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The unitary character group of abelian
unipotent groups

Helma Kliiver
(Communicated by Siegfried Echterhoff)

Abstract. We determine the Pontrjagin dual of all K-split abelian unipotent algebraic
groups G over local fields K of positive characteristic. By giving a detailed study of the
structure of such groups we show that there is always an isomorphism between the group G
and its dual group G.

1. INTRODUCTION

In this paper we analyze the structure of abelian unipotent linear algebraic
groups G over local fields of characteristic p. In particular we study their
Pontrjagin dual, i.e., the group G = Hom(G,T) consisting of all continuous
homomorphisms from G to the circle group T, where G is equipped with the
locally compact Hausdorff topology.

We consider these groups as abstract groups, equipped with the locally
compact topology from the additive group of the underlying field K, which is
commonly denoted by G,. A large class of unipotent linear algebraic groups
over local fields admit a finite composition series consisting of characteristic
subgroups such that all consecutive quotient groups are isomorphic to the
additive group G,. Such groups are called K-split.

If the characteristic of the field K is equal to 0 then every unipotent linear
algebraic group over K is K-split and every abelian K-split group over a local
field of characteristic 0 is isomorphic to a finite product of copies of the group
G- In particular, such groups are isomorphic to their dual groups. If K has
positive characteristic, the situation becomes much more complicated. In this
case there do exist abelian linear algebraic K-groups which are not K-split
and the abelian K-split groups are usually not isomorphic to powers of K. A
special class of K-split groups over such fields are given by the class of finite
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dimensional Witt groups (see Section 4 for the definition) and every K-split
group is isogeneous to a finite product of finite-dimensional Witt groups.

The main result of this paper is a structure theorem (Theorem 4.16) which
shows that each Witt group can be decomposed into a discrete and a compact
part, each being isomorphic to the dual group of the other. This theorem is
then used to show that every abelian K-split group G over a local field of
characteristic p is isomorphic to its dual group G. We also give an explicit
description of the characters of the first Witt group Wi (K), where K is a local
field of the form F,((t)) for some prime number p.

The paper is organized as follows. After a short preliminary section on
local fields and duality for locally compact groups, we give in Section 3 a
short discussion on the general structure of unipotent algebraic groups over
local fields. The main results of this paper are given in Section 4, which is
divided into four subsections: in the first subsection we recall the definition
of W, (K), the nth Witt group of a local field K of characteristic p. In the
second subsection we derive our structure theorem for Witt groups. In the
third subsection we show that all Witt groups over local fields are self-dual
and in the last subsection we give the explicit description of the characters
of the first Witt groups. In the final Section 5 we use the fact that every
abelian K-split group over a local field of characteristic p is isogeneous to
a finite product of Witt group to prove that every abelian K-split group is
topologically isomorphic to its dual group.

Acknowledgements. The author wants to thank her advisor Professor
Siegfried Echterhoff, as well as Professor Markus Reineke (Bergische Uni-
versitdt Wuppertal) and Profesor Fritz Grunewald (Heinrich-Heine-University
Diisseldorf) for their encouraging guidance, their support and the many fruitful
discussions that inspired this work.

2. SOME PRELIMINARIES

A local field is a locally compact, non-discrete field. Up to isomorphism,
the local fields of characteristic 0 are R, C, and finite algebraic extensions of
the field Q, of p-adic numbers for all prime numbers p ([9], §3 Theorem 5).
Furthermore, every local field of characteristic p > 0 is isomorphic to a field of
formal Laurent series in one variable, denoted by F,((t)), where ¢ is some power
of the prime p ([9], §4 Theorem 8). A field of this form can be constructed as
follows.

Let IFy be the finite field with ¢ elements, where ¢ is a power of some prime
p > 0, and let F[[t]] be the ring of formal power series in one variable over F,.
The invertible elements of this ring are power series © = Y.~ z,t", where
xg # 0. Put

Fo((1)) =T [[tl](t™).
The elements of F,((t)) are formal Laurent series of the form 3  a,t",

where nyg € Z and a,, € Fy. Since every nonzero element z € F,((¢)) can be
written uniquely as 2 = t'y for some [ € Z and some y € F,[[t]]¥, every nonzero
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THE UNITARY CHARACTER GROUP OF ABELIAN UNIPOTENT GROUPS 183

element of IF,((¢)) has a multiplicative inverse. Thus F,((¢)) is a field, it is the
quotient field of the ring F,[[t]].

One can define a norm on F4((¢)) in the following way. We put ||0]| = 0 and
for 0 # x € F,((t)) with = = t'y for some [ € Z and some y € F,[[t]]*, we put
|lz|| = ¢~'. Equipped with this norm, the additive group of the field F,((t))
becomes a locally compact group.

Observe that the map

d) : Ffl[[t]] - Hqu Z antn = (an)nGZZO
=0 n=0

defines an isomorphism of groups, which is bi-continuous with respect to the
product topology on the compact group H;’io F,. Furthermore, the map

— 00 o0 o0
D Fq((t)) - @ F, x Hqu Z ant™ — (an)nezz o

=—1 =0 n=-—m
is an isomorphism of additive groups and ® is bi-continuous with respect to
the discrete topology on the direct sum @, ", F,. By means of this map, we
obtain a natural decomposition of the local field Fy((¢)) into a discrete and a

compact part:
(1) Fq((1)) = D Fy x [ Fo-
i=1 i=0

We now discuss duality of local fields. Recall that for any abelian locally
compact group G, the Pontrjagin dual group G is the group of all continuous
group homomorphisms from G to the circle group T equipped with pointwise
multiplication. The elements of G are called characters of G. Given the topol-
ogy of uniform convergence on compact sets of G, G is again a locally compact
group. We say that G is self-dual if there exists a topological isomorphism
between G and G. For instance, if G is the additive group of a local field K
then G is self-dual:

Proposition 2.1. ([9], Theorem 3) Let K be a non-discrete locally compact
field and let x be a mon-trivial character of the additive group of K. Then
the map y — xy from K to K, where Xy () := x(xy), is an isomorphism of
topological groups.

The proposition implies in particular that the field Fy((¢)), viewed as an
additive locally compact group, is selfdual. We want to observe that there is
also a different way of exhibiting the selfduality of Fy((¢)), using the structure
of its additive group. For this, we recall the following facts about the dual
group of a locally compact abelian group G which can all be found in [3],
Chapter 4.

(1) If Gq,...,G, are locally compact abelian groups then
(Gh x---xGn)A%(/}\l X o x Gy
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and every finite abelian group is selfdual.

(2) If G is discrete then @ is compact and if G is compact then G is
discrete.

(3) If G =[];c; Gi, where each G; is a compact abelian group then

G=PaG.

(4) (Pontrjagin duality theorem) The map ¢ : G — G defined by
®(x)(x) = x(x) is an isomorphism of topological groups.
Let G be the additive group of the local field F,((¢)). Then we have by (1)

G= éﬂ?q X ﬁFq
i=1 i=0

and using the facts listed above we obtain
G = <@Fq X HIFq> o <@Fq> X (HI@}) ~ [[F, x PF, =G
i=1 i=0 i=1 i=0 i=0 i=1

3. THE STRUCTURE OF UNIPOTENT LINEAR ALGEBRAIC
GROUPS

In this section we want to recall some results on the structure of unipotent
linear algebraic groups which we shall use in this paper. By a linear algebraic
group G over K we will always understand the K-rational points, G(K), of
such a group with the locally compact topology from the local field K.

The most basic example is the additive group of the underlying field K
which we denote in the following by G,. The group G, is unipotent since it is
isomorphic to the group G = {(§ %),z € K} C GLz(K). Recall the following
definition.

Definition 3.1. Let V be a finite dimensional vector space over K and denote
by End(V') the algebra of endomorphisms of V.

(a) An element a € End(V) is called nilpotent if a™ = 0 for some m € N.

(b) An element a € End(V) is called unipotent if ¢ — 1 is nilpotent.

(¢) A group G C End(V) is said to be unipotent if all its elements are
unipotent.

Recall that a linear algebraic group G over K is a Zariski closed subgroup
of GL,(K) for some n € N. If K is a local field, then G is also closed with
respect to the locally compact Hausdorff topology on GL,,(K) inherited from
the locally compact topology on K.

Definition 3.2. Let n € N. We define
Tri(n,K):={A e GL,(K)|Ajj =0for j <iand A;; =1forall1 <i<n}

to be the algebra of upper triangular n x n-matrices over K with each diagonal
entry equal to 1.
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Theorem 3.3. ([1], Theorem 4.8) A linear algebraic group defined over K is
unipotent if and only if it is isomorphic to a closed algebraic subgroup of the
upper triangular unipotent group Tri(n, K) for some n € N. In particular,
every unipotent linear algebraic group is milpotent.

An important class of unipotent linear algebraic groups is the class of K-split
groups, which are defined as follows.

Definition 3.4. ([1], Definition 15.1) A unipotent linear algebraic group G
defined over K is called K-split if it admits a composition series

G=Gy>G > > G ={e}

consisting of closed, normal linear algebraic subgroups of G such that G;/G; 1
is isomorphic to the additive group G,. In particular such a group is connected
with respect to the Zariski topology ([7], V, 2.1).

Remark/Example 3.5. ([1], Corollary 15.5.) If the field K is perfect, in
particular if the characteristic of K is equal to 0, then every unipotent linear
algebraic group G over K is K-split. This is not true for local fields of positive
characteristic.

Definition 3.6. ([7], V §3.1) Let G be a unipotent linear algebraic group over
K. The group G is said to be K-wound if G does not admit a subgroup which
is isomorphic to the additive group G,.

Example 3.7. ([7], V §3.4) Let K be a local field of characteristic p and
suppose that K is not perfect (i.e. KP # K). Let ¢ be an element of K \ KP.
One can show that the algebraic subgroup H := {(z,y) | 2P — ty? = z} of
G, x G, is K-wound.

In [7], chapter V and VI, Oesterlé proves several interesting facts about the
structure of K-wound groups.

Theorem 3.8. (7], V §5) Let G be a unipotent linear algebraic group over a
local field K of characteristic p > 0. Then the following are equivalent.

(i) G is K-wound.

(i1) The topological group G is compact.

Theorem 3.9. ([7], VI §1) Every unipotent linear algebraic group G over K
admits a largest algebraic normal subgroup N which is K-split. The quotient
G/N is K-wound and it is the largest quotient of G with this property.

It follows from Theorem 3.8 that every abelian K-wound group has a discrete
dual group. So, unless they are finite, such groups can never be self-dual. From
now on we will concentrate ourselves on K-split groups. Let G be K-split and
let

(2) G:=2(G) B Z1(G) B -+ B Zy(G) = {e}
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be its descending central series. Notice that in this case Z,,—1(G) is equal to
the center of G. Since (Z;(G), Z;(G)) C (Z;(G),G) for all i, it follows that the
canonical map

¢ Zi(G)/(Zi(Q), Zi(G)) — Zi(G)[(Zi(G), G)

is surjective. But we have Z;(G)/(Z;(G),G) = Z;(G)/Z;+1(G) and since the
quotient group Z;(G)/(Z:(G), Z;(G)) is abelian it follows that all consecutive
quotients Z;(G)/Z;4+1(G) appearing in the central series (2) are abelian unipo-
tent K -split groups. Thus we can refine the central series (2) so that we obtain
a new composition series in which all consecutive quotients are isomorphic to
the additive group G,.

