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ABSTRACT

Based on work of Breuil and Schneider in [BrSch|, we introduce crystalline
representations of an extension of the absolute Galois group of a local field of
mixed characteristic (0,p) by a finite cyclic group of order n > 2 over a finite
extension of Q, on the one hand and weakly admissible %Z—ﬁltered isocrystals
with coefficients in the same finite extension of @@, on the other hand. Via
analogues of the functors D5 and V35 we study the relationship between the
categories consisting of these objects. In particular it will turn out that, in
contrast to the main result of [CoFol, these analogues will in general not induce
an equivalence between both categories.

Moreover, on the isocrystal side we transfer a result of Hellmann from [Hel]
on the algebraic nature of geometric parameter spaces of weakly admissible Z-
filtered isocrystals with prescribed characteristic polynomial of a certain power

of the Frobenius and prescribed filtration type to the context of %Z—ﬁltrations.

ZUSAMMENFASSUNG

Basierend auf Resultaten von Breuil und Schneider in der Arbeit [BrSch]| fithren
wir kristalline Darstellungen einer Erweiterung der absoluten Galoisgruppe eines
lokalen Korpers in gemischter Charakteristik (0, p) um eine endliche zyklische
Gruppe der Ordnung n > 2 iiber einer endlichen Erweiterung von Q, einerseits
sowie schwach zulassig %Z—ﬁltrierte Isokristalle mit Koeffizienten in der selben
endlichen Erweiterung von QQ,, andererseits ein. Via Analoga der Funktoren Dey;s
und Vs studieren wir die Beziehung zwischen den Kategorien bestehend aus
diesen Objekten. Es wird sich insbesondere herausstellen, dass, im Gegensatz
zum Hauptresultat von [CoFo|, diese Analoga im Allgemeinen keine Aquivalenz
zwischen beiden Kategorien induzieren.

Auf Seite der Isokristalle iibertragen wir dariiberhinaus ein Resultat von Hell-
mann aus [Hel] iiber die algebraische Natur geometrischer Parameterrdume fiir
schwach zuléssig Z-filtrierte Isokristalle unter Vorgabe des charakteristischen
Polynoms einer gewissen Potenz des Frobenius und des Filtrierungstyps in den
Kontext von %Z—Filtrierungen.
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1 Introduction

1.1 Conventions and notations

All rings are commutative with unit 1. Ring homomorphisms preserve units.
A choice of an algebraic closure of a field F' is denoted F'.

The letter p stands for a rational prime. By L resp. K we denote two fixed finite
extensions of Q, (called base field resp. coefficient field), both contained in a
fixed algebraic closure @p of Q, and such that [L : Q] is equal to the number
of Qp-algebra homomorphisms from L to K. By Ly we denote the maximal
unramified extension of Q, in L. We define f :=[Ly: Q,] and e := [L : L]
The valuation on a finite extension of @, that sends p to 1 will be written v,.
For any z in a finite extension of Q, we set |z|, := p~r(®) € pQ.

Whenever we index some expression by 7y resp. 7 without further comment, the
index set runs over all Qp-embeddings 79 : Ly — K resp. all Q,-embeddings
7:L— K.

For an object Z of a category and Z-objects g : X — Z, h :' Y — Z let
X xz Y denote the fiber product with respect to g and h (if it exists). We
usually omit the morphisms g and h in this notation.

Locally ringed spaces are usually denoted by their underlying topological space.
The structure sheaf of a locally ringed space Y will be denoted by Oy.

If X and Y are Z-schemes and Z = Spec(C) is affine we also denote the fiber
product of X and Y over Z by X x¢ Y. If additionally Y = Spec(B) is an affine
scheme we also write X ® ¢ B. For general Z and Y = Spec(B) affine, the fiber
product of X and Y over Z is also denoted by X ®, B.

For an arbitrary scheme Z and Z-schemes X and Y we write £ ® z F for the
tensor product of the inverse images p*€ ®o,, ¢*F over W := X xz Y of an
Ox-module £ and an Oy-module F. In case Z = Spec(C) this tensor product
will also be denoted by £ ®c¢ F.

If Y is a locally ringed space, y € Y a point and F an Oy-module, we let F(y)
denote the reduction of the stalk F, of 7 at y by the maximal ideal of Oy,,,.

If S is a subset of R, r € R and * € {<, <, >,>} then by s € S, we mean that
simultaneously s € S and s * r hold true.

Cross-references to specific results that occur within this text are given solely
by their item number, e.g. “cf. 3.3.1”.



Ad(K)

Alg(R) (R a ring)
Grp

(U, F)

Mod(Oy)

Mod(R) (R a ring)
in(R) (R a ring, n € Z)
Op (F a valued field)
Sch(R) (R a ring)

Sch(S) (S a scheme)

Set

R* (R aring)

Vect(F') (F a field)

#S (S a finite set)

The following is a list of notations that are used throughout the text.

category of adic spaces over the adic space associated
to Spec(K)

category of R-algebras
category of groups

sections of a (pre-)sheaf F over an open subset U of
a topological space

residue field of a point x of an adic space
residue field of a point = of a scheme
category of locally ringed spaces

the quasi-coherent Ogpec(r)-module associated
to a module M over a ring R

category of Oy-modules over a locally ringed space Y
category of R-modules

the set {x € R | 2™ =1}

ring of integers of F' with respect to the given valuation
category of Spec(R)-schemes

category of S-schemes

category of sets

invertible elements of the monoid (R \ {0}, )

category of F-vector spaces

cardinality of S



1.2 Overview

One aspect of p-adic Hodge theory is the description of p-adic Galois repre-
sentations in terms of modules equipped with a semilinear operator ¢ and a
Z-filtration. Of particular interest is the class of weakly admissible modules
on which the operator and the filtration satisfy a certain numerical relation.
The representations corresponding to weakly admissible Z-filtered ¢-modules
are called crystalline. The existence of this correspondence results from the
theory developed in [Fo2] and in [CoFo]

A major part of this thesis is devoted to the study of relations between a cate-
gory of certain representations of a group closely related to the absolute Galois
group Gal(@p|L) of L and a category of modules equipped with a semilinear
operator and a filtration indexed by a certain subgroup of the rational numbers
strictly containing Z.

The motivation for our investigations originates from work of Breuil and Schnei-
der in [BrSch|. In their paper the authors study the connection between de
Rham and crystalline representations of Gal(Q,|L) over K and so-called locally-
algebraic representations of a general linear group in the framework of the p-adic
Langlands programme. In order to pass from the Galois side to the reductive
group side, the aforementioned functorial correspondence between the category
of crystalline Gal(@p|L)—representations and the category of weakly admissible
Z-filtered ¢-modules is used (cf. [BrSch, Corollary 3.3] where a sufficient crite-
rion for the existence of a crystalline representation in terms of the existence of
an invariant norm on a locally-algebraic representation is given). For technical
reasons Breuil and Schneider have to assume that, on the reductive group side,
half the sum of the positive roots of the group is an element of the integral
weight lattice ([BrSch, §6]). In order to drop this assumption a corresponding
construction on the Galois side is necessary. Hence, in [BrSch, §7], Breuil and
Schneider introduce a character with values in K* that is defined on a specific
extension G, (3) of Gal(@p|L) and whose square, under mild conditions on K,
coincides with the restriction of the p-adic cyclotomic character to Gal(Q,|L).
Moreover, the authors show how the theory of Colmez and Fontaine ([CoFol) is
generalized to the setting of this bigger group. In particular, it is made precise
what it means for a representation of this group to be crystalline.

While the major first part of this text, in which we construct a suitable general-
ization the correspondence between crystalline representations of Gal(Q,|L) and
weakly admissible Z-filtered ¢-modules, is dominated by (semi-)linear algebraic
methods, in the last section we focus on the concept of weak admissibility from
an algebraic-geometric angle. Our motivation is given by the following discus-
sion. The locus of points z in the Ly-scheme parametrizing flags of a given type
1 (which for us is a finite increasing sequence of rational numbers encoding the
jump indices with respective multiplicities of the filtrations to be considered)
where a given ¢-module over Lj is a weakly admissible filtered ¢-module over
the residue field at x is not an open subscheme in general. The situation is im-
proved when analytical methods are applied. Namely, in the context of Tate’s
rigid-analytic spaces (respectively in the context of Berkovich spaces), the “locus
of weakly admissible points” is an admissible open (respectively analytic open)
subset in the associated analytic flag scheme, cf. [RaZi, Proposition 1.36] (re-
spectively [DOR, Proposition 8.2.1]). In Hellmann’s approach of the structural
investigation of the “weakly-admissible locus” for filtered ¢-modules with coef-



ficients in residue fields of points of adic spaces, the prescribed data essentially
consists of a tuple (¢, ) where ¢ is a polynomial prescribing the characteristic
polynomial of the f-th power of the Frobenius and p is a filtration type whose
members are integers (cf. [Hel, §5]).

A connection between this kind of data and weak admissibility was established
by Breuil and Schneider in [BrSch, §3]. In [loc. cit., Proposition 3.2|, where
by assumption ¢ € K[X] decomposes into linear factors and the filtration is
given as a collection of ef full Z-filtrations on the isotypical components of the
underlying L ®q, K-module respectively, the authors prove that the existence
of a weakly admissible Z-filtered ¢-module over L with coefficients in K such
that the characteristic polynomial of the f-th power of the associated operator
is equal to ¢ and such that the associated filtration is of type p is equivalent
with the validity of certain numerical relations between the valuations of the
zeros of ¢ and the members of the filtration type.

In [Hel, Theorem 5.1, Proposition 5.2] the ground field Ly remains fixed and
the geometric objects that are of interest are defined over the coefficient field
(which in Hellmann’s case is Q). If s denotes an integer > 0, then these results
show that the locus of points inside the adic fiber over a point of (A® xg, G,)*?
where the universal Z-filtered isocrystal is weakly admissible is (a base change
of) the associated adic space of a quasi-projective Q,-scheme.

We now explain the contents of this thesis in more detail. Concerning nota-
tions, the first four sections are largely inspired by [BrSch, mainly §3 and §7].

In subsection 1.3 we give a condensed overview of the theory underlying
[CoFo, Théoréem A], fixing ideas and notations in the process. Since this sub-
section contains no proofs, we refer to [Fol],[Fo2] and [CoFo]| for more detailed
expositions.

In the first part of section 2, after fixing an integer n > 2, elementary results
concerning %Z—ﬁltcrcd ¢-modules over L with coefficients in K are established.
We introduce the category of %Z—ﬁltered isocrystals in this framework and define
the concept of weak admissibility of (filtrations of) these objects, leading to the
abelian tensor category FICT" ,, (cf. 2.2.6, (2.)). From assumption 2.2.7 on we
impose on the coefficient field K the condition that it contains an n-th root of
every element in @Q,. This is necessary for our construction of the group Gy ()
in the subsequent section. After introducing the full subcategory FICT " ()
of FIC}® ,, and stating a result on the structure of its objects (cf. 2.2.14),
section 2 ends with the discussion of an example due to Schneider (cf. 2.2.17).
The filtered isocrystal constructed in this example is contained in FIC&:’ Ko
but not in FICH" x (). The existence of objects as in the example implies a
fundamental difference between our and the classical theory which will become

apparent in section 4.

In section 3 we introduce the group G, (,,) as a group-theoretic fiber product.
Under the assumption made on K, this group comes equipped with a character
with values in K whose n-th power coincides with the restriction of the p-adic
cyclotomic character to Gal(Q,|L). Based on [BrSch, Lemma 7.5], we prove an
independent result which relates a splitting of the exact sequence induced by
the construction of G, () to the degree [L : Qp] (cf. 3.1.7). The introduction
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of certain extensions Bgis n and Bqr,, of Fontaine’s period rings B.is and Bqr
together with an action of G, (,,) on the algebras Be,is n ®q, K and Byr,» ®q, K
in subsection 3.2 then allows us to define the full abelian tensor subcategory con-
sisting of crystalline representations among all finite-dimensional K-linear con-
tinuous G, (n)-representations V. This definition will be based on the relation
between the K-dimension of V' and the finite Ly ®g, K-rank of the invariants

Dcris,n(v) = ((Bcris,n ®Qp K) XK V)GL’(”)

with respect to the diagonal action (cf. subsection 3.3 and the discussion before
3.4.1).

After introducing the functor Vs, on the category of all filtered ¢-modules
over L with coefficients in K and studying its properties in subsection 4.1, in
subsection 4.2 we formulate and prove one of our main results:

Theorem 1.2.1. The functor Deyis,n, induces an equivalence of tensor categories
Rep%®(GL n) = FICT % ().
A quasi-inverse is given by the restriction of Vs, to FICVLV?K(H),

The weakly admissible filtered isocrystal in Schneider’s example from the
end of section 2 raises the question of the behaviour of the inverse functor
of this equivalence on the category FI ‘z’aKn Establishing results towards
an answer to this question is what the third subsection of section 4 is about.
In particular, we will see that Ve n, restricted to FICT ., takes values in
Rep%is(GL(n)) (cf. 4.3.5) and conclude that a weakly admissible object D
does not lie in the essential image of Deyg,, if and only if the associated K-
linear G L,(n)-T€presentation Veris,n (D) has a K-dimension strictly smaller than
the Lo ®q, K-rank of D (cf. 4.3.6). In particular, the vector spaces underlying
the representations associated to the isocrystals from 2.2.17 turn out to be {0}.

The final section 5, which is more or less independent from the results from
the previous sections, is concerned with a description of the structure of ge-
ometric parameter spaces related to weakly admissible %Z—ﬁltered isocrystals
with coefficients. We chose to keep the first part of this section expository in
nature. It collects several well-known facts about representable functors on K-
schemes arising in the context of weak admissibility on the one hand and about
the functor “associated adic space” between K-schemes and adic spaces (in the
sense of Huber) over Spa(K, Ok ) on the other hand, thereby providing neces-
sary notation and background for the second part of this section. In the latter,
we present a modified definition of weak admissibility (cf. 5.2.4), in which the
coeflicient field is any valued field extension of K. In 5.2.9, we state and exten-
sively prove an analogue of [Hel, Proposition 5.2] in the context of %Z—ﬁltrations.

Finally, in a short appendix we discuss the notion of Hodge-Tate weight

in 17 for objects in FICy ,, respectively in Repﬁ?s(GL’(n)), assuming the
notions and results up to (and including) subsection 4.2.

11



1.3 The classical case

One major result in p-adic Hodge theory is the proof of a conjecture by Fontaine
which predicts an equivalence between a specific category of representations of
the absolute Galois group of L and a specific category of semilinear algebra data
over Ly (|[CoFo, Theorem Al). Since this result and the framework in which it was
established are part of the motivation for this thesis, we give a short overview
of the relevant aspects of the theory underlying the proof.

For any topological group G and any finite extension F' of @, denote by
Rep(G) the abelian category of continuous F-linear representations of G. Its
objects are tuples (V, p), where V is a finite-dimensional F-vector space (with
induced topology from F') and p is a homomorphism G — Autg (V). Morphisms
f:(V,p) = (V',p') are morphisms of F-vector spaces that satisfy p/(¢g)(f(v)) =
f(p(g)(v)) for all g € G,v € V. Continuity means that

GxV =V, (g,0) = gv:=p(g)(v)
is a continuous map. Together with

e ® := ®p, with the diagonal action of G on the tensor product and

e the functor
w: Repp(G) = Vect(F), (V,p) =V,

one knows that continuous representations make up a neutral Tannakian cate-
gory over F' (for a precise definition of this notion, cf. [DeMi, Definition 2.19]).
A unit object is F' with trivial G-action.

If (V, p) is an object of Repy(G), we often omit either V or p from the notation
if it is clear which tuple is considered.

Let k; denote the residue field of L and let og be the lift to Ly of the field
automorphism ky — kr,z +— aP. For brevity, denote by G, := Gal(Q,|L) the
absolute Galois group of L. Objects of the category Rep(Gy) := Repr(GL)
are called p-adic representations of G or p-adic Galois representations in case
the group is clear from the context. Within Rep(Gyr), certain distinguished
full subcategories are of particular interest. For example, the étale cohomology
groups H, (X ®f, @p,@p), where X is a proper smooth algebraic variety over
L, naturally give rise to objects of these subcategories (see [Fo2, §6]). For
their investigation and for comparison of various cohomology theories, Fontaine
constructed in particular the topological Q,-algebras Bgs and Bgr. On both
Beris resp. Bgr the group G, acts as ring automorphisms with invariant rings
BS = [, resp. Bfﬁ = L. With any p-adic representation V' of G, one

cris

associates functorially objects of a linear-algebraic nature.

Definition 1.3.1. Let V be in Rep(Gp). Define
Deris (V) := (Beris ®g, V), Dar(V) := (Bar g, V)"

as the respective G p-invariants with respect to the diagonal action on the tensor
product.
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Both are Lg- resp. L-vector spaces, whose dimensions are bounded above by
dimgq, (V). Of particular interest are those V' for which the equality dimg, (V')
= dimp,(Deris(V)) holds true. They are called crystalline and they make up
a full abelian subcategory of Rep(Gp), denoted Rep™®(Gy). The category
Rede(G’ 1) of de Rham representations is defined analogously. Using the exis-
tence of an injective and Gr-equivariant morphism of rings L ®r,, Beris — Bar,
via which B is identified with a subring of the field Byr, one can prove the
following result.

Proposition 1.3.2. FEvery crystalline representation of G, is de Rham.

The ring Beis carries an injective ring endomomhism o induced by the
Frobenius morphism on the ring of Witt vectors W (k). The field Bqgr is com-
plete discretely valued with value group Z. A uniformizer is given by any gener-

ator t of the rank one Z,-module Z,(1) := @nez>0 ppn (Q,) C Beris. We note

that ¢o sends such an element ¢ to pt. The filtration (B!g)icz induced on Bar
by integral powers t* of ¢ is by C-vector spaces, where C is the completion of
@p with respect to the topology induced by the extension of v,. Recall that the
p-adic cyclotomic character x,, : Gal(@p@p) — Z is given by the Gal(@p@p)—
action on yi,n(Q,). The group G, acts on Z,(1) via the restriction of x, to Gp.
One then has the so-called fundamental exact sequence

0= Q, = B?"" = Bar/Big — 0 (1)
of Q,-vector spaces with respect to the obvious maps. Here, the middle term is
the subspace of Bis consisting of those elements on which (g operates trivially.
Because of compatibility of the above algebraic structures with the G -action,
they naturally carry over to Deis(V) and Dgr(V) in the following sense: the
former carries a op-semilinear automorphism and the latter induces a decreasing,
exhaustive and separated Z-filtration by L-subspaces on L ®p, Deyis(V).

Definition 1.3.3. Denote by MF, the category whose objects are triples D :=
(D, ¢, F*Dy,) consisting of a (not necessarily finite-dimensional) Lg-vector space
D, a og-semilinear endomorphism ¢ : D — D, and a decreasing, exhaustive and
separated Z-filtration F'®* Dy, consisting of L-vector spaces on Dy, := L ®p, D.
Morphisms are Lg-linear maps that are compatible with the semilinear endo-
morphisms and such that the induced morphism between L-vector spaces is a
morphism of filtered vector spaces. Write FIC, for the full subcategory consist-
ing of those objects such that D is finite-dimensional over Ly and ¢ is bijective.
In this case, the operator ¢ is called Frobenius.

By setting D; ® D, := (D1 ®r, D2, $1 ® ¢2, tensor product filtration) the
pair (FICy, ®) becomes a tensor category with unit object (Lo, o, F! = {0} C
FO=1).

The Newton resp. Hodge numbers are numerical invariants assigned to (iso-
morphism classes of) objects of FIC,, depending on the Frobenius resp. the
filtration. Both are additive on short exact sequences.

With respect to objects D of FIC, two concepts of admissibility were intro-
duced.

e On the one hand, weak admissibility expresses a numerical relationship be-
tween the Newton and the Hodge numbers attached to D and its Frobenius-

13



invariant subspaces with induced filtration on the scalar extension to L.
Weakly admissible objects form a full abelian subcategory FIC}® of FICy..

e On the other hand, an object D is admissible if it lies in the essential
image of the functor D,;s restricted to Rep™™(Gp).

It was long known that both concepts are related by the fact that every
admissible object is weakly admissible. The following result, established in
[CoFol, proves a conjecture of Fontaine concerning the converse implication
([Fol, §5.2.6]).

Theorem 1.3.4 (Colmez-Fontaine). Every object of FICT® is admissible. In
other words, the functor De.s induces an equivalence of abelian categories

Rep“™(Gr) — FICY"
respecting tensor products and unit objects. A quasi-inverse is
FO(Bcris ®L0 D)[PO®¢:1 < (D7¢7 F.DL) : Vcris

where on the left hand side those pg ® ¢-invariant elements are meant whose
image lies in F°(Bar ®r, (L ®1, D)) under the map induced by L ®@r, Beyis <
BdR-

Hence, via the equivalence from the theorem, crystalline representations of
G, can be described by data given in terms of semilinear algebra, in particular
by a specific relation between the Newton numbers and the Hodge numbers.

14



2 Weakly admissible filtered isocrystals with coefficients

Fix once and for all an integer n > 2. We set R(Lo, K) := R := Lo ®q, K and
Rp = L ®q, K = L®r, R. The ring R (resp. Rr) naturally is an algebra over
Lo (resp. over L) vial — [ ®1 (in both cases). Both rings also have a natural
K-algebra structure via k — 1 ® k.

