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Introduction

p-adic Galois representations attached to elliptic

curves

For a fixed prime number p, let K be a p-adic field with discrete valuation ring
(or, mg) and perfect residue field k = ox /my of characteristic p; we write G =
Gal(K®#/K) for the absolute Galois group of K where K##/K is a fixed algebraic
closure; let W = W (k) be the ring of Witt vectors over k, and Ky = Frac(W). Asis
well-known from Fontaine theory ([3], [15], [26], [27], [39], [40], [75]), the crystalline
period functor

Do ( p-adic representations of Gx

. o . — (filtered isocrystals over k)
in finite-dimensional Q,-vector spaces

induces an exact equivalence of categories between

— the category of those p-adic representations V' of G which are crystalline,

i.e., for which the canonical map
(V ®Qp Bcris)GK ®K0 Bcris -V ®Qp Bcris
is an isomorphism, and

— the category of those filtered isocrystals over k& which are weakly admissible in

the sense of Fontaine.

For example, if £/K is an elliptic curve over K of good reduction then its special

fiber Ey/k is an elliptic curve over k, and the p-adic Tate module
T,(E) = lim ) E(K"%)[p’]

gives rise to the crystalline p-adic representation V' = V,(E) = Q, ®z, T,(E) of
Grk; via Deys the latter is mapped to D,(Ey/k) @w Ko where D,(Ey/k) denotes the
Dieudonné module (defined over the Dieudonné ring Dy, = W[F,V]) associated to
the special fiber Ey/k over k.
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The finite W-module D,(Ey/k) is closely linked in a functorial way with the
Barsotti-Tate group Ey[p™] = lim)Eo[p°] and, due to its (semi-)linear-algebra na-
ture, is easier to understand than Fy[p™] itself; in fact, the object Ey[p™] can even
be recovered from D,(Ey/k).

The structure of a filtered isocrystal on Dgs(V) consists of two data: first of
all, the action of the indeterminate F' € Dj induces a natural endomorphism of
the abelian group D,(Ey/k) which is semi-linear with respect to the p-Frobenius
lift f: W — W and becomes an isomorphism after inverting the uniformizer p €
W the endomorphism F' can also be obtained by letting crystalline cohomology
intervene: denoting by Eép ) = Ey @k zqr k the p-Frobenius pullback of Ej, the
relative Frobenius-k-morphism Ey — E(()p ) induces a W-linear map

Hl

cris

(ES W) = HL (Bo/W) @y W — H

cris

(EO/W)>

and there is an isomorphism of W-modules D,(Ey/k) = H}

cris

(Eo/W) which is com-
patible with F" and the corresponding f-semi-linear endomorphism of H. . (Fo/W).

Using this isomorphism, together with the comparison isomorphism
Heio(Eo/W) @w o =~ Hyp(E/ox)

where £ /o is the (smooth) minimal Weierstra model of E'/ K, the Hodge filtration
on Hjn(E/or) induces on (D,(Ey/k) @w Ko) @k, K an exhaustive and separated de-
scending filtration by K-subspaces, which concludes our description of D.s(V,(E));
for a discussion of all this, see [15], [39].

If E/K is of split multiplicative (bad) reduction then the p-adic representation
V = V,(E) is no longer crystalline, but rather semi-stable, and from Fontaine theory

we know that via the semi-stable period functor

-adic representations of GG
Dg: | p 1‘ P . ' K — (filtered (¢, N)-modules over k)
in finite-dimensional Q,-vector spaces

one associates to V' a finite Ky-vector space Dg (V') together with

— an automorphism ¢ of the abelian group Dy (V') which is semi-linear with

respect to the p-Frobenius lift Ky — K,
— a Ky-linear map N: Dy (V) — Dg (V) such that Ny = ppN, and

— an exhaustive and separated descending filtration of Dy (V) ®g, K by K-

subspaces.
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The structure of Dg (V') is more complicated to explain than in the good-reduction
case, and we refer to [17] for a detailed discussion. Of course, the occuring phenom-
ena arise from the fact that the special fiber Ey/k is not a smooth curve anymore,
but rather has a nodal point. However, it should be emphasized that the "amount
of complication" is very limited: by virtue of p-adic uniformization for semi-stable
elliptic curves (or, more generally: semi-stable abelian varieties) it turns out that
the step from good reduction to semi-stable reduction is encoded in a single addi-
tional datum on the associated filtered isocrystal of V: the monodromy operator
N. More generally, it is well-known that an arbitrary Bg-admissible (that is: semi-
stable) p-adic representation of G is crystalline if and only if its associated filtered

(¢, N)-module has trivial monodromy, i.e., if and only if N acts as the zero map.

Local shtukas

In equal characteristic, we find a strongly contrary situation. To begin with, let
us say a few words about the crystalline case: building upon work of R. Pink [63]
on Hodge structures over function fields, A. Genestier and V. Lafforgue [34] have
proposed an equal-characteristic analogue for the crystalline period functor D, .
Here the notion of a crystalline Galois representation is replaced by that of a local
shtuka: denoting by L an equal-characteristic complete discretely valued field con-
taining a fixed finite field F of p-power order r, with valuation ring (o, my) and
perfect residue field ¢ = oy, /my, a local shtuka over oy, is a finite free oy [z]-module

M together with an isomorphism
Firt (M ®o, 21,0 orl2]) [51e] — M[ ]

of or, [[z]][i]—modules, where ¢ € o, — {0} is a fixed element, and where o: or[z] —
or[z] denotes the r-Frobenius lift defined by z — z and b — b" for b € or; a local
shtuka (M, Fyy) is said to be effective if Fy, comes from an actual oy [2]-linear map
M Qop[-.0 orl2] — M. The element z — ¢ € o[z] appearing in the denominator
stems from a distinguished Eisenstein polynomial employed in Breuil-Kisin’s study
of crystalline p-adic representations and finite flat group schemes ([14], [48]); in fact,

the theory mentioned here lies at the very origin of the notion of a local shtuka.

When switching to equal characteristic, the ring of Witt vectors W from the p-
adic world is replaced by the formal power series ring ¢[z] over the residue field

¢ = or/my. If we suppose that ¢ € my then reduction of coefficients mod my,
1
M ®,, 121 £((2)) associates to (M, Fyy) the z-isocrystal

] — ¢(2)), and the assignment M —

induces a canonical projection map or[z]]

(Dv FD) = (M Qop[] g((Z»?FM ® id)-

iii



Introduction

This object naturally carries additional information, encoded in its Hodge-Pink
structure, and one obtains a fully faithful functor from local shtukas over o; to
z-isocrystals with Hodge-Pink structure which is the analogue for Fontaine’s crys-
talline period functor D mentioned before; see [34], [40], [41].

Stressing the analogy between elliptic curves over K and Drinfeld modules over L,
we may further illustrate the role of local shtukas: Let ¢ be a Drinfeld F[z]-module
over L; if ¢ is of good reduction in the sense of Drinfeld [21] then, in close analogy
with the case of elliptic curves, by considering the collected z-power torsion @[z
of the reduced Drinfeld F[z]-module @ over ¢ one obtains a z-divisible group which,
in fact, corresponds to a local shtuka over ¢; see [22], [41], [52]. From this instance
one can already tell that local shtukas play a double role: they not only take the
place of crystalline p-adic representations, but also appear as analogues for Barsotti-
Tate groups and, at the same time, their Dieudonné crystals. Furthermore, local
shtukas are of a more general nature than crystalline p-adic representations. These
circumstances already incorporate a moral reason for the fact that bad reduction
seems to be less easy to capture in equal-characteristic arithmetic. The generality of
local shtukas is also supported by the following instance: a very important feature
about Drinfeld modules is that they can be mirrored by certain Drinfeld shtukas
(also called F-sheaves), which are global objects of even more general nature; see
[20], [22], [36]. Via formal completion a shtuka having coefficient scheme Spec(oy,)

directly gives rise to a local shtuka over oy, as is explained in [41].

Bad reduction

The original aim of research underlying the present thesis was to find a filler for the

diagram of analogies

(7)

representations of G

( crystalline p-adic

( semi-stable p-adic )

, <———— (local shtukas over o)
representations of G

and to give an equal-characteristic analogue for Fontaine’s semi-stable period functor
Dyg. In the above diagram, the missing objects would naturally be referred to as
semi-stable local shtukas. However, we have to clarify from the outset that this aim
lies beyond our capabilities. The situation in equal characteristic appears to be quite
different from the p-adic case:

v



In order to describe bad reduction in equal characteristic, i.e., in order to say what
a "semi-stable local shtuka" should be, one has to take several types of degeneration

into account:

— First of all, arguing on the level of Drinfeld modules, Drinfeld’s Tate uni-
formization theorem [21] can very well be compared with analytic uniformiza-
tion for elliptic curves of split multiplicative reduction. The present work is

mainly devoted to this instance.

— By work of F. Gardeyn [29], [30] it has been shown that Tate uniformization
of Drinfeld modules may be carried out in terms of (analytified) Anderson
motives or, more generally: of analytic T-sheaves, and that Drinfeld modules
of bad reduction give rise to objects called (strongly) semi-stable T-sheaves.
More generally, one of the merits of Gardeyn’s work is to give a version of

Tate uniformization for Anderson’s abelian t-modules.

— Speaking in terms of the most general instance of Drinfeld shtukas, we en-
counter yet a different type of degeneration: in his work [49] on the proof of
the Langlands conjecture for Gl,, over a global function field, L. Lafforgue has
introduced objects which he called chtoucas dégénérés; these were first stud-
ied by Drinfeld [20] in the "rank 2'-case and were then generalized to higher
rank by Lafforgue. Roughly speaking, one of the key insights for proving the
Langlands conjecture was that the desired correspondence is realized by the
cohomology of the moduli space of Lafforgue’s chtoucas dégénérés, which in

turn was first realized in the "rank 2"-case by Drinfeld.

Already from the first item one can derive phenomena which diverge from the p-
adic case: we have already seen that to every good-reduction Drinfeld module over L
(which amounts to a Drinfeld module over the scheme Spec(o,)) one can associate a
local shtuka over oy, and therefore a z-isocrystal with Hodge-Pink structure; however,

we will see that in contrast to the p-adic theory one cannot expect to obtain a
"z-isocrystal with Hodge-Pink structure and monodromy operator'

when starting with a bad-reduction Drinfeld module in the sense of [21].

Aim and contents of this thesis

In the present work we wish to give some evidence for the fact that, regarding bad
reduction, the arithmetic over local function fields is quite different from p-adic

arithmetic.
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Let us give a description of the chapters of this thesis:

In the first chapter we study the connection between analytic Anderson motives
and local shtukas at the residual characteristic place in a general fashion. We may
illustrate this as follows: an analytic Anderson motive is a finite projective module
M over the Tate algebra L(z) of strictly convergent power series ([9], [28]) in one
indeterminate z over L, together with an injective L(z)-linear map Fir: M ®p:) 0
L(z) — M, where o: L{z) — L(z) is the usual r-Frobenius lift, such that coker(F},)
is a finite-dimensional L-vector space and is annihilated by a power of the ideal
(z — () € L(z). This means that analytic Anderson motives are an analytic variant
of Anderson’s t-motives living over the rigid-analytic closed unit ball B! C AlL’an.
We show that an analytic Anderson motive (M, Fjy) admits a good model (in the
sense of Gardeyn [30]) over or(z) if and only if for a suitable effective local shtuka

(M, Fy,) there is an oy [2][1/7]-linear isomorphism
M @1y ou A1 /7] — JH{1/]

which is compatible with the respective semi-linear data. The idea is that such a
local shtuka arises via formal completion at the residual characteristic place from
every good model. For a given analytic Anderson motive this also gives a precise
characterization of its good models in terms of (effective) local shtukas. Adapting
Gardeyn’s theory [30] of good models for algebraic and analytic 7-sheaves to the
aforementioned unit disc B!, we are able to further characterize good reduction of
an algebraic Anderson ¢t-motive in terms of its associated analytic Anderson motive;
in particular, this gives a characterization of good models of algebraic Anderson

t-motives in terms of local shtukas.

The second chapter, as well as the third chapter, is rather of a relative flavor:
using the framework of Fontaine theory, in the second chapter we first explain that
every p-adic Galois representation V' which is an extension of V,(E)Y by Q,, where
E/K is an elliptic curve of supersingular reduction, necessarily is crystalline. This
is of course done by analyzing the associated filtered (¢, N)-module Dg (V') and
showing that N has to act as the zero map. The considerations made here are
certainly well-known to the experts. Turning to equal characteristic, in a next
step we replace the elliptic curve E by a Drinfeld F[z]-module ¢ over L which
is of good supersingular reduction. We consider the associated analytic Anderson
motive M(p) ®prp, L(z) and, by choosing an [F[z]-lattice A C ¢(L*®P) of rank one
and interpreting the Tate-uniformization morphism ¢ —., ¢/A in terms of analytic

Anderson motives, establish an extension structure of finite free L(z)-modules with
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semi-linear data
0 — (N, Fx) = (M(p/A) @z L(2), To/n) — (M(p) ®rjy L(2),7,) — 0

where (N, Fy) is potentially trivial and of rank one. We now suppose that there is
a hypothetical category of "semi-stable local shtukas" together with a hypothetical
exact functor (corresponding to Dy;) to a category of "z-isocrystals with Hodge-Pink
structure and monodromy operator" which verify axioms being very close to those
of MFk(p, N) in the p-adic world, and we assume that the above sequence gives
rise to a short exact sequence of "semi-stable local shtukas", and in particular to one
of the hypothetical associated "(®, N )-isocrystals'; we argue that the left-most and
right-most term of the induced sequence have to be of trivial monodromy while the
middle term has to be of properly bad reduction, due to its bad-reduction origin.
However, by a similar argument as in the p-adic case, one can show that also the mid-
dle term has to be of trivial monodromy, which leads to a contradiction: according
to our hypothesis, the monodromy operator of the isocrystal associated to a semi-
stable local shtuka M is trivial if and only if M is actually of good reduction, i.e., a

local shtuka over oy ; however, by the results from chapter 1, this cannot be the case.

Finally, in the third chapter, we are concerned with certain modules of Yoneda ex-
tension classes. Again, in the first part we consider the p-adic situation and study the
Yoneda extension group Ext'(Q,, Q,(1)) for the abelian categories of crystalline and
semi-stable p-adic Galois representations, respectively; we explain that the group of
crystalline extension classes lies as a Q,-hyperplane inside the group of semi-stable
extension classes; this is done first via Galois cohomology and Kummer theory using
the exact valuation sequence of the p-adic base field K, and via Fontaine theory.
Again none of the considerations made on the p-adic side is expected to be original.
Turning to equal characteristic, we again establish an analogous situation: moti-
vated by Tate uniformization for an arbitrary bad-reduction Drinfeld F[z]-module

of rank 2, we study extensions of the form
0— (R7UR) - (R27 (é ziC) OUR) - (R7 (Z - C) OUR) — 0

where each of the (canonical) maps is compatible with the respective semi-linear
data, and where (R,or) is an og[z]-algebra of a suitable type together with an
extension or: R — R of the r-Frobenius lift of or[z]. The case R = o.[z] cor-
responds to "crystalline' extensions of the Tate twist R(1) by R(0), and in case
R = o[z][1/7] we speak of "semi-stable" extensions. Now, stressing the analogy
between the multiplicative group scheme in the p-adic world and the Carlitz module
in the function-field world, we discuss an equal-characteristic analogue for L of the

p-adic valuation sequence for K and, using a result of B. Poonen [64], show that the
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quotient
semi-stable Yoneda extensions of R(1) by R(0)

crystalline Yoneda extensions of R(1) by R(0)

is free of countably infinite rank as F[z]-module if the residue field ¢ is finite.
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1 A local criterion for good
reduction of analytic Anderson

motives

Once and for all, we fix a finite field F; its order r = #IF is a power of the prime

number p = char(F).

Let C be a smooth and geometrically irreducible projective curve over F with
function field @ = F(C). We fix a closed point co € C and let A =T'(C — {o0}, O¢)

be the F-algebra of those rational functions on C which are regular outside oo, i.e.,
A={fe@, z(f)>0 forallclosed points z € C — {o0}},

where a closed point x is identified with the corresponding prime place of the global

field Q.

Without proof we will use that the open part C — {oo} C C is affine, i.e.,
C — {00} = Spec(A). In particular, A is a noetherian integral domain which more-
over is immediately seen to be a Dedekind domain. The class number of A is finite;

for a discussion, see [36], 4.1.

1.1 The characteristic place

Let oy, be an equi-characteristic complete discrete valuation ring containing the fi-
nite field F, with quotient field L = Frac(oy) and perfect residue field ¢ = oy, /my,
where my C oy, is the sole maximal ideal of or; we fix a uniformizer m = 7, of oy,
ie., my = (m). Let |- | denote the non-archimedean absolute value which, up to
equivalence, corresponds to the discrete valuation v = v, = ord,(+) on L normalized
by v(m) = 1.

We assume that there is an op-valued point ¢ € C(or) such that the correspond-

ing F-morphism ¢: Spec(or,) — C is dominant and factors via C — {0} C C; such



1 A local criterion for good reduction of analytic Anderson motives

a datum corresponds to a monomorphism of F-algebras ¢*: A — oy, which we call
the characteristic map. We further assume that the closed point V(7)) C Spec(or)
is mapped to a closed point of Spec(A) C C; the latter corresponds to the kernel
€ C A of the composition A — oy, — £. So, in accordance with Drinfeld’s terminol-
ogy [21], we call € the (residue) characteristic. In this spirit, we are encountering

mixed Drinfeld characteristic.

Likewise, the prime place of the function field ) corresponding to the closed
point ¢ of Spec(A) C C is referred to as the (residual) characteristic place of Q. By
continuity, the characteristic map ¢*: A — oy, gives rise to an extension of complete

discretely valued fields Q. C L where Q). = Frac(A,) is the completion of @) at the

characteristic place €.

Lemma 1.1. There is an m > 1 such that €™ is a principal ideal of A.

Proof. The closed point of Spec(A) corresponding to e gives rise to a prime divisor D
and hence to an element of the divisor class group Cl(Spec(A)) = Div(Spec(A))/Q*.
This group equals the ideal class group of the Dedekind domain A and is therefore
finite. This implies that the element D € Cl(Spec(A)) is of finite order, which means
that mD is a principal divisor for some m > 1, say mD = div(f) for some f € Q*.
Now if P varies among the closed points of Spec(A), we have vp(f) =m for P = ¢
and vp(f) = 0 otherwise, since D is a prime divisor, i.e., vp(f) > 0 for all P. From
this we may conclude f € A because the maximal ideals of A are precisely the prime
ideals of height one. From v.(f) = m it follows that f € ANe™A, = ™. Conversely,
let g € A C @ be a rational function such that g € ™. If again P runs through the
closed points of Spec(A), we have vp(g) > m for P = ¢, and vp(g) > 0 otherwise,
ie., vp(g/f) =vp(g) —vp(f) > 0 for all P. Arguing as before, we get g/f € A, for
all maximal ideals p C A, and consequently g/f € A, proving our claim. O

Example 1.2. Let C = P} and let oo be the F-rational point defined by V(1/z) C
Spec(F[1/z]). Then A equals the polynomial ring F[z] in one indeterminate z over

F. In this situation we clearly have ¢ = 2IF[2] if and only if 7 | 2 in 0. O

Remark/Definition 1.3. According to Lemma 1.1, say we have €™ = (t); first of
all we remark that ¢ cannot be nilpotent, i.e., ¢ # 0; on the other hand, it is clear
that ¢ cannot be a unit in A. Now we know ([36], 4.1) that A* = F*, and so we may
conclude that t € A — IF; the rational function ¢ gives rise to a finite flat morphism
C — Pf ([54], 7.3.10, 4.3.10) and in particular induces a finite flat monomorphism
of F-algebras

t:Flz] — A



1.2 The base rings

which identifies the indeterminate z with ¢ € A; clearly ¢ is transcendent over the

field IF, i.e., we may view t as an indeterminate over [F. —

The map ¢: F[z] — A will be used frequently.

1.2 The base rings

In what follows, we will mainly be concerned with (semi-)linear algebra-objects
which are defined over certain A ®p oy-algebras. We abbreviate A,, = A ®p oy, and
furthermore write A, = A ®p L as well as Ay = A®p (; ie., Ay ~ A, [1/7] and
Ag~ A,, /T A, .

The or-valued point ¢ € C(or) gives rise to a canonical morphism of F-schemes
(id, ¢): Spec(o) — C ®p oy, the associated graph morphism. In particular, as ¢
factors via C — {oo}, there is a map of F-algebras v = (id, ¢*): A,, — or which is
surjective since it has a canonical section, naturally embedding oy, into A,, ; at the

same time, since c is dominant, v yields that also A is naturally embedded into A,, .

We first gather together a couple of properties of the base rings defined so far,
starting with the following Lemma. For the notion of excellence, see [EGA 1V(2)],
7.8.

Lemma 1.4. (i) The or-algebra A,, is excellent.

(i) Ay and Ap are Dedekind domains.

Proof. As Spec(A) is noetherian, the inclusion Spec(A) C C is quasi-compact, hence
of finite type. Consequently, the morphism Spec(A) — Spec([F) is of finite type and,
by base change, so is Spec(A4,,) — Spec(or). By [EGA I(n)], 1.6.3.5, the ring A,,
therefore has to be noetherian. On the other hand, by [EGA IV(2)], 7.8.3, we
conclude that A,, is excellent since the complete discrete valuation ring oy, is. In
order to prove (ii), we just remark that C ®p K is smooth of relative dimension 1

over K and irreducible for every field extension K/F. U

In particular, A,, € A is a noetherian integral domain, and by virtue of the

equality Ay ~ A,, /TA,, it follows that m € o, gives rise to a prime element of A,, .

Definition 1.5. Let A,, » (resp., Ao, (e,x)) be the completion of the op-algebra A,,
for the w-adic topology (resp., the (¢, )-adic topology).

By Krull’s Theorem ([13], II1.3.2), the ring A,, is separated for both the m-adic
and the (g, 7)-adic topology.
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Lemma 1.6. The topological or-algebra A,, » is admissible in the sense of Raynaud,
i.e., it is of topologically finite presentation and has no w-torsion. In particular, the
L-algebra A,, -[1/7] is affinoid.

Proof. First we remark that by construction A,, . is m-adically complete and sepa-
rated. We have
AOL,TI'/,/TAOL,TI' =~ AOL/ﬂ_AOL =~ Af;

and the latter is a finitely generated ¢-algebra. So, by [9], 2.3/10(a), it follows that
A,, = is of topologically finite type over oy, which means that it is isomorphic to a
quotient of oy, (x) for some finite system z of indeterminates; but oy (x) is noetherian
by [9], 2.3/1, and so A,,  is even of topologically finite presentation. Since A,, is
an integral domain, by [13], 111.3.4.2, no power of m can give rise to a zero-divisor in
Ao, x, i€, Ay, » does not have m-torsion and is therefore admissible. The last claim
follows from [9], 2.4. O

In sections (1.5) and (1.6) the (geometric) role of these op-algebras will be further
explained. For now, let us briefly explain the most important instance from which
our base rings A,, » and A,, (- arise: If C = P} then we have A,, = or[z] and
correspondingly A, = L[z]. Let us specify that ¢ = zF[z]. Our choice of a uni-
formizer m gives rise to an identification oy, = ([x]; see [69], I1.4.2. Consequently
or[z] = ([r][z] = ¢, 2], and the latter equals the (7, z)-adic completion of ¢[x][z].
In this spirit we view A,, (- ) as a replacement, for general C and ¢, of the op-algebra

or[z]-

On the other hand, the m-adic completion of or[z] equals o (z), and since L(z) =
or(z) ®,, L, we may view A,, »[1/7]| as a replacement, for general C, of the Tate
algebra L(z) of strictly convergent power series in one indeterminate z over L, which
serves as coordinate ring for the one-dimensional affinoid unit ball in classical rigid

geometry.

The Tate algebra L(z) is obtained from the affine coordinate ring L|[z] via com-
pletion with respect to its Gauss norm defined by || >5* a,2”|| = sup,(|a,|), where
| - | is the m-adic absolute value of L; there is an obvious well-defined version of the
Gauss norm for strictly convergent power series which makes L(z) into an L-Banach
algebra, and one finds o1 (2) = {f € L(2), ||f|| < 1}; see [9], [28].

In the general case, this is mirrored as follows: There is a natural embedding
A, — A, [1/m] which, for general C, replaces the completion homomorphism
L[z] — L(z), and which itself can be regarded as a completion map with respect

to the L-algebra norm-topology on the reduced affinoid L-algebra A,, .[1/7] and its
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restriction on Ag; see [9], 1.4/19. —

Note that the canonical homomorphism A,, — A,, (-, factors uniquely via A, ~,
where the induced map A, » — A,, (o) identifies A,, (- with the (e,7)A,, -
adic completion of A,, », which means that it has to be flat; moreover, there is a

commutative diagram

A

A or,,T AOL,TI'[]‘/T[-]

| |

AOL —_— AOL,(EJT) - A0L7(877r) [1/7T]

oL

where all arrows are injective and flat. In order to justify the injectivity for 4,, » —
Aoy (em), We claim that A,, . is (¢,7)A,, -adically separated. Again by Krull’s
Theorem it suffices to show that A,, . is an integral domain, which is accomplished

by the following

Proposition 1.7. A,, . is a reqular integral domain.

Proof. Let X = Spec(A,, ). Since A,, is excellent by 1.4, it follows from [EGA IV(2)],
7.8.3.1, that the regular locus Reg(X’) of X’ = Spec(4,, ) equals f~'(Reg(X))
where f is the canonical morphism f: X’ — X. Therefore, X — Spec(or) being
smooth, the scheme X' is regular, which implies that every local ring of A4,, » at a
prime ideal is an integral domain, i.e., X’ is locally integral. It remains to show that
X' is connected. Since A,, /mA,, » >~ A,, /TA,, is an integral domain, the closed
subset V() C X' is connected. Suppose we have a nontrivial disjoint decomposition
X' =V(e)UV(1l —e), where e, 1 — e is a pair of orthogonal idempotents. From
this we get V(7)) = V(m,e) UV (m, 1 —e). Now the quotient A,, /e is nontrivial,
i.e., it contains a maximal ideal n. By [58], 8.1, A,, /e is again m-adically complete
and separated, so that mA,, /e C j(A,, =/e) C n (loc. cit., 8.2); this means that
V (7, e) cannot be empty; arguing similarly for the idempotent 1—e gives the desired
contradiction, showing that X’ has to be connected. Finally, by [EGA I(n)], 1.4.5.6,

we conclude that A,, . is an integral domain. O

Since A,, » is m-adically complete and separated, the following Lemma is imme-
diately derived from [58], 8.2.

Lemma 1.8. The element m lies in every mazimal ideal of Ay, . O

Recall that there is a finite flat monomorphism of F-algebras ¢: F[z] — A which

identifies the indeterminate z with the non-constant rational function ¢ € A chosen
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in 1.3; the or-algebra homomorphism ¢ ®id: or[z] = A,,, >, a2¥ — >, t" ®a,, is

finite flat, so that also the maps
or(2) = Aoy xy  L(2) = Ao, 2[1/7),  on[2] = Aoy 4m),  L2] — As

are finite flat; here the (t,7)-adic completion A,, ) of Ay, equals A,, () since

(e,m)™ C (e™,7) = (t,m) in A,,; we have a commutative diagram

op[z] —=op(z) ——or[7]

b

AoL - AOL,Tr - AOL,(a,ﬂ')

where the horizontal arrows are completion maps and therefore flat, and where the

vertical maps are finite flat.

1.3 Liftings of Frobenius

The r-Frobenius Frob,: o, — o, x — x", gives rise to an endomorphism
o =idy ® Frob,: A,, — A,,, a®@r—a®a",

which extends to give a map id4 ® Frob, : A — Ay again denoted by 0. On the
other hand, reducing mod 7 gives o = id4 ® Frob, s: A, — Ay; the latter is clearly

an automorphism of the Dedekind domain A,.

The map o: A,, — A,, is m-adically and (e, 7)-adically continuous and there-
fore extends to give endomorphisms A,, » — Ao, » and Ay, (o) — Ao, (e,r), again

denoted by o.

Lemma 1.9. In the commutative diagram

AOL — AOL,ﬂ' I AoL,(a,Tr)

o

AOL AOLJT AOL,({-:,TI')
both squares are cocartesian, and the vertical arrows are finite flat.

We let the proof be preceded by the following

Remark. As mentioned before (see (1.2)), our choice of a uniformizer 7 identifies
or, with ¢[r]. Via this identification, the r-Frobenius Frob,,, : o, — op is mir-

rored by the map ([r] — ([x], Y02, a,m — Y02 al,m™; using that Frob,, is an
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automorphism, this implies (Frob,.,, )«or, = or7° & ... @ opm"!; furthermore, the
map Frob,,, is injective, i.e., Spec(Frob,,,) is dominant, so that Frob,,, has to
be flat (for example, by [54], 4.3.9), i.e., we may summarize that the r-Frobenius

Frob,,, : o — oy, is finite flat. —

Proof of Lemma 1.9. By [EGA IV(2)], 2.1.7, the product o = id4®Frob,,, : 4,, —
A,, is flat, and by [EGA II], 6.1.4/5, it is also finite. By base change, we conclude
that A,, o4, Ao, » is a flat A,, ~-module. Since o: A,, — A,, is finite, this
tensor product equals the m-adic completion of the A,, -module 0, A4,,. If we let a =
o(mA,, )A,, =7"A,, = (1A,,) and b =7mA,,, we get b” = a C b. Consequently, by
[23], 7.14, the inverse systems (A4,, /a™), and (A,, /b"), give the same limit, which
shows at once that the square on the left is cocartesian, and that o: A,, » — A,, r is
flat; in particular, a base change argument now shows that the latter homomorphism
is also finite. Similarly, we have o(e,m)A4,, = (e,7") C (e,7) as well as (e,7)" C
(e,7"), which proves that the displayed diagram qualifies A,, (. r) as tensor product
Aoy (em)®a,, 0 Aoy, and that o1 Ay, e x) — Aoy (cx) 18 finite flat. But now it is merely

a formal matter to show that also the square on the right has to be cocartesian. [J

Finally, note that the embedding of op-algebras ¢ ® id: or[z] — A,, commutes

with o: A,, — A,, and the r-Frobenius lift of or[z], given by
oplz] = olz], D a2’ = > a2
Consequently, also the embeddings
o(z) = Aoy, L(2) = Aoy 2[1/7], oLlz] = Aoy tm),  Llz] = A

from the end of section (1.2) are Frobenius-equivariant.

1.4 Categories of Frobenius modules

Let A be an op-algebra together with a ring endomorphism o: A — A such that o
and Frob,,, : o — or are compatible with the structure map o, — A, i.e., such
that o extends Frob,,,. For example, A could be any of the base rings considered

in the previous sections.

Let M be any A-module which comes equipped with an A-linear map F': o*M —
M. Then F corresponds to a homomorphism of abelian groups F*': M — M which
is semi-linear with respect to o: A — A; namely, F*® is obtained by composing F

with the canonical o-semi-linear map M — o*M.

We define the category FMod(A) of Frobenius A-modules (or simply F-modules

over A) as follows:
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— An object of FMod(A) is a pair (M, F') consisting of an A-module M which is
finite projective (or, equivalently: locally free of finite rank), together with an
injective A-linear map F = Fy: 0*M — M; the datum F (equivalently, F*!)

will usually be omitted from the notation, if no ambiguity can arise.

— As usual, a morphism of Frobenius A-modules (M, Fy;) — (N, Fy) is an A-
linear map ¢: M — N between the underlying A-modules such that ¢ is
F-equivariant, i.e., such that ¢ o Fjy = Fy o 0*¢ (or, equivalently: ¢ o Fi =
F&l o ); it is called an isomorphism if ¢ is an isomorphism of the underlying

A-modules.

It is an obvious conclusion that the forgetful functor from FMod(A) to the cate-
gory of A-modules is faithful. We further remark that for an isomorphism ¢: M —
N inside FMod(A) the inverse map of A-modules ¢~ ! is automatically F-equivariant

since the assignment M +— o*M is functorial on A-modules.

Let B be a flat A-algebra together with a ring endomorphism o: B — B extending
the Frobenius lift of A, as explained before. Then the exact functor - ® 4 B from A-
modules to B-modules restricts to a functor FMod(A) — FMod(B); if the structure
map A — B is, in addition, injective then the induced functor on FMod(A) is
faithful since, given a map f: M — N of finite projective A-modules, restricting its
image f ®id: M ®4 B — N ®4 B to M gives back f. In particular, we obtain a

natural commutative diagram of categories and faithful functors

FMod(A,, ) FMod(A,, ) FMod(Ay, ()

l | |

FMOd<AL) - FMOd(AOLJT[l/WD - FMOd(‘AOL,(aﬂT) [1/7T])

1.5 Analytic Anderson motives

Since (C —{oo}) ®r L = Spec(Ay) is of finite type over L, one can consider its rigid
analytification Spec(Ay)*"; see [9], [28]; in accordance with [6], we denote this rigid
analytic L-space by 2((c0).

On the other hand, the formal completion of the or-scheme X = Spec(A,, ) along
its special fiber V (7) leads to the formal oz-scheme X = Spf(A,, »); see [EGA I(n)],
1.10.8.3; its rigidification X, ([9], [28]) is given by the affinoid L-space (1) corre-
sponding to the affinoid L-algebra A,, »[1/7] (see 1.6); this space can be regarded as
the unit disc of the rigid analytic space 2(c0); as opposed to its global counterpart

2A(00), it corresponds to "radius of convergence 1", hence the notation.
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Let J C A,, be the ideal generated by the elements a ® 1 — 1 ® ¢*(a), where
a € A. For example, if C = P, i.e., A = F[z], then one easily computes that
3= (2= Q) C oplz] where ¢ = ¢*(2).

We intend to study the following instance of rigid analytic 7-sheaves over A,, .[1/7]
on 2(1), in the sense of [6]. See also section (1.7).

Definition 1.10. An analytic Anderson A(1)-motive is an object
M, € FMod(A,, «[1/7])

such that coker(Fyy, ) is a finite-dimensional L-vector space and is annihilated by a
power of §. A morphism of analytic Anderson A(1)-motives is defined as a morphism
in the category FMod(A,, »[1/7]).

Here the prefix "A(1)-" indicates that we are considering an analytic variant of
Anderson A-motives over the rigid analytic unit disc associated to our chosen oy-
valued point ¢ € C(or); recall that an Anderson A-motive ([2], [36]) is an object
M € FMod(AyL) such that coker(F)y) is a finite-dimensional L-vector space and is
annihilated by a power of J; a morphism of Anderson A-motives is defined as a
morphism inside FMod(Ap).

Proposition 1.11. The natural functor FMod(Ar) — FMod(A,, »[1/7]) restricts

to a functor
(Anderson A-motives) — (analytic Anderson A(1)-motives).

