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Abstract. This is a survey article that advertises the idea that there should exist a theory of
p-adic local analogues of Shimura varieties. Prime examples are the towers of rigid-analytic
spaces defined by Rapoport—Zink spaces, and we also review their theory in the light of this
idea. We also discuss conjectures on the ¢-adic cohomology of local Shimura varieties.
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1. INTRODUCTION

Deligne’s definition of a Shimura variety [11] is of ultimate elegance. Starting
from a Shimura datum, i.e., a pair (G, {h}), where G is a reductive algebraic
group over Q and {h} is a G(R)-conjugacy class of homomorphism h : S — Gg
satisfying three simple axioms, Deligne defines a tower of complex-analytic
spaces {M¥ | K C G(Ay)}. Here K runs through the compact open subgroups
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of G(Ay), and G(Ay) acts on this tower as a group of Hecke correspondences.
The individual members of this tower are defined as

M* = G(Q)\ [X(ny x G(Ay)/K],

where Xy is the complex variety of elements h of {h}. It is well-known that
M¥ has a unique structure of quasi-projective variety over C, compatible with
all transition maps in this tower. In fact, the tower is equipped with an effective
descent from C to the Shimura field E = E(G,{h}) and this descended model
can be characterized as a canonical model in the sense of Deligne [11].

Fix a prime number p. The purpose of the present paper is to advertise
the idea that a similar theory should exist over Q, instead of Q. Starting
from a local Shimura datum, i.e., a triple (G, [b],{u}) consisting of a reductive
algebraic group G over Q,, a o-conjugacy class [b] of elements in G(Qp), and
a conjugacy class {u} of cocharacters of G@p, satisfying some simple axioms,
we would like to associate to it a local Shimura variety, i.e., a tower of rigid-
analytic spaces {M¥X | K ¢ G(Q,)} over E. Here E denotes the local Shimura
field E associated to (G, {u}) and for any p-adic local field F we denote by F’
the completion of the maximal unramified extension of F'. The group G(Qp)
acts on this tower via Hecke correspondences. Furthermore, and this is at
variance with the classical theory of Shimura varieties, the o-centralizer group
J(Qp) acts on each member of the tower in a compatible manner. The members
of this tower should all map to the period domain F (G,b,{u}) associated to
(G, [b],{p}), in the sense of [10], in a compatible way, and equivariantly for
the action of all groups in play. Furthermore, there should be a Weil descent
datum on this tower from E down to E.

The prototype of such a tower is given by the tower defined by a Rapoport—
Zink space. Recall that this tower arises in two steps: in a first step, one
constructs a formal scheme over Spf O; in a second step, one takes its generic
fiber and constructs the tower over it. Here the formal scheme arises as the
solution of a moduli problem of p-divisible groups, and the tower arises by
considering level structures on the universal p-divisible group over the generic
fiber. The thrust of the present paper is that it should be possible to construct
the tower directly. Then the formal schemes constructed in [82] would be
considered as providing integral models of certain members of the tower, just
as this happens in the case of classical Shimura varieties.

At present we are not able to define such a tower, except in cases closely
related to RZ-spaces. However, we strongly believe in their existence. Besides
aesthetic reasons and the analogy with the global theory of Shimura varieties,
there are also systematic reasons to believe that such a construction exists. And
the prize to be won is simply too big not to search for such a construction. The
f-adic cohomology of the tower admits a simultaneous action of G(Q)), of the
Weil group Wg and of J(Q,). The actions of these three groups are intertwined
in a deep way, and often define local Langlands correspondences in a geometric
way. A theory of local Shimura varieties should provide enough flexibility to
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establish such geometric Langlands correspondences in many cases. In the
text, we discuss in this context two cohomology conjectures:

1) the Kottwitz conjecture which concerns the discrete part of the cohomol-
ogy, when [b] is a basic o-conjugacy class in the sense of Kottwitz [57],

2) the Harris conjecture which gives an inductive formula for the cohomology
when [b] is not basic.

The point of view of local Shimura varieties also opens a new perspective
on the “classical case” of RZ-spaces, and this raises a number of questions
concerning them, which seem interesting in their own right. The second aim of
this survey paper is thus, besides advocating the idea of general local Shimura
varieties, to formulate a number of questions and conjectures on RZ-spaces that
arise in this way. It turns out that, by adopting a rigorously group-theoretic
set-up, the theory of RZ-spaces is stripped of its origins as the solution of
formal moduli problems, and becomes more streamlined.

None of these problems are solved here. It is not clear how much the methods
that have been developed over the last years to analyze the formal schemes of
[82] can contribute to solve them. Encouraging in this direction is the recent
paper by W. Kim [50] in which he enlarges substantially the class of RZ-spaces.
Also, the construction by Kisin [51] of integral models of Shimura varieties of
abelian type should yield new spaces of RZ-type by global methods, via the
uniformization theorem of [82]. However, neither of these constructions is in the
spirit of this paper. More in line with the ideas outlined here is Scholze’s theory
of perfectoid spaces [85, 86]. Indeed, this is a theory that takes place largely in
the generic fiber, and our hope is that these novel methods (perhaps combined
with the theory of Fargues/Fontaine of “the curve” in a relative setting) can
advance the theory that we have in mind. In fact, this hope is already in the
process of being put into reality: as a first step in this direction, Scholze and
Weinstein [87] show in the case of a local Shimura datum (G, [b],{u}) with
G = GL, that the inverse limit in the corresponding RZ tower represents a
moduli problem that does not involve p-divisible groups, and it seems quite
likely that, using this description of the inverse limit, one can construct local
Shimura varieties for local Shimura data of local Hodge type, i.e., those that
admit an embedding into a local Shimura datum for GL,,.

Many of the questions raised here are already present, at least in a tentative
form, in the ICM talk [77] of one of us (M. R.). However, in the intervening
time there has been enormous progress in this area. For instance, we have a
much better understanding of the covering spaces of open subspaces of period
domains, through the work of Faltings, Fargues, Hartl and Scholze. Also, the
cohomology of RZ spaces has been much elucidated, through the work of Boyer,
Dat, Fargues, Mantovan, Mieda, Strauch, Shin and others. We also understand
better the situation in those cases when the RZ data involve ramification. For
instance, we have now a purely group-theoretical definition of local models of
Shimura varieties through the work of Pappas and Zhu [76]. This result is
related to the concrete construction of local models through moduli problems
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just as the putative theory of local Shimura varieties is related to the concrete
constructions of them through RZ spaces.

Here is a section-by-section description of the contents of the paper. In Sec-
tion 2, we recall a few facts from Kottwitz’ s theory of o-conjugacy classes, and,
in particular, introduce, for a given geometric conjugacy class {u} of cochar-
acters of G the finite set A(G,{p}) of acceptable o-conjugacy classes, and the
subset B(G,{u}) C A(G,{n}) of neutral acceptable o-conjugacy classes. Sec-
tion 3 is a very brief reminder of the definition of period domains. In Section 4,
we discuss RZ data and their associated formal schemes; we also define the RZ
tower and discuss various questions that arise in this context, when viewing
this tower as a typical example of a local Shimura variety. In Section 5 we
explain the conjectural concept of a local Shimura variety, and give a few ex-
amples beyond those coming from RZ spaces. In Section 6, we define the ¢-adic
cohomology modules defined by a local Shimura variety. In Section 7, we dis-
cuss the cohomology conjecture of Kottwitz, and in Section 8 the cohomology
conjecture of Harris.

This paper was triggered by two concurrent events: the fact that one of us
(E. V.) noted that the Harris conjecture had to be modified in a nontrivial way,
and the ETH lectures 2011 of one of us (M. R.) which offered an opportunity
to think through again some aspects of the theory in question in the light of
recent developments in this area.

The results and ideas of L. Fargues and P. Scholze were all-important in the
recent development of the ideas presented here; in addition, we profited greatly
from their generous advice and their comments. We also thank J.-F. Dat,
U. Gortz, X. He, T. Kaletha, Y. Mieda and X. Shen for helpful remarks. We
also thank the referee for his remarks.

Notation. Throughout the paper, a prime number p is fixed. For a p-
adic local field F', we denote by F the completion of the maximal unramified
extension F™ (in a fixed algebraic closure F of F), and by o € Gal(F/F)
the relative Frobenius automorphism. For a reductive algebraic group G, we
denote by Gye; its derived group, by Gs. the simply connected cover group of
Gger, and by G,p the maximal torus quotient of G.

2. 0-CONJUGACY CLASSES

In this section, we recall Kottwitz’s theory of o-conjugacy classes and sin-
gle out those that are acceptable with respect to a chosen conjugacy class of
cocharacters.

2.1. Definitions. Let G be a connected reductive algebraic group over the
finite extension F' of Q,. We denote by B(G) = B(F, G) the set of equivalence

classes of G(F ) by the equivalence relation of being o-conjugate, cp. [55],
bt = b =g bo(g), g€ G(F).
For b € G(F) we denote [b] = {g~'bo(g) | g € G(F)} its o-conjugacy class.
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Kottwitz, cp. [55], has given a classification of the set B(G) (cp. also [79,
Sec. 1]). This classification generalizes the Dieudonné-Manin classification of
isocrystals by their Newton polygons if F' = Q,. For us the following version
of Kottwitz’s results is convenient, cp. [79].

A o-conjugacy class is determined by two invariants. One of them is given
by the image of [b] under the Kottwitz map

(1) kG : B(G) — 7T1(G)F.

Here m1(G) denotes Borovoi’s algebraic fundamental group of G, [2], and we
are taking the coinvariants under the action of the absolute Galois group I’
of F'. The second invariant is obtained by assigning to b a homomorphism
Uy : D — G where D is the pro-algebraic torus whose character group is Q.
The conjugacy class of this homomorphism is then o-stable. Let X.(G)g/G
be the set of conjugacy classes of homomorphisms D — G ;. We denote by

2) vy € (X.(G)g/G)"

the conjugacy class of 7. This yields the second classifying invariant of [b], and
is called the Newton point associated with [b]; the map [b] — vy is called the
Newton map. The images of v and kg([b]) in m (G)r ® Q coincide, cp. [79,
Thm. 1.15]." Both invariants are functorial in homomorphisms G — G".

Example 2.2. There are two extreme cases worth mentioning.

The first is G = GL,. In this case m(G) = Z = m1(G)r, and kg([b]) is
determined by vp). In this case, the description of B(G) by vy coincides with
the classical description of isocrystals by their Newton polygons (generalized
to the case of F instead of Q).

The second case is when G = T is a torus. In this case, m (T) = X.(T)
and kg([b]) determines v, which is simply the image of w7 ([b]) under the
succession of maps

X (T)r = Xo(T)r © Q= (X.(T)g)".

Remark 2.3. Let us make these invariants more explicit.

(i) The Newton map is made explicit in [55, 4.3]. The Kottwitz map for
tori is made explicit in [55, 2.5], and the case when G, is simply connected
is reduced by functoriality to this case via the natural isomorphism 71 (G) ~
X« (Gap) that holds in this case.

(ii) For unramified groups G, i.e., when G is quasi-split and split over an
unramified extension of F', there is the following explicit description of k.
Choose a Borel subgroup B of G and a maximal torus 7' contained in B, both
defined over F. Then 71 (G) can be identified with the quotient of X, (T") by

1Tt has been pointed out to us that the reference to [55] in loc.cit. may be insufficiently
detailed. However, a proof of this statement follows the standard strategy of Kottwitz: for
tori, the statement is [55], 4.4 and 2.8; the general case follows from the case of tori, via
functoriality and the identification 71 (G)r ® Q = 71 (Gap)r ® Q. Compare also the proof of
[59, Prop. 11.4].
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the coroot lattice, and the action of I' is the obvious one. Let b € G(F ) and
let p € X.(T) be such that b € Kpu(w)K for some hyperspecial subgroup K of
G(F) that fixes a vertex in the apartment for T'j. Here 7 denotes a uniformizer
of F'. The existence of such a p is a consequence of the Cartan decomposition.
Then r¢([b]) is the image of p under the canonical projection from X, (T') to
1 (G)F

(iii) Another way of making the invariants explicit is to relate B(G) to the
Iwahori-Weyl group, cp. [35, 28]. Recall the definition of the Iwahori-Weyl
group, cp. [29]. Let S be a maximal split F-torus that is defined over F. Let
T be its centralizer. Since G is quasi-split over F , T is a maximal torus. Let
N be its normalizer. The finite Weyl group associated to S is

W = N(F)/T(F).
The Twahori—-Weyl group associated to S is
W = N(F)/T(F),

where T(F')l denotes the unique Iwahori subgroup of T(I:“ ). Both groups are
equipped with an action of 0. Then W contains the affine Weyl group W,
as a normal subgroup, with factor group naturally identified with 71 (G);.
Here I = Ir = Gal(F/F"") denotes the inertia group. The choice of a o-
invariant alcove in the apartment for S splits the resulting extension, and
hence W ~ W, x w1 (G) 1. The length function on W, is extended in a natural
way to W by regarding the elements of 7 (G); as length zero elements. By
further projection, we obtain a natural homomorphism

(3) Ky W — ™1 (G)r.
The element w is called straight if for the length we have
(wo(w) ... o™ Y w)) = nl(w), for all n.

We denote the set of straight elements by Wy. Furthermore, W contains
the abelian group X.(7'); as normal subgroup, with factor group naturally
identified with W. For w € W, there exists an integer n such that ¢” acts
trivially on W and such that

Ni=wo(w) ... 0" Hw) € X.(T);.

The element 7, = %)\ € X*(T)é is independent of n, and the conjugacy class
of the corresponding homomorphism D — G is defined over F'. We denote
this conjugacy class by v,.

The explicit description of the invariants is now given as follows, cp. [35].

v

The map N(F) — B(G) induces a surjective map
(4) w: Wy — B(G),

such that the following diagrams are commutative,
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Wy ——“ = B(G) Wt w B(G)
71 (G)r (X(G)a/G)"

Furthermore, two elements in V~Vst map under w to the same element in
B(G) if and only if they are o-conjugate in W.

(iv) There is also a cohomological description of the Kottwitz map which was
communicated to us by L. Fargues. It uses the cohomology theory of crossed
modules [64, §1], and is inspired by the interpretation by Labesse of other
cohomological constructions of Kottwitz. We consider the crossed module

() [Gee(F) = G(F)),
where G(F) is in degree 0 and Gy.(F) is in degree —1. Here the structure of

a crossed module is given by the conjugation action of G(F) on Gy (F). We
form the cohomology of this crossed module with respect to the action of o,

(6) Bap(G) := HY (0%, [Gee (F) = G(F)]).

We claim that B.,(G) can be identified with 71 (G)r. Indeed, let T be a
maximal torus of G and let Ty, be the corresponding maximal torus of Gyc.
The homomorphism of crossed modules

[Toe(F) = T(F)] = [Geo(F) = G(F)]
is a quasi-isomorphism, hence
HY (0%, [Toe(F) — T(F)])—=Ban(G).
On the other hand, the left-hand side can be identified with
Hl(UZa [TSC(F) - T(F)])%HO(R (X (Tse) = Xu(T)])—
——Ho(L, X (T)/ X (Tse)) —m1(G)r.
Here the first map generalizes Kottwitz’s isomorphism
B(T) = H' (0", T(F))—=X.(T)r,
and the second isomorphism comes from the quasi-isomorphism
(X (Tee) = Xou(T)] 2 [1 = Xu(T)/Xu(Tac)].
Now the homomorphism of crossed modules
[1 = G(F)] = [Gee(F) = G(F)),
which is equivariant for the action of o%, induces a natural map,
(7) k: B(G) = Bap(G).

