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Topology of the octonionic flag manifold
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Abstract. The octonionic flag manifold F1(Q) is the space of all pairs in OP2 x QP2 (where
QP2 denotes the octonionic projective plane) which satisfy a certain “incidence” relation. It
comes equipped with the projections 71,72 : F1(Q) — OP2, which are OP!-bundles, as well
as with an action of the group Spin(8). The first two results of this paper give Borel type
descriptions of the usual, respectively Spin(8)-equivariant cohomology of F1(Q) in terms of
w1 and 72 (actually the Euler classes of the tangent spaces to the fibers of 71, respectively ma,
which are rank 8 vector bundles on F1(Q)). We then obtain a Goresky—Kottwitz—MacPherson
type description of the ring Hé‘pin(s)(Fl((O))). Finally, we consider the Spin(8)-equivariant
K-theory ring of F1(0Q) and obtain a Goresky—Kottwitz—MacPherson type description of this
ring.
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1. INTRODUCTION

Let O denote the (normed, unital, noncommutative, and nonassociative)
algebra of octonions and let OP? be the octonionic projective plane (see for
instance [3], [10], and [26]). This space is an important example in incidence
geometry. It turns out that there exists a natural identification between the
space of lines in OP? and OP? itself. The octonionic flag manifold F1(Q) is
the space of all pairs (p,f) € OP? x OP?, where p is a point and ¢ a line,
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such that p and ¢ are incident (see Definition 2.2 below). Both OP? and F1(Q)
carry natural structures of differentiable manifolds. More precisely, we have
the natural identifications

(1.1) OP? = F,/Spin(9) and F1(Q) = F,/Spin(8),

where F4 denotes the compact, connected, simply connected Lie group whose
Lie algebra is the (compact) real form of the complex simple Lie algebra of
type Fy. We consider the natural OP!-bundles 71, 7 : F1(Q) — OP? given by

m(p,€) :==p and ma(p, L) := L.
Let also & and & denote the rank 8 vector bundles on F1(0) given by
(1.2) &1 (p, 6) = T(p’g)ﬂ'l_l(p) and gg(p, é) = T(p’g)ﬂ'g_l(é).

We will use their Euler classes, e(€1) and e(&3), relative to appropriate orienta-
tions. They both live in the integral cohomology ring of F1(Q). Our first result
gives a presentation of this ring in terms of generators and relations. Before
stating it, we make the following convention, which will be used throughout
this paper: if it is not specified, the coefficient ring of a cohomology group is
R.

Theorem 1.1. (a) The group H*(F1(Q);Z) is free.

(b) We can orient the bundles & and &y in such a way that the cohomology
classes 2e(E1) +e(E2) and e(E1) 4 2¢e(E2) are multiples of 3. Moreover, the ring
H*(F1(0); Z) is generated by % (2e(£1) +e(E2)) and 3(e(E1) +2¢(Er)), the ideal
of relations being generated by

Si (%(26(51) +e(&2)), %(—6(51) +e(&2)), —%(e(&) + 26(52))) =0,

i = 2,3. Here Sy and S3 denote the second, respectively third elementary
symmetric polynomials in three variables.

The proof of this theorem is given in Section 3. It relies on results of Hsiang,
Palais, and Terng, see [18], concerning the rational cohomology ring of isotropy
orbits of Riemannian symmetric spaces.

We also study the topology of F1(Q) from the point of view of the action of
the group

M := Spin(8)
which is canonically induced by equation (1.1). More precisely, we are inter-
ested in the equivariant cohomology ring Hj,(F1(Q)). We recall that this ring
has a natural structure of H*(BM)-module, which is defined as follows: we
pick a point xy € F1(Q) which is fixed by the M-action and consider the ring
homomorphism P* : H*(BM) = H;;({zo}) — H;;(F(0)) induced by the
constant map P : FI(Q) — {z¢}. We define

a.c := P*(a)a,
for all a € H*(BM) and all o € H};(F1(0)). In fact, H},;(F1(0)) becomes in
this way a H*(BM)-algebra. It is a unital algebra, and this provides us with
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a canonical embedding of H*(BM) into H;;(F1(0)); otherwise expressed, we
identify H*(BM) with its image under P*. As a general observation, the fact
that the M-equivariant cohomology group of a space is an H*(BM)-algebra
with unit will be sometimes used in what follows without being explicitly men-
tioned.

It is worth noting that, since M is a compact Lie group of rank four,
H*(BM) is a polynomial ring with four generators. More precisely, we have

H*(BM) = H*(BT)"™,

where T C M is a maximal torus and Wy, the Weyl group of the pair (M, T).
This gives

(1.3) H*(BM) = Rla1, a2, a3, a4],

where a; lives in H*(BM), as and a3 in H¥(BM), and a4 in H'2(BM) (see
[19, Sec. 3.7]). The group H*(BM;Z) is described in [20]; as it turns out
from that description, it contains 2-torsion elements, and this is the reason
which prevented us from discussing the M-equivariant cohomology with integer
coefficients in this paper.

We will give two descriptions of the equivariant cohomology ring H},(F1(0)).
We first note that the vector bundles £ and & are M-equivariant and ori-
entable, so we can associate to them the equivariant Euler classes epr(€1) and
e (E2), which are elements of HY,(F1(0)). We also consider the equivariant
Euler classes

(1.4) bk = eM(€k|zo).
k =1,2. These two elements of HY,({zo}) = H®(BM) are linearly indepen-
dent and we have H*(BM) = R[ay, b1, b2, a4] (see Lemma 5.8).

Theorem 1.2. We can orient the bundles & and & in such a way that, as an
H*(BM)-algebra, H3,;(F1(0)) is generated by epr(E1) and enr(E2), the ideal of
relations being generated by:

(1.5)  Si(2en(E1) + enr(E2), —enr(E1) + enr(Ea), —(enr (1) + 2enr(E2)))
= Si(2b1 + ba, —b1 + ba, — (b1 + 2b2)),

i = 2,3. As before, So and Ss are the elementary symmetric polynomials of
degree two, respectively three, in three variables.

The second result about H}, (F1(Q)) gives a Goresky-Kottwitz—MacPherson
type presentation of this ring (cp. [11], where formulae for the equivariant
cohomology of certain spaces with actions of tori have been obtained). We will
see that the fixed point set of the M-action on F1(Q) can be identified with
the symmetric group X3. We put

(16) l~)1 = bl, l~)2 = —bg, l~)3 = bl - bg.
We will show the following:
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Theorem 1.3. (a) The (restriction) map
o Hy (FI0)) = Hy(Ss) = [[ H(BM)

oEX3
induced by the inclusion 1 : X3 = FI(Q)M — F1(Q) is injective.

(b) The image of v* consists of all ordered sets (fy) € [l ex, H*(BM)
such that fs — fii jyo s a multiple of b — I;j, for all o € X3 and all i,j with
1 <i<j<3. Here(l,2), (2,3), and (1,3) denote the obuvious elements
(transpositions) of ¥s.

This is a precise description of Hj,(F1(0)), if we take into account that
H*(BM) = Rlax, b1, b2, aa],

see Lemma 5.8.

The last two theorems are proved in Sections 4 and 5.3 respectively. The-
orem 1.3 relies on a cell decomposition of F1(Q), which is the analogue of
the classical Bruhat decomposition for complex flag manifolds; once we have
this, we simply apply a result of Harada, Henriques, and Holm, see [13]. The
proof of Theorem 1.2 can be outlined as follows: first, e (€1) and ep(E2)
generate Hy,(F1(Q)) as an H*(BM)-algebra, roughly because H;,(F1(Q)) is
isomorphic to H*(F1(0))® H*(BM) as an H*(BM)-module and H*(F1(0)) is
generated as a ring by e(&1) and e(&;), see Theorem 1.1; secondly, one shows
that if f is any polynomial in three variables with coefficients in H*(BM),
then the restriction of the cohomology class f(2ea(€1) + enm(E2), —enm(E1) +
em(E), —(enr(E1) + 2ep(€2))) to an arbitrary M-fixed point o € X3 is equal
to g(2b1 +ba, —b1 +ba, —(b1 +2b2)), where g is a polynomial obtained from f by
permuting the three variables in a certain way: this, along with the injectivity
of +*, explains the relations (1.5).

The last main result of the paper concerns the M-equivariant K-theory
ring of F1(Q). By the “equivariant K-theory ring” of an M-space we always
mean the Grothendieck group of all topological M-equivariant complex vector
bundles over that space, with the multiplication induced by the tensor product
(for more details, we refer to [28]). To describe this ring for F1(Q), we need some
information about the (complex) representation ring R[M] of M. It is known
(see for instance [2]) that the ring R[Spin(8)] is the polynomial ring generated
over Z by X1, X2, X3, X4, which are as follows: the canonical representation of
SO(8) on C8 composed with the covering Spin(8) — SO(8), the two complex
half-spin representations, and the complexified adjoint action. Our result is a
Goresky—Kottwitz—MacPherson type description of the ring K/ (F1(0)).

Theorem 1.4. The canonical homomorphism

Ku(FI(0) —» Kn(Ss) = [ RIM] = ] ZIX1, X2, X3, X4]
ocEX3 oEX3

induced by the inclusion X3 = FI(Q)M < F1(Q) is injective. Its image consists
of all (fo) € [l,ex, ZIX1, X2, X3, X4] such that fo — fiijyo is a multiple of
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Xi— X, for allo € 3 and all ,j with 1 <1i < j <3. Here (1,2), (2,3), and
(1,3) have the same meaning as in Theorem 1.3.

A proof can be found in Subsection 5.9. The main tool is again the theorem
of Harada, Henriques, and Holm mentioned above.

Remark 1.5. The omnipresence of the symmetric group X3 in the above
descriptions is not surprising if we take into accout that F1(Q) is diffeomorphic
to the homogeneous space F4/Spin(8). It is well known that many geometric
properties of Spin(8) and F4 involve Y3-symmetry. The generic term one uses
for such phenomena is “triality”, see [1], [2, Chap. 5 and 14], [3], and the
references therein. For example, a result that goes back to E. Cartan in the
1920s says that the group of outer automorphisms of Spin(8) is isomorphic to
Y3 and it acts on the Spin(8)-modules Vg, Sg, and Sg by permuting them.
These representations of Spin(8) are also important for us here, as follows.
First, they induce the complex representations X, Xo, and X3 which appear
in Theorem 1.4. (Interesting enough, X4, which is the adjoint representation of
Spin(8), has no relevance in Theorem 1.4 and can practically be neglected.) In
the same spirit, it will turn out that the elements b; —b; of H*(BSpin(8)) we are
using in Theorem 1.3 are the Spin(8)-equivariant Euler classes of Vg, Sy, and
Sg , regarded as Spin(8)-equivariant vector bundles over a point and equipped
with appropriate orientations. The vector bundles & and & in Theorems 1.1
and 1.2 are induced by Vg and S; , respectively, in a way which is described in
Section 2.6. We will see there that in the same way, to Sg corresponds a third
vector bundle, &3, which we can use in order to bring even more X3-symmetry
into our first two theorems: this is explained in detail in Remarks 3.2 and 4.10.

