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Obstructions to lifting cocycles on groupoids
and the associated C*-algebras
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Abstract. Given a short exact sequence of locally compact abelian groups 0 -+ A — B —
C — 0 and a continuous C-valued 1-cocycle ¢ on a locally compact Hausdorff groupoid T’
we construct a twist of I' by A that is trivial if and only if ¢ lifts. The cocycle determines a
strongly continuous action of C into Aut C* (T") and we prove that the C*-algebra of the twist
is isomorphic to the induced algebra of this action if I' is amenable. We apply our results
to a groupoid determined by a locally finite cover of a space X and a cocycle provided by
a Cech 1-cocycle with coefficients in the sheaf of germs of continuous T-valued functions.
We prove that the C*-algebra of the resulting twist is continuous trace and we compute its
Dixmier—Douady invariant.

1. INTRODUCTION

It is a well-known fact that given a l-cocycle ¢ : I' — T on an étale
groupoid I, there is an automorphism « of C*(I") such that a(f)(y) = &(v) f ()
for all f € C.(T') (see [19, Prop. I1.5.1]). If ¢ can be lifted to an R-valued 1-
cocycle ¢, there is a strongly continuous 1-parameter group of automorphisms
& : R — Aut C*(T) such that & = &;. But in general there is a cohomological
obstruction to lifting ¢. There is a central groupoid extension X4 of I' by Z,
called a twist, which is trivial precisely when ¢ can be lifted. Our goal in
this paper is to describe the structure of C*(X4) in terms of C*(I') and the
automorphism .

Our results will be proven in a somewhat more general form. Given a lo-
cally compact Hausdorff groupoid I', a short exact sequence of locally compact
abelian groups

0ALBEC=0

and a continuous 1-cocycle ¢ : I' = C we construct a twist X4 of I' by A which
is trivial if and only if the cocycle lifts. As above the cocycle ¢ determines
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a strongly continuous action a® : C — Aut C* (T"). We prove that C*(Xy) is
isomorphic to the induced algebra for this action if I' is amenable (see Theo-
rem 4.3). So in particular, there is an action v : B — Aut C*(34) such that
C*(Xy) x4 B is strong Morita equivalent to C*(T') x4 C.

In Example 3.6 we consider a groupoid I' determined by a locally finite open
cover U := {U,};es of aspace X (see [17]) and take A :=Z, B:=Rand C :=T.
The 1-cocycle ¢ arises from a Cech l-cocycle A = {Nij }ijer with coefficients
in T, the sheaf of germs of continuous T-valued functions. If A satisfies a certain
liftability hypothesis, the corresponding twist ¥ is then determined by a Cech
2-cocycle A* with coeflicients in the constant sheaf with fiber Z (we denote the
sheaf by Z for the sake of simplicity) that measures the obstruction to lifting
A to a Cech 1-cocycle with coefficients in the sheaf of germs of continuous R-
valued functions. Finally, we show in Example 4.6 that C*(%,) is a continuous
trace algebra and compute its Dixmier—-Douady invariant using the cohomology
class [\] which is identified with [\*] via the standard isomorphism of Cech
cohomology groups H'(X,T) = H?(X,Z). This example was a key motivation
for this project and it was suggested by results of [16] (see also [22]).

In this note we assume that all topological spaces and groupoids are second
countable locally compact and Hausdorff and all groups are second countable
abelian locally compact and Hausdorff. Hence all spaces are paracompact.
Moreover, we assume that all groupoids are endowed with a Haar system.

2. PRELIMINARIES

In this section we present first a characterization of the induced algebra
from an action of a closed subgroup of a locally compact abelian group on a
C*-algebra. Our characterization is essential in our proof of the main result,
Theorem 4.3. For a related characterization of the induced algebra see [6].
Second, we provide conditions that guarantee that the natural map j as defined
in equation (1) from the C*-algebra of a subgroupoid into the multiplier algebra
of the C*-algebra of the groupoid is faithful. Our results generalize well-known
facts about group C*-algebras.

2.1. A characterization of the induced algebra. Let H be a closed sub-
group of a locally compact abelian group G, let D be a C*-algebra and let
a : H — Aut D be a strongly continuous action. If f : G — D is a con-
tinuous function such that f(x — h) = ap(f(z)) for all h € H, x € G then
x+ H — | f(z)| yields a well-defined continuous function. We define the
induced C*-algebra (see [22, §3.6]) by

ind%(D, o) := {f:G — D continuous | f(z —h) =on(f(2)), h€e H,z € G
and z + H — ||f(2)|| € Co(H/G)}.

