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Non-embeddable polar spaces
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Abstract. We provide an elementary but explicit description of the non-embeddable thick
polar spaces introduced by Jacques Tits. These polar spaces are related to algebraic groups
of absolute type E7 and Tits index E%83. Our approach includes all polar spaces of rank 3
related to a quadratic alternative division algebra.

1. INTRODUCTION

In 1974, Jacques Tits [13] classified spherical buildings of rank at least 3,
thereby treating all polar spaces as introduced and studied by Veldkamp [16].
Veldkamp also classified large classes of polar spaces, in particular, he classi-
fied all polar spaces of rank at least 3 for which the planes are Desarguesian
and are constructed over a field of characteristic different from 2. In order
to treat the missing cases, Jacques Tits introduced pseudo-quadratic forms,
defined groups of mixed type, and proved the existence of the Tits index E2%
in algebraic groups of type E7 such that the field E of definition is included
in a Cayley—Dickson division algebra over a subfield K of E, and E is a qua-
dratic Galois extension of K. In the latter case, the associated polar space is
then constructed using the parabolic subgroups of the algebraic group in ques-
tion. This polar space cannot be embedded in a projective space, as its planes
are non-Desarguesian Moufang planes. For this reason, these polar spaces are
called non-embeddable polar spaces. There is also a class of non-embeddable
nonthick polar spaces in rank 3, but these are well understood and we will
not be concerned with these in the present paper (the nonthick polar spaces
of rank 3 are the line Grassmannians of projective spaces of rank 3).

In 1987, Ronan and Tits [9] presented a general construction of buildings
with no subdiagram of type Hs, providing all spherical buildings. In particular,
this applies to the non-embeddable polar spaces (see Condition (b) of Section 5
of [9]). Some more details of this construction can be found in Chapter 40 of
Tits and Weiss [14], in particular Statements (40.54) and (40.55) treat the
case of non-embeddable polar spaces stated in (40.25)(iii). In 1990, Bernhard
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Miihlherr [8] constructed the thick non-embeddable polar spaces as fixed point
sets of involutions in buildings of type E7 (although this construction is also
apparent on page 89 of [12]). In the present paper, we will provide a coordinate
construction of the thick non-embeddable polar spaces, in the spirit of the
coordinatization of the non-Desarguesian Moufang planes. An advantage of
the latter over the former constructions is that it is the most explicit and
allows for some applications that were apparently out of reach before. We
mention two examples.

In [3], we explicitly construct an embedding of the corresponding dual polar
space in a projective space of dimension 55, and we show that this embedding
is the universal one. The universality of that embedding, which is the embed-
ding deduced from the highest weight module for groups of type E7, was an
open question since the early 90’s (see e.g. [11, p. 229]), and the introduced
coordinatization plays a crucial role in the proof. Another application is given
in [4], where the authors use the coordinates to show that the geometry in
a non-embeddable polar space opposite a chamber is simply connected. The
latter was open since 1996, see [1, p. 66].

We note that our approach allows to uniformly construct all polar spaces
related to a quadratic alternative division algebra. That is exactly the way
we will proceed. Note that, in [3], we also establish universality of a certain
explicitly defined embedding of the corresponding dual polar space for arbitrary
quadratic alternative division algebras.

The non-embeddable polar spaces are intimately related to the Cayley—
Dickson division algebras. Hence, we will need to recall some basic results
about such algebras. This will be done in Section 2 and in the beginning
of Section 4. In Section 3, we introduce coordinates for some classical polar
spaces, and we extend this coordinatization in Section 4 to obtain the non-
embeddable (or nonclassical) polar spaces of rank 3. Hence our approach is
rather indirect: we do not start from a known description (using algebraic
groups, for instance) and derive ours, but we simply construct from scratch a
geometry (by analogy with the other polar spaces in the family) and prove it is
a polar space either isomorphic to one of the classical examples of Section 3, or
with non-Desarguesian Moufang planes; it then follows from the classification
by Jacques Tits [13] that in the latter case the polar space in question is
the unique non-embeddable one related to the given Cayley—Dickson division
algebra.

Our treatment requires a lot of computations in Cayley—Dickson division
algebras. We have written down the most intricate cases, leaving the easier
ones to the interested reader. In fact, in most cases that we left out, the
nonassociativity is not a burden as it does not happen that one has to multiply
three general elements (e.g., in the definition of planes, only Type VIII contains
an expression which requires parentheses). Note that we did not perform any
computation on a computer; everything has been checked only by hand.
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2. ALTERNATIVE DIVISION RINGS AND MOUFANG PLANES

An alternative division ring is a set D of size at least 2 which is endowed
with two binary operations, an addition 4+ and a multiplication -, satisfying
the following properties:

the structure (D, +) is a commutative group;

the multiplication is left- and right-distributive with respect to the addi-
tion;

there exists a (necessarily unique) neutral element 1 for the multiplication;
if 0 denotes the neutral element for the addition, then for every a € D\ {0},
there exists a (necessarily unique) element a=! € D such that a™'-a =1 =
a- a‘l;

e forevery a € D\ {0} and every b € D, we have a™*-(a-b) = b= (b-a)-a~ .
It is a custom to denote the product a-b of two elements a,b € D by ab. In the
literature, one can find alternative but equivalent definitions for the notion of
alternative division ring, see e.g. Tits and Weiss [14].

The alternative division rings with associative multiplication are precisely
the skew fields. An important class of (nonassociative) alternative division
rings are the so-called Cayley—Dickson division algebras. Explicit constructions
of such alternative division rings can be found in Jacobson [6, p. 426] (for
characteristic distinct from 2), Schafer [10, p. 5] (for characteristic distinct
from 2), Tits and Weiss [14, Sec. 9.8] and Van Maldeghem [15, Appendix B].
We describe the construction given in [15].

Suppose K is a field and 11, 2,3 € K such that the equation

Xg — llez + XoX1 — ZQX22 + lllQXf — 15 XXy
— 13 X2+ 1113 X2 — 13X3X7 + ol3 X2 — llol3 X2 + 1213X5Xs = 0
has no solutions for (X, X1, ..., X7) € K& distinct from (0,0,...,0). Then let
O be an 8-dimensional vector space over K with basis {1, e1, ez, €3, €4, €5, €6, €7}

such that 1 € K. Then O can be given the structure of an alternative division
ring if we define the multiplication in the following way:

-1 e [ e [ es [ ea ] €5 | € | e7
1 1 el €2 es eq es €6 er
er |[er | liter ey — ey e3 — ez —lies €6 lies + eq —lies
ez || e2 eq lo —e5 laey —lzes —lger —e6
e3 || es er es I3 €6 lzea lzeq lze1
eq || ea | lheates | l2 —laer —eg —l1lo —laes + loer l1l2e3 —lies —eg
es || es | es —es laes —lzez laez — laer —lalg —lals +lalzer | —lgea +lgeq
e6 e6 —lies laer —l3eyq —lilzes —lalszer l1l213 l1l3en
e7 || er | lies +er €6 l3 —lge1 | lies +es lzeg —lzeq —lilzes —lil3

The Cayley—Dickson division algebras are precisely the alternative division
rings which can be obtained in the above-described way. The field K con-
sists of those elements of @ which commute with every element of @. The
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Cayley—Dickson division algebra O has a so-called standard involution which
maps
Xo+ Xie1 + Xoea + Xses + Xgeq + Xses + Xeeo + Xrer
to
Xo+ X1 — Xie1 — Xoea — Xzez — Xyeq — Xes — Xpeg — Xrer,

for (X(),Xl, ... ,X7) € K8.

The multiplication in a Cayley—Dickson division algebra is not associative.
In fact, it is a result due to Bruck and Kleinfeld [2] and Kleinfeld [7] that
the Cayley—Dickson division algebras are the only alternative division rings in
which the multiplication is not associative. A proof of that result can also be
found in Tits and Weiss [14, Chap. 20] and Van Maldeghem [15, Appendix B].
The proof given in [15] is attributed to Jacques Tits.

In this paper, we will also meet a class of alternative division rings in which
the multiplication is associative, but not commutative. Suppose K is a field
and [y, 5 € K such that the equation

X2 — 1 X? 4+ XoX1 — X34+ 1o X3 — 15X X3 =0

has no solutions for (Xg, X1, X», X3) € K* distinct from (0,0,0,0). Let H be
a four dimensional vector space over K with basis {1,4, j, k} such that 1 € K.
Then H can be given the structure of a skew field if we define the multiplication
in the following way:

1] i [ 5 [ k|
1 i j k
i s i I2j

Jjl i—k | L+ | —li
kllo—1lag | it +k | —lils
The quaternion division algebras are precisely the skew fields which can be
obtained in the above described way. The field K consists of those elements of
H which commute with every element of H. The quaternion division algebra
H has a unique involution which only fixes each element of K. The involution
is called the standard involution of H and maps

Xo+ X114+ Xoj + X3k to  Xo+ Xo— Xqi— Xoj — X3k,

for (Xo, X1, X2, X3) € K* Every Cayley Dickson division algebra has sub-
algebras that are quaternion division algebras. In fact, it can be seen that
the multiplication table above for the quaternion division algebras is a “sub-
table” of the multiplication table for the Cayley—Dickson division algebras by
identifying ¢ with es, j with e; and k with e4.

With every alternative division ring D, we can associate a point-line geom-
etry 7p in the following way. There are three types of points:

T~ = =

e a symbol (c0), where co ¢ D
e symbols (s), where s € Dj
e symbols (a,b), where a,b € D.
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There are also three types of lines:
o the set [00] := {(00)} U{(A) | X € D};
o the sets [k] := {(c0)} U{(k,\) | A € D};
e the sets [m, k] ;== {(m)} U{(\,mA+ k) | A € D}.

It is well-known (and straightforward to verify) that mp is a projective plane.
In fact, mp is a Moufang plane which means that every line is a so-called trans-
lation line. It is also known that every Moufang plane can be coordinatized by
an alternative division ring in the above described way. More background in-
formation on the coordinatization of (Moufang) projective planes can be found
in the monograph [5] by Hughes and Piper.

3. A COMMON COORDINATIZATION OF SOME FAMILIES OF POLAR SPACES

In this section, we present a common coordinatization of some families of
polar spaces of rank 3. In the following section, we will show that one other
class of polar spaces (namely the thick non-embeddable polar spaces of rank
3) can be coordinatized in a similar way. We need the description below in
order to identify the polar spaces we will construct merely using coordinates.

