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Abstract. We study the relationship between the categories of weak formal schemes and
dagger spaces. We introduce the notion of weak formal blowups of weak formal schemes
and show that they correspond to rational subdomains of the associated dagger spaces via
the generic fiber functor. In analogy with Raynaud’s theorem in formal and rigid geom-
etry, we establish an equivalence of categories between the localized category of quasi-
paracompact admissible weak formal schemes by weak formal blowups, and the category
of quasi-paracompact quasi-separated dagger spaces.

1. INTRODUCTION

Let k be a field of characteristic p > 0 and K a completely discretely val-
ued field of characteristic 0 with ring of integers R and residue field k. The
objects that we study in this paper first arose in the search for a good p-adic
cohomology theory. In [15] and [14], Monsky and Washnitzer defined a p-adic
cohomology theory for affine and smooth varieties over k£ using the notion of
weak completions of algebras. They showed that a lifting to a weakly com-
plete algebra always exists for smooth algebras of finite type over k and hence
established a good cohomology theory for affine and smooth varieties.

In Berthelot’s rigid cohomology (which is defined for arbitrary varieties),
Raynaud’s generic fiber functor which associates a rigid analytic space to a
formal scheme, plays a central role. To an affine formal scheme P = Spf A
(with A an R-algebra of topologically finite type), the functor associates a rigid
analytic space Px = Sp (A® K'). The points of the rigid analytic space Pk are
associated with integral formal subschemes of P which are finite flat over R.
In fact, Raynaud proved a much stronger result ([16]), showing an equivalence
of categories between quasi-paracompact (see 3.3 for the definition) admissible
formal R-schemes localized by the class of admissible formal blowups and quasi-
paracompact quasi-separated rigid analytic K-spaces.

Dagger spaces defined by Grosse-Klonne in [9], can be thought of as the
overconvergent analogues of rigid analytic spaces. Grosse-Klénne gives another
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interpretation of rigid cohomology in terms of the de Rham cohomology of
dagger spaces ([10]). This is done via an equivalence of categories between
partially proper rigid analytic spaces and partially proper dagger spaces ([9,
Thm. 2.27]).

Meredith introduced weak formal schemes in [13] whose underlying topolog-
ical spaces are defined in the same way as formal schemes but whose structure
sheaves are defined using weak completions of algebras.

The main idea of this paper is to establish an analogue of Raynaud’s theory
in the setting of weak formal schemes and dagger spaces as suggested in [9].
Analogous to the notion of formal blowups, we define weak formal blowups
as weak completions of scheme theoretic blowups and establish some results
about them. Our main result is:

Theorem 1.1. There is an equivalence of categories between
e the category of quasi-paracompact admissible weak formal R-schemes,

localized by the class S of weak formal blowups, and
e the category of quasi-separated quasi-paracompact K -dagger spaces.

It may then be possible to redefine rigid cohomology by considering weak
formal liftings instead of formal liftings. Of course, it would be necessary
to prove an analogue of the fibration theorem for weak formal schemes and
establish other such results in this setting.

Note: We use the usual multi-index notation for power series:

_ E . . i1 i
f - a117---71nX1 c 'Xnn
A

1y-5ln

is often shortened to Y ar; X! and |I| is defined to be iy + ... + iy.
T

2. PRELIMINARIES

In this section we briefly review the notions of weak completions and weak
formal schemes. We include here some definitions and technical results which
we need later.

Let R be a noetherian ring and m C R an arbitrary ideal of R.

Definition 2.1. Let A be an R-algebra and A denote its m-adic completion.
The weak completion of A, denoted Af, is an R-subalgebra of A consisting

of power series z = Y ayz! where I = (i1,...,i,), with coefficients in R and
Z1,...,%, € A such that for some constant ¢ and for all tuples (i1,...,i,) €
ZY,, the following condition (referred as MW condition) holds

(MW) clordm(ai,. i) +1) > i1+ ... +in.

An R-algebra A is said to be weakly complete if it is m-adically separated
and if A — AT is a bijection.

Let S be a subset of a weakly complete algebra A. Its weak comple-
tion St is defined to be the subalgebra of A consisting of power series z =
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Zailminx? ...xin with coefficients in R and x1,...,7, € S, satisfying the
MW condition. A weakly complete R-algebra A is called weakly complete
finitely generated (wcfg) if A = ST for some finite subset S C A. Elements of

S are called weak generators of A.

Morphisms of wcfg R-algebras are defined as morphisms of R-algebras in
the usual sense. Any such morphism of R-algebras is continuous with respect
to the m-adic topology.

2.2. Gauss norm on wcfg algebras: We want to give an explicit description
for weak completions of polynomial rings over wcfg algebras. For this purpose
we make use of the Gauss norm on wcfg algebras introduced (in the dagger
algebra context) in [5, 4.43].

Let z =3, ar X' be an element in R[X]Jr where X = X4,...,X,, is a finite
set of variables. For € > 0, define

Fe(2) = i|111|f{ordmal —€|Il}.

The MW condition on z is equivalent to the existence of some ¢ > 0 for
which 7(z) > —oo. For a fixed € > 0, the set of elements z in R[X]" which
satisfy 4.(z) > —oo form an R-subalgebra of R[X ]T which we denote by R[X ]1
Thus 4. defines a norm on R[X ]Z For any wcfg algebra A, there exists a
surjection R[X7, ... ,Xn]T — A for some finite set of variables X7, ..., X, ([15,
Thm. 2.2]). Denote by A, the image of R[ X1, ... ,Xn]z under such a surjection
and by 7. the quotient seminorm induced on A, by d.. Note that ~. are
pseudo-valuations in the sense of [6, Def. 1.4] and hence give rise to a family
of seminorms on A.

Let A be a wcfg algebra and let A[C]T be the weak completion of the poly-

nomial algebra A[(] in n-variables for some n € N. Then, A[¢]" consists of all
power series z € A[(] where z = 3" a,(” such that there exists an € > 0 with
a, € A, for all v € Zgo and the following holds

i‘nlf {7e(ay) — €lv|} > —oc.

Let A be a wefg R-algebra, f € A and ¢ a variable. Then we claim A[f‘l]Jr =
A[¢]'/(1 — f¢). First note that the canonical surjection ¢ : A[¢] — A[f~}]
mapping ¢ to f~! can be extended to a morphism of wcfg algebras ¢! : A[C]Jr —
A[f’l]T ([15, Thm. 1.5]). Since ¢'(A[¢]") is a weakly complete subalgebra of
A[f~4" (Corollary of [15, Thm. 2.1]) containing the weak generators of A
and f~!, it must be equal to A[f_l]T. On the other hand, taking 7-adic
completions, the surjection ¢ : A() — A<f*1> has kernel (1 — f¢)A{(¢).
Therefore, ker ¢' = (1 — f¢)A[¢]" and the claim holds.

2.3. Weak formal schemes: With R as before, let A be a wcfg algebra and
A= A/mA.
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Let M be an A-module. Let X = Spec A be endowed with the Zariski

topology. M induces a functor I'(- , M) on the principal open subsets U = X
of X defined by T(U, M) = M ®4 A, where f € A is a preimage of f € A. If
Xj D Xg for some f, g € A, there is a canonical A-homomorphism I'(X 7, M) —
INELTR M ). This defines a presheaf on principal open subsets of X, which is a
sheaf—see [13, Thm. 8-14] for the proof for the case when M is finite and
[12, I1.3] for when M is an arbitrary A-module, A is an R-algebra and R is a
complete discrete valuation ring. The functor M — I'(U, M ) is exact, since for
any wcfg algebra A and f € A, AJ} is flat over A ([13, 2.5]).