As we have seen above, every unipotent K -split group is a multiple extension
of groups of the type G,. So in order to understand the structure of these
groups more precisely, we first need to study the algebraic extensions of the
additive group G, with itself. For this we recall the following definitions.

An algebraic 2-cocycle f on GG, is a polynomial in two variables with coef-
ficients in K satisfying the equations

f(x,0)=f(0,2) =0 forallze G, and
B) fy2)—fle+y2)+ fley+z)—flz,y) =0 forallz,y,ze€ G

If g : G, — G, is any polynomial map, the function h : G, x G, — G, defined
by

h(z,y) = g(x +y) — g(x) — g(y)

is an algebraic 2-cocycle and such a 2-cocycle is called trivial. The group
of classes of algebraic 2-cocycles modulo the trivial 2-cocycles is denoted by
H?(G,4,G,). Every algebraic extension of the additive group G, with itself is
completely determined by an algebraic 2-cocycle f : G, X G, — G4, and we
will identify in the following such extensions with their 2-cocycles.

A 2-cocycle f is called symmetric if f(z,y) = f(y,z) for all z,y € G,
and we denote the group of classes of symmetric, algebraic 2-cocycles modulo
the trivial 2-cocycles by Ext(Gg,G,). In characteristic p > 0, a non-trivial
example of such a polynomial is

(4) w(a,y) = }9(#’ Ly~ ( +y)),

the 2-cocycle which defines the first Witt group over K. Finite-dimensional
Witt groups will be introduced in Section 4 and we will see in Section 5 that
there is in fact a close connection between abelian K-split groups and Witt
groups.

But first we want to remark that the class of polynomial 2-cocycles of G, is
much greater then the class of symmetric polynomial 2-cocycles. It is easy to
see that, for example, every bi-additive polynomial f : G, x G, — G, satisfies
Equation (3). In characteristic p, the bi-additive polynomials of G, are of the
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form
f(xv y) = Z ammxpmypna
m,n
where all but finitely many coeflicients a, » are equal to zero. A simple exam-
ple of an asymmetric bi-additive polynomial is given by

f(z,y) = 2Py.

The non-abelian group G corresponding to this asymmetric cocycle can be

realized as
lx y
G= {(01$P) ,x,yEGa}.
001

In fact, we can show the following result.

Proposition 3.10. FEvery algebraic 2-cocycle of G, is the sum of a symmetric
2-cocycle and a bi-additive 2-cocycle.

Proof. Notice first that if f(z,y) is a 2-cocycle of G/, then the polynomials
flz,y) := f(y,x) and g(z,y) := f(z,y) — f(y, ) are also 2-cocycles. Further-
more, we have
9(x,y +2) —g(z,y) — g(z,2) =0,

for all z,y, z € G, and since g(z,y) = —g(y, z) it follows that the polynomial
g is bi-additive. We distinguish between two cases.

If the characteristic of K is anything except 2, then we can write

1 1
F(,y) = 5 (f(@9) + fly,2)) + 59(2,y)

and thus we can write f as a sum of a symmetric and a bi-additive 2-cocycle.

If the characteristic of K is equal to 2, then g(z,y) = f(z,y) + f(y,z) is
bi-additive and symmetric. If f is of the form f(z,y) = Y a;;a'y’ then we

have

glx,y) = (aij +aji)a’y’ =Y bia'y’.
Furthermore we have b;; = b;; and b; = 2a;; = 0 for all 4. Since g(z,y) is
bi-additive it follows that b;; = 0 except for the case that i and j are both
powers of 2. Now, let h(z,y) = 3, _; bijz'y’, then h(z,y) is bi-additive and
we have h(z,y) + h(y,x) = g(x,y) for all z,y € G,. Since

f(x,y) + fy, ) + h(z,y) + h(y,z) = 2g9(x,y) = 0,

it follows that the sum f(z,y) + h(z,y) is symmetric and hence f(x,y) is the
sum of a symmetric and a bi-additive 2-cocycle. O

4. WITT GROUPS

Finite-dimensional Witt groups over local fields K of characteristic p define
an important class of abelian K-split groups. This section is divided into four
subsections. In Subsection 4.1 we give, for every n € Ny, the definition of
W, (K), the nth Witt group of a local field K of characteristic p. We prove
in Subsection 4.2 that finite-dimensional Witt groups of any local field K of
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characteristic p can be decomposed into a discrete and a compact part, each
being the dual of the other (Proposition 4.20). With this result we prove in
Subsection 4.3 that, for every n € Ny and every local field K of characteristic
p, the topological group W,,(K) is isomorphic to its dual group. Finally, we
give in Subsection 4.4 an explicit description of the characters of the first Witt
group of a local field K of the form K =TF,((¢)) for some prime number p.

4.1. Definition of finite-dimensional Witt groups. We first introduce the
definition of the nth Witt ring W,,(R) of a commutative ring R with unity. The
approach we are following is given in [5].

Let p € N be a fixed prime, let n € N, and consider the polynomial ring

A =Q[Xo,Yo,..., X, Y,].

We will define a new ring structure on the set A"*! via the following procedure.
Let © = (20,21,...,2,) € A""! and define a map ¢ : A"t — A"+ by

¢(($0,$1, . ,a;‘n)) = (ZE(O),x(l)’ . ,Z‘(n)),

where

_1.

(5) 2@ =29 and 2@ = af +p-al 4 4piloal | +pieay fori>1.

Conversely, given an arbitrary vector z = (@, 21 . (") e A"+ define
amap 1 : A"Tt — A"l by

¢(Z) = (3)0,331, e ,$n),

where

i1 .
— = p gl Jfori > 1.

1 . i
(6) 0 :=2* and z; := E[x(l) —ab —p-al
The maps ¢ and 1) are inverse bijections. Using these maps we can introduce
new binary operations of addition, denoted by &, and multiplication, denoted
by ®, on the set A”*!. For this let x,y € A"T! and define

(7) @y = (d(xr) + ¢(y) and x @y := P(¢(x) - $(y)).

That is, (z @ y)@ = 2 + ¢y and (z @ y)@ = 2 .y for i > 0. Note
that, in general, t ®y # z+y and z ® y # x -y. We write W,,(A) for the
set A"+ endowed with the operations @ and ® as given above. One can show
that W, (A) is a commutative ring of characteristic 0, isomorphic to the ring
A" yunder ¢ @ W, (A) — A™L. Observe that by (5), (6) and (7), we obtain
for example:

(x®y)o = xo + Yo,

(zdy) =1 +y1+—(x€+y8— (xo +yo)?),
(z ®y)o = zoyo,

(x®@y)1 = zoy1 + 15 + P T1Y1-
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Theorem 4.1. ([4], Theorem 8.25) Letn € N and let x = (xo,1,...,2Tn) and
y = (Y0,Y1,---,Yn) be elements of W, (A). Let x oy denote x By, x @y, or
xOy. Then (zoy); € Z[xo,yo, - .. Ti,yi] for all i € {0,...,n}.

Using this result we can now define for all 0 < ¢ < n:

(CE 53] y)z = Ai(x07y07 cee 7%7%‘) S Z[x07y07 cee 7xiayi]7
(33 b2 y)l = Mz‘($07907 ce. 7xivyi)€ Z[m05y07 .. 'amiayi]v
(3j ey)l = Si(x()vy()a e 7xi7yi) € Z[m05y07 .. 'amiayi]'

With these properties we can pass from the ring A = Q[Xo, Yo, ..., Xy, Y]
to any commutative ring R with identity. Let ¢ : Z — R denote the natural
homomorphism defined by ¢(c) = 1-¢ =: ¢ for ¢ € Z. Let A;(z0,%0, ..., Zi, i)
and M;(xo,%0,---,2;,y;) be the polynomials in R[xg, %o, ..., Z:,y:] obtained
from A;(xo,v0,-.-,%:,yi) and M;[zo,yo, - .-, Ti, Y], respectively, by replacing
each coefficient ¢ € Z by ¢ € R. We can now give the definition of the nth
Witt ring of a commutative ring with unity.

Definition 4.2. Let R be any commutative ring with unity and let n > 0.
The nth Witt ring W, (R) of R is defined to be the set of all (n + 1)-tuples
x = (xo,...,2Zn), where z; € R for every i € {0,...,n}, with addition and
multiplication defined as

(x @ 2'); = Ai(zo,70,...,7,7,) and
(z ®2'); = Mi(xo, 34, ..., 24, 7).

By [4], Theorem 8.26, W,,(R) is a commutative ring. The zero and identity
elements of W, (R) are 0 = (0,0,...,0) and (1,0,...,0), respectively.

Remark 4.3. Let R be any commutative ring with unity and let n > 0.
Let = (xo,...,2y) and 2’ = (g, ...,2}) be elements of W,,(R), and con-
sider B := Z[Yy,Yy,...,Yn,Y,]. There exists a ring homomorphism 6 from
B to R, satisfying 6(c) = ¢ for ¢ € Z, 0(Y;) = x;, and 0(Y]) = « for all
0 <4 < n. This map induces a ring homomorphism 6 : W, (B) — W, (R),
where 0((ag, . . .,a,)) = (8(ag), .. .,0(an)), a; € B, satisfying (Yo, ..., Yy)) =
(z0,...,2n) and O((Y,...,Y!)) = (2},...,2,). In this way we obtain a func-
tor W,, from the category of commutative rings of characteristic p into the
category of commutative rings. In particular, if S is a subring of R, then
Wy (S) is a subring of Wy, (R).

Remark 4.4. Let R be any commutative ring with unity and let n > 0. Let
r = (z0,...,%n) and y = (Yo, - - -,Yn) be elements of W,,(R). Then (z ©y); =

Ai(wo, Yo, .-, @i, y;) for all 0 <4 < n and it follows from Equation (5), (6),
and (7) that A; is of the form

(8) A¢($07y07 s 7xi7yi) =x; + Yi + wi(Q:Oa Yo, - - mi—lvyi—l)a

where w;, i € {1,...,n}, is a polynomial in the variables o, yo,. .., Zi—1, Yi—1
with coefficients in R. Only wq is equal to the zero polynomial. Note that
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the w;, i € N, can be regarded as 2-cocycles on the Witt-groups W;_1(R)
with values in R and that the ith Witt-group W;(R) is realized as the central
extension of W;_1(R) by the central subgroup R corresponding to this cocycle.

