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Abstract

The present work studies how the Ricci flow acts on almost flat manifolds. We
show that the Ricci flow exists on any e-flat Riemannian manifold (M, g) with ¢ small
enough for any ¢ € R>q, that lim; oo [K|(arg,) - diam?(M, g;) = 0 along the Ricci
flow and in the case when the fundamental group of (M, ¢;) is (almost) Abelian we
obtain the C°-convergence of the metric to a flat limit metric. The cases of 71 (M, g;)
Abelian and non-Abelian are handled in two different ways. Apart from that we give
examples that show that the pinching constant in the Gromov’s theorem necessarily

depends on the dimension of the manifold.
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Introduction

A compact Riemannian manifold M™ is called e-flat if its curvature is bounded in

terms of the diameter as follows:

K| <e.d(M)2,
where K denotes the sectional curvature and d(M) the diameter of M. If one scales
an e—flat metric it remains e—flat.
By almost flat we mean that the manifold carries e-flat metrics for arbitrary € > 0.

The (unnormalized) Ricci flow is the geometric evolution equation in which one
starts with a smooth Riemannian manifold (M", go) and evolves its metric by the

equation:

ag = —2ricy, (1)

where 7icy denotes the Ricci tensor of the metric g.

When M™ is compact, one often considers the normalized Ricci flow

o . 2sc(g)
ag— 2ricg + — (2)

where sc(g) is the average of the scalar curvature of M™. Under the normalized flow
the volume of the solution metric is constant in time, equations (1) and (2) differ
only by a change of scale in space by a function of ¢ and change of parametrization

in time (see [4]).
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The present paper studies how the Ricci flow acts on almost flat manifolds. We
show that on a sufficiently flat Riemannian manifold (M, go) the Ricci flow exists for
all t € [0,00), limy—o0 | K|y - d(M,g(t))* = 0 as g(t) evolves along (1), moreover,
if 1 (M, go) is abelian, g(t) converges along the Ricci flow to a flat metric. More

precisely, we establish the following result:

Main Theorem 1(Ricci Flow on Almost Flat Manifolds.)

In any dimension n there exists an €(n) > 0 such that for any ¢ < e(n) an e-flat

Riemannian manifold (M™,g) has the following properties:

(i) the solution g(t) to the Ricci flow (1)

g‘i = —27'7:69, g(O) =9,
exists for all t € [0, 00),

(i) along the flow (1) one has

lim |K|g, . d*(M,g;) =0

t—o0
(iii) g(t) converges to a flat metric along the flow (1), if and only if the fundamental
group of M is (almost) abelian (= abelian up to a subgroup of finite index).

Note that in (iii) convergence is of class C?. Actually, a little more can be said: the
limit manifold (M, g~ ), where g is the limit of g(¢) along the Ricci flow (1), is

isometric to a flat manifold.

Example 1. (cf. [1], Introduction)

Consider a compact Riemannian manifold (M2, g) such that

|K|d(M?)? <1.73 (%)
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Along the normalized Ricci flow (2) with g(0) = g, g(t) converge to a flat metric.

Indeed, normalize the curvature as |K| < 1. Applying Gauss-Bonnet theorem, we

have the following estimate on the Euler characteristic of M? :

1
) < o [ [Kas
T™JM

From Rauch comparison argument,

1 d(M)
/ |K|df < / sinhrdr = coshd(M) — 1.
21 Sy 0

Therefore, if |K|d(M)? < arccosh?(1 + a), then |x| < a. Then it is easy to see that
(%) implies that x = 0.

In the case n = 2 the normalized Ricci flow (2) looks like

9= (sc(g) — K)g. (k).

For this flow we have the following classical result (see [3], chapter 5):

Uniformization Theorem (x(M) = 0)

On a closed Riemannian manifold (M?,go) with x(M) = 0, the normalized Ricci
flow (x%) with g(0) = go has a unique solution for all time, moreover, ast — oo, the

metrics g(t) converge uniformly in any C*-norm to a flat metric goo.

Thus the pinching constant £(n) in the case of n = 2 can be chosen as €(2) = 1.73.
O

Fundamental results concerning the algebraic structure of almost flat manifolds were
obtained by Gromov at the end of 70’s.
In fact, Gromov [1] showed that each nilmanifold (= compact quotient of a nilpotent

Lie group) is almost flat. It means that almost flat manifolds which do not carry
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flat metrics exist and occur rather naturally. Moreover, the next theorem asserts

that nilmanifolds are, up to finite quotients, the only almost flat manifolds.
Theorem (Gromov)

Let M™ be an £(n)— flat manifold, where e(n) = exp(—exp(expn?)). Then M is
finitely covered by a nilmanifold (compact quotient of a nilpotent Lie group). More

precisely:

(i) The fundamental group w1 (M) contains a torsion-free nilpotent normal subgroup
I’ of rank n,

(i) The quotient G = w1 (M)/T has finite order and is isomorphic to a subgroup of
O(n),

(iii) the finite covering of M with fundamental group T' and deckgroup G is diffeo-
morphic to a nilmanifold N/T,

(iv) The simply connected nilpotent group N is uniquely determined by w1 (M).

From this theorem it is not clear whether M is diffeomorphic to the quotient of N
by a uniform discrete group of isometries for a suitable left invariant metric on V.

Ruh [10] proved a stronger version of this theorem. He showed that, under strict
curvature assumptions, M itself, and not only the finite cover, possesses a locally

homogeneous structure.

Theorem (Ruh)

For a compact Riemannian manifold M™ and a suitably small number € = £(n) the
fact that M™ is e—flat implies that M is diffeomorphic to the compact quotient N/T,
where N is a simply connected nilpotent Lie group and I" is an extension of a lattice
L in N by a finite group H.

According to this theorem it is possible to specify the manner in which the funda-
mental group of M acts on N. The construction of the proof provides a Riemannian
metric as well as a connection D compatible with this metric. Left translation in
N coincides with parallel translation with respect to D. I' acts as a group of affine
isometries of N, i.e. the elements of I can be viewed as diffeomorphisms of N pre-
serving the connection D as well as the metric. The finite cover M’ of M with

covering group H = L/T" is a nilmanifold N/L, and we recover Gromov’s Theorem.
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When M is flat, it is finitely covered by N = R", and the results of Gromov-Ruh
yield the classical Bieberbach Theorem:

Theorem (Bieberbach)

Let M™ be a compact flat Riemannian manifold, m (M) its fundamental group acting
on TyM = R™ by rigid motions (deck transformations), and I' be the set of all
translations in m (M). Then T is a free abelian normal subgroup of rank n; the factor
group G = w1 (M) /T has finite order and is obtained as the group of rotational parts
of the i (M)—action on T,M; T,M/T" is a torus which covers M with deckgroup G.
Moreover, in any dimension there are only finitely many affine equivalence classes

of flat compact connected Riemannian manifolds.

Recall that two flat compact connected Riemannian manifolds are affinely equivalent

if and only if they have isomorphic fundamental groups.

From the results of Bieberbach, Gromov and Ruh it follows, in particular, that an
almost flat manifold carries a flat metric if and only if its fundamental group is

almost abelian (abelian up to a subgroup of finite index).

In the theorems of Gromov and Ruh the pinching constant e(n) is put equal to
exp(— exp(expn?)). This estimation may not be optimal. Actually, the question
arises whether (n) should necessarily depend on the dimension. The second main

result of this paper answers this question in the affirmative:
Main Theorem 2 (Gromov’s Pinching Constant).

In every dimension n there exists a compact Riemannian manifold (M™,g) with

|K |y - d(M™, g)? < %, which can not be finitely covered by a nilmanifold.

The Ricci flow (1) was introduced by Hamilton in 1982 [4]; the innovations that
originated in [4] and subsequent papers have had a profound influence on geometric
analysis. In particular, Perelman’s recent ground-breaking work is based on Ricci
flow techniques. One of the fundamental results proved by Hamilton is the short-

time existence for the Ricci flow with an arbitrary smooth initial metric:
Theorem (Hamilton)

If (M™, go) is a closed compact Riemannian manifold, there exists a unique solution
g(t) to the Ricci flow (1) defined on some time interval [0,¢) such that g(0) = go.

The lifetime of a maximal solution is bounded below by %, where C'(n) is
0
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a universal constant depending only on the dimension and R is the curvature tensor
of M.

This basic result allows one to use the Ricci flow as a practical tool for improving
metrics on Riemannian manifolds. In particular, a number of smoothing results
in Riemannian geometry can be proved using the short-time existence of the flow
combined with the derivative estimates. In their turn, the derivative estimates
(Bernstein-Bando-Shi estimates) show that assuming an initial curvature bound
allows one to bound all derivatives of the curvature for a short time. Bernstein-
Bando-Shi estimates enable one to prove the long-time existence of the flow, which
states that a unique solution of the Ricci flow exists as long as its curvature remains
bounded. From the Main Theorem 1 it follows that in the case of an almost flat
manifold the smoothing properties of the Ricci flow present themselves in another
context, namely, we observe the drastic improvement of the Gromov’s pinching con-

stant along the Ricci flow.

When we study the Ricci flow on a nilpotent Lie group it often makes sense to

consider instead of the flow (1) the normalised Ricci flow:

dg . C 2
i —2ricy — 2||ricg|ly9, (3)
where ||ricy||? = trRic] and we normalise the scalar curvature sc(go) = —1.

Under the flow (3) the (constant) scalar curvature of the solution metric g(¢) remains
constant in time. Furthermore, equation (3) differs from the Ricci flow (1) only by
a change of scale in space by a function of ¢ and a change of parametrisation in
time. Note that in this case our denotation differs from the standard one: usually
under the normalized Ricci flow the volume-preserving Ricci flow (2) is understood.
However, in this paper it should not be the cause of confusion, since in the sequel

we use only flows (1) and (3).

The following example gives the intuition of how the Ricci flow acts on nilmani-

folds in low dimensions:

Example 2. (cf. [3], chapter 1)

Let G3 denote the 3-dimensional Heisenberg group, ¢ is a left invariant metric on
G3 and let N® = G3/T be its compact quotient. Then the Ricci flow exists on N3
for all t € R>o and along the Ricci flow |K(N3)|; - diam?(N3,g) — 0 as t — oc.

In [8], Milnor classified all 3-dimensional unimodular Lie groups. From this
classification it follows that any simply connected unimodular nilpotent Lie group

in dimension 3 must be isomorphic to G3.
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Algebraically, G is isomorphic to the set of upper-triangular 3 x 3 matrices

1
=10
0

[ )

)
z z,y,z € R.
1

endowed with the usual matrix multiplication. Topologically, G? is diffeomorphic to

R? under the map

G3s~y= — (z,y,2) € R3.

o O =
S =R
S

Under this identification, left multiplication by -« corresponds to the map

L’Y(a7b7ca):(a+va+yac+xb+z)'

Introduce a Milnor frame {F;} for some left-invariant metric g on G2 (cf. [8]). In

this frame g may be written as

g=Au' @w' + Bw? @ w? + Cuw? @ w?,

where A, B,C are positive and {w'} are 1-forms dual to {F;}. Then the sectional

curvatures of (G2, g) are given by

A A A
%, K(Fg/\Fl):i K(Fl/\Fg):i

K(Fy N F3) = —
(2/\ 3) 3 BC:

and the Ricci tensor is

A2 A A
ricy = ZB—Cwl Quw! — 2§w2 Rw? — 2§w3 ® wd.

Hence the Ricci flow on (G2, g(t)) is given by
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d A
—“B—=4=—_
dt C’
d A
T

This system of ODE can be solved explicitly. The solution for given initial data
A, By, Cy > 0 is of the form

A= ATPBYPCy® (12t + ByCo/Ag) 12,
B = AY*ByPCy P (12t + BoCo/A0) 3,

C = A By P03 (12t + BoCo/Ao) /2.

Thus we have that for any choice of the initial data Ag, By, Co > 0, the Ricci flow
(1) has a unique solution on (G3, g(t)) for all t € R>g. Moreover, from the explicit
form of the solution it follows that there exist constants 0 < ¢; < ¢2 < 0o depending
only on the initial data such that each sectional curvature K is bounded for all ¢ > 0
by

9o g<@

t —
and such that the diameter of any compact quotient N3 of G is bounded for all
t >0 by

clt1/6 < diamN? < 02t1/6.

So, the pinching constant of G2 tend to zero along the Ricci flow:

ct 20873 A
W§|K|Nsdzam (N)gt%.



Chapter 1

Ricci Flow on Almost Flat
Manifolds. Abelian Case.

Theorem A
In any dimension n there exists an €(n) > 0 such that for any ¢ < ¢(n) and for

any e-flat n-dimensional Riemannian manifold M™ with (almost) abelian m (M)
the solution of the Ricci flow (1)

99
ot

= —2ricy
exists for all t € [0,00) and converges to a flat metric on M™.

