜❡♥✐✉s ♦❢ L✳

❊①❛♠♣❧❡ ✷✳✷ ▲❡t µl ∈ Qp ❞❡♥♦t❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ l✲t❤ r♦♦ts ♦❢ ✉♥✐t② ❢♦r ❛♥②
l ∈ N✳

❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ Cp ♦❢ Qp ✐s ♣❡r❢❡❝t♦✐❞✳

❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Qp,∞ :=
⋃

n≥1 Qp(µpn) ✐s ♣❡r❢❡❝t♦✐❞✳

❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Qp(p
p−∞

) :=
⋃

n≥1 Qp(p
1
pn ) ✐s ♣❡r❢❡❝t♦✐❞✳

✶✾
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❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Qnr
p := ❋r❛❝(W (Fp)) ✐s ♥♦t ♣❡r❢❡❝t♦✐❞✱ s✐♥❝❡ ✐ts ✈❛❧✉❡

❣r♦✉♣ ✐s ❞✐s❝r❡t❡✳

❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Qtr
p :=

⋃

p∤e Q
nr
p (p

1
e ) ✐s ♥♦t ♣❡r❢❡❝t♦✐❞✱ s✐♥❝❡ t❤❡ ✧♠♦❞

♣✧✲❋r♦❜❡♥✐✉s ✐s ♥♦t s✉r❥❡❝t✐✈❡✳

❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ♦❢ t❤❡ s❡♣❛r❛❜❧❡ ❝❧♦s✉r❡ ♦❢ Fp((t)) ✐s ♣❡r❢❡❝t♦✐❞✳

❼ ❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Fp((t))(t
p−∞

) :=
⋃

n≥1 Fp((t))(t
1
pn ) ✐s ♣❡r❢❡❝t♦✐❞✳

❘❡♠❛r❦ ✷✳✸ ❆♥② ♣❡r❢❡❝t♦✐❞ ✜❡❧❞ ✐s ♣❡r❢❡❝t✳

✷✳✷ ❚✐❧t✐♥❣

❚❤❡ ❝♦♥❝❡♣t ♦❢ t✐❧t✐♥❣ ✇❛s ❜❛s✐❝❛❧❧② ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ ❜② ❋♦♥t❛✐♥❡ ✐♥
❬❋♦♥✾✹❛❪✳ ■t t✉r♥❡❞ ♦✉t t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ❣✐✈❡s ❛ ❞❡❡♣ ❝♦♥♥❡❝t✐♦♥ ❜❡✲
t✇❡❡♥ ✜♥✐t❡ ●❛❧♦✐s ❡①t❡♥s✐♦♥s ♦❢ ♣❡r❢❡❝t♦✐❞ ✜❡❧❞ ✐♥ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ (0, p)
❛♥❞ t❤❡✐r ✬t✐❧ts✬ ✐♥ ❡q✉❛❧ ❝❤❛r❛❝t❡r✐st✐❝ p ✭❝♦♠♣❛r❡ ❚❤❡♦r❡♠ ✷✳✼✮✳ ❲❡ ✇✐❧❧ st✐❝❦
t♦ t❤❡ ♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜② ❙❝❤♦❧③❡ ✐♥ ❬❙❝❤✶✶❪ ✇❤♦ ❞❡♥♦t❡❞ t❤❡ t✐❧t✐♥❣
❢✉♥❝t♦r ❜② F 7→ F ♭✳ ❆ ❞❡t❛✐❧❡❞ ❡①♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❙❝❤✶✼❪✳

▲❡t L ❜❡ ❛ ♣❡r❢❡❝t♦✐❞ ✜❡❧❞ s✉❝❤ t❤❛t K ⊆ L ❛♥❞ ̟ ∈ L ❛ ♣s❡✉❞♦ ✉♥✐✲
❢♦r♠✐③❡r✱ ✐✳❡✳ ̟ s❛t✐s✜❡s |π| ≤ |̟| < 1✳ ❋✉rt❤❡r♠♦r❡ ✇❡ s❡t

OL := {x ∈ L | |x| ≤ 1}.

❉❡✜♥✐t✐♦♥ ✷✳✹ ❚❤❡ ♠❛♣

φ : OL/̟OL → OL/̟OL ❣✐✈❡♥ ❜② x̄ 7→ x̄q

✐s ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛ ♣r♦❥❡❝t✐✈❡ s②st❡♠ (OL/̟OL, φ)n✳
❲❡ ❞❡✜♥❡

OL♭ := lim←−
n

(OL/̟OL, φ)n ❛♥❞ L♭ := ❋r❛❝(OL♭)

❛♥❞ ❝❛❧❧ L♭ t❤❡ t✐❧t ♦❢ L✳ ❋♦r α = (αi)i ∈ OL♭ ❝❤♦♦s❡ r❡♣r❡s❡♥t❛t✐✈❡s ai ∈ OL

❛♥❞ s❡t
α♯ := lim

i→∞
aq

i

i ∈ OL.

❉❡♥♦t❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♯ ❛♥❞ | · | ❜②

| · |♭ : OL♭ → R≥0, α 7→ |α
♯|.

■t ✐s ♥♦t ②❡t ❝❧❡❛r ✐❢ ❛❧❧ ❞❡✜♥✐t✐♦♥s ♠❛❦❡ s❡♥s❡ ❜✉t t❤✐s ✐s ❝♦✈❡r❡❞ ❜②✿



✷✳✸✳ ❚❍❊ ▼❆P θ ✷✶

❚❤❡♦r❡♠ ✷✳✺ ✶✳ α♯ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡s ♦❢ ❧✐❢t✐♥❣s ♦❢ t❤❡ αi✬s✳

✷✳ OL♭ ✐s ❛ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ | · |♭✳

✸✳ L♭ ✐s ❛ ♣❡r❢❡❝t ❛♥❞ ❝♦♠♣❧❡t❡ ♥♦♥❛r❝❤✐♠❡❞✐❛♥ ✜❡❧❞ ✇✐t❤ r❡s♣❡❝t t♦ | · |♭
♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p✳

Pr♦♦❢✿ ❬❙❝❤✶✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹✳✼✳❪ �

❊①❛♠♣❧❡ ✷✳✻ ❼ ❚❤❡ t✐❧t ♦❢ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Qp(p
p−∞

) ✐s ✐s♦♠♦r♣❤✐❝ t♦
t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Fp((t))(t

p−∞

)✳

❼ ❚❤❡ t✐❧t ♦❢ ❛ ♣❡r❢❡❝t♦✐❞ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✐s t❤❡ ✜❡❧❞ ✐ts❡❧❢✳

❚❤❡♦r❡♠ ✷✳✼ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

{K̂∞ ⊆ L ⊆ Cp | L ♣❡r❢❡❝t♦✐❞ } ↔ {K̂♭
∞ ⊆ F ⊆ C♭

p | F ♣❡r❢❡❝t♦✐❞ }

❣✐✈❡♥ ❜②
L 7→ L♭.

❋✉rt❤❡r♠♦r❡ ❛♥② ✜♥✐t❡ ❡①t❡♥s✐♦♥ L1/L ✐s ♠❛♣♣❡❞ t♦ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ L♭
1/L

♭

♦❢ t❤❡ s❛♠❡ ❞❡❣r❡❡✱ ✐✳❡✳ [L1 : L] = [L♭
1 : L

♭]✳

Pr♦♦❢✿ ❬❙❝❤✶✼✱ ❚❤❡♦r❡♠ ✶✳✹✳✷✹✳❪ ❛♥❞ ❬❙❝❤✶✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻✳✽✳❪✳ �

✷✳✸ ❚❤❡ ♠❛♣ θ

❚❤❡♦r❡♠ ✷✳✽ ❚❤❡ ♠❛♣

θL : W (OL♭)→ OL ✭r❡s♣✳ ΘL : W (OL♭)⊗Zp Qp → L)

❣✐✈❡♥ ❜②
∑

n≥0

τ(αn)p
n 7→

∑

n≥0

α♯
np

n

✐s ❛ s✉r❥❡❝t✐✈❡ ❤♦♠♦♠♦r♣❤✐s♠s ♦❢ Zp✲❛❧❣❡❜r❛s ✭r❡s♣✳ Qp✲❛❧❣❡❜r❛s✮ ❛♥❞ ✐ts
❦❡r♥❡❧ ✐s ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧✳

Pr♦♦❢✿ ❬❙❝❤✶✼✱ ▲❡♠♠❛ ✶✳✹✳✶✽❪✱❬❙❝❤✶✼✱ ▲❡♠♠❛ ✶✳✹✳✶✾❪ ❛♥❞ ❬❙❝❤✶✼✱ Pr♦♣♦s✐t✐♦♥
✷✳✶✳✶✾✳❪✳ �
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✷✳✹ ❚❤❡ ❈r②st❛❧❧✐♥❡ P❡r✐♦❞ ❘✐♥❣ ✭B❝r②s✮

❋♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ ❝❤❛♣t❡r ✷ ❧❡t L ❜❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ K̂∞ ⊆ L ⊆ Cp

s✉❝❤ t❤❛t L ✐s ❛ ♣❡r❢❡❝t♦✐❞ ✜❡❧❞✳ ❲❡ ❞❡♥♦t❡ ❜② Ľ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞
K∞ ⊆ Ľ ⊆ K s✉❝❤ t❤❛t t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Ľ ✐s L✳

❉❡✜♥✐t✐♦♥ ✷✳✾ ▲❡t A❝r②s(Cp) ❞❡♥♦t❡ t❤❡ p✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❞✐✈✐❞❡❞
♣♦✇❡r ❡♥✈❡❧♦♣❡ ♦❢ W (OL♭) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐❞❡❛❧ ker(θCp) ♦✈❡r Zp✳ ■♥
❢♦r♠✉❧❛s✿

A0
❝r②s(Cp) := D(Zp,(p),γ)(W (OC♭

p
), ker(θCp))

❛♥❞
A❝r②s(Cp) := lim←−

n

A0
❝r②s(Cp)/p

n.

❲❡ ❞❡♥♦t❡
B+

❝r②s(L) := (A❝r②s(Cp)⊗Zp Qp)
●❛❧(Qp/Ľ)

❛♥❞ ❛❜❜r❡✈✐❛t❡ A❝r②s := A❝r②s(Cp) ❛♥❞ B+
❝r②s := B+

❝r②s(Cp)✳

❋♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐✈✐❞❡❞ ♣♦✇❡r ❡♥✈❡❧♦♣❡ s❡❡ s❡❝t✐♦♥ ❆✳✷✳ ❙✐♥❝❡
t❤✐s ❞❡✜♥✐t✐♦♥ ✐s r❛t❤❡r ❛❜str❛❝t ✇❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥✳

▲❡♠♠❛ ✷✳✶✵ ▲❡t c ❜❡ ❛ ❣❡♥❡r❛t♦r ♦❢ ker(θCp)✳ ❚❤❡♥ ✇❡ ❤❛✈❡

A0
❝r②s(Cp) = {

l∑

m=0

bm
c
m

m!
| l ∈ N, bm ∈ W (OC♭

p
) ❢♦r ❛❧❧ 0 ≤ m ≤ l}.

■♥ ♣❛rt✐❝✉❧❛r A0
❝r②s(Cp) ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ❝♦♥t❛✐♥✐♥❣ W (k)✳

Pr♦♦❢✿ ❬❇❈✵✾✱ ➓✾✳✶✳❪✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✶✶ ▲❡t m ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❡①❛❝t
s❡q✉❡♥❝❡

0→ Km →֒
m⊕

n=0

W (OC♭
p
) ·Xn s

−→Mm → 0,

✇❤❡r❡

Mm :=
m∑

n=0

W (OC♭
p
)
c
n

n!
⊆ A0

❝r②s(Cp)

❛♥❞ Km ⊆ W (OC♭
p
)[X] ❞❡♥♦t❡s t❤❡ W (OC♭

p
)✲s✉❜♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜②

cXn−1 − nXn ❢♦r 1 ≤ n ≤ m.

❚❤❡ ♠❛♣ s ✐s ❣✐✈❡♥ ❜② Xn 7→ c
n

n!
✳ ■♥ ♣❛rt✐❝✉❧❛r Mm ✐s ♦❢ ✜♥✐t❡ ♣r❡s❡♥t❛t✐♦♥✳
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Pr♦♦❢✿ ❲❡ ❤❛✈❡ s(Km) = 0 s✐♥❝❡

s(cXn−1 − nXn) = c

c
n−1

(n− 1)!
− n

c
n

n!
= 0

❤♦❧❞s ❢♦r ❛♥② 1 ≤ n ≤ m✳ ❚❛❦❡ ❛♥ ❡❧❡♠❡♥t

a =
m∑

n=0

rnX
n ∈

m⊕

n=0

W (OC♭
p
) ·Xn s✉❝❤ t❤❛t s(a) = 0.

❖♥❡ ♦❜t❛✐♥s

r0 = −
m∑

n=1

rn
c
n

n!

❛♥❞ ❤❡♥❝❡

m!a =
m∑

n=1

rn
m!

n!
(n!Xn − c

n) ∈ Km

❜② t❤❡ r❡❧❛t✐♦♥

n!Xn − c
n ≡ (n− 1)!cXn−1 − c

n ≡ · · · ≡ c
n − c

n ≡ 0 mod Km.

❲❡ ❝❧❛✐♠ t❤❛t Km ✐s Z✲s❛t✉r❛t❡❞ ❛♥❞ ❝♦♥❝❧✉❞❡ a ∈ Km✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② ✇❡ t❛❦❡ p · f ∈ Km ❛♥❞ r❡♠❛r❦ t❤❛t

m∑

n=1

an(cX
n−1 − nXn) = pf ≡ 0 mod p

❢♦r s♦♠❡ a1, . . . , am ∈ W (OC♭
p
)✳ ❈♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ r❡s✐❞✉❡ r✐♥❣

OC♭
p
[X] ❞❡❧✐✈❡rs

a1c ≡ 0 mod p

❛♥❞
an+1c ≡ ann mod p

❢♦r ❛❧❧ 1 ≤ n ≤ m− 1✳ ❙✐♥❝❡ c /∈ pW (OC♭
p
) ❛♥❞ OC♭

p
✐s ❛ ❞♦♠❛✐♥✱ ✇❡ s❡❡ t❤❛t

p | an ❢♦r ❛❧❧ 1 ≤ n ≤ m ❜② ✐♥❞✉❝t✐♦♥✱ ❤❡♥❝❡ f ∈ Km✳ �

❈♦r♦❧❧❛r② ✷✳✶✷ ❊✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ W (OC♭
p
)✲s✉❜♠♦❞✉❧❡ ♦❢ A0

❝r②s(Cp) ✐s
❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜♥✐t❡❧② ♣r❡s❡♥t❡❞ s✉❜♠♦❞✉❧❡✳

❘❡♠❛r❦ ✷✳✶✸ A0
❝r②s(Cp) ✐s p✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ ❜② ❬❇❈✵✾✱ ❊①♣❧❛♥❛t✐♦♥ ❛❢t❡r

✭✾✳✶✳✷✳✮❪✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ✐♥❝❧✉s✐♦♥s

W (k) ⊆ W (OC♭
p
) ⊆ A0

❝r②s(Cp) ⊆ A❝r②s(Cp).

❍❡♥❝❡ B+
❝r②s(L) ✐s ❛ K0✲❛❧❣❡❜r❛✳ ■❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ L ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞

t❤❡ s❛♠❡ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t B+
❝r②s(L) ✐s ❛ P0✲❛❧❣❡❜r❛✳
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❆♥♦t❤❡r ❢❡❛t✉r❡ ♦❢ t❤❡ r✐♥❣ B+
❝r②s(L) ✐s t❤❛t t❤❡r❡ ❡①✐sts ❛ GK✲❡q✉✐✈❛r✐❛♥t

❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ Φ ♦♥ B+
❝r②s(L) ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ♥❛t✉r❛❧ ❋r♦❜❡♥✐✉s

❡♥❞♦♠♦r♣❤✐s♠
Φ: W (OL♭)→ W (OL♭)

❝♦♠✐♥❣ ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ❲✐tt ✈❡❝t♦rs ❬❙❝❤✶✼✱ ❙❡❝t✐♦♥ ✶✳✶✳❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✹ ❚❤❡r❡ ❡①✐sts ❛ GK✲❡q✉✐✈❛r✐❛♥t ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠
♦♥ A❝r②s(Cp) ❡①t❡♥❞✐♥❣ Φ✳

Pr♦♦❢✿ ❬❇❈✵✾✱ ▲❡♠♠❛ ✾✳✶✳✼✳❪ �

✷✳✺ ❚❤❡ ❘✐♥❣ ♦❢ p✲❛❞✐❝ P❡r✐♦❞s ✭B❞❘✮

❉❡✜♥✐t✐♦♥ ✷✳✶✺ ▲❡t B+
❞❘(L) ❞❡♥♦t❡ t❤❡ ker(ΘL)✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ W (OL♭)

❧♦❝❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡❧❡♠❡♥t p✳ ❖r s❤♦rt✿

B+
❞❘(L) := lim←−

n

(W (OL♭)[
1

p
])/ ker(ΘL)

n.

❲❡ ❛❜❜r❡✈✐❛t❡ B+
❞❘ := B+

❞❘(Cp)✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❝❛❧❧ B❞❘(L) := ❋r❛❝(B+
❞❘(L))

t❤❡ ✭✜❡❧❞ ♦❢✮ p✲❛❞✐❝ ♣❡r✐♦❞s ✇✐t❤ r❡s♣❡❝t t♦ L ❛♥❞ B❞❘ := B❞❘(Cp) t❤❡ p✲❛❞✐❝
♣❡r✐♦❞s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✻
B+
❞❘(Cp)

GĽ ∼= B+
❞❘(L)

Pr♦♦❢✿ W (OL♭)[1p ] ∩ ker(ΘCp)
n = ker(ΘL)

n ❤♦❧❞s ❢♦r ❛❧❧ n ≥ 1 ❜② t❤❡ ❝♦♠✲

♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ❛❢t❡r ❬❙❝❤✶✼✱ ▲❡♠♠❛ ✶✳✹✳✶✾✳❪✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ ❛ ❝❛♥♦♥✐❝❛❧
✐♥❝❧✉s✐♦♥ B+

❞❘(L) → B+
❞❘ ❜② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ♣r♦❥❡❝t✐✈❡ ❧✐♠✐t✳

❲❡ ❤❛✈❡ g.(ker(ΘCp)) ⊆ ker(ΘCp) ❢♦r ❛❧❧ g ∈ GK s✐♥❝❡ ΘCp ✐s GK✲❡q✉✐✈❛r✐❛♥t✳
❚❤✉s ✇❡ ♦❜t❛✐♥ ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣

ιn : W (OL♭)[
1

p
]/ ker(ΘL)

n → (W (OCp
♭)[

1

p
]/ ker(ΘCp)

n)GĽ

❢♦r ❡❛❝❤ n ≥ 1✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤✐s ♠❛♣ ❛♥❞ ✇❡ ❞♦ t❤✐s
❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❋♦r n = 1 ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❛❦❡ x ∈ W (OCp

♭)[1p ]

s✉❝❤ t❤❛t g.x − x ∈ ker(ΘCp) ❢♦r ❛❧❧ g ∈ GĽ✳ ❚❤❡♥ g.ΘCp(x) − ΘCp(x) = 0

❢♦r ❛❧❧ g ∈ GĽ✱ ✐✳❡✳ ΘCp(x) ∈ C
GĽ
p = L✳ ❙✐♥❝❡ ΘL ✐s s✉r❥❡❝t✐✈❡ ✇❡ r❡❝❡✐✈❡ ❛♥

y ∈ W (OL♭)[1p ] s✉❝❤ t❤❛t ΘCp(x) = ΘL(y)✳ ❍❡♥❝❡

ι1(y + ker(ΘL)) = y + ker(ΘCp) = x+ ker(ΘCp)
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❛♥❞ ι1 ✐s s✉r❥❡❝t✐✈❡✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ n ≥ 1 ❛♥❞ t❤❡ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠ ✇✐t❤ ❡①❛❝t ❝♦❧✉♠♥s

0

��

0

��

ker(ΘL)
n−1W (OL♭)[1p ]/ ker(ΘL)

n

��

∼= // (ker(ΘL)
n−1W (OCp

♭)[1p ]/ ker(ΘCp)
n)GĽ

��

W (OL♭)[1p ]/ ker(ΘL)
n

��

ιn // (W (OCp
♭)[1p ]/ ker(ΘCp)

n)GĽ

��

W (OL♭)[1p ]/ ker(ΘL)
n−1

��

ιn−1
// (W (OCp

♭)[1p ]/ ker(ΘCp)
n−1)GĽ

0

,

✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s ❛r❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣s✳ ❚❤❡ t♦♣ ❛rr♦✇ ✐s ❛♥ ✐s♦✲
♠♦r♣❤✐s♠ ❜② t❤❡ ❝❛s❡ n = 1 s✐♥❝❡ ker(ΘL) ✐s ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ ❛♥❞ ❤❡♥❝❡

ker(ΘL)
n−1W (OL♭)[

1

p
]/ ker(ΘL)

n ∼= W (OL♭)[
1

p
]/ ker(ΘL)

❤♦❧❞s✳ ❚❤❡ ❜♦tt♦♠ ❛rr♦✇ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ✐♥❞✉❝t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ιn ✐s
❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② t❤❡ ✜✈❡ ❧❡♠♠❛✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✶✼ B+
❞❘(L) ✐s ❛ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ r❡s✐❞✉❡

✜❡❧❞ L ❛♥❞ (B+
❞❘(L))

× ❝♦♥t❛✐♥s W (OL♭)[1p ] \ {0}✳

Pr♦♦❢✿ ❚❤✐s ✐s ❧✐t❡r❛❧❧② ❬❇❈✵✾✱ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✻✳❪ ✐❢ ♦♥❡ r❡♣❧❛❝❡s Cp ✇✐t❤ L
s✐♥❝❡ t❤❡ ♣r♦♦❢ ❞♦❡s ♥♦t ✉s❡ t❤❛t Cp ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳ �

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ✐s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡
GK✲❡q✉✐✈❛r✐❛♥t ❚❡✐❝❤♠ü❧❧❡r ♠❛♣

τ❞❘ : (L
♭)× → (B+

❞❘(L))
×

❣✐✈❡♥ ❜②
a

b
7→ τ(a)τ(b)−1

❢♦r ❛❧❧ a, b ∈ OL♭ ❛♥❞ b 6= 0✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✶✽ ❚❤❡r❡ ❡①✐sts ❛ GĽ✲❡q✉✐✈❛r✐❛♥t s❡❝t✐♦♥

s❞❘,Ľ : Ľ→ B+
❞❘(L)

♦❢ t❤❡ GĽ✲❡q✉✐✈❛r✐❛♥t ♣r♦❥❡❝t✐♦♥ ♠❛♣

Θ❞❘,L : B
+
❞❘(L) ։ L.

❱✐❛ t❤✐s s❡❝t✐♦♥ B+
❞❘(L) ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ ❝♦♣② ♦❢ Ľ ❛s ❛ s✉❜✜❡❧❞ ♦✈❡r K0

❛♥❞ t❤❡ ❛❝t✐♦♥ ♦❢ GK0 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤✐s ✐♥❝❧✉s✐♦♥✳

Pr♦♦❢✿ ❋♦r t❤❡ ❝❛s❡ L = Cp s❡❡ ❬❇❈✵✾✱ ▲❡♠♠❛ ✹✳✹✳✶✵✳❪✱ t❤❡♥ t❛❦❡ ●❛❧(Qp/Ľ)✲
✐♥✈❛r✐❛♥ts✳ �

❲❛r♥✐♥❣✿ ❚❤❡ s❡❝t✐♦♥ s❞❘,Qp
✐s ♥♦t ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡r❡❢♦r❡ ✐t ❞♦❡s ♥♦t

❡①t❡♥❞ t♦ ❛ GK✲❡q✉✐✈❛r✐❛♥t s❡❝t✐♦♥ Cp → B+
❞❘(Cp)✳ ❇② ❬❙❡r✼✾✱ ❈❤❛♣t❡r ■■✱

➓✹✱ ❚❤❡♦r❡♠ ✷❪ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠ B+
❞❘(Cp) ∼= Cp[[T ]] ♦❢ r✐♥❣s ❜✉t

t❤✐s ♠❛♣ ✐s ♥❡✐t❤❡r GK✲❡q✉✐✈❛r✐❛♥t ♥♦r ❝♦♥t✐♥✉♦✉s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✾ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s GK✲❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r♣❤✐s♠
♦❢ r✐♥❣s ❢r♦♠ A❝r②s(Cp) t♦ t❤❡ s✉❜r✐♥❣

{
∑

n≥0

bn ·
c
n

n!
∈ B+

❞❘(Cp) | (bn)n s❡q✉❡♥❝❡ ✐♥ W (OC♭
p
) ❝♦♥✈❡r❣✐♥❣ t♦ 0}

♦❢ B+
❞❘(Cp) ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ W (OC♭

p
)[1

p
] ⊆ B+

❞❘(Cp)✳

Pr♦♦❢✿ ❬❇❈✵✾✱ ➓✾✳✶✳❪ �

✷✳✻ ❚❤❡ ❚✐❧t❡❞ ♣✲❛❞✐❝ ▲♦❣❛r✐t❤♠

❋✐rst ♦❢ ❛❧❧ ✇❡ ❣✐✈❡ ❛ s❤♦rt r❡♠✐♥❞❡r ❛❜♦✉t t❤❡ ✉s✉❛❧ ✈❡rs✐♦♥s ♦❢ p✲❛❞✐❝ ❧♦❣❛✲
r✐t❤♠s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✵ ▲❡t B ❜❡ ❛ ❝♦♠♣❧❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 0 ❛♥❞
❞❡♥♦t❡ t❤❡ ✈❛❧✉❛t✐♦♥ ♦♥ B ❜② νB✳ ❲❡ ❝❛❧❧ B ❧♦❣❛r✐t❤♠✐❝ ✐❢

lim
n→∞

nγ − νB(n) =∞

❤♦❧❞s ❢♦r ❛❧❧ γ ∈ ν(B) \ {∞} s✉❝❤ t❤❛t γ > 0✳
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▲❡♠♠❛ ✷✳✷✶ ▲❡t B ❜❡ ❛ ❧♦❣❛r✐t❤♠✐❝ ✈❛❧✉❛t✐♦♥ r✐♥❣ ❛♥❞ ❧❡t mB ❞❡♥♦t❡ ✐ts
♠❛①✐♠❛❧ ✐❞❡❛❧✳ ❚❤❡♥

logB : 1 +mB → B, x 7→
∑

n≥1

(−1)n+1 (x− 1)n

n

✐s ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠✳

Pr♦♦❢✿ ❙✐♥❝❡ B ✐s ❝♦♠♣❧❡t❡ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t (x−1)n

n
❝♦♥✈❡r❣❡s t♦

③❡r♦ ❜✉t t❤✐s ✐s ❝♦✈❡r❡❞ ❜② ❞❡✜♥✐t✐♦♥✳ �

❊①❛♠♣❧❡ ✷✳✷✷ ✶✳ OK ✐s ❧♦❣❛r✐t❤♠✐❝ ✭s❡❡ ❬◆❡✉✾✾✱ ❈❤❛♣t❡r ■■✱ Pr♦♣♦s✐✲
t✐♦♥ ✭✺✳✹✮❪✮ ❛♥❞ ✇❡ ❝❛♥ ❡①t❡♥❞ logOK

✉♥✐q✉❡❧② t♦ ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣
❤♦♠♦♠♦r♣❤✐s♠

logK : K× → K

s✉❝❤ t❤❛t logK(p) = 0✳

✷✳ OĽ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ❧♦❣❛r✐t❤♠✐❝ s✐♥❝❡ ✐t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♠♣❧❡t❡
❜✉t ❡✈❡r② ❡❧❡♠❡♥t ♦❢ Ľ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ K✳ ❚❤✉s
✇❡ ♦❜t❛✐♥ ❛ ●❛❧(Ľ/Qp)✲❡q✉✐✈❛r✐❛♥t ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

logOĽ
: 1 +mĽ → OĽ

✇❤✐❝❤ ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❡①t❡♥❞❡❞ t♦ ❛ ●❛❧(Ľ/Qp)✲❡q✉✐✈❛r✐❛♥t ❣r♦✉♣
❤♦♠♦♠♦r♣❤✐s♠

logĽ : Ľ
× → Ľ

s✉❝❤ t❤❛t logĽ(p) = 0 ✭s❡❡ ❬❇❈✵✾✱ ▲❡♠♠❛ ✾✳✷✳✻✳❪✮✳

✸✳ OL ✐s ❧♦❣❛r✐t❤♠✐❝ ✭s❡❡ ❬❲❛s✽✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✹❪✮ ❛♥❞ ✇❡ ❝❛♥ ❡①t❡♥❞
logOL

✉♥✐q✉❡❧② t♦ ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

logL : L
× → L

s✉❝❤ t❤❛t logL(p) = 0✳ ❋✉rt❤❡r♠♦r❡ t❤✐s ♠❛♣ ✐s GK✲❡q✉✐✈❛r✐❛♥t s✐♥❝❡
❡❛❝❤ g ∈ GK ❡①t❡♥❞s t♦ ❛ ❝♦♥t✐♥✉♦✉s ❛✉t♦♠♦r♣❤✐s♠ ♦❢ Cp✳ ❲❡ ❝❛❧❧

logp := logCp
: C×

p → Cp

t❤❡ ♣✲❛❞✐❝ ❧♦❣❛r✐t❤♠✳ ❋✉rt❤❡r♠♦r❡ ker(logp) = pQ · µ ❤♦❧❞s ❜② ❬❲❛s✽✷✱
Pr♦♣♦s✐t✐♦♥ ✺✳✻❪✱ ✇❤❡r❡ µ ⊆ C×

p ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s✉❜❣r♦✉♣ ❝♦♥s✐st✐♥❣
♦❢ r♦♦ts ♦❢ ❛r❜✐tr❛r② r♦♦ts ♦❢ ✉♥✐t②✳
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✹✳ B+
❞❘(L) ✐s ❧♦❣❛r✐t❤♠✐❝ s✐♥❝❡ ν❞❘(n) = 0 ❢♦r ❛❧❧ n ∈ N ❛♥❞ ✇❡ ❞❡♥♦t❡

log❞❘ := logB+
❞❘

(L) : 1 +mB+
❞❘

(L) → B+
❞❘(L).

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ t✐❧t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ p✲❛❞✐❝ ❧♦❣❛r✐t❤♠
logp ❢♦❧❧♦✇✐♥❣ ❬❇❈✵✾✱ ➓✾✳✷✳❪✳ ❙✐♥❝❡ ❛ ♠❛♣ ❞❡✜♥❡❞ ❜② t❤❡ ❧♦❣❛r✐t❤♠ ❢♦r♠✉❧❛

❝❛♥✬t ❤❛✈❡ ✈❛❧✉❡s ✐♥ ❛ ✜❡❧❞ ✭♦r r✐♥❣✮ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✇❡ s✉❜st✐t✉t❡ C♭
p ✇✐t❤

t❤❡ r✐♥❣ ♦❢ ♣✲❛❞✐❝ ♣❡r✐♦❞s B+
❞❘✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥str✉❝t ♠♦r❡ ❣❡♥❡r❛❧❧② ❛

GK✲✐♥✈❛r✐❛♥t ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

log♭L : L
♭ → B+

❞❘(L).

▲❡♠♠❛ ✷✳✷✸ ❊❛❝❤ ❡❧❡♠❡♥t ✐♥ (L♭)×/(OL♭)× ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ❡❧❡✲
♠❡♥t z s✉❝❤ t❤❛t z♯ ∈ Ľ×✳

Pr♦♦❢✿ ❇② ❬❙❝❤✶✶✱ ▲❡♠♠❛ ✸✳✹✳❪ ✇❡ ❦♥♦✇ t❤❛t νL(L
×) = ν♭L((L

♭)×) ❛♥❞ s✐♥❝❡
❝♦♠♣❧❡t✐♥❣ ❛ ♥♦♥✲❛r❝❤✐♠❡❞✐❛♥ ✜❡❧❞ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ❣r♦✉♣ ✇❡ ❤❛✈❡
νĽ(Ľ

×) = νL(L
×)✳ ❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥

(L♭)×/(O×
L♭) ∼= L×/O×

L
∼= Ľ×/O×

Ľ
.

�

Pr♦♣♦s✐t✐♦♥ ✷✳✷✹ ▲❡t κL♭ ❞❡♥♦t❡ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ L♭✳ ❚❤❡ ♠❛♣

log♭❝r②s,L : O
×
L♭
∼= κ×

L♭ × 1 +mL♭ → B+
❝r②s(L)

❣✐✈❡♥ ❜②

(λ, x) 7→
∑

n≥1

(−1)n+1 (τ(x)− 1)n

n

✐s ❛ GK✲❡q✉✐✈❛r✐❛♥t ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠✳

Pr♦♦❢✿ ❋♦r L = Cp t❤✐s ✐s ❬❇❈✵✾✱ ▲❡♠♠❛ ✾✳✷✳✷✳❪✱ t❤❡♥ t❛❦❡ ●❛❧(Qp/Ľ)✲
✐♥✈❛r✐❛♥ts✳ �

❋✐① ❛♥ ❡❧❡♠❡♥t ε ∈ O×
L♭ s✉❝❤ t❤❛t ε♯ = 1 ❛♥❞ (ε1/p)♯ 6= 1✳ ❚❤❡♥ t❤❡ ❛❝t✐♦♥

♦❢ GK ♦♥ ε ✐s ❣✐✈❡♥ ❜② g.ε = χ(g) · ε ❢♦r ❛❧❧ g ∈ GK ✱ ✇❤❡r❡

χ : GK → Z×
p

✐s t❤❡ ❝②❝❧♦t♦♠✐❝ ❝❤❛r❛❝t❡r✳ ◆♦✇ ❛♣♣❧② t❤❡ t✐❧t❡❞ ♣✲❛❞✐❝ ❧♦❣❛r✐t❤♠ t♦ ♦❜t❛✐♥
❛♥ ❡❧❡♠❡♥t

t := log♭L(ε) ∈ B+
❝r②s(L)

❛♥❞
g.t = log♭L(g.ε) = log♭L(χ(g) · ε) = logZp

(χ(g)) + t

❢♦r ❛❧❧ g ∈ GK ❜② t❤❡ GK✲❡q✉✐✈❛r✐❛♥❝❡ ♦❢ log♭L✳
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❉❡✜♥✐t✐♦♥ ✷✳✷✺ ❲❡ ❞❡✜♥❡ B❝r②s(L) := B+
❝r②s(L)[

1
t
] ❛♥❞ B❝r②s := B❝r②s(Cp)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✻ ❚❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡ ✐♥❥❡❝t✐✈❡ ❝♦♥t✐♥✉♦✉s GK✲❡q✉✐✈❛r✐❛♥t
♠❛♣

j : A❝r②s(Cp)→ B+
❞❘(Cp)

s✉❝❤ t❤❛t t❤❡ ❞✐❛❣r❛♠

A0
❝r②s(Cp)

⊆

��

⊆
//W (OC♭

p
)[1

p
]

⊆
��

A❝r②s(Cp)
j

// B+
❞❘(Cp)

❝♦♠♠✉t❡s✳ ■♥ ♣❛rt✐❝✉❧❛r B❝r②s(L) ♠❛② ❜❡ ✈✐❡✇❡❞ ❛s ❛ s✉❜r✐♥❣ ♦❢ B❞❘(L)✳

Pr♦♦❢✿ ❚❤❡ ♠❛♣ j ✐s ✉♥✐q✉❡ s✐♥❝❡ A0
❝r②s(Cp) ✐s ❞❡♥s❡ ✐♥ A❝r②s(Cp)✳ ❚❤❡ ❡①✲

✐st❡♥❝❡ ✐s ♣r♦✈❡♥ ✐♥ ❬❇❈✵✾✱ ➓✾✳✶✳❪ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ✐♥❝❧✉s✐♦♥ ♦❢ B❝r②s(Cp) ✐♥t♦
B❞❘(Cp)✳ ❋♦r t❤❡ r❡❧❛t✐✈❡ ❝❛s❡ t❛❦❡ ●❛❧(Qp/Ľ)✲✐♥✈❛r✐❛♥ts ❛♥❞ ❛♣♣❧② Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✻✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✷✼ ❚❤❡ ♠❛♣

K ⊗K0 B❝r②s(L)→ B❞❘(L), λ⊗ b 7→ λ · b

✐s ✐♥❥❡❝t✐✈❡✳ ■❢ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ κL ♦❢ L ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ t❤❡ ♠❛♣

(K · P0)⊗P0 B❝r②s(L)→ B❞❘(L), λ⊗ b 7→ λ · b

✐s ❛❧s♦ ✐♥❥❡❝t✐✈❡✳

Pr♦♦❢✿ B❝r②s(L) ✐s ❛ K0✲❛❧❣❡❜r❛ ✭r❡s♣✳ P0✲❛❧❣❡❜r❛ ✐❢ κL ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✮
❜② ❘❡♠❛r❦ ✷✳✶✸✳ ❚❤❡ ❝❛s❡ L = Cp ✐s ❦♥♦✇♥ ❞✉❡ t♦ ❬❋♦♥✾✹❛✱ ❚❤é♦rè♠❡
✹✳✷✳✹✳❪ r❡s♣✳ ❬❇❈✵✾✱ ❚❤❡♦r❡♠ ✾✳✶✳✺✳❪✳ ❚❛❦❡ ●❛❧(Qp/Ľ)✲✐♥✈❛r✐❛♥ts ❛♥❞ ❛♣♣❧②
Pr♦♣♦s✐t✐♦♥ ✷✳✶✻ t♦ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐✈❡ st❛t❡♠❡♥t✳ �

❋r♦♠ ❛❧❧ ❛❜♦✈❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

OL♭
τ //

♯
$$

W (OL♭)
⊆

//

θL
��

B+
❞❘(L)

Θ❞❘,L

��

Ľ
s❞❘,Ľ
oo

⊆
||

OL
⊆

// L

✭✷✳✶✮

❛♥❞ ✇✐t❤ ▲❡♠♠❛ ✷✳✷✸ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ t✐❧t❡❞ p✲❛❞✐❝ ❧♦❣❛r✐t❤♠ ❛s
❢♦❧❧♦✇s✳
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❚❤❡♦r❡♠ ✷✳✷✽ ▲❡t z ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ (L♭)×✳ ❇② ▲❡♠♠❛ 2.23 ✇❡ ❝❛♥ ✇r✐t❡
z = u · y ✇✐t❤ u ∈ O×

L♭ ❛♥❞ y ∈ (L♭)× s✉❝❤ t❤❛t y♯ ∈ Ľ✳ ❚❤❡♥ t❤❡ ♠❛♣

log♭L : (L
♭)× → B+

❞❘(L)

❣✐✈❡♥ ❜②

z = u · y 7→ logdR(
τ❞❘(y)

s❞❘(y♯)
) + s❞❘(logĽ(y

♯)) + log♭❝r②s,L(u)

✐s ❛ GK✲❡q✉✐✈❛r✐❛♥t ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ t❤❛t ❡①t❡♥❞s log♭❝r②s✳ ❲❡ ❝❛❧❧

log♭p := log♭Cp

t❤❡ t✐❧t❡❞ ♣✲❛❞✐❝ ❧♦❣❛r✐t❤♠✳

Pr♦♦❢✿ ❚❤❡ ✜rst t❤✐♥❣ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✐s τ❞❘(y)
s❞❘(y♯)

∈ 1 +m❞❘ ❜✉t

Θ❞❘(
τ❞❘(y)

s❞❘(y♯)
− 1) =

y♯

y♯
− 1 = 0

❤♦❧❞s ❜② ✭✷✳✶✮✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ❝♦♥s✉❧t ❬❇❈✵✾✱ ▲❡♠♠❛ ✾✳✷✳✼✳❪✳ �

❚❤✐s ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✿

O×
L♭

log♭❝r②s,L
//

⊆
��

B+
❝r②s(L)

⊆
��

(L♭)×
log♭L // B+

❞❘(L).

✭✷✳✷✮

✷✳✼ GK✲■♥✈❛r✐❛♥ts ♦❢ P❡r✐♦❞ ❘✐♥❣s

❲✐t❤ t❤❡ ❞✐❛❣r❛♠ ✭✷✳✷✮ ✐♥ ♠✐♥❞ ✇❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ●❛❧♦✐s
✐♥✈❛r✐❛♥ts ♦❢ B❝r②s(L)✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ L ✐s ❛❧❣❡❜r❛✐❝❛❧❧②
❝❧♦s❡❞ t♦ ❛ss✉r❡ t❤❛t B❞❘(L) ❝♦♥t❛✐♥s P0✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✾ ❚❤❡ ❡❧❡♠❡♥t t ✐s ❛♥ ✉♥✐❢♦r♠✐③❡r ✐♥ B+
❞❘(L)✳

Pr♦♦❢✿ ❬❇❈✵✾✱ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳✽❪✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✸✵ B❞❘(L)
GK = K ❛♥❞ B❞❘(L)

IK = K · P0✳
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Pr♦♦❢✿ ❚❤❡ GK✲❛❝t✐♦♥ ♦♥ B❞❘(L) ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥

{ti · B+
❞❘(L) | i ∈ Z}

s✐♥❝❡ ΘL ✐s GK✲❡q✉✐✈❛r✐❛♥t✳ ❲❡ t❛❦❡ GK✲✐♥✈❛r✐❛♥ts ♦❢ t❤❡ s❡q✉❡♥❝❡

0→ ti+1B+
❞❘(L)→ tiB+

❞❘(L)→ Cp(i)→ 0

❛♥❞ ♦❜t❛✐♥ t❤❛t t❤❡ ✐♥❞✉❝❡❞ s❡q✉❡♥❝❡

0→ (ti+1B+
❞❘(L))

GK → (tiB+
❞❘(L))

GK → (Cp(i))
GK

✐s ❡①❛❝t ❢♦r ❛❧❧ i ∈ Z✳ ❇✉t (Cp(i))
GK = 0 ❢♦r ❛❧❧ i ∈ Z \ {0} ❜② t❤❡ ❚❤❡♦r❡♠

♦❢ ❚❛t❡ ❛♥❞ ❙❡♥ ❬❚❛t✻✼✱ ➓✭✸✳✸✮✱ ❚❤❡♦r❡♠ ✷❪✳ ❍❡♥❝❡

(ti+1B+
❞❘(L))

GK = (tiB+
❞❘(L))

GK

❤♦❧❞s ❢♦r ❛❧❧ ∈ Z \ {0}✳ ❙✐♥❝❡ B+
❞❘(L) ✐s ❛ ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛t❡❞ ❞✐s❝r❡t❡

✈❛❧✉❛t✐♦♥ r✐♥❣ ✇❡ ❤❛✈❡

⋂

i≥1

tiB+
❞❘(L)

GK ⊆
⋂

i≥1

tiB+
❞❘(L) = 0

❛♥❞ t❤❡r❡❢♦r❡ (tiB+
❞❘(L))

GK = 0 ❢♦r ❛❧❧ i ≥ 1✳ ❍❡♥❝❡ B❞❘(L)
GK = B+

❞❘(L)
GK

❛♥❞ ❢♦r i = 0 t❤❡ s❡❝♦♥❞ ❡①❛❝t s❡q✉❡♥❝❡ ✐♠♣❧✐❡s B+
❞❘(L)

GK ⊆ CGK
p = K✳ ❇✉t

s✐♥❝❡ B+
❞❘(L) ❝♦♥t❛✐♥s K ✇❡ ❤❛✈❡ B+

❞❘(L)
GK = K✳ ❲❡ r❡♣❧❛❝❡ GK ✇✐t❤ IK

✐♥ t❤❡ ❛r❣✉♠❡♥t ❛♥❞ ♦❜t❛✐♥ B❞❘(L)
IK = K · P0 ❛s ✇❡❧❧✳ �

Pr♦♣♦s✐t✐♦♥ ✷✳✸✶ B❝r②s(L)
GK = K0 ❛♥❞ B❝r②s(L)

IK = P0✳

Pr♦♦❢✿ ❲❡ ❤❛✈❡ ✐♥❝❧✉s✐♦♥sK0 ⊆ B❝r②s(L) ⊆ B❞❘(L) ❛♥❞ t❛❦✐♥❣ GK✲✐♥✈❛r✐❛♥ts
❣✐✈❡s ✉s B❝r②s(L)

GK ⊆ K✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✷✼ ✇❡ ♦❜t❛✐♥

❞✐♠K0(B❝r②s(L)
GK ) = 1.