4.2. The structure of finite-dimensional Witt groups. In the following,
let K be a local field of characteristic p0. The (n + 1)-dimensional Witt ring
W, (K), n € N>g, has the natural structure of an abelian, unipotent algebraic
group. The elements of W,,(K) are (n + 1)-tuples (o, ..., x,), where z; € K
and hence, as a set, W, (K) = K", Tt follows from Definition 4.2 and the
remarks following it that the maps 7 : W, x W,, — W,,, where n(z,y) =
x®y and i : W,, — W, where i(z) = —z are morphisms of affine varieties
K240 gt and K™t — K™*1) respectively. Therefore, W, (K) is a
(n+1)-dimensional abelian (affine) algebraic group. In order to see that the
group W, (K) is unipotent we introduce the following maps.

(1) The Shift map
S Wh(K) — Wy (K), (xo,21,..,2n) — (0,20, ...,T,—1) and
(2) the Frobenius map
F W, (K) — Wo(K), (x0,21,...,2n) — (xh, 2], ... 2b).
These maps have the following important properties.

Lemma 4.5. ([5], Theorem 13.6.)

(i) The Shift map S and the Frobenius map F are ring homomorphisms.
(ii) All elements x = (o, ..., xn) € Wy (K) satisfy the following equation
pFo = SE(F*(x))  for all 0 < k < n and hence

k k
pF(zo,...,2n) = (0,0,...,0,28 ¥ R A )

9)

As a direct consequence of this lemma we obtain the following result.

Corollary 4.6. If1 denotes the vector (1,0...,0) in the nth Witt ring W, (K),
then p"t1 .1 =0 and p™ -1 # 0 whenever m < n + 1. Thus each element of
W, (K) has additive order a power of p, and hence W,,(K) is a unipotent group.
Moreover, p" ! is the smallest power of p satisfying the condition p" 'z = 0
for all x € W, (K).

For the rest of this section, we endow W, (K) with the locally compact
topology of the field K and consider in this way W, (K) as an abelian locally
compact group. In the following we will write W,, instead of W, (K).

As we have seen in Section 2, we can decompose the additive group of the
field K into a product of a discrete and a compact part, each being the dual
of the other. Our aim in this section is to derive a structure theorem for all
finite-dimensional Witt groups over K, which shows that these groups consist,
like the field K, of a discrete and a compact part, each being the dual of the
other.

Recall that every non-discrete locally compact field of characteristic p > 0
is isomorphic to a field of formal Laurent series in one variable, F;((¢)), where
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q is some power of the prime p. We consider first the case that ¢ = p, i.e.,
the case that the field K is isomorphic to F,((t)). We will use the following
notation.

Notation 4.7. Let

k:=7Z /pZ be the finite field with p elements,

K :=k((t)) the field of Laurent-series over k,

K™ := k][[t]] € K the power series ring over k, and

K= :={ait ' 4+ast™2+...+ant ™ | n€N,a; € k}.

The set K~ is an additive subgroup of K which is also closed under multipli-
cation. Clearly, every element a € K can be written uniquely as a = a* +a™,
where at € KT anda™ € K.

Furthermore, if A is a finite abelian group with the discrete topology we
define

o A = HinA: {(ao,al,...) | a; € A}
to be the infinite direct product of A, which is a compact group with respect
to the product topology. And we define

o A :=@P* A={(a1,az2,...) | a; € A, a; =0 for almost all i}
to be the infinite direct sum, which is a discrete group with the usual direct-
sum-topology. Moreover, let for every n € Ny

e C,, :=7Z /nZ be the cyclic group with n elements,
o W, :={(xg,...,xn) EWy |z; € KT forall 0 <i < n}, and
o W, :={(xo,...,2n) € Wy |x; € K~ forall 0 <i < n}.

We recall that the field K = F,((t)) is isomorphic to the direct product of
the discrete subgroup K~ and the compact subgroup K and thus

K=K~ ><K+gékxﬁkgc,§°°> x CpF.
i=1 1=0

The aim of this section is to show that the nth Witt group of K can be
decomposed in a similar way. In fact we will prove

W 2 Wy x Wi 2 (C5% % ORY s x Cf)) x (OS540 x O x -+ X OFF).
The proof consists of several steps. At first we show that the nth Witt group

W,, can be written as the direct product of its subgroups W, and W, .

Lemma 4.8.

(i) The sets W5 and W, , defined as above, are subgroups of W,, and we
have W;F N W, = {0}.

(ii) The map p : W x W, — W, (z,y) — x ®y is a bi-continuous
isomorphism.

Proof. (i): In order to show that W, is a subgroup of W,, notice first that the
neutral element (0,...,0) is an element of W,. Moreover, if (zg,...,2,) €
W,F then also —(zo,...,z,) € W, since it follows from (5), (6), and (7)

n
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that —(zo,...,xn) = (—xo,...,—x,). Now, let z = (z9,...,2,) and 2’ =
(zy,...,x,) be two arbitrary elements of W,". Then we have z;,z; € K for
all 0 < < n and it follows from Definition 4.2 that (z @ 2'); = A;(z0, 7}, .- .,
z;, 7)), where A;(zo,x),...,7;, ;) denotes a polynomial in xg,...,r; and
zh, ..., xh. Thus A;(zo,zf, ..., 2, x}) is itself an element of K+ and we obtain
(x@a’); € KT for all 0 < i < n. This proves that W, is closed under addition.
We can use the same arguments to show that W, is a subgroup of W,, and
obviously we have W;F N W, = {0}.

(74): We show first that the map p is a homomorphism. For this, let (z,y)
and (v, z) be two elements of W, x W, ~. Since the group W,, is commutative
we obtain

p((@,y) + (v,2)) = p((z © v,y © 2)) = (xS v) B (y @ 2)
=(@®y)® o 2)=p(z,y) & (v, 2)).

In order to prove the injectivity of the map p, let = (zq,...,z,) € W,} and
let y = (vo,...,yn) € W, with u((z,y)) = (0,...,0). Then

(0707 cee 70) = (AO(:EO7y0)7A1(x07x17y07y1)7 e 7A’I’L(x07 ey Ty Yoy e 7yn))

and by comparing the components of the vectors above we obtain for all 0 <
1 < n:

0= Ai(l‘o,yo, N D) yl)
Rewriting the expression A;(xo,vo,. ., T;, ;) by means of (8) of Remark 4.4,
we obtain for all 0 <7 < n:

(10) 0= +yi +wi(®o, Yo, Ti—1,Yi—1)-

The proof proceeds by induction on i € {0,...,n}.

If i = 0, Equation (10) yields 0 = g + 1o and since o € K™ and yo € K,
it follows that x¢g = 0 and yg = 0, proving the base case.

Soleti € {0,...,n} be fixed and suppose that z; = y; = 0 for all 0 < j <.
Then we have wi+1(xo,yo,-..,2i,y;) = 0 and it follows from (10) that 0 =
Tiy1 +Yir1. But since x;41 € KT and y;11 € K—, we obtain x;41 = y;11 = 0.

In order to prove that the map p is surjective let z = (zo,...,2,) be an
arbitrary element of W,,. We need to show that there exist two elements
y~ € W, and yt € W,} with u((y~,y")) = 2. We define these elements
Yy~ = (yy,--,yn)andyt = (yd,...,y;}) via the following procedure. For each
a € Kleta € K~ and a™ € KT be those elements, such that a = a~ +a™
and define

Yo = Zg, y(")|r ::mg,
e =2, —wr((Wo - U 1), (W0, 0y))”  and
i =at —w((Wy - n 1), (- y )t foralll <k <n.

It follows directly from this definition that y~ € W=, y™ € W, and clearly
we have

Wy ) = Wo s un)® Wa s un) = (@0, ).
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It only remains to show that pu is bi-continuous. But p is the addition map in
a topological group and thus continuous by definition. Since every continuous,
bijective homomorphism between o-compact locally compact groups is open,
it follows that p is bi-continuous. O

In a second step we construct an isomorphism A between the subgroup W,F
of W,, and the compact group (C;S+1 x Cpi X - -+ x C°) and an isomorphism

U between the subgroup W, of W,, and the discrete group (Céii)l X C;,io) X

- X C;(,OO)). For this we define maps Ay and ¥y, £ = 0,...,n, which will
be the “componentwise building blocks” for the maps A and W, respectively.
Since the definition of these maps is not canonical we explain the idea of the
construction by means of the following special case.

Example 4.9. Let p = 2 and consider the local field K = Fy((t)). The first
Witt group Wi (K) of K consists of the set of pairs {(zo,z1) | 0,21 € K},
where addition is defined as

(w0, 21) @ (Yo, y1) := (To + Yo, T1 + Y1 + ToYo)-

1920 Xy

We can view W1(K) as the group G := {(8 (1) wlo) , Lo, T1 € K}, since the
map

1 2o 1
oWy (K) — G, (xg,21) — ((0) Omg)

defines an isomorphism of topological groups.

In order to define an isomorphism A between the subgroup W' (K) and
the compact group C;;" x Cp°, we introduce first two homomorphisms, A; :
Cy — Wi (K) and Ao : Cg° — W (K). Notice that Cp2 = Cy = Z /4L
and Cp = Cy = Z /27 and we identify elements of Z /4Z and of Z /2 Z with
numbers in {0,1,2,3} and in {0, 1}, respectively, in the canonical way. Thus
we can multiply elements a,, € Cy with pairs (g, 21) € Wi (K), where we
understand the product as the a,,-fold sum of the pair (zg,z1) in Wi (K). We
can now define

Ay CF = WK, (@m)mer, = Y am(t™,0)
meNy

and we will prove in Lemma 4.12 that A; is a well-defined group homomor-
phism. Notice that

0- (tm,O):(0,0),

1-(t™,0)=(t",0),
2-(t™,0)=(t™,0)® (t™,0) =(0,t*™), and
3-(t™,0)=(0,£2™) @ (t™,0) = (t™, t*™).

This computation shows that the image of A; is equal to the subgroup
K+ x (K*)% of W;t(K) and since we want to obtain an isomorphism between
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C5° x C5° and W, (K), we define a second map Aq as follows:

Ao : C5° = Wi (K),  (am)meny = > am(0,8™).

meENy
m¢2 Ny

But we do not want to use only every second term of the sequence (@m,)men,
(although we want to multiply a,,, m € Ny, only with the even powers of t),
and thus we define the function f to be the unique monotone bijective function
from Ny \2 Ny to Ny and modify the definition of A as follows:

Ao :C3° > WiH(K),  (am)meny — D apmy(0,£™).
meNy
m¢2Ng

We will show in Lemma 4.12 that Ag is a well-defined group homomorphism
and we will prove in Proposition 4.14 that the map

AL O X CF = Wi (K), (aV,a®) = As(a®) & Ao(a)
defines an isomorphism of topological groups.

In a similar way we will define an isomorphism ¥ between the subgroup
W, (K) and the discrete group CZ(JZO) x C%)

Recall that W,, denotes the nth Witt group of the field of Laurent series
F,((t)). Generalizing the idea above, we introduce the following notation.

