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A (noncommutative) tale of two cities

After spending my entire life growing up in the city of Toronto, I finished high school, packed up
my things and moved to Montréal. I loved the hurried bustle of a big city, but with all the usual
boldness of a nineteen year old, I decided it was time to leave my hometown. As the next closest big
city, Montréal was a logical destination. Not being terribly keen on my chosen path of engineering
studies at McGill University, I spent as much time as I could exploring the streets, the parks, the
metro stations. This is where my problems began. I became preoccupied with comparing each and
every detail of this new city to Toronto. This neighbourhood is Montréal’s Annex, I’d think. Rue
Ste-Catherine is Yonge Street. Rue Saint Urbain, with its Orthodox Jewish community, is obviously
Bathurst Street.

I moved out of the university residence on a whim (new experiences become addictive) and tried
to describe my flat in Pointe-St-Charles: It’s in a working class neighbourhood, I'd say. Montréal’s
Cabbagetown. No, no, not so far from the University; just across the Lachine Canal from the main
city. It’s like being on the other side of the Don Valley. (The canal is the Don River.)

I felt quite assured that these were the correct analogues. I continued to construct my map. Applied
my morphism to Queen Street West (St. Laurent). The Islands (Ile-St-Jacques). Eventually, it is no
surprise, I ran into difficulty. The cities, of course, are not isomorphic. Montréal’s Chinatown seemed
so small, and was there only the one? And what in Toronto could possibly be compared to a Sunday
afternoon in Mount Royal park, with its dancers and drum circles? My expectations of what makes
a city a city were slowly corroded.

One winter evening, I set off exploring. In my haste to catch a train that had just arrived in the
metro station, I ended up on the wrong metro line. It took me some time to realize my mistake, and I
suddenly found myself all the way out at Olympic Stadium, nowhere near my intended destination. I
exited the metro only to find out there were no trains heading back that evening. I wandered around
outside the deserted stadium, trying my best to get my bearings, to find a street I knew or a bus stop
from where I might catch a bus headed in the right direction. This would never happen in Toronto,
I thought. This was certainly no SkyDome, not even Exhibition Stadium, or I'd have found my way
home easily! As snow began to fall, T eventually found a taxi, and feeling lost and defeated, asked
the driver to take me back to Pointe-St-Charles. When I finally reached my flat, I paid the driver
and realized: I liked Montréal, but in my attempts to categorize the city, I was in fact searching for
Toronto. I switched out of engineering, moved back to Toronto, and took up mathematics.

Classification is a natural methodology for understanding our surroundings. My attempt to classify
cities might be seen as a failure. Certain aspects I expected to find in all cities broke down as
soon as I left Toronto. Nevertheless, it did raise the questions: What makes a city a city? What
makes it different from a town? How could I explain the difference between Montréal and Toronto?
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0. Introduction

In mathematics, classification is an indispensable tool for the proper understanding of mathematical
objects, and correspondingly, it has played a central and recurring role in the subject. What properties
can we expect to see in our mathematical objects? One may take certain properties for granted, only
to find exotic and pathological examples where they do not occur. When do we have an isomorphism?
Can we identify particular invariants that allow us to decide when we have an isomorphism without
having to rely on a bare hands construction of such a map?

0. Introduction

In the theory of C*-algebras, it is the mandate of the Elliott classification programme to classify
separable simple unital nuclear C*-algebras up to isomorphism by a computable set of invariants
consisting of K-theory, the tracial state space, and the pairing between these objects.

The classification programmme in its current form was initiated by George Elliott after successful
classification of approximately finite (AF) algebras by their scaled ordered Ky-group. He showed that
for two AF algebras A and B, an order-preserving group isomorphism of Ky(A) — Ky(B) can be
lifted to a *-isomorphism A — B.

Further classification successes of the unital simple approximately interval (AI) and unital simple
approximately circle (AT) algebras required the addition of the Kj-group, the tracial state simplex,
and the canonical pairing map of the tracial state space and the state space of the Ky-group. These
successful classification results led Elliott to conjecture that all simple separable nuclear C*-algebras
might be classified by these invariants.

Counterexamples to the original conjecture have since been constructed, resulting in both the devel-
opment of new invariants and classification tools, as well as attempts to characterize those C*-algebras
for which we can still expect classification via Elliott’s original invariant. In particular, we now expect
classification by Elliott invariants to hold when we restrict to those separable simple unital nuclear
C*-algebras which are Z-stable, that is, those which are isomorphic to themselves when tensored with
the so-called Jiang—Su algebra Z, constructed by X. Jiang and H. Su in [26].

A particularly elegant set of examples of C*-algebras are those which arise from mimimal dynamical
systems. These examples have served as motivation for the work in this thesis. Let X be a compact
metrizable space with a given homeomorphism « : X — X. Given a function f € C(X), one can
compose with the inverse of the homeomorphism, yielding another function f oa~! € C(X). This
induces an action of the integers on the C*-algebra C(X), and from this one can construct the crossed
product C*-algebra C(X) X, Z. In the case that « is a minimal homeomorphism, that is, X contains
no proper a-invariant closed subsets, C(X) X, Z is a simple separable unital nuclear C*-algebra.

There have been many spectacular results in the classification of C*-algebras of minimal dynamical
systems. Notable examples include that of T. Giordano, I. Putnam and C. Skau in [22]. They show
that one may define a K-group which distinguishes strong topological orbit equivalent systems for a
minimal Cantor system (that is, a minimal dynamical system where X is the Cantor set). Moreover
the K-group they define is order-isomorphic to the K-theory of the associated C*-algebra. Combining
this with Elliott’s classification for AT algebras, they show that two systems are strong orbit equivalent
if and only if their associated C*-algebras are *-isomorphic.

The most wide-reaching classification result for the C*-algebras of minimal dynamical systems is
given by A. Toms and W. Winter in [67, [66], where they prove that if X is an infinite compact
metrizable space with finite covering dimension then C(X) x, Z is Z-stable whence it follows (by
applying a special case of the main theorem of [60]) that, if projections separate traces in C(X) X, Z,
the C*-algebra is classifiable. In particular, this covers all C*-algebras associated to uniquely ergodic
minimal dynamical systems with finite covering dimension.

Despite these successes, the classification problem for C*-algebras of minimal dynamical systems
remains open. When X does not have finite covering dimension—for example, the minimal dynamical
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system (X, a) with dim(X) = oo constructed by J. Giol and D. Kerr [2I], which results in a non-Z-
stable C*-algebra—classification by Elliott invariants appears unlikely.

In [71], A. Windsor shows how to construct a minimal homeomorphism f of the n-sphere S™, for
n > 3 odd, which can have any finite number, countable number, or even a continuum of ergodic
probability measures. These are considered by Connes in [I1, Section 5] where he shows that the
associated C*-algebras have no nontrivial projections but via the pairing of tracial states and (-
invariant probability measures, a finite, countable or continuum number of extreme tracial states.
In this case, projections cannot separate traces so these examples lie beyond the reach of current
classification theorems.

Let A be a class of C*-algebras. If the class {A® Z | A € A} can be classified by Elliott invariants,
then we say that A is classified (by Elliott invariants) up to Z-stability. It follows from above that in
full generality one can likely only expect classification by Elliott invariants up to Z-stability for the
class of C*-algebras of minimal dynamical systems. An important task then is to find classification
up to Z-stability when projections do not necessarily separate tracial states so one does not have to
make assumptions such as unique ergodicity. In many cases, the C*-algebras under consideration will
turn out to be Z-stable to begin with; in this case we have a complete classification result.

Since classification requires the lifting of maps between invariants to *-isomorphisms of C*-algebras,
it is perhaps unsurprising that the situation becomes much more difficult when there are few projec-
tions, since the invariant—which includes the Ky-group as an essential ingredient—will contain less
information. The main technique to get around such a problem in a C*-algebra A is to work with
a related C*-algebra which has nicer structural properties while itself retaining enough information
about the original C*-algebra A.

The approach in this thesis is to take a given class of C*-algebras and show that a related class
of C*-algebras, given by tensoring with a UHF algebra, can be tracially approximated by interval
algebras, that is, an algebras of the form (&£ ,C([0,1]) ® M,,) ® (£, M,,). The concept of tracial
approximation was first suggested by H. Lin when he showed that simple separable unital nuclear
tracially approximately finite algebras (TAF) which satisfy the universal coefficient theorem can be
classified [33] B4]. Once this was known, one no longer had to use a bare hands approach to classifica-
tion by showing a given C*-algebra has an inductive limit structure. Lin’s definition for TAF gave a
simplified set of requirements that one could check. Now, through classification, though this implies
the existence of an inductive limit structure, the classifier need not find herself or himself caught in
a tangle of connecting maps or faced with the task of organizing a cluttered pile of Hausdorff spaces
and matrix algebras.

It was shown by W. Winter in [77] that classification results up to tensoring with UHF algebras,
(that is, classification up to UHF-stability) could be used to deduce classification up to Z-stability.
Classification up to UHF-stability is often much easier to determine since UHF algebras supply many
projections; it is then no surprise that K-theoretic data is more accessible to classification. Tensoring
with a UHF algebra U effectively gives one more space in which to work: by tensoring with pairwise
orthogonal projections, the original algebra A can be separated into arbitrarily many layers in the UHF
algebra, making it easier to arrange A ® U in such away that one can verify it meets the requirements
to be a tracially approximately interval algebra (TAI). This has proven quite successful. For example,
the main result in [60], showed that C*-algebras associated to uniquely ergodic minimal dynamical
systems of infinite compact metrizable spaces are classifiable up to Z-stability (see also [67,[66]).