In [Fol], Fontaine has developed a formalism of Z-filtered ¢-modules over
a characteristic 0 field which is complete with respect to a discrete valuation
and which has perfect residue field of positive characteristic. In this section we
present basic constructions of a similar formalism within the class of %Z—ﬁltered
¢-modules over the ring R.

2.1 Filtered isocrystals

Definition 2.1.1. Let A be a ring and M an A-module. Let A be a subgroup
of the additive group of real numbers.

1. A decreasing A-filtration on M is a family (F*M)ycp of A-submodules of
M, such that FA*M D F*M whenever w> A

2. Let (FAM)xen be a decreasing A-filtration on M. An element A € A is
called a filtration index. A filtration index A € A is called jump if the
quotient A-module

g’ M =M/ | | F*M
w>A

is not reduced to zero.

3. A decreasing A-filtration on M is exhaustive resp. separated if

U FA*M =M
AEA

resp. if

() F M ={0}.

AEA

Unless otherwise mentioned we mean decreasing, exhaustive and separated

A-filtration when we speak of a A-filtration. In case the group A is clear from
the context, a specific filtration on an A-module M will also be abbreviated by
F*M.
Let F*M be a A-filtration on the A-module M and M’ C M be a submodule.
Then (F*M N M') e is a A-filtration on M’. The filtration thusly obtained is
called the induced filtration on M’ by F*M and also denoted by F*M N M’ if
confusion is excluded.

Definition 2.1.2. A %Z—ﬁltered ¢-module over R is a triple D := (D, ¢, F*Dy,)
consisting of an R-module D equipped with a og ® K-linear map ¢ : D — D and
a decreasing, exhaustive and separated %Z—ﬁltration F*Dy, by Rp-submodules
on Dy, :=L®L0D§RL®RD.

A morphism (D1, ¢1, F*D1 1) — (D2, ¢2, F*Ds 1) between two %Z—ﬁltered o-
modules is an R-linear map h : Dy — Da, such that h(¢1(d)) = ¢2(h(d)) for all

15



d € D; and such that the induced map
hr, =L®h: Dl,L — DQVL

satisfies hy,(F'Dy,1) € F'Dy, for all i € 1Z. With these notions 1Z-filtered
¢-modules over R are a category which we denote by MF% K
An isomorphism in MF% K .n, s @ morphism which is an isomorphism on the un-

derlying R-modules and which induces isomorphisms of R;-modules F’ Z4D1, L =
F'Dy p, for all i € +Z.
A sequence of morphisms

0O-M —-M-—->M' -0

in MF% K. s called exact if the sequence of morphisms between underlying
R-modules is exact and if this sequence induces short exact sequences of Rj-
modules between filtration steps with index ¢ for all ¢ € %Z.

Recall that semilinearity of ¢ with respect to o9 ® K as in the definition
means that ¢ is additive and that ¢(rd) = (oo ® K)(r)¢(d) for all » € R and all
d € D. The latter property implies that ¢“0@e] is an R-linear map D — D.
We remark that for any subgroup A of the additive group of the real numbers
an analogue of the category MF% K. With respect to A-filtrations can be made
precise.

Remark 2.1.3.
1. For a ring A the following are equivalent:

a) The ring A is semisimple.
b) Every A-module is semisimple.

¢) Every A-module is projective.

As a consequence, modules over a semisimple ring are flat. Note that the
ring R is semisimple because

¢ R — @KT(N TRY (TO(x)y)To

70

is an isomorphism of rings and the direct sum decomposition is a decom-
position into simple R-modules. Recall that the index set consists of all
Qp-embeddings Ly — K (equivalently, of the group Gal(Lo/Q,)). The
To-isotypical component K, is the additive group K with Lg-vector space
structure
Ly x K = K, (x,m) — 7o(x)m.

We observe that the map induced by @ y — oo(x) @ y on R translates
to the map (M, )z, = (Mryoy)r, 00 €D, K7y via 9.

By the same reasoning, the ring Ry, is semisimple and the family (K,),

forms a system of distinct representatives for isomorphism classes of simple
Ry-modules.

2. Let Dy :i={deD | (I®1)d=(1®m7(l))d for all | € Lo} be the 7p-isotypical
component of the underlying R-module of some (D, ¢, F*Dp) in MF% Kon
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for some Qp-embedding 79 : Ly — K. The K-vector space D, is equal to
Y~ (es,)D where e, € EBT[,) K/ is the idempotent (d,, /), in terms of
the Kronecker symbol. Hence D is the direct sum of the D, .

Moreover, for every | € Lo, d € D, we have

(1®1)¢(d) = (000 (1) ® 1)p(d)
= (05 (1) ® 1)d)
= ¢((1® 7005 (1)d) = (1@ 1005 ' (1)) B(d)

where the second equality holds by semilinearity of ¢, and the fourth is
valid because ¢ is K-linear. It follows that ¢(D;,) is contained in Do

for all 7. Note that this generalizes the observation from the first part of
the remark.

Lemma/Definition 2.1.4. Let D := (D, ¢, F*Dy) and D' := (D', ¢/, F*D})
be objects in MF%Kn

1. Together with
pd¢ DeD - DaD, (dd)w— (¢(d),¢(d))

and

Fi(D@&D")y) :=n(F'Dy & F'D}),

where n : Dy, ® D}, =(D @& D', is the canonical isomorphism of Ry -
modules, the direct sum D & D’ is an object in MF%K,”, denoted by
DoD.

2. Let D' be finitely generated over R. Together with the well-defined oo ® K -
linear map

¢p®¢ :DOrD' - D@D, dod — ¢(d) @ ¢'(d)
and the decreasing, exhaustive and separated %Z—ﬁltmtion defined by F{(D®pr
D/)L =

im | @ (F'DL ®r, F"/D}) = Dy ®g, Di(D@rD')L
jELZ

with respect to the composite of the canonical maps

(dj); Zdj resp. (red) @@ @d)— (r)e(ded),

the tensor product D @ D' becomes an object of MF({’KW denoted by
D® D'. We call the filtration on this object the tensor product filtration.

3. Together with o @ K and

F*Ry, : FOR, = R, D F= Ry, = {0},
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the R-module R is a left unit and a right unit with respect to ®, denoted
by R.

An object with only one filtration jump at 0 is said to have trivial filtration.
Hence, the Rp-modules Dy, together with the filtration associated with an
object D of MF?,K,n are modules over the trivially filtered ring Ry, .

Proof. Ad 1.: Tt is clear that ¢ ¢’ is o9 ® K-linear. Applying 7 to the identities
. . . 1 . 1 1
F'DL® F'D}, D F"="Dy@ F'"=D} (i€ ~7),
n

U F' Do F'D}) = Do D},
i€LZ
and _ _
() (F'Dp & F'D) = {0},
i€tz
one sees that F'*(D @ D’), has the desired properties.
Ad 2.: The map

Dx D' = DerD', (d,d)— ¢(d) @ ¢'(d)

is R-balanced, so ¢®¢’ is a well-defined oy ® K-linear endomorphism of DQgrD’.
Denote the canonical isomorphism Dy, ®g, D} (D ®grD'), by 1. Let i € %Z.
Then for all j € %Z, we have inclusions of Ry-modules

FIDp ®p, F'/D; C FI-wDy @p, F9D, C Y F/' %Dy @p, FI'Dj,
JELL

where the first is valid by flatness of F*=7 D’ (see 2.1.3, 1.)). Now applying 1’
to
S FI'Dpen, F'D,C Y FI'TuDy@r, D),
JjeLL jelz

shows that F*(D ® D’)p, is decreasing.

Let x := )", n'(ar @ bi) € (D ®p D')r, with the ar, € Dr, b, € D}, and where &
runs through a finite index set. Since F'* Dy, resp. F* D’ are exhaustive, all the
ay are contained in some FY1D; and all the by are contained in some F7J2 D;.
It follows that » € F™inli1d2} (D @g D). Thus F*(D ®g D')z, is exhaustive.
Let 3o, n'(ar ®@bg) =2 € i1y FY(D®g D)1, where again ay, € Dy, by € D,
and where k£ runs through a minimal finite index set. Such minimal represen-
tations exist although they need not be unique. Since F*Dj is separated, for
every such representation there is a filtration index j maximal with the prop-
erty that all the ay, are contained in F7Dy,. Since F*D’ is separated and D} is
finitely generated, there is a sufficiently large index [, again dependent on the
representation, such that FlD/L = 0. Suppose x # 0. By assumption, z is in
particular contained in F™(D ®g D), = n'(ZTE%Z F'Dyp ®g, F™"D}) for
any m > j+ 1. If r < jthenm—r > m—j > [ and hence F"~ "D} = 0.
If » > j then not all ay are contained in F"Dj, hence x would have a rep-
resentation of length smaller than the minimal one, which is a contradiction.
Therefore, F*(D ®pg D')y, is separated.
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Ad 3.: Let D = (D, ¢, F*Dy) be in MF} . . By 2.,
00®¢p:RIr D —- R D, r®dw— 0o(r) ® ¢(d)

is a well-defined oy ® K-linear map. Then the canonical isomorphisms of R-
modules R®r D = D = D ®g R induce natural isomorphisms R® D = D =
D®Rin MF} . .

O

By abuse of notation we also write the tensor product filtration of objects
in MF{ . as

Fi(D@r D)y = ZFjDL ®r, F'ID}.

J

The content of the next proposition is to show how to consider Z-filtered
¢-modules as %Z—ﬁltered ¢-modules via the ceiling function

R — Z, x — [z] := the unique integer s such that z < s <z + 1.

Proposition 2.1.5. Let MF?K denote the tensor category of Z-filtered ¢-
modules. Then assigning to an object D = (D, ¢, F*Dy) in MF?K the object
I,(D) := (D,¢,F'*1Dy) and to a morphism f : D — E in MFQLSVK the mor-
phism L,(f) : In(D) — I (E), d — f(d) in MF?KW defines a fully faithful
functor I, : MF?K — MF%Kn This functor is compatible with ® and unit
objects in the sense of 2.1.4.

Proof. Let (D,¢,F*Dy) be in MF?K. One easily sees that FI*1D; gives

indeed a decreasing, exhaustive and separated %Z—ﬁltration on Dy. Let i € Z
be a jump of F*Dy. Then

FlD, = FiDy 2 Fi*'D, = Flitalp,,

so the jumps of F*Dy are also jumps of FI*1D;. For the reverse inclusion,
let € 17 and FhJ“ﬂDL C FI*1Dy. Then necessarily [z] < [z + 17 which
is equivalent to x being in Z. This implies that the above assignments indeed
define a fully faithful functor I, : MF% K — MF? ., Which preserves unit
objects. ’ o

Let D, E be in MF?K with F being finitely generated. On the one hand, the
i-th filtration step of the filtration attached to I,(D ® E) is

Fl(Dog E), =Y F/Dy®g, FI''E, (2)
JEZ
for any i € %Z.
On the other hand, the i-th filtration step of the filtration attached to I,,(D) ®
I,(E) is
> FMDp@g, FIHE, (3)
kelz
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for any i € %Z. Let us justify that the right hand side of (2) and (3) agree for
every i € %Z.

Note that [x+m] = [z]+m for any € R, m € Z. Using this property, it follows
that the right hand side of (2) is contained in (3). To see the reverse inclusion,
fix j € Z. For an integer s, the containment s € {(j —)n+r |1 <r <n}is

equivalent to P] = j. In this case the possible values of {z — %1 are contained

n

in {—=j 4+ [i],—j + 1+ [i]} where both values are actually attained because
1 <r < n. Butthen [£] + [i— £| runs through {[i],[i] + 1}. Hence the
submodule of Dy ®p, Fr generated by those F[i]DL R, FP_%}EL such
that [%1 = j is contained in F/ Dy ®p, Fli=3iE; . Since this holds true for all
j € Z, we conclude that the functor I,, is compatible with ®. O

The essential image of I,, consists of those objects (D, ¢, F*Dy) for which
the implication )

FzDL/FIJr?DL 7é O=>z€eZ

holds true whenever xz € %Z. Via the functor I, we consider Z-filtered ¢-
modules as %Z—ﬁltered. If no confusion arises, we usually omit the explicit
mentioning of I,, from the notation.

Using the same arguments as in the proof, the statement of the proposition is
valid for ¢-modules with A-filtration for any subgroup A C %Z.

Proposition 2.1.6. Let D := (D, ¢, F*Dy,) be a non-zero object in MFfKn
Consider the statements:

1. The R-module D is free of finite rank.
2. The underlying Ly-vector space of D is finite-dimensional.

Then statement 1. implies statement 2. If, moreover, ¢ is bijective the con-
verse also holds. In particular, under this latter condition, every ¢-invariant
R-submodule is automatically free.

Proof. The implication "1. = 2." holds because of the identity dimy,(D) =
dimp,, (R)-rankg (D).

Let ¢ be bijective and assume statement 2. holds. With the notation of 2.1.3 we
have ¢(D,,) = D oo for all 7p. By finite-dimensionality, there exists s € Z>

such that the multiplicity of every isotypical component of D is s. This implies
1. O

Definition 2.1.7. Let D := (D,¢,F*Dy) be in MFQL&,KW such that D is a

free R-module of finite rank and such that ¢ is bijective. Then we call D a %Z—
filtered isocrystal over L with coefficients in K. The map ¢ is usually referred to
as the Frobenius of D. The full additive subcategory of MF% K. Of %Z—ﬁltered
isocrystals over L with coefficients in K is denoted by FICy, k.

Let D = (D, ¢, F*Dy) be in FICy, g, and denote by Hompg(D, R) (resp.
Hompg, (D1, Rr)) the dual R-module of D (resp. the dual Ry-module of D).
We have a canonical isomorphism of Ry-modules

0: Ry, ®g Hompg(D, R) = Hompg, (Dr, R1),
a®@YP[d@d— (1®1Y(d) adl,
———
ERL:L®LOR
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where a’ € Rz, and d € D. Then D gives rise to the object DV := (DY, ¢, F*(DV)1)
whose underlying R-module is DV := Hompg(D, R). It is finitely generated free
with rank equal to that of D. By definition,

¢": DY = DY, £ [d (00 ® K)(E(671(d)))]

and
F(DY) =07 ({¢ € Homp, (Dr, Ry) |(F*~'Dr) = 0}),

where we view Ry as a trivially filtered Rp- module Then ¢V (£) is clearly
additive and it is R-linear because ¢! is oy ! ® K-linear. Hence ¢V is well-
defined.

Let r € R, &,& € DY. Then we have for all d € D

¢"(r-&)(d) = ((co @ K)o (r-&)o¢ ") (d)
= (00 @ K)(r&1(¢~(d)))
€ER
= (00 @ K)(r) - ¢"(&1)(d)
= ((o0 @ K)(r) - 6" (&1))(d),

eDV

and

V(& +&)d) = ((co® K)o (& + &) oo ")(d)
= (00 ® K) 0 &1(¢~ " (d)))(d) + ((00 @ K)(&2(6~1)))(d)
=¢"(&)(d )+¢V(§2)( )s

which shows that ¢V is og ® K-linear.

It is clear that F*(DY). is a family of submodules of (DY)y. To show that
it is decreasing, let #~1(¢) € F'(DY)y. Then ¢ vanishes on F=~“Dj hence
on F'Dy, for all ¢ € 17 such that ¢ > L —i. By definition this means that
9-1(¢) € F»—(DV),. Since 1 —t<i, F*(DY)y is decreasing. It is exhaustive
because F*Djp is separated and it is separated because F°®Dj is exhaustive.
The object thus obtained is called the dual of D. Hence we have proven part of
the following result.

Proposition 2.1.8. The category FICy, i, is closed under the formation of
tensor products and duals in the sense just defined.

Proof. Concerning ®, note that the tensor product D; ® g Dy of two free R-
modules of finite rank is again finite free over R. The tensor product filtration
is decreasing, exhaustive and separated, as we have seen before. O

Let FIC i denote the category of Z-filtered isocrystals over L with coeffi-
cients in K. The following statement is proved in the same way as 2.1.5.

Proposition 2.1.9. The functor I,, from proposition 2.1.5 restricts to a functor
FIC; x — FICy, g, with the same properties.
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2.2  Weak admissibility

In [Fo2] to (the isomorphism classes of) objects D of FIC,, (cf. section 1.3) is
associated a pair of integers (tn (D), (D)) in order to define (weakly) admis-
sible objects in FIC;. The notion of weak admissibility relates the Frobenius
and the filtration of such a D and can numerically be expressed in terms of the
functions ¢t and tg. In this subsection we introduce the corresponding invari-
ants and study the concept of weak admissibility for objects in FIC, k.

Let D = (D, ¢, F*Dy,) be a non-zero object in FIC,  ,, and set

h = dimp, (D) = [K : Q] - tkr(D).

Then ¢, as a og-linear automorphism of D as an Lg-vector space via scalar
restriction along the ring map Ly — R, | — [ ® 1, induces on the top exterior
power /\h D a bijective op-linear map /\h ¢. Since /\h D is one-dimensional, for
every two elements z,y € A" D\ {0}, there exist a, b, c € L§ with y = az on the

one hand and (A" ¢)(x) = bz resp. (A" $)(y) = cy on the other hand. Hence
we obtain

h h
car = cy = (\ ¢)(v) = (/\ $)(az) = o0(a)bx

which implies ¢ = og(a)ba™t. As both v,00¢ and v, extend the p-adic valuation
on Q, we have v, 0 0y = v, as functions from Lj to Z. Therefore the following
definition makes sense.

Definition 2.2.1. Let D, x and b be as in the previous discussion. We set
tn(D) == v,(b) € Z.

This is the Newton number of D.

Remark 2.2.2.

1. The scalar b in the definition is equal to the determinant of the matrix
representing ¢ after choosing an Lg-basis of D. The above considerations
then imply that the definition of ¢ (D) is independent of this choice.

2. If there is no risk of confusion, we frequently denote the Newton number
of D also as tn (D, ¢) or simply as ty(D).

3. Using the behavior of the determinant of an endomorphism under scalar
restriction one checks that we have the equalities

1
—
[Lo = Q) ?
where dety,, resp. detx means the determinant of an Lo-linear resp. of a

K-linear map (cf. also [BouAq, III, §9, no. 4, Proposition 6] and [SchT,
discussion after Proposition 5.2]).

tn(D) = (detr, (@17 9)) = [K : LoJvp(detx(¢))  (4)

Keep the notations as before. Via scalar restriction, Dy, is an h-dimensional
%Z—ﬁltered L-vector space.

22



Definition 2.2.3. We set

; 1
D) = p di 'D —Z.
tg (D) Z i dimp(gr'Dy) € -

i€lz
This is the Hodge number of D.
Remark 2.2.4.

1. If there is no risk of confusion, we frequently denote the Hodge number of
D also as ty(Dyp, F*) or simply as ty (D).

2. For the Hodge number as defined in 2.2.3 we have

ty(D) =[K : L] Z i dimg (gr'Dy)

i€ELZ

=[K:2)> Y i dimg [(FZDL AD..)/(F**Dyn D)

T ielz

where the second equality uses semisimplicity of the ring L ®q, K as ex-
plained in 2.1.3.

Definition 2.2.5. An object D = (D, ¢, F*Dy) in FICy g, is called weakly
admissible if

tu(D) = tn(D)

and if for every ¢-invariant Lo-subspace D’ C D with induced filtration F® Dy N
D’ we have

tu((DL,, F*Dr N D)) < tn((D', ¢l p)))-
Denote the full subcategory of weakly admissible objects in FIC, k , by FICT % ..

Also let FIC%‘?}? denote the category of weakly admissible Z-filtered isocrystals
over L with coefficients in K.

Remark 2.2.6.

1. We set tn({0}) := 0 and ¢x({0}) := 0. With this definition the zero
object is weakly admissible.

2. In the category consisting of triples (D, ¢, F*Dy) where D is a finite-
dimensional Lg-vector space, ¢ is a og-linear automorphism of D and
F*Dy is a decreasing, exhaustive and separated %Z—ﬁltration of Dy, by
L-subspaces, weakly admissible objects are defined as in 2.2.5. Then, by
[Men, Theorem 2.2 and Satz 5.5], the category consisting of the weakly-
admissible objects in this specific category is abelian and closed under the
formation of tensor products and duals. From this one can conclude that
the same is true for FICY .. In particular the existence of kernels and
cokernels of morphisms in FIC}? ,, follows from Frobenius-invariance and
the implication "2. = 1." in 2.1.6.

3. Let D be in FICy g,,. Using the same arguments as in the proof of
[BrMe, Prop. 3.1.1.5], one sees that it suffices to check the condition con-
cerning weak admissibility on ¢-invariant R-submodules of the underlying
R-module of D.
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4. The functor I, from proposition 2.1.9 restricts further to a functor FIC?? —

FIC) " .
Assumption 2.2.7. We will assume from now on that
(K™)™ contains Q, and that K contains all n-th roots of unity.

That such a K of finite degree over Q, with these properties exists follows
essentially from the finiteness of the group index [Q, : (Q,)"]. Assumption
2.2.7 implies that the polynomial X" — a € K[X] splits completely for every
a € Q. Moreover, using this property,

we fix once and for all a root of X™ —p € K[X] and denote it by p%.
The multiplicative inverse of p% is denoted by p_%. Next we present two ex-
amples in which we apply the notions just introduced.

Example 2.2.8. The unit object R in FIC g, is weakly admissible since
detg (o ® K) € {—1,1}.