Remark 1.6. The space F1(0) is a generalized real flag manifold. By defini-
tion, such a manifold is an orbit of the isotropy representation of a Riemannian
symmetric space (for more details, see Appendix B). The cohomology ring of
the principal orbits of these representations was computed by Hsiang, Palais,
and Terng in [18]. An important class of such manifolds consists of those with
uniform multiplicity 2, 4, or 8: these are the principal adjoint orbits of com-
pact Lie groups, the quaternionic flag manifold F1,,(H), and F1(Q) respectively.
The descriptions given in [18] show that the cohomology ring of each of these
spaces is expressed by a Borel type formula, that is, it is isomorphic to the
coinvariant ring of a certain Weyl group, see [5]. The spaces Fl,, (H) and F1(Q)
admit natural group actions similar to the action of a maximal torus on an
adjoint orbit (e.g., for F1(Q) this group is Spin(8), see above). The equivari-
ant cohomology and equivariant K-theory of a principal adjoint orbit with the
action of a maximal torus is well understood (see for example [21]). A natural
goal is to decide whether F1,,(H) and F1(Q) behave like adjoint orbits also in
the equivariant setting. Positive answers have been given for Fl,,(H) from the
point of view of equivariant cohomology (see [23]) and equivariant K-theory
(see [24]). In this paper we discuss the remaining space, which is F1(0).
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2. THE OCTONIONIC FLAG MANIFOLD

The goal of this section is to define the flag manifold F1(Q) and discuss some
of its basic properties. For reader’s convenience we have included an appendix
(see Appendix A) where the complex flag manifold Fl3(C) is discussed in a
way appropriate to serve us as a model here.

2.1. F1(0Q) via the Jordan algebra (h3(Q),0). We first recall that, by
definition, the space O has a basis consisting of the elements e; = 1, e, ..., es;
they satisfy certain multiplication rules which make O into a nonassociative
algebra with division (for more details, see [3, Sec. 2]). Let

p=x1 + x2€2 + ...+ T3€E3
be an element of O, where x1,xs,...,x5 € R. We define its real part,
Re(p) := z1,
its conjugate,
Pi=x1 — Toeg — ... — Tgesy,
as well as its norm, |p|, given by
> ==p-P=al+a5+... +ai.

Let us consider

h3(©) = ]5 T2 T panre@; $1,$2,$3€R )
qg T X3

the space of all 3 x 3 Hermitian matrices with entries in Q.

Definition 2.2. (a) The octonionic projective plane QOP? is the set of all
matrices a € h3(Q) with

a’>=a and tr(a) =1.

(b) The octonionic flag manifold F1(Q) is the set of all pairs (a,b) € OP? x
OP? with
Re(tr(ab)) = 0.
In the language of incidence geometry, this condition says that the “point” a
and the “line” b are “incident” (see for instance [10, Sec. 7.2]).

We equip h3(0) with the R-linear product! given by
1
(2.1) aob:= i(ab—kba),
for all a,b € h3(0).

Definition 2.3. The group F, consists of all R-linear transformations g of
h3(0) such that

g-(aob) = (g.a) o (g.),
for all a,b € h3(0).

IThe pair (h3(Q), o) is actually a Jordan algebra (see [3] and [10]).
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The following is a list of properties of the group F4 which will be needed
later. The details can be found for instance in [10], [26], and [2].

e The group F4 is a compact, connected, simply connected Lie group
whose Lie algebra is the compact real form of the complex simple Lie
algebra of type F4.

e For any a € h3(Q0) there exist g € F4 and z1, 22, 23 € R such that

T1 2> T > T3

and
X1 0 0
g.a = 0 z9 0
0 0 I3
The numbers x1, x2, x3 are uniquely determined by a.
e We have
(2.2) tr(g.a) = tr(a),
for all g € F4 and all a € h3(0).
e We have
(2.3) gl=1,

for any g € F4. Here I denotes the diagonal matrix Diag(1,1,1).
e Denote by 0 = R3 the space of all diagonal matrices in h3(Q). We have

(2.4) {g € Fy| g.x == for all x € 0} = Spin(8).
e The space OP? is the F-orbit of
1 00
di:=10 0 0
0 00

The stabilizer of d; is isomorphic to the Lie group Spin(9). Thus, we
have the identification

OP? = F,/Spin(9).
We also have the following description of F1(Q).
Proposition 2.4. The (diagonal) action of F4 on F1(Q) is transitive. If

0 0 0
=101 0
0 0 0

then the stabilizer of (d1,d2) is isomorphic to the group Spin(8) given by equa-
tion (2.4). Thus, we have the identification

F1(0) = F4/Spin(8).

Proof. The transitivity of the Fg-action follows from [10, Sec. 7.2 and 7.6].
The second assertion follows from the fact that g € F,4 fixes 0 pointwise if and
only if it fixes d; and dy (by equation (2.3)). O
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Let us now consider the maps 71, 72 : F1(Q) — OP?, given by
m1(a,b) :=a and ma(a,b):=b,

for all (a,b) € FI(0). From the previous considerations we deduce that they
are both F4-equivariant maps.

Proposition 2.5. The maps w1 and w3 are OP'-bundles. Here, in analogy
with Definition 2.2(a), OP' (the octonionic projective line) is the space of all
idempotent elements of h2(Q) with trace equal to 1.

Proof. We show that m; is an QOP'-bundle. Since m; is F4-equivariant, it is
sufficient to prove that m;*(d;) = QP! (because then, for any g € F4 we have
7 Y(g.d1) = g.OP'). Indeed, the elements of 7, !(dy) are of the form (dy,a),
where a € OP? is such that

tr(ady) = 0.
The last equation and the fact that a? = @ imply that
0 0 O
a= 0 xo r
0 7 T3

for x3,23 € R and r € Q. The set of all such a with a? = a and tr(a) = 1
is the subspace QP! of {0} x h2(0) (the latter being canonically embedded in
h3(0)). This finishes the proof. O

2.6. F1(0) as a real flag manifold. Let h3(0) be the space of all elements
of h3(0) with trace equal to 0. The representation of Fy on the space h3(Q)
mentioned in the previous subsection leaves hY invariant, see (2.2). The main
point of this subsection is that the induced representation of F4 on h3(0) is
just the isotropy representation of the (noncompact) Riemannian symmetric
space Eg(_26)/Fa. Here Eg(_g6) is a certain noncompact real simple Lie group
whose Lie algebra eg(_s¢) is a real form of the simple complex Lie algebra of
type Eg (see [16, Table V, Sec. 6, Chap. X]). Appendix C contains more details
about this. We extract from there the relevant information, as follows. We
have the Cartan decomposition?

(2.5) eo(—26) = f4 ® b3(0)

where f4 is the Lie algebra of F4 and h3(Q) the space of all elements of h3(Q)
with trace equal to 0. We denote by 0° the space of all elements of d with trace
equal to 0. It is a maximal abelian subspace of h3(Q). Let us also consider the
following subspaces of h3(0):

= OO

0 0
by, = 0 T reQ,,
0 0

2This also explains the subscript —26 from ¢g(—26)- 1t is the signature of the Killing
form of this Lie algebra. This form is negative definite on f4 (of dimension 52) and positive
definite on h3(0) (of dimension 26).
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0 0 ¢
By = 0 0 O qe0;,
qg 0 0
and
0 p O
Dy 1= p 0 0 peO
0 0 O

We have the obvious decomposition
hg(@) = Dy @ Dyy @ by

The spaces b, are in fact root spaces, in the sense that we have
(2.6) by = {a € h3(0) | [z, [z, a]] = v (z)?a for all x € 2°},
k = 1,2,3. Here the bracket [ , | is the usual commutator of matrices and
Y1,72,73 : 0° — R are described by

Y1(21, 72, 73) 1= T3 — T2,
(2.7) Yo(x1, 2, x3) 1= 11 — T3,

V3(21, T2, T3) 1= 21 — T2,

where (21, z2, x3) stands for Diag(z1,x2,x3), for any z1,z2,x3 € R with 1 +
22 +x3 = 0 (for more details concerning equation (2.6), see Appendix C). The
elements of ® := {4+, £, £73} are the roots® of Eg(_26)/F4 with respect to
9%, We also consider the subsets

&t = {y1,72,73} and @~ = {—y, —72, —s}

of ®. They are the positive, respectively negative roots relative to the simple
roots v1 and 2. The following proposition concerns the action of F4 on h3(Q)
mentioned above.

Proposition 2.7. Take zo = Diag(z9,29,29) € 00 such that 29,29, and 9
are any two different. Then the Fy-stabilizer of xo is the group Spin(8) in
Proposition 2.4. One identifies in this way

Proof. An element g € Fy leaves x¢ fixed if and only if it leaves the entire 29
pointwise fixed (see Proposition B.1). By equation (2.3) this is the same as
saying that g leaves D pointwise fixed. By equation (2.4), this is equivalent to
g € Spin(8). O

Consequently F1(0) is a real flag manifold (see Appendix B for more on
this notion). We deduce from this that the root spaces b,,b+,, and b, are
Spin(8)-invariant. In fact, the corresponding representations can be described
explicitly as follows (see [3, p. 179]):

3Strictly speaking, the roots are i%(:cg — :cg),i%(zl — x3), and i%(zl — x2) (see the
end of Appendix C).
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e h,, = Vg, the standard (matrix) representation of SO(8) on R, com-
posed with the covering map 7 : Spin(8) — SO(8)
° =S+
sz 8
® by =55,
where SSi are the two real half-spin representations of Spin(8).
The Weyl group of Eg(_a6)/F4 with respect to 9" is

(2.9) W= {n € Fy | n.0° C 2°}/Spin(8).

The obvious action of this group on ?° is faithful. The corresponding group
of transformations of 0y is generated by the reflections of 00 = {(z1, o, 73) €
R3 | 21 + 22 + 23 = 0} about the lines ker 1, ker 7o, and ker 3 respectively.
Thus, W can be identified with the symmetric group X3 which acts on ?° by
permuting the coordinates x1, s, z3. Consequently, it also acts on @, by

(07)(@) = (0 ),
for all o € X3, v € ®, and = € V.

The tangent space to F1(Q) (regarded as a submanifold of euclidean space
H3(0)) at the point z introduced in Proposition 2.7 is

TwoFl(@) = b% D bw D hw,-
Consider the vector bundles &1, &, and & on F1(0Q) given by
(2.10) Eklg.o = 9D

for any g € Fy, k = 1,2,3. These are subbundles of the tangent bundle of
F1(0). In what follows we will show that & and & defined by equation (2.10)
are the same as & and & defined by equation (1.2).