As an application to our classification up to Z-stability of simple separable unital tracially ap-
proximately semihomogeneous C*-algebras with bounded dimension given in Chapter |3 if A and
B are simple separable unital AH algebras with no dimension growth then A = B if and only if
Ell(A) = El(B). This result has already been established in [I§], however it requires some highly
technical results in the form of Gong’s decomposition theorem [23]. This reduction theorem allows
Elliott, Gong and Li to restrict their proof to the case where the dimension of the base spaces in the
C*-algebras in the inductive limit have dimension no more than three. In contrast, Theorem [3.5.23
together with [36] entails the classification theorem directly, with no appeal to the decomposition



0. Introduction

theorem.

Appealing to known classification results, this also shows that a simple separable unital locally
semihomogeneous C*-algebra with bounded dimension must in fact be an AH algebra. This is notable,
as it is known to be false when A is not assumed to be simple; this was shown in [I4]. Furthermore, we
may also conclude that the class of simple separable unital AH algebras with slow dimension growth
is closed under taking simple inductive limits.

It should be noted that H. Lin has announced a similar result in [37]. However, the proof given
here is substantially different. In his paper, he classifies simple unital locally semihomogeneous C*-
algebras with slow dimension growth and uses the invariant to deduce that such C*-algebras must
be simple unital AH algebras with slow dimension growth. From this he can also conclude that such
C*-algebras have tracial rank no more than one after tensoring with a UHF algebra. Here, on the
other hand, Theorem gives a direct proof that simple separable unital locally semihomogeneous
C*-algebras of bounded dimension tensored with Q are TAI (which in turn implies they have tracial
rank no more than one after tensoring with Q or any other UHF algebra of infinite type). Together
with the classification for such “rationally TAI” algebras, the same result is established, though via a
shorter route.

In Chapter [4 the main result gives classification for simple separable unital C*-algebras that can be
locally approximated by a subclass of RSH algebras: Those with a decomposition into base spaces
Xo, X1,...,Xg that can be arranged so that a we can extend a projection from one space to the next
in a suitable way. We also require the additional assumption that there are finitely many extreme
tracial states all inducing the same state on the Ky-group. Using a similar technique to that given in
Chapter [3] it is shown that such C*-algebras are TAT after tensoring with the universal UHF algebra
Q.

As an application, this gives classification of the examples of Elliott in [16] when there are finitely
many extreme tracial states 7, ..., 7 all inducing the same state on the Ky-group. Note in particular
that these classification results assume that projections do not separate tracial states. The application
to Elliott’s examples implies that the range of C*-algebras covered by the main classification theorem
in Chapter [4] is in fact quite broad: it is shown in [I6] that these constructions exhaust the Elliott
invariant in the weakly unperforated case.

In the case of minimal dynamical systems we show that the main theorem of Chapter [4] gives another
classification of some examples constructed by Lin and Matui in [38] of minimal homeomorphisms
a: X XT — X x T on the product of the Cantor set and the circle. In this case, the main theorem
implies that a “large” subalgebra of C(X x T) X, Z, given by breaking the homeomorphism at a
point, is rationally TAI. By using a generalization of [41, Lemma 4.2] given by [60, Theorem 4.6]
(Lemma below) this then implies C(X x T) x,, Z itself is rationally TAIL

Research acknowledgements

Chapters [3 and [4 are based on joint work with Wilhelm Winter. The work in Chapter [4] appears in
the preprint [59], except for to which appears as joint work in [60]. Appendixcontains
joint work appearing in [59], however as my contribution to this section was minimal, it has been
included separately as an appendix.

vi



Contents

Contents
[0, _Introductionl
............................................
[L1.2. Classification of C*-algebras|. . . . . ... ... ... ... ... .............
1.2.1. e Elliott conjecturel . . . . . . .

[1.2.2. The Jiang—Su algebra] . . . . . . . . .. Lo o
[1.2.3. Cuntz equivalence and the Cuntz semigroup|. . . . . . . . . .. ... ... ...
[1.2.4. Regularity properties|. . . . . . . . . ... L

2.

UHRHF stability and tracial approximation|

[2.1. Tensoring with a UHF algebra] . . . . . .. ... ... . 0.
[2.2. 'Tracially approximately S| . . . . ... .. ... oo oo oo
[2-3. Tracial approximation of UHF-stable O -algebras| . . . . . . . . o v v v v v ..

Tracially approximately semihomogeneous C™-algebras|

[3.1. _Approximation by semihomogeneous C*-algebras| . . . . . . ... ... .. ... ... ..
B2 Cutting up base spaces|. . . . . . . ...
[3-3. Sketch of proof with two extreme tracial States| . . . . . . . . o v v v v v
13.4. 'Tracially large intervals from Al algebras] . . . . ... ... .. ... .. ... .....
13.5. Approximation by TAH algebras with general tracial state spaces|. . . . . . . .. ...
13.6.  Applications to classification| . . . . . . ... ... L

[4. Locally recursive subhomogeneous C*-algebras|

4.1. Recursive subhomogeneous C*-algebras, (F,n)-excisors, and (F,n)-bridges|. . . . . . .
4.2. Tracially large intervals| . . . . . . . . . ...
4.3. Main result, applications and outlook] . . . . ... ... ... ... ... . 0.

|A. (F,n)-bridges via linear algebral

[ Tiffing projections| . . . . . . . . .. ...
EZ. Approximately excising approximate paths| . . . . ... ... ... .. 0000
[3. (F,n)-connected decompositions| . . . . ... ... ... ... ...
4. Excising traces| . . . . ...
[5. (F,n)-bridges via linear algebral . . . . . . . . . ... ... ... ...

=W W NN e

© 0w N~

vii






1. Background

1.1. Notation

We briefly set notation that will be used throughout the thesis.
Let A be a C*-algebra.

(i) We denote by A, the subset of self-adjoint elements, A, C Ay, the positive cone, A" the unit
ball of A, and A the (smallest) unitization of A. We also denote by A}, and A% the subsets of
Al consisting of self-adjoint elements, respectively positive elements.

(ii) M, (A) will denote n x n matrices over A and My (A) = UpenM, (A).

1.1.1 To any partition of the interval [0, 1] we associated a partition of unity of sawtooth functions.
For K e N\{0},if {0 =tp <t1 <--- < try <ty = 1} is a given partition of [0, 1] into subintervals,
let 'y%,k =0,...,K €C([0,1]) be the function defined as follows:

1 if t=0,
Yot) = linear if 0<t< t%,
0 if t>tai;
K
0 if t< tKI;1,
7)) = linear if tx-1 <t <1,
K
1 if t=1,;
0 if tSthI‘tZt}wA,
K K
g t) = 1 if t= t%,
linear elsewhere.

It will sometimes be the case that we require more than one partition at a time. To avoid overly
cumbersome notation in such a circumstance, we will never reduce the fractions in the subscripts so
that we can differentiate between a partiton with K subintervals and a partition with L subintervals.
For example, in such a situation if we have L = 4K then Vi # Yk

1.1.2 Let A = hg(@nN;l A, ¢;) be an inductive limit of C*-algebras EBQI;I A, ; with connecting

maps @; : @ﬁlzl Ani — @27;11 A, i+1. We denote the canonical map induced by the inductive limit
by



1. Background

1.1.3 Let a € A}r and let 0 < € < 1. We denote by (a — €)4 the functional calculus applied to a with

respect to the function
(oo, ={ 0 i 0si<e
FTlt—e if e<t<Ll
Notice that if @ and b are orthogonal then (a — €)1 + (b—€); = (a+b—¢€)4.

1.1.4 Let Q denote the universal UHF algebra, that is, the UHF algebra with Ky(A) = Q. The unique
tracial state on Q will be denoted by 7g. For any m € N there are m pairwise orthogonal projections,
each with normalized trace given by 1/m. These will be used frequently and we will denote them by

q0,m-1),49(1,m—1)s- - 9(m—2,m—1)> d(m—1,m—1)-

1.2. Classification of C*-algebras

1.2.1. The Elliott conjecture

Elliott’s original conjecture says that separable simple nuclear C*-algebras can be classified, up to
*-isomorphism, by their so-called Elliott invariants. Though this is now known not to hold in full
generality, the question of when classification by Elliott invariants is possible remains open and the
pursuit of further classification results continues to be an important and active area of research.

In this thesis, we are interested in the case of simple separable unital C*-algebras. In this case, we
have the following definition.

1.2.5 DEFINITION: Let A be a simple separable unital C*-algebra. The Elliott invariant of A is given
by
EH(A) - (KO(A)7 KO(A)+> [114]7 K (A)v T<A)a TA)?

where

o (Ko(A),Ko(A)+,[1a]) is the partially ordered Ky-group with positive cone Ko(A) and order
unit [14],

e K;(A) is the Ki-group of A,
e T(A) is the simplex of tracial states and
o r4:T(A) = S(Ko(A)) is the map given by r4(7)([p] — [¢]) = 7(p) — 7(q).

1.2.6 For two C*-algebras A and B, an isomorphism @ : Ell(A) — Ell(B) consists of an order unit-
preserving group homomorphism

¢« (Ko(A), Ko(A)+,[1a]) = (Ko(B), Ko(B)+, [15]);

a group homomorphism
w : Kl(A) — Kl(B),

and an affine homeomorphism
v:T(B) = T(A),

such that the following diagram commutes

lTB
0

S(Ko(B)) — S(Ko(A)).

