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On transverse triangulations

Aleksey Zinger
(Communicated by Siegfried Echterhoff)

Abstract. We show that every smooth manifold admits a smooth triangulation transverse
to a given smooth map. This removes the properness assumption on the smooth map used
in an essential way in Scharlemann’s construction [6].

1. INTRODUCTION

For | € Z2°, let Al C R! denote the standard I-simplex. If |[K| C RV is a
geometric realization of a simplicial complex K in the sense of [5, Sec. 3], for
each [-simplex o of K there is an injective linear map! ¢, : Al — |K/| taking
Al to |o|. If X is a smooth manifold, a topological embedding p : A! — X is
a smooth embedding if there exist an open neighborhood Al of Al in R' and
a smooth embedding f : AL — X so that fijar = p. A triangulation of a
smooth manifold X is a pair T' = (K, n) consisting of a simplicial complex and
a homeomorphism 7 : |K| — X such that

note: Al — X

is a smooth embedding for every I-simplex o in K and [ € ZZ°. If T = (K,7)
is a triangulation of X and ¢ : X — X is a diffeomorphism, then .7 =
(K,v on) is also a triangulation of X.

Theorem 1.1. If X.Y are smooth manifolds and h : Y — X is a smooth
map, there exists a triangulation (K,n) of X such that h is transverse to n|mt »
for every simplex o € K.

This theorem is stated in [8] as Lemma 2.3 and described as an obvious
fact. As pointed out to the author by Matthias Kreck, Scharlemann [6] proves
Theorem 1.1 under the assumption that the smooth map h is proper, and his
argument makes use of this assumption in an essential way. For the purposes
of [8], a transverse C''-triangulation would suffice, and the existence of a such

Li.e. 1o takes the vertices of Al to the vertices of |o| and is linear between them, as in [8,

Footnote 5]
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triangulation is fairly evident from the point of view of the Sard-Smale Theo-
rem [7, (1.3)]. On the other hand, according to Matthias Kreck, the existence
of smooth transverse triangulations without the properness assumption is re-
lated to subtle issues arising from the topology of stratifolds [2]. In this note
we give a detailed proof of Theorem 1.1 as stated above, using Sard’s theorem
[3, Section 2].

2. OUTLINE OF THE PROOF OF THEOREM 1.1

If K is a simplicial complex, we denote by sd K the barycentric subdivision
of K. For any nonnegative integer [, let K; be the l-th skeleton of K, i.e. the
subcomplex of K consisting of the simplices in K of dimension at most . If o
is a simplex in a simplicial complex K with geometric realization |K|, let

St(o, K) = U Int o’

oCo’

be the star of o in K, as in [5, Sec. 62], and b, € sd K the barycenter of o.
The main step in the proof of Theorem 1.1 is the following observation.

Proposition 2.1. Let h : Y — X be a smooth map between smooth man-
ifolds. If (K,n) is a triangulation of X and o is an l-simplex in K, there
ezists a diffeomorphism v, : X — X restricting to the identity outside of
1(St(by,sd K)) so that s 0 N|it o 8 transverse to h.

If 0 and ¢’ are two distinct simplices in K of the same dimension [,
(1) St(by,sd K) N St(byr,sd K) = 2.

Since ¢, is the identity outside of 7(St(bs,sd K)) and the collection {St(b,,
sd K)} is locally finite, the composition v¢; : X — X of all diffeomorphisms
Yy : X — X taken over all [-simplices o in K is a well-defined diffeomor-
phism? of X. Since ¢ o Nljo| = Yo ©1]|s| for every I-simplex o in K, we obtain
the following conclusion from Proposition 2.1.

Corollary 2.2. Let h: Y — X be a smooth map between smooth manifolds.
If (K,n) is a triangulation of X, for everyl = 0,1,...,dim X, there exists a
diffeomorphism i : X — X restricting to the identity on n(|K;—1|) so that
Y1 0 N|int o 18 transverse to h for every l-simplex o in K.

This corollary implies Theorem 1.1. By [4, Chap. I1], X admits a triangula-
tion (K,7n_1). By induction and Corollary 2.2, for each I =0,1,...,dim X —1
there exists a triangulation (K,n;) = (K, ¥ om—1) of X which is transverse to
h on every open simplex in K of dimension at most [.

2The locally finite property implies that the composition of these diffeomorphisms in any
order is a diffeomorphism; by (1), these diffeomorphisms commute and so the composition
is independent of the order.
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3. PROOF OF PROPOSITION 2.1

Lemma 3.1. For everyl € Z*, there exists a smooth function p; : Rb — RT
such that
p H(RT) = Int AL,

Proof. Let p: R — R be the smooth function given by

) e~V ifr >0,

)=

r 0, ifr<0.