After identifying as above the target group with 71 (G)r, this map can be iden-
tified with the Kottwitz map. This identification is compatible with the identi-
fication of H'(F,G) with H}, (F,G) = H' (T, Gs.(F) — G(F)), the abelianized
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cohomology group in [64, Prop. 1.6.7], in the sense of the commutativity of the
following diagram,

HY(F,G) —= H},(F,G)
B(G) "> Bu(Q) .

Here the vertical arrows are the natural ones (cp. [56, 1.8], for the left vertical
arrow).

Associated with b € G(F) is the functor Jj, assigning to an F-algebra R the
group
Jo(R) ={g € G(R®p F) | g(bo) = (bo)g)}.

It is represented by an algebraic group J, over F. If b/ = gobo(gg 1), then
conjugation by go induces an isomorphism J, = Jp.

A class [b] is called basic, if the conjugacy class v is central. In this case
Jp is an inner form of G. Denoting by B(G)pasic the set of basic elements in
B(G), there is a natural bijection

(8) B(G)basic =T (G)F;

cp. [55, Prop. 5.6]. For a basic element b € G(F), the cohomology class of the
inner form Jj is given by the image of the class [b] of b under the map

B(G)basic — B(Gad)basic =~ Hl (F; Gad)v

cp. [565, Prop. 5.6]. In terms of the map §4), there is a bijection between the
image in B(G) of the set of elements of W of length zero and B(G)pasic (the
elements of length zero are all straight).

To explain nonbasic classes, let us assume for simplicity that G is quasi-
split. Let M be a Levi subgroup of G, i.e., a Levi component of a parabolic
subgroup defined over F'. A basic element b € M (F ) is called G-regular if the
centralizer in G of the homomorphism 7 is equal to M, cp. [55, §6]. Then any
[b] € B(G) is the class of a G-regular basic element in a Levi subgroup, and
this in an essentially unique way, cp. [55, Prop. 6.3].

More explicitly, this can be described as follows. Let B be a Borel subgroup
and T' a maximal torus contained in B, both defined over F. Let X, (T)dom,
resp. (X, (T)Q)dom be the set of cocharacters of T', resp. elements of X, (T)q,
which are dominant with respect to B. Then I' acts on these sets. Each conju-
gacy class of homomorphism & : D — G has a unique dominant representative
in (X X (T)Q) dom Which is I'-invariant if the conjugacy class is I'-invariant. For
a given [b] € B(G), we often use the same notation vy, for this representative
of the conjugacy class v defined by [b]. For [b] € B(G) we denote by M the
centralizer of v, a standard Levi subgroup. The class [b] then has a repre-

9

sentative b in M (F'), and yields a well-defined class in B(M )pasic. The group
Jy, for b € [b], is an inner form of Mp,), cp. [55, Rem. 6.5].
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2.4. Acceptable elements. We continue to assume that G is quasi-split. For
a dominant element p € X, (T), let

(9) A=I:007 Y 7(1) € (Xa(T)a)tom:
Tel /T,

where we denote by I', the stabilizer of x4 in I'. On X,.(T)g we consider
the order < given by v < v/ if and only if ' — v is a nonnegative Q-linear
combination of positive relative coroots, cp. [10, Ch. VI §6].

Definition 2.5. Let {u} be a conjugacy class of cocharacters over F' of G.
An element [b] € B(G) is called acceptable for {u} if v < Tigon, where fiqom
denotes the unique element of {u} contained in X.(T)dom- An acceptable
element [b] is called neutral if kg ([b]) = p?, where p? denotes the image of any
€ {p}t in m(G)r.

Let A(G,{u}) be the set of acceptable elements for {u}, and B(G, {u}) the
subset of A(G,{u}) of neutral acceptable elements.

The sets A(G,{u}) and B(G,{u}) only depend on the image of pigom in
X.(T)r, cp. [57, 6.3].

Remark 2.6. We will use these sets also when G is no longer quasi-split. For
the definition of B(G, {¢}) in the general case we refer to [57, 6.2], and the set
A(G,{p}) is defined analogously. The set B(G, {11}) appears in the description
of points modulo p of Shimura varieties, [78, §9], and the set A(G, {u}) appears
in the context of period spaces, compare Proposition 3.1 below. For the group
G = GL,, both sets coincide, and in this case the inequality defining them
is nothing but a group-theoretical reformulation of the Mazur inequality for
F-crystals, cp. [79, 56].

Lemma 2.7. The sets A(G,{u}) and B(G,{u}) are finite and nonempty.

Proof. Nonemptiness follows because B(G, {11}) contains the unique basic el-
ement of B(G) with kg ([b]) = p, cp. [57, 6.4]. Finiteness of A(G,{u}) is a
special case of [79, Prop. 2.4(iii)]. In particular, the subset B(G, {u}) is also
finite. O

Remark 2.8. Here is another argument to prove the finiteness of A(G, {u}),
based on the interpretation of B(G) in terms of the Iwahori-Weyl group,
cp. (iii) of Remark 2.3 (we learned this argument from X. He). If w € Wi
represents an element in A(G, {u}), then the length of w is bounded by the
length of the translation element to the image of p in X,.(T');, whereas its
image in m1 (G)r ® Q is fixed. But there are only finitely many such elements.

We have an identification HY(F,G) = (71(G)r)tors, cp. [55, Rem. 5.7].
Hence, since the images of r¢([b]) and pf in 71(G)r ® Q are identical, we
obtain a map

(10)  c: AG,{u}) = H'(F,G), (0], 1) = e([b], {1}) = ra(B]) — u°.
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By definition, the inverse image of 0 under this map coincides with the set
B(G,{u}). For [b] € A(G,{u}), we denote by G the inner form of G' corre-
sponding to the image in Gaq of any cocycle in the class ¢([b], ).

Recall that a pair (b, 1) consisting of an element b € G(F) and a cocharacter
1 of G defined over a finite extension K of F is called a weakly admissible
pair in G if for any F-rational representation V of G, the filtered o-F-space
Z(V) = (V @p F, bo, Fil}) is weakly admissible, cp. [10, p. 219]. Here weak
admissibility of a filtered o-F-space is the obvious generalization of Fontaine’s
original definition, e.g., [10, Def. 8.1.6]. It is enough to check this property
on one faithful representation of G, cp. loc.cit. Also, this notion only depends
on the par-equivalence class of pu, i.e., only on the filtration on the category
Repy(G) of finite-dimensional F-rational representations of G induced by p,
cp. [10, Cor. 9.2.26]. There is an equivalence of categories induced by Fontaine’s
functor

w : {weakly admissible filtered o-F-spaces} —

{crystalline special F-rep’s of Gal(lg/K)}.

Here an F-representation is a continuous representation of Gal(F/K) in a
finite-dimensional F-vector space; it is called special if it satisfies the special
condition (%) of [18, Introduction]. (If the F-representation comes from a
p-divisible formal group X, the condition (x) is equivalent to the condition
that X is a formal Op-module in the sense of Drinfeld, cp. [12, §1].) Such
a representation is called crystalline if its underlying p-adic representation is
crystalline.

For a weakly admissible pair, consider the following two fiber functors on
Repr(G). The first is the standard fiber functor Ver. The other functor,
denoted by F, maps V € Repp (@) to the underlying F-vector space of the

crystalline special F-representation of Gal(F /K) associated by the funf:tor w
to the weakly admissible filtered F-isocrystal Z(V). Then Hom(Ver, F) is a
right G-torsor, hence defines an element cls(b, u) € H*(F, G).

Proposition 2.9. Let (b, u) be a weakly admissible pair in G. Then the o-
conjugacy class [b] of b is acceptable for {u}. There is an equality of classes in
HY(F,G),

cls(b, 1) = c([b], {u}).

Proof. See [82, Prop. 1.20] in the case that Gqer is simply connected. The
general case is due to Wintenberger [97]. O

3. PERIOD DOMAINS

Let G be a reductive algebraic group over F. Period spaces arise when ﬁxirlg
an element b € G(F) and a conjugacy class {} of cocharacters of G over F.
Let E = Ey,3 be the field of definition of {yu}, the reflex field of the PD-pair
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(G,{n}), cp. [10, Def. 6.1.2]. Then F is a finite extension of F' contained in
the fixed algebraic closure F of F.

There is a smooth projective variety F = F(G, {u}) over E, whose points
over F correspond to the par-equivalence classes of elements in {u}, cp. [10,
Thm. 6.1.4]. The variety F is homogeneous under G, and is a generalized
flag variety for Gg.

Let F = F‘.E, where the composite is taken inside an algebraic closure of F

containing F. Then E is the completion of the maximal unramified extension
of Fin F. Let

(11) F(G, ()™ = Fris = (F Xspec i Spec E)8

denote the I"Igld analytic space associated with the projective variety F =
F XSpecE Spec E over the discretely valued field E. The set of elements W e
F(F) such that (b, ) is a weakly admissible pair for G forms an admissible
open subset of f“g, called the nonarchimedean period domain associated with
(G,b,{u}) and denoted by f(G,b, {u})"®, cp. [82, 1.35]. The period domain
is stable under the action of .J,(F) on F'.

In the sequel, we will sometimes consider FTig as an adic space. We also
have use for the version of F(G, b, {u})™ in the category of Berkovich spaces,
cp. [10, Def. 9.5.4] (see [15, Appendix D] and [85, §2], for succinct explanations
of the relation between rigid-analytic, adic and Berkovich spaces).

The period domain F(G, b, {11})** depends up to isomorphism only on the o-
conjugacy class [b] of b. Indeed, if b’ = gbo(g)~!, then the translation map p
1’ = Ad(g)(p) induces such an isomorphism F(G, b, {u})V*—=F (G, ', {u}) "™

If 7(G,b,{u})" is nonempty, then [b] € A(G,{p}), cp. Proposition 2.9.
The converse is also true, cp. [10, Thm. 9.5.10]:

Proposition 3.1. Let b € G(F), and let {u} be a conjugacy class of cochar-
acters of Gg. Then [b] € A(G,{u}) if and only if F(G,b,{u})™® is nonempty.
O

The best-known example of a period domain is the Drinfeld half space Q7%,
attached to the triple G = GL,, [b] = [1], {u} = (n — 1, (-1 V). It
is the complement in P’}_l of all F-rational hyperplanes. The same rigid-
analytic variety arises also from other triples (G, [b], {u}). We refer to [10,
Chap. VIII, IX] for an exposition of the theory of p-adic period domains, with
many more examples.

4. RZ SPACES

In this section we recall the formal moduli spaces of p-divisible groups within
a fixed isogeny class constructed in [82]. These have become known under the
name of Rapoport-Zink spaces, cp., e.g., [15]. In this paper, we abbreviate this
to RZ spaces.
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4.1. RZ data. Let us review the data on which these moduli spaces depend.
We adapt the original definition [82, Def. 3.18] to the case we are interested
in. We distinguish two classes, the EL case and the PEL case.

EL case. A simple rational RZ datum in the EL case is a tuple D of the form
D = (F, B,V,{u},[5]) where

e [ is a finite field extension of Q,

e B is a central division algebra over F

e V is a finite-dimensional B-module.

e {u}is a conjugacy class of minuscule cocharacters p : Gm’@p — G@p
[b] € A(G, {n}).

Here

G = GLg(V),

viewed as an algebraic group over Q.

We impose the following condition. For p € {u} consider the decomposition
of V®Q, into weight spaces. We then require that only weights 0 and 1 occur
in the decomposition, i.e. V ® Qp =Vo® Vi.

A simple integral RZ datum Dz, in the EL case consists, in addition to the
data D, of a maximal order O in B and an Opg-stable lattice A in V. This
induces an integral model G of G over Z,, namely G = GLp, (A), considered
as a group scheme over Zj,.

Remark 4.2. In [82] more general (not necessarily simple) integral RZ data
are considered. (Instead of a single lattice A, periodic lattice chains are consid-
ered.) In the sequel we will sometimes refer to those as well. The group scheme
G has connected special fiber. The subgroup G(Z,) of G(Q,) is a parahoric
subgroup, and in fact a maximal parahoric subgroup if B = F. To obtain in
the case B = F more general parahoric subgroups (e.g., Iwahori subgroups),
one has to consider more general periodic lattice chains.

PEL case. This case will only be considered when p # 2. A simple rational
RZ datum in the PEL case is a tuple D = (F, B,V, (, ), *, {u}, [b]) where

e [’ B, and V are as in the EL case
e (, ) is a nondegenerate alternating Q,-bilinear form on V'

e x is an involution on B satisfying
(zv,w) = (v,z*w), for all v,w € V, and all z € B.

e {u} is a conjugacy class of minuscule cocharacters p: G, , g, — Gg_, where
»p p
G is the algebraic group over QQ, defined by

G(R) = {g € GLpgy, r(V ®q, R) | thereis c(g) € R* such that
(gv1, gv2) = ¢(g)(v1,v2), for all vi,v2 € V ®q, R}.
o [b] € A(G.{n})

Miinster Journal of Mathematics VoL. 7 (2014), 273-326



LOCAL SHIMURA VARIETIES 285

We impose the following properties. First, we require, as in the EL case, that,
for any p € {u}, the only weights of p occurring in V @ Q, are 0 and 1.
Secondly, we require that for any p € {u} the composition

(12) Gog, — Gg, — G g,
is the identity, the latter morphism denoting the multiplier ¢ : G — G,,.

A simple integral RZ datum Dz, in the PEL case consists, in addition to
the data D, of a maximal order Op in B which is stable under the involution
¥, and an Op-stable lattice A in V such that wA C AY C A. Here w denotes
a uniformizer in Opg, and AV denotes the lattice of elements in V' which pair

integrally with A under the symplectic form (, ). This induces an integral
model G of G over Z,, with G(Z,) = G(Qp) N GLp, (A).

Remark 4.3. Again, in [82] more general integral data are considered (these
correspond to selfdual periodic lattice chains). The subgroup G(Z,) is not
always a parahoric subgroup of G(Qy); however, this holds if B = F' and the
involution * is trivial, or if B = F and the extension F/Fy is an unramified
quadratic extension. Here Fjy denotes the fix field of * in F'. Furthermore, in
these cases, the parahoric subgroup in question is maximal.

On the other hand, consider the case when B = F and F/Fj is a ramified
quadratic extension, and when V is even-dimensional. Then the stabilizer of
A is never a parahoric subgroup unless AV = wA, ¢p. [74, 1.b.3,b)]. More pre-
cisely, in these cases the group G(Z,) is not parahoric, but contains a unique
parahoric subgroup with index 2, cp. [74], loc.cit. The reason for this phe-
nomenon is that the group scheme G has in this case a special fiber that has
two connected components, whereas parahoric group schemes are by definition
connected.

Remark 4.4. In the PEL case the group scheme G above is not always con-
nected. When it is not connected, G does not fit into the framework of Sec-
tion 2. In these cases (which are all related to orthogonal groups), one has to
use ad hoc definitions for A(G, {u}) etc., cp. [90]. In the sequel we will neglect
this difficulty, especially since the putative theory of local Shimura varieties
should take as its point of departure purely group-theoretic data. However, it
seems reasonable to expect that suitable modifications of the theory outlined
here should transfer to the cases related to orthogonal groups as well.

Remark 4.5. The conditions on RZ data in [82] seem to differ from those im-
posed here in one point. In [82], instead of the condition that [b] € A(G, {u})
that appears here, one asks for the existence of a weakly admissible pair (b, 1)
with b € [b] and p € {u}. Tt follows from Proposition 3.1 that the two condi-
tions are in fact equivalent. These conditions are satisfied when the rigid space
associated to the formal scheme in Subsection 4.6 is nonempty. The converse
is discussed in Question 4.12 and in Conjecture 4.21 below.

