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INTRODUCTION

0.1. Let A be a unital associative p-adic ring, p is a prime, so A = @Ai
where A; = A/pi. Let I C A be a two-sided ideal such that the I-adic
topology equals the p-adic one, i.e., p"™ € I and I"™ C pA for large enough m.
Set Iz = IA1

The projective system of rings A; and ideals I; yields the relative K-theory
pro-spectrum K (A,I)" = “lim” K(A;, I;) and the cyclic chain pro-complex
CC(A)" := “lim” CC(A;). Our main result, see 2.2, is a construction (subject
to minor conditions on A) of a natural homotopy equivalence of the corre-
sponding pro-spectra up to quasi-isogeny

(0.1.1) K(A Iy = co(A) 1o

This homotopy equivalence is a continuous version of Goodwillie’s isomor-
phism K(R,J) = CC(R,J)[1] valid for any Q-algebra R and a nilpotent
two-sided ideal J, see [5] or [9, 11.3] The construction follows closely that
of Goodwillie, with a characteristic p simplification (the difference between
CC(A)" and CC(A,I)", being of torsion, disappears) and the Malcev theory
input replaced by a version of Lazard’s theory.

0.2. Here is a geometric application (see 2.4): Let E be a p-adic field, Og

its ring of integers, X be a proper Og-scheme with smooth generic fiber Xpg,
Y C X be any closed subscheme whose support equals the closed fiber. Set
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52 ALEXANDER BEILINSON

X; = X ® Z/p". Then (0.1.1) yields a canonical identification of Q-vector
spaces
(0.2.1)

Q@lim K7 (X;,Y) = Qe Rlim K7 1 (X;,Y) %@HEE"XE)/F“

Here K% is the nonconnective K-theory (see [16, § 6]) and F'® is the Hodge
filtration on the de Rham cohomology.

The subjects left untouched (1) comparibon of the composition of (0.2.1)
and the boundary map K, L 1(X;,Y) with the crystalline char-
acteristic class map for Y (here Y can be arbltrary singular, see [2] for the
basics of the crystalline story in that setting), and (ii) comparison with the
p-adic regulators theory (see [14]).

0.3. This article comes from an attempt to understand the work of Bloch,
Esnault, and Kerz [1] where an identification similar to (0.2.1) was constructed
under extra assumptions on X. The method of [1] is different (and it remains
to be checked that the two isomorphisms coincide). Its input is McCarthy’s
identification of K-theory of an arbitrary ring relative to a nilpotent ideal with
the relative topological cyclic homology, see [3]. One has then to identify the
topological cyclic homology with truncated de Rham cohomology. Unlike the
classical cyclic homology case, this presents a problem, and the passage taken
in [1]—with étale cohomology of X as a way station—is not easy.

It would be nice to find conditions on (R, J), where p is nilpotent in R and
J nilpotent, that would imply K;(R,J) = H;_1CC(R,J) for i < p, cp. [1, 8.5].

1. SPECTRAL PRELIMINARIES

Given a sequence --- — A; — Ag of abelian groups, then (@ A)®Q
is not determined if we know merely A; ® Q, but we are in good shape if
A; are known up to subgroups of torsion whose exponent is bounded by a
constant independent of i. We will see that some natural maps known to
be isomorphisms in rational homotopy theory are, in fact, invertible up to
universally bounded denominators. Thus they remain to be isomorphisms in
the rational homotopy theory of pro-spaces.

1.1. Spectra up to isogeny. (a) Let C be an additive category. We say that
a nonzero integer n kills an object X of C if nidx = 0; X is a bounded torsion
object if it is killed by some n as above. A map f: X — Y in C is an isogeny
if there is g : Y — X such that fg = nidy and gf = nidx for some nonzero
integer n.

We denote by C ® Q the category equipped with functor C — Cq, X —
Xq, that is bijective on objects and yields identification Hom(Xgq,Yyp) =
Hom(X,Y) ® Q. We call Xg the object up to isogeny that corresponds to
X. Notice that f is an isogeny if and only if fg is invertible, and C ® Q is the
localization of C with respect to isogenies; one has Xg = 0, i.e., X is isogenous
to 0, if and only if X is a bounded torsion object.
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If 7 is a category and X,Y : Z — C are functors, then a morphism of
functors f: X — Y is said to be an isogeny if there is a morphism g : G — F
such that fg = nidy and gf = nidx for some nonzero integer n. (If Z is
essentially small, this means that f is an isogeny in the category C7.)

If C is abelian then C®Q is abelian as well, and it coincides with the quotient
Cg of C modulo the Serre subcategory of bounded torsion objects. If C carries
a tensor structure then bounded torsion objects form an ideal, hence Cqp is a
tensor category and C — Cp is a tensor functor. In particular, the category .Ab
of abelian groups yields the tensor abelian category Abg.

Remark. The functor Abg — Vecty, Xg — X ® Q, is not an equivalence
of categories (for the category Vectgy of Q-vector spaces is the quotient of .Ab
modulo the Serre subcategory of groups all of whose elements are torsion). One
has Ext!(Xg, Yo) = Ext'(X,Y) ® Q, hence Abg has homological dimension 1
(since Ext! in Abg is right exact). Abg does not admit infinite direct sums
and products.

It would be nice to refine the Quillen—Sullivan theory of rational homotopy
types to homotopy types up to isogeny (i.e., modulo Serre’s class of abelian
groups of bounded torsion). For the present article only stable theory is needed.

(b) For an oo-category treatment of the theory of spectra, see [11, 1.4.3].

Let Sp be the stable co-category of spectra; by abuse of notation, we denote
by Sp its homotopy category as well. This is a t-category with heart Ab: the
subcategory Sp>¢ is formed by connective spectra, the t-structure homology
functor is the (stable) homotopy groups functor X — me(X), the t-structure
truncations X — 7<, X are Postnikov’s truncations. The t-structure is nonde-
generate: if all 7, (X) = 0 then X = 0. Sp is a symmetric tensor co-category
with respect to the smash product A, see [11, 6.3.2]. It is right t-exact and
induces the usual tensor product on the heart Ab; the unit object is the sphere
spectrum S.

Let D(Ab) be the stable co-category of chain complexes of abelian groups,
see [11, 1.3.5.3, 8.1.2.8, 8.1.2.9]; we denote again by D(Ab) its homotopy cate-
gory which is the derived category of Ab with its standard t-structure. D(.Ab)
is a symmetric tensor co-category with the usual tensor product ®.

The Eilenberg-MacLane functor EM : D(Ab) — Sp that identifies com-
plexes with abelian spectra is naturally an co-category functor. EM is t-exact
and equals Id 45 on the heart. It sends rings to rings and modules to mod-
ules, so the Oth Eilenberg-Maclane spectrum Zg, := EM(Z) is a unital ring
spectrum and EM lifts to a functor D(Ab) — Zg,-mod (:= the co-category of
Zsp-modules in Sp). The latter functor is an equivalence of categories, see [11,
8.1.2.13].

Let Sp~ := U, Sp>o[—n] be the stable co-subcategory of eventually connec-
tive spectra; this is a tensor subcategory of Sp. A map X — Y in Sp~ is
called quasi-isogeny if all maps 7, (X) — m,(Y") are isogenies, or, equivalently,
all maps 7<, X — 7<,Y are isogenies in the homotopy category of spectra.
Thus X € Sp~ is quasi-isogenous to 0 if each m,(X) is a bounded torsion
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group, or, equivalently, every 7<,X is a bounded torsion spectrum; such X
form a thick subcategory.

Lemma. This subcategory is a N-ideal in Sp~.

Proof. Suppose X,Y € Sp~ and Y quasi-isogenous to 0; let us check that
X AY is quasi-isogenous to 0. We can assume, replacing X, Y by their shifts,
that X and Y are connective. Then 7<,(X AY) = 7<,,(X A 7<,,Y"), and we
are done. |

The corresponding Verdier quotient category Spg of Sp™ is a symmetric
tensor t-category. We call its objects spectra up to quasi-isogeny; for a spec-
trum X we denote by Xg the corresponding spectrum up to quasi-isogeny.

Consider the derived categories D~ (Ab), D~ (Abg) of bounded above com-
plexes of abelian groups. Then D~ (Abg) is the quotient of D~ (.Ab) modulo
the thick subcategory of complexes with bounded torsion homology. EM sends
D~ (Ab) to Sp~; passing to the quotients, we get a t-exact functor

(1.1.1) D~ (Abg) — Spg -
Proposition. This functor is an equivalence of tensor triangulated categories.

Proof. Let Zs,-mod™~ be the category of eventually connective Zsp,-modules
and Zgp-modg be its quotient modulo objects which are quasi-isogenous to
0. The forgetful functor Zs,-mod~ — Sp~ admits left adjoint X — Zs, A X
which is a tensor functor. The adjoint functors Zsy,-mod™~ < Sp~ yield, by
passing to the quotients, the adjoint functors Lsp-modg = Sp@. By the
above, it is enough to show that the latter functors are mutually inverse, i.e.,
that for X € Sp™, Y € Zsp-mod™ the adjunction maps ax : X = Zsp A X
and ay : Zsp, ANY — Y are quasi-isogenies.

One has ax = as Aidx where ag : § — Zsp is the unit map. Since
mo(ag) = idz, the groups m;(Cone(ag)) (the stable homotopy groups of spheres)
are all finite, so Cone(ag), hence Cone(ax) = Cone(ag) A X, is quasi-isogenous
to 0, i.e., ax is a quasi-isogeny. Now ay- : Zs, AY — Y is a quasi-isogeny since
a)V/ay = idy. O

Remark. Let ¢, be an integer that kills 7<,Cone(ag) (e.g. the product of
exponents of the first n stable homotopy groups of spheres). Then for every X
such that 7<,, X =0, ¢p—p, kills 7<,,Cone(ax) = 7<p((T<n—mCone(ag)) A X).
Therefore m,(ax) : 7 X — m(Zsp A X) is an isogeny of Ab-valued functors
on (every shift of) the category of connective spectra (see 1.1(a)).

(c) We will need an Abg-refinement of (a corollary of) the Milnor-Moore
theorem:

For a simplicial set (often referred to as topological space below) P we de-
note by C(P,Z) the chain complex of P and by C(P,Z) the reduced chain
complex which is the kernel of the augmentation map C(P,Z) — Z, so for
po € P one has C(P,Z) = C(P,{po};Z) (:= the relative chain complex).
Suppose P is connected. We say that a € H,C(P,Z) is primitive if A, (a) €
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H,C(P x P,Z) = H,(C(P,Z)®?) equals 1 ® a + a ® 1, where 1 is the gener-
ator of HyC(P,Z) and A : P < P x P is the diagonal map. We denote by
Prim H,,C(P,Z) the subgroup of primitive elements.
Exercise.

(i) Show that the projections P x P’ — P, P’ yield isomorphisms

Prim H,,C(P x P',Z) = Prim H,,C(P,Z) ® Prim H,,C(P', 7).
(if) If m(P) =0 for ¢ > 1 and 71 (P) is abelian then Prim H,,C'(P,Z) = 0 for
n > 1.