(i) Let O = K be a field and let o be the identical map on the set O = K. Let
¢ be a symplectic polarity of PG(5,0) and let W (5,0) denote the symplectic
polar space associated with ¢. The points of W (5, Q) are the points of PG(5, Q)
and the singular subspaces of W (5,0) are those subspaces a of PG(5,0) for
which a@ C a%. We can choose a reference system in PG(5,0) such that two
distinct points (X, X1,...,X5) and (Yo, Y1,...,Ys) of PG(5,0) determine a
singular line of W (5,0) if and only if

XoYs + X1Yy + Xo¥3 — X3Ye — XuV1 — X5Y)
= X§Ys + X7Yi + X§Y3 — X$Ys — X7Yi - XZ¥p = 0.
A point (Xg, X1,...,X5) of PG(5,0) is a point of W(5,0) if and only if
X7 X5+ X7 Xa+ XT X3 € K.

The last condition looks somewhat weird since it is always satisfied (also, every
point of PG(5, Q) is also a point of W(5,0)). It will however soon become clear
why we have introduced this “superfluous condition”.

(ii) Suppose O and K are two fields such that @ is a quadratic separable
extension of K. Let o denote the unique nontrivial automorphism of O fixing
each element of K. Let 2 be a nonsingular Hermitian variety of PG(5, @) whose
equation with respect to a suitable reference system is given by

XJXs — XfXo+ X7 Xy — X7 X1+ X5 X3 — X Xo =0.
This equation is equivalent with the following condition:

X$X5+ XX+ X9X5 € K.
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Two distinct points (Xo, X1,...,X5) and (Yo, Y1,...,Ys5) of  are contained
in a line of PG(5, Q) which is completely contained in €2 if and only if

XOYs 4+ X0V + XJVs — XJYs — XJY, — XZYg = 0.
The points and subspaces of PG(5, Q) which are contained in € define a Her-
mitian polar space Pq.
(iii) Suppose O and K are two fields such that K C O, charK = charQ =2
and Q% := {\? | A € 0O} C K. Let o be the identity map of Q. Let  denote
the set of all points (Xo, X1,...,Xs) of PG(5,0) for which

XoXs + X1 Xa+ XoX3 = X7 X5 + X7 Xu+ XT X3 € K.

Two distinct points (Xo, X1,...,X5) and (Yo, Y1,...,Ys) of  are contained
in a line of PG(5,0) which is completely contained in  if and only if

XoYs + X1Ys + XoY3 — X3Ys — XyY1 — X5Y)
=X0Ys + X7V + XJY3 — XJYo — XJY1 — XYy = 0.

The points and subspaces of PG(5, @) which are contained in € define a polar
space Pq. Observe that Pq is a subspace of W(5,0). If K = O, then Py =
W(5,0). If K = 02, then Pgq is isomorphic to the polar space Q(6,Q) of
rank 3 associated to a nonsingular quadric of Witt index 3 of PG(6,0). If
K # O, then we call Pq the polar space of rank 3 of mized type associated with
(0,K). Polar spaces, and more generally, spherical buildings of mixed type
were introduced in Chapter 10 of [13] through the notion of “groups of mixed
type”.

(iv) Suppose that O is a quaternion division algebra, that K is the center
of @ and that o is the standard involution of @. Let U be a 6-dimensional
right vector space over O and let PG(5,0) denote the 5-dimensional projec-
tive space associated with U. Suppose we have fixed a basis of U. Then
the points of PG(5,Q) can be represented by 6-tuples (Xo, X1, ..., X5), where
X0, X1,...,X5 € O. Let Q denote the set of all points (Xg, X1,...,X5) of
PG(5,0) for which

XgX5 +XfX4+X§X3 e K.
Two distinct points (Xo, X1,...,X5) and (Yo, Y1,...,Ys5) of  are contained
in a line of PG(5, Q) which is completely contained in € if and only if

X3Ys + X0Yy + XJVs — XYy — XJYy — X2V = 0.

The points and subspaces of PG(5, D) which are completely contained in
define a polar space Pg which we call a quaternionic polar space. Observe also
that the map ¢ from U to the quotient group Q/K which maps the vector with
coordinates (Xo, X1,...,X5) to (X§X5 + X7 X4+ XJXy) +Kis a (o,—1)-
pseudo-quadratic form and that Pg is the polar space associated with this
pseudo-quadratic form.

Now, let (0,K,o) be as in (i), (ii), (iii) or (iv) above, and let P be the
polar space of rank 3 associated with (O,K, o). A point (Xo, X1,...,X5) of
PG(5,0) is a point of P if and only if XJX5 + X7X4 + X3X3 € K. This
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condition allows us to give explicit coordinates to the points of P. We can
divide the points of P into the following six classes.
Type 0: The point (o0) :=(0,0,0,0,0,1).
Type 1: The points (z) := (0,0,0,0,1, ) where z € Q.
Type 2: The points (z1,z2) := (0,0,0,1,z1, z2), where z1,25 € O.
Type 3: The points (x1,x2;k) := (0,0,1,k,x1,x2), where z1,22 € O and
keK.
Type 4: The points (x1,xe,x3;k) = (0,1,21,29,k — xx2,23), where
r1,T9, 23 € QO and k € K.
Type 5: The points (z1, z2, x3,x4; k) = (1,21, T2, T3, T4, k — 2524 — 2§ T3),
where z1, 3, 23,24 € O and k € K.
Two points (Xo, X1,...,X5) and (Yo, Y1,...,Ys5) of P are collinear (as points
of P) if and only if

X§Ys + X7Yy 4 X7Y3 — X5V — X7Y1 — XJYp = 0.
This condition easily allows us to verify the following proposition.

Proposition 3.1. Let x1, 22,23, 24,Y1,Y2,Y3,y4 € O and k,l € K.

o The point (00) is collinear with all points of Type 1, all points of Type 2,
all points of Type 3 and all points of Type 4. The point (c0) is collinear
with no point of Type 5.

o The point (x1) is collinear with all points of Type 1, all points of Type 2
and all points of Type 3. The point (x1) is collinear with no point of Type
4. The point (x1) is collinear with the point (y1,y2,ys,ya;1) of Type 5 if
and only if x1 +y{ = 0.

o The point (x1,x2) is collinear with all points of Type 2 and no point of Type
3. The point (x1,x2) is collinear with the point (y1,y2,ys;!l) if and only if
x1 +y{ = 0. The point (x1,x2) is collinear with the point (y1,ys, ys, ya; 1)
if and only if yo + xJy1 + 2§ = 0.

o The point (x1,x2;k) is collinear with the point (y1,y2;!l) if and only if
k =1. The point (x1,x2;k) is collinear with the point (y1,ya2,ys;!) if and
only if y2 — ky1 — x = 0. The point (x1,x2; k) is collinear with the point
(Y1, Y2, Y3, y4; 1) if and only if y3 — ky2 — 2y — 2§ = 0.

o The point (x1,x2,x3; k) is collinear with the point (y1,y2,ys;1) if and only if
l—k =yJya+a§yr —xfy2—a§x1. The point (x1,x2,x3;k) is collinear with
the point (y1,Y2, Y3, ya; 1) if and only if ys+afys—rSys— (k—xSx1)y1 —2§ =
0.

o The points (x1,x2,x3,x4; k) and (y1,Yy2,ys, ya; 1) are collinear if and only
ifl =k =yTys +y5ys + 23y + xiy1 — x7ys — x3ys — xfx1 — T3 T2.

Since a polar space of finite rank is completely determined by its point set
and the collinearity relation defined on this point set, Proposition 3.1 can be
used to give explicit descriptions of the lines and planes of P. We have done
this and these explicit descriptions can be found in the next section.

The primary goal of this paper was to give a coordinatization of the nonclas-
sical polar spaces which are associated with Cayley—Dickson division algebras.
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We tried to achieve this goal by altering the above-alluded descriptions of the
lines and planes so that they also would give rise to a polar space in the case
that O is a Cayley—Dickson division algebra, K is the center of O and o is the
standard involution of @. An important obstacle toward that goal was the fact
that the multiplication in a Cayley—Dickson division algebra is not commuta-
tive nor associative, implying that in the descriptions of the lines and planes,
the order in which the various multiplications should be carried out needs to
be explicitly indicated. We were successful in doing that. As we will see, with
the descriptions of the lines and planes given in the next section we also obtain
a polar space if one starts with a Cayley—Dickson division algebra.

In the following section, we will not repeat the explicit computations that
allowed us to obtain explicit expressions for the lines and planes. We will
rather follow another path.! We will give the descriptions for the lines right
from the start. Then we will prove that this structure is a polar space, which
we will be able to identify in case our alternative division ring is associative.
If not, then we need to prove some extra properties such as the fact that the
planes are projective planes over our nonassociative alternative division ring.
There are several ways to do this, and here we choose not to do it in the most
economical way, but to present coordinates for all planes. The advantage of
this approach is that it provides an alternative way of defining the polar spaces
with coordinates, by giving only the coordinates of the points and the planes.
In fact, the lines can easily be deduced from the description of the planes.
Indeed, the parameters s, a and b that are mentioned in the description of
each plane also occur in the description of the Moufang plane at the end of
Section 2, and identifying the corresponding points (those having the same
values for s, a and b) in both descriptions gives rise to an explicit isomorphism
between the two planes (see proof of Proposition 4.15). The explicit description
of the planes shall also be used in the applications in [3] and [4].

4. A COMMON CONSTRUCTION OF SOME FAMILIES OF POLAR SPACES OF
RANK 3

Throughout this section, O is an alternative division ring. The center Z(Q)
of O is defined to be the set of all a € O such that ab = ba, a(bc) = (ab)c,
(ba)c = b(ac) and (bc)a = b(ca) for all b, ¢ € Q. Clearly, Z(0) is a field and O
can be regarded as an algebra over Z(Q).

4.1. Quadratic alternative division rings. Suppose F is a subfield of Z(0).
We say that O is quadratic over F if there exist (necessarily unique) functions
T:0—F and N : O — F such that:

e a? —T(a)a+ N(a) =0 for any a € O

e T(a) = 2a and N(a) = a? for any a € F.

11t seems we have to follow this alternative path anyway in case we deal with a Cayley—
Dickson division algebra. In that case, the associated polar space is not embeddable in a
projective space and so there seems to be no natural way to attribute homogeneous coordi-
nates to its points as it was the case in each of the four above-discussed cases.
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The following proposition is precisely Theorem 20.3 of Tits and Weiss [14].

Proposition 4.1 ([14]). Suppose O is an alternative division ring which is

quadratic over some subfield K of its center Z(Q). Let T : O — K and N :

O — K be the unique functions as defined above and put a® := T'(a) — a for all

a € Q. Then ezactly one of the following holds:

(a) O =K is a field and o = 1;

(b) O and K are fields, O is a separable quadratic extension of K and o is the
nontrivial element of the Galois group Gal(Q/K);

(c) O is a field of characteristic 2, 0 =1 and Q* C K # Q;

(d) O is a quaternion division algebra, K = Z(Q) and o is the standard invo-
lution of O;

(e) O is a Cayley-Dickson division algebra over K = Z(0) and o is the stan-
dard involution of Q.

In each case, o is an involution of O and N(a) = a®a € K for all a € O.