Proposition 2.8. The vector bundles &1 and &y defined by equation (2.10)
satisfy

Elgwe = Tyaomr (m1(g.20)) and gy = Tyaymy ' (w2(g.70))
for all g € Fy.

Proof. We prove the first equality. By F4-equivariance, we only need to prove
that

bVl = T(d17d2)7r1_1(d1)'
Here we have used that xo corresponds to (di,ds) via the isomorphism (2.8).
We saw in the proof of Proposition 2.5 that 7, *(dy) consists of all

0 0 0
a= 0 1—2z3 r
0 T X3

where 3 € R and r € Q such that a? = a. This gives

1\? 1
2 _ i
|’I"| +<JZ3 2) 4
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This is a full sphere in the 9-dimensional space @ x R whose tangent space at
(r,x3) = (0,1) is described by z3 = 0. Regarded as a subspace of h3(Q), the
latter space is just b, . ([

Since F1(0) is a real flag manifold, we deduce from Appendix B (especially
Theorem B.2) that it has the following natural cell decomposition:

(2.11) FI(0) = | | Cs.
cEeY3

For each o € X3, the cell C, is invariant under the action of Spin(8) and we
have a Spin(8)-equivariant diffeomorphism

(2.12) Cr =P,

where the sum runs over all v € ®T such that o=ty € &~ (see Corollary B.4).
The following result will play an important role in our investigation:

Proposition 2.9. Each C, can be identified with C*(%) for some number n(o).
In this way, the canonical mazimal torus T of Spin(8) (see for example [2,
Chap. 3] or [8, Chap. IV, Thm. 3.9]) acts C-linearly on C,.

Proof. By the decomposition (2.12), it is sufficient to study the action of T on
Vs, Si, and Sg . The last two representations of Spin(8) are obtained from the
first one by (outer) automorphisms of Spin(8) (see [2, Thm. 5.6]). Since any of
these automorphisms leave T' invariant, it is sufficient to consider the action of
T on Vg. Without giving the exact description of T' (see the references above),
we recall that if 7 : Spin(8) — SO(8) is the canonical double covering, then
the elements of w(T') are block diagonal 8 x 8 matrices consisting of four blocks

of the form

cosf) —sinf

sin cosf |’
where 6 € R. If we identify R® = C* via

(x1,29,...,27,28) = (x1 + 122, ..., 27 +iTs),

then the action of any element of 7' is given by four copies of a map of the
form

x1 +ixg — (cosf + isinb)(z1 + ixs)
for all 1 4 iz2 € C. This map is obviously C-linear (since the multiplication
of complex numbers is commutative). (]

Finally, we describe the fixed points of the Spin(8)-action on F1(Q).

Proposition 2.10. The fized point set of the Spin(8)-action on F1(Q) = Fy.x¢
18
F1(Q)SPin®) = 551,

If T C Spin(8) is the canonical mazimal torus, then the fized points of the T'-
and the Spin(8)-action on F1(O) are the same.
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Proof. We start with the following claim.
Claim. 1f a € h3(0) is fixed by T, then a is in 0°.
To prove this we decompose

a=ag+ai+as + as,

where ag € ?° and a; € By,, 7 =1,2,3. Since 2%,h,,,b,,, and h,, are Spin(8)-
invariant (see above), all four of ag, a1, as, as are fixed by T'. Assume that a is
not in 9°. Then at least one of a1, az, and a3 is nonzero. Say first that a; is
nonzero. We have

(2.13) 7(g) - a1 = aq,

for all ¢ € T. Here 7 : Spin(8) — SO(8) is the canonical double covering
and “” is the matrix multiplication. The SO(8)-stabilizer of a; is isomorphic
to SO(7). Equation (2.13) says that this stabilizer contains the four dimen-
sional torus 7(T') as a subgroup, which contradicts rank(SO(7)) = 3. If ay (or
ag) is different from 0, the argument we use is similar: the representation of
Spin(8) on h,, = S5 (respectively on b, = Sg) differs from Vg by an (outer)
automorphism of Spin(8).

The claim implies that

F1(0)" c F1(0) Nd° = S3a.

For the last equality we have used [10, Section 5 (Hauptachsentransformation
von J)] (see also [26, Section 5, Lemma 1]). On the other hand, equation (2.4)
implies that

F1(0) Nd° ¢ FI(Q)SPin(®),
This finishes the proof. U

3. CoHomoLOGY OF F1(0)

Let us consider again the projection maps 7y, 7o : F1(Q) — OP? defined by
equation (1.2). We would like to describe 71 and 7o by using the identification
between F1(O) and the orbit Fy.xo (see Proposition 2.7). To this end, we
consider the following two elements of 0°:

1
3

[ev i en)

1
and dy := dy— 21 =

W=

2

1 3
d(f::dl—gfz 0 —

0

Qwinvn O

0
0
For each of them, the Fy-stabilizer is a copy of Spin(9) which contains the

F4-stabilizer of g, see Proposition 2.7. Thus, the Fy-orbits of d(lJ and dg are
both diffeomorphic to OP2. The maps

p1: Fiz9 — F4d(1J and P2 Fix9 — F4d8
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given by p1(g.z0) = g.dJ and pa(g.70) = g.d3 are well defined. Let us consider
the following diagram:

FI(Q) ——— OP?2

P
Fpoo— 5 Fy.d?

Here, the vertical arrow in the left-hand side is the F4-equivariant diffeomor-
phism which maps (d1, dz2) to zo (see Proposition 2.7). The other vertical arrow
in the diagram is the diffeomorphism given by

1
—x— -1,
T 3

for all x € QOP?: it is an Fy-equivariant diffeomorphism too. The diagram is
commutative. We also have a similar diagram which involves p; and 75. Thus,
if we identify

Fy.zo = F1(0), F4.d? = OP?, and F4.dJ = QP>
then we have the following result:

Proposition 3.1. The maps p1,p2 : F1(Q) — OP? defined above are Spin(8)-
equivariant QP'-bundles. The vector bundles £ and & defined by equation
(2.10) satisfy

E1lg.wo = Tg.aopt  (P1(9-70)) and Ezlg.ey = Ty.zgpy  (p2(9-70))
for all g € Fy.

This proposition is a direct consequence of Propositions 2.5 and 2.8.
We will use the notation

X :=F1(O) = Fy.x0.

Let us consider again the functions 71, vz, v3 : 9 — R defined in the previous
section (actually the restrictions to 2 of the functions given by equation (2.7)).
Recall that {+y1, +7v2, =73} is a root system of type As. We choose the simple
root system consisting of 77 and 79; then v3 = 71 + 72 is the third positive
root.

In what follows we will construct an orientation on each of the bundles &,
k = 1,2,3. First, we pick an orientation on |z, = b, (see below). Then,
if g € F4, we choose the orientation on &;lg.z, = g.h, in such a way that
the map ¢ is orientation preserving (note that this definition does not depend
on g, since the stabilizer group (F4)z, = Spin(8) is connected and each of
its elements acts on b, as a linear orthogonal transformation, see Section 2).
Thus, orienting &£1,&>, and £3 amounts to choosing orientations on b, b,,
and b.,. We proceed as follows. First we take into account that vz = sa71,
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where s, denotes the element of the Weyl group W given by the reflection
of 20 about ker~y, (see (2.9) for the definition of W). There exists ny € Fy
with 12.0° = 0° such that sy is equal to the coset [n2] = n2Spin(8) in Xj.
Consequently, we have

s = 0ny .

This implies that ny maps b, to b,,. Similarly, there exists n; € Fy4 such that

Y3 =720 nfl-
Thus, nfl maps b, to bh,,. We pick and fix an orientation on b,,; the ori-
entations we equip bh,, and b,, with are such that the maps n; and ny are
orientation preserving.
The main goal of this section is to prove Theorem 1.1. We proceed as

follows. First, observe that X is a 24-dimensional manifold. It is known (see
for instance [18, Sec. 5]) that the group H*(X;Z) is a free Z-module such that

0, if k ¢ {0,8,16,24},
(3.1) rank H"(X;Z) = { 2, if k € {8,16},
1, if k € {0,24}.

A basis of H®(X;Z) can be constructed as follows. By Proposition 3.1, the
subspaces
Si:=pyH(d}) and 8= p;(dy)

of F1(Q) are diffeomorphic to OP?!, hence to the sphere S8. Moreover, the
tangent bundle of S is just &1|s,: thus, the orientation of & chosen above
induces an orientation on &;. Similarly we can also orient Sz. The homology
classes [S1] and [Sz] carried by 81 and S are a basis of Hg(X;Z). Thus, the
cohomology classes 31, 82 € H®(X;Z) determined by

1, if i = 7,

0, otherwise,

(6% [SJ]) = {

1 <i,j <2, are a basis of H¥(X;Z) (here (, ): H3(X;Z) ® Hs(X;Z) — Z
denotes the evaluation pairing).

We take into account that the elements d and dy of 00 satisfy 1 (d9) = 0
and v2(d9) = 0. The following equations can be deduced from [18, Proof of
Thm. 6.12] (see also [22, Proof of Lemma 3.3]):

2(71,72)

e(&1) =281 + WﬁQ =281 — [

eE) = 202N g | og g 1 og,
(y1,71)

6(53) = 6(81) + 6(82).

Thus, we have

(32) B %(26(51) +e(£)) and By = %(6(51) +2¢(E)).
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From equation (2.10) we deduce that the tangent bundle T'X can be split

as
TX =61 E D Es.
This implies:
e(TX) = 6(81)6(82)6(83) = 6(81)6(82)(6(81) + 6(82))
If [X] is the fundamental homology class of X, then
(e(Er)e(E2)(e(&1) + e(£2)), [X]) = (e(TX), [X]) = x(X) =6,

where x(X) is the Euler-Poincaré characteristic of X. We know it is equal to
6 by equation (3.1). Consequently, the cohomology class

(33 FelEe(E)(e(€) + e(€2)

is a basis of H?*(X;Z) over Z.
Let us now consider separately the root system {471, £7y2, £7v3}. The fun-
damental weights corresponding to the simple roots 71,2 are

1 1
Al = 5(2’}/1 —l—’)@) and Ay = g(’yl + 2’)/2).

