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Abstract. We consider the Laplacian associated with a general metric in the canonical
conformal structure of the noncommutative two torus, and calculate a local expression for
the term a4 that appears in its corresponding small-time heat kernel expansion. The final
formula involves one variable functions and lengthy two, three and four variable functions
of the modular automorphism of the state that encodes the conformal perturbation of the
flat metric. We confirm the validity of the calculated expressions by showing that they
satisfy a family of conceptually predicted functional relations. By studying these functional
relations abstractly, we derive a partial differential system which involves a natural action
of cyclic groups of order 2, 3 and 4 and a flow in parameter space. We discover symmetries
of the calculated expressions with respect to the action of the cyclic groups. In passing,
we show that the main ingredients of our calculations, which come from a rearrangement
lemma and relations between the derivatives up to order 4 of the conformal factor and those
of its logarithm, can be derived by finite differences from the generating function of the
Bernoulli numbers and its multiplicative inverse. We then shed light on the significance of
exponential polynomials and their smooth fractions in understanding the general structure
of the noncommutative geometric invariants appearing in the heat kernel expansion. As an
application of our results we obtain the a4 term for noncommutative four tori which split as
products of two tori. These four tori are not conformally flat and the a4 term gives a first
hint of the Riemann curvature and the higher-dimensional modular structure.
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1. INTRODUCTION

In noncommutative geometry the paradigm of a geometric space is given
in spectral terms, and the local geometric invariants such as the Riemannian
curvature are extracted from the functionals defined by the coefficients of heat
kernel expansion. One of the new features of the theory which is entirely due
to noncommutativity is the modular theory which associates to a state a one
parameter group of automorphisms of the ambient von-Neumann algebra mea-
suring to which extent the state fails to be a trace. When the state is associated
to the volume form of a metric, a deep interplay arises between the local geo-
metric invariants and the modular automorphism group. More specifically, the
local geometric invariants of the noncommutative two torus T equipped with
a curved metric are computed by calculating the coefficients that appear in the
small-time heat kernel expansion of the Laplacian associated with the metric
[15, 14, 20, 23]. The canonical flat metric of T% can be perturbed conformally
by means of a Weyl factor e’ € C°(T%), where the dilaton h is a smooth
selfadjoint element [15]. The effect of this perturbation is that the canonical
trace or the flat volume form ¢y of the noncommutative torus is replaced by
a state ¢, and the trace of the heat kernel exp(—tA,,) of the Laplacian A, of
the curved metric has an asymptotic expansion with complicated coefficients.

That means there are unique elements az, € C°°(T%) such that for any
a € C°°(T3), as the time t — 0T, there is an asymptotic expansion of the
form!

(1) Trace(aexp(—tAy)) ~ 1t~ (po(aao) + po(aa)t +po(aas) t* +---).

In fact, each term aso, is a curvature related invariant of the noncommutative
torus T% equipped with the curved metric.

1By the construction, since on a noncommutative torus of dimension m we use the nor-
malized trace as the analog of the integration on the m-dimensional torus T™ = (R/27Z)™,
we incorporate in our calculations the overall multiplicative factor (27)™ for the geometric
invariants.
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The exploration of the interplay between the local geometric invariants
and the modular automorphism group has involved over the years alternat-
ing periods of hard calculations and conceptual understanding of their meaning
[15, 14, 20, 22, 23]. So far one has reached a good understanding of the terms ag
and as in the heat expansion (1). The term ay is related to the volume, whose
connection with the analog of Weyl’s law and the trace theorem of [6] is studied
in [19]. The term ao, which is related to the analog of scalar curvature and
the Gauss—Bonnet theorem for the noncommutative two torus [15, 18], is cal-
culated and studied in [14, 20, 23]. The present paper investigates for the first
time the hard calculation of the term a4 € C°°(T%) appearing in (1). Due to
the fact that the process of calculating this term involves exceedingly lengthy
expressions and at times involves manipulations on a few hundred thousand
terms, only the final outputs of the calculations are written in this paper.

Our key result is that we could confirm the validity of the lengthy calcu-
lations by checking that the final expressions satisfy a family of functional
relations, conceptually proved along the lines of [14]. We derive a system
of partial differential equations from the functional relations by specializing
them to certain hyperplanes and study symmetries of certain combinations of
our expressions with respect to a natural action of cyclic groups of order 2, 3
and 4 on the differential system. We also pay special attention to the general
structure of the several variable functions that appear in the expression of the
term a4, which is closely related to the fact that the main ingredients of such
calculations can be derived by finite differences from the generating function
of the Bernoulli numbers and its inverse.

The results of this paper are presented in two main different parts. The first
consists of Sections 212, where we mainly address the mathematically abstract
work carried out for the calculation of the term as € C°°(T?%) and exploring its
properties. The second part, which is roughly the last 50 pages, is formed by
the appendices, where we present final outputs of our calculations that have
lengthy expressions, in their simplified form. The aspect of this part of the
paper shows that a far more suitable mean for communicating these lengthy
expressions is to make them available in a mathematical program notebook,
which is done in [8]. This in particular makes it easy to test further phenomena
related to the analog of the Riemann curvature in noncommutative geometry.

In Section 2 we recall necessary preliminaries about the canonical translation
invariant conformal structure on the noncommutative two torus T%, the Lapla-
cian associated with a general metric in the conformal class, and the explicit
formula for the term as appearing in the expansion (1). In Section 3 we write
the final expression for the term ay € C°°(T%) in the expansion, which involves
one, two, three and four variable functions of a modular automorphism. We
then present one of our main results, namely a family of functional relations
that the several variable functions satisfy. As we shall see, it is quite interesting
that finite differences of the inverse of the generating function of the Bernoulli
numbers play an important role in the functional relations. In Section 4 we
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derive a partial differential system from the functional relations by specializ-
ing them to certain hyperplanes, and study symmetries of our finite difference
expressions with respect to a natural action of cyclic groups of order 2, 3 and 4
on the system as well as a natural flow associated to the differential system. In
Section 5, we explain the method of proving the functional relations, and prove
a series of lemmas that will be used in Section 6 for calculating in terms of finite
differences the gradient of the map that sends the dilaton h = h* € C>(T?%)
to the trace of the term a4. Section 7 presents functional relations among
functions that appear in the differential system. Some of the relations of this
type, because of their lengthiness, are written in Appendix B.

In Section 8 we explain the details of our calculation of the term a4, which is
based on using the pseudodifferential calculus developed in [3], a rearrangement
lemma, and a lemma proved in Section 6 that relates the derivates up to order 4
of the conformal factor e” € C°°(T%) and those of the dilaton k. In particular,
we show that all functions of several variables appearing in these lemmas can be
constructed by finite differences from the generating function of the Bernoulli
numbers and its inverse. By employing these tools and performing heavy
calculations, we find the expression for the term a4 and explicit formulas for
the functions of one to four variables that appear in the final formula. The one
and two variable functions are presented in Section 9, while, because of having
algebraically lengthy expressions, the three and four variable functions are
presented in Appendix C. We confirm the accuracy of our heavy calculations by
explaining that the final functions check out the functional relations presented
in Section 3 and in Appendix A. In Section 10, we explain why each local
function appearing in the expression of the term a4 is a rational function in
variables s; and e®/2, whose denominator has a nice product formula that
vanishes on certain hyperplanes. Moreover, we show that the coefficients of
the numerator of each function satisfy a family of linear equations.

In Section 11 we explain how the explicit formulas for the term a4 for T2
provide a first glimpse of the Riemann curvature beyond the conformally flat
case. Indeed it yields the term a4 for the four-dimensional noncommutative tori
obtained as products of two noncommutative two tori and such spaces are gen-
erally not conformally flat. Moreover, they possess a natural two-dimensional
modular structure, given by an action of R? by automorphisms, obtained from
the modular structure of the factors, while the measure theory given by the
determinant part of the metric only involves the restriction of this action of R?
to the diagonal. This gives a strong motivation to develop conceptually the
more general notion of twisting suggested in particular in [4] and which plays
a fundamental role in the work of H. Moscovici and the first author [11] on the
transverse geometry of foliations and the reduction by duality to the almost
isometric case.

Our main results and conclusions are summarized in Section 12.
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2. PRELIMINARIES

We consider the noncommutative two torus Tz, whose algebra C(T?%) is the
universal C*-algebra generated by two unitary elements U and V that satisfy
the following commutation relation for a fixed irrational real number 6:

VU =20 v,

We have a C*-dynamical system by considering the following action a of the
ordinary two torus T? = (R/27Z)? on the algebra C(T%) of the noncommuta-
tive torus. For any (s1,s2) € T2, one can define

Qs . = ellmsitns2)gmyn = m n € 7.
2 (s1,50)([UTVT) = ellmsitns2) gmy, Z

This definition extends to an automorphism of the C*-algebra C(T?%), which
is the noncommutative analog of translating a continuous function defined on
the torus T2 by (s1, s2).

Associated with the above action «, there are two infinitesimal genera-
tors §; and d2, which are derivations on the space of smooth elements C(T3)
in C(T2). More precisely, C*°(T%) consists of all elements z in the noncom-
mutative torus such that the mapping (s1, s2) — Qs ,s,)(2) from T? to C(Tj)
is a smooth map. Indeed, C*°(T?%) is a dense subalgebra of C(T%), and it can
alternatively be described as the space of all

T = Z .y UV

m,neZ
such that the sequence of complex coefficients (am,,») is rapidly decaying in the
sense that

SUp @, n|(1 + [n| + [m])* < oo,
m,nez

for any non-negative integer k. Therefore, each of the derivations ¢; and d2 on
C*°(T%) is characterized by its action on the generators U and V, which are
in fact given by

SIUY=U, 8,(V)=0, &(U)=0, V)=V

While 6; and §; are respectively the analogs of the differential operators
—i(0/0s1) and —i(0/0sz2) on the ordinary two torus, we also have an analog
of the integration or volume form of the flat metric. The latter is provided by
the unique normalized tracial state g : C(T2) — C, which is defined on the
smooth dense subalgebra C*°(T%) by

g00< Z ammUmV”) = ap,0-

m,ne”Z

In fact, the uniqueness of this trace is due to the irrationality of 8. An impor-
tant property of the trace ¢q is its invariance under the action «, which yields

Spooéjzoa j:1727
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hence the analog of integration by parts:
po(2105(x2)) = —po(d;(x1) 22), x1,22 € C=(T}).

Following [15], we consider a complex structure on the noncommutative two
torus by setting the analog of the Dolbeault operators to be

O =01—idy: C®°(T2) C Ho — HIY, 9 =081+ : C°(T2) € Hy — HOY,

where the Hilbert spaces Ho, H19, 71 are defined as follows. The Hilbert
space Hy is the completion of C(T2) with respect to the inner product

(x,y> = @Q(y*ﬁ), T,y € C(Tg)

In order to define the Hilbert space H(19), which is the analog of the space of
(1,0)-forms, we need to consider the bimodule over C*°(T%) of finite sums of
the form > a;0(b;), a;,b; € C°°(T3), and complete it with an inner product
that comes from a positive Hochschild cocycle. The Hilbert space H(©1) is
obtained similarly by a completion of the space of finite sums of the form
> a;d(bi), a;,b; € C>(T32). The positive Hochschild cocycle, which encodes
the conformal structure of the metric [7] on T3, is defined by

w(xvyaz) = _QPO(xa(y) 8(2))7 T,Y,2 € Coo(rﬂ‘%)’
and the inner product for %9 is given by

(210(y1), 220(y2)) = Y(T521,Y1,Y3)s  T1,Y1, T2, Y2 € C(T3).

With this information, we can now calculate the Laplacian associated with
the flat metric
A =090 = 0% + 62,
which is an unbounded selfadjoint operator acting in the Hilbert space Hg.
By using a positive invertible element e? € C°°(T%), where h is a smooth
selfadjoint element, one can vary the metric inside the conformal structure.
That is, one can consider the state ¢ : C(T%) — C defined by

(3) p(x) = po(ze™), x € C(T}),
which is the analog of the volume form of the conformal perturbation of the
flat metric. We consider the Hilbert space H,, obtained from completing C(T3)
with respect to the inner product

(€, 9) = p(y"z), z,y € C(Tf).

Clearly, the adjoint of the operator d, = 0 : H, — H(?) depends on the
conformal factor e. Tt is shown in [15] that there is an anti-unitary equivalence
between the Hilbert spaces Ho and H, that identifies the Laplacian

D= 050, Hy — He,

with the operator e/2/Ae"/? acting in M. Therefore, we make the identifica-
tion
(4) Ny = 2N Hy — H.

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



THE TERM a4 IN THE HEAT KERNEL EXPANSION OF NONCOMMUTATIVE TORI 245

A purely noncommutative feature in the calculation of the terms as, €
C>(T%) in the small-time asymptotic expansion (1) of Trace(aexp(—tA,,))
is the appearance of the modular automorphism of the state ¢ in the final
formulas. That is, the linear functional ¢ given by (3) is a KMS state that
satisfies the condition

p(zy) = p(yoi(r)), x,y € C(TF),
for the 1-parameter group of automorphisms {c:}:er defined by
or(x) = ehze 1 € O(T2).

Clearly, the modular automorphism o; acts by conjugation with e™", and its
logarithm is thereby given by

V(z) :=logoi(r) = —ady(x) = —hx +zh, x € C(T}).
The final formula for the second term in the expansion (1), which is calculated
in [14, 20], is given by
(5) a2 = Ri(V)(07(£) +05(£)) + Ra(V, V)(81(€) - 61(€) + 02(0) - 2(0)),
where

(= g € C™=(T3),

o s
Ri(s1) = < 7T(2(4_—1641r(e_512)j;1) o)
cosh[sz]s1(s1 + s2) — cosh[s1]sa(s1 + s2)
sinh[%] sinh[%2] sinh?[$ (s + s2)]s152(s1 + 82)
(s1 — s2)(sinh[s1] + sinh[ss] — sinh[s] + s3] + 81 + $2)
sinh[%] sinh[%2] sinh?[$(s1 + s2)]s152(s1 + 82)

3

RQ(Sl, 52) = 47

+ 4

Let us explain that, in general, given a rapidly decaying smooth function L
defined on the Euclidean space R™ and elements x1,...,x, in the algebra
C(T?%) of the noncommutative torus, we consider the calculus defined by

L(V,...,V) (a1 -x,) = / o (1) op, () glt1, ... ty) dty - -+ dtpy,

where the function g is obtained by writing the function L as a Fourier trans-
form:

L(s1,...,8,) = / e ihisitttnsn) g g Yty - dby,.

3. THE TERM a4 AND ITS FUNCTIONAL RELATIONS

We start this section by writing an expression for the term ay € C*°(T?%)
appearing in the small-time heat kernel expansion (1), which involves 20 func-
tions of one to four variables that are denoted by Ki,..., Ksy. We will then
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proceed to present one of our main results, namely a family of functional rela-
tions that are satisfied by the functions K, j = 1,...,20. Using the notations
provided in Section 2, we have

in
Ky

= —e* (Kl(V)(5f5§(€)) + K2(V)(61(6) + 65(6))

+ K3(V, V)((8102(6)) - (6182(£))) + Ka(V, V)(67(€) - 55(¢) + 05(£) - 63 (£))

+ K5(V, V)(65(0) - 67 (€) + 63(0) - 65(6))

+ Ko(V,V)(01(£) - 67(€) + 01(€) - (8105(€)) + 62(€) - 05(0) + 82(£) - (6762(0)))
+ Ko (V, V)(67(€) - 61(0) + (8105(€)) - 01(€) + 65(€) - 62(0) + (8182(0)) - 0(¢))
+ Ks(V, V,V)(01(6) - 81(€) - 05(£) + 82(€) - 62(£) - 63 (¢))

+ Ko(V, V, V) (01(€) - 02(£) - (6102(£)) + d2(€) - 01(£) - (6102(¢)))

+ K10(V, V, V)(61(€) - (6102(€)) - 62(€) + 62(€) - (6102(€)) - 61(¢))

+ K1 (V,V,V)(61(6) - 53(6) - 81(6) + 8(0) - 82(0) - 65(0))

+ K12(V,V,V)(67(0) - 62(£) - 62(€) + 65(£) - 61(€) - 61.(€))

+ K13(V, V, V) ((6162(£)) - 61(£) - 62(£) + (3102(€)) - 02(€) - 61(¢))

+ K1a(V, V, V)67 () - 61(€) - 61(£) + 85(€) - 82(0) - 52(€))

+ K15(V, 9, V)(31(0) - 81(6) - 52(6) + 02(6) - 65(0) - 63(0))

+ K16V, 9, V)(81(0) - 83(6) - 81(0) + 82(6) - 63(0) - 55(6))

+ K17(V,V,V,V)(61(€) - 61(€) - 92(£) - 62(£) + 02(£) - 62(£) - 61(€) - 61.(€))

+ Kus(V. 7, V. 9)(01(6) - 82(6) - 51(0) - 52(€) + 82(6) - 81(6) - 82(6) - 51(8))

+ K19(V, V, V, V) (81 (£) - 62(£) - 02(€) - 61(€) + 62(£) - 61.(£) - 61(€) - 62(¢))

+ KooV, 9,9, )(01(0) - 51(0) - 51(0) -61(0) + 82(0) - 82(0) - 82(0) - 52(0))-
Explicit formulas for the one and two variable functions K7, . .., K7 are given

Section 9, and lengthy formulas for the three and four variable functions
, ..., Kog are provided in Appendix C.
In order to present the functional relations, it is convenient to define mild

variants K; of the functions K, j =1,2,...,20, which are given by

(7)

K;(s1,52,83,84) =

~ 1 sinh(%) )
Kj(sl) = 5 51 2 K](Sl)) J = 1725
2
~ 1 sinh(s1ts2 )
Kj(51;32):§%1(j(51;32)7 J=34,....7,
2

. 1 sinh(2tsztes)

K;(s1,5892,83) = K;(s1,592,53), Jj=28,9,...,16,

? S1+S2+83
2

i sinh( 51+S2-553+S4 )
24 S1+82+83+84
2

K;(s1,82,83,54), j=17,18,19,20.
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We also need to introduce the following functions k;, j = 3,4,...,20, which
are derived from the main functions by setting
(8) kj(sl):Kj(Sl,—Sl), j:3,...,7,
kj(sl,SQ):Kj(sl,SQ,—Sl—Sg), j:8,9,...,16,
kj(s1,52,53) = Kj(s1,52,53,—s1 — 52 — 83), j = 17,18,19,20.

The following functions Gy, G2, G3, G4, which are constructed in Lem-
mas 6.5, 6.6 and 6.7, play an important role as well in the functional relations.
They are given explicitly by

e’ — 1
(9) Gi(s1) = :
s1
e®1((e®2 — 1)s1 — $2) + 2
5152(51 + 52)

Ga(s1,52) =

)

G3(s1,82,83) =

e’ (e°2 1935155 (s1452)+(s1+52+53)((s1+52)s3—€ 251 (s2+53))) —s253(s2+53)
s152(s1+s2)s3(s2+s3)(s1+s2+s3) )

a (S So. 5.5 )_ 631+52(S2(S1+521)(S3+54) - (S2+53)(Se15i52+53)54)
451,952,953, 94 53
1 el
+ (s1+52)(51+52+53)(s1+82+853+854)  s2(82+53)(82+53+54)
S1
681+82+S3+S4

* s4(s3+ s4)(s2 4 53+ 54)(s51 4+ 52 + 83+ 54)

At this stage, we are ready to present the functional relations explicitly. It
is worth emphasizing that the proof of these relations requires a significant
amount of work, which is carried out in Section 5 and Section 6. That is,
the proof is based on calculating the gradient of the map that sends a general
dilaton h = h* € C*°(T3%) to po(as), in two different ways: first, by using a fun-
damental identity proved in [14], and second, by using the Duhamel formula
to find a formula in terms of finite differences.

Theorem 3.1. Using the above notations, the functions of one to four vari-
ables K1, ..., Koo appearing in expression (6) for the term ay € C*°(T%) satisfy
the functional relations presented in the following subsections and in Appen-
diz A, in which each variant K; of the function K; is expressed as finite
differences of the involved functions.

Proof. The functional relations are derived by comparing the corresponding
terms in the final formulas for the gradient

d
e |._y Polas(h +ea)),

where h,a € C>°(T?%) are selfadjoint elements, calculated in two different ways.
The first method is explained in the beginning of Section 5, which gives rise to
formula (52) where the variants K; of the functions K; appear. The second
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method is based on employing the lemmas proved in Section 5 and performing
the calculations explained in Section 6 to calculate the above gradient in terms
of finite differences. g

In each of the following subsections, the functional relations associated with
the functions that depend on the same number of variables are given. We use
the Mathematica computing system [8] to check that our calculated functions
satisfy this family of highly nontrivial functional relations.

3.2. The functions §1,§2. In this subsection we present the functional
relations associated with the one variable functions K7, K5 defined by (7).

3.2.1. The function K. By using the identity (52) and considering the spe-
cific function of V that acts on §262(h) in the final formula for the gradient
d% |€:0 wo(as(h + ea)) as calculated in Section 6, we have

1 1 1 1
(10) Kl(sl) = ——7TG1(81) + —eslkg(—sl) + Zk‘g(sl) + §€Slk4(—81)

15 4
1 1 1 1

=+ 5/{}4(81) — §€Slk6(—81) — 5/{}6(81) — 5681167(—51)
1 (et —1)

~gkrls) = =g

3.2.2. The function K. Tt is clear from the explicit formulas presented in Sec-
tion 9 that the function K is a scalar multiple of the function K. Therefore,
it is interesting to see that the following functional relation, which has different
ingredients compared to those for K 1, gives the same function up to a scalar
multiplication. For the second function we have

~ 1 1 1 1
(11) Kg(sl) = ——ﬂ'Gl(Sl) + —651k5(—81) + Zk5(81) — —eslkﬁ(—sl)

30 4 4
1 1, 1 m(est —1)
- 4k)6(81) - 46 k7(—$1) — 4k57(81) — 3081

3.3. The functions K. Byeee K. 7. In this subsection we present the functional
relations associated with the two variable functions Ks, ..., K7 defined in (7).

3.3.1. The function K. Similarly to the case of the one variable functions, by
using the identity (52) and considering the specific function of V that acts on
6102(h) - 6162(h) in the final formula for the gradient < .o Polas(h + ca))
as calculated in Section 6, we obtain the following functional relation for the
function I~(3:

(12) K3(s1,52)

1 1 1
= E(—4)7TG2(81782) + 5]68(81,82) + Zk9(81782)

1 4 4 1 1
— 16 1+ 2k9(—81 — 82781) — Ze 1k9(82, —S1 — 82) — Zk10(81’82)
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1 o 4s 1
-7¢ 1h82 ke 0(—s1 — s2,81) + 1€ Yk10(s2, —s1 — $2)

S 1 S S 1
+ =€e*tki1(s2,—s1 — $2) + ¢ 1152 ko (=81 — 82, 81) — Zk13(51752)

— o =

1
+ e 25 (=51 — 52,51) — 165%13(827 —S1 — S2)

=

+ €2 G(s1)ks(—s2) + iGl(Sl)kS(&) — Gi(s1)ke(s2)
(es1752 — 1)k3(s1) I k3(s2) — k3(s1 + s2)

— 652G1 (81)k7(—82) +

4(s1 + s2) 481

ks(s1+ s2) — k3(s1) | ke(s1) —ke(s1+ s2)  ke(s1+ s2) — ke(s2)

+ + +
LED S2 S1
n et (k7(—s1) — €®2k7(—s1 — s2)) n e’ (e*kr(—s1 — s2) — k7(—s2))
S2 S1

€2 (e’ 1ks(—s1 — s2) — k3(—s2))  €°(ks(—s1) — e*2k3(—s1 — s2))
N 481 B 482
_ e®1 (kg(—sl) + 6521€3(81) — 652]€3(—82) — ]f3(82))

4(s1 + s2) '

3.3.2. The function K 4. By making another comparison between the term con-

taining the function K4 in (52), and the corresponding function coming out of
the calculations in Section 6, we have

(13)  Ka(s1,s2)

1 1 446 1
= ——7Ga(s1,82) — 3¢ 1H82 e (—s1 — s2,81) — 3 Ykg(s2, —s1 — $2)

15

1 1., 1
+ §k9(81,82) + i kio(s2, —s1 — s2) — §k11(81, s2)

1 4 46 1 1
— 3¢ 1152k (=51 — 82, 81) — §k12(81782) -3¢ Yk12(s2, —s1 — $2)

1 o 4 1 1
+ ge 1+ 2]€13(—81 — 82781) + Ze 2G1(81)]€4(—82) + ZGl(Sl)]f4(52)

1 1, (e 1752 — 1)ky(s1)

4G1 (81)/€6(82) 46 Gl(Sl)k7( 82) + 4(81 T 82)

ka(s2) — ka(s1+ s2) | ka(s1+ s2) —ka(s1) | ke(s1) — ke(s1 + s2)
+ + +

481 482 452

ke(s1+ s2) — ke(s2) | €’ (k7(—s1) — €*2k7(—s1 — s2))

+ +
451 4s2

652 (eslk7(—81 — 82) — k7(—82)) 652 (651]€4(—81 — 82) — k4(—82))

+ —
451 451
e (ka(=s1) —eka(=s1—52)) €12 (ka(s1) — ka(—s2))
452 4(s1 + s2)
e’ (ka(—s1) — ka(s2))

4(81 + 82)
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3.3.3. The function I~{5, By a similar comparison, we have
(14) Ks(s1,52)
1 1 L s+
= —gﬂ'G2(81,82) - §k14(81,82) + 1° k1a(—s1 — s2,81)

1 1 1 4 46
— 3¢ Yk14(s2, —51 — s2) + Zk15(81782) 3¢ 152k 5(—s1 — 52, 51)

1 1 1 g4s
— 3¢ Yk15(s2, —s1 — 82) — §k16(31732) -3¢ 152k 6(—s1 — 52, 51)

1 1 1
+ 1€ Yki6(s2, —s1 — s2) + 1° 2G1(s1)ks(—s2) + ZGI(Sl)k5(52)

s1+s2 _
ks(s2) — ks(s1+ s2) | ks(s1+s2) —ks(s1) | 3(ke(s1) — ke(s1 + s2))
+ + +
451 489 4s2
3e’t (k7(—s1) — e*2k7(—s1 — s2)) n 3e’2 (e kr(—s1 — s2) — k7(—s2))
482 481
e®2 (eslk5(—51 — 82) — ]f5(—82)) 3(I€6(82) — ]f6(81 + 82))
481 N 481
esl (k5(—81) — 682]65(—81 — 82))
- LED
e’ (ks(—s1) +e%ks(s1) — e®ks(—s2) — ks(s2))
4(81 + 82) '

+

3.3.4. The function Kg. In (52) we see that the operator K¢(V,V) acts on
two different elements that are not the same up to switching d; and d2, namely
§1(h) - 83(h) and 61(h) - 6163(h). By looking at the corresponding finite dif-
ference expressions in the result of the second gradient calculation performed
in Section 5 we find the following basic equations for Kg(s1,s2). From the
expression associated with the term d;(h) - 03 (h) we find that

(15) Kq(s1,52)

1

1 ot 1
= E(—Q)WGz(shsz) + 3¢ 1H82 0 (—s1 — S2,81) — 3¢ Yk14(s2, —51 — 52)

1 1. .. 1
+ §k15(51,52) — 3¢ 1F92 g5 (—51 — 82,81) — §k16(51752)
1 1 1
+ geslkls(SQ, —s1— $2) + 5652G1(81)k5(—52) + §G1 (s1)ks(s2)
1 3 3 &
— Ze 2G1(81)k6(—82) — ZGI(Sl)]%(SQ) — 16 2G1(81)k7(—82)
ks(s2) — ks(s1+s2) (€172 — 1)ke(s1)

— L sk (s0) +

4 281 4(81 + 82)
e®? (651k6(—81 — 82) — k6(_82)) k6(81) — ]f6(81 + 82)
+ +
45, 452
et (kr(—s1) — € 2k7(—s1 — s2)) | 3e°2(e’ kr(—s1 — s2) — k7(—s2))
+ +
459 4s1
k7(s1+ s2) — k7(s2)  €°2(e® ks(—s1 — s2) — ks(—s2))
+ p—
451 2s1
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3(ko(s2) — ke(s1 4 s2)) e 72 (ke(s1) — ke(—s2))

451 4(s1 + s2)
_ €M (kr(=s1) — kr(s2))
4(81 + 82) '

Moreover, the expression associated with the term &1(h) - d163(h) as explained
above yields:

(16) IN(G(ShSz)

= S (~2)mGia(s,52) + 1€ G (s0)hs(—s2) + 1 Ga (s1)ha(s2)

15
1, 1 1— et
+ 3¢ 2G1(s1)ka(—s2) + §G1(81)k4(82) + ( 4(6_51 _)55)(81)

e*17°2 (ke (—s2) — ko (s1))
4(s1 + s2)

1
7€ 2G1(s1)ke(—s2) +

51+S2]€ _ _ —e2ka(— 3
L e 6(—s1 48812) e*2ke(—s2) —ZGl(Sl)kG(SQ)
3(k6(51 + 52) - kG(SZ)) _ §652G1 (51)k7(—52)
481 4

3(e*1+52 k(=51 — 83) — €2k (— 1
(e 7(—s1 48812) e k7(—s2)) —ZGl(Sl)kW(SQ)

el (kr(s2) — kr(—s1)) n k7(s1 + s2) — k7(s2)
4(s1 + s2) 41

+

1
+ +§k8(31732)

1 S S 1 1 S S
— ¢ 1H82 e (—s1 — s2,81) + gkg(shsz) —3° 1F82 10 (—s1 — 82, 51)

1 1, 1
— gklo(shsz) + 3¢ Yk10(s2, —s1 — s2) — gku(shsz)

1 S 1 S S

+ 3¢ Yk11(s2, —s1 — s2) + e 152 ko (—51 — 52, 51)
1 1 oi4s

-3¢ Tki2(s2, —s1 — s2) + 3° 152 13 (—51 — 52, 51)

e 192k, (—51 — 53) — e52ka(—s2)

L
— 3¢ Yk13(s2, —s1 — 82) —

281
ka(s1+82) — ka(sa)  e517%2k3(—s1 — 52) — e2k3(—s2)
B 281 N 481
ks(s1 + s2) — k3(s2)  ke(s1+ s2) — ke(s1)
B 481 N 482
e 192k (—51 — 52) — e kr(—s1)
a 4s9 '

3.3.5. The function K7 The situation for the last two variable function K7

is similar to that of K¢ in the sense that the operator K7(V,V) in (52) acts
on two different types of elements that are different even modulo switching d;
and d. By finding the finite difference expression of the modular operator that
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acts on §3(h) - 61(h) in the second gradient calculation of Section 5, we have

17) I~(7(51,52)
1

1 1 sits
= 1—5(—2)7TG2(81,82) — §k14(81,82) + ge 1+ 2]€14(—81 — 82781)

1 1 1 g4
+ gkls(Sl,Sz) — 3¢ Yki5(s2, —s1 — $2) — 3¢ 1h82 k. 6(—s1 — s2, 81)

1, 1 1,
+ 3¢ Yk16(s2, —81 — 82) — ZGl(Sl)kG(SQ) — 3¢ 2G1(s1)k7(—s2)

ks(s1+ s2) — ks(s1) |, €’ (ke(—s1) — €®2ke(—s1 — 52))
+ +
259 4s2
3(ke(s1) — ke(s1 + s2)) ke(s1 + s2) — ke(s2)
+
459 4s1
(es1752 — 1)k (s1) n 3e°t (k7(—s1) — e*2k7(—s1 — s2))
4(s1 + s2) 4so
e’2 (eslk7(—81 — 82) — k7(—82)) k7(81) — ]f7(81 + 82)
_|_
4s1 489
€% (ks(—s1) — e*?ks(—s1 —s2)) e (ke(—s1) — ko(s2))
2592 4(s1 + s2)
e 172 (kr(s1) — kr(=s2))
4(81 + 82) '
The finite difference expression associated with the element 8105 (h) - §1(h)
as explained above gives another basic identity:

(18) 1?7(51,52)

: (=2)7Ga(s1, 52) + €192k (—s1 — s3) — " ks(—s1)

+

+

+

- E 482
ks(s1+ s2) — ks(s1) | € 7°2ky(—s1 — 52) — " ka(—s1)
+ +
49 252
n k4(81 + 82) — k4(81) _ 1 e®1 (k6(82) — ]f6(—81))

ZGI (s1)ke(s2) +

(1— e ™2 ks (s1)

252
k6(81 + 82) — k6(82)

4(s1 + s2)
+

1
+ — —e€ 2G1(81)k7(—82)

481 4(—81 — 82) 4
651+82 (k7(—82) — k7(81)) 651+82k7(—81 — 82) — 652]67(—82)
+
4(s1 + s2) 4s1

1 1, 1
+ §k8(81782) —g¢ Ykg(s2, —s1 —s2) + §k9(81782)

— %eslkg(s% —81 — S2) — éesﬁszklo(—& — 52,51)
1 S 1 S S
+ 3¢ Yk1o(s2, —81 — 82) — 3¢ 192 k1 (—s1 — 82, 81)
1., 1
+ 3¢ Yk11(s2, —81 — $2) — §k12(51752)
1 si4s 1
+ ge iF 2k12(—s1 — s2,581) — §k13(81752)
+ l6514'5214713(—51 — 82,81) — e k(=51 — sa) — e ko(=s1)
8 ’ 452
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_ 3(1€6(81 + 82) — kG(Sl)) _ 3(681+82k7(—81 — 82) — eslk7(—81))
459 4s2
 kr(s1+ s2) — ke(s1)
482 '

3.4. The functions KS, ee ,Km. In this subsection we present the func-
tional relation associated with the three variable functions Ky defined by
(7). Since the functional relations for the functions Ky, ..., K16 are similarly
lengthy, for the sake of completeness, they are provided in Appendix A. Simi-
larly to the previous functions, these functional relations are derived by using
the identity (52) and by making a comparison with the corresponding terms
in the result of the gradient calculation carried out in Section 6.

3.4.1. The function Ks. We have

(19) Eg(81,82783)
1 1
= 1—5(—2)71'03(81,82,83) + 56 3G2(S1,82)k4(—83)
_ e®3(e®2s1kg(—so—s3)+e 2soky(—sa—s3)—e 1 259ky(—s1 —s9—s3)—s1ka(—s3))
2s1s2(s1+s2)

G1(s1)(ka(s3) — ka(s2 + s3))
252
s1ka(s3) — s1ka(s2 + 53) — s2ka(s2 4 53) + s2ka(s1 + s2 + s3)
2s152(s1 + s2)
" G1(s1)(ke(s2) — ke(s2 + s3))

1
+ §G2(817 s2)ka(ss) +

—+

1
— §G2(817 82)k6(83)

453
" ke(s2) — ke(s1 + s2) — ke(s2 + s3) + ke(s1 + s2 + s3)
45183
n —s3ke(s1) 4 s2ke(s1 + s2) + sake(s1 + 52) — s2ke(s1 + 52 + s3)
4s253(s2 + s3)
" —s1ke(s3) + s1ke(s2 + s3) + s2ke(s2 + s3) — s2ke(s1 + s2 + s3)
2s152(s1 + s2)
682G1 (81)(I€7(—82) — 683]67(—82 — 83))
+
483
_ e1(sghp(—s1)—e"2spky(—s1—sp)—e 253k (=51 —s55)+e 2T 5B sy by (=51 —sp—s3))
4s2s3(s2+s3)
_e2(e*lky(—s1—59)—kr(—sp)+e B ky(—sp—s3)—e*1 3 ky(—s1—59—53))
45153
307 2k (— 50 — 83) — K (—s- 1.
4 LG hi(—s2 — s0) “kr(zsa)) 1, *Ga(s1, 82)k7(—s3)
282 2
€3 (e%2 51 ky(—s9—s3)+e 2spky(—sp—s3)—e 17525y by (=51 —sp—s3)—s1 k7(—53))
2s152(s1+52)
I (—1 + 651+82+83)k8(81,82) I k8(81782 + 83) — k8(81,82)
8(s1 + s2 + s3) 8s3
1 S S
— ge 2t 3G1(81)/€8(—82 — 83782)
eS1F52+53 (ko (—51 — 50 — 83, 81) — ks(—81 — 52 — 83, 81 + 52))
882
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ko(s2,s3) — ko(s1 + s2,53)
881

1
+ gGl (s1)ko(s2,s3) +

N ko(s1 + s2,83) — ko(s1,52 + s3)

1
+ e 2G1(s1)ki0(s3, —52 — 53)

882
652 (k10(83, —S2 — 83) — 651]€10 (837 —S81 — S22 — 83))
+
881
n e’ (e*2kio(s3, —s1 — s2 — 83) — k1o(s2 + s3, —s1 — S2 — $3))
8s2
k11(s1,82 + s3) — k11(s1 + s2, 83)

1
- gGl(Sl)k11(52753) + 85

kll(sl + 82783) - k11(32733) _ 1652G1(81)]€12(83 5y — 83)
8 b

+

881
1 s2+s3
+ ge Gl(sl)klg(—sz — 83, 52)
+ 652+53 (k13(—82 — 83, 82) — 651]€13(—81 — S2 — 83,81 + 82))
881
N %k17(517527 83) — EGSH_S%N(S:&: —81 — 82 — 83, 51)
_ %eslklg(SQ,S;s, —81 — S2 — 83) — 1—1(3651+S2+S3k19(—81 — 82 — 83,81, 82)
B e52153 (kg (—s2 — 83,82) — e*Tkg(—s1 — 82 — 83,51 + 52))
881
e (k12(s3, —s2 — s3) — €’ k12(s3, —s1 — $2 — $3))
881
_ eG(s1)(e?ka(—=52 — 53) — ka(=s3))  Gi(s1)(ks(s3) — ke(s2 + s3))
259 2s2
B e (e"2kia(s3, —s1 — s2 — s3) — ki2(s2 + s3, —s1 — s2 — s3))
852
ettt (kg (=51 — 82 — s3,51) — kis(—s1 — 82 — 53,51 + 52))
8s2
e (kii(s2, —s1 — s2) — k11(s2 + 83, —s1 — 52 — 53))
883

€152 (k19 (—s1 — s2,51) — €53 k12(—s1 — 52 — 53,51))
883

e“192%93 (Lo (51, 59) — kg (—s2 — s3,52))

8(s1 + s2 + s3)
e (k11(s2, —s1 — s2) — k11(s2, 83))

8(s1+ s2 + s3)
€192 (ky1o(—s1 — 82, 81) — k12(s3, —52 — 53))
8(s1+ s2 + s3)

3.5. The functions KH, ceey f{/z[). In this subsection we present the func-
tional relation associated with the four variable function Ki7, defined by (7).
Like this functional relation, the corresponding basic equations for the func-
tions I~(18,I~(19,I~(20, which are written in Appendix A, have quite lengthy
expressions. These relations will in particular show that the four variable
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functions Ki7, ..., K9 appearing in expression (6) for the term a4 can be con-
structed from the one and two variable functions given explicitly in Section 9
and the three variable functions provided explicitly in Appendix C, with the
aid of the functions G1, G, Gz, G4 given by (9).

3.5.1. The function I~(17, In this case also, by using the identity (52) and con-
sidering the specific function of V that acts on d1(h) - d1(h)-d2(h) - d2(h) in the
final formula for the gradient - |€:0 ¢o(as(h + ea)) as calculated in Section 6,

we obtain the functional relation associated with the function Ki7. We have
(20)

K17(s1, 82,53, 54)

= i(—4)7FG4(81752783784) + sske(o1)
15 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)
n sake(s1) ke(s1 + s2) G1(s1)ke(s3) n G2 (s1,52)ke(s3)
2s2(s2 + s3)(s3 + s4)(s2 + s3 +s4)  2s1s3(s3 + s4) 25284 254
n ke (s3) G1(s1)ke(s2 +s3) | Gi(s1)ke(s2 + s3) ke(s2 + s3)
2s2(s1 + s2)s4 2s3(s3 + s4) 2s4(s3 + s4) 2s183(s3 + s4)
4 ke(s2 + s3) ke(s1 + s2 + s3) ke(s1 + s2 + s3)
25154(s3 + s4) 251(s1 + s2)s4 (s2 + 53)(s3 + s4)(s2 + s3 + s54)
n sokg(s1 + s2 + s3) n sqke(s1 + s2 + s3)
2s3(s2 + 53)(s3 +s4)(s2 + 53 +s4)  2s3(s2 +s3)(s3 + s4)(s2 + s3 + s4)
n sokg(s1 + s2 + s3) szke(s1 + s2 + s3)

+
2(s2 + s3)s4(s3 + sa)(s2 +s3 +s4)  2(s2 + s3)sa(sg + sa)(s2 + s3 + s4)
G1(s1)ke(s3 +s4) | Gi(s1)ke(sz +s4) | Ga(s1,s2)ke(s3 + s4)

1
- 5G3(51; s2,53)ke(s4) +

2s2(s2 + s3) 2s3(s2 + s3) 2s3

4 ke(s3 + s4) n s1ke(s3 + s4)

(s1 4+ s2)(s2 +s3)(s1 +s2 +s3)  2s2(s1 +s2)(s2 + s3)(s1 + s2 + s3)
n sgke(s3 + s4) n s1ke(s3 + s4)

2s2(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
n soke(s3 + s4) G1(s1)ke(s2 + s3 +s4) | ke(s2 + s3 + s4)

2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3) 25254 2s1(s1 + s2)s4
n ke(s2 + s3 + s4) soke(s1 + s2 + 53 + s4) s3ke(s1 + s2 + s3 + s4)

2s2(s1 + s2)s4 2s1(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s1(s1 + s2)(s2 +83)(s1 + 52 + s3)
n ke(s1 + s2 + s3 + 54) e“lsgkr(—s1)

2s154(s3 + s4) 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)

e lsgkr(—s1) eS1T52 1, (51 —s) | e"2T8Gy (s1)kr(—s2 — s3)
2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4) * 2s153(s3 + s4) 2s3(s3 + s4)
e®2T53Gy (s1)kr(—sg — s3) | e2T93kr(—sy —s3) €23 kz(—sy — s3)

- 2s4(s3 + s4) 2s153(s3 + s4) 2s154(s3 + s4)
eS1T52 53 (—5) — 55 — s3) eS1T52F53 7 (—5) — 55 — s3)
* 2s1(s1 + s2)s4 (s2 + 53)(s3 + s4)(s2 + 83 + s4)
eS1 2753 507 (—51 — 53 — s3) eS1T52%53 5 k7 (=51 — sp — s3)
* 2s3(s2 +53)(s3 +5s4)(s2 + 53 +s4)  2s3(s2 +s3)(s3 + s4)(s2 + s3 + s4)
eS1 2753 507 (—51 — 53 — s3) eS1T52%53 55k7 (51 — sp — s3)
* 2(s2 + s3)sa(s3 +s4)(s2 + 53 +s4)  2(s2 + s3)s4(s3 + s4)(s2 + s3 + s4)
e®3G1(s1)k7(=s3) | e®3Ga(s1,s2)k7(—s3) e®3k7(—s3) e*3T54Gy (s1)kr(—s3 — s54)
* 25254 * 254 2s2(s1 + s2)s4 2s2(s2 + s3)
e"3T54Gy (s1)kr(—s3 — s4) | e"3T94Gy(s1, s2)kr(—s3 — s4)
2s3(s2 + s3) * 2s3
eS8 T8 kr(—s3 — s4) eS8 5451 ky(—s3 — 54)

+ +
(s1+s2)(s2 +s3)(s1 +s2 +83)  2s2(s1 + s2)(s2 + s3)(s1 + s2 + s3)
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e53 TS s3k7(—s3 — 54) €354 51 by (—s3 — 54)
* 2s2(s1 + s2)(s2 + s3)(s1 + s2 + s3) * 2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
€53 5 sy k7(—s3 — 54) 52153154 Gy (s1)ky(—sg — s3 — s4)
* 2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3) * 25954
€523 54y (—sy — 53 — s4) | 2T pr(—sy — 53 — 54)
* 2s1(s1 + s2)s4 2s2(s1 + 52)s4
eS1T 23 S gy for (51 — 55 — 53— s4)  eS1TI2VIB TS50 (51 — 59 — 53 — s54)
* 2s1(s1 + s2)(s2 + s3)(s1 + 52 + s3) 2s1(s1 + s2)(s2 +s3)(s1 + s2 + s3)
n eS1 92853454 (—s) — s — 53 — 54) B 1684G3(51,82, s3)kr(—s4) + kg(sy,s2)
2s154(s3 + s4) 2 4s3(s3 + s4)
4 kg(s1,s2 + s3 + s4) n G1(s1)ks(s3,54) n 102(517 s2)ka(s3,54) + ks (s3,54)
4s4(s3 + s4) 4s2 4 4s2(s1 + s2)
n ksg(s1 + s2 + s3,54) | ko(s1,82 +s3)  ko(si,s2+s3+s4) Gi(s1)kg(s2,s3 + s4)
4s1(s1 + s2) 85254 8sa(s2 + s3) 8s4
n ko(s2,s3 + s4) n ko(s1 + s2,53) n ko(s1 + s2, 53 + s4) n ko(s1 + s2,53 + s4)
8s184 8s184 8s13 8s954

G1(s1)ko(s2 + s3,54) X ko(s2 + s3,54) n ko(s1 4 sz + s3,84) e 1T2k1g(s3, —s1 — 59 — 53)
8s3 8s1s3 8s3 (s + s3) 85154

e’lkig(s2 + 53, —s1 — s2 — s3) n e*2V3Gy (s1)k10(s4, —52 — 83 — 54)

85954 8s3
e52T3k10(s4, —s2 — 53 — 54) N eS1F 9253k (sy, —51 — 53 — 53 — 54)

8s13 8s3(s2 + s3)

e“2G1(s1)k10(s3 + s4, —s2 — s3 — s4) n e“2k10(s3 + s4, —s2 — 53 — 84)
8s4 8s184

€S 175210 (s3 + 54, —51 — 52 — 53 —s4) | e“1F2kyg(s3 + 54, —51 — 52 — 53 — 54)
85153 + 8s954
e“lkig(sa + 83 + 84, =51 —s2 —s3 —s4)  e’Lkyi(sa, —s1 — s2)
8s2(s2 + s3) 4s3(s3 + s4)
e’3G1(s1)k11(54, =53 — 54) n 1

ek (sq, —s3 — s4)

+ v ZES3G2(51182)7€11(54;*53 —s4) + 52(o1 T 52)
eS1T52 53y, (sq, —s1 — sp — s3 —s4) | elhiy(sg + s3+s4,—51 — sz — s3 — s4)
* 4s1(s1 + s2) * 4s4(s3 + s4)
n €512k 5 (—s1 — 53, 51) n e53T54Gy (s1)k12(—s3 — s4,53)
4s3(s3 + s4) 4s2

eS31 54 k15 (—s3 — 54, 53)
4s2(s1 + s2)
eS1Te2 a3t sag, ) (—s) — sy — 53 — s4,51) n eStts2tastsag, ) (—s) — sy — 53 — 54,51 + 52 + 53)
4s4(s3 + s4) 4s1(s1 + s2)
eS 15253 g5 (—s1 — 55 — 53, 51) n eS 18253y 3(—s1 — 59 — 53,51 + 52)

1
+ Zesg+54c2(81, s2)k12(—s3 — s4,s3) +

8s254 85154
n €523 54.Gy (s1)k13(—s2 — s3 — 54, 52) n €523 54k 5(—s5 — 53 — 54, 52)
8s4 85154
+ e"2F93%54Gy (s1)k13(—s2 — 53 — 54,52 + s3) n €293 94 g (—spy — 53 — 54,52 + s3)
8s3 8s153
n eS1TS2 S35 g (—s) — 55 — 53 — 54,51) n eS1F 23 ) 5 (—s) — 55 — 53 — 54,51 + 52)
8s2(sa + s3) 8s1s3
+ ef1 o2t aag,g(—5) — sy — 53 — 54,51 + 52)
8s954
s1ts2ts3tsyg _sq — — —
: , : : :
L8 k13(—s1 — s2 —s3 —s4,51 + 52 +s3)  ki7(s1,s2,83)  ki7(s1,s2,83 + s4)
8s3(s2 + s3) 16s4 16s3
e®1T52 17 (s3, —s1 — s3 — s3,51) 1
+ 7165 ’ - E65201(S1)k17(837547—82—83—54)
4
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e* 119217 (53,54, —52 — 53 — 54) N e*1V 9217 (53,54, —51 — 52 — 53 — 54)

16(s1 + s2 + s3 + s4) 16s1
e lky7(s2 + 83,84, —51 — S2 — 83 — 84) 1
— — —e2F°31%4 G (s1)k17(—s2 — 53 — 54,52, 3)
16s2 16
ef1 o243 5 gy 7 (—sp — 53— s4,5,58) | e 1218 7 (s — sy — 53— 54,51, 52 + s3)
16(s1 + s2 + s3 + s4) 1652
eStts2tastsag,  (—s) — sy — 53 — 54,51 + 52, 53) n €512 k17 (53 + 54, —51 — 52 — 53 — 54, 51)
16s1 16s3
ki1g(s1,s2 4+ s3,54) | e®lkig(s2,s3, —s1 — s2 — s3) 1
+ — —G1(s1)k19(s2, s3, 54
1655 1652 m (s1)k19(s2, 83, 54)
e“lkig(s2, s3,54) e®lkig(s2,53 + 54, =51 — 52 — 53 — 54) n k19(s1 + s2,53,54)
16(s1 + s2 + s3 + s4) 16s3 16s1
eS1T52F 53 51 (—s1 — 55 — s3,51,52) n eS1Ts2 3t sag,g(—s) — sy — 53 — 54,51, 52)
16s4 16s3

1 €511 9253 g (sy, —sp — 53 — 54, 52)
— —e"21°3Gy (s1)k1o(s4, —52 — 53 — 54,52) + . .

16 16(s1 + s2 + s3 + s4)

eS1F92F 53 k10 (sy, —s1 — 53 — 53 — 54,51) n eS1T221 3 kg (sy, —51 — 55 — 53 — 54,51 + 52)

1652 1651

e*2ky7(s3, 54, —s2 — 53 — s4) €274k 7 (—s5 — 53— s4,52,53)  k1o(s2, 53, 54)
1651 1657 1651

e*2F 93k g(s4, —s2 — 53 — 54, 52) _ Gi(s1)ks(s2 +s3,84) e5213 Gy (s1)k11 (54, —52 — 53 — 54)

1657 4s2 4sg
€523 4Gy (s1)k1a(—s2 — 53 — 54,52 +53) €11 2ky7(s3,54, —51 — 53 — 53 — 54)
4s9 B 1659
eS1Ts2 a3t say,  (—s) — sy — 53 — 54,51 +52,53)  k1g(s1 + 52,53, 54)
1659 B 1659
eS1 V253 1o (sy, —51 — 53 — s3 — 54,51 + 52)  ks(s2 +53,54) €273k (sy, —s3 — 53 — 54)
16s2 T T4si(sy +s2) 4s1(s1 + s2)
€523 545 (59 — 53 — 54,82 + 53)  ks(s2 +53,54) €273k (sq, —s2 — 53 — 54)
4s1(s1 + s2) T Tasa(s1 +s2) 4s2(s1 + s2)
€S2 8354 o (—sy — 53 — 54,50 +53)  Gals1,s2)ke(sa)  e"4Ga(s1, s2)kr(—s4)
4s2(s1 + s2) - 2s3 - 2s3
Gi1(s1)kg(s2,53 +s4)  e®2Gi(s1)ki0(s3 + 54, —s2 — s3 — s4)
8s3 8s3
e®2T53754Gy (s1)ky3(—s2 — 53 — s4,52)  Kk17(s1,52 + s3,54)
8s3 B 16s3
eS 18253 7 (54, —51 — sp — 53 — s4,51)  e“lkig(sa + 53,54, —51 — 52 — 53 — 54)
16s3 16s3
eS1T 5253454 1g(—s) — sy — 53 —s4,51,52 +53)  ko(s2,53 +s4)  ko(s1 + s2 + s3,54)
16s3 B 85153 B 85153

e*17352+ 93 k1 (s4, —51 — 52 — 53 — 54) _ e%2kyo(s3 + 54, —s2 — 53 — 54)

8s183 8s1s3

€S2V 34 g(—59 — 53 — 54,53) e 1TI2T3 g 5(—51 — 55 — 53 — 54,51 + 52 + 53)

85153 8s1s3

Gi(s1)ke(s2 + 53 +54)  e"2T93754Gy (s1)kr(—s2 — 53 —54)  ko(s1 + 52,53 + 54)

2s2(s2 + s3) - 2s2(s2 + s3) a 8s2(s2 + s3)

€S 115210 (s3 + 54, —s1 — s2 — 53 —sq) e 1FV2FBF UL () — 55 — 53 — 54,51 + 52)
8s2(s2 + s3) - 8sa(s2 + s3)

Gi(s1)ke(s4) e’4Gi(s1)k7(=s4) ko(s1 + s2,53 + s4)

2s3(s2 +s3)  2s3(s2 +s3) 8s3(s2 + s3)

e®1T52k g (s3 + 54, —51 — 53 — s3 — s4) e 1752793 F g (51 — 55 — 53 — 54,51 + 52)
8s3(s2 + s3) - 8s3(s2 + s3)
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ke(s2 + s3 + s4) 52T 83 T84 gy (—sy — 53 — 54)
(s1 4+ s2)(s2 +s3)(s1 +s2+s3) (s1+s2)(s2+s3)(s1 + 52+ s3)
_ soke(s2 + s3 + s4) _ s3ke(s2 + s3 + 54)
2s1(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s1(s1 + s2)(s2 +s3)(s1 + s2 + s3)
eS2F 5354 5o kr (—59 — 53 — 54) eS2F 5354 53kr (—59 — 53 — 54)
2s1(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s1(s1 + s2)(s2 +s3)(s1 + s2 + s3)
B s1ke(s2 + s3 + s4) B s3ke(s2 + s3 + 54)
2s2(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s2(s1 + s2)(s2 +s3)(s1 + s2 + s3)
eS2F53F 54 51 kp (—s59 — 53 — 54) es2F 5354 55kr (—59 — 53 — 54)
2s2(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s2(s1 + s2)(s2 +s3)(s1 + s2 + s3)
_ s1ke(s4) _ soke(s4)
2(s1 + s2)s3(s2 +s3)(s1 +s2 +s3)  2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
e“dsikr(—s4) e“dsyky(—s4)

2(s1 + s2)s3(s2 +s3)(s1 +s2 +s3)  2(s1 + s2)s3(s2 +s3)(s1 + s2 + s3)

Ga(s1,s2)ke(s3 +s4) e"3T24Gy (51, 50)k7(—s53 — 54) _ Gi(s1)kg(s2,s3)
254 2s4 8s4

€2Gy(s1)k1o(s3, —s2 — s3)  e*2T93G (s1)ki3(=s2 — s3,52)  kir(s1, 52,53 + 54)

854 8s4 1654

eS172k 7 (s3 + 54, —51 — 52 — 53 — 54,51)  e“lkig(s2,53 + 54, —51 — 52 — 53 — 54)

1654 1654
_eS1TeatestSAhg(—sy —sp —s3 —sa,51,52)  kol(sa,s3)  ko(si+ 2,83+ s4)
1654 8s154 85154

e*2kio(ss, —s2 — s3) eS1T92 k(53 + 54, —51 — 52 — 53 — 54) _ e52F 3 k13(—sp — s3,52)

85154 85154 85154
eS1T 25354 3(—s) — sy — 53 — 54,51 +52)  Gi(s1)ke(s2 +s3)  Gi(s1)ke(ss + s4)
85154 25954 25954
_ e*2798G (s1)ky(=s2 —s3) %319 G(s1)kr(—53 —s4)  ko(s1, 52 + s3 + 54)
2589584 25954 8s9s4

kg(s1 + s2,53)  e"1792kyg(sg, —s1 — so — s3)  e"lkyg(so + s3 + 54, —51 — 52 — 53 — 54)

8s954 8s954 8s954
eS1T52153 1 5(—s) — sp — 53,51 53)  eS1T52F53 54 g 5(—s) — 55 — 53 — 54,51)

8s9s4 8s954
ke (s2 + s3) ke(s1+ 52 + s3 +s4) €21 Bkz(—sy — s3)
© 2s1(s1 +s2)sa 2s1(s1 + s2)sa © 2s1(s1 +52)54
eftteatestoap, (—s) — sy — 53 — s4) ke(s2 + s3) ke(s3 + s4) e52F 53 by (—sp — s3)
B 2s1(s1 + s2)sa  2s2(s1 4 s2)sa 2s9(s1 +s2)sa  2s2(sy + s2)s4
es3T ks (—s3 —s4)  Gi(s1)ke(s2) e"2Gi(s1)kr(—s2)  ks(s1,s2 + s3)
© 2sy(sy +s2)sa 2s3(sz +sa)  2sy(sz+sg)  dsa(sz +sa)
e“1kyy(sp + 53, —s1 — 5o — s3) e 1TS2F98p15(—51 — 55 — s3,51) ke (s2)
- 4s3(s3 + s4) - 4s3(s3 + s4)  2s1s3(s3 + s4)
ke(s1 + s2 + s3) e’2k7(—s2) eS1T52F53 7 (—s) — sy —s3)  Gi(s1)ke(s2 + s3 + sa)
T T2sysy(s3 +s4)  2s1s3(s3 +s4) 2s153(s3 + s4) - 254(s3 + s4)
€523 154Gy (sy)ky(—sg — s3 — s4)  kg(s1,52 +s3)  e®lkii(sp + s3, —s1 — s2 — s3)
- 254(s3 + s4) T T4sa(s3 +sa) 4s4(s3 + s4)
eS1T9253 15 (—s1 — 55 — s3,51)  ke(s1 + 52 +s3)  ke(s2 + 53+ s4)
- 4s4(s3 + s4) T T2sysa(ss +sa)  2s1s4(s3 + s4)
eS1Te 2t 3 r (—sy — sy — s3)  eS2TEB Tk (—sy — 55 — s4) ke(s1 + s2)
- 2s5154(s3 + s4) - 2s5154(s3 + s4) T (s2 4 s3)(s3 + sa)(s2 + 53 + s4)
eS 1527 (—s1 — s9) s3ke(s1 + s2)

(s2+ 53)(s3 + sa)(s2 + 53 + 54)  252(s2 + 53)(s3 + 54) (52 + 53 + 54)
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sake(s1 + s2) e* 1752 53k (—s1 — s2)
 209(sz +s3)(s3 +54)(s2 + 53 + 54)  2sa(s2 + s53)(s3 + s4)(s2 + 53 + 54)
eS11525, ky(—s1 — s2) soke(s1 + s2)
 255(s2 +53)(s3 +54)(s2 + 53 +54)  253(s2 +53)(s3 +54)(s2 + 53 + 54)
sqake(s1 + s2) €511 5255 k7 (—s1 — s2)
T 2s3(s2 + 53)(s3 + 5a)(s2 + 53 + 54)  2s3(s2 + 53)(s3 + 54)(s2 + 53 + 54)
eS11525, ky(—s1 — s2) sokg(s1 + s2 + s3 +s4)
T 2s3(s2 + 53)(s3 + 5a)(s2 + 53 + 54)  2(s2 + s3)54(s3 + 54)(s2 + 53 + 54)
s3ke(s1 + s2 + s3 + s4) eS1Ts2t st kr (s — sy — 53 — s4)
T 2(sy +s3)sa(ss +5a)(s2 + 53 +54)  2(s2 + s3)sa(s3 + 54) (52 + 53 + 54)
eS1Ts2 a3 5a 55k (—51 — 55 — 53 — 54) k17(s1, 52, s3)
© 2(s2 +s3)sa(sy +sa)(sa+ sz +sa)  16(sy + 52 + 53+ 54)
€S 15217 (s3, —s1 — 52 — s3,51)  e“lkig(s2, 53, —s1 — s2 — s3)
a 16(s1 + s2 + s3 + s4) - 16(s1 + s2 + s3 + s4)

eS1+92+ 93 19(—51 — 53 — s3,51,52)
16(s1 + s2 + s3 + s4)

As we mentioned earlier, the remaining basic functional relations of the
above type, because of their similarly lengthy expressions, are recorded in
Appendix A.

4. DIFFERENTIAL SYSTEM FROM FUNCTIONAL RELATIONS AND ACTION OF
CYCLIC GROUPS

In this section we present a system of differential equations that the func-
tions ks, ..., koo satisfy. We recall that ks, ..., koo, which are defined by (8),
are derived from the two, three and four variable functions K3, ..., Ko by spe-
cializing them to s1+- - -+s, = 0, where n € {2, 3,4} is the number of variables
that each K; depends on. The functional relations stated in Theorem 3.1 and
presented subsequently and in Appendix A allow us to abstractly use specific
finite differences of the functions ks, ..., kog to express the functions

- 1 sinh ceet8,)/2
Kj(Sl,...,Sn):—SID ((81+ TS )/ )

2" (s14+--+8,)/2
An interesting question that arises naturally here is whether one can extract

more abstract information from these relations. We answer this question in
this section.

Kj(Sl, .. .,Sn).

4.1. System of differential equations for the functions ks, ..., kag. We
start by noting that the factor that changes K; to K;, namely
1 sinh((s1 4+ -+ s,)/2)
2" (s1 4+ 8,)/2

specializes to 2% on s1+---+s, = 0, hence the left-hand side of each functional
relation, under this specialization, behaves as follows:

)

~ 1
Kj(Sl,...,Sn) — ﬁkj(sl,...,sn,l).

Now we should analyze the behavior of the right-hand side of each functional
relation under the specialization to s; + --- + s, = 0. We shall see shortly

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



260 ALAIN CONNES AND FARZAD FATHIZADEH

that on the right-hand side of each equation, most of the terms behave nicely

with respect to a direct replacement of s, by —s; — -+ — s,_1, except for few

terms that have s; 4+ --- + s, = 0 in their denominators. We will specialize

each of such terms by calculating a limit with the aid of an estimate of the

form s; +---+ s, = e ~ 0, and will see that partial derivatives of the involved

functions will appear. Hence, a system of differential equations will be derived.
We first demonstrate this process on the basic equation (12):

I?:;(Sl, 82)

1 1 1 1. ..
E(—4)71‘G2(81782) + §/€8(81782) + Zk9(81,82) — 16 1+ 2]€9(—81 — 82781)
1 1 1 oi4s
¢ Yko(s2,—s1 — s2) — Zk10(81’82) ¢ 152 k0 (—51 — 52, 51)
1 s 1 s 1 s1+s
+ 1° Ykio(s2, —s1 — s2) + 5¢€ Yk11(s2, —s1 — s2) + 5€ 152 ko (=51 — 52, 51)
1 1 o 46 1
- Zkl3(81782) + 1€ 1+ 2k13(—s1 — s2,81) — 1€ 'k13(s2, —s1 — S2)
1 1 s
+ 1¢ 2G1(s1)ks(—s2) + ZGI(Sl)k3(82) — Gi(s1)ke(s2) — €2 G1(s1)kr(—s2)
(651+52 — 1)k3(81) I k3(82) — ]f3(81 + 82) n ]f3(81 + 82) — k3(81)

+ 4(s1 + s2) 4s1 4s9
n ko(s1) — ke(s1 + s2) n ko(s1 + s2) — ke(s2)
S92 S1

+ 651 (k7(—81) — 6521€7(—81 — 82)) + 652 (eslk7(—81 — 82) — ]f7(—82))
S2 S1

_ 652 (651]€3(—81 — 82) — ]f3(—82)) _ esl (k3(—81) — 652k3(—81 — 82))
41 4s9

e’ (ks(—s1) +e%ks(s1) — e*?ks(—s2) — ks(s2))

I

4(81 + 82)

which we want to specialize for s; + s = 0. In that respect the term I~(3(51, S2)
gives Tks(s1) since the coefficient

1 sinh((s1 + 82)/2)

22 (81 + 52)/2

is well behaved and gives i.

The two interesting terms in the above expression are those which have
$1 + so in the denominator. The first one is
(e317%2 — 1)ks(s1)
4(81 + 82)

)

which contributes exactly by %]{33 (s1) and therefore cancels the previous term
K3(s1,s2) which also gives ik’:; (s1). The second crucial term in the right-hand
side of the basic equation is

e (kg(=s1) +€e™ks(s1) — e™k3(—s2) — k3(s2))
4(81 + 52)

)
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which can be treated directly using s1 + so =¢ ~ 0 as
_ et (k‘g(—sl) — kg(—Sl + 5)) + 651+S2 (k‘g(Sl) — kg(Sl — 5))
4e
and it gives all the terms involving the derivative of k3, namely
1 1
Zeslké(—sl) - Zké(sl%
which corresponds to the differential equation (21) since all other terms are
specialized without problem using s; + s9 = 0.
As we mentioned above, this approach can be applied to each functional
relation to derive a differential equation.

)

Theorem 4.2. The functions ks, .. ., keg satisfy a system of partial differential
equations as described below.

Above, we explained the details of the derivation of the differential equation
associated with the functional relation for the function K3. We can now write
explicitly the differential equation, and will then perform a similar analysis
on each functional relation to obtain explicitly a system of partial differential
equations.

4.2.1. Differential equation derived from the expression for Ks3. We have

1 1
(21) Je"kh(=s1) = hi(s1)
1
= 6081 (1671’81G2(81, —81) — 3081]€8(81, —81) + 1581k9(0, 81)

+ 15e*1s1kg(—51,0) — 15s1kg(s1, —81) + 1551k10(0, 51)

— 15e°ts1k10(—s1,0) 4+ 1551k10(s1, —s1) — 30€°* s1k11(—51,0)

— 3051k12(0, 51) — 1551k13(0, 1) + 15€° s1k13(—s1,0)

+ 1581k13(s1, —s1) — 1581G1(s1)k3(—s1) — 15e™ " s1G1(s1)ks(s1)
+60s1G1(s1)ke(—s1) + 60e**s1G1(s1)k7(s1) — 15€° kg (—s1)

— 15k3(—s1) — 157 %1 k3(s1) — 15ks(s1) + 60ks(—s1) + 60ke(s1)

+ 60e% iy (—s1) + 606 k7 (1) + 60k3(0) — 120kg(0) — 120k7(0)).

4.2.2. Differential equation derived from the expression for K4. In the basic
equation (13) for K4(s1,s2), the terms that need special care in order to spe-
cialize to s1 + so = 0 are

(e14%2 — Dka(s1) e 2 (ka(s1) —ka(=s2)) e t(ka(=s1) — ha(s2))
4(81 =+ 82) ’ 4(81 =+ 82) ’ 4(81 =+ 82) ’
By writing s1 +s2 = € ~ 0, we find that the above terms respectively specialize

to

1 1 1,
Zk4(31)7 —Zkf;(&), Zelké(—sl)-
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Therefore, by a direct replacement of so by —s; in the rest of the terms, we
find that

1 1
(22) e k(1) = 7Ki(s1)

1
= (87‘(’81G2(81, —81) + 1581k8(0, 81) + 1565181/{}8(—51, 0)
12051

— 15s1kg(s1, —s1) — 15e*t s1k19(—51,0) + 1551k11(0, s1)

+ 15s1k11(s1, —s1) + 15€” s1k12(—51,0) + 1551k12(51, —51)

— 1581k13(0, s1) — 3051G1(81)ka(—s1) — 30e "1 51G1(s1)ka(s1)
+ 3081G1(s1)ke(—s1) + 30 s1G1(s1)k7(s1) — 30e® ky(—s1)
— 30ka(—s1) — 30e™ " kq(s1) — 30k4(s1) + 30ks(—s1) + 30ks(s1)

+ 306 Ky (—s1) + 306~ ks (s1) + 120k4(0) — 60kq(0) — 60k7(0)).

4.2.3. Differential equation derived from the expression for Ks. In the expres-
sion given in (14) for K3, the only terms that do not specialize to s + s2 =0
by a simple replacement of sy by —s; are
(651+S2 — 1)k)5(81) _651 (k‘5(—$1) + 652k}5(81) - 652/{}5(—82) - k5(82))
4(81 + 82) ’ 4(51 + 52) .
Therefore, we use the estimate s; + so = € ~ 0 to find that the above terms
respectively tend to the following functions on s; + s2 = 0:
1 1 1
Zk5($1)’ 1€ k5 (—s1) — Zkls(sl)-
Since the rest of the terms behave nicely when we replace so by —s1, we find
the following identity:

1 1
(23) e Ky (—s1) — {RA(s1)

= 40131 (87r51G2(sl, —51) — 1081k14(0, 51) + 5e®*s1k14(—s1,0)

+ 5s1k14(81, —81) + 5s1k15(0, s1) + 5e s1k15(—$1,0)

— 10s1k15(s1, —s1) + 5s1k16(0, s1) — 10e°t s1k16(—51,0)

+ 5s1k16(s1, —s1) — 10s1G1(51)ks(—s1) — 10e ™ s1G1(s1)ks(s1)

+ 3081G1(s1)ke(—s1) + 30 s1G1(s1)k7(s1) — 10e® k5 (—s1)

— 10k5(—s1) — 106" k5(s1) — 10ks5(s1) + 30ke(—s1) + 30ke(s1)
(

+ 30e° k7 (—s1) + 30e™ **k7(s1) + 40ks5(0) — 60ks(0) — 60k7(0)).
4.2.4. Differential equations derived from the two expressions for K. As we
explained in Section 3.3.4, since in formula (52) the operator associated with Kg

acts on two different kinds of elements of C°°(T?%) that are not the same modulo
switching &; and d2, we have two different basic equations for Kg. In the first
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expression given by (15), the terms that do not specialize directly to s1+s2 =0
are
(€272 —Dkg(s1) e ™2(ke(s1) —ke(=s2)) e (kr(=s1) — kr(s2))
4(81 =+ 82) ’ 4(81 =+ 82) ’ 4(81 =+ 82) '
By using the estimate s; + so = € ~ 0 and calculating a limit in each case, we
find that the above functions respectively turn to the following functions on

S1+ 89 = 0:

4
Then, by a simple replacement of s by —s; in the rest of the terms, we find

that

1 1 1
Zkﬁ(sl), _Zké(sl)v —e* kp(—s1).

(24)
1 1
Zeslké(—sl) - Zké(sl)

1
= (167T81G2(81, —81) — 1581/€14(0, 81) + 1568181/€14(—81, 0)
12081

+ 1581k15(0, 1) — 1581k15(81, —81) — 15’ s1k16(—51,0)

+ 15s1k16(81, —81) — 6081G1(81)ks5(—s1) — 60e™ 151G (51)ks5(s1)
+90s1G1(s1)ke(—s1) + 30e™ ' s1G1(s1)ke(s1) + 30s1G1(s51)k7(—51)

+90e™ *151G1(s1)k7(s1) — 60k5(—s1) — 60e™ **k5(s1) + 90ks(—s1)

+ 30e % kg(s1) + 30ke(s1) + 30e® ky(—s1) + 30k7(—s1) + 90e ™" k7 (s1)

+ 120k5(0) — 150k(0) — 150k7(0)).

