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Free products of sofic groups with
amalgamation over monotileably
amenable groups

Benoit Collins and Kenneth J. Dykema
(Communicated by Joachim Cuntz)

Abstract. We show that free products of sofic groups with amalgamation over monotileably
amenable subgroups are sofic. Consequently, so are HNN extensions of sofic groups relative
to homomorphisms of monotileably amenable subgroups. We also show that families of
independent uniformly distributed permutation matrices and certain families of nonrandom
permutation matrices (essentially, those coming from quasi-actions of a sofic group) are
asymptotically x-free as the matrix size grows without bound.

1. INTRODUCTION

Sofic groups were introduced by M. Gromov [9] and named by B. Weiss [20].
In short, a group is sofic if it can be approximated (in a certain weak sense)
by permutations. All amenable and residually amenable groups are sofic. Due
in large part to work of Elek and Szabé [6], the class of sofic groups is known
to be closed under taking direct products, subgroups, inverse limits, direct
limits, free products, and extensions by amenable groups. See also [18] and [3]
for recent interesting examples. It is unknown whether all groups are sofic,
though Gromov’s famous paradoxical dictum (“any statement about all count-
able groups is either trivial or false”) would argue against it.

Several results illustrate the utility of knowing that a given group is sofic.
Gromov [9] proved that Gottschalk’s Surjunctivity Conjecture holds for the
groups now called sofic. Elek and Szabé [4] proved that Kaplansky’s Direct
Finiteness Conjecture holds for sofic groups. In [5] they gave a description of
sofic groups in terms of ultrapowers and proved that sofic groups are hyperlin-
ear, which entails that their group von Neumann algebras embed in R“; thus,
the topic of sofic groups makes contact with Connes’ Embedding Problem,
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102 BeNOIT COLLINS AND KENNETH J. DYKEMA

which is a fundamental open problem in the theory of von Neumann algebras.
See the survey articles [15] and [16] for more on hyperlinear and sofic groups.
A. Thom [17] proved some interesting results about the group rings of sofic
groups. L. Bowen [1] classified the Bernoulli shifts of a sofic group, provided
that the group is also Ornstein (e.g., if it contains an infinite amenable group
as a subgroup).

Now we recall a few basic notions and give a definition of sofic groups.
(See [4] for a proof that the definition in [20], which was for finitely generated
groups, agrees with the one found below if the group is finitely generated.)
The normalized Hamming distance dist(o, 7) between two permutations o and
7, both elements of the symmetric group S,,, is defined to be the number of
points not fixed by ¢ =17, divided by n. Note that if we consider S,, as acting
on an n-dimensional complex vector space as permutation matrices then this
normalized Hamming distance is equal to 1 — tr,,(c~17), where tr,, is the trace
on M, (C) normalized so that the identity has trace 1.

A group T is sofic if for every finite subset F' of I' and every € > 0, there
exist an integer n > 1 and a map ¢ : I' — S,, such that

(i) for every g € F\{e}, dist(¢(g),id) > 1—¢, where e is the identity element
of T,

(ii) for all g1,g92 € F, dist(qﬁ(gflgg),¢(gl)*1¢(gg)) < e.

We will call a map ¢ satisfying these properties an (F, €)-quasi-action of T.

Since a group is sofic if and only if all of its finitely generated subgroups
are sofic, it will suffice to consider countable groups, and it will be convenient
to have the elementary reformulation of soficity contained in the following
proposition, whose proof is an easy exercise. Given positive integers n(k), we
let @, (Sy(k),dist) denote the normal subgroup of [T}~ Sy, k) consisting of
all sequences (o)72; such that limy o dist(ox, idy, ) = 0, where id,, (1) is the
identity element of the permutation group Sy (x)-

Proposition 1.1. Let I' be a countable group. Then T is sofic if and only if
for some sequence of positive integers n(k), there is a group homomorphism

YT — <H Sn(k)) / <@(Sn(k),dist)> ,
k=1 k=1

given by Y(g) = [(¥r(9))721] for some maps ¢y, : I' — Sy(xy so that
lim dist(¢k(g),idn(k)) =1
k—o00

for all nontrivial elements g of T.

In this paper, we prove that the class of sofic groups is closed under taking
free products with amalgamation over monotileably amenable subgroups. Re-
call that a group G is amenable if and only if for every finite set K and every
e > 0, there is a (K, ¢)-invariant set, namely, a finite set F C G such that
|[KF\ F| <¢|lF|. A tile (or monotile) for a group G is a finite set T C G such
that G is a disjoint union of right translates of T. We may choose a set C C G
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FREE PRODUCTS OF SOFIC GROUPS 103

of centers, so that the map T'x C' — G given by multiplication (t,c) — tcis a
bijection. Clearly, a translate of a tile is a tile, so we may assume e € T'. We
will say a group G is monotileably amenable if for every finite set K C G and
every € > 0, there is a tile T for G that is (K, ¢)-invariant. This notion was
introduced (though not named with quite the same words we use here) by B.
Weiss in his paper [21], where he proved that every residually finite amenable
group and every solvable group is monotileably amenable. This class of groups
includes, in addition to the solvable groups, all linear amenable groups and
Grigorchuk’s groups [8] of intermediate growth. It is an open problem whether
all amenable groups are monotileably amenable, and this is not even known
for the elementary amenable groups. However, as shown by Ornstein and
Weiss [13], all amenable groups do admit quasitilings, involving finite sets of
quasitiles and approximations, and this circle of ideas, as further developed by
Kerr and Li [10], plays an important role in our proof.