In the sequel of this section, we suppose that O is an alternative division ring
which is quadratic over some subfield K of its center Z(Q). By Proposition 4.1,
there are five possibilities for the pair 7 := (0,K). Let ¢ be the involution
of O as defined in Proposition 4.1. For each a € O, the elements a + a and
a°t! = a°a = aa® belong to K. If a € K, then a® = a. If a # 0, then, since
a® = at a1 with a”t! € K, we have (a?)~! = (a71)7 = —%+. We denote
(a®)~! = (a1)7 also by a~°.

We prove in this section that with the pair T there is associated a polar space
Pr. We also determine which kind of polar space Py is. In several proofs, we
will invoke some properties of alternative division rings. In Propositions 4.2
and 4.3 below, we state some results which we will need later.

For all a,b,c € O, we define the commutator [a, b] of a and b as the number
ab—ba and the associator [a, b, c] of a, b and ¢ as the number (ab)c—a(be). Since
O is an alternative division ring, we have [a,b] = 0 for all a,b € O for which
{a,b} NK # @, [a,b,c] = 0 for all a,b,c € O for which {a,b,c} NK # & and
[a=1,a,b] = [b,a,a™1] = 0 for all a,b € O for which a # 0. The commutator
can be regarded as a map from 02 to O and the associator can be regarded as
a map from @3 to @. These maps are K-linear in each of their components.

The following properties of alternative division rings are well-known, see
e.g. Bruck and Kleinfeld [2], Tits and Weiss [14, Chap. 9] and Van Maldeghem
[15, Appendix B].

Proposition 4.2.

(1) If a,b,c € Q, then |a,b,c] =0 if a, b and ¢ are not mutually distinct.>

(2) We have [b,a] = —[a,b] for all a,b € O.

(3) If ar,az,a3 € O, then [ar),ar(2),ar3)] = sgn(m) - [a1,a2,a3] for any
permutation © of {1,2,3}.

2S0, (ab)a = a(ba) for all a,b € O. We denote this number also by aba.
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(4) The Moufang identities hold in Q. This means that a(b(ac)) = (aba)c,
((ab)e)b = a(beb) and (ac)(ba) = a(cb)a for all a,b,c € Q.

(5) Forall a,b,c € O, we have a-[a,b,c] = [a,ba, c] = [a,b, ca] and [a,b,c] -a =
[a,ab, c] = [a,b, ac].

(6) The subring generated by two distinct elements of QO is associative.

The following properties can be derived from Proposition 4.2.

Proposition 4.3.

(1) For all a,b,c € O, we have a” -[a, b, c] = [a,ba’, c] = [a, b, ca’] and [a, b, c]-
a’ =la,a’b,c| = [a,b,a’¢].

(2) For all a,b,c € O with a # 0, we have a™ ' - [a,b,c] = [a,ba™ !, c] =
[a,b,ca™!] and [a,b,c]-a™t = [a,a" b, c] = [a,b,a" (]

(3) For all a,b,c € O, we have [a°,b] = [a,b] = —[a,b] and [a°,b,c] =
[a, b7, ¢] = [a,b,c”] = —[a,b,c].
(4) For all a,b,c € O, we have [a,b]” = —[a,b] and [a,b,c]” = —[a,b,c].

(5) For all a,b € O, we have (ab)°+! = ao+t1potL,
(6) Let a,b,c € Q. Then T(ab) = T(ba) and T((ab)c) = T(a(bc)). Hence,
T(a(bc)) = T((ab)c) = T(b(ca)) = T((bc)a) = T(c(ab)) = T((c ) )
(7) For all a,b,c € O, we have a®*1(b%¢ + ¢7b) = (a°b%)(ca) + (a®c”)(ba) =
(b7a7)(ac) + (¢7a”)(ab).
(8) Foralla,b,c,d € (O), we have a? ((be)d) +b° ((ac)d) = (e(da?))b+(c(db?))a.

Proof. (1)+(2) Claim (2) follows from Proposition 4.2(5). Claim (1) follows
from (2) and the fact that a® = a®*ta~! with a°*! € K. Alternatively, Claim
(1) follows from Proposition 4.2(5) if one takes into account that a” = T'(a) —a
with T'(a) € K and Claim (2) follows from (1) and the fact that a=! = aﬁ,‘%
with a*! € K.

(3) We have [a?,b] = [T'(a) —a,b] = [T'(a),b] —[a,b] = —[a,b] and [a?,b, ] =

[T(a) — a,b,c] = [T(a),b,c] — [a,b,c] = —[a,b,c]. The other claims are proved
in a similar way.

(4) We have [a,b]? = (ab— ba)? = —a”b° + b7a® = —[a’,b°] = —[a, b] and
[a,b,c]” = ((ab)e—a(be))” = —(c7b7)a” + ¢ (b7a”) = [c ,07,a%] = [e,b,a] =
—a, b, c].

(5) This follows from Proposition 4.2(6).

(6) We have T'(ab) = ab + b°a” = ba + a”b° + [a,b] + [b°,a°] = T(ba) +
[a,b] + [b,a] = T(ba) and T'((ab)c) = (ab)e + ¢°(b7a’) = a(be) + (¢“b%)a” +
[a,b,c] — [c7,b7,a°] = T'(a(be)) + [a, b, c] + [¢, b, a] = T(a(be)).

(7) Using (6), we have (a’b?)(ca) + (a%c?)(ba) T((a’b%)(ca)) =

T((ca)(a’b?)) = T(c(a(a®b?))) = T(c(a"“b")) = a’ o1 -T(ch?) = a°tL .
T%c) = a®t(b%¢ + ¢b) and (b%a%)(ac) + (c®a’)(ab) = T((b°a’)(ac)) =
T (a®(ac))) = T(b°(a®Ftc)) = a®L - T(b%) = a® (b7 ¢ + ¢b).

(8) It suffices to show that a?((ac)d) = (¢(da?))a, because then the result

will follow by substituting a + b for a. Now we have a°((ac)d) = a’([a, ¢, d] +
a(cd)) = [a,ca®,d] + a®*1(cd), where we have used (1). By (1) and (3),
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this equals [a%, ac?,d] + (cd)a®tt = —[a%,¢,d]a + ((cd)a”)a = (—[c,d,a’] +
(cd)a®)a = (c(da?))a. O

4.2. A point-line approach. We are now ready to describe our polar space.
Let co be a symbol not belonging to @ and let €2 be the following set:

{(0), (z1), (z1, 22), (z1, 225 k), (21, T2, x3; k), (X1, T2, T3, T4; k) |
r1,%2,x3,24 €0, k € K}

We call the elements of Q2 points. The point (00) is called the point of Type 0.
If 1, 22,23,24 € O and k € K, then (z1) is called a point of Type 1, (x1,x2)
is called a point of Type 2, (x1,x2; k) is called a point of Type 3, (x1,x2,x3;k)
is called a point of Type 4 and (x1,x2,x3,x4;k) is called a point of Type 5. We
now define twelve families of subsets of 2 which we call lines.

(A) Let Ly be the following set of points:

{(00)} U{(A) [ A € O}
We call Ly the line of Type A.
(B) For every x € O, let Lo(x) denote the following set of points:

{(c0)} U{(z,A) | A € O}
We call Ly(z) a line of Type B.

(C) For every z € O and every k € K, let Ls(x, k) denote the following set of
points:
{(c0)} U{(z, \sk) | A € O}
We call Ls(z, k) a line of Type C.
(D) For all z,y € O and every k € K, let Ly(x,y, k) denote the following set
of points:
{(c0)} U{(z,y,A\sk) | A € O}
We call Ly(z,y, k) a line of Type D.
(E) For all x,y,z € O, let Ls(x,y, z) denote the following set of points:
{@}u{dz+2(A-y)) A€ O}
We call Ls(x,y, 2) a line of Type E. The set Ls(x,y, z) contains the points (x)
and (y, 2).
(F) For all z,y,z € O and every k € K, let Lg(x,y, z, k) be the following set
of points:
{@)}U{\z+2(A—y);k) | A€ O}
We call Lg(x,y, 2, k) a line of Type F. The set Lg(z,y, 2z, k) contains the points
(z) and (y, z; k).
(G) For all z,y,z,u € O and every k € K satisfying x = —y7, let
L7(x,y, z,u, k) denote the following set of points:
{(@)} U{(y,2z,u, A\ k) | A € O}.
We call L7 (z,y, z,u, k) a line of Type G.
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g

(H) For all z,y,u,v,w € O and every k € K satisfying u = —z7, let
Lg(z,y,u,v,w, k) be the following set of points:
{(@, )} U{(u, \,w+y(A—v);k) | A € O}.
We call Lg(x,y,u,v,w, k) a line of Type H. The set Lg(x,y,u,v,w, k) contains
the points (x,y) and (u, v, w; k).
(I) For all z,y, z,u,v,w € O and every k € K satisfying y = —u? — 2%z, let
Lo(z,y, z,u,v,w, k) be the following set of points:
{(@, )} U{(z,u, A, w+z(A—0v);k) [ A € O}
We call Lo(z,y, z,u,v,w, k) a line of Type I. The set Lo(x,y, z,u,v,w, k) con-
tains the points (z,y) and (z,u, v, w; k).
(J) For all k1,ks € K and all z,y,u,v,w € O satisfying v = 27 + kyu, let
Lyo(z,y,u,v,w, k1, ko) be the following set of points:
{(z,y; k1) U{( o+ k1A —u),w+ y(A — u);
ko +2(A —u) + (A —u)2° + k(AT —u”th) | X € 0}
={(z,y; k1)t U{( o+ k1(A —u),w + y(A — u);
ko +v" (A —u) + (A —u)7v + k(A —u)?TY) | A € O}
We call Lig(z, y, u, v, w, k1, ko) a line of Type J. The set Lio(x,y, u, v, w, ki, ka)
contains the points (x,y; k1) and (u, v, w; k2).
(K) For all z,y, z,u,v,w € QO and all kq, ko € K satisfying v = 272 +y° + ku,
let Lii(z,y, 2z, u,v,w, ki1, ko) be the following set of points:
{(xvya kl)} U {(Zv )\a v+ kl(/\ - U),’LU =+ Z‘()\ - U),
ko + (y+272)(A —u) + (A —w)7(y7 +272) + k(A7 —u?Th) | X € O}
={(z,y; k1) U{(z, \, v+ k1 (A —u),w+ (A —u);
ko + 07\ —u) + (A —u)7v + k(A —u)?T) | A € O}
We call Li1(z,y, z,u,v,w, ki, k2) a line of Type K. The set L11(z,y, z,u, v, w,
k1, ko) contains the points (x,y; k1) and (z,u, v, w; ke).
(L) For all z,y, z,u,v,w,r € O and all kq, ke € K satisfying r = 27 — y? (zu —
v) + k1u — x%w, let Lio(x,y, z,u,v,w,r, k1, ko) be the following set of points:
{(@y, 2 k) U{\ v+ 2(A =), w+y(A —u), 7+ k(A —u) =27 (y(A —w));
ot (2= (2u—0)75) A=)+ (A—0)? (2~ (zu—v))+h1 (A —u7*1)) | X € O}
={(z,y,z:k1)} U{(N\, v +2(A —u),w+y(A —u),r + k1 (A —u) —27 (y(A —u));
ko + (r° +wx)( A —u) + (A —u)7(r +27w) + ki (A —u)° ) | A € O}.