We know that there exists a canonical isomorphism between the ring
Q[A1, A2]/(nonconstant symmetric polynomials in Aj, A2 — A1, —Ag)

and H*(Fl3(C); Q), see [5]. By a theorem of Bernstein, I. M. Gelfand, and
S. I. Gelfand, see [4], the Schubert basis of H*(Fl3(C); Q) over Q is obtained
by considering (the coset of)

1

67172(’71 +72)

and applying successively the divided difference operators A, and A,,. Here,
the operator A, corresponding to the root v € {v1,72} is defined by

a1y = T2

for any f € Q[A1, A2] (by s, we denote the reflection about the line ker+). The
Bernstein—Gelfand—-Gelfand basis of H*(Fl3(C); Q) mentioned above consists
of the cosets of the following polynomials:

1 1
37+ 72), 372071+ 72)
A1, Az
1.
The Schubert classes corresponding to A\; and %'71 (71 + 72) are Poincaré dual
to each other, hence we have:

1 1
(3.4) Ar - g“ﬂ(’yl +72) = 67172(“/1 +72) + f
where f € Q[A1, A2] is in the ideal generated by the nonconstant symmetric

polynomials in A1, Ao — A1, —Aa.
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We now return to the cohomology of X. By [18, Thm. 6.12] (see also [22,
Sec. 3]), the ring H*(X;Q) is generated by f8; and (2, the ideal of relations
being generated by the symmetric polynomials in 31, 82 — 81, —f2. Equations
(3.2) and (3.4) imply that the equality

Bre(En)(e(n) +e(€2)) = zelE)elE)e(Er) + el(£2)

holds in H*(X;Q). The right-hand side of the equation is the fundamental
cohomology class of X over Z (see equation (3.3)). Since f is in H*(X;Z),
we deduce that the cohomology class

(3.5) Se(EN(E() +elE2)

belongs to H*(X;Z), being the Poincaré dual of 8, in H*(X;Z). Similarly,
the class

1
(3.6) 56(52)(6(51) +e(&))
is in H*(X;Z), being the Poincaré dual of 85. Consequently, the classes given
by (3.5) and (3.6) are a basis of H6(X;Z).
To complete the proof, it only remains to show that the cohomology classes

given by (3.5) and (3.6) can be expressed as polynomials with integer coeffi-
cients in 1 and fs2. Indeed, by using (3.2), we can see that

Se(E(eE) + () = B}
and

Se(E)(e(E) + e(2)) = B3,
Here we have used the relation

Bt + B3 — B2 =0,

which follows from the fact that the second symmetric polynomial in 3y, 82 —
B1, — 2 is equal to 0.

Remark 3.2. Denoting by £; the vector bundle £ equipped with the ori-
entation which is opposite to the one we have defined above, we can rephrase
Theorem 1.1 by saying that the ring H*(F1(0);Z) is generated by

7y = %(e(sg‘) —e(E2)), a2 = %(e(sl) —e(£3)), w3 = §<e(€z> —e(&)),

subject to the relations given by the vanishing of the symmetric polynomials
in x1,x2, and z3. See also Appendix A and Remark 1.6.

Remark 3.3. The result stated in Theorem 1.1 is not entirely new: a similar
description has been obtained for example in [29, Thm. 2.3] (cp. also [6, Lemma
20.4]). The novelty of Theorem 1.1 is that it gives geometric descriptions of
the generators of the cohomology ring.
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4. EQUIVARIANT COHOMOLOGY OF F1(Q): GENERATORS AND RELATIONS
In this section we will prove Theorem 1.2. As before, we denote
M :=Spin(8) and X :=Fl3(0) = F4.x0.

We first recall that the vector spaces b.,,b,,, and b,,, as well as the vector
bundles &1, &>, and £3 have been endowed with orientations in Section 3. The
following result is an immediate consequence of Theorem 1.1 (see also Section
3):

Lemma 4.1. The ring H*(X) is generated by e(£1) and e(&2), subject to the
relations

Si(2e(&1) + e(&2), —e(&1) + e(&2), —e(&1) — 2¢(&2)) = 0,

i =2,3. Here S; denotes the i-th fundamental symmetric polynomial in three
variables.

We are actually interested here in the equivariant cohomology ring H;,(X).
We recall that, by definition, we have H;;(X) = H*(EM x X), where EM
is the total space of the classifying principal bundle EM — BM of M. As
explained in the introduction, H;,(X) has a canonical structure of H*(BM)-
module. In the case at hand, this module turns out to be free, of rank equal
to dim H*(M): we say that the M-action on X is equivariantly formal. This
follows readily from the fact that H°d9(X) = {0}, see Lemma 4.1, and some
standard results in equivariant cohomology, see for example [12, Lemma C.24
and Prop. C.26]. The result stated in the following proposition is a direct
consequence of equivariant formality (see for example [15, Prop. 4.4]).

Proposition 4.2. The graded ring homomorphism 5* : Hy (X) — H*(X)
induced by the canonical inclusion 3: X — EM X X is surjective. Its kernel
18

ker 7* = (HY(BM).H;; (X)),

where HT(BM) denotes the space of all elements of H*(BM) of strictly pos-
itive degree and (H*(BM).H}; (X)) is the R-span of all elements of the form
a.c, with a € HM(BM) and o € Hy (X).

Our first goal is to prove that the equations (1.5) hold true. The elements
b1,bs of H*(BM) involved there can actually be expressed as

b = enr (b ),
k =1,2 (see Proposition 2.8). Let us also define
(4.1) bs := enr(bhyy)-

The following notation is standard: if @ € H},;(X) and € X, then the
restriction of o to z is
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where i, : {#} — X is the inclusion map (note that «|, € H},({z}) =
H*(BM)). The following lemma will be needed later. It is worthwhile re-
calling at this point that H*(BM) is identified via P* with a subspace of
H;,(X), see Section 1.

Lemma 4.3. We have
(4.2) eM(51)+eM(€2)—eM(€3) = by + by — b3.

Proof. For any k € {1,2,3} we have 3*(ear(Er)) = e(Ek) (since, by definition,
enm (Ex) is the Euler class of a vector bundle over EM xj3; X whose pullback
via g is ). We deduce that

7 (em(&1) +em(E2) —em(E3)) = e(&1) +e(&2) —e(€3) = 0.

From Proposition 4.2 and the fact that H*(X) = {0} for all 1 < k < 7 (see
equation (3.1)) we deduce that

ent(&1) + enr(E2) — enr(E3) € P*(H*(BM)).

The composition P o iy, is the identity function of {z¢}. Thus, it is now
sufficient to note that

(enr(&1) + enm(€2) — enr(€s))lwy = enr(Eirlay) + nr(E2ley) — €rr(Eslay)
= b1 + by — bs,
where we have used equation (2.10). O

The following localization result will also be used here. It will be proved
in Subsection 5.3. We recall, see Lemma 2.10, that the fixed points of the
M-action on X are given by

XM = 23.230.
Lemma 4.4. The restriction map
* * M
Hy(X) — Hy (X™)
18 1njective.

The strategy we will use in order to justify (1.5) is by showing for each
equation that the two sides are equal when restricted to any point in X*.
We recall that X is equal to the W-orbit of zg, where W acts on ?° as the
reflection group of the root system {71, +7v2, £y3}. Since {71,72} is a simple

root system, the reflections s, :=s,, and sy := s,, generate W. Moreover, we
have

(4.3) W = {1, 51, 82, 5152, 5251, 515251},
where s15251 = $25152.
Lemma 4.5. The restrictions of exr(£1), enr(E2), and epr(E3) to XM are as

follows:
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o 1 S1 So  S182 S2S81 8152851

e (E1)|owy | b1 —b1 b3 by —b3 —by

eM (52) oxo bo bs —ba —b3 b1 —by

en(E3)|oag [ b3 b2 b1 —b1  —by —b3
TABLE 1

Proof. We have
eM(€1)|5110 =CM (€1|5110)'
By definition, &1]z, = h,. The points z¢ and sz are antipodal points of the
eight dimensional sphere S; = p;'(d?), which is embedded in X (see Section
3). By Proposition 3.1, the tangent bundle of S; is just the restriction of &
to §1. The orientation of £ induces an orientation of the sphere S;. The
space &1ls,q, is the same as &i|y, = h,, but with the reversed orientation.
Consequently,
e1\/1(51”5110 = _eM(b'Yl) = —b1.
Let us now determine

eM(€1)|5210 =CM (€1|5210)'
Like in Section 3, we consider again ny € Fy such that sy is the coset [ng] =
noSpin(8) in the Weyl group W = X3. By definition, since sexg = na.xo, we
have
51|S2I0 = nQ'h’h'
Moreover, ny is an orientation preserving map from b, to &i|s,a, (from the
way we have oriented &; in Section 3). On the other hand, we saw in Section
3 that ny maps b, to bh,, by preserving the orientation. We deduce that
€M (51|S2I0) = eM(h’B) = bs.
We determine now
eM(gl)|8152900 =€eMm (51|8182$0) :
Take ny € Fy such that s; = [n1] = n1Spin(8) in X3. We have
S182T0 = sl_lsgxo = nfl.(ng.xo).
Thus, &1 (s, sy2, 15 Obtained from b, by applying first no (and obtaining b, ),
followed by ny' (which gives b.,,). Consequently,
€M (51|S1S2I0) = eM(h’m) = ba.

All other restriction formulae can be proved similarly. O
The following lemma expresses ear(€3) in terms of epr(€1) and epr(E2).

Lemma 4.6. We have
b3 = by + by
and

em(E3) =em (&) +em(E2).
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Proof. We take equation (4.2) and restrict both sides to sizg. The left-hand
side changes according to Lemma 4.5. The right-hand side doesn’t change.
Indeed, for any k € {1,2,3} we have

P*(bk)|81wo = 7;:1960 (P*(bk)) = 7;:1960 (P*(eM(ka))) = (P © islwo)*(eM(ka))7
which is the same as the M-equivariant Euler class of the pullback of b,, via
the map P oig 4, : {120} — {wo}; this is equal to by. Equation (4.2) implies

—b1 + b3 — by = by + by — b3,
which, in turn, implies the desired equations. O
We are now ready to show that the relations given by equation (1.5) hold
true. For each of them we restrict the left-hand side to zg, s1xg, S220,...,
s18981x9 and use Lemmata 4.5 and 4.6; each time we do this, we obtain
52(2b1 + by, —b1 + by, —b1 — 2b2), respectively 53(2b1 + by, —b1 + by, —b1 — 2b2)

Indeed, let S be one of the (symmetric) polynomials S and S3. We have as
follows:

S(2enr(E1) +em(E2), —em(E1) + enr(E2), —enr(E1) — 2enr(E2)) sy 20
— S(—2by + by, b1 + b, by — 2b3)
— S(—by + by, 2b1 + by, —by — 2by)
— S(2by + ba, —by + bay —by — 2bo).

S(2en(E1) + enr(Ea), —ens(Er) + enr(E2), —enm(E1) — 2en1(E2))| 50
— S(2bs — ba, by — ba, —bs + 2b2)
= 5(2b1 + by, —by — 2ba, —b1 + b2)
— S(2by + ba, —by + bay —by — 2bo).

S(2enr(&1) + enr(Ea), —en(Er1) + enr(E2), —enr(E1) — 2en1(E2))| sy 520
= S(2by — b3, —by — b3, —by + 2b3)
= S(—by + ba, —by — 2b, 2by + by)
= 5(2b1 + by, —b1 + ba, —b1 — 2b2).