All sofic groups are hyperlinear. An application of results of [2] is that the
class of hyperlinear groups is closed under taking free products with amalgama-
tion over amenable subgroups, and this result inspired our effort in this paper.
The techniques of [2] do not appear adapted to prove that a group is sofic.
The proof in [2] relied on approximation of group von Neumann algebras of
amenable groups by finite dimensional algebras, which is not helpful in the con-
text of this paper. However, one aspect of the proof found here is reminiscent
of the proof in [2]: the use of independent random unitaries to model freeness
with amalgamation. In [2], the random unitaries were distributed according
to Haar measure in the group of unitary matrices that commute with a cer-
tain finite dimensional subalgebra, whereas here we use uniformly distributed
random permutation matrices. See Remark 3.5 for more about this.

To be more precise, our construction of quasi-actions of amalgamated free
product groups I'y x I's where H is monotileably amenable goes by prov-
ing asymptotic vanishing of certain moments involving random permutation
matrices.

Asymptotic freeness of independent matrices (of various sorts) as the matrix
size grows without bound is one of the mainstays of free probability theory,
going back to seminal work [19] of Voiculescu, and has been a key element
in applications of free probability theory to operator algebras and elsewhere.
Asymptotic freeness of independent random permutation matrices was proved
by A. Nica [12]. By combining Nica’s result with our vanishing of moments
result, we are able to extend Nica’s asymptotic freeness result to the case
of independent random permutation matrices and certain sequences of non-
random permutation matrices; these are essentially sequences that arise from
quasi-actions of sofic groups.

The organization of the rest of this paper is as follows: in Section 2, we
prove our main technical result on asymptotic vanishing of certain moments in
random permutation matrices and certain nonrandom matrices; in Section 3,
we apply this asymptotic vanishing theorem to prove our main result, that the
class of sofic groups is closed under taking free products with amalgamation
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over monotileably amenable subgroups; in Section 4, we combine the result of
Section 2 with Nica’s asymptotic freeness result and extend Nica’s result to
handle certain nonrandom permutation matrices too.

2. ASYMPTOTIC VANISHING OF CERTAIN MOMENTS

The main result of this section (Theorem 2.1) is an asymptotic vanishing of
moments result involving uniformly distributed random permutation matrices
and (sequences of) nonrandom permutation matrices whose traces approach
zero as matrix size increases. Actually, a broader class than permutation ma-
trices is considered here, which is needed for applications. The theorem is used
in the next section to prove the main result of the paper.

We begin by fixing some notation and definitions. If Z is a finite set then a
partition of Z is a set p = {X1,..., X, } of pairwise disjoint, nonempty subsets
X, of Z whose union is all of Z. These sets X; are called the blocks of the
partition, and the number of blocks of p is denoted simply |p|. We then have
the equivalence relation X on Z defined by z 2 zo if and only if z; and 2z
belong to the same block of p.

If Y C Z is a nonempty subset then we let p[y- denote the restriction of p
to Y, namely

ply ={XNY | X ep, XNY # o}

We let P(n) denote the set of all partitions of {1,...,n} and let < be the
usual ordering of P(n) given by r < s if and only if every block of r is contained
in some block of s. This makes P(n) into a lattice, and we use V and A for the
join and meet operations in this lattice.

If i = (i1,...,%n) be a multi index with values in {1,...,d} and p € P(n)
then we define

O 5, = {1, if k £ ¢ implies iy, = ie,

0, otherwise.

Let U be a random d x d permutation matrix that is uniformly distributed
and let us write U = (4, i, )1<iy ,i»<d, Keeping in mind the dependence of every-
thing on d. We let Tr denote the usual trace on complex matrix algebras (nor-
malized so that projections of rank 1 have trace 1) and trg = 3Tr : My(C) — C.

Suppose for every j,d € N, B;d) is a d x d matrix, all of whose entries
are 0 and 1, with each row and each column having at most one nonzero
) could be permutation matrices. We will write B ;d) =
bz(‘f?ig)lgh,hgdv keeping in mind

entry. For example, BJ(-d

(b )1<i 1p<a and often simply BJ(‘d) =B;=(

11,12
the dependence on d.