We call Lia(x,y,z,u,v,w,r ki,ks) a line of Type L. The set Lia(z,y, 2,
u, v, w,r, k1, k2) contains the points (z,y, z; k1) and (u,v,w,r; k2).
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(X [ix [ix [[ X [ ix [ x|

A0 ] 1T|]G|1]H5

Blo|2(||H| 2|4

cl0] 3 11215

D 0| 4 J1 3|4

E|l1 |2 |K|3|5

F|1]3]||L|4]|5
TABLE 1. The parameters ix and jx.
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Two (not necessarily distinct) points are said to be X-collinear, for X €
{A,B,...,L}, if they are contained in some line of Type X. Two (not neces-
sarily distinct) points are said to be collinear if they are X-collinear for some
X € {A,B,...,L}. With each X € {A,B,...,L}, we associate the parameters

ix and jx as in Table 1.

Figure 1 pictures the incidence of the different types of points, lines and
also planes (to be defined in Subsection 4.3) on an octahedron, which is an
apartment in the corresponding building.

FIGURE 1. Incidence for types of points, lines and planes.

Proposition 4.4. Let X € {A,B,...,L}.
(1) Let L be a line of Type X. Then L contains a unique point of Type ix and

all the remaining points of L have Type jx > ix.

(2) If a point of Type ix and a point of Type jx are X-collinear, then they
are contained in a unique line of Type X .
(3) Ifp and p’ are two distinct points of Type jx which are contained in some
line L of Type X, then the unique point of Type ix of L is uniquely deter-
mined by p and p’. As a consequence, two distinct points of Type jx are

contained in at most one line of Type X.

Proof. Obviously, Claim (1) holds.
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As for Claim (2), we will only give a sketch in the case X = L. The
other cases are similar. Consider the line M = Lia(z,y, 2, u, v, w, 7, k1, ko) as
described above. We can regard M as the line of Type L defined by a point
(,y,2; k1) of Type 4 and a point (u,v,w,r;ks) of Type 5 which satisfy the
compatibility condition 7 = 27 — 7 (zu —v) + kyu —zw. If (u/, v, w',r'; k) =
MNv+zA—uw),w+yA—u),r+ k(A —u) —z7(yA —u)); k2 + (z — (zu —
0)7Y) (A —u) + (A —u)? (27 —y° (zu —v)) + k1 (AT —u7FL)) is another point
of Type 5 of M, then one can easily verify that also the points (z,y, 2z; k1)
and (u',v",w',7’; k}) satisfy the compatibility condition. Moreover, the line
of Type L defined by (z,y, z; k1) and (v, v, w’,7'; k}) coincides with M. This
information is sufficient to conclude that a point of Type 4 and a point of Type
5 are contained in at most one line of Type L.

As for Claim (3), we only treat the case X = L. The other cases are similar
(and even easier). We must show that (x,y, z; k1) is uniquely determined by

(ur,v1,wi,r50) =
(A, v+ oA —u),w+y(A —w), 7+ k(A — u) — 27 (y(A1 — u));
ko + (r7 +wz)(M —u) + (M —w)?(r+2%w) + k1 (A — u)”“)

and

(u2,v2,w2,72;5l2) =
(A2, v+ (A2 —u),w+y(Ae —u),r + ki1 (A2 — u) — 27 (y(A2 — w));
ko + (r7 + w’z)(As —u) + (A2 — w)7 (r + 27w) + k1 (A2 — w)7 ).
Here, z,y, z,u,v,w,r, A1, Ay are elements of O and ki, ks are elements of K
such that A\; # Ay and r = 27 — y?(xu — v) + k1u — z°w. We have
x = (vy —v1)(ug —ug) "L,
y = (wa —w1)(ug —u1) ",
k1= (ra —r1 + 27 (wa — wi))(uz — 1),
r+aw—kiu=rmr + 27w — kug,
TU— v = TU — V1,
z=(r+a’w—ku+y’ (zu—v))°.

So, (z,y,z;k1) is indeed uniquely determined by (u1,v1,w1,7r1;l1) and
(UQ,UQ,U/Q,TQ;ZQ). |

The following proposition gives necessary and sufficient conditions for two dis-

tinct points to be X-collinear (X € {A,B,...,L}).

Proposition 4.5. Let x1,x2,x3,%4,Y1,Y2,Y3, %4 € QO and k,l € K.

o Let p be a point of Type i € {0,1,...,5} and p' # p a point of Type

i € {0,1,...,5}. Let X € {A,B,...,L}. If (4,7') & {(ix,ix), Ux,dx)},
then p and p' are not X -collinear.
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The point (c0) is A-collinear with all points of Type 1, B-collinear with all
points of Type 2, C-collinear with all points of Type 3 and D-collinear with
all points of Type 4.

The point (1) is A-collinear with all points of Type 1, E-collinear with all
points of Type 2 and F-collinear with all points of Type 3. The point (x1)
is G-collinear with the point (y1,y2,ys,ya;l) if and only if x1 + y§ = 0.
The point (x1,x2) is B-collinear with the point (y1,y2) if and only if x1 =
y1. The point (x1,x2) is E-collinear with the point (y1,y2) # (x1,22)
if and only if x1 # y1. The point (x1,x2) is H-collinear with the point
(y1,y2,y3;1) if and only if 1 +y§ = 0. The point (x1,x2) is I-collinear
with the point (y1,Y2,Yys, ya;l) if and only if y2 + xJy1 + 2§ = 0.

The point (z1,x2;k) is C-collinear with the point (y1,y2;!l) if and only
if (x1,k) = (y1,1). The point (x1,x9;k) is F-collinear with the point
(y1,y2;1) # (x1,22;k) if and only if x1 # y1 and k = 1. The point
(x1,x9; k) is J-collinear with the point (y1,y2,ys; 1) if and only if yo —kys —
x¢ = 0. The point (x1,x2; k) is K-collinear with the point (y1,y2, Y3, ya; 1)
if and only if y3 — kys — 29y1 — 2§ = 0.

The point (x1,z2,x3; k) is D-collinear with the point (y1,y2,ys;1) if and
only if (x1,22,k) = (y1,y2,1). The point (x1,x2,x3;k) is H-collinear with
the point (y1,y2,ys;l) # (1,22, x3; k) if and only if (x1,k) = (y1,1) and
xa # ya2. The point (x1,x2, x3; k) is J-collinear with the point (y1,y2,ys; 1) #
(z1, 72,235 k) if and only if x1 # y1 and | —k = y{y2 +25y1 — 27 y2 — 2321,
The point (21, x2,x3;k) is L-collinear with the point (y1,ya2,ys, ya;l) if and
only if ya + x9ys — x§y2 — ky1 + 23 (x1y1) — xz§ = 0.

Suppose (x1,xa, T3, T4, k) # (Y1,Y2,Ys3,y4;1). The points (x1, 22, 3,245 k)
and  (y1,Y2,Y3,ya;l) are G-collinear if and only if (x1,z2,x3,k)
= (y1,¥y2,¥3,0). The points (x1,x2,73,24;k) and (y1,y2,Y3,Ya;1) are I-
collinear if and only if (z1,x2,k) = (y1,y2,0) and x3 # ys3. The points
(21,22, 3,245 k) and (y1, Y2, Y3, ya; 1) are K-collinear if and only if x1 = y1,
T2 # y2 and l—k = ySys+adys—x3ys—axfxe. The points (x1, T2, 3, T4; k)
and (y1,Y2,ys,ya;l) are L-collinear if and only if x1 # y1 and | — k =
YTya +ySys + x§y2 +xfyr — x9ys — x5ys — xwy — x§w2 — [Y1 — T1, Y2 —
T, y3 — x3] - (y1 — 1) 7.

Proof. The verification of these conditions is straightforward, except (perhaps)
in the three cases discussed below.

(i) Two points (x1, xe, x3; k) and (y1,y2, ys; 1) # (21, x2, x3; k) are J-collinear

if and only if there exist x,y,u,v,w, A € O and kq, ks € K such that v = 27 +
kiu, (u,v,w; k2) = (1,2, z3; k) and (A, v+ k1 (A—u), w+y(A—u); ke +v7(A—
u) + (A —u)?v + k(A —u)° ) = (y1,y2,y3;1). The condition (y1,y2,ys;l) #
(1,22, x3;1) is equivalent with y; # x1. The above conditions yield u = 1,
v=1T9, w=1x3, ks =k, A\ =1y,

ky = (y2 — m2)(y1 — 1),
y=(ys —a3)(yr — 1),
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(v—k1u)” = (x2 — ((y2 — 22)(y1 — 1)~ a1)7,
I—k=v"\A—u)+(\—u)v+k\—u)!
=af(y1 —21) + (1 —21)722 + (Y1 — 21) 7 (y2 — 22) (Y1 — 1)

X

So, we see that the points (z1,z2,23;k) and (y1,y2,ys;!) are distinct and
J-collinear if and only if y; # z1, (y2 — 22)(y1 — 1) € Kand | — k =
23 (yr — x1) + (y1 — 21)7@2 + (g1 — 1) (Y2 — 22) (1 — 1) 7"

Suppose that these three conditions hold. Then (y2 — x2)(y1 — x1)~ ! =
(y1 — 1) (y2 — 22) and hence | — k = 25 (y1 — 1) + (y1 — 1) 22 + (y1 —
1) (Y2 — 22) = y7y2 + 23y1 — 27y2 — 23 21.

Conversely, suppose that | — k = y{y2 + x3y1 — 2J{y2 — 2§21 and y1 # 1.
Then (y1 — #1)7(y2 — @2) = y7y2 + x3y1 — a{y2 — afa1 — (¥Fy1 + yfa2) +
(x§x1 + 2722) = (I — k) — (xFy1 + y7x2) + (2521 + 2J22) € K and hence
ki = (y2 —22)(y1 — 1)t € K.

We conclude that the points (1, 22, x3; k) and (y1,y2, y3;1) are distinct and
J-collinear if and only if 1 # y; and | — k = yJys + xJy1 — 2Jy2 — x§x1.

