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Abstract. We study the problem of convergence to the boundary in the setting of random
walks on discrete quantum groups. Convergence to the boundary is established for random
walks on SUg4(2). Furthermore, we will define the Martin boundary for random walks on
C*-tensor categories and give a formulation for convergence to the boundary for such random
walks. These categorical definitions are shown to be compatible with the definitions in the
quantum group case. This implies that convergence to the boundary for random walks on
quantum groups is stable under monoidal equivalence.

1. INTRODUCTION

When studying random walks several natural questions arise. Among these
are “what is the asymptotic behavior of the random walk as the time tends
to infinity?” and “can we describe all invariant functions on the space?” To
be precise, given a discrete Markov chain (X, P), consider the space of all in-
finite paths © := X with associated coordinate projections X,,: @ — X, can
we describe the behavior of X,, as n — oo? And can we find all functions
h: X — C such that Ph = h? It turns out that the answers to these two ques-
tions are related. Martin [19] defined a compactification M (X, P) of X with
respect to P (nowadays called the Martin compactification) and a boundary
M(X,P) := M(X,P)\ X. He proved that every positive harmonic function
can be represented by an integral over this boundary, hereby partially answer-
ing the second question. This result is the probabilistic analog of the theorem
that any analytic function on the disc can be represented by an integral over
the circle. Some years later Doob [13] and Hunt [14] independently showed ex-
istence of a measurable function X : Q — M (X, P) such that the coordinate

The research leading to these results has received funding from the European Research
Council under the European Union’s Seventh Framework Programme (FP/2007-2013)/ERC
Grant Agreement no. 307663 (PI: S. Neshveyev).



288 Bas P. A. JORDANS

maps X, converge to X,,. Note that this function X, takes values in the
Martin boundary, explaining the terminology “convergence to the boundary”.
Moreover, they strengthened Martin’s result and proved by means of this con-
vergence result that positive harmonic functions can uniquely be represented
on a smaller subset of the Martin boundary, the so-called minimal boundary.
Let v! be the measure on the Martin boundary which represents the constant
function 1. It can be shown that if A is a bounded harmonic function, then
the corresponding representing measure v" is absolutely continuous with re-
spect to v'. The Martin boundary together with this measure v is called the
Poisson boundary. It describes all positive bounded harmonic functions.

In the early nineties Biane [2, 3, 4, 5] started the study of non-commutative
random walks on duals of compact groups. His idea was to work on the group
von Neumann algebra L(G) and act with operators of the form P, := (¢®¢)A,
where A is the comultiplication given by A()Ay) = Ay ® A\g. These operators
P, form the analog of Markov operators used in Markov chains on discrete
spaces. Izumi [15] continued this study and defined random walks on discrete
quantum groups. His main motivation was to study the (non-)minimality of
actions of compact quantum groups on von Neumann algebras. He considered
actions on infinite tensor products and proved that the relative commutant of
the action can be described as the space of harmonic elements of a Markov
operator P. The space of P-harmonic elements is called the Poisson boundary
and forms the non-commutative analog of the Poisson boundary for classical
random walks. Neshveyev and Tuset [22] built further on this story and defined
the Martin boundary for noncommutative random walks on discrete quantum
groups. In that paper they proved the important result that any positive
harmonic element can be represented by a linear functional on the boundary.
But the problem of convergence to the boundary remained open. In another
overview paper [21] they gave a conjecture of what convergence to the boundary
should correspond to in the quantum world.

The problem with proving boundary convergence in the noncommutative
setting is that the “commutative proof” is very hard to translate. Classically
stopping times and Martingale convergence theorems are used to obtain almost
everywhere convergence. However, it is not clear how to formulate such stop-
ping times, up- and downcrossings in a noncommutative way. In this paper
we prove that the conjecture of convergence to the boundary as proposed in
[21] holds for SU4(2). Our approach is very computational, but it shows that
there is exponential fast convergence, which is a lot faster than what occurs
classically.

There are not many examples of quantum groups for which the Martin
boundary has been computed. The difficulty is that it is very hard to com-
pute how the Martin kernel acts on matrix units of the discrete dual G. One
can say that SU4(2) is the main example for which the Martin boundary has
been identified [22]. Other cases are based on this computation of SU,(2). For
example, the free orthogonal quantum groups [29, 30] which are monoidally
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equivalent to SU4(2). A theorem by De Rijdt and Vander Vennet [12] gener-
alizes this and gives a concrete method to compute the Poisson and Martin
boundaries for a quantum group out of the Poisson and Martin boundaries of
a monoidally equivalent quantum group. Later Neshveyev and Yamashita [24]
proved an extended Tannaka—Krein duality between certain algebras with G-G
actions and C*-tensor categories related to Rep(G). With this correspondence
they were able to define a categorical version of the Poisson boundary. The
results of both papers indicate that a similar result should hold for the Martin
boundary too. In this paper we will show that this is indeed the case. We
give a definition of a categorical Martin boundary and show that under the
correspondence of [24] the Martin boundary of a random walk on a discrete
quantum group can be reconstructed from the categorical Martin boundary of
the random walk on the representation category. A natural question is then
whether also convergence to the boundary can be presented in a categorical
way. Fortunately the answer to this question appears to be positive, yielding
a broader range of examples for which convergence to the boundary holds.

The paper is structured in the following way. We start with the prelimi-
naries in which we build up the theory about compact and discrete quantum
groups, C*-tensor categories and noncommutative random walks. In Section 3
we establish convergence to the boundary for random walks on SU4(2). In Sec-
tion 4 we will briefly outline how the methods of [12] can be extended to show
that convergence to the boundary is invariant under monoidal equivalence of
quantum groups. We proceed in Section 5 by defining the Martin boundary
and convergence to the boundary in a categorical way. Finally, in Section 6
we establish compatibility of this categorical description with the theory for
random walks on discrete quantum groups.

2. PRELIMINARIES

2.1. Compact and discrete quantum groups. There are several good pre-
sentations of the theory of compact and discrete quantum groups; see for ex-
ample [18, 23, 31]. Here we give a brief overview of the concepts will we need.

Definition 2.2. A compact quantum group is a pair G = (C(G), A) consisting
of a unital C*-algebra C(G) and a *-homomorphism A: C(G) — C(G) @ C(G)
called the comultiplication, satisfying coassociativity (¢ ® A)A = (A®¢)A and
the cancellation property

span{(a ® 1)A(d) | a,b € C(G)} and span{(l ® a)A(d) | a,b € C(G)}
are norm-dense in C(G) ® C(G).

The tensor product ® of C*-algebras always indicates the minimal tensor
product unless mentioned otherwise.

There exists a unique state h: C(G) — C, called the Haar state which
satisfies

(h ® 1)Aa) = h(a)l = (0 ® h)A(a).
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This is called right invariance, respectively left invariance of the Haar state.
Throughout the paper we will assume that the Haar state is faithful, so we are
dealing with reduced quantum groups.

Often Sweedler’s sumless notation will be useful. If x = ;:l a:l(.l) 331(‘2)
write for example z19 = z1o =2 ® lor 13 =213 = ZZ xil ®R1I® xgz).

, we

Definition 2.3. A unitary representation of G on a Hilbert space H is a
unitary element U € M (C(G) ® Bo(H)), such that

(1) (A®L)U=U13U23.
Here Bo(#) denotes the compact operators on H.

We will only deal with unitary representations and therefore we will usually
omit the prefix “unitary”. If U and V' are unitary representations, denote the
space of intertwiners

Hom(U,V) := {T € B(Hy,Hy) | 0@ T)U =V &T)}.

A representation is called irreducible if Hom(U,U) = Cly,. Two represen-
tations U and V are (unitarily) equivalent if Hom(U, V) contains a unitary
intertwiner, in which case we write U = V. The set of equivalence classes
of irreducible representations is denoted by Irr(G). We fix representatives Us
for every s € Irr(G). The equivalence class of the trivial representation, the
representation on C given by 1 € C(G) ® B(C), is denoted by 0. (Note that in
literature the label 0 is sometimes used for the 0-dimensional representation.)
The (classical) dimension of U is by definition the dimension of Hy and is
denoted by dim(U). Sometimes, due to the leg numbering, we put the s as a
superscript, so we write for example Uy := (Us)12.

Every irreducible representation is finite-dimensional and every finite-
dimensional representation decomposes into a direct sum of irreducible
representations. So in most cases it suffices to deal with finite-dimensional
representations. For two representations U and V define the tensor prod-
uct representation on Hy ® Hy by U x V := Uj2Vi3. Note that in general
UxV 2V xU. For s,t € Irr(G) we write s ® t when we want to indicate the
tensor product Ug x Uy. For example, Hom(s ® t,7) = Hom (U, x Uy, U,.).

Let H be a Hilbert space. The inner product is denoted by (-,-) and is
antilinear in the first component. Identify the dual space H* with the complex
conjugate Hilbert space H. So if £ € H, then £ € H acts as £(¢) = (£, ().
Consider the map j: B(H) — B(H), j(T)¢ := T*¢. So under the identification
j maps T to its dual operator.

Definition 2.4. Let U be a finite-dimensional representation. The contra-
gredient representation U¢ on Hj; is defined by

U= (1)U e C(G)® B(H").
Then U°¢ € C(G) ® B(Hj;) is invertible and satisfies (A ® ¢)(U®) = U{3Uss,

although it need not be unitary. If U is irreducible there exists a unique positive
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invertible operator py € Hom(U, U°?) such that
Tr(zpy) = Tr(zpy')  for all z € Hom(U, U).
The conjugate representation U of U is defined as
U := (1@ j(pv)*)U (L@ j(pr) 2) € O(G) ® B(Hy),
this is again a unitary representation. The quantum dimension of U equals

Tr(py) and is denoted by dy. Note that dim(U) < dy and equality holds if
and only if py = wp.

Frobenius reciprocity holds and can be formulated as
HOIn(Ul, U3 X Ug) = Hom(U1 X Ug, U3) = HOID(UQ, Ul X U3),

where Uy, Uz and Us are representations. In particular, if U is irreducible, then
so is U. We write 5 € Irr(G) for the unique representative satisfying Uy = Us.

Notation 2.5. Given a collection {X;};c; of Banach spaces for some index
set I, we use the following conventions:

1% =A{(@i)i | 2 € X3},

el
@Xi = {(xl)l € HXi | z; # 0 for at most finitely many i},
el el
co- @ Xi = { ()i € [T | (el € o).
el el
1D X, = {(xi)i e [T x| suptllzll} < oo}.
icl icl i€l

Note that the last two algebras are Banach spaces, with respect to the norm
|(2i)ill := sup; ||z:||. The norm-closure of @, ; X; in 1°-@P,.; X; equals
co- P, Xi. Furthermore if all X; = A; are C*-algebras, then co- P, ; A; and
1°- P, ; Ai are C*-algebras. Moreover, if all A; are unital for the multiplier
algebra, then the identity M (co- @, A;) = 1°- P, A; holds.

Notation 2.6. The matrix coefficients of G are defined as

C[G] == {(t®w)(U) | U t.d. representation, w € (B(Hv))*}.

If £,¢ € Hu, let mec == ((,)§ € B(Hy) denote the matrix unit. For each
s € Irr(G) we fix once and for all an orthonormal basis {€; 1) in %, such
that p, acts diagonal with respect to this basis. Abbreviate mj; := mes ¢ €
B(Hs), so mij(ﬁk) = 4;%&. Write

Us = ujy@miy = (uf)ig and py=3 (po)imiy =D (ps)ia i
ij

ij i

Note that (1) reads as A(u;;) = Zzi:niws) uyy, ® uj;. The matrix coefficients
satisfy the following orthogonality relations:

-1
*,.8 ps ik s \* ps il
h((uk) ui;) = 5st5jl7( d ) ; h(“iz(uij) ) = 5St5,ﬂ._( d)J .
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Definition 2.7. A Hopf x-algebra is a pair (A, A) consisting of a unital x-
algebra A and a unital *-homomorphism A: A — A® A, the comultiplication,
satisfying (A ® )A = (+ ® A)A, together with linear maps S: A — A and
g: A — C such that the identities

(2) (e®)A(a) = (t®e)A(a) = a,
(3) m(S @ )A(a) = m(t® S)A(a) = e(a)l

hold for all a € A. Here m: A® A — A is the multiplication map. S is called
the antipode and e the counit.

The maps S and € are uniquely determined by (2) and (3). Moreover, ¢ is a
*-homomorphism, S is an anti-homomorphism and they satisfy the following
relations:

e(S(a)) =¢€(a), AS=(S®S)cA, S(S@))=a (acA),

where o is the flip map.
Note that (C[G],A) is a Hopf *-algebra with maps S, ¢ defined by the
identities
S®@)U)=U" and (e®:)(U)=1.
Moreover, C[G] is dense in C(G).
Consider the space of linear functionals C[G]*. For every finite-dimensional
representation U of G we get a representation 7y of C[G]* on Hy by

(4) mu: C[G]" — B(Hy), wr— (w®)U.

The collection {7y, }scnm(q) defines an isomorphism

ClG]* =[] B(Hs) = U(G).

Similarly
ey = [ BHa ® @ Hs,) = UG").

S14..438n

Define a unital *-morphism A: C[G]* — (C[G]®2)* dual to the multiplication
on G: R

A(w)(a ®b) := w(ab) for w € C[G]* and a,b € C[G].
Then (C[G]*,A) satisfies the axioms of a Hopf *-algebra (when understood
properly) with counit é(w) = w(1) and antipode S(w) = w(S(-)) whenever
w € C[G]*. Via the isomorphisms above this leads to a map A: U(G) — U(G?).
We will generally use U(G) instead of C[G]*. Let ms: U(G) — B(H,) denote
the projection on the matrix block corresponding to s. Equivalently one can
define the comultiplication A(a) for a € U(G) by

(75 @ 7)(A(a))T = Trp(a) for all T € Hom(r,s & t).

Another way goes via the multiplicative unitary. For this consider the GNS

representation (Hy,, £x, m,) associated to the Haar state h. We will write L2(G)
for Hp,. If 2 € C(G) write A(z) = x&;, € L*(G) for the corresponding vector in
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the GNS construction. Since h is faithful, we can identify C(G) with 7, (C(G))
inside B(L?*(G)). Denote by L°°(G) the von Neumann algebra generated by
m(C(GQ)) in B(L?*(G)). By density of C(G) inside L?(G) the map

() (€ @ a&n) — Ala)(€ ® &n)

extends to a unitary operator in B(L?(G) ® L?(G)). The adjoint W of (5) is
called the multiplicative unitary and defines a unitary (not necessarily finite-
dimensional) representation of G on L?(G), the so-called left reqular represen-
tation. Given &, ( € ‘H consider the functional

weer B(H) = C, wee(T) = (£ T¢).
If Us is an irreducible representation, then for every ( € H, the map
Oc: Ho = L2(G), € (do)?(A@w 12, )(UZ)

intertwines Us and W. From the orthogonality relations it follows that 0 is
isometric if ¢ is a unit vector. Moreover, if (,{’ € H, are two orthogonal
vectors, the corresponding images of 6 and 6¢/ are orthogonal. Thus by pick-
ing orthonormal bases we obtain a canonical inclusion H, ® H, — L*(G), it
corresponds to the space of matrix coefficients of Uy. By identifying B(H,) =
Hs; @ Hs we obtain an inclusion @, B(Hs) — L?*(G). Taking all irreducible
representations exhausts L?(G). This gives the Peter-Weyl decomposition for

compact quantum groups. Observe that W can be expressed as
W @ U=Y e
selrr(G) ER N
The multiplicative unitary W satisfies the pentagon equation WioWi3Wos =
WasWia.
Notation 2.8. Let G = (C(G), A) be a compact quantum group. The discrete
quantum group dual to G is the virtual object indicated by (G,A). We write

co(G) = E BH.), «(G):=co-E BH.),

selrr(G) selrr(G)
1°(G) =1"-PB(H,), UG):= ][ BH.).
selrr(G) selrr(G)

The isomorphism (4) shows that G is indeed dual to the compact quantum
group G. The multiplicative unitary W encodes all information of the quantum
group G. Namely its matrix coefficients span both C[G] and cpo(G) and the
comultiplications are given by

Ala) =W*(1®a)W € C(G) ® C(G),
A@) =W e )W* e I1®(G) @ 1%(G),

for a € C(G) and = € [*°(G). We will not need it, but also the antipode
and counit can be expressed in terms of W (cp. [17, Prop. 11.37]). Recall the
elements p, defined in Definition 2.4. We write p € U(G) for the element that
satisfies 75 (p) = ps for every s.
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The comultiplication A has unique right- and left-invariant weights, denoted
by 1 and ¢, respectively. Invariance means that they satisfy

(@ w)A(2)) = d(@)w(1), (@ )Ay)) = dly)w(l),
for all z,y € 1°°(G)* such that P(x) < 00, ¢(y) < oo and all w positive normal
linear functional on {*°(G). These weights can be written down explicitly as

6)  d@)= 3 ATl ), dy) = 3 dTr(r(y)).

selrr(G) selrr(G)

Note that 1& and q@ are unbounded on co(G’). The modular groups are given by

(7) of (x) = p~"ap®, of(x)=pap" (x € coo(Q)).

Definition 2.9. Let G, G be a compact respectively discrete quantum group
and B a unital C*-algebra. A left action of G (resp. G) on B is a unital
+-homomorphism a: B — C(G) ® B (resp. a: B — M(co(G) ® B)) satisfying
(t®a)a=(A®@)a (resp. (1t ® a)a = (A ®1)a) and a(B)(C(G) ®1) is norm
dense in C(G) ® B (resp. a(B)(co(G) ® 1) is norm dense in ¢o(G) ® B). Right
actions are defined similarly.

Definition 2.10. Let G, Ghea compact respectively discrete quantum group
and N a von Neumann algebra. A right action of G (resp. G) on N is an
injective normal unital *-homomorphism 8: N — N ® L*(G) ® B (resp.

B: N = NR®I*®(G)) satisfying (B®¢)8 = (t®@A)S (resp. (BR1)8 = (t@A)S).
Left actions are defined similarly.

For us the most important actions are the adjoint actions.

Notation 2.11. The multiplicative unitary W defines left and right adjoint
actions of G and G by

ar: 1°(GQ) = M(C(G) @ 1°(4)), =— W*(1 o)W,
ar: C(GQ) = M(C(G) @1°(G)), a— W(a®1)W*.
For s1,...,8p,t € Irr(G) denote by
m!, . =dimHom(U;, Uy, x -+ x Us,,))

the multiplicity of the representation U; in U, ® --- @ Us,, .

Lemma 2.12. For s1,...,8,,t € Irr(G) the multiplicities satisfy the following
inequalities:

dim(Us, ) - - - dim(Us,, )

8 L < ,
( ) msl,...,sn = dlm(Ut)
(9) > oml, ., <dim(U,,) - dim(U,).
telrr(GQ)
Proof. For sy,...,s, € Irr(G) it holds that P, mg, U, = Us, x - x Us,
Thus

> omi, L dim(U,) = dim(Uy,) - - dim(Us,),
relrr(G)
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from which (8) follows immediately. As each representation has dimension > 1
also (9) is clear from this identity. O

For KMS states we follow [7]. The following result is easy to prove using
the elementary properties of the modular conjugation .J.

Lemma 2.13. Let n: A — C be a KMS state on a C*-algebra A. Then n
extends to a normal faithful state on the von Neumann algebra M = m,(A)".
Let 0" = o be the associated modular group, J, the modular conjugation and
&y the GNS vector. Then n: M — C is a 0-KMS state and

(i) the sesquilinear form
('7 ')77: A X A — (Cv (a’7 b)n = 77(5‘7—1/2(@*)) = <€n7 ana€n>

is a semi-inner product;
(ii) the sesquilinear form

(5)n: M XM = C, (a,b)y :=n(bo_i2(a”)) = (&, bTyady)

is an inner product;
(ili) the linear functionals (-,¢)n: M — C and (c,-),: M — C are positive if
c € M is positive.

This form above is a modification of the well-known semi-inner product
(v)n: Ax A —= C, (a,b), := n(ab*). The modular group ensures that the
positivity result in (iii) holds. Note that o_;/5(b*) need not be defined for all
b € A, but the inner product (§,,bJ,a&,) is well-defined for all a,b € A.

We will freely use the results of the following lemma.

Lemma 2.14. The g-numbers defined by

g = L0
)
satisfy the following identities:
(10a) nlg=q¢"'+¢" P+ ¢ ",
(10b) [m +nlq = q"[m]q + ¢ " [n]q = ¢ "[mlq + ¢"[n]q,
(10c¢) [mlq =¢"""(1+O0@*™) + O(¢*™)) as m,n — co.

Proof. Identities (10a) and (10b) are trivial. For (10c), note that

q2m_1 q2n_1 _q2m_q2n

[m]q m—n om on
P il T R
which proves the lemma. O
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2.15. C*-tensor categories. For the definitions and elementary results re-
garding C*-(tensor) categories we refer to [23, Chap. 2]. We will follow their
notation and conventions.

Assumption 2.16. We will always assume that our C*-categories are small
and closed under finite direct sums and subobjects. Moreover, C*-tensor cat-
egories are in addition assumed to be strict and rigid.

Notice that simplicity of the unit object is not assumed. To be clear we fix
some notation.

