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Parabeln und Rathsel
Nummer 7

Ein Gebéude steht da von uralten Zeiten,
Es ist kein Tempel, es ist kein Haus;

Ein Reiter kann hundert Tage reiten,

Er umwandert es nicht, er reitet’s nicht aus.

Jahrhunderte sind voriiber geflogen,

Es trotzte der Zeit und der Stiirme Heer;

Frei steht es unter dem himmlischen Bogen,
Es reicht in die Wolken, es netzt sich im Meer.

Nicht eitle Prahlsucht hat es gethiirmet,

Es dienet zum Heil, es rettet und schirmet;
Seines Gleichen ist nicht auf Erden bekannt,
Und doch ist’s ein Werk von Menschenhand.

Friedrich Schiller






Introduction

Buildings, developed by Jacques Tits beginning in the 1950s and 1960s, have proven
to be a useful tool in several areas of mathematics. Their theory is “a central unifying

principle with an amazing range of applications”.!

First introduced to provide a geometric framework in order to understand semisimple
complex Lie groups, the theory of buildings quickly developed to an area interesting in
its own right.

One essentially distinguishes three classes of buildings differing in their apartment
structure: There are the spherical, affine and hyperbolic (sometimes called Fuchsian)
buildings whose apartments are subspaces isomorphic to tiled spheres, affine or hy-
perbolic spaces, respectively. Affine buildings, which are a subclass of the geometric
objects studied in the present thesis, were introduced by Bruhat and Tits in [BT72] as
spaces associated to semisimple algebraic groups defined over fields with discrete val-
uations. They were used to understand the group structure by means of the geometry
of the associated building. The role of these affine buildings is similar to the one of
symmetric spaces associated to semisimple Lie groups.

Spherical and affine buildings, in the aforementioned sense, were viewed at that time as
simplicial complexes with a family of subcomplexes, the apartments, satisfying certain
axioms. All maximal simplices, the chambers, are of the same dimension. Buildings
are extensively studied by numerous authors and several books have been written
on this subject. There are for example the recent monograph by Abramenko and
Brown [ABOS], which is a sequel to the introductory book by Brown [Bro89|, Garrett’s
book [Gar97| and Ronan’s Lectures on buildings |[Ron89]. Great references for their
classification, which is due to Tits |Tit86], are the books of Weiss [Wei03, [Wei0g].

Nowadays several approaches to buildings provide a great variety in the methods used
to study buildings as well as in the possibilities for applications. Above, we already
mentioned the sitmplicial approach where buildings are viewed as simplicial complexes,
but there are several equivalent ways to characterize buildings.

They can, for example, be described as a set of chambers together with a distance
function taking values in a Weyl group. Here one forgets completely about apartments
and simplices other than chambers. In this W-metric or chamber system approach,
which is explained in [ABOS§|, chambers can be thought of as vertices of an edge colored
graph, where two chambers are adjacent of color i if, spoken in the language of the
simplicial approach, they share a co-dimension one face of type ¢. This viewpoint is
taken in [Wei08g].

Thinking of a building as the geometric realization of one of these structures just
described, it turns out that one obtains a metric space satisfying certain nice properties.
Davis [Dav98] proved that each building, be it affine or not, has a metric realization
carrying a natural CAT(0) metric. In the case of affine buildings this was already shown
by Bruhat and Tits in [BT72]. In fact, spherical and affine buildings are characterized

thttp: //www.abelprisen.no/nedlastning/2008/Artikkel 7E.pdf, Why Jacques Tits is awarded the
Abel Prize for 2008.
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by metric properties of their geometric realizations, as proven by Charney and Lytchak
in [CLO1].

This so called metric approach is the viewpoint generalizing to non-discrete affine
buildings and allows the treatment of geometric realizations of simplicial affine buildings
as a subclass of this generalized version.

In [Tit86] and [BT72, BT84| affine buildings were generalized allowing fields with non-
discrete (non-archimedian) valuations rather than discrete valuations. The arising
geometries, which no longer carry a simplicial structure, are nowadays usually called
non-discrete affine buildings or R-buildings. Some readers might be familiar with R-
trees which appear in several areas of mathematics. They are the one-dimensional
examples. In [Tit86], R-buildings were axiomatized and, for sufficiently large rank,
classified under the name systéme d’appartements. A short history of the development
of the axioms can be found in [Ron89, Appendix 3|. A recent geometric reference for
non-discrete affine buildings is the survey article by Rousseau [Rou08].

Buildings allowed the classification of semisimple algebraic and Lie groups, but also
have many other uses. Applications are known in various mathematical areas, such
as the cohomology theory of groups, number theory, combinatorial group theory or
(combinatorial) representation theory, which we make use of in Section[3] Connections
to incidence geometry, the theory of Kac-Moody groups (which are used in theoret-
ical physics) and several aspects of group theory are known. For example, specific
presentations of groups which act on a building are obtained.

Furthermore, geometric realizations of buildings provide an interesting class of exam-
ples of metric spaces. This leads directly to a connection with differential geometry.
Studying, for example, asymptotic cones of symmetric spaces, R-buildings arise in a
natural way; compare for example the work of Kleiner and Leeb [KL97| or Kramer
and Tent [KT04]. Notice that Kleiner and Leeb’s Euclidean buildings are, as proven
by Parreau [Par00], a proper subclass of Tits’ systéme d’appartements.

Finally, in [Ben94, [Ben90| Bennett introduced a class of spaces called affine A-buildings
giving axioms similar to the ones in [Tit86]. Examples of these spaces arise from simple
algebraic groups defined over fields with valuations now taking their values in an ar-
bitrary ordered abelian group A, instead of R. The biggest difficulty in defining affine
A-buildings arose in the definition of an apartment structure and of a metric, which
now is A-valued. Bennett was able to prove that affine A-buildings again have simpli-
cial spherical buildings at infinity and made major steps towards their classification.
Throughout this thesis we will refer to affine A-buildings as generalized affine buildings
to avoid the appearance of the group A in the name.

The class of generalized affine buildings does not only include all previously known
classes of (non-discrete) affine buildings, but also generalizes A-trees in a natural way,
so that A-trees are just the generalized affine buildings of dimension one. Standard
references for A-trees are the work of Morgan and Shalen [MS84|, of Alperin and Bass
[AB87] and the book by Chiswell |[Chi0Il]. Applications of A-trees are explained in
Morgan’s survey article [Mor92].

Studying generalized affine buildings rather than non-discrete affine buildings has an
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important advantage: the class of generalized affine buildings is closed under ultraprod-
ucts. Kramer and Tent made use of this fact in [KT02] where they give a geometric
construction of generalized affine buildings and a new proof of the topological rigidity of
non-discrete affine buildings thereby simplifying the proof of the Margulis conjecture.

Little is known about generalized affine buildings. As far as I know, the only references
(besides material on A-trees) are [Ben94, Ben90| and [KT02|. The present thesis started
out aiming at a classification result for generalized affine buildings (a step in this
direction is Theorem and ended up as a collection of miscellaneous results. We
hope, however, that we were able to provide an accessible introduction to the theory
of generalized affine buildings and to add some useful results to their structure theory.

In addition to the three subjects explained below, in Sections {4| and [5| we study the
structure of the model space of apartments, the local and global structure of generalized
affine buildings and collect certain facts about the one-dimensional case. The latter
is done in Section and Appendix [A] Small simplifications to the work of Bennett
[Ben94| are made as well.

Let us mention two of the results of Section [5 Apartments of generalized affine build-
ings carry an action of a spherical Coxeter group, called the Weyl group. A closure
of a fundamental domain of this action is called a Weyl chamber. We say that two
Weyl chambers S, .S’ in X having the same basepoint = are equivalent if they coincide
in a non-empty neighborhood of z. The equivalence class is called a germ of S at x.
In Theorem we show, following Parreau |[Par00], that the equivalence classes of
Weyl chambers based at a given point  form the chambers of a (simplicial) spherical
building, the residue of X at x. These residues are, spoken in the language of chamber
systems, precisely the residues of special vertices having co-rank one, which are, by
definition, the connected components of the edge colored graph considering adjacency
with respect to all but one (special) type.

In analogy to a classical result it was proven in [Par00] that R-buildings admit a max-
imal atlas. Two facts are crucial for her proof of this statement: Given a building X
equipped with a system of apartments A, also called atlas, one first has to see that an
intersection of isometric embeddings of half-apartments is contained in a single apart-
ment with chart in A. Secondly, one has to prove that the germs of Weyl chambers S
at x and S” at ' are contained in a common apartment. We were not able to generalize
the first, but prove the second fact for generalized affine buildings in Proposition [5.15]

This thesis is organized as follows: In Section [I|we give a brief overview on root systems.
We cover basic material on simplicial buildings, which is needed for Section[3] in Section
2l The model apartment of a generalized affine building is defined in Section [4] where
we also discuss its metric structure. Generalized affine buildings are then defined in
Section [5f where the aforementioned results on their local structure are proved. The
proof of a theorem on trees, stated in the same section, appears in appendix [A] Section
[0] contains a generalization of a result by Tits about automorphisms of affine buildings.
Convexity results for simplicial as well as for generalized affine buildings are proven
in Sections [3] and [ respectively. Finally in Section [7] we prove a partial result of
[HKWOS] using algebraic instead of geometric methods. Note that A = R in Section .
Detailed introductions to the last three topics mentioned are given separately below.
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The appendix [B] of this thesis contains a dictionary showing the correspondence of
names of objects used in the present thesis and the names of their counterparts in

[Ben94, BT72, [KMOS, [K1.97, [Par00, [Tit86] and [Weil§].

Parts of the results contained in Section [3| are available in [Hit08]. Additional work on
the subject covered in Section [7| can be found in [HKWO0S§]|. Let me now give a detailed
introduction to the three major subjects of the present thesis.

Automorphisms

The main task of Section [6 is to generalize a well known result by Tits [Tit8G] to
generalized affine buildings. Theorem gives a necessary and sufficient condition
on automorphisms of the building at infinity of a generalized affine building X to extend
to an automorphism of X.

An affine building (X,.A) gives rise to a collection of panel- and wall-trees which are
themselves one-dimensional buildings, i.e. A-trees, encoding the branching of the apart-
ments. In fact, the building can be reconstructed given its building 04X at infinity
and these trees. The proof of Theorem [6.17] goes back to Tits who described points in
in an affine building using the spherical building at infinity and the mentioned trees.
This idea is precisely reflected in the definition of a bowtie which was first given in
[Lee00], where Leeb proves a version of for thick simplicial affine buildings. We
simplified his definition of a bowtie and generalized it to (not necessarily thick) gen-
eralized affine buildings in the sense of Definition [5.1} The main idea of Leeb’s proof
does, with suitable changes, carry over to generalized affine buildings.

A certain equivalence relation on the set of bowties of a generalized affine building is
defined whose equivalence classes are in one to one correspondence with points in the
affine building, see Proposition [6.8] Due to the fact that bowties are defined using
the tree structure it is not surprising that the crucial condition for a morphism of the
buildings at infinity of two different generalized affine buildings X and Y to extend
to a morphism from X to Y is, that it has to preserve their tree structure. Maps
satisfying this condition are called ecological.? Note that, in contrast to [Tit86, [Lee00]
and [Wei08| we do not assume the buildings to be thick.

Let A and I" be ordered abelian groups and assume that there exists an epimorphism
e: N —T. Let X, and Xt be generalized affine buildings with spherical buildings Aj
and Ar at infinity. We prove

Theorem [6.17. An ecological isomorphism 7 : Ay — Ar of the buildings at infinity

extends uniquely to a map p : Xy — Xr which is compatible with the given apartment
structures on X, and Xt and satisfies

dr(p(z), p(y)) = e(da(x,y)) for all points x,y € Xy,

where dy, dr are the canonical metrics on X, and Xr, respectively.

2This colorful name, ecological, was suggested by Richard Weiss in [Wei0§].



We obtain Theorem [6.21], which says that for rank at least two, elements of the root
groups of the building at infinity extend to the affine building, as a consequence of
Theorem [6.17} The proof of this fact for R-buildings is a major step in the classification
of non-discrete buildings [Tit86]. Chapter 12 of Weiss’ book on the classification of
affine buildings is dedicated to the proof in the simplicial case. Compare Theorem 12.3
of [Wei08].

Viewing a building as the set of equivalence classes of its bowties might be useful in
other situations as well, like proving a higher dimensional analog of Proposition [5.30]

Buildings for the Ree and Suzuki groups

Motivated by a remark made by Tits in [Tit86] we classified in [HKWOS§| the non-
discrete buildings having Suzuki-Ree buildings at infinity. In Section [7] an algebraic
proof of a partial result of [HKWOS§| is given. The affine buildings dealt with in this
section are all modeled on A = R.

The automorphism group of the building at infinity of an affine R- building contains
certain geometrically defined subgroups, the so called root groups, which form a root
datum. A non-discrete valuation of the root datum, defined in [7.§], is a collection of
maps from the root groups to R satisfying certain ompatability condtions. As proved
in [Tit86], non-discrete affine buildings with a Moufang building at infinity are (up to
equipollence) classified by non-discrete valuations of the root datum.

Suzuki-Ree buildings appear as fixed point sets A? of a (non-type preserving) polarity
p on a spherical building A of type By, G or Fy. The polarity p is defined by means
of a Tits-endomorphism # of the defining field of the spherical building. These fixed
point sets A” are spherical buildings of type A; in cases By and G5 and of type I5(8)
in case Fy. Let G' be the subgroup of the automorphism group of A generated by the
root groups. The group of automorphisms of A” induced by the centralizer of p in GT
is a Ree-group in case G and F); and a Suzuki-group in case By. These groups where
studied by Tits in [Tit83] and [Tit95].

The remark Tits made, as mentioned at the beginning, was that an arbitrary real
valued non-archimedean valuation of a field K extends to a valuation of the root
datum (and hence defines a non-discrete affine building with boundary A®) if and only
if v(k?) = \/p v(k) for all k € K where p is the characteristic of K. We fill in all details
in [HKWOS| and prove with purely geometric arguments the slightly stronger result
that the non-discrete affine buildings determined by the induced valuations of the
root datum of A? are naturally embedded in a non-discrete affine building having A as
boundary. For a precise formulation of the results compare Theorem 2.1 of [HKWO0S].

The following theorem is the main result of Section[7] Based on the surprising equations
established in Proposition we give a purely algebraic proof of this fact. Note that
in [HKWO0S8| we obtained Theorem as a consequence of [7.28]

Theorem Let K be the defining field of A. Assume that v is a 0-invariant
valuation of K such that |v(K)| > 3. Then v extends uniquely to a valuation of the
root datum of the Suzuki-Ree building AP. Furthermore, there exists a non-discrete
affine building having AP as its building at infinity.
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As already mentioned, a valuation of the root datum corresponds to a non-discrete
affine building. The Moufang spherical buildings associated to the Ree groups of type
F are precisely the Moufang generalized octagons. We have therefore classified all
affine buildings having a Moufang generalized octagon at infinity.

Recent work by Berenstein and Kapovich [BKOS8] provides the existence of thick non-
discrete affine buildings of rank two having generalized n-gons, for arbitrary n > 2, at
infinity. Their proof uses a strategy based on a free construction by Tits which provides
thick spherical buildings of rank 2 modeled on arbitrary finite Coxeter groups.

Convexity

Kostant [Kos73| proved a convexity theorem for symmetric spaces, generalizing a well
known theorem of Schur [Sch23|. Let G/K be a symmetric space and T a maximal
flat of G/K. The spherical Weyl group Wof G/K acts on T. Denote by 7 the Iwasawa
projection of G onto T'. Kostant proved that the image of the orbit K.x under the
Iwasawa projection is precisely the convex hull of the Weyl group orbit W .z.

Since affine buildings are in many ways similar to symmetric spaces it is natural to
ask whether a convexity result in the spirit of Kostant’s can be formulated for affine
buildings. It turns out that the analog statement is true, assuming thickness. The role
of flats is played by a fixed apartment A in the building X, the Iwasawa projection
corresponds to a certain retraction p of the building onto A and the orbit K.x is
replaced by the preimage of the Weyl-group orbit of a vertex x by a second type of
retraction which is denoted by r.

The retraction r : X — A is defined with respect to the germ of a certain Weyl chamber
C; and the retraction p : X — A with respect to a chamber in the building at infinity
containing the opposite Weyl chamber —C; of the fundamental Weyl chamber Cy in
the apartment A. See Sections and for definitions in the simplicial, respectively
the generalized setting.

One can, in analogy to the definition of hyperplanes, define dual hyperplanes H which
are co-dimension one subspaces of apartments perpendicular to (fundamental) co-
weights. We call a subset of an apartment convez? if it is the intersection of finitely
many dual half-apartments determined by dual-hyperplanes.

In the simplicial case the result reads as follows

Theorem [3.2] Denote by Q the co-weight lattice in the fived apartment A. If X is
thick we have for each special vertex x € X that

p(r ' (W.x)) = conv(W.x) N (z + Q),

wherer: X — A and p: X — A are the retractions mentioned above.

Note that x + Q is precisely the set of special vertices in A having the same type as z.

30ne could also use the somewhat redundant name dual convezity.
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Let G be a group with affine BN-pair whose spherical BN-pair is split, i.e. the
spherical B equals UT, where T can be interpreted as a group of translations on the
fixed apartment A. Let K be the stabilizer in G of the origin in A. The special vertices
in A of the same type as 0 correspond to cosets tK of K, with ¢t € T. In this case the
result can be reformulated as follows.

Theorem [3.19. For all tK € A we have
0 #£Ut'KNKtK < t'K € conv(W.tK).

Details can be found in Section [B.4]

Extending p and r to galleries the proof of Theorem can be reduced to the following
two facts.

3.16] All vertices in conv(W.z) of the same type as = are endpoints of positively folded
galleries of a certain (fixed) type. All such endpoints are contained in this set.

B.I7 Every positively folded gallery in the statement above has a pre-image under p
which is a minimal gallery starting at 0.

We obtain Proposition [3.16|as a consequence of a character formula for highest weight
representations given by Gaussent and Littelmann in [GLO0O5|. It is obvious that we
have to replace the representation theoretic arguments by something combinatorial in
order to be able to prove the analog result for generalized affine buildings. During the
preparation of this thesis Parkinson and Ram published the preprint [PRO§| providing
a combinatorial proof of on which the generalization made in Section |8 is based.

Unfortunately, generalizing Theorem turns out to be much more complicated than
we had hoped for and we did not succeed in proving a direct analog. However, we were
able to prove in Theorem [8.30] that the statement is true for thick generalized affine
buildings satisfying a certain condition (FC) described in [8.23] We conjecture that
(FC) holds for all generalized affine buildings.

In Section we explain problems that occur generalizing the idea of [PROS8| and
formulate in the precise analog of Theorem We are able to prove this fact in
dimension one, see [8.34]
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1 Root systems, Weyl groups and lattices 1

1 Root systems, Weyl groups and lattices

In this section we collect standard facts about root systems, the affine Weyl group and
the root and weight lattice. This is mainly done in order to fix notation. If you are
familiar with the presented material you might want to skip this section. For details
and proofs we refer to [Bou02, Chapter IV,9 and Chapter VI|.

1.1 Definition of root systems

Let V be a (finite dimensional) Euclidean vector space with scalar product (-,-). For
every nonzero vector « € V' denote by s, the associated reflection defined by

(o, 5)

(o, q)

sa(B) =0 —2

a. (1.0.1)

The reflection s, fixes the hyperplane H, = {z € V : (o, z) = 0}.

Definition 1.1. A subset R of V is called root system if the following two axioms are
satisfied

(RS1) R is finite, spans V' and does not contain 0, and

(RS2) R is s, invariant for all a € R.
The elements of R are called roots, the dimension of V' is called rank of R. If in addition

(RS3) for all a, 5 € R the value 2((55)) is an integer.

the root system is called crystallographic.

Root systems as defined above are sometimes called reduced. In order to include the
dihedral groups we do in general not assume root systems to be crystallographic. If so,
we mention it separately.

Definition 1.2. Let R be a root system. The spherical Weyl group W is the group
generated by the reflections s,, & € R. The connected components of V\ {H, : « € R}
are called open Weyl chambers and their closures Weyl chambers of R.

Remark 1.3. Note that Weyl chambers are polyhedral cones in V. A face of the cone
is called Weyl simplex. The name is well chosen, since the set of all faces of Weyl
chambers forms a simplicial complex called the Cozeter complex of R. We will denote
this simplicial complex with X(R). A root of ¥(R) is the set of Weyl simplices contained
in a half-apartment determined by the hyperplanes H,, as defined below.

The group W acts simply transitive on the set of Weyl chambers in V. Each Weyl
chamber is a fundamental domain and has n bounding hyperplanes H,, called walls.
The n roots perpendicular to these walls and contained in H} = {z € V : (o, z) > 0}
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form a basis B of R, which is at the same time a basis of the vector space V. For
each such basis B the s,, a € B, generate the Weyl group, which is a spherical
Coxeter group. Given a basis B one can define a length function | : W — Ny with
l(w) = min{k : w = S4, - - - S, } With a; € B for all i. Denote by w, the longest element
in W.

The elements of a basis B are sometimes called simple roots. They can canonically be
enumerated as explained in [Bou02, VI,1,5, Remark 7|. Hence B = {3, ..., 3.}, where
n = rank(R). A root a € R is called positive, with respect to B, if the half-apartment
Hf ={rx €V : (a,z) > 0} contains the fundamental Weyl chamber C := Ny,epH .
Every positive root is a linear combination of simple roots with integer coefficients. We
follow [Bou02] and denote half the sum of the positive roots by p.

Example 1.4. We give an example for a non-crystallographic root system. Let R be a
set of sizteen unit length vectors evenly distributed around the unit circle in R%. Enu-
merate them as illustrated in figure[l. The associated spherical Weyl group, which is for
example generated by oy and ag, is the Coxeter group of type 15(8). The corresponding
Cozeter complex is isomorphic to an apartment of a generalized octagon, i.e. a 16-gon.

A

ag

Qg

|

! «Q

/ 0
0510 / d / ! \\ A AN
, / | \ N
Vs / ! \ N\
/ ! \ 15
2

Figure 1: root system of type I5(8)

Definition 1.5. Let R be a root system. For all & € R there exists a unique element
a" of the dual space V* of V such that, by the usual identification of V and V* via

2

the scalar product, o corresponds to o) The element o of V* is called dual root

of o and the set RY the dual root system of R.

Note that by definition the evaluation (a, ") equals 2.

The set RY is itself a root system, which is crystallographic if and only if R is. In
particular (RY)Y = R. Identifying V' and V*, the reflections s, can be written as

sa(B) = 8- a¥(8) a. (15.1)
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1.2 The geometry of the affine Weyl group

Let R be crystallographic.
Definition 1.6. Given o € R and k € Z. Denote by s, the affine reflection

2
Sa k() = sa(z) + kzma, for all z € V, (1.6.1)
and by H, the affine hyperplane

(O";‘)}. (1.6.2)

The group generated by the set {sor : « € R,k € Z} of affine reflections is called
affine Weyl group and denoted by W.

Hyp={z€V:(vz)=k}={xeV:{(z,a")=k

Note that s, =t 21, 054, Where ¢, denotes the translation in V' by v. For all « € R
and all k € Z the fixed point set of the affine reflection s, j equals the hyperplane H,, j.
Denote by H the set {H,; : @ € R,k € Z} of all affine hyperplanes.

Connected components V' \ {H} are colled open alcoves, their closures alcoves. We have
chosen the name alcove to avoid confusion with the chambers of W.

Definition 1.7. An element v € V is called vertez if it is an extremal point of an
alcove. A vertex is called special if it is the intersection of n = rank(R) hyperplanes.

One can color the vertices of the fundamental alcove. This coloring extends to a coloring
of all vertices in V' and we say two vertices are of the same type if they have the same
color.

The root and weight lattice

Let R be a crystallographic root system.

The additive subgroup of V' generated by R is a lattice, which is a free abelian subgroup
of V' generated by a vector space basis. We call it the root lattice Q(R) of the root
system R. We have

QR)={x=> ke €V :ky €Zforallac B}. (1.7.1)
acB
The weight lattice P(R) of R is defined by the equation below. It is by Proposition 26
in chapter VI.9 of [Bou02| a discrete subgroup of V' containing Q(R).

PR)={z eV :(z,a’) € Z for all « € R}. (1.7.2)

Assume that R is reduced and let B be a basis of R. The elements of the dual basis of
BY in V are called fundamental weights. They form a basis of P(Q). Denote the dual
element of o by w,, hence {&, }acr is a basis of P(R). With this notation

P(R) ={x = kolla : ko € Z for all & € R}.

aEB
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Obviously one can consider the co-root-lattice Q(RY) of R and the co-weight lattice
P(RY) of R. The fundamental weights of RY are sometimes called fundamental co-
weights of R. The fundamental co-weight corresponding to o is denoted by w,. Ob-
serve that identifying V* and V in the usual way we have that

Q(RY) c Q(R) C P(R) C P(RY).

Is R for example of type A, then Q(R) equals Q(RY) which is not the case in general.

Proposition 1.8. Let R be a reduced root system let B be a basis of R and let Cy be
the associated fundamental Weyl chamber.

o Let x be an element of V.. Then x € Cy if and only if (x,a”) > 0 for all a € B.

For all a, f € B we have (@, 5") = 003 and, symmetrically, (3, wa) = duo 3.

Let p = %ZaeR+ a be as defined above. Then p =73  pWq € Cy.

For all « € B we have s,(p) = p — a.

Finally (p,a") =1 for all « € B and, symmetrically, with p¥ = %ZQVE(RV)JF a¥
also {a, p¥) =1 for all o« € B.

Proof. See page 181 of [Bou02]. ]

There exists a unique highest root 0 € R satisfying (w;,0) > (w;,a) forall 1 <i <n
and for all a € R.

The fundamental alcove corresponding to a basis B of R is the set
co={rxeV:(0,x) <1land (aj,z) >0foralli=1,...,n}. (1.8.1)

The affine Weyl group acts simply transitively on the set of alcoves. Hence the elements
of W are in bijection with the alcoves. Identify ¢y with the identity of W. Note that
co is a fundamental domain of the W-action on V.

Remark 1.9. If it is clear from the context to which root system we refer we will simply
write Q, respectively P, instead of Q(R) and P(R). For the translation subgroups of V'
generated by {t,, v € Q} and {t,, v € P} we will use the same letters Q, respectively P.
It should not be difficult to figure out from the context if an element of P is interpreted
as a translation or a vector space element.

Proposition 1.10. Let R be a crystallographic root system and let W denote its affine
Weyl group. Identify V. and V* wvia the scalar product. Then

1. W is the semidirect product of W by Q(RY), where Q(RY) is interpreted as the
group of translations t, associated to the elements v of the co-root lattice.