Denote by Top,. the category of pointed topological spaces. We have the
adjoint infinite suspension and infinite loop functors S : Top, = Sp~ : Q.
For X € Sp~ and P = (P,py) € Tops« let bx : S°Q*°X — X and cp :
P — Q®S*P be the adjunction maps, so one has Q% (bx)coex = idgex
and bge pS™®(cp) = idgep. Let hp be the composition

P — Q®°S°P — Q% (Zsp N STP) = Q¥ EM(C(P,{po};Z)),
the first arrow is cp, the second arrow is Q*°(ag=p) (see the proof of the
proposition in 1.1(b)). Then

7"'n(hP) : 7"'n(PapO) — HnO(Pv {p0}7Z) = HnC(Pa Z)a n Z 17

is the classical Hurewicz map; its image lies in Prim H,C(P,Z).

Theorem. For every connected spectrum X the Hurewicz maps
Tn(haex) 1 Tp(X) = 1, (2 X, 0) — Prim H,C(Q>* X, Z)

are isogenies. Moreover, their kernel and cokernel are killed by nonzero integers
that depends only on n (and not on X), i.e., m,(hqw) are isogenies of Ab-
valued functors on the category of connected spectra (see 1.1(a)).

Proof. ! (i) The functor X + Prim H,,C(Q°X,Z) is additive: To see this,
we need to check that for any maps of spectra f,g : X — Y and o €
Prim H,,C(2*°X,Z) one has (Q°°(f + ¢))«(a) = (Q°°f)s() + (2%°9g)+(a),
which follows since Q°°(f + g) equals the composition
QX 5 QX x QX = QY x QY — QY]
the first arrow is A, the second one is 2°° f x °°g, the third one is the sum
operation +.2
(ii) Consider a commutative diagram of spectra

(1.1.2) SXONXX — > Zs, A SCQXX
X Zsy N X,

1T am grateful to Nick Rozenblyum for the help with the proof.
2Use the fact that the restriction of + to {0} x 2°°Y and Q°°Y x {0} is the identity map.
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the horizontal arrows are ag~g~x and ax, the vertical arrows are bx and
idzs, Abx. It implies that

Q0> (idzs, Abx )hawx = Q> (idzs, Abx )2 (as=~q~x)ca~ x
= 0% (ax)Q%(bx)ca=x
= 0%(ax),
hence 7, (idzs, Abx )Ty (ho=x) = Tn(ax). Let
(1.1.3) rpx : Prim H,,C(Q*°X,Z) — m,(Zsp AN X)

be the restriction of 7, (idzs, Abx) : H,C(Q*°X,Z) — 7,(Zsp A X) to primi-
tive classes. Since r, x 7, (howx) = mp(ax) is an isogeny of Ab-valued functors
on connected spectra (see Remark in 1.1(b)), we see that m,(hqe) is an isogeny
if and only if r,, is, and to check this it is enough to show that Kerr,x is killed
by a nonzero integer e,, that does not depend on X.

(iii) We first prove that 7, is an isogeny on the subcategory of suspension
spectra: Let us show that Kerr,g~p for connected P = (P,pg) € Top. is
killed by nl.

As in [12], Q°*°S*°P identifies naturally with a free E.-space F gener-
ated by (P,pp). Let I'e be our Eo-operad. Then F' is a union of closed
subspaces {0} = Fy C Fy C F, C ... where (F1,Fy) = (P, {po}) and F;
is the image of the operad action map (I'; x P%)/¥; — F where ¥; is the
symmetric group. Notice that (I'; x P?)/%; is the homotopy quotient of P?
modulo the action of ¥;. The pointed space F;/F;_1 equals (I'; A (P, po)"") /%
which is the homotopy quotient of (P,po)"\* modulo X;, so C(F;, F;_1;7) =
C(%i, C(P,{po}; Z)®") where C(%;,-) is the complex of group chains. Thus
the compositions C(%;, C(P,Z)%") — C(%;,C(P,Z)%") — C(F;,{0};Z) split
the filtration C(F;, {0};Z) on C(F,{0};Z) (see the beginning of 1.1(c) for the
notation), so we have a canonical quasi-isomorphism

(1.1.4) P i, (P, z)*") = C(F,Z) = C(F,{0}, 7).
i>1

The map idzg, Absep : Zsp A S®Q*SP — Zsp N S P of abelian spec-
tra amounts to a morphism vp : C(F,{0};Z) — C(P,{po};Z) of complexes
that can be described as follows. Consider the chain complex C(P,Z) as a
simplicial abelian group freely generated by P, and C(P,Z) as the kernel
of the map of simplicial groups C(P,Z) — C({point},Z); ditto for F, etc.
Then vp is Z-linear extension of the map of simplicial sets FF — C(P,Z)
that extends the standard embedding P — C(P,Z) and transforms the I'o-
operations into addition. Therefore vp is the identity map on the first sum-
mand of (1.1.4) and it kills the rest of the sum. Thus it remains to check that
H, (D5, C(Si, C(P,Z)®%)) N Prim H, (F, Z) is killed by n!.

Set ®™ = P,.,, C(Z:, C(P,Z)®"). We view ®* as a split filtration on
C(F,Z) via (1.1.4). Let us show that m(H,®™ N Prim H,(F,Z)) C H,d™+!
for m > 2. Since H,®"*! = 0, this proves our assertion.
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We equip C(F' x F,Z) = C(F,Z) ® C(F,Z) with the tensor product of the
filtrations ®°. Since A, : C(F,Z) — C(F x F,7Z) is compatible with the operad
product, A, is compatible with the filtrations and

gy Ay 1 C(Zm, C(P.Z)®™) » P C(%a,C(P,2)%") ® C(5, C(P,Z)F")
at+b=m
has (a, b)-component equal to the transfer map pgp : C(Sp, C(P,Z)%™) —

C(Zy x Ty, O(P,Z)®™) for the usual embedding ¥, x %, — %,,. Now if
a € Prim H,(F,Z) lies in ™, m > 2, then the image & of « in gry H,(F,Z)
satisfies pq (@) = 0 if a,b > 1. In particular, p1 ,—1(&) = 0, and we are done
since Ker pq ,—1 is killed by |, /Zm—1] = m.

(iv) To finish the proof, let us show that Kerr,, x for any connected spectrum
X is killed by e,, = nlc?" where ¢, is as in Remark in 1.1(b).

To that end we will find a map of spectra sx, : T<n X — T7<p 50X such
that m;(7<n(bx)sxn) = lnidy, (x) for i <n where ¢, = c2. Assuming we have
Sxn, let us finish the proof.

One has 7<n(bx)sxn = £y id-., x +€ where m;(¢) = 0. Since the canonical
filtration on 7<, X has length n, one has €” = 0. So, by (1), 7<n(bx)sxn acts
on Prim H,,C(2*°X,Z) as the sum of the multiplication by ¢, map and an
operator € such that €” = 0. The kernel K of this action is killed by £ (for
0, idg = —€|k). We are done since, by (iii) applied to P = QX the map
nlr<p (bx)sxy kills Kerr,x = Ker T‘n-,—<nx.3

It remains to construct the promised sx,. For any connected spectrum Y
let gy : 7<n(Zsp NY) — 7<,Y be a map of spectra such that gy 7<,(ay) =
cnid,_ y.* Let u;, i € [1,n], be the composition 7;(Zs, A X) — m(X) —
m(ZS; A S0 X)), the first arrow is 7;(gx), the second one is 7;(hgwx) =
Ti(agono x)mi(coex). Let u : 7<p(Zsp N X) — T<n(Zsp N S®N°X) be a
map of spectra such that m;(u) = u;.> We define sx,, as the composition of

T<nX = T<n(Zspy N X) = T7<n(Zsp A STQCX) = 1< (STQ7X)

where the first arrow is 7<,(ax) and the last arrow is ggeoqe x. Finally, for
7 < n one has

Ti(T<n(bx)sxn) = Ti(bx)mi(gse oo x )i (ag= 0o x )T (caee x )mi (gx )mi(ax)
= Ami(bx)mi(ca=x)
=c2 idr, (x)s
and we are done. O

Remarks. (i) I do not know if the theorem remains true for connected H-
spaces that are not infinite loop spaces.

3Notice that Prim H,,C(Q*° X, Z) = Prim Hp,C(Q®71<, X, Z).

4Guch a qy exists since ¢p, kills Cone(t<n(ay)).

50ur u exists since T<n(Zsp A X) and T<p (Zsp A SN X), being abelian spectra, are
homotopy equivalent to the products of the Eilenberg—MacLane spectra corresponding to
their homotopy groups.
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(ii) The map sx, from (iv) of the proof was constructed in an artificial
manner; it need not commute with morphisms of X. One can look for a
natural sy, (may be, with a better constant ¢,). A possible approach: The
ideal answer would be to find a natural section sx : X — S®Q>*°X of by,
and take sxp 1= T<p(sx) with £, = 1. Such an sx does not exist, but we
have a natural section cowex : QX — Q®5°0*X of Q*°(bx) which is not
an FE.-map for the standard E..-structures on our spaces. Notice though
that 2°°5°°Q°>° X is naturally an F.,-ring space with the product operation
coming from the usual E,-structure on 2°X, and cqe x is an E.-map for
the product E.-structure. A natural candidate for sx might be the logarithm
of coex. It is ill defined due (at least) to nonintegrality of the logarithm
series, but one can look for n!log7<y(co~x) that would be an E.-map for
the standard F.-structures, hence providing a natural sx,, with ¢, = n!.

1.2. The pro-setting. (a) The basic reference for pro-objects is [6, § 8].

As in loc.cit., one assigns to any category C its category of pro-objects pro-C
together with a fully faithful functor ¢ : C < pro-C, X — ‘X. The category
pro-C is closed under codirected limits (i.e., for any I°-diagram Z; in pro-C,
I a directed category, @Zi exists), and ¢ is a universal functor from C to
such a category (i.e., every functor C — D, where D is closed under codirected
limits, extends in a unique way to a functor pro-C — D that commutes with
codirected limits). For C small, the Yoneda embedding C — Funct(C, Sets)®
extends naturally to a functor pro-C — Funct(C, Sets)®; if C is closed under
finite limits, it identifies pro-C with the subcategory of functors that com-
mute with finite limits. Each pro-object can be realized as “lim” X; := lim “X;
for some I°-diagram X; in C, I is directed, and Hom(“lim” X;, “lim”Y;) =
1&13, lim, Hom(X;,Y;). If C is abelian, then pro-C is abelian and ¢ is exact.
More generally, for any I as above the functor C! — pro-C, (X;) — “lim” X;, is
exact. E.g. we have abelian category pro-Ab of pro-abelian groups. The ten-
sor product “lim” X; ® “lim”Y}; := “lim” X; ® Y; makes it a symmetric tensor
category.

Remarks. (i) If C is closed under arbitrary limits or colimits, then so is pro-C.
(ii) For C abelian, an object “lim” X; vanishes if and only if for every i € T
one of the maps X;; — X; of the diagram equals to zero.

(b) An oco-category version of the story of [6] is explained in Chapter 5 of
[10], the co-category of pro-objects is treated in Section 5.3.