Notation 2.17. Let C be a strict C*-tensor category with simple unit 1. By
Ob(C) we denote the objects of C and by Hom¢ (U, V') the set of morphisms
between U and V. Let Irr(C) denote the equivalence classes of the simple
objects in C. For each s € Irr(C) fix a representative Us. For each Us fix a
conjugate object Us. By Frobenius reciprocity U, is again simple, thus iso-
morphic to U; for some ¢t € IrrC. We define a map Irr(C) — Irr(C), s — 5,
where 5 is defined by the identity U, = Us. The unit object is indicated by
0 € Irr(C), thus Uy = 1. The multiplicity of Uy in U ® V is denoted by
mp;y = dim(Home (Uy, U @ V). Thus U @ V = @, m{; U, where mf; Uy
means the direct sum of mj; |, copies of U;. For each object U we let (Ry, Ry)
be a standard solution of the conjugate equations. Let dy := ||Ry||* be the
intrinsic dimension of U. The normalized categorical traces are given by

try: Ende(U) = C, T~ dy'Ry(,g @ T)Ry = di' Riy (T @ 15) Ry

The adjective “normalized” refers to the constant dl}l, to make sure that
try(ty) = 1. If C = Rep(G), then it can be shown that R := Ry, and
R, := Ry, are given by

(11) R() =Y Ewpte, R(1) =Y plgad.

In particular, if U is multiplicity free, it holds that ¢y (z) = try(z) for z €

Endgrep()(U) C I1°(G) (see [23, Rem. 2.2.15]). This also implies that the
intrinsic dimension of a representation equals the quantum dimension.

2.18. Infinite tensor products. For the construction of the infinite tensor
product of von Neumann algebras we follow [28, §XIV.1]. This construction
makes use of the infinite tensor product of C*-algebras. Given a sequence of
C*-algebras (A,), with *-homomorphisms m,: A, — A,+1, there exists an
inductive limit

A = ]in(A’ru 7Tn),

with inclusion maps ¢, : A, — A. This C*-algebra A can be described by the
following universal property. If B is a C*-algebra with maps a,: A, — B
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such that for each n € N the diagram

I

Anpr 50—

On 41

commutes, then there exists a unique map a: A — B such that for each n € N
the following diagram commutes:

|

The C*-algebraic tensor product of a sequence (Ay,), of C*-algebras is defined
as the inductive limit

®An = lim(A!,, 7,),
n=1 -
where A} := A; ® --- ® A, with the minimal tensor product and connecting
maps 7, (x) ;=2 ® 1.
Given a sequence (M,,), of von Neumann algebras together with normal
states wp: M, — C, define the state w = Q),, wn on the C*-algebra A :=
WET1® @, ®1®1® ) :=wi(®1) - wn(Tn)

and extension to A. The GNS-construction applied to w gives a cyclic repre-
sentation (7, Hy, &) of A. Define the von Neumann algebraic infinite tensor
product of (M,,,wy)n as

M = @(Mn,wn) = (mu(A))".

The commutant is taken in B(H,,). The functional w extends to a state on M,
which is faithful if each w; is faithful on 7, (M;). This construction depends
heavily on the choice of the sequence of states (wy,), different choices can give
nonisomorphic algebras, see for example [28, Thm. XVIII.1.1]. For us however,
tensor products of the form ®:io are relevant, these are defined in a similar
manner.

The formulation of the following lemma is from [15, Lem. 3.4.], the proof
can be found in [10, Lem. 2].

Lemma 2.19 (Noncommutative martingale convergence theorem). Suppose
M is a von Neumann algebra with a normal state p. By construction of the
infinite tensor product for any n € N there is the embedding

—1 —

1
in: ®(M,¢)<—>®(M,<p), T 11w,

—n o0
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Define slice maps

-1 -1
By QM. ¢) » QM) @ (0@ @) ().

Then E,, := iy o E/ is the unique p-preserving conditional expectation onto
zn(®:7ll(M, ©)). The maps E, satisfy the following:
(i) For every x € ®:(1)O(M, ©) it holds that x = s*-lim,, E, ().
(i1) If the sequence (xy,)n C ®:(1>O(M, ©) satisfies Ep(xpy1) = Ty, then there
exists a unique T € ®:;(M, v) such that x, = Ey(z).

Notation 2.20. Recall the left adjoint action oy : I1°°(G) — M(C(G)®I®(G)).
This action can be extended to a left action of G on ®:,11 [*°(G) by

1 1
(12) ar: RI(G) = L=(G) @ (@zw(é)),
T = Wl*,n+1 ER W1*72(1 & (E)Wl’g s Wl’n+1.

Moreover, for x € ®:io(l°°((?), ) the following limit can be shown to exist
in norm (see [15, §3]):
lim Wy - W, (1@z)Wi _p--- Wi 1,

n—oo
defining an action on the infinite tensor product. The leg numbering here is
different than elsewhere in this paper, the 1 refers to L>°(G) and the —j to
the —jth component of ®:C1>O Again this action is denoted by «;.

2.21. Noncommutative random walks. Here we review the basic proper-
ties of noncommutative random walks on discrete quantum groups. For clas-
sical random walks take a look in [34].

Definition 2.22. A discrete Markov chain consists of a pair (X, P) where
X is a discrete space and P = {p(z,y)}syex is a matrix which satisfies the
properties p(z,y) € [0,1] for all z,y € X and ZyGX p(z,y)=1for all z € X.
We say that P defines a (classical) random walk on X. The scalars p(z,y) are
the transition probabilities that the random walk jumps from z to y.

Definition 2.23. Suppose that {p(z,y)}s yecx defines a random walk on X.
Let
Ozy if n=0,
p"(z,y) = { p(z,y) ifn=1,
Zzexpnfl(%z)p(z,y) ifn>1.

This is the probability that the random walk is at y after n steps when started
at z. The random walk is called transient if Y - p"(z,y) < oo for all
z,y € X. It is called irreducible if for all z,y € X there exists an n € N
such that p™(z,y) > 0.
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Transience means that for any pair (z,y) the expected number of times the
random walk hits y when starting at x is finite. Irreducibility exactly means
that every point can eventually be reached from any other point with positive
probability.

Definition 2.24. Let U be a finite-dimensional representation of G. Define

the state
(T (o)
dy '
Write ¢ := @p.. Obviously ¢, o 7, defines a state on [°°(G), which we again
denote by ¢,. Denote

ou: B(Hy) = C, T~

¢ = span{y; | s € Irr(G)},

where we take the norm-closure. Clearly, for any ¢ € % there exists a finite
(complex) measure p on Irr(G) such that ¢ =37 1, ) #(s)ps. In that case
we write ¢ = ¢,. Note that ¢, is a state if and only if u is a probability
measure.

The orthogonality relations imply that
ps(2)1s = (h @)U (1 @ z)Us),

S0 (s is an ay|p(y,)-invariant state. In fact, it is the unique a;|p(y,)-invariant
state (see [22, §1.4]). We get

(13) s (7) = @s(2)ps(Ls) = (h ® @s) (W (1 ® 2)W).
Note that (6) translates to ¢ (x) = > Bops(z).

Definition 2.25. Given a normal linear functional ¢ on [*°(G), define the

Markov operator associated to ¢ by P, := (p @ ¢)A.

The operator P, is completely positive if ¢ is positive. In addition the
operator satisfies P,(Z(1>°(G))) ¢ Z(1*°(G)) if and only if ¢ € € (see [22,
Prop. 2.1]). Therefore we focus on Markov operators defined by states of the
form ¢, for probability measures u. We write P, := F,,.

In the literature, there is another quite common convention. Namely non-
commutative random walks defined by the states ¢, := d;! Tr(rs(- p)) and
P, := Do)t ® ¥s)A. Thus slicing in the right leg of the comultiplication
with a different state. Of course all results that hold for P, also hold for P,
and conversely, but one has to be aware on how to translate them. In this
paper we will only work with P,.

Let I = @, I, be the identity in 1°(G). Since A(I) = I ® I and Ou
is a state, it follows that P,(I) = I. Define scalars p,(s,t) € [0,1] by
Pu(Ii)Is = pu(s, )L, then it follows that 3,1, (q)pu(s,t) =1 and py(s,t) >
0. Therefore {p,(s,t)}stemr(c) defines a discrete Markov chain on Irr(G).
Define the measure i by fi(s) := u(3). Write @5 := @5 and extend this lin-
carly to the states ¢,. If ¢ and 9 are two functionals on [*°(G), the prod-
uct is defined by ¢ = (¢ ® w)A For properties of this Markov chain see
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[22, Lem. 2.4, Cor. 2.5]. In particular, using induction, one easily shows that

pﬁ(svt) = ptpﬁ (Svt)

Definition 2.26. The measure y or the operator P, is called generating if for
all s € Irr(G) there exists an n € N such that ¢j;(Is) > 0. If the random walk
with kernel {p,,(s,t)} ternr(c) is transient, P, or p is called transient.

Transience almost automatically holds for “true” quantum groups as is
shown by the following result.

Lemma 2.27 ([22, Thm. 2.6]). Suppose that p is a probability measure on

Irr(G).  Define constants cn (1) by the identity @5 = >, 1) Cnr()er,
then

dr

(14) )= 3 plt) )

Put A=Y p(r) dlm(U ). The following inequalities hold for any n € N:

> enr(wdt <A

relrr(G)
" di dim(Us) ,,

< — .
pp(s,t) a4, dm(0,) A" for any s,t € Irr(G)

In particular, if there exists s € supp(p) such that dim(Us) < ds, then
B Y i o0 Saen <o
relrr(G) n=1

in which case p is transient.

The statements regarding pj; are from [22, Thm. 2.6]. The identities of ¢, ,
are an easy consequence of the computations of the proof of that theorem.

Proof of Lemma 2.27. We prove (14) by induction on n. If n = 1, this is
trivially true as mj, = d;, . For n > 1 we have

entt = Ry,

= Z Cn,'r(,u):u(t)(pT(pt
r,t
d, ds_
_ Z ( Z .u(tn)mfh '7tnm)ﬂ(ﬂ(zmi7tdrdt 905)

t1,.. S

ds T s
= ; ( Z Z n),u(tn+1)mmthm7tnmntn+l)(ps

ds .\
= ( > ,u(tl)",u(n+1)%7mt17...,tmtn+1)§055

d
s ti,otnta ot
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which completes the induction. Use the estimates of Lemma 2.12 to obtain

Z cnm(u)dr_1 = Z p(te) - p(tn) ( Z m:h...,tn) ﬁ

< Y ntt) gl TR0l Cr)

t1,...,tn

(om0 =572

t

n

For the estimate of p!* observe that (14) implies that
o

n d
pu(sat) :p<ﬂﬁ (Sﬂt) = ZCH,T(M) d Zl mf’,s

1 di
= Z M(ﬁ)"'#(%)ﬂd—smrh...,rms
T1lyeeny Tn
1 dy dim(Uy,) - - - dim(U,,, ) dim(Us)
< o -t n
B rlgr M(Tl) M(Tn)drl T drn dS dlm(Ut)
ds dlm(Ut)
The last part follows from the observation that if ds > dim(Us) for some
s € supp(p), then 0 < 3, p(t) dlm(Ut) <1 O

Definition 2.28 ([22]). Suppose that y is transient. Then the following op-
erator, the Green kernel, makes sense:

GMZCQO(G)—)IOO xHZP”
n=0

If in addition p is generating, the Martin kernel of p given by
Kt coo(G) = 12°(G), x> Gu(x)(Ga(lo)) ™!

is well-defined. Here Ip denotes the identity in the trivial representation
Ho = C. By definition, the Martin compactification M (G u) of G with re-
spect to  is the C*-subalgebra of l°°(G) generated by ¢o(G) and Kj (COO(G))
The Martin boundary M(G, ) of G is the quotient C*-algebra M(G, u)/co(é).

Definition 2.29 ([15, §2.5]). Let ¢ be a state on 1°°(G). An element h €
[°(G) is called @-harmonic if P,(h) = h. If z > 0 and P,(z) < z, then x is
called p-superharmonic. Define the Poisson boundary

H>(G,¢) == {h €1®(G) | Py(h) = h}.

This is a von Neumann algebra with product x-y := s*- hmn P"(xy) If o=,
for some y probability measure on Irr(G), we write H> (G, ,u) for the Poisson
boundary.

Miinster Journal of Mathematics VoL. 10 (2017), 287-365



302 Bas P. A. JORDANS

Note that in the literature different manifestations of this product can be

found. However, all products are the same, because H>®(I>°(G), 1) is an op-
erator system in [°°((G). By a result of Choi and Effros [8], it admits at least
one product turning it into a von Neumann algebra. On the other hand, a
C*-algebra has, up to complete order isomorphism, a unique product. The
nontrivial part is therefore to find this product. Originally Izumi [15, §2.5]
used an ultra-filter and Cesaro-summation to define the product. For a dis-
cussion on the product on H*(G, @), see [16, Appendix].

Proposition 2.30 ([22, Thm. 3.3]). For any p-superharmonic element x €
1°°(G) there exists a bounded positive linear functional w,: M(G, p) — C such

that (y,z)y = wa(Kpu(y)) for all y € coo(G).

Conversely if w: M (G, u) — C is a bounded positive linear functional, then

there exists a unique superharmonic element x,, € 1°°(G) such that (y,xy )y =

wW(Kg(y)) for ally € coo(G). If xy is p-harmonic, then wl. Gy = 0. Moreover,
if supp(u) is finite, then x., is harmonic if and only if w|c (&) = 0.

We say that the above functional w, represents the element x.

2.31. General results on convergence to the boundary. Discrete Markov
chains are known to converge to the boundary. For random walks on discrete
quantum groups this is still an open problem. In this section we prove some
results regarding the convergence of paths in the quantum setting.

Recall that a net (x;); C B(H) is said to converge to x in the strong topology
if ||(x; —x)&|| — 0 for all £ € H. Tt converges in strong* topology if both x; — x
and z] — z* in strong topology. We write s-lim,, z; =  and s*-lim, 2; = =
for the strong and strong™® limits.

If M C B(H) is a von Neumann algebra, then the strong and strong* topolo-
gies on M in general depend on the embedding of M into B(#). The restriction
of the topologies to bounded sets are independent of such an embedding. Note
that if (z;); C M is a bounded net and ¢: M — C is a faithful state on M,
then s-lim; z; = x if and only if lim; ¢((z; — z)*(z; — x)) = 0.

Notation 2.32. Let ¢ be a state on (1°°(G), A). Consider for n > 1 the unital
*-homomorphisms

Jn 1(6) > @) 0), v 01010 A" ()

An element z is called p-regular if s*-lim, j,(x) exists in ®:io(l°°(é),<p).
Denote

R,:={ze 1°(G) |z is ¢-regular}.
For © € R, define joo(z) := s*-lim, jn(x). Write o™ = .- ® ¢ ® ¢ and

n

observe that > o 5, = ¢©".

This algebra ®:io(l°°(é), ) turns out to be the proper generalization of
the space of functions on paths of the random walk. The maps j, correspond
to the duals of the coordinate maps.
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Proposition 2.33 (Izumi [15] and Neshveyev—Tuset [21]). Let (I°°(G),A) be
a discrete quantum group and p be a probability measure on Irr(G). Assume
that the random walk defined by ¢ = ¢, is generating and transient. The
following holds:

(i) Ry, is a C*-subalgebra of 1°°(G) that contains co(G) and H>(G, o).
Write

—1
0= jool 1= (G : H¥ (G 0) = QUT(G), ).
Then
(i) joo: Ry — ®:io(l°°(é), ©) is a x-homomorphism onto 0(H™ (G, ¢));
(iii) co(G) C ker(joo); )
(iv) 6: H>®(G,p) — 0(H>® (G, p)) is a x-isomorphism;
v) 07! 0 joo(x) = s*-lim, P2 (z) for any © € Ry,. In particular,

€00 0o = ligngz)".

Denote 0y := 01 0 joo: R, — H>®(G, ). This is a x-homomorphism by (ii)
and (iv).

No proof of this result is given in [21] and only some parts are in [15,
Thm. 3.6], so we give a proof for completeness. Note that part (iv) does not
follow from part (ii) since the Poisson boundary is equipped with a different

product than [*°(G) (cp. Definition 2.29).

Proof. (i) Clearly R, is a linear space which is closed under the involution *.
Each j, is a *-homomorphism, so it is norm-decreasing, i.e. ||jn(z)|| < |||
Therefore if z,y € R, and § € H,o, then

= [[Gn (@)n (y) = Joo (%) Joo (1))E]l

< NG ()70 (y) = dn(@)doc (W)EN + 1| (Gn (@)oo (¥) — Joo (€)oo (¥))El

< sup [ (@) [ (Gn (y) = Joo ()€1l + | (Gn(2) = Joo () doo (W)E]I,

which tends to 0 as n — oo, thus zy € R, and joo(2y) = joo(®)joo (y). To
show that R, is closed in norm, let (x,), C R, be a bounded sequence with
lim,, |z, —z| = 0. Given € > 0 and & € Hyoo, find m such that ||z —z,,| < e.
Then there exists N € N such that ||(jn(m) —jn (xm))E|| < € for alln,n’ > N.
This gives, for n,n’ > N,
1 () = gnr (@))€l < (G () = dn(@m) )€l + 1[G (2m) = gnr (@m) S|
+ G (2m) = g (2))€]|
<z = zmlllEl + & + [lzm — 2[[€]]
<e+2[[¢|le.

Thus R,, is closed in norm and hence a C*-algebra.
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~

We claim that s*-1lim,, j, () = 0 for every x € ¢o(G). This would show that

co(G) C R, and ¢o(G) C ker(joo). First consider Iy € B(H,), then

05 (L)) = (0 ® - ® @) (A" (I))
= (‘Pu QP ® é)(A”([S))
=&Pi(I) = > EPrI)nL) = (I )pp(t,s)
telrr(G) telrr(G)
=pu(0,5).

By assumption P, is transient, thus ) p;(0,s) = g,(0,s) < co and hence
limy, p};(0,s) = 0. If 2 € coo(G) is finitely supported, then z*z is dominated
by a linear combination Zﬁl ¢;iIs, for some s; € Irr(G) and ¢; > 0. Therefore

lim ™ (jn (€)"jn(2)) < Y i limpji(0, ) = 0.

~ ~

Since R, is a C*-algebra and coo(G) is dense in ¢(G), the claim follows.

The statement that H>*(G, @) C R, is contained in [15, Thm. 3.6]. Izumi
only deals with finitely supported measures p, but the proof also applies to
our case. Recall the conditional expectations E,, and maps E/ introduced in

Lemma 2.19. By coassociativity one has, for m > n and any z € [*°(G),
E(jm(@) = (- ®p@pe ") (- ®1a 1 A" (z)
= (p @ ®ea®)((®™ " @ APTHA™ M (x))
—_————
An—1 m—n
= Am P @)
and thus
(15) Ey(jm () = jn(Pg " (2)).

Therefore if h € H*(G, ¢) is a harmonic element, then E,,(j,+1(h)) = jn(h);
in which case, the noncommutative Martingale convergence theorem (cp.
Lemma 2.19) implies that there exists a unique element y € ®:io(l°°(é), ©)
such that E, (y) = jn(h) for all n and that the sequence (E,,(y))» converges to y
in strong* topology. In other words s*-lim,, j,(h) = y, thus H>®(G, ) C Ry,
concluding part (i).

We now deal with (iv). Clearly 6 is surjective on its image, linear and pre-
serves the involution. For an element z € R, the limit s*-lim, P} (x) exists
by (15) and is harmonic. Therefore by part (i) it is again in R,. Thus if
hi,he € H*® (G’, ) are harmonic, by the noncommutative martingale conver-
gence theorem and (15) we have

Joo (hl)joo (h2) = joo(hlhz)
=s*-lim Enjoo(hth)

= s*-lims*-lim E,, j,n, (h1h2)
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=s —hms —hm]n(P "(h1h2))
=5 —hm]n(hl - ha)
:]oo(hl ' h2)7

thus joo: H®(G,¢) — Q- (I™(G),¢) is a +-homomorphism. It remains
to show that j,, is isometric. Since jo, is a *-homomorphism, it is norm-
decreasing, so ||h|| > ||joo(h)]|- It thus suffices to prove the reverse inequality.
Denote U := P Us,so0if x € ®:il°°(é) then

sEsupp i

® )l e.9s, ifsi,..., 5, €supp(p),
" (@) s s {O 1 otherwise

Since the measure p is assumed to be generating, we obtain

[l = sup{[l7s(R)] | s € Irr(G) }
= sup{||m( ()II 5 € supp(p™),n € N}
= sup{ 757" (A" ())|| | n € N}
= sup{||jn(h)[| | n € N}.

From (15) we conclude j,(h) = Ep(joo(h)). Since E,, is a conditional expec-
tation, we get

[[2]] = sup [ljn(R)[| = sup [ En (oo (R)I| < lljoo (R)][-
neN neN

Hence j, is isometric and thus a x-isomorphism onto its image, which proves
(iv).

We prove (ii) and (v) simultaneously. Clearly j is a *-homomorphism.
By (i) it is immediate that 0(H®(G,¢)) C joo(Ry). Let € R,. By the
noncommutative martingale convergence theorem and (15) we get

(16) Joo(T) = 8*- lirrln Epjoo(z)
= g*- 1i11;n s*- 11171211 Epnjm ()
= s*-li;n s*- 1%11%(13«21_”(33))
= S*_h}ln s*- 1171111%(13«?(33))
= joo (8"~ lim P (2)).