2. The hyperplanes Hy = {x € V : (aéa) (x,a) =k}, with« € R and k € Z, are
permuted by W.
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3. The special vertices of W are precisely the elements of the co-weight lattice of R
which are by definition the weights of RY. Two special vertices x,y € P are of
the same type if and only if there exists v € Q(RY) with x = t,(y) =y +v. The
co-root lattice Q(RY) of R acts transitive on the set of special vertices with fized

type.

Moreover sg(Hox) = Hoya)n and tgv(Haop) = Hakipv(a), where tgv is the translation
m Voby (;—ﬁ)ﬁ

Proof. See [Bou02| VI, §2, Propositions 1 and 2. O]
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2 Buildings: The simplicial approach

In this section we briefly recall basic definitions of the simplicial approach to buildings,
collect necessary preliminaries for Section [3] and make some remarks on the metric
structure of an affine building which is the starting point for the generalization. The
following is by no means a complete, self-contained introduction to affine buildings. For
this purpose we refer to Buildings by Brown [Bro89|, the recent monograph Buildings:
Theory and Applications by Abramenko and Brown [ABOS| or Ronan’s Lectures on
buildings |Ron89).

Definition 2.1. A building is a simplicial complex A which is the union of subcom-
plexes called apartments, satisfying the following axioms:

1. Each apartment is a Coxeter complex.
2. For any two simplices there exists an apartment containing both.

3. If A and A" are two apartments both containing simplices a and b then there
exists an isomorphism A — A’ fixing a and b pointwise.

Any collection of subcomplexes satisfying these axioms is called system of apartments.
The chambers of A are the maximal simplices and by a panel we mean a co-dimension
one face of a chamber. If each panel is contained in at least three chambers A is thick.

A given wall H in an apartment determines two half-spaces H* and H~ called half-
apartments. If A is thick, then for each apartment A and each wall H € A there exists
a half-apartment B such that BN A = H and such that H™ U B as well as H~ U B is
an apartment of A different from A.

Note that we do not require that the building is equipped with a specific system of
apartments. One can, however, prove that there exists a unique complete system of
apartments, which is the collection of all subcomplexes isomorphic to a fixed apartment
or, equivalently, the union of all possible apartment systems.

2.1 Spherical and affine buildings

Let (W, S) be the Cozxeter system associated to a Coxeter complex . Then S C W is
a set of elements of order 2 that generates W, which admits a presentation

W= (S : (st)"=) = 1)

where m(s,t) € Z is the order of the product st of elements s,¢ of S. There is one
relation for each pair s,¢ with m(s,t) < oo. For details on Coxeter complexes and
Coxeter systems see Chapter 11.4 and III of |[Bro89].

Definition 2.2. A Coxeter group W and the associated Coxeter complex ¥ are called
spherical if the group W is finite. We say that W is a Fuclidean reflection group and
the associated Complex ¥ is a Fuclidean Cozeter complex if W is isomorphic to an
affine Weyl group of a crystallographic root system R.
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Note that a spherical Coxeter group is the spherical Weyl group of some, not neces-
sarily crystallographic, root system. The geometric realization of a spherical Coxeter
complex is a topological sphere, whereas the geometric realization of a Euclidean Cox-
eter complex is isomorphic to the tiled vector space V' underlying a crystallographic
root system R. The maximal simplices of a Euclidean Coxeter complex ¥ are, under
such an isomorphism, identified with alcoves in V.

Definition 2.3. Let A be a building with apartments isomorphic to a Coxeter complex
Y. and denote by (W, S) be the associated Coxeter system. Then A is spherical if W
is finite and affine if W is a Euclidean reflection group. The building A is irreducible
if the root system associated to W is irreducible.

In the following we will always denote spherical Weyl groups by W and affine Weyl
groups by W.

Let A be a spherical building with apartments isomorphic to a Coxeter complex 3.
Denote by R the root system associated to . The half-apartments of A can canonically
be be identified with elements of R. We therefore use the notation « for half-apartments
in A and elements of R. The rank of A is defined to be the number of elements in a

basis of R.

Definition 2.4. Let A be irreducible, spherical and of rank at least two. For each root
a of A denote by U, the stabilizer in Aut(A) of all chambers sharing a panel with two
chambers which are contained in a. The group U, acts trivially on « and is called the
root group of . The building A is Moufang if it is thick and for each root « the root
group acts transitively on the set of apartments containing a.

Note that the group U, acts in fact simply transitively on the set of apartments con-
taining o, see [Wei03, 9.3 and 11.4].

The Moufang property is an important tool in buildings theory. Tits showed that all
thick irreducible spherical buildings of rank at least three are automatically Moufang.
Being Moufang is furthermore a necessary assumption for the classification of spherical
and affine buildings, which is illustrated in great detail in [Wei03| and [Wei08].

Remark 2.5. Let X = |A| be the geometric realization of an affine building as described
in [ABO8]. Hence apartments A of |A| are isomorphic to the tiled vector space V'
underlying the associated root system R. We can therefore use the Fuclidean distance
of elements x and y in V' to define a distance function on A. Using the building axioms
it is easy to see that this definition naturally extends to a distance function d on
X. Taking the “geometric” point of view and thinking of buildings as their geometric
realization equipped with some metric d, Charney and Lytchak |[CLOI| proved that
spherical and affine buildings are characterized by metric properties.

2.6. The building at infinity Associated to an affine building A with apartment
system A there exists a simplicial spherical building called the building at infinity 94 A.
It is canonically isomorphic to a certain subset of the Tits boundary of the metric space
(X,d), where X = |A| and d is as defined above. The chambers of OA are parallel
classes S of Weyl chambers S contained in apartments of A which are adjacent if and
only if there exist representatives which are adjacent Weyl chambers in A.
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2.2 Retractions

In the following let X be an affine building. According to Proposition 2 on page 86 in
[Bro89| we can define:

Definition 2.7. For any apartment A and alcove ¢ in A the canonical retraction
rac: X — A onto A centered at c is the unique chamber map that fixes ¢ pointwise
and preserves distance to c.

Given an alcove ¢ and a Weyl chamber S in X there exists an apartment containing
c and a sub-Weyl chamber of S. Therefore X is the union of the apartments which
contain sub Weyl chamber of S and we can define

Definition 2.8. Let A be an apartment of X and 05 a chamber in 0A. The canonical
retraction pag : X — A onto A centered at 0S is the unique map whose restriction
onto each apartment B containing a sub-Weyl chamber of S is the isomorphism onto
A fixing A N B pointwise.

In contrast to Definition 2.8} the definition of r4 . in[2.7/makes perfect sense for spherical
buildings. We sometimes say that pa g is a retraction centered at infinity and call r4 .
an alcove retraction.

_——— T T T == - < ~
- - T N ~ _
///éff: )
” //Zi— ///é; :l\\ //ZL/
° A < A
retraction p based at 05 retraction r based at ¢

Figure 2: On the left you can see the retraction onto A centered at 9SS as it is defined
in and on the right the alcove retraction r4 . as defined in 2.7

Example 2.9. The canonical retraction centered at infinity flattens out the entire build-
g coming from a fixed chamber “at infinity”. Under the alcove retraction a building
behaves like being ironed onto the image apartment starting at the fixed alcove. We
illustrated both retractions for a tree in Figure[J

Theorem. [Bro89, p.171] Let pa s be the sector retraction onto A with respect to 0S
in OA. Given an alcove d € X there exists an alcove ¢ € A such that

pas(d) =rac(d).

Lemma 2.10. Given a Weyl chamber S in X and apartments A;,i = 1,...,n contain-
ing a sub-Weyl chamber of S. Denote by p; the retraction pa, s. Then

(propro...opy) =pr1.
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Proof. Each p; maps apartments containing representatives of 05 isomorphically onto
A;. Every such apartment is isomorphically mapped onto A; by p:=pjops0...0p,.
As a set X equals the union of all such apartments. The map p is distance non-
increasing, since each p; is. Therefore p: X +— A; is the unique map defined by these
two properties and is hence equal to p;. O
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3 Kostant convexity

Looking at the retractions defined in [2.§|and it seems natural to ask how the images
of a given alcove or vertex differ under these two retractions. The main Theorem of
this section will give (at least a partial) answer. The original motivation to study this
question was a different one: Does there exist a convexity theorem comparable to the
one by Kostant [Kos73| in the setting of affine buildings? The answer to this question is
“yes”. After introducing the right notion of convexity, see Definition [3.4] and collecting
other necessary tools, we will prove Theorem [3.2]

Notation 3.1. Let X be a thick affine building and A an apartment of X. Fix an
origin 0 and identify the spherical Weyl group W with the stabilizer of 0 in W. Let C ¥
denote the fundamental Weyl chamber with respect to a fixed basis B of the underlying
root system R. The Weyl chamber opposite C; in A is denoted by —C;. To simplify
notation, write r instead of r4 ., and let p stand for PA(—Cp)-

Theorem 3.2. With notation as in[3.1] let x be a special vertex in A. Then
p(r*(W.z)) = conv(W.z) N (z + Q) =: A%(x).

where Q = Q(RY) is the co-weight lattice of R.

3.1 Dual convexity

Let notation be as in 311

Definition 3.3. A dual hyperplane in Ais a set Hop = {x € V : (Wa, z) = k}, where
k € R, « € B and w, a fundamental co-weight of R as defined in Section [I Dual
hyperplanes determine dual half-apartments ﬁa’ki.

As H,  is perpendicular to «, so is Hayk perpendicular to w,. For any special vertex x
and root a € R there exists a dual hyperplane containing x. Notice that the positive
cone is the intersection of all positive half-apartments H, o with a € B

Definition 3.4. A conver set is an intersection of finitely many dual half-apartments
in A, where the empty intersection is defined to be A. The convex hull of a set C,
denoted by conv(C), is the intersection of all dual half-apartments containing C'.

Let C be the orbit W.z of a special vertex x in A. One can prove that conv(C) equals
the metric convex hull of W.z in A.

The following Lemma, which is a direct analog of [Kos73|, Lemma 3.3(2)], plays a crucial
role in the proof of our main result. As in Theorem [3.2|let A%(x) denote the set of all
vertices in conv(WW.x) having the same type as x. Given a basis B of R the positive
cone C, (with respect to B) is the set of all positive linear combinations of positive
roots in R.
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Lemma 3.5. Let X, A, 0 and Cy be as in . Given a special vertex x in A let x™
denote the unique element of W.x contained in Cy. Then

Ay ={yeV: @ —y) eGnQ} =[] we"-QY)

where Q = Q(RY) is the co-weight lattice of R.

Proof. Assume without loss of generality that x € C;. Since A%(x) is W-invariant it
suffices to prove

AYa)nCr={yeCs:x—ye(C,NQ)}

For all a € B define k,, implicitly by = € H,, . By definition

AQ(I) me = ﬂ (ﬁa7k‘a)_ me. (351)

aEB

Assume first that y € A%(z) N C;. Using (3.5.1) and the fact that C; C C, conclude
0 < (Wa,y) <k, for all « € B.

Therefore (e, — y)ﬁ >0and z —y € Q since A%(z) C (v + Q). The faces of C,

are contained in dual hyperplanes of the form Ha,o with a € B. Therefore
A@)NCc{yeVia—ye(C,NQ)}INCs=(z—(QNC))NCs.

Conversely assume that y € (z — (QNC,)) NCy. Then 0 < (w,, (¥ —y)) === and hence

(a,@)

(Wa, ) (ala) > (Wa, y)—) Therefore the assertion holds. O

1
(a,cx

A common way to define convexity in affine buildings is the following: A subset C' of
an apartment A is W-convez (or just convex) if it is the intersection of finitely many
half-apartments. The W -convex hull of a set C'is the intersection of all half-apartments
containing C'. The following example illustrates why in our situation this is not the
right notion of convexity.

Example 3.6. Let A be a Cozxeter complex of type Ay. Let oy and s be a basis of the
underlying root system R as illustrated in Figure[3. Let x equal 3c; + 3. Observe
that the W -convex hull of the Weyl group orbit W.x contains 4oy + 20 which will be
denoted by y. For special vertices a,b let §(a,b) be the length of the shortest gallery
such that a is contained in the first and b in the last chamber of ~y. Then 6(0,z) = 10
and 6(0,y) = 11.

For all elements z in p(r—1(W.x)) the distance 6(0, z) is smaller or equal to 10 since
r preserves distance to x and p diminishes distance. Hence y can not be contained in
p(r~*(W.z)) and the theorem can not be true using W -convezity.
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Figure 3: The notion of W-convexity can not be used for Theorem , since the
W-convex hull of W.x contains points, as y, which are further away from 0 than x.

3.2 Tools and preliminary results
Positively folded galleries
Let the notation be as in [3.I] We will extend the retractions r and p to galleries and
use them to describe how the building is folded onto the fixed apartment.
Definition 3.7. A combinatorial gallery ~ of length n in X is a sequence
v = (u,co,d1,c1, ...y dp, Cpyv)

of panels d; and alcoves ¢; such that

1. source u and target v are special vertices contained in ¢y and ¢,,, respectively, and
u—wv € Q(RY), i.e. u and v have the same type, and

2. for alli =1...n — 1 the panel d; is contained in ¢;_; and c;.

The type of a combinatorial gallery « is the list t = (¢, t1,...,%,) of types t; of the
faces d;. We say v is minimal if it is a gallery of minimal length with source v and
target v.

We abbreviate “v is a combinatorial gallery with source v and target v” by v : u ~~ v.
In the following a gallery is a combinatorial gallery in the sense of Definition

Definition 3.8. Denote by G, the set of all minimal galleries in X of fixed type ¢ with
source 0. Denote by G; the set of targets of galleries v in G;. Notice that the elements
of G, are all vertices of the same type.

Lemma 3.9. With notation as in[3.1] let = be a special vertex in A and let v : 0 ~> x
be a minimal gallery of fixed type t. Then

r (W) = G,.
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If K := Stabaux)(0) acts transitively on the set of all apartments containing 0 then

r ' (W.x) = K.x.

Proof. The retraction r preserves adjacency and distance to 0 in X. Part one is an
easy consequence of these properties. Secondly the transitivity of the K-action directly
implies G, = K.x. O]

Note, for example, that Stab,x)(0) is transitive on the set of all apartments contain-
ing 0 if G has an affine BN-pair.

Definition 3.10. Fix an apartment A in X and let H be a hyperplane, d an alcove and
S a Weyl chamber in A. We say H separates d and S if there exists a representative
S’ of 9S in A such that S” and d are contained in different half-apartments determined
by H.

Definition 3.11. A gallery v = (u,co,dy, c1, ..., dp, cn,v) is positively folded at i if
¢; = ¢;—1 and the hyperplane H = span(d;) separates ¢; and —Cy. A gallery 7 is
positively folded if it is positively folded at ¢ whenever ¢;_; = ¢;.

Notation 3.12. Let v = (0,co,dy,c1,...,dy, Cn,v) be a minimal gallery in X. The
retractions r and p, see [3.1] are defined on alcoves and faces of alcoves. Denote by
7 and p their extensions to galleries, defined as follows. The image 7 () is defined to
be the sequence 7 = (r(u),r(co), r(d1),r(c1),...,7(dy),r(cy),r(v)), and p(7) is defined
analogously.

P P S
L7 . ~A

//// - = \\\k - _ - \\§
C2 '\ C b
a(—C N a(-C 2 e\ a(-C e
= ,/%01/:@)( Vcl<z>/<ﬂ(;0)/ ( fyc
% A 7t A

f<96’2/
H

' A
case (i) case (i7) case (i)

Figure 4: Retraction p produces positive foldings.

Lemma 3.13. Let X, A and p: X — A be as in[3.1] and let p be the extension of p
defined in . The image of a gallery v € Gy under p is a positively folded gallery in
A of the same type.

Proof. By Lemma [2.10] and induction it is enough to consider the case where 7 is of
length 2 and the first chamber is contained in A. Assume that v = (0, ¢y, p, c2,v) is
minimal with ¢; an alcove in A and ¢y an adjacent alcove not contained in A sharing
the i-panel p. The alcove p(cq) is either the unique alcove in A which is i-adjacent to
¢ but different from ¢; or p(cy) = ¢, compare cases (i) and (i) of Figure [

If p(cy) # ¢, then p(7y) is minimal. Assume p(cy) = ¢; and that p(7y) has a negative
fold at p (defined analogously to positive fold). The hyperplane H = spang(p) in A
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does not separate c¢; and —Cy. Since X is a thick building there exists an apartment
A’ containing ¢, and the half-apartment H—.

By definition of A’ the retraction p maps A’ isometrically onto A. Hence ¢, is mapped
onto a chamber ¢ in A which is i-adjacent to cp. Furthermore let u,u’ be chosen
such that the gallery (u,co,p,c,u’) is minimal and positively folded. The two choices
for ¢ are ¢; and the unique i-adjacent chamber of ¢; in A, which we excluded in our
assumption. Hence ¢ = ¢;. But this is a contradiction to the assumption that H does
not separate p(cz) = ¢; and —Cy. Hence case (i7i) of Figure 4] does not occur. O

A character formula

The character formula stated below is used in the proof of Theorem (3.2} For further
references on representation theory see for example [Bou05|] or [Hum?72].

Let G be a connected semisimple complex algebraic group. Let T be a maximal torus
in G. Denote by X the character group of T" and the subset of dominant co-characters
in X by X;. Let X be the affine Bruhat-Tits building associated to G(C[t]) as defined
in [BT72]. Apartments in X can be identified with translates gA of A = X ®z R.
Dominant co-weights A € X correspond to special vertices in C;. Denote by V) the
irreducible complex representation of highest weight A\ for G. Let x, be the character
of V)\.

Theorem 3.14. [GL0OJ] Fiz A € X,. Let p, denote the dimension of the v-weightspace
of Vi and wegt(~y) the vertex of the final chamber of vy having the same type as X\. Then

> EED = =D pk (3.14.1)

~yeLS(t) veX

The set LS(t) is a certain subset of the set of positively folded galleries of fixed type
t in A with source 0. The term k%9 is a group-like element of the group algebra
associated to the targets wgt(y) of LS-galleries. For all v € C; the coefficients p, , are
strictly positive if and only if ¥ < A, which is equivalent to the fact that v is contained
in AQ(I') NnC f-

Remark 3.15. Actually Gaussent and Littelmann use a slightly more general notion of
gallery as the one defined in [3.7] Nevertheless by observations made in [Sch06] their
result is true in our setting as well.

3.3 Proof of Theorem [3.2]

Let notation be as in and let 7 and p denote the extended retractions according to
The proof of Theorem can be reduced to the following two propositions.

Proposition 3.16. Let A be a FEuclidean Coxeter complex with origin 0 and funda-
mental Weyl chamber Cy. Let x be a special vertex in A and let x* denote the unique
element of W . contained in Cys. Lett be the type of a fized minimal gallery v : 0 ~ z7.
All vertices in A%(x) = {y € conv(W.z) N (z+ Q(RY))} are targets of positively folded
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galleries having type t. Conversely the target of any positively folded gallery of type t
with source 0 is contained in A9(z).

Proof. Recall that I’} denotes the set of all positively folded galleries of type ¢ in A with
source 0. The so called LS-Galleries LS(t) are contained in T'}". Let G be a connected
semisimple complex algebraic group and denote by X the character group of a chosen
maximal torus 7" C (. Assume that G is such that A can be identified with X ®7 R.
By Theorem the character of the (irreducible) highest weight representation V,+,
with highest weight z ™, equals

Z kwgt(cr) = Yot = Zpykl/

oeLS(t) veX

where wgt (o) is the target of 0. The coefficient p, equals the dimension of the v-weight
space of V,+. Hence p, is positive if and only if » < 2. By comparison of coefficients
k¥ # 0 if and only if there exist an LS-gallery with target v. This holds for all v < x™.
By Lemma [3.5] the proposition follows. O

Proposition 3.17. Let A be a fixed apartment of an affine building X. Fix an origin
0 and fundamental Weyl chamber Cy in A. If v C A is a positively folded gallery with
source 0 of type t then there exists a minimal gallery v C X with source 0 such that

~

p(Y) =7

Proof. Let v = (0,¢q,dy, ¢, ..., dy, cyyv). We will inductively construct a preimage
of v under p which is minimal in X. Denote by J = {iy,...,ix} C {1,2,...,n} the set
of folding indices. Hence for each i; € J we have ¢;; = ¢;, 1. Assume 1 < iy < ... < .
Let H;, be the hyperplane separating c;, from —C;. Write H; (respectively H : ) for the
half-apartment of A determined by H;, which contains a subsector of —C; (respectively
asubsector of Cy). Since X is thick there exists an apartment A; such that A;NA = H; .

Let A" = H;Y U (A; \ A). By construction ~ is contained in A’. Denote by r;, the
reflection at H;, in A’ and define y! as follows:

71:(07007d17"' di dl "‘7dn7 TNy)

119 117 i1+1°

where ¢} = 7;,(¢;) and dj = r;,(d;) for all j > 4;. Note that d;, = dj, since d;, is
contained in H;,. Then ! is a gallery of type t = type(y). But, in contrast to v it is
not folded at ;. Furthermore 4! is minimal up to the next folding index, meaning the
shortened gallery (0, co,dy, ..., d;,ci ,d} i, ... di,_y,ci_y) is minimal. The previous
step reduced the number of folding indices by one and is done such that p(y') = 7.

Shorten the gallery 4! such that it is contained in A;:

71:( ) zydzll—&-l?"' d1> n,y)

where x is the vertex of ¢;, such that (z', ¢} ,d} .4,...,d}, , cl ;) is a minimal gallery
from z! to ¢} ,_1- By definition ~; is positively folded of a suitably shortened type and

contained in A;. As in the first step, define a gallery

2 1 1 1 2
’y —($1,Cll,du+1, dz2, 127d12+17"' d, Tb’y)
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having the analogous properties. Denote by p; the retraction pa, ¢, : X — A;. By
definition of 42 one has p;(3?%) = ;. Let

v =(0,co,dn,....diy, ¢} dl iy, d; RN e T §

197 Z27

(We add the part which was removed when ! was shortened.) Now p(v?) = .

Iterating the same procedure k = #.J times, we get

=(0,co,dy, .. .,d; o dit ek dE L dE R yR)

119 217 i1+1> Lt T Cigr Cipt 15

and a sequence of apartments Aj,... Ay such that ¢/,dl C A; for all j =1,... k. By
construction 7% : 0 ~» ¢* is minimal in X and of type t. Again denote the retraction
fa,—c; onto A; by p;. Lemma implies p(v*) = (pr 0 pr—1©...0 p1)(7). Hence v
is the desired preimage of ~. O

The proof of Theorem [3.2) reads as follows:

Proof of Theorem[3.3. By Lemma the set r~ ) equals G;. Therefore p(r—*(W.x))
equals p(G;). Let 7 and p be as in Lemma |3 3 1mphes that 5(G,) is a set of posi-
tively folded galleries in A and thus ) is the set of targets of the galleries contained
in $(G;). By Propositions and @ the assertion follows. O

Remark 3.18. Proposition |3.16| is a purely combinatorial property of LS-galleries. It
was our aim to find a proof that avoids representation theoretic methods. During the
preparation of this thesis Parkinson and Ram published the preprint [PROS8]|, where they
give the desired geometrical proof of Proposition [3.16] The main idea of their proof
carries over to thick generalized affine buildings. Details can be found in Section [8]

3.4 Application and open problem

We give an application of Theorem

Let G be a group with affine BN-pair. There exists then an affine building (X, .A)
associated to G on which the group acts. Let B and N denote the groups of the
sphercial BN-pair of G which we assume to be split, i.e. B = UT. Denote by A the
spherical building associated to G by means of the spherical BN-pair. Notice that
A = 0,4X. The group N stabilizes an apartment a of A and B stabilizes a chamber ¢
of a. The groups U and T' can be interpreted as follows: T is a group of translations in
the affine apartment A with boundary 0A = a and U acts simply transitive on the set
of all affine apartments containing c at infinity. Fix a chart of A such that ¢ = 9(—Cy).

Let K be the stabilizer of 0 € A in G. Then G has an Iwasawa decomposition
G=BK =UTK.

Notice that special vertices of the same type as 0 in X are in one-to-one correspondence
with cosets of K in GG. Let x be a special vertex in X having the same type as 0. Then
there exists an element u € U such that (u™!).x € A. Let t € T be the translation
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mapping 0 to (u~!).x. If the origin 0 is identified with K the vertex x corresponds to
the coset ut K. Denote by ¢y the type of the origin. One has :

{special vertices of type to in X} < { cosets of K in G}
Or— K

X 3 x +—— utK with u,t chosen as above.

Any special vertex of type ty of X can hence be identified with a coset utK with
suitably chosen v € U and t € T. Note that vertices of type ty contained in A
correspond precisely to cosets of the form tK with ¢ € T.

Furthermore it is easy to see that p is exactly the projection that maps utK to tK,
and hence to A.

For all special vertices tK contained in A the set r~}(W .tK) is the same as the K-orbit
of tK which is o
r1(W.itK) = KtK.

In the situation as described above the following theorem is a direct reformulation of
Theorem B.2

Theorem 3.19. For all tK € A we have
p(KtK) = conv(tK)
or, since p~ (' K) = Ut'K, equivalently

0 #£Ut'KNKtK < t'K € conv(W.tK).

The proof of “=" in the second statement is well known and can be found in [BT72].

As already mentioned in the introduction partial results on “<=" and related questions
can, for example, be found in |[GLO5, MV00, Rap00, [Sch06] or [Sil75].

An open problem

It is natural to ask whether or not a result in the spirit of Theorem holds for faces
of alcoves having smaller co-dimension or even for alcoves themselves. Assume that we
are in the situation as described in [3.2] Hence X is a thick simplicial affine building,
an apartment A is fixed together with an origin and a fundamental Weyl chamber Cy.
The retractions r and p are also as defined in 3.1]

Easy examples show that if we replace in the statement of Theorem [3.2the vertex x by
an alcove ¢ contained in A makes the question seems to be much harder, but solving
the question for alcoves might have representation theoretic consequences.

Notice that the set p(r~'(W.c)) does not cover the convex hull of the orbit W.c and
has a structure that is hard to describe. Let v be the vertex of ¢ furthest away from 0.
The light shaded region in the pictures of Figure |5|is the convex hull of W.v. Notice
that not even this set is covered by p(r~'(W.c)), quite the contrary: the holes seem to
“orow”.
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Figure 5: Given an alcove ¢ contained in Cy the dark shaded alcoves are the ones
contained in p(r~*(W.c)).