So, we want to show that on any £—flat Riemannian manifold with the abelian
fundamental group the Ricci flow (1) converges to a flat metric for € small enough.
Of course, this condition on the fundamental group is also necessary.In fact, if (M, g;)
converges to a flat manifold (M, g ), then m (M) = 71(M, g ) is almost abelian by
the classical Bieberbach’s theorem.

Now some notes on the proof.

In the flat case G = w1 (M) /I is naturally isomorphic to the holonomy group of M at
p, and I, the set of translations in 71 (M), can also be described as the set of loops at
p with rotational parts < % In the almost flat case the group I' is generated by those
"short” loops (i. e. with lengths < 4(677)%"(”_1)(1(M) ) which have a rotational part
< 0.48. Again, these rotational parts are in fact much smaller than 0.48; they have
an upper bound proportional to the length of the loop and decrease as ¢ decreases,
so that I" is almost translational (see, for example, [1]). Moreover, if one chooses
shortest loops at p in the equivalence classes of 71 (M) modulo I" then their holonomy

rotations are, after a small correction, a subgroup of O(n) isomorphic to 7 (M) /I
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In the case of an almost flat manifold with almost abelian fundamental group the
generators of the lattice I' have rotational parts much smaller still, namely, propor-
tional to e (Section 2), which permits us to obtain nice estimations on the derivatives
of the curvature tensors of such manifolds (Section 3), more precisely, we conclude
that ||VR| < c(n)-d(M)(||V2R| + || R||?). Remark that this inequality is only valid
in the abelian case.

The convergence theory developed by Cheeger and Gromov for metric spaces turns
out to be a useful tool if we want to understand how the Ricci flow behaves on an
almost flat manifold, because the structure of the limit space in this case is often
simple enough to be understood completely.

In Section 5 we show that, given a sequence of almost flat (but not flat) manifolds,
the sequence of the corresponding universal covers subconverges to a nilmanifold, if
all the derivatives of the corresponding curvature tensors are uniformly bounded by
norm and the pinching constant tends to zero.

This result permits us to establish that on a sufficiently flat Riemannian manifold
IVR|| < c(n)||RH% for some c(n) depending only on the dimension of the manifold.
The method used in the proof consists in showing that the geometric structure of
the limit space of the universal covers obtained in argument by contradiction is
incompatible with the structure of a nilpotent Lie group.

Finally, we use the Bando-Bernstein-Shi estimations (BBS estimations) on the deriva-
tives of the curvature tensor along the Ricci flow to obtain the main result. We get
that in the almost abelian case the metric gets considerably flatter along the Ricci

flow - the fact that simultaneously proves its long time existence.

1.1  Short Geodesic Loops. General Information.

This section does not contain any new results. We provide the necessary background
material from the theory of Gromov’s almost flat manifolds.

The general information on the short geodesic loops is taken from the article by
Buser and Karcher ([1]).

Let M be a Riemannian manifold. Assume curvature bounds |K| < A? and fix a

point p € M. Then the conjugate radius can be bounded from below as

conj >m- AL (1.1)

In a ball B, of radius p < 7 - A~ around 0 € T,M we pull back the Riemannian

metric from M via exp~!

Ifv,w € By, |v] + |w| < p, then from Rauch estimates
we have the following comparison between the lifted Riemannian and the Fuclidean

metric of T, M :
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A A
sinh(Ap) sin(Ap)

Any closed curve c at p of length < p can be lifted via exp™! to a curve ¢ in T, M.

cdv,w) < lv—w| < ~d(v,w). (1.2)

By continuously replacing longer and longer arcs of ¢ by geodesic segments one has
"natural” length decreasing homotopies from ¢ to the geodesic ray [0, 1] - ¢(1). In
particular, for any v € T,M, |[v| < p — d(M), let ¢ be the closed curve which is
obtained from the geodesic ¢ — exptv, (0 <t < 1) by joining the endpoint exp v
by a shortest geodesic (< d(M)) to the initial point p. Then its lift ¢ provides a
geodesic triangle ovw with d(v,w) < d(M) and expw = p. The homotopy of ¢ to

the geodesic ray [0, 1] - exp v gives a geodesic loop.

Definition 1.1.1 A geodesic loop c: [0,1] — M on a Riemannian manifold (M, g)
is a geodesic with c(0) = ¢(1) (but not necessarily ¢(0) = ¢(1)).

Definition 1.1.2 A homotopy of loops is called short if each of its curves is shorter

than the conjugate radius conj of exp.

Proposition 1.1.3 ([1], 2.2.2)
For any point p € M there is exactly one geodesic loop in each short homotopy class

at p.

Definition 1.1.4 (Gromov’s product of short geodesic loops) Take any two
loops o, B at p, assume |a| + |3| < 7A=Y, Then B % « is the unique geodesic loop
in the short homotopy class of the curve B - «, where 3 - « is the product used in

homotopy theory.

Proposition 1.1.5 ([1], 2.2.5)

The above defined operation introduces a structure on the set of short geodesic loops,
namely

a) {p} =: 1,

b) if 2lal < TA7L, o~ is the loop o with the reversed parametrisation, then

alxa= 1,

¢) if la] + 18] + [y] <7AT, ax (Bx7) = (axB)*7.

Remark 1.1.6 One of the important intermediary results in the proof of Gromouv’s
Theorem is that in case of sufficiently flat manifolds all sufficiently short geodesic
loops represent different homotopy classes in w1 (M) and all algebraic properties of
the short geodesic loops remain the same if we replace the Gromov product x by the

standard product in w M.
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To each geodesic loop a at p we associate its holonomy motion

m(a) : T,M — T,M,

m(a)(x) =r(a)r + t(a), (1.3)

where () is a parallel transport around a (rotational part of m(«)) and

t(a) = é(0) (1.4)

- the translational part of a.

We use the distance on the orthogonal group to compare the holonomy motion of
the Gromov product to the composition of the holonomy motions of o and (3 : for
A,B € SO(n)

d(A, B) := max{|£(Av, Bv)|,v € R", |v| = 1}, (1.5)

where Z(Av, Bv) is the minimal (< 7) angle between the vectors Av and Buv.

[A] := d(A, id).

Proposition 1.1.7 (The holonomy map is almost homomorphic) (/1/, 2.5.1)
Let (M, g) be a complete Riemannian manifold, |Ky| < A?. Consider loops o and
B such that |al|,|8] < . Then B %« is defined and

d(r(a) - r(B),r(Bx a)) < A% [t(a)] - [t(B)], (1.6)

[t(m(a) - m(B)) — (B )| < A2[t()|[E(B)|(t()] + [(B)])- (1.7)

Proposition 1.1.8 (Commutator estimates) ([1/, 2.4.1)
Let (M, g) be a complete Riemannian manifold, | K| < A2. Consider o, 3 atp € M
such that |a| 4 [8| < k. Then

(@), r(B),r15,0l) < 2A% - [1(0)| - [1(B)] + L A%t BlI(1()] + KB,
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[tfm() - m(B)] = t[B, ol < ?Azlt(a)!\t(ﬁ)l(\t(a)! (1.9)
+ LB + %t([& o)A [ [[H(B)I([t(e)] + [£(B)])-

Propositions 1.1.7, 1.1.8 show that the Gromov product and commutator of geodesic
loops are almost compatible with the easily computable product and commutator
of the holonomy motions of the loops. The error is curvature controlled.

Let (M, g) be a compact Riemannian manifold, |K /| < A?. Define

T,(M) = {o € m (M) : [t(a)| < p, |r(a)] < 0.48}. (1.10)

The next two propositions assert that, under strong curvature assumptions, there
exists a p >> d(M) (also bounded from above), such that for any a € T',,

0
()l < ;!t(a)\y (1.11)

where 6 is an adjustable parameter.

Proposition 1.1.9 (Relative denseness of loops with small rotational parts)
(1], 5.2)
Let (M™, g) be a compact Riemannian manifold.
Fiz m = 10", n < 0,48 is an adjustable parameter,
— 7\dimSO(n)
L - 3 + 2(77) ‘ )
w > w(n) =2 - 144mS0M)

and assume the bounds on the curvature and the diameter of M":

—L—1
n-m

d(M)A < 1.12
(yp < T (112)

Then there exists a number pg = po(n, m,w),
2w - d(M) -m* < pg < 2w -d(M) - m?, (1.13)

such that
for any v € T,M with [v| < po(1 — L) there is an o € T, such that
Ir(@)l <, li(a) ~v] < — (114)
r(a a)—wv . :
=1, = m— 1P0
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Proposition 1.1.10 (/1], Key Proposition 3.3.1)
Let (M, g) be a compact Riemannian manifold, 0 < 6 < % - an adjustable parameter.
Choose 1 in 1.1.9 as 1 = 36 - (2.1)74M)  where g(n) = [3.02%], Then under the
curvature bounds from 1.1.9 and for p = pg

(i) all g(n)—fold commutators in T, exist and are trivial,

(ii) for any a € T, ||r(a)|| < 0219790 where ¢ < q(n) is the order of the

nilpotency of a.

So, if the holonomy motion of not too long a loop v has its rotational part ||r(v)|| <
0,48, then it follows that ||7()|| < 6, where 6 can be taken very small in the case of

e—flat manifold, where ¢ is very small.

1.2 Short Geodesic Loops in the Abelian Case.

In the special case of abelian fundamental group we can establish better estimates
on the holonomies of loops from I', for p appropriately chosen. Namely, in the
next theorem we show that in this setting for any v € I', on an e—flat M with ¢

sufficiently small, ||7(7)|| is of order e.

Theorem 1.2.1 In any dimension n there exists an £(n) > 0 such that for any
e < g(n) and for any e-flat n-dimensional manifold (M, g) with (almost) abelian

fundamental group for a p taken as in proposition 1.1.9, i.e.

p < ca(n)d(M),

for ca(n) defined as in 1.1.9,

for any geodesic loop oo € ', we have that

|r(a)|| < 10™¢ca(n)?%e. (1.15)

Remark 1.2.2 By passing to a finite covering of M we can suppose that the funda-
mental group of the manifold in question is not almost (virtually) but really abelian.
In each dimension there is only a finite number of isomorphism classes of groups
which can serve as fundamental groups for the flat manifolds (The Theorem of
Bieberbach). Thus in each dimension the index of the normal abelian subgroup in
w1 (M™) and, hence, the diameter of the covering manifold will remain uniformly
bounded.
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Proof. Take o, € I',(M) where p is from propositions 1.1.9, 1.1.10 on
a n-dimensional Riemannian manifold (M, g) with the corresponding bounds on
|K|prd(M)? and abelian fundamental group. Rescale the curvature as |K|y < A?
for some positive A. Thus [«, 5] = id in the sense of the short loop multiplication.

Apply proposition 1.1.8 to o and 5:

[tm(er), m(B)]] < ?Az\t(a)l\t(ﬁ)l(\t(a)l + [E(B)))- (1.16)

Define the matrix norm for any matrix D’ as

|1D]| = mazi| \il, (1.17)

where \; are the eigenvalues of D" over C.

Note that for convenience we have changed the definition of the matrix norm in
comparison with (1.5). The new definition is valid up to the end of this section.
Let « = (A,0),8 = (B, 1), where A =id+ A, B =id+ B’. Then it is easy to see
that

A7l =id — A"+ 520,(—1) A", Bl =id - B +%2,(-1)'B".  (1.18)

From proposition 1.1.10, the rotational parts of «, 8 € I', are small, more precisely,

()|, [|7(B)]] <279, q(n) = [3.02n(n2+1)]. So we can rewrite A'~1, B'~! as

A7 =id— A +r4), B '=id-B +rB), (1.19)

where

lr(ADIF < 20402, e (BYI < 2] B')1*. (1.20)

Direct calculation shows that

tim(a),m(B)]| = |o + AT — ABA™'o — ABA™'B~ 7| (1.21)
= |o+ (id+ A1 — (id + A")(id + B")(id — A" + r(A"))o
— (id+ A (id+ B')(id — A"+ r(A")(id — B' +r(B"))7|
> |A'm = Blo| = 36(|A')* + |1B'[*) (o] + |7]).

