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Abstract. Given two elliptic curves over Q that have good ordinary reduction at an odd
prime p, and have equivalent, irreducible mod p Galois representations, we study congru-
ences between the Euler characteristics and special L-values over certain noncommutative
extensions of Q.

INTRODUCTION

Let p be an odd prime, and E;, E> be two elliptic curves defined over QQ with
good ordinary reduction at p. Suppose that the residual representations E; [p]
and Fs[p] are isomorphic as Gal(Q/Q)-modules and are irreducible. Consider
the field K = Q(u,) and F = K(m'/?) where m is an integer which is p-
power free and coprime to the conductors of F; and Fs. For a field extension
L of Q, let Lcye denote the cyclotomic Zj,-extension of L and Sel(E;/Lqyc)
be the p-Selmer group of E;, j = 1, 2. We denote the False Tate extension
Keye(m'/?™) by F.. For afinite set of places ¥ of Q, the imprimitive p-Selmer
group (see Section 1) of E;, j =1, 2, with respect to Xy is denoted by Sel™.
In [12], Greenberg and Vatsal study the Iwasawa invariants of the imprimitive
p-Selmer groups of E; and Ey over Q. for certain choices of ¥g, and prove
that they are equal under additional hypotheses. In addition, they compare
the special values of the p-adic L-functions of F; and F», establishing certain
congruence results between them. Our goal in this article is twofold. First, we
study the Euler characteristics of the Selmer groups of E; and E2 (when they
are finite), both over the cyclotomic extensions Ky and Fgyc as well as over
the extension F (see Theorem 3.4). We study the conditions under which the
Euler characteristics of Sel(E;/L), j = 1, 2, are simultaneously trivial where
L is either of these cyclotomic extensions or F (see Section 3). Second,
we compare certain p-adic L-values of Eq and Es over F, when p = 3 (see
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Theorem 3.8). Further, we also consider similar questions when F is a dihedral
extension of Q of degree 2p™ for some integer n > 1. For establishing the results
on the Euler characteristics, we extend the method of [12] to study the Iwasawa
invariants of the imprimitive Selmer groups. But our analysis of the optimal set
Y requires results of Hachimori-Matsuno [13] and those of Emerton—Pollack—
Weston [8]. In particular, the optimal set ¥y that is considered here is smaller
than that of Greenberg and Vatsal. For the results on L-values, we rely on
the results of Bouganis [1], [18] and of [12]. In addition, we have made use of
results of Hachimori and Venjakob [14] and T. and V. Dokchitser [5], especially
in studying the Euler characteristics over Fi.

The article consists of five sections, Section 1 introduces notation and is
preliminary in nature. In Section 2, we study the Euler characteristics of
the imprimitive Selmer groups, while in Section 3, we establish congruence
results for the Euler characteristics over the False Tate extension and compare
the p-adic L-values for p = 3. In Section 4, we establish analogous results in
the dihedral setting. The final section illustrates our theoretical results with
concrete numerical examples.

The first author warmly thanks the University of British Columbia for hos-
pitality provided while this work was being completed. The second author
gratefully acknowledges the support of an NSERC grant, and also the hospi-
tality accorded at Universitdt Miinster during the early stages of this work. We
warmly thank Tim Dokchitser for help with the numerical examples. Finally,
we would like to thank the referee for the helpful comments which helped us
improve the exposition.

1. NOTATION

Let E be an elliptic curve defined over a number field k£ and p be an odd
prime such that E has good ordinary reduction at primes of k lying above p.
Let X be a finite set of primes of k containing the primes of k lying above p,
the infinite primes and the primes of bad reduction of E. Denote by ky the
maximal extension of £ unramified outside 3. Given an extension L such that
k C L C ky, the Selmer group Sel(E/L) of E over L is defined as the kernel
of the “global to local” map

(1) H'(ks/L, Ep) 2= [[ Ho(L, E),

vEX
where for a finite prime v of k, H,(L, E) := [[,, HY(L,, E[p>®])/im(xL).
Here w runs over finite places of L that lie above v, L., is the union of com-

pletions of number fields L’ at w, such that k C L’ C L, and k% denotes the
local Kummer map

(2) E(Ly) ® Qp/Zy — H'(Ly, Epes).

Since p is odd, for an archimedean prime v we have H,(L,E) = 0. Let X
be a subset of ¥ such that if v|p, then v ¢ ¥y. The imprimitive Selmer group
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Y .
Sel™®(E/L) is defined as

Sel* (E/L) ::Ker(Hl(kg/L,Epoo)i Il H.(L.E)

veEX—Y)

We have the following exact sequence

(3) 0 —> Sel(E/L) & Sel™ (E/L) 2 H H,(L,E).
vEX

Put X>(E/L) := Hom(Sel™ (E/L),Q,/Z,). If L/k is Galois, then X (FE/L)
(resp. Sel™ (E/L)) is a compact (resp. discrete) module over Z,[[Gal(L/k)]].
For a compact p-adic Lie group G and a finitely generated Z,[[G]]-module X,
the G-Euler characteristic of X is defined as

X) = [[#@H:(G, X))V,

provided the groups H;(G, X) are finite for all i and vanish for large i. When
this is the case, we say that the G-Euler characteristic x(G, X) of X exists.
Similarly, for a discrete Z,[[G]]-module M, put

= H#(m(&@)“”i

where M is the compact Pontryagin dual of M. For a number field £ and
a p-adic Lie extension L of k, let 7 be an Artin representation of Gal(L/k)
with coefficients in Z,. Let X™ ((E/L)®7) be the twisted imprimitive Selmer
group and put

xX(L/k, 7, E; %) := x(Gal(L/k), X™(E/L)® 7).

