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ZUSAMMENFASSUNG

In der vorliegenden Arbeit wird aquivariante zyklische Homologie definiert
und untersucht. Dies kann als eine nichtkommutative Erweiterung der klas-
sischen aquivarianten de Rham-Kohomologie angesehen werden.

Bei der aquivarianten Verallgemeinerung der zyklischen Theorie treten einige
vollkommen neuartige Phanomene auf. Von zentraler Bedeutung ist die
Tatsache, dass die zugrundeliegenden Objekte der Theorie nicht langer Ket-
tenkomplexe im Sinne der homologischen Algebra sind. Eine Konsequenz
hiervon ist, dass im aquivarianten Kontext im wesentlichen nur die peri-
odische zyklische Homologie sinnvoll definiert werden kann.

Wir zeigen, dass die aquivariante bivariante periodische zyklische Theo-
rie homotopieinvariant und stabil ist und Ausschneidung in beiden Vari-
ablen erfiillt. Weiter beweisen wir ein Analogon des Satzes von Green-Julg
fiir endliche Gruppen und einen dualen Satz von Green-Julg fiir beliebige
diskrete Gruppen.

Schliefllich untersuchen wir Wirkungen von diskreten Gruppen auf sim-
plizialen Komplexen. Ist G eine diskrete Gruppe, so liefern solche Wirkun-
gen eine natiirliche Klasse von kommutativen G-Algebren. Wir zeigen, dass
die aquivariante zyklische Homologie dieser Algebren in enger Beziehung zu
einer von Baum und Schneider entwickelten aquivarianten Kohomologiethe-
orie steht. Hieraus ergibt sich eine vollstandig neue Beschreibung einiger
Konstruktionen in der Literatur. Als Spezialfall erhilt man insbesondere
eine simpliziale Version des Satzes von Connes iiber die zyklische Koho-
mologie der Algebra der glatten Funktionen auf einer kompakten glatten
Mannigfaltigkeit.






Introduction

In the general framework of noncommutative geometry cyclic homology plays the role of
de Rham cohomology [26]. It was introduced by Connes [25] as the target of the noncom-
mutative Chern character. Besides cyclic cohomology itself Connes also defined periodic
cyclic cohomology. The latter is particularly important because it is the periodic theory
that gives de Rham cohomology in the commutative case.

The original definition of cyclic cohomology given by Connes is very explicit and convenient
for applications. However, there is no geometric picture like in classical de Rham theory
and it is difficult to establish general homological properties of cyclic homology starting
from this definition. In a series of papers Cuntz and Quillen developed a different approach
to cyclic homology theories based on the X-complex [27], [28], [29], [30]. They were able
to prove excision in bivariant periodic cyclic homology in this framework. Moreover the
Cuntz-Quillen formalism provides a more conceptual and geometric definition of the theory
and is the basis for analytic versions of cyclic homology [53], [55].

In this thesis we develop a general framework in which cyclic homology can be extended
to the equivariant context. Special cases of our theory have been defined and studied by
various authors [14], [17], [18], [19], [20], [47], [48]. All these approaches are limited to
actions of compact Lie groups or even finite groups. Hence a substantial open problem
was how to treat non-compact groups. Even for compact Lie groups an important open
question was how to give a correct definition of equivariant cyclic cohomology (in contrast
to homology) apart from the case of finite groups.

We will define and study bivariant equivariant periodic cyclic homology HPSY(A, B). In
order to explain the main features in a clear way we restrict ourselves to the case that G
is a discrete group. However, we remark that a large part of the general theory can be
developed as well for totally disconnected groups or Lie groups, for instance. As a technical
ingredient we have chosen to work in the setting of bornological vector spaces. In this way
we obtain the purely algebraic approach as well as a topological version of the theory in a
unified fashion.

Our account follows the Cuntz-Quillen approach to cyclic homology. In fact a certain part
of the Cuntz-Quillen machinery can be carried over to the equivariant situation without
change. However, a completely new feature in the equivariant theory is that the basic ob-
jects are not complexes in the sense of homological algebra. More precisely, we introduce
an equivariant version Xg of the X-complex but the differential 0 in X does not satisfy
0% = 0 in general. To describe this behaviour we say that X is a paracomplex. It turns
out that in order to obtain ordinary complexes it is crucial to work in the bivariant setting
from the very beginning. Although many tools from homological algebra are not avail-
able anymore the resulting theory is computable to some extent. We point out that the
occurence of paracomplexes is also the reason why we only define and study the periodic
theory HPY. It seems to be unclear how ordinary equivariant cyclic homology HCY can
be defined correctly in general.

An important ingredient in the definition of H P¢ is the algebra K¢ of finite rank operators
on CG. The elements of K¢ are finite matrices indexed by G. In particular the ordinary
Hochschild homology and cyclic homology of this algebra are rather trivial. However, in
the equivariant setting g carries homological information of the group G if it is viewed



as a G-algebra equipped with the action induced from the regular representation. This
should be compared with the properties of the total space EG of the universal principal
bundle over the classifying space BG. As a topological space EG is contractible but its
equivariant cohomology is the group cohomology of G. Moreover, in the classical theory
an arbitrary action of G on a space X can be turned into a free action by replacing X with
the G-space EG x X. In our theory tensoring with the algebra g is used to associate to
an arbitrary G-algebra another G-algebra which is free as a G-module. Roughly speaking,
for a discrete group G the algebra g can be viewed as a noncommutative substitute for
the space E'G used in topology.

Let us now explain how the text is organized. In the first chapter we present some back-
ground material that allows to put our approach into a general perspective. We begin with
a brief account to classical equivariant cohomology which is usually also referred to as equi-
variant Borel cohomology. After this we describe the fundamental work of Cartan which
provides an alternative approach to equivariant cohomology in the case of smooth actions
of compact Lie groups on manifolds. This is important for a conceptual understanding of
our constructions since equivariant cyclic homology may be viewed as a noncommutative
(and delocalized) version of the Cartan model. Moreover we give a basic introduction to
cyclic homology. We review those aspects of the theory which have been extended to the
equivariant context before and which have influenced our approach in an essential way.
Finally we describe briefly various constructions of equivariant cohomology theories and
equivariant Chern characters in the literature and explain how our constructions fit in
there. We remark that all the results in this chapter are stated without proof and are not
used later on.

The second chapter contains basic definitions and results which are needed in the sequel.
First we give an introduction to the theory of bornological vector spaces. A bornology on
a vector space V is a collection of subsets of V' satisfying some conditions. The guiding
example is given by the collection of bounded subsets of a locally convex vector space. For
our purposes it is convenient to work with bornological vector spaces right from the begin-
ning. In particular we describe the natural concept of a group action in this context. After
this we introduce the category of covariant modules and explain in detail how covariant
modules are related to equivariant sheaves. Moreover we study the structure of morphisms
between covariant modules. Next we review some general facts about pro-categories. Since
the work of Cuntz and Quillen [30] it is known that periodic cyclic homology is most natu-
rally defined for pro-algebras. The same holds true in the equivariant situation where one
has to consider pro-G-algebras. We introduce the pro-categories needed in our framework
and fix some notation. Finally we define paracomplexes and paramixed complexes. As
explained above, paracomplexes play an important role in our theory.

The third chapter is the central part of this thesis. It contains the definition of equivari-
ant periodic cyclic homology and results about the general homological properties of this
theory. First we define and study quasifree pro-G-algebras. This discussion extends in
a straightforward way the theory of quasifree algebras introduced by Cuntz and Quillen.
After this we define equivariant differential forms for pro-G-algebras and show that one
naturally obtains paramixed complexes in this way. Equivariant differential forms are used
to construct the equivariant X-complex Xg(A) for a pro-G-algebra A. As we have men-
tioned before this leads to a paracomplex. We show that the paracomplexes obtained from



the equivariant X-complex and from the Hodge tower associated to equivariant differential
forms are homotopy equivalent. In this way we generalize one of the main results of Cuntz
and Quillen to the equivariant setting. After these preparations we define bivariant equi-
variant periodic cyclic homology HPY(A, B) for pro-G-algebras A and B. We show that
HPS is homotopy invariant with respect to smooth equivariant homotopies and stable
in a natural sense in both variables. Moreover we prove that HPC satisfies excision in
both variables. This shows on a formal level that H P shares important properties with
equivariant K K-theory [46].

In the fourth chapter we continue our study of HPY. First we discuss the special case
of finite groups. As a result we see that our theory generalizes the constructions known
before in this case. Moreover we prove a universal coefficient theorem which clarifies the
structure of HPS for finite groups and provides a tool for attacking computations us-
ing suitable SBI-sequences. In the second part of the chapter we compute HPS in two
special cases. More precisely, we prove homological versions of the Green-Julg theorem
HPY(C,A) 2 HP,(A x G) for finite groups and its dual HP%(A,C) = HP*(A x G) for
arbitrary discrete groups. This shows that HPY behaves as expected from equivariant
K K-theory.

In the final chapter we present a more concrete computation of H P by looking at group
actions on simplicial complexes. First we have to discuss carefully the appropriate notion
of smooth functions on a simplicial complex X. If the group G acts simplicially on X
the corresponding algebra of smooth functions with compact support is a G-algebra in
a natural way. Roughly speaking, it turns out that the bivariant cyclic theory HPS for
the resulting class of G-algebras is closely related to the bivariant equivariant cohomology
theory introduced by Baum and Schneider [7]. Together with the results of Baum and
Schneider this shows that our theory gives a completely new description of various con-
structions which existed in the literature. It also shows that HPY behaves as expected in
connection with the Baum-Connes conjecture.

At this point it is natural to ask if there exists a bivariant Chern character from equivariant
K K-theory to (an appropriate version of) bivariant equivariant cyclic homology. However,
this question will not be addressed here. We point out that, once the equivariant cyclic
theory is modified appropriately in order to give reasonable results also for G-C*-algebras,
the existence of such a character should follow essentially from the universal property of
equivariant K K-theory [60]. In the non-equivariant case the construction of a bivariant
Chern character has been achieved by Puschnigg using local cyclic homology [56]. We also
remark that for compact Lie groups and finite groups partial Chern characters have been
defined before [14], [48].

I would like to thank my supervisor Professor Dr. Joachim Cuntz for introducing me to
this beautiful topic, for his support and for the freedom I had during the past three years.
Moreover I thank Professor Dr. Peter Schneider for his interest and some helpful discus-
sions. I thank all the members of the noncommutative geometry group and the SFB in
Miinster for a nice working environment.

Finally and most importantly I would like to thank my parents for their love and their
constant support.
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CHAPTER 1

Background material

In this chapter we describe some background material related to the homology theory
developed in this thesis. We begin with a brief discussion of equivariant cohomology in
topology and review the fundamental results of Cartan on equivariant de Rham cohomol-
ogy. In particular the Cartan model is important for our purposes since equivariant cyclic
homology can be viewed as a noncommutative (and delocalized) version of the Cartan
model. Apart from these classical topics we have included a brief introduction to cyclic
homology. We review the work of Block and Getzler on equivariant differential forms and
cyclic homology which has influenced our approach in many respects. In the last section we
briefly discuss various constructions of equivariant Chern characters relating equivariant
K-theory and K-homology to appropriate equivariant homology and cohomology theo-
ries. Although we do not touch upon the relations between equivariant cyclic homology
and K-theory in this work it will become clear that our theory has strong connections to
equivariant K-theory and K K-theory.

1. Borel cohomology

In this section we want to review the definition and some basic properties of equivariant
Borel cohomology. Throughout we will be working with complex coefficients.
Let G be a topological group. The equivariant cohomology functor H{ assigns to every
space X equipped with a continuous G-action a complex vector space H(X). Before
giving the definition of this functor let us discuss the motivating idea behind it.
In general the structure of the quotient X/G of a space by a group action is very poor.
The quotient topology can be completely pathological as already simple examples show.
From a modern point of view quotient spaces by group actions are in fact basic examples
of noncommutative spaces [26].
For the definition of equivariant cohomology one first restricts attention to actions where
the quotient is a nice space. More precisely, one considers the situation where the action of
G on X is principal in the sense that the natural projection X — X/G defines a G-principal
bundle. Roughly speaking, the quotient space X/G will then have similar properties as
the space X itself. For instance, if a Lie group G acts smoothly on a smooth manifold X
then X/G will again be a smooth manifold. The basic requirement on H¢ is that for such
actions the equivariant cohomology is given by

He(X) = HY(X/G),

that is, the ordinary singular cohomology of the quotient space X/G.

In order to treat arbitrary actions the idea is as follows. One should no longer consider
H*(X/G@) since the structure of the quotient might be poor. Instead on first has to replace
the G-space X in a natural way by a weakly homotopy equivalent space equipped with a



principal action. This is motivated by the fact that cohomology is a homotopy invariant
functor. The solution is to look at
EG x X

where EG is the total space of the universal principal bundle over the classifying space BG
of G. Since EG is weakly contractible the spaces EG x X and X are weakly homotopy
equivalent. However, the cohomology of the corresponding quotients is in general quite
different.

DEFINITION 1.1. Let G be a topological group and let X be a G-space. The equivariant
(Borel) cohomology of X with respect to G is defined by

H5(X) = H (EG x¢ X)

where EG denotes the universal principal bundle over the classifying space BG of G and
H* s singular cohomology.

Remark that one could use in principle any cohomology theory in definition 1.1 to
obtain an associated equivariant (Borel) theory.
It is clear from the definition that H¢ is in fact a functor on the category of G-spaces
and equivariant maps. The equivariant cohomology of a point is equal to the cohomology
H*(BQG) of the classifying space of G and already quite interesting. Observe that there is a
unique G-map from X to the one point space for every G-space X. Using the cup product
in cohomology it is clear that this map induces a ring homomorphism H*(BG) — HE(M).
This implies that the equivariant cohomology groups are modules over H*(BG). The
importance of this module structure is due to the fact that H*(BG) is usually large and
therefore its module category is interesting.
The functor Hf, inherits many properties from singular cohomology. In particular it is easy
to see that H¢, is homotopy invariant with respect to equivariant homotopies. If A C X is a
G-subspace we define the relative cohomology group Hf (X, A) = H*(X X EG, AXc EG).
Using this definition we obtain a long exact sequence

- —— Hg(X, A) —— H(X) HE(A) —— Hg" (X, A) —— -+

in equivariant cohomology.

We do not discuss the general features of H, further since our main interest is more special.
In fact we want to focus on smooth actions of compact Lie groups on manifolds and look
at the de Rham type description of equivariant cohomology in this context.

2. Equivariant de Rham cohomology

We describe the fundamental results of Cartan [22], [23] on equivariant de Rham
cohomology. For a detailed modern exposition of the theory we refer to [40].
Let GG be a compact Lie group acting smoothly on a smooth manifold M. In this situation
it is natural to ask if there exists a de Rham model for the equivariant cohomology H¢(M).
Of course such a de Rham model should generalize the description of the cohomology of
manifolds using differential forms.
Looking at the definition of H¢, the main problem is how to define differential forms on
EG x M. Remark that in general the space EG cannot be a finite dimensional manifold.
Hence this problem occurs already in the case that M is a point.



The solution is to give an abstract algebraic characterisation of the expected properties
of EG at the level of differential forms. This is similar to the fact that EG itself is
determined by a universal property. First of all the desired substitute A(EG) for the
algebra of differential forms on E'G should be a commutative DG algebra. This reflects the
basic structure of the algebra A(M) of (complex-valued) differential forms on a smooth
manifold M. The fact that EG is contractible corresponds to the requirement that the
cohomology of A(EG) is given by

C =0

Moreover one has to encode the action of G in an appropriate way. Recall that a smooth
action of G on a manifold M gives rise to interior products ¢(X) : A¥(M) — A*1(M)
and Lie derivatives £(X) : A¥(M) — A¥(M) for all elements X in the Lie algebra g of
G. Hence it is natural to require that A(EG) should be equipped with an action of G and
such operators in a compatible way. Using the interior products +(X) one can formulate a
substitute for the condition that the action of G on EG is free. Namely, for each X € g
there should exist an element w € A'(EG) such that +(X)w is not zero.

It can be shown that for every compact Lie group G such a DG algebra A(EG) exists.
Taking this for granted we shall describe how equivariant de Rham cohomology is defined. If
M is a smooth G-manifold one uses A(EG)®.A(M) as a substitute for differential forms on
the product EG x M in the Borel construction. Since the goal is to describe the cohomology
of the quotient EG x¢ M one should consider only basic forms in A(EG) @ A(M). As
usual a form w is called basic if it is G-invariant and satisfies ((X)w = 0 for all X € g.
We recall that if p : P — B is a smooth G-principal bundle this condition is satisfied
precisely by those forms in A(P) which are pull-backs of forms on the base space B. Hence
a natural candidate for the equivariant de Rham cohomology of M is the cohomology
H*(Basic(A(EG) @ A(M))) of the complex of basic forms in A(EG) ® A(M). It can be
checked that this cohomology is independent of the particular choice of A(EG). This is
analogous to the fact that H} does not depend on the specific model for EG used in its
definition. Most importantly one can prove that there exists a natural isomorphism

H!. (M) = H*(Basic(A(EG) @ A(M)))

which can be referred to as equivariant de Rham theorem.

The advantage of this description clearly depends on whether there exists a convenient
model for A(EG). We shall describe now the Weil complex which provides such a model.
In order to do this recall that a connection on a smooth G-principal bundle p : P — B is
given by a g-valued 1-form w on P such that w(X) = X for each fundamental vector field
and R (w) = (Ads™)w for all s € G where R, denotes right translation by s. We have the
fundamental equations

dw + %[w,w] = Q, dQ = [Q, w]

where € is the curvature of the connection. The connection form w € A'(P,g) induces
a map g* — A'(P) which will be denoted by k(w). It can be continued to a map k(w) :
A(g*) — A(P,R) of graded algebras where A(g*) is the exterior algebra over the real vector
space g* and A(P,R) is the algebra of real-valued differential forms on P. Similarly, the



curvature form Q € A?(P, g) induces a map g* — A?(P,R) which will be denoted by k().
This map can be extended to a map k(Q2) : S(g*) — A(P) of graded algebras where S(g*)
denotes the symmetric algebra over g*. The Weil algebra W (g) of the Lie algebra g is
defined by
W(g) = S(g") ©r Ag")-

There is a grading on W(g) given by deg(§¢ ® ) = 2deg(§) + deg(n) for homogenous
elements ¢ and 7. Given a connection on P with connection form w the tensor product of
the maps k(w) and k() described above induces a linear map

x(w): W(g) — A(P,R)

which preserves grading and product. One can define interior products ¢(X) and Lie
derivatives £(X) on W (g) for all X € g, moreover an action of G and exterior differentiation
in such a way that the map x(w) preserves these structures.

PROPOSITION 1.2. There is a bijective correspondence between connections on P and
DG algebra maps W(g) — A(P,R) compatible with the Lie derivatives and the interior
products.

Consider the complexified Weil algebra W(g)c = W(g) ®& C. It can be shown that
W(g)c is a model for A(EG). As a consequence of our discussion above we obtain the
following theorem.

THEOREM 1.3. Let G be a compact Lie group. There exists a natural isomorphism
HE(M) = H* (Basic(W (g)c  A(M)))
for all G-manifolds M.

The description of equivariant cohomology using the complex Basic(W (g)c ® A(M)) is
also referred to as Weil model. However, the computation of Basic(W(g)c ® A(M)) is still
difficult. Hence it is important that there exists an automorphism of W (g)c ® A(M) which
simplifies this computation. This leads to the Cartan model which we want to describe
now. We identify S(g*) ®g C with the algebra C[g] of polynomial functions on g. For a
G-manifold M consider the algebra Clg] ® A(M) of complex polynomial functions on g
with values in A(M). There is a G-action on C[g] ® A(M) obtained from the transpose of
the adjoint action on C|[g| and the natural action on A(M). Explicitly we have

(s p)(X) = s p(Ads-1(X))
for any polynomial p. The space

Ac(M) = (Clg] ® A(M))"

of invariants with respect to this G-action is called the space of equivariant differential
forms on M. There exists a differential dg on Clg] ® A(M) defined by

(dap)(X) = d(p(X)) = o(X)p(X).

The Cartan relation £(X) = du(X)+(X)d yields (d%p)(X) = —L(X)p(X) on C[g]@A(M).
This implies d% = 0 on Ag(M).



THEOREM 1.4. Let G be a compact Lie group. There exists a natural isomorphism
(called Mathai-Quillen isomorphism)

H*(Basic(W(g)c @ A(M))) = H*(Ac(M), da)
for all G-manifolds M.

In combination with theorem 1.3 one obtains

THEOREM 1.5. Let G be a compact Lie group. There exists a natural isomorphism
Hg(M) = H*(Ag(M), d)
for all smooth G-manifolds M.
The Cartan model provides a convenient description of H}, (M ). For instance it is easy
to compute the equivariant cohomology of a point in this framework. In fact sometimes

the equivariant cohomology of manifolds is defined using the Cartan model. The geometry
of equivariant differential forms is important for applications [8].

3. Cyclic homology

In this section we give a brief introduction to cyclic homology. Moreover we review
some results of Brylinski on equivariant cyclic homology and related work of Block and
Getzler.

Let A be an algebra over the complex numbers, possibly without unit. The noncommuta-
tive differential n-forms over A are defined by Q°(A) = A and
Qn(A) — A+ ®A®n

for n > 0 where A" denotes the unitarization of A. Typical elements in this tensor product
are denoted by zodz; - - - dx, or dz; ---dx, with x; € A. Apart from the obvious left A-
module structure on Q"(A) there is a right A-module structure obtained from the Leibniz
rule d(zy) = dxy + xdy. In this way 2"(A) becomes an A-bimodule.

There are some natural operators on noncommutative differential forms. First of all we
have the analogue of the exterior differential d which is given by

d(xzodxy -+ - dzy) = dxodxy - - - day, d(dwy - - - dxy,) = 0.

It is clear from the definition that d> = 0. Another important operator is the Hochschild
boundary b. Using the A-bimodule structure of Q"(A) this operator is defined by

b(wdr) = (—=1)" Hwr — 2w), b(x) =b(dzx) =0
for w € Q"7 1(A) and z € A. Explicitly we have

n—1
b(xodzy - - - dxy) = xox1dTy - - - d), + Z(—l)jxod:rl ced(xjxigy) - day,
j=1

+ (=1)"zpxoday - - - da,_q

for zodxy - - - dz,, € Q"(A). Combining d and b one obtains in addition two operators x and
B. The Karoubi operator s is the map of degree zero defined by

k = id —(db + bd).



Explicitly we have
k(wdz) = (—1)" dow
for w € Q" 1(A) and z € A. Finally, the operator B is given on Q"(A) by

B = i K d.
=0

The explicit formula for B is

n

B(zodxy - - - dz,) = Z(—l)"jdxn+1_j o drypdrg - dT,j.

J=0

Elementary computations yield the relations b = 0, B> = 0 and Bb + bB = 0. In other
words, noncommutative differential forms together with the operators b and B constitute
a mixed complex [28], [49]. We obtain a bicomplex

b b b b
03(A) B 02(4) B_l(4) B qo(A)

b b b

Y

Q2(4) -B- q1(4) =B ao(a)

b b
01(4) -B- o 4)
b
2(4)

which is usually called the (B, b)-bicomplex. The Hochschild homology HH,(A) of A is
by definition the homology of the first column of this bicomplex. The cyclic homology
HC,.(A) of the algebra A is the homology of the total complex of the (B, b)-bicomplex.
From the periodicity of the (B, b)-bicomplex it follows that Hochschild homology and cyclic
homology are related by a long exact sequence

HCOW(A) —5 ~ HC, o(A) B, (A L~ HCO, (A —— -

which is referred to as the SBI-sequence. This relationship between H H,(A) and HC,(A)
is very important for computations. Using periodicity the (B, b)-bicomplex can be contin-
ued to the left. The homology of the resulting total complex obtained by taking direct
products over all terms of a fixed total degree is by definition the periodic cyclic homology
HP,(A) of A. The periodic theory is Zs-graded and there exists a short exact sequence

0 —— limg HCyp 41 (A) —— HP,(A) —— lim  HCyp 4, (A) —— 0

relating H P,(A) to ordinary cyclic homology HC\(A).
We remark that all definitions can be adapted to the topological setting. If A is a locally




convex algebra with jointly continuous multiplication one simply replaces algebraic tensor
products by completed projective tensor products. With this in mind we can formulate
the following fundamental result due to Connes [25].

THEOREM 1.6. Let C*°(M) be the Fréchet algebra of smooth functions on a smooth
compact manifold M. Then there exists a natural isomorphism

HP,(C™(M)) = @ Hyz" (M).
JEZ
We point out that it is actually the periodic theory that gives de Rham cohomology.
This is the reason why periodic cyclic homology usually is the theory of main interest.
The main ingredient in the proof of theorem 1.6 is an adaption of the classical Hochschild-
Kostant-Rosenberg theorem [41] to the setting of smooth manifolds. More precisely, it can
be shown that there is a natural isomorphism

HH.(C™(M)) = A*(M)

between the Hochschild homology of C*°(M) and differential forms on M.

In the remaining part of this section we review some results which are important for the
theory developed in this thesis. First we discuss equivariant cyclic homology essentially in
the way it has been introduced in the work of Brylinski [17], [18]. Let A be a complete
locally convex algebra with jointly continuous multiplication. Assume that A is equipped
with a smooth action of a compact Lie group G in the sense of [12]. Actually we are
mainly interested in the example of a smooth action of G on a compact manifold M
which leads to a smooth action of G' on the Fréchet algebra C'*°(M). Consider the space
OL(A) = C®(G)®, Q"(A) where ®, denotes the completed projective tensor product.
The group G acts on 7 (A) using the diagonal action

t-(f(s) @ zoday ---day) = f(t 7 st) @ (t-a0)d(t - 1) -+ d(t - xp).
The equivariant analogues of the operators d and b are given by
d(f(s) ®w) = f(s) ® dw
and
ba(f(s) ® wdz) = (=1)""(f(s) ® (wz — (s 2)w))
for w € Q" 1(A) and # € A. Using the same formulas as in the non-equivariant case

one obtains the equivariant Karoubi operator kg = id —(bgd + dbg) and the equivariant
analogue Bg of the operator B given by

BG = i R]Gd
j=0

on Q%(A). It can be checked that on the invariant subspace Qg(A)¢ C Qg(A) the relations
b2, = 0, B% = 0 and Bgbg + bgBg hold. Hence Qg(A)¢ is a mixed complex complex
and one defines equivariant Hochschild homology HHS(A), equivariant cyclic homology
HCY(A) and equivariant periodic cyclic homology HPY(A) in the same way as in the
non-equivariant situation.

It turns out that equivariant periodic cyclic homology is closely related to equivariant



K-theory. The following theorem was obtained by Brylinski [17] and independently by
Block [13].

THEOREM 1.7. Let G be a compact Lie group acting smoothly on a smooth compact
manifold M. There exists an equivariant Chern character

cha : K(M) — HPE(C=(M)
which induces an isomorphism
HPZ(C™(M)) = R(G) ®re) K&(M)

where R(G) is the representation ring of G and R(G) = C®(G)% is the algebra of smooth
conjugation invariant functions on G.

In order to clarify the notation we remark that the character map induces a natural
ring homomorphism R(G) — R(G).
Apart from this Block and Getzler have obtained a description of HPY%(C°(M)) in terms
of equivariant differential forms [14]. More precisely, there exists a G-equivariant sheaf
Q(M, G) over the group G itself viewed as a G-space with the adjoint action. The stalk
Q(M,G)s at a group element s € G is given by germs of G-equivariant smooth maps from
g° to A(M?®). Here M*® = {x € M|s-x = z} is the fixed point set of s, G* is the centralizer
of s in G and g° is the Lie algebra of G. In particular the stalk Q(M, G). at the identity
element e is given by

QM. G). = Cg°(g, A(M))"

where C§° is the notation for smooth germs at 0. Hence Q(M, G). can be viewed as a certain
completion of the classical Cartan model Ag(M). The global sections I'(G, Q2(M, G)) of
the sheaf (M, Q) are called global equivariant differential forms and will be denoted by
A(M, G). There exists a natural differential on A(M, G) extending the Cartan differential.
Block and Getzler establish an equivariant version of the Hochschild-Kostant-Rosenberg
theorem and deduce the following result.

THEOREM 1.8. Let G be a compact Lie group acting smoothly on a smooth compact
manifold M. Then there is a natural isomorphism

HPS(C(M)) = H*(A(M,G)).

This theorem shows that equivariant cyclic homology can be viewed as a ”delocalized”
noncommutative version of the Cartan model. We refer to the next section for more
information on delocalized cohomology theories. Theorem 1.8 also shows that the language
of equivariant sheaves over the group G is necessary to describe equivariant cyclic homology
correctly. Combining theorem 1.7 with theorem 1.8 yields the following result.

THEOREM 1.9. Let G be a compact Lie group acting smoothly on a smooth compact
manifold M. Then there exists a natural isomorphism

R(G) QR(@) K;;(M) = H*(.A(M, G))

Hence, up to an ”extension of scalars”, the equivariant K-theory of manifolds can be
described using global equivariant differential forms.



4. Equivariant Chern characters

In the previous section we have seen that equivariant periodic cyclic homology for com-
pact Lie groups is connected to equivariant K-theory by a Chern character. In this section
we want to describe different approaches to the construction of equivariant cohomology
theories and equivariant Chern characters which exist in the literature.

The classical result in this direction is the completion theorem of Atiyah and Segal [2]
which describes the relation between equivariant K-theory and Borel cohomology. Let M
be a smooth compact manifold equipped with a smooth action of a compact Lie group
G. The Atiyah-Segal completion theorem states (in particular) that the Borel cohomology
of M is isomorphic to the localisation and completion of the complexified equivariant K-
theory of M with respect to the augmentation ideal.

The geometric picture behind this phenomenon is that Borel cohomology is localized in the
identity element of the group G. Roughly speaking, to obtain a theory closer to equivariant
K-theory one should take into account contributions from all elements of G.

We have already seen that equivariant periodic cyclic homology can be viewed as such a
"delocalized” equivariant cohomology theory.

Baum, Brylinski and MacPherson defined a delocalized cohomology theory H*(G, M) for
actions of abelian Lie groups [3] on manifolds. This theory is, roughly speaking, a combi-
nation of de Rham theory and the representation theory of closed subgroups of G. An im-
portant property of the theory is that there exists a Chern character K5(M) — H*(G, M)
which becomes an isomorphism after tensoring with C.

Moreover we mention the theory g (M) developed by Duflo and Vergne [31]. There ex-
ists a natural map HPY(C>®(M)) — K&(M) provided G is a compact Lie group and M
a smooth compact G-manifold. Duflo and Vergne conjecture that this natural map is an
isomorphism.

In the context of discrete groups Liick and Oliver define Chern characters for equivariant
K-theory with values in certain equivariant Bredon cohomology groups [51]. In [50] Liick
has given a general construction of equivariant Chern characters for proper equivariant ho-
mology theories. These methods can be applied to obtain computations of the rationalized
sources in the Farrel-Jones conjectures and the Baum-Connes conjecture.

A different approach to the construction of an equivariant Chern character for discrete
groups was taken earlier by Baum and Connes [5].

Generalizing the work of Baum and Connes, Baum and Schneider introduced a delocalized
bivariant equivariant cohomology theory HZ (X,Y") for totally disconnected groups [7]. Un-
der certain assumptions Baum and Schneider construct for profinite groups G a bivariant
equivariant Chern character

che : KKC(Cy(X), Co(Y)) — @D HZ™™ (X, Y)

JET

which becomes an isomorphism after tensoring K K& (Cy(X), Co(Y)) with C. Here K K¢
denotes Kasparov’s equivariant K K-theory [46].



It turns out that the theory of Baum and Schneider is closely related to bivariant equivari-
ant cyclic homology HPY. We will show that there exists a natural isomorphism

P HE (X, Y) = HPE(CR(X), C2(Y))

JET
provided X and Y are simplicial complexes and the action of G on X is proper. For the
precise formulation of this statement and much more details we refer to chapter 5. This

yields a completely new description of the theory introduced by Baum and Schneider.
Moreover we see that equivariant cyclic homology is related to equivariant K K-theory.
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CHAPTER 2

Basic definitions

As indicated in the title this chapter contains basic notions and results. We have om-

mitted many proofs and refer to the literature. However, important aspects are described
in detail.
First we recall some material on bornological vector spaces and algebras. The framework
of bornological vector spaces provides the foundation for all constructions in the sequel.
In the second section we define complete bornological G-modules and G-algebras for a
discrete group G. We study crossed products and look at some examples. This includes a
discussion of the algebra IC¢ of finite rank operators on the regular representation of G. In
the third section we introduce covariant modules. These objects play an important role in
equivariant cyclic homology and are closely related to certain equivariant sheaves. In the
fourth section we discuss some standard material on projective systems and pro-categories.
The general constructions are applied to the category of G-modules and the category of
covariant modules. Finally we introduce the notion of a paracomplex. This concept is
needed to describe correctly the structure of equivariant cyclic homology.

1. Bornological vector spaces

In this section we recall basic definitions and results of the theory of bornological vector

spaces and bornological algebras. We follow closely the treatment of [53] and refer also
to [42], [43] for more information.
We begin with the definition of a convex bornological vector space. A subset S of a
complex vector space V is called a disk if it is circled and convex. The disked hull S is the
circled convex hull of S. To a disk S C V' we associate the semi-normed space Vg which is
defined as the linear span of S endowed with the semi-norm || - ||s given by the Minkowski
functional. The disk S is called norming if Vg is a normed space and completant if Vg is a
Banach space.

DEFINITION 2.1. A collection & of subsets of the vector space V' is called a (convex)
bornology on V' if the following conditions are satisfied:

a) {v} €6 forallveV,

b)if S€eS andT C S thenT € 6,
C) ifSl,SQGG then Sl+52€6,
d) if S € & then S° € &.