Now (1.16) can be rewritten as
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10
[A'r = Blo| < = A%ol[rl(lo| + |7)) + 36(|1A'I1* + | B'*) (o] + I7]).  (1.22)

Choose aso that | A'|| = max{||D'||,d = (id+D’,v),0 € T',}. Since A orthogonal
and ||A'|| < 2790") A’ is skew-symmetric modulo terms of the order ||A’[|2. Indeed,

in the appropriate basis A’ can be decomposed in 2 x 2 blocks of the form

cosp; — 1 SINP;
—sing;  cosp; — 1 '

For any ¢

) 2 ¥
= — > _(—=1)* i = O (=) =
cosp — 1 =—¢" +52y(-1) o Snes ¢+ E2y(—1) =1 (1.23)
Thus, since for every j |¢;| < ||A']],
[cospy — 1] <207 <2 A7, [sing| < oyl +[olf < 1A+ (1A (1.24)
Let the mutually orthogonal 71, 72, |71| = |72|, span an invariant subspace of A’

corresponding to the "maximal” (maximal by absolute value) eigenvalue ||A’||, so
that
/7:1' = (—1)i+1”A/“’7~'Z'+1 + 017 + 02Tit1, (1.25)

where 07 + 9 < 3||A’||2.
Fix |7 = (1 — 10%) p. From proposition 1.1.9 there exist the geodesic loops 1, 02 €
I'y, b1 = (B1,71), B2 = (B2, ), such that

1

m-il<—L o (1.26)
thus
3
——)p < |n| <p. .
(A—qgp=lnl<p (1.27)
As a consequence,
. A
‘A,TZ' - A/Ti’ S 1(’)‘71_||1p (128)

Then, from the triangle inequality,
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|Blo — (=1)"Y|A'||1i1| < |Blo — Al + |Alry — AR (1.29)
+ AR = ()T A N Fa] + [(CD A i — (1) A | 7igal,

and from (1.22),(1.25),(1.26),(1.28) and proposition 1.1.10 it follows that

|Bio — (=1)H|A|| i1 (1.30)

10 3
< ZAollnl(lo] +Irl) + 4] - oap + T2 A (o] + i) + 641

Recall that p < ¢y - d(M). Suppose, by contradiction, that || A| > 10"ca(n)?A? -
d(M)?, then we can rewrite (1.30) as follows:

; 12
[Bio — (=) Al < 114l (131)

And the following estimation on the norm of B’ can be obtained:

20 20
|4lo] > IBillo] = [Bio| = |41p(1 = 57) = I1Blol (1= 157)-  (1:32)

In the sequel we will use the lemma below:

Lemma 1.2.3 Let B € Skew(n,R) (the set of skew-symmetric n x n matrices with
real entries) and o is a vector in R"™ such that |Bo| > HBH\G!( - 120—%). Then for
n>4

B0 + ||B|PPo| < 5= 51 BIlol.

We postpone the proof of Lemma 1.2.3 and continue with the proof of 1.2.1.

Rewrite B] in such a basis that

B, = B + B, (1.33)

where BZ-(Q) € Skew(n,R), Bi(d) € Diag(n,R),

d
1B = 11B), | Bl < 2|1B)1%. (1.34)

2
Then B?o = B 0 + Ao, ||A| < 4| B3,
And from lemma 1.2.3 it follows that

B0+ |BlPo| <|B@o + |1BIPo| + |Allol < 2 31BIRlo| + 41 B)Po].

102 2
Then, from (1.31),
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; 20 n 20
1B — (-UMHA’HB{%'H‘ S TE SIBiPlel+ {5 14T Bille + 4] BilPlol,
From (1.32) we have that
20 \2 40
B2 = (1= -50) 142 = (1- =) 147 1.
1B > (1= 20 ) IR > (1 <0 ) 142, (1.3)
hence,
, 20 n 60
14" — (—1)’+1HA'HB§%'+1’ <103 SN lo] + o A0 + 4l A" Ple]. (1.36)

So, o,7;, roughly speaking, "almost” span the invariant subspaces of B 41 corre-

sponding to the maximal eigenvalue. From (1.36) for each i and for n > 4 follows:

21 n
A/B/_A/2’< n*A,2,
14187 ~ 14P0] < B4
21 n
Al B! A/2’< n*A,2
141857 + 140 ] < B 141,
or, equivalently,
21 n
_B A ‘< DA, 1.37
|~ Bim +Alo| < g4 (137)
21 n
[Bam + 1 4llo| < < 2. (1.38)
102 2

From the properties of the vector norm, from (1.37),(1.38), we can get

— Bimy + | A'llo| + | Byry + | 40| = | Byri = Bira + 20| Al | = 2] A'llo] - | Birs — Byral.

thus

21
2||A"l|o| = |Bim2 — Bym| < RHHA'IIIU\- (1.39)

On the other hand, since (1.22) is applicable also to the loops 31, B2, we have that
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|Bim2 — Bymi| < 10/3A%|1 |72 (|71 | + [72]) + 144]LA'[|p.
From (1.32) we have that

20
o] Z/)(l—ﬁ>7 (1.40)

hence (1.39) can be rewritten as

24n,/2
10n/2

Ja) (1 -

And, since || A’|| < 279,
finally, we get that

) < 10/30%p% + 72| 4|2 (1.41)

2
) < Zle3aa?, (1.42)

which is a contradiction.
Proof of lemma 1.2.3
Let

A O

Without loss of generality consider the case of n even.
Then
T

Bo = (Mog, —A\io1, ...y Agan, —)\%O'n_l) )

o= (01,....,00)T.

Consider o as o = ¢’ +0", where without loss of generality, o’ = (o1, ..., 04,0, ..., 0) T,

belongs to I3 X ... X I - the union of invariant 2-subspaces of B corresponding to
2

Nj, 5 =1,..,% such that || > ||B||( 40 )

-10m
B?¢' = (—)\%o'l, —)\%02, ey —A%O’k_l, —)\%O'k,o, ...,O)T and
2 2
Bl|]?¢’ + B?¢’| < maz;(||B||*> = \?)|o’
(]

< (1= (1= 150) )IBI| < o 1B
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On the other hand, ¢” = J’,§+ Rk o'n, 0j corresponds to an invariant 2-subspace
P 2

characterized by A;, |\;| = (1 —1;)||B|, l; > 1%—9].

Then, since

|Bol? = |Bo'[* + ;| Boj|* < |BI*(|o"]” + 2;(1 = ;)]0 *)

and

20 \2
[Bol? > (1= <50 ) IBIR(o' + 2107 2),

we have that

I1B|2[o")? + | BII*S;(1 — 1)2|o|?

20 \2 20 \2
> (1= 50) IBIPI'P + (1= 55 ) IBIRIZ o) (1.43)

2
Substract ( — 1%—%) IB|[*[o'[* + || B||*S2;(1 — 1j)?|0f]* from the both parts of
(1.43).
Then for any j holds

(1= (1= )N8R = (1 o) = (1-5) YIBIPIP?

and
20 \2
e e
RSBy
Accordingly,

B2} + || B|%0

<IBIP(1- (1-1) )1}

=

NAREIE SRS
< ||B||2(1—(1_lj) ) <( —&)2—1(01—@)2 o]
10n
20
< 20 IBI%el

then it follows that
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Blo + | B|%o| < |B%’ + |BI%0'| + 4| B2 + | B|*0
20 n

— —IB||?|o].
< 1052” (itted

And the Lemma is proved. O
So, in the abelian case, all the holonomy angles of geodesic loops are of order
€. This is a strong result as concerns the metric properties of corresponding almost

flat manifolds. The next section demonstrates its utility.

1.3 The First Derivative of the Curvature Tensor on
Almost Flat Riemannian Manifolds in the Abelian

case.

This section illustrates how the estimates of the previous section can be used. By
direct calculation we get the specific estimates of the first derivative of the curvature
tensor on almost flat manifolds in terms of the higher ones. This result holds only
in the abelian case. It is a crucial tool for the proof of Theorem A.

Here and further on under the norm of the derivative of the tensor T;,  ;, we under-

stand the following:

VT = supjy|=1 | Vo T || oo, (1.44)
where || - || is a square sup—norm, i. e.
1T = 1Tl = supeens (Tir...iy Tir._o, (2)) /2, (1.45)

with Tj, 4, (x) = T(ei,, ..., €, ), where e;, ..., e, is an orthonormal basis at T, M.
When we consider the tensor 7' at x € M as a vector in the vector space @471, M,

we use the standard square vector norm denoted by | - |.

Theorem 1.3.1 In any dimension n there exists an £(n) such that for any e < e(n)
and for any e-flat manifold (M™, g) with (almost) abelian fundamental group, there

exists a constant ¢ = c¢(n), depending only n such that

IVR|| < e(n) - d(M)([VZR] + | R]I*), (1.46)

where R is the curvature tensor of (M™,g).
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Proof
Consider R = R(t) as it evolves by parallel transport along « - a closed smooth curve
on a manifold M", i.e. 4(0) = 4(7). We may assume that v can be parametrised by
arc length. Let 7 be the length of 7y, A € SO(n*) - the holonomy operator around 7.
We can regard R(t) at t = 0 as a vector in the n'-dimensional vector space @7, M,
so along ~y(t)
R(t) = R (t)er (t) + ... + R (t)epa(t),

where e;(t) is the parallel transport of the i-th basis vector €;(0) of ®*T o) (M ). The
basis in ®4T'y(O)M is taken so that the holonomy matrix A is decomposed in 2 x 2

blocks, j-th invariant subspace of R™ corresponds to the rotation by angle ¢;:
cosp;  SINp;
—Sing; Cosp;
Take an arbitrary coordinate R’ in this basis and consider it along v(t) as a function
of one variable, R = R'(t),t € [0,00). We have that
R'(1) = R(0)cos(y;) + R™1(0)sin(p;), (1.47)

for i =25 — 1 and

Ri(T) = —Ri_l(O)sin(wj) + Ri(O)cos(ij), (1.48)
for ¢ = 2j.
If ¢; is small,
R'(7) = R'(0) + R™(0)p; + | RS, (1.49)

for i =25 — 1 and

R'(1) = R'(0) — R"(0)y¢; + |RJ9, (1.50)
for i = 2j.
where
§ < |sing; — pj| + [1 = cospj| = O(¢3). (1.51)

Since
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, dR(t;
R'(1) — R'(0) = ( )7' (1.52)
dt
for some t; € [0,7),
dR'(t;) 2
< Z||R|w;. 1.53
=1 < 2R)e; (1.53)

The Taylor expansion of 4R’ at t = 0 for any ¢ € [0,7) (in particular, for t = t;),
looks like

dR'(0)  dR'(t) L d?Ri(s)
T /0 732 ds. (1.54)
Recall that
d2

Then, obviously,

(dlzt(o)f <3 <dR;iti)>2 +3 </Ot VﬁVA,R%S)dS)Q +3 (/Ot vaRi(s)ds>

2

(1.56)

By Cauchy-Schwartz inequality,
</ VﬁVx,R%S)dS) StZ/ (VWV7RZ(3))2ds. (1.57)

0 0
And
ti ) t; ) T
Vv.sR'(s)ds g/ Vv, s R'(s)|ds < n||VRH/ |V+5(s)|ds (1.58)
0 0

1.53, 1.56, 1.57 and 1.58 combined give
()2 < 3¢, [11(V5 V4 Ri(5))2ds + 302 | VR|2(fy [V47(5)|ds)? + 3(2|| Rllp;)2.
Now

i=1

; 2 ‘
AR (0 i .
ot < dt( )) <3v™ /0 (V4V4Ri(s))* ds

2 2
A T . A 2
+ o VR ([Cwaeias) vt (Zirle) . 0
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and, again using Cauchy-Schwarz inequality, we get
| GR(O) < VBVT(J] V5 V5 R()[2ds) 2 4+-V3r¥ [ VR i [V44(s)|ds+ 22 | R,
where ¢ is the maximal angle of rotation of A. Now, supposing that supx]%R(x)\

is realized at = = ~(0), we get

1/2 "
|48 ||oo<ff</ V5V Ri(s)| ds) +fn3||VRH/ V(s )\ds+2f I Rllscll
(1.60)

and, accordingly,

2\fn

r 1/2
V4R[00 < 2v/T </ |vﬁv&R(5)|2d5> + [R]lcoll +20*|VR| - T, (1.61)
0
where T' = [ |V54(s)|ds is the geodesic curvature of the chosen curve 7.
Let v be a unit vector such that |VR| = ||V, R||co-
Choose the pinching constant of M as in theorem 1.2.1. Then for a chosen
direction v there is a geodesic loop v € I', in the direction %, 0-close to Twv,

where ¢ = 10”71_1;), p is defined as in 1.1.9, 7 = p. Therefore

HVRHS‘ WR] A, (1.62)
'Yl
2
(1= 152 IV < |V s R (1.63)
10 1 (0]

However, a geodesic loop is not a smooth closed curve. “Smoothen” it. On the
tangent space to M at 71(0) consider the vectors v;(0) and —v1(p). Let m# — « be
the angle between them. On a 2-plane defined by these two vectors construct an
inner arc of the circle tangent to the rays generated by these vectors, the points
of intersection lying on the rays at a distance e¢ from the origin. The exponential
function maps the so obtained arc to the manifold, giving the opportunity to replace
the cusp region of the geodesic loop by a smooth one. So we obtain the smooth curve

. Parametrize v by the arc length. Since v;(t) is geodesic on (0, €],

\v o R\ < \v " R‘ | V2R]. (1.64)

191 (0)] 171 (0)]

Fix € = 10%. Then direct calculation shows that I'- the geodesic curvature of ~ -

is equal to a + o(e?), moreover, I' < ||7(7)]| - the holonomy angle of the geodesic
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loop ~. It is not difficult to see also that ¢ - the maximal rotational angle of A €
SO(n?) - is not greater than 4||r(y)| as it is defined in theorem 1.2.1 , so ¢ <
4-10"c3(n)||R||d?(M), and hence, from (1.61), there exists a constant c(n) such that

IVRI| < c(n) - d(M)([V2R + | RII*). (1.65)
O

Remark 1.3.2 The analogous estimates hold also for an arbitrary tensor on M, in

particular, for every derivative of R there exists a constant c¢(n,m) such that

IV R < c(n) - d(M)(|V™RI| + [V R||[[R]?). (1.66)

1.4 Convergence of Riemannian Manifolds.

In this section we will give an introduction to the convergence ideas of Rieman-
nian manifolds by developing the weakest convergence concept: Gromov-Hausdorff
convergence and stating the important results such as the Convergence theorem of
Riemannian geometry and its generalisations. For more information on Gromov-

Hausdorff convergence, we refer to Petersen, [9].

