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Projective C*-algebras and boundary maps

Terry A. Loring
(Communicated by Joachim Cuntz)

Abstract. Both boundary maps in K-theory are expressed in terms of surjections from
projective C*-algebras to semiprojective C*-algebras.

1. NONCOMMUTATIVE CELLS AND BOUNDARIES

Cells are absolute retracts that tie together spheres of different dimensions.
The analog of an absolute retract for a C*-algebra is being projective. For
better or worse, in the category of all C*-algebras, we lose the projectivity of
Co (D \ {—1}), so we cannot generally use the exactness of

0— Co (R*) = Co(D\{-1}) = Co(R) =0
to explain the index map in K-theory. Another difficulty is that we need
asymptotic morphisms to obtain the natural isomorphism
[[Co (R*),D @ K]] = Ko(D).
The name “index map” is related to the Toeplitz algebra 7 and the exact
sequence
0—K—7—C(S') —0.
We might prefer to use 7y, generated by the shift minus one, and
0—-K—7y— Cy(R)— 0,

but still we may have trouble since 7j is not projective and K is not semipro-
jective.

The “second standard picture of the index map” in [8, Proposition 9.2.2]
and the picture of the exponential map presented in [6] both use what might
be called noncommutative cells. In both cases, there is a diagram

L n

(1) 0 U P R 0

J

Q
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with an exact row and where P is projective. Moreover, R, @ and 1)y have
enough nice properties to ensure that

(2) [R,D ® K] = K;(D),

(3) Q,D@K] = Ki1(D),

and K;11(¢p) is an isomorphism. The projectivity of P then leads to an
implementation of the boundary map as a sequence of maps

0™ : (R, Ma(A/D)] = [Q, M, (1)].
There are other examples where we don’t have the isomorphisms (2) and

(3). What we minimally require is the following.

Definition 1.1. If the row in the diagram (1) is exact, P is projective,
Ki(R) = Kita(Q) = Z,

Kip1(R) = Ki(Q) =0,
and K;1(1o) is an isomorphism, then we will call (1) a cell diagram.

2. THE INDEX MAP

The noncommutative Grassmannians are unital C*-algebras with universal
properties. One gets easier statements of results if one works with a nonunital
variation. For now, we stick with the two-by-two version, as this is the one
most closely related to ¢C.

We use A to denote the unitization of A, where a unit 1 is always added.

For a set of relations R on a set G we use the notation

t:G—=C*(G|R)

to denote the function into a C*-algebra that is the universal representation
of R. See [5] for information on what relations are allowed. The definition of
universal representation requires that ¢ +— ¢ o determines a natural bijection
between
hom (C* (G |R), B)
and the set
{f :G — B]|f is a representation of R } .

We can similarly work with relations in unital C*-algebras, and denote the

universal representation in a unital C*-algebra by

t:G—=Ci{(G|IR).
In all the examples considered, ¢ will be an inclusion and so we will identify
G with +(G).
Define G5¢, c.f. [2], as

5¢=0C7 <a,b,c b

PQ:P*:PforP:[Z ¢ ]>
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and define
G = <h,k,m

PQ:P*:PforP:[ﬂ_h ‘” ]>
€T k

The “st” is to stand for “standard,” as in the standard picture of K. The fact
that a projection has norm at most one means these relations are bounded, so
this universal C*-algebra does exist.

Lemma 2.1. The unitization (G5')" is isomorphic to G5¢ via

1 — 1
h — 1—a
k — b
r — cC

Proof. In terms of *-polynomial relations, (G5')” has generators 1, h, k, x
where 1 acts as a unit and

h=h"
k=Fk"
(4) R +ax*x=nh
—xh+kxr=20
k? + xa* = k.
Clearly
h=h* < (@—-h)=(1-h)"
Rtao*c=h <= (A—h)?+z*z=(1-h)
—zh+kx=0 < z(l—h)+kzx=z
and the result now follows easily. O

Lemma 2.2. The C*-algebra G5! is semiprojective.
Proof. This follows from Corollary 2.16 and Proposition 2.17 of [1]. O
Consider the automorphism

n: Gy — GF'
defined by n(h) = k, n(k) = h and n(z) = z*.
Lemma 2.3. The x-homomorphism

iddn: Gy — M, (GY)

is null-homotopic.