Three examples showing p(r~—'(W.c)) for different choices of the alcove ¢ are given in
Figure[}] The picture illustrate that the pattern “evolves” in a certain regular way when
gallery is elongated in each step by one alcove, as done from left to right in Figure

As the application given above shows the question for vertices is related to the Iwasawa
decomposition of groups with affine BN-pair. In similar ways the question for alcoves
is related to the Iwahori decomposition. We will not make this connection precise here.
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4 The model space

Geometric realizations of simplicial affine buildings are metric spaces “covered by” Cox-
eter complexes which are isomorphic to a tiled R™. The basic idea of the generalization
is to substitute the real numbers by a totally ordered abelian group A.

4.1 Definitions and basic properties

Definition 4.1. Let R be a (not necessarily crystallographic) spherical root system.
Let A be a totally ordered abelian group, and F' a subfield of R containing the set
(B,aY) : a, B € R}. The space

A(R,A) = spany(R) @z A
is the model space of a generalized affine building of type R.
We omit F' in the notation, since F' can always be chosen to be the quotient field of
Q[(B,aY) : a, p € R}]. If R is crystallographic then F' = Q is a valid choice. The space

A(R, A) is a rank(R)-dimensional vector space over F'®z A. If there is no doubt which
root system R and which A we are referring to, we will abbreviate A(R, A) by A.

Remark 4.2. A fixed basis B of the root system R provides natural coordinates for the
model space A. Abbreviate F ®7 A by A’. The vector space of formal sums

{ZAaa A € A'}
aeB

is canonically isomorphic to A. The scalar product (-, -) and the evaluation of co-roots
on roots (-, ) used in section [1] are linearly extended to elements of A.

Definition 4.3. An action of the spherical Weyl group W on A is defined as follows.
Let o, € R, c€ Fand A € A’, let r,, : A — A be the linear extension of

ra(cB @A) = csa() ® A

to A, where the reflection s, is defined as in Section [Il The fixed point set of r, is
called hyperplane or wall and is denoted by H,,.

As in the classical case H, = {z € A :ro(x) =z} ={z € A: (z,a") = 0}.

Definition 4.4. A basis B of R determines a set of positive roots R™ C R. The set
{reA:{zx,a”) >0 forall « € R"}

is the fundamental Weyl chamber with respect to B, denoted by Cy.

Definition 4.5. For a non-trivial group of translations 7" of A normalized by W the
affine Weyl group with respect to T is the semi direct product WT := W x T. In case
T = A we will call it the full affine Weyl group and write W. Elements of T" can be
identified with points in A by assigning to t € T" the imgage ¢(0) of the origin 0 undert
t. Given k € A we write ¢, for the translation defined by 0 +— k.



4 The model space 20

The actions of W and T on A induce an action of WT, respectively W, on A.

Notation 4.6. In order to emphasize the freedom of choice for the translation part of
the affine Weyl group, we will denote the model space A(R, A) with affine Weyl group
WT by AR, A, T).

Definition 4.7. An element of WT which can be written as t o r, for some t € T" and
a € R is called (affine) reflection. A reflection in W is an element of the form ¢ o r,
for arbitrary k € A and a € R. A hyperplane H, in A is the fixed point set of an affine
reflection r € W. It is called special with respect to T if r € WT.

Remark 4.8. Note that for any affine reflection there exists « € R and A € A’ such that
the reflection is given by the following formula

2\
rax(t) =7r4(r) + ——a, for all x € A.

(@, )

Further easy calculations imply

«, for all x € A.

(z) A n A
Tax(®) =7rq | — o

’ (a,0)") " (a0)
The fixed point set H, , is given by

a, a)

s fren: @000 )

As in the classical case any hyperplane defines two half-apartments

(@, a)

a, o
H;k:{xGA:%@,av)z)\} and Hy, ={zcA: (z,a") < A}
Definition 4.9. A vertex z € A is called special if for each o € R™ there exists a
special hyperplane parallel to H, containing x. Hence x is the intersection of the
maximal possible number of special hyperplanes.

Note that the translates of 0 by T" are a subset of the set of special vertices.

Definition 4.10. We define a Weyl chamber in A to be an image of a fundamental
Weyl chamber, as defined in [4.4] under the full affine Weyl group W. If A = R a Weyl
chamber is a simplicial cone in the usual sense. Therefore Weyl chambers and faces
of Weyl chambers are called Weyl simplices and Weyl simplices of co-dimension one
panels.

Remark 4.11. Note that a Weyl chamber S contains exactly one vertex x which is the
intersection of all bounding hyperplanes of S. We call it base point of S and say S is
based at x.

The following proposition is used to introduce a second type of coordinates on A.
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Proposition 4.12. [Ben9j, Prop. 2.1] Given o € R and x € A. Then there exist a
unique my, € Hyo and a unique 2 € A’ such that

T =m,+ 2%

The value of z* is 3{x,a"). Furthermore x € H, o

Proof. Define 2 = £ (x,a") and consider m, = x — z%«. Then

1
2
(Mg, a”) = (zr,a") —2%{a,a”) =0
and m, is contained in H,(. It remains to prove uniqueness. Let y* and n, be
value such that m, + 2% = n, + y®a. Then n, = 74(n) = ro(r) — y*ro(a) and
Mo = To(Ma) = ro(x) — %74 (a). Therefore we have
ro(z) — 2% =my + 2% =2 =n, +ya =r1,(r) — Yo

and conclude that ® = y* and m, = ya. O]

Corollary 4.13. Let R be a root system of rank n and let B be a basis of R. Any
x € A is uniquely determined by the n values {x“}qep, which will be called hyperplane
coordinates of A with respect to B.

4.2 The metric structure of A(A,R)

The remainder of this section is used to define a W-invariant A-valued metric on
the model space A = A(A,R,T) of a generalized affine building and to discuss its
properties.

Definition 4.14. Let A be a totally ordered abelian group and let X be a set. A
metric on X with values in A, short a A-valued metric, is a map d : X x X +— A such
that for all z,y, 2z € X the following axioms hold

1. d(z,y) =0if and only if x = y
2. d(z,y) = d(y,x) and

3. the triangle inequality d(x, z) + d(z,y) > d(z,y) holds.

The pair (X, d) is called A-metric space.

Definition 4.15. An isometric embedding of A-metric spaces (X, d), (X', d’) is a map
f: X — X’'suchthat d(x,y) = d'(f(z), f(y)) for all z, y € X. Such a map is necessarily
injective, but need not be onto. If it is onto we call it isometry or isomorphism of A-
metric spaces.

Definition 4.16. Let A = A(A,R,T) be as in [1.6] Let the distance between two
points z and y in A be defined by

d(l‘wy) = Z |<y_x’a\/>|'

a€R*
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Note that d(z,y) = 2(y — z,p") if y — x € Cy, where p¥ = %ZQVE(RV)+ oV, as defined
in Section [Il

Remark 4.17. Let B be a basis of R. Define ¢, = ﬁ and identify the co-roots a"
with 2% Making these assumptions in the definition of the metric in [Ben90] one

(a,@)

obtains exactly the metric as defined in {16}

The metric d of generalizes the length of a translation defined in the context of
simplicial affine buildings: Let v be a vertex in a Euclidean Coxeter complex. Let the
length [(t,) of a translation ¢, be the number of hyperplanes crossed by a minimal
gallery from z to t,(z) = +v. The formula giving this integer is exactly 3 > 5 [(y —
x,a")|. The fact that d is the direct generalization of a combinatorial length function
justified, at least in my opinion, to make a specific choice of the e; appearing in the
definition of the metric as written in [Ben90].

Proposition 4.18. The distance d : A x A — A defined in [/.10 is a W -invariant
A-valued metric on A.

Proof. By definition d(z,y) = d(y,z) and d(z,y) = 0 if and only if x = y, since
otherwise, by Corollary 2.2 in [Ben94], one of the terms |(z,a")| would be strictly
positive. It remains to prove d(z,y) + d(y, z) > d(z, 2):

dz,2) =Y (z+@—y)—z.a) =) [y—z.a")+(z—y,a")

acERT acRT
< (fy—z,a") +(z —y.a¥)]) = d(z,y) + d(y, 2).
acRT

Hence d is a metric. We prove W-invariance: Let ¢, : © — = + a be a translation in

W. Then

dwy)= Y ly—za’)[= Y [y+a—(r+a),a")|=d(tz),ta(y))-

acRt a€RT

Therefore d is translation invariant. With w € W we have

d(w.xz,w.y) = Z {w.y —w.z, )| = % Z (w.y —w.x,a")]

a€R* a€R
1 _ 1
S - L)) = £ Yy - w0
acR acR
= d(z,y).

The second last equation holds since W permutes the roots in R. Therefore d is W
invariant and W-invariance follows. m

Let = be an element of the model space A = A(R, A) defined in[4.1] Fix a basis B of
R and recall the definition of the hyperplane coordinates {x},cp of = with respect to

B introduced in Corollary .13
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Proposition 4.19. Given A with fized basis B of R. Let x be an element of A. The
distance d(0,x) is uniquely determined by the hyperplane-coordinates {x®}ncp of x.
With o =35 p p33 we have

d(x,0) :% Z Zpg |2°).

acRt peB

Proof. Assume first that € C;. Then z has hyperplane coordinates {z*},cp defined
in Corollary with % = %(x, a’) > 0 for all @ € RT. Hence, using o = ZﬁeB P35,

we have
A, 0) = 3 o) = 30 S pse sy =5 3 Somet

a€RT a€RT BeB acRt peB
If z is not Cy then W-invariance of d implies that d(0,z) = d(0,7), where T = w.x is
the unique element of W.x contained in C; and 3 = w.3. Further |2°| = 7° and the
assertion follows. O

4.3 Convexity and parallelism

As in the classical case, one can define

Definition 4.20. A subset Y of A is called convex, or WT-convex, if it is the inter-
section of finitely many special half-apartments in the sense of Definition The
WT-convex hull cy(Y) of a subset Y C X is the intersection of all special half-
apartments containing Y.

Note that Weyl chambers and hyperplanes are W-convex, as well as finite intersections
of convex sets. Special hyperplanes and Weyl chambers are, analogosly, WT-convex.

Lemma 4.21. [Ben90, Prop.2.13] For any two special vertices x,y in the model space
A the segment seg(x,y) = {z € A : d(z,y) = d(x,z) + d(z,y)} is the same as the
convex hull cyrp({x,y}).

Definition 4.22. Two subsets €21,y of a A-metric space are at bounded distance if
there exists N € A such that for all z € Q; there exists y € €, such that d(z,y) < N for
{i,7} = {1,2}. Subsets of a metric space are parallel if they are at bounded distance.

Note, that parallelism is an equivalence relation. One can prove

Proposition 4.23. [Ben9j, Section 2.4] Let A = A(R, A) equipped with the full affine
Weyl group W. Then the following is true

1. Two hyperplanes, Weyl chambers or faces of Weyl chambers are parallel if and
only if they are translates of each other by elements of W.

2. For any two parallel Weyl chambers S and S’ there exists a Weyl chamber S”
contained in S NS" and parallel to both.

Moreover H, is parallel to tgv(Hax) = Hapipv(a), for all 8 € R where tgv is the
translation in A by Y where we identify ¥ with ﬁﬂ. Compare Section .
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5 Generalized affine buildings

5.1 Basic definitions and properties

Throughout the following let A = A(R,A,T) be as defined in and denote the
spherical Weyl group associated to R by W.

Definition 5.1. Let X be a set and A a collection of injective maps f : A — X,
called charts. The images f(A) of charts f € A are called apartments of X. Define
Weyl chambers, hyperplanes, half-apartments, special vertices, ... of X to be images of
such in A under any f € A. The set X is a (generalized) affine building with atlas (or
apartment system) A if the following conditions are satisfied

(A1) Given f € A and w € WT then fow € A.

(A2) Given two charts f,g € A with f(A) N g(A) # 0. Then f~'(g(A)) is a closed
convex subset of A. There exists w € WT with f|;-15a)) = (g0 w)|r-1(4a))-

(A3) For any two points in X there is an apartment containing both.

(A4) Given Weyl chambers S; and S5 in X there exist sub-Weyl chambers S7, S5 in X
and f € A such that S} U S, C f(A).

(A5) For any apartment A and all z € A there exists a retraction 14, : X — A such
that 74, does not increase distances and r" (z) = {z}.

(A6) Given charts f, g and h such that the associated apartments intersect pairwise in

half-apartments. Then f(A) N g(A) N A(A) # 0.

The dimension of the building X is n = rank(R), where A = (A")".

Remark 5.2. Condition (A1) — (A3) imply the existence of a A-distance on X, that is
a function d : X x X — A satisfying all conditions of Definition but the triangle
inequality. Given x,y in X fix an apartment containing x and y with chart f € A
and let 2/, ¢’ in A be defined by f(z') = z, f(y') = y. The distance d(x,y) between
x and y in X is given by d(2’,y'). This extends to a well defined distance function
on X. Therefore it makes sense to talk about a distance non-increasing function in
(A5). Note further that, by (A5), the defined distance function d satisfies the triangle
inequality. Hence d is a metric on X.

Tits defined his systéme d’appartements in [Tit86] by giving five axioms. The first four
are the same as (A1) — (A4) above. The fifth axiom originally reads different from ours
but was later replaced with (A5) as presented in the definition above. One can find
a short history of the axioms in [Ron89|. In fact if A = R axiom (A6) follows from
(A1) — (A5). But in the general case this additional axiom is necessary as illustrated
with an example given on p. 563 in [Ben94]|. However in [Ben94] axiom (A6) is mostly
used to avoid pathological cases and to guarantee the existence of the panel and wall
trees as constructed in Section [5.3l
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Definition 5.3. Let X be a generalized affine building with model space A(R, A, T)
and apartment system A. The building X is called thick with respect to WT if for any
special hyperplane H of X there exist apartments A; = f1(A) and Ay = fo(A), with
fie A,i=1,2such that H € A;,i = 1,2 and A; N A is one of the two half-apartments
of Ay (or Ay) determined by H. Furthermore apartments do not branch at non-special
hyperplanes.

Remark 5.4. If in the previous definition 7' = A then X is a building branching ever-
where.

Definition 5.5. Two affine buildings (X1,.4;), (X3, .A2) of the same type A(A,R) are
isomorphic if there exist maps m : X7 — Xo, my 1 Xy — X, further maps 74, : A3 —
Ay, my, Ay — Ay and an automorphism o of A such that

mom; = lx, with {i,j} = {1,2},
ma, 01 = L4, with {i,j} = {1,2},

and the following diagram commutes for all f € A; with {i,7} = {1, 2}

—s X,

z -

> X,

ma,(F)

Examples of a generalized affine buildings are A-trees without leaves. The definition of
a A-tree, [Ben94, p.560] or is equivalent to the definition of an affine building of
dimension one. Simplicial buildings arise from groups defined over fields with discrete
valuations. An example of this type is given in [Ben94, Example 3.2] associating to
SL,(K), with K a field with A-valued valuation, a generalized affine building. It is a
generalization of the example given in [Ron89) Section 9.2].

Note that the Davis realization of a simplicial affine building is a generalized affine
building, as defined in with A = R and T chosen equal to the co-weight lattice
Q(RY) of R.

5.2 Local and global structure

Any simplicial affine building has an associated spherical building, the so called spher-
ical building at infinity. This useful and important result by Bruhat and Tits [BT72]
is also true in the generalized case.

Definition 5.6. Let (X,.A) be an affine building. Denote by 05 the parallel class of
a Weyl chamber S in X. Let

O X ={0S : S Weyl chamber of X contained in an apartment of A}

be the set of chambers of the spherical building at infinity 04X . Two chambers 0.5; and
0S5y are adjacent if there exist representatives S7, S5 which are contained in a common
apartment with chart in A, have the same basepoint and are adjacent in X.
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Proposition 5.7. Let (X, .A) be an affine building modeled on A(R,A,T). The set
04X defined above is a spherical building of type R with apartments in one to one
correspondence with apartments of X.

Proof. Tt is obvious that d4X is a simplicial complex with adjacency as defined in [5.6]
An apartment in 04X is defined to be a the set of equivalence classes determined by
an apartment of X. It is obvious that they are Coxeter complexes of type R and that
hence 04X has to be of type R.

Given two chambers ¢ and d in 04X . Let S and T be representatives of ¢, respectively
d. By axiom (A4) there exists an apartment A containing sub-Weyl chambers of S and
T. The set of equivalence classes of Weyl chambers determined by A hence contains ¢
and d. Therefore 2. of Definition 2.1l holds.

If 0A and 0A’ are two apartments of 4 X both containing the chambers ¢ and d. Then
there exist charts f and f” such that f(A) and f/(A) contain representatives S, .S of ¢
and T,T" of d. The Weyl chambers S, S" and T,T" intersect in sub-Weyl chambers S”
and T", respectively. The map f'o f~! fixes S” and T” and induces an isomorphism
from 0A to OA’. Therefore 04X is indeed a spherical building. n

In contrast to a remark made in [Ben90] it is possible to prove Proposition without
using axiom (A5).

The local structure of an affine building was not examined in [Ben90]. In analogy to
the residues of vertices in a simplicial affine building one can associate to a vertex of
a generalized affine building a spherical building. Most of the following in based on
[Par00].

Let in the following (X, .4) be an affine building of type A = A(A,R,T) and let 94X
denote its spherical building at infinity.

Definition 5.8. Two Weyl simplices S and S’ share the same germ if both are based
at the same vertex and if S NS’ is a neighborhood of x in S and in S’. It is easy to
see that this is an equivalence relation on the set of Weyl simplices based at a given
vertex. The equivalence class of S, based at z, is denoted by A,S and is called germ

of S at x.

Remark 5.9. The germs of Weyl simplices at a special vertex x are partially ordered
by inclusion: A,S; C A,Ss if there exist representatives S}, S5 contained in a common
apartment such that S| is a face of S;. Let A, X be the set of all germs of Weyl
simplices based at x.

Proposition 5.10. Let (X, A) be an affine building and ¢ a chamber in 94 X. Let S
be a Weyl chamber in X based at x. Then there exists an apartment A with chart in
A containing a germ of S at x such that ¢ € 0A.

The proof of the above proposition is literally the same as of Proposition 1.8 in [Par(0].

Corollary 5.11. Fiz a point x € X. For each (face of a) Weyl chamber F exists a
unique (face of a) Weyl chamber F' which is based at x and parallel to F.
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Proof. Apply Proposition to x and ¢ = OF and arbitrary S based at x. O]

Corollary 5.12. For any chamber ¢ € 04X the affine building X is as a set the union
of all apartments containing a representative of c.

Proof. Fix a chamber c¢ at infinity. For all points x € X and arbitrary Weyl chambers
S based at z. there exists by [5.10] an apartment A containing = and a germ of S at
and c is contained in 0A. O

Corollary 5.13. Given the germ A,S of a Weyl chamber S at x. Then X is the union
of all apartments containing A,S.

Proof. Given y € X there exists by axiom (A3) an apartment A’ containing x and
y. Let T be a Weyl chamber in A’ based at z containing y and define ¢ = 9T. By
Proposition [5.10] there exists an apartment A such that a germ of S at x is contained
in A and such that the corresponding apartment 0A of d4X contains ¢. But then the
unique representative of ¢ based at x is also contained in A. Therefore A contains y
and a germ of S at z. O

Corollary 5.14. Any two germs of Weyl chambers based at the same vertex are con-
tained in a common apartment.

Proof. Let S and T be Weyl chambers both based at z. By Proposition there
exists an apartment A of X containing S and a germ of T at x. Therefore A,S and

A,T are both contained in the apartment A, A. n

Proposition 5.15. Let (X, A) be an affine building. Let S and T be Weyl chambers
based at x and vy, respectively. Then there exists an apartment A of X containing a
germ of S at x and a germ of T at y.

Proof. By axiom (A3) there exists an apartment A containing x and y. Denote by S,
a Weyl chamber in A based at z containing y and denote by S, the Weyl chamber
based at y such that 95,, and 9S,, are opposite in dA. Then z is contained in S, by
definition. If A, T is not contained in A apply Proposition [5.10]to obtain an apartment
A’ containing a germ of 1" at y and 05, at infinity. But then x is also contained in A’.

Let S, denote the unique Weyl chamber contained in A’ having the same germ at
as Syy. Without loss of generality we can assume that the germ AT is contained in
S, Otherwise y is contained in a wall of S}, and we can replace S;, by an adjacent
Weyl chamber in A’ satisfying this condition. A second application of Proposition [5.10]
to 05, and the germ of S at  yields an apartment A” containing A,S and S;, and
therefore AT 0

Remark 5.16. Corollaries and are the direct analogs of 1.9 and 1.11 of [Par(0)]
and Proposition corresponds to [Par00, 1.16]. Note, however, that the proof is
different.
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Theorem and Definition 5.17. Let (X, A) be an affine building with model space
AR,A,T). Then A, X is a spherical building of type R for all x in X. If x is special
and X thick with respect to WT, then A, X is thick as well. Furthermore A, X is
independent of A.

Proof. We verify the axioms of Definition It is easy to see that A, X is a simplicial
complex with the partial order defined in It is a pure simplicial complex, since each
germ of a face is contained in a germ of a Weyl chamber. The set of equivalence classes
determined by a given apartment of X containing x is a subcomplex of A, X which
is, obviously, a Coxeter complex of type R. Hence define them to be the apartments
of A, X. Therefore equation [I] of Definition holds. Two apartments of A, X are
isomorphic via an isomorphism fixing the intersection of the corresponding apartments

of X which implies [2] of Definition 2.1 Finally [3] holds by Corollary

Assume that z is special and X thick with respect to WT'. Let ¢ be a chamber in A, X
and A, A an apartment containing c. For each panel p of ¢ there exists a chamber
¢ contained in A A such that ¢ N ¢ = p. The panel p = A,F determines a wall
H C A. Since X is thick there exists an apartment A’ whose intersection with A is a
half-apartment bounded by H. Hence there is a third chamber ¢’ of A, X determined
by a Weyl chamber in A’ based at x containing F'. Therefore A, X is thick.

Let A’ be a different system of apartments of X and assume w.l.o.g. that A C A’. Let
A denote the spherical building of germs at x with respect to A and denote by A’ the
building at z with respect to A’. Since spherical buildings have a unique apartment
system A and A’ are equal if they contain the same chambers. Assume there exists a
chamber ¢ € A’ which is not contained in A. Let d be a chamber opposite ¢ in A’ and
a’ the unique apartment containing both. Note that a’ corresponds to an apartment
A’ of X having a chart in A’. There exist A’-Weyl chambers S,., S; contained in A
representing ¢ and d, respectively. Let y be a point in the interior of S. and z an interior
point of Sy. Using axiom (A3) there exists a chart f € A such that A = f(A) contains
y and z. The apartment A contains x since = € seg(y, z) and seg(y,z) C AN A
The unique Weyl chambers of A based at x containing y, respectively z, have germs c,
respectively d, which is a contradiction. Hence A = A/. n

Remark 5.18. Let A = A(R,A,T) be the model space of an affine building and let
OA be canonically identified with the associated Coxeter complex. Note that for each
x € A and each chamber ¢ of A there exists a Weyl chamber S contained in ¢ and
based at x. Therefore the type of A, X for an affine building (X,.A) modeled on A is
always R.

If (X,A) is the geometric realization of a simplicial affine building (in the sense of
Definition then A, X is canonically isomorphic to the residue (or link) of z if and
only if x is a special vertex. The definition of a spherical building corresponding to the
residue (respectively link) of a non-special vertex would be possible defining a second
class of Weyl chambers based at a vertex z with respect to the stabilizer (WT), of =
in the restricted affine Weyl group WT. Since we will not make use of this fact, we
will not give details here.
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Proposition 5.19. Let (X, .A) be an affine building, 04X its building at infinity. For
all vertices x € X there exists an epimorphism

e 04X — ALX.

Proof. Given x € X and ¢ € 04X. Let S be the Weyl chamber based at x and
contained in ¢, which exists by Corollary [5.11] Define 7,(c) = A,S, the germ of S at
x. Since for all d € A, X there exists a Weyl chamber S” in X such that A,S" = d
the map m, is surjective. By definition of A,X the partial order and adjacency is
preserved. O

Proposition 5.20. Let X be an affine building and A; with i = 1,2, 3 three apartments
of X pairwise intersecting in half-apartments. Then Ay N Ay N Az is either a half-
apartment or a hyperplane.

Proof. For i # j denote the intersection A;NA; by M;;. The corresponding apartments
0A; in the spherical building at infinity pairwise intersect in half-apartments as well.
Hence 0A1N0AsNOA;3 is either a half-apartment itself or a hyperplane in 04X . Assume
that 0A; N 0As N 0As is a half-apartment. Then A; N Ay N A3 is a half-apartment
contained in each of the A;.

Assume now that we are in the case where 0A; NdA; NOA;z is a hyperplane m in 94X
Walls at infinity correspond to parallel classes of hyperplanes in the affine building.
Hence there are three hyperplanes H;; bounding the half-apartments M;; = A; N A;
which are all contained in m. Note that the half-apartments M;3 and My3 are opposite
in Aj in the sense that their union equals As. By axiom (A6) the intersection A; N AyN
Az is nonempty and equal to the strip M3 N Maz. It is obvious that the hyperplanes
H,3 and Hy3 are contained in My3N Mss. Since this argument is completely symmetric
in the indices, Hio is contained in Mi3 N Mg as well. Again by symmetry each of the
hyperplanes is between the other two and hence His = Hi3 = Ho3 = A1 NAs N As. [

This leads to the following observation.

5.21. The sundial configuration. Let A be an apartment in X and let ¢ be a
chamber in 04X containing a panel of DA but not contained in OA. Then c is opposite
to two uniquely determined chambers dy and dy in OA. Hence there exist apartments
Ay and Ay of X such that 0A; contains d; and ¢ with © = 1,2. The three apartments
0A1,0Ay and OA pairwise intersect in half-apartments. Axiom (A6) together with the
proposition above implies that their intersection is a hyperplane.

Proposition 5.22. Let x be an element of X. Let (co, ..., cx) be a minimal gallery in
OaX. Find x-based representatives S; of ¢;. If (mz(co), ..., mx(ck)) is minimal in A, X,
then there exists an apartment containing UfZOSZ-.

Proof. The proof is by induction on k. For k = 0 there is just one Weyl chamber
and the result holds. Let A" be an apartment containing S; U Sy U ... U S,_1. If ¢
is contained in A’ we are done. If ¢; is not contained in OA’ we have the sundial



5 Generalized affine buildings 30

Figure 6: The sundial configuration.

configuration, which determines a unique hyperplane H in A’. Let H* be the unique
half-apartment of A’ determined by this hyperplane which contains a representative
of ¢g. Then H™T also contains representatives of ci,...,cy_1, since this is a minimal
gallery and Sy is on the other side of H.