Definition 1.4.1 Let (X,d) be a metric space, A,B C X; Then a Hausdorff dis-
tance between A and B is equal to

dg(A,B) =inf{e >0: B C S:(A),A C S:(B)},
where Se(A) = {z:d(z, A) < ¢e}.

Thus dg (A, B) is small iff every point of A is close to a point of B and vice versa.
One can easily see that the Hausdorff distance defines a metric on the closed subsets
of X and this collection is compact when X is compact.

If X,Y are metric spaces then an admissible metric on the disjoint union X I1Y

is a metric that extends the given metrics on X and Y.

Definition 1.4.2 For two metric spaces X,Y the Gromov-Hausdorff distance can
be defined as dg_g(X,Y) =infdy(X,Y), where inf is taken over all the admissible
metrics on X I1'Y.

Thus we are trying to define distances between points in X and Y without violating
the triangle inequality.
Let (M, dg— ) define the collection of compact metric spaces. It can be regarded

as a metric space on its own right. The next proposition justifies it:
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Proposition 1.4.3 Two complete locally compact metric spaces X,Y are isometric
if
de_pg(X,Y)=0.

Both symmetry and triangle inequality are easily established for dg_ . Thus the set
(M, dg—p) of isometry classes of compact metric spaces endowed with the Gromov-

Hausdorff distance is a metric space.
Proposition 1.4.4 (M, dg_p) is separable and complete.

So far, the Gromov-Hausdorff distance has been defined for compact metric spaces.

Introduce the analogous notion in general case:

Definition 1.4.5 The pointed Gromov-Hausdorff distance is defined as
d((X,z),(Y,y)) =infdu(X,Y) + d(z,y).

Here we take as usual the infimum over all Hausdorff distances and in addition
require the selected points to be close. The above results are still true for the
modified distance.

We can introduce the Gromov-Hausdorff topology on the set of isometry classes
of proper pointed metric spaces M, = (X, x,d) in the following way:
We say that (X;,z;,d;) converges to (X,z,d) in the pointed Gromov-Hausdorff
topology if for any r > 0 the closed metric balls (B(zi,7), zi, di)a—n — (B(z,7),x,d)
with respect to the pointed Gromov-Hausdorff metric.

Suppose, now, we have fr : Xy — Y, Xp € X, Y, — Y.

Definition 1.4.6 fi converges to f : X — Y if for every sequence x; € X con-
verging to x € X, fr(zp) — f(x).

Note that the convergence of functions preserves such properties as being distance

preserving or submetries. In particular,

Proposition 1.4.7 Suppose (Xy,pr) — (X,p) in the (pointed) Gromov-Hausdorff
topology and fr : X — Xy are isometries with d(pg, fx(px)) bounded. Then fi

subconverges to f : X — X, f is an isometry.

A sequence of functions as in 1.4.6 is called equicontinuos if for any € > 0 there
exists a & > 0 such that fi(B(xg,d)) C B(fr(zk), ) for any k, any zj € X.

Lemma 1.4.8 (Ascoli-Arzela) An equicontinous family fr : Xx — Yx, where
Xp — X, Yy — Y in the (pointed) Gromov-Hausdorff topology, has a convergent
subsequence. If the spaces are not compact we also presume that fr preserves the

base point.
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M. Gromov provided also criteria for a collection of (pointed) spaces to be compact.

Here is a corollary to this result applied to Riemannian manifolds.

Theorem 1.4.9 (Precompactness Theorem) For any integer n > 2, k € R,
D > 0 the following classes are precompact:

(1) the collection of closed Riemannian n—manifolds with Ricy > (n — 1)k, and
diam < D,

(ii) the collection of pointed complete Riemannian n—manifolds with

Ricy > (n — 1)k.

More generally, if we fix a closed manifold M (or a precompact subset A C M,)
then we say that a sequence of functions converges in C"™“—topology on A, if they
converge in the charts for some fixed finite covering of coordinate patches. Here
C"™“ is the Holder space. This definition is independent of the finite covering we
choose.

These considerations enable us to speak about convergence of Riemannian metrics

on compact subsets of a fixed manifold.

Definition 1.4.10 A sequence of pointed Riemannian manifolds is said to converge
in the pointed C™“—topology (M;,pi,gi) — (M,p,q) if for any R > 0 we can
find a domain Q@ O B(p,R) and embeddings ¢; : Q@ — M; for large i such that
B(pi, R) C ¢i(Q) and pfgi — gi on Q in the C™“—topology.

When all manifolds in question are closed, ; are diffeomorphisms. This means that

for closed manifolds we can speak about unpointed convergence.

Theorem 1.4.11 (The Convergence Theorem of Riemannian Geometry) Given
n>2 A€ (0,00) and ig > 0, the class of Riemannian manifolds with |Ric| < A,
inj > ig is compact in the pointed C*—topology for a € (0,1).

Theorem 1.4.11 is a combined result due to J. Cheeger, M. Gromov and M. Anderson.

Along its lines the following interesting corollary can be proved:

Corollary 1.4.12 Take ig, A > 0 and define the class of Riemannian manifolds
(M,g) such that inj(M) > 1o, |[V*Ry|| < A, for k = 0,1,...,m. This class is
compact in the pointed C™ 1% topology for all o < 1.

In the setting of the Ricci flow, the convergence theory permits us to improve the
Gromov’s compactness theorem and to obtain C*° convergence of a sequence of

solutions to a smooth limit solution:
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Theorem 1.4.13 (Compactness theorem) (/3/, section 7)
Let (M, gi(t),0;, F; : i € N) be a sequence of complete solutions to the Ricci flow
(1) existing for t € [0,w), where w < 4o00. FEach solution is marked by an origin
O; € M and a frame F; = {ei,...,el} at O; which is orthonormal with respect to
9i(0). Suppose that there exists K < oo such that the sectional curvatures of the
sequence are uniformly bounded by K in the sence that

sup o (0.w) | Klg < K
for all i € N. Suppose further that there exists § > 0 such that the injectivity radii
of the sequence are bounded at O; € M" and t = 0 in the sense that

iNJg,0)(0i) =6
for alli € N. Then there exists a subsequence which converges in the pointed category
to a complete solution (M2, goo(t), Oco, Fxo) of the Ricci flow existing for all t €
(0,w) with the properties that

btz (0.0 K g < K
and

g (0)(Ooc) = 0.
The convergence is understood in the sence of the above-defined convergence of Rie-

mannian manifolds in C"™—topology for every m.

1.5 Convergence of Almost Flat Riemannian Manifolds.

The results of the previous section applied to almost flat manifolds lead to interesting
conclusions on the algebraic structure of the limit space as is illustrated by the

following theorem:

Theorem 1.5.1 For any sequence of numbers €, — 0 take a sequence of e,—flat
Riemannian n—manifolds (M}', gi) such that maxy, ||R||x =1 and for any i € NU
{0} there exists a constant c(i,n) such that |V R||x, < c(i,n) for all k. Consider the
sequence (M,?,f]k) of the universal coverings of (M, gi.) with the covering metrics.

Then (M}, gi) subconverges w. r. to Gromov-Hausdorff topology to a nilpotent Lie

group with a left-invariant metric on it.

Proof.
To justify the use of 1.4.12, we need the following

Proposition 1.5.2 The injectivity radius of (Mj,gi) is uniformly bounded from

below.

Proof
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Argue by contradiction. Suppose that z(]\;[k) — 0 as k — oo. Choose for any
manifold the points py, ¢, so that Z(Mk) = di(pk,qx), i.e. so that the distance
between them realizes the corresponding injectivity radius. Then, by the well-known
Klingenberg’s Lemma (cf, for example, [2]), either there exist minimising geodesics
from pi to g such that g are conjugate to p, along them or there exist non-trivial
geodesic loops of lengths QZ(Mk) centred at pi and passing through gi. The first
variant would imply that the conjugate radius conj (Mk) — 0 as k — oo, which is
impossible, since the sequence conj(M}) is bounded from below by 7. The existence
of non-trivial geodesic loops centred at pj is in contradiction to the result (cf, for
example, [1]) that each sufficiently short geodesic loop represents a distinct homotopy
class of M . Recall that our sequence Mj, consists of simply connected manifolds,
hence each short geodesic loop will be null-homotop.

O
Now, from proposition 1.4.12, (M ', gk) subconverges to a smooth Riemannian man-
ifold which we will denote by (M, gs). Since the curvatures of the manifolds
(M}, gy) are parametrized so that maz x| R|[x = 1, mazy; [|R[| = 1and d(Mg)k—co
0.

Proposition 1.5.3 (M2, gs) is a homogeneous nilmanifold, i.e. there is a nilpo-

tent group of isometries N acting transitively on Moo.

Proof.
Since the manifolds in the sequence M} are almost flat, by Gromov’s theorem, for
each k there exists Ny € m(Mp) - a nilpotent subgroup of a finite index of the corre-
sponding fundamental group and hence a nilpotent subgroup of the isometry group
1 so(Mk) acting of the k-th universal covering. In the Gromov-Hausdorff topology
isometries (sub)converge to isometries (proposition 1.4.7) and the nilpotency con-
dition is also preserved. Now take any p,q € M and such sequences of points
Pis @i € My, that pr, — p, ¢x — ¢ and such a sequence of isometries i, € Nj, that
ir(px) — i(p) € M and for any k dy,(ir(pr), qx) < d(Mj). Recall that we have pa-
rameterized the curvature so that d(My) = d(Mj,/m(Mj)) — 0. Since the subgroups
Ny, are of finite index, we have a uniform convergence d(]\%€ /Ni) — 0, and it follows
that N acts transitively on M.

O
Now, by a result due to Wilson [12], any homogeneous nilmanifold is isometric to a
nilpotent Lie group endowed with a left-invariant Riemannian metric.

O
The following observation about the properties of the curvature tensor of almost flat

manifolds is one of the applications of the above result.
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Theorem 1.5.4 In any dimension n there exist an €(n) and a c(n) such that for

any € < e(n) and for any e-flat manifold M we have

RIS < e(n)||V Ragl|- (1.67)

Proof.
Argue by contradiction. Suppose that there exists an n such that for a sequence
e, — 0 there is a sequence of e, —flat Riemannian manifolds (Mj) such that for some

sequence ¢ — oo holds:

3/2

IR > el VR (1.68)

Scale max || R||r = 1.

Consider the sequence (Mj,) of the universal coverings of (Mj).

Lemma 1.5.5 The sequence (Mk) subconverges to a symmetric space in the pointed

Gromov - Hausdorff topology.

Proof

By the choice of our scaling, |R|[z = 1,||VR||x — 0, so, by corollary 1.4.12, (M)
subconverges in C*®—topology for all a < 1.

Therefore, the limit space My is a C2—Riemannian manifold, so the curvature
tensor Ro can be defined on M. Choose a local coordinate chart of (Mk, gr) such
that

x : Up(pr) — Br(0) (1.69)

are such that (BT(O),xgl*gk) converges in the C>® topology. Put g := xlzl*gk.
Let c(t) : [0,1] — My, be a geodesic with respect to the limit metric. Notice that
parallel transports Par® along the corresponding c; with respect to g converge to

the parallel transport of ¢ with respect to goo. So

I(Par) ™" (Re(n)) — Re(o)ll < IVRI[x - L(¢)k—00 — 0. (1.70)

It imples that R, is invariant under parallel transport with respect to goo.-

So the first derivative of the curvature tensor of the limit manifold is defined
and equal to zero and so are all the subsequent derivatives. Thus, from proposition
1.4.12, the limit manifold is of the class C*° and a symmetric space.

O
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Lemma 1.5.6 M., is a flat Riemannian manifold.

Proof
According to the de Rham theorem the decomposition of the tangent bundle of

(Mss, gij) into irreducible components w.r.t the holonomy:

TMoo =11 + o 4 11y (1.71)

the manifold (M, gi;) itself can be decomposed globally as

My =RF x M¢ x ... x Mz‘j X MPx ... x M;, (1.72)

with TM; = 1; and where each component of the decomposition is an Einstein
space, M ]c stand for the spaces with positive Ricci curvature, M ]” - for the spaces
with negative Ricci curvature. From the Bonnet-Myers theorem it follows that the
first ones are compact. Now, since the manifold M, possesses a nilpotent Lie
group structure, so does each of the components in the decomposition. There is
a result due to Milnor [8], according to which if a Lie algebra is nilpotent but
not commutative, for any left-invariant metric on it there is a direction of strictly
negative Ricci curvature and a direction of strictly positive Ricci curvature. Whence
follows that each component of the decomposition is a commutative Lie algebra and
hence flat.