❆❣❛✐♥✱ r❡♣❧❛❝❡ GK ❜② IK ❛♥❞ r❡❝❡✐✈❡ B❝r②s(L)
IK = P0 ❛s ✇❡❧❧✳ �

✷✳✽ ❚❤❡ ▲♦❣✲❝r②st❛❧❧✐♥❡ P❡r✐♦❞ ❘✐♥❣ ✭Bst✮

❖r✐❣✐♥❛❧❧② t❤❡ t❡r♠ ✧s❡♠✐st❛❜❧❡✧ ✇❛s ✉s❡❞ ✐♥st❡❛❞ ♦❢ ✧❧♦❣✲❝r②st❛❧❧✐♥❡✧✱ s✐♥❝❡
♦♥❡ ♠❛② ❞❡✜♥❡ t❤✐s ♣r♦♣❡rt② ❛s ❜❡✐♥❣ s❡♠✐st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐✛❡r❡♥❝❡
s❧♦♣❡ ❣✐✈❡♥ ❜② t❤❡ ❞❡❣r❡❡ ❢✉♥❝t✐♦♥ tH− tN ✭s❡❡ ❬❈❋✵✵✱ ➓✸✳✹✳ ✫ ❚❤❡♦r❡♠❡ ❆❪✮
✐♥ t❤❡ s❡♥s❡ ♦❢ ❆♣♣❡♥❞✐① ❇✳ ❙✐♥❝❡ t❤❡ t❡r♠s ✧st❛❜❧❡✧ ♦r ✧s❡♠✐st❛❜❧❡✧ ❛r❡ ✉s❡❞
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t♦ ♦❜❧✐✈✐♦♥ ✐♥ ♠❛♥② ❝♦♥t❡①ts ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❆♣♣❡♥❞✐① ❇✮✱ ✇❡ ✇✐❧❧ st✐❝❦ t♦
t❤❡ ♥♦t❛t✐♦♥ ✬❧♦❣✲❝r②st❛❧❧✐♥❡✬ ✭❛s ✐♥ ❬❋❋✶✶❪✮✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❛♥
✐♥❝r❡❛s❡ ♦❢ ♥❛♠❡s ❢♦r ❝❡rt❛✐♥ r✐♥❣s✱ ✇❡ ✇✐❧❧ ❦❡❡♣ t❤❡ ♥❛♠❡ Bst ✭✐♥st❡❛❞ ♦❢
s✇✐t❝❤✐♥❣ t♦ B❧♦❣✮✳

❋✐① ❛♥ ❡❧❡♠❡♥t p♭L ∈ OL♭ s✉❝❤ t❤❛t |(p♭L)
♯|L = |p|L✳ ❙✉❝❤ ❛♥ ❡❧❡♠❡♥t ❡①✐sts

❜② ❬❙❝❤✶✶✱ ▲❡♠♠❛ ✸✳✹✳✭✐✐✮❪ ❛♥❞ s❡t

uL := log♭L(p
♭
L) ∈ B+

❞❘(L).

❋♦r t❤❡ ❝❛s❡ L = Cp ✇❡ ✜① ❛♥ ❡❧❡♠❡♥t p̃ ∈ OC♭
p
s✉❝❤ t❤❛t p̃♯ = p ❛♥❞ s❡t

u := log♭L(p̃)

= log❞❘(
τ❞❘(p̃)

p
) + s❞❘(logĽ(p)

︸ ︷︷ ︸

=0

)

=
∑

n≥1

(−1)n+1

n

(
τ(p̃)

p
− 1

)n

∈ B+
❞❘.

❲❡ r❡♠❛r❦ t❤❛t t❤❡ ❡❧❡♠❡♥t uL ✭r❡s♣✳ u✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ p♭L ✭r❡s♣✳
p̃✮ ❛♥❞ t❤❡ r✐♥❣ Bst(L) ✇✐❧❧ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ t❤✐s ❝❤♦✐❝❡✳ ❋♦rt✉♥❛t❡❧② t❤❡ ✐♠❛❣❡
♦❢ Bst ✐♥ B❞❘ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ❝❤♦✐❝❡✱ s❡❡ ❬❇❈✵✾✱ ➓✾✳✷✳❪✳ ❋✉rt❤❡r♠♦r❡

✇❡ ✇✐❧❧ s❤♦✇ t❤❛t B
GĽ
st = Bst(L) ❤♦❧❞s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✐♠❛❣❡ ♦❢ Bst(L) ✐♥

B❞❘(L) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ uL✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✷ ❚❤❡ ❡❧❡♠❡♥t u ✐s tr❛♥s❝❡♥❞❡♥t❛❧ ♦✈❡r ❋r❛❝(B❝r②s)✳

Pr♦♦❢✿ ❬❋♦♥✾✹❛✱ ✭Pr♦♦❢ ♦❢✮ ❚❤é♦rè♠❡ ✹✳✷✳✹✳❪✳ �

❉❡✜♥✐t✐♦♥ ✷✳✸✸ ❲❡ ❞❡✜♥❡ t❤❡ ❧♦❣✲❝r②st❛❧❧✐♥❡ ♣❡r✐♦❞ r✐♥❣ t♦ ❜❡

Bst(L) := B❝r②s(L)[uL]

❛♥❞ ❡♥❞♦✇ ✐t ✇✐t❤ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠❛♣ ϕ ♦♥ B❝r②s(L) ❣✐✈❡♥ ❜②

ϕ : Bst(L)→ Bst(L), uL 7→ p · uL.

❚❤❡r❡ ✐s ❛❧s♦ ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ GK ♦♥ t❤❡ ❡❧❡♠❡♥t uL ✐♥❤❡r✐t❡❞ ❢r♦♠ B+
❞❘(L)

❣✐✈❡♥ ❜②
g.uL = log♭L(g.p

♭
L) = log♭L(ε

cgp♭L) = cg · t+ uL

❢♦r s♦♠❡ cg ∈ Z×
p ✳ ❋✉rt❤❡r♠♦r❡ ❧❡t

N : Bst(L)→ Bst(L) ❣✐✈❡♥ ❜②
r∑

n=0

bnu
n
L 7→ −

r∑

n=0

nbnu
n−1
L

❞❡♥♦t❡ t❤❡ ▼♦♥♦❞r♦♠② ♦♣❡r❛t♦r ♦♥ Bst(L)✳ ❆s ✉s✉❛❧ ✇❡ s❡t Bst := Bst(Cp)✳
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Pr♦♣♦s✐t✐♦♥ ✷✳✸✹ ✶✳ BGĽ
st = Bst(L)✳

✷✳ uL ✐s tr❛♥s❝❡♥❞❡♥t❛❧ ♦✈❡r ❋r❛❝(B❝r②s(L))✳

Pr♦♦❢✿ ❚❤❡ ❢r❛❝t✐♦♥ p̃

p♭L
✐s ❝♦♥t❛✐♥❡❞ ✐♥ O×

C♭
p
s✐♥❝❡ ✐t ❤❛s ❛❜s♦❧✉t❡ ✈❛❧✉❡

|
p̃

p♭L
|♭p = |(

p̃

p♭L
)♯|p = 1.

❚❤❡r❡❢♦r❡ ✇❡ ✜♥❞ λ ∈ F
×

p =
⋃

n µpn−1 ⊆ O
×
C♭
p
❛♥❞ x ∈ 1 + mC♭

p
s✉❝❤ t❤❛t

p̃

p♭L
= λ · x✳ ❲❡ ♦❜t❛✐♥

uL = log♭L(p
♭
L) = log♭p(p̃)

︸ ︷︷ ︸

=u

+ log♭p(λ)
︸ ︷︷ ︸

=0

+ log♭p(x)
︸ ︷︷ ︸

=:b∈B❝r②s

.

❚❤✐s s❤♦✇s t❤❛t t❤❡ ✐♠❛❣❡s ♦❢ B❝r②s[u] ❛♥❞ B❝r②s[uL] ✐♥s✐❞❡ B❞❘ ❛r❡ ❡q✉❛❧ ❛♥❞
s✐♥❝❡ GĽ ❛❝ts tr✐✈✐❛❧❧② ♦♥ uL ✇❡ s❡❡ t❤❛t

B
GĽ
st = (B❝r②s[uL])

GĽ = BGĽ
❝r②s[uL] = Bst(L).

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✐s♦♠♦r♣❤✐s♠ B❝r②s[u] ∼= B❝r②s[uL] ❛❧s♦ ✐♠♣❧✐❡s t❤❛t uL ✐s
tr❛♥s❝❡♥❞❡♥t❛❧ ♦✈❡r ❋r❛❝(B❝r②s) ❛♥❞ ❤❡♥❝❡ tr❛♥s❝❡♥❞❡♥t❛❧ ♦✈❡r ❋r❛❝(B❝r②s(L))✳

�

◆♦✇ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❣✐✈❡ ❛ ❧✐st ♦❢ ♣r♦♣❡rt✐❡s ♦❢ Bst(L) t❤❛t ✇✐❧❧ ❜❡ ❡①♣❧♦✐t❡❞
❧❛t❡r ♦♥✳

▲❡♠♠❛ ✷✳✸✺

❼ ϕ(g.b) = g.ϕ(b) ❤♦❧❞s ❢♦r ❛❧❧ b ∈ Bst(L) ❛♥❞ g ∈ ❆✉tK(Ľ)✳

❼ N(g.b) = g.N(b) ❤♦❧❞s ❢♦r ❛❧❧ b ∈ Bst(L) ❛♥❞ g ∈ ❆✉tK(Ľ)✳

❼ (N ◦ ϕ)(b) = p · (ϕ ◦N)(b) ❤♦❧❞s ❢♦r ❛❧❧ b ∈ Bst(L)✳

❼ ❚❤❡ ♠❛♣ K ⊗K0 Bst(L)→ B❞❘(L) ❣✐✈❡♥ ❜② λ⊗ b 7→ λ · b ✐s ❛♥ ✐♥❥❡❝t✐✈❡
GK✲❡q✉✐✈❛r✐❛♥t ♠❛♣✳

❼ ❚❤❡ ♠❛♣ (K · P0) ⊗P0 Bst(L) → B❞❘(L) ❣✐✈❡♥ ❜② λ ⊗ b 7→ λ · b ✐s ❛♥
✐♥❥❡❝t✐✈❡ IK✲❡q✉✐✈❛r✐❛♥t ♠❛♣✳

❼ Bst(L)
GK = K0 ❛♥❞ Bst(L)

IK = P0✳
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Pr♦♦❢✿ ❚❤❡ ✜rst t❤r❡❡ ♣r♦♣❡rt✐❡s ❛r❡ st❛♥❞❛r❞ ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡ ♠❛♣

K ⊗K0 Bst(L)→ B❞❘(L), λ⊗ b 7→ λ · b

(r❡s♣✳ (K · P0)⊗P0 Bst(L)→ B❞❘(L), λ⊗ b 7→ λ · b)

✐s ✐♥❥❡❝t✐✈❡ s✐♥❝❡ t❤❡ st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r L = Cp ✭❝♦♠♣❛r❡ ❬❋♦♥✾✹❛✱ ❚❤é♦rè♠❡
✹✳✷✳✹✳❪✮ ❛♥❞ t❛❦✐♥❣ GĽ✲✐♥✈❛r✐❛♥ts ♣r❡s❡r✈❡s t❤❡ ✐♥❥❡❝t✐✈✐t②✳ ❚❤✉s Bst(L)

GK

✭r❡s♣✳ Bst(L)
IK ✮ ✐s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r K0 ✭r❡s♣✳ P0✮ ❛♥❞

❝♦♥t❛✐♥s K0 = B❝r②s(L)
GK ✭r❡s♣✳ P0 = B❝r②s(L)

IK ✮ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✸✶✳ ❲❡
❝♦♥❝❧✉❞❡ Bst(L)

GK = K0 ✭r❡s♣✳ Bst(L)
IK = P0✮✳ �

✷✳✾ ❆ ❚✇♦✲❉✐♠❡♥s✐♦♥❛❧ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK

❲❡ ♥♦✇ ❞✐s❝✉ss ❬❇❈✵✾✱ ❊①❛♠♣❧❡ ✾✳✷✳✽❪ ✐♥ ❞❡t❛✐❧ s✐♥❝❡ ✐t ❣✐✈❡s ❛ t❛♥❣✐❜❧❡ ❡①✲
❛♠♣❧❡ ♦❢ ❛ ♥♦♥✲tr✐✈✐❛❧ p✲❛❞✐❝ ●❛❧♦✐s r❡♣r❡s❡♥t❛t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣❡r✐♦❞
r✐♥❣s ❞❡✜♥❡❞ ❛❜♦✈❡✳

▲❡♠♠❛ ✷✳✸✻ ▲❡t V ❜❡ ❛ ✭✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ♦✈❡r Qp

❛♥❞ B ❜❡ ❛ ✭♥♦t ♥❡❝❡ss❛r✐❧② ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✮ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r Qp ✇✐t❤ GK

❛❝t✐♥❣ ♦♥ ✐t✳ ❚❤❡♥ t❤❡ ✉s✉❛❧ ✐s♦♠♦r♣❤✐s♠

B ⊗Qp V
∗ ∼= ❍♦♠Qp(V,B)

r❡str✐❝ts t♦
(B ⊗Qp V

∧)GK ∼= ❍♦♠Qp[GK ](V,B)

✇❤❡r❡ V ∧ ✐s t❤❡ ✈❡❝t♦r s♣❛❝❡ V ∗ ✇✐t❤ t❤❡ GK✲❛❝t✐♦♥ ❣✐✈❡♥ ❜②

g.f(v) := f(g−1v) ❢♦r ❛❧❧ g ∈ GK , v ∈ V.

❋♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t µp(Qp) 6⊆ K✳

▲❡♠♠❛ ✷✳✸✼ ❋✐① t❤❡ ♥♦t❛t✐♦♥s

Kn := K(µpn) ❛♥❞ ∆n := ●❛❧(Kn/K).

❚❤❡♥ ❛♥ ❡❧❡♠❡♥t b ∈ K× \ (K×)p ❤❛s ♦r❞❡r pn ✐♥ t❤❡ ❣r♦✉♣ K×
n /(K

×
n )

pn✳

Pr♦♦❢✿ ❋♦r ❡✈❡r② ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ L/K ❛♥❞ k ≥ 0 ✇❡ ❦♥♦✇ ❜② ❑✉♠♠❡r✬s
t❤❡♦r② t❤❛t

H1(GL, µk) ∼= L×/(L×)k.
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❈♦♥s✐❞❡r t❤❡ ✐♥✢❛t✐♦♥✲r❡str✐❝t✐♦♥ s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦r♠❛❧ s✉❜❣r♦✉♣
GKn ✐♥ GK ❛♥❞ t❤❡ ♠♦❞✉❧❡ µpl := µpl(Qp)✳ ❲❡ ♦❜t❛✐♥ ❡①❛❝t♥❡ss ♦❢

1→ H1(∆n, (µpl)
GKn )→ H1(GK , µpl)→ H1(GKn , µpl)

∆n → H2(∆n, (µpl)
GKn ).

❇✉t H2(∆n, (µpl)
GKn ) ∼= Ĥ0(∆n, (µpl)

GKn ) = 1 ❛♥❞ s✐♥❝❡ (µpl)
GK ✐s ❛ ✜♥✐t❡

♠♦❞✉❧❡ t❤❡ ❍❡r❜r❛♥❞ q✉♦t✐❡♥t h(∆n, (µpl)
GKn ) = 1✳ ❇② ✉s✐♥❣ t❤❡ ❛r❣✉♠❡♥t

❢r♦♠ ❑✉♠♠❡r✬s t❤❡♦r② ❛❜♦✈❡ ✇❡ ♦❜t❛✐♥

K×/(K×)p
l ∼= (K×

n /(K
×
n )

pl)∆n ❢♦r ❛❧❧ l ≤ n.

❇② ❬◆❡✉✾✾✱ ❈❤❛♣t❡r ■■✱ Pr♦♣♦s✐t✐♦♥ ✺✳✼❪ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠
❢♦r ❛♥② ✜♥✐t❡ ❡①t❡♥s✐♦♥ L/Qp ♦❢ ❞❡❣r❡❡ d ✇✐t❤ r❡s✐❞✉❡ ✜❡❧❞ Fq✳

L× ∼= Z× Z/(q − 1)Z× Z/pmZ× Zd
p

✇❤❡r❡ m := ♠❛①{k ≥ 0 | µpk ⊆ L}✳ ■♥ ♦✉r s♣❡❝✐❛❧ ❝❛s❡ ✇❡ ❤❛✈❡

K×
n
∼= Z× Z/(q − 1)Z× Z/pnZ× Zd

p

❛♥❞ t❤❡r❡❢♦r❡ K×
n /(K

×
n )

pn ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✜♥✐t❡ ❞✐r❡❝t s✉♠ ♦❢ ❝♦♣✐❡s ♦❢
Z/pnZ✳ ❇❡✐♥❣ ♥♦ pl✲t❤ ♣♦✇❡r ✐♥ K×

n t❤❡r❡❢♦r❡ ✐♠♣❧✐❡s t❤❛t t❤❡ r❡s✐❞✉❡ ❝❧❛ss
♦❢ b ❤❛s ♦r❞❡r pn ✐♥ K×

n /(K
×
n )

pn ✳ �

▲❡♠♠❛ ✷✳✸✽ ▲❡t a ∈ 1+mK ❜❡ ♥♦ r♦♦t ♦❢ ✉♥✐t②✳ ❚❤❡♥ t❤❡ ●❛❧♦✐s ❣r♦✉♣ ♦❢
K∞({a

1
pn | n ≥ 1})/K ✐s ♥♦t ❛❜❡❧✐❛♥✳

Pr♦♦❢✿ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t t❤❡ Gn := ●❛❧(Kn(a
1/pn)/K) ✐s ♥♦t ❛❜❡❧✐❛♥

❢♦r s♦♠❡ n✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t a /∈ (K×)p✱
♦t❤❡r✇✐s❡ r❡♣❧❛❝❡ a ❜② a1/p ✇❤✐❝❤ ✐s st✐❧❧ ❝♦♥t❛✐♥❡❞ ✐♥ 1 +mK ❛♥❞ ♥♦ r♦♦t ♦❢
✉♥✐t②✳ ❲❡ ❛❜❜r❡✈✐❛t❡

Nn := ●❛❧(Kn(a
1/pn)/Kn)

❛♥❞
Hn := ●❛❧(Kn(a

1/pn)/K(a1/p
n

)).

❇② ▲❡♠♠❛ ✷✳✸✼ ✇❡ ❦♥♦✇ t❤❛t ♦r❞(a(K×
n )

pn) = pn✱ ✐✳❡✳ al /∈ (K×
n )

pn ❢♦r
❛❧❧ 1 ≤ l < pn✳ ❚❤✐s ❧❡❛❞s t♦ [Kn(a

1/pn) : Kn] = pn ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳
❆ss✉♠❡ t❤❛t Xpn − a ✐s ❞✐✈✐❞❡❞ ❜② s♦♠❡ f ✐♥ Kn[X]✳ ❚❤❡r❡ ❡①✐sts k < pn

❛♥❞ i1, . . . , ik ∈ Z s✉❝❤ t❤❛t

f =
k∏

j=1

X − ξ
ij
pna

k
pn ✇✐t❤ ξpn ∈ µpn ♣r✐♠✐t✐✈❡ .
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❊①❛♠✐♥✐♥❣ t❤❡ ❝♦♥st❛♥t t❡r♠ ♦❢ f ✇❡ ❝♦♥❝❧✉❞❡ ak/p
n
∈ Kn✱ ✐✳❡✳ a

k ∈ (K×
n )

pn

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ♣r❡❝❡❞✐♥❣ ❛r❣✉♠❡♥t✳ ❚❤✐s ♠❡❛♥s t❤❛t Nn ✐s ❛ ❝②❝❧✐❝
❣r♦✉♣ ♦❢ ♦r❞❡r pn✳ ❚❤❡ ✉s✉❛❧ t❤❡♦r② ♦❢ p✲♣♦✇❡r ✉♥✐t r♦♦ts ✭❡✳❣✳ ❬◆❡✉✾✾✱
❈❤❛♣t❡r ■■✱ ✭✼✳✶✸✮❪✮ t❡❧❧s ✉s t❤❛tHn ✐s ❝②❝❧✐❝ ♦❢ ❛ ❞❡❣r❡❡ d ❞✐✈✐❞✐♥❣ pn−1(p−1)✳
Gn ✐s ❛ s❡♠✐❞✐r❡❝t ♣r♦❞✉❝t ♦❢ Hn ❛♥❞ Nn ✇❤✐❝❤ ✐s ♥♦t ❞✐r❡❝t✳ ■♥ ♦r❞❡r t♦ s❡❡
t❤✐s ✇❡ ❛r❡ ❧❡❢t t♦ s❤♦✇ t❤❛t t❤❡ ♠❛♣

Hn → ❆✉t(Nn), h 7→ (n 7→ hnh−1)

✐s ♥♦t t❤❡ ✐❞❡♥t✐t②✳ ❆ss✉♠❡ t❤❛t n ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t |Hn| 6= 1 6= |Nn| ❛♥❞
t❛❦❡ ❣❡♥❡r❛t♦rs τ ∈ Hn ❛♥❞ η ∈ Nn ❛s ✇❡❧❧ ❛s ❛ ♣r✐♠✐t✐✈❡ pn✲t❤❡ r♦♦t ♦❢ ✉♥✐t②
ξpn ∈ Kn✳ ❚❤❡♥

τητ−1(a1/p
n

) = τη(a1/p
n

) = τ(ξpna
1/pn) = τ(ξpn)a

1/pn 6= ξpna
1/pn = η(a1/p

n

)

s❤♦✇s t❤❡ ❝❧❛✐♠ ❢♦r s✉✐t❛❜❧❡ n✳ ❚❤❡r❡❢♦r❡ Gn ✐s ♥♦t ❛❜❡❧✐❛♥ ❢♦r s♦♠❡ n✳ �

❈♦r♦❧❧❛r② ✷✳✸✾ ▲❡t a ∈ 1 +mKab s✉❝❤ t❤❛t a1/p
i
∈ Kab ❢♦r ❛❧❧ i ≥ 1✳ ❚❤❡♥

a ✐s ❛ ♣✲♣♦✇❡r r♦♦t ♦❢ ✉♥✐t②✳

❊①❛♠♣❧❡ ✷✳✹✵ ▲❡t a ∈ 1 + mK ❜❡ ♥♦ r♦♦t ♦❢ ✉♥✐t② ❛♥❞ ❞❡♥♦t❡ ❜② α ❛♥
❡❧❡♠❡♥t ♦❢ OC♭

p
s✉❝❤ t❤❛t α♯ = a✳ ❙❡t

v1 := log❝r②s(τ(α)) =
∑

n≥1

(−1)n+1 (τ(α)− 1)n

n
∈ B+

❝r②s ❛♥❞ v2 := t ∈ B+
❝r②s.

■♥✈❡st✐❣❛t✐♥❣ t❤❡ GK✲❛❝t✐♦♥ ♦♥ v1 ❞❡❧✐✈❡rs t❤❡ ❢♦❧❧♦✇✐♥❣✿

g.v1 = log❝r②s(τ(gα)) = log❝r②s(τ(
gα

α
)) + log❝r②s(τ(α)).

❇✉t (gα
α
)♯ = ga

a
= 1 ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

gα

α
= ǫc(g) ❢♦r s♦♠❡ ✭✉♥✐q✉❡✮ c(g) ∈ Zp.

❈❧❛✐♠✿ c(g) s❛t✐s✜❡s c(gh) = c(g) + χ(g)c(h) ❢♦r ❛❧❧ g, h ∈ GK✳ ❚❤✐s ✐s ❞✉❡
t♦✿

ǫc(gh) =
(gh)α

α
=
g(ǫc(h)α)

α
= ǫc(h)χ(g)

gα

α
= ǫc(g)+χ(g)c(h).

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t

g.v1 = log❝r②s(τ(α)) + log❝r②s(τ(ǫ
c(g))) = v1 + c(g) · v2
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❛♥❞
g.v2 = g · t = χ(g) · t

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Va := Qpv1+Qpv2 ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK✳ ❲❡ ❝❧❛✐♠ t❤❛t
Va ✐s t✇♦✲❞✐♠❡♥s✐♦♥❛❧✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛♥ λ ∈ Q×

p s✉❝❤ t❤❛t v1 = λv2
❛♥❞ ♦❜t❛✐♥ ❢♦r ❛❧❧ g ∈ GK

λ · χ(g)v2 = g(λv2) = gv1 = v1 + c(g)v2 = λv2 + c(g)v2.

❚❤✉s c(g) = λ(χ(g) − 1) = 0 ❢♦r ❛❧❧ g ∈ GK∞
❛♥❞ gα = α✱ ✐✳❡✳ a

1
pn ∈

K∞ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ▲❡♠♠❛ ✷✳✸✽✳ ❲❡ ✇✐s❤ t♦ s❤♦✇ t❤❛t Va ✐s ❝r②st❛❧❧✐♥❡✳
❚❤❡r❡❢♦r❡ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ▲❡♠♠❛ ✷✳✸✻ ❛♥❞ ♦❜t❛✐♥

❍♦♠Qp[GK ](Va, B❝r②s) ∼= (B❝r②s ⊗Qp V
∧
a )GK = D❝r②s(V

∧
a ).

❙✐♥❝❡ ❞✐♠K0D❝r②s(Va) = ❞✐♠K0D❝r②s(V
∧
a ) ≤ ❞✐♠Qp(Va) ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇

t❤❛t t❤❡r❡ ❡①✐sts t✇♦ Qp[GK ]✲❧✐♥❡❛r ♠❛♣s Va → B❝r②s ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ✐♥❞❡✲
♣❡♥❞❡♥t✳ ❇✉t

ι : Va → B❝r②s

t❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥❝❧✉s✐♦♥ ❛♥❞

π : Va → Va/Qpv2 ∼= Qp

t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ❛r❡ s✉❝❤ ♠❛♣s✳ ❯s✐♥❣ t❤❛t Va ✐s ❝r②st❛❧❧✐♥❡ ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ t❤❡ ❍♦❞❣❡ ♣♦❧②❣♦♥ ❛♥❞ ◆❡✇t♦♥ ♣♦❧②❣♦♥ ❛ss♦❝✐❛t❡❞ t♦ Da✳ ▲❡t xπ
❛♥❞ xι ❞❡♥♦t❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ (B❝r②s ⊗Qp V

∧
a )GK ❝♦rr❡s♣♦♥❞✐♥❣ t♦ π ❛♥❞ ι✳

❚❤❡♥ ✇❡ ♦❜t❛✐♥✿

xπ = 1⊗ v∗1 ❛♥❞ t❤✉s ϕ(xπ) = ϕ(1)⊗ v∗1 = 1⊗ v∗1 = xπ

xι = v1 ⊗ v
∗
1 + v2 ⊗ v

∗
2 ❛♥❞ t❤✉s ϕxι = p · xι

s✐♥❝❡ ϕ(log❝r②s(τ(x))) = log❝r②s(τ(x
p)) = p · log❝r②s(τ(x)) ❢♦r ❛❧❧ x ∈ OC♭

p
✳

❚❤❡r❡❢♦r❡ D∧
a ❞❡❝♦♠♣♦s❡s ❛s ❛ ϕ✲♠♦❞✉❧❡ ❛♥❞ t❤❡ ◆❡✇t♦♥ ♣♦❧②❣♦♥ ✐s ❣✐✈❡♥ ❜②

PN(D
∧
a ) = {(0, 0), (1, 0), (2, 1)}.

❚❤❡ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ D∧
a ✐♠♣❧✐❡s t❤❛t tH(D∧

a ) = 1 ❛♥❞ s✐♥❝❡ xπ /∈ ❋✐❧1(D∧
a )K

✇❡ ❝♦♥❝❧✉❞❡
PH(D

∧
a ) = PN(D

∧
a ).
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❈❤❛♣t❡r ✸

✭❇✲✮❆❞♠✐ss✐❜❧❡ ❘❡♣r❡s❡♥t❛t✐♦♥s

◆♦t❛t✐♦♥✿ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② t♦ ❞❡♥♦t❡ ❛ ♣❛✐r (F ,G) ♦❢ q✉❛s✐✲
✐♥✈❡rs❡ ❢✉♥❝t♦rs ❜❡t✇❡❡♥ t✇♦ ❝❛t❡❣♦r✐❡s A ❛♥❞ B✿

F : A⇋ B : G,

✇❤❡r❡ F : A → B ❛♥❞ G : B → A s❛t✐s❢② G ◦ F ∼= ✐❞A ❛♥❞ F ◦ G ∼= ✐❞B✳

✸✳✶ ❋♦♥t❛✐♥❡✬s ❊q✉✐✈❛❧❡♥❝❡s ♦❢ ❈❛t❡❣♦r✐❡s

■♥ ♦r❞❡r t♦ st❛t❡ ❋♦♥t❛✐♥❡✬s ❚❤❡♦r❡♠s ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ r❡❧❡✈❛♥t ❝❛t❡✲
❣♦r✐❡s ✐♥✐t✐❛❧❧②✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ❚❤❡ ❝❛t❡❣♦r② ♦❢ Bst✲❛❞♠✐ss✐❜❧❡ ✭r❡s♣✳ B❝r②s✲❛❞♠✐ss✐❜❧❡✮ r❡♣✲
r❡s❡♥t❛t✐♦♥s ♦❢ GK ✐s ❞❡♥♦t❡❞ ❜② ❘❡♣st(GK) ✭r❡s♣✳ ❘❡♣❝r②s(GK)✮ ❛♥❞ ✇❡
❝❛❧❧ ✐t t❤❡ ❝❛t❡❣♦r② ♦❢ ✭p✲❛❞✐❝✮ ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭r❡s♣✳ ❝r②st❛❧❧✐♥❡✮ r❡♣r❡s❡♥t❛✲
t✐♦♥s ♦❢ GK✳ ❙✐♠✐❧❛r❧② ✇❡ ❞❡♥♦t❡ t❤❡ ❝❛t❡❣♦r② ♦❢ Bst✲❛❞♠✐ss✐❜❧❡ ✭r❡s♣✳ B❝r②s✲
❛❞♠✐ss✐❜❧❡✮ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ IK ❜② ❘❡♣st(IK) ✭r❡s♣✳ ❘❡♣❝r②s(IK)✮ ❛♥❞ ❝❛❧❧
✐t t❤❡ ❝❛t❡❣♦r② ♦❢ ✭p✲❛❞✐❝✮ ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭r❡s♣✳ ❝r②st❛❧❧✐♥❡✮ r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ IK✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ▲❡t F ❜❡ ❛ ✜❡❧❞ t❤❛t ❝♦♥t❛✐♥s K0✳ ❆ ✈❡❝t♦r s♣❛❝❡ V ♦✈❡r F
✐s ❝❛❧❧❡❞ K✲✜❧t❡r❡❞ ✐❢ t❤❡ s❝❛❧❛r ❡①t❡♥s✐♦♥ VK := K ⊗K0 V ✐s ❛ ✜❧t❡r❡❞ ✈❡❝t♦r
s♣❛❝❡ ♦✈❡r K✱ ✐✳❡✳ VK ❝❛rr✐❡s ❛ ❞❡❝r❡❛s✐♥❣ ❡①❤❛✉st✐✈❡ ❛♥❞ s❡♣❛r❛t❡❞ ✜❧tr❛t✐♦♥
❋✐❧• ✭❢♦r ❞❡t❛✐❧s✱ s❡❡ ❬❇❈✵✾✱ ❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✳❪✮✳ ❆ ♠♦r♣❤✐s♠ f : (V1,❋✐❧

•
1)→

(V2,❋✐❧
•
2) ♦❢ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡s ♦✈❡r F ✐s ❛ F ✲❧✐♥❡❛r ♠❛♣ f : V1 → V2

s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ fK := f ⊗K0 K s❛t✐s✜❡s fK(❋✐❧
i
1(VK)) ⊆ ❋✐❧i2(VK)

❢♦r ❛❧❧ i ∈ Z✳

✸✾
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❲❛r♥✐♥❣✿ ▲❡t F ❜❡ ❛ ✜❡❧❞ t❤❛t ❝♦♥t❛✐♥s K0✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞
✈❡❝t♦r s♣❛❝❡s ♦✈❡r F ✐s ♥♦t ❛❜❡❧✐❛♥✳

❉❡✜♥✐t✐♦♥ ✸✳✸ ▲❡t (W,❋✐❧•) ❜❡ ❛ ✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r K✳ ❲❡ ❞❡✜♥❡
t❤❡ ❍♦❞❣❡ ♥✉♠❜❡r

tH(W ) := tH(W,❋✐❧
•) :=

∑

i∈Z

i · ❞✐♠K(❋✐❧
i(W )/❋✐❧i+1(W )).

❉❡✜♥✐t✐♦♥ ✸✳✹ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡s ♦✈❡r K0

✭r❡s♣✳ P0✮ ❛s ❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ t✉♣❧❡s D = (D,❋✐❧•, ϕ,N)✱ ✇❤❡r❡

✕ (D,❋✐❧•) ✐s ❛ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r K0 ✭r❡s♣✳ P0✮✱

✕ (D,ϕ) ✐s ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r K0 ✭r❡s♣✳ P0✮ ✐♥ t❤❡ s❡♥s❡ ♦❢ s❡❝t✐♦♥ ✶✳✹✱

✕ N : D → D ✐s ❛ K0✲❧✐♥❡❛r ✭r❡s♣✳ P0✲❧✐♥❡❛r✮ ❡♥❞♦♠♦r♣❤✐s♠✱

✕ Nϕ = pϕN ❤♦❧❞s✱

❼ ❆ ♠♦r♣❤✐s♠ f : (D1,❋✐❧
•
1, ϕ1, N1)→ (D2,❋✐❧

•
2, ϕ2, N2) ♦❢K✲✜❧t❡r❡❞ (ϕ,N)✲

♠♦❞✉❧❡s ♦✈❡r K0 ✭r❡s♣✳ P0✮ ✐s ❛ K0✲❧✐♥❡❛r ✭r❡s♣✳ P0✲❧✐♥❡❛r✮ ♠❛♣
f : D1 → D2 s✉❝❤ t❤❛t f ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡s
♦✈❡r K0 ✭r❡s♣✳ P0✮ ❛♥❞ f ◦ϕ1 = ϕ2 ◦f ❛s ✇❡❧❧ ❛s f ◦N1 = N2 ◦f ❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❉❡✜♥✐t✐♦♥ ✸✳✺ ❲❡ ❝❛❧❧ ❛ K✲✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡ D = (D,❋✐❧•, ϕ,N) ♦✈❡r
K0 ✭r❡s♣✳ P0✮ ❛❞♠✐ss✐❜❧❡ ✐❢ tN(D) = tH(DK) ❛♥❞ tN(D′) ≥ tH(D

′
K) ❤♦❧❞s

❢♦r ❛❧❧ s✉❜♦❜❥❡❝ts D′ ⊆ D✳ ✭❚❤❡ ◆❡✇t♦♥ ◆✉♠❜❡r tN(D) ♦❢ ❛ ϕ✲♠♦❞✉❧❡ ✐s
❡①♣❧❛✐♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ❇✳✶✷✳✮

❘❡♠❛r❦ ✸✳✻ ❚❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r② ❝♦♥s✐st✐♥❣ ♦❢ ❛❞♠✐ss✐❜❧❡ ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛t✲
❡❣♦r② ♦❢ K✲✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡s ♦✈❡r K0 ✭r❡s♣✳ P0✮ ✐s ❛♥ ❛❜❡❧✐❛♥ t❡♥s♦r
❝❛t❡❣♦r②✳ ❚❤✐s ✐s ❛ ❚❤❡♦r❡♠✱ s❡❡ ❬❇❈✵✾✱ ❚❤❡♦r❡♠ ✽✳✷✳✶✶✳❪✳

❉✉❡ t♦ t❤❡ ✇♦r❦ ♦❢ ❋♦♥t❛✐♥❡ ❬❋♦♥✾✹❛✱ ❚❤❡♦r❡♠ ✺✳✸✳✺✳❪ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳✼ ❚❤❡r❡ ❛r❡ t✇♦ ♣❛✐rs ♦❢ q✉❛s✐✲✐♥✈❡rs❡ ❢✉♥❝t♦rs✿

Dst : ❘❡♣
st(GK) ⇋ (❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡s ♦✈❡r K0) : Vst

V 7→ (Bst ⊗Qp V )GK
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❋✐❧0(Bst ⊗K0 D)ϕ=✐❞,N=0 ←[ D

❛♥❞

D̃st : ❘❡♣
st(IK) ⇋ (❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡s ♦✈❡r P0) : Ṽst

V 7→ (Bst ⊗Qp V )IK

❋✐❧0(Bst ⊗P0 D)ϕ=✐❞,N=0 ←[ D.

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛r✐s♦♥ ✐s♦♠♦r♣❤✐s♠s

αV : Bst ⊗K0 Dst(V ) ∼= Bst ⊗Qp V, ✭✸✳✶✮
∑

i,j

bi ⊗ bj ⊗ dj 7→
∑

i,j

(bi · bj)⊗ dj

βD : Bst ⊗Qp Vst(D) ∼= Bst ⊗K0 D, ✭✸✳✷✮
∑

i,j

bi ⊗ bj ⊗ vj 7→
∑

i,j

(bi · bj)⊗ vj

✐♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞

α̃V : Bst ⊗P0 D̃st(V ) ∼= Bst ⊗Qp V, ✭✸✳✸✮

β̃D : Bst ⊗Qp Ṽst(D) ∼= Bst ⊗P0 D ✭✸✳✹✮

✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✇✐t❤ ♠❛♣s ✐♥ t❤❡ s❛♠❡ ✢❛✈♦r ❛s ✐♥ t❤❡ ✜rst ❝❛s❡✳ ▲❡t V
❜❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭p✲❛❞✐❝✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✳ ❚❤❡♥

D̃st(V ) = (Bst ⊗Qp V )IK

αV∼= (Bst ⊗K0 (Bst ⊗Qp V )GK )IK

= P0 ⊗K0 Dst(V )

s❤♦✇s t❤❛t t❤❡ ❞✐❛❣r❛♠

❘❡♣st(GK)

F
��

Dst // (❛❞♠✳ K✲✜❧t✳ (ϕ,N)✲♠♦❞✳✴K0)

·⊗K0
P0

��

❘❡♣st(IK)
D̃st // (❛❞♠✳ K✲✜❧t✳ (ϕ,N)✲♠♦❞✳✴P0)

✭❈❉✶✮

✐s ❝♦♠♠✉t❛t✐✈❡✱ ✇❤❡r❡ F ❞❡♥♦t❡s t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r✳ ■♥ ♣❛rt✐❝✉❧❛r ❡✈✲
❡r② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IK ✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s ❛❧s♦ tr✉❡✿
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▲❡♠♠❛ ✸✳✽ ▲❡t V ❜❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK✳ V ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
IK✳

Pr♦♦❢✿ ❆ss✉♠❡ t❤❛t V ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IK ❛♥❞ ❧❡t
D := D̃st(V ) ❞❡♥♦t❡ t❤❡ ♠♦❞✉❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ V ✳ ❚❤❡♥

Dst(V ) = ((Bst ⊗Qp V )IK )Gk = DGk .