If A is a class of C*-algebras, then we say that the C*-algebras in A are classified by Elliott invariants
if, for any A, B € A an isomorphism & : Ell(A) — Ell(B) lifts to a *-isomorphism ¢ : A — B, and
moreover that ¢ can be chosen to induce ® at the level of the invariant.



1.2. Classification of C*-algebras

1.2.2. The Jiang—Su algebra

Although classification by Elliott invariants continues to produce successful results, the construction
of various counterexamples—for example [69, [54] [64, 2T]—indicates the problem of classification is
more curious than Elliott originally conjectured.

In 1999, X. Jiang and H. Su constructed a simple separable unital nuclear C*-algebra Z that is
projectionless and infinite-dimensional. Despite the fact that Z is constructed as an inductive limit of
easily described building blocks, the discovery of this seemingly innocuous C*-algebra has had many
repercussions within the classification programme. The C*-algebra Z has unique trace and identical
K-theory to the complex numbers. This alone suggests that the Elliott conjecture must be restricted
to infinite-dimensional algebras, since here we now have an example of two C*-algebras, Z and C, that
are certainly not *-isomorphic, yet have identical Elliott invariants. Furthermore, one sees (via the
Kiinneth Theorem for tensor products, for example) that the existence of this algebra, in conjunction
with the Elliott conjecture, forces any pre-classifiable C*-algebra A to be Z-absorbing, or Z-stable,
that is, A AR® Z.

The Jiang—Su algebra is itself Z-absorbing; in fact one can say even more. Let ¢,9 : A — B be
unital *-homomorphisms between unital C*-algebras A and B. We say that ¢ and v are approximately
unitarily equivalent if there exists a sequence of unitaries (u,),eny C B such that

lp(a) — upip(a)uy || — 0, as n — oo for every a € A.

1.2.7 DEFINITION: [65] Definition 1.3 (iv)] Let D be a separable unital C*-algebra. Then D is strongly
self-absorbing if there exists a *-isomorphism ¢ : D — D ® D such that ¢ is approximately unitarily
equivalent to id ®1p.

The fact that Z is strongly self-absorbing can be seen in the proof of [26], Theorem 8.7].

Jiang and Su show in their original paper that two classes of C*-algebras known to be classifiable
by Elliott invariants are indeed Z-stable: the unital simple AF algebras [26, Corollary 6.2] and the
unital separable nuclear purely infinite C*-algebras (note that in this case the tracial state space is
empty). Moreover, for all of the known counterexamples to classification by Elliott invariants, one
can show the failure of Z-stability.

Two paths of investigation have emerged. The first path leads us on the search for a new or extended
invariant with can handle more examples than Ell(-) yet which is also computable in a simpler way
than directly verifying *-isomorphisms. Currently, the best candidate is the Cuntz semigroup.

If we venture down the second path, we take steps towards a restriction of the original conjecture
to a subclass of simple separable nuclear C*-algebras, the obvious candidate being those that are
Z-stable. Since tensoring with Z results in a Z-stable C*-algebra, one may now look for classification
by Elliott invariants up to Z-stability. Along this path we also seek out other regularity properties
for those C*-algebras which we expect to be classifiable. Can one read from the invariant itself, for
example, that A is Z-stable? Are other structural properties indicative of when a class should be
classifiable? So far, various ways of characterizing these C*-algebras have emerged.

1.2.3. Cuntz equivalence and the Cuntz semigroup

Though this thesis does not give classification by Cuntz semigroups, this object does appear frequently
in the sequel and notions such as Cuntz comparison have become a standard tool used in the study
of C*-algebras.

1.2.8 DEFINITION: Let a,b € A;. The element a is Cuntz subequivalent to b, written a 3 b, if there
is a sequence (zp)neny C A such that ||z2}bz, —al - 0asn — oco. If a 2 band b 3 a then a and b are
Cuntz equivalent, written a ~ b. The Cuntz semigroup of A is then given by

Cu(d) = (A2 K) /) ~.



1. Background

When the C*-algebra A has stable rank one, then we have the following useful proposition.

1.2.9 PROPOSITION:  [53, Proposition 2.4 (v)] Let A be a unital C*-algebra with stable rank one.
Then for any a,b € Ay the following are equivalent:

(i) a 30,

(i) for every e > 0 there is a unitary u € A such that u*(a — €)u € Her(b).

It was shown in [I2] that Cu(A) belongs to the category Cu, and that this is the appropriate
category (rather than simply the category of semigroups) in which Cuntz semigroups are well-behaved,
for example with respect to inductive limits, or where one might expect morphisms to be liftable to

*-homomorphisms under some additional assumptions. The map A — Cu(A) is a functor from the
category of C*-algebras to the category Cu [12] Theorem 2].

1.2.10 Let A be a C*-algebra. Following the terminology in [50] we will say that Cu classifies homo-
morphisms from A if, for any unital C*-algebra B with stable rank one and any morphism

a: Cu(A) — Cu(B)

in Cu such that a([sa]) < [sp], with s4 € Ay and sp € By strictly positive elements, there exists a

*-homomorphism ¢ : A — B such that Cu(¢) = « and that moreover, ¢ is unique up to approximate
unitary equivalence.

1.2.4. Regularity properties

In order to accurately define a suitable class for which the Elliott conjecture will hold, one must
consider structural regularity properties. We might think of the presence of these regularity properties
as evidence that a C*-algebra is well-behaved with respect to classification. In particular their presence
should exclude the pathological counterexamples that have already been produced.

There are three regularity properties which have emerged to play prominent roles: Z-stability, strict
comparison, and finite nuclear dimension. Indeed, it is conjectured that they should all be equivalent
to one another as well as to the property of “being classifiable” by Elliott invariants.

1.2.11 DEFINITION: Let A be a simple separable unital exact C*-algebra. For any tracial state 7 we
may define a dimension function on the positive elements of My, (A) by

d-(a) = lim 7(a'/™).

n— oo

We say that A has strict comparison (of positive elements) if d,(a) < d,(b) for all 7 € T(A) implies
that a < b.

1.2.12 Let A and B be C*-algebras. A completely positive (c.p.) map ¢ : A — B is said to be order
zero if it preserves orthogonality, that is, if a,b € A satisfy ab = 0 then ¢(a)p(b) = 0.

DEFINITION: [80, Definition 2.1] Let A be a C*-algebra. We say that A has nuclear dimension at
most n, written dimy,.(A4) < n, if there exists a net (Fy, ¥z, ®x)rea where Fy are finite-dimensional
C*-algebras, ¥y : A — F) and ¢, : F\ — A are c.p. maps satisfying the following:

(i) v is contractive,
(ii) for each A € A, F\ decomposes into n+ 1 ideals Fy = F)(\O) @ @F)(\") such that ¢A‘F§i) is c.p.c.
order zero for i € {0,...,n},
(iii) ¢a o ¥a(a) — a uniformly on finite subsets of A.
If no such n exists, than A is said to have infinite nuclear dimension, dimy,.(A) = occ.

The nuclear dimension should be thought of as a noncommutative analogue of topological covering
dimension. Indeed, in the case of a commutative C*-algebra Co(X) where X is a locally compact
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Hausdorfl space, the nuclear dimension is equal to the covering dimension of X [80, Proposition
2.4].

We will also frequently appeal to the related notion of decomposition rank.

1.2.13 DEFINITION: [29] Definition 3.1] Let A be a C*-algebra. We say that A has decomposition
rank at most n, written dr(A) < n, if there exists a net (Fy, ¥z, ®x)rea as in Definition |1.2.12{ which
satisfies the additional requirement that for each A € A the maps ¢, are contractive.

Toms and Winter have made the following conjecture:

1.2.14 CONJECTURE: Let A be a simple separable unital nuclear infinite-dimensional C*-algebra.
Then the following are equivalent:

(i) A is Z-stable.

(ii) A has strict comparison of positive elements.
(iii) A has finite nuclear dimension.

Some implications are already known.

1.2.15 THEOREM: Let A be a simple separable unital nuclear infinite-dimensional C*-algebra. Then
the following hold:

(i) If A has finite nuclear dimension then A is Z-stable [78, Corollary 7.3].
(ii) If A is Z-stable then A has strict comparison [55, Corollary 4.6].

(iii) Suppose that the extreme boundary of T(A) is compact and has finite covering dimension. Then
if A has strict comparison, A is Z-stable |28 Corollary 7.9], [57, Corollary 1.2], [63, Corollary
4.7].

These regularity properties, as well as their known equivalences, are frequently employed in the
sequel.






2. UHF stability and tracial approximation

2.1. Tensoring with a UHF algebra

Many examples of classification results require that a given class of C*-algebras contains “enough pro-
jections” in some sense. For example, one might ask for real rank zero, which implies an approximate
unit of projections, or one might ask that there be enough projections to separate tracial states. That
this is required is not surprising when one considers that classification relies on the Elliott invariant
of a C*-algebra A containing enough information to recover A. Thus the more information in the
Ky-group and the pairing map, the better.

Nevertheless, when restricting to the subclass of simple separable unital C*-algebras within the scope
of the classification programme (that is, those which are Z-stable), one finds examples without many
projections (the Jiang—Su algebra itself is of course an example of projectionless C*-algebra. Note,
however, that in this case, Z still has projections separating tracial states by virtue of its unique
tracial state). Indeed, the range of the Elliott invariant shows that examples must exist. Explicit
constructions can be given such as those in [I6] or the C*-algebra crossed products coming from
minimal dynamical systems of odd dimensional spheres constructed by Windsor in [71].

