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Summary

A branching within branching process, introduced in [27], is a process that consists
of two branching components, where one (often called parasites) proliferates inside the
individuals (cells) of the other. It can be used to describe host-parasite populations.
In the present thesis, we extend this model of a branching within branching process by
including a generational random environment that governs the parasite reproduction
inside the cells.

We show that many results from the standard model also hold in our extended model.
These results include extinction-explosion principles for the process of parasites (Z,)n>0
as well as for the process (7),>o counting the number of infected cells. Moreover, we
show a Kesten-Stigum-type result for the nondegeneracy of the limit of the normalised
process of parasites. Further results concern the long-term behaviour of the process
(F(k))>o describing the number of infected cells with a given number k£ € IN of parasites.
Finally, we take a look at two examples, where the conditional parasite offspring



distribution is linear fractional.

The techniques used here are close to the ones used by Grottrup in [27]. Among
others, we use the construction of certain size-biased processes, which, for example,
enable us to connect the long-term behaviour of the processes (7.),>0 and (F,(k))>o to
the long-term behaviour of a certain branching process in random environment.
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Introduction

The topic of this thesis falls in the scope of branching processes. In its simplest form,
a branching process is used to describe the evolution of a population of individuals
or particles, which reproduce independently and in an identical manner. The original
model was introduced by Francis Galton and Henry William Watson in 1875 [56] and
is therefore called the Galton-Watson process (GWP) or sometimes Bienaymé-Galton-
Watson process, as Irénée-Jules Bienaymé derived a similar model independently of and
earlier than the aforementioned. Galton and Watson developed their model to analyse
the extinction of aristocratic family names. However, the possible fields of application of
their model are numerous, e.g. populations of living organisms, electron multipliers, the
spreading of viruses and many more. Hence, branching processes have been extensively
studied in the last century, and, as this simple model has its limitations, many extensions
to the original model have been made. An overview of some of these extensions and
further references can be found in the book of Asmussen and Hering [7] as well as in the
book of Athreya and Ney [10].

One extension of particular interest is the consideration of a random environment. Here,
the i.i.d. reproduction of different individuals, crucial in the standard GWP setting,
is relaxed in the following way: First, in each generation the reproduction law of the
individuals is randomly chosen from a set of probability laws on Ny, i.e. in general,
individuals in different generations do not reproduce in an identical manner. Second,
the multiplication of individuals is only independent given the environment. This model
has been introduced by Smith and Wilkinson in [49, 50]. Generalisations and further
results can be found in the articles of Athreya and Karlin [8, 9], Tanny [51, 52, 53],
Geiger et al. [1, 2, 22, 23] and Liu et al. [25, 32, 30, 31, 42, 43, 54, 55].

In the present thesis, we extend a discrete time model suggested by Bansaye in
[11]. Bansaye’s model describes the evolution of parasites in dividing cells and is a
discrete-time version of a model introduced by Kimmel in [37]. To be more precise,
Bansaye’s model comprises two branching components. The first one describes the
deterministic cell division, i.e. in each generation cells split into two daughter cells. The
second component describes an organism living inside these cells, e.g. parasites, as in
[11] and in most parts of the following thesis, or some cellular components like organelles.
After one unit of time each organism inside a cell produces offspring and shares these
into the two daughter cells independently of all the other organisms.

Recently, this model has been extended in a couple of ways. In [12], Bansaye considered
the model with a random environment, where in each cell the parasite multiplication is
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governed by the random environment, and he also added an immigration component.
This means that in each generation new parasites from outside the population contami-
nate the cells. In his PhD thesis [27], Grottrup analysed a different extension of the
original model. Instead of a deterministic cell division he allowed for a general random
cell tree. Moreover, he included the possibility that the cell reproduction can influence
the multiplication of the parasites and their sharing into the daughter cells. He called
the corresponding process, describing the alive cells and the number of parasites they
contain, a branching within branching process.

Here, we want to consider a simple branching within branching process in random
environment. To be more precise, the cell tree is again random but cells can have at
most two daughter cells and the cell reproduction does not influence the multiplication
of the parasites. Moreover, we consider an environmental sequence that governs the
parasite reproduction of an entire generation. Note that in [12] the random environment
determined the parasite reproduction for each cell separately.

The thesis is structured as follows. In the first chapter we introduce the model of a
branching within branching process including our extension to a generational random
environment and give a precise definition of a branching within branching process in
random environment.

In the following two chapters, we analyse two interesting processes arising from our
model. The first one is the process of contaminated (or infected) cells (T, )n>0, describing
the number of cells that are infected by parasites. The second one is the process of
parasites (Z,)n>0, where Z,, denotes the number of parasites in generation n. Chapter 2
contains results for the process (7,f),>0, including the a.s. convergence after a proper
normalisation, and an extinction-explosion principle for the process of parasites. It
turns out, that the asymptotic behaviour of the process (7.*),>¢ is closely connected
to the behaviour of the process of the number of parasites along a randomly chosen
cell line (Zy, )n>0. Therefore, we introduce this process using the method of size-biasing
and prove the crucial connection to the process of contaminated cells. Additionally,
this chapter includes some results about the process (F,,(k))n>o of the number of cells
with exactly k parasites. The third chapter is devoted to the process (Z,),>0. We
show that after a suitable normalisation this process converges a.s. to a random variable
W, say. The second part of this chapter introduces the construction of the size-biased
branching within branching process in random environment, where this time, the spine
is picked along the parasites and not along the cells as in Chapter 2. This construction
enables us to prove a dichotomy on the asymptotic behaviour of the normalised process
of (Z,)n>0. In the final section of this chapter, we are going to show that under this
spinal construction the process of parasites along the spine forms a branching process in
random environment with immigration.

The first part of Chapter 4 is devoted to results about the limit W of the normalised
process of parasites in the case P(Surv) > 0. In particular, we give equivalent conditions
for the nondegeneracy of W. It turns out, that the modified (Z log Z)-condition, known



from branching processes in random environment (BPRE), together with some technical
assumptions, is not enough for the nondegeneracy of W. A second condition regarding
the aforementioned process (Zy;, )n>o is also needed. In the second part of Chapter 4,
we show that under certain conditions the number of parasites in strongly infected cells
is negligible compared to the total number of parasites, and that strongly infected cells
of a generation n € IN do not have a big impact on the number of infected cells in the
following generations.
In Chapter 5, we take a look at two examples of a BwWBPRE, where the conditional
parasite distribution is linear fractional.

Since this is an extension of the model introduced by Grottrup, the structure (and
approach) of our work is close to that in [27].






1. The model

In this chapter, we are going to extend the model of a branching within branching process,
introduced by Gréttrup in [27], by adding a random environment. For easy comparisons,
we use a similar notation. As mentioned in the introduction, our random environment
solely affects the multiplication of parasites and their sharing into the daughter cells
and does not influence the evolution of the cell tree. Before giving a description and a
definition of our model, we recall the notion of the well-known Ulam-Harris tree.

1.1. The Ulam-Harris tree

Let

V= U {0,1}",

n€lNg

denote the infinite binary Ulam-Harris tree where {0,1}° := {0} and 0 is the root. For
convenience we write v;...v, for the vector (vq,...,v,) € V, n € N, and v = v;...0,
describes the unique path

0 —=v — ... 5v..0,=0

from the root () to v. Further let |v| denote the length of this path, so that |v| = n for
v € {0,1}" and in this case we say that v is a member of the n-th generation. Moreover
for v = v;...v,, we use the shorthand notation v|k for the predecessor of v in generation
k < n, viz v|0 := 0 and v|k := vi...v4, k > 1, and we write v < v if v is a descendant
of u, so that u = v|k for a k < n. Finally, the concatenation uv = u;...u,v;...v, is the
vertex v = vy...v, in the tree rooted in u = uy...u,,.

1.2. Informal description of the model

Next, we informally describe the process of proliferating parasites in a cell tree in random
environment, where the random environment e = (e, ),>¢ governs the reproduction and
the sharing of the parasites. We assume that cells can die, produce one daughter cell or
split into two daughter cells.
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The process starts with a single cell contaminated with a single parasite. Given
a parasite distribution ey = uw € M(IN3) in generation 0, the parasite gives birth
to x = (z1,79) € IN? offspring according to this distribution, and the cell produces
i € {0,1,2} daughter cells, independently of the environment and of the parasite
reproduction. In the case i = 0 all descendants of the parasite die, in the case i = 1 all
x1 + o descendants of the parasite go into the one living daughter cell and in the case
1 = 2, x1 parasites go into the first daughter cell and x, parasites go into the second
daughter cell. Now, all the cells of the first generation exhibit the same behaviour as
before, but the parasites act according to the distribution given by the environmental
component e;. Given the environment, all parasites of the first generation behave
independently of one another as well as of the parasites of the previous generation, and
the cells reproduce independently and independent of the environment as well as of the
parasites. This mechanism goes on indefinitely.

The following picture shows a realization of the above described mechanism. Cells are
denoted by () and parasites are denoted by m and e, respectively, where m indicates
the parasites going to the first daughter cell (if it exists) and e indicates the parasites
going to the second daughter cell (if it exits) or to the first daughter cell (if only one
daughter cell exists). Apart from that, the shape of a parasite does not matter and is

solely for visual purposes. Moreover, — indicates the parasite multiplication and —

indicates the cell division.

gen. 0 gen. 1 gen. 2 gen. 3

cell division

Figure 1.1.: Proliferating parasites in dividing cells up to generation three
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1.3. Formal definition of the model

To give a formal representation of this process, let (£2,2(, IP) be a probability space large
enough to carry all random variables defined hereafter.

1.3.1. The cell population

We consider the cell population first. Therefore, let (T},),ev be a family of i.i.d. random
variables taking values in {0, 1,2}, and set

Pr = IP<T(0 = k)a ke {07 172}7

as well as p, = 0, k > 3. We consider the random subtree T := [ J
T(] = {Q)} and

T,, of V, where

n€lNg

T, ={vi.v, €V:iv.v,1€T, 1,0<0v, <Ty 4., —1}

is the set of cells in the n-th generation. Since (T,),ev is an i.i.d. family, T forms a
Galton-Watson tree with offspring distribution (pg)r>o and reproduction mean

f=Dp1+2ps=1—py+po.

Furthermore let (A,),cv be a family of indicators describing which vertices of V belong
to T, viz.

A — 1, ifveT,,
Y0, if v ¢ T,

for n € Ny and v € V with |v| = n. In particular, Ag = 1 P-a.s. We say that cell v is
alive if A, = 1, otherwise we call the cell dead. For a cell v = v;...v,, € V, n > 1, we
have

{Ay=1}={veT,}={Ap1=1Tp1—1>v,} P-as.

and therefore we get by iteration

n—1 n—1
Ay = Av\nflll{Tv\nA*lZvn} = Ay H ]l{Tv|r12vz’+1} = H ]l{Tv\rlZviH} P-a.s.
i=0 i=0
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Moreover, we have

P (Z Avu) = (kv>|v|:n (A’L})|U|:Tl = (tv)\v|:n =P ((thv)M:n = (kv)|v|:n)
u=0 |lv|=n
= I » ] oo

[v|=n,ty=1 [v|=n,t,=0

where k, € {0,1,2} and t, € {0,1} for |v| = n, and ¢;; denotes the Kronecker delta. For
n € INg we set

Toi=#Tw= > A,
|v|=n

that is the number of living cells in the n-th generation. Clearly, the process (7,)n>0 is
a standard Galton-Watson process with offspring distribution (py)x>o and mean number
of offspring p.

In the next section, we are going to introduce the second branching component - the
parasites - but it is convenient to give the definition of some related quantities already
here. To describe the evolution of parasites in this random cell tree, we denote by Z, the
number of parasites in a cell v € V, and for n € Ny we write T}, for the set of infected
cells in generation n as well as T, for the number of infected cells in generation n, so
that

T, ={veT,:Z,>0} and 7T, =#T;.

1.3.2. The multiplication of parasites in a generational random
environment

Next we focus on the parasite reproduction, and here the random environment comes
into play. To define the random environment, set

M = M(IN2) := {(unm)n,memo Dt > 0 for n,m € No, Yty = 1} . (1)

n,meNg

equipped with the trace o-field 9 induced by ‘B%’J]. Let U be a random variable taking

values in M. Furthermore, let (X O x (1)) be a pair of random variables taking values
in INZ with

P (Xx9xW) e |U)=u.
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The random environment is a sequence e = (e,,),>o of i.i.d. copies of U and governs the
multiplication and sharing mechanism of the parasites. Further, let (X ,g?,z, X ,93)
be a family of conditionally independent random variables given e, with

k>1,0eVvV

P ((x0 xi)) e ‘e) —ey, k>1veV.

Additionally, we assume (7},),ey and ( <X ,5;03, X ,&2)
’ "/ k>10eV

More precisely, for a cell v € T with at least one parasite and i € {0, 1,2} daughter
cells, X 1503 + X ,glv) is the number of offspring of the k-th parasite in the cell v, whereby
all offspring die in the case ¢ = 0, all offspring go into the only daughter cell in the
case ¢ = 1, and in the case i = 2, X ,203 offspring go into the first daughter cell and X ,glv)
offspring go into the second daughter cell. Thus, the number of parasites in the cells is
recursively defined by putting Zy = 1 and for v € V

Zy
Zvo = Lyr,—1 Z ( ko T Xm) + Ly, =2 ZXS,?,
k=1

Zor = Lz, =2} Z Xio-
k=1

,e> to be independent.

By definition we have {A, =0} C {Z, = 0}.

Note that the i.i.d. structure of the random environment ensures that all parasites
show the same biological behaviour, and that parasites in different generations behave
independently.

For later usage, let us introduce the random variables

xO0N.— xO 4 x0  x02.— xO  x02 .- x1
X0V =x0+x), x0P=x0 x(1P =X,
xX00 = x0 =XV =0, k>1veV,

U

Y

and define
U =P (X0 e i), U =P (X ¢ |u),
Ut =P (X( €-|u),
as well as
e =P (X{f € e), e =P (X} e |e),

ell? .= P (X(loff)l € - ‘ ) n >0,

n
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where 0*° = () and 0*" = 0...0 (n-times), n > 1. In particular, with these newly defined
random variables, the number of parasites in cell v = wi, u € V, i € {0, 1}, is given by

Zu
Zy =Y X0,
k=1

1.3.3. The branching within branching process in random
environment

Now we have all we need to define the process of proliferating parasites in a cell tree in
random environment. Unless stated otherwise, we assume that we start with a single
cell infected by a single parasite, i.e.

To=1 and Zy=1 as.

Definition 1.1. Given the i.i.d. environmental sequence e and all above introduced
random variables, we call BP := (BP,,),>o with BP,, := (AU,ZU)|v|:n the associated
branching within branching process in random environment (BwBPRE) and BT :=
(BT,.)n>0 with BT,, := (A,, Z,) the associated branching within branching tree in
random environment.

[v[<n

It will be useful to be able to analyse a BwBPRE with multiple root parasites, e.g. to
make assertions about the subprocess rooted in a cell of generation n > 1. Therefore we
introduce the family (P,).>o of probability measures, defined on (£2,2) and satisfying

P.(To=1,%Z=2) =1,

such that (T,),cv is still an i.i.d. family of random variables with law (pg)r>o under
each P,. Moreover, the law of the environment e is the same under every IP,, and
(X ,g?g, X ,513)]01 pey 18 @ family of conditionally independent random variables given e
under P, with

P, ((X,g,X,g) € -‘e) =ey, k>1lveV.

In addition, we assume (T,),cv and ( (X,ﬁog,X,Elﬁ) ,e)
, V) k>1,0eV

respect to IP,. Therefore, the evolution mechanism of the BwBPRE is the same under
every IP,. The expectation corresponding to IP, will be denoted by IE,, and in accordance
with the previously used notation we set P = IP; and E = IF;. Sometimes, if convenient,
we are going to write Py .y for IP,. Finally, we introduce a measure IP(o ) for a process

to be independent with

10
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that never lived, i.e.
Pooy(To=0,Z3=0) =1

and thus IP(0,0)(BT = (O, 0)v€V> =1.

1.3.4. The process of parasites and further notation
Next, we define the process of parasites (2,),>0 via
Z,:=Y Z, neNlN,
veT,
i.e. Z, is the number of parasites in the n-th generation. We set

>

veTy

=K []l{T@:I}Xl(?él) + Lny=2} (Xf?f) + X&f)) ‘ e]

vieg) :=E[Z|e] = E e

= P(Ty £ 0 E [X[ + X{J ]

and
vi=EZ)] = Elv(es)] = (b1 + p2)B | X[) + X[{] (1.2)
We will assume that
0O<v<oo and E ‘log]E [Xl(o(g +X1(718 e” < 0. (1.3)
Finally, we make the assumptions that
p<l and P(Z,=1)<1. (1.4)

This ensures that neither the number of cells nor the number of parasites stays constant
for every generation. An easy consequence of the last assumption, regarding the case of
multiple parasites in the root cell, is stated in the next

Lemma 1.2. I[fP(Z, =0) =0, then P(Z, =1) <1 ensures

P.(Z21=2)<1 forallz€ N.

11
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Proof. First note that P(2; = 0) = 0 obviously yields py = 0 and also e[()o’l)({O}) =0
P-a.s., since

0=P(2,=0) =P (X[} + X{{ =0) = E |ef™ ({0})]
Further, observe that e(()o’l)({l}) < 1 with positive probability, because
1>P(2 =1)=FE [ego’”({u)] .

For z € IN these two observations lead to

P.(2i=2)=P (Z (XZ,(B) + Xﬁf) = z>

<1,

where we used the conditional independence of (Xi(%), Xl%)), 1 <1< 2z, given e, and the

Lemma is proved. [

For later usage, we define the two filtrations F = (F,),5, and G = (G,),>¢ by
Fo = 0(Z), o = 0 (¢, Z) and
fn::O-<Z(Z)7Tv7XIg,)’XI(c,13:|U’§n_17k21)7 nZl,

v

v

Go =0 (€, 20, T, X{0, X(0 ol <n =1k > 1) =o(e, F), n>1,

12
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Put also

Foo 3:U<U]:n) as well as G ::0<Ugn).

n>0

It is clear from the definition that BP and BT are adapted with respect to F as well as
G, and that they are F,-measurable as well as G,.-measurable if seen as a vector.

1.4. The space of host-parasite trees

In this section, we give the construction of the measurable space our BwBPRE lives in.
The corresponding notation will become handy in Section 3.3. In the process, we adopt
the concept and notation of the space of host-parasite trees used by Gréttrup in [27], to
describe the underlying tree structure of our model. Similar approaches can be found in
[17, 40, 48].

Set S:={(0,0)} U ({1} x INy) and denote the set of host-parasite trees by

8:=5" = ({(0,0)} U ({1} x No))".

Each element (s,,z,)yeyv of S represents a host-parasite tree. For w € V| define the
mappings

tw: S = {0,1}, (S, Tp)vev — S and 3,5 = No,  (Sy, Zy)vev > T
Next define the sequence (&,,),>0 of o-fields on S generated by these projections, that is
6n = U(tw £V |U| < n)

and set & := o(|J,»; G»). Clearly, (&,),>0 is a filtration of the measurable space
($,8), and the random host-parasite tree BP = BT = (A,, Z,)vev is S-valued and
2A-G-measurable, since every (A,, Z,) is a random vector taking values in S. Note that
($,6) is a Polish space as a countable product of discrete spaces (see [16], Chapter IX
§6), and its open subsets generate the o-field &.