0
Since we have C%“ convergence, this implies ||R|« = 1, which is a contradiction.
The theorem is proved.

O

1.6 The Curvature Tensor along the Ricci Flow.

The Ricci flow can be regarded as a quasilinear parabolic PDE (see, for example,
Chow-Knopf ([3])) or a nonlinear heat equation for the metric. Moreover, the intrin-
sically defined curvatures of a Riemannian metric evolving by the Ricci flow all obey
parabolic equations with quadratic non-linearities. The classical fact from PDE’s is
that parabolic equations possess certain smoothing properties. Therefore, it is rea-
sonable to expect that appropriate bounds on the geometry of the given manifold
(M™, go) would induce a priori bounds on the geometry of the unique solution g(t)
of the Ricci flow such that g(0) = go. Moreover, we would expect the geometry to

improve, at least for the short time.
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Theorem 1.6.1 (Shi) Let (M",g;j(x)) be a compact manifold with its curvature
tensor Ry satisfying \Rijkl|2 <kyonM,O0<ky<oc. Then there exists a constant
T(n, ko) > 0, s. t. the evolution equation (1)

9(gij(x, )

ot = —27“icij (1.73)

on M,

gij(z,0) = gij(x) (1.74)

for any x on M
has a smooth solution g;j(x) > 0 on M for a short time 0 < t < T(n,ky) and
satisfies the following estimates: for any integer m > 0 there exist constants c(m,n),

depending only on m and n such that

c(m,n) - ko
tm

IV Rijra (2, £)[|* < (1.75)

for any t € [0,T]

Note that the estimates in theorem 1.6.1 follow the natural parabolic scaling in
which time behaves as distance squared. Note too that the estimates are stated
in a form that deteriorates as ¢ — 0. This is the best one can do without making
further assumptions on the initial metric. Recall also, that the lifetime of a maximal
solution is bounded below by %]:0), where C'(n) is a universal constant depending

only on the dimension.

1.7 The Proof of the Main Result in the Abelian Case.

Now we are ready to prove the main result.

Let (M, g) be an e—flat Riemannian manifold with abelian fundamental group. Put
1

mazy|Rlo =1, g9 := €, dp = II%H' For ¢( sufficiently small, the Ricci flow a priori
exists for ¢ < §p and, from 1.6.1, for £ < &g

max | Rle < ¢(0,n). (1.76)
Hence we have the following estimation for || Ric|| on the same segment:
1Riclls < n?| Rl < e(0,n)n?|| Rl (1.77)

for any ¢ < dp.
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Lemma 1.7.1 Define 6y as above and let g(t) is the metric on M evolving along
the Ricci flow (1). Then for any t € [0, dp],

R R
e 2 0t||TiCs||g(s)ng(0) <g(t) < &2 0t||TiCs||g(s)ng(0)_ (1.78)

this lemma is proved in [11].

We have the following estimate on fgo ||rice|| along the segment [0, dpl:

do 1
/ [7ice]| gy < n? - c(0,n) - S| Ro|| < n?-c(0,n) - &f. (1.79)
0

Which means that, for g sufficiently small and for any integers i,j < n and any
t e [O, (50],

1

59@'(0) < gi;(t) <2g;;(0) : (1.80)

From Theorem 1.5.4,

3/2
IRI[Y? < e1(n)|[VRl|5,.- (1.81)

From Theorem 1.3.1, for any point ¢ of the Ricci flow

IVR|s < ca(n) - d(M, g)(||[V?R]|¢ + || RII7)- (1.82)
From Theorem 1.6.1,

c(2,n)
do

From these three inequalities we have finally

IV2Rls, < [122]lo- (1.83)

1/8
e/

c(2,n
IRIZ? < 261 (n)ea(n) - d(M, go) | Rllo <c<o,n>|R||o L d )||R||0> ,
0

thus there exists a constant c¢(n) such that

c(n)3/2 - d(M, go) - || Ro||?
IR < S L) VI o e
€o
1
IRlls, < e(n) - ¢ | Rllo- (1.84)

So, after the time §g, the initial curvature diminishes by absolute value by sé/ t We

have also the following estimation for the pinching constant €; at t = dg :
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5
e1 = ||R||s, - d*(M,ds,) < 4e(n) - &f. (1.85)

Define the sequence of points t; on R>q such that ¢ty = 0, t;41 = t; + 0;, where
1

e8 2
(51- = m, & = d(Magtz) : ||thH
Note that

1 1
(d(M7gti)2 i HRHti)S > d(M,gti71)4
7

0; =
R|ly,  2ic(n)Fe? ;
1R][¢; 2ic(n)se®, - |R||§_,
8
> Ei;l — % ,
1 7 1 7
2Zc(n)85?g1'”RHti71 QZC(W)SEEZ{“RHW%
It means that
Oi

41 15
2ic(n)se, - || Rl

hence the segments [¢;,t;11] cover the whole of R>y.

The last inequality and (1.77) permit us to estimate [;° ||ric|q,ds:

o0 ) tir1 )
A wm&wsm%/ Iriclg.ds

t;

1
< £20; - | Ricly, < n?S2208: - (0, m) Ry, < n?S0ef - c(0,m). (L88)

From the same considerations as in (1.85) we get that

Blot

gi <dc(n)-el 4, (1.89)

=

1
so, the series ¥5°,e® is a geometric progression, therefore, for ¢y small enough, it

converges.

Hence the integral converges on the real line and curvature along the Ricci flow

tends to zero.

Note, that the convergence of the metrics along the Ricci flow (1) is of class C°,

since from (1.78) we have

Reoy .
Ig: = goollge < =14 €% ¢ Iricarllar — g

as t — 00.

(1.86)



1.7 The Proof of the Main Result in the Abelian Case. 45

The limit manifold (M, ¢goo) is a Gromov-Hausdorff limit of the family (M, g;) of
Riemannian manifolds, where g; evolves along (1). As ¢ — oo we have the conver-
gence of the corresponding sectional curvatures to zero: |Ky|i—oo — 0. We can also
show that the volumes of (M, ¢¢) remain bounded from below (vol; > v > 0) for any
t. Indeed, from (1.78), for any t € R>o we have

R .
Gt 2 672 OtHTzch”dTgO (190)

-
o Iricg. lldr

Therefore, for g small enough, vol(M, g;) > e™ vol(M, go) for any t.

Now we can use the argument of Cheeger (cf., for example, [9]):

Theorem 1.7.2 (Cheeger) Given n > 2 and v,k € (0,00) and a compact n-
manifold (M, g) with

|K| <k, volB(p,1) > v
for all p € M, then injM > ig, where iy depends only on n,k and v.

So, we can conclude that the injectivity radius of (M, g;) is uniformly bounded
from below and the Convergence Theorem of Riemannian Geometry (1.4.11) can
be applied to this family of manifolds. We get that any sequence in this family
subconverges in the Gromov-Hausdorff topology to a flat manifold.

Now, since the Gromov-Hausdorff limit is unique up to isometries, we can conclude
that (M, g) is isometric to a flat manifold.

So, we have shown that on any e—flat Riemannian manifold with the abelian fun-
damental group the Ricci flow (1) converges to a flat metric for € small enough. Of

course, this condition on the fundamental group is also necessary.
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Chapter 2

Almost Flat Manifolds with
Non-Abelian Fundamental
Group.

Theorem B.
For any n € N there exists an (n) such that for any e < e(n) an e-flat Riemannian

manifold (M™, g) has the following properties:
(i) the solution of the Ricci flow (1)

0
a—g = —2ricy
exists on M for all t € [0, 00),

(ii) along the flow (1)
Jlim K|y, - d*(M,g) =0

From Chapter 1 we know that the Gromov-Hausdorff limits of sequences of the
universal covers of almost flat manifolds are nilmanifolds. This gives a motivation
to understand first the Ricci flow on nilpotent Lie groups.

In this direction important results were obtained by J. Heber [6] and J. Lauret [7].
They described the behavior of so called nilsolitons - special solutions of the Ricci
flow on nilpotent Lie groups - from the geometric and algebraic viewpoints.

Ricci soliton on a nilpotent group N is a left invariant metric g on N such that

Ricy = c-id+ D, (2.1)
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where ¢ € R, D is some derivation of the Lie algebra n of N and Ric, denotes the
Ricci operator of (N, g). Lauret ([7]) proved, that such a metric on the given N
is unique up to isometry and scaling. The following characterization is also given:
(N, g) is a Ricci soliton if and only if (N, g) admits a standard solvable extension
whose corresponding standard solvmanifold (S, g) is Einstein. Note that not all the
nilpotent Lie groups carry the Ricci soliton metrics.

In a certain sense, Ricci soliton metrics are the most ”privileged” left invariant
metrics on nilpotent Lie groups. From [8] we know that only compact Lie groups
and some solvable Lie groups are known to admit Einstein left invariant metrics and
other groups as nilpotent Lie groups do not admit any. The weaker condition 2.1

can be rewritten in the following way:

d(Ricg) = c[-, -, ] (2.2)

where 6 : C1(n,n) = End(n) — C?(n,n) = A*p* ® 1 is a coboundary operator and
[,] denotes the Lie bracket of 1. Here we consider Chevalley cohomology, i.e. Lie
algebra cohomology of 7 relative to the adjoint representation. Note that (2.2) can
be viewed as the Einstein equation Ric, = c-id, but in the second cohomology group
C?(n,n).

Example(see [3], vol.2)

Let N denote the 3-dimensional Heisenberg group (see Example 2, Introduction).
N is diffeomorphic to R3. Endow R3 with the standard coordinates (w1, 2, z3) and
define the frame field

0 0 0 0
Fp=2— Fo=2(— — 21— F3=2— 2.
! 8$1 ’ 2 (8:132 o 8953 )’ 3 (9.TU3 ( 3)

It is straightforward to check that (Fi, Fy, F3) is the Milnor frame for N (see [§]).

The connection 1-forms may be displayed as

VFlFl VFng VFng 0 —F3 F2
VF2F1 VF2F2 VF2F3 - F3 0 —F1
Ve Fi VeFy, ViF3 F, —-F 0

Using the dual field

1 1 1
w! = §d:v1, w? = Zdu, w® = §($1d$2 + dx3),
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define the left-invariant metric on N by

g=4w'@w +w? @wr+ WP ®w?).

Recalling the standard formula

< ROGY)Y, X >= 1adx)* (V) + (ady)* ()P < (adx)* (X), (ady)*(¥) >
S YIP - 5 < (X Y)Y X > -5 < [V, X, XY >,

it is straightforward to compute that

ricg = —2w! @ W' — 20? @ W? + 2w° ® W,

Define the vector field

1 1 1
X = —§$1F1 — §$2F2 — (5.7)1.%2 + .1‘3)F3. (24)

It is then easy to see that the coordinates (V;X?) of = V; X'w/ F; correspond to the

matrix

-1 *(%331%2 + 333) *%%’2
%lel’g + x3 -1 %xl
%xg —%xl —2
Then we have directly that
—2ricy = Lxg + 3g. (2.5)

Thus (XV, g) is a Ricci soliton.
O
To obtain the necessary estimates it often makes sense to consider instead of (1) the

normalized Ricci flow (3):

99

i —2ricy — 2||m'cg||gg,
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where |[ricy||> = trRic} and we normalize the scalar curvature sc(go) = —1.

The normalized Ricci flow (3) differs from the unnormalized one (1) only by parametriza-
tion and scaling; moreover, the scalar curvature is preserved along (3) (cf. 2.1.4).
Therefore, since on a nilpotent Lie group (NN, u), where p denotes the algebraic

structure of IV, we have that

1
se() = =l

along the flow (3) the curvature on a nilmanifold remains bounded in norm.

In section 1 we establish an important property of the Ricci soliton metrics on
nilpotent Lie groups: these metrics strongly contract along the normalized Ricci
flow (3), i. e. there exists a A > 0 such that for any ¢ > 0, h > 0, for any soliton
metric holds: g(t+h) < e"*g(t), whereby g is considered as a symmetric operator.
Note that the constant A is universal for all solitons.

In section 2 we prove the equivalence between the Ricci flow of the metric and the
corresponding flow of the algebraic structure in the space of all nilpotent Lie groups.
We show that the Ricci flow on a nilpotent Lie group is the gradient flow of a natural
functional defined on a vector space which contains all the homogeneous manifolds
of a given dimension as a real algebraic set. From [7] it is known that the soliton
metrics are exactly the critical points of the same functional.