Definition 2.4. An affine weak formal R-scheme is a locally ringed space
isomorphic to (Spec A4, A) for some wefg algebra A and will be denoted by
Spwf A. A weak formal R-scheme is a locally ringed space (X, Ox) such that
every point of X has a neighborhood isomorphic to an affine weak formal
scheme.

Morphisms of weak formal R-schemes will mean morphisms of locally ringed
spaces. Note that any weak formal scheme is automatically a topologically
ringed space in the sense of [11, 0.4.1.1], as any affine subset derives this
structure from the m-adic topology on the corresponding wcfg algebra.

As any wcfg algebra is noetherian ([7]), weak formal schemes are locally
noetherian and hence quasi-separated.

Note: Henceforth, we work over a discrete valuation ring R with field of
fractions K. We fix a uniformizer 7 € R — {0} such that the topology on R
coincides with the m-adic topology and denote by k the residue field R/(w). It
will be assumed that R is complete and separated with respect to the w-adic
topology.

2.5. Quasi-coherent and coherent sheaves on weak formal schemes: Let X be
a weak formal scheme and § a quasi-coherent sheaf of Ox-modules (as defined
for locally ringed spaces—see [11, 0.5.1.3]).

Then as in the scheme theoretic situation, it is easy to show that there
exists an affine open covering of X by subsets U; = Spwf A;, such that for each
i, there exists an A;-module M; with §|y, ~ M;. Note that in the situation
where X = Spwf A is an affine weak formal scheme, it may not necessarily be
true that § is the sheafification of some A-module.

Coherent sheaves on an affine weak formal scheme X = Spwf A are in fact
obtained as sheafifications of finite A-modules ([13, Thm. 3.3]). More precisely,
the functor M — M is an equivalence of categories between the category of
finite A-modules and the category of coherent Ox-modules. Note also that the
structure sheaf Ox of any weak formal scheme X is a coherent sheaf (using
the fact that the functor M — M is exact and since weak formal schemes are
locally noetherian).

2.6. Weak completion of schemes: In [13, §4], Meredith defines the weak
completion of a scheme X of finite type over R, by setting X7 = {2 € X |
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Ox, # m0x,;} along with the structure sheaf (’); defined on affine open
subsets U C X by D'(U, Oxt) = I'(U,Ox)'. (Note that this indeed defines a
sheaf on XT, as in 2.3 if X is affine and by a well-known extension property
of sheaves for general X, see [11, 0.3.2].) For instance, when X is affine of the
form Spec A, where A is an R-algebra of finite type, we obtain XT = Spwf Af.
Now let A be a wcfg algebra and B an A-algebra of finite type. Then using
the definitions in [13, §4] we can define weak completions of affine schemes of
the type Spec B as follows. Let A[T},...,T,] = B be a presentation of B with
kernel I, where 11, ..., T, are a finite set of variables. Then using the quotient
seminorm of the Gauss norm on A[T7, ... ,TT]T described in 2.2, it is clear that
the weak completion B of B is isomorphic to A[T%,...,T,|"/I. Hence, B
being the quotient of a wcfg algebra is also a wcfg algebra. Define the weak
completion of Spec B to be Spwf Bf. This is an affine weak formal scheme as
defined in [13, §2]. Note that if A is an R-algebra of finite type, then the weak
completions of Spec A and Spec Af coincide.

We now define weak completions of arbitrary schemes of finite type over A
where A is a wefg algebra. We first state an easy lemma about glueing sheaves
which we will use repeatedly in the construction of weak formal blowups.

Lemma 2.7. Let X be a topological space with a sheaf G on it. Let (V;);es be
an open covering of X along with a sheaf G; defined on each open set V; such
that G; is a subsheaf of Glv, and satisfying the condition G;|v,nv,, = Gj'|v,nv,
for all couples j,j' € J. Consider a presheaf F defined as follows: For any
open set U C X, let

FU)={s€GU) | slvnv € G;(V;NU) forall j € J}

with morphisms given by restrictions of the morphisms of G. Then, the presheaf
F is a sheaf on X. O

Now suppose Y is a scheme of finite type over a wcfg algebra A. Let (Y)ier
be a finite covering of Y by affine schemes Y; = Spec A;, where A; is of finite
type over A. Define the weak completion YT of Y as follows. Denote by Y
the formal completion of Y with respect to the ideal 7Oy and similarly let
Y; = Spf A;. Let the underlying topological space of YT be Supp(Oy /7Oy ),
which is the same as the topological space underlying Y. Define a presheaf
Oy+ C Oy by setting for any arbitrary open subset W C Y:

Oyi(W)={s¢e O{/(W) | S|YmW S OY: (YZ NW)}.

Using Lemma 2.7, Oy+ is a sheaf equipped with which YT is a weak formal
scheme.

2.8. Admissible weak formal schemes: We call a wcfg algebra admissible if
it has no m-torsion. We say that an affine weak formal scheme Spwf A is
admissible if A is an admissible wcfg algebra. We first show that admissibility
is a local condition.
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Lemma 2.9. Let ¢ : A — B be a morphism of wcfg algebras and suppose B
is flat as an A-module. Then B is faithfully flat over A if and only if B/7B
is faithfully flat over A/mA.

Proof. One direction of the assertion follows from [4, Prop. 3.3.5]. Now, sup-
pose B/mB is a faithfully flat A/mA-module and N is a finite A-module such
that B®4 N = 0. This implies that B/TB® 4 /-4 N/7N = 0 and so N/mN =0
or N =xN. Using [15, Thm. 1.6], 7A is contained in the Jacobson radical of
A and hence, N = 0. O

Lemma 2.10. Let A be a wcfg algebra. If fo, ..., fr are elements in A gener-
ating the unit ideal in A/wA, then they generate the unit ideal in A. Hence, if
X = Spwf A is an affine weak formal scheme with fo,..., fr € A, then the ba-
sic open subsets (Spwf A[f;]1); cover X if and only if the elements fo, ..., fr
generate the unit ideal in A.

Proof. Let a; € A/mA such that > a;f; = 1. Let a; € A be in the preimage of

=0
a;. Then, Y a;f; = 1 implies that u = > a;f; = 1 — mc for some ¢ € A. This
is a unit since 7A is contained in the Jacobson radical of A ([15, Thm. 1.6]).
Setting a} = u~la;, we see that Y alf; = 1. O

Proposition 2.11. Let X = Spwf A be an affine weak formal scheme and
(Spwf B;)ics be an affine open covering. A is an admissible wcfg algebra if
and only if B; is an admissible wcfg algebra for each i € J.

Proof. Using Lemma 2.10 we can assume that B; = A[fi_l]T where (fi)ics
generate the unit ideal in A and also that 4 varies over a finite index 1 < i <.
If A has no m-torsion, the map A — A[r~!] is injective. Since A[f[l]Jf is flat
over A ([13, Cor. 1.4]), tensoring the above map with it, yields an injective
map A[f; 1] — (Alf;7 D[], Therefore, A[f; ] is admissible.

3 K2
Before proving the other direction, note that A — [;_, A] f[l]Jr is faithfully
flat using Lemma 2.9 and the corresponding fact for ordinary localization.
Combining this with the fact that the map []_, A[f[l]T =11, A[f[l]T[w’l]
is injective, we see that A — A[r~!] is injective. O

Using the above proposition, we can extend the notion of admissibility to
arbitrary weak formal schemes:

Definition 2.12. A weak formal scheme is said to be admissible if it has an
affine open covering (Spwf A;);c; where each A; is an admissible wcfg algebra.