(il) Two points (1, x2, 3, x4; k) and (y1, Y2, ys, ya; 1) # (21, 22, x3, 24; k) are
K-collinear if and only if there exist z,y, z, u,v,w, A € O and ki, ks € K such
that v = 2724+ y% + k1w, (z,u,v,w; ko) = (x1, T2, 3,245 k) and (2, \, v+ k1 (A —
w), w+ (A —u)i ke + 07 (A —u) + (A =)0+ ki (A= u)") = (y1, 92,93, 943 1)
If this is the case, then x1 = 2z = y; and so the fact that (y1,y2,ys,ya;l) #
(21, %2, x3,x4; k) implies that x9 # yo. The above conditions yield that z =
T1 =Y, U= T2, V=203, W=2=Ty4, ko =k, A\ =yo,

ki = (ys — 23)(y2 — 22) 7",

v = (ys — x4)(y2 — x2) ",

y=w-—22—ku)’,
I—k=v"\—u)+AN—=u)’v+k(A—u)’!

=23 (y2 — x2) + (Y2 — x2) w3 + (y2 — 22)7 T (

ys — x3)(y2 — x2) "

So, we see that the points (x1,x2,x3,z4; k) and (y1,y2,ys,ya;l) are distinct
and K-collinear if and only if y; = 1, y2 # 2, (y3 — 23)(y2 — 22) ! € K and
I —k=a§(y2 — x2) + (y2 — 22) 3 + (y2 — 22)7 " (y3 — 23)" (y2 — x2)~'. With
a reasoning completely similar to the one of Case (I), we see that this is the
case precisely when y; = z1, yo # z2 and | — k = yJys + 2§y2 — 2ys — x 2.

(ili) Two points (z1, 2,3, z4; k) and (y1,y2,ys3,ya;l) # (z1,22,23,24;1)
are L-collinear if and only if there exist x,y, z, u,v,w,r, A € O and ki, ky € K
such that r = 27 — ¥ (xu — v) + k1u — 2w, (u,v,w,r, ko) = (x1, 22,3, T4; k)
and (A v+ 22X —u),w+yA—u),r+ k(A —u) —z27(y(A —w)); ke + (r7 +
wox)(N —u) + (A —w)?(r + 2°w) + k1A — w)°T) = (y1,y2,y3,y4;1). The
condition (y1,y2,ys,ya;l) # (z1, T2, x3,24; k) is equivalent with y; # 1. The
above conditions yield u = z1, v = x9, w = x3, 7 = x4, ks =k, A = y1,

= (y2 — x2)(y1 — 1),
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= (y3 — 963)(3/1 —x1)7

((ya — z4) + 27 (y(y1 — 1)) (y1 — 1),
=(r+y°(z u—v) — ku+ x%w)?,
(r” +wz) (A —u) + (A —u) (r + 2w) + k(A — u)° T
So, we see that (1,22, x3,x4;k) and (y1,y2,ys, ya; 1) are distinct and L-collin-
ear if and only if 13 # 1, ((y4 —xq) + 27 (y(y1 — xl)))(yl —z1)"! € K and
I—k=©"4+wz)\—u)+\N—u)(r+a°w)+ k(A —u)’*t

Suppose that these three conditions hold. Since k; = ((y4 —x4)+ 2% (y(y1 —
21)))(y1—x1) "' € K, we also have ky = (y1 — 1) ™ ((ya—24) + 27 (y(y1 —21)))
and hence k1(A — w)° = ky(y1 — 21)7™ = (y1 — 21)7(ya — 24) + (y1 —
1) " (1 —21) (y2—22)7) (y(y1—21))) = (Y1—21)" (Ya—24)+(y1—21) " ((y1—
21)((y2 — 22)7y)(yr — x1)) = (y1 — 1) (ya — 2a) + ((y2 — 22)7y)(y1 — 1) =
(1 — 21)7(ya — ma) + ((y2 — 22)7((ys — @3) (31 — 21) ™)) (g1 — 1) = (11 —
21)7(ya —2a) + (((y2 — 22)7 (ys — x3)) (Y1 — 1) ") (y1 — 21) — [(y2 — 22)7, ys —
z3, (1 —21) 7 (Y —21) = (Y1 = 21)7 (Ya — xa) + (y2 — 22)7 (y3 — x3) — [(y2 —
22)%,y3 — o3, (y1 —21)7] - (y1 —21) 77 = (y1 — 21)7 (Y4 — T4) + (y2 — 72)7 (Y3 —
x3) — [y1 — T1,Y2 — T2,y3 — x3) - (y1 — x1)~ 7. We have

(W) (A —u) = (2§ ((y2 — @2) (Y1 — 21) ")) (y1 — 21)

(25 (y2 — x2))(yr — 1)~

— [, y2 — @2, (1 — 1) 7)) - (1 — 1)

l—k=

=23 (y2 — x2) — [25, 42 — 2, (11 — 1) '] - (1 — 1)
=25 (y2 — @2) — [25, 92 — @2, (y1 — 21)7] - (yr —21)™7
=23 (y2 — @2) + [y1 — @1, 92 — T2, @3] - (y1 — 1) 7.

Hence,

(A —u)7 (@7w) = (yo — w2)7x3 — (y1 — 1) " - [y1 — 21, Y2 — @2, 23]

= (y2 — 22)7w3 — [y1 — 21, (Y2 — x2)(y1 — 1) 17553]
= (y2 —@2)@3 + [y1 — 21, (Y1 — 21) "7 (y2 — 22)7, 23]
= (y2 — 22)7w3 + [y1 — 21, (Y2 — 22)7, 3] - (Y1 — 1) 7
= (Y2 —22)7w3 — [y1 — T1,y2 — 2, 73] - (y1 — 1) 7

It follows that (w7z)(A—u)+ (A —u)? (z7w) = 2§ (y2 — x2) + (y2 —x2) x3. We

u
alsohave l—k=r"(A—u)+(A—u)r+ (wz)(A—u)+ (A —u)? (xw) + k1 (A —
w)7t = 2§ (y1 —x1) + (Y1 —21)7@a 4+ (Y1 — 1) (ya — x4) + 25 (y2 — 2) + (Y2 —
332)”3534'(92—332)”(?43 x3)—[y1—21,Y2— T2, Y3~ 23] (y1—21) "7 = Yy ya+yS ys+
w§y2 +xiyr —2{ys —x§ys — i — 2§ T2 — (Y1 — 21, Y2 — T2, y3 — 3] (y1 —21) 7.

Conversely, suppose that y1 # x1 and | — k = yJya + yJys + x3y2 + x5y1 —
x9ys—xGys —x§r1 —riTo— Y1 — T1, Y2 — T2, Y3 — 3] - (y1 —x1) 7. Then one has
that k] (A=)t = —k—r"(A—u)— (A—u)7r— (0w’ z)(A\—u) — (A—u)? (zw) €

Minster Journal of Mathematics VoL. 7 (2014), 557588



574 BART DE BRUYN AND HENDRIK VAN MALDEGHEM

K, where A = y1, u = 1, 7 = @4, w = 23, ¢ = (y2 — x2)(y1 — 1) "', y = (Y3 —
x3)(yr—x1) "t and K = (y1 —x1) 7 ((ya—2a) +27 (y(y1 —x1))). It follows that
K} € K and hence also that k1 = ((y4 — 24) + 27 (y(y1 — 21))) (y1 —21) ' € K.

We conclude that the points (z1, xo, x3, z4; k) and (y1,y2,ys,ya;1) are dis-
tinct and L-collinear if and only if y; # z; and | — k = yJya + yJys + 25y +
xqy1 — x9ys — afys — a1 — w2 — [Yy1 — T1,Y2 — T2, y3 — 3] (y1 —21) 7. O

The following is a corollary of Proposition 4.4(2)+(3) and Proposition 4.5.

Corollary 4.6. If p and p’ are two distinct collinear points, then they are
X -collinear for a unique X € {A,B,...,L}. As a consequence, two distinct
collinear points are contained in a unique line.

The following corollary is also a consequence of Proposition 4.5. It gives
necessary and sufficient conditions for two (not necessarily distinct) points to
be collinear.

Corollary 4.7. Let x1,x2,x3,%4,Y1,Y2,Y3, %4 € QO and k,l € K.

e The point (00) is collinear with all points of Type 1, all points of Type 2,
all points of Type 3 and all points of Type 4. The point (c0) is collinear
with no point of Type 5.

e The point (x1) is collinear with all points of Type 1, all points of Type 2
and all points of Type 3. The point (x1) is collinear with no point of Type
4. The point (x1) is collinear with the point (y1,ye2,ys,ya;l) of Type 5 if
and only if x1 +y{ = 0.

e The point (z1,x2) is collinear with all points of Type 2 and no point of Type
3. The point (x1,x2) is collinear with the point (y1,y2,ys;!) if and only if
x1+y§ = 0. The point (x1,x2) is collinear with the point (y1,Yyz2,Ys, Ya;!)
if and only if yo + x{y1 + 2§ = 0.

o The point (x1,xa;k) is collinear with the point (y1,y2;1) if and only if
k =1. The point (xz1,x2; k) is collinear with the point (y1,y2,ys;l) if and
only if yo — kyr — x5 = 0. The point (x1,x2; k) is collinear with the point
(Y1,Y2, Y3, ya; 1) if and only if ys — ky2 — 2y — 2§ = 0.

o The point (x1,x2,x3; k) is collinear with the point (y1,y2,ys;!l) if and only
if l =k =yJys + xSy1 — xy2 — x§x1. The point (x1,x9,x3;k) is collinear
with the point (y1,y2,ys,ya;l) if and only if ya + x7ys — a8y> — ky1 +
2§ (x1y1) —z§ =0.

e The points (xz1, T2, x3,x4; k) and (y1,Y2,Ys,ya;l) are collinear if and only
if either x1 = y1 and | — k = ySys + z5y2 — x3ys — xfx2 or x1 # y1 and
U=k =yfys+ ySys + a§y2 + 2fyn — 27ys — 25y3 — 2x1 — 2§22 — [y1 —
x1,Y2 — T2,y3 — 23] - (y1 —x1) 7.

The above-defined points and lines define a point-line geometry which we
will denote by Py. By Corollary 4.6, P7 is a so-called partial linear space.

Our next goal will be to show that P is a polar space.

Proposition 4.8. For every point p of Py, there exists a point p' of P which
s not collinear with p.
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Proof. Let (i,i') € {(0,5),(1,4),(2,3)}. Then, by Corollary 4.7, no point of
Type ¢ is collinear with a point of Type 7. O

In the following five propositions, we list a number of automorphisms of the
point-line geometry P7. The proof that the stated permutations of €2 actually
define automorphisms is straightforward and involves no special difficulties. We
will therefore omit the proofs. Notice that each of the listed automorphism
preserves the types of the points and lines. All automorphisms we list are
so-called root-elations, in particular unipotent elements in the corresponding
algebraic group or group of mixed type. The set of all automorphisms defined
in each proposition is a root group. Together, the five groups generate the
unipotent radical of (00).

