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Abstract. We define notions of semi-saturatedness and orthogonality for a Fell bundle
over a quasi-lattice ordered group. We show that a compactly aligned product system
of Hilbert bimodules can be naturally extended to a semi-saturated and orthogonal Fell
bundle whenever it is simplifiable. Conversely, a semi-saturated and orthogonal Fell bundle is
completely determined by the positive fibers, and its cross-sectional C*-algebra is isomorphic
to a relative Cuntz—Pimsner algebra of a simplifiable product system of Hilbert bimodules.
We show that this correspondence is part of an equivalence between bicategories and use this
to generalize several results of Meyer and the author in the context of single correspondences.
We apply functoriality for relative Cuntz—Pimsner algebras to study Morita equivalence
between C*-algebras attached to compactly aligned product systems over Morita equivalent
C*-algebras.

1. INTRODUCTION

Given a discrete group G and a subsemigroup P of G, in some situations,
a partial representation of G on a C*-algebra may be reconstructed from its
restriction to P. When G = P~ P, a representation of P by isometries can be
extended to a partial representation of G if and only if the range projections
associated to the isometries commute with each other [15, Thm. 31.16]. Such
an extension is unique, and so isometric representations of P with commuting
range projections are in one-to-one correspondence with partial representations
of G which restrict to isometric representations of P. A similar correspondence
holds, for example, in the context of circle-valued cocycles under the same
assumption G = P71P (see [21, 22]).

In this paper, we are primarily interested in extensions of semigroup actions
by Hilbert bimodules. We assume that P is a subsemigroup of G so that (G, P)
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224 CAMILA F. SEHNEM

is a quasi-lattice ordered group in the sense of Nica [29]. In this case, any
element in PP~! has a reduced expression of the form pg—!, with p,q € P. We
use this to give sufficient conditions for a compactly aligned product system
over P of Hilbert bimodules to extend uniquely to a Fell bundle over the
group G, and to identify which Fell bundles over G can be reconstructed in
this way by its positive fibers. We believe this may be profitable in several ways.
For instance, P may embed into another group H with H amenable even for
a non-amenable G (see [19]). This may be used to establish amenability of the
Fell bundle, that is, an isomorphism between full and reduced cross-sectional
C*-algebras through the regular representation.

A Fell bundle (By)gec over a discrete group is called saturated if By - By, =
By, for all g,h € G. In this case, each fiber may be viewed as an imprim-
itivity bimodule over the unit fiber algebra B, with the structure coming
from the multiplication and involution operations on (By)gec. In the general
case of a non-saturated Fell bundle, each fiber carries a structure of a Hilbert
B.-bimodule.

Exel introduced in [13] a notion of semi-saturatedness for actions of the unit
circle T. An action of T on a C*-algebra B is said to be semi-saturated if B
is generated as a C*-algebra by the spectral subspace B; and the fixed-point
algebra By. He proved that this is the case for the canonical action of T on
the crossed product of a C*-algebra by a partial automorphism. A Fell bundle
(B )nez is then called semi-saturated if By, - By, = By 4y, for all m,n >0 (equiv-
alently, m,n < 0). Abadie, Eilers, and Exel proved that the cross-sectional
C*-algebra of a semi-saturated Fell bundle (B),),¢z is canonically isomorphic to
the crossed product of the unit fiber By by the Hilbert By-bimodule B;. They
also provided examples to illustrate that the crossed product of a C*-algebra by
a Hilbert bimodule need not come from a partial automorphism. The crossed
product by a Hilbert bimodule is a special case of a Cuntz—Pimsner algebra
[30, 20, 27].

Despite the fact that a free group F on more than one generator is not
amenable, there is a nontrivial class of amenable Fell bundles over F. A Fell
bundle (By)ger over the free group F on the set of generators S is said to be
semi-saturated in [14] if By - B, = Bg;, whenever the product g - h involves no
cancellation. It is called orthogonal if BXB; = {0} for all distinct generators
s,t € S. A Fell bundle over F with separable fibers that is semi-saturated
and orthogonal is then amenable [14, Thm. 6.3]. This happens because F has
a quasi-lattice ordered group structure arising from the free unital subsemigroup
F* generated by S, and (F,F") is amenable in the sense of Nica [29]. A semi-
saturated and orthogonal partial representation of F as introduced by Exel is
completely determined by its restriction to FT.

In this paper, we introduce concepts of semi-saturatedness and orthogonal-
ity for Fell bundles over quasi-lattice orders. Recall that a pair (G, P) with
PN P~ = {e} is quasi-lattice ordered if whenever a pair of elements g,h € G
has a common upper bound in P, then it also has a least upper bound g V h
in P. We say that (By)geq is orthogonal if By = {0} for all g € G with no
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upper bound in P. That is, g V e = co. Semi-saturatedness is defined so that,
when combined with orthogonality, the restriction of (Bg)sec to the positive
fibers gives a product system of Hilbert bimodules B = (B),),cp which gener-
ates (Bg)geq in an appropriate sense (see Definition 3.3).

Our main motivation to define these notions of semi-saturatedness and or-
thogonality for Fell bundles over quasi-lattice orders was the canonical topologi-
cal G-grading of a Nica—Toeplitz algebra of a compactly aligned product system
over P, and its quotients by gauge-invariant ideals (see Section 2). In the con-
text of single correspondences, the Fell bundle ((93}7 £ )nez over Z associated to
arelative Cuntz-Pimsner algebra is always semi-saturated. And (05 ¢, O} ¢) =
(A,€) if and only if £ is a Hilbert bimodule over A and J = (€| ) is Katsura’s
ideal, that is, J is the largest ideal acting faithfully and by compact operators
on & [20, Prop. 5.18].

It turns out that the Fell bundle (N7¢)4eq associated to a Nica—Toeplitz
algebra is semi-saturated and orthogonal. This is also the case for a relative
Cuntz—Pimsner algebra of £ when we define it as a quotient of N'T¢. Following
ideas for (G, P) = (Z,N), we find precisely the class of compactly aligned
product systems of Hilbert bimodules that can be extended to semi-saturated
and orthogonal Fell bundles over G as above. We call a product system in this
class simplifiable. In Theorem 3.12, we obtain an extension of a simplifiable
product system of Hilbert bimodules to a semi-saturated and orthogonal Fell
bundle over G. This also arises from the canonical G-grading of the relative
Cuntz—Pimsner algebra determined by the family of Katsura’s ideals for the
product system, and we prove that it is unique up to isomorphism.

The restriction of a semi-saturated and orthogonal Fell bundle (Bg)geq to
the positive fibers gives a product system of Hilbert bimodules. We show
in Proposition 3.17 that this product system is simplifiable, and its relative
Cuntz—Pimsner algebra for the family of Katsura’s ideals is canonically iso-
morphic to the cross-sectional C*-algebra of (By)geq. Hence representations
of (Bg)gec are in bijection with Cuntz-Pimsner covariant representations of
the product system (B)pep on the family of Katsura’s ideals. So we say that
a semi-saturated and orthogonal Fell bundle over G is extended from P.

As the work of Exel [14] already suggested, amenability of a Fell bundle
extended from the positive cone of a quasi-lattice order seems to be related
to amenability of the underlying quasi-lattice. We prove that a Fell bundle
extended from F+ can be described as a Cuntz—Pimsner algebra of a corre-
spondence over the unit fiber B, and hence it is amenable (see Lemma 3.21
and Proposition 3.23). In particular, the main result of [14] remains true if we
remove the separability assumption. This allows us to establish nuclearity of
the cross-sectional C*-algebra as well when the unit fiber algebra is nuclear.
As for free semigroups, a Fell bundle extended from the Baumslag—Solitar
semigroup BS(c,d)™ with ¢,d > 1 is isomorphic to a Cuntz-Pimsner algebra
of a single correspondence and so it is also amenable. In general, we do not
know whether a Fell bundle extended from the positive cone of an amenable
quasi-lattice order is amenable too.
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In Section 4, we consider bicategories of compactly aligned product systems.
In Theorem 4.10, we build an equivalence between a bicategory of simplifiable
product systems of Hilbert bimodules over P and a bicategory of Fell bundles
over G extended from P that sends a product system to its unique extension
from Theorem 3.12. We observe that, as opposed to Fowler’s original definition
of a Cuntz—Pimsner algebra, we take the relative Cuntz—Pimsner algebra of
a product system £ = (£,)pecp as a quotient of the Nica-Toeplitz algebra of £.
The relative Cuntz-Pimsner algebra O ¢ is determined by a family of ideals
J = {Jp}pep in the coefficient algebra A, where each ideal J, acts by compact
operators on &,, and the canonical representation of £ in Oy ¢ is also Nica
covariant. This allows us to attach a simplifiable product system of Hilbert
bimodules (O ¢)pep with coefficient algebra O% ¢ to each triple (4, &, 7).

A triple (A, €&, J) as above is an object of our bicategory Qigr. A morphism
from (A,€,Ja) to (B,G,Jg) is a proper covariant correspondence (F, V') (see
Definition 4.2). We generalize several results of Meyer and the author [26] to
compactly aligned product systems over positive cones of quasi-lattice orders
using the equivalence between Fell bundles extended from P and simplifiable
product systems of Hilbert bimodules over P. In particular, we show that
the construction of a relative Cuntz—Pimsner algebra is part of a reflector
from a bicategory of compactly aligned product systems to a bicategory of
simplifiable product systems of Hilbert bimodules. That is, the reflector sends
an object (4,€,J) to (0% ¢)pep. This is [26, Cor. 4.7] in the context of single
correspondences.

In Subsection 4.14, we study Morita equivalence for relative Cuntz—Pimsner
algebras. The construction of a relative Cuntz—Pimsner algebra induces a func-
tor from Qﬁf; into a bicategory of C*-algebras with correspondences as mor-
phisms. Since an arrow between objects (A, &, Ja) and (B, G, Jg) comes from
a correspondence F : A ~» B, invertible morphisms in Qﬁf; imply Morita equiv-
alence between the underlying relative Cuntz—Pimsner algebras. This is [1, 28]
for (G, P) = (Z,N). When ,A and 4B are the product systems of Hilbert
bimodules built out of actions «, 5 of P on A and B by injective and ex-
tendible endomorphisms with hereditary range, we generalize [28, Prop. 2.4]
of Muhly and Solel and characterize the invertible proper covariant correspon-
dences in €f _ between A and 5B (see Proposition 4.19). Our result is an
analog of Morita equivalence for actions of groups by Combes [8] and Curto,
Mubhly, and Williams [10].

2. RELATIVE CUNTZ-PIMSNER ALGEBRAS OF
COMPACTLY ALIGNED PRODUCT SYSTEMS

In this section, we recall some basic concepts and known results on product
systems and their C*-algebras. We will be interested in compactly aligned
product systems over semigroups that are positive cones of quasi-lattice orders.

2.1. Notation and basic notions. Let A and B be C*-algebras. A cor-
respondence £ : A~ B is a Hilbert B-module £ with a nondegenerate left
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action of A implemented by a *-homomorphism ¢ : A — B(£). We say that
& is a Hilbert A, B-bimodule if the left action of A comes from a left Hilbert
A-module structure ((-|-)), on £ that is compatible with (-|-)5. That is,
(€1m)C = En|C) for all £,11,C € €.
Let P be a semigroup with identity e. A product system over P of A-corre-
spondences consists of
(i) a correspondence &, : A~» A for each p € P, where £ = A is the identity
correspondence over A, N
(ii) correspondence isomorphisms i, : € @4 Eg — Epg, also called multipli-
cation maps, for all p,q € P\ {e}.
We let ¢, : A — B(E,) be the multiplication map p. , and let pp, . implement
the right action of A on &,, respectively. The multiplication maps must be
associative. That is, the following diagram commutes for all p,q,r € P:

1 a,r
(E) @uEy) @a Er i Ey @4 (Eg Dn &) —22" 4 €)@ Egr

ll‘pyq(@l J/l"p,q'r

5pq ®a gr Hpg,r

gpq’f‘?

where the first isomorphism on the top row of the diagram is simply the as-
sociativity isomorphism for internal tensor products of Hilbert modules. We
will say that a product system £ = (&,)pcp is faithful if ¢, is injective for all
p € P. Tt is proper if ¢,(A) CK(E,) for all p in P. If each &, is a Hilbert
A-bimodule, we will speak of a product system of Hilbert bimodules.

A representation of a product system £ = (&,)pecp in a C*-algebra B con-
sists of linear maps ¢, : &, — B, for all p € P\ {e}, and a *-homomorphism
e 1 A — B, satisfying the following two axioms:

(T1) Yp(E)Yg(n) = tpg(&n) for all p,q € P, § € &y and n € &;

(T2) ¥p(&)"vp(n) = Ye({§|n)) for all p € P and &, € &,
If 9. is faithful, we say that v is injective. In this case, relation (T2) implies

that ||1, ()| = ||| for all £ € £, and p € P.