Since s*-lim,, P} (z) is harmonic, we obtain j(R,) C oo (H®(G, ¢)) which
establishes (ii). Moreover, (16) can be written as 6" o joo () = s*-lim,,, PJ* ().
This gives

007" 0 joo(z) =limé o PM(z) = lim (9™ ® 1)A(2) = lim o™ (x),

which finishes the proof. O
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Conjecture 2.34 ([21]). Let p be a transient and generating probability mea-
sure on Irr(G). The following holds for the random walk defined by ¢ = ¢, on
(G, A):
(i) Ky(x) € Ry, for every x € Coo(G)
(i) Ifl/ = hmn@ |r, = €0y, then P(zh) = v(Kg(x)h) for every x € coo(G)
and any harmonic element h € H*® (G, ¢).

There is no proof known for this conjecture. We therefore say that a random
walk on a discrete quantum group (G , A) defined by a probability measure p
converges to the boundary if the statements of the conjecture hold for (G, ).
This notion of convergence to the boundary is compatible with the classical
case, see Proposition 2.36 below.

Consider the modular group {o¥}; of the right Haar weight (see (7)). It is
easy to show that (see [22, §3.3]) the following holds:

(17) oV P, = Pyo?, oVK,=Kyol.

Moreover, if x € l°°(G) then H7rs(crt (@))]] < ||7ws(z)|| whenever ¢ € R and thus
IZ’(CO(G)) C ¢o(@). Tt follows that of defines an automorphism group on the
Martin compactification and factors through the Martin boundary.
The state V|M Gy 158 o¥-KMS state representing the unit 1 € HOO(G ®)
(see [22, Thm. 3. 10]) So in particular o} = U#’ for all . Define the map
Kiom T, (M (G, )" — 1°°(G) by the identity

(18)  (a,Kp(@)y = (K3(a),2)y (a€m(M(G,9))",z € coo(G)),

where (,-), and (-,-), are as in Lemma 2.13. Note that ¢ is unbounded on
1°°(G), but it is well defined on coo(G). Identity (18) determines K¢ uniquely
because we can take for z all matrix units m$;. In [22, Lem. 3.9] 1t is shown
that Im(K3) C H* (G, ) and K is normal, umtal and completely positive.

Theorem 2.35 (21, Thm. 6.2]). If Conjecture 2.34 holds for a state ¢ on
(I°(@G), A), then this random walk has the following properties:

(i) For any positive harmonic element h € H>(G,¢) the positive linear
functional (h,-), represents h, meaning (h,z)j = (h, Ks(z)), for all
S COO(G). .

(ii) The map Kj|né,py: M(G,9) — H‘X’(G, ®) equals the map Oolnr(é )
It induces an isomorphism m,(M(G,¢))" = H*(G, ¢) which respects the
action of the compact quantum group G and the dual discrete quantum
group G.

Given a discrete group I', consider C(G) := C*(T') and define A: C(G) —
C(G) ® C(G) by A(Ay) := Ay ® Ay, then G = (C}(T'"), A) is a compact quan-
tum group. The elements {\,},cr are one-dimensional representations of the
compact quantum group G. They span a dense subset of C(G). Hence by the
orthogonality relations these are all finite-dimensional irreducible representa-
tions. Thus Irr(G) =2 T and C[G] C C(G) = Cf(I') equals the ordinary group
algebra of I'. It follows that U(G) = C[G]* equals the functions on I'. The
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discrete quantum group can be identified as [°°(G) = 1°°(T") with pointwise
multiplication and involution. The comultiplication is given by

A(f) (77" = f(yy') €170 x T) = 1() @ 1°°(T).

Let p be a probability measure on I' = Irr(G). Since all irreducible represen-
tations of G are one-dimensional, p equals the identity and thus ¢, : [*°(I') = C

equals ¢, (f) := Z'yEF f('y)u('y). It follows that
Pu(f)@) = ((p @) => u)fy ) =Y uley ) ()

yel’ yel’

So this equals the classical random walk on I' with Markov kernel p,(z,y) =
w(zy~1). With this notation we get the following result.

Proposition 2.36. Suppose that we are given a probability measure p on a
discrete group I'. Assume that u defines a generating and transient random
walk on I'. Let P, be the Markov kernel of the random walk on loo(é). Then
this quantum random walk converges to the boundary in the sense of Conjec-
ture 2.34.

We will not prove this proposition, because it would require to build up
the whole theory of classical random walks and convergence to the boundary
thereof. Instead we give a rough sketch.

Sketch of proof of Proposition 2.50. First identify the quantum Martin com-
pactification M (G, j1) with the functions on the classical Martin compactifica-
tion M (T, p) via

ki C(M(T, ) = 17°(G),
L, = L, ku(t,) — d 2 Ku(I).

This fully describes an identification, because by construction of the Martin
compactification the functions {1} ecr and {k, (¢, ) }+er generate the algebra
of continuous functions on the Martin compactification. The next step is to
find out how this identification behaves with respect to the maps j,. Let Q =
{(wn)2%y | wn € T} be the path space and X,,: @ — I be the nth coordinate
projection. It can be shown that j, corresponds to X,. Classical convergence
to the boundary says that the sequence X,, converges almost everywhere (with
respect to some measure on ) constructed out of u) to a Borel measurable
function Xoo: @ — M(T', u) (see [34, Thm. 24.10]). Using that convergence
almost everywhere is stronger than convergence in mean, the identification
shows that for any z € M (G, ju) the sequence (j,(2))n converges in strong*-
topology.

To establish the representation of harmonic elements one first needs to iden-
tify the state representing the unit, for this the classical convergence to the
boundary is again necessary. If y € H Oo(é, 1) is a general harmonic element,
then it corresponds to some harmonic function h € H*(T', 1). Using the clas-
sical convergence to the boundary, h can be represented as an integral over
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the Martin boundary. The identification s then leads to the desired expression
for y. g

Convergence to the boundary describes the asymptotic behavior of the paths
in the random walk, but by Theorem 2.35 it also gives a natural representation
of harmonic elements. Let us take a closer look at this second part of the
conjecture.

Recall that ¢> defines a faithful state on @ (I°(G), ). Consider the
GNS representation (e, Hopoo, Epe ) of O(H®(G, @) defined by ¢>. Since
joo: Ry — O(H™(G, ) is surjective and

v=limy" = lim(p ® - -- ® p) A" = > 0 j,
it follows that
WV(R@) = Tpoe (H(Hoo (G7 (»0)))

inside B(#,) = B(H ). Therefore the morphism jo,: R, — @] Eloo((?), ®)
can be extended to an s*-continuous map jeo: m (Ry)” — 0(H™ (G, ¢)). We
denote this extension by j, and similarly we write

0o := 0" 0o T (Ry)" — H®(G, ).
Lemma 2.37. For z,y € R, the following holds:
0o(bo(z)) = bo(z) and Oo(xy) = Oo(x) - fo(y),
where - is the product in H*(G, ). If in addition M(G,¢) C R, then
V(K p(2)00(a)) = v(Ks(z)a) fora € m,(M(G, )" and x € coo(G).

Proof. Let x be ¢-regular. From Proposition 2.33 we see 6y(x) € H*(G, @),
thus

P} (0o(z)) = Oo(x) for every m > 0.
We also know from Proposition 2.33 that 6y = s*-lim,, P7. Hence

bo 0 bp(z) = s"-1im P} (0o (x)) = s*-lim Oy (z) = o (),

which proves the first identity. The second one follows from Proposition 2.33,
part (iv).

To prove the last statement, observe that if a € m,(M(G,p))”, then 0(a)
is P,-harmonic and v = € o 071 0 joo = € 06y. Hence

V(K¢(x)9o(a)): 090( ()90( )
z)) - (Bo(fo(a))))
))

( fo(a)))
=éod ( p(x)a))
v(Kg(z)a),

which proves the result. O
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Proposition 2.38. Assume that M(G' ©) C Ry, so that the random walk on
G defined by p satisfies the first part of the conjecture. Then the following two
conditions are equivalent:

(1) K3 =0olyic,p) and joo: T, (M(G, ©))" — 0(H> (G, p)) is surjective.
(ii) Part (i) of Conjecture 2.34 holds.

Proof. Suppose that (i) holds. Let h € H*® (G’, ¢). By assumption there exists

an a € m,(M(G,p))" such that K%(a) = 67! (joo(a)) = h. Lemma 2.37 and

the definition of K3 in terms of the inner products (17) give

v(Kg(x)h) = v(Ks(x)bo(a)) = v(Kg(x)a)
V(K (o z/z( x))o? ;2 (a™))
= (", K (02 2(2))),,
( :; a”) ’071/2 z )w
=(o z/z(m)awz 2(K3(a™)"))
=¢($K¢( a)) = b (zh),
which is exactly the second condition.

To prove the converse implication, note that Theorem 2.35 implies that
Joo =00 K7 and that K7 is an isomorphism. Hence jo is surjective. O

Corollary 2.39. Assume that M(G,p) C R,. In addition, assume that
Kg: coo(G) = M(G, ) has dense range and K*: T (M (G, )" — H*®(G, ¢)
intertwines the right coactions of (co(G), A). Then part (i) of Conjecture 2.3/
holds.

Proof. From [22, Prop. 3.12] it follows that K}: m, (M (G, ¢))" — H®(G,
is an isomorphism, while [22, Prop. 3.11] unphes that K3 = ( L)
which thus is surjective. Now apply Proposition 2.38.

[>>
[BRE
oss

3. CONVERGENCE TO THE BOUNDARY FOR SU,(2)

In Proposition 2.36 we obtained that if I is a discrete group, a quantum ran-
dom walk on [*°(I") converges to the boundary in sense of Conjecture 2.34. To
obtain a “true” quantum example of convergence to the boundary we consider
random walks on SU4(2)”, where

SUL(2)" := SU,(2).

We shall show that if a probability measure p on Irr(SU4(2)) is nice enough,
then the random walk on SU4(2)” defined by p converges to the boundary.

3.1. SU4(2) and its Martin boundary. Fix ¢ € (0,1). The C*-algebra
C(SU4(2)) is the universal unital C*-algebra generated by o and 7 such that

the matrix
a* ¥
-«
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is unitary. The comultiplication A is defined as
Al =a®@a—-¢y" ®y, Ay)=7@a+a” ®@1.
The Hopf algebra of matrix coefficients C[SU,(2)] is the *-algebra generated

~

by « and 7. The irreducible representations can be identified as Irr(SU,4(2)) =
17 and the discrete dual equals

1°(SU,(2)) = 1~ D) B(H.),

SE%Z+

where H; is a (2s + 1)-dimensional Hilbert space. This is enough information
to be able to state the main theorem of this section.

Theorem 3.2. Assume that p is a probability measure on %Z+ that satisfies
the following two conditions:

(i) There exists s € 37, \ Zy with s € supp(u).
(ii) Ete%Z+ p(t)(1+ ¢?)* < oco.
Then the random walk on SU4(2)” defined by p converges to the boundary.

Proof. We postpone the proof of the regularity of the elements Kj(x) for €
c00(SU4(2)7) to the next subsection. For now assume that the first part of the
conjecture holds.

The space Ky, (coo(SUq(2)7)) C M(G, ) is dense by [22, Thm. 4.10]. By
[22, Cor. 4.13, Prop. 3.11] the mapping K;j“ intertwines the right coactions
of (co(G),A). Now Corollary 2.39 gives the second part of the conjecture of
convergence to the boundary. O

Note that Collins also worked on the representation of harmonic functions
of the (classical) random walk on the center of SU,(N)™, see [9, Thm. 4.1].

To prove the regularity of elements in the Martin boundary, we need some
knowledge of M(SU,(2)™, u). Here we give a short recap of known results. We
follow the conventions of [22].

The Hopf x-algebra Ugy(susz) is generated by elements k, e, f satisfying the
following relations:

kk ' =k"'k=1, ke = qek, kf =q 'fk,
k? — k=2
€, = 1
Alk) =k®k, Ale)=exk ' +koe, A(f)=fRk'+Ek®f,
S’(k") = k717 S(e) = _qilea S’(f) = _qf7
é(k) =1, é(e) =£(f) =0,
k* =k, e =, [f=e
For s € 1Z, let {¢;}5__, be an orthonormal basis of a (2s + 1)-dimensional

Hilbert space Hs. There exists a unitary representation of U, (suz) on H, given
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by
T (R)ES = g€, m(e)€s = (s + dlls — 5 + 1) &,

mo(1)€ = ([s = dlals +5+ 1a) 26541
This representation is denoted by Us. Up to equivalence these are all irreducible
unitary representations. The direct sum of the representations {Us}ciz,
defines a faithful representation of the quantum enveloping algebra Uy (suz) in
U(SU4(2)). The fusion rules of Uy (susz) are the same as for the Lie algebra sus.
These are explicitly known:
(19) U xUs 2Up4s ®Upgs—1 B - S Up_gy)-

~

In particular, Uy/p X Uy = Uyy1/0 @ Us_1/2. So there exist two orthonormal
bases of H1/p @ He = Hi—1/2 D Hiy1/2, namely
1 t t—1 t+1
{& @&ty and {§ 2hU{§ %}
These two bases can be expressed in terms of each other by means of inner
products, the so-called Clebsch—Gordan coefficients. Denote

Oq(S, tv T;ja kv m) = <€; ® fltca €"rrn>
From [17, Egs. (3.4.68), (3.4.69)] it follows that!

1 11 1 1 N ACE=Y BN
C (_a ) _;:I:_a ) :l:_) = (I5+J)(74) )
\g &8st giEghiEg) = 25+ 1
q
1 1,11 1 ; [s Fjlq \ 2
C (_a ) __;:I:_a ) :l:_) = (is—‘rj:tl)(iq) .
\g®smgiFghl=g) =7 2s + 1,

To compute these Clebsch-Gordan coefficients, Klimyk and Schmudgen [17]
make use of an algebra U, (suz). This algebra is different, but isomorphic to
Uq(su2), and it has generators E, F, K. Using the isomorphism given on these
generators by

Vi Uglsuz) = Uy(sua), (E) = f, w(F)i=e, o(K)=k"

we get the above Clebsch-Gordan coefficients from [17].

Note that the fusion rules (19) imply that if s € 1Z, \ Z,, then for any
t e %ZJF there exists n € N such that U, is a subrepresentation of U®™. So
s generates all irreducible representations. However, if s € Z, C %ZJF and
t e %ZJF, then U; is a subrepresentation of U®" for some n € N if and only
it t € Z4. So a probability measure on Irr(SU4(2)) is generating if and only
if supp(p) N (3Z+ \ Z4) # @. A last thing to note is that p = k=2 (see
[22, Eq. (4.6)]).

In the same spirit as Lemma 2.12 we have the following (stronger estimate)
for SU4(2):

t n
(20) D mieng, <2

te %Z+
Hn [17, Eq. (6.3.68)] a factor +% should be replaced by +1, this is done in our formulas.
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Indeed, use (19) to obtain

U, U, = V1 @y (T2,
2 U ift=0.

Hence by induction
> Mientig, = > X mt%®"®sm%®t <22 =2",
r€iZy reizy telzy
as desired.
Notation 3.3. In accordance with [22] define A\, X € [[, B(H,) by
q(g®> ' + g2 1)

melY) 1= (a—a )Vl

I, 7r5(5\) = q %I,

Define
ef —q*fe

2l
Denote X; := )lej for j = —1,0,1. Moreover, write

X_l = 5\71.]0]6, XO = X71k2, Xl = xilek.

It can be shown that X;, X; € 1°°(SU4(2)"). Let ¥ be the unital C*-algebra
in [*°(SU4(2)7) generated by co(SU4(2)7) and the elements X;, ¢ = —1,0, 1.
The quantum homogeneous sphere of Podles [26] is the C*-algebra

C(S2) = U/co(SU,(2)).

X-1:=—qfk, xo0:= , X1 = qek.

Lemma 3.4. The elements X; and X; satisfy the following:
CX; + co(SU,(2) = CX; + co(SUL(2)) fori = —1,1,
CXo + co(SU,4(2)) € C1 + CXp + co(SU,(2)),

CXo + co(SU,4(2)) € C1 + CXp + co(SU,4(2)).

Here CX := {tX | t € C} denotes the complex linear span. In particular, ¥
equals the unital C*-subalgebra of 1°°(SU4(2)™) generated by X;, i = —1,0,1
and co(SU4(2)7).

Proof. We have
q(q25+1 +q—25—1)

(a—a1)V[2g
1 q4s+2
= IS IS7
G- OWVB, G-V,
I\ — __—2s (q_q_l) [2]‘1
s (AN 1)_ ? q(g?s+1 4+ =25 1) s

_ A4s+2
— (g q—l)\/@fs +(q— q_l)\/@ﬁ Ls.
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Write ¢ := (¢ — ¢~ )\/[2]¢- It follows that A=*A = ¢~ '14a and A\ ~' = ¢l 4o/
for some a,a’ € co(SU4(2)7). Therefore if j = —1,1, then
X;j=2"g ="y =(cl +a )
= jqcX; +jqa’ X; € CX; +co(SU (2 ))
Xy =210 = OO G = (T aa ey
=c 'ig ' X; 4+ jg raX; € CXj + co(SU ( ).
Hence for j = —1,1 the statement follows. For j = 0 observe first that

mw; = m (e

= :[[2] ([S—i]q[5+i+1]q_q2[s+i]q[s—i+1]q)§is
= m(( 2s+1 +q72871 _ q2i+1 _ q72i71)

T I L 1))53

1 1_q2 s —25— 1_q4 — 25— s
_ (( 2(q2+1+q2 Ly ——4 -2 1)€i

2], \(¢—q¢71) (q—q1)2
S q(q q \/_q —21 S
ma(ME @it —q el &
(oA L avBle VB 2
a—q

Thus xo = —A + 5 Ty [Q]qu Hence
Xy= 14 A1 VPl k2 b VPl i

q9—q q—q

- 14 q\/[2_l"1 (1 + a')Xo,

Xo= A1k = (q )\)\ ))\‘1 0/l <)

q+/[2 q—q
_ q—ql ! 71q\/2q 2
= L+a)) N7 ——=k
q\/ q—q
_q—qlf qq17171 \/H 2 1.2
= —C 4+ ——=c A=A+ Tk7) +ar"k
7/ [2]q q/2 q4—q-
-1 1
q9—q - qa—4q ! —11.2
=1 L T Xy aNT?,
o/, o/,
which proves the statement for j = 0. (]
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Theorem 3.5 ([22, Thms. 4.1, 4.10]). Assume that p is a generating and
transient probability measure on %Z+ with finite mean, that is,

Z w(s)s < oo.
SG%Z+

Then the Martin compactification M(SU,(2)~, 1) of SU,(2)”™ with respect to p
equals U and thus the Martin boundary is isomorphic to C(S;O).

3.6. Regularity. Let u = ZtE%Z+ 1+6¢ be a probability measure on %ZJF. We
form the infinite tensor product with respect to the state ¢,,:

-1

(21) R (*(SU,2)). p0)-

n=—oo

Recall that the state ¢° given by
P ®1IR1®T,®: - ®21) = pu(Tn) - pu(r1)
is faithful on the infinite tensor product (21).

Proposition 3.7. There ezists a constant C' > 0 such that the elements X;
satisfy the estimate

1y ©m (&) = (r) © M)A, 0p, < Cd;!

for every s € %ZJF.

Proof. To shorten the notation slightly, write

+l 1 ]. 1 .. 1
(22) ayh = Cq(§,8,8+§;:|:§,z,z:|:§),

_1 1 1 1 . 1
(23) ay’ = Cq(§,8,8—§;:|:§,l,7,:|:§),
so that

e, o =atiet! valiel ),
Recall that (&7, 5;) = 05,40; ;. Consider the index set

Iy :={-s,—s+1,...,s—1,s}.
We compute

(24)
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=" 3 (e em)AGE e ) 06 0 )

jeld.~4
i€l

=" 3 o VH(my em) AR NEE @&, (1, @ (ke &)

jelt.—4
i€l

=3 T (my @ m) AN, 06,60, @)
_ qzs q76i2F2
b
s+%

+1 s++ X\ e5— 5 1 g1
x (a 2w 1 (AHE 2+ail T s (AHELE ilfﬁl +ai3£¢if>
2 —6iF2/, 2541, +5 o535 2s—1 5 A5 ests
:qszq iF qs+ 2€zi§+qs a:tzglil’a‘:tzz lif—kaizg >
1

iy +1 o, 1
_ q4szq 6%432((1(@:‘:2)2 +q 1(%:,2%)2)

s _6i sriysETi+1 _ oti sSF1
— 4 Z q 6$2(qq($+)[ ]q+q 1gGEs+iED) [ ]]q )

- [2s+ 1], [2s + 1],
i€{—s,...,s—1,s}

It is a standard result that for a positive linear functional w it holds that
w(a*) = w(a). Clearly @y is positive, hence

(25) ps(ab) = ps(b*a*).