Definition 4.10. Let p be any prime number and J := Ny \ pNy. Define f to
be the unique monotone bijective function from J to Np.

Definition 4.11. Let n € Ny be fixed and define
(11) A Cn =W, (@) men, = Y alD (E™,0,...,0).

m
meENy

We view al) € Cynt1 = Z [p" 1 Z as an integer between 0 and p™** — 1 in the

canonical way and understand the product aS,’Z ) (t™,0,...,0) as the agﬁ)—fold
sum of the (n+1)-tuple (¢™,0,...,0) in W,F. Furthermore, we define for every
0<k<n-1:

(12)  Ap:CXo =W (@ )men, = Yl (0,47, 0),
meNy
m¢gpNo

where the term ¢™ is at the (n + 1 — k)th position in the (n + 1)-tuple
(0,...,t™,...,0). Again, we view a%n) € Cprsr = Z [p**7Z as an inte-
ger between 0 and p**! — 1 in the canonical way and understand the prod-
uct agfzzn) 0,...,t™, ... 0) as the a;k(zn)—fold sum in W, of the (n + 1)-tuple
0,...,t™,...,0).

Furthermore, we define
(13) W, O = Wi (0 men = Y 6 (E™,0,...,0)

m
meN
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and for every 0 < k <n —1:

[e%S) — k —-m
(1) T OG0 W, 0 )~ Y 00, 0),
meN
m¢gpN
where the term ¢~ stands at the (n 4+ 1 — k)th position in the (n + 1)-tuple
(0,...,t7™, ...,0). Notice that the sums, appearing in (13) and (14), are finite.

Lemma 4.12. The map Ay is a continuous group homomorphism for every
ke{0,...,n}.

Proof. In order to prove that Ay is a well-defined map for every k € {0,...,n},
we observe that if (G, +) is any abelian group and go, ..., g; € G, i € Ny, then
the map ¢ : Z' — G, (20, ..., 2) = > —o#mgm is a group homomorphism.
So if G = Wl and if g; = (0,...,t",...,0), i € N, is a vector in W', where
the term ¢* stands at the (n+ 1 — k)th position in this (n + 1)-tuple, we obtain
for every 0 < k <n — 1 and every i € Ny a group homomorphism
i
i Z S W (20, 2) Z Z2m(0,...,t™, ..., 0).
m=0
By the same argument we obtain a group homomorphism
i
ol . 7 — W (20,...,2) — Z zm (™, ...,0,...,0).
m=0
Moreover, if we denote by V' : Wy, — W1, (zo,...,zk) — (0,20,...,2) the
Shift homomorphism, then one can show (see for example [5]) that for every
k€ {0,...,n— 1}, the image V"~*(W,) C W, is isomorphic to Wj. Since
pF i (xg,...,2x) = (0,...,0) for every vector (zo,...,7x) € Wiy1 (Corollary
4.6), we obtain for every i € Ny and every 0 < k < n — 1 a well-defined group
homomorphism

Ay @) = W (el el e ST 6l 0,0,
m=0

m¢pNog
Furthermore we obtain a well-defined group homomorphism
Al (Z ) W (@Sl e Y a0, 0).
m=0
Using the definition of addition in the nth Witt group W, we can rewrite
for every k € {0,...,n—1}, the a® )—fold sum of the vector (0,...,t™,...,0)

f(m
in the following way:

k m k m k
(15) ) (0, ™, 0) = (0, 0,0l 1 et (m), e (m),
k)

where every term ¢;”(m), j € {n+1—k,...,n} is a polynomial in ¢, whose

smallest exponent of ¢ is greater than or equal to m. (If k = 0, then the terms
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C;O) (m) do not occur.) Consequently, the sequence (A}c(aék), e ,agk)))ieNO con-

verges in W, to the element

55 0t = ()
m=0

mgpNo
for every k =0,...,n — 1. Moreover, the sequence Afl((aé"), . .agn))ieNo con-
verges in W, to the element
> ) (t™.0.....0) = Au((af men,).
m=0

Now, let k € {0,...,n — 1} be fixed. Since the map A% is an additive group

homomorphism for every i € Ny, we obtain for all sequences a*) and b(*) in

C’;SH :

Ap(@® + 58y = Tim AL, ..., a™)y+ @, ... 6™

2

i i k k i k k
Jim (A3((af, ) @ AL b))

= lim AL((a{®, ... a™)) @ lim ALOP, ... b"))

= Ap(a®) @ Ap(b™®).

Hence Ay is an additive group homomorphism and it follows by the same
argument that A, is an additive group homomorphism.

It remains to show that each of the maps Ag, £ = 0,...,n, is continuous.
For this, we observe that the infinite direct product C;g“ is clearly a compact
group with respect to the product topology. Furthermore, the group W&
is, as a topological space, isomorphic to (KT)", the n-fold direct product of
compact groups and thus itself compact. So in order to show that the map
Ay is continuous, it suffices to show that A, is componentwise continuous.

We will show that 7; o Ay is continuous for every j € {1,...,n + 1}, where
m; « W — KT, (zo,...,2,) — ;41 denotes the projection onto the jth
component.
Let k € {0,...,n}. We have
k m

(16) MA@ )meny) = D @l (0, 87, 0),

meENy

mgpNo

where the term ¢™ is at the (n + 1 — k)th position in the (n + 1)-tuple
(0,...,t™,...,0). Hence 7m; o Ap((am)men,) = 0 for every j € {1,...,n — k}
and in particular m; o Ay is continuous for every j € {1,...,n — k}. To see
that 7; o Ay is also continuous for every j € {n+1—k,...,n+ 1} we ob-
serve that the locally compact topology on K is constructed in a way that
open sets of the form U, :=< t" > with r € Ny form a neighborhoodbasis of
0 € K. Let U, r € Ny, be such a neighborhood in K. We show that there
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exists a neighborhood Vs, of 0 € C7¢,, such that (m; o Ag)(V;,) € Uy for all
je{n+1—k,...,n+1}. For this, put s, := f~(r) and define

‘/57‘ = {(Cl,f.s))meNo S C;f+1 | al(vk) =0 for all i = 0, ey Sp — 1} .
This is a neighborhood of 0 in the product topology of C’;,i’“.

Let (0,...,0, ag]f), ag:)ﬂ, ...) be an arbitrary element of V;_, then

(75 0 AR)(0,...,0,a%,al¥, . ) e U,

forallj € {n+1—k,...,n+ 1}, since we have seen in (15) that the smallest
exponent of ¢ appearing in each nonzero entry of

(k) m
Z af(m)((),...,t )

meENy
m¢pNo

is at least f(s,) = r. Hence the map m; o Ay is continuous for every j €

{n+1—k,...,n+ 1}, which proves that Ay is continuous. The continuity of
A, can be obtained in the same way. O

Next, we obtain the same result for the maps Uy, k=0,...,n.

Lemma 4.13. The map Yy, as defined in (14), is a continuous group homo-
morphism for every k € {0,...n — 1}. Furthermore, the map V,,, as defined
in (13), is a continuous group homomorphism.

Proof. We can apply the same arguments as in the proof of Lemma 4.12. In
fact, the proof is even simpler since all the sums appearing in the definition of
the maps Uy, k € {0,...n — 1} and ¥, are finite. O

We will now state and prove the key result of this section, namely that the
sum of all the continuous group homomorphisms Ag, k& € {0,...,n}, yields
an isomorphism A between the group W, and the compact group C;SH X
Cpr X -+ x Cp°. Furthermore, we prove that the sum of all the continuous
group homomorphisms ¥y, k € {0,...,n}, yields an isomorphism ¥ between
the group W and the discrete group C;Z‘i)l X Cz(,io) NERE C,(,OO).

Proposition 4.14.
(i) The map
A Ol ngﬁx---xC;oHWj,
(@™, a™ D 0D A (a™) B A1 (@) B B Ao(al?)

is an isomorphism of topological groups.
(i1) The map

\IJ:CZE)Z?1 xCéio) ><---><CZ(,°°)—>W;,
(b("), b= L b(O)) — \Iln(b(")) @ \Iln_l(b("_l)) D@ \I}O(b(o))

s an isomorphism of topological groups.
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Before we give a proof of this proposition we rewrite the sum appearing in
the definition of the map A in the following way. Recall that we have for all
vectors (a(™, a1V ... a®) e Cona X Cpi X+ x CpF,

A((@™ ™D a®)) = A, (a(")) B Ap_1(a™ @B B A(a?) =

S @m0, e Yl ) 0,470, 0 @
meNy meNy
mgpNo
& > a“” L., 0,t™).
meNy
mgpNo

We may write every coefficient a;( € Cprt =7 /pF*1 7,0 <k <n,m €Ny,
with respect to its p-adic expansmn i.e., we can find uniquely determined

numbers0<a(() ) <p-—-1,7=0,...,k, suchthat

S8 _ ) *) ® 2, L Bk
(17) Ut (my = Cpimyy T Cp(my, P+ Cpim), P+ F Ay P

In the same way we can write every coefficient agﬁ ) e Cpntr =L [p" T Z, m €
Ny, with respect to its p-adic expansion, i.e., we can find uniquely determined

numbers 0 < a,(ﬁj? <p-—1,7=0,...,n, such that

m) =

Using (17) and (18) we obtain for all 0 < k <n — 1:
k m
a;()m)((),...,t oo, 0) =

k k m
(a;(zn)o—Fa;(zn)lp—F +a§c(1n) PO, .. 1™, 0) =

(k) m (k) m
af(m)O(O,...7t ,...,O)@af(m)lp 0,...,t",...,0)®

~@a P (0,...,t™, ...,0).

If we apply part (i7) of Lemma 4.5 to the last expression we obtain

k m
<(Zn)(o Lt 0) =

k‘ m k m
<(3n)0(o ot ,...,0)@a§c(1n)1(0 TP 0)®

k
D a§(m) 0,...,0,¢m™").