Proof. Let M be an Anderson A-motive. Then M=M® 4, Ao, x[1/7] is flat over
A,, «[1/7]. Furthermore, any exact sequence of Ap-modules of the form A} — M —
0 yields an exact sequence A,, »[1/7]® — M — 0, i.e., we may summarize that M
is locally free of finite rank. Similarly one verifies that the map F' ® id is again
injective; let C' be its cokernel; clearly C is finitely presented over the L(z)-algebra
Ay, x[1/7], which in turn is finite over L(z); if coker(F) is annihilated by J¢, so is C
(for details cf. the proof of 1.18); in particular, we have (z — ¢)¢C = 0, where ¢ € L
is defined in section (1.6); finally, by the Weierstra8 Division Theorem for L(z) (see
[9], 1.2/8), the quotient L(z)/(z—¢)%is finite over L, and so C'is a finite-dimensional

L-vector space. O

For the following Lemma, recall the well-known fact ([9], [28]) that the Tate
algebra L(z) is a factorial Dedekind domain, i.e., a principal ideal domain ([58],
20.7).

Lemma 1.12. Let My, be an analytic Anderson A(1)-motive. Then My, is a finite
free L{z)-module via L(z) — A,, =[1/7].
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Proof. Being a composition of exact functors, the functor - ®p,y My = (- R r(z)
Aoy x[1/7]) ®a,, .j1/x) ML is again exact. Furthermore, M, is of finite presentation
over A,, »[1/7], and the latter is finite over L(z), so M, is also of finite presentation
over L(z), and we may conclude that M, is locally free of finite rank over L(z),
which implies that it is torsion-free over L(z), hence free of finite rank, as L(z) is a

principal ideal domain. O

Definition 1.13. Let M, be an analytic Anderson A(1)-motive. A (formal) model
of My, is an object M € FMod(A,, ») such that its image along the natural functor
FMod(A,, =) — FMod(A,, =[1/7]) is isomorphic to My, inside FMod(A,, ~[1/7]).

For the moment, let M be any A,, -module, coming equipped with a o-semi-

linear map M — M. To M we can associate its reduction
M/WM == M ®0L 67

which is naturally a module over the Dedekind domain A,. The semi-linear datum
M — M induces a canonical map of abelian groups M /7M — M /7 M which is
o-semi-linear; of course, the residue map M — M /7 M then automatically com-

mutes with the respective semi-linear data on M and M /7M.

Note, however, that this does not induce a functor from FMod(A4,, ) to FMod(A,),
since the induced F-map need not be injective. This circumstance lies at the origin

of our study of good models:

Definition 1.14. Let M be a model of an analytic Anderson A(1)-motive M.
Then M is called a good model if

1. the induced A;-linear map
TM/TM = M/TM ®4,5 Ae — M/7M
1S 1njective;
2. coker(Fy,) is a finite free op-module and is annihilated by 3%, for some d > 0.

Example 1.15. Let M be an Anderson A-motive with good reduction, that is,
there is a locally free A,, -module M of finite rank together with an A,, -linear map
o M® Aoy 0 A,, — M such that there is an F-equivariant and Ay -linear isomor-
phism M[1/7] ~ M, in such a way that coker(F*°) is a finite free oy -module and
is annihilated by a power of J (see also [41], 2.1.4); note that every such isomor-
phism gives rise to an F-equivariant embedding M < M which shows that F° is

automatically injective. Moreover the induced A,-linear map

M/TM ®4,5 A = M/7M

10
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is again injective by virtue of our requirements on coker(F°), so that the m-adic
completion M ®a, Ao, » of M gives rise to a good model for the analytic Anderson
A(1)-motive M ®4, Ao, »[1/7]; this is proven in 1.30 below. O

1.6 Local shtukas and the main theorem

As opposed to Drinfeld’s shtukas (also called F-sheaves in [20], [22]), which are
defined over base schemes involving the whole curve C and are therefore of global
nature, local shtukas are associated to a fixed place of the curve C; they are obtained
via formal completion (along the fiber of this fixed place) from global objects like
A-motives with good reduction, or Drinfeld shtukas; see [41], 2.1.4.

We intend to study (effective) local shtukas at the residual characteristic place e
and commence by giving some elementary remarks regarding the fiber ¢ x Spec(oy)
of ¢ € C along the projection C ®r o, — C. If k() denotes the residue field

A.JeA. ~ A/e of €, we have a canonical closed immersion
(C ®r o) x¢ Spec(k(e)) — (C ®p o) xc U,

where U C C stands for the affine open neighborhood C — {occ} of ¢ € C; this
means that € x Spec(oy,) is contained in (and lies closed inside) the affine open sub-
scheme Spec(4,,) = U ®r o, C C ®p or, and we are led to considering the fiber
V(eA,,) C Spec(A,,) of € along U ®p o, — U; the formal completion of U ®p of,
along this fiber is represented by the completion A,, . of A,, for the €A, -adic topol-

ogy.

For example, if C = P} and ¢ = zF[z] then the e-adic and the (g, 7)-adic com-
pletion of A,, = or[z] coincide and are both equal to or[z]. The following Lemma

shows that, in fact, this is also true for general C and e.

Lemma 1.16. The canonical map A, . — Ao, (e,x) 95 an isomorphism.
Proof. First we remark that we have a canonical isomorphism
AOL ~ A ®F[z],z»—»z oL [Z];

note that this is an isomorphism of oy, [z]-algebras. The composition or[z] — A,, —
A,, -, mapping z to (the image of) ¢, is (z)-e-adically continuous and hence induces a
map o [z] — Ao, - which in turn gives rise to a canonical map A®gp oL [2] — Ao, .-
We claim that the latter is an isomorphism. Indeed, the tensor product A®gp,jor[#]
equals the z-adic completion of the (finite) or[z]-algebra A,, and is therefore z-

adically complete; as €™ = (t) in A, the canonical map A, — A ®g op[z] is

11
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e-(z)-adically continuous and thus extends to give a map A,, . — A ®pp; o[2]
which is the desired inverse: it is trivial that A,, — A,, . factors via the identity
of A,, ., and on the other hand, it factors via A,, — A ®g[;j or[2], which in turn
factors via A,, c; so by the universal property of the map A,, — A,, - we see that
the composition A4,, . — A®gp 0r[2] — Ao, - necessarily equals the identity. In the
same way one argues in order to show that A®gp.jor[2] — Ao, - — A®rpjoL[2] also
equals the identity. Finally, we just remark that o[z] also equals the (z,7)-adic
completion of oy (2] and that A, () equals A,, () so, replacing eA,, € A,, by
(e, m) and thereby imitating the arguments given so far, we realize that the canonical

map A ®g[.) op[2] = Ao, (c,x) is an isomorphism, proving our claim. O

Definition 1.17. An (effective) local shtuka at € over or, is an object
M € FMod(A,, (cm))

such that coker(Fy,) is a finite free or,-module and is annihilated by a power of J.

Arguing like in the proof of 1.12, one easily verifies that via the embedding
oplz] — Ao, (x a local shtuka M gives rise to a finite free op[z]-module. Fur-
thermore, using the isomorphism A ®g(;) or, 2] — Aoy (e,m) (see the proof of 1.16),

one shows that there is a canonical isomorphism
M ®(A0L,(€,7T))7U AOL:(Evﬂ-) = M ®0L[[ZH7O' OL [[Z]]

(for details cf. the corresponding argument for A,, , and or(z) on p. 18).

Let ¢ € op be the image of the rational function t € A under the characteristic
map ¢*: A — or. By choice of ¢ we obtain that 7 | { in o. If J C A,, denotes the
ideal generated by the elements a ® 1 — 1 ® ¢*(a), where a € A, via the embedding
Lt ®1id: op[z] = A,, we get (z —()A,, CJ.

Remark. Let M be a local shtuka at ¢ in the sense of the above Definition, and let
C' be the cokernel of F': o*M — M, say with J?C' = 0. In particular, this implies
(z = )C' =0, so that applying the functor - ®,, ] oL[[z]][i] to

0—=c*M —M-—C =0

yields an isomorphism o* M [71<]

gives rise to a local shtuka in the sense of [41], 2.1.1, over the formal (one-point)

— ]\Z/[i] of oL[[z]][:lc]—modules. In particular, M

or-scheme Spf(or). —

12



1.6 Local shtukas and the main theorem

The following criterion for good reduction of analytic Anderson A(1)-motives be-

comes highly plausible when looking at the commutative square

FMod(A,, ) FMod (4, (e;m)

| |

FMod(Ay, #[1/7]) — FMod(Ay, (e [1/7])

and can also be regarded as a good-reduction Local-Global Principle at the charac-
teristic place. In the course of its proof we will make extensive use of the embedding

t: Flz] — A, as defined in 1.3, and its various descendants over o,.

Theorem 1.18. Let My, be an analytic Anderson A(1)-motive such that coker(Fyy, )

is annihilated by I say. Then the following assertions are equivalent:
(1) My admits a good model;
(ii) There is
— a local shtuka N at € such that coker(Fy,) is a finite free or,-module and

is annihilated by J¢,

— an tsomorphism
My, @4, (1/x) Aoy (em[1/7] =~ M[1/7]
inside FMod(A,, (c.x)[1/7]).
Proof. In order to show that (ii) implies (i), let
fi Mp® Ao, emy[1/7] — M[1/7]

be an isomorphism of A,, . ~)[l/7]-modules as displayed in the assertion of the

Theorem. We have canonical F-equivariant A,, .-linear maps
it My — My ®a,, (1/x) Aop e [1/7]; j: M — M[1/7]
where i (resp., j) is injective since M, (resp., M) is flat. Let
M = im(i) N f~(im(j)).

We claim that M gives rise to a good model of M. First we remark that, by virtue of
the linearity of f, the 4,, r-module structure of My ®a, .1/ Aoy () [1/7] restricts
to an A,, »-module structure of M. Furthermore, by the F-equivariance of f and
7, the semi-linear map Fj}[L ® o restricts to a map of abelian groups F3,: M — M
which of course is semi-linear with respect to o: A,, » — A,, » and makes the

A,, r-linear inclusion M — M|, F-equivariant (this embedding already shows that

13
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M is a torsion-free A,, -module). The latter map gives rise to an A,, .[1/7]-linear
embedding M[1/x] — M[1/n] ~ M, of which we claim that it is, in fact, an
isomorphism. Indeed, let m € My; there is an s > 0 such that 7°f(m ® 1) € im(j),

i.e

14

L, mm® 1€ M, and it becomes clear that (7°m ® 1)/7® is mapped to m.

In the commutative diagram

0" My, ~Z 0 (M, @ Aoy o [1/7]) =5 o* 11 /]

| |

My, My ® AoL,(a,W)[l/ﬂ-] f) M[l/ﬂ-]

i

where o stands for the Frobenius lift of A,, », we claim that ¢* M = ¢*im(i) N

(a*f)~Y(o*im(j)). In order to see this, we consider the diagram with exact rows

0 im(7) My, @ Ao, (emy[1/7] 22> coker(i) —= 0
|
0 —im(j) N1 /7] — = coker(j) —= 0

and remark that M is characterized by the short exact sequence

pry

(proof)
0= M— M, ® Ay, (em|1/7] praol coker (i) & coker(j).

Now the functor - ®4 A,,  respects kernels and finite direct sums, so that

OL,T")vo'

we obtain a short exact sequence
0—0"M — 0" (ML ® Ay, (e;)[1/7]) — 0" coker (i) @ o*coker(j)

where the rightmost arrow is given by (¢*pry, o*pryoc® f). So finally, by applying
o*(+) to the above diagram, we get the desired equality.

Applying the exact functor - ®(a,, )0 Ao,,» to the embedding M — M, gives a

commutative diagram

M ®(A0L,,r),0' AOL,W — M ®(AOL,W),0' AoL,Tr

FMl iFML

M My,

where the left-hand vertical map Fy : 0*M — M has to be injective because the
other three appearing maps are; here it just remains to remark that My ®4
AOL,TK' = ML ®AOL77\—[1/7T},O' AOL,ﬂ‘{l/ﬂ-]'

0L77T)70'



1.6 Local shtukas and the main theorem

— Next we claim that J%coker(Fy) = 0, where J = (a® 1 —1®c*(a),a € A) C 4,,,
and where we are provided that both coker(F}y, ) and coker(F);) are annihilated by
J4 Letz =Y, a,m,®1 € J2M where o, € J¢. By assumption there is a (unique)
y € o*Mp, such that >, a,m, = Fyy, (y); we have to show that, regarding y as an
element of o*im(7) ~ im(c*i), we have y € o*M = o*im(¢)N(c* f) ~*(c*im(5)). So
it remains to see that (o* f)(y) € im(c*5). Indeed, inside M[1/x] we have f(z) =
f(F(y)) = F((e*f)(y)); on the other hand, the linearity of f and j gives that
flx) =3, o f(m,®1) = j(y) for some i € J4M C im(Fy,), say y' = Fy,(y") for
ay’ € oM, ie., f(z) = F((6*j)(y")); so finally, since F': o*M[1/x] — M[1/7]
is injective, we obtain that (o*f)(y) = (6*j)(y"), as desired.

— The given A,, (x[1/7]-linear isomorphism f : My ® A, cx)[l/7] — M[l/ﬂ']

gives rise to an oy [[z][1/7]|-linear isomorphism
i My @y on[2][1/7] — M @, 01 [2][1/7],
for we have

My @y or[2)[1/7) = Mr @y ciafa) (Aog.x Bov () o1 [2D)[1/7]
~ M ®a,, .[1/x] Aoy (em[1/7],

M @,y orl2)1/m] = M ®a,, ...y (Ao em) Doy 0z[2][1/7)
~ M@A AoL,(e,w)[l/W]-

or,,(e,m)

or,(e;m)

From the corresponding property of the isomorphism f and the F-equivariance
of or[z] — A,, we derive that also f is F-equivariant. Furthermore, analogous to

what we have seen before, we have natural maps
B My — My @u o llU/m),  Fi 5= 3 @41 o0 [=](L/A]
where 7 (resp., j) is L{z)-linear (resp., op[z]-linear) and injective. Let
M = im(i) N f7H (im(j)).
Then the isomorphism displayed above restricts to an isomorphism
M S M
which is or, (z)-linear; here M becomes an oy (z)-module via tﬁl}e errilfedding or{z) —
Ao, »; in particular, we obtain an ¢[z]-linear isomorphism M /7 M ~ M /7M.

— In the following step we are going to show that M is finitely presented over o (z),
which implies that M /7w M will be finitely presented over ¢[z]; since we have an

or(z)-linear isomorphism M ~ M, it also follows that M is finitely presented

15
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over or(z); in particular M will be finitely presented over A,, ,, and finally we
may conclude that the reduction M /7 M will be finitely presented over ¢[z] and

over Ay.

Let (e, ...,em,) be an L{z)-basis of My; see 1.12; furthermore, let (dy, ..., d,) be
a basis for M over o.[z]. Note that our choice of basis for My, gives rise to an
isomorphism M ®p.yor[2][1/7] ~ or[2][1/7]™; for every v = 1, ..., n we consider
f ~1(d,) and regard it as an element of the right-hand side of this isomorphism.
We choose N > 0 big enough, such that f~(xNd,) € o.[z]™ for all v, say

f_l(ﬂ-Ndl/) - ()01/,17 ) pu,m)

where p,,, € o[2]. Now let x € M. Via f we obtain, say, f(:n) =3, \d, in M,
with suitable \, € oy [2]; consequently f(7Vz) =¥, A, (7Vd, ), so that the image

of 7z in op[2]™ corresponds to the family of scalars
O o Aputs > Aupum) € or[2]™

Now, since the embedding 7 is L{z)-linear and since the images of the e, consti-
tute an op[z][1/7]-basis of My, @y op[z][1/x], writing m¥z € M, as a linear
combination over L(z) has to yield m¥a =3 ,(3, Avpyu)ey, i-e., the appearing
scalars oy, = Y., Aypy,, have, in fact, to be elements of o,(z) = L(z) N oy[z].

Inside M; we may write v = 7 V7Vz = Do QT eu, so that we may conclude
MC > op(z)m Ve,
"

Finally, being a submodule of a finitely generated module over a noetherian ring,

M has to be of finite presentation.

We claim that M /M is torsion-free over ¢[z]; this will imply that M /7TM is
finite free over £[z], since it is already of finite presentation. Furthermore, it fol-

lows that M /mM is torsion-free and hence free over £[z].

Let 7 € M, and let A = ¥, \,2* € o(2) be such that 7 1 A and A% € M, say
AT = my for some y € M. In order to prove that M / M is torsion-free we must
show that # € M. First suppose that A € or,(z) Noy[2]*. We consider 7~'% €
ML, in fact, this element lies in M, since we have f(7'Z) = 7 'A"1f(A\Z) =

“1f(§) € M; consequently # = m(7~'%) € mM. Now suppose that 7 | Ag; this
means we find N € or[z] and N’ € or(z) Nor[z]* such that A = 7\ + 2V )\ for
N)\//

some N > 1; we have 7y = A\x = wN'T + 2z \'Z; suppose we have already shown
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that 2"% € M implies T € M for any n > 0; we claim that zV7 € ™M which,
by assumption, will imply that z € ™M ; indeed, we have

Fr 2Nz = N OV 2NE) = N f (g — aNE) = XU (5 — NE) € M,

which shows that 712Nz € M, ie., 2N% = n(n'2N%) € 7M. So it remains to
show that z"% € 7 M implies € TM for any n > 0. By induction, it suffices to
consider the case n = 1. So suppose 2% € 7 M, say 2% = 77; let fv(%) =Y, 06.d,,
where (dy, ..., d,) is the finite oy, [2]-basis of M fixed before. The relation 27 = 7jj
implies that 7 | 23, for every index v, so that 7 | 3, for every v. Arguing similarly
as before, one now immediately shows that 771Z € M}, necessarily maps via f to

an element of M, ie., 7 € M.

— As an auxiliary step in order to show that M is locally free of finite rank over
A,, x, we claim that the reduction M /7 M is locally free of finite rank over A,.
Indeed, now that we know that M /mM is of finite presentation over Ay, it suffices
to prove flatness over A,. Since A, is a Dedekind domain, by [13], VII.10.22, we
only need to show that M /mM is torsion-free over A, (hence projective, hence
flat).

Since M /M is free over ([z], it is flat and we get an embedding M/7M —
M /T M@y 4(2); there is a canonical isomorphism M /TM @y (2) ~ M /TM& 4,
(Ap @412 £(2)), and we claim that A, @y £(2) =~ Frac(A,); indeed, S = ([z] — {0}
gives rise to a multiplicative subset of A, not containing zero, and Ay ®y.] £ (2) ~
S~1Ay; furthermore, the embedding ¢(z) — A, ®yp,){() is finite, and ¢(z) is a field,
50 Ay ®qp2 £(2) also is a field; consequently the canonical map A, — S~'A, factors
via Frac(Ay), and it is directly seen that the induced map Frac(A,) — S~ A, is,
in fact, an isomorphism.

Let o« € Ay — {0} and x € M /7w M be such that ax = 0; by regarding ax as an
element of M /1M ®4, Frac(4,), we get * = a 'az = 0, as desired.

— Relying on the preceding step, we claim that M is locally free of finite rank over
A,, » where again it only remains to show that M is flat over A,, .
First we remark that, since A,, . is m-adically complete and separated, we have
Ao, » C j(Ao, »), and the A,, --module M is finitely generated, so that M is
m-adically ideally Hausdorff in the sense of [13], II1.5.1. In the preceding step
we have shown that M /7 M is flat over Ay ~ A,, »/7A,, =, and we know that
M has no m-torsion, so that the canonical map 74,, » ® Aoy M — M is an
isomorphism; therefore, by Bourbaki’s Flatness Criterion [13], II1.5.2.1(iii), we
may conclude that M is indeed flat over A,, ..

— Our next aim is to show that the kernel V- of M/mM® 4, 5 Ay — M /7 M is trivial,

17
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i.e., that M is good in the sense of 1.14. Since we have a canonical isomorphism
M/TM @5 L]2] 2 M/TM 4,5 A

and since the abelian subgroup V' of the right-hand side corresponds to the kernel
V' of M/t M &5 {[2] = M /T M, is suffices to show that V' is trivial.
We have already shown that J9M C im(F),); in particular, we have the following

chain of oy (z)-modules
(z — )M Cim(Fy) C M;
the element ¢ € oy, is zero mod 7, and we obtain
2 M/ M) Cim(M/TM @y 5 ([2] — M/aM) C M /7 M,;

we know that M /7w M is finite free over ¢[z]; so 1.19 below shows that the middle
term W’ in the latter chain has full rank inside M /7M. Finally, taking ranks in

the (split) short exact sequence of finite free ¢[z]-modules
0=V = M/TM Qg5 lz) = W — 0
accomplishes the proof that V'’ indeed is trivial.

As we will now prove, the module M is finite free over o (z). To see this, let
(myq, ..., ms) be a lifting in M of a basis of M/7M. Let ¢: or(z)* — M be the
or(z)-linear map which sends the k-th vector of the canonical basis of oy (z)*® to
my. We claim that ¢ is an isomorphism. Indeed, by the choice of the m;, the
quotient coker(ip)/mcoker(y) is trivial, and Lemma 1.8 shows that 7 € j(or(z));
now Nakayama’s Lemma ([58], 2.2) shows that the finitely generated oy, (z)-module
coker(¢) is trivial; finally, applying the Snake Lemma to the commutative diagram

with short exact rows

SHMHO

0 —ker(p) —o0(2)

ST

0 —=ker(p) —=or(2)* —>= M —=0

shows that ker(p) /7 ker(¢) = 0, so that, again by Nakayama’s Lemma, also ker(y)

is trivial.

It remains to prove that the cokernel C' of M ®a,, )0 Ao, » — M is a finite free
or-module.
In a first step we show that C is finitely presented over or. Since 7 € j(A4,, x)

and since C, being a quotient of M, is finitely presented over the noetherian ring
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A,, x, we conclude by Krull’s Theorem ([58], 8.10) that C'is m-adically separated.
By [58], 8.4, it now suffices to show that C'//7C is a finite-dimensional ¢-vector
space (because any lift of an (-basis of C'/7C will then be a system of generators
for C' over or); indeed, from what we have seen so far, C'//7C' is finitely presented
over A,, » and hence over A,. As ([z] — A, is finite, it follows that C'/7C is
of finite presentation over ¢[z]. Moreover, from (z — ¢)¢C' = 0 it follows that
24(C/nC) = 0, ie., C/nC is finitely presented over ([z]/z%; but the latter is a
finite-dimensional ¢-vector space, and so we may conclude that C/wC is indeed
finite-dimensional over the residue field ¢.

In a second step we show that C' is a flat or-module, which will imply that C'
is finite free over the local ring oy. Since we have just seen that C/nC' is free
and hence flat over ¢, we only need to prove that C has trivial m-torsion; then
Bourbaki’s Flatness Criterion [13], II1.5.2.1(iii), will yield the desired result.

By imitating the argument given in the proof of 1.16 one shows that the canonical
map A ®pps)01(2) — Ao, ~ is an isomorphism of oy (z)-algebras, and the canonical
isomorphism (id, 0): 05(2) ®o, (20 0L(2) — 0r(2), f ® g — o(f)g, gives rise to
the composition

Ao @op (0.0 00(2) = (A @Fpz) 0L(2)) Rop(2),0 0L(2)
~ A ®pp (00(2) Qo (2),0 0L(2))
~ A ®pp) 0n(2)
~ A

op.m
which induces an isomorphism of A,, r-modules A,, » ®o, (2).0 0L(2) ~ 040, 1,
showing that M ®,, ), or(z) ~ M (Ao »)0
consider the cokernel C” of the map M ®,, 1.y » 0r(2) — M and to show that C"
has no 7-torsion.

So let 7z € im(M ®,, ()0 0(2) — M), say there is an element y € M ®,, ().~

or(z) which is mapped to mz; note that y is uniquely determined by 7z. There

Ao, ». Therefore it suffices to

is a canonical epimorphism ([z] ®,, (), 01(2) — {[2] giving rise to a commutative
diagram

M ®0L(z>,a 0L<Z> — M

|

M[TM Qg5 L]2] —= M /7 M
where the horizontal maps are injective and the vertical maps are surjective, and

where the left-hand projection is obtained via the composition of natural maps
M ®o, (2),0 00(2) = M/TM @o, (2),0 01.(2) = M[TM @y15 L]2].

In the upper row of the above diagram both modules are free of the same rank

over or(z), while in the bottom row both modules are free of the same rank over

19
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([z].

Since mx goes to zero under the right-hand projection, it follows that y goes to
zero under the left-hand projection. Let (my, ..., ms) be a lift in M of an ¢[z]-basis
(my, ..., mg) of M /mM; as we have seen before, every such lift is an oy (z)-basis of
M; writing y in terms of the basis (m,®1, ..., m,®1) yields y € 1(M®,, (-)-01(2)),
and since M is a torsion-free or(z)-module, we are done. Hence we have shown

that M gives rise to a good model for M.

Conversely, in order to show that (i) implies (ii), suppose that M is a good model
of M;,. We define
M=M XA AoL,(s,Tr)7

o,
ie., M equals the completion of M for the (¢, 7)A,, »-adic topology. It is clear that
every fixed F-equivariant isomorphism of A,, .[1/7]-modules M[1/7| ~ M/, gives

rise to a natural F-equivariant A,, (. r)[1/7]-linear isomorphism
My, ® Ao, x[1/7] Aoy (em1/7] = M[1/x].

We claim that M is a local shtuka. Indeed, by standard base change arguments, M
is again locally free of finite rank; furthermore, since the completion map A4,, » —

Ao, (e,m) 18 Frobenius-equivariant and flat, we indeed obtain an injective map

M\ XA Aob(a,ﬂ) — M\

OL,(E,TF))7U

Let C’ be its cokernel, and let C' = coker(F)y,), i.e.,
C/ ~ ®AOL,7r AOL,(E,F)'

First we claim that ¢’ is annihilated by J¢, i.e., that 3dﬂ lies in the image of the
latter map, which is Fiyy ® id. So let z = >, Az, € 3dﬂ, where )\, € J¢ and
Ty =2, Y @ Gy € M=M® Ao, (e,m; this gives

r = Z)‘uyuv & Ay = ZFM(?JLV) & A = (Fm® id)(z y;w ® a;w)-

1V v JIR%

In particular, note that C’ is annihilated by (z — ¢)¢ C oz[z]. It remains to show

that C” is a finite free o -module. However, this is clear, for we have
C = C/(z-0%C

= C ®A0L,Tr AOL,'“’/(Z - C)d

~ C®a,, . Aoy (em)/(z = ()"

=~ (C ®A0L7ﬂ— AOL,(S,TK')) ®A0L’(E’7T) AOL,(E,TK‘)/<’Z - C)d
C/ ®A0L,(a,7r) AOL?(EJT)/(Z - <)d
C'/(z = )’

—

20



1.6 Local shtukas and the main theorem

by virtue of Lemma 1.20 below. In particular, this argument shows that the cokernel

C'is not affected by (e, 7)-adic completion, i.e., it is (g, w)-adically complete. O

Lemma 1.19. Let R be a principal ideal domain, and let M be a finite free R-
module; furthermore, let a € R — {0}, and let U C M be a submodule such that
aM C U. Then the rank of U equals the rank of M.

Proof. Let d be the rank of M. It suffices to consider the case U = aM: regarding
the chain aM C U C M, U is finite free inside M while aM is finite free inside
U, ie., rk(aM) < rk(U) < d. But given a basis (mq,...,mgq) of M, the system

(amy, ...,amy) is free and generates aM. O

Lemma 1.20. Let e > 1. There are natural isomorphisms

Ao /(2 = Q) = Aoy /(2 = () = Aoy (em)/ (2 = ()

Proof. First of all, we claim that the canonical map «: or[z]/(z — ()¢ — or(z)/(z —
¢)¢ is an isomorphism; in order to see this, we consider some f € or(z). By the
Weierstral Division Theorem for the Tate algebra L(z) ([9], 1.2/8) there is a unique
a € L(z) as well as a unique b € L[z] of degree < e such that f = a(z — )¢ + b;
moreover we have 1 > || f|| = max(||a||, ||b]|), where || - || denotes the Gauss norm
of L(z), i.e., a and b have their coefficients in oy. In particular, this shows that
« is surjective. Now let g € or[z] be such that there is some a € o (z) satisfying
g = a(z — )¢ in or(z); note that necessarily a is uniquely determined by g. In
order to show that « is injective, we have to prove that a lies in op[z]. Indeed, by
the Division Theorem for L|[z] there is a uniquely determined a’ € L[z] such that
g = d'(z—()°. Therefore, by uniqueness, a has to lie in oy [z]. This accomplishes the
proof that a is an isomorphism. Taking the Weierstrafl Division Theorem for o [z]
([13], VIIL.3.8.5) into account, an analogous argument shows that also the canonical
map [: or(z)/(z — ()¢ — or[z]/(z — ()¢ is an isomorphism, and at the same time

one realizes that the three op-algebras involved in the composition

o2/ (z = Q) % 0(2) /(2 — Q)¢ L o [2] /(= — ¢)°

are free over oy, of the same rank e. Finally, applying the functor - ®,, .} A,, to this

composition completes the proof. [l

Corollary 1.21. Let M be an analytic Anderson A(1)-motive. Then there is a

(1:1)-correspondence

pairs (M, f) consisting of

e a local shtuka M at g,

e an isomorphism in FMod(A,, .= [1/7])
fi My ® Aoy e [1/m] = M[1/7]

{good models of My}~ &, ~
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where (-)/~ indicates taking isomorphism classes, and where on the right-hand side
an isomorphism of pairs (M, f) = (N,g) is defined to be an isomorphism of local
shtukas M — N which in the obvious manner is compatible with f and g. In

particular, if My admits a good model M, one obtains equalities
rkp sy (M) = 1Koy () (M) = 1k, [ (M)
where M is a corresponding local shtuka at €.

Proof. Suppose that M is a good model of M. In the proof of 1.18 we have seen that
its completion M= M®a4,, . Ao, (ex) is alocal shtuka at €; let M[1/7] ~ M, be an
F-equivariant isomorphism of A,, »[1/m]-modules; it induces a natural isomorphism

or,, T

fr (M ® Aoy n Aopx[1/7]) ® Ao, x[1/7] AOL,(E,W)[l/W] = M ®4,, (em AOL,(EJr)[l/W]
which is F-equivariant, and which is immediately seen to verify
M= M[1/x] N fHM).

Indeed, the isomorphism f clearly maps M C M[1/7] to M. Conversely, consider
an element m/m* € M][1/x]; the element (m ® 1/7°) ® 1 of the domain of f is
mapped to m/7®, where m is viewed via the embedding M — M as an element
of the completion M\; note that M is flat over A,, », so that it can be identified
with its image inside /ﬁ; as Ao, (e,n has no m-torsion, we see that, by hypothesis,
we may indeed write m = 7%m/ for some m’ € M. Therefore we may conclude that
the construction given in 1.18 retrieves M from the local shtuka M.

It remains to show that, given a local shtuka M together with an isomorphism
f1 My ®a,, 1z Aoy em[l/7] =~ M[1/7], the (e,7)A,, ~-adic completion of the
good model M = My N f _1(M ) gained in the above construction gives back M. By
construction of M, the map f restricts to an embedding M < M, which in turn

induces an F-equivariant and A,, (. r)-linear map
V:M®a,, . Aoy em) = M.

Our aim is to show that the map ) is, in fact, an isomorphism. We have a canonical
Aop (o) = M@, 2y 0 [2], and we know that M is finite free

over or(z). We claim that

isomorphism M ® 4

or,,m

rkoy [1(M @0, (2) 0r[2]) = ko, 2 (M).

Indeed, in the proof of 1.18 we have seen that the given isomorphism f is mirrored

by an or[z][1/7]-linear isomorphism

My, @y op[2][1/7] = M ®,, .1 o [2][1/7],
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~

showing that rky ., (M) = rk,, [.](M); on the other hand, we have M ®,, () L(z) ~
My, ie., 1k, 5y(M) = k) (My). In particular, ¢ is a map between finite-free
or[#]-modules of the same rank s. We fix an oy [z]-basis B (resp., €) of M ®,, .
op[z] (vesp., of M) and let A = ¢[t)]s € 0L[2]**® be the matrix which describes v

with respect to 8 and €; likewise, we let

T = ‘/B[FM®0L<Z)OL[[ZH]U*%’ T = Q[FM]U*@

so that AT = T'0(A) by virtue of the F-equivariance of ¥. In order to see that
) is an isomorphism, we need to show that det(A) is a unit in or[z]. To begin
with, an elementary application of the Weierstrafl Division Theorem for oy [z] ([13],
VII.3.8.5) shows that the kernel of the epimorphism oy [z] — or, z — (, is generated
by z—C(, so that the latter is a prime element of o [z]; furthermore, recall that oy [z],
being a regular local ring, is factorial ([58], 20.3). We know that M ®,, () or[#] is
a local shtuka, so that F M®,, (oLl becomes an isomorphism after inverting z — (
which means that det(T)™! is a unit of oy [z] [71(], say we have a relation (z — ()¢ =
det(T)u in oy [z], for some e > 0 and some u € or[z]; by a comparison of powers of
z — (, we may assume that u is not divided by z — (; in this equation there is only
one prime element of or[z] occuring on both sides, which, by factoriality, implies
that u has to be a unit in oy [z]; let (z — ()¢ = det(T’)u be the corresponding
relation for the local shtuka M, with a unit «' € oy [z]* and some suitable ¢’ > 0.
Since M ®,, (zy or[2] — M becomes an isomorphism after inverting m, we see that
det(A) € op[z][1/7]*; note that the natural reduction-mod-z map or[z] — o,
h — h(0), induces an epimorphism of abelian groups o [2][1]* — L*, so that (the
absolute term of) det(A) gives rise to an element a of L*. By virtue of the relations
derived above, the equation det(A) det(T) = det(T')o(det(A)) yields
det(A)u ™z =€) = '}z — ¢)o(det(A))
W (0)

u(0)
in this case it follows at once that « is a unit in oy, so that det(A) is a unit in oy [z].

which modulo z gives a4~ ! = (—¢)*= in L*. Suppose for a moment that e = ¢’;

Therefore it remains to verify that our assumption e = ¢’ is justified. This can be
seen as follows: The reduction-mod-m map or[z] — ([z] is an epimorphism with
kernel mor[2], and via applying the functor -®,, ;1 ¢[2] to Fy;: o* M — M we obtain

a commutative diagram

~

U*M = M ®0L[[zﬂjg OL[[Z]] M

| |

G*M /wN = M /7 M Qg6 L2] — M /M

where in the upper row (resp., the bottom row) both modules are finite free of the

same rank over or[z] (resp., over ([z]) and the arrow is given by Fy; (resp., by
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1 A local criterion for good reduction of analytic Anderson motives

F = Fy; ® idgpp). The reduced matrix T/ € ¢[2]*** describes the map F with
respect to the £[[z]-bases 0*€ = 6*€ of 5* M /nM and € of M /7 M respectively, and

from what we have seen before, we derive the relation det(T')u/ = 2¢ ie.,
¢ = ord, (det(T")),

the latter being true since v’ € £[2]*; in particular we have det(T") € ¢[z] — {0}.
A similar observation for the local shtuka M ®,, (., or[2] instead of M shows that

e = ord,(det(T)). Let
C = coker(Fue, (jo.l:1): C" = coker(Fy).
Multiplication with the matrix T’ gives rise to a finite presentation
[=]° — (=] — C"/nC" — 0.