In both the EL case and the PEL case, we denote by F' = EY,,; the associated
reflex field, i.e., the field of definition of {u}. Also, for fixed b € [b], we will
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denote by J the algebraic group J; of Section 2. We write Op, resp. O = O,
for the ring of integers of E, resp. of E.

4.6. The formal schemes. We explain the formal schemes over Spf O asso-
ciated to integral RZ data Dz, of EL type or PEL type.

Let MVilpo denote the category of O-schemes S on which p is locally nilpo-
tent. For S € Nilpo we denote by S the closed subscheme defined by pOs.

Let us first consider the EL case. In what follows we will consider pairs
(X,t), where X is a p-divisible group over S € Nilpo and ¢ : Op — End(X) is
an action of Op on X. We require the Kottwitz condition associated to {u},
i.e., the equality of characteristic polynomials,

(13) char(¢(b); Lie X') = char(b; V,), for all b € Op,

where V} is determined by the weight decomposition of V ® Qp associated to
any 4 € {p}. The isomorphism class of the B-module Vj is defined over E and
independent of the choice of u. Since Op preserves A, the right-hand side of
(13) is a polynomial with coefficients in Og; it is compared with the polynomial
with coefficients in Og on the left-hand side via the structure morphism. For
a comparison with the original version of this condition [56] (which is more
abstract), see [34, Prop. 2.1.3].

Let F be the residue field of O, and fix a pair (X, :x) as above (a framing
object). We demand that the rational Dieudonné module of X with its action
by B and its Frobenius endomorphism is isomorphic to (V ®q, Qp, bo), where
b € [b] is a fixed element. Then we consider the set-valued functor Mp, on
Nilpo which associates to S € Milpo the set of isomorphism classes of triples
(X, p), where (X, () is as above, and where

p:XXsS’%XXSpec]FS’

is an Op-linear quasi-isogeny. (Note that in [82] the quasi-isogeny is in the
other direction; this entails a few changes of a trivial nature.)

Now let us consider the PEL case. In what follows we will consider triples
(X, t, \) over schemes S € Nilpo, where (X, ) is as in the EL case, and where
A is a polarization of X whose associated Rosati involution induces on Op
the given involution x, and such that Ker A\ C X[¢(w)] has order |A/AY|. We
fix a framing object (X, tx, Ax) such that its rational Dieudonné module with
its action by B and its polarization form and its Frobenius endomorphism
is isomorphic to (V' ®q, Qp, (, ),bo) (the isomorphism preserving the forms
up to a factor in (@;) Then we consider the set-valued functor Mp, on
Nilpo which associates to S € Milpo the set of isomorphism classes of triples
(X, 1, A\, p), where (X, ¢, \) is as above, and where

p:XXsS’%XXSpec]FS’

is an Op-linear quasi-isogeny that preserves the polarizations up to a factor in
Q, ; locally on S.
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Theorem 4.7. Let Dy, be integral RZ data of type EL or PEL. The functor
MDZP on Nilpo is representable by a formal scheme, locally formally of finite
type and separated over Spf O.

Proof. See [82, Cor. 3.40]. For the separateness assertion, see [15, Lemma
2.3.23]. O

We note that the group J,(Q,) acts on Mp, Dby post composing with p,

(14) g: (X, 5,\) = (X,t,90p), g€ Jh(Qp).
This action is continuous, cp. [15, Prop. 2.3.11 and Rem. 2.3.12].

Note that MDZp only depends on the chosen p-divisible group X up to
isogeny (Op-linear isogeny in the EL case, resp. Op-linear isogeny that pre-
serves the polarization up to a scale factor in Q) in the PEL case). Up to
isomorphism Mp, is independent of the choice of b € [b].

Remark 4.8. It is not clear whether a framing object always exists, but this
seems quite possible. Related to this question is what condition one wants to
impose on the action of Op on Lie X. We have imposed only the Kottwitz
condition but, especially in more ramified cases, one might want to impose
other conditions, like the wedge condition or the spin condition, cp. [74]. Then,
of course, it becomes more difficult to find a framing object satisfying these
conditions as well, cp. Example 4.14 below. Generally speaking, one would
like to impose additional conditions such that one obtains a closed formal
subscheme of MDZP which is flat over O and with underlying reduced scheme
equal to the affine Deligne—Lusztig variety associated to (G, b,{u},G), cp. [79].
The question of when an affine Deligne-Lusztig variety is nonempty has been
much studied but is still open in the most general case, cp. [21, 26, 28, 35, 79].

In any case, having fixed the element b € [b], simple rational RZ data
define the rational Dieudonné module of the searched for framing object. By
Dieudonné theory, the existence of a framing object then comes down to finding
a Dieudonné lattice inside this rational Dieudonné module with the required
properties (stability under the action of Op, almost self-duality, action on the
tangent space, etc.).

Remark 4.9. From the point of view of the formulation of the moduli problem,
starting with the RZ datum Dz, is not very natural. Indeed, from this point
of view it is more natural to fix the framing object X (with its additional
structures) and to use it to formulate a moduli problem M as above. Then any
integral RZ datum Dz, = (F, B, V,(, ), *, {u}, [b], Op, A) with an identification
of the Dieudonné module of X respecting all additional structures and carrying
the Frobenius endomorphism into bo,

M(X) ~ A ®z, W(F),
defines an isomorphism of formal O-schemes Mp, =~ M.

Such an integral RZ datum Dz, exists. Suppose a second choice D'Zp is
possible, and let G, resp. G’, be the two algebraic groups over Q,, associated to
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the simple rational RZ data D, resp. D’. Then the two choices D and D’ are
related by a cohomology class n € H*(Q,, G). Then G’ is an inner form of G
(corresponding to the image of 1 in H'(Q,, Gaa)) and the two groups m (G )r
and 1 (G)r are canonically identified. Under this identification, there is the
identity

(15) c([b], {u}) = ('], {'}) —n,

cp. [82, Lemma 1.27]. Here 7 is considered as an element in (71 (G)r)tors-
This seems to point to the possibility of using augmented group schemes

over the Tannaka category of isocrystals, in the sense of [10, Def. 9.1.15], as

basic input in the definition of RZ data. However, we decided to stay with the

present set-up since it seems more elementary.

Remark 4.10. Let Dz, be an integral RZ datum, and M = ./\/IDZp the as-
sociated formal scheme. Let M,eq denote the underlying reduced scheme of
M. This is a scheme locally of finite type over F, such that all its irreducible
components are projective varieties over F, cp. [82, Prop. 2.32]. It is an inter-
esting problem to give an explicit description of this scheme. This has been
done in a number of cases, especially in relation to the uniformization theorem
[82, Ch. 6], which shows that this problem is closely related to the problem
of giving an explicit description of the basic locus in the reduction modulo
p of Shimura varieties. Let us discuss some examples; for a more complete
discussion and references compare the introduction of [95]. All examples will
correspond to basic elements in B(G, {u}).

Let us consider the PEL case where F' = B = Q,, in which case G =
GSp(V, (, )), where V is a symplectic vector space of dimension 2g. We as-
sume that A is a selfdual lattice in V. For g = 1, M,q is a discrete sets of
points. The case g = 2 has been described by Koblitz [52], Katsura and Oort
[46], Kaiser [42] and Kudla and Rapoport [61]. In this case the set of irreducible
components of M,.q and their intersection behavior is closely related to the
Bruhat—Tits building of the associated group J. The irreducible components
are all projective lines. For g = 3 partial results are obtained by Katsura and
Oort [47], Li and Oort [65] and Richartz [84]. In this case again, the set of
irreducible components can be described in terms of the Bruhat—Tits build-
ing of J. However, the individual irreducible components have a complicated
geometric structure.

Another class of PEL examples arises when F' = B and where * is nontrivial.
In this case G = GU(V, (, )) is the group of unitary similitudes, where (V, (, ))
is a hermitian vector space over F'. Again, we take A to be self-dual. We assume
that the weight spaces for p are of dimension 1 and n—1, where n = dim V' > 2.
In this case, one can again describe the set of irreducible components in terms
of the Bruhat—Tits building of J; the individual irreducible components can be
identified with compactified Deligne—Lusztig varieties (Vollaard and Wedhorn
[96] for the case when F/Fp is unramified; Rapoport, Terstiege and Wilson
[80] for the case when F/Fy is ramified—mnote that in the latter case, which
is ramified, additional conditions are imposed to define a flat formal scheme
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over O, cp. Remark 4.8). Very recently, the case where n = 4 and where the
weight spaces for p are both of dimension 2, and where the extension F/Fy is
unramified has been cleared up by Howard and Pappas [36].

Other examples that have been studied are of Hilbert-Blumenthal type
(Bachmat and Goren [1], Goren [22], Yu [98], Goren and Oort [23], Stamm
[91], Kudla and Rapoport [60]).

Gortz and He [27] study a closely related question in the equal characteristic
case. Instead of the reduced locus of formal schemes of the form (Mpzp)red,
they consider certain affine Deligne—Lusztig varieties which are defined as sub-
schemes of affine Grassmannians, cp. [26]. In [27] the question is studied
of when the set of irreducible components can be described in terms of the
Bruhat-Tits building of J(F'), and when the individual irreducible compo-
nents are isomorphic to Deligne-Lusztig varieties. As the examples related to
symplectic groups of rank > 3 show, this is possible only in a limited number
of cases, and Gortz and He give an essentially complete list of them.

Remark 4.11. The local structure of the formal scheme M = Mp, is given
by the associated local model (in fact, the naive local model since we only
impose the Kottwitz condition on the Lie algebra). The naive local model is a
projective scheme M"¥V¢ over Spec O such that, for every geometric point in
M ed, there exists a geometric point in the special fiber of M™#ve such that the
complete local rings of M and of M™@Ve at these points are isomorphic. In fact,
there is a local model diagram connecting M and M"V¢ cp. [75, §1.2]. Naive
local models have been mostly considered in the case when G is a parahoric
group scheme, and then there is a whole theory devoted to them. We refer to
[75] for a survey of this theory. The local model in its nonnaive version (flat
closure of the generic fiber MV ®¢ . E of MV inside M™#1V¢) conjecturally
only depends on the triple (G, {1}, g) (when G is parahoric). This theory is
used to prove in the EL case, when F' is an unramified extension of Q,, that
Mp, is flat over O (this even holds in this case for arbitrary periodic lattice
chains (Gortz [24]), cp. [75, Thm. 2.3]. Something similar holds in the PEL
case when B = F' is an unramified extension of Q, [25], cp. [75, Thm. 2.9].
On the other hand, when ramification occurs, then flatness may fail for MDZP,
contrary to what was conjectured in [82, p. 95], or in [77, Rem. 1.3 (ii)].

In the context of the definition of the formal schemes Mp, , it is natural
to consider also cases when G is not parahoric, and this apparently also has
applications to the study of Exotic Arithmetic Fundamental Lemmas, cp. [81].

The following question is fundamental for all that follows. We refer to
Conjecture 4.21 for a conjectural answer when G is parahoric.

Question 4.12. When is the rigid-analytic space over E associated to the
formal scheme MDZP nonempty?

Remark 4.13. Here is what the theory of naive local models has to say about
this question. We call a simple integral RZ datum unramified if the following
conditions are satisfied, cp. [15]. In the EL case we demand that B = F is an
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unramified field extension of Q. In the PEL case we demand in addition that
the lattice A is selfdual, i.e., AY = A. In the case of unramified simple integral
RZ data, it is easy to construct a framing object, and MDZP is formally smooth
over O. Hence Question 4.12 has a positive answer in this case, cp., e.g., [15].

More generally, if the naive local model in Remark 4.11 is topologically flat
over O, then the answer to Question 4.12 is positive. This applies to all EL
cases when F/Q, is unramified. Also, all PEL cases fall into this class for
which B = F and where * is trivial, or where F//F} is an unramified quadratic
extension. Here again F{, denotes the fix field of % in F.

Example 4.14. Let us give an example where the associated rigid-analytic
space is empty. The example will be of PEL type. Let Fy = Q, and take
B = F to be a ramified quadratic extension of Fjy, and the involution * the
nontrivial Galois automorphism, and V' to be an F-vector space of dimension
2. Then G is the group of unitary similitudes, as follows.

We fix a uniformizer m of Op such that 7% = 7o € Zy, (recall that p # 2
was our blanket assumption in the PEL case). Then there exists a unique
hermitian form A on V such that

(z,y) = Trpyq,m hiz,y), =,y € V.

Recall that (, ) is the symplectic form from the simple rational RZ data. Then
the group G of Subsection 4.1 can be identified with the group GU(V,h) of
unitary similitudes of the hermitian vector space (V, h). We note that

G~ SLs, when (V. h) is split,
der B, when (V,h) is nonsplit.

Here B! denotes the norm-1-group of the quaternion division algebra B over
Qp, and we recall that (V,h) is called split or nonsplit depending on whether
V' contains an isotropic vector or not.

In the example we take (V,h) to be split and fix a basis {e1,e2} of V such
that the hermitian form A is given by the matrix

(1 o)

We fix the conjugacy class {} by declaring that for any u € {u} the eigenspaces
Vo and Vi of V®EQ), are one-dimensional isotropic subspaces (case of signature
(1,1)). Then Ey,, = Q,. We note that by [74, 1.b.3, b)],

m(G)r ~Z/28Z,

c(9)
det(g)’ valc(g)) .

Consider the two elements in B(G)pasic represented by

(55 (2
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Since
= (0,1)eZ/207,
we see that

[b1] € B(G, {p}), [bo] € A(G, {u}) \ B(G, {p})-

Now let us consider simple integral RZ data Dz, corresponding to an Or-lattice
A C V such that
AY =7A
(since V is split, such a lattice exists). Therefore for the formal moduli problem
we consider objects (X, ¢, A), where X is a p-divisible group of height 4 and
dimension 2, and where
t: O — End(X)
is such that
char(t(a)|Lie X) = T? — Trrq,(a)T + Nmpg/qg,(a), for all a € OF,

and where )\ is a polarization whose Rosati involution induces the nontrivial
Galois automorphism of F//Q, and with

Ker A = X[u(m)].
Consider framing objects (X1, tx,, Ax, ) and (Xa, tx,, Ax, ) for by resp. by (cp. [62,

§5, case d)] for the explicit construction of these framing objects).

Claim. The formal schemes M1, resp. Mo, for either choice of framing object
have the following structure:

M, = H Spt W{t]], Mz~ H Spec,
c c
where L is a countable index set. Here F =T, denotes the residue field of O
and W = W(F) denotes the ring of Witt vectors.

Proof. Let us determine M3 (F). The Dieudonné module of Xy with its action
by Or and its Frobenius endomorphism is given by

M(Xg) = A®z, W, F=m-(idA®0),
where the alternating form defined by the polarization is given by
(@,y) = Trpyq, 7 'h(z,y).
Here the hermitian form h is extended to A ®z, W by
h(v®@a,w® ) =a-o(f)-h(v,w) € F®z, W.
We identify F @z, W with F, and write N for M(Xs) ®z, Q,. Then
My (F) = {M Op-lattice in N | m*M C* FM c* M,M" = wM}.