Slightly less trivial is the following example which is inspired by the discus-
sion in [BrSch, Section 7, after Lemma 7.3] for the case n = 2. It describes a
“twist of the unit object from the previous example by %”. Here and afterwards
we sometimes denote the filtration associated with an object D of FIC, k , by
F*D if there is no risk of confusion.

Example 2.2.9. Define the filtered isocrystal K, having as underlying R-

module R, its Frobenius is o¢p ® p_% and the filtration F*K,, is given as

F =K, =R, 2 F'K, = {0}.

Then K, is weakly admissible in FICy, i ,: via the isomorphism described
in 2.1.3, we transport the action of the Frobenius on R to @, K, where it
translates to a permutation of the components K, followed by a multiplication
with p_% € K. Hence there are no proper Frobenius-invariant R-submodules.
To conclude that K, is weakly admissible, we therefore only need to compute
tn(K,) and tg(K,,). Setting h :=[K : Qp] we get, using (4),

tn(K,) = [K : Lo vy(e - detx (R — R,z — p~wx))

= [K : Lo]up((p™ "))
h

n

= > jdimy(gr'Rp) = tu(K,)
JELZ

where € € {—1,1}.

The object K" the n-fold tensor product of K, with itself, might not be
well-defined a priori. But by associativity of the tensor product all the objects
that arise are isomorphic via the canonical isomorphisms R®™ SR (valid for
any m > 1) and the fact that F*K,, has only one jump.
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We claim that the canonical R-module isomorphism R®"= R is an isomorphism
Ki"SK

in FIC}" ,,, where K has underlying R-module R, its Frobenius is oo @ p~'

and the filtration F'*K is given as

n

F'K:=R,D>F "+ K :={0}.

Proof of claim. Note that K lies in the essential image of I,,: this can be seen
adm

by applying this functor to the object in FIC] j defined similarly as K with
minus first filtration step being equal to Ry, and with zeroth filtration step being
the zero module. It follows that K lies in FICY % ..

The underlying R-module of K2 is free of rank 1. The Frobenius of this object
is
D11l ® ki) = @ (00 (i) @ p~ ki)

and it is compatible with R®" 3 R. As for the filtration, let us first remark that
for any D in MF‘ZL5 K. the isomorphism R®"™ ® g D= D induces an isomorphism

of Rr-modules between F7 (Kf’”*l ® D) and FJ*%Q for all j € %Z. Now the
claim follows by setting D = K, , by computing filtration steps for j = —1 resp.
j= —"T_l and using the definition of the filtration associated with K. O

Different choices of roots of X™ — p yield the objects
KS := (R, 00 ®(p ", F "Ry := Ry, D F'Ry := {0})
and isomorphisms
K¢ > K, @I,((R,00®( F'RL := Ry, O F'Ry, := {0}))

in FICT" ,, where ¢ € u,(K). The pairwise non-isomorphic objects K ¢ are
“n-th tensor roots” of K in FIC7" ,, in the sense that (K$)®™ and K are
isomorphic for all ¢ € p, (K).

The previous example motivates the following definition.

Definition 2.2.10. Let D be in MF{ ;.

1. Let 7 € Z>¢. Define the twist of D by = as Q<%> = K%T ® D, where we

set M®° := R for any M in MF} . (cf. 2.1.4).

2. Let r € Z<o. Define the twist of D by - as Q<%> = (K,\i)@)(ﬂ”) ® D.

In particular, E<%> = K, and, in view of 2.2.9, we find

R(1)=R(2)*EZ° K" 9 R~ K.

A simple computation using the properties of the objects K, and K allows
the following description of twists.
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Lemma 2.2.11. Let D = (D, ¢, F*Dy) be in MF%Kn Then we have for its
twists an isomorphism

D(L)y=(D,1® (p7) "), (F')*Dy)

where (F')'Dy, = F*%Dyp for r € Z. Moreover, for all objects D, E in
MF?K’" and all,j € %Z, there are canonical isomorphisms

D) @E(j) = (D®E)(i+3]),

m particular
(D (i) (j) =D (i+j).
Remark 2.2.12.

1. In MF?K’”, the objects K, from 2.2.9 and K, = E<—%> are mutually
inverse with respect to the tensor product, by which we mean that there
is an isomorphism K, ® K)! = R.

2. Let D be in FICy,  ,, and let D' denote any twist of D. On the one hand,
the Frobenius maps of both objects differ by composition with a K-linear
automorphism. On the other hand, the filtrations associated with both
objects determine each other by a shift of filtration indices of the form
i—=1i+m,me %Z. It follows that Frobenius-invariant submodules of
D with associated induced filtration are in bijective correspondence with
Frobenius-invariant submodules of D’ with associated induced filtration.
The effect of twisting by some j € %Z on the Newton and the Hodge
numbers of an object D = (D, ¢, F*Dy) in FIC ., is

tn(D(j)) = tn(D) — rankp(D)[K : Qplj
and similarly
tu (D (j)) = tu(D) — rankp(D)[K : Qplj.

Hence we find that D is weakly admissible if and ounly if D (j) is weakly
admissible for any j € %Z and that "twisting by j € %Z" induces a
faithfully exact functor

(=) ) : FICT . , = FICT ), D= D (j)

in the following sense: let A’, A, A” be in FIC}" ,,- Then a sequence of
morphisms in FICT ",

0A HASA 50
is exact if and only if the associated sequence
0 &7 () A G A" () 0.
is exact in FICT%, for all j € 17

For later purposes we introduce a specific subcategory of the abelian category

26



FICT k.-

Definition 2.2.13. Let K, be as in 2.2.9. Define FIC}" () := the full sub-
category of FICT %, such that

e objects of FICadm are objects of FICT % (),
e all objects of FIC}? ,, isomorphic to K,, are objects of FIC} ¢ (,,,

e it is closed under (any finite combination of) the formation of @, ®, duals
and subquotients (:= quotient objects of subobjects) and

e whenever there is an isomophism X — A in FIC}% ,, A an object in
FI Y?K,(n)? then X is in FIC‘zaK(n)

Moreover, we require FIC}" ) to be minimal with these properties.

In the definition, by a subobject of D in FIC7 s, we mean a Frobenius-
invariant R-submodule of the underlying R-module D’ of D together with its
induced filtration such that the object induced by these data is again weakly
admissible (i.e. tx(D') =ty (D’)).

Proposition 2.2.14. Let D be an object of FICT® K,(n)- Then there are objects
Dy,...,D,, 1 in FICa(jlm and a decomposition, unique up to isomorphism,
n—1
D=@D ().

%

Il
=)

Proof. Denote by ¥, the full subcategory of FICT" ,, whose objects are those
of FIC}" ,, which are isomorphic to one of the form

P(ém e >én71>Kn)
Here P is an element of Z [Xl, ooy Xpt1] with coefficients > 0 and the A; are
objects in FICZ’”drﬂ for i =0,...,n — 1. Multiplication is to be interpreted as ®
and addition as ®. Then T, is a subcategory of FICVLV':’K’(H) since, by definition,
the latter is closed under formation of objects of the kind just described. One
checks that T, satisfies the first three properties of 2.2.13, so FIC} % , is a
full subcategory of T,,, hence both categories coincide.
Note that K = K" is an object in FICadm (Example 2.2.9) and K/ is isomor-
phic with K ;8;" & KVso after reordering accordlng to tensor powers of K, one
sees that objects in FICT " (,,) are isomorphic to those from the statement. [

Note that all objects K¢ from 2.2.9 lie in FICT %k () where ¢ € pi,(K).

Remark 2.2.15. Using the properties of twists with respect to ® from 2.2.11,
the tensor product of two objects D = @' 1D <7> and £ = &) lE < >

n
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FICVLV;&K’(n) may be computed as follows:

@ Bi(L)

~ z+] >

1%

D®E

N@ B (Do E)LF)E).

=0i+j€k+nZ

Here for any real number z, the expression |x| denotes the largest integer y
such that x — 1 <y < z.
We will need this description of the tensor product in section 4.

Corollary 2.2.16. Let D = @7_1D, (%) be in FICT % (ny- Forr=0,...,n—1,
let {jr1,...,Jrk} denote the set of those jumps of F'*D which are contained in
"L +Z. Then this set coincides with the set of jumps of F*D,. <£> With respect
to associated graded pieces of the respective filtrations we have the equalities

grj'r,lQ — grjr,lQT <%>

foralll=1,... k.

Proof. Both statements follow from the description of twists in 2.2.11 combined
with the statement of 2.2.14. O

We conclude this section by discussing an example which shows that there
exist objects in FICT " ,, that are not objects in FIC} " ) in general.

Example 2.2.17 (Schneider). Let L = Q, and consider the category FICq, x ».
We first observe that an object D in FIC&:’ k,n» Which has underlying one-
dimensional K-vector space must necessarily belong to FICG" x (,y: indeed, we
have

tu(D) = j[K : Q) =tn(D) € Z

where j € %Z is the unique jump in the filtration associated with D. By 2.2.11
we have D = (D (—[j]+ 7)) ([4] — j). Note that D (—[j] + j) is in FIC(a@(irf}(
because the unique jump of the associated filtration of this object is [j]. Thus
D lies in FICQ g (,,y by 2.2.14.

Additionally let K be such that it does not contain a square root of p%. Then
K’ := K[X]/(X2? — p#)K[X] is a field obtained by adjoining to K both square
roots of p%. For any onedimensional K-subspace W C K’ we define K}, :=
(K',z+— Xz, F*K') in FICq, i,n where X := residue class of X in K’ and

K' j<0
FIK'=qw j=1
0 j>=

The matrix of the Frobenius with respect to the K-basis {1, X} of K’ is

Op%
1 0)’
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having determinant —p% with respect to K. Its characteristic polynomial does
not split into linear factors over K by assumption, whence there are no proper
Frobenius-invariant K-subspaces of K’. We compute

tn(Ehy) = [K : Q) up(—p) = [Kni@)]

The only summand contributing to the Hodge number of K7, is % dimg, (grvK') =
LIK : Qy), so
(K : Q]

I J—
ta(Ky) = 0

Hence K7 is weakly admissible for any W. It cannot, however, be (isomorphic
to) an object in FICG" ). If it were, K w would necessarily decompose as
in proposition 2.2.14 into two non-zero direct summands corresponding to the
jumps 0 € Z and £ € 1 4+ Z of the filtration associated with it (cf. also 2.2.16).
This would imply the existence of proper Frobenius-invariant K-subspaces of
K'.

Similarly, the contradiction obtained by intersecting one of the direct summands
of a finite direct sum (K, )®™ (m € Z>1) with the Frobenius-invariant K-vector
space underlying D, _; (1) shows that (K7;)®™ does not lie in FI Qo K, (n)-
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3 Crystalline representations

We keep the notations and conventions of the previous section. In particular,
we remain in the situation of 2.2.7.

As explained in the introduction, there is an equivalence between the abelian
categories Rep®™(G) consisting of crystalline Q,-linear representations of
Gal(Q,|L) and FICT* consisting of weakly admissible Z-filtered isocrystals over
L. In order to establish a result in this direction with respect to the categories
introduced in the previous section, we now present corresponding necessary
constructions on the representation-theoretic side.

3.1 The category Repy (GL, (n))

For the construction of the group G, (,), we need a slight modification of the
p-adic cyclotomic character x,.

Definition 3.1.1. Let Q, C E be a finite field extension contained in @p.
Denote by ep : G := Gal(Q,|E) — K* the continuous character obtained by
composing the restriction of x, to G with the inclusions Z; - Q; C K*,
where G has the profinite topology and K* has the induced topology of the
p-adic topology on K.

With respect to the following definition, we remark that in the category of
topological groups all fiber products exist.

Definition 3.1.2. Let Q, C E be a finite field extension contained in @p.
Denote (Gg,(n),€Em : GE,m) = K™, 080 : Gg,m) — GE) the fiber product of

with respect to e and
KX = KX A= A
In particular we obtain a continuous character eg .

Lemma 3.1.3. Let Q, C E be a finite field extension contained in @p and let
GE,n) be the fiber product as in the previous definition. Then the morphism
dp.n is surjective. Moreover, the subgroup H,, := ker(0p n) is central in G ()
and €g n, nduces an isomorphism between H, and p,(K).

Proof. We identify the group G ,) with the subgroup of the direct product
group K* x Gg consisting of the pairs (A, o) such that \* = eg(c). By 2.2.7
we have eg(Gg) C (KX)". Let 0 € Gg and A € K* such that A" = eg(0).
Hence (), 0) € Gg () and dg,,((A,0)) = 0. This shows the first assertion.

The subgroup H, is identified with {(\,1g,) € K™ x Gg |\ =1}. This si-
multaneously shows the second and third assertions. O
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Remark 3.1.4. Let Q, C E be a finite field extension contained in @p. The
lemma shows that we get a central extension

1— Hn % GE,(n) 5£>" GE —1 (EXtEﬁn)
of Gg by a group which is isomorphic with u,, (K).

1. In an appendix to this subsection we give a criterion concerning a splitting
of (Extg ) in dependence of the degree of the field extension E|Q,.

2. Precomposition with ég , induces an injective group homomorphism
{group homomorphisms Gg — K}

— {group homomorphisms G ,) — K*}

under which ex is mapped to €, , : h = g, (h)". Due to this fact, we
may refer to eg 5, as an n-th root of eg.

From now on we focus on the case F = L and in particular on the category
of continuous finite-dimensional K-linear representations of Gp, () which will
be denoted by Repx (G (n))-

Let (V,p) be in Repg(Gr,n)). The elements of the cyclic group p(H,) are
diagonalizable, as X™ —1 factors completely over K with pairwise distinct roots.
Denote by X(H,) the finite abelian group of characters x : H,, — K* and
similarly for X (p(H,,)). Then precomposition with p induces an injective group
homomorphism X (p(H,)) — X(H,) by which we identify X (p(H,)) with a
subgroup of X(H,). The eigenspace decomposition of V with respect to the
elements of X (H,,)

V= Vi (5)

XEX (Hn)
where V) := {v eV |p(h)v = x(h)v Yh € H,} and V,, := 0 if x ¢ X(p(H,))
will be used throughout in the following. Due to centrality of H, in G (), the
Vi €V are K-subrepresentations of G, (,,). By the definition of morphisms in
Repy (G, n)), the association V'~ V| is functorial in V' for every x € X (H,,).

In the following, we write ¢,, := €, , and

Xn,; := the restriction of ¢,,7 to H,, (j=0,...,n—1).

With this notation we have

X_l' _ Xn,O j =0
mJ Xn,j—1 1 S] <n-—1.

Since &, is an isomorphism between H,, and u,(K), the restrictions of the n

different elements €,,7 to H,, yield n different elements of the cyclic group X (H,,)
(a generator is 1, for example). Hence equality (5) can be rewritten as
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If (K, x) and (U, p) are in Repy (G, (n)), we write x ® U for the representation
(U,g + [ur x(9)(p(g9)u)]). We find that H, operates trivially on &/, @ U,
for all j =0,...,n — 1 and hence these are naturally objects of Repy(Gpr).
If (V,p) is in Repg (G (n)), the tuple

n,j

(VV,pY) := (K-vector space dual of V, g~ [£ = [v+— £(p(g~")v)]])

is also in Repy (G, (n)). Then one easily checks that the decomposition of (V, p)
into H,-eigenspaces is related to that of (V',p") by (Vy, )V = (VV)X_;.

Remark 3.1.5. From now on, we ususally omit either the space or the group
homomorphism in the datum of a representation of a group when there is no
risk of confusion.

Appendix on the splitting of a sequence of the form (Extg ,): The fol-
lowing discussion and the two subsequent results are inspired by [BrSch, Lemma
7.5]. Although interesting in their own right, these results will not be used in
the sequel.

Let Q, C E be a finite field extension contained in @p. We recall that iso-
morphism classes of central extensions with outer parts H,, and Gg as above are
in canonical bijection with elements of the Galois cohomology group H?(Gg, i)
[Mac, p. 112, discussion following Theorem 4.1] with law of composition written
additively. In particular, such an extension splits if and only if it is represented
by the trivial element in H?(Gg, it,). By local class field theory, one has an iso-

morphism invg between the Galois cohomology group H?(G E,@: ) and the ab-
solute Brauer group of E which is isomorphic to Q/Z. Hence, the invariant map
invg induces an isomorphism on n-torsion which implies H?(Gg, p,) = 1Z/Z
(cf. [GiSz, Corollary 4.4.9]).

The bifunctor “second Galois cohomology” H?(—, —) is contravariant in the first
argument, and the morphism induced by an inclusion of groups (but fixed Ga-
lois module) is the restriction. For the specific inclusion Gg < Gg, and the
induced restriction map, the class of (Extq, ) corresponds to that of (Extg )
via this construction.

By one of the main theorems in local class field theory, the restriction induced
by Gg — Gq, is multiplication with [E : Q,] on (torsion subgroups of) Brauer
groups via the invariant map. Hence, we have

mvgl o [E: Q] oinug, (class of (ExtQp’n))

= restriction(class of (Extg ,)) = class of (Exty ).

Lemma 3.1.6. With the notations from the preceding discussion, the sequence
(Extq,,n) does not split.

Proof. Recall that Gg, (n) is by definition the fibre product of K* and Ggq,
with respect to —" : K* — K> and ¢q, .

Suppose, that (Extg, ) splits, with splitting s : Gg, — Gg,,(n)- Let f be the
composite of eg, , With s. Then we have f(h)" = eq, (h) for all h € Gg, which
for all h € ker(eq,) implies f(h) € p, (k). Since eq, » induces an isomorphism
of H, with p,(K) we find that s(h) is contained in H, for all h € ker(eg, ).
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Since s is an injective group homomorphism and ker(eg,) is not a finite group,
we arrive at a contradiction. O

Proposition 3.1.7. Let Q, C E be a finite field extension contained in @p.
Define cq, = invg, (class of (Extg, n)) in ~Z/Z and analogously for cg. Then
the following are equivalent:

1. The extension (Extg ,) splits.
2. The order of cg, divides [E : Qp].

Proof. The element cg, generates a subgroup of %Z/Z which does not consist
of the unit element alone by 3.1.6. Then 1. holds if and only if the chain of
equalities 0 = cg = [E : Qy]cg, is valid in 2Z/Z (by the discussion before 3.1.6)
if and only if 2. holds. O

3.2 The rings Bar,n and Beyis,n

Via certain ring extensions of B.,is and Bgr we aim to single out a specific class
of representations of G'7, (). In order to construct the ring extensions we fix a
Zp-generator t of Zp(1).

As one might expect, statements in this subsection and in the next section can
often be proved by refering to the validity of a corresponding statement in the
classical setting.

Definition 3.2.1. Define
BdR,n = BdR [X] /(Xn - t)BdR [X]

as the quotient of the polynomial ring in one variable over Bqr modulo the ideal
generated by the polynomial X" — ¢.

Lemma 3.2.2. The ring Bqr,, s a field extension of Bar which is Galois of
degree n with Galois group isomorphic to Z/nZ. If « is a oot of X™ —t in an
algebraic closure of Bygr then Bygr.n and Bar() are isomorphic as fields via

X := residue class of X — «

and « is a uniformizer of the totally ramified extension Bagr(«)|Bar.-

Proof. By Eisenstein’s criterion with ¢ as prime element, the polynomial X™—t is
irreducible in Bgg [X]. The irreducibility holds if and only if the ideal generated
by X™ —t in Bgr [X] is maximal if and only if Byg ., is a field extension of Bygr
of degree n. The zeros of X™ —t are ((:Y)Ceun(gm) hence Byr »|Bar is Galois.
Every automorphism of Bgg,, which leaves Bgr fixed is given by multiplication
with a fixed ¢ € p,(Bgr) on the set of zeros of X™ — ¢. Hence the Galois group
of Bar,n|Bar is isomorphic to Z/nZ.

The remaining statements are proved in [FeVo, Proposition I1.3.6]. O

Remark 3.2.3. The definition of Bggr,, is independent of the choice of ¢: in-
deed, let ' € Z,(1) be another Z,-generator. Then there exists u € Z) such

that t' = ut. Since @p C Bggr, the field Bgg,, contains all roots of the poly-
nomial X™ — u. Let v be one such root. It follows that (CvX)* = t' for
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any ¢ € pin(Bar). Thus, as ¢ runs through s, (Bgr), the elements (vX run
through the different zeros of X™ — ¢’ which all lie in Byg, . Therefore we have
Bar,n = Bar [X] /(X" —t')Bar [X].

Definition 3.2.4. Define
Bcris,n = Bcris [X] /(Xn - t)Bcris [X]

as the quotient of the polynomial ring in one variable over B.;s modulo the
ideal generated by the polynomial X™ — t.

The following result allows us to view Beis,n, as a subring of Byg n.

Lemma 3.2.5. Let A be a subring of a field E. Moreover, let the integer d > 2
and a € A% be such that the polynomial h := X™ — a € A[X] is irreducible in
E[X]. Then A[X] /hA[X] is identified with a subring of the field E [X] /hE [X].

Proof. We show that the kernel hE [X] N A [X] of the composite
A[X]— E[X] - E[X]/hE[X].

of the canonical ring maps is equal to the principal ideal hA[X]. Then the
statement follows from the homomorphism theorem for rings.

Let f € hE [X]NA[X]. There exists g := ZT:O b; X7 € E[X] with b, # 0 such
that f = hg. There are two possibilities. Assume first m < n. This means f
can be written as

m m—+n
f=hg==> ab, X"+ > by ;, X7
j1=0 Jjo=n

By looking at the right hand sum, it follows that g has coefficients in A whence
fehnA[X].
Now let m > n. Then

n—1 m m—+n
F=hg== ab, X"+ (bjy_n —ab,) X7+ > bj, X7
71=0 Jo=n jz=m+1

Recall that a € A*. Hence for the sum indexed over jy we get implications
(bj2,n—(lbj2), ij,n EA:>bj2 eA (]2 :n,...,m).