Theorem 2.1. With By,..., By, and U as above, there are constants C,, and
D,, depending only on n such that, letting

(2) fd) = g}gntrd(ffj%
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FREE PRODUCTS OF SOFIC GROUPS 105
we have

(3) /(trd(Bl(UBgU*)Bg(UB4U*) Bgn 1 UBQTL

\_/

Thus, if img_, oo trd(Bj(.d)) =0 for all j then we have
dlim <t1"d (Bl(UBQU*)B3(UB4U*) ... Bin(UBQnU*))> dU = 0.
—00

Proof. We have
/ (trd(Bl(UBzU*)Ba(UBzLU*) - 'B2n1(UB2nU*))> au

Z Bt (1) b(2 b(2”)

i1,d2 Vig,ia T4n—1,%4n
1<ia, . ign<d

: /ui27i3ui57i4ui6,i7ui97i8 © Wigy_gyian—1 Wi iy du.

Moreover, as is easily verified, for k1,...,km,l1,...,lm € {1,...,d}, we have

CRIT
_ d. b) b)
/uk1,£1uk2,52 C Uk aUu = 0 - 75 s

b b)

where r and s are the partitions of {1,...,m} defined by i ~ j if and only if
ki =k; and ¢ R j if and only if ¢; = ¢;. Therefore, we have

‘/ (trd Bi(UBsU*)B3(UB4U*) - - Bop—1(UBs, U ))> dU‘

1 r|)! .
<3 > S
reP(2n) i€I(r)
where I(r) = I(r,d) is the set of all i = (i1, ...,i4n) € {1,...,d}*" such that
ia = i, whenever a X b, where p = p(r) € P(4n) is the partition that is
the union of f applied to r and g applied to r, where f,g : {1,...,2n} —
{1,...,4n} are given by

29, J odd,
f(G)=1492j+1, jevenandj<2n,
1, 7 =2n,
. 2j+1, 7 odd,
9() =14, :
27, j even.

These functions are presented in Table 1.
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TABLE 1. The functions f and g, used to form the partition

p from r.

fmaps | 2n |1 213 415

g maps 112 314 5|6
to| 1 |2|3]4|5]|6|7[8]9]10] 11|12

f maps e 2n—2|2n—-1

g maps 2n —1 | 2n
to o | 4dn—=3 | 4dn—2 | dn—1 | 4n

An upper bound for the right-hand side of (4) when d > 4n is
1) (2 (2n)
(5) Z d ‘ I ' Z 517?( )bh lzbls 14 a bl4n 1,84n?
reP(2n) 1<it, eyian<d
where §; () is as defined in (1).

We W111 need the following result, which is purely about partitions:

Lemma 2.2. Let n > 1 and suppose v € P(2n) satisfies 2j — 1 7TC 2§ for
all j € {1,...,n}. Let n = {{1,2},{3,4},...,{2n — 1,2n}} € P(2n). Then
Ir vl < |rl/2.

Proof. Each block X of r V i contains at least two blocks of r, because if X
were equal to a block of r then it would also be a union of blocks of 7, which is
impossible by the hypothesis on r. This finishes the proof of Lemma 2.2. O

The following lemma will be used to handle the right-most sum in (5).

Lemma 2.3. Let n € N and let p be a partition of {1,2,...,2n}. Consider
(0, 1)-matrices B; having at most one nonzero entry per row and column, (as
in Theorem 2.1). Let

(6) S(p.d)=S(Br,....Buip.d)i= > b, b b7 0

1<ia,. . ian <d

Consider p vV n where n = {{1,2},{3,4},...,{2n — 1,2n}} € P(2n). Then
S(p,d) < dPV1l. Moreover, if

(7) 2j — 1% 2§ for some j € {1,...,n},
then letting f(d) = max;<j<y tra(B;), we have S(p,d) < f(d)dPV"l.

Proof. Writing pVn = {X1,...,Xn}, we have that p is the disjoint union
p1U---Upm, where pi is a partition of X;. Then

S(B17"' 7’L7p7 HS i(k, 1)7 k2)7"'7Bi(k,Ek);]§kad)a

where X, = {i(k,l),...,z(k,ék)} for i(k,1) < i(k,2) < -+ < i(k,l) and
where py, is the appropriate renumbering of pi. Since the condition (7) holds
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FREE PRODUCTS OF SOFIC GROUPS 107

for p if and only if it holds for some pg, and since f(d) < 1 for all d, it will
suffice to prove the lemma in the case that p V n has only one block.

Suppose p V 1 has only one block. Fix iy,...,42, € {1,...,d} and suppose
we have
(8) Bip b0, b £,

P Yiy,i2 713,04 1201,

Since each row and column of each B; has at most one nonzero entry, for any
given k € {1,...,d} there is at most one value of ¥’ € {1,...,d} such that
b,(j%/ # 0. Since p V 7 has only one block, for any given i; € {1,...,d} there is
at most one choice of iy, ..., 2, such that (8) holds. This implies S(p,d) < d,
as required.

Now suppose p V 7 (still) has only one block and 25 — 1 e 2j for some

j €{1,...,n}. For any choice of i3; € {1,...,d}, there is at most one choice
of 41,...,%92j—1,%2j41,- - - , b2, such that (8) holds; in this choice, we must have
i2j—1 = izj, because 5¢,p 7& 0. Therefore,
d .
0<S(pd) < Y b0, =Tu(B;) = tra(B;)d < f(d)d
’izj:l
This finishes the proof of Lemma 2.3. U

Completion of the proof of Theorem 2.1. Consider p V «y, where
v={{1,2},{3,4},....{4n—1,4n}} € P(4n).

