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Abstract. It is shown that a separable exact residually finite-dimensional C*-algebra with
locally finitely generated (rational) K©-homology embeds in an uniformly hyperfinite
C*-algebra.

1. INTRODUCTION

Kirchberg proved that any separable exact C*-algebra embeds in the Cuntz
algebra O, see [6]. A related major open problem asks if any separable exact
and quasi-diagonal C*-algebra embeds in an almost finite-dimensional algebra
(AF-algebra), see [1, Ch. 8]. Most positive results on AF-embeddability depend
on the universal coefficient theorem in K K-theory (abbreviated UCT) [10], see
for example [3, 8, 11]. A general result of Ozawa [7] shows that the cone over an
exact separable C*-algebra is AF-embeddable. Such cones are automatically
quasi-diagonal by a theorem of Voiculescu [12]. While Ozawa’s proof does not
use the UCT explicitly, cones are contractible and in particular they do sat-
isfy the UCT. Cones also play a key role in Rgrdam’s paper on purely infinite
AH-algebras and AF-embeddings [9]. Indeed, Rgrdam’s C*-algebra A[0, 1],
which he showed that contains the cone over O, as a subalgebra, is itself an
inductive limit of cones over matrix algebras and in particular it is K K-contrac-
tible. In a very recent paper [5], Gabe proves that a separable exact C*-algebra
for which its primitive spectrum has no nonempty compact open subsets em-
beds in A[0,1] and hence it is AF-embeddable. As far as I am aware, all
previously known AF-embeddings results which do not assume the UCT fac-
tor through inductive limits of cones. Consequently, these results are not
applicable to C*-algebras that contain nonzero projections.

A C*-algebra A is called residually finite-dimensional (abbreviated RED) if
the finite-dimensional representations of A separate the points of A. We have
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shown in [3] that a separable, exact, REFD C*-algebra which satisfies the UCT is
AF-embeddable and in fact it even embeds in a UHF-algebra @), My, (C).
In the present note we point out that the arguments of [3] can be adapted
to obtain a UHF-embeddability result for RFD C*-algebras which does not
assume the UCT but requires (local) finite generation of the even K-homology,
see Definition 2.1.

Theorem 1.1. Let A be a separable exact residually finite-dimensional C*-
algebra. If the rational K°-homology of A is locally finitely generated, then A
embeds in a UHF-algebra.

2. PRELIMINARIES

Let A be a C*-algebra. A family D of C*-subalgebras of A is called exhaus-
tive if for any finite subset F C A and any £ > 0, there exists D € D such that
F C. D, i.e., for each x € F, there is d € D such that ||z — d|| < e.

Definition 2.1. We say that the K%-homology of A is locally finitely gener-
ated if there is an exhaustive family D of C*-subalgebras of A such that for
every D € D, the abelian group K°(D) = KK (D, C) is finitely generated. If
instead we require the weaker condition that each Q-vector space K°(D)®7Q
is finite-dimensional, then we say that the rational K°-homology of A is locally
finitely generated. The case when the vector space K°(A) ®7 Q is itself finite-
dimensional is an obvious first example.

Let £(H) denote the linear operators acting on a separable Hilbert space
H and let IC(H) denote the compact operators. We make the identifications
L(Ck) = K(C*) = My(C). The unitary group of My (C) is denoted by U (k).
Let A be a C*-algebra, let F C A be a finite subset and let € > 0. If p: A —
L(H,) and ¥: A — L(Hy) are two maps, we write ¢ ~x . ¢ if there is
a unitary v: H, — Hy such that [jvp(a)v™ —(a)|| < € for all a € F.

If m is a positive integer and 7 is a representation, then mn will denote the
representation 7 @ - -+ & 7 (m-times). The infinite direct sum 7 7@ --- is
denoted by 7.

We need the following approximation result.