Taking determinants in an equation of the form S;T'S, = Diag(ay, ..., ag, 0,0, ..., 0),
where S, Sy € Gly({[z]) are suitable matrices such that oy, ...,aq € (]z] — {0} are
the elementary divisors of T’ (see [12], VII.4.5.1), yields that necessarily d = s, so
that C’"/7C" is a torsion ([z]-module and

C'/rC" ~ 2]/ al]z] ® ... ® L[2] Jasl]z] =" & ... D £
where n; = ord.(a;) and X°;n; = €, ie.,

¢’ = ord,(det(T")) = 1k,(C"/7C") = 1k,, (C"),

the latter equation being valid since C'/mC" ~ C" ®,, .1 {[2]. Finally, imitating this
argument for the local shtuka M ®,, (.y or[2] yields that

e = ord,(det(T)) = rk,(C/nC) = 1k,, (C).

So it remains to show that 1k,, (C) = rk,, (C"). Indeed, we know that 1: M ®,, (.
op[z] — M gives back f in the generic fiber, which means that 1 is an isomorphism

after inverting ; therefore, inverting 7 in the commutative diagram with exact rows
0——=0"(M Q0,2 oL[2]) —= M &6,y 0rz] —C ——0

-] df[ |

~

0 oM M C’ 0

exhibits (o*)[1/7] = o*(¢[1/7]) and ¢[1/7] as or[z][1/7]-linear isomorphisms, so
that the Snake Lemma yields C'[1/7] ~ C[1/7], and we obtain

tk,, (C") = dimy(C'[1/]) = dimy (C[1/7]) = 1k, (O),

as desired. 0
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1.7 Algebraic, formal, and analytic 7-sheaves

1.7 Algebraic, formal, and analytic 7-sheaves

Let X denote the or-scheme (C—{o0})®ror, = Spec(A,, ); its generic fiber D(7) C X
is well-known to be the open affine part corresponding to the L-algebra A;. As men-
tioned before (see (1.5)), completing X along its special fiber V (7) yields the affine
formal or-scheme X = Spf(A,, ), which in turn gives rise to the affinoid L-space
A(1) = X,z = Sp(Ao, x[1/7]). The Frobenius lift on A,, (resp., Ar; resp., Ay, x;
resp., A, »[1/7]) gives rise to an endomorphism of X (resp., D(m); resp., X; resp.,
X,i;) again denoted by o.

For every o € {X, D(m), X, X,i;} we define the category 7Sh(e) of e-7-sheaves as

follows:

The objects of 7Sh(e) are pairs (G, F') where G is a sheaf of O,-modules which is
locally free of finite rank (in the sense suitable for the choice of ®), together with
a morphism of O,-modules F' = Fg: 0*G — G with trivial kernel (see also the re-
marks below); in 7Sh(e) a morphism of pairs (G, Fg) — (G', Fg/) is defined to be a
morphism of O,-modules G — G’ which is compatible with Fgy and Fg.

There is a commutative diagram of categories and functors

FMod(A,,) F“(i:gﬂ)cg 7Sh(X)
| 7
FMod(Ap) Fg(:)fg;g// 7Sh(D())
y MA /,/ //
FMod(A - mSh(¥) 7

(Ao ) P(%G)—G N
| L
Yy +

® or,,™ "O rig
FMod(Ay, ,[1/7]) — e

on which we give the following remarks:

— In the upper, algebraic part of this diagram, it is well-known that the horizontal
arrows are well-defined and moreover are equivalences of categories, and that
the vertical arrows are faithful; see [EGA I(n)], [.1.3. Summarizing this part
of the diagram we may say that algebraic 7-sheaves on X (resp., D(w)) are
mirrored by Frobenius modules over A,, (resp., Ar) in the displayed manner;

the involved objects were studied in [30].

— By [EGA I(n)], 1.10.10.8 and 0.7.2.5, the assignment M +— M* sets up an

(exact) equivalence between the category of finite projective A,, »-modules
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1 A local criterion for good reduction of analytic Anderson motives

and the category of locally free Ox-modules of finite rank, and by [EGA I(n)],
1.10.10.5, this equivalence restricts to FMod(A,, ») ~ 7Sh(X).

— Let us briefly explain why the functor FMod(A,, »[1/7]) — 7Sh(X,iy) is well-
defined: By Lemma 1.22(i) below, the assignment

M — M ®A0L,7r[1/77] Oxrig

maps finite projective A,, r[1/m]-modules to locally free Oy, ,-modules of finite
rank, and it is well-known ([10], 9.4.2/2) that it is exact and fully faithful; fi-
nally, by 1.22(ii), it indeed restricts to a functor on Frobenius modules; as such,
it is again fully faithful, and by Kiehl’s Theorem ([10], 9.4.3/3) in combination

with 1.22, it is essentially surjective, i.e., gives an equivalence of categories.

— The (dashed) functor 7Sh(X) — 7Sh(X) is obtained via
g — (F(Xa g) ®A0L AoLﬂr)Aa

and similarly for 7Sh(D(m)) — 7Sh(X,;s). By construction, these functors are
faithful.

— The remaining (dashed) functor 7Sh(X) — 7Sh(X,i) is obtained via the as-

signment

G—T(X,9)[1/7] ®a,, i1/ Oxu,

and, by construction, is faithful. —

Lemma 1.22. Let K be a complete non-archimedean valued field. Let A be an
affinoid K -algebra, and let X = Sp(A) be the associated affinoid K -space.

(i) Suppose that A is integral, and let M be an A-module; then M is locally free of
finite rank d if and only if the associated Ox-module F = M ® 4 Ox is locally
free of finite rank d.

(i) ([9]) Let Y = Sp(B) be another affinoid K-space, and let Sp(y): Y — X be
a morphism of affinoid K-spaces, associated to a K-algebra homomorphism
v: A— B. If M is an A-module then

Sp(p)"(M @4 Ox) ~ (M @4 B) ®p Oy.

Proof. We begin with the proof of (i). For the "only if'-part, by [28], 4.5.1, it
suffices to show that for every point € X the stalk F, is a free Ox ,-module of
rank d; indeed, a fixed point x € X corresponds to a maximal ideal m C A, and

we know that M ®4 A, is a free A ;-module of rank d; since M is of finite type,
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1.7 Algebraic, formal, and analytic 7-sheaves

by [10], 9.4.2/6, the canonical map M ®4 Ox, — F, is an isomorphism, and we
have M ®4 Ox >~ (M ®4Ay) R4 Ox  which gives the "only if"-part. Conversely,
suppose that F = M ®4 Ox is locally free of rank d; then for every x € X the
stalk F, is a free Ox ,-module of rank d. By Kiehl’'s Theorem ([10], 9.4.3/3) there
is a finite A-module /N such that 7 = N ®4 Ox, and by the exactness properties of
the functor - ® 4 Ox the module N has to be isomorphic to M, which in particular
means that M itself is finite. As mentioned before, using that M is finite, there is a
canonical isomorphism F, ~ (M ®aA4,)®a_ Ox, wherem C A is the maximal ideal
corresponding to a chosen point x € X. By [28], 4.6.1, the natural map A, — Ox.
is faithfully flat, which implies that, since F, is free, the A -module M ®4 A, is a
locally free A,-module and hence is free since A, is a local ring. Going back and
forth in the henceforth established equivalence, one sees that ranks are preserved.

In order to explain (ii), we briefly reproduce the remarks given at the end of section
1.13in [9]: If N is a B-module then Sp(p).(N ®p Oy) ~ (p.N) ®4 Ox, so that the

adjunction formula
Homo, (Sp(¢)"F, G) =~ Homo, (¥, Sp(¢).9)
for Ox-modules F and Oy-modules G completes the proof. O

In section (1.5) we have explained how to attach a canonical reduction (defined
over the Dedekind domain A,) to every Frobenius module M € FMod(A4,, »); the
notion of good models for analytic Anderson A(1)-motives was based on the cir-
cumstance that the assignment M — M/7rM does not induce a functor from
FMod(A,, ) to FMod(A). For (algebraic) Frobenius modules over A,, we have an
analogous situation: Given an object M € FMod(A4,,), the A,-module M /7t M is
called the reduction of M.

Proposition 1.23. Let M € FMod(A4,,), and let M be its image under the natural
functor FMod(A,,) — FMod(A4,, ), i.e., the underlying A,, ~-module M equals
the m-adic completion of M. Then the reduction M\/W/\//l\ of M is canonically
isomorphic to the reduction M /7w M of M. O

Let M € FMod(A,,). Following Gardeyn [30], we call M A,, -mazimal if for
every N € FMod(A4,, ) the canonical map

Hompged(a,, ) (N, M) — Hompneaca, ) (NV[L/7], M[1/7])

is surjective (and hence bijective); correspondingly, an object M’ € FMod(A,, ) is
called A,, »-mazimal if for every N7 € FMod(A,, ) the canonical map

Hompod(a,, )N, M) — Hompmod(a,, 1/ N'[1/7], M'[1/7])

o1,
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1 A local criterion for good reduction of analytic Anderson motives
is surjective (and hence bijective).

Let M € FMod(AyL); an object M € FMod(A,,) is called an A,, -mazimal model
for M if M[1/n] ~ M inside FMod(AL) (i.e., M is a model for M) and if M is
an A,, -maximal object. Correspondingly, given M’ € FMod(A,, »[1/7]), an object
M’ € FMod(A,, ) is called an A,, -mazimal model for M' if M'[1/7] ~ M’ inside
FMod(A,, »[1/7]) and if M is A,, -maximal.

Suppose that M, N € FMod(A,,) are both (4,,-)maximal models of some given
M € FMod(AyL); fixing isomorphisms f: M[1/7] — M and g: N[1/7] — M inside
FMod(Ay), the composition f~'g: N[1/7] — M][1/x] (vesp., g~ f: M[1/7] —
N[1/x]) corresponds to a unique morphism f~'g: N'— M (resp., g~ ' f: M — N)

inside FMod(A4,, ), and the commutative diagram with injective vertical arrows

id

N/ E2L M1 a) S5 N1

]

N flg M g~ lf N

shows that g~'f o f~'g = idys; similarly one shows that f~'gog¢g~'f = idy. In
this sense the A,,-maximal model of M, if it exists, is unique up to unique iso-
morphism inside FMod(A,, ). By an analogous argumentation, the same is true for
A,, ~maximal models of objects of FMod(A4,, ~[1/7]).

The existence of (A

To begin with, we recall the algebraic case in the following Lemma. Let w €

op- and A,, »-)maximal models has been established in [30].

X = Spec(A,,) be the point corresponding to the ideal p = p, = 7A,,. Let
R = (A,,)p; since A,, is a regular integral domain, it follows that R is a discrete
valuation ring with uniformizer 7 and residue field Frac(Ay), and its fraction field
equals F, = Frac(A,,). The Frobenius lift o: A,, — A,, naturally extends to give

an endomorphism o: R, — R.

Lemma 1.24 ([30]). Let M € FMod(Ay). Then the following assertions hold:
(i) M admits a model.
(i) M admits an A,, -mazimal model, which is unique up to unique isomorphism.

(iii) Let M € FMod(A,,) be any model of M. Then M is a good model, i.e.,
M /mM € FMod(Ay), if and only if the induced Ry-linear map

Mp ®Rw,a Rw — Mp
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1.7 Algebraic, formal, and analytic 7-sheaves

is an isomorphism.

(iv) If a model M € FMod(A,,) of M is good, then it is A,, -maximal. O

Proof. For (i) (resp., (ii); resp., (iii); resp., (iv)), see [30], 2.2 (resp., 2.13(i); resp.,
2.10(i); resp., 2.13(ii)). O

The key for the existence of maximal models lies in a result which F. Gardeyn [30]
calls Lafforgue’s Lemma (according to its appearance in [49]) and which is originally
due to S. Langton [51]. In what follows, we give a brief account of the versions of

this result which we will need for our purposes.

When completing the or-scheme X = Spec(A,, ) along its special fiber V(1) C X,
the point @w € X is mirrored by the point w of X = Spf(A,, ») which corresponds to
the (m-adically open) prime ideal q = pA,, » = TA,, ». Since A,, , is a regular inte-
gral domain by 1.7 and moreover q is a principal ideal, the local ring S = (Ao, x)q
is a regular local ring of dimension 1, i.e., S is a discrete valuation ring with uni-
formizer 7 and residue field Frac(A,), whose fraction field equals F; = Frac(A4,, ).
As 0: Ay — A, is an automorphism, the Frobenius lift o: A,, » — A,, » extends
to give an endomorphism o: S5 — Sg; the completion map A,, — A,, » induces
an isomorphism A,, /7A,, ~ Ao, »/TAs, » and hence an unramified embedding of
discrete valuation rings R, — S5 which is of residue degree 1. Finally, note that,
a priori, S5 is not the local ring of the structure sheaf Ox at the point w € X,
even though the residue field of S, equals the residue field of Ox o; see [EGA I(n)],
[.10.1.6.

We define the category F'Lx as follows:

— An object of FLx is a triple (N, P,i) where N € FMod(Ay), P € FMod(R,,),

and i: N ®4, F'e — P ®p_ F is an F-linear isomorphism.
— A morphism (N, P,i) — (N', P',i') is given by a couple
(N — N', P — P') € Hompwmodaa,)(N, N') x Hompwmoda(r..) (P, P')
such that the induced diagram

N®yu, Fy — > PQpn_ F

| |

N/®AL FwT)P/@)Rw Fg

commutes.
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1 A local criterion for good reduction of analytic Anderson motives

Analogously, we define a category F'Lx by the following data:

— An object of FLyx is a triple (N, P,i) where N € FMod(A,, »[1/7]), P €

FMod(Sg), and i: N®a, 1/« Fe — P ®s, Fg is an Fy-linear isomorphism.

— A morphism (N, P,i) — (N, P',i') is given by a couple
(N — N/, P — P/) € HomFMOd(AOLJ[l/ﬂ'])(N7 N/) X HomFMod(g )(P, P/)

w.

such that the induced diagram

N ®A0Lv7"[1/ﬂ—] Fg% P ®SE Fg

| l

!
N'®ap li/m) Fg —— P' Qs F
commutes.

Now we state what Gardeyn calls "Lafforgue’s Lemma'.
Lemma 1.25. (i) ([30]) There is an equivalence of categories
FMod(A4,,) — FLx,
M — (M[1/x], My, M[1/7]®a, Fo ~ M, ®p_ Fs);
in particular, a T-sheaf M~ € 7Sh(X) on X can be reconstructed from the data

consisting of its restriction M[1/x|™ to the generic fiber D(w) C X, together
with the finite free Re-module M,.

(ii) There is an equivalence of categories

FMod(A,, ») — FLx,
M = (M[1/x], Mg, M[1/7] ®a,, .j1/m) Fe ~ Mg ®s, Fo);
in particular, a T-sheaf M® € 7Sh(X) on X can be reconstructed from the data

consisting of its associated T-sheaf M[1/7] @4, .(1/x) Ox,, on the Raynaud
fiber X.ig, together with the finite free Sg-module M.

The asserted equivalences give rise to an obvious commutative diagram of cate-
gories and functors
FMod(A,,) —— FLx
FMOd(AOL’ﬂ—> — FL}:
where the functor FLx — F Ly is given by
(N, P, f)—

f®idp,,
(N ®Ag AOL,W[I/WL P @R 527 (N ®AL Fw') S F, FE — (P @R FW) O F, Fg)-
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1.7 Algebraic, formal, and analytic 7-sheaves

Proof of 1.25. For (i) we refer to [30], 2.9; the proof of (ii) is accomplished by the
following Lemma 1.26. U

Lemma 1.26. Let N be a locally free A,, .[1/7]-module of rank d, and let P be
a free Sg-submodule of rank d of N ®a,, .11/ Fw such that the induced Fg-linear
inclusion P[1/7] € N ®a,, .1/x) Fw is an isomorphism of Fy-vector spaces. Then
there is a locally free A,, -module M of rank d such that M[1/7] >~ N and My~ P,

and M is unique up to isomorphisms of A,, r-modules.

Proof of Lemma 1.26. We may identify N with the image of the canonical embed-
ding N ®a,, .11/x] A, <[1/7] — N ®a,, o1/x] Fme Let M = NN P; this is an
Ao, w~submodule of N ®4, _(1/x] Fiz. First of all, adapting techniques given in [51],
3.6, we show that M is a finitely generated A,, r-module. Indeed, we know that
N is finitely generated over A,, .[1/7], say N = 3%, A,, «[1/7|n;, and that P
is finite free over Sy, say P = @?lezpj. Without loss of generality we may as-
sume that n; € M for every ¢ = 1,...,e. Indeed, viewing nq,...,n. as elements of
N ® Ay, x[1/] F, there are integers vy, ..., > 0 such that 7"in, € P; as 7 is a unit
in A,, =[1/7], the elements 7' n4, ..., m¥n, still constitute a system of generators for
N over A,, »[1/7]. Next we note that the basis elements py, ..., pq of P give rise to
an Fg-linearly independent family of N ®4,, .1/ Fw; furthermore, as n; € P for all
7, we may write n; = E;l:l Ai;jp; for uniquely determined scalars \;; € Sg; collecting

the denominators of the \;;, we see that there is an element ¢ € A,, » — q such that

R
Ai; = chij € Ay for all 4, j; the element c gives rise to a unit of Sg, so that the
elements p} = ¢ 'py, ..., pl; = ¢ 'py still constitute a basis of P over Sy, and we get
n; = Zle /\;jp; for every ¢. Let m € M be an arbitrary element, say

e d
=S o =3 )
i=1 j=1

where a; € A,, [1/7] and §; € S. We obtain m = 2?21(2;1 a;\i;)p;, so that
B; = (=1 ai\j;) inside F for every j, the latter equation being true since pi, ..., pj
are Fy-linearly independent; the same equation shows that 3; € A,, [1/7] N Sy
for every j, and it is easy to see that the latter intersection inside F3 does, in
fact, equal A,, . Therefore 3; € A,, » for every j, and we may conclude that
M C Z;’Zl Aoy Py since A, o is noetherian, M itself has to be finitely generated;
in particular, M is of finite presentation. Next we remark that there is an A,, .[1/7]-

linear isomorphism M|1/7] ~ N, for we have equalities
M[1/7] ~ N[1/n]NP[l/7] ~ N

of A,, »[1/7]-submodules of N ® Ao, 1/x] Fm, which can be explained as follows: the

canonical map N — N[1/x], n+ n/1,is an A,, »[1/7]-linear isomorphism, and the
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1 A local criterion for good reduction of analytic Anderson motives

natural isomorphism P[1/7] =~ N ®a4, .(1/x Fw 18 in particular A, .[1/7]-linear,
so that it exhibits the displayed intersection as being isomorphic to N, as desired.
Furthermore we have

My~ NgN Py~ P,

the latter relation being valid for the following reason: there are canonical S-linear

isomorphisms

Ng=N®a,, . S =N ®a,, 1/x] (Aopx[1/7] ®4,, » Sz) = N ®a4,, .11/x] Fs

or,,m or,,m

note that the canonical map of A,, r-algebras A,, [1/7] ®4, ., Sz — Fg is an Sg-
linear isomorphism; on the other hand, also the canonical map P — P,, r — /1,
is an Sg-linear isomorphism, so that the desired relation is established. Finally we
claim that M is a flat A,, ~-module. Indeed, since 7M = 7N N7P = NN7P,
the A,, »-linear inclusion M C P induces an embedding of A,-modules M/7mM —
P/mP; here we note that

P/nP ~ P ®s_ k(@);

the residue field k(w) = Sz /7Sy is canonically isomorphic to Frac(Ay), so that
P/ P is afinite Frac(Ay)-vector space; therefore, its A,~submodule M /7 M is torsion-
free and hence projective, the latter being true since A, is a Dedekind domain; there-
fore M /mM is flat over Ay, which (for example, by [13], I11.5.2(iii)) implies that M

has to be flat over A,, , since M C P has trivial m-torsion. O

We may draw the following

Conclusion 1.27. There are obvious equivalences of categories
Ly ~ L', ~ {Prj(A,, »)
where

e Ly is the category whose objects are given by triples (N, P, f) where N is a locally
free A,, .[1/7]-module of finite rank, P is a finite free Sy-module and f: P[1/7] =
N ®a4,, .1/x Fm is an Fg-linear isomorphism, and where a morphism (N, P, ) —
(N, P', f') is given by a tuple (u,v) € Homg, (P, P') X Homa, _[1/x(N, N') such
that f'o (v ®id) = (v®id) o f;

o [/ is the category whose objects are given by pairs (IV, P) where N is a locally free
A,, »[1/m]-module of finite rank, together with a finite free Sg-submodule P of
N ®a,, .(1/x] F such that the induced Fy-linear inclusion P[1/7] C N ®a,, .(1/x]
F, is an F-linear isomorphism, and where a morphism (N,P) — (N',P') is
given by an A,, »[1/7]-linear map w: N — N’ such that (w ®id)(P) C P';
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o fPrj(A,, ») is the full subcategory of Mod(A,, ») consisting of the locally free

A,, ~-modules of finite rank.
See [30], 2.7, for a similar characterization of the category fPrj(4,,). —
Proposition 1.28. The following assertions hold:

(i) Every M € FMod(A,, =[1/7]) admits a mazimal model, which is unique up to

unique isomorphism.

(it) If M € FMod(AyL) is given and if M € FMod(A,,) is an A,, -mazimal model
of M then M®a, Ao, x € FMod(A,, ») is an Ay, -mazimal model of M @4,
A,, <[1/7] € FMod(A,, ~[1/7]).

(11i) Let M € FMod(A,, »[1/7]), and let M € FMod(A,, =) be any model of M.
Then M is a good model, i.e., M/t M € FMod(Ay), if and only if the induced

S -linear map

M, ®Sm,0 Se — My

is an isomorphism.

() Let M € FMod(A,, »[1/7]) and let M € FMod(A,, ») be a model of M ; if M
is a good model, i.e., M/mM € FMod(Ay), then it is A,, r-maximal.

Proof. For (i) (resp., (ii); resp., (iii); resp., (iv)), see [30], 3.3(i) (resp. 3.4(i); resp.
2.10(i); resp., 2.13(ii)). We remark that, by virtue of 1.25, 1.26, the proofs of the

cited results carry over verbatim to the situation at hand. U

We may conclude:

Proposition 1.29. A Frobenius Ar-module M admits a good model over A,, if and
only if M ®a, Ao, x[1/7] € FMod(A,, =[1/7]) admits a good model over A,, »; then,
up to isomorphism inside FMod(A,, ), a good model of M @4, Ao, »[1/7] is given
by M ®a,, Aoy x where M is a good model of M.

Proof. First suppose that M admits a good model M € FMod(A,, ). It follows that
M is an A,, -maximal model of M as such, the latter is unique up to unique isomor-
phism inside FMod(A,, ); furthermore, its image M ®a,, Aoy inside FMod(A,, )
is an A,, »~-maximal model of M ®4, A,, »[1/7], and as such it is unique up to unique
isomorphism. Since the reduction of M is canonically isomorphic to the reduction
of M ®a,, Ao, it follows that the latter is a good model. Conversely, suppose
that M ®4, A,, «[1/7] admits a good model M’ € FMod(A,, ). Necessarily M’ is
a maximal model. We know that there is an A,, -maximal model M € FMod(A,,)
of M such that M ®4, A, » >~ M’ and that the reduction of M’ is canonically
isomorphic to the reduction of M. Since M’ is a good model, so is M, which
completes the proof. O
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1 A local criterion for good reduction of analytic Anderson motives

Remark. In [30], especially the case of bad reduction has been studied, i.e., the
case of those 7-sheaves which do not admit a good model; while, as we have seen,
a model always exists and moreover can be chosen in a maximal possible manner,
the induced 7-(or F-)map in the reduction of the maximal model can, for example,
be nilpotent; in such cases the 7-sheaf at hand will not itself be of good reduction,
but will rather contain a good-reduction 7-sheaf of a certain rank, at least after
a suitable finite extension of the base field L. For example, if M is (the analytic
T-sheaf associated to) the A-motive of a Drinfeld A-module ¢ over L with stable
but bad reduction ([21]) then M does not possess a good model but is rather a
semi-stable analytic T-sheaf in the sense of [30]; more precisely: Drinfeld’s Tate
Uniformization-Theorem ([21]) applied to ¢ can be carried out in terms of (neces-
sarily non-algebraic) morphisms of A-motives ([29]), which clarifies the semi-stable

structure of the 7-sheaf M. We will come back to this in section (2.2). —

In 1.11 we have seen that a natural source for analytic Anderson A(1)-motives
is incorporated by Anderson A-motives. So, in the case when a given analytic
Anderson A(1)-motive comes from an A-motive, one is naturally led to asking for
a characterization of the existence of a good model. For the following, also see
Example 1.15.

Proposition 1.30. Let M be an Anderson A-motive. Then the following assertions

are equivalent:

(i) There is a locally free A,, -module M of finite rank, together with an A,, -linear
map

FO: M®AOL70 AOL - M
such that
— there is an Ap-linear and F-equivariant isomorphism M ®,, L ~ M,

— coker(F°) is a finite free or-module and is annihilated by a power of J,

(ii) The associated analytic Anderson A(1)-motive M®a, A,, »[1/7] admits a good
model in the sense of 1.13 and 1.14.

Proof. First we show that (i) implies (ii). So let (M, F*°) be given in accordance
with (i). We claim that the m-adic completion

—

M = M ®A0L AOL,fr

of M is a good model for the analytic Anderson A(1l)-motive M ®4, A,, »[1/7].
Imitating the arguments given in the last part of the proof of Theorem 1.18 shows

that M is locally free of finite rank over A,, ., that F° ® id is again injective and
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1.7 Algebraic, formal, and analytic 7-sheaves

that coker(F° ® id) is finite free over oy, and annihilated by a power of J; it is clear
that M|1/x] is indeed isomorphic to M ®4, Ao, »[1/7] as desired. It remains to see
that M is a good model. However, since the projection map A,, — A, naturally
factors via A,, », we have M / aM~ M /mM. Conversely, in order to show that
(ii) implies (i), suppose that for a given Anderson A-motive M, its analytification
M®a4, Ao, »|1/7] admits a good model M’ in the strong sense of 1.13. In particular,
by 1.29, the F-module M over A; admits a good model M € FMod(A4,,) in the
sense of F-modules, and it remains to show that M is a good model of M in the
strong sense, i.e., that C' = coker(F ) is a finite free or-module and is annihilated by
a power of the ideal J C A,,. We start with the latter claim. Let J%coker(Fy) = 0
say, and let z € J2M. We need to show that x € im(F)). Since the good model of
M®a, Ay, x[1/7] as an F-module is uniquely determined up to unique isomorphism,
by 1.29 we may assume that M ®a, A,, » (Which is necessarily isomorphic to M’)
is a good model of M ®4, A,, »[1/7] in the strong sense. We remark that M, being
in particular a finite projective op[z]-module, is in fact finite free over oy [z] (see
[70], p. 457), say with finite basis 9B; furthermore, recall that we have canonical

isomorphisms
M®a,, Aopx = Mg, 0L(2), M®a,, o Ao, = M Rq, )0 0L[2];
in particular, we get
M ®a, Aoy 1/ = M ®pp) L(2), M @0 Lzl > M @4, 0 AL

note that A, [1/7] ~ (A, Q0,2 0n(2))[1/7| ~ A @) L(z). Fixing an isomor-
phism M[1/x] ~ M inside FMod(Ay), the or[z]-basis B of M induces an L[z]-basis
on M|[1/7] and hence on M, which in turn gives rise to a canonical induced basis

on each remaining entry of the commutative diagram

0" (M @0, [z 0r(2))

' e

M @, [ 01(2)

o*M M

—
| ~.

0" (M ®pp) L(z)) M @ L(z)

where each arrow is injective. Our chosen element x € J2M in particular lies in J2M,
so that there is a uniquely determined y € o* M such that x = Fj/(y). On the other
hand, x gives rise to an element of M ®,, . 0r(2); according to our assumption, we
know that the cokernel of the map o*(M®,, ;j01(2)) — M®,, ;101 (2) is annihilated
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1 A local criterion for good reduction of analytic Anderson motives

by a power of J, and since M ®,,[.] or(z) is a good model in the strong sense of
M ®¢p.) L{z), we have seen in the proof of 1.18 that we may, in fact, take the power
J% this implies that there is a uniquely determined element ¢’ € 0™ (M ®,, [, 0(z))
which is mapped to (the image of) z in M ®,, .jor(2). Finally, since ¢’ is necessarily
mapped to (the image of) y via the dashed vertical arrow, writing ¢’ in terms of the
or,(z)-basis induced by B and keeping track of linear combinations shows that the
coefficients of ¢’ have, in fact, to lie inside oz (z) N L[z] = or[z], which proves that
J4C = 0. In particular, this means (z — ¢)?C = 0, i.e., C is finitely generated over
or[2]/(z — ¢)* and hence over or; it only remains to show that C is flat over op;

indeed, consider the short exact sequence
0—o'M—->M-—C— 0

we see that applying the functor - ®,, ¢ to this sequence exhibits C'//7C as a (nec-
essarily flat) ¢-vector space. On the other hand, by virtue of our hypothesis upon
M, applying the functor - ®,, L to the same sequence shows that C[1/7] is a finite-
dimensional L-vector space and therefore flat; it remains to see that C' does not
have m-torsion; in order to prove this, we need to see that mx € im(F)y,) for a given
r € M implies z € im(F),); we again use that M is finite free over o [z] and remark
that, since M is a good model of M as an F-module, the bottom horizontal arrow

in the commutative diagram

o*M M

l |

6*('/\/1 ®0L[z] E[Z]) — M ®0L[z} E[Z]

is injective; furthermore, we remark that the vertical maps are surjective and that
in the upper (resp., bottom) row both modules are finite free over oy [z] (resp., over
([z]) of the same rank. From mz € im(F),) it follows that there is a uniquely
determined y € 0* M such that 7z = F),(y); since mx goes to zero under the right-
hand projection, necessarily y has to go to zero via the left-hand projection; a chosen
or[z]-basis of M induces bases of each of the other entries of the above diagram;
keeping track of coefficients in linear combinations one verifies that y € wo*M;
finally, since M is torsion-free, we obtain z = Fy(y), as desired; so, for example,
by [9], 2.6/1, we may conclude that C' is flat over of. O

Using that the canonical map A,, . — A, (- ) is an isomorphism, we obtain

Corollary 1.31. Let M be an Anderson A-motive such that coker(Fy) is annihi-

lated by 3% say. Then the following assertions are equivalent:

(i) M admits a good model M, i.e., there is an object M € FMod(A,,) such
that coker(Fy) is a finite free op-module and is annihilated by a power of J¢,
together with an isomorphism M|1/xw] ~ M inside FMod(Ap);
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1.7 Algebraic, formal, and analytic 7-sheaves

(ii) There is
— a local shtuka M at € such that coker(Fyy) is a finite free or,-module and is
annihilated by J¢,
— an isomorphism
M@, Aoye[1/7] = M1 /]
inside FMod(A,, [1/7]).

In particular, we obtain a one-to-one correspondence between (isomorphism classes
of) good models of M and (isomorphism classes of) pairs (M,f) consisting of a

local shtuka M at € and an isomorphism f: M @4, Ao, <[1/7] S M[1/x] inside
FMod(A,, :[1/7]). O
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2 The monodromy of certain

extension structures

2.1 Crystalline extensions attached to elliptic

curves of supersingular reduction

Let K be a mixed-characteristic complete discretely valued field and let ox C K be
its valuation ring; let myx = (7) be the sole maximal ideal of ox where T = 7 € 0k
is a fixed uniformizer of K. The characteristic of the residue field k = o /my is given

by a prime number p. We assume k to be a perfect (not necessarily finite) extension
of the prime field F,. We fix an algebraic closure K*¢/K and let G = Gal(K*¢/K).

Let F' = W(k)[1/p] where W (k) is the ring of Witt vectors over the perfect field
k; let 0: ' — F be the p-Frobenius lift. The field F' is a complete discretely val-
ued field with uniformizer p which naturally embeds into K; the extension K/F' is
finite, so that K gives rise to an algebraic closure of F' for which we write 8
we denote by F' the compositum of all finite unramified subextensions of F28/F;
the valuation of F' extends uniquely to give a valuation on F™, and one can show
that the residue field of the completion FY is an algebraic closure of k& which we
denote by k8. We have Fur = W (k*#)[1/p], i.c., the extension k*¢/k on the level

of residue fields is mirrored by the extension F/F.

2.1.1 Elliptic curves and p-adic (zalois representations

Let E be an elliptic curve over K, i.e., E is a smooth projective curve over K which is
isomorphic over K to Proj(K|[u,v,w]/f) C P% where the homogeneous polynomial

f € Klu,v,w] is given by

f= viw + ayuvw + azvw? — ud — asuw — aguw? — agw?

for suitable aq,as, a3, a4,a6 € K. It is well-known that, fixing a rational point
e € E(K), the pair (F,e) has the structure of a geometrically integral commutative

K-group scheme with unit section given by e, in such a way that for every pair of
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2 The monodromy of certain extension structures

points z,y € E(K™8) their sum z = x 4+ y in the abelian group E(K®#) is charac-
terized by the linear equivalence relation of divisors (z) 4 (e) ~ (z) + (y) on Eyas;
see [54], 9.4.

For every n > 1 the kernel E[p"] of the K-morphism [p"]: E — E (multiplication
by p") is a finite K-group scheme of order p?", and the kernel E[p"](K?#) of the map
of abstract abelian groups p": E(K®#) — E(K?8) is a finite abelian group which is
isomorphic to (Z/p™)? as a Z/p"-module (see [60], p. 64); there is a natural contin-
uous action of the Galois group Gk on E[p"](K®#) which is given coordinatewise.

The inverse limit of these groups,
T,(E) = lim, E[p"](K™#),

called the p-adic Tate module of E, is a free Z,-module of rank 2 and carries a natural
induced continuous action of the group Gk; see [71], II1.7. The 2-dimensional Q,-
vector space

%(E) =Q 7z, TP(E)

together with its induced continuous G g-action is a p-adic representation of G .

By virtue of a suitable change of variables we may assume that the coefficients
a; € K of the Weierstrafl equation for E given by the polynomial f € Klu,v,w] lie
inside og; consequently the discriminant A € Zlay, ..., ag] associated to f will also
have non-negative valuation; adjusting the a; further, we may assume that the re-
sulting 2-dimensional regular projective ox-scheme & = Proj(ox[u,v,w]/f) C PZ_
is minimal in the sense that the valuation vg(A) > 0 of A € o — {0} /o) becomes

minimal; note that mod oy the discriminant A only depends on & see [54], 10.2.

