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Abstract. We conjecture the existence of a long exact sequence relating Deninger’s con-
jectural cohomology to Weil-Arakelov cohomology, the latter being unconditionally defined.
We prove this conjecture for smooth projective varieties over finite fields whose Weil-étale
motivic cohomology groups are finitely generated. Then we explain the consequences that
such an exact sequence would have.

1. INTRODUCTION

Christopher Deninger has conjectured the existence of a certain cohomology
theory for arithmetic schemes (i.e., separated schemes of finite type over the in-
tegers), which would explain many conjectural properties of the corresponding
Zeta-functions. The shape that such a cohomology should take was described
in a long series of papers (see [3, 5, 4, 6, 7, 8,9, 10, 11]). The resulting con-
jectural framework generalizes Weil’s conjectures to arbitrary—in particular,
possibly flat—arithmetic schemes. More recently, the authors of this note have
defined some cohomological complexes of R-vector spaces attached to proper
regular arithmetic schemes, which we call Weil-Arakelov cohomology, see [13].
The “secondary Euler characteristic” of the Weil-Arakelov cohomology groups
of the arithmetic scheme X with coefficients in R(n) conjecturally gives the
vanishing order of the Zeta-function ((X,s) at s = n € Z. Under standard
assumptions, Weil-Arakelov cohomology has an integral structure which con-
jecturally gives Zeta-values up to sign. In this note, we conjecture the existence
of a long exact sequence relating Deninger’s conjectural cohomology to Weil—-
Arakelov cohomology, the latter being unconditionally defined. We prove this
conjecture for smooth projective varieties over finite fields whose Weil-étale
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520 MATTHIAS FLACH AND BAPTISTE MORIN

motivic cohomology groups are finitely generated. Then we explain the con-
sequences that such an exact sequence would have, using elementary linear
algebra. For example, it would imply our vanishing order formula. It would
also “explain” Beilinson’s conjectures relating motivic cohomology to Deligne
cohomology, as well as the perfectness of the Arakelov intersection pairing be-
tween the Arakelov—Chow groups of Gillet—Soulé. In the last section of this
note, we recall from [13] the statement of our special value conjecture, and
briefly mention how it fits into Deninger’s formalism.

2. DENINGER’S CONJECTURES ON ZETA-FUNCTIONS

The Zeta-function of an arithmetic scheme X is defined by the product
(see [34])

(X5 = [T (0= N@) ),
reXy
which converges in the half-plane R(s) > dim(X) (see [34, Theorem 1]), where
Xp is the set of closed points of X', N(z) is the cardinality of the residue field
k(z), and dim(X) is the Krull dimension of X. It is conjectured that (X, s)
has a meromorphic continuation to the whole complex plane. We have

C(x,8) =[] ¢(X9),

p<oo

where the product is indexed over the set of prime numbers and &), := X ®@zF,.

If X — Spec(Z) is projective, flat and regular, an Arakelov compactification
X of X is defined as follows. We view the fiber of X over R as the complex
analytic variety X'(C) endowed with its obvious Gg-action, where Gg is the
Galois group of C/R. An “integral structure over co” is then given by the
choice a Kéhler metric w on X(C) compatible with the Gr-action, i.e., such
that F% (w) = —w, where Fi, € Ggr is complex conjugation. We denote by
X the pair (X(C),w) endowed with its Gg-action, and we set X := (X, Xx).
The dimension of X', which we denote by dim(X), is defined to be the Krull
dimension of the scheme X

The Zeta-function of X is defined by

((X,5) = (X, 8) - C(Xoor ) = [] ¢(Xns5),

p<oco

where ((X, s) is a product of Gamma factors, depending on the Hodge struc-
ture over R on Betti cohomology H*(X(C),C). More precisely, let

H'(X(C),C)~ P HUX(C), )= @ H
pFq=i pt+q=i

be the Hodge decomposition and let

hP9 = dimc HP?,  hP*E = dimc(HPP) =t (D"
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DENINGER’S CONJECTURES AND WEIL-ARAKELOV COHOMOLOGY 521

be the Hodge numbers. One defines
(X, 8) == H Loo(hi(XQ)ﬂ 5)(71)17

i€l
where (see [35, Section 3])

(1) Loo(h'(Xg).s):= [[ Tels—p)""" ] Ta(s—p)"" Tals—p+1)""

p<g;ptq=i

and
Lc(s) = (2m)~°T(s), Tw(s) = 2—%w—%r(§).

The statement of Deninger’s conjecture requires the notion of zeta-regularized
determinant, which we now recall from [4, Section 1].

Definition 2.1. Let © be an endomorphism of a complex vector space V' of
countable dimension. We say that deto(© | V) is defined if the following
conditions hold:
(i) V is the direct sum of finite-dimensional G-invariant subspaces. For
any a € C, there are at most finitely many of these subspaces on which
« occurs as an eigenvalue.
(ii) Let Sp(© | V) be the set of eigenvalues of © counted with their alge-
braic multiplicities. We consider

Cov(s) == Z a®, with —7 < arg(a) < 7.
0#a€eSp(B|V)

We assume that (g|1/(s) converges absolutely for R(s) > 0 and that
Colv(s) has an analytic continuation to R(s) > —e for some ¢ > 0,
which is holomorphic at s = 0.
It follows from condition (i) above that VO~ := colim Ker(© — a)™, where
the colimit is indexed over m € N, is finite-dimensional for any o € C. The
algebraic multiplicity of the eigenvalue « is defined as the dimension of VO~
Under these two conditions, we define

detoo(© | V) := exp(—Ce)v(0) if 0 ¢ Sp(© | V)

and
deto(© | V):=0 if 0€Sp(O©|V).