2.2. Compactly aligned product systems and Nica—Toeplitz algebras.
Let us restrict our attention to semigroups arising from quasi-lattice orders in
the sense of [29]: let G be a group, and let P be a subsemigroup of G with
PN P! ={e}. We say that (G, P) is a quasi-lattice ordered group if any
two elements g1, g2 of G with a common upper bound in P with respect to
the partial order g; < g2 & g7 19y € P also have a least upper bound g; V go
in P. We write g1 V go = oo if g1 and g2 have no common upper bound
in P. Following [9], we call P the positive cone of (G, P), observing that
P={g€Glg=e}

Let (G, P) be a quasi-lattice ordered group, and let £ = (£,)pep be a product
system over P. For p € P and {,n € &,, we denote by [£)(n| the generalized
rank-1 operator on &, that sends ¢ € &, to £(n|() € &,. Let ¢ = {¢p}pep be
a representation of £ in a C*-algebra B. For each p € P, we will denote by (?)
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the *-homomorphism from K(&,) to B obtained as in [30]. This is defined on
a generator |£)(n| by

PP (1) (n]) = p(E)vp(n)*.

We may use the multiplication maps on £ to define *-homomorphisms (57 :
B(E,) — B(Epq). Explicitly, b9 sends T' € B(E)) to i q 0 (T ®ide,) o py, b We
say that &€ = (&p)pep is compactly aligned if, for all p,q € P with pV ¢ < oo,
we have

BYUT)EVI(S) € K(Epyy) for all T € K(E,) and S € K(&,).
Here (Y9 and £V denote the *-homomorphisms
B PVD L B(E) = B(Epvg) and LT PVD L B(E,) = B(Epvy),

respectively.
If € is compactly aligned, a representation ¢ = {¢, },ep of € in a C*-algebra
B is Nica covariant if, for all p,q € P, T € K(&,), and S € K(&;), we have

VD (BVA(T)BV(S)) if pV q < oo,
0 otherwise.

1p(p) (T)w(q)(s) — {

There is a canonical Nica covariant representation associated to a compactly
aligned product system: let £T be the right Hilbert A-module given by the
direct sum of all &,’s. That is, ET = @, p &- Define a representation of &
in B(ET) as follows. Given £ € &, and ™ = @, p 75, set

+ ty _ JHpprs(E@ms) if s € pP,
v ©0)s {0 otherwise.

We view &,, as the correspondence &, ® 4 £ through the correspondence iso-
morphism g, L. In this way, ¥, (£)*(n)s is the image of 7, in & under the
operator defined on elements of the form p, s(¢, ® ¢s) by the formula

¢;(§)*(Mp7s(<p ®(s)) = @s((€1¢p))Cs-

So ¥ (£)* is the adjoint of ¢ (£). This gives rise to a Nica covariant represen-
tation ¢+ = {4} }pep of € in B(ET) called the Fock representation of €. This
representation is injective.

Proposition 2.3 ([17, Thm. 6.3]). Let (G, P) be a quasi-lattice ordered group,
and let £ be a compactly aligned product system over P. Then there is a
C*-algebra N'T¢ and a Nica covariant representation © = {@p}pep of € in
NTe so that ©(E) generates NTg as a C*-algebra and, given a Nica covariant
representation ¥ = {¢p}pep of € in a C*-algebra B, there is a unique *-homo-
morphism 1) : Te — B such that 1) o &, = 1, for all p € P. Moreover, T is
injective and the pair (N'Te, ) is unique up to canonical isomorphism.

We call NTg the Nica—Toeplitz algebra of £.
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2.4. Relative Cuntz—Pimsner algebras. Let £ = (£,)pcp be a product sys-
tem. For each p € P, let J, < A be an ideal that acts by compact operators
on &, and set J = {Jp}pep. We say that a representation ¢ = {¢p}pep is
Cuntz—Pimsner covariant on J if, for all p € P and all a in Jp,

P (pp(a) = vela).

Proposition 2.5. Let (G, P) be a quasi-lattice ordered group, and let £ be

a compactly aligned product system over P. Let J = {Jp}pep be a family of

ideals in A with ¢, (J,) CK(Ep) for all p € P. Then there is a C*-algebra

Og.¢ and a Nica covariant representation j = {jp}pep of € in Oy ¢ that is

also Cuntz—Pimsner covariant on J and such that

(i) Oz ¢ is generated by j(£) as a C*-algebra,

(ii) given a Nica covariant representation v = {p}pep of € in a C*-algebra B
that is Cuntz—Pimsner covariant on J, there is a unique *-homomorphism
Y7 : Og.e — B such that 17 o j, = 1, for allp € P.

Moreover, the pair (O ¢, j) is unique up to canonical isomorphism.

Proof. Let N'T¢ be the Nica-Toeplitz algebra of £. Let Oz ¢ be the quotient
of N'T¢ by the ideal generated by

{7e(a) =7 (pp(a)) | a € Jp,p € P}.
For each p € P, we let j, : £, — Oz ¢ be the composition of 7, with the

quotient map, and we set j = {j,}pep. The pair (O ¢, ) satisfies the required
properties. O

Definition 2.6. Given £ and J as above, we call O ¢ the relative Cuntz-
Pimsner algebra determined by J.

We emphasize two particular cases. If J, = {0} for all p € P, then Oy ¢ =
NTe. As a consequence of [30, Cor. 3.7], if (G, P) = (Z,N), £ is a product
system of Hilbert bimodules, and J, = (&, |&py) for all p in P, then Oy ¢
is the C*-algebra studied by Katsura in [20]. He proved that the canonical
*-homomorphism from A to Oz ¢ is an isomorphism onto the fixed-point al-
gebra of Oy ¢ with respect to the gauge action of T. In this case, £ extends
to a semi-saturated Fell bundle over Z (see [1]). We will generalize this to
a certain class of compactly aligned product systems of Hilbert bimodules over
semigroups arising from quasi-lattice orders.

Remark 2.7. Fowler defined the Cuntz—Pimsner algebra of a product system
E to be the universal C*-algebra for representations of £ that are Cuntz—
Pimsner covariant on J = {Jp}pep, where J, = ¢, (K(&p)) for all p € P
(see [17]). Here we consider the class of compactly aligned product systems and
define the relative Cuntz—Pimsner algebra with respect to a family of ideals as
a quotient of the Nica—Toeplitz algebra of £. This provides the construction
of relative Cuntz—Pimsner algebras with a special feature and will allow us to
generalize most of the results obtained in [26] to quasi-lattice ordered groups.
Our approach applies to Fowler’s Cuntz—Pimsner algebras of proper product
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systems € = (&p)pep if (G, P) is a quasi-lattice ordered group and P is directed.
This is so because, in this case, a Cuntz—Pimsner covariant representation of £
in the sense of Fowler is also Nica covariant [17, Prop. 5.4].

The next is the analog of [26, Prop. 2.15] in the context of product systems.

Proposition 2.8. A representation ¢ = {¢ptpcp of € = (Ep)pep in B is
Cuntz—Pimsner covariant on J = {Jp}pep if and only if ¥e(Jp) C 1p(Ep) - B
for all p € P.

2.9. Coaction on relative Cuntz—Pimsner algebras. Let (G, P) be a
quasi-lattice order, and let £ be a compactly aligned product system over P.
The representation of £ in Oy ¢ ® C*(G) which sends £ € &, to £ ® u, is Nica
covariant and also Cuntz—Pimsner covariant on J. So this yields a *-homo-
morphism § : Oz ¢ = Oz ¢ @ C*(G).

Proposition 2.10. The *-homomorphism § : Oz ¢ — Og¢c @ C*(G) gives
a full nondegenerate coaction of G on Oz ¢. Moreover, the spectral subspace
0%75 for d at g € G with gV e < oo is the closure of sums of elements of the
form

Ip(€)dq(n)”
with £ € €, and n € &, where pg~' =g and p,q € P. If gV e = oo, then (9‘97}5
is the trivial subspace.

Proof. That § is a full nondegenerate coaction follows as in [6, Prop. 3.5]. For
the last part of the statement, notice that the Nica covariance condition entails
Jp(Ep)*Jq(Eq) = {0} whenever pV g = 0o as j,(Ep) = jp(Ep)ip(Ep) p(Ep) for all
p € P. In case pV q < 0o, we have
jp(gp)*jq(gq) - Span{jp—l(p\/q) (g)jq—l(qu) (77)* | 5 € gp_l(p\/q)7
nE&E1pvg }
So take g € G with g V e = co. In particular, g has no presentation of the form

pq~! with p,q in P. Thus, by successive applications of the above simplification
for elements of the form j,(&,)*jq(&q), it follows that

jpl (5101)]102 (€P2)* i 'jp2n—1(§p2n—l)jp2n (€p2n)* = 0

whenever pipy ' ... pan_1py, = g and Ep €&, for all i€ {1,2,...,2n}. As
a consequence, O% ¢ = {0} because it is spanned by elements of that form.
Now a similar reasoning shows that if g € G satisfies

gVe<oo and pip;'...pam-1P3, =,

then jp, (€py)dp2 (§p2)™ -+ Tpan—1 (§pan—_1 ) Ipan (§pa, )™ lies in the closed subspace
spanned by

{3p(©)dam)* [pa~" = g, £ € & and 1 € &}
This completes the proof. O
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Corollary 2.11. Let £ = (&y)pep be a compactly aligned product system and
J as above. Then, for all p € P, we have an isomorphism

OF 28,04 0%,

of correspondences A ~» 0% ¢- Moreover, ((9575)p€p is a product system of
Hilbert O% ¢-bimodules.

Proof. By Proposition 2.10, (’)”37 ¢ is generated by elements of the form
3 (©)Gs(n)*, with &€&, ne &, and rs™ ' =p.

In particular, r = ps, and we can use the isomorphism s, 1 to show that
Jr(€)ds(n)* lies in j, (£p)7s(Es)7s (€)™, which in turn is contained in j, (€,)O0F ¢
The inclusion j,(E,)0% ¢ € O . is trivial. So O o = j,(E,)0F ¢ Hence
& ®a07 ¢ — 0975, E®n — jp(&)n gives an isomorphism of correspondences
A OF .

Foreachpe P, O ¢ is a Hilbert o) 7 ¢-bimodule with the structure obtained

from the multlphcatlon and involution operations on Oy ¢. In particular,
07, 5(9” 7E= =" 7. Hence, if p,q € P, we have a correspondence isomorphism

O‘py’g ®O OJ s = =~ 0" 5OJ e = (]p(gp)O?E)O‘qu = jp(gp)(O.?,SO?s)
= ]p(gp)oflj,s = ]p(gp)jq(gq)(,)?ﬁ = qu(gpq)03,£ = O?,ZJ'

These multiplication maps are associative because they coincide with the mul-
tiplication on Oz ¢. O

3. FELL BUNDLES OVER QUASI-LATTICE ORDERED GROUPS

This section contains our main findings. We show that a simplifiable prod-
uct system of Hilbert bimodules £ = (&), p admits a unique extension £ =
(£;)gec to a semi-saturated and orthogonal Fell bundle over G. A Fell bundle
over (G that is semi-saturated and orthogonal is then completely determined by
its positive fibers. Albandik and Meyer obtained a similar correspondence be-
tween proper product systems over an Ore monoid and saturated Fell bundles
over its enveloping group [4, Prop. 3.17].

3.1. From product systems of Hilbert bimodules to Fell bundles. In
order to define semi-saturatedness for a Fell bundle over G, we recall that an
element of G with an upper bound in the positive cone has a certain reduced
form in terms of elements of P.

Lemma 3.2. Let (G, P) be a quasi-lattice ordered group, and let g € G with
gVe<oo. Theng'Ve<ooandg=(gVe)g-tve)?

Proof. Let q € P be such that g~ '(gVe) =¢. Then gVe=gq=(g7")"q.
This shows that g7' Ve < oo and g7 Ve < ¢. But g(¢g~* Ve) belongs to P
and g < g(g~'Ve). SogVe<g(g~!Ve). Since the partial order g; < go <
91 1 ge € P is invariant under left-translation by elements of G, it follows that
g=9 '(gVve)<gtVe. Soq=g'Veand, therefore, g= (gVe)(g~tVe)!

O
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Definition 3.3. Let (G, P) be a quasi-lattice ordered group, and let (By)gec
be a Fell bundle over G. We will say that (By)geq is semi-saturated with
respect to the quasi-lattice ordered group structure of (G, P) if it satisfies the
following conditions:

(S1) BpBq = By for all p,q € P;

(82) By = B(g\/e)BE*g for all g € G with g Ve < oco.

—1ve)

Definition 3.4. A Fell bundle over G will be called orthogonal with respect
to (G, P) if By = {0} whenever gV e = cc.

Let F be the free group on a set of generators S. A Fell bundle over F
is semi-saturated in the sense of Exel if ByBj = By, for all g,h € F such
that the multiplication g - h involves no cancellation. It is called orthogonal if
B?B; = {0} whenever s and ¢ are distinct generators of F (see [14] for further
details). Let FT be the unital subsemigroup of F generated by S. Recall
from [29] that (F,FT') is a quasi-lattice ordered group and that an element
g € F satisfies g V e < oo if and only if its reduced form is pg~!, with p, g
in F*. In this case, gVe=p and g~ ! Ve = ¢q. The following result compares
our definitions of semi-saturatedness and orthogonality for Fell bundles over F
with those introduced by Exel.

Proposition 3.5. A Fell bundle (Bg)ger is semi-saturated and orthogonal
with respect to (F,FT) if and only if it is both semi-saturated and orthogonal
as defined in [14].