A wector space V' together with a bornology & 1is called a bornological vector space.

If & is a bornology we call the elements S € & small sets. The bornological vector
space V is called separated if all disks S € & are norming. It is called complete if each
S € G is contained in a completant small disk 7" € &. A complete bornological vector
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space is always separated. A linear map f : V — W between bornological vector spaces is
called bounded if it maps small sets to small sets. The space of bounded linear maps from
V to W is denoted by Hom(V, W).

We will usually only work with complete bornological vector spaces. To any bornological
vector space V' one can associate a complete bornological vector space V¢ and a bounded
linear map g : V' — V¢ such that composition with f induces a bijective correspondence
between bounded linear maps V¢ — W with complete target W and bounded linear maps
V' — W. In contrast to the completion in the category of locally convex vector spaces
the natural map f from a bornological vector space V' into the completion V¢ need not be
injective.

Given an arbitrary collection X of subsets of a vector space V' the bornology &(X) gener-
ated by X is defined as the smallest collection of subsets of V' containing X which satisfies
the axioms for a bornology on V. The resulting bornological vector space may not be
separated or complete. In order to obtain a complete bornological vector space one can
complete V' with respect to &(X) in a second step.

In the category of complete bornological vector spaces direct sums, direct products, pro-
jective limits and inductive limits exist. In all these cases one has characterizations by
universal properties.

Next we want to study subspaces and quotients of bornological vector spaces. In order to
describe the properties of these constructions we need some more definitions. A sequence
(Un)nen in a bornological vector space V' is bornologically convergent towards v € V' iff
there exists a sequence (€,),en Of scalars that converges to zero in the usual sense and a
small subset S C &(V) such that v, —v € ¢,S for all n € N. A subset of a bornological
vector space is bornologically closed iff it is sequentially closed for bornologically conver-
gent sequences.

If V. C W is a linear subspace of a complete bornological vector space W it inherits a
natural bornology from W. A subset S C V is declared to be bounded in the subspace
bornology iff S € &(W). Equipped with the subspace bornology V' is complete iff it is
bornologically closed in W. The quotient space W/V also carries a natural bornology. A
subset S C W/V is small in the quotient bornology iff S = 7' mod W for some T' € &(W).
Equipped with the quotient bornology W/V is complete iff V' is bornologically closed in
W. Occasionally we will have to consider non-separated quotients. This will always be
indicated carefully.

Now let us describe the tensor product of complete bornological vectors spaces. A bi-
linear map [ : V; x Vo — W between bornological vector spaces is called bounded if
[(S1 x Sy) € 6(W) for all S; € &(V;). The completed bornological tensor product
Vi®Vs is determined up to isomorphism by the universal property that every bounded
bilinear map V; x Vo — W with complete target W corresponds uniquely to a bounded
linear map V;®V, — W and the requirement that V;®V, is complete. It can be shown
that the tensor product ® is associative in the sense that there is a natural isomorphism
(UV)OW =2 Ux(VeW) for all U, V, W. Moreover the tensor product is compatible with
arbitrary inductive limits. The complete bornological tensor product V;®V; is constructed
by completing the algebraic tensor product V; ® V5 with respect to the bornology generated
by the sets S ® Sy = {v1 @ va|vy € Sy, v9 € Sy} for small sets S; € &(V7) and Sy € &(13).
We will always use the following convention for the definition of bounded linear maps on
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tensor products. If for instance a bounded linear map f : Vi®V, — W shall be defined
we will simply write down a formula for f on the algebraic tensor product V; @ V5. It is
understood that this formula gives a bounded linear map and extends to the desired map
f after completing the left hand side.

DEFINITION 2.2. A complete bornological algebra is a complete bornological vector space
A with an associative multiplication given as a bounded linear map m : ARA — A. A
homomorphism between complete bornological algebras is a bounded linear map f: A — B
which is compatible with multiplication.

Remark that complete bornological algebras are not assumed to have a unit. Even if
A and B have units a homomorphisms f : A — B need not preserve the unit of A. A
homomorphism f : A — B between unital bornological algebras satisfying f(1) = 1 will
be called a unital homomorphism.
We denote the unitarization of a complete bornological algebra A by A*. It is the com-
plete bornological algebra with underlying vector space A @ C and multiplication defined
by (a,a) - (b,3) = (ab+ ab+ Ba,af). If f: A — B is a homomorphism between com-
plete bornological algebras there exists a unique extension to a unital homomorphism
ft: A" — B*.
Let us discuss briefly the definition of modules over a complete bornological algebra A. A
left A-module is a complete bornological vector space M together with a bounded linear
map A : A®M — M satisfying the axiom A(id ®)\) = A(m®id) for an action. A ho-
momorphisms f : M — N of A-modules is a bounded linear map commuting with the
action of A. We denote by Hom4 (M, N) the space of all A-module homomorphisms. Let
V be any complete bornological vector space. An A-module of the form M = AT®@V with
action given by left multiplication is called the free A-module over V. If an A-module P
is a direct summand in a free A-module it is called projective. Projective modules are
characterized by the following property. If P is projective and f : M — N a surjective
A-module homomorphism with a bounded linear splitting s : N — M then any A-module
homomorphism g : P — N can be lifted to an A-module homomorphism A : P — M such
that fh =g.
In a similar way one can define and study right A-modules and A-bimodules. We can
also work in the unital category starting with a unital complete bornological algebra A.
A unitary module M over a unital complete bornological algebra A is an A-module such
that A(1 ® m) = m for all m € M. In the category of unitary modules the modules of the
form A®V where V is a complete bornological vector space are free. Projective modules
are again direct summands of free modules and can be characterized by a lifting property
as before.
After this brief introduction to the general theory of bornological vector spaces and algebras
we shall have a look at examples.

1.1. Fine spaces. Let V be an arbitrary complex vector space. The fine bornology
§ine(V) is the smallest possible bornology on V. This means that S C V is contained
in Fine(V) iff there are finitely many vectors vy,...,v, € V such that S is contained in
the disked hull of {vy,...,v,}. Equipped with the fine bornology V' becomes a complete
bornological vector space.

It follows immediately from the definitions that all linear maps f : V' — W from a fine
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space V' into any bornological space W are bounded. In particular we obtain a fully faithful
functor §ine from the category of complex vector spaces into the category of complete
bornological vector spaces. This embedding is compatible with tensor products. If V; and
Vs are fine spaces the completed bornological tensor product V; &V is the algebraic tensor
product V; ® V5 equipped with the fine bornology. In follows in particular that every
algebra A over the complex numbers can be viewed as a complete bornological algebra
with the fine bornology.

Since the completed bornological tensor product is compatible with direct sums we see
that V;®V is as a vector space simply the algebraic tensor product Vi ® V; provided V; or
V5 is a fine space. However, the bornology on the tensor product is in general not the fine
bornology.

1.2. Locally convex spaces. The most important examples of bornological vector
spaces are obtained from locally convex vector spaces. If V' is any locally convex vector
space one can associate two natural bornologies Bound(V') and €Comp(V') to V' which are
called the bounded bornology and the precompact bornology, respectively.

The elements in Bound(V') are by definition the bounded subsets of V. Equipped with the
bornology Bound(V') the space V is separated if its topology is Hausdorff and complete if
the topology of V' is sequentially complete.

The bornology Comp (V') consists of all precompact subsets of V. This means that S €
Comp (V) iff for all neighborhoods U of the origin there is a finite subset £ C V' such that
S C F+U. If Vis complete then S C V is precompact iff its closure is compact. One
checks that the precompact subsets indeed form a bornology. Equipped with the bornology
Comp (V') the space V is separated if the topology of V is Hausdorff and complete if V'
is a complete topological vector space. We mention that the precompact bornology is
particularly important for local cyclic homology.

1.3. Fréchet spaces. In the case of Fréchet spaces the properties of the bounded
bornology and the precompact bornology can be described more in detail. Let V' and
W be Fréchet spaces endowed both with the bounded or the precompact bornology. A
linear map f : V — W is bounded if and only if it is continuous. This is due to the fact
that a linear map between metrizable topological spaces is continuous iff it is sequentially
continuous. Hence the functors Bound and Comp from the category of Fréchet spaces into
the category of complete bornological vector spaces are fully faithful.

The following theorem describes the completed bornological tensor product of Fréchet
spaces and is proved in [53].

THEOREM 2.3. Let V and W be Fréchet spaces and let V&,W be their completed
projective tensor product. Then there are natural isomorphisms

(V, Comp) (W, Comp) = (V& W, Comp)
(V, Bound) (W, Bound) = (V,W, )

of complete bornological vector spaces where the bornology S can be described more explicitly
in certain cases. In particular & is equal to the bounded bornology Bound (V& W) if V or
W is nuclear.
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1.4. LF-spaces. More generally we can consider LF-spaces. A locally convex vector
space V is an LF-space if there exists an increasing sequence of subspaces V,, C V with
union equal to V' such that each V,, is a Fréchet space in the subspace topology and V'
carries the corresponding inductive limit topology. A linear map V' — W from the LF-
space V into an arbitrary locally convex space W is continuous iff its restriction to the
subspaces V,, is continuous for all n. From the definition of the inductive limit topology
it follows that a bounded subset of an LF-space V' is contained in a Fréchet subspace V,.
If Vi and V5 are LF-spaces endowed with the bounded or the precompact bornology a
bilinear map b : V; x V5, — W is bounded iff it is separately continuous. This implies that
an LF-space equipped with a separately continuous multiplication becomes a complete
bornological algebra with respect to the bounded or the precompact bornology.

From theorem 2.3 one obtains the following description of tensor products of LF-spaces [53].

THEOREM 2.4. Let V and W be nuclear LF-spaces endowed with the bounded bornology.
Then VW is isomorphic to the inductive tensor product V&,W endowed with the bounded
bornology.

As an example consider the nuclear LF-space C2° (M) of smooth functions with compact
support on a smooth manifold M. We endow C2°(M ) with the bounded bornology which is
equal to the precompact bornology in this case. Theorem 2.4 yields a natural bornological
isomorphism

C(M)@CE(N) = C(M x N)

for all smooth manifolds M and N. In chapter 5 we will have to work with similar examples
of LF-spaces obtained by considering smooth functions on simplicial complexes.

2. Actions and crossed products
We begin with the definition of the category of G-modules for the discrete group G.

DEFINITION 2.5. A G-module is a complete bornological vector space V with a given
(left) action of the group G by bounded linear automorphisms. A bounded linear map
f:V —= W between two G-modules is called equivariant if f(s-v) =s- f(v) for allveV
and s € G.

We denote by G-Mod the category of G-modules and equivariant linear maps. If we
view the group algebra CG of GG as a complete bornological algebra with the fine bornology
it is easy to check that the category G-Mod is equivalent to the category of unitary modules
over CG.

It is clear that the direct sum of a family of G-modules is again a G-module. The tensor
product V&W of two G-modules becomes a G-module using the diagonal action s-(v®@w) =
s-v®s-wforv eV and w e W. For every group the trivial one-dimensional G-module
C behaves like a unit with respect to the tensor product. In this way G-Mod becomes an
additive monoidal category.

Next we want to specify the class of G-algebras that we are going to work with. Expressed
in the language of category theory our definition amounts to saying that a G-algebra is
an algebra in the monoidal category G-Mod. Let us formulate this more explicitly in the
following definition.
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DEFINITION 2.6. Let G be a discrete group. A G-algebra is a complete bornological
algebra A which is at the same time a G-module such that the multiplication satisfies

s-(zy) = (s-z)(s-y)

forallz,y € A and s € G. An equivariant homomorphism f : A — B between G-algebras
15 an algebra homomorphism which is equivariant.

If A is unital we say that A is a unital G-algebra if s-1 =1 for all s € G. The unitari-
sation AT of a G-algebra A is a unital G-algebra in a natural way. We will occasionally
also speak of an action of G on A to express that A is a G-algebra.

There is a natural way to enlarge any G-algebra to a G-algebra where all group elements
act by inner automorphisms. This is the crossed product construction which we study
next.

DEFINITION 2.7. Let G be a discrete group and let A be a G-algebra. The crossed
product A x G of A by G is AQCG = C.(G, A) with multiplication given by

(Fxg)t) =3 f(s)s-g(s™)

seG
for f,g € C.(G,A). Here CG is equipped with the fine bornology.

It is easy to check that A x GG is a complete bornological algebra. The crossed product
A x G has a unit iff the algebra A is unital.
Let us have a look at some basic examples of GG-algebras and the associated crossed prod-
ucts. In particular the algebra g introduced below will play an important role in our
theory.

2.1. Trivial actions. The simplest example of a G-algebra is the algebra of complex
numbers with the trivial G-action. More generally one can equip any complete bornological
algebra A with the trivial action to obtain a G-algebra. The corresponding crossed product
algebra A x G is simply a tensor product,

AxG = ARCG.
This explains why one may view crossed products in general as twisted tensor products.
2.2. Commutative algebras. Let M be a smooth manifold on which the group G

acts by diffeomorphisms and let C°(M) be the LF-algebra of compactly supported smooth
functions on M. Then we get an action of G on A = C°(M) by defining

(s f)(x) = f(s" - 2)

for all s € G and f € A. Of course this algebra is unital iff M is compact. The associ-
ated crossed product A x G may be described as the smooth convolution algebra of the
translation groupoid M x G associated to the action of G on M.
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2.3. Algebras associated to representations of (. Let ‘H be a G-pre-Hilbert
space, a unitary representation of the group G on a not necessarily complete inner product
space. Such a representation induces an action of G on the algebra [(H) of finite rank
operators on H by the formula

(s-T)(&) =s-T(s™ &)

for s € G and £ € H. Of course [(H) is spanned linearly by the rank one operators |x) (7
defined by |x)(n|(&) = x(n, &) for x,n € H. We equip I(H) with the fine bornology and
remark that this algebra is unital iff H is finite dimensional.

In particular we may consider the case of the regular representation of G on CG C I*(G).
We shall look at this example more closely in the next subsection.

2.4. The algebra Kg. We view CG as subspace of the Hilbert space I?(G) of square-
summable functions on G and consider the left regular representation Ay given by

A(F)() = f(s7')

for s € G and f € CG. The corresponding algebra of finite rank operators with the
G-action described in the previous paragraph will be denoted by Kg. The algebra g is
spanned linearly by the rank one operators |r)(s| with r, s € G defined by

) (sl (t) = dar

for t € G C CG where 4 is the Kronecker delta. The multiplication rule in g for such
operators is

) (sl - Ip){al = dsp [7){al
and the G-action is described by
t-Jr)(s| = [tr){ts|.
The following easy fact will be important.

LEMMA 2.8. Let A be any G-algebra. Then the n-fold tensor power (A®IC(;)®” s a
free G-module for all n > 1.

PRrROOF. Consider first the case n = 1. We view V = CG®A as trivial G-module and
construct an equivariant isomorphism AQKs =2 CGRV as follows: Define a : AQKs —
CGRV,ala® |r){s|) = r@rts®r~!t-a. One checks that a is a G-module map with
inverse 3 : CGRV — A®Kqg,f(r @ s®a) = r-a® |r){rs|. To deal with higher tensor
powers observe that we have an isomorphism

(AdKa)®" = (AdKe)* '@ A)@Kq
of G-algebras. The claim follows by applying the previous argument to the G-algebra
B = (AQKg)*" 10 A. OJ
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3. Covariant modules and equivariant sheaves

In this section we introduce covariant modules. Since covariant modules are closely
related to equivariant sheaves we first recall the general definition of the latter [9].
Let G be a topological group and let X be a G-space. Define the maps d; : G x X — X
for j = 0,1 by
do(s,2) = s -, di(s,x) = .

Moreover let sg: X — G x X be given by
so(x) = (e, )

where e € G is the identity element. In a similar way define the maps d; : G x G x X —
G x X for j=0,1,2 by

do(s,t,z) = (t,s7" - x), di(s,t,z) = (st, z), dy(s,t,z) = (s, ).

If f: X — Y is a continuous map and F is a sheaf on Y we denote its inverse image sheaf
on X by f*F.

DEFINITION 2.9. Let G be a topological group and let X be a G-space. A G-equivariant
sheaf on X s a sheaf F on X together with an isomorphism 0 : diF — diF satisfying the
conditions

EOL0 = &0, s =id.

A morphism of equivariant sheaves is a sheaf homomorphism ¢ : F — G that commutes

with 0.

We will only consider sheaves of complex vector spaces. The category of equivariant
sheaves on X is denoted by Sh¢g(X).
The action of G on an equivariant sheaf F is encoded in a rather indirect way in the
morphism 6. If the group G is discrete a G-equivariant sheaf F can be described more
concretely by specifying sheaf homomorphisms «y : F — s*F for all s € G which satisfy
the natural axioms for an action.
If in addition the space X is discrete there is a purely algebraic way to define equivariant
sheaves. We need some general terminology. If A is a not necessarily unital algebra
equipped with the fine bornology a (left) module M over A is called nondegenerate if AM,
the linear span of all elements a-m with a € A and m € M, is equal to M. Let us assume
that A is a G-algebra. A covariant system for A is a nondegenerate A-module M which is
at the same time a G-module such that

s-(f-m)={(s-f)(s-m)

forall s € G, f € Aand m € M. A morphism of covariant systems is a map ¢ : M — N
which is both A-linear and equivariant. The category of covariant systems for A is denoted
by Mod(A, G).

Now let X be a discrete G-space and denote by C.(X) the algebra of functions on X with
finite support equipped with the fine bornology. There is a natural G-action on this algebra
coming from the action on X. We denote by Mod(C.(X), G, Fine) the full subcategory of
Mod(C.(X), G) consisting of those covariant systems M for C.(X) where M is a fine space.
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PROPOSITION 2.10. Let X be a discrete G-space for the discrete group G. Taking global
sections with compact support induces an equivalence between the categories Shg(X) and

Mod(C.(X), G, Fine).

This assertion remains true in the setting of totally disconnected groups and spaces.
For a proof in the non-equivariant case see [10].
In our context we are interested in the discrete group G itself viewed as a G-space using
the adjoint action. Denote by (G) the set of conjugacy classes in G. For an element s € G
let (s) be the conjugacy class of s. Of course the orbits of the adjoint action are just the
conjugacy classes.
We equip the algebra C.(G) of functions with finite support on G with the fine bornology
and the adjoint action. The resulting G-algebra will be denoted by Og. Explicitly we have
t-f(s) = f(t'st) for f € Og and s € G. Remark that Og is unital iff the group G is
finite.
If G is a finite group the invariant part of Og will be denoted by R(G). The elements of
R(G) are precisely the class functions, that is the functions f satisfying f(¢t'st) = f(s)
for all s,¢ € G. Since the group G is finite the algebra R(G) is just the complexification
of the representation ring R(G) of G.
Let us now introduce covariant modules. Using the terminology from above a covariant
module is simply a covariant system for the G-algebra Og. We give the following explicit
definition.

DEFINITION 2.11. Let G be a discrete group. A G-covariant module is a complete
bornological vector space M which is both a nondegenerate Og-module and a G-module
such that

s(fm):(sf)(sm)
foralls €e G, f € Og and m € M. A bounded linear map ¢ : M — N between covariant
modules 1s called covariant if it is Og-linear and equivariant.

From the previous discussion it is clear that covariant modules are essentially equivari-
ant sheaves except that we include bornologies as extra information. Usually we will not
mention the group explicitly in our terminology and simply speak of covariant modules
and covariant maps. We remark that there is a bijective correspondence between covariant
modules and nondegenerate modules for the crossed product Og x G.

Covariant modules and covariant maps constitute a category G-9700. The space of covari-
ant maps between two covariant modules M and N will be denoted by Home (M, N). We
let Hom (M, N) be the collection of maps that are only Og-linear and Homg (M, N) will
be the set consisting of equivariant maps. When dealing with covariant modules we will
mainly be interested in covariant maps.

The basic example of a covariant module is the algebra O itself. More generally, let V'
be a G-module. We obtain an associated covariant module by considering O;®V with the
diagonal G-action and the obvious Og-module structure given by multiplication.

Now we want to discuss in detail the structure of covariant maps between covariant mod-
ules. We begin with an arbitrary covariant module M. Given a conjugacy class (s) € (G)
we associate to M the localized module at (s) defined by M, = M/po M where py C Og
denotes the G-invariant ideal of all functions vanishing on (s). The space M, is still a
G-module and a module over Og. In particular it is a complete bornological vector space.
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Following the terminology introduced in [21] we call the localisations M, at conjugacy
classes of elements of finite order the elliptic components and the localisations at conjugacy
classes of elements of infinite order the hyperbolic components of M.

We may also localize M at a point s € GG. This is defined in a similar way, but now p
is replaced by the maximal ideal mg of all functions vanishing in s. The ideal my is in
general not G-invariant. On the corresponding localization M, we get consequently only
a Gs-module structure where G4 denotes the centralizer of the element s in G. Consider
for every conjugacy class (s) the characteristic function x () on (s). These functions are
multipliers of Og. Since every covariant module M is a nondegenerate Og-module these
multiplier act also on M. With this in mind it is easy to see that there is a natural isomor-
phism My = x (oM. Similarly we get My = x,M where X, is the characteristic function
on s € G.

In the following proposition localized modules are used to describe covariant maps.

PROPOSITION 2.12. Let M and N be covariant modules. Choose a representative s for
every conjugacy class (s) of elements in G. Then there are natural isomorphisms

Homg(M, N) H Homa(My, Niy) =[] Homg, (M, N,).
(s)€(G)
PRroOOF. Obviously there are natural maps

It is easy to check that the first map is injective. To see that it is also surjective let
(05) € [liewe Homa(Ms), Nis)) be given. With the notation as above we define a

covariant map ¢ by
> X b (xem)-
(s)€(G)

This is well-defined because covariant modules are nondegenerate Og-modules. It is clear
that ¢ maps to the family ¢y under the natural map. To see that the second map is an
isomorphism it suffices to consider a fixed conjugacy class (s). For every ¢ € (s) choose
r(t) such that x; = r(t) - xs. Again injectivity is easy and it remains to show surjectivity.
Given ¢, € Homg, (M, N,) we define ¢ € Homg (M), Ni)) by

o(m) =Y () - dy(r(t) ™" - (xem))

te(s)

This is independent of the choice of r(t) since ¢ is supposed to be Gg-linear. It is easy to
check that ¢ maps to ¢, under the natural map. 0

COROLLARY 2.13. Let M be a covariant module and let V' be a G-module. Choose a
representative s for every conjugacy class (s). Then there is a natural isomorphism

Homa(Oa@V, M) = ] Homg,(V, M,).
(5)€(G)

PROOF. This follows from proposition 2.12 and the fact that (Og®V), is isomorphic
to V for all s € G. O
A covariant module is called projective if it satisfies the lifting property for surjective
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covariant maps M — N with bounded linear splitting. It is not hard to check that one
can construct out of any bounded linear splitting for the surjection M — N a bounded
linear splitting which is in addition Og-linear. Hence it is equivalent to require the lifting
property for surjections M — N of covariant modules with bounded Og-linear splitting to
define the class of projective covariant modules.

COROLLARY 2.14. Let V be a free G-module. Then Og®V is a projective covariant
module.

PRrOOF. Let ¢ : M — N be a surjection of covariant modules and let o : N — M be
a bounded Og-linear splitting for ¢. Then by proposition 2.12 ¢ corresponds to a family
of maps ¢5 € Homg, (M, N;). The map o gives splittings o, € Hom (N, M) for the maps
¢s. Now (Og®V)S = V is free as a G,-module since V is a free G-module. Hence any
map ¢ : Og®V — N corresponding to a family of maps 1, € Homg, ((Og®V)s, Ny) can
be lifted to a family 1, € Homg, ((Og&®V),, M) such that ¢,n, = ;. This means ¢n = 9
for the covariant map 7 corresponding to the family 7. 0

4. Projective systems

Since the work of Cuntz and Quillen [30] it is known that periodic cyclic homology is
most naturally defined on the category of pro-algebras. Similarly, the correct way to define
equivariant periodic cyclic homology is to work in the category of pro-G-algebras. This
means that we have to consider projective systems of G-modules and covariant modules.
In this section we shall explain these notions and fix our notation.

First we review the general construction of pro-categories. To an additive category C one
associates the pro-category pro(C) of projective systems over C as follows.

A projective system over C consists of a directed index set I, objects V; for all ¢ € I and
morphisms p;; : V; — V; for all j > 7. The morphisms are assumed to satisfy p;;p;r = pir if
k > j > i. These conditions are equivalent to saying that we have a contravariant functor
from the small category I to C. The class of objects of pro(C) consists by definition of all
projective systems over C.

The space of morphisms between projective systems (V;);e; and (W;),cs is defined by

Mor((V), (W) = lim i More(V;, 1)
J (2

where the limits are taken in the category of abelian groups. The morphisms between
projective systems will be called pro-morphisms. Of course one has to check that the com-
position of pro-morphisms can be defined in a consistent way. We refer to [1] for this and
further details.

It is useful to study pro-objects by comparing them to constant pro-objects. A constant
pro-object is by definition a pro-object where the index set consists only of one element.
If V= (Vi)ier is any pro-object a morphism V' — C with constant range C' is given by a
morphism V; — C for some ¢. This follows directly from the definition of the morphisms
in pro(C).

In the category pro(C) projective limits always exist. This is due to the fact that a pro-
jective system of pro-objects (V;);es can be identified naturally with a pro-object in the
following way. Let V; = (Vji)ier, be a projective system of objects in C. Consider the
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pro-object (V};)jesicr; with structure maps induced by the structure maps in Vj for j € J
and the transition maps coming from the projective system (V;);ec;. It can be checked that
(Vii)jesier; is the projective limit of the projective system (V;);es in pro(C).

Since there are finite direct sums in C we also have finite direct sums in pro(C). Explicitly,
the direct sum of V' = (V;);er and W = (W,);e, is given by

(Vi)ier @ Wj)jes = (Vi @ Wj)ij)erxs

where the index set [ x J is ordered using the product ordering. The structure maps of
this projective system are obtained by taking direct sums of the structure maps of (V;);er
and (W;);es. With this notion of direct sums the category pro(C) becomes an additive
category.

If we apply these general constructions to the category of G-modules we obtain the category
of pro-G-modules. A morphism in pro(G-Mod) will be called an equivariant pro-linear map.
Similarly we have the category of covariant pro-modules as the pro-category of G-9J100.
Morphisms in pro(G-9100) will simply be called covariant maps again.

Let us come back to the general situation. Assume in addition that C is monoidal such
that the tensor product functor C x C — C is bilinear. In this case we define the tensor
product V @ W for pro-objects V' = (V;);e;r and W = (W;);es by

(Vi)ier @ (Wj)jer = (Vi @ Wj) @ jyerxs

where again [ X J is ordered using the product ordering. The structure maps are obtained
by tensoring the structure maps of (V;);e; and (W;)jc;. Observe that any morphism
f: VW — C with constant range C' factors through V; ® W; for some i € I,j € J.
This means that we can write f in the form f = g(fy ® fw) where fi, : V — Cy and
fw : W — Cy are morphisms with constant range and g : Cyy ® Cyy — W is a morphism
of constant pro-objects.

Equipped with this tensor product the category pro(C) is additive monoidal and we obtain
a faithful additive monoidal functor C — pro(C) in a natural way.

The existence of a tensor product in pro(C) yields a natural notion of algebras and algebra
homomorphisms in this category. These algebras will be called pro-algebras and their
homomorphism will be called pro-algebra homomorphisms. Moreover we can consider pro-
modules for pro-algebras and their homomorphisms. The definitions are straightforward.
The category G-Mod is monoidal in the sense explained above. To indicate that we use
completed bornological tensor products in G-Mod we will denote the tensor product of two
pro-G-modules V and W by VQW.

In order to fix terminology we give the following definition.

DEFINITION 2.15. A pro-G-algebra A is an algebra in the category pro(G-Mod). An
algebra homomorphism f : A — B in pro(G-Mod) is called an equivariant homomorphism
of pro-G-algebras.

Occasionally we will consider unital pro-G-algebras. The unitarisation A™ of a pro-G-
algebra A is defined in the same way as for G-algebras.
We also include a short discussion of extensions. This will be important in particular
in connection with excision in equivariant periodic cylic homology. Let again C be any
additive category and let K, E and @ be objects in pro(C). An admissible extension is a
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diagram of the form

in pro(C) such that pt = id, 7o = id and tp + om = id. In other words we require that F
decomposes into a direct sum of K and (). Note that the morphisms p and ¢ determine
each other uniquely.

Let us also give the following definition in the concrete situation C = pro(G-Mod).

DEFINITION 2.16. Let K, E and @) be pro-G-algebras. An admissible extension of pro-
G-algebras is an admissible extension

in pro(G-Mod) where v and 7 are equivariant algebra homomorphisms.

Usually we will simply write (¢,7) : 0 - K - F — @ — 0 or simply 0 - K — E —
@ — 0 for an admissible extension of pro-G-algebras and assume tacitly that a splitting
for the quotient map is given.
Working with pro-G-modules or covariant pro-modules may seem somewhat difficult be-
cause there are no longer concrete elements to manipulate with. Nevertheless we will write
down explicit formulas involving ”elements” in subsequent sections. This can be justified
by noticing that these formulas are concrete expressions for identities between abstractly
defined morphisms.

5. Paracomplexes

In this section we introduce the concept of a paramixed complex which will play a
central role in our theory. Our terminology is motivated from [34] but it is slightly different.
The related notion of a paracyclic module is well-known in the study of the cyclic homology
of crossed products and smooth groupoids [32], [34], [54].

Whereas cyclic modules and mixed complexes constitute the fundamental framework for
cyclic homology theory, paracyclic modules are mainly regarded as a tool in computations.
However, in the equivariant situation the point of view is changed completely! Here the
fundamental objects are paramixed complexes. Conversely, mixed complexes show up only
in concrete calculations. We will see this in particular in chapters 4 and 5 below.

Let us give the following general definition.

DEFINITION 2.17. Let C be an additive category. A paracomplex P in C is a sequence of
objects P, and morphisms d : P, — P,_; in C (not necessarily satisfying d> =0). A chain
map [ : P — @ between two paracomplexes is a sequence of morphisms f, : P, — Qp
commuting with the differentials.

We did not specify the grading in this definition, we may consider Z-graded para-
complexes or N-graded paracomplexes or parasupercomplexes. The morphisms d in a
paracomplex will be called differentials although this contradicts the usual definition of a
differential.

In general it does not make sense to speak about the homology of a paracomplex. Given
a paracomplex P in an abelian category with differentials d one could force it to become
a complex by dividing out the subspace d?(P) and then take homology. However, it turns
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out that this procedure is not appropriate in the situations we will consider.

Although there is no reasonable definition of homology we can nevertheless give a meaning
to the statement that two paracomplexes are homotopy equivalent: Let f,g: P — @ be
two chain maps between paracomplexes. A chain homotopy connecting f and ¢ is a map
s: P — @ of degree 1 satisfying the usual relation ds + sd = f — g. It should be noted
that the map ds + sd for a general morphism s : P — ) of degree 1 is a chain map iff
d?* commutes with s. In particular it follows from the homotopy relation ds + sd = f — g
that a chain homotopy s commutes with d*. Of course two paracomplexes P and @Q are
called homotopy equivalent if there exist chain maps f: P — ) and ¢g : ) — P which are
inverse to each other up to chain homotopy.

Nevertheless, at this level of generality paracomplexes are not very interesting. The para-
complexes we have in mind are rather special. They arise from paramixed complexes that
we are going to define now.

DEFINITION 2.18. Let C be an additive category. A paramized complex M in C is a
bounded below sequence of objects M, together with differentials b of degree —1 and B of
degree +1 satisfying b* = 0, B> =0 and

b, B] =bB + Bb=id —T
with an invertible morphism T .

For T' = id we reobtain the notion of a mixed complex. Since the Hochschild operator
b in a paramixed complex satisfies b> = 0 one can define and study Hochschild homology
in the usual way. On the other hand we do not intend to define the cyclic homology of a
paramixed complex. We will see in chapter 3 how bivariant periodic cyclic homology of
certain paramixed complexes can be defined in a natural way. Observe that in a paramixed
complex we have control about the failure of the usual differential 0 = B + b to satisfy
0? = 0. For the moment we only remark that this is the reason why it is possible to work
with these objects.
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CHAPTER 3

Equivariant periodic cyclic homology

In this chapter we define bivariant equivariant periodic cyclic homology H P¢ and study
its general homological properties.
Our treatment follows closely the axiomatic machinery for cylic homology theories devel-
oped by Meyer in [53]. In fact a large part of the necessary adaptions is straightforward
and carried out here in detail only to keep our exposition self-contained.
In the first section we study quasifree pro-G-algebras and universal locally nilpotent ex-
tensions. This can be done as in the non-equivariant case. In the second section we
construct noncommutative equivariant differential forms. As indicated in the introduction
the definitions are related to the Cartan model in the classical setting. We show that
noncommutative equivariant differential forms satisfy the axioms of a paramixed complex.
In the third section we study the equivariant X-complex which can be thought of as the
noncommutative equivariant de Rham complex. With these preparations we can define
bivariant equivariant periodic cyclic homology HPY(A, B). The rest of the chapter is de-
voted to proving general properties of these bivariant homology groups. We show that
HPS is homotopy invariant, stable and satisfies excision in both variables. The proofs
from the non-equivariant context can be adapted with some modifications.