Let X be a weak formal scheme and consider the ideal J C Ox defined as fol-
lows: For any open set U C X, J(U) consists of all the sections f € Ox(U) such
that there is an affine open covering (U;);c s satisfying the condition that each
restriction f|y, is killed by #”, for some n € N. Then (Supp (Ox/7),0x/7) is
a weak formal scheme whose structure sheaf does not have w-torsion.

It is called the admissible weak formal scheme induced from X and is denoted
by Xaq-
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2.13. Flat morphisms of weak formal schemes: A morphism of weak formal
schemes f : X — %) is said to be flat if it is flat as a morphism of locally
ringed spaces. That is, if the induced map on the stalks f. : Oy o) = Ox .z
at each point € X is a flat morphism ([11, §6.7]). Now COIlbldeI‘ the case
where f is a morphism of admissible weak formal schemes and let f S 2)
be the associated morphism of formal schemes. The maps on stalks fm modulo
7 coincide with the stalks f, modulo 7w and are therefore flat. Moreover the
maps f, are flat after tensoring with K because the stalks on an affinoid dagger
space coincide with the stalks on its completion (see [9, Rem. 2.4]). Using the
flatness criterion in [1, Lemma 2.6. 1] we see that the maps f, are flat.

If the formal R-schemes X and Qj are of finite type, then this is equiva-
lent to the condition that for every affine open U C i{) and every affine open
V C f~1(U), the morphism V — U corresponds to a flat ring homomorphism
Oy (U) = O%(V). Since for any wefg algebra A, the morphism A — A to its
m-adic completion is flat (Corollaire of Proposition 5.4.3, [4, Chap. III]), the
analogous statement is true for admissible weak formal schemes.

2.14. Fiber product: The tensor product A ®TR B of wcfg algebras A and B
is defined to be the weak completion of the ordinary tensor product A @ B.
This is a wcfg algebra with weak generators provided by the tensor product
of the weak generators of A and B. It defines a product of A and B in the
category of wcfg R-algebras.

Fiber products exist in the category of weak formal schemes. The product of
weak formal schemes Spwf A and Spwf B is Spwf (A®TRB) = (Spec (A ®r B))T.
The fiber product in the category of admissible weak formal schemes of two
admissible weak formal schemes X and Y is the admissible weak formal scheme
(X xY),4 induced from the fiber product X xY in the category of weak formal
schemes.

3. WEAK FORMAL BLOWUPS

We now define weak formal blowing-up, which is a universal construction
with respect to making an ideal in a weak formal scheme invertible. Let us
first consider the case when X = Spwf A is an affine weak formal scheme. Let
J C Ox be a coherent open ideal and J = T'(Spec A/mA,T) be the finitely
generated open ideal in A associated to it ([13, Thm. 3.3]). Consider the
scheme theoretic blowup of J on X = Spec A given by P = Proj (@d>0 Jd).
The weak formal blowup of J on X is defined to be the weak completion P! of
P (see 2.6).

Now, suppose X is an arbitrary weak formal scheme and J a coherent open
ideal on X. Let X and J be the formal completions with respect to the ideal
7Ox of X and J respectively. The formal blowup ([3, §2]) of J on X is given
by

x5 —1_n;PmJ<@:f ®o, O3/7"05 )

d>0
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together with the canonical projection map Z%ﬁ - X

Consider an affine open covering {U;};c; of X, where U; = Spwf A; where
each A; is a wcfg algebra. Denote by U; the corresponding affine open formal
subschemes Spf A; of X. Let P;T denote the weak formal blowup of Ty, on U;,
as constructed above. Note that the restriction % L{ of the formal blowup
Xj to U; denoted by R, coincides with the formal blowup of 3|M on Z/A{l

Let V C 1%5 be an arbitrary open set. Define a subpresheaf of (’)3%%, denoted
by Ox,, as follows:

Ox, (V) ={s € 03 (V) | slp,ny € Ops (P,NV) for all i € I}.

ftUcCVc 1%5 are two open sets, let the morphism Ox, (V) — Ox,(U)
be given by the restriction of the morphism Oj q( ) = O% ( ) to Ox, (V).
Again using Lemma 2.7, we see that this is a sheaf on the topologlcal space
underlying Xj. Denote by X5, the locally ringed space whose topological space
is the same as that underlying §€j, equipped with the sheaf Ox,. Clearly, the
construction does not depend on the choice of covering.

Definition 3.1. With notation as above, the weak formal blowup of J on X
is the weak formal R-scheme X5 defined as above, along with the canonical
projection map X5 — X.

Proposition 3.2. We can immediately deduce the following properties of weak
formal blowups:

(a) Let X = Spwf A be an affine admissible weak formal scheme andJ C Ox be

a coherent open sheaf of ideals. Then the ideal JOx, C Ox, is invertible.

Let I =T'(Spec A/mA,J) C A be the finitely generated ideal correspond-

ing toJ ([13, Thm. 3.3]) with generators fo,..., fr. The locus in X5 where

JOx, is generated by f; is given by Spwf A;, where A; = A}/ (7 — torsion)
and

fi

Hence, the weak formal blowup X5 is an admissible weak formal scheme.
(Note that this corresponds to [1, Prop. 2.6.7].)

A; l:fj ) j% :| CAfiT'

Proof. Let A} = A [% = z} and A; = A!/(f; — torsion). The scheme-
theoretic blowup X of I on the ordinary scheme Spec A has an affine open
covering by Spec A; where i varies between 0, ..., r. The analogous assertions
hold in the scheme-theoretic situation: the ideal IOy is invertible on X; The
locus in X where IOy is generated by f; is given by Spec A;. Since I contains
a power of m (being an open ideal), (f; — torsion)A; C (m— torsion)g/i. On
the other hand, since A is admissible, fli has no 7-torsion and therefore (m —
torsion) ;, = (f; — torsion) ;,. Therefore, we get A; = A/(m — torsion). Tt
follows frz)m the definition that the weak formal blowup X5 has an affine open
covering (Spwf A;);=o,....». Note that since A; is of finite type over A (which is
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a wcfg algebra), its completion A’ is a wefg algebra and hence is flat over fl;
([7] and [13, Cor. 1.4]). Similarly, A’ is flat over A} and the first assertion is
proved.

Since A’ is flat over A%, we get (m — torsion) A; = (m — torsion) 7, ® A} and
similarly for (f; — torsion)4; (as in the proof of [1, Prop. 2.6.7]). From this it
follows that the weak completions of A; and A/ are A; and A} respectively and
the second assertion holds. ]

(b) Universal property of weak formal blowups: (Note that this corresponds to
[1, Prop. 2.6.9].) Let X be an admissible weak formal scheme and I C Ox
be a coherent open ideal. Then X5, the weak formal blowup of T on X,
satisfies the following universal property:

Any morphism of weak formal schemes ¢ : Y — X satisfying the prop-
erty that 3Oy is invertible in Oy, factorizes uniquely through X5, that is,
there exists a unique morphism ¢ : ) — X5 which makes the following
diagram commutative:

Proof. Suppose there exists a morphism of weak formal schemes ¢ : Y — X
such that JOy) is invertible in Og. Since weak formal blowing up is a local
construction we may assume that X is affine, say X = Spwf A. The ideal
J C Ox is associated to a finitely generated ideal I = (fo, ..., f.) C A. Further,
we can assume that ) is also an affine weak formal scheme, 9 = Spwf B.
Consider the morphism of ordinary schemes Spec B — Spec A. Since I is
invertible on Spec B, by the universal property of (scheme-theoretic) blowups
for the blowup P of I on Spec A, this map factorizes uniquely via P, so that
we get the morphism of schemes Spec B — P. Using [15, Thm. 1.5], we can
extend this to get a unique morphism of weak formal schemes Spwf B — Pf
as desired. (]

(¢) Let X be an admissible weak formal scheme, A,B C Ox be coherent open
ideals on X and X4 be the weak formal blowup of A on X. Let B’ :=
BOx, C Ox, and denote by (X4),z, the weak formal blowup of B on X 4.
Then, the composition of the weak formal blowup of B’ on X4 with the
weak formal blowup of A on X, given by

(Xa)g > Xa— X

is isomorphic to the weak formal blowup of AB on X.
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Proof. We use the notation of Proposition 3.2(a). The statement follows from
the universal property of weak formal blowups (Proposition 3.2(b)) and the fact
that the ideal A is invertible on (X4);, since it has no f;-torsion. Compare
with the proof in case of formal schemes ([1, Rem. 2.6.10]). O

(d) In the category of admissible weak formal schemes, weak formal blowups
commute with flat base change.

Proof. Tt is enough to prove this for a flat morphism of affine weak formal
schemes ¢ : ) — X where X = Spwf A and ) = Spwf B. Suppose A C Ox
be a coherent open ideal, and X4 — X is the weak formal blowup on X with
respect to A. Let A be associated to the finitely generated ideal a C A and
S = @400 Then X4 = (Proj S’)Jr and admits a covering by affine weak

formal schemes Spwf ngi) (where Sg ) is isomorphic to A;, in the notation
of Proposition 3.2(a)). Locally aSg ) is generated by f; and is invertible in

ngi). Let §" = @,s0(aB)?. Then, aS’(}i) = fiS’(}i). Since B is ﬂatTover

A, (f; — torsion)p = 0, and f; is not a zero-divisor in S’(]}i). Hence aS’(fi) is

invertible in S’ (]}i) and we obtain the required result. g

Definition 3.3. A topological space X is said to be quasi-paracompact if
there exists a covering {X;};c; by quasi-compact open subspaces X; which is
moreover a covering of finite type, i.e. for any index i € J, the intersection
XiN X, is nonempty for at most finitely many j € J.

We say that a weak formal scheme X is quasi-paracompact, if its underlying
topological space is quasi-paracompact.

Proposition 3.4. Let X be an admissible quasi-paracompact weak formal
scheme. Let U C X be a quasi-compact open subscheme. Then any coher-
ent open ideal Fyy on U extends to a coherent open ideal F C Ox on X,
which moreover satisfies the condition that for any open subscheme V. C X
disjoint from U, Fly coincides with Ox|y. (Note that this corresponds to [1,
Prop. 2.6.13]).

Proof. Let us first consider the case when X is an affine weak formal scheme.
We use the idea for the construction in the analogous result in the scheme-
theoretic situation ([11, 9.4]). Let ¢ : U — X be the canonical morphism
and consider the induced morphism of structure sheaves j : Ox — .0y.
Let F = j 1(i.Fy). We first show that i,Fy is quasi-coherent. Indeed,
using the methods in the proof of the analogous scheme-theoretic result ([11,
Prop. 9.2.1]), we can reduce it to the case of an open immersion of a basic
open subscheme into X, in which case the result is clear. Then, F being the
preimage of a quasi-coherent sheaf is itself quasi-coherent ([11, 0.5.1.4]). Using
the fact that any wcfg algebra is noetherian and since F C Ogx is a subsheaf
of the coherent sheaf Ox, we see that F is a coherent open ideal satisfying the
required properties.
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Now, let X be a quasi-paracompact weak formal scheme and U C X be
a quasi-compact open subscheme with a coherent open ideal Fiy on U. Let
{X;}ics be an affine open covering of X and denote by Fz,, the restriction of
Fu to X; NU. Using the result in the affine case, we can extend Fy; to a
coherent open ideal F; on X;. To construct a coherent sheaf of ideals F on X,
we use the same idea as in the construction of weak formal blowups. Consider
the formal completion Xof X along the subscheme defined by the ideal 7Ox.
Using [1, Prop. 2.6.13], we can extend the formal completion Fu of Fyonld
to a coherent sheaf 7 on X. Then using Lemma 2.7, we can define a subsheaf
F of F on X as follows: for any open W C X, let

FW)={se FW) | slwnx, € F:(WNZX)}.

This is a coherent open ideal by construction, which moreover satisfies the
required properties. O

Proposition 3.5. Let X be an admissible quasi-compact weak formal scheme
and let ¢ : X' — X and ¢' : X" — X' be weak formal blowups. Then, the
composition ¢ o ¢ : X" — X is also a weak formal blowup.

Proof. We follow the proof in [3, Prop. 2.5] and use the corresponding fact in
the scheme-theoretic situation ([17, 5.1.4]). Let ¢ : X' — X and ¢’ : X" — X’
be the weak formal blowups of A C Ox on X and A" C Oy on X’ respectively.
First consider the case when X is affine, say X = Spwf A. Let A be associated to
the coherent open ideal a C A. Let X = Spec A and ¢ : X' — X be the scheme
theoretic blowups of a on X. Let j X — X’ be the associated morphism of
ringed spaces and u : Oz, — j.Ox be the corresponding morphism of sheaves.

Using the arguments in the proof of Proposition 3.4, A’ = u l(j A C Oz,
is a coherent open ideal and such that j * A generates A’ C Oxr.

Let ¢/ : X" — X' be the scheme theoretic blowup of A’ on X’. Using
[17, 5.1.4], there exists an admissible open ideal b C A such that bOg, =
Am,zl’7LO5€, for some integers m,n and ¢ o ¢ : X’ — X is the scheme the-
oretic blowup on X of the ideal in Oxz associated to ab. Let ¢ : Oz —
(;NS*(’)B%, be the morphism of sheaves induced from (;NS The inverse image b’ =
(s (AmA/"O%/)) is a coherent open ideal in ¥ since it is noetherian. There-
fore, po ¢’ : X" — X is the weak formal blowup of ab’ in X which settles the
assertion in the affine case.

Since weak formal blowing-up is compatible with flat base change (Propo-
sition 3.2(d)), we can use the arguments in [1, Prop. 2.6.11] to globalize the
argument. O

3.6. Using Proposition 3.4 and Proposition 3.5, it is easy to derive the following
corollaries (see [1, Prop. 2.6.14 and 2.6.15]).

(a) Let X be a quasi-paracompact admissible weak formal scheme. Consider
a covering X = |J;c;X; of finite type by quasi-compact open subschemes
X; C X and weak formal blowups ¢; : X, — X;, ¢ € J. Then there is a
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weak formal blowup ¢ : X’ — X such that for each i € J, there exists a
unique morphism ¢~1(X;) — X/ and for all i € J the following diagram
commutes:

¢~ (X)) — X

Sk

X;.
(b) Let X be a quasi-paracompact admissible weak formal scheme. Let ¢’ :
X' — X and ¢" : X" — X’ be weak formal blowups. Then, there exists a

weak formal blowup ¢’ : X"/ — X along with a morphism ¢ : X" — X"
such that the following diagram commutes:

4)/

oYy
A
¢”T O 54)///
X <, x;//.