S(2enr(&1) + enr(Ea), —en(E1) + enr(E2), —enr(E1) — 2ep1(E2))| 555120
= 5(—2b3 + b1, b3 + by, b3 — 2by)
= 5(—by — 2by,2b1 + by, —b1 + b2)
= 5(2by + ba, —by + by, —by — 2by).

S(2e01(E1) + ear(E2), —enr(E1) + enr(E2), —enr(€1) — 2e1(E2)) sy sasro
= 5(—=2by — by, by — by, by + 2by)
= S(=by — 2by, —by + by, 2by + by)
= 5(2by + by, —by + ba, —by — 2by).
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Our second goal is to show that ep(£1) and epr(E2) generate Hy (X) as
an H*(BM)-algebra. To this end we first recall that the action of M on X
is equivariantly formal. From equation (3.1) we deduce that there exists a
basis ay, . .., a5 of Hy;(X) over H*(BM ), such that each a; is a homogeneous
element of degree given by
0, if k=0,

8, if ke {1,2},
16, if k € {3,4},
24, if k = 5.

deg oy =

We need the following lemma.
Lemma 4.7. There exists a basis {&x | k = 0,...,5} of H3(X) as an
H*(BM)-module such that:
(i) if k €{0,...,5}, then both & and
ap = ]*(dk) S H*(X)
are homogeneous of degree given by
deg oy, = deg ay, = deg ay,
(i1) the set {ay, | k=0,...,5} is a basis of H*(X) over R,
(#ii) we have
a =epm(&1), a2 =em(&a),
and
o] = 6(51), g = 6(52).
Proof. We set
an, if k#1,2,
dk = eM(é’l), if k= 1,
eM(EQ), if k=2.
It is sufficient to show that
ar =ruen (&) +raem(E2) +ar
ap = rigen(E1) + rosens(E2) + az

where 711,721,712, 722 are real numbers such that the matrix (r;;)i1<; j<2 is
nonsingular and aq, ag are in H*(BM). Indeed, we have

T (em(&r)) =e(&1) and 5" (em(£2)) = e(&).
The cohomology classes e(€1) and e(€;) are a basis of H8(X) (see Section 3).
Also 7*(@1) and j*(a) are a basis of H®(X) (because ker * = (HT(BM).H},
(X))). Thus, we can write
J(@1) = r1g*(en (1)) + 12157 (em(£2))
75 (a2) = 125" (em(&1)) + r22" (e (€2))
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for some numbers 711,721,712, 722 such that the matrix (r;;)1<; ;<2 is nonsin-
gular. Consequently, the differences @1 — r11ep(€1) — reren(E2) and as —
rizen(E1) — razepr(Es) are linear combinations with coefficients in HT(BM)
of ag,...,as. By dimension reasons, both of them must live in H*(BM).
This finishes the proof. O

Let us now consider the isomorphism of H*(BM )-modules
V:Hy(X)— H(X)® H(BM)

given by (&) := ag, for all k =0,...,5.

From now on we identify the H*(BM)-algebra Hj,(X) with H*(X) ®
H*(BM) equipped with the product o. The latter is defined by the fact that
it is H*(BM)-bilinear and it satisfies the condition

ag o ap = U(agpay),
for all k,¢ € {0,...,5}. We stress that
(4.4) H;y(X) = (H"(X) ®Rlay, az, a3, as],0)
as Rla1, ag, as, as4]-algebras, see equation (1.3). The usual grading of H*(X)
together with
dega; =4, degas = degas =8, degay = 12,

induces a grading on H*(X) ® H*(BM). The following two properties of the
product o will be used later. If a, 8 € H*(X) are homogeneous elements, then
we have:

(i) o B is a homogeneous element of H*(X)® H*(BM) of degree given by

deg(ao 8) = degar + deg 3,

(ii) oo 8 = af+(a linear combination of multiples of HT(BM)).
Point (i) follows from the fact that the map ¥ is degree preserving. To justify
point (ii) it is sufficient to take a = o, and 8 = «ay, where k, ¢ € {0,...,5}; we
use the fact that the following diagram is commutative:

N4

3, (X)

N

H*(X).

H*(X)® H*(BM)

Here the arrow in the right-hand side is the canonical projection.
Lemma 4.8. The classes
€1 :=epm(E1) and e :=ep(E2)

generate Hy (X)) as an H*(BM)-algebra. Equivalently, in terms of the iden-
tification (4.4), the classes

e1=e(&1) and e =e(&)
generate (H*(X) @ H*(BM),0) as an H*(BM)-algebra.
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Proof. Tt is sufficient to prove that for any k € {0,...,5}, ax can be written as
a polynomial expression in €; and ez with coefficients in H*(BM), the product
being o. We prove this by induction on k. The claim is obvious for £ = 0,
as g is just a number (element of H°(X)). Let us now make the induction
step: take k € {0,...,5}, k > 1. We know that ¢; and ez generate H*(X) (see
Lemma 4.1). Thus, we have

ay = f(e1, €2),

where f is a polynomial in two variables and the product in the right hand side
is the usual (cup) product. Let f°(eq,€2) be the element of H*(X)® H*(BM)
obtained by evaluating f in terms of the product o. By property (ii) of o,
ar — f°(e1,€2) is a linear combination of terms of the form a.cy, where a €
HY(BM) and ¢ € {0,...,5} with deg oy < deg .. The last condition implies
¢ < k: we only need to use the induction hypothesis. O

The following lemma will finish the proof of Theorem 1.2.

Lemma 4.9. The ideal of relations in Hj}(X) with respect to €1 and ex is
generated by (1.5).

Proof. Let us consider the polynomials go, g5 € R[z1, 23] given by

(4.5) gi = Si(2x1 + w2, —x1 + T2, — (71 + 222)),
i =2,3. We prove that if f(x1,22) € H*(BM) ® R[x1, z2] such that
(46) fo(el, 62) = 0,

then f is in the ideal generated by the polynomials
fi(x1,22) == gi(z1,22) — gi(b1, b2),

it = 2,3 (here f°(e1,¢€2) is the element of H*(X) ® H*(BM) obtained by
evaluating f(x1,22) on €1, € in the ring (H*(X) @ H*(BM),o)). We prove
this claim by induction on deg f: throughout this proof, degree will always
be considered only with respect to 1 and zo. If deg f = 0 then the claim is
obvious. Let us now perform the induction step. We consider a nonconstant
polynomial f(x1,x2) as above, satisfying equation (4.6). Let h(xz1,22) be the
component of f(x1,x2) of highest degree (with respect to x1,x2). From the
fact that f°(e1,e2) = 0 and property (ii) of o we deduce that

h(el, 62) = 0,

the product involved in the left-hand side being the usual (cup) product. By
Lemma 4.1, h(x1,z2) is a combination with coefficients in H*(BM) @ R[x1, x2]
of ga(z1,x2) and g3(z1,x2). We come back to equation (4.6) and replace h by
the expression mentioned in the previous sentence, where we complete each
occurrence of g; to f; (by adding and subtracting the necessary quantity).
The cancellations which we obtain allow us to obtain another condition of
type (4.6), this time with a polynomial f of degree strictly smaller than the
previous one. Finally, we use the induction hypothesis. O
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Remark 4.10. Like in Remark 3.2, we denote by &; the vector bundle &3
with the reversed orientation. Set

Ty = %(eM(&;) — eM(EQ)), To = %(eM(fSl) - eM(&;)),
T3 1= %(QM(C(:Q) —em(&1)),
uy = %(—bg —ba), ug = %(bl +b3), uz = %(bQ —by).

Theorem 1.2 can be rephrased by saying that Hj, (F1(Q)) is generated as an
H*(BM)-algebra by Z1,Z2,Z3, subject to the following relations:

Si(.fil, ig, ig) = Si(ul, Uz, U3), 1= 2, 3.
A similar description holds for H}.(Fl3(C)), see Appendix A.

Remark 4.11. Another presentation of the ring H},(X) = H ings) (F4/Spin
(8)) can be deduced from [17, Cor. 5.10], since F4 and Spin(8) have the same
rank.

5. PRESENTATIONS OF GORESKY-KOTTWITZ-MACPHERSON TYPE

5.1. A theorem of Harada, Henriques, and Holm. Motivated by the
well-known result of Goresky, Kottwitz, and MacPherson, see [11], concerning
the equivariant cohomology of complex projective varieties that are acted on
by tori, Harada, Henriques, and Holm considered in [13] actions of arbitrary
topological groups along with equivariant cohomology theories associated to
them. They obtained descriptions of the corresponding (cohomology) rings
for spaces equipped with a certain stratification. We will confine ourselves
here to state a weaker version of their main result, which is strictly what we
need in order to prove Theorems 1.3 and 1.4. If M is an arbitrary compact
connected Lie group and X a space acted on by M, we denote by Ej(X)
the M-equivariant cohomology ring with real coefficients or the M-equivariant
complex topological K-theory ring of X: the result is valid for both H;,(-)
and Kj,(-).

Theorem 5.2 ([13]). Let
X=|]c
k=1
be a finite CW complex whose open cells Cy, 1 < k < s, satisfy the following

properties:

(i) Cy is an even dimensional real vector space equipped with an M -linear
action with a unique fized point, say py, which is identified with 0.
(i) We can decompose

(5.1) Cr = @ Cke,

1<e<k
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where Cyy are vector subspaces (possibly equal to {0}) of Cy; the boundary
Ox (Cie) of Cre in X consists of only one point, which is fized by the M -
action (in the case where Cyy = {0}, the fized point is py).

(i1i) For any k € {1,...,s}, the equivariant Euler classes ep(Cre), where
1 < ¢ <k such that Cye # {0}, are relatively prime elements of E};(pt.)
(here we regard Cyy as a vector bundle over a point).

Then the map +* : E3;(X) — E3 (XM) induced by the inclusion of the M -fived

point set XM into X is injective. Moreover, the image of v* consists of all

(fe) € B3p(X™) =TT B3 (ot.)
k=1

such that fi, — fo is divisible by epr(Cre) for all 1 <4 < k < s with Ce # {0}.

5.3. The CW complex structure of F1(Q). We aim to apply Theorem 5.2
to the special case of X := FI(0) and M := Spin(8). In this section we are
concerned with assumptions (i) and (ii) in that theorem. More precisely, recall
that
X :=F1(0) = Fy.x0,

where zo = Diag(z9, 29, 29), with 29,29, 23 € R, any two distinct, such that
29 + 29 + 2§ = 0; this time we also assume that x9 < 29 < 29, i.e., 1 (z¢) > 0
and y2(xo) > 0. We use the CW decomposition of F1(Q) described by equation
(2.11). That is, we choose Cj, := Cy, for 0 € ¥3. The splitting (5.1) is the
one described by equation (2.12). Assumption (i) in Theorem 5.2 follows from
Proposition 2.10 and the fact that C, N X3xg = {oxg}. For assumption (ii),
we will need the explicit embedding of C, in X, as given in Theorem B.2 (b).
That is, we consider the root spaces g, C eg(—26), Where v € ®, as well as the
diffeomorphism ) g, = X,  — exp(z)(czo), where the sum in the domain
runs over all v € ®F such that 0~1y € ®~. Assumption (ii) follows readily
from the following lemma.