If 7 is the trivial character then we shall drop 7 from the notation of the Euler
characteristic. Similarly, if 3y is empty, then we shall suppress it from the
notation of the imprimitive Selmer group and Euler characteristic.

Let m be a positive integer such that m'/?" ¢ k(u,n) for all n > 1. Put
K, = Q(upn) and F, = K,(m!?") for n > 1, and Fy, = U,F,. For a
number field ¥ C F, we denote by Gy the Galo1s group Gal(F/k), and
Fk = Gal( Cyc/k').

2. IMPRIMITIVE EULER CHARACTERISTIC

Let E be an elliptic curve defined over a number field £ C F,, with good
ordinary reduction at primes of k lying above p. We shall assume that ¥
contains the primes of k lying above the prime divisors of m. To simplify
matters, we shall also assume that m is coprime to the conductor Ng of the
elliptic curve. In particular, this latter assumption implies that the reduction
type of ¥ does not change in any finite subextension of F,, containing k. We
have the following result (see [16],[11, Cor. 4.9], [15]).
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Theorem 2.1. Suppose that Sel(E/k) is finite or k/Q is an abelian extension
and E is defined over Q. Then Sel(E/kcyc) is a cotorsion Zy[[I'y]]-module.

Corollary 2.2. Suppose that Sel(E/k) is finite or k/Q is an abelian extension
and E is defined over Q. Then g .. and j,i‘;c defined respectively in (1) and
(3) are surjective.

cyc

Proof. For the surjectivity of yx,, ., see [14, Thm. 7.2]. The surjectivity of j
follows by a simple argument using the snake lemma. O

cyc

Corollary 2.3. The maps vr., and ]?fo are surjective.

Proof. Tt is well known (see [4]) that the surjectivity of vk . implies that the

cyc

map ., is surjective. The surjectivity of ]f?:o follows from that of v . O

Definition 2.4. We define the following subsets of ¥. The set 31 (E) is the
set of primes v of k such that v € %g, v { m and F has split multiplicative
reduction at v. Define 33(E) to be the set of primes v of k such that v € ¥,
v {m, E has good reduction at v and the reduced curve has a point of order p.
Finally, Y3(F) is the subset of X containing the primes v of k such that v | m,
vt p, E has good reduction at v and the corresponding reduced curve has a
point of order p.

We remark that the set ¥3(E) is the set denoted by PF(E) in [14]. Let [ be
a finite prime of Q. For a finite prime v {1 of k, let

P,(E,T) := det(1 — Frob, ' T|M;(E))

denote the characteristic polynomial of F at v, where M;(E) denotes the I-
adic Galois representation associated to the Tate module of E. As the notation
suggests, the definition of P,(F,T) is independent of the choice of the prime
[. Recall that the local L factor L,(E,s) of E at v is defined as

L,(E,s) = (PU(E,Normk/Q(v)_s))_l,
where Normy, g denotes the norm map from k to Q.

Lemma 2.5. For a finite prime v { p of k where E has bad reduction, the
local Euler factor L,(E,1) at v is a p-adic unit if and only if E has nonsplit
multiplicative reduction or additive reduction at v. If v{p is a finite prime of
k where E has good reduction, then L,(E,1) is a non p-adic unit if and only
if the corresponding reduced curve at v has a point of oder p.

Proof. This is well known (cp. [5, Rem. 4.6]). |

We remark that the above lemma says that if E has split multiplicative
reduction at a prime v { p, then v,(L,(E,1)) < —1, where v, denotes the
p-adic valuation such that v,(p) = 1.
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Lemma 2.6. Let E be an elliptic curve over a number field k and consider the
extension Foo = k(pipee, mYP7). If x(Fuo/k, E; X0) eaists, then we have that

X(Foo/k, B 50) = X(Foo /K, E) < [ 1Lu(B, D)y
vEX (E)UZ2(E)

where |.|, denotes the p-adic valuation normalized such that |p|, = 1/p.

Proof. For a prime w { p, it is a well known fact that x£> = 0, where we recall
that kL= is the local Kummer map (cp. (2)). Thus we have for a prime v in
E07
Hy(Foo, E) = [ [ H' (Fu.00, Epe).-
wlv

Fix a prime w of F, that lies above v. Denote by G, the decomposi-
tion bubgroup of Gy associated to w. We have that x(Gi, H,(Fs, E)) =

X(Guw, H (Fuy, 00, Epe)). This follows from Shapiro’s Lemma, and on using the
fact that H,(Fx,E) = coinng (HY(Fy,00, Ep=)). In fact,we see from [14,
Prop. 4.7] that

(Gka (FOO,E)) #HO(Gkv (FOO,E)):#HO(GwaHl(Fw7007EP°°))

as the higher cohomology groups H' (G, H*(Fy 00, Ep=)) vanish for i > 1.
If v|m then v ramifies in Foo and in this case H'(Fy 0, Ep=)) = 0 (see [14,
Lemma 4.8]). Thus the Gi-Euler characteristic of H,(E,k) vanishes if v|m.
Next, suppose that v { m, and consider the restriction map res,,

Hl(kva EP“’) — H' (Fw,om EP“’))G“)-
From the proof [14, Lemma 4.8] we have that
#Ker(ves,,) /#Coker(res,,) = #H " (k, (tp=)/ ko, E (kv (ppoe ) poe).