4. ESTABLISHING AN EQUIVALENCE OF CATEGORIES

Dagger spaces can be interpreted as generic fibers of weak formal schemes
just as rigid analytic spaces can be thought of as generic fibers of formal
schemes. We make this relationship precise in this section and prove the result
stated at the beginning.

Defining the functor:

Lemma 4.1. Consider R[ X1, ... ,Xn]T, the weak completion of the polynomial
ring in n-variables. Then,

RIX1,... . Xn] @r K = K(X1,...,X,)',

where K (X1, ... ,Xn)Jr is the Monsky—Washnitzer algebra also denoted by W,
(as in [9, 1.2]) consisting of power series over K, convergent over a radius
larger than one.

Proof. For convenience, we include here the easy and well-known proof.
R[X4,... ,Xn]T ®p K consists of power series of the form f =Y a, X" with

v
coefficients a,, € K along with a constant ¢ such that for all v € ZZ%, the
following condition holds:

(1) |v] < clord;(ay) + 1].

We can choose constants ¢1, co, with ¢; > 0 so that |v| < ¢jord;(a,) + ca.
We want to show that f converges on a polydisc with radius strictly larger
than 1. Suppose |X;| <1+ ¢ for some € > 0 and 0 <4 < n. Then,

c2
e XY X0 = ] [ X2 X = Jay (14 M < em
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if we choose ¢; so that e =1 + €. Now, by increasing c; if necessary, we
can find an M > 0 such that |a,, ., X7* ... X | < M for sufficiently large v.
Thus the growth condition (1) implies that f =37, v .., X{" ... X5"
is overconvergent. We can reverse the above argument to prove the opposite
direction as well. O

4.2. Given a wcfg algebra A, we can interpret AQrK as the localization
ARrK = A®r(S7IR) = S71A where S = R\ {0}. Since any wcfg R-algebra
is a homomorphic image of the weak completion of R[X; ... X,,] for some vari-
ables X = X1, ..., X,, ([15, Thm. 2.2]), we can write A in the form R[X]'/a for
some ideal a C R[X]T. But then using the above lemma, A® K = K (X)/(a)
is a K-dagger algebra. Thus, we can define a functor rig" from the category of
affine weak formal schemes to the category of affinoid dagger spaces, associat-
ing to Spwf A, the affinoid dagger space Sp (A @ K).

The m-adic completion of R[X]T /a is an R-algebra of topologically finite
type, R(X) /(a). On tensoring it with K, we obtain the affinoid algebra
K (X)/(a) which coincides with the completion of the dagger algebra
K(X)" /(a) (]9, Prop. 1.6]). Let rig denote Raynaud’s functor from the cate-
gory of formal R-schemes, locally of topologically finite type, to the category
of rigid analytic K-spaces ([3, §4]). Then, we obtain the following diagram at
the affine level:

righ
Spwf A — > Sp (A @z K)

| |

Spf A2~ Sp (A op K).

Let f € A. Using 2.2, we know that A[f~!]" @r K = A[¢]T/(1 - fO) ®r K,
where ( is a variable. It follows from the description of A[C]T using Gauss
norms explained in 2.2 and [5, 4.43] that A[C]T ®pr K is the dagger algebra
associated to the product of the affinoid variety Sp (A ® g K) with the closed
dagger disc Sp K(QT. But this dagger algebra coincides with (A ®g K)[C]T =
(A®r K) ®J}< K ()" (compare [9, 1.17]). Tensoring with K the exact sequence

0— (1—f¢) — AT — AT/ - fO) —0

yields the equality A[¢]'/(1— f¢) @r K = (A®r K)(C)'/(1 = f¢). Thus, the
functor rigl maps A[f’l]Jf to (A Qg K)(f*)T.

Therefore, we obtain the following diagram showing that a basic open sub-
scheme of Spwf A is mapped to a rational subdomain of Sp (A ®p K):

Spwf A= Sp(A®gr K)

I I

Spwf A[f~!) ——=Sp (A @r K)(f 1.
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It follows that any open weak formal subscheme of Spwf A (being quasi-
compact) is mapped to an admissible open in Sp (A ® g K) under the functor
rigl. To globalize the construction, we can follow the proof in [1, Prop. 2.4.3].
If X is an arbitrary weak formal scheme, we can fix a covering by affine weak
formal schemes (U;);c;. From the above diagram, it is clear that the functor
rigl maps any open subscheme of U; to an admissible open in Ui rvigt- Since
weak formal schemes are quasi-separated, the intersection U; N U; is quasi-
compact for each pair ¢, 5 € I, and hence is mapped to admissible open subsets
in U, it and Uj ;.1 respectively. We can glue the affinoid dagger spaces U, i,
along these admissible opens ([2, §9.1.3]) to obtain the dagger space X 1.
Thereby, we obtain the following commutative diagram of functors:

T

Admissible weak formal R-schemes . SN K-dagger spaces
g .|
Admissible formal R-schemes . N Rigid K-analytic spaces.

Here, F is the formal completion functor and F’ is the faithful functor as
defined in [9, 2.19].

4.3. Now observe that the functor righ factors via the functor X — X.q through
the category of admissible weak formal R-schemes, since tensoring with K kills
m-torsion. Therefore the generic fiber of a weak formal scheme X and that of
the induced admissible weak formal scheme X,q coincide.

We claim that rig’ takes values in the category of quasi-separated K-dagger
spaces. We can see this as follows. First note that, given affinoid dagger
spaces Sp (W,,,/a) and Sp (W,,/b), the associated affinoid rigid spaces under
the functor F’ (as in the above diagram of functors) are given by Sp (T},/a)
and Sp (T},/b) respectively, and their fibered product is Sp (Tp4m/(a + b)).
On the other hand, the fibered product of the dagger spaces is given by
Sp (Wintn/(a+0)) (refer [9, 1.16]) and hence we see that taking fibered product
commutes with the functor F.

Now, given an admissible weak formal scheme, its associated admissible for-
mal scheme is locally topologically of finite type and hence quasi-separated,
with quasi-separated generic fiber which is the image under the functor rig
(refer above diagram of functors). But this rigid space is G-topologically iso-
morphic to the dagger space associated to the given weak formal scheme under
the functor righ ([9, Thm. 2.19]). Further, since the functor F’ commutes with
fibered products, we see that the dagger space obtained as image under rigT is
also quasi-separated. Hence we obtain:

Proposition 4.4. The functor A— ARgr K from admissible wefg R-algebras
to K-dagger algebras induces a functor rig’ : X — X,igt from the category of
admissible weak formal R-schemes to the category of quasi-separated K -dagger
spaces.
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4.5. Specialization map: As in the formal geometric situation, there exists a
bijective correspondence between closed immersions of weak formal schemes
of the form Spwf B — Spwf A with B a local integral domain of dimension
1 which is finite over R, and points of the dagger space Sp (A ®r K). Given
such a closed immersion, the kernel p of the associated surjective morphism
¢# : A — B is a prime ideal generating a maximal ideal in A ®z K. On the
other hand, given a maximal ideal m C A ® K, the field K’ = (A®pr K)/m
is finite over K ([9, 1.4.2]). The image of A in K’ given by B = A/(m N A) is
a wefg algebra ([15, Thm. 2.1]) which is a local ring of dimension 1, finite over
R. If we let p = mN A, then we see that any point in Sp (A®pg K) corresponds
to a closed immersion Spwf A/p — Spwf A as required.
We can now define a specialization map at the level of underlying points,

sp | Xyigt| = | Xk

by associating to a point in X,;,+ the image of the closed immersion Spec B /7B
— Spec A/mA (using the notation in the previous paragraph). Note that if
X = Spwf A is an affine weak formal scheme with A some wcfg algebra, then
| Xyigt| = |X.ig| since A® K is the completion of A® K and using [9, Thm. 1.7].
Hence the specialization map defined above coincides with Raynaud’s special-
ization map ([1, Prop. 2.7.7]). Therefore, we can deduce from [1, Prop. 2.7.8]
that it is surjective onto the set of closed points of Xj.