We claim that z is contained in H*. Let A” be the apartment in the sundial config-
uration containing H~ = (A’ \ H") U H and ¢, at infinity. If 2 € A\ HT C A” the
Weyl chamber Sy is contained in A”. Let p: A” — A’ be the isometry fixing A” \ H*.
The Weyl chamber Sy is mapped onto Si_; and the set S N (A’ N H) is pointwise
fixed. Therefore m,(c,_1) = m.(cx) which is a contradiction. Therefore z is contained
in H* and U¥}S; € HT. Let A now be the apartment in the sundial configuration
containing HT and Si. Then U_,S; is contained in A. O

Corollary 5.23. Given two Weyl chambers S,T" based at the same vertex x. If their
germs A,S and AT are opposite in A, X then there exists a unique apartment con-
taining S and T

Proof. Choose a minimal gallery (co, c1, ..., ¢,) from ¢ = 0S to ¢, = 9T and consider
the representatives S; of ¢; based at . Then Sy = S and S,, = T. Proposition [5.22]
implies the assertion. O

Remark 5.24. Propositions and as well as [5.21] are due to L. Kramer.

Theorem 5.25. Let (X, A) be an affine building, A an apartment of X and c,d two
opposite chambers in 0A. Then

r € A<= m,(c) and m,(d) are opposite in A, X.

The restriction of 7, to the boundary of an apartment A containing x is an isomorphism
onto its image.

Proof. Assume x € A. Each panel p; € ¢ defines an equivalence class m; of parallel
hyperplanes in A. Denote by H; the unique wall in m; containing x and let o' be
the (unique) half-apartment of A with wall H; € m; such that da; contains c¢. The
intersection of all a; is a Weyl chamber S € ¢ based at x. Similarly we have a Weyl
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chamber T based at = contained in d. Since the defining walls of S and T" are the same,
the chambers 7, (c) and m,(d) are opposite in A, X.

Given ¢,d in 94X such that the chambers 7, (c) and 7,(d) are opposite. Let S and T
denote the Weyl chambers based at x contained in ¢, d, respectively. Choose a minimal
gallery 7' = (¢j = m,(¢), ¢}, ..., ¢, ¢, = m(d)) in A, X. Then there exists a minimal
gallery v = (¢ = ¢,¢1,...,Cn1,¢n = d) in d4X such that 7,(¢;) = ¢,. Denote by S;
the unique Weyl chamber based at x and contained in ¢;. Proposition implies the
existence of an apartment A containing UY_,C; and hence z. Uniqueness is clear by

axiom (A2). O

5.3 Trees: affine buildings of dimension one

The notion of an affine building generalizes in a natural way the well known A-trees as
for example defined in [AB87]. Bennett proves [Ben94, Example 3.1] that a A-tree with
sap, as defined below, is nothing else than a generalized affine building of dimension
one in the sense of Definition (.11

Definition 5.26. Let (T, d) be a A-metric space. Denote by [k, ']y the interval be-
tween k and k' in A. Then (7,d) is a A-tree if the following axioms are satisfied:

(T1) Given z,y in T then there exists a unique isometry f : [0,d(z,y)]x — T such
that £(0) = = and f(d(z,y)) = y. We define [z, 5] := F([0, d(z, )]a)

(T2) Given x,y, z in T there exists w € T, necessarily unique, such that [z, y|N[x, z] =

[z, w].

(T3) Given z,y,z in T such that [x,y] N[y, z] = {y} then [z, z] = [z,y] U [y, 2].

A ray of T at x is a subset S, in T isometric to [0,00)s. We say T is a tree without
leaves if for any two points x,y € T there is a ray based at x containing y. A line of
T is a set [ C T such that [ is isometric to A.

Condition (T2) is sometimes called the Y-condition. It guarantees that rays diverge at
points of T'. For example two lines in a Q-tree cannot diverge at an “irrational point”.

Definition 5.27. Let (7, d) be a metric tree. Two rays R, R in T are equivalent if
they are at bounded Hausdorff distance. Define an end of T' to be an equivalence class
of rays.

Fix a set of lines A in T and define an A-end of T to be an equivalence class of rays
contained in lines of A. The set of A-ends of T will be denoted by 94T

Obviously 04T C {ends of T'}.

Definition 5.28. A tree with sap,* denoted by (T, A), is a metric tree (T, d) together
with a set of lines A such that the following axioms are satisfied:

4Here sap stands for system of apartments. This abbreviation was first suggested by Mark Ronan.
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(TA1) Given z,y € T there exists a line [ in A with z,y € [.

(TA2) Given A-ends a,b of (T,.A), there exists a line [ in A4 such that a and b are the
ends of [.

The set A is called atlas or system of apartments. Let the boundary or building at
infinity of a tree (T, A) with sap be the set 4T of A-ends, as defined in

By axiom (TA1) the apartment system A is uniquely determined by 94T

Remark 5.29. Note that the building at infinity 047 of a tree T" with sap might be
smaller than the set of all ends. An example is given in figure Let A be the set
of “vertical” lines, i.e. the set of all lines which are unions of two rays starting at the
same point, one contained in an equivalence class a;, the other in an equivalence class
b;. Then = and y are not contained in 947 but they are ends of (7, .A) in the sense of
Definition [5.27] In fact the building at infinity strongly depends on A.

a_o9 a_1 Qg aq a9

b,Q b,1 b[) bl b2

Figure 7: If A is the set of “vertical” lines then 04T equals {a;, b;| ¢ € Z} which is a
proper subset of the set of ends of T which is the set 4T U {x,y}.

An important tool is the following base change functor. Given a morphism of ordered
abelian groups A and A’ this functor associates to each A-tree a A’-tree. A proof can

be found on p. 70ff. of [Chi01].

Proposition 5.30. Let e : A — A’ be a homomorphism of ordered abelian groups and
let (T, d) be a A-tree, then there exists a N'-tree (T",d’) and a map ¢ : T — T" satisfying

d'(¢(x), ¢(y)) = e(d(z,y))
forallz,y €T.
Furthermore, if (T",d") is another N'-tree and ¢ : T — T" a map satisfying

d"(p(x), o(y)) = e(d(z,y))

for all x,y € T, then there is a unique N -isometry p : T" — T" such that o ¢ = ¢.

Remark 5.31. Note that C' = ker(e) is a convex subgroup of A in the sense that for
any k,l € C the sum [ + k is also contained in C. In a certain sense 7" is the quotient

of T modulo C.
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Notation 5.32. Let (T, A) be a tree with sap. Any triple (a,b,c) of pairwise distinct
A-ends uniquely determines three apartments [ab], [ac] and [bc]. The intersection of
these apartments is a hyperplane in a line, which is the unique point contained in all
three apartments. We denote this point by x(a, b, c).

The aim of the following is to give data that will allow us to reconstruct a tree from
OAT plus certain additional information. This construction is used in the proof of
Theorem [5.40 Compare Section [A]

Definition 5.33. Let E be a set. The pair (E, A) is called rooted tree datum if A is a
map
Ex E— AU{zxoo}, (z,y)—x Ay

such that for all z,y, 2 € E the following axioms are satisfied

(RTO) 2 Ay >0
(RT1) xANy=yAx

(RT2) Az >min{z Ay,yA z}.

The Alperin-Bass construction

The following construction will imply that a rooted tree datum (E,A) gives rise to a
unique tree with sap having F as its set of ends. Note, that the Alperin-Bass tree for
an arbitrary rooted tree datum datum could have leaves. The construction provided is
more general than needed in our case. Proofs can be found in [AB87].

Let (E,A) be a rooted tree datum. We construct a tree using (E,A). It is easy to
verify, that if x Az = oo for all z € F the construction gives a tree without leaves. We
define

Y=YXE N ={(z,t) e ExA | 0<t<zAz}

We define a distance on X by setting
|s — ] ifsort<zAy

d((m,s),(y,t)):{ s—zAy|+|t—aANy| ifsort>zAy.

Note, that if s <z Ay <t,ort <axAy<s, then|s—t|=|s—zAy|+ |t —zAy| and
the two cases coincide.

See [ABST7, p. 302| for a proof of the following lemma.

Lemma 5.34. The function d defined above is a pseudo metric on 3.

We introduce an equivalence relation on ..

Definition 5.35. Two points (z, s) and (¢,y) in X(E, A) are called equivalent, denoted
by (z,s) ~ (t,y), if d((z, s), (t,y)) = 0. Denote the equivalence class of (x,s) by (z, s).
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See [ABS87]| for the proof of the fact that ~ is indeed an equivalence relation.

Definition 5.36. Let T(E,A) = % ~ and denote (x,0) with or. Define a metric dr
on T by dr({z,s),(y,t)) := d((z,s),(y,t)). The space T(E,A) is called Alperin-Bass
tree of (E,N).

As it was proven in [AB87] the space T(FE, A) is a A-tree with A-valued metric dr in
the sense of Definition [5.26

Theorem 5.37 (Universal property). Let (E,A) be a rooted tree datum and (S, og)
a rooted tree. Denote its set of ends by F and let ¢ : E — F be a map satisfying

V() As Y(y) = x Ny for all v,y € E. Then there exists a unique metric morphism
Y :T(E,N) — S such that ¥ (or) = os.

Theorem is a generalization of a theorem by Tits for R-trees saying that a metric
tree with sap is uniquely determined by a projective valuation of its building at infinity.

Definition 5.38. Let E be a set and denote by E® the set of ordered quadruples in
E. A projective valuation w on E is a map w : E® — A such that

(PV1) w(a,b;c,d) =w(e,d;a,b) =—w(a,b;d, c)
(PV2) w(a,b;e,d) =k >0= w(a,d;c,b) =k and w(a,c;b,d) =0
(PV3) w(a,b;d,e) +w(b, c;d, e) =w(a,cd,e).

Definition 5.39. Associated to a tree (T, .A) with sap there is its canonical valuation
wr, which is obtained as follows. Denote by d the A-metric on T. Choose pairwise
distinct A-ends a, b, ¢,d of T and let © = k(a,b,¢) and y = k(a, b, d). Then define

wrla, b e, d) d(x,y) ify € b
y U Gy - —
g —d(z,y) ifyé¢ zb.

Bennet proved in [Ben90] that wr is a projective valuation in the sense of Definition 5.3
on dy of T'. We call wy the canonical valuation of T.

Theorem 5.40. [Ben90, Theorem 4.4] Given a A-valued projective valuation w on a
set E. Then there exists a A-tree T = T (w, E) with sap and a one to one correspondence
from E to 4T under which w corresponds to the canonical valuation wr on E arising

from T.

We included a detailed proof of the above theorem in Section [A] The main idea is as
follows. One uses (F,w) to construct a tree 7. First a rooted tree datum is defined;
the Alperin-Bass construction will then give a tree T. Finally we have to prove that
the canonical projective valuation wy arising from T equals w. The outline of the given
proof is due to Bennett, [Ben90, Chapter 4|. We correct some minor inaccuracies and
try to give a complete proof that is easy to read. None of the proofs are literally the
same as the ones given in [Ben90|, but almost all are based on the calculations there.
If not, we will mention it separately.
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Remark 5.41. Theorem and Bennett’s proof of it in [Ben90] was also discussed
in Chapter 3 of the PhD thesis by Koudela [Kou97|. She claims, that the theorem as
stated in [Ben90] is not true and that in general the correspondence between E and the
set of ends of T is not one to one, but that the best that can be done is an embedding
of E in the ends of T'. A remark concerning this task is made in [CKO03| as well.

The theorem Koudela proves, making a few remarks on the proof of Bennett, is

|[Kou97, Theorem 3.5]

Given a projective valuation w on a set E, we can find a A-tree T" such that F
can be embedded in the set of ends of T" and w is the projective valuation arising
from T.

On the first glance it seems that we have mutually contradictory statements, however
both theorems are correct. The solution is quite simple and is buried in the definition of
an end of a tree. Bennett formulates Theorem for trees with sap. The definition
of an “end” of a tree, as made in [Ben90|, corresponds to an A-end in the sense of
Definition [5.27] On the contrary “ends” in [Kou97] or [CKO03] are precisely what we
call an end. Therefore the difference between the two assertions is precisely owed to
the fact that in general 94T C {ends of T}, compare Remark [5.29

Panel- and wall-trees

Associated to an affine building there are two classes of trees encoding the panel- and
wall structure of the affine building.

Let H and H' be parallel hyperplanes. By Corollary 3.11 of [Ben94]| there exists a chart
f € A, values k, k' € A and a € RT such that f~'(H) = H,; and f~'(H') = Hyp.
Use this fact to define a distance between hyperplanes and panels of Weyl chambers
as follows:

Definition 5.42. Given two hyperplanes H and H’. With the above notation the
distance from H to H' is defined to be |k — k’|. For parallel panels P and P’ choose
parallel hyperplanes H and H’ containing sub-panels of P, respectively P’. Let the
distance between P and P’ be the distance from H to H'.

Note that the proof of the following proposition directly carries over to affine buildings
modeled on a non-reduced root system R.

Proposition 5.43. [Ben94, Prop. 3.14] Let (X, A) be an affine building of type
A(A,R) and dimension at least two. The set of hyperplanes in X belonging to a given
parallel class m := OH make up the points of an affine building (T,,, Ar,) of dimen-
sion one (i.e. a A-tree with sap) with apartments in one to one correspondence with the
apartments of X. Moreover the Ar, -ends of this tree are in one-to-one correspondence
with the half-apartments of 0X having m as boundary. These trees are called wall trees

of 0X.

A direct consequence of [Ben94][Cor 3.12] is the analog of for panels.
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Corollary 5.44. [Ben9j, Cor. 3.15] Let (X, A) be an affine building of type A(A,R)
and dimension at least two. The set of panels of Weyl chambers in X belonging to
a given parallel class p := 0P make up the points of an affine building (1, Ar,) of
dimension one (i.e. a A-tree with sap) with apartments in one to one correspondence
with the apartments of X. Moreover the Ar,-ends of this tree tree are in one-to-one
correspondence with the chambers of 0X containing p. In analogy to the wall trees, we
call them panel trees of 0.X.

Remark 5.45. Note that the panel tree associated to the panel 9P is naturally isomor-
phic to all wall trees associated to hyperplanes 0H of 0.X containing OP. By standard
facts on opposition maps of spherical buildings there are at most two isomorphism
types of panel/wall trees associated to a thick spherical building at infinity. There
are two different type if “taking the opposite in an apartment” is not transitive on all
panels of 0X and just one type otherwise. Compare [Ben94|[Cor 3.17] for a proof of
this fact.



6 Automorphisms 37

6 Automorphisms

The main result of this section is Theorem which is a generalization of a well
known result by Tits in [Tit86].

In the first subsection we explain the concept of bowties and prove the main result in
the second. We hope that seeing a building as the collection of its equivalence classes
of bowties will have other applications than the given one. It might for example be
useful to prove a higher dimensional analog of Proposition [5.30]

Remark 6.1. By writing affine building in the present section we always mean a gen-
eralized affine building in the sense of Definition [5.1]

6.1 The space of bowties

The term bowtie is due to Leeb [Lee00] who refers to B. Kleiner for the main idea.
However the basic idea of a bowtie was already used by Tits. In [Tit86], Tits described
points in an affine building using the building at infinity and points in the wall trees.
We simplified the definition of a bowtie to make it usable in the more general setting
of generalized (not necessarily thick) affine buildings.

Let R be a root system of rank n and let the associated Coxeter complex be colored
by I ={1,...,n}.

Definition 6.2. Let (X,.A) be an affine building modeled on A(R, A), let n be the
rank of R and denote by A = 94X the building at infinity of X. Assume that the
panels of A are consistently colored by I = {1,...,n}. A bowtie in (X,.A) is a triple
> = (¢, ¢ {yi}ier) such that

1. ¢ and ¢ are opposite chambers in A

2. y; is a point in the panel tree T}, of the i-panel p; of c.

Denote by ay, the unique apartment of A containing ¢ and ¢ and by A, the associated
affine apartment of X. The collection B of all bowties is called the space of bowties of
X.

Proposition 6.3. A bowtie <1 in an affine building (X, A) determines a unique point
Tpq 0 the unique apartment Au, associated to <.

Proof. Assume that <= (¢, ¢, {y; }icr) and let (X, A) be modeled on A = A(R, A). For
each ¢ € I the point y; in the panel tree T}, is an asymptote class of co-dimension one
Weyl simplices. Let m; be the unique wall of a., containing p;. The panel tree T, is
canonically isomorphic to the wall tree 7;,,, via a map v, ,,,- Hence each representative
of y; is contained in a unique hyperplane H; of the parallel class m;. Now fix a chart
f of Ay, and identify A,, with the model space A via f. The chamber ¢ determines a
basis B = {«;,i € I} of R. Then there exist k; € A, for all i € I, such that for all

i € I the hyperplane H; equals Hy,, = {v = >0 zj05 € Au: (ai—éa")@,az\/) = k;}.
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It remains to prove that (;_, H; # (), which is equivalent to finding a solution to the
following system of equations

ki = Z M(aﬁaﬂx]— for all i € I.
=1

But the system has a unique solution zu since the Cartan matrix ((q;,af))y; is in-
vertible over Q({a;, o }ijer) and hence over any subfield of R containing the set
{ai, af bijer O

In the following an equivalence relation on the set of bowties is defined whose equiv-
alence classes are, as we will prove in Proposition [6.8 in one to one correspondence
with the points of X.

Definition 6.4. Two bowties 1 = (¢, &, {y; }ies) and <! = (d,d, {z}ic;) in an affine
building (X,.A) are called adjacent if

1. c=d
2. the intersection ¢Nd is a panel of both, and

3. y; =z foralliel.

Figure [§| gives an example of two adjacent bowties which might well remind you of the
sundial configuration illustrated in Figure [6]

Figure 8: The bowties 1 = (¢, ¢,{y;}) and < = (¢, &, {y}}) are adjacent.

Observation 6.5. One can easily observe that there is a natural action of the spherical
Weyl group on B. Let 1 be a bowtie. Recall, that for any (fized) apartment containing
Tpq the stabilizer of xuq under the full affine Weyl group W is isomorphic to the spherical
Weyl group W. Hence given such an apartment A, the spherical Weyl group permutes
the walls in A containing xs,. Obviously W also acts on the chambers, hyperplanes and
panels in 0A.

Let <1 = (¢, ¢,{y; }ier) be a bowtie. The points y; € T,, determine walls H; in Aw and
their images w.H; of some fized w € W correspond to points w.y; in T,,,,. Define

w1 = (w.c,w.¢, {w.y; }ier)-
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Let q; be the unique panel of ¢ opposite p; and denote by [p;, ¢;] : T, — T}, the perspec-
tivity map from the panel tree associated to p; to the tree associated to q;. The obvious
involution ¢ of bowties is given by the multiplication with the longest element wy € W

L(b1) = wo. = (&, ¢, {[pi> @] (yi) })-

Definition 6.6. A path of bowties is a sequence (M, >y, ...,>,) such that b<; and
><;_q are either adjacent or b<; = w.><;_;1 for some w € W. Two bowties b1 and >’ are
equivalent, denoted by b ~ >, if there exists a path of bowties connecting them.

Lemma 6.7. The relation ~ defined in[0.0 is an equivalence relation.

Proof. Reflexivity is clear since W contains the identity. Symmetry follows from re-
versing a connecting path and transitivity by concatenation of paths. ]

Proposition 6.8. Two bowties > and <" in an affine building (X, A) are equivalent
if and only if they determine the same vertex, i.e.

NNDQI < IM:LEN,'

For the proof of Proposition some technical Lemmas are needed. The first one is
an observation for spherical buildings.

Lemma 6.9. Given three chambers c,d,e in a spherical building A such that both
d and e are opposite c. Then there exist minimal galleries v = (dy,dy,...,d,) and
o = (co,C1y...,Cn) Such that dy = d, d,, = ¢ = ¢y, ¢, = e and such that for all i the
chamber d; is opposite c;.

Furthermore, if f is adjacent to ¢ and contained in the apartment which is determined
by ¢ and e then o can be chosen such that ¢, = f.

Proof. Let A denote the unique apartment containing ¢ and d and B the one determined
by c and e. Let 754, denote the retraction® onto OA based at the chamber ¢, which is
an isomorphism restricted onto an apartment containing c. Since ¢ € B, the retraction
r9a. maps B isomorphically onto A. Hence 794 .(€) = d. For any chamber f € B, f ~ ¢
there exists a minimal gallery o connecting ¢ and d,

o= (50 = C,El = T8A70<f)7 Ce ,En = d)
Let d; be the opposite of ¢; in JA. Then dy = d and d,, = c¢. Define
Y= (dg :d,dl,...7dn:C).

The restriction of r54 . to B is an isomorphism of spherical apartments. Hence we can
define

ci = (roacls) () and o = (cg,...,cn).

By construction we have ¢y = ¢ and ¢, = e. The retraction rp4 . preserves distance to
¢ implying that ¢ is a minimal gallery from ¢ to e.

°It is the analog in the spherical case of the retraction 74 . defined in
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Assume there exists an index ¢ such that d; is not opposite ¢;, meaning that d(¢;, d;) is
strictly smaller than the maximal distance in the given spherical building A. But

d(di, c;) > d(roac(di), roac(c;)) = d(d;, ;)

and d; and ¢; are at maximal distance. This contradicts the assumption since 794
does not increase distances between chambers in A. Hence d; is opposite ¢; for all 4
and the assertion follows. O

Lemma 6.10. For any bowtie b = (¢, ¢,{yi}ier) in X and any chamber d in 04X
there exists a bowtie ><' = (d',d,{z;}ier) equivalent to <.

Proof. Assume d is contained in ay. Then the assertion follows by the action of W.

First assume d N ay, is a panel of d. Without loss of generality we may further assume
that d and ¢ are adjacent and that A, _d and A, _c are opposite in A, _X. Then d and
c are opposite as well. Otherwise replace <1 by an equivalent bowtie w.>< in a,,. Define
I := (¢,d,{y;}). According to Definition the bowties > and <’ are adjacent and
therefore equivalent.

If d and ay do not share a panel choose a gallery v = (dy,dy,...,d,) of minimal
length such that dy € a, and d, = d. There exists a bowtie (¢, ¢1,{z}) = >y ~ X
with ¢; = d; using the same argument as in the first step. Inductively find bowties
>;+1 ~ D<; using the fact that d;; and a,,, share a panel. This implies the existence
of a path of bowties from > to a bowtie <’ such that ¢ = d, = d. The assertion
follows. O

Lemma 6.11. Given a bowtie <1 = (¢, ¢, {y; }icr) and an apartment A of (X, A) such
that xu, is contained in A and such that ¢ is a chamber of OA. Then < is equivalent
to a bowtie in A.

Proof. Let a := 0A. Without loss of generality we may assume that the chamber ¢ has
a panel p; contained in the boundary of a N ay, as illustrated in Figure 9] Otherwise
use the W-action on B, as described in , to replace <1 by an equivalent bowtie in
A. Let ¢°? denote the chamber opposite ¢ in a and let f be the unique chamber in ax
different from ¢ containing p;. Let [ be the length of the shortest gallery from ¢ to a
chamber in a. Denote by ¢; the panel of ¢°? opposite the i-panel p; of c.

If | = 2 then ¢;, which is opposite p;, is contained in ¢, ¢ and a. The bowties
>y = (¢, ¢, {y;}jer) and > are, by definition, adjacent and hence equivalent.

The induction step is as follows. Again assume without loss of generality that the
situation is as described at the beginning of the proof. Abbreviate x := z.,. Both
apartments A and A, contain z. By Proposition the images 7,(a) and 7, (ax)
under the natural epimorphism from A4 to A, X are, therefore, apartments in A, X.
Lemma implies the existence of galleries

. ¥ = (o :.Wx(COp),Cl, o ,C‘.n = m(c)) in m,(a) and
o= (dy =m(c),dy =7 (f),...,dy =7(¢)) in 7, (ax)
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such that ¢; is opposite d; for all i. We can lift 4 and & to galleries

vy=(co=c"¢1,...,¢, =c¢) ina and

o= (dy=c,dy=f,...,d, =¢) In ax.

The bowtie t<; := (c, ¢, {y;}) is equivalent to w.><q; with w € W chosen such that
w.c=c; and cNw.c? =cN f.

Let a; be the apartment spanned by ¢; and d; = f. Denote the corresponding affine
apartment by A;. The affine apartment associated to a; contains z, since dl = 7, (dy)
and ¢ = m,(cq) are opposite in A, X. Hence there is a bowtie bq_; 1= (¢1,dy, {w.y;})
contained in a; which is by definition adjacent to p<;. Substitute a by a; and < by an
equivalent bowtie in Ay, such that ¢ = f = d;. We are again in the situation described
at the beginning of the proof with the distance to the apartment reduced by one. By
reverse induction > is equivalent to a bowtie in A. O

cP

C1

Figure 9: Let b = (¢, ¢, {y;}) be given and assume that ¢ has a panel in the boundary
of aNay, and let ¢ be the chamber opposite ¢ in a. Shift the gray bowtie (¢, ¢, {z;})
to the (equivalent) one with chambers f and ¢; which is “closer” to .

Remark 6.12. The main idea of the proof of Lemma is as follows: Assume the
situation is as described in Figure [J] We are able to construct “opposite” galleries
v :cd ~ cand o : ¢ ~ ¢ such that each of the apartments A; determined by the
opposite chambers d; and ¢; contains . This enables us to “shift” b, := (¢P, ¢, {2"'})
along these galleries to > while never leaving the equivalence class.

Proof of Proposition[6.8. The implication > ~ >t = 2., = Xy IS an easy conse-
quence of the definition of equivalence of bowties. To prove the converse assume that
bowties <y = (¢1, é1, {y;}) and >3 = (1, é1,{2;}) with the same basepoint z are given.
Let a; denote the apartment at infinity defined by t<; and let A; denote the correspond-
ing affine apartment. By Lemma there exists a bowtie b1 = (d, d, {;}) equivalent
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to <y such that d = ¢;. But then i is such that ¢, € a1 and 2., = x € A;. Therefore,
by Lemma |6.11] < is equivalent to ;. Transitivity implies the equivalence of >i; and
>y. ]

Remark 6.13. These constructions heavily rely on the fact that for any vertex x € X
and any chamber ¢ € A there exists a unique Weyl chamber S € ¢ based at x, which
we proved in [5.11

6.2 Extending automorphisms

The main result in this section is Theorem [6.17] which says that an isomorphism from
one building at infinity to another is induced by an isomorphism of the affine buildings
if and only if it preserves certain additional data at infinity. The analog result in the
setting of R-buildings was first proven by Tits [Tit86]. A detailed proof in the case of
thick simplicial affine buildings can be found in [Wei08, Thm 12.3|. The simplicial case
is also covered by [Lee00, Theorem 1.3]|.