❇✉t s✐♥❝❡ H1
❝♦♥t(Gk,●▲n(P0)) ✐s tr✐✈✐❛❧ ❢♦r ❛♥② n ≥ 1 ❬❇❈✵✾✱ Pr♦♦❢ ♦❢ ❚❤❡✲

♦r❡♠ ✷✳✹✳✻✳❪ ✇❡ ♦❜t❛✐♥ ❛♥ ✐s♦♠♦r♣❤✐s♠ P0 ⊗K0 D
Gk ∼= D ♦❢ ✈❡❝t♦r s♣❛❝❡s

♦✈❡r P0 ❢♦r ❛♥② P0✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Gk✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❞✐♠K0(D
Gk) =

❞✐♠P0(D) = ❞✐♠Qp(V )✳ �

✸✳✷ ▲♦❣✲❝r②st❛❧❧✐♥❡ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s

❉❡✜♥✐t✐♦♥ ✸✳✾ ❆ ✭♣✲❛❞✐❝✮ r❡♣r❡s❡♥t❛t✐♦♥ V ♦❢ WK ✐s ❝❛❧❧❡❞ ❧♦❣✲❝r②st❛❧❧✐♥❡
✭r❡s♣✳ ❞❡ ❘❤❛♠✱ ❝r②st❛❧❧✐♥❡✮ ✐❢ ✐ts r❡str✐❝t✐♦♥ V |IK ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭r❡s♣✳ ❞❡
❘❤❛♠✱ ❝r②st❛❧❧✐♥❡✮✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢ ❘❡♣(WK) ❝♦♥s✐st✐♥❣ ♦❢
t❤❡ ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭r❡s♣✳ ❞❡ ❘❤❛♠✱ ❝r②st❛❧❧✐♥❡✮ r❡♣r❡s❡♥t❛t✐♦♥s ❜② ❘❡♣st(WK)
✭r❡s♣✳ ❘❡♣dR(WK)✱ ❘❡♣

crys(WK)✮✳

❘❡♠❛r❦ ✸✳✶✵ ❇② ▲❡♠♠❛ ✸✳✽ ❛♥❞ ❘❡♠❛r❦ ✶✳✹ t❤❡ ❝❛t❡❣♦r② ❘❡♣st(GK) ✐s ❛
❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢ ❘❡♣st(WK)✳

▲❡t V ❞❡♥♦t❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ❛♥❞ D := D̃st(V )
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❥❡❝t✐✈❡
s❡❧❢✲♠❛♣ ♦♥ Bst ⊗Qp V ✿

FV = F :
∑

i

bi ⊗ vi 7→
∑

i

σK .bi ⊗ σK .vi

❙✐♥❝❡ IK E GK ✐s ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ t❤❡ ❧✐♥❡❛r ♠❛♣s F r❡str✐❝ts t♦ ❛ σf ✲
s❡♠✐❧✐♥❡❛r ✭♦✈❡r P0✮ ❜✐❥❡❝t✐✈❡ s❡❧❢✲♠❛♣ ♦❢ D✳ ■♥ ♣❛rt✐❝✉❧❛r F ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ σK ✳

❲❡ ♥♦✇ ✇❛♥t t♦ ✉s❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❞❛t✉♠ F t♦ ❝♦♥str✉❝t ❛ ❝❛t❡❣♦r② ♦❢
❧✐♥❡❛r ❛❧❣❡❜r❛ ❞❛t❛ t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❘❡♣st(WK) ✐♥ t❤❡ ✢❛✈♦r ♦❢ ❚❤❡♦r❡♠
✶✳✶✼✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✹ ❢♦r B =
Bst✱ E = Qp ✭✐✳❡✳ r = 1✮✱ G = GK ✱ I = IK ❛♥❞ ς = σK ✳

❚❤❡ ❝❛t❡❣♦r② CWK
❢r♦♠ ❙❡❝t✐♦♥ ✶✳✹ ✐s t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
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❉❡✜♥✐t✐♦♥ ✸✳✶✶ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕ,N, F )✲
♠♦❞✉❧❡s ♦✈❡r P0 ❛s ❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ ❛❞♠✐ss✐❜❧❡K✲✜❧t❡r❡❞ (ϕ,N)✲
♠♦❞✉❧❡ ♦✈❡r P0 ❛♥❞ F : D → D ✐s ❛ ❜✐❥❡❝t✐✈❡✱ σf ✲s❡♠✐❧✐♥❡❛r ♠❛♣✱ t❤❛t
✐s str✐❝t❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥ ♦♥ DK ❛♥❞ ❝♦♠♠✉t❡s ✇✐t❤ ϕ
❛♥❞ N ✳

❼ ❆s ♠♦r♣❤✐s♠s ✇❡ t❛❦❡ t❤❡ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞
(ϕ,N)✲♠♦❞✉❧❡s ♦✈❡r P0 t❤❛t ❝♦♠♠✉t❡ ✇✐t❤ F ✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ ❛①✐♦♠s ✶✳✶✲✶✳✹ ❢r♦♠ ❙❡❝t✐♦♥ ✶✳✹✿

❼ ϕ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ GK ♦♥ Bst ❛♥❞ B
GK
st = K0 r❡s♣✳ B

IK
st =

P0 ✭❝♦♠♣❛r❡ ▲❡♠♠❛ ✷✳✸✺✮ ❛r❡ ✜❡❧❞s✳ ❋✉rt❤❡r♠♦r❡ Bst ✐s (GK ,Qp)✲ ❛♥❞
(IK ,Qp)✲r❡❣✉❧❛r ❬❇❈✵✾✱ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳✶✶❪✳

❼ ❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ ❆①✐♦♠ ✶✳✶✳ ❚❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r

T : (❛❞♠✳ K✲✜❧t❡r❡❞ ✭ϕ,N, F ✮✲♠♦❞✳ ♦✈❡r P0 )→ (ϕ✲♠♦❞✳ ♦✈❡r P0).

❚❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ξ• ❛♥❞ η• ❛r❡ ❣✐✈❡♥ ❜②

ξV : (T ◦ D̃st)(V )
=
−→ (Bst ⊗Qp V )I

❜② t❤❡ ✐❞❡♥t✐t② ❢♦r ❛♥② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ V ❛♥❞

ηD : Ṽst(D) = (Bst ⊗Qp T (D))ϕ=✐❞,N=0,❋✐❧0 →֒ (Bst ⊗Qp T (D))ϕ=✐❞

✐s ❣✐✈❡♥ ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥❝❧✉s✐♦♥ ❢♦r ❛♥② ❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕ,N)✲
♠♦❞✉❧❡ D ♦✈❡r P0✳ ❚❛❦❡ t❤❡ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ ✐s♦♠♦r✲
♣❤✐s♠s ✐♥ ✭✸✳✸✮ r❡s♣✳ ✭✸✳✹✮ ❢♦r α̃• r❡s♣✳ β̃•✳ ❚❤❡♥ ❆①✐♦♠ ✶✳✶ ✐s s❛t✐s✜❡❞
❜② ❚❤❡♦r❡♠ ✸✳✼✳

❼ tN(σ
∗
K(D)) = ν(det(σ∗

K(ϕ))) = ν(det(ϕ)) = tN(D) ❛♥❞ tH(σ
∗
K(D)) =

tH(D) ❤♦❧❞s ❢♦r ❛❧❧ K✲✜❧t❡r❡❞ ϕ✲♠♦❞✉❧❡s D = (D,ϕ)✳ ❚❤❡r❡❢♦r❡ σ∗
K(D)

✐s ❛❞♠✐ss✐❜❧❡ ❛♥❞ ❆①✐♦♠ ✶✳✷ ✐s s❛t✐s✜❡❞✳

❼ ❚❤❡ ♠♦♥♦❞r♦♠② ♦♣❡r❛t♦r N : Bst → Bst ✐s GK✲❡q✉✐✈❛r✐❛♥t ✭s❡❡ ▲❡♠♠❛
✷✳✸✺✮✱ t❤❡r❡❢♦r❡ F ◦N = N ◦ F ❤♦❧❞s✳
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❼ ❚❤❡ ✐♥❥❡❝t✐✈❡ ♠❛♣ ι : K ⊗K0 Bst →֒ B❞❘ ✐s GK✲❡q✉✐✈❛r✐❛♥t ✭s❡❡ ▲❡♠♠❛
✷✳✸✺✮✱ ❤❡♥❝❡ FK := K ⊗K0 F ✐s str✐❝t❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥
♦♥ DK ✱ ✐✳❡✳ FK(❋✐❧

i(DK)) = ❋✐❧i(DK)✳

❼ ❆①✐♦♠ ✶✳✸ ✐s s❛t✐s✜❡❞ ❞✉❡ t♦ t❤❡ t✇♦ ♣r❡❝❡❞✐♥❣ ♣♦✐♥ts✿ ❚❤❡ s❡❧❢✲♠❛♣
F ❧✐♥,ϕ
V r❡str✐❝ts t♦ Ṽst(D) s✐♥❝❡ F ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ▼♦♥♦❞r♦♠②

♦♣❡r❛t♦r N ❛♥❞ str✐❝t❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥✳ ❲❡ s❡t F ❧✐♥
V :=

F ❧✐♥,ϕ
V |Ṽst(D) ❛♥❞ ♦❜t❛✐♥ T (F ❧✐♥

V ) = F ❧✐♥,ϕ
V ✳

❼ ❯s✐♥❣ t❤❡ GK✲❡q✉✐✈❛r✐❛♥❝❡ ♦❢ ι ❛♥❞ N ❛♥❞ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢r♦♠ ❘❡✲
♠❛r❦ ✶✳✶✹ ✇❡ ❛❧s♦ r❡❝❡✐✈❡ t❤❛t t❤❡ ♠❛♣ Ṽst(D) → Ṽst(D) ❣✐✈❡♥ ❜②
∑

i

bi ⊗ di 7→
∑

i

σK .bi ⊗ di ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ✐✳❡✳ ❆①✐♦♠ ✶✳✹ ❤♦❧❞s✳

▲❡t (D,F ) ❜❡ ❛♥ ♦❜❥❡❝t ♦❢ t❤❡ ❝❛t❡❣♦r② ✇❡ ❥✉st ❞❡✜♥❡❞✳ ❚❤❡♥ t❤❡ ♠❛♣
Ṽst(D)→ Ṽst(D) ❣✐✈❡♥ ❜②

∑

i

bi ⊗ di 7→
∑

i

bi ⊗ F (di) ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ F

✐s str✐❝t❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥ ❛♥❞ ❝♦♠♠✉t❡s ✇✐t❤ ϕ ❛♥❞ N ✳ ❇②
❛ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ ❛s ✐♥ ❘❡♠❛r❦ ✶✳✶✺ t❤✐s ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡r❡❢♦r❡
❆①✐♦♠ ✶✳✺ ✐s s❛t✐s✜❡❞✳

❚❤❡♦r❡♠ ✸✳✶✷ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

D̃st : ❘❡♣
st(WK) ⇋ (❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ ✭ϕ,N, F ✮✲♠♦❞✉❧❡s ♦✈❡r P0 ) : Ṽst

V 7→ ((Bst ⊗Qp V )IK , FV )

❋✐❧0(Bst ⊗P0 D)ϕ=✐❞,N=0 ←[ (D,F ).

Pr♦♦❢✿ ❚❤✐s ✐s ❧✐t❡r❛❧❧② ❛ ❝♦r♦❧❧❛r② ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✶✼✳ �

✸✳✸ ❉❡ ❘❤❛♠ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s

❆t ✜rst ✇❡ r❡♠❛r❦ t❤❛t ❛♥② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✭r❡s♣✳ IK✮
✐s ❛❧s♦ ❞❡ ❘❤❛♠✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t ✭s❡❡ ▲❡♠♠❛ ✷✳✸✺✮ t❤❛t t❤❡r❡ ✐s
❛♥ ✐♥❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ♦❢ K✲❛❧❣❡❜r❛s ✭✇❤✐❝❤ ✐s GK✲❡q✉✐✈❛r✐❛♥t✮

K ⊗K0 Bst → B❞❘

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥✳

K ⊗K0 Dst(V ) = K ⊗K0 (Bst ⊗Qp V )GK

= (K ⊗K0 Bst ⊗Qp V )GK

→֒ (B❞❘ ⊗Qp V )GK = DdR(V ). ✭✸✳✺✮

❚❤✉s ❞✐♠Qp(V ) = ❞✐♠K(K ⊗K0 Dst(V )) ≤ ❞✐♠K(DdR(V )) ≤ ❞✐♠Qp(V ) ✭❢♦r
t❤❡ ❧❛tt❡r ✐♥❡q✉❛❧✐t②✱ s❡❡ ❬❇❈✵✾✱ ❚❤❡♦r❡♦♠ ✺✳✷✳✶✳❪✮ ❛♥❞ V ✐s ❞❡ ❘❤❛♠✳
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❉❡✜♥✐t✐♦♥ ✸✳✶✸ ❈♦♥s✐❞❡r ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ L/K ❛♥❞ ❛ r❡♣r❡s❡♥t❛t✐♦♥ V
♦❢ IK ✭r❡s♣✳ GK✮✳

❼ ❲❡ ❞❡✜♥❡ ❛ r❡❧❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r D̃❝r②s ✭r❡s♣✳ D❝r②s✮ ❜②

D̃❝r②s,L(V ) := (B❝r②s ⊗Qp V )IL

(r❡s♣✳ D❝r②s,L(V ) := (B❝r②s ⊗Qp V )GL).

❼ ❲❡ ❞❡✜♥❡ ❛ r❡❧❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r D̃st ✭r❡s♣✳ Dst✮ ❜②

D̃st,L(V ) := (Bst ⊗Qp V )IL

(r❡s♣✳ Dst,L(V ) := (Bst ⊗Qp V )GL).

❼ ■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ✇❡ s❡t

D̃dR,L(V ) := (B❞❘ ⊗Qp V )IL .

❼ ❲❡ ❝❛❧❧ V ♣♦t❡♥t✐❛❧❧② ❝r②st❛❧❧✐♥❡ ✐❢ V |IL ✭r❡s♣✳ V |GL
✮ ✐s ❝r②st❛❧❧✐♥❡

❢♦r s♦♠❡ ✜♥✐t❡ ❡①t❡♥s✐♦♥ L/K✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ✇❡ ❞❡✜♥❡ V t♦
❜❡ ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ ✐❢ V |IL ✭r❡s♣✳ V |GL

✮ ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ❢♦r
s♦♠❡ ✜♥✐t❡ ❡①t❡♥s✐♦♥ L/K

❘❡♠❛r❦ ✸✳✶✹ ❆♥② ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ V ♦❢ GK ✭r❡s♣✳
IK✱ r❡s♣✳ WK✮ ✐s ❞❡ ❘❤❛♠✳ ❚❛❦❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ V ♦❢ GK ❛♥❞ ❛ss✉♠❡ t❤❛t
❞✐♠L0(Dst,L(V )) = ❞✐♠Qp(V )✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❡♥❧❛r❣❡ L
❜② ✐ts ●❛❧♦✐s ❡♥✈❡❧♦♣❡ ❛♥❞ ❛ss✉♠❡ t❤❛t L/❑ ✐s ●❛❧♦✐s✳ ❇② ●❛❧♦✐s ❞❡s❝❡♥t ♦♥❡
♦❜t❛✐♥s ❛♥ ✐s♦♠♦r♣❤✐s♠

L⊗K (B❞❘ ⊗Qp V )GK ∼= (B❞❘ ⊗Qp V )GL .

❈♦♠❜✐♥❡ t❤✐s ❛♥❞ ✭✸✳✺✮ t♦ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠

L⊗L0 Dst,L(V ) ∼= DdR,L(V ) ∼= L⊗K DdR(V ),

✐♥ ♣❛rt✐❝✉❧❛r ❞✐♠Qp(V ) = ❞✐♠L0(Dst,L(V )) = ❞✐♠K(DdR(V )) ❛♥❞ V ✐s ❞❡
❘❤❛♠✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❞✉❡ t♦ ❇❡r❣❡r ❬❇❡r✵✷✱ ❈♦r✳ ✺✳✷✷✳❪ ✐s ❝❛❧❧❡❞ p✲❛❞✐❝
▼♦♥♦❞r♦♠② t❤❡♦r❡♠✳ ❆♥♦t❤❡r ♣r♦♦❢✱ ♥♦t ✉s✐♥❣ p✲❛❞✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❋♦♥✵✵✱ ❚❤❡♦✳ ❆❪✳

❚❤❡♦r❡♠ ✸✳✶✺ ▲❡t V ❜❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✭r❡s♣✳ IK✱ r❡s♣✳ WK✮✳ ❚❤❡♥
V ✐s ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ V ✐s ❞❡ ❘❤❛♠✳
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❚❤✐s t❤❡♦r❡♠ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ❝❛t❡❣♦r② ♦❢ ✭s❡♠✐✲✮❧✐♥❡❛r ❛❧❣❡❜r❛
❞❛t❛ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t ❘❡♣dR(GK) ✭r❡s♣✳ ❘❡♣

dR(IK)✱ ❘❡♣
dR(WK)✮✳

❋♦r ❛ ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IK ✇❡ s❡t

D := D̃pst(V ) := lim−→
L/K ✜♥✐t❡

D̃st,L(V )

❛♥❞ r❡♠❛r❦ t❤❛t t❤✐s ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r P0 ♦❢ ❞✐♠❡♥s✐♦♥ ❞✐♠Qp(V )✳ ❚❤❡♥

D̃pst(V ) = D̃st,L(V ) = D̃pst(V )IL ✭✸✳✻✮

❢♦r ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ L/K✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛ ❞✐s❝r❡t❡ ❛❝t✐♦♥ ♦❢ IK ♦♥ D✱ ✐✳❡✳
t❤❡ ❛❝t✐♦♥ ❢❛❝t♦rs t❤r♦✉❣❤ ❛ ✜♥✐t❡ q✉♦t✐❡♥t✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❡♥❞♦✇ D̃pst(V )
✇✐t❤ t❤❡ ✉s✉❛❧ str✉❝t✉r❡ ♦❢ ❛ (ϕ,N)✲♠♦❞✉❧❡✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❡♥❞♦✇ t❤✐s
♦❜❥❡❝t ✇✐t❤ ❛ K✲✜❧tr❛t✐♦♥✿

❋✐❧i(DK) := K ⊗L ❋✐❧i(D̃st,L(V )L).

■❢ ✇❡ ❛ss✉♠❡ L/K t♦ ❜❡ ●❛❧♦✐s ✇❡ ♦❜t❛✐♥

❋✐❧i(DK)
IL = L⊗K0 ❋✐❧

i(DIL)

❜② ●❛❧♦✐s ❞❡s❝❡♥t✳ ❚❤❡ ❛❜♦✈❡ ❥✉st✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✶✻ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡K/K✲✜❧t❡r❡❞ (ϕ,N, IK)✲
♠♦❞✉❧❡s ✭r❡s♣✳ ❛❞♠✐ss✐❜❧❡ K/K✲✜❧t❡r❡❞ (ϕ,N,GK)✲♠♦❞✉❧❡s✮ ♦✈❡r P0 ✭r❡s♣✳
K0✮ ❛s ❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ t✉♣❧❡s (D,❋✐❧•, ϕ,N)✱ ✇❤❡r❡

✕ (D,❋✐❧•) ✐s ❛ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r P0 ✭r❡s♣✳ K0✮✳

✕ (D,ϕ) ✐s ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r P0 ✭r❡s♣✳ K0✮✳

✕ N : D → D ✐s ❛ P0✲❧✐♥❡❛r ✭r❡s♣✳ K0✲❧✐♥❡❛r✮ ❡♥❞♦♠♦r♣❤✐s♠✳

✕ IK ✭r❡s♣✳ GK✮ ❛❝ts ♦♥ D ❞✐s❝r❡t❡❧②✳

✕ N ◦ ϕ = p(ϕ ◦N) ❤♦❧❞s✳

✕ ϕ ◦ g = g ◦ ϕ ❛♥❞ N ◦ g = g ◦N ❢♦r ❛❧❧ g ∈ IK ✭r❡s♣✳ g ∈ GK✮✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1,❋✐❧
•
1, ϕ1, N1)→ (D2,❋✐❧

•
2, ϕ2, N2) ✐s ❛ IK✲❡q✉✐✈❛r✐❛♥t

✭r❡s♣✳ GK✲❡q✉✐✈❛r✐❛♥t✮ P0✲❧✐♥❡❛r ✭r❡s♣✳ K0✲❧✐♥❡❛r✮ ♠❛♣ f : D1 → D2

s✉❝❤ t❤❛t f ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡s ❛♥❞ f ◦ϕ1 = ϕ2◦f
❛s ✇❡❧❧ ❛s f ◦N1 = N2 ◦ f ❤♦❧❞s✳
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❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s st❛t❡❞ ✐♥ ❬❋♦♥✾✹❜✱ ➓✺✳✻✳✼✳❪✿

❚❤❡♦r❡♠ ✸✳✶✼ ❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

D̃pst : ❘❡♣
pst(IK) ⇋ ✭❛❞♠✳ K/K✲✜❧t✳ (ϕ,N, IK)✲♠♦❞✳✴P0✮ : Ṽpst

❣✐✈❡♥ ❜②
V 7→ lim−→

L/K ✜♥✐t❡

D̃st,L(V )

Ṽpst(D)← [ D

✇❤❡r❡ Ṽpst(D) := {x ∈ Bst⊗P0D | Nx = 0, ϕ(x) = x, 1⊗x ∈ ❋✐❧0(Bst⊗D)K}.

❘❡♠❛r❦ ✸✳✶✽ ▲❡t D ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ K/K✲✜❧t❡r❡❞ (ϕ,N, IK)✲♠♦❞✉❧❡ ♦✈❡r
P0✳ ❇② ❝❤♦♦s✐♥❣ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❡①t❡♥s✐♦♥ L/K ✇❡ ♦❜t❛✐♥

D = DIL ❛♥❞ Ṽpst(D) = Ṽst,L(D).

■♥ t❤❡ ♥❡①t st❡♣ ✇❡ ✇✐❧❧ ❣❡♥❡r❛❧✐③❡ t❤✐s t♦ t❤❡ ❝❛s❡ ♦❢ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡✲
s❡♥t❛t✐♦♥s✳ ▲❡t V ❜❡ ❛ ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ❛♥❞
D := D̃pst(V )✳ ❉❡✜♥❡

FV : D → D ❜②
∑

i

bi ⊗ vi 7→
∑

i

σKbi ⊗ σKvi.

❙✐♥❝❡ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❛❧❧ L/K ❛r❡ ●❛❧♦✐s ✇❡ ♦❜t❛✐♥ t❤❛t IL E GK ✐s ❛
♥♦r♠❛❧ s✉❜❣r♦✉♣ ❛♥❞ t❤❡r❡❢♦r❡ F ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ❜✐❥❡❝t✐✈❡ ❛♥❞ σf ✲s❡♠✐❧✐♥❡❛r✳
❖♥❡ ❤❛s t♦ ♣❛② ❛tt❡♥t✐♦♥ t♦ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ FV ❛♥❞ t❤❡ IK✲❛❝t✐♦♥✳ ❋♦r
❛❧❧ u ∈ IK ❛♥❞ d =

∑

i

bi ⊗ vi ∈ D ✇❡ ❤❛✈❡

FV (u.d) = FV (
∑

i

u.bi ⊗ u.vi)

=
∑

i

σK .(u.bi)⊗ σK .(u.vi)

=
∑

i

(σKuσ
−1
K ).(σK .bi)⊗ (σKuσ

−1
K ).(σK .vi)

= (σKuσ
−1
K ).FV (d). ✭✸✳✼✮

❚❤✐s ❥✉st✐✜❡s t♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛t❡❣♦r②✳
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❉❡✜♥✐t✐♦♥ ✸✳✶✾ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡ K/K✲✜❧t❡r❡❞
(ϕ,N, IK , F )✲♠♦❞✉❧❡s ♦✈❡r P0 ❛s ❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛ K/K✲✜❧t❡r❡❞ (ϕ,N, IK)✲
♠♦❞✉❧❡ ♦✈❡r P0 ❛♥❞ F : D → D ✐s ❛ ❜✐❥❡❝t✐✈❡✱ σf ✲s❡♠✐❧✐♥❡❛r ♠❛♣ t❤❛t
✐s str✐❝t❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥ ♦♥ DK✱ ❝♦♠♠✉t❡s ✇✐t❤ ϕ ❛♥❞
N ❛♥❞ s❛t✐s✜❡s F (u.d) = (σKuσ

−1
K ).F (d) ❢♦r ❛❧❧ u ∈ IK✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1, F1)→ (D2, F2) ✐s ❛ ♠♦r♣❤✐s♠ f : D1 → D2 ✐♥ t❤❡
❝❛t❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡ K/K✲✜❧t❡r❡❞ (ϕ,N, IK)✲♠♦❞✉❧❡s ♦✈❡r P0 s✉❝❤
t❤❛t f ◦ F1 = F2 ◦ f ❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❚❤❡♦r❡♠ ✸✳✶✷ ❧❡❛❞s t♦✿

❚❤❡♦r❡♠ ✸✳✷✵ ❚❤❡r❡ ❡①✐st ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

D̃pst : ❘❡♣
pst(WK) ⇋ ✭❛❞♠✳ K/K✲✜❧t✳ (ϕ,N, IK , F )✲♠♦❞✳✴P0✮ : Ṽpst

❣✐✈❡♥ ❜②
V 7→ (D̃pst(V ), FV )

Ṽpst(D)← [ D

Pr♦♦❢✿ ❚❤❡ ♦♥❧② s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ t❤✐s t❤❡♦r❡♠ ❛♥❞ ❚❤❡✲
♦r❡♠ ✸✳✶✷ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❣r♦✉♣ IK ❛❝ts ♦♥ Ṽpst(D) ❞✐❛❣♦♥❛❧❧②✳ ❍❡♥❝❡
✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t

ρ̂ : WK × V → V ❣✐✈❡♥ ❜② (uσn
K , v) 7→ (uσn

K).v :=
∑

i

(uσn
K).bi ⊗ u.F

n(di)

❢♦r ❛❧❧ v =
∑

i

bi ⊗ di ∈ Ṽpst(D), u ∈ IK ❛♥❞ n ∈ N ❞❡✜♥❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥

♦❢ WK ✳ ❚❛❦❡ g1 = u1σ
n1
K , g2 = u2σ

n2
K ∈ WK ❛♥❞ v =

∑

i

bi ⊗ di ∈ Ṽpst(D) ❛♥❞

s❡❡ t❤❛t

(g1g2).v = (u1σ
n1
K u2σ

−n1
K ).v

=
∑

i

(g1g2).bi ⊗ (u1σ
n1
K u2σ

−n1
K ).F n1+n2(di)

=
∑

i

g1.(g2.bi)⊗ u1.F
n1(u2.F

n2(di))

= g1.(g2.v)

�

❆♥♦t❤❡r ✇❛② t♦ ✐♥t❡r♣r❡t ❬❋♦♥✾✹❛✱ ➓✺✳✻✳✼✳❪ ✐s✿
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❚❤❡♦r❡♠ ✸✳✷✶ ❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

Dpst : ❘❡♣
pst(GK) ⇋ ✭❛❞♠✳ K/K✲✜❧t✳ (ϕ,N,GK)✲♠♦❞✳✴Qnr

p ✮ : Vpst

❣✐✈❡♥ ❜②
V 7→ lim−→

L/K ✜♥✐t❡

Dst,L(V )

Vpst(D)← [ D

✇❤❡r❡

Vpst(D) := {x ∈ Bst ⊗Qnr
p
D | Nx = 0, ϕ(x) = x, 1⊗ x ∈ ❋✐❧0(Bst ⊗D)K}.

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❢✉♥❝t♦rs✿

❘❡♣pst(GK)

F
��

Dpst
// {❛❞♠✳ K/K✲✜❧t✳ (ϕ,N,GK)✲♠♦❞✳ ♦✈❡r Qnr

p }

·⊗Qnr
p

P0

��

❘❡♣pst(WK)
D̃pst

// {❛❞♠✳ K/K✲✜❧t✳ (ϕ,N, IK , F )✲♠♦❞✳ ♦✈❡r P0}

✭❈❉✷✮

❇② ▲❡♠♠❛ ✸✳✽ t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ▲❡t D ❜❡ ❛♥ ❛❞♠✐s✲
s✐❜❧❡ K/K✲✜❧t❡r❡❞ (ϕ,N,GK)✲♠♦❞✉❧❡ ♦✈❡r Qnr

p ✳ ❚❤❡♥ t❤❡ ❝♦♠♠✉t❛t✐✈✐t②
❢♦❧❧♦✇s ❢r♦♠

D̃pst(Vpst(D)) = D̃st,L(Vpst(D)GL)

= D̃st,L(Vst,L(D
GL))

= P0 ⊗L0 D
GL

= P0 ⊗Qnr
p
Qnr

p ⊗L0 D
GL

︸ ︷︷ ︸
∼=D

∼= P0 ⊗Qnr
p
D.

F ✐s ❣✐✈❡♥ ❜②
F (λ⊗ d) = σK(λ)⊗ σK .d

❢♦r ❛❧❧ u ∈ IK , λ ∈ P0 ❛♥❞ d ∈ D✳

❘❡♠❛r❦ ✸✳✷✷ ▲❡t D ❜❡ ❛s ❛❜♦✈❡✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ IK ♦♥ P0 ⊗Qnr
p
D ✐s ❣✐✈❡♥

❜②
u.(λ⊗ d) = u(λ)⊗ u.d = λ⊗ u.d

❢♦r ❛❧❧ u ∈ IK , λ ∈ P0 ❛♥❞ d ∈ D✳ ❍❡♥❝❡ t❤❡ s❡♠✐❧✐♥❡❛r ❛❝t✐♦♥ ♦❢ GK ♦♥ D
❜❡❝♦♠❡s ❛ ❧✐♥❡❛r ❛❝t✐♦♥ ♦❢ IK ♦♥ P0 ⊗Qnr

p
D s✐♥❝❡ IK ❛❝ts tr✐✈✐❛❧❧② ♦♥ P0✳
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❈❤❛♣t❡r ✹

❲❡✐❧ ✈s ●❛❧♦✐s ❣r♦✉♣
r❡♣r❡s❡♥t❛t✐♦♥s

❚❤❡ ✜rst ❛✐♠ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❛❞♠✐ss✐❜❧❡ ✜❧t❡r❡❞ (ϕ,N, F )✲♠♦❞✉❧❡s ♦✈❡r
P0 t❤❛t ❝♦rr❡s♣♦♥❞ t♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ●❛❧♦✐s ❣r♦✉♣ GK ✳

✹✳✶ ▲✐❢t✐♥❣ ▼❛♣s ❢r♦♠ Z t♦ Ẑ

❖✉r ✐♥t❡r♠❡❞✐❛t❡ ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t ❛♥② ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ Z→ ●▲r(OP0)
❤❛s ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ Ẑ→ ●▲r(OP0)✳

▲❡♠♠❛ ✹✳✶ ▲❡t {Gi}i∈I ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ s②st❡♠ ♦❢ ❣r♦✉♣s s✉❝❤ t❤❛t ❡❛❝❤
❡❧❡♠❡♥t g ∈ Gi ❤❛s ✜♥✐t❡ ♦r❞❡r ❢♦r ❛❧❧ i ∈ I✳ ❋♦r ❛♥② ❤♦♠♦♠♦r♣❤✐s♠

ϕ : Z→ lim←−Gi

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥

ϕ̂ : Ẑ→ lim←−Gi

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❥❡❝t✐✈❡ ❧✐♠✐t t♦♣♦❧♦❣✐❡s ♦♥ ❜♦t❤ s✐❞❡s✳

Pr♦♦❢✿ ❙❡t G := lim←−Gi✱ ❞❡♥♦t❡ ❜② πi : G → Gi t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣s ❛♥❞ ❜②
eGi

t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ✐♥ Gi✳ ❲❡ ❞❡✜♥❡ mi ∈ N t♦ ❜❡ t❤❡ ♦r❞❡r ♦❢ πi(ϕ(1))
❢♦r ❛❧❧ i ∈ I✳ ❋♦r i ∈ I ❞❡♥♦t❡

Ni := {n ∈ N | mi ❞✐✈✐❞❡s n} = N ∩miZ

❛♥❞ ♦❜t❛✐♥ ❛ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

ϕn,i : Z/nZ→ Gi, ❣✐✈❡♥ ❜② 1̄ 7→ πi(ϕ(1))

✺✶
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❢♦r ❛❧❧ n ∈ Ni✳ ■❢ tij : Gi → Gj ✐s t❤❡ tr❛♥s✐t✐♦♥ ♠❛♣ ❢♦r i, j ∈ I s✉❝❤ t❤❛t
i ≥ j✱ ✇❡ ❦♥♦✇ t❤❛t tij(πi(ϕ(1))) = πj(ϕ(1)) ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r♦❥❡❝t✐✈❡
s②st❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r

πj(ϕ(1))
mi = tij(πi(ϕ(1)))

mi = eGj
.

❍❡♥❝❡ mj = ♦r❞(πj(ϕ(1))) ❞✐✈✐❞❡s mi ❛♥❞ ✇❡ r❡❝❡✐✈❡ Ni ⊆ Nj✳ ❚❤❡r❡❢♦r❡ t❤❡
♠❛♣ ϕn ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ ♠❛♣s✱ ✐✳❡✳ tij ◦ ϕn,i = ϕn,j ❢♦r ❛❧❧
i ≥ j ❛♥❞ n ∈ Ni ⊆ Nj✳ ❇② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ♣r♦❥❡❝t✐✈❡ ❧✐♠✐t ✇❡
r❡❝❡✐✈❡ ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

ϕ̂ : lim←−
n∈N

(Z/nZ)→ G ❢♦r N :=
⋃

i∈I

Ni.

❇✉t N ⊆ N ✐s ❛ ❝♦✜♥❛❧ s②st❡♠ ❛♥❞ ❤❡♥❝❡ ✇❡ ❣❡t ❛ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦✲
♠♦r♣❤✐s♠

ϕ̂ : Ẑ→ G

t❤❛t ❡①t❡♥❞s ϕ✳
�

❘❡♠❛r❦ ✹✳✷ ▲❡t R ❜❡ ❛ r✐♥❣✱ r ∈ N ❛♥❞ I ❜❡ ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t s✉❝❤ t❤❛t
R =

⋃

iRi ❢♦r ❛ ❢❛♠✐❧② ♦❢ ✜♥✐t❡ r✐♥❣s {Ri}i∈I s✉❝❤ t❤❛t Ri ⊆ Rj ❢♦r ❛❧❧ i ≥ j✳
❚❤❡♥ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ ●▲r(R) ❤❛s ✜♥✐t❡ ♦r❞❡r✳

❈♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✹✳✶ ❛♥❞ ❘❡♠❛r❦ ✹✳✷ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♠❡❞✐❛t❡ ❝♦♥✲
s❡q✉❡♥❝❡✳ ❲❡ ❝❛♥ ♠♦❞✐❢② t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✻ ❛♥❞ ♦❜t❛✐♥✿

❈♦r♦❧❧❛r② ✹✳✸ ▲❡t E ❜❡ ❛ ❧♦❝❛❧ ✜❡❧❞ ✇✐t❤ ✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞✳ ❚❤❡ ❢♦r❣❡t❢✉❧
❢✉♥❝t♦r

F : ❘❡♣Fp
(GE)→ ❘❡♣Fp

(WE)

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

▲❡♠♠❛ ✹✳✹ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢ ●▲r(OP0/p
nOP0) ❤❛s ✜♥✐t❡ ♦r❞❡r✳

Pr♦♦❢✿ ❈❤♦♦s❡ ❛ t♦✇❡r ♦❢ ✜♥✐t❡ s✉❜✲❡①t❡♥s✐♦♥s Qp ⊆ L0 ⊆ L1 ⊆ · · · ⊆ Qnr
p

s✉❝❤ t❤❛t Qnr
p =

⋃

i Li✳ ❚❤❡♥ OLi
/pnOLi

✐s ❛ ✜♥✐t❡ r✐♥❣ ❢♦r ❡❛❝❤ i ❛♥❞ ✇❡
❝❛♥ ❛♣♣❧② r❡♠❛r❦ ✹✳✷ t♦

⋃

i

OLi
/pnOLi

= OQnr
p
/pnOQnr

p
.

❍❡♥❝❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ ●▲r(OQnr
p
/pnOQnr

p
) ∼= ●▲r(OP0/p

nOP0) ❛r❡ ♦❢ ✜♥✐t❡
♦r❞❡r✳ �
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❈♦r♦❧❧❛r② ✹✳✺ ❋♦r ❡❛❝❤ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ φ : Z → ●▲r(OP0) t❤❡r❡ ❡①✲
✐sts ❛ ✉♥✐q✉❡ ❝♦♥t✐♥✉♦✉s ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠ φ̂ : Ẑ→ ●▲r(OP0) ✇✐t❤ φ̂|Z =
φ✳

Pr♦♦❢✿ ❆♣♣❧② ▲❡♠♠❛ ✹✳✶ t♦ ●▲r(OP0) = lim←−
n

●▲r(OP0/p
nOP0)✳ �

❊①❛♠♣❧❡ ✹✳✻ ▲❡t R ❜❡ ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ✉♥✐❢♦r♠✐③❡r ̟ ❛♥❞ E
✐ts ✜❡❧❞ ♦❢ ❢r❛❝t✐♦♥s✱ ❡✳❣✳ E = Qp ♦r E = P0 ❛♥❞ ̟ = p✳

✶✳ ❉❡♥♦t❡ ❜② W := E2 ❜❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ✇❤❡r❡ IK ❛❝ts tr✐✈✐❛❧❧②
♦♥ W ❛♥❞ σK ❤❛s r❡♣r❡s❡♥t✐♥❣ ♠❛tr✐①

(
0 1
1 0

)

∈ ●▲(R).

❲❡ ❞❡♥♦t❡ ❛❧❧ ♣r✐♠❡ ♥✉♠❜❡rs ✇✐t❤ p1, p2, . . . st❛rt✐♥❣ ✇✐t❤ p1 = 3✳
❚❤❡♥ s❡t cn := pn1p

n
2 · · · p

n
n ∈ Z ❛♥❞ ❜② ❇❡③♦✉t✬s ▲❡♠♠❛ t❤❡r❡ ❡①✐st

s❡q✉❡♥❝❡s (an)n ❛♥❞ (bn)n ✐♥ Z s✉❝❤ t❤❛t 1 = ancn + bn2
n✳ ❚❤❡r❡❢♦r❡

z := lim
n→∞

−ancn ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Ẑ s✐♥❝❡

Ẑ ∼=
∏

p∈P

Zp

❛♥❞ zn := −ancn ❝♦♥✈❡r❣❡s t♦ 1 ✐♥ Z2 ❛♥❞ t♦ 0 ✐♥ Zp ❢♦r p 6= 2✳ ◆♦✇
✇❡ s❡❡ t❤❛t t❤❡ ❡❧❡♠❡♥t g := σz

K ❛❝ts ♦♥ W ✈✐❛

ρ(σz
K) = lim

n→∞
ρ(σ1+bn2n

K ) =

(
0 1
1 0

)

.

✷✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❧❡t W := E2 ❜❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ✇❤❡r❡ IK
❛❝ts tr✐✈✐❛❧❧② ♦♥ W ❛♥❞ σK ❤❛s r❡♣r❡s❡♥t✐♥❣ ♠❛tr✐①

(
0 1
̟ 0

)

∈ ●▲(R).