In the second expression for Kg given by (16), the terms that seemingly
have singularity on s; + so = 0 are
(e17°2 — 1)kg(s1) 12 (kg (s1) — kg (—s2)) et (k7 (=s1) — kr(s2))
4(81 + 82) ’ 4(81 + 82) ’ 4(81 + 82)
which are exactly the same as the seemingly singular terms in the first expres-
sion. Since we already know the restriction of these terms to s; 4+ so = 0,
we can derive the following identity by replacing so by —s; in the remaining
terms:
(25)

1. 1
1° Ykp(—s1) — Zké(sl)

)

1
- 12081 (167T81G2(Sl’ _81) + 1551k8(05 81) - 1551k8(517 —31)

+ 1581k9(0, s1) — 15s1ko (51, —51) — 15’  s1k10(—51,0)

+ 15s1k10(81, —51) — 15€*1 81k11(—51,0) + 1551k11 (51, —51)

— 1581k12(0, 51) + 15e*t s1k12(—s1,0) — 1581k13(0, s1)

+ 15€°1s1k13(—51,0) — 3051G1(51)k3(—s1) — 30e 1 s1G1(s1)ks(s1)
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— 6051G1(51)ka(—51) — 60e™°ts1G1(s1)ka(s1) + 9051 G1(51) ks (—51)

+ 30e %1 s1G1(s1)ks(s1) + 3081G1(s1)k7(—s1) + 90e "1 $1G1(s1)k7(s1)
— 30k3(—s1) — 30e ™ k3(s1) — 60ks(—s1) — 60e ™" ky(s1) + 90ke(—s1)

+ 306 k(1) + 30ke(51) + 305 ki (—s1) + 30ks(—s1) + 90e = kr (1)

+ 60k3(0) + 120k4(0) — 150ks(0) — 150k7(0)).
Since the left-hand side of equation (24) matches precisely with that of (25),

we have the following functional relation.
Corollary 4.3. We have
—s1ks(0, 1) + s1ks(s1, —s1) — s1ko(0, 81) + s1ko(s1, —51) + €+ 51k10(—51,0)
— s1k10(81, —81) + € s1k11(—51,0) — s1k11(51, —51) + 51k12(0, 51)
— e s1k1a(—51,0) + 51k13(0,51) — €* s1k13(—51,0) — 51k14(0, 51)
+ e s1k14(—51,0) + 51k15(0, 81) — s1k15(51, —51) — €*' s1k16(—51,0)
=+ Slklg(sl, —81) + 281G1(81)k3(—81) + 26_5181G1(81)k3(81)
+ 481G1 (81)k4(—81) + 46_5181G1(81)/€4(81) — 481G1(81)k‘5(—81)
— 4675181G1(81)k‘5(81) + 2k3(—$1) + 2¢7 %1 kg(Sl) + 4k54(—81)
+ 4e” %t k4(81) - 4k5(—81) — 46781165(81) - 4k3(0) - 8]€4(0) + 8]€5(0)
=0.
4.3.1. Differential equations derived from the two expressions for K. Like the
situation for Kg, in (52) the operator associated with K7 acts on two different
kinds of elements of C>°(T?%) that are not the same up to switching 6; and Js.
We explained in Section 3.3.5 that we get two basic functional relations in this
case as well. In the first expression for K7 given by (17), which is associated

with the action of the corresponding operator on &3 (£) - §1(¢), the terms that
do not specialize trivially to s; 4+ s3 = 0 are

_et(kg(=s1) —ko(s2))  (e27°2 —Dkr(s1) e 2(kq(s1) — kr(—s2))

4(81 + 82) ’ 4(81 + 82) ’ 4(81 + 82) '
By taking a limit in each case with the aid of the estimation s; + so =€ ~ 0,
we find that the above terms respectively specialize on s1 + so = 0 to

1 1 1
Zeslké(—sl), 1167(51); _Zké(sl)'

We can then replace so by —s;7 in the remaining terms and obtain the following
identity:

1 1
(26) et hi(—s1) — TRi(s1)

(167T81G2(81, —81) — 1581k14(0, 81) + 1581k14(81, —81)

1
1208,
+ 1565181]€15(—81, 0) — 1581]€15(81, —81) + 1581k16(0, 81)
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— 1565181]{516(—81, 0) + 3081G1 (Sl)kg(—sl)
+30e"*'s51Gy (Sl)k}7(81) — 60651k5(—81) — 60k55($1)
+ 30681]%(—81) + 30k6(—81) + 90k6(81) + 90681/{}7(—81)

+ 3065 k(1) + 30k7(s1) + 120k5(0) — 150k(0) — 150k7(0)).

In the second expression given by equation (18) for I~(7, which corresponds
to 8105(¢) - 61(¢), the terms that do not behave nicely under the replacement
of sg by —s; are

_e®i(ke(=s1) —ke(s2)) (€72 — Dkr(s1) 1752 (kr(s1) — kr(—s2))

4(81 + 52) ’ 4(81 + 82) ’ 4(81 + 82)

which are exactly the same as those of the first expression for K. Since we
just worked out the restriction of these terms to s; 4+ s2 = 0, we replace ss
by —s1 in the rest of the terms and obtain the following identity:

)

1 1
(27) ZeSlké(_Sl) —_ Zk;(sl)
1
1208 (16”51G2(Slv —s1) + 15" s1ks(—51,0) — 1551ks(s1, —51)

+ 15e*ts1kg(—51,0) — 1581kg(s1, —81) + 1551k10(0, $1)

— 15€®ts1k10(—51,0) 4+ 1551k11(0, 81) — 15€°* s1k11(—$1,0)

— 1581k12(0, s1) 4+ 15s1k12(s1, —s1) — 1581k13(0, s1)

+ 15s1k13(s1, —s1) + 3051G1(51)k6(—51) + 30e 151 G1(51)k7(51)
— 30e® ks(—s1) — 30k3(s1) — 60e® kq(—s1) — 60k4(s1)

+ 30e* kg (—s1) + 30kg(—s1) + 90ks(s1) + 90e® k7 (—s1)

+ 30e*1k7(s1) + 30k7(s1) + 60k3(0) + 120k4(0) — 150ks(0)

. 150k7(0)).

Since the left-hand sides of (26) and (27) are identical, we find the following
functional relation by equating their right-hand sides.

Corollary 4.4. We have

—e*ts1ksg(—s1,0) + s1ks(s1, —s1) — €**s1kg(—s1,0) + s1ko(s1, —51)
— 51k10(0, 51) + €’ s1k10(—$1,0) — 51k11(0, 51) + €' s1k11(—$1,0)
+ s1k12(0, 51) — s1k12(s1, —s1) + s1k13(0, 1) — s1k13(s1, —$1)
— 51k14(0, 81) + s1k14(51, —51) + €* s1k15(—51,0) — s1k15(51, —51)
+ s1k16(0,81) — €*s1k16(—51,0) + 2e k3 (—s1) + 2ks(s1) + 4e* ky(—51)
+ 4ky(s1) — 4e® ks(—s1) — 4ks(s1) — 4k3(0) — 8k4(0) + 8k5(0)
=0.
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4.4.1. Differential equation derived from the expression for Ks. Let us start
from the basic equation for the function

~ 1 sinh((s1 + s2 + s3)/2)
Kg(s1,5892,83) = —=
8( 1=2 3) 23 (81+82+83)/2
which is given by (19). We specialize the equation to s; 4 s3 4+ 53 = 0 as
follows. On the left-hand side, Kg(s1, s2, s3) specializes to %kg(sl, s2), and on
the right-hand side most of the terms behave nicely except the following four
terms. The first term that has s; + so + s3 in the denominator is

(eS1+52+53 _ 1)k8(81, 52)

8(81 + So + 83)

which contributes %kg(sl, s2) when specialized to s1 + s2 +s3 = 0. The second
term is

Ks(s1,52,53),

)

eS1tHs2+s3 (kg(s1,82) — ks(—s2 — s3,52))
8(s1 + 52 + 53)
which under the estimation s; 4+ s2 + s3 = & ~ 0 turns to
e (ks(s1,52) — ks(s1 — €, 52))
8¢

)

-1
— ?81/{}8(81, 52).

The third term is
et (k11(s2, —s1 — s2) — k11(s2, 53))
8(s1 + s2 + s3)
which under the above estimate specializes to

)

et (ki (s2, —s1 — s2) — kui(s2, —s1 — 52 +¢))
8e

1
— geslagkn(sQ, —81 — 52).

The fourth term is
€12 (k1p(—s1 — 52,51) — kia(s3, —52 — 53))
8(81 + 82 + 83)
which, under the estimate s; + so + s3 = € ~ 0, turns to

)

st ki2(—s1 — s2,81) — k12(—=s1 — 82,81 —¢)
8¢
klg(—sl — 892,81 — 6) — klg(—sl — S92 + £,81 — E)
8e

681+82

1
— —§651+32 (Ook12(—s1 — $2,81) — O1k12(—51 — $2,51))

1
= —5681”2((82 — 61)]€12(—81 — So, 81))

Putting together the above bad behaving terms, one can see that they add
up to the following expression:
Kgs(s1, 52, 53)
1

= (—kg(si,s9) +e1To2T83o(—g5 — 55,5
8(51+32+33)( g(s1,52) 8(—s2 — s3,52)
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— € k11(s2, —81 — 82) + € k11 (52, 83) — € T2 ko (—s1 — 52, 51)

+€* T2k (s3, —52 — 83)).

Therefore, by a simple replacement of s3 by —s; — so in the rest of the terms,
we obtain the following identity:

1 1
(28) geslagku(s% —S81 — 82) — §651+5282]€12(—81 — S92, 81)

1 1
- galks(sl, s2) + §651+S231k12(—81 — 52, 51)

= —(Ks(s1,52,53) — Kss(51,52,53)) |

§3=—81—S82 :

4.4.2. Differential equation derived from the expression for K. Now, similarly
to the previous case, when we specialize the basic equation (62) for Ky to
51+ 82 + s3 = 0, the left-hand side gives 1kg(s1,s2). On the right-hand side,
the following are the terms that have s; + s + s3 in their denominators. We
write each of these terms accompanied with the limit that is calculated by

using the estimate s; + so +s3 =€ ~ 0:

(es1+82+83 — Dkg(s1, $2)
8(s1 + s2 + 53)
e* 1192458 (kg (51, 52) — ko(—82 — 83, 52)) 1
. ’ ? — ——8 k 3 9
8(s1 4 52 + 83) 8 (o)

1
— gk‘g(sl, 52),

e (k1o(s2, =81 — 82) — k1o(s2,83)) 1
- s 2 Bk (50, —s1 —
8(81 + 59+ 83) 86 2 10(82, 51 82)’
e51152 (ky3(—s1 — S2,81) — k13(s3, —s2 — 83))

8(81 + S92 + 53)

1
_§€SI+52 (Ozk13(—s1 — s2,51) — O1k13(—s1 — 52, 51))
1
- _5651“2((32 — O1)k13(—s1 — 52, 51)).

One can see that the above bad behaving terms add up to the following
expression:

Kos(s1,52,53)

1
= (—ko(s1,s9) +e1T52F3 ko (—59 — 53, 5
8(51+52+83)( o(s1,52) o(—s2 — 83, 52)

— e k1o(s2, —81 — 82) + ¥ k1o(s2, 83) — €152 ky3(—s1 — 52, 51)

+ €* T2 ky3(s3, —52 — 83)).
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Then, by simply replacing ss by —s; — s2 in the remaining terms, we obtain
the following identity:

1 1
(29) geslagklo(SQ, —S81 — 82) — §651+S282k13(—81 — So, 81)

1 1
- galkg(sl, S2) + §€SI+5231]€13(—81 — 52,51)

= —(Ko(s1,52,83) = Kos(s1,82,83)) | __, -

4.4.3. Differential equation derived from the expression for K. In the expres-
sion given by (63) for Kig, the following are the terms that have s + sz + s3
in their denominators, which are written along with their restrictions to

S1+80o+s3=0
that are calculated by using the estimate s1 + sg + s3 =€ ~ 0:
e51152 (kg(—s1 — $2,81) — ko(s3, —s2 — $3))

8(81 + S92 + 83)

1
- _§651+S2 (O2kg(—s51 — 82,51) — O1kg(—s1 — 52, 51))

1
_ _ges1+52((82 — O1)ko(—s1 — $2,81)),

(eS1+52+53 — 1Dkio(s1, s2) 1
— =k
8(s1+ s2 + s3) 8 tolst52),

_651+52+S3(k10(31, s2) = k1o(=s2 — 83, 52))

8(s1 + 52 + 53)

e®t (k13(s2, —s1 — s52) — k13(s2,53)) 1

_ — = 818 k T - :
8(s1 + s2 + s3) 86 phta(oa o o)

A simple calculation shows that the above bad behaving terms add up to
the following expression:

1
—531]%0(51,52),

k10,8(817$2583)
1 S
= (—et T2y (—s) — 59, 51) + T2 kg (55, —59 — S
8(51+82+33)( o(=s1 —s2,51) o(s3, —52 — 53)

— k1o(s1,82) + 552153k 5 (—s5 — 83, 82) — e® k13(s2, —51 — 82)

+ €* k13(s2, 53)).

Since I~(10(51, s, 83) specializes to %/ﬂlo (s1,82), and in the remaining terms we
can simply replace s3 by —s; — s2, we find the following identity:

1 1
(30) —§651+5282k9(—81 — S92, 81) + geslagklg,(s% —S81 — 82)
1 1
+ §681+8231/€9(—81 — 52,51) — §51k10(81782)

= _(I?l()(SleQa 83) - %10’5(81’ 82753)) |53:751752 :
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4.4.4. Differential equation derived from the expression for K11. We consider
the basic equation (64) for K1; and specialize it to s; + s + s3 = 0, in which
K11(s1, 52, $3) turns to k11 (s1, s2), and we treat the other side of the equation
as follows. As in the previous cases, most of the terms on the other side behave
nicely under the replacement of s3 by —s1—s2, except the following terms which
are written along with their restrictions to s; + s3 + s3 = 0 that are calculated
by using the estimate s; + s3 + s3 =€ ~ 0:

e814’52 (ks(_sl — S92, Sl) — k8(53, —S82 — 53))
8(s1 + s2 + s3)

1
— —§651+52 (O2kg(—s1 — 82,51) — O1kg(—s1 — 52,51))

1
_ _ges1+sg((32 — O1)ks(—s1 — $2,81)),

€Sl+52+53 —1 kll S1, 82 1
( 8(81 + SQ)+ 8:5) ) - gkll(Sh 82)’
_€Sl+82+83 (k11(s1,82) — k11(—52 — 53, 52))
8(81 + S92 + 83)
e®t (ki2(s2, —s1 — 52) — k12(s2, 53))

1
— — —e®1Oak12(82, —s1 — S2).
8(s1 + s2 + s3) 8 2h12(s2 17 s2)

1
— —§31k11(81,82)7

Putting together the above bad behaving terms, one can see that their sum
is equal to

Ki1.4(s1,52,53)
1 Ss1+S2
= (- ke(—s1 — s1ts2 e
8(51+52+53)( € s(—s1—s2,81) +e g(s3, —52 — 53)
— k11(s1, 82) 4+ €528 kg1 (—s9 — 3, 82) — €7 k12(s2, —51 — 52)

+ e* k12(s2, 53)).

Therefore, we find the following identity:

1 1
(31) —§651+5282]€8(—81 — 82, 51) + g@slazklg(SQ, —S81 — 82)

1 1
+ gesl+s231k8(—81 — 52,51) — galk'll(sla s2)

= —(K11(s1, 52, 83) = K s(s1,2,88)) | __, .

4.4.5. Differential equation_derived from the expression for K. We consider
the basic equation (65) for K12, whose left-hand side specializes to %]{512(81, S2),
and we treat the other side as follows. The following are the terms on the right-
hand side of this equation that have s; + s3 4 s3 in their denominators, which,
by using the estimate s; + s 4+ s3 = € ~ 0, their behavior on s1 + s5 +s3 =0

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



270 ALAIN CONNES AND FARZAD FATHIZADEH

can be determined:

et (kg(SQ, —S81 — 52) — k‘g(SQ, 83)) 1
- L 2 Bakg (50, —51 —
8(s1 + 52 + 53) 86 2 ks (s2, —s1 — s2),
e 172 (kyy (=51 — s2,51) — k11(s3, =52 — 83))

8(s1 + s2 + s3)

1
— —§681+52 (Ooki1(—s1 — s2,81) — Or1k11(—s1 — $2,51))

1
= _§681+52((32 — O1)k11(—s1 — 52, 81)),

(es1+82+83 _ 1)k;12(81, 82)
8(s1 + 52 + 53)
es1ts2+ss (k12(517 82) - klz(_SQ — 83, 52)) 1
_ — __a k ) °
TR g 12(51, 82)

The above bad behaving terms add up to the following expression:

1
— §k12(81,82)7

Iﬁng,S(Slv 52, 83)
1

= ———(—€e® kg(s2, —81 — s2) + e’ kg(sa, s
8(314—32—1—53)( g(s2, =51 — 82) 8(52,53)

— 552 k1 (=81 — s2,81) + €752 ky1 (83, —s2 — 83) — k1a(s1, S2)
+ €128 g (—s9 — 3, 52)).

In the rest of the terms we can simply replace s3 by —s; — s2 and obtain the
following identity:

1 1
(32) geslagkg(SQ, —S1 — SQ) — §651+52(92k'11(—81 — S92, 51)

1 1
+ §€SI+5231]€11(—81 — 52,51) — galkm(sla s2)

= —(Ki2(s1,52,53) — K12,5(51, 52, 53)) |53:751752 .
4.4.6. Differential equation derived from the expression for Ki5. We use the
basic identity given by (66), in which K13(s1, s2, s3) specializes to $k13(s1, s2)
on s1 + s2 + s3 = 0. On the right-hand side of this identity, the following are
the terms that have s; + ss + s3 in their denominators, which we specialize to
$1 + s2 + s3 = 0 by using the estimate s1 + so + s3 =€ ~ 0:

et (ko(s2, —51 — 82) — ko(s2,53)) N

_ e 00 ka(s0. — 51 —
8(81+82+83) 86 2 9(82’ 51 82)’

e51152 (kg (—s1 — S2, 81) — k1o(s3, —S2 — $3))
8(s1 + s2 + s3)

1
- —§651+S2 (O2k10(—s1 — s2,51) — O1k10(—51 — 52,51))

1
= —g@lerSz((aQ — O1)k1o(—s1 — 82, 51)),
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(es1+52F53 _ 1)k15(sy, 52)
8(s1 4 s2 + s3)
e*175258 (ky3(s1, 82) — kiz(—s2 — 83, 52))
N 8(s1 + s2 + 53)

1
— §k13(51752),

1
— —galkm(sl, 82).

Adding up the above bad behaving terms, one can see that their sum is the
following expression:

K13.4(51, 59, 53)
1
=——(—ekg(s2,—51 — 82) + €’ kg (52, s
8(sl+52+53)( o(s2, —51 — 52) o(s2,53)
— €152 k(=81 — 52, 81) + € T2 k19 (s3, —s2 — s3) — k13(s1, $2)

+ €128 kg (—s9 — 83, 82)).

Then, by a simple replacement of s3 by —s; — so in the rest of the terms, we
find that

1 1
(33) geslazkg(SQ, —s1 — S2) — §651+5282k10(_51 — 59,81)

1 1
+ §651+5281k10(_51 — 82,81) — galkw(sla s2)

= —(Ki3(s1,52,83) = Kugo(s1,82,88) | __, . -

4.4.7. Differential equation derived from the expression for Ki4. In the basic
equation written in (67), the function K14(s1, s2, s3) specializes to %km(sl, $2)
on sy + s 4+ s3 = 0, and on the right-hand side we specialize by replacing s3 by
—81 — s2 in the terms that behave nicely, and the following are the terms that
have s1 + s9 + s3 in their denominators, for which we calculate their restriction
to s1 + s 4+ s3 = 0 by using the estimate s; + so +s3 =€ ~ 0:

eSitsatss k14(s1, S2 1
( 8(o1 1 52)+ Si) ) — §k14(51782),
_651+S2+S3 (k14(s1,82) — k1a(—s2 — s3,52))
8(s1 + s2 + s3)
ot ) A L,y
€192 (ky6(—s1 — S2,51) — ki6(s3, —s2 — 53))
8(81 + S92 + 53)

1
— —§31k14(81,82)7

1
— —§681+82 (O2ki6(—51 — s2,81) — O1ki6(—s1 — 82,51))

1
= —§651+82((62 - 81)k16(—81 — S92, 81)).
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The above bad behaving terms simply add up to the following expression:

K1a5(51,59,53)
1
— —k , sitsetssl. (g, — ,
8(81+52+53)( 14(s51,82) + e 14(—s2 — 53, 52)
— €"k15(s2, =51 — S2) + €” k15(s2, 53) — €7 T2 kyg(—s1 — s2,51)
+ 172 kg (s3, =52 — 53)).

Therefore, we obtain the following identity:

1 1
(34) geslazkw(sz, —81 — S2) — §651+S282k16(—81 — 89,51)

1 1
- galk14(51752) + §651+S231/€16(—51 — 52,51)

= —(K14(s1,52,83) — K14,5(51, 52, 83)) ‘53:_51_52 :
4.4.8. Differential equation derived from the expression for Ki5. We start from
the basic equation (68) for K15 and specialize it to s; + s2 + s3 = 0. In this
process, K15(s1, $2, $3) specializes to %kw(sl, s2) and, except for the following
terms, the rest of the terms behave nicely under the replacement of s3 by
—81 — s3. The terms that need special care with the aid of the estimate
s1+ 82+ s3=¢€¢~0 are

12 (kg (=51 — 52, 81) — k1a(s3, —s2 — 53))
8(81 + S9 + 83)

1
— —§651+52 (Ook14(—s51 — $2,51) — O1k14(—s1 — $2,51))

1
_ _§681+52((82 _ 31)k14(—51 — So, 81)),
(es1F5253 _ 1)ky5(s1, 52) 1
— =k
8(81 +S2+53) 8 15(51582)7
_esl+S2+sz(k15(51, s3) — k15(—s2 — 53,52))
8(s1 + s2 + 53)
est (k16(525 —S1 — 32) - k16(827 53))

1
- — Z0se" ki (2, —51 — 2).
8(s1 + 52+ 53) g0z ks (52, 51 = 52)

We put the bad behaving terms together and see that they add up to the
following expression:

1
— —§31k15(81782),

I?15,S(51)827S3)
1 S1+S2
- - @ (_ k _ _ 4 S1+S2k. _ _
TP 53)( e 14(—51 — s52,51) + e 14(s3, =52 — 53)
— k15(s1,82) + e T2 5 (—s5 — 83, 82) — €* k16(s2, —851 — S2)

+ e" k16(s2, 53)).
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Thus, we find that the following identity holds:

1 1
(35) —§651+S282/€14(—81 — So, 81) =+ geslagk'lﬁ(SQ, —81 — 82)

1 1
+ §€SI+5231]€14(—81 — 59,81) — galklf’)(sla s2)

= —(K5(s1,52,83) = Kugs(s1,82,88)) | __, .

4.4.9. Differential equation derived from the expression for K. When we spe-
cialize the basic equation (69) for Ky to s1 + s2 + s3 = 0, similarly to the
previous cases, Ki6(s1,52,5s3) turns to %klg(sl,@), and we have terms that
behave nicely under the replacement of s3 by —s; — s2, while the following are
the terms that need to be specialized by using the estimate s;+s2+s3 =€ ~ 0:

e’ (k1a(s2, =81 — $2) — k1a(s2,83)) | 1 —51 —
— —e®tOsk , )
8(s1 + s2 + s3) 86 o mo o)
eS1ts2 (k15(—s1 — s2,81) — k15(s3, —S2 — 83))

8(81 + S92 + 83)

1
- —§651+52 (O2k15(—s1 — 82,51) — O1k15(—51 — 52, 51))

1
= _§651+52((32 — O1)k15(—51 — 82, 51)),

(651+52+S3 — 1)k16(81, 82) 1
8(81 +52+83) - gkIG(ShS?)’
eS1+52%53 (1651, 52) — k1g(—s2 — 53, 52))
- 8(s1 + 52 + 53)
The sum of the above bad behaving terms is the following expression:

1
— —§81k16(31;32)-

Ki6,5(s1, 52, 53)
1 S
= — ——(—€k14(82,—51 — s e k14(s92, s

8(81+82+83)( 14(82, =51 — 82) + 14(52, 53)

— e 52 k5 (=81 — 52, 81) + €% T2 ky5(s3, —s2 — s3) — ki16(s1, 52)

+ 681+82+S3]€16(—82 — 83, 82)).
Therefore, the result of specializing the basic equation for K 16 to s1+s9+s3 =0
is the following identity:

1 1
(36) §65132k14(82, —S81 — 82) — §651+5282]€15(—81 — S92, 81)

1 1
+ §€SI+S231]€15(—81 — 59,81) — galk16(51752)

= —(Kig(s1,50,53) — Kugs(s1,52,53)) [, __. . -

Remark 4.5. After replacing the lengthy expressions for I~(8, R K 16, given
by (19) and (62)—(69) in the right-hand sides of equations (28)—(36), and after
taking the common denominator and putting the terms together, in each case
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one finds a fraction whose numerator is a finite difference expression of the
involved functions and its denominator is the expression

8182(81 =+ 82).

4.5.1. Differential equation derived from the expression for I~{17.~In order to
derive a differential equation from the basic equation (20) for Ki7, we spe-
cialize it to s; + s2 + s3 + 84 = 0. On the left-hand side of the equation,
Ki7(s1, 82, 83, 84) turns to 1—16k17(31, S92, 83), and on the other side we have terms
that behave nicely under the replacement of s4 by —s; — s2 — s3, while we also
have the following five terms which can be specialized with the aid of the
estimate s1 + sg + 83 + 84 = € ~ 0. The first one is

estteatatss — 1)kr(s1, 82,83 1
( 16(81 + S2 +)83 j— 84) ) - 1_f3kl7(817 52 83).
The second term that needs to be treated with the above estimate is
e51152 (k7 (s3, —s1 — s2 — S3,81) — k17(83, S4, —S2 — S3 — S4))
B 16(81 +82+S3+S4)
e 172 (ky7(s3, =81 — 52 — 53,51) — ki7(s3, =51 — 82 — 53+ ¢€,51 —¢€))

16e
1
— —1—6681+82 (O3ki7(s3, —s1 — 82 — 83,81) — O2k17(S3, —S1 — S2 — 83, 51))
1
= —1—6681+82((a3 — 52)k17(83, —S81 — S2 — 83, 81))

For the third term of this kind we have
eS1tsatsstsa (2 (s1, 59, 83) — kir(—s2 — s3 — 54, 52, 53))
B 16(s1 + s2 + s3 + s4)
€
_ e (kar(s1,52,83) IG§17(81 — €, 82, 83)) 5 _%681/€17(51a 52,53).
For the fourth term we can write
et (k1g(s2, 83, —s1 — 82 — 83) — k19(52, 53, 54))
16(s1 + s2 + s3 + s4)
et (k19(s2, 83, —51 — S2 — S3) — k19(s2, 53, —51 — S2 — S3 +¢€))
16e

1
— 1—665163k19(82, 83, —S1 — S92 — 83).

Finally, we treat the last term that needs to be specialized to s1+s2+s3+s54 =0
by computing a limit:
eS1 5283 (kg (—s1 — s9 — 83, 51, 52) — k19(84, —S2 — 53 — S4,52))
B 16(s1 + s2 + s3 + s4)
eS1ts2tss (klg(—sl — 82 — 83,81, 82) — klg(—sl — 89 — 83 +¢€,81 — ¢, 82))
16¢
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1
— —Eesﬁsﬁs?’ (Ook19(—s1 — 52 — 83,81, 82) — O1k19(—s1 — 82 — 53, 51, 52))

1
= —1—6681+82+S3((82 — al)klg(—sl — 89 — 83,81, 82))

Putting together the above bad behaving terms, one can see that they add
up to the following expression:

f~(17,s(81752753,84)
_ 1
B 16(81 + 89+ 83 + 84)
+ e 12 k7 (s3, 84, —S2 — 83 — S4)
+ 681+82+S3+84k17(_82 — S3 — 54, 82783)

— €™ kig(s2, 83, —s1 — 82 — 83) + €* k19(s2, 53, 84)

(—k17(s1, 82, 83) — €172 k17 (s3, —51 — 52 — 83, 51)

—651+S2+53 klg(—Sl — 82 — 83, 81, 82)

+ eS8 g (54, —52 — 53 — 54, 52)).
Therefore, the above specialization of the basic equation for K7 yields the
following identity:
(37)

1 1
—1—6651+S233k17(83, —51 — 82 — 83,51) + 1_665183k19(82’ S3,—81 — S2 — S3)

1
+ E651+5232/€17(83, —S1 — Sg — 83, 51)

1

_ E651+82+8382k19(_31 — 89 — 83, 31752)
1 1
- Ealkn(sl, S2,83) + Ee”*sﬁs?’&kw(—& — 82 — 83,51, 52)

= —(K17(s1, 52, 83, 54) — K175(51, 52, 83, 84)) |54:—51—52—53 :
4.5.2. Differential equation derived from the expression for Kis. We specialize
the basic equation (70) for Kig to s1 + s2 + s3 + s4 = 0, which on the left-
hand side turns to 1_16k18 (s1,S2,53), and the other side is treated as follows. The
following are the terms on the right-hand side that have s + s+ s3+s4 in their
denominators and need to be treated with the estimate s;+s5+53+54 =& ~ 0:

sits2tsztsa _ ] k 1
e Jhig(s1, 52, 53) — —kis(s1, 52, 83),
16(s1 + s2 + s3 + s4) 16
e’ (ks (s2, 83, —81 — S2 — S3) — k1s(s2, S3,54))
16(s1 + s2 + 53 + 4)

1
— E65183k18(527 83, —81 — S2 — S3),

e 2 (kyg(ss, —s1 — S2 — 83, 81) — k1s(83, 54, =82 — 83 — 84))
16(81 + So + S3 + 54)
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1
— —Eesﬁsz (O3kis(s3, —s1 — 82 — 83,81) — O2k18(83, =51 — 52 — 83, 51)),

eStts2tsatsa(kyg(sy, s9,53) — kis(—S2 — S3 — 4, 52, 83))
16(s1 + s2 + S3 + 54)

1
— —E81k18(815 52, 53)5

_eS1 s (fyg(—s1 — s2 — 83,81, 82) — kis(s4, —s2 — 83 — 84, 82))
16(81 + S92 + 83 + 84)

1
— —Eesﬁsﬁs?’ (O2k18(—51 — 52 — 83,51, 52)
— O1k1g(—s1 — 52 — 83, 51, 52)).
The above bad behaving terms add up to the following expression:

%18,8(51) 52,53, 84)
_ 1
B 16(81 + 82 + 83 + S4

S S1+S2+s:
+ e®tkis(s2, 83, 84) — €1 T2 Tk g(—s1 — s2 — S3, 51, S2)

) (—kis(s1, s2,83) — €* kig(s2, 53, —51 — 52 — 53)

s1+s S1+s

— e 12k 15(s3, =81 — S2 — 83,51) + €712 k15(53, 54, —S2 — S3 — 54)
s1+s2+s3+s

+ P TERTE T o (—59 — 3 — S4, 82, 83)

+ €528 5 (54, — 52 — 83 — 54, 52)).

Note that in the rest of the terms we can directly replace s4 by —s; — s — s3.
Therefore, the result of this analysis, which allows us to specialize the basic
equation (70) to s1 + s2 + s3 + s4 = 0, is the following identity:

1
(38) 1—665183k18(82, 83, —S81 — S2 — 83)

1
— —e" T2 03 k15(s3, —$1 — S2 — S3,51)
16
1
- Eesﬁsﬁs?’aﬂfls(—sl — 82 — 83,51, 52)

1
+ E651+8252k18(837 —51 — 82 — 83, 51)

1 1
- 1_661k18(51a s2,83) + Eesﬁsﬁs?’aﬂfls(—ﬁ — S92 — 3,51, 52)

= —(f(ls(sl, $2,83,54) — f(ls,s(sl, $2,53,54)) ‘54:_51_52_53 .

4.5.3. Differential equation derived from the expression for f{lg. In a similar
way, we can specialize the basic equation written in (71) for K9 to

s1+ 82+ s34+ 54 =0.

On the left-hand side we get 1—16k19(51, S92, 83), and on the right-hand side we
replace s4 by —s; — s3 — s3 in the terms that behave nicely with respect to
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this replacement, while the bad behaving terms, which are listed below, can
be treated using the estimate s; 4+ s3 + s3 + s4 = € ~ 0 as follows:
e (kir(s2, 83, —s1 — 52 — s3) — ki7(s2, 83, 84))
16(81 + 89 + 83+ 84)

1
— E65133k17(827 83, —81 — S2 — S3),

_681+52+53 (k17(—s1 — s2 — 53,51, 52) — k17(54, —S2 — 83 — 54, 52))
16(s1 + s2 + s3 + 4)

1
— —1—6651+52+53 (Ooki7(—s1 — S2 — 83,81, 82)

— 61k17(—81 — S§2 — 83,81, 82))7
sit+sat+sstsa _ 1) 1
(e )k19(s1, 82, 83) — kio(s1, 82, 53),
16(s1 + s2 + 83 + 54) 16
e 2 (kig(sy, —s1 — s2 — s3,51) — k1g(s3, 54, —52 — 83 — 54))
16(s1 + s2 4 53 + 54)

1
— —1—6651+52 (Oski9(s3, —s1 — S2 — 83, 81) — O2k19(S3, —S1 — S2 — 83, 51)),

eS1ts2tsstsa(fyg(sq, s, 83) — kig(—S2 — S3 — 54, S2, 83))
16(81 + 89 + 83 + 84)

1
— —1—6317619(81782,83)-

One can see that the above bad behaving terms add up to the following
expression:

K1gs(s1, 52,83, 54)
_ 1
~ 16(sy + s9 + 53+ 54)
— 681+82+S3]€17(—81 — 82 — 83,81, 82)

+ eS0T 2 (54, — 82 — S5 — S4,52)

— k1g(s1, S2, 83) — €552 k1g9(s3, —s1 — S2 — 3, 51)

(=€ k17(s2, s3, —s1 — 52 — s3) + € k17 (s2, 53, 54)

+ €112 kg (s3, 54, —S2 — S3 — 54)
+ et g (—sy — 53 — 84,59, 53)).

Therefore, we obtain the following identity, in which K 19(81, 82, 83, 84) denotes
the right-hand side of equation (71), and the direct replacement of s4 by
—§1 — S — s3 behaves nicely since, following the above discussion, we have
apparently removed the bad behaving terms:

1
(39) E65133/€17(82, S3,—S1 — S2 — S3)

1
+
- 1_6651 *203k19(s3, =51 — 52 — 53, 51)
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1
N 1_6€s1+82+s382k17(_81 — 89 — 83, 81, 52)
1 s1+s
+ T6¢ 179205 k19(83, —81 — 82 — 83, 51)
1 1
+ 1—6681+82+8351k17(—81 — S — §3,51,82) — 1_681k19(81’82’ s3)

= —(K19(s1, 52, 53, 84) — Ki9,5(51, S2, 83, 54)) |54:751732733 .
4.5.4. Differential equation derived from the expression for K. Finally, we
specialize the basic identity given by (72) for Kag to s1 + s2 + s3+ s4 = 0, and
derive the last differential equation. On the left-hand side of the basic identity,
Koo(s1, s2, 53, 54) specializes to %kzo(sl, S2,s3), and on the right-hand side we
use the estimate s; + s3 + s3 + s4 = € ~ 0 to specialize the terms that do not
behave nicely with respect to the replacement of s4 by —s; — s2 — s3. In this
respect, the bad behaving terms are

(eS1+52+53+54 — 1)k20(317 52, 83) 1
— —k S1,82,83),
T R 1gF20(s1, 52, 83)
M (kao(s2, 83, —s1 — 52 — 83) — koo(s2, 83, 54))
16(s1 + 52 + 53 + 54)

1
— 1_665163k20(82’ 83, —81 — 82 — S3),

132 (koo(s3, —$1 — S2 — 83, 81) — koo(83, 54, =852 — 83 — 54))
16(s1 + s2 + 83 + 84)

1
— —Eelersz (O3ka0(s3, —s1 — S2 — 83, 81) — O2kao(S3, —S1 — S2 — 3, 51)),

eStts2tsatsa (kog(s1, s2,53) — koo(—S2 — S3 — 4, 52, 83))
16(s1 + s2 + S3 + 54)

1
— —1—631/@0(81,82,83),

eSS (fog (=81 — S2 — 83,81, 82) — k2o(s4, =2 — 83 — 84, 82))
16(81 + S92 + 83 + 84)

1
—— " T (Do ko (—81 — S2 — 83, 81,52
— 1661+2+3(8k} (—s1 — 82 — 83,81, 82)

- 81/{}20(—81 — 82 — 83, 81, 52))
Putting together the above bad behaving terms, one can see that their sum
is the following expression:
f(zo,s(sl, 52, 83, 84)
B 1
B 16(81 + S92 + 83 + 84) (

S S1+S2+8s:
+ e®tkoo(s2, 83, 84) — €1 T2 T3 ko (—s1 — S92 — 83, 51, S2)

—koo(s1,82,83) — e* koo (52, 83, —81 — S2 — $3)

s1+s s1+s
— €M1 2 ko0 (83, —81 — S2 — $3,51) + €7 2 koo (83, 84, —S2 — S3 — S4)
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+ ePrtEtss Ak, (—sy — 83 — 84, 82, 83)
S1+S2+s
+ €% T2 T8 koo (54, —52 — S5 — 54, 82)).

Therefore, this analysis yields the following identity, in which K 20(s1, S2, S3, S4)
denotes the right-hand side of the basic identity (72), and the direct replace-
ment of s4 by —s1 —s3 — s3 behaves nicely since, following the above discussion,
the terms that have s; 4+ s + s3 + s4 in their denominators are removed:

1
(40) 1_668133/€20(52, 83, —S81 — S9 — 53)

1
+
- Eesl *203ka0 (53, =51 — 52 — 83, 51)

1
tsat
- Eesl 52753 Qo koo (—51 — S2 — $3, 51, 82)

1
+ 1—6651+52(92k'20(83, —81 — S2 — 83, 51)

1 1
— E@ﬂmo(sl, S2,83) + 1—6651+52+5331k20(—81 — Sp — 83,51, 52)

= _(}%20(81782783784) - -[?20,5(81782783784)) |S4:—51—52—53 .

In equations (21)—(27), we see s; as the denominator on the right-hand side
of each equation. As we explained in Remark 4.5, for equations (28)—(36)
the expression s1s2(s1 + s2) appears as the denominator on the right-hand
side of the equations. Since we have similarly used a concise way of writing
the right-hand side of each of equations (37)—-(40), their denominators are not
written explicitly and it is important to elaborate in the following remark on
this matter.

Remark 4.6. After replacing the lengthy expressions for K 17 .- ,IN{ 20, given
by (20) and (70)—(72), in the right-hand sides of equations (37)—-(40), and after
taking the common denominator and putting the terms together, in each case
one finds that the denominator is the expression

s182(81 + 82)s3(s2 + s3) (51 + 82 + $3)-

4.7. Cyclic groups involved in the differential system. In the differential
equations (21)—(27) it is apparent that the action of Z/2Z on R given by

Ty(s1) = —s1, s1€R,

is involved. Also on the right-hand side of each of these equations, the expres-
sion in the denominator is s;, which up to sign is invariant under the above
transformation. We shall see shortly that a similar situation holds for the
remaining differential equations in the differential system presented in Sec-
tion 4.1. First we present a result about a transformation property of the
expressions appearing on either side of the differential equations (21)—(27)
under the above action of Z/2Z. The left-hand side of each of these equations,
up to an overall factor of %, is of the form

(41) K (1) + €K, (—s1) = —K, (s1) + To(e ™™ K, ) (s1),
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where
21):
22):

)
)
23):
)
)
)

for equation
for equation
for equation
24):
25):
for equation (26):
for equation (27):  (jo,j1) = (7,6).

for equation

for equation

m~ o~ o~ o~ o~ o~

Therefore, we can divide the above differential equations to the following four
groups: the first three groups respectively consist of equations (21), (22)
and (23) since they respectively involve only derivatives of k3, k4 and ks,
and the fourth group consists of equations (24)—(27) which involve the deriva-
tives of kg and k7. In fact, it will also be useful to use the following notation
fio.j1(81) to rewrite the differential equations (21)—(27) in a concise form:
jo.j1 (8

(12) K (o1) K (o) = Lol01)
Apparently each fj, j, (s1) is given in terms of finite differences of the restriction
to s1 + s2 = 0 of the functions k; appearing on the right-hand sides of the
equations, and note that using equations (24) and (25), we have two such
expressions for fs 7(s1). Similarly, in the case of the differential equations (26)
and (27), we obtain two finite difference expressions for f7 ¢(s1).

We can now start using the above group action to investigate invariance
properties and symmetries of the expressions appearing in the differential equa-
tions.

Theorem 4.8. The expression
e (= (0} (51) 1, (51)) + € (0, (—51) + K, (=51))

is in the kernel of 1 + Ty for any pair of integers jo,j1 in {3,4,5,6,7}. In
particular, considering the differential equations (21)—(27) and the above dis-
cussion following equation (41), we have obtained expressions that are in terms
of finite differences of the k; and are in the kernel of 1+ T5:

(i) When (jo,j1) = (3,3).
(i) When (jo,j1) = (4,4).
(i) When (jo, j1) = (5.5)-
(iv) When (jo,j1) = (6,7).

Proof. We multiply (41) by

aq(s1) = e 7,
which yields

e*%(—kg-o(sl) + e*1kj (=s1)) = —(az - K} )(s1) + Ta(ag - kj, ) (s1).
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By switching jo and j; in this equation, we obtain a new equation, and sum-
ming up the two equations, we get

e T (= (K}, (s1) + kS, (51)) + € (k) (—s1) + &), (—51)))
= —(a - (K, + K, ) (s1) + Ta(an - (K, +k),))(s1)
= (—1+Tp)(cr - (K} + K},))(51),

which is in the kernel of 1+ Ty since T35 = 1. ]

We elaborate on the second part of the statement of the above theorem.
Using the notation introduced by equation (42) and the first part of the above
theorem, we have proved that the following expressions are invariant under the
transformation 75 : s1 — —s1 on R:

s

= e 2 (for(s1) + fro(s1))-

We now wish to investigate invariance properties of expressions that can be
associated with the differential equations (28)—(36). In these equations, where
partial derivatives of the functions kg(s1, s2), ..., k16(s1, s2) are involved, two
transformations are apparently present, namely:

(s1,82) = (—s1 —s2,81), (s1,82) > (82, —51 — 82).

They correspond to the matrices

(-1 -1 o (0 1
TB—(l 0)7 T3_<_1 _1)7

and together with the identity matrix they form a cyclic group of order 3. The
partial differential system involves the values on the orbit of points for this
group and hence these values should be considered simultaneously. Taking a
close look on the left-hand side of equations (28)—(36), it is clear that, up to
an overall factor of %, they are all of the form

(43)
— 81kj0 (81, 52) — €Sl+52 (82 — 81)k}j1(—81 — S92, 81) + 651821% (SQ, —S1 — 82)
= —Okj,(s1,52) — Ta(e™ " (2 — D1)kjy ) (s1,82) + T3 (e~ "2 Dok, ) (51, 52),
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where
for equation (28):  (jo,J1,72) = (8,12,11),
for equation (29):  (jo, j1,j2) = (9,13, 10),
for equation (30):  (jo, j1,j2) = (10,9, 13),
for equation (31):  (jo,J1,72) = (11,8,12),

(44) for equation (32):  (jo,J1,J2) = (12,11, 8),
for equation (33):  (jo, j1,j2) = (13,10,9),
for equation (34):  (jo,J1,J2) = (14,16, 15),
for equation (35):  (jo,J1,J2) = (15,14, 16),
for equation (36): (jo,j1,j2) = (16,15, 14).

We note that while ranging from equation (28) to equation (36), each
Jos j1, jo attains each of the integers in {8,9,...,16} exactly once. Moreover,
we can put the equations in the following three groups. The first group con-
sists of equations (28), (31) and (32), which involve partial derivatives of the
functions ks, k11, k12. We can put equations (29), (30) and (33) in the second
group since they involve partial derivatives of only kg, k19, k13. The last group
consists of equations (34), (35) and (36), which involve partial derivatives of
k14, k15, ki6.

It will be useful to introduce the following notation fj, ;, j, (51, s2) to rewrite
the differential equations (28)—(36) concisely:

(45)
— Oikjy(s1,52) — € 72(0 — D1 )k, (=51 — 52, 51) + €7 Dok, (52, =51 — 52)
s182(s1 + s2)

where for each differential equation, (jo, j1, j2) is as in (44). It is clear from the
equations that each fj, ;, j,(s1,s2) is a finite difference expression of restriction
of the involved functions k; to s +s2+s3 = 0. Another important observation
that we have made is that on the right-hand side of each of equations (28)—(36),
the denominator is the expression s152(s1+s2). We see in the following lemma
that the above action of Z/3Z leaves this expression invariant. The quadratic
form written in this lemma, whose unit ball is given in Figure 1, can be obtained
by averaging the standard quadratic form using the action of the cyclic group.

Lemma 4.9. The following expressions are invariants of the action of Z/3Z
on R? given by the above matrices:

(i) The positive definite quadratic form
Q2(s) = 87 + 52 + 5182, 5= (51,82) € R%

(ii) The product s1s2(s1 + s2).
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FIGURE 1. The ellipse is the unit ball for the quadratic
form @2, and the straight lines are given by s; = 0, so = 0,
and s1 + s2 = 0.

We can now present expressions that are associated with the functions
appearing in the differential equations and are in kernel of the transforma-
tion 1 + T3 + T%, where T5 is the above action of the cyclic group of order 3
on R2.

Theorem 4.10. The expression
e~ 221 _STz (—81 (k]() —+ k]l + k'j2)(817 82)
— 120y — 00) (o + by + Ky ) (=51 — 52, 51)

+ €% 02 (kjy + kjy + kjy ) (82, =51 — 52))

is in the kernel of 1 + T3 + T3 for any integers jo,j1,j2 in {8,9,...,16}.
In particular, considering the differential equations (28)—(36) and the above
discussion following equation (43), in the following cases we have obtained
expressions that are given by finite differences of the functions k; and are in
the kernel of 1+ Ts + T2:

(i) When (jo,jr,j2) = (8,12,11).

(ii) When (jo, j1,J2) = (9,13,10).

(iil) When (jo,j1,72) = (14,16, 15).

Proof. By multiplying (43) by

_ 251 s2

ao(s1,82) =€ 3 3,
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since

s1+s2 (s1+2s2)
b)

1
Tsaz(s1,52) = e as(s1,82) = €3
T320[2(81, s2) = e®lag(sy, s2) = e%(“*”),
we obtain
251 s

e 3 lT(—alkjo (81, 52) — €Sl+s2 (82 — 81)kj1 (—81 — S92, 51)

+ et 82kj2 (82, —81 — 82))

2 2
= —e 5 7%2(91]%0(81, 82) — 6%1+%((92 — 81)1% (—81 — So, 81)

+ 6%17%282]4}]‘2(82, —81 — $2)
= —aa(s1,52)01kj, (51, 52) — T3(aa - Oakj, ) (81, 82)
+ T3(az - Okj, )(s1,82) + Ti(ag - D2k, ) (51, 52)
= —(aa - O1kjy (51, 82) + T3(aa - Dakj, ) (51, 52))
+ T5(ag - O1kj, + T3(a - Oakj,)) (81, 52)-

Thinking of this formula as being associated with the triple (jo,j1,72), we
consider the formulas corresponding to the cyclic permutations (ja, jo,j1) and
(J1,J2,J0) of (jo,Jj1,j2) to get two more equations. Summing up the three
equations, we have

251 s

e~ =5 (=0i(kjy + kj, + kjy)(s1,82)

— €172 (0y — 01)(kj, + kjy + kjy)(—s1 — S2,51)
+ e 0 (kj, + kj, + kj,) (52, —51 — 52))

= —(a(s1,52)01(kj, + kj, + kj,)(s1, 52)
+ T3 - a(kjy + kjy + kjy))(51,52))
+ T3 (cz - 01 (kjy + kjy + kjy) + Ts(aa - Oa(kjy + kjy + kjy))) (51, 52)

= (=1 + Ts) (o2 - Or(kjy + kj, + kj)
+ T3z - a(kjy + kjy + kjy))) (51, 52)-

The latter is clearly in the kernel of 1+ T3 + 75 since T3 = 1. O

Let us elaborate on the second part of the statement of the above theorem.
Using the notation (45), Lemma 4.9, and the above theorem, we have proved
that the following expressions are in the kernel of the transformation 1+73+7%:

2s El
i (fs,12,11(81, 52) + fi1,812(51, 82) + f12,11,8(51, 52)),

25 sy
e 3 "3 (fo1310(51,52) + f13,10,9(51, 82) + f10,9,13(51, 52)),

e 3 7%(][14715716(81752) + f15,16,14(51, 52) + f16,14,15(51, 52)).

We now turn our focus to the functions ki7(s1,s2,83), ..., kao(s1, S2, $3)-
By considering the differential equations (37)—(40), one gets a cyclic group of
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order 4 which corresponds to the matrices

-1 -1 -1 0 0 1 0 1 0
Ty=|1 0 o0, Ti=|-1 -1 1), T3=10 0 1
0 1 0 1 0 0 -1 -1 -1

Together with the identity matrix, these matrices form a cyclic group of order 4.
The transformations corresponding to the above matrices are

(81,82,53) — (—81 — 89 — 53,81,82),
(81, 82,53) — (83, —81 — S2 — 83,81),
(s1,52,83) = (82,83, —S1 — 82 — 83).

We investigate the compatibility of these transformations with the denomina-
tors and the various functions involved.

In Remark 4.6, we pointed out that the denominator on the right-hand side
of the differential equations (37)—(40) is the expression

s182(81 + 82)s3(s2 + s3)(s1 + 82 + $3)-

The following lemma shows the invariance of this expression under the above
transformations.

Lemma 4.11. The action of Z/4Z on R? given by the above matrices leaves
the following expressions invariant up to sign:

(i) The positive definite quadratic form
Q3(s) = 83 4 53 + 55 + 5152 + 5253 + 5351, 5= (51,52,53) € R,

(ii) The linear form s1+ s3 whose kernel defines a plane in which a generator
of ZL/AZ acts by a rotation of angle 5 for the metric induced by Q3.

(iii) The product (s1 + s2)(s2 + s3) and the line {s = (s1,—s1,51) | $1 € R}
on which it acts as the symmetry s — —s.

(iv) The product s1s253(s1 + s2 + s3).

This means that when using the positive definite quadratic form Q)3, whose
unit ball is given in Figure 2, the generator of the action of Z/4Z has the
following form: it preserves the line {s = (s1,—s1,51) | s1 € R} on which it
acts as the symmetry s — —s. The orthogonal of this line for the quadratic
form Qs is the plane s; + s3 = 0. On this plane the generator of the action of
Z/AZ is a rotation of angle 5 for the metric induced by @3 which agrees with
52 + s3 since 51 + s3 = 0.

Note also that the natural lattice L = Z3 C R is contained in its dual L+
with respect to the quadratic form (3 which is defined by

L+ = {s=(s1,82,53) | Q3(s,t) € Z for all t € L}.

One finds that the quotient H = L*/L is the group Z/4Z generated by
(37 7)-
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FIGURE 2. The ellipsoid is the unit ball for the quadratic
form @3, and the various planes are given by s; = 0,
$1 + s2 + s3 =0, the plane s; 4+ s3 = 0 in which the gener-
ator of the action of Z/47Z is a rotation of angle 7, and the
two planes corresponding to the product (s1 + s2)(s2 + s3)-

The left-hand side of the differential equations (37)—(40), up to multiplica-
tion by 1, is of the form

(46) — Oikjy (51,52, 83) — € 72255 (9y — O )kj, (=51 — 52 — 53,51, 52)
— €152 (93 — Oa)kjy (83, —51 — 82 — 83, 51)
+ e®1Osk;j, (s2, 53, —S1 — S2 — S3)
= —01kj,(s1,52,53) — Tu(e™ (02 — O1)kj, ) (51, 52, 53)
— T (e™*17°2(03 — D2)kjy ) (51, 52, 53)

+ Tj(e_SI_Sz_SS kjl )(51» 52, 83)’
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where
for equation (37):  (jo,Jj1) = (17,19),
for equation (38): (jo,j1) = (18, 18),
(47) for equation (39): (jo,j1) = (19,17),
for equation (40):  (jo,j1) = (20, 20).

This suggests that we can put the differential equations (37)—(40) into three
groups: one consisting of equations (37) and (39) which involve partial deriva-
tives of only k17 and k19, one group consisting of equation (38) since it involves
partial derivatives of kg, and finally we can consider (40) as the last group
since it involves partial derivatives of only ksy. Also we will introduce the
following concise notation f;, j, (s1, s2, $3) to rewrite the differential equations
(37)—(40) as
(48) - 811% (81, So, 83) - 651+52+S3 (82 - 81)kj1 (—81 — 82 — 83,81, 82)

— 651+52 (83 — 82)kj0 (83, —S81 — S2 — 83, 81)

+ €™ 03k;, (s2, 53, —51 — S2 — 53)

_ fio.gi (81,52, 83)

s152(s1 + s2)s3(s2 + s3)(s51 + 52 + s3)
where in each case (jo, j1) is given as in (47). Note that each f;, ;, (51,2, 53)
is written in terms of finite differences of restriction to s; + so + 83+ s4 = 0 of
the involved functions k;.

We can now exploit the above action of the cyclic group of order 4 on R3

generated by T4 to derive expressions from our differential equations that are
in the kernel of the transformation 1+ Ty + 17 + T7.

Theorem 4.12. The expression
e T F T (<0 (Kjy + Ky, ) (51, 52, 53)

— gSits2tss (82 - 61)(1€j0 + kjl)(—sl — S9 — 83, 81, 82)

— €Sl+52 ((93 — 82)(k1j0 + kjl)(83, —S81 — S2 — 83, 81)

+ 651(93(163‘0 + kjl)(SQ, 83, —S81 — S2 — 83))
is in the kernel of 1+ Ty + TZ + T3 for any pair of integers jo, j1 in the set
{17,18,19,20}. In particular, considering the differential equations (37)—(40)
and the above discussion following equation (46), we have obtained in the fol-

lowing cases expressions that are given by finite differences of the k; and are
in the kernel of 1+ Ty + TF +T3:

(i) When (jo,j1) = (17,19).

(ii) When (jo,j1) = (18,18).

(iii) When (jo, j1) = (20,20).

Proof. We multiply (46) by

a3(si,82,83) ;=€ 2 24,
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and since
Tyas(s1, s2,83) = asz(s1, 82, s3) 1152158 = e (51+252+353)
T2as(s1, 89, 53) = (51, 89, 53) €1+52 = ea(s1+252-59),
Tias(s1, s9,53) = as(sy, s9,83) €™t = e%(51_252_53),
we find that
e~ A T3 d (—81kj0(51, 89,83) — et o2ts3(9y O1)kj, (—s1 — s2 — s3, 51, 52)
— 511529y — 02)kj, (83, —81 — 82 — $3,51)
+ e®10sk;j, (s2, 83, —1 — 2 — 53))
= —(asz - O1kj,)(s1, s2,83) — Tu(ag - Dakj, ) (51, 82, $3)
+ Ta(as - Orkj, ) (1, 52, 83)
— Ti (s - Os3kjo) (51, 82, 83) + Ti (s - Dok ) (51, S2, 53)
+ T3 (g - O3k, ) (51, 52, 83).
We switch jo and j; in this equation to get a new one, and adding the two
equations, we have
— (03 - 01 (kjo + kjy)) — Ta(ers - Do (kjo + kjy)) + Taes - 91 (ko + k)
— T (s - B(kjo + kjy)) + Ti (s - Da(kjy + kjy) + Ti(as - B3(kjy + kjy )
= —(az - O (kj, + kj,) + Tu(as - Oakjy + kjy)) + Ti (s - D3(kyo + kyy)))
+ Ta(as - Oi(kjo + kjy ) + Tulas - Da(kjy + kjy)) + Ti (as - Ba(kjy + Ky, )
= (=1+Ty)(as - O (kj, +kj,) + Tu(as - Oa(kj, + kjy))
+ T (a5 - 9(kjy +kj,))),
which is in the kernel of 1+ Ty + T2 + T} since Ty = 1. O

In order to explain the second statement in this theorem, it is important to
mention that with the aid of the notation used in (48), Lemma 4.11, and the
above theorem, we have shown that the following expressions are in the kernel
of the transformation 1+ Ty + T7 + T3:

s
e 2 2 Ts(f17719(81,82783) +f19,17(51782783))7

353
e~ T 7277 figis(s1, 2, s3),

s3
e” T T2 A fog90(s1,82,83).

4.13. Flow on the orbits and the differential system. For any 1-variable
function k(s1) let us consider the orbit Ok of the function under the action
of T5 on R:

Ok(s1) = (k(s1), k(=s1))-

Since
d d / /
% |t:0 Ok(sl + t) = E ‘t:O (k(sl + t),k(—Sl - t)) = (k (81)5 —k (_51))5
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the differential parts of the differential equations (21)—(27) when put together
as in the statement of Theorem 4.8 are generated by the following flow when
passed to the orbit using the action of 75 on R:

S1+— 81+t
On the other hand from the proof of Theorem 4.8, we can use the function

a1(s1) = e71/2 with Oay(s1) = (e7%1/2,¢e%1/2) to obtain the following state-
ment, in which we use the notation given by (42).

Theorem 4.14. Considering the cases for (jo,j1) listed below and by setting
for each case

k:kjo+kj17 f:fjo7j1+fj1,j07

(% |t:0 Ok(s1 + t)) (Oai(s1)) = _M.

S1

we have

The following are the cases:
(i) When (jo,j1) = (3,3).
(ii) When (jo,j1) = (4,4).

(111) When (jo,jl) = (5,5)

(iv) When (jo,71) = (6,7).

We note that Theorem 4.8 asserts that in each of the above cases the func-
tion aq(s1) f(s1)/s1 is in the kernel of transformation 1 + 7%, which sends
via averaging any function defined on R to a function defined on the quotient
space.

Now for any 2-variable function k(si, s2) we similarly define Ok to be the
orbit of the function k& under the action of 75 on R?:

Ok(Sl,Sg) = (k(Sl, Sz),k‘(—Sl — 52,81), k(Sz, —S1 — 52))

It is easy to see that

d
pn |t:0 (’)k(51 +t, 82)

_ % | k(51 + £, 52), k(=51 — £ — 50,51 + 1), K(52, —51 — £ — 52))
= (O1k(s1,52), (02 — O1)k(—s1 — s2,81), —O2k(s2, —51 — 82)).
This means that the flow induced on the orbit from the flow on R? given by
(s1,82) — (s1+1,82)

generates the differential components of the differential equations (28)—(36)
when put together as in the statement of Theorem 4.10. Also we know from
the proof of this theorem that the coefficients appearing on the left-hand sides
of these equations are induced by the action of T3 starting from the function

as(s1,82) =e” -3

since )
_2%1 _ s2 1 1 _
00[2(81782) = (e 3 3 763(81+282)763(81 82))'

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



290 ALAIN CONNES AND FARZAD FATHIZADEH

Therefore, using the notation introduced by (45), we have the following state-
ment.

Theorem 4.15. For each of the cases listed below we set

k= kjo + kjl + kjw [= ijajl’j2 + fj%jo,jl + fj1,j2,j0'
Then we have

d _aa(s1,82) f(51,82)
(5 lizo O(s1 +1,52)) - (Oaz(si,s2)) = = W

where the following are the cases for (jo,j1,J2):
(i) When (jo,j1,72) = (8,12,11).
(ii) When (jo, j1,j2) = (9,13, 10).

(111) When (j(),jl,jz) = (14, 16, 15)

We recall from Theorem 4.10 that in each of the cases mentioned in the
above theorem, the function ag(s1,s2)f(s1,s2) is in the kernel of the aver-
aging operator 1 + T3 + T2, which means that its average (defined on the
quotient space) vanishes. We also note from Lemma 4.9 that the denominator
s182(s1 + s2) is invariant under the action of T.

Similarly, for any 3-variable function k(s1, s2, s3) we define Ok to be orbit
of the function k under the action of 7y on R3:

(’)k(sl, S92, 83) = (k‘(Sl, S92, 83), k‘(—Sl — 82 — 83,81, 52),
k(s3, —s1 — s2 — 83,51), k(s2,53, =51 — 82 — 83)).
In this case as well the flow induced on the orbit from the flow on R3 given by
(s1,82,83) = (s1+1,82,53)

generates the differential components of the differential equations (37)-(40)
when considered together as mentioned in the statement of Theorem 4.12.
That is, one can see easily that

d
% ‘t:O Ok(81 +t, s2, 83)

= % ‘t:O (k(s1+t,52,83),k(—s1 —t — so — 83,51 +1,52),
k(s3,—s1 —t — s2 — s3,81 + t),k(s2,53,—s51 —t — S92 — 53))

= (Blk(sl, Sa,83), (02 — 01)k(—s1 — s2 — 3, S1, S2),
(03 — O2)k(s3, —s1 — s2 — $3,81), —03k(s2, 83, —51 — S2 — 53)).

As we observed in the proof of Theorem 4.12 the coefficients appearing on
the left-hand sides of these equations are induced by the transformation T}y
starting from the function

asz(sy,s2,83) =e 1274
because we have

281 _ s2 83 1 1 _ 1 _ _
Oa3(81, 82783) _ (e 1 > 764(81+282+383)’e4(81+282 83)764(81 252 53)).
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Hence, using the notation introduced by (48), we have the following theorem.
Theorem 4.16. For each case from the list given below set

k= kjo + kjl’ f= fjo,j1 + fj17j0'
Then we have

d
(E |t:0 (’)k(sl + t, So, 83)) . (OOZ3(81, S92, 83))
as(s1, s2,53) f(s1,52,53)

B 5182(81 + 82)83(82 + 83) (81 + 82 + 83)°

where the cases are the following:
(i) When (jo,j1) = (17,19).
(ii) When (jo,j1) = (18,18).
(iii) When (jo,j1) = (20,20).

We note that we proved in Theorem 4.12 that in each of the above cases
the function as(s1, 2, $3)f(s1, 2, $3) is in the kernel of the averaging operator
1+ Ty + TF + T3, hence its average (defined on the quotient space) vanishes.
We also recall from Lemma 4.11 that the denominator

s182(51 + s2)s3(s2 + s3)(s1 + 2 + s3)

is invariant under the action of T}.

5. THE METHOD AND TOOLS FOR PROVING THE FUNCTIONAL RELATIONS

In this section we provide the tools for calculating in two different ways the
gradient of the map that sends a general dilaton h = h* € C*(T2) to ¢o(a4),
which will eventually lead to the functional relations stated in Theorem 3.1 in
Section 3. For the sake of clarity, let us write a4 = a4(h) so that we can clearly
view it as a function of the dilaton h. Also, we will use the following notation
for the conformally perturbed Laplacian given by (4):

Ny, = 2 Ael2,

The methods are in fact closely based on the techniques initiated in [14].
The first method employs a fundamental identity proved in [14] as follows. For
a general element a € C°°(T3), consider the spectral zeta function defined by

Cn(a,s) = Trace(a AN, ®), se€C, R(s)> 0.

The zeta function is initially defined when the real part of the complex num-
ber s is large enough, and it has a meromorphic extension to the complex plane.
It is proved in [14] that if h and a are smooth selfadjoint elements in C(T3),
then

d

‘5:0 <h+5a(175) = _g Ch(avs)v
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where .
E:/ e"h2ae= /2 gy,
-1
Using the Mellin transform and the asymptotic expansion (1), one can see
that

Cula,—1) = —po(aas(h)), a€ C®(T2), h=h* € C™(T3).
Therefore, it follows from (49) that
d 1. 1
o= |z eolas(h + 2a) = =5.Gu(@ 1) = Spo(@as(h).

At this stage, following the method in [14], it is crucial to observe that, in
general, given a smooth function L and elements z1,...,z, € C*®(T%), we
have

(51)

(50)

wo(@e"L(V,...,V)(z1---xn))

1
/ e 2qehe /2 qu L(V,. .., V)(z1 - - xn)>
1
aeh / e MWLV, V) (@) e du)

= %0 (aeh (2%) (L(V, ..., V)(zy - -xn)))

-l (R e o)

Sj:v (xl .. xn)).
This justifies the reason for defining the variants K ; of the functions K as
in (7).

By using the identities (50) and (51), and considering expression (6) for the
term a4 (h) with £ = %, we can conclude that under the trace ¢y we have

(52)
|y wolaslh+ <))
= —ae" (K1 (V)(0105(h)) + K> (V)(61(h) + 05 ()
+ K3(V, V)((8182(R)) - (6102(h))) + Ka(V, V)(87(h) - 85 (h) + 85 (h) - 63 (h))
+ K5(V,V)(67 (h) - 67 (h) + 05 (h) - 85 ()
+ Ko(V,V)(01(h) - 67 (h) + 01 (h) - (5185 (h)) + 02 (h) - 63 (h) + 02(h) - (57 62(h)))
+ K2 (V, V) (3 (h) - 61(h) + (8163 (h)) - 81 (h) + 65 (h) - 8a(h) + (3102(h)) - S2(h))
+ Ks(V,V,V)(81(h) - 61(h) - 63(h) + 32(h) - 6a(h) - 6% (h))
+ Ko(V,V,V)(01(h) - 82(h) - (6102(h)) + 02(h) - 61(h) - (6102(h)))
+ K10(V,V,V)(81(h) - (8105(h)) - 02(h) + 05(h) - (8182 (h)) - 61(h))
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+ K1 (V,V,V)(61(h) - 63(h) - 61(h) + 02(h) - 61 (h) - 62(h))

+ K12(V, V, V) (61 (h) - 62(h) - 62(h) + 83 (h) - 61(R) - 61 ()

+ K13(V, V, V) ((8182(h)) - 81(h) - 52(h) + (8102(h)) - 62(h) - 61.(h))

+ K14(V,V,V)(03(h) - 1(h) - 61(h) + 65 (h) - 52(h) - 6a(h))

+ Ki5(V,V,V)(81(h) - 81(h) - 6% (h) + 02(h) - 6a(h) - 63 (h))

+ K16(V, V,V)(81(h) - 67 (h) - 61(h) + 62 (h) - 55(h) - 62(h))

+ I?U(V, V,V,V)(61(h) - 01(h) - 62(h) - 2(h) 4+ d2(h) - d2(h) - 61(h) - 61(h))
+ ng(v, V,V,V)(61(h) - 02(h) - 61(h) - d2(h) 4 62(h) - 51(h) - 62(h) - 61(h))
+ IN(lg(V, V,V,V)(61(h) - 02(h) - 62(h) - 01 (k) 4 62(h) - 1(h) - 61(R) - §2(h))
+ Rao(V,9,V,9)(31(h) - 61(k) - 81(h) - 51(h) + Ba(h) - 6a(h) - 8a(h) - 52(h)) ).

For our second calculation of the above gradient, we use Duhamel’s formula
in a crucial way, which, given a family of operators A, allows one to write

d 1
—e A = —/ e*“Asd—Ase*(k“)As ds.
ds 0 ds

This method will give rise to a formula for the desired gradient in terms of finite
differences, which is described by performing explicit calculation in Section 6.
However, first, we need to prove a series of lemmas, which are given in the
following subsections.

5.1. Gradients of functional calculi with V. In this subsection, we find
explicit formulas for certain gradients of functions of the modular automor-
phism acting on elements of the noncommutative torus. For convenience, we
will use the notation

Ve = Vthaa =ad_p_cq =V —cad,,
where ¢ is a real number, and h and a are selfadjoint elements in C°°(T3).

Lemma 5.2. Let L(s1) be a smooth function and x1,x2 be elements of the
algebra C(T%) of the noncommutative torus. Under the trace pg, we can write

d
(5 |y LV a0) ) = e L5 4 (9, V) - 2) + e I oV, V) - ),

where

L‘i 1(31 52) = esl"'SQM

S1 + S9
L(s2) — L(—s1)
L =t == -
1,2(31752) € s1 + 5o
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Proof. Writing L as a Fourier transform L(v) = [e ~itvg(t) dt, and using
Duhamel’s formula and trace property of g, we can write under the latter

d
h
e (d—6 Y L(Vs)(xl))mg
1
=eh // it oyt adg 0(1—yy¢(21) g(t) T2 du dt
0
1
=cl // 1t aoy_yt(z1)o_ue(z2) g(t) dudt
0

1
— el // it or—u(r1) ao_yi(x2) g(t) dudt
0
= aLy(V,V)(z122e") + aLy(V, V) (x2e"z1),

where
— G G(s
Luler, )¢ / /“6_” B ()dtdu—+ +82(1) ’
G( 2) — G(— sl)
L , = — tetutsi— i(t—ut)s2 £ dt du
2(81 82) / /Z N ( ) S1 + 82

We need a version of the above lemma that involves functions of higher
number of variables involved. In the following we treat the two and three
variable cases, which will suffice for our purposes in Section 6.

Lemma 5.3. Let L(s1,$2) be a smooth function and let x1,x2,x3 be elements
in C(T%). Under the trace ¢q, we have

d
eh(d—g |€:0 L(V., Vo) (xq -mg))xg
= aehL‘;’l(V, V,V)(x1 - x2 - x3) + aehL;Q(V, V,V)(xg - x3 - x1)
+ aehL§’3(V, V,V)(z3 - x1 - T2),
where
s1+s2+83 L(_SQ — 83, 52) - L(Sla 52)
S1 + s2 + s3
S1+s9 L(837 —S2 — 53) - L(_Sl — 82, 51)
S1+ S2 + 83
s1 L(827 53) B L(827 —S1 — 52)
51+ 82+ s3 '

L5 1(s1,52,83) == ¢

3

L3 5(s1,52,83) == ¢

)

L5 3(s1,52,83) == ¢
Proof. Writing

L(Sl, 82) _ /efit1s17it282g(t17t2) dtl dtg,

we have

L(VE,VE)(xlxg) = /67it1v5 (xl)eiitzve (xg)g(tl,tg) dtq dts.
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We can then use the Duhamel formula to write the following equalities under
the trace q:

d
E |5:O L(VE,VE)({EL’EQ)
d , )
— [ g eV e gt 1) ity dry

. d ;
_'_/efztlvs(xl)(% }5:0 e*1t2VE(x2))g(t1,t2)dt1 dts

1
= // itlautl ada O(1—u)ty (33‘1) Ot, (l‘g)g(tl, tQ) du dtl dtQ
0
1
+ // 190y, (xl)autz ad, O(1—u)ts (xg)g(tl, tg) du dtq dto
0
1
= / /itlautl (CL)O’tl ((El)O'tz (xg)g(tl, tg) dtl dtg du
0
1
—/ /itlatl(xl)autl(a)atQ (22)g(t1, t2) dt1 dts du
0
1
+ / /itg(ftl (xl)autz (CL)O’tZ (xg)g(tl, tg) dt1 dts du

/ /ztgatl 21)0t, (T2)out, (a)g(t1, to) dt1 dts du
=L1(V,V,V)(az122) + L2(V,V, V) (z1022)
+ L3(v7 v7 V)(mlamg) + L4(va va V)(xlea),
where
L1(81, 82783) _ / /itle—zutlm—1t152—zt2s3g(t1’tg) dtl dtg du
0

L(s1 + s2,53) — L(s2, 53)
s1

With similar calculations we have

L — L
L2(81, S2, 83) = (81 ek 83) (81’ 83),

52
L ~L
L3(s1,52,83) = — (51,92 + Sz) (51753)7
2
L - L
Ly(s1,52,53) = (51,52 + Sz) (1, 52).
3

The statement of the lemma then follows if one uses the trace property of ¢g
to move the element a cyclically to the very left, and then uses the modular
automorphism. O

We also need a version of the above lemmas for the case when L is a function
of three variables, which can be proved in a similar way.
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Lemma 5.4. Let L(s1,s2,s3) be a smooth function and let x1,xo,xs, x4 be
elements in C(T2). Under the trace o, we have

d
€h(% ‘5:0 L(V57 Vg, VE)(xl X9 - xg))x4
= aeth’l(V, V,V,V)(x1 - x2 - T3 - 24)
+ aeth,Q(vv V,V,V)(x2 - 2324 - 71)
+ aehLag(V, V,V,V)(x3 x4 x1-22)
+ CL@thA(V, V, V, V)({E4 L1 -T2 x3),
where
1450 tsgtsy (=82 — 83 — 84,82,83) — L(s1, 52, 53)
S1+ So+ 83+ 84
L(s4,—82 — 83 — 54,82) — L(—51 — 82 — 83,51, 52)
eS1752785 (51 + 89 + 53 + S4)
L(s3,54, =82 — 83 — 54) — L(s3, —s1 — s2 — 53, 81)
e751752 (81 + So + S3 + S4)
s1 L(SQ, S3, 54) - L(827 83, =81 — S2 — 83)
S1+ So+ 83+ 84 '
It should be noted that the reason for considering the particular expressions
in the statement of the above lemmas is that we wish to prepare the ground
for making the comparison between the gradients calculated in the beginning

of this section and in Section 6, and derive the functional relations presented
in Section 3.