Let pro-Sp be the oo-category of pro-spectra, i.e., pro-objects of the co-
category Sp. This is a stable co-category by [11, 1.1.3.6]. By abuse of notation,
we denote its homotopy category by pro-Sp as well. It carries a t-structure with
the category of connective objects pro-Sp>¢ equal to pro-(Sp>o). The heart
of the t-structure equals pro-4b, the homology functor is X = “lim” X;
Te(X) = “lim”7e(X;), and the truncations are 7>, “lim”X; = “lim"7>,X;,
T<p “lim” X; = “lim”7<,X;. Let pro-Sp~ := U, pro-Sp>o[—n] be the t-sub-
category of eventually connective pro-spectra.
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The oo-category space of morphisms of pro-spectra Hom(“lim” X;, “lim”Y5)
is equal to holim; hocolim; Hom(X;,Y;); passing to my we get the set of mor-
phisms in the homotopy category.

By [11, 6.3.1.13], pro-Sp is a symmetric tensor oo-category with tensor prod-
uct “lim” X; A “lim”Y}; = “lim” X; A'Y}. The tensor product is right t-exact; it
induces the usual tensor product on the heart pro-.Ab.

The above discussion can be repeated with “spectrum” replaced by “chain
complex of abelian groups”: we have stable co-category pro-D(Ab) of pro-
complexes, its subcategory pro-D(Ab)~ of eventually connective pro-complex-
es, etc. For a pro-complex Z we denote by HeZ its homology pro-abelian
groups. We have the t-exact functor pro-EM : pro-D(Ab) — pro-Sp which is
identity on the hearts.

A map X — Y in pro-Sp~ is called quasi-isomorphism, resp. quasi-isogeny,
if the maps m,(X) — m,(Y) are isomorphisms, resp. isogenies, for all n. So
a pro-spectrum X is quasi-isomorphic, resp. quasi-isogenous, to 0 if m,(X),
resp. mp(X)g, vanish for all n. Such X form thick subcategories of pro-Sp~
that are A-ideals (repeat the proof of the lemma in 1.1(b)). We denote by
pro-Sp,. and pro—Sp@ the corresponding Verdier quotients; these are sym-
metric tensor t-categories with hearts pro-Ab and pro-Abg, the localizations
pro-Sp~ — pro-Sp; — pro-Spg, X — Xr — Xq, are t-exact tensor functors.
The discussion can be repeated for pro-D(Ab)~.

Exercise. For X = “lim” X; and Y = “lim”Y in pro-Sp~ one has
Hom(Xr,Yr) = holim,, Hom (1<, X, 7<,Y),
Hom(Xg, Yg) = holim,, Hom(7<, X, 7<,Y) ® Q.

Remarks. (i) For any Y € Sp~ the pro-spectrum X := “lim”7>,Y is quasi-
isomorphic to zero; if Y is not eventually coconnective, then X # 0.

(ii) Probably pro-Sp; coincides with the eventually connective part of the
homotopy category of pro-spectra as defined in [4].

Passing to the quotients, pro-EM yields the functor
(1.2.1) pro-D(Ab)g — pro-Spg, -
Proposition. This functor is an equivalence of tensor triangulated categories.

Proof. Repeat the proof of the proposition in 1.1(b) using the remark after the
proof to see that Cone(ax) is quasi-isogenous to 0 for every X € pro-Sp~. O

(c) The theorem in 1.1(c) has an immediate pro-version as well. It will be
used in Section 6 in the following manner:
For X = “lim” X; € pro-Sp~ one has a canonical map

Vx O(QOOX, Z)Q — XQ
61 am grateful to Jacob Lurie for that example.
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defined as the composition
C(O®X,Z) =Zsp NSTACX - Zsp, N X +— X.

Here C(2*°X,Z) = “lim” C(Q2>° X;, Z), the first arrow is idzg, Abx, with bx =
“lim”bx,, the second one is quasi-isogeny ax = “lim”ay,, see (1.1.2).

Suppose X is connected, i.e., m<o(X) = 0. Let V' be a pro-complex such
that H<o(V) = 0 and ¢ : Vo — C(Q*°X,Z)g be a morphism such that for
every n the map Hy,(¢) : HVp — H,C(Q*°X,Z)q is injective with image
Prim H,C(Q® X, Z)g := (“lim” Prim H,,C(Q*X;, Z))q.

Proposition. The map vxy : Vo = Xq is a quasi-isogeny.

Proof. 1t is enough to check that axvxy : V — Zs, A X is a quasi-isogeny.
One has H,(axvxy) = rnx Hn (1), see (1.1.3). We are done since r,x is an
isogeny (see the proof of the theorem in 1.1(c)). O

(d) One has a natural functor of stable co-categories holim: pro-Sp — Sp,
“lim” X; — holim X;, which is left t-exact. Its restriction to the subcategory
pro®o-Sp~ of those “lim” X; that the set I of indices i is countable, has homo-
logical dimension 1,7 so we have triangulated functor holim: pro®°-Sp~ — Sp~
and, passing to the quotient categories, holim: prONO—Sp@ — Spg. A similar
functor holim: pro®°-D(Ab)~ — D(Ab) is the right derived functor of the pro-
jective limit functor “lim”C; @Ci, and the two holim’s are compatible
with the (pro-) EM functors.

2. THE MAIN THEOREM AND A GEOMETRIC APPLICATION

2.1. For an associative unital V-algebra R, V is a commutative ring, we de-
note by C'(R/V') the relative Hochschild complex (see [9, 1.1.3]), so C(R/V),, =
R®" 1 for n > 0 (here ® = ®v), C(R/V), = 0 otherwise. If R is V-flat, then
C(R/V) equals R @fg po R. Let CC(R/V) be the cyclic complex as in [9,
2.1.2]): this is the total complex of the cyclic bicomplex CC(R/R)ee; here
CC(R/V)mn = R for myn > 0 and C(R/V ), = 0 otherwise; the nth
row complex is the chain complex for the Z/n + 1-action

T0Q...0T, = (=1)"r, @10 ®...Q0T,_1

on R®"*1: the even column complexes equal C(R/V) and the odd ones are
acyclic. We denote by ®,, the increasing filtration on CC(R/V') that comes
from the filtration CC(R/V )<2m,e on the bicomplex; thus ®_; = 0 and the
projection gry, CC(R) — CC(R/V)am,e = C(R/V)[2m], m > 0, is a quasi-
isomorphism.

Apart from 2.3-2.4, we consider only Hochschild and cyclic complexes with
V = Z and denote them simply C'(R), CC(R).

"For a precise homological dimension assertion if I is arbitrary, see [13].
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2.2. The main theorem. Let A, I be as in 0.1; as in loc.cit., A; := A/p’
and I; is the image of I in A;. Consider the relative K-theory pro-spectrum
K(A,I)" := “lim” K (A;, I;) and the cyclic homology pro-complex CC(A)" :=
“lim” CC(A;) (see 3.1 below for a reminder and the notation).

Theorem. Suppose A has bounded p-torsion® and Ay has finite stable rank
(see [15]). Then there is a natural quasi-isogeny

(2.2.1) K(A,D)g = co(A) [1g.

The proof takes Sections 3-6. The outline of the construction, which is a
continuous version of Goodwillie’s story [5] or [9, 11.3.2], is as follows:

e Consider the pro-complex C(gl.(A)") := “lim”C(gl,(4;)) of Lie al-
gebra chains; here gl, is the Lie algebra of matrices. By a version
of the Loday—Quillen-Tsygan Theorem [9, 10.2.4], there is a canoni-
cal map of pro-complexes C(gl,.(A)") — Sym(CC(A)"[1]) which is a
quasi-isogeny in degrees < r.

e Let GL,(A)™ := Ker(GL,(A) — GL,.(A,,)) be the congruence sub-
group of level m > 2, and

C(GL,(A)™") := “lim” C(GL,(A)"™ JGL,(A)™) 7)
be the pro-complex of its group chains. A version of Lazard’s theory
from Ch. V of [8] provides (we use the bounded p-torsion condition
here) a canonical quasi-isogeny C(GL,(4)™ " )g = C(gl,.(A)" o

e We realize K(A,I)" using Volodin’s construction. By Suslin’s results
[15] (we use the finiteness of stable rank condition here) one can com-
pute the relative K;-pro-groups using G L,’s with bounded r depending
on i. Viewed up to isogeny, they coincide with the primitive part of
H,C(GL,(A)™").

Combining the above quasi-isogenies and using 1.2(c), we get (2.2.1).
2.3. In the next subsection we explain a geometric application of the main

theorem. We need three technical lemmas; the reader can skip them at the
moment to return when necessary.

(a) Let R be a ring and I its two-sided ideal. Let KZ be the nonconnective
relative K-theory spectrum from [16, § 6], so KZ(R) = K,(R) for n > 0 and
there is a long exact sequence

...— KB(R,I) - KP(R) - KP(R/T) = KP (R, ]) — ...
Lemma. If I is nilpotent then KZ(R,I) =0 forn <0.
Proof. The assertion of the lemma amounts to surjectivity of the map K;(R) —
K1(R/I) and bijectivity of the maps KZ?(R) — KB(R/I) for all n < 0.

8I.e., the ideal of p-torsion elements in A is killed by some p™.
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Every idempotent in Mat, (R/I) lifts to an idempotent in Mat,,(R), and
the map Isom(P, P') — Isom(P/IP,P’'/IP’) is surjective for all projective
R-modules P, P'. Therefore K;(R) - K1(R/I) and Ko(R) = Ko(R/I).

Induction by —n: Suppose K2 (R) = KZ(R/I) for all (R,I) with I nilpo-
tent. Then K2 ,(R) = KP ,(R/I). Indeed, the map from the canonical
exact sequence of [16, 6.6]

0 — KP(R) — KP(R[t) @ KB(R[t™']) = KEB(R[t,t7']) = KB | (R) =0

to the similar exact sequence for R/I is an isomorphism at each term but the
last one by the induction assumption. So it is an isomorphism everywhere. [J

(b) Let X" be a formal scheme, so X is direct limit of a directed family of
closed subschemes X; where the ideals of the embeddings X; < X are nilpo-
tent. Let Y be a closed subscheme of X~ such that X; contain Y and the ideal
of Y in X; is nilpotent. One has the projective system of the nonconnective
relative K-theory spectra KZ(X;,Y).

Lemma. If Y is quasi-compact and separated then the pro-spectrum
“Um” KP(X;,Y) is eventually connective.

Proof. Pick a finite open affine Zariski covering {Y,}oca of YV let {X;} be
the corresponding covering of X;. Let & be the set of nonempty subsets S
of A ordered by inclusion. We have an &-diagram S +— Yg := NgegYe, of
affine schemes and open embeddings, and similar &-diagrams S — X;s. By
[16, 8.4], one has KZ(X;,Y) = holimg K (X;s,Ys). Thus KZ(X;,Y) has a
finite filtration with gr* K?(X;,Y) = 5=, KZ(X;s,Ys)[1 — n]. Since X;g
is affine and the ideal of Ys in X,g is nilpotent, the above lemma shows that
the spectrum KP(X;s,Ys) is connected. Therefore 7_, KZ(X;,Y) = 0 for
n > | Al — 1, and we are done. O

(c) Let k be a perfect field of characteristic p, W = W(k) be the Witt
vectors ring, and R be a unital associative flat W;-algebra where W; := W/p'.