Now, following [62, proof of Lemma 3.2], and using the fact that V is split,
one proves the following points. Let M € My (F). Then
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(i) either (M) = M, i.e., FM = wM, and then for the lattice A = A(M) :=
M<°> in V we have

(16) AY = TA,
(ii) or M # o(M) and M C' M + o(M) = o(M + o(M)).
We claim that the alternative (ii) does not occur. Indeed, in this case one

can choose an Op-basis f1, fo for M such that f; is isotropic and o(f1) = f1
and such that in terms of this basis the form h|M x M is given by

0 1 o
h|M><M.<_7T1 d),deF.

But then
M+U(M) = [vaTrilvafl] - [ﬂ-ilf()afl]a
cp. [62, proof of Lemma 3.2]. Hence

(M +o(M))Y = [nfo,n*fi] = 7* - (M + o(M)).

Let A(M) := 7 - (M + o(M))<°>. Then A(M) is a lattice in V which is
selfdual for h. The hermitian form % induces on the F,-vector space V(M) =
A(M)/mA(M) a symmetric bilinear form with values in Fp, which is isotropic
(we are using here that V is split). Furthermore, the set of all M’ of type
(if) with A(M’") = A(M) corresponds to the set of all isotropic lines in the
2-dimensional F-vector space V(M) ®r, F which are not Fj-rational. But this
set is empty (there are only two isotropic lines and both are Fj-rational).

We denote by L the set of lattices A in V' satisfying the condition (16).

In order to show the claim for My, we need to show that a point in My (F)
has no deformations. This follows from the theory of local models, cp. [75]. In
fact, the corresponding naive local model is the disjoint union of a projective
line over Z, and an isolated point. And the point on the naive local model
associated to any point of type (i) of My(F) is the isolated point (it is the
unique point of the local model where the spin condition is violated, cp. [75,
Rem. 2.35)).

Now we discuss the claim for M;. Let M be the universal formal deforma-
tion space of the p-divisible group of a supersingular elliptic curve over F, and
let Y be the universal object over M. Then the Serre construction

Y— Or®Y

induces an isomorphism between M and a connected component of M; (use
(Op ®Y)V =7710p ®Y). This easily implies the claim. O

The case of [ba] shows that Question 4.12 is nontrivial.

Fix a simple integral RZ datum, and let M be the corresponding formal
scheme over Spf O. Then M is not defined over Spf Op; however it possesses
a Weil descent datum to Spf Op, in the following sense, cp. [82, Def. 3.45].
Let 7 € Gal(E/E) be the relative Frobenius automorphism. Let 7, (M) be the
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formal O-scheme whose underlying formal scheme is M, but whose structure
morphism is the composition

M = Spf O 75 Spf O.

Then a Weil descent datum on M is an isomorphism 7.(M) — M, cp. [10,
p. 224].

4.15. Passing to the generic fiber. Starting with an integral RZ datum
Dy, we obtain the formal scheme M = MDZP over O, and its generic fiber
Mg a rigid-analytic space over E.

The following conjecture represents the connection between the theory of
RZ spaces and the conjectural theory of local Shimura varieties of Section 5
below. In most EL cases it follows from [87].

Conjecture 4.16. Let Dz, be an integral RZ datum such that G is a parahoric
group scheme. Then, up to isomorphism, the rigid space associated to the
formal scheme Mp, with its action of J,(Qp) depends on Dz, only via the

quadruple (G, [b], {uf, Gg).

Let 7 denote the local system over M defined by the p-adic Tate module
of the universal p-divisible group on M, together with its additional structure

(action of Op in the EL case; action of Op and polarization pairing in the
PEL case). Set V =T ® Q,.

Proposition 4.17. Let V' be the form of V defined by any representative of
the cohomology class c([b],{u}) € H*(Qp,G), cp. Proposition 2.9. For the

fiber of the Qp-local system V at any = € ./\/lgi (E) there is an isomorphism
P
V. = V' (respecting the additional structures on both sides).

Here, in the PEL case, respecting the forms on both sides means up to a
scaling factor in Q) since, to interpret the polarization pairing as taking values
in Q,, one has to trivialize Q,(1)—which is unique only up to Q.

Proof. The point = is represented by a p-divisible group X with additional
structure over the ring of integers in a finite field extension of E. This defines
a filtered isocrystal and, via the framing and p, a pair (b, u) with b € [b] and
w € {u}. This pair is weakly admissible, and the cocycle class measuring the
difference between V,, and V' is equal to cls(b, 1), cp. Proposition 2.9. Applying
Proposition 2.9, the assertion follows. O

In the case when the group scheme G is parahoric, we can say more.

Proposition 4.18. Assume that the group scheme G over Z, attached to Dz,

is a parahoric group scheme. Then for the fiber of the Zy-local system T at

any x € Mgi (E) there is an isomorphism T, ~ A (respecting the additional
P

structures on both sides). In particular, c([b], {p}) = 0.
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Proof (cp. proof of [82, Lemma 5.33]). The cohomology class measuring the
difference between these two lattices lies in H*(Q,,G(Z,)), and this coho-
mology set is trivial (here the connectedness of G enters through Lang’s theo-
rem). O

Corollary 4.19. Let Dz, be an RZ datum such that the group scheme G is
parahoric, and such that M3 # @. Then [b] € B(G,{u}).
P

Note that this corollary explains why the generic fiber of My in Exam-
ple 4.14 is empty. Indeed, in this case the group scheme G is parahoric.

Remark 4.20. The first of the last two propositions is a strengthening of [82,
Lemma 5.33]. The second proposition is contained in [82, Lemma 5.33], except
that in loc.cit. the hypothesis that G be parahoric is implicitly assumed, but is
omitted from the statement. The same omission occurs in [77, Property 3.3]
(cp. also remarks after Hope 4.2 in [77]).

We conjecture that the converse of the last proposition holds. This would
constitute a partial answer to Question 4.12.

Conjecture 4.21. Let Dz, be an integral RZ datum such that [b] € B(G, {u}).
Assume that the group scheme G is parahoric. Then the rigid-analytic space
over E associated to the formal scheme MDZP s monempty.

Remark 4.22. Example 4.14 is an illustration of this conjecture: in this
example G is a parahoric group scheme, and, in the notation of loc.cit., for [b1]
(which lies in B(G, {u})), the generic fiber of Mp, ~is nonempty, whereas for
[b2] (which does not lie in B(G, {u})), the generic fiber is empty. As already
pointed out in Remark 4.13, the conjecture holds true in the case of unramified
simple integral RZ data (and in many other cases as well).

In fact, the converse should hold even in the stronger sense that the set
of “special points” should be dense in the generic fiber, in the sense of Re-
mark 5.5(ii) below.

Remark 4.23. At this point one might ask why we did not impose in the
definition of RZ data that [b] € B(G, {u}), rather than the weaker condition
[0] € A(G,{u}). There are several reasons for this. First, the moduli problem
leading to MDZT_, can be defined in this more general case, and some of these
formal schemes do define interesting rigid-analytic spaces, cp. the example
below. Secondly, if one takes into account Remark 4.9, we see that if two
integral RZ data Dz, and D/Z,, with nonisomorphic underlying simple rational
RZ data define isogenous framing objects, then only one of [b] or [b] can lie
in B(G, {p}). It would be unnatural to exclude one of these integral RZ data,
since both of them lead to the same formal scheme.

By contrast, in the case when G is a parahoric group scheme, it would be
reasonable from the point of view of the present paper to exclude the cases
where [b] € A(G,{n}) \ B(G,{p}). But even then it might well be that the
resulting formal schemes (which have empty generic fiber) are interesting.
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Example 4.24. We will describe this example in terms of the “more natural”
formulation of the moduli problem, c¢p. Remark 4.9. The notation F/Fy with
Fy = Qp is as in Example 4.14, and the present example will also come in
pairs. We consider triples (X, ¢, \) just as in Example 4.14, except that now
we demand that the polarization X is principal. As the first framing object
(X, x, Ax) we take X = & x &, where £ denotes the p-divisible group of a
supersingular elliptic curve over F, and where tx(a) = diag(a,a) in terms of
an embedding of O into End(€). The polarization Ax is given by the anti-
diagonal matrix with both entries equal to 1 in terms of the natural polarization
of £ which we use to identify & with £V.

A second choice of framing object arises by taking the same (X, tx) as before,
but with polarization A\x given as diag(u1,us), for ui,us € O with —ujus ¢
NmF/FOFX .

We denote by My, resp. Ms the formal scheme over O that arises from the
first, resp. second, choice of framing object. Then it can be shown using the
theory of local models [75, Rem. 2.35], that both formal schemes are flat with
semi-stable reduction over O. In fact,

My =[]}, 62,2y, Ma = Mry),
L

cp. [62, §5]. Here (AZ?QP denotes the Drinfeld formal scheme of dimension 2,
relative to the p-adic field Q,, and £ is a countable index set. Furthermore,
Mr,(p) denotes the I'g(p) moduli problem. This is the RZ space relative to
the simple rational RZ datum of EL type where B = F = Q,,, and dim V' = 2,
and where {u} = {10} is the unique nonzero minuscule cocharacter, and [b] is
the unique basic element in B(GLg, {ft0}). The integral RZ datum is given by
a full periodic lattice chain in V.

In this example, there are two distinct choices of integral RZ data Dz, and
D'Zp that can be used to construct either of these moduli schemes. Since the
generic fibers of M; and My are nonempty, we see, taking into account the
previous remark, that even if [b] € A(G,{u}) \ B(G,{u}), the generic fiber of
Msz may be nonempty. This is due to the fact that G is not parahoric.

We remark that these two choices of framing objects can be distinguished
by their crystalline discriminants, cp. [63, §5], given by —1 (resp. +1) for the
first (resp. second) choice.

4.25. The tower of rigid-analytic spaces. In this subsection we fix an
integral RZ datum Dz, such that G is parahoric, and such that M%i #* .
P

Hence also [b] € B(G, {u}), cp. Proposition 4.18.

Let K C G(Z,) be a subgroup of finite index. We then associate to K the
rigid-analytic space M¥ = Mgzp classifying K-level structures of V,
(17) T ~Amod K

(see, e.g., [15, Def. 2.3.17] for the precise meaning of this term). Then MK is
a finite étale covering of M7} and, for Ko = G(Z,), we have M0 = M7 .
P P
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One can extend this definition to obtain rigid-analytic spaces M* associated
with all open compact subgroups K C G(Q,) (see [82, 5.34]).

We obtain in this way a tower of rigid-analytic spaces {M¥} over E.In par-
ticular, MK = MX'/(K/K"), if K’ is a normal subgroup of K. It is naturally
endowed with an action (from the right) of G(Q,) via Hecke correspondences
(see [82, 5.34] for the precise meaning of this term, cp. [11, Remarque 3.2]).
Note that this is an action on the whole tower and not on the individual spaces
(an element g € G(Q,) maps M¥ to MgflKg).

Properties 4.26. The tower of rigid-analytic spaces Mgzp has the following
properties.

(i) It only depends on the simple rational RZ data D underlying the integral
data Dz, cp. [82, 5.38 and 5.39]. We therefore use below the notation ME for
(ii) The adic space corresponding to ML is smooth and partially proper over
E, ¢p. [15, Lemme 2.3.24]; the transition morphisms Mg/ — ME for K' c K
are finite and étale.

(iii) The action of J(Qp) on Mp, induces an action on ME° = M%ip. This

action lifts to an action (from the left) of J(Qp) on ME | for each K, cp. [82,
5.35]. When the center Z of G is identified with a subgroup of J, then the left
action of an element z € J(Q,) with z € Z(Q,) coincides with the right action
of z € G(Qyp), cp. [82, Lemma 5.35].

(iv) The Weil descent datum for Mp, —over Og induces a Weil descent datum
on ME® = M%ip over E (see [82, 5.43] for the (obvious) explanation of this

term). This lifts to a system of compatible Weil descent data for all ME over
E, cp. [82, 5.47].

We continue to denote by M the formal scheme associated to the integral
RZ datum Dyz,. Denote as above by M"# its generic fiber, and let (X, p) be the
universal p-divisible group over M"&, with additional structure and equipped
with the universal quasi-isogeny. Then p induces an isomorphism

V ®Qp OMrig = M(X) RO OMrig,

where M (X) denotes the Lie algebra of the universal vector extension of X.
The surjection M (X) — Lie X thus yields a filtration on V' ®q, O which
corresponds to a morphism # : M*& — Fri& which factors through the period
domain F** = F(G, b, {uu})™ inside F"'¢. Here the period domain is attached
to the triple (G, b, {u}) defined by the simple rational RZ datum D, where we
choose the same element b € [b] as in the definition of the formal scheme M
and as in the definition of J. This morphism of rigid-analytic spaces over E is
the period morphism associated to the moduli space M. The period morphism
extends to a compatible system of morphisms

(18) K. ME — Frie,
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for varying K C G(Q,).

Properties 4.27. We list some properties of the period morphisms.

(i) The morphisms 7 are étale and partially proper for all K, cp. [82,

Prop. 5.17], [15, Lemma 2.3.24]. The fiber of #¥ through a point x € M¥
may be identified with G(Q,)/K, cp. [82, Prop. 5.37].

(ii) The morphisms ® are J(Q,)-equivariant. Here J(Q,) acts on F"& as
described in Section 3.
(iii) The morphisms ©% factor through Fwa,
(iv) The morphisms #% are not compatible with the Weil descent data of source
and target. Here the source is equipped with the Weil descent datum of Proper-
ties 4.26(iv); the target is equipped with the Weil descent datum coming from
the fact that Fis defined over E. However, let A be the dual abelian group
of X*(Gap)''. We denote by the same symbol the corresponding discrete rigid-
analytic space. Then there is a natural morphism &% : MK — A which is
equivariant for the actions of G(Qp) and J(Qp), cp. [82, 3.52]. There is a nat-
ural Weil descent datum on the product F x A, cp. [82, 5.43], and the product
morphism

(#K, L5 ME - Fris x A
is compatible with the Weil descent data on source and target, cp. [82, 5.46).

Let F2 be the image of #% as an adic space (this is independent of K).
Then F* C F¥*. This inclusion may be proper, even though both adic spaces
have the same sets of points with values in a finite extension of E. We refer
to papers by Faltings [14], Hartl [33] and Scholze/Weinstein [87] for various
descriptions of F? (the admissible locus), cp. also [10, Ch. XI §4].

So far very little is known about the geometry of the spaces M¥ . However,
let us give a conjectural description of their sets of geometrically connected
components. Note that these are of particular interest as they are closely
related to the highest degree cohomology groups with compact support of the
spaces.

Definition 4.28. A pair ([b],{u}) such that [b] € B(G,{u}) is called HN-
reducible if there exists a proper parabolic subgroup P with Levi factor L
(both defined over F'), a representative ' € {u} which factors through L and

9

an element b’ € [b] N L(F) such that

o [V]L € B(L,{i'}1) where [V']y, is the L-o-conjugacy class of b’ and where
{i'}1 is the L-conjugacy class of {u'}.

e In the action of i/ and of v on (Lie RU(P)) ®@r F, only nonnegative char-
acters occur. Here R, (P) denotes the unipotent radical of P.

The pair ([0], {u}) is called HN-irreducible if it is not HN-reducible.