The smooth function p; : RY — R given by

=l =l
pl(tl, e ,tl) = p(l — Ztl) : Hp(ti)

i=1 i=1
then has the desired property. O
Lemma 3.2. Let (K,n) be a triangulation of a smooth manifold X and o an
l-simplex in K. If
fio AL xR U, ¢ X
is a diffeomorphism onto an open neighborhood U, of n(|o|) in X such that
fio(t,0) = n(1e(t)) for all t € A,, there exists c, € RT such that

{(t,v) € (Int A x R™ o] < copi(t)} C iy (n(St(bs,sd K))).
Proof. It is sufficient to show?® that there exists ¢, > 0 such that
{(t,v) € (Int AY x R™ | o] < copr(t)} C fiy " (n(St(o, K))).
We assume that 0 < [ < m. Suppose (t,,v,) € (Int Al) x (R™~! —0) is a

sequence such that

(2) (tprvp) & s (0(SH(0, K)))s o] < %plap).

Since n(St(o, K)) is an open neighborhood of n(Int o) in X, by shrinking v,
and passing to a subsequence we can assume that

3) (tp,vp) € fig* (n(I7']) < fig* (n(|7]))

for an m-simplex 7 in K and a face 7/ of T sothat o ¢ 7/, 7' ¢ 0, and 0 C 7.
Let ¢ : A™ — | K| be an injective linear map taking A™ to || so that
o)) =A™ NR x 0 c R x R™

SHP) =A™ N0 x R™ L c R x R™ L

Choose a smooth embedding p, : A”" — X from an open neighborhood of

A™ in R™ such that p;|am =noir. Let ¢ be the first component of the
diffeomorphism

,U;l 0 fig : ﬂ;l(UT(AT)) — :U;l (ﬂU(AL x Rm_l)) CR' xR™

(4)

3If K’ is the subdivision of K obtained by adding the vertices b,s with o/ 2 o, then
St(bs,sd K) = St(o, K').
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By (3), the second assumption in (4), the continuity of d¢, and the compactness
of Al

(5) |6(tp, 0)| = [6(tp, 0) = d(tp. vp)| < Clvp| Vo,

for some C > 0. On the other hand, by the first assumption in (4), the
vanishing of p; on Bd A, the continuity of dp;, and the compactness of Al,

(6) louty)] < Clo(ty, 0] Vo,
for some C' > 0. The second assumption in (2), (5), and (6) give a contradiction
for p > C2. O

Lemma 3.3. Let h : Y — X be a smooth map between smooth manifolds,
(K,n) a triangulation of X, o an l-simplex in K, and

fio AL xR U, ¢ X
a diffeomorphism onto an open neighborhood U, of n(|lo|) in X such that

fo(t,0) = n(is(t)) for all t € A,. For every € > 0, there exists s, €
C>(Int AL, R™Y) so that the map

(7) fio o (id, 85) : Int Al — X
is transverse to h,
|so(t)| < Epi(t) VteIntAl

im0 [V se ()] =0 Vi j e 277,

where V7s, is the multilinear functional determined by the j-th derivatives
of $o.

Proof. The smooth map
It A" x R™— X, @(t,0) = fig (t,e /P Dy),

is a diffeomorphism onto an open neighborhood U. of n(Intc) in X. The
smooth map (7) with s, = e~ /7 )y is transverse to h if and only if v € R™!
is a regular value of the smooth map

mo¢ toh:h N UL) — R™L

where 5 : Int Al x Rt — R™~! is the projection onto the second com-
ponent. By Sard’s Theorem, the set of such regular values is dense in R,
Thus, the map (7) with s, = e~ /?t(1)y is transverse to h for some v € R™!
with |v| < €2. The second statement in (8) follows from p;|pgar = 0. O

Corollary 3.4. Let h: Y — X be a smooth map between smooth manifolds,
(K,n) a triangulation of X, o an l-simplex in K, and

fio : AL xR U, ¢ X
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a diffeomorphism onto an open neighborhood U, of n(|o]) in X such that
fs(t,0) = n(e(t)) for all t € A,. For every e > 0, there exists a diffeo-
morphism ! of AL x R™~! restricting to the identity outside of

{(t,v) € (Int A x R™L: o) < ep(t)}
so that the map fiy © Y, | Alxo 1S transverse to h.
Proof. Choose 8 € C*(R;[0,1]) so that
1, ifr<i
_ ) = 9
pir) {0, ifr>1.
Let Cg = sup,¢g |6'(r)]. With s, as provided by Lemma 3.3, define
Pl AL xR AL xR by
‘L”('t)) sg(t)) , ift e IntAl

Pl (t,v) = {(t’v+ﬁ(ép

7 (t,v), if t ¢ Int Al

The restriction of this map to (Int A!) x R™~! is smooth and its Jacobian is

I, 0
9) TV 0 =< o] \ so(t) o' >,
0 =\ Tl T+ () S
where

Kl o (Il v so(t)
LA = ( Vse(t) — V.
(Tl w2t =8\ 5 ) Voo O =P\ i) e )
By the first property in (8), this matrix is non-singular if e < 1/Cpg. If W is
any linear subspace of R™~! containing s, (t),

YLt x W) Ctx W, YL (t,v) = (t,v) Y v € W such that |v] > ep(t).

Thus, v, is a bijection on ¢ x W, a diffeomorphism on (Int Al) x R™~! and a
bijection on Al x R™~L.