Let ¢, denote the local Tamagawa number of E at v and |.|, be the p-adic
valuation such that |p[, = 1/p. It is known (cp. [3, Lemma 3.4]) that |c,|, ! =
#HH (ky(tpo )/ kv, E(ky(fpee ) poe ). We remark that [14, Lemma 4.8] is proved
under the assumption that p > 5, but the same proof works even for p = 3.
On the other hand, we have that #H'(k,, Eye) = |Ly(E,1)|p/|cy|p (see [3,
Lemma 1.11]). Thus we obtain #H°(Gy, H (Fy 0o, Ep=)) = |Ly(E,1)],.
Therefore

(Gkv (FOO;E)): |LU(Ea1)|P
From Corollary 2.3, we have that jp__ is surjective. Since the Euler character-
istic is multiplicative in exact sequences, we have that

X(Foo /b, B 50) = X(Foo [k, E) x [[ X(G, Ho(Foo, E)).
vEX
We have already remarked that the Gj-Euler characteristic of H,(E/k) van-
ishes if v|m. Further, if v is a prime such that E has bad but not split mul-
tiplicative reduction, then by Lemma 2.5, we have that the local L-factor

L,(E,1) is a p-adic unit at v. The lemma now follows from the definition of
the sets X1 (F) and Xo(FE). O
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Lemma 2.7. If Sel(E/k) is finite, then we have

X(Keye/k, E;E0) = X(Keye/k, E) x 11 |Lo(E,1)]p.
vEX (E)UX2(E)

Proof. Let v € ¥y. Let w be a prime of K¢y such that that w|v. Then by an
argument similar to Lemma 2.6 we have that

X(Gal(Keye/k), Hy(Keye, E)) = [Ly(E, 1)[p.

From Corollary 2.2, we have that j,i‘;c is surjective. The lemma now follows
by an argument similar to the proof of Lemma 2.6. g

Corollary 2.8. Let k C Fx be a number field and put K = k(up). If
X(Foo/k, E;%0) exists, so does X(Keye/k, E;X0) and we have that

X(Foo/k, E; S0) = X(Keye/k, E5%0) x - [[ 1Lo(E, 1)),
’UGEg(E)

Proof. From [14, Thm. 4.10] if x(Fx/k, E;X0) exists then x(Keye/k, E;X0)
also exists, and we have,

X(Foo/k, B) = X(Keye/k, E) % H |Lo(E,1)[p-
veEX3(E)

We mention that [14, Thm. 4.10] is proved under the assumption that p > 5.
This assumption was required in the proof of [14, Lemma 4.8]. A similar result
holds under the assumption that the reduction type of E does not change in
F at every prime of bad reduction, which is valid in our case as (m, Ng) = 1.
Now the corollary follows from Lemma 2.6, Lemma 2.7 and the definition of
the set X3(E). O

3. CONGRUENCE

As before, let k C F, be a number field. We shall assume through out this
section that & D p,. We shall need an equivalent but different definition of
the Selmer group of an elliptic curve with good ordinary reduction at p. We
shall use the same notation to denote this Selmer group. Let E be an elliptic
curve defined over k with conductor Ng and good ordinary reduction at the
primes above p. For every prime v|p of k let E, denote the reduced curve at
v. Since E has ordinary reduction at the primes above p, for every prime v|p

of k, E,[p>] is of Z,-corank one. Put
Ff Epee = kernel(E[p™] — E,[p™)).

The subgroup F E,~ has Z,-corank one and is invariant under the action of
the decomposition group G, at v. We mention that the G,-submodule F," E,
is equal to E,[p*°], where E, is the formal group associated to E at v.
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For a prime v of k and a prime w|v of keye let Cw = Epe if w { p and
Cw = Eps /[F +vEp~ = E,[p™] if w|p. Let ¥ be a finite set of primes of k as
in Section 1. Suppose v € ¥ is a prime of k. If v { p then put

E kCyC HHI w,cycy w)

wlv
If v|p then set
(B, keye) = [ [ H' (k% ey Cuo),

wlv

where w varies over primes of kcyc and kj., . denotes the maximal unramified

extension of ky cye. The Selmer group Sel(E/kqyc) is defined as the kernel of
the map

H (ks /keye, By ) — @D Ju(E, keye)

weD

For the equivalence between the above definition of the Selmer group and the
definition considered in Section 1, we refer the reader to [12, p. 42]. We further
mention that in [12] the case of k& = Q is considered. But the equivalence
of the two definitions of the Selmer groups considered over the cyclotomic
extension of a more general number field can be proved similarly. For any
subset Yy of ¥ not containing the primes of k lying above p, the imprimitive
Selmer group Sel™ (E/key.) associated to the set ¥ is defined similarly by
ignoring the local Galois cohomology groups at primes in the set Xg. The
Selmer group Sel™ (E[p]/keyc) associated to the residual representation E[p] is
analagously defined by replacing the group Ep~ by E[p] and Epe /F T E,~ by
(Eype |+ By ).