❚❤❡♥ ✇❡ ❝❛♥ ♥♦t ❡①t❡♥❞ t❤❡ ❛❝t✐♦♥ ♦❢ WK t♦ ❛♥ ❛❝t✐♦♥ ♦❢ GK ✈✐❛
❝♦♥t✐♥✉✐t② s✐♥❝❡

ρ(σz
K) = lim

n→∞
ρ(σ1+bn2n

K ) = lim
n→∞

̟nbn

(
0 1
̟ 0

)

❞♦❡s ♥♦t ❡①✐st ✐♥ ●▲2(E)✳



✺✹ ❈❍❆P❚❊❘ ✹✳ ❲❊■▲ ❱❙ ●❆▲❖■❙ ●❘❖❯P ❘❊P❘❊❙❊◆❚❆❚■❖◆❙

✹✳✷ ■❞❡♥t✐❢②✐♥❣ t❤❡ ●❛❧♦✐s ●r♦✉♣ ❘❡♣r❡s❡♥t❛✲

t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ❛ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❧♦❣✲❝r②st❛❧❧✐♥❡ ❲❡✐❧
❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❧✐❢t❡❞ t♦ ❛ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥✳

❚❤❡♦r❡♠ ✹✳✼ ▲❡t V ❜❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ♦❢ ❞✐♠❡♥s✐♦♥
r ❛♥❞ D̃st(V ) = (D,F ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞✉❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts
❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ V ✐s ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK✳

✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❜❛s✐s B ♦❢ D s✉❝❤ t❤❛t FB ∈ ●▲r(OP0)✳

✸✳ ❚❤❡r❡ ❡①✐sts ❛ OP0✲❧❛tt✐❝❡ M ⊆ D s✉❝❤ t❤❛t F (M) =M ✳

❲❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ♥❛t✉r❡ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡
t❤❡♦r❡♠✳

▲❡♠♠❛ ✹✳✽ ▲❡t (D,F ) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕ,N, F )✲♠♦❞✉❧❡ ♦✈❡r
P0 s✉❝❤ t❤❡r❡ ❡①✐sts ❛ OP0✲❧❛tt✐❝❡ M ⊆ D s❛t✐s❢②✐♥❣ F (M) = M ✳ ❚❛❦❡ ❛
❜❛s✐s B ♦❢ D s✉❝❤ t❤❛t FB ∈ ●▲r(OP0) ❛♥❞ ❞❡✜♥❡ φ̂ : Ẑ → ●▲r(OP0) t♦ ❜❡
t❤❡ ❝♦♥t✐♥✉♦✉s ♠❛♣ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② 1 7→ FB ❜② ❈♦r♦❧❧❛r② ✹✳✺✳ ▲❡t F z

❞❡♥♦t❡ t❤❡ ♠❛♣ r❡♣r❡s❡♥t❡❞ ❜② φ̂(z) ❢♦r ❛❧❧ z ∈ Ẑ✳ ❚❤❡♥✿

✶✳ F z ◦ ϕ = ϕ ◦ F z ❢♦r ❛❧❧ z ∈ Ẑ✳

✷✳ F z ◦N = N ◦ F z ❢♦r ❛❧❧ z ∈ Ẑ✳

✸✳ F z
K(❋✐❧

i(DK)) = ❋✐❧i(DK) ❢♦r ❛❧❧ z ∈ Ẑ✳

Pr♦♦❢✿ Ẑ ∼=
∏

p Zp ✐s ♠❡tr✐③❛❜❧❡ ❜② ❬◗✉❡✼✻✱ ❑♦r♦❧❧❛r ✶✵✳✶✽❪ ❛s ❛ ❝♦✉♥t❛❜❧❡

♣r♦❞✉❝t ♦❢ ♠❡tr✐❝ s♣❛❝❡s✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❢♦r ❛♥② z ∈ Ẑ ❛ s❡q✉❡♥❝❡
(zn)n∈N ✐♥ Ẑ ❝♦♥✈❡r❣✐♥❣ t♦ z✳ ❲❡ ♦❜t❛✐♥

F z ◦ ϕ = lim
n→∞

(F zn ◦ ϕ) = lim
n→∞

(ϕ ◦ F zn) = ϕ ◦ F z

❢♦r ❛❧❧ z ∈ Ẑ✳ ■❢ ♦♥❡ r❡♣❧❛❝❡s ϕ ✇✐t❤ N ✇❡ ❛❧s♦ s❡❡ t❤❛t N ❝♦♠♠✉t❡s ✇✐t❤
F z ❢♦r ❛♥② z ∈ Ẑ✳ ❋✉rt❤❡r♠♦r❡ F z

K(d) = lim
n→∞

F zn
K (d) ∈ ❋✐❧i(DK) ❢♦r ❛❧❧

d ∈ ❋✐❧i(DK)✱ z ∈ Ẑ ❛♥❞ i ∈ Z s✐♥❝❡ ❋✐❧i(DK) ⊆ DK ✐s ❝❧♦s❡❞✳ �

◆♦✇ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✼✳
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Pr♦♦❢✿ ✷✳ ❛♥❞ ✸✳ ❛r❡ ❡q✉✐✈❛❧❡♥t ❜② ❞❡✜♥✐t✐♦♥✳ ❆ss✉♠❡ ✷✳ ❤♦❧❞s✳ ❚❛❦❡ ❛ ❜❛s✐s
B ♦❢ D s✉❝❤ t❤❛t FB ∈ ●▲r(OP0) ❛♥❞ ❞❡✜♥❡ φ̂ : Ẑ → ●▲r(OP0) t♦ ❜❡ t❤❡
❝♦♥t✐♥✉♦✉s ♠❛♣ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② 1 7→ FB ❜② ❈♦r♦❧❧❛r② ✹✳✺✳ ▲❡t F z

❞❡♥♦t❡ t❤❡ ♠❛♣ r❡♣r❡s❡♥t❡❞ ❜② φ̂(z) ❢♦r ❛❧❧ z ∈ Ẑ✳ ❉❡✜♥❡ t❤❡ ♠❛♣

ρ̂ : GK × V → V ✈✐❛ g.v :=
∑

i

g.bi ⊗ F
degK(g)(di)

❢♦r v =
∑

i bi ⊗ di✳ ❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t t❤✐s ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ✐✳❡✳ t❤❛t t❤❡
✐♠❛❣❡ ♦❢ t❤❡ ♠❛♣ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ V = ❋✐❧0(Bst ⊗P0 D)ϕ=✐❞,N=✐❞ ⊆ Bst ⊗P0 D✳
❇✉t t❤✐s ✐s ❝♦✈❡r❡❞ ❜② t❤❡ ❢♦r♠✉❧❛s ✐♥ ▲❡♠♠❛ ✹✳✽ ❛s ✇❡ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❚❛❦❡ v =

∑

i bi ⊗ di ∈ V ❛♥❞ g ∈ GK ❛♥❞ ❝❛❧❝✉❧❛t❡

ϕ(g.v) = ϕ(
∑

i

g.bi ⊗ F
degK(g)(di))

=
∑

i

ϕ(g.bi)⊗ (ϕ ◦ F degK(g))(di)

=
∑

i

g.ϕ(bi)⊗ F
degK(g)(ϕ(di))

= g.ϕ(v) = g.v

❛s ✇❡❧❧ ❛s

N(g.v) = N(
∑

i

g.bi ⊗ F
degK(g)(di))

=
∑

i

N(g.bi)⊗ (N ◦ F degK(g))(di)

=
∑

i

g.N(bi)⊗ F
degK(g)(N(di))

= g.N(v) = 0

❋♦r ❛♥② i ✇❡ ❤❛✈❡ 1⊗ bi⊗di ∈ ❋✐❧j(K⊗K0Bst)⊗K ❋✐❧−j(DK) ❢♦r s♦♠❡ j ∈ Z✳

g.(bi ⊗ di) =
∑

i

g.bi ⊗ F
degK(g)(di)

∈ ❋✐❧j(K ⊗K0 Bst)⊗ F
degK(g)
K (❋✐❧−j(DK))

= ❋✐❧j(K ⊗K0 Bst)⊗ ❋✐❧−j(DK)

❚❤❡r❡❢♦r❡ g.(bi ⊗ di) ∈ ❋✐❧0(Bst ⊗D) ❢♦r ❛❧❧ i✱ ❤❡♥❝❡ g.v ∈ ❋✐❧0(Bst ⊗D) ❛♥❞
♦✈❡r❛❧❧ ✇❡ ❤❛✈❡ g.v ∈ V ✳ ❇② t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛s ✐♥ ✭✶✳✷✮ ρ̂ ❞❡✜♥❡s ❛
❣r♦✉♣ ❛❝t✐♦♥ ♦❢ GK ♦♥ V ✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤✐s ❛❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ✇❡
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✇♦✉❧❞ ❧✐❦❡ t♦ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✶✳✺✳ ❍❡♥❝❡ ✐t ✐s ♥❡❝❡ss❛r② t♦ s❤♦✇ t❤❛t t❤❡
♠❛♣

IK × Ẑ→ IK ❣✐✈❡♥ ❜② (u, z) 7→ σzuσ−z

✐s ❝♦♥t✐♥✉♦✉s✳ ❚❛❦❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ U ⊆ IK ❛♥❞ ✇❡ ♠❛② ❛ss✉♠❡ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t U ✐s ❛ ♥♦r♠❛❧ ♦♣❡♥ s✉❜❣r♦✉♣ ♦❢ IK ✱ ✐♥ ♣❛rt✐❝✉❧❛r U ✐s
❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ♦❢ GK ✳ ❚❤❡♥ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ U ✉♥❞❡r t❤❡ ♠❛♣ ❛❜♦✈❡ ✐s

⋃

z∈Ẑ

σ−zUσz × {z} =
⋃

z∈Ẑ

U × {z} = U × Ẑ ⊆ IK × Ẑ.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✶✳✺ ❛♥❞ V ✐s ❛ ❝♦♥✲
t✐♥✉♦✉s r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK ✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❜t❛✐♥❡❞ t❤✐s ✇❛② ✐s ❧♦❣✲
❝r②st❛❧❧✐♥❡ s✐♥❝❡ ✐t ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IK ❜② ▲❡♠♠❛ ✸✳✽✳
◆♦✇ ❛ss✉♠❡ ✶✳ ❤♦❧❞s✳ ❚❤❡♥ Gk

∼= GK/IK ❛❝ts ❝♦♥t✐♥✉♦✉s❧② ✭❛♥❞ ❞✐❛❣♦♥❛❧❧②✮
♦♥ D̃st(V ) = (Bst ⊗Qp V )IK ✳ ❇② ▲❡♠♠❛ ✶✳✷ t❤❡r❡ ❡①✐sts ❛♥ OP0✲❧❛tt✐❝❡ M
✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Gk✳ ◆♦✇ F ❛❝ts ✐♥ t❤❡ s❛♠❡ ✇❛② ♦♥
M ❛s t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❣❡♥❡r❛t♦r σK ♦❢ GK/IK ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✐♠❛❣❡ ♦❢ M
✉♥❞❡r F ✐s ❝♦♥t❛✐♥❡❞ ✐♥ M ❛♥❞ F ✐s ♦❢ s❧♦♣❡ 0✱ ✐✳❡✳ F (M) =M ✳ �

❆♥ ❡❛s② r❡❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ s❧♦♣❡s ✐♥ t❤❡ s♣✐r✐t ♦❢
s❡❝t✐♦♥ ❇✳✸✳ ❲❡ str❡ss ♦✉t t❤❛t t❤❡r❡ ❛r❡ t✇♦ ◆❡✇t♦♥ s❧♦♣❡s ♦♥ ❛♥ ❛❞♠✐ss✐❜❧❡
K✲✜❧t❡r❡❞ (ϕ,N, F )✲♠♦❞✉❧❡ D ♦✈❡r P0✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ✉s✉❛❧
tN(D,ϕ) := ν(det(ϕ))✱ ✇❤✐❝❤ ✐s t❤❡ ◆❡✇t♦♥ ♥✉♠❜❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛♣
ϕ✳ ❇✉t ✇❡ ❛❧s♦ ❤❛✈❡ ❛ ◆❡✇t♦♥ s❧♦♣❡ ✇✐t❤ r❡s♣❡❝t t♦ F ✇❤✐❝❤ ✐s ❝❤❛r❛❝t❡r✐③❡❞
❜② t❤❡ ◆❡✇t♦♥ ♥✉♠❜❡r tN(D,F ) := ν(det(F ))✳

❈♦r♦❧❧❛r② ✹✳✾ ▲❡t V ❜❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ♦❢ ❞✐♠❡♥s✐♦♥
r ❛♥❞ D̃pst(V ) = (D,F ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞✉❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts
❛r❡ ❡q✉✐✈❛❧❡♥t✿

❼ V ✐s ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK✳

❼ (D,F ) ✐s ✐s♦❝❧✐♥✐❝ ♦❢ ◆❡✇t♦♥ s❧♦♣❡ 0 ✭✇✐t❤ r❡s♣❡❝t t♦ F ✮✳

❲❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ❢♦r ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥s
❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ✧❞✐✈✐s✐♦♥ ✇✐t❤ r❡♠❛✐♥❞❡r✧ ✐♥ Ẑ✳

▲❡♠♠❛ ✹✳✶✵ ❚❛❦❡ t✇♦ ❡❧❡♠❡♥ts z ∈ Ẑ ❛♥❞ f ∈ Z✳ ❚❤❡♥ t❤❡r❡ ❡①✐st t✇♦
✉♥✐q✉❡ ❡❧❡♠❡♥ts β ∈ {0, . . . , f − 1} ⊆ Z ❛♥❞ α ∈ Ẑ s✉❝❤ t❤❛t

z = f · α + β.
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Pr♦♦❢✿ ❋✐rst ♦❢ ❛❧❧ ✇❡ r❡♠❛r❦ t❤❛t Ẑ/f Ẑ ∼= Z/fZ ❤♦❧❞s✳ ▲❡t

♣rf : Ẑ = lim←−
n

Z/nZ ։ Z/fZ

❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ Z/fZ✳ ❍❡♥❝❡ ✇❡ ✜♥❞ ❛♥ ✉♥✐q✉❡ ❡❧❡♠❡♥t β ∈
{0, . . . , f − 1} ⊆ Z s✉❝❤ t❤❛t ♣rf (z) = β + fZ ❤♦❧❞s✳ ❲❡ s❡❡ t❤❛t z − β ≡ 0

mod f Ẑ ❛♥❞ ❤❡♥❝❡ ✜♥❞ ❛♥ ❡❧❡♠❡♥t α ∈ Ẑ s✉❝❤ t❤❛t z−β = f ·α✳ ■❢ ✇❡ ❤❛✈❡
t✇♦ ❡❧❡♠❡♥ts α1, α2 ∈ Ẑ s✉❝❤ t❤❛t z−β = f ·αi✱ ✇❡ r❡❝❡✐✈❡ f · (α1−α2) = 0✳
❇✉t Ẑ ✐s Z✲t♦rs✐♦♥✲❢r❡❡ ❛♥❞ ❤❡♥❝❡ α1 = α2✳ �

❈♦r♦❧❧❛r② ✹✳✶✶ ▲❡t V ❜❡ ❛ ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK

♦❢ ❞✐♠❡♥s✐♦♥ r ❛♥❞ D̃pst(V ) = (D,F ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦❞✉❧❡✳ ❚❤❡ ❢♦❧❧♦✇✲
✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

❼ V ✐s ❛ ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GK✳

❼ (D,F ) ✐s ✐s♦❝❧✐♥✐❝ ♦❢ ◆❡✇t♦♥ s❧♦♣❡ 0 ✭✇✐t❤ r❡s♣❡❝t t♦ F ✮✳

Pr♦♦❢✿ ❲❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐♠♣❧✐❡s t❤❡ ✜rst✳ ❆s✲
s✉♠❡ t❤❛t L/K ✐s ❛ ✜♥✐t❡ ●❛❧♦✐s ❡①t❡♥s✐♦♥ s✉❝❤ t❤❛t V |L ✐s ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IL✱ ✐✳❡✳ D

IL = D ❤♦❧❞s✳ ❍❡♥❝❡✱ ❜② t❤❡ ♣r❡✈✐♦✉s ❈♦r♦❧❧❛r②
✹✳✾✱ V ✐s ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GL✳ ■t ✐s ❧❡❢t t♦ s❤♦✇ t❤❛t GK

❛❝ts ♦♥ V ✳ ❇② ❚❤❡♦r❡♠ ✸✳✷✵ ✇❡ ❦♥♦✇ t❤❛t V ✐s ❛❧r❡❛❞② ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
IK ✳ ▲❡t f := f(L/K) ❜❡ t❤❡ ✐♥❡rt✐❛ ✐♥❞❡①✱ t❛❦❡ ❛♥ ❡❧❡♠❡♥t g ∈ GK ❛♥❞ s❡t
z := degK(g) ∈ Ẑ✳ ❇② ▲❡♠♠❛ ✹✳✶✵ ✇❡ ♠❛② ✇r✐t❡ z = α · f + β ❢♦r s♦♠❡
α ∈ Ẑ ❛♥❞ β ∈ Z✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣

GK × V → V, (σz
Ku, v) 7→ (σf

K)
α.(σβ

K .(u.v)) = (σL)
α.(σβ

K .(u.v))

❢♦r z ∈ Ẑ ❛♥❞ u ∈ IK ✳ ❚❤✐s ♠❛♣ ✐s ❝♦♥t✐♥✉♦✉s s✐♥❝❡ t❤❡ GL✲❛❝t✐♦♥ ♦♥ V ✐s
❝♦♥t✐♥✉♦✉s ❛♥❞ GL ⊆ GK ✐s ❛♥ ♦♣❡♥ s✉❜❣r♦✉♣✳ ■t ✐s ❧❡❢t t♦ s❤♦✇ t❤❛t t❤✐s
❞❡✜♥❡s ❛♥ ❛❝t✐♦♥ ♦❢ GK ♦♥ V ✳ ❚❛❦❡ g1 = σz1

Ku1, g2 = σz2
Ku2 ∈ GK ❛♥❞ s❡t

ũ1 := σ−z2
K u1σ

z2
K ∈ IK ✳ ❲r✐t❡ z1 = α1 · f + β1 ❛♥❞ z2 = α2 · f + β2 s✉❝❤ t❤❛t

α1, α2 ∈ Ẑ ❛♥❞ β1, β2 ∈ {0, . . . , f − 1} ❛s ✐♥ ▲❡♠♠❛ ✹✳✶✵✳ ❚❛❦❡ s❡q✉❡♥❝❡s
(α1,n)n r❡s♣✳ (α2,n)n ✐♥ Z ❝♦♥✈❡r❣✐♥❣ t♦ α1 r❡s♣✳ α2 t♦ ♦❜t❛✐♥✿

(g1g2).v = σα1+α2
L .(σβ1+β2

K .((ũ1u2).v))

= lim
n→∞

σ
α1,n+α2,n

L .(σβ1+β2

K .((ũ1u2).v))

= lim
n→∞

(σ
α1,n

L σβ1

K σ
fα2,n+β2

K ũ1σ
−(fα2,n+β2)
K ).((σ

α2,n

L σβ2

K u2).v))

= (σα1
L σβ1

K ( lim
n→∞

σ
fα2,n+β2

K ũ1σ
−(fα2,n+β2)
K

︸ ︷︷ ︸

=u1

)).((σα2
L σβ2

K u2).v)) = g1.(g2.v)
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❢♦r ❛❧❧ v ∈ V ✳ �

❚❤❡ ♦♣❡r❛t♦r F ❛❧❧♦✇s ✉s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢
❧✐♥❡❛r ❛❧❣❡❜r❛ ❞❛t❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡
❲❡✐❧ ❣r♦✉♣✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

✹✳✸ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❲❡✐❧ ●r♦✉♣ ❘❡♣r❡s❡♥t❛✲

t✐♦♥s

❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡♣❛r❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❇♦✉✽✶✱ ❝❤❛♣t❡r
❱✱ ➓✶✵✳✹❪✳ ▲❡t E ❜❡ ❛ ✜❡❧❞✱ Γ ⊆ ❆✉t(E) ❛ s✉❜❣r♦✉♣ ❛♥❞ E0 := EΓ t❤❡
Γ✲✐♥✈❛r✐❛♥ts ♦❢ E✳ ❆s ✉s✉❛❧ ❬❇♦✉✼✹✱ ❝❤❛♣t❡r ■■✱ ➓✽❪ ❛♥ E0✲str✉❝t✉r❡ ♦♥ V ✐s
❛♥ E0 s✉❜s♣❛❝❡ V0 ⊆ V s✉❝❤ t❤❛t t❤❡ ♠❛♣

m : E ⊗E0 V0 → V, ❣✐✈❡♥ ❜② λ⊗ x 7→ λ · x

✐s ❜✐❥❡❝t✐✈❡✳ ▲❡t V0 ⊆ V ❜❡ s✉❝❤ ❛♥ E0✲str✉❝t✉r❡✳ ❋♦r ❛♥② γ ∈ Γ ❞❡✜♥❡ V γ

t♦ ❜❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r E ✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛❞❞✐t✐✈❡ ❣r♦✉♣ (E,+) ❛♥❞
s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❣✐✈❡♥ ❜②

E × V γ → V γ, (λ, v) 7→ γ(λ) · v.

❙❡t X :=
⊕

γ∈Γ

V γ ❛♥❞ r❡♠❛r❦ t❤❛t t❤❡ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤✐s E✲✈❡❝t♦r

s♣❛❝❡ ✐s ❣✐✈❡♥ ❜②

E ×X → X, (λ, x) 7→ (γ(λ) · xγ)γ∈Γ.

❲❡ ✜♥❛❧❧② ❞❡✜♥❡ t❤❡ ♠❛♣

ψ : E ⊗E0 V → X, ❣✐✈❡♥ ❜② λ⊗ x 7→ (γ(λ) · x)γ∈Γ.

❚❤❡♥ ❬❇♦✉✽✶✱ ❝❤❛♣t❡r ❱✱ ➓✶✵✳✹✱ Pr♦♣♦s✐t✐♦♥ ✽❪ t❡❧❧s ✉s✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✷ ψ ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ ✐t ✐s ❜✐❥❡❝t✐✈❡ ✐❢ Γ ✐s ✜♥✐t❡✳

◆♦✇ ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✜♥❡♠❡♥t ♦❢ ❋♦♥t❛✐♥❡✬s ❡q✉✐✈❛✲
❧❡♥❝❡s ♦❢ ❝❛t❡❣♦r✐❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❋♦♥✵✵✱ ➓✹❪✳ ▲❡t Qpr := W (Fpr)[

1
p
]

❜❡ t❤❡ ✉♥✐q✉❡ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ Qp ♦❢ ❞❡❣r❡❡ r✳ ❚❤❡♥ ✇❡ ❤❛✈❡

●❛❧(Qpr/Qp) = 〈σ〉 ∼= Z/rZ,
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✇❤❡r❡ σ ❞❡♥♦t❡s ❛ ❣❡♥❡r❛t♦r ❛♥❞ r❡str✐❝ts t♦ t❤❡ p✲t❤ ♣♦✇❡r ❋r♦❜❡♥✐✉s ♠❛♣
♦♥ Fpr ✳ ❚❛❦❡ t✇♦ ✈❡❝t♦r s♣❛❝❡s V ❛♥❞ W ♦✈❡r Qpr ❛♥❞ ❞❡❝♦♠♣♦s❡ ✐ts t❡♥s♦r
♣r♦❞✉❝t ♦✈❡r Qp ✈✐❛ Pr♦♣♦s✐t✐♦♥ ✹✳✶✷✿

V ⊗Qp W
∼= V ⊗Qpr

(Qpr ⊗Qp W )

∼= V ⊗Qpr
(
⊕

0≤m<r

W σm

)

∼=
⊕

0≤m<r

V ⊗Qpr,m
W,

✇❤❡r❡

V ⊗Qpr,m
W := {x ∈ V ⊗Qp W | (1⊗ λ)x = (σm(λ)⊗ 1)x ❢♦r ❛❧❧ λ ∈ Qpr}.

❆ss✉♠❡ t❤❛t Qpr ⊆ K ❛♥❞ ❧❡t W ❜❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ Qpr ✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
IK ✱ ✐✳❡✳ W ✐s ❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛ Qp✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IK ✳ ❚❤❡♥

D̃st(W ) =
⊕

0≤m<r

(Bst ⊗Qpr,m
W )IK

❤♦❧❞s ❛♥❞ ✇❡ s❡t D̃st,m(W ) := (Bst⊗Qpr,m
W )IK ✳ ❇② ❬❋♦♥✵✵✱ ➓✹❪ t❤❡ ❢♦❧❧♦✇✐♥❣

❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡

❘❡♣st
Qpr

(IK)

F
��

D̃st,0
// (❛❞♠✳ K✲✜❧t✳ (ϕr, N)✲♠♦❞✳✴P0)

·⊗Qp[ϕr ]Qp[ϕ]

��

❘❡♣st
Qp
(IK)

D̃st // (❛❞♠✳ K✲✜❧t✳ (ϕ,N)✲♠♦❞✳✴P0)

✭❈❉✸✮

❛♥❞ t❤❡ ❤♦r✐③♦♥t❛❧ ❛rr♦✇s ❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s✳ ❋✉r✲
t❤❡r♠♦r❡ ❧❡t W ❜❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ Qpr ✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ✱ ✐✳❡✳ W ✐s
❧♦❣✲❝r②st❛❧❧✐♥❡ ❛s ❛ Qp✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ IK ✳ ❲❡ ❝❧❛✐♠ t❤❛t D̃st,m(W ) ✐s st❛✲
❜❧❡ ✉♥❞❡r t❤❡ ♠❛♣ FV ✇❡ ❞❡✜♥❡❞ ♦♥ D̃st(V ) t♦ ❡st❛❜❧✐s❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢
❝❛t❡❣♦r✐❡s ✐♥ ❚❤❡♦r❡♠ ✸✳✶✷✳ ❚❛❦❡ x =

∑
bi ⊗ vi ∈ D̃st,m(V ) ❛♥❞ ❛♣♣❧② FV t♦

♦❜t❛✐♥✿
∑

i

σK(bi)⊗ λσK .vi =
∑

i

σK(bi)⊗ σK .λvi

= F (
∑

i

bi ⊗ λvi)

= F (
∑

i

σm(λ)bi ⊗ vi)

=
∑

i

σm(λ)σK(bi)⊗ σK .vi.
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❢♦r ❛❧❧ λ ∈ Qpr ✳ ❍❡♥❝❡ FV (x) ∈ D̃st,m(V ) ❛♥❞ ✇❡ ❤❛✈❡ ✈❡r✐✜❡❞ t❤❡ ❝❧❛✐♠✳ ❲❡
❞♦ t❤❡ ✉s✉❛❧ ❜✉s✐♥❡ss ✐♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥ ✶✳✹✳

❉❡✜♥✐t✐♦♥ ✹✳✶✸ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢K✲✜❧t❡r❡❞ (ϕr, N, F )✲♠♦❞✉❧❡s ♦✈❡r
P0 ❛s ❢♦❧❧♦✇s✿

❼ ❆♥ ♦❜❥❡❝t ✐s ❛ ♣❛✐r (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ K✲✜❧t❡r❡❞ (ϕr, N)✲♠♦❞✉❧❡
♦✈❡r P0 ❛♥❞

F : D → D

✐s ❛ ❜✐❥❡❝t✐✈❡ σf ✲s❡♠✐❧✐♥❡❛r ♠❛♣ s✉❝❤ t❤❛t

✕ ϕr ◦ F = F ◦ ϕr✱

✕ N ◦ F = F ◦N ❛♥❞

✕ FK(❋✐❧
i(DK)) = ❋✐❧i(DK) ❤♦❧❞s ❢♦r ❛❧❧ i ∈ Z✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1, F1)→ (D2, F2) ✐s ❛ ♠♦r♣❤✐s♠ f : D1 → D2 ✐♥ t❤❡
❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞ (ϕr, N)✲♠♦❞✉❧❡s ♦✈❡r P0 s✉❝❤ t❤❛t F2 ◦f = f ◦F1

❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❲❡ ❝❛❧❧ ❛♥ ♦❜❥❡❝t (D,F ) ♦❢ t❤✐s ❝❛t❡❣♦r② ❛❞♠✐ss✐❜❧❡ ✐❢ D ✐s ❛❞♠✐ss✐❜❧❡ ✐♥ t❤❡
❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞ (ϕr, N)✲♠♦❞✉❧❡s ♦✈❡r P0 ❛♥❞ ❞❡♥♦t❡ t❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r②
❝♦♥s✐st✐♥❣ ♦❢ ❛❞♠✐ss✐❜❧❡ ♦❜❥❡❝ts ❜②

(❛❞♠✳ K✲✜❧t✳ (ϕr, N, F )✲♠♦❞✳✴P0).

■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ s❡❝t✐♦♥ ✶✳✹ ✇❡ ❛r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✿

E = Qpr , ς = σK ❛♥❞ B = Bst.

❆s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✼ ✇❡ r❡❝❡✐✈❡✿

❚❤❡♦r❡♠ ✹✳✶✹ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

D̃st,0 : ❘❡♣
st
Qpr

(WK) ∼ (❛❞♠✳ K✲✜❧t✳ (ϕr, N, F )✲♠♦❞✳✴P0) : Ṽst,0

V 7→ (D̃st,0(V ), FV |D̃st,0(V ))

❍♦♠✭KP0✲✜❧t✳ (ϕr, N)✲♠♦❞✉❧❡s ♦✈❡r P0)(P0, Bst ⊗P0 D)← [ D.
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Pr♦♦❢✿ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠s ✐♥ s❡❝t✐♦♥ ✶✳✹ ✐s t❤❡ s❛♠❡ ❛s ✐♥ s❡❝✲
t✐♦♥ ✸✳✷✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ✇❡ ❛❧r❡❛❞② ❝❤❡❝❦❡❞ t❤❛t FV ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

�

◆♦✇ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❚❤❡♦r❡♠ ❇✳✶✽✱ ✐✳❡✳ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ♦❢
❉✐❡✉❞♦♥♥❡ ❛♥❞ ▼❛♥✐♥ t❤❛t ❛❧❧♦✇s ✉s t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♠♦❞✉❧❡s (D,F ) ❛s
❢♦❧❧♦✇s✳

▲❡♠♠❛ ✹✳✶✺ ▲❡t (D,F ) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕf , N, F )✲♠♦❞✉❧❡ ♦✈❡r
P0✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ D ✐♥t♦ ✐s♦❝❧✐♥✐❝ ❝♦♠♣♦♥❡♥ts ❛❧♦♥❣ F ✭✈✐❛
❚❤❡♦r❡♠ ❇✳✶✽✮ ❜②

D =
⊕

q∈Q

Dq.

❚❤❡♥ ϕf (Dq) = Dq ❛♥❞ N(Dq) ⊆ Dq ❢♦r ❛❧❧ q ∈ Q✳

Pr♦♦❢✿ F−1 ◦ ϕf ✐s ❛ P0✲❧✐♥❡❛r ❛✉t♦♠♦r♣❤✐s♠ ♦❢ D✱ t❤❛t ❝♦♠♠✉t❡s ✇✐t❤ ϕ✱
❛♥❞ s✉❝❤ ♠❛♣s ❢r♦♠ Dq1 t♦ Dq2 ❛r❡ t❤❡ ③❡r♦ ✐❢ q1 6= q2 ❜② ▲❡♠♠❛ ❇✳✶✹✳ ❚❤✉s
F−1 ◦ ϕf (Dq) = Dq ❢♦r ❛❧❧ q ∈ Q✱ ✐✳❡✳ ϕf (Dq) = F (Dq) = Dq✳ ❋♦r t❤❡ s❛♠❡
r❡❛s♦♥ t❤❡ P0✲❧✐♥❡❛r ♦♣❡r❛t♦r N ❤❛s t♦ ♠❛♣ Dq ✐♥t♦ ✐ts❡❧❢✳ �

▲❡♠♠❛ ✹✳✶✻ ❲❡ ♠❛❦❡ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❛♥❞
❛ss✉♠❡ t❤❛t K/K0 ✐s ❛ ✜♥✐t❡ ●❛❧♦✐s ❡①t❡♥s✐♦♥✳ ▲❡t

D ∼=
⊕

q∈Q

Snq
q

❞❡♥♦t❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ D ❛❧♦♥❣ F ✐♥t♦ st❛♥❞❛r❞ ✐s♦❝r②st❛❧s ✭✈✐❛ ❚❤❡♦r❡♠
❇✳✷✷✮✳ ❚❤❡♥

❋✐❧i(DK) = K ⊗K0

(
⊕

q∈Ji

Snq,i
q

)

❢♦r ❛ ✜♥✐t❡ s✉❜s❡t Ji ⊆ Q✱ 1 ≤ nq,i ≤ nq ❢♦r ❛❧❧ q ∈ Ji ❛♥❞ i ∈ Z✳

Pr♦♦❢✿ ❇② t❤❡ ❞❡✜♥✐t♦♥ ♦❢ (D,F ) ✇❡ ❤❛✈❡ FK(❋✐❧
i(DK)) = ❋✐❧i(DK) ❛♥❞ s❡t

W := ❋✐❧i(DK)
●❛❧(K/K0)✳ ❚❤❡♥ t❤❡ ❞✐❛❣r❛♠

K ⊗K0 W

⊆

��

∼= // ❋✐❧i(DK)

⊆

��

K ⊗K0 D
= // DK
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✐s ❝♦♠♠✉t❛t✐✈❡ ❜② ❍✐❧❜❡rt ✾✵✳ ■♥ ♣❛rt✐❝✉❧❛r D = (DK)
●❛❧(K/K0) ✇❤❡r❡ D →֒

DK ✈✐❛ d 7→ 1⊗ d✳ ❚❤✉s

F (W ) = D ∩ FK(K ⊗K0 W )

= D ∩ FK(❋✐❧
i(DK))

= D ∩ ❋✐❧i(DK)

= D
●❛❧(K/K0)
K ∩ ❋✐❧i(DK) = W.

❚❤❡r❡❢♦r❡ W =
⊕

q∈Ji
S
nq,i
q ❛♥❞ ❋✐❧i(DK) = K ⊗K0 (

⊕

q∈Ji
S
nq,i
q )✳ �

❘❡♠❛r❦ ✹✳✶✼ ▲❡t K ❜❡ ❛ ✜❡❧❞✱ (D,❋✐❧) ❛ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡ ❛♥❞

D1, . . . , Dn ⊆ D

s✉❜✲♦❜❥❡❝ts✳ ❚❤❡♥ D ∼=
⊕n

i=1Di ✐♥ t❤❡ ❝❛t❡♦❣r② ♦❢ K✲✜❧t❡r❡❞ ✈❡❝t♦r s♣❛❝❡s ✐❢
❛♥❞ ♦♥❧② ✐❢ ❋✐❧j(D) =

⊕n
i=1 ❋✐❧

j(Di) ❢♦r ❛❧❧ j ∈ Z✳ ❲❛r♥✐♥❣✿ ❚❤✐s ❝♦♥❞✐t✐♦♥
♠❛② ❡❛s✐❧② ❢❛✐❧✱ ❡✈❡♥ ✐❢ t❤❡ Di ❛r❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s✉❜s♣❛❝❡ ✜❧tr❛t✐♦♥ ♦❢ D✳
❋♦r ✐♥st❛♥❝❡ t❛❦❡ D = K2✱

❋✐❧0(D) = K2 ⊃ ❋✐❧1(D) = K(e1 + e2) ⊃ ❋✐❧2 = 0

❛♥❞ D1 = K · e1 ❛♥❞ D2 = Ke2✳

❲✐t❤ ▲❡♠♠❛ ✹✳✶✻ ✇❡ ❡①❝❧✉❞❡❞ t❤✐s s✐t✉❛t✐♦♥✳ ◆♦✇ ✇❡ ♥❡❡❞ ❬❈❋✵✵✱ ❚❤❡✲
♦r❡♠ ✹✳✸✳❪ t♦ ♣r♦❝❡❡❞✳

❚❤❡♦r❡♠ ✹✳✶✽ ▲❡t D ❜❡ ❛ K✲✜❧t❡r❡❞ (ϕ,N)✲♠♦❞✉❧❡ ♦✈❡r P0 ♦❢ ❞✐♠❡♥s✐♦♥
h ≥ 1✳ ❚❤❡♥ Ṽst(D) ❤❛s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ♦✈❡r Qp ✐❢ ❛♥❞ ♦♥❧② ✐❢ tH(D′) ≤
tN(D

′) ❢♦r ❛❧❧ s✉❜✲♦❜❥❡❝ts D′ ⊆ D ✭✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞ (ϕ,N)✲
♠♦❞✉❧❡s ♦✈❡r P0✮✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ ❞✐♠Qp(Ṽst(D)) ≤ h✳

❚❤❡♦r❡♠ ✹✳✶✾ ▲❡t (D,F ) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕf , N)✲♠♦❞✉❧❡ ♦❢ ❞✐✲
♠❡♥s✐♦♥ h ≥ 1 ♦✈❡r P0 ❛♥❞ ❧❡t D =

⊕

q∈QDq ❞❡♥♦t❡ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ r❡❧❛✲
t✐✈❡ t♦ F ✐♥t♦ ✐s♦❝❧✐♥✐❝ ❝♦♠♣♦♥❡♥ts ✭✈✐❛ ❚❤❡♦r❡♠ ❇✳✶✽✮✳ ❚❤❡♥ t❤❡ s✉♠♠❛♥❞s
Dq ❛r❡ ❛❞♠✐ss✐❜❧❡✳

Pr♦♦❢✿ ❇② ▲❡♠♠❛ ✹✳✶✻ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ K✲✜❧t❡r❡❞
✈❡❝t♦r s♣❛❝❡s ❛♥❞ ❜② ▲❡♠♠❛ ✹✳✶✺ ✐t ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (ϕf , N)✲♠♦❞✉❧❡s✳
D ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Qp[ϕ] ⊗Qp[ϕf ] D ✐s ❛❞♠✐ss✐❜❧❡ ❛s K✲✜❧t❡r❡❞
(ϕ,N)✲♠♦❞✉❧❡ ♦✈❡r P0 ❜② ❞❡✜♥✐t✐♦♥✳ ❆♣♣❧② ❚❤❡♦r❡♠ ✹✳✶✽ t♦

Ṽst(Qp[ϕ]⊗Qp[ϕf ] D) ∼=
⊕

q∈Q

Ṽst(Qp[ϕ]⊗Qp[ϕf ] Dq)
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❛♥❞ ♦❜t❛✐♥

h = ❞✐♠QpṼst(Qp[ϕ]⊗Qp[ϕf ] D)

=
∑

q∈Q

❞✐♠QpṼst(Qp[ϕ]⊗Qp[ϕf ] Dq)
︸ ︷︷ ︸

≤❞✐♠P0
(Qp[ϕ]⊗Qp[ϕf ]

Dq)

≤ ❞✐♠P0(Qp[ϕ]⊗Qp[ϕf ] D) = h.

❍❡♥❝❡ ❞✐♠QpṼst(Qp[ϕ]⊗Qp[ϕf ]Dq) = ❞✐♠P0(Qp[ϕ]⊗Qp[ϕf ]Dq) ❢♦r ❛❧❧ q ∈ Q✱ ✐✳❡✳
❛❧❧ t❤❡ Qp[ϕ] ⊗Qp[ϕf ] Dq ❛r❡ ❛❞♠✐ss✐❜❧❡✳ ❚❤❡r❡❢♦r❡ ❛❧❧ t❤❡ Dq ❛r❡ ❛❞♠✐ss✐❜❧❡
✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ K✲✜❧t❡r❡❞ (ϕf , N, F )✲♠♦❞✉❧❡s ♦✈❡r P0✳ �

❋r♦♠ t❤❡ ♣r♦♦❢ ✇❡ ❡①tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✹✳✷✵ ▲❡t V ❜❡ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ ✭♣✲❛❞✐❝✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK

t❤❛t ✐s ❝♦♠✐♥❣ ❢r♦♠ ❛ Qpf ✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ❜② s❝❛❧❛r r❡str✐❝t✐♦♥✳ ❚❤❡♥
D̃st(V ) ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ✐s♦❝❧✐♥✐❝ ❝♦♠♣♦♥❡♥ts ❛❧♦♥❣ F ✐♥ t❤❡ ❝❛t✲
❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡ K✲✜❧t❡r❡❞ (ϕ,N, F )✲♠♦❞✉❧❡s ♦✈❡r P0✳

❘❡♠❛r❦ t❤❛t ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✭❈❉✷✮ ❛♥❞ ✭❈❉✸✮ ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❢✉♥❝t♦rs ❢♦r ❛♥② r ≤ f ✿

❘❡♣pst
Qpr

(GK)

F
��

Dpst,0
// (❛❞♠✳ K/K✲✜❧t✳ (ϕr, N,GK)✲♠♦❞✳ ♦✈❡r Qnr

p )

·⊗Qnr
p

P0

��

❘❡♣pst
Qpr

(WK)
D̃pst,0

// (❛❞♠✳ K/K✲✜❧t✳ (ϕr, N, IK , F )✲♠♦❞✳ ♦✈❡r P0)

✭❈❉✹✮

❈♦r♦❧❧❛r② ✹✳✷✶ ▲❡t V ❜❡ ❛ ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK

t❤❛t ✐s ❝♦♠✐♥❣ ❢r♦♠ ❛ Qpf ✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ❜② s❝❛❧❛r r❡str✐❝t✐♦♥✳ ❚❤❡♥
D̃pst(V ) ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧♦♥❣ F ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡ K/K✲
✜❧t❡r❡❞ (ϕ,N, IK , F )✲♠♦❞✉❧❡s ♦✈❡r P0✳

Pr♦♦❢✿ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡♥ t❤❡ s❛♠❡ ✇❛② ❚❤❡♦r❡♠ ✹✳✶✾ ✇❛s ♣r♦✈❡♥ ✇✐t❤
t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❛♥② u ∈ IK ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❧✐♥❡❛r
♦♣❡r❛t♦r u : D → D ❛♥❞ t❤❡r❡❢♦r❡ ♠✉st r❡s♣❡❝t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧♦♥❣ F
✐♥t♦ ✐s♦❝❧✐♥✐❝ ❝♦♠♣♦♥❡♥ts✳ �

✹✳✹ ●❡♥❡r❛t♦rs ♦❢ ❆❜❡❧✐❛♥ ❚❡♥s♦r ❈❛t❡❣♦r✐❡s

■♥✐t✐❛❧❧② ✇❡ ♥❡❡❞ t♦ ❣✐✈❡ t❤❡ ✇♦r❞ ✧❣❡♥❡r❛t✐♥❣✧ ❛ ♠❡❛♥✐♥❣ ✐♥ ♦✉r ❝♦♥t❡①t✳
❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s ✭❡✈❡♥ ❚❛♥♥❛❦✐❛♥ ❝❛t❡✲
❣♦r✐❡s✮ ♠♦st ♦❢ t❤❡ t✐♠❡✱ ✐t s❡❡♠s r❡❛s♦♥❛❜❧❡ t♦ ❛❞♦♣t t❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥
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♦❢ ❛ t❡♥s♦r ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ❢r♦♠ ❬❉▼✽✷✱ ➓✶✱ ❚❡♥s♦r s✉❜❝❛t❡❣♦r✐❡s❪✳ ◆❡✈❡r✲
t❤❡❧❡ss ✇❡ r❡✜♥❡ t❤❡ ❞❡✜♥✐t✐♦♥ t♦ st❛t❡ t❤❡ r❡s✉❧ts ♠♦r❡ ♣r❡❝✐s❡❧②✳

❉❡✜♥✐t✐♦♥ ✹✳✷✷ ▲❡t C ❜❡ ❛♥ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r②✱ U ❜❡ ❛ str✐❝t❧② ❢✉❧❧
s✉❜❝❛t❡❣♦r② ❛♥❞ (Xi)i∈I ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐♥ C✳ ❲❡ s❛② t❤❛t✿

❼ U ✐s ❛ t❡♥s♦r s✉❜❝❛t❡❣♦r② ✐❢ ✐t ✐s ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ✜♥✐t❡
t❡♥s♦r ♣r♦❞✉❝ts✳

❼ (Xi)i∈I ✐s ❛ t❡♥s♦r ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ♦❢ C ✐❢ ❡✈❡r② ♦❜❥❡❝t ♦❢ C ✐s ✐s♦✲
♠♦r♣❤✐❝ t♦ ❛ s✉❜q✉♦t✐❡♥t ♦❢ P (Xi) ❢♦r s♦♠❡ P ∈ N[(ti)i∈I ]✳ ✭■♥t❡r♣r❡t
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛s ⊗ ❛♥❞ ❛❞❞t✐♦♥ ❛s ⊕✳✮

❼ (Xi)i∈I ✐s ❛ t❡♥s♦r ✐♥t❡❣r❛❧❧② ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ♦❢ C ✐❢ ❡✈❡r② ♦❜❥❡❝t ♦❢ C
✐s ✐s♦♠♦r♣❤✐❝ t♦ P (Xi) ❢♦r s♦♠❡ P ∈ N[(ti)i∈I ]✳

❼ (Xi)i∈I ✐s ❛ t❡♥s♦r r❛t✐♦♥❛❧❧② ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ♦❢ C ✐❢ ❡✈❡r② ♦❜❥❡❝t X
♦❢ C s❛t✐s✜❡s l ·X = X⊕l ∼= P (Xi) ❢♦r s♦♠❡ l ∈ N ❛♥❞ P ∈ N[(ti)i∈I ]✳

❘❡♠❛r❦ ✹✳✷✸ ❈❧❡❛r❧② ❛♥② t❡♥s♦r ✐♥t❡❣r❛❧❧② ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ✐s ❛ t❡♥s♦r r❛✲
t✐♦♥❛❧❧② ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧②✳ ❚❛❦❡ ❛ t❡♥s♦r r❛t✐♦♥❛❧❧② ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② (Xi)i
✐♥ s♦♠❡ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r② C ❛♥❞ ❛♥ ❛r❜✐tr❛r② ♦❜❥❡❝t X✳ ❈♦♥s✐❞❡r ❛
♣r♦❥❡❝t✐♦♥ ♣r : X⊕l ։ X s✉❝❤ t❤❛t X⊕l ∼= P (X1, . . . , Xn) ❢♦r s♦♠❡ ♦❜✲
❥❡❝ts X1, . . . , Xn ✐♥ t❤❡ t❡♥s♦r ✐♥t❡❣r❛❧❧② ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧②✳ ❲❡ ♦❜t❛✐♥ ❛♥
✐s♦♠♦r♣❤✐s♠ X ∼= P (X1, . . . , Xn)/ ker(♣r) ❛♥❞ t❤❡r❡❢♦r❡ (Xi)i ✐s ❛ t❡♥s♦r
❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ✐♥ C✳

✹✳✺ ●❡♥❡r❛t♦rs ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ ❲❡✐❧ ❣r♦✉♣

r❡♣r❡s❡♥t❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ ❢❛♠✐❧② ♦❢ ❲❡✐❧ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s t❤❛t
❝❛♥✬t ❜❡ ❧✐❢t❡❞ t♦ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s✳ ▲❛t❡r ♦♥ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s
❢❛♠✐❧② ❛♥❞ t❤❡ ❢❛♠✐❧② ♦❢ ●❛❧♦✐s ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❛ t❡♥s♦r r❛t✐♦♥❛❧❧②
❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧② ♦❢ t❤❡ ❝❛t❡❣♦r② ❘❡♣st(WK)✳

▲❡t r ∈ N ❛♥❞ Kr/K ❜❡ t❤❡ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ ❞❡❣r❡❡ r ❛♥❞ s❡t

σKr := σr
K .
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❘❡♠❛r❦ ✹✳✷✹ ❈♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ Qp(| · |Kr) ♦❢
WKr ❣✐✈❡♥ ✐♥ ❊①❛♠♣❧❡ ✶✳✸✳ ❲❡ r❡❝❛❧❧ t❤❛t IKr ❛❝ts tr✐✈✐❛❧❧② ♦♥ Qp(| · |Kr)✳
❚❤❡♥ t❤❡ ✐♥❞✉❝t✐♦♥ ■♥❞WK

WKr
(Qp(| · |Kr) ✐s ❝r②st❛❧❧✐♥❡ s✐♥❝❡

(B❝r②s ⊗Qp (■♥❞
WK

WKr
(Qp(| · |Kr)))

IK = (B❝r②s ⊗Qp (
r−1⊕

i=0

σi
K ∗Qp(| · |Kr))

IK

= P0 ⊗Qp (
r−1⊕

i=0

σi
K ∗Qp(| · |Kr))

∼= S 1
r
,

✇❤❡r❡ S 1
r
❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ✐s♦❝r②st❛❧ ♦✈❡r P0 ✇✐t❤ r❡s♣❡❝t t♦ F ✭❝♦♠♣❛r❡

❉❡✜♥✐t✐♦♥ ❇✳✷✵✮✳ ❚❤✐s ❥✉st✐✜❡s t♦ ❞❡✜♥❡

V 1
r
:= ■♥❞WK

WKr
(Qp(| · |Kr)) ❛♥❞ V− 1

r
:= ■♥❞WK

WKr
(Qp(| · |Kr)

−1)

❢♦r r ∈ N✱ ✇❤❡r❡ Qp(| · |Kr)
−1 ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥

WKr ։ W ab
Kr

rKr−−→ Kr
× |·|Kr−−→ pZ ⊆ Q×

p
x 7→x−1

−−−−→ Q×
p .