Let A be a unital C*-algebra. For any supernatural number p of infinite type, one may consider the
C*-algebra A® M, where M, denotes the UHF algebra associated to p. When we do not need to keep
track of p, a UHF algebra will be denoted U and it will be assumed, unless otherwise stated, that U
is of infinite type. When p consists of infinite powers of every prime, we denote the associated UHF
algebra as Q. This is the universal UHF algebra and satisfies K((Q) = Q.

Every UHF algebra of infinite type is strongly self-absorbing [65, Example 1.14(i)] so we refer to
A ®U as a UHF-stable C*-algebra.

Tensoring A with a UHF algebra U introduces useful structural properties. At the same time, since
the structure of U itself is not too complicated (it is, after all, not too far from being a matrix algebra),
one should be able to keep track of the original C*-algebra A.

2.1.1 PROPOSITION: Let A be a simple separable unital stably finite C*-algebra and let U be a UHF
algebra of infinite type. Then
(i) A®U is simple.
(il) A®U has strict comparison.
(iii) A®U is Z-stable.
) A®U has stable rank one.
(v) Ki(A®U) = (Ko(A) @ Ko(Ud)) ® (K1(A) ® KoUd)).

(iv
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(vi) T(AaU) =T(A).
PRroOF:
(i) For any n € N, A® M, is simple and simplicity passes to inductive limits.
(ii) This is [53], Theorem 5.2].
(iii) Strongly self-absorbing C*-algebras are Z-stable [0, Theorem 3.1].
) This is [52, Corollary 6.6].
)

Since K. (U) is torsion-free and K;(U) = 0, this follows from the Kiinneth Theorem for tensor
products [2, Theorem 23.1.3].

(vi) Any UHF algebra has unique trace 7, and it is easy to check that 7 € T(A ® U) if and only if
T =1Ta ® 1y for some 74 € T(A).

The UHF algebras of infinite type and the Jiang—Su algebra are among the (few) examples of unital
strongly self-absorbing C*-algebras. In fact, their connection runs deeper still.

In [56], Winter and M. Rgrdam showed that the Jiang—Su algebra can be written as a stationary in-
ductive limit of C([0, 1])-algebras with UHF fibres. More specifically, if p and q are infinite supernatural
numbers that are relatively prime then we define a generalized dimension drop algebra

Zpq ={f€C([0,1], My ® Mg) | f(0) € My ® 10, f(1) € 1ag, @ Mg}

Then by [56, Theorem 3.4], if ¢ is a trace collapsing endomorphism on Z, ; we have
Z = M(ZP,(U (Z))

Winter’s basic idea, originally appearing in [77], was to take isomorphisms (satisfying certain tech-
nical requirements) A® M, = B® M, and A® My = B® M, and link them together in a suitable way
along the interval [0,1] to produce a particular C([0, 1])-isomorphism showing A ® Z, 4 = B ® Z, 4
which is in turn, via an intertwining argument, used to produce an isomorphism A ® Z < B ® Z.
Using this approach, one can take known classification results for UHF-stable C*-algebras to deduce
classification results for Z-stable algebras.

This idea was taken further by H. Lin in [36] and Lin and Z. Niu in [39, 40], where they gave
an explicit way of determining when isomorphisms of A and B up to UHF-stability provide Z-stable
classification. This amounts to checking that A® Q and B® Q satisfy a tracial approximation property
which will be discussed in detail in the next section.

2.2. Tracially approximately S

The concept of tracial approximation was originally introduced by Lin in his paper on tracially approx-
imately finite C*-algebras [33]. Up to that point, classification results tended to rely on determining
an inductive limit structure of reasonable building blocks and using the continuity of the invariant
and intertwining arguments to lift homomorphisms of invariants to *-homomorphisms of C*-algebras.
Of course, not all C*-algebras appear as inductive limits of suitable building blocks and presenting a
given C*-algebra in such a form, if it exists, can be technical and difficult. Rather than approximating
via an inductive limit, Lin’s approach was to considering approximating in a more measure-theoretical
sense by using the tracial states in the C*-algebra.

Originally introduced were the tracially approximately finite (TAF) C*-algebras, which Lin showed
could be classified in the separable simple unital nuclear case, providing the C*-algebras also satisfied
the Universal Coefficient Theorem (UCT). Consequently, for a class A one no longer required a
particular inductive limit for every A € A, but rather one need only check that each A satisfy the
requirements to be TAF.
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The notion of tracial approximation has since been generalized beyond the finite-dimensional case
[35] [45], 19]. We record here the definition for a given class S of separable unital C*-algebras.

2.2.2 DeFINITION: [cf. [31], [19]] Let S denote a class of separable unital C*-algebras. Let A be a simple
unital C*-algebra. Then A is tracially approximately S (or TAS) if the following holds. For every
finite subset F C A, every € > 0, and every nonzero positive element ¢ € A, there exists a projection
p € A and a unital C*-subalgebra B C pAp with 15 = p and B € § such that:

(i) |lpa —ap|| < € for all a € F,
(ii) dist(pap, B) < € for all a € F,

(iii) 14 — p is Murray—von Neumann equivalent to a projection in cAc.

2.3. Tracial approximation of UHF-stable C*-algebras

In this short section, we prove two useful lemmas that simplify the process of showing that a given
UHF-stable C*-algebra is TAS.

In this thesis we are mostly interested in tracial approximation of UHF-stable C*-algebras by the
class of interval algebras, I. An interval algebra is a C*-algebra A of the form

A= 692;1 C(Xy) @ M,
for some N € N\ {0}, where X,, = [0, 1] or X, is a single point, and r, € N\ {0}, 0 <n < N.

Any C*-algebra in the class I can be written as a finitely presented universal C*-algebra (i.e. with
finitely many generators and relations) and is semiprojective. In particular, any A € I has stable,
hence weakly stable, relations [43]. Therefore we may make use of the following lemma, which says
that to prove TAI after tensoring with Q it is enough to show that the approximating C*-algebras
can always be chosen to have units that are bounded above zero in trace. The proof uses the same
geometric series argument as the one given in [74, Lemma 3.2].

2.3.3 LEMMA: Let A be a separable simple unital stably finite exact C*-algebra and let U be a UHF
algebra of infinite type. Suppose S is a class of C*-algebras that can be finitely presented with weakly
stable relations (as universal C*-algebras), contains all finite-dimensional C*-algebras, and is closed
under direct sums. Then A @ U is TAS if and only if there is an n € N such that, for any ¢ > 0
and any finite subset F C A ® U, there exist a projection p € AR U and a unital C*-subalgebra
B Cp(A®U)p with 1g =p and B € S such that:

(i) |lpa —ap|| < € for all a € F,
(ii) dist(pap, B) < € for all a € F,
(iii) 7(p) > 1/n forallT €e T(AQU).
PROOF: If A®U is TAS then (i) and (ii) are easily satisfied from the definition of TAS. To show (iii)

take a positive contraction ¢ € A®U with 7(¢) < 1/n for all 7 € T(A®U) and then find p such that
1 — p is Murray-von Neumann equivalent to a projection in cAc to get 7(p) > 1/n.

Now let a finite subset F C A ®@ U, € > 0 and a nonzero positive element ¢ € A ® U be given, and
suppose that A ® U satisifies (i), (ii), (iii) with respect to some n € N. We show that A ® U is TAS;
the proof is almost identical to that of [74, Lemma 3.2]. First we note that A ® U has property (SP)
(every nonzero hereditary C*-subalgebra has a nonzero projection) since A ® U has strict comparison
and projections that are arbitrarily small in trace. Thus we find a projection g € ¢(A ® U)e, just as
in [74, Lemma 3.2].

We inductively construct C*-algebras B; C A ® U with each B; € S.
As in |74 Lemma 3.2] the initial By exists by assumption.

The construction of B;y; from B; is similar to the construction in Lemma 3.2 of [74]. We cannot
apply Lemma 3.4 of [74] directly—even though A ® U is simple, unital and has the comparability
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property—since we do not want to make the assumption that Ky(A ® U)+ has dense image in the
positive affine functions on T(A ® U). However, the result will still hold by choosing the projection e
in [74, Lemma 3.4] to be of the form (14gy — p) ® ¢ (using the fact that U is strongly self-absorbing)
for some projection ¢ € U satisfying

1/(t+1) < mu(q) <1/t

where 77, is the unique tracial state on U. The projection e then satisfies the requirements of the
projection in the proof, and the results of [74] Lemma 3.4] hold. Thus we get the finite-dimensional
C*-algebras Cp, C; and D as in [74, Lemma 3.2].

Let G := {x1,...,%p,1p,} C B; where x1,...,x, are generators for B;. Let v > 0 be as in [74}
Lemma 3.2]. Since B; has weakly stable relations, there is a ¢ > 0 with the following property: If E is
another C*-algebra, p € A a projection and ¢ : B; — E a *-homomorphism satisfying ||p¢(b)—¢(b)p| <
¥ for all b € G, then there is a *-homomorphism ¢ : B; — pEp satisfying ||¢(b) — po(b)p|| < v for all
beg.

Now choose 0 < ¥ < min{7, ¥} such that the assertion of [74, Proposition 3.3] holds for the finite-
dimensional algebra D. Set F := FUG U k(D)* where k : D — A ®U is the *-homomorphism given
by [4, Lemma 3.4] using e = (1agy — p) ® ¢ in place of the e in that proof.