Since X is selfadjoint and (24) is real-valued, we see

d%ds(ép% & 908)((71—% & Ws)(A(XO))*(lé ® WS(XO)))

4s 761‘:1:2( (ot SEI+ g 1 (qerian) [STFilg )
Z q 1 [2s+1], taa 2s+1],/°

Similarly using that \ is central gives

dids(ps @ ps)((ry @7 7s) (A(X0))* (W%®W5)(A()~(o)))

= (Try ©Tr) (g @ m) (AR (™ @ p71)

= (Try @ Tr,)((my © m)(AGT2) (k@ K9)))

= Y (memn)@ARE ek, 98, o)

+
i€{—s,...,s—1,s}

=3¢ () @) (AG2)Ez

+,i

1
D& €L, ®E)

1
2
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—6:F3
— Z ¢(—07F3)
iy

l S+ 1 SJF
<a:tz ( )5 2+a:tz ( )€i17a:|:1 li12+a:i:21€1j:1>
Z TOED (g +2€S+2 +q* a2 fii 12 Sif +ai1€:%>
1 1 3
£
_ s (761‘:1:3)( o (FsrnSEI+g | o qepiany [8Filg )
¢ Zq 74 25+ 1], +a 25+ 1],/

Last using that
1 1
1= <€il ®ELEL ® &)

s ,1 s—1 1 41
= (a3} +aief aliel} +aiie))
_1
= (al2)? +<ai;z>2
gives
dyds(py ® @) (13 @ ms(X0))* (13 @ 75(X0)))

— (Try &Te,) ((my, ® ) (1, ® A2k (0~ @ p1))
_ A4s 6 3 s
=9 Z<( %(k ) @ ms(k ))gil ® &7, fi% ®fi>
=q¢* Z q(~oiFD
+,i
_ s (—6iF1) [ (Fs+i) [s i+ 1]q (s+itl) [s F i
1 Zq (q 25 + 1], . [2s+1]q)'
Combining these four calculations yields

(b3 ®0:) (13 ®7a(Xo) — (3, ® m)(A(X0)))"
x (13 @ m(Xo) — (m3 © 7)(A(X0)))

— (01 ® 90 (13 © (Ko (1 7 (K0)
+ (01 ® 0s) (73 ®7Ts)(A( 0))" (1 @ 7)(A(X0)))
- 2(90% ® 908)((1% ® 7Ts( )) (7“ & ﬂ—s)(A(XO)))

Xo
_ _6i [sEi+1]q 41 [s Fi
= (d.d, 1 4s (—6iF1) [ (Fs+1) S (E£s+it1) q
(dyds)™"g (Zq ( 2s+1], t4a [28—|—1]q)

iy asEi+1], 11y |8 F 1
n ( 61I3)( 2 ($s+1)[ 1 g 2g(EsHiED) q )
2.1 74 s+, ¢4 25+ 1

6 NEESES] ~ i [s T
_9 (—6iF2) ( (Fs+i) [s q 1, (£s+ikl) q )
;q 1 25 + 1], ta e 25 + 1],
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L ] B S (e e |
2

+ (14 qﬂqufg _ 2q¢1q71)q(is+iil)[s F i]q)>

= dy ' 45( S a1 -2 s i+ 1],

1=—s5

S

F (14 gt = 2g72)gHHD s i]q) n Z g(—6+D

1=—s5

< (L4 a" =207 Vs i+ 1y + (1 +1 - 2)g Vs + i]q)>

= d7'd; %" Z 0 (07— a2 s i)

+ (q(1 - q2)2q(s”) [s —i+1] ))
_ dzld_ Z q—G’L( -3 q—1)2q(s+i+1)(qs—i _ q—s+1'))

+ (q3(q — q‘l) gt (gt — q_s”‘l)))
—d Lg=2q8 (g — Z g% (g2 q2i—2+q25+4_q2i+2)
_d La=24% (g — ¢ 1)((q25 2 1 g2ty Z T — (g2 + ¢%) Z q74i)
=dy'd;?q" (g — a7 ) (@72 + )25 + U — (677 + )25 + 12)
_d 1d 2 43( _qfl)(o(qféls)_'_o(qféls))

= dllds 20( )7

which proves the result for Xo. In fact, this estimate is stronger than stated
in the proposition, but we will not need that.

We deal with X; in an analogous way, however the estimates become slightly
more involved, because the &7 are no longer eigenvectors for m4(e) and ms(f).
The calculations for X _1 are similar and are omitted. First we calculate

(26) dsips (ms(X7 X1)) = Trs (s ANk fA k) ms(p™h))
= Try(ms (A2 fek?))

S

=" Y (mu(fekE, )

i=—35
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=" > (s +dlgls — i +1]g)*

i=—3s

x ([s — (i — Dlgls + (i — 1) + 1)) ¥ (€5, &)

4SZq Yils +i)g[s — i+ 1],

q_q 2 Z —4z s+1_ —s—i)(qs—i+1_q—s+1’—1)
q* 4ig 2541 2s—1 2i—1 2i+1
BB EE Zq_ e e |
4s S S S
q s —2s— —4i - —2i —6i
:m((q2“+q2 1)2(14—6112612—612616)
q* 2541 25—1 ) 1 ] )
= m((q g 25+ 12 — g M [25 + 1] — q[2s + 1] 3).

This gives
dydslpy @ 9)((1y @ (X)) (1) @ my (K1)

. g+q! . o _
=" (@ TR 1 — g7 25 1l 28 + ).

Using the second equality of (26), for s + % instead of s we also get
dyda(os ® ¢0) (3 © 7 ) (AR eh)* A k)

= (Try @ Try) (72 @ 7o) (A(KfAT A Tek) (K @ k2)))
:4ﬂg®ﬂ9«%®WJ(( “2fekt))
=Tr,_1(m,_1 (A2 fek)) + Troy s L (T (5\*2fek4))

=

e
= e (@ + a7 Rsle — a7 sl — al2sl)
q4s+2
s (@ +q > )25+ 22 — ¢ '[25+ 2] — q[25 + 2] 2).

Recall the abbreviations of the Clebsch-Gordan coefficients aié and a;%i
introduced in (22) and (23) above. We obtain

dids(p1 ® @) (13 @ ms(X1))"(my @ 75) (A(X1)))
= (Try @ Tr,) (13 @ ms (A tek))*(my @ we) (AN "ek)) (k* ® k2))

2

= (T, ®Trs)(q25(7r% @) (1@ kf)AN " e) (K k)
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= Y {mem)QekhAGarere, sa.d, o)

+
ie{—s,...,s—1,s}

- q%zq*%q*i«m ©m)AR)EE, @&, (ry @)1 ®ek)el, © &)

1
2

=

—qQSZq*zq B ([s + dlls — i+ 1)g)?

x((my @m)AGTle)E], @ &,68, B EL,)

3 44 . . 1

= q252q$2q 41([S—|—Z]q[5—2+1]q)2
+,4

+1 ~_ + _1 ~_ 1

<l G T +azin (gt

s+
a:tz 15@ 12j:1 +a:|:1 151 1i1>

—qQSZq“q (s +ilgls — i+ 1))

><<+2 25“([84—14—1&:1} [s+1—z‘ 1+1})%g”%
i 2 2l P TR ) Sl

. o1 1 31
+a; ¢’ 1([5——+zi—}q[8—§—l¢§+1}q) él-ig_v

s+2
ail 15@ 1j:1+a:|:1 151 1+1 >

=q4SquF2q 4i
+,
1 1 3 3 41 41
><(q([s+i]q[s—i+1]q[s+i+§:I:ﬂ [s—i+ 275 ) aliall,
q q

1 1 1 1 3 o1 _1
ta (fstilals —i ks ti-g 5] [s—itgFg] ) arial )
2 2 q 2 2 q ’

, 1 1 17 \2

—q4SquF2q ‘“( (S+Z] [s—i—l—l]q{s—l—i—l—§:I:§L{s—i+—iF—L)2

« q%(15+1’)([5i2+1]4)%q%($s+i—1)([3:ti:|:1+1]q)%
[25+ 1], [25+ 1],

1 1 1 1
ta (s tilals — i+ o[ +i— 5% 5] [s—irg73] )

% q%(i5+iﬂ:1)( [s F ilq )Eq%(ﬂ:s+z 1:&:1)([52Fi:tl]q)%)
25 + 1], 25 + 1],

=
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4s
- G el 34
[284—1](1;(] q q [S+Z]q[s 1+ ]q S+l+2 2 q
3_1 3
x[s—i+§¢§} s i+ 1] fs i F141],) g7F 4
q

+‘1([+‘][ ‘+1][+' 111H 4L 1}
¢ \lstilgls —itlg|sti-gEg| |s—itoF o]

1
X [sFig[sFit l]q) 2qis+ii1*%)
4s
q il s _ _ . |
:d—szi:q 4 (q 2+1([s+z]q[s—z—|—1]q[3+z+1]q[5_2_|_1]q

X [s+1i+1], [s—i—z]) Tt 2+qg+1([s+z] [s =i+ 1]4[s +i]q
x5 — i+ 2gls — i+ Ugls — i +20) 2% + g5 (s + dlgls — i + 1],
x [ + dlgls — dlgls — ills — i + 1) g7+ 3 +q2 (s + dlgls — i+ 1],

% s+ i— Lgls — i + Lgls + dlgls + — 1)) g+~ 2)
- %4: Zq_M[s + Z‘]q[s -1+ 1]q([s 44+ 1]qq—s+i—1

Fls =i+ 20+ [s —ilg* T+ [s i — 1gg T
4s
q —4i . .
= d—szlzq 4 [s+i]q[s — i+ 1],

x (gls+i+1+s—i+2], +q*1[s—z‘+s+i—1])

Q[25+3][28+1] [25 — 1 Zq Yls +ilqls — i+ 1

q[2s +3]g+ ¢~ 12s — 1],
25+ 1]4(q —q71)?
x (@ + ¢ H2s + 12 — ¢ 25+ 1]y — q[25 + 1] 3),

i=—s

where we used in the third last equality that
q"[n]q +q " mlq = [m +n]

and in the last equality the fifth equality of (26). Since this expression is
real-valued, by (25) it follows that also

dids(p1 @ ¢s)((my ® Ws)(A(Xl))*(I% ® ms(X1)))
q2s + 3]+~ '[25 — 1],
25+ 1g(g —g71)?
X (@@ a7 2s + 1 — g7 25+ 1g — 25 + U s).
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Adding these four terms shows that X satisfies the required estimates. Indeed,
using the asymptotic behavior of the g-numbers (cp. Lemma 2.14) gives

(1 @ ms(X1) = (m1 @ 7)) A(X1))" (13 @ 7s(X1) — (w1 @ 7,)A (X))

q+qt

=" o (@ TR e — g7 28+ Uy — g2 + 1)
q*s? 2 2 1
m((q "4 q %) [2s]2 — g '[2s]g — q[2s]g9)
gt 2542 25—2 1
+ m((q T2 + 22 — g 25+ 2] — q[25 + 2] 9)

q2s+ 3], + ¢ 25 — 1],
25+ 1]4(q —q71)?
X (T + g7 R2s + 12 — ¢ 25+ 1]y — q25 + 1] 3)

_ 2q4s

q4s 1
= —— 5 a+a
(q—q71)2 (( )
4 R 2 6 —q 03
x (Ol +a7 7 G~ 0™) +06™) —a 5 )
a2 (0l ) 4 L 0~ O™) — g )
2 —q? P —q3
2 4 T 4 6 —q 056
Ha(0*) + a7 g 0™~ 06™) — 45— )
—2(qq*(1+ 0(¢™)) + ¢ '¢*(1 + O(¢*)))
% (O(q_4s) + q—Qs—l _2q_4s_z + O(q—4s) + O(qﬁs) —q _z))q_ﬁs_z)>
q° —q q° —q
4s —65—3 —65—2
- q —-1\( 4 q
C(g—q1)? <(Q+q )((P R q*B)
q76572 qfﬁsfl q76sf4 q76573
_q2—q*2+q3—q*3 _qz_q72 +q3—q*3
—65—3 —65—2
-1 4s q q —4s
F 2t a )1+ Ol (A= - ) + 0 ™)
_ L(O( 728) +O( 745))
ICEYEIEA I
=0(1),
which proves the claim for X;. O
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Lemma 3.8. Let C > 0, x € [*°(SU4(2)7) and let p = Y ;1 17, 1o be a
probability measure on %ZJr, Denote U = @tESupp )Ut Assume that the
element x satisfies the estimate

(27) 11 ® ms(x) — (73 @ 7s)A @50, < Cd

for every s € %ZJ’_. Then the inequality

)2t

1o @ 7s(2) = (0 © 1) A@)|13, 00, < Cd

s \/— \/— Z,Ut

tel Z+
holds for every s € %ZJF.
Proof. Let x € 1°(SU,4(2)7) satisfy (27). We start with the following estimate:

(1@ ®1;®(ry - @m 9m)AR(2))

NI
k
—(11® @11 e e ®7TS)A]“_1($))H1%®m®@%®%
k—1
=lmy @ om @n)(te A NAR) - (1 @ A @), o o0, o0
=(P1® - RPLOP) (M1 ® - @M1 ®T)
(@ AP NHA(@) =13 @ A @) (@ AFHA®@) — 1, @ A* ' (2)))

AN
3
[
e
|
.
§
Q
2.
sl

< d:(k_l)dgl C2k—1

_C(d21 )Hd;l'

|

Here we used (20) to obtain a bound on the sum of the multiplicities. Now let
t € 3Z+. Then the representation m embeds into (1 )®* with multiplicity 1.
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Therefore for any positive element y it holds

G ) < 3 men i (o) = () (0).

For brevity write x := PLRO - @ P1 @ @s. Combining this with the previous
estimate, we obtain

e @ ms(2) = (m @ m)A(2) 12,0,

(d%)Qt A2t—1 A 2
Ss—— e el en@) - (r @ - or @mn) (A7 @ )A)|
t
(d;)% R
< (||1%®-'-®1%®7T5(a:)—1%®-'-®1%®((ﬂ'%®7TS)A(x))||K+
t - —_—
2t 2t—1
- . 2
L e(rn e --om @7, ) A% (2)) — (M1 ®---®@m ®7rS)A2t(x)Hn)
| |
2t—1 2t
(d1)? 1 2 1\ 2 2 \2t-1 _\3\2
< 2 )2 i i
<O (et o (2)a) o (2) 0
(d)? /&2 \5\2
< 2 il
=0 dids (HZ_O([Z]q) )
(d1)* 1 2
=G (=)
dids _ /2
YA P
d 2t
_C< > 21,
(VR - v2)?
Since
Iy @ 7s(2) — (70 @ 1) A)|2, 50,
=Y ulllo @ mo(@) = (0 © 1) A@)|3, 00,
t
the proof is complete. O

Corollary 3.9. Let C > 0, x € I*°(SUy(2)") and let p = Zte 17, MOt be
a probability measure on Z+ Assume that ), ut(l +¢?)* < 00 and that
the element x satisfies estimate (27) for every s € Z+ Then there exists a
constant C' independent of n such that

Jin) ~snii @z <€ 3 0 )"

d
T’E%Z+ "
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In particular, if supp(p) # {0}, then
o]
Z [l dn(2) — jn+1(x)||§;ﬁ° < oo.
n=0

Proof. For n > 1 it holds that
-1

q—4q n 1 n —1
¢ <——<qg(q—q
F-1 0 =, s
and also
S e = S+
t t
So

2
1
Zut 2) < oo if and only if Zut(1+q2)2t<00

t
Use Lemma 3.8 and the decomposition of ¢}, using the constants c, s(i)
(see (14)) to obtain the following chain of inequalities:

[ gn(z) — jn+1(x)||§;ﬁ° =[1® An_l(m) - An(m)|‘i§n+l
Ner— A(x)”i#®(¢u)"
Y sl ®@e —A@)|2 g,

s€3Zy
<55+cns Odl\/_ NGE (tg e )
‘ (dy)* im(U,)\ "

This proves the first part of the corollary. Write

d:= Zu(r) dlmT(TUT)

T

If supp(p) # {0}, the sum satisfies 0 < d < 1 and thus

o0 . 1
nz:%d :m<00. U

Now it is a matter of putting everything together to prove the regularity for
random walks on SU,(2)".

Proof of the first part of Theorem 3.2. Proposition 3.7 and Corollary 3.9 im-
ply that for elements z = X;, i = —1,0, 1 the following holds:

oo

S @00 © 90 (@) — ner () () — G (2)) < 0.

n=0
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Hence s-lim,, j,(z) exists. As Xg = X and X*, = ¢X;, we in fact have
that s*-lim,, j,(x) exists. In other words, the elements X j are @, -regular. By
Lemma 3.4 and Theorem 3.5 the Martin boundary M (SU,(2)", 1) is generated
as a C*-algebra by ¢o(SU,(2)") and X;, i = —1,0, 1. Proposition 2.33 asserts
that all elements in ¢o(SUq(2)") are ¢,-regular and that the set of regular
elements forms a C*-algebra. Hence all elements in M (SU,(2)", 1) are regular.

U

Remark 3.10. This proof of regularity of “functions” on the Martin com-
pactification is fundamentally different from the proof in the classical case.
There is no need to use some sort of “noncommutative stopping times” (it is
even not clear what such objects should be). Due to the fact that 0 < ¢ < 1,
there is exponentially fast convergence to the boundary if the measure p is
nice enough, this is much stronger convergence than classically. We emphasize
that this proof does not work in the classical case, so not for ¢ = 1.

4. BOUNDARY CONVERGENCE AND MONOIDAL EQUIVALENCE

In this section we will establish that the property of boundary convergence
is stable under monoidal equivalence. In [12] De Rijdt and Vander Vennet
showed how one can compute the Poisson and Martin boundary via monoidal
equivalences. We will follow their approach. However, later we will tackle
the same problem in a more general setting by defining boundary convergence
for random walks on C*-tensor categories and showing compatibility with the
definition for quantum groups (see Sections 5.22 and 6.6 below). For this reason
we will be very brief in this section and only outline the main arguments.

Definition 4.1 ([6, Def. 3.1]). Two compact quantum groups G; and G are
said to be monoidally equivalent if the representation categories Rep(G;) and
Rep(G2) are unitarily monoidally equivalent as C*-tensor categories.

The following theorem is proven in [6], the formulation is from [12, Thm. 4.2].
Since this result plays a fundamental role and we use different conventions, we
recall it here for convenience.

Theorem 4.2. Given two monoidally equivalent compact quantum groups Gy
and Gq together with a unitary monoidal equivalence k: Rep(G1) — Rep(Ga),
the following holds:

(i) There exists a (up to isomorphism) unique unital *-algebra B equipped
with a faithful state w and unitary elements X* € B® B(Hs, Hy(s)) sat-
isfying

o X Xis(ts®S) = (15 ®@£K(S)) X", whenever S € Hom(r, s ® t);

o the matriz coefficients of {X*}scir(a,) form a basis in B as a vector
space;

o (wW®)(X®)=01ifs#0.
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(i) There exist unique commuting ergodic actions 61: B — B ®a1 C[G1] and
021 B — C[G2] Quig B satisfying, for every s € Irr(G1),
(61 ®@ ) (X?) = (X73)(Us)2s € B CIG1] @ B(Hs, He(s)),
(52 ® L)(XS) = (UN(S))B(XQSB) € (C[GQ] QRB® B(’HS,HN(S)).
(iii) The state w is invariant under the actions 01 and dy and is given by the
identity w(b)1p = (¢ ® h)d1 (D).

This algebra B is called the link algebra of G; and G2 under the monoidal
equivalence k. The algebra B can be constructed explicitly, however such a
definition is irrelevant for our purposes. We will only work with the properties
described above. Using the faithful state w, this can all be extended to the von
Neumann framework. Let B be the von Neumann algebra generated by B in the
GNS representation of w. The actions ¢; and J2 have unitary implementations
and can therefore be extended to

51B—)B®LOO(G1) and 52B—>LOO(G2)®B
(see [12, Rem. 3.12)).

Notation 4.3. In this section X denotes the following element:?
X= [] x*er=@D B&@BH,Hus)
selrr(Gy) selrr(Gy)

Use this to define the collection of maps

-1 —1
knt @ 1%(G2) 5 B (@ 17(G1) (n=1),
= (X g X10) (I @ 2) (X2 Xy ng),
kol@—)B, z— zlp.
Observe that if W) is the multiplicative unitary of G, then (6; ® ¢)(X) =
X13W2(§) and (¢t ® §2)(X) = fg)ng when viewed in the multiplier algebra.
For the remainder of this section we assume that G; and G2 are two
monoidally equivalent compact quantum groups with unitary monoidal equiv-
alence k: Rep(G1) — Rep(Ga).

Notation 4.4. If a: N — L>°(G1)®N is a left action of the compact quantum
group (G1 on a von Neumann algebra N, denote

BR*N:={z€B@N|(6®)(z) =(t®a))}.

In the algebraic setting, if A/ is a unital x-algebra and a: N — C[G1] ®a1g N
an action, let

BRG, N = {2 € BRag N | (61 ®@1)(z) = (t®a)(z)}.

The C*-algebraic case is more involved due to technicalities with the range,
see also [33, §8]. We formulate it in general, but we will only need it if the

2Later the symbol X will again be used to indicate objects in categories.
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C*-algebra under consideration equals the Martin boundary or Martin com-
pactification. Suppose D is a C*-algebra with an action a: D — C(G1) ® D.
Define for s € Irr(G1) the spectral subspaces
Ky:={zeD®Hs| (a®)(z)=1213U33}.
Denote
D, :=span{z(1®¢) |z € K,, { € 1}, D :=span{D, |s € Irr(Gy)}.