We assume E to be of good reduction, which is to say that the minimal discrim-
inant A attached to E is a unit in ox. The minimal Weierstrall model & C ]P’EK
discussed above is then smooth over og; in fact, & is a Néron model for E (see [72],
IV.6.3), and the special fiber & = & ®,, k is an elliptic curve over k which corre-
sponds to the Weierstraf equation given by the reduced polynomial f € klu, v, w].

We further assume that the reduced elliptic curve & is supersingular, which can
be characterized by saying that the abelian group &[p](k#) is trivial, i.e., the finite
k-group scheme &;[p] has no geometric points of order p (see [53]).

2.1.2 Crystalline and semi-stable Fontaine theory

Recall ([3], [15], [27]) that inside the category Repg (Gk) of p-adic representations
of the Galois group Gi there are several arithmetically significant full subcategories.
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2.1 Crystalline extensions attached to elliptic curves of supersingular reduction

We are particularly interested in two of them, namely the crystalline and the semi-

stable p-adic representations. To begin with, we recall that there is a functor
Dst: Repr<GK> - MFK(QD, N)a V = (V ®Qp Bst)GK7

into the additive category of filtered (@, N)-modules over the field F'; here By de-

notes the semi-stable period ring from Fontaine theory ([3]).

In order to explain the category M Fk(p, N), let F[p, N| be the skew polynomial
ring over F' with the commutation rules pf = o(f)p, Nf = fN for all f € F, and
Ny = peN; the first two relations can be rephrased by saying that ¢, the Frobe-
nius, acts o-semi-linearly and N, the monodromy operator, acts F-linearly. A filtered
(¢, N)-module is a pair (D, (Fil' D )scz) consisting of a left F[p, N]-module D which
is finite-dimensional as an F-vector space and on which ¢ acts bijectively, together
with an exhaustive and separated descending filtration (FiliDK)iGZ of D = DRpr K
by K-subspaces; a morphism of filtered (p, N)-modules is a map D — D’ of left
F[p, N]-modules such that the induced map Dxg — DY, is compatible with the fil-

trations.

Let V' € Repg, (Gk). One calls V' a Bg-admissible or, equivalently: a semi-stable
p-adic representation if the natural map (V ®gq, By )% ®r By — V ®q, Bt is
an isomorphism; the category Repy(Gk) of semi-stable p-adic representations of
Gk is an abelian full subcategory of Repr (Gk), and the restriction of Dy to this
category is additive and fully faithful. Inside Repy(Gk) there is an abelian full
subcategory Rep,,.s(Gx) whose objects are called crystalline p-adic representations
of Gk, and which can be characterized as follows: a semi-stable p-adic representation
V' is crystalline if and only if N acts trivially on Dg (V). There is a functor

Dcris: Repr(GK) - MFK(‘P): Vi (V ®Qp Bcris>GKa

where M F(¢) denotes the full subcategory of M Fk (g, N) consisting of those fil-
tered (p, N)-modules on which N acts trivially, and where B, denotes the crys-
talline period ring from Fontaine theory ([3]). Similarly as described above, a p-adic
representation V is crystalline if and only if V' is B,s-admissible, which is to say
that the natural map (V ®g, Beis) % @ Benis — V ®g, Bais is an isomorphism. If
V € Repy (Gk) is crystalline then De,s(V) = Dg (V).

For example, since our elliptic curve E is of good reduction, the associated p-adic

representation V,(E) is crystalline; see [3], I1.3.2.

Our aim is to show the following
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2 The monodromy of certain extension structures

Proposition 2.1. Let
O—>Qp—>V—>V;)(E')V—>O

be an extension inside the category Repy (Gk). Then V is crystalline.

We refer to section (3.2) for some general remarks on extensions of G g-represen-

tations.

2.1.3 Isocrystals

Via forgetting about the filtration, any filtered p-module (D, Fil*Dg) € M Fk(p)
gives rise to a p-isocrystal over k which means that D is a module over the skew
polynomial ring F[¢| over F' = W (k)[1/p] with the commutation rule ¢ f = o(f)¢
for all f € F, that D is finite-dimensional as an F-vector space, and that ¢ acts

bijectively on D.

Example 2.2. Fixing integers m,n € Z, n > 0, the F-vector space

D = Flol/Flel(¢" = p™)

gives rise to a p-isocrystal over k in the following manner: the polynomial ™ —p™ €
Flp] is clearly of degree n, and via the classical argument one verifies that the
elements ° =1, ¢, ..., "' constitute an F-basis of D,,,, so that dimp D,,,, = n.
Multiplication from the left with (the image of) ¢ gives rise to a map of abelian
groups D,,,, — D,,,, which, according to the commutation rule pf = o(f)¢ for
f € F, is semi-linear with respect to the p-Frobenius lift o: F© — F'; furthermore,
by virtue of

n—1 n—1
ey o' =Y o(a)e™ = p"o(-1) + olon)p + ... 4+ o(ap_a)"
=0 1=0

the map ¢(): Dy — Dpmp is, with respect to the F-basis (¢%, !, ..., " 1), de-

scribed (o-semi-linearly!) by the matrix
Apmn = (Idf_l )€ F

in fact, A, is invertible and one has A7, = p™Id,; we may summarize that the

obtained F[p]-module D,, , is a ¢-isocrystal over k, and that

mA—1 __ n—1 _ (0 p™Id,,—1
p Am,n - Am,n - (1 On )

O

For the following Lemma, recall that given a ¢-isocrystal D over k, an F-subspace
D" C D is called a sub-isocrystal of D if D’ is also an F[yp]-submodule of D and if
@ acts bijectively on D’.

42
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Lemma 2.3. For (m,n) = 1 the p-isocrystal F™[@]/F™[p](¢™ — p™) over k™ is

simple, i.e., it admits no proper sub-isocrystals # 0.
Proof. See [76], 6.27. O
We are particularly interested in the filtered ¢-module
D = Du(Vo(E)) € MFk(p)

which, forgetting about the filtration, gives rise to a ¢-isocrystal over k. Since
our elliptic curve E has supersingular reduction, it is well-known ([3], [53]) that
the Newton-polygon of the isocrystal D consists of two consecutive segments of
horizontal distance 1 and slope 1/2. Let us briefly discuss what this means. Given a
p-isocrystal D over k, let ¢p: D — D be the o-semi-linear automorphism by which
@ acts on D; then the F_vector space D ®p [ acquires a natural Fur [¢]-module
structure such that ¢ acts via pp ® o, making D ®@p F into a p-isocrystal over
ke Recall the

Theorem 2.4 (Dieudonné-Manin — [57]). Let D be a nontrivial p-isocrystal over
k, and let D = D @y F' be the associated p-isocrystal over k¥&. Then there is a
uniquely determined finite ascending sequence of rational numbers mi/ny < ... <

my/ny such that n, >0, (my,,n,) =1 for all v and

—~

D~ (Dmymy @@ Diyny) ® oo B (Dipyiny @ - B Dinyony)

where Dy, = F @]/ Fo [0 (@™ —p™), with the structure of p-isocrystal discussed

in 2.2, and where Z)\mmnu 0CCUTS €y, n, times on the right-hand side.

By what we have seen in 2.2 it is clear that dim — D&emyny — Ny Crmy -

Fur my,ny

Given a nontrivial y-isocrystal D over k, the Newton polygon of D is the convex
polygon with leftmost endpoint (0,0) and consisting of m,e,,, », consecutive seg-

ments of horizontal distance 1 and slope m,, /n,; for all this, see [15], [47], [76].

In particular, returning to the g-isocrystal D = Dy (V,(E)) over k attached to

our elliptic curve F, we may conclude that
D @p F =~ Fu[p] /[ F[g](9” - p)

as (-isocrystals over k8, i.e., fixing the obvious basis of the right-hand side dis-
cussed in 2.2, the action of ¢ is given o-semi-linearly by the matrix ((1)6’); by virtue

of 2.3 we see that D @ F™ is a simple @-isocrystal over k8.
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Recall ([15], [27]) that the functor Dy respects duals, which in particular means
that
Dy (V,(E)") ~ D*;

here we remark that for a @-isocrystal D over k its F-linear dual DY = Homp (D, F)
is made into a -isocrystal over k by letting ¢ act via DY — DY, a + g o a o pp'
where ¢p: D — D is the o-semi-linear automorphism by which ¢ acts on D. For
example, if D = D,,,, for m,n € Z, n > 0, then with respect to the dual basis
(1Y, 9", ..., (" 1)Y), the p-action Dy, — Dy, is described o-semi-linearly by the

matrix A_,,, from 2.2; this follows from the relation pmA;&n = A" 1 which is to

m,n
—-m, n—1

say that cpf)}n’n(goo) = p "V and ¢p!  (¢7) = /7! for j > 1. We may conclude

that Dy, ~ D_p, »; the same is of course true for g-isocrystals over ks

Since D is finite-dimensional over F', there is a natural isomorphism D" @ P~
(D ®p Fur )Y of F_yector spaces which is, in fact, an isomorphism of p-isocrystals

over k¥, In particular, since we have
(D@p F)Y > D_yy = F[g] [Fo[g](* —ph),

it follows that DY ®@p Fr is again a simple -isocrystal over k8.

In a next step, we aim at showing that, in fact, also D" is simple as a ¢-isocrystal
over k. Indeed, the functor - ®p F from F-vector spaces to F_vector spaces

restricts to a left-exact functor
- @p F™: (g-isocrystals over k) — (p-isocrystals over k%),

so that for any sub-isocrystal D’ C DY over k we obtain a sub-isocrystal D’® Ffﬁ -
DY ®@p Fo over k¥, Since F™ is faithfully flat over F', DY ®p Fur being simple

indeed implies that D" is simple.

Proof of Proposition 2.1. Suppose we are given a short exact sequence 0 — Q, —
V — V,(E)Y — 0inside the abelian category Repy (G ). Applying the exact functor

Dy to this sequence yields a short exact sequence of filtered (¢, N)-modules
0—F — Du(V)—D"—0

where N acts trivially on F and D". Since the maps in this sequence are in particular
compatible with the action of N, we obtain a commutative diagram of F-vector

spaces with exact rows
04>F4i>Dst(V)L>QV—>O

io
pr

0—>F——>Dyu(V) X~ D" —>0

=z

0
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2.2 A non-crystalline Dieudonné module in equal characteristic

which by virtue of the Snake Lemma gives rise to an F-linear map d: DY — F
satisfying N = i o d o pr; for this, recall that d is defined by the following diagram
chase: for a given z € D", choose any lift 2’ € Dy (V) along pr; then d(x) is defined
to be the uniquely determined y € F' such that i(y) = N(z’). From the relation
N = ppN it follows that, by construction of d, we have d o ppv = pprp o d, which
means that d: DY — F respects the (p-actions only up to the factor p. This in
turn immediately implies that d(z) = 0 if and only if d(p(z)) = 0, i.e., the p-action
on D restricts to an automorphism of the abelian group ker(d), which, in fact, is
o-semi-linear; we may conclude that ker(d) becomes a sub-isocrystal of D" in this
way. An obvious comparison of F-dimensions shows that ker(d) has to be nontrivial.
However, the p-isocrystal D" is simple, i.e., ker(d) = D", and we may summarize
that N =0 on Dg (V). O

2.2 A non-crystalline Dieudonné module in equal

characteristic

In this section we discuss a situation analogous to that in section (2.1) and construct
an example which will show that, stressing the analogy between Drinfeld modules
and elliptic curves ([21], [31], [36]), a natural analogue of 2.1 turns out to be false.
More specifically, we will show that there is a short exact sequence of Dieudonné
modules ([52]) exhibiting a non-crystalline extension structure where one would

expect a local shtuka.

2.2.1 Mixed Drinfeld characteristic

Retaining the notation from (1.1), let L be a complete discretely valued field con-
taining the finite field F fixed in the beginning, and let oy, C L be its valuation ring,
with sole maximal ideal my, = (7) where m € o, is a fixed uniformizer of L; we denote
by v = v, = ord,(+) the discrete valuation on L normalized by v(7) = 1; the residue
field ¢ = oy, /my, is always supposed to be a perfect extension of F; we recall that the
choice of 7 identifies oy, with ¢[7] and L with ¢((r)). Let G, = Gal(L*?/L) be the
absolute Galois group of L where L*P/L is a fixed separable closure; furthermore,
let (*8 /(¢ be a fixed algebraic closure of the perfect field .

We will work exclusively with Drinfeld F[z]-modules, i.e., in the notation of (1.1)

we specify C = P} and let A = T'(P} — {oo}, Op1) = Flz] where the point oo is
defined by V(1/2) C Spec(FF[1/z]).
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2 The monodromy of certain extension structures

The characteristic monomorphism of F-algebras ¢*: F[z] — oy, is clearly deter-
mined by the image ( € oy, of z; let us specify that = | (; consequently we have
0 < ord,(¢) < oo, and the image of z in the residue field ¢ will be zero; we may
conclude that the residual characteristic place is given by ¢ = zF[z], and that ¢*

induces an extension of complete discretely valued fields L/F((¢)).

So far, we have the following analogies between the world of mixed-characteristic

complete valuation rings and our scenery of mized Drinfeld characteristic:

ok /Z, p-adically complete extension | or,/F[(] ¢-adically complete extension
7 — ok natural map c¢*: A — oy, choice of characteristic map
p € pZ, C mg assumption ¢*(z) € my,

(p) € Z residue characteristic (2) C A kernel of A — o, — /

L — Lpy — 0K A— Ay — or

L) 2, A =F[]

2.2.2 Tate uniformization of Drinfeld modules, and
supersingular reduction

Recall that the skew polynomial ring L[7] with the commutation rule Ta = o"7 for

a € L corresponds to those L-endomorphisms of the additive group scheme G, =

Spec(L[z]) which are F-linear; especially, the distinguished element 7 corresponds
to the r-Frobenius G, — G, 1 defined by z +— z"; see [59], 1.3.

Definition 2.5. A Drinfeld (F[z]-)module over L ([21], [31], [36]) is a ring homo-
morphism ¢: F[z] — L[| such that im(p) € L and such that the triangle

F[2] < L
N, A

15 commutative.

Here the ring homomorphism 9dp: L[r| — L is given by >, a, 7" — «ap. In [21]
Drinfeld modules are called elliptic (F[z]-)modules. In the future we shall suppress
the prefix "F[z]-", for the reason that the underlying curve and characteristic map

are fixed.

46



2.2 A non-crystalline Dieudonné module in equal characteristic

A homomorphism ¢ — ¢’ of Drinfeld modules ¢: F[z] — L[7], ¢": F|z] — L[7]
over L is defined to be a skew polynomial A\ € L[r] such that A\p; = ¢’ for all
f € F[z]. A homomorphism \: ¢ — ¢’ is called an isogeny (resp., an isomorphism)
if A\ # 0 (resp., if deg,(A\) = 0), and then ¢ and ¢’ are called isogenous (resp.,
isomorphic); from the defining relations it follows directly that there is an isogeny
@ — ¢ only if rk(p) = rk(¢'); if there is an isomorphism ¢ — ¢’ then one writes
v ~ ¢'. Being isomorphic is clearly an equivalence relation of Drinfeld modules over
L, and by virtue of the existence of dual isogenies ([59], 3.2) the same is true for the
relation of being isogenous; furthermore, the isogeny relation clearly preserves the

rank of representatives; in particular, so does the isomorphy relation.

It is clear that a Drinfeld module ¢: F[z] — L[r] is already determined by the

image

0, =C+aT+ ...+ a,m € L[7]

of z; in fact, the number n = deg, (¢,) is always positive and equals the rank of ;
the latter is characterized by the relations deg, (¢y) = —n-ord;/.(f) for all f € F[z];
here ord;,. denotes the valuation at oo of the function field F(z) of the underlying
curve P. Note that, since ¢*: F[z] — oy, is supposed to be injective, the characteris-
tic of a Drinfeld module o: F[z] — L[7] over L, i.e., the point of P} associated to the
ideal ker(0r, o ) C F[z], always equals the generic point in the situation at hand; in
this sense, every Drinfeld module over L considered here is of generic characteristic;
see [21], 2A.

Given a Drinfeld module ¢: F[z] — L[r], the abelian group L acquires an ad-
ditional F[z]-module structure by letting f € F[z] act on x € L via prx = (x +
Sy o™ where pp = ¢+ X7 a, 7, and the condition im(p) € L assures that
this module structure differs from the structure of an F[z]-algebra on L induced by
c*: F[z] — L. In the sequel we will denote by (L) the F[z]-module with underlying
abelian group L and F[z]-action induced by ¢; note that in the described way we get

an [F[z]-module structure via ¢ on every L-algebra R; we denote this F|z]-module
by ¢(R).

We have already distinguished the place e = {z = 0} of our underlying curve PL.
We will be particularly interested in the behavior of a Drinfeld module ¢: F[z] —
L[r] over L at e. Let L*8/L be an algebraic closure of L. For every n > 1 the
equation 2"z = 0 (x € p(L*#)) is a separable polynomial equation over L. Therefore,
let

p["|(L7P) = {z € p(L*), 2"z =0}
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2 The monodromy of certain extension structures

where L*P /[ is our fixed separable closure. It is obvious that the group G| acts
naturally on ¢[2"](L*P), and by [59], 2.5(a), we have

Pl (L) = (F[2]/2")™).

There are natural transition maps @[z" ] (L5P) — ¢[2"](L*P), given by scalar mul-

tiplication with z, which are G -equivariant, and the projective limit
T.p = lim, p[2"|(L*P)

is a free F[z]-module of rank rk(¢) which carries a natural action of G;. We call
T.¢ the z-adic Tate module of ¢. We further let V.o = T ®@pp1 F((2)); see [59], 3.3.

Similarly as in 2.5, one defines a Drinfeld (F[z]-)module over ¢ to be a ring homo-
morphism ¢: F[z] — ¢[7] such that im(y)) € ¢ and such that dy0¢): Fz] — ¢ equals

the composition F[z] — o, — ¢ induced by c¢*.

Note that every Drinfeld module v: F[z] — ¢[7] over ¢ considered here is of finite
characteristic ker(0y o ¢) = ¢ = 2F[z].

For example, let ¢: F[z] — L[] be a Drinfeld module over L such that im(¢) C
op[r] € L[r]. Then, denoting by f the reduction in ¢[r] of a skew polynomial
f € op|r], one can ask whether the assignment z — ¢, defines a Drinfeld module

over /:

Definition 2.6. A Drinfeld module ¢: F[z] — L[r]| is called stable if there is a
Drinfeld module : F[z] — L[r], called an integral model for ¢, such that
-y,
— 5 € op[1] for every f € F[z],
~ the ring homomorphism F[z] — (7], z — 1., defines a Drinfeld module over (.

If ¢: Flz] — L[r] is stable, with a suitable integral model 7 as in the previous
Definition, then rk()) < rk(¢p); if moreover 1) can be chosen in such a way that
equality holds then ¢ is said to be of good reduction. For the following Theorem,
recall that given a Drinfeld module ¢: F[z] — L[7], a lattice inside ¢ is defined to be
a finite projective F[z]-submodule A C ¢(L*P) such that every ball of finite radius
inside L*P contains at most finitely many points of A and such that p(A) C A for

every p € Gy.
Theorem 2.7 (Tate Uniformization — [21], 7.2). There is a bijection between

— the set of isomorphism classes of stable Drinfeld modules over L of rank d,

and
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2.2 A non-crystalline Dieudonné module in equal characteristic

— the set of isomorphism classes of pairs (v, ) where 1) is a good-reduction
Drinfeld module over L of rank d' < d, and where A C (L*P) is a lattice
inside 1 such that (rkpp)A =) dimp(,) A ®@pp F(2) =d — d'.

In this Theorem, the asserted bijection can be described as follows: For a sta-
ble Drinfeld module ¢: F[z] — L[7| of rank d with a choice of an integral model
¢": F[z] — op[7] there is

— a Drinfeld module ¢ : F[z] — L[7] of rank d’ = rk(¢’) such that im(¢)) C oy [r] and
such that z — 1), defines a Drinfeld module F[z] — £[7] of rank d’ (in particular,

1 is of good reduction),

— a skew formal power series u = 14 332, a;77 € o {{7}} such that ord.(a;) > 1
for all j and such that
wpy = @iu
for all f € F[z]; here o {{7}} denotes the ring of skew formal power series 332, b; 77
having coefficients in oy, with the commutation rule Tae = o7 for a € op; in [21],
7.2, Drinfeld goes on to show that moreover u verifies the convergence condition
ord,(a;)/r? — oo (j — oo) and that a; € my, for all j > 1 (in particular, reducing

the relations uty = ¢u mod mp, gives b~ @);

the pair (u,) is uniquely determined by ¢'; note that u can be interpreted as an
analytic homomorphism of Drinfeld modules ¥ —,, ¢’ which, due to rank reasons,
can not in general represent a nontrivial homomorphism of Drinfeld modules in the
(algebraic) sense defined before. Finally, the isomorphism class of ¢ corresponds to

the isomorphism class of the pair (¢, A), where the lattice A inside v is given by

A =ker(u) ={x € L*" =+ iajxrj = 0};
j=1
the latter is a free F[z]-module of rank d — d’; note that for every formal series
220077 € o {{7}} additionally verifying the convergence condition ord,(b;)/r? —
oo and every € L (resp., z € L*P) the series Y22 b;a" converges in L (resp.,
in L*P) since the field extension L(x) is finite (resp., finite separable) and therefore
complete. Conversely, the Drinfeld module over L obtained from the exponential
function associated to A (as constructed in analytic uniformization theory [21], [36]
for Drinfeld modules over the completion C., of an algebraic closure of F((1/2))) is

isomorphic to ¢, which concludes the description of the asserted bijection.
For every Drinfeld module ¢: F[z] — L[r| over L such that im(y¢) C oy[7] and

such that z — @, defines a Drinfeld module over ¢, the latter is a Drinfeld module

over the perfect field ¢, with Drinfeld characteristic given by the place € associated to
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2 The monodromy of certain extension structures

(z) C IF[z]. This parallels the situation of elliptic curves of semi-stable reduction over
p-adic fields, which are fields of characteristic zero, such that the associated reduced
curve is defined over a perfect field of positive characteristic; therefore we see that,
switching from elliptic curves to Drinfeld modules, the scenario of mixed character-

istic in the sense of rings is replaced by the scenario of mixed Drinfeld characteristic.

Recall that for a given Drinfeld module ¢ : F[z] — ¢[7] over ¢ and every n > 1 we
have
P[] = o € H(e%), 2 = 0} = (F[2] 2700100,

where the positive integer rk(¢)) (resp., ht(¢))) denotes the rank (resp., the height)
of 1, and where ht(¢)) < rk(2)); see [59], 2.3, 2.5.

Definition 2.8. Let ¢: F[z] — {[7]| be a Drinfeld module over £. Then 1 is called
supersingular if ¥(¢28)[z] = 0 (i.e., ht(¢) = rk(y)).

By virtue of the isomorphisms displayed above, the condition [z](¢*8) = 0 is
equivalent to saying that for all n > 1 one has ¥(¢*8)[z"] = 0. For a couple
of different characterizations and a deeper study of supersingularity for Drinfeld
modules over finite fields, see [32], 5.1. There is a tight analogy with the situation

for elliptic curves, as we have encountered in section (2.1); see [71], V.3.

Example 2.9. The simplest example of a Drinfeld module is incorporated by the

Carlitz module which is
C: F[z] — L[7], C.,=C+r

(see [36], 3.3). The reduction of C' is given by

C:Flz] = L7], z+—T.

This is a Drinfeld module over ¢ (in fact, the Carlitz module over ¢) which is su-
persingular: indeed, for x € C(£*'8) we have zz = 0 if and only if 2" = 0, i.e.,

z =0.

2.2.3 Analytic Anderson motives

Let ¢: F[z] — L[7] be a Drinfeld module over L of rank d = rk(y). Recall ([2], [36])
that the L-vector space M (yp) = L[| becomes an L[z]-module by letting z act on
f € M(p) via zf = fp,; the L[z]-module M (p) is free of rank d, with basis given

d—1.

by 1,7,...,7%"; see [36], 5.4.1. Furthermore, the map

M(p) — M(p), fr1f,
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2.2 A non-crystalline Dieudonné module in equal characteristic

is an endomorphism of the abelian group M (), which, according to the commuta-
tion rule Ta = o7 in L[7| for o € L, is semi-linear with respect to the r-Frobenius
lift o: L[z] — L[z], Y0_ga,z” — Yoo_yalz”; furthermore, the pair (M (¢), 7(+)) gives
rise to an object of the category FMod(F[z] ®r L) from (1.4), i.e., the associated

Lz]-linear map o*M(¢) — M (p), m @ a — atm, is injective.

For a given homomorphism of Drinfeld modules A\: ¢ — ¢, from (f,)A = (fA)e.
for f € L[r] it follows that the L-linear map M(\): M(¢') — M(yp), f +— fA, verifies
M) (zf) = 2zM(N)(f), i.e., M(\) is L[z]-linear, and the assignments

o M(p), (A= @)= (MN): M(¢') = M(p))

define a contravariant fully faithful functor from the category of Drinfeld modules

over L to the category of Anderson F[z|-motives; see [36], 5.4.11.

Now suppose that ¢: Flz] — L[7] verifies im(¢) C o [7]; note that this is the case
if and only if ¢, € or[7]. Further, suppose that z — @, defines a Drinfeld module
over £, of rank d' < d = rk(y). Again by [21], 7.2, there is a unique good-reduction
Drinfeld module ¢ : F[z] — L[7] of rank d' such that im(¢)) C or[7], together with
a formal power series u = 1 + 3232, a;z"” € op[x] such that ord,(a;) > 1 for all
J, verifying the convergence condition ord,(a;)/r? — oo for j — oo, as well as the
relations uy; = @su for all f € F[z]; like in the context of 2.7 we interpret the
power series u as an analytic homomorphism of Drinfeld modules u: ¥ —,, ¢. The
following Theorem relies crucially on work of Gardeyn, [29], and shows how, by
virtue of u, Tate uniformization can be carried out in terms of (analytic) Anderson

motives.

Theorem 2.10. The analytic homomorphism u: ¥ — ., @ of Drinfeld modules gives

rise to a commutative diagram with exact rows

0——N— M(g&) L[z L<Z> —_— M(@/)) QL[] L<Z> —(

iFN |er |rer

00— N — M(p) @ L{z) —= M () @rp) L{z2) —=0

with a finite free L(z)-module N of rank s = d — d', where the horizontal maps are
L{z)-linear and the vertical maps are semi-linear with respect to the r-Frobenius lift
o: L(z) — L(z), 352 a;2) — Y32, a2 ; moreover, there is a finite field extension
L'/ L such that one has a commutative diagram

N QL) L’<Z> s L/<Z>5

L

FN®0¢ lo@s

N ®L<z) L/<Z> %> L/<Z>S
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2 The monodromy of certain extension structures

where the horizontal map v: N ®p.y L'(z) — L'(2)° is an L'(z)-linear isomorphism
and the vertical maps are semi-linear with respect to the r-Frobenius lift of L'(z); in

this sense, the couple (N, F) is potentially trivial.

Note that with respect to the canonical basis € = (ey,...,es) of L'(z)° the map
0% L'(z)® — L'(z)*® is described o-semi-linearly by the unit matrix Ids € L'(z)***;
let B = (by,...,bs) be the L'(z)-basis of N ®p,) L'(z) defined by e; = 1(b;); the
condition ¢ o (Ty ® o) = 0% o1 asserted in the Theorem amounts to saying that
(Fy ® 0)(b;) = b; for every index 1.

Proof of Theorem 2.10. By [29], 1.2, the analytic morphism ¢ —,, ¢ induces a

commutative diagram

0——= N ——=M(p) @prp L{z) — M(Y) ®rp) L{(2) —=0

lFN |rer |rer

0—= N —=M(p) @prp L{z) — M(Y) ®rp) L{(2) —=0

with a finite (and necessarily free) L{(z))-module N of rank s > 0, where the hor-
izontal maps are L{(z))-linear and the vertical maps are semi-linear with respect
to the r-Frobenius lift o: L{(z)) — L((2)), Y52 a;27 — 332y aj2’; here L((z)) de-
notes the subring of L[z] consisting of those formal power series 372 b; 2 satisfying
ord,(b;)/r! — oo as j — oo; furthermore, for some finite field extension L'/L there

is a commutative diagram

N @z L'(2) == L'{(z)*

TN®oi lo@s

N ®pgey L'(2) == L'{(2)*

where the horizontal map ¢: N ® L=y L'((2) — L'{(2))° is an L'{{2))-linear isomor-
phism and the vertical maps are semi-linear with respect to the r-Frobenius lift of
L'((z)); we briefly write M (resp., M') for M(p) @) L{(2)) (resp., for M(¢) @y
L{(z))) and observe that the underlying exact sequence of L{{z)-modules 0 — N —
M — M’ — 0 has to be split and therefore exhibits M as the L((z))-linear direct
sum of N and M’ ; as the tensor product is compatible with direct sums, applying

the functor - ®p .y L(z) yields an exact sequence of free L(z)-modules
0= N @y L(z) = M ®pe) L{z) = M @z L{z) — 0

which of course is again split and where each map is again compatible with the
semi-linear data. Since functors preserve isomorphisms, applying - ®p/ .y L'(z) to

the above commutative square yields an L'(z)-linear isomorphism

(N ®pzy L(2) @pisy L'(2) = (N @12y L'{(2) @rgey L'(2) = L'{z)
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2.2 A non-crystalline Dieudonné module in equal characteristic

which is compatible with the semi-linear data. Setting N = N ®ry=y L(z) and
observing that M ®p .y L{z) >~ M(p) @) L(z) (likewise for M'), we see that we

are done. n

2.2.4 Genestier-Lafforgue’s analogue for the crystalline

period functor D s

As mentioned before, given a p-adic field K there is a functor Dg: Repr(G K) —
M Fi(¢), defined by J.M. Fontaine, which induces an equivalence between

— the full subcategory Rep,,;;(Gx) of Repg (G k) consisting of those p-adic represen-

tations of the absolute Galois group G of K which are crystalline, and

— the full subcategory M Fi ()" of M F(p) consisting of those filtered ¢-modules
over the field F' = W(k)[1/p] (k being the residue field of the valuation ring of

K) which are weakly admissible;

see [27] for a discussion of this equivalence, and cf. (2.1.2) for a brief discussion of
the categories Rep,(Gr) and M Fk(p).

Turning to equal characteristic, and retaining our complete discretely valued field
L from before, we now briefly describe an analogue for the functor D, which was
first defined by A. Genestier and V. Lafforgue in [34] and thorougly studied in [34],
[41].

Definition 2.11. A local shtuka (over oy ) is a pair (M, Fy;) consisting of a finite

free op[2]-module M, together with an oy, [[z]][i]-linear isomorphism

Fyp: 0" M) — M[]

where o* M = M@oLﬂzﬂﬂ or[z] and where o: op[z] — or[z] is the r-Frobenius lift of
or[2] defined by Y32y a;20 — Y2 abzl. A morphism of local shtukas (M, Fy;) —
(N, Fy) is an op[[z]-linear map f: M — N such that foFy, = Fyoo*f. An isogeny
of local shtukas is a morphism f: (M, Fy,) — (N, Fy) such that there is a morphism

g: (N,FN) — (M,FM) and an integer e > 0 such that go f = z¢ and f o g = z°.

Remark. Let us briefly indicate that the element z — ( € or[z] appearing in the
denominator stems from a distinguished Eisenstein polynomial employed in Breuil-
Kisin’s study ([14], [48]) of crystalline p-adic representations of the Galois group of
a p-adic field; more precisely, in the notation of [48], the category of local shtukas
provides an analogue for the category BT7s ® Q,; see [40], [41] for a discussion of
this analogy.
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2 The monodromy of certain extension structures

Note that the isomorphism F}; need not be induced by an actual o, [z]-linear map
o*M — M ; if, however, such a map exists then the local shtuka (M , Fyy) is called
effective. For example, as we have studied in chapter 1, the local shtuka associated
to (a good model of) an Anderson motive of good reduction via e-adic formal com-
pletion is always effective; in particular, an effective local shtuka can be associated
to every good-reduction Drinfeld module over L; besides these examples, see [41],

2.1.4, for an account of the most important sources from which local shtukas arise.

Already here it should be stressed that local shtukas are limited to a scenario of

good reduction, a circumstance which will be further discussed below.

Definition 2.12. A z-isocrystal (or local isoshtuka) over ¢ is a pair (D, Fp) con-
sisting of a finite £((2))-vector space D, together with an (((z))-linear isomorphism
0*D — D where 0D = D ®y.) 0 {(2)) and where o: ((2)) — £((2)) is induced by
the r-Frobenius lift ([z] — ([z] defined by 332, a;27 — 32,a527. A morphism
of z-isocrystals (D, Fp) — (D', Fp) is an {((z))-linear map f: D — D' such that
foFp=Fpoo*f.

Given a morphism f: (D, Fp) — (D', Fp) of z-isocrystals, the semi-linear map
F8: D — D restricts to a semi-linear map F§: ker(f) — ker(f) which in turn
induces an ¢((z))-linear map o* ker(f) — ker(f); the latter is clearly injective and,
looking at dimensions, therefore has to be an isomorphism again, so that one obtains
a canonical structure of a z-isocrystal on ker(f); similarly one obtains a canonical

structure of a z-isocrystal on im(f) C D'.

Let us next discuss the analogue for the category M Fi () of filtered isocrystals
from Fontaine theory as proposed in [34]. To begin with, we remark that, according
to [69], 11.4.8, there is a unique ring homomorphism ¢ — oy, which is a section of

the residue map oy — ¢. The section ¢ — oy induces a canonical homomorphism

((z) = Llz—<¢], z2—C+(2—0),

where L[z — (] denotes "the" equal-characteristic complete discrete valuation ring
with uniformizer z— ¢ and residue field L (see [40], 2.9); let L((2—()) = L[z—(][-X].

z—

Definition 2.13. A z-isocrystal with Hodge-Pink structure (over L) is a triple (D,

Fp,qp) where (D, Fp) is a z-isocrystal over ¢ and where
ap € 0D ®y(z) L((z = Q)

is an L[z — (]J-lattice of full rank. A morphism of z-isocrystals with Hodge-Pink
structure (D, Fp,qp) — (D', Fp/,qp:) is a morphism of z-isocrystals f: (D, Fp) —
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2.2 A non-crystalline Dieudonné module in equal characteristic

(D', Fpr) such that
o"f ®id: 0D @) L((z = () = 0" D' @u(z) L(z = C)

verifies (o f ®id)(qp) C qp. We denote the category of z-isocrystals with Hodge-
Pink structure by M.y (F,q).

See [41], 2.2.3, for a comparison between the concept of filtered Frobenius-isocrystals
from Fontaine theory on the one hand, and the concept of z-isocrystals with Hodge-

Pink structure on the other hand.