By hypothesis there is a C*-algebra F'C A®@U, F € S satisfying d), e), f) of [74, Lemma 3.4] with
respect to F and . Asin [4, Lemma 3.2], d) and the choice of ¥ provide the *-homomorphisms

o0: Bz — (]-A®Z/{ — 1F)(A®Z/{)(]—A®Z/{ — ]-F)

satisfying
le(®) — (Lagy — 1p)b(lagy — 1r)|| <~y for allbe G
and
F:D—= (lagu —1r)(AU)(lagu — 1F)
such that

Ig — (Qlaguy — 1rp)k(d)(lagu — 1r)|| < - ||d|| for all 0 # d € D.
Set B;y1 := 0(B;) @ F. Then one easily checks that the same calculations given in [74] Proposition
3.3] can be used to complete the proof. |

The next lemma shows we need only consider finite subsets of A® Q of a simplified form; essentially
the only difficulty lies in approximating elements from A.

2.3.4 LEMMA: Let S denote a class of separable unital C*-algebras that is closed under tensoring with
finite-dimensional C*-algebras. Let A be a separable unital C*-algebra with T(A) # () and suppose
there is 0 < n < 1 such that, for any € > 0 and any finite subset G C A, there are a projection
p € A® Q and a unital C*-subalgebra B C p(A® Q)p with 1g = p and B € S such that

(i) llp(a®1g) = (a @ lo)pll <€ for alla € g,
(ii) dist(p(a ® 1g)p, B) < € for alla € G,
(iii) 7(p) > n for allT e T(A® Q).

Then, for any € > 0 and any finite subset F C A ® Q, there are a projection ¢ € A® Q and a unital
C*-subalgebra C C q(A ® Q)q with 1¢ = q and C € S such that

(iv) |lga —aql| < € for all a € F,

(v) dist(gaq,C) < € for all a € F,

(vi) 7(q) =n for all T e T(A® Q).
PROOF: The proof essentially appears in the proof of Lemma [4.3.26] ([60, Lemma 4.4]). Let € > 0 and
let 7 C A® Q be a finite subset. Using the identification

ARQEARMsRQ=2AR QMg,

10
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for S € N, we may assume that the finite set is of the form

({la} @ {lo} @B)U (G ® {lo} ® {las})

for some S € N where B is a finite subset of Mg and G is a finite subset of A. We may further assume
that 14 € G and also that 1)/, € B. Then we have

F=0® {1Q} ® B.
By assumption, there exists a B € § and a projection p = 15 satisfying properties (i) — (iii) for the
finite set G, with ¢/ max{1, {||b]| | b € B}} in place of e.

Define C' = B® Mg and q := 1¢ = p®1y5 € A® Q®@Mg. The fact that ¢ and C satisfy properties
(iv) and (v) for F and e is shown in the proof of Lemma |4.3.26| ([60, Lemma 4.4]).

To show (vi), simply observe that 7 € T(A ® Q®Mg) is of the form 7, ® T2 where 7 € T(A® Q)
and 7o € T(Mg). Then

(@) =7 ® 1ms) = 11(p)2(1ms) = 7(q) = 7.

11






3. Classification of tracially approximately semihomogeneous
C*-algebras

In this chapter we show that a simple separable unital tracially approximately semihomogeneous C*-
algebra of bounded dimension tensored with the universal UHF algebra Q is tracially approximately
interval (TAI). Together with Huaxin Lin’s classification theorem for such algebras, this gives a new
proof for the classification by Elliott invariants of AH algebras with no dimension growth without
appeal to Gong’s reduction theorem [23]. Appealing to previous classification results, our result also
shows that a simple separable unital locally semihomogeneous C*-algebra of bounded dimension must
be an AH algebra of slow dimension growth and that the class of AH algebras of slow dimension
growth is closed under taking simple inductive limits. Such a local result is known to be false in the
nonsimple case.

The chapter is organised as follows. In Section [3.1] we introduce the class of C*-algebras which will
appear in the main theorem. Then, in Section [3.2]we give a few technical results that will be needed to
cut up the base spaces of the approximating algebras in a tracially large way. In Section[3.3] we sketch a
proof of the case where A is a locally approximately trivial homogeneous C*-algebra with two extreme
tracial states. For the general case, we need to work harder to find an appropriate interval algebra
to use in the TAI approximation; this is done in Section The penultimate section, Section 3.5
contains the proof of the main theorem. In the final section, we give a number of applications to the
classification project.

3.1. Approximation by semihomogeneous C*-algebras

We first set the definitions for locally and tracially approximately semihomogeneous algebras and
collect some observations about these C*-algebras.

3.1.1 DEFINITION: We say that the C*-algebra A is locally semihomogeneous if, for every ¢ > 0
and every finite subset F C A, there is a separable semihomogeneous C*-subalgebra B C A of the
form

B =@, pr(C(Xy) @ My, )pr.

where 7, € N, the X}, are compact metrizable spaces and the p, € C(Xy) ® M,, are projections
satisfying
dist(f, B) < e for all f € F.

We will call A locally connected semihomogeneous if the approximating C*-subalgebra B can be
chosen so that the X are connected.

13
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If there exists an L € N such that the approximating C*-subalgebra B can be chosen so that each
of the base spaces Xj,1 < k < N has covering dimension less than or equal to L, then we say A is
locally semihomogeneous of bounded dimension (at most L) and locally connected semihomogeneous
of bounded dimension (at most L) if the X}, can be also chosen to be connected.

Note that sometimes the C*-algebras A of Deﬁnition are called “locally homogeneous” [15] [14],
however this term has often been used to denote the C*-algebras of the form of the approximating
C*-subalgebras B (for example, in [3]) and we prefer to differentiate between the two. They have also
been called “locally AH” [37] and “AH in the local sense” [5].

We now show that the modifier “connected” is in fact superfluous; we may always assume this to
be true. This will make working with these algebras much less complicated.

3.1.2 PROPOSITION: A is a separable locally semihomogeneous C*-algebra of bounded dimension if and
only if it is a separable locally connected semihomogeneous C*-algebra of bounded dimension.

ProOF: The “if” direction is clear. So assume that A is locally semihomogeneous of bounded di-
mension, but that the base spaces of the approximating C*-algebras are not necessarily chosen to be
connected. Let F C A and € > 0 be given. Approximate F by a semihomogeneous algebra B within
€/2. For every a € F, let b, € B be some element such that ||b, — al| < €/2. Set Fp = {by | @ € F}.
We have that B = @ivzl pr(C(Xk) ® M, )pr with each X} a compact metrizable space. It is a
standard result that any compact metrizable space can be written as the inverse limit of connected
finite-dimensional simplicial complexes with dimension equal to the original space. Thus each X} can
be written as the inverse limit of connected finite-dimensional simplicial complexes (X p)nen with
dim (X} ) = dim(X}%) inducing an sequence of C*-algebras (C(Xg n) ® My, )neny with (not necessarily
injective) maps
¢k:,n : C(Xk,n> & Mrk — C(Xk,nJrl) & Mrk

to give an inductive sequence with limit C(X}) ® M,., . For large enough n € N we can find projections
Pk € C(Xgn)®M,, sothat that in the limit we get lim,,_, oo #*™ (pg,,) = pi. (here ™) : C(Xy ) ®
M,, — C(X)) ® M,, are the canonical maps defined in|1.1.2)), whence

. N
B = m(@kzl pk,n(C(Xk,n) & Mm )pk,'m @;@v:lﬁbk,n pk,n(C(Xk,n)(X)Mrk)pk,n)

with Xy, finite-dimensional simplicial complexes. Applying [I7, Theorem 2.1], we see that B also
has an inductive limit structure B = hﬂ @2/[:1 G (C(Yin) @ My, )qr p, for some M € N with injective
connecting homomorphisms, Y}, connected and dim(Yy ,,) < max{dim(X, 1),...,dim(Xy )} < .
Now just take n sufficiently large to approximate F g by @i\il Qo (C(Yi,n) ® My, )qk,n, within €/2 and
the result follows. |

3.1.3 Let H be the class of semihomogeneous C*-algebras. If A is tracially approximately semiho-
mogeneous (TAH) and there is an L € N such that the approximating C*-subalgebras of the form
B = @i\;l pi(C(Xk) ® M, )py from Definition can be chosen so that the spaces X are of
covering dimension less than or equal to L, then we will say that A is tracially approximately semi-
homogeneous of bounded dimension. Note that an AH algebra is locally semihomogeneous and that
a locally semihomogeneous C*-algebra is tracially approximately semihomogeneous. It follows easily
from Proposition [3.1.2] that we may assume that if A is TAH, the approximating C*-subalgebras can
be chosen so that the X} are connected.

3.2. Cutting up base spaces

A key part of the proof of the main theorem is chopping up the underlying spaces X1,...,X, of a
suitably large semihomogeneous C*-subalgebra into open sets in a tracial way. We then move between
these tracially large sets via a path of disjoint open sets, each chosen so that the elements of the finite
subset F, when restricted to one of the sets, can be approximated by functions taking constant matrix
values. This will then be approximated by an interval in the sense that we will associate to each set

14
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a function in a partition of unity of [0,1] and then twist the elements under the sets in a way that
keeps the entire interval intact.

When we are dealing only with approximation by points instead of intervals, cutting out tracial
pieces is straightforward.

3.2.4 LEMMA: Let A be simple separable unital nuclear C*-algebra with nonempty tracial state space.
For any n > 0, if there are N € N and nonzero pairwise orthogonal positive contractions ag,...,aN
satisfying

I7(an) — 7'(an)| <n/(2(N +1))
for every 7,7 € T(A® Q), then there are partial isometries v, € A ® Q and a partial isometry
v = Zgzo vn, such that the viv, € Her(a,), the v,v) are pairwise orthogonal projections and

T(v*v) > T(ZZLO an) —n for every T € T(A® Q).