Let E7 and E5 be two elliptic curves defined over k& with good ordinary
reduction at the primes above p, and such that E1[p] = E»[p] as a Gal(Q/k)-
module. Let N; and N» be the conductor of E; and E, respectively and N
denote the prime to p part of the conductor of Ej [p]. For the rest of the section,
the set ¥ will denote the finite set of primes v of k such that v satisfies one of
the following four conditions: (i) v|N1Na, (ii) v|m, (iii) v|p, (iv) v is an infinite
prime of k. We shall also assume that m is coprime to N1 Ns.

Definition 3.1. Let X(E;) denote the subset of  of primes v such that v { N
and E; has split multiplicative reduction at v for j = 1,2. In the case p = 3,
we shall further assume that 3(E;) also contains the ﬁmte primes v of k which
satisfy the following conditions: (i) v | Nj/N, (ii) E; has additive reduction at
v and (iii) the local Tamagawa number c¢, is not a 3—adic unit.

Let o be a subset of X(E7) U X(FE»).
The following well known lemma will be crucial for what follows.

Lemma 3.2. Let M be a discrete Zp[[Tk]] = Zy[[X]]-module such that its
Pontryagin dual M is a finitely generated and torsion Z,[[['k]]-module. Let
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f(X) be a generator of the characteristic ideal of M. If MT is finite, then
X(T'x, M) ezists and we have

f(0) = x(Tk, M).
Proof. See [9, Lemma 4.2] O

Remark 3.3. We remark that in particular the above lemma says that if
X(Tk, M) exists, then it is always an integer. Further, it follows from this
lemma and the structure of the torsion Z,[[['s]]-module M, that if x(T'g, M) =
1, then M is finite. In particular, if x(keyc/k, E1; Xo) = 1 then Sel*o (Er [keye)
is finite. In fact, the finiteness of Sel* (En /keyc) implies that SelE(El [keye) =0
(cp. [9, Prop. 4.14]).

Theorem 3.4. Suppose that
(a) Er(k)[p] = 0.
(b) E(Eg) C ¥ C E(El) @] E(Eg)
If x(Fx/k,E1;%0) = 1, then Yo = & and

X(Foo /K, E2; X0) = X(Foo /K, Er) = X(Foo [k, E2) = 1.

Proof. Suppose that x(Foo/k, E1;%0) = 1. As the cyclotomic Euler character-
istic is integral, Corollary 2.8 along with the hypothesis x(Foo/k, E1;30) = 1,
implies that x(kcyc/k, E1;30) = 1 and X3(E;) = @. Recall that X3(E;) for
j = 1,2, is defined (see Definition 2.4) as the set of finite primes v of k such
that v|m and the corresponding reduced curve at v has a rational point of
order p. Note that L,(FE2,1) is not a p-adic unit if and only if the reduced
curve at v has a point of order p (see Lemma 2.5). Thus for every v|m, we
have that L,(E1,1) is a p-adic unit. Since F;[p] = Ez[p] and m is coprime to
N1 N,, we get that for every v|m, P,(E1,T) = P,(F2,T) mod p. This implies
that L,(FEs,1) is also a p-adic unit. This implies that X5(Fy) = &.

Since x(keye/k, E1;X0) = 1, from Remark 3.3 we have that Sel™ (E} /keye) =
0. We shall show that Sel™ (Ey/keye) = 0 as well. To do this, it is convenient
to use the second definition of the Selmer group. Consider the natural map

Sel™ (B [p]/Freye) = Sel™ (B /heye) ]
It follows from the proof of [12, Prop. 2.8] that a; is injective for j = 1, 2.
Since Sel™ () /keye) = 0, we get that Sel™ (Ej/keye)[p] = 0 and therefore
Sel™ (E4 [p]/keye) = 0. This implies that Sel™ (Fa[p]/keye) = 0. Let v € ¥\ X

be a finite prime of k such that v { p. Assume that w is a prime of kcy. lying
above v. Consider the map

H' (Kucye, Bap]) 5 —H' (Bu,cyer Ba.p=)p]-
The kernel of g, is given by H®(ky, cye, B2, p)/p. We claim that g, is injective,
and prove this statement by considering the following different cases:
a) Suppose that Fy has good reduction at v. Then it follows from the proof of
[8, Lemma 4.1.2] that H°(ky cyc, Fa,pe) is divisible, and g, is injective.
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b) If E5 has nonsplit multiplicative reduction at v, then H O(kw,cyc, Eyp) =0
(see [13, Prop. 5.1(iii)]) and again g,, is injective for such primes.

¢) Next, suppose that Es has additive reduction at v. We have two further
subcases here, depending on whether v { No/N and v | No/N. Assume first
that v { Na/N. We then have ord,(N3) = ord,(N) and the conclusion follows
from [8, Prop. 4.1.2]. Suppose now that v | Na/N and either p > 5, or
p = 3 and the local Tamagawa number ¢, is a 3-adic unit. The vanishing of
HO(kyy eyey Ep) then follows by [13, Prop. 5.1(iii)], and hence g,, is injective.
Finally, we are left with the case p = 3 and ¢, is not a 3-adic unit. In this case,
the prime v belongs to ¥ which is a contradiction, since we have started with
vin ¥\ Xy. Hence the claim is proved.

We now counsider the case when v|p. Consider the map
H (kY yer Bagee | By oo [p]) #25 HY (Kl cyer Bopoe [ Fyf Bz poe) p].

w,cyc) w,cyc?