❲❛r♥✐♥❣✿ ❚❤❡ ✐♥❞✉❝t✐♦♥ ♦❢ ❛ ✭❧♦❣✲✮❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐❧❧ ♥♦t ❜❡
✭❧♦❣✲✮❝r②st❛❧❧✐♥❡ ✐♥ ❣❡♥❡r❛❧✳

◆♦✇ ✇❡ ❝❛♥ st❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✹✳✷✺ ❘❡♣st(WK) ✭r❡s♣✳ ❘❡♣❝r②s(WK)✮ ✐s r❛t✐♦♥❛❧❧② ❣❡♥❡r❛t❡❞ ❛s
❛♥ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r② ❜② ❘❡♣st(GK) ✭r❡s♣✳ ❘❡♣

❝r②s(GK)✮ ❛♥❞ t❤❡ ❢❛♠✐❧②
{V 1

r
}r∈Z\{0}✳

Pr♦♦❢✿ ▲❡t V ❜❡ ❛ ✭♣✲❛❞✐❝✮ ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ✳ ❲✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t V ✐s ❝♦♠✐♥❣ ❢r♦♠ ❛ ❧♦❣✲❝r②st❛❧❧✐♥❡ Qpf ✲
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ WK ❜② ❝♦♥s✐❞❡r✐♥❣ Qpf ⊗Qp V

∼= V ⊕f ✐♥st❡❛❞ ♦❢ V ✳ ❯s❡
❈♦r♦❧❧❛r② ✹✳✷✵ t♦ ❞❡❝♦♠♣♦s❡

D := D̃st(V ) =
n⊕

i=1

D ri
si

s✉❝❤ t❤❛t D ri
si

✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡ si
ri
✭r❡❞✉❝❡❞ ❢r❛❝t✐♦♥ s✉❝❤ t❤❛t ri ≥ 1✮ ✇✐t❤

r❡s♣❡❝t ♦❢ F ✳ ❚❤❡♥
D̃i := D si

ri

⊗ S ri−si
ri

⊗ S−1
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✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡ 0 ✭✇✐t❤ r❡s♣❡❝t t♦ F ✮ ❜② ▲❡♠♠❛ ❇✳✷✶✳ ❇② ❚❤❡♦r❡♠ ✹✳✼
D̃i ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦❜❥❡❝t ♦❢ ❘❡♣st(GK)✳ ▼✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ S si−ri

ri

❛♥❞ r❡❛rr❛♥❣❡ t♦ ♦❜t❛✐♥

S si−ri
ri

⊗ S1 ⊗ D̃i
∼= D si

ri

⊗ S 0

r2
i

︸︷︷︸

∼=P
r2
i

0

∼= D
⊕r2i
si
ri

.

■❢ ri = si ❤♦❧❞s ✇❡ ❛r❡ ❞♦♥❡✳ ■♥ t❤❡ ❝❛s❡ t❤❛t si > ri ❤♦❧❞s✱ t❛❦❡ t❤❡ r
si−ri−1
i ✲

❢♦❧❞ s✉♠ ♦♥ ❜♦t❤ s✐❞❡s✳ ❇② ❈♦r♦❧❧❛r② ❇✳✷✸ t❤✐s ❧❡❛❞s t♦

S
⊗(si−ri)
1
ri

⊗ S1 ⊗ D̃i
∼= D

⊕r
si−ri+1
i

si
ri

.

■❢ si < ri ❤♦❧❞s✱ t❛❦❡ t❤❡ r
ri−si−1
i ✲❢♦❧❞ s✉♠ ♦♥ ❜♦t❤ s✐❞❡s ❛♥❞ r❡❝❡✐✈❡

S
⊗(ri−si)

− 1
ri

⊗ S1 ⊗ D̃i
∼= D

⊕r
ri−si+1
i

si
ri

.

❙❡t l :=
∏n

i=1 r
±(si−ri)+1
i ✭✇❤❡r❡ ± ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡ s✐❣♥ ❢r♦♠ ❛❜♦✈❡ ❞❡✲

♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥❞❡① i✮ ❛♥❞ s❡❡ t❤❛t

D⊕l ∼=

n⊕

i=1

(S
⊗±(si−ri)

± 1
ri

⊗ S1 ⊗ D̃i)
⊕l/r

±(si−ri)+1
i .

❚r❛♥s❧❛t✐♥❣ ❡✈❡r②t❤✐♥❣ ❜❛❝❦ t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ❣✐✈❡s t❤❡ r❡✲
s✉❧t✳ ❚❤❡ s❛♠❡ ♣r♦♦❢ ✇♦r❦s ❢♦r t❤❡ ❝r②st❛❧❧✐♥❡ ❝❛s❡ s✐♥❝❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s
V 1

r
❛r❡ ❝r②st❛❧❧✐♥❡ ❢♦r ❛❧❧ r ∈ Z \ {0} ❜② ❘❡♠❛r❦ ✹✳✷✹✳ �

❲❡ ♦❜t❛✐♥ t❤❡ ❛♥❛❧♦❣♦✉s r❡s✉❧t ❢♦r ♣♦t❡♥t✐❛❧❧② ❧♦❣✲❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛✲
t✐♦♥s✳

❈♦r♦❧❧❛r② ✹✳✷✻ ❘❡♣pst(WK) ✐s r❛t✐♦♥❛❧❧② ❣❡♥❡r❛t❡❞ ❛s ❛♥ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t✲
❡❣♦r② ❜② ❘❡♣pst(GK) ❛♥❞ t❤❡ ❢❛♠✐❧② {V 1

r
}r∈Z\{0}✳

Pr♦♦❢✿ ❋♦❧❧♦✇ t❤❡ ♣r♦♦❢ ❛❜♦✈❡ ❛♥❞ ✉s❡ ❈♦r♦❧❧❛r② ✹✳✶✶ ❛s ✇❡❧❧ ❛s ❈♦r♦❧❧❛r②
✹✳✷✶ ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣❧❛❝❡s✳ �

❊①❛♠♣❧❡ ✹✳✷✼ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛t❡❣♦r✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

❘❡♣st(WK/IK) ∼ ❘❡♣(WK/IK) ∼ ❘❡♣(Z)

✭❛❧❧ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✈❡❝t♦r s♣❛❝❡s ♦✈❡r Qp✮✳ ❈♦♥s✐❞❡r

ρ : Z→ ●▲(V ) ∼= ●▲2(Qp)
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❣✐✈❡♥ ❜② 1 = σK 7→

(
1 p
0 1

)

❛s ❛♥ ♦❜❥❡❝t ♦❢ t❤♦s❡ ❝❛t❡❣♦r✐❡s✳ ❚❤❡♥ V ✐s

♥❡✐t❤❡r ❞❡❝♦♠♣♦s❛❜❧❡ ♥♦r ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ❧✐❢ts t♦ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Ẑ s✐♥❝❡
ρ(1) ∈ ●▲2(Zp)✳ ❚❤❡♥ D := D̃st(V ) = P0e1+P0e2 ✇✐t❤ F (e1) = e1+pe2 ❛♥❞
F (e2) = e2✳ ❇② ❚❤❡♦r❡♠ ❇✳✷✷ D ❞❡❝♦♠♣♦s❡s ❛s ❛♥ F ✲♠♦❞✉❧❡ ✐♥t♦ st❛♥❞❛r❞
✐s♦❝r②st❛❧s✳ ❚❤❡r❡❢♦r❡ ✇❡ ✜♥❞ 0 6= a, b, λ ∈ P0 s✉❝❤ t❤❛t

F (ae1 + be2) = λ(ae1 + be2).

❍❡♥❝❡ λ = σK(a)
a

❛♥❞ σK(b) = λb− σK(a) · p✳ ❖♥❡ ♠✐❣❤t ♥♦✇ t❤✐♥❦ t❤❛t D ✐s
❞❡❝♦♠♣♦s❛❜❧❡ ✇❤✐❝❤ ✐s ❢❛❧s❡✿

ϕ(ae1 + be2) = σK(a)e1 + σK(b)e2 = σK(a)e1 + (λb− σK(a)p)e2

✐♠♣❧✐❡s ✭❜② ❛ss✉♠✐♥❣ ❞❡❝♦♠♣♦s❛❜✐❧t②✮ t❤❛t t❤❡r❡ ❡①✐sts µ ∈ P0 s✉❝❤ t❤❛t

σK(a)e1 + σK(b)e2 = σK(a)e1 + (λb− σK(a) · p)e2 = µae1 + µbe2

❛♥❞ t❤❡r❡❢♦r❡ µ = σ(a)
a

= λ ❛♥❞ ❤❡♥❝❡ σK(a) · p = λb − µb = 0 ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts a 6= 0✳ ■♥ ♣❛rt✐❝✉❧❛r ϕ ❞♦❡s ♥♦t r❡s♣❡❝t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧♦♥❣
F ✐♥t♦ st❛♥❞❛r❞ ✐s♦❝r②st❛❧s✳ ◆❡✈❡rt❤❡❧❡ss ✐t ❛❧✇❛②s r❡s♣❡❝ts t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ ✐s♦❝❧✐♥✐❝ ❝♦♠♣♦♥❡♥ts✳
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❈❤❛♣t❡r ✺

(ϕ,Γ, F )✲▼♦❞✉❧❡s

■♥s♣✐r❡❞ ❜② t❤❡ r❡s✉❧ts ✐♥ t❤❡ ❝❛s❡ ♦❢ ✭♣♦t❡♥t✐❛❧❧② ❧♦❣✲✮❝r②st❛❧❧✐♥❡ r❡♣r❡s❡♥t❛✲
t✐♦♥s ✇❡ tr② t♦ ♦❜t❛✐♥ s✐♠✐❧❛r r❡s✉❧ts ❢♦r ❣❡♥❡r❛❧ ✭p✲❛❞✐❝✮ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❆s
✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r t❤✐s ❛♣♣r♦❛❝❤ ✉♥❢♦rt✉♥❛t❡❧② ✐s ♦♥❧② s✉❝❝❡ss❢✉❧ t♦ ❛ ❧✐♠✐t❡❞
✭❛♥❞ ♠✐♥♦r✮ ❡①t❡♥❞✳

◆♦t❛t✐♦♥s✿ ❲❡ ❛❞♦♣t t❤❡ ♥♦t❛t✐♦♥s ❢r♦♠ ❬❙❝❤✶✼❪ ❛♥❞ ❬❇❈✵✾❪ ❛s ❢♦❧❧♦✇s✿

❼ E+
K ❞❡♥♦t❡s t❤❡ ✐♠❛❣❡ ♦❢ k[[X]] ✐♥ OK♭

∞
✈✐❛X 7→ ̟ ✭❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

̟✱ s❡❡ ❬❙❝❤✶✼✱ ▲❡♠♠❛ ✶✳✹✳✶✹ ❛♥❞ ❜❡❧♦✇❪✮✱ ✇❤✐❝❤ ✐s ❛ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡
✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ r❡s✐❞✉❡ ✜❡❧❞ k ❛♥❞ ❢r❛❝t✐♦♥ ✜❡❧❞ EK ✐s♦♠♦r♣❤✐❝ t♦
k((X))✳

❼ Esep
K ❞❡♥♦t❡s t❤❡ s❡♣❛r❛❜❧❡ ❝❧♦s✉r❡ ♦❢ EK ✐♥ C♭

p✳

❼ AK ❞❡♥♦t❡s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣

{
∑

i∈Z

aiX
i | ai ∈ W (k) ❛♥❞ lim

i→−∞
ai = 0}

✇✐t❤ r❡s✐❞✉❡ ✜❡❧❞ k((X)) ✐♥W (EK) ✈✐❛ ❛ ❧✐❢t ♦❢ t❤❡ ✐s♦♠♦r♣❤✐s♠ k((X)) ∼=
EK ✭s❡❡ ❬❙❝❤✶✼✱ ❙❡❝t✐♦♥ ✷✳✶❪✮✳ ❚❤❡r❡❢♦r❡ AK ✐s ❛ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡ ✈❛❧✲
✉❛t✐♦♥ r✐♥❣ ✇✐t❤ r❡s✐❞✉❡ ✜❡❧❞ EK ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐ts ❢r❛❝t✐♦♥ ✜❡❧❞ ❜②
BK ✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦

{
∑

i∈Z

aiX
i | {ai}i∈Z ⊆ W (k)[

1

p
] ❜♦✉♥❞❡❞ ❛♥❞ lim

i→−∞
ai = 0}.

AK ✐s ❛ ❈♦❤❡♥ r✐♥❣ ♦❢ EK ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬●❉✻✹✱ ❚❤é♦rè♠❡ ✶✾✳✽✳✻✳❪✳

✻✾



✼✵ ❈❍❆P❚❊❘ ✺✳ (ϕ,Γ, F )✲▼❖❉❯▲❊❙

❼ Anr
K ❞❡♥♦t❡s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ ✉♥r❛♠✐✜❡❞ r✐♥❣ ❡①t❡♥s✐♦♥s ♦❢ AK ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ EK ✳ A
nr
K ❡♠❜❡❞s ✐♥t♦ W (Esep

K ) ❛♥❞ t❤❡ GK✲
❛❝t✐♦♥ ♦♥ W (Esep

K ) ♣r❡s❡r✈❡s Anr
K ✭s❡❡ ❞✐s❝✉ss✐♦♥ ❜❡❢♦r❡ ❬❙❝❤✶✼✱ ❘❡♠❛r❦

✸✳✶✳✹✳❪✮✳

❼ Bnr
K t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ Anr

K ✳ Bnr
K ❡♠❜❡❞s ✐♥t♦ W (Esep

K )[1
p
] ❛♥❞ t❤❡ GK✲

❛❝t✐♦♥ ♦♥ W (Esep
K )[1

p
] ♣r❡s❡r✈❡s Bnr

K ✳

❼ A ❞❡♥♦t❡s t❤❡ p✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ Anr
K ✳ A ✐s ❛ ❝♦♠♣❧❡t❡ ❞✐s❝r❡t❡ ✈❛❧✲

✉❛t✐♦♥ r✐♥❣ ✇✐t❤ ♣r✐♠❡ ❡❧❡♠❡♥t p ❛♥❞ r❡s✐❞✉❡ ✜❡❧❞ Esep
K ✳ A ❡♠❜❡❞s

✐♥t♦ W (Esep
K ) ❛♥❞ t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ σ ❛s ✇❡❧❧ ❛s t❤❡ GK✲❛❝t✐♦♥ ♦♥

W (Esep
K ) ♣r❡s❡r✈❡ A✳ ❋✉rt❤❡r♠♦r❡ A●❛❧(Esep

K /EK) = AK ✭s❡❡ ❬❙❝❤✶✼✱
▲❡♠♠❛ ✸✳✶✳✻✳❪✮✳

❼ B ❞❡♥♦t❡s t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ A✳ ❋r♦♠ t❤❡ ♣♦✐♥t ❛❜♦✈❡ ✇❡ s❡❡ t❤❛t
Bσ=✐❞ = Qp ❛s ✇❡❧❧ ❛s BHK = BK ✳

◆♦t❡ t❤❛t ✇❡ s❧✐❣❤t❧② ❞✐✛❡r ❢r♦♠ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ❬❙❝❤✶✼❪ ❤❡r❡✳ ■♥ ❙❝❤♥❡✐✲
❞❡r✬s ♥♦t❛t✐♦♥ t❤❡ r✐♥❣ AK ❛❜♦✈❡ ✐s t❤❡ r✐♥❣ AW (k)[ 1

p
]✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡❝t✐♦♥s ✇✐❧❧ s❡❡♠ r❡❞✉♥❞❛♥t s✐♥❝❡ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥
t❤❛t ♠♦❞✲p✲r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GK ❛♥❞ WK ❝♦✐♥❝✐❞❡ ❬❈♦r♦❧❧❛r② ✶✳✼❪✳ ❆♥②✇❛②
✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❜❛s✐❝ ❝❛❧❝✉❧❛t✐♦♥s ❧❛t❡r ♦♥✳ ■♥ ❛❞❞✐t✐♦♥ t❤✐s s❡❝t✐♦♥ s❤♦✉❧❞
s❡r✈❡ ❛s ❛ r❡❛❧✐t② ❝❤❡❝❦ t♦ s❡❡ t❤❛t ♦✉r r❛t❤❡r ❛❜str❛❝t ❛r❣✉♠❡♥ts ✇♦r❦ ♦✉t
❝♦rr❡❝t❧② ✐♥ ❛ ❝♦♥❝r❡t❡ s✐t✉❛t✐♦♥✳

✺✳✶ (ϕ, F )✲▼♦❞✉❧❡s ❛♥❞ ▼♦❞✲p✲❘❡♣r❡s❡♥t❛t✐♦♥s

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜❜r❡✈✐❛t✐♦♥✿

ẼK := EKnr := (Esep
K )IEK ∼= Fp((X)).

❉❡✜♥✐t✐♦♥ ✺✳✶ ❆ ϕ✲♠♦❞✉❧❡ D ✭s❡♠✐❧✐♥❡❛r ✇✳r✳t✳ σ✮ ♦✈❡r EK ✭r❡s♣✳ ẼK✮ ✐s
❝❛❧❧❡❞ ❡t❛❧❡ ✐❢ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥

σ∗(D)→ D ❣✐✈❡♥ ❜② λ⊗ d 7→ λϕ(d)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❘❡❝❛❧❧ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s ✐♥✐t✐❛❧❧② ❡st❛❜❧✐s❤❡❞ ❜②
❋♦♥t❛✐♥❡ ❬❇❈✵✾✱ ❚❤❡♦✳ ✸✳✶✳✽✳❪✿



✺✳✶✳ (ϕ, F )✲▼❖❉❯▲❊❙ ❆◆❉ ▼❖❉✲P ✲❘❊P❘❊❙❊◆❚❆❚■❖◆❙ ✼✶

❚❤❡♦r❡♠ ✺✳✷ ❚❤❡r❡ ❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s ❣✐✈❡♥ ❜②

D♠♦❞ : ❘❡♣Fp
(GEK

) ⇋ (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r EK) : V♠♦❞

V 7→ (Esep
K ⊗Fp V )GEK

(Esep
K ⊗EK

D)ϕ=✐❞ ←[ D

❛♥❞
D̃♠♦❞ : ❘❡♣Fp

(IEK
) ⇋ (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r ẼK) : Ṽ♠♦❞

V 7→ (Esep
K ⊗Fp V )IEK

(Esep
K ⊗ẼK

D)ϕ=✐❞ ←[ D.

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛r✐s♦♥ ✐s♦♠♦r♣❤✐s♠s

αV : Esep
K ⊗EK

D♠♦❞(V ) ∼= Esep
K ⊗Fp V, ✭✺✳✶✮

∑

i,j

bi ⊗ bj ⊗ dj 7→
∑

i,j

(bi · bj)⊗ dj

βD : Esep
K ⊗Fp V♠♦❞(D) ∼= Esep

K ⊗EK
D, ✭✺✳✷✮

∑

i,j

bi ⊗ bj ⊗ vj 7→
∑

i,j

(bi · bj)⊗ vj

✐♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞

α̃V : Esep
K ⊗ẼK

D̃♠♦❞(V ) ∼= Esep
K ⊗Fp V, ✭✺✳✸✮

β̃D : Esep
K ⊗Fp Ṽ♠♦❞(D) ∼= Esep

K ⊗ẼK
D ✭✺✳✹✮

✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✇✐t❤ ♠❛♣s ✐♥ t❤❡ s❛♠❡ ✢❛✈♦r ❛s ✐♥ t❤❡ ✜rst ❝❛s❡✳ ❚❤❡s❡
r❡str✐❝t t♦ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s V♠♦❞ ◦ D♠♦❞

∼= ✐❞ ✭r❡s♣✳ Ṽ♠♦❞ ◦ D̃♠♦❞
∼= ✐❞✮

❛♥❞ D♠♦❞ ◦ V♠♦❞
∼= ✐❞ ✭r❡s♣✳ D̃♠♦❞ ◦ Ṽ♠♦❞

∼= ✐❞✮✳

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❢✉♥❝t♦rs✿

❘❡♣Fp
(GEK

)

F

��

D♠♦❞ // (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r EK)

ẼK⊗EK
·

��

❘❡♣Fp
(IEK

)
D̃♠♦❞ // (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r ẼK).

✭❈❉✺✮

✭❚❤❡ ϕ✲♠♦❞✉❧❡ str✉❝t✉r❡ ♦♥ t❤❡ s❝❛❧❛r ❡①t❡♥s✐♦♥ ẼK ⊗EK
D ✐s ❣✐✈❡♥ ❜②

ϕ(λ⊗ d) := σ(λ)⊗ ϕ(d)



✼✷ ❈❍❆P❚❊❘ ✺✳ (ϕ,Γ, F )✲▼❖❉❯▲❊❙

❢♦r λ ∈ ẼK ❛♥❞ d ∈ D✳✮

◆♦✇ t❛❦❡ V ∈ ❘❡♣Fp
(WEK

) ❛♥❞ ❞❡♥♦t❡ D := (Esep
K ⊗Fp V )IEK ✳ ❲❡ ✜①

❛♥ ❡❧❡♠❡♥t σK ∈ GEK
s✉❝❤ t❤❛t degEK

(σK) = 1 ❛♥❞ ♦❜t❛✐♥ ❛ σK✲s❡♠✐❧✐♥❡❛r
❜✐❥❡❝t✐✈❡ ♠❛♣ ❜②

FV : D → D,
∑

i

λi ⊗ vi 7→
∑

i

σK(λi)⊗ σK .vi.

✭❚❤✐s ♠❛♣ ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ IEK
✐s ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ♦❢ GEK

✳✮ ϕ ✐s
t❤❡ p✲t❤ ♣♦✇❡r ♠❛♣ ♦♥ ẼK ❛♥❞ σK ✐s ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠✱ t❤❡r❡❢♦r❡ t❤❡②
❝♦♠♠✉t❡ ♦♥ ẼK ✳ ❚❤✐s ✐♠♣❧✐❡s

FV ◦ ϕ = ϕ ◦ FV

❛♥❞ ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✺✳✸ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ, F )✲♠♦❞✉❧❡s ♦✈❡r ẼK ❛s
❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡ ♦✈❡r ẼK

❛♥❞ F : D → D ✐s ❛ ❜✐❥❡❝t✐✈❡ σf ✲s❡♠✐❧✐♥❡❛r ♠❛♣ t❤❛t ❝♦♠♠✉t❡s ✇✐t❤
ϕ✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1, F1) → (D2, F2) ❝♦♥s✐sts ♦❢ ❛ ♠♦r♣❤✐s♠ f : D1 →
D2 ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡s s✉❝❤ t❤❛t f ◦ F1 = F2 ◦ f ❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥ ✶✳✹ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ ❛①✐♦♠s✳
❚❤❡ s❡t✉♣ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

B = Esep
K , E = Fp, G = GEK

, I = IEK
= GẼK

❛♥❞ ς = σK .

❚❛❦❡ t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r

(❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r ẼK)→ (ϕ✲♠♦❞✉❧❡s ♦✈❡r EK)

❢♦r T ✭t❤✐s ❢✉♥❝t♦r ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧✮✱ ❝♦♥s✐❞❡r t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦♣r❤✐s♠s ✐♥ ✭✺✳✸✮
❛♥❞ ✭✺✳✹✮ ❢♦r α̃• ❛♥❞ β̃•✳ ■♥s❡rt t❤❡ tr✐✈✐❛❧ ✭✐❞❡♥t✐t②✮ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s
❢♦r η• ❛♥❞ ξ•✳ ❚❤❡♥ ❆①✐♦♠ ✶✳✶ ✐s s❛t✐s✜❡❞ ❜② ❚❤❡♦r❡♠ ✺✳✷✳

▲❡t (D,ϕ) ❜❡ ❛♥ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡ ♦✈❡r ẼK ✳ ❯s✐♥❣ t❤❡ ❢✉♥❝t♦r✐❛❧✐t② ♦❢ σ∗
K

♦♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ σ∗(D) ∼= D ✇❡ ❣❡t

σ∗(σ∗
K(D)) ∼= σ∗

K(σ
∗(D)) ∼= σ∗

K(D)
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❜② ▲❡♠♠❛ ✶✳✶✷✱ ✐✳❡✳ σ∗
K(D) ✐s ❛♥ ❡t❛❧❡ σ∗

K(ϕ)✲♠♦❞✉❧❡✳ ❍❡♥❝❡✱ t❤❡ ❢✉♥❝t♦r
σ∗
K ❡①t❡♥❞s t♦ ❛ s❡❧❢✲❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r ẼK ✱

✐✳❡✳ ❆①✐♦♠ ✶✳✷ ✐s s❛t✐s✜❡❞✳ ❆①✐♦♠ ✶✳✸ ❤♦❧❞s s✐♥❝❡ T ✐s ❛ ❢✉❧❧② ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r✳
❘❡♠❛r❦ ✶✳✶✹ ✭r❡s♣✳ ❘❡♠❛r❦ ✶✳✶✺✮ s❤♦✇s t❤❛t ❆①✐♦♠ ✶✳✹ ✭r❡s♣✳ ❆①✐♦♠ ✶✳✺✮
✐s s❛t✐s✜❡❞✳

❋r♦♠ ❚❤❡♦r❡♠ ✶✳✶✼ ♦♥❡ r❡❝❡✐✈❡s✿

❚❤❡♦r❡♠ ✺✳✹ ❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s

D̃♠♦❞ : ❘❡♣Fp
(WEK

) ⇋ (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r ẼK) : Ṽ♠♦❞

❣✐✈❡♥ ❜②
V 7→ (Esep

K ⊗Fp V )IEK

(Esep
K ⊗ẼK

D)ϕ=✐❞ ←[ D.

✺✳✷ (ϕ,Γ, F )✲▼♦❞✉❧❡s ❛♥❞▼♦❞✲p❘❡♣r❡s❡♥t❛t✐♦♥s

◆♦✇ ✇❡ ✇❛♥t t♦ tr❛♥s✐t✐♦♥ t♦ ♠♦❞✲p r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WK ✳ ❚❤✐s ❝❛♥ ❜❡
r❡❛❧✐③❡❞✱ ❧♦♦s❡❧② s♣❡❛❦✐♥❣✱ ❜② ✧❛❞❞✐♥❣✧ t❤❡ ❛❝t✐♦♥ ♦❢

Γ := ΓK := IK/H̃K = ●❛❧(K∞K
nr/Knr) ∼= ●❛❧(K∞/K)

♦♥ ❜♦t❤ s✐❞❡s✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜❜r❡✈✐❛t✐♦♥s✿

HK := ●❛❧(Qp/K∞) ❛♥❞ H̃K := ●❛❧(Qp/K
nrK∞).

❇② t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤❡ t❤❡♦r② ♦❢ ♥♦r♠ ✜❡❧❞s ❬❇❈✵✾✱ ❚❤❡♦r❡♠ ✶✸✳✹✳✸✳❪
✇❡ ❤❛✈❡

HK
∼= ●❛❧(Esep

K /EK) ❛♥❞ H̃K
∼= ●❛❧(Esep

K /ẼK) ✭✺✳✺✮

❛s t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✳ ❍❡♥❝❡ ✇❡ ♠❛② ✐♥t❡r♣r❡t t❤❡ ❡❧❡♠❡♥t σK ❢r♦♠ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛s ❛♥ ❡❧❡♠❡♥t σK ∈ HK s✉❝❤ t❤❛t degK∞

(σK) = 1✳

▲❡♠♠❛ ✺✳✺ ▲❡t T/K ❜❡ ❛ ●❛❧♦✐s ❡①t❡♥s✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ K✳

❼ WK/WT →֒ ●❛❧(T/K) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ ❝♦♥t✐♥✉♦✉s ❞❡♥s❡ ❣r♦✉♣ ❤♦♠♦✲
♠♦r♣❤✐s♠✳

❼ WK/WT
∼= ●❛❧(T/K) ✐❢ T/K ✐s t♦t❛❧❧② r❛♠✐✜❡❞✳
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Pr♦♦❢✿ ❈♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

1 //WT
⊆

//

⊆

��

WK

⊆

��

//WK/WT

ι

��

// 1

1 // GT
⊆

// GK
// ●❛❧(T/K) // 1

✇✐t❤ ❡①❛❝t r♦✇s ❛♥❞ r❡♠❛r❦ t❤❛t t❤❡ ❧❡❢t sq✉❛r❡ ✐s ❝❛rt❡s✐❛♥✱ ✐✳❡✳ WT =
GT ∩WK ✳ ❇② ❛♥ ❡❧❡♠❡♥t❛r② ❞✐❛❣r❛♠ ❝❤❛s❡ t❤❡ ❞♦tt❡❞ ❛rr♦✇ ι ❡①✐sts ❛♥❞
❤❛s ❞❡♥s❡ ✐♠❛❣❡ s✐♥❝❡ t❤❡ ♠✐❞❞❧❡ ✈❡rt✐❝❛❧ ❛rr♦✇ ❤❛s ❞❡♥s❡ ✐♠❛❣❡✳ ■❢ T/K ✐s
t♦t❛❧❧② r❛♠✐✜❡❞ ✇❡ ❤❛✈❡ IK/IT = ●❛❧(T ·Knr/Knr) = ●❛❧(T/K)✳ ❈♦♥s✐❞❡r
t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

1 // IT
⊆

//

⊆

��

IK

⊆

��

// ●❛❧(T/K)

η

��

// 1

1 //WT
⊆

//WK
//WK/WT

// 1

✇✐t❤ ❡①❛❝t r♦✇s✳ ❆❣❛✐♥ t❤❡ ❧❡❢t sq✉❛r❡ ✐s ❝❛rt❡s✐❛♥ ❛♥❞ ❤❡♥❝❡ η ❡①✐sts✳ ι ❛♥❞
η ❛r❡ ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r✳ �

◆♦✇ t❛❦❡ V ∈ ❘❡♣Fp
(WK) ❛♥❞ ❞❡♥♦t❡ D := (Esep

K ⊗Fp V )H̃K ✳ ❈♦♥s✐❞❡r
t❤❡ σK✲s❡♠✐❧✐♥❡❛r ❜✐❥❡❝t✐✈❡ ♠❛♣ ❣✐✈❡♥ ❜②

FV : D → D,
∑

i

λi ⊗ vi 7→
∑

i

σK(λi)⊗ σK .vi

❛❣❛✐♥✳ ❲❡ ❝❤❡❝❦ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ Γ✳ Γ ❛❝ts ♦♥ D ✈✐❛ t❤❡
r❡s✐❞✉❛❧ ❛❝t✐♦♥ ♦❢ IK ♦♥ Esep

K ⊗Fp V ❛❢t❡r t❛❦✐♥❣ H̃K✲✐♥✈❛r✐❛♥ts✳ ❋♦r u ∈ IK
❛♥❞ d =

∑
λi ⊗ vi ∈ D ✇❡ ❤❛✈❡

FV (u.d) =
∑

i

(σK ◦ u)(λi)⊗ (σK ◦ u).vi

= (σK ◦ u ◦ σ
−1
K ◦ u

−1).(u.FV (d)).

❇✉t σK ◦ u ◦ σ
−1
K ◦ u

−1 ∈ H̃K ❛♥❞ t❤❡r❡❢♦r❡

FV (γ.d) = γ.FV (d)

❢♦r ❛❧❧ γ ∈ Γ ❛♥❞ d ∈ D✳ ϕ ✐s t❤❡ p✲t❤ ♣♦✇❡r ♠❛♣ ♦♥ ẼK ❛♥❞ σK ✐s ❛ r✐♥❣
❤♦♠♦♠♦r♣❤✐s♠✱ t❤❡r❡❢♦r❡ t❤❡② ❝♦♠♠✉t❡ ♦♥ ẼK ✳ ❚❤✐s ✐♠♣❧✐❡s

FV ◦ ϕ = ϕ ◦ FV .

❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳
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❉❡✜♥✐t✐♦♥ ✺✳✻ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ,Γ, F )✲♠♦❞✉❧❡s ♦✈❡r ẼK

❛s ❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡ ♦✈❡r
ẼK ❛♥❞ F : D → D ✐s ❛ ❜✐❥❡❝t✐✈❡ σK✲s❡♠✐❧✐♥❡❛r ♠❛♣ t❤❛t ❝♦♠♠✉t❡s
✇✐t❤ ϕ ❛♥❞ t❤❡ ❛❝t✐♦♥ ♦❢ Γ✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1, F1) → (D2, F2) ❝♦♥s✐sts ♦❢ ❛ ♠♦r♣❤✐s♠ f : D1 →
D2 ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡s s✉❝❤ t❤❛t f ◦ F1 = F2 ◦ f
❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❋r♦♠ ❚❤❡♦r❡♠ ✺✳✹ ♦♥❡ r❡❝❡✐✈❡s✿

❚❤❡♦r❡♠ ✺✳✼ ❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s

D̃♠♦❞ : ❘❡♣Fp
(WK) ⇋ (❡t❛❧❡ (ϕ,Γ, F )✲♠♦❞✉❧❡s ♦✈❡r ẼK) : Ṽ♠♦❞

❣✐✈❡♥ ❜②
V 7→ (Esep

K ⊗Fp V )H̃K

(Esep
K ⊗ẼK

D)ϕ=✐❞ ←[ D.

Pr♦♦❢✿ ❉❡♥♦t❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥

WK ։ WK/H̃K
∼= WK/IK∞

∼= Γ× Z

❜② g 7→ (γg, zg) ❢♦r ❛❧❧ g ∈ WK ✳ ❚❛❦❡ ❛ ♠♦❞✉❧❡ (D,F ) ❢r♦♠ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ❛♥❞ ❞❡✜♥❡ t❤❡ ♠❛♣

WK × Ṽ♠♦❞(D)→ Ṽ♠♦❞(D), (g, v) 7→ g.v :=
∑

i

g.bi ⊗ γg.F
zg(di)

❢♦r v =
∑

i

bi ⊗ di ∈ Ṽ♠♦❞(D) ❛♥❞ g ∈ WK ✳ ❚❤✐s ♠❛♣ ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡

ϕ(g.v) = ϕ(
∑

i

g.bi ⊗ γg.F
zg(di))

=
∑

i

ϕ(g.bi)⊗ ϕ(γg.F
zg(di))

=
∑

i

g.ϕ(bi)⊗ γg.(ϕ ◦ F
zg)(di)

=
∑

i

g.ϕ(bi)⊗ γg.F
zg(ϕ(di))

= g.v
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❤♦❧❞s ❢♦r ❛❧❧ g ∈ WK ❛♥❞ v =
∑

i

bi ⊗ di ∈ Ṽ♠♦❞(D)✳ ❋✉rt❤❡r♠♦r❡ t❤✐s ❞❡✜♥❡s

❛ ❣r♦✉♣ ❛❝t✐♦♥ s✐♥❝❡

(gh).v =
∑

i

(gh).bi ⊗ γgh.F
zgh(di)

=
∑

i

g(h.bi)⊗ (γgγh).F
zg+zh(di)

=
∑

i

g(h.bi)⊗ γg.F
zg(γh.F

zh(di))

= g.(h.v)

❤♦❧❞s ❢♦r ❛❧❧ g, h ∈ WK ❛♥❞ v =
∑

i

bi ⊗ di ∈ Ṽ♠♦❞(D)✳ ■t r❡♠❛✐♥s t♦ ❝❤❡❝❦

t❤❛t t❤❡ ♠❛♣✱ t❤❛t ❞❡✜♥❡s t❤❡ WK✲❛❝t✐♦♥✱ ✐s ❝♦♥t✐♥✉♦✉s✳ ❇② ❛ss✉♠♣t✐♦♥ ✐ts
r❡str✐❝t✐♦♥ t♦ IK×V → V ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ IK ✐s ♦♣❡♥ ✐♥WK ✳ ❍❡♥❝❡ IK×V
✐s ♦♣❡♥ ✐♥ WK × V ❛♥❞ WK × V → V ✐s t❤❡r❡❢♦r❡ ❝♦♥t✐♥✉♦✉s✳ ■♥ ❛❞❞✐t✐♦♥
✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t Ṽ♠♦❞ ✐s st✐❧❧ ❛ ❢✉♥❝t♦r ❛❢t❡r ✈❛r②✐♥❣ t❤❡ s♦✉r❝❡ ❛♥❞
t❛r❣❡t ❝❛t❡❣♦r②✳ ❚❛❦❡ ❛ ♠♦r♣❤✐s♠ f : (D1, F1) → (D2, F2)✳ ❋♦r ❛❧❧ g ∈ WK

❛♥❞ v =
∑

i

bi ⊗ di ∈ Ṽ♠♦❞(D) ✇❡ ❤❛✈❡

Ṽ♠♦❞(f)(g.v) = Ṽ♠♦❞(f)(
∑

i

g.bi ⊗ γg.F
zg
1 (di))

=
∑

i

g.bi ⊗ f(γg.F
zg
1 (di))

=
∑

i

g.bi ⊗ γg.F
zg
2 (f(di)))

=
∑

i

g.bi ⊗ f(γg.F
zg
2 (di))

= g.Ṽ♠♦❞(f)(v).
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❋♦r ❛ ♠♦r♣❤✐s♠ f : V1 → V2 ♦❢ WK✲r❡♣r❡s❡♥t❛t✐♦♥s

D̃♠♦❞(f)(γ.d) = D̃♠♦❞(f)(γ.
∑

i

λi ⊗ vi)

= D̃♠♦❞(f)(
∑

i

uγ.λi ⊗ uγ.vi)

=
∑

i

uγ.λi ⊗ f(uγ.vi)

=
∑

i

uγ.λi ⊗ uγ.f(vi)

= γ.D̃♠♦❞(f)(d)

❤♦❧❞s ❢♦r ❛❧❧ d =
∑

i

λi ⊗ vi ∈ D̃♠♦❞(V1) ❛♥❞ γ = uγH̃K ∈ Γ✳ ❲❡ ✈❡r✐❢② t❤❛t

t❤❡ ❢✉♥❝t♦rs ❛❜♦✈❡ ❛r❡ q✉❛s✐✲✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t
t❤❡ ❝♦♠♣❛r✐s♦♥ ♠❛♣s

α̃V : Ṽ♠♦❞(D̃♠♦❞(V ))→ V ❛♥❞ β̃D : D̃♠♦❞(Ṽ♠♦❞(D))→ D

❛r❡ ✐s♦♠♦r♣❤✐s♠s ✐♥ t❤❡ st❛t❡❞ ❝❛t❡❣♦r✐❡s✳ ❋♦r g ∈ WK ✱ t❤❡ ✐♠❛❣❡ γg ∈ Γ ♦❢
g ❛♥❞ v =

∑

i,j

bi ⊗ bij ⊗ vj ∈ Ṽ♠♦❞(D̃♠♦❞(V )) ✇❡ ❤❛✈❡

α̃V (g.v) = α̃V (g.(
∑

i

bi ⊗
∑

j

bij ⊗ vj

︸ ︷︷ ︸

∈D̃♠♦❞(V )

))

= α̃V (
∑

i

g.bi ⊗ γgF
zg
V (
∑

j

bij ⊗ vj))

= α̃V (
∑

i

g.bi ⊗ (
∑

j

g.bij ⊗ g.vj))

=
∑

i,j

g.(bibij)g.vj

= g.α̃V (v).

❍❡♥❝❡ α̃V ✐s ❛ WK✲❡q✉✐✈❛r✐❛♥t ❧✐♥❡❛r ❜✐❥❡❝t✐♦♥✳ ❋♦r γ = uγH̃K ∈ Γ ❛♥❞
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d =
∑

i,j

bi ⊗ bij ⊗ dj ∈ D̃♠♦❞(Ṽ♠♦❞(D)) ✇❡ ❤❛✈❡✿

(β̃D ◦ γ)(d) = β̃D(γ(
∑

i

bi ⊗
∑

j

bij ⊗ dj

︸ ︷︷ ︸

∈Ṽ♠♦❞(D)

))

= β̃D(
∑

i

uγ.bi ⊗ uγ.(
∑

j

bij ⊗ dj))

= β̃D(
∑

i

uγ.bi ⊗
∑

j

uγ.bij ⊗ γF
deg(uγ)(dj))

=
∑

i,j

uγ.(bibij)⊗ γ(dj))

= (γ ◦ β̃D)(d).

❚❤✐s s❤♦✇s t❤❛t β̃D ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ,Γ, F )✲
♠♦❞✉❧❡s ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

✺✳✸ ❘❡❛❧✐t② ❈❤❡❝❦

❲❡ r❡♠✐♥❞ t❤❛t t❤❡ ❛❝t✐♦♥s ♦❢ ϕ ❛♥❞ σ := σQp ♦♥ t❤❡ ✜❡❧❞ k((X)) ❛r❡ ❣✐✈❡♥
❛s ❢♦❧❧♦✇s✿

ϕ(f) = f p ❛♥❞ σ(f) =
∑

i≥m

apiX
i

❢♦r ❛❧❧ f =
∑

i≥m

aiX
i ∈ k((X))✳

❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡s ♦✈❡r EQp ❛♥❞ ẼQp✿ ❲❡ ❝❧❛ss✐❢②
❛❧❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞✲p✲r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GQp ❛♥❞ IQp ❛s ❢♦❧❧♦✇s✳ ❚❛❦❡

k ∈ {Fp,Fp} ❛♥❞ ❧❡t D ❞❡♥♦t❡ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡ ♦✈❡r
k((X))✳ ❋✐① ❛ ❣❡♥❡r❛t♦r 0 6= e ∈ D ❛♥❞ ✜♥❞ h ∈ k((X))× s✉❝❤ t❤❛t ϕ(e) =
h · e✳ ❲❡ ✇r✐t❡ h = h0T

aH ✇✐t❤ h0 ∈ k
×, a ∈ Z ❛♥❞ H ∈ 1 +Xk[[X]]✳ ❋♦r

❛♥② u ∈ k((X))× ✇❡ ❤❛✈❡

ϕ(ue) = ϕ(u)he = ϕ(u)u−1h(ue).