Lemma. The evident map 7: CC(R) — CC(R/W;) is a quasi-isomorphism.

Proof. The map 7 is compatible with the filtrations ® (see 2.1), so it is
enough to check that 7 is a filtered quasi-isomorphism, i.e., that the map of
Hochschild complexes C(R) — C(R/W;) is a quasi-isomorphism. Both C(R)
and C(R/W;) are Z/p'-flat (since R is W;-flat), so it is enough to check that
C(R)®Z/p — C(R/W;) ® Z/p is a quasi-isomorphism. The latter is the map
C(Ry) — C(R1/k), R1 := R/pR, so, replacing R by R;, we can assume that
1 =1.

We check first that C(k) = C(k/F,) — k is a quasi-isomorphism. It is
enough to consider the case when k is the perfectization of a field &’ finitely
generated over F,,. Then k' is a separable extension of a purely transcendental
extension of Fp, and H;C(k'/F,) = Q'(k’/F,) by [9, 3.4.4]. Since Frobenius
kills Q>%(k’/F,), one has H~oC (k) = 0, q.e.d.
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If R is an arbitrary k-algebra, then let P be an R ®p, R°-flat resolution
of R. The terms of P are k ®p, k-flat, hence P, := P ke, k k is again a
resolution of R (indeed, P, = R ®fg, k = R @ (k ®fgy k) — R @y C(k)
which is R by the above). Thus Py is an R ® R°-flat resolution of R, hence
C(R) = P ®Ras, re R = Py ®rg,re R = C(R/k), and we are done. O

2.4. Let E be a p-adic field, Og be its ring of integers, so Og is a com-
plete mixed characteristic discrete valuation ring with perfect residue field k£ of
characteristic p. We denote by Og-mod the category of Og-modules, and by
Op-mod' its subcategory of finitely generated modules. Consider the functor

D™ (Og-mod) — pro-D(Ab)~,
M — “lim” M ®F Z/p* = “lim” Cone(M LN M).

Notice that for M € D~ (Og-mod') the evident map M — holim; M @FZ/p is
a quasi-isomorphism (which is enough to check for M = Og). The restriction
of our functor to D~ (Og-mod') is t-exact (since for any M € Og-mod’ one
has “lim”Tor,(M,Z/p") = 0). Since OE—mod(f@ equals the category Vecth; of
finite-dimensional E-vector spaces, we get a t-exact functor

(2.4.1) D~ (Vecty;) — pro-D(Ab)g

which is evidently faithful (fully faithful if £ = Q,).

Let X be a proper Og-scheme with smooth generic fiber Xg. Let RTyr(XEg)
= RI'(XE, 0%, p) be the de Rham complex of Xp and F* be its Hodge
filtration. One has RTyr(Xg)/F® € Db(Vect,) (here the latter category is
interpreted as the derived category of bounded complexes of E-vector spaces
with finite-dimensional cohomology).

Let Y C X be a closed subscheme whose support equals the closed fiber.
Set X; := X ® Z/p', so Y C X; for large enough i. By 2.3(b) we have the
pro-spectrum KB(X,Y)" := “lim” KB(X,,Y) € pro-Sp~.

Theorem. There is a natural quasi-isogeny of pro-spectra

(2.4.2) KP(X,Y)q = @P(RTur(Xp)/F)[20 — 1).

Here the target is seen via (2.4.1) as an object of pro-D(Ab)q, hence a pro-
spectrum up to quasi-isogeny.

Applying holim from 1.2(d), we get identification (0.2.1).

Proof. (i) Pick a finite open affine covering {X,} of X; let {Y, := Y N X,}
be the induced covering of Y. As in the proof of the lemma in 2.3(b), we
write Xg := NacsXa = SpecRg, Ys = SpecRg/Ig for S € &, etc. By
loc.cit., K(X,Y)" = “lim” holimg K (X;g,Ys) = holimg K (Xg,Ys)" . Passing

A

to pro-spectra up to isogeny, we get K (X, Y)& = holimg K (X5, Ys)q-
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Set CC(X;) := holimg CC(X;s), CC(Xs)" := “lim”CC(X;s), CC(X)" :=
“lim” CC(X;) = holimg CC(Xs)". The rings Ag = lim R;s satisfy the condi-
tions of the theorem in 2.2, so (2.2.1) applied to As and ideals IsAg provides
then a canonical identification

(2.4.3) K(X,Y)y = CO(X)g1l.

(ii) The terms of (2.4.2) do not change if we replace E by the field of fractions
of W = W(k), so we can assume that O = W.

Let X’ C X be the closed subscheme whose ideal consists of all torsion
sections of Ox. Since X has finite type, the ideal is killed by multiplication
by high enough power of p, so the maps CC(X;s)" — C’C’(Xi’s)A are quasi-
isogenies. Hence, by (i), K(X,Y)g = K(X',Y") where Y/ := Y N X’. Thus
the terms of (2.4.2) do not change if we replace X by X', and we can assume
that X is flat over W.

(iii) Consider W-complexes CC(Xg/W) := CC(Rg/W); they are W-flat
since Rg is W-flat. Set CC(X/W) := holimg CC(Xgs/W). By 2.3(c) one has
CC(X;s) = CC(X;5/W;) = CC(Xs/W) @ Z/p'. Therefore

~

(2.4.4) coXx) = “im”CC(X/W) & Z/p'.
The complex CC(X/W) lies in D~ (W-mod'), i.e., the homology of CC(X/W)
are finitely generated W-modules: Indeed, since filtration ® on CC' (see 2.1)
is finite on every homology group and § is finite, it suffices to show that

gr® CC(X/W) := holimg gr? CC(Xg/W) € D~ (W-mod").
Since gr® CC(Xg/W) = C(Xs/W)[2m], it is enough to check that

holimg H,C(Xs/W) € D~ (W-mod?).
Now
H,C(Xs/W)=T(Xs,Mn), Hn:=H,LA"A,Ox

where A : X — X Xgpecw X is the diagonal embedding. Since H,, is a coher-
ent Ox-module and X/W is proper, the homology of holimg H,,C(Xg/W) =
RT(X,H,) are finitely generated W-modules, q.e.d.

(iv) Combining (2.4.3) and (2.4.4) we get a canonical identification

~

(2.4.5) K(X,Y)g = (“im” CC(X/W) @ Z/p')g[1].

By (iii) and the definition of (2.4.1), to get (2.4.2) it remains to produce a
natural quasi-isomorphism

(2.4.6) CC(X,W)®Q = EP(RLur(Xp)/F*)[2a - 2].

Now CC(X/W)®Q = holimg CC(Xgg/E), and (2.4.6) comes from a canoni-
cal quasi-isomorphism CC(R/E) = @,(Q*(R/E)/F*)[2a—2] from [9, 3.4.12]°

9By loc.cit., this quasi-isomorphism is defined as the composition of quasi-isomorphisms
CC(R/E) < B(R/E) - @,(Q*(R/E)/F*)[2a—2] from [9, 2.1.7, 2.1.8] and [9, 2.3.6, 2.3.7].
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valid for any smooth commutative algebra R over £ D Q, and applied to al-
gebras R = Rg ® Q, and we are done. O

3. THE LODAY—QUILLEN—TSYGAN ISOMORPHISM

The Loday—Quillen-Tsygan theorem, see [9, 10.2.4], provides a canonical
quasi-isomorphism C(gl(R)) = Sym(CC(R)[1]) for any Q-algebra R. We
adapt the argument of loc.cit. for our continuous setting.

3.1. For an associative unital ring R we denote by C*(R) the Connes complex
(see [9, 2.1.4]). This is the quotient complex of the Hochschild complex C(R):
namely, C*(R),, is the coinvariants of the Z/n + 1-action on R®"*+1 (see 2.1).
There is an evident projection 7 : CC(R) — C*(R) that equals the projection
C(R) — C*(R) on CC(R)o,e and kills the rest of the bicomplex CC(R)s .

Lemma. The homology group H, Ker(wg) is killed by n!.

Proof. Consider the increasing filtration by the bicomplex row number on the
cyclic complex CC(R)e and its subcomplex Ker(rg). Then H, gr,, Ker(mg)
equals Hy—p(Z/m + 1, R®™ 1) if n > m > 0 and is 0 otherwise. It is killed
by m 4+ 1, hence the assertion. O

3.2. Let A be any p-adic unital ring, so A = lim A; where A; := A/pt. We
have pro-complexes C(A)" := “lim”C(A4;) and, similarly, C*(A)", CC(A)".
Consider the projection m4n : CC(A)A — C)‘(A)A.

Corollary. w4~ i5 a quasi-isogeny.

Proof. Consider the pro-complex Ker(m ~). The pro-group H, Ker(m )
equals “lim” H,, Ker(m4,), so it is killed by n! according to the above lemma.
We are done by the exact triangle Ker(m 41 ) — CC(A)" — C*(A)". O

3.3. For a Lie algebra g we denote by C(g) its Chevalley complex with triv-
ial coeflicients (see [9, 10.1.3]), so C(g), = A™g (the exterior power over Z)
and H,(g) := H,C(g) are the Lie algebra homology groups. Our C(g) is a
cocommutative counital dg coalgebra, the coproduct map

§:C(g) = C(g x g) =C(g) ®C(g)

comes from the diagonal map g — g x g.

Consider the symmetric dg algebra Sym(C*(R)[1]). This is a commutative
and cocommutative (unital and counital) Hopf dg algebra; the coproduct comes
from the diagonal map C*(R)[1] — C*(R)[1] x CM(R)[1].

We recall the key construction of Loday—Quillen and Tsygan, cp. [9, 10.2].
Consider the matrix Lie algebra gl.(R), r > 1.

Theorem-Construction. There is a canonical morphism of dg coalgebras
(3.3.1) kg = K : C(gl.(R)) = Sym(C*(R)[1]).
The maps C(gl,.(R))n — (Sym(C(R)[1])), are surjective for n < r.
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Proof. We need a preliminary construction from [9, 9.2]. Let V be a free
abelian group of rank r and I be a finite set of order n. The symmetric
group Yy acts on V®! transposing the factors. Let 05 : Z[Zg] — End(V)®!
be the composition Z[¥;] — End(V®!) <= End(V)®! of the ¥;-action map
and the inverse to the tensor product map. The source and target of 8} are
naturally self-dual: the elements ¢ of ¥; form an orthonormal base of the
source, the duality for the target is f, g — tr(fg). Thus we have the dual map
0 = X0,0 : End(V)®! — Z[%/]. It commutes with the action of Aut(V) x Xp;
here X7 acts on the target by conjugation.