There is a canonical translation action 8 : G — Aut(ind$ (D, a)) given by
Bg(f)(z) == f(x —g). By [16, Lem. 3.1] D X, H is strong Morita equivalent
to ind% (D, a) x5 G.
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Point evaluation at 0 yields a surjective homomorphism 7 : indg (D,a) - D
given by 7(f) = f(0). There is a natural translation action

7:G — Aut(Co(G/H))
(where 74(k)(x + H) = k(v — g+ H)) and a G-equivariant homomorphism
j:Co(G/H) — M(ind% (D, o))

determined by pointwise multiplication. It is easy to check that these maps
satisfy the following conditions for all f € indg(A, a):

(i) For all k € Co(G/H), w(j(k)f) = k(H)m(f);

(i) for all h € H, m(Bn(f)) = an(w(f));
(iii) if ﬂ(ﬁg( )) =0 for all g € G, then f = 0;
(iv) an

lim @)l =

We show below that these conditions characterize the induced algebra. Note
that ind% (D, ) may be identified with the section algebra of a continuous C*-
bundle over G/H with fibers isomorphic to D and factor maps .

Theorem 2.2. Let H be a closed subgroup of a locally compact abelian group G.
Let D and E be C*-algebras, o : H — Aut D and~y : G — Aut(F) strongly con-
tinuous actions, p : E — D a surjective homomorphism, and i : Co(G/H) —
Z(M(E)) a G-equivariant homomorphism. Suppose that

(i) for allk € Co(G/H) and e € E, p(i(k)e) = k(H)p(e);

(ii) for allh € H and e € E, p(vyn(e)) = an(p(e));

(ili) if p(vg(e)) =0 for all g € G, then e = 0;

(iv) for alle € E,

lim {|p(yz(e))l| = 0.

x+H— 00
Then there is a (unique) G-equivariant isomorphism U : E — ind$ (D, a) such
that mo U = p and j(k)¥(e) = ¥(i(k)e) for all k € Co(G/H) and e € E.

Proof. For e € E, we define a function ¥(e) : G — D by ¥(e)(x) := p(y-z(€)).
It is straight-forward to check that ¥(e) is continuous and that ¥(e) €
ind% (D, ). Indeed we have

Y(e)(@ = h) = p(yh-z(e)) = p(yn(1-2(€))) = an(p(y-z(e))) = an(¥(e)(z)).

It is also routine to check that the map thus defined, ¥ : E — ind$ (D, a),
is an equivariant x-homomorphism. Injectivity follows from (iii) above. Let
k € Co(G/H) and e € E. Then by (i) above and the G-equivariance of i it
follows that, for all x € G,

U(i(k)e)(x) = p(v—a(i(k)
=7 (k)(H)
= k(z + H)¥(e)(x) = (§(k)¥(e)) (),

€)) = p(i(r—z(k))7-2(e))
(7~

Miinster Journal of Mathematics VoL. 10 (2017), 409-424



412 MARIUS [IONESCU AND ALEX KUMJIAN

and hence j(k)U(e) = ¥(i(k)e). Thus ¥ is a map of Cy(G/H)-algebras. Since
ple) = ¥(e)(0) for all e € E we have mo ¥ = p.

Next we use [22, Prop. C.24] (see also [7, Prop. 14.1]), which states that
a submodule of continuous sections of an upper semicontinuous C*-bundle
which is fiberwise dense must also be norm dense in the C*-algebra of sections
vanishing at infinity, to prove that W(E) is dense in ind% (D, «). This will
prove that W is surjective and therefore an isomorphism. We check hypotheses
(a) and (b) of the proposition. Let f € U(F) and let k € Co(G/H), then
f =¥(e) for some e € E and so

J(k)f = (k)¥(e) = W(i(k)e) € V(E).

This proves condition (a). Now since each factor map is conjugate to m o 3,
for some x € G, its restriction to ¥(F) is surjective. Thus (b) holds and the
result follows. O

Remark 2.3. Let D; and Dy be C*-algebras. A homomorphism ¢ : D; —
M(D3) is said to be nondegenerate if it extends uniquely to a unital map
¢ : M(D1) — M(D3) or equivalently if {¢(ex)}, converges strictly to the unit
of M(D5) for every approximate identity {ex}» in D;. Property (iv) above is
equivalent to the requirement that i : Co(G/H) — M (FE) be nondegenerate.

Remark 2.4. Note that since Co(G/H) = C*((G/H) ), the map i is deter-
mined by a strictly continuous homomorphism u : (G/H) — UM(E) where
UM(E) is the unitary group of the multiplier algebra M (E). The nondegen-
eracy of ¢ is equivalent to the requirement that wg = 1 and condition (i) above

is satisfied if and only if p(uye) = p(e) for all x € (G/H) and e € E.
Remark 2.5. Our characterization of the induced algebra is provided to fa-
cilitate the proof of our main result, namely, that the C*-algebra of a certain
groupoid extension regarded as an obstruction to lifting a cocycle is an induced
C*-algebra. One could in principle use Echterhoff’s more general characteri-
zation (see the main theorem of [6]), but this would have required the iden-
tification of the C*-algebra of the quotient groupoid with a certain quotient
of the putative induced algebra. The proof of this identification would use
similar techniques with those in our proof and it would not necessarily lead to
a simplification of our arguments.