❚❤❡ ♠❛♣ k[[X]]× → 1 + Xk[[X]] ❣✐✈❡♥ ❜② u 7→ uϕ(u)−1 ✐s s✉r❥❡❝t✐✈❡ ✭❛
♣r❡✐♠❛❣❡ ♦❢ ❛♥ ❡❧❡♠❡♥t b ✐s ❣✐✈❡♥ ❜②

∏∞
j=0 ϕ

j(b)✮✳ ❚❤✉s ✇❡ ✜♥❞ u ∈ k[[X]]
s✉❝❤ t❤❛t ϕ(ue) = h0X

a(ue) ❛♥❞ ✇❡ ♠❛② ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ ✭❜② ❜❛s❡ ❝❤❛♥❣❡✮
t❤❛t

ϕ(e) = h0X
ae ✇✐t❤ 0 ≤ a ≤ p− 1.
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❚❛❦❡ g ∈ k((X))× ❛♥❞ ❛ ❣❡♥❡r❛t♦r γ ∈ Γ s✉❝❤ t❤❛t γ.e = ge✳ ❆♣♣❧② γ ◦ ϕ =
γ ◦ ϕ ♦♥ e ❛♥❞ ♦❜t❛✐♥✿

h0((1 +X)χ(γ) − 1)age = ϕ(g)h0X
ae.

❙❡t z := χ(γ) ∈ Z×
p ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛✲

t✐♦♥✳ ❖♥❡ r❡❝❡✐✈❡s
zaXagmX

m = gpmX
pmXa.

❚❤✐s ✐♠♣❧✐❡s m = 0✱ g0 ∈ F×
p ❛♥❞ t❤❡r❡❢♦r❡ za = 1✳ ❚❤❡♥ a = 0 s✐♥❝❡ z 6= 1

❛♥❞ h = h0 ∈ k×✳ ❲❡ s❡❡ t❤❛t t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞✲p✲r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ GQp ❝♦rr❡s♣♦♥❞ t♦ ❡❧❡♠❡♥ts ♦❢ F×

p × F×
p ❛♥❞ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞✲p✲

r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ IQp ❝♦rr❡s♣♦♥❞ t♦ ❡❧❡♠❡♥ts ♦❢ F×
p × F

×

p ✳

❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❡t❛❧❡ (ϕ,Γ, F )✲♠♦❞✉❧❡s ♦✈❡r ẼQp✿ ◆♦✇ ✇❡ ❝❛❧❝✉✲
❧❛t❡ ❛❧❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞✲p✲r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WQp ✳ ❲❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧②

r❡str✐❝t t♦ t❤❡ s✐t✉❛t✐♦♥ k = Fp ❛❜♦✈❡ ❛♥❞ ❛ss✉♠❡ ♥♦✇ t❤❛t D ✐s ❛ (ϕ,Γ, F )✲
♠♦❞✉❧❡ ♦✈❡r k((X))✳ ❚❛❦❡ f ∈ k((X))× s✉❝❤ t❤❛t F (e) = fe ❛♥❞ ❛♣♣❧②
F ◦ ϕ = ϕ ◦ F t♦ e ❛♥❞ r❡❝❡✐✈❡

hp0fe = f ph0e, ✐✳❡✳ h0f
−1 ∈ F×

p .

❚❤✐s ✐♠♣❧✐❡s f = f0 ∈ k× ❛♥❞ s✐♥❝❡ t❛❦✐♥❣ t❤❡ (p − 1)✲t❤ ♣♦✇❡r ♦♥ k× ✐s
s✉r❥❡❝t✐✈❡ ✇❡ ✜♥❞ u ∈ k× s✉❝❤ t❤❛t σ(u)u−1 = f−1

0 ✳ ❚❤❡♥ ✇❡ ❤❛✈❡

F (ue) = σ(u)f0e = ue.

❛♥❞ ✇❡ ❝❤❛♥❣❡ t❤❡ ❜❛s❡ ♥♦✇ ❜② e 7→ e′ := ue✳ ❍❡♥❝❡ ϕ(e′) = ϕ(u)u−1h0 · e
′

❛♥❞ ✇❡ s❡t h
′

0 = h′ := ϕ(u)u−1h0 ∈ k
×✳ ❆♣♣❧② F ◦ϕ = ϕ◦F t♦ e′ ❛♥❞ ♦❜t❛✐♥

(h
′

0)
p · e′ = h

′

0 · e
′, ✐♥ ♣❛rt✐❝✉❧❛r h

′

0 ∈ F×
p .

❲❡ s❡❡ t❤❛t t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞✲p✲r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WQp ❝♦rr❡s♣♦♥❞
t♦ ❡❧❡♠❡♥ts ♦❢ F×

p × F×
p ❛s ♣r❡❞✐❝t❡❞ ❜② ❈♦r♦❧❧❛r② ✶✳✻✳

✺✳✹ (ϕ, F )✲▼♦❞✉❧❡s ❛♥❞ p✲❛❞✐❝ ❘❡♣r❡s❡♥t❛t✐♦♥s

❆s ❛ st❛rt ✇❡ r❡♠❛r❦ t❤❛t t❤❡ t❤❡♦r② ♦❢ (ϕ,Γ)✲♠♦❞✉❧❡s ❞❡✈❡❧♦♣❡❞ ❜② ❋♦♥t❛✐♥❡
✭s❡❡ ❬❋♦♥✾✵❪ ♦r ❬❇❈✵✾✱ ➓✶✸❪✮ ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t❤❡ p✲❛❞✐❝
✜❡❧❞ K ′✱ ✇❤✐❝❤ ✇❡ ❜❡❣✐♥ ✇✐t❤✱ t♦ ❜❡ ✜♥✐t❡✱ ❤❡♥❝❡ ✇❡ ❛r❡ ❢r❡❡ t♦ st❛rt ✇✐t❤
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❛ p✲❛❞✐❝ ✜❡❧❞ K ′ = KP0 ✇✐t❤ r❡s✐❞✉❡ ✜❡❧❞ Fp✳ ❚❤✐s ✇♦✉❧❞ ♥♦✇ ❧❡❛❞ t♦ ❛
❝❛t❡❣♦r② ♦❢ (ϕ,Γ)✲♠♦❞✉❧❡s ❝❧❛ss✐❢②✐♥❣ t❤❡ p✲❛❞✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GK′ ❜✉t
❜② t❤❡ ❚❤❡♦r❡♠ ♦❢ ❆①✲❙❡♥✲❚❛t❡ ❬❚❛t✻✼✱ ➓✭✸✳✸✮✱ ❚❤❡♦r❡♠ ✶❪ ✇❡ ♦❜t❛✐♥

GK′ = ●❛❧(K ′/K ′) ∼= ❆✉t❝♦♥t(Cp/KP0) ∼= ●❛❧(K/Knr) = IK .

■♥ t❤✐s s✐t✉❛t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r✐♥❣s ♠❛tt❡r✳

❼ ÃK ❞❡♥♦t❡s ❛ ❈♦❤❡♥ r✐♥❣ ❢♦r ẼK ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦

{
∑

i∈Z

aiX
i | ai ∈ W (Fp) ❛♥❞ lim

i→−∞
ai = 0}

✈✐❛ ❛ ❧✐❢t ♦❢ t❤❡ ✐s♦♠♦r♣❤✐s♠ Fp((X)) ∼= ẼK ✳ ❋♦r ❛ ♣r❡❝✐s❡ ❝♦♥str✉❝t✐♦♥
s❡❡ ❬❇❈✵✾✱ ➓✶✸✳✺❪✳

❼ B̃K ❞❡♥♦t❡s t❤❡ q✉♦t✐❡♥t ✜❡❧❞ ♦❢ ÃK ✳

❋r♦♠ ❬❙❝❤✶✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✻✳❪ ❛♥❞ ✭✺✳✺✮ ✇❡ ❦♥♦✇ t❤❛t

GEK
∼= HK

∼= ●❛❧(Bnr
K /BK) ❛♥❞ IEK

∼= H̃K
∼= ●❛❧(Bnr

K /B̃K)

❛s t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✳

❉❡✜♥✐t✐♦♥ ✺✳✽ ❆ ϕ✲♠♦❞✉❧❡ D ♦✈❡r BK ✭r❡s♣✳ B̃K✮ ✐s ❝❛❧❧❡❞ ❡t❛❧❡ ✐❢ t❤❡r❡
❡①✐sts ❛♥ AK✲❧❛tt✐❝❡ ✭r❡s♣✳ ÃK✲❧❛tt✐❝❡✮ M ⊆ D s✉❝❤ t❤❛t t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥

(σ|AK
)∗(M)→M ❣✐✈❡♥ ❜② a⊗ x 7→ aϕ(x)

(r❡s♣✳ (σ|ÃK
)∗(M)→M ❣✐✈❡♥ ❜② a⊗ x 7→ aϕ(x))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❲❛r♥✐♥❣✿ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ ❜❡✐♥❣ ✧❡t❛❧❡✧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥t r✐♥❣
♦❢ t❤❡ ϕ✲♠♦❞✉❧❡s✳ ▼❛②❜❡ ✧ϕ✲♠♦❞✉❧❡ ❝♦♥t❛✐♥✐♥❣ ❛♥ ❡t❛❧❡ ❧❛tt✐❝❡✧ ✇♦✉❧❞ ❜❡
t❤❡ ❜❡tt❡r t❡r♠ ❜✉t ✇❡ st✐❝❦ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ❤❡r❡✳

❘❡❝❛❧❧ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s ✐♥✐t✐❛❧❧② ❡st❛❜❧✐s❤❡❞ ❜②
❋♦♥t❛✐♥❡ ✭s❡❡ ❬❇❈✵✾✱ ❚❤❡♦✳ ✸✳✸✳✹✳❪✮✿

❚❤❡♦r❡♠ ✺✳✾ ❚❤❡r❡ ❛r❡ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s ❣✐✈❡♥ ❜②

D : ❘❡♣(GEK
) ⇋ (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r BK) : V

V 7→ (B⊗Qp V )GEK
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(B⊗BK
D)ϕ=✐❞ ←[ D

❛♥❞
D̃ : ❘❡♣(IEK

) ⇋ (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r B̃K) : Ṽ

V 7→ (B⊗Qp V )IEK

(B⊗B̃K
D)ϕ=✐❞ ←[ D.

❲❡ ✐♠♠❡❞✐❛t❡❧② ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❢✉♥❝t♦rs

❘❡♣(GEK
)

F
��

D // (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r BK)

·⊗BK
B̃K

��

❘❡♣(IEK
) D̃ // (❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r B̃K).

✭❈❉✻✮

s✐♥❝❡ B̃K/BK ✐s ❛ ●❛❧♦✐s ❡①t❡♥s✐♦♥ ✇✐t❤ ❣r♦✉♣ Gk✳

❉❡✜♥✐t✐♦♥ ✺✳✶✵ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ, F )✲♠♦❞✉❧❡s ♦✈❡r B̃K ❛s
❢♦❧❧♦✇s✿

❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡ ♦✈❡r B̃K

❛♥❞ F : D → D ✐s ❛ ❜✐❥❡❝t✐✈❡ σf ✲s❡♠✐❧✐♥❡❛r ♠❛♣ t❤❛t ❝♦♠♠✉t❡s ✇✐t❤
ϕ✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1, F1) → (D2, F2) ❝♦♥s✐sts ♦❢ ❛ ♠♦r♣❤✐s♠ f : D1 →
D2 ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡s s✉❝❤ t❤❛t f ◦ F1 = F2 ◦ f ❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥ s❡❝t✐♦♥ ✶✳✹ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡
❛①✐♦♠s✳ ❚❤❡ s❡t✉♣ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

B = B, E = Qp, G = GEK
, I = IEK

= GẼK
❛♥❞ ς = σK .

❚❛❦❡ t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r ❢♦r T ✭✇❤✐❝❤ ❢♦r❣❡ts t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ❡t❛❧❡✮
❛♥❞ t❤❡ tr✐✈✐❛❧ ✭✐❞❡♥t✐t②✮ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ❢♦r η• ❛♥❞ ξ•✳ ❚❤❡♥ ❆①✐♦♠
✶✳✶ ✐s s❛t✐s✜❡❞ ❜② ❚❤❡♦r❡♠ ✺✳✾✳

▲❡t (D,ϕ) ❜❡ ❛♥ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡ ♦✈❡r B̃K ✳ ❲❡ s❡t σ∗
K(M) := A⊗A,σK

M
❛♥❞ ✈❡r✐❢② t❤❛t σ∗

K(M) ✐s ❛♥ ÃK✲❧❛tt✐❝❡ ✐♥ σ
∗
K(D)✿



✽✷ ❈❍❆P❚❊❘ ✺✳ (ϕ,Γ, F )✲▼❖❉❯▲❊❙

❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ σ∗
K(M) → σ∗

K(D) ❣✐✈❡♥ ❜② a ⊗ m 7→
a ⊗m ✐s ✐♥❥❡❝t✐✈❡✳ ❚❛❦❡ ❛ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ❡❧❡♠❡♥ts x1, . . . , xl ∈
σ∗
K(M) ❛♥❞ b1, . . . , bl ∈ B̃K s✉❝❤ t❤❛t

∑

i

bixi = 0.

❙✐♥❝❡ B̃K ✐s ❛ ❞✐s❝r❡t❡❧② ✈❛❧✉❡❞ ✜❡❧❞ ✇✐t❤ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ÃK ❛♥❞ ✉♥✐❢♦r♠✐③❡r
p✱ ✇❡ ✜♥❞ N ≫ 0 s✉❝❤ t❤❛t pNbi ∈ ÃK ✳ ❍❡♥❝❡

∑

i

pNbixi = 0

❛♥❞ ❜② ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡ ♦✈❡r ÃK ✱ ✇❡ ♦❜t❛✐♥ pNbi = 0 ❢♦r ❛❧❧ i = 1, . . . , l✱
t❤❡r❡❢♦r❡ bi = 0 ❢♦r ❛❧❧ i = 1, . . . , l✳ ◆♦✇ ✇❡ s❤♦✇ t❤❛t (σ|ÃK

)∗(σ∗
K(M)) ∼=

σ∗
KM ✳ ❯s✐♥❣ t❤❡ ❢✉♥❝t♦r✐❛❧✐t② ♦❢ σ∗

K ♦♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ (σ|ÃK
)∗(M) ∼= M

✇❡ ❣❡t
(σ|ÃK

)∗(σ∗
K(M)) ∼= σ∗

K((σ|ÃK
)∗(M)) ∼= σ∗

K(M),

❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✶✳✶✷✱ ✐✳❡✳ σ∗
K(D) ✐s ❛♥ ❡t❛❧❡ σ∗

K(ϕ)✲
♠♦❞✉❧❡✳ ❍❡♥❝❡✱ t❤❡ ❢✉♥❝t♦r σ∗

K ❡①t❡♥❞s t♦ ❛ s❡❧❢✲❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝❛t❡❣♦r②
♦❢ ❡t❛❧❡ ϕ✲♠♦❞✉❧❡s ♦✈❡r B̃K ✱ ✐✳❡✳ ❆①✐♦♠ ✶✳✷ ✐s s❛t✐s✜❡❞✳

❆①✐♦♠ ✶✳✸ ❤♦❧❞s s✐♥❝❡ T ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧✳ ❘❡♠❛r❦ ✶✳✶✹ ✭r❡s♣✳ ❘❡♠❛r❦
✶✳✶✺✮ s❤♦✇s t❤❛t ❆①✐♦♠ ✶✳✹ ✭r❡s♣✳ ❆①✐♦♠ ✶✳✺✮ ✐s s❛t✐s✜❡❞✳

❋r♦♠ ❚❤❡♦r❡♠ ✶✳✶✼ ♦♥❡ r❡❝❡✐✈❡s✿

❚❤❡♦r❡♠ ✺✳✶✶ ❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s

D̃ : ❘❡♣(WEK
) ⇋ (❡t❛❧❡ (ϕ, F )✲♠♦❞✉❧❡s ♦✈❡r B̃K) : Ṽ

❣✐✈❡♥ ❜②
V 7→ (B⊗Qp V )IEK

(B⊗B̃K
D)ϕ=✐❞ ←[ D.

✺✳✺ (ϕ,Γ, F )✲▼♦❞✉❧❡s ❛♥❞ p✲❛❞✐❝ ❘❡♣r❡s❡♥t❛t✐♦♥s

◆♦✇ ✇❡ ❡①t❡♥❞ t♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ WK ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ s❡❝t✐♦♥ ✺✳✷

❉❡✜♥✐t✐♦♥ ✺✳✶✷ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ,Γ, F )✲♠♦❞✉❧❡s ♦✈❡r B̃K

❛s ❢♦❧❧♦✇s✿
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❼ ❚❤❡ ♦❜❥❡❝ts ❛r❡ ♣❛✐rs (D,F )✱ ✇❤❡r❡ D ✐s ❛♥ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡ ♦✈❡r
B̃K ❛♥❞ F : D → D ✐s ❛ ❜✐❥❡❝t✐✈❡ σK✲s❡♠✐❧✐♥❡❛r ♠❛♣ t❤❛t ❝♦♠♠✉t❡s
✇✐t❤ ϕ ❛♥❞ t❤❡ ❛❝t✐♦♥ ♦❢ Γ✳

❼ ❆ ♠♦r♣❤✐s♠ f : (D1, F1) → (D2, F2) ❝♦♥s✐sts ♦❢ ❛ ♠♦r♣❤✐s♠ f : D1 →
D2 ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡s s✉❝❤ t❤❛t f ◦ F1 = F2 ◦ f
❤♦❧❞s✳

❼ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛♣s✳

❖♥❡ r❡♣❧❛❝❡s t❤❡ ✜❡❧❞ ẼK ❜② B̃K ❛♥❞ Esep
K ❜② B ✐♥ s❡❝t✐♦♥ ✺✳✷ ❛♥❞ t❤❡ ❞♦❡s

t❤❡ s❛♠❡ ✇✐t❤ t❤❡ ❢✉♥❝t♦rs✱ ✐✳❡✳ ✇❡ ❝♦♥s✐❞❡r Ṽ ✐♥st❡❛❞ ♦❢ Ṽ♠♦❞ ❛♥❞ D̃ ✐♥st❡❛❞
♦❢ D̃♠♦❞✳ ❚❤❡♥ ❛❧❧ t❤❡ ♠♦❞✐✜❡❞ ❝❛❧❝✉❧❛t✐♦♥s ❝♦♥t✐♥✉❡ t♦ ❜❡ ✈❛❧✐❞✳ ❍❡♥❝❡ ♦♥❡
❝❛♥ ✐♠✐t❛t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✼ ❛♥❞ r❡❝❡✐✈❡✿

❚❤❡♦r❡♠ ✺✳✶✸ ❚❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❛❜❡❧✐❛♥ t❡♥s♦r ❝❛t❡❣♦r✐❡s

D̃ : ❘❡♣(WK) ⇋ (❡t❛❧❡ (ϕ,Γ, F )✲♠♦❞✉❧❡s ♦✈❡r B̃K) : Ṽ

❣✐✈❡♥ ❜②
V 7→ (B⊗Qp V )H̃K

(B⊗B̃K
D)ϕ=✐❞ ←[ D.

Pr♦♦❢✿ ■♠✐t❛t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✼ ✉s✐♥❣ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s ❡①♣❧❛✐♥❡❞
❛❜♦✈❡✳ �

❈♦r♦❧❧❛r② ✺✳✶✹ ▲❡t V ❜❡ ❛♥ ♦❜❥❡❝t ♦❢ ❘❡♣(WK)✳ ❚❤❡ WK✲❛❝t✐♦♥ ♦♥ V ❝❛♥
❜❡ ❡①t❡♥❞❡❞ ❝♦♥t✐♥✉♦✉s❧② t♦ ❛♥ ❛❝t✐♦♥ ♦❢ GK ♦♥ V ✭✐✳❡✳ V ✐s ❛♥ ♦❜❥❡❝t ♦❢
❘❡♣(GK)✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡t❛❧❡ (ϕ,Γ)✲♠♦❞✉❧❡ D ♦✈❡r BK s✉❝❤
t❤❛t D̃(V ) ∼= B̃K ⊗BK

D✳ ❍❡r❡ t❤❡ ❜✐❥❡❝t✐✈❡ σK✲s❡♠✐❧✐♥❡❛r s❡❧❢♠❛♣ F ♦♥
B̃K ⊗BK

D ✐s ❣✐✈❡♥ ❜② F (b⊗ d) = σK(b)⊗ d ❢♦r ❛❧❧ b ∈ B̃K ❛♥❞ d ∈ D✳

Pr♦♦❢✿ ❆ss✉♠❡ t❤❛t V ✐s ❛♥ ♦❜❥❡❝t ♦❢ ❘❡♣(GK)✳ ❚❤❡♥

B̃K ⊗BK
D(V ) ∼= B̃K ⊗BK

(B⊗Qp V )IK ∼= (B̃K ⊗Qp V )IK = D̃(V ).

❈♦♥✈❡rs❡❧② ❛ss✉♠❡ t❤❛t D̃(V ) ∼= B̃K ⊗BK
D ❛s ❛❜♦✈❡✳ ❚❤✐s ✐♠♣❧✐❡s

D(V ) ∼= (B⊗Qp V )GK = ((B⊗Qp V )IK )Gk ∼= D̃(V )Gk ∼= (B̃K ⊗BK
D)Gk ∼= D

❛♥❞ t❤❡r❡❢♦r❡ V ✐s ❛ ●❛❧♦✐s r❡♣r❡s❡♥t❛t✐♦♥✳ �



✽✹ ❈❍❆P❚❊❘ ✺✳ (ϕ,Γ, F )✲▼❖❉❯▲❊❙

❈♦r♦❧❧❛r② ✺✳✶✺ ▲❡t V ❜❡ ❛♥ ♦❜❥❡❝t ♦❢ ❘❡♣(GK) ⊆ ❘❡♣(WK) ❛♥❞ D̃(V ) =
(D,F ) t❤❡ ❛ss♦❝✐❛t❡❞ (ϕ,Γ, F )✲♠♦❞✉❧❡ ♦✈❡r B̃K✳ ❚❤❡♥ (D,F ) s❛t✐s✜❡s

det(F ) ∈ A×
K ✐✳❡✳ νBK

(det(F )) = 0,

✇❤❡r❡ νBK
❞❡♥♦t❡s t❤❡ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ ♦♥ BK✳

◆♦✇ ♦♥❡ ✇♦✉❧❞ ✇✐s❤ t♦ ❛♣♣❧② t❤❡ ♠❡t❤♦❞s ❢r♦♠ ❝❤❛♣t❡r ✹ t♦ t❤❡ ❝✉rr❡♥t
❝❛s❡ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ s✉✣❝✐❡♥t ❝r✐t❡r✐❛ t❤❛t ❞✐st✐♥❣✉✐s❤ ❲❡✐❧ ❛♥❞ ●❛❧♦✐s
❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡ r✐♥❣ ÃK ✐s ❛ ❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ✇✐t❤ r❡s✐❞✉❡
✜❡❧❞ Fp((X))✳ ■♥ ❣❡♥❡r❛❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤✐s r❡s✐❞✉❡ ✜❡❧❞ ❞♦ ♥♦t ❤❛✈❡ ✜♥✐t❡
♦r❞❡r✱ ❤❡♥❝❡ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ❧✐❢t ❛ ♠♦r♣❤✐s♠ Z→ ●▲d(ÃK) t♦ ❛ ♠♦r♣❤✐s♠
Ẑ→ ●▲d(ÃK) ❜② ✉s✐♥❣ ▲❡♠♠❛ ✹✳✶✳ ❚❤❡r❡❢♦r❡ t❤✐s t❡❝❤♥✐q✉❡ ❞♦❡s ♥♦t ✇♦r❦
♦✉t ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✳



❆♣♣❡♥❞✐❝❡s

✽✺



✽✻



❆♣♣❡♥❞✐① ❆

❉✐✈✐❞❡❞ P♦✇❡rs

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ ❬❇❖✼✽❪✳

❉❡✜♥✐t✐♦♥ ❆✳✶ ▲❡t A ❜❡ ❛ r✐♥❣✳ ❲❡ ❝❛❧❧ (I, γ) ❛ ❞✐✈✐❞❡❞ ♣♦✇❡r str✉❝t✉r❡
♦♥ A ✐❢ I ✐s ❛♥ ✐❞❡❛❧ ✐♥ A ❛♥❞ γ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠❛♣s {γi}i≥0 s✉❝❤ t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ s❛t✐s✜❡❞✿

✶✳ γ0(x) = 1, γ1(x) = x, γi(x) ∈ I ❢♦r ❛❧❧ x ∈ I, i ≥ 1✳

✷✳ γk(x+ y) =
∑

i+j=k γi(x)γj(y) ❢♦r ❛❧❧ x, y ∈ I✳

✸✳ γk(λx) = λkγk(x) ❢♦r ❛❧❧ λ ∈ A, x ∈ I✳

✹✳ γi(x)γj(x) =
(i+j)!
i!·j!

γi+j(x) ❢♦r ❛❧❧ x ∈ I✳

✺✳ γp(γq(x)) =
(pq)!
p!(q!)p

γpq(x) ❢♦r ❛❧❧ x ∈ I✳

❲❡ ❝❛❧❧ t❤❡ tr✐♣❧❡t (A, I, γ) ❛ ❞✐✈✐❞❡❞ ♣♦✇❡rs r✐♥❣ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛❜❜r❡✈✐❛t❡❞
❜② ✧P❉✲r✐♥❣✧✳ ❙✐♠✐❧❛r❧② ✇❡ ❝❛❧❧ (I, γ) ❛ ❞✐✈✐❞❡❞ ♣♦✇❡r ✐❞❡❛❧✱ ❛❜❜r❡✈✐❛t❡❞ ❜②
✧P❉✲✐❞❡❛❧✧✱ ❛♥❞ γ ❛ ❞✐✈✐❞❡❞ ♣♦✇❡r str✉❝t✉r❡✱ ❛❜❜r❡✈✐❛t❡❞ ❜② ✧P❉✲str✉❝t✉r❡✧✳
❋✉rt❤❡r♠♦r❡ ✇❡ ❝❛❧❧ J ⊆ I ❛ s✉❜ P❉✲✐❞❡❛❧ ✐❢ J ⊆ A ✐s ❛♥ ✐❞❡❛❧ ❛♥❞ γi(x) ∈ J
❢♦r ❛❧❧ x ∈ J ❛♥❞ i ≥ 1✳

❘❡♠❛r❦ ❆✳✷ ❆❧❧ r❛t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ❛r❡
✐♥t❡❣❡rs✳

❉❡✜♥✐t✐♦♥ ❆✳✸ ▲❡t (A, I, γ) ❛♥❞ (B, J, δ) ❜❡ P❉✲r✐♥❣s ❛♥❞ f : A → B ❛
r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠✳ ❲❡ ❝❛❧❧ f ❛ P❉✲♠♦r♣❤✐s♠ ✐❢ f(I) ⊆ J ❛♥❞ δn(f(x)) =
f(γn(x)) ❢♦r ❛❧❧ x ∈ I✳

❊①❛♠♣❧❡ ❆✳✹ ❆ P❉✲r✐♥❣ ♦❢ ♦✉r ✐♥t❡r❡st ✇✐❧❧ ❜❡ (Zp, (p), γ) ✇❤❡r❡ γn(x) =
xn

n!
✳ ❖❜✈✐♦✉s❧② ((0), γ) ✐s ❛ s✉❜ P❉✲✐❞❡❛❧ ♦❢ ((p), γ)✳

✽✼
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▲❡♠♠❛ ❆✳✺ ▲❡t (A, I, γ) ❜❡ ❛ P❉✲r✐♥❣ ❛♥❞ J ⊆ A ❛♥ ✐❞❡❛❧✳ ❉❡♥♦t❡ t❤❡
❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ❜② π : A → A/J ✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ P❉✲str✉❝t✉r❡
γ̄ : π−1(I) → π−1(I) s✉❝❤ t❤❛t π : (A, I, γ) → (A/J, π−1(I), γ̄) ✐s ❛ P❉✲
♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ J ∩ I ⊆ I ✐s ❛ s✉❜ P❉✲✐❞❡❛❧✳

Pr♦♦❢✿ ❬❇❖✼✽✱ ▲❡♠♠❛ ✸✳✺❪✳ �

❆✳✶ ❯♥✐✈❡rs❛❧ ❊♥✈❡❧♦♣✐♥❣ ❉✐✈✐❞❡❞ P♦✇❡r ❘✐♥❣

▲❡t B ❜❡ ❛ r✐♥❣ ❛♥❞ M ❜❡ ❛♥ B✲♠♦❞✉❧❡✳

❉❡✜♥✐t✐♦♥ ❆✳✻ ❲❡ ❝❛❧❧ (UB(M),U+
B (M), µ) ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣✐♥❣ P❉✲r✐♥❣

♦❢ M ✐❢ ✐t ✐s ❛ P❉✲r✐♥❣ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ B✲♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠

ι : M → U+
B (M)

s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt②✿ ❋♦r ❛♥② P❉✲r✐♥❣ (C, J, δ) ♦✈❡r B
❛♥❞ B✲♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ Ψ: M → J t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ P❉✲♠♦r♣❤✐s♠

Ψ̄ : (UB(M),U+
B (M), µ)→ (C, J, δ)

s✉❝❤ t❤❛t Ψ̄ ◦ ι = Ψ✳ ■❢ ♥♦ ❝♦♥❢✉s✐♦♥ ✐s ♣♦ss✐❜❧❡ ✇❡ ❛❜❜r❡✈✐❛t❡

µn(x) := µn(ι(x))

❢♦r x ∈M ✳

❚❤❡♦r❡♠ ❆✳✼ (UB(M),U+
B (M), µ) ❡①✐sts✳

Pr♦♦❢✿ ❙❡t GB(M) := B[{T(x,n) | x ∈ M,n ∈ N}] ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
s✉❜s❡ts ♦❢ GB(M)✿

E1 := {T(x,0) − 1 | x ∈M}

E2 := {T(bx,n) − b
nT(x,n) | x ∈M, b ∈ B, n ∈ N}

E3 := {T(x,n)T(x,m) −
(n+m)!

n!m!
· T(x,n+m) | x ∈M,n,m ∈ N}

E4 := {T(x+y,n) −
∑

i+j=n

Tx,iTy,j | x, y ∈M,n ∈ N}

▲❡t IB(M) ❞❡♥♦t❡ t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② E1 ∪ E2 ∪ E3 ∪ E4✳ ❚❤❡r❡ ✐s ❛♥
♦❜✈✐♦✉s ❣r❛❞✐♥❣ ♦♥ GB(M) ❣✐✈❡♥ ❜②

GB(M) =
⊕

n≥0

B[T(x,n) | x ∈M ]
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❛♥❞ IB(M) ✐s ❛ ❤♦♠♦❣❡♥♦✉s ✐❞❡❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❣r❛❞✐♥❣✳ ❚❤❡r❡❢♦r❡
UB(M) := GB(M)/IB(M) ✐s ❛ ❣r❛❞❡❞ r✐♥❣✱ ✐✳❡✳

UB(M) =
⊕

i≥0

U i
B(M).

❲❡ ❞❡✜♥❡

U+
B (M) =

⊕

i>0

U i
B(M).

❲❡ s❡t x[n] := T(x,n) + IB(M) ❛♥❞

ϕ : M → U+
B (M), x 7→ x[1].

❇② ❬❇❖✼✽✱ ❚❤❡♦r❡♠ ❆✾❪ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ P❉✲str✉❝t✉r❡ µ s✉❝❤ t❤❛t

µi(x
[1]) = x[i]

❢♦r ❛❧❧ i ≥ 1 ❛♥❞ x ∈ M ✳ ❚❤✉s (UB(M),UB(M)+, µ) s❛t✐s✜❡s t❤❡ ✉♥✐✈❡rs❛❧
♣r♦♣❡rt②✳ �

❈♦r♦❧❧❛r② ❆✳✽ ❚❤❡ ❛ss✐❣♥♠❡♥t M 7→ (UB(M),U+
B (M), µ) ❞❡✜♥❡s ❛ ❢✉♥❝t♦r

❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ B✲♠♦❞✉❧❡s ✐♥t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ P❉✲r✐♥❣s✳

❆✳✷ ❉✐✈✐❞❡❞ P♦✇❡r ❊♥✈❡❧♦♣❡s

▲❡t (A, I, γ) ❜❡ ❛ P❉✲r✐♥❣✱ B ❛♥ A✲❛❧❣❡❜r❛ ❛♥❞ J ❛♥ ✐❞❡❛❧ ✐♥ B✳

❉❡✜♥✐t✐♦♥ ❆✳✾ ❲❡ s❛② t❤❛t γ ❡①t❡♥❞s t♦ B ✐❢ t❤❡r❡ ✐s ❛ P❉✲str✉❝t✉r❡ γ′ ♦♥
IB s✉❝❤ t❤❛t ψ : (A, I, γ)→ (B, IB, γ′) ✐s ❛ P❉✲♠♦r♣❤✐s♠✳

Pr♦♣♦s✐t✐♦♥ ❆✳✶✵ ■❢ I ✐s ♣r✐♥❝✐♣❛❧✱ γ ❡①t❡♥❞s t♦ B✳

Pr♦♦❢✿ ❬❇❖✼✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺❪✳ �

Pr♦♣♦s✐t✐♦♥ ❆✳✶✶ ❆ss✉♠❡ t❤❛t (J, δ) ✐s ❛ P❉✲✐❞❡❛❧ ✐♥ B✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ γ ❡①t❡♥❞s t♦ ❛ P❉✲str✉❝t✉r❡ γ′ ♦♥ B ❛♥❞ γ′(x) = δ(x) ❢♦r ❛❧❧ x ∈ IB∩J ✳

✷✳ K := ψ(I)B+J ❤❛s ❛ ✉♥✐q✉❡ P❉✲str✉❝t✉r❡ δ′ s✉❝❤ t❤❛t ψ : (A, I, γ)→
(B,K, δ′) ❛♥❞ ✐❞B : (B, J, δ)→ (B,K, δ′) ❛r❡ P❉✲♠♦r♣❤✐s♠s✳
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✸✳ ❚❤❡r❡ ✐s ❛♥ ✐❞❡❛❧ K ⊆ B ✇✐t❤ ψ(I)B + J ⊆ K ✇✐t❤ ❛ P❉✲str✉❝t✉r❡ κ
s✉❝❤ t❤❛t ψ : (A, I, γ) → (B,K, κ) ❛♥❞ ✐❞B : (B, J, δ) → (B,K, κ) ❛r❡
P❉✲♠♦r♣❤✐s♠s✳

■❢ t❤❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ✇❡ s❛② t❤❛t γ ❛♥❞ δ ❛r❡ ❝♦♠♣❛t✐❜❧❡✳

Pr♦♦❢✿ ❬❇❖✼✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✻❪✳ �

❉❡✜♥✐t✐♦♥ ❆✳✶✷ ❲❡ ❝❛❧❧ ❛ P❉✲r✐♥❣ (D,J , η) P❉✲❡♥✈❡❧♦♣❡ ♦❢ (B, J) ✇✐t❤
r❡s♣❡❝t t♦ (A, I, γ) ✐❢ JD ⊆ J ✱ η ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ γ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣
✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞✿ ❋♦r ❛♥② P❉✲r✐♥❣ (C,K, δ) s✉❝❤ t❤❛t C ✐s ❛
B✲❛❧❣❡❜r❛✱ JC ⊆ K ❛♥❞ δ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ γ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ P❉✲
♠♦r♣❤✐s♠

(D,J , η)→ (C,K, δ)

♠❛❦✐♥❣ t❤❡ ♦❜✈✐♦✉s ❞✐❛❣r❛♠ ❝♦♠♠✉t❛t✐✈❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ P❉✲❡♥✈❡❧♦♣❡ ♦❢
(B, J) ✇✐t❤ r❡s♣❡❝t t♦ (A, I, γ) ❜② D(A,I,γ)(B, J)✳

❚❤❡♦r❡♠ ❆✳✶✸ D(A,I,γ)(B, J) ❡①✐sts✳

Pr♦♦❢✿ ■❢ I ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ J r❡♣❧❛❝❡ J ❜② J + I✳ ▲❡t ι : J → U+
B (J)

❜❡ t❤❡ ✉♥✐✈❡rs❛❧ ♠❛♣ ❢r♦♠ ❚❤❡♦r❡♠ ❆✳✼✳ ❙✐♥❝❡ J ⊆ B ✇❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡
❡❧❡♠❡♥ts ♦❢ J ❛s ❡❧❡♠❡♥ts ♦❢ t❤❡ B✲❛❧❣❡❜r❛ UB(J)✳ ❙❡t

F1 := {ι(x)− x | x ∈ J}

F2 := {µn(ι(y))− γn(y) | y ∈ I}

❛♥❞ ❧❡t IB,(A,I,γ)(J) ❞❡♥♦t❡ t❤❡ ✐❞❡❛❧ ✐♥ UB(J) ❣❡♥❡r❛t❡❞ ❜② F1 ❛♥❞ F2✳ ❖♥❡
❝❛♥ ♣r♦♦❢ t❤❛t t❤❡ q✉♦t✐❡♥t UB(J)/IB,(A,I,γ)(J) ❤❛s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s✱
❝♦♠♣❛r❡ ❢♦r ❡①❛♠♣❧❡ ❬❇❖✼✽✱ ❚❤❡♦r❡♠ ✸✳✶✾❪✳ �

❆✳✸ ❈♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ❚❡♥s♦r Pr♦❞✉❝ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ♣❛rt❧② ❡①tr❛❝t❡❞ ❢r♦♠ ❬❘♦❜✻✸❪✳

▲❡t B ❜❡ ❛♥ A✲❛❧❣❡❜r❛ ❛♥❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❧❡t (A, I, γ) ❜❡ ❛ P❉✲
r✐♥❣✱ R ❛♥ B✲❛❧❣❡❜r❛ ❛♥❞ J ❛♥ ✐❞❡❛❧ ✐♥ B s✉❝❤ t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ✭s✉r❥❡❝t✐✈❡✮
♠❛♣

R⊗B J → JR ❣✐✈❡♥ ❜② r ⊗ j 7→ j · r ✭❆✳✶✮
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✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❢♦r ❡①❛♠♣❧❡ s❛t✐s✜❡❞ ✐❢ B ⊆ R ✐s ❛ r✐♥❣
❡①t❡♥s✐♦♥ ♦❢ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥s ❛♥❞ J ✐s ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧✳ ■t ✐s ♦✉r ❛✐♠ t♦ s❤♦✇
t❤❛t

D(A,I,γ)(R, JR) ∼= R⊗B D(A,I,γ)(B, J).

❆t ✜rst ✇❡ ♥❡❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ B✲❧✐♥❡❛r ❤♦♠♦♠♦r♣❤✐s♠s ❢r♦♠ UB(M)
✐♥t♦ R✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ✐♥tr♦❞✉❝❡

exp(R) := {f ∈ R[[T ]] | f(0) = 1 ❛♥❞ f(T1 + T2) = f(T1)f(T2)}

✇❤✐❝❤ ✐s ❛ s✉❜❣r♦✉♣ ♦❢ R[[T ]]× ❛♥❞ ❜❡❝♦♠❡s ❛♥ R✲♠♦❞✉❧❡ ✈✐❛ r.f(T ) :=
f(rT )✳

▲❡♠♠❛ ❆✳✶✹ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

▼❛♣(M,R[[T ]]) ∼= ❍♦♠(B−alg)(GB(M), R)

❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿ ▲❡t f : M → R[[T ]] ❜❡ ❛ ♠❛♣✳ ❚❤❡♥ ❢♦r ❡❛❝❤ x ∈M ✇❡ ❝❛♥
✇r✐t❡

f(x) =
∑

n≥0

cx,nT
n ✇✐t❤ cx,n ∈ R.

❉❡✜♥❡ t❤❡ ✐♠❛❣❡ ♦❢ f ❛s t❤❡ ♠❛♣ ϕ ✇❤✐❝❤ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜②

ϕ(T(x,n)) := cx,n.

Pr♦♦❢✿ ❚❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❛♣ ❣✐✈❡♥ ❛❜♦✈❡ ✐s

ϕ 7→ (x 7→
∑

n≥0

ϕ(T(x,n))T
n).

�

Pr♦♣♦s✐t✐♦♥ ❆✳✶✺ ❚❤❡ ♠❛♣

❍♦♠(B−alg)(UB(M), R)→ ❍♦♠(B−mod)(M, exp(R))

❣✐✈❡♥ ❜②

ϕ 7→ (x 7→
∑

n≥0

ϕ(µn(x))T
n)

✐s ❛ ❜✐❥❡❝t✐♦♥✳
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Pr♦♦❢✿ ❚❤❡ ♠❛♣ ❞❡✜♥❡❞ ✐♥ t❤❡ ❛ss❡rt✐♦♥ ✐s ❛ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❛♣ ✐♥ ▲❡♠♠❛
❆✳✶✹✿

▼❛♣(M,R[[T ]])→ ❍♦♠(B−alg)(GB(M), R).

❚❛❦❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥ts
f 7→ ϕ

✉♥❞❡r t❤✐s ❜✐❥❡❝t✐♦♥✳ ❈❛❧❝✉❧❛t✐♦♥s ❞❡❧✐✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣✿

❼ f ✐s ❛❞❞✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ(E4) = 0✳

❼ ❲❡ ❤❛✈❡ f(ax) = aβ(x) ❢♦r ❛❧❧ a ∈ A, x ∈M ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ(E2) = 0✳

❼ ❲❡ ❤❛✈❡ f(x)(0) = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ(E1) = 0✳

❼ ❲❡ ❤❛✈❡ f(x)(T1 + T2) = f(x)(T1)f(x)(T2) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ(E3) = 0✳

✭Ei✬s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ A.7✳✮ ❚❤✐s s❤♦✇s t❤❡ ❝❧❛✐♠ s✐♥❝❡ UB(M) ✐s
t❤❡ q✉♦t✐❡♥t ♦❢ GB(M) ❜② t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② t❤❡ Ei✬s✳ �

Pr♦♣♦s✐t✐♦♥ ❆✳✶✻ ❲❡ ❤❛✈❡ UR(R⊗B M) ∼= R⊗B UB(M)✳

Pr♦♦❢✿ ❚♦ ♣r♦✈❡ t❤✐s st❛t❡♠❡♥t ✇✐t❤♦✉t ❝♦♥❢✉s✐♦♥ ✇❡ ✜① t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛✲
t✐♦♥✳ ❚❤❡ P❉✲str✉❝t✉r❡s ♦♥

❼ UB(M) ✐s ❣✐✈❡♥ ❜② µ✳

❼ UB(R⊗B M) ✐s ❣✐✈❡♥ ❜② η✳

❼ UR(R⊗B M) ✐s ❣✐✈❡♥ ❜② η̂✳

❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣

f : R⊗B M → E := exp(R⊗B UB(M))

❛s t❤❡ R✲❧✐♥❡❛r ❝♦♥t✐♥✉❛t✐♦♥ ♦❢

r ⊗ x 7→
∑

n≥0

(rn ⊗ µn(x))T
n.

❖♥❡ ♥❡❡❞s t♦ ❝❤❡❝❦ t❤❛t t❤✐s ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡

f(x)(0) = 1⊗ 1 = 1

✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t

f(x)(T1 + T2) = f(x)(T1)f(x)(T2)
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❢♦r ❛❧❧ x ∈ R⊗B M ✳ ❚❛❦❡ x =
∑

i ri ⊗mi ∈ R⊗B M ✿

f(x)(T1)f(x)(T2) = (
∏

i

∑

n

(rni ⊗ µn(mi))T
n
1 )(
∏

i

∑

n

(rni ⊗ µn(mi))T
n
2 )

=
∑

n≥0

∑

k+l=n

(
∏

i

(rki ⊗ µk(mi))T
k
1 )(
∏

j

(rli ⊗ µl(mi))T
l
1)

=
∑

n≥0

∑

k+l=n

∏

i

(rk+l
i ⊗ µk(mi)µl(mi))T

k
1 T

l
2

=
∑

n≥0

∑

k+l=n

∏

i

(
(k + l)!