L§,1(81,82,83,84) =e

)

)

L3 5(51, 82,83, 84) :=

L3 5(s1, 82,83, 84) =

)

L3 4(51,52,53,81) == ¢

5.5. Derivatives §; of functional calculi with V. For our purposes, given
a function of the modular automorphism acting on an element of C(T3), it is
important to have an explicit formula for the derivative d;, j = 1,2, of such
a term. In this subsection we work out the necessary explicit formulas. The
one variable case, which is given in the following lemma, was also proved in [14]
and it is given here for the sake of explaining the idea in the simplest case.
We present the cases when two and three variable functions are involved in
Lemma 5.7 and Lemma 5.8.

Lemma 5.6. Let L(s1) be a smooth function and let x1 be an element of the
algebra C(T3) of the noncommutative torus. We have
(

3;(L(V)(21))
= L(V)(8;(21)) + L9 1(V, V)(0;(h) - 21) + L] o(V, V) (@1 - 6;(R)),

where

L(sy) — L(s1 + s2
L(15’1(817S2) — ( ) 81( )’
L(81 + 82) — L(Sl)

52

L({72(81752) =
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Proof. One can start by writing

1
5jat(x1)—at5j(x1):—/ e —iutV [5J,ZtV] - u)tV( 1)du
0

1
= it/ Out ad(;j(h) O(1—u)t (1) du.
0

Therefore, after writing L(s1) = [ e~ 1 g(t) dt, one gets
6;(L(V)(z1)) — L(V)(6;(z1))

/ /ztaut ) oi(x1)g dtdu—/ /ztat x1) 0yt (95 (h)) g(t) dt du

= L3 1(V,V)(8;(h) - 21) + L§ 5(V, V)(a1

where
1
LY 1(s1,82) =/ /ite*l““l*”&g(t) dt du = (s2) 81(51 +82)’
L
Ll 2 31,32 / /Zte—ztsl —iutSa ( )dtd (81 + 52) (51) 0
52

Now we prove a generalization of the above lemma for the case when the
function L depends smoothly on two variables.

Lemma 5.7. Let L(s1,82) be a smooth function and let x1,x2 be elements
of C(T%). We have

6;(L(V,V)(21 - 22))
= L(V,V)(§;(21) - x2) + L(V, V) (21 - §;(x2))
L1 (V,V,V)(35(h) - @1 - w2) + L5 5(V, V, V) (@1 - §5(R) - w2)
L3 3(V,V, V) (21 - 23 - §;(h)),
where

L L
Lg,l(sla So,83) 1= (s2,53) (51 + s2, 83)’

51
L S1+s '8 _L S1,8 + s
L3 (51, 52, 53) 1= (s1+ 2 3)52 (51,82 3)’
L —L
Lg,3(81782783) = (81’52+823 (51,82).

Proof. We start by considering the identity

0; (01, (21)0, (22)) — 04, (6 (1)) 04, (22) — 01, (21)0¢, (65 (22))
= [0, 00, J(21) 01, (22) + 01, (1) [65, 00, ] (22).
Therefore, by writing

L(Sl,SQ) _ /efit1s17itzszg(t1’t2) dtl dtg,
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we have

§;L(V,V)(z122) — L(V, V)(3;(21)z2) — L(V, V)(215;(22))
= /it1 /01 Outy ads, (n) C(1—uyt, (T1) du o, (22) g(t1, ta) dty dtz
+/Ut1 (1)it2 /01 Tuts ads, (n) 01wty (02) du g(t1, t2) dty dts
- / / it10ut, (85(h))0v, (21)01, (22)g (b1, t2) di dty du
—/01/itlatl(xl)autl(6j(h))at2(x2)g(t1,t2)dt1 dts du
+/1/itQUtl(xl)aut2(5j(h))a't2(m2)g(t1,t2)dtl dty du

/ /ztzatl 21)0¢, (T2)Out, (65 (R))g(t1, t2) dt1 dts du
_Lgl V,V,V)(6;(h) @1 - @2) + L3 5(V, V, V) (21 - 6;(h) - x2)
2,3(v7 vv V)(l‘l T T2 5J(h))a

where

1
Lg,l(sla 52, 53) = / /itle—iutlsl—itlsg—it2s3g(t1, tQ) dty dto du
0

. L(SQ, 83) - L(Sl + 89, 83)

- )

S1

L2 2(81, S92, 83 / /Zt e —itis1—iut1 s —itas3 (tl, tQ) dtl dtQ du

+ / /itge_itlsl_ithSQ_it2S3g(t1, tg) dtl dtg du
0

_ L(s1+s2,83) — L(s1,83)  L(s1,82 +53) — L(s1,3)

S92 52
L(s1 + s2,83) — L(s1, 52 + s3)

)

52
L2 3(81, S92, 83 / /Zt (& —itis1—it2 sy —iutz sy (tl, tQ) dtl dtz du

_ L(81,82+83) L(Sl,SQ) O
S3

Finally, we treat the case when a smooth three variable function is involved,
and find an explicit formula for the derivative d;, j = 1,2, of a general associ-
ated element of the noncommutative torus.
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Lemma 5.8. Let L(s1, s2,83) be a smooth function and let x1, 2,23 be ele-
ments of C(T2). We have

0;(L(V,V,V)(z1 - z2 - 3))
=L(V,V,V)(6;(z1) -2 - x3) + L(V,V,V) (21 - §;(22) - x3)
+L(V,V,V)(z1 22 - 0j(x3)) + L§ (V. V, V, V) (5;(h) - 21 - 22 - 23)
+ L3 o(V,V,V,V) (21 - 6;(h) - 22 - 23)
+ L3 5(V,V,V, V) (21 - 23 - §;(h) - x3)
+ L3 (V. V,V,V) (1 - 32 - 73 - 0;(h)),
where

LSQ 53,54 _L81—|—52 S3, S4
Lg,1(51,82,83,84):: (52,53, 54) ( , 83, )7

S1
L(sy + s2, 83,54) — L(s1, S9 + 83, 84
Lg,2(81752753a54) = ( — )8 ( : ) ),
2
L(s1,89 + s3,84) — L(s1, 82,83 + 84
Lg73(81,82,53,84) = ( ) ) )83 ( ) ) )7
L(s1,82,53 + s4) — L(s1, 52, 53
Lg,4(81a82783,84) = (51, 52, S) (51, 52, ).
4

Proof. One can prove this lemma by starting with the following identity and
by continuing as in the proof of Lemma 5.7:

6 (01, (1)1, (22)015 (23)) — 04, (0 (21))0¢, (22) 01, (23)
= 01, (21)01, (05 (22)) 01, (x3) — 01, (1) 0%, (22) 01, (65 (23))
= [0, 0, (1) 01, (¥2) 0, (23) + 04, (21) [65, 01, ] (w2) 0, (23)
+ 0, (1) 01, (22)[65, 01| (3). O

It is interesting that in the explicit formulas derived in this subsection,
certain finite differences of an original function determine the final formulas.

6. CALCULATION OF THE GRADIENT OF h — ¢g(a4) IN TERMS
OF FINITE DIFFERENCES

In the beginning of Section 5, we explained how, for selfadjoint elements
h,a € C® (’]I‘g), the following gradient can be calculated by using an important
identity proved in [14]:

d
e ‘5:0 wo(aq(h + €a)).

In this section, we demonstrate a second way of calculating the above gra-
dient, which is based on using the Duhamel formula and the lemmas proved
in the subsections of Section 5. This method gives rise to expressions that
involve finite differences, and by comparing the final outcome with the first
formula (52) derived for the above gradient, we find the functional relations
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presented in Theorem 3.1 in Section 3. Then we confirm the accuracy of the
lengthy formulas presented in Section 9 and in the appendices for the func-
tions K7, ..., Koo appearing in formula (6) for the a4, by checking that they
satisfy the expected functional relations. Before starting the second method
of calculating the desired gradient, we need some lemmas.

6.1. Cyclic permutations and functional calculi with V. The first type
of lemmas that we will need concern exploiting the trace and invariance prop-
erty of ¢ to prepare the outcome of the second calculation of the mentioned
gradient for comparison with the first formula given by (52).

Lemma 6.2. Let K be a smooth function of n variables and let x1,...,xy,
belong to the noncommutative torus C(T%). If n = 1, under the trace @y we
have

K(V)(z1) = K(0) z1,
and if n > 1, under ¢y we have

K(V,...,.V)(x1-2n) =L(V,...,V)(x1 " Tp_1) T,

where
L(s1,. y8n—1):=K(81,-..,80-1,—81 — *** — Sp—1)-

Proof. Writing K(s1,...,8,) = [e s "nsng(ty ¢, )dty - dt,, we
have

K(V,....V)(x1--2zp) = /Utl(xl)---Utn(xn)g(tl,...,tn) dty - dty,.

Under the trace ¢q, the latter is equal to

/Utl,tn (1) 01, —t, (@Tn—1)g(t1, ..., tn)dty -+ - dty, -z,
=L(V,....V)(x1- - 2p_1) Tn,
where
L(s1,-..,8n-1) = /e_i(tl_t")sl_“'_i(t"—l—tn)sn glte, ... tn)dty--- diy,
=K(s1,-+.,8n-1,—81 — " — Sp—1)- O

The following lemma allows us to cyclically permute elements of C(T%)
by varying appropriately the function of the modular automorphism that is
involved in each calculation.

Lemma 6.3. Let L be a smooth function of n — 1 variables and let x1, ..., xy,
belong to C(T2). For any 1 < j < n —1, under the trace py we have

L(V, ey V)(Z‘l ce Z‘n—l) Tp = Tj L;(V, ceey V)(Z‘j_H R O V3 B Z‘j_l),
where

c R
L5(s15- -+ 8n-1) = L(Sj42, -+, 8n—1,—81 — 82 — == — Sp_1,51,52, .- -, 5j)-
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Proof. Writing

L(Sh ERE Snfl) = /eiitlslimiitnilsnilg(tl7 s 7tn71) dtl e dtnfla

and using the trace property and the invariance of ¢q, under the latter we can
write

L(V,...,.V)(z1 ZTn-1) Zn
/
/

=Tj /Utj+1—ij (x]'+1) Oty 1t (In—l) O—t; (l‘n) Oty —t; (1‘1) Ot —ty (1‘]’_1)

Oty (1’1) . 'Utj (IJ) . 'Utn,l(xn—l) In g(tl, .. .,tn_l) dtl e dt]' . 'dtn_l

ot (x5) 0ty (1) Tn0wy (1) -+ 005y (@5-1)g (b1, -y tnr)dby - - dbn

g(t1, ... tno1)dtr - -dtn_

c
=z; Li(V,...,V)(@j41- Tn - T1- - Tj-1),
where
Lj(Sl, ey Sn—l)
:/efi(tj-#l*tj)sl*'"*i(tn—1*tj)8n—1—j+itjsn—j*i(tl*tj)sn—j-pl*"'*i(tj—lftj)sn—1

g(t1, .. tn_1)dtr---dtn1
= L(8j+27...78n,1,—51 — 89 — - _Sn—1781782,...,8j)7

as desired. O

6.4. Finite differences of G1(V) relating derivatives of h and e. The
second type of lemmas that we shall need in the remainder of this section
concerns writing the derivatives up to order 4 of the conformal factor e €
C*°(T2) in terms of the derivatives of the dilaton h. In [14, 20], for the purpose
of writing the final formula for the scalar curvature in terms of derivatives of h,
the functions Gi(s1) and Ga(s1, s2) were found such that for ji, jo € {1,2}:

e "0, (e") = G1(V)(8j, (h)),
e 85,85, (") = GL(V)(81, 852 (h)) + G2(V, V) (85, (h) - 5 (h) + 65, () - 65, (h)).
For our purposes in this paper, in the sequel we will need to treat terms of
the form e~";,6;,8;,(e") and of the form e=";,6;,65,8;,(e”). This is done in
the following lemmas, where we first give a general form of these expressions

in terms of derivatives of A and will then describe the functions G1, Go, G3, Gy
in Lemma 6.6 and Lemma 6.7.

Lemma 6.5. Let j1,j2,73,ja be either equal to 1 or 2. Using the functions
G1,Ga,G3, Gy presented in Lemma 6.6 and Lemma 6.7, we can write:

e_h5j1 5j2 5j3 (eh)

= G1(V)(B5,1(h)) + G2(V, V)(T32(h)) + G5(V,V, V)(O3,3(h)),
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O3,1(h) = 5j1 5j25j3 (),
Os,2(h) := 6;,(h) - (6;205,)(h) + 65, (h

)
+ 5j3 (h) : (5j1 5j2)( ) ( J1513)
)-

O3,3(h) := 85, (h) - 8j,(h) - 05 (h) + 85, (h) - 0 (R) - 8, (R)
+ 04y (R) - 05, (R) - 05 (h) + 03, (R) - 035 (R) - 65, ()
+ 05 (h) - 5y (h) - 65, (R) + 055 (h) - 85, () - 05, (R).

Moreover, for the case when the order of differentiation is 4, we have

e™"0},01,0j,0;, (") = G1(V)(Ta,1(h)) + G2(V, V)(Da2(h))

(5]16J3)(h) (5j1 5j2)(h) ’ 5j3 (h)
(h) - 655 (h) + (85,055 )(h) - 65, (),

+ G3(v7 vv v)(‘:‘4,3(h)) + G4(va va V, V)(D474(h)),

where

O4,1(h) := (85, 0505505,)(h),

O4,2(R) := 65, (R) - (8550553 85,)(R) + 85 (h) - (85105505, )(h) + (85, 855)(h) - (§;50;,)(h)
+ 855 (h) - (65, 5 2054 )(h) + (851 653)(h) - (65505,)(h) + (855655)(h) - (85, 65,)(h)
+ (85,055 055)(R) -85, (h) + 85, (h) - (8, 0655055)(h) + (5,65,)(h) - (5655)(h)
+ (653054)(R) - (851 8j3)(R) 4 (851 655 654)(R) - 85 (h) + (85538, (R) - (851 855)(R)
+(8518j3854)(R) - 855 (h) + (8558558, )(h) - 51 (h),

O4,3(h) =385, (h) - 85(h) - (65585,)(h) + 5, (h) - 855 (h) - (8565,)(h) + 85 (h)-(8;5855)(R) -85, (h)
+85, (k) -85, (h) - (85655)(h) + 65, (h)-(85585,)(h) 654 (h)+ 5, (h)-(8558;,)(h) -5, (h)
+ 85, (R) 85y (R) - (855605, )(R) + 85y (R) - 855 (R) - (85, 85,)(R) + 85,(R) - (85, 8;5)(h) -85, (h)
+ 85, (R) - 85, (R) - (85, 655)(R) + 85y (R) - (85, 85,)(R) - 854 (R) + 85,(R) - (8558;,)(h) &5 (h)
+ (85, 655)(h) - 855 (h) -85, (h) + (85, 6;5)(h) - 65, (h) - 654 (h) +655(h) 65 (h)-(85,65,)(h)
+ 855 (h) - 855 (h) - (85, 85,)(R) + 85 (h) - (65, 855)(R) -85, (R) +8j5(h)-8j,(h) - (6;;8;5,)(h)

+ 855 (h) - (85, 85,)(R) - 855 (h) + 855 (h) - (85585,)(h) - 85, (R) + (85, 855)(h) - 85, (h) -
+ (851 053)(R) - 85, (R) - 85 (R) + (855855)(R) - 85, (h) - 85, (R) + (855855)(h) - &5, (h) -
+ 85, (R) - 85, (R) - (85055)(R) + 85, (h) -85, (R) - (85, 855)(R) + 85, (R) - (85, 8;5)(h) -
+ 85, (h) - 855 (h) - (65, 65,)(R) + 65, (h) - (85, 855)(h) - 65,(R)+ 65, (h)-(85,8;5)(h) -
+ (85, 65,)(h) - 855 (h) - 855 (R) + (85, 6;,)(h) - 654 (h) - 65,(R) + (85565,)(h) -5, (h)-
+ (85505, )(R) - 855 (R) - 851 () + (85585,)(h) - 85, (k) - 85y (R) + (855385,)(h) - &5, (R) -

O4,4(h) := 385, (h) - 85 (h) - 85 (h) - 85, (h) + 85, (h) -85 (h) - &5, (h) - 654(h)
+85, (h) - 855(h) - 855 (h) - 85, (h) + 65, (k) - 655 (R) - 65, (R) -85, (h)
+85, (h) - 85, (h) - 855 (h) - 855 (h) + 65, (k) - 65, (R) - 654 (R) -85, (h)
+ 045 (h) - 85y (h) - 85 (h) - 85, (R) + 85 (h) - 65y (R) - 85, (h) - 85 (R)
+ 045 (h) - 85 (R) - 85 (h) - 85, (R) + 85 (R) - 85 (R) - 85, (R) - 65y (R)
+8jy(h) -85, (h) -85, (h) - 855 (h) + 65, (h) - 65, (R) - 654(R) -85 (h)
+ 855 (h) -85, (h) - 855 (h) - 85, (h) + 855 (h) - 65, (R) -85, (R) -85, (h)
+ 045 (h) - 855 (R) - 85 (h) - 85, (R) + 85 (h) - 655 (R) - 85, (R) - 5y (R)
+ 045 (h) - 85, (h) - 85 () - 85 (R) + 85 (h) - 65 (R) - 855 (R) - 65y (R)
+ 385, (h) -85, (h) -85, (h) - dj5(h)+ 85, (h) -85 (h)-dj5(h) 5;,(h)
+ 85, (h) -85, (R) -85, (h) - dj5(h) + 85, (h)-85,(h)-dj5(h) 65, (h)
+ 85, (h) - 8553 (h) -85, (R) - 855 (h) + 85, (h) - 853 (h)-8,(h) -85 (h).
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The above lemma can be proved by writing an expansional formula as in
Section 6.1 of [14] (or the method used in [15, 18]). This method will also show
that the functions G, Ga, G3, G4 can be constructed as follows.

Lemma 6.6. The functions G1,G2,Gs, Gy can be constructed recursively by
setting

and by writing

1
n—1_sir
Gn(s1,.-..,8n) = / " e T Gho1(rsa, rS3, ..., TSy) dr.
0
Therefore, we have
S1 __ 1
S1

81, ey
/ / / n—1 n 2 T 6517’1+S2f’1rz+~~-+sn_1nf’2---rn_1

X G1 7"17’2 T — 18n) d’/’1 d’/’Q drn—l

1n—1
// / H "3 s IR PGy (ryry v 18n) dry drg -+ drg 1.

Now, we can explain how the functions G5, G3, G4 can be obtained by finite
differences of the function G;.

Gi(s1) = &

and

Lemma 6.7. Starting from the function
el —1

Gi(s1) = ;

S1

we have

Ga(s1,82) = é(Gl(sl +s2) — Gi(s1)),

I

G1(s1+ s2 + s3) — Gi(s1) _ Gi(s1 + s2) — Gl(sl))

1
Gs(s1,82,8 :—(
3(81, 82, 83) S3 S2 + 83 S2

G4(81782783,84)

_ 1 1 (Gl(sl + s2 4+ 83+ s1) — Gi(s1) _ Gi(s1+ s2) —Gl(Sl))

S4 83 + S4 S2 + 83 + 54 S2
11 (Gl(sl + 52+ s3) — G1(s1) _ G1(s1+ s2) —Gl(sl))
54 83 S2 + S3 52 '

We recall that we provided the explicit formulas for the functions G1, G,
G3, G4 by (9) since they play an important role in the functional relations
stated in Theorem 3.1 in Section 3.

Now we are absolutely ready to start the second calculation of the gradient

d
e |._y polas(h +ea)),
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where h,a € C°°(T3) are selfadjoint elements, by computing the gradient cor-
responding to each term appearing in expression (6) for the term ay4. In fact,
the terms that have functions of the modular automorphism with the same
number of variables involved give rise to, although lengthy and different, but
somewhat similar calculations. Therefore, we have chosen four different terms
from (6) that respectively involve one, two, three and four variable functions,
and will demonstrate the gradient calculation for each individual case in the
following subsections.

6.8. Gradient of 1po(e"K1(V)(6762(h))). In order to compute

d ea
ey w0l RL (V)G + 20))
first we use Lemma 6.2 to write
-2
po(e" K1 (V) (6785(h))) = ST po(e" 8765 (h)).
Therefore, it suffices to calculate
d
d_g ‘6:0 Q(h + 6@),
where
Q(h) = @o(e"6755(h)).
Since

Q(h +ea) = po(e"6763(h)) + epo(e" 546703 (a)),
under the trace g we have

d d ea
T lemo Ah+ea) = = | €M 5105 (R) + €703 (a)
l—eV hs2 52 h£2 52
= ?(a)e 6105 (h) +€"d705(a)
_ h1_6v22 h_—hs2¢2/ h
=ae (6705(h)) 4+ ae™e™"07d5(e™).

-V
In the last expression, the term e "6262(e”) can then be expanded using
Lemma 6.5.
Putting everything together, up to multiplying the right-hand side of the
following equality by ae”, under the trace @g, we have
d 1
E |5:O 5 ¥0

L—em)m 2 ¢2
- (U2 - SnGaton) |, o (103(0)

N (_1_157TG2(81752)) |,y 81 ()35 (R)

+ (—1—157TG2(81,52)) ‘Sj:v 85(h)83 (h)

+ (%(—2)wG2(sl,52)) \SFV 51(R)(8162(h))

("= K1 (V) (0763 (h + €a)))
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—+
/

(~2)7Ga(s1,52)) |, _g B2(R)(3302(R))
(~2)7Ga(s1,52)) |, g (6302()32()
(~2)7Ga(s1,52)) |, g (B153(0)31 ()

(~)7Gals1,52)) |, g (6182(1)(B10(R)

_|_

_|_

_|_

_|_

(~2)7Gs(s1,52,59)) |, _ 01(R)3 ()03 (R)

1
15
(i
15
(i
15
(i
15
(i
15
! 2
+ (1_5(_2)7TG3(81782,83)) |Sj*V 851(h)62(h)61(h)
+ (%(-2)#613(51,52, 33)) |s]:v 5f(h)52(h)52(h)
+ (%(-2)#613(51,52, 33)) |sj:v 52(h)6%(h)d2(h)
+ (%<—2>”G3<81782, $3)) |, _y 02(M)5 ()63 (1)
+ (%(-2)#613(51,52, 33)) |sj:v 63 (h)61(h)d1(h)
+ (%(_4)7TG3(51752, 33)) |sj:v 51 (h)62(h)(8162(h))
+ (%5(_4)7TG3(81782, 83)) |Sj:v 51(h)(51(52(h))52(h)
+ (%(—4)7%;3(81,82, 83)) |Sj:v 52(h)61(h)(6162(h))
+ (%5(_4)7TG3(81782, 83)) |s]~:V 52(h)(51(52(h))51(h)
+ (1_15(_4)7TG3(81782,83)) |s]~:V (5152(h))51(h)52(h)
+ (%(—4)7%;3(81,82, 83)) |Sj:V (6162(h))d2(h)61(h)
+ (%5(_4)7TG4(817 S92, 83, 84)) ‘S]‘:v 51(h)51(h)52(h)52(h)
+ (%(_4)7TG4(51752, 83,54)) ‘s]:v 51(h)62(h)d1(h)d2(h)
+ (%(_4)7TG4(51752, 83,54)) isj:v 51(h)62(h)d2(h)61(R)
+ (%(_4)7TG4(51752, 83,54)) isj:v d2(h)61(h)d1(h)d2(h)
+ (%(—4%(14(51,52, 83,54)) | —v 02(n)31(h)82(R)61 (h)
+ (%(—4%(14(51,52, 83,54)) | —v 02(n)82(h)81 ()61 (h)
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6.9. Gradient of 1po(e"K3(V,V)((0182(h)) - (6162(h)))). In order to
compute
d

% ‘6:0 Q(h + ECL),

where
Q(h) = o (" K3(V, V)((6162(R)) - (6182(h)))),
first we use Lemma 6.2 to write
Q(h) = @o(e" K (V) (6162(h))6162(h)),
where the function K is defined by
K(Sl) = K3(81, —81).
Therefore, under the trace g,
Q(h + ca) = "R (V) (6102(R)) 6102(h) + e ¢ K (V) (5102(a)) 5182 (h)
+ e UK (V) (6102(R)) 6162(a) 4+ €2(---).

Therefore,
d d htea
(53) . l._o Qb +ea) = J le=0 - K(V)(6102(h)) 0162(h)
d
+ ehd—6 ——o K(Ve)(6162(h)) 6162(h)

+ ehK(V) ((5152 (CL)) (5152(h)
+ ehK(V) ((5152 (h)) 0102 (a)
The first term in (53), under g, is equal to

1—eV
\%

(a) €" K(V)(8162(h)) 6162(h)

WL K(V)(5162(h)) 516 (R))

= ae

_ h(ﬂm )| (8162(h) 6185(h))
= ae —(81+52) S1 51=V,52=V 192 12 ’

Using Lemma 5.2, for the second term in (53), under g, we have

eh% |€:O K(Vg)((slég(h)) 5152(h)

_ aeh (esl+52 K(_SQ) - K(Sl)
S1 + s9

K(s2) — K(—51)
S1+ S2

) | o1, spmw (0102(R) 8102(h))

+ael (e ) Lo r (0102(0) 6105(R)).
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For the third term in (53), under ¢, we can write
"K(V)(6102(a)) 6102(h
= 6102(a)e" K(—V)eY (6162(h))
=aee 6165(e") K (V) (6102(h)) + aele "5, (eM)52 (K, (V) (6102(R)))
+aele " 8y(e") 61 (K, (V)(8102(h))) + ae"6182(K, (V) (0102(h))),

where
K,(s1) = K(—s1)e™
In the above expression, terms of the form e~"4;, (e") and e~"4;,8;,(e) can

then be expanded using Lemma 6.5. Furthermore, we use Lemma 5.6 and
Lemma 5.7 to expand the terms of the form

52(Ky(V)(6162(h))) and  6102(K,(V)(012(h))).
Similarly, for the fourth term in (53), under g, we can write

"K (V) (6165(h)) 6162(a)
= ab102(e" K (V)(6102(h)))
=aehe 5,05(e") K (V) (6162(h)) + aee ™51 (e")do(K (V) (6102(h)))
+ace"5y(e") 61 (K (V) (8102(h))) + ae”6165(K (V)(6102(h))).

In this expression also, terms of the form e="§;, (") and e="4,,6,, (e") can then
be expanded using Lemma 6.5, and the terms of the form do(K (V) (6192(h)))
and 192 (K (V)(6102(h))) need to be expanded using Lemmas 5.6 and 5.7.
Finally, putting everything together, up to multiplying the right-hand side
of the following equality by ae”, under the trace ¢g, we have
d 1

22 lemo 5 90 ("I KA(Ve, Vo) (5162 + ) - (8162 (h + 2a))))

B R 1 2.2 192 h5(—s1 —s) |1
= (Ze 1kg(—s1) + Zk‘i(sl)) |3j= (6765(h)) + (—T + Ze 2G1(s1)k3(—s2)
$2 foq(— 1 k k +
SRR | G (spha(on) + 2R RACLE )Y 6630
4sq 4s1 4s1 sj=V

eS1t2p5(—sq — 52) . e*2k3(—s2)
- - =7 e*2G k +
( ™ + e 1(s1)k3(—s2) 15,
k3(s2)  kz(s1+s2)

1
+ ZGI(Sl)kS(SQ) + a5, T) |3j=v 62(h)(8362(h))

( elkg(—s1) n eS1F 923 (—s1 — s3) n k3(s1 + s2) k3(81))
4s9 4s9 4so 4s9

(7 L (el DI e*1T°2k5(—s1 — 52) L kel ts) k3(51))
4s9 4s9 4so 4s2

+ oymv ET82(A)E(R)

+

s g (0183(R)51(R)
o=

n ( eSlkg(—s1) elsiha(—s1) | e"1T52s1kg(—s1 —s3) | €*251G1(s1)ks(—s2)

2(s1 + s2) 4s2(s1 + s2) 4s2(s1 + s2) 4(s1 + s2)
€"255G1(s1)ka(—s2) | e“2kg(—sz)  e*11%2kg(—sy)  e*2s2kz(—s2) | 51G1(s1)ks(s2)
4(s1 + s2) 4(s1 + s2) 4(s1 + s2) 4s1(s1 + s2) 4(s1 + s2)
s2G1(s1)k3(s2) | e’lks(s2) k3(s2) sokz(s2) sika(s1+s2)  ka(s1)
4(s1 + s2) 4(s1 +s2)  4(s1+s2)  4si(s1 +s2) 4s2(s1 + s2) 2(s1 + s2)
S1+92 55kg(—s1 — k k
e sakg(—s1 —s2)  sakg(si+s2)  siks(s1) )  (6162(m)(8162(R)
4s1(s1 + s2) 4s1(s1 + s2) 4sa(s1 +s2)7 5=V
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(— e*2193Gy (s1)kg(—s2 — s3) B e*2F 3 3 (—sy — 53) _ e®2T53 k3 (—s — s3)

4(s1 + s2) 4s1(s1 + s2) 4s2(s1 + s2)
e52T5351 Gy (s1)kg(—sp — s3) | e“1T52F53kg(—s) — sy —s3) | €3G (s1)k3(—s3)
- 4s2(s1 + s2) 4s1(s1 + s2) 4(s1 + s2)
+ e’351G1(s1)k3(=s3) | e"3s51Ga(s1,82)k3(—s3)  e"3s52Ga(s1,82)k3(=s3)  e®3kz(—s3)
4s2(s1 + s2) 4(s1 + s2) 4(s1 + s2) 4s2(s1 + s2)
n G1(s1)ks(s3) | s1Gi1(s1)ks(s3)  s1Ga(s1,s2)k3(s3) | s2G2(s1,s2)ks(s3) k3(s3)
4(s1 + s2) 4s2(s1 + s2) 4(s1 + s2) 4(s1 + s2) 4s3(s1 + s2)
4 k3(s1+s2+s3) Ga(si)ks(sz +s3)  ka(s2+s3)  s1Ga(s1)ks(s2 + s3)
4s1(s1 + s2) 4(s1 + s2) 4s1(s1 + s2) 4s2(s1 + s2)

k3(s2 + s3) )
4s2(s1 + s2)
+ ( e*2V93 Gy (s1)kg(—s2 — s3)  e"2T"Bkg(—sy —s3) €273 kg(—sy — s3)

_y 91(0)62(R)(8162(R))

sj=

4(s1 + s2) 4s1(s1 + s2) 4s2(s1 + s2)
e52T5351 Gy (s1)kg(—sp — s3) | e®1T52F53kg(—s) — sy —s3) | €3G (s1)k3(—s3)
- 4s2(s1 + s2) 4s1(s1 + s2) 4(s1 + s2)
n e®3s1G1(s1)k3(—s3)  e®3s1Ga(s1,s2)k3(—s3) e®3s2Ga(s1,s2)k3(—s3) | e®3kz(—s3)
4s2(s1 + s2) 4(s1 + s2) 4(s1 + s2) 4s2(s1 + s2)
n G1(s1)ks(s3) | s1G1(s1)ks(sg) | s1Ga(s1,s2)k3(s3) | s2G2(s1,s2)k3(s3)  kz(s3)
4(s1 + s2) 4s2(s1 + s2) 4(s1 + s2) 4(s1 + s2) 4s2(s1 + s2)
n k3(s1+s2+s3)  Gi(si)ka(s2 +s3)  kz(s2+s3)  s1Gi(s1)ka(s2 + s3)
4s1(s1 + s2) 4(s1 + s2) 4s1(s1 + s2) 4s2(s1 + s2)

_ ka(s2 +s3) )
4s2(s1 + s2)
eS 11525 (—s1 —s3)  ka(sy +s2) | e“2T53Gy(s1)ka(—s2 —s3) | e"2T%Bkg(—sy — s3)
+( + + +
45183 45783 4s3 45783

_y 92(n)01(R)(8162(R))

i

Gi(s1)ka(s2 +53) | ka(s2 +s3) e®2Gy(s1)ka(—s2)  Gi(s1)ka(s2)  e®2kz(—s2)

+
4s3 45153 4s3 4s3 45153
B k3(s2) B e1F92F58 kg (—s) — 59 — 53) _ k3(s1 + s2 +53))| 51 (h) (81.62(h))82 (h)
45183 45183 4s1s3 =v ! 12 2

eS11t52a(—sy — s k3(s1 + s 52153 G (s1)kg(—s9 — s e52tS3a(—sg — s
+( 3(—s1 2)+3(1 2)+ 1(s1)kg(—s2 3)+ 3(—s2 3)

45183 45783 4s3 45783
n G1(s1)ks(s2 + s3) n ks(sz +s3) e®2Gi(s1)ks(—s2) Gi(si)ks(s2) e®2ks(—s2)
4s3 45153 4s3 4s3 45153
s s s
- Z?;(:f; - Sk::;? o) k3(514:15523+53)) | @182 ()
elkg(—s1) k3(s1) eS1T52F 53 g (—s) — sy — s3) | ka(s1 + sz + s3)
* (452(52 +s3)  4s2(s2 + s3) 4s3(s2 + s3) 4s3(s2 + s3)
e 1925 (—s1 — s3)  ka(sy +s2)  eS1T92kg(—s1 — s3)
- 4s2(s2 + s3) T 4sy(sz +s3) 4s3(s2 + s3)
- ety [, 18205 (520
elkg(—s1) k3(s1) eS1T52F53 kg (—s) — sy — s3) | ka(sy + sz + s3)
* <4S2(S2 +s3)  4s2(s2 + s3) 4s3(s2 + s3) 4s3(s2 + s3)
eS1T52kg(—s) —s3)  kg(s1 +s2) e 1192kg(—s1 — s3)
- 4s2(s2 + s3) T 4sy(ss +s3) 4s3(s2 + s3)

_ k3(s1 +s2) )
4s3(s2 + s3)

o=v (6162(h))62(h)é1 (h).
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6.10. Gradient of £o(e"K13(V,V,V)((6102(h))-81(h)-62(h))). Now,
we use Lemma 6.2 to write

Q(h) = po(e"K13(V, V. V)((6:82(h)) - 61(h) - 82(h)))
= 0o ("K(V,V)((8102(h)) - 61(R)) - G2(h)),
where the function K is defined by
K(Sl, 82) = K13(81, S92, —81 — 52).

Therefore, under the trace ¢, we have
Q(h +ea) = " K (V., V) (8162(h) 61(h)) d2(h)
+ eeMTEUK (Y., V.2 ) (0102(h) 61 (h)) d2(a)
+ e K (Y., V2) (6102(h) 81(a)) 62 (h)
+ee" UK (Ve, Vi) (6162(a) 61(h)) Sa(h) + () +3(-++).
Under ¢g, we can thus continue to write

(54) % |, Qh +ea) = dii o K (Y, V) (510(h) 61 (R)) 62 ()

+eh%;5 K(V.,V.)(8185(h) 81 (h)) 52(h)
+ e K(V,V)(8102(h) 61 (h)) 62 (a)
+ e K(V,V)(0182(h) 51 (a)) 62 (h)
+ el K(V,V)(0182(a) 81(h)) 02 (h).

(
(

The first term in the above expression, under ¢y, is equal to

1—eV

v (a) " K(V,V)(6102(h) 61(h)) d2(h)

hl—eV
(K(V,V)(6102(h) 61(h)))

v
K(51,52)) |,y 1oy (0102(8) 1(R) 02(R)).

= ae
B h( 1 — eStts2+ss
=ae"| ——
—S81 — 82— 83
Using Lemma 5.3, for the second term in (54), under (g, we have

h d
e % =0 K(v57v5)((5162(h)51(h))52(h)

= aeh (eorrorton Kot SR Zsnsa)y ) 5 5 () ()

—81 — S2 — S3

s14s0 K(—81 — 82,82) — K(s3,—52 — $3)

+aeh (e . B R ) ., —g (81()32(R)8152(R)
s K(s2,—s1 — s2) — K(s2,s

+ae" (e (52 — _2 _83( : 3)) |,y (B2(R)3162(R)d1 (R).
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For the third term in (54), under ¢, we can write
e K(V,V)(0102(h) 51(h)) da2(a)
= dy(a)e K(V,V)(6102(h) 61(h))
= —aele ", (e") K(V,V)(6102(h) 61 (h))
— ael 65(K(V, V) (6.162(h) 61 (R))).

The fourth term in (54), under o and by using Lemma 6.3, can be written

" K(V,V)(8165(h) 61(a)) 62(h)
= 01(a)K,(V,V)(82(h) - €"6165(h))
= 61(a)e" Ky (V, V)(82(h) 5162(h))
= —acle "6, (") Kyo(V, V)(82(h) 6162(h))
— a6 (K (V, V)(62(h) 6:182(h))),
where

Ky(s1,82) = K(s2, =51 — 82), Kuu(s1,52) =€ K,(s1,52).

In the above expression, the term of the form e~"§;, (e") can be expanded
using Lemma 6.5. We use Lemma 5.7 to expand &1 (K, (V, V)(d2(h) 5162(h))).
Similarly, for the fifth term in (54), under ¢o and using Lemma 6.3, we write

" K(V,V)(6182(a) 81 (h)) 82(h)
= €"6185(a) Koy (V, V) (61(h) 62(R))
= 0102(a)e" Kuww(V, V) (81(h) 82(h))
= ae"e™"6102(") Ky (V, V) (81 (h) 62(h))
—|—aehe_h51(€h) 02 (K ww(V,V)(61(h) 62(h)))
+ aele ™ 55(e") 61 (Kww(V, V)(61(h) 62(h)))
+ ae" 6105 (K (V, V) (61 (h) 62(R))),
where
Ky(s1,82) = K(—81 — 82,51), Kuuw(s1,52) = e 752K, (s1,52).

Here, one can use Lemma 6.5 for expanding the terms of the form e="§;, (e”)
and e~ ";,4;,(e"), Lemma 5.7 can be used for §;, (Kyw(V, V)(d1(h) d2(h))),
and Lemma 5.7 and Lemma 5.8 allow one to expand the term

0102 (K (V, V) (61 (h) 62(h))).
Putting everything together, up to multiplying the right-hand side of the
following equality by ae”, under the trace ¢g, we have
d 1

=0 g 00 (" TEUK15(Ve, Ve, Vo) ((8182(h + ca)) - 81 (h + <a) - §2(h + ca)))

1 1
= (~gks(s1,92) ooy (18381 () + (S 12 h1g (=01 = 52,50)) |

o= 51(h) (8183 (R))
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n ( eS1T92 g o (Lsy — 52,51)) |Sj:v 52(h)s2(h)
+ ( 12k (—s1 —s,50)) |, g (6702(R))62(h)
1
+ (—ge ths(o2, —s1 = 92)) |, _g $2(W)(5782(h)
+( 1 3(s1,s2) + 1551+52k13(—sl — 52,51)
8 ’ 8 ’
1
= e kas(ea, =51 — 52)) o= (8182(R)(5152(R)
es2ts3 —s9 — 83,8
+< e"2T93 G (s1)k13(—s2 — 53, 82) + 130752 8:52)
8s1
eS1F82F93 k15 (—51 — 5o — 53,51 + s2)
- ) la. =g 62(R)8T ()62 (h)
=1

8s1
€S2 53y 3(—sg — s3, 52)

8s1

1
+ (§€S2+53G1(51)k13(*82 — s3,52) +

eS1F92F 53 g1 5(—51 — 55 — 53,81 + 83) e 1728 hy5(—s1 — 55 — 53,51 + s2)

+
8s9 8s1
€512 531 5(—51 — 55 — s3,51)

- = ) L= 81 ()81 (R)33(R)

eS1T92k15(—s1 —s9,51) 1 e“2F 53 k13(—sy — 53, 52)
+ (_ + =e®2T93Gy (s1)k13(—s2 — s3,52) +
8s3 8 8s1

€512 53 5(—51 — sy — s3,81) | e“1T2T53k 5(—s1 — 53 — 53,51 + s2)
+

8s3 8so
eS1T52 53 g3 (—s1 — 59 — 53,51 + 52)
8s1
€512 531 5(—51 — 55 — s3,51)

- o, ) Loy—v 81(B)(E162(1)52(R)

n (7 eS1T52k13(—s1 — 52, 51) n eS 15253 15 (=51 — 55 — 53, 51)
8s3 8s3

eS1F 9253 5(—51 — 53 — 53,51 + s52)

8s9

eS1T52 53 15 (—s1 — 59 — 53, 51) 2
- ) |ej—w 33 (R)52(m)32(h)

8so

e5213 k1 3(—s5 — 53, 52)

8s1

1
+ (5682+SSG1(51)’€13(—82 — s3,82) +

+ e®lkig(s2 + 83, —s1 — sa —s3) eS1F 9253k 5(—51 — sp — 53,51 + s2)

8so 8s1
€S 17521 3(s3, —s1 — 53 — s3)

- o ) laj—v 82(m)81(h)(162(h)

n (kls(sbsz + s3) n eS1F 92531 5(—51 — 53 — s3,51) _ kig(s1 + s2,s3)
8so 8s3 8s9o
€S 152 y3(—s1 — 59,51)

- o, ) lo;ov (G182(h)b2 (k)51 (h)

n (@31+52+33k13(—51 —s2 —s3,81) €512 3(—s1 — s, 81)) ‘

2
85 825 81(h)63(R)51(R)

s;=V

n (7 eS1T52k13(—s1 — s9,51) €11 2s1ky3(—s1 — 59,51) €S 1T%2s0k13(—s1 — s2,51)

4(s1 + s2 + s3) 8s3(s1 + s2 + s3) 8s3(s1 + s2 + s3)
eS1F92F 5351 k13(—s1 — sp — 53,51)  e"1T52F 355k 5(—s1 — 52 — 53, 51)
* 8s3(s1 + s2 + s3) 8s3(s1 + s2 + s3)
eS1F92F 53 5(—51 — sy — 53,81 +82) | eI V2T 5851 k13(—s1 — 59 — 53,51 + 52)
* 8(s1 + s2 + s3) * 8sa(s1 + s2 + s3)
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eS1 9253 53013(—s1 — 53 — 53,51 +52) €511 2ky3(s3, —s2 — s3)

8s2(s1 + s2 + s3) 8(s1 + s2 + s3)
eS1752k 5(s3, —s1 —sp —s3) | e®1T5259k5(s3, —s1 — s2 — s3)
8(s1 + s2 + s3) 8s1(s1 + s2 + s3)
+ eS1T5253k15(s3, =51 — s2 — 53)  e"2ki3(s3, —s2 — s3)  e*251G1(s1)k13(s3, —s2 — 53)
8s1(s1 + s2 + s3) 8(s1 + s2 + s3) 8(s1 + s2 + s3)
e*255G1(s1)k13(s3, —=s2 — s3)  e"2s53G1(s1)k13(s3, —=s2 —s3)  e"2s2k13(s3, —s2 — s3)
- 8(s1 + s2 + s3) - 8(s1 + s2 + s3) T 8si(s1+ sz + s3)
e*2s3k13(s3, —sp — s3) e 1 V92851 ky3(—s1 — 55 — 53,51)
T 8si(s1+ 52 + s3) - 8s2(s1 + s2 + s3)
s1+sg+ts
-° — ::23(]:13‘5’7:214’7522) - 53Y51)) ‘szv F1(R)32(R)(8192(R))
n ( s1k13(s1,s2) s2k13(s1, s2) €253 51 G (s1)k13(—s2 — 53, 52)
8s3(s1 + s2 +s3)  8s3(s1 + s2 + s3) 8(s1 + s2 + s3)
e5212359G 1 (s1)k13(—s2 — s3,52) | e2F9353G1(s1)k13(—s2 — 53, 52)
* 8(s1 + s2 + s3) 8(s1 + s2 + s3)
eS2F3 L 5(—sp — s3,52) e 1F92FS3k 5(—sy —s3,52) €2V 3s5k13(—s3 — s3,52)
* 8(s1 + s2 + s3) 8(s1 + s2 + s3) 8s1(s1 + s2 + s3)
€523 53k 3(—59 — s3,52) | e 1792935 k13(—s1 — sy — 53,51 + 52)
- 8s1(s1 + s2 + s3) 8s2(s1 + s2 + s3)
+ eS1T921 98 53ky3(—s1 — 52 —s3,51 +s2)  kig(s1, 52 + 53)
8s2(s1 + s2 + 53) 8(s1 + s2 + s3)
eS1VS2F 53 5(—s1 — 55 — s3,81) e 175273 55k15(—51 — 53 — 53,51 + s2)
- 8(s1 + s2 + s3) - 8s1(s1 + s2 + s3)
eS1T52H 53 551 5(—51 — sp — 53,51 +52) €S 175219851 ky5(—51 — 55 — 53,51)
- 8s1(s1 + s2 + s3) - 8s2(s1 + s2 + s3)
eS1T52 53 551 5(—51 — sp — s3,51)  s1k13(s1, 52 + s3)
- 8s2(s1 + s2 + s3) T 8sz(s1 + sz + s3)

sak13(s1, 82 + 83)
- 51682(h))61(R)d2(h
853(51“2“3)) |y —v (9182(R))81 (W3 (R)

n (65151’%3(82,—51 —s2) | e'lsgkig(sa, —s1 —s2)  e’lkiz(sa,s3) | kiz(s1 + s2,s3)

8s3(s1 + s + s3) 8s3(s1 + sg + s3) 8(s1 + s2 + s3) 8(s1 + s2 + s3)
n sakiz(s1 + s2,83)  szkiz(s1 +s2,83)  s1Gi(s1)kiz(s2,s3)  s2Gi(s1)ki3(s2,s3)
8s1(s1 + s2 + s3) 8s1(s1 + s2 + s3) 8(s1 + s2 + s3) 8(s1 + s2 + s3)
s3G1(s1)k13(s2, s3) k13(s2, s3) e1ki3(sa + 83, —s1 — s2 — s3)
© 8(sp+s2ts3)  B(sptsztss) 8(s1 + s2 + s3)
s2k13(s2, s3) sgki3(s2, s3) e’lsikiz(s2 4 s3, —s1 — s2 — s3)
T Bsi(s1+s2+53)  Bsi(si+sa+sz) 8s3(s1 + s2 + s3)

e®lsgkyg(sa + 83, —81 — 82 — 83)
- 52(R)(6182(Rh))61(h
Y — ) loj=v 82(R)(85162(m)51 (R)

+ (e53+3401(51)k13(—53 — 84,83) n e*31%451 Gy (s1)k13(—s3 — 54, 53)

8(s1 + s2) 8s2(s1 + s2)

e*3 19451 Gy (s1, s2)k13(—s3 — s4,53) €37 5455Ga(s1,52)k13(—53 — 54,53)

* 8(s1 + s2) * 8(s1 + s2)
eS3T % k5(—s3 — s4,53)  e2F3F 451Gy (s1)k13(—s2 — 53 — 54,52 + 53)
8s2(s1 + s2) 8(s1 + s2)s3
es2T3 1245, Gy (s1)k1s(—s2 — 53 — 54,52 + 53) | €527 T4 py3(—s5 — 53 — 54,52 + 53)
8(s1 + s2)s3 * 8(s1 + s2)s3

eS2T3 g k15 (—s9 — 53 — 54,50 +53) | eS1TE2FEBFp 5(—s) — 55 — 53 — 54,51 + 52)

8s1(s1 + s2)s3 * 8(s1 + s2)s3
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eS1F o253 545 k15(—51 — 53 — 53 — 54,51 + 52)

8s1(s1 + s2)s3
eS1F52F83 454k 1 5(—s1 — 55 — 53 — 54,51 + s2 + s3)
8s1(s1 + s2)
e5293F54G (s1)k13(—s2 — 53 — 54, 52 + 53)

8(s1 + s2)
€S2 53 54 3(—sy — 53 — 54,50 +53) e 2T 5(—s9 — 53 — 54,52 + 53)
- 8s1(s1 + s2) - 8s2(s1 + s2)
€S2 535451 Gy (s1)k13(—s2 — 53 — 54,50 +53) 275394 p15(—s5 — 53 — 54, 50)
- 8s2(s1 + s2) B 8(s1 + s2)s3
€S2 535451 Gy (s1)k13(—s2 — 53 — s4,52)  e*2T3F245,Gy (s1)k13(—s2 — 53 — 54, 52)
- 8(s1 + s2)s3 a 8(s1 + s2)s3
eS1Hs2 3 S 5 (—s) — sy — 53 — 54,51 + 52 +53) 2T Mok 3(—s5 — 53 — 54,52)
- 8(s1 + s2)s3 a 8s1(s1 + s2)s3

eS1Ts2t 3454 5ok5(—s) — sp — s3 — 54,51 + s2 + s3)
- ) o —g 62(n)81(R)81 ()62 (h)
8s1(s1 + s2)s3 J

n (7 e52T5359 Gy (s1)k13(—s2 — s3,52) _ €253 553G (s1)k13(—s2 — s3,52)
8(s2 + s3)sa 8(s2 + s3)s4
€523 55 k15(—s2 — s3,52) _ e*21 353k 5(—s3 — s3,82) | e 1TI2T58 L 5(—51 — 55 — s3,51)

8s1(s2 + s3)s4 8s1(s2 + s3)s4 8(s2 + s3)s4
+ eS1F 9253 55k 3(—s1 — 53 — 53,51) + eS1T52 53 59 k15(—s1 — s3 — 53,51 + s2)
8s2(s2 + s3)s4 8s1(s2 + 53)s4
N e®1T52F 93 5515(—s1 — 59 — 53,51 + s52) 4 92585455 G1 (s1)k13 (=52 — 53 — 54, 52)
851 (52 + 53)54 8(s2 + s3)s4
%2934 94 53Gy (s1)k1s(—s2 — 53 — s4,52) | €213 4 gpk15(—s5 — 53 — s4,52)
+ 8(s2 + s3)s4 * 8s1(s2 + 53)54
+ eS2F 53 5 5k 5(—s9 — 53 — s4,52)  e2F3F94G  (s1)k13(—s2 — 53 — 54, 52 + 53)
8s1(s2 + s3)s4 8(s2 + s3)
2934945, Gy (s1)k13(—s2 — 53 — 54,52 +s3) | €213k 5(—sy — 53 — 54,52 + 53)
* 8s3(s2 + s3) B 8s1(s2 +s3)
e®2F33 %9455k 5(—sp — 53 — 54,59 +s3)  eS1FI2HI3 T4k 5(—s) — 59 — 55— s4,51)
+ 8s153(s2 + s3) B 8s2(s2 +53)
eS1ts2testoag o(—s) — 5o — 53 — 54,81 + s2)
+ 8s1(s2 + s3)
eS1 5253 54 5ok 0(—sy — s — s3 — 54,51 + 52)
+ 8s1s3(s2 + s3)
eS1ts2testoag o(—s) — 5o — 53 — 54,81 + s2)
+ 8(s2 + s3)s4
eS1ts2te3+Sa 55k 3 (—s) — 5o — 53 — 54,51 + 52)
+ 8so(s2 + s3)s4
eS1F52F93 454 15(—s) — 55 — 53 — 54,51 + s2 + s3) e%29894 Gy (s1)h13(=s2 — 53 — 54, 52)
+ 853 (52 + ) - 8(s2 + s3)
525854k 3 (—sp — 53 — 54, 80)  eSLTS2FS8FSAk 1 0(—s) — 5o — 53 — 54,51 + 52 + 53)
B 8s1(s2 + s3) - 8s1(s2 + 53)
ef1 o2t aag g (—5) — sy — 53 — 54,51 +52)  e"2TIB U5, Gy (s1)k13(—s2 — s3 — 54, 52)
- 8s2(s2 + s3) - 8sa(s2 +s3)

eS1T o235 5 (—s) — 55 — 53 — 54,51 +52) 2T 3T gyk13(—s5 — 53 — 54, 52)

8s3(s2 + s3) 8s1s3(s2 + s3)
eS1T 2835450 5(—51 — 53 — s3 — s4,51 + 52 + s3) _ €512 531 5(—51 — 53 — 53,51 + s2)

8s1s3(s2 + s3) 8(s2 + s3)s4
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eS1F 23 S g (—s) — sy — 53 — 54,51) eS1TI2VI T Mg p15(—51 — 55 — 53 — 54,51 + 52)
8(s2 + s3)s4 8s1(s2 + s3)s4
eS1 9253 5455k 5(—51 — 55 — 53 — 54,51 +52)  eS1T52T B g5k 5(—s1 — 55 — 53,51 + 52)

8s1(s2 + s3)s4 8s2(s2 + s3)s4

eS1T 5253 54 55k 5(—51 — sp — 53 — s4,51)
- ) |u. =g 81(R)81(R)62 ()8 (h)
8s2(sa + s3)s4 SJ

n (_ e2798Gy (s1)k13(—s2 — 53,82)  e*2793ky3(—s5 — s3,52)
8s4 85154

eS1F 9253k 5(—s1 — 53 — 53,51 + 52) n e*2T 93754 Gy (s1)k13(—s2 — 53 — 54, 52)

85154 8s4
eS2F 53 54 g (—sy — 53 — 54, 52)

85154

e51+52+33+34k13(_51 — S9 — 83 — 54,51 + 82)
- ) |ej— 82(m)61 ()32 (h)d1 (h)

8s184
eS1T2k15(—s1 — s2,51)53 e"3 453Gy (51, 52)k13(—s53 — 54, 53)53
* (8(51 + s2)s3(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
n eS8 545, Gy (51, 52)k13(—s3 — 54,53)s53  eS1Fe2F3H 4k 5(—s) — 55 — 53 — 54, 51)53
8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)s4(s3 + s4)

es1ts2+s3 ki3(—s1 — sa — s3, 51)53 es1tsatss ki3(—s1 — s2 — s3, 51)5%
© 8(s1+s2)s3(sz +s3)(sa+sa)  8(sy+ s2)(s2 + s3)sa(ss + sa)
N eS11 52k 3(—s1 — 59, 51)s2 e* 119251 ky3(—s1 — s2,51)s2

8(s1 +s2)(s2 +s3)(s3 +s4)  8(s1 + s2)s3(s2 + s3)(s3 + s4)

e*3 V453G (s1)k13(—s3 — 54,53)s2 | €3T945,G1(s1)k13(—53 — s4,53)s2

* 8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
n e®3T5452Gy(s1,50)k13(—s3 — s4,53)s2 "3 94s153Go(s1, s2)k13(—s3 — s4,53)s2
8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
n e*31 9451 54Go(s1,52)k13(—53 — s4,53)52 e 3T %4535,G(s1,52)k13(—s3 — s4,53)s2
8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
eStts2tsatsag pyg(—sy — sy — 53— s4,51)50 e 1T T s5h15(—s) — 55 — 53 — 54,51)52
* 8(s1 + s2)(s2 + s3)s4(s3 + s4) 8(s1 + s2)(s2 + s3)s4(s3 + s4)

eStts2tsstsag,g(—s) — sy — 53 — 54,51 + 52 + 53)s2
8(s1 + s2)(s2 + s3)(s3 + s4)
eS1ts2ts3 s 0p5(—s1 — sy — 53 — 54,51 + 52 + 53)s2
8s1(s1 + s2)(s2 + s3)(s3 + s4)
eS1H92F 534545, ky5(—51 — s3 — s3 — 54,51 + 52 + 53)s2
8s1(s1 + s2)(s2 + s3)(s3 + s4)
eS1F 9253 545, yg(—51 — sy — 53 — 54,51 + 52 + 53)s2
8(s1 + s2)s3(s2 + s3)(s3 + s4)
€512 53 5(—51 — sy — s3,81)s0 €273 9455G 1 (s51)k13(—52 — s3 — 54,52 + s53)52
B 8(s1 + s2)(s2 + s3)(s3 + s4) - 8(s1 + s2)(s2 + s3)(s3 + s4)
€253 545, G (s1)k13(—s2 — s3 — s4, 52 + s3)s2
8(s1 + s2)(s2 + s3)(s3 + s4)
eS1F o253 54k g (—s) — sy — 53 — 54,51 +53)sp 52T 53T 455k g(—sy — 53 — 54,52 + s3)s2

8(s1 + s2)(s2 + s3)(s3 + s4) 8s1(s1 + s2)(s2 + s3)(s3 + s4)
€S2 T3 545 kyg(—sp — 53 — 54,50 + 53)s2 e 1FT2F By ky3(—s1 — 59 — 53, 51)s2
8s1(s1 + s2)(s2 + s3)(s3 + s4) - 8(s1 + s2)s3(s2 + s3)(s3 + s4)
eSttsatantoag pig(—sy — sy — 53 — 54,51 +s2)s2  eS1T2F By ky5(—s1 — 55 — 53, 51)s2
a 8(s1 + s2)s3(s2 + s3)(s3 + sa) - 8(s1 + s2)(s2 + s3)sa(s3 + s4)
eS 15253 55k15(—51 — 52 — 53,51)s2 €S 15251 kyg(—s1 — s2,51)
8(s1 + s2)(s2 + s3)sa(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
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e*315452G 1 (s1)k13(—s3 — s4,53) €37 545153G 1 (s1)k13(—s3 — 54, 53)

8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)

€31 545) 554Gy (s1)k1s(—s3 — s4,53) | e*3T4535,G1(s1)k13(—s3 — 54, 53)
8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)

€531 545) 553G (s1)k1s(—s3 — s4,53) | e*3T4515354G1(51)k13(—53 — s4,53)

8s2(s1 + s2)(s2 + s3)(s3 + s4) 8s2(s1 + s2)(s2 + s3)(s3 + s4)
e®3 945, 53Go (51, s2)k13(—s3 — s4,53) ™3V 9515354Go(s1,52)k13(—s3 — s4,53)

8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
eS8 54 53k15(—s3 — s4,53) eS3T %45 ky3(—s3 — 54, 53)
8(s1 + s2)(s2 +s3)(s3 +54)  8(s1 + s2)(s2 + s3)(s3 + s4)
e*3F9452k 5(—s3 — 54, 53) e*3F 94 5354k13(—s3 — 54, 53)

8s2(s1 + s2)(s2 +s3)(s3 +s4)  8s2(s1 + s2)(s2 + s3)(s3 + s4)
eS1 23 s k15(—s1 — 5o — 53 — s4,51) | eS1TI2FIBT g k1g(—sy — 55 — 53— 54,51)
8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
es1ts2+s34 54y 55k13(—s1 — 52 — 53 — 54,51)
8s2(s1 + s2)(s2 + s3)(s3 + s4)
eS1T 2354 5y 5, k1 3(—s1 — 52 — 53 — 54,51)
8s2(s1 + s2)(s2 + s3)(s3 + s4)
eS1T 253 H 54 5y 55k 3(—s1 — 52 — 53 — 54,51)
8(s1 + s2)(s2 + s3)s4(s3 + s4)
eS1TS2F 34545y jpy5(—51 — 53 — s3 — s4,51 + 52 + 53)
8(s1 + s2)(s2 + s3)(s3 + s4)
551+32+53+345§

k13(—s1 — s2 — s3 — s4,51 + s2 + s3)
8s1(s1 + s2)(s2 + s3)(s3 + s4)
eS1 2354 555 k13(—s1 — 55 — 53 — 54,51 + 52 + 53)
8s1(s1 + s2)(s2 + s3)(s3 + sa)
eS1 235451 5 ky3(—s1 — 55 — 53 — 54,51 + 52 + 53)
8(s1 + s2)s3(s2 + s3)(s3 + sa)
eS1T52F 5351 kyg(—s1 — sp —s3,51) €293 s5k13(—s5 — 53 — 54,50 + 53)

8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)
es2F 355 kyg(—sg — 53 — 54,52 +s3)  e*2F93F5453G (s1)k13(—52 — 53 — 54,52 + 53)
8(s1 + s2)(s2 + s3)(s3 + s4) 8(s1 + s2)(s2 + s3)(s3 + s4)

€521 9354 51 535G (s1)k13(—s2 — 53 — 54,52 + 53)
8(s1 + s2)(s2 + s3)(s3 + s4)

e*2F 9354515, Gy (s1)k13(—s2 — 53 — 54,52 + 53)
8(s1 + s2)(s2 + s3)(s3 + s4)

e*2F 9354 535, G (s1)k13(—s2 — 53 — 54,52 + 53)
8(s1 + s2)(s2 + s3)(s3 + s4)

eS1Ts2t 35, yg(—s1 — sy — 53 — 54,51 + 52)
8(s1 + s2)(s2 + s3)(s3 + s4)

eftts2ts3 sy g(—s; — sy — s3 — 54,51 + 52)
8(s1 + s2)(s2 + s3)(s3 + s4)

eftts2tsstsas pyg(—sy — sy — s3 — 54,51 + 52)
8(s1 + s2)(s2 + s3)(s3 + s4)

es2F 535452k 5 (—sp — 53 — 54,52 +53) €21 3F 555 ky3(—sy — 53 — 54,52 + 53)

8s1(s1 + s2)(s2 + s3)(s3 + s4) 8s1(s1 + s2)(s2 + s3)(s3 + s4)
52981453k 3(—sp — 53 — s, 50 +53) €234 sy5uk15(—s2 — s3 — 54,82 + 53)
8s2(s1 + s2)(s2 + s3)(s3 + s4) 8sa(s1 + s2)(s2 + s3)(s3 + s4)

e®2T53 %945, s2Gy (s1)k13(—s2 — 53 — s4, 52 + s3)
8sa(s1 + s2)(s2 + s3)(s3 + s4)
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521535451535, G (s1)k13(—s2 — s3 — s4, 52 + s3)
8sa(s1 + s2)(s2 + s3)(s3 + s4)

eS1F o253 54 5y 53k 3(—s1 — sp — 53 — 54,51 + 52)
8s2(s1 + s2)(s2 + s3)(s3 + sa)

eS1F o253 54 5y 5 k1 3(—s1 — sp — 53 — 54,51 + 52)
8s2(s1 + s2)(s2 + s3)(s3 + s4)

eS1F o253 545y 5 k1 3(—s1 — sp — 53 — 54,51 + 52)
8(s1 + s2)s3(s2 + s3)(s3 + s4)

eS 115253 51 5313(—s1 — 59 — 53, 51)

- 8(s1 + s2)(s2 + s3)s4(s3 + s4)
(651+32k13(*81 —s9,51) | eS1TE2FSB L 15(—s) — 55 — s3,51)

) laj—v 81082 ()81 ()32 ()

8s3(s3 + s4) 8s2(s3 + s4)
eS1T52 53 551 5(—51 — 55 — 53, 51) n eStts2tastsag,g(—s) — sy — 53 — s4,51)
8s2s4(s3 + s4) 8s4(s3 + s4)

eSitsatsstsag a(—s; — 5o — 83 — 54,51 + 52)
8s2(s3 + s4)
eS1ts2F83 454 55k 5(—5) — 59 — s3 — 54,51 + 52)

8s2s4(s3 + s4)
eS1F92T 53 5(—51 — sp — 53,81 + s3) e 1TI2F3 g 5(—51 — 55 — 53 — 54,51)

8s2(s3 + s4) 8s2(s3 + s4)
_ eS1F92F 53 5(—51 — 53 — s3,51) B eS1 9253 5(—s1 — 55 — 53, 51)
8s3(s3 + s4) 8s4(s3 + s4)

eS1F 9253 53k13(—s51 — 53 — 53,51 + 52)
8s254(s3 + s4)
eStts2tastsdg g g(—sy — sp — 53 — 54, 51)

— 81 (h)62(h)62(h)d1(h).
T — ) Ly 1(R)82 ()32 ()31 (h)

6.11. Gradient of sLpo(e"K15(V,V,V,V)(81(h)-02(h)-61(h)-82(h))).

We need to calculate p

% ‘EZO Q(h + 6&),

where
Q(h) = po(e"K18(V, V, V,V)(81(h) - 62(h) - 81 (h) - 62(h))).
Using Lemma 6.2, we have
Q(R) = po("K(V,V,V)(é1(h) - 82(h) - 61(R))) 62(R),
where the function K is defined by
K(s1,82,83) = K18(s1, 82,83, —81 — $2 — 83).

Therefore, under the trace yg, we have

Qh + ea) = " UK (V., Ve, Vo) (61 (h) 62(h) 61.()) 62(h)
+ MUK (V,, Ve, Vo) (01(a) d2(h) 61(h)) 2(h)
+ e UK (Y., Ve, Vo) (01(h) 62(a) 61(h)) 2(h)
e UK (Y., Ve, Vo) (61 (1) 82(R) 61(a)) 62 (h)
+ et UK (Y., V., V) (61 (h) 82(h) 81(h)) 62(a)

+ 2 )3 )+ ).
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Therefore,
sy O+ 20) = S| MK (T, 9, 9)(51 (1) 82(1) 81(1)) 52 (1)
el | K(Ve, Ve, V2)(81(h) 82(h) 61(h)) 6(h)
+ ehKW V,V)(81(a) 62(h) 61(R)) 85(h)
"K(V,V,V)(01(h) 85(a) 61(h)) 82(h)
+ ehKW V,V)(61(h) 65(h) 61 (a)) 65(h)
(55) + " K (V,V,V)(61(h) 62(h) 61(R)) 82(a).

The first term in (55), under the trace o, is equal to

l1-¢ (a)e" K(V,V,V)(01(h) 82(R) 61(h)) 2(h)

o 1— e$1+52+53+54
= ae’( K(sus2,89)) | Lo g (51(h) 62(h) 61(h) 8a(h).

—S81 — 82 — 83 — S84

Using Lemma 5.4, for the second term in (55), under (g, we have

Ly KV e e Vo) (51(h) 52(R) 51(1) 52(h)

(S y 82,8 )7 (75 — 8 — S4,82,8 )
hy, K(s1,82,83) — K(—s2 —s3 — s4,52,53
= ae 5 h5 h6 h5 h
{( ST=92- 5354 (—s; — 53 — 53 — 51) )‘sj—v (81 (h)d2(R)é1 (h)d2(h))

K(—s1 — s —s3,81,82) — K(s4, —s2 — 83 — 54, 52)

+ ( ) |sj~:v (62(h)81(R)d2(R)é1(h))

e 51752793 (—s1 — sg — s3 — S4)

K(s3, —s1 — s2 —s3,51) — K(s3,84, =52 — 83 — 54)

) |sj:v (61 (h)82(R)81(h)d2(h))

e %1752 (—s1 — s — 83 — 54)

) |ajmy (B2(m)81 (W82 ()31 (R)) -

K(s2,s3, —s1 — s2 — s3) — K(s2,3,54)

i e" %1 (=51 — s2 — s3 — s4)

For the third term in (55), using Lemma 6.3, under the trace ¢g, we write
"K(V,V,V)(81(a) 02(h) 61(h)) 62 (h)
= ¢"01(a)Ku(V, V, V)(82(h) 01(h) 62(h))
= d1(a)e" Kuo(V, V, V)(82(h) 61(h) 62(h))
= —aele "51(e") Kuo(V, V, V) (02(h) 61(h) 52(h))
— ae"81(Kyo(V, V, V) (62(h) 61(h) 82(h))),
where the functions K, and K,, are defined by
K,(s1,82,83) = K(—$1 — s2 — s3, 51, S2),
Kou(s1,52,53) = e 729K (51, 59, 53).
Here, e~"6;(e”) can be expanded using Lemma 6.5, and
31 (Ko (V, V,V)(02(h) 61(h) 62(h)))

can be expanded using Lemma 5.8.
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For the fourth term in (55), using Lemma 6.3, under the trace g, we write
"K(V,V,V)(01(h) 62(a) 1(h)) 52(h)
= 02(a) K (V,V,V)(81(h) - 02(h) - e"61(h
= 02(a)e" Kuu(V, V, V) (01(h) &2(h) 61 (h)
= —ac"e "85 (e") Ko (V, V, V) (81 (h) 82(h) 61 (h))
— ae"85(K (Y, V, V)(81 (k) 62(h) 61.(h))),

where the functions K, and K, are given by

~—

)

~—

K. (s1,82,83) = K(s3,—81 — $2 — $3,81),
Kyw(s1,52,83) = e T2 K, (51, 89, 53).
Here also, e7"85(e”) can be expanded using Lemma 6.5, and
62(Kuww(V, V, V) (61 (h) 62(h) 61(h)))

can be expanded using Lemma 5.8.
For the fifth term in (55), using Lemma 6.3, under the trace ¢, we have

e"K(V,V,V)(81(h) 52(h) 61(a)) 62 (h)
= 61(a)K.(V,V,V)(a(h) - €"61(R) - 62(h))
= 01(a)e" K.-(V, V, V) (2(h) 81 (h) 62 ()
= —ae"e ™61 (") K..(V,V,V)(62(h) 51 (h) 62(h))
— ae" 8y (K= (V, V, V)(82(h) 81 (h) 62(h)),
where
K, (s1,52,83) = K(s2,83,—51 — S2 — 83), K,.(s1,52,83) =€’ K,(s1, $2, $3).

Similar to the previous cases, Lemma 6.5 and Lemma 5.8 can be used for
further expansions of the above expression.
Finally, for the sixth term in (55), under g, we have

"K(V,V,V)(01(h) 85(h) 61 (h)) 82(a)

= 83(a)e" K (V,V,V)(81(h) 62(h) 61(R))

= —aee "5y (") K(V,V,V)(61(h) d2(h) 51(h))
— ae’65(K(V,V, V) (61(h) 62(R) 61 (h)))-

Similarly to the previous cases, we apply Lemma 6.5 and Lemma 5.8 for
expanding the latter further.