An explicit formula for 6,: Let {I,} be the orbits of . So I = UI,

and I, are naturally cyclically ordered: we write I, = {if,... i, } where
o(if) = i§_4 for 1 < j <nq. Then (see [9, 9.2.2])
(332) 90(®fi) = Ha tr(fijX s fiﬁa )

The map 605 is surjective if » > n: We need to find for every o € ¥ some

17 € End(V), i € I, such that 6;(®f7) = o. Pick a base {v,} of V indexed

by elements a of I LI .J, and define f7 as f7(vi) = vo(i), f{ (va) = 0 for a # i.
The map

Or1 = 0; ®id(gp)yer : End(V)® @ (R[1]))®" — Z[S;] @ (R[1])®*

commutes with the diagonal ¥j-actions (where 7 acts on (R[1])®! transposing
the factors). One has End(V)® R = Endg(Vg), Vg :=V ® R, so End(V)®! ®
(R[1))®! = (End(V) ® R[1))®! = (Endr(Vr)[1])®!. So for V = Z" we get a
Y r-equivariant map

(3.33) Orr : (ol (R)[1))®" — Z[=1] @ (R[1]))®".

Lemma. The coinvariants (Z[Y1] ® (R[1])®!)s, identify naturally with the
degree n_ component of Sym(C*(R)[1]).

Proof. Since X; acts on Z[%;] by conjugation, (Z[X;] ® (R[1])®!)x, equals the
direct sum, labeled by conjugacy classes of o € Xy, of coinvariants ((R[1])®)s, ;
here S, is the centralizer of ¢ in X;. For an orbit I, of ¢ let o, € S,
be equal to o on I, and identity outside; set n, := |I,|. The subgroup
N, = II,Z/n, generated by o,’s is normal in S,. The action of S, on the
set of I,’s yields an identification S, /N, = II;X;,; here J; is the set of or-
bits I, with n, = ¢. One has (R[1))®")n, = @,(Cp _1(R)[na]), hence

o

(ROA)*)s, = @, ((C 1 (R)[)*7)s,,, a.e.d. 0

Since ((gl,(R)[1))®")s, = A™(gl,(R))[n] and by the lemma, the ¥;-coin-
variants map (fry)y, can be rewritten as

Kin + C (g1 (R)n = (Sym(C*(R)[1]))n.

One checks using (3.3.2) that x% : C(gl.(R)) — Sym(C*(R)[1]) commutes
with the differential; it commutes with the coproducts by construction. The
surjectivity assertion follows from surjectivity of 8;. We are done. g
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3.4. Consider the subcomplex Ker(xT;) of C(gl.(R)).

Theorem. For everyr > 0 there is a nonzero integer c, that kills the homology
group Hy, Ker(xy) for every ring R and n <r.

Proof. As in 3.3, set V. = Z". Consider the action of the Lie algebra g :=
gl(V) = gl,.(Z) on End(V)®". The map 6,, : End(V)®" — Z[%,] from 3.3
commutes with the g-actions, so Ker(6,) is a free Z-module with g-action. By
the invariant theory [9, 9.2.8] and reductivity of gg, Ker(6,,)g is a direct sum of
finitely many nontrivial irreducible gg-modules. Let ¢ € U(g) be the Casimir
element. Recall that ¢ lies in the center of the enveloping algebra U(g), it
kills the trivial representation, i.e., ¢ € gU(g), and its action on any nontrivial
irreducible finite-dimensional representation of gg is nontrivial. So we can find
h(t) € tQ[t] such that h(c) acts as identity on Ker(6,)g. Let ¢ be an integer
such that cg(t) € tZ[t].

We check that (n!c)? kills H, Ker(x%); then ¢, := (¢"IIj<,<,n!)? satisfies
the condition of the theorem. Consider the projection

™ (gl (R)[ID®" — (gl (R)[1])*")x, = C(gl(R))n[n].

Let s : C(gl.(R))n[n] — (gl.(R)[1])®" be the map such that sm = Z,ex, 0.
Both 7 and s commute with g-action, and 7s is multiplication by n!. Since
6, is surjective, s(Ker(k',)) C Ker(0r,) = Ker(0,) ® (R[1])®". Thus h(c)s
equals c¢s on Ker(x},,); composing with m, we see that n!h(c) equals nlc on
Ker(k},,). The adjoint action of gl.(R) on the Chevalley complex C(gl.(R))
is homotopically trivial, hence such is the action of the subalgebra g. So, since
h(c) € gU(g), its action on C(gl.(R)) is homotopic to zero; since h(c) sends
C(gl,(R)) to Ker(r%), the action of h(c)? on Ker(x%,) is homotopic to zero.
The multiplication by (nlc)? on Ker(k%), equals (n!)?h(c)?, hence it kills the
homology. O

3.5. For a p-adic Lie algebra g = 1&1 g/p'g we have the Chevalley pro-complex
C(gA) := “lim”C(g/p'g), etc. So for a p-adic A as in 3.2 we have pro-complexes
Cgl,(A)") = “Um”C(gl,(4;)), Sym(CA)"[1]) := “lim” Sym(C*(A4,)[1])

and a morphism #7,, = “lim” k7 : C(gl,(A)") — Sym(C*(A)" [1]).

A/\
Corollary. The map 7<;K",n : TSTC(Q[T(A)A) — T<r Sym(C*(A)"[1]) is a
quasi-1sogeny. U

Remark. Suppose A has bounded p-torsion. Then the terms of both com-
plexes C(gl,(A)") and Sym(C*(A)"[1]) have bounded p-torsion as well, so
the evident maps C(gl,.(A)") ®L C(gl,(A)") — C(gl,.(A)") ® C(gl,(A)") and
Sym(C(4) 1)) @ Sym(C(A4)"[1]) — Sym(CA(A)' 1)) @ Sym(C(4)" (1))
are isogenies. Therefore the coproducts on C(gl,(A)") and Sym(C*(A4)"[1])
yield the coproduct maps A¢ : C(gl,.(4) g — C(al,(4) ) &L C(al,(A) )
and Ag : Sym(CM(A) [1)g — Sym(C*(A)"[1])g @ Sym(C*(A)"[1])g in
pro-D(Ab)g, and one has (k"1 )¥?Ac = Aghk’,x.
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3.6. We want to pass to the limit » — oo in the above corollary to get rid
of the truncation 7<,. Since the torsion exponent c, of the theorem in 3.4
depends on r, we cannot pass to the limit directly, and proceed as follows:

In the setting of 3.3 consider the standard embeddings

gl (R) Cghh(R) C ...

and set gl(R) := Ugl,.(R). Maps k7, are mutually compatible, so they yield
a morphism kg : C(gl(R)) — Sym(C*(R)[1]). The complexes C(gl,.(R)) form
an increasing filtration on C(gl(R)). Denote by C(gl(R))(,) the shift of that
filtration, so the nth component of C(gl(R))q) equals

{C € C(g[a+n(R))n : 8(0) € C(g[a—i—n—l(R))?’b*l}'
Let rqr be the restriction of kr to C(gl(R))(a)-
Corollary. For a > 0 the map kqr : C(g{(R)) () — Sym(C*(R)[1]) is surjec-

tive and the groups H, Ker(k.r) are killed by nonzero integers that depend on
a and n but not on R. g

Notice that C(gl(R))4) are not subcoalgebras of C(gl(R)).
3.7. For a p-adic A set C(gl(A)" )(a) := “lim”C(gl(A;))(q). We have the maps
(3.7.1) Fgar = “lim’ ke, : C(gI(A)" ) () — Sym(C*(A)"[1])
that are compatible with the embeddings C(g[(A)A)(a) — C(g[(A)A)(aH).
Corollary. The maps (3.7.1) are quasi-isogenies for a > 0. U

3.8. Consider the adjoint action of GL,(R) on gl,.(R) and the corresponding
GL,(R)-action on C(gl,.(R)).

Corollary. For every r > 0 there is a nonzero integer d, such that for each
ring R and n < r the GL.(R)-action on the subgroup d.H,C(gl.(R)) of
H,C(gl,.(R)) is trivial.

Proof. Consider the standard embedding gl,.(R) x gl.(R) < gl,,.(R) and the
corresponding two embeddings i1,1is : gl,.(R) — gly,.(R). Consider the adjoint
action of GL,(R) on gl,,.(R) via the standard embedding GL,(R) < GLa,(R).
The restriction of this action on the image of ¢; is the adjoint action on gl,.(R),
and on the image of 49 it is trivial. The theorem in 3.4 implies that the kernel
and cokernel of both maps 41,42 : H,C(gl,.(R)) — H,C(gl,,(R)) are killed by
some nonzero integer b,., so we can take bf for d,. O

4. THE LAZARD ISOMORPHISM

In chapter V of [8] (see [7] for a digest) Lazard identifies the continuous group
and Lie algebra cohomology for saturated groups of finite rank. We adapt
his argument to the setting of pro-complexes where the finite rank condition
becomes irrelevant.
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4.1. Let G be a topological group such that open normal subgroups {G4 } of G
form a base of the topology and the topology is complete, i.e., G = @G/Ga.

A

We denote by C(G ) the group chain pro-complex “lim”C(G/G.,7Z). The
diagonal embedding G — G x G yields a cocommutative coproduct on C' (GA ).

The example we need: Let A = @Ai, A; = A/p’, be a p-adic unital ring.
Then GL,.(A) carries a topology as above whose base are congruence subgroups
GL,.(A) := Ker(GL,(A) - GL,(A;)). Thus for any open subgroup G of
GL,(A) we have the pro-complex C(G"). As in 3.5, we have the Chevalley
pro-complex C(gl,.(A)") := “lim” C(gl, (A;)).

Theorem. Suppose A has bounded p-torsion. Then for any open G that lies in
GL, (AW ifpis odd and in GL.(A)? if p = 2 there is a natural quasi-isogeny

(4.1.1) ¢=(a:0(G ) ™ Ol (4) o
These (g are compatible with the coproduct, embeddings of G, the adjoint action
of GL.(A), the embeddings GL,(A) = GL,+1(A), and the morphisms of A.

The proof occupies Sections 4.2—4.10. We start with general remarks about
the homology of topological groups of relevant kind (see 4.2-4.4), then we recast
the theorem, following Drinfeld’s suggestion, as a general assertion about p-
adic Lie algebras (see 4.5—4.6). The map ( is constructed in 4.7, and we check
that it is a quasi-isogeny in 4.8-4.10.

4.2. Let K be a discrete group. Its finite filtration K = K,, D ... D K1 D
Ky = {1} by normal subgroups is called p-special if every successive quotient
K;/K;_; is an abelian group killed by p. We say that K is p-special if it admits
a p-special filtration.

Lemma. Suppose that K admits an n-step p-special filtration. Let F' be an
abelian group viewed as a K-module with trivial K-action. Then H,(K,F),
a > 0, is killed by f(a,n) = p(uﬁzl).

Proof. Since C(K,F) = C(K,Z) ®% F, the group H,(K, F) is isomorphic to
a direct sum of H,(K,Z) ® F and TorZ(H,—1(K,Z),F). So it is enough to
consider the case F' = Z.