We have HO(kY' ., e, Bape [ Fyf Eg pe) = Eg poo [ F}f By poe, which is a divisible
group . Thus g, is injective, and this shows that aq is surjective. Therefore
Sel™ (Ba /keye)[p] = 0, as Sel™ (Es[p]/keye) = 0. This implies that the Eu-
ler characteristic x(Fso/k, E2;30) = 1. It also follows from Lemma 2.6 that
Let us now show that ¥y is empty in this case. We prove this by showing that
Y(E;) = @ and ¥oNX(E1) is empty. Note first that when p > 5, the set £(E3)
does not contain a prime of additive reduction. If v € ¥(FE2), and Ey has split
multiplicative reduction at v, then v is in ¥1(Es). But x(Foo/k, F2,%0) = 1
along with Lemma 2.5 then yields a contradiction. Next suppose that p = 3
and Es has additive reduction at v. Then as v is in X(Es»), ¢, is not a 3-adic
unit. The triviality of x(Foo/k, E2,¥0) then implies that x(Feye/k, E2) = 1.
Hence it follows from the explicit formula for the Euler characteristic of Selmer
group (cp. [3, Thm. 3.3]) that ¢, is a 3-adic unit. This is again a contradiction
and we thus obtain that Y (F3) = @. By a similar argument we have that
3(E1) N Yo is empty. Thus we get that Xg is empty, since by assumption

Yo C E(El) U Z(EQ)
O

Remark 3.5. In hypothesis (b) above, if the subset X(E5) of ¥ is replaced by
Y(E4), then the conclusion is that x(Fuo /k, E1;X0) = 1, if X(Foo/k, E2,30) =
1. In particular, whenever 3, contains either X(E;) or X(Es3), and the corre-
sponding imprimitive Euler characteristic is one, then we obtain that

X(Fo/k, E1) = X(Fs /K, E3) = 1.

The next corollary is a consequence of the symmetry of relation E[p] =
Esp].

Corollary 3.6. Suppose that

(a) Ey(k)[p] = 0.
(b) Xo = X(E1) UX(E»).
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Then x(Foo/k, E1;30) = 1 if and only if x(Fx/k, E2;X0) = 1. Moreover if
X(Foo/kaElaEO) =1 then EO =J.

Proof. The assertion is clear from the above remark. O

Next we consider an application of Theorem 3.4 in the case p = 3. Let F;
and Fs be elliptic curves defined over Q with good ordinary reduction at 3.
Put K = K; = Q(u3) and F = F} = K(m!/3).

Let k C F be a field extension of Q. To keep track of field extensions, we
shall add the superscript k to the finite set of primes ¥ and write it as XF.
Similarly we shall write 3§ to denote the corresponding subset ¥ of ¥. The
sets YF(E;) for j = 1,2 are defined as in Definition 3.1, and we define ¥% as
the set of primes v in k such that v | m, v { p and (any of) the reduced curve
has a point of order p in the residue field F,. Note that if F; has a point of
order p in F,, for a prime v|m and v { p, then the same is true for Es.

We continue to assume that m is coprime to NiNs, so that the reduction
type of F; and Es5 does not change in F,. In particular, this assumption
implies that the sets E"“(Ej) contain precisely those primes of £ which divide
the primes in the set X¢(E;) for every k C F... Since F/K is a p-extension,
we have that the set 3" contains the primes lying above the primes in the set
K.

Let Ag(u,) denote the fundamental discriminant of Q(u3). For a number
field k C F, let Ls(E;/k,s) denote the imprimitive L-function associated to
Ej for j = 1,2 over k, where we have removed the local L-factors at the primes
in the set S, for the usual L-function L(Ej;, s) associated to E;. Suppose that 7
is a two dimensional representation of Gal(F/Q) with coefficients in Z,. Then
Ls(Ej,T,s) denote the twist of the corresponding imprimitive L-function. Let
Q;gj and QEJ_ denote the Néron periods associated to Ej.

Lemma 3.7. Suppose that one of the following conditions hold: i) There is a
prime v of Q such that E1 has nonsplit multiplicative reduction at v, ii) There
is a prime v of K such that Eq1 has additive reduction at v and ¢, is a 3-adic
unit, iii) E1[3] is an irreducible Gal(Q/Q)-module and N is squarefree. Then
we have that H(F, E1[3]) = 0.

Proof. If i) holds, then as the reduction type does not change in K, there
exists a prime in K, which we again denote by v, such that E; has nonsplit
multiplicative reduction at v. By [13, Prop. 5.1(iii)], E1,3e (K) = 0. Further, it
is clear from the proof of [13, Prop. 5.1(iii)] that if v is a prime of K where E;
has additive reduction then E 3e (K,) # 0 if and only if ¢, is not a 3-adic unit.
If hypothesis ii) holds then ¢, is 3-adic unit and therefore Ey 3-- (K) = 0. If iii)
holds, then noting that Q(u3) = Q(v/=3), it follows from [6, Lemma 3.24], that
the Gal(Q/Q(v/—3))-module E[p] is irreducible. Therefore H°(K, E[p]) = 0.
Since F/K is a degree 3 extension, we have that H°(F, E;[3]) = 0. O

Now, suppose that L = XX (E;) U XK (E,). We show that when ¥y = @,
then under additional hypotheses, if an algebraic special value of the complex
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L-function of E; over K = Q(us3) is a 3-adic unit, then the same holds true
for the corresponding special value of Es over K.