Again we find f € hA[X], and altogether hE [X] N A[X] C hA[X]. Since the
reverse inclusion is trivial we get the statement of the lemma. O

Corollary 3.2.6. The ring Beyis,n 15 a subring of Bar,n. In particular, Beyisn
is an integral domain.

Proof. The statements follow from applying 3.2.5 with A = Be,is, £ = Bgr and
a==t. O]

Definition 3.2.7. We denote by ¢,, the residue class of X € Bgr[X] in Bagr, n.
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The set {1, [ 7 ,tﬁ’l} forms a basis of Bgis,n as a module over Beis and
also a basis of Bygr,, as a vector space over Bgr. Denote by v the normalized
and discrete valuation on Bgg with respect to integer powers of mp,, = tBjy =:
F!Bgr (cf. subsection 1.3). Then the unique extension of v to Bar,n is w :=
%UONBdR,n‘BdR7 where N, B, 18 the norm homomorphism. Since nw(t,) =
v(t) = 1, we have w(t,) = +. The filtration on the field Byg, induced by w is
thus given via

F"Barn ={y € Barm |w(y) >} (r € 7).

Let 7 € 2Z and y = Z?;ol bit!, € F'Bar,» \ {0} with unique b; € Bgg. For
every index i such that b; # 0, the number w(b;t?,) lies in £ + Z. Since 17Z is
disjointly covered by the sets % +Z (i=0,...,n—1), there is a unique ' such
that
wbpt!) = min w(bgth).
(birts,) 4€{0,...,n—1|b;#£0} (bity)

Therefore we have )
r <w(y) = w(bity,)

and this implies for all : = 0,...,n — 1 such that b; # 0 the leftmost inequality
in the string of equivalences

Tgv(bi)+l<:>7”71 §v(bz)¢>bl EF|VT77%-|BdR
n n

(for notation concerning the right hand term, cf. 2.1.5). Thus we have proven
the following result.

Lemma 3.2.8. Letr € %Z. Then F"Bgr., decomposes as

n—1

F"Bar,n = @(Frri%]BdR)tzz'
i=0

Note that, in particular, ¢, is contained in F' o Bg4r,n but is not contained in
a filtration step with index strictly greater than %

Remark 3.2.9. The filtration F'®*Bgg,y, described above restricts to the filtra-
tion of Bgg described in subsection 1.3. Whenever we speak of a filtration on
Bagr,n (resp. Bgr) without mentioning it explicitly, it is this filtration that we
have in mind.

Let * € {cris,dR}. Via the canonical ring homomorphism B, ®q, K —
B n ®q, K, the ring B, , ®q, K becomes a free B. ®g, K-module of rank n
with basis t, ® 1, i =0,...,n — 1.
The formation of Beisn ®g, K is independent of the choice of ¢. To see this,
let ¢’ = ut where u € Z, . Due to assumption 2.2.7, K contains an element v
with v™ = u. Then

Bcris[X}/(Xn - t/) ®@p K — Bcris,n ®Qp K,

n—1 ) n—1
(Z blyl) &z Z(blt; ® ’UiZ>
=0 =0
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is a ring isomorphism with inverse

n—1 ) n—1
Z(cin ®@v ") (Z cith) @ 2.
i=0 i=0

Recall that R (resp. Rp) stands for Ly ®q, K (resp. L ®q, K). Elements
of the group Gp (n) act as Rp-algebra automorphisms on the left tensor factor
of Bar ®Q, K via 6, := 6L,n : GL,(n) — Gp.

Proposition 3.2.10.

1. The map

Gr.(n) X (Bar,n ®q, K) = Bar.n ®q, K,
n—1 n—1
(9, Z bit}, ® 1) Z[%(Q)(bi)]t; ® e, (9)
i=0 i=0

is well-defined and extends the action of G, on Bar ®q, K by Ry -algebra
automorphisms to an action of Gp (n) on Barn ®q, K by Rp-algebra
automorphisms.

2. The map

Po : Bcris,n ®Qp K — Bcris,n ®Qp K

1

n—1 n—1
Z bitl, ® 1 — Z @o(bi)th, @ (p )’
i=0 i=0
is well-defined and extends the Frobenius pg : Beris — Beis to an injective
oo ® K-linear ring endomorphism of Beyisn ®q, K.
Proof. Ad 1.: Let g € G, () and consider the composite morphism of rings
wg : Bar ®Qp K — Bar ®@p K — (BdR ®Qp K)[X]

where the first arrow is b® z — (§,(¢9)(b)) ® x. By the universal property of the
polynomial ring in one variable, to the pair (¢4, (1®e,(g))X) there corresponds
a unique homomorphism of rings

(Pg : (BdR ®Qp K)[X] — (BdR ®Qp K)[X]
with ®,(X) = (1 ® e,(g9))X and such that
Vg = @y o (Bar ®q, K — (Bar ®g, K)[X]).

Then the association g — ®, defines an action of the group G () on (Bar ®q,
K)[X] by Rp-algebra automorphisms that preserves the ideal generated by X™—
(t ® 1). By the homomorphism theorem,

[(Bar @q, K)[X] - (Bar g, K)[X]/(X" - (t@1))] 0 @,

:=m4:=canonical projection
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factorizes uniquely over 7y, via a ring automorphism ®, say. The assignment

g — @, is then the G',(n)-action which translates to the one on Byr » ®q, K
from the statement via the natural isomorphism of Bqr ®q, K-algebras

(Bar @q, K)[X]/(X" = (t@1)) = Bar.n Og, K.

Ad 2.: This is shown similarly as the first part. By the universal property, the
pair consisting of the ring homomorphism

P := (Beris ®g, K — (Beris ®q, K) [X]) o (w0 ® K)

and of the element (1 ® pn)X € (Beis ®q, K)[X] corresponds uniquely to a
ring homomorphism ®q : (Beris ®q, K) [X] = (Bais ®qg, K) [X] with &(X) =
(1® p=)X and such that ®y o (Beis ®g, K «+ (Bens ®g, K)[X]) = ®. The
morphism @, is injective, 0g ® K-linear and preserves the ideal generated by
X" — (t ®1). Hence, as in the first part of the proof, we get a unique ring
endomorphism Beris n @, K — Beris,n ®g, K which is easily seen to be ¢g from
the statement. O

Remark 3.2.11. The G, ,)-action on Bgr,, ®q, K restricts to an action by
R-algebra automorphisms on the subring Beis,n ®g, K.
Via the injective ring homomorphism

L ®L0 Bcris,n — BdR,na l ® (Z bzt;) = Z(lbl)t:z

we induce on L ®p, Berisn, and thus on R ®g (Beris,n ®q, K), a %Z—ﬁltration
(cf. also point 2. of the corollary below). Whenever we speak of a ~Z-filtration
on Rp ®r (Beris,n ®q, K) without mentioning it explicitly, it is this filtration
that we have in mind.

Corollary 3.2.12.

1. As respective G (n)-invariants for the action as in proposition 3.2.10 we
get

(Bden ®Qp K)GL,(n) =L ®Qp K and (Bcris,n ®Qp K)GL«("') =1Ly ®QP K.

2. The action of Gy, () on Bqr,n®q, K as in proposition 3.2.10 is compatible
with the decreasing, exhaustive and separated %Z—ﬁltmtion by (FOBdR,n)®Qp
K-submodules defined as

F/(Bar,n ®q, K) := (F/Bar,n) ®g, K (j € 27),
7.€.
9(F7(Bar,n ®q, K)) = F/(Bar,n ®q, K) for all g € G (n), j € 1Z.

3. We have g(Po(x)) = @o(g(x)) for all x € Beris,n ®q, K,9 € G (n)-
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Proof. Ad 1.: We only show the argument for Bgg ,, the one for Bgisp is
literally the same, noting that BCGMLS = Ly.
We use the identity

(BdR,n ®Qp K)GL,(n) = ((BdR,n ®Qp K)Hn)GL.

The action of H, on Bgr and on K inside Byr, ®q, K is trivial. On the
Byr ®q, K-basis (), ® 1)i=0,....n—1, we have

h(th @1) =t! @ e,(h)’

for all h € H, and ¢ = 0,...,n — 1. Since ¢, is not the trivial character on
H,,, we deduce that the H,-invariants are equal to the subring Bqr ®q, K. It
follows

(Bar ®q, K)9" = (Bar)“* ®q, K = L ®q, K.

Ad 2.: This is a consequence of the fact that the filtration of Bqgr with respect
to integer powers of its maximal ideal is preserved by the action of G, hence
the action of G (,) on tt @1 for i =0,...,n — 1 preserves the filtration steps
of the filtration on Byr,, ®q, K as defined in the statement.

Ad 3.: This assertion follows by taking into account that the action of G on
Be.is 18 commutes with . O

3.3 The functors Dar,» and Deyis,n

Let f: V=W be a morphism in Repg (G (n)). Denote by (Bar,n ®q, K)® f
the linear extension of the map

(Bar,n ®q, K) ®x V = (Bar,n @, K) @x W, b®@v—b® f(v)
to all of (Bar,n ®q, K) ®x V and likewise for (Beris,n ®q, K) ® f.
Definition 3.3.1. Let V be in Repg(Gr, (n))-
1. Set
Dagr,n (V) := ((Bar,n ®q, K) @k V)GL’(")
and
Deris,n (V) := ((Beris,n ®g, K) @k V) Grtm
as the invariants for the respective diagonal actions of G ().

2. Let f:V — W be a morphism in Repy (G )). Set
DdRJl(f) = ((BdR,n ®Qp K) ® f)|DdR,n(V)

and
DCris,n(f) = ((Bcris,n ®Qp K) b2 f)

as the restrictions of (Byqr,n ®q, K) ® f and (Beis,n ®qg, K) ® f to the
respective G (,)-invariants.

Deris,n (V)
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As in the classical case, both Dggr (V) and Deys n (V) inherit structural
properties from Byg,y, resp. Berisn-

Proposition 3.3.2. With the above notations, the assignments
Vi Darn(V), [f 1V = W] Dar,n(f)

define a covariant functor from Repy (Gr, (n)) to the category of finitely gener-
ated Rp-modules which are equipped with a decreasing, exhaustive and separated
%Z—ﬁltmtion, The assignments

V= Dcris,n(v)a [.f V= W] — Dcris,n(f)

define a covariant functor from Repy (Gp,n)) to FICL i pn.

Morphisms in the proclaimed target category of Dgr ,, are R;-module homo-
morphisms that respect the filtrations between source and target in the obvious
sense.

Proof. Throughout this proof, f : U — V denotes a morphism in Rep (G, (n))-
Note that the G, (n)-action on Byr,, ®q, V is Rr-linear hence Dgr (V) is an
Rp-module. By a similar argument, Deyis (V') is an R-module.

Decomposing V into a direct sum of H,-eigenspaces gives an Ry-module de-
composition of Dyg (V) as

— 1 n— G s(n
Dar,n (V) = (((@:'L:OleRtn) ®q, K) ®K (@jzolvxn,j)) B
n—1

= P ((Bartl, ®g, K) @K Vi, )"

n,i

<.
(=)

The second equality holds because
[(Bart;, ®q, K) @k Vi, ,]™ =0

in case i # j. When i = j however, H,, acts trivially on the whole summand.
The L-dimension of each such summand is bounded above by the Q,-dimension
of Vi, ,. It follows that Dar (V) is a finitely generated Ry-module. The same
argumentation for Beis , shows that De,is (V') is a finitely generated R-module.
The Rp-linear map Dgr,»(f) maps to Dar (V) by G n)-equivariance of f.
Hence the covariance and the identity Dagrn(g o f) = Dar.n(g) © Dar.n(f)
for any morphism g : V' — W in Repg(Gyp,(n)) follow. Trivially, we have
Dygr,»(idy) = idp ar.. (V). The same properties with respect to morphisms are
valid for Deyig -

On the Ry-module Dygg (V) there is a natural decreasing, exhaustive and sep-
arated %Z—ﬁltration by virtue of

F'Dar,n(V) = (F"(Bar.n ®g, K) ©1c V)74

since the action of G (,) is compatible with the filtration on Bqrn ®q, K by
3.2.12. Tt follows immediately from the definitions that

Darn(f)(F " Dar,n(U)) € F Dar,n (V).
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On the R-module (Beis,n ®q, K) @k V, we have the injective 0o ® K-linear map
@o®V (cf. 3.2.10). It commutes with the diagonal action of G, () because the
G -action on Bgs commutes with ¢g. Thus ¢y ® V restricts to a o9 ® K-linear
injective R-module endomorphism of Deyis (V). By finite-dimensionality over
Ly, this endomorphism is actually bijective. Using 2.1.6 we see that Deys (V)
is a free R-module of finite rank.

The injective ring homomorphism

L ®L0 Bcris,n — BdR,na l & (Z bzt’;z,) — Z(lbl)t;

induces an injection of Rp-modules

RL ®R ]D)cris,n(v) =L ®Lo ID)cris,n(‘/)
= (((L ®Ly Berisn) ®g, K) @k V)20 < Dag (V)

where the third term denotes the G, (,)-invariants with respect to
l@z—1®g(x), (I€L,x€ (Baisn®q, K)®rV,9€Gr )
on elementary tensors. Now set for any r € %Z
F'(L ®14 Deris,n(V)) := L ®Ly Derisn (V) N F ' Dar 7 (V).
Hence Deyis (V) is an object of FICy, . Validity of the equality
(restriction t0 Deyis (V) of Go ® V) 0 Deyis n (f)

= Deris,n (f) o (restriction to Deyis,n (U) of ¢o @ U)

as well as compatibility of the induced Rj-module homomorphism with the
filtration steps are immediate. The proof is finished. O

Note that, being composites of additive functors, both functors from the
proposition are additive. The proof of the proposition shows in particular that,
as Rr-modules, we have a decomposition

n—1

Dagr.n(V) = P Dar (e}, @ V., ,)
1=0

for any V' in Repy (G, (n)). In the following corollary, we summarize an analo-
gous decomposition for Des (V') taking into account its structure as object of
FICy, g n, using notation introduced in section 2.

Corollary 3.3.3. Let V' be in Repy (G, (n)). Then Derisn(V) and

n—1

@Dcris(&-; ® V 'n,,i) <_%>

i=0
are naturally isomorphic in FICy, g .

Example 3.3.4. 1. We compute Deyis n (K), where here K denotes the triv-
ial G'1,,(n)-representation. Obviously, the only H,-eigenspace is Ky, , =
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K. With 3.3.3 we see that
Dcris,n(K) = Dcris(K) = (BcriS)GL ®qQ, K =R

as R-modules. Moreover, the Frobenius of Deyisn (K) is 09 ® K and the
only jump in the filtration on Ry ® g R = Ry, is at 0.

Hence, Deyis,n(K) is identified with the unit object R of FIC} " (,y (cf.
2.2.5 and the example following it).

2. We compute Deyis (%) for any 1 < i < n — 1. With the notations from
section 2 and 3.3.3 we get

Dcris,n(Eé) = Dcris

=3 (= (by [BrSch, Lemma 7.3])
> R{1) () = K

n ==n )

where K is defined as in 2.2.9. Hence ]D)Cﬁsm(sil) is naturally an object of
FIC}V?K’(H).

Before we define crystalline representations of G (), we end this subsec-
tion with a general observation on an analogue of the crystalline comparison
morphism. The properties of this morphism will be needed in the next section.

Lemma/Definition 3.3.5. Let V' be in Repy (G (n)). The family of maps

(av,n  (Beris,;n ®g, K) @R Deris,n (V) = (Berisn ®, K) @K V, b@d = bd)y,
where V' runs through RepK(GL(n)), defines a natural transformation
Qon ¢ (Berisn ®g, K) @R Derisn(—) = (Beris,n ®q, K) @k (—)

between functors from Repy (Gr, (n)) to Mod(Beis,n ®q, K).

Proof. Let V be in Repy(Gp, (n)). The fact that oy, is well-defined follows
from the decompositions

(BcriS,n ®Qp K) Qr V= @((Bcrism ®Qp K) QK V, n,i)

and

[

crls n crlstil ®Qp K) QK V, n,i)GL
z=0
each summand ((Berist?, ®q, K) @Kk Vi, )L is a subset of (Beis,n ®q, K) @k V,
hence Deyis (V) is a subset of (Beris,n ®@q, K) @k Vy,, ;-
To see naturality of e pn, let f: V' — W be a morphism in Repy(Gr, (n)) and
b®d € (Beris,n ®q, K) @R Derisn (V). Then on elementary tensors we have

n,i

((( cris,n ®Qp ) & f) o aV,n)(b & d) = ((Bcris,n ®Qp K) & f)(bd)
= b((Bexis,n ®Q, K)® f)(d) = awn(b @ Deris,n (f)(d))
(aWn (( cris,n ®Qp K) ® ]D)Cris,n(f)))(b ® d)
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and the claim follows by extending linearly. O

On (Beris,n ®q, K) ®r Deris,n (V) we naturally have additional structures:
the group G () acts via g(b® d) = g(b) ® d and a 0y ® K-linear map is given
by b@d +— @o(b) ® (Po ® V)(d). On the scalar extension over R to Ry, we have
a %Z—ﬁltration given by the tensor product filtration.

On (Beris,n ®q, K) @k V, we have the diagonal G, (,y-action. A 09 ® K-linear
map and a %Z—ﬁltration are induced by the corresponding structures on the left
tensor factor Beris;n ®@q, K.

The assertions in the following statement all refer to the structures just de-
scribed.

Proposition 3.3.6. Let V be in Repy (G (n)). Then av,, is an injective and
G'1,(n)-equivariant morphism in MF%KH

Essentially all statements use validity of the corresponding property of the
comparison morphism

Bcris ®L0 (Bcris ®Qp W)GL — Bcris ®Qp w
for p-adic Galois representations W.
Proof. We first introduce the auxiliary function
{0,...,n—1}* = {0,...,n — 1}?
(,4) = ([i + jln 5),
where [ + j],, denotes the residue of the division of ¢ + j by n. This function is
bijective.
The domain of ay,, decomposes in MF% Ko 88

n—1

@ (Bcrist; ®Qp K) ®R Dcris(s‘qjm Y VXW7)<_%>
4,7=0

=Ayj

and the target of ay,, decomposes in MF?K’” as

n—1

@ (Bcrist[rerj]’L Xq, K) K VXn,j :
i,5=0

Bij

By the remark before the proof and the fact that ¢, € BZ,. ., av,, restricts to
an injective R-linear map oy, : A;; — By; for all 4,5 =0, . ,n—1.

The G, (n)-equivariance follows by a direct computation noting that G, (,,) acts
on t via e.

The operator @ ® (g9 ® V') restricts to a 09 ® K-linear endomorphism of A;;. It
is straightforward to check that ay,, is compatible with ¢y ® (g9 ® V') and the
restriction of ¢ ® V on B;; forall ¢,5 =0,...,n—1 using ¢o(t ® 1) = p(t ®@1).
Let x € %Z. Using similar arguments as in the proof of 2.1.5 and the identity

(1 X t)FsBcris,L = FS+1Bcris,L (S S Z)

42



from the classical setting, one sees that, denoting by Wi := L ®r, W the
extension of scalars from an Ly-vector space W to L, ay,, induces an Ry-linear
map from

n—1l1n—1

i . i ] GL
5 DB Bt o1 (P4 Bt o0, 1)

11z i=0 j=0

to
n—1ln—1

oD ((FM—%TBCH&L)t; ®q, VX"J) _

i=0 5=0
The upper Ry-module is identified with
F*(Rr, ®r ((Berisyn ®g, K) @R Derisn(V)))
while the lower Ry-module is identified with
F*(Rr ®r ((Beis,n ®q, K) @k V).

The proof is finished. O

3.4 The category Rep%™(Gr (n))

Let V = @?:_01 Vy... be in Repg (G (n)). The theory of p-adic representations
of G, with coefficients in Q,, yields the estimate

(K : Qp] 'rankR(DcriS(Eiz ®V, n,i) <_£>) =dimp, (DcriS(Eiz ®V, nl))
§ dlme (VXn,i)
=[K: Qp] 'dimK(VXn,i)
foralli=0,...,n—1 and thus

n—1

rankp(Deris.n (V) 27 > rankp(Deris (€, @ Vi, ,))

1=0

n—1
<> dimg(Vy, ;) = dimg (V).
i=0
Those V whose associated filtered isocrystal Deyis (V) is of maximal R-rank
make up the subcategory of Rep (Gp, (n)) we are heading for.
Definition 3.4.1. We call V in Repy (G (n)) crystalline if

rank g (Deris,n (V) = dimg (V).