Localization of categories: There exists a one-to-one correspondence be-
tween weak formal blowups of a weak formal scheme and rational subdomains
of the corresponding dagger space obtained as its generic fiber. One way of
this correspondence is shown in the following result. We remark here that for
any category € and a class of morphisms S in €, the localization €g of € by
S always exists (refer [8, III.2]). Hence we can localize the category of weak
formal schemes by weak formal blowups.

Proposition 4.6. The functor rig! transforms weak formal blowups into iso-
morphisms. Therefore, righ factors through the localization of admissible weak
formal schemes by the class of weak formal blowups.

Proof. Using the notation of Proposition 3.2(a), in the affine situation the
weak formal blowup X5 of J on X = Spwf A has a covering by (Spwf 4;);,
i=0,...,7 where

) T
SpwfA; = A [% = z] /(7 — torsion).
i
Since I is open in A, it contain a power of 7 and hence fy, ..., f, generate the

unit ideal in A ® g K. But this is equivalent to the fact that fy,..., f, have
no common zeroes on X,;,i. Hence Spwf A; is mapped under rigl to rational
subdomains in X,i,+ and as ¢ varies through 0,...,7 we obtain a covering of

~

X,igt. Therefore, the map X3 — X is mapped to the isomorphism Xj j,+ —
X,igt- This settles the assertion in the affine case.

Miinster Journal of Mathematics VoL. 6 (2013), 271-294



286 ANDREAS LANGER AND AMRITA MURALIDHARAN

The result in the general case follows since weak formal blowing up is a local
construction. O

The following lemma establishes the other direction.

Lemma 4.7. Let X be a quasi-paracompact admissible weak formal scheme
and Xt the associated dagger space. Suppose kgt is an admissible covering
of finite type of X,izi by quasi-compact open subspaces. Then there exists a
weak formal blowing up X' — X along with an open covering ' of X' such that
the associated family of subspaces U, of Xyt coincides with U,t. (Note
that this corresponds to [1, Lemma 2.8.4].)

Proof. Let us first consider the case where X = Spwf A is an affine weak formal
scheme, so that (., can be taken to be a finite covering. By the analogue of
the theorem of Gerritzen-Grauert for dagger spaces ([9, 2.8]), each Uj,+ € Uyt

has a finite covering by rational subdomains. Therefore, we can take each U4+
to be of the form
t
fl fr
Usigi =Sp(A®n K <—,.--,—
¢ ( ) fo fo
for some global sections fy,..., f, of Ofr;gf having no common zeros. This

implies that they generate the unit ideal in A ® g K and hence that there
is a relation of the form ¢ofy + ... + ¢ f, = 1 for some ¢; € A @ K. Let
n be sufficiently large so that n"¢; and 7™ f; are in A for all <. Then the
ideal (7" fo,..., 7" f,) in A is admissible since it contains 72". Consider the
associated coherent open ideal A C Ox and the corresponding weak formal
blowup X4 — X. From the proof of Proposition 3.2(a), we know that the
locus in X 4 where AOx , is generated by fy, is given by U = Spwf Ay with
Ao = A[%U # O]T/(ﬂ' — torsion) and clearly, rig! maps U to Uigi -

Consider the product A of the coherent open ideals associated to each
Uyigt € Uyigt and its weak formal blowup X’ — X. Denote the correspond-
ing collection of open subschemes of X’ by {’. To see that Y’ covers X', note
that any closed point 2 € X’ induces a closed point in its special fiber X; which
corresponds to a point of X+ (see 4.5) and hence lies in some Ujgt in 841
So x € U’ € 4’ which implies that the closed part X — (J; oy U’ is empty.

In the general case, consider an affine open covering (X;),cs of X of finite
type. Since X,j,i is quasi-separated, i, restricts to an admissible covering
by quasi-compact open subspaces on X; ;¢ of finite type. Using the assertion
in the affine case, we can construct suitable coherent open ideals A; C Ox,.
Using Proposition 3.4, we can extend each A; to a coherent open ideal in Ox
and then consider their product A C Ox. The weak formal blowup X 4 of A
on X admits a system of open formal subschemes 4’ which induces the family
iig - |

A technical digression: We need the following technical results to prove the
fullness of rigf. We deduce them from the analogous statements in the rigid
analytic context ([1, Lemmata 1.4.12 and 1.4.13]).
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Lemma 4.8.

(i) Let Wy — A be a finite monomorphism where A is a K-algebra which
is torsion-free as a Wq-module. Suppose f € A. Then there exists a
unique monic polynomial py = " +a1(" 1+ -+ a, € Wy[(] of minimal
degree such that ps(f) = 0. Furthermore, py generates the kernel of the
Wi-homomorphism

Wal(] — 4 ¢ f

(i) Keep the same notation as above. Suppose x € Max Wy and let y1,...,ys
be the maximal ideals in A lying over x.
Then max |f(y;)| = max |a;(x)|'/7. Hence |f|,,, = max |a;|*/7.
i=1,...,s j=1,...,r P i=1,..r

(iii) Let ¢ : B — A be a finite morphism of dagger algebras. Then, for any
f € A there is an integral monic equation

Frabifr ™t by =0

sup ~ sup”

with coefficients b; € B such that |f|, = max |b¢|1/i
i=1,...,r

Proof. (i) Consider the subalgebra Wy[f] of A generated over W, by f. This is
still finite over Wy, since Wy is noetherian. Consider the surjection o : Wy[(] —
Walf] given by ¢ — f. Let the kernel of this surjection be I. The above
surjection can be extended to a surjection (also denoted by o) o : Wiy =
W) — Wy[f] (see [9, 1.9]) so that we obtain an isomorphism Wy, /I ~
Wil f]. Taking completions we get isomorphisms

Tas1/(I) = Ta(C) /(1) = Ta(C) /(ps(C)) ~ Talf]

where p¢(¢) € Ty4[¢] is the unique monic polynomial of minimal degree given
by [1, Lemma 1.4.12].

For p > 1, consider T4(p) (along with its Gauss norm) which consists of
z € Tg such that |z|p < oo. Let § > 0 corresponding to p be such that,

véd) gives the corresponding pseudo-valuation on Ty(p) (i.e. Ty(p) = {z €

Ty | fyéd)(z) > —o0}). We can extend véd) to *yédﬂ) on T, (¢) by setting:

(X as¢?) = minfyy?(ay) ~ 5}
J

([5, 4.43]). By construction, there exists p > 1 such that f is contained in
the image of Tyy1(p) — Tu[f], and hence contained in Ty(p)[f]. Let § > 0
corresponding to p be defined as above and let 5 be the quotient seminorm
of 'yédﬂ) on Ty[f]. Then, v5(f) > —oo. Note that Ty[f] is finite free as a
Ty-module, and is of degree s, where s is the degree of py(¢). Let ps({) =
C® 4+ as_1C° 1 4+ ... + a1 + ap with coefficients a; € Ty, and hence f° =
—as—1f ' — ... —a1f —ap. On T§ ~ Ty[f] (isomorphic as T;-modules),
consider the order function us(t1,- - ,ts) = miin{véd) (t;)} where (t1,...,ts) €

Minster Journal of Mathematics VoL. 6 (2013), 271-294



288 ANDREAS LANGER AND AMRITA MURALIDHARAN

T:. Using [6, Lemma 1.10], the pseudo-valuation s is linearly equivalent to
s in the sense of [6, Def. 1.7]. Hence

V5(f) > —o00 <= miin{’yéd)(ai)} > —00.