Proof. In terms of the generators, h, k and x are being sent to
h 0 k0 x 0
0 k|’ 0 h |’ 0 z* |’
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The homotopy is found in two segments.
For0<a<1,let 8=+v1-a2 Let

h 0 E 0
Hﬁ[o d)ow-loa)
¥ ax —0BvVxr*
T BV az* ’
Clearly H, and K, are self-adjoint. The commutation relation is easy, since
ox —BvVxx* h 0| akx —BkvVEk — k2
BV r*x ar* 0 k| | pBhv/h—h2 ahz*
|k 0 ox —BVxx*
10 h BV x*x ax* ’

For the remaining relations, we have

XX, r 4+ BPatx af (—x*\/xx* + x*xx*)
af ( \/xx T+ x\/x x) a’zx* + FPrxt
h 0 h O
0 k 0 k

and by symmetry,

|

« | kB O k
X“Xa_[o h}_{o
For the second part of the path, for each 0 <y <

vh 0
HW:{O Wk]’ KW:{

¥ - 0 —Vk = (k)
! vh — (vh)? 0 '
Again the self-adjoint conditions are clear, and then

{ A/hi)(’yh)z ) 7k(3_<7k)2 } Woh 70’“]

_ { 0 —vk/7E = (k)2 }
vhy/vh — (vh)? 0

Vok 70’1 ] [ vhi)(vh)z’ ) 7k0_ (VW}

XX, = [ o —()(7h)2 ~k —()(7k)2 ]

_’yh,()_“yh()2
0 4k 0 ~k
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and by symmetry,

2
« | vk 0 vk 0
X'YX'V_[O ’yh]_[o ’yh]'

The next result should be compared to the well-known isomorphisms
lim [Cy(0,1), M, (D)] = K1(D)

and
lim [¢C, M,,(D)] = Ko(D).

Theorem 2.4. For a C*-algebra D, there is a natural isomorphism
lim (G5, M,,(D)] = Ko(D).
Proof. By [4, Theorem 4.3] we know
Ko(D) = [ |5, A K]
and by semiprojectivity
HGSt,D ® [KH o [G;‘t,p ® [K} > Jim [th,D ® Mn} .
This also follows from standard results in K-theory.

Recall from [3] that ¢C was defined via an exact sequence
0—-¢C—-CxC—-C—0.
It has the concrete description
qC = {f € Co((0,1],My) | f(1) is diagonal } .

as well as being universal on generators hg, ko and xg for the relations

P = O* <h0, ko,xo

Zo ko

Theorem 2.5. There is a surjection p and an inclusion A so that

M, (GY) and Mo, (¢C)
id®e11T \ id®euT W
Gy —"—qC 4C ——=M; (G3)
commute up to homotopy. In terms of generators,
p(h) = ho,
p(k) = ko,
p(x) = o

and
Aho) = h ® e,
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Ako) = k ® eaq,
/\(Z‘Q) =X ea.

Composition with X\ leads to a natural isomorphism
lim [G$!, D ® Mn} >~ lim [¢C, D @ M,,]
(and with Ky(D).)

Proof. We can define the homotopy ¢; from Ao p to id ® e1; on generators by

pt(h) = h ® |wl,
ei(k) =k @ |wy],
or(x) = 2 Qwy

for some homotopy of partial isometries w; from es; to e;;. The homotopy
from (p ®id) o A to id ® e1; is found in a similar manner. O

Now we look at an extension that is somehow universal for the index map.
See [8] and “the second standard picture of the index map,” (proposition 9.2.2).
Recall

Co(0,1)=C*(z|(1+a)*=1+=z)"")
and define
D=C"(yllt+yl <1).
Sending y to x gives a surjection. Let V be the kernel, so that we have the

exact sequence

0 V D Co(0,1) ——=0.

Lemma 2.6. The C*-algebra D is projective and Cy(0,1) is semiprojective.