It follows that a: Dy — C[G1]s Qaig Ds is a Hopf algebra coaction. An action
a is called reduced if the conditional expectation onto the fixed point algebra
(t®h)a: D — D is faithful. For a reduced action a: D — C(G1) ® D define
B X, D to be the norm closure of B &g‘lg Din B D.

Proposition 4.5 below will play a crucial role to transport the convergence
properties of one quantum group to a monoidal equivalent one. The result
shows that all the algebraic operations can be transferred from G; to G2 by
means of the link algebra B. The construction is motivated by and can be
proved in a spirit similar to [12, §7, §8], it extends their results to higher
tensor powers. When defining random walks De Rijdt and Vander Vennet
work with states of the form 1 := d; ! Tr(7s(-p)) and slice in the right leg,
while we work with ¢, := d;! Tr(ms(-p~1)) slicing in the left leg. Moreover,
they interchange the roles of G; and G2 in the monoidal equivalence, while we
do not. Therefore our maps defining the isomorphisms have a slightly different
form than theirs.

Proposition 4.5. Let «; be the adjoint action as defined by (12). Using the
notation introduced above, we have that the map

-1 -1
kn: @1°°(Ga) — BR™ (®z°°(é1))
is a x-isomorphism. Moreover, the following identities hold:
pp10 (18" @ Ay @ 181 = (1 @18 @ Ay @ 18" Y o kyy,
kn10 (1% @ r(sy @ 15T = (1B © 1% @ @5 @ 1P 0 ki,
for0<m<n-—1, and
kny1(1®@x) = (kn(2))1 @ Ljso( Gl) ® (kn(x))2,...n
= (tB ® Lo () @ 12" (kn(2))
forx e ®:111 1°°(Gla).

Suppose that p is a probability measure on Irr(G;). Recall that the push-
forward measure . (p) is defined by

Ke(p)(s) = p(k™(s)).
It is a probability measure on Irr(Gy) and satisfies k(5) = k(s) and thus
(1) = oa (1),
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Theorem 4.6. Suppose that G1 and Go are two monoidally equivalent quan-
tum groups with a unitary monoidal equivalence k: Rep(G1) — Rep(Ga) and
that p is a probability measure on Irr(Gy). If the random walk on e defined
by p_converges to the boundary, then so does the random walk defined by k. (u)
on Ga.

Sketch of proof. Suppose x € loo(ég). From Proposition 4.5 it is easy to com-
pute that

(@ Pra() @ Pra () ((n () = G (2))* (G (@) = jim ()
:(W®("'®@u®§0u))
(((tB @ Jn)k1(z) = (tB © Jm)k1(2))" (b5 @ jn)k1(2) = (LB @ jm k1 (2))).
If y € Bﬁzllg./\;l(él,u), then y is of the form y = > "' b; ® y; for some
finite sum and elements y; € M(G1, 1) and b; € B. Using convergence to the
boundary for G, one can show that s*- li~mn(L B ® jn)(y) exists. Using density,
this extends to all elements y € B X%, M(G1, p). Since

reg

ki M(Ga,ka(p)) — BRY M(Gy, p)
is a s-isomorphism (cf. [12, Thm. 10.1]), s*-lim, j,(x) exists for all z €
M (G2, ki (pr)-

To prove the representation of harmonic elements one first needs to show
that k1: H(Ga, ki(pn)) — B XY H*(Gh, p) is a x-isomorphism. Then using
the identities of Proposition 4.5 and the spectral subspaces of H* (G, k(u)),
it is not hard to show that the following limits exists and equalities hold:

VG, (K, (£)h) = lim(p, () © -+ @ Cre () (A" (K () ()1))
=lim(w® @, @ ®@u)((s @ A" (k1 (Ko, () ()R)))

= (w @ va,) (k1 (Ky, () (2)h))

= (W@ ¥e,) (ki(2)k1(h) = Y, (ah).
This is the required identity. O
Example 4.7. In [32] the free orthogonal quantum groups were introduced.
Let n > 2 and F € GL,(C) be a matrix with FF = +1, where F is the

matrix (F);; = Fi;. Define Ag(F) to be the universal C*-algebra generated by
elements u;;, 1 <4, 7, < n satisfying:

U = (uij)i; is unitary, U = FU°F™!,

where (U°); j = uj;. The comultiplication is given by A(u;;) := Sor ) Uik @ugj.
Note that
0 -4
Ao(F,) = SU,(2) for F, — (ﬁ‘l gf) .
Moreover, (Ao(F1),Ay) is monoidally equivalent to (Ao (F2), Az) if and only if
sgn(F1 Fy) = sgn(FyFy) and Tr(Fy Fy) = Tr(F5 Fs) (see [6, Thm. 5.3, Cor. 5.4]).
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It follows that every free orthogonal quantum group Ao (F') with F' € GL,,(C)
and n > 2 is monoidally equivalent to SU,4(2) for some ¢ € [—1, 1]\ {0}.

Let Ag(F) be a free orthogonal quantum group monoidally equivalent to
SU,(2) for some g € (0,1) (thus FF = —1 and Tr(F*F) > 2), so ¢ satisfies
q+q~ ' = Tr(F*F). Suppose we have an explicit identification

ki Trr(Ao(F)) — %z+ ~ Ter(SU, (2))

(see also [1, Thm. 1]) and assume that a generating probability measure p on
Irr(Ap(F)) satisfies the condition

S )1+ P < oo
s€lrr(Ao(F))

Then by Theorem 3.2 the random walk defined by . (1) on SU,4(2)” converges
to the boundary. Hence Theorem 4.6 shows that the random walk on Ag(F')
defined by p converges to the boundary.

5. A CATEGORICAL APPROACH TO THE MARTIN BOUNDARY

The results of [12] and Section 4 combined with the paper [24] indicate that
the Martin boundary and compactification and also the notion of convergence
to the boundary can be defined on the level of C*-tensor categories. In this
section we show that this is indeed the case.

5.1. Random walks on C*-tensor categories. Neshveyev and Yamashita
found a way to define random walks on C*-tensor categories [25]. For such
random walks they defined a Poisson boundary and used it to prove their
characterization of quantum groups with the same representation theory as
SU(N). Motivated by their work we will construct a Martin boundary and
formulate convergence to the boundary for such random walks. This subsection
will form the starting point of this theory. We introduce the analog of the
algebra of functions on the path space and the necessary functors on these
spaces. It is motivated by [25, §3.1].

Notation 5.2. Let C be a strict C*-tensor category with simple unit 1. For
n > 1 and an object U € Ob(C) define the n-ary functor

(P"@U):Cx--xC—C,
(PrRU)X1,...,. X)) =(X1® -0 X, 0U),
(L®H®U)(fl7"'7f’n) ::f1®"'®fn®LU-

Clearly +®" @ U is unitary. For two objects U,V € Ob(C) consider the space
of natural transformations Nat(1®" @ U, " ® V). Since every object can be
decomposed into simple ones and :®" ® U respects direct sums, a natural
transformation n: (*" @ U — ¥ ® V is completely determined by its action
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on simple objects Us. Thus
(28) Nat(L®*" @ U, *"®V)
o~ [l Home(U, ®---@U, U,U, & -@U, V).
814..4,8n €Irr(C)

A natural transformation n € Nat(1®" @ U, 12" @ V) is (uniformly) bounded if
19llo = sup{llnu., ..., | | 51, 80 € Irr(C) } < 0.

Denote by Nat, (¢®™ @ U, *™ ® V') the uniformly bounded natural transforma-
tions. Define C_,, as the C*-category which is the subobject completion of the
category with objects Ob(C) and morphisms

Home_, (U,V) := Nat,((®*" @ U,.®" @ V), U,V € Ob(C).

So a morphism n = (Nx,,...x,)x1,...x, € Home_, (U, V') consists of a bounded
collection of morphisms

NX1,..X, . X1 0 @X, QU - X100 X,V
natural in X5,...,X,, € Ob(C). In C_,, the multiplication of morphisms is
given by composition and the involution comes from the * on C. The C*-norm
on Home_, (U,V) is given by
||77||oo = Sup{||7751;~~~75n|| | $1,.-+,8n € Irr(C)}

for n € Naty, (2" @ U, " @ V).
Observe that there exists a canonical functor £: C — C_,, given on objects
by U — U and on morphisms

(29) &(T):=:2"®T, where (\®*"@T)x,.  x, =tix, @ ix, ®T.
Obviously £ is a unitary functor.

The category C_,, should be thought of as the space of functions on paths
of length n (see also Corollary 6.9). In particular, for n = 1 we obtain the
functions on the space.

Notation 5.3. For n = 1 there is more structure present. Define the tensor
product of objects in C_1 to be inherited from C. For natural transformations
define

(30) (v®@n):=weix)(w®n), veHome (U V), neHome ,(W,X),
where

(31) rRix)y =y Qux: YR@URX -YRVeX,

(32) ey =nmyeu: Y QUW YU ® X.

Extend this to the subobject completion. With this tensor structure, C_;
becomes a C*-tensor category. For nn € Nat(¢ @ U,t ® V') write

supp(n) := {s € Irr(C) | ns # 0}
for the support of 7.
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A natural transformation n € Nat(t ® V,¢ ® W) is called

e wanishing at infinity if {|[ns||}scue(e) € co(Irr(C));
e compactly or finitely supported if |supp(n)| < oo.

These classes will be denoted by Nato(t ® V,: ® W) and Natge(t @ V,t @ W),
respectively. By the same argument as for (28) we get
Nato(t @ V,e @ W) = ¢o- @Homc(Us RV, U; @ W),
s€lrr(C)

Natoo(t® V,e@ W)= @ Home (U, ® V,U, @ W).
s€lrr(C)

Observe that M(Natg(t @ V,t ® V)) = Naty (¢ ® V, 0 ® V'), where M indicates
the multiplier algebra.

Notation 5.4. For 0 < m < n define the functors (t ® -): C_, — C_(p41)
and (¥ @ A @ (®""1: C_py — C_(41)- On objects U € Ob(C) € Ob(C_y)
they are given by the identity while on morphisms n € Home_ (U, V) they are
defined by
(33) (L ® 77)X1,...,Xn+1 =ix, ® NXoyyXng1s
(34) (& @ A @™ ) (0)x;, X

= nXl s X s X 41®X 42, Xm 43, s X g1

These functors extend uniquely to the subobject completions. Given objects
U,V, X € Ob(C) pick a standard solution (Rx, Rx) of the conjugate equations
for X. Define the normalized partial trace

trx Quy: Home(X @ U, X @ V) — Home (U, V),
(trx @uy)(T) := dx' (Rx @ 1) (tx @ T)(Rx @ w).

Notice that Home(X ® U, X ® V) is not a tensor product, so this notation
might seem a bit misleading at first. Use these partial traces to define for each
X € Ob(C) and n > 2 the collection of completely positive linear maps

trx ®%"~': Home_, (U, V) — Home_,_,, (U, V),
(35)  ((trx @ ) (M) Xy, X0 s
= (trx @ @ 1) (XX X 1)
=dy' (Rx @ "' @) (tx @1x.x,,..x._1)(Rx @ "' @ w),

where (Rx, Rx) is a standard solution of the conjugate equations for X. Note
that (trx ®%"~1) does not define a functor, because it does not preserve
composition of morphisms. Similarly, if n =1 and € C_1(U, V), denote

(36) trx(n) := (trx ®uy)(nx) € Home (U, V).

Also the maps (try ®:®"~1) can be extended to the subobject completion.
The lemma below shows that (33)—(36) are well-defined.
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Since C is assumed to be strict, the functor A is coassociative. Define
inductively A" := (A ®@ (®"~1)A"~1. By linearity define, for a probability
measure p on Irr(C),

tr, @O = Z w(s)(tryg, @),
selrr(C)
Note that simplicity of the unit 1 ensures that the traces tr, take values in
Cx Endc(]l).

Lemma 5.5. If’f] (S HOmc_n(U, V), then (L ® T]) and L®m ® A ® L®n_m_1(7])
are in Home_, ., (U, V). Moreover, if u is a probability measure on Irr(C),
the series

3 ) (o, @), x )
s€lrr(C)

converges in norm in Home(X3® - @ X, 10U, X1® - X,,_1 V) and
(tr, @2~ 1(n)) € HomC_,_1)(U, V).

Proof. The proof is straight-forward. We will only show that A defines a
natural transformation. The reasoning for the other two transformations is
similar. Let f;: X; — Y; for some objects X;,Y; € Ob(C) and write k :=
n—m — 1. Obviously fii1 @ fina2: Xma1 ® Xmao — Y1 ® Yo, so that

(P" @ A® ERYMva v (1 © @ far1 @ trr)

=NV Vs 1 @Yimsase e Yord (J1 Q- @ (frng1 @ frng2) ® - @ frq1 @ Lur)
= (fl Q@ ® (ferl & fm+2) X ® fn+1 ® LV)nX1,~~~,Xm+1®Xm+2»~~~7Xn+1
= (1@ ®far1 @) (T @ AR FF) )X, Xy

Clearly (:®n) and ¢ ® A ® "™~ 1(5) are bounded by |[|7]|e. For tr,, we get

HZ”(S)(UUS A (Nxy e X ) ‘

<D ()R P lew, @ nu.xae x| < oo,
S

so the series converges and defines a natural bounded transformation. O

Definition 5.6 ([25]). Suppose that p is a probability measure on Irr(C).
Define the collection of positive linear maps

P,: Home¢_,(U,V) = Home_,(U,V), P, := (tr, ®)A.

P, is called the Markov operator of p. It is well-defined due to Lemma 5.5
above. Explicitly we have

Pumx = Y ws)(tru, ®x @ w)(nu,ex)
s€lrr(C)

for n € Natp (¢t @ U, ® V) C Home_, (U, V).
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As in the quantum case we need a classical discrete Markov chain on the set
of irreducible objects. To define this random walk we need a couple of central
natural transformations. At the moment only V' = 1 is relevant, but later we
will also need general objects V.

Definition 5.7. For V € Ob(C) and ¢ € Irr(C) put

kP € Home_, (V,V) 21°-@Ende(Us @ V), kLY =

{LUt®V if s = t,
selrr(C)

0 if s #t.
From (28) we see

Nat (1 ® 1,0 ® 1) 221°- @ Home (Us, Us) =17°- P Cs.
selrr(C) selrr(C)

Therefore the matrix {p,(s,)}s tenr(c) determined by the identity
P#(Iit’]l)lis’]l — p#(s, t)lis’]l

is well-defined and has entries in C. It describes a Markov kernel on Irr(C). In-
deed, if i is a probability measure, then || P,|| < 1. Clearly P, is positive, thus
pu(s,t) €10,1] for all s,t. Furthermore if we denote by I the natural transfor-
mation which is the identity on all objects, then >, P, (k%!)s = P.(I)s = ¢s for
all 7, s. Therefore >, pu(s,t)ts = Y., Pu(k)s = 15 and hence Y, pu(s, t) = 1.

Define the map V: Ps — P, := P; and extend it to operators Py and P, by
antilinearity.

Lemma 5.8. For the operators Py, P, defined above the following properties
hold:

PyoPy =Pygy, P,=P, Py=Py, PyoPy=Pygy,
dy " diN2 ,
p#(s7t) = ;u(r)mi,s ma pﬁ(sat) = (d_s) p#(ta S)a

Plf(/im)ns’ﬂ = pi(s, t)r>L.

This lemma can be proved by the same methods as used in the proof of
[22, Lem. 2.4]. We leave it as an exercise for the reader.

5.9. The categorical Martin boundary. Even though this subsection is
called “The categorical Martin boundary”, we will start by presenting the
Poisson boundary, as that one is easier to define and we will need it later in
this paper. After stating the main properties we move our attention to the
Martin boundary for random walks on C*-tensor categories. We need to prove
some additional results before we can give its definition.

Definition 5.10 ([25]). Let p be a probability measure on Irr(C). A natural
transformation n € Naty (¢ ® U,t ® V) is called p-harmonic if P,(n) = n.
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Given T' € Home (X, Y), consider £(T) = (v @ T)v € Home , (X,Y) (see
(29)). The tensor product of natural transformations (30) gives x*" @ &(T
x4V @ T which acts as

(Y @ EM)y =k @T eHom(U @V @ X, UV eY).
Note that in Home(U @ V,U @ W),

~—

Py("' @ Ty = (trs @y @ ww) (k4" © T)u,ev)
= (trs @) (K" v, eu ® T = Py(k" )y @ T
and thus
(37) Pt ©T) = P(sh) @ .
In particular, as kY = kP! @ 1y, it follows that
(3%) Pu(s) = Pt @ 1y

Definition 5.11 ([25]). The categorical Poisson boundary of C with respect
to a probability measure p on Irr(C) consists of a pair (P(C,u),E), where
P(C, ) is the C*-tensor category which is the subobject completion of C with
morphism sets given by

Hompc,) (U, V) := {n € Naty(t ® U,. ® V) | n is p-harmonic}.

The composition of morphisms in P(C, u) is given by (v-n)x := lim,, P (vn)x.
For objects U,V € Ob(C) C Ob(P(C, u)) the tensor product is the same as in C,
while on morphisms v, 7 it is defined by

(ven)y = @¥euwx): (wen),

where ¥ ® 1x and (y ® n are as in (31) and (32). & is the tensor functor
E:C — P(C, p) defined as E(U) := U on objects and £(T)y := (v @ T')y on
morphisms.

This Poisson boundary is well-defined. Indeed, in [25] it is shown that if 7
and v are bounded p-harmonic natural transformations, then 7 - v is again a
bounded p-harmonic natural transformation. Moreover, this product is asso-
ciative. In addition for natural bounded transformations it holds that

(39) (Pu(n) & Ly)W = Pu(n ® Ly)W, (LU ® PN(V))W = PM(LU ® I/)W.

So the tensor product is well-defined. Also (v ® T')y is harmonic for every
T € Home(X,Y) and thus the functor £ is well-defined. Note that in general
the unit object 1 need no longer be simple in P(C, ).

Definition 5.12. If for every s € Irr(C) there exists an n € N such that
s € supp(P}(k"")), then i is called generating. Consider the classical random
walk (Irr(C),p,). If this classical Markov chain is transient, we call y or P,

transient. If P, is transient, we define the Green kernel G, := Y " | P
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Remark 5.13. If C = Rep(G) for a compact quantum group G, then %! cor-
responds to I5. So a probability measure p on Irr(G) is generating respectively
transient in the sense of quantum groups (Definition 2.26) if and only if p is
generating respectively transient in the sense of categories (Definition 5.12).
From
n di\?
phis.t) = () pitt.s)
(see Lemma 5.8) it is obvious that p is generating (respectively transient) if
and only if [ is generating (respectively transient).

Lemma 5.14. Ifn € Natgo(t ® V,. ®@ V) C Home_, (V, V) and p is transient,
then ||GL(n)|leo < 00 and thus G, (n)v is well-defined for all U € Ob(C). If in
addition p is generating, then (G, (k%Y))y is invertible for all U,V € Ob(C).

Proof. Put C':= [|n]lec. Then |ns| < C 3 cqnpm kLY for all s € Irr(C). The
Markov kernel P, is completely positive, so the Green kernel G,, being a sum
of Markov kernels is positive as well. It follows that

IGu Mo < NGu(nDlse <C > sup [[(Guls™Y))e]

sesupp(n) telrr(C)
=C Z ( sup 9, (t, s)).
sesupp(n) telrr(C)
By the maximum principle (see for instance [27, §2.1]) each of the summands
sup, g, (t, s) is finite. Since 7 is finitely supported, the quantity |G, (1) is
finite.

The support supp(k®") = {0}, so G, (k*" )y is well-defined for every ob-
ject U. Use the generating property of u to find for each ¢ € Irr(C) an n; € N,
such that ¢ € supp(P)*(k"1)). We get Pt (k") = P (k1) @ 1y from (38).
The latter is nonzero by choice of n;. Since P, is positive and k%Y is a positive
natural transformation, we get that P} (k%V); is strictly positive (meaning
that there exists ¢ > 0 such that Pﬁt(ﬁo’v)t > cy,ev). Let U € Ob(C) and
decompose U = @, m},U;. Denote

I:={ter(C)|my #0} and N :=max{n,|te€I}.
Then for each t € I the inequality Zf:;o P;}(/io’v)t > Pt (k%Y); implies that
ZN P (k%V), is strictly positive. Now

n=0" p
N
GV = Pty Y PLY),
n=0

tel

shows that G, (k%) is strictly positive, thus invertible. O

Definition 5.15. Suppose that p is a generating and transient probability
measure on Irr(C). The Martin kernel for P, is the operator given by

Kj: Natgo(t ® V, e ® W) — Home_, (V, W),
Kumv = Gumuv(Gu(x™)u) ™"
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By Remark 5.13, i is generating and transient, so Lemma 5.14 implies that
the Martin kernel K; makes sense.

Note that (38) implies by linearity that G, (k") = G, (k"!) @ ty. As Ps
and thus G preserve the center, for any v € Naty(¢ ® V, ¢ ® W) it holds that
Gﬁ(lio’W)U vy = (Gﬁ(ﬁo’ﬂ) & LW)U vy
=y (Gﬂ(lﬁo’l) (024 LV)U =y Gﬂ(/i07v)U.
Therefore we obtain

Gamu(Ga(r*Y o)™ = (Ga(x"Y)v) ' Galn)u.
This means that the appropriate inverse can be placed on either side of Gz (n)
when defining the Martin kernel.