Then [pV | = |rVanl+|r V|, where n = {{1,2},{3,4},...,{2n — 1,2n}}
and n' = {{2n,1},{2,3},{4,5},...,{2n — 2,2n — 1}} are from P(2n). By
Lemma 2.3, we have

S(Bl, ooy Bapsp, d) < dIT\/nIJr\r\/n/I'
Furthermore, if 2j — 1 & 2j for some j € {1,...,2n} then we have
S(Bl, ooy Bansp, d) < f(d) d|1”\/17|+‘7“\/77/|’

where f(d) as in (2).
Therefore, using the upper bound (5) for the integral in (4), in order to
finish the proof of (3), it will suffice to prove: for any r € P(2n), we have

9) rv'| vl < Jrl+1
while if, furthermore,
(10) o1 Gell....2n—1}) and12n,
then we have
(11) [r V[ + e vl < Jrl.
Let us first show that (9) holds for all » € P(2n). We writer = {X;..., X}

for some nonempty sets X; and m > 1. If m = 1, (9) holds because we have
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[r v | < |rl and |s V n| < |s|. Suppose m > 2. We claim that there are
al,...,am_l,bl,...,bm_l S {1,,771} with

bigé{al}u{bl,...,bi_l} (1§Z§m—1)
aiE{al}U{bl,...,bi_l} (2§z§m—1)

and with some j; € X,,, k; € X, such that either j; L k; or j; L ki, (i.e., such
that j; and k; are distance 1 apart, modulo 2n). Indeed if Y is any proper,
nonempty subset of {1,...,2n} then the complement of ¥ must contain some
element that is distance 1 from some element of Y. So to prove the claim about
the a; and b;, we start with a; = 1; taking Y = X,,, what we just showed

implies that there is by # 1 and j1 € X,,, k1 € X, so that either j; K ki or

J1 Lo k1. If m = 2 then we are done. Otherwise, letting Y = X,, UX},, what we
showed implies that there are as € {a1,b1} and by € {1,...,m}\ {a1, b1} with

Jj2 € X4, and ko € X3, such that either j; A k1 or jp ~ k1. If m = 3 then we
are done. Otherwise, we continue in this manner, letting ¥ = X,, UX;, UX,,
and finding a3 € {a1,b1,b2} and b3 & {a1,b1,b2} and j3 € Xa,, ks € Xp, as
required. We continue until we have selected m — 1 such pairs. This proves
the claim.

We may form each of r V n and r V7' from r by performing identifications
one at a time. Thus, we construct successively a sequence r = 1o <7r; < --- <
r¢ =1 V 7 such that |r;| = |r;—1| — 1 and r; is obtained from r;_; by merging
two distinct blocks of r;_; that contain, respectively, j and k with j Lk, and
we similarly construct a sequence r = ry < 7 < --- <7, =rVy fromr

to r V 1/, by performing identifications implied by ~. The choice of j; € Xa,
and k; € Xy, with b; € {a1} U{b1,...,b;—1} found in the previous claim shows
that, by choosing the identifications accordingly, when forming r VvV and r V7’
from r, an aggregate of at least m — 1 such identifications is made. Therefore,
we have 2|r| —|r V| —|r V| > m—1. But we have |r| = m, which yields (9).

Now we prove the inequality (11) under the additional hypothesis (10).
By applying Lemma 2.2 to r and to a rotation of r, we get |r VvV n| < |r|/2
and |r V| < |r|/2. This gives immediately (11), and finishes the proof of
Theorem 2.1. g

3. SOFIC GROUPS

In this section, we apply Theorem 2.1 to prove our main result.

Lemma 3.1. Let T be a tile for a countable amenable group G, with e € T,
and let C' be a set of centers. Let K C G be a finite subset and € > 0. Then
there is a (K, €)-invariant set F of the form F =TD for D C C.

Proof. We may choose a finite subset £ C G that is (T T,
and also (K, §)-invariant. Let D = (T"'E) N C and let F

2

)-invariant

K]
TD. Then

n
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FREE PRODUCTS OF SOFIC GROUPS 109

ECFCTT 'E, and
KF\FC(KF\KE)U(KE\E)CK(F\E)U(KE\E).
Therefore,
|K1|’F\|F| < IKIIF\1’5|IE+| [KE\B| _ IKIITT1E|\E1T|+|KE\E| ce

O

For a set X, by Sym(X) we denote the set of all permutations of X. Thus,
we have Sy = Sym({1,...,d}). For maps ¢ : G — Sym(X), when G is a group,
we will frequently write ¢4 instead of ¢(g).