The full subcategory of Repy (G, (n)) consisting of crystalline representations
is denoted by Rep3™ (G, (n))-

Remark 3.4.2. The defining condition for being a crystalline representation of
G, (n) may equivalently be expressed as dimp, (Deris,n (V) = dimg, (V). By the

cris

above estimate, for V' to lie in Rep%"” (G, (n)) it is necessary and sufficient that
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all the e}, ®V,, , lie in Rep%*(G). Note that Rep$'®(G) consists by definition
of those W in Rep . (GL) such that the representation obtained by forgetting the
K-vector space structure lies in Rep®™ (G ). Furthermore, by [CoFo, Theorem
A] all the €%, @V, , lie in Rep§P*(Gr) if and only if all the Deyis(el, @V, ) lie in
FIC%‘}}?. In this case, the direct summands in the decomposition of Deyis (V')
from 3.3.3 are tensor products of objects in FIC"LV?KV(n). The latter category is
stable under tensor products and direct sums. It follows that Dy,s , restricts to

a functor )
Deris,n : Repk ™ (Gr,(n)) = FICT k (n)-

Furthermore, again by [CoFo, Theorem A] and by 2.2.14, every object of FIC} " .,
can be written uniquely (up to isomorphism) as a direct sum

for some V; in Rep$®(GL).

Example 3.4.3. According to 3.3.4, the representation ¢, lies in Rep%ﬁS(GL,(n))
forallt=0,...,n—1.

Proposition 3.4.4.

1. The natural transformation o, from 3.5.5 is an isomorphism between

functors from Rep$ (G (n)) to MFfKn

2. Let V be in Rep%iS(GLy(n)). Any subquotient of V (as an object of
Repy (Gr,(n))) is again an object ofRep}:?S (GL,n))- Therefore Repi?s(GL’(n))
is an abelian category.

3. The restriction of Deyis pn to Rep%iS(GL,(n)) is exact and naturally com-
patible with the formation of direct sums, tensor products and duals (in
Repy (G () resp. in FICL k). Therefore Repi®(Gp (n)) is closed
under these constructions and in particular a tensor category.

Proof. Ad 1.: Let V be in Repﬁ?s(GL’(n)). Recall that the e, @ V,, , are
crystalline G-representations. The maps ay,, ; from the proof of 3.3.6 are all
bijective. The maps induced by scalar extension yield Ry -isomorphisms between
the filtration steps of the corresponding filtrations.

Ad 2.: We use a similar argument as in the proof of [Fo2, Proposition 1.5.2]. Let
V! C V be a subrepresentation. Applying De,is, to the canonical short exact
sequence induced by V', we get an exact sequence

0— Dcris,n(vl) — Dcris,n(v) — Dcris,n(v/vl)

in Mod(R) whose morphisms are compatible with the respective induced semi-
linear operators. Denote the image of the third arrow by D. By using that D
is Frobenius-invariant and hence free of finite rank by 2.1.6, we get the string
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of (in-)equalities

dimg (V) = rank g (Deris o (V))
= rank g (Deyis,n (V') + rankg (D)
S dlmK(V/) + dlmK(V/VI) = dlmK(V)

and one concludes that V’ and V/V' are crystalline. Hence any subquotient of
V' is crystalline.
Ad 3.: We first show exactness of Deyis . Let

0V Lvavr o

be a short exact sequence in Rep$® (G L,(n))- According to 2., what remains to
be shown is that the sequence obtained by applying the functor Rz ® g Deris,n(—)
to the above one is an exact sequence of Ry-modules and that the Ry-module
homomorphisms Ry, @ Deyis n(f) and Rp ® Deis n(g) are compatible with the
filtrations. This is equivalent to showing that for all j € %Z the sequences of
R;-modules

0— Fchris,n(Vl)L — FjID)Cﬂs,n(V)L%Fchris,n(VN)L —0

are exact.
First note that, for any i € {0,...,n — 1}, we obtain an exact sequence of
K-linear crystalline and hence de Rham G -representations

0-e,@V]  —en@Vy,, —»en®@V =0

(cf. 1.3.2). Fix some j € 1Z. Then there is i € {0,...,n — 1} such that
JjE % + Z. By [Fo2, Théorém 3.8], the sequence of associated graded pieces

0 — g/ Deyis(ef, ® Vi L — g Deis (€8 @ Vi, )1 — gt/ Deis (el ® Vi )L—0

Ji n,i i

is an exact sequence of Ry-modules. The graded pieces are formed with respect
to the corresponding Z-filtrations, twisted by —=. Thus we obtain for the
dimensions of the underlying L-vector spaces

dimL (Fchris(é:; (9 V, n,i)L)
— Z dimp (gr'Des (e, @ V, ni)L)
JE(EFL)>;
— Z dim, (gr/ Deyis (e}, @ V. )L)
JE(EFL)>;
+ Z dlmL (gercris (5:1 ® V)élvm)L)
JE(E+L)>;

= dimp, (Fchris(€; ® V)én7)L) -+ dimL(FjDCﬁS({:‘; (024] V;T”)L)

Now summation on both ends of this chain of equations over all: =0,...,n —1
and arguing similarly as in 2. yields the desired exactness.
Compatibility with direct sums is clear by additivity of Dgyis, -
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Let V,W bein Rep‘}?s(GL,(n)). The decomposition of VW into H,-eigenspaces
is

n—1n—1
VoW = @ @<mek ® W, n,[i—k])
i=0 k=0
:(V‘X’W)xn’i
where again [i — k],, denotes the unique representative in {0,...,n — 1} of the

class (i — k) +nZ € Z/nZ. Using 3.3.3 we obtain

|
—

n 1

Dcris,n(v QW)= [ DcriS(Eiz ® (VXn,k @ W, n,[qz_k]))]<_%>-
0

n

Il
=]
=
Il

i
We rewrite this double direct sum as

n—1n—1

D D Deris(er™ ® (Vi @ Wy, )(=H2),

=0 m=0

where we make use of the isomorphism in FIC, g
]D)cris(5 (24 Y) — DcriS(Y)<1>v
st QYs — stt@)ys (Y in RepK(GL))

whenever [ +m > n for a pair of indices (I, m). By assumption on V and W,
el ®Vy,, and em@W,, . lie in Repf (G ) for every pair of indices (I,m). The
functor D¢,is commutes with ® on crystalline G -representations. Therefore the
latter direct sum is isomorphic with

n—1 n—1

@ @(DcriS(Eﬁz ® VXn,Z)<_%> ® Dcris(Eg Q@ W, n,m)<_%>)'

=0 m=0

This is exactly the decomposition of Deyis,n (V) @ Deyis, n (W) into Hj,-eigenspaces.
Comparing K-dimensions and R-ranks shows that V @ W is crystalline.
As for duals, for V' in Rep%* (G, (n)) we compute on the one hand

n—1
Deris.n (V)" 2 €D Deris(eh, @ Vi, )(— L)Y (6)
=0
1 .
= @Dcrls(ngn ® Vxn,,q‘,)<n;Z>v (7)
nil

I
D
&

s(en ™ @ (V) -)(= 21, ®)

n,i

The isomorphism in (6) is induced by the compatibility of the functor Homg(—, R)
with finite direct sums, in (7) the isomorphism in FICy, g

Deris(Y) = Deris(e 1 @ Y)(1) (Y in Repg(Gr))
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was applied and in (8) we have used the compatibility of D5 with duals of
crystalline representations of G .
On the other hand we naturally have

n—1

Dcris,n(vv) = @Dcris(sfl & (Vv)xn1)<7%>

=0

Up to order of the direct summands this is the decomposition of ]D)ms_’n(V)v
from above. We conclude that V'V is a crystalline representation of G, (,,y. This
finishes the proof.
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4 Relating FIC}?,, and Rep%is(GL,(n))

Setup and the notations are the same as in the previous sections. We estab-
Cris

lish an equivalence between Rep (G, (n)) and FIC} ¢ ) induced by Deris -
Moreover, we discuss differences with respect to the classical equivalence be-
tween the categories of K-linear crystalline Gp-representations resp. weakly
admissible Z-filtered isocrystals over L with coefficients in K.

4.1 The functor Vi n

In this subsection a quasi-inverse to the restriction of Deyig p to Rep$*(G L.(n))
will be constructed.

Remark 4.1.1. Let D = (D, ¢, F*Dy) be in MFiKn Then the object

((Beris,n ®q, K)®pg D, $o ® ¢, tensor product filtration)

lies in MF%K,”, the filtration on Ry, ®r (Beis,n ®q, K) being induced by the
injective ring homomorphism

(Berisn)r = Barn, @0+ 1b.
Setting D = R and using 3.2.8, one checks that
(Bcristf1 ®q, K, restriction of @g,induced filtration)
is isomorphic to
(Bais ®q, K, po ® K, filtration induced by Bgr ®q, K)(ffﬂ
in MF{ . foralli € {0,...,n—1}.
Definition 4.1.2. Let (D, ¢, F*Dy) be in MF{ ;. . We define

Vcris,n((Da ¢v F.DL)) = VCTiSyn(D) =
the subset of (Beris,n ®q, ) ®r D consisting of the elements x
such that (@g ® ¢)(z) = x and such that 1 ® x is contained in

FO ((Bcris,n ®Qp K) QR D)L .
Lemma 4.1.3. The assignments (D, ¢, F*Dyp) — Vs n(D) and
[f : D — D] — restriction of [(Beisn ®g, K) ® f] to Verisn(D)

define a covariant functor from MF% xn to the category of K-vector spaces
with an action of G, (-

Proof. The K-vector space structure of Vs (D) is obtained by restricting
scalars along the natural morphism K — R (resp. K — Ry) givenasz — 1®x
in both cases. Then @y ® ¢ is K-linear and the filtration steps of the tensor
product filtration associated with (Beris,n ®q, K) ®pg D are K-vector spaces.
The group G () acts K-linearly on (Beris,n ®q, K) ®r D via its action on the
left tensor factor. By compatibility of this action with ¢y ® ¢ and the tensor
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product filtration, it restricts to an action on Vs » (D).

Applying the definition of a morphism f : D — D’ in MF?_K_n, one sees that
Verisn (f) is a K-linear map Veyis n (D) — Veris n(D'). The identity Vs » (idp) =
idy,,,, ,(p) and compatibility with composition of morphisms are immediate. [

Remark 4.1.4. Let D be an object of FIC3%%. By [CoFo, Théorem A, [Fo2,
Théorém 5.3.5] and the same arguments from the above proof concerning the
K-vector space structure of Vs, (D), there is an object V in Rep‘j?s(GL)
together with isomorphisms

Dcris(v) = ID)cris (Vcris (D)) = Q in Rep%iS(GL)

and
V = Vcris (Dcris(v)) = VCTiS(D) in FIC(ILSE

It follows tdhat Deris and V6 are mutually quasi-inverse functors between Rep'}?s(G L)
adm
and FICT .
Next we describe the restriction of the functor Vs ,, to the category FIC‘,’:V?K’(H).

For this we recall the definition of separability of an algebra over a field (cf.
[BouAs, V, §15, no. 2, Definition 1]) and formulate several auxiliary results.

Definition 4.1.5. Let A be a ring. It is called reduced if for an element a € A
and an integer m > 1 the equality a™ = 0 always implies a = 0.

Let B be an algebra over a field E. Then B is called a separable F-algebra if
the ring B @ g E’ is reduced for every field extension E’ of E.

Remark 4.1.6. If B is an algebraic field extension of E then B is separable as
an F-algebra if and only if it is separable as an algebraic field extension of E.

Proposition 4.1.7. Let B, B’ be algebras over a field E. If B is a reduced ring
and B’ is separable then the tensor product B @ B’ is a reduced ring.

Proof. This is [BouAs, V, §15, no. 2, Proposition 5]. O

Example 4.1.8. Setting E := Qp, B := Buis, B' := K in 4.1.7 we see that
Beris ®q, K is reduced.

Lemma 4.1.9. Let E be a field, B be an E-algebra and E' be an arbitrary field
extension of E. Assume moreover that the underlying ring of B is a filtered ring
with a decreasing Z-filtration F*B by E-vector spaces. Then the tensor product
B®g E’ becomes a filtered ring with a decreasing Z-filtration by E’-vector spaces
via the definition

Fm(B®E E/) = (FmB) ®p F' (mEZ).

Proof. Tt is clear that the filtration steps of the tensor product are E’-vector
spaces. Let k,l be integers. Choose E-bases (bix)icr, and (by)ier, of FFB
and F'B respectively. Then for x = > bir ®a; € F¥(B®g E') and y €
ZjGIL bjl ®ﬂj S Fl(B KR El) we have

i€l

Ty = Z (birbji ® i) € F*T{(B ®p E')

i€l,,j€l;

since the containment is true for every single summand. O
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We endow the ring Bejs ®g, K with the Z-filtration
F*(Buis ®q, K) = [p~" (F*Bar)] ®g, K.
Here p denotes the injective composite ring homomorphism
Beris 2 L ®1, Beris 23 Bar

with p1(b) =1®0band po(I1 V) =1b.
Moreover, for any r € Z and A € B ®q, K we define the set

F"(Beyis ®q, K)P= =

{2 € Beis ®q, K | wo(z) = Az, 2 € F"(Bais ®q, K)}
Proposition 4.1.10. The functor Vs, restricts to a functor FICY?K(”) —

cris

Rep% (G, (n)) compatible with & in both categories.
Proof. Let D = (D,¢,F*Dy) = @j;ol (Dj,¢p,, F*D;1){L) in FIC}% (.
=D,

where the D; are in FIC%‘%. Then (Beis,n®q, K)®r D decomposes in MF?,K,n
as

n—1ln—1

(Beris,n ®a, K) @r D 2= ) @ ((Berist, ©q, K) ©r D;)(£)
i=0 j=0

Hence, to any v € Vs, (D) there corresponds a unique family (v;;) of elements
v; € M;j, each of which is invariant under the respective semilinear operator
and at the same time is contained in the zeroth filtration step of the scalar
extension to Ry. Let i # j. We claim that in this case the intersection of
Veris,n (D) with the filtered ¢-submodule of (Beris,n ®q, K) ®@r D corresponding
to M;; under the above decomposition is {0}.

Proof of claim: Denote the corresponding ¢-submodule also by M;;. There exist
V; € Repr®(G1) and isomorphisms between Deyis(V;) and D, in FICE}J‘?E for
all j =0,...,n— 1. By [Fo2, Proposition 5.3.6] we may therefore identify M;;
and ((Beris ®q, K) ®K Vﬂ(%) in MF?K,” and thus also the K-vector spaces
Vcris,n(D) N Ml'j and

j—i
n

Jj=i _
ol “(Bcris ®q, K)wfl@)p @5 Vj.

Note that the fractions % attain all values in the set

1 1
—Z)s_n-1 N(=Z) o n- 0
(25— m1 N (2Z)gas] \ {0}
as i and j from the assumption of the claim run through {0,...,n —1}. The

number [Jn;q is therefore either 0 or 1, depending on whether j < i or j > i.

50



=i e
We show that FI™n W(BcriS ®q, K)#o=1®P ™ g 7er0 in both cases.
Let j <7 and

j—i j—i

Jj—t I 1=
T e F[T] (Bcris ®@p K)@(J:l@i” "= FO(BCris ®Qp K)LPO:1®;D " .

Since the filtration on Be,is®q, K defined above satisfies the assumptions of 4.1.9
with E := Q,, B := Bys and E' := K, we obtain 2" € F°(Bes ®q, K)¢o=v"""
Therefore we get

(ti*j ® 1)xn c Fifj (Bcris ®Qp K)S(?o:l
C F!(Beris ©q, K)?~!
= (F'Bais)?~" ®g, K = {0}.
The last equality holds by [CoFo, Proposition 1.3 i)]. Now the element '~/ ® 1
is invertible in Bes ®g, K and therefore ™ = 0. According to 4.1.8 it follows

that x = 0.
Let i« < 7 and

j—i j—i

i—i
z € FI'% 1 (Bes @g, K)?719P ™ = FY(Beys ®g, K)#P071®P ™

Therefore we obtain 2™ € F"(Beis ®q, K)‘P":pj_i. Recall that n+i—3j > 1 by
assumption whence

("7 ®@1)2"™ € F""77(Beys ®g, K)?°~" C F'(Beis ®g, K)?~".
As in the previous case we conclude that z = 0. The claim is proved.

We continue with the proof of 4.1.10. Taking into account the G’ (,)- action
on Best?, ®q, K for i = 0,...,n — 1 as well as the claim just proved we find
the decomposition

CI‘IS n @ 5n oY Vcns z @ 5 ® Vza

whose direct summands are isomorphic with Vms,n(Qi(%)L respectively. Hence
Veis,n restricted to FICT  (,,) naturally takes values in Rep (G (n)) (cf. also

[BriCo, Proposition 9.3.6]). In order to see that Veyis (D) lies in Repi™(Gy, ()
note that

Vcris(DO) 1=0
Ez_i ®Vcris(Dn—i) 1<i<n-1

Vcris,n(D)Xn,,; = {
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Concerning R-ranks and K-dimensions we therefore obtain

rankR (Dcris,n (Vcris,n (D) ) )

n—l
— Z rankR(DCris (E;l & VcriSJL(D)Xn,i))
=0
n—1
= rankp (Deris(Veris(Do))) + Z rank g (Deris (Veris (Dn—i)))
i=1
n—l
= Z dimK(Vcris(Di))
=0
= dlmK (Vcris,n(D))7

so the restriction of Veyis 5, to FICT ' () indeed takes values in Rep$ (G Ly(n))-
In the second equality, the 1dent1ty rankg (Deyis(V)) = rankg(Deis(e @ V)
for V in Rep$®(Gy) is applied. In the third equality, the fact that all the
Veais(D;) (1 =0,...,n — 1) are crystalline is used.

As for Compatlblhty of Veris,n with ®, let D = @), ' D, (Lyand E = @], E;(%)

be in FICLK(n) The functor Vs is addltlve and commutes Wlth ® 0;

FICaLdIIl We therefore get

VCYI@TL(D®E Cl‘l@’n @ @ D ®E <L J>)<%>)

k=0 i+j€k+nZ

n—1
= @ @ [Eﬁ@é‘t "JJ ®Vcris(Di ®R E])}

k=0 i+j€k+nZ

n—1
= @ (djj ® Vcris(Di QR E]))
i,5=0
n—1 n—1 .
= [PB (el @ Veris(Di))] @ [P (el @ Veris (Ei))]
=0 =0

= Vcris,n(Q) & Vcris,n (E)

In the first isomorphism we use the computation from 2.2.15 and in the second
line by a zeroth power of € we mean the trivial G -representation with under-
lying space K.

It remains to be seen that Vs 5, respects unit objects. Evaluating Vi , on R
(cf. 2.1.4) we find

Verisn (B {xeBmsn®QpK|x7<p0( ), 1@z e F° (Bmsn®<@p ) }
{IL’ € Bcris ®Qp K |£L': ((po@l)(iﬂ),l@% EFO( cris ®QP )L}

the trivial G, (,)-representation K.

The second equality follows from the above claim. The third equality follows

52



from the fundamental exact sequence of QQ,-vector spaces

0— Qp — B(ﬁ?jl — BdR/FOBdR — 0.

This finishes the proof. O

Example 4.1.11. The previous proposition and its proof yield

Vcrism(K%i) = Eil &® Vcris(E) e

i
n
in Repi®(Gp (n)) for alli =0,...n — 1.
4.2 An equivalence between Rep$™(Gy, (»)) and FICT % ()

First we prove a result similar to 3.4.4 with respect to the functor Vs p.

Proposition 4.2.1. The family of maps

(Bp,n + (Beris,;n ®g, K) @k Varisn (D) = (Beris,n ®g, K) @r D, b@ v = bv)p,

where D runs through the category FICVLV?K}(TL), defines a natural isomorphism
Beon : (Berisn @9, K) @k Verisn(—) = (Beris,n ®q, K) ®r (—)

of functors from FICT « , to MF%,K,n‘ Every Bp n is G (n)-equivariant.

Proof. This is accomplished in a similar manner as the one used in 3.4.4, so we
only sketch the proof.

Let (D', ¢, F*D}) be in FIC%‘?}?. By [Fo2, Proposition 5.3.6] and [CoFo, The-
orem A] the map

Bcris ®Qp Vcris(D,) — Bcris ®Lo D/a b®d+— bd

is an isomorphism in MF? x Wwhich is G'r-equivariant.
Let D = @7 D (L) in FI L'K,(n)- The domain of 8p , decomposes in

=0 =1
@
MFL,K,n as
n—1

@ (Bcrist»in ®Qp K) QK (5% ® Vcris(Dj))
3,7=0

Z:Aij
while the target decomposes in MF? Ko aS

n—1
@ (Bcristg+j]" ®q, K) ®Rr DJ<%> :

4,5=0

=Bij
Here [i+j],, denotes again the residue of i+ j after division by n. By the inclusion
&), @ Veris(Dj) € (Berist), ®x K) ®g D;(£) (which holds by construction) and
by the classical situation described above, we find Sp ,(Ai;) = B;j, compatible
with the respective Frobenius and filtration structures on both sides for all
i,j =0,...,n— 1. Tt follows that 8p, is a G (n)-equivariant isomorphism in

@
MF7 -
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The G (n)-equivariance of fp, is straightforward to check on the respective
restrictions of fp , to A;;. The definition of Vs »(h) for a morphism h : D —
D' in FIC}? (,,y implies the identity

ﬁD’,n o ((Bcris,n ®Qp K) ® Vcris,n(h)) = ((Bcris,n ®Qp K) & h) o ﬁD,TL'

Now we prove one of our main results.
Theorem 4.2.2. The functor
Deris,n : RePi™ (G, (n) = FICT % )

is an equivalence of tensor categories. A quasi-inverse is given by the restriction
wa
Of Vcri&n to FI L,K,(n)-

Proof. For any category C, denote by 1¢ : C — C the identity functor of C.
We construct natural isomorphisms

. = . / . . . it a
Te : Vcris,n o Dcris,n%]]-Rep%‘S(GLv(n))v Te * ]D)CI'IS,TL o Vcrls,n_ﬂlFIC"L"j‘K’(n) .