(k!)(l!)
rk+l
i ⊗ µk+l(mi))T

k
1 T

l
2

=
∑

n≥0

∑

k+l=n

∏

i

(
n!

(n− l)!(l!)
rni ⊗ µn(mi))T

n−l
1 T l

2

=
∑

n≥0

(
∏

i

rni ⊗ µn(mi))
n∑

l=0

(
n

l

)

T n−l
1 T l

2

=
∑

n≥0

(
∏

i

rni ⊗ µn(mi))(T1 + T2)
n

= f(x)(T1 + T2)

◆♦✇ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ❆✳✶✺ ❛♥❞ ♦❜t❛✐♥ ❛♥ R✲❛❧❣❡❜r❛ ❤♦♠♦♠♦r♣❤✐s♠

ϕ : UB(R⊗B M)→ R⊗B UB(M)

❝♦rr❡s♣♦♥❞✐♥❣ t♦ f s❛t✐s❢②✐♥❣

ϕ([T(x,n)]) = cx,n ❢♦r ❛❧❧ x ∈ R⊗B M,n ∈ N

✇❤❡r❡ f(x) =
∑

n≥0

cx,nT
n✳ ■♥ ♣❛rt✐❝✉❧❛r

ϕ([T(r⊗y,n)]) = rn ⊗ µn(y) ❢♦r ❛❧❧ r ∈ R, y ∈M,n ∈ N.

❚♦ ✜♥✐s❤ t❤❡ ♣r♦✈❡ ✇❡ ❝♦♥str✉❝t ❛♥ ✐♥✈❡rs❡ ψ ♦❢ ϕ ❛s ❢♦❧❧♦✇s✳ ▲❡t N ❜❡
❛♥ R✲♠♦❞✉❧❡✳ ❇② ❬❘♦❜✻✸✱ Pr♦♣♦s✐t✐♦♥ ■■■✳✹✱ ♣✳✷✻✶❪ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
❤♦♠♦♠♦r♣❤✐s♠ ♦❢ B✲❛❧❣❡❜r❛s

δN : UB(N)→ UR(N)

s❛t✐s❢②✐♥❣ µB,n(x) 7→ µR,n(x) ❢♦r ❛❧❧ x ∈ N ❛♥❞ n ∈ N ✭✇❤❡r❡ UB(N) =
(UB(N),U+

B (N), µB,n) ❛♥❞ UR(N) = (UR(N),U+
R (N), µR,n)✮✳ ❆♣♣❧② t❤❡ ❢✉♥❝✲

t♦r UB t♦ t❤❡ ❝❛♥♦♥✐❝❛❧ B✲♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ M → R ⊗B M ❣✐✈❡♥ ❜②
x 7→ 1⊗ x ❛♥❞ ❞❡♥♦t❡ t❤❡ r❡s✉❧t✐♥❣ B✲❛❧❣❡❜r❛ ❤♦♠♦♠♦r♣❤✐s♠ ❜②

δ0 : UB(R⊗B M)→ UR(R⊗B M).
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❚❤❡♥

δ := δR⊗BM ◦ δ0 : UB(M)→ UR(R⊗B M)

s❛t✐s✜❡s δ(µn(x)) = η̂(1⊗ x)✳ ❲❡ ❞❡✜♥❡ t❤❡ B✲❜✐❧✐♥❡❛r ♠❛♣

UB(M)×R→ UR(R⊗B M), (u, r) 7→ δ(u) · r

❛♥❞ ❜② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

ψ : UB(M)⊗B R→ UR(R⊗B M)

❣✐✈❡♥ ❜② u⊗ r 7→ δ(u) · r✳ ❋♦r ❛❧❧ r ∈ R, x ∈M ❛♥❞ n ∈ N ✇❡ ❤❛✈❡✿

ψ(ϕ([T(r⊗x,n)])) = ψ(rn ⊗ µn(x))

= δ(µn(x)) · r
n

= η̂n(1⊗ x) · r
n

= η̂n(r ⊗ x)

= [T(r⊗x,n)]

❛♥❞

ϕ(ψ(r ⊗ µn(x))) = ϕ(δ(µn(x)) · r)

= r · ϕ(δ(µn(x)))

= r · ϕ(η̂n(1⊗ x))

= r · ϕ([T(1⊗x)])

= r ⊗ µn(x)

❚❤✐s s❤♦✇s t❤❛t ϕ ❛♥❞ ψ ❛r❡ ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r s✐♥❝❡ t❤❡② ❛r❡ R✲❧✐♥❡❛r ❛♥❞
UR(R ⊗B M) ✐s ❛s ❛ R✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠ [T(r⊗x,n)]
❛s ❛❜♦✈❡✱ ❢✉rt❤❡r♠♦r❡ UB(M) ✐s ❛s ❛ B✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② U+

B (M)✳ �

❈♦r♦❧❧❛r② ❆✳✶✼ ▲❡t H ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ f ∈ ❍♦♠(B−mod)(J, exp(R)) t❤❛t
s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s

✭❛✮ f(x) = 1 + xT+ ✧t❡r♠s ♦❢ ❤✐❣❤❡r ❡①♣♦♥❡♥t✧ ❢♦r ❛❧❧ x ∈ J ✳

✭❜✮ f(y) =
∑

n≥0

γn(y)T
n ❢♦r ❛❧❧ y ∈ I✳

❚❤❡♥ ❢♦r M = J t❤❡ ❜✐❥❡❝t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ❆✳✶✺ r❡str✐❝ts t♦ ❛ ❜✐❥❡❝t✐♦♥

H → ❍♦♠(B−alg)(D(A,I,γ)(B, J), R).
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Pr♦♦❢✿ ■t ✐s s✉✣❝✐❡♥t t♦ ❝❤❡❝❦ t❤❛t ❢♦r f ∈ ❍♦♠(A−alg)(UA(M), R) t❤❡ ❝♦♥❞✐✲
t✐♦♥ (a) ✐s ❡q✉✐✈❛❧❡♥t t♦ ϕ(F1) = 0 ❛♥❞ ❝♦♥❞✐t✐♦♥ (b) ✐s ❡q✉✐✈❛❧❡♥t t♦ ϕ(F2) = 0
✇✐t❤ F1 ❛♥❞ F2 ❣✐✈❡♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ❆✳✶✸✳ ❇✉t t❤✐s ✐s tr✉❡ s✐♥❝❡

ϕ(µ1(ι(x))) = ϕ([T(x,n)]) = cx,1 = x = ϕ(x) ❢♦r ❛❧❧ x ∈ J

✇❤❡r❡ cx,1 ✐s ❣✐✈❡♥ ❜② f(x) =
∑

n≥0

cx,nT
n ❛♥❞

ϕ(µn(ι(y))) = ϕ([T(y,n)]) = γn(y) = ϕ(γn(y)) ❢♦r ❛❧❧ y ∈ I.

�

❲✐t❤ t❤❡s❡ t♦♦❧s ✇❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ✈❡r✐❢② t❤❡ st❛t❡♠❡♥t ✇❡ ✇❡r❡ ❧♦♦❦✐♥❣
❢♦r✳

❚❤❡♦r❡♠ ❆✳✶✽ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠

D(A,I,γ)(R, JR) ∼= R⊗B D(A,I,γ)(B, J).

Pr♦♦❢✿ ❙❡t
E ′ := exp(R⊗B D(A,I,γ)(B, J)).

❉❡✜♥❡

f : JR ∼= R⊗B J → E
′ ❣✐✈❡♥ ❜② r ⊗ j 7→

∑

n≥0

(r ⊗ [T(j,n)])T
n

✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ❆✳✶✻✳ ❲❡ ❝❧❛✐♠ t❤❛t f s❛t✐s✜❡s ❝♦♥❞✐✲
t✐♦♥ ✭❛✮ ❛♥❞ ✭❜✮ ❢r♦♠ ❈♦r♦❧❧❛r② ❆✳✶✼✱ ✐✳❡✳ f ∈ H✳ ■♥❞❡❡❞ ❧❡t ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② x = r ⊗ j ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ R⊗B J ✳ ❚❤❡♥

f(x) = 1 + (r ⊗ µ1(j))T + ✳ ✳ ✳ = 1 + (r ⊗ ι(j))T + ✳ ✳ ✳ = 1 + (r ⊗ j)T + . . .

❜② t❤❡ r❡❧❛t✐♦♥s ❞✉❡ t♦ F1✳ ❚❤✐s ✐♠♣❧✐❡s ✭❛✮✳ ❋♦r y ∈ I ✇❡ ❤❛✈❡

f(y) =
∑

n≥0

(1⊗ µn(y))T
n =

∑

n≥0

(1⊗ γn(y))T
n

❜② t❤❡ r❡❧❛t✐♦♥s ❞✉❡ t♦ F2✳ ❚❤✐s ✐♠♣❧✐❡s ✭❜✮ ❛♥❞ ✇❡ ✜① ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢
R✲❛❧❣❡❜r❛s

ϕ : D(A,I,γ)(R, JR)→ R⊗B D(A,I,γ)(B, J)

❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ R✲❛❧❣❡❜r❛s

ψ : UB(J)⊗B R→ UR(R⊗B J)→ D(A,I,γ)(R, JR)
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✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s t❤❡ ♠❛♣ ψ ♦❢ Pr♦♣♦s✐t✐♦♥ ❆✳✶✻ ❝♦♠♣♦s❡❞ ✇✐t❤ t❤❡
❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥✳ ❲❡ ❝❧❛✐♠ t❤❛t ψ ❢❛❝t♦r✐③❡s ♦✈❡r R ⊗B D(A,I,γ)(B, J)✱

✐✳❡✳ IB(J)⊗B R ⊆ kerψ✳ ❋♦r x ∈ J ❛♥❞ r ∈ R ✇❡ ❤❛✈❡

ψ((ι(x)− x)⊗ r) = (δ(ι(x))− δ(x)) · r

= (δ(µ1(x))− x) · r

= (η̂1(1⊗ x)− x) · r

= (ι(1⊗ x)− x) · r

= (x− x) · r = 0

s✐♥❝❡ t❤❡ r❡❧❛t✐♦♥ F1 ✐♥ IR(R ⊗B J) ✐♠♣❧✐❡s η̂1(1⊗ x) = ι(1⊗ x)✳ ❋♦r y ∈ I
✇❡ ❤❛✈❡

ψ((µn(ι(y))− γn(y))⊗ 1) = (δ(µn(y))− δ(γn(y))) · r

= (η̂n(1⊗ y)− γn(y)) · r

= (γn(y)− γn(y)) · r = 0

s✐♥❝❡ t❤❡ r❡❧❛t✐♦♥ F2 ✐♥ IR(R ⊗B J) ✐♠♣❧✐❡s η̂n(1 ⊗ x) = γn(y)✳ ❚❤✐s s❤♦✇s
t❤❛t ψ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ R✲❛❧❣❡❜r❛s

ψ : R⊗B D(A,I,γ)(B, J)→ D(A,I,γ)(R, JR)

✇❤✐❝❤ ✐s ✐♥✈❡rs❡ t♦ ϕ✳ �



❆♣♣❡♥❞✐① ❇

❙❧♦♣❡ ✜❧tr❛t✐♦♥s

❚❤❡ ❢♦r♠❛❧✐s♠ ♦❢ s❧♦♣❡s ♦❝❝✉rs ✐♥ ❞✐✛❡r❡♥t ❛r❡❛s ✐♥ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ♦❢t❡♥
✐s tr❡❛t❡❞ ❛❞❥✉st❡❞ t♦ t❤❡ ❛ss♦❝✐❛t❡❞ s✐t✉❛t✐♦♥✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ♠❛♥② ✐♥✲
❝❛r♥❛t✐♦♥s ♦❢ s❧♦♣❡ ✜❧tr❛t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❆♥❞ré ✐♥tr♦❞✉❝❡❞ ❛ ♣✉r❡❧②
❝❛t❡❣♦r② t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❙✐♥❝❡ t❤❡r❡ ❛♣♣❡❛r ❞✐✛❡r❡♥t s❧♦♣❡s ✭♠♦r❡ ♣r❡✲
❝✐s❡❧② s❧♦♣❡ ❢✉♥❝t✐♦♥s✮ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s t❤❡s✐s ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡
t❤❡ ❜❛s✐❝ r❡s✉❧ts ❛❜♦✉t t❤❡♠ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❆s ❛♥♥♦✉♥❝❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s
❡①tr❛❝t❡❞ ❢r♦♠ ❬❆♥❞✵✾❪✳

▲❡t C ❞❡♥♦t❡ ❛♥ ❡ss❡♥t✐❛❧❧② s♠❛❧❧ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ❛♥❞ ❧❡t Γ ❜❡ ❛ t♦t❛❧❧②
♦r❞❡r❡❞ ✭❛❜❡❧✐❛♥✮ ❣r♦✉♣ s✉❝❤ t❤❛t Γ ✐s ❞✐✈✐s✐❜❧❡✳ ❖♥❡ ♠❛② ❛❧✇❛②s ❛ss✉♠❡
Γ = Z× · · · × Z ♦r Γ = R>0 × · · · × R>0 ✇✐t❤ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✳

❇✳✶ ❙❧♦♣❡s

❲❡ ❞❡♥♦t❡ ❜② s❦(C) ❛ s❦❡❧❡t♦♥ ♦❢ C✱ ✐✳❡✳ ❛ s❡t ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ❢♦r t❤❡
✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ✐♥ C✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts

❼ ❛ r❛♥❦ ❢✉♥❝t✐♦♥ r❦ : s❦(C) → N t❤❛t ♠❛♣s t❤❡ ③❡r♦ ♦❜❥❡❝t t♦ 0 ❛♥❞ ✐s
❛❞❞✐t✐✈❡ ♦♥ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s✱ ✐✳❡✳ r❦(N) = r❦(M) + r❦(P ) ❢♦r ❛♥②
s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0→M → N → P → 0✳

❼ ❛ s❧♦♣❡ ❢✉♥❝t✐♦♥ µ : s❦(C) \ {0} → Γ✱ s✉❝❤ t❤❛t t❤❡ ❞❡❣r❡❡ ❢✉♥❝t✐♦♥
deg := µ · r❦ ✐s ❛❞❞✐t✐✈❡ ♦♥ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s✳

▲❡♠♠❛ ❇✳✶ ✶✳ ❋♦r ❛♥② s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0→ M → N → P → 0 ♦❢
♥♦♥✲③❡r♦ ♦❜❥❡❝ts ✐♥ C✳ ❚❤❡♥

min(µ(M), µ(P )) ≤ µ(N) ≤ max(µ(M), µ(P ))

❤♦❧❞s ❛♥❞ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ str✐❝t ✉♥❧❡ss µ(M) = µ(N) = µ(P )✳

✾✼
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✷✳ ▲❡t 0 =M0 ⊆M1 ⊆ · · · ⊆Mr =M ❞❡♥♦t❡ ❛ ✢❛❣ s✉❝❤ t❤❛t Mi/Mi−1 6=
0 ❢♦r 1 ≤ i ≤ r✳ ❚❤❡♥

min{µ(Mi/Mi−1) | 1 ≤ i ≤ r} ≤ µ(M) ≤ max{µ(Mi/Mi−1) | 1 ≤ i ≤ r}.

❆❣❛✐♥✱ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ str✐❝t ✉♥❧❡ss µ(Mi/Mi−1) = µ(M) ❢♦r ❛❧❧
1 ≤ i ≤ r✳

Pr♦♦❢✿ deg ✐s ❛❞❞✐t✐✈❡ ♦♥ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡s✱ ❤❡♥❝❡ ✇❡ ♦❜t❛✐♥

µ(N) = µ(M)
r❦(M)

r❦(N)
+ µ(P )

r❦(P )

r❦(N)
.

❙❡t α := r❦(M)
r❦(N)

❛♥❞ r❡❝❡✐✈❡ r❦(P )
r❦(N)

= 1 − α s✐♥❝❡ r❦ ✐s ❛❞❞✐t✐✈❡ ♦♥ s❤♦rt ❡①❛❝t
s❡q✉❡♥❝❡s✳ ❇✉t

min(µ(M), µ(P )) ≤ µ(M)α + µ(P )(1− α) ≤ max(µ(M), µ(P ))

❤♦❧❞s ❢♦r ❛♥② α ∈ [0, 1] ❛♥❞ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❡ ✜rst ♣❛rt✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt
✐s ♣r♦✈❡♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r✳ �

❉❡✜♥✐t✐♦♥ ❇✳✷ 0 6= N ∈ C ✐s ❝❛❧❧❡❞ ✭µ✲✮s❡♠✐st❛❜❧❡ ✭r❡s♣✳ ✭µ✲✮st❛❜❧❡✮ ✐❢
µ(M) ≤ µ(N) ✭r❡s♣✳ µ(M) < µ(N)✮ ❤♦❧❞s ❢♦r ❛♥② s✉❜♦❜❥❡❝t 0 6=M ( N ✳

▲❡♠♠❛ ❇✳✸ ▲❡t N ❜❡ ❛ ♥♦♥✲③❡r♦ ♦❜❥❡❝t ♦❢ C✳

✶✳ N ✐s s❡♠✐st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ µ(P ) ≥ µ(N) ❤♦❧❞s ❢♦r ❛♥② ♥♦♥✲③❡r♦
q✉♦t✐❡♥t P ♦❢ N ✳

✷✳ ▲❡t N ❜❡ s❡♠✐st❛❜❧❡ ❛♥❞ 0 6= M ⊆ N ❞❡♥♦t❡ ❛ s✉❜♦❜❥❡❝t s✉❝❤ t❤❛t
µ(M) = µ(N) ❤♦❧❞s✳ ❚❤❡♥ M ✐s s❡♠✐st❛❜❧❡✳

✸✳ ▲❡t N ❜❡ s❡♠✐st❛❜❧❡ ❛♥❞ P 6= 0 ❞❡♥♦t❡ ❛ q✉♦t✐❡♥t ♦❢ N s✉❝❤ t❤❛t µ(P ) =
µ(N) ❤♦❧❞s✳ ❚❤❡♥ M ✐s s❡♠✐st❛❜❧❡✳

✹✳ ▲❡t N ❜❡ s❡♠✐st❛❜❧❡ ❛♥❞ M 6= 0 ❜❡ ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ N ✳ ❚❤❡♥ M
✐s s❡♠✐st❛❜❧❡ ♦❢ s❧♦♣❡ µ(M) = µ(N)✳

✺✳ ▲❡t 0 6=M ⊆ N ❜❡ ❛ s✉❜♦❜❥❡❝t ♦❢ ♠✐♥✐♠❛❧ r❛♥❦✱ s✉❝❤ t❤❛t µ(M) ≥ µ(N)
❤♦❧❞s✳ ❚❤❡♥ M ✐s s❡♠✐st❛❜❧❡✳

✻✳ ▲❡t P 6= 0 ❜❡ ❛ q✉♦t✐❡♥t ♦❢ N ♦❢ ♠✐♥✐♠❛❧ r❛♥❦✱ s✉❝❤ t❤❛t µ(P ) ≤ µ(N)
❤♦❧❞✳ ❚❤❡♥ P ✐s s❡♠✐st❛❜❧❡✳
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✼✳ ▲❡t 0 → M → N → P → 0 ❜❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ C ♦❢ ♥♦♥✲③❡r♦
♦❜❥❡❝ts✳ ■❢ t✇♦ ♦❜❥❡❝t ✐♥ t❤❡ s❡q✉❡♥❝❡ ❛r❡ s❡♠✐st❛❜❧❡✱ t❤❡ t❤✐r❞ ✐s ❛❧s♦
s❡♠✐st❛❜❧❡✳

Pr♦♦❢✿ ❙tr❛✐❣❤t❢♦r✇❛r❞✱ s❡❡ ❬❆♥❞✵✾✱ ▲❡♠♠❛ ✶✳✸✳✼✳❪✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❬❆♥❞✵✾✱ ▲❡♠♠❛ ✶✳✸✳✽✳❪ st❛t❡s t❤❛t t❤❡r❡ ❛r❡ ♥♦
♥♦♥✲tr✐✈✐❛❧ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ s❡♠✐st❛❜❧❡ ♦❜❥❡❝ts ♦❢ ❞❡❝r❡❛s✐♥❣ s❧♦♣❡✳

▲❡♠♠❛ ❇✳✹ ▲❡t M ❛♥❞ N ❜❡ s❡♠✐st❛❜❧❡ ♦❜❥❡❝ts ♦❢ C✳ µ(M) ≤ µ(N) ❤♦❧❞s
✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲③❡r♦ ♠♦r♣❤✐s♠ f : M → N ✳

Pr♦♦❢✿ ❈♦♥s✐❞❡r t❤❡ ❢❛❝t♦r✐③❛t✐♦♥M ։M/ ker(f) ∼= ■♠(f) →֒ N ♦❢ f ✳ ❚❤❡♥
µ(M) ≤ µ(M/ ker(f)) = µ(■♠(f)) ≤ µ(N) ❤♦❧❞s ❜② t❤❡ s❡♠✐st❛❜✐❧✐t② ♦❢ M
❛♥❞ N ✳ �

❉❡✜♥✐t✐♦♥ ❇✳✺ ▲❡t N ❜❡ ❛ ♥♦♥✲③❡r♦ ♦❜❥❡❝t ♦❢ C✳ 0 6=M ⊆ N ✐s ❛ ✉♥✐✈❡rs❛❧
❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t ♦❢ N ✭✇✐t❤ r❡s♣❡❝t t♦ µ✮ ✐❢ ❢♦r ❛♥② ♥♦♥✲③❡r♦ s✉❜♦❜❥❡❝t
M ′ ⊆ N t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

❼ µ(M ′) ≤ µ(M)

❼ ■❢ µ(M ′) = µ(M)✱ t❤❡♥ M ′ ⊆M ⊆ N ✳

❆ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝tM ♦❢N ∈ C ✐s s❡♠✐st❛❜❧❡ ❜② ❞❡✜♥✐t✐♦♥
❛♥❞ ✉♥✐q✉❡✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✭❬❆♥❞✵✾✱ ▲❡♠♠❛ ✶✳✸✳✶✷✳❪✮✳

▲❡♠♠❛ ❇✳✻ ▲❡t N ❜❡ ❛ ♥♦♥✲③❡r♦ ♦❜❥❡❝t ♦❢ C✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐✈❡rs❛❧
❞❡st❛❜✐❧✐③✐♥❣ ♦❜❥❡❝t ♦❢ M ✳

Pr♦♦❢✿ ❲❡ ♣r♦✈❡ t❤✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r❦(N)✳ ■❢ N ✐s ❛❧r❡❛❞② s❡♠✐st❛❜❧❡ ✇❡
❛r❡ ❛❧r❡❛❞② ❞♦♥❡✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r t❤❡ ❝❛s❡ r❦(N) = 1✳
❆ss✉♠❡ t❤❛t N ✐s ♥♦t s❡♠✐st❛❜❧❡ ❛♥❞ ❝♦♥s✐❞❡r ❛❧❧ q✉♦t✐❡♥ts 0 6= P 6= N
♦❢ N s✉❝❤ t❤❛t µ(P ) < µ(N)✳ ❈❤♦♦s❡ s✉❝❤ ❛ P ♦❢ ♠✐♥✐♠❛❧ r❛♥❦ ❛♥❞ s❡t
N ′ := ker(N ։ P )✳ P ✐s s❡♠✐st❛❜❧❡ ❜② ✐t❡♠ ✻✳ ♦❢ ▲❡♠♠❛ ❇✳✸ ❛♥❞ ✇❡ ❤❛✈❡
r❦(N ′) < r❦(N) s✐♥❝❡ t❤❡ r❦ ✐s ❛❞❞✐t✐✈❡✳ ❲❡ ❞❡❞✉❝❡ µ(P ) < µ(N) < µ(N ′)
❢r♦♠

min(µ(N ′), µ(P )) < µ(N) < max(µ(N ′), µ(P )).

❇② ✐♥❞✉❝t✐♦♥ ✇❡ ❦♥♦✇ t❤❛t N ′ ❤❛s ❛♥ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t M ✳
❲❡ ❝❧❛✐♠ t❤❛t M ✐s ❛❧s♦ ❛♥ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ ♦❜❥❡❝t ❢♦r N ✳ ■t ✐s ✐♠♠❡✲
❞✐❛t❡ t❤❛t µ(N) < µ(N ′) ≤ µ(M)✳ ❚❛❦❡ 0 6= M ′ ⊆ N s✉❝❤ t❤❛t N ′ ( M ′✳
❚❤✉sM ′ ⊆ N ։ P ✐s ♥♦♥③❡r♦ ❛♥❞ ✇❡ ♦❜t❛✐♥ µ(M ′) ≤ µ(P ) < µ(N) ≤ µ(M)
❜② ▲❡♠♠❛ ❇✳✹✳ ❚❤✐s ✈❡r✐✜❡s t❤❡ ❝❧❛✐♠✳ �
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❇✳✷ ❋✐❧tr❛t✐♦♥s

▲❡t C ❜❡ ❛♥ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② ❡♥❞♦✇❡❞ ✇✐t❤ ❛ r❛♥❦ ❢✉♥❝t✐♦♥✱ ❞❡✜♥❡❞ ❛s ✐♥
t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✳ ❋✉rt❤❡r♠♦r❡ ❧❡t Γ ❜❡ ❛ t♦t❛❧❧② ♦r❞❡r❡❞✱ ✉♥✐q✉❡❧②
❞✐✈✐s✐❜❧❡✱ ❛❜❡❧✐❛♥ ❣r♦✉♣✳ ❲❡ ❝♦♥s✐❞❡r Γ ❛s ❛ ❝❛t❡❣♦r② ❜② ❖❜(Γ) := Γ ❛♥❞

❍♦♠Γ(γ, δ) :=

{

{∗} ✐❢ γ ≤ δ

∅ ✐❢ γ > δ.

❚❤❡♥ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ✐♥ Γ ✐s ❛❧r❡❛❞② ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳

❉❡✜♥✐t✐♦♥ ❇✳✼ ❆ ✭❞❡❝r❡❛s✐♥❣✮ ✜❧tr❛t✐♦♥ ✐s ❛ ❢✉♥❝t♦r ❋✐❧•(·) : Γ♦♣ × C → C
t❤❛t ❛ss✐❣♥s t♦ ❛♥ ♦❜❥❡❝t (γ,M) ❛ s✉❜♦❜❥❡❝t ❋✐❧γ(M) ♦❢M ✳ ❲❡ ❝❛❧❧ ❛ ✜❧tr❛t✐♦♥

✶✳ s❡♣❛r❛t❡❞ ✐❢
lim←−
γ∈Γ

❋✐❧γ(M) = 0

❤♦❧❞s ❢♦r ❛♥② M ✐♥ C✳

✷✳ ❡①❤❛✉st✐✈❡ ✐❢
lim−→
γ∈Γ

❋✐❧γ(M) =M

❤♦❧❞s ❢♦r ❛♥② M ✐♥ C✳

✸✳ ❧❡❢t ❝♦♥t✐♥✉♦✉s ✐❢
❋✐❧γ(M) = lim−→

δ<γ

❋✐❧δ(M)

❤♦❧❞s ❢♦r ❛♥② γ ∈ Γ ❛♥❞ M ✐♥ C✳

❋♦r ❛ s❡♣❛r❛t❡❞✱ ❡①❤❛✉st✐✈❡ ❛♥❞ ❧❡❢t ❝♦♥t✐♥✉♦✉s ✜❧tr❛t✐♦♥ ❋✐❧•(·) ❛♥❞ ❛♥② ♦❜✲
❥❡❝t M ✱ ✇❡ r❡❝❡✐✈❡ ❛ ♣❛rt✐t✐♦♥ ♦❢

Λ = (−∞, λr] ⊔ · · · ⊔ (λ2, λ1] ⊔ (λ1,∞)

s✉❝❤ t❤❛t ❋✐❧•(·) ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✐♥t❡r✈❛❧s ❛❜♦✈❡✳ ❚❤❡ ✈❛❧✉❡s

λ1 > λ2 > · · · > λr

❛r❡ ❝❛❧❧❡❞ t❤❡ ❜r❡❛❦s ♦❢ ❋✐❧•(·)✳ ❙❡t✿

❣ri(M) := ❋✐❧λi(M)/❋✐❧λi−1(M),

deg❋✐❧ : s❦(C)→ Λ,M 7→
r∑

i=1

λi · r❦(❣r
λi(M)), ✭❇✳✶✮
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µ❋✐❧ : s❦(C) \ {0} → Λ,M 7→
deg❋✐❧(M)

r❦(M)
. ✭❇✳✷✮

❲❡ ❝❛❧❧ ❋✐❧•(·) ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ✐❢

✶✳ t❤❡ ✜❧tr❛t✐♦♥ ♦♥ ❋✐❧λ(M) ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ✜❧tr❛t✐♦♥ ♦❢ M ✱ ✐✳❡✳

❋✐❧η(❋✐❧λ(M)) =

{

❋✐❧η(M) ✐❢ η ≥ λ

❋✐❧λ(M) ✐❢ η ≤ λ
.

✷✳ t❤❡ ✜❧tr❛t✐♦♥ ♦♥ M/❋✐❧λ(M) ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ✜❧tr❛t✐♦♥ ♦❢ M ✱ ✐✳❡✳

❋✐❧η(M/❋✐❧λ(M)) =

{

❋✐❧η(M)/❋✐❧λ(M) ✐❢ η ≤ λ

0 ✐❢ η ≥ λ
.

✸✳ µ❋✐❧ ✐s ❛ s❧♦♣❡ ❢✉♥❝t✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛ss✉♠❡ ❛❧❧ ✜❧tr❛t✐♦♥s t♦ ❜❡ ❡①❤❛✉st✐✈❡✱ s❡♣❛r❛t❡❞ ❛♥❞
❧❡❢t ❝♦♥t✐♥✉♦✉s✳

▲❡♠♠❛ ❇✳✽ ▲❡t ❋✐❧•(·) ❞❡♥♦t❡ ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ✇✐t❤ ❜r❡❛❦s

λ1 > λ2 > · · · > λr

❛♥❞ ❧❡t µ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❧♦♣❡ ❢✉♥❝t✐♦♥✳ ❆♥ ♦❜❥❡❝t 0 6= N ♦❢ C ✐s
s❡♠✐st❛❜❧❡ ✭✇✐t❤ r❡s♣❡❝t t♦ µ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ r = 1✳

Pr♦♦❢✿ ❲❡ ❛ss✉♠❡ r = 1 ❛♥❞ ❞❡✜♥❡ λ := λ1✳ ❚❤❡♥ N = ❣rλ(N) ❛♥❞
µ(N) = λ✳ ◆♦✇ t❛❦❡ ❛ s✉❜♦❜❥❡❝t 0 6=M ⊆ N ✳ ❇② ❢✉♥❝t♦r✐❛❧✐t② ♦❢ ❋✐❧•(·) ✇❡
♦❜t❛✐♥

❋✐❧η(M) ⊆ ❋✐❧η(N) = 0 ❢♦r ❛❧❧ η > λ.

❍❡♥❝❡ t❤❡ ❜r❡❛❦s η1 > η2 > · · · > ηs ♦❢ M s❛t✐s❢② λ ≥ η1✳ ❲❡ ♦❜t❛✐♥

λ · r❦(M) ≥ λ ·
s∑

i=1

r❦(❣rηi(M)) ≥ r❦(M) · µ(M),

✐♥ ♣❛rt✐❝✉❧❛r µ(N) = λ ≥ µ(M)✱ ✐✳❡✳ N ✐s s❡♠✐st❛❜❧❡✳ ◆♦✇ ❛ss✉♠❡ t❤❛t
r ≥ 2 ❛♥❞ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t N ✐s ♥♦t s❡♠✐st❛❜❧❡✳ ❲❡ ❛❜❜r❡✈✐❛t❡
Ni := ❋✐❧λi(N)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ r = 2 ❛♥❞ r❡♠❛r❦ t❤❛t

µ(N1) = λ1 ❛♥❞ µ(N/N1) = λ2
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s✐♥❝❡ ❋✐❧•(·) ✐s ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ✭N1 ❛♥❞ N/N1 ❝❛rr② t❤❡ ✐♥❞✉❝❡❞ ✜❧tr❛t✐♦♥s✮✳
❋r♦♠ µ(N1) = λ1 > λ2 = µ(N/N1) ❛♥❞ ▲❡♠♠❛ ❇✳✶ ✇❡ s❡❡ t❤❛t

µ(N/N1) < µ(N) < µ(N1),

✐♥ ♣❛rt✐❝✉❧❛r N ✐s ♥♦t s❡♠✐st❛❜❧❡✳ ◆♦✇ ❛ss✉♠❡ t❤❛t r ≥ 2 ❛♥❞ t❤❛t N ✐s
s❡♠✐st❛❜❧❡✳ ❋♦r ❛♥② s✉❜♦❜❥❡❝t 0 6=M ⊆ N1 ✇❡ r❡❝❡✐✈❡

µ(M) = λ1 · r❦(M) ≤ λ1 · r❦(N1) = µ(N1).

❚❤❡r❡❢♦r❡ N1 ❛s ✇❡❧❧ ❛s N/N1 ❛r❡ s❡♠✐st❛❜❧❡✳ ❈♦♥s✐❞❡r t❤❡ ✐♥❞✉❝❡❞ s❧♦♣❡
✜❧tr❛t✐♦♥ ♦♥ N/N1 ❣✐✈❡♥ ❜②

0 ⊆ N2/N1 ⊆ · · · ⊆ Nr/N1 = N/N1

✇❤✐❝❤ ❤❛s r− 1 ❜r❡❛❦s ❛♥❞ ❤❡♥❝❡ N/N1 ❝❛♥ ♥♦t ❜❡ s❡♠✐st❛❜❧❡ ❜② ✐♥❞✉❝t✐♦♥✳
❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛♥❞ N ✐s ♥♦t s❡♠✐st❛❜❧❡✳ �

❋r♦♠ t❤✐s ♣r♦♦❢ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳

❈♦r♦❧❧❛r② ❇✳✾ ▲❡t ❋✐❧•(·) ❞❡♥♦t❡ ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ✇✐t❤ ❜r❡❛❦s

λ1 > λ2 > · · · > λr

❛♥❞ ❧❡t µ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❧♦♣❡ ❢✉♥❝t✐♦♥✳ ❚❛❦❡ ❛♥ ♦❜❥❡❝t N ♦❢ C ❛♥❞
❛❜❜r❡✈✐❛t❡ Ni := ❋✐❧λi(N) ❢♦r i = 1, . . . , r✳

✶✳ ❆❧❧ ❣r❛❞❡❞ ♣✐❡❝❡s Ni/Ni−1 ❛r❡ s❡♠✐st❛❜❧❡✳

✷✳ µ(N1) = λ1 < µ(N2/N1) = λ2 < · · · < µ(Nr/Nr−1) = λr✳

Pr♦♣♦s✐t✐♦♥ ❇✳✶✵ ▲❡t ❋✐❧•(·) ❞❡♥♦t❡ ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ✇✐t❤ ❜r❡❛❦s

λ1 > λ2 > · · · > λr

❛♥❞ ❧❡t µ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❧♦♣❡ ❢✉♥❝t✐♦♥✳ ❚❛❦❡ ❛♥ ♦❜❥❡❝t N ♦❢ C ❛♥❞
❛❜❜r❡✈✐❛t❡ Ni := ❋✐❧λi(N) ❢♦r i = 1, . . . , r✳ ❚❤❡♥

F : 0 = N0 ⊆ N1 ⊆ N2 ⊆ · · · ⊆ Nr = N

✐s t❤❡ ✉♥✐q✉❡ ✢❛❣ ✭✉♣ t♦ ✉♥✐q✉❡ ✐s♦♠♦r♣❤✐s♠✮ s❛t✐s❢②✐♥❣✿

✶✳ ❋♦r ❛❧❧ i = 1, . . . , r t❤❡ q✉♦t✐❡♥t Ni/Ni−1 ✐s s❡♠✐st❛❜❧❡✳

✷✳ µ(N1) > µ(N2/N1) > · · · > µ(N/Nr−1) ❤♦❧❞s✳
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❋✉rt❤❡r♠♦r❡ Ni ✐s t❤❡ ♣r❡✐♠❛❣❡ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t ♦❢
N/Ni−1 ✉♥❞❡r t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ N ։ N/Ni−1✳

Pr♦♦❢✿ ▲❡t M ❜❡ ❛ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t ♦❢ N ❛♥❞ s❡t

j := min{i = 1, . . . , r |M ⊆ Ni}.

❈♦♥s✐❞❡r t❤❡ ♥♦♥③❡r♦ ♠♦r♣❤✐s♠

M ։M/Nj−1 →֒ Nj/Nj−1

❜❡t✇❡❡♥ s❡♠✐st❛❜❧❡ ♦❜❥❡❝ts✱ ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝✲
t✐♦♥ ❛♥❞ t❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥✳ ❲❡ ❞❡❞✉❝❡ µ(M) ≤ µ(Nj/Nj−1) ❜② ▲❡♠♠❛
❇✳✹✳ ❇✉t s✐♥❝❡ M ✐s ❛ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t ♦❢ N ✇❡ ❛❧s♦ ❤❛✈❡
µ(Nj/Nj−1) ≤ µ(N1) ≤ µ(M) ❛♥❞ t❤✐s ✐♠♣❧✐❡s j = 1✱ ❤❡♥❝❡ M = N1✳ ◆♦✇
♣r♦❝❡❡❞ ✐♥❞✉❝t✐✈❡❧②✳ �

❚❤❡♦r❡♠ ❇✳✶✶ ✭❍❛r❞❡r✲◆❛r❛s✐♠❤❛♥✮ ❚❤❡ ♠❛♣ ❋✐❧•(·) 7→ µ❋✐❧ ❣✐✈❡♥ ❛s
✐♥ ✭❇✳✷✮ ❡st❛❜❧✐s❤❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ s❧♦♣❡ ✜❧tr❛t✐♦♥s ❛♥❞ s❧♦♣❡ ❢✉♥❝t✐♦♥ ♦♥
C✳

Pr♦♦❢✿ ■♥❥❡❝t✐✈✐t② ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ❇✳✶✵✳ ▲❡t µ ❜❡ ❛♥
❛r❜✐tr❛r② s❧♦♣❡ ❢✉♥❝t✐♦♥ ♦♥ C ❛♥❞ ❧❡t N ❞❡♥♦t❡ ❛♥ ♦❜❥❡❝t ♦❢ N ✳ ❆s ✐♥❞✐❝❛t❡❞
✐♥ Pr♦♣♦s✐t✐♦♥ ❇✳✶✵ ✇❡ ❞❡✜♥❡ ❛ ✢❛❣ ♦♥ N ✐♥❞✉❝t✐✈❡❧② ❜② ❞❡✜♥✐♥❣ Ni t♦
❜❡ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t ♦❢ N ✉♥❞❡r t❤❡
❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥ N ։ N/Ni−1 ✭❛♥❞ N0 := 0✮✳ ▲❡t Mi ⊆ N/Ni−1 ❞❡♥♦t❡
❛♥ ✉♥✐✈❡rs❛❧ ❞❡st❛❜✐❧✐③✐♥❣ s✉❜♦❜❥❡❝t✳ ❚❤❡♥ ✇❡ r❡❝❡✐✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0→ Ni−1 → Ni →Mi → 0.

Mi ❛♥❞ Ni−1 ❛r❡ s❡♠✐st❛❜❧❡ ❜② ❞❡✜♥✐t✐♦♥ r❡s♣✳ ✐♥❞✉❝t✐♦♥ ❛♥❞ ❤❡♥❝❡ ❛❧❧ Ni

❛r❡ s❡♠✐st❛❜❧❡✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❛r❡ ♦♥❧②
✜♥✐t❡❧② ♠❛♥② Ni✱ ❛ss✉♠❡ Nr = N ✳ ❙❡t λi := µ(Ni/Ni−1) ❛♥❞

❋✐❧λ(N) := Ni ❢♦r ❛❧❧ λ ∈ (λi+1, λi].

❛s ✇❡❧❧ ❛s ❋✐❧λ(N) = N ❢♦r λ ≥ λr ❛♥❞ ❋✐❧λ(N) = 0 ❢♦r λ > λ1✳ ❚❤✐s ✜❧tr❛t✐♦♥
✐s ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ❛♥❞ ✇❡ ♦❜t❛✐♥ s✉r❥❡❝t✐✈✐t②✳ �

❇✳✸ ❉✐❡✉❞♦♥♥é✲▼❛♥✐♥ ❈❧❛ss✐✜❝❛t✐♦♥

❙✐♥❝❡ ✇❡ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ❍❛r❞❡r✲◆❛r❛s✐♠❤❛♥ ✜❧tr❛t✐♦♥
t❤❡ s♠♦♦t❤❡st ✇❛② t♦ ♣r♦♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ✐s t❤❡ ♦♥❡ ❡①❡❝✉t❡❞
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❜② ❨✳ ❲✳ ❉✐♥❣ ❛♥❞ ❨✳ ❖✉②❛♥❣ ✐♥ t❤❡✐r s❤♦rt ❛rt✐❝❧❡ ❬❉❖✶✷❪✳ ❋♦r ❛❧❧ t❡❝❤♥✐❝❛❧
❞❡t❛✐❧s ✇❡ ❧✐❦❡✇✐s❡ r❡❢❡r t♦ ❬❉❖✶✷❪✳

▲❡t k ❜❡ ❛ ♣❡r❢❡❝t ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p > 0 ❛♥❞ ❞❡♥♦t❡ ❜② F t❤❡ ✜❡❧❞
♦❢ ❢r❛❝t✐♦♥s ♦❢ t❤❡ r✐♥❣ ♦❢ ❲✐tt ✈❡❝t♦rs W (k)✳ ❲❡ ❞❡♥♦t❡ ❜② ν t❤❡ ❞✐s❝r❡t❡
✈❛❧✉❛t✐♦♥ ♦♥ F ✐♥❞✉❝❡❞ ❜② W (k)✳ ❆s ✉s✉❛❧ ❛ ϕ✲♠♦❞✉❧❡ D ♦✈❡r F ✐s ❛ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r F t♦❣❡t❤❡r ✇✐t❤ ❛t σ✲s❡♠✐❧✐♥❡❛r ♠❛♣ ϕ ✇❤❡r❡
σ := W (σ) ❛♥❞ σ : k → k ✐s t❤❡ ❋r♦❜❡♥✐✉s ♠❛♣ ❣✐✈❡♥ ❜② x 7→ xp✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ◆❡✇t♦♥ s❧♦♣❡ µN ♦❢ ❛ ϕ✲
♠♦❞✉❧❡ D ♦✈❡r F ✳ ❚❤❡ r❛♥❦ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❣✐✈❡♥ ❜② t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ D
❛♥❞ t❤❡ ❞❡❣r❡❡ ❢✉♥❝t✐♦♥ ✐s t❤❡ s♦ ❝❛❧❧❡❞ ◆❡✇t♦♥ ♥✉♠❜❡r tN ✭❝♦♠♣❛r❡ ❬❇❈✵✾✱
❉❡✜♥✐t✐♦♥ ✽✳✶✳✼✳❪✮✳

❉❡✜♥✐t✐♦♥ ❇✳✶✷ ▲❡t D 6= 0 ❞❡♥♦t❡ ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r F ✳ ❈❤♦♦s❡ ❛ ❜❛s✐s ♦❢
D ❛♥❞ ❞❡♥♦t❡ ❜② A t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠❛♣ ϕ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s
❜❛s✐s✳ ❙❡t

tN(D) := ν(det(A))

❛♥❞

µN(D) :=
tN(D)

❞✐♠F (D)
.