Putting everything together, up to multiplying the right-hand side of the
following equality by ae”, under the trace @g, we have
d
\

1
= — 0" UK 15(Ve, Ve, Ve, Vo) (81(h + €a) - 82 (h + €a) - 81 (h + €a) - 2 (h + €a)))
£
= (*ieslkls(szy 53, —81 — 82 — s3)
16

e=0 1¢4

1
— T ks (w1 — 2 = s3,1,92)) | _g 82(m)31 () (162(R)
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1
+ (*1_6551k18(52v53:*51 — s2 — s3)

1 2
= e T B ks (a1 — 92 = s3,81,90)) | _g 82(0)0F ()8 (h)

1
+ (—Eesl kig(s2,s3, —s1 — s2 — s3)

1
1o T ks (—e1 — 52 — s, s, 52)) |, =y (5162(n)81 (W) ()
1 1
+ (——k 81,82, 8 — —eS1ts2 g o(s , —81 — 89 — 83,8 _ o 01(h)é2(h)(8162(h
( m 18(s1, 82, 83) m 18(s3 1 — 82 — 83 1)) \Sj7V 1(h)d2(h)(8182(h))
1 1
+(——k ,s2,83) — —e1To2g ,—s1 — 53 — s3, _o 81(R)62(h)81 (R
( m 18(s1, 52, 83) ¢ 18(s3, —s1 — s2 — s3 Sl)) ‘Sj,v 1(h)d5(h)d1(h)

1 1
+ (—Ekls(SLSm s3) — E€31+32k18(537 —s1 — s2 — 53,31)) ‘sj:v (8162(h))é2(R)d1 (h)

n ( e"lkig(s2 + 53,54, =51 — S2 — s3 — s4) — e°lkyg(s2, 53 + 54, —51 — 53 — 53 — 54)
16s3
e*1T 9215 (53,54, —51 — 52 — 53 — 54) — e“lkig(s2 + 53,54, —51 — 52 — 53 — 54)
1652

eS1+52+53+54 k1 g(—s) —sg—s3—s4,51,80+s3)—eS1 52453454k o(—s1—sg—s3—54,51,59)
T6s3

_eSitsote3tsap g(—s) —sp—s3—54,51+50,83)—e®1 925354 g (—5) —sp—s3-s4,51,50+53) )
1

659
|s]~=V 82(h)d1(h)d1(h)d2(h)

el (k1g(s2, 83, 54) — k1g(s2, 83, —s1 — s2 — s3))
16(s1 + s2 + s3 + s4)

1
+ (—EGI(Sl)kls(SQv s3,84) +

kig(s1 + s2, 83, 54) — k1s(s2, 83, 54)
1651
eStteate3toag q(—s) — 5o — 53 — s4,51,52) — eS1TI2 Ty (—sy — 59 — 53,51, 52)
1654

1
- Ees2+53cl(31)k18(547 —S2 — 83 — 84,52)

eS 152953 (kg (54, —s9 — 53 — 54,52) — k1s(—s1 — s2 — s3,51,52))

16(s1 + s2 + s3 + s4)
eS1T52F 53 kg (sy, —51 — 53 — 53 — 54,51 + 52) — 2T 53 kyg(s4, —s2 — 53 — 54,52)
1657

1k ,83+84,—85] —8g—83— —eS1k »83, =51 =82 —
_ ePlkig(sg,s34sg, =51 =52 531622) e?lkig(sg,83, =81 =52 53)) |sj~:v 52 (h)81 (h)8a(h)S1 ()

. ((1 — esttsatsstsayg, o (s, sg, 53) — L 652Gy (s1)kig(s3, 54y —55 — 55 — 54)
16(—s1 — s2 — s3 — S4) 16 T
1192 (g (s3, s4, —52 — 53 — 54) — k1s(s3, —s1 — 52 — 53, 51))
16(s1 + s2 + s3 + s4)
eS1T52 1 g(s3, 54, —s1 — 52 — 53 — s4) — e°2ki1g(s3, 54, —52 — 53 — 54)
16s1

_ i552+53+54G1(
16
€152 53454 (kg (—sp — s3 — s4,52,53) — k1s(s1, 52, 53))

16(s1 + s2 + s3 + s4)
eS1TS2 S35 g (—s) — 55 — 53 — 54,51 + 52,53) — €523 T g(—59 — 53 — 54,52, 53)

s1)k1g(—s2 — s3 — s4, 52, 53)

+
1657
eS1F92k g (s5 + 54, —51 — 52 — 83 — 54, 51) — e 1152k 15 (s3, —s1 — 52 — 53, 51)
1654
kig(s1,s2, 53 + s4) — k1g(s1, s2, s3)
) Lo —g 51 (0)82(R)81(h)52 (h)
1654 J

4 (_ ki1g(s1,s2 + s3,54) — k1s(s1, 52, 83 + 54)
16s3
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eS1F 9253 k1g(sy, —51 — 53 — 53 — 54,51 + 52) — 51T 52V B k15 (54, —s1 — sp — 53 — 54,51)
16s9

" 19243 g (sy, —s51 — 53 — 53 — s4,51) — "1 2kyg(s3 + 54, —51 — 52 — 53 — 54,51)
16s3

) laj—v 81 ()32 (R)32 ()31 ().

_ k1g(s1 +s2,53,54) — k1g(s1, s2 + 53, 54)
16s9

7. FUNCTIONAL RELATIONS AMONG THE FUNCTIONS k3, ..., koo

In the results presented thus far, there are indications about functional
relations that involve only the functions ks, ..., kog. For example, the basic
functional relations presented in Section 3 and in Appendix A are derived by
equating a function K; that appears in the first calculation of the gradient in
Section 5 with the corresponding term in the outcome of the second calcula-
tion of the same gradient in terms of finite differences of the functions k; in
Section 6. Since the operator associated with a function K j acts on different
elements of C°°(T3), this raises the question whether there are different finite
difference expressions for the K, which would provide a functional relation
that involves only the functions k;.

By studying the result of the second gradient calculation from this perspec-
tive, we find that if in formula (52) the operator associated with a function K
acts on two elements of C°°(T3) that are the same modulo switching 6; and 2,
then the corresponding finite difference expressions in the second calculation
are precisely the same. However, there are two cases, namely for K ¢ and K 7,
where the corresponding operators act on different kinds of elements of C>°(T2)
that are not the same up to switching §; and . It turns out that in these cases,
the corresponding finite difference expressions have different ingredients, hence
functional relations of the desired type. We should also recall that in a closely
related manner, in Corollary 4.3 and Corollary 4.4 we presented functional
relations that involve restrictions of the functions k;. We will see shortly that
there are more functional relations between the k;, which are derived from the
fact that the final explicit expressions for some of the functions K; are identical
up to multiplication by scalars. We should note that the explicit expressions
for K; are given in Section 9 and in Appendix C.

Theorem 7.1. There are functional relations that involve only the functions
ks, ..., koo, as presented in the following subsections and in Appendiz B.

We now start writing the new functional relations and will explain more
specifically how each relation is derived.

7.2. Functional relation between k3, k4, ks, ks, kg, . .. ,k16. In (52), the
operator Kg(V, V) acts on two kinds of elements, namely &1 (h)-63 (h) and 81 (h)-
8103(h), from which one can obtain the other two elements by switching &;
and d2. On the other hand, in the outcome of the second calculation of the same
gradient the finite difference expressions of V acting on these elements have
different ingredients. Hence we have two different finite different expressions
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for K, 6(V, V) and thereby obtain the following functional relation:
—s1ks(s1,52) + € T2 s1kg(—s1 — 52, 51) — s1ko(s1, 52)
+ 651+S251/€9(—81 — S2, 51) + 51k10(81, 82) - 65181k10(82, —S51 — 52)

+ s1k11(81, 82) — €' s1k11 (82, —81 — 82) — €¥ 75251 k1a(—s1 — 82,51)

+ e*ts1k1a(s2, —s1 — 82) — € T2 s k13(—s1 — $2, 51)

+ €* s1k13(s2, —51 — 52) + €12 s1kya(—51 — 59, 51)

— €™ s1kia(s2, —s1 — 52) + s1k1s(s1, s2) — €7 T2 s1k15(—s1 — 52, 51)
— s1k16(51,52) + e’ s1ki6(s2, =51 — 82) — 2€*2(51G1(51) + 1)k3(—s2)

— 251G1(51)ks(s2) — 4e°251G1(51)ka(—52) — 451G1(s1)ka(s2)
+4e%251G1(51)ks(—s2) + 451G1(s1)ks(s2) + 2€°1 52 k3 (—s1 — 82)
— 2k3(s2) + 2k3(s1 + s2) + 4e* 152k (—s1 — 59) — 4e*2ky(—s2)
— 4ky(s2) + 4ky(s1 + 52) — 4e*1 525 (—51 — 59) + 4e*2k5(—s2)
+ 4ks5(s2) — 4k5(s1 + s2)

=0.

7.3. Another functional relation between k3, k4, ks, ks, ko, . . . , k1. The
situation in formula (52) for K7(V,V) is similar to the case of its preceding
term with Kg(V, V) involved: there are two kinds of elements that K7(V,V)
acts on, namely 85 (h) - 61(h) and 6183 (h) - 61(h), that are not the same up to
switching J; and d2, and in the second gradient calculation there are corre-
spondingly two different finite difference expressions for K7. This yields the
following functional relation:

—s2ks(s1,82) + €™ sakg(s2, —s1 — 52) — S2kg(s1,82) + €° s2kg(s2, —51 — S2)
+ e 2 55k10(—s1 — 52, 81) — €™ saki10(82, —81 — $2)
+ e %2 50k (—s1 — s2,51) — €* s2k11(s2, —s1 — S2)

S1+ s2

+ 82k12(51, 52 82k12(—81 — S2, 51) + 52k13(51, 82)

+ T
— "1 259k13(—51 — 82, 51) — S2k14(s1, 52) + €5 T 2 s9k14(—51 — 52, 51)

(=
) -
(=
+ s2k1s(s1, 82) — € sakis(s2, —s1 — 52) — €2 50k16(—51 — 52,51)

+ e sokig(s2, —51 — 82) + 2€° k3 (—s1) + 2ks(s1) — 2e* 52 k3(—s1 — s9)

— 2ks(s1 + 82) +4e ky(—s1) + 4ky(s1) — 4e® 52Ky (—s1 — s9)

— 4ky(s1 + 82) — 4e* ks (—s1) — 4ks(s1) + 4e* 52 k5 (—s1 — s9)

+ 4ks(s1 + s2)

=0.

7.4. Functional relation between kg, k4, k5. The explicit final formulas
for the functions K1, ..., Koy are provided in Section 9 and in Appendix C.
One can see by using these explicit formulas that some of these functions are
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scalar multiples of each other. For example, we have 2K5(s1) = K1(s1), which
clearly implies that ZKQ = K. However, the functional relations given by (10)
and (11) for Ky and K> apparently have different ingredients, which yields the
following functional relation:

—e"kg(—s1) — ka(s1) + 2(—e™ ka(—s1) — ka(s1) + ™ k5(—s1) + k5(s1)) = 0.

7.5. Functional relation between kg, k4, k¢, k7, . .., k13, k:17, k:lg, ki9. In
a very similar manner, ong can use the final explicit formulas given in Appen-
dix C to see that 2K1; = K19. Therefore, one can then use the finite difference
expressions given by (63) and (64) to obtain the following functional relation:

eS1 1923 (—s1 — s3) | ks(s1 + s2) n €523 Gy (s1)k3(—s2 — s3) n e®2T53 kg (—sy — s3)

45783 45183 4s3 4s1s3
n G1(s1)ks(s2 + s3) n k3(s2 + s3) n e“2G1(s1)ka(—s2) n e“2kyq(—s2) n G1(s1)ka(s2)
4s3 45153 s3 5183 s3
n kq(s2) n eS1T52F53 g, (—s) — 55 — s3) n ka(s1 + s2 + s3) ke (s1) ke (s1)
5183 5183 5183 2s2(s2 +s3)  2s3(s2 + s3)
+ ke (s3) ke (s3) ke(s1 + s2 + s3) + ke(s1 +s2 +s3)  e’lkr(=s1)
4s1(s1 +s2)  4s2(s1 + s2) 4s1s2 25383 2s2(s2 + s3)
e*lhy(—s1) | e 1T92F93p (s — sy —s3)  e“1F92F93 k7 (—s) —sp —s3) | e®3ky(—s3)
253(s2 + 53) 4s152 * PEPEES 4s1(s1 + s2)
n e®3k7(—s3)  ks(s1,s2+ s3) n kg(s1,s2 +53) e 1T92kg(—s1 — 59,59)
4s2(s1 + s2) 4s2 4s3 4(s1 + s2 + s3)

kg(s2, s3) n eS1Ts2H 3 kg (51 — 55 — s53,51)
457 4s3

1
+ 101(51)168(82, s3) +

e’2kg(s3, —s2 — s3) n ko(s1,s2)

1
+ 2552G1(51)k8(53,752 —s3) +

4s1 8s3

5152 (—s — 89,8 1 kg(s1 + s2,s kg(s1 + s2,s

n o(—s1 2,51) L Gy (s1)ko (52, 53) + o(s1 + s2,53) n 9(s1 2,53)
8s3 8 8s1 8s9

1 511924 (53, —s0 — s e51152 kg (55, —s1 — 50 — s
— L o2 (51 ) ko (ss, 52 — 53) + o(s3, =52 —53) | o(s3, —s1 — s — s3)

8 8(s1 + s2 + s3) 8s1

k1o(s1,s2) kio(s1,s2) | e’lkio(s2, —s1 —s2) 1
+ s 5’ p + > =+ 8; - 5632+33G1(S1)k10(—82 — 83,82)
—s1 — s2 — 53 3 3
n eS1T5253 5y (—sy — s3,52) n eS1T52F 535 (—51 — 53 — 53,51 + s2)
8(s1 + s2 + s3) 8s1

1 eS1T2 k4 (s3, —51 — sp — s3)
— —e"2G1(s1)k10(s3, =52 — s3) +

8 8s1
n €512k (53, —s1 — 52 — s3)  eS1T52F 3y (s1,85)  eS1T2¥ 3y (51, 55)

8s2 4(—s1 — s2 — s3) 4(s1 + s2 + s3)

k 81,8 s 1 es2ts3y —S9 — 83, 8

4 11(s1, 82 + s3) 4 1em2453G, (51 k11 (—sa — 53, 52) + 11(—s2 — s3,52)
4s3 4 4sq

1 e52k11(s3, —s2 — s e5lki1(sg + s3,—51 — 592 — s
+ 16526 (s1) k11 (53, —s9 — s3) + 11(s3, —s2 — s3) ‘ 11(s2 + 83, —s1 — 52 — s3)

4 457 4s9o

elki1(sa + 3, —s1 —s3 —s3) | e’lkia(s2, —s1 —s2) 1 k12(s2, s3)
+ . + . + =G1(s1)k12(s2,83) + ————

4s3 4(s1 + s2 + s3) 4 4sq

e*2F 315 (—sp — 53, 52)

1
+ =e®2¥93Gy (s1)k12(—s2 — s3,82) +
4 457

eS 15253 19 (—s1 — 55 — 53, 51) n eS 15253 19 (—s1 — 59 — 53, 51)

4s9 4s3

e®lkia(s2 + 83, —s1 — s2 — s3) n €512k 3(—s1 — s, 51) n e“lk13(s2, —s1 — s2)
4s3 8s3 8s3

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



THE TERM a4 IN THE HEAT KERNEL EXPANSION OF NONCOMMUTATIVE TORI 323

e®lkig(s2,s3) | kig(s1+s2,s3) 1
— =e"2F°3Gy (s1)k13(—s2 — 53, 52)
8(s1 + s2 + s3) 8s1 8

eS1F 9253k 5(—s1 — 53 — 53,51 + 52) n eS1F 9253k 5(—s1 — 53 — 53,51 + 52)

1
- §G1(51)k13(52, s3) +

8s1 8so

1 1 1
- T6k17(51'52’53) - T6651k17(52's3’ —s1 — sz — s3) — e 1T2HB ¢

m —s1 — S2 — 83,51, 52)

1 1 1

- E€31+52k17(83’ —s1 — 82 — $3,51) + §k18(51»527 s3) + geslkls(SQ»S?w —s1 — s2 — 83)
1

+ =St s o

1
s s
3 —s1 — S — 53,51, 52) + 3¢ 152 8(s3, —51 — 52 — 53, 51)

1 1 1
— —kig(s1,82,53) — —e lhig(s2, 83, —s1 — s2 — s3) — —e 1 T2H 3,4

—81 — S92 — 83,81, S
m m m 1 2 3,51, 52)

1 4o kg(s1 + s2,53)  e®1752kg(s3, —s1 — sp — s3)
- —e k1g(sg, —s1 — s2 — s3,51) — -
16 4s1 4sq

eS 18253 1y (—s1 — 59 — 53,51 + 52) B €S 17521, (s3, —s1 — 53 — s3) _ kiz(s1 + s2,53)

457 457 457

19258 kyy(—s1 — 59 —s3,51 +52)  ko(s2,53) e*2kg(s3, —s2 — s3)

457 8s1 8s1

€253 k10 (—sg — s3, 52) _ e%2kyo(s3, —s2 —s3)  kiz(s2,s3) eS2T 53 k13(—s5 — 53, 52)

8s1 8s1 8s1 8s1

kg(s1 + s2,53)  e"1T52kyy(sg, —s1 — 53 — s3)  e“1T52T3k15(—s1 — 55 — 53,51 + 52)

4s9 4s9o 4s9o

ko(s1,s2 +s3)  e"lhig(sa + s3,—s1 — sp —s3) €172 y5(—s1 — 55 — 53,51)

8s9o 8so 8s9o

ke(s3) e®3ky(—s3) ke(s1+s2+s3) e 1192¥9Bky(—s; — sy —s3)  ke(s1 + 52 + s3)

45152 4s152 4s1(s1 + s2) 4s1(s1 + s2) 4s2(s1 + s2)
eS1Te2F 53, (—5y — 55 — s3) k11(s1,52) RIS TIC D))
4s2(s1 + s2) 4(—s1 — s2 — s3) 8(—s1 — s2 — s3)
_ 293G (s1)ka(—s52 — s3) _ Gi(s1)ka(sz +s3)  e®2Gi(s1)ks(—s2)  Gi(s1)ks(s2)
s3 s3 4s3 4s3

_ ks(s1,82) eS1V 92 g (—s1 — 52, 51) _ k1i(s1,82)  e®lkii(sz, —s1 — s2)
4s3 4s3 4s3 4s3

€S 15215 (=51 — 52, 51) _e’lkig(sz, —s1 —s2)  ko(s1,s2 + s3)
4s3 4s3 8s3

119298 kg (—s1 — sy —s3,51)  kio(s1,52 +s3)  e*lhig(s2 + 53, =51 — s2 — 53)

8s3 8s3 8s3

eS1+92+ 93 15(—51 — 53 — s3,51) _e®lkiz(s2 4 s3, —s1 —s2 —s3) eS1F92, (—s1 — s2)

8s3 8s3 5183
ka(s1+s2) e 2F93ky(—sy —s3)  ka(sz +s3) e*2kg(—sz)  k3(s2)
B 5183 B 5183 B s183 B 45183 B 45783
eS1T52753 5 (—s) — sy —s3)  ka(s1i+s2+s3) ke(s1) e®lhr(—s1) kg(s1+ s2 + s3)
- 4s183 - 45183 - 259583 B 259583 B 2s2(s2 + s3)
e®1T52F 93y (—sy — 59 —s3)  kg(s1 +s2+s3)  e"1T52T93 ks (—sy — 55 — s3)
- 2s2(s2 + s3) T T 2s3(sz +s3) 2s3(s2 + s3)
eS1T52kg(s3, —s9 —s3) e 1V92F93 k) (—sy — s3,52)  e°lhkia(s2,53)
B 4(s1 + s2 + s3) - 4(s1 + s2 + s3) T 4(sy F 2+ s3)
eS1V92g(—s1 — s9,51)  eS1T52F3k10(s1,55)  e“lkig(sp, —s1 — s2)
B 8(s1 + s2 + s3) - 8(s1 + s2 + s3) T 8(sq 52 +53)

There are more functional relations of this type, which are written in Appen-
dix B because of their algebraically lengthy expressions.
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8. CALCULATION OF THE TERM a4

In this section we provide the details of the calculation of the term a4, whose
final formula is given by (6). In order to derive the small-time asymptotic
expansion (1), one can start by using the Cauchy integral formula to write

et = / e MDAy — N,
v

where the contour v goes clockwise around the non-negative real axis, where the
eigenvalues of A, are located. Then one can use the pseudodifferential calculus
developed in [3] for C*-dynamical systems to approximate the parametrix of
A, — A We elaborate on this procedure in the following subsection. This
approach is indeed an implementation of the heat kernel method explained
in [21] in a noncommutative setting.

8.1. Heat expansion. The pseudodifferential calculus that was developed
in [3] reduces to the following case for the noncommutative two torus T2. The
symbols are smooth maps p : R? — C°°(T%) such that the norm of p(¢) and
its derivatives satisfy certain growth conditions depending on the order of the
symbol, see [3] for details. For example, the symbol of a differential operator
> a; ;0163, where a;; € C°°(T%), is the polynomial " a; ;€1&) whose coeffi-
cients apparently belong to C'*° (’]I‘g). The correspondence between a general
symbol p and its associated pseudodifferential operator P, acting on C* (T2)
is established by the formula

Py(x) = (277)72//67“'5 p(€) as(x)dsde, =€ C(T3),

where the dynamics «y is given by (2). Given two symbols p; and pa, the
symbol of the composition of their corresponding pseudodifferential operators
is asymptotically given by

oo toe

]- a1 SO
prom~ 3 o (e (©) 075 (p2().

a1,a2€L>0

Using this calculus, the parametrix Ry of A, — A can be approximated by
a recursive procedure. That is, one can start by assuming that the symbol
o(Ry) of Ry has an expansion of the form Z?io rj(&, ), where each r; is
homogeneous of order —2 — j in the sense that for any ¢ > 0:

ri(tE, 2N) = 2T (E ).

The reason for starting from order —2 is that A, — A\ is of order 2 whose symbol
is of the form (p2(&) — A) + p1(§) + po(§), where as calculated in [15], we have

(56) P2(€) = (& + e,
p1(€) = 261€"/251("?) + 265"/ 255(?),
po(€) = 252 (eh/?) /252 (MV2).
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As is explained in detail in [18], using the calculus of symbols mentioned
above, one can solve the following equation recursively:

(er(f, A)) o (pa(€) = A) + p1(€) + po(©)) ~ 1.

§=0
In fact, one finds that
ro(§,0) = (p2(&) = A7,

and for each n > 1:

a1+ ,. .
a6 N) = = 3 i LA s () o6 V),

allag. 65?18532

where the summation is over all ag, a0 € Z>o, j € {1,...,n — 1} and k €
{0,1,2} such that 2+ j + a1 + az — k =n.

Finally, after finding each r, recursively, one can show that each aq, €
C*>(T%) appearing in the small-time heat kernel expansion (1) can be written
as

1
(57) azn = %42L€_ATQR(€,A) d\de.

By using a homogeneity argument and classical complex analysis, one can
explicitly calculate the integrals involved in the above expression, except for
a final part that has a purely noncommutative obstruction. That is, one has
to calculate the integral of certain C°°(T?%)-valued functions defined over the
positive real line (due to passing to the polar coordinates and the necessity
to integrate in the radial direction). This task can be accomplished by the
so-called rearrangement lemmas, see [15, 1, 14, 20, 22]. We discuss the neces-
sary rearrangement lemma for the calculation of the term a4 in the following
subsection.

8.2. Rearrangement lemma. As we explained above, the appearance of the
modular automorphism o;(z) = eV(z) = e "ze", 2 € C(T2), in the calcu-
lation of the term a4 comes from the fact that in the process of applying
the method explained in the previous subsection, one encounters integrals of
C°°(T?%)-valued functions defined on the positive real line. This type of inte-
grals can be worked out by means of the so-called rearrangement lemmas. In
Lemma 8.5 we present the rearrangement lemma that is needed for the calcu-
lation of the term a4. However, since we wish to explain a recursive procedure
for constructing the functions appearing in this lemma, it is useful to first recall
the rearrangement lemma that was used in [14, 20] for the calculation of the
term as.

Lemma 8.3. For any

m = (mg,m1,...,My) € Z';O'l and  p1,...,pn € C(T2),

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



326 ALAIN CONNES AND FARZAD FATHIZADEH

one has
/ (ehu 4 1)=mo H pj(ehu + 1)"miumI=2 gy
0 .
j=1

= e Im=DNE, (o3, 0i) (o1 pn),
where the function F,, is defined by

o x\m|—2 n J —mj
Fm(ul,...,un):/o mn<mnuy+l) dz.
7j=1 v=1
In the following proposition we present functional relations that allow us
to construct recursively any function Fy,(u1,...,u,) appearing in the previ-
ous lemma, essentially starting from the generating function of the Bernoulli
numbers.

Proposition 8.4. Considering the functions F,, appearing in the statement
of Lemma 8.3, we have

log uq
F uy) = .
(1,1)(u1) -]
If mg,m1 > 2 and ms,...,m, > 1, then
1
F(mo7m1,...,mn)(ula U, .. . 7un) = w1 — 1F(mo7m1717m2,...7mn)(u17 ceey un)
1
- mF(mofl,mh...,mn)(u’lv cee 7“/11)-
If my > 2 and ma,...,m, > 1, then
F(l,ml,mQ,...,mn)(ulau% cee ,Un)
1
= uy — 1F(17m171,m27...7mn)(u’17 cee 7“/11)
u—ml—m2—~~~—mn+1
1
- Uy — 1 F(m1,7n2,...,7nn)(u27u37'~'7un)~
If mg > 2 and ma,...,m, > 1, then
F(m0,17m2,...7mn)(u1; uz, . .. aun)
1
= mF(mg,mQ,...,mn)(ulu% us, ... 7un)
1
- hF(mo—l,l,m2,...,mn)(ula uz, . .. 7un)~
1—
If mo,...,my > 1, then
Foi1,ma,.mn) (U1, U2, - Up)
1
= = 1F(1’m2w7mn)(u1u2,u?,, ceey un)
MMMy
1
— - 1 F(mofl,Lmz,.wmn)(u’l’u’z""’u”)'
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Proof. Tt follows from considering the definition of the functions and writing

a partial fraction decomposition for Wlmﬂ) O

For the calculation of a4, since the pseudodifferential symbol that we have
to use has a different homogeneity order than the one for as, we need a variant
of Lemma 8.3, which is given in the following lemma.

Lemma 8.5. For any
m = (mg,m1,...,My) € Z"+1 and  p1,...,pn € C(T2),

we have
n

/ (ehu+1)~ H (e"u+ 1)l =3 dy,
0

= ei(lm‘ig)thrJL(Giv ) Ji)(pl e 'pn)ﬂ
where the function F is defined by

n —my

00 x|m\ 3
F? e Up) = e s +1 dx.
(U1, uy) /0 (m+1m0H( Hu +> x

Proof. The proof of [14, Lem. 6.2] works verbatim, by choosing the positive
numbers o; such that they add up to 2 instead of 1. O

In fact, the functions F), appearing in the statement of Lemma 8.5 are
closely related to those appearing in Lemma 8.3.

Proposition 8.6. If mg,m; > 1 and ms,...,m, >0, then
Fg)mo,7n1,...,7nn)(ula o 7“’?1)
1
= mF<mo,mrl,...7mn)(U1a ey Up)
Ui
+ FF(mofl,ml o) (U5 U

Hence, all functions F}?, that are necessary for the calculation of the term a4
can be constructed recursively, as explained in this subsection, from
log uy

Fay(ur) = w1

The methods and the tools that we have discussed so far in this section allow
us to calculate an expression for the term a4 € C°°(T?2) that involves functions
of the operator V acting on terms that involve derivatives of the conformal
factor e € C°°(T2). However, it is important to write the final expression in
terms of derivatives of h. This task can be achieved by using Lemma 6.5 to
employ the functions G1, Gs, G3, G4, which are constructed in Lemma 6.6 and
Lemma 6.7, to find explicitly an expression of the form (6) for the term ay. We
note that such a procedure was performed for the final formula for the term as
as well in [14, 20], where making use of the functions G; and G2 was sufficient.
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9. EXPLICIT FORMULAS FOR THE LOCAL FUNCTIONS DESCRIBING a4

After performing the calculation of the term as € C*°(T2) as explained in
Section 8, which involved heavy calculations, we find explicit formulas for the
functions K7, ..., Koo that appear in expression (6). In this section we present
the explicit formulas for the one and two variable functions Ki,..., K7;. The
lengthy final expressions for the three and four variable functions K, ..., Kog
are given in Appendix C. The explicit expressions for Kj,..., Koy are also
made available in a Mathematica notebook [8]. Although the final formulas
are quite lengthy, it should be noted that they are the results of enormous
amount of cancellations and simplifications that typically occur in this type
of calculations; cp. [14, 20, 16]. More importantly, in order to confirm the
accuracy of the final formulas, we have checked that they satisfy the functional
relations stated in Theorem 3.1.

9.1. The functions of one variable. The function K; has a simple expres-
sion:
3sq
dre = ((4est + €251 4 1)s1 — 3e2t + 3)
(es1 — 1)4sy

The graph of this function is given in Figure 3.

(58) Ki(s1) = —

o
\
0.4

H

|

FiGURE 3. Graph of K.

The function K5 turns out to be a scalar multiple of K;:

351
2me= (et e +1)s1 — 3 +3) 1
K =— 1K .
2(81) (651 — 1)481 5 1(81)
9.2. The functions of two variables. The functions K3, ..., K7 in expres-

sion (6) are the two variable functions.
The function K3 is of the form

K3 (51, 52)
(et —1)2(es2 — 1)2(es152 — 1)4s1859(s1 + 82)

(59) K3(81,82) =
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where the function in the numerator is given by
K3"™(s1,52)
=16 63%"’3%77{(651 —1)(e® —1)(es752 — 1)
% {(_5651 — %2 4 Getitoz _ 208 _ fesit2se 4 ge2ntdsa 4 g)o
F (€% 4 Bes2 — GetiSr 4 e2siter | gt | gelsitlss 3)32}
—2(e® —e™) (e T2 — 1)
X (—e®t — g% — e2otea _ gsit2sn | 9o2ait2s: gy
26t (%2 — 1)3(e% — efrtoe 4 gePsits: _ 9)g2
—2e%2(et — 1)3(e%2 — 152 4 2es1F252 _ 2)5%}

Clearly, the function K3"™ is a polynomial in sy, s, €°1/2, ¢2/2. By plotting
the points (i,7) and (m,n) such that sis)e™s1/2em52/2 appears in K§™™, we
find that these exponents appear in an orderly fashion. This can be seen in
Figure 4, where the points (7, j) are the blue dots on the lower left corner, and
the points (m,n) are the yellow dots on the upper right-hand side. The graph
of the function Kj is provided in Figure 5.

[ ] [ ] [ ]
10
o [ ] [ ] [ ]
1
[ ] [ ] [ ] [ ] [ ]
1
[ ] [ ] [ ] [ ]
1
[ ] [ ] [ ]
[
2 4 6 8 10

FIGURE 4. The points (4,j) marked by squares and (m,n)
marked by circles such that st s e™s1/2 ¢n52/2 gppears in the
expression for K3"™.

The function Ky is given by
K3 (s1, 52)

K =
4(317 52) (681 _ 1)2(682 _ 1)2(681+82 _ 1)48182(81 + 82)’

where
K" (s1,52)
3s

= 4eTl+5727T[(esl —1)(e*> — 1)(e* %2 — 1){(5e® — 3e?*> — e*1 52

_ 562(51+52) + 263(51+S2) + GeS11282 _ ges1t3s2 + e2s1+3s2 _ 2)51+
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FI1GURE 5. Graph of K3.

(_652 + 36252 + 5esl+52 _ 6651-‘,—282 + 6251—‘,-252 + 3651-‘,—382 _ 56281+352
+ 2e3s1 382 _ 2)82} — (51752 — 1) (=22 + 51752 4 1) (es1 — %2

+ 3es1ts2 + 362(814-82) + 63(814—82) _ 66281+82 _ 2681+282 + 6381+232

_ 6251+352 + 1)5152 + (652 _ 1)3(_651 _ fes1tsz _ 62(51+52) + 66251+52
_I_ e3sl+282 _ 1)3% _ 6282 (esl _ 1)3(682 _ 6651-‘1-52 _I_ 62(81-‘1-82) +4651+282

+ 6251-‘1—352 _ 1)5%] .

Clearly, the function K}"™ is also a polynomial in sy, sa, es1/2 e%2/2 In Fig-
ure 6, the points (7, j) and (m,n) such that s{s}e™1/2em52/2 appears in K}

are plotted. The graph of K} is given in Figure 7.

[ ] [ J [ ] [ J
10;
r [ [ ] [ J [ ] [ J
ol
r [ ] [ ] [ ] [ ] [ ]
of
r [ ] [ ] [ ] [ ]
ol
r [ J [ [ ]
E | [ J [ ]
L L L L L L L L L L L L L L L L L L L L L L
2 4 6 8 10 12

FIGURE 6. The points (i,7) marked by squares and (m,n)
marked by circles such that st s e™Ms1/2 ¢n52/2 appears in the

expressions for K™ and KF"".
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FIGURE 7. Graph of Kjy.

The function Kj is given by the quotient

K5 (s1,52)
(es1 —1)2(es2 — 1)2(es1r52 — 1)4s189(s1 + 82)°

Ks5(s1,s2) =

where the function Kg"™" is given by

K" (s1,82)

351 452

— 4o T3 71'[(651 —1)(e — 1) (e 2 - 1){(11682 —5e¥? — 11ef1 e
_ peR(sits) 4 g B(sitsn) 4 gonit2e | qgpmitiny 4y 2e1tdsy _ 2)s1
b (T 4 1362 4 Tt (8ot | (1t | penitin 1 tntin
4+ 2e3s13s2 _ 2) sz}(esﬁ's2 -1 (—e51 + 3e°2 4 622 — 43%2 — 10e°1 752
L ge2siter | gosit2sr | (g 2nit2s | g Bsit2s _ yosi43s: 4 g 281+

_ 1oe3sl+3s2 4s1+3s2 4esl+4s2 + 66251+452 + 363sl+4s2 _ 6451+4s2

—e — 1)8182

4 (esz _ 1)3(_651 _ 12631+52 + 106231+32 _ 56251+232 4 96331+252 _ 1)8%

6232 (esl _ 1)3(_5652 + 1Oesl+32 _ 12esl+232 _ e2sl+232 _ e2sl+332 4 9)83] .
The points (i, j) and (m, n) such that s’isg ms1/2ens2/2 appears in K2 are

the same as those for K}"™, given in Figure 6. The graph of K5 is given in
4

Figure 8. We note that although the functions K4 and K5 are quite different,
they however match precisely on the diagonal s; = ss.
The function Ky is of the form

K§"™ (s1,52)

K =
6(51,52) = o Ty em C1)3(en o — Disroa(or £ 53)
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FiGUure 8. Graph of Ks.

where
Kg"™ (s1,52)
- 463%“%{(@1 —1)(e% — 1)(en 2 — 1){(=3e™ + €22 — et
o 14651+252 4 e2s1+282 + 5es1+352 + 56251"1‘382 + 8)81 4 (21652 _ 116252
_ 15631—‘,-82 + 10681+232 + 6281+282 _ 7681—‘,-352 + 56281—‘,-352 _ 4)32}

_ 2(_2651 4 Tes2 — 66252 + 26352 _ 6651+S2 + 662s1+52 + 2651-1-2.92
_ 66281+252 + 26381+252 _ 10651-‘,-382 + 246251-‘,-382 _ 146351-‘,-382 + 4681—‘,-452

_ 66281+4S2 4 26381+4S2 4 26481+4S2 _ 26351-1-552 + e4sl+552)8182
+ 2% (e — 1)*(e¥ 12 + 2)s7e?* (e*' — 1)?(6e*> — 2e2%2 — 2¢°1 %

+ 14651+252 _ 6651-‘1-382 _ 26281-‘1-352 _ 6281+482 _ 7) sg:l .

The points (i, j) and (m, n) such that s sje™s1/2¢"52/2 appears in K™ are
presented in Figure 9, and the graph of Kg is given in Figure 10.
The function K7 is also a fraction of the form

K7 (s1, 82)

Kals152) = o =y em —D)(en o = Disroalor 7 52)"
where
K7""(s1, 82)
e T [(es1 —1)(e* = 1)(e %2 — 1){(—€” + Te*® — 10e* 2

4 156251-‘1-52 + 11651-‘1-282 _ 216251-‘1-252 4 46351+282 _ 5)81 + (_651 _ 5682
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FIGURE 9. The points (i,7) marked by squares and (m,n)
marked by circles such that s} s} e™*1/2 ¢"52/2 appears in the
expression for Kg"™.

F1Gure 10. Graph of Kg.

+ 14631-‘1-32 + 36281-‘1-82 _ esl+282 + 36231-‘1-282 _ 86331-‘1-282 _ 5)82}

_ 2(_2631 4 2e52 — 9e51Fs2 _ 2462(314-32) _ 263(314—32) _ 764(31+32)

4 146251+52 _ 26351-'1-52 4 6651+252 4 66351-1—252 _ 66451-1—252 _ 4esl+352

333

+ 106281—‘,-332 + 6e4sl+332 + 26581+332 _ 26231+4S2 + 66331+4S2 _ 1)8182

+ 2(652 _ 1)2(2681 + 6681-‘1-52 _ 146251+82 + 26381-‘1-82 + 26251-‘1-282

— GelortEoe o etsitIne 1)t 96?52 (e% — 1) (2e51 15 4 1)33].
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The points (i, j) and (m,n) such that s} sgemsl/%"s?/2 appears in KF"™ are
plotted in Figure 11 and the graph of K7 is given in Figure 12.

[ ] [ ] [ [ ]
sl
[ [ ] [ ] [ [ ]
6L
[ ] [ [ ] [ ] [ ]
al
[ ] L] [ ] [ ]

u L] [ ] [ J
. . . . .
4 6 8 10 12

FIGURE 11. The points (i,7) marked by squares and (m,n)
marked by circles such that st s e™Ms1/2 ¢n52/2 appears in the
expression for K™,

FiGURE 12. Graph of K7.

10. GENERAL STRUCTURE OF THE NONCOMMUTATIVE LOCAL INVARIANTS

In Section 9 and in Appendix C, we have presented the explicit formulas
for the functions K7, ..., Ko that appear in the local expression (6) for the
term aq € C*(T3). Also, we observed that each function K, j = 1,...,20,
is a rational function in sq, ..., sp,e*/2, ..., e""/2 where n € {1,2,3,4} is the
number of variables that each function depends on. This fact can indeed be
justified by using Lemma 6.7 and our results in Section 8 where we construct
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the main ingredients of our calculations with finite differences from the gener-
ating function of the Bernoulli numbers and its inverse G1(s1) = (e** —1)/s;.
Moreover, these considerations explain why the denominators of the func-
tions K; have nice product formulas. At the first glance, it might seem
odd that the fractions s;/2 appear in the exponents of the calculated func-
tions since finite differences of G1(s1) and its inverse yield rational functions
in s; and e%. The reason for the appearance of the e®/2 in the final for-
mulas is that the pseudodifferential symbol of the Laplacian A,, which is
given by (56), has e/ and its derivatives in its expression. Therefore, when
we apply the rearrangement lemma, namely Lemma 8.5, to calculate the
integral in formula (57) in the case of a4, the elements p; in the statement
of the lemma might be of the form e "/2§;(h/2)e"/? = eV/2(6,(h/2)) or
e 3/25,65(h)2)e3? = e3V/2(5,55(h/2)), hence the appearance of the frac-
tions s;/2 in the exponents of the final formulas.

This discussion justifies that each function Kj, j = 1,...,20, is a smooth
rational function in variables s; and e/ 2. whose denominator has a concise
product formula of a general type; see for example the explicit formulas (58),
(59), (73) and (75) presented in Section 9 and in Appendix C. We now wish
to argue that the coeflicients of the numerator of each function Kj, consid-
ering a monomial ordering, belong to a linear space that can potentially be
of low dimension. Therefore, up to multiplication by a constant, the concise
denominator and the exponents appearing in the numerator can have signifi-
cant information about each function Kj.

Let us first analyze the function K7 from this perspective. We have

351
dre2

((4er + €251 + 1)s1 — 3e%1 + 3)

(esr — 1)%sy
3sy 551
—4me = 51 — 16me 2

Kl(sl) = —

s1 —4me™= 51 — 12me™2 4+ 127e™2
(es1 —1)%sy '

By considering the monomial ordering of the numerator inherited from the dic-
tionary ordering of the pairs (4, j) such that sje’ $1/2 appears in the numerator,

we replace the specific coefficients by c1, ..., c5; and write
351 Tsq 351 551 7sq
K( ) cie 2 4+ ce 2 +c3e 2 81+ cge2 81 +c5e72 8§y
1(81) = .
(es1 — 1)%sy

Since for the denominator we have K{®%(s;) = (et — 1)*s; = O(s}), and the
function K is smooth, we conclude that

3s1 7s1 3s1 551 7s1 5
c1e? +ce? +eze? s;teqe ? s+ cse 2 sy =0(s)).

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



336 ALAIN CONNES AND FARZAD FATHIZADEH

Therefore, by writing the Taylor series for each term of the left-hand side of
the above expression, we have

SR et S |
Tt T2

(98‘1L 9s3 352 ) Y ( 12557 2553  5s? 1)

384 48 8 2
2

27st  9s3 952 3 2401s}  343s? 4952 7
Cl( 51 ﬂ S1 S1 ) 02( S1 51 S1 + S1 + 1)

felg s T2 T s s 2t
343st 4957 7s?
+%(% 8 +3"”0_0

This implies that the vector (c1,ca,cs,cq,¢5) belongs to the kernel of the
5 x b matrix

1 1 0 0 0

3/2 7/2 1 1 1

9/8 49/8  3/2  5/2 772 |,
9/16  343/48 9/8  25/8  49/8
27/128 2401/384 9/16 125/48 343/48

whose rank is 4. Therefore, the vector of the coefficients (c1, o, ¢3, ¢4, c5) of
the numerator of the function K; belongs to a one-dimensional linear space,
and up to multiplication by a constant, the numerator of K; is determined by
the exponents appearing in its numerator, which are plotted in Figure 13.

0.2 0.4 0.8 0.8 1.0

FIGURE 13. The points (i,j) such that siei*1/? appears in
the numerator of K.

A similar analysis can in fact be performed for all functions Kj, j =
1,...,20, as far as each monomial in the numerator cannot afford to provide
a non-zero smooth quotient by itself. We just need to confirm that, chosen
a number of such monomials for the numerator, a system of linear equations
for their coefficients will be equivalent to smoothness of the quotient. This is
easy to see as we discuss it for example for the function K3. This function is
given by

num
K3(s1,52) = w,
57" (s1,52)
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where

K (s1,80) = (e — 1)2(e*2 — 1)%(e*1 72 — 1)*s159(51 + 52),

and K5"™ is the sum of 74 different monomials in sy, s2, es1/2¢52/2;

Knum(Sh 82)

581 4 352 1
=64e® T2 75T 3262+27r51—19262+27781—|—12862+27rs%

—64e 2 T2 WS%+192€2+2 WS%—19262 +53 WS%+192€2+2 Ts2

Tsy | 1lsy 9

o1 .
—64e2+27rsl+12862+27r51 192e2+27rs —32e 2 T2 wsy
581 Ts1

+64e 22 7rs +64e 25 TSa81 — 32e7 2 +23 TS981

351 7sy1 381 , Tso
— 64e72 +232 T89S —646 S+ m8981 + 322 T2 18981

5s1 11sq

+64e P+ 7T8281+64€ P+ TS981 + 32 2 +132 TS9S]

7s1 , 9so 11s 11so
—64e T T2 msys; — 6de 2 +22 TS981 —326 >t TS981

Ts1  3sg

+64e P2 7T8281—486 R 7rsl+128e s+ 7r51—80€ T T2 sy

951

+64e= T2 sy —192e7 TT sy +64e = T2 s + 6de T +232 TS1

1 1y 752 9s1 4 Tsa 1lsy | Teg
—1662+27T81+128€2+27T81—12862+27T51+16€2+27T81

s1 11s] | 9sp
—6462 +55 7rsl—64e2 +232 7rsl—|—192e2 22 ws; —64de 2 T2 sy

7s3 11 11sq 11lsgo 3s1 | 5so
+80e= T2 7 7rsl—128e st 7T81+486 7t s — 6de T T2 7rs§

+192e7 T2 3 —192e72 T2 83 + 64e T T2 s + 322 T2 s
11sq

—128€2+2 7r52—|—192€2+2 7T82—12862+2 TS24+ 32 2 i Ts2

2
st

51
+64e2 + ms3 — 19272 +% 7r52—|—192e2 S 753 — Gde 2
381 38y 5s1 4 3sp Tsy 4 3sp 351
+4862+27r52—64e2+27r82+1662+27r52—12862+27r82
5s1 5oy Tsy sy 951 4 55y 851 | Tsp
+192eZ T2 sy — 12872 T2 sy + 64e 2 T2 sy +80eT T2 sy

51 11sq 51
—6462 +2 7752—1—6462 L+ TSy — 80e 2 +132 TSy — 6462 +232 TSo

751 982 9s1 4 953 1lsy | 983
+128¢ 2 T2 sy —192¢ 2 T2 sy + 128¢ 2 +27T82

KETgS 1 —L4+=2
—1662+27r52+6462+27r52—4862 2 TSy.

By considering the monomial ordering of the numerator K3"™ inherited
from the dictionary ordering of the 4-tuples («ay, 8;,7i, Vi) such that

S sﬁtemsl/2 v;sa/2
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appears in the numerator, let us replace the specific coefficients by ¢y, ..., ¢4
and write
74
num _ o; Bi vis1/2 visa/2
K3 (s1,82) = E ci 77 sy €Y 1/2 grisa/2,
i=1

By passing to the polar coordinates
sy =rcosf, sy =rsinb,
for the denominator of K3 we have
K{M(s1,89) = (€51 — 1)%(e%2 — 1)%(e51752 — 1)%5)55(51 + 52) = O(r11),
which, combined with the smoothness of the function K3 at the origin, implies

that
K?? 81,82 ch 516%51/2 visa/2 _ O(,,,ll).

By considering the Taylor series of each term in the middle expression in the
latter, we obtain an 11 x 74 matrix, whose entries are trigonometric functions
of 6, and the vector (ci,...,cra) of the coefficients of K3"™(s1, s2) belongs to
the kernel of this matrix for each . These linear equations only correspond to
smoothness of the following mapping at the origin:

74 A
Zl 16180” Bi 6%51/2 visa/2

60
(60) (s1,52) = ng“(sl,SQ)

Since the zeros of K$®(sy,s2) are located on the lines s; = 0, so = 0,
s1 + s2 = 0, we still need to observe that there are further linear equations
that guarantee smoothness of the mapping given by (60). This can also be seen
as follows. Since in the Taylor series of K$°"(sq, s2), the coefficients of s}sj
are zero for p,q € {0,1,2,3,4,5}, the corresponding coefficients are required
to be zero in the Taylor series of ZZil i ST sgi ei51/2 evi52/2 in order to have
a smooth quotient, which settles the fact that smoothness of the quotient on
s1 =0 and s9 = 0 is equivalent to a system of linear equations for the coeffi-
cients ¢y, ..., cr4. Also, in order to treat the smoothness of the quotient (60)
on the line s; + so = 0, we note that

H KM (—52,80) = 03K (s1,—51) =0, 0<j <4

Therefore, the limit of the map given by (60) as s; — —sa or so — —s1 exists
if and only if for any 0 < j < 4:

(ch Bz 67181/2 1/,52/2) ‘81:782
J 31 vis1/2 evis /2
=0y <ch et 2 ) ‘52:_51

=0.
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This finishes the justification of our claim that the smoothness of the quo-
tient map given by (60) is equivalent to a system of linear equations for the
coefficients c1, ..., c74.

Since the condition and the arguments used above apply to all functions
appearing in expression (6) for the term a4, and based on the generality of
the arguments given for proving Lemma 6.7 and the results in Section 8, it
is natural to expect a similar phenomena to occur for the following terms in
the expansion (1). That is, we predict that each term as, € C°°(T%) appear-
ing in this expansion is described by smooth rational functions of variables
S1,. .., Som, e5/2, .. e2n/2 whose denominators have concise product formu-
las, which vanish on certain hyperplanes, and the coefficients in the numerator
of each function satisfy a family of linear equations.

11. THE TERM a4 FOR CERTAIN NONCOMMUTATIVE FOUR TORI

As a corollary of the main calculation of the present paper one obtains, for
noncommutative four tori with curved metrics of the product form T3, x T%,,
the explicit form of the local geometric invariant given by the term a4. As
explained below, this required the computation of the term a4 for each com-
ponent of the product. The reason why this gives a first hint of the analog
of the Riemann curvature in the general noncommutative twisted case is that
product metrics of the above form are in general not conformally flat while
in the traditional Riemannian case the term a4 already involves complicated
expressions [21, Thm. 4.8.18], in terms of the curvature tensor. More explicitly
the classical (commutative) version of the product metric that we consider is
the following. Using the local coordinates (71,91, 22,y2) € T* = (R/27Z)* on
the four torus, the metric is written as

g = e MEI(dat 4 dy?) + e ") (daf + dy3),

where h; and hg are smooth real-valued functions. The following non-vanishing
components of the Weyl curvature tensor of this metric determine its Weyl
curvature:

1
Ci212 = Eefh (m’yl)ailhl(xhyl) + —ehQ(m’yz)QM(wl’yl)agzhﬂx%y2)
1
+ Ee_hl(zl,yl)aglhl(xl7 y) + _eh2(12,y2)—2h1(11,y1)a§2h2(x27 Ya),
1
Ciz13 = —§€_h2(r2’y2)+h1(rl’yl)cmma

Ca424 = Caz23 = Cr414 = Cli313,
_ —ha(wa,ys)+2h1 (21,
Caazq = e~ 2@z +2m@y) oy, )

In the noncommutative case for the product metric on T3, x T3,,, the modu-
lar automorphism groups of both factors combine to give an action of R? which
defines a more refined twisting than the classical determinant twisting of spec-
tral triples, which itself corresponds to the restriction of the above action of R?
to the diagonal R C R2. This begs to investigate the more general notion of
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twisting suggested in particular in [4] and which plays a fundamental role in
the work of H. Moscovici and the first author [11] on the transverse geometry
of foliations and the reduction by duality to the almost isometric case.

For now we simply explain how to derive the a4 term for the product metric
on Tz/ X ’]I%,,. That is, let us consider a noncommutative four torus of the
form T2, x '11%/,, whose algebra has four unitary generators Uy, V1, Us, V5 such
that each element of the pair (Uy, V1) commutes with each element of the pair
(Ua, V), and we have the following commutation relations for fixed irrational
real numbers 6’ and 6"

ViU, = 2™ Uy Vi, Vo Us = 2™ Uy V.

By conformally perturbing the flat metric on each two torus factor of such
a noncommutative four torus, one obtains the Laplacian associated with a
curved metric on this noncommutative space. That is, by using conformal fac-
tors e and e, where k' and h'” are respectively selfadjoint elements in
C>(T%,) and C*(T%,), we can consider the corresponding perturbed Lapla-
cians A, and A, of the form given by (4), and form the following Laplacian
on the noncommutative four torus:

AS",:QDN = AS", X 1 —+ 1 X AS"”'

As the notation suggests, ¢’ and ¢” are respectively the states on C(T%,)
and C(T%,) obtained from the corresponding canonical traces ¢}, and ¢, using
the conformal factors e~ and e~*". There are unique elements

Aon € Coo (T2/ X T2//)
such that for any a € C>°(T3, x T%,), as t — 0, we have

(61)
Trace(a exp(—tAyr o))

~ 72 ((0h ® f)(aao) + (gh ® p)(aaz)t + () @ ) (aas) t® +---).

The term a4 is the most fundamental and desirable term in this expansion
since it is the first term in which the analog of the Riemann curvature tensor
manifests itself, whereas ag and as are only the analogs of the volume form
and the scalar curvature, respectively.

An extremely difficult way of calculating the desired a4 appearing in the
expansion (61) is to use the method described in Section 8, now in a four-
dimensional case. However, the expansion (1) confirms the existence of the
unique elements ab, € C*°(T%,) and ay, € C°>(T3,) such that for any a’' €
C*(T%,) and a” € C*°(T%,), we have the following small-time expansions:

Trace(a/ exp(—tA(p/)) ~ t_l(gp/o (a/ alo) + (p/o (a/ aé) t+ (plo (a/ ail) tQ + .- )7
Trace(a” exp(—tAyun)) ~ t~ e (a” af) + i (a” ay)t + @y (" a))t? +---).
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Therefore, the uniqueness of the terms as, appearing in the expansion (61),
combined with these expansions and making use of simple tensors as test ele-
ments, readily implies that we have

A2y = Z ag; @ Ao, € C>®(T% x T%,).
i=0

We recall from [19] that the terms aj and af) are quite easy to calculate, namely
aly = e~ and aff = me™"". The terms a} and a4 are given by (5) which was
calculated in [14, 20], and, most importantly, the a} and a} are now given
explicitly by formula (6), emphasizing that we have achieved explicit formulas
for all components of the latter. Hence, we have available an explicit formula
for the term

as = ap @ ay +ah®ay +ay @ay € C°(T3 x T3,),

which appears in the heat kernel expansion (61) associated with a curved non-
commutative geometry of spectral dimension four, hence explicit information
about the analog of the Riemann curvature tensor in the noncommutative
setting.

12. CONCLUSIONS

The local geometric invariants of the noncommutative two torus T% equipped
with a conformally flat metric have complicated dependence upon the modu-
lar automorphism of the state that encodes the volume form of the metric and
plays the role of the Weyl factor. This dependence involves lengthy several
variable functions of the modular automorphism of the state. In this paper we
have calculated this dependence for the invariant as € C°°(T32), which deter-
mines the third term in the small-time asymptotic expansion of the trace of
the heat kernel of the Laplacian associated with the conformally flat metric.
After performing heavy calculations and simplifying the result, we have con-
firmed the accuracy of the final functions appearing in the expression for the
term a4 by checking that they satisfy a family of functional relations which
were abstractly predicted before performing the computation. The derivation
of these functional relations is based on using a fundamental spectral identity
proved in [14] for the gradient of a functional, and by calculating the same
gradient with finite differences. This method was indeed used in [14] for check-
ing the validity of the term as, which is related to the scalar curvature for T?%.
However, the tools needed for performing this check for the term a4 and the
consequent functional relations are far more involved and complicated, com-
pared to the case of the term as. Also by studying the functional relations
abstractly, we have derived a partial differential system, on which the cyclic
groups of order 2, 3 and 4 act naturally and we have studied invariance proper-
ties and symmetries of the calculated expressions with respect to these actions.
Moreover, we have found a natural flow that is associated with the differential
system.
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We stress that the basic functional relations for the functions K Tyens ,I~(20
stated in Theorem 3.1 were conceptually predicted, and lead to the differential
system and the discovery of symmetric expressions, when studied abstractly.
However, the functional relations among the functions ks, ..., ks stated in
Theorem 7.1 were found after comparing the final explicit formulas for the
functions K3, ..., Ko and it is an open question to understand them a priori
in a conceptual manner.

We have shown that the main ingredients of our calculations can be derived
by finite differences from the generating function of the Bernoulli numbers and
its inverse, and we have paid special attention to the general structure of the
final functions that describe the term a4. That is, due to noncommutativity,
several variable functions of the modular automorphism are needed for inte-
grating certain C°°(T3)-valued functions defined on the positive real line, and
for writing the final formula for the term a4 in terms of the derivatives of the
logarithm of the conformal factor. We have argued that each of the final func-
tions is a rational function of variables s; and e®/2, whose denominator has
a concise product formula, and the coefficients of its numerator satisfy a fam-
ily of linear equations, which, given a monomial ordering, restrict them to
belong to a potentially low-dimensional linear space. This begs for bringing to
the front scene the algebraic geometry, familiar in transcendence theory [26],
of exponential polynomials and their smooth fractions in understanding the
general structure of the noncommutative local invariants.

It is also important to stress that, because of their geometric nature, the
terms ag, in (61) are local geometric invariants of the curved metric on the non-
commutative four torus in the following sense. In noncommutative geometry
the notion of locality is less obvious than the classical naive notion. This notion
nevertheless makes sense based on the Fourier transform, and what it means
concretely in the above context is that only the high frequency contributions
are relevant in the computation of the coefficients appearing in the expan-
sion of the trace of the heat kernel. This illuminates the locality of the terms
as, € C°°(T%) since when one considers using the pseudodifferential calculus
built on a phase space with a noncommutative configuration space [3], the high
frequencies appear preponderantly in the derivation of the heat expansion (61).
This locality principle is already at the core of the local index formula of [10]
and also plays an important simplifying role in the case of quantum groups.

As is well known in the case of Riemannian manifolds, the local geometric
invariants appearing in the heat expansion are certain expressions in terms of
the Riemann curvature tensor and its contractions and covariant derivatives.
These expressions are very complicated. However, because of their local nature,
one can identify them using invariance theory [21], noting that only a few terms
have in practice been identified due to the rapid growth in complexity of the
formulas. As indicated earlier, the first two terms are given by the volume
form and the scalar curvature, and the third term, the analog of which in our
noncommutative setting is the term ay, is the first place where the Riemann
curvature tensor manifests itself beyond the curvature scalar. Thus, we view
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the results achieved in this paper as an important step towards the exploration
of further properties of the analog of the Riemann curvature tensor in noncom-
mutative geometry as explained briefly in Section 11 for four tori. This paper
should be viewed as providing a vast reservoir of concrete data, in the form of
the obtained explicit formulas, which can be exploited further for testing ideas.
In fact, research in this area of noncommutative geometry possesses an exper-
imental nature, and we share in a Mathematica notebook [8] the invaluable
resource of data that we have obtained for the a4 term of the heat expansion.
This will pave the way for researchers to discover many more and far different
phenomena in noncommutative differential geometry [5, 7, 10], awaiting to be
discovered in our data. Our final formulas are securely tested since they sat-
isfy a highly nontrivial family of conceptually predicted functional relations,
derived by comparing the outcomes of two different abstract calculations of
a gradient. This method, first introduced in [14], plays in our setting the role
of invariance theory in the classical case for performing a check on a calculated
expression. The symmetries that we have discovered in the calculated expres-
sions are quite striking and are closely related to the appearance of the action
of the cyclic groups in the differential system. Note also that considering the
work carried out in [24], our calculations for noncommutative tori are universal
in the sense that they extend to noncommutative toric manifolds [9].

We end our conclusions by pointing out that while the results of this paper
have a very concrete aspect, they suggest, as explained above in Section 11 for
four tori, the need to explore at the conceptual level the more general twisting
of spectral triples already arising in the transverse geometry of foliations, which
goes well beyond the non-tracial type III nature of the measure theory since the
latter is limited to the behavior of the determinant of the metric. The theory of
twisted spectral triples has reached a satisfactory status [13, 2, 15, 25, 17]. The
general case appears as an open land where the case of the transverse geometry
of foliations provides a wealth of examples and where general principles such
as the reduction to the almost isometric case [4, 11] should be valid in general
and allow one to apply the local geometric methods of [5, 10, 12].

APPENDIX A. LENGTHY FUNCTIONAL RELATIONS

We explained in Section 3 that like the basic functional relations given
respectively by equations (19) and (20) for the functions K9 and Kj7, the
remaining three and four variable functions have algebraically lengthy basic
functional identities. We present these lengthy expressions in this appendix.

A.1. Functional relations for kg, cee km. First we cover the remaining
three variable functions.

A.1.1. The function Ko. We have

(62) Kog(s1,s2,3)

1 1
= E(—4)7FG3(817 s2,83) + 165302(517 s2)k3(—s3)
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€3 (e*2s1k3(—s2 — s3) + e"2s2k3(—s2 — 53) — e"1T5250kg(—s1 — 53 — s3) — s1k3(—s3))

4s1s2(s1 + s2)
G1(s1)(k3(s3) — k3(s2 + s3))
4s9

1
+ ZG2(51,52)7C3(53) +

s1k3(s3) — s1k3(s2 + s3) — sak3(s2 + s3) + s2k3(s1 +s2 +s3)

+ 4o152(o1 1 52) G2 (s1,s2)ke(s3)
n G1(s1)(kg(s2) — ke(s2 + s3)) n kg(s2) — kg(s1 + s2) — ke(s2 + s3) + kg(s1 + s2 + s3)
2s3 257183
‘ —s3ke(s1) + s2ke(s1 + s2) + szke(s1 + s2) — s2ke(s1 + s2 + s3)
2s2s3(s2 + s3)
n —s1ke(s3) + s1ke(s2 + s3) + s2ke(s2 + s3) — s2ke(s1 + s2 + s3)
s1s2(s1 + s2)
n e"2G1(s1)(k7(—s2) — e"Bkr(—s2 — s3))
253
€2 (—elhz(—s1 — s9) + ky(—s2) — e*3k7(—s3 — s3) + e*1 T3k (—s1 — 53 — 53))
+ 4s1s3
€1 (s3hr(—s1) — e*2s9k7(—s1 — 52) — e"2s3k7(—s1 — s2) + 2B s3kr(—s1 — 53 — 53))
a 2s253(s2 + s3)
€2 (e®1ky(—s1 — s2) — kr(—s2) + e™3kr(—s2 — s3) — "1 T3k (—s1 — 55 — 53))
- 4s1s3
n €’3G1(s1)(e*2kr(=s2 — s3) —k7(=53)) oy Ga(s1, 52)kr(—s53)
s2
+ €3 (e"2s1k7(—sp — s3) + " 259k (—s3 — 53) — " 1T 255k7(—s1 — 53 — 53) — s1k7(—53))

s1s2(s1 + s2)
s(s2,s3) — kg(s1 + s2,53) n kg(s1 + s2,53) — ksg(s1,s2 + s3)
4sq 4s9

1 k.
+ ZGI(Sl)ks(S%SS) +

(=14 e*1752F93) kg (s1,55)  ko(s1,s2 + s3) — ko(s1,52) 1
+ + + =G1(s1)kg(s2,53)
8(s1 + s2 + s3) 8s3 8
n kg(s2,s3) — ko(s1 + s2,s3) n ko(s1 + s2,s3) — ko(s1,52 +s3) 1e52+53G1(51)k9(752 — 3,52)
8s1 8so 8
eS1ts2+s3 (kg(—s1 — sg — s3,s81) — kg(—s1 — s2 — s3,s1 + s2)) 1
+ — =Gi(s1)k1o(s2,s3)
8so 8
n kio(s1,s2 4+ s3) — k1o(s1 + sz, s3) n kio(s1 + s2,53) — k1o(s2,s3)
8s2 8s1
1 e2(kig(s3, —s2 — s3) — e"Lkig(s3, —s1 — s2 — s3))
+ 5652 G1(s1)k10(s3, —s2 — s3) + =
1

el (e®2kyg(s3, —s1 — s2 — s3) — k1o(s2 +s3,—s1 —s2 —s3)) 1
+ 1532 G1(s1)k11(s3, —s2 — s3)

8s9
€2 (k11(s3, —s2 — s3) — elky1(s3, —s1 — s2 — s3))
4sq

e*2T93 Gy (s1)k12(—s2 — s3, s2)

el (e®2kyq(s3, —s1 — s2 — s3) — k11(s2 + 83, —s1 — s2 — 53)) n 1
4s9 4

es2ts3 (g —S9 — 83, 89) —e’lk —81 — 89 — 83,581 + s 1
(k12(—s2 3,52) : 12(—s1 2 — s3,51 + s2)) n 55524_53(;1(51)]“3(752 53, 52)
s1

€253 (kyg(—sp — s3,52) — e“Tkyz(—s1 — s3 — 53,51 +52)) 1
+ 5 - 565201(81%13(53» —s2 — 83)
s1

1 1
- Eﬁsl k17(s2,s3, —s1 — s2 — s3) — E€SI+52+331€17(—S1 — 83 — 83, 81,52)

S1te2tes g, o

1 1 1
— —kis(s1,52,83) — 1—6e51k18(52,53, —s1 —s2 —$3) — 6 —s1 — s2 — 83,51, 52)

16

1 1 1
- E531+32k18(537—51 — 82 —83,81) — Rk19(51»52753) - R651+32k19(537 —s1 — s2 — 83,51)

_ e"2753 (kg (—sp — 53, 52) — e“1kg(—s1 — 52 — 53,51 + 52))

8s1
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e®2 (k13(s3, —s2 — s3) — e®lki3(s3, —s1 — s2 —s3))  Gi(s1)(ke(s3) — ks(s2 + s3))

8s1 S92
_ e8Gi(s1)(e"2k3(—s2 — s3) — k3(—s3))
4s9
B eS1T92953 (19 (—sy — sp — 53,51) — k1a(—s1 — s2 — s3, 51 + 52))
4s9

eS1122123 (k1 5(—s1 — sp — s3,51) — k13(—s1 — s2 — 53, 51 + 52))

8s9
el (e®2ky3(s3, —s1 — s2 — s3) — k13(s2 + s3, —s1 — 53 — 53))
B 8s9
el (k1o(s2, —s1 — s2) — k1o(s2 + s3, —s1 — s2 — s3))

8s3

e*1792 (kyg(—s1 — s2,51) — e*3k13(—s1 — 52 — 53, 51))

8s3
eS1122123 (kg (51, 59) — ko (—s2 — s3,52)) _ et(kio(s2, —s1 — s2) — k1o(s2,53))
8(s1 + s2 + s3) 8(s1 + s2 + s3)
_ eS1T2(ky3(—s1 — s2,51) — k1a(s3, —s2 — s3))
8(s1 + s2 + s3)

A.1.2. The function IN{lo, We have
(63)
K10(s1, 52, 53)
1
= 1—5(74)7rG3(51,52,53)

n e*2(e*1kg(—s1 — s3) — ka(—s2) + e*3kz(—sz — s3) — e*1 T3 kg(—s1 — 53 — s3))

45183
—kg(s2) + k3(s1 + s2) + k3(s2 +s3) —k3(s1 +s2+s3) 1
+ — —G2(s1,s2)ke(s3)
45783 2
n G1(s1)(kg(s2) — ke(s2 + s3)) n kg(s2) — ke(s1 + s2) — ke(s2 + s3) + kg(s1 + s2 + s3)
s3 5183
‘ —s3ke(s1) + s2ke(s1 + s2) + sgke(s1 + s2) — s2ke(s1 + s2 + s3)
2sps3(s2 + s3)
n —s1ke(s3) + s1ke(s2 + s3) + sake(s2 + s3) — s2ke(s1 + s2 + s3)

2s152(s1 + s2)
e“2G1(s1)(k7(=s2) — e®3k7(—s2 — s3))

53

€1 (s3hr(—s1) — e®2s9k7(—s1 — s9) — e*2s3k7(—s1 — s2) + €°2F Bs3k7(—s1 — 53 — 53))

2s2s3(s2 + s3)

€52 (e*l1ky(—s1 — 52) — kr(—s2) + e®3ky(—s3 — s3) — e*1 T3 kr(—s1 — 53 — s3))

5183
e®3G1(s1)(e’2ky(—sg — s3) — k7(—s3 1
+ (1) ( ) (Zea)) —e’3Gy(s1,s2)k7(—s3)
2s9 2
n €3 (e*2s1ky(—s2 — s3) + €250k (—s2 — 53) — €S 175255k (—51 — 53 — s3) — s1k7(—s3))
2s1s2(s1 + s2)
kg(s1,s2 +s3) — kg(s1,s2) 1 ks(s2,s3) — kg(s1 + s2,s3)
+ + —=Gi(s1)ks(s2,s3) +
4s3 4 4s1
kg(s1,s2 +s3) — kg(s1,s2) 1 ko (s2,s3) — kg(s1 + s2,s3)
+ + =Gi(s1)kg(s2,s3) +
8s3 8 8s1

ko(s1 + s2,53) — kg(s1, 52 + s3) ‘ €192 (kg (=51 — s3,51) — e®3kg(—s51 — 52 — 53,51))

8so 8s3

345

1 s
— —e®2G1(s1)kg(s3, —s2 — 83) +
3 1(s1)kg(s3, —s2 — s3) (o1 F 52 + 53) 823
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1 1
- §€SQ+53G1(81)7€10(*52 — s3,52) + 5552G1(51)k10(53, —s2 — s3)

+ €2 (k1o(s3, —s2 — s3) — el kig(s3, —s1 — s2 — s3))

8s1

el (e®2kyg(s3, —s1 — s2 — s3) — k1o(s2 +s3,—s1 —s2 —s3)) 1
+ —e’2G1(s1)k11(s3, —s2 — s3)
8s9 4
e2(k11(s3, —s2 — s3) —e"Lki1(s3, —s1 —s2 —s3)) 1
+ ’ . + =e*2¥93Gy (s1)k1a(—s2 — 53, 52)
4sq 4
n e52723 (kyp(—sp — s3,52) — e"Tk1a(—s1 — 52 — 53, 51 + 52))

1
—G1(s1)k s$9, 8
15, s 1(s1)k13(s2,53)

kig(s1 + s2,s3) — k13(s2,s3) | 1
+ +§€SQ+53G1(51)7€13(*52*53,52)

8s1
n e52723 (kyg(—sp — s3,52) — e"Tk13(—s1 — s3 — 53, 51 + 52))
8s1
el (k13(s2, —s1 — s2) — k1g(s2 + s3, —s1 — s2 — s3)) 1
— —ki7(s1, 52, s3)
8s3 16

1 1
- Reslkw(szys& —s1 — S2 — 83) — 1*6651+52+53k17(*51 — s2 — 83,51, 52)

1 1 1
E€31+32k17(537 —s1 — s2 — 83,51) — Ek19(51752753) - Ee51k19(52,53,—sl — 83 — s3)

1 1
- R€SI+52+537€19(*51 — s2 — $3,51,52) — T6€SI+S2k19(53y —s1 — s2 — 83, 51)

€2 (kg(s3, —s2 — s3) — e’lkg(s3, —s1 — s2 — s3))
8s1

2198 (kyg(—s2 — 53,52) — e"Lkio(—s1 — 52 — s3,51 +2)) _ Gi1(s1)(ke(s3) — ke(s2 + 53))

8s1 2s9
eS175253 (k) 5(—s) — sy — s3,51) — k13(—s1 — s2 — 53,51 + 52))
B 8so
_ e%2Gy(s1)(kg(—s2) — eBkg(—s2 —s3))  Gi(s1)(ks(s2) — ka(s2 + s3))
4s3 4s3
_ el(k11(s2, —s1 — s2) — k11(s2 + 53, —s1 — s2 — 53))

4s3
eS1752 (k15 (—s1 — s3,51) — e™3kya(—s1 — 52 — 53, 51))
4s3
el (kio(s2, —s1 — s2) — k1o(s2 + s3, —s1 — 53 — 53))
8s3

e" 192 (kyg(—s1 — s2,51) — €3 k13(—s1 — s3 — s3,51))
8s3

€152 (kg (—s1 — s2,51) — ko(s3, —s2 —s3))  e*17°2F3 (k1 (51, 52) — k1o(=s2 — 53, 52))
8(s1 + s2 +s3) 8(s1 + s2 +s3)

_ e"l(kig(s2, —s1 — s2) — k13(s2, 53))

8(s1 + s2 + s3)

A.1.3. The function I~(11, We have
(64) Ki1(s1, 52, 53)

1
= —(—2)7G3(s1, s2,s
15( )7G3(s1, 52, 53)

€2 (—e®lky(—s1 — s2) + ka(—s2) — e*3ky(—s2 — s3) + e*1 T3 ky(—s1 — s3 — s3))

4s1s3
€52 (eS1ky(—s1 — s2) — ka(—s2) + €™ ky(—s3 — s3) — 13k (=51 — 55 — s3))
+ 4s1s3
N —ka(s2) + ka(s1 + s2) + ka(s2 + s3) — ka(s1 + s2 + s3)
25183

1
- ZGQ(SL s2)ke (s3)
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G1(s1)(ke(s2) — ke(s2 + s3)) n kg(s2) — kg(s1 + s2) — kg(s2 + s3) + ke(s1 + s2 + s3)
253 2s183

—s3ke(s1) + sake(s1 + s2) + s3ke(s1 + s2) — s2ke(s1 + s2 + s3)

4s2s3(s2 + s3)
—s1kg(s3) + s1ke(s2 + s3) + sakg(s2 + s3) — s2kg(s1 + s2 + s3)

4s152(s1 + s2)
e2G1(s1)(k7(=s2) — e’3kr(—s2 — 53))

2s3

e2(—elky(—s1 — s3) + kr(—s2) — "3k (—s3 — s3) + "1 T3k (—s1 — 53 — s3))

45183

€1 (sgky(—s1) — e"2s0ky(—s1 — 82) — e2s3kr(—s1 — s2) + e*2 3 s5k7(—s1 — 53 — 53))

4s2s3(s2 + s3)
€2 (eS1ky(—s1 — s3) — ky(—s52) + e*3kr(—s2 — s3) — 1 T3 ky(—s1 — 53 — s3))

45183

€3Gy (s1)(e’2kr(—s2 — s3) —k7(—s3)) 1
- Z€SSG2(51,52)7€7(*53)

4so

€3 (e*2s1ky(—s2 — s3) + €250k (—s2 — 53) — "1 T 5250k7(—s1 — 59 — s3) — s1kr(—s3))

4s1s2(s1 + s2)

kg(s1 + s2,53) — kg(s1, 82 + s3) + e*1792 (kg(—s1 — s3,51) — e"3kg(—s1 — 53 — s3,51))

8s2 8s3
1 ko(s1,s2 + s3) — kg(s1,s2) 1
—e"2G 1 (s1)ks(s3, —s2 — s3) + + = G1(s1)ko(s2,s3)
8 853 8
ko(s2,s3) — ko(s1 +s2,83) 1
+ —e2G1(s1)k10(s3, —s2 — s3)

8s1 8

e’2(k1o(s3, —s2 — s3) — elkig(s3, —s1 — s2 — s3)) + (=14 e1752753) 1 (51, 55)
8s1 8(s1 + s2 + s3)
k11(s1,s2) —ki1(s1,s2 +s3) 1 o ..
— —e"2F°3Gy (s1)k11 (—s2 — 53, 52)

8s3 8

el (e"2kyy(s3, —s1 — s2 — s3) — k11(s2 + 83, —s1 — s2 — s3))