Now let (M, Fy,) be a local shtuka over oy; it gives rise to a z-isocrystal (D, Fp)
with Hodge-Pink structure qp as follows: the underlying ¢((z))-vector space is given
by D = M ®o, 121 £((2)); accordingly one defines Fp = F); ®id. In order to associate
a Hodge-Pink structure to the pair (D, Fp), one employs the following

Lemma 2.14 ([34], [41]). There is a unique functorial isomorphism
iz N @opey 01z, 2 H1/6-] S D @y onllz, =} [1/2-]
which satisfies dy; o Fyy = Fp o 0%0y, and which mod m reduces to the identity.

Here the oz-algebra or [z, 27!} consists of those (infinite-tail) formal Laurent series
322 bz’ such that b; € oy and [bs] - [¢]") — 0 (j — —oo) for all 7 > 0, and the

element ¢_ € op[z,27'} is defined as the limit of the sequence

n n+1 1 '
H CN n>0 (Z(i)n-i—l—j(_l)n—‘rl—j Z Cru1+_._+run+17] )n>0
§=0 3=0 & 0<v1 <eoe<Uptj_1<n -

inside or[z,27'}. There is a canonical map or[z,27'} — L[z — (] which is given
by the inclusion o, < L and z +— ( + (¢ — ¢) and which extends to a map
o[z, 27 '}1/t_] — L[z —(]; by applying the functor - ®,, »,.-1yp1/:_) L[z — (] to the

isomorphism
o*0y o M Rop o] 012, 2 H1/o(t2)] = 0" D @z oz, 27 1 o (t)],

we obtain an isomorphism o M®0L[[zﬂ L[z —(] = 0*D ®y) L[z — (] which is again
denoted by 06 ;; note that 0*D®y .y L[z —(] is an L{z— (]]—lattlce of full rank inside
0*D Qg2 L((z — Q)); it is called the tautological lattice. Similarly, by composing the
| = ¢((2)) with the ring homomorphism ¢((z)) — L((z — ()),

1
z—C]

reduction map or[7] [zic
2+ C+ (2 =), the isomorphism Fy;: 0* M ®,, ] or[2][2] = M ®,, 70211

induces an isomorphism

U*M ®0L[[z]] L((Z - C)) = M ®0L[[Z]] L((Z B C))
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2 The monodromy of certain extension structures

which is again denoted by F;. Finally, in this notation, the Hodge-Pink structure
associated to the z-isocrystal (D, Fp) is given by

4p = 0 8y 0 (07 Fyy) (M @, 1 L[z = C]) € 0" D @) L{(z = Q).
The assignment (M, F,) — (D, Fp, qp) defines a functor
H: (local shtukas over or,) — My(.)(F,q).

Localizing the category of local shtukas over o by the class of isogenies yields,
by definition, the category of local shtukas over or up to isogeny. The functor H
sends isogenies of local shukas to isomorphisms of the associated z-isocrystals with
Hodge-Pink structure and therefore, by the universal property of localization, factors

uniquely up to equivalence of functors via
Hiso : (local shtukas over oz, up to isogeny) — M.y (F, q).

For the following Theorem we remark that, given two local shtukas (M Fy),
(N, Fy), their tensor product is given by the local shtuka (M ®op 2] N, Fy ® Fy),
and the dual of (M, Fy;) is given by the op[z]-module MY = HomoL[[z]](]\Zf,oL 1=])
together with F. J*Mv[i] — Mv[i] defined by the commutative diagram

F -~

R TR - N[

| -

(0 ML, on [ o Hom 1 (W[, on[2][2)

oFTh
M

Ho

Mo L1l

1 1
Z—C] z—C]

using that the Frobenius lift o: oy [z] — or[z] is flat and hence o*(MY) ~ (o* M)V,
in this spirit, one may write Fy,, = (F ]\Tj)v. Similarly, given two z-isocrystals with
Hodge-Pink structure (D, Fp,qp), (D', Fp/,qp:), their tensor product is given by
the triple (D ®y.) D', Fp ® Fpr, p @r[=—¢] 9pr), and the dual of (D, Fp, qp) is given

by the triple (DY, (Fph)Y, Hompp.—q(ap, L[z — (])).

Theorem 2.15 ([34], [41]). The functor Hi, is ezact, fully faithful, and it respects

tensor products and duals.

The study of the categories introduced here and of the functor H is referred to
as Hodge-Pink theory; see [34], [41], [63]. In [34] the functor Hig, is proposed as an

equal-characteristic analogue for the functor
Deyis : Repcris(GK) - MFK(SO)

where G is the absolute Galois group of a given p-adic field K. See [40], and [41],
2.3.6, for a discussion of the analogy between local shtukas on the one hand, and

crystalline p-adic representations in the sense of Fontaine on the other hand.
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2.2 A non-crystalline Dieudonné module in equal characteristic

2.2.5 Semi-stable local shtukas and z-isocrystals with

Hodge-Pink structure and monodromy

After having discussed the "crystalline level" in the previous section, namely the
functor His, which plays the role of Fontaine’s functor Deyis: Repes(Gr) — M Fr ()
in equal characteristic, we now turn to the "semi-stable level', and for this we first

recall the commutative diagram of categories and fully faithful functors

Repy (Gr) —— M Fg(p, N)

T |

Repcris(GK) - MFK(@)

which was already discussed in section (2.1.2). Viewing the (isogeny) category of
local shtukas over oy, as an analogue for crystalline p-adic representations ([40], 5.3,
5.4), we now intend to study a hypothetical analogue for the category Repy (G k) of

semi-stable p-adic representations a la Fontaine.

Digression 2.16. We have mentioned earlier that local shtukas and, correspond-
ingly, crystalline p-adic representations have to be seen as good-reduction objects.
Let us look at the p-adic world and let us say a few words about the geometric
picture standing behind Fontaine’s theory. In [38], Grothendieck posed the ques-
tion of whether there is a functorial relation between the p-adic étale cohomology
H} (X @ K*8,Q,) of a smooth proper scheme X of good reduction over a p-adic
field K on the one hand, and the crystalline cohomology Hy  (X/K) of X on the
other hand. Such a functorial relation is, in fact, provided by Fontaine’s crystalline
period functor D, i.e., the Q,-vector space Hf (X @ K8 Q,) indeed is a crys-
talline p-adic representation of the absolute Galois group Gk of the field K (as
was shown by G. Faltings), the abelian group Hy (X/K) gives rise to an object
of MFk(p) (shown by P. Deligne and L. Tllusie), and De;s(HZ (X ®@x K8, Q,))
is indeed isomorphic to H  (X/K) as objects of M Fy(p); see [3], [15], [26], [27],
[39]. There is a very similar geometric picture which is related to Fontaine’s functor
Dy — namely, given a proper and smooth scheme X of semi-stable reduction over a
p-adic field K, a conjecture of J. M. Fontaine and U. Jannsen states that there is a

functorial isomorphism
Dst(Hg‘n (X QK Kalg’ Qp)) = Hfgg—crys (X)

where Hy, ...(X) denotes the log-crystalline cohomology of the scheme X. The

proof of this conjecture has been accomplished by T. Tsuji; see [75] for a survey. —

Turning again to equal characteristic, we have already seen that local shtukas

are functorially associated to global objects such as Drinfeld modules or Anderson
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2 The monodromy of certain extension structures

motives, where one has to restrict to those objects which are of good reduction or
rather, in terms of the most general instance of Drinfeld shtukas: those which do

not possess degenerators ([20], [49]).

Taking the case of bad reduction into account, a given local shtuka (M , Fy;) should

be seen as a canonical good model for the associated pair
(M ®0L[[z]] <0LHZ]] ®0L L), FM & ld)

which is then said to be of good reduction. This point of view ties in with the general
"philosophy" of reduction, such as in the case of elliptic curves/abelian varieties or

Drinfeld modules/Anderson motives.

In order to discuss a hypothetical analogue for Fontaine’s functor Dy : Repy (Gx) —
MFk(p, N) we commence by studying the following analogue for the category
MFg(p,N). We define the category M.y (F,q,N) of z-isocrystals with Hodge-

Pink structure and monodromy operator as follows:

— An object of My(.y(F,q,N) is given by a pair ((D, Fp, qp), Np) where (D, Fp, qp)
is a z-isocrystal with Hodge-Pink structure and where Np: D — D is an £((2))-
linear map, called the monodromy operator, such that Np o Fp = A\pFp o c*Np
for a suitable Ap € ([z] — £[=]*.

— A morphism (D, Fp,qp),Np) — (D', Fp,qp), Np/) inside M.y (F,q,N) is
given by a morphism f: (D, Fp,qp) — (D', Fp/,qp:) of z-isocrystals with Hodge-
Pink structure such that Np o f = f o Np.

A sequence of morphisms
0— ((DlvFD’7qD/)7ND’) i) ((DvFquD)>ND) < ((DﬂaFD’UqD”)vND”) — 0

inside My(.)(F,q,N) is said to be ezact if the underlying sequence of z-isocrystals
with Hodge-Pink structure 0 — (D', Fpr,qp) — (D, Fp,qp) — (D", Fpr,qpr) — 0
is an exact sequence of z-isocrystals such that (0*g ® id)(qp) = qp~ and such that
o f ® id identifies qp with qp N o*D @) L(z — Q).

Remark. Note that for an object ((D, Fp,qp),Np) of My.)(F,q,N') we do not
impose a relation between the monodromy operator Np and the Hodge-Pink struc-
ture qp of the underlying z-isocrystal. This parallels the situation in Fontaine theory
where for an object ((D, ¢p, Fil*Dg), Np) of M Fg(p, N) the filtration Fil® Dg of the
underlying filtered isocrystal is not related to the monodromy operator Np: D — D;
cf. [14], [15], [27]. Also note that the relation Npo Fp = ApFp oo*Np is equivalent
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2.2 A non-crystalline Dieudonné module in equal characteristic

to N o F§i = ApF5 o Np where F51: D — D is the semi-linear map corresponding

to the isomorphism Fp: c*D — D.

There is an obvious fully faithful and exact "inclusion" functor
Mf((z))(R q) — MZ((z))(Fa q,N), (D,Fp,qap)~— ((D,Fp,qp),Np =0),
which admits a faithful and exact "retraction" given by
My (F, 4, N) — Myp(F,q), (D, Fp,ap),Np) — (D, Fp,qp).

Of course both categories appearing here admit an obvious faithful and exact
forgetful functor into the category Mod(¢((z))) of £((z))-vector spaces.

Lemma 2.17. Let ((D, Fp,qp),Np) be an object of My.y(F,q,N) such that
dimg((z)) D=1.

Then Np = 0.

Proof. For a fixed basis element d € D the map Fp: 0*D — D corresponds to the
map £(z)) — £(2), x — fpx, where fp = 4[Fpls-a € ((2)*, and Np: D — D
corresponds to the map ¢((z)) — ¢((z)), v — npx, where np = 4[Npla € (2)).
Now, as np = 4[Npla = o+a[0*Npls+q, We obtain a relation A\pfpo(np) = fpnp
inside £((2)); applying ord,(-) on both sides we realize that, by virtue of ord,(np) =

ord,(c(np)), this relation cannot be valid unless np = 0. O

Hypothesis 2.18. Suppose there is

— a category S whose objects are called semi-stable local shtukas over L, and which

admits a notion of exact sequence, together with an exact functor

i: (local shtukas over o) — S;

— an exact functor

Hy: S — Mooy (F,q,N)

which, up to equivalence of functors, restricts to the functor H on local shtukas

over or;

~ for M € S one has Ny, ) = 0 if and only if M comes from a local shtuka over

or, i.e., lies in the essential image of i.
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2 The monodromy of certain extension structures

Remark. The hypothetical category S could be expected to admit a (universal)
functor into the category FMod(R) where R is a suitable oy [z] ®,, L-algebra; the
image of a semi-stable local shtuka M € S over L via such a "forgetful" functor
would then be interpreted as the underlying module of M; such a situation would
truly generalize the case of the category of local shtukas over o, which indeed admits
an exact forgetful functor into the category of (finite free) oy [z]-modules. However,

it would not be obvious how to define the hypothetical analogue
Hst: § - MZ((z))(Fa an)

for Fontaine’s functor Dy : Repy(Grx) — M Fk(p, N) on underlying modules, re-
quiring that H; be an extension of H. To begin with, supposing additionally that
for a given local shtuka (M , ;) the underlying R-module of the associated object

of § is (functorially) isomorphic M ®or[z] R would lead to a commutative diagram

/ S - Myz)(F.a,N)

Mod(R) Mod(£((2))) N=0 \g

Do, AR ( L‘ljlosmukas ) i My(z)(F,q)
Mod(or[2]) 13t Mod(¢((2)))

However, there cannot be an or-algebra homomorphism R — ¢((2)) which replaces
the reduction map or[z] — ¢((z)) appearing in the good-reduction case, for the
image of 7 in R is a unit, whereas it is zero in £((z)). Given a local shtuka (M, Fy;)

over oy, a hypothetical natural isomorphism of ¢((z))-vector spaces

(M @0, 1 R) @R () = M ®,, 1 (%))

A

expressing Hg (M) ~ H(M ) is therefore not available, so that it becomes impossi-

ble for Hy; to act as -®x¢((z)) on underlying modules for any o, [2] ®,, L-algebra R. —

2.2.6 A non-crystalline Dieudonné module in equal

characteristic
We consider the Drinfeld module over L given by

0:Flz] = L[7], 2+ (+7%

60



2.2 A non-crystalline Dieudonné module in equal characteristic

The Drinfeld module ¢ clearly has integral coefficients, i.e., im(¢) C or[7], and ¢ is

of good reduction: the reduced Drinfeld module over ¢ is given by
g:Flz] = (1], 2+ 7%

the latter is a supersingular Drinfeld module, i.e., ¢ is of supersingular reduction,

for we have

[2](628) = {z € (¥ 27 = 0} = 0.

®
Inside the F[z]-module ¢(L*P) we consider the F[z]-lattice of rank 1 given by

A=TFLC" = {pa(C), A € FI).

Indeed A C p(L*P) is a free F[z]-submodule of rank 1 which is p-stable for every
p € G and, by virtue of |[(7!| > 1, is discrete in the sense that every bounded ball

inside L*°P contains at most finitely many elements of A.

By the Tate uniformization Theorem the pair (¢, A) gives rise to a bad-reduction
Drinfeld module ¢’ over L of rank 3 = rk(¢) + rkgp;)(A) whose isomorphism class
corresponds to the isomorphism class of (¢, A) via the bijection described in (2.2.2).
Moreover, by 2.10, the Tate uniformization map ¢ —., ¢ may be carried out in
terms of analytic Anderson motives: we obtain a commutative diagram with exact
rOwWsS

0—=N——=M(¢") @[y L(z) —= M(p) @[y L(z) —=0
im lma lre@o
0—=N—=M(¢) QL L(z) —= M(p) QL L(z) —0

where the vertical maps are semi-linear with respect to the Frobenius lift o of L(z).
Tensoring this diagram over L(z) with oy [z][1/7] ~ or[2] ®,, L yields a commuta-

tive diagram with exact rows

0 — N @ oL[2][1/7] —— M(¢") @) or[2][1/7] —— M(p) ®p(z oL [2][1/7] —0

lTN Qo i'r@cr lv’@o’

0 —— N ®@pry oL[2][1/7] —— M(¢") @ oL[2][1/7] —— M (p) @[z or[2][1/7] —=0

where now o denotes the Frobenius lift of oy, [2][1/7]. Taking up the notation from
(2.2.5) we want to explain how this diagram can give rise to a short exact sequence
inside the hypothetical category S of semi-stable local shtukas. For this purpose it
is, in the first place, desirable to establish the following Hypothesis; before we state

it, note that there is a canonical faithful, exact functor

(effective local shtukas over o) — FMod(oy[z][1/7]),
(M, Fy) — (M[L/x], Fy[1/x]),

61



2 The monodromy of certain extension structures

which to every effective local shtuka M = (M , Fyy) associates the F-module over

op[2][1/7] of which M is a "canonical good model".
Hypothesis 2.19. There is an exact functor
s: FMod(o.[2][1/7]) — S

such that dimy.)(Hg o s)(M) = rko, 2gj1/x (M) for M € FMod(o.[2][1/7]), and

such that the diagram of categories and functors

FMod(o[2][1/7])

fective local ; \
(eecweoca ) 1 S

shtukas over oy,

is commutative (up to equivalence of functors).

Here the category FMod (o [2][1/7]) was defined in (1.4). The hypothetical func-
tor s generalizes the functor which assigns a local shtuka over oy, to (good models

of) good-reduction Anderson motives (see [41], 2.1.4).

Regarding the exact sequence 0 — N®p .y or[2][1/7] — M(¢")@poL[2][1/7] —
M(p) ®ppz or[2][1/7] — 0 which we want to transfer via Hg into the category
M2y (F,q,N), we make the following

Remark 2.20.

— According to the above Hypothesis 2.19, applying Hg o s to N ®p.) op[2][1/7]
will in particular give a z-isocrystal with Hodge-Pink structure whose underlying
(((2))-vector space is of dimension 1. Therefore, by 2.17, the object (Hg0s)(N @y
or[2][1/7]) of My(.)(F,q,N') has trivial monodromy operator (which means that,
by 2.18, the semi-stable local shtuka s(N ®p.y or[2][1/7]) would have to come

from a local shtuka over op).

— Since ¢ is of good reduction as a Drinfeld module it follows that the Anderson
motive M (p) admits a good model M(p) as an algebraic 7-sheaf a la Gardeyn,
and even in a stronger sense. In order to explain this, we study the additional

semi-linear structure of M () which is given by
T: M(p) — M(p), m— Tm.

First of all, as was mentioned before, the L-vector space M(y) = L[7] becomes
an L[z]-module via zf = fo, for f € L[z]. As such, M (yp) is finite free of rank 2.
The map 7: M(p) — M(p) induces an L[z]-linear map

Tlin: M(SO) ®L[z],a L[Z] - M(QD)7 m f = me?
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2.2 A non-crystalline Dieudonné module in equal characteristic

which, fixing the basis (1,7) of M(yp), is described by the matrix (9 %¢). Let
C = coker(7'"™) be the cokernel of 7. We claim that C' is a one-dimensional

L-vector space and that (z — ()C' = 0. Indeed, clearly there is an isomorphism
C o= LI/ (%3¢ )L

which is induced by our choice of basis, and the projection L[z]*> — L|[z], (a,b) —
a, induces an isomorphism L[z]?/(9 #,¢)L[z]*> ~ L[z]/(z — {); the latter is isomor-
phic to L via L[z] — L, z + (, so our claim follows.

Next we claim that the or[z]-module M(p) = or[2]* together with the injective

or[z]-linear map

Fue)t or[e]® ®oypyo orle] = orle]’, (5) @1 (9), (P) @1 (2= (),

is a good model for M () in the sense that

— there is an isomorphism of L[z]-modules M(y) ®,, L ~ M(p) which is
compatible with Fi,) @ id on M(p) ®,, L and 7' on M (),

— coker(F(y)) is an or-module of rank 1 and is annihilated by z — (.

The first item is clear, and for the second item it remains to verify that we may
imitate the above argument with L[z] replaced by or[z]. Indeed, we have an
isomorphism coker(Fuy)) = or[2]?/(9 %, )or[z]* which is induced by the canon-
ical basis, and by virtue of the isomorphism or,[2]%/(? #;¢ )or[2]* = or[z]/(z — €)
induced by the projection (a,b) — a it remains to show that op[z]/(z — () is
isomorphic to oy, via the map op[z] — o, z — (. So let f € or[z] be such that
f(¢) = 0; here we may interpret f as an element of L|z], so that we find a unique
g € L[z] verifying f = (z — ()g; we may further interpret this equation as being
valid inside L(z), so that ||g|| < 1 (for example, by [9], 1.2/8) where || - || denotes
the Gauss-Norm of L(z), i.e., g € or[z]. We may conclude (see [41], 2.1.4) that the
(2)-adic completion (M (@) ®o, 12 oL[2]; Fam(p) @ id) of the model (M(¢), Fayy))
is an effective local shtuka over oy, and we see that this local shtuka verifies

(M(p) ®op () 0L2]) ®op 2 0z[2][1/7] = (M (p) ®@Lp) L(2)) ®L¢z) oL[2][1/7];

this isomorphism is compatible with (Ff\ﬂl(@) ® 0o, [21) ® Oop[2][1/x] a0d (TR 0L (2)) ®
Oo,1:3l1/7]. Finally, applying the functor H to the local shtuka (M(p) ®, [
or[z], Fm(p) @ id) gives the z-isocrystal (D, Fp) where D = {((2))* and where
Fp: ((2)? Q.o L(2) — £(2))? is, with respect to the canonical basis of £((2))?,
described by the matrix (97). In particular, the monodromy operator of the

corresponding object of M.y (F,q,N) is trivial.

The middle term M(¢') @y, or[2][1/7] is of bad-reduction origin and therefore

should certainly give rise to an object of & which is properly semi-stable, i.e., it
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2 The monodromy of certain extension structures

should not eventually turn out to come from a local shtuka over oy, like the right-
hand term M (¢) ®@p,oL[2][1/7] does (see the previous item). However, below we
will see that, in fact, the z-isocrystal (Hy o s)(M(¢') ®rps or[2][1/7]) has trivial

monodromy. —

Now we finally study the situation on the level of the associated z-isocrystals. To

begin with, applying the functor s to our exact sequence
0= N @r) on[z][1/7] — M(¢') @1 or[2][L/7] = M(p) @z or[2][1/7] — 0

inside FMod (o [2][1/7]) yields a short exact sequence 0 — sy — Sar(p) — Sn(p) —
0 inside the hypothetical category & of semi-stable local shtukas. Retaining our hy-
potheses 2.18, 2.19, and recalling what we have seen in section (2.2.5), the associated

exact sequence
0— Hst(sN) - Hst(sM(tp/)) - Hst(sM(go)) — 0

inside My(.)(F,q,N) is, in particular, a short exact sequence of z-isocrystals with
Hodge-Pink structure, and we obtain the following commutative diagram of ¢((2))-

vector spaces with exact rows

. pr
00— Hst(SN) — Hst(SM(go’)) - Hst(SM(Lp)) —0
lNHSt(sN)ZO \LNHSt(S}VI(&P/)) iNHst(SM(gaﬁ:O

0 ——= Ha(siv) — > Ha(sar(p1)) > Hat(s21(0)) — 0
By virtue of the Snake Lemma there is an ¢((z))-linear map

d: Ha(snr(p)) — Hae(sn)

such that M ( y =iodopr. From this, by

SM (")

HA(FE oy (1)) = ild(pr(FL oy, ®))))
sl
- NHSt(SJ\/I(g;’))<FHst(sM(¢/))(y))
sl
- AHSE(SJ\J@@’))FHst(SN[(W/))(NHst(SM(Lp/))(y))

= i(AHst(5A1(¢/))F§]it(sN)(d(pr(y))))

for every y € Hy(sn (), it follows that

sl _ sl
d © FHst(Skj(¢)) - )\Hst(sM((p/))FHst(SN) © d

In particular, the map F]}SH]S Hyt (sar(e)) — Ha(Sar(y)) restricts to a map

t(sn1()) :

3, )i ker(d) — ker(d)

Hst (s (0
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2.2 A non-crystalline Dieudonné module in equal characteristic

which of course is again semi-linear; it follows at once that the corresponding ¢((2))-
linear map o* ker(d) — ker(d) is a monomorphism of ¢((z))-vector spaces, hence an
isomorphism. We may conclude that the ¢((2))-linear subspace ker(d) C Hg(Sar(y))
gives rise to a sub-z-isocrystal of Hg (s M(w))? note that we ignore Hodge-Pink struc-

tures in this place.

Our aim is to show that the subspace ker(d) equals Hg;(srs(,)). In order to achieve
this we recall that, according to our Hypothesis 2.18, 2.19 as well as the above re-
marks on the structure of M (), the underlying z-isocrystal of Hg(Sas(y)) is isomor-

phic to the z-isocrystal

D= (¢(=)* (95)-0)
where (9Z) - 0 denotes the map £((z))> — £((2z))* which is, with respect to the
canonical basis of £((2))?, semi-linearly described by the matrix ({ Z). However, the

latter z-isocrystal is simple, i.e., it admits no nonzero proper subobjects; indeed, by
[52], 2.4.5, the associated Dieudonné-£28((z))-module

D @z (%((2)) = (falg((z))2a (75)- ‘7)

has to be simple, and we may conclude that, consequently, D is simple, the latter be-
ing true since the field extension £28((2))/¢((2)) is faithfully flat; note that, according
to loc. cit., the structure theory of z-isocrystals over an algebraically closed residue
field very much parallels the corresponding theory over (residue fields of) p-adic
fields as indicated in (2.1.3); see also [40], 3.6. Finally, we may conclude that the
inclusion ker(d) C Hg(sn () has, in fact, to be an equality since, looking at dimen-
sions, ker(d) has to be a nontrivial subobject of the simple z-isocrystal Hg (s (,)),
ie., NH“(SMW,)) is trivial, so that the z-isocrystal Hg(sps(y) comes from a local
shtuka over oy, more precisely: there is an effective local shtuka M = (M, Fy;) such
that

M(¢') @1 or[2][1/7] 2 M ®,, 1 o [2][1/7]

inside FMod(or[2][1/7]). However, according to 1.21, this is a contradiction since
M(¢') ®Lrpz L{z) does not admit a good model.
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3 Crystalline and semi-stable
extension classes in mixed and

equal characteristic

Let K be a p-adic field. In a first step we briefly discuss the 2-dimensional p-adic
representation of Gx = Gal(K™¢/K) given by the p-adic Tate module T),(E) of an

elliptic curve E over K of split multiplicative reduction; see [3], [15].

3.1 Tate elliptic curves

Retaining the notation from (2.1), let K be a mixed-characteristic complete dis-
cretely valued field of prime residue characteristic p > 0, with perfect residue field
k = ox/mg where ox C K denotes the valuation ring of K and my C of its
sole maximal ideal; let 7 € K be a fixed uniformizer. To begin with, we cite two
Theorems due to J. Tate.

Theorem 3.1 (Tate Elliptic Curves). Let ¢ € K* be such that |q| <1, and let

) = 3 7 o) = —hs(a) al) = 2T,

The series as(q) and ag(q) converge in K. Define the projective curve E, C P2,

by the Weierstraf$ equation
E,: YZ+XYZ =X?+ay(q)XZ° + as(q) Z°.

(i) E, is an elliptic curve defined over K with discriminant A = qT[3%,(1—q¢")*,

and with j-invariant j(E,) whose g-expansion is given by
J(Eg) = § + T44 + 196884q + 21493760¢” + ... € ; + Z[q]
(cf. [12], 1.7.4).
(ii) The series

X(u,q) = i a _qT;ZU)Q—Qsl(Q),
Vg = 3 gt va
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

converge for every u € K& —q%. They define a surjective and G i -equivariant

homomorphism of abelian groups

(X(u,q),Y(u,q)) ifuéq”

(Kalg)x - B (Kalg), U —
! O if u € ¢%,

whose kernel equals g% C (K*8)*; in particular, for every algebraic field ex-

tension K'/K, it induces an isomorphism of abelian groups
(K')*/q" = E(K").
Proof. See [72], Theorem V.3.1 and Remark V.3.2.1. O

Theorem 3.2 (p-adic Uniformization). Suppose that k is finite. Let E/K be an
elliptic curve with |j(E)| > 1.

(i) There is a unique q € (K8)* with |q| < 1 such that E is isomorphic over
K?®& to the Tate elliptic curve E,. Further, this value of q lies in K.

(ii) Let q be chosen as in (i). Then E is isomorphic to E, over K if and only if

E has split multiplicative reduction.
Proof. See [72], V.5.3. O

Relying on Theorem 3.1, we next discuss the structure of V,(E,) = T,(E,) ®z, Q,
for a Tate elliptic curve E,/K. To begin with, we recall that the p-adic Tate module

Ty (Gom i) = lim G (K™) "]

of the multiplicative group scheme G,, x is a free Z,-module of rank 1. Let e =
(e™), € T,(G,, k) be a Z, basis, i.e., let €™ € (K*8)* be a primitive p"-th root
of unity for every n, subject to the relations (6(”+1))p = ¢ in particular €@ = 1,
e £ 1; the Z,-module T,(G,, k) carries an action of Gx which is given by the
cyclotomic character x: Gx — Z), and the resulting G x-module is denoted Z,(1);

namely, composing the natural action

Gk — AUtZP(Zp(l))a p = ((Cp”)n = (p-Cp”)n)a

with the isomorphism Autz,(Z,(1)) ~ Z) belonging to the chosen Z,-basis e =
X

(e™),, yields the cyclotomic character x: G — 7y, ie., pe= x(pe = (p.e™);

we obtain the G g-representation on Z,-linear maps

G — Autz (Z,(1)), pr ( Zp(li - ZE’SSU ) .
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Note that for every p € Gk the associated automorphism p: Z,(1) — Z,(1) is inde-
pendent of the chosen Z,-basis e, since every coordinate-change relation takes place

inside the commutative ring 7Z,.

Let Q,(1) = Z,(1) ®z, Qp, endowed with the induced Q,-linear action of G-.

Proposition 3.3. Let ¢ € K* be such that |q| < 1, and let E,/K be the associated
elliptic curve from 3.1. Then there is a short evact sequence of G -equivariant
Zy,-linear maps

0 — Zy(1) = T,(Ey) = Z; — 0;
in particular, there is an extension 0 — Q,(1) — V,(E,) — Q, — 0 inside the

abelian category Repg, (G ).

It follows immediately that fixing the Z,-basis (i(1), pr(1)) of T,(E,) the action

of p € Gk is given by a matrix of the form (X{) 1) € Gl5(Z,); below we will further

analyze this.

Proof. By Tate’s Theorem 3.1 there is an isomorphism of G'x-modules (K8)* /¢% =
E,(K®8) which corresponds to a Gx-equivariant short exact sequence of abelian
groups

0 — qZ N (Kalg)x N Eq(Kalg) N O;

here we note that, as ¢ lies inside the base field K, the G g-action on ¢” has to be

trivial. Let n > 1; applying the Snake Lemma to the commutative diagram

0 — ¢ — (K" — E,(K*¥%) —0

N

OHQZH (Kalg)x HEq(Kalg) 0
yields an exact sequence of Z/p"-modules

0 — ¢%[p"] — (K*&)*[p"] — Ey(K#)[p"] —

= ¢/ ()" — (K8)J((K) )" — B, (K*8) [p" By (K*¥) — 0;

it is clear that ¢%[p"] and (K®&)*/((K*8)*)P" have to be trivial, the latter since for
every given nonzero x € K*# the polynomial u?" — x € K®8[u] splits up into linear

factors. We obtain a short exact sequence of Z/p™-modules
1L — (K™8)X[p"] — E(K™*)[p"] = ¢"/(¢")" — 1

which, in fact, is Gg-equivariant. Letting n vary, this gives a projective system of

short exact sequences, the transition maps being induced by multiplication with p;
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

we observe that these are GG g-equivariant, and that the Mittag-LefHler condition is
met, the latter since p: (K8)%[pntl] — (K2)*[p"] is surjective for every n; we

may summarize that taking the limit yields a short exact sequence of Z,-modules
0— Zy(1) = T,(Ey) — ¢ ®z Loy — 0;

the abelian group ¢” is canonically isomorphic to Z, so that ¢* ®z Z, equals Z,,

having trivial G g-action. The proof is complete. 0

We will see below that the exact sequence 0 — Q,(1) — V,(E,) — Q, — 0 does,
in fact, give rise to a Yoneda extension class of Q, by Q,(1) for the abelian category

Repg, (Gk) of semi-stable p-adic representations of G.

3.2 Yoneda extension classes of p-adic

representations, and (alois cohomology

3.2.1 Kummer theory

Let M be a fixed topological GGx-module, i.e., a topological abelian group which
is equipped with a continuous action of the pro-finite group Gg. We recall (cf.
Appendix B of [65]) that a I-cocycle (resp., a 1-coboundary) is a map of sets v: Gx —
M such that v,, = v, + p'.7, for all p, p’ € Gk (resp., such that v, = p.m —m for
a suitable m € M and all p € Gk); it is well-known that the 1-cocycles constitute
an abelian group under pointwise operation, of which the 1-coboundaries are a
subgroup; by definition, the abelian group C*(Gg,Q,(1)) (resp., B'(Gk,Q,(1)))
consists of all continuous 1-cocyles (resp., of all those continuous 1-cocycles which are
1-coboundaries), and one defines the group H'(Gx, M), called the 1st cohomology
group, to be the quotient C*(Gy, M)/B' (G, M); note that in the present context
the group H'(Gg, M) is abelian. We commence by stating the well-known

Lemma 3.4 (Kummer theory). (i) ([69]) For every n > 0 there is a natural
map of abelian groups 6,: K* — HY(Gg, pn (K8)) which is defined as fol-
lows: for a given q € K* choose a p"-th root ¢*/?" € (K™8)* of q; then 6,(q)
is defined to be the class of the 1-cocycle G — i (K™8), p— p.qt/?" [q'/P";

the map 0, induces an isomorphism of Z/p™-modules

KX (KX — HY (G, i (K™9)).

(i1) ([3]) There is a natural isomorphism of Z,-modules
KX = limg K /()" = H'(Gx, Z,(1)),
(@a)n = class of (p = (p.q;/”" /a;/"")u);

70



3.2 Yoneda extension classes of p-adic representations, and Galois cohomology

in particular, this induces an isomorphism of Q,-vector spaces
K* ®z,Q, = H'(Gk, Qy(1))

where the right-hand side becomes a Q,-vector space by pointwise operations

on 1-cocycles.

Proof. Let n > 0 be fixed; the finite group p,»(K®#) carries the discrete topology,

and (for example, by [71], B.2.2.) from the short exact sequence of abelian groups
1 — ,upn(Kalg) N (Kalg)x p_n> (Kalg)x -1
we obtain the long exact cohomology sequence

pyn ()G — () )6 25 () )0 2

2 HY (G, ppn (K™2)) — HY(Gg, (K™£)*) — ...

where H! (G, (K*8)*) is trivial by "Hilbert 90" (see [69], X.1.2); we obtain a short

exact sequence
1— K* 5 K% % HY G, i (K¥)) — 1

which proves (i). In order to explain (ii), we first remark that by [65], B.2.3, the

unique map

HY (G, Zy(1)) — limny H' (G, pipn (K™2))

pimi—

making the diagram

ct (GKa Zp(1>) - liLn(n)Cl(GKv Mp"(Kalg))

|

HI(GK’ Zp(l)) - liln(n)]_-ﬂ(GK; Mp"(Kalg»

commutative is an isomorphism of abelian groups; in particular, by (i), this induces

a natural isomorphism

—

HY (G, Zp(1)) = K*;

the induced map
[/(\X ®Zp Qp - Hl(GK7Zp(1)) ®Zp QP

is clearly again an isomorphism; finally, by [65], B.2.4, we realize that the Q,-vector
space H' (G, Z,y(1)) ®z, Q, is naturally isomorphic to H'(Gg, Q,(1)). O
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

3.2.2 The Baer sum

Next we discuss the Q,-vector space Ext(l@p[GK}(Qp, Q,(1)) whose underlying abelian
group consists of the Yoneda extension classes of Q, by Q,(1) inside the abelian cat-
egory Repg (Gr); our discussion will follow closely [62]. Recall that the category
Repr(G k), Whose objects are finite-dimensional Q,-vector spaces endowed with a
continuous G'k-action (morphisms being G'g-equivariant QQ,-linear maps), becomes
an abelian category in a natural way since kernels, cokernels, images, and coimages
of G'k-equivariant Q,-linear maps naturally acquire a continuous G'x-action by Q,-

linear automorphisms.