Finally, we get that for ¢ sufficiently large, on a nilmanifold holds:

IRllg() < 5 |Rllog(0)

along (3), and, by invariance under rescalings, the same is true also along (1).
The combination of these results leads to the conclusion that on any nilmanifold the
Ricci flow (1) exists for all £ € R>g and is non-contracting only for a finite time.
Since nilmanifolds are limits for the almost flat manifolds, the same holds for any
(M, g) whose pinching constant is sufficiently small. The standard analytic argument

similar to one applied in section 5 of Chapter 1 concludes the proof.

2.1 Ricci Solitons on Nilpotent Lie groups.

Definition 2.1.1 A steady Ricci soliton is a special solution of the Ricci flow on a
Riemannian manifold M which moves along the equation by diffeomorphisms, that
is, where the metric g(t) is the pull-back of the initial metric g(0) by a one-parameter

group of diffeomorphisms.
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In general,a Ricci soliton is a special solution of the Ricci flow which moves along
the equation by a diffeomorphism and also shrinks or expands by a factor at the same
time: if @y is a one-parameter group of diffeomorphisms generated by some vector
field X € x(M), g(t) = e“prg, g(0) = go, for some c € R.

The Ricci soliton (M, g) is called expanding if ¢ > 0 and shrinking if ¢ < 0.

Proposition 2.1.2 ([12], Thm. 2,4)

g(t) is a homothetic Ricci soliton of the flow (1) if and only if
ricg = cg + Lxg,
where Lx 1s the usual Lie derivative.

Let N be a simply connected nilpotent Lie group and g a left invariant metric on
N. As a differentiable manifold, NV is the Euclidean space.
For N holds the following precision of 2.1.2 due to J. Lauret ([7]):

Proposition 2.1.3 ([7], 1.1)
A left-invariant metric g on a nilpotent Lie group N is a homothetic Ricci soliton

if and only if

Ricy = c-id+ D, (2.6)

for some c € R, D € Der(n),
where 1 is the Lie algebra of N.

The essential point of this result is that in case when the manifold N possesses
the structure of a nilpotent Lie group we can consider the one-parameter group
of diffeomorphisms ¢; in the definition of the homothetic Ricci soliton as a one-

parameter group of automorphisms of N. If ¢, = exp(—%D), D € Der(n) then
Slowrg = g(=D-,-).

Proposition 2.1.4 (i) go is a Ricci soliton of the Ricci flow (1) if and only if go is
a steady Ricci soliton of the flow:

dg . ‘
5 = —2ricy — 2Hmchgg,
where ||ric,||7 = trRic and we normalize the scalar curvature sc(go) = —1.

(ii) Under the flow (3) the (constant) scalar curvature of the solution metric g(t)
remains constant in time. Furthermore, equation (3) differs from the Ricci flow (1)

only by a change of scale in space by a function of t and a change of in time.
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Proof
(ii) It is well known (cf., for example, [4], 7.5) that the scalar curvature evolves along

the Ricci flow defined by the equation (1) as follows:

9] :
5750(9) = Ase(g) + 2|ricyl5. (2.7)

Hence, along (3) we have

gtsc(g) = Asc(g). (2.8)

Now, on any homogeneous manifold Asc(g) = 0, thus along the flow (3) the scalar
curvature sc(g) remains constant.
(i) Let go be a Ricci soliton of the Ricci flow (1), g(t) = e“¢rg, for some family of
diffeomorphisms ¢;. Then Ricygy = ¢ -id + D, Ricyyy = ce® - id + e“D, for any
t € Rxo. Since sc(g(0)) = sc(g(t)), tr(Ricyy) = tr(Ricy)) for any t € R>o, but it
is possible only when ¢ = 0. Hence, (NN, g;) is isomorphic to (V, go).

O
Lauret [7] gives also another, more algebraic, characterization of Ricci soliton met-
rics. First some preliminaries.
A solvmanifold is a solvable Lie group endowed with a left invariant Riemannian

metric. The following proposition is due to Heber ([6], 4.4):

Proposition 2.1.5 Let (s = a®n) be a metric Lie algebra such that o is abelian, n
is milpotent, o orthogonal to n and all operators adA, A € a — 0 are symmetric and
non-zero.® is understood as a semi-direct sum, i. e. [n,n] Cn, [a,n] Cn, [o,a] = 0.
Then the Ricci tensor ricg of the corresponding solvmanifold (S, g) is given by:

(i) ricg(A, B) = —tr(adAadB), A, B € «,

(i1) ricg(A,X) =0, A€ a, X en,

(iii) ricg(X,Y) = —g(adHzX,Y) + ricg(X,Y), X, Y €,
where 1icy denotes the Ricci tensor of (N,g = §lyxn) and Hz € « is defined by
9(Hg, X) =tr(adX) for any X € s.

Definition 2.1.6 A metric solvable extension of (n,g) is a metric solvable Lie al-
gebra of the form (s = a @ n) such that
[578]8 =1, [‘7 ‘]S|77><n = ['7 ']777 g’nX’I] =9,

where [-,-]s and [-,-], denote the Lie brackets of s and 1 respectively.

Lauret provides also an algebraic condition for the metric to be a Ricci soliton ([7],
3.7):



2.1 Ricci Solitons on Nilpotent Lie groups. 53

Proposition 2.1.7 A left invariant metric g on a nilpotent Lie group N is a Ricci
soliton if and only if (n,g) admits a metric solvable extension (s = a @ n) with «

abelian, whose corresponding solvmanifold (S, g) is Einstein.

Let Sym(n) be the vector space of symmetric real-valued bilinear forms on 7 and
P C Sym(n)— the open convex cone of positive definite scalar products on 7, which
can be identified with the left-invariant metrics on N. FEvery g € P induces a
natural inner product < -,- >, on Sym(n) given by < a,b >,= trA,By, where
a(X,Y) = g(A4.X,Y). So P can be endowed with the Riemannian metric < -,- >
given by < -,- >, on the tangent space T,P = Sym(n) for any g € P.

A natural left action of GI(n) on P is given by pullback, that is

©* g =g, @), Vo € Gl(n),g € P. (2.9)

This action is transitive and isometric with respect to < -,- > and for any fixed
go € P, the isotropy group is Gl(n)g, = O(n,go) and thus (P, < -,- >) can be
identified with the symmetric space (Gi(n)/O(n, g0),< -,- >). The automorphism
group Aut(n) is a closed subgroup of Gl(n) and we have that (7, g) is isometric to
(n,g") if and only if ¢’ = ¢* - g for some ¢ € Aut(n), where g,¢g’ € P and the action
is as described above.

The Ricci curvature tensor ric, and the Ricci operator Ricy of (N, g) are given by

ricg(X,Y) = g(RicgX,Y) =

3 ST g X X)g(1Y XL, ) 3 S 01X XL, X)g((Xi, X1, Y)

(2.11)

for all X,Y € 7, where [-,-] denotes the Lie bracket of n and Xj,..., X,, is any

orthonormal basis of (1, g). The scalar curvature sc(g) = trRic, of (N, g) equals

se(9) =~ >l X X0 (212)
Lemma 2.1.8 ( /6], 3.3)
The functional sc : P — R<q, sc(g) is the scalar curvature of (N, g), is real analytic
and satisfies the following properties:
(i) grad(sc)g = —Ricy for any g € P.
(i) The functional sc is constant on the geodesic of the form a(t) = etPg, where D

is some symmetric derivation of (n,g).
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These considerations and proposition 2.1.4 permit us to give the following definition:

Definition 2.1.9 A left invariant metric g on a Nilpotent Lie group with Ricy C
R - id @ Der(n) is said to be a Ricci nilsoliton.

This establishes a relationship between a geometric object (the Ricci operator) and
an algebraic object (the Lie algebra Der(n)). This condition is invariant under
isometry and scaling. Indeed, if b > 0, ¢ € Aut(n) and ¢’ = by* - g then Ricy =
b ! Ricgp. Thus Ricy C R-id® Der(n) if and only if Ricy C R-id® Der(n), since
o tDer(n) = Der(n) for any ¢ € Aut(n).

Theorem 2.1.10 (/6], 4.14)

Take the normal operator

adHp, :m —n (2.13)

from (2.1.5). For some positive multiple Hy = €H, the normal operator adHO“7 has

as eigenvalues positive integers with no common divisor.

Let A\ < ... < Ay, be the eigenvalues of adp,, d;, © = 1,...,m be the corresponding

multiplicities. Then we call the tuple

()\1 < oo < A da, ...,dm)
the eigenvalue type of the standard Einstein solvmanifold (2.1.7).

Corollary 2.1.11 ( 6], 4.11)

In every dimension, only finitely many eigenvaue types can occur.

We are now ready to establish the key property of the nilsoliton metrics which serves

as a starting point for the proof of Theorem B.

Theorem 2.1.12 FEvery nilsoliton strongly contracts the metric. In other words,
there exists a constant X > 0, such that, if (N, g) is a Ricci nilsoliton, then along
the flow (83), for any t >0, h > 0, holds g(h +t) < e *g(t), where g is considered

as a symmetric operator on 1.

Proof

Since (7, g) is a Ricci nilsoliton, from 2.1.7 it follows that it admits a metric solvable
extension (s = a®n) whose corresponding solvmanifold (S, §) is Einstein. According
to [6] we can suppose that adH is symmetric for any H € . Thus we can apply

2.1.5, obtaining that Ricgn C n and furthermore
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Ricg|, = —ad(Hjz)|, + Ricy, (2.14)

where Ricz denotes the Ricci operator of the solvamanifold (S, g). Since (S, g) is
Einstein, we have Ricy = c-id+ad(Hj)|, € R-id® Der(n). So for some D, € Der(n)
ad(Hg) = D,. Further on, Ric, is orthogonal to B, := Der(n) N Sym(n, g), since,
from 2.1.8, for any A € Py, < A, grad(sc)y >= %sc(emg) =0.

Multiply the equation Ric, = c-id+Dgy by D,. We obtain ¢ = —tng/tng = trRicz,
if sc(g) = trRicy = —1.

Now, using propositions 2.1.3, 2.1.4 we can show that the flow (3) can be considered

as a one-parameter group of automorphisms on NV:

t
e:xp(—iD) :N — N, (2.15)

and for any v,w € n

gt(v,w) = gg(exp(—gD)v,exp(—%D)w). (2.16)

From 2.1.10 all the eigenvalues of the operator D are positive multiples of a tuple
of positive integers. Moreover, from 2.1.11, in given dimension the number of such
tuples is finite. We want to prove that there exists an apriori bound from below for
the eigenvalues of D.

Suppose, there exists a sequence of Ricci nilsolitons (N, gi) such that the minimal
egenvalues )\,(Cmm) of the corresponding normal operators Dy tend to zero as k — oo.

From 2.1.11 it follows that all the eigenvalues of Dy tend to zero as k — oco. Hence

2
Zg’; — 0 as k — oo. Recall that Ricy = ¢ -id+ Dy, and ¢ = —trD,%/ter = trRici.
Therefore, Rick—. — 0, which is a contradiction, since along the flow (3), sc = —1.
[l

2.2 Ricci flow on Nilmanifolds.

Now let us adapt another approach. Consider an n-dimensional inner product space
(n,< -,->) . The set M of nilpotent algebra brackets on 1 can be viewed as a subset
of A?n* ®n), the space of all bilinear anti-symmetric forms on 1 x 7 to 7. An element
p € A2n* @n lies in N if and only if i satisfies the Jacobi identity and the nilpotency
conditions. In other words, p € 91 if and only if certain polynomials vanish at pu.
Hence 91 constitutes a real algebraic set in the Euclidean space A%n* @ 7.

There is a natural action of GI(n) on A%n* ® i given by

¢ =9 'ule, ), Ve eGl(n),neN (2.17)
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Isomorphic Lie algebra brackets lie in the same GI(n)— orbit. 91 is Gl(n)—invariant.
Using the fixed inner product < -,- > on 1, we regard each element p € 9 as a
homogeneous nilmanifold, denoted by (N, < -,- >), where N, is a simply connected
Lie group with Lie algebra (7, 1) endowed with the left-invariant metric determined
by < -,- > .If ¢ € Gi(n), then (Ny».,,, < -,- >) is isometric to (N, p*- < -,- >) via ¢
and so GI(n)p contains all homogeneous nilmanifolds with the underlying Lie group
isomorphic to N,. Thus 91 is in correspondence with the set of all n— dimensional
homogeneous manifolds. p, A € M are isometric if and only if A = ¢* - y for some
© € O(n), where O(n) denotes the orthogonal group O(n, < -, >).

The inner product on 7 determines naturally an inner product on A?n* ® 1, which

is given by

(1, A) = B (X, X)), X ) (M X, X)), Xi)s (2.18)

where X7, ..., X, is any orthonormal basis of (1, < -, >). For any pu € 9 the scalar
curvature of (N, < -, >) is given by sc(u) = —1||u||%. The Ricci curvature tensor

and the Ricci curvature operator Ric, : n — n for any u € A%n* @ 7 is given by

ricy(X,Y) = (Ric, X, Y)
1 1
= R X, XN (Y X, )+ S (X, X), X) (X, X;), V)
ij ij
for any X,Y € n.
Fix some pg € M. Define the family u; of endomorphisms on n such that vy = id

and u; evolves by the equation

uy = Ricgyqy - ug. (2.19)

where g;; is the corresponding left-invariant metric. Note that the evolution of g;;
along the family u; ' is the Ricci flow (1):
% g = —2ricy.