As for 7,, let f: V — W be a morphism in Rep%'™ (GL,(n))- According to 3.4.4,
avy,, and ayy,y, are isomorphisms in MF‘ZLs Kon and the equality

QWw,n © ((Bcris,n ®Qp K) & Dcris,n(f)) = ((Bcris,n ®Qp K) oY f) oy n

holds true. Restricting both maps to Veyis,n(Deris,n(V)) therefore yields a com-
mutative square of morphisms between K-vector spaces

Vcris,n (Dcrism (f))

Vcris,n(Dcris,n(V)) Vcris,n(Dcris,n(W))

o~ o

Qv o o~ | aw,,
Vin Veris,n (Deris,n (V) | = - W Vcrigv”(mcrit‘vn(w))

FO(BCris,n ®Qp K)¢0:1 KK |4 FO(BCris,n ®Qp K)¢0:1 QK w.
Here the filtration on Beyis n ®q, K is given via

F* (Bcris,n ®Qp K) =F* (Bcris,n) ®Qp K

and is induced from the one on Bgg,,. From the proof of 4.1.10 we know that
FO(BcriS,n ®q, K )*”":1 is canonically isomorphic to K, whence the vector spaces
in the lower row of the diagram are canonically isomorphic to V resp. W, say
via &y resp. &w. The latter isomorphisms yield the identity

w o Qawn © (Vcris,n(Dcris,n(f))) =fo&yo aV7n|Vcris,n(Dcris,n(V))

and the association

V ’_> TV = €V © av’n|Vcris,n(Dcris,n(v))
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is then a natural isomorphism 7, between the functors Vs, © Dy, and
lRePféis(GL,(n))'

The isomophism 7, is constructed similarly. Let g : D — E be a morphism in
FI VLV?K,(n). The map Bp,,, from 4.2.1, being G, (,)-equivariant, restricts to a
bijection between R-modules

BD,n

Deris,n (Veris,n (D)) * DCFiSJL (VcriSm(D));)(Bcris,n ®Qp K>GL’(") ®r D.

The right-hand side is naturally isomorphic with D by 3.2.12, via np say and
similarly for E and ng. As in the first part of the proof this discussion yields
the identity

NE © ﬁE,n 0 Deris,n (VcriS,n(g)) =gofnpo ﬁDﬂl‘Dcris,n(vcris,n(D))
The association
Q = TIQ = 77D © BD‘Dcl'is,n(Vcris,n(D))

is then a natural isomorphism 7, between Deyis n, © Veyis o and IFIC‘Z“M . O

Remark 4.2.3. The following direct calculations also make the equivalence

from the statement explicit, using methods and techniques from previous (sub)sections.

Let V be in Rep%is(GL,(n)). Then in Rep%iS(GL,(n)) we have canonical iso-
morphisms

n—1
Vcris,n(Dcris,n(v)) = Vcris,n(@ Dcris(‘g; ®V, nb)<_%>)
=0
n—1

1

VcriS,n(]]-‘DcriS(giz ®V, n1)<_1><%>)

S =
!
— O

n—i ® Vcris(Dcris(‘g; @V, nb)<_1>))

IR
3 - 3
1D
- O

—~

™

3

1

(e '@e, @V, )2 V.

@
I
o

In the second line we have used that M = M (—1)(1) for an object M of MF%KW
while in the third line we have used that Vcris,n(M%)) 2 gl @ Veis(M) in
Rep§®(Gp () for any M in FIC}' and any i € {0,...,n —1}.

Vice versa, let D = @' D;(<) be in FICT’x () Then in FICT "k (,,) we have
canonical isomorphisms

n—1

Dcris,n (@ Vcris,n (D)Xw,i )

=0

1%

Dcris,n (Vcris,n (D))

n—1

Dcris(Vcris(DO)) @ @ Dcris(gil ® (Ex_i & Vcris(ani)))<_%

i=1

Il

n—1

= Qo ¥ @Dcris(vcris(Dn—i))<n;i> = Q

i=1
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1%

Here in the second line the isomorphism "~ ® Vis(Dp_s)
ie{l,...,n— 1}, was used.

Vcris,n (D)Xn,i7

O

To summarize, the essential image of the restriction of Dg,;s ,, to the category
of crystalline G 1, (,,)-representations with coefficients in K is exactly FIC}V?K’(H),
which may be described as the Tannakian subcategory of FICVL"?K’,L generated by

FIC?? and the object K. However, as we have seen in 2.2.17, the “inclusion”
of FICT "k () in FICT " , is strict in general.

4.3 The relation between Rep™(Gy (n)) and FIC}?% ,,

We keep the notations from the previous subsections and also refer to the no-
tations introduced in the appendix. As explained in 4.1.4, the functor Vs
establishes an equivalence between the category of weakly admissible Z-filtered
isocrystals over L with coefficients in K and the category of crystalline K-linear
G p-representations. However, combination of 2.2.17 and 4.2.2 yields that "be-
ing weakly admissible" for an object of FICy, g, is, in general, not equivalent
to lying in the essential image of De,is . Up to now, we have almost exclusively
considered the restriction of Vs, to this essential image. This subsection is
therefore concerned with the study of the behaviour of Vs, on FICVLV?K,H.

Let D = (D, ¢, F*Dy,) be in FICy, k. On Dy, we have the map

V:I=UVpep, D — %ZU{OO}

00 z=0
e T:riljgo Zje%Zj dimg (gr’' Kz, ) x #0,

where the graded pieces are formed with respect to (F*Dy), N Kz, for all 7.
The map v has the following properties.

Lemma 4.3.1. Let D and v = vpep, as before.

1. For x € Dy \ {0} we have

1 .
v(z) = migo — HT(Kz;)=max{j € —Z | x € F' D},
T X+ n

where we refer to A.1 for the middle expression.

2. The map v is a valuation on the abelian group (D, +) in the sense that
we have for all z,y € Dp,

e v(z) = oo implies x =0,
e v(—z) =v(z) and

e v(x+y) > min{v(z),v(y)} with equality if v(z) # v(y).
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3. Let x1,...,x, be a finite family of elements in Dy such that there exists
exactly one index 1 < k < m with v(zx) < v(xy) for alll =1,...,m and
l# k. Then

v(zy + ...+ ) = v(zk).

4. For every j € 7 we have F'Dy, = {z € Dy | v(z) > j}.

Proof. Ad 1.: This follows immediately from the definitions.

Ad 2.: The first two statements follow from the fact that F'®* Dy is a separated
filtration by Ry-submodules. As for the third statement, let =,y € Dy, not both
be equal to 0. Then they are contained in F™in{v(@).2W)} D, Again, since this is
an Rp-submodule of Dy, z +y is contained in F™n 0@} D If v(x) < v(y)
then = 4+ y cannot be contained in FU@+5 Dy for otherwise z would also be
contained in it.

Ad 3.: This is a formal consequence of 1. and follows by induction on m.

Ad /.: The statement is obvious in case F7 Dy, = {0}. So assume 0 # = € FIDy,.
Then, using the description of v in 1., we find that 2 € FJ Dy, is equivalent with
v(x) > j. O

We make use of the map v in the formulation of the following result, which is
inspired by [Col, Lemma 10.9]. It shows that every object in FIC} " ,, contains
a Frobenius-invariant R-submodule such that the object obtained by restricting
the Frobenius and by inducing the filtration on the scalar extension to Ry, lies
in FICE’?K’(”) and which is moreover maximal with this property.

Proposition 4.3.2. Let D = (D, ¢, F*Dy) be in FICy, k ,, such that tg(D’) <
tn(D') for every ¢-invariant R-submodule D' C D with induced filtration on
D’ . Then there exists a ¢p-invariant R-submodule D) of D with the following
properties:

1. The filtered isocrystal D™ = (D) | iy, F*Dp N D(Lwa)) lies in
FICT % ()

2. For every ¢-invariant submodule E C D such that E := (E, ¢|g, F*Dr N
Ey) lies in FICT (), we have E C D(wa),

Remark 4.3.3. According to the assumption made on D in the lemma, an
object E as in the statement is weakly admissible if and only if ¢y (E) =ty (E).

Proof of 4.3.2. For every i € {0,...,n—1} denote by S; the set of all ¢-invariant
R-submodules £ C D which satisfy the following two conditions:

e The triple £ = (E, ¢|g, F*Dy, N EL) is weakly admissible.
o We have v(pep, ), (EL \ {0}) C £ + Z.

Note that {0} € S; and that S; is partially ordered with respect to inclusion for
all 4.

For the moment, fix an arbitrary ¢ € {0,...,n —1}. Let E,E’ € S;. We claim
that the short exact sequence

05 ENE SEaE L E+E S0
x = (z, x)
(y,2) »y—=z
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in Mod(R) induces a short exact sequence in FICy, . Here the filtrations
attached to ENE’ and E + E’ respectively are the filtrations induced by F*Dy..
To prove the claim, let

T:E®E - E®FE /a(ENE")=:Q

be the canonical projection and 5 : Q<>E + E’ the canonical isomorphism of
R-modules induced by . Note that () naturally inherits a Frobenius and that
B is compatible with the Frobenius on source and target. We endow @ with the
quotient filtration

F*QL:=[F*(E®E), +a(ENE))/(ENE.

With the structures just decribed, the sequence

[e% s

0ENE SE®E 5Q—0

is exact in FICy g . Since B is an isomorphism of R-modules, by [DOR,
Lemma 1.1.12] we have ty(Q) < ty(E + E’). This is an equality if and only
if B induces isomorphisms of R-modules FVQ=FI(E + E');, for all j € 17.
Now we compute

tn(Q) < tu(E+E)
<tny(E+E) (assumption on D)
=tn(Q) (Frobenius-compatibility of 3)
=titNn(E®FE')—tn(ENE)

(additivity of ¢y on short exact sequences)

<tg(E®E)—ty(ENE")
(weak admissibility of F & E’ and assumption on D)

=ty (Q), (additivity of tz on short exact sequences)

hence equality holds throughout. In particular, the first inequality sign is an
equality and this implies the statement of the claim.

By additivity of ¢y and ¢y on short exact sequences and by the assumptions
made on D, F and E’, we find that E + E’ is weakly admissible. By the claim
just proved we have vpep, ((E + E') \ {0}) C £ + Z. This argumentation
shows that the set S; is closed under the formation of finite sums. By finite-
dimensionality of D over Lg, every chain in S; may be assumed to be finite and
the union of all members of a chain is then an upper bound. By Zorn’s lemma,
S; has a maximal element Dgwa). It has the property that M C D

M € S;. Indeed, we have just seen that M + Dgwa) € S;. By maximality of
D™ we have M + Diwa) = DEWE). This implies M C ngwa).

3
After carrying out this argument for every ¢ =0,...,n — 1, we set

whenever

n—1
Q(wa) — ZQZ(‘W&)
=0

where the Q(Wa) = (Dgwa), (b\Diwa) ,F*Dyp, ﬂDl(,V]VLa)). The sum is actually a direct
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sum: indeed, let d € Dﬁwa) N> e,
Invoking the third part of 4.3.1 we see that vpep, (1®d) € (£ +ZU{oco})N (% +
Z U {oo}) for some i’ € {0,...,n — 1} \ {i}. Using that (£ +Z)N (% +Z)=10
for two different elements i,7" € {0,...,n — 1}, we find 1®d =0 in Ry, ®gr D,
hence d = 0.

Property 1. of the assertion is clear if D2 = 0. Assume D"® = 0. Then, by
construction of the waa), for any i € {0,...,n—1} there is M, in FIC%‘?‘;} and
an isomorphism in FIC x , between M,(%=%) and D™ Hence D™ lies in
FIC‘LV,a/K,(,n‘).

As for property 2., let {0} # E C D be a ¢-invariant R-submodule such that E
is in FIC} %k (,,), say E = ®F ) E;(L). Then for all i € {0,...,n — 1} such that

E; (%) # {0} we have

=i

P\ D;Wﬁ) for some i € {0,...,n —1}.

vrep, (Bi(L)r \ {0}) C - + Z.

Therefore the ¢-invariant submodule of D corresponding to the summand El%)
of E is contained in Sy if i = 0 (resp. in S,,—; if i > 0). Hence said submodule
(wa)

is contained in Dy’ (resp. D(Wal)). This finishes the proof. O

n—u

Corollary 4.3.4. Let D be in FICY . Then the following statements are
equivalent:

1. D lies in FICT 'k ()

2. D" = D.

Proof. Assume 1. We then have the decomposition D = @}~ D,(L) where
the D; lie in FIC'%. From the proof of 4.3.2 we see that Dy = DJ™ and
D;(%) = DM if i > 0. This implies 2.

The reverse implication follows from the definition of D). O
With the subsequent result we can evaluate Vs, on all of FIC}V:“K’n.

Proposition 4.3.5. Let (D, ¢p,F*Dyr) be in FICT .. Then Veisn(D) =
Vcris,n(D(Wa)). In particular, Vg n (D) lies in Rep‘}?s(GL’(n)).

i

Proof. For i = 0,...,n — 1 denote by D{(—) the underlying R-module of
(D, ép, F'DL)<—%>. We have a decomposition as K[Gp, (n)]-modules

Vcris,n (D)

= {U S ((t;Bcris ®Qp K) KSR D)L‘ZO®¢':1 ‘ 1®ve FO((t;BdR ®Qp K) QRy DL)}

where the underlying set of a summand V,, ;(D) consists of those (¢ ® ¢D<_ iy
invariant elements v € (Beis @, K) ®r D<—%> such that 1®wv lies in the zeroth
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filtration step of the associated filtration. The G, (,)-action however is

x (b®d) e (9)g9(b) @d
for b € Beis ®q, K,d € D<f%>. Then on €' ® V,,;(D) the group H,, acts
trivially.

By proceeding exactly as in the proof of [CoFo, Proposition 4.5], for each i =
0,...,n—1 we find a ¢D<_i>-invariant R-submodule E; € D(—+) such that

Vni(D) =
&5, @ {v € ((Beris ©q, K) @g E))??5 = | 1@ v € F*((Bar ©q, K) ®r, Ei)}
and such that the natural morphism in MF? Kon
(Beris ®q, K) @k (€, '®@V,(D)) = (Baris ®q, (K®5)>®RD<_£>a a®u — av,

which is compatible with the G -action on both sides, is injective and induces
an isomorphism of (Byis ®q, K )-modules

(Bcris ®Qp K) Rk (€ ( e ® Vn z( ))%(Bcris ®Qp (K X 5)) KR Ei-
Passing to G'p-invariants, we obtain an isomorphism in FICy, g ,,
((Beris ®q, K) @k (€7 @ Vai(D))) 9= Ei(1),
and thus
rankp(((Beris ®g, K) @k (67 ® Vai(D))“")

= rankg(E;)

= rankp,,..eq, K ((Beris ®q, K) ®r E;)

= ranchr;sQ?QpK((Bcris ®Q, K)®K Vn,i(D))
It follows that &~ i®Vn (D) lies in RepCrls (Gp) fori=0,...,n—1, whence the
triples (E;(-), ¢D| F'DL N Ei(+)r) lie in FICLK(n The Hodge-Tate

weights of the latter (cf A.1) are contained in E + Z, respectively. By 4.3.2, we
have E;(- LY C D(Wa) fori=1,...,n—1and Ey C D(gwa). Hence we obtain

n—1 n—1
Vcris,n(D) = @ Vn,i (D) = @ 5:'1 X Vcris(E
=0 =0
n—1
= W(Ez) - Vcris,n(D(Wa)) - Vcris,n (-D)7
=0

where the K-vector spaces W (F;) in the second line denote

. . Po®¢ 4 =1 ) )
{v € ((t} Bais®o, K)®rE (L)) "% |1®v € FO((t, Bar®q, K)®r, Ei(L)1)},
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respectively. This proves the first statement. The second statement of the
proposition follows from the first together with the fact that Vs, restricted
to FIC] x () has values in Rep%"*(Gp (n)). This finishes the proof. O

Corollary 4.3.6. Let D be in FICY . The following are equivalent:

1. D does not lie in the essential image of the restriction of Deyis n to Rep%is(GL’(n)).

2. The inequality
dim g (Veris,n (D)) < rankp (D)

holds true.

Proof. Assume 1. According to the corollary to 4.3.2 we have a strict inclusion
D) C D. This implies by 4.3.5

dim g (Verig n (D)) = dim g (Veris o (D)) = rank g (D) < rankg (D)

and therefore 2. .
Assume 2. Suppose there exists V' in Rep%* (G (n)) and an isomorphism be-
tween Deyis (V) and D in FICT" . Then, by 4.3.5 again, the contradiction

rankp (D) = rankg (Deris,n (V))
= rankz (D)
= dimg (Veris,n (D)) < rankg (D)

implies 1. O

Remark 4.3.7. Recall that the filtered isocrystal Ky, examined in 2.2.17 does
not lie in the essential image of Deyis n, restricted to Repf®(Gg,,n)). Since the
underlying K-vector space has no non-trivial Frobenius-invariant subspaces it

follows that (K}, )™ = {0}. By 4.3.5 we get Veyisn(Kjy) = {0}
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5 Filtered isocrystals over schemes and adic spaces

We keep the setup and the notations from the previous sections. In particular
our assumption on K (cf. 2.2.7) is still valid.

The present section focuses on weakly admissible %Z-ﬁltered isocrystals parametrized

by points of schemes and adic spaces. Our study will mainly be based on the
assumptions made in the statement of [Hel, Proposition 5.2| although the co-
efficients of the filtered isocrystals that we consider will be in residue fields of
schemes and adic spaces defined over K. Throughout, we fix an integer d > 0.

5.1 Notations and preliminary considerations

In this auxiliary subsection we recollect necessary algebraic-geometric results
and notation for later reference.

Some representable functors related with schemes If T is a scheme and
€ is an Or-module, let Autp, () denote the group of Or-module automor-
phisms of £. Inverse resp. direct image functors associated with an arbitrary
scheme morphism h will be denoted by A* resp. h.

Proposition 5.1.1 (Automorphism group scheme). Let T' be a scheme and &
be a locally free Op-module of finite rank. The contravariant functor

Sch(T) —» Grp, (h:S —T)+— Autps(h*E)
is representable by an affine T-group scheme GL(E).
Proof. This is [EGAInew, I, Proposition (9.6.4)]. O

Proposition 5.1.2 (Weil restriction). Let A — A’ be a morphism of rings via
which A’ becomes a finitely generated projective A-module. Let Z be a quasi-
projective A’-scheme. The contravariant functor

SCh(A) — Set, Y — Homsch(A/) (Y X a A/, Z)

is representable by an A-scheme Resaa(Z). If additionally A and A’ are
Noetherian rings, then Res /1 4(Z) is a quasi-projective A-scheme.

Proof. As for representability of the functor in the statement, cf. [DeGa, I, §1,
no. 6, paragraph 6.6] and [Oes, A.2.14]. Suppose A and A’ are Noetherian.
By assumption, A’ is flat over A. Then [CGP, Proposition A.5.8] says that
Resa/14(Z) is quasi-projective over A. O

In the following, let D denote a free R-module of rank d + 1.

Remark 5.1.3. Let T' = Spec(R) and £ = Dinb51.1landlet A=K,A =R
and Z = GL(D) in 5.1.2. Then combining both results yields bijections

Homgen(rc) (Y, Resg)  (GL(D)))
=~ Homgen(r) (R ®k Y,GL(D))
= AutOR®KY(D QK OY)’
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natural in Y. Hence the affine K-scheme ResR|K(GL(D)) represents the con-
travariant functor

Sch(K) — Grp, Y — Auto,, (D ®x Oy).
In particular, for every K-algebra A we have an isomorphism of groups
ResR‘K(GL(D))(A) >~ {R ®k A-linear automorphisms of D ® g A},

natural in A. We identify Spec(R) with the disjoint union I1,,Spec(kK). There-
fore GL(D) is the disjoint union (indexed over the 79) of the fibers of the struc-
tural morphism GL(D) — Spec(R), which are affine K-schemes. By comparing
their functors of points, one finds that ReSR‘K(GL(D)) and the fiber prod-
uct of affine K-schemes XTO(GL([)) ®p K) are isomorphic. Thus the factor
of the latter indexed by some 7y can be considered as representing the con-
travariant functor on K-schemes which sends a K-algebra A to the group of
A-automorphisms of the free module of rank d + 1 D, ®x A.

We present another instance of a Weil restriction Resg|x that we are going
to use. It relates to values of Grassmann functors with respect to the Ogpec(r)-

module D (cf. [EGAInew, I, Section 9.7]) on R-schemes of the form R ®f Y,
Y a K-scheme.

Proposition 5.1.4. For eachi=0,...,d+ 1, the association

Gi(D) : Y + {Opg .y -submodules U C D @k Oy such that the quotient
(D @k Oy)/U is locally on R@y Y free of rank d+ 1 — i}

defines a contravariant functor Sch(K) — Set. Each of these functors is rep-
resentable by a projective K-scheme.

Proof. Fix some ¢ € {0,...,d+ 1}. For every morphism A : Y’ — Y of K-
schemes we define G;(D)(h) : Gi(D)(Y) — Gi(D)(Y') as V — (R ®x h)*(V).
Since V is of finite type, this map is indeed well-defined by [GoeWe, Proposi-
tion 8.10]. Let Grass; 4y1(D) denote the projective R-scheme representing the
contravariant functor

Sch(R) — Set
[h: X — Spec(R)] — {Ox-submodules U C h*D such that the quotient
h*D/U is locally on X free of rank d 4+ 1 — i}.