2.6. Multiplier algebras of groupoid C*-algebras. Given a C*-algebra
D let M (D) denote its multiplier algebra. We view M (D) as the C*-algebra
L(Dp) of adjointable maps on the Hilbert C*-module Dp (see, for example,
(18, §2.3] and [12]). Recall that Dp is a full Hilbert C*-module via d - e = de
and (d,e)p = d*e.

Assume that ¥ is a closed subgroupoid of a locally compact Hausdorff
groupoid I such that 3% = I'%. Assume that ¥ is endowed with a Haar system
B = {B"}uero and that T" is endowed with a Haar system A = {\"},cro. Then
there is a *-homomorphism j : C*(X) — M (C*(I")) defined for a € C,(3) and
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f € C(I) via

1) (@) = / a(n)Fl) 8™ (1)

such that j(a)* = j(a*) (see [19, Prop. I11.2.4]). It is known that if ¥ and T’
are locally compact groups then the map j fails to be faithful in general (see,
for example, [4]). However, if ¥ is a clopen subgroup of I" or I is an amenable
group then the map j is a faithful *-homomorphism of C*(X) into C*(T") (see
[21, Prop. 1.2], [4, Thm. 1.3], [3, Cor. 1.5]).

We prove next that the above mentioned results hold for groupoid C*-
algebras as well: the map j is faithful if ¥ is a clopen subgroupoid of I or if I'
is an amenable groupoid.

Before proceeding further, we recall the definition of induced representations
from closed subgroupoids following [9, §2] (see also [19, §I1.2]). Let XU :=
I« '/ be the imprimitivity groupoid. Then C.(T) is a pre-C.(%1)-C.(%)-
imprimitivity bimodule with actions and inner products given by

Fog(z) = / F ([ 5])é(y) dX*C) (y),
/ $(=h)g(h™) dB*) (h),

m = [T ).

(6,9) ([23]) = /E o(h)B(gh) dB*@ (h).

If L is a representation of C*(X) on B(Hr) then the induced representation
Indg L acts on the completion Hingy, of Ce(I') ® H with respect to the pre-
inner product given on elementary tensors by

(2) (@@ h, ¥ @ k) = (L, 9)« ), k).

If ¢ ®x h denotes the class of ¢ ® h in Hing 1, then the induced representation
is given by

(3) Indy, L(f)(¢ ®x h) = [+ ¢ @s h
for f € C.(T'), where

/ Fmgn="y) dx" ™ ().
In the following we suppress X from ¢ ®yx h to simplify slightly the notation.
2.6.1. The clopen case. Assume first that X is a clopen subgroupoid of I'. Then
the restriction of the Haar system A = {\"},cro to X is a Haar system on X.

We assume in the following that ¥ is endowed with this Haar system, that is,
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B8 = Als. Then the map iy, : C(X) — C.(T") defined via

fly) ifyex,
0 otherwise

is a well-defined faithful x-homomorphism. We prove next that iy, extends to
a faithful *-homomorphism of C*(X) into C*(I"), generalizing [21, Prop. 1.2].

Proposition 2.7. With notation as above, ix extends to an embedding ix :
C*(X) — C*(T) and, therefore, C*(X) can be viewed as a subalgebra of C*(T).

Proof. We need to show that ||is(f)|lc+r) = [fllc+(n) for all f € C.(X). Let
L be a representation of C*(I'). Renault’s disintegration theorem (see [20,
Prop. 4.2] and also [13, §7]) implies that L is the integrated form of a unitary
representation (i, * H, V) of I'. Since X is a clopen subgroupoid of I, any
unitary representation of I' restricts to a unitary representation of .. Therefore
1l > lis(H) - for all f € Co(H).

For the converse inequality, let (L, H ) be a representation of C*(X). Since
> is a closed subgroupoid of I', the representation L can be induced to a
representation Indy L of C*(T) as in (3). Let Hyes be the closed subspace of
Hina 1. obtained by completing C.(X) ® Hy, via the inner product in (2). Then
U : Hres — Hp defined on elementary tensors via U(¢ ® h) = L(¢)h defines
a unitary that intertwines L with a subrepresentation of Inds, L restricted to
C*(¥). It follows that || f||c=(sy < llis(f)llc=r) for all f € C.(¥). Therefore
lis(f)llc=y = I fllexx) for all f € C.(X) and one can view C*(X) as a
subalgebra of C*(T). O

2.7.1. The amenable case. We assume now that (3, 8) is a closed subgroupoid
of (T',\) and T" is amenable in the sense of [2]. It follows that ¥ is amenable
as well (see [2, Prop. 5.1.1]).

