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Abstract. In the first part of the paper we show that the ring of global sections of arithmetic
differential operators on the formal projective line over Z; is isomorphic to the analytic
distribution algebra of the “wide open” congruence subgroup of level zero of GL2(Zp). In
the second part we study rings of logarithmic differential operators on semistable integral
models of the projective line over Z, and we relate these to the analytic distribution algebra
of “wide open” congruence subgroups of higher level.
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1. INTRODUCTION

The purpose of this paper is to begin the study of connections between
arithmetic differential operators on semistable integral and formal models of
flag varieties on the one hand and locally analytic distribution algebras of p-
adic reductive groups on the other hand. Here we only consider the case of
the group GLy over Z, and the corresponding flag variety is the projective
line IE”%F.
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These investigations are motivated by the wish to study locally analytic
representations of p-adic groups geometrically. In [1] K. Ardakov and S. Wad-
sley work with “crystalline” differential operators (of level zero) on the smooth
model of the flag variety of a split reductive group. This is close in spirit
to the classical localization theory of Beilinson—Bernstein [2] and Brylinski—
Kashiwara [5]. In the paper [17] we have made a first step in merging the
localization theory of Schneider—Stuhler for smooth representations [19] with
that of [2]. A key ingredient is the embedding, first discovered by V. Berkovich,
cp. [3], of the building in the nonarchimedean analytic space X?" attached to
the flag variety X (see also [18]). The connection between the building and
X2 can also be seen in terms of formal models for the rigid analytic space
X'i&, Especially transparent is that relation for formal models of P!, cp. [12].
To better understand the significance of these models for representation the-
ory, and its relation to distribution algebras, is the starting point for our work
presented here.

Regarding distribution algebras, it turns out that the analytic distribution
algebras as considered by M. Emerton in [8] are well suited to be compared
to arithmetic differential operators. Not surprisingly, Emerton has introduced
and studied these rings having Berthelot’s theory of arithmetic differential op-
erators in mind, cp. [8, Sec. 5.2]. Arithmetic differential operators on integral
smooth models and their completions have been studied by C. Noot-Huyghe in
[10], [16], [11]. In particular, she proves that these smooth formal models are
P1-affine. Here we take up her work in [10], in the special (and easy) case of
P! and show that the ring of global sections of the arithmetic differential oper-
ators is isomorphic to a central reduction of the analytic distribution algebra
D (G(0)°) of the “wide open” rigid analytic group G(0)° whose C,-valued
points are G(0)°(C,) = 1 + Ma(mc,). Let X be the completion of ]P’%p along
its special fiber. Our first result is

Theorem 1 (Thm. 3.10). There is a canonical isomorphism of (topological)
Qp-algebras

D*™(G(0)%)g, ~ H(X, 7% )

Here, the subscript 6y indicates a central reduction. The proof of this theo-
rem consists of two parts. Firstly, we identify the analytic distribution algebra
D*(G(0)°) with the inductive limit (over m) of completed “restricted divided

power enveloping algebras” ﬁ(gzp)gn) (of level m) of gz, = gla(Z,). Secondly,

we relate the algebras U(gzp)((@m) to the global sections HO(]P’%p,D(m)) of the

sheaf of integral differential operators D™ of level m. Much of what we do in
this part of the proof (Sec. 3) is already contained in [10]. We have chosen to
redo most of the arguments here, in an entirely explicit manner, because the
arguments and techniques will be used later in Sections 4 and 5.

After having obtained Theorem 1 we have been informed by C. Noot-Huyghe
that she has proved the general case of this theorem, for an arbitrary split
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reductive group and the corresponding smooth formal model of the flag variety,
in an unpublished manuscript.

Furthermore, we give a description of the analytic distribution algebras
D (G(n)°) of rigid analytic wide open congruence subgroups G(n)°. Their
C,-valued points are given by G(n)°(C,) = 1+ p"Ma(mc,). The description
of the distribution algebras is close to that in [8, Sec. 5.2], but more suited to
the material treated in the second part of this paper, i.e., Sections 4 and 5.

In these sections we consider certain semistable integral models X,, of ]P’%p,

and we study the sheaves Dég’:) of logarithmic differential operators of level m

on these schemes. Denote by H (X, Ds(gz)) the p-adic completion of H%(X,,,
Dgg:)), and put HO(X,, Ds(gf))@ = H(X,, Ds(g:)) ®z Q. Then we show

Theorem 2 (Thm. 5.7). Given n >0 let n' = Lnﬁj be the greatest integer

less or equal to nﬁ, Then we have natural inclusions

D™(G(n)°)g, < lim H(X,, D¢ )g < D™(G())a,.

Let X, be the formal completion of X, along its special fiber. Then there is a
canonical injection lim H(X,, Ds(g:))@ — HO(X,, QBTEH,Q)' We do not treat
here the question whether this inclusion is in fact an isomorphism. This prob-
lem is related to the question whether the schemes X,, (resp. formal schemes
X,) are D-affine, a topic we plan to discuss in a future paper (cp. Remark 5.8).

Notation. If L is a field equipped with a nonarchimedean absolute value we
let oz be its valuation ring and m,, C or the maximal ideal of its valuation
ring. We let N = Z>( be the set of nonnegative integers. If v = (v1,...,vq) is
a tuple of integers, then we put |v| =v1 + ... + vg.

2. DISTRIBUTION ALGEBRAS OF WIDE OPEN CONGRUENCE SUBGROUPS

2.1. The group schemes G(n). Let n > 0 always denote a nonnegative
integer. Put

1
G(0) = G = GLyz, = Spec (Zp [a, b, e, d, ZD’

where A = ad — bc, and the comultiplication is the one given by the usual
formulas. For n > 1 let a,, b,, ¢,, and d,, denote indeterminates. Define an
affine group scheme G(n) over Z, by setting

1
O(G(n) =7, [ b o —],
A,
where A,, = (1 + p"ay)(1 4+ p"d,) — p*"bycn, and let the comultiplication
O(G(n)) = O(G(n)) ®z, O(G(n))

1 1
=7, [an,bn,cn,dn,a’ o d

ns Ynr Eno naAaA,
n n
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be given by the formulas
Qp — Gp + a’/I’L + p"ana; + pnbnc;za
b = by + b, +p"anby, +p"byd,,,
Cn = Cn F ¢ Pl enay, + ptdac,,
dy > dy + d), + p"d,d,, + p" eyl

These group schemes are connected by homomorphisms G(n) — G(n — 1)
given on the level of algebras as follows:

ap—1 = PQn, bn—l Hpbn; Cn—1 > PCn, dn—l — pdna
if n > 1. For n =1 we put
a— 14+ pai, b— pby, c— pcr, d— 1+ pd;.

For a flat Z,-algebra R the homomorphism G(n) — G(0) = G induces an
isomorphism of G(n)(R) with a subgroup of G(R), namely

som ={ (& ) ecm

Of course, the preceding formulas defining the group schemes are derived
formally from this description by setting a = 1 + p"a,, b = p"b,, ¢ = p™cy,
and d =1+ p"d,.

a—l,b,c,d—lEp"R}.

2.2. The rigid analytic groups G(n)"® and G(n)°. Let ((A}(n) be the com-
pletion of G(n) along its special fiber G(n)p,. This is a formal group scheme
over Spf(Z,). Its generic fiber in the sense of rigid geometry is an affinoid
rigid analytic group over Q, which we denote by G(n)"&. We have for any
completely valued field L/Q, (whose valuation extends the p-adic valuation)

a b

G(n)"8(L) = { <C d) €G(or) |a—1,b,c,d—1¢€ p"oL}.

Furthermore, we let G(n)° be the completion of G(n) in the closed point
corresponding to the unit element in G(n)p,. This is a formal group scheme
over Spf(Z,) (not of topologically finite type). Its generic fiber in the sense of
Berthelot, cp. [6, Sec. 7.1], is a so-called “wide open” rigid analytic group over
Qp which we denote by G(n)°. We have for any completely valued field L/Q,
(whose valuation extends the p-adic valuation)

s ={ (¢ ) €6

The remainder of this section is inspired by M. Emerton’s paper [8], espe-
cially Sec. 5.

a—l,b,c,d—lEp”moL}.
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2.3. The analytic distribution algebra of G(0)°. Our goal in this subsec-
tion is to give a description of

D (G(0)°) = O(G(0)7)y

in terms of “divided power enveloping algebras” which is analogous to [8, 5.2.6].
Here, the right hand side denotes the continuous dual space of O(G(0)°),
equipped with the strong topology. However, the discussion in [8, Sec. 5.2]
does not apply here because the exponential function for the group GL2(Q))
does not map a lattice in

g I Lie(GL2(Qyp))

bijectively onto GL2(Z,). Nevertheless, it is possible to also treat G(0)° by
making use of the “Kostant Z-form” of the enveloping algebra U(g), cp. [14].