Definition 5.16. Given a strict C*-tensor category C with simple unit 1 and
a generating and transient probability measure p on Irr(C), let M’ be the
smallest C*-subcategory of C_; containing the objects Ob(C) and morphism
sets Nato(¢ ® U,t ® V) and K;(Natgo(t ® U,t ® V)). The composition of
morphisms in M’ is given by the composition of natural transformations.

The Martin compactification of C with respect to p consists of the pair
(M(C, ), &), where M(C, ) is a direct sum and subobject completion of M’
and £: C — M(C,p) is the restriction of the canonical functor £: C — C_;
introduced in Notation 5.2.

The functor £ is well-defined. Indeed, by linearity identity (37) implies that
G (k"1 @T)=Gu(k"Y) @ T for T € Home(V,W). Therefore
K,k @T)=G,(k"' @ T)G,(k"Y)™?
— (GuR*) @ T) GO B 1) = & T.
Again note that the unit object 1 of M(C, 1) need no longer be simple.
Lemma 5.17. The category M(C, u) forms a C*-tensor category.

Proof. Since C_; is a C*-tensor category, we only need to show that M(C, y)
is closed under tensor products. Recall from (30) the tensor product in C_.
It suffices to show that
(a) M@uy) ENatg(t@URY, 1@V eY)iftne Natg(t @ U, @ V);
(b) (v ®@v) €Natg(t @U@ X, U YY) if v € Nato(t ® X, . Y);
(C) Kﬁ(n) Ry = Kﬁ(n X Ly) if ne Natoo(b RU,L® V),
(d) @ Ku(v) € M(C,p) if v € Natgo(t © X, @ Y).
Part (a) is trivial, because (n®ty )y = Ny Qty, thus supp(n®ty ) = supp(n)

and [|(n @ vy )w || = [Inwl]-
For (b), suppose that n has finite support. By Frobenius reciprocity

lsupp(ev ®@ v)| = [{s € Irx(C) | nu,eu # 0}
= |{s € Irr(C) | 3t € supp(v), m’;U # 0}
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[{s € Tr(C) | 3¢ € supp(v), mfy; # 0}
Z [{s € Irr(C) | my; ; # 0}] < o0.

tesupp(v)

IN

Hence
1w @v € Natgo(t @ (U® X),t @ (URY)).
The claim follows since Nato(t ® (U ® X),:® (U ®Y)) is the norm-closure of
Nato()(b ® (U ® X), L ® (U X Y))
For (c), use (39) to obtain
Ku(n) @ = (Ga()Gu(k®") ™) @ oy = (Gu(n) @ 1y)(Ga(x™) @ 1y) ™"
= (G @ 1)) (Ga(r"Y @ 1y)) ™! = Kp(n @ 1y).
Part (d) is slightly more complicated. Again by (39) we obtain
w® Ku(v) = w @ (Gu(v)Gu(x™*) ™)
= (w ® Ga(V))(w @ (Ga(x™)) ™)
= Gu(w @ v)(Gu(w @ %)~
Since p is generating, by Lemma 5.14 the morphism G (k%V®%X) is invertible.
It follows that tyy ® Kj(v) can be written as

w ® Ku(v) = Gultw @ v)(Gu(s"7%)) 1G5 (Gplw @ £7F)) 7
= Ku(w @ v)Ku(o © £5%) 71
which is an element of M(C, p). O

Let M’ be as in Definition 5.16. Define M’ to be the category with
Ob(M') := Ob(M’) = Ob(C)
and
Hompg (V, W) := {[n] | n € Hom g, (VW) },

where [n)] denotes the equivalence class of 7 in Naty (¢t @ V,t @ W)/ Nato(t @ V,
t@W). Let M(C, ) be the subobject and direct sum completion of M’. Then
we can make the following observations:

(i) The equivalence relation is well-defined and turns M’ into a category.

(i) [-]: M’ = M’ is a functor and defines a tensor and #-structure on M’

by [V] @ [n] := [v @n] and [n]* := [*]. )

(iii) [-] extends to a full unitary tensor functor M(C, ) — M(C, u).

Definition 5.18. The Martin boundary of C with respect to u is the pair
(M(C, 1), E) where M(C, 1) is the C*-tensor category introduced above and
E:C — M(C, p) is the unitary tensor functor which is the composition of the
functor £: C — M(C, ) with [-].

It is often easier to work with Nat,(¢®@V, :® V') than with Nat,(:QV, t@ W)
for V' # W. Fortunately most of the times one can reduce to the former case
by taking the direct sum of V and W.
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Notation 5.19. Let py € Home(V @ W, V) and pw € Home(V & W, W) be
the projections onto V' and respectively W. To be precise pypj, = ¢y and
Py pv = qv where gy is a projection in Ende (V' @ W), similarly for py,. Then
qv + qw = tvgw. Suppose that n € Naty(t @ V, . @ W), the extension of 7 is
defined as 1° := (nf;)v, where nf; equals the composition

UoWVaew) 2 uev "vew X% ue v aew).

Similarly for p € Naty (0@ (V@ W), @ (V& W)), the restriction of p is defined
as p" = (p};)u, where p; equals the composition

1Py, L@pw

UV —SU(VeW)2sUue(VeW) 25U W.

The extension and restriction again yield natural transformations. Indeed,
suppose that T' € Hom¢ (U, X') and 7 is a natural transformation. Since T' ® ¢
acts in different legs than the projections ¢ ® py and ¢ ® pw, it is immediate
that

(T @ wew)( @ pw)nu(t@pv) = (@ py)(T @ ww)nu (@ py)
= (@ pw)nu(T ®w)(t®pv)
= (@ py)nu(t@pv)(T @ tvew).
Thus 7n° is a natural transformation. Since
o]l = [ @ piy)nu (e @ pv)ll < [Inull,

the natural transformation ¢ is uniformly bounded whenever 7 is, and it is
vanishing at infinity if 7 is vanishing at infinity. A similar argument works for
the restriction. Moreover, observe that since pypj, = tv and pwpy, = tw, it
holds that

) = (pw @ 1) (pw @ )nu (pv @ 1) (Py @ L) =nu,
so (n°)" =n.

Lemma 5.20. Suppose that p is a generating and transient probability measure
on Irr(C). Then

Ku(n®) = Ku(n)® forn € Natoo(t ® V,. @ W),
K,(p") = K,(p)" for peNatg(t®@ (Ve W),.@((VaeW)).

Proof. First suppose that n € Naty(t ® V,e @ W) and t € Irr(C), then

P,(n°)u = (tru, Qwgvew)) ((tv, ® w @ piy)nu.eu (v, © w @ pv))
= (w @ piy) ((tru, @wew)(Mu,ev)) (v @ pv) = (P(n))g-

Thus by linearity in p we get P,(n°) = P,(n)°. Taking sums gives G,(n°) =
G,.(n°) for finitely supported . We know from (38) that

Gu(nt’v) = Gu(nt’ﬂ) R Ly
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and thus
K () = (@ piy)Gum)(Gu(s™ @ ) e @ py)
= (@ piw)Gu)(e @ pv)(Gu(™) ™' ® aw)
= G (Gu(r*H) ™ @ wvaw) = Ku(n®).
The second identity can be proved similarly. O

Remark 5.21. Observe that EndM(C’#)(U) equals the C*-algebra generated
by the morphisms Kz (Natoo(¢ @ U, ® U)) and Nato(¢ @ U, ® U). Indeed, it
suffices to show that if V'€ Ob(C) is another object and 7 is an element of the
C*-algebra generated by Nato(:@(UaV), .@(UaV)) and Kz (Natoo(t@(UV),
1@ (UaV))), then (¢ ® py)n(t ®pj;) is an element of the C*-algebra generated
by Natg(t ® U, ® U) and K;(Natoo(t ® U, @ U)). If n is a generator, so an
element in Nato(:@ (U@ V), @ (UaV))UK;(Nato(t@(Ua V), @ (UaV))),
this can directly be verified by a proof similar to Lemma 5.20. But then it
immediately holds for all 7.
Since M(C, 1) is a C*-category, we also have that

Hom ;, (VW) = (End/\;t, (VaeWw)),
where r denotes the restriction.

5.22. Categorical convergence to the boundary. It is also possible to put
convergence to the boundary in a categorical framework. In this section we
work towards the definition.

Notation 5.23. Let u be a probability measure on Irr(C). For n > m define
recursively the maps Home (U, V) — Home_,, (U, V) by
(b ® -+ @ b, @) (1) 1= (try @97 ((try, @ -+ @ try, @) (),
~—_————— ~—_—————

n—m n—m-—1

where n € Home_, (U,V) and the base case m = n — 1 is defined by (35).
Denote

(tr# @@ty ® try)(n) = trU((tru ¥ ® tru)(??)),
where € Home_, (U, U). Write

W=

(40) [97ll e = ((brp @+ @ try @ trw) (™)) *.
—_——
n
Since tr,, is a positive linear functional, ||-||,e» defines a semi-norm on the

space Home (U, V). As n* € Home_, (V,U), equation (40) also defines

=

[ uen = ((try©@ - @ tr, @ try)(mm*)) 2.
N— ———

n
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Definition 5.24. A natural transformation n € Home ,(U,V) is called pu-
regular if the following condition holds: for every ¢ > 0 there exists N € N
such that, for all n > m > N,

JAm 1) — B @ Am |2, <,
[Am () — @ @ Am=L ()

2
Lo <€

Denote the set of y-regular elements in Home_, (U, V') by Re,.(U, V') or simply
R, (U,V). These morphisms can be collected into a category. Use R(C, i) to
denote the subcategory of C_; with Hompgc ,)(U,V) := Re ,(U,V), this is
indeed a subcategory, see Proposition 5.26.

For U = V regularity can be formulated in an equivalent way. First, we
define the path spaces of paths of infinite length (cp. [25, §3.1]). For this con-
sider the von Neumann algebras Hom¢_, (U, U). Fix p and define a conditional
expectation

(41)  Epiin: Home_, ., (U, U) = Home_, (U,U), 7w (tr, @™ (n).

Clearly Ep41.,(t®n) =1, so the conditional expectation E,41,, preserves the
embedding Home_, (U,U) < Hom¢_,,,, (U, U). For n > m define

En,m = Lmy1lm O 0 En,n—l-
Define a state

gogjn) =try ol

on Home ,(U,U). This collection (¢{P)), gives a state {?) on the union
U,, Home_ (U,U). Define the von Neumann algebra Home___ (U,U) as the
completion of |J,, Home_, (U,U) in the GNS representation defined by the
state cpgj’o). Consider the composition

Jn: Home_, (U, U) = Home_, (U,U) < Home__ (U, U),
e AT ) s @i e AT (p),

It follows that a morphism n € Home ,(U,U) is p-regular if and only if
s*-limy, j,(n) exists in the von Neumann algebra Home (U, U). Again often
it is easier to work with U = V.

Lemma 5.25. Given n € Home ,(U,V) and v € Home_1(U @V, U & V), the
following holds:

(i) Ifne R,(U,V), thenn® € R,(UV,U V).
(i) Ifve R, (U V,U®V), thenv" € R,(U,V).

Proof. Straight-forward computations show that for n € Home (U, V) and
v € Home_, (U @ V,U @ V) the restriction and extension operations satisfy:

(5™ @ A S ) = (7 o Aw ),
(F" @A @) = (P @ A @ ST ()
L= o), 19 = (@)

Miinster Journal of Mathematics VoL. 10 (2017), 287-365



BOUNDARY CONVERGENCE FOR QUANTUM RANDOM WALKS 341

Similarly we have
dy dy +dy
¢ n=—-— n 4 n < ——— n.
[l = e ilos o < 2 e

To prove these two we will restrict ourselves to n = 1, the case n > 1 is only
more complicated in notation. Note that

1
Tr =—TryppTr
vo vV do +dv U 1%

dy v
do+dy U A !

As wygv > pYpv, it follows that v*v = v* (L ® wwev)v > v* (L ® piy) (L ® pv)v
and thus

In° 115

tI’U@V = d

(trp, @ truev)((n°) n°)
dy d
= (tr“®(d tay P :dv rv))
(@ pr)n* (L@ pv)(e®py)n(e @ pu))
d dV * *
= (tr#®(d v tr U@dU—i—d trv))((L®pU)7] n(t@pU))
7d Tdy (tr#®trU)(T] n) =
17|27 = (trp @ tro) (V7) v

)
= (tr, @ try) (¢ © pr)v* (L @ piy) (¢ @ pv ) (L @ pyy))
< (tr, ®try) (( QP r(t® p*U))

.

dy +d . X « *
< @ (truey)) (0 @ pu)v v @ ) @ (L@ py ) v (@ py))
dy +d . dy +d
= T (tr, @ truey ) (V'v) = ——— v,
dU dU

The lemma can now be proved by combining the previous identities. Indeed,

IA"1 () = B @ Ay |

Hp,®“

= [[(A" () =& @ A )
= A ) - e A
|A" @) — B @ Am w2,
= [|(A" 1 w) == o A w)) |2,
< % ) — B A )|,
and similarly for the adjoint. O
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Since (n€)" = n, this lemma implies that a morphism n € Hom¢_, (U, V)
is p-regular if and only if s*-lim, j,(n°) exists in the von Neumann algebra
HOIIlc_oo (U D V, U D V)

Proposition 5.26. The following holds:
(i) R(C,p) forms a C*-tensor subcategory of C_y.
(i1) If n is p-harmonic, then n is p-reqular. R
(iii) If n € Hompc,y(U,V), then lim,(tr, ®--- ® tr,) (A" 1(n)) exists in
norm in Home (U, V).
We write

(42) tr(n) = lign(tr,, ® - ® tr“)(A"_l(n)) € Home (U, V).

Note that we cannot say that the Poisson boundary P(C, ) is a subcategory
of R(C, u) since the product in P(C, u) is different.

Proof of Proposition 5.26. (i) From the definition of y-regularity it is imme-
diate that n* € R,(V,U) whenever n € R,(U,V). Moreover, it is clear
that R,(U,V) is a linear space. R,(U,V) has norm |- which is inher-
ited from C and thus has the properties of a norm in a C*-category. Observe
that try (z*z) < try(||z||*1) = ||z||? for any @ € Home (U, V), this gives that
7]l yon < ||1]|oc whenever n € Home_, (U, V). Now a 3e-argument can be used
to show that the homomorphism sets are closed in norm, we omit the details.
For multiplicativity we use the same estimate as in the proof of Lemma
5.25, namely that z*x < ||z||?1, so that y*z*zy < |z|?*y*y and thus
lzyllf = tro ((zy)* (zy)) < llz]* tro (y™y) = ll=l[ly]13-
Let v € R, (U,V), n € R,(V,W) and € > 0. Then for n and m large enough
IA™ () = 277 @ A () |y
<A AT () = BT @ AT )| uen
HIA () = 2T @ AT ) (T @ AT ()) ]|
<A M)l A" () = 577 @ AT )| yon
1B @ AT W) [l AT () — BT @ AT ()| uen

< nlloce + ]l oce-
A similar argument works for the adjoint. Thus nv € R, (U, W) and R(C, p) is
a C*-category.

To show that R,(C, 1) admits a tensor structure we must verify that

(n®v) € Hompc,,)(U® X, VQY),

if n € Hompgc ) (U, V) and v € Hompc ) (X,Y). Here (n ® v) is defined by
identity (30). We have already shown that R, is closed under composition,
so it suffices to show that the natural transformations 7 ® ¢y and (y ® v are
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p-regular. We compute
(tr,®@-- - Qtr, ® trU®y)((A"_1(77 Ruy) — 12" ® Am_l(n ®ty))
X (A" @) =T @ AT (@ iy)”)
= (b1, @ @ br, @ tro @ bry ) (A" () — & © AL () @ 1)
X (A" () =& @ A () @ 13)
=try (byiy)(try ® - - ® tr, @ try)
(A" () = (2™ @ A™ ) ) (A" ) = (2™ @ A" ()",

which goes to zero as n,m — oo because 1 is p-regular. Similarly it can be
shown that

||A"*1(77 Ruy) ="M ® Amfl(n ® Ly)”igm — 0 asn,m— oo,

son®uy € R,(UQY, V®Y) For 1y @ v, assume that U is simple, say U = Uy.
Suppose that ¢ € supp(u**) for some k > 1, then

(tr,®@--- tr, @ try )AF1

dr
= > omi ., ﬁﬂ(sl) o pu(sg) (trr @ try )

sy,

S150058k,T
S .. S
zmz S‘dtwtrt(@try.
LyseosSk dy, - dy,
Hence if s1,..., s € supp(u) are such that m% . > 1, then

dy, - dy,
pls1) - M(Sk)
Observe that (LU X V)X = VXU = A(Z/)X,U. So An_l(LU X l/) = A"(U) U

where on the spot - one has to put an n-tuple of objects. We still assume that
U = U, for some simple object U;. We obtain

(try @ @ tr, @ tro,ey) (A" w, @n) =157 @ A" 1y, @ 1))
x (A" oy, @) =" @ A uy, @ m))Y)
= (1, @ @1, @ try,ev) (A" (M) . v, — E " @ A™ (). v,)
X (A"(n). 0, — " @ A (). 0,)")
ds, - ds,
p(s1) - p(sk)
( A n+k— 1( ) L®nfm ® Aerkfl(,r]))
(AmHE=T () — (@n=m g AmHh= (1))
ds, -+ ds,
u(81) - 1(sk)
which tends to 0 as n,m — oo. Similarly it can be shown that

try, @ try < d;l (tr,®@--- @ tr, ®t1‘y)Ak L

<d;t

(tr, @ ®tr, @try)
X

—1

— dt HAn+k—1(n) _ L®n—m ® Arn+k—1(77

||#®n+k b

(A", @) — & ™ @ A" 1y, ® n))*||i®n —0 asm,n — 00.

Miinster Journal of Mathematics VoL. 10 (2017), 287-365



344 Bas P. A. JORDANS

If U is not simple, then decomposing U into simple objects and taking direct
sums gives the result.

(ii) This is similar to [25, §3.1]. Let n € Home_, (U, V) be p-harmonic. By
(the results in the proofs of) Lemmas 5.20 and 5.25 we may assume U = V|
since if U # V', we can consider the extension n° to U @ V. Again we apply
the noncommutative martingale convergence theorem. Consider the sequence
(Jn(m)S2; € Home_ (U, U). Recall the conditional expectations E,, ,,, defined
n (41). It holds that, for n > m,

(43)  Eum(A" () = (tr, ®--- @ tr, ™A™ (1)
( ®"'®tI‘H ®L®m)((b®n m Am—l)An—m(n))
Am

“HEET () = AT ().

Write Emm for the composition of E,, ., with the embedding Hom¢_, (U,U) —
Home__ (U,U). Consider Home_ (U, U) as a subalgebra of Home___ (U,U)
and denote

E,,: Home (U, U) = Home_, (U,U) € Home___ (U, U)

for the conditional expectation defined by {En,m}an. It follows from (43)
that Ey,(jn (1)) = jm(n) for n > m. As we are dealing with von Neumann
algebras, the noncommutative martingale convergence theorem (cp. Lemma
2.19) shows that there exists an 7 € Home___ (U, U) such that j,(n) = E,(7)
and (jn(n))52; converges in strong™® topology to 7. So 7 is p-regular.

(ili) Let n € R, (U, V). Using the identities in the proof of Lemma 5.25, we
get

(44)  lim(tr, ®- - ® tr,) (A" ()
= lim(tr, ®- - @ tr,)) (A" (5))")
= lim(tr, @ -~ ® tr,) (%" @ py) (A" () (®" @ pfy))
= limpy (tr, ® -~ ® tr,)) (A" (n°))pfy
= pv (lim(tr, ®- - @ tr,)) (A" (1)) piy

)
=py (hrlln( - ®tr, ® tr,u ]n 1 )

From the observation following the proof of Lemma 5.25 it follows that the
limit s*-lim,, j,,(n¢) exists in Home_ (U@ V,U®V). As Home (U V,UaV)
is a finite-dimensional C*-algebra, limit (44) exists in norm. O

Definition 5.27. Let C be a strict C*-tensor category with simple unit 1 and
let 1 be a probability measure on the set of irreducible objects Irr(C). The
random walk on C with Markov kernel P, converges to the boundary if the
following two conditions hold:
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(i) Ku(n) € Ru(U,V) for every n € Natgo(t ® U,t ® V) C Home_, (U, V).
(ii) For every n € Natoo(t®@U,t®@V) and v € Nat,(1® X, :®Y) with P,(v) = v
it holds

(45) Y. dtr((nev)u,) =t (Ka(n) @ v).
s€lrr(C)

Here the tensor product of natural transformations is defined by (30) and the
functionals trs and tr}” are defined by (36) and respectively (42). Note that
both sides of (45) are in Hom¢(U @ X,V ®Y).

Observe that requirement (ii) of this definition makes sense due to Propo-
sition 5.26.