Remark 4.29. In the special case that G is unramified choose a maximal
torus 7" and Borel B containing T', both defined over F'. In the above definition
we may replace b/, p/, L, and P by (o-)conjugates and thus assume that in
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addition P is a standard parabolic subgroup, L its Levi factor containing 7',
and that ¢/ € X, (T)dom and vy € X.(T)g.dom. Thus, in this case, a pair
([6],{1}) such that [b] € B(G,{u}) is HN-reducible if there exists a proper
standard parabolic subgroup P with Levi factor L containing 7', such that
for the dominant representative i’ = pigom € X«(T)aom and a representative
Y e [b] N L(F) such that vy € X.(T)g.dom we have [V']; € B(L,{u'}r). We
denote this dominant Newton point (which only depends on [b], not on ')
by vy = vp. By [7, Thm. 2.5.6], the above condition for HN-reducibility is
equivalent to the condition that for some proper standard Levi subgroup L
of G we have that fig,,, — V) is a nonnegative rational linear combination of
coroots of A in L. Here A C T is the maximal split subtorus, and fiy,,, denotes
the image of pgom in X+ (A)g = Xu(T)o,r-

Let us make this condition more explicit in the case that G = GL,,. We
choose the upper triangular matrices as Borel subgroup and let T be the
diagonal torus. Then X,.(T) = Z" and =z = (x;) € X.(T) is dominant if
ry > -+ > . Hence v € Xu(T)g,dom is an ordered n-tuple of rational
numbers, and ftdom = fgom an ordered n-tuple of integers. We associate with
each such tuple (y;) € X..(T)q,dom the corresponding polygon which is defined
as the graph of the piecewise linear continuous function [0,7] — R mapping 0
to itself and with slope y; on [i —1,4]. For v we obtain the so-called Newton
polygon, for pgom the Hodge polygon. The condition that [b] € B(G,{u}) is
the equivalent to the condition that the Hodge polygon lies above the Newton
polygon and that they have the same endpoint. Each standard Levi subgroup
L of G is of the form GL,, X --- x GL,,, embedded diagonally into GL,, and
where (n1,...,n;) is a partition of n. The pair ([b], {u}) is HN-reducible if and
only if for some such subgroup (with [ > 1) the two polygons coincide also at
ni,ny1 + na,.... An easy combinatorial argument shows that this condition is
equivalent to the classical condition by Katz [48] that the Hodge polygon and
the Newton polygon have some break point of the Newton polygon in common,
or coincide and do not have any break point. Similar descriptions are possible
for the other classical groups.

Let mo (M) denote the set of geometric connected components, i.e., the set
of connected components of M* Xsp i Sp E.
Conjecture 4.30. Assume that Gaer is simply connected. Let D = Gp, =

G/Gaer denote the maximal abelian quotient of G and 6 : G — D the projection
map. Then there is a morphism of towers

(MF) i — (MR )i = (D(Qy)/6(K))k

which is compatible with the group actions on the towers. Here the right hand
side is the tower associated with the torus D as in Subsection 5.11, (i) be-
low. Furthermore, if ([b],{u}) is HN-irreducible, then this morphism induces
bijections

mo(M™) = D(Q,)/8(K)
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which are compatible for varying K.

For unramified simple RZ spaces of EL type or PEL type (as in Remark
4.13), this conjecture has been shown by Chen [6], cp. also [7, Sec. 5].

Remark 4.31. Let us consider the case when G is unramified. Chen’s method
to determine mo(MX0) for Ko = G(Z,) is to determine the set of connected
components of the reduced subscheme M,qq underlying the formal scheme M,
and then to use the formal smoothness of the moduli space. This is based on
de Jong’s theorem [41, Thm. 7.4.1], that the set of connected components of
M8 is in bijection with the set of connected components of M,eq, provided
that M is (formally) normal. The sets of connected components of these
underlying reduced subschemes can be described in terms of affine Deligne—
Lusztig varieties (cp. [7, Sec. 5]).

The discussion in [7, Sec. 2.5], together with Theorem 1.1 of loc.cit., shows
that, if ([b], {u}) is HN-reducible, then 7o(MX°) has a description in terms of
the Levi subgroup L of G occurring in Definition 4.28. In particular, if ([0], {u})
is HN-reducible, mo(M*X°) is never given by the formula in Conjecture 4.30 (for
K = K the right-hand side is equal to 71 (G)r). An extreme example of this
observation are moduli spaces of ordinary p-divisible groups of given dimension
d and codimension ¢: Then G = GL.44, and the reduced subscheme of the
moduli space is discrete and one has a bijection

mo(M*°) 2 GLe(Qp)/GLe(Zp) x GLa(Qp)/GLa(Zp)-

If G is nonsplit, there are also examples where the pair ([b], {u}) is HN-reducible
but where the associated p-divisible groups are bi-infinitesimal.

5. LOCAL SHIMURA VARIETIES

The following definition is the local analogue of a Shimura datum in the
sense of Deligne [11].

Definition 5.1. Let F' be a finite extension of Q,. A local Shimura datum
(over F) is a triple (G, [b],{u}) consisting of the following data. The first
entry is a reductive algebraic group G over F. The second entry [b] is a o-
conjugacy class in B(G). The third entry {u} is a geometric conjugacy class of
cocharacters of G defined over some fixed algebraic closure F' of F. We make
the following two assumptions.
(1) {p} is minuscule,
(ii) [b] € B(G,{u}).

Associated to a local Shimura datum are the following data.
o the reflex field E = E(G,{u}) (the field of definition of {4} inside a fixed
algebraic closure F'). Let E be the completion of the maximal unramified
extension of F in F.
e the algebraic group J = J;, over F, for b € [b].

In the sequel, we fix b € [b].
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5.2. The conjecture. We have seen in the previous section that local Shimura
data over Q, arise from simple rational RZ data of type EL or PEL. In this
section we formulate the “conjecture” (in the vague sense) that to any local
Shimura datum is associated a tower of rigid-analytic spaces similar to those
explained in the previous section in the context of RZ spaces.

Indeed, one would like to associate to a local Shimura datum (G, [b], {1})
over F' a tower of rigid-analytic spaces over Sp E,

(19) M(G, [b], {u}) = {M" | K C G(F)},

where K ranges over all open compact subgroups of G(F'), with the following
properties.

(i) each M¥ is equipped with an action of J(F).

(ii) the group G(F') operates on the tower as a group of Hecke correspondences.
(iii) the tower is equipped with a Weil descent datum down to E.

(iv) there exists a compatible system of étale and partially proper period
morphism(s) #% : MK —s F(G, b, {u})™ which is equivariant for the action of
J(F') and which is the first component of a J(F') x G(F')-equivariant morphism
of towers of rigid-analytic spaces

(20) (7 kE) MK = F(G, b, {p})" x A

compatible with Weil descent data, analogous to Properties 4.27(iv). The fiber
of #% through a point of M¥ is in bijection with G(F)/K, compatibly with
changes in K. In fact, there should be an open adic subspace F(G,b, {i})* of
F(G,b,{u})"™ stable under the action of J(F') and a J(F)-equivariant G(F)-
torsor such that the tower {M¥} arises from the system of level- K-structures
on this local system.

The tower would be called the local Shimura variety associated to the local
Shimura datum (G, [b], {u}). We do not know how to construct local Shimura
varieties in the most general case (nor do we know how to describe the corre-
sponding open subspaces F (G, b, {u})* of F(G,b,{u})"®), but we conjecture
their existence, cp. [77, Hope 4.2].

Remark 5.3. We alert the reader to a conflict of notation between Section 4
and the other sections of this paper. In Section 4, the notation F' appears as
the center of the algebra B; but the corresponding local Shimura datum is over
Qp. In the present section, the local Shimura datum is over F.

A local Shimura datum (G, [b], {u}) over F' defines a local Shimura datum
(G',[b'],{1'}) over Q,. Indeed, fix an embedding 1o : F — Q,. Let G’ =
Resp/g,G. Then under the Shapiro isomorphism there is an identification
B(Q,,G’) = B(F,G), cp. [56, 1.10]. We take [b'] = [b] under this identification.
Finally, giving a conjugacy class of cocharacters of G’ is equivalent to giving
a family of conjugacy classes of cocharacters of GG, one for each embedding
t: F — Qp. For {y/} we take the family consisting of {u} at the fixed
embedding (¢, and the trivial cocharacter at all other embeddings, cp. (vi) of
Properties 5.4 below. To some extent the case of general F' can thus be reduced
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to the case where F' = Q), just as in Deligne’s set-up for global Shimura variety
one starts with a reductive algebraic group over Q. However, this approach
also has its disadvantages (e.g., Bruhat-Tits theory does not interact so well
with restriction of scalars). Since starting with a general field F' also has its
own aesthetic appeal, we decided to stick with the present set-up.

Properties 5.4. We expect the following additional properties of local Shi-
mura varieties.

(i) Each member M¥ is a smooth and partially proper rigid-analytic space of
dimension (ftdom,2p). Here pgom denotes the dominant representative of {u}
in X«(T) for a choice of a mazimal torus T in Gp and a Borel subgroup con-
taining T, and p denotes the half-sum of all positive roots of T'. Furthermore,
the transition morphisms MX1 — M2 for K1 C Ky are finite and étale.

(ii) The action of J(F) on MX is continuous, when MX is considered as an
analytic space in the sense of Berkovich, cp. [15, Cor. 4.4.1]. Fquivalently, in
terms of the adic space M¥ | the action of J(F) is continuous on the under-
lying topological space and, for any open affinoid open U, denoting by Jy the
stabilizer of U in J(F), the map

Ju — EndBanach (P(Ua O))

18 continuous.

(iii) There exists an open subset U of the adic space M which, together with all
its translates under J(F'), covers the whole space, and which has the following
property: there exists a finite covering of U by open subsets U; for which there

exist quasi-compact separated adic spaces Vi and global functions fi; on V;
(G =1,...,n;) such that U; is defined inside V; by

Uiz{xEVi||fij(x)|<1, jzl,...,ni}.

(iv) If (G1,[b1],{p}), resp. (Ga,[bo],{u2}), are local Skimura data, and if
f Gy = Gy is a compatible homomorphism in the obvious sense, then one
should have compatible morphisms of rigid-analytic spaces (compatible with
Weil descent data)

M(G1, [br], {pa )™ = M(Ga, [ba, {p2})™* X gy, 15, SP B,

provided that (K1) C Ko. Furthermore, if f is a closed embedding, then these
morphisms should be closed embeddings when K1 = Ky N G1(F).

(v) If (Gy,[b1],{p1}), resp. (Ga,[b2],{u2}), are local Shimura data, let G =
G1 x G2 and complete G to the product local Shimura datum (G, [b],{p}), in
the obvious sense. Then the reflex field E = E(G, [b],{1}) is the composite of
the reflex fields E; = E(Gy, [bi],{ui}), for i = 1,2. For K of the form K =
K1 x Ko, and with obvious notation, one should have compatible isomorphisms
(compatible with Weil descent data)

9

MK ~ (M X 5, Sp E) Xgp 5 (M5 Xgp i, S E).
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In (i) and (v), the morphisms, resp. the isomorphisms, should be compatible
with the period morphisms.

(vi) Let F'/F be a finite extension, and let G = Respp(G'). Fiz an F-
embedding F' — F, and use this to write

GQF F= H G’ KR pr F.
Gal(F/F)/Gal(F/F")

Fix a minuscule geometric conjugacy class {i'} of cocharacters of G', and let
{u} be the minuscule geometric conjugacy class of cocharacters of G given by
({u'}, o, - -+, o). Here the first entry corresponds to the fived embedding of
F’" into F, and py denotes the trivial cocharacter. Note that there is a canon-
ical identification B(G',{u'}) = B(G,{u}), cp. [57, (6.5.3)]. We complete the
pairs (G',{p'}), resp. (G,{p}), into local Shimura data over F', resp. over
F, by fizing V'] € B(G',{1'}), resp. [b] € B(G,{u}) that correspond to each
other under this bijection. Note that the local Shimura fields E(G',{p'}) and
E(G,{p}) are identical. One should have an isomorphism of towers (compat-
ible with all structures)

MG, ], {W D" = MG, ], {uh) ",
where K' = K under the identification G'(F') = G(F).

Remark 5.5. The obvious deficiency in the above conjecture lies in the lack
of uniqueness in the definition of a local Shimura variety, i.e., we do not know
how to characterize the tower attached to a local Shimura datum. In this
regard we make the following comments.

(i) It seems reasonable to expect such a uniqueness statement if we restrict
to local Shimura data (G, [b],{u}) which can be embedded in the sense of
Properties 5.4(iv) into a local Shimura datum of the form (GLy, [V/], {¢'}) for
suitable n and {u'} (for which the RZ construction defines a corresponding
local Shimura variety). Such local Shimura data are called of local Hodge type.
This is the local analogue of a Shimura variety of Hodge type. In this case,
the admissible locus F(G,b,{u})* in the sense of Hartl or Faltings is defined,
cp. [10, Ch. XI §4], and the period morphisms 7% should induce surjective
morphisms

A MR = F(G, b {u})*,

such that the fiber through a point is equal to G(F')/ K, and such that the tower
M* is embedded into the tower for (GL,, [b'],{i'}) (base-changed to E), in
the sense of property (iv) above—and these properties should characterize the
local Shimura variety uniquely.

(ii) It should also be possible to characterize local Shimura varieties as closed
subvarieties of a bigger local Shimura variety by its “special points”, in analogy
with the classical theory, cp. [11, 3.15]. More precisely, in the situation of (iv)
of Properties 5.4, assume that f : G; — G5 is a closed embedding. Suppose
that M(Gs, [b2], {p2}) has been defined, in such a way that for any inclusion
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(T, [br], {ur}) — (Gi,[b1],{u1}), where T is a maximal torus of G, we have
a closed immersion of local Shimura varieties

M(T, [br], {pr})*" = M(Gz, [ba), {n2})"? Xsp iy OP Br

where Ep = E(T,{ur}) and where K = Ko NT(F). Here the local Shimura
variety M(T, [br], {7 })%7 is defined in Subsection 5.11(i) below. Let K; =
KNGy (F). Then M(G1, [b1], {i1})% should be characterized as the minimal
Zariski-closed subspace

MKt € M(Ga, [ba), {12} g, 5, S0 B

such that M(T, [br], {ur})5&r c M Xsp i, SP Ep for any (T, [br], {ur}) as
above.

Example 5.6. As a typical example of a local Shimura datum (G, [b], {x}) not
of local Hodge type, one may take G = PGL,,, and {p} a nontrivial minuscule
cocharacter, and [b] € B(G, {u}) arbitrary.

Remark 5.7. Let us comment on the conditions (i) and (ii) imposed on the
triple defining a local Shimura datum.

The condition that {x} be minuscule comes from the fact that the conjecture
on the existence of a Qp-local system on open adic subspaces of period domains
F(G,b,{p})™ in [82, 5.54] becomes false outside the case when {u} is minus-
cule, as was pointed out independently by L. Fargues [17] and by P. Scholze,
cp. [49]. In fact, this hypothesis makes the theory of local Shimura varieties
more challenging since it precludes the existence of a Tannakian formalism (at
least in the naive sense).

The condition that [b] lie in B(G, {u}) is made for aesthetic reasons, and
could be weakened to [b] € A(G,{u}). Indeed, let us assume this weakened
condition, and fix an unramified cocycle representative n of the cohomology
class c([b],{u}) € HY(F,G). Let G’ be the inner form defined by the im-
age of n in Gaq. The two groups G(F) and G'(F) can be identified, so that
b corresponds to an clement ¥ € G/(F). Similarly, {u} corresponds to a
geometric conjugacy class of cocharacters {y'} of G’. Then it follows from
(15) that [o'] € B(G',{i'}). Therefore, the local Shimura variety attached to
(G',[V'],{1'}) may be used to define the local Shimura variety for (G, [b], {1}).
Note that the groups Jy(F') and Jp (F), which act on the individual members
of the tower, can be identified, but that the group of Hecke correspondences
G'(F) acting on the tower is now an inner twist of the original group G(F).
This is the point of view adopted in [77, §4]. It has the advantage that it
matches the definition of rational RZ data (recall from Subsection 4.1 that we
imposed there the weaker condition [b] € A(G,{u})). It has the disadvantage
that the notation becomes more confusing due to the appearance of the inner
form G’ of G. Since in the end the objects searched for are in effect the same,
we opted for the stronger hypothesis [b] € B(G, {u}).
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Remark 5.8. A simple rational RZ datum D with [b] € B(G,{u}) defines
a local Shimura datum over Q,, and the formal schemes MDZP give rise to
a tower of rigid-analytic spaces as required in 19, provided that the generic
fiber of MDZP is nonempty, cp. Conjecture 4.21. However, not all properties
enumerated above are proved for such towers (when they make sense in this
context), although we conjecture them to hold. For instance, property (iii)
does not seem to be known in general, and property (iv) is closely related to
Conjecture 4.16.