Using the definition of addition in the nth Witt group we obtain, as in (15),
forevery 0 < k<n—-1land 0<j<k:

e’ OB )L dOR) (),

at®) (0,..., "™ ...,0)=(0,...,0,a" e

@f(m); f(m);

where all the terms cfj kk) 41 (M), e k)( ) are polynomials in ¢, whose
smallest exponent of ¢ is greater than or equal to m and whose coefficients are
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uniquely determined by the coefficients a,;() ) Notice that if £ = 0, then the

terms ¢9 do not occur. Furthermore, we have for all 0 < j < n:

asr?])(oa s ,tmpj7 s 70) = (Oa ) Oa asr?]?tmpj’cgiq)(m)a s 7C£Lj7n)(m))a
where all the terms c%_’ll) (m), .. e )(m) are polynomials in ¢, whose smallest

exponent of ¢ is at least m and whose coefficients are uniquely determined by
the coefficients a%)n)j.
With this notation we obtain, for every 0 < k <n — 1,

k m
(19) a}(zn)(o... tm,0) =

m e (0,k) C(O,k))

k
(0,...,0,af)tm e

Fm),g
m 1,k
®(0,...,0,a0 )t e e e

Furthermore, we have

(20) a® (™ 0,...,0) =

(asggtm, CgOm) ) CSLO,n)) @ (0, asr?l)tmpv Cgl,n), o ,Cgll’"))@

—®(0,...,0,a{M ™).
If we use (19) for every k € {0,...,n — 1} and (20) for k = n, then we obtain
A((@™ oD a<0>))

= ¥ alm@m,0, e Y al)0,tm0,...,0)

meENp meENy
mépNg
e Yl 0,..,0,tm)
meNy
mépNg
n),ym 0,n n
= 3 (@@t & m),. .., 0 (m))
meNy
@ (0,al)t™ 5™ (m),... b (m) @ @ (0., 0, 1™
n—1) ,m O,n—1 n—
& > Oaf(m)t SV (m), L 0D (m)
meENy
mépNg

® (0,0,al, e, oD (m), el (m))

n—1

& @ (0,...,0,a5 ) " e

Fom),
0) m
@y (0,..,0,a(0, ™).

meENy
mgpNo
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Changing the order of summation in a suitable way yields

(21) A((a(") CL(nfl) a(o)))
n m 0,n n
= Y (@, M (m), ., e (m))
meENy
& Z O,aﬁ,’;jtmp n)(m),...,csll’")(m))
meENy
n 1 m 0,n—1 n—
® > (0,05 ) T (m), 0D (m))
meENy
mép No
& Y (0,0,alm 7 e (m), ..., 2™ (m))
meENy
n—1) ,m 1,n—1 n—
® > [10,0,af,) e " (m), el (m))
meENy
mepNo
@ (0,0 a;(m))tm, c(o’n72)(m), L0 (m) e
& Y (0,00l ")
meNy
n—1 m n—1
© > 0,045 ) )
meENy
mégpNo
& (0,...,0 a;(m)) tmpnﬁ)@...@ ,...,0, a,(o() ¥ ™).

To avoid lengthy descriptions we will use the following notation.

Notation 4.15. Let t,s € Z with ¢t | s, and let a,b € Z /sZ = Cs. We say
thata=bmod tifa+t-Cs=b+t-Cs.

We now prove Proposition 4.14.

Proof. To (i): Observe first that, as a direct consequence of Lemma 4.12, the
map A is a well-defined group homomorphism. So it remains to show that A
is onto, one-to-one, and bi-continuous.

In order to prove the surjectivity of A, let (2(™ 2=V . . 2() be an
arbitrary vector of W,F. Each entry 2™ k=0,...,n, of this vector is of the
form

k)—Zm(k)tz Wlthx ECP—Z/pZ

=0
We need to show that there exists a vector
(@™,a"" L a) € O x O x L x CFF
with the property that
(22) A((@™, oY aOY)) = (2 D 20,
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We prove by induction on k, k € {0,...,n}, the statement
I(k): We can find

(1.) aseries a(™ € Cpr+1, which is uniquely determined mod p

element agff ) e Cpn+1, m € Ny, of the series a™ is uniquely determined

mod pFt1, and
(2.) for every 1 < j < k, a series a(®7) ¢ COS j+1, which is uniquely
gc(mj) S C n—j+1, m € Ny,
of the series a(=9) is uniquely determined mod pF+1-7,
such that the vector (a(™,a™=1 ... a(©) satisfies Equation (22).
Notice that this proves then the surjectivity of A since by I(n) we can find
series

k+1 i.e., each

determined mod p*t177  i.e., each element a

a™ € Cin,al" D e Cx, ..., and o©) € CF°

such that the vector (a(™, a1 ... a(®) satisfies (22).
If k = 0, we use the summation formula (21) to compare the first component

of the vector A((a(™, a1, ... a(®)) with the first component of the vector
(x("), =D ,x(o)). This yields the following conditions for the series a(™ e
C;SH:
S e = 3 et
meNg meNy

By comparing the coefficients of these sums we obtain the defining equation:
(23) a{t) = z{M  ¥m e Ny.
But this means that the coefficients agff ), m € Ny, of the series a(™ € C;fiﬂ
are determined mod p and we have proven the base case I(0).

If £ = 1, we use again formula (21) to compare the second component of
the vector A((a™, a1 ... a()) with the second component of the vector

(™) (=1 g0 )) This leads to the following conditions for the series
a™ e C°2+1 and a1 ¢ Cpn:

4) D a3 (e m)) = Y al e
meNg meNy meNy
mép No

Notice that there do not appear the same exponents of ¢ in the expressions

Z a;’fl)tmp and Z a(nm;?}tm

meNy m&ENy
mgpNo

Furthermore, all coefficients appearing in the polynomials c:(LO’") (m), m € Ny,

depend only on the numbers agﬁfg, which are already uniquely defined by Equa-

tion (23). Thus if we compare coefficients in (24) we obtain the following
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defining equations:
(n) (n—1)

ami = Tmp = — F(mp) for all m € Ny and
(25) (n=1),_ (1) _ for all
Wp )y = Tm  — (m) or all m € Ng \ pNo,
where F(m) and F(mp) denote some numbers, which depend only on the

coefficients of the term c:(LO’") (m) and hence on the numbers aﬁ,’;}, m € Ny. Thus

the series, a™ and (™1, are determined mod p? and mod p, respectively,
and we have proven the statement I(1).

Let k£ € {0,...,n — 1} be fixed and assume that I(j) holds for every
0 < j < k. In order to prove the statement I(k + 1) we use again formula (21)
and compare the (k4 2)nd component of the vector A((a™, a1, ... a(®))
with the (k+2)nd component of the vector (z(™, z(»=1) . 2(©) This yields
the following condition for the series a(™ € Cgiﬂ,a("_l) e Cx,..., and
anf(kJrl) c C;?sz

n mphtt
(26) > aly) ™"
meNy
Y R a0 X

m&ENy
m¢pNo

meNy
where X (m) is a polynomial in ¢, whose coefficients consist of linear combina-
tions in the numbers

(n) (n) 4™ gD (n-1) . (n—2) (n—2) )
Amor @mys - Oy Qp(mygr 0 Cpimy_ 3 Cp(myor -+ Cfm)_s’ 3 Cp(m)o”

But it follows from the induction hypothesis that these numbers are already

uniquely determined by the elements of the series (™), 2= . and z(»=%),
Furthermore, there do not appear the same exponents of ¢ in the sums
(n 1) (n—(k+1))
Sl X e Y e,
mENg mENg mENg
mépNg mgpNo

so that comparing coefficients in (26) leads to the following defining equations
for elements of the series a(™, a1 (=2 and o= (k+1).

CL?("ZLZIEJA = x(n;;cgfjl)) —F(mpkH) for all m € Ny
al"m b, xfgl(kﬂ)) —F(mpk) for all m € Nyo \ pNy

NICOLE
ag‘?mi)ﬁl = xxi;c(ffl)) —F(mpF~=1)  for all m € Ny \ pNo
a?’é;glsﬂ)) = g{n=(F+1) —F(m) for all m € Ng\pNp.

Therefore, the series a(™, a(*=1) (=2 q(=*+1) are determined modulo

pFt2 phtl pF . p, respectively, and so we have proven I(k + 1).
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To prove the injectivity of the map A, let
(@™, aY . a®) e O X O X -+ X C°
with
A((a™, oY a)) = (0,...,0) e W
We prove by induction on k, k € {0,...,n}, the statement
I(k): The series a™, a1 ... a(®=F) satisfy
(1) a™ =0 mod p*Ft!, ie., a™ =0 mod pFt! for all m € NO, and
(2.) a9 = 0 mod p*t17J for all j € {1,...,k}, i ("mj)) =0
mod pFt1=7 for all m € N.
If k = 0, we obtain with formula (21)
(27) > amem =,
meNy
and hence
aggg =0 for all m € Ny,
which proves the base case 1(0).

So let k € {0,...,n — 1} be fixed and assume that I(j) holds for every
j €40,...,k}. Then we have, for every m € Ny,

(1) a (n) =0 mod pF+! and hence a'%) = () = ... = a{) =0, and
(2.) ;’zmg) =0 mod p**t'=J forall j € {1,..., k} and hence

P D D L

Cpmyo = Cpomyy = 7T Aoy T

Thus, if we set the (k+42)nd component of the vector A((a™, a1 ... a(0))
equal to zero, we obtain, from formula (21), the following equation

(28) > al) o S [l e el S X () = 0,

M1
méeNy mENy
mepNo
where X (m) is a polynomial in t, whose coefficients consist of linear combina-
tions in the numbers
(n) ,(n) (n) ,(n—=1) (n—1) (n—2) (n—2) (n k)
Umos ms =+ myr Cp(mygr 0 Cpmy Cmyor 2 f(m)—ar 2 A(m)o”
But it follows from the induction hypothesis that these numbers are all equal
to zero and hence X (m) = 0. Therefore, (28) turns into

m (" 1) m (n—(k+1)) 7 _
29) > o gt N tp+ A af T =0,

méeNy mENy
mép No
Since there do not appear the same exponents of ¢ in the sums
Bt oD ( k+1))
Z as::}zﬂtmp ’ Z fT(Lm) tmp ~+, and Z m t,
meNg meNg me&Ng
m¢pNg mépNg
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we may easily compare coefficients in (29) and obtain

aSlZ,ZH:O for all m € Ny,

ai}@%i:o for all m € Ny \ p Ny,

a?@?iil:o for all m € Ny \ pNo,

a%;g’zﬂ)):o for all m € Ng\ pNp.

This proves the statement I(k + 1) and hence the injectivity of the map A.

It remains to prove that the map A is bi-continuous. But we have seen
already in Lemma 4.12 that each map Ay : Cp2,y — Wt ke€{0,...,n} is bi-
continuous. Hence A is, as the sum of bi-continuous maps, itself bi-continuous.

The proof of part (i) is similar. O

We now establish the main theorem of this section. It summarizes the results
obtained so far and gives us precise information about the structure of the nth
Witt group, W, (K), of the field K = F,((1)).

Theorem 4.16. Let K = F,((t)) for some prime p, let n € Ng, and let W,
be the nth Witt group of K. The map

p

((a(n)ﬂ(nfl)’ N .,a(o)), (b(n)jb(nfl)’ B .,b(o))) —
A((@™, 0™V, a®)) & w (™, 6D, L pO)),

where A and VU are defined as in Proposition 4.14, is an isomorphism of topo-
logical groups.