Let K’ := K,,_1 be the next to the top term of the filtration, so the lemma
for K" is known by induction. Let us compute H, (X, Z) using Hochschild-Serre
spectral sequence E7 ; = Hi(K/K', H;j(K',Z)). Term E? ; is killed by p(]:if)if
i+ 7 > 0: indeed, for j > 0 this follows by the induction assumption, and
E?, = Hi(K/K',Z) is killed by p for i > 0 since K/K" is a direct sum of copies
of Z/p (use Kiinneth formula and the standard computation of He(Z/p,Z)).
Thus H, (K, Z), a > 0, is killed by pSo<s<e("272") = p("2507), O

Remarks. (i) If K’ is a normal subgroup of K, then K is p-special if and only
if both K" and K/K' are p-special.

(ii) The assertion of the lemma need not be true if F' is an arbitrary K-
module, as follows from the next exercise:
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Exercise. For any finite group K and any a > 0 find a K-module F’ such that
H,(K,F)=7Z/|K|Z.

4.3. We say that a topological group G = @G/Ga as in 4.1 is p-special if
every G/G,, is a p-special discrete group.

Example. GLT(A)(D, hence every of its open subgroups, is p-special.

Remark. If G’ is a closed normal subgroup of G then G is p-special if and
only if both G’ and G/G’ are p-special.

Corollary. Suppose G is p-special. If the map C’(G’A) — C’(GA) is a quasi-
isogeny for all G’ in some base of open normal subgroups of G, then the same
is true for every open G' C G.

Proof. Pick a normal open G C G’ such that C(G”") — C(G") is a quasi-
isogeny. Our G’ is an extension of K := G'/G” by G”, and we compute
H,C(G A) using the Hochschild-Serre spectral sequence. It is enough to check
that H, (K, H,C(G"")) = “lim” H, (K, Hy(G" /G" NGy, Z)) is killed by a power
of p if @ > 0 and that the map H,C(G"") — Ho(K, H,C(G"")) is an isogeny.
We can replace H,C(G"") by HyC(G") since the map H,C(G"") — H,C(G")
is an isogeny. Now the action of K on Hy,(G/G,Z) is trivial, and we are done
by the lemma in (4.2). O

4.4. Tt will be convenient to replace integral chains by p-adic ones: For G as
in 4.1set C(@)" := “lim’y ;C(G/Ga, Z/p"). There is an evident map C(G") —
c@G)".

Corollary. If G is p-special then 750C(G") = 750C(G)".

Proof. Replacing Z/p' by Cone(p' : Z — 7), we see that the homotopy fiber
of the arrow is a pro-complex “lim’, ;750C(G/Gq,Z;) where Z; are copies of
Z arranged into a projective system ... 2,7 2 7. We want to show that its
homology “lim’, ;H,(G/Gw,Z;) = “lim’y, “Iim Ho(G/Go,Z;), a > 0, vanish.
It is enough to check that “lim” H,(K,Z;) vanishes for every K = G/G, and
a > 0. By the lemma in 4.2, H,(K,Z), a > 0, is killed by some power of p,
and we are done by Remark (ii) in 1.2. O

4.5. We recast the theorem in 4.1 as a general result about p-adic Lie algebras:

Let g be any p-adic Lie algebra, so g = I'&ng/pig. Suppose g has no p-
torsion and its Lie bracket is divisible by p if p # 2 and by 4 if p = 2. Then the
Campbell-Hausdorff series converges and defines a topological group structure
on g. Denote the corresponding group by Gy, and let

(4.5.1) log: Gy & g:exp

be the mutually inverse “identity” identifications. Consider the pro-complexes

A

C(Gy), C(g") of group and Lie algebra chains (see 4.1, 3.5).
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Theorem. There is a canonical quasi-isogeny
(4.5.2) (=¢(:C0(Gyle —Cg o
functorial with respect to morphisms of g’s.

Remarks. (i) The topological group Gy is p-special. More precisely, set g =
p'~™g where m = 1,4 > 1if pis odd, and m = 2, ¢ > 2 if p = 2 (the reason
for that normalization will be clear later). Then Géi) := exp(g(¥) are normal
subgroups that form a basis of the topology on G, the successive quotients
gr(®) G4 are abelian, and one has a canonical identification of abelian groups
gr(® exp : gr® g =5 gr(® Gy.

(ii) Since exp(pa) = exp(a)P, the map g — ¢P yields bijections Gg) =
GU™) and F,-vector space isomorphisms gr) Gy =5 grli+)) G .

(iii) Consider the p-adic Chevalley pro-complex C(g)" := “lim”C(g) ®
Z/p' = “lim” C(g/p'e, Z/p"). One has 1750C(g" ) = 750C(g)" . Since the chain
complexes in (4.5.2) are direct sums of Z and their 7 truncations, the corol-
lary in 4.4 implies that (4.5.2) amounts to a natural quasi-isogeny

(4.5.3) ¢ =Gy : ClGelg = Cla)gy:

Question (Drinfeld). Is there an assertion for p-torsion Lie algebras behind
the theorem? More precisely, let g be a p-torsion Lie algebra, and suppose we
have another Lie bracket on g such that the original bracket equals p times the
new one if p is odd or 4 times the new one if p = 2. Then we have the group
Gy as above, and a natural map C(Gg) — C(g’), where g’ is g with the new
Lie bracket, defined as in 4.7 below. What can one say about this map?

4.6. Lemma. The theorem in 4.5 implies that in 4.1.

Proof. (a) It is enough to consider the case when A has no torsion: Indeed, for
an arbitrary A let Ayos € A be the ideal of p-torsion elements, A := A/Aors,
and let G be the image of G in GL,(A). Then G is an extension of G by
K =GN 1+ Mat,.(Aiors)), and K is discrete since A has bounded p-torsion.
Since K is p-special (see the remark in 4.3), the Hochschild-Serre spectral
sequence and 4.2 show that the map C (GA) - C (@A) is a quasi-isogeny. The
map C(gl,(4)") = C(gl,(A)") is a quasi-isogeny as well, and we are done.

(b) It is enough to construct quasi-isogeny (g of (4.1.1) when G is a con-
gruence subgroup: Indeed, by the corollary in 4.3, we know then that the
embeddings of G’s yield quasi-isogenies of pro-complexes C' (GA), which gives
(q for every G.

(c) Suppose that m > 1if p # 2 and m > 2 if p = 2. The logarithm and
exponential series converge p-adically on GL,.(A)™) and p™gl,.(A) and define

mutually inverse continuous bijections

(4.6.1) log : GL,(A)™ = p™gl (A) : exp
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that satisfy the Campbell-Hausdorff formula. One can interpret this say-
ing that for g = p™gl,.(A) the corresponding G identifies canonically with
GL,(A)™) preserving the logarithm and exponent maps.

So (4.5.2) for g = p™gl,.(A) can be rewritten as a quasi-isogeny

C(GL(A)™ g = Cp™gl,.(A) g

N

Now the map C(p™gl,.(A)") — C(gl,(4)") that comes from the embedding
pmgl.(A) — gl.(4) is a quasi-isogeny as well (which is clear since
Cpmal,(A)" ), = p™Clgl,(A)")n). We define (gp, (ayem from (4.1.1) as
composition of the above quasi-isogenies, and we are done. The compatibil-
ity assertions in the theorem 4.1 follow since (g is functorial with respect to
morphisms of g’s. O

4.7. Proof of the theorem in 4.5. From now on g is a Lie algebra as in 4.5
and G = G§. Let us construct the map (4 : G(G)& — C(g)& of (4.5.3).

Let U(g)" :=limU(g)s, where U(g); = U(g)/p'U(8) = Uz (8/p'), be the
p-adic completion of the enveloping algebra U(g). One has

A sL 7 FE)) 7 )
W11 C) = BBl Ty = T (B p) @y, (2/5F).

Set g :=p Mg C g®Q where m =1if p# 2 and m = 2 if p = 2. The
conditions on the Lie bracket on g mean that it extends to the Lie bracket on
g D g. We have same objects as above for g’, and

A sL ) i 9
(4.7.2) C@)" = 2,8ty Ly = I (Z/p") &g, (/).

Similarly, consider the Iwasawa algebra Z,([G]] := lim(Z/p")[G/ G®] where
G are as in Remark (i) in 4.5. Then

A sL ) i 9
(4.73)  C(G) =Ly&y,ayly = T (Z/p") & )6/ (Z/P").
One has natural maps of topological algebras
(4.74) Z,[[G)) 5 U(g)" +~ Ulg)"

where ¢ comes from the embedding g < g’ and 7 is defined as follows. The
exponential series in U(g’ )A converges on p"U (g’ )A and yields a map

(4.7.5) expy : me(g/)A - (1 +me(9/)A) - U(B/)A x

that satisfies the Campbell-Hausdorff formula. We get a continuous group
homomorphism (here log(g) € g C ¢’ is as in (4.5.1))

(4.7.6) n:G = U@) ™, &(g) = expy(log(g)).

We define 7 in (4.7.4) as the morphism of topological rings that extends
(4.7.6). Notice that n = lim7; where

i (Z/p")[G/GV) = Ug)s = Ugyp (¢ /p'9).

Minster Journal of Mathematics VoL. 7 (2014), 51-81



RELATIVE CONTINUOUS K-THEORY AND CYCLIC HOMOLOGY 73

Applying (4.7.4) to the Tor pro-complexes of (4.7.1)—(4.7.3) we get the maps
(4.7.7) GG 5 o) &)

The map i : C(g)" — C(g')" is evidently a quasi-isogeny since it identifies
C(g),, with p™"C(g'),. We define ¢ : G(G)g — C(g)g of (4.5.3) as the
composition i 1€ of (4.7.7).

It remains to prove that the Tor map & : G(G)A — C(g’)A for n is a quasi-
isogeny.

4.8. Let I, := Ker(Z[G] — Z/p) be the p-augmentation ideal; set Z,[[G]]~ :=
lim Z[G]/I;,. Remark (ii) in 4.5 implies that the I -adic topology is weaker
than the Iwasawa algebra topology from 4.7,'° so we have a continuous map
o : Zy[[G)] = Z,[[G]]~, a(g) = g. Since n(I,) € pU(g')", n is continuous for
the I,-adic topology, i.e., we have a continuous map 7 : Z,[[G]]” — U(g')"
such that n = fa. Set

— L 73 FIR) % %
(4.8.1) C(G)™ = L@y, Lp = “Ym”(Z/p") ®F1cyy15 (Z/P"),

and let 7, £ be the Tor maps for a and 7. Since & = £7, the theorem in 4.5,
hence that in 4.1, follows from the next result to be proven in 4.9-4.10 below:

Theorem.
(i) The map € : C(G)~ — C(g")" is a quasi-isogeny.
(ii) The map 7 : C(G)" — C(G)~ is a quasi-isomorphism.

Remark. The map « : Z,[[G]] — Z,[[G]]” is not an isomorphism unless
g is a finitely generated Z,-module: Indeed, Z,[[G]] has discrete quotient
F,[G/G®)] = F,[g/pg] (we assume p is odd), while the corresponding quotient
of Z,[[G]]~ is the completion of that group algebra with respect to powers of
the augmentation ideal.