For n € Ny, let ¢r, and tr),, denote the restrictions of a host-parasite tree to the n-th
generation and the first n generations, respectively. To be more precise, set $,, := Glvl=n
n € Ny, equipped with the canonical o-field &), and

?

t?“n 5 — S|v\=n’ (3v7 xv)vEV = (8U7$U)|'U|:n
as well as

t’r\n 15— Sna (Sva xv)vEV = (Sv>$v)|v|§n7

13
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which are surjective mappings and tr, is &-&,-measurable. With these definitions in
mind, we can express the n-th generation and the first n generations of the BwBPRE as
follows:

BP, = tr,,(BT) and BT, = tr,(BT).

Obviously, BT, is 2-&),-measurable and for every A € &,, there exists a set B € &y,
such that ¢r,(A) = B and {BT € A} = {BT,, € B}.
Finally, consider the mappings

Tp (SvG) - (IN07P(IN0)>7 (3v>$v>v€V — Z tw Svaxv UEV Z Sw,

lw|=n [w|=n

T; : (Sa 6) — (]NOaP(]NO))a (Svaxv veEV 7 Z Sw 50xw

[wl=n

and

Zp : (S7 6) — (]N077D(1N0>>7 (Svaxv>vev = Z Swlw-

lwl=n

Hence, the number of cells, the number of infected cells and the number of parasites in
the n-th generation can be represented by

T =1,(BT), T =1(BT) and Z, = z,(BT),

respectively.

1.5. The process started in a cell |v| > 1 and the
process started in the n-th generation

In this short section, we take a look at the evolution of the process started in the n-th
generation of the BwWBPRE conditional on the random environment e. Let BT .=
(Avus Zow)uev denote the BwBPRE on the subtree rooted in the cell v € V. It is clear
from our model, that given the history BT, of the process the evolution of BT™ for
a cell v in generation n only depends on (A,, Z,). Moreover, given the cell-parasite
configuration BP,, of the n-th generation, the processes starting in the different cells v
of generation n behave independently conditional on the random environment e, due to
our assumptions. However, it needs to be taken into account, that the behaviour of each
of these subprocesses starting in generation n is governed by the shifted environment
€], := (em)m>n. This leads to the following

14



1.5. The process started in a cell |v| > 1 and the process started in the n-th generation

Proposition 1.3 (Conditional branching property). We have P )-a.s.

v BT[],
IP(t’Z) ((BT( ))M:" €| BT, = (Swaxw)|w|§me> - ® IP(SJ,[xl) ()

[v]=n

forn € Ny, (t,2) €S and (5w, Tw)jw/<n € -

From this point of view, it is useful to allow for the BwBPRE to start with multiple
root cells. To this end, let

R:={(0,00}U [ J({n} x N})

nelN

be the set of possible root configurations, and consider a family of probability measures
(Pt.2))t,-)er on the space (2,2), such that under P .y, t > 1, 2 = (21,...,2) € Nj,
the BwBPRE starts with ¢ cells and z; parasites in cell 7, 1 <17 <, i.e.

Py (To=1t,2Zp(1) = 21,..., Zp(t) = z) = 1,

where Zy(i) denotes the number of parasites in root cell 7, 1 < i < ¢. Furthermore,
the measure P ) is the same as before and the environment e is still a sequence of
i.i.d. random variables having the same law under any P, .. To account for multiple root
cells, the random variables describing the cell and the parasite evolution, respectively,
need to be adjusted. Therefore, let (7,(7))yev,i>1 be a family of independent random

variables with law (py)r>o under P ), and let (X,gog (1), X,glg(z))k>1 ——

of conditionally independent random variables given e under P, .y, with

be a family

Py (X060, X00) € ‘ e) e, k=loveV,ixl

Moreover, we assume (7,(7))yev,i>1 and ( (X,gog (z),X,glg (i)>k>1 v ,e) to be inde-
pendent under P .y. Recalling the definition of our initial moae’lfetﬁé_random variables
(T,(1))vev and (X ,i?v (1), X ,glg(z)) k>10ey SOvern the evolution of the cells and parasites of
the process starting in root cell ¢ in the obvious way. Furthermore, we denote by BP(7)
the BWwBPRE starting in cell i, where A, (), T'(7), T, (7), T.(7), T (), T,7(4), Z,(i) and
Z,(i) are the corresponding random variables describing the alive cells, the cell tree,
etc., of the process starting in the ¢-th ancestor cell. In particular,

To(i) = w@(BP(i)), T, (i) = T,(BP(i)) and Z,(i) = 2,(BP(i)).

Then, the total number of living cells, the total number of infected cells and the total

15



1. The model

number of parasites in the n-th generation of the BwBPRE is given by

t

t ¢
T, = Z T.(5), T)= 27;*(@) and Z, = Z Z,(i) Pg-as.,
i=1 =1

i=1

respectively.
Note that the definition of these probability measures is in accordance with our
previous notation. The expectation corresponding to P .) is denoted by It ).

16



2. The process of infected cells

This chapter comprises results about the process of infected cells (7.),>0 and about
the process (F,(k))n>0 of the number of cells with exactly k parasites, defined later. As
it is going to turn out, the asymptotic behaviour of these processes is closely related
to the asymptotics of the process of parasites along a randomly chosen cell line. This
random path in the cell tree is picked by using the method of size-biasing, an approach
that will be introduced in the following section.

2.1. Size-biasing I

In [46] Lyons, Pemantle and Peres presented a tool to give probabilistic proofs of some
classical limit theorems for GWP’s. The original, more analytic proofs of these results
relied heavily on the analysis of generating functions. The central idea of the method of
Lyons et al. is the construction of a size-biased measure on the space of marked trees,
using the notion of size-biased distributions. At this point, we only need the concept of
size-biased distributions to construct a marked cell tree, but we will use their method in
Chapter 3 in greater generality to construct a size-biased BWBPRE. The definition of a
sized-biased distribution is given in Section A.3.1 of the appendix.

In the years following the article of Lyons, Pemantle and Peres, many authors
have used similar approaches to give probabilistic proofs in a wide variety of different
branching models. For example, in [45] Lyons used this approach to give a new proof
of Biggins’ martingale convergence theorem for branching random walks and in [41]
Kyprianou and Rahimzadeh Sani did the same for multi-type branching random walks.
Moreover, Kuhlbusch proved limit theorems for weighted branching processes in random
environment in [40] and Grottrup proved results for the branching within branching
process in [27], both using the size-biased construction.

Now, we turn to the actual construction. Let (T},, C,,)n>0 be a sequence of i.i.d. random
variables on (€2,2() that is also independent of (T,),cv as well as independent of

( (X,EO), X,gl)> ,e), and satisfies for n € N
v V) k>10evV

]P(Tn:k:):%, k>0,

17



2. The process of infected cells

and in the case pi > 0

for 0 <1 <k — 1. In particular, we have in the case pp > 0

P (T, =k Co=1) =P (C, =I|T, = k) P (T, =) ==

1
for 0 <[ < k — 1, and this is even true in the case p, = 0. Note that in our model
pr =0 for k > 3. The spine (V},)n>0 is now recursively defined by putting V5 := ) and

Vn = Vn,lCn,l, 77,2 1.
Thus
D=Vo=>Vi—=>Vo— ...V, — ...

is a random cell line in V.

Plainly speaking, in each generation n the spinal cell produces offspring according to
the size-biased distribution of the original cell offspring distribution and among these
offspring the new spinal cell is chosen uniformly via C,,. The parasite reproduction is
not influenced by this mechanism.

The following figure illustrates this procedure. Here, [] denotes the cells along the
randomly chosen cell line, i.e. the spine, and () denotes all other cells. Parasites are
indicated by e.

Vo=0| @ gen. 0

) Vi=1 : : gen. 1
L Vo =11 ... gen. 2

V3=110| e gen. 3

Figure 2.1.: Realisation of a random cell line up to generation three

18



2.2. The number of parasites along the spine I

As a final note, this structure including the sequence (Tn, Ch)n>0 shall be the same
under any P, z > 0.

2.2. The number of parasites along the spine 1

Now, we consider the number of parasites along the spine (V},),>0. Put Zy, = Zj and
forn>0

Zvy, 1 Zv,
_ (0) 1) (u)
ZVn+1 = ]l{:fn:1} Z (Xk,Vn + Xk,Vn> + ]l{Tn:Q} Z IL{Cn=U} Z Xk,Vn
k=1 u=0 k=1
ZVn ZVn
_ (0) (1) (Cn)
=l ) (Xk,vn + Xk,Vn) + 1 D X
k=1 k=1
Zv, )
C’nyTn
=> X
k=1

Furthermore set &, := (T,,,C,,, e,) as well as

(Cn,Tn)

feo(s) i= B [0

&)
forn >0,k >1and s € [0, 1].
The first important observation is that the process (Zy, ),>o forms a BPRE. This is
stated in the following

Proposition 2.1. The process of the number of parasites along the spine (Zy, )n>o s a
BPRE in i.i.d. random environment & := (£,)n>0-

Since the above statement is obvious from our model assumptions, we omit the
tedious calculations. Note that the corresponding conditional offspring distribution of
the process (Zy, )n>o is given by

2 t—1
CanTL l?
PG ) = ¥ SN tumuncnP (X € [¢)

ve{0,1} t=1 1=0

2 t-1
- Z Z Z ]l{Vn:v,Tn:nd:l} : eg’t)

ve{0,1}n t=1 1=0

— e@nT) Poas. for all k >1,n>0.

n

Here we used the independence of (Tn, Ch)n>0 and < (X ,gog, X ,213) ,e).
= ’ V) k>10eV
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2. The process of infected cells

Proposition 2.1 enables us to use the many results in the area of BPRE to determine
the asymptotic behaviour of the process (Zy,)n,>o depending on its criticality, see
e.g. Afanasyev, Geiger, Kersting, Vatutin [2], Athreya and Karlin [8, 9], Geiger and
Kersting [22], Geiger, Kersting and Vatutin [23], Smith and Wilkinson [50] as well as
Tanny [53]. We formulate these results in our situation and postpone their proofs to the
end of this section.

Proposition 2.2. Let

E [log E[X |} le]

B llogE[Xl(}g\e] < o0. (2.1)

For the process of parasites along the spine (Zv,)n>0, the following assertions are
equivalent:

(a) Ellog f¢ (1)] > 0 and Eflog™ (1 — f¢,(0))] < oo.

(b) lim P(Zy, > 0) =c¢> 0, for some c € (0,1].
n—oo

Remark 2.3. Since this will be needed later on, note that the above result is also valid
in the case of z > 2 root parasites, i.e. lim, . P,(Zy, > 0) > 0 iff

Ellog féo(l)] >0 and Eflog (1 — fe(0))] < oc.
Proposition 2.4 (Supercritical case). Let
Elog féo(l)] >0 and Ellog (1 — f¢(0))] < oc.

The process W, := ;' Zy. , n > 0, where 7o := 1 and 7, := | fi.(1), n > 1, forms a
nonnegative martingale with respect to the filtration

(0(Zvys -+ Zv,y 1 60,61,62, - - ) In0,

and therefore W := lim W,, exists a.s. Moreover, W is nondegenerate iff
n—o0

ZV1 10g+ ZV1

E
fe,(1)

< 00,

and in this case we have

EW|(&)aso] =1 P-a.s. and {W =0} ={Zy, — 0} P-as.
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2.2. The number of parasites along the spine I

Proposition 2.5 (Critical case). Let E[log f{ (1)] = 0 and assume

(1+1log™ f¢, (1)) fe, (1)
e, (1)?

E [log® f¢,(1)] € (0,00) and E < 0.

Then there exists a constant 0 < ¢ < 0o, such that
P(Zy, >0)~cn 2 n— oo
Proposition 2.6 (Strongly subcritical case). Let
Ellog f1,(1)] <0, E[f},(1)log f4,(1)] <0
and
E[(X©+XM)1og" (X + XxW)] < 0
be valid. Then we have for some 0 < ¢; < 1 that

14

P(Zy, >0)~c (—) , N — 00.
0

Moreover,

lim IP(ZVn = k|ZVn > O) = ql(k), k> 1,

n—0o0

where
ZCh(k) =1 and Zkfh(k) = <00,
k=1 k=1

and Zvy, is conditioned on {Zy, > 0} uniformly integrable, i.e.

lim supE [Zv, 1(z, >a}| Zv, > 0] =0.

a—0o0 nclN

Proposition 2.7 (Intermediately subcritical case). Let

Eflog fg,(1)] <0,  E[fg,(1)log f¢,(1)] = 0

and assume

B4, (1)log? f,(1)] < 0o and  E[(1+log™ ff,(1))f2,(1)] < oo.
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2. The process of infected cells

Then there exists a constant 0 < co < 00, such that
P(Zy, > 0) ~ con/? (Z) , N — 00.
i

Moreover,

lim IP(ZVTL = k‘|ZVn > O) = (h(k’), k> 1,

n—oo

where Y ;-1 g2(k) = 1.
For the weakly subcritical case set

— inf Ef. (1)?
8 oot fe, (1)

and choose a € [0, 1], such that 8 = Ef{ (1)*.
Proposition 2.8 (Weakly subcritical case). Let

Ellog f{,(1)] <0 and 0 < E[f{ (1)log f{ (1)] < oo
and assume

J&, (1)
W] <oo and E

TP

v Fi (1

Then there exists a constant 0 < c3 < 0o, such that
P(Zy, > 0) ~ csn 326", n — oo.
Moreover,

lim P(Zy, = k|Zy, > 0) = g3(k), k> 1,

n—o0

where Y -, g3(k) = 1.

Now, we introduce some further common notation for BPRE. Recall that

feu(s) = | 5545

f} , s€|0,1],

is the probability generating function (pgf) of X ,EC‘};T”) under the measure P(:|¢). Theo-
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2.2. The number of parasites along the spine I

rem A.1 gives us

fn,i(s) =K [SZvn‘ﬂ = f€0 O"'Ofﬁn—1<5)

and

fu(s) =E [SZV"} =F [f&) 0...0 fgn,l(s)}

for every n € IN and s € [0, 1]. Note that (fe,)n>0 is an i.i.d. sequence with

2
Bl (1)) = B [X{§™] = 303 R(hh = k0o =) B[X(}]

I
=7
=
ol
S5

where we used (1.2) for the last equation. Moreover, this yields

EZv,] = fi.(1) = ﬁE[fé/z‘(l)] B (5)”

=0 ®

Furthermore, if El[log f{ (1)| < oo, the theory of BPRE ([50], Theorem 3.1 and [8],
Section 1) yields that (Zy, ),>0 survives with positive probability iff

E [log f¢,(1)] >0 and E [log™ (1 — f¢,(0))] < oo. (2.2)

Finally, we define for s € [0, 1] the random pgf

(1,t)
%M@w:EF%&

We want to use the process (Zy, )n>0 to prove assertions about the limiting behaviour
of the process of the number of infected cells (7,7),>0 and other related quantities. The
required connection is subject of the following

Proposition 2.9. For every m,n,z € Ny we have

P.(Zy, =mle)=p " - E,[#{veT,: Z,=m}le P,-as,
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2. The process of infected cells

and thus

P.(Zy, > 0le) = P.-a.s.

In particular, this gives
P.(Zy, =m)=u" -E,[#{veT,: Z, =m},
and therefore

The proof of this proposition will be given after two easy consequences.

Corollary 2.10. In the subcritical case, the expected number of infected cells (T,f)n>0
satisfies

n

cv”, iof the assumptions of Proposition 2.6 are fullfilled,
ET ~ con V2, if the assumptions of Proposition 2.7 are fullfilled,
esn 32 B, if the assumptions of Proposition 2.8 are fullfilled,
as n — 00, with ¢, ca, c3 from the respective propositions.

Proof. We know from Proposition 2.9 that
ET; = u"P(Zy, > 0).

for all n > 0. Then, using the asymptotics for P(Zy, > 0) shown in Propositions 2.6,
2.7 and 2.8, respectively, we get the desired result. O

Next, we can state a first assertion about the number of cells with a given number of
parasites and, in the strongly subcritical case, about the expected number of parasites
within all these cells. To that end, define the number of cells in the n-th generation
having exactly k parasites, i.e.

F.(k)y =#{veT,: Z,=k}, n,k>0. (2.3)
Corollary 2.11. We have for every k,z > 1

lim —Fn(k)

n—00 ,U,n

=0, in probability and in L' under P..
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2.2. The number of parasites along the spine I

Furthermore, under the assumptions of Proposition 2.6 we have for k > 1

oo BRG] _ a(b)

i.e. (kv "E[F,(K)]),>, converges weakly to the size-biasing of (qi(k))r>1-

Proof. Starting with F,(-) and using once again Proposition 2.9 as well as the extinc-
tion-explosion principle for BPRE (see e.g. [8]), we have

F.(k
lim IE, [ n(n )] = lim P,(Zy, =k)=0

n—oo M n—oo

for k,z > 1. Hence, F,,(k)/u" converges in L' to 0 and therefore converges in particular
in probability to 0 under P, for n — oc.
Turning to the second assertion, we get

E|F,(k n
lim EER] [(H) P(Zy, = k)]
n—00 ks n—o00 1%
n k
— lim [(ﬁ> P(Zy, > 0)-P(Zy, = k|Zy, > 0)] = %1)
n—00 1% Cq
for k > 1, where we used Proposition 2.9 and Proposition 2.6. OJ

Now, we prove Proposition 2.9.

Proof of Proposition 2.9. Forn € N, v = v;...v, € V, u :=vln —1 and tg,...,t,1 €
{1,2} with vy <tg—1,...,v, < t,1 — 1, we get for s € [0, 1]

Z
T i /] <n—2
X (0) (1)
. HS o (Tvu)osJ‘gn—%(Xk/m/,Xk,m, o 0©
k=1 =
[ J X(Un’tnfl) (0) (1) IUI|SH—2
= E ]l{Zu:j} -E H S ku (Xk:’ v”Xk’ U,) , €
. ’ ’ k,>1
j=0 | k=1 >
[ J
(U"l’tnfl)
= > gy E ] s™ e] (2.4)
J=0 L k=1
Z
- X(Un*tnfl)
k=1
Zy
= ge(vnytn_l)(s) IPz—a.S.,
n—1
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2. The process of infected cells

where we used the independence of (7},)yev and < (X lgot)u, X ,&L)k ,e) in the first
Y/ k>1,wev
equation and the conditional independence of (X koql, X ) k> LweV given e in the third

equation. For the second equality note that for A € MY and B e &< PINHN

J
(’Unqtnfl)
X
| | § ko dP
/{eeA x©  xM B

k/ ! k/ )k >1,"U/‘<n—2 }k 1
{e A}

J

SIC

dPp

e

Lxo,xw,

) €
K/>1,]0f |<n—2

(Un tn—1)
0 1 X
- / P ((X,g,,;,,x,g,;,) o ) H dP  (2.5)
{ecA} K'>1,v|<n— 2 Bl
J X('U’nntn—l)
= E Lr(xo x0) en) E [T s el||e|dpP
{ecA} KR W 20! | <n—2 k=1
J
(vn tnfl)
/ E ([ e| dP,
© (D)
{eGA Xk’ X k!, l)k’>1 o/ |<n— 263} k=1

since <X ,i?j,, X ,g 3 )
e.
From (2.4), it follows that

and <X lgol)” X lgli) are conditionally independent given
k>1,|v'|<n—2 ’ ) k>1

Ez[s v-:tj,()gjgn—l,e}
Zu X(U'rutn—l)
= E. |[J]s% T =1,0<j<n—2e
k=1

= E, {ge(vn,tn_l)(s)z"*‘ Tyj=1t,0<j<n-— 2,6] P.-a.s.,
n—1

and hence iteration yields

E, [SZ“

Tyj=t,0<j<n-—1le]= (geévl,t()) 0...0 ge@nl,tn,l)(s))z P.-as.
Analogously, we get for s € [0, 1]

E. [s%0 (T}, Cy) = (t;,v541),0 < j <n—1e| = (Gor0) © -+ 0 g on ) (5))*

€n-1
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2.2. The number of parasites along the spine I

P.-a.s., ie.