Notation 6.14. Let R be aroot system in the sense of Definition[I.T} Let n be the rank of
R and let the associated Coxeter complex be colored by the set I = {1,...,n}. Assume
that F' is a subfield of R containing the set of evaluations (3, a") for all pairs of roots
a, # € R. Fix two ordered abelian groups A and I' admitting an F-module structure,
and assume that there exists an epimorphism e : A — I' of F-modules. Let further
(Xa,Ap) and (Xr, Ar) be affine buildings in the sense of Definition modeled on
A(R, A), respectively A(R,T"). Denote by A, and Ar the associated spherical buildings
at infinity.

Definition 6.15. Let notation be as in [6.14]and let 7 : Ay — Ar be an isomorphism.
Then 7 is ecological® if for each wall m and panel p of Ay we have

Wr(m) ©T = €0Wwy, and W) 0T = € 0w,
where w,,, and w, are as defined in [5.38]

Proposition 6.16. Notation is as in[6.14 An ecological isomorphism 7 : Ay — Ar
induces maps Ty, : Ty — Trmy and 7, : T), — Ty for all walls m and panels p in
A such that

1, (Tn(2), Tnl9)) = €(d, (2,)) (6.16.1)
forall z,y € T,,, and
dry ) (1), (1)) = e(d (2, ) (6.16.2)

for all x,y € T,. In particular if A =1 and e = idy then 7, and 1, are isometries for
all walls m and panels p.

Proof. Fix m in A,. By Proposition there exists an I'-tree (7,d) and a map
¢ :T,, — T, unique up to an I'-isometry, such that for all z,y € T

d(¢(x), d(y)) = e(dr, (2,)).

5The colorful name ecological was suggested by Richard M. Weiss in [Wei08].
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The set 04T is, by definition, in canonical bijection to the set 04, T;,. Identify 04T and
04, T, and denote this set with E. The canonical valuation wy of pairwise different
a,b,c,d in F is the signed distance between the two branching points x(a, b, c) and
k(a,b,d). Compare Definition . Since 7 is an isomorphism, one can also identify
04, Tr(m) and E. Therefore

wr(a,b, c,d) = +d(k(a, b, c), k(a,b,d))
= Wr(m)(a, b, ¢, d)

for pairwise different a, b, ¢, d in E. Theorem implies the assertion. ]

It would be possible to construct the maps 7, 7, directly, yet using the base change
functor the proof is much shorter.

The following is the main result of this section. The two major consequences are stated
in [6.20] and 16.21]

Theorem 6.17. Let notation be as in |6.14 and let 7 : Ay — Ar be an ecological
1somorphism of the buildings at infinity. Then there exists a unique surjective map
p: XA — X mapping A to Ar such that

0p(S) = 7(99) (6.17.1)
for all Ap-Weyl-chambers S of X and such that

dr(p(), p(y)) = e(da(z,y)) (6.17.2)

for all points x,y € X,.

Note that p is an isomorphism if e is the identity. Hence

Corollary 6.18. Let (X, A) be an affine building. Assume T is an ecological auto-
morphisms of the building at infinity 04X . Then there exists a unique automorphism
p: X — X such that T is induced by p.

Proposition 6.19. In addition to the notation fized in[6.14 let By and Br denote the
space of bowties of X and X, respectively. Let T be an ecological isomorphism and
let 7, be as in Proposition[6.16 Let p : Bx — Br be defined as follows

p (e e {yi) — (7(c), 7(8), {7 (W) })-

Then the following hold

1. The map p is surjective and preserves equivalence of bowties.

2. The preimage p~ (1) of a bowtie > € Br is parametrized by (ker(e))".
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Proof. Since 7 and the 7, are surjective p is surjective as well. Let bowties 1 and
>’ be given such that the associated apartments a,, and a. are equal. Then a,q =
Ap(s) Since 7 is an isomorphism and the apartments a,, respectively a., are uniquely
determined by ¢ and ¢, respectively ¢’ and ¢. To prove [1]it is therefore enough to show
that p preserves adjacency. Assume < and < are adjacent bowties in 5. Then there
exists an index i such that ¢N¢ = p;. By assumption ¢ = ¢ and y; = y; for all j. The
map 7 is an isomorphism hence 7(c) = 7(c’) and 7(¢) N 7(¢) = 7(p;) therefore p(x)
and p(<') are adjacent.

It remains to prove 2] The preimage under p of a bowtie 1 = (c, ¢, {y;}) in Br is the
following set

,A, z;}) =T ,é:TA,TTq y(x;) =y; for all ¢+ € T}.
d,d d d (p2) for all I

Further

p (=) = {(d,d, {x;}}) : 7, (x;) = ; for all i € I}.
Therefore p~!(>) is parametrized by the pre-images of the y; in the panel tree. Each
apartment of a panel tree is isomorphic to A, respectively I', and for each ¢ the restric-
tion of 7, to a fixed apartment equals e : A — I'. Therefore we see that ker e is exactly
{z; : 7,,(x;) = y;} and the assertion follows. O

Proof of Theorem[6.17. Tt is clear by definition of p that 9(p(S)) = 7(9S) for all Weyl
chambers S in X,. Therefore 7 is induced by p. It remains to prove (6.17.2)). Given
x,y € X). Let A be an apartment of X, containing x and y. Fix a chart and identify
A with the model space Aj such that y = 0, and x € CJ/}, where by CJ/} we mean the
fundamental Weyl chamber in Aj. Let A’ be the the image p(A) in Xp. Identify A’
with Ap such that Op = p(04) and p(z) € C;. Recall that by Proposition an
ecological isomorphism induces maps 7,,, : Ty, — T(m) such that (6.16.1)) holds.

Associated to x there exists an n-tuple (ki, ..., k,) € A" such that
v € Hip, ={2:(z,a)) =k}

forall: =1,...,n. Let m; be the parallel class of H; ;, and let T},,, be the corresponding
wall tree. Then H, j, determines a unique point y; in 7},,,. By definition of the distance
function dz,, on T,,, and by definition of z* we have that

dr,, (Yi, Omy) = ki = (z, o)) = 22",

Hence the k; determine the coordinates x* uniquely.

By Proposition [6.16] and the definition of p in Proposition the following is true for
all e I

2<p<x>>z - dTT(mi) (Tmi (yl)ﬂ Tm; (Omz) = 6<dTmi (yiv Omz))
Proposition implies that for all z € C}

dr(z,0) = Y > b

acRt =1
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with the coefficients b defined by av = >""" | b*cy;. Put z = p(x). Using the equations
above, we have

dr(p(2),0)= Y > pi(p(x))

acR*T =1
= > > pieldn,, (4, 0m,))
acRT i=1
= (Z ZP?dTmi (yiaomi)> = e (dp(z,0)).
acRt =1
In particular dr(p(x),0) = dx(z,0) if A =T and e is the identity. ]

Theorem can be reformulated as follows.

Theorem 6.20. Let Aut(X, A) be the subgroup of the automorphism group of an affine
building (X, A) that leaves the apartment system A invariant. For each T € Aut(X, A)
let p, denote the automorphism of X induced by 7. Then T — p, is an isomorphism
from Aut(X, A) to the group of ecological automorphisms of 04X .

Proof. An element of Aut(X,.A) preserves the tree structure at infinity and therefore
induces an ecological automorphism of 94X. The converse holds by Theorem [6.17, [

Let (X, A) be an affine building and denote by A its building at infinity. Let GT be
the subgroup of the automorphism group Aut(A) generated by the root groups of A.
Theorem is the analog of Theorem 12.31 in [Wei08]. Due to Corollary the
proof is literally the same as in [Wei(8].

Theorem 6.21. Suppose the rank of A is at least two, then all elements of Gt are
ecological and are therefore induced by a unique element of Aut(X, A).
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7 Buildings for the Ree and Suzuki groups

In [HKWOS| we gave a geometric classification of affine buildings associated to the Ree
and Suzuki groups. A partial result of that classification is Theorem [7.27] The main
purpose of this section is to give an algebraic proof of [7.27] Along the way we prove
interesting formulas in that might be of independent interest.

7.1 Root data and valuations

This section is a review of the definitions of root data of spherical buildings and their
valuations.

Notation 7.1. In the following let W be the spherical Weyl group of an irreducible
root system R in the sense of Definition and let S be the set of generators of W
determined by a fixed basis B of R. If |S| = 2 and W is a dihedral group of order 2n for
n =>5orn > 6, let R consist of 2n vectors evenly distributed around the unit circle in
R? and think of S as the reflections along the hyperplanes determined by two vectors
forming an angle of @180 degrees, i.e. R is a root system of type I3(n). Denote by
V' the ambient vector space of R.

In the following the Moufang property, defined in [2.4], will play an important role. Let
us define the analog in the spherical rank one case.

Definition 7.2. Let A be a spherical building of dimension zero, i.e. of type R = A;.
Let ¥ be an apartment of A and identify the two vertices of ¥ with the two elements
of R. A Moufang structure on A is a set of nontrivial groups (U, )aer satisfying the
following two axioms

1. For any « € R the root group U, fixes o and acts simply transitively on A\ {a}.

2. For each a € R the stabilizer of « in G := (U,, U_,) normalizes U,.

The conjugates UZ, for g € G are called root groups.

Remark 7.3. Note that a Moufang structure is independent of the choice of the apart-
ment ¥. The building A has to be thick, i.e. |A] > 3, since we assumed the root
groups to be non-trivial. Saying that a rank one building A is Moufang, we mean that
we have a particular (fixed) Moufang structure in mind.

For the remainder of this section we fix the following notation

Notation 7.4. Let A be an irreducible spherical building of type R satisfying the Mo-
ufang condition as defined in [2.4|respectively . Denote by (W, S) the Coxeter system
associated to R and by V its ambient space. Fix an apartment 3 of A and identify its
roots with the elements of R. The root group associated to a root « is denoted by U,,.

Proposition 7.5. With notation as in[7.4] let o be an element of R and —a its opposite
root in an apartment 3. Then
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1. There exist maps \,k : UZ — U*_, such that for all uw € U}
myx(u) = k(u)ul(u)

fizes 3 setwise and induces the unique reflection s, on R, as defined in[1.6

-1

2. For allu € U, one has mx(u)™' = mg(u™).

Further let GT be the subgroup of Aut(A) generated by the root groups U,, o € R. Then
Gt is transitive on the set of all pairs (X, c) of apartments ¥ in A and chambers ¢ € X.

Proof. For assertions 1.-3. see [TW02|, 6.1-6.3] for the second half of the proposition
compare [Wei(3, Proposition 11.12]. ]

Definition 7.6. Let A be an irreducible Moufang spherical building of type R. A root
datum of A (based at X) is a pair (3, {Us}acr), where ¥ is an apartment of A and
{Uq }aer is the set of corresponding root groups.

One can prove that a root datum is, up to conjugation in G, independent of the choice
of an apartment > and the identification of the roots of ¥ with the elements of R.

Definition 7.7. Let R and (W, S) be as in For roots o, f € R with o # 3 let
the interval [a, 3] be the sequence (v, ...,7s) of roots v; € R such that

. s
(v, %) T (a,a) (B, 0)

for some positive real numbers p;, ¢; and such that

Z(yi, ) < Z(7;, ) if and only if i < j.

Define the open interval («, ) to be the set [, 5] \ {«, 5}.

Note that s depends on « and 3 and that sometimes s = 0 and [o, §] = 0.

Definition 7.8. Let (X,{U,}acr) be a root datum of a spherical building A. A
collection ¢ = (pq)acr Of maps p, : UX — R is a valuation of the root datum if the
following axioms are satisfied.

(VO) |pa(Uy)| > 3 for all « € R

(V1) The set Uy := {u € U, : @o(u) > k} is a subgroup of U, for all a € R and all
k € R, where we assign ¢, (1) = oo for all a.

(V2) Given a # £/, the commutator

[Ua,kaU,B,l]C H Uw,pk+ql
v€(@,0)

where p, ¢ and (a, 3) are as in [7.7]
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(V3) Given «, § € R and u € U}, there exists t € R, such that for all z € Uy

Paap) (27) = pa(x) + 1.
Moreover if a = [ then t = —2¢, (u).

Note that condition (V'2) is empty in the rank one case.

Definition 7.9. Let ¢ and ¢’ be valuations of a root datum based at ¥. Then ¢ and
¢’ are equipollent if there exists v in the ambient space V' of R such that for all « € R
and all u € U,

Polu) = @alu) + (v, @).
We also write ¢’ = ¢ + v.

7.2 Ree and Suzuki groups

In this section we collect well known facts about the three families of Ree and Suzuki
groups using [Tit83], [Tit95] and [TW02| as references.

Notation 7.10. We will consider three cases B, F' and G. Let in all cases K be a field
of positive characteristic p and let 6 be a Tits endomorphism, meaning that 62 is the
Frobenius « — 2P on K. Therefore F := K? is a subfield of K and containing K?.

In case B let p = 2 and let L be an additive subgroup of K containing F' such that
LF C L. Hence (K, L, L?) is an indifferent set as defined in [TW02, 10.1]. The induced
building BY (K, L, LY) is a Moufang quadrangle called Qp(K, L, L?) in [TW02, 16.4].
Hence its type is Bs.

In case F let again p = 2. The pair (K, F) is a composition algebra as defined in
[TW02, 30.17]. This data determines a building Fy (K, F') which is spherical and of
type Fy.

In case G let p = 3. Then (K/F)° is a hexagonal system in the sense of definition
[TWO02, 15.20]. Determined by this data there is a Moufang hexagon Go((K/F)°) (of
type Go) which was called Hp((K/F)°) in [TWO02, 16.8]. From now on let A denote
one of the buildings BY (K, L, L°),F4(K, F) and Gy((K/F)°).

Let R be the type of A. Denote by V' the ambient vector space of R and fix a Weyl
chamber S in V. In all three cases there exists a unique nontrivial element 7 € Aut(R)
fixing S. Then 7 induces an automorphism of the associated Coxeter complex which
has order two and is non-type-preserving. One can prove

Theorem 7.11. Fiz an apartment 3 of A and a chamber ¢ € 3. Identify the roots
of X with the elements of R such that S corresponds to c. Then there exists for each
a € R an isomorphism x, from the additive group (L,+) to U, in case B and from
(K,+) to U, in cases F' and G such that the following is true: There exists a (non-type
preserving) automorphism p of A fizing ¥ and C' setwise such that

To(t)” = Lr(a) (t)

for all « € R and all t € L, respectively in K.
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Proof. Compare [HKWO08, Thm 5.3] ]

The map p of Theorem is an involution of A switching the roots in the basis B of
R which is determined by C' and switching the root groups associated to B as well.

Definition 7.12. Denote by A” the fixed point set of p in A. Let G be as in and
let G denote the group of automorphisms of A” induced by the centralizer of p in GT.
In case B the group Sz(K, 0, L) := G is a Suzuki group. In case G and F these are the
Ree groups denoted by Ree(K, 0) and 2F4(K, ), respectively.”

The spherical buildings for the Ree and Suzuki groups are the fixed point sets of certain
involutions of A.

Let R and V' be as in 7.11] Denote by V the set of fixed points of 7 in V. Let @& := a4a”

then ¢ € V since 72 is the identity. Define ¢ := ﬁ and
R = {&:acR}.

Then R is the root system A; in case B and G, which is easy to see, and equals the
root system [»(8) in case F, which was proved by Tits in [Tit83].

Proposition 7.13. The fized point set AP carries the structure of a spherical building
of type R satisfying the Moufang condition. These are the Suzuki-Ree-buildings.

Proof. Compare Theorem 6.5 in [HKWO0S)| O

In case F the building A” is a generalized octagon, in case B it is sometimes called
Suzuki ovoid and Ree-Tits ovoid in case G.

In the following we will describe the structure of the root datum of the Suzuki-Ree
buildings. Let us first fix some notation.

Notation 7.14. Adopt notation for the cases B,F and G from [7.10] Let R, V' and

Y, ¢ as well as p be as in . Denote by A the building of type R appearing in
Proposition and let 3 be the set of fixed points under p in X, which is isomorphic
to the Coxeter complex X(R). Identify the elements in R with the roots of Y. Let
¢, V and S be defined analogously. In general data belonging to the ambient spherical
building A is denoted by letters without a dot and data belonging to the Ree- and
Suzuki groups is denoted by the same letter with a dot.

7.15. Case F - Octagons Let (K, 0) be an octagonal set and let KéQ) denote the group
with underlying set K x K and multiplication

s, t)x(u,v)=(st+u+tv,t+v
t .t

for all (s,t), (u,v) € KéQ). Note that the inverse of an element (s,t) € K(S2) is given
by (s + t°F1 ). The positive roots in R can be enumerated by {i = 1,...,8} such that

"The groups 2F4(K, 6) are nowadays more closely associated with Tits and more often called Ree-
Tits groups.
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the root group U; is parametrized by the additive group of K if i is odd and by K zfz
is even. The parametrization maps are t — x;(t) if i is odd and (s,t) — z;(s,t) zfz is
even. In the second case write z;(t) := x;(t,0) and y;(t) := x;(0,t) for arbitrary t € K.
We refer to these elements as monomials. The building A is uniquely determined by a
list of commutators satisfied by the root groups U,. Compare [TW02, 16.9]. A norm

on KéQ) 1s defined by

R(s,t) =" + st + &°
for all (s,t) € K(Q). Tits proved in [Tit95] that R is anisotropic, i.e. R(s t) =0 only if
(s,t) = (0,0). If v is a root whose root group is parametrized by K ) then let hy, (s,t)
denote the product my(x4(1,0))ms(z4(s,1)).

7.16. Case B - Suzukl 0v01ds Let K and L be as in[7.10. Note, that as additive
groups L = K. Define L ) to be the set L x L together with the multiplication

(5,1) % (u,v) = (s +u+tov,t +v)

forall (s,t), (u,v) € LéQ). Note that, as in case F, the inverse of an element (s, t) € Lg)
is given by (s + t%71t). The root datum of the building A? =: A contains two root
groups, namely U, and U_, both parametrized by LéQ). There exist maps x4 : Lg) — Uy
such that x4 (s,0)z+(0,v) = z+(s,v) and

v, 1) (10,0) = s (5 + 0+ 0,8 +0)
In analogy to case F the norm of LéQ) 15 defined by

R(s,t) =t + st + s

for all (s,t) € L§2). By [Tit95)] the norm R is anisotropic. Let ho(s,t) denote the
product my (x4(1,0)) mg (x4(s,1)).

Remark 7.17. Let Ap denote the building described in and Ap the one in .
Assume that in case B we have K = L. There exist rank two residues of A r which are
fixed by p and are isomorphic to Ag. One can identify the residue with Ap such that
the induced Moufang structure from Ay coincides with the one on Ag.

7.18. Case G - Ree Tits ovoids Let K be as described for case G in[7.10, Define
3) to be the set K x K x K together with the multiplication

0+1

(r,8,) % (w,u,v) = (r +w,s +u+ 7wt +v—ru+sw—rw)

for all (r,s,t), (w,u,v) € T®. Note that (—r, —s + r'*1, —t) is the inverse of (r,s,t).
The root datum of a Ree Tits ovoid contains two root groups, namely U, and U_ which

are both parametrized by T®). Hence there exist isomorphisms x4 : T®) — Uy such
that

T4 (r, s, e (w,u,v) = ot (7“ +w, s +u+ 1w, t +v—ru+ sw— r9+1w) .
A norm of the group T® is defined by
N(r,s,t) = POFLG0 g0 OB 202 0 01 | g2 20+

for all (r,s,t) € T®). Note that N is anisotropic by [Tit95], meaning N(r,s,t) = 0 only
if (rys,t) =(0,0,0). Finally let ho(r,s,t) be equal to ms(x,(0,0,1))ms(za(r,s,t)).
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Lemma 7.19. Consider the cases B and F as described in[716 and [Z13. Then there
exists a root a € R such that U, is parametrized by Lé2), respectively KG(Q) and the
following formula holds

To(u,v)E) = 1, (uR(s,t)’, vR(s,t)>"?) (7.19.1)

for all (s,t) € L((f) in case B, respectively in K(gQ) i case F. The root o 1s unique up
to the choice of a basis of R. Furthermore in case F there exists a second root 3 such
that o and (3 form a basis of R and such that

xﬂu)mz(mﬂﬂ)mz(mﬁ(l)) = x5(t 2u). (7.19.2)

Remark 7.20. In case F let the roots be enumerated as in [L.15] then « in the lemma
above corresponds to ag and (3 to a;. In case B one can identify o with the positive
root and U, with U,.

Proof. We prove ([7.19.1)) using [TW02, 16.9] and [TWO02), 32.13]. Let us first consider
case F. The commutator relations in [TW02, 16.9] are given for monomials zs(v) or
ys(v) only. Hence let us first calculate zg(v)"(**). The formulas in [TW02, 16.9] imply

[2(w)"s®Y g (0) 1] = 2y (uev)hS(s’t) 5(uv)"* Dz (uve)hs(s’t) .

Applying [TW02, 32.13| twice we get

Let v be defined implicitly by zg(v)"() = z4(v’). Hence the commutator of zg(v') and
zo(u'), where u' = uR(s,t)~!, determines v’ uniquely. By [TW02, 16.9] (v/)%' = u’v
hence v' = vR(s,t)? and therefore

25(0)"0 = 2y (uR(s,1)").

Now calculate yg(v)"s(?) . Using [TW02, 16.9] again

[wl(u), ys(v)—l} = yo(uv) - - 27 (uv9+2) _

The element yg(v) is, by [TW02, (6.4)(i)], uniquely determined by z;(u) and ys(uv).
To calculate the action of hg(s,t) it is therefore enough to look at the first term of
the commutator. Assuming that (yg(v)~!)"s() = yg(v/)~! for some v’ the formulas in
[TWO02, 32.13] imply that

hg(s,t)

which is equivalent to

[z1(uR(s,1)7"), ys(v') ] = y2 (uoR(s, 1)) - - z7 (uve+2)hs(s,t) ‘



7 Buildings for the Ree and Suzuki groups 52

Since uR(s, )" = uvR(s,t)17? we have v' = vR(s,t)?"% and

_1\ ha(s,t _o\—1
(ys(v)™) s _ ys (VR(s,t)*?)
Since v’ is unique and since our choice satisfies the appropriate conditions we are done.
By m we have zg(u,v) = x5 (u 4 v”*!) ys(v) ™. Using the above calculations we can
conclude
hg(s _ s,
zg(u, )Y = g (u-+0") s (ys(v) 1)h8( K
_o\—1
=25 ((u+ 0" R(s, 1)) ys (vR(s,)*>"?)
xs (uR(s,t)’, vR(s,t)>"7).

This finishes the proof in case F. By remark the formula holds in case B by

restricting the parameters to Léz).

Consider the case F and let § = aq with the enumeration of the roots as in[7.15 The
proof of ([7.19.2)) is as follows. The commutator has to satisfy

[331 (u)m2($1(1))$2($1(t))’ IG(U)mZ(II(I))IZ(xl(t))} - x4(uv)mz(z1(1))zz(x1(t))'

This is by [TWO02, 32.13] equivalent to
[Ccl(u)mz(ﬂﬁ1(1))562($1(f))7 Tg (t_lv)] = 24(tuv).

Let v/ = t~'v and w'v' = tuv. The value of z;(u)™>@(Mz=(@1(t) i5 implicitly defined

by the commutator of z1(v") and zg(u’), which is z4(u'v") by [TWO02), 32.13]. Therefore
ry (u)m=@Mze@0) = ) (v') = 21 (2u). Hence (7.19.2) holds. O

Lemma 7.21. In case G there exists a root a € R, unique up to a choice of a basis of
R, such that U, is parametrized by T®) and the following formula holds

To(w, u, v) s = gz (wN(T, 5,1)* 7 uN(r,s, 1)1 uN(r, s, t))
for all (r,s,t) € T®),

Proof. This is proved in chapter 6 of [HKWO0S]. O

The following will be useful in the next subsection.

7.22. Assume in case F' as described in . Denote by R the roots of an apartment
of A. Let my denote mx(x1(1)) and write mg instead of mx(x5(1,0)). The group
N = (my,ms) is a dihedral group of order 16 which acts by conjugation on the set
of roots R. This action has two orbits, the roots with even index and the roots having
odd index. The stabilizer of each root in N is a group of order two centralizing the
corresponding root group.

Lemma 7.23. Let  be a valuation of the root datum of the building A of case B. Let
R be the set of roots in a fized apartment 3 and let N be as in . Forall g € N, all
roots a € R and all w € U} the following holds:
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1. @a(u) = Pag (ug)

2. my(u)? = mx(uf).

Proof. The action of N on R is induced by the action of N on Y. By definition we
have w9 € UJ if and only if u € U,. The root groups are parametrized by maps
t — z;(t) wheret € K ort € K(Sz) if 7 is even or odd, respectively. By [TW02l, 32.13]
the parameter t is not changed by elements of N. Since ¢;(x;(t)) only depends on the

parity of the index (and the parameter ¢) equation (1| follows. For part [2| see [TW02,
(6.2)]. O

7.3 Affine buildings for the Ree and Suzuki groups

The main result of this section is Theorem proving (under certain conditions) the
existence of generalized affine buildings X associated to each of the Ree and Suzuki
groups. Together with [7.26] this gives a classification of all generalized affine buildings
having a Suzuki-Ree-building at infinity.

For the rest of this chapter fix the following notation.

Notation 7.24. Let K, A, ¥, R, V and p (as well as the same letters tagged with a
dot) be as in m The root « is as in and . Assume that opposite root
groups are parametrized such that z,(s,t)">(9 = 2_,(s,t) in case B and F and
To(r,5,1)™=O0) = 2 (r s,t) in case G.

Definition 7.25. Let K be a field of positive characteristic p endowed with the Tits
endomorphism 6, as in . A valuation v of K is f-invariant if v (me) = /p v(x) for
all z € K*.

A proof of the following result can be found in [HKWOS].

Theorem 7.26. Let notation be as in|7.24. Assume that ¢ is a valuation of the root
datum of A based at %, as defined in|7.8. Let o = 1 — o(w) with w = x4(1,0) in
cases B and F and w = x,(0,0,1) in case G. Then there exists a unique 0-invariant
valuation v of K such that ¢ is uniquely determined by v, 1.e.

Vo (Ta(s,t)) = v (R(s,1)) (7.26.1)
for all (s,t) in (LéQ))* in case B, respectively for all (s,t) in (K9(2))* in case F' and
P (5a(r,5,8)) = ¥ (N(r, 5,1)) (7.26.2)

for all (r,s,t) € (T®)* in case G.

Conversely each such valuation v extends to a valuation of the root datum.