Let 0 = 1 & € be the Artin representation given by the sum of the trivial
character and the nontrivial character of Gal(Q(u3)/Q). Let Py(E;,0,T), j =
1, 2 (resp. Py(0,T)) be the characteristic polynomial associated to the twist
of Ej by o, (resp. to o) at the prime p. Denote by u; and w; respectively
the p-adic unit root and non p-adic unit root of the characteristic polynomial
P,(E;,T). Let QJEFJ_ and 0 be the Néron periods associated to elliptic curve
Ej. Put,

—1
(o) o, Dol U5 ) Lipgimy(Ej:0,1)

R R R T

where €,(0) denotes the local epsilon factor of ¢ as in [5] and N, denotes the
conductor of o. Further Ly, o,y (£, 0,5) is the twisted L-function L(Ej;, 0, s)
with local L-factors at the primes dividing p and m removed. We mention that
L;j(o) is denoted by L, (o) in [5], and by R(c) in [1].

Theorem 3.8. Suppose that

(a) E1[3] is an irreducible Gal(Q/Q)-module.
(b) B is empty. B B B
(¢) N is squarefree, and N1/ N (resp. No/N) and N are coprime.
(d) x(Foo/Q(p3), En) = 1.
Then L(E1/Q(p3),1)4/1Aqus) |

Ep—
QE1QE1

B2 /Q(13),1)4/1 8 ()]

e
QEQQEQ

is a 3-adic unit if and only if o

E1/Q(p3),1)\/1Aqus) |

QEIQEI
L(Ey\/F,1) and L(E9/F,1) do not vanish, where we recall that F = Q(us,
ml/B).

Proof. From Lemma 3.7 and assumption (a) it follows that E;(F)[3] = 0
for j = 1,2. Since x(Foo/Q(us3), E1) = 1 it follows from Corollary 3.6 that
X(Fso/Q(us), Ej) = 1 for j = 1,2. This implies that Sel(E;/Fs) = 0, and
hence x(Fo/F,Ej) = 1 (see Corollary 2.8). By Remark 3.3 we get that
Sel(E;/Feye) = 0 for j = 1,2. From Lemma 3.7 and assumption (a) we have
that E(F)[3] = 0. Using the exact formula for the Euler characteristic of
Sel(E/F.y.) and vanishing of the group E(F)[3], we obtain that E(F3)[p] = 0,
where E is the reduced curve at a prime v|3, and F, is the residue field at v.
To simplify notation, put

(5) oo DE/Qus), VA

J - F o— )
QE,-QEJ-

From Theorem 3.4, we get that x(Foo/Q(u3), E1) = X(Foo /Q(us), E2) = 1. It
is easily seen that x(Fuo/Q(us), E1) = 1 implies that the local Euler factor
L,(F1/Q(us),1) is a 3-adic unit for a prime v | m such that v { p. A similar
assertion holds for L,(E2/Q(us3),1) at a prime v | m such that v { p. Using

is a 3-adic unit. Moreover if ( is a 3-adic unit, then

=1, 2

)
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this fact, and the vanishing of E(F3)[3], it is shown in the proof (See top of
p. 619) of [1, Thm. A.1], that

6 L; is a 3-adic unit if and only if £,(0) is a 3-adic unit.
J J

On the other hand, under the hypotheses of the theorem, it follows from
(cp. [18, Lemma 5.3]), that £1(o) is a 3-adic unit if and only if £5(0) is a
3-adic unit. Thus we conclude that £; is a 3-adic unit if and only if Lo is. The
final assertion follows from Theorem A.1 of [1]. O

Corollary 3.9. If the assumptions of Theorem 3.8 hold and the Birch and
Swinnerton-Dyer conjecture is true for E1 over Q(us), then E1(F) and E2(F)
are finite, and the complex L-functions associated to Fy and Eo over F do not
vanish at 1. In particular the analytic rank equals the algebraic rank for both
FEy and E5 over F.

Proof. The assumptions of Theorem 3.8 and Corollary 3.6 imply that
X(Foo/Q(u3), Ej) = 1 for j = 1,2. Thus we have that Sel(E;/F) = 0 for
Jj = 1,2 (see [14, Prop. 4.12]). We once again mention that in [14] it is as-
sumed that p > 5. But a similar result hold for p = 3 under the assumption
that N1 Nj is coprime to m. Thus it follows that Eq(F) and Es(F') are finite.
Since the Birch and Swinnerton-Dyer conjecture hold for E; over Q(us) and
X(Fso/Q(p3), E1) = 1, from [5, Prop. 5.13(a)] it follows that £;(c) is a 3-adic
unit. From (6) we have that £; is 3-adic unit. Now the assertion follows from
Theorem 3.8.

U

Remark 3.10. Note that the above theorem has been proved using (6). We
emphasize that even though F; is congruent to E5 mod 3, it is not necessary
that £1 (o) and Lao(0) are congruent mod 3. We shall illustrate this later with
numerical examples.