PROOF: For eachn =0,..., N we have 7(a,) € (0,1] for every 7 € T(A® Q) so we can find a rational
number m,, € (0,1] such that
my € (minTGT(A®Q) T(an> - 77/(2(N + 1))’ minTET(A@Q) T(an)]'

Let p, € Q be a projection such that 7¢(p,) = m,. Since the a, are pairwise orthogonal positive
contractions, we must have T(Z::f:o an) < 1 so that we can choose the m,, to satisfy Eg:o m, <1
and hence can arrange that the p, are pairwise orthogonal.

By strict comparison and stable rank one (Proposition[2.1.1] (ii), (iv)) we find unitaries uo, ..., uy €
A ® Q such that u)(1a ® pp)u, € Her(a,). Put v, = (14 ® p,)u, and v = Ziv:o vp. Then
viv, € Her(a,) and v,v} = 14 ® p,, are pairwise orthogonal. Note that if n # m then

[onvm|* = o onvnvml* = 05, (0007) (Um0 J0p 050 || = 0
so v*u = Zivzl viv, and

T(v) = ol T(vhn)
= Yao7(vav})
= Z'r]LV:O My
N
Z T(Zn:O an) -
for every 7 € T(A® Q). |

When we want to cut out intervals instead, we need to use positive elements instead of projec-
tions. These will be sawtooth functions in a partition of unity of [0, 1] as defined in In this
case, we have the added complication that functions supported on overlapping subintervals are not
orthogonal.

3.2.5 LEMMA: Let A be simple separable unital nuclear C*-algebra with nonempty tracial state space.
Given 0 < n < 1, K € N\{0}, nonzero pairwise orthogonal postive contractions ay, AL, QK_1,01 <
A® Q and a *-homomorphism

¥:C([0,1) > A® Q
such that
(1) 7((vi)) > 7(a;) —n/2 for every T € T(A® Q), i € {0,1},
(ii) 0 < 7'(1/)(7%)) < T(a%) <nforeveryr e T(A® Q), ke {1,... K — 1},
the following holds:
For any 6 > 0 there are s € A® Q such that s 5% = (7,/1(7%) — )+, s’%s% € Her(ax ) and for

K

Bl

K
§ = oSk we have

15
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K
(ili) ss* =3 h_gsx s*%,

(iv) s*s =34y D (|l — k| <1} S Sk

(v) 7(ss*) > 71(ap +a1) —n— 6 for everyt € T(A® Q).
PROOF: Let § > 0. For each k € {0,..., K}, since A® Q has strict comparison and stable rank one,
the tracial conditions imply there are unitaries ux € A®Q such that u’%w((v% —5)+)u% € Her(ay ).
Put
= ((vx —8)Y*)u

Then S%S% = ’(/J((’Y% —4)4) and 3*%5% € Her(a%).

Sk k.
K K

Since the a L are pairwise orthogonal, we have that

I

||s%s*%/ = ||S%S%S%S%H2 = ||s%/s%s%s’§%s%s%3%s*%|| =0, (3.1)

whenever k # k’. Tt follows that

* K *
ss —Zk:05§5%~

When |k — k| > 1 the functions 7z and v have disjoint support, whence s% s s}, sx = 0. A
K K T K
similar calculation to 1) then shows that s% s,» =0 when |k’ — k| > 1, and so
K K

¥, K *
878 = Xm0 2w~k <1} Sk 5K

Finally,
T(ss*) = T(W((vo —6)+) +U((n1 —0)+))
> 7(¥()) +7(%(n)) -0
> 71(ag+a1)—n—24.

In general, we will require that the tracial cutouts be attached to matrix algebras, since any finite
set of functions in a semihomogeneous C*-algebra will take matrix values and these are what we
must approximate in interval algebras. When we have tensored with the universal UHF algebra,
finding the right size of matrix blocks is no difficulty. Choosing appropriate local matrix units in the
semihomogeneous C*-algebra requires a bit more effort.

3.2.6 By local matrix units of a set U C X we mean elements e,, , € p(C(X) ® M, )p such that, for
any x € U the maps
AL p(C(X) ® Mr)p - Mrank(p(m)) s fe f(SC)

are surjective *-homomorphisms sending e, ,, to the (rank(p(x)) x rank(p(z))) matrix with one in
the (m,n)™-entry, zeros elsewhere. By Proposition we can always assume our approximating
semihomogeneous C*-algebras have connected base spaces. In this case, rank(p(z)) = R for some
R e N\ {0}, for every z € X.

x)

Let x € X, and for every m,n € {1,..., R} let egn,n € p(C(X) ® M,)p be the element sent to
em.n € Mp. Then by [20, Theorem 3.1] there is a neighbourhood U of x such that, for every y € U

the map egﬁ?n(y) > €m,n 1S & *-isomorphism of Mp. Thus, restricted to U, the elements egff,)n satisfy

the relations of matrix units, that is, e%?negrfl)’n,hj = 5n’m/e£§’)n, U

3.2.7 LEMMA: Let A be simple separable unital nuclear C*-algebra with nonempty tracial state space.
Suppose p(C(X) @ M,.)p C A where X is a compact connected metrizable space and p € C(X) @ M, is
a projection with rank R. Let K € N\ {0} and ao, ar,...,05-1,01 € p(C(X)® M, )p® Q be pairwise
orthogonal positive contractions supported on open sets Uy, U%, RN U%, Ui, respectively.

16



3.2. Cutting up base spaces

k &
Suppose further that that eﬁ,{ﬂz are local R x R matriz units defined over Uk satisfying e(Kn (z) =

()
em’ (x) for every x € Ux U Uia

Let 1 : C([0,1]) = A® Q be a *-homomorphism satisfying the requirements of Lemma|3.2.5 and let
K e N\ {0} and sk € A ® Q be the elements provided by that lemma with respect to a%,dj and any

0 > 0. Fiz a *-homomorphism p: Mr — Q and define
¢:C([0,1]) ® Mp = A® Q
by ¢(f ® a) = ¢(f) @ p(a). Put

Kk
s=>0"_ d(Le(o,1)) @ €m,1)8 ke,

K

where R = rank(p). Then

55" = Dhmo Lomer (o)) @ €m1)s 8% d(leqo,n) © €1m)

and
k},

* o K R % * K
58 =3 o Z{kgm—k'\gl} 2m=1 €m, 15k 5K C1m-

PROOF: Since the matrix units agree across adjacent U x £y Uk/ and this exactly where sk, Sk # 0,
it is easy to check that ss* and s*s can be computed by almost identical calculations to those in

Lemma [3.2.5] |

We now turn to the task of fixing matrix units.
3.2.8 LEMMA: Let X be a compact connected metrizable space, r € N\ {0} and p € C(X) @ M, a
projection with rank(p) = R. Given n > 0, a finite subset F C p(C(X) ® M,)p and xg 6 X there
are open subsets Uy C Vo C X with xg € Uy, Vo \ Uy # 0, and local R x R matriz units e for W
induced by evy, such that the following holds: If x1 € Vo \ Uy there are open nezghbourhoods Uy and
V1 of ©1 with Uy C Vp such that

(i) U1 C Vo,

(ii) UyNU;, =0,

(iif) Vi \Th #0,

(iv) evy, induces local R x R matriz units e%?n € p(C(X) ® M, )p across Vi,

(v) fori=0,1 we have || f(x)m,n - eE,?,n — fWmmn - eﬁ,il),nH < n for every x,y € V; and every f € F.
PROOF: The map evy, : p(C(X) ® M, )p — Mg is surjective. Let eﬁﬁ)n € p(C(X) ® M,)p be functions
that give a set of matrix units for Mg under this map. There is an open neighbourhood Vj of xg such
that egg?n(y) induces a set of matrix units for Mg for every y € V. Shrinking Vj if necessary, we may
arrange that || f(2)m,» - esg?n —f(W)mmn e%??nn < n for every z,y € Vo and every f € F.

Let Uy C Vg be an open subset such that Vo\Uy # ) and let 21 € Vo \Up. As above, there are an open
neighbourhood V; of z; and functions e%?n € p(C(X) ® M,)p such that e%)n(y) are matrix units for

Mp, for every y € V1, and shrinking V; if necessary we can arrange || f(2)m,n e%)n FW)mon el n|| <n

for every x,y € V; for every f € F. Now it is easy to find an open set U; C Vj containing x; that is
disjoint from Uj. |

3.2.9 LEMMA: Let X be a compact connected metrizable space, 1 € N\ {0} and p € C(X) ® M, a
projection. Given n > 0, F C p(C(X) ® M,)p a finite subset and points xo,z1 € X, let Uy C Vp,
Uy C Vi be open subsets (not necessarily disjoint) as given by Lemma with respect ton > 0, F,
xo and x1. Then there are K € N\ {0}, Te € X,k=0,...,K, open neighbourhoods U% ofx%, each

kK
equipped with local matriz units 657{}2, satisfying

17



3. Tracially approximately semihomogeneous C*-algebras

k41
(i) eg,{(g(x)—emf:‘,)(x) for everwaU%UU%l,kG{O,...,K—l}
(ii) U%HU%/:@fork#k’G{O,...,K—l}

(i) ||If (@)m, 6,(7{22 FW)mn - 7(nn | <n for every x,y € Uxr U Usgr , every f € F and every
ke{0,...,K}.
PROOF: Let rank(p) = R < r. For every z € X we can find a small open neighbourhood of V,, € X

and egn)n € ev, Y(em.n) such that egyf?n(y) = e,y for every y € V, are a set of matrix units for Mpg.
Shrinking the sets if necessary, we may assume that

£ (W) mn - e *f( )m,n'e%?n” <n

for every y,z € V, and every f € F. The set {V, | x € X} U{V, V4} is an open cover for X. Let O
denote a finite subcover which contains Vp, V1. We may assume that if V, V' € O are two distinct sets
that V' \ V' # (0, that is, no set of O is contained in another.