Notation 2.2. We use the notation X to denote either an arithmetic scheme
X = (X,9) or an Arakelov compactification X = (X, X.,) of a projective
regular flat arithmetic scheme X. In the latter case, we say that X — Spec(Z)
is projective, flat and regular. We say that X — Spec(Z) is projective and
regular if either X — Spec(Z) is projective, flat and regular, or if X = (X, @),
where X" is a projective smooth scheme over a finite field.

The following conjecture is due to Deninger (see [3, 5, 4, 6, 7, 8, 9, 10, 11]).
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Conjecture 2.3 (Deninger). On the category of arithmetic schemes and their
Arakelov compactifications, there exists a cohomology theory given by (possibly
infinite-dimensional) complex vector spaces Hy , (X) and Hj , (X) endowed
with an R-action @', which satisfies the following properties:

(i) One has Héymc(i) =0 fori <0 andi>2-dim(X).

(ii) One has

(-1

Hdet (=2 Hi o)

where © := limy_,o +(¢" — Id), and the right-hand side is defined (in
the sense of Definition 2.1).
(i) If X is regular of pure dimension d, one has a trace map

Tr: den c( ) — (C(_d)
and an R-equivariant pairing

Hign o(X) x H270(%) % B3, (%) 5 C(—d)

dyn
such that the induced pairing between the p-eigenspace of © on
Héymc(%) and the (d — p)-eigenspace of © on HdQ;',ln “(%) is perfect, for
all p € C. Here C(—d) denotes the vector space C with R-action et

(iv) If X — Spec(Z) is projective and regular, there exists an R-equivariant
and C-antilinear Hodge *-operator

# 1 Hiy(X) = Hig " (X)(d =)
such that
Hiyn(X) x Hy (%) = C,  (2,y) = Tra(z Uxy),
is an hermitian scalar product on Héyn(%). Here, H3,,(X)(n) stands
for H3  (X) with R-action e™""¢".
(v) If X — Spec(Z) is projective and regular, then the function

(322 | Hi o))

defines a holomorphic function on the entire complex plane, whose ze-
roes lie on the line R(s) =1i/2.

L(R'(X),s) := detwo

3. WEIL-ARAKELOV COHOMOLOGY WITH REAL COEFFICIENTS

In this section, we recall from [13, Sections 2, 4] the definition of Weil—
Arakelov cohomology with R-coefficients. For a regular arithmetic scheme X
and an integer n > 0, we denote by Z(n)(X) := 2"(X,2n — %) Bloch’s cycle
complex (see [1, 16, 26, 27]), which we consider as a complex of Zariski sheaves
on X. For any abelian group A, we set A(n) := Z(n) ®z A and we consider
the Zariski hypercohomology RI'(X, A(n)) of the complex of sheaves A(n).
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3.1. Cohomology with compact support. Let X — Spec(Z) be proper and
regular. We define motivic cohomology with compact support RT.(X,R(n))
as the mapping fiber of the regulator map RI'(X,R(n)) =& RI'p(X /g, R(n)),
so that we have an exact triangle

reg

RT'.(X,R(n)) — RI'(X,R(n)) — RFD(X/R,R(TL)) —,
where
RFD(X/R,]R(n)) := RT(Gg, X(C),R(n)p)
denotes Deligne cohomology. A similar construction was done by Goncharov

in [20] and later by Holmstrom and Scholbach in [21]. Recall that R(n)p is
the following complex of Gr-equivariant sheaves on the manifold X'(C):
R(n)p = [(2im)"R = Q) = -+ = Wy )-
Note that if X is proper regular over a finite field, then
RT'.(X,R(n)) = RT'(X,R(n)) for any n € Z.

For n < 0, we have by definition RT'(X,R(n)) = 0 and R(n)p = (2i7)"R,
hence
RT.(X,R(n)) = RT'(Gg, X(C), (2i7)"R)[—1].
Finally, we define
RT.(X,C(n)) :== RT.(X,R(n)) @r C
for any X proper regular and any n € Z.

3.2. Cohomology of Arakelov compactifications. Let X be a projective
flat regular arithmetic scheme and let X := (X, X,) be an Arakelov com-
pactification, where X, is the pair (X (C),w) endowed with its Gr-action.
The Kéahler metric w provides a canonical morphism of complexes (see [13,
Remark 2.13))

RI'p(X/g,R(n)) = 7<*"RIp(X/g, R(n)),
which is a retract of the adjunction map
T<*"RI'p(X/r,R(n)) = RI'p (X, R(n)).
We define RT'(X,R(n)) as the mapping fiber of the composite map
RI'(X,R(n)) = RT'p(Xg,R(n)) = 7<*"RT'p(X /g, R(n))
so that there is an exact triangle
RI'(X,R(n)) — RT(X,R(n)) = 7<*"RT'p(Xg,R(n)) — .

Note that if X is proper regular over a finite field, then we define X := X, and
therefore we have

RT(X,R(n)) = RI'(X,R(n)) for any n € Z.
In both cases, we set
RI'(X,C(n)) := RI'(X,R(n)) ® C.
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3.3. Weil-Arakelov cohomology. Let X — Spec(Z) be proper and regular.
The Weil-Arakelov cohomology with real coefficients is defined as follows:

(2) RT..(X,R(n)) := RT(X,R(n)) & RL(X,R(n))[—1]
RT..(X,R(n)) := RT(X,R(n)) & RL(X,R(n))[-1]
RT.o(X,R(n)) := RT.(X,R(n)) ® RT.(X,R(n))[-1].