E., [SZ”

Ty =150 <j<n—1e]=E.[s"[(T},C;) = (;,v;11),0 < j <n—1,€]
P.-a.s. This implies for m € N,

IP(Z = m, A, = le)

- Z Z AZy=m,T,; =t;,0 < j<n-—1le)

to=vi+1 tpn_1=vn+1

2 2
= > ... ) PT,;=t,0<j<n-1e)

to=vi+1 tp—1=vn+1
: IPZ(ZU = m|Tv|j = tj,O < j <n-— 1,6)

= Z Z Hptk]PZ(ZVn:m‘(ﬁ70j):(tjavj+1)70§j§n_1ve)

= Z Z Hptk (T5,C5) = (t,0511),0 < j < n —1]e) ™

to=vi+1 tn—1=vn+1k=0
’ ]PZ(ZVn =m, (jjﬁcj) = (tj7vj+1)70 <Jj<n-— 1|e)

2 2
= ,U,n Z R Z IPz(ZVn =m, (j},C]) = (tj,’Uj_H),O S] <n-— 1|e)

P.-a.s., and therefore

pw "t E[#{veT,: Z, =m}|e|
= u" Z P.(Z, =m,A, = 1|e)

\v\*n

=y Z : Z A(Zv, =m, (T},C)) = (t;,v541),0 < j < n — 1le)

|’U| n to=v1+1 th—1=vn+1
2 to—1 tn—1—1

B SO Sl S XU SRR ST
to=1v1=0 thn—1=1 vp=0

= P.(Zy, =mle) P.-as.

From this, the other three assertions follow easily and the proposition is proved. O
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2. The process of infected cells

Finally, we provide the remaining proofs of the Propositions 2.2 to 2.8. Since (Zy, )n>0
is a BPRE, the results can be concluded more or less directly from the theory of BPRE.

Proof of Proposition 2.2. The proposition is a consequence of results in [50] as well as
8] and has been stated in (2.2), where we note that (2.1) ensures E[log f¢ (1)] < co. O

Proof of Proposition 2.4. The assertions are consequences of Theorem 1 in [9] and
Theorem 2 in [53]. O

Proof of Proposition 2.5. This follows from Theorem 1.1 in [22]. O
Proof of Proposition 2.6. Note that

E[ZV1 lOng Zvl] =E [Xf%o TO)I ng Xf%O’TO)]

-1

e

I
Mw

Lk Lk
E []1{T0=k,co=1}X1(,@ 'og* X1(,(z) )}

B
N
;?-

1

o~

0
-1

I
M

Do [ X9 log* X 4]
1

AO

E[(

IN

)log (X(U) +X(1))] < 00

and E[f¢ (1)] = v/p. Thus the assertions follow from Theorem 1.1 in [23] and Corollary
2.3 in [2]. O

Proof of Proposition 2.7. This is Theorem 1.2 in [23] with the assumptions transferred
to our notation and observing E[f{ (1)] = v/pu. O

Proof of Proposition 2.8. This is Theorem 1.3 in [23] with the assumptions transferred
to our notation. [l

2.3. A Markov chain and the extinction-explosion
principle for the process of parasites

This part follows along the lines of Section 1.2.2 in [27]. Apart from some minor changes,
the results shown there are directly transferable to our situation. First, we need some
further notation. Let

RV ={(s,(21,...,2)) ER: 1<z <z <...<z}

be the set of ordered configurations of infected cells in a generation and set Rg =
{(0,0)} URT.
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2.3. A Markov chain and the extinction-explosion principle for the process of parasites

For a vector (70),..., 7)) k € IN, of host-parasite trees, we want to get a vector
representing the total number of infected cells in a given generation and the number of
parasites in these cells in ascending order. That is, for n > 0, setting t(k) := Zle v (7))
for a vector (1M, ..., 7)), we define

Xn : (U S o (U 6l)> — (R}, P(RY)),

>1 1>1

A t,2) ift:=t(k)>0
() — ( ) ) )
)iz {(0, 0), ift=0,

where z = (z1,...,%) is the t-dimensional vector of increasing entries z; = 3, (70a)),
1 < j < t, for distinct tuples (iy,wi),..., (i, w,) € {1,...,k} x {|Jv] = n}, de-
noting the number of parasites in the infected cells over all trees in generation n,
ie. tw].<7'(ij))3wj (7)) > 0 forevery 1 <j <t ,and 21 < 2 < ... < 2.

We define the process BPG = (BPG,,),,>¢ by

BPG, := x,.(BP), n € N,.

Thus, BPG,, = (s, (21, ..., 2s)) means that the n-th generation of the BWBPRE BP has
s infected cells containing 2z, ..., z; parasites, respectively.

Given the environment e, all cells and their parasites multiply independently of all
other cells and their parasites in the same generation. Thus given e, the exact positions
of the infected cells in a generation are not important for the number of infected cells
and the parasites they contain in the next generation. Therefore, by standard but rather
tedious calculations, one can show that the process BPG is a Markov chain with state
space R(T) and transition probabilities

p((sax)a (t7 Z)) = IP(s,x)<BPG1 = <t7 Z)) = IP(s,:z:)(BP € Xfl(ta Z)) (26)

for (s, ), (t,z) € R). We omit the details. This leads to the following

Proposition 2.12. The process BPG is a homogeneous Markov chain with state space
Rg and transition probabilities given in (2.6). Moreover, all states in R are transient.

Before we prove this statement, we need a
Lemma 2.13. In the case P(Z; =0) =0, we have P,(2, < z) =0 for every z € IN.

Proof. Similar to the proof of Lemma 1.2 we get
P.(2 <z) = > E

1,...,22€40,...,z2—1}
> i<z

Heé°’”<{a:i}>] — 0,

1=1
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2. The process of infected cells

since at least one x; has to be zero and e(()o’l)({()}) =0 P-a.s. O

Proof (Proposition 2.12). The proof follows along similar lines as the proof of Proposi-
tion 1.5 in [27], but some changes occur due to the random environment.

Since the Markov property has already been stated prior to the proposition, it is only
left to prove that all states in R' are transient. First note that

(2, =0} = {Ty =0} U {T@ £0, (Xffé,’ + ijb)) = o} P,-as.
i=1
for all z € INy. Therefore P(2; = 0) > 0 implies

PT—0) >0 or E[el({0)] =P (x4 X —0) >0

Hence, together with

O xMY _o) = p(x© o xO_ 0,y _
P (Z (x5 +x7) = 0) =P (X9 +x1) =0, X+ x{) = 0)

=1

=B [efV({0})7].
we have in the case P(Z, =0) > 0
P(Tp = 0), it P(Ty = 0) > 0,
PAl21=0)2 1 [ego’”({c)}y] CPm =0y =o ("
Thus, for (s,z) € R" with z = (z;...,x) we get
Ps.2) (BPG,, # (s,z) for all n > 1)
(P oy (21 = 0), if P(2, = 0) >0,
“V1-Pe (Zl = Zx) . ifP(2, =0) =0,
\ i
(P(T) = 0)°, 1 it P(T) = 0) > 0,
L Ps@i=0), if P(2, = 0) > 0,P(T) = 0) = 0,
e (zq - Za:) L P(2,=0) =0,
> Ot a
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where we used Lemma 2.13 for the first and the second step and Lemma 1.2 for the last
step. This proves the transience of (s, x) and finishes the proof. O
Now, the extinction-explosion principle for the process of parasites is an easy

Corollary 2.14 (Extinction-explosion principle). For the process of parasites (Z,)n>0
we have

IP(t,z)(Zn — O) + IP(t’z)(Zn — OO) =1

for any (t,2) € R.

Proof. First note that root cells with no parasites have no effect on the survival of the
parasite population. Therefore we can assume (¢, 2) € R', and then the transience of
elements in R for the process BPG yields

n—oo n—oo
s=1 1<z1<...<zs <K

K
lim P (1< 2, <K)<lim Y Y Py, (BPG, =(s,7)) =0

for any K € N, where x = (xy,...,25). This proves the assertion. ]

For the process of parasites, we define the set of extinction and the set of survival
through

Ext:={Z, -0} and Surv:= Ext’,

respectively. In particular, the previous corollary implies that Surv = {Z, — oo}
P .)-a.s. for every (t,z) € R. Since the processes starting from different ancestor cells
are independent given e, we have for (t,2) € R'

t
P)(Z, = 0e) = [[P. (2, = 0le) P-as.

i=1
Thus

¢
P . (Ert |e) = H]Pzi(Ext le) P-as.,
i=1
which in turn implies P-a.s. P .)(Ext |e) = 1 iff P, (Eat |e) =1 for every 1 < i < t.
Furthermore, for 2’ € IN, P/ (Ext |e) = 1 implies P(Eztle) = 1. If on the other hand

P(Extle)(w) = 1, it follows from the independence of ( <X ,gog,X,ng V,e) and
’ ) k>1we
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2. The process of infected cells

T .= (Tv)vev that
1 =P(Extle)(w) = /]P(Ext T =7,e)(w) PT(dr) = /]P(Ext(7‘)|e)(w) PT(dr).

Therefore, P(Ezt(7)|e)(w) = 1 PT-a.s., where

P(Ext(T)le) = nh_)n;@ P(Z,.(1) =0le)
and Z,(7) is the number of parasites in the n-th generation of a BwBPRE when the
cell tree is spanned by 7. Furthermore, if we consider a single ancestor cell with 2 € IN
parasites, let Z,,; denote the number of progeny in the n-th generation of the i-th
ancestor parasite and let Z, ;(7) denote the same when the cell tree is spanned by 7,
1<i<z2,7€{0,1,2}V. We then get, using once again the independence of T and

X(O) X(l)) )
<< kwr T kzmev’e ’

P.(Z,=0le)=P(Z,; =0,..., Z,. = 0Ole)
P

(Zn,l - 07 o aZn,z’ = O|T =T, e) IPT(dT)

(Zpi(1) =0,..., 2, (1) =0le) PT(d7)

I
\\?\

H P(Z,,(7) = 0le) PT(dr)

P(Z,(r) = 0le)* PT(dr) P-as.,

where we used the conditional independence of Z,,1(7),..., 2, (7) given e. Thus we
have for almost all w with P(FEzt|e)(w) =1

P, (Ext |e)(w) = /(]P(Ext(T)\e)(w))zl PT(dr) = 1.

Therefore we have P-a.s. P,/ (Ext |e) = 1 iff P(Extle) = 1. Summarising, this shows that
P-a.s.

Py (Eatle) =1 iff P(Estle) =1. (2.7)
In particular P . (Ezt) = 1 iff P(Ext) = 1.
Next we are going to show, that the set {PP(Surv |e) > 0} has either probability 0 or

1, i.e. extinction is certain under almost every environment or survival is possible under
almost every environment. The same phenomenon is known for BPRE, see Proposition 1
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2.4. An extinction-explosion principle and the normalised process of infected cells

in [8]. Recall that [e],, = (€)n>m.
Proposition 2.15. We have {P(Surv |e) > 0} = {P(Surv|[e];) > 0} P-a.s., and hence
P(P(Surv |e) > 0) € {0,1}.

Proof. We start by showing {P(Surv |e) > 0} C {P(Surv |[e];) > 0} P-a.s. Choose
w € {P(Surv |e) > 0} and suppose P(Surv |[e];)(w) = 0. Then, according to what has
been shown prior to the proposition, we have P .)(Surv |[e];)(w) = 0 for all (¢,2) € RT,
except for w from a set of measure 0, and thus

0 < P(Surv |e)(w) = P(BPG,, € R for all m > 1]e)(w)
= > P(BPG,, € R' for all m > 2|BPG, = (t, 2),e)(w) - P(BPG; = (t,2)e)(w)

(t,2)ERT

= Y P.(BPG,, € R' for all m > 1|[e];)(w) - P(BPG; = (t,z)|e)(w)
(t,2)eRT

= Z P .y (Surv |[e])(w) - P(BPGy = (¢, z)|e)(w) = 0.
(t,2)eERT

This is a contradiction and we must have
{P(Surv |e > 0} C {P(Surv |[e];) > 0} P-as. (2.8)
Now, since the random environment consists of i.i.d. random variables, we further have
P(P(Surv |e) > 0) = P(P(Surv |[e];) > 0) (2.9)

Combining (2.8) and (2.9), we arrive at the desired result. The second assertion of the
proposition follows from the ergodicity of the shift operator. O

Remark 2.16. In other words, Proposition 2.15 tells us

P(P(Est [e) = 1) € {0, 1}.

2.4. An extinction-explosion principle and the
normalised process of infected cells

With the help of the Markov chain introduced in the previous section, we can prove that
the process of contaminated cells satisfies an extinction-explosion principle, apart from
some degenerate cases. This is stated in the following
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2. The process of infected cells

Theorem 2.17. Let P(Surv) > 0 and z € IN.
(a) If Po(TF = 2) =0, then

P.(7,) =1V n > 0[Surv) = 1.

(b) If Po(TyF =2) > 0, then

P.(7, — oo|Surv) = 1.

Proof. The proof follows the general idea of the proof of Theorem 1.7 in [27], but some
adaptations are necessary due to the random environment. Let z € IN.

(a) Note that P(Surv) > 0 implies ps > 0, for otherwise, since p; < 1, the cell tree
would die out P-a.s., and thus in particular P(Surv) = 0. Furthermore, the independence
assumptions of our model imply

0=Py(TF =2)>ps P (Xff;,) >0, X4 > 0)

for all 4,j € {1,2}, and thus P (X.(%) >0,X4) > 0) — 0 for all i, j € N. Then we get

2y

P (T =2) =p, P (Z XG>0 > x> o)
i=1 j=1

—py P (3(@',]') e{l,..., /P X >0x)> 0)

<p Y P(x{>0x()>0)
ij=1

=0

for all 2/ € IN. Therefore, there is a.s. at most one infected cell in every generation, and
since Surv= {77 > 1V n >0} P,-a.s. and P, (Surv) > 0, we get

P.(7; =1V n >0[Surv) = 1.
(b) For ¢t > 1 we are going to show that
P.(T* =tio.) =0. (2.10)

This yields
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for all ¢ > 1, i.e. the extinction-explosion principle for (7,%),>0. Since Ezt = {7, — 0}
P.-a.s. and thus Surv= {7, — oo} P.-a.s., (b) can be concluded.

To show (2.10) for every t > 1, we use the Markov chain BPG introduced in the
previous section. To this end, set

Ay =A{(t,r1,...,2,) € R" -z, > 2} c N'HE
for t > 1, and note that
{T.;) =t} = {BPG,, € A,} U{BPG, = (t,1...,1)} P.-as.
Furthermore, we have
P.(7; =tio.) =P,(BPG, € A, i.0.),

since (t,1,...,1) € R is a transient state, see Proposition 2.12.

Fix ¢ > 1 and use the notation 7,7, for the number of infected cells in the n-th
generation stemming from ancestor cell i, 1 <7 < t. Now, we get by the conditional
independence of the processes starting from different ancestor cells

2)(BPG,, & A, for all n > 1)

(TS >tf0ralln>1)

(T =21, T 2 LT > 2foralln > 1)

= ]E(m[IP(tx( 2> LT > LT > 2 forall n > 1le))]

E[P,, (7, > 1for all n > 1le)---P,, (7.7 > 1 for all n > 1|e)
P, (7,7 > 2 for all n > 1|e)],

(AVANVS

for (t,z) € Ay and x = (21,...,2¢). One possibility for the event in the last factor to
occur is: There are two infected cells in the first generation and in both of the resulting
branches the parasites survive. Note that both of these branches are conditionally
independent as well as independent of the first generation given the number of parasites
in the two starting cells. Moreover, the survival probability gets smaller if these cells
are only inhabited by one parasite. This leads to

P10, (BPG, ¢ A, for all n > 1)
> E[P,, (Survl|e) - P, _, (Surv|e)P,,(T;" > 2|e)P(Surv |[e]1)2]
> E[P(Surv |e) ' Py(T* = 2|e)P(Surv |[e];)?] =: ¢ > 0,

where we used x; > 2, Proposition 2.15 and the assumptions for the final line. In
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2. The process of infected cells

particular, this lower bound does not depend on x. Let 7y := 0 and
Tyt := inf{k > 7, : BPG, € A;}, n >0,
where, as usual, inf () := co. The strong Markov property yields

P.(Thy1 — Tn < 00|BPG,, = (t,),7, < o0)
- ]P(t@)(Tl < OO) =1- ]P(t,m)(BPGn ¢ At for all n 2 1) S 1l—c=:¢c<1

for all n > 1 and (¢,x) € A;. By iteration we get for n > 2

P.(r, < o0) = Z P.(BPG,, , = (t,x),Th — Th_1 < 00, Ty_1 < 00)
(t,x)eAs
= Z P.(7, — Tho1 < 0|BPG;, |, = (t,2), Th_1 < 00)
(t,$)6At
-P,(BPG,, , = (t,2), 71 < o0)

< ¢ P11 < 00)
< HPL(T < 00)
S Cnfl
and thus
P.(BPG, € A; i.0.) =P,(r, < oo for all n > 1)
= lim P.(7, < o0) < lim ¢! = 0.
n—oo n—oo
This shows P,(7,F =t i.0.) = 0 and completes the proof of (b). O

Now we prove a limit theorem for the process of infected cells (7,F),>0. This result
is an easy consequence of the martingale convergence theorem applied to the super-
martingale (u="7.),>0. Moreover, we can show a dichotomy known from the theory of
GWP’s, namely either this supermartingale converges to 0 IP,-a.s. or ;=" gives the right
normalisation, that is

{ lim p "7 > O} ={T; - o} P,-as.

n—o0

Proposition 2.18. Let z > 1. Under P, the process ("1, )n>0 forms a nonnegative
supermartingale with respect to (G, )n>0 and therefore converges P,-a.s. to an integrable
random variable L for n — oo. Moreover we have:

(a) L =0 P,-a.s. iff one of the following conditions holds
(i) p<1,
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(ii) Blog f{ (1) <0 or E [log™ (1 — f¢,(0))] = oo.
(b) P.(P.(L=0le)=1) € {0,1}.
(c) {L =0} = Ext P,-a.s. if P.(L=0) < 1.

Proof. The first part of the proof is similar to the one of Theorem 1.8 in [27].
Since integrability and measurability are obvious, we are left to prove the supermartin-
gale property. For n > 1 we have
]

Ty—1
700 - S F.

> Lizs0
veT? u=0

<) E.[T.|G]

veT
e
veTs
=u7,; P.-as.,

where we have used the independence of (T},)yj=, and G, for the second equality. Thus
(™" T.F)n>0 is a nonnegative supermartingale and the martingale convergence theorem
yields the P,-a.s. convergence to an integrable random variable L. This finishes the
proof of the first part of the proposition.