In the context of local Shimura varieties, the duality conjecture of [82, 5.54]
becomes easy to state (at least with the same imprecision as in loc.cit., cp. be-
low). Let (G, [b], {u}) be a local Shimura datum such that [b] € B(G, {¢})pasic-
Then the dual local Shimura datum (GY,[bY], {p"}) is defined as follows. Let
b € [b] and set GV = J,. Then there are canonical identifications (of point sets,
resp. of algebraic groups),

GY(F) =G(F), Gf = Gp.
Then set [b¥] = [b~!] and {u¥} = {1} under these identifications. We note
that [bV] is a basic element of B(G"Y), and that the dual of (GV,[bY],{u"}) is
the original datum (G, [b], {x}). The group G (F) acts on the local Shimura
variety M(G, [b], {u}) preserving each individual member of the tower; there is
a similar action of G(F') on the local Shimura variety M(GY, [bV],{x"}). On
the other hand, the group G(F') acts on the local Shimura variety M(G, [b], {+})

as a group of Hecke correspondences of the tower; there is a similar action of
GY(F) on the local Shimura variety M(G", [b¥], {u"}).

Conjecture 5.9. There exists an isomorphism “in the limit”

fim, V(G o, (1) = Jim ., M((GY, [3"], (D)X
compatible with the actions of GY(F) x G(F) on both sides.

The imprecision here lies in the term “in the limit”; however, as in [87],
the theory of perfectoid spaces should enable one to make sense of it. Morfz
precisely, following [86, §5], there should exist a perfectoid space M over E
with a continuous action of G(F) x GY(F') which is equivariantly equivalent

in the sense of loc.cit. to the base change to E of both limits occurring in
Conjecture 5.9. Note that M is unique if it exists.

Remark 5.10. In the spirit of the uniformization theorem [82, Thm. 6.36],
there should be a relation between global Shimura varieties and their local
analogues. Let (G, {h}) be a global Shimura datum. Hence G is a reductive
group over Q, and we denote by {u} the conjugacy class of cocharacters of G
over Q that corresponds to {h}. The global Shimura datum defines a Shimura
variety M(G, {h}) = {(M(G,{h})¥) | K C G(Ay)} defined over the global
Shimura field E = E(G, {u}). Let G = G ®g Q,. We fix an embedding
Q — @,. Then we also obtain a conjugacy class of cocharacters {u} of G over
Q,- Let p be the prime ideal of E over p defined by the embedding of Q into
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Q,. Then E = E,, is the local Shimura field defined by (G, {u}). We take the
open compact subgroups K of the form K = KPK, where K C G(Q,) is an
open compact subgroup. Let

(21) M(G, {h})*(T)

be the tube over a basic isogeny class Z of the reduction modulo p, an ad-
missible open rigid-analytic subset of (M(G, {h})¥ @ E)"®. It is not clear
how to make sense of this term in this generality when M(G, {h})¥ does not
necessarily represent a moduli problem. We are assuming that the element
[b] € B(G,{u}) defined by Z is the unique basic element. Then there is an in-
ner form G of G which is anisotropic modulo center at the archimedean place,
is isomorphic to J, (for b € [b]) at the p-adic place and is isomorphic to G at
all other places, and a system of isomorphisms compatible with changes in K?

and K, with the action of G(A¢) by Hecke correspondences, and with descent
data to F on both sides,

(22) G(Q\(M(G, [B], {u})™ x G(A})/KP) ~ M(G, {h})*(D).
5.11. Examples. Here are some examples of local Shimura varieties that are

not RZ spaces.

(i) The most basic case is the one where G is a torus. Let G =T be a torus
over F and pu € X, (T) = Hom(G,,, Tr) (in this case, the conjugacy class of u
consists of a single element). Note that B(G, {}) consists of a single element,
and that the set A(G, {u}) is in bijection with (X, (T)r)tor- Let [b] € B(G, {u})
and fix a representative b of [b]. As G =T is commutative, we have J, = G.

For tori, the local Shimura varieties will be towers of rigid-analytic spaces
of dimension 0 and étale over Sp (E). In order to describe them, we use the
following equivalence of categories. We denote by I the inertia subgroup.

Let 7 : Sp(Q,) — Sp (E) be a geometric point. Then, identifying Iz with
1 (Sp (E),E), the fiber functor mapping each rigid space Y to Yz induces an
equivalence of categories

{rigid spaces étale over Sp (E)} —
{discrete sets with a continuous action of I E}

Using this equivalence of categories, we define for an compact open subgroup
K of T(Q,)

(23) M(T, [b], )" = T(Qp)/ K,

with the following Galois action, analogous to Deligne’s definition of the reci-
procity law for special points on Shimura varieties, cp. [11, (3.9.1)].
The cocharacter p defines a homomorphism of tori

NP« : RGSE/FGm — T,

which is defined as the composition

Res N
RGSE/FGm Byrk RQSE/FTE ﬂF T,
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where Ng,r denotes the norm map. Let
recg : BX — Gal(E/E)*

be the Artin reciprocity map normalized in such a way that a uniformizer of
E is mapped to an arithmetic Frobenius in Gal(E/E). Let

(24) Xu I = T(F)

be the composite

N _
Ig = Of = T(F), v+~ Nu(recEl("”Eab)).
Then the action of Ig on T(F)/K is given by
Y(@K) = xu(v)zK.

For varying K, these spaces form a tower of rigid-analytic spaces over Sp (E).
The action of J(F) x T(F) is given by (a,b) - K = abzK. Note that, as T is
abelian, the action maps each member of the tower to itself.

Extending in the obvious way the action of I to an action of Gal(E/E),
we see that the whole tower is defined over E, so the Weil descent datum is
effective in this case.

Local Shimura varieties associated to tori are defined and used by Chen [6]
in her study of geometrically connected components of RZ-spaces, cp. Conjec-
ture 4.30.

(ii) Another, in fact rather trivial, way in which local Shimura varieties
arise is by taking a product of RZ spaces. Let Dz, 1,...,Dz,  be an r-tuple of
integral RZ data, with associated triples (G, [b ] {,ul}) and associated formal
schemes M; over Spf O . Let (G, [b], {i}) be the product of the (G, [bi], {1 })
in the obvious sense. Then the reﬂex field £ = Fy,; is the composite of the
E; = Ey,,), and we obtain a formal scheme M over Spf O, as the product of
the Mi@oéi O};. For a compact open subgroup K of G(Q,) which is a product

K = K, x ... x K,, we define the finite étale covering of M8 as
ME = (MK Xgp i SpE) x ... x (MXr Xgp i SpE)

cp. Properties 5.4(v). Since open compact subgroups of product form are
cofinal among all open compact subgroups, we may define in the obvious way
the tower {M¥ | K C G(Q,)}. It is the local Shimura variety associated to
(G, Bl {p})-

(iii) Let (G, [b], {p}) be a local Shimura datum, and let H be a subgroup
of G. Assume that (H, [b]g,{} ) is a local Shimura datum compatible with
(G, [b],{p}) in the sense of Properties 5.4(iii). Assuming that we already know
how to define a local Shimura variety for (G, [b], {u}), it would be desirable to
define the local Shimura variety for the subgroup as a subobject.

One instance of this is the situation where (G, [b], {u}) corresponds to an
RZ-datum D, and where H is a Levi subgroup of G. Let V be given by the
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RZ datum and let
(25) V=vieWVvd---aV,

be the decomposition of V' whose stabilizer is H. This decomposition is stable
under the action of B.

Let us first consider the EL case. Let H; be the group of B-linear automor-
phisms of V;. Then H; is a subgroup of H, and H = Hy x --- x H,. If {u}py
corresponds to an r-tuple of H;-conjugacy classes {u;} of cocharacters, and
[b];r comes from an r-tuple of classes [b;], then (F, B, V;,{u;}, [b;]) are simple
rational RZ data, with associated groups H;. As simple integral RZ datum we
take an Op-stable lattice A that decomposes as A = @, A;, where A; = V;NA,
and obtain in this way also integral RZ data Dz, ;. If we take the framing
object (X, ix) in product form, we obtain formal schemes Msz and Msz,i
fori=1,...,7. Let B/ = E(H,{p}m). Then E’ is the composite of F1, ..., E,
and £ = E(G, {u}) is contained in E'. Let O" = Op,, O = Oy and O; = Op .
We obtain an obvious closed immersion of formal schemes

(26) (Mp, ,©0,0") X ... x (Mp, ,&0,0") = Mp, ©00".

In terms of the moduli description of Mp, by triples (X,¢,p), this closed
formal subscheme is characterized as the subfunctor where the p-divisible group
X, with its additional structure, decomposes as a product. Thus the generic
fiber of the source of (26) defines a subtower that can be regarded as the
local Shimura variety associated to (H,[b]m,{u}n). Of course, this is just
an “internal version” inside the local Shimura variety for (G, [b], {u}) of the
product construction of (ii) above.

Now consider the PEL case. We can choose the numbering in (25) in such
a way that

Vi LV; unless i +j=r+1.

In particular, V,.1_; is the dual of V; with respect to the pairing (, ).

Let first r = 27’ be even. For 1 < ¢ < 7’ let H; be the group of B-linear
automorphisms of V;. Then

H>=H x - x H. x G,

where an explicit isomorphism is given by mapping (g1, ..., g, ¢) to the B-
linear automorphism of V' whose restriction to V; (for every i < r’) is g; and
which respects the pairing (, ) up to the scalar c.

Now let r = 27/ — 1 be odd. In this case, there is an induced pairing on
V. For 1 <14 < 7' let H; be the group of B-linear automorphisms of V;, and
let H,» be the group of B-linear automorphisms of V, respecting the induced
pairing up to a scalar. In this case

H=H; x---xHpy

where an explicit isomorphism is given by mapping (g1, - . ., g.+) to the B-linear
automorphism of V' whose restriction to V; (for every i < r’) is g; and which
respects the pairing (, ) on V up to the similitude factor ¢(g,+) of g,» on V..
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In both the even and the odd case, we have v’ = [(r + 1)/2]. Let {u}n
correspond to an r’-tuple of H;-conjugacy classes {y; } of cocharacters, together
with a conjugacy class {c} of cocharacters of G,, if r is even. Then the latter
conjugacy class is a singleton and, by (12), equal to the identity. Similarly [b] g
comes from an r’-tuple of classes [b;], together with the class [p|] € B(G,) if r is
even. Then for ¢ <+ if r is even, and for ¢ < " if v is odd, (F, B, Vi, {p:}, [bi])
are simple rational RZ data of EL type, with associated group H;. For r odd,
(F, B, Ve, (, )lv,,, *, {ttr }, [br]) is & simple rational RZ datum of PEL type
with associated group H,.. If r is even, we choose Dy = (Qp, Qp, Qp, {id}, [p])
as a simple rational RZ datum of EL type for the group G,,. As simple
integral RZ datum we take an Opg-stable lattice A which is self-dual and which
decomposes as A = @, A;, where A; = V; N'A, and obtain in this way also
integral RZ data Dz, ;, fori = 1,...,7". We take the framing object (X, tx, Ax)
in product form such that X; and X, ;1_; are identified with the dual of each
other by Ax for each i. Then we obtain formal schemes Mp, and Mp, ;
for ¢ = 1,...,7. The formal scheme for Dy is easy, and the corresponding
rigid-analytic space can be described explicitly as a special case of example (i)
above, and is a discrete set isomorphic to Z.

Let again E' = E(H,{u}n). Then E’ is the composite of Fy,..., E,.. and
E = E(G,{u}) C E'. As before, let O" = Op,, O = O and O; = Op, . We
obtain closed immersions of formal schemes (the first one when r is even, the
second one when 7 is odd),

(MDZP,()@(DQP O/)X(M'sz,1®010l) X -+ X (MDZP,W ®Or, OI) — M‘DZP®OOI
(Mp,, ,©0,0') X - x (Mp, ,80,0") = Mp, ©00'".

In terms of the moduli description of Mp, by tuples (X, t, A, p) the maps are
given as follows. When r is even, an 7’ + 1-tuple ((X;, ¢4, p;)) for 0 < i <7 is
mapped to (X, ¢, A, p) where X = X1 x -+ X X;v x X)) x -+ x Xy, where ¢ is
the product of the ¢; and their duals (for ¢ > 1), where p|x, = p; and where
plxy is the dual of p; up to the factor p® where cg € Z is the height of pg. The
polarization \ identifies the dual of the ith factor of X with the 2r’ +1 — ith
factor for each . When r is odd, the map is defined similarly, except for the
fact that the similitude factor is determined by the 7'th component of the left
hand side, which contains a polarization. In terms of the tuples (X, ¢, A, p), the
closed formal subscheme obtained as the image of either of these immersions
is characterized as the subfunctor where everything decomposes as a product.
Thus the generic fiber of the source of these maps defines a subtower of the
local Shimura variety associated with (G, [b], {u}) that can be regarded as the
local Shimura variety associated to (H, [b]m, {u} ). As in the EL case this can
also be seen as a variant of the product construction of (ii) above.

(iv) The following construction was pointed out by Fargues. Let (G, [b], {u})
be a local Shimura datum over F', and let ¢ : G,, p — G be a central cocharac-
ter defined over F. Then we obtain a new local Shimura datum (G’, [v'], {¢'})
over F by setting G' = G, and b = be(n) (where 7 is a uniformizer in F'), and
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w' = pe. If Mis alocal Shimura variety for (G, [b], {¢}), then one should be able
to construct a local Shimura variety M for (G, [b'], {i'}) by twisting M by the
cyclotomic character. For instance, if (G, [b], {¢t}) comes from simple integral
RZ-data of type EL with B = F, and if ¢(z) = 2%Idy, then instead of consid-
ering level structures 7 : (Z/p*)™ ~ X[p*] on the universal p-divisible group
X in the generic fiber, one considers level structures 7 : (Z/p*)"(d) ~ X[p"].
The resulting local Shimura variety is not of RZ type for d # 0.

(v) Let G be an arbitrary reductive group over a local field F. Let {u} = uo
be the trivial cocharacter of G and [b] € B(G, up). Then J, = G for b € [b]. In
this case, the local Shimura variety should just be the discrete set

M = G(F)/K,

with J(F) = Jp(F) = G(F) acting by left translations, and G(F') acting on
the tower by right translations.

6. /-ADIC COHOMOLOGY OF LOCAL SHIMURA VARIETIES

In this section we explain what we mean by the ¢-adic cohomology of local
Shimura varieties. We fix a prime number ¢ # p.