4. CONGRUENCE FOR DIHEDRAL EXTENSIONS

In this section, we discuss how the results in [18] allow us to prove a version
of Theorems 3.4 and 3.8 for certain dihedral extensions. Let p be an odd prime,
and let now K = Q(v/—d) be a totally imaginary quadratic extension of Q,
and let F' be an extension of degree p" over K such that F/Q is a dihedral
extension. Let fp/x be the conductor of F//K, and D be the fundamental
discriminant of K/Q. Assume that jz,x is prime to D', where D’ denotes the
prime to p part of D. We shall assume that m := D - Normg /qf, is coprime
to N1 Ns. This integer m will now play the role of m that was considered in
the False Tate extension. Let k C F' be a field extension of Q. As before, let
¥* be a finite set of primes of k containing the prime divisors of p, the primes
dividing m, the prime divisors of N1 Ny and the infinite primes. Let ©f C %*
be a finite set of finite primes of K such that if v | p then v ¢ X. The sets
Yk (E;) is defined as in Definition 3.1, and we define $% as the set of primes v
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in k such that v | m, v { p and (any of) the reduced curve has a point of order
p in the residue field F,,. Now suppose that

(7) e =3B USH(E,) USE.

Theorem 4.1. Let k C F where F is a dihedral extension of Q of degree
2p". Assume that E1(K)[p] = 0. Then x(keye/k, E1;5§) = 1 if and only if
X(keye /Ky E2; BE) = 1.

Proof. The key point is to note that x(keye/k, F1; £6) = 1, is equivalent to the
vanishing of the Selmer group Sel”s (E1/kcyc) (see Remark 3.3). Arguing as in
the proof of Theorem 3.4, it can be seen that Sel™s (E1/kcyc) vanishes if and
only if Sel”s (E2/kcyc) vanishes. O

In order to prove the analog of Theorem 3.8, we first establish the following
lemma. Consider the Artin representation o = 1 @ ¢, where € is the nontrivial
character of Gal(K/Q). Let P,(E;,0,T), j = 1,2, (resp. Py(0,T)) be the
characteristic polynomial associated to the twist of E; by o, (resp. to o) at the
prime p. Denote by u; (resp. w;) the p-adic unit root (resp. non p-adic unit
root) of the characteristic polynomial P,(E;,T).

Lemma 4.2. Suppose that Ej (F,)[p), 7 =1, 2, is trivial for the primes v of
K dividing p. Then

,1)Pp(Ej7‘77 1/]9)

<.

is a p-adic unit.

Proof. There are three cases:

Case 1): p is ramified in K. In this case, Py(0,T) = (1 — T') and the proof
is similar to that in [5, Lemma 5.14].

Case ii): p splits in K. We then have P,(o,T) = (1 — T)? and the proof is
again similar to loc.cit.

Case iii): p is inert in K. We have Py(0,T) = (1 —T)(1+T). By a
computation similar to loc.cit., it is easily seen that up to a p-adic unit, we
have

Py(o,uit) = (1= ap(5) +p)(1 + ap(j) +p), and Py(o,w; ") = 1/p%,

where a,(j) is the p-th Fourier coefficient of the modular form associated to
the curve E;. Further, P,(E;,0,T) = P,(E;,T)P,(Ej,¢,T). Since p is inert
in K we have that ¢(Fr,) = —1, where Fr), is the Frobenius at p. Thus we have
that,
(L+ay(4) +p) (1 = ap(4) +p)

P? '

Py(Ej,0,1/p) =
Therefore, up to a p-adic unit, we get
PP(Ua uj_l)

Blow ) P Er o )= (= a() +p)- (14 60) +p)),
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Since Ly (Ej,0,5) = Py(Ej,0,1/p*)~', we have for j =1, 2,

(1= ap(j) +p) - (1 +ap(j) + ) = p* x (Lp(Ej, 0,1) 7>
Let v be the unique prime of K above p. Then by the Artin formalism, we
have

_ . E;(F,)| |E; (F,)|
L,(E;,0,1) ' =L,(E;/K,1)7 = 12 = .
P( J ) ( J/ ) NOI'HlK/Q(p) pQ

Therefore, we obtain

PP(Uv u]—l)
P,(o, w;l)

up to a p-adic unit. The conclusion now follows from the hypothesis.

Py(Ej,0,1/p) = |E;(F.)|?

O

Analogous to the proof of Theorem 3.8, we have the L-values £; (cp. (5))
and the twisted p-adic L-values £;(co) (which is denoted by R(o) in [18]). The
following is now the analog of Theorem 3.8.

Theorem 4.3. Suppose that
(a) Erlp] is an irreducible Gal(Q/Q)-module and E(K)[p] = 0.
(b) K = 2.
(c) N is squarefree, and N1/N (resp. No/N ) is coprime to N.
(d) x(Keye/K, Er) = 1.

Then x(Feye/F, Ej) =1, j =1, 2, and the L-value LEEDYIAK] 4 a p-adic

s,
1 1
L . L(B2/K,1)\/|A . LB /K 1)\/|Bk]| . .
unit if and only if M Moreover, if M is a p-adic
Qp, 0% Qp, O,

2
unit, then L(E1/F,1) and L(E2/F,1) do not vanish.

Proof. As in the proof of Theorem 3.8, assumptions (b), (d) and Theorem 4.1
allow us to conclude that x(Kcyc/K, Ej) = 1 for j = 1,2. This in particular
implies that the Selmer groups Sel(Kcy./k, E;) vanish for j = 1,2, and hence
the p-invariant and A-invariant are both zero for F; and E5. We remark that
the assumption (m, Ny N3) = 1 implies that the primes in F' of bad reduction
are unramified. Further, under assumption (b), we see that if v is a prime of
K such that v|m and v { p, then E;(F,)[p] = 0. Since F/K is a p-extension,
a similar conclusion holds for the primes of F' dividing m. This implies that
¥ = @, and by [13, Thm. 3.1], we obtain that the A and p-invariants for
Sel(F.yc/F, E;) are also zero. In particular, the Selmer groups Sel(Feyc/F, E;)
vanish and we have x(Foyo/F, E;) =1, j=1, 2.