1. Quasifree pro-G-algebras

Let G be a discrete group and let A be a pro-G-algebra. The space 2"(A) of noncom-
mutative n-forms over A is defined by Q"(A) = AT@A®" for n > 0. We recall that At
denotes the unitarization of A. From its definition as a tensor product it is clear that Q"(A)
becomes a pro-G-module in a natural way. The differential d : Q"(A) — Q"*1(A) and the
multiplication of forms Q"(A)®@Q™(A) — Q"™ (A) are defined as usual [30] and it is clear
that both are equivariant pro-linear maps. Multiplication of forms yields in particular an
A-bimodule structure on 2"(A) for all n. Apart from the ordinary product of differential
forms we have the Fedosov product given by

won=uwn—(—1)ldwdn

for homogenous forms w and 7. Consider the pro-G-module Q="(A) = A Q' (A) & - @
0"(A) equipped with the Fedosov product where forms above degree n are ignored. It is
easy to check that this multiplication is associative and turns 2="(A) into a pro-G-algebra.
Moreover we have the usual Z,-grading on Q25"(A) into even and odd forms. The natural
projection Q=™(A) — Q="(A) for m > n is an equivariant homomorphism and compatible
with the grading. Hence we get a projective system (Q25"(A)),en of pro-G-algebras. By
definition the periodic differential envelope 0Q(A) of A is the pro-G-algebra obtained as
the projective limit of this system. We define the periodic tensor algebra 7 A of A to be
the even part of 0Q(A). If we set TA/(JA)" .= A® Q2(A) @ - d Q" 2(A) we can
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describe T A as the projective limit of the projective system (7 A/(J A)")nen. The natural
projection #(A) — A restricts to an equivariant homomorphism 74 : 7A — A. Since
the natural inclusions A — A ® Q*(A) & --- ® Q" 2(A) assemble to give an equivariant
pro-linear section o4 for 74 we obtain an admissible extension

LA TA

of pro-G-algebras where [JA is by definition the projective limit of the pro-G-algebras
TJA/(TA)" = QP(A) @ - @ Q™ 2(A).

A large part of this section is devoted to the study of the pro-G-algebras 7 A and J A.
We will begin with JA and need some definitions. Let m™ : N®* — N be the iterated
multiplication in an arbitrary pro-G-algebra N. Then N is called k-nilpotent for £k € N
if the iterated multiplication m* : N® — N is zero. It is called nilpotent if N is k-
nilpotent for some k£ € N. We call N locally nilpotent if for every equivariant pro-linear
map f : N — (' with constant range C there exists n € N such that fm™ = 0. In particular
we see that nilpotent pro-G-algebras are locally nilpotent. An admissible extension 0 —
K — E — @ — 0 of pro-G-algebras is called locally nilpotent (k-nilpotent, nilpotent) if
K is locally nilpotent (k-nilpotent, nilpotent).

LEMMA 3.1. The pro-G-algebra J A is locally nilpotent.

PrROOF. Let [ : JA — C be an equivariant pro-linear map. By the construction of
projective limits it follows that there exists n € N such that [ factors through JA/(JA)".
The pro-G-algebra JA/(JA)" is n-nilpotent by the definition of the Fedosov product.
Hence Im”; , = 0 as desired. O
Later we will need the following result which shows how local nilpotence is inherited by
tensor products.

LEMMA 3.2. Let N be a locally nilpotent pro-G-algebra and let A be any pro-G-algebra.
Then the pro-G-algebra AQN s locally nilpotent.

PROOF. Let f: A9QN — C be an equivariant pro-linear map with constant range. By
the construction of tensor products in pro(G-Mod) this map can be written as g(fi®f2)
for equivariant pro-linear maps f; : A — Cs, fo : N — (5 with constant range and an
equivariant bounded linear map ¢ : C;®Cy — C. Since N is locally nilpotent there exists
a natural number n such that fom7 = 0. Up to a coordinate flip the n-fold multiplication
in AA®N is givenA by m%&@mY. This implies fm;‘@N = 0 for the multiplication m 4¢, in
A®N. Hence A®XN is locally nilpotent. O
Next we want to have a closer look at the pro-G-algebra 7 A. Our first goal is to explain
the universal property that characterizes 7 A. In order to formulate this correctly we need
another definition. An equivariant pro-linear map [ : A — B between pro-G-algebras is
called a lonilcur if its curvature w; : A®A — B defined by w(a,b) = I(ab) — (a)l(b) is
locally nilpotent, that is, if for every equivariant pro-linear map f : B — C' with constant
range C' there exists n € N such that fm%w?" = 0. The term lonilcur is an abbreviation for
”equivariant pro-linear map with locally nilpotent curvature”. It follows immediately from
the definitions that every equivariant homomorphism is a lonilcur because the curvature
is zero in this case. Using the fact that J A is locally nilpotent one checks easily that the
natural map o4 : A — T A is a lonilcur.
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PROPOSITION 3.3. Let A be a pro-G-algebra. The pro-G-algebra T A and the equivari-
ant pro-linear map o4 : A — T A satisfy the following universal property. Ifl : A — B
18 a lonilcur into a pro-G-algebra B there exists a unique equivariant homomorphism
[[]] : TA — B such that the diagram

O A

A

18 commutative.

PROOF. Let w; : A®A — B be the curvature of . For each k& > 0 we define an
equivariant pro-linear map ¢y : Q?*(A) — B by

¢f(9€od951 ce dﬂUzk) = l(mo)wl(l’l, 332) . 'Wl(x%fl; ﬂUzk)

where [ is extended to an equivariant pro-linear map AT — B™ which is again denoted
by  and determined by I(1) = 1. Now let f : B — C be an equivariant pro-linear map
with constant range and consider the map h : B¥®B — C given by h(yo ® y1) = f(voy1).
By the definition of tensor products in pro(G-Mod) there exist equivariant pro-linear maps
with constant range f; : BT — (4, fo : B — (5 and an equivariant bounded linear map
g: C1&Cy — C such that h = g(fi®f>). Since [ is a lonilcur there exists a natural number

n such that fomfw?" = 0. Hence we have
for = h(¢r"@mipwi™) = g(fig] " ® fampw™) = 0

for all £k > n.

In order to construct [[l]] we write B = (B;);es as a projective system. For each i € [
we have a natural equivariant pro-linear map f; : B — B; with constant range. By the
previous discussion there exists a natural number n; such that fiqbf =0 for all £ > n;. We
define the equivariant pro-linear map [[l]]; : TA/(JA)™ — B; by

n;—1

i = il @@ 0™ - PO (A) — Bs

Since fi¢f = 0 for all k > n; the maps [[I]]; form a morphism of projective systems
from (TA/(TA)")nen to (B;)ies- This morphism induces an equivariant pro-linear map
[[l]] : TA — B of the corresponding projective limits. It is not difficult to check that
[[1]] is in fact a homomorphism. Moreover we have [[l]Joa = [ by construction. Using the
definition of the Fedosov product we see that [[l]] is the only equivariant homomorphism
satisfying this relation. O
Let us now define and study quasifree pro-G-algebras.

DEFINITION 3.4. A pro-G-algebra R is called quasifree if there exists an equivariant
splitting homomorphism R — T R for the natural projection Tg.

In the following theorem the class of quasifree pro-G-algebras is characterized.
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THEOREM 3.5. Let G be a discrete group and let R be a pro-G-algebra. Then the
following conditions are equivalent:

a) R is quasifree.

b) There exists a family of equivariant homomorphisms v, : R — TR/(JR)" such that
vy = id and vp4q 15 a lifting of v,,.

c) For every admissible locally nilpotent extension 0 — K — E — @ — 0 of pro-G-
algebras and every equivariant homomorphism f : R — @ there exists an equivariant
lifting homomorphism h : R — F.

d) For every admissible nilpotent extension 0 — K — E — Q — 0 of pro-G-algebras
and every equivariant homomorphism f : R — @ there exists an equivariant lifting
homomorphism h: R — E.

e) For every admissible 2-nilpotent extension 0 — K — E — @ — 0 of pro-G-algebras
and every equivariant homomorphism f : R — (@) there exists an equivariant lifting
homomorphism h : R — E.

f) For every admissible 2-nilpotent extension 0 — K — E — R — 0 of pro-G-algebras
there exists an equivariant splitting homomorphism R — FE.

g) There exists an equivariant splitting homomorphism for the natural homomorphism
TR/(JR)* — R.

h) There exists an equivariant pro-linear map ¢ : R — Q*(R) satisfying

o(zy) = d(x)y + xd(y) — dudy
for all z,y € R.
i) There exists an equivariant pro-linear map V : Q' (R) — Q?*(R) satisfying
V(zw) = 2V (w), V(wz) = V(w)r —wdz
for allz € R and w € Q'(R).
7) The R-bimodule Q'(R) is projective in pro(G-Mod).
k) There exists an admissible projective resolution of the R-bimodule R of length 1 in

pro(G-Mod).

PROOF. a) < b) follows directly from the definition of 7R as the projective limit of
the inverse system of pro-G-algebras (T R/(J R)")nen-
a) = ¢) Let f: R — @ be an equivariant homomorphism and let

be an admissible locally nilpotent extension as in ¢). Since f is a homomorphism we com-
pute wsr(z,y) = ws(f(2), f(y)) for the curvature of sf and it follows that w,y maps R into
K. Since K is locally nilpotent by assumption we see that sf is a lonilcur. By proposition
3.3 there exists an equivariant homomorphism [[sf]] : 7R — E such that [[sf]logr = sf.
Now let v : R — T R be an equivariant splitting homomorphism for the natural projec-
tion and put h = [[sf]]Jv. Using the uniqueness assertion in proposition 3.3 we obtain
pl[sf]] = frr. This implies ph = p[[sf]Jv = frrv = f. Hence h is a lifting homomorphism
for f as desired.

¢) = a) Apply ¢) to the admissible locally nilpotent extension 0 - JR — TR — R — 0
and the identity map R — R.

The implications ¢) = d) = e) = f) are trivial.
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f) = g) Let JR/(JR)? be the pro-G-module 9%(R) equipped with the trivial multipli-
cation. Consider the admissible 2-nilpotent extension 0 — JR/(JR)?> — TR/(JR)* —
R — 0 and apply f).

g) = e) Retaining the notation from above we see as in the proof of the implication
a) = c) that there exists an equivariant homomorphism [[sf]] : 7R — FE such that
[[sfllor = sf. Since K is 2-nilpotent this homomorphism descends to a homomorphism
g : TR/(JR)* — E. Furthermore we have pg = f7 where 7 : TR/(JR)?> — R is the
natural projection. Let v: R — T R/(J R)? be a splitting homomorphism for 7. The map
h =gv: R — E is an equivariant homomorphism satisfying ph = pgv = frv = f.

e) = b) The homomorphisms v,, are constructed by induction. In the induction step we
apply f) to the admissible 2-nilpotent extension 0 — (JR)"/(JR)"™ — TR/(JR)"™ —
TR/(JR)" — 0 to obtain a lifting for v, : R — TR/(JR)".

g) < h) By definition 7R/(JR)? is the pro-G-algebra R @& Q%(R) with multiplication
given by the Fedosov product. An equivariant pro-linear section v for the natural projec-
tion TR/(JR)? — R is necessarily of the form v = o + ¢ for an equivariant pro-linear
map ¢ : R — Q?(R). The section v is an algebra homomorphism iff

0= (or+¢)(zy) — (or + ¢)(z) o (0r + &) (y) = d(zy) — xd(y) — P(x)y + dady.

This yields the assertion.

h) < i) Equivariant pro-linear maps from R to Q2%(R) correspond to equivariant pro-linear
left R-module homomorphisms Q'(R) = R*®@R — Q*(R). Using this correspondence
conditions h) and i) are equivalent.

h) < j) Consider the admissible short exact sequence

O2(R)*===y RFQRGRT =y Q1(R)

of pro-G-modules where 7 and p are the R-bimodule homomorphisms given by
i(xodridrs) = To21 @ T2 @ 1 — ) @ 1122 @ 1 + 29 @ 71 @ 9

and

p(To ® 11 ® T9) = wodr122
and the equivariant pro-linear maps r and s are defined by 7(zg ® 1 ® x2) = zodridry
and s(zodr) = 19 @ 11 ® 1. Clearly Q'(R) is a projective R-bimodule iff there exists
an R-bimodule homomorphism p : RFQRORT — Q%(R) satisfying pi = id. Now R-
bimodule homomorphisms R*@R®RT — Q2?(R) correspond to equivariant pro-linear maps
R — Q%*(R). Under this correspondence conditions h) and j) are equivalent.
7) = k) If Q'(R) is projective the admissible short exact sequence

is a projective resolution of the R-bimodule Rt of length one. Here m : RT®RT — R
is multiplication, i : Q'(R) — RT®R' is given by i(zodr) = 29 ® 21 — 2021 ® 1 and
s: Rt — R*®@R" is defined by s(z) =2 ® 1.

k) = j) We shall prove the following more general statement. Assume that (tp,7p) : 0 —
K —- P — Rt — 0and (1g,m9) : 0 = L — Q — RT — 0 are admissible extensions
of R-bimodules in pro(G-Mod) with P and @ projective. Consider M = P @ @ and the
map m = 7p B 7. Since we have pro-linear isomorphisms P = Rt ® K and Q = R* & L
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there exist pro-linear isomorphisms M = Rt @ L @ P and ker(n) = L @ P. We obtain an
admissible extension 0 — L — ker(m) — P — 0 of R-bimodules. Since P is projective
we see that ker(r) =2 P @ L as R-bimodules. In the same way we obtain an R-bimodule
isomorphism ker(m) =2 Q @ K. It follows that K is projective iff L is projective. Applying
this to the extension 0 — Q!(R) — R*®R* — RT — 0 and the projective resolution of R*
of length one given in k) we deduce that Q'(R) is a projective R-bimodule in pro(G-Mod).
This yields the assertion. U
A basic example of a quasifree pro-G-algebra is the algebra of complex numbers C with
the trivial G-action. More generally the following easy observation is useful.

LEMMA 3.6. Let A be a pro-algebra equipped with the trivial G-action. If A is quasifree
as a pro-algebra it is quasifree as a pro-G-algebra.

The following result is important.

PROPOSITION 3.7. Let A be any pro-G-algebra. The periodic tensor algebra T A is
quasifree.

Proor. We have to show that there exists an equivariant splitting homomorphism
for the projection 774 : TTA — T A. Let us consider the equivariant pro-linear map
04 = o704 : A — TTA. We want to show that 0% is a lonilcur. First we compute the
curvature wy2 of o as follows:

we2 (2,y) = o4 (xy) — o%(x) 0 o (y)

= ora(oa(zy)) — o7a(0a(z) 0 0a(y)) + do’i(z)do’ (y)
= 07A(Wo, (2,Y)) + doi (x)do? (y).

Next consider the equivariant pro-linear map o4 = 7740%. Since 774 is a homomorphism
we obtain w,, = Traw,z. Let [ : TTA — (C be an equivariant pro-linear map with
constant range C'. Composition with 074 : 7A — TT Ayieldsamap k =lors: TA — C
with constant range. Since g4 is a lonilcur there exists n € N such that

kmiz w, " = kaATTAwU% = k7‘¢AmTTAw(734 =0.

By the construction of 77 A the map [ factors over 77 A/(J (T A))™ for some m. Using the
G =0,
Hence o2 is a lonilcur. By the universal property of 7 A there exists a homomorphism
v =|[[c4]] : TA — TT A such that vo, = ¢%. This implies (774v)04 = Tra07404 = 0A.
From the uniqueness assertion of proposition 3.3 we deduce 774v = id. This means that
T A is quasifree. O

In connection with unital algebras the following result is useful.

formula for the curvature of 0% and our previous computation we obtain ImJ% 4w

PROPOSITION 3.8. Let A be a pro-G-algebra. Then A is quasifree if and only if AT is
quasifree.

PROOF. Assume first that A" is quasifree and consider the admissible extension
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of pro-G-algebras obtained by considering the unitarized version 7" of the natural homo-
morphism 7 : 7A — A. Since J A is locally nilpotent and A* is quasifree there exists an
equivariant splitting homomorphism v : AT — (7 A)* for 7F. From the relation 77v = id it
follows that v restricts to a homomorphism v : A — 7 A. This implies that A is quasifree.
Conversely, assume that A is quasifree. Since C is quasifree we can lift the canonical
equivariant homomorphism C — A* to a homomorphism e : C — 7 (AT). Consider the
pro-G-module e7T (A*)e = CRQT (AT)®C with multiplication defined by
(1 @21 ® 1) - (2 @22 ® Ba) = an @ wre(Br)e(az) 2 @ Bo.

It is easy to check that e7 (A™)e becomes a pro-G-algebra with this multiplication. There is
a natural equivariant homomorphism e7 (A*)e — 7 (A") mapping a @z ® 5 to e(a)xe().
One should think of e7 (A™)e as the algebra obtained from 7 (A1) by truncating with the

idempotent associated to the homomorphism e. In a similar way we define e 7 (AT )e. It is
easy to see that we obtain an admissible extension

of pro-G-algebras. Moreover one checks that the pro-G-algebra e J(AT)e is locally nilpo-
tent. Since A is assumed to be quasifree there exists an equivariant lifting homomorphism
u:A— eT(AT)e for the natural homomorphism A — A* due to theorem 3.5. We denote
by v the composition of u with the canonical homomorphism e7 (A*)e — T (A1). Now
definew =vde: AT 2 ApC — T(AT). By definition w is an equivariant pro-linear
map. Moreover we compute

w((a®a)(b & B)) = w(ab+ ab+ Ba & af)
— v(ab) + e(a)v(b) + e(B)o(a) + e(aB) = wla ® )w(b ® B),

hence w is a homomorphism. Since w lifts the map 7(A") — A" we see that A% is
quasifree. O
Let us also introduce separable pro-G-algebras. Separable pro-G-algebras constitute a
special class of quasifree pro-G-algebras.

DEFINITION 3.9. A pro-G-algebra S is called separable if ST is a projective S-bimodule
in pro(G-Mod).

It follows directly from the definition that S is separable iff there exists an equivari-
ant pro-linear S-bimodule splitting for the admissible short exact sequence 0 — Q!(S) —
S*t®St — ST — 0. The equivalence of conditions a) and k) in theorem 3.5 shows that
separable pro-G-algebras are quasifree.

We will now study universal locally nilpotent extensions of pro-G-algebras. These exten-
sions play an important conceptual role in equivariant periodic cyclic homology.

DEFINITION 3.10. Let A be a pro-G-algebra. A universal locally nilpotent extension of
A is an admissible extension of pro-G-algebras 0 — N — R — A — 0 where N is locally
nilpotent and R is quasifree.

We equip the Fréchet algebra C*°[0, 1] of smooth functions on the interval [0, 1] with
the bounded bornology which equals the precompact bornology. We view C*°[0, 1] as a
G-algebra with the trivial G-action. An equivariant homotopy is an equivariant homo-
morphism of pro-G-algebras h : A — B&C>[0, 1] where C*°[0,1] is viewed as a constant
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pro-G-algebra. For each t € [0, 1] evalutation at ¢ defines an equivariant homomorphism
h; : A — B. Two equivariant homomorphisms are equivariantly homotopic if they can be
connected by an equivariant homotopy. We will also write B[0, 1] for the pro-G-algebra
B®0>0,1].

PROPOSITION 3.11. Let (¢,m): 0 — N — R — A — 0 be a uniwversal locally nilpotent
extension of A. If (i,p) : 0 = K — E — Q — 0 is any other locally nilpotent extension
and ¢ : A — @Q an equivariant homomorphism there exists a commutative diagram of
pro-G-algebras

N—t—R—T—4
5\ (G
K——F—E—F5
Moreover the equivariant homomorphisms & and v are unique up to smooth homotopy.
More generally let (&, ¢, ¢y) fort = 0,1 be equivariant homomorphisms of extensions and

let ®: A— Q0,1] be an equivariant homotopy connecting ¢o and ¢1. Then ® can be lifted
to an equivariant homotopy (2, ¥, ®) between (o, %o, o) and (&1,11, P1).

¢

PROOF. Let v : R — T R be a splitting homomorphism for the projection 7 : 7R — R
and let s : () — E be an equivariant pro-linear section for the projection p : £ — (). Since
p(s¢m) = ¢m is an equivariant homomorphism the curvature of s¢m : R — E has values in
K. Since by assumption K is locally nilpotent it follows that s¢m is a lonilcur. From the
universal property of 7 R we obtain an equivariant homomorphism k = [[s¢7]] : TR — E
such that kor = s¢m. Define v = kv : R — E. We have

(pk)or = psom = ¢m = (¢TTR)OR

and by the uniqueness assertion in proposition 3.3 we get pk = ¢m7r. Hence pyp = pkv =
¢onTry = ¢7 as desired. Moreover ¥ maps N into K and restricts consequently to an
equivariant homomorphism ¢ : N — K making the diagram commutative.

The assertion that ¢ and £ are uniquely defined up to smooth homotopy follows from the
more general statement about the lifting of homotopies. Hence let (&, 1y, ¢;) for t = 0,1
and ® : A — Q[0,1] be given as above. Tensoring with C*°[0, 1] yields an admissible
extension (i[0,1],p[0,1]) : 0 — K][0,1] — E[0,1] — Q[0,1] — 0 of pro-G-algebras. An
equivariant pro-linear splitting s[0, 1] for this extension is obtained by tensoring s with
the identity on C*°[0,1]. Since &7 = pyy for t = 0,1 the equivariant pro-linear map
[ : R — EJ0,1] defined by

[ =5s[0,1]®7 + (g — s¢om) @ (1 — t) + (Y1 — s¢17) @

satisfies evy [ = 9, for t = 0, 1 and p|0, 1]l = ®7. The map p[0, 1]l = $7 is a homomorphism
and hence the curvature of [ has values in K[0,1]. Due to lemma 3.2 the pro-G-algebra
K[0,1] = K&C®[0,1] is locally nilpotent. Consequently we get an equivariant homomor-
phism [[l]] : TR — FE]0,1] such that [[l]Jor = . We define ¥ = [[l]Jv and in the same
way as above we obtain p[0,1]¥ = ®7. An easy computation shows ¥, = ev, U = ¢, for
t = 0,1. Clearly W restricts to an equivariant homomorphism = : N — K]0, 1] such that
(2, ¥, ®) becomes an equivariant homomorphism of extensions. O
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PROPOSITION 3.12. Let A be a pro-G-algebra. The extension) — JA —TA — A — 0
18 a universal locally nilpotent extension of A. If 0 - N — R — A — 0 is any other
universal locally nilpotent extension of A it is equivariantly homotopy equivalent over A to
0—-JA—-TA — A — 0. In particular R is equivariantly homotopy equivalent to T A
and N is equivariantly homotopy equivalent to J A.

PRrROOF. The pro-G-algebra J A is locally nilpotent by lemma 3.1. Moreover T A is
quasifree by proposition 3.7. Hence the assertion follows from proposition 3.11. 0

2. Equivariant differential forms

In the previous section we have seen that the space of noncommutative n-forms 2" (A)
for a pro-G-algebra A is a pro-G-module in a natural way. We begin with the following
assertion about the structure of this G-module in the situation where A is an ordinary
G-algebra.

LEMMA 3.13. For every G-algebra A and all n the G-module Q"(ARKg) is free.
PRrOOF. The claim follows from the equivariant isomorphisms
Qn(A®/Cg) o (A®/C(;)+®(A®/Cg)®n ) (A®,CG)®n+1 @ (A®/Cg)®"
and lemma 2.8. O
Consider now the covariant module Q%(A) = Og®Q"(A). The G-action on this space is
defined by
t-fs)@w=f(t'st)@t-w

for all f € Og and w € Q"(A) and the Og-module structure is given by multiplication.

DEFINITION 3.14. Let A be a pro-G-algebra. The covariant pro-module Q% (A) is called
the space of equivariant n-forms over A.

Let us define operators d and bg on equivariant differential forms by
d(f(s) @w) = f(s) ® dw
and
bo(f(s) ® wdz) = (=1)"(f(5) ® (wr — (57" - 2)w))
for w € Q"(A) and € A. In order to clarify the notation we remark that one may view

elements in Q7 (A) as functions from G to 2"(A). In particular the precise meaning of the
last formula is that evaluation of bg(f ® wdx) € QE(A) at the group element s € G yields

(=1)"(f(s)(wz — (s7" - 2)w)) € Q*(A).

Having this in mind we want to study the properties of the operators d and bg. As in the
non-equivariant case we have d> = 0. The operator b should be thought of as a twisted
version of the ordinary Hochschild boundary. We compute for w € Q"(A) and z,y € A

b (f(s) ® wdzdy) = ba((=1)"'(f(s) @ wdzy — f(s) ® (s - y)wdz))
= ba((=1)"(f(s) @ wd(zy) — f(s) @ wady — f(s) © (s - y)wd))
= (=D)"(=1)""(f(s) @way — f(s) @ s - (zy)w
— (f(s) Qway — f(s) @ (s - y)wa)
—(fs)@ (s ywr — f(s) @ (s - 2) (s - y)w)) = 0.
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This shows b% = 0 and hence b¢ is an ordinary differential.
Similar to the non-equivariant case we construct an equivariant Karoubi operator kg and
an equivariant Connes operator Bg out of d and bg. We define

Rg = id —(bgd + dbg)

and on QF(A) we set
BG = Z I{]Gd
=0

Using that rg commutes with d and d* = 0 we obtain B% = 0. Let us record the following
explicit formulas on Q%(A). For n > 1 we have

ka(f(s) @wdr) = (=1)" 1 f(s) @ (s7! - do)w

and we obtain kg(f(s)®z) = f(s)®@s !z for f(s)®@x € Q%(A). For the Connes operator
we compute

n

Ba(f(s) ® xodxy - - - dxy) = Z(—l)mf(s) ® s (drpsq_i- - dp)dag - dag, ;.

=0

In addition we define the operator T' by
T(f(s)@w)=f(s)@s " w=s""(f(s) ®w).

It is easy to check that all operators constructed so far are covariant.
The following lemma describes an important property of the map 7.

LEMMA 3.15. Let A and B be pro-G-algebras and let ¢ : Qg(A)™ — Qa(B)" be a
covariant map for some m,n. Then ¢T = T¢.

PROOF. For an element s € G we let §; € Og be the function determined by d5(s) = 1
and d5(t) = 0 for t # s. We compute

(T'9)(0s @w) = s ¢(0; Ow) = ¢(s - (s Qw)) = (¢T)(0; @ w)

using the fact that ¢ is Og-linear and equivariant. Since Qg is spanned linearly by the
functions §, with s € G the claim follows. O
In order to keep the formulas readable we will frequently write b instead of b in the sequel
and use similar simplifications for the other operators.

We need the following lemma concerning relations between the operators constructed
above. See [28] for the corresponding assertion in the non-equivariant context.

LEMMA 3.16. On Q%(A) the following relations hold:

a) k"d =Td
b) k" =T + br"d
c) bs™ = bT

d) k" = (id —db)T
e) (k" —T) (k" —T)=0
f) Bb+bB=id—T
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PROOF. The proof of a) is easy. b) Using the explicit formula for x from above we
compute

K"(f(s) @ wodzy -+ -dwy,) = f(s) @8- (doy - - - day)xo
= f(s)®@ s (wodwy - - -dwy) + (—1)"b(f(s) @ s - (dxy - - - dxy,)dg)
=T(f(s) ® xodxy - - - dxy) + bE"d(f(5) ® wodxy - - - dyy).

c) follows by applying the Hochschild boundary b to both sides of b). d) Apply x to b)
and use a). e) is a consequence of b) and d). f) We compute

n—1 n n—1
Bb+bB =Y kldb+ Y br/d =Y #(db+ bd) + £"bd
=0 =0 =0

=id —k"(id =bd) = id —k"(k + db) =1d =T + dbT — T'db = id =T
where we use d) and b) and the fact that 7" commutes with covariant maps due to lemma

3.15. =
Let us summarize this discussion as follows.

PROPOSITION 3.17. Let A be a pro-G-algebra. The space Qa(A) of equivariant differ-
ential forms is a paramized complex in the category pro(G-9Mod) of covariant pro-modules
and all the operators constructed above are covariant.

As for ordinary differential forms we define Q5"(A) = Q%(A) @ QL(A) @ - - & QL(A) for
all n > 0. We have the usual Zy-grading on Q5" (A) into even and odd forms. The natural
projection QF™(A) — QF"(A) for m > n is a covariant homomorphism and compatible
with the grading. Hence we obtain a projective system (Q5"(A)),en and we let 0Qq(A)
be the corresponding projective limit.

We conclude this section with the following fact which is a consequence of corollary 2.14
and lemma 3.13.

PROPOSITION 3.18. For every G-algebra A and all n the covariant module Q% (ARKg)
18 projective.

3. The equivariant X-complex

In this section we define and study the equivariant X-complex. Apart from the periodic
tensor algebra introduced in section 3.1 this object is the main ingredient in the definition
of equivariant periodic cyclic homology.

Consider the paramixed complex Qs (A) of equivariant differential forms for a pro-G-
algebra A which was defined in the previous section. Following Cuntz and Quillen [28] we
define the n-th level of the Hodge tower associated to Qg(A) by

0"QG(A) = Qa(A)/F*Qa(A @QJ ) ® QL(A) [ba (UL (A))
for n > 0. It is easy to see that the operators d and bg descend to 0"Q(A). Conse-
quently the same holds true for kg and Bg. Using the natural grading into even and

odd forms we see that 0"Qg(A) together with the boundary operator Bg + bg becomes a
pro-parasupercomplex.
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We emphasize that 0" (A) is in general a projective systems of not necessarily separated
bornological spaces. However, we will only have to work with these objects either in the
case they are in fact projective systems of separated spaces or if the bornology is not taken
into account at all.

We define the Hodge filtration on 6"Qq(A) by

FRmQa(A) = ba (5 (A) @ @ QL(A) ® QL(A) /ba(QEH(A)).
Jj=k+1
Clearly F*Qg(A) is closed under bg and Bg. The Hodge filtration on 6"Q¢g(A) is a finite
decreasing filtration such that F~10"Qg(A) = 6"Qg(A) and F"0"Qg(A) = 0. Remark that
these definitions can be extended to arbitrary paramixed complexes in straightforward way:.
For m > n there exists a natural map 0"Qg(A) — 0"Qc(A). The Hodge tower of Q¢ (A)
is the projective limit of the projective system (0"Q¢(A))nen obtained in this way. Recall
from section 3.2 the definition of #Qg(A). In the category of projective systems of non-
separated covariant modules the Hodge tower of Q¢(A) is isomorphic to 0Qg(A).

DEFINITION 3.19. Let A be a pro-G-algebra. The equivariant X -compler Xg(A) of A
s the pro-parasupercomplex defined by

1d
- Q4 (A) /b (% (A))

where f : QL(A) — QL(A) /bg(Q%(A)) denotes the natural projection.

It follows from the definitions that X (A) is the first level 'Qg(A) of the Hodge tower
of Qu(A). We will only be interested in the case where A is a quasifree pro-G-algebra.
Recall from theorem 3.5 that for a quasifree pro-G-algebra A the A-bimodule Q'(A) is
projective in pro(G-Mod). Using this fact it is easy to see that QL(A)/ba(Q%4(A)) is a
projective system of separated spaces. We will view the subspace bg(%(A)) of QL(A) as
the space of ”equivariant commutators” and occasionally write w mod [, ]g for elements
in QL (A) /be(02(4))

We point out that, despite of our terminology, Xs(A) is usually not a complex. If we
denote the differential in X (A) by 0 we obtain * = id —T'. This shows that in general
d? is not zero.

Let us determine the equivariant X-complex of the complex numbers. This will be useful
in computations later on.

Xa(A) : Qg (A)

LEMMA 3.20. The equivariant X-complex Xa(C) of the complex numbers C can be
identified with the trivial supercomplex Og[0].

PRrROOF. Since the action on C is trivial we have
f(s) ® ede = f(s) @ ed(e?) = f(s) ® ede + f(s) ® edee = 2f(s) ® ede
and hence f(s) ® ede = 0 in X}(C). Similarly,
f(s)® 1de = f(s) @ 1d(e*) = 2f(s) ® ede = 0

in X} (C). This implies X}(C) = 0 and the claim follows. O
We are interested in the equivariant X-complex of the periodic tensor algebra 7 A of a pro-
G-algebra A. The first goal is to relate the covariant pro-module X¢(7 A) to equivariant
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differential forms over A. If we denote the even part of 0Qg(A) by 0Q¢ (A) we obtain a
covariant isomorphism

XUTA) = 00T A= 00 (A)

according to the definition of 7 A.
Before we consider X} (7 A) we have to make a convention. We use the letter D for the

equivariant pro-linear map 7 A — Q'(7 A) usually denoted by d. This will help us not to
confuse this map with the differential d in 7A = 0Q(A).

PROPOSITION 3.21. Let A be any pro-G-algebra. The following maps are equivariant
pro-linear isomorphisms.

pr: (TA)TRAR(T AT — QYT A), pi(x®@a®y) =xDoala)y
po: (TA)T®A — TA, po(r ® a) = xooy(a)
ps : AR(TA)T — TA, ps(a @ x) =oa(a)oz.
Hence QY(T A) is a free T A-bimodule and T A is free as a left and right T A-module.

ProoF. First we construct an inverse for p;. The derivation rule for D implies
D(dzdy) = D(xy) — Dy — D(x)y and consequently

D(.Z'odﬂ?l tee dl’zn) = D(l’o @) (dl’ldl'g) O:--0 (d.%'gn,ldxzn))

= D(JTo)dZEl s dﬁgn + Zl’od$1 tet de‘Qj_QD(dl‘gj_ldl‘gj)dl‘gj+1 e dl’gn

J=1

= D(%O)dl'l s dl‘gn + Zl’odl’l tee dl'zj,QD(l'ijll'gj)dl'ngrl cee dl’zn

j=1

n
— E xodxl cee dIQj_Q ©) ZL’Qj_lD(IQj)dJIQj+1 tee dl’gn
J=1

n
— E $0d$1 s d$2j_2D($2j_1)l‘2jd$2j+1 s dl‘Qn.
j=1

This formula gives an explicit preimage for D(xodz; - - - dxa,). We can extend the resulting
map f : D(TA) — (TA)*TQAR(T A)* to aleft 7 A-module homomorphism vy : QY(T A) —
(TA)TQ®AR(T A)* by setting v (wDn) = wf(Dn). By construction we have 11 = id on
D(T A) and hence on Q(7T A) because p; and vy are left 7 A-linear. One can check directly
that v is right 7 A-linear. This implies vy = id.