Proof. Suppose that (By)ger is semi-saturated and orthogonal with respect to
(F,F*). Then orthogonality implies that (B,)ser is orthogonal as defined by
Exel since (p~1q) Ve = oo if p and ¢ are distinct generators of F. In order
to prove that (Bg)ger is also semi-saturated according to [14], let g,h € F
be such that the product g - A involves no cancellation. If gh V e = oo, then
By = {0} = ByBj,. Assume that (gh) V e < co. First, this implies that either
g belongs to F* and hVe < ooor gVe < ooand h € (F)~! because gh has
reduced form pg—! with p, ¢ € P and the product g - h involves no cancellation.
In case g € F™, we then have g(hVe) =ghVeand (gh)"*Ve= (h g ) Vve=
h=1 Ve. So axioms (S1) and (S2) give us

By Bn = BgBhveBj,-1ye = By(nve)B-1ve = B(gnyveB(gn)-1ve = Bgh-
Now if h € (FF)~1, it follows from the previous case that
ByBy = (By-1By1)" = Bj_1,1 = By

This shows that (By)ger is semi-saturated as defined in [14].

Now suppose that (By)ger is a Fell bundle that is semi-saturated and or-
thogonal according to [14]. Clearly, (By)qer satisfies (S1). Any element of F
has a reduced form so that orthogonality as in Definition 3.4 follows by com-
bining semi-saturatedness and orthogonality of (By)ger. Given g € F with
gV e < oo, the product (g Ve)(g~! Ve)~! involves no cancellation. Therefore,
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semi-saturatedness gives us
By = BgveB(g-1ve)-1 = BgveB(y-1ve)-
This completes the proof of the statement. O

Our main examples of Fell bundles that are semi-saturated and orthogonal
come from the grading of relative Cuntz—Pimsner algebras associated to com-
pactly aligned product systems obtained in Proposition 2.10. In fact, we will
prove that any Fell bundle that is semi-saturated and orthogonal is isomorphic
to one of this form.

Example 3.6. Let £ = (&)pecp be a compactly aligned product system, and
let 7 = {Jp}pep be a family of ideals in A with J, C ;' (K(E,)) for all p € P.
Then (0% ¢)gec is orthogonal because O% o = {0} whenever gV e = co. To
see that it is also semi-saturated, observe that if p, g € P satisfy pg~' = g, then
there is r € P with p = (g Ve)r and ¢ = (g~! V e)r. Indeed, since g V e and
g~ ! V e are the least upper bounds for g and g—' in P, respectively, there are
r,s € P such that p= (g Ve)r and ¢ = (¢g~' V e)s. The equality

g=(gVve)g ' ve) = (gVersT (g7 Ve)

entails r = s.

Thus, given g in G with gV e < oo, write g = (g Ve)(g~! Ve)~L. By Propo-
sition 2.10, 0%75 is spanned by the elements of the form j,(£)j,(n)*, with
£€&y,ne&,, and pg~! = g. Given such an element j,(£)j,(n)*, let r € P be
such that p = (g Ve)r and ¢ = (g7 V e)r. We then employ the isomorphisms
,u;&w and H;}1v€7r to conclude that

jp(&)jq(n)* € jg\/e(59\/e)jr(5r)jr(5r)*jg—1Ve(5g—1\/e)* - O%v,f:((l)?,gve)*'

Therefore, (0% ¢)gec satisfies (S2). Now axiom (S1) follows from Corol-
lary 2.11. Thus (O ;)gec is also semi-saturated.

Definition 3.7. A product system of Hilbert bimodules € = (£,)pep will be
called simplifiable if, for all p,q € P, one has

(1) (Ep [ EpD(Eq | Eq)) € <<5p\{q | Epva)) 1PV g < o0,

(i) (Ep|Ep)(Eql &) ={0}if pV g = o0;

here ((-|-)) denotes the left A-valued inner product.

Remark 3.8. A simplifiable product system of Hilbert bimodules is compactly
aligned. The converse is not true in general. For instance, take a nontrivial
Hilbert bimodule € over a C*-algebra A satisfying € ® 4 £ = {0}. This produces
a product system over N x N such that & ) = £p,1) = €. It is compactly

aligned because 5(171) = {0}, but <<5(1,0) |5(170)>> = <<5(0,1) |5(071)>> # {0}

A canonical example of a simplifiable product system of Hilbert bimod-
ules comes from the underlying irreversible dynamical system of a semigroup
C*-algebra.
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Example 3.9. Let (G, P) be quasi-lattice ordered. Let x,p € ¢>°(P) denote
the characteristic function on the right ideal of P given by {qr | r € P}. Let A
be the C*-subalgebra generated by {xq.p | ¢ € P}. There is an action § =
{Bp}pep of P on A by injective endomorphisms with hereditary range. The
endomorphism 3, is defined on a generator by 5,(xqpP) == Xpqr- S0 Bp(A) is
the corner determined by the projection x,p. This gives a product system of
Hilbert bimodules Ag = (Ag,)pep as follows. We set Ag, = Ax,p and define
the right A-valued inner product by

(axpp | bXxpp) = 5,?1(pr@* ~bxpp)-
The right action of A on Apg, is implemented by f3,, and the homomorphism
¢p : A — B(Ag,) is given by left multiplication. The multiplication map 4 :
Ag, ® Ag, — Ag,, sends an elementary tensor ax,p ® bxqp to afp(b)Xpep-
See, for example, [32, Sec. 4.3].

For each p € P, the correspondence Ag, carries a structure of Hilbert A-bi-
module, with left A-valued inner product given by {ax,r | bxpr) = axpprb*.
Thus Ag = (Ag,)pep is a product system of Hilbert bimodules that is simpli-
fiable because the projections {xq,p | ¢ € P} satisfy the relations

_ ) X@pvepr ipVg<oo,
XpP * XqP = .
0 otherwise.

In this example, the relative Cuntz—Pimsner algebra for the family of Katsura’s
ideals of Ag coincides with Nica’s semigroup C*-algebra C*(G, P) (see [29]).
See [32, Prop. 4.8 and Prop. 4.11].

Proposition 3.10. Let £ = (£,)pep be a simplifiable product system of Hilbert
bimodules. For each p € P, let I, .= (&, | &), and set T = {Ip}pep. If ¢ =
{Yp}pep is a representation of € in a C*-algebra B that is Cuntz—Pimsner
covariant on I, then it is also Nica covariant.

Proof. Let p,q € P, T € K(&,), and S € K(&;). Let a € I, and b € I, be such
that ¢p,(a) =T and ¢,4(b) = S. Cuntz—Pimsner covariance on Z gives us

PP(T)pD (S) = e (a)he (b) = e (ab).

So by condition (ii) of Definition 3.7, 1) (T)(9(S) = 0if pV ¢ = cc. In case
pVq < oo, it follows that (5Y(T)hVI(S) = @pyq(ab). Applying the Cuntz—
Pimsner covariance condition to ab € I,v4, we obtain

PP (T)YD(S) = tpe(ab) = VD (ppyq(ab)) = PPV (LVI(T)V(S)).
Therefore, 1 is Nica covariant. g
Lemma 3.11. Let £ = (&,)pep be a simplifiable product system of Hilbert bi-
modules. For eachp € P, set I, .= (&, |Ep)) and T = {I,}pecp. Then the canon-
ical *-homomorphism from A to the relative Cuntz—Pimsner algebra Oz ¢ is an

isomorphism onto the gauge-fized point algebra OF . Moreover, (’)%5 =&, for
allpe P.
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Proof. Conditions (i) and (ii) of Definition 3.7 imply that the family of ideals
Z = {I,}pep satisfies the hypothesis of [32, Prop. 4.8]. So Oz ¢ is canonically
isomorphic to the covariance algebra A xg P of £. In particular, the universal
*-homomorphism j. : A — Oz ¢ is injective by [32, Thm. 3.10 (C3)].

Since £ is simplifiable, its representation in Oz ¢ is Nica covariant by Propo-
sition 3.10. Thus Of ¢ is the closed linear span of the set

{3p(&)dp(m)* | §,n € Ep,p € P}

Hence the Cuntz-Pimsner covariance condition implies that je : A — OF ¢ is
an isomorphism.

It follows that j, : &, — (’)g ¢ is injective for all p € P. Again because the
representation of £ in Oz ¢ is Nica covariant, (9% ¢ is generated by elements of
the form j,(€)j-(n)* with ¢gr=! = p. Using that u,,, is a correspondence iso-
morphism, we deduce from Cuntz—Pimsner covariance that j, is also surjective,
as asserted. (]

Theorem 3.12. Let (G, P) be a quasi-lattice ordered group and € = (Ep)pep

a simplifiable product system of Hilbert bimodules. There is a semi-saturated

and orthogonal Fell bundle E= (ég)gEG extending the structure of product sys-

tem of £, in the sense that

(i) there are isomorphisms jp : Ep = ffp of complex vector spaces such that
Je: A= & is a *-isomorphism and j,(€)j,(1) = jpg(tip.e (€ @ 1)) for all
P,qE P, R R

(1) 7p(§)*dp(m) = Ge((&|m)) for all§,m € &, and p € P, where * : £, — E,-1 is
the involution operation on E.

Moreover, £ is unique up to canonical isomorphism of Fell bundles.

Proof. Let (0% ¢)gec be the Fell bundle associated to the canonical coaction
of G on Oz ¢. This is semi-saturated and orthogonal by Example 3.6. For each
g€ G, weset &, = OF ¢ So, for all p € P, j, : & — &, is an isomorphism of
complex vector spaces by Lemma 3.11, and we have 5,(&)*j,(n) = j.((§ | n))
for all £, € &,. Hence £ = (gg)geg is a semi-saturated and orthogonal Fell
bundle over G that extends the structure of £ = (&,)pecp-

In order to prove the uniqueness property, let & = (é;)gec be another Fell
bundle that is semi-saturated and orthogonal and extends the structure of
product system of £. Let j' = {j,},cp be the family of isomorphisms &, = éz’).
Then j' = {j,}pep is a representation of £ in the cross-sectional C*-algebra
C*((&,)gec)- We will now see that j’ = {3, },ep is Cuntz—Pimsner covariant on
T ={I,}pep- Indeed, the ideal in A determined by j,(&,)J,(Ep)* is contained in
(ker @p)l because j' preserves multiplication and 5, is an isomorphism from A
onto the fixed-point algebra of £&. And for all &, n and ¢ € &,, we have that

e 1mh)in(€) = G, (€| ) = 5p(©)ic((n[€)) = jp(€)dp(m) "5 (C)-
This implies that j¢((& 1) = jp,(§)d,(n)"-
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We obtain a *-homomorphism j' : Oz ¢ — C*((E )gec) by universal prop-
erty. Such a *-homomorphism induces an 1somorphlsm of Fell bundles € = &’
because &’ is also semi-saturated and orthogonal and, for all p € P, jp Ep— SZ’)
is an isomorphism. This completes the proof of the theorem. O

Corollary 3.13. Let (G, P) be a quasi-lattice ordered group, with G amenable.
Let £ = (&) pep be a simplifiable product system of Hilbert bimodules, and let
£ = (ég)geg be the Fell bundle extending the structure of product system of €
as in Theorem 3.12. Then the regular representation of & induces an injective
*-homomorphism of

Oz’g — B(@geGég).

The compression by the projection Q : @Qecgg — @pecpép gives a completely
positive map Oz — NTg which is a cross-section to the quotient map q :

N7:5‘ — Ozyg,

Proof. By definition, £, = 07 ¢ for all g € G, and hence C* ((5 )geq) is canoni-
cally isomorphic to Oz’g From this, we deduce that the regular representation
of € induces a *-homomorphism O7 ¢ — B(P 9eG &,). This is injective because
G is amenable (see [15, Thm. 20.7]). The image of Oz ¢ under the compres-
sion b+ Q4bQ, is precisely the C*-subalgebra of B(£T) generated by the
Fock representation of £. This C*-algebra is isomorphic to N'T¢ because G is
amenable (see [17, Thm. 7.2] and [32, Prop. 4.4]). We then get a cross-section
Oz, = NT¢ to the quotient map ¢ as asserted. O

A product system of Hilbert bimodules £ = (£,)pep gives rise to a prod-
uct system E* over P°P by setting £ = (£)pep, where & is the Hilbert
bimodule adjoint to &,. The multiplication map &, ®4 &; = & is given by
the isomorphism £ ®a £y = (£, ®a &)™, §* @ 0" = (n® )", followed by the
multiplication map 4. We identify A with its adjoint Hilbert bimodule A*
through the isomorphism a — a* implemented by the involution operation
on A, where a* is the image of a* in A* under the canonical conjugate-linear
map. We regard £* as a product system of correspondences over A using this
identification. So &, has the canonical structure of Hilbert A-bimodule adjoint
of &, for each p € P\ {e}. Notice that £** = £. Before providing concrete
examples of relative Cuntz—Pimsner algebras for simplifiable product systems
of Hilbert bimodules, we need the following lemma.

Lemma 3.14. Let £ = (&,)pep be a product system of Hilbert bimodules. For
each p € P, let Ig, = (& | &), and set Te = {I¢,}pep. A representation
= A{tptpep of € in a C*-algebra B that is Cuntz—Pimsner covariant on Ig
naturally induces a representation of £* = (€, )pep that is Cuntz—Pimsner co-
variant on e, where g« = {les}pep and le; = (E | E) = (&p | Ep). As
a consequence, representations of £ that are Cuntz—Pimsner covariant on ZLg
are in one-to-one correspondence with representations of £* that are Cuntz—
Pimsner covariant on Lg«.
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Proof. For p = e, put ¢} = 1p.. Given p € P\ {e}, define ¢ : & — B by
Vi (&) = 1p(€)*, and set ¥* = {95} pep. Then, for all { € £, and n € &,

¢;(€*)¢Z (") = p(§) Yg(M)* = Vgp(pgp(n® )" = ¢Zp(,uq,p(77 ®8)").