Proposition 2.8. Assume that (3, 5) is a closed subgroupoid of an amenable
groupoid (T, \) such that X° =T°. Then the map j defined in (1) is faithful.

We recall first the definition of the left regular representation of C*(T").
Let 4 be a quasi-invariant measure on I'Y with full support. The left reqular
representation of C*(T') is the representation L := Indfo p induced from p.
By using induction in stages (see [9, Thm. 4]), it follows that if 3 is a closed
subgroupoid of I' such that %0 = I'° then Ly is unitarily equivalent to Indy, L.

Proof of Proposition 2.8. The proof is virtually identical with the group case
(see, for example, the proof of [4, Thm. 1.3]): by the amenability of ¥, any
representation of C*(X) is weakly contained in the left regular representation
of C*(¥), which is itself contained in the restriction to C*(X) of the left regular
representation of C*(I"). O
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3. TWISTS AND SHORT EXACT SEQUENCES

Let T" be a locally compact Hausdorff groupoid and let G be a locally com-
pact Hausdorff abelian group. The set of continuous 1-cocycles from I' to G is
defined via

Zr(G) = Z'(I,G)
={¢:T = G| o(nr2) = d(n) + é(y2) for all (v1,72) € I*}.
Then Zr(G) is an abelian group and the map G — Zr(G) is a functor.

Definition 3.1. Let A be an abelian group and I' a groupoid. A twist by A
over I' is a central groupoid extension

MxALy ST,

where X = T'0, j is injective, 7 is surjective, and j(r(c),a)o = oj(s(c), a) for
alloc € ¥ and a € A.

Example 3.2. The semi-direct product I' x A of " and A is called the trivial
twist. Recall from [11] that (y1,a1)(72,a2) = (172,01 + az2) provided that
s(y1) = 7(72), and (y,a)"t = (y7!,—a). Then I' x A is a twist by A via
jo(u,a) = (u,a) for (u,a) € T° x A, and mo(7,a) =~ for (y,a) € T x A.

Following [11, Def. 2.5], we say that two twists by A are properly isomorphic
if there is a twist morphism between them which preserves the inclusion of
I'Y x A. The following lemma is a generalization of [11, Prop. 2.2].

Lemma 3.3. A twist X2 by A is properly isomorphic to a trivial twist if and
only if there is a groupoid homomorphism 7 : T’ — X such that 7T = idr.

Proof. f 7: T x A — ¥ is a twist isomorphism then we can define 7 : ' = X
via 7(7) = 7(7,04), where 04 is the identity of A. It is easy to check that 7 is
a groupoid homomorphism and that 77 = idp.

Assume now that there is a groupoid homomorphism 7 : I' — ¥ such that
77 = idp. Then we can define 7 : I' x A — X via 7(v,a) = 7(7)j(s(7),a). We
check next that 7 is a twist isomorphism. Let (u,a) € T® x A. Then

7(Jo(u, a)) = 7(u, a) = 7(u)j(u, a)
= 7(uw)r(u)j(u, a) = 7(u)j(u, a)7(u) = j(u, a).
If (y,a) € T x A then
m(7(7,a)) = m(7(1)i(s(7), a)) = y7(i(s(7), a)) = 7 = o (7, a). O

Following [11], we write Tr(A) for the collection of proper isomorphism
classes of twists by A and we write [X] € Tr(A). We endow T1(A) with the
operation [X] + [X'] := [VA(Z #r X')], where V4 € Homp(A @ A, A) is defined
via VA(a,a’) = a + a’ (see [11, Prop. 2.6]). Then Tr(A) is an abelian group
with neutral element [I" x A]. It can be shown that A — Tr(A) is a half-exact
functor.
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Suppose that B and C' are locally compact abelian groups. If p: B — C'is
a homomorphism and ¢ € Zr(C), then the obstruction twist determined by ¢
is defined via

(4) Bo ={(1.b) €T x B | ¢(7) = p(b)}.

We establish that ¥y is indeed a twist in the following proposition and show

that it has a Haar system in the next section (see equation (5) in Section 4).
If T is an étale groupoid, it has a basis consisting of open bisections, that

is, open subsets to which the restrictions of both the range and source maps

are injective.

Proposition 3.4. Assume that p : B — C is a surjective homomorphism
of locally compact abelian groups and let ¢ € Zr(C). Then L4 is a closed
subgroupoid of I' X B and it is a twist of I' by A := kerp. X4 is properly
isometric to the trivial twist if and only if there is (b € Zr(B) such that ¢ = p*¢
The projection mp : Xy — I' is a surjective groupoid morphism. If I' is étale
and A is discrete then Xy is étale and 71 is a local homeomorphism.