3
3

If X lies over a finite field Fy, then one has
R o(X,R(n)) = R4 (X, R(n)) = RT . (X, R(n)).

Finally, we set

RT..(X,C(n))
Rrar,c(')(v

3.4. The map U6. For any proper regular arithmetic scheme X', we define
UB: RTaro(X,R(n)) = RTar.o(X,R(n))[1]

as the map

01
RT.(X,R(n)) ® RT.(X,R(n))[-1] @ RT.(X,R(n))[1] ® RT(X,R(n)),

and similarly over X and without compact support. In other words, Uf is the
projection on the first direct summand followed by the inclusion of the second
direct summand. The map Uf induces an acyclic complex

(3) S m (X R(n) L HITY(X,R(n) L

ar,c ar,c

Of course, U# induces a C-linear map

Uo: Hi (X,C(n)) — HT (X, C(n)),

ar,c ar,c
and similarly over X and without compact support. Note that we have

(4)  Ker(uo: Hi (X,C(n)) — HLL(X,C(n))) ~ H'(X,C(n))

ar,c ar,c

and
(5)  Coker(U6: H, (X, C(n)) — HF 1 (x, C(n))) ~ H(x,C(n)),

ar,c ar,c

and similarly over X and without compact support.
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3.5. Weil-Arakelov cohomology and cohomology of the Weil-étale
topos. Let X be a proper regular scheme over Spec(F,). We denote by X
the Weil-étale topos and by

RI'(Xw,Z(n)) ~ RT'(Wy, RF(XFq,eth(”)))

the Weil-étale motivic cohomology in the sense of [28] and [17]. By [17, Theo-
rem 7.1 (c¢)], we have an isomorphism in the derived category

RT(Xy,Z(n)) ® R =% RI(X,R(n)) & RT(X,R(n))[—1],
which depends on the base field F,. We define vp, as the map vr, followed by
the map

o -1

RU(X,R(n)) & RT(X,R(n))[~1] %9 rP(X,R(n)) ® RT(X, R(n))[1].
Then the isomorphism

RT(Xw,Z(n)) ® R =% RT(X,R(n)) & RT(X,R(n))[~1]

does not depend on the base field.
Suppose now that X has pure dimension d. Under the assumptions L( Xy, n)
and L(Xw,d — n) of [13, Section 3.6], the square

R (X, Z(n)) ——22L s RD(Xw, Z(n)) 92 R

; |

RTw (X, Z(n)) =X~ RT(X,R(n)) & RT(X,R(n))[—1]

commutes, where RI'y (X, Z(n)) is the Weil-étale complex defined in [13, Sec-
tion 3], the left vertical isomorphism is [13, Theorem 3.20], and Sy is the map
defined in [13, Proposition 4.4].

Remark 3.6. Let X be a proper regular arithmetic scheme of pure dimen-
sion d. The map Sx of [13, Proposition 4.4] involves the map

B: RT.(X,R(n)) — RT(X,R(d — n))*[~2d]
induced by the pairing
(6)  RT.(X,R(n)) ® RT(X,R(d — n)) — RT(X,R(d)) 5 R[—2d].
Here the trace map
RT (X, R(d)) 5 R[-2d]
is tacitly defined (see the proof of [13, Lemma 2.3 (a)]) as
RT(X,R(d)) — RT(Spec(Z), R(1))[~2d + 2] = R[—2d].
If X lies over a finite field, then (6) is the pairing
RT(X,R(n)) ® RT(X,R(d — n)) — CHY(X)g[—2d]
— CH (Spec(Z))x[—2d) = R[-2d],

where C H!(Spec(Z)) is the Arakelov—Chow group of [18].
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3.7. The map U@ versus Uer,. Let X" be a regular scheme which is proper
over the finite field F,. Recall that we denote by RT'(Xy, Z(n)) the cohomology
of the Weil-étale topos with coefficients in the motivic complex Z(n). The
fundamental class

er, € H'(Spec(Fy)w, Z) ~ Hom(Ws,, Z)

is the class mapping the arithmetic Frobenius /' € Wy, to 1 € Z. Cup-product
with ep, yields a map

RT(Xw,Z(n)) ® R ——% RT(Xw,Z(n)) ® R[L].
Proposition 3.8. The square

log(q)-Uer,

RD(Xw,Z(n)) @2 R —— ¢ RD(Xw, Z(n)) @z R[1]

J/LFI lbp‘l [1]

Rrar(Xv R(n)) = RI‘ar(X, R(TL))

commutes, where (g, is the isomorphism defined in Section 3.5.
Proof. We consider the following diagram:

log(q)-Uer,

RI(Xy,Z(n)) ®z R RT(Xy,Z(n)) ®z R[1]

J{LT‘Q [O log(q) ] lLFq (1]

RT(X,R(n)) ® RT(X,R(n))[—1] -2 RI(X,R(n))[1] & RO (X, R(n))

l(Llog(q)l) [0 1] l(l,log(q)l)

RT(X,R(n)) ® RT(X,R(n))[-1] =25 RT(X,R(n))[1] ® RT(X,R(n))[-1].

The lower square obviously commutes and the upper square commutes by [17,
Theorem 7.1 (¢)]. The result then follows from the definitions of ¢y, and Uf. O

In particular, log(q) - Uer, does not depend on base field F; whereas Uer,
does. For example, if ¢ = p/, then one has er, = [ - er, in H'(Spec(F,)w,Z),
and therefore

log(q) - Uer, = log(p) - f - Uer, = log(p) - Uer, .