We fix a local Shimura datum (G, [b], {+}) giving rise to the local Shimura
variety

(27) M(G, ], {n}) = {M" | K C G(F)}.
We will use ¢-adic cohomology with compact supports, denoted for each i € N
by

Hz(MK) = Hé(MK XSPE‘ Sp E7 (@2))

where E denotes the completion of an algebraic closure of E. Here we view
M¥ either as an adic space or as a Berkovich space, and we use the cohomology
theory developed in either context. Since the theory for Berkovich spaces is
better documented, we often use the latter. The Qg-vector space H:(MX) is
equipped with an action of J(F'), by functoriality. It is also equipped with an
action of the inertia group Ir = Gal(E/ E) by functoriality. Due to the Weil

descent datum from E to E, the action of Ig extends to an action of the Weil
group Wg. Furthermore,

H{(M®) =0, for i > 2dimM¥,
cp. [15].

Proposition 6.1. (i) For every K and every i, the action of J(F) on H(M¥)
is smooth and the action of Ig is continuous, in the sense that H!(MX) is
the increasing union of finite-dimensional continuous representations of Ig.
Furthermore, H:(MX) is a finitely generated J(F)-module.

(ii) For every admissible representation p of J(F), and every K and i,j, the
Q¢-vector space

H (M) [p] = Ext!

J(F)(Hi(MK),p)
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is finite-dimensional, and vanishes for j > rkys(J).
Here the Ext is taken in the abelian category of smooth J(F')-modules.

(iii) For every admissible representation p of J(F') and every i,j, the module
HY((G, (6] {2))) o] = i Bxt) . (HE (M), p)
is an admissible G(F)-module and a continuous Wg-module.

Proof. (i) The action of the analytic group J(F) on M¥ is continuous, and this
implies that H%/ (MX) is a smooth J(F)-module since M¥ is smooth and hence
quasi-algebraic, cp. [15, Cor. 4.1.19] (which uses results of Berkovich for the
cohomology with torsion coefficients). The assertion regarding the Ig-action
is [15, Cor. 4.1.20].

To prove that H:(MX) is a finitely generated .J(F)-module, we make use
of Properties 5.4(iii) of local Shimura varieties (recall that this property is not
known to hold in all cases of RZ spaces, see Remark 5.8, and also Remarks 6.2(i)
below.) Let U be an open subset of M¥ as given by that property. Then by [38,
Thm. 3.3(ii)], HZ(U) is finite-dimensional, for all j. Imitating the argument in
[15, proof of Prop. 4.4.13], one constructs a spectral sequence that converges to
the cohomology H* (M), with only finitely many terms on each anti-diagonal
and such that each term is a finite sum of representations which are compactly
induced from finite-dimensional representations of compact open subgroups of
J(F). The result follows.

(ii) This is a general fact about the category of smooth, resp. admissible,
representations of J(F'), cp. [15, Cor. 4.4.14 and Lemma 4.4.12].

(iii) is a consequence of (i) and (ii). O

Remarks 6.2. (i) In the case of a local Shimura variety coming from simple
unramified RZ data (cp. Remark 4.13), Fargues has shown ([15, Prop. 4.4.13])
that H!(M¥) is a J(F)-module of finite type, by establishing Property 5.4(iii)
in this case. His proof uses in an essential way the structure of the formal
schemes attached to RZ data. More general cases are due to Mieda [73], again
based on structure results on the formal schemes attached to RZ data.

Note that H!(MX) is not of finite length in general, cp. [15, Rem. 4.4.18].
One cause of this is if the center of J(F') is not compact. However, most of the
time, even the cohomology H!(M(®)-K) of M(®)-K = (k5)=1(§) is not of finite
length over J(F)! (see (20) for the notation ). Here § € A and J(F)! is the
intersection of all kernels of F-rational characters of J. However, this finite
length property holds in the Lubin-Tate case, and hence (by using the duality
with the Drinfeld tower) also in the Drinfeld case, cp. [9, Cor. 3.5.11.].

(ii) In [72, Def. 3.3], Mieda introduces H®((G,[b],{u}))[p] by taking the
smooth vectors in the G(F')-module

EXt?](F) (thHi(MK), p)-
By [72, Rem. 3.4], this gives the same result as above.
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(iii) It seems likely that the G(F)-module H®J((G, [b],{u}))[p] is of finite
length if p is of finite length (since this G(F)-module is admissible, it is equiv-
alent to ask whether this G(F)-module is finitely generated (Howe’s theorem),
cp. [83, VI.6.3]). We refer to [72, Rem. 7.10] for ideas in this direction.

(iv) As pointed out in [15, Rem. 4.4.4], a Frobenius element in Wg will not
in general preserve a finite-dimensional subspace of H:(M). This shows that
the Wg-action does not extend to a continuous action of Gal(E/E).

We denote by Groth(G(F) x Wg) the Grothendieck group of the category
of (G(F) x Wg)-modules over Q; which are admissible as G(F)-modules and
continuous as Wg-modules. Our object of interest will be, for a fixed irre-
ducible representation p of J(F'), the alternating sum, modified by a Galois
twist
(28)  H*((G,[b], {u}))lp] = Zij>0(—1)i+jHi’j((G, (0], {1}))[p] (= dim M),
considered as an element of Groth(G(F') x Wg). This makes sense since only
finitely many terms in this sum are nonzero.

7. REALIZATION OF SUPERCUSPIDAL REPRESENTATIONS

In this section we state the conjecture of Kottwitz [77, Conj. 5.1], in the
context of local Shimura varieties and adapted to the set-up of the last section.
We fix a local Shimura datum (G, [b], {p}) giving rise to a local Shimura variety,
where we assume that [b] is basic.

7.1. The Kottwitz conjecture. To state the conjecture, we will have to
make use of some aspects of a conjectural Langlands correspondence. A Lang-
lands parameter (cp. [19, §8]) for a group G over F,

QDIWF—>LG:G><1WF,

is called discrete, if the connected component Sg of the centralizer group S, =
Centgs(p) lies in Z(G)T.

Remark 7.2. We point out that we are using the Weil group Wy, and not
the Deligne-Weil group, i.e., there is no SLa-factor present here. In [54], such
Langlands parameters are called elliptic. By [54, Lemma 10.3.1], a Langlands
parameter is discrete if and only if the image of ¢ is not contained in any proper
Levi subgroup of “G. Note that if G = GL,,, then L-packets are singletons,
and a representation 7w corresponds to a discrete Langlands parameter if and
only if 7 is supercuspidal. If G = Us or G = GSp,, in which cases a Langlands
correspondence has been constructed, the discrete L-packets are exactly those
that consist entirely of supercuspidal representations (for the case of Us, cp. [15,
Appendix C]; for the case of GSp,, cp. [72, Thm. 7.3], for one direction?).

2According to W. T. Gan (e-mail to the authors), both directions follow easily from the
construction in [20].
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To state the conjecture, we make the assumption that G is a B-inner twist of
the quasi-split form G* of G, i. e., there exists a basic element b* € G*(F’) such
that G is isomorphic to the inner twist J;. of G* defined by b*, cp. Section 2.

Remark 7.3. Every reductive group G can be written in this way, provided
that the center of G is connected. It would be interesting to find a formulation
of the Kottwitz conjecture to cover the most general case. For this, one might
have to employ Kaletha’s extended cohomology groups H(u — Wg, Z — G),
cp. [45].

Under the canonical identifications
m(G)r = X*(Z(G)), m(G)r = X*(2(&)"),
we obtain elements of X* (Z(G)F),
Mo = ka([B]), Aox = kg ([07]).

According to the refined Langlands correspondence (cp. [45, 94, 19]), there
should be identifications 7 + 7, resp. p — 7,, of the L-packets for G, resp. for
J,

I1,(G) = {irreducible algebraic rep’ns 7 of S, | 7|Z(G)' = A+ }
IL,(J) = {irreducible algebraic repns 7 of S, | 71 Z(G) = N + Mo}

where the equalities are between elements of X*(Z(G)'). Of course, we do
not know how to characterize these bijections. However, in the cases where
these bijections are known, they can be pinned down by imposing endoscopic
character relations with respect to a choice of transfer factors that depend on
the choice w = (B,) of Whittaker data, cp. [44, §1]. In particular, 7, is
the trivial one-dimensional representation of S, if and only if 7 is the (B, v)-
generic representation of G*(F). Any other choice o’ of Whittaker datum
differs from w by a one-dimensional character A = A(w,w’) of S, that is
trivial when restricted to Z(G)', cp. [44, §1]. When w is replaced by r’, then
7= and 7, are replaced by 7. ® A and 7, ® A. Hence the function

II,(G) x II,(J) — Rep(S,)

(7T,p) — Tr ®TP

is well-defined, i.e., independent of the choice of Whittaker data. Here 7,
denotes the contragredient representation of .. We refer to [44, Thm. 4.3]
for cases in which this general idea is realized in specific cases (related to
symplectic and special orthogonal groups).

To state the conjecture, we recall the finite-dimensional representation ry,;

of G x Wg defined by {u}, cp. [53, Lemma 2.1.2], which we regard here as a
representation in a Q-vector space.
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Conjecture 7.4 (Kottwitz conjecture). Under the assumptions on (G, [b], {u})
above, let ¢ be a discrete Langlands parameter for G. Denoting by ¢ the re-
striction of ¢ to Wg, regard v,y o pg as a representation of S, x Wg, via

(ruy 0 wE) (s, w) = g0 (s - pp(w)).
Then, for p € I,(J),

H((G, [0, {p})lp) = > 7R Homs, (Fr @ 7y, 7y © or)(—9)-
n€ll, (G)

Here the second factor on the right-hand side is a Wg-module in the obvious
way, that has been twisted by minus half the dimension of M.

Remarks 7.5. (i) Since we are assuming in this conjecture that ¢ is a discrete
Langlands parameter, the left-hand side should simplify since one can expect
in this case that for every i

This indeed holds if p is supercuspidal, cp. [83, VI.3.6].

(ii) In many cases one has
HomJ(F) (Hé(MK),p) = Oa { 7é da

e.g. [8], although this probably cannot be expected in general. But this van-
ishing property dictates the sign factor on the right-hand side.

(iii) We note that if G is quasi-split, the formula above simplifies. Indeed,
in this case G = G* and Ay« = 0.

(iv) A weakened version of Conjecture 7.4 would be to postulate the above
formula after taking the isotypic part of the left-hand side corresponding to
representations 7 which lie in some (unspecified) discrete L-packet.

(v) A more symmetric form of Conjecture 7.4, closer to the original version
in [77, Conj. 5.1],> and which relates to the duality conjecture 5.9, is due to
Scholze [86, §5]. Let C = E. As in Conjecture 5.9, we use the notation
(G, [b],{r}) and (GY,[b"],{1"}), and we assume the existence of the perfectoid
space M over C, as in the remarks following Conjecture 5.9. Then by [86,
Prop. 5.4(iii)], there is an isomorphism of smooth G(F) x GV (F)-modules,

(29) limy  HE(MS) = ling |, HE(MY)),

Let 7 be an irreducible G(F')-module, and p an irreducible G¥ (F)-module. Let
H*((G, [b], {u}))[m X p] be the 7 x p-isotypical component of the alternating sum
of the modules in (29) (defined in terms of Ext-groups of smooth G(F)x G (F)-
modules, analogous to Proposition 6.1(iii)). Let us assume that this Wg-

module is nonzero. Then the conjecture is that 7 lies in a discrete L-packet if
and only if p does; and that in this case the L-parameters should be identical

3Note that in loc.cit. the contragredient sign for 7 should be eliminated. This error has
been also copied into [30, Conj. 5.3].
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(up to equivalence); and that, in this case, denoting by ¢ the corresponding
L-parameter,

H*((G, [b], {u}))[r x p] = Homs, (7 ® 75,7} 0 9E)(—5).
Note that the right-hand side of this relation is symmetric in 7 and p.
Remark 7.6. It would be interesting to extend this conjecture to include
nondiscrete Langlands parameters. In the Drinfeld case and the Lubin-Tate
case this has been done by Dat [9]. However, more general cases seem too
speculative at the moment (they seem to involve discrete Arthur parameters).
7.7. Known results. We review here some results concerning this conjecture.

a) As a quick check that the conjecture is reasonable, let us consider the case
where {1} = po is the trivial cocharacter. Then, taking b = 1 as representative
of [b], we have J, = G. In this case, the local Shimura variety is the discrete
set

M¥ = G(F)/K,
with J(F') = Jy(F) = G(F) acting by left translations, and G(F') acting on
the tower by right translations, cp. Examples 5.11(v). One checks easily that

(30) H*((G, [b], {n})[p] = Hom () (C*(G(F)), p).

Now using the fact that the L-parameter of p is discrete, it should follow that
the right-hand side of (30) is equal to a multiple of p. If p is a supercuspidal
representation, it is in fact equal to p. Here our guide is the Peter—Weyl
formula, valid when G(F’) is compact,

@)= @ rop
pECG(F)

Hence, assuming that the multiplicities check, we see that the conjecture is
reasonable in this case.

b) The next batch of results concerns cases when G = Resp/q, (GLy). Note
that in this case Langlands parameters exist, and each L-packet I1,(G) consists
of a single element. Something similar is true of J,. Through the functoriality
(vi) of Properties 5.4, this can be reduced to the case G = GL,,/F.

Theorem 7.8 (Harris/Taylor [32, Thm. VII.1.3]). Let G = GL,/F and

{#} =(1,0,...,0) € (Z")>

Then the Kottwitz conjecture is true for the triple (G, [b],{u}), where [b] €
B(G,{u}) is the unique basic element.

Outside the case of the Drinfeld cocharacter, there is the following result.

Theorem 7.9 (Shin [89, Cor. 1.3]). Let G = Resp/q,(GLy), where F/Q, is
an unramified extension. Then the Kottwitz conjecture is true for (G, [b], {u}).
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Shin’s proof uses global methods, and also uses a point counting argument
on Igusa varieties. Earlier, Fargues [15, Thm. 8.1.5] had proved the weakened
version of the Kottwitz conjecture of Remarks 7.5(iv) in this case under the
condition that Jp is anisotropic modulo center. We note that Fargues states
in [15, Thm. 8.1.5], that the same conclusion also holds if J, ~ G. However,
Fargues has informed us that Mieda pointed out a gap in the proof in loc.cit.,
related to the use of the trace formula.

¢) Outside these cases related to GL,,, the conjecture does not seem to be
proved for all p for a single group. For unitary groups, Fargues states in [15,
Thm. 8.2.2] the Kottwitz conjecture for (G, [b], {¢}) in its weakened version of
Remarks 7.5(iv), under the following hypotheses. First, G = Resg, /q,(GUs),
where Fy/Qp is an unramified extension of odd degree, and where GUg is
the quasi-split group of unitary similitudes in 3 variables for an unramified
quadratic extension F/Fy. Furthermore, {u} is arbitrary and [b] € B(G, {u})
is the unique basic element. Finally, p is a stable supercuspidal representation
of J5(Qp). Note that then J, = G (as always for a basic element of an odd
group of unitary similitudes). The hypothesis that p be a stable supercuspidal
representation is equivalent to asking that the L-packet of p corresponds to a
discrete L-parameter and consists of only one element, cp. [15, Appendix C.4].
However, Fargues has informed us that the proof in loc.cit. contains the same
kind of gap as the one occurring in the proof of [15, Thm. 8.1.5], cp. b) above.

Mieda has informed us of joint work in progress with T. Ito that would
improve the situation. They consider the group G = GSp, and also unramified
unitary groups of signature (n — 1, 1).

Remark 7.10. A weakening of the Kottwitz conjecture would be to disre-
gard the action of the Weil group Wg. For this weakening one may hope to
obtain a purely local proof. A general proof seems out of sight, but there are
encouraging partial results which we enumerate as follows.