Proof. Note that X4 is a closed subgroupoid of I' x B because ¢ and p are
continuous maps. Since p is surjective, it follows that ¥4 is a twist by A via
jlu,a) = (u,a) and mw(v,b) = v. We make the obvious identification

¥ =T%x {0} ~T°,

where Op is the unit of B. If ¥4 is properly isometric to the trivial twist then
Lemma 3.3 implies that there is a groupoid homomorphism 7 : I' = 34 such
that 77 = idp. Therefore there is ¢ € Zr(B) such that 7(y) = (7, 6(7))
and, hence, ¢ = p.¢. Conversely, if ¢ = p.¢ for some b e Zr(B), then define
7:T = X4 via 7(7) = (7,6(7)). It follows that 7,7 = idr and Lemma 3.3
implies that ¥4 is properly isometric to the trivial twist.

It is easy to check that m; is a groupoid morphism. Moreover, 77 is surjective
since p is surjective.

Now suppose that I' is étale and A is discrete. Since m; : ¥4 — I' is open, in
order to prove that m; is a local homeomorphism it suffices to show that it is
locally injective. Let (y,b) € 4. Then there are an open bisection U in I' such
that v € U and a neighborhood Vj of 0p such that Vj Nkerp = {Op}. Let V
be an open neighborhood of b such that V. —V C V. Then W := (U x V)N,
is an open neighborhood of (v,b) in ¥4. Given (v1,b1), (72, b2) € W such that
71 (71, b1) = 71 (72, b2), then 71 = 72 and

p(br —b2) = p(b1) — p(b2) = ¢(71) — d(72) = 0.
Hence
by —by € (V—-V)nkerpC VyNkerp={0p}
and so by = by. Thus the restriction of m; to W is injective and therefore a

local homeomorphism. It follows easily that ¥, is étale. O

The following result generalizes an initial segment of the exact sequence
given in [11, Prop. 3.3].
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Proposition 3.5. Given a short exact sequence of locally compact abelian
groups
0ALBL O,
there is an exact sequence
0= Zr(4) = Zp(B) *5 Zr(C) 2 Tr(A),
where §(¢) = [X4] for ¢ € Zr(C).

Proof. Since Zr is left exact, we only need to show that Imp, = kerd. We
have that ¢ € kerd if and only if X4 is properly isometric to the trivial twist.
By Lemma 3.4, this happens if and only if ¢ = p,¢ for some ¢ € Zp (B). O

In the following example we consider the case A = Z, B =R and C = T.
In a certain case where the groupoid I' is equivalent to a space X, we indicate
how the construction of the groupoid X is related to the boundary map of
Cech cohomology HY(X,T) — H?(X,Z), where H(X,T) is the first Cech
cohomology of X with coefficients in T, the sheaf of germs of continuous T-
valued functions, and H?(X,Z) is the second Cech cohomology of X with
coeflicients in the constant sheaf with fiber Z (see [18, §4.1] for background on
Cech cohomology). This example is inspired by results in [16].

Example 3.6. Let X be a Hausdorff second countable locally compact space;
thus X is also paracompact. Let U := {U,};cr be a locally finite open cover
of X. Set Usj := U;NUj for 4,5 € I and similarly Uy, := U; N U; N Uy, for
i,j,k € I. We now construct an étale groupoid associated to U (see [17, §1,
Rem. 3] and [8, Ex. II1.1.0]). Let

Ty = {(z,i,j) | x € Uy} and Ty :={(z,i,i) |z € U};

note that I‘g may be identified with the disjoint union |l;c; Ui and that Iy
may be identified with the disjoint union | |; je 7 Uij. It is routine to check
that with the topology obtained from this 1dent1ﬁcat10n and with the following
structure maps I'y, is an étale groupoid:

s(x,i,7) = (x,7,7),
r(x,4,5) = (x,4,1),
(z,1,5) " = (z,4,1),

(2,0, 9)(x, j, k) = (2,4, k).

Note that I'yy may also be viewed as the natural groupoid associated to the
local homeomorphism | |;.; U; — X (see [10]). Next suppose that we are given
a Cech 1-cocycle A = {Nij}ijer with coefficients in 7. So X\j; : Uj; — T
is continuous for all 4,5 € I and \ix(xz) = Nij(x)Ajk(x) for all i,5,k € I
and x € U,. It is routine to check that the map ¢ : I'yy — T given by
o((x,1,7)) = Aij(z) is a continuous groupoid 1-cocycle.