Let A, B € Repg, (Gk) be two fixed p-adic representations. Two extensions 0 —
B—-V->A—-0ad0— B —V — A — 0inside Repg (Gk) are said to
be Yoneda equivalent if there is a G k-equivariant isomorphism of QQ,-vector spaces

f:V — V' making the diagram

0—=B—>V—=A—>0
|
0—=B—=V —=A—>0

commute; this clearly defines an equivalence relation on the set of extensions of
the type 0 - B — - — A — 0, and the set of equivalence classes is denoted by
Ext(l@p[GK] (A, B). This set is made into an abelian group via the Baer sum; in order
to describe this group structure, we recall that the direct sum A& B of A and B is
given in an obvious way by the direct sum of underlying vector spaces and, like in
any abelian category, at the same time gives rise to both a categorial product and a
categorial coproduct; let C' € Repr(G k) be a third object, and suppose that there
are morphisms a: A — C and b: B — C inside Repg, (Gk); the pullback A xc B

with respect to a, b is characterized by the exact sequence
(avfb)
0—=AxcB—A®pB ='C

inside Repg, (G); the direct-sum G-action on A @ B restricts to a Gx-action on

A X¢ B, i.e., the action of p € Gk on (z,y) € A X¢ B is given by
p-(z,y) = (p.x, p.y);
furthermore, there is a natural isomorphism of abelian groups
Hom(T, A x¢ B) ~ Hom(T', A) Xtiom(r,c) Hom(T', B)

for every T € Repg, (Gr), which is induced by the projections of A ® B (seen

as a product); dually, suppose that there are arrows o': D — A, V/: D — B for
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3.2 Yoneda extension classes of p-adic representations, and Galois cohomology

some object D € Repg (Gk); then the pushout A 1P B with respect to o,V is

characterized by the exact sequence

DS A B AP B — 0

inside Repr(G i ); the direct-sum G g-action of A® B restricts to a G g-action of the
Q,-linear subspace im(a’, —b') C A @ B, so that one obtains an induced Gk-action

on AIIP B; more precisely, a given p € G acts on (z,y) € AIIP B by

p-(x,y) = p(z,y) = (p-x, p-y);
furthermore, there is a natural isomorphism of abelian groups
Hom(AII” B,T) ~ Hom(A, T) Xpom(p.r) Hom(B, T)

for every T' € Repg, (G k), which is induced by the coprojections of A& B (seen as
a coproduct). Let £ € Ext(l@p[GK}(A, B) be the class of

OHB#VKAHO,

and let f: C'"— A, g: B — D be morphisms inside Repr(GK); one defines f*(£) =
¢ - f to be the class of
0-BYvx,c-C=0

in Ext(bp[GK](C’, B), and g.(§) = g - £ to be the class of
0—=D—-DIPV ™ 40
in Ext(l@p[GK](A, D); one can show that
g-(&-N=g-9-f

(cf. [62], Lemma 2, p. 230), i.e., the expression g - ¢ - f is well-defined. Now we can
describe the Baer sum of two classes £ and 7 in Extbp[GK] (A, B) where £ (resp., n) is
induced by the extension 0 - B —V — A — 0 (resp., by 0 = B —- V' — A — 0)
say; let £ @ n be the class in Extép[GK](A ® A, B @ B) of the induced direct-sum
sequence 0 - BB - V@ V' — A® A — 0; furthermore, let d = (id,id): A —
A @ A be the diagonal, and s = (id,id): B @® B — B the sum; now the Baer sum of
¢ and 7 is defined to be

E+n=s-(Dn)- d;

the resulting map

+: EXt(l@p[GK](A, B) X EXt(l@p[GK]<A, B) — EXt(l@p[GK](A, B)
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

makes the set Extép[G «](A, B) into an abelian group whose zero element is given by
the class of the canonical split extension 0 - B — B® A — A — 0 where B® A
carries the direct-sum G-action; furthermore, the additive inverse of £ is given by
(—idp)-& = £ (—idy); for all this, see [62], section 2. The Q,-vector space structure
of the abelian group Ext(l@p[GK](Qp, Q,(1)) will be discussed below.

This discussion carries over verbatim to the abelian category Rep; (G ) of Z,-
linear p-adic representations of Gk whose objects are finitely generated (not neces-
sarily free) Z,-modules which are endowed with a continuous action of Gg; mor-
phisms in the category Repy (Gk) are Gg-equivariant Z,-linear maps. We denote
by Ext%p[GK} (Z,,7,(1)) the abelian group of Yoneda extension classes of Z, by Z,(1),

the group law being given by the Baer sum.

Remark. Even though the underlying Z,-module of an object of Rep; (G) is not
in general free, one observes that given an extension 0 — Z,(1) - M — Z, — 0 of
Zy-linear p-adic representations the Z,-module M is, in fact, always free of rank 2;
indeed, by the Snake Lemma, the functor on Z,-modules defined by P — T(P) =
ker(P — P ®z, Q,) is left-exact, so that M is torsion-free and therefore free. —

3.2.3 Yoneda extensions and Galois cohomology
Following [75], 2.3.2 (see also [18], 5.1), we define a map
CHGr, Zy(1)) — Exty, (g, (Zp, Zy(1))

as follows: the image of a 1-cocycle ¢: Gk — Z,(1) is defined to be the class of the
extension
ee: 0—2Z,(1) 5 2,01)0Z, 57, — 0

where p € G acts on Z,(1) ® Z,, via
p: (y,x) — (p.y+ xc,, x)

for x € Z,, y € Z,(1); by virtue of the cocycle condition on ¢, one immediately
obtains p'.(p.(y, 7)) = (p'p).(y,x) for p,p € G, and ciq = ciq.a implies id.(y, z) =
(y,z); we further remark that by the continuity of ¢ the induced Z,-linear action

G X (Zp(l) D Zp) - Zp(l) ® Zy

becomes continuous. Finally, observe that with respect to the basis ((e,0), (0,1)) of
Z,(1) ® Z, (where the Z,-basis e = (¢™),, of Z,(1) was chosen in section (3.1)) the
action of p € Gk is described by the matrix (XE{’) %) € Gla(Zy).

For later use we want to give a detailed explanation of the following well-known
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3.2 Yoneda extension classes of p-adic representations, and Galois cohomology

Proposition 3.5 ([18]). The map C'(Gk,Zy(1)) — Exty g,q(Zy, Zy(1)), ¢ —

lec], induces an isomorphism of abelian groups
Hl(GK>Zp(1)) = EX%,,[GK}(ZP’ Zp(1)).

Proof. We have to show that ¢ — [e.] defines a surjective group homomorphism
with kernel B'(Gk,Z,(1)). First of all, it is clear that the trivial cocycle is mapped
to the class of the canonical split extension 0 — Z,(1) — Z,(1) ® Z, — Z, —
0; in order to see that the (pointwise) sum of two cocycles ¢, : Gx — Z,(1) is
mapped to the Baer sum [e.] 4 [e~], we study the latter, proceeding as follows: let
s: Zy(1) ® Zy(1) — Z,(1) be the sum and d: Z, — Z, ® Z, the diagonal; from the

commutative diagram inside RepZP(G k) with exact bottom row

X — L
d
ce@es:  0—=Ly(1)P o (Zy(1) © L) * or 2% —— 0
where
X = (Z (1) G Z ) pr @prC/,Zgﬂ,d Zp
= {({w2W")) e (2,(1) © Z,)** & Zy, d(2") = (pr. @ pro)((y, 2), (v, ')}
{(( ) € (Z,(1)® Z;D)G92 © Zy, (2", 2") = (z,2) in Zgz}

one obtains a Gk-equivariant extension
0—Z,(1)%* 5 X 57,0

here i = (0,.®iy): Z,(1)®* — X is given by (y, ') — (((%0)70(%0)) ), and pr: X — Z,
is the projection onto the second component; the latter extension gives rise to a

pullback diagram

0—=Z,(1)®2 2= X =27, — 0
si i%m)
Zp(l)?Y

where
Y = Z,(1) 1" O™ X = (Z,(1) @ X) /im(s, —i),

with coprojections induced by those of Z,(1) & X; we obtain a Gg-equivariant
extension

(0 pr)

0—>Zp(1)—>Y Zy, — 0

where j: Z,(1) — Y is given by y — (y,0), and where (0,pr): ¥ — Z, maps
the residue class of (y”,(((y,w);(/y'»m')))) to 2. Tt is well-known that every short
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

exact sequence of finite free modules is split, i.e., we obtain a Z,-linear section
w: Z, — Y of the projection (0,pr): ¥ — Z, which in the present situation maps
& € Z, to the residue class of (0, (((%#),0.2))); note that w is not in general G-
equivariant' we further recall that w induces a direct-sum decomposition of Y being
Y =im(j) @ im(w). We observe that the residue class inside Y of a given element
(y", (((y’ )z(,,y “Y) € Z,(1) ® X admits the couple

(y+y +y" (O20) e Z,(1) & X

as a representative; the latter may be decomposed as (y+y'+y”,0)+ (0, ( ((O’x)a;,(,o’z/)) )
and, in view of the above characterization of X, its residue class therefore is mapped

o (y+vy +y", x) via the Gg-equivariant isomorphism of Z,-modules

~

Y =im(j) & im(w) = Zy(1) & Z,,

where Z,(1) & Z, is endowed with the Galois action from the definition of e ;. ; the

latter isomorphism fits into a commutative diagram with exact rows

' (0,p1)
0—=7Zy(1) ———y — = 0

5

0 HZp(l) c+c (1) @ Z) c+c! Z . 0

inside the category Rep; (Gk), and we may summarize that the extension class
[ecte] 18 Yoneda-equivalent with the Baer sum [e.] + [e~], as desired. Next we show
that the map ¢ — [e.] is surjective. Let £ € Ext%p[GK}(Zp, Zy(1)) be the class of the
extension

0—Z,(1) 5V 27z, -0,

since the underlying extension of Z,-modules is split, there is a Z,-linear section

w: Z, — V of the projection pr: V — Z, which induces a Z,-linear isomorphism
V =im(i) @ im(w) = Z,(1) & Z,,
v = (v — (wpr)(v)) + (wpr)(v) — (Yo, pr(v)),

where y, € Z,(1) is uniquely determined by the condition i(y,) = v — (wpr)(v); we
observe that w(1) € V' is mapped to (0, 1) € Z,(1) & Z, via the latter isomorphism:;

on the other hand, for a given p € G we have

paw(L) = paw(1) — (wpr)(paw(1)) + (wpr)(paw(L)) = paw(L) — w(pd) + w(p.L),

so that the element p.w(1) is mapped to the couple (v,,1) € Z,(1) & Z,, where
Yp € Zy(1) is uniquely determined by the condition i(v,) = p.w(1) — w(1); from

i(yp + 0) = (p'p)w(l) —w(1)
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3.2 Yoneda extension classes of p-adic representations, and Galois cohomology

for p, p' € G it immediately follows that the assignment p — +, defines a 1-cocycle
Gk — Z,(1) which, by the continuity of the Gk-action on V, is continuous, and
which we denote by ; in order to see that the Gk-action of Z,(1) & Z, is indeed
given according to e., we just need to remark that for every y € Z,(1) and x € Z,, a
given p € Gk does act on i(y)+w(z) as i(p.y+x7v,)+w(r). We may summarize that
¢ = [e,]. It remains to verify that [e.]| is trivial if and only if ¢ is a 1-coboundary;
indeed, suppose that given ¢ € C'(Gg,Z,(1)) there is some « € Z,(1) such that
¢, = p.a — « for all p € Gk, i.e., that ¢ is a 1-coboundary; then for every p € Gk

the element (—a, 1) is fixed by the Z,-linear automorphism
0 (1) 2y — Zp(1) 8Z,,  (5,3) = (py + 2(pa — @), 2),

associated to ¢, and the Z,-linear map Z, — Z,(1) & Z, defined by 1 — (—a, 1) is a
G k-equivariant section of the projection Z,(1) & Z, — Z,, i.e., [e.] = 0; conversely,

suppose that the extension
e: 0—Z,(1) 5 Z,(1) e Z, 2 7, —0

admits a G g-equivariant Z,-linear section w: Z, — Z,(1) & Z, of pr; from this we
may conclude that p.w(l) = w(1) for every p € Gk, and w(1) = (y,1) for some
Y € Zy; therefore

0=pwl)—w(l)=(py+c,1)—(y,1) = (py —y+¢,,0)
for every p € Gk, i.e., ¢ has to be a 1-coboundary. U
The proof in particular shows that the map
HI(GK7ZP(1)) - EXtép[GKMZmZ’p(l))v c— [66]7

does, in fact, give rise to an isomorphism of Z,-modules: since C*(Gg,Z,(1)) is a
Z,-module by pointwise operation and admits B'(Gx,Z,(1)) as a Z,-submodule,
we may argue on the level of 1-cocycles, and on the other hand we may restrict our
attention to extensions of the type e. for varying 1-cocycles ¢; now there can be
only one Z,-module structure on Ext%p[GK](Zp, Z,(1)) such that the 1-cocycle Ac is
mapped to Ae.] for every A € Z,, and the above arguments show that indeed all
needed axioms are met by the obvious candidate; more generally, this Z,-vector space
structure may be described in terms of pullbacks (or, equivalently, pushouts): for a
given A € Z, and the class £ € Extép[GK](Zp,Zp(l)) of 0 = Z,(1) -V = Z, — 0
say, define A\ to be \*¢ = £ - A, i.e., the class of

0— Zy(1) = V Xz, 1 Zp — Zy — 0;

see [23], A3.26(e); indeed, from & = [e.] it follows that A\ = [ex.].

Replacing Z, by Q, everywhere, we obtain
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

Corollary 3.6. The map C*(Gk,Q,(1)) — Ext(l@p[GK](@p,Qp(l)), c— e, induces

an isomorphism of Q,-vector spaces

HY(K, Qy(1)) = EXt%}gp[Gk} (Qp, Qp(1)).

By virtue of the natural isomorphism of QQ,-vector spaces
H'(K,Qy(1)) = H'(K,Z,(1)) ®z, Q,,
the preceding corollary implies

Corollary 3.7. There is a natural isomorphism of Q,-vector spaces

EXt}@p[GK](Qme(l)) = EXt%p[GK](Zpa Zy(1)) ®z, Qp.

The connection with Galois Cohomology also yields

Corollary 3.8. There is a natural isomorphism of Z,-modules
K>~ Exty ,(Zy, Zy(1));
which in particular induces an isomorphism of Q,-vector spaces

K> ®z, Qp =~ EXt(bp[GK]<Qp7Qp<1))-

O

Finally, in the notation of Proposition 3.3, we may draw the following conclusion:

Corollary 3.9. Let ¢ € K* be such that |q| < 1, and let E,/K be the corresponding
Tate elliptic curve; fixing a basis of the p-adic Tate module T,(E,), for every p € G
let ¢, € Z, be such that the action of p on T,(E,) is given by the matriz (Xgp) %) €
Gly(Z,). Then the map p +— c, is a continuous 1-cocycle G — Z,(1). O

3.3 Crystalline and semi-stable extensions of Q,
by Q,(1)

Our aim in the present section is to explain the following Proposition. First we re-
mark that the abelian group Extl..(Q,, Q,(1)) (resp., Ext}(Q,, Q,(1))) of Yoneda
extension classes of @, by Q,(1) inside the abelian category Rep(Gk) (resp.,
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Repg (Gk)) may be viewed as a subgroup of Extép[GK} (Qp, Qy(1)); namely, an ex-
tension class € € Extap[GK](Qp, Q,(1)) belongs to Extl;.(Q,, Q,(1)) (resp., to Ext.,

(Qp, Q,(1))) if and only if for one (and hence for every) representative 0 — Q,(1) —

V — Q, — 0 of £ the p-adic representation V' is crystalline (resp., semi-stable).

Here we already use the well-known fact that the trivial p-adic representation Q,
is crystalline and, in particular, semi-stable; the same is, of course, also true for

Q,(1); for an argument, we refer to the remarks after 3.19.

Proposition 3.10. There is an exact sequence of Q,-vector spaces

0— EXtcl;ris(@pv@p(l)) - EXt;t(Qm @p(l)) — Q, — 0.

3.3.1 The p-adic valuation sequence

Below we will give a proof of this result using Fontaine’s characterization of crys-
talline and semi-stable p-adic representations of Gi in terms of weakly admissible
filtered (, N)-modules (see [27]). First we give an argument letting Galois cohomol-
ogy intervene, using the results of the previous section. We commence by proving

the following

Lemma 3.11 ([15]). The choice of a uniformizer © € og for the complete dis-

cretely valued field K gives rise to a split exact sequence of Z,-modules
0—>1+mK—>ﬁ—>Zp—>0;
in particular, this induces an exact sequence of Q,-vector spaces
0— (14+mg)®z, Q, — K* ®z, Q, = Q, — 0.

Proof. The normalized discrete valuation on the field K gives rise to an exact se-

quence of abelian groups
0—ox—>K*—7Z—0,

and our choice of a uniformizer m € ox defines a section Z — K> of the valuation
map K* — Z which is given by 1 — m, i.e., the above sequence is split, and
it therefore induces a direct-sum decomposition of the abelian group K*, being

K* = o @ Z. Furthermore, there is a canonical exact sequence of abelian groups
l—=14+mg —op =k —1

which is split as well: using that k is perfect, and according to [69], 11.4.8, let

A: k — ok be the unique section of the residue map ox — k being compatible
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with p-th powers; by loc. cit. the map A is multiplicative, and it restricts to a
map of abelian groups k* — oj which canonically renders the above sequence
split; furthermore, the subgroup A(k*) C o) is p-divisible. We obtain a direct-sum
decomposition of the abelian group oy, being o = A(k*) @ (1 + mg), and we may

summarize that there is a (non-canonical) identification
K*=XkE")® (1 +mg) @ Z

Now fix an integer n > 1. Applying the functor - ®z Z/p™ to the latter identity, we
get
EXJ(EP = ME)AEP" @ (L+mg) /(1 +mg)” @ Z/p".

As the group A(k*) is p-divisible, the first summand on the right-hand side is trivial;
we observe that for every s > 1 and 2 € K* we have 27" = (zP)?", i.e., the obvious
transition map of abelian groups (1 4+ mg)/(1 +mg)?™" — (1 + mg)/(1 + mg)?’
is well-defined and surjective, i.e., the Mittag-Leffler condition is met; on the other
hand, the abelian group U = UM = 1 + mg is p-adically complete: the canonical
map U — @(S)U/Ups has to be injective since oy is the direct sum of U and the
p-divisible group A(k*); the surjectivity of the completion map is seen as follows:
given an element ((1 + 7x,)U?"),, of the projective limit, choosing a representative
1+ 7z, € U of the n-th component for every n > 1 amounts to giving a Cauchy
sequence (1 + 7x,), with respect to the topology given by the p-adic filtration
(UP"),, of U; from 7 | p it follows that UP" C 1 4+ m%™, and we obtain a relation
1+ 7mxn = (14 mx,)(1 + 7"y, for every n > 1; by induction it follows that
1+ 721 = [Tj_o(1 +7/"y;) where we set yo = x1; it is now instantly verified that
the infinite product 2’ = 72, (1 + mItly,) is m-adically convergent and lies inside U;
by a multiplicative version of the argument given in 3.23(ii) below, one now shows
that p-adically 1 4+ 7z, — 2’ = 1+ 7z as n — oo. We may summarize that taking
the projective limit over the above mod-p™ identifications gives a (necessarily split)

exact sequence of Z,-modules
O—>1—|—mK—>I/(\X — Ly — 0
which implies the desired result. 0

Proposition 3.12 ([3], [75]). (i) The isomorphism of Q,-vector spaces K~ ®z,
Q, — Ext(l@p[GK} (Qp, Qy(1)) from 3.8 restricts to an isomorphism of Q,-vector

spaces
KX ®Zp QP E} EXt;t(@ZNQP(]'))J

i.e., for every extension 0 — Q,(1) — V — Q, — 0 inside Repg (Gr) the

p-adic representation V is By -admissible.
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3.3 Crystalline and semi-stable extensions of Q, by Q,(1)

(it) The isomorphism of Q,-vector spaces K~ ®z, Qp — Exty(Q,, Qy(1)) from (i)

restricts to an isomorphism of Qp-vector spaces
(1 + mK) ®Zp Qp E) EXt}:ris(Qp7Qp(1))'
Proof. See [3], 11.4.4, and [75], 2.3.2. O

Corollary 3.13 ([3], [75]). Let ¢ € K* be such that |q| < 1, and let E,/K be the
corresponding Tate elliptic curve; let T,(E,) = lim ) E,[p"](K™¢) be the p-adic Tate
module of Eq, and let V,(E,) = T,(E,) ®z,Q, be the associated p-adic representation
of Gk. Then V,(E,) is Bs-admissible but not Bes-admissible.

Proof. By virtue of 3.3, it follows directly from 3.12(i) that V,(E,) is semi-stable.
The argumentation in [75], 2.3.2(2), shows that V,(E,) cannot be crystalline. [

We may summarize that there is a commutative diagram of QQ,-vector spaces with

exact rows

0—— (1+mg) ®z, Q, K> ®z, Qp Qp 0
0——> EXt(I:ris(@pa Qp(l)) - Ethlt(Qpa Qp(l)) —Q,—0

where the vertical arrows are isomorphisms. This proves Proposition 3.10. In what

follows we view this result in a different angle.

3.3.2 The semi-stable period functor Dy

We recall that there is an exact equivalence
Dy : Repy (Gg) — M Fg(p, N)™

between the abelian category of semi-stable p-adic representations of the group G
on the one hand, and the abelian category of weakly admissible filtered (p, N)-
modules over F' = Frac(W (k)) on the other hand. The additive category of filtered
(p, N)-modules over F' has already been discussed in (2.1.2). We commence by ex-

plaining the notion of weak admissibility for filtered (¢, N)-modules.

Note that given an F-vector space V' of dimension d < oo, together with a map of
abelian groups ¢: V' — V which is semi-linear (always with respect to the Frobenius
lift o: F = F), by A%p: A%V — AV we mean the semi-linear map of abelian groups

corresponding to the F-linear map

Al : a*(/\dV) ~ /\d(a*V) — AV
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

The map A%p is again bijective if ¢ is: indeed, if 9B is a fixed F-basis of V and if

A= %[@](mg)

to B then

€ F?*? denotes the matrix describing ¢ (o-semi-linearly) with respect

det(A) = det(p[p™]o+m) = ram[A%P " g = Ad%[/\dSO]E\C;)@

now some calculations in o-semi-linear algebra ([67]) show that det(A) # 0 if and
only if V' is F-linearly generated by the image of ¢, and the latter condition already
implies that ¢ is injective; moreover, since ¢ is an automorphism of the field F', the
image im(¢) C V is, in fact, an F-linear subspace of V, and so we may conclude

that det(A) # 0 if and only if ¢ is surjective if and only if ¢ is injective.
Definition 3.14. Let D = (D, ¢p, Np, (Fil'Dg);) be a filtered (o, N)-module of

dimension d = dimp D.

(i) For any fized basis d € D of the 1-dimensional F-vector space AN°D let X € F*
be the describing matriz of the semi-linear automorphism ANlpp: ACD — AD
of the abelian group AD with respect to d. The Newton slope of D is defined
to be

tn(D) = ord, ()

where ord,(\) € Z is the p-adic valuation of X.

(ii) Let (Fil'(AYDg)); be the induced filtration of N'Dg C D ®k ... @k D (d
factors) where Fil'(Dg ®k ... @k Di) is for every i € 7 given by
> Fil"(Dg) ®k ... ®k Fil'(Dg) C Dg @ ... @ Di.
114 Fig=1
The Hodge slope ty(D) of D is defined to be the integer i € Z such that
Fil'(AYDg) = A*Dg and Fil'™ (AYDg) = 0.
The integers ty(D) and ty (D) associated to D are indeed well-defined; see [27],
(6.4.2).

Lemma 3.15 ([27]). Let D = (D, pp, Np, (Fil'(Dg));) be a filtered (¢, N)-module.
For every i € 7 let gr'(Dg) = Fil'(Dg)/Fil't'(Dg) be the associated i-th graded
object. Then

tr(D) =) _idimg(gr'(Dx)).

i€z
Proof. See [27], 6.45. O

For the following Lemma, note that a sequence of finite-dimensional filtered K-
vector spaces 0 — V' — V — V" — 0 is, by definition, exact if and only if the

underlying sequence of K-vector spaces is exact and
Fil'(V") = Fil'(V)n V',  Fil"(V") = (Fil"(V) + V') /V’

for every i € Z.
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3.3 Crystalline and semi-stable extensions of Q, by Q,(1)

Lemma 3.16 ([27]). Let 0 — D' — D — D" — 0 be a short exact sequence of
filtered (¢, N)-modules, i.e., a short exact sequence of left F|p, N]-modules such that
the induced K-linear sequence 0 — D% — Dg — D% — 0 is an exact sequence of

finite-dimensional filtered K -vector spaces. Then

tn(D) = tn(D') +ty(D"), tg(D) = tu(D') +tu(D").
Proof. See [27], 6.42, 6.46. O

For a given filtered (yp, N)-module D = (D, ¢p, Np, (Fil'(Dg));) over F, a sub-
object of D consists of a (necessarily finite-dimensional) F-subspace D' C D which
is a left F[¢, N]-submodule of D, i.e., which is stable under ¢p and Np, and such
that Fil'(D},) = Fil'(Dg) N DY for every i € Z; this may be rephrased by saying
that a subobject of D corresponds to an exact sequence 0 — D’ — D of filtered
(p, N)-modules. Note that for any subobject D’ with underlying F-vector space
D' the restriction ¢p|p: D' — D’ is still injective and therefore, by the above

characterization of o-semi-linear bijections, is a semi-linear automorphism of D’.

Definition 3.17. A filtered (¢, N)-module D = (D, ¢p, Np, (Fil'Dg);) over F is
called weakly admissible if

— tg(D) = in(D);
— for any subobject D' = (D', ¢p|p, Np|pr, (Fil'(D%));) one has

tu(D') < tn(D).

One denotes by M Fg (¢, N)™ the full subcategory of M Fy (¢, N) consisting of
those filtered (¢, N)-modules which are weakly admissible. For the sake of com-

pleteness we state the well-known

Theorem 3.18 (Fontaine, Colmez-Fontaine). (i) (/27]) M Fx (o, N)¥ is an

abelian category.
(it) ([19], [26]) The functor
Dy: Repg, (Gx) — MFx(p,N), Vi (V ®g, By)C*,

induces an additive, exact equivalence between the category Repy (Gk) of Bgt-
admissible p-adic representations of Gk and the abelian category M F (o, N)™*
of weakly admissible filtered (¢, N)-modules over F'. O
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

For example, the base field F' = Frac(W (k)) becomes a left F[p, N]-module by
setting
pp=0:F —F Np=0:F—F;

if the filtration of Fx ~ K is given by

Fy ifi <0,
0 if7>0

Fil'(Fg) =

for i € Z then the collection K(0) = (F,¢r, Np, (Fil'(K));) becomes a filtered
(¢, N)-module which clearly is weakly admissible since t5(K(0)) = 0 = ty(K(0)).
The structure of a filtered (p, N)-module on F' can also be "twisted" — one defines
a filtered (, N)-module K (1) by equipping the abelian group K (1) = F with the
left Flp, N]-action given by ¢rqy = %cr and Ngny = Np = 0; the filtration of

K1)k ~ K is given by

K(l)g ifi<—1,
0 ifi > -1

Fil'(K (1)) =

for i € Z. Also K (1) is weakly admissible, for we have ty (K (1)) = —1 = tn(K(1)).
It is well-known that K (0) = D« (Q,); moreover we have

Lemma 3.19 ([27]). The choice of a basis of Z,(1) over Z, induces an isomor-
phism

Dyt (Qy(1)) = K(1)
inside M F(p, N)™.

Proof. See [27], (7.1.3). O

In particular, the p-adic representation Q,(1) is crystalline. Similarly as in The-

orem 3.18, the functor
Daris: Repg, (Gk) = MFk(p), Vi (V ®g, Bes) ¥,

induces an additive, exact equivalence between the abelian category Rep,,(Gk)
of crystalline p-adic representations of G and the abelian category M Fi (@)™ of
weakly admissible filtered p-modules over F'; where weak admissibility is defined as
in the case of filtered (p, N)-modules; see [15], [26], [27].

We denote by Extyp (o pywal(;) (resp., by Extyp wa(-,-)) the Yoneda Ext!-
group with respect to the abelian category M F (o, N)" (resp., M Fi(p)"?), the
group law being given by the Baer sum; we have explained this for the case of the

abelian category Repg (G ) in section (3.2); for a general discussion, see [62].
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3.3 Crystalline and semi-stable extensions of Q, by Q,(1)

Proposition 3.20. The functor Dy induces isomorphisms of Q,-vector spaces

Bxte (Qp, Qp(1) = Extyypy vy (K(0), K(1)),

Extos (Qp, Qp(1)) 2 Bxty gy (e (K(0), K(1)).

Proof. We need merely remark that the functor Dy is additive, exact, and fully
faithful; furthermore, it restricts to the functor D, on crystalline representations.
In particular, Yoneda equivalence classes of extensions 0 — Q,(1) — - — Q, — 0
inside Repy(Gk) correspond to Yoneda equivalence classes of the associated ex-
tensions of filtered (¢, N)-modules; the same is true in case N = 0, i.e., on the
crystalline level. If we endow each of the abelian groups on the right-hand side with
the usual F-vector space structure, using that F7='9 = Q, we instantly see that the

asserted isomorphisms are QQ,-linear. O
Proposition 3.21. There is a canonical exact sequence of Q,-vector spaces
0 — Extyp (o (K(0), K (1)) = Extyp, onywa (K(0), K(1)) — Q, — 0.
Proof. Suppose we are given an extension
0— K(1) % D2 K(0)—0

of weakly admissible filtered (¢, N)-modules where D is the F-vector space un-
derlying D; let & be its Yoneda equivalence class with respect to the category
M F(p, N)¥. To begin with, we conclude from 3.16 that

tn(D) = tn(K(0) +in(K(1)) = =1 =ty (K(0)) + 1 (K (1)) = tu(D).

Since the Frobenius lift o: W (k) — W (k) is an automorphism of the ring of Witt
vectors over k, the W (k)-submodule W (k) of F'is an W (k)-lattice of K(0) verifying
oW (k) = p°W(k); so, by [76], 6.18, the @-isocrystal K(0) is isoclinic. By the same
argument, the ¢-isocrystal K (1) is isoclinic, for we have a relation (%U)W(k) =
p'W (k). By [76], 6.21, our given extension of filtered (¢, N)-modules gives rise
to a split extension of p-isocrystals (forgetting about Np and the filtration) via a
unique @-equivariant section w: F' — D of the projection pr: D — F|, i.e., there is

a direct-sum decomposition of p-isocrystals
D =K(1) ® K(0)

showing that with respect to the canonical basis 8 = (i(1),w(1)) of D, the map ¢p

is (o-semi-linearly) described by the matrix

wlenls = (1P 9) € Gly(F).
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

From the N-equivariance of the map i: K(1) — D we immediately derive that
Np(i(1)) = 0; on the other hand, the identity of o-semi-linear maps Npypp = pppNp
yields that

¢p(Np(w(1))) = ;Np(w(1));

p
writing Np(w(1)) = ai(1) + fw(1) we find that o(a) = a, ie., a € F774 = Q,, as
well as 3 = po(3); however, the latter relation implies that § = 0, for if we uniquely
write, say, 5 = 3'p", where ' € W (k)* and n € Z, we obtain o(3) = o(5’)p™ which
leads to a contradiction since o(/') is a unit again; next we remark that given a

commutative diagram

0 K(1) D —2 K(0) 0
0——K(1) "~ D' LK) —>0

inside M Fi (o, N)** where ¢: D — D" is an isomorphism of filtered (¢, N)-modules,
together with a ¢-equivariant section w: K(0) — D of pr: D — K(0), the composi-
tion (w is a p-equivariant section of pr”: D” — K(0), and the couple (:"(1), (cw)(1))
is an F-basis of D”; the relation Np»((cw)(1)) = a(tw)(1) now shows that the map

Exthy gy ovywa (K (0), K(1)) = @, & a,

is, in fact, well-defined; it obviously remains to be shown that this map is Q,-linear
and surjective: by construction its kernel is already as desired; in order to prove the
Q,-linearity, we study the Baer sum £ + & where ¢’ is the Yoneda equivalence class
of an extension
0— K(1) 5 D' ™ K(0) — 0

inside M F (o, N)¥?; let w': F' — D’ be the unique ¢-equivariant section of the
projection pr': D' — K(0); let s: K(1) & K(1) — K(1) be the sum and d: —
K (0) & K(0) the diagonal; proceeding similarly as in the proof of 3.5, we derive an

extension o
0— K1) e K1) " x & K0) =0

inside M F(p, N)*®, where

X = (D& D) Xpapr k(0)@k (0).d K (0)
= {((a,b),2) e (D& D")® K(0), pr(a)=z=pr'(h)};

here i: K(1) ® K(1) — X is given by (x,y) — ((i(z),4'(y)),0), and the map X —
K (0) is given by the projection onto the second component; in a second step we
obtain an extension

pry

0— K1) %Y % K(0) — 0,
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3.3 Crystalline and semi-stable extensions of Q, by Q,(1)

inside M Fi(p, N)™ where

Y = K(Q1)IsF0erms x
= (K1) ® X)/im(s, —i),

the maps being given as follows: via i, : K(1) — Y an element x € K(1) is sent to
the class of (z,0) € K(1) @ X, and the class of a couple (z, ((a,b),2)) € K(1) & X
is via pr_: Y — K(0) sent to z € K(0). Let w: K(0) — Y be the F-linear map
defined by

1+ class of (0, ((w(1),w'(1)),1));

this map is evidently a section of the projection pr, : Y — K(0) just described, and
we claim that w is p-equivariant: indeed, first of all, it is instantly seen that X is an
Flp, N]-submodule of (D& D’)® K (0) and that the canonical projection K (1)®X —
Y naturally becomes F[p, N|-linear as well; but this said, the p-equivariance of w
is immediate. Similarly as above, the N-equivariance of i, : K (1) — Y shows that
Ny (iy(1)) = 0; let us compute Ny (w(1)): using the equivalence relation defining
Y we see that Ny (w(1)) equals the class of (0, ((«i(1),a’i’(1)),0)), provided that
Np(w(1)) = «@i(l) and Np/(w'(1)) = o/i'(1); however, the latter equivalence class
admits the element (a+a')i; (1) as a representative, which proves that the Baer sum
€ + ¢ is, in fact, mapped to oo + o’. Let A € Q, be a scalar; in order to accomplish
the proof of the desired Q,-linearity, we study the Yoneda equivalence class A\*§ of
the extension
0— K(1) 2 D X gqoyn K(0) 23 K(0) — 0

where iy: K(1) = Z = D Xp ioy,x K(0) maps 1 to (i(1),0); we define an F-linear
and g-equivariant section wy: K(0) — Z of pry: Z — K(0) by 1 — (Aw(1),1);
note that here we make use of our requirement A\ € F?~¢: we finally remark
that the resulting F-basis By = (ix(1),wx(1)) of Z verifies Nz(ix(1)) = 0 and
Nz(wx(1)) = (Aa)ir(1), provided that Np(w(1l)) = «i(l). Let us now show the
desired surjectivity. Let A € Q, be given. We construct an extension

0—>K<1>1>QE>K<O>—>O,

inside M Fi (@, N)™ as follows: the F-vector space underlying D is D = K(1) &
K(0), and ¢, pr are canonically given by i: 1 — (1,0), pr: (0,1) — 1; the structure of
a left F[p, N]-module on D is given by ¢p = pxn) @ pr = (%O’) ®o, Np((1,0)) =0,
Np((0,1)) = A(1,0); there is an obvious y-equivariant F-linear section w: K(0) —
D of pr: D — K(0) which sends 1 € F to (0,1) € D. Using the requirement of
N-equivariance, the left F[p, N]-module D admits only a single proper nontrivial
left F[p, N]-submodule which is given by D’ = im(K (1) — D) = F(1,0). We have
to define a filtration of Dy = (K(1) ® K(0))x = K(1)x ® K(0)x such that D
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

becomes weakly admissible; necessarily, by 3.15, such a filtration has to be of the
type
Dy fori < —1,

Fil'(Dg) =L fori=0,
0 for i > 1,
where £ C Dy is a suitable 1-dimensional K-linear subspace of Dg. Setting
L=im(K{0)x — Dg)=K((0,1) ® 1),
the induced K-linear sequence

0— K(1)g — Dg — K(0)x — 0

becomes an exact sequence of filtered K-vector spaces, by construction of Fil (K (1)),
Fil'(K(0)x); finally, since ty(D') = —1 = tx(D') and t5(D) = —1 =t (D), we see
that D is weakly admissibe, which concludes the proof. [l

3.4 Yoneda extension classes and bad reduction

in equal characteristic

Retaining the notation from chapter 2, let L be an equal-characteristic complete
discretely valued field extension of F, with valuation ring oy and residue field ¢ =
or/(m) where m = 7, € my is a fixed uniformizer; we denote by v = v, = ord,()
the discrete valuation on L normalized by v(m) = 1. We recall that the r-Frobenius

lift of the or-algebra oy [z] is given by the map
o:oplz] —orlz], D a;r =) aid
=0 =0

We also take up the F-algebra homomorphism ¢*: F[t] — or, recalling that the
image ¢ € o, of the indeterminate ¢ is supposed to be divided by 7, and therefore

is zero in the residue field ¢ of L.