If Uy € V4 or Uy C Vj, then by taking e&,f},z or es,ff}z as matrix units, we are done.

Otherwise, choose V; € O such that V; NV, # 0. Let Uy € (VoNV4) \ Up U Us.

If Vi = V; then set K = 2 and UL = Uy. If Vi # Vi, then there is Vy € O\ {Vp, V1 } such that
VinVa#0. Let Uy € (Vo NV1)\ UgUTU, UU;.

For k > 1, suppose we have sets l~]1,~. . Uy and f/l,;. .,f/k such tha:c U; C ‘:/i_l NV, and l:]i ﬂ?]j =0
when j # i. If U; is not contained in Vj, then there is Vi1 € O\{Vo, V1, ..., Vi } such that V;NViq #
0. Let Upyr C (Vipr NVi) \UpU UL U---U T, UUL.

Since O is finite, eventually we find K € N\ {0} such that U; C Vk.

Let Uy = U.

Each U% has a set of matrix units coming from distinguished sets of matrix units given on Vj_1
and Vj, which were set above. Pick zy € U and for j € {k—1,k}, let

r,; : p(C(X) ® My )p — M,

be the map which sends the matrix units e%?n on V; given by evaluation at xp to the respective

element e, , € Mg.
Now define
a0 = 00,0,

and recursively for 1 < k < K

Or = (og—10 5;_11,k_1) OO0k k—1-
Notice that the composition of morphisms in the brackets is just an isomorphism of Mg. Thus o k is

a *-homomorphism from p(C(X) ® M, )p — Mp. We also observe that for each 0 < k < K there is an
isomorphism of w € M, such that o k= = wody, and Trp = =wobpt1 (takew =0 Lo (6kx)" 1), and

since 0 x+1 and k1 k41 define the same matrix umts on Vi1, we get that adjacent sets Uk 7Uk+1

are given the same matrix units, thus (i) is satisfied. We have (ii) by construction and (iii) “follows
from (i) together with the fact that U% U U% C Vi+1, which was chosen to be small with respect to

F and its matrix units. |
We also have the following straightforward generalization.

3.2.10 LEMMA: Let X be a compact connected metrizable space with covering dimension at most
L <oo,letr €N andletp e C(X)® M, be a projection. Givenn >0, F C p(C(X) ® M,)p a finite
subset and points xq,...,xny € X, let Uy C Vy, ..., Un C Vi be open subsets as given by Lemma
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3.3. Sketch of proof with two extreme tracial states

with respect ton > 0, F and x,...,zN, coloured with L + 1 colours so that any two sets with
the same colour are disjoint. Then there are K1 € N and K = K1 N, T € X, k=0,...,.K, open

k
neighbourhoods U k of x E, each equipped with local matriz units 65,{23 satisfying
(i) Unry, = U, and anl =V, forn=0,.

(ii) e ¢ n(x)—eg:;l)( )forallerAUUﬁ,

(iii) IfU ni and U,L/K1 have the same colour then U N Uy =0 for every k # k' € {nKy,...,(n+
1)K —1}U{nK1,...( + 1)Ky — 1},

<>||<> n ek
=0,...,K.

% k

— f(Y)mon - esn’,ﬁ)H < n for every x,y € U% U U%, every f € F, every

:v

3.3. Sketch of proof with two extreme tracial states

In the Section [3.5 we prove the main theorem. The proof is quite lengthy in the general case and the
relatively straightforward idea of chopping up the underlying space in a tracial way and exploiting the
many orthogonal layers in the UHF algebra Q may be lost in the details. Thus to illuminate the main
techniques behind the proof of Theorem (and Theorem , we first sketch a proof of the
special case that A is a simple unital locally connected trivial homogeneous C*-algebra with bounded
dimension, that is, the approximating C*-subalgebras can be chosen to be of the form C(X)® M, with
X a compact connected metric space, dim(X) < L < oo, together with the additional assumption
that T'(A) has two extreme points.

Since the purpose of this next theorem is to illuminate the main idea behind the techniques used

and as such we include only a sketch of the proof and make no attempts to pin down the estimates
involved.

3.3.11 THEOREM: Let A be a simple unital locally connected homogeneous C*-algebra with bounded
dimension and suppose T'(A) has two extreme points. Then A ® Q is TAL

PROOF: [Sketch.] Let L € N be such that a homogeneous C*-algebras C(X) ® M, with dim(X) < L
can be used to approximate A.

By Lemmas and it is enough to show that, for any € > 0 and any finite subset F C A,
there is a projection p € A ® Q and a unital C*-subalgebra C' C p(A ® Q)p with 1o = p and C € I
such that

(i) lple®1g) — (a® 1lg)p|| < € for all a € F,
(i) dist(p(a® 1g)p,C) < € for all a € F,
(iii) 7(p) > 1/2(L+1) forall T e T(A® Q).
Since A is locally connected homogeneous with bounded dimension, we may further assume, by

taking a sufficiently good approximation, that 7 C C(X) ® M,. C A where X is a compact connected
metric space with dim(X) < L.

To begin we divide up the underlying set X with respect to the finite set F and the two extreme
tracial states of T(A ® Q), which we label 79 and 7.

For every x € X, we apply Lemma to find an open set U, C X containing x that is small
enough so that any f € F restricted to U, looks like the constant r x r matrix f(z). (Note in this case,
since our approximating algebra is a trivial homogeneous C*-algebra, there is no difficulty setting the
appropriate matrix units; in fact we get Lemma (iv) for free.)

The sets U, cover X. Since X is compact and has covering dimension at most L, we can find an
open cover O = OO ... JOW) of finitely many of the sets U,, coloured so that if U, U’ € O® then
unu’ =40.
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3. Tracially approximately semihomogeneous C*-algebras

Now we use the UHF algebra to separate the sets according to their colour. There are pairwise
orthogonal projections co, ..., cr, € Q satisfying 7o(¢;) = 1/(L+ 1) for all 0 <1 < L. For U € O, let
fu denote the function in the partition of unity supported on U subordinate to the cover O. If U has
colour [ then we write n(U) = [. Consider the elements fyy ® 1, ® cpr), U € O. Setting n > 0 to be
sufficiently close to zero, exactly one of the following holds for each such element:

(iv) 10(fu ® 1m, @ cnw)) — T1(fu @ 1m, @ cury) =,

(V) T (fU ® 1M* ® Cn(U)) - TO(fU & 1Mr ® cn(U)) >,

(vi) [m1(fv @ 1, @ enwy) — 10(fv @ 1, @ cnny)| < -

Thus we can write O = Og LU O7 U Q2 where U € Qg (respectively O1,02) if it is satisfies (iv)
(respectively (v), (vi)). Sets in Oy will be cut out with projections. The sets in Oy will be paired
with sets in Oy, and these will be matched to opposite ends of an interval.

For U € O;, i € {0,1}, we want 7;(fu ® 1y, ® cp(u)) to be “large” (sufficiently far from zero) while
on the opposite tracial state, we want 7(;11)moda2(fu ® 1, ® cyy) to be very close to zero. To do
this, we subtract a projection in @, which we will denote py, of tracial size approximately equal to,

but slightly less than, 7+ 1)mod2(fU ® a1, ® cr) ® q(0,1)), Where g1y € Q is a projection as defined
n That is, for a suitably chosen § > 0 we find py € Q satisfying

0 < T(i+1)mod2(fU @ 11, @ cnw) ® q(o,1) — le(x) @ 1ar, @ pu) < 0.

To set up the intervals, we require that Oy and O; are symmetric with respect to the two ex-
treme tracial states 7p and 7;. Subdivide each U € Op U O; by finding my + 1 pairwise orthogonal
projections

qu,05-- - qU,my S Qv
so that
7i((fu ® 1m, @ ey @ q0,1) — lex) @ v, @ pu) @ qu.m)
is approximately the same size for every m € {0,...,my} and every U € Oy U O;.

For U € O, i € {0,1}, consider
(fu ® 11, ® cny ® qro,1) — lex) ® 1u, ® pr) @ qum

For further symmetry, without loss of generalization, we may assume that there are an equal number,
say M+1, of such elements when ¢ = 0 and 7 = 1, and we label them as aém) and agm) where
m € {0,...,M}. Let the set U supporting agm) be labelled Ul-(m). Note that the sets Ui(m) are not
necessarily distinct, however any duplicates will occur in disjoint layers of the UHF algebra. These

will be the endpoints of a “discrete” version of an interval.

To fill in the discrete intervals, for each m, we use Lemma to find “stepping stone” sets between
the end points (again in this case setting up the matrix units becomes trivial): For each m, we have

K € N (which we may assume is the same for each m) and disjoint sets Uém), Uim), ceey UE??I , Ul(m)
K K
such that F doesn’t vary much across adjacent sets and such that Uom), Uim), U 5?1)1 are pairwise
K K
disjoint.

We will now find an interval that reflects this tracial set up, copy it M + 1 times in layers of the
UHF algebra, and use strict comparison to move it under these discrete models, see Figure 3.1}

Let Aff,(T(A ® Q)) denote the set of R-valued bounded affine functions on the tracial state space
T(A® Q). Define a continuous function by

hn®1) =1,

and
0 < h(ro®Tg) =~ 0.
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3.3. Sketch of proof with two extreme tracial states

Figure 3.1.: Embedding the interval.