Since p; is an isomorphism we obtain a natural admissible extension

(TA)FGAG(T A=y (TA)FG(T A=y (TA)*

of 7 A-bimodules with right 7 A-linear splitting. We tensor this extension over 7 A with C
viewed as left 7 A-module with the zero module structure to obtain an admissible extension
of pro-G-modules
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where the projection (7 A)* — C is the usual augmentation. This yields the desired iso-
morphism (7 A)T®A = T A. The proof for y3 is similar and will be ommitted. O
Using proposition 3.21 we see that the map p; : (7 A)TQAR(T A)T — QYT A) induces a
covariant isomorphism Og® (7 A)T®AR(T A)* =2 QL(T A). Identifying equivariant com-
mutators under this isomorphism and dividing them out yields a covariant isomorphism

QL(TA) /b (QE(TA)) 2 Oc(TA)TRA.
Using again 7 A = 0Q°’(A) we obtain a covariant isomorphism
XL(TA) =005 (A)

where 9Q%4(A) is the odd part of 0Qg(A).

Having identified X (7 A) and 0Q¢(A) as covariant pro-modules we want to compare the
differentials on both sides. To this end let f(s) ® xda be an element of #Q%4(A) where
r€TAXOIOY(A) and a € A. The differential X} (T A) — X2(T A) in the equivariant

X-complex corresponds to
O (f(s) ®@xda) = f(s)® (xoa— (s -a)ox)
= f(5)® (va — (s7' - a)r — dxda + (s~ - da)dx)
=b(f(s) ® xda) — (id +k)d(f(s) ® xzda).

To compute the other differential we map f(s)®@ Dz € QL(T A) to (TA)T®AR(T A)* using
the inverse of the isomorphism g in proposition 3.21 and compose with the covariant map
(TA) P QAR (T AT — Q%4 (A) sending f(s) @ 1o @ a ® 21 to f(s) @ (s7!-x1) o wgda. The
explicit formula in the proof of proposition 3.21 yields

Oo(f(s) ® xodzy - - - dxey) = f(s) ® D(xodzy - - - dxe,) mod |, |a
= f(s)®s~ ' (dxy - - - dray,) Dag

-+ Z f(S) (024 S_l . (d$2j+1 s d$2n) (0] [L’gdl‘l cee d.fl?gj,QD(l’Qj,l.fEQj)
j=1
— Z f(S) &® 571 . (d$2j+1 tee d.ﬁ(}gn) @) xodl‘l ce dl’Qj,Q @) xgjleIQj
j=1
— Z f(S) & S_1 . (I’del’gj_H cee dZL’Qn) ©) [Eodl‘l cee dCCQj_QDZEQj_l mod [ s ]G
j=1
2n
= Z f(S) ® 871 : (d.’]?] ce dl’gn)d.’ﬂodfﬂl s dl};l
7=0
— Z b(f(S) ® 571 . (d$2j+1 s dl’gn)LE'odl‘l s dl’gj_ldIQj
j=1

n—1
= B(f(s) ® zodwy - - dw) — Y 67b(f(5) @ woday - - - day).
7=0

This can be summarized as follows.
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PROPOSITION 3.22. Under the identification Xq(T A) = 0Q6(A) as above the differen-
tials of the equivariant X -complex correspond to

O = b— (id+r)d on O0%I(A)
n—1

do=-Y K9b+B  on QF(A).
j=0

We would like to show that the paracomplexes X¢(7 A) and 0Q¢(A) are covariantly

homotopy equivalent. However, at this point we cannot directly proceed as in the nonequiv-
ariant case.
Let us recall the situation for the ordinary X-complex. The proof of the homotopy equiv-
alence between X (7 A) and 6§2(A) given by Cuntz and Quillen [28], [30] is based on the
spectral decomposition of the Karoubi operator «. This decomposition is obtained from
the polynomial relation

(k" —id) (k" —id) = 0

which holds on Q"(A). Remark that this formula is related to the fact that the cyclic
permutation operator is of finite order on 2"(A).

In the equivariant theory the situation is different. The equivariant cyclic permutation
operator is in general of infinite order, due to lemma 3.16 e) the relevant relation for « is

(k" —=T) (K" —=T)=0

on QF(A). It is not clear how to obtain a reasonable decomposition of Q7 (A) using this
relation. Hence the argument from [28] cannot be carried over directly.

In fact we do not know if Xg(7 A) and 0Qg(A) are homotopy equivalent for all pro-G-
algebras A. However, we can prove a weaker statement which is sufficient for our purposes.

THEOREM 3.23. Let A be a G-algebra. Then the pro-parasupercompleres Xq(7T (A®RKg))
and 0Q6(ARKg) are covariantly homotopy equivalent.

For the proof of theorem 3.23 we basically use the fact that the spaces Q%(A®Kg) of
equivariant differential forms over Ay are projective covariant modules. We remark
that the projective system Xg(7 (A®Kg)) = 0Qq(A®K) is not a projective object in
pro(G-9Jto?).

Using proposition 3.22 we see that it suffices to prove that the pro-parasupercomplexes
(0Q6(ARK),0) and (0Qa(ARKg), B +b) are covariantly homotopy equivalent. This will
be done in two steps.

In the first step we divide out the action of T. More precisely, let Q% (A®Kg)r be the
quotient of Q% (A®Kg) by the image of the operator id —T" on Q%(A®Kg). Due to lemma
3.13 the covariant module Q%(A®Kg) is isomorphic to a covariant module of the form
Oc®W with a free G-module W. Using this description it is easy to see that we obtain
an admissible extension

(id = T) QL (AGK ) === Qp(ABK ) QR (ABKG)r

of covariant modules for all n where 7 : Q%(ARKg) — QB(ARKg)r denotes the natural
projection. These constructions can be extended to Qg(A®K¢) in the obvious way and
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we obtain an admissible extension

(id —T)0Q (AGK g) === 0906(AGKG) == 0Q6(AGK )1

of covariant pro-modules. Remark that on the quotient Q¢ (ARK )7 the relation T = id
holds. Due to lemma 3.15 all operators constructed on equivariant differential forms in
section 3.2 descend to 0Qg(A®Kg)r. In particular we see using lemma 3.16 that both
and B + b descend to ordinary differentials on 0Q¢(A®K )7y which will again be denoted
by 0 and B + b, respectively.

THEOREM 3.24. The pro-supercomplezes (0Qq(AQKg)r,d) and (0Qq(ARKg)r, B+b)
are covariantly homotopy equivalent.

PROOF. The proof from the nonequivariant situation can be carried over easily. We
define ¢y, = cop1 = (—=1)"n! for n € N. Consider the isomorphism ¢ : 0Qq(ARKg) —
00c(ARK) given by c(w) = ¢,w for w € QL(ARKg) and let § = ¢ (B + b)c be the
boundary corresponding to B + b under this isomorphism. It is easy to check that

0=DB—nb on QZ(ARKg)

and
1

n+1

Hence in order to prove theorem 3.24 it is enough to show that (0Qg(A®Kg)r,d) and
(0Qc(A®K )T, 6) are covariantly homotopy equivalent.

On Q%(A®Kg)r the polynomial relation (k"*! —id)(k™ —id) = 0 holds. Multiplying
both sides with (k"1 + id)(k™ + id) we see that x? also satisfies this relation. Since
we are working over the complex numbers Q%(A®Kg)r decomposes into a direct sum
QL(ARKG)r = @Byen Vi of eigenspaces V) where N is the set of roots of the polynomial
(21 —1)(2"—1). We denote by P be the projection onto the eigenspace V; and let H be the
operator specified by the equations PH = HP = 0 and H(id —x?) = (id —x*)H = id —P.
In [53] Meyer obtains explicit formulas for P and H of the form P = p, (k) and H = ¢, (k)
where p, and ¢, are certain polynomials. It follows in particular that the operators P and
H are covariant. Moreover P and H are chain maps with respect to 9 and 9. Using lemma
3.16 a) we see that k2d = d on the range of P. Part d) of lemma 3.16 yields in the same
way #2b = b on POQc(A®Ke)r. Hence the restriction of 9y to POOZHARKg) is

B+b  on Q¥ ARKe).

n—1
B—Zmij:B—nb:d
j=0

The restriction of 9; to POQZ T (ARKe) is

n

1 .
1§]m+@ﬁw:b—

n
+ s

1
n+1

b— (id+r)d=b— B=4.

This shows that the boundaries 0 and § are equal on the range of P. It remains to
show that id —P is homotopic to zero with respect to both boundaries 9 and 6. We
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have id —P = H(id —x?) and it suffices to show that id —x? is homotopic to zero. Since
Bd = dB = 0 we compute

[6,ctdc] = ¢ B +b,d)c = ¢ ' (bd + db)c = ¢ (id —k)c = id —k.

This means that id —« is homotopic to zero and hence this is true also for id —x? =
(id —k) + (k — k?). To treat the differential & we compute

(b— (id+r)d)* = —(id +k)(bd + db) = —(id +r)(id —k) = k* — id.

Since we have 9% = 0 we deduce [0,b — (id +x)d] = (b — (id +r)d)* = £? — id. This shows
that id —? is homotopic to zero with respect to 0. 0
In the second step of the proof of theorem 3.23 we have to lift the homotopy equivalences
obtained in theorem 3.24 to Qg (A®Ks). We shall treat the elliptic and hyperbolic com-
ponents of 0Qq(ARKg) separately.

Let us first consider the hyperbolic part. Since all the operators constructed in theorem
3.24 can be written in terms of the maps b and d it is clear that they can be lifted to
covariant maps 0Q¢(A®Kg) — 00c(ARKg). Let us write f : (0Qc(ARKg)r, B +b) —
(0Qc(ARKs)r,0) and g : (0Q6(ARK)r, 0) — (0Q6(ARKg)r, B + b) for the homotopy
equivalences defined in theorem 3.24. The liftings of f and g to 0Qg(A®Kg) will be
denoted by F' and G, respectively. Then we have by construction

k= fm, G = gm.

However, F' and G are not compatible with the differentials. In order to obtain appropriate
chain maps we have to proceed as follows. First observe that the relation 0(f) = f(B +
b) — 0f = 0 implies

mO(F) =7n(F(B+0b)—0F)=0.
Hence O(F) maps 0Qq(A®Kg) into the kernel (id —T)0Qq(ARKg) of the projection 7 :
0Qc(A®Ke) — 0Q6(A®Kg)r. Remark that on the hyperbolic part the map id —T :
0Qc(A®Kg) — (id —=T)0Qc(A®K ) is a covariant isomorphism since the spaces Q% (A®K )
are free G-modules. Hence we obtain a covariant map Ky : 0Q¢(A®Kg) — 0Qc(ARKq)
such that (id —=T)K; = 9(F). Due to lemma 3.15 we have 0*(F) = F(id =T)—(id =T)F =
TF — FT = 0 and hence we deduce

0Ky + K¢(B+b)=0.

In the same way we obtain a covariant map K, : 0Q¢(A®Kg) — 0Qc(A®Kg) such that
(id =T)K, = 0(g). Let us define

1 1 1 1

and
O =F+ Ly, UV=G+L,.
We compute
1 1
0(8) = O(F) + 0(1Ly) = (d~T)K; = S (B +)! 50K
=({d-T)K;— (id-T)K; = 0.

This shows that ® is a chain map. In the same way we obtain that ¥ is a chain map.
We will now show that ®¥ is homotopic to the identity on (0Qq(A®Kg),d). According
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to theorem 3.24 we have a covariant map h : 0Qq(ARKg)r — 0Q6(A®Ke)r such that
Oh+hd = id —fg. As before we lift h to a covariant map H : Q¢ (ARKg) — 0Qc(ARKq)
of degree 1 such that 7H = hw. Now we compute
7(id =) = 7(id —(F + L;)(G + Ly)) = 7(id —FG) — m(FLy + L;G + L;Ly)
=({d—fg)mr —n(FLy+ L{G+ LsL,) = (0h + ho)m — n(FLy+ LG + LsL,)
=n(0H+ HO) —n(FLy+ L;G+ LsL,).
It follows that the difference
A=id —®V¥ — (0H + HO) + (FLy+ LyG + L¢Ly)
maps 0Qq(A®Kg) into the kernel (id —T)0Qq(A®Kg) of 7. Hence we obtain a covariant
map A : 0Q¢(ARKg) — 0Q6(A®K ) such that (id —T)A = X\. Moreover we have
0=0(FG) =0(F)G + FO(G)
since the map F'G is a polynomial in x and hence a chain map. We deduce (id —T)K ;G +
F(id =T)K, = 0 and obtain
K/G+FK,=0
since (id —7') is injective. This yields
1 1
FL,+ L;G+LsL, = §(FK98 — 0K G) — ZKf(B +b)’K,
1 1
= S(FK,0+0FK,) - (id=T)K/ K,
Now observe that the map id —7" is homotopic to zero in (Qg(A®Kg),d). Since A and
KK, are chain maps it follows that (id —7")(A — LL,) is also homotopic to zero. Hence

id =@V — (0H + HO) + FLy+ LyG + L¢L,

is homotopic to zero. This shows that ®¥ is homotopic to the identity as desired. In the
same way one can show that U® is homotopic to the identity on the hyperbolic part of
(0Qc(A®Ke), B + b). This finishes the proof of theorem 3.23 for the hyperbolic part of
006 (A®K ).

It remains to treat the elliptic part. Let s € G be an element of finite order and let A be
any pro-G-algebra. Denote by n the order of s and define an operator e : 0Qq(A)sy —

0Qc(A) s by
1 e .
== 77,
e n;

Obviously e is covariant and the relation 7" = id which holds on Q¢ (A) yields e = e
and eI = Te = e. Furthermore T commutes with d and b. It follows that e commutes
with all operators made up out of d and b, in particular e commutes with B. From e? = e
we get a direct sum decomposition

0Q:(A)(s) = et (A) ) © (1 — €)0Qc(A)s)

and this decompositions is compatible with the differentials B + b and 0.
Since the order of s is finite the canonical projection

e@QC,v(A@)ICG) (s) — (GQG<A®ICG)T)<S)
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is an isomorphism. Hence the assertion of theorem 3.23 for the elliptic part is a consequence
of the following more general statement.

PROPOSITION 3.25. Let s € G be an element of finite order and let A be any pro-G-
algebra. Then the localized para-supercompleves Xa(T A) gy and 0Qc(A) ) are covariantly
homotopy equivalent.

ProoF. Using proposition 3.22 we see that it suffices to show that (0Qg(A),0) and
(092 (A) sy, B+b) are covariantly homotopy equivalent. We need a formula for the projec-
tion id —e constructed above. An easy computation shows

n—1 .
id—e=Y ""2 1ifid-T).

- n
Jj=0

Consider the covariant operator h : 0Qq(A) ) — 0Q2c(A)(s of degree —1 defined by

n—1 .
n—7

h = T7b.

- n
Jj=0

It is immmediate that h? = 0 since > = 0 and we compute

n—1 . n—1 .
[B+b,h] = Z”;j TI[B,b] = Z”;j T9(id ~T) = id —e.
j=0 Jj=0

This implies that the para-supercomplex ((id —e)0Qq(A)), B + b) is covariantly con-
tractible. In the same way one shows that ((id —e)0$c(A)(s), 0) is covariantly contractible.
Now let us consider the remaining summands (02 (A) ), B+b) and (e6Qq(A) s, 0). Since
we have e 0Q¢q(A) sy = (0Q6(A)r)(s) we obtain due to theorem 3.24 a covariant homotopy
equivalence between (ef€2q(A)),0) and (e(0Q¢(A) ), B 4 b). This finishes the proof of
proposition 3.25. U
In combination with proposition 2.12 we see that proposition 3.25 yields the following
result.

PROPOSITION 3.26. Let G be a finite group and let A be any pro-G-algebra. Then the
pro-parasupercomplexes Xq(T A) and 0Qc(A) are covariantly homotopy equivalent.
4. Equivariant periodic cyclic homology

Let G be a discrete group. We want to define bivariant equivariant periodic cyclic
homology for pro-G-algebras.

DEFINITION 3.27. Let A and B be pro-G-algebras. The bivariant equivariant periodic
cyclic homology of A and B is

HPS(A, B) = H,(Homa(Xa(T(A&Ke)), Xa(T (BOK)))).

There are some explanations in order. On the right hand side of this definition we take
homology with respect to the usual boundary in a Hom-complex given by

3(¢) = pda — (—1)1¥0pe
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for a homogenous element ¢ € Homa(Xg(T (ARKg)), Xg(T (B&Kg))) where 84 and 95
denote the boundary operators of Xg(7 (A®Kg)) and X¢(7 (B®Kg)), respectively. How-
ever, since the equivariant X-complexes are only a para-supercomplexes we have to check
that we indeed obtain a supercomplex in this way!

From the discussion in section 3.3 we know 9% = id —T and 9% = id —T. Using these
relations we compute

0*(9) = 904+ (-1 =105 6 = ¢(id =T) = (id =T)p = T — ¢T

and hence 9?(¢) = 0 follows from lemma 3.15. Thus the failure of the individual differentials
to satisfy 9% = 0 is cancelled out in the Hom-complex. This shows that our definition of
HPS makes sense. There is a similar result in the situation where the equivariant X-
complexes are replaced by Hodge towers.

Let us discuss basic properties of the equivariant homology groups defined above. Of course
H PS¢ is a bifunctor, contravariant in the first variable and covariant in the second variable.
As usual we define HPY(A) = HPY(C, A) to be the equivariant periodic cyclic homology
of A and HP}(A) = HPY(A,C) to be equivariant periodic cyclic cohomology. There is a
natural product

induced by the composition of maps. This product is clearly associative. Every equivariant
homomorphism f : A — B defines an element in HP{’(A, B) denoted by [f]. The element
[id] € HPE(A, A) is simply denoted by 1 or 14. An element x € HPY(A, B) is called
invertible if there exists an element y € HPY(B, A) such that z -y = 14 and y - = 15.
An invertible element of degree zero will also be called an H P%-equivalence. Such an
element induces isomorphisms HP%(A, D) =~ HPY(B, D) and HP%(D,A) < HPY(D, B)
for all G-algebras D. An H P%-equivalence exists if and only if the pro-parasupercomplexes
Xa(T(A®Kg)) and Xg(T (B®Kg)) are covariantly homotopy equivalent.

For every conjugacy class (s) of an element s € G we define the localisation H PZ(A, B)s)
of the equivariant periodic theory at (s) by

HPZ (A, B) gy = H.(Home(Xe(T (ABKa)) (), Xa(T(BOKe))(s))-
Clearly we have
HPY(A,B)= [] HPS(A B)y
(s)E(G)

for all pro-G-algebras A and B. In this way HPY can be viewed as a delocalized equi-
variant homology theory parametrized by the conjugacy classes of elements of the group.
The contributions coming from conjugacy classes of elements of finite order will be called
elliptic components, those coming from elements of infinite order will be called hyperbolic
components of HPY. In particular we may consider the localisation at the identity element

(). This localisation will be denoted simply by HP%(A, B).,.
Remark that there is a natural chain map

Some(Xe(T(AGKE))e, Xa(T(BEKG)).) — Hom(X(T(ASKG)), X(T(B&KS))).

This map induces a forgetful map HP%(A, B) — H P,(A, B) which is compatible with the
composition product.
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5. Homotopy invariance

In this section we show that H P is invariant under smooth equivariant homotopies in
both variables.
Let B be a pro-G-algebra and consider the Fréchet algebra C'*°[0, 1] of smooth functions
on the interval [0, 1]. We denote by B[0, 1] the pro-G-algebra B&C>[0, 1] where the action
on C*[0,1] is trivial. By definition a (smooth) equivariant homotopy is an equivariant
homomorphism ® : A — B[0, 1] of pro-G-algebras. Evaluation at a point ¢t € [0, 1] yields
an equivariant homomorphism ®; : A — B. Two equivariant homomorphisms from A to B
are called equivariantly homotopic if they can be connected by an equivariant homotopy.
A homology theory h, for algebras is called homotopy invariant if the induced maps h.(¢)
and h,(¢1) of homotopic homomorphisms ¢y and ¢; are equal. In our situation we will
prove the following assertion.

THEOREM 3.28 (Homotopy invariance). Let A and B be pro-G-algebras and let  : A —
B[0,1] be a smooth equivariant homotopy. Then the elements [®g] and [®,] in HPE (A, B)
are equal. Hence the functor HPS is homotopy invariant in both variables with respect to
smooth equivariant homotopies.

Moreover the elements [Dg] and [®1] in Ho(Homeg(Xa(A), Xa(B))) are equal provided A is
quasifree.

We recall that 62Q¢(A) is the pro-parasupercomplex Q% (A)PQL (A)BNE(A) /ba(Q2(A))
with the usual differential Bg + bg and the grading into even and odd forms for any pro-
G-algebra A. Clearly there is a natural map of pro-parasupercomplexes &2 : 0?°Qg(A) —
Xa(A). The first step in the proof of theorem 3.28 is to show that ¢* is a covariant

homotopy equivalence provided A is quasifree.

PROPOSITION 3.29. Let A be a quasifree pro-G-algebra. Then the map £ : 6?°Qg(A) —
X¢(A) is a covariant homotopy equivalence.

PROOF. Since A is quasifree there exists by theorem 3.5 an equivariant pro-linear map
V:QYA) — Q*(A) satisfying

V(zw) = 2V (w), V(wz) = V(w)x —wdz

for all z € A and w € Q'(A). We extend V to forms of higher degree by setting
V(apday - - - da,) = V(agday)dasy - - - da,, Then we have

V(aw) = aV(w), V(wn) = V(w)n + (=1)*lwdn

for a € A and differential forms w and 1. Moreover we put V(a) = 0 for a € Q°(A) = A.
Now we construct a covariant map Vg : Q& (A) — Q%™ (A) using the formula

Va(f(s) @w) = fs) © V(w).
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Let us compute the commutator of by and V. Take w € Q% (A) for j > 0. For a € A we
obtain

be, Val(f(s) @ wda) = ba(f(s) © V(w)da) + Ve (ba(f(s) @ wda))
= (—1)j+1(f(8) ® V(w)a—f(s)® (s - a)V(w

(1 (f(s) ® (s ) V(W) - f(s) ® V(wa
+ £(s) ® V(wa) - fls) @ V(s - a>w>)
_ 1y (f(s) © (s a)V(w) — f(5) ® V(w)a+ f(s) ® V(w)a

T (—1)f(s) @ wda — f(s) ® (s a>v<w>)
= f(s) ® wda

Hence [bg, V| = id on Q"(A) for n > 2. Since [bg, V| commutes with b this holds also
on bg(Q%(A)). Let us determine the behaviour of [bg, V] on Q% (A) and QF(A). Clearly
[ba, V] =0 on QL(A) since Vi vanishes on Q°(A4). On QL(A) we have [bg, V| = beVe
because V¢ is zero on Q% (A). Hence

[bg, Vg] [bg, VG] = b0VGvaG = bg(ld —bgvg)VG = bGVG = [bg, VG] on Qé(A)

and it follows that [bg, V] is idempotent. The range of the map [bg, V| = bg Vg restricted
to QL (A) is contained in bg(Q%(A)). Equality holds because [bg, V] is equal to the identity
on bg(2%(A)) as we have seen before.

We will use V¢ to construct an inverse of £2 up to homotopy. In order to do this consider
the commutator of Vg with the boundary Bg + bg. Clearly we have [Vg, Bg + bg] =
Ve, Ba] + [V, bgl. Since [V, Bg] has degree 4+2 we see from our previous computation
that id —[V¢, Ba+be] maps FjQq(A) to Fj11Qa(A) for all j > 1. This implies in particular
that id —[V¢, B + be| descends to a covariant map v : Xg(A) — 6?Qg(A). Using that
V¢ is covariant we see that v is a chain map. Explicitly we have

v=1id—-Vad on Q%(A)

v=1d —[Vg,bg] =id —bcVe on Q4(A)/bg(Q4(A))
and we deduce £?v = id. Moreover €% = id —[Vg, Bg + be] is homotopic to the identity.
This completes the proof of proposition 3.29. O
Now let ® : A — BJ[0, 1] be an equivariant homotopy. The derivative of ® is an equivariant
pro-linear map ® : A — B[0,1]. If we view BJ0, 1] as a bimodule over itself the map ¢’

is a derivation with respect to ® in the sense that ®'(zy) = ®'(z)®(y) + ®(z)P'(y) for
z,y € A. We define a covariant map 7 : Q%(A) — Q%1 (B) for n > 0 by

n(f(s) @ xodzy ... dx,) = /0 f(8) @ @y (20) P} (21)dDy(x3) - - - dPy () dt.
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Since integration is a bounded linear map we see that 7 is bounded. In addition we set
n =0 on Q%(A). Using the fact that @' is a derivation with respect to ® we compute

nba(f(s) @ xodxy .. .dx,) = /0 f(8) @ @y (wox1) P (22)dPy(23) - - - dPy(2,)
f(8) @ @y (20) P} (z122)dPy(23) - - - APy (2,)

+ f(8) @ O (20) D} (21) Dy (22)dDy(x3) - - - dDy ()
— (=1)"f(s) ® D(x ) t(@1)(dPe(w2) - - dPy(2n1)) Pe(2n)
+ (=1)"f(5) @ ®y((s7" - ) 0) P} (21)dPy(22) - - - APy (0,1 )dt

= [ 0 ) 9 Pl Biar) (00 ) 1)) 1)
— f(5) @ Py ((s7" - ) w0) P (21)dPy (22) - - - APy (1))t
= —ben(f(s) ® zrodxy - - - dxy).

This implies that 7 maps bg(Q%(A)) into bg(2%(B) and hence induces a covariant map
n:60*Qq(A) — Xg(B).

LEMMA 3.30. We have X¢g(®1)&% — Xq(®0)E? = On + nd. Hence the chain maps
Xa(9)€? : 0*°Qg(A) — Xg(B) fort = 0,1 are covariantly homotopic.

PrOOF. We compute both sides on QJG(A) for j =0,1,2. For 7 = 0 we have
0.l(F)©0) = n(f(5) @ de) = [ f(5) @ Bia)at = (5) © B1(2) = F5) 9 Paf),
For j =1 we get
[0,0](f(s) @ xodzy) = dn(f(s) @ zodz1) + nB(f(s) ® zodzy)
- /0 f(8) ® d(®y(0) (1)) + f(5) ® Di(wo)dPy(1)—
f(s) @@ (s - 21)dDy(20)dt

= /0 ba(f(5) @ dy(z0)d®i(z1)) + % <f(8) ® @t(xo)d@(xl)) dt

= f(s) ® 1(wo)dP1(x1) — f(5) @ Po(z0)dPo(21).
Here we can forget about the term

/0 be((5) © dy(0)dD) (1)) dt

since the range of n is X¢(B). Finally, on Q% (A)/bq(Q2(A)) we have On+nd = nbg+ben =
0 due to the computation above. O
Now we come back to the proof of theorem 3.28. Let ® : A — BJ0,1] be an equi-
variant homotopy. Tensoring both sides with Kg we obtain an equivariant homotopy
PG : AWK — (B®Kg)[0,1]. The map PR induces an equivariant homomorphism
T(PRKg) : T(A®Kg) — T ((B®K)[0,1]). Now consider the equivariant pro-linear map

I B&Ke&C®[0,1] — T(B&K)RC®[0,1], 1(b@T® f) = 0per, (b@T) @ f.
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Since opgy, is a lonilcur it follows that the same holds true for . Hence we obtain an
equivariant homomorphism [[I]] : 7 ((B®K¢)[0,1]) — T (B&K¢)[0,1] due to proposition
3.3. Composition of T(®RK;) with the homomorphism [[/]] yields an equivariant homo-
topy ¥ = [[[]]T (®®Ks) : T(A®Ke) — T (B®Kg)[0,1]. From the definition of W it follows
easily that ¥, = T(®,®K¢) for all t. Since T(A®K) is quasifree we can apply propo-
sition 3.24 and lemma 3.30 to obtain [®g] = [®,] € HPY(A, B). The second assertion
of theorem 3.28 follows directly from proposition 3.24 and lemma 3.30. This finishes the
proof of theorem 3.28.

As a first application of homotopy invariance we show that HPY can be computed using
arbitrary universal locally nilpotent extensions.

ProprosiTION 3.31. Let 0 — I — R — A — 0 be a universal locally nilpotent
extension of the pro-G-algebra A. Then Xg(R) is covariantly homotopy equivalent to
Xg(T A) in a canonical way. More precisely, any morphism of extensions (£, ¢,id) from
0 - JA ->TA > A —>0tco0 -1 - R — A — 0 induces a covariant homo-
topy equivalence Xg(¢) : Xa(TA) — Xg(R). The class of this homotopy equivalence in
H.(9omg(Xa(TA), Xc(R))) is independent of the choice of ¢.

PRrROOF. From propositions 3.11 and 3.12 it follows that ¢ : 7A — R is an equivariant
homotopy equivalence of algebras. Hence Xq(¢) : Xg(TA) — Xg(R) is a covariant
homotopy equivalence due to theorem 3.28. Since ¢ is unique up to equivariant homotopy
it follows that the class of this homotopy equivalence does not depend on the particular
choice of ¢. 0
In particular there is a natural covariant homotopy equivalence between Xs(7 A) and
X¢(A) if A itself is quasifree.

6. Stability

In this section we want to investigate stability properties of HPY. We will show that
HPS is stable with respect to tensoring with the algebra ((H) of finite rank operators on
an arbitrary G-pre-Hilbert space H. Recall from section 2.2 that for every G-pre-Hilbert
space H there is a natural action of G on [(H) given by

(s-T)(&) =s-T(s™ &)

for T € I(H). Equipped with this action and the fine bornology the algebra [(H) becomes
a G-algebra.
First we have to consider a special class of G-pre-Hilbert spaces.

DEFINITION 3.32. A G-pre-Hilbert space 'H is called admissible if there exists a nonzero
subspace of H where the G-action is trivial.

One should compare this definition with the notion of stability formulated in [60].
Now let A be a pro-G-algebra and let H be an admissible G-pre-Hilbert space. We fix a
one-dimensional subspace of H where the action of G is trivial and let p € [(H) be the
corresponding projection of rank one. Then we have p = pUy = Usp for all s € G where
U, is the unitary operator on H associated to s in the representation. In particular p is
G-invariant. Consider the equivariant homomorphism ¢4 : A — A®I(H), ta(a) = a @ p.

48



THEOREM 3.33. Let A be a pro-G-algebra and let H be an admissible G-pre-Hilbert
space. Then the class [14] € Ho(Homg(Xg(TA), Xa(T (ARI(H))))) is invertible.

PROOF. We have to find an inverse for [t4]. Our argument is a generalization of a
well-known proof of stability in the nonequivariant case.
First observe that the canonical equivariant pro-linear map A®I(H) — TAXI(H) is a
lonilcur and induces consequently an equivariant homomorphism A4 : T(A®I(H)) —
T ARI(H). Define the map tr : Xq(TARI(H)) — Xg(T A) by

tra(f(s) @2 ©T) = try(T) f(s) ® @
and
tT’A(f(S) X xog X T() d(l’l X Tl)) = tTS(TQTl)f(S) X l’odl’l.

Here we use the twisted trace ¢r, for s € G defined as follows. As above let U, be the
operator associated to s in the representation. Then we set

trs(T) = tr(T Us)

for each element T' € [(H). Here tr is the usual trace on [(H) which is inherited from the
trace on the algebra of finite rank operators on the completion of H.
Now it is easily verified that

t?”S(ToTl) = t’f’s(<871 . Tl)T0>

for all Ty, Ty € I(H).

One checks that tr,4 is a covariant map of pro-parasupercomplexes. We define 74 = tr o
Xe(Aa) and claim that [74] is an inverse for [14]. Using the relation p Us = p one computes
[ta]-[Ta] = 1. We have to show that [74]-[c4a] = 1. Consider the equivariant homomorphisms
ij: AQI(H) — AQL(H)®I(H) for j = 1,2 given by

Wa®T)=ax®T®p
ira®@T)=a®pT

As before we see [i1] - [Tagip] = 1 and we determine [is] - [Tagyp)] = [Ta] - [ta]. Let us
show that the maps i; and i, are equivariantly homotopic. We denote by H ® H the
algebraic tensor product of ‘H with itself. It is again a G-pre-Hilbert space in a natural
way. Let o be the unitary operator on ‘H ® H defined by the coordinate flip o(§ ® ) =
n ® & Then o is equivariant and o? = 1. Consider for ¢ € [0,1] the bounded operator
o = cos(mt/2)id 4 sin(7t/2)o on H® H. Each o, is an invertible equivariant operator and
o; ' = cos(mt/2)id — sin(nt/2)o. Furthermore the family o, depends smoothly on ¢ and
we have oy = id and 0, = 0. Now the formula Ad(c,)(T) = o,To; ' defines equivariant
homomorphisms Ad(o;) : (H® H) — I(H ® H) since the operators o, are multipliers
for I(H ® H). We use Ad(c;) to define an equivariant homomorphism h;, : AQI(H) —
AQI(H)®I(H) by h(a @ T) = a ® Ad(oy)(1 @ T). One computes hy = i; and hy = iy
and the family h, again depends smoothly on t. Hence we have indeed defined a smooth
homotopy between i; and i. Theorem 3.28 yields [i;] = [is] and hence [T4] - [ta] = 1. O
Now we can prove the following stability theorem.
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THEOREM 3.34 (Stability). Let A be a pro-G-algebra and let H be any G-pre-Hilbert
space. Then there exists an invertible element in HPS (A, A®I(H)). Hence there are
natural isomorphisms

HPS(A®I(H),B) = HPY(A,B),  HPS(A,B) = HP®(A, BRI(H))
for all pro-G-algebras A and B.