(i) There is the purely local paper by Strauch [93] that considers the weakened
conjecture in the Lubin-Tate case for an arbitrary F/Q,. His method is an
extension of Faltings’ method of using the Lefschetz fixed point formula for
the local Shimura variety, [13].

(i) There is a series of papers by Mieda [70, 71, 72] in which he transposes the
method of Strauch to the case when G = GSp,. He comes close to proving the
weak version of the Kottwitz conjecture in this case.

8. COHOMOLOGY IN THE NONBASIC CASE

In the previous section, we considered local Shimura data (G, [b], {u}) where
[b] is basic and gave a conjectural formula for the element H*((G, [b], {1}))[p]
of Groth(G(F) x Wg), provided that p is an irreducible admissible represen-
tation of J,(F') with discrete L-parameter. In the present section, we drop
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the assumption that [b] is basic. In this case we are not able to give a pre-
cise formula for H*((G, [b], {:}))[p], not even if p has a discrete L-parameter.*
However, Harris has proposed an inducing formula in this case, cp. [30]. We
will give a modified version of Harris’s formula.® To simplify the formula, we
will make the assumption that G is quasi-split.

At this point, we should stress that this conjecture has met with a lot of
scepticism among people around us (and we ourselves are sympathetic to this
group!). But, even if the conjecture turns out not to be true in its precise
prediction, we believe that something in this direction should be valid, and
that trying to prove it should teach us interesting things about local Shimura
varieties. One simple reason why the conjecture might have to be modified is
that it is not clear whether the definition of ¢-adic cohomology in Section 6 is
the correct one in this context.

8.1. The HV conjecture. Let L be a Levi subgroup of G such that b € L(F)
for some b € [b]. Let

(31) I gy, = {#' | cocharacter of L conjugate to {u} in G,
with [b] € B(L,{u'} )},
taken modulo L-conjugacy.

Here are some facts about the sets I, ¢,y .-

Lemma 8.2. Let L and b € L(F) be as above. Then

(i) Ty (uy,1 is finite.
(ii) If G is unramified, then I, {,y 1, is nonempty.
(iii) If G is split, then Iy 1.y, consists of a single element.

Proof. Let T be a maximal torus of G contained in L. Then {u} has a rep-
resentative in X,.(7T'), and similarly for each {x'}r € Iy y,),L. By the first
condition of (31) these representatives are in the same orbit under the action
of the absolute Weyl group of 7" in . As this group is finite, the same holds
for Ib,{p,}7L'

For the nonemptiness statement in (ii) it is enough to consider Levi sub-
groups over F' which are minimal with the property that they contain an ele-
ment of [b]. After replacing L and the representative of [b] by a conjugate we

4n [89] Shin gives in special cases an interesting averaging formula over B(G, {u}) for a
fixed pair (G, {u}).

5In the Zurich lectures of the first author, this modified version was called the Harris—
Viehmann conjecture.

6For the Kottwitz conjecture, the correct choice of the cohomology theory should not
matter; however, for the HV conjecture it possibly could be important. This is analogous
to the situation in the global case where, in order to accommodate the contributions of all
automorphic representations to the cohomology of a Shimura variety, one uses the middle
intersection cohomology of the Baily—Borel compactification. It is conceivable that one has
to define and use a similar cohomology theory also in the local case considered here.

Miinster Journal of Mathematics VoL. 7 (2014), 273-326



LOCAL SHIMURA VARIETIES 317

may assume that L is in addition the Levi factor of a standard parabolic sub-
group (with respect to a chosen Borel containing T') and that the L-dominant
Newton point of the representative of [b] is G-dominant. Then the statement
follows from [7, Prop. 3.4.1]. Indeed the set I, ;, considered in loc.cit. coincides
with our set I, {,,},1, since {u} is minuscule.

Now let us prove the last statement. We use the fact that the projection

(32) {y' € X,.(T)| u' L-dominant and L-minuscule} — 7y (L)

is bijective (see [3, Ch. VI §2 Ex. 5]). Note that, as G and hence L are
split, we have m1(L)r = mi(L). Elements {¢'}r € I, have a unique
representative in the left hand set. However, [b]r, € B(L,{p'}1) implies that
such a representative maps under (32) to s (b), considered as an element of
m1(L)r = m(L). Hence there is a unique such representative. O

Remark 8.3. We expect that the second assertion of the lemma also holds
without the assumption that G is unramified. However, the proof of [7,
Prop. 3.4.1] does not directly generalize to that context.

Example 8.4. The following example shows that for nonsplit G the set I, ¢, 1.
may have more than one element. Note that this contradicts [30, Prop. 4.1(ii)];
the false statement is also used in the original formulation of Harris’ conjecture
[30, Conj. 5.2,

Let G = Resp/qg,GLs where F'/Q), is an unramified extension of degree 2.
Let [b] be a o-conjugacy class with Newton vector

vy = ((1/9)®,(2/3)©).

Let L = Resp/q, (GL2 x GL3). We choose b € [b] N L(F) such that the image
in the first factor of L is basic of slope 1/4 and the image in the other factor
is basic of slope 2/3. Then Jj is an inner form of L.

We fix the Borel subgroup B = Resp/q, Bo where By are the lower trian-
gular matrices and let 7' = Resp/q,To where Tp is the diagonal torus in GLs.
Then we can represent conjugacy classes of cocharacters of G by their unique
representative in the G-dominant elements of X, (7"). Similarly we represent
conjugacy classes of cocharacters of L by L-dominant elements of X, (T'), where
we choose B N L as Borel subgroup of L. Over F we can identify G with a
product of two factors GL5. Using this and the identification X.(Tp) = Z5
we can write dominant elements of X, (T) as elements of (Z®)? such that each
tuple (p1, ..., us) € Z° satisfies uy < -+ < ps.

Let

p= ((0(3)7 1(2))7 (0(2)’ 1(3)))'

Then [b] € B(G, {u}).
Claim. The set I, (), contains two elements p1, p2. The two local Shimura

varieties corresponding to (L, [blr, {pi}r) for i = 1,2 have different dimen-
stons, and are in particular not isomorphic.
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Proof. Again we represent conjugacy classes of cocharacters of L by L-domi-
nant elements of X, (T). An element

po= (s 1), (B, - 15)) € Xu(T)
is in the G-conjugacy class of p if and only if it satisfies pj; € {0,1} and
25:1 ph; =2 and 25:1 py; = 3. From [b] € B(L, {§'}) we obtain pf; + pg; +
Who + thy = 1 and the sum of the remaining coordinates is 4. This leaves two
elements of Iy, 1., namely

Iy iy = {((09,0,1@),(0,1,0,1®)), ((0,1,0, 1), (0@, 13))) }.

The dimensions of the corresponding local Shimura varieties can be com-
puted as sums of dimensions of the corresponding RZ spaces for the groups
Resp)q, GLz, resp. Resp g, GL3. They are equal to (1',2pr), where pr, is the
half-sum of the positive roots of 7" in L. Thus we obtain in the two cases that
the dimensions of the associated local Shimura varieties are 5 and 3, respec-
tively. |

Using the sets I, {,,1,;, we may now formulate the conjecture. For this we
make the following additional assumption:

(33) Jy s an inner form of a Levi subgroup contained in L.

Note that this assumption is indeed a restriction. An easy example is b = 1,
in which case J = G, but without (33), there is no restriction on L. The
condition implies that there exists a unique parabolic P with Levi subgroup L
such that P®p F contains the parabolic subgroup P, of G®p F corresponding
to the slope filtration for bo, i.e.,

Py(F) = {g € G(F) ‘ %ii%gub(t)g’l exists}.

For {¢/'}r € Iy {uy,0, we denote by H*((L, [b]r, {¢'}1))[p] the correspond-
ing element of Groth(L(F) x Wg, ). Here, as before, p is an irreducible
admissible representation of J,(F'). Note that, even if the local Shimura vari-
ety (M(G, [b], {u})™) - comes from a RZ space, this is not necessarily true of

(M(L, [b], {,LL’})KL)KL, cp. Examples 5.11(iii).

Conjecture 8.5 (HV-Conjecture). Under assumption (33) there is an equality
in Groth(G(F) x Wg,,, ),

HG UL P =B (Y @b 0.

{WYrel 1uy,L

Note that Wg,,, D U{u’}Lelb,{M,L Wk,,,, - and that the actions of Wg,,,
on the individual summands occurring on the right-hand side extend in a
natural way to an action of Wg Ly On the total sum, and hence on the induced
representation.

We note the following consequence of the HV-conjecture.
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Corollary 8.6 (of Conjecture 8.5). Assume the HV-conjecture for (G, [b], {u})
and p, and let L C G. Let w be a supercuspidal representation of G(F). Then
the m-isotypical component of H®*((G,b, u))[p] is zero.

Proof. Indeed, the m-isotypical component of any properly induced represen-
tation vanishes. O

Remark 8.7. The same statement should be true for an arbitrary irreducible
admissible representation 7w with a discrete L-parameter.

Remark 8.8. Let L’ be a Levi subgroup containing L, and let P’ be the
parabolic subgroup with Levi factor L’ containing P. Then the set IbG (e}l of

(31) decomposes into a disjoint sum of sets IbLi{,/} 1> where {y/} ranges over
IbG{N} ;- Assuming the HV-conjecture for (L, L), we have

H*(M(L, (b, {1'})[p] = Indpyp ( Y HU(M(L L, {M"}L)[p]>~

L/
el L

Summing both sides over Ilf{ﬂ}_L,, we obtain

> H ML, Bl W'} el =

{WYelf .\ o

i (3 AL B )

(W Yerf iy 0
Hence, assuming the HV-conjecture for (G, L), we obtain
H*(M(G, [b], {11}))[p] = Ind, (LHS),

which we may identify, by the transitivity of induction, with

maf( > HA WD),

{HI}GIIS{#},L
as predicted by the HV-conjecture for (G, L).

8.9. Known results. In the remainder of this section, we list some cases
where the HV-conjecture is known to hold. The earliest result in this direction
is due to Boyer in the equal characteristic case (for elliptic D-modules), [4].
Later the direct analog in mixed characteristic of Boyer’s technique has been
used as one important ingredient in the proof by Harris/Taylor of the local
Langlands correspondence for GL,,. The key to their proof is that in their case
(G = GLy, {u} = (1,0(»=V)), if [b] is nonbasic, then the universal p-divisible
group over the corresponding RZ tower is an extension of an étale p-divisible
group by a bi-infinitesimal one. The following is the most general result in this
direction.
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Theorem 8.10 (Mantovan). Let Dz, be an unramified simple integral RZ-
datum (cp. Remark 4.13), and let ([b], {p}) be the associated neutral acceptable
pair. Let L be the Levi subgroup of a parabolic P over Q, such that P is
standard with respect to the choice of a Borel subgroup B over Q,. Let T
be a maximal torus over Q, contained in BN L, and denote by pigom the B-
dominant representative of {u} in X.(T). Assume that b € L(Q,) is such that
)L € B(L, {ptdom}r) and such that B ®q, Qp C Py, C P®q, (@p. Then

(i) the set I (3,1 consists of the single element pigom -

(i) the HV-conjecture holds for (G,b,{u}) and L, for any p.

Remark 8.11. Let Dz, be an unramified simple integral RZ-datum and let
([b], {1+}) be the associated neutral acceptable pair. Assume that [b] is nonbasic
and that ([b], {¢t}) is HN-reducible in the sense of Definition 4.28. Then by [7,
Thm. 2.5.6], there is a proper standard parabolic subgroup P of G with Levi
factor L and a representative b € L(@p) as demanded in the theorem.

In the special case where G is split (i.e., equal to GL,, or GSp,,,), the RZ
space parametrizes p-divisible groups of a fixed isogeny class (and possibly a
polarization). The smallest parabolic subgroup as in the theorem corresponds
in this case to the filtration of these p-divisible groups into their multiplicative,
bi-infinitesimal, and étale parts. For general G this is still one possible choice
for P, but in general not the smallest one. Note that this choice for P is
in general (even for G = GL;) much larger than the smallest one allowed in
the conjecture. Indeed, for G = GL,, the smallest parabolic allowed in the
conjecture corresponds to the slope filtration of the p-divisible groups (i.e., such
that the subquotients are isoclinic).

In Example 8.4, the condition in the theorem is not satisfied. Indeed, in
this case the only proper standard Levi subgroup containing an element of [b]
and such that B ®q, (@p C P, C P®q, Qp is the subgroup L considered in
the example. Then the dominant representative pu of {u} is not contained in

Ib7{u}7L7 hence [b]L ¢ B(Lv {/L}L)

Proof of Theorem 8.10. (i) If {u'} € Ilf{u},L then p) . = ftdom. Hence p 4o
(the unique L-dominant representative of {y'}r in X, (7)) is in the W-orbit
of pgom. Thus ftaom — M) _qom € mi(L) is a nonnegative linear combina-
tion of the roots of T in the unipotent radical of P. On the other hand,
Pdom — M _gom € m1(L) maps to 0 in 71 (L)r, as it is the difference of two
elements mapping to £, (b). Since P and its unipotent radical are defined over
F this implies that the images of ptqom and py 4., in m1(L) agree. As both
Pdom and g 4. are L-dominant and minuscule, they thus coincide by (32).

(ii) This is proved in [68, Cor. 1.5]. O

Remark 8.12. The first assertion was first claimed (without proof) in [30]
in a more general context than that where it holds, compare the remark in

Example 8.4. It is implicitly used in Mantovan’s proof of (ii).
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In [68], assertion (ii) is proved in those cases where locally the universal
p-divisible group over the RZ space has a slope filtration related to the Levi
subgroup L. The existence of this slope filtration is proved in [69]. To be
more precise, in [69] an additional condition is imposed that is, however, not
necessary. This additional unnecessary condition also appears in the final result
in [68]. Theorem 8.10 and the required slope filtration theorem in the above
formulation are first stated and proved by Shen [88].

In [89, 8.3], Shin sketches the proof of some further special cases of the
conjecture for p-divisible groups of low height, but where one no longer has a
slope filtration.

For level structures with respect to G(Z,), Mantovan has a more general
result using a study of the integral RZ spaces.

Theorem 8.13 (Mantovan). Let Dz, be an unramified simple integral RZ-
datum. Let ([b],{u}) be the associated neutral acceptable pair and G the cor-
responding parahoric group scheme, and let L and b € L(Qp) be as in Conjec-
ture 8.5. Then

H'((G,[bl,{u}»[p]f“=1nd§i§8:;§( > H'((L,[b]L,{u'm)[p])O

{W' L€l uy,L
where Ko = G(Zy).

Remark 8.14. By definition of the action of G(Q,) on the tower and its
cohomology, we can rewrite the left hand side of the identity in Theorem 8.13
as
H (G, ), (D)l = 37 (= 1) B (W(G, [, {12}) ).
§,§>0
Similarly, using that P(Q,)Ko = G(Q,), the right hand side of the identity is
equal to

Yo > CUHHY(ML, B, {u'h 1)) o).

{w'}r€ly (py,L 4320

Proof of Theorem 8.13. This is [68, Thm. 9.3], except for the fact that Manto-
van uses Harris’ incorrect proposition that |1 () | = 1. Making the necessary
modifications to correct this, her proof shows the above assertion. O

It might be easier to prove the consequence Corollary 8.6 of the HV con-
jecture, rather than the conjecture itself. Perhaps the case where G = GL,,
is doable. This would also constitute some justification for the correct choice
of the cohomology theory in this context, cp. the remarks at the beginning of
this section.
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