Lemma 5.4. If o and v are as above, then the boundary of exp(gy)(oxo) in
X is {syoxo}.

Proof. Let us consider again ® = {£7v,+7v2, %73}, which is a root system
of type As. The corresponding Weyl group W, see (2.9), is isomorphic to
Y3. It contains the reflections s,, about kery;, ¢ = 1,2,3. Each of those is
a transformation of 9° which permutes the three coordinates of any vector in
the following way:

(5.2) Sy = (2,3), Sy = (1,3), Sy = (1,2).

Here, as usual, (¢, j) denotes the 7, j transposition in ¥3. In fact, W is generated
by s1 := s, and sy := s,,. The precise description of W is given by equation
(4.3). We will need the following table, which gives for every o € X3 the set
of all v € ®* = {71,72,73} such that o7 1y € ®~.

Here we have used the formulae: si(vg) = —vk for k = 1,2, s1(72) = s2(m1) =
73, s1(73) = 72, and s2(y3) =71
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a Y
S1 Y1
52 72
5251 Y2, V3
5152 Y1, V3
S15281 | Y1, V2, V3
TABLE 2
S S S X
2717270
[ ]
°
s S x
17270
S251 %,
°
o ker(\%)
S X
2°0
0
ker(y2 ) ker(y1 )

Figure 1.

Let us discuss in detail the following two situations.
Case 1. (0,7) = (s1,71). We need to show that the boundary of exp(g-, ) (s120)
is 29. To this end, we note that exp(g,, )(s12o) is a Schubert cell (see Appendix
B). Thus, by [9, Sec. 4] (especially equation (4.10)), its closure consists of the
cell itself together with the 0 dimensional cell {x¢}.
Case 2. (0,7) = (s18251,73) = (S4s,73). We now show that the boundary of
exp(g-, ) (s320) is {zo}. To simplify notations, we set

G:= E6(—26), K :=Fa4, g:=¢5(_26), t:=F4, 5:= hg(@), and 3 := 1.

As usual, we denote M = Spin(8). We also denote by N and A the connected
Lie subgroups of G of Lie algebras g.,, + g, + 8, respectively a (the notations
above have been used in the general case in Appendix B). We will use the
rank-one reduction procedure, as described in [16, Chap. IX, Sec. 2]. Let us
denote by g” the Lie subalgebra of g generated by g, and g_,. Take h, € a
determined by (h, h) = ~y(h), for all h € a (here ( , ) is the Killing form of g).
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We have the Cartan decomposition

g = e,
where €7 = €N g” and §7 = s N g7 (see also equation (2.5)). The space
RhA, is maximal abelian in s§7. Let G7, K7, and A” denote the connected
Lie subgroups of G of Lie algebras g7,£”, respectively Rh,. Then we have
KY"=KNGY and A" = AN G". Moreover, if M7 denotes the centralizer of

hy in K7, then we have MY = M N G”. The connected Lie subgroup of G" of
Lie algebra g, is NY = G N N. The Iwasawa decomposition of G7 is

G"=K7A'N".

Without loss of generality we may assume that g = h,: since the last two
vectors are in the same Weyl chamber (see Figure 1), their K-orbits are G-
equivariantly diffeomorphic. Consequently, we have s,,29 = —h,. The orbit
X7 := K".hy is contained in X = K.h, (for both orbits, the group action is
the Adjoint one). In fact, the inclusion is G7-equivariant. Indeed, the action
of G on X is induced by the identification X = G/M AN. Consequently, the
subgroup G” of G acts on X and the orbit of the coset of e is G7 /(M ANNG?) =
G7/(M7AYNY) = X7 (here we have used that the map K x A x N = G,
(k,a,n) — kan, for all (k,a,n) € K x A x N is a diffecomorphism). The
Schubert cell decomposition of X7 described in Theorem B.2(b) is

X7 = exp(gy)(—hy) |_|{hv}-

Thus, the cell exp(g,)(—h,) is dense in X7. We deduce that the closure of
exp(gy)(—h,) in X is equal to X7. This finishes the proof.

The other cases follow immediately from the two above. For instance, to
show that the boundary of exp(g-,)(s15220) is s1(s15220) = saxg we use Case
2. Indeed, we replace xg by saxg and s1,$2 by s2, s3 respectively (reflections
about the walls of the Weyl chamber which contains sox). O

5.5. The root structure of Spin(8). It remains to verify assumption (iii)
in Theorem 5.2 for the cell decomposition (2.11) and the splittings (2.12) in
two situations: equivariant cohomology and equivariant K-theory. This will
be done by calculating explicitly the corresponding Euler classes. We need
the following description of the roots, weights, and of the representation ring
of Spin(8). The details can be found for instance in [8, Chap. V, Sec. 6 and
Chap. VI, Sec. 6] or [2, Chap. 4]. The Lie algebra of Spin(8) is the space
50(8) of all skew-symmetric 8 x 8 matrices whose entries are real numbers.
Recall that by T we have denoted the canonical maximal torus of Spin(8) (see
Proposition 2.9). Its Lie algebra, call it t, consists of all matrices of the form

0 01
-6, 0 0

0 0 04
-6, 0
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where 01,60,,03,04 € R. For any j € {1,2,3,4} we denote by L’ the linear
function on t which assigns to each matrix of the form above the number §;.
The set {L', L2 L3, L*} is a basis of the dual space t*.

e The set of roots of Spin(8) with respect to t is
Pgpins) = {EL £ L7 |1 <i<j <4}
e A simple root system is
M= {L'-r1*1*- %1% [*[®+L*).

The corresponding set of positive roots is

Py = (L E L[ 1<i<j<4}
e The corresponding fundamental weights are:
(5.3)
L'+ 12+ 13- L* L'+ 12+ L3+ L4
pr=L" pp=L"+ L% ps= 5 » 1= 2 '

Since Spin(8) is simply connected, these weights are a basis of the
lattice t; of integral forms. We will also use the presentation

) = O1<i<sZw®/(20° — W' —w? —wd —w?),

where we have denoted as follows:

s L'+ L2+ L+ L*

= 5 .
As usual, to any integral form A € t;, corresponds the character et e
R[T]. In this way, if we denote y; := e“’j, 1 < j <5, we obtain the
following presentation:

RIT) = ZyE vt vt uit v ') (V2 — yiyeysya).

e The canonical action of the Weyl group Wspins) = Nspin(s)(T)/T on
t* is faithful. The linear automorphisms of t* induced in this way are
those 1 with the property that for any 1 <14 < 4, there exists 1 < j <4
such that n(L*) = +L7, the number of “~” signs being even.

e The representation ring of Spin(8) is R[Spin(8)] = Z[X1, X2, X3, X4]
where

whi=LY w?:=L% =03 w*=1L% w

X1 =%eC, Xo=5f ®C, X3=_S5; ®C,

and X, is the complexified adjoint representation of Spin(8) (recall

that Vg is induced by the standard representation of SO(8) on R?® via

the covering map Spin(8) — SO(8) and S5 are the real half-spin repre-

sentations of Spin(8)). Their weights are as follows (see [2, Prop. 4.2]):
(i) For X;:

(5.4) +LY L2 +L* and + Ly.
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(ii) For Xo:

+'+ 2+ 3+ 12
2 )

7

where the number of “—
(iii) For Xs:

signs is even.

+'+ 2+ 13+ 12
2 )

7

where the number of “—” signs is odd.
(iv) For X4: all roots of Spin(8) relative to T'.
The (complex) dimension of each weight space is equal to 1. Con-
sequently, the restriction/inclusion map R[Spin(8)] = R[T]|Wseine —
R[T] is given by

Xi=yi+y " +ye+y tystys oty

Xo =ys + ysur tus L+ usur tus 4 usur b+ usys tus - usys tun !
+ysys yn sy s s st

Xs =ysy; ' +ysys ' +Usys | +usys FUsyr Yo Ys syl Ya Ui
+YsyYL Y3 Ui T YsYs Y3 Ui

Y X

1<i<j<4

—

Recall that the T-actions on Vg and S are C-linear relative to certain
complex linear structures on these spaces, see Proposition 2.9. We would like
now to calculate the weights of each of these three T-modules. For Vg they
are L1, Lo, L, and Ly. The Spin(8)-module S’g’ differs from Vg by a group
automorphism of Spin(8), see [2, Chap. 14]. This is just one of the outer au-
tomorphisms that arise from the many symmetries of the Dynkin diagram of
Spin(8). It leaves T invariant and the induced automorphism of t is the reflec-
tion S, —w, through ker(ws — wy) (equip t with the inner product which makes
(61,02,03,04) into an orthonormal coordinate system). Thus, the weights of
S are:

Sws—wa(L1) = w1 +wy — w5 = p1 — p3
Sws—ws(L2) = wa +wg —ws = —p1 + p2 — p3
Sws—wa(L3) = w3 +ws —ws = —pa + pa
Sws—ws (La) = ws = pa.
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A similar reasoning holds for Sg , the automorphism of t being this time s, .
The resulting weights are:

Sws (L1) = w1 —ws = p1 — pa

Sws (L2) = wa —ws = —p1 + p2 — pa
Sws(L3) = w3 — w5 = p3 — p2
Sws(L4) = ws —ws = —p3

5.6. Equivariant cohomology of F1(0). We can now calculate the Euler
classes epr(Cre) mentioned in Theorem 5.2 for M = Spin(8) and X = F1(0).
They are the Spin(8)-equivariant Euler classes of Vg and SF. If V is any of these
representations, then we can split V = @?:1 £;, where {; are 1-dimensional T-
invariant complex vector subspaces, see Proposition 2.9. Consequently,

4
er(V) = CZ(@&') =cf (1) cf (L),

where ¢} and ¢! denote the T-equivariant Chern classes. We know that the
1-dimensional complex representations of T" are labeled by the character group
Hom(T, S'), and the map Hom(T,S') — H?(BT;Z) given by L — cf'(L)
is a group isomorphism (see for example [19, Chap. 20, Sec. 11]). In turn,
Hom(T, S1) is isomorphic to the lattice of integral forms on t. The formulae
obtained at the end of Subsection 5.5 thus give readily descriptions of e (Vs)
and ep(SE) as elements of Hi(pt.) = H*(BT) = S(t*). On the other hand,
there is a canonical inclusion H*(BSpin(8))) < H*(BT), which maps Spin(8)-
equivariant to T-equivariant Euler classes. We deduce:

(5.7) espin(8)(Vs) = p1(—p1 + p2)(—p2 + p3 + pa)(—ps + pa)
(5.8) espin(®) (S5 ) = (p1 — p3)(—p1 + p2 — p3)(—p2 + pa)pa
(5.9) espin(8) (S ) = —(p1 — pa)(=p1 + p2 — pa)(p3 — p2)ps.