Theorem 7.27. With notation as in assume that v s a H-invariant valuation of
K such that |v(K)| > 3. Let ¢ U, — R be defined by equation , in cases B
and F, and by equation in case G. Then @, extends to a Ualuatwn © of the
root datum of A based at E and there exists a non-discrete affine building having A as
building at infinity.
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In [HKWOS| we obtained as a consequence of the following stronger result. Below
we will give a direct (algebraic) proof of this theorem.

Theorem 7.28. Let the building A with polarity p and A = AP be as in|7.24 Let
K be the defining field of A. Then for each 0-invariant valuation v of K there exists
a (nondiscrete) affine building (X, A) with A as boundary and there exists a unique
automorphism p of X inducing p on A. Furthermore there is a unique building (X A)
contained in the fixed point set of p in X such that QAX A. In addition Aut(X)
contains a subgroup inducing a Suzuki or Ree group (depending on the case) on A.

The main ingredient in the proof of is the following proposition. In case G the
proof is based on a suggestion by Theo Grundhofer.

Proposition 7.29. Let notation be as in[7.24} Then (in cases B and F)
v (R(s,t)) = min {\/5 v(s), (V2 + 2)y(t)} and (7.29.1)
v (R (za(s,t) - a(u,v))) > min {v (R(s, 1)), v (R(u,v))} . (7.29.2)
And in case G
v (N(r,s,t)) = min {y(r)@ﬁ +4),0(s) (V3 + 1), 21/(75)} and (7.29.3)
V(N (2a(r, 5,1) - 2a(w,u,v))) > min {v (N(r,s,8)),v (N(w,u,0))}.  (7.29.4)

Proof. In case G the proof of the assertion can be found in appendix 9 of [HKWO0S].
For the proof of cases B and F suppose first that
v(s) > (1+V2)u(t).
Then min {1/ (39) U (t(’“)} =v (t9+2) and hence
v(st) > (V2 +2)u(t) = v (1**?) and (7.29.5)
v (s7) = V2u(s) > (V2 +2)u(t) = v (t2). (7.29.6)

Since for any a,b and any valuation v(a + b) > min{v(a),v(b)} is satisfied, we can,

together with inequalities and (7.29.6), conclude that
v (s’ +st) > v (£77?).
And hence
v(R(s,t)) = v (1" + st + 5%) > min {v (¢*"?) v (st + s°) } = v (¢"7?) .

Secondly suppose v(s) < (1 + v2)v(t). Therefore min {v (s°) ,v (t+?)} = v (s?). In
case that v (R(s,t)) is strictly bigger than v (s”) we have

v(s) + V2 v (R(s,t))

, B 1
v (tR (S,t)) = I/(t) + \/§ V(R(Sat)) Z + \/é

1
= (V2= 1u(s) + V2 v (R(s,1))
> (V2 - 1)v(s) +V2v (s”) = V2 +1u(s).
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On the other hand, using the assumption v(s) < (1 + v/2)v(t), we can conclude

v (T 4+ 5)R(s,t)) = v (R(s,t)) + v (T +5)

> v (R(s, 1)+ v(s) > (V2 + 1)u(s).
And hence
v (tR(s,1)) > (V2 + 1)u(s) (7.29.7)
v ((t*T +s) R(s, 1)) > (V2 + 1)u(s). (7.29.8)

Using the fact that s = tR?(s,t) + (1" 4 s) R(s, t) and the inequalities ((7.29.7) and
(17.29.8) we have

v (39“) > min {v (th(s, t),v ((tOH +5)R(s,t)) }
> (V2 + Du(s)

which is a contradiction. Therefore v (R(s,t)) = v (s”) and (7.29.1]) holds.

v
To prove (7.29.2)) let y := z,(s,t) and z = 24(u,v). Then y-z = z, (s +u+tv,t+ U)
and, using ([7.29.1]), therefore

v(R(y-z)) =min{v ((s +u+t)") v ((t+2v)?)}
= min {v (s’ + u’ + £20%) v (P72 + 0772 + 1907 + t207) }
> min {1/ (39) JV (ug) U (t%e) ,V (U2t0) SV (t9+2) ,V (v0+2)}

Simple calculations imply that both expressions v (t2v9) and v (the) are greater or
equal than min {1/ (t(’“) N7 (v9+2)}. Hence

v(R(y-z)) > min {1/(80), v, v(u?), V(v0+2)} = min {v (R(s,t)),v (R(u,v))}
and equation follows. n

In case F we need the following additional Lemma.

Lemma 7.30. In case F let ¢ be a valuation of a root datum of A. Let the roots be
enumerated as in and let the root o of [T.24], be identified with as. Assume that
Va(Ta(s,t)) = v(R(s,t)). Then

P (Ta,(K)) = \/ 2+ V2 v (k)
for odd i and all k € K.

Proof. Denote z,, by z;. Using s1(as) = ag and the formula in the proof of (10.21) in
[Ron89| we have

s (w2, )1 O) ) = 3 (20, (5,1)) + 201 (30, () - (0, 5),
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By the scalar product (o, s) equals —3v/2 + V2. Equation 32.13 of [TW02]

implies

@5 (Tas (K775, K71)) = 02 (Tay (5,1) = V2 4+ V2 o1 (20, (K)) -

With s =0 and t = 1 the previous equation reads

¥8 (xas (07 k_l)) = ¥2 (xOéQ (Ov 1)) Y 2+ \/5 ¥1 (Ial(k)) :

Defining ¢ := @9 (24,(0,1)) we can conclude

o1 (2oy (K)) = g (2ag (0,67 + e = /2 1+ V2 u(k).
2+ /2

Using [7.22] the assertion follows. O

7.4 Proof of the main result
We verify the axioms of Definition [7.8|

Proof of Theorem[7.27. Axiom (V0) is a direct consequence of the assumption that
|v(K)| > 3. We prove (V1). In case F let a be a root whose root group is parametrized
by the additive group of K. The valuation of the product of two elements z,(s) and

Zo(t) of Uy, is calculated using [7.30}

Por (T0(5) - Ta(t)) = Qo (Tal(s +1)) = \/2+ V2 (s + 1)

=1/2+v2 min{v(s),v(t)} > k

Hence in this case (V1) holds. Consider the cases F and B with « as in [7.24] Let
To(S,t), o(u,v) € Uy be given. Then, by definition of U, x, the values ¢, (z4(s,1))
and @, (T4(s,t)) are greater or equal than k. Let y = z,(s,t) and z = z,(u,v).

Equation (7.29.2)) implies
Yo (y-2) =v(R(y-z)) = min{pa(y), val(2)}.

Therefore (V1) holds in case F (for all root groups parametrized by Kg(z)) and is true

in case B, where all root groups are parametrized by Lé2). In case G let y = z,(r, s,t)
and z = z,(w,u,v) in U, be given. Then, by equation (7.29.4)), we have

@a(y - 2) = min{wa(y), ¢a(2)}-

Hence (V1) holds in case G.

Condition (V2) is empty in rank one, which are the cases B and G. To prove the
assertion in case F one has to verify property (V'2) for all pairs of elements whose
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commutator relations are in the list of [TW02, 16.9] first. These, the multiplication
of K 9(2) and the action of NV, as described in imply axiom (V'2) for arbitrary root
group elements. Checking (V'2) for all pairs with commutator relation in [TW02, 16.9]
forces a lot of calculations which are all of the same kind: Given roots «, 3 one has
to determine p,, ¢, for all v € («, ). Since the elements describing the commutators
already appear in the correct order (see [TWO02, 16.9]) it remains to check that they
are contained in U, p g14,1, 1.6. one has to calculate the value under the valuation ¢,
and compare it with the values of the chosen elements in U, and Us;. We will not
write out all the calculations. Hopefully the given example will enable the interested
reader to do the missing calculations himself.

Let = a7 and = a4 and let k := ¢1(21(t)) and [ := p4(24(0,u)). By definition we

have
1 (z1(h) = \/2+ V2 u(t) (7.30.1)

01 (24(0,1)) = (R0, 1)) = \/2+ V2 v(u). (7.30.2)
By [TW02, 16.9] we have

and

[21(2), 24(0, u)] = @2(tu) (7.30.3)
With p,, = —¥2_ and — — Y2 one can check that Vo (T2(tu)) = Dank + Gayl.

NN AP TVNE
Assume now, that (V2) holds for all pairs of roots where the commutator is contained
in [TW02, 16.9]. Following the arguments in (16.9) in [TW02| and applying the action
of N to this list, axiom (V'2) holds for all pairs of arbitrary elements in odd and
all monomials in even root groups. They also hold for elements of even root groups
having the form z;(u, v) where neither u nor v equals 0. It is enough to prove the cases
[21(t), z8(u,v)] and [xg(u,v),z1(t)]. All other missing commutator relations involving
non-monomial elements of even root groups can be deduced from these using the action

of N.

By definition of the multiplication in K gz) we have

ws(u,v) = ys(v) " ws (u+077).

Let v/ = u + v7*2. Since [a, cb] = [a, b][a, c]® for arbitrary a,b we have

[1(8), ys(0) s (w)] = [ (), @s ()] [21(8), (o) ]

It is easy to see that if g (zg(u,v)) > k then also g (xg(u’)) and g (ys(v)™!) are
greater or equal than k. By [TW02, 16.9] we can write [z (t), zg(uv')] and [z (¢), ys(v) ']
as

[21(t), 2s(v)] = wa...w;  and  [z1(t),ys(v) ] = 2. 2

where the w; and z; are monomials. Therefore the expression

[21(t), s (u, 0)] = [ (t), s (u)] ws(u) " [21(8), ys(v) ] 25

=wy... wrrg(u') 29 ... zrws(u)
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can be re-sorted using the commutator relations. Hence
[21(t), w5(u, v)] = wh . .. whag(u') tag(u')

and (V2) holds. The proof for [xg(u,v),x;(t)] is analogous to the one just finished.

First prove (V3) in case B. Assume that a = [ are equal to the positive root, then
the positive and negative root are switched by the reflection s, = sg. Let x4 (s,t) and
x := x4 (u,v) be elements of U,. By Lemma and the formula for the inverse of an
element x(s,t) observe that

ms(s mx(s,t)m -1
o (.CI? =( ,t)) _ 90+($) =, (.CE =(s,t)m=(1,0) ) — ¢+($)
-1
o (alme0 Ot g ()

1
0. <$(h+(8,t+sa+l)) ) — . (2).

Lemma ([7.21)) implies that
pr (240007 ) = o (o4 (aRle,d)", bR(c,d)'?))
for all (a,b) and (¢,d) in Léz). Hence

m S m m S 0+1 -t
o (a™=00) — oy () = pu (93( (1 Ohm(e4774) > — 4 (2).
=@ (x+ (uR (s + 071, t) -’ ,OR (S + ¢ t) 972)) — p+(z)

=y (R (uR (s+ t9+1,t)_9 R (s + t(”l,t)e_z)) — v (R(u,v)).
Simple calculations imply that R (s + 9+ t) = R(s,t) and therefore

oo (a™00) = g (2) = —2v (R(s,1)) = 24 (24 (s,1))

The calculations for U_ are completely analogous to this case. Therefore axiom (V'3)
is true in case B.

To prove (V3) in case F we have to verify that for each pair of roots «, f and v € U}
there exists ¢ € R, independent of z € Ug, such that

Psa() (@"=M) = pp(a) + t. (7.30.4)

Assume holds for all pairs (a, 3) such that either « = oy and § € {ao, ..., as}
or « = ag and € {ay,...,ar}. Using the action of N, as described in equation
holds for arbitrary pairs: given (a, ) = (o, a;) there exists a unique g € N
such that either a9 = ay and 39 € {ag,..., a3} or o = ag and (39 € {ay,...,a7}. The
assertion follows by Lemma [7.23]

It remains to calculate all the cases where a« = oy and 8 € {ag,...,ag} or « = ag and
B e€{a,...,ar} and the cases a = [ € {ay,as}.
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Let @ = a, 8 = ag. For arbitrary = = xg(u,v) € Ug and (k) € U, condition ([7.30.4])
holds by [TW02], 32.13| and the following calculation

Vo (me(k)) — ps(T) = P9 (xg (k:9+1u, k:v)) — ps(x)
1

=v Py, ko)) ——= — ps(
= v (R (K" 'u, kv)) — ws()
— 0)0+2 04240, 0+2,,0 ;_ s(x
((kv)"*2 + & + kOT20) — ps()
U (7)o (R(u) e 0 (R 0)

2++2 2+/2 2+2
=\/2+V2u(k)=:t

The parameter ¢ is independent of the choice of x since v(k) = 1 (z1(k)) is independent
of the choice of x. The remaining cases where a # 3 can easily be calculated the same
way using [TWO02, 32.13].

Let a« = = ;. Recall that s;(a;) = ag and that ag' = «;. By and we
have for arbitrary x = x1(t),u = z1(k) € U, the following

Csaip) (2™P) — 1 (2) = @y (™0 — 01 (2)
= o1 (1) (@)
=1 (xl(k”t)) — ¢1(x)

—2v(k) = —2¢1(u).

This implies (7.30.4)) with ¢t = —2p1(u).
Let @ = 3 = ag. Using ss(ag) = ag, op® = ag, Lemmata and we have for
arbitrary x = xg(v,v’), u = xs(k, k') € Uy the following
Boats) (24 = s x) = po (2704 = ()
= P8 (ifhs(k’kl)) — wg()
= s (w5 (0BT V' REL)) — s(2)

1
=20 (R p) ————= = —2¢s(u).
V242
This implies ([7.30.4) with ¢t = —2pg(u).

We will finish the proof by verifying axiom (V'3) in case G. Let a and 3 be equal to the
positive root and let © = z, (w,u,v) and y = z,(r,s,t) in U, be given. Then, using
Proposition [7.5]2., we can calculate

m m my(x -1
o (a™W) — g, (1) = @, (x = (y)ms (24(0,0,1)) ) — ()

— 0, <x(m2($+(0:0’1))m2(y_1))_1) — o (x)
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By we have for arbitrary a,b, ..., f that
To(a,b, c)h“(d’e’f)_1 =1, (aN(d,e, )72, bN(d, e,f)l’e,cN(d,@f)’l)
and hence

p_ (zmW) — o () = ¢, (m(wN (v ,oN (y‘l)_1>) — o ().

(7.30.5)
It is easy to verify that ([7.30.5) implies

[ <x+ (wN (y’l)e_2 ,uN (y’l)l_e,vN(yfl)A)) =v (N (y’l)_2 N(w,u,v)) :
(7.30.6)
Using equation and the fact that N(y) equals N(y~!) we can conclude that the
term o_(2™>®)) — @, () is independent of x, in particular

o (2m9) = o (@) = (N (™) P Nlw,u,0)) = v (N(w,u,v))

= v (N (y’l)_2) =20 (y ).

Therefore (V'3) holds in all cases and the proof of is completed. O

7.5 Examples of #-invariant valuations
Quotient field of polynomials in two variables

Let K be a field of characteristic p, let # be the Tits endomorphism. A real valued
valuation v of the ring of polynomials K[s, t] in two variables is given by the following
formula: Let p(s,t) = >, oy ais't! with finitely many a;; # 0 be given and define

v(p) == min {(i + /P j) : ay # 0}

In particular v(s) = 1,v(t) = /p.

Define a valuation, also denoted by v, of the quotient field K (s,t) using v : K[s,t] — R
as follows: Given 2 € K(s,t) then

v (2—9) =v(p) —v(q).

q
We extend 6 to an endomorphism from K (s,t) to R by setting t’ = s and s’ = t.

Lemma 7.31. The map v : K(s,t) — R is a 6-invariant valuation.

Proof. Given two elements ~ and ‘;i: of K(s,t) it is obvious that

(2£)+6) )
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/

Assume that v <p ) >v (%) which directly implies that v(p'q) < v(pq’). Hence

Y (S T qu) =v(pd +p'q) — viqq')
> min{v(pq'), v(p'q)} — v(qq)

- (2) () (2

Therefore v is a valuation. To prove f-invariance let p(s,t) = 3, iy ai;s't’ be given
and assume that v(p) = (ig + /p jo). Observe that p’(s,t) = 3 a?.t'sPJ and

1,JEN g
therefore
v (") = (Vpio+p-jo) = Vb v(p).
By definition of the valuation on K (s,t) we can conclude that v is f-invariant. O

Formal Laurent series with real valued exponents

The following example of a real valued #-invariant valuation was suggested by Linus
Kramer.

Let (F,0) be a field of characteristic p. Define K to be the field of formal Laurent
series ). p a;&" with exponents ¢ € R and coefficients a; € F such that there exists a
finite subset I of R with the property that a; # 0 if and only if ¢ € I. Extend 6 to K
by mapping z to v? and define a valuation v on K as follows

v (Zaiﬂ) =min{i € R:a; #0} =min{i € I}.

icl
Lemma 7.32. The map v is a 0-invariant valuation.
Proof. Let P(z) = Y, cg a;x’ and Q(z) = >, g biz’ be elements of K. Let Ip and I
denote the index set of non-zero coefficients of P, respectively ). Assume without loss
of generality that v(P) < v(Q). The index set Ip.g of the product of P and @ consists
of all sums ¢ + j with ¢ € Ip and j € Ig. Since a;a' - bjz? = a;b;x"™7 # 0 if a;,b; are
non-zero, we have

v(P-Q)=v(P)+v(Q)
The index set of the sum P + Q) is
Ipig=UpUlg)\{i € IpNliy:a;=—b}.
It is a finite set and min /p;g > min Ip U I. Therefore
v(P+ Q) =minlp;g > minlp U Iy = min{v(P),v(Q)}.
Hence v is a valuation which is #-invariant by the following observation

v(P) =v (Z af:c\/m) =min{\/pi:i€ Ip} =/pv(P).

i€lp
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8 Convexity revisited

In this section we prove an analog of Theorem for generalized affine buildings. It
is obvious that we have to replace the representation theoretic arguments used in the
proof of Proposition by something combinatorial. During the preparation of this
thesis Parkinson and Ram published the preprint [PRO8| providing a combinatorial
proof of on which the following is based. The main result in this section is [8.30]

8.1 A geometric proof of

Let us illustrate the main argument of [PR0O8]. Even though we formulated Proposi-
tion in terms of galleries we will now give the equivalent statement using paths
and the root operators as defined in [Lit95]. This is the language that also applies for
non-discrete affine buildings as defined in [Ron89) or [Tit86], which is precisely the case
with A = R in Definition 5.1

Notation 8.1. Let (X,.A) be the geometric realization of a simplicial affine building.
Hence R is crystallographic. The model space A is isomorphic to the tiled vector space
V underlying R. Let B be a basis of R with elements indexed by I = {1,2,...,n}.
Denote by II the set of all piecewise linear paths 7 : [0,1] — A such that 7(0) = 0.
The concatenation of paths m and 7y is denoted m = m; * my and defined by

() = ™ (2t), if0<t<1/2
M= M) +m@t—1), if1/2<t<1.

We consider paths only up to reparametrization, i.e. paths 7y, my are identified if there
exists a continuous, piecewise linear, surjective, nondecreasing map ¢ : [0,1] — [0, 1]
such that 7 0 ¢ = ms.

Let B be a basis of R. For any a € B let r,(m) be the path r,(t) := ro(7(t)). Define
a function h, : [0,1] = R by ¢t — (7(t),a") and let n, be the critical value

ne = min{h,(t) : t € [0,1]}. (8.1.1)
If n, < —1 define ¢; to be the minimal value in [0, 1] such that n, = h,(t1) and let

to be the maximal value in [0, ¢1] such that h,(t) > n, + 1 for all ¢ € [0,y]. Choose
points tg = sg < 81 < ... < s, = t1 such that one of the two conditions holds

1. ha(si—1) = ha(s;) and ha(t) > ha(s;—1) for all ¢ € [s;, 5;_1] or
2. h, is strictly decreasing on [s;_1, ;] and ho(t) > rq(s;_1) for t < s; ;.
Define s_; =0 and s,4; = 1 and let m; be the path
mi(t) = m(si—1 +t(si — si—1)) — w(s;—1) foralli =0,1...,r+ 1.

Then m = g * 7y * -+ % Ty q.
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Definition 8.2. Let « be an element of B. Let e,m := 0 if n, > —1. Otherwise, let
n; := m; if hy behaves on [s;_1, s;] as in[1} and let n; := ro(m;) if hy is on [s;_1, ;] as in
2l Then define the root operator e, associated to a by

EQT = T kT kMg k + kT X Tpyq.

Lemma 8.3. [Lit93, Lemma 2.1.] Let a be an element of B and e, as defined in 8.9
If  is a path such that e,m # 0 then (eqm)(1) = 7(1) + —=a.

(a,c)

Notation 8.4. Let us add some notation to 8.1l Let x be a special vertex in A and
assume without loss of generality that x is contained in the fundamental Weyl chamber
C; determined by B. In we extended the two types of retractions r and p to
galleries. Analogously it is possible to consider them as maps on paths by defining the
image of a point 7(¢) to be the corresponding point in the image of an alcove containing
7(t). Again denote these extensions by 7 and p.

AVAVAVAVAVAN
NAVAV: VAVAVAVAVAYAYA
\WAVAVAVAVAVAVAVAVA
VAVAN LVAVAN

\

Figure 10: Illustration of Lemma with z and y as pictured, wg = Sa,50,5q,- The
defined constants are m; = 1, my = 3 and mz = 2.

Definition 8.5. We say that a path 7’ is a positive fold of a path 7 if there exists
a finite sequence of simple roots a;, € B such that 7' is the image of 7 under the
concatenation of the associated root operators Coy, -

Remark 8.6. It would be possible to define positively folded paths similarly to positively
folded galleries using the notion of a billiard path as defined by Kapovich and Millson
in [KMO§|. In fact Kapovich and Millson remark that a consequence of their results
is that the so called Hecke paths defined in [KMOS, 3.27| correspond precisely to the
positively folded galleries defined in [GLO05)|. In particular, by Theorem 5.6 of [KMOg],
the LS-paths defined in [Lit95] are a subclass of the Hecke paths.

Furthermore it is proven in [KMOS§| that a path in an apartment A of X is a Hecke
path if and only if it is the image of a geodesic segment in X under a “folding” which
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is nothing else than a retraction centered at an alcove as defined in (Compare also
Lemma 4.3 and 4.4 and Theorem 4.16 of [KMO0S].)

By |Lit95] the set of LS-paths is invariant under the action of the root operators e,
with a € B, hence any image of a geodesic line (which trivially satisfies the axioms
of an LS-path) obtained by applications of root operators is again an LS-path and
therefore a Hecke path.

Denote by QT the positive cone in the co-root-lattice Q(R"Y). Following [PRO§| the
first important observation is

Lemma 8.7. [PR0OS, Lemma 3.1] Identify the co-roots o with ﬁa. Let x be as in
and let y € (\,ew w(@ — Q). Fiz a presentation wy = s;, ---s;, of the longest
word wy € W and denote by o, the root corresponding to s;,. Define vertices y; in the
convex hull conv(W.x) inductively by yo = y and for all k = 1,2,...,n by the recursive
formula

Yk = Yr—1 — My, where

my = max{m € Z : yp_y — ma;, € conv(W.z) N (z+ Q)}.

Then y, = wo.

Let us restate the assertion of using paths instead of galleries.

Proposition 8.8. Let x be a special vertex in A and assume without loss of generality
that x is contained in Cy. Let w: 0 ~» xt be the unique geodesic from 0 to wox, where
wo is the longest word in the spherical Weyl group W. Let y be a special vertex in A.
There exists a positive fold 7' of m with endpoint ©'(1) = y if and only if y is contained
in AQ(z) :=={z € A:z€conv(W.o)N(z+Q)}

Remark 8.9. The main idea of the combinatorial proof of Proposition [8.8|is to reverse
Lemma and “shift” a minimal path (respectively gallery) 7 from 0 to wox to a
folded path from 0 to y. Let m, := w. By reverse induction define paths m,_; by an
my-fold application of the root operator €a,, tO the previous path 7 in step k, where
k goes from n to 1. According to Proposition the endpoint of 7 is translated by

kaalk 1m Step k.

Example 8.10. In Figure |11 we illustrate the paths one obtains by applying the algo-
rithm of the proof of [8.3 to the example of Figure[10,

The vertex x was chosen in C; and an element y € conv(W.x) is given. We construct
a positive fold of the minimal path connecting 0 and wox having endpoint y.

Picture (1) of Figure|11| shows the minimal path m = 73 connecting 0 and wox. Since
mg = 2 we apply e,, twice in the first step. In picture (2) the path e,,m is drawn
with a dashed line, the path m, with notation as m equals e} *m and has endpoint
Yo. It is drawn with a solid line. Both paths are positive folds of w. Continue with
a 3-fold application of e, to 7', as illustrated in picture (3). One obtains a path my
whose endpoint is y1. Finally a single application of e, gives us the path pictured in
(4) which is the desired positive fold of m with endpoint y.
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Figure 11: Shifted paths according to the algorithm in the proof of Proposition
with wg = 84,54, 54, The constants my are my = 1, my = 3 and ms = 2.

8.2 The convexity theorem

Let us first collect some necessary definitions. For simplicity assume that A = A’ in

Definition [5.1] of the model space A = A(R, A).
Definition 8.11. A dual hyperplane in the model space A(R, A) is a set

ﬁa,k ={z eV :(ws,z) =k}

where k£ € A and w, is a fundamental co-weight of R as defined in Section [I] Again,
dual hyperplanes determine dual half-apartments H,, k * and convexity is defined as in

B.4l The convezx hull of a set C' is denoted by ConV(C)

Definition 8.12. Fix a basis B of R. The positive cone C, in A with respect to B is
the set of all positive linear combinations of roots o € B with coefficients in Asy.

Remark 8.13. In the simplicial case let x be a special vertex in an apartment A. The
set of special vertices in A having the same type as = are translates of x by Q(RY).
Therefore we have by Lemma [3.5] that

[ wA" = Q") = conv(WA) N (A + Q)

weEW
where Q7 is the positive cone in Q and A" is the unique element of W\ contained in
the fundamental Weyl chamber C;.

In the general case the regarded root system R underlying the model space A(R, A, T)
does not need to be crystallographic. The notion of co-root lattice Q(RY) does therefore
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not make sense. The analog role is played by 7', which is transitive on the images of 0
under the affine Weyl group W7T'. Assuming R is crystallographic, defining A = R and
T = Q(RY) these are precisely the special vertices of fixed type and W1 corresponds
to the affine Weyl group associated to R.