1
— =Gi(s1)ki2(s2,s
859 3 (s1)k12(s2, s3)

k12(s1 + s2,83) — k12(s2,53) n el (ki2(s2, —s1 — s2) — k12(s2 + s3, —s1 — s2 — 83))
8s1 8s3

1
5552+53 G1(s1)k13(—s2 — s3,52)

e5213 (ky3(—s9 — s3,52) — e*1ki3(—s1 — s2 — 53,51 + 52))

8s1
1 1 s 1 sitsotss
T6k18(51182y53) ~16€ kig(s2,s3, —s1 — s2 — s3) — I k1g(—s1 — s2 — s3,51,52)
1 e®2 (kg(s3, —sg — s3) — e®lkg(s3, —s1 — s2 — s
1_66514-52,618(53‘751 oy — 53, 81) — (ks(s3, —s2 — s3) = 8(s3, =s1 — 53 — s3))

1

2723 (k1 (—s2 — s3,52) — e®lki1(—s1 — sp — 53,51 +52))  Gi(s1)(ke(s3) — ke(s2 + 53))

8s1 4s9
€51 92953 (19 (—sy — sp — 53,51) — k12(—s1 — s2 — s3, 51 + 52))

8s9
e®2Gy(s1)(ka(—s2) — e®3ka(—s2 — s3))  Gi(s1)(ka(s2) — ka(s2 + s3))
2s3 2s3

el (k1o(s2, —s1 — s2) — kio(s2 + s3, —s1 — s2 — s3))
8s3

_ e 1792 (jyg(—s1 — s2,51) — e3k13(—s1 — 52 — 53, 51))

8s3
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e*1V92 (kg(—s1 — s2,51) — ka(s3, —s2 — s3)) e 179273 (kg (s1,53) — k11(—s2 — s3, 52))
B 8(s1 + s2 + s3) B 8(s1 + s2 + s3)

el (k12(s2, —s1 — s2) — k12(s2,s3))
- 8(s1 + s2 + s3) )

A.1.4. The function I~(12. We have
(65)

Ki2(s1, 2, 53)
1
= 1—5(72)WG3(51,52,53)
+ e®1 (s3ka(—s1) — e®2s9ka(—s1 — s2) — €253k (=51 — s2) + 23 55ky(—s1 — s3 — s3))

2s253(s2 + s3)
s3ka(s1) — saka(s1 + s2) — s3ka(s1 +s2) + s2ka(s1 +s2+s3) 1

+ 29753 (a2 1 53) ZG2(51v52)k6(53)
n G1(s1)(ke(s2) — ke(s2 + s3)) n ke(s2) — ke(s1 + s2) — ke(s2 + s3) + ke(s1 + s2 + s3)
4s3 45153
n —s3ke(s1) + sake(s1 + s2) + szke(s1 + s2) — s2ke(s1 + s2 + s3)
2s2s3(s2 + s3)
n —s1ke(s3) + s1ke(s2 + s3) + sake(s2 + s3) — s2ke(s1 + s2 + s3)
4s152(s1 + s2)
+ e2G(s1)(k7(—s2) — e’3kr(—s2 — 53))
4s3
€51 (sgky(—s1) — e®2s9k7(—s1 — s3) — e®2s3k7(—s1 — s2) + e°2 353k (—s1 — 53 — 53))
- 2s253(s2 + s3)
€52 (e51ky(—s1 — s2) — kr(—s2) + e®3ky(—sp — s3) — €173 kz(—s1 — 53 — s3))
B 45183
n e*3G1(s1)(e2kr(=s2 —s3) — kr(=s3)) 1 o4 Ga(s1,52)kr(—s3)
4so 4
+ €3 (e*2s1ky(—s2 — s3) + e"2s0ky(—s2 — 53) — e*1T5250k7(—s1 — 53 — s3) — s1kr(—s3))

4s1s2(s1 + s2)
ks(s2,s3) — kg(s1 + s2,53)
8s1

1
+ §G1(51)k8(52: s3) +

e®l (kg(s2, —s1 — s2) — kg(s2 + s3, —s1 — s2 — s3)) n kg(s1,s2 + s3) — ko(s1, s2)

+ 8s3 8s3
n ko(s1 + s2,53) — kg(s1, 52 + s3)
8so

n e’l(e®2kig(s3, —s1 — s2 — s3) — k1o(s2 + 53, —s1 — s2 — 53))

8so

€S 152 (kg (—s1 — s2,51) — e™3ky1(—s1 — 52 — 53, 51))

+ 8s3
4 eS1F92F53 (kg (—s1 — 5o — s3,51) — k11(—51 — s2 — 53,51 + 52))

8so
e2(k11(s3, —s2 — s3) — e’lki11(s3, —s1 — s2 — s3))
8s1

1o,
+ 3¢ G1(s1)k11(s3, —s2 — s3) +

(=14 e 17527315 (51, 53) n k12(s1,s2) — k12(s1, s2 + s3) n k12(s1,s2 + s3) — k12(s1 + s2, s3)
8(s1 + s2 + s3) 8s3 8s2

e*2F93 (k15(—s3 — s3,52) — e*lhia(—s1 — 53 — 53,51 + 52))

1
+ =e®2¥93Gy (s1)k12(—s2 — s3,52) +
8 8s1

1 1 1
- Ee51k17(52,53, —s1 — s2 — s3) — 1—651+32+53k17(—81 — s2 — 83,81,52) — Ek19(51782753)

1 G1(s kg (s — kg(sa + s
st (e sy — 5o — s3,81) — 1(s1)(ke(s3) — ke(s2 + s3))
16 459
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el (e®2kg(s3, —s1 — s2 — s3) — kg(s2 + s3, =51 — 52 — s3))

8s9o
eS 152953 (k15 (—s1 — 55 — s3,51) — k13(—s1 — 52 — 53,51 + 52))
- 8s9
e’l(kio(s2, —s1 — s2) — k1o(s2 + s3, —s1 — s2 — s53))
- 8s3

_ €192 (kyg(—s1 — s2,51) — e"3ki3(—s1 — sz — 53,51)) _ e®t(kg(s2, —s1 — s2) — kg(s2, 53))

8s3 8(s1 + s2 + s3)

349

B €S 152 (kg (—s1 — s2,51) — k11(s3, —s2 — 53)) B eS 192953 (k15 (51, 52) — k12(—s2 — 53, 52))

8(s1 + s2 + s3) 8(s1 + s2 + s3)

A.1.5. The function I~(13. We have
(66)
Ki3(s1, 52, 53)
1
= E(—4)7\'G3(S1»S2753)

el (sgk3g(—s1) — e®2sg0kg(—s1 — s2) — e®2s3k3(—s1 — s2) + 552+S352k3(751 — sg — s3))

4s2s3(s2 + s3)

sgkg(s1) — sakg(s1 + s2) — sgk3(s1 + s2) + sokg(s1 + s2 + s3)

4s2s3(s2 + s3) -
G1(s1)(ke(s2) — ke(s2 + s3)) N kg(s2) — ke(s1 + s2) — ke(s2 + s3) + kg(s1 + s2 + s3)

2s3 25183

—sgke(s1) + sakg(s1 + s2) + sgkg(s1 + s2) — sakg(s1 + s2 + s3)

s2s3(s2 + s3)
—s1ke(s3) + s1ke(s2 + s3) + s2ke(s2 + s3) — s2ke(s1 + s2 + s3)

2s1s2(s1 + s2)
e“2Gq(s1)(k7(—s2) — e®3ky(—s2 — s3))

2s3

1
5G2(51752)k6(53)

e®l(sgk7(—s1) — e®2sg0ky(—s1 — s2) — e®2s3k7(—s1 — s2) + 652+5352k7(751 — sg — s3))

s253(s2 + s3)
€2 (e"1ky(—s1 — s2) — kr(—s2) + €™ kr(—s2 — s3) — "1 T3 k(=51 — 55 — 53))
257183

€3G (s1)(e"2k7(=s2 — s3) — k7(=s3)) 1
- 5653G2(51,52)k7(*53)

259

€3 (e"251kr(—s2 — 53) + €250k (—s2 — s3) — e*11 250k7(—s1 — 59 — 53) — s1k7(—53))

2s1s2(s1 + s2)

4s3 4s9o 8s3
9(s2,s3) — ko(s1 + s2,53) n ko(s1 + s2,53) — kg(s1,s2 + s3)
8s1 8s9

1 k
+ EGI(Sl)kQ(S% s3) +

el (kg (s2, —s1 — s2) — ko(s2 + s3, —s1 — s2 — s3))

ksg(s1,s2 + s3) — kg(s1,s2) n kg(s1 + s2,53) — kg(s1, 52 + s3) n ko(s1,s2 + s3) — kg(s1,s2)

+ 8s3
eS1752 (k1o (—s1 — s2,51) — ™3 kyg(—s1 — 52 — 53, 51))
+ 8s3
n eS1t+s2+s3 (k10(—s1 — s2 — s3,81) — k1o(—s1 — s2 — s3, 81 + s2)) n 1652 G1(51)k10 (53, —59 — 53)
8so 8

" e“2(k10(s3, —s2 — s3) — e"lkig(s3, —s1 — s2 — s3))

8s1
n el (e®2kig(s3, —s1 — s2 — s3) — k1o(s2 + s3, —s1 — 53 — 53))

8so

+ e*1(e®2ky1(s3, —s1 — s2 — 53) — k11(s2 + 53, —s1 — s2 — 53))  (—1+e51F92F3)k15(s1,52)

+
4s2 8(s1 + s2 + s3)
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kig(s1,s2) — k13(s1,s2 + s3) N k13(s1,s2 + s3) — k13(s1 + s2, 53)
8s3 8so

€253 (kyg(—sp — s3,52) — e“Tk13(—s1 — s3 — 53, 51 + 52))
8s1

1

+ §e52+3301(51)k13(—52 — 83, 82) +
1 1 1

- Ekl7(51»52753) - Eesl+32k17(537 —81 — s2 — 83,51) — Elﬂs(sl, s2,53)

1 1
- Teeslkls(szys& —s1 — S2 —$3) — 1*6651+52+53k18(*51 — s2 — 83,51, 52)

1 1
- R€31+82k18(537 —s1 — s2 — 83,51) — Eeslklg(sm%,—sl — 83 — s3)

G1(s1)(ke(s3) — ke(s2 + s3))

1
s s s
— —ef1H92H83 g (—sy — sy — 53,51, 82) —

16 250
B eS1F 92953 (g1 5 (—sy — sp — s3,51) — k12(—s1 — s2 — 83,51 + 52))
4so
el (e"2kg(s3, —s1 — s2 — s3) — ko(s2 + s3, —s1 — s2 — s3))
8so
_ eS1T92H98 (hy3(—sy — 52 — s3,51) — ki3(=s1 — 52 — 53,51 + 52))
8so
_ e’t(k11(s2, —s1 — s2) — k11(s2 + 83, —s1 — 52 — 83))
4s3

e*1V92 (k15 (—s1 — s3,51) — eBk1a(—s1 — 52 — 53,51))

4s3
el (k1o(s2, —s1 — s2) — k1o(s2 + s3, —s1 — s2 — s3))
8s3

€152 (ky3(—s1 — s9,51) — €3 ki3(=s1 — 52 —s3,51))  e’1(kg(s2, —s1 — 53) — ko (s2,53))

8s3 8(s1 + s2 + s3)
_ e®1T2(kyg(—s1 —s2,51) — kio(ss, —s2 — 53))  eS1¥92¥93 (ky5(s1, 52) — kig(—s2 — s3,52))
8(s1 + s2 + s3) 8(s1 + s2 + s3)

A.1.6. The function I~(14, We have
(67)

Ki14(s1,52,53)

1
g(—Q)ffG's(Sl»Sm 53)

e®l (sgks(—s1) — e®2s0ks(—s1 — s2) — e®2s3ks(—s1 — s2) + 652+5352k5(751 — sg — s3))
* 2s2s3(s2 + s3)
sgks(s1) — saks(s1 +s2) — szks(s1 + s2) + soks(s1 +s2 +s3) 3
— —Ga(s1, s2)ke(s3)
2s2s3(s2 + s3) 4
3G1(s1)(kg(s2) — kg(s2 + s3)) N 3(kg(s2) — ke(s1 + s2) — ke(s2 + s3) + ke(s1 + s2 + s3))
4s3 4s13
3(—s1ke(s3) + s1kg(s2 + s3) + sakg(s2 + s3) — sakg(s1 + s2 + s3))
4s1s2(s1 + s2)
3e®2G1(s1)(k7(=s2) — e®3k7(=s2 — s3))
4s3
e2(—elky(—s1 — s3) + kr(—s2) — "3 ky(—s3 — s3) + "1 T3 kz(—s1 — 53 — 53))

45153

3e°1 (sgky(—s1) — e*2saky(—s1 — s3) — e®2s3k7(—s1 — 52) + €*2T¥3s5k7(—s1 — 52 — s3))
2s2s3(s2 + s3)

€2 (e¥1ky(—s1 — s2) — kr(—s2) + e®3ky(—sp — s3) — 173 kr(—s1 — 55 — 53))
25183

3e®3G1(s1)(e®2ky(—s2 — s3) — k7(—=s3)) 3
- 1653 Ga(s1,s2)k7(—s3)

4s9
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3e3 (e"2s1ky(—s2 — s3) + e*2s0ky(—s2 — s3) — eS1 75253k (—s1 — 53 — s3) — s1k7(—s3))

4s1s2(s1 + s2)
(=14 e1T52753) gy 4 (51, 55) n k14(s1,52) — k1a(s1,82 + s3)
8(s1 + s2 + s3) 8s3
k14(s1,s2 + s3) — k1a(s1 + s2, s3)

1
+ o + §ES2+S3 G1(s1)k1a(—s2 — s3,52)
2

e5213 (k14 (—sp — s3,52) — e*1h1a(—s1 — 52 — 53,51 + 52)) n ki15(s1,52 + s3) — k15(s1,52)
8s1 4s3
k15(s2,53) — k15(s1 + s2, 53) n k15(s1 + s2,s3) — k15(s1, 52 + s3)
8s1 4sg

1
+ §01(51)k15(827 s3) +

el (ki5(s2, —s1 — s2) — k15(s2 + 83, —s1 — s2 — s3))
8s3

€192 (k16 (—s1 — 52, 51) — "3 k1g(—s1 — s2 — 53,51))
8s3

eS1152F53 (k1 g(—s1 — s3 — s3,51) — kig(—51 — 82 — 53,51 + 52))

8s9
e“2(k16(s3, —s2 — s3) — e’lkig(s3, —s1 — s2 — s3))
8s1

1.,
+ 3¢ G1(s1)k16(s3, —s2 — s3) +

e’l(e®2kig(s3, —s1 — 52 — s3) — kig(s2 + 83, —=s1 —s2 —s3)) 1
— —koo(s1, 52, s3)
4s9 16

1 1
- Tﬁeslkzo(szys& —s1 — S2 — $3) — T6€SI+52+537€20(*51 — s2 — 83, 51, 52)

1 3G k, — k.
L ety (sg, —sy — 55 — 53,51) — 1(s1) (ke (s3) — ke (s2 + s3))
16 4s9

eS1 +32+53(

k14(—s1 — s2 — s3,51) — k1a(—s1 — s2 — 53,51 + 52))
4s9

el (e®2ky5(s3, —s1 — s2 — s3) — k15(s2 + s3, —s1 — s2 — s3))

8s9o

eS1752 (kyy(—s) — sg,51) — e®3kig(—s1 — sz — s3,51))

4s3
el (k1g(s2, —s1 — s2) — kig(s2 + s3, —s1 — s2 — s3))
4s3
3(s3ke(s1) — sakg(s1 + s2) — sgke(s1 + s2) + s2kg(s1 + s2 + s3))
- 2s2s3(s2 + s3)

eS1T92498 (kyy(s1,50) — kia(=s2 — s3,52)) €1 (ki5(s2, =51 — s2) — k15(s2,53))
8(s1 + s2 + s3) 8(s1 + s2 + s3)
e*1792 (kyg(—s1 — s2,51) — k16(s3, —s2 — 53))
8(s1 + s2 + s3)

A.1.7. The function I~{15, We have
(68)
K15(s1, s2,53)
= %(72)#G3(51, s2,53) + %eSSGQ(sl,Sz)ks(f.sg)

€3 (e®2s1ks5(—s2 — s3) + e"250ks(—s2 — 53) — "1 T5250k5(—s1 — 53 — s3) — s1k5(—s3))

2s152(s1 + s2)
G1(s1)(k5(s3) — ks5(s2 + s3))
259

1
+ 5G2(51,52)k5(53) +

k - ks — sok k 3
! 5(s3) — s1ks(s2 + s3) — soks(s2 4 s3) + saks(s1 +s2 +53) 3 Ga (51, 52)ke (53)
2s152(s1 + s2) 2
N 3G1(s1)(ke(s2) — ke(s2 + s3)) n 3(ke(s2) — ke(s1 + s2) — ke(s2 + s3) + ke(s1 + s2 + s3))

4s3 4s183
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N 3(—s3ke(s1) + s2ke(s1 + s2) + s3ke(s1 + s2) — sake(s1 + s2 + s3))
4s2s3(s2 + s3)
3e°2 Gy (s1)(k7(—s2) — e®Bk7(—s2 — s3))

+ 4s3

€2 (—elkz(—s1 — s3) + kr(—s2) — e*3ky(—s3 — s3) + e 1 T3 k7 (—s1 — 53 — s3))
+ 257183

31 (sgk7(—s1) — e"2s0ky(—s1 — 52) — e“2s3ky(—s1 — s2) + €52 355k (—s1 — 53 — s3))
- 4s2s3(s2 + s3)

€2 (e1ky(—s1 — s3) — kr(—s2) + e®3ky(—sy — s3) — e®1 T3 ky(—s1 — sy — s3))
- 45783
N 3e’3 Gy (s1)(e’2kr(—s2 — s3) — kr(—s3)) §553G2(51’52)k7(753)

2s9 2

n 3e3 (e"2s1kr(—s2 — 53) + e*2s0ky(—s2 — 53) — eS 17255k (—51 — 55 — s3) — s1k7(—s3))

2s1s2(s1 +s2)
1
+ 1632+53G1(81)k14(*52 — 53,52)

€52V 3 (kyy(—s3 — s3,52) — elkya(—s1 — s — 53,51 + 52))

4sq
(—1+ 51752993 ) k15 (57, 59) n k15(s1, 52 + s3) — k15(s1, 52)
8(s1 + s2 + s3) 8s3
ki5(s2,s3) — ki5(s1 + s2,s3) n kis5(s1 + s2,53) — kis(s1, 52 + s3)
4s1 4sg

1
- §e52G1(51)k14(53, —s2 —83) +

1
+ ZGI(Sl)k15(S2v s3) +

1
- 5552+53G1(81)k15(*52 — 83, 52)

eS 152953 ()5 (—s1 — 55 — s3,51) — k15(—s1 — s2 — 53,51 +52)) 1
+ — =Gi(s1)k16(s2,s3)
8so 8
ki6(s1,52 +s3) — k16(s1 + s2,s3) | kie(s1 + s2,s3) — k1g(s2,s3) 1
+ + + —e’2G1(s1)k16(s3, —s2 — s3)
8s9o 8s1 4
n e’2(kig(s3, —s2 — s3) — el kig(s3, —s1 — s2 — s3))
4sq
el (e"2k16(s3, —s1 — s2 — s3) — k1g(s2 + s3, —s1 — s2 — s3)) 1
+ — —koo(s1, 52, 83)

45 16

1 1
- Eﬁslkm(sm s3,—s1 — 82 — 83) — 1—651+52+53k20(—81 — 83 — 83,81, 52)

1 e®2 (k14(s3, —s2 — s3) — e®lkys(s3g, —s1 —s2 — s
L o152k, (55, — sy — 53 — s3,51) — (k14(s3, —s2 — s3) 14(s3, —s1 — s2 — s3))

T 16 851
%2793 (ky5(—s2 — 53,52) — e*Lki5(=51 — s2 — 53,51 + 52))
- 8s1
_ €%8G1(s1)(e"2ks(—s2 — s3) — ks5(—s3))  3G1(s1)(ke(s3) — ke(s2 + 53))
2s9o 2s2

eS1T52F53 (k1 (—s1 — 5o — s3,51) — k1a(—s1 — s2 — 53,51 + 52))

4s9
el (e"2k14(s3, —s1 — s2 — s3) — k1a(s2 + s3, —s1 — s2 — s3))
8s9o
3(s1ke(s3) — s1ke(sz + s3) — sokg(sa + s3) + sakg(s1 + s2 + s3))
2s1s2(s1 + s2)

eS1152 (k14 (—s1 — s2,51) — e*3k1a(—s1 — s2 — 53, 51))

8s3
_ el(kig(s2, —s1 — s2) — kig(s2 + 83, —s1 — 52 — s3))
8s3
12 (ki (=51 —s2,51) — kia(ss, —s2 —s3))  eS1T52T98 (ky5(s1, 52) — kis(—s2 — 53, 52))
8(s1 + s2 + s3) 8(s1 + s2 + s3)

el (k16 (s2, —s1 — s2) — kig(s2,53))
8(s1 + so + s3)
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A.1.8. The function I~{16, We have

(69)
Ki6(s1,52,53)
1
= g(—2)7"G3(517 s2,53)

€2 (—e®lk5(—s1 — 52) + ks(—s2) — e3k5(—s2 — 53) + "1 T3 k5(—s1 — 53 — 53))
45153

€2 (e1ks(—s1 — 53) — ks(—s2) + e“3k5(—s2 — s3) — 1 T3 k5(—s1 — 53 — s3))

45183
—ks(s2) + ks(s1 4 s2) + ks(s2 +s3) —ks(s1 +s2 +s3)
25183
3G1(s1)(ke(s2) — ke(s2 + s3)) n 3(ke(s2) — ke(s1 + s2) — kg(s2 + s3) + ke(s1 + s2 + s3))
2s3 25183

3(—s3ke(s1) + s2ke(s1 + s2) + s3ke(s1 + s2) — s2ke(s1 + s2 + 53))

4s2s3(s2 + s3)
3(—s1ke(s3) + s1ke(s2 + s3) + sake(s2 +s3) — sake(s1 + s2 + s53))

4s1s2(s1 + s2)
3e®2Gy(s1)(k7(=s2) — e®3k7(—s2 — 53))

2s3

3e2 (—elky(—s1 — s3) + kr(—s2) — e*3ky(—s3 — s3) + €*1 T3 ky(—s1 — s3 — s3))

45153

3
ZG2(51752)’€6(53)

3e®l(sgk7(—s1) — e®2s0k7(—s1 — s2) — e®2s3k7(—s1 — s2) + 552+S352k7(751 — sg — s3))

4s2s3(s2 + s3)
32 (e"1ky(—s1 — s2) — kr(—s2) + e"3kr(—sp — s3) — e"1 T3 k7 (—s1 — 53 — s3))
45153

3e93G1(s1)(e°2ky(—sa — s3) — k7(—s3)) 3
- T2 ¢ T8 165302(51782)167(—53)

4s9o

3e3 (e*2s1k7(—s2 — 53) + €250k (—s2 — s3) — e*1T9255ky(—s1 — 52 — s3) — s1kr(—s3))

4s1s2(s1 + s2)
k14(s1 + s2,53) — k14(s2,s3) n 1
4

e*2T93 G (s1)k1a(—s2 — s3, 52)
8s1

1
- gcl(sl)k14(52v s3) +

e*2V93 (kyy(—s3 — s3,52) — e*lhyg(—s1 — 52 — 53,51 + 52))

4sq
el (k1a(s2, —s1 — s2) — k14(s2 + s3, —s1 — s2 — s3)) n ki15(s1,52 +83) — k15(s1, 52)
8s3 4s3
k15(s2,53) — k15(s1 + 52, 53) n k15(s1 + s2,s3) — k15(s1, 52 + s3)
4s1 8so

1
+ ch(sl)kls(szy%) +

e*1V92 (ky5(—51 — s2,51) — e*3ky5(—s1 — 52 — 53,51)) 1

+ —e"2G(s1)k15(s3, —s2 — s3)
8s3 8
‘ (=14 e 1T92F3) k16 (s1, 59) n k16(s1,52) — ki6(s1, 52 + s3)
8(s1 + s2 + s3) 8s3

1 1
- §‘332+53G1(51)k16(—52 — s3,82) + 2652G1(81)k16(53» —s3 — 53)
n €2 (k1g(s3, —s2 — s3) — elkig(s3, —s1 — s2 — s3))

457

e®l(e"2ki6(s3, —s1 — s2 — s3) — kig(s2 + 83, —s1 — s2 — s3)) 1

+ — —koo(s1, 52, 53)
8s9 16

St e g, (

1, 1
- 1*66‘17620(52&3;*51 —s2 —s3) — ¢ —s1 — s2 — 53,51, 52)

1 e%2(ky15(s3, —so — s3) — e®lky5(s3, —51 — 50 — s
— L s (55, sy — 5 — s3,81) — (k15 (s3, 3) 5(s3, 3))
16 8s1
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2798 (kyg(—s2 — s3,52) — €L kig(=s1 — 52 —s3,51 +52))  3G1(s1)(ke(s3) — ke (s2 + s3))

8s1 459
eS 152453 (kyy (—s1 — sp — s3,51) — k1a(—s1 — s2 — 53, 51 + 52))
B 8so
_ €%2G1(s1)(ks(—s2) — e®3ks(—s2 —s3))  Gi(s1)(ks5(s2) — k5(s2 + s3))
2s3 2s3

_ €192 (kg4 (—s1 — s2,51) — €3 k14(—s1 — s3 — s3,51))

4s3
_el(kig(s2, —s1 — s2) — kig(s2 + s3, —s1 — s3 — s3))
4s3

el (k14(s2, —s1 — s2) — k14(s2,53))  e*1F°2(ky5(—s1 — s2,51) — k15(s3, —s2 — 53))
8(s1 + s2 + s3) B 8(s1 + s2 + s3)
eS 152953 (k15 (s1, 50) — k16(—s2 — 53, 52))
B 8(s1 + 52 + s3) '

A.2. Functional relations for f(/m, f(/w, §20- Now we present the remain-
ing basic functional relations associated with the four variable functions.

A.2.1. The function I~(18, We have
(70)

Kis(s1, 52, 53, 54)
s3ke(s1)
2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)

1
= E(_4)WG4(SI’ 52,83, 84) +

n sakeg(s1) ke(s1 + s2) G1(s1)ke(s3) n G2 (s1,52)ke(s3)

2s2(s2 + s3)(s3 + s4)(s2 + 53+ 54)  2s153(s3 + s4) 25254 254

ke (s3) G1(s1)ke(s2 +s3) | Gi(s1)ke(s2 + s3) ke(s2 + s3) kg(s2 + s3)
2s2(s1 + s2)s4 2s3(s3 + s4) 2s4(s3 + s4) 2s183(s3 +54)  2s154(s3 + s4)
ke(s1 + s2 + s3) ke(s1 + s2 + s3) n sake(s1 + s2 + 53)
2s1(s1 + s2)s4 (s2 +s3)(s3 + s4)(s2 + s3 +s4)  2s3(s2 + s3)(s3 + s4)(s2 + s3 + s4)
sake(s1 + s2 + s3) n sake(s1 + s2 + 53)

2s3(s2 + s3)(s3 + s4)(s2 + 53+ s4)  2(s2 + s3)s4(s3 + s4)(s2 + 53 + 54)
" szke(s1 + 52 + s3) L sy 52, 53 )ke(s0) + Gi(s1)ke(s3 + s4)
2(s2 +s3)s4(s3 + 54)(s2 + 53 +54) 2 2s2(s2 + s3)
G1(s1)ke(s3 +s4) | Ga(s1,s2)ke(s3 + s4) ke (s3 + s4)

2s3(s2 + s3) 2s3 (s1 +s2)(s2 + s3)(s1 + s2 + s3)

s1ke(s3 + s4) n s3ke(s3 + s4)
2s2(s1 + s2)(s2 + s3)(s1 +s2 +53)  2s2(s1 + s2)(s2 + s3)(s1 + 52 + s3)

s1ke(s3 + s4) n soke(s3 + s4)
2(s1 + s2)s3(s2 +s3)(s1 +s2 +s3)  2(s1 + s2)s3(s2 +s3)(s1 + 52 + s3)

Gi(s1)ke(s2 + 53 +54) | ke(s2 +s3 +s4) | ke(s2 + s3 + s4)
25254 2s1(s1 + s2)s4 2s2(s1 + s2)s4
soke(s1 + s2 + s3 + s4) szke(s1 + s2 + s3 + s4)
2s1(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s1(s1 + s2)(s2 + s3)(s1 + 52 + s3)
ke(s1 4 s2 + s3 + s4) elsgky(—s1)
2s154(53 + 84) 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)

e lsyky(—s1) eS1T52k, (—s) —s3) | €®2T93Gy (s1)kr(—s2 — s3)
2s2(s2 + s3)(s3 + s4)(s2 + 83 + s4) 2s153(s3 + s4) 2s3(s3 + s4)
e52T53Gy (s1)ky(—sg — s3) | 2T 3hr(—sy — s3) €2 3kz(—sy — s3)

254(s3 + s4) 2s153(s3 + s4) 2s154(s3 + s4)
eS1F92T 53 (—51 — 55 — s53) €512 53 or (—s) — 55 — 53)
2s1(s1 + s2)s4 (s2 +s3)(s3 + s4)(s2 + s3 + s4)

+
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eS1T52F 53 5o k7 (—s1 — 53 — s3) eS1T5253 5 k7 (—51 — 59 — s3)
2s3(s2 + s3)(s3 + sa)(s2 +s3 +s4)  2s3(s2 + s3)(s3 + s4)(s2 + s3 + s4)
e®1T92F 93 5o fr (—s1 — 59 — s53) e®1T52F 93 55, (—s1 — 53 — s3)
2(s2 + s3)s4(s3 + sa)(s2 +s3 +s4)  2(s2 + s3)sa(sg + s4)(s2 + s3 + s4)
e’3G1(s1)k7(=s3) n e®3Ga(s1, s2)k7(—s3) e’3kr(—s3)
25254 254 2s2(s1 + s2)s4
e®3T54Gy (s1)kr(—s3 — s4) | e®3T94G (s1)kr(—s3 —s4)  e*3T°4Gy(s1,52)k7(—s3 — 54)
2s2(s2 + s3) 2s3(s2 + s3) * 2s3
e*3 147 (—s3 — 54) e®3F %451 ky(—s3 — s4)
(s1 + s2)(s2 + s3)(s1 + s2 + s3) * 2s2(s1 + s2)(s2 + s3)(s1 + s2 + s3)
€354 53k (—s3 — 54) €534 51 ky(—s3 — 54)
2s2(s1 + s2)(s2 + s3)(s1 + s2 + s3) * 2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
€354 5ok (—s53 — 54) e52F3 124Gy (s1)ky(—s2 — s3 — s4)
2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3) 28254
eS2 T3 s, (—sy — 53 —54) | eS2TI T (—s5 — 53— 54)
2s1(s1 + s2)s4 2s2(s1 + s2)s4
eStts2tsstsds hr(—s) —sp — 53 —s4) | eS1TI2FB T 55k7 (51 — 55 — 53 — s54)
2s1(s1 + s2)(s2 + s3)(s1 + s2 + s3) 2s1(s1 + s2)(s2 + s3)(s1 + s2 + s3)
s$1+s9+s3+s
eS1 182183 2541111((;::——545)2 — 83 — s4) _ %eS4G3(51,52,53)k7(754) n kS(SZSZQS:— s3)
kg(s1 + 52,53 + 54) n kg(s1 + 52,53 + 54) n G1(s1)ks(s2 + s3,54) n ks(s2 + s3,54)
4s1s3 4sosy 4s3 45153
ko (s1,s2) ko(s1,s2 + s3 +s4) | ko(s1,s2+ s3+s1)  Gi(s1)kg(s2,s3 + s4)
8s3(s3 + s4) 8s2(s2 + s3) 8s4(s3 + s4) 8s4
ke(stysi:l: s4) n k9(S;;:42,53) n G1(51)§:2(53154) n éGz(S1,52)k9(53,54)
kg (s3, s4) kg(s1 + sa + s3,s4) kg(s1 + s2 + s3,s4) e®lkig(sa, —81 — 832)
8s2(s1 + s2) 8s1(s1 + s2) 8s3(s2 + s3) 8s3(s3 + s4)

€512k 4 (s3, —s1 — s2 — 53) + €3Gy (s1)k10(sa, —s3 — s4) n 1
85154 8s9

e"Bkyg(sa, —s3 —s4) | e“1T92F3 k14 (sy, —s1 — 59 — 53 — 54)

8s2(s1 + s2) 8s1(s1 + s2)
eS1T52153 (g, —51 — 52 — s3 — s4) | €"2G1(s1)k10(s3 + s4, —s2 — 53 — 54)
8s3(s2 + s3) * 8s4
e2k1g(s3 + 54, —s2 — 53 — 54) n e®1kig(sa + s3 + 854, —51 — 82 — 83 — 54)
85154 8sa(s2 + s3)
e®1kyo(s2 + 53 + 84, —51 — 52 — 53 — 54) N e1kyy(sa + 83, —s1 — s2 — s3)
8s4(s3 + s4) 4s254

e*2V3Gy (s1)k11(s4, —52 — 53 — s54) n e*2V 3 )1 (54, —s3 — 53 — 54)
4s3 45783

€S 1152115 (53 + 54, —s1 — 52 — 53 — 54) n €S 175215 (53 + 54, —51 — 52 — 53 — 54)

45153 4s98y

eS1F92F 5315 (—51 — 53 — s3,51) n €521 3754 Gy (s1)k1p(—s2 — 53 — 54,52 + 53)

4so0s4 4s3

eS2F 83 54 o (—sy — 53 — 54,52 + 53) n eSttsatastsag ) (—s) — sy — 53 — 54,51 +52)

45153 4s1s3
eS1F o253 54 )5 (—s1 — 55 — 53 — 54,51 + 52) n e*1T92)13(—51 — 59, 51)
4ss4 8s3(s3 + s4)
eS 15253 k15 (—s) — 55 — 53,51 + 52) n e*3754Gy (s1)k13(—s3 — 54, 53)

8s154 8so

e®3T 54k 3(—s3 — s4,53)
8s2(s1 + s2)

1
+ §€SS+S4G2(51;52)7€13(*83 — 54,53) +
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€523 514Gy (s1)k15(—s2 — 53 — 54, 52) N €523 54 1 5(—s5 — 53 — 54, 52)

+
8s4 85154
n eS1TE2 a3 sdp g(—sy — sy — 53 —s4,51)  eS1TI2TIBHF ML 5 (—5y — 5y — 55— 54,51)
8s2(s2 + s3) 8s4(s3 + 54)
n eS1Te2 a3t sap,5(—s) — 59 — 53 — 54,51 + 52 + 53)
8s1(s1 + s2)
n eS1ts2Fs3 g 5 (—s) — sy — 53 — 54,51 + 52 +53)  ki7(s1,52 + 53, 54)
8s3(s2 + s3) 1659
n e“lkyi7(s2,83 + 84, —81 — s2 — 83 — s4) n eS1F 253 4] 7 (—5y — 55 — 53 — 54,51, 52)
16s3 16s3
n eS 18253 g7 (54, —51 — 53 — 53 — s4,51) | kis(s1,52,53) n e’lkig(s2,s3, —s1 — s2 — s3)
1652 1654 1654
1 elkig(s2, s3,54) kig(s1 + s2,s3,54)
— —Gi(s1)k1s(s2, 53, 54) + 2 =
16 16(s1 + s2 + s3 + s4) 1651
n eS1T52F S35 (—51 — 59 — s3,51,52) N €512k g (s3, —s1 — 52 — 53,51)
1654 1654
1 €S 1152 k15 (53, 54, —52 — 53 — 54)
— —e"2Gq(s1)k1s(s3, 54, —52 — 83 — s4) +
16 16(s1 + s2 + s3 + s4)
€S 17521 5(s3, 54, —51 — 52 — 53 — 54) 1
+ — —e"2F°394Gy (s1)k1g(—s2 — 53 — s4, 52, 53)
1651 16
n eS1Ts2 S35 g(— 55 — 53 — 54, 52,53) n eS1TS2 T3 ¥4 g (—5) — sy — 53 — 54,51 + 52,53)
16(s1 + s2 + s3 + s4) 1651
1 eS1F92F 53k g(sy, —s3 — 53 — 54, 52)
— —e®2193Gy (s1)k1s(sa, —s2 — s3 — s4,52) +
16 16(s1 + s2 + s3 + s4)
n eS1T2F 53 15 (54, —51 — 52 — 53 — 54,51 + 52) n k19(s1, 52,53 + 54)
1657 16s3
n e’lkig(sa + 83,84, =81 — s2 — 83 — s4) n eS1F 253 4] g (—5) — sy — 53 — 54,51, 52 + 53)
1652 1652
n €S 175219 (s34 54, —s51 — 52 — 53 — 54,51) _ kig(s2,83,54)  €"2kig(s3,54, =52 — 3 — 54)

16s3 1651 1651

€523 54 g (—55 — 53 — 54,52, 53) B e*2 T35 (s4, —52 — 53 — 54,52) _ Gi(s1)ko(s2 + s3,54)

16571 1657 8so
_ e“2753. Gy (51)k10(s4, —52 — 53 — 54) _ €52 53154 Gy (51)k13(—s2 — 53 — 54, 52 + 53)
8s9o 8so

ki7(s1 4 s2,83,54)  eS1T92 58k (sy, —s1 — 53 — 83 — 54,51 + 52)

1652 1652
€512k g (53,54, —s1 — sp — 53 —s4) e 1Fo2F3 ¥4 5(—5) — 55 — 53 — 54,51 + 52, 53)
B 1659 - 1659
ko(sa + s3,54)  e"2T8kyg(sq, —sp — 53 — s4)  e"2T583F %4k 3(—s5 — 53 — 54,50 + 53)
T T8si(s1+s2) 8s1(s1 + s2) B 8s1(s1 + s2)
ko(sa + s3,54)  e"2T8kyg(sq, —sp — s3 — s4)  e"2T53F %4 py3(—s5 — 53 — 54,50 + 53)
T 8sa(s1+s2) 8s2(s1 + s2) - 8s2(s1 + s2)
_ Ga(s1,82)ke(s4) €4 Ga(s1,82)k7(—s4)  Gi(s1)ks(sz2,s3 + s4)
2s3 2s3 4s3
_ e"2Gi(s1)k11(s3 + 54, =52 — s3 —s4) €523 540Gy (s1)k1p(—s2 — 53 — 54, 52)
4s3 4s3

e®lki7(s2 + 53,54, =51 — S — 83 — 54) eS1Ts2 3t sdg, o (—s) — sy — 53 — 54,51, 52 + 53)
16s3 16s3

kig(s1,s2 + s3,84) eS1F92F 53 g (sy, —51 — 53 — 83 — S4,51) _ kg(s2,s3 + s4)

16s3 16s3 45783
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kg(s1 + sz + s3,54)  eS1T52F3k (54, —s1 — 52 — 53 —s4)  €*2k11(s3 + 54,52 — 53 — 54)

45153 4s1s3 4s1s3

€523 8y g (—sg — 53 — 54,59)  eS1TE2FIB S p 0 (—5) — 55 — 53 — 54,51 + 52 + 53)

45183 45183
G1(s1)ke(s2 + 53+ s4)  e"2T3754Gy (s1)kr(—s2 — s3 — s4)
2s2(s2 + s3) - 2s2(s2 + s3)
ko(s1 + s2,s3 +s4) e 1V°2kyg(s3 + 54, =51 — 52 — 53 — 54)
8s2(s2 + s3) - 8s2(s2 + s3)
eS1TS2 3 S 5 (—s) — sy — 53 — 54,51 +52)  Gi(s1)ke(s4) €4 G1(s1)kr(—s4)
8s2(s2 + s3) T 2s3(s2 +s3)  2s3(s2 + s3)
ko(s1 + 52,53 +54) e 1792kyg(sg + 54, —51 — 55 — 53 — 54)
8s3(s2 + s3) - 8s3(s2 + 53)
eS1Ts2ts3tsdg,g(—s) — sy — 53 — 54,51 + 52) ke(s2 + s3 + s4)
8s3(s2 + s3) T (s1 4 s2)(s2 + s3)(s51 + 52 + s3)
€S2 T3 5y (—sy — 53 — 54) soke(s2 + s3 + s4)
(s1+s2)(s2 +s3)(s1 + 52 +53)  2s1(s1 +52)(s2 + 53)(s1 + s2 + 53)
s3ke(s2 + s3 + s4) es2T 3 50 kr (—s9 — 53 — 54)
2s1(s1 + s2)(s2 + s3)(s1 + 52 + 53)  2s1(s1 + s2)(s2 + 53)(s1 + 52 + 53)
€523 5 53k7(—59 — 53 — 54) s1ke(s2 + s3 + s4)
2s1(s1 + s2)(s2 + s3)(s1 + 52 + 53)  2s2(s1 + s2)(s2 + 53)(s1 + 52 + 53)
sgke(s2 + 53 + s4) 5253 54 51 k7 (—s9 — 53 — 54)
2s2(s1 + 52)(s2 + 53)(s1 + 52 + 53)  282(s1 + s2)(s2 + 53)(s1 + 52 + 53)
€523 5 53k7 (=59 — 53 — 54) s1ke(s4)
2s2(s1 + 52)(s2 + 53)(s1 + 52 + 53)  2(s1 + s2)s3(s2 + 53)(s1 + 52 + 53)
sake(s4) e’ds1k7(—s4)
2(s1 + s2)s3(s2 + 53)(s1 + 52 + 53)  2(s1 + s2)s3(s2 + 53)(s1 + 52 + 53)
e®dsoky(—s4) Go(s1,s2)ke(ss +54)  e™3T54Gy(s1, s2)k7(—s3 — 54)
2(s1 + s2)s3(s2 + 53) (51 + 52 + 53) 254 - 2s4
Gi(s1)kg(s2,83)  e®2Gi(s1)ki0(s3, —s2 — s3) e"2T53.Gy (s1)k13(—s2 — 53, 52)
854 854 854

kig(s1,s2,s3 +s4)  e®lkig(sa, s3 +s4, —s1 — 82 — 83 — s4)
1654 1654

eS1Ts2teataag,g(—s) — sy — 53 —s4,51,52) €1 2k1g(s3 + 54, —51 — 52 — 53 — 54, 51)
1654 1654

ko(s2,s3)  ko(s1+s2,53+s4) e®2kio(s3, —s2 — s3)
85154 85154 85154

€S 15210 (53 + 54, —51 — 52 — 53 —s4) €23 kyg(—sy — s3,59)

85154 8s154
eS1T52 53454 5(—s) — sy — 53 — 54,51 + 52) _ Gi(s1)ke(s2 +s3)  Gi(s1)ke(s3 + s4)
85154 25954 25954
e"2T53Gy (51)kr(—s2 — s3) B e"3T54Gy (s1)kr(—s3 — s4) _ kg(s1,s2 + s3 + s4)
2589584 25984 4sosy

kg(s1 + s2,83)  e"1T52kyy(sg, —s1 — s3 — s3)  e"lkiy(sa + s34 s4, —51 — 52 — 53 — 54)

4so0s4 45954 45954

eS1F92H 53 g (—sy — sp — 53,51 +53)  eT1TI2FIB M 5 (—sy — 55 — 55 — s4,51)

4s9sy 4sgsq
ke (s2 + s3) kg(s1+ s2 +s3+s4) €23 kz(—sy — s3)
2s1(sq +52)50 251(s1 + s2)s4 T 2s1(s1 + s2)s4
eStTsatastaag, (—s) — sy — 53 —54) ke(s2 + s3) ke(s3 + s4) e52F 3 k7 (—sp — s3)
2s1(s1 + s2)s4 T 2s9(s1 +s2)sa 2s2(s1 +s2)sa 2sa(sy + s2)s4
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e384 ks (=53 —s4)  Gi(si)ke(s2)  €*2Gi(s1)kr(=s2)  ko(s1,s2 + s3)

2s2(s1 + s2)s4 2s3(s3 + s4) 2s3(s3 + s4) 8s3(s3 + s4)
eS1kyg(sy + 53, —s1 — sg — s3) 17923 p15(—s) — 59 — 53,51) ke (s2)
- 8s3(s3 + s4) - 8s3(s3 + s4)  2s1s3(s3 + 54)
ke(s1 + s2 + s3) e“2ky(—s2) eS1T52 53, (—s) — sy —s3)  Gi(s1)ke(s2 + s3 + sa)
T T2sysy(s3 +s4)  2s1s3(s3 +sa) 2s153(s3 + s4) - 254(s3 + s4)
e52T53154Gy (s1)ky(—s3 — s3 — s4)  ko(s1,s2 +s3) e®lhig(sz + s3,—s1 — s2 — s3)
- 254(s3 + s4) T T8sa(s3 +sa) 8s4(s3 + s4)
eS1T52F 53 15 (—s) — sy —s3,51)  kg(s1+s2+s3)  ke(sa+ 53+ 54)
- 8s4(s3 + s4) T T2sysa(s3 +s1)  2s1sa(sy + sa)
eS1Te2T3 , (—sy — 55 —s3)  eS2TETp, (—sy — 55 — sy4) ke(s1 + s2)
- 25154(s3 + s4) - 2s5154(s3 + s4) " (s2+53)(s3 + sa)(s2 + 53 + s4)
eS1T2 k7 (—s1 — s3) szke(s1 + s2)
 (s2+s3)(s3 +sa)(sa+ sy +s1)  2s2(s2 +s3)(sy + sa)(s2 + 53 + s4)
sakg(s1 + s2) eS 1752 553k7(—s1 — s2)
 2sp(sa +s3)(s3 + s4)(s2 + 53 +s4)  2sa(s2 + 53)(s3 + s4)(s2 + s3 + s4)
e517525 k7 (=51 — s2) sa2ke(s1 + s2)
 2sp(sa +s3)(s3 + s4)(s2 + 53 +s4)  2s3(s2 + 53)(s3 + s4)(s2 + s3 + s4)
sake(s1 + s2) e51752 59 k7 (=51 — s3)
T 2s3(sn + 53)(s3 + s4)(s2 + 53 + s4)  253(s2 + 53)(s3 + s4) (52 + 53 + 54)
e51752 5, k7 (=51 — s2) sake(s1 + s2 + s3 + s4)
T 2s3(sz + 53)(s3 + s4)(s2 + 53 + s4)  2(s2 + 53)s4(s3 + 54) (52 + 53 + 54)
szke(s1 + s2 + 53 + s4) eS1T 9253 54 55 o7 (—51 — 55 — 53 — 54)
T 2(sp +s3)salss + sa)(s2 £ s3 +s4)  2(sz + s3)sa(s3 + 54)(s2 + 53 + 54)
eSts2ta3 sy (—s1 — sy — 53 — s4) k1s(s1, 52, s3) e“lkig(s2,s3, —s1 — s2 — s3)
T 2(s2 4 s3)sa(sy + sa)(s2 + 53 +52)  16(sp +s2 + 53+ 54) 16(s1 + s2 + s3 + s4)
eS1Ts2F 53 g (—s) — 55 — s3,51,52)  eS1T2ky5(s3, —s1 — 52 — s3,51)
- 16(s1 + s2 + s3 + s4) - 16(s1 + s2 + s3 + s4)

A.2.2. The function I~(19, We have

(71)

Ki9(s1, 52,83, 54)

= i(—4)7\'6'4(51752783784) + ssko(s1)

15 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)

" sakg(s1) ke(s1 + s2) G1(s1)ke(s3) n G2 (s1,52)ke(s3)
2s2(s2 + s3)(s3 + s4)(s2 + 53+ 54)  2s153(s3 + s4) 25254 254

N ke (s3) G1(s1)ke(s2 +s3) | Gi(s1)ke(s2 + s3) ke(s2 + s3) kg (s2 + s3)
2s2(s1 + s2)s4 2s3(s3 + s4) 2s4(s3 + s4) 2s183(s3 +s4)  2s154(s3 + s4)

n ke(s1 + s2 + s3) ke (s1 + s2 + s3) n sake(s1 + s2 + 53)
2s1(s1 + s2)s4 (s2 +s3)(s3 + s4)(s2 + s3 +s4)  2s3(s2 +s3)(s3 + s4)(s2 + s3 + s4)

" sake(s1 + s2 + s3) sake(s1 + s2 + 53)

+
2s3(s2 + 53)(s3 + s4)(s2 + 53+ s4)  2(s2 + s3)s4(s3 + s4)(s2 + 53 + 54)

" szke(s1 + 52 + s3) L sy 52, 53 )ke(s0) + Gi(s1)ke(s3 + s4)
2(s2 +s3)s4(s3 + 54)(s2 + 53 +54) 2 2s2(s2 + s3)
N G1(s1)ke(s3 +s4) | Ga(s1,s2)ke(s3 + s4) ke (s3 + s4)
2s3(s2 + s3) 2s3 (s1 +s2)(s2 + s3)(s1 + s2 + s3)
N s1ke(s3 + s4) n s3ke(s3 + s4)
2s2(s1 + s2)(s2 +s3)(s1 + 52 +s3)  2s2(s1 +s2)(s2 +s3)(s1 + 52 + s3)
" s1ke(s3 + s4) sokg(s3 + s4)

+
2(s1 + s2)s3(s2 +s3)(s1 +s2 +s3)  2(s1 + s2)s3(s2 +s3)(s1 + 52 + s3)
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G1(s1)ke(s2 +s3+s4) | ke(s2 +s3 +s4)  ke(s2 +s3 + s4)

25984 2s1(s1 + s2)sa 2s2(s1 + s2)s4
soke(s1 + s2 + 53 + s4) ‘ s3ke(s1 + s2 + s3 + s4)
2s1(s1 + s2)(s2 + s3)(s1 + s2 +s3)  2s1(s1 + s2)(s2 + s3)(s1 + s2 + s3)
ke(s1 + s2 + s3 + s4) e®lsgk7(—s1)
2s154(s3 + s4) 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)

e lsyky(—s1) eS 1527 (—s) — s3) | 52T Gy (s1)k7(—s2 — s3)
2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4) 2s153(s3 + s4) 2s3(s3 + s4)
e52T53Gy (s1)ky(—sg — s3) | €273 ky(—sy — s3) = 2737 (—sy — s3)

2s4(s3 + s4) 2s153(s3 + s4) 2s154(s3 + s4)
eS1T2T 53 or (—5) — 55 — 53) eS1F 9253 (—51 — 55 — s53)
2s1(s1 + s2)s4 (s2 + s3)(s3 + s4)(s2 + s3 + s4)
eS1F 92535507 (—51 — 53 — s3) eS1T52953 5, k7 (—s1 — sp — s3)
2s3(s2 + 53)(s3 + s4)(s2 + 53 +s4)  2s3(s2 +53)(s3 + s4)(s2 + 53 + 54)
eS1F 92535557 (—51 — 53 — s3) eS1T52F 53 557 (—51 — 593 — 53)
2(s2 +s3)s4(s3 + s4)(s2 + 53 +s4)  2(s2 + s3)s4a(s3 + s4)(s2 + 53 + 54)
e®3G1(s1)k7(—s3) n e®3Ga(s1, s2)k7(—s3) e“3kr(—s3) e"3T94Gy (51)kr(—s3 — s4)
25254 2s4 2s2(s1 + s2)s4 2s2(s2 + s3)
e"3T24Gy (s1)ky(—s3 — s4) | e™3T94Gy(s1, 52)k7(—s3 — 54) e384 s (—s3 — s4)
2s3(s2 + s3) * 2s3 (s1 +s2)(s2 + s3)(s1 + s2 + s3)
eS8 %451 ky(—s3 — 54) €354 53k (—s3 — 54)
2s2(s1 + s2)(s2 + s3)(s1 + s2 + s3) * 2s2(s1 + s2)(s2 + s3)(s1 + s2 + s3)
€531 5451 ky(—s3 — s4) e®3T 54 5ok (—s3 — 54)

+
2(s1 +s2)s3(s2 +s3)(s1 +s2 +53)  2(s1 + s2)s3(s2 +s3)(s1 + s2 + s3)
eS23 154Gy (s1)hr(—sp — 53 — 54) | €523 T84k (55 — 53 — s54)

25254 2s1(s1 + s2)s4
€523 Sy (—sy — 53 — s4) | 5175279384557 (—s) — sp — 53 — s4)
2s2(s1 + s2)s4 2s1(s1 + s2)(s2 + s3)(s1 + 52 + s3)
eS1T52F 83 0 gqpr (—s) — 89 — 53 —sq)  eS1FTI2HIBFS AL (5 — 59 — 55— s4)
2s51(s1 + s2)(s2 + s3)(s1 + 52 + s3) 25154 (s3 + s4)
%ES4G3(51,52, s3)kr(—s4) + kS(TS;Z;:z; 54) GI(SI)ksiZjSS tea) ks(si;i:— 54)

ks(s1 + s2, s3) n kg(s1 + s2 + s3,54) ko(s1,s2) ko(s1,s2 + 53) n ko(s1,s2 + 53 + 54)
45184 4s3(s2 + s3) 8s3(s3 + s4) 8s984 8s4(s3 + s4)
kg(s1 + s2,s3 + s4) n kg(s1 + s2,s3 + s4) n G1(s1)kg(s3,54)
85153 85954 8so

ko (s3,s4) n G1(s1)ko(s2 + s3,54) n kg(s2 + s3,54) n ko(s1 + s2 + s3, 54)
8sa(s1 + s2) 8s3 8s15s3 8s1(s1 + s2)
e“lkig(s2, —s1 — s2) n e®lkio(s2 + 83, —s1 — s2 — s3) n e®3G1(s1)k10(s4, —s3 — s4)
8s3(s3 + s4) 8s984 8sg

1
+ §G2(81752)k9(53734)

e"3kio(sa, —s3 — s4) | e"2T93G 1 (s1)k10(s4, —52 — 53 — 54)
8s2(s1 + s2) 8s3
e*2 9310 (s4, —52 — 53 — 54) N €511 9253k (s4, —51 — 52 — 53 — 54)

1
5¢ Ga(s1,s2)k10(s4, —s3 — s4) +

8s1s3 8s1(s1 + s2)

e*1T 9210 (s3 + 54, —51 — 52 — 53 — 54) N e*1V 921 (s3 + 54, —51 — 52 — 53 — 54)

8s183 8s254

n e®lkio(s2 + s3 + 54, —51 — 52 — 53 — 54) n €S 15215 (s3, —s1 — 52 — s3)
8s4(s3 + s4) 4s1s4

eS1T52F93 1y (54, —51 — sp — 53 — 54) n e“2Gy(s1)k11(s3 + 54, —s2 — 3 — 54)

4s3(s2 + s3) 4sq
n e"2ky1(s3 + s4, =52 — 53 — s4) n e"1ky1(s2 + 53 + 84, =51 — 2 — 53 — 54)
45184 4s2(s2 + s3)
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eS1F 9253 15 (—s1 — 53 — 53,51 + 52) N e*2F 354Gy (s1)k12(—s2 — 53 — 54, 52)

+
4s184 4s4

n eS2F 83 54 o (—sy — 53 — 54, 52) n eSts2tsstsag, ) (—s) — sy — 53 — 54,51)
4s154 4s2(s2 + s3)

n eS1H o253 54k 5 (—s) — sy — 53 — 54,51 +s2 +53) e 1T2ki3(—s1 — s3,51)

4s3(s2 + s3) 8s3(s3 + s4)

n eS1T52 53 15(—s) — 55 — 53,51) n e*3754Gy (s1)k13(—s3 — 54, 53)

8s254 8s9o

€53 54k 3(—s3 — s4,53)
8s2(s1 + s2)
€52 53154 Gy (51)k13(—s2 — 53 — 54,52 + 53) n eS2F 83 5 g (—sy — 53 — 54,52 + 53)

1
+ 5633+S4G2(S17 s2)k13(—s3 — s4,83) +

+
8s3 85153
N eS1F 23 S 5(—s) — 55 — 53 — 54,51) n eS1TS2 T3 F 54 ) 5(—5) — 5y — 53 — 54,51 + 52)
8s4(s3 + s4) 8s1s3
+ eS1T 5253454 5(—s) — sy — s3 — 54,51 + 52)
85954
n eStts2tastsag,g(—s) — sy — 53 — 54,51 + 52 + 53) n e“lki7(s2,s3, —s1 — s2 — s3)
8s1(s1 + s2) 16s4
1 elki7(s2, s3,54) ki7(s1 + s2, 3, 54)
— —Gi(s1)k17(s2, s3,54) +
16 16(s1 + so + s3 + s4) 16s1
eS1+92F 537 (51 — 53 — s3,51,52)
+ = — — 213Gy (s1)k17(sa, —s2 — 53 — 54, 52)
1654 16
" eS1H92F 53 k)1 (sy, —s3 — 53 — 54, 52) n eS1T2F 53 1y 7 (54, —51 — 53 — 53 — 54,51 + 52)
16(s1 + s2 + s3 + 54) 1651
n kis(s1,s2,53 + s4) n kis(s1,s2 + s3,54) n e“lkig(s2,s3 + 54, —51 — 2 — 3 — s4)
16s3 1652 16s3
N e“lkig(sa + 83,84, —51 — S2 — 83 — 84) n eS1F 23 5L g (—s) — 55 — 53 — 54,51, 52)
1652 16s3
n eStts2tastsag, o(—s) — sy — 53 — 54,51, 52 + 53) n eS1F92F 53 1 g(sy, —s1 — 53 — 53 — 54,51)
1652 1652
n e* 1192 g (53 + 54, —51 — 52 — 53 — 54,51)  k1o(s1,52,53) n e* 119219 (s3, —s1 — 53 — 53,51)
16s3 16s4 1654
1 eS172 k19 (s3, 54, —52 — 53 — 54)
— —e"2G1(s1)k19(s3, 54, —s2 — s3 — s4) +
16 16(s1 + s2 + s3 + sa)
eS1752 k19 (53,54, —s1 — 53 — 53 — 54) 1
+ — ™23 G (s1)k1g(—s2 — 53 — 54, 52, 53)
16s1 16
n eS1F 9253 54 )y g (—s5 — 53 — 54, 52, 53) n eS1F o253 54k g(—s1 — sp — 53 — 54,51 + 52,53)
16(s1 + s2 + s3 + s4) 1651
_ ki7(s2,83,84) e*2F 93 7(sy, —s2 — 53 — 54, 52) _ e°2k19(s3,54, —s2 — s3 — 54)
1657 1657 1657
_ €253 54 kg (—sy — s3 — 54, 52,53) _ Gi(s1)ko(s2 + s3,54)
16s1 8so
B e"2753.Gy (51)k10(s4, —52 — 53 — 54) B €S2 354Gy (51)ky3(—s2 — 53 — 54,52 + 53)
8so 8s9o

kig(s1+ s2,53,54)  e*1192k1g(s3,54, —51 — 52 — 53 — 54)
1652 16s2

eS1ts2t 3 sd g, o(—s) — sy — 53 — 54,51 + 52, 53)
16s9

eS1 V923 k1 g(sy, —51 — 53 — s3 — 54,51 + 52)  ko(sa +53,54) 5273 kyg(sy, —s3 — 53 — 54)

1652 8s1(s1 + s2) 8s1(s1 + s2)
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529814k 53(—s — 53 — 54,52 +53)  ko(s2 +s3,50)  e52F3kig(sa, —52 — 53 — s4)

8s1(s1 + s2) 8sa(s1 + s2) 8sa(s1 + s2)

€521 5354 g 5(—sy — s3 — 54,52 + s3) _ Ga(s1,52)ke(sa) €74 Ga(s1,52)k7(—54)

8s2(s1 + s2) 2s3 2s3
Gi(s1)kg(s2, 53 +s4)  €°2G1(s1)k10(s3 + 54, —s2 — s3 — s4)
8s3 8s3
eS2F 53154 Gy (s1)k13(—s2 — s3 — 54,52)  k1s(s1,52 + s3,54)
8s3 B 16s3

e*1kig(sy + 53,54, —51 — 53 — 83 — 54)  eS1T52F3F 54k g(—5) — 55 — 53 — 54,51, 52 + 53)

16s3 16s3

eS1F92F 53 kg (sy, —s1 — 53 — 53 — 54,51) _ ko(s2,s3 +s4)  ko(s1+s2+s3,54)

16s3 85153 85153

€123k (sy, —51 — 53 — s3 — s4)  e"2ki1g(s3 + s4, —52 — 53 — s54)

85153 85153

e*2F 354 5(—sy — 53 — s4,82) e 1T52F3 g 5(—51 — 55 — 53 — 54,51 + 52 + 53)

8s183 8s1s3

Gi(s1)ke(s2 + 53 +54)  e“2T98794G, (s1)kr(—s2 — 53 —s4)  ks(s1 + 52,53 + 54)

2s2(s2 + s3) 2s2(s2 + s3) 4s2(s2 + s3)
eS1T52 k1 (53 + 54, —51 — 52 — 53 — 54) _ eStteate3toag,(—s) — sy — 53 — 54,51 + 52)

4s2(s2 + s3) 4s2(s2 + s3)
Gi(s1)ke(sa) e’4Gi(s1)k7(—s4)  ks(s1+ s2,53 +54)
2s3(s2 +s3)  2s3(s2 +s3) 4s3(s2 + s3)
eS1T52 k1 (53 + 54, —51 — 53 — 53 —54)  e1TI2FIRBFMp () — 5y — 53— 54,51 + 52)
4s3(s2 + s3) - 4s3(s2 + s3)
kg(s2 + s3 + s4) es2F 3 24k (—sy — 53 — s4)
(s1+s2)(s2 +s3)(s1 + 52 +83) (51 +92)(s2 +s3)(s1 + s2 + s3)
soke(s2 + s3 + s4) _ szke(s2 + s3 + 54)
2s1(s1 + s2)(s2 +s3)(s1 +s2 +s3)  2s1(s1 +s2)(s2 +s3)(s1 + s2 + s3)
eS2 5354 5o kr (—59 — 53 — 54) eS2 53 54 55kr (—59 — 53 — 54)
2s1(s1 + 52)(s2 + s3)(s1 + s2 + 53)  2s1(s1 + s2)(s2 + s3)(s1 + 52 + 53)
s1ke(s2 + s3 + s4) B szke(s2 + s3 + 54)
2s2(s1 + s2)(s2 +s3)(s1 +s2 +53)  2s2(s1 +s2)(s2 +s3)(s1 + s2 + s3)
eS2F 5354 51 kp (—s9 — 53 — 54) eS2 535 55kr (—59 — 53 — 54)
2s2(s1 + 52)(s2 + s3)(s1 + s2 + 53)  2s2(s1 + s2)(s2 + s3)(s1 + 52 + 53)
s1ke(s4) _ soke(s4)
2(s1 + s2)s3(s2 +s3)(s1 +s2 +53)  2(s1 + s2)s3(s2 +s3)(s1 + s2 + s3)
e“ds1kr(—s4) e“4sykr(—s4)

2(s1 + s2)s3(s2 +s3)(s1 +s2 +53)  2(s1 + s2)s3(s2 +s3)(s1 + s2 + s3)

Ga(s1,s2)ke(s3 +s4) e*3754Gy (51, 50)k7(—s53 — 54) _ Gi(s1)ks(s2,83)
254 254 4sy

e®2Gy(s1)k11(s3, —s2 — s3) e*2193Gy (51)k12(—s52 — s3,52)

4sy 4sy

e“1ky7(s2, 53 + 54, —51 — sp — 53 — s4) e 1T52F53 540 (—s) — 55 — 53 — 54,51, 52)

1654 1654

kig(s1,s2,53 +s4)  e17°2kig(s3 + 54, =51 —s2 — 53 —s4,51)  ks(s2,53)

1654 1654 45184

ka(s1 + 52,53 +54)  e2k11(s3, —sp —s53) €172k (s34 54, —s1 — 59 — 53 — 54)

4s184 4s184 45184

€2V 3o (—sp — 53,8p)  eS1TI2FITSAL 5 (5 — 55 — 53— 54,51 + 52)

45154 4s1s4
_ Gi(s)ke(s2 +53)  Gi(si)ke(ss +54) 213G (s1)kr (=52 — s3)
2589584 25984 25984
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_ e®37%4G, (s1)kr(=s3 —s4)  ko(s1,s2+53+54)  ko(s1 +s2,53)
25984 8s9s4 8s254

€S 15210 (s3, —51 — 52 — s3)  e“1kig(s2 + 53 + 54, —s51 — 52 — 53 — 54)

8s954 85954
€512 3 1 5(—51 — 55 — 53,81 + s3) e 1TI2FB T 5(—51 — 59 — 53 — s54,51)

8s954 85254
ke(s2 + s3) kg(s1 + 52+ s3 +54) €273 kz(—sy — 53)
© 2s1(s1 +s2)sa 2s1(s1 + s2)sa © 2s1(s1 + s2)54
eSttsategtaag, (—s) — sy — 53 — 54) ke(s2 + s3) ke(s3 + s4)
a 2s1(s1 + s2)s4  2sp(sy+sa)sq 2sa(sy + s2)s4
€S2 T3y (—sy —s3)  e"3T%kr(—s3 —s4)  Gi(s1)ke(s2)  €"2Gi(s1)kr(—s2)
© 2sa(s1 +s2)sa 2sa(sy +s2)sa  2s3(sz+s4)  2s3(s3 + s4)
ko(s1,s2 +s3)  e®lkig(sa + s3,—s1 —sp —s3) e 1792F9315(—s; — 5y — 53,51)
© 8sa(ss+sa) 8s3(s3 + s4) a 8s3(s3 + s4)
ke (s2) ke(s1 + s2 + s3) e*2k7(—s2) eS1T52F53 p (—5) — 55 — s3)
" 2s1ss(ss +sa)  2s1s3(s3 +sa)  2sisa(ss +sa) 2s153(s3 + s4)
G1(s1)ke(s2 + 53 +s4)  e®2T53754Gy (s1)kr(—s2 — s3 —s4)  ko(s1,s2 + 53)
- 2s4(s3 + s4) - 2s4(s3 + s4) " T8sa(s3 + sa)
e"lkyg(sy + 53, —s1 — 52 —s3) 179279 y5(—sy — 59 —s3,51)  kg(s1 + s2 + s3)
- 8s4(s3 + s4) B 8s4(s3 + s4) T 2s1s4(s3 + s4)
kg(s2 + s34+ s4)  eS1T52F93 k7 (—sy — 55 —s3)  e"2T53F %4 g (—sp — 53 — 54)
T 2s1sa(sz+sa) 2s154(s3 + s4) B 2s154(s3 + s4)
ke(s1 + s2) eS1T92 1, (51 — s5)
 (s2+s3)(s3 +sa)(s2 + sz +sa) (52 + s3)(s3 + s4)(s2 + 53 + s4)
_ szke(s1 + s2) _ sake(s1 + s2)
2s2(s2 +53)(s3 +s4)(s2 +s3 +54)  2s2(s2 +53)(s3 + 54)(s2 + 53 + 54)
€S 152 55k (—51 — s2) €S 1525, ky(—s1 — s2)
T 209(sn + 53)(s3 + 5a)(s2 + 53 + 54)  252(s2 + 53)(s3 + 54)(s2 + 53 + 54)
_ sake(s1 + 52) _ sake(s1 + s2)
2s3(s2 +53)(s3 +s4)(s2 +s3 +54)  2s3(s2 +53)(s3 + s4)(s2 + 53 + 54)
eS1T 5255 k7 (—s1 — s3) eS11525, k7 (—s1 — s3)
T 2s3(s2 + 53)(s3 + 52)(s2 + 53 + 54)  253(s2 + 53)(s3 + 54)(s2 + 53 + 54)
sokg(s1 +s2 + s3 + s4) sgkg(s1 +s2 + s3 +s4)

2(s2 + s3)s4(s3 +s4)(s2 +s3 +54)  2(s2 + s3)sa(s3 + s4)(s2 + 53 + s4)
eS1T 5253 54 5o 7 (—s) — sp — 53 — s4)  eS1T52F3 TS gahr(—sy — 59 — 53 — 54)

2(s2 + s3)sa(s3 + s4)(s2 + s3 + s4) 2(s2 + s3)s4(s3 + s4)(s2 + s3 + s4)
e“1ky7(s, 83, =51 — 53 — s3) e 179273k 7(—s1 — 55 — 53,51, 52) k19 (s1,s2, 53)
16(s1 + s2 + s3 + s4) 16(s1 + s2 + s3 + s4) 16(s1 + s2 + s3 + s4)

e*1F92)1g(s3, —s1 — 52 — 53, 51)
16(s1 + s2 + s3 + s4)

A.2.3. The function Ky. F inally, for the last four variable function we have

(72)

Ka0(s1, 52,53, 54)

= 1(*4)WG4(51152YS3;S4)+ Begke(e1)
5 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)
‘ 3s4ke(s1) 3ke(s1 + s2) 3G1(s1)ke(s3) ‘ 3G2(s1,52)ke(s3)
2s2(s2 + s3)(s3 + s4)(s2 + 53 +54)  2s153(s3 + s4) 25354 254
3ke(s3) 3G1(s1)ke(s2 +s3) | 3G1(s1)ke(s2 + s3) 3kg(s2 + s3)
2s2(s1 + s2)s4 2s3(s3 + s4) 254(s3 + s4) 2s153(s3 + s4)
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3ke(s2 + s3) 3kg(s1 + s2 + s3) 3ke(s1 + s2 + s3)
2s154(s3 + 54) 2s1(s1 + s2)s4 (s2 +s3)(s3 + s4)(s2 + s3 + s4)
N 3s2ke(s1 + s2 + 53) n 3s4ke(s1 + s2 + s3)
2s3(s2 + s3)(s3 + sa)(s2 + s3 +s4)  2s3(s2 + s3)(s3 + s4)(s2 + s3 + s4)
n 3s2ke(s1 + s2 + 53) 3s3ke(s1 + s2 + s3)

+
2(s2 + s3)sa(s3 + s4)(s2 + 53 +54)  2(s2 + s3)s4(s3 + s4)(s2 + s3 + s4)
3G1(s1)ke(s3 +s4)  3G1(s1)ke(s3 + s4) | 3Ga(s1,s2)ke(s3 + s4)

3
- EGS(Slv s2,53)ke(s4) +

2s2(s2 + s3) 2s3(s2 + s3) 2s3

N 3ke(s3 + s4) n 3s1ke(s3 + s4)

(s1+s2)(s2 +s3)(s1 + s2 +s3)  2s2(s1 +s2)(s2 + s3)(s1 + s2 + s3)
‘ 3sgke(s3 + s4) n 3s1ke(s3 + s4)

2s2(s1 + s2)(s2 + s3)(s1 + s2 +s3)  2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
n 3s2ke(s3 + s4) 3G1(s1)ke(s2 +s3 +s4)  3ke(s2 + s3 + s4)

2(s1 + s2)s3(s2 + s3)(s1 + 52 + s3) 25254 2s1(s1 + s2)s4
" 3ke(s2 + s3 + s4) 3s2kg(s1 + s2 + s3 + s4) 3s3ke(s1 + s2 + s3 + s4)

2s2(s1 + s2)s4 2s51(s1 +s2)(s2 +s3)(s1 +s2 +s3)  2s1(s1 +s2)(s2 + s3)(s1 + s2 + s3)
n 3ke(s1 + s2 + s3 + s4) 3e®lszkr(—s1)
2s154(s3 + s4) 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s4)
3e®lsqk7(=s1) 3e51152k (=51 — s3) | 3e52T53Gy (s1)ky(—s2 — s3)

* 2s2(s2 + s3)(s3 + s4)(s2 + s3 + s54) 2s153(s3 + s4) 2s3(s3 + s4)

36213 Gy (s1)ky(—s2 — s3) | 3e"2T%3kg(—sp —s3) = 3e%2F3ky(—sy — s3)
* 2s4(s3 + s4) 2s153(s3 + s4) 2s154(s3 + s4)

3e1ts2ts3 k7(—s1 — sg — s3) 3e1ts2ts3 k7(—s1 — sg — s3)
* 2s1(s1 + s2)s4 (s2 + s3)(s3 + s4)(s2 + s3 + s4)