We refer to [29] and [12] for a more geometric definition of Uf in the case n = 0,
which in particular explains the factor log(g) appearing in the commutative
square of Proposition 3.8, see also [32, p. 47].

4. THE LONG EXACT SEQUENCE

Throughout this section we assume Conjecture 2.3, and we use Notation 2.2.
In particular, we use the notation X to denote either an arithmetic scheme or
an Arakelov compactification of a projective regular flat arithmetic scheme.
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Conjecture 4.1. For any X and any n € Z, we have a long exact sequence

C s Hi (X,C(n)) = Hiyn o(%) 275 H L (%) — HEFL(X,C(n) —

ar,c ar,c

such that the composite map

Hy, o(X,C(n)) = Hiyn o(X) = Hyf2(X,C(n))

ar,c

coincides with U@, and similarly without compact support.

4.2. Varieties over finite fields. For X a smooth projective scheme over [,
Deninger defined in [5] vector spaces

(7) iy (%) = D(H'(%5,.Q)) ©g,. C)

endowed with an endomorphism © satisfying Conjecture 2.3 (except for state-
ment (iv)), at least if the Frobenius acts semi-simply on the l-adic cohomology
groups H i(XFq ,Qp). We prove below that our Conjecture 4.1 holds true if one
defines Hj (%) by (7) and if the Weil-étale cohomology groups H'(Xw,Z(n))
defined in [28] and [17] are finitely generated for all i € Z.

Theorem 4.3. Let X be a smooth projective connected variety over a finite
field Fy.  Assume that the Weil-étale cohomology groups H'(Xw,Z(n)) are
finitely generated for all i € Z. Then Conjecture 4.1 holds for X and n.

Proof. We recall some notation from [5]. We set & = Fy and we denote by
Wy C Gy the Weil group of k, i.e., the discrete subgroup of Gy generated
by the Frobenius. Let ¢ € W) be the geometric Frobenius. We have the
isomorphism

WIIIIZ

such that ||¢|| = ¢~', where ¢” is the subgroup of RZ, generated by q. Applying
the logarithm isomorphism RZ = R, we get

Wi = Z -log(q) C R.

We denote by B := C[C] the group ring over C with coefficients in C. An
element of B is written in the form Eae@ rqe®, with a,r, € C. Then W}, acts
on B := C[C] by w - (%) := |Jw|* - e* for any w € Wj. Moreover, B has a
C-linear derivation © defined by ©(e%) = a - e®. For any A € C, one defines

Ly := B?=~* = C[Log, (\)],
where Log,(A) C C denotes the set of complex numbers « satisfying ¢% = A.

Hence an element of L is of the form ZaeLog ) rqe®. Finally, we consider
P

the ring L. := LL; := C[Log,(1)] endowed with its derivation ©. Note that Ly
is a free L-module of rank one for any A € C.
If V is a finite-dimensional complex representation of the Weil group Wy,
one defines
D(V) = (V &c B)"* ~ PV @¢ L.
AeC
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Then D(V) is a finitely generated free L-module endowed with the ©-action
induced by the one defined on B. Note the following fact: If V#=* is the
eigenspace of ¢ for the eigenvalue A, then for any « € C such that ¢® = A, the
subspace (V=2 @ C-e®*) C D(V) is the eigenspace of © for the eigenvalue .
Note also that if D is a L[O©]-module and n € Z, we may define the twist D(n)
(see [5, 1.6]) in such a way that the functor D commutes with twists.

Finally, if V' is a finite-dimensional complex representation of Wy, then
D(V) is a countable direct sum of 1-dimensional complex vector spaces. One
may therefore endow D(V) with a topology which makes it a locally convex,
Hausdorff and quasi-complete topological vector space. Then the topological
group R acts continuously on D(V') as follows: ¢ € R acts as the automorphism
exp(t - ©) of D(V). This R-action is in fact C-linear and differentiable.

Lemma 4.4. LetV be a finite-dimensional complex representation of Wy,. We
set ¢pn = q~"¢p. There is a diagram with exact rows

00— HOW,, V(n) ——— v "y 5 B (W, V(n) —— 0

= -:

0 —— HOR,D(V)(n)) ——D(V) 28 D(V) =5 HY(R,D(V)(n)) — 0,

where the vertical maps are isomorphisms, and such that the square

HO Wy, V(n) ——V —=— HY (W), V(n))

fl T—log(q)l-l

HO(R,D(V)(n)) —— D(V) == H'(R,D(V)(n))

commutes. Here H'(R,D(V')) is the cohomology of the topological group R with
coefficients in the R-equivariant topological vector space D(V'). In particular,
we have an exact sequence

0—n

(8) 0 — H°(Wy,V(n)) Pof D(V) D(V) los’ H'(Wy,V(n)) — 0

such that the map

i'of los’

HO(Wy,V(n)) —5 D(V) =2 H' (Wi, V(n))

coincides with —log(q) - s o 4.
Proof. In view of the identifications D(V(n)) = D(V)(n), (D(V)(n),0) =
(D(V),© —n) and (V(n),¢) = (V, ¢,), one may suppose n = 0.

The fact that the top row of the first diagram is exact is clear since we have
RO(Wy,, V) = [V 25 V).

Since D(V) is a locally convex, Hausdorff and quasi-complete topological
vector space, we have (see [2, IX, Proposition 5.6])

H'(R,D(V)) ~ H'(Lie(R), D(V)),
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where the right-hand side is the cohomology of the Lie algebra R ~ Lie(R)
which acts on D(V) by ¢t — ¢ - ©. The exactness of the second row of the first
diagram of the lemma then follows from the canonical isomorphisms

H°(Lie(R),D(V)) 2 D(V)®=0 and H!(Lie(R),D(V)) ~D(V)g—o.