Proposition 2.2 ([2, Prop. 6.1]). Let A be a unital separable exact C*-algebra
and let (xn)n>1 be a sequence of unital representations of A that separates the
elements of A and such that each representation in the sequence repeats itself
infinitely many times. For any F C A, a finite subset, and any € > 0, there is
an integer v > 1 such that if m = x1 D x2B - - - B Xr, then for any unital faithful
representation o: A — L(H), with o(A) NIC(H) = {0}, one has 0 ~r ¢ Too-

Definition 2.3. Let A be a unital RFD C*-algebra. Let F C A be a finite
subset and let € > 0. A unital representation 7: A — M (C) is called (F,¢)-
admissible if there is a unital faithful representation o: A — L£(H), with o(4)N
K(H)={0} (H=CF@&CFa&---) such that

(1) lo(a) — moo(a)]| < e forall a € F.
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Remark 2.4. Note that if 7 is (F, €)-admissible, then so is 7@« for any unital
finite-dimensional representation «. Moreover, ||7(a)|| > |la]| — ¢ for a € F.
If a unital C*-algebra A is separable exact and RFD, then Proposition 2.2
guaranties the existence of (F,e)-admissible representations for any finite set
F C A and any ¢ > 0.

The following proposition is crucial for our embedding result. It is based on
a uniqueness theorem from [4].

Proposition 2.5. Let A be a unital separable exact RFD C*-algebra. Let F C
A be a finite subset and lete > 0. Then for any (F,e)-admissible representation
m: A = Mi(C) and any two unital representations p,v: A — M, (C) such
that [p] = [] € K°(A), there exist a positive integer M and a unitary u €
U(r+ Mk) such that

(2) lu(p(a) ® Mn(a))u* —1p(a) ® Mn(a)|| < 3e foralla e F.

Proof. Fix F, € and 7. Let o be a unital faithful representation of A given
by Definition 2.3. In particular, o satisfies (1) and o(A) N K(H) = {0}. Since
[¢] = [¥] € K°(A), it follows that if we set ® = ¢ o and ¥ = ¢ & o, then
®(a) — ¥(a) is a compact operator for all a, and the class of the Kasparov
triple (®, ¥, 1) in KK (A,C) = K°(A) vanishes since

[q)vqjvl]:[(p@@w@mlr@l%]:[90]_["/}]:0.

Moreover, both ® and ¥ are faithful representations whose images do not
contain nonzero compact operators. This enables us to apply [4, Thm. 3.12]
and obtain that ® is asymptotically unitarily equivalent to ¥ via a continuous
path of unitaries which are compact perturbations of the identity. In particular,
there is a unitary v € U(C” & H) of the form v = 1+ z, with z € K(C" & H),
such that |Jv(p(a) ® o(a))v* —(a) ® o(a)|| < € for all a € F. Using (1), we
obtain that

(3) lv(p(a) ® meo(a))v* —1p(a) ® Teo(a)| < 3¢ for all a € F.
Since 7 is a unital representation, it follows that the sequence of projections
Pn = 1, @ (1) forms an approximate unit of (C” @ H) and hence [p,,v] =

[Pn,x] — 0 as n — oo. Since each p, commutes with both ¢(a) @ 7 (a) and
Y(a) ® 7o (a), we obtain from (3) that

[(Prvpn)(p(a) ® nm(a))(propn)” — ¢(a) & nr(a)|| < 3¢

for all @ € F and all sufficiently large n. Moreover, one can perturb the almost
unitary operator p,vp, to a unitary u satisfying (2) for a sufficiently large
value of n denoted M. O

3. PROOF OF THEOREM 1.1

Without any loss of generality, we may assume that A is unital. We denote
by Repta(A) the set of unital finite-dimensional representations of A. Since A is
separable and RFD, there is a sequence (Xn)n>1 in Repsa(A) which separates
the points of A and such that each representation in the sequence repeats
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itself infinitely many times. Let (x,)22; be a dense sequence of elements of
A and let g, = 27". Since K°(A) ®z Q is locally finitely generated, for each
n > 1, there is a unital C*-subalgebra A, of A such that the Q-vector space
K°(A,)®7Q is finite-dimensional and X,, := {x1,...,7,} C., A,. Fix a finite
set Fr, = {an1,---sann} C Ay, such that ||z, — an | < ep forall 1 <i < n.
Since KY(A,,) ®z Q is finite-dimensional, its subspace V;, generated by all the
classes {[xi|a,] ® 1|4 > 1} must also be finite-dimensional. Thus there is an
integer 7y, such that V,, is generated by just {[x:|la,]® 1|1 <i<r,}.