(a) Note that in the case p > 1 the process (u~"T,)n>0 forms a normalised supercritical
GWP satisfying the (Z log Z)-condition and is therefore uniformly integrable. Since

pw Ty < p T, n> 1,

the process ("7, )n>o0 is also uniformly integrable, and Proposition 2.9 yields

E.L = lim E, {T} = lim P, (Zy, > 0).

n—oo ILL n—oo

Therefore, Proposition 2.2 and Remark 2.3 imply that L = 0 P,-a.s. iff condition (7) is
fulfilled. On the contrary, if © < 1, then the GWP (7,,),>¢ is critical or subcritical and
as a consequence dies out with probability one. So for almost every w there exists a
no(w) € Ny, such that 7.*(w) < Tp(w) = 0 for all n > ng(w), and thus L = 0 P,-a.s.
(b) W.l.o.g. suppose P, (L = 0) < 1, for otherwise P.(L = 0|e) = 1 P,-a.s. Then, part
(a) ensures p > 1 and, as before, (u="7,)n>0 forms a normalised supercritical GWP
satisfying the (Z log Z)-condition. Therefore, the independence of (7},),cy and e yields

J =i s B[Eag ] =0 oas,

a— 00 nelNg

lim sup E, {T (% 2>a) | ©

a— 00 nelNg
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i.e. (" Ty)n>o is uniformly integrable under P, (-|e) P.-a.s., and so the same holds true
for (u="7T.)n>0. Thus, with the help of Proposition 2.9 we infer

E.[Lle] = lim E, V"*

n—00 n

e] = lim P,(Zy, > 0le) = E, | lim P.(Zy, > 0|€)‘ e}
n—00 n—r00

P.-a.s. Setting ¢.(§) := lim, . P.(Zy, = 0[£), we have ¢,(§) = q1(§)*. Note that
P(q:(§) = 1) € {0,1} according to Proposition 1 in [8], since (Zy,),>o is a BPRE.
Therefore, P,(q.(§) = 1le) = 1 P.-a.s. or P,(¢.(§{) = 1le) = 0 P,-a.s., and thus
E.[Lle] = 0 P,-as. or E,[Lle] > 0 P,-a.s. Since P,(L = 0) < 1, this gives us
P.(P,(L=0le)=1)=0.
Altogether, we have P,(P.(L = 0le) = 1) € {0, 1}, as desired.

(c) Note first, that Fzt C {L = 0} P,-a.s. Now, consider for every n € IN the first
time the number of contaminated cells is greater than or equal to n, i.e.

7, =inf{m e N: 7> > n}.

Observe that for m € IN, we have

7:+l = Z 7?*(“)7 ! Z 07

ueTs,

and thus
* 1 *
I = lim ot — Z hmﬁ_(u),
l—so0 Mt pym S oo L

where 7,*(u) is the number of infected cells in the [-th generation of the BwWBPRE with
root cell v and Z, root parasites. According to our model assumptions, these processes
starting in the cells u € T}, are conditionally independent given G,,, and are evolving as
the original process under P with the shifted environment [e],,, apart from the fact that
there might be more than one parasite in the starting generation. Therefore, we get for
neN

P.(L=0)<> P.(r,=m,L=0)+P.(r, = o0)

m>1
=3 (=i () {im T o} ) e = )
l=oo U
m2>1 ueTs,
T
=St | () {0 <0} 6 ) |+ Butr =0
m2>1 i ueTs,
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=Y E. H{T_m}H]P (HOO Uzo‘gm) +P.(7, = 00)

< ZE [Lrmmy - P(L = 0[fe] )] + P (7, = o0)

< mZE [P.(7 = mle) - P(L = 0|[e],n)"] + P.(7,, = o0)
:Timmzmmzm@:on Jm)"] + - (7, = o)
= %PZ(T” = m) - E. [P(L = 0le)"] + P.(7, = <)

< E.[P(L = 0le)"] + P.(r, = 0),

where we used the i.i.d. property of the random environment in the antepenultimate and
in the penultimate line. If P,(L = 0) < 1, we have P(L =0) < 1 and P(L =0le) < 1
a.s., according to part (a) and (b). Hence, the extinction-explosion principle for the
process of contaminated cells yields

P.(L=0)< lim P,(7, = o0)

n—o0

= lim P, <sup T < n)

n—oo m>1

=P, (Sup T, < oo)

m>1

= P, (Ezt).
Combining this with Fzt C {L = 0} P,-a.s., completes the proof. O

With the previous proposition at hand, we can take a look at the notion of a recovering
organism. In [11] Bansaye called an organism recovering, if the number of infected cells
becomes negligible compared to the total number of cells as n — oo. Therefore, we
analyse the asymptotic behaviour of " . Note that in our model the cell process is a
GWP that may die out, and obv10usly, the notion of a recovering organism only makes
sense if the cell population survives. Thus, we let Surv.n denote the survival set of the
cell population (7,),>0, and we say that an organism recovers if the number of infected
cells becomes asymptotically negligible compared to the total number of cells on Survey.
An immediate consequence of Proposition 2.18 is the following

Corollary 2.19. Let u > 1 (or equivalently P(Surveey) > 0). The organism is a.s. re-
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covering, i.e.

=3

— 0 a.s. on Survey,

A

as n — 0o, iff
Elog fg’o(l) <0 or E[log (1— fg(0))] = oo.

Moreover, if the organism is not a.s. recovering, then the parasites need to die out for
the organism to recover.

This completes our analysis of the long-term behaviour of the process of infected cells.

2.5. The number of cells with a given number of
parasites

In the final section, we come back to the process (F,(k)),>o of the number of cells with
exactly k parasites defined in (2.3). In Corollary 2.11 we compared this quantity to the
expected number of cells. Here we compare it to the number of cells (7,),>0 and the
number of infected cells (7,),>0. This is done in the next

Theorem 2.20. Let z > 1 and P(Surv) > 0. The following assertions hold for k > 1:

(a) nh_}rgo P, (F%k) > 6‘ Surv) =0 for all e > 0.
(b) If Ellog f¢,(1)] > 0 and Ellog™ (1 — f¢,(0))] < oo, then

nll—>r2<> W(nﬂ)e] =0, n probability and in L' under P,.

(c) If Ellog f¢, (1)] > 0 and Ellog™ (1 — f¢,(0))] < oo, then

F,
i . (2

n—00 7;*

Surv) =0

for all e > 0.

Proof. (a) First note that (7,),>0 is a supercritical GWP satisfying the (Zlog Z)-
condition. Therefore, (7,/1"),>0 converges a.s. to an integrable random variable, say
T, satisfying {7 > 0} O Surv. Hence, we get with the help of Corollary 2.11

T Tn/ 1"
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ie. lim, . P, <F%k) > 6‘ Surv) =0 for all ¢ > 0.

(b) In the given situation, Theorem 5.3 in [51] tells us
P.(Zyv, > 0o0r Zy, > 0c0asn—oo0l) =1 as.

Therefore, the dominated convergence theorem ensures
hmPA&Q:M@:EJﬁmPMw:M@F}Zoa&
n—00 n—00

Furthermore, since lim,, o, IP,(Zy,, > 0) > 0 according to Remark 2.3, a similar reasoning
as in the proof of Proposition 2.18 part (b) yields

lim P,(Zy, > 0le) = lim (1 —P,(Zy, =0le)) >0 a.s.
n—oo n—oo
So, another appeal to the dominated convergence theorem gives us in combination with
Proposition 2.9
n—oo

(k) ] _ _ .
Ez []Ez['ﬁ{'ﬂe]} - EZ[IPZ(ZVn — k|ZVn > Oa )] — 07

which is the desired result.
(c) Using Proposition 2.18, we have P,(L = 0) < 1 and {L > 0} = Surv P.-a.s.
Therefore, Corollary 2.11 yields

Fn(k)]l _ Fu(k)/p”

P,
,7—* Surv — T*/Hn ]lSurv — 07

e, Timy oo P (5 > 2| Surv) = 0 for all & > 0. O

41






3. The process of parasites

Now, we are turning to the process of parasites (Z,),>0. In Corollary 2.14 of the
previous chapter, we have already seen that this process satisfies an extinction-explosion
principle.

In the following section, we will take a closer look at the P-a.s. extinction of the process
of parasites. Afterwards, after a proper normalisation, we establish a convergence result
for the process (Z,),>0 by means of the martingale convergence theorem. Furthermore,
we give conditions for L?-boundedness of this normalised process. Then, we come back
to the earlier mentioned method of size-biasing and construct a size-biased BwBPRE.
This enables us to prove a dichotomy on the asymptotic behaviour of the normalised
process of (Z,),>0. The final section of this chapter deals with the process of parasites
along the spine in the here given spinal construction.

Similar results can be found in [27].

3.1. The a.s. extinction of the process of parasites

Again, we have to distinguish the cases Po(7;* = 2) > 0 and Py(7;* = 2) = 0. Let us
start with the latter one.

Proposition 3.1. If Po(7;* = 2) =0, then P(Ext) = 1 iff
E[logE[Z|Th,e0]] <0 or Ellog™ (1 —P(Z; =0|Tp,ep))] = oc.
Proof. Let Po(T;* =2) =0 and py > 0. As seen in the proof of Theorem 2.17, we get
P.(7,<1Vn>0)=1,

for any z € INyg. Obviously, this is also true in the case ps = 0. Hence, the process

(Zn)n>0 1s equal in law to the BPRE (Z,),>0 in i.i.d. random environment (7o, €y )n>o0,
where Z; = 1 and

Zu= 30 (XS 4 ), nza

If pg = 0, we see with the help of (1.3) that this BPRE satisfies E|log E[Z|Ty, eo]| < oo.
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Therefore, according to results in [8] and [50] we get P(Ezt) = 1 iff
Ellog E[Z1|Tp,e0)]] <0 or Ellog™ (1 —P(2, = 0|7}, ep))] = oo.
If po > 0, we have P(Ezt) = 1 as well as Ellog E[Z|T), eq]] < 0. O

Unfortunately, we cannot give a full characterisation of IP-a.s. extinction in the case
Po(TF =2) > 0. At least, we can state a necessary condition and a different condition
which is sufficient. We start with the necessary condition.

Proposition 3.2. Let Po(7;* =2) > 0. If P(Ezt) = 1, then we have
EllogE[T le]] <0 or Ellog (1 —-P(7; =0[e))] = o0
for all n € INy.
Proof. Suppose that there exists an m € INg, such that
EllogE[Txle]] >0 and E[log (1 —P(7,: =0le))] < co.

Then one can consider the supercritical BPRE (.S,,),>0 with Sy = 1 and generic random
generating function E[s7=|e]. Note that

P(S, > kle) <P(T,, > kle), k € Ny,

since the presence of more than one parasite in an infected cell increases the probability
to get more infected cells. Moreover, the BPRE (5,,),>0 is supercritical and satisfies

Ellog™ (1 — P(S; = 0le))] = E[log™ (1 — P(7,; = 0le))] < co.
Thus, Theorem 3 in [8] or Theorem 3.1 in [50] yields

lim P(7, > 0) > lim P(S, > 0) > 0,

n—oo n—oo
i.e. parasites survive with positive probability. This is a contradiction. O

The sufficient condition for a.s. extinction is content of the next

Proposition 3.3. Let Po(T* = 2) > 0. If sup,en, Ellog™ E[T7|e]] < oo, then we have
P(Ext) = 1.

Proof. Assume P(Surv) > 0. We have

P(7; — oo|Surv) =1
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3.2. The process of parasites and two martingales

according to Theorem 2.17, and therefore
P(7,) — oo, Surv |e) > 0
with positive probability. Using Fatou’s lemma, we get

liminf E[7"|e] > E |1 gy 1i
n—00

n—oo

] = o0
with positive probability and thus, using Fatou’s lemma once again,

oo > sup Ellogt E[T,*|e]] > hm mf]E[logJr E[T7le]] > E [hm inflog™ E[7,}|e]| = oc.

nelNg n—oo

This is a contradiction. O

3.2. The process of parasites and two martingales
Note that the number of parasites Z, in the n-th generation, n > 1, can be written as
T (e ).
veTy _; =1
Let us introduce

vien) =FE [X(O )y x T

e|, Ivl=n

for n € Ny, and

n—1

va(e) = [ ] v(e),
i=0
where 1y(e) := 1. Note that assumption (1.3) ensures

0<v(e) <oo P-as.

Using (v,(e)),>0 as a norming sequence, we can state a first convergence result for
the process of parasites (Z,),>0. The corresponding process (W, ),>o given by

Zn

W= e

will be analysed in greater detail here and in the following chapter.
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3. The process of parasites

Proposition 3.4. Under each P,, z € Ny, the process (W,)n>0 forms a nonnegative
martingale with respect to (Gn)n>0 and therefore converges P.-a.s. to an integrable
random variable W satisfying E.W < z. Moreover:

(a) {P(W > 0l|e) >0} = {P(W > 0|[e];) > 0} P-a.s., and therefore

P(P(W = 0le) = 1) € {0,1}.

(b) If P(W =0) <1, then {W =0} = Ext P-a.s.

Remark 3.5. Another natural norming sequence would be (v"),>o, where v is the
annealed mean of Z;. However, as we will see later in Proposition 3.13, it turns out that
this norming sequence is in general not suitable.

Proof. 1t is clear from the definition of G, that W,, is G,-measurable, n > 0. Moreover,
forn >0

Ez[Wn+1’gn — Vn+1 Z ZE |: (0.1) +X (LT) gn]
veT, i=1
Zs i
—vi1(0) Y Y E 1500 E [XZ{? +x gn,Tv] }
veTy i=1 )
Zs i
=vni1(e) " D) E |Lig0E [X‘ )+ X0 ”Qn]
veT,, i=1 B
Zs i
e D $OB [X0 4 X0 per 0
veT, i=1
Zy
= Vn-i—l(e)_l Z Zy(en)
veT,, i=1
=vpi1(e) v(e,) - Z Zy
UETn
=v,(e) ! 2,
=W, P,-as.,

where we used the independence of (75,)|y=n and G, for the fifth equation. Regarding
the fourth equation note that

e, X0 x0

kaw? kw7k>1‘w‘<n_1
e],

E [X(O) +x

G,. T } _E [Xi(f;) +x

—E X0+ X{)

46



3.2. The process of parasites and two martingales

kaw? < kaw

where we used the independence of ((X O x (1)>k ,e) and (T)wev, and a
>1,weVv

similar calculation as in (2.5). Since the integrability follows from the above by iteration,
(Wy)n>o forms a nonnegative martingale with respect to (G, )n>0 and the martingale
convergence theorem ensures the IP,-a.s. convergence to an integrable random variable
W. Finally, E,W; = 2z in combination with Fatou’s lemma yields

E. W <liminf E,W,, = z.

n—oo

(a) First, we are going to show {PP(W > 0le) > 0} C {P(W > 0|[e];) > 0} P-a.s. To
that end, we choose w € {P(W > 0|e) > 0} and suppose P(W > 0|[e];)(w) = 0. Similar
to (2.7), one can show that this entails

P (W > Offe]1) ) = 0
for every (t,z) € R" and almost all such w. Then

0< P(W > 0le)(w)
- Z]P(T@ =1,Zy = zle)(w)P.(W > 0|[e];)(w)

+ Y P(Ty =22 = 20,21 = 21[e)(@)P (0,00 (W > 0l[e]1) ()

20,2120
zo+z1>1

= 0.

This is a contradiction and so {P(W > 0le) > 0} C {P(W > 0|[e];) > 0} P-a.s. Since
the environmental sequence e is i.i.d., we also get

P(P(W > 0le) > 0) = P(P(W > 0|[e];) > 0),

and therefore {P(W > 0le) > 0} = {P(W > 0|[e]1) > 0} P-a.s. The second assertion
follows from the ergodicity of the shift operator.

(b) This part follows similar to part (c¢) of Proposition 2.18. First note that obviously
Ext C{W =0} P-as.
If Po(7F =2) =0 and P(W = 0) < 1, then the law of the process (Z,),>0 equals the
law of a BPRE, as seen in the proof of Proposition 3.1. Therefore, Theorem 1 in [9]
gives us {W = 0} = Ext P-as.
Let Po(7; > 2) > 0. Again, as in the proof of Proposition 2.18 (c), consider the first
time the number of infected cells is greater than or equal to n € IN; i.e.

7, =inf{m e N : 7 > n}.
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3. The process of parasites

Now, for m € IN we have

Zper= Y Z(u), 1>0,

ucT?,

and thus

W = lim

lim

Zm—H B 1 Zl (U)

1500 Uppi(€)  v(e) e

1% Vpesi(€) V(@)

where Zj(u) denotes the number of parasites in the [-th generation of the BwBPRE
starting in the cell v with Z, root parasites. These processes, starting in the cells
u € T, , are conditionally independent given G,,, and evolve like the original process
under P with the shifted environment [e],,, except for the fact that there might be more

than one parasite in the root cell u. This gives us for n € IN

P(W=0)< Y P(r,=m,W =0)+P(r, = )

m>1

— Z]P {tn, =m}nN ﬂ {E&%:O} + P(7, = 00)

m>1 ueTs, vm(€)

- Zi(u)
- ZE L =m P ﬂ {lli)rilo Vmti(€) :0} G

m>1 L uGT:‘n ym(e)
+ P(7, = 00)
. Zi(u)
= Z]E 1 =my H P (llgilo ) = 0
m>1 ueT?, vm/(e)

IN

m>1

(]
=

Qm> + P(7, = 00)
Z E [-]l{m:m} . IP(W = Ol[e]m)ﬁﬂ + IP(Tn = OO)

[P(7n = mle) - P(W = 0][e],n)"] + P (7 = 00)

= Y P(r,=m) - E[PW = 0|[e],,)"] + P(r, = c0)

= Y P(r, =m) - E[P(W = 0]e)"] + P(r, = )

< E[P(W =0le)"] 4+ P(r, = o),

48



3.2. The process of parasites and two martingales

where we used the i.i.d. property of the random environment. If P(W = 0) < 1, we have
P(W = 0le) < 1 a.s. according to part (a), and the extinction-explosion principle for
the process of infected cells (Theorem 2.17 (b)) yields

P(W =0) < lim P(7,, =c0) =P (supm < oo) = P(Ext),

n—oo m>1

where we recall that we are in the case Po(7;* > 2) > 0. Together with Ezt C {W = 0}
P-a.s. this gives the desired result. O

Sometimes it is convenient to have W defined on the entire probability space (2,21, IP).
Therefore we put W := limsup,, ,,. W,.