Here D(V)®=0 (respectively, D(V)e—o) denotes the kernel (respectively, the
cokernel) of ©: D(V) — D(V).

The vertical isomorphism f in the first diagram of the lemma is the following
map

HOWp, V)=Vt 5 V=l @cC. ¢
=V @c L?7 = D(V)°=" = H(R,D(V)),

where V=1 5 V%=1 @0 C - ¢" sends v to v ® €°.
The vertical isomorphism [ is obtained as follows. We have

HYR,D(V)) ~ H(R, V= @c L) ® H (R, ®r1 V> @c Ly)
~ H'R, V=l @cL)
~H' (R, V™ @cC-€°) @ (BaxoH' (R, V= @ C - %))
~ HY(R, V= ®c C - €?)
~ Hom(R, V¢=1).
Hence the map H'(R,D(V)) — H' (W, V®=1) may be identified with
l: Hom(R, V?=') — Hom(Wj, V=1,
which is in turn induced by the morphism
Wi =R, ¢~ —log(q).

It follows that the second diagram of the lemma can be identified with the
following one:

Vo=l iy L Hom(Wy, vé=1) 2Py e

lm Tlog(q)_l-l Tld

vo=t L pv) —L Hom(R, V¢=1) 208 yo=1

Here the right square commutes. Moreover, the composition of the maps of
the top row is the identity of V¢=!, and similarly the composition of the maps
of the bottom row is the identity of V¢=1. Hence the left square commutes.
The result follows. U

Let X be a smooth projective variety over k = IF,. We set

Vii= HY(X, Q) ®q,.0 C,
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where k is an algebraic closure, [ # p is a prime number away from the charac-
teristic, H*(Xj, Q) is étale [-adic cohomology and o: Q; — C is a fixed embed-
ding. We consider V? as a finite-dimensional complex representation of Wy,
and we still denote by ¢ the geometric Frobenius. The quasi-isomorphism

RT(X,Qi(n)) ~ holim (RT(X;, Qi(n)) 2= RT(X;, Qu(n)))
yields the long exact sequence
o= HY (X, Qu(n) — H (X5, Q) ol H' (X5, Qi) = H™H (X, Qu(n) — -+,
where ¢, := ¢ "¢. Applying (—) ®g,.c C, we obtain

o HY(X,Qu(n) ©g,0 C = V275 Vi HHY(X,Qu(n) ©g,.0 C — -+
In view of (8), we obtain the long exact sequence

o HY(X, Qu(n)) ®g,.0 C — DV 222 D(V)

— HHX,Q(n) ®g,,0 C— -+ .
Consider the Weil-étale motivic cohomology
RT'(Xw,Z(n)) := RT(Wy, RT'(Xet, Z(n)))

in the sense of [17]. Since the groups H*(Xw,Z(n)) := H'(RT(Xw,Z(n))) are
finitely generated by assumption, we have by [17, Theorem 8.4] an isomorphism

H'(Xw,Z(n)) @z Q ~ H'(X,Qu(n)),
hence
(9) H'(Xw,Z(n)) ®z C ~ H(X,Qi(n)) ®g,.- C
for any i € Z. Hence Lemma 4.4 gives the long exact sequence
= Hi(Xw, Z(n))®2C — D(VY) 2% D(V) — H (2w, Z(n))©zC — ---
such that the composite map
(10) H'(Xw,Z(n)) ®z C = D(V') = H* (Xw, Z(n)) @2 C
coincides, under isomorphism (9), with
(11) H'(X,Qi(n) ®g,,s C— V' = H(X,Qi(n)) ®q,,s C

multiplied by the factor —log(g). But (11) coincides with U(—ey), where —ej, €
HY(Wy,Z) = Hom(Wy,Z) is the class mapping ¢ to 1, and Uey is the map
HY(X,Qi(n)) = H*(X,Q;(n)) defined by cup-product with ey (see the proof
of [13, Lemma 5.20]). We obtain

(10) = log(q) - Ue,.

Hence the result follows from Proposition 3.8. g
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4.5. The vanishing order conjecture. Recall that we denote the kernel
(resp. the cokernel) of the map

O —n: Héyn,c(:{) - Héyn,c(:{)

by Héyn’c(i)(a:” (resp. by Hji,, .(X)e=n). We say that © is semisimple at n
if the composite map

(12) Hzlyn,c(x)ezn - H(flyn,c(%) - Héyn,c(x)@:n
is an isomorphism for all ¢ € Z.
Proposition 4.6. Assume Conjecture 4.1. Then © is semisimple at n.

Proof. Recall from (3) that

ue

(13) o H o (%,C(n) < HiFL(X,C(n) = -
is an acyclic complex. Conjecture 4.1 gives the following diagram with exact
TOWS:

0—— Hi2 (X)o=n — HiZL(X,C(n)) — Hy,» (%)= —— 0

ai—l

0—— Hipn (X)o=n — Hi, (%,C(n)) —— H},, (X)9™" ——0

dyn,c ar,c

ot

0—— Hi,, (X)o—p —— HFH(X,C(n)) — HT! (%)%= —— 0,

yn,c ar,c dyn,c
where s is induced by the map H;rC(X,C(n)) — Héynyc(i) appearing in the
long exact sequence of Conjecture 4.1, ¢ is induced by the map Hj, .(X) —

Hit+1(%,C(n)), and o is the map (12) defined above. We denote the map

H, (X, C(n)) 2 HiFU(%, C(n)) by 6°. By Conjecture 4.1, we have

0" =100a"'0s

for all 4. Identifying Hé;j’c(f{)@:n with its image in HZ, (X, C(n)), we obtain

Im(0" ') =Tm(a’ ') € HD (X)o=n C s ' (Ker(a')) = Ker(6).

dyn,c
Since (13) is acyclic, we have Im(#°~!) = Ker(6?), hence
(14) Im(a'™1) = Hé;r},c(i)@:n = s (Ker(a')).
Therefore, o' is surjective and we have
(15) s~ (Ker(a')) = Hig, ((B)o=n = s7(0).