Set
0 1 10 0 0 0 0
=0 o) m=(0 )= 1) =1 5)

9z, = Ma(Zp) = Zype ® Lph & Lyhz © Ly |-

and put

For integers m,n € N define

(m)y _ | ™
e

that is, the greatest integer less or equal to plm. For fixed m we then denote

by U(gzp)(m) the Z,-submodule of U(g) generated by the elements

h h fra
1 (m)v (m)) (1) m)y (T2 )yl
(1) @, 0, ) s )

Here, the symbol (’;) stands for the element Lh(h —1)...(h — v + 1) of
Ulg)-

Lemma 2.4. U(gzp)(m) is a Zp-subalgebra of U(g).

Proof. This is contained in [15, Prop. 2.3.1] and the remark before [15, Lemme
2.3.3], namely that D(m) has a basis given by the operators d<k>, |kl < n.
Note also the descrlptlon of O<g> given in part (c) of that lemma. O

We now let ﬁ(gzp)(m) be the p-adic completion of U(gzp)(m). Explicitly, its
elements can be written as

h h fra
) (m)| (m)) [ 1) (m)y [ 72 (m))J__
> Vv 1 b (;/2) s (VB) AE

v=(v1,v2,v3,v4)EN?

where v, € Z, and |y, | — 0 as |v| = co. Furthermore, we put

ﬁ(QZP)SQm) = ﬁ(gzp)(m) ®z Q.
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We consider the unique Qp-algebra homomorphism U(g) — D**(G(0)°)
which sends X € g to the linear form
d
fe

tX
—f(e
= H(e)

Here we follow the same convention as in [8, Sec. 5] in that we consider the
right regular action of a group on its ring of functions.

Proposition 2.5. The map U(g) — D**(G(0)°) just defined extends con-
tinuously to U(gzp)(m). The family of these maps, for various m, induces a
canonical isomorphism of topological Q,-algebras

lim U (gz,)5" = D™(G(0)°).

=0

Proof. The affine algebra of the formal group scheme @(0)0 is the completion
of the ring Z, [a, b,c,d, %] with respect to the ideal I = (p,a — 1,b,¢,d — 1).
(We write here a instead of ag, b instead of by, etc.) Hence

0(@(0)0) = Zy[Ja—1,b,¢,d — 1]].

For the ring of global functions of G(0)° we then have, algebraically and
topologically,
O (G(0)°) = lim O (G(0),),
r<l
where

OE0),) = { L (a1 (d - 1

a0 as |u] — oo}.

It is easily checked that

et (h1\ [(h2\ f** e s (g el )L V=
() ()] e =i 2

We thus find that D**(G(0)°) consists of sums
e’ (hi\ (ha\ [
2 i) )
v=(v1,v2,v3,vs) EN*

which have the property that there is R > 1 for which |, |RI¥| — 0 as |v| — co.
The rest of the proof is as in [8, 5.2.6]. Because

op (a5 a1l g )
is asymptotic to
V1 +1vy+rv3+ 1y
(p—1Dp™
it follows that U (92, )gn) embeds into D**(G(0)°). Furthermore, the inductive
limit of the spaces O(G(0),);, for r 11, is equal to the the inductive limit of
the rings (/]\(gzp)(&m), as m — o00. O

as |v| = oo,
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Remark 2.6. The Kostant Z-form of U(g) is nothing else than the distribu-
tion algebra Dist(GLgz,) of the group scheme GLj 7, as defined in [13, 1.7],
cp. [13, I1.1.12] for the explicit relation between the Kostant Z-form and the
distribution algebra. One can then use the very definition of the distribution
algebra in [13, 1.7] to give an intrinsic proof of Proposition 2.5 which should
generalize to any split reductive group scheme over Z,,. O

2.7. The analytic distribution algebra of G(n)° for n > 1. In this
subsection we derive a description of D**(G(n)°) = O(G(n)°);, for n > 1,
from the description in Proposition 2.5. The open embedding of rigid spaces
G(n)° — G(0)° induces a restriction map on spaces of functions O(G(0)°) —
O(G(n)°) which has dense image. Taking the continuous dual spaces gives
hence an injection

D (G(n)°) — D*(G(0)°).

We will describe the left hand side as a subalgebra of the right hand side.
To this end, let U(p"gzp)(m) be the Z,-submodule of U(g) generated by the
elements

n V1 h hQ (p’nf)l/4
) (m)| (p 6) . (m)| nvo ) (m)| nvs . (m)| )
(@) a T a ) aet ) e

As before, we find that U (p”gzp)(m) is a Zy-subalgebra of U(g), and we let

ﬁ(p"gzp)(m) denote its p-adic completion.

Remark 2.8. We caution the reader that U(p"gz,)™) and ﬁ(p"gzp)(m) are
merely notations. That is, these rings are not what one would get by for-
mally replacing (the basis of) gz, by (the basis of) p"gz, in the definition of
U(gzp)(m). The reason is that, obviously,

() #r(2)

if v > 1. It is the term on right which one has to work with here, not the term
on the left. O

The algebra homomorphism U(g) — D**(G(0)°) defined right before Propo-
sition 2.5 obviously factors as U(g) — D**(G(n)°) — D**(G(0)°).

Proposition 2.9. The map U(g) — D**(G(n)°) extends continuously to
U(p"gzp)(m) and there is a canonical isomorphism of topological Q,-algebras

lim U (p"gz,)5" = D™(G(n)°).

Proof. We proceed here as in the proof of Proposition 2.5. The affine algebra
of the formal group scheme G(n)° is Zy[[an, by, cn,dy]] and the coordinates
A,y bny Cp,y d, o0 G(n)° are related to the coordinates a,b, ¢, d on G(0)° by
1 1 1 1
an = —(Cl— 1)) bn = _b7 Cp = —C, dn = —(d— 1)
" " pr "
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From the proof of Proposition 2.5 we get

(pne)u1 pnllz hl pnllg h2 (pnf)l/4
vy! Vg V3 vy!
) G G G-
: pr pn pn pn 0’ v 7& L.
And the remainder of the proof is along the same lines as in Proposition 2.5.
g

Remark 2.10. Forn > 1 (n > 2 if p = 2) the group G(n)(Z,) = 1+p"M2(Z,)
is uniform pro-p and its integral Lie algebra in the sense of [7, Sec. 9] is p"gz,
when considered as a Z,-submodule of g. We can thus apply [8, Sec. 5.2] to
get a description of D**(G(n)°) in terms of divided power enveloping algebras.
The relation between the two descriptions is as follows.

In [8], G(n)° is identified with the rigid analytic four-dimensional wide open
polydisc (B°)* via the “coordinates of the second kind”

(t1,t2,t3,ta) = exp(tip”e) exp(t2p™hi) exp(tsp™ho) exp(tap™ f).
Functions O(G(n)®) are then considered as functions on (B°)* via pullback.

Using this identification, we consider elements in U(g) as differential operators
on O ((B°)*). [8, 5.2.6] then tells us that D**(G(n)°) is the inductive limit of
rings

D (G(n)°)™) =

g gb gl 1!
Z v APADA
V11V9:V3V4:

(p’l’be)lll (p’l’bhl)llz (p’l’bh2)I/3 (pnf)l/4

v

[vo| = 0 as |v] — 0}.

The relation of these rings to the rings U (p"gzp)g:) follows immediately
from the elementary

Proposition 2.11. Suppose n > 1 (n> 2 if p=2), and let T be an indeter-
minate. For all v > 0, if one writes the polynomial p™ (T) as

174 nT J
ch’ (p _ ) :
j=1

4!
the coefficients c, j are in Zy.