Now suppose that each \;; lifts, that is, for each 4, j € I there is a continuous
function S\ij : Uj; — R such that \j; = eo S\ij where e(t) = e2™V=Tt for t € R.
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We may assume that \; = 0 for all i € I. We observe that for 4,7,k € I the
formula

(A)igk (@) == Xij (@) + Nk (2) — Xin(2)
for x € Uyji, defines a continuous integer-valued function. A routine computa-
tion shows that, for all 4,7,k,¢ € I and = € Uyjxe,

(A )jke(@) = (A ire (@) + (A )ize(x) — (A")ijn(2) =0,
that is, (\*);;x gives a Cech 2-cocycle with values in Z (i.e. the constant sheaf
with fiber Z). It is normalized in the sense that (A*);x =01if j =4 or j = k.
As in [17] we may construct a groupoid 2-cocycle ¢* by the formula
¢* (2,4, 7), (x, 4, k) = (\)ijk (x)
for all z € Uj;,. We obtain a twist ¥ by Z over I'y, determined by ¢* (see [19,
Prop. 1.1.14]). Indeed, let

Y= {(n,(z,1,5)) | n € Z, x € Uy }.

We identify I'y, with ¥° via the map (z,4,4) — (0, (z,4,i)). The range and
source maps factor through those of I'y;. The remaining structure maps are
given by

(m7 (xvivj))(n7 (xvja k)) = (m +n+ ()‘*)ijk(x)a (IE, i, k))a
(Tl, (xvivj))_l = (—TL - (/\*)jij(x)a (Z‘,j,Z))
We claim that ¥ = ¥4. Define £ : ¥ — I'yy x R by
§((n, (Z‘,Z,j))) = ((x,z,]),jw(m) + TL)

We first note that £ induces an identification of the unit spaces. Given a pair
of composable elements (m, (z,4,7)), (n, (x,7,k)) € ¥ we have

E((m, (z,4,9))(n, (z,4,k))) = (m+n+ (Nij(2), (z,1, k)))
= ((x,4,k), A ()+m+n+(*>m())
:(( )m—i—n—i—)\” (x)
= ((2,4,7), Aij (x )+m)((9€ Js )5\ (z) +n)
=&((m, (z,4,5)))E((n, (2, 4, k))).-

Hence, ¢ is a groupoid homomorphism. Moreover, £ is injective and its image
coincides with 4. It follows that the isomorphism class of 3 does not depend
on the specific choice of the A;;.

i,k
z, 1,k

Y

Remark 3.7. With notation as in the above example any (normalized) Cech 2-
cocycle with values in the constant sheaf with fiber Z gives rise to a groupoid
as above which is isomorphic to a pullback. Let R be the sheaf of germs
of continuous R-valued functions on X. Since R is a fine sheaf, we have
H™"(X,R) =0 for n > 1. Moreover, since 0 - Z — R — T — 0 is exact, the
connecting map of the long exact sequence of cohomology 9" : H*(X,T) —
H"Y(X,Z) is an isomorphism for n > 0 (see [18, Thm. 4.37]). In Example 3.6
we have [\*] = 91([\]).
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Remark 3.8. Note that every Cech 2-cocycle with values in an arbitrary sheaf
of abelian groups is cohomologous to a normalized cocycle a = {a;jx }ij (that
is, ajjr = 0if j =i or j = k). Indeed given a Cech 2-cocycle ¢ = {cijk }ijk
a routine calculation shows that c;;j(x) = ciii(2) = ¢jii(x) for all 4,5 € I and
x € Uy;. Fori, j € I, define a 1-cochain A by A;; = 0if 4 # j and \i; (2) = ciii()
for € Uy. Then a := ¢ — d' ) is a normalized 2-cocycle cohomologous to c.
(Recall that (dl/\)ijk (Z‘) = /\]k(l‘) — /\lk(l‘) + /\ij (33) for x € U’L]kj)

4. THE STRUCTURE OF THE C*-ALGEBRA C*(Z,)
Let I' be a locally compact Hausdorff groupoid endowed with Haar system
{A\"}yero and let

0ALBEBCo0

be a short exact sequence of locally compact abelian groups. In the sequel,
we identify A with its image i(A) in B. Let ¢ € Zp(C) and let £, be the
obstruction twist as in (4). We prove below that

C*(£4) = ind2 C*(I)
if ' is amenable (see Theorem 4.3). We begin by describing the action of C on
C*(I"). The following lemma follows immediately from [19, Prop. I1.5.1 (iii)].

Lemma 4.1. Assume that C is a locally compact abelian group. Given ¢ €
Zr(C), the map

af (£)(7) = (t, 6(1) f(7),

for f e C.(l), t € 6, and v € T, defines a strongly continuous action a® :
C — Aut C*(T).

We define next a Haar system on ¥4. Choose Haar measures p14, pp, and
ue on A, B, and, respectively C such that

/B F(b) dus(b) = /C /A F(0+ a) dpa(@)duc (p(b)).