Applying s to (15), we obtain Ker(a!) = 0, since s is surjective. Hence o' is
injective. O
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Proposigion 4.7. Assume Conjecture 4.1, and set d = dim(X). Then
H, (%X,C(n)) is finite-dimensional for all i, zero for i ¢ [0,2d + 1], and one
has

(16) orden((X,5) = Y (=1)" i - dimcH, (%,C(n))
i€Z

for any n € Z.

Proof. By Conjecture 2.3 (ii), the multiplicity of the eigenvalue n of © act-
ing on Hj, (X) is finite (see Definition 2.1), and therefore the eigenspace

Hj o(X)9=" is finite-dimensional for all i € Z. Since Hj, .(X)o=y is iso-
morphic to H, éynyc(f{)ezn, it is finite-dimensional as well. The short exact

sequence

(17) 0= H ! (X)o=pn — H!

dyn,c ar,c

(2,C(n)) = Hiyp o(6)°7" =0

then shows that H? _(%,C(n)) is finite-dimensional for all i and zero for i ¢

ar,c

[0,2d + 1]. We obtain

> (-1)' i dime HY, (X,C(n))

iE€EZ
= (1) i dimeH ) (B)omn + > _(—1)" i - dime Hi, (X)°="
i€Z i€EZ
= (=1)' i dime H ) ()97 4+ (—1)F i - dime H, o (X)9"
i€Z i€EZ
= Z(_l)l : dim(cHzlyn,c(%)e:n
1E€EZ
- Z(_l)z ’ dimcHéymc(x)@Nnv
i€Z

where the second and the last equalities follow from the fact that © is semisim-
ple at n by Proposition 4.6. Here we denote

Héyn,C(X)@Nn 1= colim Ker(@ _ n)m’
as in Definition 2.1. It remains to show the identity

orden((X,5) = = > _(—1)" - dimeHj,, (X)°™,
=
which, by Conjecture 2.3 (ii), follows from

s-Id—©

(18) ordg—pdet o ( 5
Y

| Higuo(%)) = dime Hy, o(2)9".
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For the sake of completeness, we show (18). To ease notations, we set Oy :=
£8=0 and V := H}, (X). We have

27
(19) detoo (O4 | V) = detoo (O | VO™™) - detoo (04 | V/VO™T)
(20) =det(O, | VO™ . detoo (O, | V/VE™)
§ — m dim(Ve~™) O
(21) - (=) deto (0, | V/VO™M),

where the symbol det in (20) denotes the usual determinant. Indeed, the
identity (20) is valid since V©~" is finite-dimensional, and (19) is (an easy
case of) [4, Lemma 1.2] applied to the ©-equivariant short exact sequence

0— VO 5V 5 V/VO 0.

Since 0 does not occur as an eigenvalue of ©,, acting on V/V®~" we have by
definition

detoo (O | V/Vemn) = eXp(_Céan\v/V@wL (0)) # 0,

hence deto. (O, | V/VO™~") does not vanish at s = n. Therefore (18) follows
from (21). O

Remark 4.8. Assume that either X — Spec(Z) is flat, proper and regular, or
that X — Spec(Z) is flat, projective and regular. Suppose, moreover, that the
motivic L-function L(h(Xg), s) satisfy the expected meromorphic continuation
and functional equation for all 0 < ¢ < 2d —2. Then, by [12, Theorem 9.1] and
[13, Proposition 5.13], the conclusion of Proposition 4.7 holds for n = 0.

4.9. The eigenspace H} _ _(X)®=" and duality.

yn,c

Proposition 4.10. Assume Conjecture 4.1. For any i,n € Z, we have iso-
morphisms
Hy(X,C(n)) = Hip, (X)°7" =~ Hi, (X)o=n
and
H'(X,C(n)) = Hiy, (X)°7" > Hipn(X)o=n-

Proof. The kernel of Uf: Hitl(%,C(n)) — Hi2(x%,C(n)) can be identified

ar,c ar,c

with Hj , (X)e=n by (14) on the one hand, and with H:(X,C(n)) by (4)
on the other. So we have isomorphisms H:(X,C(n)) ~ Hj,, .(¥)9=" =~
H éymc(x)@:n’ and similarly without compact support. |

Proposition 4.11. Assume Conjecture 4.1 and that X has pure dimension d.
There is a trace map

HZ(x,C(d)) = H3, ()97 =5 C
and a perfect pairing
(22) H!(%,C(n)) x H*7(%,C(d — n)) — H*(%X,C(d)) —» C

of finite-dimensional vector spaces, for any i,n € Z.
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Proof. This follows from Proposition 4.10, since Poincaré duality for Deninger’s
cohomology induces a perfect pairing

iy o(2)977 x H2H(2)070n & 13t (2)0=1 I ¢, 0

dyn dyn,c
For X proper regular over Spec(Z), a trace map
H2(x,C(d)) & C
and a pairing
(23)  H(X,C(n)) x H*7(X,C(d — n)) » H*(X,C(d)) = C

are defined in [13, Section 2.2], where it is also shown that the perfectness
of (23) is essentially equivalent to the classical conjecture of Beilinson relating
motivic cohomology to Deligne cohomology (see [13, Conjecture 2.5] and also
[33, Section 4]). In particular, Proposition 4.11 holds for X = (Spec(OF), @),
and more generally for dim(X) < 1.