Then ResR‘K(Grassi7d+1(D)) exists, it is a quasi-projective K-scheme and it
represents gl([)) by 5.1.2. The morphism of affine schemes corresponding to
K — R = Ly®q, K, a — 1® a is étale whence ReSR‘K(GrassivdH(ﬁ)) is
proper over Spec(K) by [BLR, Proposition 7.6.5 f)]. Hence it is projective over
Spec(K). O

Similary as for GL(D), each ResR‘K(Grassi,dH(ﬁ)) is naturally isomorphic

to a fiber product of projective K-schemes XTO Grass; a+1(D) @r K by [Oes,
A.2.8, A.2.14]. Using the proposition, we conclude that
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Resp ik (Grass; ar1(D))(F) is canonically identified with the set of tuples of i-
dimensional E-subspaces in the isotypical components of D Q@ E for any field
extension K C F. According to 2.1.6, a Frobenius-invariant R-submodule D’
of an object D in FICy g, is automatically free. This freeness is equivalent
to equidimensionality over K of the isotypical components of D’. Hence, if
rankg(D’) = i, such a submodule can naturally be considered as an element of

Resp |k (Grass; ay1(D))(K).

We recall representability of the functor of flags of a prescribed type on Dy.

Definition 5.1.5. Let m > 1 be an integer and let A be a subset of the real
numbers endowed with its induced ordering. We denote by A" the subset

A=A dm) A <o < At
of A" C R™. Let A € A’?. The notation
A\ = ()\(1)[’”(’\(1))], B _’)\(S)[m(/\(S))])

will mean that A(1) < ... < A(s) are the different entries of A with respective
multiplicities 1 < m(A(1)),...,m(A(s)).

We will only be interested in the case A = %Z. The description of the functor
in the next proposition is based on the discussion in [DOR, beginning of II.1,
p.31 f].

Proposition 5.1.6 (Flag scheme). Let V be a finite-dimensional K -vector space
which is not the zero vector space, let

A= ADIOOL3(5)mOO]) ¢ <nZ)
+

and set A(s + 1) := A(s) + L. Then the functor Flyy which assigns to a K-
algebra A the set

{decreasing families (F*9(V @k A))1<j<si1 of A-submodules in V @ A
such that F*M(V @ A) =V @ A, FACTD(V @k A) =0
and the quotient FX"(V @ A)JFAND(V @ A) is locally on Spec(A) free
of rank m(A(r)) for allr =1,...,s}

is representable by a projective K -scheme called Drap(\, V).

Proof. Let A be a K-algebra. The conditions concerning the ranks of the
FXO(V @ A)/FAH)(V @k A) are equivalent to requiring that the quotient

V@r AJFA(V @ A)
is locally on Spec(A) free of rank

dimg (V) = (m(A(r)) + ... + m(A(s)))
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for all = 2,...,s. Noting that

m :=(dimg (V) — (m(\(2)) + ... +m(A(s))),
dimg (V) — (m(A(3)) + ...+ m(A(s))),

ey

dimg (V) — m(A(s)))

is an increasing sequence of positive integers, we see that Fly y is naturally
isomorphic with the functor of flags of type m from [EGAInew, I, (9.9.2)]) on
K-algebras. The latter functor is representable by a projective K-scheme by
[EGAInew, I, Proposition 9.9.3]. O

Definition 5.1.7. Let A be a K-algebra, V a finite-dimensional K-vector space

and \ € (%Z)Tml{(v). Elements of Drap(A, V))(A) are called filtrations of V @
A of type A.

As before, let D be a free R-module of rank d + 1. We want to apply
the previous considerations concerning filtrations to the Ry-module Dy, and its
isotypical components.

Let A be a K-algebra with structure morphism f : K — A. Then f and the

decomposition
Dy, = @ Dy,
T

of Dy, into 7-isotypical components (cf. the remark at the end of the first part
of 2.1.3) induce a decomposition

DL ®x A= @(DL QK A)r.

Here (Df, ®k A). denotes the A-submodule consisting of those ¢ € Dy, @ A
on which L acts via the Qp-algebra homomorphism f o7. Then (Df ®k A); is
free of rank d+1 for all 7 since (D ®x A), is identified with (D, ;) @k A. We
get mutually inverse inclusion-preserving bijections

Uw+— (Uﬂ (DL QK A)T)T
L ®q, A -submodule generated by the M, +— (M),

between the set of all L ®g, A-submodules of Dy ® A and the set of tuples
(M;), such that M, is an A-submodule of (Dj, ®x A);.

Definition 5.1.8. Let u = (i), be a family of tuples where p, € (%Z)iﬂ
for all 7. Let A be a K-algebra. Suppose moreover that, for each 7, we have a
filtration of type u, on (D ®k A),. This family of filtrations (or equivalently
the corresponding filtration of Dy ®x A by L ®q, A-submodules) is called a
filtration of type p of Dy ®x A. We let Drap(u, Dr) denote the projective
K-scheme representing the contravariant functor

Sch(K) — Set, S — {Filtrations of type p on (D)~ @k Og}.

Recall that (D)~ denotes the free Ogpec(r)-module of rank d + 1 associated to
Dy, If no confusion about the Ry-module can arise, we also denote this scheme
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by Drapz (k).

Via 5.1.6 and the discussion prior to 5.1.8 we see that the above functor
sends an affine K-scheme Spec(A) to the set

{(F;)T ‘ F; € DraP(MTaDL,r)(A)}

(in the notation of 5.1.7) and this functor is represented by the [L : Qp]-fold
fiber product of projective K-schemes X_ Drap(j,, Dr, - ).

Adic spaces (in the sense of Huber) The main references for the material
presented in this paragraph are [Hub2| and [Hubl].

By a totally ordered group I' (with group law written multiplicatively) we
mean a group whose underlying set is totally ordered with respect to a binary
relation < that satisfies ac < bc and ca < ¢b whenever a < b for all a,b,c € T.
If T is a totally ordered abelian group, I' U {0} denotes T" with an element 0
added and the order extended by 0a = 0 = a0, 0 < a for all a € T'U {0}.

Remark 5.1.9. In the Q-vector space I' ®7 Q all elements can be written as
elementary tensors. The additive law of composition is thus

1 1 1
(4® =)+ (b®~) = a"b" ® —
m n mn

and scalar multiplication is

Moreover, the total order of I' is extended by setting

1 1
a® —<b® —:=a" <b".
m n

We recall the notion of valuation on a ring in the sense of [Hub2, (1.1.2)].

Definition 5.1.10. A valuation on a ring A with values in a totally ordered
abelian group I is a multiplicative map |- |4 : A — I' U {0} satisfying

0|4 =0,
|z + yla < max{|z]a,|yla}.

The subgroup of I" generated by im(| - |4) \ {0} is denoted by I, or by I's. If
A is a topological ring then a valuation |-|4 : A — I'U {0} is called continuous
if {a € A|lala < v} is open for all v € T. Let i : A C B be an injective
homomorphism of rings and let | - | resp. |- | be valuations on A resp. B.
If there exists an injective homomorphism of totally ordered abelian groups
J Ty u{0} — I').p U {0} such that |i(a)|" = j(|a|) for all a € A, the tuple
(4,7,] - |,]-|") is called an extension of rings with valuation. The other pieces of
data being understood, we often simply refer to such an extension by <.

We will mostly consider the case where A and B are fields.
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Example 5.1.11. The extension Q, C K is an extension of fields with valuation
z — p~ ") since by assumption (cf. 2.2.7) we have

z - Lz
FQP =p~ Cpn” CI'x CRyy.

In case A = B in the definition, having isomorphic totally ordered abelian
groups I'|.; U {0} and T'|.;; U {0} defines an equivalence relation on the set of all
valuations on A.

Definition 5.1.12. An adic space is a triple (X,Ox, (] - |z)zex) such that
(X, Ox) is a locally ringed space, |- |, is a representative of an equivalence class
of valuations on the stalk Ox , for all x € X and which is locally an affinoid
adic space. The latter is a triple (Spa(A, A%),O4, (| - |2)zespa(a,a+)) Where
Spa(A, A1) is a topological space having as underlying set

{Equivalence classes of continuous valuations | - |4 on A

such that |a|4 < 1 whenever a € AT }.

Here A is a member of a certain class of topological rings and A1 is an open
integrally closed subring of A. Moreover Q4 is a sheaf of complete topological
rings on Spa(A, AT) and (| - |2)zespa(a,a+) is a family of representatives of
equivalence classes of valuations on the stalks O 4 ..

A morphism of adic spaces is a morphism of locally ringed spaces such that the
induced morphism on stalks is compatible with the valuations.

If Ox is the structure sheaf of an adic space X and z € X is a point, the
valuation | - |, on the stalk at  maps those and only those elements of the
maximal ideal of the local ring Ox , to zero. Therefore the map

k(z) = Toy, U{0}, residue class of s +— |s],

naturally endows the residue field of z with a valuation, which is also denoted

Let Y be a K-scheme locally of finite type. The adic space
Yad =Y X Spec(K) Spa(Kv OK)

is by definition the adic space associated to Y (for notation and explicit con-
struction cf. [Hubl, Proposition 3.8, Remark 4.6 i)]). As the notation suggests
the adic spaces Spec(K)*? and Spa(K,Of) (whose underlying spaces consist
of one point, respectively) can be identified. Denote by ¢ the forgetful functor
which assigns to an adic space (X, Ox, (| - |z)zex) its underlying locally ringed
space (X, Ox). To Y24 naturally is attached a morphism of locally ringed spaces
ady : £(Y®) — Y over Spec(K) such that for an adic space S over Spa(K, Ox)
the map

Homaq(x) (S, yad) — Homypgx)(€S,Y), h— ady o £(h)

is a bijection of sets, natural in S. Here lrs(K) denotes the category of lo-
cally ringed spaces whose structure sheaf is a sheaf of K-algebras. Hence Y24
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represents the contravariant functor
Ad(K) — Set, S+— Homlrs(K)(ES, Y).

Let f : Y — Z be a morphism of K-schemes locally of finite type. Since
foady = adyz o £(f*) for a unique morphism f2d : Yad — 7ad of adic spaces
over Spa(K,Ok), (=) : Y — Y2 is a covariant functor from the category of
K-schemes locally of finite type to the category of adic spaces over Spa(K, Ok ).
By [Hubl, Proposition 3.8], in Ad(K) there exists “the fibre product of Z2? with
Y over Z with respect to adz and f”, denoted by Z2d x ; Y. By construction it
is an adic space over Z2! and it is naturally isomorphic with Y34,

The category of K-schemes locally of finite type is closed under fiber products.
Since this is also the fiber product in the category lrs(K), there is a natural
isomorphism (Y x y 2)2d 22 Y2d x .4 724 in Ad(K).

Example 5.1.13. Let @ denote the K-scheme
A% X G = Spec(K[X1, ..., Xap1, X4 ])-
Then for any adic space S over K we have natural bijections
Homad(r) (S, @) = Homypg () (€5, Q) = T'(S, 0s5)* x I'(S, 0g)*.

The second isomorphism is given via [EGAInew, I, Proposition 1.6.3| since @ is
an affine scheme.

We collect two more necessary properties concerning fiber products of adic
spaces and the functor (—)2d.

Lemma 5.1.14. Let f : Y — Z be a morphism of K-schemes locally of finite
type and let z € Z° a point of the underlying topological space of Z*%.

1. Suppose f is an open immersion. Then the same is true for 2.

2. In Ad(K) there exists the fiber product of the adic spaces Y ** and Spa(k(z), k(2)T)
over Z % with respect to £ and the canonical morphism

can, : Spa(k(z),k(2)*) — z.

Let (f*)~1(2) denote this fiber product. The projection to Y *® induces a
homoeomorphism from (f°4)~1(z) onto a topological subspace of Y 2.

Proof. The first part is combination of the results in [BGR, §9.3|, [Hub2, (1.1.11)]
and [Hubl, Remark 4.6 (i)]).

The second part follows from [Hub2, 1.1.8, remark before 1.2.2, 1.2.4], using
that morphisms locally of finite type are locally of weakly finite type. O

5.2 Weak admissibility revisited

Keeping the notations, we now connect the notions concerning schemes and adic
spaces from the previous subsection with the concept of weak admissibility.
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Let A be a K-algebra. We extend the ring automorphism
oo ®A: Ly®qg, A— Ly®q, A, x @y oo(z) @y

to a ring automorphism of the polynomial ring (Lo ®g, 4)[X] resp. to a ring
automorphism of the ring of (d+1) x (d+1)-matrices with entries in Lo®q, A by
X — X resp. by acting componentwise. After choosing a basis, a (0o® A)-linear
bijective map from a free Ly ® A-module of rank d + 1 to itself corresponds to a
unique element in GLgy1(Lo ®q, A) and therefore to a unique Lo ®q, A-linear
automorphism g of this module (cf. 5.1.3). We frequently denote such a map
by g(op ® A) in order to emphasize (oo ® A)-linearity.

Recall that f = [Lo : Qp] and that D denotes a free R-module of rank d+ 1.

Lemma 5.2.1. Let A be a K-algebra. Let o : DQg A — DR A be a (cgQA)-
linear and bijective map. Then the characteristic polynomial c,s of the bijective
Lo®q, A-linear map ot (f-fold composition) has coefficients in A C (Lg ®q, 4),
where we identify A with its image under the map A — Lo ®q, A, a+— 1® a.

Proof. By (0o ® A)-conjugacy, the result of the subsequent argument does not
depend on the choice of a specific Ly ®q, A-basis of D @k A. Therefore let
€1,...,€e4+1 be such a basis and denote by T' the matrix of ¢ with respect to it.
The product

C:=T(oo® A)(T) ... (00 @ A)~HT)

is the matrix of /. It satifies the identity
(co® A)(C)=T"'CT
and thus we get
Cor (X) = det(XEgy1 — C)

=det(XEy4, — T7'CT)
=det(XEqy1 — (00 @ A)(C)) = (00 @ A)(cyps (X))

Here E4y1 denotes the (d+ 1) x (d + 1)-unit matrix. Hence the coefficients of
¢ s are (09 ® A)-invariant. Now using that (Lo ®g, A)7°®4=! = A allows us to
conclude. O

Corollary 5.2.2. Let A be a K-algebra and let Q be the K-scheme from 5.1.183.
The association

charf 4 : Resp i (GL(D))(A) = Q(A), g — (a1, ..., aa41),
where

a; := coefficient of X177 of the characteristic polynomial of
the f-fold composition (g(oo ® A))*
(i=1,...,d+1),

is well-defined and natural in A.
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Proof. Well-definedness follows from 5.2.1 and naturality is clear. O

Remark 5.2.3. In the situation of the corollary, the last entry ag41 is equal to
(—1)**det1ygq, al(g(00 @ A))f] € AX.

We now generalize our previous notion of filtered isocrystal with coefficients
following [Hel, §3]. Let K C E be an extension of fields with valuation such
that E becomes a topological field whose topology is defined by |- |g. Literally
as in the case £ = K we define the category FIC[ g, but in order to define
weakly-admissible objects for general E we reformulate the definition of ¢ and
tg. For this, recall that e = [L : Lg].

Definition 5.2.4. Let K C FE be an extension of fields with valuation and let
D:=(D,¢,F*Dy) be in FICy, g .

i) The Newton and Hodge numbers of D with values in I'g are defined as

S 1,7 dimg(FID,/Fi* % Dy)
tN(D) = |detE(¢)|% and tH(D) = |p‘EJE”7 ,

respectively.

ii) The object D is called weakly admissible if t 5 (D) =ty (D) and if t y (D’) <
tg(D') holds for every ¢-invariant Lo ®q, E-submodule D’ with induced
filtration on D} = (L ®q, E) ®rge, £ D"

As before let FIC}"; |, denote the full subcategory of FICy g, consisting of
weakly admissible objects.

Remark 5.2.5. Let D = (D, ¢, F*Dy,) be in FICy, g, and D’ denote an object
in FICy, g, corresponding to a ¢-invariant Ly ®gq, E-submodule D’ C D with
induced filtration on D7 .

i) In contrast to our former definition of weak admissibility, the inequality
sign in the condition between ¢y and tp is reversed because both assign-
ments take values in the multiplicative group I'g.

ii) If E is of finite degree over K, then D is weakly admissible in the sense
of 5.2.4 if and only if it is weakly admissible in the sense of section 2.2 so
the above generalizes the classical formula for weak admissibility. Indeed,
let E be of finite degree over K and identify 'y with a subgroup of p@.
Then we obtain, using e = [E : L] '[E : L] and equation (4),

tn(D') = p—[E:L]’l[E:Lo]vp(detE(aﬁID/))

- p—([E:L]f)’lvp(detLo(¢f|D/))
for any D’. The Hodge number is
by (D') = p~ Syesd dime(F DL /PO

_ o . o
—[E:L] 127.6%23 dlmL(FJD/L/F]JrnD’L).
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Hence tn(D') < ty(D’) holds if and only if

1 . : 1
?vAdmLA¢ﬂDo>z > j dimp (F9 Dy /F*w DY)
JELZ

holds with equality for D = D'.

iii) We have the equalities
detp(¢|p ) = Norm(Lg@)@pE)\E(deth)@QpE((bf|D’)) = detLo@@pE(¢f|D’)f7

the second because detL0®QpE(¢f|D/) € EX, cf. 5.2.1.

Since detLD@)QpE(qu|D,)detE(¢|D/)_1 € py(F) and |(|g = 1p, for any root
of unity ¢ in F, we find

|det (¢ )|z = |detLogq, £(0 D)6

Therefore, by definition, the object D is not weakly admissible if and only
if 1
sedlgd dimg(F/Dy/F7*wDy)

=
[det o0, 2(67)]5 < [plg
or there exists a ¢-invariant Lo ®q, E-submodule M C D such that

S, dimp (FIMp/Fi+ % M)
detomg w6 10l > Il ’

The following result shows that weak admissibility is invariant under exten-
sion of scalars with respect to fields with valuation.

Proposition 5.2.6. Let K C E C E’ be extensions of fields with valuation and
let D := (D, ¢, F*Dy) denote an object of FICL g . Then D lies in FICT %, ,
if and only if the object D Qg E' := (D ®g E',¢ @ E', F*Dy, ®g E') obtained
by extending scalars from E to E' lies in FICT g .

The statement of the propostion is [Hel, Corollary 3.22] for objects of slope
one. There also a detailed proof is given.

Sketch of proof. Let D®p E' be weakly admissible. For all ¢-invariant Lo®q, £-
submodules D’ C D we have

detp (¢ ® E')|propr) = detu(d|pr),

hence the values of ¢ty on D’ and D' ® g E’ coincide. By faithful flatness of vector
spaces over fields the same is true for tz. Therefore D is weakly admissible.
The reverse implication uses a slope theory as developed in [Hel, §3]: attached to
a filtered isocrystal A with coefficients in any extension of fields with valuation
K C F is a uniquely determined finite family of invariants s; < ... < s, €
I'g ®zQ (cf. 5.1.9) and the so-called H N-filtration of A which is a decreasing
family by r Frobenius-invariant Lo ®q, E-submodules with induced filtration
([Hel, Proposition 3.19]) for an integer » > 1. This attached data has the
property that validity of

r=1 and s; = neutral element of I'g ®7 Q
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is equivalent to weak admissibility of A, as follows from combination of [Hel,
Lemma 3.13, Definition 3.15, Proposition 3.19].

Now in the case at hand one shows by a descent argument that the H N-filtration
of D ® E’ must be of the form

0CD,®gE C...CD,®@g E'=D®gFE,

where the D,,...,D, = D are the members of the H N-filtration of D. By
assumption, r = 1 and s; = neutral element of I'y ®7 Q. By invariance of s;
under extension of scalars, »r = 1 and s; = neutral element of I'g: ®7 Q holds
for D ®g E’. Hence D @ E’ is weakly admissible. O

In what follows we write Gp for Resg, x(GL(D)) for any finitely generated
free R-module D.

Definition 5.2.7. Let D be a finitely generated free R-module and let y =
(t4r)r where p, € (%Z)fnkR(D) for all 7. For any extension of fields with
valuation K C E we define (Gp X g Drap(u, D)) (E)™® as the subset of Gp(FE) x
Drap(u, Dr)(E) consisting of those pairs (g, F*) such that (D @k F,g(oo ®
E), F*) lies in FIC}? .

Remark 5.2.8. i) By 5.2.6 the definition of (Gp x g Drap(u, Dp))(E)"® is
functorial in E.

ii) In the situation of 5.2.7 let d + 1 be the R-rank of D and let £ = K.
Assume moreover that for all 7 we have p, € Ziﬂ with

Hrp <o < Hrdt1

(in particular, Drap(u, Dy) is the K-scheme whose K-valued points are
in natural bijection with families (F?), of full filtrations of Dy, , of type
pr respectively). Let ¢ = X9 ;X4 4 . 4 ¢4 X + c441 € K[X] split
completely into linear factors and moreover be such that cgy1 # 0. Then
[BrSch, Proposition 3.2] characterizes non-emptyness of the intersection
inside (Gp x g Drap(u, Dr,))(K) between the set consisting of all K-valued
points (g, F*) of Gp x x Drap(u, Dr) such that (g(co ® K))/ has charac-
teristic polynomial ¢ on the one hand and (Gp x g Drap(u, Dr,))(K)“® on
the other hand in terms of the existence of certain numerical (in)equalities
relating the valuations of the zeros of ¢ and the entries of the p,.