Proposition 4.9. For every n € O, the permutation of Q) defined by

(x1, 22,23, 243 k) = (21 + 0, 02, T3, X435 k),
(z1,22,23; k) = (x1,22,23 — Nk + (n° 29 )x2; k),
(x1,29; k) — (21,20 — 7215 k),
(x1,22) = (21,22 — n721),
(1) = (21 —17),
(00) = (00),

is an automorphism of Pr.
Proposition 4.10. For every n € Q, the permutation of 0 defined by

(331,332,.’,133,334; k) = (1'1,332 + 1,23, T43 k)v

(71,22, 35 k) = (21, 22,03 — 07223 k),
(x1,29; k) — (z1,22 — k175 k),
(1, 32) = (21,22 — %),
(z1) = (21),
(00) = (00),

is an automorphism of Pr.
Proposition 4.11. For every n € Q, the permutation of 1 defined by

(21,22, 23, 245 k) = (x1, 22, 23 + 0, 245k + 1722 + 237),

(x1,22,x3; k) — (21,29, 23 + N7 213 k)
(x1,22; k) — (x1,22 + 173 k)
(z1,22) — (21, 22),
(1) = (21),
(00) = (00),

is an automorphism of Pr.
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Proposition 4.12. For every n € Q, the permutation of ) defined by

(w1, @2, k3, X435 k) = (21, 22,23, 24 + 5k + 1721 + 27n),

(21,29, 23 k) — (21,22, 23 + 173 k),
(z1,22; k) — (21, 22; k),
(21, 22) = (w1, 22),
(1) = (21),
(00) = (00),

is an automorphism of Pr.

Proposition 4.13. For every k* € K, the permutation of ) defined by

(z1, 22,3, 245 k) > (1,22, 3,245k + k),
(1, 22, w3; k) = (21, 22, w35 k),
(x1,22; k) — (21,225 k),
(z1,22) > (21, 22),
(1) = (21),
(00) = (00),

is an automorphism of Pr.
We are now ready to prove that P7 is a polar space.

Proposition 4.14. For every point p and every line L, the point p is collinear
with one or all points of L.

Proof. There are 6 possible types for the point p and 12 possible types for the
line L. This leads to 72 cases which we need to consider. Corollary 4.7 can
be used to deal with each of these cases. Observe also that if p is a point of
Type 5, then by Propositions 4.9, 4.10, 4.11, 4.12 and 4.13, we may assume
that p = (0,0,0,0;0). This observation can simplify the verification in some
cases.

The verification of the proposition is straightforward (and often immediate)
in many of the 72 cases. In fact, there are only four cases where some difficulty
seems to occur. Before we discuss these four cases in detail, we treat a typical
example among the 68 other cases.

Consider the point (x1,x2,x3; k1) of Type 4 and the line L = Lg(x,y, u, v,
w, k) of Type H. Here, x1,z2,23,2,y,u,v,w € O and k, k; € K such that
u = —x%. The line Lg(x,y,u,v,w, k) contains the points (x,y) and (u, \,w +
y(A—wv); k), A € O. We have

(z1, 22, w33 k1) ~ (2, y) &z + 2] =0,
(x1, 22, 235 k1) ~ (U, 3w+ y(A—v) k) &k —k =u' A+ xu— ]\ —xfx;
e (z+ o)A =z5u— iz —k+ k1.
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If 42§ # 0, then (z1, x2, x3; k1) is collinear with a unique point of L, namely
the point (u, \,w + y(\ — v); k) where A\ = (z + 27) " (25u — 2§z1 — k + k1).
If x + 29 =0 =a5u — x5z, — k + k1, then (x1,x9,x3; k1) is collinear with all
points of L. Finally, if x + 29 = 0 # 2§u — x§x1 — k + k1, then (21, 2, x3; k1)
is collinear with a unique point of L, namely the point (z,y).

We now deal with the four cases where some difficulty is involved. With
“some difficulty” we mean that after writing down the conditions for collinear-
ity as given in Corollary 4.7, we still need to manipulate the obtained expres-
sions before we can make the necessary conclusions.

(i) Consider the point (x1,x2,x3; k) of Type 4 and the line L = Lis(z, v, 2,
u, v, w, r, ki, ka) of Type L. Here, x1, 2, x3, %, Yy, 2, u,v,w,r € Qand k, k1, ko €
K such that r = 27 —y? (zu—v) + kyu—zw. The line Lqio(z,y, 2, u, v, w, 1, k1,
k2) contains the points (z,y, z; k1) and p(A) := (A, v+z(A—u), w+y(A—u),r+
k1(A—u)—2° (y(A\—u)); ka+ (1 +wx)(A—u)+(A—u)? (r+2zw)+ky (A—u)° L),
A € 0. The points (x1, x2,x3; k) and (z,y, z; k1) are collinear if and only if

ki —k=n=2%y+25z— 2]y — x5z1.
The points (x1,x2,x3; k) and p(A\) are collinear if and only if r + k1 (A — u) —
27 (y(A— ) + 95 (w + YO\ — 0)) — 23 (0 + 2(A— 1)) — kA + 25 (21 A) — 2§ = 0,
ie. if and only if ' :=r — kyu+ 27 (yu) + 2{w — 2§ (yu) — 2§v + x5 (zvu) — x§
is equal to
27 (yA) — 27 (yA) + 25 (xX) — 23 (x1A) — ki A + k.

If £ = 21, then n = 0. In that case, the points (z1,z2,z3; k) and (z,y, z; k1)
are collinear if and only if k1 = k. Also, the points (21, x9, x3; k) and p(\) are
collinear if and only if (k — k1) = /. It is now easy to see that (z1,xo, z3; k)
is collinear with one of all points of L.

In the sequel, we will suppose that  # x;. We then have that z7(y\) —
27 (yA) + 2§ (xX) — 2Z(z1A) is equal to

(x —21)7(yA) + 25 ((x — 1))

(@ —20)7y + 235 — 21)) A — (2 — 21)7,9, A — 5,2 — 21, \
=pA\+ [z — 21,9, N — [ — 21, 22, ]

=npA\+ [z — 21,y — 2, )]

=n\+
=nA+ ([

[

[z —ffla(x—xl) (y —22), Al - (v —21)"°
:77)‘+[ T —x1,1, ] (x_xl)_o

=

[

v —a1, A = o — 21,25 (@ — @) + (@ = 21) 722, A]) - (@ —21) 77

(@ —21)7n, A - (. —21)”°

=i —[(x —21)7, (x — 1), Al

= (z—21)7(((z — 1)) A).
So, the points (x1,x2,x3; k) and p(\) are collinear if and only if
(2= 1) (2 — 21)~" (0 — by + K)A) = 7.
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If n # ki1 — k, then there is a unique solution for A and hence the point
(1,22, x3; k) is collinear with a unique point of L. If n = k; — k and ' = 0,
then (x1,x2,x3;k) is collinear with all points of L. Finally, if n = k; — k and
n' # 0, then (x,y, 2; k1) is the unique point of L collinear with (z1, T2, 3; k).

(ii) Consider the point (0,0,0,0;0) of Type 5 and the line L = Lgy(z,y, z,
u,v,w, k) of Type I. Here, x,y, z,u,v,w € O and k € K such that y = —u? —
2%2. The line Lg(z,y, z,u, v, w, k) contains the points (x,y) and (z,u, A, w +
(A=) k), A € Q.

The points (0,0,0,0;0) and (x,y) are collinear if and only if y = 0. The
points (0,0,0,0;0) and (z,u, A\, w+x(A—v); k) are collinear if and only if either
z=0and k=uXorz#0and k =27 (w+ (A —v)) +u’\— [z,u,A] - z7°.

If z =0, then y = —u? and in that case it is easily seen that (0,0,0,0;0)
is collinear with one or all points of L. So, we may suppose that z # 0. The
condition k = 27 (w+ z(A —v)) + u’X — [z,u, A\] - 277 can then be rewritten as

k=2%w—2%(av) + 27 (x\) + u' A — [27,u”, \] - 279
k=2%w—2%(av) + 27 (x\) + u' X — [27, 27 %u?, A
k=2%w—2%(xv) + 27((x + 27 u’)A)
k=2%w—2%(xv) — 27((z7%y)\)

So, depending on which of the values y and k — 2w + z7(av) are equal to 0,
the point (0,0, 0,0;0) is collinear with one or all points of L.

(iii) Consider the point (0,0,0,0;0) of Type 5 and the line L = Li;(x, y, 2,
u, v, w, k1, ka) of Type K. Here, x,y, z, u,v,w € O and k1, ks € K such that v =
x%z+y° +kiu. The line L11(z,y, 2, u, v, w, k1, k2) contains the points (z, y; k1)
and p(\) := (z, v+ ki(A—u),w+z(A—u);ka+ v A—u)+(A—u)v+ ki (A—
u)°*1). The point (z,u, v, w; k2) on L can be chosen in such a way that u = 0.
Then v = 272 +y° and p(A\) = (2, \, v+ k1 A\, w+2X; ko + 0 A+ A0+ kg A7HL),

The points (0,0,0,0;0) and (z,y; k1) are collinear if and only if y = 0.
The points (0,0,0,0;0) and p(A) are collinear if and only if either z = 0 and
ko +vo X+ A0+ kAt = A7 (v+ ki A) or z # 0 and kg + v A+ A0+ ki AT =
27(w+ ) + A7 (v + kX)) — [z, \, 0+ k1A - 277,

Suppose z = 0. The condition ks +v7 XA+ A7v + ki ATt = A\ (v + k1 \) then
becomes ks + v7\ = ko + yA = 0. So, depending on which of the values y and
ko are equal to 0, the point (0,0, 0,0;0) is collinear with one or all points of L.

Suppose z # 0. The condition ko + v\ + A%0 + k1 A7 T = 29(w + 2\) +
A (v 4 k1 A) — [z, A, v+ k1 A\] - 277 then becomes

ko + 07 A= 2%w+ 27 (z\) — [2,\, 0] - 2

ko + v =z2%w+ 27 (zA) + [27,v7,A] - 279

ko + 07X = z2%w+ 27 (xA) + [29,27 07, )]

ko + 07X = z7w + 27 () + v7A — 27((z77v7) )

ko — 27w =2((x — 27 7v7)\
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ko — 27w = —=27((z7y)A).
So, depending on which of the values ko — 27w and y are equal to 0, the point
(0,0,0,0;0) is collinear with one or all points of L.

(iv) Suppose p is a point of Type 5 and L = Lis(z,y, 2z, u, v, w, r, k1, k2)
is a line of Type L. Here, x,y, z,u,v,w,r € O and ki, ks € K such that r =
27—y (zu—v)+kiu—2x°w. We can choose the point (u, v, w, r; ks) of L in such
a way that u is equal to the first coordinate of p. By Propositions 4.9, 4.10, 4.11,
4.12 and 4.13, we may suppose that p = (0,0, z1,22;0) and (u,v,w,r; k) =
(0,v,0,0;k2). We then have 27 + y?v = 0. The line L contains the points
(x7y7 Z3 kl) and p()\) = ()‘7U + x)\a y)\a k1A — xo’(y)\)7 k2 + kl)\g+1)7 A€ 0.