Remark 3.2. Let 0 < 6 < 1 and let X and X’ be nonempty finite sets.
IfY C X and Y/ C X’ are finite subsets satisfying |Y| > (1 — 6)|X| and
Y] > (1 —96)|X’'| and if & : ¥ — Y is a bijection, then for G any group
and ¢ : G — Sym(X) any map, we can define ¢' : G — Sym(X') by letting
¢y o ax) = o ¢y(x) whenever x € Y N ¢, (Y), which defines ¢/, on all but
at most 6(|X’| + | X|) < 2:%5|X’| of the points of X’, and by choosing some
values for ¢} on the other points in order to make it a permutation. If F' is a
finite subset of G and if ¢ is an (F, €)-quasi-action then it follows that ¢’ is an
(F,n)-quasi-action of G on X', where n = e+ 65/(1 — 9).

Lemma 4.5 of [10] could be described as yielding quasitilings for quasi-
actions of amenable groups. The following is an application of it in the case
that the group has a tile. In effect, we tile each of the quasitiles with our fixed
monotile.

Lemma 3.3. Let G be an amenable group and suppose T is a tile of G, with
e € T. Then for every § > 0, there is 6’ > 0 and a finite set F C G, with
TT—! C F, such that if ¢ : G — Sym(X) is an (F,d')-quasi-action of G
then there is a set Z and there are subsets Y C X and Y' C T x Z with
Y] > (1—-9)|X]| and [Y'| > (1 —0)|T x Z| and there is a bijection o : Y — Y’
such that
ao gy 0a71(t,2) = (gt,2)
whenever (t,z) €Y', g€ G, gt € T and pgoa  (t,2) €Y.

Proof. Let C C G be a set of centers for the tile T. Using Lemma 3.1, for
any £ € N and 7/ > 0 we can find sets F; C F, C --- C F; of the form
F, = TD,, for some nonempty subsets D;, C C, and with T7T~! C F; and
|E Y Fy \ Fi| < 0/ |Fy| for k€ {2,3,...,¢}.

We now apply Lemma 4.5 of [10] with 7 = 0 and with some 7 > 0 to be
specified later. This lemma and its proof imply that there exist ¢ € N and
7', > 0 such that whenever F; C F» C --- C Fy are chosen as above then
for the finite set F = F, UF, ' C G, if X is a finite set and if ¢ : G — Sym(X)
is a map and if B C X satisfies

(i) Bl = (1 —n")|X]|
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(i) Gu(@) = 0561(a), 65(0) # b (@) and Go(a) = a for all a € B and all
s,s',t € F with s # &/,

then there exist sets C1,...,Cy C X such that
(i) for all k € {1,...,¢} the map Fy, > s+ ¢4(c) is injective
(ii) the sets ¢(F1)Ch, ..., d(F;)Cy are pairwise disjoint and the sets

(@(Fk)c)i<k<e, cecy
are n-disjoint and (1 — n)-cover X.

We will choose ¢’ so small that ¢ : G — Sym(X) being an (F,d’)-quasi-
action will ensure the existence of B such that the hypotheses (i’) and (ii’)
hold. Then we let X’ be the disjoint union Hi:l Fi. x Ck. We can find subsets
Y’ C X" and Y C X such that |Y'| > (1 —n)|X’| and Y] > (1 — 279)|X| and
a bijection a : Y — Y’ such that whenever s € F, (t,¢) € Y/ N (F x Ck) and
st € Fy, we have aogsoa™1(t,c) = (st,c). Since Fy, = T Dy, we have a natural
identification of X’ with T' x Z, where Z is the disjoint union Hi:l Dy x C.
Since T'C Fy and TT~! C F, by choosing 1 = §/2, we are done. O

Theorem 3.4. Let I' = I'y xg I's be a free product of groups with amalga-
mation over a subgroup H. Assume that T'y and I'y are sofic and that H is a
monotileably amenable group. Then I is sofic.

Proof. We may without loss of generality assume that I'; and I's are countable.
Let R;1 C R;2 C --- be finite subsets of I'; whose union is all of I';. Let
K, = (Ri1pURsyp)NH and let T, be a tile for H such that

(12) (KT \ Tyl < ]§|Tp|.

Fix a map pp, : K, = Sym(T},) so that (pp)n(t) = ht whenever t € Tp,, h € K,
and ht € Tj,.

We fix some sequence J,, tending to 0, to be specified later. Now applying
Lemma 3.3 in the case of T}, C H and J,, we find finite sets F,, C H with
T,T," C F, and we find 4, > 0 as described there. We assume (without loss
of generality) &, < J,. In particular, letting ¢;, : I'; — Sym(X;,) be an
(Fp UR; p,0,)-quasi-action of T';, we find sets Z; ;, and subsets Y; , C X; , and
Y/, €Ty x Zip with |V p| > (1 —0,)[Xi | and [Y/ | > (1 —6,)|T, x Z; p| and
bijections a j : Vi, — Y/, such that

Qip © (d)iap)h 0 O‘;; (tv Z) = (htv Z)
whenever (t,z) € Y/

Yo h € H, ht € T and (¢ip)n 0 o, (t,2) € Yip. As
described in Remark 3.2, we thus obtain (F), U R;j,np)-quasi-actions ¢;, :
I'; — Sym(T, x Z;p) such that

(13) (¢p)n(t,2) = (ht, 2)

whenever z € Z;,, h € H and ht € T}, where 1, = d, + 63,/(1 — 5,). By
amplification, if necessary, we may without loss of generality assume Z; , =

Miinster Journal of Mathematics VoL. 4 (2011), 101-118



FREE PRODUCTS OF SOFIC GROUPS 111

Z3 p, and we denote this set by Z,. We may further amplify, if necessary, in
order to make the cardinality of Z, as large as desired.