PROOF. We have a natural equivariant isomorphism Ko®I(H) = [(CG ® H). Let us
show that there is a unitary equivalence of representations CG ® H = CG ® H, where H.,
is the space H with the trivial G-action. Define the operator V : CG ® H — CG ® H, by

Vis®@&) =s@s - ¢

for s € G C CG and ¢ € H. It is easy to check that V is an intertwining operator
implementing the desired unitary equivalence. Consequently V' induces an equivariant
isomorphism of G-algebras

Ke®l(H) = Ka®I(H,).

Now we can apply theorem 3.33 with A replaced by A®K and H replaced by H., to obtain
the assertion. O
Another application of theorem 3.33 gives a simpler description of HPS if G is a finite

group.
PROPOSITION 3.35. Let G be a finite group. Then we have a natural isomorphism
HPZ (A, B) = H,(Homg(Xa(TA), Xa(TB)))
for all pro-G-algebras A and B.

Proor. If G is finite the trivial one-dimensional representation is contained in CG.
Hence CG itself is an admissible G-Hilbert space in this case. O
Using stability we can define a restriction map res$ : HPY(A, B) — HPH(A, B) for
every subgroup H of GG. First observe that the inclusion H — G induces an H-equivariant
homomorphism Og — Op. In this way Oy becomes an Og-module. In order to define res%
take an element ¢ € Homg(Xa(7 (ARKe)), Xa(T (BRKg))). Tensoring with Oy over Og
we obtain an element res%(¢) € Homy (X (T (ARK)), Xu (T (BRKg)). It is easy to see
that res$ defines a chain map. Since K¢ is H-equivariantly isomorphic to Ky®I(C[G/H])
where C[G/H] is equipped with the trivial H-action we can apply theorem 3.33 to see
that the target of res$ identifies naturally with HPZ (A, B). More precisely we have the
following result.

PROPOSITION 3.36. Let H be a subgroup of G. The restriction map
res% : HPS(A,B) — HPH (A, B)
is functorial and compatible with the composition product.

For H equal to the trivial group we reobtain the forgetful map H PY(A, B) — HP,(A, B)
described in section 3.4.
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7. Excision
The goal of this section is the proof of the following theorem.

THEOREM 3.37 (Excision). Let A be a pro-G-algebra and let (1,7) : 0 - K — E —
@ — 0 be an admissible extension of pro-G-algebras. Then there are two natural exact
sequences

HP(A,K) —+ HFS(A,E) —— HPF(A,Q)

HP{ (A, Q) ~—— HP{(A,E) ~— HP{ (A K)
and

HPE(Q. A) —— HP{ (B, A) —— HP{ (K, A)

| |

HPE(K, A) ~—— HPE(E, A) ~— HPE(Q, A)

The horizontal maps in these diagrams are induced by the maps in the extension.

Our proof is an adaption of the method used in [53] to prove excision in cyclic homology
theories. Since the definition of HPY involves tensoring with the algebra K¢ we have to
study the admissible extension (1®id,7®id) : 0 — K®Kg — F®Kg — Q®Kg — 0 in
the discussion below. However, to improve legibility we will omit the occurences of g and
work with the original extension (¢,7): 0 — K — E — ) — 0. It can easily be seen that
this simplification is irrelevant for the arguments needed in the proof. Throughout we let
0 : ) — E be an equivariant pro-linear splitting for the quotient map 7 : £ — Q.
Consider X¢(TE : TQ) = ker(Xg(T7) : Xg(TE) — Xg(7Q)). The equivariant pro-
linear splitting o : Q — FE yields a direct sum decomposition X¢(7FE) = Xo(TE
T7Q) ® Xa(7TQ) of covariant pro-modules. Moreover there is a natural covariant map
p: Xa(TK) - Xg(TE : TQ) of pro-parasupercomplexes. The admissible short exact
sequence 0 — Xg(TFE : TQ) — Xg(TE) — Xa(7Q) — 0 of pro-parasupercomplexes
induces long exact sequences in homology in both variables. Hence theorem 3.37 is a
consequence of the following theorem.

THEOREM 3.38. The map p : Xa(TK) — X¢(TE : TQ) is a covariant homotopy
equivalence.

Let £ C TFE be the left ideal generated by K C 7 FE. Using proposition 3.21 we see
that

(3.1) (TE)Y @K — £, r@k—zok

is an equivariant pro-linear isomorphism. Moreover we obtain from this description an
equivariant pro-linear retraction for the inclusion £ — 7 E. Clearly £ is a pro-G-algebra
since the ideal K C FE is G-invariant. The natural projection 75 : 7FE — FE induces an
equivariant homomorphism 7 : £ — K and og restricted to K is an equivariant pro-linear
splitting for 7. Hence we obtain an admissible extension

51



of pro-G-algebras. The inclusion £ — 7 F induces a morphism of extensions from 0 —
N—-£—->K-—->0to0—JE —-TFE — E — 0. In particular we have a natural equi-
variant homomorphism ¢ : N — JFE and it is easy to see that there exists an equivariant
pro-linear map r : JE — N such that r2 = id. Using this retraction we want to show that
N is locally nilpotent. If [ : N — C'is an equivariant pro-linear map with constant range
C we compute Imp = lpim}y, = lpm”5i®" where my and myp denote the multiplication
maps in N and JF, respectively. Since Ip : JE — C' is an equivariant pro-linear map
with constant range the claim follows from the fact that J E' is locally nilpotent.

We will establish theorem 3.38 by showing

THEOREM 3.39. With the notations as above we have
a) The pro-G-algebra £ is quasifree.

b) The inclusion £ C T E induces a covariant homotopy equivalence ¢ : X¢(£) — Xa(TE :
7Q).

Let us indicate how theorem 3.39 implies theorem 3.38. The map p is the composition
of the natural maps X (7 K) — X¢(£) and X¢(£) — Xg(7E : TQ). Since £ is quasifree
by part a) it follows that 0 — N — £ — K — 0 is a universal locally nilpotent extension
of K. Hence the first map is a covariant homotopy equivalence due to proposition 3.31.
The second map is a covariant homotopy equivalence by part b). It follows that p itself is
a covariant homotopy equivalence.

We need some notation. The equivariant pro-linear section ¢ : () — F induces an equi-
variant pro-linear map oy, : Q"(Q) — Q"(FE) definded by

o1(qodq -+ - dgn) = o(qo0)do(q1) . . . do(qn).

Here o is extended to an equivariant pro-linear map Q* — E™ in the obvious way by
requiring o(1) = 1.
We also need a right-handed version of the map or. In order to explain this correctly
consider first an arbitrary pro-G-algebra A. There is a natural equivariant isomorphism
OYA) 2 AQAT of right A-modules. This follows easily from the description of Q'(A) as
the kernel of the multiplication map AA*QE)AJr — AT, More generally we obtain equivariant
pro-linear isomorphisms Q"(A) = A®"@A™ for all n. Using these identifications we define
the equivariant pro-linear map og : Q(Q) — Q(F) by

or(dgy - dgngni1) = do(q1) . .. do(¢n)o(gny1)
which is the desired right-handed version of o,.

LEMMA 3.40. The following maps are equivariant pro-linear isomorphisms:
pe (TQ) @ (TE) @K&(TQ)" — (TE)*
O (rRk®q)—or(q) +xokoor(g)

pr (TQ)T & (TQ"®K®(TE)" — (TE)*
G ©(@k®x) = or(q) +or(gz)okox

PROOF. Let us show that ug is an isomorphism. Using the equivariant pro-linear iso-
morphism £ = K @®(Q induced by o the spaces Q?"(E) = E¥*"®QE* and (T E)* decompose
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into direct sums. We shall describe the inverse vi of g using implicitly these direct sum
decompositions. Take an element w = de; - - - deg,ea,11 € Q*(E). If e; = o(g;) for all
J then w = pgr(dg - - dgangons1). Otherwise pick the first j with e; = k; € K. Hence
e =0o(qg) for k=1,---j— 1. If j is even we obtain
dey - - - deaneany1 = do(qr) - - - do(qj—s) o (0(gj—1)kj — 0(gj—1) 0 kj) o deji1 - - - deapeania
= pr(dq -+ dgj—o ® 0(qj—1)k; @ deji1 - - - deop€anin
—dqy - dgj_2qj—1 @ k; @ dejiq - - - deapeanyi)

If jis odd and j < 2n + 1 we have

dey - - - despeani1 = do(qr) - - -do(gj—1) o (kjej41 — kjoejpr) odejia- - - deap€ania

= pgr(dgy -+ - dgj—1 ® kjej1 @ dejig -+ - deaneani
—dqy---dgj—1 @ k; @ ejpidejiq - - - deaneantn)
Finally for j = 2n + 1 we get
dey - - - dezpkoni1 = pr(dgr - - - dgzn @ kapi1 @ 1).

From these formulas we obtain the definition of vg. Then by construction we have vrugr =
id and it is easy to verify that pugrrvg = id. This shows that ug is an isomorphism. The

proof for uy is similar and will be omitted. U
Equation (3.1) and lemma 3.40 yield an equivariant pro-linear isomorphism
(3.2) LR(TQ)"=(TE)", 1®q—looL(q).

This isomorphism is obviously left £-linear and it follows that (7 E)* is a free left £-module.
Furthermore we get from lemma 3.40

(TQFOKSL = (TQ)TOK @ (TQ)T&K&(TE) &K = (TE) &K = £.
It follows that the equivariant pro-linear map
<3'3) (TQ)+®K®£+ — £, @Rk R +— JR(q) okol

is an isomorphism. This map is right £-linear and we see that £ is a free right £-module.
Denote by J the kernel of the map 7n : 7FE — 7 (). Using again lemma 3.40 we see that

(3.4) (TQ)T®K®(TE)" =3, gk®x— ogr(q)okox

is a right 7 E-linear isomorphism. In a similar way we have a left 7 E-linear isomorphism
(TE)Y"TQK®(TQ)t =3, rRk®q— rokoor(q).

Together with equation (3.1) this yields

(3.5) SHTQ =3,  1®qr—loog),
and using equation (3.2) we get
(3.6) L&er (TE)T 2 3, @z lox.

Now we want to construct a free resolution of the £-bimodule £%. First let A be any pro-
G-algebra and consider the admissible short exact sequence of A-bimodules in pro(G-Mod)
given by

A . 1 <-=—===- ]zl 1777771 + At - +
B2 Q'(A) = A& A a A
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Here the maps are defined as follows:

a(zDyz) =2y ® z — r R yz, ap(z ®@y) =y
hi(x ® y) = Duxy, ho(z) =1®x

It is easy to check that ah + ha = id. The complex B is a projective resolution of
the A-bimodule AT in pro(G-Mod) iff A is quasifree. Define a subcomplex P, C BZE as
follows:

Py=(TE)"®L+ L@t C (TE)'®(TE)"
P =(TE)"DL c QYTE).

There exists an equivariant pro-linear retraction B,T E _, P, for the inclusion P, — B.T E
Since £ is a left ideal in 7FE we see that the boundary operators in BZ ¥ restrict to P,
and turn P, — Py — £ into a complex. It is clear that Py and P; inherit a natural £-
bimodule structure from BIZ and BT ¥, respectively. Moreover the homotopy h restricts
to a contracting homotopy for the complex P, — Py, — £%. Hence P, is an admissible
resolution of £7 by £-bimodules in pro(G-Mod). Next we show that the £-bimodules P
and P, are free. Using equation (3.2) we obtain the isomorphism

(37) £+®£+ © £+®TQ®£ = Po, (ll &® l2> ) <l3 ®Rq& l4) = ll &® l2 + (lg o O'L(Q)) & l4.

Since £ is a free right £-module by (3.3) we see that F is a free £-bimodule. Now consider
P;. We claim that

P, =ONTE)o K + (TE)"DK.

The inclusion (7E)™DK C P, is clear and it is easy to see that Q'(TFE) o K C P;.
Conversely, for xgD(x1 0 k) € Py with g, 21 € (T E)" we compute

xoD(x1 0 k) = xo(Dx1) 0 k + xg 0 21 Dk

which is contained in QY(7FE) o K + (TE)"DK. This yields the claim. Under the iso-
morphism QY7 E) = (TE)*®E®(TE)" from proposition 3.21 the space QY (7T E) o K
corresponds to (TE)*®ER(TE)" o K = (TE)*®E®L and (TE)*DK corresponds to
(TE)*®K®1. Hence

(3.8) (TE)Y"®K®LT) @ (TE) 2Q&L) — P,
(xl Rk ll) D (232 ®q& lg) — 21Dkl + xQDO(C])lg

is an equivariant pro-linear isomorphism. Since (7 E)* is a free left £-module by equation
(3.2) and £ is a free right £-module by equation (3.3) we deduce that P, is a free £-
bimodule. Consequently we have established that P, is a free £-bimodule resolution of £
in the category pro(G-Mod). According to theorem 3.5 this finishes the proof of part a) of
theorem 3.39.

We need some more notation. Let X5(7E) be the complex obtained from Xq(7E) by
replacing the differential 9 : X, (T E) — X2(T E) by zero. In the same way we proceed for
Xa(TE : TQ). Moreover let M be an £-bimodule in pro(G-Mod). We define the covariant
module (Og®M)/| , ]a as the quotient of Og®M by twisted commutators f(s) @ ml —
f(s)® (s~ -1)m where [ € £ and m € M.
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Now we continue the proof of theorem 3.39. The inclusion P, — BZF is an £-bimodule
homomorphism and induces a chain map

¢ (0c&P)/[,)a — (0c&BI*)/[,]o = XHTE) & Og0].

Let us determine the image of ¢. We use equations (3.7) and (3.5) to obtain

(Oa@P)/[, ]a = Oc®(LT @ LOTQ)

> 06 @ (06RLHTQ)T) =2 Oq ® (0a®I) C Og(TE)™ .
Using equations (3.8) and (3.6) we get
(OcP)/[ e = Oco(TE) ®K) ® Oc®(Loe+ (TE) ©Q)

> 0a@(TE)'QK) @ 06030Q = Oa&(TE)* DK 4+ 3Do(Q)) C QL(TE).

This implies that ¢ induces a covariant isomorphism of chain complexes
(Oc®P)/], o = XHTE:TQ) @ Og0).

With these preparations we can prove part b) of theorem 3.39.

PROPOSITION 3.41. The natural map ¢ : Xg(L) — Xa(TE : TQ) is split injective
and we have
Xe(TE :TQ)=Xg(L) o,
with a covariantly contractible pro-parasupercomplex Co. Hence Xg(TE : TQ) and Xg(£)
are covariantly homotopy equivalent.

PROOF. The standard resolution BF of £+ is a subcomplex of P,. Since P, itselfis a free
£-bimodule resolution of £% the inclusion map f, : B — P, is a homotopy equivalence.
Explicitly set My = £*®7 Q®L and define g : My — Py by

gL ®q®l) =loo(q) ®l—li®ar(q) ol
Using equation (3.7) it is easy to check that fo® g : £*®@L*T ® My — P, is an isomorphism.

~Y

Furthermore we have agg = 0. Since the complex P, is exact this implies P, = ker oy =
QL) ® My. Set M; = My and define the boundary M; — M, to be the identity map.
The complex M, of £-bimodules is obviously contractible and P, & Bf @& M,. Applying
the functor (Og®—)/[, ]¢ we obtain covariant isomorphisms

XG(TE:TQ)® 0g[0] = (0g®R.)/[, ] = (06®B))/[, lo ® (0c&M.)/[, ]a
~ XG(L) © 06l0] © (06 M.)/[, e
One checks that the two copies of O are identified under this isomorphism. Moreover the
map Xg(il) — Xg(T E : TQ) arising from these identifications is equal to 1. Hence v is
split injective. Let C, be the image of (Og&M,)/[, J¢ in XZ(TE : TQ). One checks that
Cp is the range of the map
OcOLOTQ — Xg(TE),  f(s)@1@q— f(s)@losi(q) = f(s)@ (s -s0(g)) ol
and that C is the range of the map
Oa®LRTQ — XL(TE), fRl®q— fRIDsL(q).

The boundary C; — Cj is the boundary induced from X (7 E : 7Q). On the other hand
the boundary 9y : X2(TE : TQ) — XL(TE : TQ) does not vanishes on Cy. However, we
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have 9> = id —T and this implies that C, is a sub-paracomplex of Xg(7 E : TQ). Since ¢
is compatible with dy we obtain the desired direct sum decomposition

Xe(TE : TQ) = Xa(2) & C.

It is clear that the paracomplex C, is covariantly contractible. O
This completes the proof of the excision theorem 3.37. We conclude this section with the
following corollary of theorem 3.37.

COROLLARY 3.42. Let (1,m) : 0 = K — E — @ — 0 be an extension of G-algebras
with a bounded linear splitting. Then there are natural exact sequences

HFP§ (A, K) — HFf (A, E) — HE{(A, Q)

|

HP{ (A,

Y

Q) ~—— HP{ (A E) ~—— HP{ (A K)
and
A

A
HF§(@Q,

| |

HP{(K,A)~— HP{(E,A) ~—— HP{(Q, A)
for every G-algebra A.

)—— HP{(E,A) —— HF§ (K, A)

Y

PROOF. By assumption there exists a bounded linear splitting for the quotient map
7 : E — Q. Since QK¢ is a free G-module according to lemma 2.8 we see that the
extension 0 - KQKq — E@Kg — QRKe — 0 has an equivariant linear splitting. Hence
0 - KoKg — E@Ke — Q®Kg — 0 is an admissible extension of G-algebras. Using
this remark we can proceed in the same way as in the proof of theorem 3.37 to obtain the
assertion. U
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CHAPTER 4

Finite groups and relations with crossed products

In the first part of this chapter we consider finite groups. We explain how our general

definition of HPY is related to previous constructions in the literature. This discussion is
based on equivariant Hochschild homology and equivariant cyclic homology. Moreover we
prove a universal coefficient theorem which allows in principle to compute H P& for finite
groups using suitable S BI-sequences.
In the second part of this chapter we discuss the relation between HPS and the ordi-
nary periodic cyclic homology of crossed products. It turns out that HPY behaves as
expected from equivariant K K-theory. The third section contains a version of the Green-
Julg theorem for cyclic homology. More precisely, we show HPY(C, A) & HP,(A x G)
for all finite groups. This result is essentially not new, however, we present a proof which
uses the machinery of universal locally nilpotent extensions developed in chapter 3 and
thus fits nicely into our general framework. In the last section we prove the dual result
HPY(A,C) & HP*(A x G) for arbitrary discrete groups. This is the first situation where
we have to work with paracomplexes in a very concrete way. We have to develop some
tools which will be used again in a slightly different form in chapter 5.

1. Equivariant cyclic homology for finite groups

In this section we discuss equivariant Hochschild homology H HE and equivariant cyclic
homology HCY for a finite group G. These theories are essentially already considered by
Brylinski in [17] although our terminology differs slightly from the one used there.

In order to define cyclic homology one usually one starts with a cyclic object or a mixed
complex [49]. Both approaches are also available in the equivariant situation and we will
explain them briefly.

Let us start with cyclic objects. Assume that A is a unital G-algebra for the finite group
G. We define a cyclic object AhG in the category of complete bornological vector spaces as
follows. The space in degree n for this module is

Ahc(n) — (Og®A®n+1)G’

the G-invariant part of Oc&®A®" ! with respect to the diagonal action of G. One defines
face maps d; by

fO)®a® - ®aja1 @ - ®a, 0<j<n,

dj(f(5)®@0®“'®“”):{f(s)@(s—l.a Jag @ @y j=m.

The degeneracy operators s; are given by

Si(f(8)®ag® - ®a,)=f(5)®a®a; 1 Raj 1 @ - ®a,, 0<j<n.
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The cyclic operator t is defined by
H(f(s)®ao® - ®an) = f(5) @ (s an) ®a0® @ an-1.

One checks that these operators satisfy the axioms of a cyclic module. The cyclic relation
"1 = id holds on A% (n) since we are considering only invariant chains.

To each cyclic module one can construct an associated cyclic bicomplex [49]. Using this
bicomplex one obtains the Hochschild homology and cyclic homology of the cyclic module
and other variants of cyclic homology. In the case AhG we obtain by definition the equivari-
ant Hochschild homology HHY(A) and the equivariant cyclic homology HCY(A) of A.
In order to relate these theories to our definitions in section 3 it is more convenient to use
the approach based on mixed complexes. Let again A be a G-algebra for the finite group
G. We consider the invariant part Q%(A) of the equivariant n-forms Q% (A) with respect
to the action of G. The complete bornological vector space Q% (A)% is no longer a covariant
module, we only have a module structure of the algebra R(G) of class functions on G. By
definition the algebra R(G) is the invariant part of Og under the action by conjugation.
The covariant operators on equivariant differential forms constructed in section 3.2 restrict
to operators on Q%(A)¢ since they commute with the G-action on Q%(A). In particular
the operators bg and By still make sense on Qg(A)¢. Since we work with invariant forms it
follows that the operator T is equal to the identity on Qg(A)“. Hence we see from lemma
3.16 that Qg(A)G together with the operators b and B¢ satisfies the axioms of a mixed
complex. We refer also to the section 1.3 for the definitions in the more general case of
compact Lie groups.

For any mixed complex one can construct the (B, b)-bicomplex which computes the asso-
ciated cyclic homology. In our situation we obtain the bicomplex

ba ba ba ba
3,(4)¢ B qz(a)¢ Bo qra)e Ba qoa)e

ba ba ba

B Be o)
QF(A)F == Q5(A)° =% Q% (A)°

ba ba

1 ‘ G Bg 0 G
QG(A) DI QG(A>
ba
00,(A)°

The equivariant cyclic homology HCY(A) of A is the homology of the total complex of
this bicomplex. The equivariant Hochschild homology HHE(A) is the homology of the
first column. These definitions are equivalent to the ones given above.

As in the non-equivariant situation we obtain an SBI-sequence connecting HHY(A) and

HCS(4)
G S G B G I G
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Moreover there is a natural definition of equivariant periodic cyclic homology arising from
the mixed complex Qg(A)“. Namely, one has to continue the cyclic bicomplex to the left
and consider the homology of the resulting total complex

A Bo+0b A
[[9%4)°¢ ——— J[o¥"()°
jEN Bg + bg jEN

obtained by taking direct products over the diagonals.
Let us show that this is precisely the theory that comes out of our general definition in
chapter 3 in this case. First recall that for finite groups we have a natural isomorphism

HPE(C, A) & H.(Homg(Xa(TC), Xa(T A)))

for all G-algebras A according to proposition 3.35. The G-algebra C is quasifree and we
get

HP{(C, A) = H.(Homa(Xe(C), Xa(T A))) = H.(Homa(O[0], Xa(T A)))

due to the remark after proposition 3.31. Using theorem 3.23 we may switch to differential
forms in the second variable to obtain

HPZ(C, A) = H,(Homg(Oc[0], 00 (A))) = H.(Homg(C[0], 0Q:(A))).
We have
Homg (C[0], 026(A)) = Hom(C[0], Q¢ (A)%) = lim Q5" (A)% = ] Qu(4)¢

n neN

with grading into even and odd forms and differential given by Bg + bg. This shows that
our general approach is compatible with the definitions given above.

Equivariant periodic cyclic homology is related to equivariant cyclic homology through a
short exact sequence

0 —— lim!, HCS, 1 (A) —— HPE(A) — lim HCG,, (A) ——0

as in the non-equivariant case.

We can also define the dual theories H Hf, and HC¢, in a straightforward way. The resulting
definitions are compatible with the constructions in [47]. We shall not go into details here
and mention only that one obtains

HP}(A,C) = HPL(A) = lim HCZ(A)
5

similar to the situation in ordinary cyclic cohomology.
We emphasize that we do not define HHS and HCS for infinite groups. It seems to be
unclear how a reasonable definition of such theories should look like. Clearly one would
like to have S BI-sequences and a close connection to equivariant periodic cyclic homology
HPE as above.
It turns out that one can obtain interesting results about HP¢ without having a definition
of HHY and HCC. This is illustrated in the proof of theorem 4.8 in section 4.4 and in
theorem 5.12 in chapter 5. In these examples methods originating in Hochschild homology
play a crucial role. However, ordinary cyclic homology does not appear at all.
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2. A universal coefficient theorem

In this section we prove a universal coefficient theorem for the bivariant equivariant
periodic cyclic homology of finite groups. This generalizes the universal coefficient theorem
in [38]. Throughout this section we assume that G is a finite group.

First recall that for finite groups we have a natural isomorphism

HPS(A,B) 2 H.(9Homg(Xa(TA), Xo(TB)))

for all G-algebras A and B according to proposition 3.35. Moreover we have seen in
proposition 3.26 that X¢(7 A) and 0Qg(A) are covariantly homotopy equivalent. For the
proof of this proposition one constructs a projection e on #Qg(A) by averaging over the
operator T" such that the inclusion efQg(A) — 0Qg(A) is a covariant homotopy equivalence
of pro-parasupercomplexes. Consequently there exists a natural isomorphism

HP*G<AvB) = H*(ﬁomG(eeQG(A>veeQG(B»)

Remark that efQq(A) and efde(B) are pro-supercomplexes. Hence we have already re-
moved the occurence of paracomplexes in this description.

In addition the category of covariant modules for a finite group has special properties.
In section 2.3 we have defined the notion of a projective covariant module. Dually one
can study injective covariant modules. A covariant module [ is injective iff it satisfies the
following property. Given an injective covariant map f : M — N with a bounded linear
retraction r : N — M any covariant map g : M — [ can be extended to a covariant map
h: N — I such that hf = g.

PROPOSITION 4.1. Let G be a finite group. Then every covariant module in G-9Mo0 s
projective and injective.

PrRoOOF. From the description of covariant maps in proposition 2.12 we see that it
suffices to prove that H-modules for a finite group H satisfy the corresponding lifting and
extension properties. This can easily be shown using an averaging argument. U
We will now restrict attention to fine spaces. From proposition 4.1 we see that the category
of fine covariant modules is very close to a category of vector spaces over a field in the sense
that all objects are projective and injective in a purely algebraic sense. In fact this shows
that the machinery of homological algebra for pro-vector spaces developed in [38] can be
carried over to fine covariant modules over a finite group without change. In particular
one can define and study Ext-functors in this setting. Since we do not want to explain the
details here we simply define

(4.1) Erto(M, N) = lim' lim $Home (M, N,)

for fine countable covariant pro-modules M = (M,,)meny and N = (N, )nen-

If A is a fine G-algebra we can view ef{)(A) as projective system of the supercomplexes
e Qe (A). We let

H.(e0Q26(A)) = (H.(e0"Qa(A)))nen

be the covariant pro-module obtained by taking the homology of these supercomplexes.
Let us describe more explicitly the structure of this covariant pro-module. Since e (A)
is a mixed complex we can define its Hochschild homology H H, (e€2c(A)) and its cyclic
homology HC,(eQ2g(A)) as usual. The natural inclusion Q%(A)Y — eQ%(A) for all n
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induces a map HCY(A) — HC,(eQ2¢(A)). It can be seen as in [38] that there is a natural
covariant isomorphism

H.(e006(A)) = (HC,400(eQ26(A)) nen

where the structure maps in the projective system (HCii9,(eQc(A))nen are given by the
S-operator.

After these preparations we are able to formulate the following universal coefficient theorem
for HPC.

THEOREM 4.2 (UCT). Let G be a finite group and let A and B be fine G-algebras.
Then there is a natural short exact sequence

ﬁomG(H* (699@(14)), H*(eGQG(B))) — 0.

PROOF. The proof from [38] can be copied. We have
ﬁomg(eHQG(A), eng(B)) = liinll)nﬁomg(eﬁmQG(A), 69”9@(3))

n m
and put C,, = lim $Home(efd"Qc(A),e0"Qc(B)) for all n. Remark that each C, is a
supercomplex. Using Milnor’s description of liﬁll we obtain an exact sequence
neN neN
where o denotes the structure maps in (C,)nen. Since all structure maps in efQ;(B) are
surjective and efQ)g(A) is locally projective the structure maps ¢ in the inverse system

(Ch)nen are again surjective. This implies @1 C,, = 0. Therefore the exact sequence above
reduces to a short exact sequence

0——1lm C,—— [[c¢. dd=o  J[c. —

neN neN

of supercomplexes. We obtain an associated long exact sequence in homology and unsplic-
ing this long exact sequence yields the assertion. Here we use the fact that

, ( 11 cn) = 1 7.(C.) = T 1 Soma(H. (0™ (A)), H(c6"Q%(B))

neN neN neN m

since the functors $Homg and lim are exact. Moreover one has to insert the definition of
&ty in equation (4.1) to identify the llr_nl—term. O
The universal coefficient theorem 4.2 can be extended to G-algebras with nontrivial bornolo-
gies under additional assumptions.

We point out that in order to formulate theorem 4.2 it is crucial that the paracomplexes
etdQc(A) and ef)g(B) are in fact complexes. Moreover proposition 4.1 is used in an es-
sential way in the proof of theorem 4.2. This shows that our universal coefficient theorem
is limited to finite groups.
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3. The Green-Julg theorem

The Green-Julg theorem [35], [44] asserts that for a compact group G the equivariant
K-theory KY(A) of a G-C*-algebra A is naturally isomorphic to the ordinary K-theory
K.(A x G) of the crossed product C*-algebra A x G. For a comprehensive treatment of
K-theory for C*-algebras including a proof of this theorem we refer to [11].

In this section we present an analogue of the Green-Julg theorem in cyclic homology. In
its original form this result is due to Brylinski [17], [18] who studied smooth actions of
compact Lie groups. Independently it was obtained by Block [13]. We follow the work of
Bues [19], [20] and prove a variant of this theorem for pro-algebras and finite groups.
Our version of the Green-Julg theorem involves crossed products of pro-G-algebras. We
remark that the construction of crossed products for G-algebras in section 2.2 can imme-
diately be extended to pro-G-algebras.

THEOREM 4.3. Let G be a finite group and let A be a pro-G-algebra. Then there is a
natural isomorphism
HPS(C,A) = HP,(Ax Q).
This isomorphism is compatible with the decompositions of HPS(C, A) and HP,(A x G)
over the conjugacy classes of G.

For the proof of theorem 4.3 we need some preparations.
First we want to discuss a variant of the construction of the periodic tensor algebra. Let
R be an arbitrary pro-G-algebra. The crossed product B = R x G is a unitary bimodule
over the group algebra C' = CG in the obvious way and the multiplication in B induces
a C-bimodule map B&cB — B. In other words B can be viewed as an algebra in the
category of unitary C-bimodules.
The construction of differential forms can be carried over to this setting as follows. We
define the space of relative differential forms Q%(B) = Bt¢®c(B)®c™ for n > 0 where the
unitarization BT¢ now has to be taken in the category of unitary C-bimodules. Hence
Bfc = B @ C with multiplication given by (by,¢1) - (ba,¢2) = (biby + ¢1bg + bica, c1¢o).
Moreover we set Q% (B) = B. Since B is a free unitary right C-module we have a natural
right C-linear isomorphism Q%(B) 2 Q"(R)®C for all n.
Multiplication of relative differential forms and the differential d can be constructed as
usual. We define the relative periodic tensor algebra 7B of B simply by replacing differ-
ential forms with relative differential forms in the formalism of section 3.1. The pro-linear
section op : B — 7o B for the canonical homomorphism 75 : 70 B — B is a C-bimodule
map. One can easily adapt the proof of proposition 3.3 to see that 7o B satisfies the fol-
lowing universal property: If D is a pro-algebra in the category of unitary C-bimodules
then for any C-bimodule map [ : B — D with locally nilpotent curvature there exists a
unique homomorphism [[l]] : 7B — D such that [[l]jop = L.
Using the description Q%(B) = Q*(R)®C of relative differential forms we check that the
pro-algebra 7o B is isomorphic to the crossed product 7R x G.

PROPOSITION 4.4. Let GG be a finite group and let R be a unital quasifree pro-G-algebra.
Then the pro-algebra R x G is quasifree.

PrOOF. We have to construct a lifting homomorphism w : R x G — 7 (R x G) for the
canoncial projection Tryg. Since R is assumed to be quasifree there exists an equivariant

62



lifting homomorphism v : R — 7 R for the homomorphism 7z : 7R — R. Taking crossed
products yields a homomorphism v X G : RxG — T RxG lifting T x G : TRxG — RxG.
It is easy to see that the natural pro-linear map oz®id : R x G — TR x G induced by
og is a lonilcur. Hence proposition 3.3 yields a homomorphism p: 7(Rx G) - TR x G
such that por = op®id. Moreover we have (7p X G)p = Trug. Let us show that p has a
pro-linear splitting. We define s : Q"(R)QCG — Q"(R x G) by

s(zodzy -+ dro,®Ff) = (20 ¥ €)d(x1 X €) - d(Ton_1 X €)d(x2, X f)

where e € (G is the unit element. These maps assemble to a pro-linear map s : TR x G —
T (R x G) satisfying ps = id. Hence we obtain an admissible extension

of pro-algebras where I is the kernel of p and i : [ — 7 (R x G) is the inclusion. Comparing
this extension with the universal locally nilpotent extension 0 — J(RxG) — T(RxG) —
R x G — 0 we see that the ideal [ is locally nilpotent.

Consider now the homomorphism h : CG — RxG,h(f) = 1g x f. We compose h with the
map v X G : RxG — T Rx G to obtain a homomorphism (v xG)h : CG — TR x . Since
the group G is finite the group algebra CG is separable in the sense of definition 3.9 and
hence quasifree. Due to theorem 3.5 this implies the existence of a lifting homomorphism
k: CG — T(R x G) such that pk = (v x G)h. Using this homomorphism 7 (R x G)
becomes a CG-bimodule. We construct a pro-linear map [ : Rx G — T (R x G) as follows.
If n denotes the order of G we Set

l(xxf)= Zk o0pua(st -z xe)ok(sTHf).
sEG

where we view s € G as an element of CG. It is easy to check that [ is a CG-bimodule
map. Moreover we have Trugl = id where Trye @ 7(R X G) — R x G is the canonical
homomorphism. This implies that [ has locally nilpotent curvature.