Since v is Cuntz—Pimsner covariant on Zg, it follows that

U (€ Uy (1) = Yp(E)vp(m)* = ¥ (1) () = e ((€ [ m)) = ¥Z (&)

for all £,n € &,. That ¢* is Cuntz—Pimsner covariant on Zg« follows from the
fact that 1) is a representation of £. So the last statement is obtained from the
identity £ = £**. O

Let us present an important class of examples of product systems of Hilbert
bimodules, with Proposition 4.19 in mind. This generalizes Example 3.9.

Example 3.15 (Crossed products by semigroups of endomorphisms). An en-
domorphism « : A — A of a C*-algebra A is said to be extendible if it extends
to a strictly continuous endomorphism of the multiplier algebra M (A) (see [3]).
This happens if and only if there is a projection @ € M (A) so that a(uy) con-
verges to ) in the strict topology of M (A), where (ux)aea is an approximate
unit for A. In particular, we have Q = a(1), where here we still denote by «
the induced endomorphism of M(A). Let a: P — End(A) be an action by
extendible endomorphisms with a, = id4.! For each p € P, let a, A =ap(1)A
be equipped with the structure of right Hilbert A-module coming from the
multiplication and involution operations on A. That is, ap(1)a - b :== ap(1)ab
and (ap(1)a|ap(1)b) = a*ay(1)b for all a,b € A. We let ¢, : A — B(, A) be
the *-homomorphism implemented by a,. So ¢,(b)(ap(1l)a) = a,(b)a. This
turns , A into a correspondence over A.
We let gt o, A®a oA =, A be defined on elementary tensors by

ap(l)a ®a ag(1)b— agy(1)ag(a)b.

This intertwines the left and right actions of A and preserves the A-valued
inner product. It is surjective because

agp(l)a = h;\n agp(ur)a = 1i§\n ag(ap(ur))a = h;\n ag(ap(1)ap(un))a.

Since p — «, is an action by endomorphisms, the multiplication maps are as-
sociative. Thus a: P — End(A) gives rise to a product system ,A = (, A)pep
over P°P where P°P is the opposite semigroup of P. Moreover, ,A is proper
since K(,, A) = ap(1)Aay(1) and ap(a) = ap(1)ay(a)ay(l) for all a € A and
peP.

Now suppose further that o : P — End(A) is an action by extendible endo-
morphisms as above with the property that, for all p € P, a;, is an injective
endomorphism with hereditary range. In this case, ,A is faithful and may be
enriched to a product system of Hilbert bimodules over P°P. The left A-valued
inner product is given by

{ap(Daap(1)b) = oyt (ap(1)ab*ay (1))
1rf e is injective, the equality ae = e 0 e entails ae = id 4.
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for all a,b € A and p € P. In particular, this yields a product system A, =
(Aa, )pep over P, where A,, = Aa,(1) with the Hilbert A-bimodule structure
obtained from . A* through the identification

(e

ap(l)a — a*ap(1).

Observe that A is always compactly aligned. It is simplifiable if and only if
P is right reversible. It is not clear when A, is simplifiable (or even compactly
aligned).

Let us now relate constructions of semigroup crossed products with relative
Cuntz-Pimsner algebras: the ideal I, < A given by the left inner product of
Ay, is precisely Aoy, (1)A. Given a nondegenerate representation 1) = {4, }pep
of A, in a C*-algebra B, we obtain a strictly continuous unital *-homomor-
phism v, : M(A) — M(B) by nondegeneracy of 1.. In addition, we define
a semigroup homomorphism from P to the semigroup of isometries in M (B)
by setting

vp = li)r\n@bp(uAap(l)).
Here the limit is taken in the strict topology of M (B). It indeed exists because
llvp(urap(1))]| < 1 for each A and, for a € A and b € B,

1i§n Vp(urap (1)) (ve(a)b) = 1i§n Vp(urap(@))b = thp(op(a))d,
1i§n(b1/)e(a))¢p(u>\ozp(1)) = 1i§n bipp(aurap (1)) = bop(aay(1)).
To see that vyv, =1, observe that
U;Up(we(a)b) = 1i§nwp(uwp(l))*%(ap(a))b
= liin we(agl(ap(l)uAap(a)))b = c(a)b.
_ The semigroup of isometries {v, | p € P} together with the *-homomorphism
e : M(A) — M(B) satisfy the relation
vp - Pe() = Pelap(e))vy
for all c € M(A) and p € P. Hence
(1) 1&8 (ap(c))vpv; = vzﬂze (C)U;'
In addition, ¥p(acy(1)) = Ye(a)vp, for all a € A and p € P. If ¢ is Cuntz—
Pimsner covariant on Zs, = {I,}pep, it follows that, for all ¢ € M(A) and
pep, ) )
Yelap(€)) = te(ap(c))vpuy.
Indeed, for ¢ in A and aa,(1) in A,,, we compute
(€ S)aap(1) = ap(c)ap (a1 (ap(cacy(1)))
= ap(cap((ap(c)ap(l) [aay(1)))
= () - {ap(c)ap(1) [ acy (1))

= lap(c))(ap(c)|(acp(1)).
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Hence Cuntz—Pimsner covariance gives us
Ye(ap(cte)) = Pplap(c™))hp(ap(c™))” = 1/)e(ap(0*))vpvz¢e(ap(0))
= the(ap(c))vpthe(c)v, = Ye(ap(c’c))vpuy.
Since A is spanned by positive elements, the same relation holds for all c € A
and thus for all ¢ € M(A) if we replace 1. by its extension .. So combining
this with (1), we deduce the relation 1. (ay(c)) = vptpe(c)v, for all ¢ € A. The
same holds for 1, and ¢ in M(A).

Conversely, we claim that a nondegenerate *-homomorphism 7 : A — B
together with a semigroup of isometries {v, | p € P} satisfying the relation

(2) m(ap(a)) = vpm(a)y,

yields a representation of A, that is Cuntz—Pimsner covariant on Z4 . First,
notice that the projection v,v, coincides with 7(, (1)), where 7 is the strictly
continuous *-homomorphism M(A) — M (B) extending 7. For each p € P and
a € A, we set ¥y, (aay,(1)) = m(a)vp. Put ¢ = {¢p}pep. Then 7(ay(1)) = vyvy
implies that ¢ is Cuntz—Pimsner covariant on I, = Aa,(1)A for all p € P since

Ye(aay(1)b) = m(aay (1)b) = m(a)m(ap(1))m(b)

= w(a)vpvzﬂ'(b) = W(Q)Up(ﬂ'(b*)vp)*

= Yplacy (1)1 (b ap(1))" = P (|acy, (1)) (0", (1)])

for all @ and b in A. Moreover, (2) tells us that . (o (a))v, = vpie(a) for all
a € A and p € P. This also gives

Vp(aoy(1))thg(bag (1)) = Vpg(aay (b)opg(1)) = Vpg(tip,q(acy (1) @ bag(1))).
Again by (2),
ey (ap(1)a"bay(1))) = vivpthe (a1 (ap(Da"bay (1)))v5v,
= U;we(ap(l)a*bap(l))vp
= vythe(ab)vy.
This shows that 1 is a representation of A, that is Cuntz—Pimsner covariant
onZy,.

As a result, the crossed product A x, P of A by the semigroup of endomor-
phisms provided by « has a description as the universal C*-algebra of repre-
sentations of A, that are Cuntz—Pimsner covariant on Z4_. By Lemma 3.14,
A X, P may also be described as the universal C*-algebra for representations
of A that are Cuntz—Pimsner covariant on Z a. If P°P is the positive cone
of a quasi-lattice order and P is right reversible (so P°P is directed), a repre-
sentation of A that is Cuntz—Pimsner covariant on Z 4 is also Nica covariant
by [17, Prop. 5.4]. In this case, Oz , a = A X, P. In general, A x, P is the
Cuntz—Pimsner algebra of A as defined by Fowler [17, Prop. 3.4]. See, for
instance, [23] and [24] for constructions of crossed products by semigroups of
endomorphisms. We also refer the reader to [25] for this and further construc-
tions of crossed products out of product systems.
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3.16. From Fell bundles to product systems. Let (Bg)sec be a semi-
saturated Fell bundle with respect to (G, P). There is a canonical product sys-
tem associated to (Bg)geq: for each p € P, view B), as a Hilbert B.-bimodule
with left and right actions inherited from the multiplication in (By)geq. The
left inner product is given by (& |n) = {n*, while the right inner product is
(&|m) :==&*n. Property (S1) of Definition 3.3 says that B=(B,),cp is a product
system with isomorphisms B, ®p, By = By, coming from the multiplication
in (Bg)geg. If (Bg)gea is also orthogonal, the next result states that the
cross-sectional C*-algebra of (B,)gecq can be recovered from B.

Proposition 3.17. Let (By)gecc be a Fell bundle that is semi-saturated and
orthogonal with respect to (G, P). Then B = (Bp)pep is a simplifiable prod-
uct system of Hilbert bimodules. Its relative Cuntz—Pimsner algebra Oz s is
naturally isomorphic to the cross-sectional C*-algebra of (Bg)geq. Such an
isomorphism comes from the canonical isomorphism between the Fell bundles

(O%,B)gGG and (Bg)gea-

Proof. Let p,q € P, and set g = p~'q. Notice that pV ¢ = oo if and only
if gV e=oo, and hence (B, | Bp)(B, | By) = B,B;;B,B; = {0} provided
pV q = oco. Suppose that pV g < oo. Then gVe=p1(pVq) and g~! Ve =
¢ (pV q) so that

(Bp | Bp){(Bq | By)) Bpo—qu; = BPBID‘l(p\/q)Bc}k*l(pvq)B;k
= Bpyq ;\/q = <<Bqu | prq>>-

The representation of (By)geq in C*((By)geq) restricted to the fibers over P
is Cuntz—Pimsner covariant on Z. This gives us a *-homomorphism ¢ : Oz g —
C*((Bg)gec) that is an isomorphism between the Fell bundles (OF 3)4ec and
(Bg)gec by the uniqueness property established in Theorem 3.12. Such an
isomorphism yields a representation of (Bg)gsec in Oz 5, and hence Oz g and
C*((Bg)gec) are canonically isomorphic to each other. O

Combining Example 3.6 with the previous proposition, we obtain the fol-
lowing.

Corollary 3.18. Let £ = (&,)pep be a compactly aligned product system and
Og.¢ a relative Cuntz—Pimsner algebra associated to £. Then (Opj,g)pep is
simplifiable.

Definition 3.19. Let (G, P) be a quasi-lattice order. A Fell bundle over G is
said to be extended from P if it is semi-saturated and orthogonal with respect
to the quasi-lattice ordered group structure of (G, P).

3.20. Amenability for Fell bundles extended from free semigroups.
A quasi-lattice ordered group (G, P) is called amenable if the Fock representa-
tion of P in B(¢2(P)) induces an injective *-homomorphism ¢* : C*(G, P) —
B(¢2(P)) (see [29, Sec. 4.2]). Examples of amenable quasi-lattice orders are free
groups [14, 29], Baumslag—Solitar groups BS(¢, d) with ¢, d positive integers [7],
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and, of course, (G, P) for an amenable group G. Counterexamples are, for in-
stance, nonabelian Artin groups of finite type [9]. In [14], Exel proved that Fell
bundles extended from a free semigroup F+ are amenable, under a separability
hypothesis. In this section, we follow the ideas of [7] to show that any Fell bun-
dle extended from FT is amenable, with no extra assumptions. But here we
deduce faithfulness of the regular representation from gauge-invariant unique-
ness theorems for relative Cuntz—Pimsner algebras of single correspondences.
The same techniques are employed to show that a Fell bundle extended from
BS(c,d)T is always amenable. This suggests that amenability for Fell bundles
extended from a positive cone is connected with amenability of the underlying
quasi-lattice ordered group. We have been unable to establish a general result
in this direction.

Lemma 3.21. Let (By)ger be a Fell bundle extended from FT, and view
G = @,cg Ba as a correspondence over B.. Then C*((By)yer) = Or14.6-

Proof. Let 60 : F — 7Z be the group homomorphism defined on the generators
by a1 for all a € S. So, for b € Ft, (b) = |b| is the length of b in its
reduced form. This induces a coaction of Z on (By)gec by [12, Ex. A.28].
Hence it provides C*((By)ger) with a topological Z-grading, for which the
corresponding spectral subspace at m € Z is the closure of

span{&, -1y | p,q € F™ and 6(p) — 0(q) = m}.

Now let G be the direct sum @ae gBq viewed as a correspondence over B,
in the usual way. Let Ig be Katsura’s ideal for G. That is,

Ig = g (K(9)) N (ker pg)™ = D B.B;.
acs

This sum is indeed orthogonal because B, B B,B; = {0} for a # b. It follows

that .