The point p = (0,0, 21, x2;0) is collinear with (z,y, z; k1) if and only if

T9 =27 —2%xq.

The point (0,0, z1,22;0) is collinear with the point p(0) = (0,v,0,0; ko) if

and only if

xJv = ko.

Suppose A # 0. Then the point (0,0, z1,22;0) is collinear with the point
p(A) if and only if

[(v 4+ 2X)7 (YA) + A7 (kad — 27 (yA)) + 27 (v + 2)) + 2T A
— Nty —z1] AT =k + ket
This simplifies to
V7 (yA) + (N7z7)(yA) — A7 (27 (yA)) + z5v + 27 (zN) + =5
— Mo+ aAyA—x1] - A7 = ko
This can be rewritten as
(TP + (2T2)N + 25N — [v7,y, A] + [A7, 27, y ] — [27, 2, A]
—Nv+ahyr—a1] - AT =ky —zJv.
Now,
A v+ A yd —z1] = Ao, yA] + N Ay — [N v, 2] — [N 2, 2]
with
[)\a v, y/\] AT = _[)\a v, /\Uyo] AT = —[A,’U,yo] = _[an Y, )‘]7
A2 X, yA] - AT = [\ AT27, >N\ - A7 = =\ 2%, yA] = (A7, 27,y
A ad 2] - A7 ==\ A%2%, 29] - AT = =[N\ 2%, 1] = [29, 2, A

So, the point (0,0, 21, x2;0) is collinear with the point p(\), A # 0, if and only
if
(2§ —z+a2fx)N =ke —xJv — [N\, v,21] - A7°.
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e Suppose 1 = 0. Then the latter condition becomes (2§ — z2)A = k2. So,
depending on which of the values z§ — z and y are equal to 0, the point
(0,0, 21, 22;0) = (0,0,0,x2;0) is collinear with one or all points of L.

e Suppose z1 # 0 and put a := ko — 2{v. Then the above condition becomes

(xf —z+azjx) A =a— [N\ 277 (ke —a),z1] - A7°
(0 — 2+ ofa)h = a — (ks — o,a] - 277) - A7
(@5 — 2+ ofwA = a+ (hayai] - a7%) A~

(25 — 2+ afz)A = a — ([, A7, 29] - 27°) - A7
(z5 —z+a7z)A = a —a+ ((a(X\72]))z; 7 )A™7
(6 — 2 + 270\ = ((a(A29))ar")A

(
13 —z+ a5z = (a(A\12g))z] 7
0

If 3 — z+ 292 = 0 = a, then (0,0, z122;0) is collinear with all points of L.
If 25 — z 4+ 2z = 0 # «, then (z,y, z; k1) is the unique point of L which is
collinear with (0,0, 1, z2;0). If 2§ — 2+ 2z # 0 = «, then p(0) is the unique
point of L collinear with (0,0, z1,z2;0). If 2§ — 2 + 22 # 0 # «, then p(A) is
the unique point of L collinear with (0,0, z1,x2;0), where A € O \ {0} is the
unique solution of the equation z§ — z + 2§z = (a(A\"127))z 7. O

4.3. The explicit description of the planes. We define eight families of
subsets of Q2 which we call planes.

(I) We denote by [oo] the set consisting of the points
pi(a,b) == (a,b),
p2(s) = (),
p3 = (00),
where a,b, s € Q. We call [co] the plane of Type I.
(II) For every k € K, we denote by [k] the set consisting of the points
p1(a,b) := (a,b; k),
pa(s) == (s),
p3 = (00),
where a,b, s € 0. We call [k] a plane of Type IL.

(III) For every = € O and every k € K, we denote by [z; k] the set consisting
of the points

where a,b, s € Q. We call [z; k] a plane of Type IIIL.
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(IV) For every « € O and all k,l € K, we denote by [z; k,[] the set consisting
of the points

p1(a,b) := (a,z +la,b;k+2a+ a®x + la® ),
pa(s) == (27, s;1),
p3 = (00),

where a,b, s € 0. We call [z; k,] a plane of Type IV.

(V) For all z1,20 € O and every k € K, we denote by [z1,x2; k] the set
consisting of the points

pi(a,b) := (-5, —z7,a,b; k),
pa(s) = (s, x1 + z25),
p3 = (z2),
where a,b, s € Q. We call [z1,x2; k] a plane of Type V.

(VI) For all 21,22 € O and all k,l € K, we denote by [x1,z2;k,(] the set
consisting of the points

p1(a,b) := (=5, a,2 + ka,b;l + z1a + a2 + ka® ),
pa(s) := (s, 21 + z2s; k),
p3 = (22),
where a,b, s € Q. We call [z1,z9; k,1] a plane of Type VI.

(VII) For all 21, 29,23 € O and all k,l € K, we denote by [z1, 22, x3; k,[] the
set consisting of the points

pi(a,b) == (a, —2§ + 210,b, 5 + ka — x{b; 1 + x9a + a2 + ka1,
pa(s) := (21, s, T2 + z35; k),
p3 = (=27, 23),
where a,b, s € Q. We call [z1, 22, z3; k,1] a plane of Type VIL

(VIII) For all 21,259,253 € O and all k,I,m € K, we denote by [x1, xo, z3; k, I,
m] the set consisting of the points

p1(a,b) := (a,b,z3° + b+ z1a,22° + ka + x]b;
m+ xoa + a’xd + x3b 4+ 07237 + ka®tt 4 b0t
T (a2 + b (w10),
pa(s) == (8,21 +Is, 20 + 238k + 255 + s721 + 1s7T1),
p3 = (27, 23;1),

where a,b, s € Q. We call [z1, 29, 23; k,1,m] a plane of Type VIIL
Recall that Figure 1 pictures the incidences between the different types of
points, lines ad planes.

Proposition 4.15. The following holds for a plane a.
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(1) Ifp and p’ are two distinct points contained in o, then p andp’ are collinear
and the unique line through them is contained in «.

(2) The points and lines contained in « define a point-line geometry & which
is isomorphic to the Moufang projective plane PG(2,0).

Proof. We give a scheme that can be used to prove the proposition. After that
we will apply it to the most difficult case, namely the case where « is a plane
of Type VIII. The verification of the other cases is straightforward. In fact, in
the case that « is a plane of Type VIII, we need to rely on some properties
(of associators) mentioned in Propositions 4.2 and 4.3. This is not the case for
the other seven cases.

(1) Consider a plane (depending on some parameters) corresponding to one of
the eight types considered above.

(2) Consider the points p5 and ps(s) of that plane, where s is some arbitrary
element of @. Corollary 4.7 can be used to prove that these points are
collinear and Proposition 4.5 provides the unique value of X € {A,B,...,
L} such that pj and ps(s) are X-collinear. An explicit description of the
unique line of Type X containing pj and po(s) easily follows from the
information provided when we defined the twelve types of lines. This
unique line of Type X is equal to {p5} U {p2(N) | A € O} and hence is
contained in «.

(3) Consider the points p% and p;(a,b) where a and b are arbitrary elements
of 0. With a similar method as in (2), one can verify that these points
are X-collinear for a unique X € {A,B,...,L}. Again, the unique line
of Type X through p} and p;(a,b) can easily be determined. This line is
equal to {p5} U{pi(a,\) | A € O} and hence is completely contained in .

(4) Consider the points pa(s) and pi(a,b), where a, b, s are arbitrary elements
of 0. With a similar method as explained in (2), one can verify that these
points are X-collinear for a unique X € {A,B,...,L}. Again, the unique
line of Type X containing pa(s) and pi(a,b) can easily be determined.
This line is equal to {p2(s)} U {p1(A,b+ s(A —a)) | A € O} and hence is
completely contained in «.

(5) Consider the points pa(s) and pa(s’) where s and s’ are two distinct ele-
ments of @. By (2), these points are contained in the line {p5} U {p2(}) |
A € O} which is completely contained in a.

(6) Consider the points p1(a,b) and p1(a,d’) where a,b,b’ € O with b # b'. By
(3), these points are contained in the unique line through the points pj}
and pi(a,b). Hence, the points p;(a,b) and p1(a,b’) are collinear and the
unique line through them is contained in a.

(7) Consider the points p1(a,b) and p1(a’,b’) where a,b,a’,b’ € O with a # a’.
By (4), these points are contained in the unique line through the points
pa((b' —b)(a’ —a)~ 1) and pi(a,b). Hence, the points p;(a,b) and p;(a’,b’)
are collinear and the unique line through them is contained in «.

(8) By (2), (3), ..., (7) above, we know that the lines contained in « are pre-
cisely the lines described in (2), (3) and (4) above. From these descriptions,
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it immediately follows that the map pi(a,b) — (a,b), pa(s) — (s),ps —
(c0) defines an isomorphism between & and the projective plane PG(2,0)
which is coordinatized by the alternative division ring O as explained in
Section 2.

We will now apply the above scheme to the case where « is the plane [z, 22, z3;
k,l1,m] of Type VIII (21,292,235 € O and k,I,m € K). We need to verify the
claims mentioned in the paragraphs (2), (3) and (4).

(i) Consider the points p§ = (27, z3;!) and pa(s) = (s, 21 +1s, 2 + x35;k +
xJs + 5721 + 1s°t1). These points are J-collinear by Proposition 4.5. The
unique line through them contains the points p5 = (7, z3;1) and

p(A) = (Nz1 +Is + 1A —s), 22 + 235 + 23(\ — 9);
E+ax9s+ 572 + 157+ 27 (N — s5)
+ (A= 5)7x + 1A — 57T
= (N oy + I\ zo + 23\ k4 2IN+ Nxq + AT
=p2(A)

for every A € Q.

(ii) Consider the points pj = (7, z3;!) and

pi(a,b) = (a,b, 25 +1b+ z1a,25 + ka + 27b;

m + woa + a’z§ + x3b + 673 + ka” !
+ 17 + (a29)b + b7 (z10)).

These points are K-collinear by Proposition 4.5. The unique line through
them contains the points pj = (27, 23;1) and p'(A), A € O, where p'()) is the
following point:

(@, \, x5 +1b+z1a+1(A=0), 25 + ka+zb+ z] (A — b);

m+ woa + a’x§ + x3b + b7xg + ka4 b7
+ (a%2z9)b + b7 (z1a) + (z3 + a’z])(A — b)
+ (A =b)7 (2§ + 210) + 1A —p7 ).
We have
P'(A) = (a,\, 2] + N+ z10, 23 + ka + ]\
m+ zoa + a’xg + 23X + A%25 + ka®t!
+INTTE 4 (a%2)N + N (z1a))
= p1(a, A).