Now, we turn to the problem of finding conditions that ensure P(/W > 0) > 0. An
obvious sufficient condition is uniform integrability (u.i.) and a fortiori L*-boundedness
of (Wy,)n>0. Later, in Theorem 4.5, we give a necessary and sufficient condition for u.i.,
but here we start with the L?-setting. First, we compute the quenched and annealed
second moment of our martingale (W,,),>o in order to make assertions about the L?-
boundedness under P(-|e) as well as under P. To give the following expressions in a
more compact form, let us introduce the notation

p
vP(e,) =E [(Xl(?f“) + Xl(ijT”)) ’e} . vl =mn,
for n € Ny and p > 0, and note that v (e,) = v(e,). Moreover, define

Blen) = p-Elfg (Lle], ale,) = p-E[fg, (1)’le], n=0,

and

and put

o’ ::Var( 21 ) 7= E[r " (e)], ﬁ::u-E{f/g(l)]

v(ep) v2(ep)

Then we get the following
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3. The process of parasites

Proposition 3.6. Suppose (W,,),>0 is square-integrable. For any n > 1 we have

k=0
n—1 k—1
Po 1 ag_1(e)
p(ej)v;(e) P-a.s
p1+p2 vi(e) pard aj(e) i)V

and

k=0 Pitpe T =0
In particular
n—1 n—1 k—1 ]7 Vi
Var W, = o2y ik 4 12 By ot <—) (3.2)
k=0 (N £ s =0
Proof. Note that
Zy OTU) + X(l T,)
W1 — -1, (3.3)
vG']I‘n i=1

and that (W,,),>¢ forms a martingale under P(-|e) with respect to the filtration (F;,),>0-
The latter is immediate from the proof of Proposition 3.4, and by our assumption this
martingale is P-a.s. square-integrable under P(-|e). Therefore, the orthogonality of
martingale increments yields

n—1

E(W2le] =14 > E [(Wip — Wi)*| €]
k=0
n—1 g OTU) X(l Ty) 2
:1+Z 2 (ZZ( + —1)) e P-a.s.
k=0 veT, =1

Denoting the quenched expectation on the right hand side of the previous equation by
I}, we get

Iy = Ip1 + o+ I3,
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3.2. The process of parasites and two martingales

with
[ 2
Zy Xl(?; T) Xﬁ T,)
Ik,l = E (e ) _ e
| veTy, i=1 Vi€
i 2
Zy X@(?JT”) +Xz(2Tv)
=k I -1 Fr,e||e
_"UGT]C =1 V(ek:)
[ Zy (0,Ty) (1,Ty)
Xi v + Xz v
=FE Z E < o(er) ) e 1]]e
_vG’]I‘k =1
v (ey)
= — 1) E[Z.|e
(,/2<ek ) [ k| ]
(2)( )
1% €
= < ler) 1) vi(e) P-a.s
and
] ]E Z i XZ.(,?;T’U) + Xi(i;Tv) 1 X](S;Tv) _I_ X](71U7Tv) 1
k2 = _ . e
veTy i,5=1 V(ek> V(ek)
L i#£] |
Zy B (O,Tv) ( 7Tv) (O,Tu) (I,Tv) -
X; + X, X + X!
= E E 1,V 7,V o 7,v 7,0 . 1 Fk’ e e
vez’ll‘k z%:l _( v(er) > ( v(ey) |
17]

Zy - 0,1) (1,T) (0,T) (1,7)
- g ]E ( HU LY 1> ( 7 Js 1) e] e

v(er) v(ey)
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3. The process of parasites

Do 2
= -IE Z,— Zile| P-as.
D1+ P2 v%r:k
as well as
; . Z i Xi(,?),Tu) + Xi(i),Tv) . Zzw X](’(z,UTw) + XJ(;,JTw) ,
= — — e

3 : v(er) A v(er)

U’Z;U;ffk =1 j=1

Zv Zw i (OvTU) (lvTv) (Ova) (lva)
X; + X, X + X
- Z Z ZE ( i iv B 1>< Jyw J,w - 1) ‘ fk, e] e

vweTy, i=1 j=1 v(er) v(er)
e] e

| vtw
where we used the conditional independence of (Xi(g’T”), Xi(,i’T”))izuv‘:k and Fj, as well
as the conditional independence of (Xi(,?))7 Xl-(i))) and (X ;2)), X ](1”)) if 1 # j and the condi-
tional independence of (XZ-(S}’T“),X&’T“)) and (X ](SLTW),X ﬁ;”)) if v # w. Further, using
Proposition 2.9, we can conclude

S 72—z

’UETk

Z'u Zw _Xi(?ij) _|_ Xz(i,Tv)

S PIPRBLEEE

vweTy, i=1 j=1 v(er)
| vFW

=0 P-as.,

-1

v(e)

] E [Xﬁf“ X0
e

E e

= WE[Z}, — Zv,|e] = n"E[f/¢(1)]e]

— 1 (U ) (D2le] + BLf (0 F, (1)]e])
— i (U1 (Dle] - BLf, (1)7le] + ElZy,_, le]- BLfZ_, (Dle])
_ ok " ofep1) | vr-ae) Pler—)
= i (Bl - 28] 2ea(E) Ho))
Y A%-1(8) 36 V(o) P-as.

= ajle) ’

where we used the definitions made beforehand. Altogether, this yields

s L (PP
it =1+ 3o (S )

52



3.2. The process of parasites and two martingales

B(e;)vj(e) P-as.

Since the environmental sequence is i.i.d., we obtain for the annealed second moment

EW2] =1+ HZIE[I/k_l(e)] 'E {VV(E}SS) - 1}
S S e e e e
=1+ ::: " szo) — 1}
T {ffé?ﬂ (B o) (E Uéiiiﬂ )

Now, the formula for the variance is a consequence of E[WW,] = 1. ]
We can make a case analysis to give more explicit formulas for the variance. Put

Po
p1+ D2

C =

The results are summarised in the next
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3. The process of parasites

Corollary 3.7. Forn > 0, the variance of W, is given by

no? + ¢ R p=1a=1,
1 — o™
S S (A S =101,
1—« l—-«
11— 1—"
VarW,, = { o? V~+ Cﬁ~ n— V~ ; v#1l,a=1,
" 1-0v 1-7 1—v
11— 1—na"t+(n—1)a"
2 ~ ~
o 1_ﬁ+cﬂ 1= ay , vElLa#1lv=a,
1 —pn 1—a” 1—7m
2= B T 2TV ) b4LatliAa
1—-v a—rv \ 11—« 1—v

Proof. Using (3.2) from Proposition 3.6 and the formula for the partial sum of the
geometric series, the above expressions in the different cases are readily obtained. [

With the help of Proposition 3.6, we can give conditions for the L?-boundedness of
(Wy)n>o under P(-|e) as well as under P. We need the following

Lemma 3.8 ([32], Lemma 3.1, [26], Theorem 1). Let (cu,, Bn)n>0 be a stationary and
ergodic sequence of nonnegative random variables. If E[log ag] < 0 and Ellog™ 3y] < oo,
then

Zozg c Q1P < 0 P-a.s.
n>0
The previous proposition and the cited lemma entail
Theorem 3.9. Let E[logv(eg)] > 0, po > 0 and suppose (Wy,)n>0 s square-integrable.
(a) For P-almost all e, the martingale (W,,),>o is L?-bounded under P(-|e) iff

! (V(2)(e"> — 1) < 0

v2(ey)

and

These sums are P-a.s. finite if

E (logE <%>2

log* E[fg;(l)le]] e

Elfe,(1)%[e]
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3.2. The process of parasites and two martingales

fe (1)

v(eg)

and T |logk

(LY

(b) The martingale (W,,)p>0 is L*-bounded under P iff

e” < —logu <k {logE [

Var(y(zelo)><oo, Elv(e))] <1 and E

(fgo<1>)2 1
< —.
v(eo) H
Proof. (a) The first assertion is a direct consequence of Proposition 3.6 because all

summands are nonnegative. For the second assertion we use Lemma 3.8. Regarding the
first sum, note that

Ellog v (e0)] = ~E[log v/(e0)] < 0

2 Z \?
E {long (y 3 (e0) — 1)] <E (—1) e|| <oo.
v?(eo) v(eo)
Thus, the P-a.s. finiteness of the first sum is a consequence of Lemma 3.8.
For the second sum, note that

and

log" E

n>0 va(e) 5=0
1 - o .
= Ueo) Z 52(&)) - ﬁ(iff) 2 ZEE; - ZEZ; ﬁi;
Furthermore, the assumptions ensure
e” < 0,

oo er] =i = o s[5
. Elf(0)e

E[f{,(1)*|e]
E {log 5‘2((2))} —logu+ (]}(Oéj)))Q e” <0.

Hence, Lemma 3.8 gives us the P-a.s. finiteness of the second sum.

E {long ﬂ} = |log

a(e)

as well as

log I
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3. The process of parasites

(b) Recalling E[W?2] from (3.1) in Proposition 3.6 and using the definitions made
prior to Proposition 3.6, we see that (W,,),>0 is L*-bounded under P iff

0’ <oo, » E[~ " < o0, E{flg(l)}<oo

v2(ep)

(f &% >) ]) (Bl (eo)])’ < oo.

First note that Var(Z;/v(e)) < oo implies
)=

o[ g[p [ 2

v2(ep) v2(ep)

mdjz§:<

n>0 j=0

Furthermore

5 (i (Z0)]) e ey

n>0 j=0

>y (e

720 n=0

()

and this double series is obviously finite iff

Ert(e)) <1 and E

()5

This completes the proof. n

Remark 3.10. Obviously, one can prove part (b) of the previous proposition by
considering the different cases according to Corollary 3.7.

With the previous proposition at hand, we can give sufficient conditions for L2-
convergence of the martingale (W,,),>0, which in turn also ensure L'-convergence of the
martingale, and thus the nondegeneracy of the martingale limit W. This is stated in
the next

Corollary 3.11. Ifo?> < oo, 7 < 1 and a < 1, then

lim E(W, — W)? =0,

n—oo
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3.2. The process of parasites and two martingales

and hence

o? e
EW =1 WV = d P =0) =P(Ext).
W=1, VarW 1—D+(1—a)(1—17) an (W =0) (Ext)

Since the conditions stated above are not necessary for L!-convergence, this is not
the end of the story. Later in Theorem 4.5 we give a necessary and sufficient condition,
using the size-biased construction of the next section.

We close this section by giving two consequences from Proposition 3 4 The first one
is an easy consequence of the SLLN and yields the convergence of Zr™ $0 a finite and
positive constant on the event {WW > 0}. Note that E|logv(ey)| < oo by (1.3).

Corollary 3.12. On the event {W > 0} we have

1
lim —log Z, = E[logv(eg)] P-a.s.

n—oo M

Proof. For any w with W, (w) — W (w) € (0, 00), we obviously have lim < log W, (w) = 0.
n_>00
Furthermore, by the SLLN

1
lim —logv,(e) = lim — Zlogu e;) = E[logv(eg)] P-as.,

n—oo N n—oo M,

and thus

1
lim —log Z, = lim — logW + lim —log vn(e) = Ellogr(eg)] P-a.s.

n—oo M n—oo M n—oo N
on the event {W > 0}. O

Finally, we take a look at another possible norming sequence for (Z,),>0, namely
(V™)n>0, where v is the annealed mean of Z;. It is easy to see that (Z,,/v™) forms again
a martingale, and we can further deduce that (™), is not a suitable norming sequence
for the process of parasites, unless v(e) is deterministic. This is stated in the next

Proposition 3.13. The process W, .= v"Z,, n > 0, forms a nonnegative martingale
with respect to (Fp)n>0 and thus converges P-a.s. to an integrable random variable W.
If v(ep) is nondeterministic, i.e. Var(v(eg)) > 0, we have W =0 P-a.s.

Proof. Obviously, Wn is F,-measurable, n > 0. Furthermore for n > 0 we have

ZaalBal = 3 5B [X0T 4 x

veT, i=1

7|
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3. The process of parasites

_ Z ZE |:X(O,TU) 1 x )

veT, =1

-y YEz

veT, =1

where we used the independence of Xf’?}’T”) + XZA(L’T”) and F,, for the second equality. The

integrability follows from the above by induction. Hence (W),,),>o forms a nonnegative
martingale and the martingale convergence theorem ensures the P-a.s. convergence to
an integrable random variable TW.

For the second part note that Jensen’s inequality in combination with the fact that
v(ep) is nondeterministic implies

Elog v(ep)] < log Ev(eg) = logEZ;, = logv.

Therefore, by the SLLN

vp(e)\ " 1
n - 2N logr(e;) —1
( T ) exp <n; ogr(e;) ogy>

— exp (Ellogv(eg)] —logr) <1 P-as.,

and together with Proposition 3.4 we get

vn(e)

Wn =W, - — 0 P-as.,

that is W = 0 P-a.s. This completes the proof. O

Remark 3.14. The second part of the previous proposition can also be proved by
means of Kakutani’s product martingale theorem. In fact, the process (v,(e)/v")n>0
forms a nonnegative product martingale, and since v(ey) is nondeterministic, Jensen’s
inequality implies
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3.3. Size-biasing II

Therefore

n

[IE

k=0

v(ex) 1/2
(—) =¢""' 50, asn — oo.
v

This yields v,(e)/v"™ — 0 P-a.s., as n — oo, and we can proceed as before.

3.3. Size-biasing 11

This section provides us with the tools to give the desired necessary and sufficient
conditions for the nondegeneracy of the martingale limit W in Chapter 4.

We come back to the method of size-biasing discussed in Section 2.1. References and
a short description of the method can be found there. This time we are interested in the
construction of a size-biased tree, not just in picking a random cell line. Furthermore,
we pick the spine along the parasites rather than the cells.

Before formally constructing the size-biased process, we give an intuitive description
of the method, which is also depicted in Figure 3.1.
Given the random environment e, we want to construct a spine in our cell tree. Therefore,
every cell along the spine needs to have at least one daughter cell. For convenience, we
let spinal cells produce one daughter cell with probability p;/(p1 + p2) and two daughter
cells with probability pa/(p1 + p2). Note that this is not the size-biased cell distribution.
Now, we describe how the spinal cells are chosen.
At generation 0, we start with a single cell and a single parasite, called the spinal
cell and the spinal parasite of generation 0. This cell reproduces according to the
cell distribution specified above, and the parasite produces offspring and shares these
into the daughter cell(s) according to a size-biased parasite distribution specified later.
Among these offspring, the spinal parasite of the first generation is chosen uniformly,
and the cell containing this parasite becomes the spinal cell of the first generation.
Now, the same procedure applies to the spinal cell and the spinal parasite of the first
generation, while the possible other cell and the other parasites multiply in the original
way. In particular, the possible other cell of the first generation starts a usual BwBPRE
- potentially having more than one starting parasite - in the shifted environment [e];.
This goes on indefinitely.
As already mentioned, the above described evolution of the size-biased process is
visualized later in Figure 3.1 and includes the notation we introduce next.

Let (T, Ch, (X,SO), )A(T(Ll)))nzo be a sequence of random variables satisfying the following
properties:

. (Tn)nzo is an independent sequence and independent of

((ém (X0, X))zo, (To)uev, (X0, XD ks 1vev, e) :
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3. The process of parasites

e Given e, the random variables (C’n, (X,(LO), Xﬁl)))wo are independent and indepen-
dent of ((T,)uev, (Xpo X\ iz 10ev).-

e The distributions are defined by

P(n:u<ﬂ%xw)eAafdp>

n

V(]Z ] P ((Xgm,Xl(lo*n) €A X1 0w +X{}O)M > l’ e) P-a.s.,

for t € {1,2}, A CINZ, 1 > 1, and 0 otherwise.
This yields for the marginal distributions

Dt

) ,ifte {12},
P(T,=t) =< P11+ D2
0, otherwise,
and
1
o B 1 yea) (Kb + 600 ]
p (( ,@,X,gl)) e A‘e) _ : : P-as.,
B | X{0on + X (] €]
for A C N2, as well as
) P (X{D + X0 > z) e)
P(C, =lle) = P-as., [>1.

E | X{Qon + X{Gen

d
Here, the sequence (Tn)nzo describes the multiplication of the spinal cells, the sequence
()AQ(LO), xWm Jn>0 describes the multiplication of the spinal parasites and the sequence

(C'n)nzo describes the choosing of the spinal parasites.
Note that for zg, 1 € INg, with 29 + 21 > 1 and 1 <1 < ¢ + 21

N ~

P(C, l]X(O) = xo,X,sl) =1,€) =

n

P (X}(LO) = xO,X,Sl) =x,C, = l|e)

P <X7(7,0) = Z’O,Xy(Ll) = .Clﬁl‘e)
1

To + X1

This means that C,, picks uniformly at random one of the offspring of the spinal parasite
of the n-th generation to be the spinal parasite of the (n + 1)-st generation.
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3.3. Size-biasing II

Note that this structure including the sequence (T}, Cy, (X. X0, X,Sl)))nzo shall be the
same under any P,, z > 0, where the spinal parasite of the root cell is chosen uniformly

among the root parasites.
Next, we define the random variables V; := () and V,,;1 := V,,U,,, n > 0, where

~

Un = ]]-{C'n>XT(LO’Tn)}’ n Z 0

Here the notation X,sk’l) is the same as for the nonhatted version. Thus, (Vn)nZO is a
cell line in the cell tree and V,, gives the cell the spinal parasite of the n-th generation is
living in. Furthermore, put Ay := 1 and

Ty . if v ="V, f >0
AW _ {uSTn—l}: if v or some n > 0,
1u<7,—13As, otherwise,

for all v € V and u € {0,1}, as well as Zy := Zy and

Z},n 1
XZO\L/Tn) + X0 T if y = V), for some n > 0,
A i=1 !
> |
otherwise,

for all v € V and u € {0, 1}. Finally set

v o

_ {Tn, if v =V, for some n > 0,

T,, otherwise,

for all v € V.

Now, the corresponding size-biased branching within branching process in random
environment, BP := (BP,,),,>¢, is given by BP,, := (AU,ZAU)‘U‘:R, and the size-biased
b/r\cmchmg within branching tree in random environment, BT := (E/B'\I'n)nzo, is given by
BT, := (Ay, Zy) v <n-

Now, the quantities T, ']AFH, ﬁ, T;‘L, 72* and Z,A’n, n > 0, are defined in an obvious way
for the size-biased BwBPRE .

In the following figure, a realization of the first three generations of the size-biased
BwBPRE is shown. The spinal parasites and the cells they live in are represented by
s and [, respectively, whereas normal cells and normal parasites are represented by
the corresponding circular versions. Here, the nonspinal cell 0 starts a BwBPRE in the
shifted environment [e]; with two ancestor parasites, and the cell 11 starts a BwBPRE in
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3. The process of parasites

the shifted environment [e], with one ancestor parasite. The spinal cells up to generation
three are given by Vy =0, V; = 1, Vo = 10 and V3 = 100, and the corresponding parasite
counts are Zy, =1, Zy, =4, Zy, =3 and Zy, = 5.

VO = | w— gen. 0
oo XA/l =1 :?7 gen. 1
/]
BT ‘72 =10 .x: gen. 2
7 ot (11) 3
V3 =100 [¢ & BT gen.

Figure 3.1.: A realization of the size-biased BWBPRE up to generation three

To derive the relation between the law of (|§'\|', e) and the law of (BT, e) we need a
Lemma 3.15. Let n € INy.

(a) For all xg,x1 € Ny, t € {1,2} and 0 < u <t —1 we have

P <X7(10) = xo,Xﬁ}) =21,T, =t,U, = u’ e)

()
pix 0 1
= e F (X{,gm = 20, X, = xlj e) P-a.s..

where £ = 2o + xq, 2% =z and (M2 = 2.
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3.3. Size-biasing II

(b) Forallt € {1,2}, 0<u<t—1, (2,)o<v<t—1 € Nf and z € N

A

P, ((Zv)ogvgt—l = (zv)OSUSt—hTO =1, Uy = U‘ e>

1 2z,

V(eo) > IPZ ((ZU)OSvSt—l = (zv)OSUSt—hT@ = t’ e) IPZ—(I.S.

In particular,

P. (Zoosese 1 = (2)ozuse 1, To = t] )
1 Yz,
= —Zu_(] IPZ ((Zv)ogygtfl = (Zv)ogugt—bjb = t| e) IPZ_G'S'
V(eo> z

Proof. (a) We establish the assertion just for t = 2 and u = 0, as the other two cases
can be proved in a similar fashion. For xg,x7 € Ny, t = 2 and u = 0 we get

~

P (f(,(ﬁ) — 20, XV =2, Ty = 2,0, = o‘ e>

xo
= P (X0 =0 K0 =211, = 2.0, = 1] )
=1

z0
I 0 1 ‘ >
= E P (X n = T, Xq gen =

viey) =1 o 010 e

P2Xo (0) (1)

e) P-a.s.
(b) For t € {1,2}, 0 <u <t—1, (2y)0<v<t—1 € N} and z € N we get

P, ((Zv)ogugt—l = (Zu)nggt—bTO =t, Uo = U‘ e)

(0 £ (1 N A
= E IP( é)IQJO’Xé):Z'l,TO:t,UO:U‘e)
z0,21>0
2 <z, 0<v<t—1

z—1
P ((Z Xi(,%’t)> = (2o — m(v’t)>0§v§t71
' 0<v<t—1
z0,r1>0

= Pt Z :I:(“’t) P <X§?8 = xO’Xé,l@) = e)
(V) <z, 0<v<t—1

v(eo)
z—1
v <( Xz‘(,%,t)> = (20 = 2")ocozi1
i=1 0<v<t—1
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3. The process of parasites

0,210
() <z, 0<v<t—1

< Xi(,%7t)> = (20)o<vsi-1, e]

i=1 0<v<t—1

( X(v t)) = (%)099&—1 e)
0<v<t—1

— - Zup Xt = (20)o<v<t-1, Tp = t| e
V(90> z - 0<v<t—1

= ——— P, ((Z >O<v<t 1= (Zv)0<v<t 1,TQ) = t’ ) IPz’a-S‘a

- z/(peto) Z #0 P ((ZX vt) = (20)o<v<i-1,
0<v<t—1

X(u t)

where we used the independence assumptions for the first equality and part (a) for the
second equality. Due to the conditional independence, the penultimate equality follows
from the fact that E[X;]S,] = 2= P-a.s. for any random walk (S,),>o with Sy = 0 and
i.i.d. increments (X,,),>1.