Let K C E be an extension of fields with valuation. Then the Hodge number
of any D in FIC g, whose associated filtration is of type u = (p7)+ is

ati
ta (D) = [pl~ == 7.
Hence the possible values for Hodge numbers of Rj-submodules of Dy with

induced filtration are finite in number. The following identity concerning the
exponent on the right hand side will be useful in the proof of 5.2.9: let a € %Z
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such that ¢ < min,{p;1}. Then we have

d+1
. 1 . ;
ZZMT’i =a dlmE(DL) + ﬁ szlmE(FJDL,T>
T =1 T a<j
1 .
=a dimp(Dy) + ~ > dimp(FIDy).
a<j

Here FiD L,» denotes the image of F’ 7Dy, under the canonical projection Dy —
Dy, .. Validity of the second equation is clear. In order to see validity of the
first one, fix any 7 : L — K. By the choice of a we may write

d+1
Y pri= Y jdimp(FDr,/Fi*Dy,)
i=1 je%Z
=" j dimp(F/ Dy . /F* %Dy, ;)
a<j
=Y j dimp(FIDp.) — Y j dimp(F/ 7Dy, )
a<j a<j
. 1 1
— i di j _ LIV di i+3
— ZJ dimg(F' Dy, ;) Z(J + ) dimp(F*7 Dy )
a<j a<j
1 .
+ > dimp(FTDL ).
a<j

. After reindexing, the

1
n

In the last equality sign, we have used j = (j + +) —
second sum in the last expression is equal to

— Z j dimg(F'Dy, ;).

a+1i<j
We obtain
d+1 1
ri=adimg(Dp,)+ — Y dimg(F'Dy ;
izzlu, a dimp(Dy, )+n§j img(F’ D, ;)

and hence, after summing over all 7, the stated equation (cf. also [DOR, Lemma
1.1.11], [CoFo, Formula (3.1)]).

Now let m : S — (Gp xx Drap(u, D)) be a morphism in Ad(K) where
D is a free R-module of rank d + 1 and pu = (u.), with p, € (%Z)iﬂ for
all 7. If s € S is a point with image s" := (adg, x «Drap(u,p.) © {m)(s) €
Gp %k Drap(u, D), denote by (g(s’), F*(s')) the pullback of the universal
element over Gp X i Drap(u, Dy) to Spec(k(s’)). Considering the fields K and
k(s) as an extension of fields with valuation, it is reasonable to ask whether

(95, F3) = (9(8") @ k(s5), F* () @re(sr) k(5))

lies in (Gp Xk Drap(u, Dr))(k(s))”*. The following result, whose statement
and proof are based on [Hel, Proposition 5.2], provides structural information
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on points in fibers over rigid points of the morphism
« := (char o projection to Gp)*® : (Gp x x Drap(u, Dy))** — Q™4

regarding this question. Here we denote by chary : Gp — @ the morphism of
K-schemes corresponding to the natural transformation between the functors
of points of Gp and @ described in 5.2.2.

Theorem 5.2.9. Notations as in the preceeding discussion, let x € Q%% be such
that k(x) is of finite degree over K. With m being the projection a~'(x) —
(Gp xx Drap(u, D)) (cf. 5.1.14/2.), define the weakly admissible locus in
a~Yz) as

a”Hz)":=={z € a”(2) | (9. F2) € (Gp xx Drap(u, Dy))(k(2))"*}.
Then there exists a quasi-projective k(x)-scheme M such that
Mad _ Oé_l(l‘)wa.

Proof. By the assumption on z, the field k(x) is complete with respect to the
unique extension of | - |, and the equivalence class of this valuation is the unique
point of the underlying space of Spa(k(x), k(z)") = Spa(k(z), Op(x))-

We will prove the statement in several steps.

Step 1: The composite morphism of locally ringed spaces

adgq o £(cany) : £(Spa(k(r), Oy())) — Q

corresponds to a unique element (ci,...,cqr1) € k(x)? x k(z)* by 5.1.13. Let
c denote the polynomial X9 + ¢; X9+ ...+ cqX + cay1 € k(z)[X]. In what
follows we may and will assume that

leasr]g = p~ Tr Tii e

because in case the equality does not hold, a~!(x)"* is empty by definition of
weak admissibility (cf. also 5.2.5 iii) and the discussion after 5.2.8) and by the
equivalence

FARgTEY _ d+1 )
learn|e # [pIZ 2 o fean |G # pm B T pe
for all z € a=(x).

For the following auxiliary constructions, we fix an integer ¢ with 0 < i <
d+1.

Step 2: Write Grg i p for the projective K-scheme Resg|x (Grass; ay1(D))
from 5.1.4. The family of maps

A A : GD(A) X G’/‘R71,D(A) — GTR71',D(A),
(9.U) = gloo @ A)U,

as A runs through all K-algebras, defines a morphism of K-schemes a; : Gp X
Grr,i,p = Grr,; p. Note that the occurence of op ® A in the definition of a; 4
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induces a permutation of the factors of Grr; p (cf. the discussion subsequent
to 5.1.4). Let PrGrr.p * Gp XK Grrip — Grg, p be the second projection.
The universal property of the fiber product Grg ;. p Xk Grr,;,p yields a unique
morphism of K-schemes (a;,prGrp, p) : Gp Xk Grri,p = GTR,i,p XK GTRi,D-
Denote by Z; p the fiber product of Gp X Grg; p and Grg; p with respect
to (ai,prary.,; ») and the diagonal morphism Ag,,, ,. Note that Ag,y, , is
projective since it is a closed immersion ([EGAII, 5.5.5 i)]). Hence, by stability
under base change and composition ([EGAII, 5.5.5 ii), iii)]), the composition of
projection morphisms Z; p = Gp xg Grg; p — Gp is projective.

Step 3: Let S be a K-scheme. We write 0¢p ® Og : Orgs — Orggs for the
inverse image of the morphism Spec(oo® K) : Ogpec(r) — Ospec(r) With respect
to the projection to Spec(R).

The scheme Z; p (cf. Step 2) represents the contravariant functor which sends
a K-scheme S to the set of pairs (¢,U) € Gp(S) x Grg,;,p(S) such that the
0o ® Og-linear endomorphism g(og ® Og) : D®r Og — D@y Og restricts to a
semilinear endomorphism ¢(op ® Og)ly : U — U. Pulling back to residue fields
of points of Yi,D = Zi,D XK Drap(u,DL) - GD XK GTR,i,D XK Drap(u,DL)
the universal elements on Z; p respectively on Drap(u, D) along the canonical
morphisms yields in particular a free Ly ®q, #(y)-submodule V;(y) € D ®x x(y)
of rank ¢ and a filtration F*(y) of type u of Dy ®k k(y) where y € Y; p.
According to the semicontinuity principle (cf. [EGAIIIy, 7.6.9, (proof of) 7.7.5
(D)]), one finds that the function

hij : Y;"D — Z7
Y= dlmn(y) (Vz(y)L N ]:j (y)) = Z dlmn(y) (Vi(y)L,‘r N -Fj (y)'r)

is upper semicontinuous for all j € %Z L Tt follows that the same is true for

1
hi : Y;,D — 7Z,
n

g Y dimeg [(Vily) 0 F () /(Vily) L N FH (y)]
jetz

since we have 1
hi(y) = a[L : Qpli + -~ Z hij(y)
a<j
by 5.2.8, ii), where y € Y; p and a is an arbitrary element in %Z with a <

min, {471}
It follows that the functions h'ff := hyj o ady, , and k2 := h; o ady, , are

upper semicontinuous on Yiag. For m,m’ € %Z with m’ > m we therefore have
inclusions of closed subsets

{y | hily) >m'} S{y | hi(y) =m} CYip

respectively
{21 hi9(z) 2 m'} € {2 | B() 2 m} C VD,

1Here we call a function f : S — T from a topological space S to a totally ordered set T'
upper semicontinuous if the subsets {s € S|f(s) > ¢} are closed for all t € T.
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For each m € %27 let Y; ,,,p denote the reduced subscheme of Y; p having as
underlying topological space the set {y | h;(y) > m}. As a closed immersion,
the canonical inclusion Y; ,,,p — Y; p is proper. By stability under composition,
the same is true for the composite

Yim,p — Yip = Zi p Xk Drap(u, D) = Gp xx Drap(u, Dr).

Note that by [Kopf, 2.17] and [Hub2, 1.3.19] the corresponding morphism Yfﬁb p—
(Gp x i Drap(u, D1))?? of adic spaces over Spa(K,Ox) is proper.

Step 4: We need to introduce new notations with respect to some of the previ-
ous constructions. If (n;, W;) € Gp(Z; p) X Grr,i.p(Z;,p) denotes the universal
element of Z; p and Pz, p is the projection R®x Z; p — Z; p, let d; denote the
image of pz, ,, «((ni(o0 ® Oz, ,)) |w,) in T'(Z; p, Oz, ,,) under the composition
on global sections of the morphism of Oz, ,-modules

fi fi
d
%Omozi,D (pZi,D,*Wi’pZi,D,*Wi) it) %omozivD (/\pzi,D,*Wi7 /\pZi,D,*Wi)

— Oz, p-

The isomorphism on the right is given on open subsets of Z; p by the map
[w — vww] <~ u (cf. [GoeWe, (7.20.7)]).

Let F. be the splitting field of the polynomial ¢ € k(z)[X] determined by z €
Q. If S, denotes the fiber product of the morphisms Spec(k(z)) — @ and

(chary o projection to Gp) : Gp xx Drap(p, Dr) — @,
let T ,,p denote the F,-scheme

Y:i,m,D XGDXKDrapL(;L,DL) (Sw ®k(m) Fc) = Y:i,m,D XQ Fc-

Step 5: With notations as before, we define for every m € %Z a subset of T; ,, p
by Sim.p = {y € Tim,p | |di(y)[5 > p~™}. Here we write d;(y) for the image
of d; in the residue field at y and we claim that S; ., p is a union of connected
components of T; ,, p for all m € %Z.
Proof of claim: By construction and the third part of 5.2.5, the element d;(y) is
the product of an f-th root of unity and the determinant of an automorphism on
a free (Lo ®q, £(y))-module of rank i such that the characteristic polynomial of
this automorphism divides the polynomial ¢. Since d;(y) can thus be considered
as an element of I, the expression |d;(y)[5, is actually well-defined.
Associated to the image of d; in I'(T;,n,p,Or,,, ) is a unique morphism of
rings pq, : Fe[X] = I'(Tim,p, Or, . ,) Which corresponds to a unique morphism
of schemes

04, : Tim,p — Spec(Fc[X]) , y > ker(pg,.y)-

Here pg,, denotes the composite of py, with the canonical morphism from
I'(Ti,m,p,Or, . ») to k(y). Hence pg, , sends a polynomial P to P(d;(y)).

Let A1,...,Aq+1 € FX denote the not necessarily distinct roots of ¢. Thus for
every y € T; o, p there exists a subset J, of {1,...,d + 1} of cardinality ¢ such
that di(y) € (IL;e, Aj)us(Fe). 1t follows that the image of the morphism g,
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is contained in the finite set

(X + e [T A)EIX] | € € (13,0 C {1, d+ 1}, 4] = i,C € py(F)}
jeJ

of closed points of A},C. Hence 64, is constant on connected components. Now
we find

Smp=J U U X+ ] MEIXT

ec{t1}Ceps(Fe) J JjEJ

where the third index set runs over all subsets J of {1,...,d+ 1} of cardinality
i such that [J];c; A;[; > p™™. The claim is proved.

Note that T} ,, p is of finite type over F¢, therefore Noetherian and hence has
only finitely many connected components. In particular, S;,, p is a closed
subset of T; . p for every m € LZ.

Step 6: There exists mg € %LZ such that

pm0 > max{| [T \IS [T C{1,...,d+ 1}, #J =i}.
jeJ

Hence S; ,,,,p is empty for all m € %Z such that m < my.
Let J; denote the set of all families (J;), of subsets of {1,...,d + 1} satisfying
S, #J- = [L: Qpli. If my € L7 is such that

my > max{z Z trj | (Jr)r € i},

T jEJ,

then the set underlying Y; ,, p is empty for all m € %Z such that m > my. It
follows that S; ,, p is also empty in this case.

Step 7: Now applying these considerations to all ¢ € {0,...,d + 1} yields finite-
ness, hence closedness, of the union

d+1
U U prg,m(Si,m,D) - S$ ®k(x) Fc~
i=0 melz,

Here pr} ,, denotes the base change to T; ,, p of the proper morphism Y; ,, p —
Gp xx Drap(p, Dp) for all i € {0,...,d+ 1} and all m € 17,

Let s € Sy ®p(a) Fe be a point such that for (D ®k k(s), g(s)(0o @ k(s)), F*(s)),
where (g(s), F*(s)) is the pullback to Spec(k(s)) of the universal element on
GpxDrap(u, D), there exists a g(s)(oo®r(s))-invariant Lo®q, #(s)-submodule
U of rank 7y > 0 with |det,.(s)(g(s)(00 ® K(S))|5)‘; > p~ . Here we have set

hy ==Y > j dim(F/(s), N UL, /F(s); N UL,).

T jELL

We remark that the same inequality is true with respect to any field extension
E of k(s) and the corresponding submodule U ®,.(s) ££. The point s is contained
in pr7. 5, (Sry.ny,p): indeed, a triple as above is a r(s)-valued point of Y., p.
Letting y € Y, ny,p denote the image point, both s and y lie over the same point
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in Gp X g Drap(u, DL) Hence there exists ¢t € T}, p,,p such that prTU hy (t)=s
and therefore s € pr). ;, (Sr; ny,p) by the remark just made.

Step 8: Since the field extension k(xz) C F. is finite, the projection morphism
q: Sz ®p(e) Fe — Sy is proper. Let M denote the open subscheme of S, induced
on the open subset

d+1
S \U U sz))
i= OmEnZ

Denote by ip; : M — S, the canonical morphism of K-schemes.
The third point in the following claim uses notation from the discussion directly
before the theorem.

Claim: The following statements are equivalent for a point z € a~!(z):

a) The point z is contained in M??, considered as a subset of a~!(x) via 3%,
b) The point adg, (z) is contained in M.
¢) The pair (g,, F?) is contained in (Gp x g Drap(u, D)) (k(z))"?.
d) The point z is contained in o= (z)"2.
Proof of claim: For the equivalence of a) and b) we identify M3 with a=*(z)x g,
M in Ad(K). Then application of [Hubl, Proposition 3.9 ii)] to the equality
in o adyr = adg, o £((ipr)2d) yields for every s € M and y € a~!(x) with
in(s) = ads, (y) the existence of t € M?d such that i3$(t) = y and ady(t) = s.
For the implication “b) = ¢)” assume that (g.,Fs) is not contained in (Gp Xk
Drap(u, Dp))(k(z))™. The morphism ¢*® is surjective. For y € (Sy ®p () Fe)™
with ¢*(y) = z, the pair (g, FJ) is not contained in (G p x g Drap(u, D)) (k(y))™
by 5.2.6. Let y' := ads,,,, F.(y). Restricting |-, to x(y’) and using the nota-
tion from the previous step, we see that (D®xk k(y")), 9(v') (co®@k(y)), F*(y')) is
not weakly admissible. Hence, y' = pr} . (¢') € pr; ,,(Si,m,p) for a suitable pair
(i,m) and t’ € T; ;. p (cf. Step 7). But then ads, (2) = ads, (¢*4(y)) = q(¢/) is
not contained in M.
For the implication “c) = b)” assume that adgs,(z) ¢ M. By surjectivity of ¢
there exists s € U Unne 12, Pt m (9i,m,p) such that ¢(s) = ads, (2). By [Hubl,
Proposition 3.9 ii)] again there exists t € (S; @z Fe)*! with ¢*4(t) = z and
ads, g, F.(t) = s. The latter equality and the same argument used to show
equivalence of a) and b) imply that ¢ is contained in the complement of the open
subspace

d+1
((Sz @) FO\N U U prim(Sim.n)™ € (So @ay Fo)™.
i=0 melz
This means there is a point ' in some 7?9 , with (pr},,)*(t') = ¢ and

|di(t)5,4) > [P}y The latter implies that (gt/ F?) ¢ (GpxgDrap(u, D) (k(t))™=.
The equality ¢*4(¢) = z together with 5.2.6 finally yield that (g., F?) ¢ (Gp X
Drap(p, D)) (k(z))" and hence b). The equivalence of ¢) and d) holds by def-
inition. This proves the claim.

From the claim we finally conclude that

Mad — 0471 (x)wa
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holds, which finishes the proof. O

Remark 5.2.10. Taking into account the context of %Z—ﬁltrations, by an anal-
ogous reasoning as in the proof of [Hel, Theorem 5.1|, the adic space a~!(z)%?
for general x € Q! can be obtained as the fiber product of the adification of
a quasi-projective scheme over a finite intermediate extension of K in k(z) (as
constructed in the above proof) with Spa(k(x), k(z)™1).

Example 5.2.11.
1. With notations from the proof, let n = 2,d = 2,e = f = 1,u = (0,3,1)
1
and suppose ¢ = (X — 1)(X — p2)(X — p) € K[X]. Then denoting by D
a three-dimensional K-vector space we find

M =S, \ (pr} (51,%,0) U pri,1(51,1,o) U pr/2,1(52,1,D) U Prlgg(sz,g,D))-

1
’2

In particular, a triple (D = Ke; @ Kea ® Kes, ¢, F'*) with a K-linear map

1
Q:errrer, exrrp2es, e3> pes

and a filtration F'® of type u on Kej; & Kes @ Keg by K-vector spaces lies
in the category FICG x , (and hence defines a K-valued point of M) if

and only if Ke; NF3 =0 and (Kep ® Kea) N F1 = 0. The set of filtrations
satisfying these conditions is not empty.

The object Ke; @ Kes together with induced Frobenius and any induced
weakly admissible filtration lies in FICq” . It lies in FICG” ;o) if and
only if the non-trivial filtration step is equal to the Frobenius-invariant
subspace Key. Regarding the results from the previous sections, in this
case this object corresponds via Vs 2, up to isomorphism, to the direct
sum of the trivial Gg, (2)-representation K with ey ! In all other cases,
the functor Vs 2 sends this object to K.

2. Letd=1,f =1,c=(X-1)(X—p~) € K[X]and pu = ((0, 2),),. Thus let
D be a two-dimensional K-vector space. We find that the underlying set
of M in this case is identified with the subset of those points y € S, such
that for the corresponding pair (g,, F,) € (Gp xx Drap(u, D1))(k(y)) we
have: the 7-isotypical component of the scalar extension to L ®q, K of

1
the g,-eigenspace of 1 has trival intersection with Fy; for every .
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A Rational Hodge-Tate weights

In this short appendix we introduce the notion of Hodge-Tate weight in %Z. We
assume all notations and conventions up to section 4.2.

By the arguments given in 2.1.3, an Ry;-module M is the same as a family

@, M. of K-vector spaces made into a module over the ring @_ K, by com-
ponentwise addition and componentwise scalar multiplication.
This holds in particular for the R;-module Dy, associated with an object D of
FICy k. For any x € Dy and any Q,-algebra homomorphism 7/ : L — K,
let 2, := m(x) where 7, is the projection Dy — Dy, corresponding to the
idempotent (0, ,/)r € @, K, (in terms of the Kronecker delta). Then

Dy ;= image(n) ={de€ Dy | (®1)d=(1®7'(l))d for all l € L}

and each Dy, s is naturally equipped with a decreasing, exhaustive and sepa-
rated %Z—ﬁltration by K-vector spaces via F* Dy, := (F*Dp),; := 7w (F*Dp).

Definition A.1. Let D be in FICy g, and let (F*Dy ), be the family of
filtrations just described. A number h € %Z is called a Hodge-Tate weight of D
if there exists a Q,-algebra homomorphism 7 : L — K such that gr=—" Dy, , # 0.
The positive integer > dimg (gr="Dy, ,) is called the multiplicity of the Hodge-
Tate weight h. Thus we obtain a multituple

HT(Dy) = HT(D) = (HT(D),), € (~Z)™*s(P),

n

where each (unordered) rankpg(D)-tuple HT' (D), contains those Hodge-Tate
weights of D contributed by Dy, , with respective multiplicity dimx (gr=—"Dr, ;).
Let V be in Rep‘}?s(GL’(n)). We define the Hodge-Tate weights of V' as being
those of Deyis (V) and set HT(V) := HT (Deyis o (V).

Note that the definition of Hodge-Tate weight depends only on the associated
filtration and not on the Frobenius of D. Hence non-isomorphic objects can
induce the same Hodge-Tate tuple (cf. also the examples below).

Example A.2.

1. Recall the object K7y from 2.2.17. Then HT(Ky,) = (0,—1). The mul-
tiplicity of both Hodge-Tate weights is one.

2. Let L =Q,. The object R ® K/ is an object of FICG? k (n) and we find
HT(R® K,)) = HT(K ®e,") = (0,—1). Again the multiplicity of both
Hodge-Tate weights is one.

3. Concerning the characters €/ (r € Z) we have HT(¢l) = ((£),...,(%)).

n n
Hence in any case there is only one Hodge-Tate weight with respective

multiplicity [L : Qp]. In particular, HT (¢) = ((1),...,(1)).

With the notions from the definition and keeping in mind the effect of twist-
ing on Hodge-Tate weights, it is immediate that, if V" is in Repk* (G n)), all
Hodge-Tate weights of V' are integers if and only if V is in Rep$-®(Gyp).
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