(@ ga) (@ na) = @5277@

a€s a€sS a€S
in C*((Bg)ger), where &,,1, € B, for all a € S. Thus we get a representation
of G in C*((By)ger) obtained by restricting the representation of (By)gec
to the B,’s. This is a gauge-compatible injective representation of G that
is covariant on Ig, and whose image generates C*((By)4er) as a C*-algebra.
Hence it induces an isomorphism Op,; ¢ — C*((By)ger) by [20, Thm. 6.4]. O

The next corollary is a consequence of the previous lemma and nuclearity
and exactness results for Cuntz—Pimsner algebras.

Corollary 3.22. Let (Bg)ger be a Fell bundle extended from F*. If B, is
nuclear (resp. exact), then C*((By)ger) is nuclear (resp. exact).

Proof. The nuclearity (resp. exactness) of C*((Bg)ger) follows from the fact
that the Cuntz—Pimsner algebra of a correspondence is nuclear (resp. exact)
whenever the coeflicient algebra is nuclear (resp. exact) (see [11, 20]). O
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Now Lemma 3.21 combined with gauge-invariant uniqueness theorems for
Cuntz—Pimsner algebras implies the following.

Proposition 3.23. A Fell bundle (By)ger extended from FT is amenable,
where F denotes the free group on a set of generators S.

Proof. We begin by proving that, as C*((By)ger), the reduced cross-sectional
Cr*-algebra C;((Bg)g4er) also carries a topological Z-grading, for which the
regular representation A : C*((By)ger) — CE((Bg)ger) is a grading-preserving
*-homomorphism. Indeed, for each z € T, define a unitary U, € B({2((Bg)ger))

by setting
=P ny = U-(n") = P "n,.
geFr geFr
Then A(b) — U,A(b)U} is a continuous action of T on the reduced cross-
sectional C*-algebra of (By)g4er. Hence C((By)ger) is a topologically Z-graded
C*-algebra (see [13]).

Thus the composition of the regular representation A with the isomorphism
Or,,6 = C*((Bg)ger) from Lemma 3.21 gives a gauge-compatible injective rep-
resentation of G that is covariant on Ig. So we invoke again the gauge-invariant
uniqueness theorem for Katsura’s relative Cuntz—Pimsner algebra of a single
correspondence, namely [20, Thm. 6.4], to derive faithfulness of A. This shows
that (Bg)ger is amenable. O

Let ¢ and d be positive integers. Recall from [33] that the Baumslag—Solitar
group BS(c, d) is the universal group on two generators a and b subject to the
relation ab® = b%a and (BS(c, d), BS(c,d)™) is a quasi-lattice ordered group,
where BS(c, d)™ is the unital subsemigroup generated by a and b. As for
free groups, there is a group homomorphism 6 : BS(c, d) — Z which is given
on generators by a — 1 and b+ 0. We follow [7] and [33] and call (g) for
g € BS(¢, d) the height of g.

Each p € BS(c¢,d)™ has a reduced form

p=bab’ ... b 1ab®,
with 0 <s; <dforallie{l,...,k—1} and (p) = k. As in [7], we set
stem(p) = b*°ab®* ...b%1a.

Given a Fell bundle extended from BS(c,d)™, we will again construct a corre-
spondence G over a C*-algebra B so that Oz, g is T-equivariantly isomorphic

to C*((Cy)gens(c.d))-
We need the following lemma.

Lemma 3.24 ([7, Lem. 3.4]). Let p,q € BS(c,d)™ be such that pV q < .
(i) If6(p) > 6(q), there is m € N with pV ¢ = pb™.
(i) If6(p) = 6(q), there is m € N with either
pVqg=pb" =q or pVg=qgb" =p.
In particular, by the previous lemma, p V ¢ = oo, and hence C;Cy = {0}
whenever p and g have reduced forms b%0a and b'°a with sq # tg.
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Lemma 3.25. Let (Cy)geps(c,a) be a Fell bundle extended from BS(c,d)*.
Let B be the C*-subalgebra of C*((Cy)geBs(c,a)) generated by the fiber Cy and
the unit fiber C.. For each 0 <1i < d, let G; = Cyi, @c, B, and set

Then the multiplication on (Cy)geps(c,q) provides G with a structure of corre-
spondence over B. Moreover, C*((By)geBs(c,a)) = Org.,6-

Proof. Observe that the C*-subalgebra B of C*((Cy)4eBs(c,q)) generated by the
fiber C}, and the unit fiber C, is a topologically Z-graded C*-algebra, where
the conditional expectation onto C. coincides with that of C*((Cy)geBs(c,a))-
The corresponding spectral subspace at m € Z is Cym. In particular, B is
(isomorphic to) the cross-sectional C*-algebra of the Fell bundle (Cpm )pmez.

Let G; = Chi, ®c, B for 0 <i<d, and set G = @?;01 G;. This is a correspon-
dence C¢ ~ B. We extend the left action of C, to B by using the multiplication
on (Cy)geBs(e,d)- By the above discussion, it suffices to find a representation
of the Hilbert C.-bimodule Cp in B(G) that is Cuntz—Pimsner covariant on
CyC¥ by [26, Prop. 2.19] (see also [1]). Thus, for { € Cp and i + 1 < d, take an
elementary tensor n ® ¢ € G;. We define

0g,()n@¢) =(£-m) @€ Giya.

If i + 1 = d, we use the relation b%a = ab® and that (Cy)geBs(c,a is extended
from BS(c,d)" to identify the multiplication £ - n ® ¢ with an element of Gy.
Notice that a Vb = b%a = ab® and hence CyC, C Cha—1,C;.. This guarantees
that g(€) is adjointable for all £ € C and ¢g(£)* is given in a similar way
by multiplication with £*. This produces a *-homomorphism ¢g : B — B(G),
which turns G into a correspondence over B. Using the relation b%a = ab® and
also ab—¢ = b~%a, we deduce that CymC,CCyn is contained in Cyig - B - ia
in C*((Cy)ger), where 0 <14, j < d are uniquely determined by m and n, re-
spectively, and m,n € Z. From this, we see that Katsura’s ideal for G is

Ig =s5pan{Cym C,C;Cpn | m,n € Z} < B

since the left action of B on G involves the multiplication on (Cy)4eBs(c,d)-
Because C;C, = {0} whenever p and ¢ have reduced forms b*°a and b*a
with so # to, we have a canonical representation of G in C*((Cy)seBs(c,d))
coming from the identification G; & CyiB. If g € BS(¢, d) has normal form
b*0ab™ with m < 0, we have g Ve = b*a and g~ Ve = b~". This implies
that the representation of G in C*((Cy)geBs(c,q)) is Cuntz—Pimsner covariant
on Ig, Furthermore, it is injective and gauge-compatible. This gives a surjec-
tive *-homomorphism ¢ : Oy, ¢ — C*((Cy)gems(c,a)) because (Cg)geps(c,a) i
extended from the positive cone BS(c,d)*. Now [20, Thm. 6.4] shows that ¢
is an isomorphism. O
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As for free groups, we obtain nuclearity and exactness results for Fell bundles
extended from BS(c,d)".

Corollary 3.26. Let (Cy)geps(c,a) be a Fell bundle extended from BS(c,d)".
If Ce is nuclear (resp. exact), then C*((Bg)geBs(c,a)) s nuclear (resp. evact).

Proof. If C. is nuclear (resp. exact), then B is nuclear (resp. exact). Using
the description of C*((Cy)geBs(c,a)) as a Katsura’s relative Cuntz-Pimsner
algebra of a correspondence over B from Lemma 3.25, we then conclude that
C*((Cy)geBs(c,d)) is nuclear (resp. exact) whenever C, is. O

Again using gauge-invariant uniqueness theorems for Cuntz—Pimsner alge-
bras, we have the following.

Proposition 3.27. A Fell bundle (Cy)geps(c,a) extended from BS(c,d)* is
amenable.

Proof. Employing the same argument used in Proposition 3.23, we deduce that
Cr((Cg)geBs(c,ay) also carries a topological Z-grading, for which the regular
representation is compatible. Thus A : C*((Cy)geBs(c,a)) — Cr((Cy)geBs(c,d))
produces a gauge-compatible representation of Oy, ¢ that is faithful on B
so that the gauge-invariant uniqueness theorem for Oy, ¢ implies the desired
isomorphism. O

4. FUNCTORIALITY FOR RELATIVE CUNTZ-PIMSNER ALGEBRAS

In this section, we introduce the bicategory of compactly aligned product
systems QPI; and its sub-bicategory of simplifiable product systems of Hilbert

bimodules Q}fr’* .

between er,* and a bicategory of Fell bundles over GG that are extended from

the positive cone P. We also prove that the construction of a relative Cuntz—
Pimsner algebra is part of a functor from QST into a bicategory of C*-algebras.

We upgrade the main results from Section 3 to an equivalence

4.1. Bicategories of compactly aligned product systems. We define co-
variant correspondences between compactly aligned product systems as in [26,
Def. 2.20], also following the ideas of Schweizer [31]. Let (G, P) be a quasi-
lattice ordered group. Let €& = (£,)pep and G = (G, )pep be compactly aligned
product systems of correspondences over C*-algebras A and B, respectively.
Let Ja = {Jf}pep and Jp = {Jf}pep be families of ideals in A and B, with
et (JH) CK(Ep) and ©F(JF) CK(G,) for all p € P.

Definition 4.2. A covariant correspondence from (A, €, Ja) to (B, G, TB) is
a pair (F,V), where F : A~ B is a correspondence such that J;,“]-' - ]-'Jf
for all p € P and V = {V,},cp is a family of correspondence isomorphisms
Vo1& @4 F =2 F RpGp, where Vo : A®4 F =2 F ®p B is the isomorphism
which sends a ® (£b) to ¥(a)§ ® b. These must make the following diagram

Miinster Journal of Mathematics VoL. 14 (2021), 223-263



FELL BUNDLES OVER QUASI-LATTICE ORDERED GROUPS 245

commute for all p,q € P:

1

MP,LI®1 qu
(gp ®A gq) ®A -F _— 5pq ®A -F E— ]: ®B gpq
1 e
B) & 04(E®aF) F®5 (G, ®5G,)

1®v{ I
V,®1

gp XA (]: XB gq) A (5;0 XA ]:) XB gq EE— (]: XpB gp) XB gq-

A covariant correspondence (F, V) is called proper if F is a proper correspon-
dence.

Definition 4.3. The bicategory ¢ has the following data.

e Objects are triples (4, &, J), where A is a C*-algebra, £ = (&p)pep is
a compactly aligned product system over P of A-correspondences, and
J = {Jp}pep is a family of ideals in A with J,, C o, ' (K(E,)) for all p € P.

o Arrows (A,&,T) — (A1,&1, 1) are covariant correspondences (F, V) from
(A,g,j) to (Al,gl,jl).

e 2-Arrows (Fo, Vo) = (F1, V1) are isomorphisms of covariant correspon-
dences, that is, correspondence isomorphisms w : Fy — F; for which the
following diagram commutes for all p € P:

Vo
Ep @a Fo—2 Fo@a, E1yp

1gp ®wl J/w®1£1’p
Vlyp

Ep ®aF1 —— F1 R4, &1,
e The vertical product of 2-arrows
wo : (Fo, Vo) = (F1,V1), wi: (F1,V1) = (F2, Vo)
is the usual product wy - wo : Fo — F2. The arrows
(A,8,T) = (A1,&,T1)

and the 2-arrows between them form a groupoid €7 ((4,&,7), (A1,&1,71)).

o Let (.7:, V) : (A,(‘:,J) — (Al,gl,Jl) and (]—'1,V1) : (Al,gl,Jl) — (Ag,gg,Jg)
be arrows. For each p € P, let V,, # V| , be the composite correspondence
isomorphism

Vp®1r, 1r®@Vip

Ep @A F ®a, Fi F®a, E1pQa, F1 F®a, F1®a, E2p.

We define the product (Fi, V1) o (F,V) by
(Fi.Vi) o (F,V) = (F ®a, F1,V e Va),
where V o V) = {V, e Vi ,},cp.
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e The horizontal product for a diagram of arrows and 2-arrows

(F,V) (F1,V1)
(A E,.T) iBAl,El,Jl j:AQ,EQ,JQ
-7'-1 Vl)

is the 2-arrow
(~7:®A1.7:1,V0V1)

(A,S,J)G@(Amgmjz)-

(-7:®A1.%:,\70{/\I)

This horizontal product and the product of arrows produce composition
bifunctors

CP((AE,T), (A1, &1, 00)) x €F((A1, &1, Th), (A2, Ea, T))
— @P((A, (‘:, J), (Ag,(c;g, jg))

e The unit arrow on the object (4, &, J) is the proper covariant correspon-
dence (A, ig), where A is the identity correspondence and tg = {1, }pep is
the family of canonical isomorphisms

EpRAAZE, Z2ZAR®AE
obtained from the right and left actions of A on &.
e The associators and unitors are the same as in the correspondence bicate-
gory [5, Sec. 2]. That is,
a:Fo@a (FL®a, Fa) = (Fo@aF1) ®a, Fa

is the obvious isomorphism, and the isomorphisms

A F=F and Foa A = F

implement the left and right actions of A and A, respectively.
We let €5 be the sub-bicategory of ¢ whose arrows are proper covariant
correspondences.

Definition 4.4. We denote by Q:pr , the full sub-bicategory of Q:f; whose ob-
jects are triples (A, E,T), where £ is a simplifiable product system of Hilbert
bimodules and Z = {I,},cp is the family of Katsura’s ideals for &, that is,
I, = (& |&) for allp e P.