Proof. The map

0:(Coin ijSx-~~><O§°)x(O}Si°+)1 ><C(2°°)><-~-><OZ(,°°))—>W”,

wiWrEXxW, — Wy, (2,y) »2®y
is an isomorphism of topological groups (Lemma 4.8) and we have
©((a, b)) = p(A(a), ¥(b))

for all a € C;S+1 XCpf X+ X Cp° and b € C;ii)l X Cz(,io) X+ X C,(,OO). Since, by
Proposition 4.14, both maps A and ¥ are isomorphisms of topological groups,
it follows that © is, as the composition of isomorphisms, itself an isomorphism
of topological groups. g

We may also obtain a more general version of Theorem 4.16, i.e., a similar
decomposition of the nth Witt group of every local field of characteristic p. For
this, let p be a prime, let k = F- for some fixed r € N, and let K := Fp((¢)) be
the field of formal Laurent series over k. As for the field F,,((t)) (see Notation
4.7), we introduce the following notations. We define

e Kt :=Fk[[t]] C K to be the power series ring over k,
o K~ :={ajt ' +ast2+...+a,t""|n€EN, a; €k},
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e WH(K):={(x0,..., Tp) E Wy | z; € KT for all 0 <i < n}, and
o W (K):={(xo,...,2n) € Wy |z; € K~ for all 0 <i < n}.

The set K~ is an additive subgroup of K which is also closed under multipli-
cation. Clearly, every element a € K can be written uniquely as a = a* +a~,
where at € Kt and a= € K~. Furthermore, we can decompose the nth Witt
group W, (K) into a direct product of its subgroups W, (K) and W, (K).

Lemma 4.17.

(i) The sets W (K) and W, (K), defined as above, are subgroups of
W (K) and we have W5 (K)NW, (K) ={0}.

(i) The map p : W,F(K) x W, (K) — W,(K), (z,y) — 2@y is a bi-
continuous isomorphism.

Proof. The proof of Lemma 4.8 goes through without any modifications. [

We will show in the remaining part of this section that, for every n € Ny,
the nth Witt group W,,(K) can be decomposed as follows.

Wo(K) =W, (K) x W,;H(K)
= (C[()Zi)l)r X (C[()go))f’ X x (CZ()oo))r

X (Cpran)" X (Cpa)" X - x (C°)".

We observe that the finite field & = F, is a vector space over the finite
field F,, and we can choose elements wg,w1,...,w,—1 € Fpr such that the
set {wo,w1,...,wr_1} is a basis of Fpr over F,, i.e., for every element z € F,r
there exist unique elements %a, 'a,...,"la € F, such that z = Z:;OI Law;.

In the same way as in Definition 4.11, we can now define maps A and Wy,

k € {0,1,...,n}, between the r-fold direct product of C%., and WH(K),

and between the r-fold direct product of C;)ii)l and W (K). Recall that

f + No\pNy — Ny denotes the unique monotone bijective function from
NO \pNO to NO.

Definition 4.18. Let n € Ny be fixed and define

A (Cpa)" — W (K),

(Cal)menos Cai)mengs - - (ral )men,) —
Z (Oag,’:) (wot™,0,...,0) & 'al(wit™, 0,...,0)&
meENy

e ™ (w,_it™,0,. .. ,0)).

For every i = 0,...,r — 1, we view ig{m ¢ Cynt1 = Z [p"t1 Z as an integer
between 0 and p"*t! — 1 in the canonical way and understand the product
ig{m (wit™,0,...,0) as the ia{™_fold sum of the (n + 1)-tuple (w;t™,0,...,0)
in WH(K).
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Furthermore, we define for every 0 < k <n — 1:

Mgt (CFn) — W, (),

P
((Oa’sr]f))méNoa (1a1(1]-f))m€N07 ) (T_lag-f))mENo) [ —
k nek o
S (Cal, 0,008 L 0)a
meENy
m¢pNo
) (0,06 0, 0)®

e 1al) (0, 0,08 Em 0., 0)),

where, for every i = 0,...,r — 1, the term wfniktm is at the (n + 1 — k)th
position in the (n + 1)-tuple (0, ... ,wfn_ktm, ...,0). Again, we view agck(zn) €
Cprt1 =7 /p*T17Z as an integer between 0 and p**! — 1 in the canonical way
and understand the product ia;@n)(o, e ,wpn_ktm, ...,0) as the iayzzn)—fold

2

sum in W,F(K) of the (n + 1)-tuple (0, ... ,wfniktm, ..., 0).
Similarly, we define
W, 1 (C) — Wi (K),
((Obgr?))meNoﬂ (1b$r?))mENov sy (T_lbgr?))meNo) L
> (O (wot™™,0,...,0) @ 10D (wit™,0,..., 0)@
meENy

@ ) (g0, 0))

and for every 0 < k <n —1:

W s (CG2)T — Wiy (K9,

(Co5) mengs (08 ) mengs - - s ("7 ) meny ) +—
0,(k) n=k _m
D Oy (000 T 0)@
m&ENy
mépNo

k n—k —-m
1b<f(3n)(o,...,o,w§’ £m0,...,0)®

n—=k
cem (0,0, 0, 0)),

n—k
where, for every ¢ = 0,...,7 — 1, the term w? ¢~ is at the (n 4+ 1 — k)th

position in the (n + 1)-tuple (0, ... ,wfnikt_m, ...,0). Again, we view bgck(zn) €
Cprt1 =7 /p*T17Z as an integer between 0 and p**! — 1 in the canonical way
and understand the product ib;k()m)(o, cee wfnikt’m, ...,0) as the ibgck(zn)—fold
—k
,0).

sum in W, (K) of the (n + 1)-tuple (0, ... ,wpn —m

4 P
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Lemma 4.19. The maps Ay and Uy, as defined in Definition 4.18, are con-
tinuous group homomorphisms for every k € {0,...,n}.

Proof. Let k € {0,...,n}. For every i € {0,...,r — 1}, we obtain by the same
arguments as in the proof of Lemma 4.12 a continuous group homomorphism

AZ} : ;2+1 — W;(K),
('a™)men, — Z iagfzzn)(o,...70,wfn_ktm,...70).

m€ENy m¢pNg
Since
Ap((Ca® 1a® ™)) = A Ca®y @ AL (a®) @ e AT (e,

it follows that the map Ay is, as the sum of the continuous group homomor-
phisms A}, i =0,...,7 — 1, itself a well-defined, continuous group homomor-
phism. O

Proposition 4.20. Let K =F,((t)), where ¢ =p" for some prime p > 0 and
somer € N, let n € Ny, and let W,,(K) be the nth Witt group of K.

(i) The map
A (Cpnin)" X (CR)" x -+ x (CF7)" — W (K),

((Oa(n)7 1a(n)’ o ’r—la(n))’ (Oa(n—l)’ 1a(n—1)’ B 7“—1al(n—1))7

N GG VAC T_la(o))) —
An((oa("), la(n)’ el rfla(n))) & Ap1 ((Oa(nfl)’ la(nfl)’ o 7T71(L(n71)))@
...@AO((OQ(0)71a(0), o 77’—1@(0)))
s an isomorphism of topological groups.
(ii) The map
U (O % (CFN) % x (CF)T — W (K),
((Ob(n)’ lb(n)7 . 7r71b(n))’ (Ob(nfl)’ lb(nfl)’ el rflb(nfl))’
(OO @ Oy
\I/n((ob(n)7 lb(n), o ,'rflb(n))) o, ((Ob(n71)7 lb(nfl)’ e rflb(nfl)))ea
e ® \IJO((Ob(O)7 1b(0)’ L 7rflb(0)))
is an isomorphism of topological groups.

Proof. We observe first that if the set {wg, w1, ... ,wr_l} is a basis of the finite

field F,- over the finite field F, then also the set {wf ,w? ... ,w? } is, for
every i € N. With this fact, the proof of the bijectivity of the maps A and ¥
is a straightforward application of the proof of Proposition 4.14. O

In the same way as in Theorem 4.16 we may now obtain the following
decomposition of the nth Witt group of any local field K into a discrete and a
compact part.
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Proposition 4.21. Let K = F,((t)), where ¢ =p" for some prime p > 0 and
somer € N, let n € Ny, and let W,,(K) be the nth Witt group of K. Then

(30) Wo(K) =2 (Co%1)" X -+ X (CZ?O)T % (C(Zi)l)r N (CISOO))T~

P P
Proof. The map
o WHE) x W (K) — Wa(K), (2,y) — 2@y
is an isomorphism of topological groups (Lemma 4.17) and we have
©((a,b)) = p(A(a), ¥ (b))

for all a € (C5%.)" X (Cg2)" % -+ x (C5°)7 and b € (C52,)7 x (CF)r %+ %

(C,(,OO)) . Since, by Proposition 4.20, both maps A and ¥ are isomorphisms of
topological groups, it follows that © is, as the composition of isomorphisms,
itself an isomorphism of topological groups. 0

4.3. Duality of Witt groups. With the detailed information about the struc-
ture of finite-dimensional Witt groups over local fields of characteristic p > 0,
it is now easy to see that such groups are topologically isomorphic to their dual
groups.

Proposition 4.22. Let K =TF,((t)) for some prime p. The nth Witt group of
K is, as a topological group, selfdual for every n € Ny, i.e., W,(K) = W,(K).
Proof. The proof of this proposition follows directly from Theorem 4.16 and

the facts (1)-(4) about the dual group of locally compact abelian groups listed
in Section 2. Theorem 4.16 yields

Wn(K)g(ng+1 XC;S XXC;))O)X(C e XC(OO) XCZ(’OO))

Since C,» is a finite cyclic group we have (Cpk)A% Cpr for every k € {1,...,

n + 1}. Additionally, we have for every k € {1,...,n + 1},

(c3) = (HC) B (cy) =Dy =i

=0

and

(O“’"’) <€BC k> ~ ﬁ (C) = ﬁcpk - Cx.

=1 =1

With these results we obtain
Wi(K) = (Coin x Cpil x -+ x CF° X C,(,:i)l X C;i") X - X Cz()OO))A
= O ) O 5 x O X O30 % O o x CF
~ W, (K).
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Corollary 4.23. For any local field K of characteristic p and every n € Ny,
the nth Witt group W,,(K) is isomorphic to its dual group, as a topological
group.

Proof. Let K be any local field of characteristic p. Then K is isomorphic to a
field of formal Laurent series in one indeterminate with coefficients in a finite
field of characteristic p, i.e., K = F,((t)), where ¢ = p" for some r € N. But
by Proposition 4.21 we have

Wh(K) = (( ;24—1) RN (COO)T) X ((Céﬁl)r X o X (C;l()OO))T)
2 (O % X C5°) x (O x o x O,

and thus, we obtain by the same arguments as in the proof of Proposition 4.22

Wi () 2 ((C5% x O3 x -+ x O x O x 052 - o))y

p
2 (O30 % O x o x O x O % O %o x O5) )
o (C;Z?l xOISZO) X oo XCZ()OO) X Cooin X O X -+ ng")r
> W, (K).
O

4.4. Characters of the first Witt group. In this subsection, we give an
explicit description of the characters of the first Witt group Wi (K), where
K =TF,((t)) for some prime p.