One can always make such a choice since A, B, and C are locally compact
abelian groups (see, e.g., [5, p. 79]). Let m1 : £4 — I' be the projection map (see
Lemma 3.4). Note that 7, (7) = {7} x A, where A, := {b€ B| ¢(v) = p(b)}
is a coset in B, since A, = by + A for some b, € B with ¢(y) = p(by). We
write u., for the measure defined on A, via

/ F ) dias (b) = / £ (1,5 + a) dpa(a).
A, A

The measure 11 is independent of the choice of b, because j1 4 is a Haar measure
on A. We define now a Haar system {v*},cro on Xy via

o) RED 0= [, [ sendmen)

for all u € T'Y. It is easy to check that (5) defines a Haar system on X, using
the fact that {\"} is a Haar system on I" and p4 is a Haar measure on A.
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The main goal of this section is to prove that C*(X,) is isomorphic to the
induced algebra indg(C*(F), a?) using Theorem 2.2. We begin by defining a
map

p:Ce(Ey) = Co(T)

via
(6) (1)) = /A F(7.5) dps (B).

Lemma 4.2. With notation as above, the map p defined in (6) extends to
a surjective x-homomorphism p : C*(3g) — C*(I') which factors through the
map ¢ : C*(Eg) = M(C*(T' x B)) given in Section 2.6. Moreover, if either T’
is amenable or X4 is a clopen subset of B x I, then v is injective.

Proof. We prove first that p is a *-homomorphism. Let f and g in C.(X4) and
let v € T'. Then, using the fact that p4 is a Haar measure on A, we obtain

o * 9)(7) = / (f * 9)(7.b) ds (B)

Ay

N /A /rrm/A o b)g(a™ly, = + ) dMa(b/)d)\T(W) (o)dp (b)
= /r‘r(’y)‘/A f(a, b’)A g(a*1% b + b) du'y(b)d//fa (b/)d)\r('y) (a)

N / p(N)(@)p(g)(a™ty) dN" (o)
Tr(v)

= (p(f) * p(9)) ().

It is easy to show that p(f*) = p(f)* for all f € C.(Xy).

Recall from Section 2.6 (see [19, Prop. II1.2.4]) that there is a bounded
*-homomorphism from C*(X4) into M(C*(I' x B)). Since C*(I' x B) is *-
isomorphic to C*(T") ® C*(B) and C*(B) is isomorphic to Cy(B), it follows
that M (C*(T x B)) is *-isomorphic to Cy(B, M(C*(T"))) where M (C*(T")) is
given the strict topology (see [1, Cor. 3.4]). Then p is just the composition of
the above bounded *-homomorphisms with evaluation at 0. Hence p extends
to a bounded *-homomorphism p : C*(X4) — M(C*(I")). However, since
p(Ce(E4)) C Ce(I), Co(Xy) is dense in C*(Xy), and C.(T") is dense in C*(T),
it follows that p is a bounded *-homomorphism from C*(34) into C*(T').

To prove that p is surjective let b be a Bruhat approzimate cross-section for
B over A. Recall (see, for example, [18, Prop. C.1]) that b : B — [0,00) is a
continuous function such that supp b N (K + A) is compact for every compact
set K in B, and such that [, b(b+a)dua(a) =1 forallb € B. Given g € Cc(I')
define f € C.(Xy) via f(vy,b) = g(7)b(b). It follows immediately that p(f) = g
and, hence, p is surjective.

The final assertion follows from Proposition 2.7 if ¥4 is a clopen subset of
I' x B. If T is amenable, the assertion follows from Proposition 2.8 and the
fact that T' x B is amenable (see [2, Prop. 5.1.2]). O
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We are now ready to state and prove the main result of the paper.

Theorem 4.3. Let I' be a locally compact Hausdorff amenable groupoid en-
dowed with Haar system {\"},ero and let

0sALBEBCS0

be a short exact sequence of locally compact abelian groups. Let ¢ € Zp(C') and
let ¥y be the obstruction twist as in (4) endowed with the Haar system defined
in (5). Then there are a surjective x-homomorphism p : C*(34) — C*(T), a
strongly continuous action 7y : B — Aut(C*(2y)) and a B-equivariant homo-
morphism i : Co(B/C) — Z(M (C*(Xy))) such that the four conditions of
Theorem 2.2 are satisfied. Therefore there is a unique B-equivariant isomor-
phism ~
U C* (%) — indZ C*(T)

defined via

N0 =1(f)
for f € Ce(Xy) and t € B.