Proof. Let z be another indeterminate and consider the formal power series

> <f> 2.

v>0

Miinster Journal of Mathematics VoL. 7 (2014), 241-271



INTEGRAL MODELS OF P! AND ANALYTIC DISTRIBUTION ALGEBRAS FOR GL(2) 249

This is equal to (1 + p"2)T = exp(Tlog(1 + p"z)). Under the assumption
n>1(n>2if p=2), one can write log(1 + p"z) = p"zf(z) with a power
series f(z) € Zp[[z]]. Hence

(0 j pnT J
exp(T'log(1 +p"z)) = Z(zf(z))ﬂ( S ) )
320 J:
Now compare the coefficients of z” on both sides. O

3. ARITHMETIC DIFFERENTIAL OPERATORS ON THE SMOOTH FORMAL
MODEL

3.1. Differential operators with divided powers. We consider X = ]P’%p

as being glued together from the affine lines
U, = Spec(Zy[z]) and U, = Spec(Zy[y])

along the open subsets Spec(Zy[z, 1]) and Spec(Z,ly, i]) according to the re-
lation zy = 1. The formulas

- a b\ b+dx a b ay+tc
e d) " axe P \e d by +d’
describe a right action of G = GLg 7, = Spec (Zp [a,b,c, d, %]) on X. Put
Or = A and 0, = %. These differential operators satisfy the relations

Or = —y20y, 20, = —y0y, 120, = —0,.

Denote by 7x the tangent sheaf of X (over Z,). The action above gives rise
to a homomorphism of Lie algebras

(3) gz, — H(X, Tx),
which is explicitly given by
e+ Oy,
hi+— —x0;,
ho — x0,,
[0y

On X we consider the sheaf of differential operators Ds(gm) as defined in [4],
[10]. Sections are locally given as finite sums

(m)) (m))
qV Ay / ql/ aYZ
Z%’ V! 0y or Z’YV ! 81/

with v, € Z,[z] and ], € Z,[y], respectively. The sheaf Dégm) is filtered by

subsheaves DB(&) of differential operators of degree < d. Furthermore, for the

Minster Journal of Mathematics VoL. 7 (2014), 241-271
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symmetric algebra Sym(7x) = @ d>0 4 there exists a divided power version
(m)
Sym(75) (™) = @ (&w) ,
d>0

cp. [10]. The sheaf (7;?‘1)(’”) in degree d is, as Ox-module, locally generated
by

(m)| (m)[

%, " @i G ° o
(4) i—llsll'm' ZT! 5.,
where i1 + ...+ 14, = d and s1,...,s, are local sections of Tx. There is an
obvious monomorphism of sheaves
(5) Sym(7Tx)™ < Sym(Tx)§ = Sym(T)© @z Q.

Lemma 3.2. The image of the subsheaf

(&@d) (m) c Sym(&)(m)

under the map (5) is equal to

EaY
d T®d c Sym(&)

Therefore,
(m)
Sym(Tx)™ = T®d

d>0

Proof. Because ’7§§®d is locally free of rank one, we can write the local sections
s; in (4) as s; = f; - s with a local generator s of 7®? and local sections f; of
Ox. Hence we assume s; = s for ¢ = 1,...,r. Moreover, for any ¢,j > 0 one
has that

(6) ()1 ( 02! ) cz,

ilg! ql(m)!q;m)!

cp. [10, Sec. 1]. Applying this fact repeatedly shows that

g™ . 0",

i i) a
and this proves the assertion of the lemma. O

(m) (m)

Lemma 3.3. Fizd > 1. The map sending qd, : ! !8‘1) considered
as a local generator ofD m) to d, 8®d (resp. 2 8®d) considered as a local
generator of (7§§®d) , mduces a canonical exact sequence of sheaves

(m (m) o)™
(7) 0D D) (TE) T o

Miinster Journal of Mathematics VoL. 7 (2014), 241-271
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Proof. This is [10, 1.3.7.3]. In the case considered here, it is also an immediate
consequence of Lemma 3.2. O
Proposition 3.4.

(a) For all d >0 one has H'(X, Ds(g?ld)) =0.
(b) For all d > 1 the sequence

(3) 0 H (X, D7) ) » H° (X, D)) — H° (X, (7) (m)) -0

induced by (7) is exact.
(¢) The canonical map

(0 (x.2)) = D (5 2) [ (x.200)

d>0
— 1 (X, Sym(T) ™)
is an isomorphism.

Proof. We recall that Tx ~ Ox(2) and thus 7°% ~ Ox(Zd)

(a) The proof proceeds by induction on d. We have Dx 0 = O, and the
assertion is true for d = 0. Because T,°% o~ Ox(2d) we have H* (X, .24) = 0.
Using Lemma 3.2, we find that H'(X, (7;°%) (™)) = 0 for all d,;m > 0. Now
suppose d > 1. By (7) we get an exact sequence

H! (X DY) 1) Nt (X D(m)) Lt (X, (&M)(m)) |

and our induction hypothesis implies H (X, D(m)) = 0.

(b) This assertion follows from (a) and the long exact cohomology sequence
attached to (7).

(¢) This follows immediately from (b). d

Remark 3.5. Assertion (c) of the previous proposition is as in [10, 2.3.6(ii)],
at least for large d. Though Noot-Huyghe’s result would be good enough for
our purposes, we have preferred to give a self-contained proof here. The proof
given here proceeds along the same lines as the proof in [10]. (]

In the following we consider the filtration of U (gzp)(m) whose submodule of
elements of degree < d is generated as a Z,-module by terms of the form (1)
with v1 +vo +v3 + 14 < d.

Proposition 3.6.

(a) For all v > 0 one has the following identity of differential operators in
Dx ®7 @ (wf”) = Z‘Va .

(b) The canonical map U(gzp) — HO(X, D}(go)) induced by (3) extends to a
homomorphism

9) € U(gz,)™ — HO(X, DY),

Minster Journal of Mathematics VoL. 7 (2014), 241-271



252 DEEPAM PATEL, TOBIAS SCHMIDT, AND MATTHIAS STRAUCH

of Zyp-algebras which is compatible with the filtrations on both sides.

(c) €7 maps the center Z(9z,) of U(gz,) C U(gzp)(m) to Z,. Let 6y =
§(m)|Z(gZp) be the restriction of €™ to Z(9z,). Then ker(£(m™)) s the
(two-sided) ideal generated by ker(fy).

Proof. (a) Is easily proved by induction.

(b) Using (a) we see that (), i = 1,2, is mapped to :I:x”%. The assertion
now follows directly from the definition of U(gz, )™ .

(c) Tensor with @ and use the statement in characteristic zero, cp. [2]. O

Using the notations introduced in Proposition 3.6 we define

Ulez,)5” =U (92,)"™ ©2(g2,),00 Zo-

Therefore, €™ induces an injective homomorphism of Z,-algebras
(10) & Ulaz, )y — HO(X, D).
Proposition 3.7.

(a) Via the homomorphism

grem gr(U(gZP)(m)) — H° (X, Sym('&)(m)) =gr (HO (X, Ds(gm)))

induced by €™ | the ring H° (X, Sym(’&)(m)) is a finitely generated mod-

ule over gr(U(gZP)(m)).
(b) Via Eém) the ring HO(X,D(Xm)) is a finitely generated U(gzp)é?)-module.

Moreover, there is N(m) € N such that the coker({ém)) is annthilated by
pN(m),
Proof. (a) By Lemma 3.2 we have
HO (X, Sym(&)(m)) = 9a -

d>0

as submodules of H° (X, Sym(&)gn)) = H° (X, Sym(Tx)™) @z Q. Further-

more,
2d
H (X, ") = P Zpa" 0P
k=0
Our goal is to show that H°(X, Sym(7x)(™) is generated as a module over
gr(U(gz,)™) by the elements

(m),
%mka;@d with 0 < d < 2p™, 0 < k < 2d.