The second part of (b) follows by summation over u € {0, 1}. O

With the help of the previous lemma, we are now able to prove the crucial connection
between the law of (BT, e) and the law of (BT,e). But beforehand, we need some
further notation. For z € INy let

~

Q.()=P,((BT,e)e-) and Q.():=P,((BT,e) € "),

and put

wy (S x MY, & @ MmN) - ([0, 00), B([0,00))),  (5,u) Zn(s)

vn(u)’
w = limsupw,, Zn:=2z,o0 é'\l', /V[ZZ ‘= w, o (é'\l',e)7
n—oo
S =6, @ mho, (3.4)

Note that w, is &/ -measurable. In particular, this yields the following representations
W, =w,o (BT,e) and W =wo (BT,e).
The aforementioned connection between the law of (Ig'\l', e) and the law of (BT, e) is

stated in the next
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3.3. Size-biasing II

Lemma 3.16. Let n > 0.

(a) For all (t,, zy)pj<n € Sn, w € V with |u| =n and z € N we have

24 PL(BT, = (t, z)p<nle) P.-a.s.

P.(BT,, = (tu; z0)pj<n, Vo = ule) = vn(e) 2

In particular,

E|u|:n o

vn(e)z

P.(BT, = (tu, 2)jp<nle) = P.(BT, = (tu, 2)pj<nle) P.-a.s.,

as well as
—_~ 1
IPZ(BTn c A|e) = ;]EZ[WH]I{BTneA}|e] P.-a.s.

for all A € &,.

(b) For every z € N and B € &/,

1 wy,
Q:(B) = = E.[W,1y@re)eny] = / 2 dQ.,
z B Z

e. L 40 e
ie. Quer, < Qupey, with g5 = 2

2|6, z
(c) For every z € N we have the dichotomy
(i) Q.(w<o0)=1 <= BE,W =z,
(i) Q.(w=00)=1 <= Q.(w=0)=1.
Proof. Let z € IN.
(a) The assertion is obviously true for n = 0. Let n € IN, (t,, zy)pj<n € S, and
u = u'u, € V, where |v/| =n — 1 and u,, € {0,1}. W.l.o.g. we can assume that t,,; =0
whenever t,,0 =0, |{w| <n —1, and ¢, = 0 whenever ¢,;, =0 for a 0 <k < ||, |v] < n.
Moreover, t,;, = 1 for all k < n, as well as z, > 0 (and hence z,;, > 0, k < n). Otherwise

both sides of the assertion are equal to 0. Finally set ¢ := max{v’ € {0,1} : tyy = 1} +1
and

En = {ﬁ-n—l - (tva Zv)|v\§n—l; Vn—l — ul}-
Note that

P.(BT, = (tu, 2)jpi<n: Vo = ule) = I - P.(E,le) P.-a.s., (3.5)
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3. The process of parasites

with

Il - Pz(é-\rn - (tvazv>|v|§n7‘7n - U|En;e)
= ]PZ((A’U) Zv)|v\:n = (tm Zv)\v|:na Un—l = un|Ena e)

RZuln—1
oy in—
) P( Z X =z ol = nyoln =1 £ 4,

=1
v’ T 1) > (v T /
E X 4 T(L—l n-1) = Zu'v' ’U ’ = 1,

A

(tv|n—1]l{vngfmn_lfl})\v\:n - (tv)|v|:n7 Un-1 = uy

E,, e)

vin—1
(vanv|n71) /
= ]P< E Xi,v\nfl = Zvy, tv\nflﬂ{vnSTﬂn_lfl} = 1y, ‘U’ = n,v\n -1 7& u,

i=1

v’ Tn 1) o\ Tne1) _ N
E X + X0 = Zu'v’ ﬂ{vlng_l_l} = Ty |1} ‘ = 1,

E,, e)

vin—1
(UTL7Tv|n71) /
= ]P( E Xw‘nf1 = 2u, topn—1L v <ty -1} = Loy v =n,vln —1#,

=1
e)

A~

Un—l = Up

vT (v T / A 2
g X n-1) + ( n1):Zu’v’>|v|:LTn—l:t?Un—l:un

n—1

= H P <Z Xi(g’T”) = Zyt, tol <, 13 = tow, |V = 1 e>
|[v|=n—1 =1
v#u/
(Z an 1) XT(Li’lT”—l):zuv ‘U|_1 T = ,Unflzun e)
= < (” T = Zuw's bolfor<r,— 1} = tour, [v'| =1 e)
v;éu

) Iqu/ ((Z )0<v/<t 1= (Zu’v’)ogv'gfano =t,Uy =
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3.3. Size-biasing II

e)
1 Zu

= o) o P. (BT, = (ty, 2)pj<n| BTuo1 = (to, 20)jpj<n-1,€) P.-as.,

vien_1)zy

Zyln—1
Zy (vanv|n71)
= P ( E Xz',v\n—l = Zv7tv\n—1]l{vn§Tv|n_1—1} = ty, "U’ =n
=1

where we used the independence and conditional independence assumptions for the fifth,
sixth, eighth and ninth equality, and also Lemma 3.15 for the eighth equality. Hence by
induction we get from equation (3.5)

—~

IPz(BTn = (tva ZU)|U|§n7 Vn = u|e)

1 Zu
= e P. (BT, = (tu, 20)pj=n| BTn-1 = (tv, 2)ju|<n-1,€)
L p T, =
’ Vn—l(e) 7 Z( n—1 — (tmzv)\ﬂﬁn—l’e)
1 2z,

= — " P,(BT, = (tv, 2)pj<nle) P.-as.
e 2 P(BT. = (t 2)pizale) Poras

The second part of (a) follows by summation over |u| = n, and we then get for A € &),

P.(BT, ¢ Ale) — / P. (BT, € d(ty, 20)penle)
A

. Z\u\:n Zu

A Vn<e)z

]PZ(BTn € d(tv, zv)|v|§n|e)
1 Z

=-FE, | ——1
z [un(e) {BTne4}

!
1
= ;Ez [Wn]l{BTneA}‘ e} IPZ—a.s.

This completes the proof of part (a).
(b) With part (a) in mind, we get for B = C' x D with C' € &,, and D € 9N

~

O.(B) :/ P.(BT € Cle) dP.
{eeD}

:/ P.(BT, € C'le) dP.
{eeD}

1
= / _Ez[Wn]l{BTneC’}|e] dIPZ
{

eeD} %

1
= ;Ez Woliere)cny,
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3. The process of parasites

where we used the existence of a C' € &, with {I.Sﬁ' € C} = {ﬁ'n € ('} and

{BT € C'} = {BT,, € C'}, see Section 1.4 for further details. Since the sets of the above

product form are a m-system and generate the product o-field &/, part (b) is proved.
(c) With the help of part (b) and Theorem A.5 we infer for every B € & © 9o

QZ(B)szngﬁQz(Bﬂ{w:ooD

and thus
1

“EW =1-Q.(w = oc0),
z
i.e. the asserted dichotomy. O

The previous lemma also yields the following connection between an integrability
condition for the size-biased process of parasites and the modified (Z log Z)-condition
for the process of parasites.

Lemma 3.17. One has

. Zilog Z
Ellog 2] = E {&} .

v(eo)

Proof. First, note that

Ellog 2] = / P(log 2, > t) A(dt).
(0,00)

Furthermore, with the help of Lemma 3.16 (b) we can infer that

R Z
IP(IOg Zl > t) = /w1(57u>]l{logz1(s)>t} Q(d(s,u)) =E [T;wﬂ{log21>t}:|

for t > 0, and thus we get with the help of Fubini’s theorem

Zl lOg Zl :|

. Z
Ellog 2] = E 14, A(dt)| = E
log 21 { /(0700) tos 2121} ( )} { v(eg)

I/(eg>
This concludes the proof. O
Remark 3.18. Part (b) of Lemma 3.16 gives us for any A € #([0,00)) and n > 0

7 A 1 1
P"(A) = Q.(w, € A) = —/ wy, dQ, = / r P (dx),
{wneA} Eng A

z

68



3.4. The number of parasites along the spine II

that is Wn is the size-biasing of W,,. This explains the notion of size-biasing from the
beginning of this section, since the use of this terminology was not directly evident from
the definition of the distribution of the random vector (7}, C,, (X5, Xfll))).

3.4. The number of parasites along the spine 11

Recall that ZVO = Zp and

Zy, —1 o
= 2 X X >0
i=1
Therefore
Zvn—l
Va1 L= Z Xi(,lg/:jn) + X£Un7fn) - 1? n 2 0.
i=1

Looking at this representation, imagining that the spinal parasite lives outside the
population and its offspring immigrate into the spinal cell of the next generation, it

should not come as a surprise that this process actually forms a BPRE with immigration
(BPREI). This is stated in the next

~

Proposition 3.19. The process (Zy, — 1)n>0 forms a BPREI in i.i.d. random environ-
ment Z = (Z,)n>0 1= (Tn, Unpen>n20 and with immigration sequence (XT(LU”’T") — 1)n>o-
Since this assertion is fairly obvious from our model assumptions, we omit the tedious
calculations.
We are going to use this result in the upcoming chapter when we derive an equivalent
condition for the nondegeneracy of the martingale limit W.
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4. Main results in the case P(Surv) > 0

In the first part of this chapter we want to give equivalent conditions for the nonde-
generacy of the martingale limit W, i.e. conditions that ensure that the sequence of
quenched means (v,(e)),>o is the right norming sequence for the process of parasites
(Z,)n>0. This leads to a (Zlog Z)-condition and a Kesten-Stigum type result. To prove
this result, we use the dichotomy established in part (¢) of Lemma 3.16 of the previous
chapter.

The second part of the chapter contains some additional results, e.g. that under certain
assumptions the number of parasites in ‘strongly’ infected cells is negligible compared
to the total number of parasites, or that ‘strongly’ infected cells in a generation have
not a big impact on the number of infected cells in the following generations.

4.1. Conditions for the nondegeneracy of W

Part (a) of the following theorem shows that the (Z log Z)-condition known from BPRE
in combination with a (Z log Z)-condition regarding the process of parasites along a
randomly chosen cell line implies EW = 1. If py > 0, we see in part (b) that the converse
is also true.

Theorem 4.1. Suppose P(Surv) > 0 and E[logv(eg)] > 0.

(a) If

Fah) o Sl

Zl 10g Zl
E{ vleo) 5 vle)

o(eo) ]<oo and E{

}<O,

then EW = 1.

(b) If further py > 0, then the converse of (a) holds true, i.e.

. [Z‘l—gZ} 1) fg0<1>}

(o) log

vleo) B u(e) | ="

=00 or IE{

mmply W =0 P-a.s.

Proof of Theorem 4.1 (a). We show that W = lim SUD,, 00 /Wn is P-a.s. finite and then
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4. Main results in the case P(Surv) > 0

use Lemma 3.16 to finish the proof. Consider the representation

Ty—1 Tn—1 To—1 Z,
Zoi= ZZZW_ZZMJr YOS XE nen,
veT,, u=0 'UGTn\{Vn} u=0 i=1

and define the o-field
H:=0 ((Tn)nzo, ()AQSO),X,(; )n>0 (U )n>0, ) :

Using the independence assumptions from the beginning of Section 3.3, we infer by
iteration that

Tn—1 To—1 Zy
[Zni1|H] = ZE Zy M| +E Z SN xH
_UETn\{Vn} u=0 =1
Tn—1 ) [
-YE|z |H|+E| Y ZE[ O+ X3 e | 1
u=0 | veT, \{Vn} =1
ool ) [ Z
=D E|ZpJH[+E| D D> vle)|H
u=0 _ve'ﬁ’n\{Vn} i=1
T,—1 ) .
<> B (2, H] + venE |2, 1]
u=0
n T—1
< S vler) e vlen) YO B [ 2y, H]
k=0 u=0
", \(e) T—1 e kafl i
n+ o (u, Ty, U, L
_gm ; X+ B z; X H P-a.s.,

where we used the definition of ZAVW, k > 0, for the last line. Once again, with the
independence assumptions from the beginning of Section 3.3, we can further infer that

2y ~1 9
(U,T ) o . .
£ | 3 X ] = TS b [t T [ H
i—1 lv|=k t=1 j>1

H

2
=220 MhmudinB ]1{21 fg}ZE [ Lo

ol =k t=1 j>1
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4.1. Conditions for the nondegeneracy of W

2
ut
t=1
_E[ —1‘ }E[X%ZZ“ Tk,} P-a.s..

and so we get P-a.s.

Th—1
Vn+1(e) ( (u,Tk) [ ‘ } [ (UTk) I ])
Z, | < X, E\|Zy —1 | T,
Vn—l—l(e) 5 (0,1) Vns1(e) (0,1)
- Xon 4 o]} A—1H-]E[X 1 e].
kZ:O yk+1 (e) k Z I/k+1 e) k: | i| 1,0 k

Thus, we have P-a.s.

n+1|H < Z

01 +Z

—1[m] B[ X

|

k>0 Vk+1 k>0 Vk+1 1,0
; (0 1) 1 1 B
= + E\Z, —1/H| =: _[1+.[2 (41)
g Vit (e P11+ D2 g vi(e) [ Vi ’ ]

for all n > 0. Next we show the IP-a.s. finiteness of the sums I; and I5.
Let us start with the first one. The definitions from the beginning of Section 3.3
together with the i.i.d. property of the environment e ensure that under P the sequence

(X' (0’1))k>0 consists of i.i.d. random variables distributed as Z;. Recalling Lemma 3.17,

the assumption IE [%} < oo implies Eflog™® 21] < 0o. Furthermore,

E [bg @} = —E[log v(ey)] < 0.

Therefore, Lemma 3.8 yields

L = Z v(eg) - V(ek>_1Xl£0’1) < oo P-as.

k>0

For the second sum I, recall that (Zvn —1),>0 is a BPREI in random environment =

and with immigration sequence (X,SU"’T") — 1)p>0. Since E[log 21] < 00, as was pointed
out along the way of showing the IP-a.s. finiteness of I;, the immigration sequence
satisfies

E [mg+ (Xéﬁojo) - 1)} < Ellog 2] < cc. (4.2)
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4. Main results in the case P(Surv) > 0

Moreover, for the reproduction mean [E [X %O’TO)

of the BPREI we have

E] of the first marginal distribution

~
—_

E

E |:10g]E |:X1(%O,TO) E |:]]‘{T0:t,00:u} 10gE [Xl(jgt)

il

E []P(T}) — 1,0, = ule) logE [ijg“

#
Il
—
o+ 8
Lo
= o

M)

il

t=1 u=0
2 t-1 E |:X1(1](5t) e]

— p E ’ log E [X%t) e] :
t=1 u=0 V<e0) ’

where we used Lemma 3.15 (a) for the last equality. Recalling the definitions from the
beginning of Section 2.1, we get

_ (u,t)

(1) 2 B X[ ;
E | 2100 £ (1 =§§]E]1~_ [N i R | ]E[X(”’)
{y(eo) ngo( ) {To=t,Co=u} l/(eo) 0g 1,0

]

e e
Combining this with the second assumption It [J}(()Ti))) log J}(OT(O))] < 0 we see that

E” <uFE Hﬁlgéj)) log V(eo)}

2 t—1 E [Xfudt)
- lu Z ]E ]l{TQ:t,Co:’u}

E [log E [Xf%oio)

(o) e} logv(eo)

1,0

) i t—1 o E Mbg v(ep) (4.4)
v(ep)
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using the independence assumptions from the beginning of Section 2.1. Hence, we can
choose a ¢ € (1, exp(E[log v(ep)])), such that

E [log E [Xf%ojo)

EH < logec

and together with (4.2), Lemma A.3 implies

1 A
— E[Z;;, — 1|H]) < oo P-as.

Zoo = sup (
c

n>0

We now arrive at the following estimate for the second sum

A

o ck
I, < Z P-a.s.
p1+p2 =5 vi(e)

Since

E [log (y(;))] = log ¢ — Eflog (eo)] < 0,

we can again use Lemma 3.8 to get

A

Z c c
I, < s < oo P-as.
2= p1+ D2 ;O v(eo) v(ex)

Recalling (4.1) and gathering everything that we have shown so far, we arrive at

sup E[Wnl’i—[] < oo P-as,

n>0

and with the help of Fatou’s lemma, this gives us
0 (liminfwn < oo) —p (liminf/Wn < oo) — 1.
n—oo n—oo

To finish the proof we need to show that (w,),>o converges Q-a.s. To this end, we
show that (1/w,),>o forms a @-supermartingale with respect to the filtration (&), >0,
defined in (3.4). Obviously, w,, is & -measurable and Lemma 3.16 (b) gives us

Olw, = 0) :/{ L reie=o

for all n > 0. Then for every A € &), C &/, we get, using once again Lemma 3.16,
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4. Main results in the case P(Surv) > 0

that

dQ

1
Il
A wn—i—l

o]0

/140{wn+1 >0} wn+1

/ * Wn+1 dQ
ﬂ{wn+1 >0} wn+1

= Q Aﬂ {wn+1 > O})
< Q(A N {wn > O})

= [0

This ensures the supermartingale property and the integrability. Hence, according to
the martingale convergence theorem (1/w,,),>o converges @-a.s. and therefore, so does
(wy)n>0. Thus we have

Qw < 00) = Q(liminf w, < c0) = 1

n—oo

and Lemma 3.16 (c) ensures EW = 1. This completes the proof. O

For the proof of Theorem 4.1 (b), we need the following auxiliary lemma which follows
directly by the Borel-Cantelli lemma.

Lemma 4.2. Let (X,,)n>0 be a sequence of identical distributed and nonnegative random
variables. If EXy < oo, then

X
limsup— =0 P-a.s.
n—oo

If EXy = oo, and in addition (X,,)n>0 is an independent sequence, then

N n
limsup— =00 P-a.s.
n—oo N

Proof of Theorem 4.1 (b). Once again, we want to use Lemma 3.16. For this purpose,
we show that Q(w = o0) = 1.

Case I: Suppose E [21 long] = 00. Due to Lemma 3.17, this implies E[log 21] =

v(eo)
Moreover, we have for n > 1

— 1 . 1 A L w00
W, = Z Ty > Zf/n,lu > Vn(e)X”_l P-a.s.

[en]

'UETTL u=

As already pointed out in the proof of the previous theorem, the sequence (X’ffill))nzl
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4.1. Conditions for the nondegeneracy of W

consists of i.i.d. random variables distributed as 21, and hence
) 1
lim sup — log l—oo P-a.s.,
n—oo N

by Lemma 4.2. Together with the SLLN this yields

1 n
Z ogv(e; > =00 P-as.,
i=0

SI'—‘

n—o0 n—oo

— 1
lim sup W,, > lim sup exp (— log 0 )
n

—

ie. Q(w = oo) = P(limsup,, ., W, = 00) = 1, and part (c) of Lemma 3.16 ensures
P(W =0) = 1.

Case II: Suppose E [%} < oo but E [J;&E)e(ol)) log ]}(Oe(ol))} > 0. For n > 1 we get
DI O (. —1) Pas
Vn = Vn<e) Vn
veT,

Now, (Zvn —1),,>0 is a BPREI in random environment = and with immigration sequence

(X'éU"’T") — 1)p>0. As in (4.2), the immigration sequence satisfies
E [log" (X" ~1)] < Ellog 2] < oo,

since E[log Z1] < oo by Lemma 3.17. Furthermore, using (4.3) and a similar reasoning
as in (4.4), the assumption

E [féo(l) log féo(l)} -

v(ep) vieog) | —
yields
E [ng [X(UO 7o) EH — L E Hﬁ(éj; log fg0(1)]
> 08 [ g ) (45)

= E[log v(eg)] > 0.