3.4.1 Motivation: Semi-stable Drinfeld modules

We have seen earlier how the p-adic Tate module of a Tate elliptic curve naturally

becomes an extension of Z, by Z,(1) as Galois modules.

In this section we want to study an analogous situation in equal characteristic;
here the most basic objects to study are Drinfeld modules of bad reduction; their

behavior will lead to our principal object of interest. Let o € o; be a non-unit,
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i.e., such that 7 | a. We consider the Drinfeld F[z]-module ¢: F[z] — L[7] given by
2+ ( + 7+ ar?. Clearly ¢ is of bad reduction: whereas ¢ is of rank 2, its reduced
Drinfeld module over ¢ is of rank 1. By Drinfeld’s Tate uniformization theorem there
is a Drinfeld F[z]-module ¢: F[z] — L[7] of good reduction and rank 1, together
with an analytic morphism ¢ —,, ¢; the latter is given by a formal power series
u € og[[z]] of the form u =z + 3,5, u,a" verifying v(u,)/r” — oo as v — oo, and

uh, = @qu for all a € F[z]. By Theorem 2.10 there is an exact sequence
0— N — M(p) @) L(z) = M(¢) @z L{z) — 0

compatible with the respective semi-linear data, together with a finite field extension
L'/L such that the pair (N ®py L'(z), 7nv ® o) is isomorphic to (L'(z),0). Note
that the underlying sequence of L{z)-modules is split, but in general the splitting
will not be F-equivariant. We know that, up to a unit ¢ € o}, the 7-action on
M (v) ®prp2 L(z) is with respect to the canonical basis 1 € M(¢) given by z —(, and
since the Fy-action is trivial over L', we see that after replacing L by L’(cﬁ) the
T-action of M(p) @] L(z) with respect to its composed L(z)-basis is given by a
matrix of the form
(3.70) € L(z)?,

Since ¢ is of bad reduction as a Drinfeld module, the resulting object M(¢) @[,
or[z][1/7] should give rise to a proper "semi-stable local shtuka'; note that a priori
we do not have a chance to remedy negative powers of 7 in the coefficients. We may
summarize that, indicating by O(n) for n > 0 the object (oL[z][1/7], F' = (2—()"00)

we obtain an extension structure
0— 0(0) = M(p) ®rpy or[2][1/7] — O(1) — 0.

By permitting finite base field extensions in the p-adic case, here and in the following
discussion we may ignore the circumstance that we have to extend the base field L
in order to obtain the described extension structure of M(y) ®p.] L(2) (rather than

being able to obtain this structure in a rational way).

3.4.2 The Carlitz module

We want to exhibit the circumstance ([74]) that, based on the analogy between
Z and F[t], the Carlitz module C: F[t] — L[r] defined by C; = ( 4+ 7 provides a

function-field analogue for the multiplicative K-group scheme
Gm,K = SpeC(K[u, u_l])

in the following manner: recall that the group scheme G,, = Spec(Z[u,u"']) repre-

sents the functor

(schemes) — (abelian groups), S+ T'(S,0g)™.
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

Stressing that Spec(Z) is the final object in the category of schemes and that abelian

groups correspond to Z-modules, one observes that G,, parallels the functor
(F[t]-schemes) — (F[z]-modules), S — I'(S,Os),

where z acts on the F-vector space I'(S, Og) via the F-linear endomorphism z —
tx + 2”; note that via this functor, for every L-algebra R the F[t]-scheme Spec(R)
goes to the F[z]-module C'(R); here we use that every L-algebra becomes an F[t]-

algebra via our fixed characteristic map of F-algebras F[t] — L, t — (.

In this spirit we may regard the z-adic Tate module
F[21(1) = T2(C) = limy,», C(L7P)[2"]

as a z-adic analogue for Z,(1); for every n > 1 the abelian group C(L*#)[2"] is
naturally an F[z]/z"-module which is free of rank 1 (for example, by [59], 2.5(a));
by virtue of the following elementary Lemma, the abelian group C(L*8)[z"] con-
sists of the roots of a separable polynomial over L, so that, in fact, the abelian
group C(L*P)[2"] is free of rank 1 as a module over F[z]/2", and therefore we may

summarize that 7,(C) is a free F[z]-module of rank 1.

Lemma 3.22. Via the isomorphism

L [T] = End(GrSch/L),Fflin(Ga,L)7

Y a,m™ — Spec(L[z] — Lz], z— Y a,a”),
v=0 v=0

where L[r] is the skew polynomial ring over L with the commutation rule Tae = a1
for o € L, every power of (+7 € L[] corresponds to (an endomorphism G, — G, 1,

given by) a separable polynomial over L.

Proof. The skew polynomial ¢ + 7 € L[] corresponds to fy = (x + 2" € L[x] whose
formal derivative is

(d/dx)(Cx+2a")=( e L*.
Therefore ged(fo, (d/dx)fy) = 1. To accomplish the proof, it suffices to show that
for f € L[z] the condition deg((d/dx)f) = 0 implies deg((d/dz)((f + f")) = 0
However, this is immediate, for we have (d/dx)(Cf + ) = ((d/dz)f. O

Let us briefly discuss the z-adic analogue for the p-adic cyclotomic character y g :
G — ). Let (tn)n>0 € To(C) be a coherent sequence where t,, € C(L*P)[2"'] is

an [F[z]/2""!-basis, in particular

til =~ (tatth =t (n>1).
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3.4 Yoneda extension classes and bad reduction in equal characteristic

This sequence gives rise to an isomorphism of F[z]-modules
Autpp(T5(C)) ~ F[2]*;

we consider the element t. =, t,2" € Loo[[2]* where Lo, = L((t,)n>0); note that
to € LY. Let 0 = o1 : Lo[z2] — Loo[z] be the r-Frobenius lift of Lo[z]. By
construction o(t) equals (z — {)ty. Let v € G. Since t, is a unit in Ly [z], there

is a well-defined element x(7) € Loo[2] such that
2 ()2 = xp ()t
n=0

Since ( lies in the ground field L, the element x () is o-invariant: we have

o(xL(v)) = U(i Y(tn)z"o (t2) 7 = (2 = Oxe(Ntro(ty) ™ = x2(7),

n>0
i.e., the coefficients of x () lie in the splitting field of the polynomial " —z € L[z]
inside L*P i.e., xr(y) € F[z]*; because of the defining relation of x(v), the
absolute term of x(7) has to be nontrivial. We obtain a character x,: G —

F[z]* which is our analogue of xg, and which induces a canonical embedding
Gal(Ly/L) — F[z]*; see [40], 1.3.

3.4.3 The valuation sequence

In (3.1) we have recalled that the abelian group E(K) of K-rational points of a
Tate elliptic curve E/K over a complete discretely valued field extension K/Q, is
naturally isomorphic to the unit group K* modulo a Z-lattice of the form ¢% for
a uniquely determined parameter ¢ € K*. By virtue of the period ¢ € K*, the
p-adic representation V,(E) associated to E/K acquires a natural structure of a

semi-stable, non-crystalline extension of Q, by Q,(1). As we have seen in 3.10,
1

the Q,-vector space Ext . (Q,, Q,(1)) of Yoneda-equivalence classes of crystalline
extensions of Q, by Q,(1) sits as a Q,-hyperplane inside the corresponding Q,-vector
space Extl, (Q,, Q,(1)) for the semi-stable category; this in turn is mirrored by the

Q,-linear short exact sequence
0— (1+mK)®ZPQp—>I/(\X ®z, Qp — Q, — 0

which has its origin in a unique splitting of the canonical exact sequence of abelian
groups

l—-14mg —ox =k —1

combined with a (non-canonical) splitting of the canonical valuation sequence

1HOIX(HKXU—K>Z—>1
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

for the p-adic field K. Every splitting of the latter sequence corresponds to the
choice of a uniformizer for K. Stressing the analogy between the multiplicative
group scheme (,, and the Carlitz module C', we may regard the valuation sequence

as being an analogue for the F[z]-linear exact sequence
0— C(or) — C(L)— C(L)/C(or) — 0

where L is our equal-characteristic complete discretely valued base field; note that
the latter sequence does not admit a canonical F[z]-linear splitting. Furthermore,
looking at the above kernel sequence for the reduction map ox — k*, the exact

sequence of F|z]-modules
0— C(mg) — C(oy) = C(£) — 0

indicates that the kernel C'(my) may be viewed as a function-field analogue for the
principal-unit group 1 + mgx C ox of the p-adic field K; note that the F-linear
subspace my, of oy is indeed an FF[z]-submodule of C(or), so that writing C(my)

actually makes sense.

Proposition 3.23. (i) For everyn > 1 the F[z]-linear inclusion C(my) C C(oy)

restricts to the equality
C(mp)[z"] = Clor)[z"]
of F[z]/z"-modules.
(i) The F|z]-module C(my) is z-adically complete.
(iii) For every n > 1 the canonical map
C(mp)/z"C(mg) — C(or)/2"C(or)

of F[z]/z"-modules is an isomorphism; in particular, there is a canonical iso-

morphism of Fz]-modules

——(2)

C(my) = C(or)

Proof. For every n > 1, apply the Snake Lemma to the commutative diagram of

[F[z]-linear maps

0 — C(my) —C(op) —= C(f) —=0

0 —=C(my) —C(or) —C(() —=0
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3.4 Yoneda extension classes and bad reduction in equal characteristic

with exact rows. We have already seen earlier that the Carlitz module is of super-

singular reduction, and moreover
CO)z"={rel,a” =0} =0.

This implies at once part (i) as well as that for every n > 1 there is a canonical

exact sequence of [F[z]/z"-linear maps
0— C(mg)/2z"C(mg) — C(or)/z"C(or) — C(£)/2"C(L) — 0;

in particular, there is a canonical exact sequence of F[z]-linear maps

() ()  — ()

0—C(my) —C(o) —CU)  —0;

the latter being true since the Mittag-Leffler condition is clearly met. Finally, how-
ever, since ¢ is perfect, the map 2": C'(¢) — C(¢) is surjective, so that C'(¢)/z"C()

is trivial for every n > 1. It remains to show that the canonical map
C(my) — lim,) C(mg)/2°C(my)

is an isomorphism. First of all, we note that for every s > 1 we have an inclusion
zC(m3) € m$t and using this we show by induction on s that z°C(my) C mi'™!

for all s > 1: our claim holds true if s = 1 since r > 2, and for any fixed s we have
2#*C(mp) = 2(z'C(my)) C 20(m3) C m5Ht
provided that 257'C(m;) C m$; we may conclude that

Ne>12°C(my) C Nesymitt =0,

—— (2)
i.e., the canonical map C(my) — C(my) is injective or, in other words: C'(my) is
z-adically separated. In order to show that the displayed map is also surjective, we
fix a coherent sequence
—— (2)
(zs[2°])s € C(mp)
of residue classes x5[z°] € C(mp)/z°C(myg); in particular, we are provided that

Tgr1 — xs € 2°C'(my) for every s > 1, so we find elements ys, ws € my, such that

+

s s+1
Tsp1 —=Ts =2 Ys =T Wy,

where the latter equality follows from what we have seen above; the series x; +

Yoo, Tsr1 — X converges inside oy, and gives an element x € my, for we have

v(z) = v(wr + Y o1 — x5) > min(v(z), 0O 7 wy)) > 1;
s=1 s=1
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

here v denotes as usual the discrete valuation of L normalized by v(7) = 1; we need

yet to verify that z — x5 € 2°C'(my) for every s; indeed, we have

(o]
r—=Try; = xl—x8+2xy+1—xy
v=1

00 s—1
= Z$V+1 — Ty — leﬂrl — Ty
v=1 v=1
00
= Z Tyy1 — Ty
v=s

o0
= > 2y, =7w
V=s

where w = Y00 2Y"%y, € C(mp), see Lemma 3.24 below; note that z¥"%y, €
C(my~**1) for every v > s, as we have seen above; therefore the defining series for

w converges in oy, and indeed v(w) > 1. O

Lemma 3.24. Let o = > 72, ay, be a convergent series inside or; then z°a =

>0 2%y, inside C(or) for every s > 1.

Proof. We have

za=Ca+a" = (o, +a))=> za,.
n=1 n=1
So the claim follows by induction. ([l

3.4.4 Analytic uniformization

Having fixed a separable closure L*?/L, we denote by G = Gal(L**?/L) the ab-
solute Galois group of our complete discretely valued field L. Let A C C(L*P) be
a lattice of rank d, i.e., a finite projective (hence free) F[z]-submodule of C(L*P)
of rank d such that p(A) C A for every p € G. According to Drinfeld’s Tate uni-
formization theorem, which we have already discussed in section (2.2.2), the couple
(C, A) corresponds up to isomorphism to a bad-reduction Drinfeld [F[z]-module of
rank d + 1, which we denote by C'/A; note that C'/A plays the role of a Tate elliptic
curve E, = G,, x/q” in the p-adic world; furthermore, note that Tate uniformiza-
tion for Drinfeld modules is actually broader than that of elliptic curves: in order
to uniformize all stable Drinfeld modules over L, one would have to allow lattices

inside Drinfeld modules of higher rank (not only inside C').

According to what we have recorded in (2.2.2), one may write down the uni-

formization of C'/A in terms of an exact sequence

0-A—-C—-, C/A—0
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3.4 Yoneda extension classes and bad reduction in equal characteristic

where one has to note that, as indicated by the notation, the arrow C' —,, C/A
is merely an analytic morphism of Drinfeld modules, not an algebraic one; this
morphism is given by a formal power series u = x + >, u,a" € og[z] verifying
v(u,)/r¥ — oo as v — oo and uC, = (C/A),u for all a € F[z]; the power series u
induces an F[z]-linear map C(L*?) — (C'/A)(L**P) by £ — u(£); namely, for every
£ € L*P the field extension L(&) is finite separable and therefore complete, i.e.,
u(§) € L(§) C L*P; the resulting map is clearly F-linear, and we have

u(28) = u(C=(€)) = (C/A)(u(§)) = zu(§),

i.e., the map defined by u is indeed F[z]-linear. We obtain an exact sequence of
F[z]-modules 0 — A — C(L**?) — C/A(L**?) — 0. Now let n > 1; applying the

Snake Lemma to the commutative diagram

OHAHC(LSEP) HC/A(LSGP) —0

0——= A ——> C(L*P) —= C/A(L*P) —> 0
we get an exact sequence

0= Alz"] = C(L®)[2"] — C/A(L™) () -

— A/2"A — C(L*P)/2"C(L*P) — C/A(L*P) /2"(C'/A(L*P)) — 0

Here A[z"] = 0 since A is free over F[z]; we claim that C'(L%P)/z"C/(L*P) is trivial as
well: indeed, arguing as in 3.22 we see that for every g € L3 the relation z"a = 3
inside C'(L*8) corresponds to a separable polynomial equation over L and therefore

does, in fact, admit a solution inside C'(L*P). Therefore we obtain an exact sequence

of F[z]/2z™-modules
0 — C(L*P)[2"] = C/A(L*P)[z"] = A/z"A — 0

for every n. Since the F[z]-linear map z: C(L*P)[z""!] — C(L*P)[z"] is surjective
for every n, we see that for the resulting projective system of exact sequences the
Mittag-Leffler condition is met, so that in the projective limit we get an exact
sequence

0— T.(C) = T.(C/AN) — A ®pp, F2] — 0.

As a Gr-module T,(C) equals F[z](1), as we have discussed in (3.4.2); similarly we
have a natural Gp-action on the Tate module 7,(C/A), leading to a G'r-represen-
tation which should be regarded as non-crystalline, i.e., it cannot correspond to a

local shtuka over oy, due to its bad-reduction origin.
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

In the case of a Tate elliptic curve E,/K we have seen that the exact uniformiza-
tion sequence 1 — ¢ — G,,(K™8) — FE,(K"8) — 0 induces an extension of Z,-
modules 0 — Z,(1) — T,(E,) — Z,(0) — 0 compatible with the G'x-actions. The
uniformizing parameter q of a Tate elliptic curve is always an element of K and there-

fore is fixed under the action of Gx. Consequently we may write ¢* @z Z, = Z,(0).

In equal characteristic, however, the situation is slightly different: We consider
the fixed lattice A C C(L*P) from above. Let p € G be any L-automorphism of
L*°P; in particular, p fixes [F; moreover, being a ring homomorphism, p is compatible

with z: C(L*P) — C(L*P), i.e., p restricts to an F[z]-linear automorphism
p: A — A

and fixing any F[z]-basis yields a homomorphism of groups G, — Gly(F|[z]). Assume
that d = rkgp;)(A) = 1, say with F[z]-basis A € A. This setting is supposed to be
in tightest analogy with the uniformization of Tate elliptic curves. Thus we wish
to relate the z-adic completion A ®gp,j F[2] to the trivial Tate twist F[2](0): Let
a(p) € Flz]* = F* be such that p.A = a(p)A. This scalar is clearly independent of

the choice of A\, and we may summarize that the induced representation
G — Autﬂt[[zﬂ (A QF[2] IF[[Z]]) = IF[[Z]]X

factors via F*; one further observes that a(p) = 1 holds for all p if and only if
A C C(L); in particular, without imposing any restriction upon A, our desired
relation between A ®pp,) F[2] and the 0-th Tate twist of F[z] fails to be true, which
means that these two are in general not isomorphic: the scalar a(p) may vary inside
the finite group F*.

3.4.5 Yoneda extensions of Tate-twist quasi-crystals

Let R be a noetherian integral domain which is a flat oy, [z]-algebra, together with
a ring endomorphism ogr: R — R which is an extension of the r-Frobenius lift
o:or[z] — oL[z]. We define a category cMod(R) as follows: an object of cMod(R)
is a couple (M, pyr) where M is a finitely generated R-module together with a og-
semi-linear map ¢ur: M — M; a morphism (M, pnr) — (N, @n) is defined to be a
@-equivariant R-linear map M — N. Given an object (M, ¢ys), the datum @y, will

usually be omitted from the notation.

For example, for every n € Z, n > 0, the n-th Tate object of cMod(R) is given by

R(n) = (R, (z = ()" o o).
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3.4 Yoneda extension classes and bad reduction in equal characteristic

We may write R instead of R(0). If R = o [z] then every effective local shtuka gives
rise to an object of cMod(R); we take this instance as a motivation for calling an
object of cMod(+) a quasi-crystal over R, for (effective) local shtukas over oy, corre-
spond to Dieudonné crystals of p-adic Barsotti-Tate groups ([40], [41]); accordingly,
for every effective local shtuka M its mod-m, reduction M ®o,[2] L12] gives rise to
a z-isocrystal (with Hodge-Pink structure) by inverting the scalar z; note that ([z]
corresponds to the ring of Witt vectors over the residue field in the p-adic world;
see [40].

Lemma 3.25. The category cMod(R) is abelian.

Proof. 1t is clear how to define finite bi-products and, since the base ring R is

noetherian, also kernels and cokernels of morphisms. 0

In particular, for any two objects M, M’ € oMod(R) the set Ext, (M, M’) of
Yoneda extension classes of M by M’ with respect to cMod(R) is an abelian group

under the Baer sum; see [62].

Let us consider the following special case: suppose that a given extension 0 —
R -5 M % R(1) — 0 inside cMod(R) admits an R-linear section w: R(1) — M of
pr: M — R(1) so that, fixing this section, M is canonically isomorphic to R @ R(1)
as an R-module; necessarily M is free with basis B, = (i(1),w(1)); fixing this basis,
there is a unique b € R such that the given extension amounts to a commutative

diagram of R-modules

0—R—R® R(1) R(1) 0

loR i((l) zfc Joogr \L(Z_OOUR
0—~R——R& R(1) —= R(1) —0

where the rows are exact sequences of R-linear maps and where the vertical maps are
or-semi-linear; let us exhibit that two extensions of this type are Yoneda equivalent

if and only if there is some v € R such that
(6:20)(5 77 ) = (61)(5 %),
which is to say that og(u)+b = b'+u(z—(); here b € R corresponds (in the manner
just described) to an extension 0 — R — M’ — R(1) — 0 with a fixed R-linear
splitting w': R(1) — M.
We intend to follow this line of thought and commence by stating the obvious

Proposition 3.26. For every extension class £ € Ext;R(R(l), R) every represen-

tative of & admits an R-linear section.
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Proof. We need merely remark that the R-module underlying R(1) is free of rank

one. L]

It is clear that the binary relation ~ on R defined by
b ~ b :<=> There is some u € R such that og(u) +b =10+ u(z — ()

is an equivalence relation. The set R/~ of equivalence classes for ~ naturally

becomes an abelian group via
+: (R/~) x (R/~) — (R/~), ([b][t']) = [b+ V).

Ezample. z ~ ( + 1, in particular [z — (] = [1]. -

Let b, € R. If A\ € R°*= then b ~ b implies \b ~ \V/, i.e., the map
R7F < (R/~) — (R/~), (X, [b]) = [AD),

is well-defined; it clearly makes R/~ into an R°®='“"module; in particular, R/~ is

an F[z]-module. Furthermore, given A € R°#=4 the map
A: R(n) — R(n)

becomes g-equivariant for every n > 0; recall that the usual R°*=4-module structure
of the abelian group Ext) o(R(1), R) is given by

A =class of 0 — R — M xp gy R(1) — R(1) — 0,
where the class ¢ is represented by 0 — R — M 2 R(1) — 0.
Proposition 3.27. There is a canonical isomorphism of abelian groups
Ext, z(R(1), R) = R/~

which is R*=" linear, and which is natural in the sense that if R' is a noetherian
domain being a flat R-algebra, together with an extension or: R' — R’ of or, then

there is a commutative diagram

Ext;R(R(1), R) —— R/~p

|

Ext, p(R'(1), R) == R'/~p

where the vertical maps are defined in the obvious manner.
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Proof. Let & € Ext, z(R(1), R) be the class of
0—-R5M™R1)—0

say, and let w: R(1) — M be an R-linear section of the projection pr: M — R(1);
let B, = (i(1),w(1)) be the resulting R-basis of M. If w': R(1) — M is another

section of pr with resulting basis B, = (i(1),w’(1)) then we have

5, [1duls, = (57) € Gl(R)

where 7 € R is uniquely determined by the relation i(r) = w(1) — w'(1). From

pur(w(1)) = ear(w(1)) = (2 = Qu(l) + (z = Qu(1)

we may conclude that
s lonl§™ = (5 ) € R

where p,, € R is uniquely determined by the relation i(p,,) = ¢p(w(1))—(z—)w(1),
i.e., py is trivial if and only if the section w is p-equivariant. Proceeding analogously
with the section w’: R(1) — M, the coordinate change

s, leals™ = s, lidls, - 5, [oa)5" - orls, liduls,) ™"

shows that p, ~ p, in R. Next we have to show that the assignment
EXt}r,R(R(l)a R) - R/N7 § = [pw]v

is well-defined. Let 0 — R > M’ % R(1) — 0 be another representative of &,
and let ¢.: M — M’ be a corresponding ¢-equivariant isomorphism of R-modules.
We already know that (w is an R-linear section of pr’ and that the couple B, =
(7(1), (tw)(1)) constitutes an R-basis of M'. It just remains to remark that writing
ort (10(1)) = pui(1) + (2 = (1) we obtain pap(10)(1)) = pui’(1) + (2 — ) (o) (1),
i.e., we get

(or) _ (1 puw (oRr)

s.lemls, = (0 22 ) = Bulemls. ;

so, by the above considerations, we may conclude that the assignment & — [p,]
is indeed well-defined. By analyzing the Baer sum & 4+ £ of two given extension
classes £, ¢ € Ext, z(R(1),R) similarly as in 3.21, one easily verifies that the
map Ext,, (R(1),R) — R/~ just defined is additive, and obviously it sends the
trivial extension class to 0 = [0] € R/~. The asserted naturality and Ror=id
linearity are clear. From the considerations made so far, it also becomes immedi-
ately clear that ¢ € Ext, (R(1), R) is mapped to 0 if and only if £ = 0, i.e., the
map Ext} (R(1), R) — R/~ is injective. In order to prove surjectivity, we need
merely remark that given an equivalence class [p] for some p € R, one can con-
sider the trivial extension of R-modules 0 — R — R & R(1) — R(1) — 0 where
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the R-linear maps R — R @ R(1) and R ® R(1) — R(1) are canonically given by
1 — (1,0) and (0,1) + 1 respectively; in particular, there is a canonical R-linear
section R(1) — R @ R(1) of the projection map which is given by 1+ (0,1); if we
define prgpr): RO®R(1) — R® R(1) with respect to the canonical basis of R® R(1)
(og-semi-linearly) by the matrix (| .” ¢) then it becomes clear that the class of the
gained extension inside Ext,, p(R(1), R) is mapped to [p] € R/~. O

Let us give another description of the R°=4-module R/~, relying on the fact that
the canonical map R — R/~ is R°“4linear. We observe that this map is surjective
and that its kernel coincides with the image of the R°~'d-linear map

ng: R — R, ur o(u) —u(z — (),
i.e., there is an exact sequence of R7~Y-modules
R™ R — (R/~) — 0,

which means that (R/~) = coker(ng).

3.4.6 "Crystalline" and "semi-stable" Yoneda extensions
Let

m(}ris = Ethlr,oL[[z]]<OLHZ]](]‘)7 OL[[Z]])7
YEG = Bxty o, ppm(ocl2][1/7](1), or[][1/7)).

Note that, since 7 € o [2] is not o-invariant, it does not make sense to write down

expressions like "YE! . [1/7]"; in particular, it should be noted that YEL cannot arise

cris
from YE!

ns : n
ois Dy 'inverting 7".

Proposition 3.28. The obvious F[z]-linear map YE! .. — YEL is injective.

cris

Proof. Let x € or[z] be given such that we have an equation x = ‘;(ffl) - %(z—=0)
inside or[z][1/n] for a suitable u € oy[z] and n > 0; in particular, this implies
r = o(u) — 7" Y"u(z — ¢). Suppose that n > 0. We may assume that u €
or[z] — moL[z], i.e., that the reduction mod 7 of u does not vanish. However,
reducing the latter equation mod 7 yields o(u) = 0, where 7: £[z] — ¢[z] denotes

the r-Frobenius lift, i.e., we obtain u € wor[z], a contradiction. O

The F[z]-module of Yoneda extension classes introduced in the last section always

carries the z-adic topology. As an example, using the identity
VB¢ = coker(no, 121+ oL[2] — or[2])

let us study this topology on the F[z]-module YE! ... We will restrict ourselves to the

cris*
module of crystalline extension classes, i.e., to the case of good reduction. Writing

17 = To,[-] We prove the

100



3.4 Yoneda extension classes and bad reduction in equal characteristic

Proposition 3.29. The canonical map
coker(n) — lim,coker(n)/z"coker(n)

is an isomorphism of F[z]-modules, i.e., the F[z]-module YE... is z-adically com-

cris

plete.

Proof. Let us first show z-adic separatedness, i.e., we first claim that the displayed
map is injective. Let f € or[z], f = X, f,2", be such that f = f[im(n)] lies in the
kernel, which is to say that for every s > 1 there exists an element u, = >, us, 2" €

or[z] such that z* | (f —n(uy)) for every s; so for every s > 1 we get relations
fO_uZO_Cusozoa fu_ugy—i_us,u—l_cusuzo (1§V§3_1);

we claim that the sequence (us)>1 admits a sub-sequence (u))r>1 which converges
to an element v € or[2], in the sense that for every integer € > 1 we have u —uyy) €
2for[z] for all k > N(e) say; here we may assume without loss of generality that
N(e) > €; suppose for a moment that there is such a sequence (us))r, with limit
u € op[z]; let € > 1, and let k > 1 be sufficiently large such that u —uyu) € 2°0L[#]
and s(k) > ¢; then we get

f=nu) = f —=nluswy) +n(usw) —n(u) = f —nlus@m) +nusw — v)

which lies in 20z [2] since f — n(usu)) is divided by z*®) and therefore also by 2°,
and since n(usx) — u) also is divided by 2°; this implies that f = n(u), i.e., that
flim(n)] = 0. So it remains to find a convergent subsequence (uyx))i. Using the
relations fy — uly — Cusp = 0 for s > 1 we find that usy — ugg € C(or)[z] for all

s,s" > 1; consequently the set
D = {uy — ugg, 8,8 >1}
has to be finite. For every d € D let
Ae={s>1, wp—us = d};

since the partition {A4}4ep of the set N=! is finite, there has to be some d € D such
that Ay is infinite; we fix such a d; now, given any s, s € Ay, we obtain uyy = Uy,
i.e., for all s € Ay the uyy have the same value; this yields a constant subsequence
(Usr),0)k>1 Of (us0)s>1 given by {s(k),k > 1} = A;. Next we consider the relations

f1=u:1—uso+(U51, 8227

in particular, these relations are valid for s € {s(k)}i>1 N N=%; using that the

sequence (usk)o)r 1S constant, they yield that wusgy1 — uswy1 € C(or)[z] for all
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k, k" > 1 such that s(k),s(k’) > 2; as above we show that the sequence (us),1)r>1
admits a constant subsequence (ts(k)(k,),1)r>1; inductively, fixing v > 2 and using
the relations

fo=ul, —usy 1+ Qug, s>2v+1,

we can now prove that the sequence (Us(k)(kl)...(kyfl),u)k,,_l21 admits a constant sub-
sequence (Us(k)(ky)...(ky_1) (ko) ko >1; DOW we define a sequence (v;);>1 by v1 = uy),
Vg = Ug(k)(2), V3 = Us(k)(k1)(3)s V4 = Us(k)(k1)(ka)(4), €bC.; we write v; = 37, v;,2" for
every j; by construction, for every p > 0 the sequence (v;,); becomes stationary,
i.e., (vj); is z-adically a Cauchy sequence and therefore converges to some element
u € op[z], as desired.

In order to show surjectivity, we consider a sequence of elements f, = Y, fo., 2" €
or[z] such that for every s > 1 there exists some ug € op[z] verifying fsi1 — fs —

n(us) € z°0p[2]; we define a sequence (f!)s>1 in o [z] by
s—1
fo=Ffo= 2 n(w,) (s=1);
p=1
by construction, for every s > 1 we obtain f, = f/ in coker(n), and
forr = fo = forr — fs — m(us);
we claim that the sequence (f!)s converges z-adically to some f € op[z]; indeed,
given any integer ¢ > 1, the latter relations yield immediately that f, , — f. €
2orz] € 2for[z] for all s > N(e) = ¢; the residue class f = f[im(n)] is now the
desired preimage: we have to show that f[z*] = f[2*] for every s > 1; since the
element (f,[2°])s of the projective limit is a coherent sequence of residue classes, it
suffices to show that for fixed s > 1 there is some n > s such that f[z*] = f,[2°];
so let m > 1 be large enough such that n > s and such that f — f' € z%o.[z];
this is possible by construction of f, and it means that we find some g € op[Z]
such that f = f/ + z%g; in particular, f = f/ + 2% in coker(n); we claim that
f+ 25g[2°] = f,]2°], which then implies f[2°] = f,[2°], as desired; indeed, our
claim is equivalent to saying that f/ + z5g — f,, € 2°coker(n), and the latter actually
holds true since f/ = f, in coker(n). O

3.4.7 Study of the Carlitz action over an

equal-characteristic local field

In the present section we will mainly be concerned with the following results.

Theorem 3.30. The F[z]-linear map

U: C(L)/C(or) ®sp Fl2] — YEG/YEq, 2@ f > flal,

is injective. If the residue field ¢ = or,/my is finite then U is an isomorphism.
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3.4 Yoneda extension classes and bad reduction in equal characteristic

Corollary 3.31. Suppose that the residue field ¢ of L is finite. Then the F((2))-
vector space YEL [YE . ®rp.; F(2)) is of countably infinite dimension.

In order to prove this corollary, we will apply a result due to B. Poonen [64]
showing that the F[z]-module C'(L)/C(oy) is free of countably infinite rank, provided
that ¢ is finite. The proof of 3.31 will be given after 3.37 below.