We can apply the universal property of the relative periodic tensor algebra 7o0B = 7T Rx G
from above to obtain a homomorphism u : 7R x G — T (R x G) such that u(cp®id) = [
where 0p®id : R x G — T R x G is the canonical splitting. Since we have (7g x G)pl = id
the universal property of 7o B yields (Tg X G)pu = Tp x G. We put w = u(v x G) and
compute Trygw = (T X G)pu(v X G) = (g X G)(v x G) = id. Hence w is the desired
splitting homomorphism for 7rue : 7 (R % G) — R x G. O
We keep the notation B = R x G and C' = CG from above and assume in addition
that R is unital. Then the group algebra C' is a subalgebra of B using the inclusion
h:C — B,h(f) = 1g x f. We let [B,C] be the image of the pro-linear map B&C —
B,b® f + bh(f) — h(f)b. If we denote the order of G by n we obtain a pro-linear section
0o : B/|B,C] — B for the natural quotient map 7 by setting

ooz % f) = Zs rxsfs !

SEG
where we view again s € G as element of CG. Hence we get an admissible extension
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Since the group G is finite the algebra C' = CG is separable. This means that there exists
a pro-linear C-bimodule splitting for the admissible short exact sequence

Q(C) =y CHOCT = o

where m : CT®CT — C* is multiplication. Tensoring this split exact sequence with B*
over C'" on both sides we get an admissible short exact sequence of B-bimodules

B*®c+ QN (C)®¢+ B 1oy Bt*®@Bt*==mmmm) BTQo+ BT
with B-bimodule splitting. From this one obtains a B-bimodule isomorphism
Q'(B) = (B ®c+ Q' (C)@c+ BY) & Qo(B)

where Q!'(B)¢ is by definition the kernel of the multiplication map B¥®¢+ BY — Bt. We
set

KO - [B, C]
K, = Bt @+ QN (C)®c+ BT )[BT &+ QN (C)®c+ BT, B

and check that the differentials of X (B) restrict to K. Our discussion yields an admissible
extension of pro-supercomplexes

(4.2) Ke==mmms X(B)*===3 X(B)e

where X (B)¢ is the quotient of X (B) by K. Explicitly we have
X(B)e = B/|B,C]
X(B)e = U(B)e/[¥(B)c, B.
PROPOSITION 4.5. With the notation as above the natural map ©: X (B) — X(B)¢ is

a homotopy equivalence.

PRrROOF. Let us show that b : K; — K, is an isomorphism. Consider the map « :
Ky — K given by a(z) =2 ® (1® 1) ® 1 where we identify Q!(C) with the kernel of the
multiplication map m : Ct@C+ — C*. We compute for € B and f € C

afzf—fr)=zfe(1le)el-fro(lol)el
=z ((fel)el—-z(1)® f
=R ((f®l1-10f)®l=cdf ®1,
hence « is well-defined and ba = id. On the other hand we have
(ab)(z @ fodfi @ 1) = a(xfofi — fizfo) =2 @ fodfi @1

and thus ab = id. Hence b is an isomorphism and it follows that K is contractible.
Using the map a and the pro-linear splittings in (4.2) it is not hard to show that the
pro-supercomplex X (B) is isomorphic to the direct sum of the pro-supercomplexes K and
X (B)¢ such that the canonical projection X (B) =2 K & X (B)c — X(B)¢ is given by 7.
Together with the fact that K is contractible this yields the claim. U
If R is a pro-G-algebra we denote by Xg(R)“ the invariant part of the equivariant X-
complex of R. It is easy to see that Xg(R)“ is in fact a pro-supercomplex. Recall from
above the definition of the relative X-complex X (B)c = X(R % G)cg-
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PROPOSITION 4.6. Let R be a unital pro-G-algebra. There is a natural isomorphism
Xe(R)Y 2 X(R % G)cq
of pro-supercomplezes.

PROOF. Since the group G is finite we can identify X¢(R) with the G-coinvariants of
Xa(R) which we denote by Xg(R)g. The map ¢ : Xg(R)e — Xa(R)Y given by

(fow)=3 s (fow)

seG

is inverse to the natural map Xg(R)¢ — Xg(R)g.
As before we view s € G as element of CG. Moreover since elements of both Og and CG
are functions on the group G we will identify these spaces. The action of s € G on f € Og
corresponds to the adjoint action of s on f € CG.
We define a map a : Xg(R)g — X(R x G)ce by

ap(f@x) =2 f

ar(f @ zdy) = (z 3 e)d(y x f)
ar(f ®dy) =d(y x [)

where e € G is the unit element and a map 3 : X(R % G)ce — Xa(R)g by
bo(zx f)=fox
Bi((z x s)d(y x g)) = sg @ xd(s - y)
Bild(y @ g)) = g@dy
for f € CG and s € G C CGE. To check that ag and [y are well-defined we compute
a(s- (fRx)=ay(s - f@s-1)=5-1xsfs "
=(Igxs)(xzxfs)=(@xfsHArgxs)=2xf=ay(f®)
where 1 is the unit element in R and
Bo(lzx f,1r x s]) = Bo(x x fs —s-a % sf)
=fs®@r—sfRs-x=fsRr—s-(fs®zx)=0.

It follows that «q is an isomorphism with inverse 3,. For a; and (1 one has to do similar
computations. In order to show that commutators are mapped to commutators we calculate

a1 (s@xdyz — s @ (571 - 2)ady) = a1(s ® xd(yz) — s @ xydz — s @ (s~ - 2)zdy)

(
€)

=(xxe)d(yz xs) — (wy xe)d(zxs)— ((s'-2)x xe)d(y x s)
=(xxe)d(yxe)(zxs)— (s 2)xxe)d(y % s)
=(xxe)dyxs)(st-zxe)—(s'-zxe)rxe)d(y xs)
=[(zxe)d(yxs), (s -2zxe)
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and
Bi([(x xe)d(y x s),zxt]) =L01((xxe)d(y(s-z) xst) — (zy x s)d(z x t)
— (2(t - 2) @ t)d(y x 5))
=st@zd(y(s-z)) —st@xyd(s-z) —ts® z(t - x)d(t - y)
=st@ady(s-z) —t(st)t '@t 2)(t-2)d(t-y)
=st@ady(s-z) —st® (t7" - 2)xdy
= st @xdy(s - z) — st @ ((st)'s - 2)xdy
for s,t € G C CG. Moreover we have to check that a; : XL(R) — X'(R % G)cg vanishes
on coinvariants. We get
ai(s- (f®@ady) — f@xdy) = (s-xxe)d(s-yxsfs™) — (xxe)d(y x f)
(s yxsf)(1g xs71)) = (z x e)d(y x f)
(s-yxsf)lgxs D4 (s-zxe)s-yxsfld(lzg xs )
— (@ xe)d(y = f)
=(Igxs ) (s-zxe)d(s-yxsf)+ (s (vy) xsf)d(lgx st
— (@ e)d(y = f)
=(xxsd(s-yxsf)+(s-(zy) xsf)d(lg xs71) — (x xe)d(y x f)
= (s (zvy) x sfs Hd(1g x e)

and using the fact that (1g xe) = (1 xe)? we easily obtain (s-(zy) xsfs Hd(1gxe) = 0.
Similarly we compute
(s (f@dy) = f@dy) =d(s-yxsfs™) —d(yx f)

= (1g @ s)d(y = fs™') —d(y x f)

=d(y % fs7)(1r % s) —d(y x f)

=d(y = )+ (y = fs7)d(1g % 5) — d(y x f)

= (y % f)d(1g x )
which is equal to zero. Finally we have to verify that 3, : X'(R x G) — X}(R)¢g factors
over X'(R x G)cg. We obtain

Brl( x st)d(y  g)) = stg @ d((st) - y) = B ((z x s)d(t -y x tg))

for t € G ¢ CG. Moreover

Bi((1r x t)d(y x g)) =tg ® 1gd(t - y) = tg @ d(t -y) —tg ® d(1g)(t - y)

which is equal to tg ® d(t - y) = B1(d(t -y X tg)) since tg ® d(1g)(t - y) is zero.
Once we have checked that a; and (3; are well-defined it is easy to see that they are inverse
isomorphisms. Let us now show that « is a chain map. We compute

doo(f @ x) = d(z % f) = a1(f @ dz) = md(f @ )

=(s-xxe)d

=(s-xxe)d
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and

bay(s @ xdy) = b((z xe)d(y xs)) =axyxs—y(s-z) Xs

=ay xs—((ss ) Y(s-x)xs=ayxs—(rxs)((s yzxe)
=ayxs—((st-y)rxe)(lpgxs)=ayxs— (st ywxs
=ap(s®@ay —s®@ (s y)r) = apb(s ® zdy).

This finishes the proof of proposition 4.6. 0

Now we come back to the proof of theorem 4.3. Using the long exact sequences obtained in
theorem 3.37 both for equivariant cyclic homology and ordinary cyclic homology it suffices
to prove the assertion for an augmented pro-G-algebra of the form A*.

On the one hand we have to compute the equivariant periodic cyclic homology of A™.
Due to proposition 3.8 we can use the universal locally nilpotent extension 0 — JA —
(TA)T — AT — 0 to do this. Since the group G is finite and the G-algebra C is quasifree
the equivariant periodic cyclic homology of A is consequently the homology of

Homea(Xa(C), Xa((TA)T) = Home(Ocl0], Xo((TA)T)
— Homg(C[0], Xo((T A)*) = Hom(C[0], Xe((T A)H)%)
where Xg((7 A)*)¢ is the G-invariant part of Xg((7 A)*).

On the other hand we have to calculate the cyclic homology of the crossed product AT x G.
Consider the admissible extension

oi®id
(4.3) JAX Gz (TAYF % Gazz==oms A % G
taxG THxG
of pro-algebras where o : AT — (T A)" is the unital extension of o4 determined by

o} (1) = 1. Tt is easy to check that the pro-G-algebra J A x (G is locally nilpotent. Propo-

sition 4.4 shows that (7 A)* x G is quasifree and hence (4.3) is in fact a universal locally
nilpotent extension. This means that H P,(A" x G) can be computed using X ((7 A)* x Q).
Consider the relative X-complex X ((7 A)* x G)cg described above. Due to proposition
4.5 the pro-supercomplexes X ((7A)* xG) and X ((7 A)* x G)cq are homotopy equivalent.
From proposition 4.6 we obtain a natural isomorphism

X((TA)+ X G)(CG = Xg((TA)+)G

Comparing this with the result from above we see that both theories agree as desired. The
assertion regarding the decompositions over the conjugacy classes of G can be checked
easily. This finishes the proof of theorem 4.3.

We conclude this section by stating an important particular case of theorem 4.3.

COROLLARY 4.7. Let G be a finite group. Then HPY(C,C) = R(G) is the complexified
representation ring of G.

Remark that this corollary can also be obtained directly from our computation of X(C)
in lemma 3.20.
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4. The dual Green-Julg theorem

In this paragraph we study equivariant periodic cyclic cohomology. Our main result is
contained in the following theorem which is dual to theorem 4.3.

THEOREM 4.8. Let GG be any discrete group and let A be a G-algebra. Then there is a
natural isomorphism
HPY(A,C) = HP*(Ax Q).
This isomorphism is compatible with the decompositions of HPY(A,C) and HP*(A x G)
over the conjugacy classes of G.

The proof of theorem 4.8 is divided into two parts. In the first part we obtain a simpler
description of HPY(A,C). Recall from theorem 3.23 that we have a natural isomorphism

HPC(A,C) =2 H,(Homg(0Q6(ARK ), 0Q6(Ka)))
for all G-algebras A. We show that there exists a natural isomorphism

It follows that H PS(A, C) is equal to the periodic cyclic cohomology of the mixed complex
Q6 (A®Kg)q obtained by taking coinvariants in Qg (ARKg).
In the second part of the proof we construct maps of mixed complexes

¢ . Q(A X G) — Qg(A®Kg)G, T . Qg(A®Kg)G — Q(A X G)

that are inverse up to homotopy with respect to the Hochschild boundary. Using the SBI-
sequence this implies the desired result.

Let us begin with the first step described above. Consider the trace map Tr : Q%(Kg) —
Q% (C) defined by

Tr(f(s) @ |ro)(sol d(lr1)(s1]) - - d(lrn)(snl)) = Oso.r - O 110515, w0 f (5) @ ede - - - de

and

Tr(f(8> ® d<|7‘1><81|) U d(|7‘n><8n|)) = 551,T2 T 5sn71,rn55*13n,r1f(8) ® de - - - de.

One checks that Tr is a covariant map and that it commutes with b and d. It follows that
Tr is a map of paramixed complexes. In fact this map is closely related to the trace map
that occured already in our proof of the stability theorem 3.33.

The map Tr induces a chain map

Tr : ﬁomg(QQg(A@)Kg), Hgg(Kg)) — 57_)01‘(16'(99@(14®ng>, QQg(C))

and we want to show that this map becomes an isomorphism in homology. First we
need some information about the homology of Q¢ (Kg) with respect to the equivariant
Hochschild boundary bg.

PROPOSITION 4.9. The trace map Tr: Qa(Kg) — Qa(C) induces an isomorphism on
the homology with respect to the Hochschild boundary. Hence
Og forx=0

H,(Qa(Kq),ba) = {0 forx > 0.
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PROOF. For any G-algebra B we view (g (B) together with the equivariant Hochschild
boundary as a double complex in the following way:

ba -
Og®B®3 id —tg Og®B®3
ba -
OG®B®2 id —tg OG®B®2
ba -
0coB 17 0o

Here tg : Oc®@BO" ! — Oa&BE ! is given by

ta(f(s) @by @+ ®@by) = (=1)"f(s) @ (s - bp) @b @ -+ @ bpy.
The operators bg : Oc@BE" — Oc@B®" and V : OB — Oc&B®" are defined
by

n—1
bG(f(3)®bo®---®bn):Z(—l)jf(s)®b0®---®bjbj+1®...®bn
=0

+(=1)"f(s) @ (s bp)bo ® -+ - ® byy—y

and

n—

V(f(s) @by @ @by) =D (=1)f(s) @by @+ @ bjbj1 @+ @ b
=0

<

Using the natural identification Q%(B) = (Og@B2"1) @ (Og&B®") it is easy to see that
the total complex of this bicomplex is precisely the complex (Qg(B),bg). Observe that
we use the symbol bg here in two different meanings, however, this should not give rise to
confusion. We will denote the complex obtained from the first column of the bicomplex
and the operator bg defined above by C¢(B).

We apply this description to the G-algebras K and C. Since both algebras have local units
the second columns in the corresponding bicomplexes are acyclic (see also the discussion in
section 5.1). Thus it suffices to show that the map Tr induces a quasiisomorphism between
the first columns. Denote by K the algebra of finite rank operators on CG equipped with
the trivial G-action. We define a map \ : C&(Kg) — CE(K) by

where U, is the operator on CG corresponding to s € GG in the left regular representation.
The map A commutes with the boundary bg and is clearly an isomorphism. Under this
isomorphism Tr corresponds to the usual trace map between the Hochschild complexes
Co(K) and Co(C) tensored with Og. Hence the assertion follows from Morita invariance
of ordinary Hochschild homology [49]. O
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We need the concept of a locally projective covariant pro-module and give the following
definition.

DEFINITION 4.10. A covariant pro-module P is called locally projective if for every
surjective covariant map f : M — N of constant covariant modules with bounded linear
splitting and each covariant map g : P — N there exists a covariant map h : P — M such
that fh = g.

It is clear from the definitions that projective covariant modules are locally projective.
Conversely, not every locally projective covariant modules is projective. The following
lemma gives a simple criterion for local projectivity.

LEMMA 4.11. Let P = (P;)ier be a covariant pro-module such that all P; are projective
covariant modules. Then P is locally projective.

PRrROOF. Let f: M — N be a surjective covariant map with bounded linear splitting
between covariant modules. A morphism g € lim Hom(P,,, N) is represented by a covari-
ant map g : P, — N. Since Py is projective we can find a lifting hy : P, — M such that
fhi = gi. It follows that the class h defined by %y, in Hom(P, M) = lim Hom(F,, N)

satisfies fh = g. O
Using lemma 4.11 and proposition 3.18 we obtain the following fact.

COROLLARY 4.12. Let B be any G-algebra. The covariant pro-module 0Qq(BRKq) is
locally projective.

In the following discussion we will abbreviate P = Qg (A®Kg) and set
D = Qq(Kg), E =Qs(C).

Since both K and C are fine algebras the mixed complexes D and E consists of fine spaces.
The Hodge filtration yields complete spaces "D and 0™ E for all n.

Clearly the map Tr : D — FE is surjective. Hence we obtain an admissible short exact
sequence of paramixed complexes 0 — K — D — E — 0 where K denotes the kernel
of Tr. Since Tr is a quasiisomorphism with respect to b due to proposition 4.9 it follows
from the long exact homology sequence that K is acyclic with respect to the Hochschild
boundary. Consider the n-th level " K = K/F"K of the Hodge tower of K. The Hodge
filtration yields a finite decreasing filtration FV = FV/K/F"K of " K. In this filtration one
has F~! = 0"K and F™ = 0.

PROPOSITION 4.13. With the notation as above
H,(Homg(P, FPK/FIT K)) =0
holds for all j.
PROOF. By definition we have
FIE/FE = 0(Kj) ® Kjr /0(Kjo).

Since K is acyclic with respect to b it follows that b : K1 /b(Kj12) — b(Kj41) is an
isomorphism. This implies immediately that the para-supercomplex (FVK/F/ K B +b)
is covariantly contractible and the claim follows. U
Since P is locally projective the Hodge filtration F'K/F"K of §"K induces a finite
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decreasing filtration of the supercomplex $HHomg(P,0"K). We view the supercomplex
Homg(P,0"K) as a periodic Z-graded complex. Clearly the filtration of Homg(P,0"K)
yields a filtration of this Z-graded complex. Since this filtration is bounded we obtain a
convergent spectral sequence

E,(K) = H,(Homg(P,0"K)).

From proposition 4.13 we see that this spectral sequence degenerates at the E'-term be-
cause

E, (K) = Hyo(Homg(P, FPK/FP*K)) =0
for all p and ¢q. Hence we obtain
PROPOSITION 4.14. With the notation as above we have
H.(Homg(P,0"K)) =0
for all n.

LEMMA 4.15. With the notation as above put C,, = Homg(P,0"K). Then there ezists
an exact sequence

H()(fjﬂl’ﬂ@(P, QK)) —_— HO(HnEN Cn)

HO (HneN CTL)

Hy (T o) Hy(IT Cn) ~—— Hi($ome (P, 6K)

PRrROOF. First remark that each C,, is indeed a complex. We let C' be the corresponding
inverse system of complexes. Using Milnor’s description of liinl we obtain an exact sequence

0——1lim C,—— [[C. —dd=o J[C. —— lim' C,, ——0
neN neN
where o denotes the structure maps in (C,)nen. Since all structure maps in 0K are
surjective and P is locally projective the structure maps o in the inverse system (C),)nen
are again surjective. This implies liinl C,, = 0. Therefore the exact sequence above reduces
to a short exact sequence

0——1lim C,—— J[C. —dd=o  J[C¢. — ¢

neN neN

of supercomplexes. The associated long exact sequence in homology yields the claim. [
From this lemma and proposition 4.14 we obtain

H.($Homg(P,0K)) = 0.

Using again the fact that P is locally projective it is not hard to show that the short exact
sequence of mixed complexes 0 — K — D — E — 0 induces a short exact sequence of
supercomplexes 0 — Homg(P,0K) — Homg(P,0D) — Homg(P,0FE) — 0. The induced
six-term exact sequence in homology yields the following theorem.

THEOREM 4.16. The chain map
Tr: ﬁomG(HQG(Aé@ICG), 99@(/(:@)) — f_)omG(GQG(Aé{)ICG), 890(@))
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induces an isomorphism
HPCY(A,C) = H,(Homg(AQa(ADK ), 0Q6(CT)).

This description of HPY(A, C) can be simplified further. Using the methods developed
in section 3.3 we obtain easily that the supercomplexes 62¢(C) and X (7 C) are covariantly
homotopy equivalent. Hence passing to the X-complex in the second variable yields

HPY(A,C) = H,(Homg(00c(ARKg), Xa(TC)).

Since the G-algebra C is quasifree the remark after proposition 3.31 shows that X4 (7 C)
and X (C) are covariantly homotopy equivalent. Using lemma 3.20 we obtain

HPY(A,C) = H,(Homg(006(ARKg), Xa(C))
= H.(Home(0Q6(A0Ke), Oc[0]))
=~ H,(Homg(0Qa(ARKg), C)).
Observe that
Homg (0Q6(A®Kg), C) = Hom(0Qq(A®Kg)g, C)

where Qg(A®ICg)G is the mixed complex obtained by taking coinvariants in Q(;(A®IC0).
Summarizing what we have done so far we obtain the following theorem.

THEOREM 4.17. Let A be a G-algebra. There is a natural isomorphism
HPY%(A,C) = HP*(Qa(ARK:)e)

where HP*(Qq(A®Kqg)g) denotes the periodic cyclic cohomology of the mized complex
Qg(A(X)Kg)G.

The remaining step of the proof of theorem 4.8 consists in showing

Using excision in equivariant periodic cyclic theory and in ordinary periodic cyclic theory
we reduce the general case to the situation where the algebra A is unital. So let us assume
now that A has a unit element which will be denoted by 14. As before we view s € G
as element of CG. Since elements of both Og and CG are functions on the group G we
identify these spaces. Moreover we write T' = Y _T,,[r, s| for an element ) T,s|r)(s| in
K¢ in the sequel. 7 7
Rearranging tensor powers we define the map ¢ : Q"(A x G) — Q& (ARKg)q by

o(sodsy - - +ds, ® apday - - - da,) = sg . .. S, @ [e, So|d[so, So51] -+~ d[So -+ Sn_1, S0+ Sp]®
® a0d<50 . al)d((8081> . CLQ) v d((SQ s 8,171) . an)
for ag x sp € A x G and

o(dsy -+ -ds, @day - --day) = s1...8, @dle, s1]d[s1,8182] - d[s1++Sp_1,51 8p|®
® dayd(sy - ag)---d((s1- - Sp_1) - ap).
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The trace map 7 : Q& (A®Kg)e — Q2"(A x G) is defined by
(s @T%T" - - dT" ® apday - - ~dan)
Z Ton 7“1dTT1T2 e dT o Ysro @ (rg ' - ag)d(ryt - ay) -+ -d(r, ' - ay)

for ay ® T° € AQK and
T(s®dT1---dT”®da1~--dan)
- Z dTrlﬂ“Q dTrn smrn 87’1 & d( 1) T d(?”;l ’ a’ﬂ)'

Observe that the sums occuring here are finite since only finitely many entries in the
matrices 77 are nonzero.

PROPOSITION 4.18. The bounded linear maps ¢ : QA x G) — Qg(A®Kg)g and T :
Qa(ARKg)g — QA x G) are maps of mized compleres and we have T¢ = i

ProOOF. The formulas given above clearly define bounded linear maps. Moreover re-
mark that 7 is well-defined since it vanishes on coinvariants. It is immediate from the
definitions that ¢ and 7 commute with d. A direct calculation shows that both maps also
commute with the Hochschild operators. This implies that ¢ and 7 are maps of mixed
complexes. Furthermore one computes easily that 7¢ is the identity on Q(A x G). This
yields the claim. 0
We calculate explicitly

(¢7)(s @ T°dT" - - - dT" ® agda, - - - day,)

_ 1 1 n -1
= ( E ?"01“1 rldTrmrl 7’2"'dTrn,sr0”’n ST

= Y rglsre®@ T, [e.rg rild(T) [rg i, rg tra]) - d(T g s g o] )@

@ (rg " - ao)d(rg - ar) -+ -d(rg" - an)
- Z $® TTOTI [TO’ Tl]d(TT'llrg [Th T2]) T d(TrZ,sro [Tn, STOD ® aOdal T dan

In the same way one obtains
(¢7) (s @dT"---dT™ @ da, - - - day,)
= Z 5® d(TmT2 [r1,79]) - - d(T,’f;’ST1 [T, s71]) @ day - - - day,

PROPOSITION 4.19. The map ¢7 : Qq(ARKa)a — Qaq(ARKg)q is homotopic to the
identity with respect to the Hochschild boundary.
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PrRoOOF. We have to construct a chain homotopy connecting id and ¢ on the Hochschild
complex associated to the mixed complex Qg (ARKg)q-
As a first step we associate to an element of the form s ® [ro, so]d[r1,s1] - d[rp, sn] ®
aopda; - - - day, a certain number M. If s; =r;yy forall j =0,...,n -1 and ss, = rg we
set M = oo. If at least one of these conditions is not fulfilled, we let M be the smallest
number ¢ such that s; # 7,11 (or M =nifall s; =74 for j =0,...,n—1and s~ s, # o).
In a similar way we proceed with elements of the form s®d[rq, s1] - - d[ry, s,] @ day - - - da,,.

Here the first condition disappears and the last condition becomes s~'s,, = r;. The number
M is then defined as before.

We construct bounded linear maps h : Q% (A®Kq)g — Qngl(A@ng)G for all n as follows.
For an element s ® [rg, so|d[r1, $1] - - - d[rn, $n] ® apday - - - da,, we set

h(s ® [ro, sold[r1, s1] - - - d[rn, $n] @ apday - - - day,)
= (=1)Ms® [ro, sold[r1, 51] - - d[rar, spld[sar, Sar] -+ - ATy, 5,]®
® aoday - - - dayrdl gadayyq - - - day,
if M < oo and
h(s & [ro, sold[r1, s1] -+ - d[rp, $n) ® apday - - - da,) = 0

if M = o0.
For elements of the form s ® d[ry,s1]---d[rp, s,] ® day - - - da,, we have to distinguish four
cases. The first case is s7's,, = r; and M < oo. In this case we set

h(s @ d[ry,s1] -+ d[rp, sp] ® day . . . day,)
= (-DMs®@d[ry,s1] - d[rar, sap)d[sar, Snr] -+ - d[rn, $0] @ day - - - dapgdl qdansyy - - - day,
as before. The second case is s7's, # r and M = n. We set
h(s @ d[ry,s1] - d[ry, sp] ® day - - - day,)
= (—=DMs@d[ry,s1] - d[rp, 5p]d[sn, $n] @ day - - - da,dl 4
+ (=D)M"s @ d[s ™ s, s snldry, 51] - - - d[rn, $n] @ dladay - - - day,.
The third case is s7's,, # r; and M < n. We set

h(s @ d[ry, s1] - d[ry, sp] ® day - - - day,)
= (=1)Ms®@d[ry,s1]---drar, sa)d[sar, sar) - - - d[rn, 54] @ day - - - dayrd] gdapyy - - - day,
+ (=D)Ms @ [s7ry, s snld[s s, s s]d[ry, s1) - d[rar, sarld[sar, Sal - d[Paet, Sp_1]®
® (571 -ap)dladay ---dly---day,_ ;.
Finally if M = oo we set
h(s @ d[ry, s1] - - - d[ry, $n) ® day - - - day,) = 0.
Remark that in all cases h maps coinvariants to coinvariants and is therefore well-defined.

We have to check that bh + hb = id —¢7. Let us start with an element of the form
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s ® [ro, Sold[r1, s1] - - - d[rp, sn] ® agday - - - da,, and assume that M < n. Then one gets

bh(s ® [ro, sold[r1, s1] - - - d[rp, Sn] ® apday - - - day,)
= b((=1)Ms @ [ro, sold[r1, s1] - d[rar, snmld[sar, sar] -+ - d[rn, $,]®
® agday - - - daydl adapyyq - - - day,)
M-1
= (_1)M Z (=1)s @ [ro, sold[ry, s1] -~ d[ry, sja] -+ - dras, saeldlsar, sar] - d[rn, $,]@
=0
X aoda1 cee d(ajaj+1) cee daMdlAdaM+1 tee dan
+ s ® [ro, So]d[r1, s1] - - - d[rp, Sn] ® agday - - - day,

n—1

HEDM Y (P

j=M+1
Os;ri18 @ [0, s0ld[r1, s1] - - - dlrar, sarld[sar, sar] - - - d[ry, s511] -+ - d[rn, $0]®
® apday - - - dapdl adapsiy - .. d(aja4q) - - - day,
+ (—1)M(—1)”+155715n7ms ® [s7rn, sold[r1, s1) - - - d[rar, sald[sar, Sar] - - d[Tn_1, Sp_1]®

® (57 - an)agday - - - daydladans iy - - - dag .

On the other hand we have

7=0
&® aoda1 s d<ajaj+1> cen dan
n—1
D (10,5 ® [0, soldr i) - dlrg, i) dlra, 0@
j=M+1

& aoda1 s d((lj(lj+1) s dan

+ (_1>n55—1sn,r05 ® [Silrnv SO]d[rh 51] Tt d[rnflv Sn71]®

® (s - ap)agday - - - dan)
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[y

= (=DM Y (=15 @ [ro, sold[ry, s1] -+~ dlry, s1]) - dlrar, suld[sar, su] - - dlra, 0]
7=0
® aoday - - - d(ajaj41) - - daydladay 4y - - day,

n—1

FEDY Y (-1

j=M+1
Os; 018 @ [0, s0ld[r1, 51) - - - dlrar, sp)d[sar, sar] - - - dlry, sja] - - d[rn, $0]®
& aoda1 cee d(lMd]_AdCLM_H Ce d(ajaj+1) e dan
+ (= D)M(=1)"65-14, vo5 @ [ 7, s0)d[1r1, 81) - d[rar, sald[sar, su] -+ - d[rn—1, 8n_1]®

® (s - an)apday - - - dapdl qdays iy - - - day,.
Hence we get in this case

(bh + hb)(s @ [ro, sold[r1, s1] - - - d[rp, $n] @ apday - - - day,)

= $Q® [ro, sold[r1, s1] - - - d[rn, $p] @ apday - - - day,

as desired. In fact the same computation holds true also in the case M = n where we have
ds-15, 7, = 0 by construction. For M = oo we have by definition

(bh + hb)(s @ [ro, sold[r1, s1] + - - d[rp, $p] ® agday - - - day,) = 0.

This is again precisely what is required.

It remains to deal with elements of the form s®d[rq, s1] - - - d[ry, s,] @ day - - - da,,. The case

s71s, = r; and M < oo is very similar to the previous computation and will be ommitted.

Moreover the case M = oo is easy. Let us deal with the case s™'s, # r; and M =n. We
compute

bh(s @ d[ry, s1]---d[ry, $,] @ day - - - day,)
= b((—l)Ms ® d[ry, s1] -+ - d[rn, Sp)d[sn, sp] @ day - - - dapdl 4
+ (—1)M+”s ® d[s_lsn, s_lsn]d[rl, s1] - d[rp, $p] @ dladay - - - day,)
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= (—1)Ms ® [rq, sl]d[rg, So] - d[rp, $pld[Sn, $n] @ ardag - - - daydl 4

Z Is@dlry, s1] - d[rj, s501] - [, Sa)d[Sn, $0]®

j=1
®day - d(ajaj4) - dagdla

+s®d[ry, 1]+ d[rp, Sn] ® day - - - da,

+ (=DM(=1)"s @ [s7 s, s snld[ry, 51) - - - d[rn, $p] @ 1aday - - - day,

F (=DM @ [s sy, s snldlry, s1] - - dlrm, $n] © 1aday - - - day,

n—1
DI @ dls s s s ldlr i) dl syl d s
j=1
® dlAda1 cee d(ajajﬂ) s dan

+ (=DM s @ [s7 s s ] d[s T s, s s]d[rn, s1) - d[rnst, Sn1]®
® (57 - an)dladay - - - day,_;.