Indeed, u; ! satisfies the equation

(u; ) = —u; - Ric,. (2.20)

and

L) gl )] = ool ) =

— go(u; ' Ricg,u; t) — go(uy ' u; ' Ricy) = —gi(2Ricy-, ) = —2ric,.



2.2 Ricci flow on Nilmanifolds. 57

In the last equality but one we used the fact that %u‘l

is a symmetric operator.
As can be easily seen, with respect to this family of endomorphisms the pullback

metric remains constant in time: uf - g+ = go.

Proposition 2.2.1 Evolve an arbitrary algebraic structure ug along the family of

endomorphisms u; defined above. Then

du _
dt

where 6 : C1(n,n) = End(n) — C?*(n,n) = A*n* ®@ n is the coboundary operator in

opRicy, (2.21)

the sence of the Chevalley cohomology.

Proof
For any X, X;, X; € n such that X;, X; are orthonormal with respect to gg

9o(1e(X, X3), X5) = go(uy " po(we X, w X;), X;) = ge(po(we X, us X;),u X;).  (2.22)

This implies that
ricy, (X,Y) = ricg (v X, 1Y) and the corresponding curvature operators are
conjugate.
dpijk

Now we can compute ;2= :

dﬂijk d -1 d _,4
o - @ <y po(ues, uge), e >=< %ut po(uces, ugej), e, >

+ < u;l,uo(%utei,utej),ek >4+ < u;l,uo(utei, %utej),ek >
= —< ut_lRicguo(utei,utej),ek >

+ <y po(Ricgur(eq), us(e)+ < uy ' po(uses, Ricgus(ej)), e, >
= — < Ricypu(es, ej), er > + < p(Ricyei, ej), e >

+ < p(es, Ricyey), e >
= J,Ric,

Together with 2.21 we have the following obvious proposition:

Proposition 2.2.2 Fiz the initial data go and po. Let g evolve along the flow (1)
and p evolve along the flow (2.21). This two flows are equivalent in the sence that
their solutions exist on the same time interval, and for any t on the interval of

existence ric(gs, o) (- -) = ric(go, pe) (uy *- up ), with vy defined as above.
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Define a functional F : A%p* ® n — R homogeneous in curvature. Remark that for
any t > 0, (N, < -,- >) and (N, < -,- >) are homothetic and any such functional
F will satisfy F(tp) = ¢(t)F(u) for some c(t) > 0.

Lemma 2.2.3 ([7], 4.1) If F : A’>p* ® n — R is defined by F(u) = t?"Rz'ci7 then
grad(F), = —6,(Ricy). (2.23)
From (2.2.1) and (2.2.3) immediately follows the next theorem:

Theorem 2.2.4 On a nilpotent Lie group Ricci flow (1) is a gradient flow.

Recall that together with the Ricci flow (1) we considered the normalized Ricci flow

(3):

dg . )
5 —2ricg — 2||mcg||gg,
where Hm’chg = trRicg and we normalize the scalar curvature sc(go) = —1.

Applying the same procedure as in propositions 2.2.1, 2.2.3 to the flow (3) we get

the following modification of theorem 2.2.4:

Theorem 2.2.5 On a nilpotent Lie group the normalized Ricci flow (8) is a gradient
flow of the functional F(u) = trRici restricted to the sphere of A*n* @),

S={pe Ny @n:|ul* =4} (2.24)

Proof.
It is easy to see that the corresponding flow for the algebraic structure is given by
dp

7 = OuRicu + F - p, (2.25)

which is exactly the flow (2.21) restricted to the sphere S, since in the radial direction
p = te, where e is the unit vector in this direction, F - p = t°F(e)e = %F(u) =
4t3F (e)e, if t?> = 4. Moreover, the algebraic normalization to the sphere S coincides

on M with the following kind of geometric normalization:

SNMN={peN:sc(u) =-1}. (2.26)

0
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Theorem 2.2.6 ([7], 4.2) For a structure u on S NN € A’n* @ n the following
properties are equivalent:

(1) (N, < -,->) is a Ricci soliton,

(ii) w is a critical point of F' restricted to S = p € An* @n: ||ul| =1,

(11i) p is a critical point of F' restricted to S N Gl(n) - u, where GU(n) - u can be

identified with the set of all left-invariant metrics on N,,.

Now let U be a neighbourhood of all solitons in 9 := S N M such that on any
manifold in U the corresponding left-invariant metric contracts along the flow (3) in
the sence of 2.1. More precisely, there exists a A > 0 such that for any (N, g) € U, as
long as g(t) € U, Vt > 0,Vh > 0, holds: g(t+h) < e*%hg(t) along the flow (3). Such
a neighbourhood exists, as follows from the theory of the continuous dependence of
solutions of ODE’s on the initial data.

Thus theorem 2.2.5 and proposition 2.2.6 permit us to obtain the following important

result:

Proposition 2.2.7 Choose a neighbourhood of the critical set as above. There exists
a constant C' such that for any nilmanifold (N, g) € 9, along the normalized Ricci
flow flow (3) the measure of the set I := {t: (N, g(t)) ¢ U} is less or equal then C.

Proof
On the algebraic variety SN = {p € N : se(u) = —1} the flow (3) is a gradient
flow of the functional F'(u) = trRici, whose critical points are Ricci solitons. Thus
there exists a constant § > 0 such that [gradF| > § on 9V\U. Along any gradient
line u(t), by definition,

dF

and 1 = —gradF. Then for any t, At > 0,

F(t) — F(t + At) > §°At. (2.28)

As a continuous function, F' is bounded on the compact set .S NI, hence the length
of each gradient line outside U is bounded below by %&JF(M). It means that each
metric along (3) remains outside U only for a finite time. Moreover, the constant C
does not depend on the metric.

O
Recall that up to now we considered nilmanifolds with scalar curvature normalised to
—1, or, equivalently, with the norm of the algebraic structure constants normalized
to 2. The sectional curvature function K can be expressed as a quadratic function

of the structure constants p;;i (cf, for example, [8]):
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1

K(e1,e2) = ;(2M12k(_ﬂl2k + p2k1 + pk12)
1
- Z(Ml% — okt + pr2) (Bazk + fok — Hik12) — ikt He22) (2.29)
This means that, since along the flow (3) sc, = —1, there exists a constant L(n) > 1

depending only on the dimension such that

R
VL

for the curvature tensor R. Thus along (3) for any h > 0, ¢ > 0 holds:

<|R|l < VL (2.30)

1Rl ¢y < LIR]:- (2.31)

On a compact manifold the flow (3) is equivalent to the flow (1) up to reparametri-

sation and scaling. More precisely,

gy (t) = () g (1), (2.32)
1
Ryl = WHR@)Htv (2.33)

where g(1), g(2) and R(y), R(2) are metric and curvature tensors corresponding, ac-
cordingly, to the flows (3) and (1), and

_ QRt||7“icg||2ds
Y(t) =e” o : (2.34)

t= / p(t)dt. (2.35)

Remark 2.2.8 Note, that while the norm of the curvature |R| € [%,\/f] with
L defined as above along the normalized Ricci flow (3), 2.38 and 2.34 show that
|R||+ — 0 along the Ricci flow (1).

For any t € Rxg

IRyl _ L
IRelle < =27 < [ Ralo. (2:36)
en4L én<L

~ n2LIn
hence for t > fo L L¢(t)dt, ”R(I)HES %HR(l)”O‘

Thus on a nilmanifold the curvature always shrinks along the Ricci flow.
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Theorem 2.2.9 In any dimension n there exist constants c1(n), ca(n) > 1 such that

for any n-dimensional nilmanifold (N, g) along the Ricci flow

99

N = —2ricy
with g(0) =g
holds: if |R||o € [ﬁ(n), 10], then
(i) .
[R]|eg(t) < WHRHOQ(O) (2.37)
for any t > c¢1(n),
(i)
[Rlleg(t) < c2(n)||Rllog(0) (2.38)
for any t > 0.
Proof

Take any (N, g) and consider g(t) as it evolves along the flow (3). Recall, that for
any t € R>o,

[R]l: < L Rllo- (2.39)

¢'(t) is bounded on t € Rxg, since ¢'(t) = —2ricy and ||ricy|| € [ﬁ,n%/ﬂ] for all
t with L defined as above.

Put I = {t: (N,g(t)) ¢ U}, where U is a neighbourhood defined as in 2.2.7. We
know that g(t) decreases outside I. It means that g(¢) remains bounded on t € R>o,

i.e. there exists a constant ¢, > 1 such that for any ¢t € R>q

9(t) < ¢g9(0). (2.40)

Estimates on the metric and on the curvature combined imply that for any ¢ € R,
as g(t) evolves along (3), there exists a constant ca depending only on the dimension,
such that

9O R[le < c29(0)[| R]fo- (2.41)

Since f(t) = g(t)||R||; is invariant under rescaling,

9y ORIz = 92 O R, (2.42)

and we get that for any £ € R,
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9y ORIz < 294y (0) [ Ry llo- (2.43)

(ii) is proved. O
Consider I as I = U;l;, I; = [to;i—1,te], R\I = U;J;.
Recall that ¥5°,0(1;) < C, so I(I;)i—oc — 0. Put the length of J; equal to J;. The
series ¥5°,0; diverges.
Define for any i A;g(t) := g(t2;) — g(t2i—1).
Then for any ¢

_AS,
9(t2i) < g(taim1) + Aig(t) < ez 519(t2(i—1)) + Aig(t)

)

A P Fy _A P
< L<ez k=tO%g(tg)+ ) e 2 =ik % A, _kg(t) + Aig(t).  (2.44)
k=1
Analogously, for any t > to;
A P : AP
g(t) Sem2 k=%g(to) + D e =k A gt ZAkQ (2.45)

o

=1

Remark, that, since on R\I ¢(t) decreases, for any 4

Z Ajg(t) < g(ti) < cqg(0), (2.46)

where ¢4 is the constant from (ii).
Also, since the series ¥52,6; diverges, for any constant M and any i there exists a k
such that

ki
> 6> M. (2.47)
Jj=t

Now, take the constant ¢y as in (ii).

Since ¥2°,1(1;) converges and ¢'(t) is bounded on R>q, we can choose i so that

ZAkQ < 8—Lg(0) (2.48)

where L is defined as in (2.39), namely, so that for any ¢t € R>,

IRl < L[ Rllo-
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For this 7 choose k so that

A Pri 5 1
2 j=i% < 2.49
¢ ! 8cocyL ( )
. 2P 5 1
Then, obviously, e”2 =1% < 8caceL
Therefore, for any t > t,,
AP s AP s 9(0) _ g(0)
g s er B e PhagO) g T <o T (250)

Put ¢} := tg;.
Taking into account the fact that ||R||; < L||R|| along the flow (3), we get that
1
1Rlleg(®) < 5[ Rllog(0) (2.51)
C2

for any t > ¢}.

Since the function g(t)||R||; is invariant under rescaling,

gy ORIz = 92 ) |1 B2 lle, (2.52)
and we get that for any ¢ > maaz{focll »(t)dt, fngL'lnL Y(t)dt} =: ¢
~ 1
IRllg(i) < ol Rlog(0) .53
2

along the flow (1). The theorem is proved.
O

Remark 2.2.10 Using 2.2.8, we can conclude that, from the choice of constant cq

(cr > [ ME ()dt), for t > ey along the Ricci flow (1), Rl < [ R]lo-

Note also that the constants obtained in 2.2.9, are universal for all left-invariant
metrics and a given algebraic structure, since GI(n) acts transitively on Sym(n) and

we can always fix the metric by passing to the algebraic model.

2.3 Ricci Flow on Almost Flat Manifolds

Now we prove the main result on a segment. In the proof we again make use of the
ideas of Gromov-Hausdorff convergence. The structure of the limit space provides us
with information about the behavior of the spaces ”close” to it. Recall (cf. (1.45))
that under the norm of the tensor R at ¢ (which is denoted as ||R||;) we understand
the sup-norm of R on the manifold (M, ¢(t)).
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Theorem 2.3.1 In any dimension n and any T > 0 there exists an €(n) such that
for any € < e(n) and any € - flat Riemannian manifold (M", g)
(i) the solution of the Ricci flow (1)

99

——
ot ’I”ZCg

exists on M for all t € [0,T),
(ii) parametrize the curvature at t = 0 as ||R|lo = 1. Then, for ci,co defined as in
2.2.9 along the flow (1)

1

1R]jeg(t) < 5 1[R]log(0) (2.54)
at t = 2c¢q,

[R]leg(t) < 2c2||Rllog(0) (2.55)
for any t € [0,2¢1],
and

[Rll2¢; < [[Rllo- (2.56)

Proof

(1) Suppose the claim of the theorem is not true and there exists a dimension n such
that for any sequence of numbers €, — 0 there exists a sequence of ej-flat manifolds
(M}, gr) and a sequence of numbers 0 < t;, < T such that on each (M}, gy) the
Ricci flow exists on the maximal interval [0, ¢;). Parametrise the curvatures at ¢t =0
as maxyy, | Rg|| = 1. Note, that from Hamilton’s theorem, t; > 107" =: 4.