3e51F92H 93 55 7 (—s1 — s — 53) 3eS1T921 3 5 k7 (—s1 — 59 — 53)

* 2s3(s2 + s3)(s3 + sa)(s2 + s3 +s4)  2s3(s2 + s3)(s3 + s4)(s2 + s3 + s4)
n 3651+S2+S352k7(751 — s — s3) 3551+52+5353k7(751 — sg — s3)

2(s2 + s3)s4a(s3 + sa)(s2 + s3 +s4)  2(s2 + s3)sa(s3 + sa)(s2 + s3 + s4)
3e°3 Gy (s1)k7(—s3) n 3e°3Ga(s1, s2)k7(—s3) 3e®3 ky(—s3)

25284 254 2s2(s1 + s2)s4

3e53F54G (s1)ky(—s3 — s4) | 3e®3T54Gy(s1)kr(—s3 — s4)
* 2s2(s2 + s3) 2s3(s2 + s3)

3e°3F 54 Gy (s1, s2)k7(—s3 — 54) 3e53F 54k (—s3 — s4)
* 2s3 (s1 +s2)(s2 + s3)(s1 + s2 + s3)

3e53 1545, ky(—s3 — s4) 353154 53ky (—s3 — 54)

* 2s2(s1 + s2)(s2 + s3)(s1 + 52 + s3) * 2s2(s1 + s2)(s2 +s3)(s1 + s2 + s3)
" 3e%31 5451 ky(—s3 — s4) 3e%315%4 50ky(—s3 — s4)

+
2(s1 + s2)s3(s2 +s3)(s1 +s2 +53)  2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
3e52F3F 4Gy (s1)ky(—s2 — s3 — s4) | 32T Tk (—sy — 53 — 54)

+
25254 251(s1 + s2)s4
3es2ts3tsa k7(—sg — s3 — s4) 3eS1ts2ts3tsa sok7(—s1 — sg — s3 — s4)
* 2s2(s1 + s2)s4 2s1(s1 + s2)(s2 + s3)(s1 + s2 + s3)
BeS1He2t o34 Sdgq)r(—s — 59 — 53 —sg) | BeS1FS2H3F AL () — 5y — 55 — s4)
* 2s1(s1 + s2)(s2 + s3)(s1 + s2 + s3) 2s154(s3 + s4)

3 sy eS1152k 4 (—s1 — sp,51)  eS1T52F3 )y (—s1 — 55 — 53,51)
— —e"4G3(s1,52,53)k7(—s4) + +
2 4s3(s3 + s4) dsps4

n eS1 9253k (—s1 — 53 — 53,51 + 52) n e*3 4Gy (s1)k14(—s3 — 54, 53)

4s184 4so
eS3T %4k, (—s3 — 54, 53)
4s2(s1 + s2)
e5213154Gy (51)k14(—s2 — 53 — 54, 52) n eS2F 53 54y (—s5 — 53 — 54, 52)

4sy 4s184

1
+ 1533+S4G2(51, s2)k1a(—s3 — s4,83) +

+
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€523 754Gy (s1)k1a(—s2 — 53 — 54,52 + 53) n €523 54y (—59 — 53 — 54,52 + 53)

4s3 45153
eSttsataa g, (—s) — sy — 53— s4,51) n eStsatastsag,  (—s) — sy — 53 — s4,51)
4s2(s2 + s3) 454 (s3 + s4)
eSttsataatsag,  (—s) — sy — 53— 54,51 + 52) n eStteatestoag,  (—s) — sy — 53 — 54,51 + 52)
45153 4sas4
n eS1T 5253 54 4 (—s) — sy — 53 — 54,51 + 52 + s3)
4s1(s1 + s2)
n eS1T 5253 54y (—s) — sy — 53 — 54,51 + 52 + s3)
4s3(s2 + s3)
n k15(s1,s2) k15(s1,s2 +s3) | kis(s1,s2 +s3 +s4) | kis(s1,82 + s3 + s4)
4s3(s3 + s4) 4s2s4 4s2(s2 + s3) 4s4(s3 + s4)
n G1(s1)k15(s2, 53 + s4) ‘ k15(s2, 53 + s4) n k15(s1 + s2,53) n k15(s1 + s2,s3 + s4)
4sy 4s184 4s184 45153
ki5(s1 + s2,83 +s4) | Gi(s1)kis(s3,s4) 1 k15(s3,54)
+ : + - + =Ga(s1,52)k15(s3,84) + ——————
48954 4s9 4 4s9(s1 + s2)
n G1(s1)ki15(s2 + 53, 54) ‘ kis(s2 + s3,84) | kis(s1+s2 +s3,51) | kis(s1 +s2 + s3,54)
4s3 4s1s3 4s1(s1 + s2) 4s3(s2 + s3)
n e“lkig(s2, —s1 — s2) n eS1752 16 (53, —s1 — 52 — s3) n e“lkig(s2 + 53, —s1 — s2 — s3)
4s3(s3 + s4) 45154 45254
e®3G1(s1)k16(sa, —s3 —s4) 1 e"3kig(sa, —s3 — s4)
+ : + ~e®3Ga(s1,52)k16(sa, —s3 —s4) + —— =2
4s2 4 4so(s1 + s2)
n e*2V3Gy (s1)k16(s4, —52 — 53 — 54) N e*2V 316 (54, —s3 — 53 — 54)
4s3 4s13
n eS 15253 (54, —51 — 55 — 53 — 54) n eS 1253 16 (54, —51 — 52 — 53 — 54)
4s1(s1 + s2) 4s3(s2 + s3)
n e"2G1(s1)k16(s3 + 54, —52 — 53 — s4) n e“2kig(s3 + s4, —s2 — 53 — s4)
dsy 4s1s4
+ eS1V 9216 (s3 + 54, —51 — S2 — 53 — 54) + e* 119216 (s3 + 54, —51 — 52 — 53 — 54)
45153 4sosy
n e“lkig(s2 + 53 + 54, =51 — S2 — 53 — 54) n e®lkig(sa + s3 + 54, —51 — 52 — 53 — 54)
4s2(s2 + s3) 4s4(s3 + s4)
n koo (s1,52,s3) | kao(s1,s2,53 +s4) n k2o(s1,s2 + s3,54) n e®lkoo(s2, 53, —s1 — 52 — s3)
1654 16s3 1659 1654
1 e’lkog(s2,53,54) el koo (52,53 + 54, =51 — 2 — 53 — 54)
— —Gi1(s1)k20(s2, 53, 54) + . . :
16 16(s1 + so + s3 + s4) 16s3
n koo(s1 + s2,83,54) n €512 53 50 (—s51 — 53 — 53,51, 52) n e*1 19250 (53, —s1 — s2 — 53,51)
16571 1654 1654
1 eS112 ko0 (53, 54, —52 — 53 — 54)
— —e"2G1(s1)k20(s3, 54, —52 — 53 — s4) +
16 16(s1 + so + s3 + s4)
n e*1V92kyq(s3, 54, —51 — s2 — 53 — 54) n e®Lkao(s2 + 83,84, —51 — s2 — 83 — 84)
1651 1659
1 eSts2tstsag, (—sy — 53 — s4,52,53)
— —e®2F9315%4 Gy (1) koo (—s2 — 53 — 54,52, 53) +
16 16(s1 + s + s3 + s4)
n eSttsataatsag, (—s) — sy — 53 — 54,51, 52) n eS1Ts2t 3t sdp,(—s) — sy — 53 — 54, 51,52 + 53)
1653 1652
eS1T52H 53 54y (—s) — sy — s3 — 54,51 + 52,53) 1
+ . ’ — —e®213Gy (s1)kao(sa, —s2 — $3 — 54, 52)
165, 16
€S 192493 o (54, —s3 — 53 — s4,52) | e"1TI2F B ko0 (s, —s1 — 53 — 53 — s4,51)
16(s1 + s2 + s3 + s4) 1659
eS1F92F 53 k0 (sy, —s1 — 53 — 53 — 54,51 + 52) n eS 112 ko0 (53 + 54, —51 — 52 — 53 — 54, 51)
16s1 16s3
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koo(s2,s3,54)  €“2kao(s3, sa, —52 — 53 — s4)  e2T53F4kyq(—s5 — 53 — 54, 52, 53)
1651 1651 1657

e*2F 93 kg0 (54, —s2 — 53 — 54, 52) _ €S2 5354.Gy (51)kya(—s2 — 53 — 54,52 + 53)
16571 4s9

Gi(s1)ki5(s2 + s3,84) e*2V3Gy (s1)k16(s4, —52 — 53 — 54) _ kao(s1 + s2,53,54)
4so 4s9 1659

e 152 ko0 (53,54, —51 — 59 — 53 —s4)  eS1FS2F3 Ly (—s5y — 55 — 53 — 54,51 + 52, 53)

1659 1659
eS1F 9253 k0 (sy, —51 — 59 — s3 — sS4, 51 + s3)  e“2TITL (—s5 — 53 — 54,52 + 53)
1652 - 4s1(s1 + s2)
Ei5(s2 + s3,54) €27 3kig(sq, —sp — s3 — s4) 275354k (—s5 — s3 — 54,52 + 53)
dsi(s1 +s2) 4s1(s1 + s2) - 4s2(s1 + s2)
kis5(s2 + s3,54) €527 %8kyg(sq, —sp — s3 —s4)  3Ga(s1,s2)ke(ss)  3e°4Ga(s1,52)kr(—s4)
4s2(s1 + s2) B 4s2(s1 + s2) B 2s3 B 2s3
€S2 53154 Gy (51)kya(—s2 — 53 — 54, 52) _ Gi1(s1)kis(s2, 53 + 54)
4s3 4s3
e®2Gy(s1)ki6(s3 + 54, —s2 — s3 —s4)  kao(s1,52 + s3,54)
4s3 16s3

e"lkog(sz + 53,54, —51 — sp — 53 — s4) " 1T92F83F 84 k00 (—s) — 55 — 53 — 54,51, 52 + s3)
16s3 16s3

€SIV 9253 k0 (sy, —51 — 53 — 53 — s4,51) e 2TIBTLy (—s5 — 53— 54,52)

16s3 45183
eStts2tsstsag,  (—s) — sy — 53 — 54,51 + 52 + 53) _ kis(s2,s3+s4)  kis(s1 + s2 + s3,54)
4s1s3 45153 45153

eS1VS2T 53 15 (sy, —51 — 59 — 53 — 54)  e"2kig(s3 + 54, —52 — 53 — 54)

4sqs3 4s1s3
3G1(s1)ke(s2 + 53 +54)  3e%2T3F54G (s1)ky(—s2 — 53 — 54)
2s2(s2 + s3) a 2s2(s2 + s3)
eS1F o253 4 (—s) — sy — 53 — 54,51 +52)  kis(s1 + s2, 53 + s4)
4s2(s2 + s3) - 4s2(s2 + s3)

e®1T52 k16 (s3 + 54, —s1 — s2 —s3 —sa)  3Gi(s1)ke(sa)  3e°4Gy(s1)kr(—s4)

4s2(s2 + s3) 2s3(s2 +s3) 2s3(s2 + s3)
eS1Fe2 s34y (—s) — sy — 53 — 54,51 +52)  kis(s1 + s2, 53 + 54)

4s3(s2 + s3) - 4s3(s2 + s3)

eS1V 92k g (s3 + 54, —51 — 52 — 53 — 54) 3ke(s2 + 83 + s4)

4s3(s2 + s3) T (s1 4 52)(s2 + s3)(51 + 52 + s3)
3es2F3F 4k (—59 — 53 — 54) 3s2ke(s2 + 53 + s54)
(s1 4 52)(s2 + 53)(s1 +s2 +s3)  2s1(s1 + 52)(s2 + s3)(51 + 52 + s3)

3sgke(s2 + 53 + s4) 3es2F3F 45y (—sg — 53 — 54)
2s1(s1 + 52)(s2 + s3)(s51 + 52 + 53)  2s1(s1 + s2)(s2 + 53)(s1 + 52 + 53)
3es2F 3t d5hr(—sy — 53 — 54) 3s1ke(s2 + 53 + s54)
2s1(s1 + s2)(s2 + s3)(s51 + 52 + 53)  2s2(s1 + s2)(s2 + s3)(s1 + 52 + 53)
3s3ke(s2 + s3 + s4) 3e52F93 %545 by (—s9 — 53 — s54)
2s2(s1 + s2)(s2 + s3)(s51 + 52 + 53)  2s2(s1 + s2)(s2 + s3)(s1 + 52 + 53)
3e52F 93 S g3kr (—sy — 53 — 54) 3s1ke(s4)

2s2(s1 + s2)(s2 + s3)(s51 + 52 + 53)  2(s1 + s2)s3(s2 + s3)(s1 + 52 + 53)

3s2ke(s4) 3ed sy ky(—sq)
2(s1 + s2)s3(s2 + s3)(s51 + 52 + 53)  2(s1 + s2)s3(s2 + s3)(s1 + 52 + 53)

3e®dsaky(—s4) 3Go(s1,s2)ke(ss + s4)  3e®3T54Gy(s1, s2)k7(—s3 — 54)

2(s1 + s2)s3(s2 + 53)(51 + 52 + 53) 254 - 254
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293G (s))k1a(=52 — s3,52)  Gi(si)kis(s2,53)  e®2G1(s1)kig(s3, —s2 — s3)

4sy 4sy 4sy

k2o(s1,82,83 +s4)  e"lkoo(s2,s3 + 54, —s1 — s2 — 3 — s4)
1654 16s4

eS1TS2 S35y (—s) — 55 — 53 — 54,51,52) e 1T 52kog(sg + 54, —51 — 82 — S3 — S4,51)
1654 1654

€S2 53 kg4 (—sg — 53, 52) _ eSttsata g, (—s) — sy — 53 — 54,51 + 52) _ kis5(s2,83)

45154 45154 45154

ki5(s1+s2,53 +s4)  e®2kig(s3, —s3 —53)  e*1T52kig(s3 + 54, —51 — 59 — 53 — 54)

4s184 4s184 4s184
_ 3Gi(s1)ke(sz +s3)  3G1(s1)ke(s3 +54)  3e°2T93G) (s1)k7(—s2 — 53)
2589584 25984 2589584

3e°3 194Gy (s1)ky(—s3 — s4)  eS1T52F 93y (—s1 — 59 — 53,51 + 52)

25254 4sosy
_ eS1Te2taatsag,  (—s) — sy — 53 — s4,51) _ kis(s1,82 + 53 +54)  kis(s1 + s2,53)
4sosy 4sosy 4s98y
_ e*1T92ky5(s5, —s1 — 52 —53)  e*lhig(sa + s34+ 54, =51 —s3 — 53 —s4)  3ke(s2 + 53)
4sg54 4s254 251(s1 + 52)s4

3kg(s1 + 52 + 53 +54) 32T 5Bhy(—sp —s3)  BeS1To2H3FS4pr (51 — 5y — 55 — s4)

2s1(s1 + s2)s4 251(s1 + s2)s4 2s1(s1 + s2)s4
3ke(s2 + s3) 3ke(s3 + s4) 3e%2F 3 k7 (—sp — s3)  3e*3F 4ky(—s3 — s54)
T 209(s1 + s2)sa 282(s1 + sa)sa 2s2(s1 + s2)s4 - 2s2(s1 + s2)s4
3G1(s1)ke(s2)  3e"2Gy(s1)kr(—s2)  eS1T52F3 k1 (—s) — sy —s3,51)  kis5(s1,52 + s3)
 2s3(s3 1) 2s3(s3 + s4) - 4s3(s3 + s4)  4sy(s3 + sa)
e“lkig(s2 + 53, —s1 — s2 — s3) 3ke(s2) 3ke(s1 + s2 + s3) 3e°2k7(—s2)
- 4s3(s3 + s4)  2sysy(s3 +s4)  2s1s3(s3 +sa)  2s1s3(s3 + s4)
BeS1He2F 53, (—s) — sy —s3)  3G1(s1)ke(s2 + 53 +s4)  3e°2F93F54G (s1)k7(—s2 — s3 — s54)
- 2s153(s3 + s4) a 2s4(s3 + s4) - 2s4(s3 + s4)
eS1T5253 4 (—s) — sy —s3,51)  kis(s1,52 +53)  e®lkig(sg + s3, —s1 — s2 — s3)
B 4s4(s3 + s4)  4sy(s3ts1) 4s4(s3 + s4)
3ke(s1 + s2 +s3)  Bkg(sp+s3+s4) 3e 1523 (—s) — 55 — s3)
T T2sysa(s3 +s4)  2s1s4(s3 +sa) 2s5154(s3 + s4)
3e52T 5354y (—sp — s3 — s4) 3ke(s1 + s2)
- 25154(s3 + s4) T (s2 4 53)(s3 + s)(s2 + 53 + s4)
3e“ 152 k7 (—51 — s3) 3s3ke(s1 + s2)
T (s2+s3)(s3 +sa)(s2 + 53+ 5a)  2s2(s2 + 53)(s3 + 54) (52 + 53 + 54)
3s4ke(s1 + s2) 3eS11255k7 (=51 — 59)
T 209(s2 + 53)(s3 + 54)(s2 + 53 + 54)  252(s2 + 53)(s3 + 54)(s2 + 53 + s4)
3eS11925 k7 (—s1 — 59) 3s2ke(s1 + s2)
 209(sz + s3)(s3 + 54)(s2 + 53 + 54)  2s3(s2 + 53)(s3 + s4)(s2 + 53 + s4)
3s4ke(s1 + s2) 3eS1T2 50 k7 (—s1 — 59)
 2s3(s2 + s3)(s3 + 54)(s2 + 53 + 54)  2s3(s2 + 53)(s3 + 54)(s2 + 53 + s4)
3e°1T92 5, kr(—s1 — s2) 3sake(s1 + s2 + s3 + s4)
 2s3(s2 + s3)(s3 + 54)(s2 + 53 +54)  2(s2 + s3)sa(s3 + 54)(s2 + 53 + s4)
3s3ke(s1 + s2 + 53 + s4) 3eS1 5253154 5 kr(—s1 — 55 — 53 — 54)
 2(s2 +s3)sa(ss +sa)(s2 + 53 +s4)  2(s2 +s3)sa(sy + s4)(s2 + 53 + 54)
3eS1T52H 53 54 5547 (=51 — 59 — 53 — 54) koo (s1, 52, s3) e’lkog(s2,s3, —s1 — s2 — 53)
- 2(s2 + s3)s4(s3 + s4)(s2 + s3 + s4) T 16(sy + sz + 3 +sa) 16(s1 + s2 + s3 + s4)
eS1T52 53 0 (=51 — sy — s3,51,52) e 1752ky(s3, —s1 — sy — s3,51)
- 16(s1 + s2 + s3 + s4) - 16(s1 + s2 + s3 + s4) '
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APPENDIX B. LENGTHY FUNCTIONAL RELATIONS AMONG k3, ..., koo

In Section 7 we found functional relations that involve only the functions

ks, ..., koo. In this appendix we provide more functional relations of this type.

B.

1. Functional relation between ks, ks, kg, . . ., k16, k17, klg, kog. Ihe

explicit formulas given in Appendix C can be used to see that 2K = 3K,
which combined with the finite difference expressions (63) and (69), gives the
following functional relation:

+

+

3eS1T92 k5 (—s1 — s9) n 3e°2G1 (s1)k3(—s2) n 3e°2k3(—s2) n 3G1(s1)ks(s2) n 3k3(s2)

45783 4s3 45183 4s3 45183
3eS1T52F53 kg (—sy — sy — s3) | 3kg(s1 +s2 +s3) | € 1T52k5(—s1 —s3) = ks(s1 + s2)
45153 + 45153 + 5153 + 5183
e"2T53.Gy (s1)ks(—s2 — s3) n €S2 53 5 (—sp — s3) n G1(s1)ks(s2 + s3) n ks(s2 + s3) n ke(s1)
s3 s183 s3 s183 25953
ke (s3) ke (s3) ke(s1 +s2 +s3) | ke(s1+s2+s3)  ke(s1+s2+s3)
4s1(s1 +s2)  4s2(s1 + s2) 4s1s2 2s2(s2 + s3) 2s3(s2 + s3)
eSlhy(—s1) | eS1T52F83p (—s) — sy —s3)  eS1T2F5pr(—sy — 55 — 53)
259583 + 45189 + 2s2(s2 + s3)
eS1T52F53; (—s) — sy — s3)  e®3ky(—s3) | e®3ky(—s3)  3kg(s1,s2) 3
2s3(s2 + s3) 4s1(s1 +s2)  4sa(s1 + s2) 4s3 - ZGI(Sl)kS(SQ’ *3)
P s1+s P
31@8(514:—152,53) 4 31@9;5513, s9) n dkg(sls,:; + s3) n 3es1 s(zlki(;;i—sgs;,sl) _ gcl(sl)kg(sg,sg)
s1+so9+s
31@9(518:—152,53) 4 3eS1152 Skg(;SZI—sg—sg,sl) +§e52G1(51)k9(53,—52—53)
3e"2kg(s3, —s2 — s53)  3e 17929 ky0(sq,59) 3179293 k10(s1,52)  Bkio(s1,s2 + 53)
8s1 8(—s1 — s2 — s3) 8(s1 + so + s3) 8s3

3e®lkyg(sa, —s1 — s 3 3521393k o (—sy — 53,8
10(s2, —=s1 — s2) + 252993, (51) k10 (=52 — 53, 52) + 10(—s2 — s3,52)

8s3 8 8s1

3eS1T92 k0 (s3, —51 — 52 — 53) n 3e“lkig(s2 + s3, —s1 — 52 — s3)

3 s
—e®2G1(s1)k10(83, —82 — s3) +
s (s1)k10(s3, 3) ™ ™

3e®lkyy(s2, —s1 —s2) 3 3e“1152kyy (s3, —s1 — 53 — s3)

—e°2G1(s1)k s3, —So — 83) +
153 1 1(s1)k11(s3 2 — 53) 10
3eS1T92k15(—s1 — s2,51) 3
— 213Gy (s1)k1a(—s2 — s3,52)

4s3 4

3e51T92F53 k15 (—s1 — 53 — 53,51 + 52) n 3e“1T52k5(—s1 — s3,51)  3e“lkyz(sz, —s1 — s2)
4s1 8s3 8(s1 + s2 + s3)
3 3kiz(s2,83) 3 4.
§G1(81)k13(52, s3) + T7 - §5S2+53G1(81)k13(*52 — 83, 52)
1

BeS1T92F3 k15(—s1 — 55 — 53,51) n 3eS1F92F 53 5(—s1 — 55 — 53,51 + 52)

8so 8s1

3e®1kiz(s2 +s3,—s1 —s2 —s3)  e’lkig(sa, —s1 —s2) 1 e“1ki4(s2, s3)
: + ’ — —G1(s1)k1a(s2,88) + —— =
8s3 4s3 4 4(s1 + s2 + s3)

k1a(s1 + s2,83) 1
— 2 4 2T Gy (s1)k1a(—s2 — s3,52) +
4sq 2 251

e*2F 3y 4 (—sp — 53, 52)

eS 15253 )y (—s1 — 55 — 53, 51) n eS 15253 ) (—s1 — 59 — 53,51 + 52) n k15(s1,s2 + 53)

2s3 4s9 2s3

€512k 5(—s1 — s, 51)

k15(s2,s3) n k15(s1 + s2, s3)

1
+ —G1(s1)k15(s2,s3) +
2 1(s1)k15(s2, s3) o1 15

4s3
e 15215 (53, —sp — s3) | e"1T92ky5(s3, —s1 — 52 — s3)
4(s1 + s2 + s3) 4s1

1
1552G1(51)k15(53, —s2 —s3) +
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eS1T92T 53 15 (—s5 — s3,52)

k16(s1, s2) kig(s1,s2) 1
+ : + : — 2e"2T3.Gy (s1)k16(—s2 — s3,52) +
4(—s1 — s2 — s3) 4s3 4 4(s1 + s2 + s3)
eS1 9253 g(—sy — 53 — 53,81 +52) 1 e’2k16(s3, —s2 — s53)
+ . + =e®2Gy(s1)k16(s3, —52 — 83) + ——————————=
4sq 2 251
n eS1T2 k16 (s3, —51 — sp — s3) n e“1kig(s2 + s3,—s1 —s2 —s3) 3

+ —k S$1,892,8
1, 255 6 17(s1, 52, 53)

3 3
+ Eeslkn(sm s3,—s1 — s2 — 83) + E651+52+33k17(_81 — 83 — 83,81, 52)

3 3 3
+ 1_6551+52k17(53' —s1 —s2 —s3,51) + 1_6k19(sl'52’ s3) + Eeslkw(szys& —s1 — s2 — 53)
3

3 1
+ ettt 2t B g g (s — sy — 53,81, 92) + = e T 2k yg(s5, —s1 — 52 — 83, 51) — —kao(s1, 52, 53)
16 16 8
1 51 1 s1+sg+s3
-3¢ k20(827537—81—52—53)—§e koo(—s1 — s2 — 83,51, 52)

eS1H82H53 ) (—s1 — 59 — 53,51 + s2) _ kis(s1 +s2,53)

2s1 2s1

1
sq 4
- 5691 *2koo(s3, —s1 — s2 — 83,81) —

€192 ky6(s3, =51 —s2 — 53)  3ks(s2,53) 3e%2kyi(s3, —s2 —s3)  3e°27°3kyn(—s2 — s3,52)

2s1 457 4sq 457
k14(s2,s3)  e"2ki5(s3, —s2 — s3) e52T 53 k16 (—s5 — 53, 52) _ Bko(s2,s3)
4sq 4s1 4s1 8s1

3e“ 1152 kg (53, —s1 — 53 — s3)  3e1T52F3 ) q(—s) — 59 — 53,51 +52)  3e2kig(s3, —s2 — s3)

8s1 8s1 8s1
3k1g(s1 +s2,53) 3e“2T3kyg(—sp —s3,50) e 1FT92F3 k1, (—s1 — 55 — s3,51)
B 8s1 B 8s1 B 4so
_ kis(s1,s2 +s3)  e®lkig(sz +s3,—s1 —sa —s3)  3ko(s1 + s2,s3)
4s9o 4s9 8so

3eS1F 2k (53, —51 — s —s3)  3e1T92F93ky5(—sy —sp — 53,51 +52)  kg(sz)  e*Bhy(—s3)

8s9o 8so 45159 45189

ke(s1 4 s2 4+ s3)  eS1T52F 3 (—51 — 55 —s3)  ke(s1 + sz + s3)
T asi(s1 +s2) 4s1(s1 + s2) T 4sy(s1 + 52)

eS1Ts2 3, (—sy — 55 —s3)  eS1TE2FB56(sq, 59) 3k10(s1,52)
- 4s2(s1 + s2) T 4(—sp —s2—s3)  8(—s1 — 52— s3)
_e%2Gy(s1)ks(—s2)  Gi(s1)ks(s2) eS1T2 k1, (—s1 — s2,51) _ kis(s1,82)

s3 s3 2s3 2s3
_ e®lkig(s2, —s1 —s2)  3e52198Gy(s1)kg(—=s2 —s3)  3G1(s1)ka(sz +s3)  3ks(s1, 52 + s3)
2s3 4s3 4s3 4s3

3e“1kyy (s + 53, —s1 — s2 — s3)  3eS1T52F3 L 15(—s1 — 55 — s3,51)
B 4s3 B 4s3
_e®lhia(s2 + 53, =51 —s2 —s3)  eS1TS2¥8k (=51 — sy —s3,51)  kis(s1, 52 + 53)

4s3 4s3 4s3

3kg(s1,52 +s3) 3e*1192kg(—sy —s2,51)  3kio(s1,s2) 3e“lkig(s2 + s3,—s1 — s2 — s3)
B 8s3 B 8s3 B 8s3 B 8s3

3e“1kyg(sg, —s1 — sp)  3e 1792793 y5(—sy — sy —s3,51)  e“2ks(—s2)  ks(s2)
B 8s3 B 8s3 B s153 B s153

eS1F2 T3y (—s) — sy —s3)  ks(sy+s2+s3)  Bks(sy+s2) 3e52T3kg(—sy — s3)
B 5183 B 5153 B 4s1s3 - 4s1s3

3ks(sz +s3) k(s +s2+s3) e 1T92F58 L (—s) — 55 — s3) ke(s1) e“lkr(—s1)
B 45183 B 25953 B 25983 B 2s2(s2 + s3) B 2s2(s2 + s3)

ke (s1) e"lky(—s1)  elhig(sa, —s1 —s2)  e“1752k15(—s1 — s2,51)

 2s3(sa+s3)  2s3(s2 +s3)  Alsy+sa+s3) 4(s1 + s2 + s3)
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eS1T92498 k0 6(s1,50)  B3e1T92kg(s3, =52 —53)  3e*1T92798k (=53 — 53, 52)

4(s1 + s2 + s3)
_ 3e®lkig(s2,s3)

= 0.
8(s1 + s2 + s3)

8(s1 + s2 + s3) 8(s1 + s2 + s3)

B.2. Functional relation between kg, k7,..., k13, k17, k18, k19. Finally,
one can use the equality K15 = K9, which can be observed by using the final
explicit formulas written in Appendix C, and the different finite difference
expressions (70) and (71) for these functions to obtain the following functional

relation:
ke (s1) ke (s1) ke (s1) ke (s1)
25952 + s3)sa  4sasy(se + s3 +54)  Asa(sa +s3)(s2 + 53 +54)  4sa(sa + s3)(s2 + 53 + 54)
ke(s1) G1(s1)ke(s2)  Gi(s1)ke(s2) ke (s2) ke (s2)
2s2s4(s2 +s3 +s4)  2s3(s3 + s4) 2s4(s3 +s4)  2s1s3(s3 +s4)  2s154(s3 + s4)
n ke(s1 + s2) ke(s1 + s2) ke(s1 + s2) ke(s1 + s2 +s3) | Gi(s1)ke(s4)
2515354 2s2s3(s3 +s4)  2s2s4(s3 + s4) 4s25354 4s2(s2 + s3)
n G1(s1)ke(s4) ke (s4) ke (s4) kg (s4)

4s3(s2 + s3)  4sisa(s2 + s3)
G1(s1)ke(s2 + s3 + s4)

4sa(s1 + s2)(s1 + s2 + s3)

4s3(s2 + s3)(s1 + s2 + s3)

n G1(s1)ke(s2 + s3 + s4)

ke(s2 + s3 + s4) n ke(s2 + s3 + s4)

4s9s3 25384 451592583 2515354
kg(s1 +s2 +s3 +s4) | ke(s1+s2 +s3+s4)  ke(si+s2+s3+s4) ke(s1+s2+s3+s4)
4s2(s1 + s2)s3 4s1s3(s2 + s3) 4s1s2(s1 + s2 + s3) 4s25384

ke(s1 + s2 + s3 + s4)

ke(s1 + s2 + s3 + s4)

kg(s1 + s2 +s3 +s4)  ke(s1+ sz + s3 + s4)

4s3(s2 + s3)s4
ke(s1 + s2 + s3 + s4)

2s153(s3 + s4)
ke(s1 + s2 + s3 + s4)

4sos3(s2 + s3 + s4)
e lkr(—s1)

2s154(s3 + s4)
elkr(—s1)

4s2(s2 + s3)(s2 + s3 + s4)

eS8 (—s) — s) | eS1T2p,(—

2s284(s2 + s3 + s4)

4s3(s2 + s3)(s2 + s3 + s4)
e"2G1(s1)k7(—s2)

2s2(s2 + s3)sa

51— s3) | eS1F2k (—s1 — s9)

2518354

e“2Gy (s1)k7(—s2) e’2k7(—s2)

2s253(s3 + s4)

2s254(s3 + s4) 2s3(s3 + s4)
e“2ky(—s2) eS1F 9253 (—51 — 55 — 53)

2s4(s3 + s4)
€523 4Gy (s1)ky(—s2 — 53 — 54)

2s183(s3 + s4)

2s154(s3 + s4) 4s25354

+ €523 4Gy (s1)ky(—s2 — 53 — 54)

+
45983 25354
n €S2 TS g (—sy — 53 — 54) | 27T (—sy — 53— 54)
451592583 2515354

eS1TS 23 Sy (—g) — 55 — 53 — 54) | eS1TI2TIBTMAL, (—5) — 55 — 53— sy4)
* 4s2(s1 + s2)s3 4s1s3(s2 + s3)

eS1T82 53 54y (—s) — sy — 53 —sq) e 1F52F3F Uk (—5y — 59 — 53 — s54)
* 4s152(s1 + s2 + s3) 4sgs354

eS1 o2t toag, () — sy —sg —sq) | eTtFTo2HoB g (g — 5y — 55— s4)
* 4s3(s2 + s3)s4 2s153(s3 + s4)

ef1 o2t oag, () — sy — 53 —sq) | eTtFTo2HoB g (g — 5y — 55— s4)
* 2s154(s3 + s4) 4sps3(s2 + s3 + s4)
n ef1 o2t toag, () — sy — 53 —sq) | eTtFTo2HoB g (g — 5y — 55— s4)

4sp(s2 + s3)(s2 + s3 + s4)
e*4 Gy (s1)k7(—s4)

e*4 Gy (s1)k7(—s4)

2s954(s2 + 83 + s4)
e’dkr(—s4) e kr(—s4)

+

4s2(s2 + s3) 4s3(s2 + s3) 4s1s2(s2 +s3)  4s2(s1 +s2)(s1 + s2 + s3)

n e“dky(—s4) kg(s1,s2 +s3)  kg(s1,s2 +s3 +s4) Gi(s1)ks(sz2,s3)
4s3(s2 + s3)(s1 + s2 + s3) 4s2s4 8s3(s2 + s3) 4sq

n kg(s2,s3) | ks(s1+s2,s3 +s4)  ks(s1 +s2,53 +s4) | ks(s1+s2,53 +s4)
45184 45783 4s9s3 45184
n ks(s1 + s2,53 + s4) n Gi1(s1)ks(s2 +s3,54) | ks(s2 +s3,54)  ks(s1+s2+s3,51) | ko(s1,s2)
45954 4s3 45153 8sa(s2 + s3) 8s354
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ko(s1,82 + 53 +s4) | ko(s1,s2+s3+s4) | ko(s1,s2+s3+s4)  ko(s1,s2 + s3+ s4)

* 8s2(s2 + s3) 8s254 8s3(s3 + s4) 8s4(s3 + s4)
‘ G1(s1)ko(s2,s3 + s4) n G1(s1)ko(s2, 53 + s4) n ko(s2,s3 + s4) ‘ ko(s2,s3 + s4)
8s3 8s4 8s13 85154
N kg(s1 + s2, s3) n ko(s1 + s2, s3) N kg(s1 + s2 + s3,54) N ko(s1 + s2 + s3,54)
85154 8s254 85153 8s9s3
n e“lkig(s2, —s1 — s2) n eS1T52 k4 (s3, —s1 — sp — s3) n €S 152 10(s3, —s1 — s3 — s3)
85354 85154 85954
eS1F92F 53 (sy, —s1 — 53 — 83 — s4)  eS1T52T3k14(sy, —s1 — 53 — 53 — 54)
+ 85153 + 85953
n e“2G1(s1)k10(s3 + 54, —s2 — 53 — s4) n e“2G1(s1)k10(s3 + 54, —s2 — s3 — s4)
8s3 854
n e"2kio(s3 + s4, —s2 — s3 — s4) n e*2k10(s3 + 54, —s2 — 53 — s4)
8513 85154
n e®lkyio(sa + 53 + 54, —51 — 52 — 53 — 54) n e®lkyg(s2 + 53 + 54, —51 — 52 — 53 — 54)
8s2(s2 + s3) 8s2s4
n e®lkio(sa + 53 + 54, —51 — 52 — 53 — 54) n e“1kig(s2 + 53 + 54, —51 — 52 — 53 — 54)
8s3(s3 + s4) 8s4(s3 + 54)
" e“2Gy(s1)k11(s3, —s2 — s3) n e“2ky1(s3, —s2 — s3) n e“lkyq(s2 + s3, —s1 — s2 — s3)
4sy 45154 4so0s4
N e*2V93Gy (s1)k11(s4, —52 — 53 — 54) n e*2 931y (54, —s3 — 53 — 54)
4s3 45153
n eS1T52F 53 114 (54, —51 — sp — 53 — 54) n eS1T52 k15 (53 + 54, —51 — 52 — 53 — 54)
8s2(s2 + s3) 4s1s3
N eS1T52 k15 (53 + 54, —51 — 52 — 53 — 54) n €S 115211 (53 + 54, —s1 — 52 — 53 — 54)
45953 4s184
n €1V 92k (53 + 54, —51 — 52 — 53 — 54) n e®1ky1(s2 + 53 + 84, —51 — 52 — 53 — 54)
4sg54 8s3(s2 + 53)
e*2V93Gy (s1)k1o(—s2 — s3,52) | €28 kyg(—sy — s3,52)  eS1T52F3y5(—s51 — 55 — s3,51)
+ 4sy + 45154 + 4so0s4

€521 354Gy (s1)k12(—s2 — 53 — 54,52 + 53) N €523 54 k5 (—s5 — s3 — 54,52 + 53)

4s3 45153

eSts2tastsag, ) (—s) — sy — 53 — 54,51) n eStteate3toag ) (—s) — sy — 53 — 54,51 + 52)

8s3(s2 + s3) 4s153
eSttsatastsag ) (—s) — sy — 53 — 54,51 +52) n eS1Te2t st sdg, ) (—s) — sy — 53 — 54,51 + 52)

45953 4s154
eS1F52+53 454,15 (—s) — 55 — 53 — s4,51 + s2)
+ 45954
+ eS1ts2tsstsag o (—s; — 5o — s3 — 54,81 + s2 + s3) + e" 192k 5(—s1 — 53,51)
8s2(s2 + s3) 83354
+ eS132F 98 k15 (—s1 — 53 — 53,51 + s2) + es1He2F3 ) 5(—s) — 55 — 3,51 + s2)
85184 85254
e32+93194Gy (s1)ky3(—s2 — s3 — s4,52) 3219831 94G (s1)k13(—s2 — 53 — 54, 52)
+ 8s3 + 8s4
+ 219394k 3(—sp — 53 — 54, 52) i 5298184 k5 (—s5 — 53 — 54, 52)
85153 85154
eSttsatastoag g(—s) — sy — 53 —s4,51) | eS1TI2TIBT R 5(—sy — 59 — 53 — 54,51)
8s2(s2 + s3) ’ 8284
eSttsatastsag g(—s) — sy — 53 —s4,51) | eS1TI2TIBT g 5(—sy — 59 — 53 — 54,51)

8s3(s3 + s4) 8s4(s3 + s4)
eStts2tastsag,g(—s) — sy — 53 — 54,51 + 52 + 53)

85153
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eS1T 283 54 g (—s) — 53 — 53 — 54,51 + 52 + 53) N k17(s1,s2 + s3,54)

8s953 1659

e“1ky7(s2,53, =51 — 52 — 83)
16(s1 + s2 + s3 + s4)

e“1ky7(s2,53 + 54, =51 — S2 — 53 — 54) n e®lky7(s2,53 + 54, =51 — 52 — 53 — 54)

1 k17 (s2, 53, 54)
+ —G1(s1)k 89,83,84) f —mMm8M8
I 1(s1)k17(s2, 53, 54) 165,

16s3 16s4
eS1T52F 53y 7 (51 — 59 — s3,51,52) N eS1F 253 54 7 (—5) — 55 — 53 — 84,51, 52)
16(s1 + s2 + s3 + s4) 16s3
eS1T 23 54 7 (—s) — 55 — 53 — 54,51, 52) 1
’7 + —e®2193Gy (s1)k17(sa, —s2 — s3 — 54, 52)
1654 6
e*2F3 k17 (s4, —s2 — 53 — 54, 52) n eS1H92F 93k 0 (s, —s1 — s — 53 — 54,51)
16s1 16s9
kig(s1,s2,s3) n k1g(s1, 52, s3) n ki1g(s1,s2 + s3,54) n e’lkig(s2, 53, —s1 — s2 — 53)
16(—s1 — sg — s3 — s4) 1654 16s3 16s4
1 e’lkig(s2, s3,54) kig(s1 + s2,s3,54) | kig(s1 + s2,53,54)
—G1(s1)k1s(s2,53,54) + - 7’ + 7’
16 16(s1 + s2 + s3 + s4) 16s1 1659
€512 S35 (—51 — 59 — 53,51, 52) n e* 1192k g (s3, —s1 — 52 — 53,51)
1654 1654
1 e 1492k, (s3, 54, =52 — 53 — 54)
—e"2G1(s1)k1g(s3, 54, —s2 — 53 — 54) + =
16 16(s1 + s2 + s3 + s4)
eS1152)1g(s3, 54, —51 — S3 — S3 — 54) n e*1T92 15 (53,54, =51 — S2 — 53 — 54)
1651 1659
e"lkig(s2 + 53,54, =851 — s2 — S3 — s4) 1
— —e®2F93154.Gy (s1)k1g(—s2 — 53 — 54, 52, 53)
1653 16
eS1Ts2 S35 g (—s5 — 53 — 54, 52,53) n eS1TS2 T3 F 4 g (—5) — sy — 53 — 54,51, 52 + 53)
16(s1 + s2 + s3 + s4) 16s3
eS1T82 53 54 g(—s) — sy — 53 — 54,51 + 52, 53)
1657
e 1 o2 o8t pyg(—s1 — 59 —s3 —sa,s1 +s2,83) 1 oo
- —e 3G1(s1)k18(s4, —s2 — 53 — 54, 52)
16s9 16
€512 3 kg (sy, —sp — 53 — 54,52) | eS1T 2B hyg(sy, —s1 — s — 53 — 54,51)
16(s1 + s2 + s3 + s4) 16s3
€512 53 g (sy, —51 — 53 — 53 — 54,51 + 52) n eS1F 9253 g g(sy, —51 — 53 — 83 — 54,51 + 52)
16571 1652
eS1T52 53 5416 (sy, 59,53) | eS1F92T3 ¥4k (51, 50,53) | kio(s1,s2,53 + s4)
16(—s1 — s2 — s3 — S4) 16(s1 + s2 + s3 + s4) 16s3
ki9(s1,82,83 + s e511+52k,9(s3, —s1 — s — 83,8 1
19(s1, 52,83 4) 19(s3, —s1 2 3,51) + L 526 (51 )k (5, 54, —52 — 55 — 54)
16s4 16(s1 + s2 + s3 + s4) 16
e“2k19(s3, 54, =52 — 83 — 84) n e®1kig(sy + 53,54, —S1 — s3 — 3 — 54)
16571 1652

es2F 83 54 g (—sy — 53 — 54, 52,53)

1 s
—es2ts3tsag (s)k —S9 — 83 — S4,82,83) +
6 1(s1)k19(—s2 3 — S4,52,53) 165,

eS1TS2 354 g (—s) — 55 — 53 — 54,51, 52 + 53) n eS1152)1g(s3 + 54, —51 — S2 — 53 — 54, 51)
1652 16s3
€S 175219 (s34 54, —51 — 52 — 53 — 54,51)  k17(s1 + 52,53, 54)
1654 16s1

eS1 92753 7 (sy, —51 — 53 — s3 — S4,51 +52)  k1s(s2,53,54)  e"2kyg(s3, 54, —52 — 53 — 54)
1657 1657 1657

e*2F 9354k g(—s5 — 53 — s4,52,53) €27 Bhyg(sy, —sp — 53 — 54, 52)
1651 16s1
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e* 1V 92k (53,54, —51 — 53 — 53 — s4)  eS1T2FTITMAL g (—5) — 55 — 53 — 54,51 + 52, 53)
16s1 16s1

ki7(s1 + s2,53,54) " 179273 k0(s4, —s1 — sp — s3 — 54,51 + 52)  k1a(s1,52 + s3,54)

1652 1652 1652
e*1kyig(sy + 53,54, —51 — 53 — 53 — 84)  eS1T52¥3F 54k g(—51 — 55 — 53 — 54,51, 52 + 53)
1659 16s9
eS1F92F 53 1 5(sy, —s1 — 53 — 53 — 54,51) _ €512 k19 (53,54, —s1 — 53 — 53 — 54)
1659 16s9
_eS1eat s AL (=g — 5o —s3 —s4,51 +52,53)  Gi(si)ks(s2, 53 + 54)
1652 4s3
e“2Gy(s1)k11(s3 + 54, —s2 — 53 — 54) 2793 F94Gy (s1)k1a(—s2 — 53 — 54, 52)
4s3 4s3
_ Gi(s1)ko(s2 +53,84) e*2V3Gy (s1)k10(s4, —52 — 53 — s54)
8s3 8s3

€52+ 354Gy (s1)k13(—s2 — 53 — 54,52 + 53) _e®lki7(s2 + $3,84, —S1 — s2 — 83 — 54)

8s3 16s3
_ eStts2ts3tsag,  (—s) — sy — 53 — 54,851,502 + 53) _ kag(s1, 52,83 4 s4)
16s3 16s3
e®lkig(s2,s3 + 54, =51 — 52 — 53 —s4) eS1TS2 T3 F 4 g (—5) — 55 — 53 — 54,51, 52)
16s3 16s3

_ €512 k15 (53 + 54, —51 — 52 — 53 — 54, 51) _ ki1g(s1,52 + 53, 54)

16s3 16s3
_ eS1T52F 93 k1g(sg, —s1 — 53 — 53 — 54, 51) _ ks(s2,s3 +s4)  ks(s1+s2+53,54)

16s3 45153 45153

eS17352F 98 k1 (s4, —51 — 52 — 53 — 54) _ e°2ky1(s3 + 54, —S2 — 53 — 54)

4s1s3 4s1s3

€S2V 3 545 (—sy — 53 — s4,82) e 1TI2F3 g (51 — 55 — 53 — 54,51 + 52 + 53)

45183 45183
ko(s1 4+ 52,83 +s4)  Kko(s2+s3,84) e"2T 531 0(s4, —s2 — 53 — 54)
85153 85153 85153

€512k (s3 + 54, —s1 — s3 — s3 —s4) €23 g 5(—s9 — 53 — 54,52 + 53)

85153 85153
eS1Fo2 3 4k 5(—s) — sy — 53 — 54,51 +52)  Gi(si)ke(sa)  e4G1(s1)ky(—s4)
85153 B 45053 B 4s9s3
kg(s1,s2 +s3 +s4) ks(s1+s2+s3,514) ko(s1+ s2,53 + s4)
85953 B 8s953 B 85953

€512k (53 + 54, —s1 — 52 — 53 —s4) e 12Tk (sy, —s1 — 53 — 53 — 54)

8s2s3 8sas3

e“1ki1(sp + 53 + 54, —81 — 53 — 53 — s4)  eS1TI2FIBTAL 5 (—s) — 55 — 53 — 54,51)

85953 85953

eStts2tastsag, ) (—s) — sy — 53 — 54,51 + 52 + 53)

85953
eS1T52F 53454 5(—s) — sy — 53 —sq,51 +52)  ke(s1 + s2+ 53+ s4)
85253 4s1s2s3
19253+ Sy (—5) — 53 — 53 — 54) ke (s4) e*4kr(—s4)
4s1s2s3  dsa(s1 +s2)s3 4sa(sy + s2)s3
G1(s1)ke(s2 + 53 +54)  e*2V93T54Gy (s1)kr(—s2 — 53 — 54)  ks(s1, 52 + 53 + s4)
4s2(s2 + s3) a 4s2(s2 + s3) - 8s2(s2 + s3)
ko(s1 + s2 4 s3,54)  e“1F92¥98k5(sy, —s1 — 59 — 53 — 54)
- 8s2(s2 + s3) - 8s2(s2 + s3)
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e“1ky1(sa + 53 + 54,81 — s2 — 53 — 54) €51 TI2TIBT4p 5 (—5) — 55 — 53 — 54,51)

8s2(s2 + s3) 8sa(s2 + s3)
eS1T52F53 ¥ 54 5(—s) — sy — s3 — s4,51 + 52 +53)  hke(s2 + 53+ s4)
8s2(s2 + s3)  dsysa(sa + s3)
€S2 TSk (—sy — 53 —54)  Gi(si)ke(s2 + 53 +s4) e 2T9T54G (s1)ky(—52 — 53 — s54)
4s152(s2 + s3) - 4s3(s2 + s3) - 4s3(s2 + s3)
kg(s1 4 s2 + s3,84) e 1T52T3 k1 (s4, —51 — 53 — 53 — 54)
8s3(s2 + s3) - 8s3(s2 + s3)
eS1He2 3484 p 5 (—5) — sy — 53 — 54,51 + 52 +53)  ke(sa + 53+ 54)
8s3(s2 + s3) " Tdsysz(s2 + s3)
es2 T3 Sk (—sy — 53 — s4) ke (s4) e“dky(—s4q)
4s153(s2 + s3)  dsysa(sy 4 s2 +s3)  dsisa(sy + s2 + 53)
ke (s1 + s2 + s3 + 54) eStTsatastaag, (—s) — sy — 53 — 54)
dsa(s1 + s2)(s1 + s2 +s3) 4sp(s1 + s2)(s1 + s2 + s3)
ke(s1 + s2 + s3 + s4) eStTs2tastaag, (—s) — sy — 53— s4)
ds3(s2 + s3)(s1 + s2 +s3) 4s3(s2 + s3)(s1 + s2 + s3)
eS1T52H53 ¥ 54 (s, 59, 53) B k19(s1, 52, s3) _ Gi(s1)ks(s2; 53 + s4)
16(—s1 — so — s3 — s4) 16(—s1 — so — s3 — s4) 4s4
€®2Gy(s1)k11(s3 + 54, —s2 — 53 — 54) e*2F 354Gy (s1)k1p(—s2 — 53 — 54, 52)
4sy 4sy
G1(s1)ko(s2,83)  e"2Gi(s1)kio(s3, —s2 —s3) e"2T53Gy (51)k13(—s2 — 53, 52)
8s4 8s4 8s4

e®lki7(s2,s3, =51 — 53 — s3) eS1T52F 53y, (51 — 55 — 53,51, 52)  kig(s1,52,83 + s4)
1654 1654 1654

e“1kyg(s2,53 + 54, —51 — sp — 53 — s4) e 1T92F53 84 p0(—5) — 55 — 53 — 54,51, 52)
1654 16s4

e*1 9215 (s3 + 54, —51 — 52 — 53 — 54,51)  kig(s1, 52, 53) _ €512k g(s3, —s1 — 52 — 53, 51)
1654 1654 1654

ks(sz,53 +54)  ks(s1+52,53)  e*1T52ky; (55, =51 — 52 — 53)

4s184 4s184 4s184

e"2kq1 (53 + 54, —s2 — 53 — 54) S 1TI2F 5B Ly5(—s) — 55 — 53,51 + 59)

45184 45154

€S2 354k 5 (—s5 — 53 — 54, 52) _ ko(s2,83)  ko(s1+s2,53+s4) e’2kig(s3, —s2 — s3)

4s184 85154 85154 85154

eS1T2 k(53 + 54, —51 — 52 — 53 — 54) €273 ky3(—sy — 53, 52)

85154 85154
eS1TS2 T3 F 54 5(—5) — 5y — 53 — 54,51 + 52)  ks(s1,82 +s3 +54)  kg(s1 +s2,53)
8s154 4so0s4 45954

eS172k1y (53, —s1 — s —s3)  e“lk11(s2 + 53 + 54, —51 — 52 — 53 — 54)

4sosy 4sosy

eS1TS2T 53 5 (—s1 — 55 — 53,81 +s2)  eS1T52F 394 p5(—51 — 55 — 53 — 54,51)

45954 45954
ko(s1,s2 + s3)  ko(s1+s2,53 +54) e’lkig(sz + 83, —s1 — s3 — s3)

8s254 8s254 8s254

eS1T9210(s3 + 54, —51 — 52 — 53 — 54) e 1728k 5(—s) — 55 — 53,51)

85954 8s954
eStteate3toapg(—s) — sy — 53 — 54,51 + 52) _ Gi(s1)ke(s2)  e®2Gi(s1)k7(—s2)
8s254 25384 25354

kg(s1,s2 +s3 +s4) e®lkig(s2 + s34 sq4,—s1 — 53 — s3 — s4)

8s354 8s354
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eS1T92188H 84k 5(—s1 — 50 —s3 —s4,51)  ko(s2)  ko(s1+s2+s3+54)  eS2ky(—s2)
85354 2515354 2515354 2515354

eSttsatastsag, (s — sy — 53— 54) _ ke(s1+s2) eS1T92 k7 (—s1 — s5) _ ke(s1+ 52+ s3)

2518384 2528354 2595384 4s9(s2 + s3)s4
ko(s1 + s2 4+ s3 +s4)  eS1T92F983kr(—sy — 5y —sg)  eS1Fo2He3HSap (g — 5y — 55 — s4)
a 4s2(s2 + s3)s4 B 4s2(s2 + s3)84 B 4s2(s2 + s3)s4
ko(s1 + s2 +s3)  eS1T52F8 5, (—s) — 55 —s3)  Gi(s1)ke(s2 + s3 + 54)
 dsy(sa +s3)sa 4s3(s2 + s3)s4 a 2s3(s3 + s4)
€521 53154 Gy (s1)ky(—s2 — s3 — s4) ko (s1,s2) e’lkig(s2, —s1 — s2)
a 2s3(s3 + s4)  Bs3(sy +s1) 8s3(s3 + s4)
eS1T52ky3(—s1 — s3,51) ke(s1 + s2) ke(s2 + s34+ s4)  eS1T52kz(—s1 — s3)
a 8s3(s3 + s4)  2sysy(sy +s4)  2sisy(sz +sg)  2s1s3(s3 +sa)
€S2V S3 TS (—5y — 53 —s4)  ke(sy+ s2 4 s34 s4)  eSITI2VITIAp, (5 — 55 — 55— 54)
- 2s153(s3 + s4) - 2s253(s3 + s4) - 2s2s3(s3 + s4)
Gi(s1)ke(s2 + 53 +54)  e2FT93794 G (s1)kr(—s2 — 53 — 54) ko (s1,52)
- 254(s3 + s4) - 254(s3 + s4) " Bsa(sz + sa)
e“lkyg(sg, —s1 —s2)  e*1192kyg(—s1 — s2,51) ke(s1 + s2) ke(s2 + s3 + s4)
- 8s4(s3 + s4) - 8s4(s3 + s4) T 2sysa(s3 +s4)  2s1sa(s3 + s4)

eS1T92p,(—sy —s5)  e®2TEB3 %k (—sy — 53 —s4)  kg(s1 + 52 + 53 + 54)

2s154(s3 + s4) 2s154(s3 + s4) 2s254(s3 + s4)
eSttsatastsag, (s — sy — 53— 54) e“lk7(—s1) e“lkr(—s1)
a 2s254(s3 + s4)  dspsy(s2 +s3 +s4)  Asa(sz +s3)(s2 + 53 + s4)
ke(s1 + s2 + s3 + s4) eSttsatastsag, (s — sy — 53— s4) e“lkr(—s1)
 ds3(sz +s3)(s2 + sy +sa) 4s3(s2 + 53)(s2 + s3 + s4)  2sps4(s2 + 53 + 54)
e“lki7(s2,s3,54) eS1T52F53 )7 (g, —sp — 53 — s4,52) e 1T92F3 ¥4k 4(s1, 59, 53)
B 16(s1 + s2 + s3 + s4) - 16(s1 + s2 + s3 + s4) B 16(s1 + s2 + s3 + s4)
eSlkyg(sg, s3, —s1 — sp —s3) e 1T92¥8 kg 4(—s1 — 59 — 53,51, 52)
a 16(s1 + s2 + s3 + s4) B 16(s1 + s2 + s3 + s4)
eS1T52 k15 (s3, —s1 — sg — s3,51)  e*17°2kyg(s3,54, —52 — 53 — 54)
- 16(s1 + s2 + s3 + s4) - 16(s1 + s2 + s3 + s4)

ef1F924 9354 19 (—sp — 53 — s4,52,53) _
16(s1 + s2 + s3 + s4)

0.

ApPPENDIX C. LENGTHY EXPLICIT FORMULAS

In Section 9 we presented the explicit formula for the one and two variable
functions Ki,..., K7 that appear in formula (6) for the term ay € C°°(T3).
Since the expressions associated with the three and four variable functions
Ks, ..., Ko are quite lengthy, they are provided in this appendix.

C.1. The three variable functions Kg, ..., Kig. First we cover the explicit
formulas for the three variable functions Kg, Ko, ..., Kig.

C.1.1. The function Kg. We have

18
Ks(s1,82,83) = ZK&i(Sl; $2,53),
i=1

where

3s1 |, Bsg
S22

4me ((e®1(2e°2 — 1) — 1)s1 + (1 — 1)s3)

53
2 —1)2s152(s1 + s2)

Kg 1(s1,82,53) = —
(e52 — 1)(e®1F52 — 1)2(e
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3s1 4 5sa
4me” 2 2 ((e51(2e°2 — 1) — 1)s1 + (e’1 — 1)s2)
>

Kg,2(s1,52,53) = 55
(€52 —1)(e1752 —1)2(e2 + 1)2s152(s1 + 52)
3s1
2me 2 (sg — 2s3)

Kg 3(s1,s82,83) = — T s
(e®1 — 1)(e§(s2+53) — 1)3s15983
3s1
2me 2 (sg — 2s3)

Kg 4(s1,82,83) = — T )
(e®1 — 1)(e§(32+33) +1)3s15283

37r(s% — s3s1 — s% + 2s§ + s2s3)

Kg 5(s1,52,83) = —

’

T
(ez(1H=2H93) _1yag, (s 4 s9)s3(s + s3)

3#(3% — 8351 — s% + 23% + s283)

Kg6(s1,52,83) = —3 ;
(e2(o1F52753) 4 1yagy (51 4 s2)s3(s2 + s3)

351
4me 2 (2(e®2(s3 — 3) — s3 + 2)s3 + s2(—2s3 + €°2(2s3 — 1) — 1))

Kg 7(s1,52,83) =

)

1
(51 —1)(es2 — 1)(e22F93) _1)s1 5585 (s2 + 53)

4me 2 (2(e®2(s3 — 3) — s3 + 2)s3 + sa(—2s3 +e°2(2s3 — 1) — 1))

Kg,8(s1,52,53) = T ,
(e —1)(e®2 — 1)(e2°2F93) 4 1)s15585(s + 53)

351
me 2 ((e%2 +3)s3 4+ (~7s3 + €2 (1553 +4) — 4)s2 + 2s3(—5s3 + e°2(Ts3 — 4) + 4))

(€1 — 1)(e®2 — 1)(e2*298) _ 1)251 5555 (s5 + 53)

Kg,9(s1,52,83) =

Kg,10(s1, 52, 53)

351
_me 2 (—(e®2 +3)sg + (7s3 — e®2(15s3 + 4) + 4)sa — 2s3(—5s3 + €2 (7s3 — 4) + 4))

1
(1 = 1)(e"2 — 1)(eZ27°3) 1 1)25 5555 (s + 53)

3
87re§(sl+32)(es2 (e°1 — 1)sg + 51 (—e%11252 (55 — 2) 4 52 (%1 + 1)(s3 — 1) — s3))

Kg,11(s1,82,83) =

s

53
(e52 — 1)(eS1752 —1)2(e2 — 1)s152(s1 + 52)s3

Sre (1792) (052 (e51 — 1)s + 51 (—e"1+2%2 (55 — 2) 4 €52 (%1 + 1)(s3 — 1) — s3))

Kg 12(s1,82,83) =

s

(€72 — 1)(e*1+52 — 1)2(3 + 1)s1sa(s1 + 52)53
Ksg,13(s1, 52, 83)(e"1 — 1)(e"1 152 — 1)(6%(51+52+53) —1)%s152(s1 + s2)53(s2 + 53)(51 + 52 + 53)
= 7(((e51 ("2 (7 — 5e1) + 9) — 11)sy — 4e"1 (%2 — 1)s3)s5 + ((e*1 ("2 (11 — 5e°1) 4+ 9) — 15)s3

+2(3(e"1 — 1)(e"1752 — 1) — 2(e°1 (22 — 3) + 1)s3)s2 — 8e“1 ("2 — 1)s3)s3
+ ((e51(e%2 (561 + 1) — 9) + 3)s5 — 4(e°1 (€2 (4e°1 — 3) — 3) + 2)s352
+ s3((e1(25 — 7e°2(3e°1 — 1)) — 11)s3 — 6(e*1 — 1)(e"1 72 — 1))sy — 41 ("2 — 1)s3)s7
+ s2(s2 + 53)(Ts3 — 1lsgsg — 65g — 18s5 + 1253 + €251152 (553 — 3(7s3 + 2)s2 + 253(6 — 13s3))
+e1(=3(e°2 + 3)s3 + (1353 + €°2 (1953 + 6) + 6)s2 + 2(e°2 + 1)s3(11s3 — 6)))),

Kg 14(s1, 52, 53)

Kg93 (s1,82,3)

(51 — 1)(es1+52 — 1)(eZ(1H52458) | 1)85, 5 (51 + s2)55(52 + 53) (51 + 52 + 53)
Ks,15(s1, 52, 53)(e®! — 1)(e71F°2 = 1)2(e3(1752458) _ 1) 55 (s + s3)s5(s2 + 53)(s1 + 52 + 53)
= am(—2(e51F52 — 1)(e%1 (%2 — 1)s3 — (%1 — 1)s9)ss + (4(e’1 — 1)(e°1752 — 1)s2
b ((—8e®l 4 4e1192 _ 6e2(s1452) | 8e29152 | 9)gn 4 41 4 geS1F52 4 o2(51+82) _ gp2s1+s2
— 5)sp — 2e°1 (€2 — 1)53(2(e51+52 —1)s3 — 3e1te2 4 2))5? + (2(e®1 — 1)(681+82 — 1)33
— 2(551+52 —1)((—5e°L + eS1ts2 4 ge2s1+s2 4 2)s3 +e’l — e2s1ts2 _ 2)5§
— s3(2(5e°1 — eS1F92 4 9e2(s1+52) _ 7251452 +2¢e351+252 1)s3 — 6e°1 + 10e°1F52
—11e201F92) 4 10e251F52 _ 9391252 _ 1)) 90%1 (52 — 1)s2((e®1752 — 1)s3

—3ef1te2 4 2))s1 — sa(sa + s3)(2s3((2e°1 — 1)53(e51+32 - 1)2 — 5e°1 — 61192 4 g2(51+52)
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+11e251H92 _ 763514252 4 3y 4 5, (2(2e51 — 1)s3(e51152 — 1)2 4 2651 4 251152 4 2(51ts2)
_ 26231 +so _ 26331 +2s2 _ 1))),
Kg 16(s1,52,53)
Kgis (s1,52,53)

- L(si+so+s ’
(es1 —1)(estHoz — 1)2(e2 U1T9298) 4 1)5)65(s1 + s2)s3(s2 + s3)(s1 + s2 + 53)

Kg 17(s1, 52, 53)2(e’1 — 1)(e"11°2 — 1)2(6%(51+52+53) —1)%s1s2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
= —m(((—29 + 23e°1 + 38651192 _ 2(51+92) _ 340251452 4 33514282,

4461 (=1 4 €%2) (=5 + 7e®1192)55)s3 4 (=49 + 311 4 621152 — 5c2(51+92) _ 5pe291+52
+ 1135125252 | o(2(—5 4 17e®1 — 9e°1F52 | 20e2(51+52) _ 950251+ 52 | 9o351+252)
—15e%1 — 30e°1752 4 112(51F52) | 9ge281+s2 _ 73514252 4 195,
+8e%1 (=1 + e%2)s3((—=5 + 7e“1F92) 55 — 2651752 1 2))6? 4 ((—11 — 7e®1 4 101 F52
—7e2(e1te2) | oge2sitea 4 3391425253 4 y(a(—1 4 €31752)2 4 (<10 + 19e°1 4 95152
—e2(51H52) 41251+ 4 9485129250162 4 gg(2(—11 — €1 4 30e°1F52 — 192(51F52)
—6e2°1F52 4 7351252y 4 (_99 4 103e°1 + 651752 4 312(51F52) _ 19420152
+83e351F292)55) 55 4 461 (=1 + €°2)s3((—5 + Te 1 T52) 55 — 41752 4 4))s,
+ s2(s2 + s3)((9 — 15”1 — 146511752 _ 32(51+92) | yge2o1ts2 4 55351+2S2)53
4+ ((—29 + 43¢°1 + 66e°1 152 — 532(51F52) _ 17029152 | 83351129254 | 3051 4 2851152
—6e2(51F52) _ 4425152 4 1463911252 _ 99)5, 4 255((—19 + 29€°1 + 40152 _ 95.2(51+52)
— 64e2°1152 | 39.391F292 )5, _ 38051 _ 68e®1192 4 38e2(51152) | gy 201t o2
— 46e3°17252 4 30))),

Ks,18(s1, 52, 53)

—Kgi7 (s1,52,53)

2(e1 — 1)(es1F52 — 1)2(6%(31+32+53) +1)2s1s2(s1 + s2)s3(s2 + s3)(s1 + s2 + 53)'
Therefore, we can write the function Kg as a quotient
Kémm(sl 59 83)

Kg(s1,82,83) = —g0————=,
Kg(s1, 82, 53)
where
(73) K& (s1,52,53) = (€7 — 1)(e™ — 1)(e™F72 = 1)(e* —1)*(e2 72 — 1)?

x (e171°2798 — 1)%s155(51 + 52)s3(52 + 83) (51 + 52 + 83)

and K§"™(s1,s2,53) is a polynomial in s1, s2, s3, es1/2 e52/2 and e%3/2,
The points (i, j,m) and (n,p,q) such that s}s)sire™s1/2ePs2/2¢4%3/2 appears
in K§"™(s1, sz, s3) are plotted in Figure 14 and Figure 15.

C.1.2. The function Kg. We have

18
Ko(s1,52,83) = Y Koi(s1,52,53),
i=1

where

3
8re2 (F1F92) (92 (5) — s + %1 (sy + ) — 281)
Kg,1(s1,82,83) = — 55 ,
(e52 — 1)(e®1752 —1)2(e2 — 1)2s182(s1 + s2)
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FIGURE 14. The points (i, 7, m) such that
s} s} s ens1/2 ¢Ps2/2 ¢453/2 appears in the
expressions for Kg"™, Kg'™, ... K{g™.

FIGURE 15. The points (n, p, q) such that
st sé s ens1/2 eps2/2 ¢453/2 appears in the

expressions for Kg"™ and K7™,

3
8me (1H92) (092 (51 — 55 + %1 (51 + 52)) — 251)

Kg 2(s1,82,83) = 53 )
(e52 —1)(e"1752 — 1)2(e2 + 1)2s152(s1 + s2)

351
4me 2 (sg — 2s3)

Kg 3(s1,52,83) = — T ) s
(e®1 — 1)(65(52+53 —1)3s1s953
351
4me 2 (sg — 2s3)

Kg 4(s1,82,83) = — T )
(e51 — 1)(e2(52153) 4 1)35, 5583
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3
167re§(31+32)(eS2 (s1 — s + €1 (s1 + s2)) — 2s1)(s3 — 1)
Ko 5(s1,52,83) = — 53 ,
(e52 —1)(e1752 — 1)2(e2 — 1)s152(s1 + 52)s3

3
167re§(51+52)(e‘92 (s1 — s2 + e‘91 (s1 + s2)) — 2s1)(s3 — 1)

Kg,6(s1,52,83) = —
(e52 —1)(es1+52 —1)2(e El + 1)s1s2(s1 + s2)s3
6m(s3 — sgs1 — (s2 — 2s3)(s2 + 53))
Kg 7(s1,82,83) = — T footen) ,
(e22°17°27°8) _ 1)4s) (51 + s2)s3(s2 + s3)

Ko 5 (51,52, 53) — 6m(s3 — sgs1 — (s2 — 253)(s2 + 53))
f 2525 = 1 s
(e2(1F92498) 4 )45, (51 + s2)s5(s2 + 53)

3s1
8me 2 (25% + (2(e®2 + 1)s3 + €2 — 3)sy +2(e®2(s3 — 2) + 1)s3)
Kg,9(s1,82,53) = T ,
(e®1 — 1)(e®2 — 1)(e7(52+53) — 1)s1s2s3(s2 + s3)

3s
8me 2 (232 + (2(€°2 + 1)s3 + e®2 — 3)sg + 2(e®2(s3 — 2) + 1)33)

Kg,10(s1,82,83) =
(€51 — 1)(e%2 — 1)(e 22798 | 1)515555(s5 + 53)

2me 2 (7 — 3632)82 + (s3 + €°2(7s3 +4) — 4)s2 + 2s3(—3s3 + €2 (5sz — 4) + 4))

Kog,11(s1,52,53) =
(€51 — 1)(e%2 — 1)(e2*2798) _ 1)251 55 55(s5 + 53)
351
2me 2 ((3e°2 — 7)5% — (s3 +€°2(Tsg +4) — 4)sg — 2s3(—3s3 + e°2 (553 — 4) +4))

1
(51 —1)(es2 — 1)(eZ2F93) 4 1)26 5505 (s2 + 53)

Kg,12(s1,52,83) =

Ko,13(s1,52,53) (e’ —1)(e"17°2 — 1)(6%(51+S2+53) —1)%s182(s1 + s2)s3(52 + 53)(51 + 52 + 53)
= —2m(((—9e1 — 7e51F92 4 5e251F92 4 1)y 4 4651 (%2 — 1)s53)s5
4 ((—5e1 — 7152 4 25152 4 1162 9(3(eS1 — 1)(e1T52 — 1)
+2e°1(—3e°2 + eS1te2 4 2)s3)sa + 8”1 (e°2 — l)sg)sf + ((17e°t + 7eS1Fo2 _q3e2o1te2 11)53
+ 4(e’! + eS1ts2 _ 2)5353 + s3(6(e’l — 1)(5514—S2 — 1) + (=171 + eS1Fs2 | 13.251+s2
+ 3)s3)s2 + 4’1 (e°2 — 1)5%)51 — so2(s2 + s3)((—13e°1 — 7e1F52 4 ge2s1ts2 4 11)53
+ ((5e®1 + 111752 _ 13251752 _ 3)55 — 6(e®1 — 1)(e°1752 — 1))s,
— 253((—9e°1 — 951192 4 11251792 4 7)55 — 6(e"1 — 1)(e®1752 — 1)))),
K15 (s1, 52, 53)

Kg,14(s1,52,583) = 1 ,
(€51 — 1)(eS1F52 — 1)(e2C1H52493) | 1335, 55 (sq + s2)s3(s2 + 53)(s1 + 52 + 53)

Ko,15(s1, 52, 83)(” — 1)(e”17°2 — 1)2(5%(51+52+53) — Dsisa(s1 + s2)s3(s2 + s3)(s1 + s2 +53)
= 8m(2((1 — 251192 291Fs2y, 29192 (g 4 052)55)6% 4 (—2(—1 — 251 4 2e°1752

4 eHo2) 2 (2051 (Lo 5152 | 30514292 ) 51 9c81 | geS1H52 | (2(51+52) | go2o1+s2
+ 5)sg — 21 (—1 4+ e°2)s3 (2651+S2 s3 — 2e°1Fs2 4 1))5? —(2(1 — 4€°t — 2e°1F52 4 5e2sl+s2)sg
+2(e®1(3 — 451152 1 2(51F52)y | (9 651 — 451152 | o2(51452) 4 5251 +s2
+ 25351+2S2)53)s§ + s3((2 — 4e”1 — 4651192 4 g 2(51F52) _ gp2s1ts2 46351+2S2)53 + 4e°1
+12e51F52 _ ge2(s1ts2) _ 4 201452 +2e351F252 _ 5)so + 2e°1(—1 + eSQ)sg(e51+32 s3
— 2182 4 1))s1 — sa(s2 + s3)((2 — 4e®1 — 4e1F52 4 6e251+52)sg + ((2 — 4e®1 — 4e°1F52
Z2e2(51452) 4 g 291 bn 4 g 891200y 4 geS1 4 geS1tea | (2(s1sa) | o 2s1 s
+ 2¢e351+282 _ 5)sg + 283(6281+S2(—1 —e®2 4+ 2681+82)S3 — 2¢°1 — 351192 4 g 2(s1+s2)
4 ee2o1ter _geBs1292 4 qy))

Kg'is (s1, 52, 53)

Kog,16(s1,52,53) = T ,
(1 — 1)(e"1+52 — 1)2(eZ1To2H98) | 1)gi 05 (51 + s2)s3(s2 + 53) (51 + 52 + 53)

1
Ko 17(s1,82,83)(e™] — 1)(e*1752 — 1)2(e201792758) _ 1324155 (51 4 s)s3(s2 + 53)(s1 + 52 + 53)

= —7m(((—29 + 151 + 4651152 _ 9e2(s1+52) _ 9ge251+52 4 3.3514252),
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+ 4e°1 (=1 4 €®2) (=3 + 5e°1792)54)s3 — ((29 4 13e°1 — 4651152 4 9e2(51+52) _ 14251 +52
+ 96381+282)S§ +2(2e°1 (=2 + 9e°2 + 5es1ts2 4 3e2(s1+s2) _ 15e51+252)53 + 15e°1 4 30e°1F52
—11e201H52) _ 992512 4 73514292 _ 19y, 8651 (=1 4 52)s5((—3 + 5e°1T52) 55
—2e°11°2 4 2))s2 4 (20 — 71e®1 — 46e°1F92 4 92(51F52) 4 106251152 _ 9735142523
+ 4(4e®1 (=1 + 1752)2 4 (10 — 15e°1 — 17651192 4 502(51+92) | 1ge2o1+92 4 43514292 4y,2
+ 53((11 + 231 — 34e°1752 4 312(51+52) _ 74.291+52 | 4335142925, 4 14651 4 9251152
— 54e2(51+52) _ 44025152 4 3063517252 _ 38)5, 4 41 (—1 4 €52)s3((—3 + 5e®1H52) 55
— 4e°1752 4 4))s) — so(sa + s3)((—29 + 43e°1 + 46e°1T52 — 92(51+52) _ gge2o1+52
+15e351H252)52 4 (211 4 18e%1 — 2651152 4 29e2(51+92) | 14251492 _ 433911252
— 46e°1 — 60e°1752 4 222(51F52) 4 76251152 _ 3063511292 4 38)5, — 255((—9 + 1551
+ 24651152 _ 1962(51+52) _ 40251152 4 99e351+252) 5, 3051 — 5251192 4 30e2(s1152)
+68e2°1152 _ 383511252 | 99y)),

Ko 18(s1,s2,53)

—Kg3% (s1,82,53)

L(si+so+s ’
(o1 —1)(estHez —1)2(e2 (P1Fo2F93) 4 1)20 6y (51 + s3)s3(s2 + s3)(s1 + s2 + 53)

By putting together the above expressions, we have
Kg"™ (s1, 52, 53)

Ko(s1, 52, 83) = —2————=
Kgen(s1, 52, 53)

where

K§°(s1, 82, 83) = K" (s1, 52, 83),
which is given by (73), and K§"™ is a polynomial in s1, s2, 3, es1/2 ¢52/2 p53/2,
The points (i,7,m) and (n,p, q) such that s}s}sy'e51/2eP52/2¢4%/2 appears in
K§"™(s1, s2, s3) are plotted in Figure 14 and Figure 16.