Lemma 8.14. For any special vertex x in AR, A, T) let x* denote the unique element
of W.x contained in Cy. Then

cooviWa)NT={yeV:at -yt € (C,NT)} ﬂ C,NT)).
weWw
Proof. Replace Q by T in the proof of Lemma [3.5] n

The two retractions in question are on one hand a retraction centered at a germ of a
Weyl chamber and on the other hand a retraction centered at infinity. For generalized
affine buildings they are defined as follows

Definition 8.15. Let (X, .A) be an affine building. Fix a Weyl chamber S based at a
vertex z in X. Denote the germ of S at x by A,S. By Corollary the building X
is as a set the union of all apartments containing A,S. For an arbitrary vertex y in X
fix a chart g € A such that y and A,S are contained in g(A). Define

ran,s(y) = (fowog )(y)

where w € W is such that g|,-1(pa)) = (f o w)|g-1(say- The map 74,5 is called
retraction onto A centered at A,S.

Definition 8.16. Let (X,.A) be an affine building. Fix an equivalence class of Weyl
chambers ¢ = S C 94X and an apartment A = f(A) containing some representative
S of c¢. By Corollary the building X is the union of apartments containing a

sub-Weyl chamber of S. For an arbitrary vertex z in X fix a chart g € A such that
(xUS") C g(A) for some Weyl chamber S’ parallel to S and define

pac(@) = (fowog ) (z)

where w € W is such that g|,-1(ya)) = (fow)|g-1(sa)). The map pa is called retraction
onto A centered at ¢ = 0S or simply retraction centered at infinity.

Proposition 8.17. Let (X, A) be an affine building. Fiz an apartment A of X. Let S
be a Weyl chamber contained in A and let ¢ be a chamber in OA. Then

1. The retractions ra a,s and pa., as defined above, are well defined.

2. The restriction of pa. to an apartment A’ containing c at infinity is an isomor-
phism onto A.

3. The restriction of raa,s to an apartment A" containing A,S is an isomorphism
onto A.
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Proof. The second and third assertions are clear by definition. The fact that ps . is
well defined is proven on p. 33 of [Ben90]. An argument along the same lines, given
below, proves that 74 A, g is well defined.

Let y be an element of X contained in fi1(A) N fo(A), where A; := f;(A), i = 1,2 are
apartments of X containing A,S. Denote by w; the element of W in the definition of
ra.n,s(y) with respect to f;. It suffices to prove

fowrofii(y)=fowso fy'(y). (8.17.1)

The germ A, S is contained in A; N Ay hence there exists by (A2) an element wyy € W
such that

frowna [graipmy = il nmy:
Since y € Ay N Ay, we have

fowso fyt = fowyo fy ' (foowin(fi'(y))) = fowwia(fi ' (y)). (8.17.2)

Equation (8.17.2) is true for all y € A; N Ay, hence it is in particular true for the
intersection C' of the Weyl chambers S; and Sy contained in apartments A; and As,
respectively, with equal germ A,S; = A,S,i = 1,2. Therefore

fow o fi'(C) = fowgowpo fi(C)

and hence wswis = wy. Combining this with (8.17.2)) yields equation (8.17.1)).

Lemma 8.18. Let (X, A) be an affine building.

1. Given a Weyl chamber S in X and apartments A;;1 = 1,...,n containing a
sub-Weyl chamber of S. Denote by p; the retraction pa,ps. Then

(propzo...op,) =p1.

2. Let A,S be a germ of a Weyl chamber S at x. Let A;,i = 1,...,n be a set of
apartments containing A,S and denote by r; the retraction onto A; centered at
A,S. Then

(riorgo...or,) =1y,

Proof. For all ¢ the restriction of p; to an apartment containing a sub-Weyl chamber of
S is an isomorphism. By Corollary the building X equals as a set the union of all
apartments containing a representative of 9S. Therefore 1. follows. Similar arguments
using Corollary imply the second part of the lemma. ]

Proposition 8.19. Let (X, A) be an affine building modeled on A(R,A). For any
retraction pa. centered at infinity and all x € X there exists y € A such that

/JA,C(LU) = TA,AyS(l‘),

where S is the unique Weyl chamber based at y and contained in c.
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Proof. By Proposition there exists an apartment B of X containing x and a Weyl
chamber S contained in ¢ € 04X. The intersection of A and B contains a sub-Weyl
chamber S’ of S and the restriction of p4 . to B is an isomorphism onto A fixing AN B
pointwise. Let y be a vertex in S’ and denote by S, the Weyl chamber based at y
contained in S’. The restriction of the retraction 74 A s to B is by an isomorphism
onto A which fixes AN B pointwise. Therefore ps.(x) =74 a,5(). O

The remainder of the present subsection is devoted to the proof of Theorem which
is split into the two propositions and For convenience let us first fix notation.

Notation 8.20. Let (X,.A) be a thick affine building in the sense of Definitions [5.1| and
which is modeled on A = A(R, A) equipped with the full affine Weyl group W. Let
A be an apartment of X and identify A with A(R, A) via a given chart f of A contained
in A. Hence an origin 0 and a fundamental Weyl chamber C; are fixed as well. In the
following denote the retraction onto A centered at AoC; by r and the retraction onto
A centered at 9(—Cy) by p.

The following lemma is important for the proof of Proposition [8.22]

Lemma 8.21. Let notation be as in and let x be a vertex in A. Let wg = $;, - - - S,
be a reduced presentation of the longest word in W. Denote by v, the root corresponding
to s;,. Given a vertex y € conv(W.z) inductively define vertices y; in conv(W.x) by
putting yo = y and defining

\ 2

Ye = Yk—1 — Ak Q;

(O‘ika aik) *

forallk=1,2,...,n with \y € A mazimal such that y,_1 — )\kmaik s contained
in conv(W.z). Then y, = woz™.

Proof. Assume without loss of generality that x € Cy. Define vertices xg, z1,..., 2, in

conv(W.x) by zg =z and xp = r;, 1 = Tp_1 — (Tp_1, aivk)aik forall1 <k <n.

Define a partial order on A by setting y < z if and only if y — 2 € C,. We will show
that y, < z for all k = 0,1,...,n. Then y, < z, = wex and ¥, € conv(W.z) and
thus the result of the Lemma follows. We have yo = y < ¢ = 7 and by induction
hypothesis z_1 — yx—1 € C,. Therefore

Tk — Yk = Tp—1 — Yo1 + (A — (T—1, Oéiv,))%k =2+ (A, +c— (21, aﬁ))%k

where ¢ € A>p and z is such that z;,_; — yx—1 = 2z + ca, and that z € spanA>0({a €
B\ {a;,}}). We will prove that (X, + ¢ — (zx—1,;")) > 0. With (z4_1,;") > 0 and
(aj,07) <0if i # j we can conclude

0 < (@p-1,07,) = (Yn-1 + cou, + 2,007) < (Yro1 + covy, @) ).

1k

We have

Y1 — ({xp_1, ozivk> — o)y, = (Yp—1 + cay, ) — (@1, oz;f)ozik € conv(W.x)

and hence by definition of A} we can conclude that (xj_1, 041\-2 ) —c <\, O
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Proposition 8.22. With notation as in[8.2( let x be an element of A. Given a vertex
y € conv(W.x) there exists a preimage of y under p which is contained in r=*(W.z).

Proof. Assume without loss of generality that x € C;. We will inductively construct

a preimage of y. Let the points y, and values Ay for £ = 1,...,n be as defined in
the assertion of Lemma [8.21) Abbreviate X, := (a?)‘g - The first induction step is
Zk} Zk

as follows: let H; be the unique hyperplane in the parallel class of H,, o containing
Z1 = Yo — %Xﬂz‘l- The associated reflection r; fixes z; and maps y = y, onto y; and

vice versa. Since X is thick there exists an apartment A; in X containing y, such that
AN A' = H}'. We claim that 0 € H; .

The set conv(W.z) is by definition W-invariant. Therefore 7,(y) is contained in
conv(W.x) for all @« € W and all y € conv(W.r). Hence Toar, (V) = ¥ — (v, ) )iy
is contained in conv(W.z) and X, > (y,a) ) and we can conclude that 0 € H;". But
C; is contained in Hy as well, since o;, € B. Therefore A; contains x. We can now
consider the convex hull of the orbit of 2 under W in the apartment A;, which we
denote by conv 4, (W.z) in order to be able to distinguish between the convex sets in
the different apartments. Notice that r restricted to A; is an isomorphism onto A.
Denote the unique preimage of y; in A; by 31 and for all k£ the unique preimage of yy

in A—1 by yi. Hence we have “transferred” the situation to A;.

The image of y! under r is, by construction and Lemma [8.21] the point wq.x. Now
(A\ A1)U(A;\ A) is again an apartment of X containing a sub-Weyl chamber of —Cy.
By construction p(yi) = v.

Repeating the first induction step with Ay and yf in place of A and y forallk =1,...,n
we get a sequence of apartment A, for k = 1,...,n with the property that they are all
isomorphically mapped onto A by r. Hence Lemma implies that y; is a preimage
of wozx. Analogously to the first step we conclude that pAkfl,a(_cf)(y’g) = y’,jj. With
Lemma, finally conclude that p(y?) = y. O

In order to prove Proposition [8.29] we need to introduce a technical condition first.

8.23. Finite covering condition Let (X, A) be an affine building modeled over
AR,A). Let z,y be points in X and let A be an apartment containing x and y.
The segment of © and y in A is defined by

segq(z,y) =={p € A:d(z,y) = d(z,p) +d(p,y)}.

Fixz a chamber ¢ in the spherical building 04X at infinity of X. If the following state-
ment is true for X we say that X satisfies the finite covering condition.

(FC) The segment seg,(x,y) of x and y is contained in a finite union of apartments
containing a Weyl chamber S such that ¢ = 0S.

Remark 8.24. Similar arguments as in the proof of Lemma 7.4.21 in [BT72] imply that
all generalized affine buildings with A = R satisty (FC). Axiom (T2), the Y-condition,
implies that A-trees satisfy (FC). We conjecture that (FC) holds for all generalized
affine buildings.
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8.25. Observation Let notation be as in[8.20 Assume that the building (X, A) satis-
fies condition (FC). Let y be an element of r=Y(W.z) and A an apartment containing 0
and y. By (FC) there exists a finite collection of apartments Ag = A, A;,i=1,..., N,
consecutively enumerated, such that

e for all i the apartment A; contains a sub-Weyl chamber of —Cy
e their union contains segx(0,y) and

e y is contained in Ay.

Hence we can find a finite sequence of points x;, i =1,..., N with xo =0 and zy =y
such that

e d(0,y) = Zﬁgl d(w, Ti11)
e z; and x;y1 are contained in A; and

o for N > i > 0 the Weyl chambers S;_ and S;, based at x; containing x;_, and
Tiv1, respectively, are such that & = A, S;— and n; = A,,S;+ are opposite
chambers in A, X.

Let g and &y be defined analogously.

Without loss of generality we may further assume that for all i the point x;_y is not
contained in A;. Otherwise, if for some ig the point x;, € A;,—1, we can define a shorter
sequence of point by setting x, := x; for all i < iy and z; := x;41 for all i > iy, i.e. we
omit x; in the sequence of points. Similarly define apartments A, by omitting A;_;.

Notice that p restricted to A; is an isomorphism onto A for all i. Hence the distance
d(@s, xip1) = d(p(x:), p(Tis1)) for all i # N.

Let z be a point contained in the interior of —CfﬂﬂfiDAi. Thenr, :=rana.c, equals p on
segx(0,y) and the restriction of r, to A; is an isomorphism onto A for alli =0,..., N.

Corollary 8.26. The retractions 14 g and pa. are distance non-increasing.

Proof. Above we made the observation, that r, retracted to A; is an isomorphism onto
A for all i and hence d(z;, ;1) = d(r.(x;),r.(x;11)) for all i # N. Therefore the
image of [JV,' seg 4, (74, 7i41) under r, is connected and d(r(z),r(y) < d(x,y) using
the triangle inequality. By Proposition the assertion holds for p as well. O

Lemma 8.27. With notation as in[8.23 define & = r.(&) and 1; := r.(n;). We prove:
let x; denote r.(z;) then & and n; are chambers in Ay A and there exists w € W such
that & is the image of won, by w = s;, -+ - s;,.

Proof. By construction the Weyl chamber germs & and 7; are opposite at z; and
contained in the apartments A;_; and A;, respectively. Let f;_1, f; be charts of A;
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and A; and assume without loss of generality that there exist a point p; € A such that
fici(p:) = fi(ps) = z;. By axiom (A2) there exists w € W such that

firrl gt ray = (i o 0)l 1 ayy-

In fact by the assumption fi—i(p;) = fi(p;) = x; the translation part of w is trivial and
w is contained in W. The opposite germ of f; ' (n;) is mapped onto f;% (&) by w.

2

Denote the restriction of the projection r, to A;_1, respectively A;, by ¢;_1 and ¢;. Then
t;  A; — Ais an isomorphism for j =i — 1,4. Therefore

filouyoyofi:A—A

is an isomorphism, which coincides with f;"} o (f; o w) in a neighborhood of z;.

Fix a chart h of A such that h(p;) = 2. Then, since ¢;,¢;—; are isomorphisms, we
conclude f, (&) = h™ ' (1i1(&)) and f; () = h™'(1i(m;)). Therefore & = 1;_1(&;) is
the image of wyn, = 1;(1n;) by w, where wy is the longest word in W.

Restricting the retractions r4, a.c, to an apartment A; is an isomorphism, hence by
Lemma [8.18| applying several of these retractions only to apartments of that type is
commutative. O

Lemma 8.28. Let notation be as in[8.20. Let x # 0 be an element of A and H a
hyperplane separating 0 and —Cy. If y is a vertex in conv(W.x) contained in the same
half-apartment determined by H which contains a sub- Weyl chamber of —Cy, then the
reflected image of y at H is contained in conv(W .x).

Proof. Denote by H' the hyperplane parallel to H containing 0 and let o € R be such
that H' is fixed by 7,. The convex hull of W.x is by definition W-invariant. Therefore
the image of y under the reflection at H' is contained in conv(W.z) and equals, by
Proposition y — 2y%a, since y = mq + y®a with m, € H'. Similarly we can find
m € H and A < y“ such that y = m 4+ Aa. The image of y under the reflection at H
equals y — 2\ which is obviously contained in conv(WW.z) as well. [

Proposition 8.29. With notation as in assume that (FC) holds. Let x be an
element of A. Given a vertex y inr~'(W.x) the image p(y) is contained in conv(W .x),
where we identify W with the stabilizer of 0 in W.

Proof. By induction on N and Lemma [8.18] it is enough to prove the assertion in case
that N = 1.

We re-use the notation of Lemma and its proof. Recall that Ay contains o = 0,
x1 and a sub-Weyl chamber Cy of —Cy.

Let (¢; = &,¢9,...,¢, = m1) be a minimal gallery in A, X from & to ny. If 2 is
not contained in a bounding hyperplane of Ag N A; we may replace x; by another
point satisfying this assumption. Hence without loss of generality we can assume that
m C (A1 \ Ag) and & C (Ap\ A1). Then there exists an index j € {2,...,k} such that
¢j—1 is contained in Ay \ Ay and ¢; in A; \ Ay.
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Denote by H;, respectively Hy, the hyperplane spanned by the panel p; := ¢;—1 N¢; in
Ay, respectively Ag. Notice that x1 € H; N Hy.

Assume a) that H; separates zo and Co C —Cy in A, and that 0 and —C are separated
by Hp in A. The image of (¢j, ..., ¢, = n;) under p is the unique gallery (¢}, ..., ¢, =7)
of the same type which is contained in A and starts in ¢;_;. Hence segy, (21, 22) is
mapped onto the segment seg (1, p(x2)) which has initial direction n|. Let 2/, denote
p(z2). By assumption the hyperplane H, separates 0 and —Cy. Apply Lemma
and obtain that there exists w € W such that n; = p(n;) is the image of we&;. (We
actually prove the opposite in , but the argument is symmetric.) Hence x} is the
reflected image of r(x2) by a finite number of reflections along hyperplanes containing
xy and separating Cy and 0. Therefore 2, is obtained from r(x2) by a positive fold in
A. By Lemma '}y is contained in conv(W.x).

In the second case b) H; separates z2 and —Cy but 0 and —Cy are not separated by H,.
Then p maps (¢j, ..., c, =) onto (p(cj), ..., p(n;) which is a gallery of the same type
contained in A and p(c;) is the unique chamber in A,, A sharing the panel ¢; N ¢;_;
with ¢;_;. Therefore & and 7} := p(n:1) are opposite in z; and p(z2) = r(xs).

The case ¢) that both 5 and 0 are not separated from —C; by Hy, respectively Hy, can
not happen: Let S;_ and S, be the Weyl chambers based at x; having germs &7, 7, and
are contained in A and Aj, respectively. By Corollary the Weyl chambers S;_ and
Si+ are contained in a unique apartment B. The span Hp of the panel p; = ¢;_1 N¢;
in B separates the segments segg(0, z1) and segg(x1, x2) and hence 0 and x5 which can
therefore not be contained in the same half-apartment determined by Hp.

Finally assume d) that H; does not separate z, and —C; but that 0 and —Cy are
separated by Hy. The germ v of —Cy at z is then contained in the same half-apartment
of A;, as m;. By the assumption that 0 is separated from —Cy by H; we have that there
exists a minimal gallery in A, A from & to «y containing either p; or its opposite panel
g; in Ay A, If & and v are not opposite this gallery is unique. But this contradicts
the choice of j. m

Theorem 8.30. Let notation be as in and assume in addition that (FC) holds.
Gien a vertex x in A we can conclude

p(r Y (W.z)) = conv(W.x).

Proof. Combining Proposition [8.22) and [8.29] the assertion follows. O

Remark 8.31. Note that Theorem is not a special case of [8.30] This would follow
from the result conjectured in [8.33]

8.3 Loose ends

Obviously the same questions as above can be asked if we restrict ourselves to affine
buildings that are thick with respect to an affine Weyl group WT which is a proper
subgroup of the full affine Weyl group W, meaning that the building is only assumed
to branch at special hyperplanes in the sense of Definition
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The arising problem is the following. In Figure [I0] we gave an example of a sequence of
points y; appearing according to Lemma in an apartment of an A, affine building.
Each y; with i # 0 is contained in the boundary of the convex hull of the orbit (the
gray shaded region).

This is not the case in general as you can see in Figure [I2] where we illustrate an
example in an apartment of type GG5. The shaded region is the convex hull of the orbit
of . The vertex y is a special point contained in the convex hull of W.z and has the
same type as x. The sequence of vertices y; defined in Lemma is connected with
the dotted line. Note that y; and y, are in the interior of the convex hull.

H,, H,,
Y VAl \/ AV

N

Figure 12: Illustration of Lemma [8.7) with wy = Sa, SasSa; SasSa; Sas-

If X is a simplicial affine building this observation is irrelevant since the minimum taken
in 8.7 to define the sequence of the y; always exists. But dealing with a generalized
affine building and special vertices defined with respect to some proper subgroup WT
of the full affine Weyl group W it is not true in general that such a minimum exists.
There is no obvious way to adjust the construction, but we hope nevertheless that
making appropriate changes will enable us to prove what we conjectured in [8.33

Notation 8.32. Let (X,.A) be an affine building modeled over A = A(R,A,T). Let A
be an apartment of X and identify A with A via a given chart f € A. Hence an origin
0 and a fundamental chamber C; are fixed. In the following denote the retraction onto
A centered at A,Cy by r and the retraction onto A centered at (—Cy) by p.

Conjecture 8.33. With notation as in[8.39 assume that X is thick with respect to
WT as defined in . For any special vertex x in A we have

p(r '(W.z)) = conv(W.z) N (x +T).
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This coincides with the classical case if we assume R to be crystallographic, put A = R
and let T equal the co-root lattice Q(RY) of R.

We can prove the conjecture if X is one-dimensional, i.e. X is a A-tree with sap, the
defining root system R is of type A; and A = A.

Theorem 8.34. With notation as m assume that X is thick with respect to WT,
as defined in[5.3. Assume further that X is of dimension one. Let x be a special vertex
in A. Then

p(r '(W.z)) = conv(W.z) N (x +T).

Proof. The set W.x C A has two elements z* and z~ contained in C; and —Cy,
respectively. Both points, ¥ and 2~ are at distance d(0,z) from 0. The preimage
r~1(W.z) is the set of all vertices y € X such that d(0,z) = d(0,y). We denote the

positive root in R by a.

Let us first prove that p(r=*(W.z)) C conv(W.z) N {z + T}. Fix an element y of
p(r~1(W.x)) which is not contained in A. Is A’ an apartment containing 9(—C;) and
y, the restriction of p to A’ is an isometry onto A. Let a denote the end of A’ different
from 0(—Cy) and define z to be the branch point x(9(—Cy),dCy, a) of A and A’. There
are two cases: Either z is contained in Cy \ {0} or in —C;. In the first case r and p
coincide on A’ and y is mapped onto z*. If z € —C; then y € r~!(z7), the distance of
x~ and z equals d(y, z) and p(y) = = + 2d(z~, 2) = : ¢/, which is obviously contained
in conv(W.x). The point 3’ is the same as the image of ™~ reflected at (the hyperplane)
z. Since there are no branchings other than at special hyperplanes, the branchpoint
z of A and A’ is a fixed point (fixed hyperplane) of a reflection r = t o r, in WT.
Therefore ' € conv(W.x) N {z + T}.

To prove the converse let y € conv(W.x) N {z + T} be given. For arbitrary v € A let ¢,
denote the unique translation of A mapping 0 to v. The unique element of 7" mapping
x~ to y is, with this notation, the map ?,_,-. The reflection at 2~ is given by t5,- or,.
Apply the element ¢,,,- or, of WT to 2~ and observe that the image is y. Further
casy calculations imply that z := 2~ + $(y — ) is fixed by ¢4, o 7. Therefore z is
a special hyperplane and, since X is thick, there exists an apartment A’ intersecting
A precisely in the ray ,FC; Obviously A’ contains 0,21 and z, and the restriction
of r to A’ is an isomorphism onto A. Denote by ¢’ the preimage r—!(z~) in A’. By
construction we have d(y',z) = d(z,z). The apartment A” := (A\ A) U (A" \ A)
contains z~, z and y’. Observe that p restricted to A” is an isomorphism mapping 3’
onto y. This proves p(r~*(W.x)) D conv(W.z) N {z + T} and we are done. O
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A Proof of Theorem [5.40

We will now give a detailed proof of Theorem [5.40| providing the existence of a tree
associated to a projective valuation. The proof is based on [Ben90] and it is done in
four steps.

Step 1 - two technical Lemmata

Lemma A.1. (3-point Lemma) Given a A-valued projective valuation w on a set E
and four pairwise distinct elements a, a1, as,a3 of E. Then exactly one of the following
CASES OCCUTS:

1. w(ay,a;as,a3) >0
2. w(ag,a;az,a;) >0
3. w(as,a;ay,as) >0

4. w(a;,a;a4,a;) =0 for all {i,j,k} ={1,2,3}.
The proof of this Lemma, which is not difficult, was not contained in [Ben90].

Proof. Assume [l| Then (PV2) implies
w(ay,as;as,a) =k >0 and w(ay,as;a,az) =0.
Using (PV'1) we can calculate

0<k :W(aluafi; CLQ,CL) - W((IQ,CL; a17a3) = —W(ag,a;ag, CL1>

0 ZW((Il, as; @, Clg) = —(.d(ag, a; arg, a2)

and hence —[2 and - [3] By the first line of the last calculation 0 < k = w(as, a; a1, a3)
meaning in particular that w(as, a;ay, as) # 0. Hence {4 is not true.

Similar arguments prove that . (or ) imply the negation of the other three cases.
The fact that [l implies the negation of the others is obvious. O

Remark A.2. If the valuation w is the canonical valuation of a tree T cases [ - [l of
Lemma may be illustrated as in figure [13| (the given enumeration coincides with the

RN
enumeration of Lemma and Figure . Write ab for the directed line determined
by the ends a and b, then the four cases can be stated as follows: The first case (1)
is that the directed line ayas first passes s(ay,a,as) then s(ay,a,as). In case (2) the
directed line aza; passes k(az, a, az) before k(az, a,a;). In case (3) the point x(as, a, a;)
is first passed by the line ajas which afterwards passes x(as, a, as). And in the last case
(4) all k(a;,a,a;) are equal for all choices of i # j.
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(V) a (2) ¢ a
as
k(ay, a, as) —
k(ay, a,as) #(az, a,a1) k(ag, a,as)
ay . / as ai \ I / as
(3) as a (4) a

k(a;, a,a;)

ay / a9

k(as, a,ay) (as, a,as)

.o\

a3 as

Figure 13: Possible geometric configurations in a tree.

Lemma A.3. [Ben90, Lemma 4.5] For a € E let (4, ja, kq) be an even permutation® of
(1,2,3) such that w(a;,, a; a;,, a,) is maxzimal. Let a € E\{a1,as,a3}, b € E\{a;,,a;,}
and assume w(a;,,a; aj,,b) > 0. Then i, = iq, Jp = jo and ky = k.

Proof. According to the assumptions Lemma implies that either w(a;,, a; a;,, ar,) >
0 (cases [1H3) or that w(a,,,a;aj,,ar,) = 0 (case {4]). To make the proof easier to read
we assume w.l.o.g. that (i4, ja, ks) = (1,2, 3).

Axiom (PV3) implies
w(ay, b; as, az) = w(ay, b; as,a) +wlas, b; a,as) (A.3.1)
By assumption and (PV2)
0 < w(ai,a;az,b) =w(ay,b;as,a) (A.3.2)

By regarding two different cases, we prove the assertion:

1. Assume that w(ay, b;a,a3) > 0: Then, according to (A.3.1) and (A.3.2)), one can
conclude w(ay,b;as,a3) > 0. Hence w(a,b;as,as) is maximal by Lemma and

ib = ?:(lyjb = jaa kb = ka-

2. Assume now w(ay, b;a,a3) < 0: Axiom (PV'1) implies
w(a,b;a,a3) = —w(a, b;a3,a) = —w(as,a;a1,b) >0 (A.3.3)

and, by (PV2), we have
— w(ay,a;az, b) > 0. (A.3.4)

8 All permutations can be interpreted as symmetries of an equilateral triangle with vertices labeled
clockwise with 1,2 and 3. There are three reflections, i.e. the odd permutations and three rotations,
i.e. the even permutations. Hence the even permutations are exactly (2,3,1),(3,1,2) and (1,2, 3).
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Repeated use of (PV1) to (PV3) implies

w(ay, by asz, a3) = w(ay, b; az, a) + w(a, b; a,as) (a1, a;a2,b) + w(ay,b;a,as)

w = W
W(al,a;ag, b) - W((ll, b7 (l3,(l> - W(al,a;ag, b) - W((ll,(l; a37b)
w = W

(ah a; ag, CL3>-

(a17 a; ag, b) + w(a’b a; b7 a3)

The terms w(ay, b; as, a) and w(aq, a; b, ag) are positive by equations (A.3.2)) and (A.3.4).
If w(ay,a;as,az) > 0 the assertion follows and i, = 14, jp = Ja, kb = ka-

Hence we assume that w(aq,a;as2,a3) = 0, which implies that we are in case [4] of
Lemma . One has to prove w(a;, b;a;, a;) = 0 for all {4, j,k} = {1,2,3}. Since

w(ai, by aj, ap) = w(a;, a;a;, a;) +w(a, b;a;, ax)
it is enough to prove that w(a, b; a;,a;) = 0 for all {j,k} C {1,2,3}.
The rest of the proof is done in three steps a) to ¢). Assume

3 j, k such that [ := w(a, b;a;,a;) > 0. (A.3.5)

a) The assumption together with (PV2) implies
0 <l =wl(a,a;a;,b) = —w(ag,a;a,b) = —w(ag, a; a;, a;) — w(ak, a;a;,b).
Since w(ax, a; a;,a;) = 0 we have
w(a, ag; aj,b) = —w(ag, a;a;,b) = w(ag, a;b,a;) >0
and hence, using (PV'1), we conclude

l =w(a,b;a;,a;) > 0. (A.3.6)

b) Axiom (PV1) together with (A.3.5) implies w(b, a; ay,a;) > 0. Similar calculations
as in a) lead to
| =w(b,a;a;aj) > 0. (A.3.7)

¢) We now combine a) and b) to finish 2. Using (PV'3) we have
I =w(a,b;a;,a;) = w(a,b;aj,a;) +wla,b;a;, ag).