Remark 4.12. The pairings (22) and (23) should coincide. Assuming this and
Conjecture 4.1, the discussion above points out that Conjecture 2.3 (iii) implies
Beilinson’s conjectures relating motivic cohomology to Deligne cohomology.

Notation 4.13. Let X — Spec(Z) be projective, regular and connected.

If X is moreover flat, then X is an Arakelov compactification of a flat regular
projective arithmetic scheme X — Spec(Z). Then we denote by CH™(X)g the
Arakelov—Chow group with real coefficients (see [18, 5.1.1] and [19, 3.3.3]) and
we consider

CH"(X)c :=CH"(X)r ®r C.

If X is not flat, then X is a smooth projective connected variety over a finite
field, and we denote by

CH"(X)c:=CH"(X)®,C

the usual Chow group with C-coefficients.

Proposition 4.14. Assume Conjecture 4.1. Let X — Spec(Z) be projective
reqular of pure dimension d. Then we have
(i) Hi(x,C(n)) is finite-dimensional for all i and HE (X,C(n)) = 0 for
1#£2n,2n+1;
(i) CH™(X)c = Hgy, (X)°="
(iii) ords=n((X,s) = —dimcCH"(X)c;
(iv) a trace map CHY(X)c — C and a perfect pairing

CH™(X)c x CH ™(%)c — CHY(%X)c — C;
(v) the map (z,y) — Tr(z Uxy) induces a positive definite hermitian form

on CH™(X)c.
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Proof. The eigenvalues of © on Héyn(f{) lie on the line R(s) = /2, hence
Hzlyn(%)(a:n = Hzlyn(%)@:n = 0

for i # 2n, so that (i) follows from the short exact sequence (17). By [13,
Proposition 2.11] and Proposition 4.10, we have isomorphisms

CH™(X)c ~ H*™(%,C(n)) ~ H2" (%)9=".

dyn
We obtain
HZ(%,C(n)) = HZH(X,C(n)) ~ CH"(X)c,
hence (iii) follows from (i) and Proposition 4.7. As in the previous proof, the

perfect pairing (iv) is induced by Poincaré duality for Deninger’s cohomology,
and similarly for (v). O

Assume that X = X — SpT(Z) is projective, regular, of pure dimension d
and moreover flat. By [13, Proposition 2.10], [13, Conjecture 2.5] (i.e., the
Beilinson conjectures) implies Proposition 4.14 (i) as well as the existence of a
perfect pairing
(24) CH"(X)c x CH"(X)c — CHY(X)c — C.

Presumably, the pairing of Proposition 4.14 (iv) induced by duality for Denin-
ger’s cohomology, the pairing (24) and the Arakelov intersection pairing [18,
5.1.4] should coincide. By [13, Proposition 2.10], Proposition 4.14 (iii) fol-
lows from the vanishing order formula (16) for the incomplete zeta function

¢(X,s). Finally, assertion (v) appears in [25, Proposition 3.1], see also [19,
Conjecture 2.

Remark 4.15. One may reformulate Conjecture 4.1 as follows. First assume
that Deninger’s cohomology is the cohomology of a complex RI'qyn,c(X) of
C-vector spaces endowed with an R-action inducing a map O: RI‘dymc(f{) —
RT 4yn,c(X). Then we expect an equivalence

R o(%,C(n)) = [RTayn.o(X) =% Rl ayn.c(X)],

where the right-hand side denotes the homotopy fiber of © — n, such that the
map U6 coincides with the composite morphism

RT . o(%,C(n)) = RTayn.c(X) = RTar.o(X,C(n))[1],

and similarly without compact support. Poincaré duality for Deninger’s coho-
mology would take the form of a ©@-equivariant pairing

RTqyn o(X) ® RTqyn(X) = Rl qyn,c(X) = C(—d)[—2d],
which is, in some sense, perfect. Then
[RTaync(%) == Rlaqyno(%)]

would be dual to
O—(d—n
[RTayn(%) <= RT gy (),
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which would give an equivalence
RT o(X,C(n)) = RHom(RT 4 (X,C(d — n)),C[-2d — 1)),
as in [13, Proposition 4.2].

Remark 4.16. If one assumes that all ©-cigenvalues on all Hj  (X) occur
semi-simply, the equation ((X,5) = {(X,s) then implies that Héyn7c(f{) has
a O-invariant real structure. Similarly, Weil-Arakelov cohomology has a real
structure. The speculations mentioned in Section 4 should then also hold with
R-coefficients. The standard example of a supersingular elliptic curve over
a finite field shows that this real structure might not be preserved under all

endomorphisms of X.

5. SPECIAL VALUES CONJECTURE

In this section we recall the main conjecture of [13]. We consider proper
regular arithmetic schemes over Spec(Z), and we use the notation X to denote
such an arithmetic scheme. The complex RT', .(X,C(n)) has a real struc-
ture RTqp (X, R(n)), and in some sense a Z-structure. Indeed, under stan-
dard assumptions (see [13, Section 4]), there is an object RI's (X, Z(n)) €
D?(FLCA), where FLCA is the quasi-abelian category of locally compact
abelian groups of finite ranks in the sense of [22], and an isomorphism

RT o(X,R(n)) = RT 4, (X, Z(n)) @ R,

where the derived tensor product is defined as in [22]. More precisely, there is
an exact triangle in D*(FLCA)

(25) RUaro(X,Z(n)) = RTar.o(X,R(n)) = RTar.o(X,R/Z(n))

such that the cohomology of RT',, .(X,R/Z(n)) consists of compact groups
(see [13, Definition 4.15]). Consider the tangent space functor

T : DY(FLCA) — D°(FLCA), K +— RHom(RHom(K,R/Z),R),
where RHom is the internal Hom in D*(FLCA).