Since ngin(S) (pt) = H* (BSle(S)) = IR[Iala P2, P3;s p4]WSpin(8) , We have
shown:

Lemma 5.7. The equivariant Euler classes espin(s)(V3), €spin(s)(Sg ), and
espin(g)(S;) are pairwise relatively prime elements of ngin(g)(pt.).

We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. From Theorem 5.2 we deduce that the map +* : Hj,
(F1(Q)) — Hj;(3320) = [lsex, H*(BM) is injective. Moreover, its image
consists of those (fy)sexn, with the following property:
(P1) fo — fs,o is divisible by eps(h) for any o € X3 and any v € ®* such

that o1y € &,

Condition (P1) is equivalent to:
(P2) fo — fs,o is divisible by ens(hy) for any o € X3 and any vy € &+,
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Indeed, (P2) implies (P1). Also (P1) implies (P2): assume that (P1) holds true
and take o € X3 and v € ®T such that o~y € ®T; then we have s,(sy0) =
and also (sy0)~'y = —o~!v, which is in ®~; thus, by (P1), the difference
fs o — [o is divisible by enr(b-).

Finally, recall that b; — b; = epr(hy, ), where 1 < i < j < 3 and {k} =
{1,2,3}\ {4,4} (see equations (1.4), (1.6), (2.10), and (4.1), as well as Propo-
sition 2.8 and Lemma 4.6). We also take into account equation (5.2). O

The next lemma is relevant for the observation made right after Theorem
1.3. First recall from the introduction that H*(BM) = Ray, az, as, a4], where
a; € HY(BM), as,a3 € H3(BM), and a4 € H'2(BM).

Lemma 5.8. The elements a?, b1, and by of H®(BM) are linearly indepen-
dent. Consequently, we have

H*(BM) = R[ay, by, by, as).

Proof. As before, we regard H*(BM) as a subspace of the polynomial ring
H*(BT) = Rip1, p2, p3, pa]. One can see that 51 and 132 are, up to a possible
negative sign, just the Euler classes egpin(s)(Vs) and espin(g)(S;), respectively.
Concretely, these are given by equations (5.7) and (5.8), respectively: observe
that those two polynomials are linearly independent. Assume now that there
exists a linear combination of them which is equal to a?. Recall that ai,
regarded as a (polynomial) function on t, is nothing but the norm squared of
a vector. In particular, the only zero of ay is for p1 = p2 = p3 = ps = 0.
On the other hand, the polynomials given by (5.7) and (5.8) vanish whenever
p1 = p2 = p3 = 0 and p4 is arbitrary. This is a contradiction. O

5.9. Equivariant K-theory of F1(0). Our aim here is to prove Theorem
1.4. Unlike in the previous section, we will apply the Harada—Henriques—Holm
theorem for the T-action, rather than the Spin(8)-action. We then take into
account that Kgpines)(F1(0)) = K1 (F1(0))Wspins)

The first step in the proof is made by calculating the K-theoretical T-
equivariant Euler classes of C,, see equation (2.11). By (2.12), this amounts
to calculating eXf (Vg), e (Sg ), and X (Sg), where the superscript K stands
for K-theory. Recall that the Euler class of a direct sum is the product of the
Euler classes of the summands; also, if a torus acts on C with weight A, then
the resulting equivariant K-theoretical Euler class is 1 — e~ (see e.g. [7, Note,
p. 35]). From the expressions of the weights which we have obtained at the
end of Subsection 5.5 we obtain:

er (Va) =(1—y; DA -y N1 —y3 H(A -y )
er (S3) = (1 =y s tys) (1 — vz 'y tys) (1 =y 'y tys) (1 — w5 )
e (Sg) = (1 —yr'ys) (X —y3 tys) (1 — w3 ys) (1 =y 'ws)-

We immediately deduce:
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Lemma 5.10. The K-theoretical equivariant Euler classes ek (Vg), ek (Sg),
and eX (Sg ) are pairwise relatively prime elements of R[T].

Thus, the T-action on F1(0) satisfies the hypotheses of Theorem 5.2 for
K7.(+) (also recall that, by Proposition 2.10, the T-fixed point set is ¥3z¢). We
deduce that KL(F1(0)) = {0}, as well as the following result, which concerns
K3 (F1(0)).

Proposition 5.11. The ring homomorphism . : K7 (F1(0))) — K7 (X3x0) =

[I,ex, RIT] induced by the inclusion map 1 : Yzzg — FI(O) is injective. Its

image consists of all (fs) € [[,ex, [yflayidaygﬂ,yf,y5 1/(y3 = y1y2y3ya)

with the property that for any o € X3 we have:
(i) f2s)o = fo is divisible by (1 =y ) (1 =y )L —y3 N~ w5 )
(ii) f(1,3)0 — fo is divisible by
(1= w1y ") (L= wa 'y ys) (L~ w3 wa 'ws) (1 —457) 1
(i) f1,2)0 — fo is divisible by (1—y; ys)(1—yy ys)(1—ys ys)(1—yy y5)

[ +1 +£1 | +1

The divisibility referred to above is in the ring R[T] = Zly:", v, vit, vit, v

/(W3 — y1y2y3y4)-

We are now ready to accomplish the main goal of the subsection:

Proof of Theorem 1.4. Let 23, @ Kgpin(s)(FI(Q)) — [[,cx, R[Spin(8)] be the
ring homomorphism induced by the inclusion ¢ : X329 — F1(Q). The map ¢}, is
obviously Wgpin(s)-equivariant, where the action of Wgpines) on [] R[Spin
(8)] is the diagonal one. We have the ring isomorphisms
(5.10)

R[Spin(8)] = R[T]"srin®  and  Kgpines)(F1(0)) =2 Kp(F1(Q))Vsvin® |

where for the last one we invoke [14, Cor. 4.10(ii)]. Since @} is Wgpin(s)-
equivariant, we may identify the two pairs of spaces related by the isomor-
phisms (5.10) and assume that 2}, is just the restriction of ¢}, to the space
K7(F1(Q))Wsein®) . Consequently, the image of 13, is the intersection of the
image of o7 with [[, s, R[Spin(8)]. It thus consists of all (f,) in the lat-
ter direct product which satisfy the divisibility properties (i), (ii), and (iii) in
Proposition 5.11. Recall now that R[Spin(8)] = Z[X1, X2, X3, X4]. From the
explicit formulae for X;, X5, and X3 given in Subsection 5.5 we deduce by
direct calculation:

Xo =Xz =ys(L—y7 )1 -y N1 —y3 )L —wp)

X1 — X5 =ya(l—yr 'y ys)(1— vz 'y ys) (1 — 3 'y ys) (1 -5 )

X1 = Xo=—ys (1= yy 'ys)(1 = ya 'ys) (1 — w5 ys) (1 — 3 ' ys)-
Consequently, for (f5) € [[,cx, Z[X1, X2, X3, X4l, conditions (i), (i), and (iii)
in Proposition 5.11 are equivalent to:

(i") f2,3)0 — fo is divisible by X — X3,
(ii") fa,3)0 — fo is divisible by X; — X3,
(iii") fa,2)0 — fo is divisible by X; — Xo.

cEeX3
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This finishes the proof. O

APPENDIX A. THE COMPLEX FLAG MANIFOLD Fl3(C)

This section is a recollection of well-known facts concerning the complex flag
manifold Fl3(C). The focus is of course on those aspects whose counterparts in
the realm of octonions we deal with in this paper. Our aim here is to smooth
the passage from complex numbers to octonions.

Originally, Fl3(C) is the set of all nested sequences

Vi CVaCC3

where Vi and V, are complex vector subspaces of C3 such that dimV; = 1
and dim Vo = 2. Alternatively, let us equip C3 with the standard Hermitian
inner product: then Fl3(C) is the set of pairs (L1, Ls), where Ly and Lo are
1-dimensional complex vector subspaces of C? with L, orthogonal to Ls.

Let us now consider the space

b3(C) = {a € Mat®**(C) | a = a*}.
We have the following presentations.

Proposition A.1. a) There is a natural identification between the complex
projective plane CP? and the set of all matrices a € h3(C) with

a®> = a and tr(a) = 1.

b) There is a natural identification between the flag manifold Fl3(C) and the
set of all pairs (a1,az) € CP? x CP? with the property that

Re(tr(ajaz)) = 0.

The identifications are as follows.

For CP2. A 1-dimensional complex vector subspace V of C? is identified with
the element of h3(C) which has eigenvalues 1,0,0 and 1-eigenspace equal to
V (the 0-eigenspace is implicitly V+). Moreover, an element a of h3(C) has
eigenvalues (1,0,0) if and only if a? = a and tr(a) = 1.

For Fl3(C). Take Ly, Ly two 1-dimensional complex vector subspaces of C3
and ap, az the Hermitian matrices with eigenvalues (1,0,0) and 1-eigenspaces
L, respectively Lo. The main point is that L, is perpendicular to Lo if and
only if Re(tr(aiaz)) = 0. Indeed, let us choose an orthonormal basis vy, va, v3
of C3, where Ly = Cv;. Then we have:

tr(ajaz) = (ar1a2(v1),v1) + (araz(ve), v2) + {araz(vs), vs)
= (a1(v1),v1) = (af(v1),v1) = (a1 (v1), ai(v1)) = (a1 (v1), a1 (v1)).

Thus, Re(tr(aiaz)) = 0 if and and only if a1(v;) = 0. On the other hand, L,
is perpendicular to Lo if and only if L is contained in the 0-eigenspace of a1,
that is, ai(vy) = 0.

There are three natural projections Fl3(C) — CP?: the first maps an arbi-
trary pair (L1, La) to Ly, the second to Lo, and the third to the orthogonal
complement of L1 @ Ly in C3. These are all three CP'-bundles. By taking
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the tangent space to the fiber at any point, one obtains three subbundles of
the tangent bundle of Fl3(C), which we denote by £f7,&5, and £5. These are
complex line bundles over Fl3(C). On the other hand, Fl3(C) has also three
tautological bundles, call them L, L5, L3. The following identifications are
natural:
Ei=La®L;, E=L3RL], & =La®L].

They induce the following relationship concerning the first Chern classes:
a(&7) = a(L2) — (L), a1(€3) = c1(Ls) — (L), c1(€5) = c1(L2) —cr(La).
Consequently, we have

c1(€5) = c1(€7) + e (&3).
But £1 ® L3 ® L3 is a trivial vector bundle over Fl3(C), hence

ci(L1) + (L) +ci1(Ls) =0.

We are led to:

e1(L1) = — = (e (EF) + 261 (£5))

3
(A1) r(£2) = 5 (261 (E) + 1 (£5))
ei(£s) = 3(—er(E) +ex(€9).