Proof. These have unitization the universal unital C*-algebra generated by
a contraction and C(S!), respectively. The usual facts about unitaries and
contractions tell us these are semiprojective, or in the first case projective, in
the unital category. We are done, by Theorem 10.1.9 and Lemma 14.1.6 of
[5]. O

Consider ¢ = 1 + = and
hi=1-a"a
ki =1—aa"
z; = a1 — a*a.
These are all elements of V and it is easy to see that

Il—hl {ET:|

Pl - |: T ]€1

is a projection. This determines a *-homomorphism g from th to V.
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Lemma 2.7. The diagram

0 V D Co(0,1) —=0

]

st
Gy

is a cell diagram.
Proof. Since K,(D) = 0 we know
0: K1(Cy(0,1)) — Ko(V)

is an isomorphism. The fact that K7(t) is an isomorphism follows from the
definition of the boundary map ([8]). O

3. THE EXPONENTIAL MAP

Consider a short exact sequence
0—-I—-A—A/I—-0
and the associated boundary map
0: Ko(A/I) — K1(I).
In [6] we showed that if = in K¢(A/I) is realized by ¢ in hom(qC, A/I) then
d(x) is realized by some 1 in hom(Co(0,1), I). Equivalently, O(z) is realized as
a unitary in [.

We want to verify that the construction of v is well defined up to homotopy
and that

[¢C, A/I] — [Co(0,1), 1]
is natural. This can be done by an examination of the proof of [6, Theorem 6],
but is more clearly taken care of by a cell diagram and Theorem 4.2.

In this approach to the exponential map, the key point is the projectivity
of

P=C <h,k,m

hik = 0, OSPglforP:{]l_h v ]>
T k

We will not reprove that, but refer the reader to [6, Theorem 9]. What we will
do is give a second approach to the K-theory calculations related to P based
on finding an embedding

P — C«* Co(o, ].]

Let n be surjection n : P — ¢C onto

P&‘:POQ:POforPO:[]l_hO o ]>

qC=C <h0,/€0,$0 - ko

defined by n(h) = hg, etc. Let U denote the kernel of n and ¢ denote the
inclusion. Recall that Ky(¢C) is a copy of Z generated by the class of the
projection Py in My ((¢C)™).
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Lemma 3.1. There is a x-homomorphism 1y so that

L n

0 U“ P qC 0

]

Co(0,1)

is a cell diagram.

Since we know from [6] that P is projective, we need only find 1y that
induces an isomorphism on K-theory. This is easily seen to be equivalent to
the following Lemma.

Lemma 3.2. In P, let
u=-—1+ Z Vij
4,7
where

V21 V22
Then u is a unitary in U that represents 9 ([Py]) in K1(I).

V11 V12 i
v = |: _ e?ﬂ'lP.

Proof. Theorem 6 in [6], applied to
0—U—-P—4qC—0,

tells us that some unitary in U will represent that K-class of the boundary
[Py]. The proof of that result tells gives us the formula for u, and moreover
shows that 2™ is homotopic through unitaries to

KRl

The rest of this section is devoted to an alternative proof of Lemma 3.1.
First we get more specific regarding the exact sequence

O

0—>q¢C-—"scsc-L>C——>0.

We will use py and gg to denote the two generating projections in C x C. Both
of these are sent to 1 by py. The inclusion 6y of qC in C % C is determined on
generators by

0(ho) = po — pogopo,
(ko) = (1 — po)qo (1 — po),
0(z0) = (1 — po)qopo-

There is a similar exact sequence involving P. Let the obvious generators of
C * Cp(0,1] be denoted p and I, so the only relations on them are

P’ =p*=p,
0<1<1.
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Theorem 3.3. There are x-homomorphisms 0 and p defined by

0(h) =p — plp
0(k) = (1 —p)l(L —p)
0(z) = (1 —p)lp
and
p(p) =1,
pl) =1

so that the sequence
0——>P—25CxCo(0,1] —2>Cc——>0
1S exact.