Define 7,, € Repsa(A) by 1 = X1 B X2 P - - D Xr, . By Proposition 2.2, after
increasing r,, if necessary, we can moreover arrange that m,|a, is (Fn,&n)-
admissible.

With these choices, we are going to construct a sequence of unital represen-
tations v, : A — My, (C) such that for all n > 1,

(i) knt1 = knm,, for some positive integer m.,,
(ii) 7yn is unitarily equivalent to m, @® «,, for some «,, € Rep(A4),
(iil) ||vn+1(z) — mpyn ()] < bep, for all x € X,.

We will see that in fact each -, is unitarily equivalent to a representation of
the form q1x1 & @2x2 P - - - B ¢, Xr,,, for integers g; > 0.

Set y1 = m1 © x1. Suppose now that «; and 7; were constructed for all i < n
such that the properties (i), (ii) and (iii) are satisfied. We construct a,4+1 and
Ynt1 as follows.

We need the following elementary observation. Suppose that G is an abelian
group such that the vector space G®zQ is finite-dimensional and it is spanned
by g1®1,...,9,®1, with g; € G. Then for any g € G, there are strictly positive
integers p,m, q1, ..., ¢, such that

pg+qg+-+argr =mlgr + -+ gr).

By applying this observation to the abelian subgroup of K°(A,) generated
by {[xila,] | ¢ > 1}, with ¢; = [xi|a,], ¢ = 1,...,7,, one obtains strictly
positive integers p,m, q1, ..., qr, such that

plrnsila )+ D alala) =mY [xila,] in K°(A,).
1=1 i=1

Set aj, 41 = (p — D)Tnt1 @ (D2 ¢iXi) © may. Then

[(Frg1 @ yy)la,] = > mlxila,] + mlan|a,] = mlma|a,] © mlom|a,],
=1

and hence (7,41 @ o}, 1)|4,] = m[ynl|a,], using (ii). In particular, the rep-
resentations m,+1 @ o, 41 and m~y, have the same dimension. Since Tnla, 1S
(Fn,en)-admissible, so is y,|4,, as noted in Remark 2.4. By Proposition 2.5
applied to A, there is an integer M > 1 such that

(7Tn+]_ EB a’/ll+1)|An EB M7n|An N]:n735n m’yn|An EB M7n|An'
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Set apy1 = a1 ® Mryn, my =m+ M and vpq1 = M1 @ @pyr. Then

(4) Tnt1lA, ~F, 30, MnYnlA, -

Since ||z; — anil| < € for all 1 <4 < n, we deduce immediately from (4)
that vp41 ~x, 5¢, MnYn. By conjugating v,4+1 by a suitable unitary, we can
arrange that ||vn4+1(x) — mpyn(2)| < Sep, for all x € X,.

Consider the UHF algebra B = lim My, (C) and let ¢y, : My (C) — B be
the canonical inclusion. Having the sequence ~,, available, we construct a unital
embedding v: A — B by defining y(z), z € {x1, 22, ...}, to be the limit of the
Cauchy sequence (tr,7n(x))n>1 and then extend to A by continuity. Note that
is a *-homomorphism, since all y,, are *-homomorphisms. Moreover, ||v(z)|| =
||| for all z € A, since ||y, (a)| > |la|| —en for a € F,, (by Remark 2.4), hence
v (@)l = lz:il] — 3en, as ||an,: — 2| < e, for 1 <i<n.

Remark 3.1. It is clear from the proof that the conclusion of Theorem 1.1
holds under the weaker assumption that A admits a separating sequence of
finite-dimensional representations (x, )52, such that for some exhaustive fam-
ily D of C*-subalgebras of A, the vector subspace of K°(D) ®7 Q spanned by
{[xn|p]®1|n > 1} is finite-dimensional for all D € D. For example, this con-
dition is satisfied if A is the suspension of a separable exact RFD C*-algebra.
Indeed, in that case one can choose a separating sequence ()52 ; with the
property that [x,] = 0 in K°(A) for all n > 1.
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