Miinster Journal of Mathematics VoL. 7 (2014), 241-271
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(m)
To this end, consider an element qdd—!!xkaf’d with £ < 2d. Writed = p™q+s
with 0 < s < p™. We are going to use the elementary fact

qém) ! u

d sl(pmhe’
with a p-adic unit u, cp. [8, 5.2.2].
Case k < d. Writing k = p™q’ + r, we have ¢’ < q. If r < 2s then consider
the equation®

(m)) a.)P" a ar™ 9= 1
(11) qd kad (33 i) . T _xras
d! pm! pm! s!
Now suppose 7 > 2s. Because k = p™q¢' +r < d = p™q + s we must have

q" < q and hence ¢ — ¢’ —1 > 0. Then we can write
—1

(m), pind i 10
qd k d _ (xaw) . az . 1 rap™+s
12 S ( o ) (pm! RIETIIR

Case d < k (< 2d). Write k = p™¢’ + r, and suppose ¢’ = 2¢” is even.
k m //

Because 5 = p +5 < p™q+s we must have ¢ < ¢. If r < 25 then consider
the equation

( )| 9 o q// o Q*q“
Qa_ kgt — (2°0x) o7 L oras

Now suppose r > 2s. Then we must have ¢” < ¢, hence ¢ — ¢” —1 > 0 and
we can write

(m) 9 pm q// pm q—q”—l N
(14) kgl = <L 0c) ) (a_) S

d! p™! p™! sl(pm!)
Assume now that ¢ = 2¢” + 1 is odd. Because
M 1 r k
pmq”+pT =@+ 5 =5 <d=p"a+s,

we must have ¢ < ¢q. If p™ + r < 2s we consider

( )' 9 pm q// an Q*q“
(15) M lakgl = (L ) ) (896—) Lomirgs.

d! pm! pm! s!
Finally, if p™ +r > 2s we must have ¢” < ¢. In this case we consider
(m) N m\ q—q"'—1
(16) 1 ' zhol = LQ&I)Z} (% L pmrges
d ol p I

(b) For 0 < d < 2p™ and 0 < k < 2d let eq) be a representative in
H° (X Ds(&)) of the element qd —2k9%d in HO (X, (T24) ™) (use the exact
sequence (8)).

LThis equation and the following formulas are to be considered in the commutative ring
HO (X, Sym(&)(m)). To simplify notation we have dropped the superscript “®”.
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By part (a), H° (X, Sym(’&)(m)) is generated over gr(U(gZp)(m)) by the

(m)
elements qdd,| ’fa®d for 0 < d < 2p™ and 0 < k < 2d, it follows that

HO(X, D is generated over U(gz,) (™) by the elements eqr- And then, ob-

)i
viously, H°(X, ) is actually a finitely generated U(gz, )(m -module. More-
over, using (1 ) ( 2), (13), (14), (15), (16), we see that the generators
q( )|
dd 2892 with 0 < d < 2p™, 0 < k < 2d,

of H° (X, Sym(&)(m)) over gr(U(gZp)(m)) have the property that
(17)

("~ 1)L (™) qu,)' “02" € im (gr(U(gz,) ") — H (X, Sym(T)™) )

since

E"-D-E™) _ (@ ms?l)! is an integer.

sl-(p™h)
Because the generators eq  are in degrees < 2p™, repeating (17) finitely

often shows that there is N (m) such that p™¥ (™e, , is in the image of U(gzp)(m)

for 0 <d < 2p™, 0 <k <2d. Now assertion (b) follows.

3.8. 1 and the distribution algebra D2"(G(0)°). Denote by X the com-
pletion of X along its special fiber Xp,. Let _@;m) be the p-adic completion of

the sheaf Ds(gm), which we consider as a sheaf on X.
Lemma 3.9. The canonical map
H (%, D) — H° (x,2{")
extends to an isomorphism
i (x,0") — 1° (2, 2¢),
where the left hand side is the p-adic completion of H° (X,Ds(gm)).

Proof. This is contained in [10, Prop. 3.2]. The key ingredient used in [10,
Prop. 3.2] is that H' of the sheaf in question (here Ds(gm)) is annihilated by a

finite power of p. Here we have seen H!(X, D(m)) = 0, cp. Proposition 3.4.
Thus it would be possible to give a self-contained proof following the arguments
given in the proof of [10, Prop. 3.2]. |

Put
T hggém)
and
% Q= 1& .@ ®Z @
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Theorem 3.10.

(a) The homomorphism
8" U (a2, )y, = HO (.D47).
cp. (10), induces a homomorphism

&m0 (a2, )y — HO (2, 987),

which is injective and whose cokernel is annihilated by p™N (™) where N (m)
is as in Proposition 3.7. Therefore, Aém) induces an isomorphism

U (az,)y = H° (33 @;’3) .
(b) The isomorphisms in (a) give rise to a canonical isomorphism

™m)

an o 3 77 ( =
D*™(G(0))a, =i U (g2,) 5 = HO(X, 74 ).
Proof. (a) We consider the exact sequence induced by §ém)

0— (U (gz,)y N HO(X,DEM)) /60 (a2, )y

— U (az,)y /00 (g2,)g — 1O (X.D0") [p*E° (X, D4™).

0

Because the projective limit functor is left-exact, and as H° (X, Dggm)) is

separated for the p-adic topology, we deduce that the homomorphism 25’”)
between the completions is injective as well. The assertion about the cokernel
is an immediate consequence of Proposition 3.7. Hence the isomorphism after
extending scalars to Q.

(b) This assertion follows from (a) and the fact that cohomology commutes
with direct limits. (]

As already indicated in the introduction, after having obtained this result
we have been informed by C. Noot-Huyghe that she has proved the general case
of this theorem, for an arbitrary split reductive group and the corresponding
flag variety, in an unpublished manuscript.

The isomorphism in (a) for an arbitrary split semisimple group and the
corresponding flag variety has appeared, in the case m = 0 and with some
restrictions on the prime number p, in [1].
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4. THE SEMISTABLE MODELS X,, AND THEIR COMPLETIONS X,
4.1. The construction via blowing up.

4.1.1. In the following, all closed subsets of a scheme are considered as closed
subschemes with their reduced induced subscheme structure. Put Xg = X =
IE”%F. Blowing up Xy in the IF,-rational points of its special fiber Xo r, produces
a scheme X;. The irreducible components of the special fiber of X; are all
projective lines over IF),, and there are p 42 of them: on the one hand we have
the strict transform of Xo r,, which we can and will identify with Xor,, and
then there is for any F,-rational point P of Xy the corresponding component
Ep ~ ]P’]%‘p of the exceptional divisor. No two components Ep intersect each
other, but any one of these intersects Xy, in a unique point which corresponds
to the point P that has been blown up. We call the components Ep the “end
components” or “ends” of the special fiber of Xj.

Then blow up X; in the smooth F,-rational points of its special fiber. There
are p such points on each component Ep. Call the resulting scheme X5. The
special fiber of Xy consists of the strict transform of the special fiber of Xj,
which we identify with X;r , and, for each of the components Ep of Xy,
there are p irreducible components Ep p: of the exceptional divisor, and Ep p/
intersects Ep in the point P’ that has been blown up. Again, we call the
irreducible components Ep p the “end components” or “ends” of the special
fiber of Xs.

Inductively one defines X,, by blowing up X,,_; in the smooth F,-rational
points of the special fiber of X,,_;. The irreducible components of the excep-
tional divisor are called the “end components” or “ends” of the special fiber
of X,,. It is easy to see that the intersection graph of the special fiber of X,, is
a tree. There are p + 1 edges meeting at every vertex, except for the vertices
which correspond to the end components: these are only connected to the rest
of the tree by a single edge.

Remark 4.2.2 Because the group G(Z,) = GLa(Z,) acts on Xq and preserves
the closed subscheme X (IF,,), the group G(Z,) acts also on Xj. It is easy to see
that G(Z,) preserves the subscheme of X; which gives rise to Xy. Inductively
we find that G(Z,) acts on X,, for all n. Furthermore, one can show that the
group scheme G(n) acts on the scheme X,,.

4.3. An open affine covering of X,,. Here we describe an open affine cov-
ering of the scheme X,,, and a coherent system of local coordinates.® This will
be used later in Subsec. 5.1.

4.3.1. Outline. We will first describe the general shape of this covering and the
procedure by which it is obtained. Let R C Z,, be any system of representatives

2The content of this remark will not be used later on.

3By this we mean a set of local coordinates together with transition formulas for the
local coordinates on “neighboring” open affine subsets. The meaning of “neighboring” in
our context will become clear in the sequel.
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for Z,/pZ, and put R = R U {o0}. Let n > 1. Inductively we will define

an open subset X?_; C X,,_; and open affine “residual disc schemes” ]Dgl_l)
for any tuple a = (ag,a1,...,an_1) € Reo X R" 1. Each scheme ]D)énfl) has
a unique [Fp-rational point and X,, is obtained from X,,_; by blowing up all
these points. The open subset X; ;| C X,,_1 is not affine (except if n —1 =0)
but it is equipped with an open affine covering. Moreover, the special fiber
of X7 _; does not contain any smooth F,-rational point of the special fiber of
Xyn—1. The blowup morphism pry, ,—1 : X,, = X,,_1 is thus an isomorphism
over X; _,, and the preimage pr;’}%l(Xz_l) C X, is then equipped with the
open affine covering of X2_,. In the following we identify pr; % | (X°_,) with
Xe_,. ’

Next we define for any such a open affine subschemes Xgl) and, for all
an € R, “residual disc schemes” ID)g}gn of X,,. These open affine subschemes,
together with the open affine covering of X7 _; constitute then the open affine
covering of X,,. The open subset X} is defined as

X, =X, U U xi.