Example 4.5. View OF o as a correspondence A~ OF ¢. For each p € P,
let g, be the isomorphism

Ep ®AOJ5—095—0J£®0" O?,sv

where the first isomorphism is that of Corollary 2.11. Cuntz—Pimsner covari-
ance on J = {Jp}pep implies that

Je(Jp) € Jp(Ep)in(Ep)" € OF £OF ¢
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for all p € P. So ((’)3 ¢ Le) is a proper covariant correspondence
(A7 57 \7) - (02757 (Opjf,')PEPvIOj,E)a

where ig = {ig, }pep and Zo, . = {17} ,cp with
)7 = 05 507 ¢ = (05 £ 107 ¢)-

In order to prove that the construction of a relative Cuntz—Pimsner algebra
is functorial, we begin by building correspondences between the underlying
relative Cuntz—Pimsner algebras out of morphisms in Qigr.

Proposition 4.6. Let (F,V): (A, &, Ta) — (B,G,JB) be a proper covariant
correspondence. It induces a proper correspondence Or vy : Og, ¢ ~ Oz, g-
In particular, a morphism in fo;* between two simplifiable product systems of
Hilbert bimodules produces a proper correspondence between the cross-sectional

C*-algebras of the associated Fell bundles.

Proof. Let Fo = F ®p Oy, ,g. This is a proper correspondence A ~ Oz, g.
We define a family of isometries V' = {‘/;}pep by setting, for all p € P,

V,®id
V;D!:Ep RaFo=E@aF 07,6 == F ®B Gp @5 0756

id®
:’l el FO;
where pg, is the isometry G, ® g Oz, ¢ = Oz, g obtained from the represen-
tation of G, in Oy, g. For each £ € &,, we set

Up(&)() = Vo(E@am), 1€ Fo.

Because Fp is a proper correspondence, the map n+— £ ® 4 n gives a compact
operator from F to £, ®4 Fo. This is mapped to K(Fo) when composed
with V! by [26, Lem. 2.1]. In particular, () is adjointable. The coherence
axiom (3) for (F,V) implies that ¢ = {¢,},ep preserves the multiplication
on &. In addition, for all {,n € &, and ¢, (" € Fo, we have that

(Wp(§) " p(n)C | ¢ = (p(n)C | %(5)@
= (C[%e((n]£)C)
= (e ((€[M)CIC),

provided Vp! is an isometry. Therefore, 1 = {¢p}pcp is a representation of €
by compact operators on Fo.

We are left with the task of proving that v factors through Oz, ¢. To do so,
we will first prove that it is Cuntz—Pimsner covariant on Ja = {J;;‘}pe p. The
Nica covariance condition will then follow from the fact that the G-grading of
Ogy.¢ is a Fell bundle extended from P. The representation of G in Oy, ¢ is
covariant on Jp. Hence the *-homomorphism jj, : B = Oy, g satisfies

jJB (JpB)OJB7g c Hg, (gp B 0.7379)
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for all p € P. It follows that v.(JZ') maps Fo into F ®p g, (Gp ®5 O7,.9),
provided J&'F C FJP. Using that V, is unitary, we see that this coincides
with 1, (Ep)Fo. Proposition 2.8 ensures that 1) is covariant on Ja.
To see that 9 is also Nica covariant, let p,qg € P, T € K(&p) and S € K(&,).
Since
Vp(&p)(Fo) € F @5 g, (Gp ®5 Og;.,9)

and the representation of G in Oy, g is Nica covariant, it follows that
VIUT)F @5 0F,,6) € F @5 0%, 5O, g

The same reasoning shows that
¢(q) (S)(]: ®B O?B,g) CF@®s O%B,QO?B,Q'

Now Og;.6 = 0%, ¢Og5,g, so we deduce that PPUT)YD(S)=0ifpV g =00
because (OPJB,Q)QGG is simplifiable by Corollary 3.18. In case p V q < co, we
then have

PP(T)p D (S)(Fo) € F @5 pg,, (Gove @5 Og4.9)-

The right-hand side above is contained in ¥pvq(Epvq) Fo, provided Vv, is uni-
tary. So we may argue as in Proposition 2.8 to deduce that ¢ is Nica covariant
and therefore descends to a *-homomorphism Oz, ¢ — K(Fo), as desired.
The last assertion in the statement follows from the fact that C*((€,),ec) is
canonically isomorphic to Oz, ¢ whenever £ is a simplifiable product system

of Hilbert bimodules (see Proposition 3.17). O

Our next goal is to enrich the correspondence found in Section 3 between
simplifiable product systems of Hilbert bimodules and Fell bundles extended
from positive cones to an equivalence of bicategories, using the C*-correspon-
dence built in the previous proposition.

Definition 4.7. Let (By)g4cq and (Cy)4ec be Fell bundles extended from P.
A correspondence (F,U) : (Bg)gec — (Cy)gec consists of a C*-correspondence
F : Be ~ C. and a family of isometries U = {Uy }gc, where Uy : By @, F —
F®c, Cy, such that U, : Be ®p, F 2 F ®¢, Ce is the isomorphism which sends
b® (&) to P(b) ® c and, for all p € P, U, is unitary. Here we are regarding
the By’s as correspondences over B.. We also require the following diagram
to commute for all g, h € G:

g n®1 U
(Bg ®B. Br) ®B. fﬂ9ﬁ_> By, ®B, F S LN F®c. Cyn
(4) B, ®B, (Br ®5. F) FQc. (Cqg ®c, Ch)

Ug®1
B, ®p. (F®c, Cp) +— (By @5, F) ®c, Ch ——— (F ®c, Cy) @c, Ch.

A correspondence (F,U) is proper if F is a proper correspondence.
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It is not clear to us whether all of the U,’s in the above definition are unitary
whenever the U),’s are so.

Definition 4.8. We will denote by €(@F) the bicategory whose objects are
Fell bundles over G extended from P and arrows (By)gec — (Cy)geq are corre-
spondences as above. A 2-morphism w : (Fo,Up) = (F1,U1) is a correspondence
isomorphism w : Fy — F; making the following diagram commute for all g € G:

U
By ®p, Fo —= Fo @c, Cy

1Bg ®wl J{w@lcg

U
B, ®p, Fi —% F1 ®¢, Cy.

The unit arrow on an object (By)geq is the identity correspondence B, : B, —
B, with the family of isomorphisms ig = {tB, }geq, where tp, is the isomor-
phism B, ®p, By = By ®p, B obtained as in Deﬁmtlon 4.3. The further data
needed for a blcategory is also defined as in Definition 4.3. We let €(G P) be
the sub-bicategory of €(&F) whose arrows are proper correspondences

Lemma 4.9. Let (F,U) : (By)gec — (Cy)gec be a morphism in € (GP) . Then
its restriction to the positive fibers is a proper covariant correspondence

(Be,B,I5) = (Ce,C,Z¢),

where Iy and Zc denote the families of Katsura’s ideals for B and C, respec-
tively. Moreover, if U' = {U,}qec is another family of isometries turning F
into a correspondence from (Bg)gec to (Cy)gec and such that U, = U, for all
p € P, then Uy = U, for all g € G.

Proof. Let (F,U) be a proper correspondence from (By)geq to (Cy)gec. By
definition, U, : B, ®p, F = F ®@¢, Cp is unitary whenever p belongs to the
positive cone P. Thus all we need to prove is that the ideal (B, | B,) maps
F into F{C) | Cp). This follows from (4). We let p~! play the role of ¢ and
obtain the commutative diagram

fy, ,—1®1 U,

B, ®p, B, ©p, F 22— B,B; ©p, F ————— F @c, C.
1®Up1l }@ﬂ;pl
U,®1
B, @, F ®c. Cp F&c, Cp @c, Cp.

The image of the top map is (B, | B,)F and the image of the right map is
F{Cp|Cp)). Hence (By | Bp)F C F(Cp | Cyp).

We are left with the task of proving that U = {Uy }4e¢ is completely deter-
mined by the unitaries {Up}pep. We begin by using the Uy’s to make Fo =
F ®c, C*((Cy)gec) into a proper correspondence C*((Bg)gea) ~ C*((Cy)gea),
essentially repeating the argument employed in the proof of Proposition 4.6.
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For each g € G, we let U, ; be the isometry given by the composite

Bg ®p, Fo = Bg ®p, F Qc, C*((Cg)geG)

id®uc,

U, ®id N
=25 F®e, Cy @c, C*((Cy)gec) Fo,

where pic, is the isometry Cy ®c, C*((Cy)gea) = C*((Cy)geq) obtained from
the representation of Cy in C*((Cy)gec). We set U' = {U;}geq. For each
£ € By, we let
bg(€)(n) = Uy(E®p, n), 1€ Fo.

As in Proposition 4.6, n +— & ®p, n gives a compact operator from F to
B, ®4 Fo. This is mapped to K(Fp) when composed with U;, and so 1¥4(&)
is adjointable. Observe that this is just the representation built in Proposi-
tion 4.6 when restricted to the positive fibers if we identify C*((Cy)geq) with
the relative Cuntz—Pimsner algebra Oz, ¢ through Proposition 3.17.

Clearly, 1 = {¢g}4ec is compatible with the multiplication operation on
(Bg)gea because (F,U) satisfies the coherence axiom (4). Thus all we need to
prove to conclude that it is a representation of (By)geq is that v also preserves
the involution. Indeed, it suffices to show that, for allp € P and £* € B = Bj-1,
we have 1,-1(£*) = ¥p(§)*. We may suppose that § = £1(&2 | €3) using the
isomorphism B), & B, By By. Let n1,m2 € Fo. We have

(V=1 (&) [m2) = (Ve ((§3]62))8p—1(E7)m1 | m2)
Vp(&2)tp—1 (§)m [ ¥p(E3)m2)
Ye((E2 1 Ea))m [ ¥p(§3)m2)
M | Pe((€ | &2))p(E3)m2)
M | p((& 1€2)83)n2)

m [ ¥p(&a(&2 | &3))n2)

m | ¥p(€)n2)-

This shows that t,-1(£*) =1, (€)*, Therefore, ¥ = {14} e is a representation
of (By)gec in K(Fo). It induces a *~homomorphism 1 : C*((By)gec) — K(Fo)
by the universal property of C*((By)geq)-

Now if U’ = {U, }4ec is another family of isometries making F into a cor-
respondence

o~ o~ o~ o~~~

(F,U') : (Bg)gec — (Cg)gec
and such that UZ') = U, for all p € P, we have a *-homomorphism
Yur = C*((Byg)gea) = K(Fo)
that coincides with 1 on the positive fibers (B,)pep. But ¢ = vy if and only

ifUyg=U, é for all g € G. Since (By)pep completely determines a representation
of C*((Bg)gec by Proposition 3.17, it follows that U = U’ as claimed. O

Theorem 4.10. There is an equivalence of bicategories an* — CI()?J) ) which

sends an object (A,E,T) to the associated Fell bundle (£y)gcq extended from P.
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Proof. Let (F,V):(A,E,Zg) = (B,G,Zg) be a proper covariant correspon-
dence. This induces a proper correspondence

OF.v : C*((€g)gea) ~ C*((Gg)gec)

by Proposition 4.6. By Proposition 3.11, O% 5,g 18 isomorphic to G, and hence
0%y =F ®p 07, g = F. Combining this w1th the left action of C*((€,)gec)
on O]—' v, we obtain isometries

Uy:€g@aF - FRpG,

through the identification ffg R4 F = 15(59).7-'. Thus U, =V, for all p € P so
that U = {Ug}4ec extends V.

We let F* be F viewed as a correspondence from the unit fiber of € to that
of G. We set V} := Uy, and let V¥ = {V¥},cc. The pair (F#, V#) satisfies the
coherence condltlon (4) because F* and Vri come from a correspondence

c* ((gg)geG) ~ C* ((gg)geG)-

In order to show that a 2-morphism w : (Fo, Vp) = (F1, V1) produces a
2-arrow w* : (.7-' VOrj ) = (ff, Vlﬁ) such that wf = w as a correspondence iso-
morphism Fy & Fy, we observe that a *-homomorphism from C*((,),ec) in
a C*-algebra B is completely determined by its restriction to (A, ). We may
use a 2-morphism w : (Fo, Vo) = (Fi1, V1) to define a left action of Oz, ¢ on
F1®p O1,,g by setting

P1(+) = (w® )gho(-)(w™! @ 1).

This is equal to ¢, on (4,&). By the above observation, 1} = 1, on Oz, ¢.
As a consequence, the diagram

. " 2 y .
gg@A-FO—>-FO®ng

15*9 ®'UJJ( J/'w@lg*g
#

~ # Vig # ~
€g®A-F1 —>-/—"1®ng

commutes for all g € G. So w gives a 2-arrow w* : (.7-' ) (.Ff, Vln). The
map (F,V) — (FE, V), w— w! clearly gives a functor

(o *((A &, T¢),(B,G,1g)) — Q:é?’P)((gg)geGa (gg)geG)

between the groupoids of arrows associated to the objects (A,&,Z¢), (B,G,Zg).
Furthermore, it follows from Lemma 4.9 that such a functor is an equivalence
between categories since it is fully faithful and essentially surjective.