C.1.3. The functions K19, K11, K16. We have

16
Kio(s1, 52,83) = E Ki0,i(s1, 52, 83),
i=1
where
K10,1(s1, 82, 53)

3
16me2 (S1752) (L (514252 (052 (€51 4 1) — 3) + 1)s1 — €52 (e51 — 1)(e52 + e51+252 _ 2)5,)

’

o~
(€72 = 1)2(em1H92 — 1)3(e T — 1)sysa(s1 + 52)

Ki0,2(s1, 52, 83)

3
1ome2 (F1T92) (L (511252 (52 (61 4 1) — 8) 4 1)s; — "2 (e"1 — 1)(e"2 4 511252 _ 2)s,)

(€2 = 1)2(e"192 — 1)3(e 2 + 1)s1sa(s1 + s2)
3¢

s
4me 2 (2s2 — s3)

K10,3(s1,52,83) = — T ,
(e’1 — 1)(€§(S2+53) — 1)3s15983
3s1
2

4me (252 — s3)

T )

(e51 — 1)(e2®2798) 4 1)35 5555

67.-(75% + (s2 + 2s3)s1 + (252 — s3)(s2 + s3))
T |

Ki0,4(s1,52,83) = —

Ki0,5(s1,82,83) =
s1(s1 + s2)s3(s2 + s3)
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Ko

Kio

Kio

Kio

6(s1,52,83) =

7(s1,82,83) =

8(s1,82,83) =

ALAIN CONNES AND FARZAD FATHIZADEH

FIGURE 16. The points (n,p, q) such that
st 3 8T e"1/2 ¢ps2/2 ¢453/2 appears in the
expression for Kg"™.

67 (s — (s2 + 2s3)s1 — (252 — s3)(s2 + 53))
(e%(31+52+53) +1)4

s

s1(s1 + s2)s3(s2 + s3)
3s
27e = ((10 — 6e2)s3 + (7s3 + e°2 (53 + 8) — 8)sg + s3(—3s3 + €2 (7s3 — 4) + 4))

(€91 — 1)(e%2 — 1)(e2("2798) _ 1)21 55455 + s3)

351
2me 2 (2(3e%2 — 5)s2 — (7s3 + €°2(s3 + 8) — 8)s2 — s3(—3s3 + €2 (7s3 — 4) + 4))

(€51 — 1)(e%2 — 1)(e2°2F°8) 4 1)25 5355 (s + 53)

9(s1,82,83)

3s

1
_ 8we 2 ((4e%2 —2)s242((2e52 4252 —1)s3-3e52 4252 42)sp+53(2e252 534452 —3e252 —1))

Ko

Kio,

’

T
(51 —1)(e52 —1)2(eZ (52753) _1)¢  cheg(sntss)

10(s1, 52, 53)

351
8me 2 ((4e52 —2)s34+2((2e52 4292 —1)s3-3e52 4252 42)s5+53(2e252 5534452 —3¢252 —1))

s

1
(51 -1)(e52 ~1)2(e 272H98) L 1)0) o g (spteg)

1
11(51, 52, 83)(e® — 1)(e®1F52 — 1)(e2(*1792793) _ 1335155 (51 + s2)s3(52 + 53) (51 + 52 + s3)

= —2m(((—7e®l —9e51F92 4 5e291F92 | 11)55 4 2651 (52 — 1)53)s5 + (—4(2e°1 4 1)(e51752 — 1)s2

+ (9T +11e51F52 _ 136291792 _ 7y55 (el — 1)(e°1F52 — 1))sg + 4e°1 (52 — 1)53)s7

+ ((37e"1 4191752 _ 316251752 _ 95)63 4 (6(e®1 — 1)(e"1 12 — 1) + (46€°1 4 261152

— 366291152 _ 36)53)s% — s3((—7el —9e°1F92 1 5e291H92 L 11)55 — 12(e%1 — 1)(e°17°2 — 1))y
4 2e"1(e52 — 1)s3)s1 — sa(sa 4 s3)(2(—11e"1 — 7e 1752 4 9291752 4 952 4 ((—13e"1 — 3e"1T52
+ 56251752 4 11)55 — 12(e®1 — 1)(e1 192 — 1))sy — s5((—9e°1 — 1151752 4 13¢21F52 | 7)44

—6(e°1 —1)(e17°2 —1)))),

Ki0,12(s1, 52, 53)

K10 (s1, 52, 83)

< ,
(es1 —1)(estHoz —1)(e2 F1T9273) 4 1)35)65(s1 + s2)s3(s2 + s3)(s1 + s2 + 53)
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1
K10,13(s1, 52, 53) (51 — 1)(e"1+52 — 1)2(e2 (51722793) L 1)25 5, (51 4 53)s3(s2 + s3)(s1 + s2 + 53)
= 7(((—29 + 9¢°1 + 52¢°1752 _ 15.2(51+92) _ g0 291 +52 + 3ed1+2e2 )s2
4 2e%1 (=1 4 €%2) (=3 + 7 1792)54)s3 — (4(1 4 2e°1)(5 — 8e°1F2 4 ge2(s1+92)),2
+ (=9 + 311 + 38511752 — 4502(51F52) _ 400251F52 | 97.351+292) 50 | 99651 | 6ges1152
— 30e2(51152) _ 36251192 4 14351252 _ 38)5, — 4e%1 (=1 + €°2)s3((—3 + 751 T52) 54
—2e°112 4 2))s% 4 (47 — 10751 — 92e°1752 4 212(51F52) | 1gge251F52 _ predo1+2o2y,3
— 2((—38 + 69e°1 + 7751192 _ 19e2(51F92) _ 111251F52 | 993512525, _ 97651 _ 1851152
4 7e2(51+92) | 50e251F92 _ 933511252 4 171)52 4 55(60(—1 4 €1)(—1 4 e°11°2)2 1 (29 — 25¢°1
— 68e°1192 4 312(51F52) 4 90251152 | 1363511252 )55)5) 4 2e°1 (=1 + €°2)s3((—3
+7eM1T92) 55 4192 4 4))s; — sp(s2 + 53)(2(—19 + 2071 4 361 T2 9251 +a2)
—52e2°1F92 | 15351429252 | (229 4+ 43e%1 4 501152 4 11£2(51F52) _ gge2o1Fs2
— 13351125255 76651 — 104651152 4 44e2(51F52) | 136251152 _ 603511252 | 60)s,
— 55((=9 + 15e°1 4 22e°1152 _ 99e2(s1+52) _ yoe251+92 4 433514292 )50 3051 _ gpe®1 o2
4 38e2(51H92) | 7ge291H52 | 45891292 4 ooyy)
Ki0,14(81, 82, 53)

— K153 (s1, 52, 53)

s

(e51 —1)(es1F52 — 1)2(6%(31+S2+33) —1)Zs1s2(s1 + s2)s3(s2 + s3)(s1 + 52 + 53)

K10,15(s1, 52, 53) ("1 — 1)(e"1 52 — 1)3(6%(51+S2+33) — 1)s1s2(s1 + s2)s3(s2 + s3)(s1 + 52 + s3)
=8m(2((—1+ 3e°1F52 _ ge2(s1+s2) 4 e351+232)32 - e351+252(—1 + 632)33)5‘;’

— (201 4 2e°1)(1 — 3e°1F52 1 22(51+92)) 2 | (9051 (2 — ge°1F92 4 9c2(s1+92) _ os1+252

43621302y | oS | 1465152 | 1162(51+52) | 903(s1+82) | 4 2014s2 4 g.3s14202 _ gy,

+el(—1+ 532)53(462(51+S2)53 + 46152 _ 3e2(s1+s2) 1))5% —(2(—1 + 4e°1 + 3eS1ts2

_ pe2(s1+s2) _ 1g.2s1Fs2 4 11351 FT2o2)53 4 (2(—2 + 61 4 6eS1F2 — 10e2(s1+52) | 3(s1+s2)

18620192 | 15 81202 4 o 4914802y 991 | 45192 | 3 2(s1Hs2) | gg 201 ten

—19e351+252 | 4od914892 | 1y)62 | 045 ((3 — 4e%1 — 41792 | 20281521 4 ef192)2

F (14 2e%1 4365192 | 5o2(s1492) 4 0. 8(s1452) | g 291452 | 3.8514292 | g de1 8y

+ el (=14 esz)s§(262(31+52)33 +4deS1Fs2 3e2(s1ts2) _ 1))s1 — so(s2 + s3)(2(—1 + 2e°1

4365152 | 4o2(51452) | 629152 | 6391292 2 | (1 4 2e51 4 3651752 _ 5e2(s1+52)

_ B(o1H92) | g2012 | o301 202 4 oode1Beay | 5es1 | ges1H02 | 7o2(s1Fs2) | 3(s1+e2)

414629192 | 1108914252 | o ds14890 | gy o 40,2051 492) Ly L go1tea | o 2s1teay

4261 4367152 | 72(s1492) | 5 3(s1+92) | g 2o1ten | 14.891+202 | gods1 4By _q)))

K10,16(s1, 52, 53)
K755 (51,52, 53)

= . .
(o1 —1)(estHe2 —1)3(e2 (F1722793) 4 1)5 55 (a1 + s2)s3(s2 + s3)(s1 + s2 + 53)

In fact, by putting together the above expressions, we can write
K13™ (51, 82, 53

Kio(s1, 52,83) = %a
K{§"(s1, 52, 3)

where
R (1,80, 85) = (¢ = 1)(e" = D2+ = 1P (e = 1)(e= 1 — 1)

x (e1F528s _ 1)dg 59(s1 + 52)s3(50 + 53) (51 + 52 + 53)
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and Kjg™ is a polynomial in 51,82, 83,€51/2 ¢52/2 ¢%3/2 The points (i,4,m)
and (n, p, q) such that s} s}s7 es1/2ePs2/2¢453/2 appears in K¥™ (51, 59, 53) are
plotted in Figure 14 and Figure 17.

q 4 i iy
. *1{1*'13-‘-‘}3'
RIARTIRELER
ﬂl‘t: Qt AI i

- Ll
‘-H(““M-. .
5 .

FIGURE 17. The points (n,p, q) such that

st 83 ST en51/2 ePs2/2 0453/2 appears in the

expression for Kij™.

The functions K71 and K are scalar multiples of Kig:
1
Ki1(s1,52,83) = §K10(81782,53)7

3
Ki6(s1,52,83) = §K10(81782,53)-

C.1.4. The function Ky12. We have
14
Ki2(s1,82,83) = ZK12,¢(81752,33)7
i=1
where

3
8me2 (F1T92) (052 (2651 — 1)s; + 51 — 511292 (s — 55 + "1 (5] + 52)))

Ki12,1(s1,82,83) = 55
(e52 —1)(e1752 —1)3(e2 — 1)s152(s1 + 52)

3
8me2 (F1192) (052 (2651 — 1)s; + 51 — 511292 (51 — 55 + "1 (5] + 52)))

Ki12,2(s1, 82,83) = 55 ,
(e52 — 1)(e1752 — 1)3(e2 + 1)s1s2(s1 + s2)

551
4me 2 (s — s3)

Ki2,3(s1,s2,83) = — 1 ,
(e1 — 1)2(65(S2+S3) — 1)2s15983
551
4me 2 (sg — s3)

K12,4(s1,82,83) =

’

1
(e51 —1)2(e3(52F98) 4 1)24 6554
3#(23% + (s2 — s3)s1 — 5% + sg)

(E%(S1+32+53) _1)4

Ki12,5(s1, 82,83) = — s
s1(s1 + s2)s3(s2 + s3)
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3#(25% + (s2 — s3)s1 — 5% + 5%)

T ,
(e2(=1H52193) 4 1)ag, (51 4 s2)s3(s2 + s3)

Ki2,6(s1,52,83) =

Ki2,7(s1, s2, 53)

3s1
_ 8me 2 (eS1s24(eS1(sg+eS2(s3+1)—1)— (652*1)53)82+S3(632(651(53*1)*33)+651+S3))

(51 -1)2(e52 —1)(e 2 3 (s2+s3) —1)s1s9s53(sa+s3)

Ki2,8(s1, 52, 53)

3s
_ 8me = (€51 534 (e51 (s3+e52 (s3+1)—1)— (652*1)53)82+S3(632(651(53*1)*33)+651+S3))

("1 -1)2(e%2 ~1)(e 2 (%2798 1 1)4 w5 (sptsg)

K12,0(s1,52,53) (el — 1)(e"1 752 — 1)(5%(31+32+33) — 1)®s152(s1 + 52)s3(s2 + 53)(s1 + s2 + 53)
= m(=2((=7et — 751192 4 56251192 4 gy5, 4 2651 (€52 — 1)s3)s5 4 ((13e°1 + 19e°17752
—7e2s1te2 _ 25)53 + (12(e®1 — 1)(e51+52 — 1) + (11e°1 — 7eS1Ho2 4 3291+ _ 7)s3)s2
—8e1(e®2 — 1)52)s7 + 2(2(4eT — 1)(e"1 792 — 1)s3 4 (3(e"1 — 1)(e1752 — 1) 4 (—6e°1
—ge’1ts2 4 ge2s1te2 4 4)53)5% — s3(3(e’l — 1)(631+32 — 1) + (—4e’1 + 6e1ts2 _ 2)s3)s2
—2e°1(e®2 — 1)53)31 + sa(s2 + s3)((—15e°1 — 9e1F%2 4 13¢281+52 4 ll)sg —2(e®1 —1)(2s3
+3eS1te2 _ 3)so — s3((—11le’l — 9e1F52 4 13e281F52 4 T)s3 — 6(e’1 — 1)(e51+52 —1)))),
Ki2,10(s1, 52, 53)

K155 (s1,82,83)

(eS1 —1)(eS1Fs2 — 1)(6%(51+52+53) + 1)3s182(s1 + s2)s3(s2 + s3)(s1 + 52 + 53)’
K12,11(s1,s2,3)2(e”t — 1)%(e"11°2 — 1)2(6%(31+52+53) —1)%sys9(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
= m(2((—19 + 281 — 5e2°1 4 36e°1 752 — 9e2(51152) _ 56.251+52 | 19.351+92 4 193014202
+ e431+232)52 —2e°1 (=14 e%2)(1 — 3e°1 — se1te2 4 7e251+52)33)s? + ((—47 + 34€°1 + 37e2°1
0265152 _ 9102(51+52) | g 291452 | 5oc351+52 4 6351252 | ggode2s2y,2
+(A(=1 + €°1)(=15 + 11e°1 4 26e°1 152 — 112(51+52) _ 1ge251+s2 4 73514252y 4 (g _ 101
+11e2°1 4 851152 | pre2(s1+92) | geB51F52 _ 1026351252 § 374911292 5,y5,
—8e 1 (=14 e°2)s3((1 — 31 — 551152 4 7e251F92) 50 _ o(_1 4 &%1)(—1 4 &1752)))52
+2(2(5 — 25e°1 4 26e2°1 — 8e 1192 3 2(51+92) 4 402152 _ yucB351F52 _ 53014252
+ 18451725253 | (2(10 — 37€°1 + 206251 — 17651752 4 11e2(51F52) | 5e291F52 _ gyePs1ts2
—25e3511252 4 qgeds1 202y, L (L1 4 eS1)(11 4 5651 — 18e51 152 4 7e2(51+52) _ g 251+s2
+9e351F252 )52 _ o (=1 4 e%1)(—19 4 1151 + 50e°1F52 — 3162(51F52) _ g4c251+32
+23e3511292) 4 o(5 4 1151 + 1051152 — 132(51F52) _ 9251 ts2 _ jgedeitee 4 7314252
+ 2e4sl+2s2)53)52 —2e°1(—1+ 652)83((1 —3e°1 —5eS1te2 4 7e2sl+s2)53
—4(=14 ") (=1 4 e 1T52))) 51 4 so(s2 + 53)((29 — 781 + 57e2°1 — 5251152 | 15.2(51+52)
+ 136e251F52 _ 1006351152 _ 42351292 | g5eds14252),2 91 4 eS1)(2(5 — 9eS1 — 7eS1 o2
2e2(51F52) | 1125152 4 9351+292) 50 4 97651 4 3451152 _ 152(51F52) _ 50 201 +52
+ 2363511292 _ 19)5, — 55((9 — 22¢°1 + 21251 — 24e°1192 4 2302(51F52) | gqe251F52
— 56e351F52 _ 5geds1t252 | 43451252 )50 91 4 e51)(—11 + 19€°1 4 26e°1 52
Z15e2(51+52) | 4929182 4 o3.851+252))))
Ki2,12(s1, 82, 53)

—K73711(s1, 52, 53)

s

1
2(es1 — 1)2(e®1F52 — 1)2(eZ 1F92H93) 4 1y24, 65 (o1 4 s2)s5(s2 + s3)(s1 + 52 + 53)

1
Ki2,13(s1, 52, 53)(e"1 — 1)2(e"1+92 — 1)3(e2(1H9293) _1)5) 65 (s + s2)s3(s2 + s3)(s1 + s2 + 53)
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— Am(2((1 — €51 — 251 _ 3¢51H52 | 4 2(51+52) | g 2s1tsn |y 9oBs1tsa | geBs1t2en | ds142s2,,
— e (=14 €e°2)(—1 —e°2 + 2e°1F52 4 (2(s1+s2) _ e51+232)33)s‘;’ —2((—=1 —e®1 + 5e2°1
4 3eS1T52 | 5e2(e1+52) 4 go2s1Hsn | qgpBs1+sn | yoBe1+2n | yds1422) 2 L (051 (Lo 4 7eS1
+6esl+52 + 762(511»32) + 363(31+52) _16e281F52 _ 451282 + 2e351+252 36231+352)83
461 _geflten | g 2(s1en) | Blsitsa) | g3 2s1+s2 | Bsidsa | jg3s1+2s2 4 ds1+Bsa
+ 551 +3s2 +3)s0 + 251 (—1+ 652)53(2(_1 — 52 4 251 +s9 + E2(31 +s2) _ 631+252)S3 _ 9e82
+4e®1F52 _32(51F52) | 9514252 _ 1)) 52 _ (9(1 — 5e®1 4 7251 — 3651152 4 902(s1+52)
+15e291+92 _ 18e391F92 _ 108514252 4 q104514292) 8 | (92 — 8e®1 4 13e2°1 — 102
1 3e2(s1e2) _ B(s1ts2) | g 2s1hsn _ go Bsitea g 3514282 | g5 ds1+2sn  ds143s2
+ 26551+352)S3 + 651 — 11251 _ geS1t+52 +3€2(31 +s2) _ 12251 F52 + 2835182 + 103511252
—opets1t2o2 _ yods1tBs2 | goB5s1H352 4 1)62 | oo (2(1 — 8e%1 4 7251 — 3152 _ 9p3(s1+52)
J 025152 | 1geBs1s y 9pB391250 4 g 4s1252 | 905914852 ) 0 | 14051 _ 7251 | 145152
_ 1962(31 +s9) + 1063(31 +s2) _ 3425152 + 1435152 + 38e351 252 _ 136431 +2s2 _ g 4s1+3s2
+ 6ed51 352 _ 5)so + 2¢2°1 (-1 + 532)5§((71 — %2 425152 4 (2(s1F52) esl+232)53 — 2e°2
+4e°1192 _ 3e2(51+92) 4 90514252 _ 1))5) 55 (s + 53)(2(1 — 3e°1 + 36291 — 391152
+ 352(51 +s9) + ge251ts2 _ gg3s1ts2 _ g 3514282 + 66481 +232)5§ + (201 — 3e51 4 46251
_geS1tez | 32051 Hs2) | Bls1tsn) | gp21Hse 08512 | g Bs1H2s2 | g 4514250
— 3et1H352 4 9551352y 50 4 14651 116201 4 14e°1 192 _ 112(51F52) 4 9 3(s1t52)
_ 386231 +so + 306351 +s9 n 306331 +2s9 _ 256431 +2s9 _ 66481 +3s9 + 66581 +3s9 _ 5)so
T osg(2e3°1 (1 — 2651792 4 9cB(s1H52) | 51425 4 (914352 _ 30291352 ) 00 951 4 30291
_ geS1ts2 + 762(31 +s2) _ 463(51 +s9) + 10251152 _ 9.351+82 _ 1ge3s1+2s2 + 17451 +2s2
410401852 | g 5s1 482 4 gy

K12,14(s1, 52, 83)

K133 (s1, 52, 53)

. .
(51 —1)2(es1Hs2 —1)3(e2P1T92793) 4 1)g) 65 (sy + s2)s3(s2 + s3)(s1 + s2 + s3)
Using the above expressions, we have

K]I_];m(slv 52, 53)

Hrzlor, 02, 55) = K{§™(s1,52,83)
? )

where
(74)
K8 (51, 80, 83) = (€51 — 1)2(e%2 — 1)(e1F52 — 1)3(e*2 — 1)(e%272 — 1)?
x (es1152Fs3 _ 1)4s155(s1 4 52)53(52 4 53) (51 + 52 + 53)
and K7™ is a polynomial in si, sa, s3,e%1/2 %2/2 ¢%3/2 The points (i, j, m)
and (n, p, q) such that s} s}s7e51/2eP52/2¢453/2 appears in K™ (sy, 59, s3) are
plotted in Figure 14 and Figure 18.

C.1.5. The function Ky3. We have

14
Kis(s1, 82, 83) = ZKBJ(SL 52, 53),

i=1
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FIGURE 18. The points (n,p, q) such that
s} s} s ens1/2 ¢Ps2/2 ¢453/2 appears in the
expressions for K73™ and K}§™.

where

3
16me2 (F152) (514522652 — 1) — 1)s; 4 €2 (51 — 1)s9)

Ki3,1(s1,52,83) = — 55
(e52 —1)(eS1F52 — 1)3(e2 — 1)s1s2(s1 + s2)

3
16me 2 (1F52) (51452 (2e%2 — 1) — 1)s1 + €52 (e°1 — 1)s3)

Ki3,2(s1,52,83) = — 53 )
(e52 — 1)(e1752 — 1)3(e2 4 1)s1s2(s1 + s2)

351
8me 2 (sg — s3)

K13,3(s1,82,83) = —

T >

(e’1 — 1)2(€§(S2+53) —1)2s15983
351

8me 2 (sg — s3)

Ki3,4(s1,52,83) = T )
(e1 — 1)2(57(S2+S3) + 1)2s15983

6#(23% + (s2 — s3)s1 — sg + sg)

(E%(31+32+53) —1)4

Ki3,5(s1,52,83) = — ,
s1(s1 + s2)s3(s2 + s3)
6#(25? + (s2 — s3)s1 — 5% + sg)

(E%(31+32+53) +1)4

Ki3,6(s1,52,83) = s
s1(s1 + s2)s3(s2 + s3)

31 2 s s
16me 2 (s5 + (€°2(2s3 + 1) — 1)sg + s3(—s3 + €%2(2s3 — 1) + 1))

Ki3,7(s1,s2,83) = i
(1 = 1)2(e"2 — 1)(e2 *2798) _ 1)s15053(s2 + 53)

Kis.s(s1,52,53) = 16#&3%(33 +(e®2(2s3 + 1) : 1)sg 4 s3(—s3 + e52(2s3 — 1) + 1)) ’
’ (e51 —1)2(e%2 — 1)(e2(*278) . 1)sys85(ss + s3)
K13,9(s1,s2,53)(e"l — (et o2 - 1)(6%(51+52+53) —1)3s152(s1 + s2)s3(s2 + s3)(s1 + 52 + 53)
= —2m(2((—9e°1 — 9e°1752 L 72919752 | 11)55 4 2e°1 (€52 — 1)s3)s5 + ((—25e°1 — 3151192
+ 19251192 4 37)52 4 ((—19e°1 — 51752 | 5291752 | 15)55 — 12(e1 — 1)(e"1 T2 — 1))sp
+8e1(e%2 — 1)s5)sT + (—4(e1 +2)(e"1752 — 1)s3 4 (=61 — 1)(e"1752 — 1) — 4(e"1 4 517752

— 2)s3)s3 + 253(3(e"T — 1)(e"1 T2 — 1) 4 21 (262 4 €*172 _ 3)53)55 + 41 (%2 — 1)55)s1
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— sa(s2 + s3)((—11e’l — 5e11s2 4 ge2o1+s2 4 7)5% —2(e®l — 1)(2631+S2 s3 + 3eS1ts2 _ 3)sg
— s3((—11e°1 — 9e®1F52 4 13e281F52 4 T)s3 — 6(el — 1)(&31+32 —1)))),
K13,10(81, 52, 83)

K137 (51,52, 53)

(e51 — 1)(es1ts2 — 1)(6%(31+52+53) +1)3s1s2(s1 + s2)s3(s2 + 53)(s1 + s2 + s3) ,
K13,11(s1, s2, s3)(e’1 — 1)%(e"1752 — 1)2(6%(51+S2+33) —1)%s152(s1 + s2)53(s2 + 53)(s1 + 52 + 53)
= —m(2((29 — 52e°1 + 19¢2°1 — 5251752 4 152(51F52) | 9291192 _ 36351152 _ gge351+252

+ 9e451+252)52 +2e°1 (=1 +¢e%2)(3 — 5e°1 — 7e1te2 4 9e251+52)33)s§ + ((107 — 178e°1
+47¢2°1 — 188e°1152 4 57e2(51H52) | 39825152 _ ge351+52 _ 193917292 4 914511252 2
4 ((49 — 110e°1 + 69e2°1 — 48e°1 152 _ 57.2(51+52) | 1602511752 _ 1286351152 | g2e351 1292
+3e51F252) 50— 4(—1 4 e%1)(—19 + 15e°1 + 3451752 — 152(51F52) _ 9ge251+52
+ 113512925, 4 8651 (—1 + e%2)55((3 — 5e®l — 751752 92919250 _ 9(1 4 e51)(—1
+e%1122)))52 _ 2(2(—10 + 111 + 52°1 4 1651152 — ge2(51F92) _ gpe291+52 _ ge3s1+52
+9e351H252 | geds1+252y 3 4 (L1 4 e%1)(—27 + 111 4 5051152 — 23¢2(51+92) _ 18,251 +52
+ 73917252y _ 910 — 17e°1 + 5251 — 951152 _ 5e2(s1+52) | 9525152 _ 13391+ s2
— eBs1t2s2 4 4e4sl+232)53)5§ — s3((—1+e°L)(—11 + 3e°1 + 34¢°1F52 _ 93.2(51+52)
— 18e2°1752 4 153511252 4 9051 (9 4 15651 4 10e°2 4 8511752 4 17e2(51+52) _ 30c251 52
—18e°17F 252 4 7e351+252)53)52 —2e°L(—1+ 632)5§((3 —5e’l —7es1te2 4 96231+S2)53
—4(=14€e°1)(—1+ e81+82)))sl — sa(s2 + s3)((9 — 30e°1 + 29e2°1 — 20e°1152 4 ge2(s1+52)
+ 56251152 _ 52e351F52 _ 10381282 | ypetert2eay 2 o 4 eS1)(2e51F52 (21 — 351
— 3651752 4 725115255 4 19651 4 1851152 _ 7e2(s1+52) _ gge2s1ts2 4 153514252 _ gy,
— 53((9 — 30€°1 4 29251 — 1651192 4 15e2(51F52) | gae251F92 _ gge3°1 52 _ poedo1t2e2
+43e%51F292) 50 _ 9(1 4 e51)(—11 4 19e°1 + 2651152 _ 15e2(51F52) _ yo 251 +52
+ 2367711292y,

K13,12(s1, 52, 83)

— K737 (s1, 52, 53)

’

(1 — 1)2(es1+92 — 1)2(e31H92198) 4 1)25, 00 (51 + s2)s5(s2 + 53) (51 + 52 + 53)
K13,13(s1, 52, 53)(e*1 — 1)% (1152 — 1)3(6%(51+S2+33) — 1)s1s2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)

= 8m(2((2 — 4e°1 4 €251 — 651752 4 ge2(s51F52) | 11251F92 _ g 351482 _ g 8s1t2s2
+ 4e451+252)52 —e281 (=14 e°2)(1 — 3e1te2 4 4e2(s1F52) _ 951292 )sg)s‘;’ +2((4 — 8e°1
F o251 1205152 | 1102051F52) | 9129152 | 335152 | 1gcBe1+2sn | pods1+2sn) 2
F((2 = 4651 436251 _ es1T52 | 5e2(51F52) | 6o3(s1H52) | 70251452 | g 3s1+sa | 53814282
+13ed51H252 _ 045135255 4 9651 _ 36251 4 14651752 _ 112(51+52) 4 9 3(s1+s2)
26625152 4 935152 | 913914252 | qods1+2s0 |y ds1+3sn 4 Be1+3s2 | gy,
—e®l(—1+e°2)s3(2e°1 (1 — 3eS1ts2 + ge2(s1ts2) 2esl+2s2)53 —2e°1 — geS1ts2 + 3e2(s1+s2)
+6e21F52 _ 4eB51F252 4 1))62 | (9(—2 4 4e°1 4 €251 4 6eS1T52 _ g2(s1ts2) g1t
3PS | 53514200 4 9 4519252y 3 4 (9(g | 4eS1 _ 251 4 65152 | g2(s1+52)
— 43G1H52) 5251452 | 535152 | g 3514252 | gds1+2s2 | gods1HBs2 | 9 501 +3sa
L1461 4 o251 | 9ge1ts2 | 19c2(s1e2) 4 3(s1482) | g0.291Fs2 g 8s1den g4 8e142s2
+3et51H 252 | gets1H392 4 9) 2 | 55(2e2°1 (=3 + 5e2 4 262°2 4 9e51 752 _ 12c2(s1+52)

4 2e3(51452) | ges1H2e2 | o515 4 1902514352) 0 | 30251 | geS1H52 _ 19o2(s1+52)
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1 12e3(s1He2) g o2s1dsn  qgp3s1Hse | ggp3s1+280 | godsit2s2 | g ds1+3sy
+2¢P1H8s2 _ 1)sg + 2e°1 (=1 + €2 )sg(esl (1— 3es1Fs2 4 4e2(e1ts2) _ 2631+2S2)S3 — 2e°1
— 4651152 302(51F52) | ge2s1ten _ gp8s1H2s2 1))s1 — s2(s2 + 53)(2e2°L (1 + 52 4 €252
— 3e°1F52 4 ge2(s1te2) 3&31+232)s§ + (46251+S2 (14 e°2 — 3ef1te2 4 e331+232)53 + 4e®1
L 5e251 4 gesiHsz | g 2(sits2) o 2s1ds2 4 g 8s14sn | g Bs1H+2sn | g 4514282
F 2551352 | 1)) 4 osa (26251 (21 4 €52 4 €252 4 35152 _ 3 2(s192) | 9 3(s1+52)
— 3e51F252) 50 _ 451 4 56251 _geS1Fs2 4 3e2(51F52) _ 93(s1+52) | q9.251F52 _ 1g.351+s2
166341292 | 1gets1t2en | gods1tBen | g Bs1+8s2 | qyyy

Ki3,14(51, 82, 53)

K135(s1, 52, 53)

. .
("1 — 1)2(e*1+52 — 1)3(eZ 19213 4 1)51 55 (s1 + s2)s3(s2 + 53)(s1 + 52 + s3)
Using the above expressions, we have

K]I-lé_lm(817 52, 83)

Kia(s,s2,80) = K{$(s1, s2,83)
13 (]

where
Kden _ Kden
13 (81782783) — 12 (81782783)7
which is given by (74), and K™ is a polynomial in s1, s, 53, €51/2, %2/2, ¢53/2,

The points (i, 7,m) and (n, p, q) such that sis)sgems1/2eps2/2453/2 appears in
K™ (sq, 89, s3) are plotted in Figure 14 and Figure 19.

FIGURE 19. The points (n, p, q) such that
st sg s ens1/2 ps2/2 ¢453/2 gappears in the

expression for K{§™.
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C.1.6. The function K14. We have

14
K14(31; 52, 53) = ZKl‘l,i(Slv 52, 83)7

i=1
where

3
gre 2 (91152) (= (52 (e®1 (€52 (e5145)—4)41)—3)s] —e52 (%1 —1)(e®115242)s5)

Ki14,1(s1,82,83) = =3
(€52 —1)(e51752-1)3(e 2 —1)sysq(s1+s92)

3
(s1+s2) 59 (051 (052 (o8 S0 (.S s1+s
e 2 — 2 1 2 1 — — —eS2 1— 1 2
K14,2(51y52:53) __ 8me (—(e®2(e®1 (e®2(e®1 45) 4)+31) 3)s1 —e®2 (e 1)(e «%»2)52)Y

3
(e52-1)(e51F52-1)3(e 2 +1)s155(s1+52)
351
4me 2 (e®1 + 2)(s2 — s3)

K14,3(s1,52,83) = —

T )
(e51 — 1)2(€§(sz+53) —1)2s1s9s3

3s1
4me 2 (e®1 4+ 2)(sg — s3)

K14,4(s1,82,83) = T ,
(es1 —1)2(e2*2798) | 1y25 5005

9#(25% + (s2 — s3)s1 — 5% + sg)

Ki4,5(s1,82,83) = ——7 s
(e2(1H9293) _1yag) (g1 4 s2)s3(s2 + s3)

9#(25% + (s2 — s3)s1 — 5% + 5%)

Ki4,6(s1,82,83) = — ,
(e2(1792493) 4 1)45) (51 + s2)s3(s2 + 53)

1
K1a7(s1,52,53)(e"l — 1)2(e™2 — 1)(e2627°8) _ 1)5,5555(s2 + 53)
3s1
=8me 2 ((e°l + 2)53 + (e +2)(e2 — 1) + (e + 3e%2 + eS1ts2 4 1)s3)sa
+53((3e°2 +e°17°2 — 1)55 — (e°1 +2)(e”2 — 1)),

K117 (s1, 82, 83)

K14,8(s1,82,83) =

’

(€71 — 1)2(e%2 — 1)(eZ (273 1 1)s15555(s + 53)
K14,0(s1,52,53)(e’l —1)(e"1F°2 — 1)(5%(51*’52*’53) —1)%s159(s1 + s52)s3(s2 + 53)(s1 + 52 + 53)
= —m(2((—25e°1 — 2561752 4 196251192 4 3155 4 6e®1 (%2 — 1)s3)s5 + (9(—7e"1 — 9e 1752

+ 5251152 41162 4 ((—49e°1 4 5651152 1 7e291F52 | 37)55 — 36(e%1 — 1)(e1752 — 1))sy

+ 24e°1 (€2 — l)sg)s? — 2(6(2e°1 + 1)(e51+52 - l)sg + (9(e®1 — 1)(681+82 — 1) + (—2€°1

—2e71F92 L 8251752 _ 4)55)62 — 53(9(e”! — 1)(e®1T52 — 1) 4 2(—8e1 4 71152

+2e251Fs2 _ 1)s3)sy — 6e°L (e2 — 1)52)51 — sa(s2 + s3)((—37e°1 — 19e51+s2

+31e251F92 4 95)52 _ 9(eS1 — 1)(9(e1 752 — 1) 4 (4e%1752 4 2)53)59 — 3s5((—11e" — 9e"1 52

+ 136291792 4 7)55 — 6(e®1 — 1)(e°17°2 — 1)))),

K145 (s1,52,53)

Ki14,10(81, 82, 83) =

’

(€1 —1)(e*1 52 1) (2 (1H92798) 1331 01 (o1 ban)og (sp+s3) (1 +o2-+53)
K14,11(s1, 52, s3)2(e®1 — 1)% (1152 1)2(6%(51+32+53) — 1)%s152(s1 + s2)s3(s2 + s53)(s1 + s2 + 53)
= —m(2((77 — 132e°1 + 43e2°1 — 1401752  3962(51192) | 9480251152 _ gge391+52 _ ggeBs1+252
+17ed51H292)5) 4 9651 (—1 4 52)(7 — 131 — 19651192 1 2562917525153 | (3(87 — 130!
+1962°1 — 156e°1 152 4 4562(51F92) | 948251 F92 _ yyeBs1F52 _ qpeds1t2s2  As1t292y,2
— (4(=1 4 1) (=53 + 41e°1 + 94e°1192 _ 412(51F52) _ 7025152 4 993514252
+ (=107 4 210e51 — 127251 4 10451752 4 1712(51752) _ 390251152 | 964351 F52
— 2263511252 | g1es1+292 )s3)s2 + 8e 1 (=1 + e”2)s3((7 — 13e°1 — 19e51 52 4 256251+32)83
—6(—1+ e 1) (=14 51752)))s2 _ 2(6(—5 — €1 + 12e2°1 4 851752 _ 3c2(s1F32) _ gpc3s1+s2

351252 4 gets1+252) 8 4 (1 4 e1)(—65 + 17”1 + 1181152 — 53¢2(51+92) _ 99251 +52
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+5e3511252) 4 9(_10 — 3e51 4 196251 4 51152 4 912(s1F52) | g 21Fs2 _ g5 3s1+s2
—236351H252 | get91+292)50952 _ s (=1 4 e®1)(—41 + 17e°1 4 118651192 — 772(s1+52)
— 70e251152 4 53e351F252) | 95 _ 7¢51 4 306251 4 30651152 — 49e2(s1F52) 4 4 251+52
— 70e3%1 82 | 5yede1t2ea 4 16e481+282)33)32 —2e°1 (=14 esz)sg(('? — 13e°1 — 19¢°1F%2
+25e2°1F92) 55— 19(—1 4 e®1) (=1 4 e"1F92)))s; — s5(sy + s3)((47 — 138e°1 + 11521
—02e°1F92 4 912(51F52) 4 9486251152 _ 904351 F52 _ 623511252 4 g5eto1t202),2
—2(—1+4e°1)(2(5 — 9e°1 — 95112 _ ge2(51+92) | 5291452 | 16351125255 4 65651
+70e51152 _ 29e2(s1+52) _ 118.251F92 | 536351252 _ 41)5, — 553((27 — 82¢°1 + 79251
— 561192 4 53e2(51F52) | 199251F92 _ 1846351192 _ 1583911252 | 199451 +252)
—6(—1 4 e®1)(—11 + 191 + 2651152 _ 15e2(51+52) _ 4 251+52 4 93351+ 252y)y)

— K1 (s1.52,83)

Ki4,12(81,82,583) =

’

2(631*1)2(6514'52*1)2(6%(31+32+53)+1)28182(31+32)83(82+83)(81+82+S3)
Ki14,13(s1, 52, 53) ("t — 1)%(e*1F52 — 1)3(6%(81+52+33) — 1)s1s2(s1 + s2)s3(s2 + s3)(s1 + 52 + s3)
= 4Am(2((5 — 9e°1 + €2°1 — 15e°1752 4 162(51F52) 4 95.251+52 _ 4351+52 _ 9g351+292
+ 9€4sl+252)52 — 251 (—1+e%2)(1 — e°2 — ge51ts2 + 9e2(s1ts2) 5631+232)83)S:13
+2(3(3 — 5e®1 — 2°1 — 9e°1F52 4 gc2(51+52) | 13.251+52 4 9.351F52 _ 143514252
4 2e%51H252)62 4 (L (a4 6651 4 271 4 1251152 _ 14e2(51+92) _ 153(s1s2) _ go2s1+en
+2e351F52 4 173511252 _ ggeds1H252 4 g7eds1 88200 4 99651 _ 621 4 371102
_99e2(s1+s2) 4 5 3(s1+52) _ gr 29152 | 1935182 | 5o 3514252 _ qy ds1+2s2 g ds1+3an
+ ePo1t3e2 13)s9 — €1 (=1 + e°2)s3(2e°1 (1 — €2 — 4e°1F52 4 ge2(s1+52) _ 5e81+282)33
—5e®1 — 10e°1752 4 8e2(51F52) 4 166251152 _ 113514292 | 9))52 _ (6(—1 + €°1 + 3¢2°1
1 3eS1H52 | 9p2(s1+s2) | 25142 _ g Bs1tsa | 51292y 3 4 (9(L2 116251 4 ge1 02
_2(51He2) | g B(s1He2) | yg 25182 ggBsiten 1y 8e1+2sn | 3 ds142s2 | js ds1Bsa
+ 6251135255 99651 _ 9251 _ 5251152 4 412(51F52) _g3(s1+s2) 4 gge2o1te2
+ 20635192 _ 5ge3s1H292 _ qgedsit2sn | goedsidSen g bs143sn 4 10)52 4 421 — 3e°1
1251 | getiten | g 2(s1e2) g 8(s1hen) | g 291ts2 | g Bs1tsa | 1 3514202
Z21eM51H252 | g0 451352 | 6551352 )00 4 14651 _ 251 | 30651152 _ 57e2(51+52)
1 3463(5192) g9 251482 g Bs1den | pg Bs1t2s2 | g ds142s2  goods1dBsg
+10eP51 352 _ T)sg + 2e®1 (=1 + °2 )sg(es1 (1—e2 — ges1ts2 4 9e2(s1+92) _ 5514292 )ss
— 5e%1 — 10e51752 4 ge2(51+92) 4 16251752 _ 11351292 4 9y)5) 50 (59 + 53)(2(1 — 351
156251 _3es1hs2 | 52(s1h52) | 729182 | 108512 | 103514252 | o451 +2s0y 2
F(2(1 — 3¢5 4 4621 _ 35152 4 7201 H52) 4 3(1Hs2) | 3.251+52 | 1 351+52
196351H252 | geds1H252 3451352 | 60591352 )50 4 29651 _ 910291 4 295152
1762051 +52) 4 9. 3(s1+52) _ goo291+52 | gg B51ts2 | 4ec351252 _ yrodsit2sy g ds1+Ban
+10e5°1 352 _ T)s2 + 33(26231 (=14 2€°2 + 2e292 4 451192 _ ge2(s1+52) 4 g 3(s1+52)
Cpes1H2e2 | os1HBsa g 2514852y 0 | 10651 4 136291 _ gef1H52 | 13.2(s1F52) | g B(s1+s2)
§ 34625152 44 3152 | 503014252 | prode1+250 o6 4514352 | gy 5014352 | gy

KiiM5(s1,52,53)

Ki4,14(s1,82,83) = T(s1tsa+ts3) ’
(71 =1)2(e®1F92 -1)3(e 2717278 11y 5q 55 (s1452)s3 (s2+53) (s1+52+53)
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By putting together the above expressions, we have
K™ 51,52,53
Ki4(s1,82,83) = %,
K14 (81) 52, 53)
where
K™ (51, 82, 83) = K{5" (51, 52, 83),
which is given by (74), and K{™ is a polynomial in s1, so, s3,e51/2, e52/2 ¢53/2
The points (i, ,m) and (n, p, q) such that s}s)syles1/2ePs2/2¢4%/2 appears in
the expression of K7™ (s1, s2, s3) are plotted in Figure 14 and Figure 18.

C.1.7. The function Ky5. We have

18

Ki5(s1,52,83) = »_ Ki5.4(51, 52, 83),
i=1
where
4me B G1H92) (052 (51 (2692 4 1) 4 1) — 4)s1 + 3¢°2 (51 — 1)s2)

Ki5,1(s1,52,53) = — 55 )
(e2 — 1)(eS1F52 — 1)2(e 2 — 1)2s159(s1 + s2)

4me?2 (91+g2)((e52 (e°1(2e°2 + 1) + 1) —4)s1 + 3e%2 (el — 1)52)

Ki5,2(s1,82,83) =
(52 — 1)(e*1+52 — 1)2(c” kil +1)2s152(s1 + s2)
3s1
6me 2 (sg — 2s3)
Ki15,3(s1,82,83) = — T s
(e®1 — 1)(e§(32+33) — 1)3s1s9s3
351
6me 2 (sg — 2s3)

Ki5,4(s1,82,83) = — i ,
(e®1 — 1)(e§(32+33) + 1)3s1s0s3

9m(s] — sgs1 — (s2 — 253)(s2 + s3))
(5%(81+52+33) —1)4

Ki5,5(s1,82,83) = —
s1(s1 + s2)s3(s2 + s3)

9m(s3 — s3s1 — (s2 — 2s3)(s2 + s3))

Ki5,6(s1,52,83) =

’

T
(55(31+52+33) +1)%s1(s1 + s2)s3(s2 + s3)

3
4me (452 + ((6e°2 4 2)s3 + €2 — T)sg + 2s3(—s3 + €92 (3s3 — 7) + 4))

(1 — 1)(e%2 — 1)(e22T°8) _ 1)51 5555 (52 + s3)

Ki5,7(s1,82,83) =

3sq
4me 2 (45% + ((6e°2 + 2)s3 + €2 — T)sg + 2s3(—s3 + €°2(3s3 — 7) +4))
Ki5,8(s1, 52, 83) = T ,
(e —1)(e®2 — 1)(e2°2F93) 4 1)s15585(s2 + 53)

re Tt ((17-5e52)s3+(— 553+(332(295‘3+12)—l2)92+253(—115‘3+c32(175‘3—12)+12))

Ki5,9(s1,82,83) = aton)
(65171)(65271)(62 2793/ _1)25)s953(sg+53)
3s1
e 2 ((5e52—17)s§+(553—a32(2953+12)+12)s2—253(—1153+e52(1753—12)+12))
,

Ki5,10(s1, 82,83) = LTssts3)
(e*1-1)(e52 —1)(e2°2 T3] 1 1)25  spa5(sp+s3)

Ki5,11(81,82,83)

3
8mes (F1T92) (g (—eS1H292 (53 — 2) — e2(e"1 + Diss = 1)+ 35 =) - €2 (7L ~ 1)z (253 = ).

(es2 —1)(es1ts2 —1)2(e2 2 — 1)s182(s1 + s2)s3

Ki5,12(s1, 52, 53)

3
gre2 (51192) (o) (Les1+252 (55 — 2) — e52(e51 4 1)(53 — 1) +8sg =) —e?2(e"t — Doa(255 = 3))

(e2 = 1)(e"1F92 —1)2(e ki + 1)s1s2(s1 + s2)s3
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K15,13(s1, 52, 83) ("1 — 1)(e1F°2 — 1)(5%(31+32+53) — 1)%s152(s1 + s2)s3(s2 + 53)(s1 + s2 + 53)

= 7(=3((—9e"1 — 7e51F52 4 5e251F92 4 11)55 4 4651 (%2 — 1)s3)s5 + ((19€°1 4 251152
— 725152 _37)62 1 2(9(e®1 — 1)(e"1 152 — 1) 4 2(7e®1 — 87152 4 26251752 _ 1)55)5,
— 241 (%2 — 1)s3)s7 + ((—43e°1 — 1351792 1 31£291F952 | 95) 58 _ 4(—e1 — 1752
+ 451752 _ 9y5562 — 53(18(e”1 — 1)(e®1752 — 1) 4 (—59e1 — 5651152 4 47291752 | 17)53)s,y
—12e°1 (€2 — l)sg)sl + sa(s2 + s3)((—35€°1 — 171752 4 93e281+52 4 29)53 + ((23¢€°1
+ 411752 _ 47251752 _ q7)55 — 18(e®1 — 1)(e®1752 — 1))sy — 2535((—29e°1 — 29¢°1 52
+ 35251192 4 93)55 — 18(e°1 — 1)(e51 152 — 1)))),

K153 (s1,52,53)

K15,14(51,52,83) =

s

(€91 —1)(e91+92 1) (e 2192498 L1331 05 (o1 4o)sn (s +55) (51 +o2-+o3)
Ki15,15(s1, 52, 53)(e"1 — 1)(e®1 752 — 1)2(6%(51+S2+33) — 1)s1s2(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
= 4m(2((3 — 1 — 51752 4 3e251H92)5) _ o1 (1 4 e%2)(—1 +3e51F92)53)s% 4 (4(2 4 1
— 3175252 4 (24 4651752 — 18e2(51752) 4 19e251F52) 55 4 ge®1 4 225152 _ G2(s1+s2)
— 14251752 _ 15)55 — 2¢%1 (=1 4 €°2)s3((—2 4 6e°1T52)553 — 71752 1 4))s2 — (2(1 — 7e°1
— 3eS1ts2 + 95251+52)sg +2((2 — 751 — 751192 + 362(81+S2) + 3e251+s2 + 65351+232)53
+ 5e°1 — 2e51F52 _ 6&251+S2 + eBs1t2s2 + 2)3% + s3(2(1 + el — 5esl+s2 + 6&2(51+S2)
—9e25152 | 6351125250 4 9651 4 3451152 _ 99 2(51F52) 4 9 21F82 4 9 301F292 gy,
+2e°1 (=14 e52)s§((—1 + 3681+82)S3 —7ef1ts2 4 4))s1 — sa(s2 + s3)(4(1 — 2e°1 — 2e511s2
+3e251152)52 | (9(1 — 2¢°1 — 2e°1F52 _ 32(51F52) | g351252) 54 4 18651 4 18e°1F52
— e2(s1t52) _ gge291ts2 +2¢e3s1+252 _ 11)sg + 2s3((—1 + 2€°1 + 2e°1152 _ gc2(s1+s2)
— 6e251F52 | 639125255 9651 _ 1251152 4 10e2(51752) 4 9325152 _ 17351252 | 5y,

K155 (s1,52,53)

Ki5,16(s1, 52, 53) = T (o1 toa+s3) ’
(€51 —1)(eS17F52 —1)2(e2 P1T9273) 1)) 55 (s1+s2)s3(s2+53) (51 +s2+s3)

K15,17(s1, 82, 53)2(e”L — 1)(e”17°2 1)2(6%(31+52+53) —1)%s152(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)
= 7(((87 — 53e°1 — 130e°1 152 4 19¢2(51152) | gge251F52 _ 9351 7252) 5, _ 451 (—1 4 €°2)(—11

+17e°1F92)55)53 4 (107 — 5e°1 — 154e°1152 | 2302(51+52) | 99p281+s2 | 7p351+292y,2
+2(2(5 — 21e°1 + 2751192 _ 50e2(51+52) | 35e251F52 4 4351429250 4 45651 4 90152
—33e2(51152) _gge251H92 4 9163514252 _ 57)5, — 851 (=1 + 52)s3((—11 + 1751 T52) 54
— 61752 1 6))s? 4 ((—47 4 149¢°1 + 82e°1152 — 1162(51F92) _ 914251752 4 41351 1292),3
—4(4(1 4 2e°1) (=1 + 51192)2 | (10 — 111 — 25e°1752 4 9e2(51+92) _ y5.291+92
+ 326351252 )54)52 _ 55(2(—49 4 1351 + 12251152 _ 7362(51F92) _ 50e281F52 4 g7 3s1+252)
(=7 + 149€°1 — 6251752 4 93e2(51+92) _ 349251F52 | 1693511252 5,5,
—4e"1(—1 4 e°2)s3((—11 + 17e°1T52) 55 — 12(—1 + 1752))) 51 + s5(s2 + s3)((—67 + 101e°1
+106e°1752 — 1562(51+52) _ 150251152 4 953911252) 52 | (9(49 — 61e°1 — T4e51T52
+25e2(51F92) | gge2s1F52 _ 37351252y 4 (7 _ 1751 — 7051192 4 1112051 F52) 4 13520152
— 169e3511292)55)5, — 255 ((—37 + 59¢°1 + 88e°1192 _ 63£2(51F52) _ 1440251 F52
+ 97351129250 98e°1 — 17251152  98e2(51F52) | 99025152 _ 1923911252 | 74)y),

— K17 (s1.52,53)

Ki5,18(s1,52,53) = T :
2(e51—1)(e31+52 _1)2(e 2 (51F52F3) 1321 ) (og sg)s3(59+53) (51 +52+53)

Miinster Journal of Mathematics VoL. 12 (2019), 239-410



392 ALAIN CONNES AND FARZAD FATHIZADEH

Using the above expressions, we have

K™ (s1, 82, 83)

Ki5(s1, 82, 83) = Ken(sy, 59, 55)
) )

where
den den
K]_5 (51)82753) :KS (81752)83)7
which is given by (73), and K7™ is a polynomial in s1, s, s3, es1/2 g52/2 o53/2

The points (i, 7, m) and (n, p, q) such that s s)sgens1/2ePs2/2153/2 appears in
the expression of K7¥™(s1, sz, s3) are plotted in Figure 14 and Figure 15.

C.2. The four variable functions Ki7,..., Ks9. The functions of four
variables Ki7, Kis, K19, Koo appearing in (6) have very lengthy expressions.
These functions are of the form

K;‘um(sla 52, 83, 84)

K (s1, 52,53, 54)

Kj(sl, S92, 83, 84) = s j = 17, 18, 19,20,

where each Kf“m(sl,52,83,54) is a polynomial in si, s, s3, S4, €51/2, e51/2,
e%3/2 e54/2 and

d
(75) Kl7en(51752753754)

:KIS (81,82,83784 1e (81782783,84) KSS“(51,52,83784)

)=
= (e - 1) = (T — 1) — 1) (e — 1)
% ( s1+sa+s3 1) (654 _ 1)( s3ts4 1)2(652+53+54 _ 1)3
x (11235 _ )5 55 (51 + 52)83(52 + 83) (51 + 52 + 53)54(53 + 54)

X (s2 4 s3 + s4)(s1 + s2 + s3 + s4).

In fact, it turns out that
Kig(s1, s2,53,54) = K19(51, 52,53, 54).

It is made clear in Section 3, using the functional relations stated in Theo-
rem 3.1, that the functions K17, K15, K19, K29 can be constructed from the one,
two and three variable functions Kj,..., Kjs presented in Section 9 and ear-
lier in this Appendix, the functions G, ..., G4 given by (9), and the following
three variable functions:

kj(Sl, 82,53) = Kj(Sl,SQ, 83, —81 — S2 — 83), ] = 17, 18, 19, 20,

which were in fact introduced already by (8). Therefore, in the rest of this
appendix we present the latter functions explicitly.

C.2.1. The function ki7. We have
k7 (s1, 52, 53) = K17(s1, 82,53, —s1 — 52— 83) = ¥ _ kaz.i(s1, 82, 53),
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where
4 4 2 2 2
k17,1 (51552, 88)(e"1 — 1)*(e"2 = 1)(e"17°2 — 1)%5T (51 + 52)° (51 + 52 + s3)
— 167e251 (26352 _ 863(81 +s2) _ 39e251F52 _ 4ges1+2s2 + 10481 +252 + 5e251 +4s9 + 16551 H4s2
+12e%51+552 12)sa(s2 + s3),

64me2®1 (26352 — 2ets11+2s2 | 7eds1tbsn T)sa(s2 + s3)
5(eS1 — 1)4(e52 — 1)(e%1F52 — 1)4s1 (s + s2)2(s1 + s2 + s3)2

ki7,2(s1,s82,83) =

3
k17,3(s1,s2, 83)1—6(651 - 1)4(632 — 1)(631+32 - 1)45%(51 + 52)2(51 + s + 53)2

= m(—(—4e°1 — 28e351 _ 551 _ 52 _ 10e2(51F52) 4 90e3(s1H52) |y 5(s1Hs2) _ gpe2s1ts2
_ 1166381 +s2 +20€581 +s92 +4esl+282 + 1046481 +2s2 _ 1886581 +2s9 _ 2006481 +3s9
11426851852 | 90 Ts18sn | g 351 dss | 10,5515 g 051 tasy g 851 tasy 414582
+28e751FE52 4 5851552 4 1y)5 (55 + 53),

k17,4(s1, s2, 83)%(651 —1*(e®2 = 1)(e"1F°2 — 1)%s1 (51 + 52)%s3(s2 + 53) (51 + 52 + 53)°

= m(—11e°1 — 29351 4 1151 — 252 4 251152 4 go3(s1+52) _ 53ed(s1+s52) _ ggeds1tsea

106645152 _ 1366451352 | 966514352 _ 9gaTs1+350 | 11,351+482 _ gg 651 +4s2

+ 26751452 4 9y63
ki7,5(s1, s2, 53)%(681 = 1*(e2 = 1)(e®1 752 — 1)%s1 (51 + 52)%s3(s52 + 53) (51 + 52 + 53)°
= el sg(2e281+482 32(681 - 1)5 + 9e°1 + 3e252 + geS1T52 + 862(81+82) + 3364(81+32)

_ 146451 +so _ 11e51 +2s9 + 246331 +2s2 _ 436431 +2s9 + 196551 +2s2 _ Gesl+352 + 246451 +332)’

3
k17,6(s1, 52, 53)3*2(551 —D*(2 — 1)(e"1 T2 — 1) (s1 + s2)%s3(s2 + s3)(s1 + 52 + 53)°

- _%“((19631 + 37351 — 136151 4 4652 — 1051192 — 50e3(51F52) 4 73.4(s1+52) | goede1te
_104et1T52 | ggeds1 T8 | gu 6514852 4 g4 Te148sy g 8s1tdsa | g3 681 +4s2
+14e751H452 _ 1) 62 4 (49e°1 4 10363°1 — 3701 4 10652 — 22¢°1F52 _ 1823(5152)
+199e*(51F52) 4 0486351752 _ 314451752 4 9704514352 _ 1546517352 4 g4 To1+392
— 49e351 452 | 1690511452 4 9. TE1 452 _ 10) 5551 — (—41e®l — 95e3°1 4 356451 — 852
+ 1451152 4 214e3(51F52) _ 179.4(s1H52) _ 95635152 4 g1geds1H52 _ gq0et51H302
+ 1166651+3S2 _ 86€7sl+352 +41€351 +dso 2096651+452 4 386751 +4s9 + 8)83),

ki7,7(s1, s2, Ss)%(esl — 12 — 1) (112 — 1)*(s1 + 52)%s3(s2 + s3) (51 + 52 + 53)°

= ,%eslw(gesl (=14 e®1)(—1 4 e2)(—e’L — 2252 _ 51F52 _ 2e2(s1+52) | go3(s1+s2)
F4e751H52 § 5es1H282 | go3s14 250 | gos1 3y | g 2814352y 3 4 (L9081 (L] 4 1)(—3e°1
— 6252 4 6352 — 182(51152) | 30e3(s1+52) _ g 4(s1H52) | 19251+ s2 | qgs1t+2s2
126351252 | gos1H8s2 | 1 2914852 | gos1Hdsa | 9q 251 HAsn | g Bs1H4sn | Ss1tdsny
—13e°1 — 3252 — 4e°1152 _ 16e2(51H92) _ g3.4(51H52) | 9y 5(s1+e2) | quetsitea o qge81t202
L 126391252 4 gs dsiH2sn o Bs142sn | gos148sa 4 Teitdsy | 4 8514552 | g ds1+Be2
— 168511552 4 4 751592 )s? — s9(6e”1 (=1 + e°1)(—e’l — 2¢2°2 4 2352 _ ge2(51+92)

1106351 F52) | go4(s1Hea) | g 251082 | gos1t2s2 4 8514252 g s1+8s2 g 2s1+3s2
Zoes1tdsn |y 2e1bden | Be1tdea) o 4 a5 oS 4 90292 4 16651692 | 40e2(51152) | gged(s1te2)
_48eS(s1H52) _ gocdsitea | gpos1+2s2 | 4o 8514292 | qy3. 4514252 | g3 Be12s2 | py 81482
4 2aet1 B2 | g Ts1dsy | g Bs1+880 | 35,481 +552 | 5o 6s1+5sn _ g Ts1 452y,

— 5%(2631 (—1+e’l)(—e’t — 2¢252 4 2392 _ ge2(s1ts2) + 10e3(51192) _ jg.4(s1+52)
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L 4e251HS2 | ges1H2s2 _ y Bs142s  posi+8s2 g 2s1+8s2 _ y 2s1+4dsy 4 o 851 F4s2
+3eP°1T452) 5, 4 31651 4 9e2°2 4 20651752 4 322(51F92) | gget(s1+52) _ 94 5(s1+52)
L goetsite2 | gpesiH2sn | gooBs1H2s2 | jgqdsi 252 | g5 5e1+2s0 | jges1+3sn | gg dsi+3s2

G AT ISy | g Ba1Ben | g ds1 By | g 051 Bey | 4 Ta1+Be2))
3 4 4 2 2
ki7,8(s1, 52, 83)5(631 = D2 = 1)(e* 1752 — 1)*(s1 + 52)% (52 + 53) (51 + 52 + 53)

éw(4e2sl+s2(8 + 74e°1 4 13e°2 + 98¢2(51752) _ 1313(51+52) _ gge2o1te2 _ ggelsite
+10e°1F282 | goets1+292 | o5pds14892),2 _ 051 (55 _ 55¢3°1 — 136292 — 1761192

— 256e3(51F52) _ 794(51+52) 4 180451+ 52 4 149511252 _ 108351252 _ y55.451 7252

+ 946651 +3sg _ 86781 +4s9o n 406331 +5s9 _ 1646481 +5s9 + 206651 +5s9 n 86781 +5s9 Vs

— 255(2251152 (g — 40e°1 — 5e°2 — 46e2(51152) 4 40e3(s1F52) 4 7025152 4 503512

— 2511282 _ gredsiH2o2 4 g4.451+352 )50 4 14651 _ 26371 — 146451 4 52 _ 14651752
+312(51F52) _1043(51+52) 4 906t (51H92) | 1185(51+92) _ 79251+ 52 _ ggeBo1te2

4 1466431 +s9 + 406551 +so _ 2446551 +2s9 _ 3446431 +3s9 + 1316651 +3s9 + 206731 +3s9

Z 52351452 | 4gB1 e | 1700051 T8 | 14, Ts1 52 g 8s1+ds2 | g 8514552 _ gy

+ 251 (—2e2°1752 (16 — 94e°1 — 23¢°2 — 154e2(51152) 4 953(51+52) | 5ge291+52 4 gg.391+52
—38e°17252 _ 1o7e%511252 4 g7et51H352) 5, 17651 — 196351 4 1751 — 52 4 44e3(51F52)
+ 46351+52 _ 7esl+252 + 4e4sl+252 + 1406451 +3s2 + e631 +3s2 _ 326731 +3s2 + 316351+452
+ 74e051H452 _ 9geds1+552 4 56751 H552 _ 9025152 (16 — 100e°1 — 17¢°2 — 142¢2(51F52)

+25e3(51F52) 4 118291152 | goeBs1ts2 _ 9651252 _ gretsitoa | qo1et01352) 55 4 1Y),
k17,0(s1, 82, 83)%(631 —1)*(e®1F%2 — 1) hss(s1 + s2)2 (52 + 53)(s1 + 52 + 53)°
_ éwesl((77e331 _7e%2 _ 37c3(s1s2) | go3siHse | gpoBs1+2sp | 1 6s1+3s2 _ g 3s1+dsn
4206551452 7y, 4 o(L 31 052 _ g5e3(51452) 4 4335152 | 973514252 | g4 0514352
— 146351452 | ggBe1tdsn | gy 2
k17,10(s1, 82, 33)%(631 —1)%(e%2 — 1)(e®1752 — 1)% (51 + 52)%(s2 + 53) (51 + 52 + 53)°

1
- Ew(zezsl (—8 4 2e°1 — 4e2°1 4 82 4 10252 — 10€3°2 + 3651752 — 4¢2(51F52) _ 94 3(s1+52)
_aget(s1te2) | o 5(s1e2) | g 2514en | 16851 ten | pos1 22 gg Bs142sn gy ds142e2
12061352 | 6291852 | goods1tBen g 5s1Bsn 4 g3 s1tdsy _ yr 2914452 4 g 351 Hdan
+ 36551 +4s9 + eGsl +4s9 + 26251 +5s2 _ 86381 +5s9 + 206431 +5s9 )s? _ 251 (6251 +s2 (—6631
+104e%2 — 8e2(51F52) | 396911352 4 184513525, _ 651 — 8e%2 — 51152 4 ogpe2(s1H52)
_ 1564(31 +s9) + 4165(31 +s2) _ 2¢351+52 + 16ed51 52 + 1251 +2s9 _ 176431 +2s2 _ 1geBs1+2s2
_ S113s2 n 526431 +3s9 + 476351 +4s9o n 86631 +4sg 56731 +4sg 366481 +5s9 + 56731 +5s9
— 251152 (24651 _ 88¢52 4 64e2(51F52) _ 99es11352 | 5eds1H8s2y 0y 085192 (9651
+56e°2 — 56e2(51752) _ 19¢51+3%2 | 450451439252 _ 96251 55(2e51752 (—10e°1 12652
— 04e2(51+52) | 9os1HBsa | g 418y 0 | 70352 | go2(s1+52) | goc3(s1H52) | 5 5(s1+52)
+92e17282 _ 134514282 | 102911552 | 99.451+552 | gy 4 55 (—2e251F52 (8 — 76e°1
— 50e2°1 — 102 + 725152 _ 922(51+52) 4 9gcB(51+52) 4 19425152 4 gpedo1te2
Z4eS1H252 | 100eB91H252 | g9 252 | 1902514352 | g0.451+352 | 36591352 ) 50 | 9251

— 11351 — 252 4 1451152 4 114e3(51F52) _ 135e4(51F52) _ 19351 F52 4 gets1te2
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1006351H252 | 716514250 g 2514352 g Ss143s2  gg 6514852 4 99 851 F4s2
6. 4 7 4 6 5
+ 39e051 1452 | 38751452 _ 396514552 4 gy
5 4 4 2 2
k17,11(81,82733)§(681 —1)*(e®2 = 1)(e17°2 — 1) (51 + 52)% (52 + 53) (51 + 52 + 53)
= m(2e21 (—11e392 — 19e917252 | 54511552 _ 94)2 4 (8e51 — 726751 — 67751 — 7e151 4 252
_ 8865(81 +s9) + 28eD51 152 _ ges1+2s2 _ 19.651+282 _ g.281+3s2 _ g9.7s1+3s2 _ 13,381 +4s9
+ 386851 +4s9 4 226451+552 + 1926651 +5s9 4 126751 +5s9 + 26851 +5s9 _ 2)5352 + 66251 (76352
e 1F252 | et B2 _ gy62 | 062015 (336552 — 42e451F292 4 92451552 _ 39y,
+ (—23e3%2 — 7ete1F292 | qo9.4514592 _ 39y44)),
15 4 4 2 2
k17,12(81,82733)§(631 — )2 — 1)(e"17°2 — 1)*(s1 + 52) (s2 + 53)(s1 + 52 + 53)
= 7((16e°1 — 104e3°1 — 3451 4 4¢%2 — 136551 F92) | 136551192 _ 16517252 _ 447511352
_ 316331 +4s9 + 1316851+4S2 + 346431 +5s9 + 44€7sl+552 +4€831+532 _ 4)53 + 2(4651 _ 416351
_ 41 42 — 6465(31 +s2) + 4e551F52 _ ges1+282 _ 9g Ts1+3s2 _ 4 3s1+4s2 + 14851452
+ 16511992 _ goTs14552 4 8514882 _ l)sg + s1((8€°1 — 37351 — 77ets1 + 2e°2
_ 5(s1+s2) 55142 o s1+2s3 751 +3s9 351 +4so 851 +4sg
248e + 308e 8e 112e + 187e + 88¢
+ 621511552 _ ggeTo1 1552 | 908514552 _ 9y, 4 (8e%1 — 1126351 — 32451 4 2¢°2
_ 5(s1+s2) 5s51+sy o s1+2s3 751 +3s9 351 +4sg 851 +4sg
368e + 128e 8e 172e —+ 127e + 43e
40264514552 _ 195 To1 B2 | 9 8e1 4552 _ gy oy
1 4 4 2 2
k17,13(81,82733)§(681 —1)* (172 — 1)%s5(s1 + 52)% (52 + 53)(s1 + 52 + 53)
= —leslw(72esl (=1 +e°2)(—2+ %1 — e2°1 — 2652 4 10651192 _ 11251 F52) _ ge2s1+52
2
n 435152 4 351 +2s9 n 66381 +2s9 _ 46431 +2s9 + 26431 +352)S? + 81 (2(—4 — eS1 _ o251
4 46252 4 19651152 _ 15.2(s1452) _ 9 3(s1+52) _ 1gd(s1ts2) 4 251482 | 4 3s1+s2
136514252 3514252 g dsi+2sn g s148sp | jq 2e1+8s2 4 g dsi sy 4 5s1+3s2
_ 9,251 +4s2 3s1+4s9 551 +4s9 _ 9,51 s2 _ 4.2s2 s1+s2 _ g.3(s1+s2)
2e + 8e + 4e )sg —3e”l +e 4de +e e
1 14eM(s1H52) geBsidsn | s142sp | g 8s142sp | g dsi42sp | s148sp | dsy+3sp
— 12¢3%1 452 4 g Os1tdse 4 3)3? +53(3(—1 4 €°1)(1 + 2€°1 + €281 _ %2 _ %1t
1 7e2(51H52) (g B(sitsa) | qo d(sitea) | 251452 | poBsitsn | qge3s1+2s2 | dsid2sp
4 5e2o1HBon | As1H8s2 | g Bs1H8s | g 851+ 4sn | gpBe1den 4 g 6e1Hdsay 4 4051 (L1 _ o1
+ 252 + 5eS1Ts2 _ 562(31 +s2) + 263(51 +s2) _ 764(31 +s9) + 3e251+s2 _ gos1+2s2 _ g 3514282
L edsiH2sn | s148sp | 3 251485y | g dsi+3s2 o Bs148sy | 2s14dsy 4 8s1fdso
+ 2&531+432)S3)51 +2e°1 (=3 + 3e°1 +e°2 4 2¢292 4 13e51F52 21e3(51152) | 9051 +52)
_ 11eS112s2 n 196331 +2s9 _ 6431 +2s9 _ 7e51 +3s9 n 6431 +3s9 _ 186381 +4so n 26651 +432)s§),