Proof. The existence of the map p : C*(34) — C*(I') is proved in Lemma 4.2.
The strongly continuous action v : B — Aut(C*(Xy)) is given by

A/t(f)(aa b) = <t7 b>f(07 b)
In order to define the map i : 00@/6) — Z(M(C*(X4))) we identify B/C
with A and we also identify Cy(A) with C*(A) via the Fourier transform.
Recall that we view the multiplier algebra M (C*(X,)) as the C*-algebra of
the adjointable operators on the Hilbert C*-module C*(¥4)c+(s,). Then we
define i : C*(A) — Z(M(C*(X4))) via
(7) (i(h)f)(o) =:/waa)fGT&ﬂ,—a)a)duA(a)
for all o € 3y, h € Co(A) and f € Co(2g). A straight-forward but tedious

computation shows that i(h) is an adjointable operator on C*(34)c-(z,): let
f and g be in C.(A) and let o = (v,b) € ¥y. Then

()1, 9)0rB) = (1)) * 903
= [ GO @072 50 D)

/ / T g (s —b + b) dus (6)AN" ) ()
)

which, using (7), interchanging the integrals on A, using the fact that pa is a
Haar measure on A, and interchanging back the integrals, equals

/ / FOrT, B (6(h*)g) (s —b + b) dp (V)N ()
Tr(v)
£ i(h)(9)) (3, b).
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Hence i(h) is an adjointable operator on C*(¥y)c+(x,). Moreover, i(h) be-
longs to Z(M(C*(Xy))) since Xy is a twist. Note that as in Remark 2.4, 4 is
determined by the map u: A — UM (C*(X4)) given as the composition

A — M(C*(A) @ Co(I'%)) — M(C*(Z4)).

Then condition (i) of Theorem 2.2 follows from the fact that p(u.f) = p(f) for
all a € A and f € C.(X4). The nondegeneracy of i (see Remark 2.3) follows
from the fact that ug = 1y c+(x,)). Hence condition (iv) of Theorem 2.2
holds. Condition (ii) follows by a straight-forward computation. Since B x T
is amenable, it follows by Lemma 4.2 that

L C*(Bg) = M(C*(T x B)) = Cy(B, M(C*(I')))

is injective. Note that ¢ is Eiequivariant with respect to natural actions. Hence,
if p(yy(f)) =0 for all x € B, we have f =0 and so condition (iii) holds. O

Remark 4.4. As noted in the proof of the above theorem (see Remark 2.4)
one can replace conditions (i) and (iv) of Theorem 2.2 by the following two
conditions on the corresponding map u : A — UM (C*(Xy)): condition (i)
may be replaced by the requirement that p(u.f) = p(f) for all a € A and
f € C*(Xy) and condition (iv) may be replaced by the requirement that uy =
L ze)-

Remark 4.5. Theorem 4.3 also holds if one replaces the requirement that T’
be amenable by the requirement that ¥, be a clopen subset of I' x B (see
Lemma 4.2).

Example 4.6. With notation as in Example 3.6, we first observe that C*(I'y)
is a continuous trace algebra with Prim C*(I'y) = X and trivial Dixmier—
Douady invariant 6(C*(T")) = 0, that is, it is strong Morita equivalent to
Co(X) (see [10]). Next we let a : Z — Aut C*(I'y;) be the action determined
by the T-valued groupoid 1-cocycle ¢ defined by the Cech 1-cocycle Aij (see
[19, Prop. I1.5.1]); so

(anf)(x,i, ) := Nij ()" f (2,4, )
for all f € Co(Ty), (x,4,j) € T'y and n € Z. It is straight-forward to see that
« fixes every ideal in C*(Ty).

For each i € I the ideal J; in C*(T'y) corresponding to U; C X may be
identified with C*((Ty)v,) where V; = {(z,5,7) | = € Ui} C '), (hence
V;‘ = I_ljel UlJ) Note that (Fu)v,i = {({E,j, k) | xr e Uijk}; let w; - (Fu)v,i — R
be defined by

wil. i k) = {w ity = k.

0 otherwise.

Then w; may be identified with a multiplicative unitary for the ideal C*((I'y)v;)
and aq]y, = Adw;. Hence, « is locally unitary. A quick calculation shows that
Nijwi(z, k, k) = wj(z, k, k) for all € Ujj,. Therefore the Phillips—Raeburn
obstruction n(a) is the class [\] € H'(X, T), the first Cech cohomology of X
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with coefficients in 7T, the sheaf of continuous T-valued functions on X (see
[14, §2.10]). Using the usual isomorphism H'(X,7) = H?(X,Z), we identify
n(a) with [\*] € H?(X,Z). Note that the element 7(a) may also be identified
with the class of Prim C*(I'y) X Z regarded as a circle bundle under the dual
action of T (see [15, p.224]).

By Theorem 4.3, we have

C* (%) =2 indj (C*(T), ).

Next we observe that C*(Xy) is a continuous trace algebra (see the remark
preceding [16, Lem. 3.3]) and that Prim C*(X,) = T x X (see the proof of [16,
Prop. 3.4]). Since 6(C*(T")) = 0, it follows by [16, Cor. 3.5] that

5(C*(y)) = 2z x n(a) = z x [\*] € H¥(T x X, Z),
where z is the standard generator of H'(T,Z).
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