Now we define a homomorphism of bicategories L* : Qgr . = Q G P) by send-
ing a simplifiable product system & = (&p)pep to its assomated Fell bundle

(£5)gec and a morphism (F, V) : (A, €,Ze) — (B,G,Zg) to the arrow
(J__.ﬁa Vﬁ) : (gg)geG - (gg)geG
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built out of (F,V) as above. A 2-arrow w is mapped to w¥. Given arrows
(-Fa V) : (A757I5) — (Alaglazfl)a (-Flavl) : (Alaglalfl) — (A27527I52)7

we have that
(F@a, F1)} = FP@a, Fi = Fou, A

as correspondences A ~» Ay. Moreover, the product of arrows in €(
defined as in €| and Lemma 4.9 tells us that (F ®4, F1,V e V;) extends
uniquely to a correspondence (gg)geg — (527g)geg. This guarantees that L*
preserves the product of arrows. Thus this is indeed a homomorphism of
bicategories.

We have proven that L* is locally an equivalence. That it is also essentially
surjective follows from the fact that every Fell bundle extended from P is iso-
morphic to the Fell bundle constructed out of the simplifiable product system
of Hilbert bimodules determined by its positive fibers (see Proposition 3.17).
So, by [18, Lem. 3.1], L* is an equivalence of bicategories. O

G,P) is

4.11. Relative Cuntz—Pimsner algebras as universal arrows. Let B and
C be bicategories, and let R : C — B be a functor. Let b € ob5 and ¢ € ob (.
An arrow g : b — R(c) induces a functor g* : C(R(c),x) — B(b, R(x)) defined
by f+— R(f) g, w— R(w)e1l, Itisa uniwersal arrow from b to R if ¢g*
is an equivalence of categories [16, Def. 9.4]. To each (A,&,J) in ob Qigr, we
may associate an object (0% ¢, (0 ¢)pep,Zo, ) of ¢l by Corollary 3.18.
In what follows, we let

V(AE,T) ¢ (A, &, J) — (0.87,57 (Og,g)pePaIOy,s)

be the canonical proper covariant correspondence from Example 4.5. That is,
vae,g) = (0F ¢, lg). It gives rise to a functor

i (056 (0% )per.To, (). (B,G,Ig)) = €L ((A,€,7), (B, G.Ig))
as above. This is given by
(£, V)= (B V) ovaey), w—welog .

Our next result is a generalization of [26, Prop. 3.4] to the context of com-
pactly aligned product systems. It says that the above functor is an equivalence
of categories. Hence v(4 ¢ 7) is a universal arrow from (A, &, J) to the inclu-
sion functor €f < €l Our argument to prove this fact is essentially that
of [26, Prop. 3.4] given in the context of single correspondences, and so we limit
ourselves to sketching some ideas. Among them, we will prove that a proper co-
variant correspondence (F,V): (A,€,J) — (B,G,Zg) yields a proper covariant
correspondence

(]:ﬁvvﬁ) : (09,57 (Og,g)pepvzoj.s) - (B7g,Ig)

using Proposition 4.6. This is a crucial part of the proof that the functor
defined by composing objects with v(4 ¢, 7) is indeed essentially surjective.
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Proposition 4.12. Let (A,&,7) and (B,G,Zg) be objects of €P and QS s
respectively. There is a groupoid equivalence

pr *((OJ & (0?7 5) EP)ZOJ 5‘) (B,g,Ig)) = Q:I})Dr((Aagaj)a (B,Q,Ig)),
which is defined by composing objects with v(a ¢ 7)-

Proof. Let (F,V):(A,&E,J) = (B,G,Zg) be a morphism in €7 Let Ory
be the correspondence Oy ¢ ~» Oz, ¢ induced by (F, V) built in Proposi-
tion 4.6. By Proposition 3.11, O%g,g is isomorphic to B, and hence O% y, =
F®p O%g,g = F. Since OF ¢ acts by G-grading-preserving operators on Or v,
we then obtain a nondegenerate *-homomorphism from O% . to K(F) by re-
stricting its left action to O% ,,. This makes F into a proper correspondence
0% ¢~ B, which we denote by F %, We also have correspondence isomorphisms
Vi O o, FP2 Flepg,

p

obtained from Oz v because O |, = F ®@p Opg g =F®pGyforallpe Pand
PO £)0% v = 1p(Ep)0(0F £)O% v = ¥p(Ep)O% v = OF .

Thus we let V# = {V;?}pe p. The coherence axiom (3) holds because V*# comes
from the *-homomorphism ¢ : O 7 ¢ — K(Ox v).
In order to see that the pair (F#, V¥) is a proper covariant correspondence

(0.87 & (0?7 8);0613,103 s) - (B g, IQ)

it remains to prove that I97¢F C FIJ for all p € P. The ideal I$7¢ is
determined by the left inner product so that 1978 = =045 07 . NOW o7 ¢
sends O% 1, to 0%\, = F @p OF, ¢ = F ®@p G,, while 0% o maps F @p Og"
into F ®p Ozggozg,g The isomorphism Ozg’gOgg =~ (G, | Gp)) implies that
(F* V%) is indeed a proper covariant correspondence.

Now let (F,V): (0% ¢,(0% ¢)per.Zo, ) — (B,G,Zg) be a proper covariant
correspondence. Composition with v(4 ¢ 7) yields a proper correspondence
Oz, ®0,¢ F: A~ B, which we naturally identify with the correspondence
F : A~ B with left action induced by the *-homomorphism jz, : A = O ¢.
We denote this correspondence A ~» B by F’. We let V’ = {Vpb}pep be the
associated family of isomorphisms

Ve
Vpb @A F = E, D4 07 ¢ Qo F = 0% ¢ ®Qoe . F = F @5 Gp.

This gives a proper covariant correspondence (F?,V?): (A4,€,7) — (B,G,Ig).

The proof that (F%, V%) = (F,V) and that (F*4, V°) = (F,V) follows as
for single correspondences. So we refer the reader to [26, Prop. 3.4] for further
details. Thus (F,V) + (F*,V°), w + w” is an equivalence of categories. This
functor is naturally equivalent to the one defined by composition with v(4 ¢ 7).
Such an equivalence has component at (F, V) determined by the canonical
correspondence isomorphism O% ¢ Qo F = F°. Therefore, composition with
V(4,7 establishes a groupoid equivalence. O
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Let B and C be bicategories. By [16, Thm. 9.17], a functor R : C — B has
a left adjoint if and only if there exists a universal arrow from b to R for every
b € obB. As a consequence, we have the following.
Corollary 4.13 (see [26, Cor. 4.7]). The sub-bicategory Q:Sn* - fo; is reflec-
tive. That s, the inclusion homomorphism R : Q:Sn* — Q:gr has a left adjoint
L: fo; — 657* (reflector). This is defined on objects by

(A,€,T) = (0F ¢, (O?,g)pGPvIOJ,s)'

The proof of [16, Thm. 9.17] builds the reflector L; it maps an arrow (F,V):
(A,E,j) — (Alaglajl) to

L(F,V) = (v, e,00) © (F V) = (F @4, 0F, £,)F, (V @ ie,)F).

It is defined on a 2-arrow w : (Fo, Vo) = (F1, V1) by L(w) = (w ® Lo, ., )*.
Let (F,V): (A, €,T) = (A1, &, 71) and (F1, Vi) : (A1, &, T1) — (A2, &2, T2)
be proper covariant correspondences. The isomorphism

AM(F, V), (F1, V1)) = L(F1, Vi) o L(F, V) = L((F1, V1) o (F,V))

is built out of the left action of O% . on (Fi ®a, 0%, ¢ )? constructed in
Proposition 4.12. That is, it is given by the canonical isomorphism

(F @4, 0%, ¢,)F ®0¢

J1.€1

(‘Fl ®A2 032’52)11 % (‘F ®Al ]:1 ®A2 022,52)ﬁ'

The compatibility isomorphism for units is obtained from the nondegenerate
*-homomorphism j7 : A = OF ¢.

4.14. Morita equivalence for relative Cuntz—Pimsner algebras. Let ¢¢
denote the bicategory whose objects are C*-algebras carrying a nondegenerate
full coaction of G. Arrows are correspondences with a coaction of G compatible
with those on the underlying C*-algebras and 2-arrows are correspondence
isomorphisms that intertwine the left and right actions of the C*-algebras. We
refer to [12, Def. 2.10] for a precise definition. See also [12, Thm. 2.15] for €.
Let Cgr be the sub-bicategory of €¢ whose arrows are proper correspondences.

Corollary 4.15. The construction of relative Cuntz—Pimsner algebras is func-
torial. There is a homomorphism of bicategories Qgr — Cgr which is defined
on objects by

(A,S,j) — Ojf.

This functor is naturally isomorphic to the composite

p L 4P G
< — € — €

where the functor on the right-hand side sends a simplifiable product system
of Hilbert bimodules to its relative Cuntz—Pimsner algebra for the family of
Katsura’s ideals.
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Proof. 1t follows from Proposition 4.6 that a proper covariant correspondence
(F,V): (A E,T) = (A1, &1, 1) yields a proper C*-correspondence

Orv:07e~0g¢.

This carries a coaction of G’ that is compatible with the coactions on O ¢ and
Oy, &,- Repeating the arguments in the proof of Theorem 4.10, we deduce
that a 2-arrow w : (Fo, Vo) = (F1, V1) produces an isomorphism

w 1031,51 : OJ:O,VO = Of17V1

that intertwines the left and right actions of Oz ¢ and Oy, ¢,, respectively.
The remaining data for composition of arrows and compatibility of units comes
from the canonical isomorphisms

Og.6®0,:0rv=0ry, A®107e=07¢.

r
to Or v and maps a 2-morphism w to w ® 1.
P

The above functor restricts to a homomorphism &, , — Qigr that sends a
simplifiable product system of Hilbert bimodules to its relative Cuntz—Pimsner
algebra for the family of Katsura’s ideals. We know that Oy ¢ is isomorphic
to the cross-sectional C*-algebra of the Fell bundle (0%75)%@ associated to
the coaction of G. This establishes a canonical isomorphism

So we obtain a homomorphism € — €& that sends (4,&,7) to Og.¢, (F,V)

~
OIoj,g Og.e = Og.e

by Proposition 3.17 because (0% ¢)gec is extended from P. Here Ozo, .07
is the relative Cuntz-Pimsner algebra for Katsura’s ideals of (O ;)pep. This
produces a natural isomorphism between the homomorphism €;. — €5 built
above and the composite of the reflector L : ¢© — ¢  from Corollary 4.13

pr pr,*
with the homomorphism €, — €5, obtained by restriction. O

Corollary 4.16. Let (A,£,7) and (B, G, Jp) be objects of €F.. Then Oz ¢
and Oy, g are Morita equivalent if there is a covariant correspondence
(./—",V) : (Aagaj) - (Bagva)

so that J;ﬁ}' = ]—'Jf for allp € P and F : A~»> B establishes a Morita equiva-

lence. For objects in €F

pr«s this equivalence preserves amenability of Fell bun-
dles.

Proof. First, notice that F is automatically a proper correspondence. By [12,
Lem. 2.4], a correspondence F : A ~» B is an imprimitivity A, B-bimodule if
there exists a correspondence F : A ~» B with correspondence isomorphisms

FeopF=A, FoaF=B.

So by functoriality for relative Cuntz—Pimsner algebras established in Corol-
lary 4.15, it suffices to show that F is an invertible arrow in CI};. That is,
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there is a proper covariant correspondence (F*, ‘7) :(B,G,JI) = (A€, T)
with (invertible) 2-arrows
w:(FopF VeV)= (Atg), W:(F ®aF,VeV)=(B,g).

Let F* be the Hilbert B, A-bimodule adjoint to F. For each p € P, we use
the identifications 7 ®@p F* = A and F* ®4 F = B to define a correspondence
isomorphism V}, : G, ®p F* =2 F* ®4 &, as the composite

Gy @ F* X F* @4 FQp G, @5 F" (1r @V, '@ 1p+)
=F R4E @aF Q@ F*
= F @4 Ep.
We set V ={V, }pep- Observe that JAF = F.JP implies JPF* = F*J:. So, in
order to conclude that (F*, V) is a covariant correspondence from (B, G, Jg)
to (A4,&,J), all we need to prove is that it satisfies the coherence axiom (3).

To do so, let p,q € P. Tensoring the coherence diagram (3) for (F, V) with F*
on the left and on the right, we obtain the following commutative diagram:

F* @48 @aE@AFQpF* —— F* @4 Epg @4 F @p F*
1®Vq‘1®1F*T
(5) F'®a&RaF@pG,0pF" Lr= @V, ®lrs
1F*®Vp—1®1T
F*@aAF G, 05 G, F* ——= F*®a4F Qp Gpg @p F*.

The following diagram also commutes:

-1

18V,
FoBGy@pF*@AF @G ——F @Gy @B F ®a& ®@aF

(6) Vp_1®1l lvp*@l
)
EpRAFQRpF @aF @G ——&E R4 FQpF @48 ®aF.