Thinking of elements of Sym(T}, x Z,,) as permutation matrices and elements
of M|1,||z,/(C), making the obvious identification of this matrix algebra with
M1, |(C) ® M)z, (C) and letting (et )t.er, be the usual system of matrix
units for M|z, |(C), we have for each g € T;

(14) (@ip)g= D eww ®BY), € Mz, (C) ® M)z,(C),

t,t' €T,

where each B;f%)t

column. Fixing any ¢, € T, and letting h = t(¢/)~1, from (13) we see that

. is a (0,1)-matrix having at most one 1 in each row and

B,(fz’t/ is the identity matrix. Using that ¢} , is an (F, U R; ,,7,)-quasi-action
and that 7,7, C F,, we see that for every g € R;, \ H, the permutation

(¢;7p)g(¢§7p)t_(%,),l has at most 27, |T}, x Z,| fixed points; this implies that Bé?:,t/
has at most 27,|T}, X Z,| diagonal entries that are equal to 1. In other words,

for g € R, \ H and all t,t' € T},, we have
(15) tr12,(By.) < 2Tyl

Let Uy be a uniformly distributed random |Z,| x |Z,| permutation matrix,
and let Vj, = 1 ® U, taking values in Mz, |(C) ® M|z, (C). Take n € N and
take

Ry \ H, jodd,
gj € _
Rop \ H, j even,

and consider the moment

(16)  triryxz, (D1, (91) (Vo p(92)Vy) -+ - 81 p(g2n—1) (Vpdh p(920)V,) )

thought of as a random variable. Writing out V, = 1 ® U, and using (14), we
find that the moment (16) equals the sum

1 (1) E -
m Z tr‘Zp‘ <Bgl,t1,t2 (UPBgz,t27t3Up) T

t1,ta,..,t2n €T

B

g2n—1,t2n—1,t2n g2n,tan,t1 7P

(U, B U*)).

Using Theorem 2.1 and (15), we find an upper bound for the expectation of
the above sum to be

_ D,
(17) T (Gl + 1 )
)|

where C, and D,, are the constants from Theorem 2.1. Since 1, < 6,+66,/(1—
dp) can be made arbitrarily small by choosing ¢, small enough, and since |Z,)|
can be made as large as needed, we choose d,, and |Z,| so that for every n, the
upper bound (17) tends to zero as p — oo.

Miinster Journal of Mathematics Vor. 4 (2011), 101-118



112 BeNOIT COLLINS AND KENNETH J. DYKEMA

Now we modify qbg’p on K, so that they agree for ¢ = 1,2. By the esti-
mate (12) and the formula (13), letting

(¢Il )g _ {(pp)g X idea g€ Kpa

Lplg (ém(g))g, otherwise,

we see that ¢}  is an (R;, U Fp,mp + %)—quasi—action of I';. Moreover, since
(¢7,)g agrees with (¢; ), if g ¢ H, the moment (16) still tends to zero as

i,p
p — oo when ¢} replaces ¢; ,. Note that V,, commutes with ¢} (h) for all

h e K,.

Now we will change our random permutation matrix V,, to a nonrandom
permutation matrix, at the cost of increasing the matrix size. Indeed, V)
takes on |Z,|! different values in Mg, z,|(C), each with equal probability. So
define q§i7p : Ty = M1,z (C) by letting éi,p(g) be the block diagonal
permutation matrix consisting of | Z,|! copies of ¢} ,(g) down the diagonal, and
let ‘7,, be the block diagonal permutation matrix consisting of the | Z,|! different
values taken by V,, repeated one after the other down the diagonal. Now it is
clear that the expectation of the trace tr|z,||z,| applied to a word with letters
taken from /1/7p(F1), ¢/2/7P(F2) and {V;D,Vp*} equals the~ trace trLTpHZp‘(‘Zp“)
applied to the corresponding word of letters taken from ¢ ,(I'1), ¢2,,(I'2) and
{Vp, Vp*}. Upon identifying permutation matrices with permutations, we have
that ¢; , is an (R, UK, 1, + g)—quasi—action of T'; on the set T}, x Z, x Sym(Z,)
and that (¢;p)n = (pp)n x idz, X idgym(z,) is independent of i € {1,2} and

commutes with V,, for every h € K.
Let n(p) = |Tp| | Zp|(|1Zp]"). For i € {1,2} we define the maps

Y 1Ty — <H Sn(p)> / <@(Sn(p),dist)>

p=1

by

¥1(9) = [(¢1.(9))524]
ba(9) = [(Vpbow(9)V;)22].