According to (A.3.6)) the term w(a, b; a;, ai) equals [, implying w(a, b; a;, a;) = 0 which
is a contradiction to (A.3.7). Hence assumption (A.3.5) is wrong and for all 7, the
valuation w(a, b; a;j, a;) equals 0. This finishes the proof. ]

Remark A.4. The assumptions of Lemma [A.3] are slightly different than the ones in
[Ben90, Lemma 4.5]. There a,b were assumed to be arbitrary elements of E. Making
this assumption is actually not fully correct, since w is just defined on ordered quadru-
ples of pairwise distinct elements of E., i.e. elements of E®. They suggested to extend
w to arbitrary quadruples of elements. We restrict the hypothesis of Lemma and
suggest another solution in Step 2. Note that our proof is different from the one in
[Ben90).
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Step 2 - Definition of a rooted tree datum

A rooted tree datum encodes more than a projective valuation w does. Besides the
branching of the tree an origin (or root) is fixed. Hence we want to create more
information than we actually have. The following construction therefore depends on
the choice of the origin (which is equivalent to the choice of three ends ay, as, a3) and
is unique up to that choice.

Let E be a set and w a projective valuation on F.

Definition A.5. Fix pairwise distinct elements ay, as,as of E. Let (i4, Ja, ko) be the

even permutation of (1,2,3) such that w(a;,,a;a;,, ax,) is maximal. Define a function
AN:Ex E — A by

1. aAb = max{0,w(a;,,a;a;,,b)} for all a € E\{a,,,a;,,ar, } and b € E\{a;,,a;,}.
2.aNa=o0forallae L.

3. a; Na; =0 for all 7, j € {1,2,3} such that i # j.

4. aNay=0=:aq Naif l =1, or | = j,.

Remark A.6. Cases[2l to[d of Definition [A.5]do not appear in Bennett’s Dissertation.
Yet they are necessary to determine the origin or of the tree in the Alperin-Bass
construction. It is not possible to cover these cases with w since a projective valuation
is just defined on quadruples in E®.

Koudela suggested to extend w to arbitrary quadruples to eliminate this inaccuracy of
Bennett’s definition which is in a certain sense equivalent to our Definition

Our motivation for Definition came from Figure [I4] and the fact that a A b is
supposed to describe the distance of o7 to the branching point of the rays S, S, starting
at or directing to a, b, respectively.

aq as

xr OT

Figure 14: Definition of a rooted tree datum.

Lemma A.7. [Ben90, Lemma 4.6] The pair (E,N\) is a rooted tree datum.

The following proof is based on [Ben90]. We made a few changes for the proof of (RT3).
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Proof. Axiom (RT0) is obvious by definition. For the proof of (RT1) consider two
cases. First if a Ab > 0 then, by Lemmal[A.3] we have that i, = i,, jp = j, and ky = k.
And hence

0<aAnb=w(a,,a;aj,,b) =w(a,,a;aj,b).
Using (PV2) we can conclude
aAb=w(a,,a;a;,b) =w(a,,b;a,,a) =bAa.

Second assume a A b = 0. Here we are in case 4l of Lemma[A 1l If b A @ > 0 the same
argument as in case (1) implies bAa=aAb>0. Hence bAa=0=aAb.

We prove (RT2): Let a,b, ¢ € E and consider seven cases. First assume that a Ab,aAc

and b A ¢ are given by [I] of Definition meaning that a,b, ¢ are not contained in
{ala ag, a’3}'

a) if aAb=0or bAc=0 then (RT2) is obvious.

b) assume a Ab > 0 and b A ¢ > 0. Lemma implies i, = i, = ic, Jp = Ja = Je
and k, = k, = k.. Let without loss of generality 7, = 1 and j, = 2. The fact that
aAb>0implies a A b = w(ay,a;as,b). By (PV3) we therefore have

alc>w(ay,a;as,c)=aNb+w(ar,a;b,c). (A.7.1)
The following is true since c A b > 0
aNc=cANa>w(ay,cas,a)=cANb+w(a,c;b,a). (A.7.2)

Therefore ¢ A b = w(ay, ¢; as,b).

Secondly assume that b = ¢ thena Ac=aAband bAc=bAb= o0, hence (RT2) is
obvious. In case three assume that a = ¢ then a A ¢ = oo and the assertion is obvious.
If a = b, which is case four, then a Ab = 0o and bA ¢ = a Ac. Fifth, if {a,c} = {a;,a;}
where ¢ # j then a A ¢ = 0 by definition. We also can conclude that either ¢ or j is
contained in {4, j»} and hence min{a Ab,b A c} = 0, which implies (R72). The second
last case is, that ¢ € {a;,, a;, }. But then by definition aAc = 0 and min{aAb,bAc} = 0.
Finally, if b € {a;,,a;,}, then a Ab =0 and ¢ Ab = 0. Since a A ¢ > 0 the assertion
follows. O

Step 3 - Constructing a tree with sap

Let T = T(E,N) be the Alperin-Bass tree associated to (E,A). We now define an
apartment system for 7" by first defining rays, then lines.

Definition A.8. A ray in T'is a set {{e,\) :e € E, X € A, A > g} where )\ is a fixed
element of A.

A subset ab = {{a,\) : X > anbyU{(b,A) : X > aAb} of T is called line and A
denotes the set of all lines in 7.

Notice that ends of rays (and lines) are, by definition, elements of E. The set A is an
apartment system for the Alperin-Bass tree.
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Step 4 - The projective valuation w equals the canonical valuation

Finally one has to prove

Proposition A.9. If T =T(E,N) is the Alperin-Bass tree associated to a rooted tree
datum (E,w) and if wy denotes its canonnical valuation defined in then wp = w.

pe
)

(iv

For the proof of Proposition [A.9 we need two additional Lemmata.

a; a a a; b a; G
>—< T Y Yy x
a; b a; b a; a b
(i) (i) (i)

Figure 15: The present figure illustrates all possible constellations in the Alperin-Bass
tree, and is used to distinguish cases in Lemma [A.10]

The first one of the following lemmata differs from the one in [Ben90] in which one of
the occuring cases for the value of wr was missing.

Lemma A.10. Let ay,as,a3 € E be fivzed and pairwise distinct. Choose i # j and
a#be E\{apa;}. Let (i) — (iv) be the possible constellations in the Alperin-Bass
tree, as described in Figure[15, then

aNb—a;Na—a; Nb in cases (i), (i), (1v)

wr(ai, a; a5,6) = { aANb—a; ANb—a; Na in cases (i), (i), (iv) (A-10.1)

with © = k(a;, a,a;) and y = k(a;,a,b).

Proof. 1t is easy to convince oneself that the constellations described in Figure [15] are
the only possible ones in an Alperin-Bas tree. We prove the above lemma doing a case
by case analysis. The cases are enumerated as in Figure

We assume w.l.o.g. that i = 1 and j = 2. Case (i): Hence x = k(aj,a,ay) and
y = k(ay,a,b). There are just two possibilities for the position of the origin o =
k(ai, as, as) which lies on a1ay. Either a) or in contained in the ray Ta, or, b) in Tas.
Compare figure

The origin of the tree, as constructed, is oy = k(aq, as, as). The points x and y are, as
any point in the Alperin-Bass-tree T" of the following form

r=(a,aNay) | . N
y = (a.a Ab) }1f0T€:m1
x=(a,aNay) | . —
y = (a.a Ab) }1f0T€a:a2
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as a as a
as or
xT Yy X Yy
as or
a1 b a1 b

(i) a) (i) b)

Figure 16: Possible positions of or in case (i) figure

The construction also implies, that

d(z, if y € za
wr(a1,a;as,b) = { _(d(xy)y) ifg ¢za

Is op € Ta;, which is case (i) a) of Figure we have that y € za. The definition of
wr implies
uJT(ala a; ag, b) = d(l‘, y) = d((a'> a/\ a?)v (ba a b))
=laNay—aNb|
=a/ANb—ala

where the second last equation holds since d(0r,y) > d(or, x).

If oy € Tas, which is case (i) b) of Figure [16] we have y € Td. The definition of wy
hence implies

wr(ay,a;as, b) = d(x,y) = d((a,a A ar), (b,a A'b))
=laNa —aNd|
=aANb—aNaq

where the equalities hold by d(0r,y) > d(0r, x).
Furthermore we have

asNa=ayAb and bAay=aAa, =0 ifor € zay
agANa=a; Ab and bAas=aAhay, =0 if oy € Zas.

And hence the following equation holds
wr(ay,a;as,b) =aANb—ay Na—ayANb=aANb—a; ANb—ay Aa.

This finishes case (i).

Case (ii): In this situation x = k(ay,a,az) and y = k(ay,b,az). As in case (i) we
do a case by case analysis. The possible situations here are the following: Either a)
or € [z,y] or, b) or € yas or, as a third case, ¢) or € za;. Compare also figure .
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The construction of the tree leads to the following descriptions of the points x and y,
which are written as in the Alperin-Bass construction, according to the three cases:

r=(a,aNay) | .
y = (a,bAay }1fOT€ =yl
r=(a,aNa

}ifoTGy_aﬁ

}ifOTGZETll).

y=(a,bAay
Since y ¢ za the definition of wy implies that wr(ay, a;ag,b) = —d(z,y).
as
a a9 a a2 a a2
OT as

€ ) L Y £ Y

Or
as

ay b aq b aq b

(ii) a) (i1) b) (iii) b)

Figure 17: Possible positions of O in case (ii) of figure

If oy € [x,y], thenaAa; > aAb=0and bAay >aAb=0. We calculate:

wr(ay, a;as,b) = —d(x,y) = —d((a,a N ay), (b,b A as))
=—(laNay —aANb+|bAay—aAb)
=aAb—aANa, —bA as.

If the ray yTLQ contains o7, then a Aa; > aAb,bAa; =aAband bAay =0 and hence

wr(a1,a;as,b) = —d(z,y) = —d((a,a A ay), (b,b A a))
=—laNar —aANb
=aAb—aANa; —bAas.

In case oy € Ta; we have bAas > aAb, and a A a; = 0 and one can conclude:

wr(ay, a;as,b) = —d(x,y) = —d((a,a AND), (b, A az))
=—laNb—bAas|
=aAb—aANa; —bAas.

Therefore, using the above calculations,

wr(ay,a;as,b) =aANb—a; ANa—as Ab.
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Note, that = a Ab— a3 Ab— as A a # wr(ay, a;as,b). This finishes case (ii).

Similar observations in case (iii) and (iv) imply

wr(ay,a;az,b) =aANb—a; Ab—as ANa
#Fa/Ab—ai Na—ay Nb in case (iii)

and
wr(ay,a;az,b) =aANb—ay ANa—az Ab
=aANb—a; ANb—asNa in case (iv).
Combining these results, the assertion follows. n

In the next lemma an explicit formula for the value of wr is given.

Lemma A.11. In addition to the assumptions in the previous lemma let
wr(ai,a;a;,b) =aNb—a; Na—a; \b.
Then, with {i,j,k} = {1,2,3}, we have

wr(ai, a;a;,b) =max{0,w(a;,, a; a;,, b)} — max{0,w(ay, a; a;,a;)}

—max{0, w(aj, b; a, a;) }

where (iq, Ja, ka) 15 an even permutation of (1,2,3) such that the term w(a;,, a; a;,, ax,)
is mazimal. A similar statement is true if wr(a;,a;a;,b) =a Ab—a; Aa—a; A\b.

Proof. Without loss of generality we may assume that ¢ = 1, 7 = 2. By definition of A
the term a A b equals max{0, w(a;,, a;a;,,b)}. It remains to calculate as A @ and a; Ab.

a) Prove a; A b = max{0, A(az, b;as,ay)}:
If iy or j, = 1 then [ of Definition implies a; A b = 0. The pair (i, J;) then equals
(1,2) or (3,1).

If (ip, j») = (1,2) then, by Lemma , w(ay, b;az,a3) > 0 or w(a;, b;aj,a;) = 0 for all
choices of i, 7, k. In the second case the assertion is obvious. In the first case (PV2)
implies

0 < w(ay,as;as, b) = wlag, b;ar,asz) = —w(ag, b; as, ay).

Hence w(asg, b;az,a;) < 0 and we have

max{0,w(ag, b;as,a;)} =0=a; Ab.

If (ip, j») = (3,1) then w(as, b; a1, as) = 0 or w(as, b;ay,az) > 0 for all choices of i, j, k.
Lemma implies w(as, b; as,a;) < 0 and hence

max{0,w(as, b;as,a;)} =0=a; Ab.
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In the case that i, # 1 and j, # 1 we have that (i, j») = (2,3) and w(az, b;as,a;) =0
or that w(ag, b;as,a;) > 0. In the first case the assertion is obvious, in the second we
can conclude

max{0, w(ag, b; as,a;)} = w(ag, b;as,a1) = b A a.

This finishes part a).

b) Prove as A a = max{0, A(as, a; a1, as)}:
If i, or j, = 2 then, by definition, a A a; = 0. The pair (i4, j,) equals (2,3) or (1,2).

If (ia, ju) = (1,2) then w(ay, a;as,as) = 0 or w(ay, a; az, asz) > 0. Axioms (PV'1), (PV2)
and Lemma imply w(as, a; a1, as) < 0 and hence

max{0,w(ay,a;as,a3)} =0=ay A a.

If (i4,7Ja) = (2,3) then w(ag,a;as,a1) = 0 or w(ag,a;as,a;) > 0 In the first case the
assertion follows by Lemma and in the second axiom (PV2) implies

0< (,U(a/g, a;as, al) - W(CL, Qg; Ay, a3)

= W(@, as;ay, &2) = _W<a3, a; ay, a2)-

Hence max{0,w(ag, a;as,a;)} =0=a A as.

If i, # 2 and j, # 2, then (i4,j.) = (3, 1) and
aAay ={0,w(a;,,a;a;,,a2)} = wlas, a;a, as)

which is maximal. This finishes the proof. O
Now we are able to prove the main proposition of step 4.

Proof of Proposition[A.9 Let a1, ag, az be three ends of the Alperin-Bass tree such that
k(a1,as,az) = op. Given pairwise distinct a, b, ¢,d ¢ {ay, as, a3} axiom (PV3) implies

w(a,b;c,d) = w(a;, b;c,d) + w(a,a;; e, d)
= w(a;, b;c,aj) + w(a; by a;,d) + w(a, a;; a4, d) +w(a, a; ¢, a;)

= —w(a;, b;aj, c) + w(a; by a;,d) — w(a, a; a;,d) + w(a, a; a;, ¢).
It is therefore sufficient to prove
w(a;, a;a;,b) = w(a;,a;a;,b)

for any distinct a,b ¢ {a;, a2, a3} and any i # j.

According to Lemma there are four cases. We will give the proof in the case where
w(as, a;ay,as) > 0. The proofs of all the other cases use similar arguments and are left
to the reader. Here axioms (PV2) and (PV'1) imply

0 < wlas,a;ar,ay) = —w(ay,a;as,as).
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We are able to apply Lemma |A.11] Together with the fact that w(as, a; a1, as) > 0 we
have

wr(ay,a;as, b) =max{0,w(as, a;a1,b)} —w(as, a; a1, as) — max{0,w(as, b; as,ar)}.

(A.11.1)
By (PV3)
w(ay, a;az,b) = w(a,a;as,a3) + w(a, a;ag,b) (A.11.2)
and w(ay, a;as,a3) < 0. A case by case analysis will complete the proof.
Case (i): assume w(as, a;ay,b) > 0.
Axiom (PV2) implies
w(ay,a;as,b) = w(as, a;ay,b) > 0. (A.11.3)

By (A.11.1)), (A.11.2) and (A.11.3) we have

wr(ay, a;az,b) = max{0,w(as, a; a1, b)} — max{0,w(as, b;as,ar)} + w(as,a;a, az)

= w(ay, a;az,b)} — max{0,w(az, b;as,a)}.
Hence it suffices to prove
b A a; = max{0,w(az, b;asz,a1)} = 0.

Lemma implies i, = i, = 3,J, = jo = 1. Therefore b A a; = 0 by definition and
wr(ar, a;az,b) = w(ar, a; as, b).

Case (ii): assume w(as,a;a,b) < 0.
By (PV1) we have w(as,a;b,a;) > 0. The following two equations hold therefore by
(PV2):

0 = w(as, b;a,a;) = w(as, b;ai,a) and

0 <w(as,a;b,a) = —w(as,ar,a,b).
Equation together with the assumption of case (ii) implies
wr(ay, a; ag, b) = —max{0,w(ag, b; as,ar)} + w(ay, a; ag, asz)
and
wr(ay,a;as,b) = w(ay,a;as, b) — w(ay, a; az, b) — max{0,w(az, b; ag,ay)}.
But w(aq,a;az,b) = 0 and therefore
wr(ay,a;as, b) = w(ay,a; az, b) — max{0,w(as, b; as, ar)}.

It remains to prove w(ag, b;as, a;) < 0 for the assertion to hold in case (ii). But since
iy =1, = 3 and j, = j, = 1 we have w(aqg, b; az,a;) = w(asg, a;as,a;) > 0 and are done.

Case (iii): w(as,a;a;,b) = 0.
We prove several inequalities which, combined with ({A.11.2)), will allow us to finish the
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proof. First, if w(as,as;a,b) < 0, axioms (PV1) and (PV2) imply w(as,a;a;,b) < 0
which contradicts the assumption of case (iii). Hence

w(as,ar;a,b) > 0. (A.11.4)

Second, assume w(ay, a; as, b) > 0, then, by (PV2) again w(ag, a; a;,b) > 0 contradicting
the assumption of case (iii). Therefore

w(ay,a;as,b) <0. (A.11.5)
We prove
w(as,ar;a,b) = —w(ay, a; as, b). (A.11.6)
Because of (A.11.5) and (PV1) we have w(aq,a;b,a3) > 0. If k := w(ay,a;b,a3) > 0,
then w(ay, b;a,as3) = 0 and

w(a?nal; a, b) =k= w(alva;ba CL3) - —w(al,a;a3,b)

and holds in this case. Let w(aq,a;b,a3) = 0. Then w(aq,a;asz,b) =0 as well.
Assume w(ag, a1;a,b) > 0, which in general is greater or equal to 0 by . By
(PV1) we have then w(ay,as;b,a) > 0. But also w(ai,a;b,a3) > 0, by (PV2), which
contradicts the assumption that w(ay,a;b,a3) = 0. Hence w(as, as;a,b) = 0 and we

are finished with the proof of (A.11.6)).
By (A.11.6|) one can conclude

w(as, ar;az,b) = —w(ay, a;az,b) + w(as, a; a3, a). (A.11.7)

Since (2,3,1) is an even permutation of (1,2,3) and since i, = 3 and j, = 1 we have
w(ag, a;az,a1) < 0. If w(ag,a;as,a;) < 0 then w(as,a;ar,a3) > 0 and, by (PV2),
w(ay,a;as,az) > 0. But the latter contradicts Lemma [A.1] since i, = 3 and j, = 1.
Therefore w(as, a; as, a;) equals 0 and hence the following holds using equation (A.11.7))

w(as, ar;az,b) = —w(a, a;as,b). (A.11.8)

Now we are ready to prove case (iii). Recall (A.11.1])

wT(al,a;G% b) = —max{O,w(aQ,b; a37a1)} + W<a1;a; G2,b) - W(a1>a§a37 b)-

Using, in this order, (A.11.6)),(A.11.8) and (A.11.5)), allows us to calculate

WT<a17a; aQ,b) = —maX{O,w(a27b; 613,@1)} —|—u)(a1,a;a2, b) + W(as,al; a,b)
= - maX{O, _w<a17 a; as, b)} + (.U(Cll, a; az, b) + w(&37 ay; a, b)

= w(a'lv a; az, b) + w(ala a; as, b) + W(CL37 as;a, b)

Since w(ay, a;as, b) + w(as, a1;a,b) = 0 case (iii) is finished. O
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B Dictionary

On the following few pages, we provide a list of expressions used in this thesis and
the corresponding names of objects in [BT72l, Ben94, [Par00, [Tit86), KLI7, [KMO§| and
[Wei08]. Each column contains one object. In the first line the name used in the
present thesis is given.

Notice, however, that the correspondences are only one to one if buildings are consid-
ered which are covered by both definitions. For example did Parreau prove in [Par(0)]
that the Euclidean buildings of Kleiner and Leeb [KL97| are a subclass of affine R-
buildings (or systéme d’appartements) in the sense of [Tit86], namely precisely the
ones equipped with the complete system of apartments. In general one has the follow-
ing inclusions:

generalized affine Euclidean simplicial

affine buildings » D R = buildings 2 ¢ buildings » O < affine buildings

[Bendd] " [Tlt[%%r(]ﬁm] T Kooy [Wei08, [KMOg]

Sometimes it was not possible to find a precise counterpart of our definitions; in some
cases simply because they did not appear in the considered reference, sometimes be-
cause another approach to buildings was used. For this reason we made comments on
some of the entries of the table.

Doubtless the presented table is in no way complete. Making a choice is always a
subjective thing and implies that I have omitted references others would wish to find
here. I am aware of this fact and take the chance to apologize for not including standard
references on buildings as for example [AB08, [Bro89l [Gar97| or [Ron89].

Remark B.1. Come back to the following remarks whenever there is a reference given
in the table.

1. The mentioned faces of a Weyl chamber, called sector panels in [Ben94], are the
Weyl simplices of dimension one. Other Weyl simplices are not named.

2. In [BT72] spherical Weyl groups are not defined explicitly but the authors remark
that for each special vertex x the affine Weyl group can be written as the semi-
direct product W = W,V , where V is the translation part of W and W, the
stabilizer of x in W.

3. Associated with a given “quartier” D the authors of [BT72| define a basis B(D).
Then D is precisely what is called “the fundamental Weyl chamber associated to
B(D)” in the present thesis.

4. Bruhat and Tits use the notion of a retraction based at an alcove C'. In the
simplicial case an alcove together with a distinguished vertex v of C' is the same
as a germ of a Weyl chamber at v in our sense.
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5. Kleiner and Leeb define A,,,q to be the quotient of the Tits boundary d74sFE by
the spherical Weyl group. This definition does not precisely correspond to the
fundamental Weyl chamber, as used in the present thesis.

6. In [Wei08| buildings are defined as certain chamber systems. The Coxeter cham-
ber system Y7 has a representation as a set of alcoves in a Euclidean vector space
V. This representation corresponds precisely to our model apartment A.

7. A wall of a given root «v in [Wei08] is actually defined to be the collection of panels
(which is a certain set of chambers) whose intersections with o have cardinality
one.

8. Since Weiss uses the chamber system approach to affine buildings, which is in a
certain sense dual to the simplicial approach, a slight difference to our definition
occurs. A sector S is a collection of chambers with terminus R. Here R is a
residue containing the chamber at the tip of S. The type of the basepoint x of S
(in our language) determines the type I\ {o} of R.

9. In [Wei08] convexity is defined with respect to galleries: a set of chambers is
convex if for all ¢, d in the set all galleries connecting ¢ and d are contained in the
set as well. This corresponds to WT-convexity in our sense if the intersection of
half-apartments is not contained in a wall.
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present thesis

H, , wall or

half-apartment

C; fundamental

Weyl chamber S

Weyl simplices of S or

hyperplane EM\A Weyl chamber based at a point z | (if codimension is
(with respect to a one) panel of S
basis B of R)
C. Bennett M, wall half-apartment fundamental (closed) sector S sector panel P; of
[Ben94| sector S based at x type @
see[B. 1]
J. Bruhat, J. Tits | mur L,y, racine affine « see E_M_ quartier D —
[BT72] I'ensemble des dans A
murs H demi-appartement

= image de racine
affine dans 7

M. Kapovich, affine wall H, , half-apartment positive Weyl Weyl chamber A Weyl simplices
J. Millson chamber of Wepn with tip v
[KMOS|
B. Kleiner, B. wall half-apartment Apoq anisotropy Weyl chamber —
Leeb polyhedron with tip at a point
IKL97| see [B.1][3] P
A. Parreau mur affines demi-appartement | ' chambre de C chambre de facettes affines fermée
[Par00] Weyl fermée Weyl affine
fondamentale fermées
J. Tits mur racine (dans A) — quartier de facettes des quartiers
[Tit86] demi-appartement sommet x et cloisons des
(dans 'immeuble) quartiers

(si codimension est 1)
R. Weiss wall of a root root « see E_M_ sector S with face of a sector
[Wei08] see[B.1][7] terminus R

see[B.1][8]
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present thesis

parallel walls /
hyperplanes

W -convex set

seg 4 (z,y) segment
of z and y in A

C. Bennett
|Ben94|

parallel walls

closed convex set

c({z,y}) convex
hull of z and y

J. Bruhat, J. Tits
[BT72]

murs equipollentes

segment fermé [zy]

B. Kleiner, asymptotic lines Weyl polyhedron geodesic segment Ty
B. Leeb
K97
M. Kapovich, — — geodesic segment Ty
J. Millson
[KMOS|
A. Parreau asymptotes convexe fermé segment [z, y]
[Par00]
J. Tits (facettes de convexe fermé —
[Tit86] quartiers) sont
paralléles
R. Weiss parallel walls convex —
[Wei08] see [B.1[9)
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