(iii) Consider the points pa(s) = (s, 21 +18, 22 +z38;k+2Js+ 5721 +1s7T1)

and p1(a,b) = (a,b,2 + b + 10,25 + ka + x5b;m + x2a + a’2§ + x3b +

b2 + ka® L + 107 + (a%27)b+ b7 (v1a)). Since 2§ + ka + xJb — 2§ — s7xF +
(29 +159)(sa —b) — (k+ 295+ 521 +1s°THa+ 57 (2 + b+ x10) = 2{(sa) —
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(xfs)a— (s7x1)a+ s (x1a) = —[29,s,a] — [s7, 21, a] = [21,s,a]+ [s,21,a] =0,
these points are L-collinear by Proposition 4.5. The unique line through them
contains the points pa(s) = (s,z1 + s, 22 + x38;k + 2Js + s7x1 + [s° 1) and

p”()‘) = (f1(A), f2(N), f3(A), fa(N); f5(N)), A€ 0,
where

fl(A) = )\a
fa(A) =b+s(A—a),

fs(A) =25 + b+ z1a+ (21 +1s)(A—a)
=z +1(b+ s(A—a)) +x1A,
faQ\) = 2§ + ka+2{b+ (k + 255+ 7z + 15T (N — a)

— 57 (1 + 1)\ — 0))
g + kA +27b+ (s + s721) (A — a) — s7(x1 (A — a))
=5 + kA + b+ 27 (s(A —a)) + [2],5,A —a] + [s7, x1, A — a
=25+ kA +27(b+ s(A—a)) — [z1,8, A —a] — [s,21,\ — d]
=29 + kA + 27 (b+ s(A —a)),
fs(A) =m + xea + ax§ + x3b + b7z
+ka® Tt + 107 + (a%29)b + b7 (v10)
+ (x2 + ka® + 6721 + 235 + 107s + (ax7)s) (A — a)
+A—a) (2§ + ka+ z27b+ s72§ + 1s°b+ s7(z1a))
+(k+2fs+ 57w +1s" T\ —a)7 T

In order to prove that p”(A\) = p1(A\, b+ s(A—a)), it suffices to prove that f5(\)
is equal to

m+ zo) + A725 + 23(b+ s(\ —a)) + (b7 + (A — a)?s%)xg + kAT
+1Ub+sA—a)7H + A727)(b+ s(A—a) + (7 + (A —a)7s7)(z1)),
i.e., equal to
m+zoa+ze(A—a)+(A—a)’x§ +a’x] +x3(b+s(A—a))+ (b°+(A—a)?s7)xg
+ kA —a)" " + ka" T+ ka®(\ —a) + k(N —a)a+ b7
+ 107 (s(A —a)) +1((s(A —a))7b) + I\ —a)" st
+((A—a)z])(b+ s(A—a))+ (a®zT)(b+ s(A — a))
+ 07+ A=a)?s) (@1 (A —a)) + (b7 + (A —a)?s7)(z1a).

If we subtract the latter expression from f5(A) and cancel the equal terms, we
see that we need to prove that the following expression is equal to 0:

b7, 21, A —a] + [z3,8,\—a] +1-[b7,8, XA —a] + [a®2], s, A — a]
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- [()‘ - a)ovx‘ljﬂ b] - [()‘ - a)ov dexg] =1 [()‘ - a)gv SU? b]
—[(A—=a)?,s%, z1a] + (2] s + s7x1) (A — a)°
= (A =a)72])(s(A = a)) = (A — a)7s7)(z1 (A — a)).
Since

67,21, A —a] = —[b,27, A —a)?] = [(A —a)?, 27, 0],

=]
[z3,8,A—a] = —[27,s7,(A—a)?] = [(A—a)?,s7,2%],
b7, 8,A —a] = —[b,s7, (A —a)?] =[(A—a)?,s,b],
[a®z], s, A —a] = —[x1a,87, (A — a)?] = [(A — a)?, s, z14],

we need to prove that
(A —=a)727)(s(A —a)) + (A = a)7s7) (21 (A — a)) = (275 + s721)(A — )7
Now,
(A =a)7z7)(s(A —a)) = ((A — a)?2])s)(A —a) = [(A — a)72],s,A — a]
(A=a)?(27s))(A —a) + [(A—a)?,27,s] - (A —q)
—[z9,8,A—a] - (A —a)’.

In a similar way, one proves that ((A —a)?s?)(z1(A — a)) is equal to

(A=a)?(sz1))A—a)+[(A—a)?,s%,x1] - A —a) — [s7, 21, A —a] - (A —a)’.

Since
(A =a)?27,s] = =[(A=a)”,21,5] = [(A = a)?,s,21] = =[(A —a)7, 87, 2],
[2],8,A —a] = —[x1,8, A —a] = [s,x1,A —a] = —[s7, 21, X — qa],
x{s+ sz € K|
we have

(A =a)?27)(s(A = a)) + (A —a)7s7)(z1(A — a))
= ((A=a)?(27s))(A —a) + (A —a)(s721)) (A — a)
=((A—a)’(25s+57z1))(A—a) = (75 + s721)(A — a)° T,
and this is precisely what we needed to prove. O
In case O is nonassociative, this proposition implies that P7 contains non-
Desarguesian planes and hence is a non-embeddable polar space. At this point,
we have already collected sufficient information to identify the constructed

polar spaces. However, we still want to show that we have all planes. This fact
is implied by the next proposition.

Proposition 4.16. Let py, p2 and ps be three mutually collinear points which
are not contained in a line. Then p1, pa and p3 are contained in a unique
plane.
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Proof. Let i1, io and i3 be the types of the respective points p1, p2 and ps.
Without loss of generality, we may suppose that i; > is > 3.

(I) We prove that there exist three points pj, p5 and p4 such that e p}, pf
and p4 are mutually collinear; e the subspaces of Py containing {p}, ph, p5} are
precisely the subspaces of Py containing {p1, p2, p3}; ® the types of the points
P}, ph and p4 are mutually distinct.

(a) Suppose that i; > i3 > i3. Then there is nothing to prove. Just take
P = p1, Py := p2 and p = p3.

(b) Suppose that i1 > ia = i3. Let p5 be the unique point of smallest
type on the line paps and put p) := p1, ph := pa. Then {p},p), p5} satisfies
the required conditions. Observe that p}, p) and p} are mutually collinear by
Proposition 4.14.

(¢) Suppose i1 = iy > i3. Let p, be the unique point of smallest type
contained in the line p1ps. Then p1, p§ and p3 are mutually collinear and the
subspaces of Py containing {p1, p2,p3} are precisely the subspaces of Py con-
taining {p1,p4,p3}. Now, by either (a) or (b), there exist 3 mutually collinear
points p}, ph and p, whose types are mutually distinct such that the sub-
spaces of P containing {p}, p5, p5} are precisely the subspaces of Py contain-
ing {p1,ph,p3}, i.e. the subspaces of ’PT containing {p1, p2, p3}.

(d) Suppose i1 = iz = i3. Let p§ be the umque point of smallest type
contained in the line paps. Then py, ps and p4 are mutually collinear and
the subspaces of Pr containing {pi,p2,p4 } are precisely the subspaces of Pr
containing {p1,p2,p3}. Now, by (c), there exist three mutually collinear points
p}, ph and ps whose types are mutually distinct such that the subspaces of Pr
containing {p}, p5, ps} are precisely the subspaces of Py containing {p1, p2, p§ },
i.e. the subspaces of Py containing {p1,p2, ps3}.

(II) By (I), we may suppose that i; > i2 > i3. Since no point of Type
i € {0, 1 ,2} is collinear with a point of Type 5 — i, we have (i1,i2,13) €
{(2,1,0), (3 1,0), (4,2,0), (4,3,0), (5,2,1),(5,3,1), (5,4, 2) (5,4,3)}.

If (21722,2'3) = (3,1,0), then we put ¥ := II, = k and A :

If (i1,i0,43) = (4,2,0), then we put Y := III, Z = (z,k) and A := (O)XK If
(i1,12,43) = (4,3,0), then we put Y := IV, Z = (z,k,l) and A:=0 x K x K.
If (i1,i2,i3) = (5,2,1), then we put YV := V, T = (x1,29,k) and A =
Ox0OxK. If (11722,13) = (5,3,1), then we put Y := VI, £ = (21, 22,k,1)
and A := 0 x O x K x K. If (i1,i2,i3) = (5,4,2), then we put YV := VII,
T = (r1,22,23,k, 1) and A : =0 x O x O x Kx K. If (i1, i2,i3) = (5,4, 3), then
we put Y :=VIII, & = (x1, 29,23,k [,m)and A :=0x O x O x KxKx K.

If (i1,42,13) = (2,1,0), then there exists a unique plane containing the points
p1, p2 and ps, namely the plane [o0].

If (i1, 12,13) # (2,1, 0), then every plane containing p1, p2 and ps necessarily
has Type Y. Using Corollary 4.7, it is straightforward to verify that there exists
a unique 7 € A and a unique (a, b, s) € Q3 such that p; = p1(a,b), p2 = p2(s)
and p3 = p3, where p1(a,b), p2(s) and pj are the points which we defined when
we gave an explicit description of the plane of Type Y with parameters . This
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shows that there exists a unique plane containing pi1, p2 and ps, namely the
plane of Type Y with parameters z. O

The following theorem identifies the constructed polar spaces with known
ones.

Theorem 4.17.

(1) If O =K is a field, then Py is isomorphic to the symplectic polar space of
rank 3 defined over the field K.

(2) If O and K are fields such that Q is a separable quadratic extension of K,
then Pt is isomorphic to the Hermitian polar space of rank 3 associated
with (0, K).

(3) If QO is a field of characteristic 2 and Q* C K # O, then Py is isomorphic
to the polar space of rank 3 of mized type associated with (0, K).

(4) If O is a quaternion division algebra and K = Z(0), then Pr is isomorphic
to the quaternionic polar space of rank 3 associated with O.

(5) If O is a Cayley-Dickson division algebra and K = Z(0), then Py is
isomorphic to the nonclassical polar space of rank 3 associated with the
Cayley—Dickson division algebra O.

Proof. As Py contains planes, its rank r is at least 3. If » > 4, then Proposi-
tion 4.4(1) would imply that each maximal singular subspace contains points
of (at least) four different types. But this is impossible. Indeed, we already
know that if (,4") € {(0,5),(1,4),(2,3)}, then no point of Type i is collinear
with a point of Type ¢’. So, r = 3.

Now, a polar space of rank 3 is completely determined by its point set and
the collinearity relation defined on this point set. So, Claims (1), (2), (3)
and (4) of the theorem are immediate consequences of Proposition 3.1 and
Corollary 4.7. As for Claim (5), this follows from Tits’ classification of polar
spaces [13] and the fact that Py is a polar space of rank 3 all whose planes
are isomorphic to the Moufang plane PG(2,0), where O is a Cayley—Dickson
division algebra. O
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