Proof. Since

[ 1—(p—plp) ((1—p)p) ]
(T-plp (1-p)Il(1-p)

Rty | A | PL

1—(p—plp) ((L-p)lp)
O<[ (1 —-p)ip (Jl—p)l(ll—p)]<l'

we have

Since

(p—plp) (1 = p)l(1 —p)) =0,

we see that 6 is well-defined.

The unit 1 is both a projection and a positive contraction, so p is well-
defined.

Exactness at C is obvious.

To prove exactness at P, suppose 7 : P — B(H) is a faithful representation
of P, and let hy = mw(h), etc. Let r = [h1] be the range projection of hy and let
g = [k1] be the range projection of k;. The orthogonality of h and k implies
orthogonality for r and gq. We established in the proof of Theorem 4.3 of [6]
the factorization x = kéyh% for some y and so

rey =219 =0
and

qry =111 =21,
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and of course

rhy = hir = hy,

qgh1 = hiq = rky = kir =0,

qk1 = k1q = k1.
We know

OS{I_hl xf]él

Tk
and so
0<[7“ q][I;jM zf}[ q]*<1

This says

0§T—h1+$1+$i+k1§1

We can define a representation 7 of C % Cy(0,1] on B(H) by setting 7(p) = r
and

T(l)=7r—hi+x1+ 2] + k1.
This is an extension of m because
Tobh)=r—r(r—hi+xz1+zi+k)r="nh
and
Tob(k)=UI —r)(r—hi+a1+a]+ k) —1)=k
and
Tol(x)=U—7r)(r—h+x1+z]+k)r =a;.
We have shown ¢ is one-to-one, and so have exactness at P.
Next we show that the image of # is an ideal. This follows from these
equalities:
(p —plp)p = (p — plp)
(p—plp) 1 = (p — plp) (1 = p)Ip)" + (p — plp) — (p — Plp)*
(T=pJl(L—-p)p=0
(1 =p@—p)l=(1-pId-p)((2-p)p)+ (1 -p)-p))’
(@ —p)lp)p = ((1 —p)lp)

+ ((1 = p)ip) (1 — p)lp)”
L((1 = p)lp) = (1 = p)ip)” (1 = p)ip) + (1 — p)I(1 — p)) (1 — p)ip) .

As to exactness in the middle, it is clear that po 6 = 0. We need to show
that the induced map

5 (CxCo(0,1])/0(P) — C
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is an isomorphism. Since
l—p=—(p—plp)+ (1 —p)lp) + (pI(1 —p)) + (1 — p)I(1 — p))
=—0(h) +0(z) +0(x)* + (k)
we discover
(C+Co(0,1])/ 6(P)
is generated by a single projection. Since p maps onto C, it must be an iso-
morphism. (I
Recall we have the surjection 7 : P — ¢C. Consider also the surjection

nli([:*CQ(O,l]HC*C

defined via
m) = p
ml) = ¢
Let us use U; to denote the kernel of 7;. This gives us the diagram
0 0
C C
P PO
0——= U= CxCy(0,1] —>C+C 0
elT: 0 bo
0 U———=p—" g 0
0 0

where 61 is the restriction of #. Both rows and both columns are exact, and it
follows that 6 is an isomorphism.

The K-theory of the middle row is easy to work out, and so we see that
Ki(U;) = 7 and has generator represented by the unitary e in U;”. This
completes the second proof of Lemma 3.1.

4. PROJECTIVES DETERMINE BOUNDARY MAPS

Lemma 4.1. Suppose P is projective, p : A — B is a surjective x-homo-
morphism and @y : P — B is a homotopy of x-homomorphisms. Given *-
homomorphisms 1y and i1 from P to A that are lifts of g and @1, there exists
a homotopy of *-homomorphisms 1 so that 1 is a lift of vy and 1y = 1o and
1 = 1.