Since B(r) = 0 for r > 1, Y. (t,v) = (t,v) unless t € Int Al and |v| < epy(t).
It remains to show that ¢/ is smooth along

{(t,v) € (Int AY) x R™=!: |o| < epy(t)} — (Int Al x R™t = (BdAY) x 0.

Since |s, (t)] — 0 ast — Bd A! by the first property in (8), 1/ is continuous
at all (t,0) € (Bd A!) x 0. By the first property in (8), ¥/, is also differentiable
at all (t,0) € (BdA!) x 0, with the Jacobian equal to I,,. By (9) and the
compactness of Al,

| Tl 0) = Im| < C(IVso ()] + p(t) s (t)]) ¥ (t,0) € (Int A') x R™!

for some C > 0. So J. is continuous at (¢,0) by the second statement
in (8), as well as differentiable, with the differential of J%. at (¢,0) equal
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to 0. For ¢ > 2, the i-th derivatives of the second component of ¢/, at (¢,v) €
(Int A!) x R™~! are linear combinations of the terms

g (q':(|t)> ' <q|:(|t)>“ l:li <ij€£1> ' Ivllgﬁ V()

where i1, 2, j1,j2 € Z=° and p1,...,p;, € ZT are such that

i1+ (pr+p2t .. Py — 1) Fi2 =1, J1+J2 <y,
and vy is a jo-fold product of components of v. Such a term is nonzero only if
ep1(t)/2 < |v| < epi(t) or i1 = 0 and |v| < epi(t). Thus, the i-th derivatives of
P! at (t,v) € (Int A) x R™~! are bounded by

Ci Y p(t) [ V2s,(t)|
i1+i2<1
for some constant C; > 0. By the second statement in (8), the last expression
approaches 0 as ¢t — Bd Al and does so faster than p;. It follows that . is
smooth at all (¢,0) € (BdA!) x 0. O

Proof of Proposition 2.1. Let Al be a contractible open neighborhood of A!
in R! and j, : AL — X a smooth embedding so that j,|a1 = 70 ts. By
the Tubular Neighborhood Theorem [1, (12.11)], there exist an open neighbor-
hood U, of p,(Al) in X and a diffeomorphism?

fio : AL xR™ — U, such that  [ig(t,0) = u,(t) Vt € AL,

Let ¢, > 0 be as in Lemma 3.2 and ¢/ as in Corollary 3.4 with ¢ = ¢,. The
diffeomorphism

Vo = fic oYy 0 iy« Up — Uy
is then the identity on U, — St(b,,sd K). Since v, is also the identity outside
of a compact subset of U,, it extends by identity to a diffeomorphism on all
of X. O

ACKNOWLEDGMENTS

The author would like to thank M. Kreck for detailed comments and sugges-
tions on [8] and earlier versions of this note, as well as D. McDuff and J. Milnor
for related discussions.

REFERENCES

[1] T. Brocker and K. Jénich, Introduction to differential topology, Translated from the
German by C. B. Thomas and M. J. Thomas. Cambridge University Press, Cambridge-
New York, 1982. MR0674117 (83i:58001)

[2] M. Kreck, Differential algebraic topology, Graduate Studies in Mathematics, 110, Amer.
Math. Soc., Providence, RI, 2010. MR2641092 (2011i:55001)

(3] J. W. Milnor, Topology from the differentiable viewpoint, Based on notes by David W.
Weaver. Revised reprint of the 1965 original. Princeton Landmarks in Mathematics.
Princeton University Press, Princeton, NJ, 1997. MR1487640 (98h:57051)

4Since Af, is contractible, the normal bundle to the embedding ps is trivial.

Miinster Journal of Mathematics VoL. 5 (2012), 99-106



ON TRANSVERSE TRIANGULATIONS 105

[4] J. R. Munkres, Elementary differential topology, Lectures given at Massachusetts Insti-
tute of Technology, Fall, 1961. Revised edition. Annals of Mathematics Studies, No. 54
Princeton Univ. Press, Princeton, NJ, 1966. MR0198479 (33 #6637)

[5] J. R. Munkres, Elements of algebraic topology, Addison-Wesley, Menlo Park, CA, 1984.
MRO0755006 (85m:55001)

[6] M. Scharlemann, Transverse Whitehead triangulations, Pacific J. Math. 80 (1979), no. 1,
245-251. MR0534713 (80k:57047)

[7] S. Smale, An infinite dimensional version of Sard’s theorem, Amer. J. Math. 87 (1965),
861-866. MR0185604 (32 #3067)

[8] A. Zinger, Pseudocycles and integral homology, Trans. Amer. Math. Soc. 360 (2008),
no. 5, 2741-2765. MR2373332 (2008k:57060)

Received January 23, 2012; accepted February 28, 2012

Aleksey Zinger

Department of Mathematics, SUNY,

Stony Brook, NY 11794-3651, USA

E-mail: azinger@math.sunysb.edu

URL: http://www.math.sunysb.edu/~azinger

Miinster Journal of Mathematics VoL. 5 (2012), 99-106