On the other hand

hb(s @ d[rq, s1] -+ - d[ry, sn] ® day - - - day,)

= h(s ® [r1, s1]d[r2, s2] - - - d[rp, $,] @ ardas - - - day,

n—1

- Z(—l)js ®@d[ry, s1]---d[rj, Sj+1] - - drn, $p) ® day - - - d(ajajqq) - - - day,

=1
+(-1)"s®[s Yy s lsn]d[rl, s1] - d[rp_1, Sn_1] ® (5_1 ap)day - - 'dan_l)

= (—1)M_18 ® [r1, s1]d[ra, So] - - - d[rp, $p]d[Sn, $p] @ ardag - - - da,dl 4
n—1

+ (_1>M_1 Z(—l)js ®d[ry, s1] - d[?“j, Sj+1] wo v d[rn, spld[sn, 5,]®
j=1
& da1 s d(ajaj+1) cee dandlA

+(~1 M D+ (n— 1)2 s®d s, lsn]d[rhsl]...d[rj,st]---d[rn,sn]@)

& dlAda1 s d(ajaj+1) s dan
+ (=1D)"s @ [s ', s sp]d[s s, s snld]ry, s1) - d[rn_t, Sp_1]®
® (s~ a,)dladay - - - day,_;.
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Comparing both expressions one checks that the answer is correct. Finally we have to deal
with the case s7!s, # r; and M < n. We compute

bh(s @ d[ry, s1] - d[ry, $p] @ day - - - day,)

=b((—1)Ms®@d[ry,s1]---drar, sald[sar, sar) - - d[rn, 5,]®
® day - - - dapydl gdapsyy - - - day,

+ (=D)Ms @ [s7 ry, s snld[s s, s s,]d[ry, s1) - - d[rar, sarld[sar, Sal - d[Paet, Sp_1]®
® (57 - an)dladay - - - daprdl gdapsiy - - - dag,_1)

= (=DMs @ [r1, s1]d[ro, so] - - - d[rar, sar)d[sar, Sar] -+ - [T, $0]@
® aydag - - - dapsdl gadapsiy - - - day,

M—1
Z Ts@dlry,s1] - dlrj, sja] - - drag, sald[sa, sa] - - dlrp, $0]®
7j=1
®day - --d(ajajyr) - - - daprdl gdapyq - - - day,
+s®d[ry, 81+ - dlrn, $p) @ day - - - da,
n—1
PN (=1 s @ dlrysi] - dlrag saldlsag, sal - dlrg, sl - dlra, s))®
Jj=M+1

®day - - daydladapiy - - - d(ajaq) - - - day,

+ (=DM(=1)" s @ [s 7 rn, s sp)d[ry, 1] - d[rag, sarld[sar, Sa - d[ra_t, Sp_1]®
® (571 - ap)day - - - daprdl gdanyy - - - dan_y

+ (=DM s @ [s7r, s sl [, s1) - - - d[rag, sald[sar, sar) - A1, Sn—1]®

® (571 - an)day - - - daprdl gday gy - - - day,_y
M-1
Y
=1

5® [s7 r, 87 s,]d[s sy, s s ]d]ry, 81 - - - d[rj, sjs1] - dlra, smld[sa, su) -+ - dlrn—1, $p—1]®
® (s - an)dladay - - - d(ajajyr) - - dapdl adapiy - - - dan_q

+ (= )M+”( DM s @ [s7 s snld[s  sn, s suld[ry, s1] - d[rag, sar] - - A1, $no1]®

® (571 - an)dladay - - - dayrday - - - da, o
n—2
R W Vi N
j=M+1
S® [s” Yy, s7tsy, d[s™ s, Silsn]d[rl, sl d[ra, smld[sar, su - - dlrj, Sjea] - - dirn—1, $p—1]®

® (57 - an)dladay - - - daprdl gdapsyy - - d(ajajir) - day,—
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+ (_1)M+n(_1)n+1
5571 1, rnS ® [
Qs

Y1, 8 sp)d[s s, 57 s, )d]ry, 8] - - -

Y an_1an)day - - - daprdl qdaps i - - - day,_o.

On the other hand

hb(s @ d[ry, 1]+ - d[rp, $p) @ day - - - day,)

= h(s ® [r1, s1]d[r2, s9] « - - d[rp, sp] ® ardas - - - day,

+ Z Is@d[ry,s1) - d[rj, sj41) - d[rn, sn] @ day - - - d(ajaq) - -
+ Z (—1)784, 1,018 @dlr1, 1] - - d[rj, 8541] - - [T, 50]®
j=M+1
& dCLl e d(ajaj+1) s dan
+ (_1)n8 ® [S_llrna 8_13n]d[T1, 51] ce d[rn_]_, Sn—l] (9 (S_l an)dal ......

= (=DM s @ [r1, s1] -+ drar, sad[sar, sar) - - d[rn, S,
® ardas - - - daprdl adapyyq - - - day,
M-1
+ (—=1)M! Z(—l)js ®@d[r1,s1]---d[rj, Sjsa] - - dra, smld[sa, s -
j=1
®day - - d(ajajsr) - - - dapydl adapiiy - - - day,
M-1
+ (=1)M-D+(—1) Z(_l)j
=1
s® [s7 ', s s,]d[s sy, s su)d]ry, 8] - -d[rj, sjq1] - d[ra, smld[sa, Sl -
® (s - ay)dladay - - ~d(ajajsr) - - daydladapyiq - - - dan_q
n—1
+ (=DM Y (=165, 0s @ dlrysi] - dlra, suldlsa su] - dlrg, 5] -
j=M+1
®day - - - dapdladapiy - - - d(ajajy) - - - day,
n—2
1)M+n—1 Z (_ 6
j=M+1
s®@ [s7'rp, s s, )d[s s, 87 s )d [y, 1) e, sald[sar, sar) - d[rg, Sjaa]

® (s - an)dladay - - - daprdl gdagsiy - - -d(ajajsr) - dag_q

79

d[’T‘M, SM]d[SM, SM] .

: d[rn—% Sn—2]®

da,

d[Tp, $p]®

d[rnfla 8n71]®

d[rp, $p]®

d[rn—la 5n—1]®



+ (_]‘)M—i_n(_l)n(ssnfla"’n

s ® [s o1, s spld[s T sn, s sy]d[ry, 51) - - - dlrar, sarld[sar, sar] - - d[rn_a, Sn_g]®

® s (ap_1an)day - - - dayrdl gdapsy - - - dagn_o
+ (=1)"s @ [s 7 rp, s sp)d[s s, 5T s )d [, 8] AT, Sni)
® (57 - an)dladay - - - day,_;.
This finishes the computation showing bh + hb = id —¢7. O

COROLLARY 4.20. The periodic cyclic cohomologies of Q(A x G) and Qg (ARKg)q are
1somorphic. Inverse isomorphisms are induced by the maps ¢ and 7.

Proor. This follows after dualizing from proposition 4.19, the SBI-sequence and the
fact that periodic cyclic cohomology is the direct limit of the cyclic cohomology groups. [
We remark that all identifications that have been made so far are compatible with the
decompositions over the conjugacy classes. This observation finishes the proof of theorem
4.8.

As a special case of theorem 4.8 we obtain

COROLLARY 4.21. Let G be a discrete group. Localisation at the identity element gives
an 1somorphism

HPE(C,C), = @) H™¥(G;C)
J
where H"(G; C) is the n-th group cohomology of G with coefficients in C.
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CHAPTER 5

Comparison with the theory of Baum and Schneider

In this chapter we study the relation between equivariant periodic cyclic homology and
the bivariant equivariant cohomology theory introduced by Baum and Schneider [7]. The
latter is defined using methods of algebraic topology and can be computed to some extent
using standard machinery from homological algebra. Moreover the theory of Baum and
Schneider generalizes and unifies a number of constructions which appeared earlier in the
literature. We will review the definition of this theory in section 5.3 below.

In our discussion we focus on simplicial actions of groups on simplicial complexes. Sim-
plicial complexes are an appropriate class of spaces in our situation for two reasons. On
the one hand they are special enough to have a nice de Rham-theoretic description of their
cohomology. On the other hand they are general enough to cover important examples, in
particular in connection with the Baum-Connes conjecture.

In an abstract sense our main theorem 5.12 is a computation of HPS for an interesting
class of commutative G-algebras. We remark that theorem 5.12 contains as a special case
a simplicial version of Connes’ theorem computing the cyclic cohomology of the algebra
C>°(M) of smooth functions on a compact smooth manifold M. In this sense our discussion
yields an equivariant generalization of this important result.

1. Smooth functions on simplicial complexes

In this section we study smooth functions and smooth differential forms on simplicial
complexes. Definitions and results presented here will be used in the following sections.
First we have to fix some notation. We denote by A* the k-dimensional standard simplex

k
A = {(zg,..., 7)) e RF0 <25 < 1,ij =1}
=0

in R¥*!. By construction A* is contained in a unique k-dimensional affine subspace of
R¥+1 which will be denoted by A¥. A function f : A¥ — C is called smooth if it is the
restriction of a smooth function on the affine space A*.

To obtain an appropriate class of functions for our purposes we have to require conditions
on the behaviour of such smooth functions near the boundary OA* of the simplex AF.
Roughly speaking, we shall consider only those functions which are constant in the direc-
tion orthogonal to the boundary in a neighborhood of OAF.

Let us explain this precisely. We denote by 9°A* the i-th face of the standard simplex
consisting of all points (zg, -+ ,zx) € AF satisfying z; = 0. Then 9°A* defines a hyper-
plane A¥ C A* in a natural way. To this hyperplane we associate the vector space V; which
contains all vectors in R* that are orthogonal to A¥. For v € R* denote by 9,(f) the partial
derivative of a smooth function f on A¥ in direction v. We say that a smooth function
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f: A¥ — C is i-regular if there exists a neighborhood U; of 9*A* such that 9,(f)(z) = 0
for all x € U; and all v € V;. If we want to emphasize the particular neighborhood U; we
also say that f is i-regular on U;. The function f is called regular if it is ¢-regular for all
i=0,...,k. We denote by C>(A*) the algebra of regular smooth functions on A*.

The idea behind these definitions is simple. Let us denote by C®(A* 0A*) c C=(AF)
the subalgebra consisting of those functions that vanish on the boundary AF of AF. It is
not hard to check that C*(A* OAF) can be identified with the algebra C>°(A* \ JAF) of
smooth functions with compact support on the open set A¥\ dAF. Moreover the inclusion
0 . 0'AF — AF of a face induces a well-defined homomorphism C*°(AF) — C®(9'AF). If
one tries to find a natural class of smooth functions satisfying these properties one is led
to the definitions given above.

Let us explicitly consider the case k = 1. If we identify A' with the unit interval [0, 1] the
algebra C°°(A!) corresponds to the algebra of smooth functions on [0, 1] which are con-
stant around the endpoints. The algebra C*°(A', A!) can be identified with the algebra
C2(0,1) of smooth functions with compact support on the open interval (0, 1).

We want to extend the definition of regular smooth functions to arbitrary simplicial com-
plexes. A regular smooth function on a simplicial complex X is given by a family (f,)scx
of regular smooth functions on the simplices of X which is compatible with restriction to
faces in the obvious way. The function f is said to have compact support if only finitely
many f, in the corresponding family are different from zero. We denote by C°(X) the
algebra of regular smooth functions with compact support on X. If the simplicial complex
X is finite we simply write C*°(X) instead of C°(X).

Let us now describe the natural locally convex topology on the algebra C°(X) of regular
smooth functions on the simplicial complex X. Again we first consider the case X = A*.
Let U = (Uy,---,U) be a family of open subsets of A* where each U; is a neighbor-
hood of &*AF. The collection of all such families is partially ordered where & < V iff
V; C U; for all j in the corresponding families. For a family U = (Up,---,U;) we let
C>=(A* U) C C=(A*) be the subalgebra of smooth functions which are i-regular on U; for
all i. We equip C*(A* ) with the natural Fréchet topology of uniform convergence of
all derivatives on A*. For U < V we have an obvious inclusion C®(A* i) c C=®(AF, V)
which is compatible with the topologies. Moreover C*°(A*) is obtained as the union of
the algebras C*°(A* U). We equip C*°(A*) with the resulting inductive limit topology.
In this way the algebra C°°(AF) becomes a nuclear LF-algebra. Remark that the natural
restriction homomorphism C*®(AF) — C>(9'AF) associated to the inclusion of a face is
continuous.

In order to introduce a topology on C2°(X) for arbitrary X let K C X be a finite subcom-
plex. A function f = (f,)ocx € C°(X) is said to have support in K if f, =0foralloc C X
not contained in K. We let C(X) C C°(X) be the algebra of regular smooth functions
with support in K. The algebra C%°(X) is equipped with the subspace topology from the
finite direct sum of algebras C*(c) for 0 C K. If K C L are finite subcomplexes the
obvious inclusion C%(X) — C°(X) is compatible with the topologies. Moreover C°(X)
is the union over all finite subcomplexes K of the algebras C7°(X). Hence we obtain a
natural inductive limit topology on C2°(X). We equip the algebra C2°(X) with the as-
sociated precompact bornology which equals the bounded bornology. In this way C°(X)
becomes a complete bornological algebra.
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Let us have a closer look at the natural continuous restriction homomorphism C*(A*) —
C>(0AF). As above we denote by C*®(AF dAF) C C°(AF) the kernel of this homomor-
phism which consists of all regular smooth functions on A* that have compact support in
the interior A*\ OA*.

PROPOSITION 5.1. For all k the restriction homomorphism C®(A*) — C*(9AF) has
a continuous linear splitting. Hence we obtain an admissible extension

C®(AF OAF) 222222z O°(AR)2zzmmmmg C>=(0AF)

of complete bornological algebras.

PROOF. By definition we have C*(9A%) = 0 and hence the case k = 0 is trivial.

For k = 1 we identify A' with the unit interval [0, 1]. Choose a smooth function A : [0, 1] —
[0,1] such that h = 1 on [0,1/3] and h = 0 on [2/3,1]. We set ¢g = h,e; = 1 — h and
define oy : C*(0AY) = C & C — C>(A!) by o1(fo, f1) = foeo + fre1. It is clear that oy is
a continuous linear splitting for the restriction map.

In order to treat the case k = 2 we first consider the corresponding lifting problem for
a corner of A%, Let us formulate precisely what we mean by this. We write R for the
set of nonnegative real numbers. A corner of A% can be viewed as a neighborhood of the
point (0,0) in R* x R*. Given smooth functions fi, fo : Rt — C that are both constant
in a neighborhood of 0 and satisfy f1(0) = f2(0) we want to construct a smooth function
f: Rt x Rt — C such that

a) f(x1,0) = fi(z1) and f(0,zq) = fo(z2) for all x1, 29 € R,
b) the function f is constant in the transversal direction in a neighborhood of the boundary
(RF x {0}) U ({0} x RT),
¢) f depends linearly and continuously on f; and fs.
In order to construct such a function we first extend f; and f, to smooth functions F; and
Fy on RT x R* by setting
F1($1,$2) = f1(l‘1), Fz(l‘hxz) = f2(iU2)-

Then we use polar coordinates (r,6) in (Rt x R™)\ {(0,0)} to define a smooth function

g1 by
20
g1(r,0) = h(?)

where h is the function from above. We extend g; to Rt x R by setting ¢1(0,0) = 0.
Moreover we define go by go = 1—g; on (RT x R*)\ {(0,0)} and g2(0,0) = 0. Remark that
g1 and gy are not continuous in (0,0). With these preparations we can define the desired
function f : Rt x Rt — C by

[ = f1(0)0 + Figi + Fago = f2(0)6 + Figy + Fago

where § is the characteristic function of the point (0,0). The function f is smooth in (0, 0)
since the assumptions on f; and fo imply that f is constant in a neighborhood of this
point. Moreover it is easy to verify that f satisfies the conditions a), b) and c) above.
Hence this construction solves the lifting problem for a corner of A2,

Now we want to show that the restriction map C*(A?) — C*°(9A?) has a continuous linear
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splitting. One can combine the functions gy and g; constructed above for the corners of
A? to obtain functions e; on A? for j =0, 1,2 such that

a) each e; is a regular smooth function on A? except in the vertices where e; is zero,
b) e; =1 in the interior of &’ A? and e; = 0 in the interior of 9'A? for i # j,
c) for each j there exists a neighborhood U; of the j-th vertex v; of A? such that

Zeizl

holds on U; except in v;.
Now assume that a regular smooth function f = (fo, f1, f2) on OA? is given where f; is

defined on the face 9"A?. The functions f; can be extended to i-regular smooth functions
F; on A? by

T T
Fo(zo, z1,22) = fo (-’M + 507952 + ?0)

x T
Fi(zo,21,22) = f1 (360 + 31,36’2 + ?1)

x x
Fy(zo, 21, 72) = fo (l‘o + 52@1 + 5)
Moreover let x : A% — C be the characteristic function of the set {vg, vy, vo} consisting of
the three vertices of A2. Using these functions we define oo(f) : A2 — C by

oao(f) = fx + Foeo + Frer + Fhea.

To avoid confusion we point out that fy is the function which is equal to f in the vertices
of A% and extended by zero to the whole simplex. It is easy to see that the restriction of
o2(f) to the boundary of A? is equal to f. Using the fact that F; is i-regular one checks
that oy(f) is a regular smooth function on A?. Our construction yields a continuous linear
map oy : C*°(9A?) — C*°(A?) which splits the natural restriction homomorphism.
To prove the assertion for £ > 2 one proceeds in a similar way as in the case k = 2.
Essentially one only has to combine the functions constructed above in an appropriate
way. First we consider again the lifting problem for a corner of A*. Such a corner can be
viewed as a neighborhood of (0,...,0) in (R*)*. We are given smooth functions fi,..., fx :
(R*)*~1 which are transversally constant in a neighborhood of the boundary and satisfy
certain compatibility conditions. The function f; is extended to a smooth function Fj :
(R*)* — C by setting
F}‘(l’l, . ,l’k) = fj(l’l, ey L1, Ljg1y - - - ,.’L'k).

For 1 <1 < 5 <k we define

9ij(1, .., v) = g1(wi, 75), 9ji(w1, o, k) = go(@4, 75)
where g; and g, are the functions from above. Each function g;; is smooth except in

some k — 2-dimensional subspace inside the boundary and transversally constant in a
neighborhood of the boundary. If we expand the product

I (9 +90)

0<i<j<k
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we obtain a sum of functions which are smooth except in the boundary and transversally
constant in a neighborhood of the boundary. Moreover these functions vanish in the interior
of all faces except possibly one. Using the functions F}; constructed before we can proceed
as in the case k = 2 to solve the lifting problem for the k-dimensional corner. Since this is
a straightforward but lengthy verification we omit the details.

To treat the simplex A* we construct functions ej for j =0,...,k such that

a) e; is regular smooth except in the (k — 2)-skeleton of A* where e; = 0,
b) e; =1 in the interior of A* and e; = 0 in the interior of O*A* for i # j,
c) for each point x € OAF there exists a neighborhood U, of x such that

Z €; = 1
JES(x)

in U, except the (k — 2)-skeleton of A* where S(z) is the collection of all i such that
r € O'AF,
Assume that a regular smooth function f = (fo, ..., fr) on OA* is given where f; is defined

on the face *A*. The function f; can be extended to an i-regular smooth function F; on
A* by

k k k k

Moreover let y : A¥ — C be the characteristic function of the k — 2-skeleton of A*. We
define oy (f) : A¥ — C by

Fi<:[;07"'7$k>:fi<x0+_7"'7xi1+_7xi+1+_7"'7xk+_ .

k
Uk(f):fXJrZFj@j-
=0

Using the properties of the functions e; and the fact that F} is j-regular one checks that
or(f) is a regular smooth function. The restriction of o3(f) to JAF is equal to f. In
this way we obtain a continuous linear splitting oy : C*®(9AF) — C°°(AF) for the natural
restriction homomorphism. O
For a simplicial complex X let X* denote its k-skeleton. Consider the natural continuous
restriction homomorphism C°(X*) — C2°(X*1). The kernel of this homomorphism will
be denoted by C°(X*, X*1).

PROPOSITION 5.2. Let X be a simplicial complex. For all k the restriction homo-
morphism C2(X*) — C®(X*1) has a continuous linear splitting. Hence we obtain an
admissible extension

Co(XF Xhl)y2zmmmmmoeyg CR(XF)=zzzmmmoog Cx(XF1

of complete bornological algebras.

PROOF. We construct a retraction p : C®(X*) — C(X* X*1) for the natural inclu-
sion. The algebra C2°(X*, X*71) can be identified with a direct sum @, , C*°(AF, JA*).
Recall that the elements f € C°(X*) are families (f,),cx+. For each k-simplex o € X*
we define a map

po: C(XP) = C2(AR 00", po((f2) = pr(fs)
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where py, : C°(A*) — C®(AF, 0AF) is the retraction obtained in proposition 5.1. It is
easy to check that p, is continuous. The maps p, assemble to yield a map

p: C2(XF) — @ C=(Ak, 0AF) = C=(X*F, X5
iel

which is again continuous. Moreover by construction p is a retraction for the inclusion
Co(XF XF1) — O(XF), O
For the proof of theorem 5.12 we will need that certain algebras have local units in the
following sense. We say that a complete bornological algebra K has local units if for
every small subset S C K there exists an element e € K such that es = se = s for
all s € S. Clearly every unital complete bornological algebra has local units. In the
bornological framework complete bornological algebras with local units behave like H-
unital algebras [62], [63] in the algebraic context. Remark that a complete bornological
algebra having local units is in particular H-unital in the purely algebraic sense. The
proofs in [39] can easily be adapted to show that every admissible extension

of complete bornological algebras induces a long exact sequence in (bornological) Hochschild
homology provided K has local units. A similar assertion holds also for the homology with
respect to the twisted Hochschild boundary in the equivariant context. This is the reason
why we are interested in the existence of local units in some situations. In particular we
will need the following result.

PROPOSITION 5.3. Let X be a locally finite simplicial complex. For every finite sub-
complex K C X there exists a positive function e € C°(X) such that e =1 on K. In
particular C°(X) has local units.

PROOF. First recall that a simplicial complex X is called locally finite if every vertex
of X is contained in only finitely many simplices of X. A simplicial complex is locally
finite iff it is a locally compact space in the weak topology [58].

The desired function e will be constructed inductively. On X° we define e(z) = 1 if x € K°
and e(z) = 0 otherwise. Assuming that e is constructed on X*~! we essentially have to
extend functions which are defined on the boundary of k-dimensional simplices to the whole
simplices. If e is constant on the boundary we extend it to the whole simplex as a constant
function. In general the extension can be done using the liftings for the restriction map
C>®(A*) — C*(OAF) constructed in proposition 5.1. It is clear that the resulting regular
smooth function e is equal to 1 on K. The fact that X is locally finite guarantees that e
has compact support. Since every small subset of C'2°(X) is contained in C32(X) for some
finite subcomplex K C X the previous discussion shows that C'2°(X) has local units. [
Apart from smooth functions we also have to consider differential forms on simplicial
complexes in the following sections. A smooth differential form on the standard simplex
A* is defined as the restriction of a smooth differential form on the k-dimensional affine
space A¥ to AF. Again we have to impose some conditions on the behaviour near the
boundary. Let us consider forms of a fixed degree p. For v € R¥ we denote by £, the Lie
derivative in direction v and by ¢, the interior product with the vector field associated to
v. Using the notation established in the beginning of this section we say that a smooth
p-form w on AF is i-regular if there exist a neighborhood U; of 8*A* such that £, (w)(z) = 0
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and ,(w)(x) = 0 for all z € U; and all v € V;. The form w is called regular if it is i-regular
foralli=0,... k.

Given a simplicial complex X a regular smooth p-form w on X is a family (w,),cx of regular
smooth p-forms on the simplices of X which is compatible with the natural restriction
maps. A form w = (wy),cx is said to have compact support if only finitely many w, in
the corresponding family are nonzero. We denote by AP(X) the space of regular smooth
p-forms on X with compact support. The exterior differential d can be defined on A.(X)
in the obvious way and turns it into a complex. Also the exterior product of differential
forms extends naturally. Note that A%(X) is isomorphic to the algebra C>°(X) of regular
smooth functions defined above.

As in the case of functions there is a natural topology on the space AP(X) of regular
smooth p-forms. Let us start with X = AF and consider a family U = (Uy, - - - , Uy) of open
subsets of A* where each Uj; is a neighborhood of *A*. We let AP(A* U) € C=(A*) be
the space of smooth p-forms which are i-regular on U; for all ¢ and equip this space with the
natural Fréchet topology. We obtain a corresponding inductive limit topology on AP(AF).
Since one proceeds for an arbitrary simplicial complex X as in the case of functions we
shall not work out the details. Most of the time we will not take into account the resulting
bornology on A?(X) in our considerations anyway.

We will have to consider differential forms not only as globally defined objects but also
from the point of view of sheaf theory. The regularity conditions for smooth differential
forms on a simplicial complex X obviously make sense also for an open subset U of X.
Hence we obtain in a natural way sheaves A% on X by letting T'(U, A%) be the space of
regular smooth p-forms on the open set U C X. We also write C¥ for the sheaf A% . The
sheaf CF is a sheaf of rings and the sheaves A% are sheaves of modules for C¥. Clearly
the space I'.(X, A% ) of global sections with compact support of A% can be identified with

AP(X).

PROPOSITION 5.4. Let X be a locally finite simplicial complex. The sheaves A% are
c-soft for all p and

Cy — A} — sy — ey —L

s a resolution of the constant sheaf Cx on X.

PROOF. In this proof we will tacitly use some standard results in sheaf theory which
can be found for instance in [16]. Let us first show that the sheaves A% are c-soft. Since
the sheaves A% are sheaves of modules for the sheaf of rings C¥ it suffices to show that C¥
is c-soft. Moreover we may assume without loss of generality that X is a finite complex.
We have to show that the restriction map I'( X, CY¥) — I'(K, C¥) is surjective for all closed
subsets K C X. Given a regular smooth function f on K we shall construct a regular
smooth function F': X — C which extends f. For x € X" we put F(z) = f(z)if z € K
and F(z) = 0 otherwise. Now assume that F has been constructed on X*~1. In order
to extend F to X* we can consider each k-simplex of X separately. If o is a k-simplex
then F' is already given on do by induction hypothesis and on the closed subset o N K
by assumption. The resulting function can be extended to a smooth regular function in a
small neigborhood U of do U (o0 N K). We find a regular smooth function h on o such that
the support of h is contained in U and h = 1 on do U (0 N K). Using the function h we
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can extend F' to the whole simplex o.

To show that the complex of sheaves A% is a resolution of the constant sheaf on X we have
to prove that the stalks (A% ). of this complex are resolutions of C for all z € X. Each
point € X is contained in X*\ X*~! for some k and we find a k-dimensional simplex o
in X such that z is an element in the interior o \ do of o. From the definition of regular
smooth differential forms we see that the stalks (A% ). depend only on the coordinates of
o. Hence we can identify these stalks in a natural way with stalks of the sheaves Ag, of
smooth differential forms on k-dimensional Euclidean space. Using the Poincaré lemma we
easily obtain the assertion. O

2. G-simplicial complexes

In this section we collect some material concerning group actions on simplicial com-
plexes.
Recall that a simplicial map between simplicial complexes X and Y is a continuous map
f : X — Y such that the restriction of f to any simplex of X is an affine map into a
simplex of Y. We say that the discrete group G acts simplicially on X if every s € G acts
as a simplicial map.
An interesting example of a simplicial action is the model for the universal space for proper
actions EG constructed as follows [6]. By definition

LG = {f S CC(G7 [O? 1])‘ Zf(s) = 1}

seG

is the geometric realization of the simplicial complex whose n-simplices are all (n + 1)-
element subsets of G and the action of GG is given by translation. The Baum-Connes
conjecture asserts that the K-theory of the reduced group C*-algebra C(G) of G is iso-
morphic to the equivariant K-homology with compact supports of EG. This is the reason
why the universal space for proper actions plays an important role in this context. We
refer to [4], [6] for more information.

Assume that G acts simplicially on a simplicial complex X. The action is called type-
preserving if for each simplex o of X the stabilizer G, fixes the vertices of o. In other
words, an element of G which fixes a simplex actually acts trivially on this simplex. Pass-
ing to the barycentric subdivision one may always achieve that G acts type-preserving.
Let us now specify the class of G-spaces we are interested in.

DEFINITION 5.5. Let G be a discrete group. A G-simplicial complex is a locally finite
and finite dimensional simplicial complex X with a type-preserving simplicial action of the
group G.

The algebra C°(X) of regular smooth functions on a G-simplicial complex is equipped

with a natural G-action. Our goal is to describe the equivariant periodic cyclic homology
of the G-algebras arising in this way.
If X is a G-simplicial complex the space X of invariants with respect to a subgroup
H C G is a subcomplex of X. The action of G on X is proper iff the stabilizer of every
point is a finite subgroup of G. Equivalently, X is proper iff the fixed point set X is
empty whenever H is an infinite subgroup of G.
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3. Bivariant equivariant cohomology

In this section we review the definition of bivariant equivariant cohomology in the sense
of Baum and Schneider [7].
Let G be a discrete group and let X be a locally compact G-space. Consider the space

X ={(s,2) € G x X| s is of finite order and s-z =2} C G x X.

Since G is discrete we may also view X as the disjoint union of the fixed point sets
X*® ={x € X|s-x = a} for elements s € G of finite order. There is a G-action on X given
by

te(s,x) = (tst 't x)

for t € G, (s,z) € X.

Recall from section 2.3 the definition of an equivariant sheaf. Since the category of equi-
variant sheaves on any G-space has enough injectives [37] we can choose an injective
resolution

CX -~ J° - Jl - ]2 - ...

of the constant sheaf C¢ in the category of equivariant sheaves on X. Consider the complex
(O (X' ) obtained by taking global sections with compact support of the sheaves I®. Since
the sheaves I7 are equivariant there is a natural G-action on C#(X) for all j. Moreover we
have an Og-module structure on CY(X) given by

(fo)(s,x) = f(s)o(s, x)

for f € Og and o € CY (X ). Observe that only the elliptic part of Og acts nontrivially
on CY(X). Tt is easy to check that this Og-module structure and the natural G-action

combine to give each CY(X) the structure of a fine covariant module.
With these preparations the definition of bivariant equivariant cohomology given by Baum
and Schneider can be formulated as follows.

DEFINITION 5.6. Let G be a discrete group and let X and Y be G-spaces. The (delo-
calized) bivariant equivariant cohomology of X and Y is

HE(X,Y) = €t (C2(X), C2(Y))
where €xty, denotes the hyperext functor in the category of fine covariant modules.

The functor €rt, can be viewed as the Hom-functor in the derived category of fine
covariant modules. For general information on derived categories we refer to [33], [61].
Here we shall only explain how the right-hand side in definition 5.6 can be computed.

Choose a complex I*(Y) consisting of injective fine covariant modules together with a
quasiisomorphism C?(Y) — I*(Y). Then

Crt(C2(X), C2(Y)) = Ha($Home(C(X), I*(Y),

hence in order to calculate €rt, we have to compute the homology of a certain Hom-
complex.
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Now let X be a G-simplicial complex. Since X is again a simplicial complex we may
consider the resolution

d d d
Cp— M2 —d g1 d g2

of the constant sheaf C; by regular smooth differential forms which was constructed in
section 5.1. The sheaves Aﬁ’z are G-equivariant and we obtain in fact a resolution in the

category Sh(;(X ) of equivariant sheaves on X. The spaces .A%Z’()A( ) become G-modules
in a natural way. Moreover there is an Og-module structure on A?(X) induced by the
projection X — G. In the same way as above one checks that these actions combine to
give AP(X) the structure of a covariant module for every p .

Although there is a natural bornology on A;(X ) this structure will not be taken into
account, for the the remaining part of this section. In order to make this explicit let us
denote by Fine the functor on covariant modules which changes the bornology to the fine
bornology.

PROPOSITION 5.7. Let X and Y be G-simplicial complexes. Then we have an isomor-
phism A X
HE(X,Y) = €ty (Tine(AL(X)), Fine(AZ(Y)))
which is natural with respect to equivariant proper simplicial maps in both variables.

ProoF. This isomorphism follows from proposition 5.4 and the fact that Ert, does
not distinguish between quasiisomorphic complexes. The assertion concerning naturality
is clear. R U
Since X is finite dimensional the complex A2(X) is not only bounded below but also

bounded above. This means that in order to compute €t (Fine(A(X)), Fine(A(Y))) we

may use a complex P*(X) consisting of projective fine covariant modules together with a
quasiisomorphism p : P*(X) — A%(X) and obtain

Crtg,(Fine(A (X)), Fine(A(Y))) = H" (Homg(P*(X), Fine(A(Y)))).
If D = dim(X) is the dimension of X we can construct a natural resolution P**(X) of

A2(X) in such a way that its total complex P*(X) fits into a commutative diagram of the
form

0 PP(X)~2— pr-1(%) 2 pr-2(%) 20
pD \pD—l pD—2
0 AP () 7 APL(K) = AP 2(X) ~—

Moreover we shall require that the covariant modules P’ (X ) have an additional property.
Recall from section 2.3 that G5 C G denotes the centralizer of an element s € GG. Proposi-
tion 2.12 shows that P7(X) is projective iff all localisations P?(X), for s € G are projective
Gs-modules. Using an averaging argument we may assume without loss of generality that
for all elements s of finite order the action of s on the projective Gy-module P7(X), is
trivial. Moreover we may require that P7(X), = 0 if s is of infinite order since A%(X), = 0
in this case. If all Pj(f( ) satisfy these conditions we call the projective resolution P'(X )

A~

regular. Hence we may assume without loss of generality that the resolution P*(X) is
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regular. This fact will be used in the proof of theorem 5.12 below.

Our goal is to obtain a description of HZ(X,Y) which is closer to the definition of equi-
variant cyclic homology. In order to achieve this we view A;(X ) as a mixed complex by
setting the b-boundary equal to zero and letting B = d be the exterior differential. We
associate to this mixed complex a tower of supercomplexes A.(X) = (A.(X);) as follows.
We define

k
j=0
and equip this space with the ordinary grading into even and odd forms and differential

B+b = d. Observe that A,(X), = A.(X)p for k > D. Hence the tower of supercomplexes
A.(X) is isomorphic to the constant supercomplex

D
X)= P AUX
j=0

In a similar way the projective resolution P'(X ) satisfies the axioms of a mixed complex
except that it it is not bounded below. Let us define a tower of supercomplexes P(X) =
(P(X)g) as follows. We set

P(X) = P=0(X) /(P2 @@P] ) @ 5(P*(X))

Remark that for £ > D this becomes

P(X), = P~#(X)/o(P~*+D (X @@w

j=—k

Clearly we consider the grading into even and odd components on P(X’ )i and equip these
spaces with the differential §. Since the covariant modules P/(X) are projective for all j it is
easy to see that the inverse system P (X ) is locally projective in the sense of definition 4.10.
The chain map p: P (X ) — A?(X) induces a covariant chain map of pro-supercomplexes

p: P(X) — A(X).