Since the R;, are increasing in p and exhaust I';, and since the K, are increas-
ing in p and exhaust H, it follows that ¥, and ¥y are group homomorphisms
that agree on H. The universal property for amalgamated free products yields
a group homomorphism

v — (H Sn(p)> / (@(Sn(p),dist)>
p=1

p=1

that extends 1, and 3. To be able to apply Proposition 1.1 to conclude that
I is sofic, it remains to see that for every g € '\ {e}, there are ¢,(g) € Sy(p)
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such that 1(g) = [(¢p(g))p2,] and
(18) lim diSt(¢p(g),idn(p)) =1.

p—00

For ¢ € I a nontrivial group element, either ¢ € H or we may write g as

a reduced word g = g192---gn With g; € I';, \ H and i1 # iy, iy # i3,...,

In—1 F in.

(a) If g€ H orif n =1 and i; = 1 then we may take 1,(g) = é1,,(g1) and we
get (18) by the corresponding property for the ¢~)17P'

(b) If n =1 and 4; = 2 then we may take 1, (g) = %égyp(gl)ffp" and we get (18)
by the corresponding property for the qi~)27P, because dist is invariant under
left and right multiplication.

(¢) If n is even and 47 = 1 then we may take

Yp (9) =
Q’SLP(gl)"ZDéQ,p(92)‘7;;*&1717(93)"20&2,1)(94)‘7;‘ - '<l~517p(92n71)‘~/pé2,p(92n)‘~/p*

and the asymptotic vanishing of the moment (16) as p — oo implies
that (18) holds.

(d) In all other cases, the nontrivial element g is conjugate in I" to an element
g’ of the sort considered in parts (a), (b) or (c); say g = fg'f ! for f €T,
Letting f, € Sp(p) be any elements so that ¥(f) = [(fp)pZ1], we may
take 1, (9) = fptp(9')f, 1. Since dist is invariant under left and right
multiplication in symmetric groups, we get (18) from the same property
for the lift (v,(g"))p2; of ¢’

(]

Remark 3.5. Consider the proof of Theorem 3.4 in the case of H a finite
group. Here, with a bit of tweaking, we may arrange that 7, = H and that
(pp)n € Sym(H) is left multiplication by h, for all p. Now this proof is anal-
ogous in spirit to the construction found in [2] of matricial microstates in a
tracial free product A xp B of von Neumann algebras with amalgamation over
a finite dimensional subalgebra D: one starts with microstates for generators
of A and of B, one arranges that these microstates agree on generators of D,
and then one conjugates with a random unitary that is Haar distributed in the
group of all unitaries in the commutant of D. Where the analogy breaks down,
however is that in the proof of Theorem 3.4, although we do conjugate with a
random permutation that commutes with the action of H, we do not require it
to take all values in the commutant of H. Thus, we construct the quasi-actions
of I'y x I's more cheaply than we would have expected by analogy with the
proof found in [2].

From Theorem 3.4, using a well known picture of the HNN extension (which,
for convenience, we sketch) and a result of Elek and Szabé about amenable
extensions of sofic groups, we obtain the following result for HNN extensions
of sofic groups.
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Corollary 3.6. If ' = G*y is an HNN extension of a sofic group G relative
to an injective group homomorphism 6 : H — G where H is a monotileably
amenable subgroup of G then I is sofic.

Proof. The group I is generated by G and an extra generator ¢ with the added
relations ¢t ~'ht = (h) for all h € H. As is well known, and as can be proved
using Britton’s Lemma and the normal form for HNN extensions (see [11]), the
group I' is isomorphic to the crossed product group K X, Z, where K is the
subgroup of I' generated by (.5, t=FGt*, by the automorphism «a : x — t~ 1ot
of K. Moreover, K is a direct limit of groups that are obtained as free products
with amalgamation over H. For integers p and g, let K7, ; be the subgroup of
I" generated by Upgkgq tRGtE. Ifp <k < q,let \y : G — K, q denote the

injective *-homomorphism g — t~*gt¥. Then we have
Kipgt1) = Kpq ¥u G,

where the amalgamation is with respect to the maps A\; 06 : H — K, ;) and
the inclusion map H — G, whereas

Kip—1,q = G xu Kpp g

where the amalgamation is with respect to the maps A\;[g : H — K|, 4 and
¢ : H — G. By repeated application of Theorem 3.4, each K, 4 is sofic, so
their direct limit K is sofic. Since K is a normal subgroup of I' with infinite
cyclic quotient, by Theorem 1 of [6], I" is sofic. a

4. ASYMPTOTIC FREENESS

In [12], A. Nica proved asymptotic *-freeness for independent random per-
mutation matrices. Let I be a set and for each d € N, let (U;);es be an
independent family of permutation matrix valued random variables, where
each U; = U, 4 is a uniformly distributed random d x d permutation ma-
trix. Let E denote the expectation of the underlying probability space. Let
Fr = (x; | i € I) be the free group with free generators (x;);es and if w € FJ,
let w(U) denote the d x d permutation matrix obtained by replacing each x;
in w with U; and each z; ' with U;. (Of course, if w is the identity element of
Fr then w(U) denotes the d x d identity matrix.) Nica’s asymptotic freeness
result is that for every nontrivial w € Fr, we have limg_, o E(trg(w(U))) = 0.