A

Thus, the process (Zy, — 1),>¢ is supercritical and Theorem A.2 (a) gives the existence
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4. Main results in the case P(Surv) > 0

of an a.s. finite random variable Z.,, such that

A

. Zy —1
lim - z Gty =Zs P-as.
n—00 n— »li) |3
Hz‘:O E[Xl,o*i “}
Note that
(Uo,T0) (Uo,T0) 2 -1 r (uyt) (u,t)
E Xy log™ Xy 4" —ZtZE o Xpg " log™ X1 ]
) = {To=t,Up=u} ut
EH)(Sghﬂﬁ\:l == L EH)(£@)|G]
2 t-1 (wt) 1.+ v (wb)
. . E[X; ;" logm X ;7 |e
S [P = 1.0 — ufe) T K] ]]
t=1 u=0 L E[XL@ le]
2 -1 Xfut) log+ Xfuaft)
::EE:ZEZZ” E V(o) ’
t=1 u=0 | 0
2 t-1 X(udt) t—1 ,
<Y | 2 (S xiy
t=1 u=0 _V(eo) w'=0
2 (0) (1)
Xa+X
=Y B | 1o S g (X + X))
t=1 (eo) ’
- E |:Zl 10g 21:| 7
v(e)

where we used the conditional independence given e in the second equality and part (a) of
Lemma 3.15 for the third equality. Thus, Theorem A.2 (a) ensures that P(Z. > 0) = 1.
Taking everything into account we have shown so far, we see that

lim sup /Wn > Z limsup

n—00 n—00 Vp, (e)
n—1 E [X(Ul*’fl)

1,0
= Zexp | limsu lo
P n—><x>p ; & V(ez')

H?:_Ol E |:X(Uiji)

170*1’

] P-a.s.,

and this expression depends on

E x| 2] .
’ ~E [log B | x ({7

E {log

v(eg)
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4.1. Conditions for the nondegeneracy of W

where we used (4.5). If E [10gIE [X(Uo )

EH > Ellog v(ep)], the SLLN gives us

(s,
1; Zl D [Xl 0%t “] P
(0] =0 -a.S.
oo 205 v(e:)

If B [log E [X(UO To)

E” = E[log v(eg)], note that the assumption py > 0 ensures

—_
—

—

]E |:X1(I;JDO,TO)
v(eo)

P | log | =0 | =P (B |x{{™|=

according to Lemma A.8, and thus the Chung-Fuchs theorem (the last part in Theo-
rem A.7) yields

n—1 E [Xl(%lz i)
lim sup Z log

n—oo T (ez)

= o0 P-as.

Hence, in both cases we get limsup,,_, /Wn = oo P-a.s., and by Lemma 3.16 (c) this
implies P(W = 0) = 1 again. O

Remark 4.3. If

o [, 20
v(eo) v(eo)
then the supercriticality or criticality of the process (Zv, )n>0, i-e. Ellog f{ (1)] > 0,

automatically ensures E[logv(eg)] > 0. To see this, observe that due to Jensen’s
inequality

| <o

v

056 ), £e0)]

o) jog fa E{fgo(l)}lgE{féo(l)l

PRI
H ikt

} < 0. Since we are in the supercritical or critical case, we further

| \/

7,0
<)

and thus E [log
get

0 < Eflog f£,(1)] < E[log v(e)].

Now, we take a look at the the case py = 0. In this case (Z,),>¢ actually is a BPRE
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4. Main results in the case P(Surv) > 0

with quenched reproduction mean E[Z|e] = v(eg). Therefore, Theorem 2 in [53] yields
the following

Theorem 4.4. Let P(Surv) > 0, E[logr(eg)] > 0 and py = 0. We have

EW =1 iff E {—leogzl}

v(eo)

It is pretty obvious from our model assumptions that (Z,),>o forms a supercritical
BPRE with quenched reproduction mean

E[Z]e] = v(eo)

if po = 0. We omit the details.
Let us summarise the previous results in the following

Theorem 4.5. Let P(Surv) > 0 and assume Ellogv(eg)] > 0.

(a) If po > 0, then the following conditions are equivalent:
(i) P(W >0) >0,
(1)) EW =1,
(111) (Wy)n>o is uniformly integrable,

(iv) E [—Zlyl((;i)zl} < oo and E []}(Oe(ol)) log ]:f(oe(ol))] < 0.
(b) If po = 0, then
EW =1 iff E [%}
v(eo)

4.2. The impact of strongly infected cells

In this section we give additional results about the long-time behaviour of the number
of infected cells and of the number of parasites. More precisely, we are interested in the
following question: What is the impact of strongly infected cells on the total number
of parasites and on the number of infected cells in future generations? We need the
following assumption for the process of parasites along the spine (Zy;, ),>o:

n

lim supB | ——Zy, 11z, »x| = 0. (4.6)

K—oo n>0 Vp (e)

Remark 4.6. If we could replace v,(e) by v™ in (4.6), this would turn into an u.i. con-
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4.2. The impact of strongly infected cells

dition for the process (Zy, )n>o. In fact,

© 1
E {ﬁzvn]l{zvnn(}} < WE[ZWH{ZWM(}] - E[ZVnH{ZVn>K}|ZVn > O]a

and if (Zv, )n>0 is a strongly subcritical BPRE satistying E[Zy, log Zy,| < oo, we have

lim sup E[Zv, 1z, >} Zv, > 0],

K—oo n>0

cf. Proposition 2.6. Since in general v"/v,(e) — oo P-a.s. for n — oo, as we have seen
in the proof of Proposition 3.13, our assumption is stronger. This is probably due to the
fluctuations of the random environment. We expect that we could replace (4.6) with
the assumptions from Proposition 2.6 and a condition controlling for the fluctuations of
the random environment.

Furthermore we assume

O AC

v(eg) v(eg)

Zilog Z
Eflogv(eg)] > 0, po >0, E [Lgl}

. md E|

} <0. (A1)

According to Theorem 4.5, these assumptions ensure the nondegeneracy of W if
P(Surv) > 0. Next we give a simple example, where the conditions (4.6) and (Al)
are satisfied. Recall (1.1) for the definition of M.

Example 4.7. Let pgp = 1/4, p» = 3/4 and P(eg = u) =
U = (Unm )nm>1, &= (Upm)nm>1 € M, with

1 = P(ey = 1), where

1 X
Uro = 5 = U1 and U1 = 1.

Then we obviously have Zy;, <1 P-a.s. for all n > 0, and therefore

n

. u
| E|l—Zy 1 =0.
1111 sup v, (e) Vo 4{Zy,, >K}

K—oo n>0
Moreover, it is easy to verify that (A1) is also satisfied. We omit the details.

We follow the approach of Section 6 in [11] and of Section 4.3 in [27]. We need the
following

Lemma 4.8. Let P(Surv) > 0 and assume (Al). There ezist P-a.s. finite random
variables C' and D, such that
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4. Main results in the case P(Surv) > 0

for any n € Ny, and P(C = 0|Surv) = P(D = 0|Surv) = 0.
Proof. Using Theorem 4.5 and Proposition 3.4, the assumptions ensure that
Z,/vp(e) > W P-as., P(W=0)<1 and {W =0} = Ext P-as.

In particular, P(W = 0|Surv) = 0. Since Z,/v,(e) < oo P-a.s. for every n > 0 and

Z
lim sup =W <oo P-as.,
n—oo Vn<e)
we get
Z, Zn Zn

=D < oo DP-as.

n>0 v, (€) ~ vp(e) T no va(e)
Moreover, Z,,/v,(e) > 0 P-a.s. on Surv for all n > 0 and thus

P(D = 0|Surv) < P(C = 0|Surv)

Z
=P (hminf = O‘ Surv) = P(W = 0|Surv) = 0.

n—o00 Vn(e)
This completes the proof. O]

With the help of the previous lemma, we can show that the number of parasites
in strongly infected cells is negligible compared to the total number of parasites, cf.
Lemma 6.1 in [11] and Lemma 4.13 (a) in [27].

Theorem 4.9. Let P(Surv) > 0 and assume (4.6) and (Al). We have

Surv) =0

D vers Zol{z,>K)
Z,

>
K—o0 n>0 =1

lim sup P (

for alln > 0.
Proof. Fix n > 0 and define

Zve’]l’;; Zvﬂ{zv>K}
Z,

A (K, n) = { > 77} N Surv

for n, K > 0. By Lemma 4.8, there exists a random variable C' such that C' < Z,, /v, (e)
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4.2. The impact of strongly infected cells

P-a.s. for all n > 0 and P(C' = 0]Surv) = 0. Therefore

E Y Zigsxy|e| 20k [Z0a,0cn] €] = mvn(@ECTa,umle] P-as.,

veT
and thus
1
’I]E[C]IAH(KWﬂQ] S Z E Z k]l{szk} e
0 k>K vETE,
1
= kE[#{veT,: Z, =k}|e|
vy (e) ’DZK
MTL
= kP(Zy, = kle) (4.7)
vn(e) ’DZK
”n

X

= EZy, 1
n(e) [ Vi {Zwl>K}|eL

where we used Proposition 2.9 for the second equality. This leads to

: : p"
< =
i B k) < Jim g [ 2o =0

according to (4.6). Since C' > 0 P-a.s. on Surv, this implies

Z’UGT* Zv]l{Zv>K}
li P n >npl S =0
s ( Z 2|5 =0
and the proof is finished. n

The next result is the analogue of Proposition 6.3 in [11] and of Lemma 4.13 (b) in
[27].

Proposition 4.10. In the situation of Theorem 4.9, for any € > 0 there exist constants
0 <a<b<oo, such that

P < n_<ph
(“—un<e>—

Surv) >1—c

for alln > 0.

Proof. Fix ¢ > 0 and choose random variables C, D according to Lemma 4.8. Then we
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4. Main results in the case P(Surv) > 0

get for all n > 0

T Z

(@) S vle) <D P-as., (4.8)

and since D is P-a.s. finite there exists a b € (0,00) with P(D < b|Surv) > 1 — 5.
Furthermore, Lemma 4.8 yields

7:1* > Z’UGT;“L Zvﬂ{zvSK} > 9 ZUGT;"L ZU]I{ZUSK}
vn(e) — Kuv,(e) - K Z,

P-a.s. (4.9)

for any K > 1. Owing to Theorem 4.9, we can find a Ky € IN, such that

P (Zve’ﬂ‘,’g Zolyz,<ky _ 1 €

Surv) >1— -

>
Zn -2

W

for all K > Ky and n > 0. Now, on Surv we have C' > 0 P-a.s. and thus there exists an
0 < n < 2b, such that

Taking a := 7 we get for any n > 0

C v * Zvﬂ v
P = 2 ver; E2 {Zv< Ko} >a Surv)

Z’UET* ZU]I{ZU<KO} 1 C
> P - — 25 S
> z. — 2" K, =) Sy

et Zoliz, C

> P 2 S z {Zv=Ko) > = Surv) + P (E > SW'U) -1
> 1-2,
- 2

Using (4.8) and (4.9), this choice of 0 < a < b < oo yields

]P(a§ T <bd

Vn(e)

Surv) >1—

for all n > 0. ]

Now, we show that strongly infected cells do not have a big influence on the number
of infected cells in future generations. Similar results in the case without a random
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4.2. The impact of strongly infected cells

environment can be found in [27, Lemma 4.13 (c)] and in [11, Lemma 6.5].
Theorem 4.11. In the situation of Theorem 4.9, for any n > 0 we have
( {U S Tner : Zv|n > K}

*
n+m

lim sup P

K—00p m>0

>

Surv) = 0.

To prove this result, we use the previous proposition and details from the proof of
Theorem 4.9.

Proof. Fix n,e > 0. According to Proposition 4.10, we can find an a > 0, such that

P (MZCL Surv> Zl—i
Vn—i—m(e) 2
for all n,m > 0. Set
T, o Zyn > K *
A (K1) :Z{#{UE nim 2ol }Zn}ﬂ{hza}
n+m Vn+m(e>

for n,m, K > 0. Then we get
#veT, . Zyn> K}y 20Tl a,kn = N0Vnem(€)La, . (km P-as.

Now, let Zﬁf) denote the number of parasites in the m-th generation of the process
starting in cell v € T}. We get

1 e T i > K
P(A(Ko) < 1 | FLE T B 2 B
na | Vnim(€)
i (v)

< L | Zer; 2 iz
na Vn+m(e)

1 [ S Seon BIE 1z 6
77& L Vn-i—m(e)

B i]E _Zveqr;; > ki Lzo=iy B[ Zn][e]n]
na Vn-i-m(e)

B iE ZUGT* Zk>K Liz,-k K 7;+7(ne)
na i Vn+m<e) |
1

= —FK Z E Z k]l{Zv_k} e
na L k>K veT
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1 n
B O B

Zy, 1
/}7@ Vn(e> Vn {ZVn>K} Y

where the last equality follows as in (4.7). By (4.6), this yields

lim sup P(A,.(K,n)) =0.

K—oo m,n>0
In particular, there exists a Ky > 0, such that for each K > Ky and n,m >0

P(A,m(K,n) N Surv) < P(A,m(K,n)) < =P (Surv)

DO ™

and thus

e T i > K
P (#{U ”MZ | ; > 77’ Surv)

n+m
S urv)

*

7-
P(A, (K, n)|Surv) + P <ﬂ<a
CAum B Sur) + P (122

IA

IA
TR

+-=¢

N ™

for all K > Ky and n,m > 0. This completes the proof.
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5. Linear fractional parasite
reproduction

The final chapter comprises two examples where the conditional parasite reproduction
is linear fractional. At first we look at the simple example of a complete binary cell
tree, i.e. p = 1. The second example is in the setting of chapter one, i.e. cells can die,
produce one daughter cell or produce two daughter cells. We gathered some facts about
the linear fractional distribution in Section A.5 of the appendix.

5.1. The complete binary cell tree

5.1.1. The model and known results about perpetuities

We consider a simple example, where the cell tree is a complete binary tree, i.e. p, =
1. Moreover, the parasite reproduction given the environment is linear fractional
and the environment governs the parameters of these linear fractional distributions.
Therefore, let € = (A, B,)n>0 be a sequence of i.i.d. R2-valued random vectors satisfying
Ap + By > 1 P-a.s. and E|log Ag|, E|log By| < oo. Furthermore, we assume that, given
the environment, the sharing of parasites into the cells is independent and symmetric,
ie.

P (X0, X(1) €| €) = LF(Aw, Bu) @ LF(Ay, By), ke Nve V.

Here, LF(a,b) denotes the linear fractional distribution with parameters a, b.

Remark 5.1. For convenience, we defined our random environment by e = (A,,, By,)n>0
instead of e = (LF(An, B,) ® LF(A,, By))n>0-

The corresponding generating function h of LF(a,b) is given by

1 a
= b 0,1).
1—h(s) —s s€0.1)

If he, denotes the generating function of X 1(?0)% under P(-Je) (and also of X f}())*n),
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5. Linear fractional parasite reproduction

n > 0, it is well known that

1 1 11, 4 S >
= = ny, N =1,
- hl:n,e(s) 1— heo ©...0 hen—l(s> l—s

where Il :=1, Sy :=0

n—1 n—1
i=0 =0

For n > 0 set ge,(s) :== A,s + B, and

Gime = 0oy ©---00e, , aswellas ¢nie:=7e, ;0 .0 Jey-

Then

n

I,
gl:me(s) = Hns + Sn and gnzl,e<3) = HnS + Z FBi—l-
i=1

Further, setting ¢(s) := (1 — s)~! for s € [0, 1), the above computations yield

@Yo hl:n,e(s) = J1:n,e © QO(S)

Next, we gather some known facts about these quantities. The following proposition is

due to Goldie and Maller.

Proposition 5.2 (Goldie and Maller [24], Theorem 2.1). The following assertions are

equivalent:

(a) II, — 0 P-a.s. and 1_: f[o
where J~( fo —log Ag > vy) dy = E[z ANlog™ Ag| for z > 0.

P(log By € dz) < oo,

(b) The so-called perpetuity

>0

is P-a.s. finite and, for each v € R, the backward iterations gi.,e(x) converge
P-a.s. (monotonically) to S, while the forward iterations gn.1e(x) converge in

distribution to Ss.

Conversely, if

P(Apx+By=xz) <1 foralzeR
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5.1. The complete binary cell tree

and at least one of the conditions in (a) fails, then S = 0o P-a.s.

Replacing A,, with A ! as well as B,, with A-1B,,, the above proposition immediately
yields

Proposition 5.3. Defining g%, " (s) := A-'s + A-1B, for n > 0, the duality relation

Sn —1 d —1 — _ _
T= 0ue0) = g(0) = DI B = ST
n i=0
holds true for all n € IN. Moreover, the following assertions are equivalent:
(a) II,, — oo P-a.s. and I, := f[o,oo) 7@ Plog(By/Ag) € dx) < oo,
where J*(z) := E[z Alog™ Ag] for x > 0.
(b) SV = > is0 I} B; < 0o P-a.s.

In particular, (a) and (b) imply

4 5,

H|&

5.1.2. The process of parasites along the spine

Next, we compute some of the quantities needed for a deeper analysis of the results from
the previous chapters of this thesis, in the given linear fractional situation. First we get

and thus v(e,) = —, v,(e)=—
Ap A,

v=E[v(ey)] =2-E[A;'], Ellogv(ey)] =log2 — E[log Ag].

1 9 on
E [X;f{j‘ e} _E {X,g}g e} _

For any v € {0,1}", n > 1, the number of parasites in cell v is, conditioned on e,
again linear fractional. More precisely

L(Z,|e) = LF(IL,, S,).

In particular, the same holds true for the number of parasites along the spine (Zy;, ),>o,
and so we have

1
1 —— k=0
Hn+Sn7 bl

P(Zy, = kle) = I g k-1 (5.1)
n n k > 1
(11, + Sp)? <Hn+5n> I
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5. Linear fractional parasite reproduction

and therefore P(Zy, > 0le) = Hn}ksn' In the notation of Chapter 2, we get

f&o(s):E[sz‘ﬁlg]zl_ 1—s

AO + Bo(]_ — S)’
/ _ AO / . i / _
fgo(s) = At Bl =) fe,(1) = A ]E[logfgo(l)] = —IE[log Ao],
A
E[f. (1)log f, (1)] = —F [loi 0} :

0
" _ 2AOBO " _ Q_BO
fO(S) - (A0+BO(1 . S))37 fo(]') - A(Q) .

Therefore,

> 0, if Eflog Ag] < 0,
Ellog f¢,(1)] { = 0, if Eflog Ag] = 0,
<0, if E[log Ao] > 0.

Moreover, since E[log™ By] < oo and E[log*(By/Ap)] < oo, we get from Proposition 5.2
and Proposition 5.3

Se <00 =SV P-as. iff E[log Ay <0,
0o = SCY P-as. iff E[log Ay = 0, (5.2)
S < 00 = Sy P-as. iff E[log Ag] > 0.

Subcritical case: SGY < 0o = S, P-a.s.

If Sf,;l) = lim Sffl) < 00 P-a.s., then

n—oo

Pz, = H2n > 0.0 = e ()

1 So/I, \**
" 1+8S,/1, <1 ¥ Sn/]]n>
1 S}L_l) k—1
1+ 55" (1 + Sé”)

oo 1 s\
> 1—|—SC(§1) 1—|—SC(£1) P-a.s.

IES
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5.1. The complete binary cell tree

for k > 1, according to Proposition 5.3. In particular

1
E(ZV,JZVH > O,G) = Geom (m) .

Supercritical case: S, < oo = SGY P-as.