6. CORRESPONDENCE WITH QUANTUM GROUPS

To make sure that the definition of a Martin boundary and the definition
of convergence to the boundary for random walks on C*-tensor categories are
sensible, we need to check that they correspond in some way to theory that
already exists for random walks on discrete quantum groups. So for a compact
quantum group G one should be able to reconstruct the Martin boundary
M(G, ) from M(Rep(G), 1) and vice versa. Similarly a random walk (G, p)
should converge to the boundary if and only if (Rep(G), ) converges to the
boundary.

6.1. Duality between G-C*-algebras and categories. This subsection
again contains preliminary material. We review some of the results of [11,
20, 24] that we need to prove a correspondence between the categorical picture
and the quantum group picture of random walks in the next subsection.

Let B be a G-C*-algebra, with left action a: B — C(G) ® B. The regular
subalgebra of B is denoted by

B:={z € B|a(z) € C[G] ®ag B}.

It is a dense *-subalgebra of B (see [11, Lem. 4.3]) and « restricts to a Hopf
algebra coaction a: B — C[G] ®aig B.

Definition 6.2. If D is a C*-category, define the category End(D) with objects
given by C*-functors D — D and morphisms Homgy,q(p)(F, () := Naty(F, G).
D is called a Rep(G)-module category if D comes equipped with a unitary
tensor functor Rep(G) — End(D). If U € Ob(Rep(G)), the induced functor in
End(D) is denoted by X +— X x U. An object X € Ob(D) is generating if for
any object Y € Ob(D) there exists U € Rep(G) such that Y is a subobject of
X xU.

Theorem 6.3 ([11, Thm. 6.4], [20, Thm. 3.3]). Let G be a reduced compact
quantum group. The following two categories are equivalent:

(i) the category of unital G-C*-algebras with unital G-equivariant x-homo-
morphisms as morphisms;

Miinster Journal of Mathematics VoL. 10 (2017), 287-365



346 Bas P. A. JORDANS

(ii) the category of pairs (D, X), where D is a Rep(G)-module C*-category
and X is a generating object in D with morphisms given by equivalence
classes of unitary Rep(G)-module functors respecting the designated gen-
erating objects.

The formulation of this result is taken from [24, Thm. 1.1]. For later use
we explicitly describe the correspondence. Given a G-C*-algebra B. Let D’ be
the C*-category with objects Ob(Rep(G)) but morphism sets

Homp: (U, V) := {T € B® B(Hy, Hy) | Viy(a® )(T)Uis = 1@ T},

Let Dp be the subobject completion of D’. Then Dg is the category corre-
sponding to B. The generating object is given by unit object 1 € Ob(Rep(G)) C
Ob(Dp). It U € Ob(Rep(G)), then ¢ @ U defines a functor on Rep(G) as in No-
tation 5.2. This functor t®U can be extended to the completion Dp; the exten-
sion is again denoted by t®@U. The unitary tensor functor Rep(G) — End(Dp)
is given by U =+t ®U.

Conversely, let D be a Rep(G)-module category with generating object X.
We may assume that D is equivalent to an idempotent completion of Rep(G)
with some larger morphism sets and that X = 1 € Rep(G). Indeed, let D’
be the category with Homp, (U, V) := Homp(X X U, X x V) and take the
idempotent completion. Define

B:= P (H.®@Homp(1,U,)), B:= P (Hu@Homp(L,U)).
selrr(G) U€eRep(G)

For every U € Rep(G) fix isometries w;: Hs, — Hy to decompose U into
irreducibles. Define

T BB, 7(leT):=>)» wiiauwT for{eT cHy®Homp(1,U).

Then 7 is independent of the choices of the isometries w;. The space B becomes
an associative algebra with product - given by

(46) (E@T) (C®S):=(®)®(T®L)s)

for £ ® T € Hy ® Homp(1,U) and 77 ® S € Hy @ Homp(1,V). We get a
product on B by 7(z)w(y) := 7(x - y) for z,y € B. Define an antilinear map o
on B as follows:

(47)  (ERT)*:=p126® (I* @ )Ry for E&T € Hy @ Homp(L,U).

This map is not an involution on B, but defines an involution on B by 7(z)* :=
m(x*) whenever z € B. Note that

P12 = (10 ) Ru(1).

There exists a left coaction of C[G] on B defined in the following way. Let
{&}i be an orthonormal basis of Hy and u;; the matrix coeflicients of the
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representation U with respect to this basis. Define

a(n(&eT)) = Zum @m(&eT).

It can be shown that there exists a unique completion of B turning it into a
C*-algebra B such that « extends to a left G-action on B, see [11, §4]. This is
the G-C*-algebra B corresponding to the category D.

Suppose we start with a unital G-C*-algebra B. We form Dg and let B’ be
the algebra corresponding to Dp. Then there is a *-isomorphism [24, §2.5]

(48) AMB =B, 7wfT)— (1®&T.

In case there is more structure present, there is again an equivalence of
categories.

Definition 6.4. Let B be a unital C*-algebra. Assume that there exist con-
tinuous actions a: B — C(G) ® B and f: B — M (B ® co(G)). Define the left
C[G]-module algebra structure

>:C[G]®@ B— B, z>a:=(®x)s(a) forxzeC[G]anda € B.

Here ¢o(G) is identified with a subalgebra of C[G]* as described by the isomor-
phism (4). Consider the regular subalgebra B C B. Let S be the antipode of
the Hopf algebra (C[G], A). The algebra B is called a Yetter—Drinfeld G-C*-
algebra if

(49)  a(z > a) = zqyan)S(zs) @ (2@2) > ap)) for z € C[G] and a € B.

Here Sweedler’s sumless notation is used, so A(z) = x(1) ® (2) and afa) =
a1y @ aez). A Yetter—Drinfeld G-C*-algebra B is called braided-commutative
whenever

(50) ab = b(g)(S‘l(b(l)) >a) fora,beB.

Theorem 6.5 ([24, Thm. 2.1]). Let G be a reduced compact quantum group.
The following two categories are equivalent:

(i) the category of unital braided-commutative Yetter—Drinfeld G-C*-algebras
with unital G- and G’—equivariant x-homomorphisms as morphisms;

(ii) the category of pairs (C,E), consisting of a C*-tensor category C and a
unitary tensor functor £: Rep(G) — C such that C is generated by the
image of £. The morphisms (C,E) — (C',E’) in this category are given
by the set of equivalence classes of pairs (F,n) where F: C — C' is a
unitary tensor functor and n: FE — &' is a natural unitary monoidal
isomorphism.

The correspondence between these two categories is the same as the corre-
spondence given by Theorem 6.3, but one needs to account for the extra struc-
ture present. We will only describe how the tensor product on the category
can be reconstructed. Let B be a unital braided-commutative Yetter—Drinfeld
G-C*-algebra. Using the construction following Theorem 6.3, we obtain a
Rep(G)-module C*-category Cp. If U,V € Ob(Rep(G)) C Ob(Cp), the tensor
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product U®V in Cp is defined as in Rep(G). For morphisms S € Home (U, V)
and T'= )", b; ® T; € Home(W, X), define

iy T = Z(ukl > bz) Rmi QT; € HOInc(U x W, U x X),
ikl

S®u1x :=5® 1y, € Home(U x X,V x X).

Then SQT := (S®tx)(ty ®T), which equals (ty @ T)(S ® tw). The functor
Ep: Rep(G) — Cp is given as the identity map on objects and T — 15 @ T
whenever T' € Hompgep () (U, V).

6.6. The correspondence with discrete quantum groups. The Martin
boundary and Martin compactification of a random walk on a discrete quantum
group define braided-commutative Yetter—Drinfeld G-C*-algebras. Therefore
by the duality described in Section 6.1 these algebras define C*-tensor cat-
egories. These categories are shown to be unitarily monoidally equivalent
to the previously defined categorical Martin boundary and compactification
of Rep(G). The results in Section 4 above suggest that convergence to the
boundary for random walks on discrete quantum groups is a property from
the underlying category Rep(G) and not from the actual realization via a fiber
functor Rep(G) — Hilbs. We prove that this is indeed the case.

Notation 6.7. Recall the left adjoint action a; defined by (12). Define the
space

((Xl)l“(é)) {x € ®l°° ) | u(x) € C[G] @ag (Xl)ZOO(é)}

and write C_,,(G) for the norm-closure of (A®_1 1°(@))atg in @ 1°°(G). The
restriction «;: C_,(G) — C(G) ® C_,,(G) defines an action of C*-algebras.
Indeed, since «; is a Hopf-algebra coaction, we obtain that

—1
ai(z) € ClG] ®alg (® loo(é))alg

if x € (®:7lll°°(é))alg. Since «q is continuous in norm, it extends to a map
of the norm closures, again denoted by a;: C_,(G) — C(G) ® C_,(G). As
(e®t)ag =t on ®:7lll°°(é) this identity also holds on (®:71Zl°°(é))alg. It
follows from [22, Cor. 1.4] that «y is a left G-action on the C*-algebra C_,,(G).

alg

Recall the categorical path spaces of Notation 5.2. We specialize to C =
Rep(G).

Lemma 6.8. For C = Rep(G) and U,V finite-dimensional unitary represen-
tations of G it holds that

HomRep(G) n(U V)

=T ¢ (®l°° )) @ B(Hu, Hy) | Vis(or @ o) (T)Us = 1@ T},
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Consider Hx, =@, m%,Hs. The isomorphism is given explicitly by n(T) <= T,
where

(51) () xy,...x0 =Ty, 0-0Hx, oMo -
Proof. Note that T € (®:711 1°°(G)) ® B(Huy, Hy) satisfies
(52) Vis(ar @y )(T)Uis3 =1@T

if and only if
ARTYWx-- - xWxU)=Wx---xWxV)(1eT),

so if and only if T intertwines the representations (W*" x U) and (W*" x V).
Since any finite-dimensional representation embeds in the regular representa-
tion coming from the multiplicative unitary W, the above holds if and only
if
(1 ®T|HX1®"'®HXn®HU)(X1 X X Xn X U)
=Xy x X Xp x VAR T|yy, 0 0Hx, oHy)

for all finite-dimensional representations X, ..., X,,. This equality states ex-
actly that

T|’HX1®”'®’HX”®’HU S HomRep(G)(Xl X - x X, X U,Xl X - x X, X V)

for all Xy,...,X,, € Ob(Rep(G)). Now if all X; and Y; are irreducible repre-
sentations and f;: X; — Y; is a morphism in Rep(G), then f; is a multiple of
the identity if X; =2 Y; or zero if X; 2 Y;. So clearly the following diagram
commutes:

XlX"'XXnXUMEX"'XYnXU

XlX"'XXnXVM)Y1X"'XYnXV.

If X; and Y; are not necessarily simple then by decomposing the represen-
tations into irreducible ones it follows that the above diagram again com-
mutes. Therefore we conclude that T' satisfies (52) if and only if n(T") €
Nat, (12" @ U,1®" @ V). Thus n(T') € Homgepq)_, (U, V).

Clearly T +— n(T) is an injective *-homomorphism. It remains to show that
it is surjective. For this suppose 7 € Homgep(a)_, (U, V). Then

Nx1,.,X, € HoMpepo) (X1 ®@ -0 X, U, X1 ®@--- @ X, ®V).
Write T' = @, nu.,...v,,- Then it is immediate that n = n(T) and the
previous computations imply that T satisfies (52). ([

Let U and V be unitary representations. Decompose V' as
dimV
V= Z Vij ® mx € C[G] ® B(Hv)
i,j=1
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and similarly decompose U. Observe that (52) can be written as

(53) (@ )(T) =Vis(1 @T)Ujs
dimV dim U

= > > wpup e (em))T1e (mh)"),

=1 k,l=1

which lies in )
Cl6) 9u (Q1=(C)) © BOHu. Hy).

It follows that if T satisfies (52), then

—1
T ( 1°(G ) B(Hy, Hy).
S @ (@) alg® (Hu,Hv)

It is known (see [24, §4.1]) that C'_;(G) contains more structure. It is a
unital braided-commutative Yetter-Drinfeld G-C*-algebra with the right ac-
tion of G given by the comultiplication A, so the left C[G]-module structure
is defined by

(54) ubx:=(®u)Ax), ze€C_1(G),ueCG].

It corresponds to the C*-tensor category Rep(G)_1. From the discussion fol-
lowing Theorem 6.3 and we can immediately conclude the following.

Corollary 6.9. For a reduced compact quantum group G the unital G-C*-
algebra corresponding to the C*-category Rep(G)—,, via the equivalence in The-
orem 6.3 is isomorphic to C’_n(é). Or equivalently the C*-category correspond-
ing to the unital G-C*-algebra C_n(é) is unitarily equivalent to the category
Rep(G)—_n as a right Rep(G)-module category. For n = 1 we have unitarily

monoidal equivalence of C*-tensor categories.

In a similar spirit as (53) we can write the tensor product in Rep(G)—_; as
follows. Suppose n = n(T") and v = n(S) (see (51)) for some

T=> 20T €i,(G) @ B(Hu,, Hu,),
S=>"y;®S; €15,(G)® B(Hy,, Hv,).
J

Then (30) translates to

(55) nev=> zy’ ©Timy, (1) ® S;.
i
Lemma 6.10. For C = Rep(G), the isomorphism (51) satisfies
(56a) Len)=n1eT),
(56b) (1P @ A@ P ((T)) = (1" @ A @ BT @y )(T),
(56¢) (tr), @2 ((T)) = n((pp @ 2" @ vy )(T)).
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If n =1, then in addition we have
(56d) Pu(n(T)) = n((Pu @ )(T)),
(56e) K, (n(T)) = n((K, @ )(T)).

Here the first P, is the Markov operator on Rep(G), while the one on the
right-hand side is the Markov operator on G; similarly for K.

Proof. Assertions (56a) and (56¢) are trivial. To prove the remaining ones,
assume that 7' € (Q_] 1°(G)) ® B(Hy, Hy) satisfies (52). Let X be a finite-

dimensional representation of G and a € Hom(X', Xm41 ® X,,Hg). Write a :=
P Ra®1®" ™ 2 and k := n—m —1. Then by definition of A and naturality
of n(T), we have

(8" @ A & P G(T))x, .01 © (08 10)
=(Tx, @ QX 1@Xmpe @ O7x, , @my)(T) o (a® ty)
=@@w)o(mx, ® Tz ®---@7x,,, ®7y)(T)
=" ® A® %" LV)((7rX1 ® - ®Tx, 1, ® WU)(T)) o(a®Ly)
=P 9 A% w)(T)))x1,.... Xnss © (@@ ty).

As this holds for all a, we get (56b).
Identity (56d) is obvious from (56b) and (56¢).
To prove (56e), observe that from (56d) it follows that n((G, ® ¢)(T)) =
G, (n(T)). Moreover, kY = n(Iy ® v7). Therefore
K, (n(T)) = Gu((T)(Gu(n(lo @ )~
= (G ® )(T) (G @ 1) (Io @ wr)) ™!
= (G @ )(M)(Gulo) ™" @ ww)) = (K @ )(T)),
as desired. g

Define the algebras

B_,(G):= P H.®Hompepa)_, (1,Us),
selrr(G)

P Hu ®Hompepa)_, (1,U)
UeOb(G)

B_.(G) :

and denote

An:B_o(G) = C_ (@), n(E@n)— (L.

~ ~

Let B_,(G) be the unique completion of B_,,(G) to a G-C*-algebra such that
An extends to a G-equivariant isomorphism A, : B_,(G) — C_,(G) (cp. (48)).
Let us consider the case n = 0. Put B = C, this is a unital braided-

commutative Yetter—Drinfeld G-C*-algebra with trivial left and right actions.
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The associated C*-tensor category Cp equals Rep(G). Indeed, for objects
U,V € Rep(G) C Ob(Cp), we have
Home, (U, V) ={T € B® B(Hu,Hv) | Vi5(a @ )(T)U13=1®T}
= {S €EBHu, Hy) | (@S U =V(®5)}
= HomRep(G)(U7 V)

So put Rep(G)o := Rep(G) and

Bo(G):= P H.®Home,(1,U,) = Endgep(c)(1)-
selrr(G)

Consider the isomorphism Ag: Bo(G) = C, (€ @ T) + (¢ @ €)T. The algebra

By(G) is already complete, but to be consistent in notation we write
By(G) = Bo(G).

Lemma 6.11. The map A1 restricts to G-equivariant x-isomorphisms

(57) A1 @gs®Na’t00(L®1’L®U‘g) —>000(G’),

- I .
M @PH@Nato(L@ 1,00 U,)  — co(G).

The closure indicates the unique completion such that the space becomes a C*-
algebra with left action oy, see Section 6.1.

Proof. B(Hs) is a unital G-C*-algebra with left action ;s given by the re-
striction of the left adjoint action oy, so ays(z) := UZ(1 ® z)Us. Form the
Rep(G)-module category Cp(3,) as described by Theorem 6.3. From this the-
orem it follows that

As: @}zt ® HOch(HS)(]l, Ut) - B(Hs)a 7T(£ 02y 77) = (I’ oY f)n
t

is a G-equivariant *-isomorphism. Since

HOmCB(HS)(U, V)
= {T € B(Hs) @ B(Hu,Hv) | Uis(ais @ )(T)Vis =1® T}
= {n € Nat, (¢t @ U,. @ V) | supp(n) C {s}},

we obtain that the function A := @, Ay acting as
A @@ﬁt @ {neNat,(t®@U,.®V) | supp(n) C {s}} — @B(HS)
S t S

is an isomorphism. But this map equals exactly A; of (57). Taking closures
gives the second isomorphism. O
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If 7: Rep(G)-pn, — Rep(G)—y, is a functor of module categories, we obtain
maps

7'25 ® HomRep(G)fn (]]-7 US) - 7:[5 ® HOmRep(G)_k (]]'7 US);
§on =@ Fn).

Taking direct sums and passing to the completion gives a *-morphism of C*-
algebras (see [11, Prop. 4.5]); we denote it by

(58) (17 @ F): B_,(G) = B_1(G).
Similarly for tr, we obtain positive maps

Hs @ Hompep()_, (1, Us) = Hs @ Hompep(ay_,_,, (1, Us),

E@n €@ (tr, @®"H(n).

By taking direct sums and completion, these maps extend to positive maps
(59) (b @ tr, @) B, (G) = B_(,,—1)(G).
Using the functor (¢ ® -), we can embed
1,Us) < Hs ® Hompgep(a)_, (1, Us),

and thus we obtain an embedding B_(,_1)(G) — B_,(G). The map
(1 @ tr, @®"~1) defines a conditional expectation B_,(G) — B_,—1)(G).

Hs ® HomRep(G)_(n_l) (

Corollary 6.12. The following identities hold on B,n((}') form >1:

(60a) A1 0 (17 81© ) = (107 0 A,
(60Db) Ant10 (L ® A®® ) = (A2 Yo A,
(60c) An—10 (L7 ®@tr, ®L®"‘1) = (pp ® L®"_1) oA\,

where the x-morphisms (17 @1 ® ), (17 @ A @181 are defined by (58) and
(tig ® tr, @271 by (59). In particular, it holds that

(60d) Ao (b ® Py) = Pyo\,
(60e) Aoty ®@K,) =K,0M.

Proof. This is more a matter of notation than actually something new. The
key part is Lemma 6.10. Let

£®n € Hs @ Hompepoy ,(1,Us) C By (G) € B_n(G).
By Lemma 6.8 we may assume that 7 is of the form n(T) for some T €
(®:711 1°°(@)) ® B(C,H,). Using Lemma 6.10, we conclude
A1 ((tg @ A @ B ) (E@N(T))) sy @50
= (" @ H((A @@ ) M(T))) lsio-@snii
= (@ @) (n((A ®*" ™ @ 13, ) (1)) [sr-@5n11

= (A ® 2" ® f)(T)|S1®~'®Sn+1
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= AN @ M) lsio-@suri
= (A ® L®n71)/\n(€’® n(T))|51®-“®Sn+1'

Identities (60b) and (60c) can be verified in an analogous way, and (60d)
follows immediately from the definition of P, (see Definition 5.6).
To prove (60e) consider 1 ® k%! as an element of

C ® HomRep(G)(]]-v ]l) - @IHS ® HomRep(G)fl (]l, Us) = B—l(é)

Then A (1® &%') = Iy € B(Ho). By linearity in p we see from (60d) that
Mo (g ® Gy) = Gy oXi. Now take £ @ n € Hs @ Natgo(t ® 1,0 ® Us) for
some s. We get

Ko (E®@n) = Gu((E@n)Gu(ades"h))™
)-

=M (@ Gu(m) - 1@ Gu(r™)™))
M(E®Gu(mGu(k™1)7)
=M(® Ku(n),
as desired. g

Suppose that p is a generating and transient probability measure on Irr(G).

The action a; defines adjoint actions on the Martin compactification M (é , 1)
and Martin boundary M (G, i) (cp. [22, Thm. 3.5]). Denote

M(G, p)aig = M(G, p) N I35,(G).

This is a *-algebra which is norm-dense in M (G, i) (see Section 6.1). For the
Martin boundary we consider

M(G, w)atg = M (G, m)atg/ (c0(G) N,(G))
= {w € M(G.p) | oula) € CIG] @i M(C. )}
Then again M (G, yt)alg is norm-dense in M (G, p).

Lemma 6.13. The C*-algebras M(G,p) and M(G,p) are unital braided-
commutative Yetter—Drinfeld G-C*-algebras. The left action of G on M(é, i)
is given by the restriction of ay to M(G,p). The left C[G]-module structure >
is defined by the restriction of (54) to M(G’,u) Both actions factor through
M(G, p).