AER o XRM—1

4.3.2. When n = 0. We start with the affine covering Xy = U, U U, of X,
cp. Sec. 3, where U, = Spec(Zy[z]) and U, = Spec(Z,[y]) and these open
subschemes are glued together according to the relation zy = 1. For a € R

(0)

put zo’ = x — a, and consider this as a local coordinate at * = a, and set

xg)zyzi. For a € R put

RO = Z, [ [% ‘ beR, b4 a],
Ly

and view this as a subring of the rational function field Q,(x). It is immediate
that for all a € R4 the ring

RO — pO) [ L
daf a xgo) k)

as a subring of Q,(z), is independent of a. Set X§ = Spec(R). The special
fiber of X is Py \ P'(FF,). Furthermore, for a € R put

D = Spec (Rflo)).

The special fiber of DY is X8, U {a}, where @ is the “mod-p reduction
of a”. This is the unique F,-rational point which corresponds to the ideal
(p,x((lo)). We call ID)((ZO) a “residual disc scheme”. For later use we fix the
coordinate function x,(lo) on ID)gO). For any two distinct a,a’ € Ro we have
]D((IO) mef) = X§. Then we consider the covering of Xg by the open subschemes

ID)gO), a € Roo, together with X§.
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4.3.3. When n = 1. X; is obtained by blowing up Xy in the points corre-

sponding to the ideals (p, a:l(l?))) C Rfl?)), ag € Reo. In order to describe X1, we

. . . 1
introduce new indeterminates zéo)

and mg})) satisfying
mg?))z,(li) =p and zé(l))xg? =1.

Set also x(%),al = a:(%) —aj for a; € R. Then define

1
——|a € R]/(x((l%)zl%) _p)7

R = RO
and put X,%) = Spec(Ré}))). For a; € R set

ao,a1

ap,a1 ao,a1 (1)
a07b

1
R :Rg%)[x(l) ][

beR\{al}] ,

and define
DM = Spec (R(l) )

ap,a1 ap,a1

The special fiber of each D,%),al is isomorphic to an affine line over F, all of
whose Fp-rational points have been removed, except one. Again, in order to
obtain a coherent system of coordinates, we fix the coordinate function xg})),al

on ]D),%),al. For any a1 € R one has

1 1
1 _ 1
Rl(lo) [—1):| - Rl(lo),fh |: (1) :|’
0

(
Za aop,a1

and this ring is thus independent of a;. For any two distinct a1,a} € R one
has
1 1 _pa 1) _ n| 1
D( ) N ]Dao,all - Dgo)ﬂl N Xl(lo) = Spec (Rl(lo) [ 1) ] )’
0

ao,a1 (
Za

and the special fiber of this scheme is isomorphic (via the coordinate a:t%), say)

to IE”]}p \ P}(F,). Furthermore, for any two distinct ag,af, € Roo one has
1 (1) . o
XM n Xy = X5
Let X$ be the union of the schemes X,(I?, ap € Roo, and X§.

4.3.4. From n — 1 to n. Firstly, we use the preimages of the affine covering of
X5 _; under the blowup map X,, = X,,_;. Then we consider a “residue disc
scheme”

DY = Spec (Ré"il))

a

of X,,_1, where a = (ag, as,...,an—1). It is equipped with a coordinate func-

tion xgl_l) and has a unique Fp-rational point which corresponds to the ideal

(n

(p, za 71)) C Ré"il). X,, is obtained from X,_; by blowing up these F,-
rational points, for all @ € Roe x R™ L.
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To describe the blowup process, we introduce indeterminates zé”) and xén)
satisfying
2"V 2" = p and Zg (n) (") =1

(n) _ (n)

For a,, € R set zg,4, = Ta = — an and define
1
(18) Rén) _ Rén—l)[zén)][ ) be R:|/( (n—l)zén) _p)’
a b

and put
X(W = Spec (Ré”)).

For a,, € R define

R — ROVl ][wL ‘ beR\ {an}}’

and put
D), = Spec (R{),).
Again, in order to obtain a coherent system of coordinates, we fix the coor-

dinate function 2", on DY) . For any a, € R one has

R,g”) {L] zRg",i [ 1 ],
Sl e L,

and this ring is thus independent of a,,. For any two distinct a,,al, € R one
has

D™ ADM, =Dr) AXM =SpeC< (n)[ 1)])’

a ,an (n

and the special fiber of this scheme is isomorphic to (via the coordinate xé"),

say) to PL \P'(F,). Let X5, be the union of the schemes X{", a € Roo x R" 1,

and X7 _;. One obtains an open affine cover for X?, from the union of the open

affine cover from X? _; and the collection of all Xé").

by X¢ and the open affine subschemes D(Jgn, (@,an) = (ag,...,an—1,an) €

Roo x R™. Writing out the open affine covering of X? explicitly gives:

(19) X, =X U |J U xu U b

1<v<n a€Roo xR¥—1 PERXRY

Finally X,, is then covered

4.3.5. Going through the successive definitions of the local coordinates mg?)),

x,(laal, .. xg"), a = (ao,...,ay), one finds the relations, for ag # oo,

r=ay+ap+ ...+ an_1p" '+ a,p" —|—p”xé”)
(20) —ao+ap+ ... +an_1p"t +pral™

(ag,al,...,an_l)

=ay+arp+...+an_1p" + p"ileZ;iiw’anil),
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n—1) (n) o ..
10,01+ st 1) Z(aosa1resan 1) = P Similarly we have for

a=(00,a1,...,an-1,a,) and y the relations

where we have used xE

y=ap+...+ap_1p" " +ap” +pnx$)
(21) =apt..otap " p el

x

(@0,a1,..cs@n—1)
=aip+...+an_1p" '+ pnileZ;il...,an,l)-
4.4. The formal schemes X,,.

4.4.1. We denote by X,, the completion of X,, along its special fiber. One can
also obtain X,, directly from X by the same procedure as in Subsection 4.1.
Assuming we have constructed X,,_1, we define X,, by blowing up (in the sense
of formal geometry) the smooth [F,-rational points of the special fiber of X,,_1.

Furthermore, the open affine covering described in Subsection 4.3 gives rise
upon completion to a covering of X,, by open affine subschemes. The explicit
description of the formal completion Xgl) of Xé"), a € Roo x R 1 is in fact

simpler than the corresponding description for Xén). One can show

R0 =

1 1
Spf (Z <x,(1"_1),z£")>[ , }/ x,(ln_l)zé")—p )
P\*Va a (x(n—l))p_l 1 (zén))p_l _1 ( a a )

a

See [20]* and [12, 1.3] for details. Similarly, the formal completion ]IA)glgn of
Dgfgn, an € R, can be described by

~ 1
5. =t (2 [ o] )
a,an p< a, n> ( (n) )p71 1

Ta,an

Remark 4.5. Denote by X2 the completion of X? along its special fiber. The
open embedding X¢_; < X° induces an open embedding X2_; — X°. (X9
can also defined intrinsically, and more straightforwardly, without the use of
X?.) The inductive limit lim X7 is then a formal model of the p-adic upper
half plane, cp. [12, 1.3]. This links the objects studied here with the Bruhat—
Tits building and the Berkovich embedding of the Bruhat—Tits building into
the analytification of the flag variety. The present paper was motivated by this
connection and the study done in [17].

5. LOGARITHMIC DIFFERENTIAL OPERATORS ON X,

We refer to [15] for a systematic discussion of sheaves of logarithmic differ-
ential operators. For n > 1 we equip X,, with the log structure defined by its
normal crossings divisor {p = 0}. However, here we will not use the theory as
developed in [15], but rather work with a more elementary approach.

4The relevant material is in the section “The formal scheme %’;—the naive construction”.
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5.1. The logarithmic tangent sheaf on X,,.