PROPOSITION 5.8. Let X and Y be G-simplicial complexes. Then

P H (X Y) = H.(lim ome(P(X)r, Fine(A(Y))))

= H.(Home(P(X), Fine(A(V))

where in the last expression we take homomorphisms in pro

P Homa(PI(X), Fine(AL(V))),

€L
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here a direct sum occurs because A;(Y) is a bounded complex. We deduce

D Home™ (P*(X), Fine(AL(Y)) = D €D Homa(P'(X), Fine (A4 (Y)))

JEZ JEZ €L

and obtain natural maps

A Homa(P(X)i, Fine(Au(Y))) — @D Homg ™ (P*(X), Fine(A(Y)))

JET

for all £ > dim(X ). It is easy to check that each \j is a chain map of supercomplexes.
Moreover the maps A\, are compatible with the projections in the first variable. The
resulting map

A+ lim Home(P(X)g, Fine(A(Y))) — @D Hom ™ (P*(X), Fine(A(Y)))

k JEZL

is an isomorphism of complexes. U

4. The equivariant Hochschild-Kostant-Rosenberg theorem

The goal of this section is to identify the homology of Q¢ (C°(X)) with respect to the
equivariant Hochschild boundary. This will be an important ingredient in the proof of our
main theorem 5.12 below.

For each element s € G we view A.(X®) as a (para-) mixed complex with b-boundary
equal to zero and B-boundary equal to the exterior differential d. We define the (localized)
equivariant Hochschild-Kostant-Rosenberg map a; : Q¢ (C2(X))s — A.(X?) by

1
as(f ® apday - - - day,) = o f(s) apday A -+ A day)xs

where we recall that X* denotes the set of fixed points under the action of s. The main
result of this section is

THEOREM 5.9. Let X be a G-simplicial complex. For all elements s € G the equivariant
Hochschild-Kostant-Rosenberg map o @ Qa(CP(X))s — A(X?®) is a map of paramized
complexes and induces an isomorphism

H,(Qa(C(X))s, ) = Ac(X7).

PROOF. Let us first remark that Block and Getzler have obtained a similar result in
the context of smooth actions of compact Lie groups on compact manifolds [14]. In our
case the proof is actually simpler. This is in particular due to the fact that the G-spaces
we are working with are already triangulated in a way which is compatible with the action.
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Let us first show that «y is a map of paramixed complexes. We compute
n—1
ab(f @ apday - - - day,) = Z(—l)jas(f(s) ® apday - - - d(aja;ji1) - - - day,)
3=0
+ (=1)"as(f(s) @ (s - an)aoday - - - da, ;)

n—1

— (n _1 1)! (Z(—l)jf(s) apday N\ -+ A d(ajaj+1> COOA dan|XS

j=0
+ (=)™ f(s)anapday A -+ A dan_”Xs) =0

where we use (s7! - a,)(z) = a,(s - x) = a,(z) for all z € X*. Moreover we have

asB(f ® apday - - - day,) = Z(—l)"jozs(f(s) ®@ s (dag_ji1 -+ day)dag - - - da, ;)

j=0

1 u ,
= —(n .y Z(—l)mf(s) dan_ji1 N+ Nday, Ndag A -+ A dag_jjxs
j=0

1
= H f(S) dao A A dan‘Xs = das(f X aOdal e dan)

and hence o, commutes with the boundary operators as desired.

In order to show that ay is a quasiisomorphism with respect to the Hochschild boundary
we first consider the case that X is an equivariant simplex. By definition an equivariant
simplex is a space of the form X = G/H x A* where H is a subgroup of GG and the action
on G/H is given by translation. Remark that the space of fixed points X* for the action of
s is given by X* = (G/H)® x AF in this situation where (G/H)® is the set of fixed points
in the homogenous space G/H. We define

C>(X,0X) = C.(G/H)RC™(AF, 0AF)

where we recall that C>°(A* OAF) is the kernel of the restriction homomorphism C*®(A*) —
C>=(0AF). Moreover we set

A(X5,0X°) = C.((G/H)*)RA(AF, 0AF)

where A(A* OAF) denotes the space of regular differential forms on A* which vanish on
the boundary OA*. It is easy to check that the equivariant Hochschild-Kostant-Rosenberg
map for X restricts to a chain map

a, : Qe(C(X,0X)), — A(X*,0X°).

Our first goal is to show that this map induces an isomorphism in homology.

In order to do this we shall reduce the question to the case G = Z. This can be done as
follows. Consider the cyclic subgroup S of G generated by s. There is a canonical group
homomorphism Z — S which maps 1 to s and for convenience we will also denote the
generator 1 of Z by s in the sequel. We may view X = G/H x A* as a Z-space using
the group homomorphism Z — G induced by the inclusion S C G. Clearly the complexes
Qa(CX(X,0X))s and Qz(CX(X,0X))s are isomorphic since the equivariant Hochschild
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boundary in Qg(C°(X,0X))s only depends on s. Now observe that as a Z-space X can
be written as disjoint union
X=Jx,

jeJ
for some index set J where X, is the Z-equivariant simplex
X, =7Z/nZ x A*

for n > 0. In this decomposition the spaces X,, may appear with multiplicity. Observe
that if the order of s € G is finite only those X,, can appear for which n divides the order of
s. Let us determine how the map ay : Qz(C°(X,0X))s — A(X?®,0X?®) can be described
in terms of the spaces X,,;. On the right hand side the decomposition of X induces a
direct sum decomposition A.(X*,0X*) = @, ; A(X; ,0X; ). On the left hand side we
obtain an isomorphism C2°(X) = @, ; C°(Xy,) of Z-algebras and a natural inclusion of
complexes

v @D Q(C (X, 0X,))s — (@D CF (X, 0X,))).

jeJ jeJ

The map ¢ is a quasiisomorphism on homology. If J is a finite set this follows directly from
the general discussion preceeding proposition 5.3 since the algebras C2°(X,,;,0X,,;) have
local units. The general case is obtained from this by an inductive limit argument.
It follows that a; : Qg(C(X,0X))s — A(X®,0X®) is a quasiisomorphism iff ag is a
quasiisomorphism. We see easily that it suffices to show that the maps

as : Qz(CF(X,,0X,))s — A(XE,0X))

for the Z-equivariant simplices X, are quasiisomorphisms for all n > 0. Remark that the
fixed point set X7 is empty for n =0 or n > 1. In particular we have A(X:,0X?) = 0 for
n=0orn>1.

PrRoOPOSITION 5.10. With the notation as above we have:
a) The equivariant Hochschild-Kostant-Rosenberg map

as : Qz(CF(X1,0X1))s — A(XT, 0X7)

18 a quasisomorphism.
b) Forn =0 orn > 1 the homology of Qz(C(X,,0X,))s with respect to the equivariant
Hochschild boundary is trivial.

PROOF. a) By definition we have X; = A* and the action is trivial. The algebra
C>(X1,0X;) can be identified with the algebra C°(A* \ OA*) of smooth functions with
compact support on A¥\ OA*. The bornology on this nuclear LF-algebra is the bounded
bornology which equals the precompact bornology. We recall from section 1.1 that the
completed bornological tensor product is given by the inductive tensor product in this
situation. Moreover the space A(X7{,0X7) consist of smooth differential forms with com-
pact support in A¥\ AF. With these observations in mind the assertion follows from the
classical Hochschild-Kostant-Rosenberg theorem [59].

b) First let A be any unital complete bornological algebra. We equip A with the trivial
Z-action and consider the Z-algebra C.(Z/nZ)&A. An element of this algebra can be
written as a linear combination of elements [i]| ® a where [i] € C.(Z/nZ) for i € Z/nZ
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denotes the characteristic function located in ¢ and a is an element in A. Observe that
since we assume A to be unital the algebras C.(Z/nZ)®A have local units. Using the
notation introduced in the proof of proposition 4.9 it follows that the natural inclusion
CL(CZ/nZ)DA)s — Qz(CZ/nZ)RA), is a quasiisomorphism for all n.

We want to construct a contracting homotopy h for the complex CZ(C,(Z/nZ)®A),. Using
the natural identification CZ(CL(Z/nZ)RA), = (C.(Z/nZ)RA)" ! we define

h(([io] ® ag) ® -+ + & ([im] ® am))
= (=1)""(lio]) ® ao) ® - -~ ® ([ir1] © 1) @ ([i111] ® a141) @ -+ @ ([im] @ @)
if 0 <1 <m —1 is the smallest number such that #; # 7,11 or
h(([io] ® ag) @ - -+ @ ([im] ® am)) = ([io] ® 1) @ ([io] ® ag) @ -+ - @ ([irn] @ arn)

if ¢; = 4,41 for 0 < 7 < m — 1. Easy calculations show that h is indeed a contracting
homotopy.

It follows from this discussion that the complexes Qz(C.(Z/nZ)®A), are acyclic for n = 0
or n > 1. We will now use this result to show that the homology of Qz(C°(X,,,0X,))s is
trivial for these n. Due to proposition 5.2 we have an extension of Z-algebras with bounded
linear splitting

The algebras C>(X,,) and C>(9X,,) are obviously of the form C.(Z/nZ)®A described
above. Hence the homology of Qz(C°(X,))s and Qz(CX(0X,))s is trivial. Moreover
the algebra C°(X,,0X,) has local units. We obtain a long exact sequence in homology
showing that the complex (Qz(C°(X,,0X,))s,b) is acyclic. This finishes the proof of
proposition 5.10. O
Together with the discussion preceeding proposition 5.10 we deduce

PROPOSITION 5.11. Let X = G/H x A* be an equivariant simplex. For all s € G the
equivariant Hochschild-Kostant-Rosenberg map

s Qg (CE(X,0X))s — A(X?,0X°)
1S a quasitsomorphism.

Now let us finish the proof of theorem 5.9. We use induction on the dimension of X. If
dim(X) = 0 the space X is a disjoint union of homogenous spaces G/H. As above we see
that it suffices to consider an equivariant simplex X = G/H. Since C°(X) = C*(X, 0X)
in this case the assertion follows from proposition 5.11. Now consider the diagram

Qa(C(XF, XE), Qc(CZ(XF))s Qa(CZ (X)),
Ac((XF)?, (XF1)?) A((XF)%) Ac((XF71)%)

where A.((X%)®, (X*71)%) is the kernel of the natural map A.((X*)®) — A ((X*1)®).
The algebra C°(X* X*~!) is a direct sum of algebras of the form C%(o,d0) where
o = G/H x AF is an equivariant simplex. In particular C>°(X*, X*~1) has local units.
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Hence the upper horizontal sequence induces a long exact sequence in homology. More-
over proposition 5.11 implies that the left vertical map is a quasiisomorphism. The right
vertical map is a quasiisomorphism by induction hypothesis. Hence the same holds true
for a1 Qa(C(XF))s — A((XF)%).

This completes the proof of theorem 5.9.

5. The comparison theorem

In this section we prove the following theorem which explains the relation between
equivariant periodic cyclic homology and bivariant equivariant cohomology in the sense of
Baum and Schneider.

THEOREM 5.12. Let G be a discrete group and let X and Y be G-simplicial complezes.
If the action of G on X 1s proper there exists a natural isomorphism

HPZ(C(X),C2(Y)) = P HG (X, Y).
=/
The elliptic part of HPS(C®(X),C>(Y)) is naturally isomorphic to D,z HE(X,Y)
even it the action on X is not proper. These isomorphisms are natural with respect to
equivariant proper simplicial maps in both variables.

In section 3.4 we have seen that equivariant periodic cyclic homology admits a canonical
decomposition over the conjugacy classes

HPS(A,B)= [] HPE(A B)
(s)€(G)

for arbitrary G-algebras A and B. The elliptic part of equivariant periodic cyclic homology
is by definition the contribution coming from conjugacy classes of elements s € G of finite
order. The contribution from conjugacy classes of elements of infinite order is called the
hyperbolic part.

Using this terminology it is immediate from the definitions that the theory H{ defined
by Baum and Schneider a priori only has an elliptic part. Hence theorem 5.12 states in
particular that the hyperbolic part of HPS(C>®(X),C>(Y)) is zero provided the action of
G on X is proper. In the general case the hyperbolic part of HPS(C(X),C®(Y)) might
be different from zero, however, this cannot be detected using the theory introduced by
Baum and Schneider. In this sense theorem 5.12 is the most general statement one could
expect in our context.

The proof of theorem 5.12 is divided into several steps. First we shall identify HPY with
an auxiliary bivariant theory h¢ under the assumptions of the theorem. As in section 5.3
we denote by Fine the natural forgetful functor on covariant modules which changes the
bornology to the fine bornology. The functor §ine is extended to the category pro(G-9tod)
in the obvious way. With this notation we define the bivariant theory h¢(A, B) for G-
algebras A and B by

hS(A, B) = H,(Home(Fine(0Q6(ARKe)), Fine(0Qq(BRKe)))).

Using theorem 3.23 we see that this definition is identical to the definition of HPY except
that we do not require the covariant maps in the Hom-complex to be bounded. It should
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be clear that h¢ shares many properties with HPY. For our purposes it is important
that hC satisfies excision in both variables. This follows immediately from the proof of
theorem 3.37. Moreover we have a composition product for h¢ and there exists a natural
transformation

¢: HPY(A,B) — h¢ (A, B)
which is obtained by forgetting the bornology. It is clear that ¢ is compatible with the
product.

PROPOSITION 5.13. Let X be a G-simplicial complex and let B be an arbitrary G-
algebra. Then the natural map

¢ HP(CX(X), B) = h(CZ(X), B)
18 an isomorphism.

PROOF. We use induction on the dimension of X. For dim(X) = 0 the algebra C2°(X)
is equipped with the fine bornology and Qs (C°(X)®K¢) is a projective system of fine
spaces. It follows that the complexes used in the definition of HPY and h¢ are equal.
Hence ¢ is an isomorphism in this case. Now assume that the assertion is true for all
G-simplicial complexes of dimension smaller than k. Due to proposition 5.2 we have a
linearly split extension of G-algebras of the form

Bic; Co(G/H)QC™ (AR, §AR)<=zmmmg [05l0. G - O (X k),

Cc Cc

Using the six-term exact sequences for HPY and h¢ obtained from the excision theorem
3.37 it suffices to show that

¢ : HPY (@D C.(G/H)@C™ (A%, 0A%), B) — hS (D Co(G/H)@C™(AF, 0A%), B)
i€l iel
is an isomorphism. Applying excision again we see that in both theories HP% and h¢ the
G-algebras @, ; C.(G/H;)®C>(A*, 0A*) and @,.; C.(G/H;) are equivalent. Since ¢ is
compatible with products the assertion follows now from the case dim(X) = 0 which we
have already proved. 0]

COROLLARY 5.14. For all G-simplicial complexes X and Y we have a natural isomor-
phism
HPZ(CX(X),C2(Y)) = hE(C(X), C2(Y)).
This isomorphism is natural with respect to equivariant proper simplicial maps in both
variables.

Hence we can work with the theory h¢ instead of HPS from now on.
In order to formulate the next ingredient in the proof of theorem 5.12 consider the following
situation. Let B be a G-algebra and define the trace map Tr : Qg(B®Kg) — Qa(B) by

Tr(f(s) @ (xo @ Ty)d(z1 @TY) -+ d(x, ®T)) = trs(To- - Tp) f(s) @ xodxy - - - day,.
where as in section 3.6 the map tr, is the twisted trace defined by
trs(T) = tr(T Uy)

for T € Kg and s € G. It is easy to check that Tr commutes with the equivariant
Hochschild boundary b and the operator d. This implies that Tr is a map of paramixed
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complexes. We remark that in section 4.4 we have already considered a special case of this
map.

PROPOSITION 5.15. Let X be a G-simplicial complex. The map Tr: Qq(C®(X)®Kq) —

Qe(CX(X)) induces an isomorphism on the homology with respect to the equivariant
Hochschild boundary b.

PRrOOF. For a G-algebra B we view §2g(B) together with the equivariant Hochschild
boundary as a double complex

be —v
0pe# 1C o g pen
be —v
0B T 0 0 pn
be —v
0BT 0 5B

and refer to the proof of proposition 4.9 for the definition of the operators occuring here.
The complex obtained from the first column of this bicomplex and the operator by is de-
noted by C%(B).

Consider the G-algebras C°(X)®Kq and C°(X). Using proposition 5.3 we see that both
algebras have local units. It follows that the second columns in the corresponding bicom-
plexes are acyclic. Thus it suffices to show that the map Tr induces a quasiisomorphism
between the first columns. Denote by IC the algebra of finite rank operators on CG equipped
with the trivial G-action. We define a map A : C¢(C®(X)®Kg) — CE(C*(X)®K) by

Af(t) @ (ap @ To)d(ay @ Ty) - - d(a, ®T,)) = f(t) ® (ap ® UyTy)d(ay @ Ty) - - - d(a, ® T,)

The map A commutes with the boundary bs and is clearly an isomorphism. Hence it
suffices to show that the map 7 : C&(C®(X)®K) — CF(C*(X)) defined by

T(f(8)®(a@TY) @ R (a, ®T,)) = f(8)@tr(To--Tp)ag @ - -+ @ ay,

is a quasiisomorphism. Using an inductive limit argument it is in fact enough to consider
the case where K is replaced by a finite matrix algebra M, (C).

For a unital G-algebra the proof of Morita invariance in Hochschild homology in [49] can
easily be adapted to show that the map 7 : C&(A®M,(C)) — CE(A) is a quasiisomor-
phism. Using the fact that C'2°(X) has local units we obtain long exact sequences in
homology associated to the admissible extensions

and
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of G-algebras. Comparing these long exact sequences using the map 7 we see that 7 :
CE(O=(X)RM,(C)) — CE(C=(X)) is a quasiisomorphism with respect to the equivariant
Hochschild boundary. O
In section 5.4 we have studied the equivariant Hochschild-Kostant-Rosenberg maps a; :

Qa(CX(X))s — A(X?) for s € G. We assemble these maps for all elements s € G of
finite order to obtain a covariant map

o Qe(CF(X)) — Ad(X).
Remark that the hyperbolic part of Q¢ (C2°(X)) is mapped to zero under a according to
this definition. We define a covariant map ¢ : Fine(0Qa(C=(X)2Ke)) — Fine(A(X)) by
composing Tr : Qe (C®(X)®Ka) — Qa(C>(X)) with the map . Moreover we choose

a regular projective resolution P*(X) of A%(X) as in section 5.3 and let P(X) be the
associated pro-supercomplex. Composition with ¢ yields two maps

fi + Ho($omg(P(X), §ine(0Q6(C°(X)2Ke)))) — Hi(Homeg(P(X), Fine(A:(X))))
and
fa 1 Ho(Home(Fine(0Qq(C2(X)BKg)), Fine(0Qq(C2(X)®K:))))
— H, (Home(Fine(0Qa(CX(X)@Ke)), Fine(A(X)))).

~

Recall that in section 5.3 we also obtained a covariant morphism p : P(X) — A.(X) of
pro-supercomplexes. Composition with p yields two maps

g1 : H,(Home(Fine(0Q6(C=(X)QKe)), P(X)))
— H,(Home(Fine(006(C=(X)QKe)), Fine(A(X))))

and

g2+ Hi(Homg(P(X), P(X))) — H.(Homa(P(X), Fine(A:(X)))).
It is important to remark that the Hom-complexes occuring in the definition of fi, fo
and g1, gs really are complexes. This has to be checked in those situations where the
pro-parasupercomplex §Qq(C®(X)®K¢) is involved. One has to perform computations
similar to the one in section 3.4 showing that H P is well-defined. We remark that this is
the point where we use the assumption that P*(X) is regular.
Let us have a closer look at the maps f; and fs.

PROPOSITION 5.16. Let X be a G-simplicial complex. If the action of G on X is proper
the maps f1 and fy are isomorphisms. For an arbitrary action the restrictions to the elliptic
part of fi and fo are isomorphisms.

Proor. We shall treat the elliptic and the hyperbolic parts separately.
First we consider the elliptic part for arbitrary X. Let (s) be the conjugacy class of
an element s € G of finite order. We consider the quotient Qg(C®(X)®Kg)r of the
localisation Q¢ (C°(X)®Kq)(s) by the space of coinvariants of the action of the operator
T. Observe that the action of s € G on A.(X?) is trivial for all s. Using this fact we see
that the localized map ¢ : Qa(C(X)®Kq) s — AC(X)<S> factors over Qq(C=(X)®K )7
Since s is of finite order the order of the operator T' restricted to Qq(C(X)®Ke)s)
is finite. Since taking coinvariants by a finite group is an exact functor it follows from
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proposition 5.15 and the equivariant Hochschild-Kostant-Rosenberg theorem 5.9 that the
map Q;(C(X)®Ke)r — A(X) (s induced by ¢ is a quasiisomorphism with respect to
the Hochschild boundary. Let us show that the resulting map

H,($ome(P(X) ), Fine(0Qc(C2(X)@Ka))r)) — Ha(Homea(P(X) ), Fine(Ad(X))))

is an isomorphism. We abbreviate M = Fine(Qa(C(X)®Kq))r and N = Fine(A2(X)) 5.
Observe that both M and N are mixed complexes. First we consider the map g¢; :
FIM/F/H M — FIN/F/TIN induced by ¢q on the Hodge filtrations associated to M and
N. Since q is a quasiisomorphism with respect to the Hochschild boundary it follows that
g; is a quasiisomorphism of supercomplexes for all j. This implies that the mapping cone
C% of g; is acyclic.

Recall that the mapping cone C/ associated to a chain map f : D — E of supercomplexes
is defined by

Cg:Dl@Eo, C{:Do@El

with differential given by the matrix

—0p O
o —
(7 )
There exists an admissible short exact sequence 0 — E — CY — D[1] — 0 of supercom-
plexes. Moreover the boundary map H,.(DI[1]) = H,_1(D) — H,_1(F) in the associated

long exact homology sequence is the map induced by f: D — E.
We need two abstract results.

LEMMA 5.17. Let f : D — E be a morphism of supercomplexes of covariant modules.
Assume that 0y : Dy — Dy is zero and that 0, : E1 — Ey is surjective. Then in the
mapping cone C! we have im(0,) = Ey. Consequently the image of 01 is a direct summand
m C(]; = D1 D E().

PROOF. By assumption the differential 9; in C7 has the form

0 0
—f O
Thus since 9; : By — Ej is surjective the image of 9; in C7 is precisely Ej. U

LEMMA 5.18. Let g : P — C' be a morphism of pro-supercomplexes of covariant modules
where P is locally projective and C' is a constant and acyclic supercomplex. Moreover
assume that Cy admits a direct sum decomposition Cy = K & R where K = im(0,) =
ker(0y). Then g is homotopic to zero. Consequently we have H.($omg(P,C)) = 0.

ProOF. Using the direct sum decomposition the map gy : Py — Cyp = K & R may be
written as go = k ® r. Since 0; : C; — K is a surjection we find a map s : Py — C
such that 0;s = k. This means that we may assume without loss of generality that k = 0.
Now since ¢ is a chain map and the image of 0;¢; is contained in K we deduce 01g; = 0.
Hence since C' is exact we have im(g;) C ker(d;) = im(dp). This means that we may
construct a map h : P, — Cj such that dyh = ¢;. Furthermore we can of course require
that h factorizes over R, that is h: P, — R — Cj. Using this we obtain a homotopy and
can change ¢ in such a way that we get g = 0 and still k = 0 in g9 = k & r. Since the
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new ¢ is again a chain map we now have 0 = Jygp = Jor. But 9, restricted to R is an
injection since ker(dy) = K. This implies gy = 0 and hence our original ¢ is homotopic
to zero. Since we have explicitly shown that any chain map ¢g : P — C' is homotopic to
zero we obtain Hy($omg(P,C)) = 0. By reindexing P we deduce in the same way that
Hi(9omg(P,C)) = 0. This finishes the proof. O
We shall apply these results to D = FIM/Fit'M, E = FIN/Fit'N and P = P(X).
Observe that after possibly reindexing FVM/F/*'M and FVN/F/*'N the map ¢; : D —
E satisfy the assumptions of lemma 5.17. It follows that the mapping cone C' = C%
satisfies the assumptions of lemma 5.18. Since the short exact sequence 0 — EF — C' —
D[1] — 0 has a covariant splitting we obtain a short exact sequence 0 — $Homg(P, E) —
Homg(P,C) — Homg (P, D[1]) — 0 of supercomplexes. Consider the associated long exact
sequence in homology. From lemma 5.18 we deduce H,.($omg(P, C)) = 0 and the boundary
map in this long exact sequence is the map induced by ¢. Hence we obtain the following
result.

PROPOSITION 5.19. With the notation as above the map q induces an isomorphism
H,.($Home(P, F'M/F'M)) — H,($omg(P, FIN/FIN))
for all j.

We can now proceed as in the proof of theorem 4.8. Since P is locally projective the
Hodge filtration filtrations of "M and "N induce bounded filtrations on $Homeg (P, 0" M)
and Homg(P,0"N), respectively. We obtain convergent spectral sequences

Ep (M) = Hyyy(Home(P,0"M)), Epy(N) = Hyy(Home(P,0"N)).

The map ¢ induces a map of spectral sequences from qu(M ) to qu(N ). From proposition
5.19 we deduce that the induced map E, (M) — E, (N) is an isomorphism. This implies
that the E*°-terms of these spectral sequences are isomorphic. Hence we obtain

PRrROPOSITION 5.20. With the notation as above the map q induces an isomorphism
H.(9omg(P,0"M)) = H,(Homg(P,0"N))
for all n.

Let us define M(n) = $Homg(P,0"M). As in lemma 4.15 we obtain a short exact
sequence

Ho($Home(P,0M)) — Ho(I],ey M (1)) —— Ho(I L,y M (n))

Hy(Tlhen M(n)) ~—— Hi(I,en M(n)) ~— Hi(Home (P, 0M))

and a similar short exact sequence with M replaced by N. The map ¢ induces a morphism
between these two exact sequences and together with proposition 5.20 we see that the map
02:(C(X)®Ke))r — A(X)(s induces an isomorphism

H.($ome(P(X) (5, Fine(0Q6(C2*(X)@Ke))r)) 2 Ha(Home(P(X)), Fine(A:(X))())-
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The proof of proposition 3.25 shows that the natural quotient map Q¢ (C(X)QKq) s —
0Qc(C=(X)RKq)r is a covariant homotopy equivalence. Hence the localized map

i+ Ho($oma(P(X) ), Fine(0Q6(C(X)@Ka))(s)))
— H.(Homa(P(X) ), Fine(A(X)) )

is an isomorphism. Since s was an arbitrary element of finite order this shows that f; is
an isomorphisms on the elliptic components. Moreover the proof can easily be adapted to
see that fy is an isomorphism on the elliptic components.

It remains to treat the hyperbolic part. Assume that X is proper and let s € G be an
element of infinite order. In this case it follows from the equivariant Hochschild-Kostant-
Rosenberg theorem 5.9 and proposition 5.15 that the localisation Qq(C(X)QKq)s) is
acyclic with respect to the Hochschild boundary. In the same way as in the proof of
theorem 4.8 we obtain

H.(Homeg(Fine(0Qa(CZ(X)RKa)) (s, Fine(026(C2(X)0Ka)) ) = 0.
It follows trivially that
fo: Ho(Homg(Fine(0Q6(CE(X)RKq) ) (s), Fine(0Qa (O (X)©Ka))(s))
— H.(Homg (Fine(0Q0(C(X)DKa)) s, Fine(A( X))

is an isomorphism because both sides are zero. This finishes the proof that f5 is an isomor-
phism on the hyperbolic component if the action of G on X is proper. The correponding

A~

assertion for f; is clear since we have P(X)y = 0 by assumption for elements s € G of
infinite order. U
The proof of proposition 5.16 also yields the following statement which will be needed later.

COROLLARY 5.21. Let X andY be G—sz’m;zlicial complexes. Composition with the chain
map q : Fine(Qq(CX(V)®Kg)) — Fine(A(Y)) induces an isomorphism

H.($oma(P(X) ), Fine(0Q6(C(Y)OKa))()) = Ho(Homa(P(X) ), Fine(A(Y))))
for all elements s € G of finite order.
Now we consider the maps ¢g; and g, from above.

PROPOSITION 5.22. The maps g1 and go are isomorphisms for an arbitrary G-simplicial
complex X.

PrROOF. We only prove the assertion for g; since g, is handled in the same way. Let us
abbreviate M = P*(X), N = Fine(A%(X)) and P = Fine(0Qc(C=(X)&K¢)). Recall from
section 5.3 that M can be viewed as an unbounded mixed complex with b-boundary equal
to zero and B-boundary equal to the differential . By definition the pro-supercomplex
P(X) is the projective system of supercomplexes EM = (€M) given by

&M = M_y41)/ BM_(ni2) © @D M; ® B(M,).

i=—n
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Since M is bounded above in the sense that M, = 0 for n > D = dim(X) we obtain

D
§"M = M_(11)/ BM_(r42) ® @ M;

i=—n

for n > D. We define a filtration F7 of £"M for n > D by

j
FI(E"M) = M_41)/ B(M_(n1)) ® @D M; @ B(M;).

i=—n

Hence F7(£"M) is a finite increasing filtration with F~"+2(¢"M) = 0 and F*(£"M) =
E"M. If we proceed in the same way for N we see that p induces chain maps "M —
&"N which are compatible with the filtrations. By construction the map p : P’(X ) —
A%(X) is a quasiisomorphism with respect to the boundary B. It follows easily that
p: FITYEM)/FI(EnM) — FITL(EMN)/FI(E"N) is a quasiisomorphism for each j and
n > D. Hence the mapping cone C? of this map is acyclic. Since P is locally projective
we see in the same way as in the proof of proposition 5.16 that the map

H,(Homg(P,£"M)) — H,(Homg(P,E"N))

is an isomorphism for n > D.

Let us define M(n) = $Homg(P,E"M). Since the projective system EM = (§"M),en is
isomorphic to the projective systems (§"M),~p we obtain as in lemma 4.15 a short exact
sequence

Ho($Homea(P,EM)) — Ho([ 1,54 M (n)) —— Ho([T,5q M(n))

Hi(Ilsg M(n)) ~—— Hi(I g M(n)) ~—— Hi($Homa(P, EM))

and a similar short exact sequence with M replaced by N. Comparing these two exact
sequences yields the claim. O
From propositions 5.16 and 5.22 we deduce formally the following theorem.

THEOREM 5.23. Let X be a G-simplicial complex. If the action of G on X s proper
the pro-parasupercomplezes Fine(9Qa(C2(X)DKs)) and P(X) are covariantly homotopy
equivalent. The elliptic parts of Fine(0Qa(CX(X)&Ke)) and P(X) are covariantly homo-
topy equivalent even if the action on X is not proper.

Proor. We shall only consider the case that X is proper since the second assertion is
proved in the same way. Denote by x the preimage of [p|] under the isomorphism f; and
by y the preimage of [g] under the isomorphism g;. Then we have fi(z) = x - [q] = [p]
and g1(y) = y - [p] = lg]. Hence go(x-y) =2 -y-[p] = [p| and fo(y-z) =y -z [¢] = [¢]-
Since g and fy are isomorphisms we obtain x -y = id and y - = id. This implies that
Fine(0Q:(C>(X)®K)) and P(X) are covariantly homotopy equivalent. O
Now we can finish the proof of theorem 5.12. Again we consider only the case that X is a
proper G-simplicial complex.
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Using proposition 5.8 and corollary 5.21 we obtain an isomorphism

P HE (X,Y) 2 H.(Som(P(X), Fine(696(C(Y)OKa))).

jez

Remark that the hyperbolic part of the Hom-complex vanishes independent of the fact
that the action of G on Y may not be proper. We apply theorem 5.23 to deduce

H.(Homg(P(X), Fine(0Qa(C(V)®K))))
=~ H,(Homg(Fine(0Qq(C2(X)Ke)), Sine(0Qa(C(Y)®K)))).

Consequently we have an isomorphism

P HEP (X V) = b (CR(X),C2(Y)).

=

Combining this with corollary 5.14 we obtain the desired identification of equivariant pe-
riodic cyclic homology with the theory of Baum and Schneider.

It remains to check naturality. Using corollary 5.14 it suffices to show that the isomor-
phism B, HE(X,Y) =2 hG(C(X),C(Y)) is natural in both variables. First we
consider the second variable. Let f : Y], — Y5 be an equivariant proper simplicial map.
This map induces an equivariant homomorphism F' : C®(Y;) — C°(Y1) and a chain
map A.(Y2) — A.(Y1) which will also be denoted by F. Using this notation we obtain a
commutative diagram

H. (Somg(P(X), §ine(026(C2*(Y2)8K)))) ——= H.($0ma(P(X), Fine(Ac(V2))))

F, F,

~ ~

H.($Homg(P(X), Fine(626(C (V1)0Ke)))) —g— Ha(Homa(P(X), Fine(A(11))))

Since P(X) and Fine(AQq(C(X)®K¢))) are covariantly homotopy equivalent we deduce
naturality in the second variable. Now let f : X; — X5 be an equivariant proper simplicial
map. As before this map induces an equivariant homomorphism F' : C2°(X3) — C°(X))
and a chain map F : A%(X,) — A%(X}). Since we have worked with natural resolutions it
is clear that there is a chain map P(F) : P*(X5) — P*(X;) such that the diagram

. P(F) .
P.(XQ) 'P.(Xl)
p p
Fine(A2(Xa)) —— ine(AL(X1))
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is commutative. Consider the commutative diagram

H, (Home(P(Xs), Fine(0Qa(C2(X2)0K))))

~

H.(Home(P(X5), Fine(A(X2))))

F, F,
H, (Some (P(Xs), ine(006(C(X))EKq)) —— H*(gomG(P(XQ}, Fine(A(X1)))
P(F) P(F)

12

H, (Homg(P(X1), Fine(0Q6(C=(X1)0Ke)))) H.(Home(P(X1), Fine(A(X1))))

An easy diagram chase shows that the diagram

P(X,) e Fine(006(C2(X,) &K )
P(F) 00c(F&id)
P(X)) 7 Fine(AQa(C2(X1)®Kea))

is commutative where x; and x5 are the chain maps obtained in theorem 5.23 for X;
and Xy, respectively. This implies that the homotopy equivalence between P(X ) and
Fine(0Qq(C>(X)®K¢)) is natural in X. It follows that the isomorphism in theorem 5.12
is natural in the first variable.

This finishes the proof of theorem 5.12.
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