The asymptotic vanishing of moments result, Theorem 2.1, is redolent of as-
ymptotic *-freeness. We will combine it with Nica’s asymptotic freeness result
to obtain actual asymptotic *-freeness of independent random permutation
matrices and certain families of nonrandom permutation matrices. Though,
for convenience, our statements are in terms of sequences of d x d permutation
matrices for all natural numbers d, of course the analogous statements hold
for dj x dp matrices, so long as dp — oo as k — oc.

We consider certain families of sequences of nonrandom permutation ma-
trices; for example, these can be taken from quasi-actions of a group that are
sufficient to demonstrate that the group is sofic. Let J be a set and suppose
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for each j € J and d € D, B; = B, 4 is a d X d (nonrandom) permutation
matrix. Suppose

Vj eJ lim tI‘d(Bj’d) =0
d—o0

and
(19) Vji,j2 € cither  lim dist(Bj, Bi,,ida) = 0
—00
(20) or djs e J diSt(leBjQ,Bjs) =0,

where we are identifying permutation matrices with their corresponding per-
mutations in Sy.

Theorem 4.1. Let (U;)icr and (Bj);cs be as described above. Then the family
({UlvUz*})lep {BJ |.] € ']}

is asymptotically free as d — oo, meaning, that we have

(21) dlLII;O E(trd(’LU()(U)le’LUl (U)BJ cee U)n_l(U)Bjn’wn(U))) =0

whenever n > 0, j1,...,Jn € J, wo, w1, ..., W, € Fr, w1,...,wy_1 are non-
trivial words and if n = 0 then wq is nontrivial.

Proof. Using the properties of the trace and the property (19)—(20) of the
family of the B;, we may cyclically reduce any expression of the form appearing
on the left-hand side of (21) and we see that it equals an expression in one of
the three forms

(22) Jim B(tra(wr (1))
(23) lim E(tra(B;,))

(24) Jim E(tra(Bj,wi1(U)Bj, - - wn-1(U)Bj, wn(U)))

where ji1,...,jn € J and w ..., w, are nontrivial elements of F;. Here we use

that if Cq and Dy are permutation matrices and if limy_, o dist(Cy, Dg) = 0,
then for any permutation matrix V', we have limg_, o trg(VCyqy — VDy) = 0.

The limit in (22) vanishes by Nica’s asymptotic freeness result. The limit
in (23) vanishes by hypothesis. For the limit in (24), we will use Nica’s as-
ymptotic freeness result and Theorem 2.1. Let V' be a uniformly distributed
random permutation matrix that is independent from all the U;. Since the
distribution of the family (VU;V*);cs is the same as for (U;);cr, it will suffice
to show

(25) dlim E(trd(lele(U)V*Bj2 e an_l(U)V*Bjann(U)V*)) =0.
— 00
From Nica’s asymptotic freeness result, we get for every ¢ > 0

lim P( max trq(w;(U)) > e) =0,

d—oo 1<j<n
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where P means the probability of the event. Therefore, we can find a sequence
€4\, 0 such that limy_, ., P(F;) = 0, where Fy is the event
t i(U)) > eq.

max tra(w;(U)) = €
Since V' and (U;);e; are independent, we can evaluate the expectation in (25)
by first, for each fixed choice of values for (U;);er, integrating with respect to
V', and then integrating with respect to the (U;);er. For any choice of (U;);er,
we have by a trivial bound

/trd(le Vuw (U)V*Bj, - Vw, 1(U)V*B;, Vw, (U)V*) dV < 1.

If we choose values of (U;);es that lie in the complement of the event F,; then
by Theorem 2.1, letting f(d) = max(trq(Bj, ), tra(Bj, ), - - ., tra(Bj,)), we have

/ tra(Bj, Vwr (U)V* By, - - Vw1 (U)V* By, Vw, (U)V*) dV

< Cn max(f(d)7 6d) + Dnd_17

where C,, and D,, are the constants from Theorem 2.1. So we get the upper
bound

E(trq(B;,Vwi(U)V*Bj, -+ - Vw,—1 (U)V*B;, Vw, (U)V*))
< Cpmax(f(d), eq) + Dpd™ ' + P(F}),
which tends to 0 as d — oc. g

Note added in proof: After this paper was accepted for publication, indepen-
dent papers by Paunescu [14] and Elek and Szabé [7] appeared, proving that
soficity of groups is preserved under taking free products with amalgamation
over arbitrary amenable groups. Also (in March, 2011), equation (4) and sur-
rounding description were corrected.
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