This shows that p¢(¢) € Wg[(] as required.

(ii) This follows from the previous statement, that Max A = Max A" ([9,
Thm. 1.7]) and the corresponding statement in the rigid analytic context ([1,
Lemma 1.4.12]).

(iii) Let A" and B’ denote the completions of A and B respectively. Consider
the following diagram:

B —r

I I

B—* A

Using Noether normalization for dagger algebras ([9, 1.4]), there is a mor-
phism W, — B which induces a finite monomorphism W, < B/ ker ¢, so that
Wq — A is a finite monomorphism. Then T; — B’ induces a finite monomor-
phism Ty — A’ ([9, 1.12]). As in the proof of [1, Lemma 1.4.13], we see that
there is an integral equation

ffraf ™+ +a =0

1/3

with coefficients a; € Ty whose images b; € B’ satisfy |f|,,, = Imax 1051 gup-
j=1,...,r

sup
Now using the arguments in the proof of i), we see that the coefficients a; are in
fact in Wy. Therefore, replacing a; by its image b; € B, we obtain an integral
equation f7 + by f""! 4+ -+ 4+ b, = 0 with coefficients b; € B for j =1,...,r.
Further, since Max A = Max A’ we obtain

[ flowp = Jax |f(2)] = mmax [|f(z)|= max |b;|"7. D

As an aside, we prove Noether normalization for wcfg algebras.
Proposition 4.9. Let A be a wefg algebra. Then A is integral over R[(, . . ., Cd]Jr
for some finite set of variables (q,...,(4.

Proof. Let Ayt = A®g K and consider the inclusion A < A,;,+. Since A is a
wcfg algebra, we can find a surjection « : R[(y, ... ,Cn]T — A for some n € N.
On tensoring with K, we obtain the surjection ax : K ({1, ..., Cn>T = Aigt-

By Noether normalization for dagger algebras ([9, 1.4(2)]), there exists a finite

injection K ((1, ... ,Cd)T — K {C,... ,CH)T — Ayt for some d € N, so that we
can consider the following diagram:

K<<lv'-'7<d>T — K<<la"'7<n>T L> Arigf

I I [

R[Ch...,(d]T ey R[Q,...,Cn]T L> A.
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Now, note that A consists of all those elements f € A,;,+ which satisfy | f |aK <
1. This implies that any such element f € A also satisfies |f] < 1. Us-

sup
ing Lemma 4.8(iii), f satisfies an integral equation with coefficients a; in

K{C1,...,Cq)' satisfying | floup = mjax|aj|i£g. Since |fl,,, < 1, we get |a;|

sup sup
= |a;| < 1. Therefore, a; € R[C1,...,¢4)" and hence A is integral over
R[Cl,...,Cd]T. O

Proof of the main theorem:

Lemma 4.10. Let A be an admissible wcfg algebra and A1 be the corre-
sponding dagger algebra. Suppose fi,..., fn are elements in A+ such that
|filsup < 1 fori=1,...,n. Then A" = A[f1,..., fn] is an admissible wcfg
algebra which is finite over A. Further, the canonical morphism 7 : Spwf A’ —
Spwf A coincides with the weak formal blowup of the coherent open ideal a =
(7" 7" f1,..., 7" fn) C A for some r chosen so that «" f; € A for all i. (Note
that this corresponds to [1, Lemma 2.8.5].)

Proof. Let R[(1,...,C(a]T — A be a surjective homomorphism with (i, ..., ¢,
some variables and let o : K(Cy,..., () — Ajigt be the induced surjection.
By Noether normalization for dagger algebras ([9, 1.4.2]), A+ admits a

finite injection K<<1,...,<d>T — K(gl,...,§n>T — Agt for some d € N.
Using Lemma 4.8(iii), f; (for some 1 < i < n) satisfies an integral equation

. . e /i
with coefficients a; € K(Cl,...,cd>T satisfying |fil,,, = mjax|aj|SL/lIJ). Since
| filsup < 1, the coefficients of the integral equation satisfy [a;|, = la;| < 1.

The images a; € A, t of these coefficients satisfy |a;|, < 1 and hence lie
in A. So A’ is integral and of finite type over A, hence finite over A. This
implies that A’ is an admissible wcfg algebra with associated dagger algebra
A/rigf = Arigf'

Consider the scheme theoretic blowup Y — Spec A of the ideal

a= (", 7" f1,..., 7" fn) C A

on Spec A. The ideal aA’ C A’ is generated by 7" and hence is invertible.
Therefore, using Proposition 3.2(b), Spec A’ — Spec A factorizes via Y.

The locus V in Y, where aOy is generated by 7", coincides with the image
of Spec A’. We claim that V =Y. Y is covered by (Spec 4;)i—o....» where
A=Al Th T

T fi w fi 7" fi
To prove the claim we show that aA; is generated by «". Suppose aA; is
generated by 7" f; for some i. Consider the inclusions 4; — A;[f;] — Arigf.
Since " € (7" f;)A;, and 7" is not a zero divisor in A;, f; is invertible in
A;[f;] with inverse f; ! € A;. Let ff +aiff ' +...+as = 0 be an integral
equation for f; over A;. Multiplying the above equation with fi_”1 € A; we
get fi+ar+ ...+ asfi_Sle = 0. Therefore, f; € A; and hence is a unit in A;,
which implies that, aA; is generated by 7". So, ¥ — Spec A coincides with

.....

/(m — torsion).

Miinster Journal of Mathematics VoL. 6 (2013), 271-294



290 ANDREAS LANGER AND AMRITA MURALIDHARAN

Spec A’ — Spec A. Taking weak completions and using [15, Thm. 1.5] we see
that Spwf A’ — Spwf A is the weak formal blowup of a on Spwf A. O

We can now prove the main result announced at the beginning and show that
rigJr induces an equivalence of categories:

Theorem 4.11. There is an equivalence of categories between

e the category (WfSch /R)s of quasi-paracompact admissible weak for-
mal R-schemes, localized by the class S of weak formal blowups, and

e the category Dag/K of quasi-separated quasi-paracompact K-dagger
spaces.

We prove that the functor rig! from the category of quasi-paracompact
admissible weak formal R-schemes to the category of quasi-separated quasi-
paracompact K-dagger spaces satisfies the condition of localization by the class
S of weak formal blowups, i.e. we show that rig’ is universal with respect to
functors from quasi-paracompact admissible weak formal schemes to a category
® such that weak formal blowups are mapped to isomorphisms. To show
this we can follow the proof in [1, Thm. 2.8.3], using Proposition 4.6 and the
following results (i, ii, iii and iv). In particular, the induced functor from the
category (Wf Sch /R)s to Dag/K remains faithful.

(i) Two morphisms of admissible weak formal R-schemes, ¢,¢ : X — 9
coincide if the associated morphisms ¢igt, ¥yigi * Xyigt — Dyigi coincide.

Proof. Consider the following commutative diagram of functors:

F

Formal completion

rigT l rigl

!’
K-dagger spaces - Rigid K-analytic spaces.