A theorem of Borel, see [6], says that the ring H*(Fl3(C);Z) is generated by
x1 :=c1(L1), 22 := c1(L2), and x3 := ¢1(L3), subject to the relations given by
the vanishing of all symmetric polynomials in z1, xs, and 3. We deduce:

Proposition A.2. The ring H*(Fl3(C); Z) is generated by %(2c1(EF)+c1(E5))
and 1(c1(EF) + 2¢1(E5)), subject to the relations

S; (%(201(516) + c1(£3)), %(—cl(é’f) + c1(£5)), —%(cl (&) + 201(520))> —0,

i=2,3.

Let us now denote by T the 3-torus which consists of all diagonal matrices of
the form Diag(21, 22, 23), 2i € C, |2;| = 1. The natural splitting T' = S x S x
St induces BT = BS* x BS' x BS!, hence H*(BT) = R[u1] @ Rlua] @ R[ug] =
Rluq,ug, us]. There is a canonical action of T' on Fl3(C). The corresponding
T-equivariant cohomology ring H}.(Fl3(C)) can also be described by a Borel

type formula. Concretely, as an H*(BT)-algebra, H.(Fl3(C)) is generated by
the T-equivariant first Chern classes of L1, Lo, and L3, which are:

i‘l = C{(ﬁl), i‘z = C{(EQ), i‘g = C{(Lg)
The ideal of relations is generated by:

Sj(21, T2, T3) = S (u1,uz,us),
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Jj =1,2,3 (the details are spelled out for instance in [23, Proof of Thm. 1.1]).
This time, instead of (A.1) we have:

1 1
i (Ly) = —5(0{(510) +2¢1 (€5)) + = (u1 + uz + us)

3
1 1

cf (L2) = 5(20{(516) +ef (&) + 3 (u1 +u2 + us)
1 1

o1 (Ls) = (=l (€1) + e1 (€5)) + 5 (w1 + ua + ug).

Set
b1 := us — ug and by := uz — uy.

We have proved:

Proposition A.3. As an H*(BT)-algebra, H;(Fl3(C)) is generated by T (E)
and cT'(E5), subject to the relations:

Si(2c] (EF) + cf (€5), —c1 (&) + ] (£5), —(c1 (EF) + 2¢] (£5)))
= Si(2b1 + ba, —b1 + b2, —(b1 + 2b2)),
i—2.3.

The T-fixed points in Fl3(C) are all pairs of type (Ce;,Ce;), 1 < 4,5 < 3,
i # j. Here e; is the i-th coordinate vector in C3. Thus, we have a natural iden-
tification Fl3(C)T = X3. One can show that the restriction map H(Fl3(C)) —
H7(X3) is injective and its image consists of all (f5) € [[, s, Rlu1, u2, us] such
that fo — f(i j)o is divisible by u; —u;, for all o € ¥3 and 1 <4 < j < 3: this is
the standard Goresky-Kottwitz—MacPherson type description of H}.(Fl3(C)),
which can be immediately deduced from the original work [11].

A similar description holds for the T-equivariant K-theory ring of F1(0).
Namely, let us first identify R[T] = Z[ti',tF',tf']. Then the restriction
map K7 (Fl3(C)) — Kr(33) is injective and its image cousists of all (f,) €
[lyes, ZIt5" 3", t5°"] with the property that f,— f(; o is divisible by 1—#;t; ",
for all 0 € 35 and 1 < i < j < 3. This is a direct application of [25, Thm. 1.7]
(cp. also the appendix of [27]).

APPENDIX B. REAL FLAG MANIFOLDS AND THEIR CELL DECOMPOSITION

In this section we will present some general notions and results concerning
real flag manifolds. The main reference is [9] (the background material can be
found for instance in [16, Chap. IX]).

Let G be a real connected semisimple Lie group and denote by g its Lie
algebra. Let

g=tDs
be a Cartan decomposition: this means that the Killing form of g is strictly
negative definite on £ and strictly positive definite on s. The corresponding
Cartan involution is 0 : g — g,
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for all z € ¢ and y € s. We pick a maximal abelian subspace a of s and consider
the following root space decomposition:

(B.1) g:m+a+§:%.
yeP
Here m is the centralizer of a in £ and ® the set of roots, which are functions
~ :a — R such that the root space
gy :={x € g]|[h,z] =(h)x for all h € a}

is nonzero. The set ® is a root system in the dual space a*. Let us pick a
system of simple roots and denote by ®* the corresponding set of positive

roots. We set
yeEDT
and obtain the Iwasawa decomposition
g=tPadn.
If K, A, N are the connected Lie subgroups of G of Lie algebras ¢, a, and n
respectively, then we have the following Iwasawa decomposition of G:
G = KAN.
Let us also denote by M the centralizer of a in K and by W the Weyl group,
which is
W ={k e K| Adgk(a) Ca}/M.
It turns out that, via the adjoint representation of G, the group K leaves s

invariant. The orbits of the resulting representation are called real flag mani-
folds. We need the following result:

Proposition B.1. Take x9 € a such that v(xg) # 0 for all v € ®. Then the
stabilizer of xg in K is equal to M.

Proof. By [9, Prop. 1.2] the stabilizer K, of z( satisfies
K., = MK?

Zo?

where K 20 denotes the identity component of K,,. The Lie algebra of K,
is the commutator of zy in £. From the root decomposition (B.1), this is the
same as m. Thus, we have Kgo C M and consequently K,, = M. g

Consequently, we can identify
X = Adg(K)zg = K/M.
From this we can see that there is a canonical embedding of the Weyl group
W in X.

The natural action of K on X extends to an action of G. This arises from
the identification

X = K/M = KAN/MAN = G/MAN,
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where we take into account that M AN is a subgroup of G. The cell decom-
position of X we will describe in the following theorem uses the embedding
W C X and also the action of G on X. The proof can be found in [9, Sec. 3].

Theorem B.2 ([9]). (a) We have
(B.2) X=1] Nw.
weW

(b) Fixw e W. The map Y g, — Nw, x — exp(z)w is a diffeomorphism.
The sum in the domain runs over all v € ®* such that w=ty € ®~.
(¢) The decomposition (B.2) makes X into a CW complez.

The cells Nw, w € W, are usually referred to as Schubert cells.
Let us now consider the following root space decomposition of s:

(B.3) s=a+ Z 5.,

where
5, = (g, +9-+)Ns={x€s|h[hz]] =~(h)’z for all h € a}.

We can easily see that both g, and s, are M-invariant, where M acts via the
Adjoint representation. The following result seems to be known. Since we
didn’t find it clearly stated and proved in the literature, we included a proof
of it.

Proposition B.3. If v € ®*, then the map © : g, — s, given by O(z) =
x — 0z, for all x € g, is an M -equivariant linear isomorphism.

Proof. First, since 6(g) = g—-, © is well defined, in the sense that it maps
gy to 5,. The map is also injective: z — 6z = 0 and = € g, implies x = 0.
The map is also surjective: if y € s, then we can write it as y = y1 + 2,

with y1 € g, and y» € g_; since y € s, we have §(y) = —y, which implies
y2 = —0(y1), thus y = y1 — 0(y1) = O(y1). The M-equivariance of © follows
from the M-equivariance of 6. O

We now take into account that the map described in Theorem B.2(b) is
M-equivariant, where M acts on the domain by the Adjoint representation
and on the codomain via the G-action on X. We deduce:

Corollary B.4. Fix w € W. We have an M -equivariant diffeomorphism
between the Schubert cell Nw and the space ) s., where the sum runs over all
v € ®F such that w™'y € &~

APPENDIX C. THE SYMMETRIC SPACE Eg(_6)/F4

In this section we will outline the construction of the (noncompact) sym-
metric space mentioned in the title. We will try to make more clear several
aspects mentioned in Subsection 2.6. For instance, we will prove that the
root spaces s, in the decomposition described by equation (B.3) are the b,
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described in Subsection 2.6. This is an important fact, because it allows us to
deduce the presentation of C, given by equation (2.12) from Theorem B.2(b)
and Proposition B.3. The main reference of this section is the article [10] by
Freudenthal.

Recall that by Definition 2.3, the group of all linear transformations of h3(Q)
which preserve the product o is Fy. We define the determinant function on
h3(0) as follows:

1 1 1
det(a) = gtr(a caoa)— §tr(a oa)tra + g(tm)?’,

for all a € h3(0). Let us consider the group of all linear transformations of
h3(O) which leave the determinant invariant. It turns out that this group is
just Eg_26) (see Subsection 2.6 for the definition of this group). From the
formula of the determinant above we deduce easily that Eg_o6) contains Fy.
Less obvious is that the latter group is a maximal compact subgroup of the
former. The Lie algebra f4 consists of all linear transformations of h3(Q) of
the form

b h3(0) — b3(0), E(y) = [b,y],

where b is a 3 X 3 matrix with entries in O such that b = —b* (that is, b is skew-
Hermitian). Here and everywhere else in this section [, ] denotes the usual
matrix commutator. To any a € h3(Q) we attach the R-linear transformation
a of h3(0) given by

a:b3(0) — b3(0), a(y) = aoy, for all y € h3(0).

The Cartan decomposition of eg(_g6) corresponding to f4 is described in the
following proposition (see [10], end of Sec. 8.1.1).

Proposition C.1. Ifcis in the Lie algebra eg_o6), then there exists a € H3(0)
and b a 3 x 3 skew-Hermitian matriz with entries in O such that ¢ = b+ .
The matrices a and b are uniquely determined by c.

We see from here that eg_26) = f4 © H3(0) is a Cartan decomposition, as
already mentioned in Subsection 2.6.

Note that the elements of ¢g(_o6) are linear endomorphisms of h3(0Q). We
denote the Lie bracket by [, ]«: it is given by the commutator of the endo-
morphisms. We need the following lemma:

Lemma C.2. Ifa,x € h3(0), then:

—~

(i) [&,a]. = %[maa]

(“) [‘%7 [CC,&]*]* = %[CE, [x,a]].

Proof. (i) For any y € h3(Q) we have

([, al, y]-

R

[#,a].(y) = &(a(y)) — a(2(y)) =z o(aoy) —ao(zoy) =
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(ii) For any y € h3(Q) we have

Let us now identify h3(Q) with the subspace {& | z € b3(Q)} of eg(_a6)-
From equation (ii) above we deduce that 9" is a maximal abelian subspace of
H3(0). By definition, a vector a € h3(0) is a root vector with respect to a root
v if

[‘%7 [‘%7 a’]*]* = 7(5%)2&7
for all z € ?°. Again from equation (ii) we deduce that the roots of the

symmetric space Eg(_g6)/F4 with respect to oY are the functions %(xg — Ta2),

$(z1—3), and 3(z1 — x2) along with their negatives (see also equation (2.7)).

The corresponding root spaces are the spaces b, b,, and b, described in
Section 2.6.
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