5.1.1. Denote by

pr, X, — X=X
the canonical projection. For the purposes of this paper we consider the sheaf
Dx,, 1og of logarithmic differential operators on X,, as being generated as a
subsheaf of pr} (Dx) by the logarithmic tangent sheaf 7x,, 10g. The logarithmic
tangent sheaf Tx, 1og in turn is locally on an open subscheme X((ly)

by mg”‘”aw(u_l) and z;”az(w, as a module over the structure sheaf. We will

generated

see below, cp. Proposition 5.2 (a), that these are local sections of pr¥ (Tx) .
They satisfy the relation

Yo

= x

v
L(lu—l) = —Zé )8Zéu)-

Write, as in Sec. 3, Xo = X = U, U Uy, where U, = Spec(Zy[z]), U, =
Spec(Z,y]), with = and y satisfying the relation zy = 1. Let Z,, 4 C Ox be the
ideal sheaf which is on U, associated to the ideal

N (@—ap")’ CZyz)=0x(U0),
a€Zy/(p™)

and on U, associated to the ideal

ﬂ (y— a’pn)d C Zply] = Ox(Uy).
a€Zy/(p™)

Obviously, Zg,¢ = Ox for all d. In the following proposition, if n = 0, we
put &o,log = 7§§

Proposition 5.2.
(a) Tx, log i a subsheaf of the invertible sheaf pr} (Tx).

(b) (pr,)«(Ox,) = Ox.
(¢) For all n,d >0 one has (pry,)« (T %) = Zn.a T

n,log

Proof. (a) In order to see this we express the coordinate = by the local coor-
dinates xg'*l) introduced in Subsec. 4.3, and deduce a corresponding relation

for 0, and 0 _.-1). (By symmetry it suffices to consider x.) To be precise, fix
1<v<n,a= (ag,...,a,_1) € Roo X R*~!, and consider the open subset
Xg) C Xy, cp. 4.3.4. Without loss of generality we may assume ag # co. Then

_ -1
v 11,;’/ )

we have r —a=1p where a = ag + ... +a,_1p"" 1, cp. (20). Hence

(22) 0 -1 = p’719,, and thus xé”fl)ar(u_l) = p”flmé'j*l)@z = (z —a)0;.

This proves the assertion.

(b) The morphism pr,, : X,, — Xy is a birational projective morphism of
noetherian integral schemes, and Xy is normal. The assertion then follows
exactly as in the proof of Zariski’s Main Theorem as given in [9, Ch. III,
Cor. 11.4].
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(c) 1. The inclusion (pr, )« (T® Tog) C .4 Put X, = X,— pr,!
(X(Fp)). This scheme is smooth over Z,. The restriction of pr,, induces an
isomorphism

X, = X =X-X(F,),
and the restriction of Tx, 10g to X/ is the relative tangent sheaf of X/ over
Z, whose direct image under pr,, is the relative tangent sheaf of X' over Z,.
Therefore, in order to understand (prn)*(&%ﬁog) we need to investigate the
stalks of this sheaf at the points in X(F,). We consider the point P in
= Spec(Zy[z]) € X corresponding to the ideal (z — ag,p). Our aim is
to understand the stalk of (prn)*('&® log) at Fo.

By (a) we can consider the stalk of (pr,). (7 1og) at Py as a Ox p,-

submodule of the stalk of T.°¢ at Py. We consider thus an element

(23) D= f(2)02 € (T2, .

f(x) € Ox.p, = Zp[r — a0](z—ay,p), and want to find necessary and sufficient
conditions for this element to be in the stalk of (pr,,).(7:£%,,) at . To this
end, consider an open subset of X, of the form

X UKD, U UXE) L, UDE
for a sequence a = (ag,...,a,) € Rt Consider the local coordinate

xg;) n_1,an ON D,(lﬁ?,,,7an which we denote henceforth by ™. Put a =

ap+aip+ ...+ an,_1p" !+ a,p™. The equation (20) shows that
(24)

1
™ = o (z — a), hence 9, = p" 9y, and thus 2™, ) = (x — a) Oy—a.

If D is in the stalk of (pr,). (T2,
of 7gg log b the point P, € D( ) ,a
Therefore D can be written as

(25) g(a")oz

x(n)

) at Py then D extends to the stalk
corresponding to the ideal (z(™,p).

n

with a function g(z() € Ox, p, = Z,[z™" )](wm),p). Completing this latter
ring with respect to its maximal ideal gives Z,[[z(™]], and so we can consider
g(z™) = > k>0 cr () as an element in Z,[[z(™]]. Now we write (25) as

1
(o= ooz
Using the power series expansion for g(z(™) gives

1 _
g (—n(x — a)) pnd = Z cpp M (1 — a)k,
p k>0
For k < d we have p"“=®(z — a)F € (z — a,p™)?. And for k > d we
must have c,p~ "+ € 7, and so cpp "+ (z — )k is in (z — a,p™)? too.

Miinster Journal of Mathematics VoL. 7 (2014), 241-271



INTEGRAL MODELS OF P! AND ANALYTIC DISTRIBUTION ALGEBRAS FOR GL(2) 263

The function f(z) in (23) is then contained in the ideal (z — a,p™)? for all
a=ag+...+a,_1p" . Hence we see that the stalk of (pr,,). (7;? log) at P,
is contained in the stalk of Zn,d&‘g’d at Fy. This is then true for all F),-rational
points of X. For the point at infinity one uses the equation (21).

2. The inclusion (prn)*(&%‘ﬁog) D Z,.4T%  As above, we consider the
point Py corresponding to the ideal (z — ag, p) C Zp[z] = Ox(Us). For 1 <v <
n consider an open affine subset Xg) of X,,, as introduced in 4.3.4 (cp. also
(19)), where a = (ag,a1,...,a,-1) € Reo X RV"1. On Xg') we have the

coordinate function xg'*l), cp. (18), which is related to = by

T=ag+...+ay_1p" ! +p”71mg’*1), ie, x—a= p”flx((l”* ,

cp. (20), where a = ag + ...+ a,_1p” . Suppose 0 < k < d and consider the
differential operator
D =p" P (x—a)* " € (x — a,p" ) (TE) p,
We have 0, = V%law@_l) and thus

D = pd=h) ph(v=1)—d(v— 1)( —1yk (9, (- b)®?

:p(n—u+1)(d—k)(xg/—l)) (8305;/71)) ®d
(26) — (W)t (EdR)

;
:

71))Zn71/+1)(d k) ( ((l )k(a (U_1>)®d
. a

= (ZL(ZV))(anJrl)(dfk)(x 71))(n7V)(dfk)(x )) (d <.,71>)®d.

Because of the term (xg (= 1)) (0, (V_l))®d on the last line of (26), this shows

that D extends to Xé). Here we have used the equation z((l )x(” b = p,

cp. (18). To see that D also extends to ]D)én), where here b = (ag, a1, ..., an),

we use the coordinate a:l()") on ]D)(“). The equations (24) give then
D= pn(d k)plm dn( ) (5 - )) _ (xén))k(argn))t@d’

and this shows that D extends to Dén). If, more generally, we consider an
element of the form f(x)D, where f(z) € Zp[z](z—qy,p) and D is as before,

then this will extend to a neighborhood of the special fiber of Xg') and ]D)é"),
respectively. O

Corollary 5.3. For all n,d,m > 0 one has

(0o (200 ™) = Tl T 0 = 27, 7

Proof. The sheaf Ty ®d S log IS @ line bundle and the same reasoning as in the proof

of Lemma 3.2 applies, ie., (T log) m = e log This equality is to be
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understood as in Lemma 3.2. The statement then follows from Proposition 5.2.
d

Consider Z,, 4(T24) (™) as a subsheaf of (T3°4)(™). The global sections of
the former are thus contained in the global sections of the latter.

Proposition 5.4. For all n,d, m > 0 one has the following inclusions
(27)
P (X (TEO™) < B (X, Tl (TE) ™) < prem® (%, (7))

as submodules of H (X, (&®d)(m)), where ¢ = (dz—jrﬂ is the smallest integer
greater or equal to dﬁ, Using Corollary 5.3 the inclusions in (27) can be
rewritten as
(28)

pndHO (X, (&@d)(m)) C HO (Xn; (&%flog)(m)) c pncHO (X, (&@d)(m)) )

In particular, for d =1 and any n,m > 0 we have

(29) HO (X0, TM,,) =l (X TE)).