In this case, we have

1 1 Se N7 e 1
—P(Zy, = = —  P-as.
T (Zy, = kle) (L1 5.7 (Un+5n) 5 a.s.,

in other words

17,
]P(Zvn = k:|e) = 5—2 + Rn ]P-a.s.,

as n — 0o, where R,, is a random variable satisfying R,,/II,, — 0 P-a.s.

5.1.3. The process of infected cells and related quantities
Regarding the process of infected cells (7,F),>0 in the linear fractional situation, Propo-
sition 2.9 and Proposition 2.18 yield the following

Proposition 5.4. The process (27"7T,")n>0 converges P-a.s. to a random variable L
taking values in [0, 1] with

. 1 n—oo
E[L|e] nlgg} T 15, N P-a.s.
and
EL = lim E >y B | —
noros [Hn—l—SJ {SJ
Furthermore,

P(L=0)=1 iff So =o00P-as iff EllogA] >0,

and if P(L =0) < 1 then Ext={L =0} P-a.s.

Note that in the given linear fractional situation

P(P(L = 0le) = 1) € {0,1}
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5. Linear fractional parasite reproduction

follows from the fact that either S, < oo P-a.s. or Soo = oo P-a.s.
Additionally, for £ > 0, we want to take a look at the process (F,,(k)),>o of the
number of cells with exactly k parasites, where we recall

F.(k) =#{ve{0,1}": Z, = k}.
According to Corollary 2.11, we have

F,(k) nseo . - .
251 ) 7% 0 in probability and in L'

for every k > 1. To analyse the behaviour of the conditional expectation of the number of
cells with exactly k parasites E[F),(k)|e], we again distinguish the three cases according
to (5.2).

In the following, fix £ > 1 and recall from Proposition 2.9 and (5.1)

o] S kot
E[F,(k)|e] =2"P(Zy, = k|e) = _ " , > 1.
Fulhllel = 2P (= ble) = 2o () nz
The supercritical case: S, < 00 = SGY P-as.

In this case we have P(L = 0) < 1 and hence Ezt = {L = 0} P-a.s. Since So < 00
P-a.s., Proposition 5.2 yields /I,, — 0 P-a.s. and we get

E[Fn(k”e] _ 1 Sn ot n—)oo\ ]- IP a.s
oI, (I, + 5,2 \II, + S, " S52 w

In other words

as n — oo, where R, is a random variable satisfying R, ,/(2"1I,) — 0 P-a.s.

The critical case: S, = 00 = S&Tl) P-a.s.

Here we have P(L = 0) = 1, and further

k—1
(Hn + Sn)2 o Sn/nn i d S’r(zil) n—00
oI, E[F,(k)|e] = A —\1s S0 —— 1 P-as.
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5.1. The complete binary cell tree

and thus

(o + Sn)*

o T] E[F,(k)le] =—=51 in probability.

The subcritical case: S&Zl) < o0 =S4 P-a.s.

In this case we have again P(L = 0) = 1. Moreover,

E[F,(k)le] _ T, = . )

n—oo (1 n SC()O_I)>2 14 S((le)
according to Proposition 5.3.

5.1.4. The process of parasites

After some easy but tedious computations, we obtain for the distribution of Z; given e

4 1 2
1— k=0,
( A0+B0> ’
P(21 = o) = | oo+ Bo—1) ( By )™
(Ao + Bo)? Ao+ By
A(Q) BO k—2
_ E>1.
\+(l<; 1)(Ao+Bo)4 (A0+Bo> : >

Note that in the given situation (Z,),>¢ is even a BPRE and if this process is
supercritical, i.e. Elogv(eg)] > 0, we have

EW =1 iff E{%}

I/(eo)

Moreover, our assumptions from the beginning of this section ensure

Ellog™ (1 — P(2, = 0le))] = —E [log (Ao 42_ By (A iBo)Q)}

= E[log(Ao + By)] — E [log (2 A i Bo)}

< E[log(Ag + By)] < oo.
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5. Linear fractional parasite reproduction

Thus, Theorem 3 in [8] and Theorem 3.1 in [50] yield
P(Ezt) =1 iff Ellogr(eg)] <0,
ie.
P(Ext) =1 iff IEflog Ag] > log?2.

Next, we compute the quenched and annealed second moment of W,,, n > 0, using
Theorem 3.6. Note that py = 0 and
e E[X]

v (er) = B[(X.0)%e] + E[(X{).)%e] + 2E[X ).

170*1{3

el,

where we used the conditional independence of the sharing of the parasites into the cells.
Now

E[(X(0> Ple] =>4 Ay ( By, )jl
1,0+ 1 (Ak + Bk)Q A, + By,

B Ay 1+ By/(Ax + By)
(Ag + Bi)? (1 — By/(Ax + Bi))?
Az

and therefore

v (er) =2 (A— ! A_) I TR

This yields for the quenched second moment

II, A, +2B,—1
_1+Z "3.#

and for the annealed second moment

E[A, +2230] —1 (E[AO])’“ |

E[W,] =1+

Thus, (W,)n>0 is L*-bounded iff

E[Ag) <2 and E[By] < oo.
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5.2. The random cell tree

5.2. The random cell tree

5.2.1. The model

Now, we consider the cell tree as defined in Section 1.3.1 with pg > 0. As before, let
e = (A,, By)n>o0 be a sequence of i.i.d. ]Ri—valued random vectors satisfying Ag+ By > 1
P-a.s. and El|log Ay|, E|log By| < oco. Let (Yiu)k>10ev be a family of conditionally
independent random variables given e, which is independent of (7),),cv, and with
conditional distribution

IP(Y;w, S |e) = LF(AM,BM), k > 1,U e V.

Moreover, let (a,(7))k,j>1,0ev be a family of i.i.d. random variables with distribution
Bern(9), ¥ € (0, 1), which is independent of ((Yy)k>1.0ev; €, (Iy)vev). Now, the offspring
vector of the parasites is defined by

Yk v Yk v

(Xk()zz?ka) Zakv Z (1—arw(j) ], k>1veV.
j=1

Let he,,, géﬂ? and g&) denote the generating functions of Y} g«n, Xf?o)*n and Xl(}gm under
IP(-|e), respectively. Then
1 A
1—he,(s) 1—s

and by the independence of (v, (7))k,j>10ev and ((Yi)k>1,0ev, €) this gives us

1 1 An An/ﬁ
1-g9(%s) 1—he,(Ws+1—-0) 1—(Ws+1-1) 1-s
and
1 A, /(1 =19
Mgy /1( B
l_gen(s) -5

Therefore, X Igog and X 213 are again linear fractional given e with

Ay
v

P(X}") € -le) :LF( -

A,
'B|v|) and ]P(X,gfge.|e):LF( o] 7Bu|>,
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5. Linear fractional parasite reproduction

k>1,veV. Set Il := 1 and IT,, = [[I-, A;. We get

0 1—9 1
0] _ M) _ _ =
D [Xk,v‘ ei| o A\v\’ E [Xk,fu ei| - A|v| ) V(en> - (pl +P2)An,
+ po)" B
nfe) = PP~ Blu(en)] = (p -+ pa)BLA

Eflogv(eg)] = log(p1 + p2) — E[log Ag).

5.2.2. The process of parasites along the spine

Recall the definition of (Zy;, ),>¢ from Section 2.2. In the present model we have

feo(s) = E [s71]¢]
X © e}

1)
= ]l{j'b:l}E [SYLQ)‘ ej| —I— ]]'{TOZQ,C’():O}]E |:S 1,0

X
e] - 1{T0=2,00:1}E |:3 1,0

1—35 1—s5
=1—|1_ Lo 90—
( B=D A5 By(1—s) | 0=2C0=0 4 7+ Bo(1— 5)

1—s
1,+ .
+ {Tv=2,Co=1} A0/<1 _ 19) + Bg(l _ S))

Therefore
1 ) 1—9
fi,(1) = ]l{Tozl}A—O + 1{T0=2,00=0}A—0 + ]1{T°:27C°:1}A—0
and
Ellog £ (1)] = —2X Ellog Ag] + —2%— (log ¥ — Ellog Ag] +log(1 — 9) — Ellog A
[log f,(1)] o T 2 log A p1+2p2( g [log Ag] + log( ) — E[log Ag))
D2
= —E[log Ay] + log ) + log(1 — 19)).
log A p1+2p2( g g( )

As a consequence we get

( . P2
> 0, if E[log Ag| < log ¥ + log(1 — 7)),
[log Ao p1+2p2( g g(1 7))
. p
Ellog f¢,(1)] § =0, if Ellog Ao] = - +22p2(log19+log(1—q9)),
. P2
<0, if Ellog Ag| > log ¥ + log(1 — ¥)).
\ [log Ao] p1+2p2( g g(1 7))
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5.2. The random cell tree

5.2.3. The process of parasites

Now, we restate the conditions for L?*-boundedness of (W,,),>0 and for the nondegeneracy
of W using the parameters of our linear fractional model.
First note that the distribution of Z; under P(-|e) is again linear fractional. In fact

1—s
Els2: — EMm_ Yioq — 1-—
[s7'|e] = E[liry=o) + """ Lizy>03] = po + (p1 + p2) ( Ao+ Bo(1 = 3))
_1 1—s
- TA B ’
:D1+Op2 + p1+0p2(1 o S)

i.e. the conditional distribution of Z; given e is LF ( Ao _Bo ) Unfortunately, Z, is
p1+p2’ p1+p2

not linear fractional under P(-|e) for generations n > 1.

Conditions for the L?-boundedness of (W,,),>0

According to Theorem 3.9, we need to compute

Var(y(zelo)), E[v '(e)] and E

(L0
Using (5.3), we get

E[2le] = o/l Zgjg; ii%gpl th) (pj%p 2 (Ao +2By)

and therefore

Z z 2 1
Var( ! ):]E ( 1 ) 1= E[Ao + 28] — 1.
v(eo) v(eo) p1+ P2
Moreover, we have
fe,(1) 1 9 1— v
- fo=1} T Liymo.comop + Lid o er 1
V(eO) P1 + D2 {To=1} P1 + P2 {Tv=2,Co=0} I +p2 {Th=2,Co=1}

This gives us

E (&)2 _ D + po(9? + (1 — 0)? _ PP — 2poY(1 — )
v(eo) (p1 + p2)pe (p +p2)2p
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5. Linear fractional parasite reproduction

Now, we can conclude from Theorem 3.9 that (W,,),>0 is L*-bounded iff

1 — 2p0(1 — 9 1
E[A()] <1 and P11+ P2 D2 2( ) <
P11+ P2 (p1+ p2)21 M

E[AO + QBO] < 00,

)

or, equivalently,

(p1 + p2)po < 9(1—v)

E[BQ] < 00, E[Ao] < p1+ p2 and
2p;

Conditions for the nondegeneracy of W

Here, we can state the second condition in Theorem 4.5 (a) (iv) in terms of p;, po and V.
Recall

fL) 1 9 1—9

- =1y + ————Lin—2.co=0 + ——Lifp—2.c0-1}»
which gives us
/ 1 / 1 1
E [ffo( )log feo )] _ (p1 log( )
v(eo) v(ep) (p1 + p2)(p1 + 2p2) p1+ po

+p2 (ﬁlog (p1 ipz) ({1 =v)log (pll :Li)))

~log(p1+p2) | pa(Wlogd + (1 — ) log(1 — ¥))
P1+ 2p2 (p1 + p2)(p1 + 2p2) '

Now, the second condition in Theorem 4.5 (a) (iv) is equivalent to

Ylogd + (1 —9)log(l —¥) < Z%log(pl + p2).
2
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A. Appendix

A.1. Branching processes in random environment

Theorem A.1. Let (Z,)n>0 be a BPRE in random environment U.

(a) For everyi,n € Ny and s € [0, 1] we have
Ei[s% U] = (Bls”™U)' = (fuy© ... 0 fu,(s))' Pi-a.s.
and

Eils™] =B [(fu 00 fu ()]

(b) For every i,n € Ny we have

Ei(ZU) =i [y, Pi-as.

i=1

and

Ei[Z,] = iF

H Muj] .
j=1

A.2. Branching processes in random environment with
immigration

We adopt the notation used in Section 3.1 in [27]. In particular, let (Z,,),>¢ be a BPREI
in random environment U = (U,),>o and with immigration sequence (,),>0. Further,
let 144, denote the mean of the first marginal distribution of U,,.

Theorem A.2 (Grottrup [27], Theorem 3.5). Let Elog pyy, > 0 (and pyy, < oo P-a.s.).

(a) If Elogt & < oo, then for every x € Ny there exists a finite random variable Z
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such that
Zn
lim =1 — Zoo ]PI—G.S.
n—oo Hi:(] ,uuz
Furthermore,

IPI(ZOO > O) =1 Zﬁ IPI(ZOO > 0) >0 Zﬁ E[(Xl’() 10g+ XLQ)/,U/MO] < 0.
(b) If Elog® & = oo, then limsup, ,. ¢ "Z, = oo P,-a.s. for every v € Ny and
c € (0,00).

Lemma A.3 (Grottrup [27], Remark 3.10). Set Fo := 0((&n)n>0,U). Let x € Ny and
assume that there exists a constant ¢ > 1 such that E[log | < logc. Then

1
lim sup (C—nEx[ZnU"O]) =0 P,-as.

n—oo

A.3. Definitions and results from probability theory

A.3.1. The size-biased distribution
Definition A.4 (Alsmeyer [4], Definition 3.1). Let v be a distribution on the space
([0,00),Bjo,n0)) With finite and positive mean y = f[o 00) zv(dz). Then v, given by

1
v(B) = —/ zv(dx), B € By,
Y JB

is called the size-biased distribution on [0,00) corresponding to v.

A.3.2. Radon-Nikodym derivatives

Let u be a finite measure and let v be a probability measure on (€2, ). Furthermore,
let F,, T F be o-fields (i.e., 0(UF,) = F) and let p, as well as v, be the restrictions of
1 and v to F,.

Theorem A.5 (Durrett [20], Theorem 5.3.3). Suppose p, < v, for all n. Let X, =
dp,/dv, and let X = limsup,, . X,,. Then

p(A) :/AX dv + u(AN{X = oo}).
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A.4. A lemma for the proof of Theorem 4.1 (b)

A.3.3. Sums of i.i.d. random variables

Theorem A.6 (Alsmeyer [5], Proposition 7.11). For an independent sequence (Xp,)n>1
of identical distributed random wvariables, the corresponding sequence of partial sums
(Sn)n>0 always satisfies one of the following four alternatives:

(1) S, =0 P-a.s. for alln > 1.
(2) lim, s S, = o0 P-a.s.
(8) lim,, o S, = —00 P-a.s.

(4) liminf, . S, = —oo and limsup,,_,. S, = 0o P-a.s.

Theorem A.7 (Alsmeyer [5], Proposition 7.12). If, in addition, we assume that p =
EX, exists in the previous theorem, we have

(1) & X;=0P-as,; 2) & ue(0,00;

(3) & pe[—00,0); 4) & p=0and P(X; =0) < 1.

A.4. A lemma for the proof of Theorem 4.1 (b)

Lemma A.8. Let P(Surv) > 0 and py > 0. Then

P <]E [Xf%ojo)

E] = V(eo)> < 1.
Proof. 1f P(Surv) > 0 and pg > 0, then py > py. We get

P (E [X%O’TA(J)

E} = V(eo)) = P(Ty = 1LE[X]}"[e] = (p1 + p2)E[X (5" le])
+ IP(TO =2,Up = 07E[X(0)|e] = v(eo))
+ ]P(TO =2, Uy = 17E[X(1 le] = v(eo))

E[X)e]
_ ( {EXm =ve0)}  p(eq) ]
1{E[x§?;\el=v eO>}%ﬂM] )
_ m( ( E[X{{le] = p1p+0p2 BLX) ])
+IP( E[X{{le] = P +p Bl ])>

< 1,
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where we used Lemma 3.15 for the second equality. [

A.5. The linear fractional distribution

This section is meant as a short introduction to the linear fractional distribution. In the
following, we give two different representations of the corresponding generating function
f- The second one is used in Chapter 5.

The first representation is based on two parameters b, p € (0, 1) satisfying b +p < 1.
Let
1—p—0>

_ k—1 _ _
pr="0bp" k€N, po_l_zpk_ﬁ

k>1
The generating function of the distribution (p)r>o is given by

b bs

f6) =1 = 2=+ e s 01 (A1)
We then have
1= ey
and thus
m= (1) = —
(1—p)?

Now we come to the second representation of the generating function of the linear
fractional distribution. With this representation, it is very easy to determine all iterations
fn=fo...of,n>1 of f. Let f be the generating function satisfying

1 o'
1—f(8> - 1—S+67 86[071)7 (A2>
where «, f € R- with a + 8 > 1. In particular
1—s
f<8):1_a—|—ﬁ(1—8)
and thus
/ _ -~ / _ l
f (S) (Oé—l-ﬁ(l - S))2 and f (1) - a'
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A.5. The linear fractional distribution

Define the bijection ¢ : [0,1) — [1,00), p(s) = (1 — s)7!, and the function g : R — R,
g(s) = as + 3, having n-th iteration g,(s) = a"s+ B(a™ ' +...+a +1). Then we can
restate (A.2) as

po f(s)=gowp(s)
or, equivalently,
f(s)=p " ogop(s)
for s € [0,1). Thus, we get for the n-th iteration of f
fals) =@ ogaop(s), se01).
This gives us

1 o
= + B+ at 1),
1—fu(s) 1-—s fl )
i.e. f, is the generating function of a linear fractional distribution with parameters «
and B(a™ '+ ... +a+1).
To conclude this short section, we give the connection between the two representations:

n

e (A1)~(A.2) with o, 8 € Rs, a+ > 1, by choosing p = aLiﬁ and b = m

o (A.2)~(A.1) with b,p € (0,1), b+ p < 1, by choosing a = % and = pu;p).

In particular,

=1- ! and = a ( B )k_lkE]N
BT s T M e \avs) T
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Acronyms

BPRE
BPREI
BwBPRE
CLT
GWP
SLLN

branching process in random environment

branching process in random environment with immigration
branching within branching process in random environment
Central limit theorem

Galton-Watson process

strong law of large numbers

List of symbols

Ta=<

k) k>0

SRk

>
S

infinite binary Ulam-Harris tree

root cell of V

number of daughter cells of cell v

cell reproduction

reproduction mean of the cells

set of cells in generation n

number of living cells in generation n
cell tree

status (alive, dead) of a cell

set of infected cells in generation n
number of infected cells in generation n
space of probability measures on INZ and corresponding o-field
= (en)nz>m

offspring of the k-th parasite in cell v

number of parasites in cell v
= P(X{{) € le)
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List of symbols

0*"

BPG,,

Ext/Surv
W

A

Va
OF
6/

—
—in

=0...0 (n-times)

=0

starting with z parasites in the root cell

starting with ¢ cells hosting z1, ..., 2; parasites, respectively,
where z = (21,...,2)

branching within branching process in random environment
nth generation of the branching within branching process in
random environment

branching within branching tree in random environment
branching within branching tree in random environment

up to generation n

number of parasites in generation n

= E[Z,]|€]

— Elv(eo)]

canonical filtration not including the random environment
canonical filtration including the random environment

— {(0,0)} U ({1} x No)

space of host-parasite trees

sub o-field generated by the projections on the first n generations
of the host-parasite trees

set of possible root configurations

spinal cell in generation n (‘chosen along the cells’)

= E[Sxk’V;L |€n]

number of cells in generation n containing exactly k parasites
set of ordered configurations of infected cells

={(0,0)t U RT

process denoting the number of infected cells and the number of
parasites they contain

number of infected cells and the number of parasites they contain in
generation n

set of extinction/survival of the parasites

= Zn/vn(e)

spinal cell in generation n (‘chosen along the parasites’)

= ]Pz((BTﬂe) € )

=6, @ Mo

= (T - Un, e,)
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