By Theorem 4.16 we have

K) = (écpz X ﬁ0p2> X <écp xﬁ)@,)

g@ psz XH 2><C

i=1
So, in order to describe the characters of Wl( ) we can use the isomorphism
of Theorem 4.16 and describe instead the characters of the group

o0
H::@( b2 X Cp) xH 2 X Cp)
i=1
Since C;, j = 1,2, is a finite cyclic group, every character x € 6’; is of the
form .
2mis;v;
po )’

for some v; € Cp;. Thus every character x € sz/x\Cp is of the form y = x,
where v = (vi,v2) € Cp2 x Cp and we have

X = Xo,; : Cpi — T, sjn—>exp<

Xov - Cp2 X Op — T, Xv(31752) = Xv1 (31) " Xva (SQ)a

where x,, is a character of Cp2 and x,, is a character of Cp, as above.
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We define a “duality bracket” in the following way:

(31) (V,8) w2 o 7= (V1,51) 002~ (V2,52) 0P 1= X(vy,02) (51, 52) = Xo(8).

Observe that

(é(sz X Cp)> = ﬁ(sz X Cp) and (ﬁ(sz X Cp)> = é(sz X Cp)

i=1 =0 =0 i=1

Thus we can define a character x, € ﬁ, = (Tm)mez € H by defining it first
on every component of the sequence s = (8, )mez € H:

Xa(Sm) = (T—msSm) cn2  on-

The character x, € ﬁ, = (m)mez € H, is then of the form

(32) Xz(8) = H (T —m, 5m>cp2><cp
meZ

and it is clear that every character of H is of such a form. Notice that since
only finitely many components with negative subscript of  and s are nonzero,
the product in (32) is well-defined.

5. THE STRUCTURE OF ABELIAN K-SPLIT GROUPS

In the following, let K be a local field. Recall that we denote by G, the
additive group of the field K. In this section we give a complete character-
ization of abelian K-split groups. As we have seen in Section 3, the basic
building-blocks for these groups are the abelian, algebraic extensions of the
additive group G, with itself. Recall that we denote by Ext(G,, G,) the set of
all group extensions given by symmetric algebraic 2-cocycles f : G, x G, — G,
and we will identify such group extensions with the corresponding 2-cocycle.
During this section we will follow an approach of Serre [8], chapter VII to the
structure of commutative unipotent groups, state the most important results,
and prove some additional facts, which will be needed in the next section.

Remark 5.1. A general assumption made in [8], chapter VII, is that the base
field K is algebraically closed. But studying the relevant proofs in that chapter,
one can show that this assumption can be removed. In fact, all the results cited
in this section hold for any local field K.

Proposition 5.2. ([8], Proposition 8) In characteristic 0, Ext(Gq,G,) = 0.
In characteristic p > 0, the K-vector space Ext(G,,G,) admits for a basis
the p™th powers (n € Ny) of the 2-cocycle f which defines the first Witt group

fla,y) = }gw’ +4P — (@ +p)P).

Note that the right hand side of the equation above should be considered as a
formal sum.
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We sketch briefly the idea of the proof. One writes the polynomial g(z,y),
which determines the group extension, in the form 3 a;;2y’. Then formula (3)
translates into identities for the coefficients a;; which allow one to determine
explicitly all symmetric 2-cocycles. For the details of the computation see [6],
SI11.

Corollary 5.3. ([8], Corollary of Proposition 8) In characteristic 0, every
commutative connected unipotent group is isomorphic to a product of copies of
the additive group G,.

Proposition 5.2 indicates the relevance of finite-dimensional Witt groups in
the field of abelian K-split groups. In the following we recall and state some
facts concerning these groups, see also [8], chapter VII. The definition of the
nth Witt group W,,(K) =: W, of a field K is given in Section 4.1. There exist
two maps which are very useful in this context:

(1) the Shift homomorphism S : W,, — W41, (zo,...,2zn) — (0,20,...,
Zn) and
(2) the Restriction homomorphism R : W41 — W, (zo,...,Tnt1) —
(330, [P ,xn).
We should notice that this shift homomorphism does not coincide with the
shift homomorphism S : W,, — W,, as introduced earlier. The above homo-
morphisms commute with each other and we obtain, for all m,n € Ny, an exact
sequence:

Sn+1 Rm,+1

(33) 0 Wm Wn+m+1 —— Wn —0.

We denote the corresponding element of Ext(W,,, W,,) by V,™. The following
commutative diagram shows the effect of the restriction homomorphism R on
these extensions

0 Wm Wn+m+1 I Wn —0
l/R lR id
0 —— Wmfl —— Wner Wn 0.

Thus we obtain the formula
R.(V;") =Vt

where R.(V,") denotes the pushout of V) by the map R as indicated in the
above diagram. Analogously, we have the following commutative diagram

0 Wm Wn+m+1 Wn 0
id TS TS
0 Wi Wn+m Wp—1 ——0.

And thus we obtain the formula
(34) SHV") =Vr

n n—1»

Miinster Journal of Mathematics VoL. 1 (2008), 181-220



212 HELMA KLUVER

where S*(V,”") denotes the pullback of V7 by the map S. In the same way
one can show
S(Vh) = R (V;m1h).

We denote by &, the ring of endomorphisms of the algebraic group W,
n € Np. The pushout operation ¢, (V™) and the pullback operation ¢*(V,™)
give the group Ext(W,,, W,,) the structure of a left module over &, and a right
module over &,, respectively, and these two structures are compatible in the
above sense.

Remark 5.4. The group Wy is just the additive group G, and the exact
sequence (33) shows that the nth Witt group W,,, n € Ny, is an iterated
extension of the additive group G,. For m < n, we can identify W,,, with a
subgroup of W,, by means of S"~™ and we have W, = p"~™W,, (see also
Lemma 4.5 in Section 4.2). Furthermore, the mth Witt groups W,,, m < n,
are the only connected subgroups of W, ([8], VIL, Section 8).

The following definition is a useful instrument in algebraic geometry.

Definition 5.5.

(i) A homomorphism between two algebraic groups is called an isogeny if
it is surjective with finite kernel.

(ii) We say that two algebraic groups G and H are isogeneous if there exist
isogenies f: G — H and g : H — G.

Remark 5.6. ([8], chapter VII) Let n € Ny and let G be an abelian unipotent
linear algebraic group. The following are equivalent:

(i) There exists an isogeny f: G — W,,.

(ii) There exists an isogeny g : W,, — G.

Lemma 5.7. ([8], VII, §2, Lemma 3) Every element H € Ext(Gg,,Gq) can
be written uniquely as H = o* (V) (or 1¥.(V)), where p and ¢ are elements
of &. Furthermore p*(VY) is the trivial extension if and only if  is not an
150geny.

Proof. The existence and uniqueness of ¢ works as follows. The element V| €
Ext(G,,G,) corresponds to a symmetric 2-cocycle w : G, X G, — G, which
determines the first Witt group:

Vbo : 0 G, Wy G 0.

Let H € Ext(G,, G,) be an abelian algebraic group extension of G,. According
to Proposition 5.2, the element H corresponds to a symmetric 2-cocycle of the
form

flz,y) = Zai w(x,y)pi with a; € K.
i
On the other hand, every endomorphisms ¢ of G, can be written uniquely as

o) = Z b; 2.
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Hence we have H = ¢*(V) if and only if b; = a; for all i, which proves the
existence and uniqueness of ¢. The other parts are similar. O

With Lemma 5.7 we can obtain a useful characterization of the elements of
Ext(Gq, Gg).

Corollary 5.8. Let H be an element of Ext(Gg,Gq). Then H is either iso-
morphic (as an algebraic group) to G, X G, or isogeneous to the 2-dimensional
Witt group W1 (K).

Proof. By Lemma 5.7 we can find a map ¢ € End(G,,G,) such that H =
©* (V). If H = ¢*(V)) = 0 then H splits, which means that H is isomorphic
to G4 X G. Otherwise the map ¢ is an isogeny, and since the corresponding
pullback diagram

0 G, Wy G, 0
id T¢ TS"
0 Ga H Ga 0
is commutative, it follows as an application of the Snake-Lemma that the map
¢ : H — W is an isogeny. O

There are also similar results for higher dimensional Witt groups.

Lemma 5.9. ([8], VII, §2, Lemma 6) Every element H of Ext(W,,G,) can
be written as H = p*(V,0) for some ¢ € £,. One has ¢*(V,2) = 0 if and only
if p is not an isogeny.

One can also reverse the roles of W,, and G,.

Lemma 5.10. ([8], VII, §2, Lemma 6°) Every element H of Ext(Gq, Wy,) can
be written as H = @, (Vy") for some ¢ € &,. One has ¢.(V§") = 0 if and only
if  is not an isogeny.

As in the case n = 0, we obtain a characterization of the elements of Ext(G,,
W) and Ext(W,,, G,).

Corollary 5.11. Let H be an element of either Ext(Gq, W) or Ext(W,,, G,).
Then H (i.e., the linear algebraic group defined by the exact sequence H ) is
either isomorphic to W, x G, or isogeneous to Wy,y1.

Proof. We will prove the corollary for Ext(G,, W,,), the case of Ext(W,,,G,)
is similar. As in the two-dimensional case we have either H = (¢)*Vj* = 0
for some ¢ € &, and thus H splits and is isomorphic to W,, x G,, or there
exists an isogeny ¢ from G, to G, such that H is the pullback of W,,+1 and
G, under . Since the diagram

0 —Wy, —=Wpp1 ——=Go ——=0

i Taa E

0 Wh H Ga 0
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is commutative, it follows as an application of the Snake-Lemma that the map
¢ : H— W, is an isogeny. O

Lemma 5.12. ([8], VII, §2, Lemma 7) If m > n, every element H € Ext(W,,
Ga) can be written as H = f.(V2) with f € Hom(W,,, W,).

The next theorem demonstrates the exact connection between abelian unipo-
tent K-split groups and Witt groups.

Theorem 5.13. ([8], VII, §2, Theorem 1) Every commutative unipotent K -
split group is isogeneous to a finite product of Witt groups.

In order to get a better understanding of this theorem, we give a sketch of
the proof.

Proof. Let G be a commutative unipotent K-split group of dimension n € N.
We argue by induction on n. If n =1 then G = G, = Wy(K) and there is
nothing to prove.

So let n € N and suppose that the theorem is shown for all abelian K-split
groups of dimension less than n. The group G is an extension of a group H of
dimension n — 1 by the group G,. Applying the induction hypothesis to the
group H yields an isogeny

k
f: HWm — H.
i=1

Put W := Hle W, The pullback f*(G) is an extension of W by G, and this
pullback is isogeneous to G:

0 Gq G H 0

A

0 —Gy — f(G) —= W ——0.

Thus it suffices to show that f*(G) is isogeneous to a product of Witt groups.
In other words we are reduced to the case where H = W. Replacing f*(G) by
G, let us denote the extension in question by v € Ext(W, G,).