Then, from [9, Thm. 2.19], the functor F’ is faithful. From the proof of Ray-
naud’s theorem (as in [1, Thm. 2.8.3b]), the functor rig is faithful. Using [11,
10.6.10], the formal completion functor F is faithful. Therefore, rigT is also
faithful. O

Admissible weak formal R-schemes Admissible formal R-schemes

(ii) Let X,2) be quasi-paracompact admissible weak formal schemes with a
morphism @ : X,i,+ — ),4,1 between the associated dagger spaces. Then
there exists a weak formal blowup 7 : X’ — X and a morphism ¢ : X' — 2
of admissible weak formal schemes such that ¢,;,1 = ® o 74,1

Proof. Let us first consider the affine situation where X = Spwf A and 9 =
Spwf B and let ®# : B K = Byt — Augt = A ®g K be the morphism
induced from ®. Choose a surjection « : R[(1, ... ,CH]T — B with ((1,...,C)

some variables and let ax : K ((3, ..., Cn>T — Biigt be the induced surjection.
Note that [b|,, <1 for all b € B.
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Now, consider the composition of maps

e o7
R[Clv ceey Cn] — B <= Brig‘L - Arig*'

If f; denotes the image of (; in A1, then |fi|sup < 1, since ®# is contractive.
Using Lemma 4.10, A" = A[f1, ..., fu] is a wefg algebra satisfying A’ ;o1 = Ayt
such that 7 : Spwf A’ — Spwf A is a weak formal blowup. Further, ®# restricts
to a morphism B — A’ inducing a morphism ¢ : Spwf A’ — Spwf B which
satisfies @51 = P 0 T,3,r. This settles the assertion in the affine case.
Consider the general case, where X and ) are quasi-paracompact admissible
weak formal schemes. Fix affine open coverings of finite type 4 and U of X and
2) respectively and let 4,;,+ and U, be the induced admissible coverings of
X,igt and Q),5,r. Then ®1(V,y,1) is an admissible covering of X,;,+. Writing
each Ui € i, as a union of elements in <I>’1(’Brigf), we obtain a refinement
Wt of U1 which is an admissible covering of finite type and such that
each element of 2,;,+ is mapped by ® into some element in U,,r. Using
Lemma 4.7 for the covering 2, .+ of X1, we obtain a weak formal blowup
p: X' — X and an affine open covering i’ of X’ such that l',;,+ = W,;,+. Since
for any U’ € I, the associated open subspace U rligT of X,;,t is mapped to some
Viigt € Uiigi, using the result in the affine case, we can find a weak formal
blowup 7y : U” — U’ and a morphism of weak formal schemes ¢y : U" —
V < Y such that ¢y 5t = (I)|U’rigr O Ty yigt- Further, using 3.6 (a), there
exists a weak formal blowup 7 : X" — X’ satisfying the property that for each
U’ € Y there exists a corresponding unique morphism oy : 7= H(U’) — U”
such that ’7'|.,.—1(U/) = 7y o oyr. The morphisms ¢y o oy can be glued to
obtain a well defined morphism ¢ : X’ — 9). Further, the induced maps
under rig! satisfy By vigh © OU rigt = ®|Uﬁigf O T| 1) rigt- Now, using the

faithfulness of rig’ (4.11(i)) we see that the morphism ¢ constructed above
satisfies @ip1 = P 0 Tyiqt- O
We can in fact extend this result to show:

(iii) Let X and Q) be quasi-compact admissible weak formal schemes such that
the morphism between the associated dagger spaces ® : X j,+ = D,igt is
an isomorphism. Then, there exist weak formal blowups 7 : X’ — X and
¢ X' — Q) satistying ¢zt = P 0 Tyt

Proof. Using 4.11(ii) for the morphisms ® and ®~!, we obtain the following

diagram:

:{/ S;D/
><
X )
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where 71, 75 are weak formal blowups of coherent open ideals A C Ox, B C Oy
respectively and ¢1, ¢2 are morphisms of weak formal schemes.

Now, consider the weak formal blowing-up o1 of BOx on X’ and similarly,
the weak formal blowing-up o2 of AOgy, on 9)’. Due to the universal property
of blowups (Proposition 3.2(b)), ¢1 o oy factors through )’ via a morphism ¢,
and similarly, ¢5 o o9 factors through X’ via a morphism . Further, since
A C Ox remains invertible in Oz, using the universal property of blowups
for o9, we see that v factors through %)” via a morphism «; and similarly
1o factors through X” via a morphism as. Thereby, we obtain the following
diagram

[e5]

x —as @//
w)<

x! QJI
><

X 9.

Applying rig' to the above diagram, we obtain a diagram which commutes with
® and &' since all the blowups become isomorphisms under rig' (Proposi-
tion 4.6). Further, because the functor rig' is faithful (Theorem 4.11(i)), we
see that the above diagram is also commutative and so «; and g are inverse to
each other. Then, the assertion follows from the fact that the composition of
two weak formal blowups is again a weak formal blowup (Proposition 3.5). O

(iv) Let Xk be a dagger space which is quasi-paracompact and quasi-sepa-
rated. Then, there exists a quasi-paracompact admissible weak formal
scheme X such that X,;,1 ~ Xk.

Proof. Fix an admissible covering (X; i );cs of finite type consisting of quasi-
compact open subspaces X; g of Xx and consider first the case when J is
finite. We may assume that X; g is affinoid for all ¢ € J (]9, Prop. 2.8]). We
prove the assertion by induction on the number of elements in the covering of
X k. For the case when the covering consists of a single element, X = Sp Ag
where Ag is a dagger algebra, fix a surjection K ((1,.. .,Cn>T — Ag. The
image of R[(i,.. .,Cn]T under this surjection is a wcfg algebra, denote this
by A. Then Spwf A is a weak formal model of Sp Ax. Now, assume that
XK = X1,k U X2,k where X1 g and X2 g are quasi-compact open subspaces
of Xx admitting weak formal models X; and Xo respectively. Since Xy is
quasi-separated, Ux = X1 x N X2 i is quasi-compact. We can now choose a
finite covering of X; g by affinoid subdomains and restrict it to Ux to get
a finite admissible covering of Uk consisting of affinoid subdomains. Using
Lemma 4.7 we obtain a weak formal blowup X} — X; such that the open
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immersion Ux — X g is induced by an open immersion U; — X}, where
Uy vigt = Uk. Similarly, using Lemma 4.7 for X2 x we obtain another weak
formal model Us for Ug. Applying Theorem 4.11(iii), we obtain weak formal
blowups U — Uy and U — U; which can be extended to weak formal blowups
X] — X1 and X§ — X3 (Proposition 3.4). Now, X/ and X} can be glued along
U to obtain a weak formal model X such that X,;,+ = Xk. Following the proof
in [1, Prop. 2.8.3e] and using Proposition 3.4, we can extend this construction
to the general case. O

This completes the proof of Theorem 4.11.

Corollary 4.12. Let X be a separated K-scheme of finite type. Then the
dagger space x1i8" obtained via the dagger analytification functor ([9, 3.3]) is a

separated and quasi-paracompact dagger space and hence admits a weak formal
model X .

Proof. The rigid analytification functor ([1, §1.13]) associates a partially proper
rigid analytic space X¥''® to X. Furthermore, X"¢ is separated and quasi-
paracompact ([1, Prop. 2.8.6]). Using [9, 2.27], one can associate a partially
proper dagger space xris’ o xvE. It is clearly quasi-paracompact, since they
have the same underlying topological spaces. Further, using [9, 2.19.4], we see
that X8 is separated, so that xrie’ i separated as well. O
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