Proof. By definition M (G w) and M (G w) are C*-algebras. They are unital,
because K;(Iy) = Gu(lo)Gu(ly)™" = 1. The mappings oy and A define a
left G-action and respectively a right G-action on both M(C:', w) and M(é, 1)
(see [22, Thm. 3.5]). Thus M(G, ) and M(G, i) are closed under oy and >.
As C_1(G) is a unital braided-commutative Yetter Drinfeld G-C*-algebra (see
[24, §4.1]) and M (G, ) € C_1(G) it follows that the defining identities (49)
and (50) also hold on M (G, p) and M (G, ). O
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Theorem 6.14. Let G be a reduced compact quantum group and K oa gen-
erating and transient probability measure on Irr(G). Denote by B(G, ) and
B (G', w) the unital braided-commutative Yetter—Drinfeld algebras associated to
the categorical Martin compactification M(Rep(G), ) and categomcal Martin
boundary M(Rep(G), 1) as in Theorem 6.5. Then A : (G 1) — M(G, p) is
a x-isomorphism preserving the left G-action and right G-action. Moreover,
A1 factors through the Martin boundary Ay : B(G, p) — M(G, ).

Equivalently, the C*-tensor categories associated to the unital braided-com-
mutative Yetter-Drinfeld G-C*-algebras M(G, ) and M (G, p) are unitarily
monoidally equivalent to the categorical Martin compactification M(Rep(G), 1)
and respectively Martin boundary M(Rep(G), ) of the random walk defined
by u on the C*-tensor category Rep(G). These monoidal equivalences preserve
the functors of Rep(G) into the respective categories.

Proof. From the definition of the Martin compactification M(Rep(G), 1) we
see that

HomM(Rep(G),p)(U V) C HOmRep( G)_ (U V)
for any objects U, V' € Ob(Rep(G)), thus B(G 1) € B_1(G). Hence by Corol-
lary 6.9 the restriction A; : B(G, p) — Cq (G) is an injective *-homomorphism

preserving the actions of G and G. To show that \; defines an isomorphism
for the compactifications, it therefore suffices to show two more things:

(b) A1: B(G,pu) — M(G, ) is surjective.
Denote the regular subalgebra of B(G, 1) by B(G, 11). To prove (a), note that
as a vector space

BG.m = P He®Homgmoy e w1 Us)
s€lrr(G)

= @ Hs @ (Hom gy rep(cy (1 © Us, L& Us))",
s€lrr(G)

where r denotes again the operation of restriction. Now
Hom i rep(cy,n (1 © Us, 1 & Us)
is generated as a C*-algebra by
Nato(t @ (L Uy),t @ (1 @ Uy))

and
Kﬂ(Natoo(L & (]]. D US), L& (]]. D US)))

Lemma 6.11 shows that if T € @, H, ® Nato(t ® (1 © Us),: ® (1 @ Us)), then
A (T) € co(G). Similarly if S € P, Hs @ Natoo(t ®@ (1 & Us), e @ (1 & Uy)),
then A1 (S) € coo(G). In the latter case, write

S"i=51®5; € PH.® Natoo(t® L, ® U,)
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for the restriction applied to the second leg of S. Lemma 5.20 and Corol-
lary 6.12 imply that

AL((er © Kp)(8)") = Aul(en @ K)(S7)) = Ku(Au(S7)),
which is thus an element of K (coo(G)) € M(G, p). Hence A; maps the gen-
erators of B(G, p) in M (G, ), which proves (a).

To establish surjectivity, we reverse the argument. Clearly every z € co(G)
lies in the image of A; (see Lemma 6.11). Assume that = € coo(G), by the same
lemma there exists S € @, Hs ® Natoo(t ® 1,¢ ® Us) such that A\(S) = .
Then

S¢ € PH. @ Natoo(t® (L& Us),0 @ (L& Uy))

and
(1 ® Kp)(S9)" € @D Hs ® Hompi(rep(c).po) (1, Us)-

Invoking again Lemma 5.20 and Corollary 6.12 gives us
M (7 © K)(59)) = M (72 ® K)(9)) = KM (S)) = Ku(a).
Hence ); is surjective.

From the second part of Lemma 6.11 we immediately conclude that Aq
factors through the Martin boundary. O

Since R(C, u) is a C*-tensor category (see Proposition 5.26), one could try to
reconstruct the C*-algebra R, of regular elements from R(Rep(G), u). There
is however one problem, the algebra R, is only a C*-subalgebra of 1*°(G), so
one cannot talk about actions in the von Neumann sense. On the other hand,
it is unknown whether the left G-action is continuous in the C*-sense. But
one can consider Ry, N C,l(é) and show that this algebra admits a braided-
commutative Yetter—Drinfeld structure.

Lemma 6.15. Denote
R(G,p) = {z e C_1(G) |z is p-reqular} = C_1(G)n R,,.
Then R(é,u) is a unital braided-commutative Yetter—Drinfeld G-C*-algebra.

The left action of G on R(G, ) is given by the restriction of ay to R(Gl,u) The
left C[G]-module structure t> is defined by the restriction of (54) to R(G, ).

Proof. By definition R(G, 1) € C_1(G) and oy defines a continuous left action
of G on C_(G). Using the same argument as in Lemma 6.13, it thus suffices
to show that R(G, ) is closed under the actions a; and r>.

We deal with o; first. Using the pentagon equation for W, it is easy to show
that oy (A" (z)) = (1 @ A™)(y(x)). Let & € R(G, ), inferring (13) yields, for
n>m,

H An 1 (m)) . (L ® 1®&n—m ® Am_l)(al(m))ni@w?"
=h®eu® - @0) (L@ A" (@) — (@ 19" @ A" ) (ay(2)))*
X (1@ A" N () — (t® 18" @ A (o (2))))
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= (h®p,® - ® @) (a((A"(z) = 19" @ A" (x)”
x (Ar () — 1977 @ AT (@)
= (pp®--- @) (A" (@) — 18" ™ @ A" (2))*
> (Anfl(x) _ 1®n7m ® Amfl(x)))
= ||An—1(m) _1®n-m g Am—l(m)||i§m
which tends to 0 as m,n — oo. The same argument holds if one replaces = by
x* and thus oq(z) € C(G) ® R(G, p).

For > we use an argument similar to the proof of Proposition 5.26, part (i).
Assume that z € R(G, ) and t € Irr(G). Since p is generating, let k£ > 0 be

such that ¢ € supp(u**). Select s1,...,s) € supp(u) such that mf > 1.
Then by Lemma 2.27
ds, -+ d . do ---d
< 5 Sk t s s Ak_l < d71 S1 Sk k.
Pt > d, S1,.0,8k ((»0 1 ® ® @ k) = Gt ,U(Sl) . ,U(Sk) Pu

Write

It follows that

(0h® - @ 0, ®p1) (((AH @ )A(x) =19 @ (A" @) (Ax)))”
—
x (A" @ )A@) 15" @ (A" @ )(A()))
<Clpp @ @0 (pp @+ ® @u)Ak‘l)((A"(ﬂs) —19mm @ A™ (x))*
n k
x (A" (@) =197 5 A (2)) )

= O((p# R ® @H)((A”Jrk*l(m) — 1®n-m o Aerkfl(x))*
———
n+k
> (AnJrkfl(x) — 1®n—m ® Aerkfl(x)))’

which, by regularity of z, tends to 0 as m,n — co. So A(z) € R(G, p)21°(G)
and thus R(G, p) is closed under . O

Lemma 6.16. The following holds for £ ®@n € Hs ® Homgepay_,, (1, Us):

(61a) A€ @ mZen < 12 IN5en,
(61b) A (€ @n)*[1%en < dZlIEN 0" hen-
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In particular, if E@n € He ® Homgep(a)_, (1,Us) and n > m, then

(61c) A" uE@n) -1 @ AT (€@ )| e
< IR A" ) — 2™ @ A @) 2
(61d)  [[(A" @@ n) -1 @ A E@m) e
< @2 [l&l?[| (A" ) = (O @ AT ()|

Proof. Let £ @ n € Hs @ Hompep(g) ,(1,Us). We compute, using (46), (47)
and Corollary 6.12, that

(62) A€ @n)l2en
=(Pp @ @) (M ®@n) A(E @)
=(pp®-- @) M(E@n)* (E®n)))
:(‘Pu®"'®§0,u (/\n €®77 )(§®7l)))
)

Slear e @ Ry) - (Eon)))

:)\0<(Lg®tru®---®tru)
(n((ps e @ (" ©)(°" © R.) @ 1)) )

= (0 PE@ ) ((tru® - @ ) (7 © )" © Ra) @),
Note that since 7 € Hompep()_, (1, Us) C Naty (12" @ 1,.%™ @ U), the tensor
product of natural transformations yields
(" @)(®" @ Ry)) @n= (0" ®ts @ 15)(1%" @ Rs @ ).
By means of Lemma 6.8 write n = Zle x; ® T;, where x; € ZOO(G)®” and
T; € B(H1,Hu,) = B(C,Hs). Since B(C,H;) is finite-dimensional, we may
choose k = dim(Us) and T;: C — H,, ¢ — c(;, where {Cl}dlm Y) forms an
orthonormal basis in H, and (¢;, &) = 0 if i # 1. Recall the solutions (R, Rs)

of the conjugate equations for U (see (11)). With these choices we obtain that
equation (62) equals

dim(Ug) ——
63) > (0 e ((pu® - ®0u ® g, 00,)

i,j=1
(2] T @15 @ 1) (15" @ Rs ® 1) (a5 @ T5)))

dim(Us) -

= 3 (pu®- @) alay) (pr P @ O ((T7 © 15 @ 1) (Ry © 1))
i,j=1

dim(U,) dim(U,) -

= S (pue o)) S T2 (05 2e)(E)) €Ty)
i,j=1 k=1
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dim(Us) dim(Us)
= Z (Pu ® -+ @ pu)(@iz;) Z T (&) R (©) £(T5)
ij=1
dim(Uy)
= > (eu® - @) (@] zy) T () €(T).
ij=1

By the choice of the T;’s in the decomposition of 1, equation (63) equals

dim(Us)

> (en @ @) (@) (G 6) (6 G)

ij=1
= (pu ® - © pu)(@iz1) [I€]17

dim(Us)
<P D" (pu®--- @ pu)(aie) 1 (T7T)
i=1
= [l€l* (b ® - @ try @ty ) (")
= [l€lP (11 5en-

Estimate (61b) is similar but slightly trickier. Along the same lines one can
show that

(64)  [IAn(€ @ )20

= (€@p )t ®- - ® 1) (0 @ 13) (" ® 1) (1°" © R,))).

As before decompose 7 by means of Lemma 6.8 as n = Z?:T(US) z; ® T;, but

this time let T;: C — Hsg, ¢ — &, where {£7}; are the eigenvectors of ps.
Assume for the moment that { = £ for some [ € {1,...,dim(Us)}. Then in
this case, equation (64) equals

dim(Ug) —
65) > (@) ((pn®  ® 0 @ 1y,00,)
i,j=1
((2: ©T; @ 1s) (2 @ T} @15)(1*" @ Ry)))
dim(Us) dim(Us)
= S (e @p)@el) S (& @0 ) (DT (026) © &)
i,j=1 k=1
dim(Us) dim(Us) - -
= 3 oo @) S GmITH2E) (05 P)(ED)
i,j=1 k=1
dim(Uy) dim(Uy)
= Z (¢u®"'®<ﬂu)($ﬂ;) (&, & ><£Jap56k><£k7p5 2€l>
i,5=1 k=1

= (pu © - © pu)(27).
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On the other hand,
66)  [€lPln*[I2en

(try ® - @ tr, @ try, ) (mm")

dim(Uy)
= Y (0 ® @ @) (2ia] O TTY)
ij=1
dim(Us) dim(Us)
= > (eu® e (@) Y (L6 0
i,j=1 k=1
dim(Us)
= Y (pu®--- ® )@l (o i
=1

Note that ds = Z?L‘?(US)(ps)jj > (ps)i; for any . Therefore comparing (65)
and (66) gives

(67) A€ @n)*[12en < dallél®llnIlen-

Now we deal with general vectors £ € H, as follows. Write § = ). ¢;&7, then
€117 =3, |eil*>. By (67), Cauchy-Schwarz and Jensen’s inequality we get

dim(Us) 9
Pa€@n)Pon < (30 leilltnles @m0
=1

dim(Us) 9
<do( S feil) I e
=1
dim(Us)
< ds dim(Us) Z |ci|2 ||77*||i®n
i=1

< CIENP 0 Zen s
which completes inequality (61b).

Inequalities (61c) and (61d) are now easy to prove. Indeed, by Corollary 6.12
and (61a) we get for { @ n € Hs ® Hompepqy_, (1, Us) and n > m that

AT— & n—m AT — & 2
[A™ (A€ @n) =197 @ AT (€ @ )| jen
= ANn— n—m e AMm— 2
= [Pn€ @A) — 17 @ A (€ @ A ) Cgn
= An— & n—m AT — 2
= M@ A" () = (€@ T @ A™ T ()|
e AT — n—m AT — 2
= ME® A" ) — @ A )|
An— n—m Am— 2
< [lElPA™ ) =2 @ A )| e
Estimate (61d) is similar. We leave the details to the reader. O

Because of Lemma 6.15 and Theorem 6.5 there exists a C*-tensor cate-
gory corresponding to the braided commutative Yetter—Drinfeld G-C*-algebra

Miinster Journal of Mathematics VoL. 10 (2017), 287-365



BOUNDARY CONVERGENCE FOR QUANTUM RANDOM WALKS 361

R(G’, u). Denote this C*-tensor category by D. So concretely, D = Cé(é’#) is
the completion of the category with objects Ob(Rep(G)) and morphism sets

Homp (U, V) == {T € R(G,pn) @ B(Hu, Hv) | Vis(u @ w)(T)Ui3 =1 T}

for U,V € Ob(Rep(G)). Recall the C*-tensor category R(Rep(G), u) of u-
regular natural transformations defined in Definition 5.24.

Theorem 6.17. The category D is unitarily monoidally equivalent to the cat-
egory R(Rep(G), u) via a monoidal equivalence preserving the canonical func-
tors Rep(G) — D and Rep(G) — R(Rep(G), u).

Proof. For an element T € I°(G) ® B(Hy, Hyv) recall the condition
(68) Vlg(al ® LV)(T)Ulg =1xT.

The categories Rep(G) 1 and Co_, (&) are unitarily monoidally equivalent as
Rep(G)-module categories (see Corollary 6.9). To prove the theorem it there-
fore suffices to show that for any pair of objects U,V € Ob(Rep(G)), the
isomorphism of Lemma 6.8 restricts to an isomorphism

HomR(Rep(G)7u)(U7 V)
E AT € R(G, 1) © B(Hu, Hy) | Vis(en @ o) (T)U13 =12 T}

In order to achieve this, it is sufficient to show the following two statements:

(a) n(T) € Hompg(grep(a),u) (U, V) for any T' € R(G, 1) ® B(Hy, Hy) satisfying
condition (68).

(b) For any 1 € Hompgmep(a),u)(U,V) there exists a homomorphism 7' €
R(G, 1) ® B(Hy, Hyv) satisfying condition (68) such that 1 = n(T).

(a) Assume T € R(G,u) ® B(Hy, Hy) satisfies (68). By Lemma 6.8, we
have 7(T") € Homgep(g)_, (U, V). We must show that 77(T) is p-regular. Smce
(HU,’HV) is finite-dimensional, we can write T = Zl 12 @ Ty with ;

R(G, ) and T; € B(Hy,Hy) such that oy (TFT;) = v (TiT;) =0 whenever
i # j (for instance, take T; of the form m¢ ¢ where £ and &’ are in a basis of Hy

and respectively Hy in which p acts diagonally). Let n > m. By Lemma 6.10
we obtain

69)  [|AT (D) — B @ A ()|

[
= [[n((A" @ 0 )(T) — (19" ™ @ AL @ 1 )(D)) |2
=(Pp®  ®pu®pu)

(A" @uw)(T) = (1% ™ @ A" @y )(T))"

x (A"t @ )(T) — (1" ™ @ A" @.uy)(T)))
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k
= (pu® - ®pu) (A" () =197 @ A" H(zy)”

ij=1

X (A" H(ay) — 19777 @ A" (ay)) ) oo (17T))

I
<M”

eu(TT) | A" Y (ay) — 197 @ Am—l(mi)uf’a%n.

=1

As each x; is u-regular, it follows that, for 1 =1, ...k,
A" (a;) — 18" @ Am_l(mi)Hi@n —0 asn,m — 00
I

and thus (69) converges to zero as m,n — co. A similar calculation shows that

2

| A1 (T)") = 2 o AL (T) [ 0 as mm > o,

We conclude that n(T") € Hompgrep(a),u) (U, V).
(b) First assume that n € Homp(grep(a),u) (1, Us). Pick the unique element

~

T € C_1(G) ® B(C,Hs) satisfying (68) such that n(T') = n. Given £ € Hs,
observe that (1 ® £)(T) = A (£ ® ). From Lemma 6.16 it immediately follows
that (o ® &)(T) € R(G,p) and thus T € R(G,p) ® B(C,H,). For general
objects U,V € Ob(Rep(G)) Frobenius reciprocity gives

HomR(Rep(G)7u) (Uv V) = HomR(Rep(G),u) (]]-7 U ® V)

@D mi v Hompgmepi)m(1,Us),
s€lrr(G)

as desired. O

I

Theorem 6.18. Given a reduced compact quantum group G and a generating
and transient probability measure i on Irr(G) = Irr(Rep(Q)), the random walk
defined by v on the discrete dual ZOO(G) converges to the boundary if and only
if the random walk defined by p on the C*-tensor category Rep(G) converges
to the boundary.

Most of the hard work of the proof of this theorem is already done. We will
refer to requirements (i) and (ii) of Definition 5.27 as (1) respectively (ii)<®,
to distinguish them from the corresponding properties in Conjecture 2.34.

Proof of Theorem 6.18. Note that M(G, 1) C C_1(G). Therefore Theorem 6.17
implies that M (G, ) € R(G, ) if and only if M(Rep(G), p) is a C*-tensor
subcategory of R(Rep(G), ). Thus (i) and (i)°** are equivalent.

Equivalence of (ii) and (ii)*® is proved in the subsequent two lemmas. [

Lemma 6.19. Suppose that (G, u) satisfies (ii), then (Rep(G),p) satisfies
(ii)cat'

Proof. Let v € Natp(t ® X, 0 ®Y) be p-harmonic and n € Natoo(t @ U, @ V).
By Lemma 6.11, 7 is of the form 1 = n(T") for a unique T satisfying (68). Write
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TasT =" 20T € coo(G) ® B(Hy,Hy). Similarly, by [24, Thm. 4.1]
also v is of the form v = n(S) for some S, where

S=>y;®S; € H(G,n) ® B(Hx, Hy).
i=1
Note that these sums are finite, because B(Hy,Hv) and B(Hx,Hy) are
finite-dimensional. The Poisson boundary is invariant under the right ac-
tion defined by the comultiplication (see [15, Lem. 2.2]). Thus if we write
Ay;) = y(l) ® y@) then y(l) € H*®(G, ). Use the description of the tensor
product of natural 1somorph1sms given by (55) to obtain

Z 2trs(nev) = Z Zd QDS®LV®LY)(%Z/]()®T7TU( )®S)

selrr(G) s€lrr(G) 4,J

_Z( > dssosxzy )(TWU( e s;)

%7 selrr(G

—Z% ;) ))(TWU( @ s;)

:(wlio@w@by)(zf(p(% ()®T7TU( )®S)
0,J
= try’ (Ku(n) v).
In the last step we used Lemma 6.10. (I
Lemma 6.20. If (Rep(G), ) satisfies (ii)°**, then (G, u) satisfies (ii).

Proof. Let £ ®@n € H, @ Hompep(a)_, (1, Us) be such that A (£ ®n) € coo(G)
and let ¢ ® v € H; ® Hompep(i)_, (1, Ut) be such that A ((®v) € H>™(G, ).
Recall the tensor product of natural transformations (30). Using the notation
and results of Corollary 6.12, we get

(70) dME@MAME @) =d(M(E@n)([ @)

_Zdrw M(E@Oe(heyter))

:Zd Ao © (g @ tr) (€@ Q) © (n® )

= Zd’% 0 @ tr(n@v))

:)\0( £20)® (Zd tr, (12 v))).
By assumption, (Rep(G), ) satisfies (ii)®*. Thus, by Corollary 6.12, equation
(70) equals
Mo ((€®C) @ tri (Ka(n) @v))

= X0 © (g @) (€@ Q) @ (Ku(n) @ 1)t @ v)))
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= ¢ (M(E@ Q) @ (Kuln) @ )t ®v))))
=p, (Kp(M(E@n)h(C o).
By linearity it follows that for any z € A (D, Hs ® Natoo(L,Us)) and any

h = X\ (T) where T € @, Hs @ Naty(t, . ® Us) with (0 ® P,)(T) = T, it holds
that

(71) P(zh) = o (Kp(x)h).
By density and strong®-continuity we obtain that (71) holds for any = € coo(G)
and any p-harmonic element h € H* (G, ). O
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