Proof of Theorem 3.30. Let us first convince ourselves of well-definedness: let x, 2" €
C(L) be such that z = & + 2’ for some ¢ € C(or); we claim that [z] — [2/] € YEL,;
however, this is clear since w(z — () + (x — 2’) = g + o(w) is met by g = £ and
w = 0. The map

C(L)/Clor) x Fle] — YEG/VEy,,  (3,f) = fla],
is F[z]-bilinear and therefore induces the displayed F[z]-linear map ¥. In order to
show injectivity, let ¢ = 30", &, ® f, € C(L)/C(o1) ®r}» F[2] be any finite sum of
elementary tensors &, ® f, such that ¥(c) = =™ f,[6,] = 0. It suffices to show

that f, = 0 for every v. By erasing elementary tensors being zero and renumbering

we may assume
v(&1) S (&) < .. < v(ém) <0,

where v is the discrete valuation of L normalized by v(w) = 1; for every v write

& = 7v&)y, where u, € of . Furthermore, we may assume that

(i) If s < 0 is an integer such that s = v(¢,) for some v then r 1 s.

(ii) If s < 0 is an integer such that r { s then the system (&,: v(§,) = s) is linearly

independent inside the F-vector space w0 /7% or.

(Recall that » = #IF.) This will be justified below. Considering our assump-
tion U(c) = 0, one first observes that 0 = >7", f,[&,] equals the residue class of
[Sr & f,] in YEL/YEL. | ie., we find some w € op[z][1/7] and ¢ = 32,2t €
or[z] such that

w(z—¢) + if,,fl, =c +o(w);

let us write w = 332, w;2z* where w; € L and v(w;) > —N for some integer N > 0
and all i; note that we view the power series f, = 33°, f,:2" € F[z] as elements
of or[z], so that &, f, € or[z][1/n] for every v; with these conventions the above

equation yields
Wiy —Cwi+ Y & fui = +w) (i >0),
v=1

where we let w_; = 0. Now suppose that there is some v such that f, # 0. We
define
ip = min{i, f,; # 0 for some v}, vy = min{v, f,;,, # 0};
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

let n = v(&,) < 0 be the valuation of §,,, and
vo = max{v, v(§,) = n}.

We may note that by virtue of (i) we have r { n. We claim that v(}X0", &, fui,) =

n < 0; indeed, by choice of v, and v, we may write

Z gufuio = Z gufuio + Z fufmjg
v=1

v1<v<vo va<v<m
o n n+1 v —(n+1 .
= 7 Z uyfuio +m Z T 2 )ul/fljioy
v1<v<vs va<vr<m

therefore the first summand here is of valuation > n whereas the second one is of
valuation > n + 1; by virtue of (ii) we realize that v(X>,, <, <., & frie) = 1, i.e., the
first summand does, in fact, have valuation n, and so by the triangle inequality for

v our claim follows. Using this, in a next step we show that
ro(wg,) = n,

i.e., | n, a contradiction. Let us first consider the case iy > 0: supposing for a

moment that v(w;,—1) > 0 we get

0> U(Z gl/fl/io) = U(wfo + Cwio — Wjy—1 + Cgo) - U(w;qo + Cwio);
v=1

this implies v(w;,) < 0, and consequently v(w}

< v(Cw;,), so we may conclude
0 0 y

that n = v(371, & fuiy) = v(w})), as desired; we have yet to justify our assumption
v(wi,—1) > 0, and in order to achieve this we show inductively that v(w;) > 0
for 0 < i < ip, starting with ¢ = 0: let us assume that v(wgy) < 0; noting that

vt &ufu0 = 0, from the equation 0 = wy + ¢ + Cwy we conclude that 0 > v(wyf) >
min(v(cy), v(Cwo)); if v(cf) > v(Cwp) then we get 0 > v(wy) = v(Cwy) which leads
to a contradiction, and v(cj) < v(Cwy) cannot happen either, i.e., our assumption
is false and therefore v(wgy) > 0; proceeding inductively, we now suppose that for
some 1 < j <ip— 1 we have v(w;_;) > 0; we show that assuming v(w;) < 0 leads

to a contradiction: indeed, from
0> v(wj) = v(wj-1 — ¢ — Cw;) = min(v(wj-1 — ), v(Cw;))

it follows that 0 > v(w}) > v(Cw;) since v(w;—y — ¢;) > 0. This contradiction

concludes our proof for rv(w;,) = n in the case ip > 0. It remains to consider the

case ig = 0; here we have

0> v(>_ & fro) = v(wy + Cwo + ¢) > min(v(wf + Cwy), v(cp)) = v(wg + Cwo)
v=1
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3.4 Yoneda extension classes and bad reduction in equal characteristic
which implies v(wg) < 0 and therefore v(wj) < v(Cwyp), i.e., we get

Z gufuo ’LUO + CwO + CO) (wg)v

as desired. Next we have to justify our assumptions (i), (ii). Let us start with
(i). We need to either show that (i) is already met by our fixed representation
c = Y.& ® f, of ¢ by elementary tensors or, if this is not the case, how to

produce another representation of ¢ by elementary tensors, i.e.,

C:Z€V®fl/: Zglu’@)f;’a
v=1

v'=1

such that all the £, meet (i); for furnishing such a new representation we would use
our assumption v(&;) < ... < v(§,) < 0 on the &,; we further remark that such a

new representation does not affect W(c), for we have

’ /

S AP ERT) SIEFAELT) SEANATD SF A AL

Clearly (i) is true for all s < v(&;) since in this case there is no v such that s = v(§,).
Let sp < 0 be the smallest s such that r | s and such that v(§,) = s for some v,
say v(&,,) = so; clearly we have v(&) < sp < 0 and r | s¢; using the identification
L = {((m)), let us write &, = 354, 7™ where 7, € £*; let us write 7, instead of
Yeo; We get £,y = YT + &,y where &, € £((7)) is an element of 7-adic valuation
v(&,) = ord.(&,) > so; since £ is perfect, we have a unique r-th root YL of
Yoo € £ the F[z]-action of L = ¢((7)) being understood to come from the Carlitz
module C(L) = C(¢((7))), we write

e = sl e
— ('71/ 750 +C’Yl/r so/r> ®1
= (G =&+ @1
- gVO ® ]. —I— (C’Yl/r SO/T gljo) ® 17

which in turn gives a new representation of ¢ by elementary tensors, namely

C:ny@)fy - Z€V®fl/+€l/0®fl/0
v=1 v#1g

= Y &R L+ @ 2 s — (CUT =€) ® fy
v#vg

Here we have v(y}/"7%0/") = sq/r > 59 and

0(Cry w0 = &) = min(so/r, v(E)) > s0;
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

we proceed like this for every remaining v such that v(§,) = sg, obtaining

c= S &®f+ X AV @ zf, — (VYA€) ® fo;
v:(€y)#s0 vw(€)=s0

now if s < sq is any integer such that r | s then we claim that in the henceforth

gained family

(gu){u: v(€v)#so} U (’yi/TWSO/T){u: v(€v)=s0} U (5 C'-Yl/r SO/T) {v:v(&)=s0}

there is none of valuation s: indeed, by choice of s there is no v such that v(§,) = s,
and the remaining elements are of valuation > sy. Furthermore, there is no element
in this new family which is of valuation so. We may conclude that our assumption
(i) was justified. Let us turn to (ii); here we proceed analogously as in (i). First
of all, we remark that for every integer s < v(§;) the system (&,: v(§,) = s) is

the empty system and is therefore linearly independent inside the F-vector space
V, = mfor/m oy, Let sy < 0 be the smallest s such that r s and such that
the system (&,: v(§,) = s) is linearly dependent inside the F-vector space V; in
particular, we get that r { sg and that (§,: v(§,) = so) in linearly dependent inside
the F-vector space Vi,. From our assumption v(§;) < ... < v(&,,) we obtain that

there are indices vy, vy € {1,...,m} such that

U(&) <. < U(fm—l) < U<€V1) == U(guz) < U(€V2+1) <..< ’U(gm)

where v(§,) = so for all v € {vy, ..., 11 }; therefore we may say that v(§,) = so if and
only if 11 < v < 1y; note that, since a single non-zero element of any vector space
is always linearly independent, actually vy < vy; since the elements &, ..., &, are of

the same valuation, we may re-arrange them and write down a linear-combination

vo—1

a: Z&Vg

v=v1

inside V,, where not all of the scalars o, € F are zero; we may rephrase this by
writing &, = Y020 @& + ¢,, with a suitable £, € 700, ; setting a, = 0 for

v & {v1,...,1n} we may also write

gug = Z augu + 51/2-
v#v2
Consequently

C:Z&,@fu = Z£V®fl/+£l/2®f’/2
v v#vg

SN & @ (f+anfn) +&n @ fi,
v#v2
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3.4 Yoneda extension classes and bad reduction in equal characteristic

using that a,, € F C F[z]; we may conclude that via replacing &,, by &,, in the system
(&,: v(&,) = so) we obtain a system where the "new" £, is no longer of valuation
S0, but of valuation > sg + 1; we proceed like this until the system (&,: v(§,) = so)
is linearly independent inside Vj,, a process which has to terminate at the system
of one single element, if not earlier. Note that in this construction we did not use
that r ¥ so. Now let s < sg be any integer such that r 1 s; by choice of sy the
system (&,: v(§,) = s) is linearly independent inside V;; moreover, we have found
a representation by elementary tensors ¢ = 3, £, ® f,, for ¢ such that the system
(&, v(&)) = sp) is linearly independent inside V;,. Finally, we may summarize that
also (ii) is justified. Let us show that ¥ is surjective provided that ¢ is finite. Let
[f] € YEL/YEL,., say with f = 332, fiz' € L[z] such that v(f;) > —N for some
N >0 and all i. Using the identification L = ¢((7)) we may write oy [z] = {[7][z] =
([m, z]; let, say, fi =35 n fiym? € £(m)) for every i; then

f= Zfz‘zi IZ( Z fijﬂ'j>zi = Z (Zfz‘jzi)ﬂj = Z Zafa,jﬂj

i>0 i>0 j>—N j>—N i>0 j>—N ael

as elements of oy [z][1/7] = ([2]((7)), where fo; = Y. f,—a 2" € F[z] for every
j > —N. We claim that the element

—1 7
> > e @ fa,
j=—N a€l

is via W mapped to the residue class of [f]; indeed, we need to find w € or[z][1/7]
and g € op[z] such that

wz=0O+( > (afo)) = f)=g+o(w),

je{—N,...,—1}, a€l

which is met by w =0 and g = >~ aef(a’fa,j)ﬂ-j‘ 0

We remark that there is a commutative diagram of F[z]-linear maps with exact

ToOwsSs

0 — C(or) @y Flz] — C(L) ®p(y F2] — C(L)/C(or) ®pp) F2] —0

| | |

YEslt YEslt/ m&ris —0

1
0 YEcris

which is induced by the F|z]-linear map
C(L) = orl=t/ml/~, @ [,

using the natural isomorphism YEL ~ o [z][1/7]/~ discussed before. In 3.30 we

have already realized that the right-hand vertical map is always injective, and is
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

even an isomorphism if the residue field £ is finite. Let us give some further remarks

regarding this diagram: we consider the F[[z]-linear map
n:op[z] — o], u— o(u) —u(z - ().

The kernel of C(o;) — YE!

cris

clearly equals C(or) Nim(n). Moreover, we have

Proposition 3.32.

ker(Clor) — YEg) = Nx12°Clor) € Clor)

ker(C’(L) — YE;lt) = Unzo ﬂ821 ZS(W_nOL) Q O(L)

We will see below that, in fact, the two kernels described here do coincide. Note
that for n > 0 the subgroup 7”0y, C L is not an F-linear subspace of L and that
z: C(L) — C(L) does not restrict to a map 7 "o, — 7 "oy, so that the inclusion

n "0, C C(L) cannot become F[z]-linear.

Proof. Let x € C(L). Suppose there is an integer n > 0 together with an element

u =732 gu,z" € op[z] such that we have an equation

o0
T = 075::;) — %(z —() = Z(W‘T”uz — 7 "y + ", ()2
v=0

inside o [2][1/7], where we let u_; = 0; a comparison of coefficients yields

-rn,,T

r=m ""ul+ 1 "uyC, T "u,y =7 "+ "u (v > 1),

e, x = z(mr "ug) € C(L), and 7 "u,_1 = 2(7 "u,) € C(L) for every v > 1; this
proves the second asserted equation; if we let n = 0 and = € C(o) then the same

argument shows that also the first equation is true. 0

The map 7n: op[z] — or[z] induces an F[z]-linear map ¢[z] — ¢[z] defined by

u+— o(u) — zu, where ¢: £[z] — £[z] denotes the r-Frobenius lift.

Proposition 3.33. The map n is injective, and the commutative diagram of F[z]-

linear maps with exact rows

0 ——mor[[z] —=oL[#] ([#] 0
ok
0 —mor[z] —oL[Z] ([7] 0

induces a short exact sequence of F[z]-linear maps

0 — coker(mor[2] — moL[2]) — coker(oL[2] = op[z]) — coker(£[z] — £[z]) — O.
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3.4 Yoneda extension classes and bad reduction in equal characteristic

Proof. Let u = Y22 ju,z” € or[z]. Provided we have a relation o(u) = u(z — () it

follows that u;, + (u, = u,—1 for every v > 0, where we let u_; = 0. Suppose that

1

ug # 0; this implies uy~* = —(, and we obtain a relation

() (w/uo)" = wy/ug = (wy1/u0)(=1/C)

inside L for every v > 0. Let v be the discrete valuation of L normalized by
v(m) = 1. We get min(rv(uy/ug), v(ug/ug)) < v((uy/uo)" —uy/ug) = —v(¢) < 0 and
necessarily v(uy/ug) < 0. From v((u/ug)” — ui/ug) = —v(¢) it now follows that

rv(uy/ug) = —v({), and by induction, using the above relations (x), one verifies that

ro(uy /ug) = —v(C)

for every v > 0. In particular, this gives

v(uy) = =v()/r" + v(uo)

for all v > 0, which is a contradiction since 0 < v({) < oo. It follows that ug = 0,
and by induction, using the relations u/,+(u, = u,_; for v > 1, our argument shows

that u, = 0 for all v > 0. In particular, we get
ker(mor[2] 2 mor[z]) C ker(or[2] = or[z]) = 0,
and it only remains to remark that

ker({[z] — ([=]) = {Z u, 2’ uy = 0,u, =wu,_q forallv > 1} =0;
v=0

so by the Snake Lemma our claim follows. O

Remark. The equalities C(my)[z°] = C(or)[2°] (s > 1) from 3.23 do as well imply
that the kernel of n: op[z] — or[z] coincides with the kernel of the restriction

mor[z] — mor[z], for we have

ker(oo[s] B o1le]) = {u= 3" ws € orlz], (u)uso € limes: Clor) =]}

v=0

= {u = iouyz” - OL[[Z]], (UV)VZ() € liLnsle’(mL)[zs]}

= ker(mg[z] % mz[2]). —

Lemma 3.34. Suppose that the residue field ¢ of L is finite, i.e., that L is an equal-

characteristic local field. Then there exist
— a finite field extension L'/F(¢) and

— a prime place p of L' lying over the place of F(C) given by (¢) C F[(]
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such that L; = L.

Proof. Our assumption amounts to saying that L/F((()) is a finite field extension.
Let F((¢))sep be the separable closure of F((¢)) inside Lj; this is evidently again a local
field. Let 75 € F((¢))sep be a fixed uniformizer, and let 5 be the (finite) residue field
of F((())sep; We obtain an identification F((())sep = ¢s((7s)) where, {5 being perfect, the
right-hand side may be regarded as the field of (finite-tail) formal Laurent series over
{s; we claim that, in fact, we have ¢; = ¢: indeed, the finite field extension L/F((())sep
is purely inseparable, and some elementary considerations in field theory show that
the degree of L over F((())sep is & power of p, say [L : F(()sep] = p™; by Lemma
3.35 below, using the identification F((())sep = ¢s((7s)), the field L is isomorphic to
Cs(w2/P™)), i.e., the finite field extension L/F((())sep is totally ramified. Let us now
consider the separable finite field extension F((¢))sep/F((¢)); the element ¢ € F(({))*
of the base field gives rise to the subring ¢[¢] C ¢[r] of polynomials in ¢ over ¢;
let ¢ = en? for some e = Y70 e, w0 € {[n]* and n > 0, say; we claim that ¢ is
transcendent over ¢: indeed, for any polynomial expression f = 3¢_;a,(" € {[r,]
such that a, # 0 for at least one index v, we may assume without loss of generality
that ag # 0, so that

d d
F =S al = Y aylem + e 4 L) = ag -+ (areo)l + o
v=0 v=0
i.e., f € {[ms]*, and in particular f # 0; the inclusion ¢[(] C ¢[r] induces monomor-
phisms of rings ¢[(]/(¢") — {[ms]]/(7) for every v > 1, which in the projective limit
give a finite embedding of complete discrete valuation rings ¢[(] < ¢[rs]. We con-
sider the corresponding totally ramified finite extension of local fields ¢((7))/¢((());
it is well-known that ¢((7y)) = ¢((())(7s) (for example, by [25], Corollary (2.9)/2); let
=, fux” € £(¢))[u] be the minimal polynomial of 7s over £((¢)); since the global
field ¢(¢) lies (¢)-adically dense inside the local field ¢((()), every coefficient f, may
be approximated by some element of ¢((), i.e., for any given range N > 0 we can
find some polynomial g =3, g,u” € ¢({)[u] such that deg(f) = deg(g) and

min ord¢(f, —g,) > N;

therefore, by Krasner’s Lemma [10], 3.4.2/3, there is an element 3 € £((¢))*® such
that g(5) = 0 and

F(sep = () (ms) = L(ON(B);

in particular, the element 3 is algebraic over £((), so that L” = £({)(() is finite
over £(¢); the (¢)-adic valuation ord) on ¢(¢) canonically extends to the natural
valuation ord(y on £((¢)) which in turn uniquely extends to a discrete valuation w

on the finite extension £((¢))(8), in the sense that w|,() is equivalent with ord on
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3.4 Yoneda extension classes and bad reduction in equal characteristic

0((€)); we remark that the field £((¢))(/3) is complete with respect to w; let w” = w|p»;
by [25], Theorem (2.6), the field L” lies dense inside ¢((¢))(/5) with respect to the
topology induced by w, and moreover w"|y) induces the (¢)-adic topology on £(();
we obtain the diagram

J(QIC)

wlord ¢y
4(9) wh"
ordg)l- L’
w”|ord<<)
(<)

of extensions of discretely valued fields; by the universal property of the (¢)-adic

completion (L2, , w") of L" (see, for example, [50], XII.2.1) there is a unique isomor-

phism of valued fields

(L, w") 2 ((C)(B), w)

being compatible with the respective canonical embeddings of L”; we may summarize
that F((())sep = L!. Returning to the purely inseparable extension L/F((())sep, We
consider the valuation w” of the field L” and choose an element x € L” such that
1 = w'(z) = w”(x); necessarily © € L", is a uniformizer of the local field L”,.
We adjoin a p™-th root 2'/P" of z to L”. The polynomial f = u?" —x € L"[u]
is Eisenstein and therefore irreducible, since x is a prime element of the valuation
ring oy of L” for w”, ie., f is the minimal polynomial of z'/?" over L”. Let
L' = L"(z'/?™). Since the extension L'/L" is purely inseparable, there is a unique
discrete valuation v on L' such that v|p» is equivalent with w” (for details see the
proof of 3.35(i) below, or [25], (2.6)); similarly as before, from [25], Theorem (2.6),
it follows that L”,(z'/"™) is the v-adic completion of L’. Furthermore, since the
residue field of the local field L, is perfect, we learn from 3.35(iii) below that
LP" = L ,; in particular, L contains a p™-th root of the uniformizer z, and we may

conclude that L”,(x'/P™) C L; for reasons of degree, from

[L;'J//(:El/pm) L] =p™ = deg(f)

it follows that the latter inclusion of fields has to be an equality. We summarize our
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findings in the diagram

L—— L, (@) = L
P P \ L
L, ————1L", P | vl
of extensions of discretely valued fields. The proof is complete. O

Lemma 3.35. Let k be a field of characteristic p > 0 and let x be an indeterminate

over k; let m > 1 be an integer.

(i) The (x)-adic valuation ordy on k(x) estends uniquely to a discrete valua-
tion on the purely inseparable finite field extension k(z)(x'/?™), and the field
k() (x/P™) is the (x)-adic completion of k(x)(z'/P™).

(ii) The purely inseparable finite field extension k((z))(x*/?™) /k((z)) is totally rami-
fied of degree p™.

(iii) Let k be perfect, and let E/k((x)) be a purely inseparable finite field extension
of degree p™. Then k((z)) = EP" = im(Frob%: E — E). In particular,

E = k(@) = {a!"", o € K(2))}.

(iv) Let k be perfect. Then every purely inseparable finite field extension of k((x))
is of the form k((x'/?")) = k((x))(z/?") for some s > 0.

Proof of 3.35. The polynomial f = u?" — x € k(x)[u] is Eisenstein over x[z] with
respect to the prime element = € x[x] and therefore irreducible over k(z); we consider
the finite field extension x(z)(x'/?™) of x(z) of degree p™ and remark that the root
z'/P" has to be transcendent over k since z is; furthermore, f being the minimal
polynomial of /7" over k(z), the element x'/P" is purely inseparable over x(z).
One can also view f as an element of x(())[u]; as such it is Eisenstein over x[z] and
therefore irreducible over k((z)). Let us show part (i). Let w be the unique discrete
valuation on k((z))(z'/?") such that w|.(,) is equivalent with ord(,) on x((x)); by
[25], Theorem (2.6), the field x(z)(x*/?™) lies dense inside x((x))(x'/?™) with respect

to the topology induced by w, and the restriction of w' = wl, ;1o to k(z) is
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3.4 Yoneda extension classes and bad reduction in equal characteristic

equivalent with ord(,). We obtain the diagram

K@) (@7")
w(z) (2P wlord(z)

w'|ord 4 k((x))

Ol‘d(x)|~

k()

of extensions of valued fields; in order to show the uniqueness of w’, suppose that
w” # w' is another discrete valuation on x(x)(x/?") such that w”|.) is equivalent
with ord(,) on s(z); then there is some o € r(x)(x/?") such that w'(a) # w”(a);
now consider the purely inseparable field extension x(z)(«)/k(x); the minimal poly-
nomial of a over k(x) is purely inseparable and therefore admits only a single linear
factor over a fixed algebraic closure of x(x), so that by [25], Theorem (2.6), the
(x)-adic valuation ord, of x(z) can only admit a single extension to x(z)(a), which
is a contradiction; we may summarize that the valuation w’ is the unique extension
of ord(,) on (z) to r(z)(x'/P") (this argument can be carried out more generally,
see [25], Corollary (2.6)); finally, by the universal property of (z)-adic completion
([50], VII.2.1) we find that there is a unique isomorphism of valued fields

(k@) (@), w) = (r(2) (@), ')

over x(z)(x'/P"), as desired. Let us turn to part (ii). It is well-known that we have

w(e) = ford ) (Nya)@/om) m(a) (@)

for every a € k((z))(z'/?"), where f = f(wlord ) is the residue degree of the field
extension ((z))(z'/P") /k((x)); letting e = e(w|ord(,) denote the ramification index

of this extension, one calculates
w(x) = %ord(x) (z"") =e,

where we use that p™ = [k((2))(z'/?") : k(x))] = ef; on the other hand, we find
w(z) = pTw(x/P"), ie., e = p™w(z/P"); in combination with the equation p™ = ef
this yields

e=p", f=1  wE"")=1,

i.c., the field extension x((z))(z'/?™)/k((x)) is totally ramified of degree p™:; in par-
ticular, the residue field of x((x))(z'/?"™) equals x, and x'/P" is a uniformizer of

#((2)(z'/?™). This accomplishes the proof of part (ii). In order to prove (iii), we
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

imitate an argument given in [55], X.1.3, for the case of a global function field: let,
say, E = k((z))(a1,...,as), where each of the elements ay, ..., is algebraic and
purely inseparable over x((x)); for every j = 1,...,s let f; € s((x))[u] be the mini-
mal polynomial of a;; then f; is of the form w" — o for some m; > 1, and o
is the p™i-th power of a; for every j; in particular, deg(f;) = p™ for every j; let
n = max;(m;); necessarily EP" C r((z)), and from [E : ((z))] = p™ it follows that

n < m. We claim that [E : EP"] = p"; indeed, we have isomorphisms of fields

(e

Frob%: E = EP", Froby ) : £(@)) = k((z)?
which show that [EP" : k((2))?"] = [E : k((2))]; from the diagram of field extensions

E

e

we therefore get that [E : E?"] = [r((z)) : x((z))P"]. Since & is perfect, it follows that
k(2)?P" = k((2P")), and with the aid of part (i) we realize that x((z)) = x((2?"))(x),
therefore

P =[5(@)  w(@)] = (B BT,

and our claim follows. From EP" C k((x)) C E we obtain that [E : k((z))] < [E : EP"]
and hence m < n; we may summarize that m = n, and so, for reasons of degree, the
inclusion EP" C k(()) has to be an equality. Finally, let us discuss (iv). Let E/x((z))
be a purely inseparable finite field extension, say of degree p® for some s > 1, the
case s = 0 being trivial. From (iii) it follows that £ = x((z))'/?", in particular, the
field E contains a uniquely determined p*-th root x'/?° of z, i.e., x((z))(2'/?") C E.
In part (i) we have realized that the field x((2))(2'/?") is purely inseparable of degree
p® over k((z)), and we may conclude that the inclusion x((2))(z'/?") C E has to be

an equality. O

Proposition 3.36. Suppose that the residue field ¢ is finite.

(i) The F|z]-module C(L)/C(or) is torsion-free, i.e., the kernel of the canonical
F[z]-linear map C(L)/C(or) — C(L)/C (o) ®np, F(2) is trivial.

(ii) The F[z]-module C(L)/C(or) is free of countably infinite rank.
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In particular, the F(z)-vector space C(L)/C(or) ®rp.) F(2) is of countably infinite

dimension.

Proof. From 3.34 we know that the local field L arises as the completion of a global
function field L'/F(¢) with respect to a prime place p|(¢). The Carlitz module C :
F[z] — L'[r] over L', defined by 2z + ( + 7, where L'[7] = End(cisch/r/)F—1in(Ga,z/)
is certainly defined over o, and in particular over o, = 0,. In order to show (i), for
a given x € C(L) let z € C(L)/C(or) be such that az = 0 for some a € F[z] — {0},
i.e.,, ax € C(or); by 3.37(ii) below, this implies V' (z) = 0, i.e., v(x) > 0 by 3.37(iii),
which in turn means that z = 0 in C(L)/C(or). Now Theorem 2 in [64] immediately
implies (ii); note that in order to apply the cited result in loc. cit. one can take S

to be any nonempty finite set of prime places of L’ such that p ¢ S. O

Let v be the discrete valuation of L normalized by v(m) = 1, and suppose that
the residue field ¢ is finite. By [64], Proposition 1.(1), for every x € C'(L) the limit

min(0, v(z"z))

V(z) = lim

n—00 rm

exists; this gives a function V: C(L) — R which plays the role of a local height

function a la Néron-Tate associated to the Carlitz module
C: Flz] — L[r] = End(Grseh/L),F-1in(Ga,L), z—(+T,
over L; see [64], §3, for details.
Lemma 3.37 ([64]). Suppose that the residue field £ is finite. Let x € C(L).
(1) V(z) =0 if and only if ax € C(or) for some a € F[z] —{0}.
(11) V(z) = min(0, v(x)).
Proof. For (i) (resp., (ii)) see Proposition 4.(3) (resp., Proposition 4.(4)) in [64]. O
Finally, we are able to prove the main result of the present section.

Proof of Corollary 3.31. We need merely remark that by 3.30 there is a canonical
F[z]-linear isomorphism C(L)/C(or) . Fz] — YEL /YEL,,, and that C(L)/C(or)

is free of infinite rank over [F|z]. O

3.4.8 Inverting isogenies

We have seen earlier that YE!

cris

= or[z]/~ naturally is an F[z]-module. Setting

F =TF(2) and 0 = op = F[2] we now consider the F-vector space

1

YEL. [

cris[z]

~ YEclris ®, F.
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

We let

IS0V, = Extl,, (o) (0(2)(1), 02(),

i.e., the o-module IsoYE! . is naturally isomorphic to oz ((2))/~ where ~ denotes the

usual equivalence relation on o ((z)) as discussed in 3.27. In fact, since the action
of z € 0 on IsoYE!} — IsoYE!

cris cris

abelian group, the o-module structure on IsoYE]
1

is an automorphism p,: IsoYEL of the underlying

cris

naturally extends to an action of

F = 0[] in such a way that z~% acts by p;!.

Remark. The prefix "Iso-" is motivated by the characterization of the isogeny

category of (good-reduction) local shtukas over or; see [34], §§2, 7, and [41], §2. —
Proposition 3.38. The map

YEqiol] = Is0YEgy = or(2)/~orzy,  [f1/2" = [z 1,

is an isomorphism of F-vector spaces.

Proof. Let us first check that the displayed map is well-defined. Before doing so, we
remark that if g, h € or[2] then [g] = [h] with respect to ~,, . clearly implies that
lg] = [h] with respect to ~, (z). Now let [f]/2" = [g]/z™ inside YEL;[L], i.e., there
is some s > 0 such that [2°7" f] = [2°*"g] with respect to ~,, (), and therefore,
via multiplying with z7*~™~" we obtain that [z7"f] = [z7™g]|, as desired. It is a
straightforward matter to show F-linearity and surjectivity; let us briefly explain
injectivity: suppose that there is some u € or((2)) such that o(u)+ 27" f = u(z — (),
i.e., that [z27"f] = [0]; for N > 0 we get 2""™Nu € or[z] and therefore 2V[f] = [0]

over o [z], but this means that [f]/2" = 0 inside YEL, [2]. O

cris [ 2z

Replacing YE!

cris

soYE, = Exty, ynm(0c(2)[1/7](1), oL(2)[1/7])
= or(2)[1/7]/~opp1/m -

by YEL, we arrive at the following situation: let

Again, the scalar z € o acts by an automorphism on this abelian group, i.e., the
multiplication-by-z map p’: IsoYEL — IsoYEL is bijective; as before, we may con-

clude that IsoYE), naturally becomes an F-vector space, and that 2! acts via (p,) ™.

Remark. Similarly as mentioned earlier, since m € or[z] is not o-invariant, the

being merely an F-vector space, cannot arise from IsoYE!

cris

abelian group IsoYE!

st

by "inverting 7". —
Proposition 3.39. The map
YE (1] — IsoYEy,  [n7"f]/2" s [T f /7],

is an isomorphism of F-vector spaces.
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3.4 Yoneda extension classes and bad reduction in equal characteristic
Proof. We remark that 7="g ~ 7~™h with respect to ~g, [2j/x implies 77"g ~

7~ "h with respect to ~,, (z)[/x- This being said, the proof is entirely analogous to

that of 3.38. O
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Appendix: A brief dictionary

Mixed Characteristic/Number Fields

‘ Equal Characteristic/Function Fields

— 6 N

- |oo the archimedean absolute value on Q

~

= (@I-loc

a =

ox complete mixed-char. DVR

K = Frac(ok)

G = Gal(K#/K)

p = char(k), k the residue field of ox

7 — oy canonical map

p=0ink
(p) C Z residue characteristic

k — k, x — xP, p-Frobenius

W (k) — W(k), [z] — [z]P, p-Frobenius lift

Z,, (p)-adic completion of Z
Q= Zp[%]
ok /Z, complete ring extension

FE Elliptic curve over K

E(K) group of K-rational points of E

G,,, multiplicative group scheme
G (K) = K* unit group of K
Zp(l) = Tp(Gm,K) = liLnnZIGm(Kalg)[pn]

Let IF be a finite field, #F = r < oo, char(F) =
p

F(Pg) = F(2)
||oc on F(2)* defined by |§|Oo — pdeg(f)—deg(g)

—~ |'loo
Roo =F(1) =F(z)  completion at oo
Coo = RIS

oy, complete discretely valued F-algebra

L = Frac(oy)

G, = Gal(L*P/L)

p = char({), ¢ the residue field of of,

F[z] — oy, an embedding of F-alg., z +: ( €
or,

Assumption { =0 in /¢

(2) C F[z] kernel of F[z] — o, — ¢

¢ — {, x+— z", r-Frobenius
(=] — ([z], 3, biz* — Y, bz, r-Frobenius
lift

F[z] (z)-adic completion of F[z]

F((2) = Fl2][3]

or,/F[¢] complete ring extension

E Drinfeld F[z]-module over L, E, = ¢ +
Y air,

where 7: G, 1, — G, r-Frobenius

E(L) Flz]-module: zz =z + Y= aa"

C Carlitz F[z]-module

C(L) Flz]-module: zz = (x + "
Fz](1) = To(C) = limp, >, C(LP)[2"]
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3 Crystalline and semi-stable extension classes in mixed and equal characteristic

Autz, (Zy(1)) = Z, via (en)n>1, Where &, is
a generator of the cyclic group G, (K®#)[p"]
s.t. (5n)n21 S Tp(Gm,K)

Ko = K(e1,69,...) C K8

v € Gg: Zp(l) — Zp(1),  — xx(7)z, nat-
ural Gi-action via the cyclotomic character

VK

1 —o0x — K* = 7Z — 0 valuation sequence

1 —-14+mg — oj — k* — 1 principal units

1= q% — (K8 — B(K™#) — 0, [qx <1,

p-adic uniformization of Tate elliptic curves E

The action of Gk on the uniformization lattice
g% C (K*#)* is always trivial, i.e., ¢? ®77Z, =
Z(0)

crystalline Yoneda-extension classes
(1+mg) @z, Qp =~ EXtiris(QP7 Qp(1))

semi-stable Yoneda-extension classes

—=(p)
Kx" g, Qp ~ EXt;t(vaQp(l))

Quotients of Ext'-modules

EXtit(va Qp(l))/EXtiris(Qpa Qp(l)) ~Qp

120

Autppp(F[2](1)) ~ F[2]* via (tn)n>0, where
tn is an F[2]/(2"T1)-basis of C'(L3°P)[z" 1] s.t.
(tn)nZO € TZ(C)

Lo = L(to, t1,...) C L%°P

v € Gr: Flz](1) = Fz](1), © = x2(7), Gr-
action via the cyclotomic character x,: Gy —
F[z]* defined by >, ~(tn)z" = xr(v)t+
where t, =3 1,2" € Loo[2]*

0— C(or) = C(L) — C(L)/C(or,) — 0
0—C(mp) — Clog) = C() =0

0 — A — C —, E/ — 0 Drinfeld’s ana-
lytic uniformization of quotients E’ of C by
Gp-invariant finite free F[z]-submodules A C
C(Lsep)

The uniformization lattice A C C(L*P) does
not in general lie inside C(L), and if rk(A) =1
then G — Autpp.)(A ®pp,) F[2]) factors via
FX

C(mL) ®IF[[Z]] F((Z)) - YEg-ris ®]F[[z]] F((Z))

(2)

@) @ep F(2) — YEL . pp F(2)

VB, YEdss @] F((2)) = &nF((2))
if #0 < 00
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