Proof. Because of Lemma 3.2 it suffices to treat the case m = 0. By the very
definition of Z,, 4 one has p"?Ox C Zp,q and thus p”d’&@d - In,d'&@d. The
inclusion on the left follows from this. Furthermore, the statement is trivial
for n =0 or d =0 (when ¢ = 0), and so we may assume that n > 0 and d > 0.

Before we show the inclusion on the right we recall that 92¢ is a generator
of T2 over U, = Spec(Z,[z]), and 9% is a generator of T2 over U, =
Spec(Zyly]). These generators are related by the equations 99 = (—z2)?0$4
and 99 = (—y?)493¢ over U, NU,. It is then easy to see that global sections
of 2% can be written as f(x)0$? (or, equivalently, as g(y)0P?) with f € Z,|z]
and deg(f) < 2d (resp. g € Z,[y] and deg(g) < 2d).

To show the inclusion on the right we write global sections of ’7'X®d in the
form f(x)0%? with a polynomial f(z) € Zy[z] of degree < 2d. Suppose n > 1
and f(x)02¢ is a global section of Z,, 47;°%. Note that the reduction modulo p
of Z,, 4 is an ideal sheaf on ]P’]%‘p of degree —(p + 1)d, which we denote by Zyr, .
Note also that it does not depend on n (which justifies the notation Zyr,). The
corresponding closed subscheme is given by the divisor ),y ) d - a. Now,
if f is not divisible by p, then (f mod p)d2? would be a nonzero section of
Id,FpE?d and this sheaf has degree —(p + 1)d + 2d = (1 — p)d < 0 (because

“p

d > 0), hence a contradiction. Fix a € Z, and write

(30) fz) = Z gi(2)p" (x — a)*"" € (z —a,p")?,
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with polynomials ¢;(x) € Z,[z]. We have seen that f is divisible by p, hence
go is divisible by p. Consider

d
@1 £ =20 (0 ) 3 g e -

p

If n > 2 we see from (31) that the reduction of %f(x) modulo p is equal
to gDTEw)(x —a)? mod p, and is thus again contained in the ideal (z — a)? of
Fplz]. The same will be true if we work in terms of the coordinate y. Hence

( % f mod p)0%9 is again a global section of Id,]ppﬁ??d. And thus must vanish.
Fp
Thus % f must be divisible by p, and we consider
(z)

d
(32) L p@) = 29 0y 43 i@ (o — )t
p p =1

Now continue to apply the same reasoning as above to conclude that go(x)
is in fact divisible by p?, then by p?, etc., finally by p”. We can then consider

d

fl(m) d:f ]%f($) = gz)(f) (aj - a)d + Zgi($)pn(i71) (33 _ a)(d—l)f(ifl)7
i=1

and this polynomial is in (z — a,p™)?~ . This shows that f(x)d¢ is a global
section of In,d_l&‘g’d. If f1 is not divisible by p, then the same reasoning
as above shows that (f; mod p)d? gives rise to a nonzero global section of
Idfl,Fp%?d and this sheaf has degree —(p+1)(d—1)+2d = (1 —p)d+p+1. If

this numbfar is negative we arrive at a contradiction. Suppose this number is
nonnegative. Arguing as above shows then that f; must be divisible by p™, and
hence f is divisible by p?". Running the same arguments repeatedly proves
that if (1 —p)d+j(p+1) < 0 we must have that f is divisible by p"U*1). Now
the assertion follows because ¢ — 1 is the largest possible value for j. O

Remark 5.5. The exponent nc of p on the right side of (27) is likely not the
largest possible exponent for all n and d. While it is interesting to find the
largest possible exponent of p for the inclusion on the right side of (27), the
most optimistic guess that it be nd is in general false. Consider for instance
the case when n = 1 and d = p. Then pP~!(2P — 2)0%P is a global section
of Z; , TP as can be checked easily. We thus see that the optimal exponent
would be at most p — 1 and this is indeed equal to (pﬁ%ﬂ for all p. Moreover,
pFP=D (P — 2)k9ERP is a global section of Z; 4, o™ for all k and p, and we
thus see that the exponent is at most k(p — 1) = kppT?l. As a consequence,

timal t Z1 .
SRR SEbOReE is bounded by pT for n = 1. Similar

examples probably exist for arbitrary n.

we see that the ratio
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5.6. Differential operators on X,, and distribution algebras. Let Dg:)
= Ds(g:,)mg be the sheaf of logarithmic differential operators on X,, of level m.
As an Oy, -module it is on an open affine subset Xg') C X, cp. (19), locally
generated by logarithmic differential operators

(D
i(3)

D= xé”_l)awwA) = —Zg/)azw)

where

is a local section of the logarithmic tangent sheaf Tx,, 10g, cp. Subsec. 5.1. On

the open subscheme ]D)l()") with coordinate function xl()") it is generated by

ql(;n)'ad
dl ey
Denote by HO (Xn,Ds(g:)) the p-adic completion of H° (Xnvps(g?) and put
HO(X, DY) = HO (X, DY) 22 Q.

Theorem 5.7. Given n let n' = Lni—ﬁj be the greatest integer less or equal
p—1

to neTy- Then we have natural inclusions

D™ (G(n)°)g, — ngﬁo(xn,pgﬁ)Q < D™ (G(n')°)g,-

Proof. 1. The inclusion on the left side. The inclusion G(n)° C G(0)° induces
an embedding
D*™(G(n)%)ay = D*(G(0)°)s,

and the right hand side is canonically isomorphic to
%HO (X’ Dégm))Q,

by Lemma 3.9 and Theorem 3.10. On the other hand, arguing as in the proof

of Proposition 5.2, part (a), one sees that Ds(gm) is naturally a subsheaf of

pr* (DY™), and so HO(X,, DY™) < HO(X,DY™). The inclusion in question
is thus understood to be an inclusion inside lim HO(X, DY) Q"

Now wuse Proposition 2.9 and the explicit form of the generators of
U(p"gz,)™ in (2). Consider such an element

q(m)|M . q(m)|pny2 <h1) . q(m)lpnyg <i§) . (m)) (p"f)w; .

Vi vy! v2 Vo V3 va vy!

Its image under the canonical map

€+ U(gz, )™ — HO(X, DY)
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cp. (9), is

(m), (m), (m), (m))
ql’l ' n V1 q”2 nvo va Qa2 | qus nvs u3 1 Z3 qV4 ' n, .2 V4
I/]_' (p 8 ) VQ' p ( ) 83: VB! p a v ' ( b 813)

The first and last term are of the form

g™

v!

(p™ (global section of Tx))".

Because H(X,,, Tx, 1og) = P"H(X, Tx), cp. (29), we see that these terms
are in H° (X, D%T)). For the second and third term we consider an open affine

subset X, Let x(#=1) = z{" be the coordinate on X{" as in (18). Use
(22), i.e., Opu-1) = p*~ 81, and write

33 Qv ! nv ual/ v ! ny 1/81/
(33) =™ TP @ —ata)’o;

v (m)! (m)) (m)

:Z Pk 9

5 (0 (@) !

(m)

By what we have observed before we find that the term ((f/ k),( PO )"~

a global section of Dxn . The relation p*~'z(#=1) = z — a together with (22)
gives

(m) (m),
q; ! z—a)*ok = (Ikk' (a(h™ 1))kak

(n—=1)>»

) (1)

and so extends to a section of Dg: over Xg

see that

. It is a straightforward exercise to
. (m)y
is always an integer, and 2=—p™ 2" 9 therefore extends
v

over X

!

) . Finally, we consider the subscheme ]D)é“). Let

to a sectlon of Ds(gn
(") = a:(" be the coordinate on ]D(") as in 4.3.4, where b = (ao, ..., a,). Put
b=ag+...+app"”. Writing z = (x —b) + b, we can perform exactly the same

(m)
calculation (33) as above, usmg (24), and find that %— ! p™a¥dY extends to

a section of D( ™) over D . So we can conclude that the terms a !) a0y
are in HO (XH,DS(Q)).