4.9. Proof of 4.8(i). We adapt Lazard’s argument from chapter V of [8]:

Below we identify the graded ring gr® Z, for the p-adic filtration with F,[¢],
degt = 1, where t is class of p in pZ/p?Z = gr! Z,. For every flat Z,-algebra
B the associated graded ring gr® B for the p-adic filtration on B identifies in
the evident manner with By ® F,[t] = B1[t] where By := B/pB. For example,
we have gr* U(g)" = Ur,(0)[t] = Ug,11(h[t]) where b := ¢’/pg’. Recall that
g=p"g.

Let R be the closure of the image of 77 (or 1) in U(g’)A. Let R™ := RN
p"U(g’)A be the ring filtration on R induced by the p-adic filtration on U(g’)A
and grl®) R C gr* U(g')" be the associated graded ring.

10By loc.cit., it is enough to find for each n > 0 some a = a(n) such that gpa equals 1
in Z[G]/I}} for every g € G. If p® > n then gpb equals 1 in Z[G]/I} + pZ[G], so we can take
a=b+n.
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Lemma.
(i) The map 7 : Z,[[G]]~ — R is a homeomorphism of topological rings.
(ii) grl®l R is equal to the F[t]-subalgebra of Ur, (h)[t] generated by t™bh which
is Ur, (1 (t™b[t]) € Un,1(blt]).

Proof. Let I :=Ker(Z|G] — Z) be the augmentation ideal, and let Z[G]™ be
the sum of the ideals p®I® where a,b > 0 and a +mb > n > 0. This is a
ring filtration on Z[G], and the topology it defines equals the I,-adic topology
(for Z[G]lm™] C I} C Z[G] [°]). The ring grl* Z[G] is a graded F,[t]-algebra
generated by G := I/(I? + pI) C gr™ Z[G].

One has 7(Z[G]*l) € RI*l| so we have the map of graded rings grl®l 7 :
grl! Z|G] — gr* U(g')". To prove the lemma it is enough to show that grl*l 7
is injective.

Recall that I/I? = G/|G,G], so G = G/GP|G, G] that identifies canonically
with g/pg by Remarks (i), (ii) in 4.5. The map gr[™ 5|g is the embedding
g/pg = t™h < Uy, (h)[t]. Therefore the F,,[t]-submodule of grl*! Z[G] generated
by G equals G[t] = F,[t] ® G and grl*l ) identifies it with ¢™p][t].

Notice that [G, G] lies in t"G C grl?™ Z[G]. Thus G[t] is a graded Lie T, [t]-
subalgebra of grl®! Z[G], so we have a surjective map of graded associative al-
gebras v : Up, ((G[t]) — grl® Z[G]. The composition (grl* n)v : Ur, 1 (G[t]) —
Ur, (h)[t] is the morphism of enveloping algebras that corresponds to the em-
bedding of Lie algebras G[t] = t™b[t] — b[t]. Tt is injective, hence grl*l 7y is
injective. O

Set C(R)™ = “lim”(Z/p") ®%, ps (Z/p"), so the embedding R — U(g')"
yields a map of pro-complexes C(R)~ — C(g')" (see (4.7.2)). By (i) of the
lemma, 4.8(i) amounts to the next assertion:

Proposition. The morphism C(R)~™ — C(g')" is a quasi-isogeny.

Proof. Let K be the Chevalley chain complex of the Lie F,[t]-algebra t"h]t]
with coefficients in the free module Ug,(t"h[t]). This is a graded free
Ur, (1) (™ B[t])-resolution of Fp[t] (with trivial Lie algebra action) with terms
K, = tm"AI’FLp(h) ®r, Ur, 11 (t™h[t]). Our K can be lifted to a complete filtered

R-resolution P of Z,,'! so one has
(4.9.1) K = gl p.

Thus every component P, is a complete filtered free R-module with generators
in filtered degree mn.
Let S be the induced complete filtered U(g’)" -complex, so S = I'&nS/SM

where S/SU = Uy,,:(¢'/p'e') ®r (P/PM). Notice that Si™"™ = p's, for

1One constructs silly truncations of P by induction using grl®! Ker(9) = Ker(gr!®! 8)
where 0 is the differential of P.
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i > 0. Set T}, := p~ ™" S, € Qp®z, Sn; then T is a subcomplex of Q,®z, S. We
equip T with the p-adic filtration, T = p*T. Then (4.9.1) yields isomorphism
(4.9.2) Lit] S g T

where L is the Chevalley complex of b with coefficients in U, (b).
Using resolutions P and 7', one can realize the homotopy map of the propo-
sition as the composition of maps

“Um”(Z/p") @ gia (P/P) = “lim”(Z/p') @5 (P/PM) =

73 FEe) i 7 Bowqi 7 AN A

im” (Z/p") @u(gy (S/SM) 5 “Um” (Z/p") @u () (T/TF) = C(g')"
Here the first quasi-isomorphism <= comes since P/ Plil is a resolution of Z /p’
by (4.9.1), and the last quasi-isomorphism —» comes since Z/p' @y (g T/T" =
Z)pt ®5(g//pig/) Z)p' = C(¢'/p'¢’,Z/p") by (4.9.2). The map 3 is a quasi-

isogeny by the construction of 7.
To finish the proof, we show that « is a quasi-isomorphism. It is enough

to check that “lim’} ToraR/ Rm(Z/pj, P,/ P#]), a > 0, vanishes for each n and j.
This follows since P,/ P s a free R/R"-module and the map

Tox /R @ fp?, P P+ — Tor/ Rz /!, P, /PLY)
factors through Tor¥/ RM(Z /pi, P, ) Pmmty, 0

~

C(R)” «+

4.10. Proof of 4.8(ii). (a) Consider the pro-complexes C(G, Z/p))" = “lim}
(Z/1) ®(y0 o/ (Z/p") = “lim’} C(G/GW,Z/p’) and C(G,Z/p’)~ :=
“lim’} (Z/p”) ®Z[G 118 (Z/p"). Since C(G)" and C(G)~ are homotopy limits
P

of pro-complexes C(G,Z/p?)" and C(G,Z/p’)~, see (4.7.3) and (4.8.1), asser-
tion 4.8(ii) would follow if we show that the natural maps 7 : C(G,Z/p?)" —
C(G,Z/p’)~ are quasi-isomorphisms. By dévissage, it is enough to check that
7:C(G,Z/p)" — C(G,Z/p)” is a quasi-isomorphism.

(b) We compute C(G,Z/p)~ using resolution P from the proof of the propo-
sition in 4.9: As in loc.cit., we have quasi-isomorphisms

C(G,Z/p)” < “Um”(Z/p) g (P/PY) = “lim”(Z/p) ©r (P/PY)
where « is a quasi-isomorphism by the argument at the end of 4.9. By the
construction, “lim” (Z/p) @ g (P/P¥) equals (Z/p) ®Us, 1 (¢tmp[e]) K which is the
same as the Chevalley complex of the abelian Lie F,-algebra t™h[t]/t™1h][t]
with coefficients in F,. Thus, using the multiplication by ¢ isomorphism
h = t™[t]/t™ T h[t], we get identification H,C(G,Z/p)” = AR b.

(¢) Let us compute C(G,Z/p)" = “lim” C(G/GW Z/p). This is a cocom-
mutative counital IF,-coalgebra in the usual way.

Proposition. There is a canonical isomorphism of coalgebras

(4.10.1) H,C(G.Z[p)" = A2 (b).
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Proof. Set G;,, := G™ /G ). Below we write Hqo(?) for He(?,Z/p).

(i) By Remark (ii) in 4.5 the projection G;, — Gi, = b, exp(p"a) —
a mod pg’, yields an isomorphism €; ,, : H1(G;) — Hi(h) = b; here we view
b as mere abelian group.

(ii) The kernel of the projection G415, — G; 18 G1,n+: = b, and the adjoint
action of Gjj1, on it is trivial. Thus the corresponding Hochschild-Serre
spectral sequence converging to He(Gi+1,,) has E;q = H,(G;n)@Hy(G1,n44)-
By (i) for Git1,n, the component v; ,, : Ha(Gin) — Hi(Gipn+i) = b of the
differential in E? is surjective.

(iii)'? Case p # 2: Then A (h) is the free cocommutative counital graded
F,-coalgebra cogenerated by a copy of b in degree 1. Since Ho(G; ) are co-
commutative counital graded F,-coalgebras, we have compatible morphisms of
graded coalgebras €, : He(Gin) — A]}p(b) that equal €; ., in degree 1. We
define (4.10.1) as @gm To see that it is an isomorphism, let us compute the
homology of Gj 1.

The free cocommutative counital graded F,-coalgebra cogenerated by a copy

of b in degree 2 equals I‘Fﬁ 2([’)).13 Thus v;., extends to a morphism of graded

coalgebras U; , : He(Gin) — I‘Fiz(b). Let us show that the morphism

(4.10.2) €in QUip : Ho(Gin) — A]}p(f)) ® Fn.rf(h)
of graded coalgebras is an isomorphism.
For ¢ = 1 one has G1, = b, and the assertion follows from the stan-

dard calculation of He(Z/p) combined with the Kiinneth formula.'* We pro-
ceed by induction by i using the spectral sequence from (ii) to pass from
i to i + 1: By the induction assumption and since we know that (4.10.2)
is an isomorphism for Gi n4i, one has Ef). = Ho(Gin) @ Ho(Gimyi) =
(Af, (h) ® l"];-iz(b)) ® (Ag,(h) ® l"]}iz(h)). By the construction of v;,, the
differential in E? identifies the second copy of h (which lies in Ha(G,,,))
with the third copy of § (which is in Hy(G1,n+:)). Since the composition of
h — Ho(G1pnti) = H2(Git1,n) is injective (indeed, its composition with v;41
equals idy), the map from the fourth copy of  (which lies in Ha(G1,n+4)) to
EGF% is injective. The compatibility of the differentials with the coproduct im-

plies then that Ef,’)q =AP(h) ® I‘%ﬁz(b) = E7,, therefore €11, ® Vit1,, is an
isomorphism.

Now, since v; ,, vanishes on the image of Ha(Git1,n) = H2(G; ), the transi-
tion map He(Git1,n) = He(Gi n) rewritten in terms of (4.10.2) kills the copy

of b in degree 2. Thus, since the transition map is a map of coalgebras, it

12The reader may find it more convenient to follow the computation in (iii) and (iv) using
the dual language of cohomology (the coalgebra structure turns then into the algebra one).

L3Here FI.FP (h) is the divided powers Hopf Fp-algebra generated by a copy of §.

14Use the fact that for every homomorphism L4 : Z/p — Gin, ta(z) = (14+ap™)®, a €,
one has v1 »(ta(€)) = a, where £ is the standard generator of H2(Z/p) (which follows since
the map = — z? on G2, yields an isomorphism G1 = Gi,n+1).
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equals the composition Ag (h) @ Ip/%(h) — Ap (h) = Ap (h) ® T3/*(h). This
implies that (4.10.1) is an isomorphism, g.e.d.

(iv) Case p = 2: The free cocommutative counital graded Fs-coalgebra
cogenerated by a copy of h in degree 1 equals I'g, (). The morphism of graded
coalgebras € p, 1 He(G1,n) — I‘I'FQ(F)) that extends €; 5, is an isomorphism (by
the standard computation of He(Z/2) and Kiinneth formula).