❋✉rt❤❡r♠♦r❡ D ✐s ❝❛❧❧❡❞ ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡ λ ∈ Q ✐❢ t❤❡r❡ ❡①✐sts ❛ W (k)✲❧❛tt✐❝❡
M ⊆ D s✉❝❤ t❤❛t

ϕh(M) = pdM,

✇❤❡r❡ λ = d
h
❛♥❞ d, h ∈ Z ❛♥❞ h ≥ 1✳ ✭❚❤❡ s❧♦♣❡ λ ∈ Q ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥

t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧❛tt✐❝❡✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ t❤✐r❞ ♣♦✐♥t ♦❢ t❤❡ s✉❜s❡q✉❡♥t
❘❡♠❛r❦ ❇✳✶✸✳✮

❘❡♠❛r❦ ❇✳✶✸ ✶✳ ❚❤❡ ◆❡✇t♦♥ ♥✉♠❜❡r tN ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢
❛ ❜❛s✐s✳ ■♥❞❡❡❞ ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ ❜❛s✐s r❡s✉❧ts ✐♥ σ✲❝♦♥❥✉❣❛t✐♦♥ ♦❢ t❤❡
♠❛tr✐① A✱ ✐✳❡✳ A ✐s r❡♣❧❛❝❡❞ ❜② σ(B)AB−1 ❢♦r s♦♠❡ B ∈ ●▲(D)✳ ❇✉t

ν(det(σ(B)AB−1)) = ν(det(σ(B)) + ν(det(A)) + ν(det(B−1))

= ν(σ(det(B)) + ν(det(A))− ν(det(B))

= ν(det(A)).

✷✳ tN ✐s ❛❞❞✐t✐✈❡ ♦♥ ❡①❛❝t s❡q✉❡♥❝❡s✱ ✐✳❡✳ ❢♦r ❛♥② ❡①❛❝t s❡q✉❡♥❝❡

0→ D1 → D → D2 → 0

♦❢ ϕ✲♠♦❞✉❧❡s ♦✈❡r F t❤❡ ❡q✉❛t✐♦♥ tN(D) = tN(D1)+tN(D2) ❤♦❧❞s✳ ❚❤✐s
✐s ♦❜✈✐♦✉s s✐♥❝❡ det ✐s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♦♥ s✉❝❤ ❡①❛❝t s❡q✉❡♥❝❡s✳
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✸✳ ❆♥② ϕ✲♠♦❞✉❧❡ D ♦✈❡r F ✱ t❤❛t ✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡ λ = d
h
∈ Q✱ ❤❛s

◆❡✇t♦♥ s❧♦♣❡ µN(D) = λ✳ ▲❡t M ❜❡ ❛ W (k)✲❧❛tt✐❝❡ ✐♥ D s✉❝❤ t❤❛t
ϕh(M) = pdM ❤♦❧❞s ❛♥❞ ❧❡t A ❞❡♥♦t❡ ❛ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ ϕ ✇✐t❤
r❡s♣❡❝t t♦ ❛ ❜❛s✐s ♦❢ M ✳ ❚❤❡♥

µN(D) =
1

h
· tN(A

h) · ❞✐♠F (D)−1

=
1

h
· ν(det(pd1)) · ❞✐♠F (D)−1

=
d

h
= λ

✹✳ ❚❤❡ s✉❜s❡q✉❡♥t ▲❡♠♠❛ ❇✳✶✹ s❤♦✇s t❤❛t ❛♥② ✐s♦❝❧✐♥✐❝ ϕ✲♠♦❞✉❧❡ ♦✈❡r F
✐s s❡♠✐st❛❜❧❡✳

✺✳ ■t ✐s ♥♦t ❛t ❛❧❧ ❝❧❡❛r ②❡t t❤❛t ❛ ϕ✲♠♦❞✉❧❡ D ♦✈❡r F ✱ ✇❤✐❝❤ ✐s s❡♠✐st❛❜❧❡
✭✇✐t❤ r❡s♣❡❝t t♦ µN✮✱ ✐s ✐♥❞❡❡❞ ✐s♦❝❧✐♥✐❝ ♦❢ ◆❡✇t♦♥ s❧♦♣❡ µN(D)✳ ❚❤✐s
❢❛❝t ✐s ❛ ❝r✉❝✐❛❧ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ♦❢
❉✐❡✉❞♦♥♥é✲▼❛♥✐♥✳

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✇❡ ♠❛② ❛❧s♦ ❞r❛✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥✳

▲❡♠♠❛ ❇✳✶✹ ✶✳ ▲❡t 0 → (D1, ϕ1)
α
→ (D,ϕ)

β
→ (D2, ϕ2) → 0 ❜❡ ❛♥

❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ϕ✲♠♦❞✉❧❡s ♦✈❡r F ❛♥❞ ❛ss✉♠❡ t❤❛t (D,ϕ) ✐s ✐s♦❝❧✐♥✐❝✳
❚❤❡♥ (D1, ϕ1) ❛♥❞ (D2, ϕ2) ❛r❡ ✐s♦❝❧✐♥✐❝ ❛♥❞ µN(D,ϕ) = µN(D1, ϕ1) =
µN(D2, ϕ2)✳

✷✳ ▲❡t (D1, ϕ1) ❛♥❞ (D2, ϕ2) ❜❡ ✐s♦❝❧✐♥✐❝ ϕ✲♠♦❞✉❧❡s ♦✈❡r F ♦❢ ❞✐st✐♥❝t
s❧♦♣❡s✱ ✐✳❡✳ µN(D1, ϕ1) 6= µN(D2, ϕ2) ❛♥❞ ❧❡t γ : (D1, ϕ1)→ (D2, ϕ2) ❜❡
❛ ♠♦r♣❤✐s♠ ♦❢ ϕ✲♠♦❞✉❧❡s ♦✈❡r F ✳ ❚❤❡♥ γ ✐s t❤❡ ③❡r♦ ♠♦r♣❤✐s♠✳

Pr♦♦❢✿ ▲❡tM ⊆ D ❞❡♥♦t❡ ❛ ❧❛tt✐❝❡ s✉❝❤ t❤❛t ϕh(M) = pdM ❤♦❧❞s ❢♦r s✉✐t❛❜❧❡
h, d ∈ Z✳ ❲❡ s❡❡ t❤❛t β(M) ⊆ D2 ✐s ❛ ❧❛tt✐❝❡ ❛♥❞ ϕh

2(β(M)) = β(ϕh(M)) =
β(pdM) = pdβ(M)✱ ❤❡♥❝❡ (D2, ϕ2) ✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡

d
h
✳ ❇② t❤❡ s❡❝♦♥❞ ♣❛rt

♦❢ ❘❡♠❛r❦ ❇✳✶✸ ✇❡ ♦❜t❛✐♥

µN(D1) =
tN(D)− tN(D2)

❞✐♠F (D)− ❞✐♠F (D2)

=
tN(D)− µN(D)❞✐♠F (D2)

❞✐♠F (D)− ❞✐♠F (D2)

=
tN(D)

❞✐♠F (D)
= µN(D)
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❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ♣♦✐♥t✳ ◆♦✇ ❛ss✉♠❡ t❤❛t γ : (D1, ϕ1)→ (D2, ϕ2) ✐s ♥♦♥✲
③❡r♦✳ ❚❤❡♥ µN(D2, ϕ2) = µN(■♠(γ)) = µN(D1/ ker(γ)) = µN(D1, ϕ1) ❤♦❧❞s
❜② t❤❡ ✜rst ♣❛rt ❛♥❞ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥✳ �

◆♦✇ ❚❤❡♦r❡♠ ❇✳✶✶ ❛✉t♦♠❛t✐❝❛❧❧② ♣r♦✈✐❞❡s ❛ ✜❧tr❛t✐♦♥ ❢♦r ❛♥② ϕ✲♠♦❞✉❧❡
D ♦✈❡r F ✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤✐s ✜❧tr❛t✐♦♥ s♣❧✐ts ❛♥❞ ♣r♦♣♦s❡ t❤❛t t❤❡
❣r❛❞❡❞ ♣✐❡❝❡s✱ ✐✳❡✳ t❤❡ ❞✐r❡❝t s✉♠♠❛♥❞s✱ ❛r❡ ✐s♦❝❧✐♥✐❝ ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ s❧♦♣❡✳

❉❡✜♥✐t✐♦♥ ❇✳✶✺ ▲❡t D ❜❡ ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r F ✳ ❈❤♦♦s❡ ❛ W (k)✲❧❛tt✐❝❡ M ⊆
D ❛♥❞ s❡t

Mh,d :=
⋂

n≥0

ϕ−n
h,d(M)

❛♥❞ ✇❡ ❝❛❧❧ ❋✐❧•N ❣✐✈❡♥ ❜②

❋✐❧λN(D) :=Mh,d[
1

p
]

❢♦r λ = d
h
∈ Q t❤❡ ◆❡✇t♦♥ ✜❧tr❛t✐♦♥ ♦♥ D✳

❘❡♠❛r❦ ❇✳✶✻ ❋✐❧λN(D) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡s ♦❢ t❤❡ ❧❛tt✐❝❡ M ❛♥❞
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛✐r (h, d) ❛♥❞ ❋✐❧• ✐s ✐♥❞❡❡❞ ❛ ✜❧tr❛t✐♦♥✳ ❙❡❡ ❬❉❖✶✷✱ Pr♦✲
♣♦st✐♦♥ ✷✳✶✳❪✳

❚❤❡r❡ ❛r❡ t✇♦ ❢❛❝ts t❤❛t ❛r❡ ❝r✉❝✐❛❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥
❚❤❡♦r❡♠ ❜✉t ❛❧s♦ r❛t❤❡r t❡❝❤♥✐❝❛❧✳ ❲❡ ✇✐❧❧ s♦✉r❝❡ t❤❡ ❞❡t❛✐❧s ♦✉t ❜② ♦♥❧②
st❛t✐♥❣ t❤❡♠ ❛♥❞ ♣r♦✈✐❞✐♥❣ ❛ ✭✇❡❧❧✲✇r✐tt❡♥✮ r❡❢❡r❡♥❝❡✳

Pr♦♣♦s✐t✐♦♥ ❇✳✶✼ ▲❡t D ❜❡ ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r F ✳

✶✳ ❋✐❧•N ✐s ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥ ❛♥❞ µ❋✐❧N = µN ✳

✷✳ ❆ss✉♠❡ t❤❛t 0 → D1 → D → D2 → 0 ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢
ϕ✲♠♦❞✉❧❡s✳ ❚❤❡♥

0→ ❋✐❧λN(D1)→ ❋✐❧λN(D)→ ❋✐❧λN(D2)→ 0

✐s ❛❧s♦ ❡①❛❝t ❢♦r ❛♥② λ ∈ Q✳

Pr♦♦❢✿ ▲❡t λ1 > λ2 > · · · > λr ❞❡♥♦t❡ t❤❡ ❜r❡❛❦ ♣♦✐♥ts ♦❢ ❋✐❧•N ❛♥❞ s❡t
Di := ❋✐❧λi

N (D) ❢♦r ❛❧❧ i = 1, . . . , r✳ ❚❤❡♥ Di/Di−1 ✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡ λi ❜②
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❬❉❖✶✷✱ Pr♦♣♦s✐t✐♦♥ ✷✳✻✳❪ ❛♥❞ ❤❡♥❝❡ µN(Di/Di−1) = λi ❜② t❤❡ t❤✐r❞ ♣❛rt ♦❢
❘❡♠❛r❦ ❇✳✶✸✳ ❙✐♥❝❡ tN ✐s ❛❞❞✐t✐✈❡ ♦♥ ❡①❛❝t s❡q✉❡♥❝❡s ✇❡ ♦❜t❛✐♥

µN(D) = (
r∑

i=1

tN(Di/Di−1))/❞✐♠F (D)

= (
r∑

i=1

λi · ❞✐♠F (Di/Di−1))/❞✐♠F (D)

= µ❋✐❧N (D).

■♥ ♣❛rt✐❝✉❧❛r µ❋✐❧N ✐s ❛ s❧♦♣❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❤❡♥❝❡ ❋✐❧•N ✐s ❛ s❧♦♣❡ ✜❧tr❛t✐♦♥✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s s✉❜❥❡❝t ♦❢ ❬❉❖✶✷✱ Pr♦♣♦s✐t✐♦♥ ✷✳✽✳❪✳ �

❚❤❡♦r❡♠ ❇✳✶✽ ✭❉✐❡✉❞♦♥♥é✲▼❛♥✐♥✮ ▲❡t D ❜❡ ❛ ϕ✲♠♦❞✉❧❡ ♦✈❡r F ✳ ❚❤❡♥

✶✳

D =
r⊕

i=1

Dλi
,

✇❤❡r❡ Dλi
:= ❋✐❧λi

N (D)/❋✐❧
λi−1

N (D)✱ λ1 > λ2 > · · · > λr ❛r❡ t❤❡ ❜r❡❛❦
♣♦✐♥ts ♦❢ ❋✐❧•N ❛♥❞ λ0 > λ1 ✐s ❛r❜✐tr❛r②✳

✷✳ ❚❤❡r❡ ❡①✐sts ❛ W (k)✲❧❛tt✐❝❡ M ⊆ Dλi
s✉❝❤ t❤❛t ϕhi(M) = pdiM ✇❤❡r❡

λi =
di
hi
∈ Q✳

Pr♦♦❢✿ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥
❇✳✶✼✳ ❙❡t Di := ❋✐❧λi

N (D) ❢♦r ❛❧❧ i = 1, . . . , r✳ ❙✐♥❝❡ ϕ ✐s ❜✐❥❡❝t✐✈❡ ✇❡ ♠❛②
❝♦♥s✐❞❡r D ❛s ϕ−1✲♠♦❞✉❧❡ ♦✈❡r F ✭✇❤❡r❡ ϕ−1 ✐s s❡♠✐❧✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦
σ−1✮✳ ❲❡ ❞❡♥♦t❡ t❤❡ ◆❡✇t♦♥ s❧♦♣❡ ✇✐t❤ r❡s♣❡❝t t♦ ϕ−1 ❜② µ

′

N ❛♥❞ r❡♠❛r❦
t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆ ϕ✲♠♦❞✉❧❡ ✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡ λ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ✐s♦❝❧✐♥✐❝
♦❢ s❧♦♣❡ −λ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ϕ−1✲♠♦❞✉❧❡✳ ❉❡♥♦t❡ t❤❡ ❍❛r❞❡r✲◆❛r❛s✐♠❤❛♥
✜❧tr❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ µ

′

N ❜② ❋✐❧
′•
N ❛♥❞ s❡t D

′

i := ❋✐❧
′i
N(D)✳ ❚❤❡♥ t❤❡

❝❤❛✐♥
0 = D

′

0 ⊆ D
′

1 ⊆ · · · ⊆ D
′

s = D

❤❛s ✐s♦❝❧✐♥✐❝ q✉♦t✐❡♥ts D
′

i/D
′

i−1 ♦❢ s❧♦♣❡ µN(D
′

i/D
′

i−1) = −λ
′

i ❢♦r ❛❧❧ i =
1, . . . , s✳ ◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s✿

❼ ❋✐❧λN(D) = Ds−i+1 ❢♦r ❛❧❧ λ ∈ (−λ
′

i−1,−λ
′

i] ❛♥❞ i = 1, . . . , s✳

❼ ❋✐❧λN(D) = 0 ❢♦r ❛❧❧ λ > −λs✳

❼ −λ
′

i = λr−i+1 ❢♦r ❛❧❧ i = 1, . . . , s✳
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❼ D ∼=
⊕s

i=1D
′

i/D
′

i−1✳

■♥ t❤❡ ❝❛s❡ t❤❛t s = 1 ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ s✐♥❝❡ D ✐s ✐s♦❝❧✐♥✐❝ ♦❢
s❧♦♣❡ λ1 = −λ

′

1✳ ❇② ✐♥❞✉❝t✐♦♥ ✇❡ ❦♥♦✇ t❤❛t ❋✐❧−λ
′

s(D
′

s−1) = 0 ❛♥❞ ❞❡❞✉❝❡

❋✐❧
−λ

′

s

N (D) = ❋✐❧
−λ

′

s

N (D)/❋✐❧
−λ

′

s

N (D
′

s−1) = ❋✐❧
−λ

′

s

N (D/D
′

s−1) = D/D
′

s−1 6= 0

❜② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ❇✳✶✼ ❛♥❞ t❤❡ ❢❛❝t t❤❛t D/D
′

s−1 ✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡
−λ

′

s✳ ❙✐♠✐❧❛r❧②

❋✐❧λN(D) = ❋✐❧λN(D)/❋✐❧λN(D
′

s−1) = ❋✐❧λN(D/D
′

s−1) = 0

❤♦❧❞s ❢♦r ❛❧❧ λ > −λ
′

s✳ ❚❤✐s ♣r♦✈✐❞❡s λ1 = −λ
′

s ❛♥❞ t❤❡r❡❢♦r❡ ❋✐❧
−λ

′

s

N (D) = D1✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ s❡❡ t❤❛t D1

∼= D/D
′

s−1 ❛♥❞ 0→ D
′

s−1 → D → D/D
′

s−1 → 0
s♣❧✐ts✳ ❲❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ✇✐t❤ t❤❡ r❡♠❛r❦ t❤❛t ❢♦r ❛❧❧ i = 1, . . . , r ✇❡ ❤❛✈❡
❛♥ ✐s♦♠♦r♣❤✐s♠

D
′

i/D
′

i−1
∼= Dr−i+1/Dr−i.

�

❈♦r♦❧❧❛r② ❇✳✶✾ ❆♥② ϕ✲♠♦❞✉❧❡ D ♦✈❡r F ✱ ✇❤✐❝❤ ✐s s❡♠✐st❛❜❧❡ ✭✇✐t❤ r❡s♣❡❝t
t♦ µN✮✱ ✐s ✐♥❞❡❡❞ ✐s♦❝❧✐♥✐❝ ♦❢ ◆❡✇t♦♥ s❧♦♣❡ µN(D)✳

❚❤✐s ❝♦r♦❧❧❛r② r❡✈❡❛❧s ❛ ✬❞♦✇♥ t♦ ❡❛rt❤✬ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡✲
♦r❡♠✳ ❚❛❦❡ ❛ ϕ✲♠♦❞✉❧❡ D ♦❢ ❞✐♠❡♥s✐♦♥ d ♦✈❡r F ❛♥❞ ♣✐❝❦ ❛ ❜❛s✐s t♦ ❢♦r♠ t❤❡
r❡♣r❡s❡♥t✐♥❣ ♠❛tr✐① A ♦❢ ϕ✳ ■❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ A ✐s ❝♦♥t❛✐♥❡❞ ✐♥ W (k)×✱
t❤❡♥ ✇❡ ♠❛② ✜♥❞ ❛ ❜❛s✐s s✉❝❤ t❤❛t t❤❡ r❡♣r❡s❡♥t✐♥❣ ♠❛tr✐① σ(B)AB−1 ✭❢♦r
s♦♠❡ B ∈ ●▲d(W (k))✮ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ●▲d(W (k))✳

❉❡✜♥✐t✐♦♥ ❇✳✷✵ ▲❡t λ = s
r
∈ Q ❜❡ ❛ r❡❞✉❝❡❞ ❢r❛❝t✐♦♥ ✇✐t❤ r ≥ 1✳ ❲❡ ❝❛❧❧

t❤❡ ✈❡❝t♦r s♣❛❝❡ F r ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❡♠✐❧✐♥❡❛r ♠❛♣ ❣✐✈❡♥ ❜②

ϕ(ei) :=

{

ei+1 ❢♦r ❛❧❧ 1 ≤ i ≤ r − 1

ps · e1 ❢♦r i = r

t❤❡ st❛♥❞❛r❞ ✐s♦❝r②st❛❧ S s
r
♦❢ s❧♦♣❡ λ = s

r
✱ ✇❤✐❝❤ ✐s ❛♥ ✐s♦❝❧✐♥✐❝ ϕ✲♠♦❞✉❧❡ ♦✈❡r

F ♦❢ s❧♦♣❡ λ✱ t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ♥♦♥✲tr✐✈✐❛❧ s✉❜ ♦❜❥❡❝ts ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢
ϕ✲♠♦❞✉❧❡s✳

▲❡♠♠❛ ❇✳✷✶ ▲❡t D1 ❛♥❞ D2 ❞❡♥♦t❡ ✐s♦❝❧✐♥✐❝ ϕ✲♠♦❞✉❧❡s ♦✈❡r F ♦❢ s❧♦♣❡
s1
r1

❛♥❞ s2
r2
✳ ❚❤❡ t❡♥s♦r ♣r♦❞✉❝t D1 ⊗F D2 ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢ ❛

ϕ✲♠♦❞✉❧❡ ♦✈❡r F ❣✐✈❡♥ ❜②

ϕ := ϕ1 ⊗ ϕ2 : d1 ⊗ d2 7→ ϕ1(d1)⊗ ϕ2(d2).

❚❤❡♥ D := D1 ⊗F D2 ✐s ✐s♦❝❧✐♥✐❝ ♦❢ ◆❡✇t♦♥ s❧♦♣❡ r1s2+r2s1
r1r2

✳
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Pr♦♦❢✿ ❚❤❡r❡ ❡①✐st W (k)✲❧❛tt✐❝❡s M1 ⊆ D1 ❛♥❞ M2 ⊆ D2 s✉❝❤ t❤❛t

ϕr1
! (M1) = ps1M1 ❛♥❞ ϕr2

2 (M2) = ps2M2.

❚❤❡♥ M :=M1 ⊗W (k) M2 ✐s ❛ W (k)✲❧❛tt✐❝❡ ✐♥ D ❛♥❞ ✇❡ ♦❜t❛✐♥

ϕr1r2(M) = ϕr1r2
1 (M1)⊗W (k) ϕ

r1r2
2 (M2)

= pr2s1M1 ⊗W (k) p
r1s2M2

= pr2s1+r1s2M.

�

❚❤❡♦r❡♠ ❇✳✷✷ ❆ss✉♠❡ t❤❛t t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ F ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳
▲❡t D ❜❡ ❛♥ ✐s♦❝❧✐♥✐❝ ϕ✲♠♦❞✉❧❡ ♦✈❡r F ♦❢ s❧♦♣❡ λ ∈ Q✱ ✇❤❡r❡ λ = s

r
✐s ❛

r❡❞✉❝❡❞ ❢r❛❝t✐♦♥✳ ❚❤❡♥ D ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐r❡❝t s✉♠ ♦❢ ✭✜♥✐t❡❧② ♠❛♥②✮
❝♦♣✐❡s ♦❢ t❤❡ st❛♥❞❛r❞ ✐s♦❝r②st❛❧ S s

r
✳

Pr♦♦❢✿ ❙❡❡ ❬❑❡❞✶✵✱ ❘❡♠❛r❦ ✶✹✳✻✳✺✳❪✳ �

❆♣♣❧②✐♥❣ t❤✐s ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ ❞✐♠❡♥s✐♦♥s ❞❡❧✐✈❡rs✿

❈♦r♦❧❧❛r② ❇✳✷✸ ❆ss✉♠❡ t❤❛t t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ F ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞
❛♥❞ ❛❜❜r❡✈✐❛t❡ ⊗ := ⊗F ✳ ▲❡t r1, r2, s1, s2 ∈ Z s✉❝❤ t❤❛t r1, r2 ≥ 1 ❛♥❞
(r1, s1) = 1 = (r2, s2) ❤♦❧❞s✳ ❲❡ ❞❡♥♦t❡ t❤❡ r❡❞✉❝❡❞ ❢r❛❝t✐♦♥ r❡♣r❡s❡♥t✐♥❣
s1
r1
+ s2

r2
❜② s

r
✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠

S s1
r1

⊗ S s2
r2

∼= S
⊕

r1r2
r

s
r

♦❢ ϕ✲♠♦❞✉❧❡s ♦✈❡r F ✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠s ♦❢
ϕ✲♠♦❞✉❧❡s ♦✈❡r F ✿

✶✳ S s
r
⊗ S r−s

r

∼= S⊕r2

1 ❢♦r r, s ∈ Z s✉❝❤ t❤❛t r ≥ 1 ❛♥❞ (r, s) = 1✳

✷✳ S⊗s
1
r

∼= S⊕rs−1

s
r

❢♦r r, s ∈ Z s✉❝❤ t❤❛t r, s ≥ 1 ❛♥❞ (r, s) = 1✳

✸✳ S⊗−s
− 1

r

∼= S⊕r−s−1

s
r

❢♦r r, s ∈ Z s✉❝❤ t❤❛t r ≥ 1, s ≤ −1 ❛♥❞ (r, s) = 1✳

Pr♦♦❢✿ ❚❤❡ ϕ✲♠♦❞✉❧❡ S s1
r1

⊗S s2
r2

❤❛s ❞✐♠❡♥s✐♦♥ r1 · r2✱ ◆❡✇t♦♥ s❧♦♣❡ s
r
❛♥❞ ✐s

✐s♦❝❧✐♥✐❝ ❜② ▲❡♠♠❛ ❇✳✷✶✳ ❇② ❚❤❡♦r❡♠ ❇✳✷✷ ✐t ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐r❡❝t s✉♠
♦❢ ❝♦♣✐❡s ♦❢ S s

r
✱ ✇❤✐❝❤ ❤❛s ❞✐♠❡♥s✐♦♥ r✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ s❡❡

t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ✐s r1r2
r
✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ st❛t❡❞ ✐♥ ✶✳ ✐s ❛ s♣❡❝✐❛❧
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❝❛s❡ ♦❢ t❤✐s✳ ❲❡ ♣r♦✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✐♥ ✷✳ ❜② ✐♥❞✉❝t✐♦♥✳ ❋♦r s = 1 t❤❡r❡
✐s ♥♦t❤✐♥❣ t♦ s❤♦✇✳ ❆ss✉♠❡ t❤❛t t❤❡ st❛t❡♠❡♥t ❤♦❧❞s ❢♦r s− 1 ❛♥❞ s❡❡ t❤❛t

S⊗s
1
r

∼= S
⊗(s−1)
1
r

⊗ S 1
r

∼= S⊕rs−2

s−1
r

⊗ S 1
r

∼= (S s−1
r
⊗ S 1

r
)⊕rs−2

∼= S⊕rs−1

s
r

❚❤❡ ✐s♦♠♦r♣❤✐s♠ ✐♥ ✸✳ ✐s ♣r♦✈❡❞ t❤❡ s❛♠❡ ✇❛②✳ �
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❬❇❖✼✽❪ P✳ ❇❡rt❤❡❧♦t ❛♥❞ ❆✳ ❖❣✉s✳ ◆♦t❡s ♦♥ ❈r②st❛❧❧✐♥❡ ❈♦❤♦♠♦❧♦❣②✳
Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss ❛♥❞ ❯♥✐✈❡rs✐t② ♦❢ ❚♦❦✐♦ Pr❡ss✱ ✶✾✼✽✳
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❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✼✹✳

❬❇♦✉✽✶❪ ◆✳ ❇♦✉r❜❛❦✐✳ ❆❧❣❡❜r❛ ■■✱ ❈❤❛♣t❡rs ✹✲✼✳ ❊❧❡♠❡♥ts ♦❢ ▼❛t❤❡♠❛t✐❝s✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✽✶✳

❬❈❋✵✵❪ P✳ ❈♦❧♠❡③ ❛♥❞ ❏✳✲▼✳ ❋♦♥t❛✐♥❡✳ ❈♦♥str✉❝t✐♦♥s ❞❡s r❡♣r❡s❡♥t❛t✐♦♥s
♣✲❛❞✐q✉❡s s❡♠✐✲st❛❜❧❡s✳ ■♥✈❡♥t✐♦♥❡s ♠❛t❤❡♠❛t✐❝❛❡ ✶✹✵✱ ✷✵✵✵✳

❬❉▼✽✷❪ P✳ ❉❡❧✐❣♥❡ ❛♥❞ ❏✳❙✳ ▼✐❧♥❡✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ■♥ ❍♦❞❣❡
❈②❝❧❡s✱ ▼♦t✐✈❡s✱ ❛♥❞ ❙❤✐♠✉r❛ ❱❛r✐❡t✐❡s✱ ✈♦❧✉♠❡ ✾✵✵✱ ❝❤❛♣t❡r ❚❛♥✲
♥❛❦✐❛♥ ❈❛t❡❣♦r✐❡s✱ ♣❛❣❡s ✶✵✶✕✷✷✽✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧✲
❜❡r❣✱ ✶ ❡❞✐t✐♦♥✱ ✶✾✽✷✳

❬❉❖✶✷❪ ❨✳❲✳ ❉✐♥❣ ❛♥❞ ❨✳ ❖✉②❛♥❣✳ ❆ ❙✐♠♣❧❡ Pr♦♦❢ ♦❢ ❉✐❡✉❞♦♥♥é✲▼❛♥✐♥
❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✳ ■♥ ❆❝t❛ ▼❛t❤❡♠❛t✐❝❛ ❙✐♥✐❝❛✱ ❊♥❣❧✐s❤ ❙❡✲
r✐❡s✱ ✈♦❧✉♠❡ ✷✽✱ ♣❛❣❡s ✶✺✺✸✕✶✺✺✽✳ ❆✉❣✉st ✷✵✶✷✳

✶✶✶



✶✶✷ ❇■❇▲■❖●❘❆P❍❨

❬❋❋✶✶❪ ▲✳ ❋❛r❣✉❡s ❛♥❞ ❏✳✲▼✳ ❋♦♥t❛✐♥❡✳ ❆▼❙✴■P ❙t✉❞✐❡s ✐♥ ❆❞✈❛♥❝❡❞ ▼❛t❤✲
❡♠❛t✐❝s✱ ✈♦❧✉♠❡ ✺✶✱ ❝❤❛♣t❡r ❱❡❝t♦r ❜✉♥❞❧❡s ❛♥❞ ♣✲❛❞✐❝ ●❛❧♦✐s r❡♣✲
r❡s❡♥t❛t✐♦♥s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ❛♥❞ ■♥t❡r♥❛t✐♦♥❛❧
Pr❡ss✱ ✷✵✶✶✳

❬❋♦♥✾✵❪ ❏✳✲▼✳ ❋♦♥t❛✐♥❡✳ ❚❤❡ ●r♦t❤❡♥❞✐❡❝❦ ❋❡sts❝❤r✐❢t✱ ✈♦❧✉♠❡ ■■✱ ❝❤❛♣✲
t❡r ❘❡♣r❡s❡♥st❛t✐♦♥s ♣✲❛❞✐q✉❡s ❞❡s ❝♦r♣s ❧♦❝❛✉①✱ ♣❛❣❡s ✷✹✾✕✸✶✵✳
❇✐r❦❤ä✉s❡r✱ ✶✾✾✵✳

❬❋♦♥✾✹❛❪ ❏✳✲▼✳ ❋♦♥t❛✐♥❡✳ ▲❡ ❝♦r♣s ❞❡s ♣ér✐♦❞❡s ♣✲❛❞✐q✉❡s✳ ■♥ P❡r✐♦❞❡s ♣✲
❛❞✐q✉❡s✱ ✈♦❧✉♠❡ ✷✷✸ ♦❢ ❆stér✐sq✉❡✱ ♣❛❣❡s ✺✾✕✶✶✶✳ ❙❝♦✐été ▼❛t❤é✲
♠❛t✐q✉❡ ❞❡ ❋r❛♥❝❡✱ ✶✾✾✹✳

❬❋♦♥✾✹❜❪ ❏✳✲▼✳ ❋♦♥t❛✐♥❡✳ ❘❡♣rés❡♥t❛t✐♦♥s ♣✲❛❞✐q✉❡s s❡♠✐✲st❛❜❧❡s✳ ■♥ P❡r✐✲
♦❞❡s ♣✲❛❞✐q✉❡s✱ ✈♦❧✉♠❡ ✷✷✸ ♦❢ ❆stér✐sq✉❡✱ ♣❛❣❡s ✶✶✸✕✶✽✹✳ ❙❝♦✐été
▼❛t❤é♠❛t✐q✉❡ ❞❡ ❋r❛♥❝❡✱ ✶✾✾✹✳

❬❋♦♥✵✵❪ ❏✳✲▼✳ ❋♦♥t❛✐♥❡✳ ❘❡♣r❡s❡♥t❛t✐♦♥s ❞❡ ❞❡ ❘❤❛♠ ❡t r❡♣✲
r❡s❡♥t❛t✐♦♥s s❡♠✐✲st❛❜❧❡s✱ ✷✵✵✵✳ ❖rs❛② ♣r❡♣r✐♥t ♥✉♠✲
❜❡r ✷✵✵✹✲✶✷✱ ❛✈❛✐❛❜❧❡ ♦♥❧✐♥❡ ❛t ❤tt♣s✿✴✴✇✇✇✳♠❛t❤✳✉✲
♣s✉❞✳❢r✴✄❜✐❜❧✐♦✴♣♣♦✴✷✵✵✹✴✜❝✴♣♣♦❴✷✵✵✹❴✶✷✳♣❞❢✳

❬●❉✻✹❪ ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ❛♥❞ ❏✳ ❆✳ ❉✐❡✉❞♦♥♥é✳ ❊❧é♠❡♥ts ❞❡ ●é♦♠étr✐❡
❆❧❣é❜r✐q✉❡ ■❱✳ ❧❍➱❙✱ ✷✵✭✷✹✮✿✺✕✷✺✾✱ ✶✾✻✹✳

❬❍❡♥✵✵❪ ●✳ ❍❡♥♥✐❛rt✳ ❯♥❡ ♣r❡✉✈❡ s✐♠♣❧❡ ❞❡s ❝♦♥❥❡❝t✉r❡s ❞❡ ▲❛♥❣❧❛♥❞s ♣♦✉r
●▲✭♥✮ s✉r ✉♥ ❝♦r♣s ♣✲❛❞✐q✉❡✳ ■♥ ■♥✈❡♥t✐♦♥❡s ♠❛t❤❡♠❛t✐❝❛❡✱ ✈♦❧✉♠❡
✶✸✾✱ ♣❛❣❡s ✹✸✾✕✹✺✺✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✵✳

❬❍❚✵✶❪ ▼✳ ❍❛rr✐s ❛♥❞ ❘✳ ❚❛❧②♦r✳ ❚❤❡ ❣❡♦♠❡tr② ❛♥❞ ❝♦❤♦♠♦❧♦❣② ♦❢ s♦♠❡
s✐♠♣❧❡ ❙❤✐♠✉r❛ ✈❛r✐❡t✐❡s✳ ■♥ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s ❙t✉❞✐❡s✱ ✈♦❧✲
✉♠❡ ✶✺✶✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✶✳

❬❑❡❞✶✵❪ ❑✳ ❙✳ ❑❡❞❧❛②❛✳ ♣✲❛❞✐❝ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✈♦❧✉♠❡ ✶✷✺ ♦❢ ❈❛♠✲
❜r✐❞❣❡ ❙t✉❞✐❡s ✐♥ ❆❞✈❛♥❝❡❞ ▼❛t❤❡♠❛t✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ✷✵✶✵✳

❬▼▲✼✽❪ ❙✳ ▼❛❝ ▲❛♥❡✳ ❈❛t❡❣♦r✐❡s ❢♦r t❤❡ ❲♦r❦✐♥❣ ▼❛t❤❡♠❛t✐❝✐❛♥✳ ◆✉♠✲
❜❡r ✺ ✐♥ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ◆❡✇
❨♦r❦✱ ✶✾✼✽✳

❬◆❡✉✽✻❪ ❏✳ ◆❡✉❦✐r❝❤✳ ❈❧❛ss ❋✐❡❧❞ ❚❤♦❡r②✱ ✈♦❧✉♠❡ ✷✽✵ ♦❢ ●r✉♥❞❧❡❤r❡♥ ❞❡r
♠❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧✲
❜❡r❣✱ ✶✾✽✻✳



❇■❇▲■❖●❘❆P❍❨ ✶✶✸

❬◆❡✉✾✾❪ ❏✳ ◆❡✉❦✐r❝❤✳ ❆❧❣❡❜r❛✐❝ ◆✉♠❜❡r ❚❤❡♦r②✱ ✈♦❧✉♠❡ ✸✷✷ ♦❢ ●r✉♥❞❧❡❤r❡♥
❞❡r ♠❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐✲
❞❡❧❜❡r❣✱ ✶✾✾✾✳

❬◗✉❡✼✻❪ ❇✳ ✈✳ ◗✉❡r❡♥❜✉r❣✳ ▼❡♥❣❡♥t❤❡♦r❡t✐s❝❤❡ ❚♦♣♦❧♦❣✐❡✳ ❙♣r✐♥❣❡r✲
▲❡❤r❜✉❝❤✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✼✻✳

❬❘♦❜✻✸❪ ◆✳ ❘♦❜②✳ ▲♦✐s ♣♦❧②♥♦♠❡s ❡t ❧♦✐s ❢♦r♠❡❧❧❡s ❡♥ t❤❡♦r✐❡ ❞❡s ♠♦❞✉❧❡s✳
❆♥♥❛❧❡s ❙❝✐❡♥t✐✜q✉❡s ❞❡ ❧✬❊✳◆✳❙✳ ✶✾✻✸✳

❬❘❩✵✵❪ ▲✳ ❘✐❜❡s ❛♥❞ P✳ ❩❛❧❡s❦✐✳ Pr♦✜♥✐t❡ ●r♦✉♣s✳ ■♥ ❊r❣❡❜♥✐ss❡ ❞❡r ▼❛t❤✲
❡♠❛t✐❦ ✉♥❞ ✐❤r❡r ●r❡♥③❣❡❜✐❡t❡✳ ✸✳ ❋♦❧❣❡ ✴ ❆ ❙❡r✐❡s ♦❢ ▼♦❞❡r♥ ❙✉r✲
✈❡②s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✈♦❧✉♠❡ ✹✵ ♦❢ ✸✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐✲
❞❡❧❜❡r❣✱ ✷✵✵✵✳

❬❙❝❤✶✶❪ P✳ ❙❝❤♦❧③❡✳ P❡r❢❡❝t♦✐❞ ❙♣❛❝❡s✳ ■♥ P✉❜❧✐❝❛t✐♦♥s ♠❛t❤é♠❛t✐q✉❡s
❞❡ ❧✬■❍➱❙✱ ✈♦❧✉♠❡ ✶✶✻✱ ♣❛❣❡s ✷✹✺✕✸✶✸✳ ■❍❊❙ ❛♥❞ ❙♣r✐♥❣❡r✲❱❡r❧❛❣
✷✵✶✷✱ ✷✵✶✶✳

❬❙❝❤✶✼❪ P✳ ❙❝❤♥❡✐❞❡r✳ ●❛❧♦✐s ❘❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ✭ϕ,Γ✮✲▼♦❞✉❧❡s✳ ❈❛♠✲
❜r✐❞❣❡ ❙t✉❞✐❡s ✐♥ ❆❞✈❛♥❝❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✶✼✳

❬❙❡r✼✾❪ ❏✳ P✳ ❙❡rr❡✳ ▲♦❝❛❧ ❋✐❡❧❞s✱ ✈♦❧✉♠❡ ✻✼ ♦❢ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡✲
♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ◆❡✇ ❨♦r❦✱ ✶✾✼✾✳

❬❚❛t✻✼❪ ❏✳❚✳ ❚❛t❡✳ ♣✲❉✐✈✐s✐❜❧❡ ●r♦✉♣s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ❛ ❈♦♥❢❡r❡♥❝❡ ♦♥
▲♦❝❛❧ ❋✐❡❧❞s✱ ♣❛❣❡s ✶✺✽✕✶✽✸✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✻✼✳

❬❚❛t✼✾❪ ❏✳ ❚❛t❡✳ ◆✉♠❜❡r ❚❤❡♦r❡t✐❝ ❇❛❝❦❣r♦✉♥❞✳ Pr♦❝❡❡❞✐♥❣s ♦❢ ❙②♠♣♦s✐❛
✐♥ P✉r❡ ▼❛t❤❡♠❛t✐❝s✱ ✸✸✱ ✶✾✼✾✳

❬❲❛s✽✷❪ ▲✳ ❈✳ ❲❛s❤✐♥❣t♦♥✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❈②❝❧♦t♦♠✐❝ ❋✐❡❧❞s✱ ✈♦❧✉♠❡ ✽✸ ♦❢
●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ◆❡✇ ❨♦r❦✱ ✶✾✽✷✳



✶✶✹



✶✶✺



✶✶✻


	Introduction
	1 Weil Group Representations
	1.1 Trivia about the Weil Group
	1.2 p-adic Representations
	1.3 Mod-p- and Zp-Representations
	1.4 Formalism of Admissibility

	2 Period Rings
	2.1 Perfectoid Fields
	2.2 Tilting
	2.3 The map 
	2.4 The Crystalline Period Ring (Bcrys)
	2.5 The Ring of p-adic Periods (BdR)
	2.6 The Tilted p-adic Logarithm
	2.7 GK-Invariants of Period Rings
	2.8 The Log-crystalline Period Ring (Bst)
	2.9 A Two-Dimensional Representation of GK

	3 (B-)Admissible Representations
	3.1 Fontaine's Equivalences of Categories
	3.2 Log-crystalline Weil Group Representations
	3.3 De Rham Weil Group Representations

	4 Weil vs Galois group representations
	4.1 Lifting Maps from Z to 
	4.2 Identifying the Galois Group Representations
	4.3 Decomposition of Weil Group Representations
	4.4 Generators of Abelian Tensor Categories
	4.5 Generators

	5 (,,F)-Modules
	5.1 (,F)-Modules and Mod-p-Representations
	5.2 (,,F)-Modules and Mod-p Representations
	5.3 Reality Check
	5.4 (,F)-Modules and p-adic Representations
	5.5 (,,F)-Modules and p-adic Representations

	Appendices
	A Divided Powers
	A.1 Universal Enveloping Divided Power Ring
	A.2 Divided Power Envelopes
	A.3 Compatibility with Tensor Products

	B Slope filtrations
	B.1 Slopes
	B.2 Filtrations
	B.3 Dieudonné-Manin Classification

	Bibliography