3
ki7,14(s1, s2, 53)3*2(631 —D*(2 — 1)(e"1 T2 — 1)¥s1 (s + 52)%(s2 + s3) (51 + 52 + 53)°

= %n(46231+s2 (1 + 2251 + 2e°2 4 222(51192) _ 76351 +52) _ yge291+52 _ goc3s1te2
—4eS1F252 | ggte1t o2y gpete1HBe2) B 4 o51F92 (461 (2 4 4461 4 4652 + 44e2(51F52)
—107e3(51F52) _goc2s1Hs2 _ gyedoitee _oges1H252 4 oggett1 252 4 opets1 882y, 4 160651
— 125351 — 124e%°1 4 16e°2 — 8251152 — 137e3(51F92) _ 9ped(s1+52) _ 163512
1 2806451752 _ 1g0es1 852 | 900851852 _ 1y Te1+3sn | 5 3s1Hdsy 0,651 +4sz
+11e751H452 4 8) 52 | e%155(4e®1 752 (1 4 22¢°1 + 2052  22e2(51F52) _ 4g3(s1+52)

_ 466281 +so _ 326351 +so _ 4esl+252 + 226451 +2s9 + 56431 +332)83 + 296331 + 56232
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+196e°1752 4 6563(51F92) _ 4g9e4(51+52) _ 1pgeds1H52 _ 4ges1F252 _ 176351252

+ 7156451 +2s2 _ 266631 +3s2 _ 266731 +4s9 + 106351 +5s9 446451 +5s2 _ 2446651 +5s9
+26e751H592 _ 11)5, — (1 — 2e°1 — 46e3°1 — 751 — %2 — 40e3(51152) _ 15035152
40ef1H252 | g ds1 252 g0 A1 +8s2 | gy 651852 g Ts1+B8sy _ 5 3s1+dsn

_ 1426631 +4sg 56451 +5s9 + 1046751 +582)s§),

5(s1, 52, 83);2(631 = 1*(2 = 1)(e®1 792 — 1)%s1(s1 + 52)%(s2 + s3) (51 + 52 + s53)°
é‘rr(—46331+32 (—=7e°1l + 4e°2 — 16e2(51F52) _ 17¢51+3s2 + 12¢*51 1392 )sg + (—2&331+32 (—28e°1
+16e°2 — 64e2(51F52) _ 99511352 | 336451135250 8eS1 _ 126251 4 8671 4 1141 — 52
+ 7663(51 +s9) + 28351152 _ 190351 +282 + 546651 +252 _ 14,251 +3s2 + goeds1+3s2
48PS 1306514352 | 90pTe1+352 | g 35145y ggobe1tasy | ygoBs1+5s2 | )2
+e®1 S3(—4€281+32 (—=7e°l +4e°2 — 16e2(51F52) _ geo1+352 + 7&431+332)S3 — 39e°1 4 33e2°1
+2e%2 — 208e2(51F752) | g4 5(51+92) 4 10825152 _ 140351752 4 435511252 _ jges1t3s2
46262911852 39 4514852 930 5514852 4 5 2s1+4sn gy Bs1+dsy | 3,591 +de2

+90e851 452y 50 4 291 (18 + 2052 — 2352 — 16e3(51F52) _ g3e251F52 _ g3t
_80eS1H252 4 10851252 | gdsiH2sn | g 2siHdsy  po 3s1Hdsy 4 go Ssitdsy g Gsifdsy

_ geBs1H5s2 |y ggeds1+Bey 56651+552)5§)Y

15
k17 16(s1, 82, 83)5(631 = 1*(2 = 1)(e®1 792 — 1)%s1(s1 + 52)%(s2 + s3) (51 + 52 + 53)°

k17,17(s1,82,83) =

k17,18(s1,82,83) =

k17,19(s1,82,83) =

k17,20(s1,82,83) =

rog(2(4e®] — 266351 — A1 4 52 _ 4o5(51+52) | o 5e1+sn | 4914282 4 4 Te1 4352
_ 346331 +4s9 + 296851 +4so n 6431 +5s9 n 266731 +5s9 + 851+5s2 _ 1)83 + (16651 _ 1046331
46t 4 ge2 _ 16e5(51H52) 4 165512 | 1ges1 292 4 (g 71 FBs2 | gy Bs1Hdan
71851492 4 ds1+5sn 4 0g TSI | 4 8514550 | yyoun 4 9(4eS1 — 266351 — €151 4 (o2
_ 465(31 +s2) +46551 +s2 _ yps1+2s2 +4e751+352 — 19e351 +4s9 + 14851452 + eds1+5s2
4 06eToIHBs2 | a1 +Bsy l)sg),

4#(3% — 8381 — s% + sg)
(e3(51+52%53) _ 1)a5; (51 + s5)s5(s2 + 53)(s1 + 52 + 53) ,

47r(s? — 8381 — sg + s%)

’

T
(e2(172493) | 1)44, (51 + s2)s3(s2 + s3)(s1 + s2 + s3)

8me?%1 (sg — s3)

’

1
(51 — 1)2(e2%2798) _ 1)261 sp55(s1 + s + s3)

8me?%1 (sy — s3)

’

T
(51 —1)2(e2*27%3) L 1)25 5055 (51 + 2 + 53)

1
k17,21 (51,52, 53)(e”L — 1) ("2 — 1)(e2 (#2723) _ 1)5 s055(s2 + 53)(s51 + 52 + s3)

1
k17,22(s1, 52, 53)(e” — 1)(e"1 752 1)(e21F9273) | 1)35, 55 (51 + s2)s3(s2 + s3) (51 + 52 + 53

—8me?®1 ((—e°l —e®2 + 3ef1te2 _ 1)33 +2(e1 — 1)((4e°2 — 2)s3 + €2 — 1)sg

+ s3((—3e°1 — 7e%2 + 5eltez 4 5)s3 — 2(e°l —1)(e°2 —1))),

)2
—4m(((—3e®1 — 3e°1F52 1 26%91F92 | 4)gy 4 e%1(e°2 — 1)s3)s5 + ((—3e°1 — 51752
+2¢251F52 4 6)5% + ((—3e°1 + eS1tsz 4 2)s3 — 2(e’l — 1)(e51+52 —1))sg + 2”1 (%2 — 1)53)3?
— (e’ (2 + 2e°1Fs2 _ 3)5% — (—e’l — 3e1F52 4 ge2s1ts2 4 2)535%

— s3(2(e’l — 1)(esl+s2 — 1) + (—5e°l — eS1ts2 4 ge2s1Fs2 4 2)s3)sg — e 1(e®2 — 1)52)51
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— so2(s2 + s3)((—3e°1 — eS1Hs2 4 ge2s1+s2 2)5% —2(e®l — 1)((2631+S2 — 1)s3 + eS1ts2 _ 1)so

—s3((=5e®t = 5e"1752 4 6e%1H52 4 a)sy —2(e® — (1T 1)),

1
kir23(s1, 52, 83) (et — 1)%(e"2 — 1)(e2%2193) 4 1)s1s055(s2 + 53)(s1 + 52 + s3)
= 8me2°1 ((—e’t —e°2 4 3eS1ts2 _ 1)53 +2(e’l — 1)((4e°2 — 2)s3 + €°2 — 1)sg + s3((—3e°1 — 7e°2
+5e°1T92 4 5)s3 — 2(e°1 — 1)(e*2 — 1)),

— k1752 (s1,52,53)

ki7,24(s1,s2,83) = T (o1 toats3) ’
(e51 —1)(e®1F52 _1)(e2V°1T52T93) _1)34 55 (51 490)s3(s0+53) (51 +52+53)2

k17,25(s1, 52, 53)(e®1 — 1)(e*1752 — 1)2(6%(31+32+83) —1)%s152(s1 + s2)s3(s2 + 53)(s1 + s2 + 53)°
= 27 (((—11 4 10e°1 4 1351752 4 9e2(s1+92) _ g5 251452 | Ss1+2s2y,,

+ e (=14 e%2)(—9 4 1351 F52)55)5% 4 (=21 + 18e°1 4 25651752 _ 31251+ 52 4 935142922
+ (=10 + 35e°1 — 15651192 4 372(s1+52) _ 55e291F52 4 ge351+292) 5, 9(_7 4 551
+ 12e°1192 _ ge2(s1t92) _ ge2s1ts2 + 36351+2S2))52 +2e%1 (=14 e2)s3((—9 + 13651+S2)53
— 261752 4 2))52 | (=9 + 6e°1 4+ 1131752 — ge2(51H52) _ q7e251+52 4 q5.351+22)3
+(8(—1+e51152)2 4 (19 442651 4 15651152 _ 8925152 | 51351 29235)2 | o5(2(—3 4 1
+8e51H52 _5e2(s1+92) _ g 2s1+s2 4 33914252y (10 4 4551 — 591152 4 19e2(51F52)
— 8521752 4 36e351F292)50) 55 4 1 (=1 4 2)s2((—9 + 13e°1 T52) 53 — 4e°1752 4 4))s,
+ s2(s2 + s3)((1 — 2”1 — eS1F52 _ y2(s1ts2) _ o2s1ts2 7e351+252)5§ +2((—5 + 9€°1
+ 11e°1F%2 — 10&2(31+52) — 23e281 182 + 18e381+232)53 +5e°1 4 4e°1F52 _ 2(s1+s2)
—8e251F52 4 363511252 _ gy, 4 55(2(7 — 91 — 1651752 4 9e2(511+52) 4 9pe251F52
— 113511252y 4 (211 4 20e°1 + 23e°1752 — 16e2(51F52) _ 4525152 | 993914292449y,

kY85 (s1,52,53)

k17,26(s1,52,53) = T s1+sa+53) ’
(€31 —1)(e®1F82 -1)2( 2 FLTI2T598) 4 1)251 55 (51 +52)s3(sa+53) (s1+52+53)2

1
ki7,27(s1, 82, 83)3(e®t — 1)3 (51752 — 1)3 (2 1F92793) | 1y5) 55 (51 + s2)s3(52 + 53) (51 + 52 + s3)°
= 27(3((—=5 + 16e°1 — 17e2°1 4 1431 4 851192 4 112(51F52) _ 993(s1+52) _ 93,251 +s2
130639152 _ 3gc4s1ten g Bs1+2s2 | g1 4514282 | 3o 5e1+2s2 4 g ds1HBsn 4 Be1+3s2
+ 6651+3S2)52 —e°1 (=74 30e°l — 15&251 + 7e°2 — 4e°1F52 + 5762(51+52) — 7063(51+32)
696271752 | 4935152 | g s1+252 | g 8514292 g 4514252 | g 2814852
+ 3564513525153 _ (3(11 — 36e°1 4 39e2°1 — 38¢3°1 — 18651152 _ 252(s1+52) | yo3(s1+s2)
n 516231 +s2 _ 726331 +s9 + 1116431 +s9 n 666381 +2s9 _ 96431 +2s9 _ 1046551 +2s9 _ 1056431 +3s9
+ 66e7°1F352 | 9305148522 | (9(_03 4 23e°1 4 45e°1F52 _ g2(s1F52) _ 13.3(s1+52)
— 57e?%1F 82 | 33.391 4252 4 4514852y (1 4 0512 | 3(6 — 411 + 112e2°1 — 69351 4 1151152
— 92¢2(51+52) 4 g9 3(s1H52) | 16e251F52 _ 94935152 4 19ge451 52 4 9073511202
486191252 | 177551252 | 9540491352 | 1935514352 | 94005143520y,
+6e°1 (=1 + e°2)s3((7 — 30e°1 + 15e2°1 — 2651152 4 97e2(51+52) | gqe251+52 _ yoeB51+s2
— 70e3°1+252 | g5e451H 252 )50 (1 4 e%1)2(2 — 51752 4 362(51F52))))2 | (_3(7 — 24e°1
+ 27251 — 346351 — 1251152 _ 172(51+52) 4 14, 3(s1F52) | 3325182 _ 5y 351+
11056451752 | 498514252 4 jp ds1 4252 119 Bs1 4282 gp dsiHBsy 1o Be1+3s2
+ 49551735253 _ 3((13 — 641 + 1372°1 — 9431 — 1451752 _ g3e2(51F32) 4 56c3(s1+52)
+89e2°1 192 _ 336e351F92 4 ogred1 o 4 1143917252 | gq7t011292 _ 999 551+ 282
— 115e?51H3%2 _ 495514352 4 1096513525, _ 16(—1 4 e51)2(—1 4 e51F52)2(1 — 51

+e251F52))52 4 g (2(—1 + e®1)2(1 — 49e°1 + 45e°1F52 _ 10562(51792) | 593(s1F52)
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+135e2°1F52 _ 111e351+292 | 95451352y _ 3(6 — 4751 4 140e2°1 — 75351 4 5eS1te2
—72e2(51152) 4 g9eB3(s1H52) | 5oe251F52 | 351351152 | go0ets1 52 | 093511252
12306451252 | 915551252 | 15ge451 4352 | 55514352 | 6o 0132y,

— 351 (=1 4 €52)s2((7 — 30e°1 4 156251 — 2651152 4 2762(51+52) | gge251F52 _ yoc351+52
— 7063517252 4 35451F252) 50 g(—1 4 °1)2(2 — 55152 4 362(51F52))y) 5,

— s9(s2 +83)(3(1 — 4e®1 + 5e2°1 — 10e3°1 — 2¢°1F52 _ 32(s1+52) _ 43(s1+s2) + e2s1te2
1235152 4 33045152 | goBs1H2s2 4 3451252 40,551 +280 | jq ds1+Bs2 | 5o Be1+8sy
+25e051H392)2 | o(1 4 e%1)(3(—3 4 101 — 15e2°1 4 81752 _ 3c2(51+52) 4 gc3(s1+52)
2429152 4 4geBe1Te2 | 153911292 | g5ods14292 | g ts1+3s2 4 g Be1tBey

— (=1 +e%1)(1 — &1 — 351152 § 15e2(51F92) _ 13.3(51+92) | 150291 +F52 _ gge3s1+252

+ 254511352 )) 50 4 5q(3(5 — 22e°1 4 45e2°1 — 20e351 — 1451152 4 9e2(s1+52) _ g 3(s1+s2)
4 50e25 152 | 130,85152 | gaedsiten _ g 3514252 4 133,451 +252 40 551+2sn | g5 ds1+3s2
— 70551352 4 35051435250 91 4 51)2(23 — 4751 — 6951152 4 g1e2(s1+52)
—35e3(51H92) 4 153291152 _ 1773514252 4 71t51H352)yy)

k1757 (s1.52,83)

k17,28(s1,52,53) = T (o fsats3) ’
3(ef1—1)3(e81F82 —1)3 (e 271 T2T93) _1)5y 55 (51 +52)s3(sa+53)(s1+s2+53)2

1672511352 ((e51(2e%2 — 1) — 1)s7 + (1 — 1)s2)

k17,29(s1,52,53) = — 53 ,
(e52 —1)(eS1752 — 1)3(e2 4 1)s152(s1 + s2)(s1 + 52 + 83)

16me251 1352 ((e51(2e%2 — 1) — 1)s7 + (1 — 1)s2)

k17,30(s1,82,83) = 55 .
(e52 —1)(e1752 —1)3(e2 — 1)s152(s1 + s2)(s1 + s2 + s3)

C.2.2. The functions kig and kig. As we mentioned earlier, the functions Kig
and K9 appearing in (6) are identical. Therefore, the derived three variable
functions k1s and k19 match precisely. For the function kg we have

30
kis(s1, 52, 53) = K1s(s1, 82,53, —s1 — 52— 83) = Y _ k1gi(s1, 52, 53),
i=1

where
kis,1(s1,52,53)(e" — 1) (€2 — 1)(e*17°2 — %53 (51 + 52)% (51 + 52 + 53)°
— 16w (26392 _ 3ge28152 | 40p51+252 | pde1t2mz | g 313y | 5 2e144sy | jqo5e1 Fhen
+ 12917592 _19)55 (55 + s53),
kis,2(s1,52,53)3(e"L — 1)*(e®2 — 1)(e®17°2 — 1)*s3(s1 + 52)% (51 + 52 + 53)°
= —16m(—4e®1 — 28e3°1 _ 5?51 _ 52 _ 9025152 _ q16e391F52 4 9055152 4 yes1t252

_ 106251+252 + 1046451 +2s2 _ 1886531 +2s9 + 206351 +3s2 _ 2006431 +3s9 + 1426651 +3s2

+ 206751 +3s9 n 46351 +4sg + 1406531 +4sg 766651 +4sg 56851 +4sg eds1+5s2 +46551+552

428751552 4 58514552 4 1) gy 4 ),

s1 4, so s14s9 4 2 2
kig,3(s1,52,53)3(e™t —1)7(e™2 —1)(e —1D7s1(s1 + s2)7s3(s2 + 53)(s1 + 52 + 53)
= —16m(—25e°1 — 31351 4 751 — 4e52 4 451752 _ 140351752 4 104?91 F52 4 1043511352

_ 1406451 +3s9 n 40511352 _ 4 Ts1+3s2 n 76331 +4sg _ 316431 +4sg _ 256631 +4s9o

+ 4eTs1t4s2 + 4)32,
Fis,a(s1,52,58) (" = ¥ (™2 — 1)(e™1H2 — )%y (51 + 52) s3(s2 + 53)(s1 + 52 + 53)°

= —16me°l 52(2551+352 (651+32 — 2)sp(e’1 — 1)5 + 151 4+ 7252 4 2051152 _ geds1te2
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L o7et1H28n | 902814252 | 903514280 | gy dsit2ay | g Bs1+280 | g sidBsy | g b1 +352
+ 156431 +452),
k1g,5(s1,52,53)3(e1 — 1)*(e®2 — 1)(e®17°2 — 1)*(s1 + 52)%s5(s2 + 53) (s1 + 52 + 53)°
= 16m((—7e°L — e3°1 4 451 _ 452 _ 14651152 _ gpe3s1+52 4 5peds1to2 | 748514352
L goeteitBez | 4 051485y g Ts143sp | poBsitdsy g5 dsiddsy gy Gsifdsy
+10e781H452 4 4)62 | (1161 4 20351 — 56191 _ 4¢%2 — 3251192 _ 90391+ 52 | gede1ten
n 44351 +3s2 _ 446431 +3s9 + 4851 +3s2 _ 166751+352 n 76331 +4sg 196451 +4sg _ 376631 +4so
+16e751H492 4 4)s5051 4 (4351 + 61e3%1 — 136451 4 4652 — 2251152 4 90030152
_ 152ets1He2 134851852 | 1ggodsiHBsy 4 651485y o Tsi43sp g 3sitdsy | go dsitdsy
+ 196631 +4s9 + 2e7sl+452 _ 4)83),
k1g,6(51,52,3) ("1 — 1)*(e*2 — 1)(e*17°2 — 1)*(s1 + s2)s3(s2 + 53)(s1 + 52 + s3)°
= —16e’17(2e°1 (=1 + 1) (=1 + e%2) (=2 + 1 — 2e°2 + 2e292 4 9e1F52 _ 4251152 _ 3es1+292
_4e2SUF2s0 | o812y | 514852 4 92914852 ) 3 | (9051 (L1 4 1)(6 — 3e°1 — 12¢2°2
+ 46332 _ 94651 +s92 + 126251 +s2 + 36e°1 +2s2 66351 +2s9 + 2¢51 +3s2 _ 306251 +3s2
n 14351 +3s2 _ 26431 +3s2 _ 981 +4sg n 26251 +4so + 66331 +4sg _ 46431 +4so + 551 +4so Vs
_eS1 76252 — 20651 +s2 + 66431 +s2 + 13e51 +2s0 _ 206331 +2s9 + 236451 +2s2 _ 96551 +2s9
+8eS1H352 _ jgedsitdsa _ g3 ds1tiss )s% + 52(6e”1(—1 4 e°1)(2 — e®1 — 4e2%2 _ geS1ts2
L 4625152 | q9ps1H2sy | o 851428y | oS85y | g 2s1+3sp | 10 3514852 g dsi+3s2
_ 9e281t4s2 n 66331 +4sg 451 +4so n 551 +432)52 4 13e°1 — 76232 _ 20651+52 + gets1ts2
_ Sl +2s9 + 206251 +2s2 _ 206351 +2s9 + 196431 +2so _ 116531 +2s9 + 8e°1 +3sg _ 126451 +3s92
— 116431+4S2)51 + 83(2631 (—1+e°1)(2 — el — 46252 _ 4392 _ ge®1F52 4 g 251Fs2
L 12e51+252 93514282 | 9o s1 485y g9 2814352 4 oq 8514853 gdsi 852 | g s1+dsy
_ 106251 +4sg n 186331 +4sg _ 126431 +4s9o + 36551 +452)52 +29¢°1 4 76252 4+ 20e°1 +s9
_ 106451 +so _ 41e51 +2s9 + 406231 +2s9 + 206351+252 _ 316451 +2s9 + 56531 +2s2 _ 8eS1 +3s2
4246451852 4 qpode1tasa))
k1s,7(s1,52,53)5(e1 — 1)*(e°2 — 1)(e®17°2 — 1451 (s1 + 52)% (52 + 53)(s1 + 52 + 53)°
= 64me?®1 52((—136332 —2ete1t2o2 4 7ets1 1552 _ 7)33 + (—11&352 — gete1t2e2
+ 14e*s1+552 _ 14)s3s2 + (—3e382 — ge*51F252 4 gets1t5s2 7)3%),
k1,8 (s1,82,53)3(e” — 1T (e®2 = 1)("12 — 1)¥(s1 + 52)% (s2 + 53) (51 + 52 + 53)°
= —16m(4e2°1F52 (8 — 35e°1 4 14e°2 4 194251752 4 82e351F52 _ 76511252 4 362511252
+52e181H282 _ 1303914892 | 1400913922 | (14 — 97¢°1 — 21531 4 136451 — 1472
— 676351152 4 61517252 | 3806511292 | 9563517352 _ goge? 11352 4 5120917352
4206751852 | 47351402 | 5og 651452 | 1gpds1H552 | 136751502,
+2e%Ls5((—1 4 e2)(23 + 7e3°1 4 10e°2 — 190e351 752 _ 36063511292 _ 3ge351+3s2
—28e051 352 _ g Bs1H4s2 | gre0s1t452) | 0051852y 25651 4 4652 4 9425152
+ 446331 +so _ 2¢51 +2s2 _ 166281 +2s2 _ 226431 +2s9 + 286331 +3s92 + 376451 +332)S3)
+ 251 (2251192 (16 — 4e°1 + 40e°2 + 286251752 4 71391152 _ 9305117252 4 562511252
+38et51H292 | 313514352 4 qqgedsitdeay g, 99651 _ 62351 4 7451 _ 2e%2 _ 9735152
L eS1F252 | gaedsiH2e2 | 9o 8514852 g ds1 85y | qpg 6514852 (g Ts148s2 4 53,851 +dsy
— 113051452 _ 74514552 4 55714592 | 90251F52 (16 — 3151 4 28e°2 4 262¢2°1 192

+ 746331 +s92 + 13€51 +2so _ 586231 +2s9 3le4sl+252 + 676381 +3s2 + 826431 +352)83 +2)),
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4 4 2 2
kig,9(s1,52,53)3(e® = 1)*(e*17°2 —1)%s5(s1 + 52) (s2 + s3)(s1 + 52 + 53)
— —167e’l ((_56331 — BeS2 — 556351+52 _ 636351+252 _ 236351 +3s2 + 146631 +3s2 _ 46331 +4so

+ 286681 +4so + 5)3% + 2(46351 _ 252 _ e331 +so _ 456351 +2s2 _ 176351 +3s2 _ 76631 +3s2
_ (Bs1tasy 4 13 6s1+dsy | 2)5§),
kis,10(s1, 52, 53) ("t — 1)*(e°2 = 1)(e"1F°2 — 1) (51 + 52)%(s2 + 53) (51 + 52 + 53)°
= 16m(—2e2°1 (=2 4 16e°1 — 4e2°1 — 8e%2 4 20e2°2 — 8352 4 651752 _ 64e291 752 4 16351152
— 48651 +2s9 + 1166281 +2s9 + 166331 +2so _ 46431 +2s9 + 12e51 +3sg _ 166281 +3s2 _ 926351 +3s2
Logets1tBe2 | 4 5s148s2 4 gosiddsy | g 2s14dsa 4 g Bs1tdsy 4 gy dsibdsy | Bsitden
4 Os1Hasy | godsiBen | oBs1H552) 2 | 9051 (251452 (106¢51 4 64e52 4 228251 7252
— 3e51 +3s2 + 86481 +352)S2 — 2551 _ 7¢52 + 1851 +so _ 446351 +s2 + 2¢51 +2s2 _ 386231 +2s9
+ 656481 +2s9 4 5e°1 +3s9 n 26431 +3s9 + 206331 +4sg _ 606481 +4s9o n 136651 +4sg _ 36731 +4s9o
Z7etS1E52 4 90eBS1 4552 | g TI1HBs2 | 291452 (LgGeS1 _ 32e52 — 15202917252 | ges1+3s2
+ 11e?51H392)50)5) 4 26351192 (68651 4 162 4 2447517252 _ 15e51H352 4 g3.481 43922
— 253(2e* 152 (15 — 392 _ 346511252 4 4351139250 | 306251 _ 936391 _ 52 _ 152512
_ 676331 +s2 + 166581 +so _ 76251 +2s9 + 746351 +2s2 _ 1046531 +2so _ 236631 +2so _ 76251 +3s9
+ 106351 +3s9 n 2551 +3s2 + 936631 +3s9 + 66381 +4s9 n 836531 +4sg _ 466631 +4so + 36551 +5s9
— 24851552 | 1y 4 515, (—2e51F52(—8 — 48e°1 — 86e2°1 4 8e°2 + 180291152 4 goe351+s2
_06eS1H292 | 16291252 gy 85142852 _ jp ds1+2s2 | 2014853 | 308514852 | gg ds1+Bsa
+10e°511392 )55 _ 9561 — 126%2 — 4e%1F92 _ 274351792 | 71511292 _ 1962511252
+ 2596451 +2s9 + 136531 +2s9 + 28e51 +3s2 _ 686481 +3s2 + 396331 +4dso _ 1836431 +4s9
J5e0s1Hasy | g Te1 sy | g 41455 | 4g 914552 | 9 Ts1 4552y
kis,11(s1, 52, 53)5(e°1 — 1)*(e52 — 1)(e17°2 — 1)%(s1 + 52) (s2 + 53) (51 + 52 + 53)°
= 327 (221 (—163°2 — 4e191F292 | 04eM814592 _ 9) 32 4 (8e%1 — 4262°1 — 107351 4 351 4 2e%2
_ 126531 +so _ 8eS1 +2s2 _ 426631 +2so _ 86231 +3s2 + 786751+352 _ 36351+452 _ 126851+452
Joed1HBsa | g Bs1H852 | 79e651552 | 7o TSI 4552 | 908514552 g)ou 0 4 20251 (26352
—12e81252 4 gt tea gy 2 4 90291, (126392 4 36451292 4 300451552 | gy,
4 (17352 — 224511252 | goeds1H552 _ 7).y,
k1s,12(51,52,53)15(e’1 — 1)*(e®2 — 1)(e"11°2 — 1)% (51 + 52)(s2 + 53)(s1 + 52 + 53)°
= 327 ((16e°1 — 25431 4+ 2641 4 452 — 104751152 _ 166511252 4 9567511352 | 9geds1t4s2
_ 796851+452 +4e431+532 _ 166531 +5s9 + 134€7sl+532 +4€851+532 _ 4)53 + 2(4651 _ 566351
_ 6431 +e2 4 455182 _ gos1+282 n 346751 +3s2 _ 4351 +4sg _ e8s1+4s2 n eds1+5s2
— 4551552 41T B2 | (B HBen 162 4 o) ((8e®1 — 39731 4 7311 4 2052
092eP51He2 | gos1H282 | 91g To1+8s2 g3 B51+4sy o 8s1+4s2 4 g ds1+Bsn g Be1+5an

4112751552 | 9851592 _ 9)5, 4 (851 — 3223%1 4 28451 4 2652 — 112791152 _ geS1+2s2

+ 1586781 +3s2 _ 236331 +4sg 176831 +4s9 + 2e4sl+552 _ 86551+552 + 1426751 +5s9

+2e3T02 —9)sy)),
4 4 2 2
kis,13 (51552, 53) (e’ — 1D*(e®17°2 — D)%y (s1 + 52)% (52 + s3) (51 + 52 + 53)
=161 7(2e°L (=1 + e°2)(—3e°! + e251 + 2e°2 — Ge®1Ts2 + 14e251F52 _ 485182 _ os1+2s2
J 362514252 1gpBeit2en g godsit2en g godsidBeay 3 a1 o7l L 291 g2
+4e252 + 5651 +so _ 296231 +s2 + 46331 +so _ 11651 +2s9 +276231 +2s9 + 146351 +2s9
+ 2e4sl+252 _ esl+332 +3€231 +3so _ 186331 +3so _ 6e4sl+352 _ 26531 +3s92 +4e4sl+452
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F 2Py o 0051 | 5t | 1305192 | 90391452 | 3514252 | g7 3514252 | gods1+2sn
_ 351 +3s9 _ 276351 +3s9 n 276431 +3s2 _ 4351 +4so + 106431 +4s9o + 2851 +4s2 + 9)3?
+53((—1 4 e®1)(3 — 14e®1 — 251 _ 3e52 4 81192 | 31251152 | 12391 F52 _ ges1+292
36291292 _ 5y 3914253 _ jg ds1+2s3 | g 2914853 1o 8514853 | gaods18sy o Bs1tdsy
JoaetLHAsY | 1681452 | 9006511452 ) | 4051 (2651 _ o524 (252 4 (5152 | ge291te2
_ 351 +2s9 n 86281 +2s9 n 43511282 n 26431 +2s2 _ 4.3s1+3s2 _ 36431 +3s3 _ 5s1+3s2
n 6431 +4so n 551 +482)S3)Sl 4+ 2651 (4— 2e51 — 3652 4 252 _ sesl+52 + 76351+52 _ eS112s2
_7eB31t252 | g dsit2s2 g s148s2 g 8514852 4 jgode1tBsy | Bs1tdsy 4 g odsy +452)5§)’
k1s,14(s1, 52,53)3(e"l — 1)4(e°2 — 1)(e"17°2 — 1)%s (51 + 52)%(s2 + 53) (51 + 52 + 53)°
= —16m(4e251F52 (1 — 22051 — 252 4 46251752 4 32351152 _ 41511252 4 gge251+252
+23e101H292 _ 1408914892 | 5reto1H892) 3 | (4e291H92 (L0 _ 4401 — 4652 4 92e2°1F 52
F64e31T52 _ gres1H252 | 45251252 | 4514252 | 173914352 gpeds1 4352, oSl
— 146e3°1 — %51 _ 11652 4 4651192 4 58251192 _ 610351 F52 | 5456251152 4 14501 02
+ 58e517292 _ 19662511252 4 390e4511252 _ 6507511292 4 9143511352 _ g3gets1+3s2
n 3806631 +3s9 + 586781 +3s9 n 14351452 _ 316431 +4s9o + 3986581 +4sg _ 2306631 +4sg _
1406751 +4sg _ 11851 +4sg _ 6431 +5s2 _ 9, 5s1+5s2 n 826731 +5s9 + 113511582 n ll)sg
+55(4e251F92 (1 — 22e°1 — 252 4 46251152 4 32e351F52 _ jq81F252 4 ge2s1+292
— 7etsit2o2 4 1ge391t3s2  opeds1 382y, 53651 _ 163e3°1 — 19451 — 1052 — 692¢3°1 152
4+ 53e°1 +2s9 + 3886431 +2s9 n 1406331 +3s9 _ 10126431 +3s9 n 5806631 +3s9 n 1127811352
7351452 _ g77e0s1tasa | 9414582 | 198711592 | 10)s, + €51 (—16 — 11351 + 16252
— 10e°1752 4 46e251F92 _ 50e1F252 4 1983517252 _ g56e4511292 _ 3903511352 4 50051 F3s2
F160e451H452 _ gpTeiasy | 3514552 | gods1 4552 | yge0s1 552 | 7o Ts1+5522)
k1s,15(51, 52, 53)(e%1 — 1)*(e%2 — 1)(e®17°2 — 1)*s1(s1 + 52)%(s2 + s3) (51 + 52 + s53)°
= —16#(—4&331+82 (7e®1 — 4e°2 4 46e251F252 _ ges11352 + 3&431+332)sg + 2¢251 (631+32 (—28e°1
+ 16652 _ 1246231 +2s9 + €Sl+3s2 + 3€4sl+352)53 _ 106332 4 88631+232 _ 106431+232
40351352 | 1500514552 | g3y 2 | o251 oo (405152 (L7651 | 452 — 2662517252 _ oS1+352
+ 2651352y 50 4652 _ 556252 — 16e3%2 4 210e2°1 152 4 28e3°1 152 | 936511252
_ 2756351 +2s9 _ 536431 +2s9 + 766381 +3s9 n 56231 +4sg n 1716331 +4s9 _ 806581 +4s9o
_ 66651+4S2 _ 486431 +5s9 + 66651 +5s9 4 75)52 _ (7246231 4 166331 4 652 4 746331 +s9
_ 636431 +so _ 806331 +2s9 + 266651 +2s9 4 46251+3S2 _ 106331+332 _ 166531 +3s9 _ 686651 +3s9
_ 56451 +4s9o n 246051 +4sg + 326731 +4s9o n 186681 +5s9 _ 1)S§)’
k1s,16(s1, 52, 53)15(e"1 — 1)*(e"2 = 1)(e"17°2 — )5y (51 + 52)% (s2 + 53) (51 + 52 + s53)°
= 32ms0(2(4eL — 26e3%1 — %51 4 52 4 4eB51F52 _ ges1+282 4 4o Ts1 392 4 g 81t
_ 166831 +4s9 + €4sl+552 _ 46531 +5s9 + 26€7sl+532 4 6831+552 _ 1)53 4 (16651 _ 1046351
_ 46451 +4€32 + 166581 +so _ 1651 +2s9 + 1066731 +3sg _ 6351+452 _ 196831 +4s9 +4e4sl+552
— 16e°51552 | 1047511592 4 48519552 _ gy5455 4 2(4e1 — 26€5°1 — 11 4 %2 4 451 T 02
_ 4esl+252 + 196751 +3s2 _ 46331 +4sg 6851+452 + e4sl+552 _ 46551+552 + 266781 +5s9
4eBotoer gy 2)

4#(3% — 8381 — sg + sg)

k1g,17(s1,82,83) = F———" )
(e2'1T92WE3) _ 1)ds) (51 4 s2)s3(s2 + s3)(s1 + s2 + s3)

4#(3% — 8381 — s% + sg)

T ,
(e2(1H92793) | 1)4g, (o1 4 s2)s5(s0 + s3)(s1 + 52 + 53)

k1s,18(s1,82,83) =
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8me?®1 (sy — s3)

k1g,19(s1,82,83) =

’

(€91 — 1)2(e2¢2¥%8) _ 1)25, 5555(s1 + 55 + 53)

8me?51 (sg — s3)

k1g,20(s1,82,83) =

’

(e®1 — 1)2(5%(32+33) +1)2s15283(s1 + 82 + 83)
kig,21(s1, 52, 83)(e®l — 1) (%2 — 1)(e2 2793 _ 1)515555(s5 + 53) (51 + 52 + 53)
= 8me2®1 ((—3e°1 —3e°2 + eS1tsz 4 5)3% —2(e®1 —1)(2s3 + €2 — 1)sy — s3((e”1 — 3e°2
+eTF2 p1)sy —2(e" —1)(e%2 1)),
k1g,22(s1, 52, 53)(e®l — 1)(e51152 — 1)(6%(51+52+33) + 1)%s1s2(s1 + s2)s3(s2 + s3)(s1 + 52 + 53)°
= —4n(((—3e°1 — 3e1F%2 4 ge281ts2 4 4)sg + e°1(e®2 — 1)33)3? — ((e° + 3ef1te2 _ 4)3%
+ (20T — 1) (1752 — 1) 4 1 (—3e°2 4 21752 4 1)53)55 — 2e°1 (%2 — 1)s3)sT — ((—T7e"!
— 3e°1Fs2 + ge2s1ts2 + 4)53 + (—7e°1 — 551152 + ge2s1ts2 + 6)5353
— s3(2(e’1 — 1)(&31+32 — 1) + (e’ + 3ef1te2 _ 2)s3)sg — 1 (e°2 — l)sg)sl
— s9(s2 + s3)((—5e°1 — 3e1F%2 4 ge281Fs2 4 4)33 —2(e®l —1)(s3 + eS1tez _ 1)so
— s3((—3e°1 — 351152 | 4251F52 4 9y55 — 2(e1 — 1)(°1 192 — 1)))),

—k1g51 (1,52, 53)

k1g,23(s1,82,53) = ,

1
("1 = 1)3(e"2 — 1)(e22798) 4 1)s15053(s2 + 53)(s1 + 52 + 53)

—k1852(s1,52,53)

kig,24(s1, 52, 83) = T (o1 ts0+s3) ’
(€31 —1)(e®1F52 —1)(e 21 T92793) _1)35 55 (51 +50)s3(s2+53)(s1 +s2+53)2

1
k1s,25(s1, 52, 83)(e%1 — 1)(e®1752 = 1)2(e2(C1F92H98) _ )21 ) (o1 4 s3)s3(s2 + 53)(s1 + 52 + 53)°
=27 (((—11 + 2e°1 + 21e51F92 _ 7e251+s2 _ ge2s1t2s2 6351+2S2)52 +e1(—1+e2)
X (=14 5e51752)55)63 — (11 4 16e°1 — 2151 F92 _ 2125152 | ge291F252 | gpBs1+252),2
4 (2(=7 4 5e®1 4 1251152 _ ge281+92 _ 52514282 4 33514282y | 051 (15 4 352 — 1351192
— 15eS1F282 4 106251+282)S3)82 —2e°1 (=14 e%2)s3((—1+ 5681+82)S3 —2ef1te2 4 2))5?
4 ((11 — 38e°1 — 211752 4 636291F52 | 6291292 _ 953912928 | (g1 (1 4 e51F92)2
+ (21 — 54e®l — 411752 4 79e251F92 | 162517252 _ 9185142925,y 4 5 (2(—7 + 51
+ 1651152 _ 925152 _ g 2814252y 78514292y 4 (10 — 1551 — 211152 4 11201 F2
+ 152511282y 55)50 4 %1 (=1 4 €2 )sg((—l + 5719255 — 461792 4 4))s) — so(s + s3)
X ((—11 4 20e®1 4 2171152 _ 356291192 _ 6251252 | 1139112922 _ 9((5 — 9e1 — 917152
4132519255 4 9e%1 4 12651152 _ 1625152 _ 5251252 4 7351282 _ g)5,  gq((—1 + 2651
1365152 L 925152 | 6251252 4 11035142920 _ o3 4 5eS1 4 8eS1H52 | 1925152
_ 56231 +2s9 + 76351+252)))),

k1855 (s1:52,53)

k1g,26(s1,52,53) = T(s1tsg+s3)
(e51—1)(e®1F52 —1)2(e21T52798) 4 1)25) 55 (51 +52)s3(s2+53) (51 +s2+53)2

1
k1s,27(s1, 82, 53)3(e®t — 131752 — 1)3(e2(1F92793) | 1)5) 55 (51 + s2)s3(s2 + 53) (51 + 52 + 53)°
= 27(3((=5 + 8e®1 + 15e2°1 — 10e3°1 4 16e°1 752 — 23¢251F52 _ yge3%1+52 4 gpeds1ten
916251252 | 4o Bs1+2sn | gy ds1H2s2 g Bs1d2s2 4 o 3514852 _ g dsi+Bsy g Be+3an
FeB51H352) 0 4091 (L] 4 2651 _ 0e291 4 52 4 451152 | 325152 | 9935152 | ges1+2e2
+ 156251 +2s2 _ 286351 +2s2 _ 56451 +2s2 _ 36251 +3s2 + 66381 +3s2 + 56431 +3s2 )33)3?
+ (3(=5 — 6e°1 + 75e2°1 — 40e3°1 4 161192 4 27e251F52 _ 99935182 | jo7edo1tez
916251252 | 159 451+252 g Be1H2sn | o 8514852 4 g ds1+B8sy _ gg Be1+Bsa

+ 705139232 L (3651 (17 4 66e°1 — 571 4 3e%2 4 621792 _ 1896251752 | 14835152

— 18e°1 +2s9 + 36251+252 + 646381 +2s2 _ 736431 +2s2 _ 96231 +3s2 + 246331 +3so _ 13e4sl+352
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F 6P o0 (1 4 e51)2(223 — %1 4 60e°1T52 _ 0e2S1 52 | pre291+252 4 goBs1+252
+11e3%1F392 | ods14392 )0 | el (—1 4 e%2)s5(4e®1 T2 (1 4 £51792) (1 4 £°1)2

T (1= 2651 496251 _ geS1T92 | 12025152 | 99p351+52 _ 32514252 4 3514252

+ 5et1F252y501)52 4 (3(5 — 36e°1 + 1056251 — 50e3°1 — 16e°1 752 4 1236251F92 _ 318351 +52
11306451752 | 9102514252 19g 3914252 4 ggs ds1 252 1gg Be1+2sn _ o Bs1+3s2
+15e101H352 _ 4gePs1H392 | 1109143923 | 3((11 — 64e®1 + 1596251 — 98391 — 34¢°1F52
+223e251F52 _ 4806351152 | 067451192 | 392517252 _ 2103511252 4 3834511252

1886551252 | go391+352 | g7 451350 | gg 5514390 4 11691+352 )0 15051 (L1 4 £51)2

X (=2 4 1752y (1 4 e51F92)2) 2 4 55(3(6 — 29e°1 + 566251 — 5751 — 1751192 4 1046251752

+18e*511352 4 1555135250 _ 9(1 4 51)%(23 — 47e51 — 6951752 4 105251152
+81e291F292 _ g1 851292 _ 35891852 4 p3edentBeny e, 4 3051 (L1 4 52)s2

(8e 192 (1 4 e31F52) (1 4 1)2 4 (1 — 251 4 9e2°1 — 651752 § 12¢291F52 _ 9ge3s1+52

X

— 32511252 | geB3511252 4 5eds1t2s2 )s3))s1 + s2(s2 + s3)(3(5 — 22e°1 + 45251 _ 20e3°1
—16e°1752 4 73251152 _ 138351152 | 5reds1ts2 4 91251252 _ gy 391292 | 13704511292
_ 506551 +2s2 _ 26351 +3s2 + 96431 +3s2 _ 206531 +3s2 + 56631 +352)S§

—2(—1+ e 1) ((—1+ e31)(23 — 47e°1 — 69e°1 152 4 129e251F52 4 57e291+292 _ 153511292
— 11351352 | 934514352y 4 303 10651 4 15e2°1 — 1051192 4 36251152 _ yo351+s2
+ 152511292 _ 493511292 4 354814292 5,)5, 4 55(2(—1 4 €®1)% (=1 4 €51 4 31152

+ 96231 +s2 + 96231 +2s2 _ 336331 +2s2 _ 116331 +3s92 + 236451 +332) —3(—1+ 4e51 — 56251
1106351 4 465152 | 19251F52 | 1gBo1Hs2 _ gredsiten | g 2514252 | g0 351422
17ets1H252 | g0pBs1H2sn | gp3s1H3s2 | geds1H3sn | 5 5514352 4 5051 +352) ),

— k1857 (s1,52,53)

ki1s,28(s1,s2,83) = n L (s1+s2+53) ’
3(e51 —1)3(eS1152 -1)3(e 2 : —1)s1s2(s1+s2)s3(s2+s3)(s1+s2+s3)2

167re2<51+52)(251 — e%2(s7 — s2 +€e°1(s1 + s2)))

k1s,29(s1,52,53) = 55 ,
(e52 —1)(eS1F52 —1)3(e2 + 1)s1s2(s1 + s2)(s1 + s2 + 83)

16me2(51+52) (92 (51 — 59 4 €°1 (51 + 52)) — 251)

ki1s,30(s1,52,53) = 55 .
(e52 —1)(e®1F52 —1)3(e2 — 1)s152(s1 + s2)(s1 + 52 + 83)

C.2.3. The function kag. We have
24
k20(s1, 82, 83) = K20(s1, 82, 83, =81 — 82 — 83) = Z k20,i(s1, 82, 53),
=1

where

167 (—3e°1 + 33251 4 5351 4 1)s5(s0 + s3)
(e51 — 1)35%(s1 + 52)2(s1 + s2 + 53)2

k20,2(s1,52,53)(e*l — 1)%(e2 — 1)(e®1 792 — 1)%sy (s1 + 52)%s5(s2 + 53) (51 + 52 + 53)°

= —16#3% (2&231+352 (681+52 — 4)sg(e’1 — 1)3 —9e°1 4 2°1 _ 292 _ 2¢%1F52 4 3020192

’

k20,1(s1,52,83) = —

063012 | 1151202 | 92514252 93514252 5o ds1+2s2 1 2514352 | 9o Bs1+3s2

T eets1 392 4 g Bs1+3sn | Bsitden | dsiHden _ g Bs1Hdsn gy

kao,3(s1, 52, 53) (e — 1)®(e%2 — 1)(e®1 752 — 1)*(s1 + s2)s3(s2 + 53)(s1 + s2 + s3)°

1656351 +sg + 1506431 +so n 122811282 _ 696331 +2s9 + 706431 +2s9 _ 856551+252 _ 96351+352

= —16#(2&231 (=14 e°2)(—4+e°1 —4e°2 + 2e252 4 17e51F92 _ yge281Fs2 _ os1t282 _ 2811292

pet1HBse | ye2e1 4800 | 6eB3e1H852) 8 (] 4 oS1)(4 1 361 — 5621 4 4e®2 4 14eS1 T2
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_20e251F52 | 963012 17eS1H2sn | 52514252 | 1351252 _ ggds1+2ea | og 2514352
_ 266331 +3s9 + 12¢451+3s2 n 186531 +3s2 _ 11351 +4s2 + 196451 +4sg 106551 +4sg _ 46851 +4s9o
+ dete1H552 _ geBs1t5e2 | 4 6514552y 4 90291 (12 _ 3651 — 186292 4 26752 — 4851152
112625152 | 546511252 | 18251252 | 101852 | 40 2514352 _ 5 3514352 4 451430
1 ogeS1tas2 _ 1ge2s1tdsa | gy B3s1H4sy 4 dsitdsy | 5551"'452)52)5% T (=14 eS1F52)
X s2((—1 4 e®1)(6 + 3e°1 + 9e2°1 — 62 — 2061752 4 13¢251F52 _ 41391+ 92 4 g7e81+292
_ 96231 +2s9 + 126351 +2s9 + 346431 +2s2 _ 136231 +3s9 + 216351 +3so _ 186481 +3s2 _ 86581 +3s9
L 8e3s1F45n _ qgedsitden g 5s1+H4sn) L 6251 (Lg 4 €51 4 66252 4 26352 4 1265152
3625152 1ges1t2e2 | 2514252 | 33514252 | g s1+3s2 | 1o 2e1 4352 _ 4 3514352
+ e481+382)32)sl +e°1 sg((—l +e 1) (=1 +e®2)(15 + 3e°1 + 5e°2 — 3751192 _ 9928192
+ ge2sl+2s2 + 456351 +2s2 _ 96231 +3s2 + 216331 +3so _ 306431 +3s9 + 46351+4s2 _ 8e4sl+4s2
T 4e351F452) | 0051 (4 — 51 — 66252 — 106352 — 1651752 4 4625152 4 18517252 4 2514252
146651352 | 78e251H352 | 4o 351852 1o ds1+Ben | g s1Hdsy | go2s1t4sy | oy 351 +4s2
_ 126431 +4s9o + 36551 +452)52))’
4 4 2 2
k20,4(s1, 52, 53)3(e®1 — 1)*(e%2 — 1)(e®1 792 — 1)*(s1 + 52)%(s2 + s3) (51 + 52 + 53)
= 167((139¢°1 + 39731 4 29¢*51 4 22¢52 4 152251752 4 1316351752 — 182751152
—109e°11252 4 9772914252 _ g30451+292 | 170967517252 _ 170351 +352 4 9070451 +352
_ 651 +3s9 7s1+3sy - 3sy;+dsy 551 +4sg 6s1+4sg 4 8sy+4sg
1258e 134e 7e 1019e + 775e 4e
— 20e*51552 4 1165517552 _ 2907517552 4 48511552 _ 99)5, — 2(—32¢51 — 164351 — 28451
— 5e®2 — 187251752 _ 496351752 4 136551752 4 90511252 _ 112511252 4 3164511252
_ 551 +2sg 3s1+3sg 4s1+3sg 651 +3s9 7s1+3sg 3s1 +4sg
868e 44e 988e + 689e + 76e 16e
5s1+4dsg 651 +4sg - 8sy+4sg 4s1+5s9 5s1+5s9 7s1+5s9
+ 544e 455e Te' + 22e 100e + 128e
+ 763714592 4 5)sy),
4 4 2 2
k20,5(s1, 52, 53)(e®l — 1)*(e52 — 1)(e®17°2 — 1)*(s1 + 52)% (s2 + s3) (51 + 52 + 53)
= —167(2e2°1 (4 4 30e°L — 4e2°1 — 2452 4 30e252 — 6e3°2 — 24€°1752 _ 11825152 4 1635152
246511252 | 936291F252 | 5o 8514252 4 gods1H2s2 4 4 s1+352 | 1002514352 _ 1g0Be1+3s2
_ 346431 +3s2 _ 45514382 _ 7e51 +4sg + 33e2sl+452 n 346351 +4sg + 946431 +4sg _ 56551+452
+ eGsl+452 _ 26231 +5s9 + 86351+552 _ 366481+582)s? —2((—1+ 51 Y1 — 8eS1 + 366281 + 6351
%2 1 5eS152 | 3625152 | 100351+ 52 | 1645152 4 351252 4 11,251 +2s2
110763517252 | 1636451252 | 16551 +252 | 1214352 | 11 3s1+3s2 _ jg3.4s1+3s2
_ 1156531 +3s9 n 56331 +4sg n 126431 +4s9o + 1176551 +4so n 176631 +dsa _ Ts1 +4sg + 46431 +5s9
— 18251582 _ q7651+5s2 | (To145s2y _ 29145239 _ 81 — 218e2°1 4 38e%2 — 241152
251 +so 3s1+so s1+2s0 251 +2s9 3s1+2s9 4s1+2s9
+ 420e 4+ 150e 56e 28e 464e 34e
+ 4pe251H352 4 5ged3s1+3s2 4 gggedsi 82 4 98514382y, 251Fs2(_39 _ q08e°L
—196e2°1 4 26e°2 4 241152 4 4286251152 4 160391 752 _ 1722511292 _ 365391 +292
—106e*511252 | 932511352 4 1063511352 § 1904511352 | 17591135255y
+e®1(2e%1F52 (16 — 96e°1 — 162e2°1 + 10e°2 + 24e°1 192 4 324251792 4 168351 52
108651252 1 1162917252 | 54351252 | 0ol 252 | q12s1+352 4 53514352
+ 170e451H392 | 19 P51 35252 | (9e51F92 (94 — 17261 — 222251 4 6e°2 4 7251752
+ 484251192 4 o54e351F52 _ 5ges1H252 _ gpe291+292 _ goge3o11292 _ ggeto1t2o2

— 17e251F352 | 1743911392 4 90gede1H352 4 56551139255 4 181651 4 102 + 42651 T 52
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+ 5126251 +2s9 _ 976551 +2s9 38631+332 + 2086431 +3s9 4 576331+432 _ 1426631 +4s9
— 64e5511592) 50 4 253(2e%1752 (4 — 30e%1 — 40e2°1 + €52 4 1271752 4 gpe2o1 152
+ 466331 +so _ 2¢51 +2s2 _ 266281 +2s2 _ 926331 +2s2 _ 276431 +2so _ 46231 +3s2 + 326331 +3s92
+36et51H392 | 115513525, 4 73651 4 4652 4 18031152 4 24062517252 _ 5gPo1+252
76511352 | ggeds1 4352 4 46351 +4sn | ggobsitasy | g Bs1+5sayyy
k20,6 (s1, 52, 53)3(e®t — 1)* (€2 — 1)(e®1 792 — 1)%s1(s1 + 52)%(s2 + s3) (51 + 52 + 53)°

= —167((19 — 100e®! — 316e3°1 — 35e%°1 — 19¢%2 — 44251192 _ 1304351 F92 4 152591 F 52
+100e°1 1252 _ 31062917252 | g56e451 1252 _ 15805511252 4 9003911352 _ 1904ets1 352
111506551352 | 176671352 | 4351452 | grgBsitasy | gq 6e1 sy g 8s1+dsy
— 7ete1H552 | 1665511552 | 3040751 H552 4 11891459252 4 (20 — 95e%1 — 4250391 — g7et01
— 20e°2 — 220e2°1152 _ 1708391152 | 974551192 | 101511292 _ 9812517292 | g5eto1t2e2
2365571252 | 9391352 _ 96804511352 | 1850651352 | 950,71 +3s2 _ Bs1+dsy
114956551452 _ ga3o651t4s2 1851 t4sa 14 451852 | 4y 5514552 | 5007514552
+10e351 1592 5050 — (=7 + 3451 4 1426351 4 296451 4 7652 4 80251152 4 pggedo1 o2
—116e7°1F52 _ 34511292 | 100251 F252 _ 3441511292 | g1ge5o1+252 _ 9031 +352
n 9206431 +3s9 _ 6826631 +3sg _ 926751 +3s9 n 2e351 +4sg _ 5306531 +4s9o + 2866681 +4so

L Bo1tdsy 4 g 451455y 9g 5514552 _ 196 Ts1+5s2 4 851452 )Sg)

k20,7(s1,52,53)5(e”T — 1)*(€*2 — 1)(e*17°2 — 1)% (51 + 52) (s + s3) (51 + 52 + s3)°

= 327 ((—4 + 16e°1 — 84e2°1 — 204e3°1 4 6?1 4 452 — 24e5°1192 _ 16517252 _ 54,651 +292
_ 866281 +3s9 n 1566731 +3s9 n 96351 +4sg _ 96851 +4so n 146431 +5s9 _ 566531 +5s9
+204e851F592 4 104 To1 552 4 4 Bo1H552),2 L (g 4 24651 — 156251 — 281351 — 51
T 6e°2 + 4655152 _ 040511252 _ 9651252 _ g4.2514352 | 194, TS1 4352 _ 19,351 +4s2
+ 146831 +4s9 + 266481 +5s9 1046551 +5s9 + 3366631 +5s9 + 1566781 +5s9 + 66881 +582)3332
+ 2(_1 + 4e51 — 266231 _ 516351 _ 6431 + 52 + 46531+32 _ 4esl+252 _ 216651+252 + e2sl+352
1146751352 _ 4 351445y |y 8s1+4ds | g 4s1+552 _ 94 5514552 | 60514552 | 95,751 +5s2
+ 85155252 | o) ((—2+ 861 — 526251 — 277351 4 23451 | 2652 _ 9205152 _ gesiH2e2
_ 726651 +2s2 _ 186281 +3s2 + 1086731 +3s92 + 476331 +4sg _ 126831 +4s9 + 226451 +5s9
— 882511552 4 3198517552 4 507511552 | 985145925, 4 (_2 4 8651 — 92251 — 252¢3°1
186251 | 2652 _ 32655152 | geS1H252 | 10000514252 | 99,2514352 | 4g,Ts1+352 | 97,351 +4s2
4 3eB51H4s2 | go A5 4552 _ 19gc51 550 | 79 051552 | 5o Ts1 552 | 9 8514550y,

k20,8(s1,52,53) ("1 = 1)*(e51F92 — 1)%s5(s1 + 52) (52 + 53) (51 + 82 + s3)°

=161 m(2e°1 (=1 4 €°2) (=2 — 5e°1 4 51 4 2652 — 251192 | 22291F92 _ g 35192 4 51422
—5e2o1 252 _ 18514200 4 gedsiHBeay B (L1 ety (1 — 14e%1 4 €251 — %2 4 1051152
b 37e25152 | 9p3s1sa | 81280 | g 2514280 _ gBs1+282 | As1+2sn 4 5 2814382
+ 26331 +3s9 + 476431 +3s9 _ 66531 +3s9 _ 46431 +4sg _ 106531 +4so + 26651+452)
+2e°1 (=1 + e°2)(—4 — 15e°1 + e2°1 | 4e%2 — 61152 4 gpe251F 52 _ ge3%1F52 | 3es11292
_ 96251 +2s9 426351 +2s2 _ 66481 +2s9 + 26231 +3s2 _ 86381 +3s2 + 246431 +382)33)s?
+ s3(4e”1 (=14 €°2)(—1 — 5e°l + %2 — 251152 + 1925152 + eS1F252 _ 92511252
14351252 _gote1t2en | 2s143sy _ y Bs143s0 | g 4514852y, (L1 4 e51)(—3 4 34e°1
+5e2°1 4 3e%2 — 2251192 _ g5e281F92 _ 30391+ 92 4 4514292 | 97.291+252 4 56301 +202

n 296431 +2s9 + e281+3s2 _ 306331 +3s9 _ 1096431 +3s9 _ 66581 +3s9 _ 86381 +4so + 286481 +4sg
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+14eP51H482 4 9 Bs1H4sayy o 91 4 eS1)(—1 4 101 + 3e2°1 4 %2 — geS1 152 _ 9925152
_ 146331 +s92 + 96251 +2s9 + 486381 +2s9 + 156431 +2s9 + 36251 +3sg _ 146351 +3s2 _ 316451 +3s2
_ 66581 +3s2 _ 4351 +4so + 12¢4851F4s2 n 2¢951 +4so n 26051 +432)s§),

k20,0 (51,52, 53)(e"1 — 1) (€2 — 1)(°17°2 — D)%y (s1 + 52)% (52 + 53)(s1 + 52 + 53)°

= —16e° 1 w(4e®1T52 (1 — 22e51 — 21251 — 252 4 1251152 4 4ge251F52 4 39351 Fs2

_ 26e°1 +2s9 + 386281 +2s9 _ 1086381 +2s9 + 86481 +2s9 _ 36231 +3s9 + 166381 +3s9 n 256431 +3s9
465513528 4 051 (2652 (—4 — 88e"1 — 84e2%1 — 82 4 481752 4 184251152
1128635152 41282 | g9 2514280 399 8514292 g 451282 gp 2s148s2
+ 946351352 4 70451352 | 395511352, _ 966392 4 4056251752 4 47051252
_ 94&431 +2s9 + 152e381 +3s9 + 25e281 +4sg _ 160e581 +4sg 1086481 +5s9 + 144)33
+ 53(4e®1T52 (1 — 221 — 21251 — 22 4 121752 4 46251152 4 39351192 _ 11252
L 0e2511252 _ gg 3514252 _ qp dsiH2sn g 2s1+8s2 | g 8514852 | jg du1 82
+ 1125135250 4 189651 — 26°2 4 560631152 4 68062517252 _ 149551 F252 _ 9951352
+ 184451352 4 y3e351 452 _ 950 051452 _ 1500511552y, 3651 (a2 4 26352 — 632512
— 80e°1 +2s9 + 206451 +2s2 _ 166381 +3s2 _ 56251 +4sg + 326531 +4s9 + 246451 +582)s§),

k20,10(s1, 52, 53)5(e"1 — 1)*(e"2 — 1)(e"17°2 — 1)%s (s1 + 52)(s2 + 53) (51 + s2 + s3)°

= 32759 (2(4eL — 21251 — 26e3°1 — 451 | 92 4 455152 _ ges1+292 _ g 0514252 _ gy 2514382

134675182 _ 4Bs1+4sy _ Bsi+dsy | As1+5sy g Bs1+5s2 4 91 6514552 | 95,751 +5s2
4851552 )52 4 (16e"1 — 84e2°1 — 10431 — 4e?1 4 4652 4 1651152 _ 1617252
_ 246631 +2so _ 366251+352 + 766781 +3s2 _ 316331 +4so + 116851+452 + 46451 +5s2 _ 166581 +5s9
+ 848511552 4 104eTI1H552 4 4851592 _ 4)o05, 4 2(4e51 — 21251 — 26e3°1 — 451 4 (52
1468512 | 451252 | g 6s1H2sn 4 25143sn | 14 Ts1 B0 g 3s51+4sy | 4 8s1+dsy
4 eHS1TEI2 g Be1 552 4 91651552 | 9geTs 1By 812 gy,

12#(5% — s3s1 — sg + 5%)

k20,11(s1, 82, 53) = I footen) ,
(e2217°27°8) — 1)45 (51 + s2)s3(s2 + s3)(s1 + s2 + s3)

12#(5% — s3s1 — sg + sg)

k20,12(s1, 52, 53) = I footen) ,
(e21P1TP2TE8) 4 1)ds) (s1 4 s2)s3(s2 + s3)(s1 + s2 + 53)

24me?51 (5o — s3)

k20,13(s1,52,53) =

)

I
(es1 —1)2(e2*2793) _ 1)24) s505(s1 + 52 + s3)

24me?1 (sy — s3)

k20,14(s1,52,53) =

s

(e®1 — 1)2(5%(524'53) +1)2s15283(s1 + 82 + 83)
k20,15 (51, 52, 53)(e"1 — 1)(e*1 752 — 1)(6%(51+52+53) +1)%s159(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)°
= —4r(3((—3e°1 — 365152 4 2e291F52 | 4)5p 4 51 (e%2 — 1)s3)s5 + ((—5e°1 — 1151752
+ 2251752 4 14)s2 4 ((—5e1 4 7152 _ 4e291F52 4 o)y 6(e®1 — 1)(e51F52 — 1))sy
+ 661 (e%2 — 1)s2)s% 4 ((17e”1 + 5e°1192 _ 14¢291+92 _8)63 _ (—13e%1 — 7e°1+92
+10e%°1752 4 10)s352 4 s3(6(e”1 — 1)(e®1752 — 1) 4 (=7e®1 + 51192 | 4251F92 _ 9)44)5,
+ 3e71(e°2 — 1)5%)51 — so(s2 + s3)((—13e°1 — 7e1F52 4 qpe201ts2 4 10)5%
—2(e®1 — 1)(2e°1 5255 + 53 + 3e°1 192 — 3)55 — s3((—11e°1 — 11°1752 4 14291152 | g)54
—6(e™ — (1772 — 1)),
k20,16 (51, 52, 53) ("1 — 1) ("2 — 1)(5%(524'53) — 1)s1s2s3(s2 +s3)(s1 + s2 + s3)
= —8me2s1 ((5e°1 + 5e°2 + eS1ts2 _ 11)5% +2(e®l —1)(3(e2 — 1) + (4e°2 + 2)s3)s2

+s3((—e®l =132 +7e°1792 4 7)s55 — 6(e®1 — 1)(e°2 — 1)),
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—k30.16(s1, 52, 53)

k20,17(81,82,83) = T )
(51 —1)3(es2 — 1)(e2*2¥93) | 1)1 sps3(s0 + 53) (51 + 52 + 53)

k20,18(51, 52, 53)(e®1 — 1)(e*1752 — 1)(e2C1792+98) _ 133515, (61 + 55)55(s2 + 53)(51 + 52 + 53)
= 47w (3((—3e°1 — 3e1F52 4 ge281Fs2 4 4)so + €1 (e®2 — 1)33)3? + ((—5e°1 — 1181152

+ 2251752 4 14)62 4 ((—5e®1 4 71752 _ 4e251H52 4 9ygy — 6(e51 — 1) (5152 — 1))y
+6e1(e%2 — 1)s2)s7 + ((17e°1 4+ 5651752 _ 14251F52 _ g)s3 _ (1361 — 7e51F92
+10e2%1F52 10)335% + s3(6(e’1 — 1)(e51+52 —1) + (=7e° + 5e1Fo2 4 ye2o1Fs2 _ 2)s3)s2
+ 3¢e°1 (682 — l)sg)sl — sa(s2 + 33)((—13e81 _7eS1t52 + 10e251 52 + 10)33
—2(e®1 — 1)(2e°1 7255 + 53 + 31192 _ 3)55 — s3((—11e°1 — 111752 4 14¢251F52 4 g)s4
—6(e®t —1)(e"1 52 — 1)),

k20,10 (51, 52, 53)(e®1 — 1)(e*1752 — 1)2(6%(31+32+S3) —1)%s152(s1 + 52)53(s2 + 53)(s1 + 52 + 53)°

= 27m(((—33 4 14e°1 + 55e°1192 _ 99e281+92 _ 12811292 | 335142825, | 051 (1 4 £%2)

X (=11 +23e°1F92)53) 6% — ((43 + 141 — 67e°1752 — 11e251F92 4 12251252 | g 35142522
+ (6(—7 + 5e°L + 1251152 _ ge2s1ts2 _ 52514292 4 33914292y 4 (10 — 5eS1 4 2151152
+29e2°1F82 _ 72811292 | 193518292 5,)5, — 2651 (—1 + €%2)s5((—11 + 23e°1F52) 54
— 61792 4 6))s% 4 (13 — 70e"1 — 311192 1 1096251752 | 62511292 _ greds1122) 3
+ (8(1 4+ 2e°1)(—1 + e°1F92)2 4 (23 — 661 — 6751752 4 69e251 152 4 392511252
+ 9351725250152 1L 55 ((10 + 151 — 4751152 _ 63291752 | yge251+252 4 36351 +292) 5,
+22e°1 4 80e1 152 — 56621752 _ 462511292 4 34351292 _ 34)55 4 1 (1 + €2)s3
X (=11 + 23119255 — 12(—1 + e1F92)))51 — s55(sg + s3)((—23 + 42e°1 + 43e°1F952
_60e251+52 | g251+252 | 153514252 )2 o((5 _ 9eS1 _ 7¢51+52 4 3251452 _ 10201 +252
+18e3511292) 5, 4 93651 § 9851752 _ 4028152 _ 11251252 4 g7 3s1+252 _ 7,
— 53((—13 + 24e°1 4 2951192 _ g3e251F52 _ 9ge281+292 4 5135112925, _ 38071 _ gaet1to2
T 8825152 | 352514252 | 50.351+252 | og))),

k53 Mg (s1,52,53)

k20,20(s1,52,53) = T o1 toatss) ’
(€31 —1)(e®1F82 -1)2( 2 FLT927598) 4 1)251 55 (51 +52)s3(sa+53) (s1+52+53)2

kag,21(s1, s2,83)(e’1 — 1)%(e"1792 — 1)3(6%(51+32+53) +1)s182(s1 + s2)s3(s2 + s3)(s1 + s2 + s3)°
= 27 (((—15 + 32e°L + 13e2°1 — 6351 4 4061152 _ g9e291F52 _ 5ae391F52 4 qeo1te2

_ 316251 +2s9 + 54€3sl+252 4 336451 +2s9 + 166551+2S2 _ 18€3sl+352 4 556431 +3s9
— 64eP51F352 | 3.6514352),, _ 051 (5 4 26e%1 4 321 4 552 — 1251152 _ g3e251F 52
_ 26351 +so _ 1451 +2s9 + 276251 +2s9 + 846331 +2so _ 256431 +2s9 + 336251 +3s2 _ 826331 +3s2
+25e451H392)54)53 (21 — 24e°1 — 111251 4 426351 — 50e51752 _ 36251152 4 372,351 F52
_ 1036431 +s9 4 176251 +2s9 4 666331 +2s9 _ 3276431 +2s9 4 286531+232 + 366331 +3s9
— 1111352 4 138551352 | g Os1H352),2 | (923 4 7651 4 6151152 _ 2525102
_ 416251 +2s9 + 176331 +2s9 + 36351+352 + e4sl+352)(_1 + 51 )2 + (6 — 7eS1 _ 206231 + 456351
+ 5631 +so _ 1086281 +s2 + 1296331 +so _ 9864sl+52 _ 566251+252 + 2016351 +2so _ 426431 +2s9
_ 316531 +2s9 + 1176351 +3so _ 3026431 +3s9 + 1496551 +3s9 + 126631 +352)53)52
+2e%L (=1 + €32 )s5((5 — 26e°1 — 36251 — 1451192 4 gpe251F52 | 9351192 | 33.251+282
—82e391+292 | o5ed814282 )00 4(1 4 e%1)%(2 — 7eS1T52 4 5251 7292)))62 | ( (-3 4 48e°1
—183e2°1 4 66e3°1 4 20e°11°2 — 213291152 | 582391152 _ 173451152 _ 592511252
+ 2946351 +2s9 _ 5556451 +2s9 + 1046551 +2s9 4 186331 +3s9 _ 576431 +3s9 + 846551 +3s9

427051392y B L (L16(—1 4 e51)% (=1 — 3e®1 4 25152y (1 4 e51F92)2 _ (L9 4 64e°1
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—181e2°1 4 102e3°1 4 5451152 _ 357251F92 4 624351752 _ 94945152 _ q41251 1252

+ 5346351 +2s2 _ 5496431 +2s9 + 846551 +2s9 + 726331 +3s2 _ 1696481 +3s92 + 346551 +3s2

+ 878517352 55)62 1 55((6 — 111 — 28e2°1 — 39¢3°1 — 39¢°1752 4 156291 752 4 27391 +92
178615152 | 962511252 | 9g7e3511252 _ goods1t2o2 | 45 5514252 _ gro3s1+3s2

+ 194251352 4 955914352 _ 051435250 91 4 €51)2(15 — 151 — 6151152

+ 256251 +s2 + 896231 +2s2 _ 176331 +2so _ 436331 +3s9 + 76451 +352))82 _ St (—1+ 652)S§

X (5 — 26e°1 — 3e2°1 — 1451192 4 60251192 | 9e381F92 4 33.281+292 _ gop3s1+282
+25eds1t2o2y 00 g(—1 4 e51)2(2 = 7152 4 5e251H292)) )51 5o (s + 53)((—9 + 40e°1

— 85e2°1 4 30e3°1 4 30e°1192 _ 141251152 4 064351152 _ gpetsitea _ y5.251 1282

+ 1746351 +2s2 _ 2616481 +2s9 + 606551 +2s2 _ 6451 +3s9 + 106551 +3s2 + 156631 +352)Sg
+2(=1+ 1) (=1 + ®1)(15 — 31e°1 — 45e°1 192 4 g1291F92 | 33.251+292 _ 57.351+292

— 3e351H352 4 74514352y 4 (3 10651 4 156251 — 121752 4 48251+ 52 _ gge3s1te2
42762514292 | gge351+252 | qppdsit2on | geBs1H35n | gppds1+352 4 goeBs1t3ea) oy,
+55((3 — 14e®1 4 35e2°1 — 61752 4 21e251F92 _ gge391+92 4 gedo1to2 _ g 2011292

+ 126351 +2s9 + 996431 +2so _ 306531 +2so _ 126331 +3s9 + 536451 +3s2 _ 1106551 +3s9
+45e551 39250 _ 9(—1 4 €%1)2(7 — 15e°1 — 211192 4 57e251F92 | 33,281 +292 _ gy 3511292
— 196351352 | ggpds1 352y

—k3051 (s1,52,53)

k20,22(s1,52,53) = T(s1ts0+53) ’
(€31 —1)3(eS1F52 -1)3 (e 2 FLT2753) 15 55 (51 +52)s3(s2+53) (51 +52+53)2

16me2(51F52) (52 (51 (2e%2 + 1) 4+ 1) — 4)s1 + 3e52 (51 — 1)s3)

k20,23(s1,52,53) = — 53
(e%2 —1)(e1752 —1)3(e2 + 1)s1s2(s1 + s2)(s1 + s2 + s3)

16me2(51F52) ((e52(e1(2e52 + 1) + 1) — 4)sq + 352 (e®1 — 1)s3)

k20,24 (s1,52,53) = 53
(e52 —1)(eS1752 —1)3(e2 — 1)s152(s1 + 52)(s1 + s2 + s3)
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