The extension «y is defined by a family of elements v, € Ext(W,,,Gq.).
Suppose that ny > n; for all ¢ and let V = Hf:g W,,. We are going to
distinguish two cases.

1.) 71 = 0. The group G is then the product of W,,, and the extension of
V by G, defined by the system (7;)i>2. By the induction hypothesis,
this extension of V' by G, is isogeneous to a product of Witt groups
and hence G is isogeneous to a product of Witt groups.

2.) 71 #0. Let 8 = (8;) € Ext(W, G,) be the element defined by 3; = V,2,
and 3; = 0 for 4+ > 2. The extension G’ corresponding to G is the
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product W, 11 x V. We are going to show the existence of an isogeny
¢ : W — W such that ¢*(G’) is isomorphic to G:

0 Ga G w 0

PR A

0 —G, —=¢*(G') ——=W ——=0.

It will follow from this that G is isogeneous to G’, which is a product
of Witt groups.

Applying Lemma 5.12 to every ~v; € Ext(W,,,, G,) yields homomor-
phism f; € Hom(W,,,, Wy,) such that v; = f;, V). Define the map
p: W —W by

tp(wl,wg, .. ,’LUk) = (fl(wl) + fQ(’LUQ) 4+ 4+ fk(wk),wg, C.. ,’LUk).

Then ¢*(8) = . Since fi is surjective (see Lemma 5.9), it follows
immediately that ¢ is surjective and every surjective homomorphism
between two groups of the same dimension has a finite kernel. Thus
the map ¢ defines the desired isogeny.

O

From now on we assume that K is a local field of characteristic p > 0. We
now show that every abelian K-split group is self-dual. Indeed, this follows
from our previous study of the Witt groups and the following result.

Proposition 5.14. Let H be a unipotent linear algebraic group and suppose
H is isogeneous to G = Wy, (K), the nth Witt group of the field K = F,((t)).
Then H 1is topologically isomorphic to G.

Proof. Since H is isogeneous to GG, we can find a finite subgroup F' of G such
that H = G/F. So in order to show that H is isomorphic to G, it suffices to
prove that G = G/F, where F is an arbitrary finite subgroup of G. But every
finite subgroup F is of the form F = (z1,...,x)) for some z1,...,2; € G and
we will prove that G/(z) = G for every x € G, where () denotes the additive
subgroup in G generated by z. (Notice that by Corollary 4.6 of Section 4.2 the
group G = W,,(K) is of exponent p"*!, so in particular every element x € G
has finite order and thus (z) is finite for every € G.) It then follows by an
induction argument that G/F = (G/(x1))/(x2, ..., xk) = G/{xa,...,2%) = G.

Recall that we denote by C,, := Z /nZ the cyclic group with n elements.
Furthermore we write A* for the infinite direct product [[;-, A of a finite
abelian group A and A(®) for the infinite direct sum b, A

By Theorem 4.16 of Section 4.2 we know that the topological group G =
Wn(K) is of the form

G2 CF X CF x - x Oy x O x O oo x 09
So if we define H,: := Cgf’ X CZ()?O), then
G=H,x Hyp - x Hyun
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and every z € G is of the form x = (z',...,2" ") with 2° € H,: for every
ie{l,...,n+1}

Let # € G and suppose = # 0. The finite group (z) is a subgroup of Cpn+1,
and thus (z) = Cpm for some m € {1,...,n+1}. But every cyclic group Cpm,
m > 1, has a subgroup which is isomorphic to C,,. Thus, by replacing x by 2P
for a suitable power k, we can assume without loss of generality that (x) = C),.

We consider two different cases:

1.) The intersection of the element x and the group H, is not trivial,
ie, ! # 0. Then (z') = C, and 2! € H, is a Laurent series of the form

' = (x},)mez, where z), € C, for every m € Z. But the series z' generates

~

the cyclic group C,, and thus we can find an integer k such that (z}) = C,.
Observe that for every y = (y!,...,y" ') € G we can find a unique element of
the span (z}) which is equal to y;. We denote by z! the element in H, defined
by Zi = x; and z}, = 0 for all m € Z\{k}. We will show

(a) G/(x) = Hy/(z') x Hp2 x -+ x Hyns1 and

(b) Hp/(z') = Hp.
It follows directly from (a) and (b) that G/(z) = G.

In order to show part (a) we define the map

O:G— G, y—y—py),

where ¢(y) = 2/ € (z) with 2/}, = y;.. We conclude from the above observation
that ® is well-defined and clearly, ® is a group homomorphism. Furthermore,
we have y — p(y) = 0 if and only if y = ¢(y) if and only if y € (z), which
shows that ker(®) = (z). Hence G/(x) is isomorphic to the image of ®, which
is isomorphic to the direct product Hy,/(z) x Hpz X «++ x Hpyns1.

In order to prove part (b), we recall that

H=@C, x[[C, and (") =(x)=C,
=1 =0

Without loss of generality we assume k& = 0. Notice that if y!, 2t € [y!] €
H,/(z') are two elements of the same coset, then y* — 2! € (z') which means
that there exists a number A € C,, such that y! — 2} = Az} for all I € Z. In
particular, if y!',z! € [y'] with y} = 2{ = 0 then we obtain y} = 2} = 0 for
all I € Z and thus y' = 2!, since (z}) # 0. This means that in every coset
[y'] € H,/(x') there exists a unique element z! with z} = 0. We now define
the map

L @Op x {0} x HO:D R Hp/@l% yh [yt

It follows directly from the above that W is well-defined and it is not hard to
see that ¥ is a group isomorphism. But the group @;-, C, x {0} x [[;2, C,
is obviously isomorphic to Hp, which completes the proof of part (b).

2.) The intersection of the element x and the group H, is trivial, i.e.,
2! = 0. Let i € {2,...,n + 1} be minimal with respect to the property that
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x* # 0. Since (z) = C,, we have (z') 2 C,. As in the case i = 1, we know
that 2’ is a Laurent series of the form ' = (2,),¢cz with 2?, € C,i for every
m € Z. Since (z') = C,, there exists k € Z such that (z}) = C,. So for
every y = (y',...,y"") € Hp X -+ X Hyn1 we can find a unique element
z € (z}) with y + (Cpi /Cp) = 2+ (Cpi /Cp). (Or, if we view z, as an element
of {0,...,p" — 1} = C,, then z = y; mod p.) Denote by z* the element of
H,: defined by z} = x} and z{, = 0 for all m € Z\{k}. We have
(Hp X Hy2 X +++ X Hynt1) /()
= Hp X oo X Hpi—l X (Hpi X oo X Hpn+1/<(xi, ce ,x”"'l)))

and claim that it suffices to prove the statements

(a) Hpyi x -+ % Hpn+1/<($i, ce. ,a:”+1)> = Hp1/<£1> X Hpitr X -+ X Hpnia

and

(b) Hy /(@) = @, Cy x (Cyi /Cy) x [I, Ce-
Indeed, using (a) and (b) and the fact that (JT;2 Cpi-1) X Cpi-1 2 [[;2, Cpi—
and [];2, Cpi 2[5, Cpi, we obtain

G/<x> = Hp X+ X Hpi—l X (sz/<xl>) X HpH—l X+ X Hpn+1

= é(}'p X lo_o[Cp X o0 X écpi—1 X ﬁcpi—1
=1 =0 =1 i=0
X (@Opi X Opi—l X HOpi) X oo X @Cpn+1 X HCpn+1
=1 =1 =0

=1
o0 o0 o0 o0
~ . .
= @Cp X HCP X e X @Opl_1 X H0p1_1
i=1 i=0 i=1 i=0
oo o0 o0 o0
X @sz X Hsz X - X @Cpn+l X HCpn+1
=1 =0 =1 i=0

=G

In order to prove the statement (a), we may use exactly the same idea as in
the first case. We define a map

q)IHpiX"'XHpn+1 _>Hpix"'XHp"+lay'_>y_sD(y)7

where ¢(y) = 2’ € ((z,...,2"™)) is defined so that y} + (Cpi/Cp) = @'}, +
(Cpi/Cyp). By the above remarks we know that ® is a well-defined group
homomorphism. The kernel of ® is equal to ((x?,...,2""1)) and hence the
quotient group Hyi X -+ X Hpynsr /{(x*, ..., 2" 1)) is isomorphic to the image
of ®, which is isomorphic to Hyi /(Z') X Hpi+1 X -++ X Hynt1.

For the proof of part (b), we assume without loss of generality that £k = 0
and apply the same argument as above to the map

UVPC < [[Cr — PCo x[[Corr v y— (),
=1 =0 i=1 =0
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where ¥(y) = 2’ € (z) with y{+ (Cpi /Cp) = o'+ (Cpi /Cp). Since (zh) = C,,
it follows that the image of W is isomorphic to @;°, Cpi x Cpi /Cp x []72, C,
which finishes the proof. U

Lemma 5.15. Let G be a finite product of Witt groups of the field K = F,((t)),
where ¢ = p” for some prime p and somer € N, i.e., G = Hle W, (K) for
some k € N and some n; € Ng, i = 1,...,k. Let n; be the mazimum of
the set {n; | i = 1,...,k}. Then G is, as a topological group, isomorphic to
W, (Fp((1)))-

Proof. Using Proposition 4.21, the topological group G is of the form
G = H Coo r oo)r
X (C2240)" % (CF) x (CEN) e (U2
pri P p? pritl

(O < O < (G < CF)" =+ x (C X Cin)

1
VE”

i=1

But for all j ..,n; + 1, we have
(OS5 x Oy 22 (O % %)

(as additive topological groups) and since the finite product ]_[Z 1( ) x )

is topologically isomorphic to the group Oz(jj ) ng’ for all j = 1, oo+ 1,
it follows that

G2 (CF) % C5) x (C5V x C%) % -+ (C;Z‘]?Ll X C%00) = W, (Fy((1))).

p

O

Corollary 5.16. If K is any local field of characteristic p and G a commutative
K -split group then G is, as a topological group, isomorphic to its dual group.

Proof. Let K be any local field of characteristic p. Then K is isomorphic to a
field of formal Laurent series in one indeterminate with coefficients in a finite
field of characteristic p, i.e., K =2 F,((¢)), where ¢ = p” for some r € N. Let
G be a commutative K-split group. Then G is isogeneous to a finite product
of Witt groups (Theorem 5.13), i.e., there exists k € N and there exist n; € N,
t=1,...,k, such that G is isogeneous to H, where

k
H=TJ(CF) x Co) x (C27 x O™ % x (CL2hy x O80T
i=1
By Lemma 5.15, the group H is topologically isomorphic to Wy, (Fp((t))) for
some nj € {n; | ¢ = 1,...,k} and thus G is isogeneous to the Witt group
Wi, (Fp((2))). It follows then from Proposition 5.14 that the topological group
G is isomorphic to W, (F,((t))). Since every such finite dimensional Witt
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group is, as a topological group, self-dual (Proposition 4.22), it follows that G
is self-dual. O
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