Since, x(Kcye/K, E;) =1 for j = 1,2, using the assumption E(K)[p] = 0,
it follows from the formula for the Euler characteristic of Sel(Kcyo/ K, E;) that
E;(F,)[p] = 0 for all primes v|p of K. From Lemma 4.2, we then see that
Pp(o,ujl)
Pp(o,wjfl)

proved in this case as well by a method similar to the proof [1, Thm. A.1].

.Py(E;,0,1/p) is a p-adic unit. Using this fact, assertion (6) can be
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The conclusion now follows by an argument analogous to that in Theorem 3.8.
This completes the proof of the theorem. ([

Finally we remark that we need the extra assumption in the above theorem
that E(K)[p] = 0. If K = Q(us3) and p = 3 then the assumption that F1[3]
is an irreducible Gal(Q/Q)-module implies that E(F)[p] = E(K)[p] = 0(see
Lemma 3.7). We do not have an analog of Lemma 3.7 for a more general
quadratic imaginary extension K.

5. NUMERICAL EXAMPLES

The following numerical examples illustrate the results proved in this article,
especially Theorem 3.8. We are very grateful to Tim Dokchitser for his help
with the numerical computations.

Let E7 be the elliptic curve 1143 and Es be the elliptic curve 77C1 in
Cremona’s tables. Since there exists no 3-isogeny of F; over QQ, we have that
E4[3] is an irreducible module over Gal(Q/Q). By Lemma 3.7, E;(F)[3] =0
for j = 1,2. We have X(F1) = ¢, and the elliptic curve E2 has nonsplit mul-
tiplicative reduction at 7 (cp. [5, Table 3-77C1]). Thus X(E2) = ¢. We also
have Sel(E1/Kqyc) =0 (cp. [5]), and x(Kcye/K, E;) =1 for j =1, 2 by Corol-
lary 3.6. Let m be an integer coprime to 3 and 77 such that if v|m, then the
local L-factor L,(E1/K,1) is a 3-adic unit. Then we get that the Euler char-
acteristic x(Foo/Q(u3), E1) = 1. From [14], we conclude that Sel(E;/F.) = 0,
for j = 1, 2. This implies that x(Fa/Q(uz,m'/?), E;) = 1. It is known that
L(E1/Q(pp), 1)/ Dg(up) ]

leﬂgl
[5]). Thus the assertion of the above theorem holds for Fs.

The above example is obtained using the result on congruence between mod-
ular forms by raising the level [7]. We next consider the elliptic curves 203A1
and 203C1 from Cremona’s tables, and p = 3. In this case, Tim Dokchitser has
computed (using the Néron period) that £1(¢) =1 mod 3 and L2(0) = 2 mod
3 for m = 2, 5. Using this, it can be shown that £; is a 3-adic unit if and only
if L5 is a 3-adic unit. This example also illustrates Remark 3.10.

Here is another pair of elliptic curves namely F; = 158C1 and Fy = 1582,
for which the special values are 3-adic units over Q(us). The residual repre-
sentations at p = 3 are again irreducible with conductor equal to 158. Hence
Yo = @. Further |E(F,)| is a 3-adic unit. We are grateful to T. Dokchitser for
confirming computationally that £;(o) is indeed a 3-adic unit for j =1, 2. By
Lemma 4.2, we get that £; is a 3-adic unit for j =1, 2.

The pair of elliptic curves 106A1 and 106C1 are congruent mod 3. It turns
out that the values £;(o) for j = 1, 2 for m = 7 are simultaneously non-3-adic
units. Using this, it can be shown that £; are also non-3-adic units. In fact,
in this case, the reduced curves E’l and E’g have a point of order 3 at the
prime 3, and therefore on using the formula for the Euler characteristic of the
corresponding Selmer groups over Fi, (see [14]), one obtains that the Euler
characteristics are nontrivial.

is a 3-adic unit, as can be checked using the tables in
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Consider the following pair of elliptic curves E; and Fo where Fp = 235A1
and Fy = 235B1, which are congruent mod 3. However, F; has rank 1 and
Es has rank 0. Thus x(Qcyc/Q, E2) exists but x(Qcyc/Q, E1) is not defined.
In this case, the set X is nonempty as the prime 5 { N; for j = 1, 2, and E;
has split multiplicative reduction at 5. This shows that our hypotheses are in
fact essential. The pair of elliptic curves Fy = 11A1 and Es = 121C1 which
are congruent mod 3, also does not satisfy the hypothesis of Theorem 3.8. In
this case it turns out that if we take m = 3 and K = Q(us3) then £1(0) is a
3-adic unit. On the other hand £2(0) = 0.

Finally, we remark that Rubin and Silverberg have shown that there are
infinitely many elliptic curves E defined over Q with a given Galois module
structure on E[p] for p = 3 and p = 5 (see [17]). Using the level raising
technique of [7], one knows that such congruences for Hecke eigenforms exist
for all odd primes. We believe that our methods should carry over for Hecke
eigenforms of weight 2 ordinary at p in general.
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