As in (iii), the free cocommutative counital graded Fo-coalgebra cogenerated

by a copy of h in degree 2 equals I‘]}é 2(b), and v; , extends to a morphism of

graded coalgebras 7; , : He(G;p) — l"]}f(h). Since vy, vanishes on the
image of Ha(G2p) — H2(G1,,) and A]}2(h) C F]}Q(b) is the largest graded
subcoalgebra of He(G1,,) on which v ,, vanishes, we see that €; ,, takes values
in Ag,(h) if i > 2, i.e., &, yields &, : Ho(Gipn) — A]}Z(h). We define (4.10.1)
as LIm €; p.

Now for i > 1 we have the map €., ® 7,5, : He(Gin) — Af(h) @ Ts'*(h) of
graded coalgebras. One checks that it is an isomorphism in the same way as
we did it in (iii), and this implies that (4.10.1) is an isomorphism, q.e.d. O

(d) To finish the proof of 4.8(ii), hence of the theorems in 4.5 and in 4.1, it
remains to notice that HoC'(G,Z/p)~ is a cocommutative coalgebra in the same
way as HoC(G,Z/p)" is, and our map 7 : H,C(G,Z/p)" — H,C(G,Z/p)~
is a morphism of graded coalgebras. We have identified both coalgebras with
Ag (b) in (b) and (c). Since 7 equals idy in degree 1, it equals idAng(b) in all
degrees, q.e.d. O

4.11. We are in the setting of 4.1. The theorem in 4.1 can be partially ex-
tended to some other subgroups of GL,.(A) due to the next proposition:

Let G' C GL,(A) be any open p-special subgroup (see 4.3). E.g. the latter
condition holds if the image of G’ in GL,.(A;) consists of upper triangular
matrices with 1 on the diagonal. Let G C G’ be a small enough congruence
subgroup.

Proposition. The map HnC(GA) — HnC(G’A) is an isogeny if n < r.

Proof. Consider the adjoint action of GL,.(A) on H,C(G"). Combining the
theorem in 4.1 with the corollary in 3.8, we see that for some nonzero integer
¢, this action is trivial on cTHnC(GA). Now compute H,C(G’) using the
Hochschild-Serre spectral sequence for G C G, and use the lemma in 4.2. O

Question. Is it true that the adjoint action of GL,(A) on C(gl.(A;)) is triv-
ial? If yes, this can replace the reference to 3.8 in the above proof, and the
assumption n < r can be dropped.

5. RELATIVE K-GROUPS AND SUSLIN’S STABILIZATION
5.1.  We identify the symmetric group ¥, with a subgroup of GL, in the usual

way (the transpositions of standard base vectors). For every o € ¥, let U7 C
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GL, be the o-conjugate of the subgroup of unipotent upper triangular matri-
ces. For a ring R we have Volodin’s simplicial set X,.(R) := Uyex, Byer) C
Bgr, (ry- It is clear that X,.(R) is connected, 71 (X,.(R)) = St.(R). As usually,
GL(R) is the union of GL1(R) C GL2(R) C ..., X(R) := UX,(R), etc.

For a cell complex P let P — 7<, P be the nth Postnikov truncation of P,
so m;(P) = (1<, P) for i < n and 7=, (7<,P) = 0. Below ¥ is Quillen’s
+-construction. Let t be the stable rank of R. The next result is due to Suslin
[15]:

Theorem.
(i) The reduced homology H,(X,(R),Z) vanish for v > 2n + 1. Therefore
X (R) is acyclic.
(ii) X(R) identifies naturally with the homotopy fiber of Bar(ry — BEL(R)'
(iii) If r > max(2n + 1,v + n), then H,(GL.(R),Z) = H,(GL(R),Z) and
T<nXr(R) identifies naturally with the homotopy fiber of Bar,(r) —
TS"BELT(R)'

Proof. (i) is [15, 7.1]. (ii) The composition X (R) — Bgrr) — BEL(R) fac-
tors through X (R)™ which is contractible by (i). The resulting map from
X(R) to the homotopy fiber of Bgrry — BgL(R) is a homotopy equiva-
lence by [9, 11.3.6]. (iii) The composition of maps 7<, X, (R) = Bar,(r) —
& L. factors through T7<nX,(R)* which is contractible if r > 2n + 1 by
(i), hence comes the map from 7., X, (R) to the homotopy fiber of Bgy, (r) —
TSntLT(R); it is a homotopy equivalence by [15, 8.1]. The rest is [15, 8.2]. O

TSHB

5.2. If J C R is a two-sided ideal, then the relative Volodin’s simplicial set
X, (R, J) is defined as the preimage of X,.(R/.J) by the projection Bgy, (ry —
BGLT(R/I)v ie, X,.(R,J) = UgegTBUa(RJ) - BGLT(R) where U? (R, J) is the
preimage of U°(R/J) in GL,.(R). So X,.(R,J) is connected, m1 (X, (R, J)) =
St-(R/J) Xar,(r)0) GLr(R).

From now on we assume that .J is nilpotent. Then Ko(R) — Ko(R/J)
and GL,(R) — GL.(R/J), hence Ki(R) — K;i(R/J). Thus the relative
K-spectrum K (R, J) is connected and Q°K (R, J) is the homotopy fiber of
Bsz(R) — Bsz(R/J). Let ¢ be the stable rank of R or of R/J (they coincide
since .J is nilpotent).

Proposition.
(i) One has X(R,J)* = Q®°K(R,J), hence
C(X(R,J),Z) = C(Q®K(R,J),Z).

(ii) H,C(X,(R,J),Z) = H,C(X(R,J),Z) for r > max(2n + 1,t +n).
Proof. (i) (see [9, 11.3.6]) The projection Bg gy — Bar(ryyy is Kan's fibra-
tion. So, by 5.1(ii) applied to R/.J, X (R, J) is the homotopy fiber of Bor(ry —
BgL(R/J). The map Bgr(r)y — BgL(R) over BgL(R/J) yields the map of the
homotopy fibers X (R, J) — QK (R, J). By 5.1(ii), the homotopy fiber of the
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latter map equals X (R). Thus, by 5.1(i), C(X (R, J),Z) = C(Q*°K (R, J),Z),
hence the assertion.

(ii) Repeat the argument of (i) with BgL(?) replaced by Tgnter and
X (R, J) replaced by 1<, X, (R, J). O

Question. Can it be that (ii) actually holds for r» > n?® If yes, this would
eliminate the assumption of finiteness of stable rank from the corollary in 5.4,
hence from the theorem in 2.2.

5.3. Suppose A and I are as in 2.2 and A has bounded p-torsion. Choose m
such that p™ € I. Then GL,(4;)™ := Ker(GL,(A;) — G L (Amin(i,m))) C
U°?(A;, I;) for any o, hence Bear,aym C X, (A, I;) € Bgr,(a,)- Consider
the maps of chain complexes C(GL,(A;)™,Z) — C(X,(A;,I;),Z). Applying
“lim”, we get a map of pro-complexes

(5.3.1) C(GL,(A)™") = (X, (A, 1), 7).

Proposition. For n < r the map H,C(GL.(A)™") — H,C(X,.(A,1)",Z)
s an 1sogeny.

Proof. X,(A;, I;) is covered by simplicial subsets Byo(a,,1,)- Let Bya, 1) be
the intersection of several of these subsets. One has GL,(4;)™ C U(A;, I,),
so G := GL.(A)™ C G’ := I'&HU(A%IZ'). The proposition follows since the
maps H,C(G") — H,C(G'") for n < r are isogenies by 4.11. O

5.4. For aring R consider the standard embeddings GL;(R) C GLa2(R) C .. ..
The complexes C(GL,(R),Z) form an increasing filtration on C(GL(R),Z). As
in 3.6, we denote by C(GL(R),Z) . the shift of that filtration, the nth compo-
nent of C(GL(R),Z) () is formed by those ¢ € C(GLqyn(R),Z), that d(c) €
C(GLy4n-1(R),Z)n—1. Replacing GL, by its congruence subgroup we get
projective systems of complexes C(GL(A4;)™),Z) 4. Set O(GL(A)(m)A)(a) =
“lim” C(GL(A;)™, Z) (4.

Maps (5.3.1) for different r’s are compatible; by 5.2(i), they produce maps

(5.4.1) C(GL(A)™ "),y — C(Q®K(A, 1), Z)

that are compatible with embeddings C(GL(A)(™" )(a) = C(GL(A)™" )(a+1)
and C(GL(A)(’”“)A)(G) — C(GL(A)(’")A)(G). Notice that the theorem in 4.1
yields quasi-isogenies (see 3.7)

(5.4.2) C(GLIA) ™ ) wyg = C(aU(A) ) (wyo-

Corollary. Suppose the stable rank of Ay is finite. Then maps (5.4.1) are
quasi-isogenies for a > 0.

I51f R is a Q-algebra, the positive answer follows from Goodwillie’s theorem [5], [9, 11.3]
combined with the Loday—Quillen stabilization [9, 10.3.2].
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Proof. The stable rank of A; equals that of A/I, so, by 5.3 and 5.2(ii), we
know that for given n the map H,C(GL,(A)™") — H,C(Q*K(A,1)",Z)
is an isogeny if r is large enough. Now (5.4.2) and the corollary in 3.7 imply
that C(GL(A)(’”)A)(O) — C(GL(A)(m)A)(l) — ... are all quasi-isogenies. [

6. Copa

It remains to tie up the segments of the tail:

6.1. Let A, I be as in the theorem in 2.2. Denote by x be the composition of
the chain of quasi-isogenies Sym(CC(AA)[l])Q 32, Sym(CA(AA)[l])Q LT

Cal(A) Yayg 2 CGLIAN ™) g T COK (A, 1), Z)g; it s in-

dependent of the choice of @ > 0, m > 1 involved. Consider the composition
CC(A")[1)g = Sym(CC(A")[1])g = CO°K(A,1)", Z)g — K(4,I)q

where the first arrow is the evident embedding, the second arrow is y, and the
third one is v (4 y» from 1.2(c).

Proposition. The composition CC(AA)[l]Q — K(A, I)(ED is a quasi-isogeny.
The promised quasi-isogeny (2.2.1) is its inverse.

Proof. Let ¢ : CC(A")[1]g — C(Q®°K(A,I)",Z)g be the composition of the
first two arrows. By the proposition in 1.2(c), it is enough to check that
H,(¢)) identifies H,(CC(A")[1]g) with Prim H,C(Q®°K(A,I)",Z)g. Since
H,(CC(A")[1]g) equals Prim H,, Sym(CC(A")[1]g), we need to show that y

identifies the primitive parts of the homology. The only problem is that the

terms of the segment C(g[(A)A)(a)Q L2 C(GL(A)(”"”)A)(G)Q of the chain

that defines y are not coalgebras. To solve it, pick any a > r > n. By
3.5, 3.7 the embedding C(gl,(4)") — C(g[(A)A)(a) yields isogenies between
the homology in degrees < n, so 7<, X can be computed replacing the above

segment by C(gl,.(4)")g LD C(GL,(A)")g. Now all terms of the chain are

coalgebras, the maps are compatible with the coproducts (see Remark in 3.5),
and we are done. O
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