The image of £™) thus lies in H° (Xn,DggT)). Passing to the completions
and the direct limit over m we find that £ induces a map

D (G(n)°) — liny F1°(%,,, D)
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which makes the diagram
Do (G(n)°) ——= lig 7 (X,,, DY)
m

|

Dan(G(o)o)eo o ]ﬂ f_jO (X, D}(gm))Q

Q

commute. The lower horizontal arrow is an isomorphism and the right vertical
arrow is injective. The assertion now follows.
2. The inclusion on the right side. For this inclusion consider the diagram

lig 71 (%, D) = = = D (G())ag

|

ling 71° (X, D§g”>)@ D™ (G(0)°)g,

where the vertical arrows are injective and we have to show the existence of
the dashed arrow. Let N(m) be such that the cokernel of the canonical map

Ulgz,)™ — H° (X, D§§”>)

is annihilated by p™¥(™ | cp. Proposition 3.7 (b). Furthermore, consider the
subsheaf Ds(g,)d of logarithmic differential operators of level m and degree < d.

Similarly, let U(p"™ gzp)gm) be the submodule of elements of degree < d as

defined right before Proposition 3.6. Then, in order to prove the existence of
the dashed arrow in the diagram above, it suffices to prove the existence of a
map

PN H (X0, DY) - UG a2,),

which makes the corresponding diagram

PN HO (%, DY) - = = U gz, )

|

pN(m)HO (X, D}(gm)) U(gzp)((im)

commute. We do this by induction over d. This is obvious for d = 0. For the
induction step we can pass to the corresponding graded object in degree d and
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thus consider

pN ™ HO (Xm (&gjjog)(’”)) — == U@" a2,) /U™ 92,))

| |

PO HO (X, (T2 ) ——— Ulgz,){" /U e2,) ")
Note that
UG 02,)5" /U0 02,) = 0 (U020 /U z,)7 ) -
By (28) we have an inclusion

HO (30, (T1op) ™) € 2P (% (T2,

where ¢(d) = [dg +H The assertion now follows from the following inequali-

ne(d) =n ’Vdp;ﬂ > ndp;l >d {np;lJ =dn’.

P+ p+1 p+1

ties:

O

Remark 5.8. We recall that X,, denotes the completion of X,, along its special
fiber, and we let _@3(67:) = Dg:) be the p-adic completion of the sheaf Dgg:).

Consider these as sheaves on X,,. Put @(m)(@ = _@3(57:) ®z Q and

T
@xn7Q daf 1&‘@ n7Q

Then, as is not difficult to see, there is a canonical injective ring homomor-
phism

(34) ngflo(xn,pg))Q o H(2., 7% o).

The same reasoning as in [10, Prop. 3.2] shows that this map is an isomor-
phism, if A (X,, D(m)) is annihilated by some fixed power of p, for all m. But

if this is not the case then, for fixed m, the canonical map H° (X, D(m)) 0

HO(%,, 24 (m) o) might not be surjective.
This c1rc1e of problems is closely connected to the question whether X,, is
@;n g-affine, a problem we plan to discuss in a future paper.

Acknowledgments. The reader will have no difficulty in recognizing the in-
fluence of Peter Schneider’s work on the ideas contained in this paper. Over
the many years we have spent together in Miinster, we have greatly benefited
from Peter’s generosity in sharing his ideas with us and guiding us into many
different mathematical worlds. We are grateful for this. It is a pleasure to
dedicate this paper to him on the occasion of his sixtieth birthday.

Minster Journal of Mathematics VoL. 7 (2014), 241-271



270

(1]
2]

3]

[4

[5]

[6]

[7]

DEEPAM PATEL, TOBIAS SCHMIDT, AND MATTHIAS STRAUCH

REFERENCES

K. Ardakov and S. Wadsley, On irreducible representations of compact p-adic analytic
groups, Ann. of Math. (2) 178 (2013), no. 2, 453-557. MR3071505

A. Beilinson and J. Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris Sér. 1
Math. 292 (1981), no. 1, 15-18. MR0610137 (82k:14015)

V. G. Berkovich, Spectral theory and analytic geometry over non-Archimedean fields,
Mathematical Surveys and Monographs, 33, Amer. Math. Soc., Providence, RI, 1990.
MR1070709 (91k:32038)

P. Berthelot, Z-modules arithmétiques. I. Opérateurs différentiels de niveau fini, Ann.
Sci. Ecole Norm. Sup. (4) 29 (1996), no. 2, 185-272. MR1373933 (97b:14019)

J.-L. Brylinski and M. Kashiwara, Démonstration de la conjecture de Kazhdan-Lusztig
sur les modules de Verma, C. R. Acad. Sci. Paris Sér. A-B 291 (1980), no. 6, A373-A376.
MRO0596075 (81k:17004)

A. J. de Jong, Crystalline Dieudonné module theory via formal and rigid geometry, Inst.
Hautes Etudes Sci. Publ. Math. No. 82 (1995), 5-96 (1996). MR1383213 (97£:14047)
J. D. Dixon, M. P. F. du Sautoy, A. Mann, and D. Segal, Analytic pro-p groups, second
edition. Cambridge Studies in Advanced Mathematics, 61. Cambridge University Press,
Cambridge, 1999. MR1720368 (2000m:20039)

M. Emerton, Locally analytic vectors in representations of locally p-adic analytic groups.
Preprint. To appear in: Memoirs of the AMS.

R. Hartshorne, Algebraic geometry, Springer, New York, 1977. MR0463157 (57 #3116)
C. Huyghe, 27-affinité de I’espace projectif, Compositio Math. 108 (1997), no. 3, 277—
318. MR1473850 (99c:14031)

C. Huyghe, 2" (00)-affinité des schémas projectifs, Ann. Inst. Fourier (Grenoble) 48
(1998), no. 4, 913-956. MR1656002 (2000a:14019)

J.-F. Boutot and H. Carayol, Uniformisation p-adique des courbes de Shimura: les
théorémes de Cerednik et de Drinfel’d, Astérisque No. 196—197 (1991), 7, 45-158
(1992). MR1141456 (93c:11041)

J. C. Jantzen, Representations of algebraic groups, second edition. Mathematical Sur-
veys and Monographs, 107. American Mathematical Society, Providence, RI, 2003.
MR2015057 (2004h:20061)

B. Kostant, Groups over Z, 1966 Algebraic Groups and Discontinuous Subgroups (Proc.
Sympos. Pure Math., Boulder, Colo., 1965), 90-98 Amer. Math. Soc., Providence, R.I.
MRO0207713 (34 #7528)

C. Montagnon, Généralisation de la théorie arithmétique des Z-modules a la géométrie
logarithmique. Thesis, Université de Rennes.

C. Noot-Huyghe, Un théoréeme de Beilinson-Bernstein pour les Z-modules
arithmétiques, Bull. Soc. Math. France 137 (2009), no. 2, 159-183. MR2543473
(2011e:14038)

D. Patel, T. Schmidt, and M. Strauch, Locally analytic representations and sheaves on
the Bruhat—Tits building. To appear in Algebra and Number Theory.

B. Rémy, A. Thuillier and A. Werner, Bruhat—Tits theory from Berkovich’s point of
view. I. Realizations and compactifications of buildings, Ann. Sci. Ec. Norm. Supér. (4)
43 (2010), no. 3, 461-554. MR2667022 (2011j:20075)

P. Schneider and U. Stuhler, Representation theory and sheaves on the Bruhat-Tits
building, Inst. Hautes Etudes Sci. Publ. Math. No. 85 (1997), 97-191. MR1471867
(98m:22023)

J. Teitelbaum, On Drinfel’d’s universal formal group over the p-adic upper half plane,
Math. Ann. 284 (1989), no. 4, 647-674. MR1006378 (90j:11050)

Miinster Journal of Mathematics VoL. 7 (2014), 241-271



INTEGRAL MODELS OF P! AND ANALYTIC DISTRIBUTION ALGEBRAS FOR GL(2)

Received October 9, 2013; accepted April 21, 2014

Deepam Patel

Institut des Hautes Etudes Scientifiques,

Le Bois-Marie 35, route de Chartres, 91440 Bures-sur-Yvette, France
E-mail: deeppatel19810@gmail.com

Tobias Schmidt

Institut fiir Mathematik, Humboldt-Universitat zu Berlin,
Rudower Chaussee 25, 12489 Berlin, Germany

E-mail: Tobias.Schmidt@mathematik.hu-berlin.de

Matthias Strauch

Indiana University, Department of Mathematics,
Rawles Hall, Bloomington, IN 47405, U.S.A.
E-mail: mstrauch@indiana.edu

Minster Journal of Mathematics VoL. 7 (2014), 241-271

271