Pass to the universal covers of (M}) with the corresponding covering metrics: Xy =
(Mg, g). From Gromov’s Compactness theorem, (Mg, gx(t)) subconverges on any
compact subset of (0,0) in the pointed Gromov-Hausdorff topology to a complete
solution of the Ricci flow.

To get a contradiction, study the limit manifold (Mu,gos). From BBS estima-
tions (1.6.1), at t = ¢ all the derivatives of corresponding curvature tensors Ry are
uniformly bounded, hence, by the Convergence theorem of Riemannian geometry,
(Mso, goo(9)) is a smooth manifold.

Suppose, first, limg_,o ||Ri|ls = v > 0. In this case, by 1.5.1, the limit manifold
(Moo, goo(t)) is a nilmanifold. From Section 2, on a nilmanifold the Ricci flow exists
for all t € [0, 00).
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If limy 0 || Riklls = O, it corresponds to a trivial solution of the Ricci flow on the
limit manifold (Mao, goo ), oo is a flat metric and the solution of (1) also exists for
all ¢.

That means that in both cases || Ro ||7 is bounded, whereas, by supposition, it should
explode for any k on X as t — t, < T. A contradiction.

So, for T' = 2¢1, we can choose an €(T") such that for any ¢ < £(7") and on any e—flat
manifold the Ricci flow (1) exists on the interval [0, 4¢q].

(ii) To prove (2.54), suppose, as in (i), that the claim is not true and there exists a
dimension n such that for any sequence of numbers €, — 0 there exists a sequence
of ei-flat manifolds (M}?, gx) and a sequence of numbers t;, € [c1,2¢1] such that on

each manifold of the sequence holds: for some vectors vy, Mj,

1
| Rl g5 (tr) (Vk, vi) > iuRkHOQk(O)(Ukvvk)a (2.57)

where the curvatures at ¢ = 0 are normalized as maz(ysq,) || Rrllo = 1.

Passing to the universal coverings of (M}) with the corresponding covering metrics
X = (My, gr(t)) we establish the subconvergence of X} to a Riemannian manifold
in the sence of Gromov-Hausdorff for any ¢ € (0, 2¢1), in particular, for t =6 = 10",
(cf. theorem of Hamilton). Now the following three cases can occur:

(a) at t = & the curvature on the limit space belongs to the interval: || R|; € [, 10].
Then on t € [0,2¢1] we have the subconvergence of (M, gx(t)) to the Ricci flow on
a nilmanifold. In this case, by 2.2.9, (i) and the hypotesis, we have that for any &

and any t € [c1, 2¢q]

1 1
12kl g (tr) (0, ve) = [ Rlleg (8) (v, vk) = (5 = 5 )| Bllog(O) (v, vk),— (2.58)
which is a contradiction to the established convergence.
(b) at t = J || R]|; subconverges to v, 0 < v < ﬁ. Then, as in (a), on ¢t € [0, 2¢]
we have the subconvergence of (My, gx(t)) to the Ricci flow on a nilmanifold. From
the choice of § we have also that gx(0) < 2¢;(0) for any k along the Ricci flow (cf.

Section 7, Part 1). Further on, from 2.2.9, (ii), for any ¢ € [d, 2¢1]

IRllg(t) < cal| Rlsg(6) < £ |Rlog(0), (259

which is again a contradiction.

(c) at t = § the curvatures tend to zero: limg_,o || Ri|t, — 0. From theorem 1.6.1
on the limit manifold the metric g(¢) remains bounded on the same segment and
on the interval [9, ﬁ), |IR||: < C(0,n)||R||s. So, for any t € [c1,2¢c1], || R]tg(t) <
$IRllog(0). A contradiction.

(2.55) and (2.56) can be proved analogously.
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2.4 The Proof of the Main Result in the Non-Abelian
Case.

Consider an e—flat manifold (M™,gg) with € small enough for M to satisfy the

hypotheses of 2.3.1 and with the curvature parametrized as ||R||op = 1. Evolve the

initial metric go on M under the Ricci flow (1). From 2.3.1, at ¢t = 2¢; the manifold
(M, g¢) is 5—flat. Moreover, from 2.2.10,

[Rll2e, < [1R][o- (2.60)

From (2.56) we can put |R||2, = v, 0 < v < 1. Applying theorem 2.3.1 to the
rescaled manifold (M, % g) shows that the Ricci flow continues to exist on the interval
[2¢1,2¢1 + 2%] At ty = 2¢1 + 2% the manifold (M, g¢,) is §—flat and

1Bl < [|Rlls; < 1. (2.61)

So, by induction, we obtain a sequence t; — oo of times such that

€
(M, g1.)" - | Blls; < o (2.62)
Furthermore, for any ¢ € [t;, t;41]

Co€
d(M,g0)* - | Rlle < - (2.63)
So, the Ricci flow exists on the whole of R>g and limy—.o |K]|g, - d*(M,g;) = 0.

Theorem B is proved.



Chapter 3
Gromov’s Pinching constant.

The pinching constant in the theorem of Gromov (see Introduction) is taken equal

to

e(n) = exp(— exp(expn?)), (3.1)

where n is the dimension of the manifold. It is clear that this constant may not be
optimal. In particular, there arises a question whether € should necessarily depend

on the dimension of the manifold. The answer is contained in the following

Theorem 3.0.1 In every dimension n there exists a manifold (M™,g) with

14

K|y - d(M", g)? < —

which can not be finitely covered by a nilmanifold.

Proof

Consider a Lie group S = R" x R with the group operation L, (w,s) = (v +
h(t)w,t + s), where h(t) = Exp(tA),A € GL(n,R). As can be easily seen, S is
solvable but in general not nilpotent.

Describe a lattice L' in S.

Lemma 3.0.2 A matriz B € GL(n,R) preserves a lattice in R™ (BL = L) if and
only if B is conjugate to a matriz in GL(Z,n).

Proof

Note first, that, if a matrix B preserves a lattice, then its conjugate TBT ! also
preserves a lattice. Indeed, if L is a lattice, T'L is also a lattice and is preserved by
TBT~!. Let now B preserves a canonical lattice (the one spanned to an orthonormal

basis of vectors). Straightforward computation shows that in this case B and B!
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have got the determinant equal to 1 or -1 and integer entrees, hence, B belongs
to GL(Z,d). And the other way round: direct computation shows that a matrix
B from GL(n,Z) preserves a canonical lattice, therefore, its conjugate preserves a
given one. O
The above Lemma shows that we can choose a lattice in S in the form L' = L x Z,
provided that L is a lattice in R™ invariant under ExpA. Notice also that if L' = LxZ
is a lattice, L” = £ L x Z is also a lattice for h # 0.

Lemma 3.0.3 Suppose that ExpA has eigenvalues with absolute value different
from 1. A quotient manifold of S by a uniform discreet subgroup (a lattice) L' = LxZ

can not be covered by a nilmanifold.

Proof

Suppose, there exists a covering of M’ = S/L’, where L' = L x Z, by a nilman-
ifold N/T', where I' is a lattice in N. Without loss of generality, I' C 71 (M) as
a normal subgroup of finite index k. Since S is simply connected, 71 (M’) w L.
So, according to our assumption, the nilpotent group I' is contained in the solvable
but not nilpotent group L’ as a normal subgroup of finite index k. It means that
L'* =< g¥|g € L' >C T is nilpotent. Then the map i : L'* — L'* i = id — Exp(kA)
is nilpotent. Indeed, [(v,0),(0,k)] = i(v), [---[[(v,0),(0,k)],(0,k)],]---] = i'(v).

~— —

l l
From the nilpotency of L'* follows that there exists an [ such that i'(v) = 0. This

means that all the roots of the characteristic polynomial of Ezp(kA) are equal to 1.
Hence the eigenvalues of ExpA are roots of 1, hence equal to one by absolute value.
This contradicts the hypothesis and the lemma is proved. O
Estimate the sectional curvature of the Lie group S.

Let A be such that it can be represented as
A0 0
0 X\
A O
0 0
0 X

Al41




69

with A; real.
Then Exp(tA) =

i ( cos(tpr)  sin(tor) ) .

—sin(ty1) cos(tyr)

0 Y cos(ty))  sin(tyy) 0
—sin(ty;) cos(tyy)

Define a standard left-invariant metric on S:
<0102 >0, =< (AL ) w01 (AL w2 >0,0=< h(=t)v1, h(=t)v2 >(0 )

where

and vy,ve € s, for s - the Lie algebra of S. From the explicit expression for this

metric follows the obvious

Lemma 3.0.4 S is isometric to 5’, where S is a Lie group corresponding to the
A0
! 0
0 X\
A O
0 0
0 X

Al+1

matriz A equal to
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Lemma 3.0.5 Put A\pae = maz{|\;|,i = 1,...,1}. Then the sectional curvature of
S is bounded from above by |K| < 3\

max

Proof

The curvature of a left-invariant metric on a Lie group is given by

1 * * * *
<RX Y)Y, X >= Zl[(adx)"(Y) + (ady) (X)|PP= < (adx)*(X), (ady)*(Y) >
3 1 1
_ZH[X>Y}H2 - 5 < [[va]?YLX > _5 < [[YaXLXLY >
where X,Y are left-invariant vector fields,
Xwpy = (AL 1)) Xe = h(t) Xe,

Yio) = (dLup)Ye = h(t)Ye

(cf., for example, [2]).
To simplify the computations, for metrical estimates we can use the group S.
The Lie bracket for S is given by

[X, Y] = J/‘[)AY, - y(]AX/

(% =)

Y:(Y’7 yo)

where

X

X/7Y/ S Rn,ﬂﬁ'O?yO € R.
So,
ladx Y[| = [|I[X, Y]I| < [max A [ X[ Y]

and the same estimation holds for the matrix of the adjoint operator (adx)*.
Hence, finally, |K| < 3)\2 O

max-*

So we see that the sectional curvature is controlled by the eigenvalues of A.
Remark 3.0.6 If the eigenvalues of Exp(A) satisfy the equation

" +1=0
it corresponds to the case when S is flat.

Consider the equation

2 438 +1=0 (3.3)
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Lemma 3.0.7 The left-hand side of the equation (3.3) is the characteristic polyno-
mial of a matriz T € GL(Z,n) if n = 2k.

Proof
Let T =
0 0 0 0 1
-1 0 0 00
k
0 -1 0 00
0 0 0 0 a
0 0 O -1 0

where @ = (—1)3F+1. 3.

Direct computation shows that this matrix is indeed in GL(Z, n) the characteristic
polynomial is exactly the polynomial on the left-hand side of the equation (3.3).
Note also that the matrix 7" is semisimple (each of its invariant subspaces has a
complement invariant subspace), hence can be decomposed over the reals into 2 x 2

blocks. In particular, 7" is conjugate to

e)‘1< cos(p1) sin(goﬂ) 0

—sin(p1) cos(p1)

. ekl ( cos(r)  sin(p1) )

—sin(yp) cos(¢y)

where \; = In|r;|, 7; are the roots of the characteristic equation (3.3) and corre-
sponding ¢'s.
Straightforward computation shows that for any i = 1,...,n, In|r;| < %

Hence, || < %

Remark 3.0.8 If n =2k + 1 we consider the polynomial

(x+ 1)@ +32F+1)=0 (3.4)

and the corresponding matriz T" € GL(Z,n)
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Gromov’s Pinching constant.

T =

0 O
-1 0
0 -1
0 0 O
0 0 O
0 0 O
0 0 O

where a1 = (—1)3k+3 -3,a9 = (_1)3k+4 .3,

Estimate now the diameter of the quotient manifold S/L’.

Lemma 3.0.9

Proof

00 1
0 0 -1
E+1
00 0
a
a2
-1 0 -1
0 -1 0

1
hlim dmm(S/EL') = diam(R/Z) = 1.

First note that S/ L’ x Z fibers over S/R"™ x Z. The natural projection

pT:S/%L/XZHS/RnXIZ:Sl

is a Riemannian submersion (a maximal rank surjective map, preserving the lengths

of vectors orthogonal to the fiber.) It is easy to see, that the diameter of the fiber

tends to zero. Thus

diamM' — diamS' =1

Thus we have shown that

The theorem 3.0.1 is proved.

1 1
hlirn diam(S/ﬁL' X Z)? - ]K(S/EL’ 7)< —.

12
n2

We can conclude the the pinching constant in the Gromov’s Theorem decreases with

the dimension at least as

14
n?"
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