Since all the maps involved in the above diagrams are A, B-bimodule maps,
commutativity of (6) implies that the top-left composite of (5) is precisely the
bottom-left composite of

2

My g ®1 Vog
Gp @5 Gy ®p F* ——— Gpg @p F* ———— F* @4 Epg

1®‘7qJ/ ‘
Vp®

1 1®u1,
Gp R F @4 E ——— F*@4E @4 Eg — F* @4 Epq

up to the usual identifications. Hence the above diagram commutes, and so
(F*,V) is a proper covariant correspondence as desired. The canonical iso-
morphisms w : F ®p F* = A and w : F* ® 4 F = B are the required 2-arrows.
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If (F,V): (A& L) = (B,G,Ig) is an equivalence in €F  and (C;g)geg is
amenable, then (ég)geg is also amenable. Indeed, by functoriality,

Orv:01.6~ 0156

is an imprimitivity bimodule. In particular, Oz, ¢ = C*((£,),ec) acts faith-
fully on Orv. Since C*((Gg)geq) = Ci((Gg)gec) through the regular repre-
sentation, we can turn C*((G4)seq) into a faithful correspondence

C*((Qg)geG)E : C*((Gg)geG) ~ B

using the (faithful) conditional expectation E : C*((Gy)gec) — B to define the
right B-valued inner product (see [15, Prop. 19.7]). Now, composing with F*,
we obtain a faithful correspondence from C*((£y)4ec) to A which is given by

Oryv ®Ozg,g C*((gg)geG)E ®pF*: C*((gg)geG) ~ A

We use the canonical correspondence isomorphism
O15.6 ®0z,.6 C"((Gg)gec) e = C*((Gg)gea) e

coming from the nondegenerate left action of Oz, g on C*((Gy)gec) e to iden-
tify
OFv ®0z,.6 C*((Yg)gec)E

with the direct sum of correspondences P, (F @5 gg) This is isomorphic to
(@geGE ) ®a F because the V,,’s are unitary and V,, : G, Qg F* = F* ®4 &
induces an isomorphism 8 *RQAF 2 FQRp g* for each pE P. Thus the iso-
morphism F ®4 F* = A prov1des the dlrect sum P e 8 with a structure
of faithful correspondence C* ((5 )gec) ~ A which com(:ldes with the struc-
ture coming from the regular representation of £ = (gg)geg in B(®g€G E'g),
Therefore, & must be amenable.

Remark 4.17. That an equivalence between objects in Qﬁffr’* preserves amen-
ability also follows from [2] and Theorem 4.10.

Example 4.18. Let A and B be C*-algebras, and let F : A — B be an imprimi-
tivity A, B-bimodule. A compactly aligned product system &€ = (&,)pep over A
induces a compactly aligned product system G = (G,)pep over B as follows.
We set G, := F* ®4 &, ®4 F. The multiplication map fip,4 : Gp ®a Gg = Gpq is
defined using the isomorphism F ® 4 F* = A. More explicitly, it is given by
gp®ng:]:* ®A5p®A]:®B]:* ®A5q®A]:

2F R4 RaERAF (15 @ pip,q @ 1F)

g]:* ®A5pq®A]::gpq-
The multiplication maps {fipq}p qep satisfy the coherence axiom required for
product systems because {iip ¢ }p.qep do so.
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We claim that G is compactly aligned. Indeed, let p,q € P with pV ¢ < co.
Notice that K(G,) is canonically isomorphic to F* ® 4 K(&p) ® 4 F through the
B-bimodule map

Fr@a&p®aF @p(F" @4 @aF)"
E2F RAE@AFQpF ®@aE, @aF
2FRaE®aAE, ®AF
= F R4K(E) ®a F.

So take T' € K(&,) and S € K(&;). Let (1,¢2,m1,m2 € F, and let n* ® £ @ ¢ be
an elementary tensor of F* ®4 Epvg ®a F. We have that

B @S ® Q)" ®E®C) =n3 ® i (S) (wpve((C2 | n))(E) ® ¢
Applying Lqu (nf ® T ® (1) to both sides of the above equality, we deduce that

1 @T @ Qe (5 @ S ® Q)" ®E® ()

— 0} @ BYUT) (g (G0 [ 122 (S) (opva (G2 [ MN)(E)) @ -
Define 7' € K(Epvy) by T' = 2V4(T)gpa (G | 12))2¥(S). Then

M T (epva((C2 [M)(E) @ ¢ = @T'® G)(n" ®E @ ().

So G is also compactly aligned, as claimed.

Given p € P, an element b € B is compact on G, if and only if bF* C
F*o, H(K(Ep)), provided F* is an equivalence (see also [30, Cor. 3.7]). The
bijection between the lattices of ideals of A and B, respectively, obtained from
the Rieffel correspondence, yields a one-to-one correspondence between ideals
in A acting by compact operators on £, and ideals in B mapped to compact
operators on G,. Precisely, this sends J* < o, 1 (K(Ep)) to JF = <JA.7-' | F). Its
inverse maps an ideal J < @;1(K(gp)) to Jot = (FJP |.7-'>>

The equivalence F may be turned into a proper covariant correspondence
(F,V):(4,& Ja) = (B,G,TB), where V ={V,}pep and V, : £, @4 F =
F ®p G, arises from the canonical isomorphism

EpRAFEFRpF " QaE,Q4F =F QB Gp.

Here J4 and Jp are related by the bijection described above.

It follows from Corollary 4.16 that (F, V') is invertible in Qgr and produces
a Morita equivalence between Oy, ¢ and Oy, g. Therefore, up to equivari-
ant Morita equivalence, the relative Cuntz—Pimsner algebras associated to £
correspond bijectively to those associated to G. In particular, if £ is a simpli-
fiable product system of Hilbert bimodules, the cross-sectional C*-algebra of
the Fell bundle associated to &£ is Morita equivalent to that of G. This is so
because the family of Katsura’s ideals Z¢ corresponds to Zg under the Rieffel
correspondence.

The next proposition characterizes equivalences between product systems
built out of semigroups of injective endomorphisms with hereditary range as
in Example 3.15. This generalizes [28, Prop. 2.4]. The idea of the proof is
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also taken from there, but notice that we do not require that the actions be
by automorphisms. We will see below that our notion of equivalence between
product systems associated to these semigroup actions is an analog of Morita
equivalence for actions of groups as studied in [8, 10].

Proposition 4.19. Let a: P — End(A4) and §: P — End(B) be actions by
extendible injective endomorphisms with hereditary range. Let ,A and zB
be the associated product systems of Hilbert bimodules over P°P. There is
an equivalence (F,V) : (A, (A,Z a) — (B, 3B,1 ) if and only if there are
an imprimitivity A, B-bimodule F and a semigroup homomorphism p — U,
from P to the semigroup of C-linear isometries on F such that, for allp € P
and £,m € F,

(7) (Up(©) 1 Upm)) = ap((€ 1), (Up(€) [Up(n)) = Bp((&]m))-
Proof. Let (F\V): (A, ,A,Z_a) — (B, 3B,Z, p) be an equivalence. Then F is
an imprimitivity A, B-bimodule. Observing that, for all p € P,

(5,B5,B) =8, (By(B)) = B,

we define a correspondence isomorphism Uzlv F— apA R4 F Qp ,BpB* by

Volel
‘Fgf@BﬁpB QB BpB* R apA Q4 F QB BPB*'
We identify 5 B* with Bg, = Bf,(1) via 8,(1)b — b"5,(1) to obtain a linear
map
apA ®A -F®B BpB* — .F

defined on an elementary tensor ay(1)a ®4 & ®p bBp(1) by (ap(1)a)é(bBp(1)).
This is isometric because 3, ! is an injective *~homomorphism between C*-al-
gebras. Its composition with Uz’j yields a linear map F — F, which we denote
by Up. Given ,n € F, we have that (£[n) = (U, (£) |U,(n)), that is, U}, preserves
inner products. From this, we deduce

(Up(&) 1Up(m)) = Bp((Up (&) 1Up(m)) = Bp((€ [ m))-
Similarly, (U, (&) |U,(n)) = (& |n), and we see that

(Up(&) [Up(m))) = ap((&]m))-

It remains to verify that p — U, is a semigroup homomorphism from P to
the semigroup of C-linear isometries on F. First, let ay(1)a € , A, and notice
that, given an elementary tensor £ ® o, (1)b of F ®p ,BpB , one has

V, Hag(1)ag @ Bp(1)b) = ag(1)aV, (€ @ By (1)b).

Since the left action of A on %A is implemented by ¢, it follows that the image
of V7 (ag(1)ag © B,(1)b) in F under the map a, A ®a F — F determined by
the left action of A on F coincides with the image of

(g ® D(ag(a®a V(€@ B(1)D))
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under the corresponding map ap A ®a F — F. Here g, is the correspondence
isomorphism , A ®4 , A =

Now let p,q € P, and let (uA) ArcA be an approximate identity for B. Fix
A €A, and let £ € F and b € B. Then

Uj(Euaunb) =V, 1 (€ @ By(un)) @ By (uxb).

From the above observation and from the fact that V! and V! intertwine
the right actions of B, we conclude that

U;Uq(g’LL)\U)\b)
= (:“Zip ®1)(1® Vp_l ® 1BBP)(Vq_1(€ ® Bg(ur)) @ Bpqg(ur) ® Bpg(b)).

Combining this with the coherence condition (3), we may replace the right-
hand side of the above equality by

(szl ® 135,,)(1 ® ,ng ®1)(E® (ﬁq(uk) ® qu(uA)) ® ﬁpq(b))
= (‘/;;11 ® 1B¢ap)(§ ® Bpg(urux)) @ Bpg(b).

This implies UpUq(§ururb) = Upg(Eururd). Using that all the U,’s are con-
tinuous and

&b = 1i§\11(§uAuAb),

we obtain UpUy(£b) = Upg(€b). This shows that p — U, is a semigroup homo-
morphism, as asserted.

Conversely, suppose that we are given an imprimitivity A, B-bimodule F
and a semigroup homomorphism p — U, from P to the semigroup of C-linear
isometries on F satisfying (7). For each p € P, £ € F, and b € B, we have that

Up(€b) = Up(€)Bp(b) because

(Up(£b) — Up(§)Bp(b) [ Up(§b) — Up(£)Bp (b))
= (Up(&D) [ Up(£b)) — (Up(£b) [ Up(€)Bp(b)) — (Up(£)Bp () | Up(8D))
+ (Up(£)Bp(b) | Up(&)Bp (b))
= Bp((€b[£)) — Bp((£b 1)) Bp(b) — Bp(b)*Bp({€1£D))
+ Bp (") Bp((€1£))Bp(b) = 0

The same reasoning shows that U,(a) = a,(a)Up(§) for all a € A.
We then define a map V) : %A* R4 F QB BpB — F on elementary tensors
by

acy(1) @ £ @p Fp(1)b = aly(£)b.

In order to verify that this preserves the B-valued inner product, let a,c € A,
b,d € B, and £, € F. Let (ux)rea be an approximate identity for A, and fix
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A€ A. Then
(aUp(ur&)b | cUp(urn)d) = b (acy,(ux)Up(§) | cap(ur)Up(n))d
=b"(Up(&) | ap(un)a”cap(ur)Up(n))d
= b*(Up(&) | Up(ey,  (ap(un)a*cap(ur))n))d
=b

“Bp((€ | ey (ap(un)a”cap(un))m))d

(ux) @€ @ Bp(1)b|cap(ur) @n @ By(1)d).
Using that U, is continuous and £ = limy u)§, n = limy uxn, we conclude that
V;f preserves the inner product. In addition, it intertwines the left and right

actions of A and B.
Now we let V,, : F ®p ,BPB = %A ®4 F be the composite

10V,
FRpgB=,AQa 4 A" ®aFQpgB=—,ARaF,
where the isomorphism on the left-hand side comes from the identification
oy A A 0, A" = (o, Al ,,A) = A.

Then ‘N/p is an isometry between correspondences A ~» B. To see that it is
indeed unitary, we need to prove that it is also surjective.
First, observe that

ap((&[m))¢ = (Up(&) [ Up(mN ¢ = Up(E)(Up(n) [ €)-
This implies a,(A)F = U,(F)(Up(F) | F), provided {(F|F) = A. Again we
let (ux)xea be an approximate identity for A and fix A € A. Let ¢ € A be such
that uy = c¢*c. Take a € A and £ € F. Then
ap(ur)a ®a § = ap(c”) ®a ap(c)(a) € ap(c”) ®@a Up(F)(Up(F) | F).

Using that Up(F) = ap(A)U,(F), we deduce that ap(ux)a @4 & belongs to
the image of V,. This has closed range, and hence a,(1)a ® £ also lies in
‘7p(.7-' B ,BpB)' Applying again the fact that ‘N/p has closed range, we conclude
that it is indeed unitary.

Welet V, = ‘7; and V = {V, },ep. We shall now prove that (F,V) is a proper
covariant correspondence. In this case, it suffices to show that it satisfies the
coherence axiom (3) and that V. is the canonical isomorphism obtained from
the left and right actions of A and B, respectively. This latter fact follows
from the identities

(Ue(&) [m) = (€1 Ue(m)) = (€1 m) = (Ue(&) | Ue(n)

so that U, = idx. The above equalities may be derived from the computation

<<Ue(§) | 77>> = ae(«Ue(g) |77>>) = <<U€(U€(€)) | Ue(n)>>
= (Ue(&) | Ue(m))) = (& n)-

Finally, given a,c € A, b,d € B and £ € F, we have
cUq(aUp(§)b)d = cag(a)Uq(Up(§))Bq(b)d = caq(a)Uqp(§)Bq(b)d.
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This leads to a commutative diagram for ‘7p, ‘7:1 and ‘Zzp as in (3). By reversing
arrows, we conclude that (F,V) also makes such a diagram commute. This
completes the proof. O
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