5.1. Statement of the conjecture. Applying the triangulated functor 7o,
to (25), we obtain by [13, Remark 4.16] the exact triangle

(26) RT4r(Xg/R)/F"[~2] = Rl o(X,R(n)) = RTw.o(X,Z(n))g,

where RT'w,.(X,Z(n)) is Weil-étale cohomology with compact support in the
sense of [13, Section 3.8], which is a perfect complex of abelian groups, and
RYT 4r(XR/R) is algebraic de Rham cohomology. We have a canonical isomor-
phism

(27) RT45(Xe/R)/F" ~ RT4r(X/Z)/F" ® R,
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where RTUyr(X/Z)/F™ := RI'(X, LQ;’}Z) denotes derived de Rham cohomol-
ogy modulo the n-th step of the Hodge filtration as defined in [24] (see also Re-
mark 5.4), which is a perfect complex of abelian groups (see [13, Section 5.1]).
This gives isomorphisms

(28) R =5 detg RT o (X, R(n))
(29) = (detzRTw,(X, Z(n)) ®z detz RUqr(X /Z)/F™)) ® R
(30) = A(X/Z,n) @z R.
where (28) is induced by the acyclic complex (3), and (29) is induced by (26)
and (27). We denote the composite isomorphism by
Aoo: R =5 A(X/Z,n) @ R.

Finally, we define a rational number C(X,n) € Q* using p-adic Hodge theory
(see [13, Section 5.4]). One shows that C'(X,n) = 1 for any n € Z if X lies
over a finite field, and that C(X,n) = 1 for any X if n < 1. The conjecture
below is [13, Conjecture 5.12].

Conjecture 5.2. We have an identity
Aoo(CF(X,0)"H- C(X,n)) - Z = A(X/Z,n).

By [13, Theorem 5.27], if X" is projective smooth over a number ring, then
Conjecture 5.2 is equivalent to the Bloch-Kato conjecture in the formulation
of Fontaine-Perrin-Riou (see [14] and [15]). On the other hand, if X has
characteristic p, then Conjecture 5.2 is equivalent to the conjecture of Geisser—
Lichtenbaum (see [28] and [17]), which holds, e.g., for curves. The formulation
of Conjecture 5.2 in the case n = 0 was envisioned by Lichtenbaum [29], see
also [31].

5.3. A reformulation. We now give a slight reformulation of Conjecture 5.2
using Conjecture 4.1. If V® — V! is a map of complex vector spaces with
finite-dimensional kernel and cokernel, one considers the complex [V0 — V1]
concentrated in degrees 0,1 and one defines

detc[V° ERN V1] := detcKer(f) ® detg ' Coker(f).

The isomorphism (29) and the long exact sequence of Conjecture 4.1 provide
us with the isomorphism

v A(X)Z,n)e =5 dete R oo (X, C(n))
i X n—© X
%y R dets V' [Hiyy o(X) T Hig, ()],
1E€EL

Moreover, one has a trivialization

i ) n-© . o~
ss: Q) dets V' [Hiyp o(X) — Hi, (X)] 5 C,
i€Z
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induced by the isomorphisms (12), and one may show that the diagram of
isomorphisms

n—0

A(X/Z,1) ® C—— @,y dets ) [Hiy, (X) T Hi, (X))

commutes. Hence Conjecture 5.2 reads as follows: The complex line

—1)"r 74 e oy
®det(§: ) [demc(X) 2—> demc(X)]
i€z
has a canonical lattice t(A(X /Z,n)) whose generator maps to
ic* (Xv n)_l ’ C(Xa Tl)
under the isomorphism ss induced by the semi-simplicity isomorphisms (12).
Remark 5.4. We expect
(31) Cxn) L= T (n—1-qpcn " dimetl (Xe0)
i<n—1;j
for any n € Z, but among schemes flat over Z, this is currently only known
for X = Spec(OF), where F' is a number field all of whose completions are
absolutely abelian (see [13, Prop. 5.34]). In any case, (31) suggests the fol-

lowing modification of the derived de Rham complex. For a free Z-algebra P,
consider the subcomplex

QI<D7Z = [(n — 1)!9?3/2 —(n— 2)!9}3/2 s 0[9;}721}

of the truncated de Rham complex

QI<37Z = [Q?D/Z - Q}D/Z — Qg?zl}

The complex Q;}LZ is functorial in the free algebra P. For an arbitrary Z-
algebra A, let Py(A) — A be the standard simplicial resolution of A by free
Z-algebras [23]. Consider the simplicial complex Qfg."( )z and its total complex

LQj7Z = Tot(QfJ."(A)/Z),

which is a subcomplex of the derived de Rham complex modulo the Hodge
filtration

LQ§7Z = Tot(QfJ."(A)/Z).
One then defines RT' g (X /Z)/F™ as the Zariski hypercohomology of the com-
plex of sheaves LQf?Z on X. If one assumes (31) and if one replaces the
complex R yg(X/Z)/F™ by RU4r (X /Z)/F™ in the formulation of Conjec-
ture 5.2, then the correction factor C(X,n) disappears.
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