Proof. This proof is a standard argument using a mapping cylinder. O
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Theorem 4.2. Suppose

L n

0 U P R 0

TZJOT
Q

is a cell diagram. Suppose that « is a fixed generator of K;(R) and that 3 in
K;11(Q) is defined so that O(a)) = (¢0)«(8). Given an ideal I in A, there are
natural maps 8™ so that

o)

[R, M, (A/1)] [Q, M, (I)]

=) A

[R, M1 (A/ )] — 2 1Q Moy ()]

=(n+1) An+1)

Ki(A/T) 9

K1 (I)

commutes, where 0 is the boundary map in K -theory. Here 2™ () = 1, (a)
and A™ () = ¢.(B).

Proof. The naturality of ") allows us construct 8™ out of 1) so we only
concern ourselves with finding ") with § 0 21 = A o §(1),
Suppose

K s

0 I A B 0
is exact and we are given ¢ : R — B. Projectivity tells us there exists ¢ with
mop = wof. This restricts to a map ¢ between ideals. In terms of a commuting
diagram with exact rows, we are here:

K

0 I A B 0
| ]

0 U——>p—">R 0
o
Q

‘We wish to define
M ([¢]) = [ 0 o] -

This composition depends on our choice of @ as well as the choice of repre-
sentative of the homotopy class [¢]. By the Lemma 4.1, we get a well defined
map from [R, B] to [@, I]. The naturality of the boundary map in K-theory
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shows 1) implements the boundary map. The flexibility in choosing the lift
@ makes it easy to show that () is natural. O

Applying this to the examples in Sections 2 and 3 we get the somewhat
unified picture of the boundary maps summarized in three diagrams:

M, (A/1)] (G5, M, (1))

|

|
lim [Co(0, 1), My(A/T)] - Tim G5, My (1)]
Ki(A/I

) 2 Ko(I)
[Gztv Mn(D)] [q([:a M2n (D)]

| |

lim [G5°, My(D)] = lim [qC, M (D)]

[CO(Oa 1 9

_%
IR
IR

[¢C, M, (A/T)] [Co(0,1),M

\L Al

lim [gC, M (4/1)] —~ 1im [Cy(0, 1), M
Ko(A/I) 0 K\ (1)

The jump up in the size of matrices in the middle diagram is the one we saw
in Theorem 2.5.

5. FURTHER EXAMPLES

The list of projective C*-algebras is still growing. For example, Shulman
([9]) has recently shown that a nilpotent contraction lifts to a nilpotent con-
traction of the same order. It should be fruitful to search for semiprojective
quotients of projective C*-algebras that can also serve as “boundaries of non-
standard cells.” To illustrate, we now look at two more applications of Theo-
rem 4.2.

Recall that the cone

CM,, = C ((0,1], M,,)
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is projective and fits in a nice exact sequence
0—-SM, -CM,, - M, —0
with the suspension SM,, of M,,. The larger cone
CK = Co ((0,1],K)

is not residually finite dimensional, so it is not projective. We can instead
consider the mapping telescope

T(K) = {f € Co (0,00, K) | t <n => f(t) € M, }

which is projective ([7]) and maps onto K by evaluation at co. The kernel of
this map is a bit awkward, being

I([K):{fEOO((OaOO)a[KHtSn = f(t) e M, }.

Theorem 5.1. Let x be the standard generator of Ko (M,,) and y be the stan-
dard generator of K1 (SM,,). Given an ideal I in a C*-algebra A, for any
x-homomorphism

p: M, — A/l
there is a x-homomorphism
P :SM,, — I
so that
Uu(y) = O ().
The mapping ¢ +— 1 can be chosen to be natural and well-defined up to homo-

topy.

By the “standard generator” of K7 (I(K)) we mean the push-forward of the
standard generator of K; (Cy(0,1)) by the obvious inclusion

Co(0,1) = Cy ((0,1), M) — I(K).

Theorem 5.2. Let x be the standard generator of Ko (M,,) and y be the stan-
dard generator of K1 (I(K)). Given an ideal I in a C*-algebra A, for any x-
homomorphism

p:K— A/T
there is a x-homomorphism
v :IK) -1
so that
Pu(y) = O« ().
Notice that from 1 we get realizations of the boundary of ¢.(x) via a map

Pn : SM,, — 1

for any n.
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