Note that h is also strictly positive. Since A is simple and unital, by [7, Corollary 3.10], there is a
positive contraction b € A satisfying

7(b) = h(r;) for i € {0, 1}.

We get a *~homomorphism from an interval algebra by taking the composition

¢:C([0,1)) > C*"(b,1) - A® Q,

Define, for 0 < a < 8 < 1/2, a function gq,g € C([0,1]) by

1, 0<t<a,
Jo,3(t) =< linear, a <t < g,
0, pB<t<l
Put 7o := ga,20 and vp := 1—g1_24,1—qa, Where « is suitably chosen so that 7'1((;5('70)) = TQ(QE(’YD)) ~ 1.
We then fill out to a partition of unity VooV ks (as given in . Define

(m) _
ax = fym @ Ly, ® ¢, yomy ® 4o,1),

K

for k € {1,..., K — 1}, where q(o,1) is a projection as in [1.1.4 Note that the the a(f), ke {0,...K}
K

are pairwise orthogonal. We also have, by having chosen a suitably small «, that the g?)(fy E ), k €
{1,..., K — 1} are very small in trace, in particular we can arrange that they are smaller than the

a(;n) on every tracial state.
K

Let dy, ...,dy € Q be pairwise orthogonal projections chosen so that

7i(6(3)) ® d = 7i(a™),
for ¢ € {0,1}, and define
o™ c(0,1]) » A® Q
by ¢ (f) = ¢(f) ® dp,. Notice that the (™ have orthogonal images.
For each m € {0,..., M}, apply Lemma with respect to the pairwise orthogonal positive
contractions aém) a(f), am agm), the *-homomorphisms ¢(™) : C([0,1]) = A® Q, and a suitably
K K

)
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3. Tracially approximately semihomogeneous C*-algebras

small > 0 to get s(g) € A®Q with s(g)*s(g) € Her(a(r.")) and s(g)s(g)* ~ (M) (fy%) Then applying
Lemma we get *-homomorphisms

==

Y™ c(0,1]) @ M, - A® Q

and we can write
Sm = Zn,k ¢(m)(1c([0,1]) ® en,l)s(m)(l(Z(X) & el,n)a

&k
K

with Zf\n/lzo SmSm* ~ EB%:Olb(m)(lc([o)l]) ® 1MT) and

(M s sm) ~ T(Xveo,uo, fu @ 1m, @ cnw) @ qo,1) — lex) @ 1m, @ pu),
for every 7 € T(A® Q).

We are missing trace: that which comes from the sets U € Oy and that which was lost when we
subtracted the projections py, U € O LU O;.

Note that for U € Oy LU O; by the choice of the projections py and strict comparison, we get
that

lexy @1, ®@pu 3 fu®1m, ® cuwy ® q0,1)
~  fu®1ym, @ Qcyu) ®qa,)
Thus we find uy € A ® Q with
upug = le(x) @ 1u, ® pu

and
uguy € Her(fu @ 1ar, @ ) @ q(1,1))-

For the sets U € Oy we use Lemma [3.2.4] to find partial isometries uy € A ® Q where uyuy; =: py
are pairwise orthogonal projections and

uy uy € Her(fu ® 1u, ® ),

and
7'(211602 uytuy) A2 T(Zerg fu ® cpwy)-
Since Y co T(fu ® 1yy ® cpwy) < 1 we may choose the py, U € Oy to be orthogonal to py,
UeO;UQO,.
Let
~ M
5= m=05m + Xyeo uU-
Let F' be the finite-dimensional C*-algebra generated by the projections py. One easily checks

that
557 = (Ch_o v (eqoapen)) + (lecnents) © (Cpeopv)|

can be made suitably small and hence be perturbed into an honest partial isometry, s.

We now are left to verify (i), (ii), (iii) with the projection s*s and the interval algebra given by
s*(@M_ (M (C([0,1]@M,))®lex)®M,®F)s, where F is the finite-dimensional C*-algebra generated
by the py.

For (i) and (ii), we first approximate f € F by taking ¢ € C(X) ® M, C A ® Q such that, for
U € O we have gly = f(xy) are constant r X r matrices given by evaluation at some zy € U, and
writing

h = Zm,kd}(m)(’y% ® 9|U(,:”’) + X veolew) @glu @ pu.
K

We leave the detailed calculations to the general case, which is similar.
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3.4. Tracially large intervals from Al algebras

For (iii), we use the fact that s*s is close to §*5 and provided all estimates have been carefully
chosen,

T(s"s) = 7(5%3) = 7(88")
M m m
T(Xom=090' +a") + T(Xpeco,u0, lex)om, @ pu)

+7(>° fu® 1y, @ eaw))

Q

UecOs
> T(Z Ju® 1y, ® cpwy)/2
UeO
~ 1/2(L+1)
> 1AL+ 1)
forall T € T(A® Q). |

3.4. Tracially large intervals from Al algebras

We now turn to proving the more general case: If A is a separable simple unital tracially approximately
semihomogeneous C*-algebra of bounded dimension then A is TAI after tensoring with Q. The
main idea is the same, but there are significantly more technicalities involved. Unlike in the case of
Theorem we cannot produce an interval quite so easily when there are more than two extreme
tracial states.

The idea behind the proof is to work within one of the approximating semihomogeneous C*-algebras
which is chosen to be large enough to fill up most of A. We then want to look at the base spaces
of this semihomogeneous C*-subalgebra and chop them up into sets of large trace which are narrow
enough that the elements in the finite subset will not vary too much when restricted to any of these
sets, as we did in Theorem Once again, ideally, we want these sets to be disjoint. If we can find
an interval with the right tracial distribution we will identify these sets with (tracially) corresponding
disjoint bump functions on [0, 1], as in the special case. Then we would be able to interpolate between
the disjoint sets in our base spaces with narrow sets across which our given finite subset doesn’t vary
too much.

If we have exhausted enough of the trace in our interval [0, 1] then we can fill out the bump functions
to a partition of unity. If the trace has been correctly taken into account, we now just need to move
these functions in the partition of unity under the sets in the base spaces using strict comparison.
This moves the whole interval into the semihomogeneous algebra and now it is simply a matter of
approximating our finite subset F by functions over the base space which are constant matrices across
our sets, and then by these constant matrices tensored by our bump functions. (Getting the correct
matrix size is not a problem because of Q.)

Some force is needed to achieve the ideal situation set up above. Unlike in Theorem [3.3.11] since
we do not want to make any restrictions on the tracial state space, we cannot isolate sets of large
trace and easily find a single element to produce the appropriate interval reflecting the tracial set up.
Once again, we take a cover of the base spaces and separate the sets in layers of the UHF algebra.
This cuts the total trace by the dimension of the space. We find an interval which will give us bump
functions of the appropriate trace by first embedding an Al algebra with the correct tracial state
space, and then drop down to an interval algebra in its inductive limit. Though things become a bit
more technical, this means we no longer have to add in the correcting projections py as were required
in Theorem [3.3.11] This puts us in essentially the situation above and from here we are able to move
the interval into A ® Q as we desire.

To prove that A ® Q is TAI we require a model interval algebra which will be used to tracially
approximate A® Q. Certainly there are any number of intervals one can map into A (for example, by
taking the C*-subalgebra generated by a positive contraction and the unit), however we require that
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3. Tracially approximately semihomogeneous C*-algebras

the interval algebra be large with respect to all tracial states of A and lie in a particular position. The
trick then is to find an approximating interval algebra which respects the traces of A. By the range
results for AT algebras due to Thomsen [61] [62] and Villadsen in [68], any metrizable Choquet simplex
can be realized as the tracial state space of an Al algebra. We will thus take our interval models to be
AT algebras with the correct tracial state space and Ky-group. Using results about lifting maps from
the Cuntz semigroup of such C*-algebras as in [9] 51, [0} [50], we are able to embed these AT algebras
into A ® Q in a trace-preserving way and then use strict comparison to move them from a general to
a particular position.

To begin the section, we show that a simple separable unital tracially approximately semihomoge-
neous C*-algbera has the correct invariant to be TAI after tensoring with Q. This will also help us
find the correct Al algebra to act as the interval model.

3.4.12 PROPOSITION: Let A be a simple separable unital tracially approximately semihomogeneous
C*-algebra. Then Ky(A) is rationally Riesz (cf. [40)).

ProoF: By [40, Proposition 5.7] it is enough to show that Ky(A ® Q) has Riesz interpolation.
Let 1, 22,y1,y2 € Ko(A® Q) with z; < y; for 4,5 € {1,2}.

If x; = y; for some ¢,j € {1,2} then the result clearly holds. So assume that we have z; < y;, for
1,7 € {1,2}.

Without loss of generality, we may assume that x;,y; € Ko(A®Q). Furthermore, semihomogeneous
C*-algebras are stably finite, so A is also stably finite [I9] Theorem 4.1]. It follows that A ® Q has
stable rank one [52, Corollary 6.6], hence cancellation of projections. Thus it is enough to assume
x; = [¢;] and y; = [r;] for projections ¢;,r; € A® Q.

Let 6 < 6 -min{{|7(r; —¢)| |4,j € {1,2}, 7€ T(A® Q)},1/8}.

Then for F = {q1,q2,71,72}, 0 <e<d and c € (A® Q)4 with 7(c) < e for all T € T(A® Q), there
is a unital semihomogeneous C*-subalgebra B C 15(A ® Q)15 of the form

B =@, pa(C(Xn) @ My, )pn
with
(i) |I1pa—alp| < eforall a € F,
(ii) dist(1palp, B) < € for all a € F,
(iii) 14 — 1 is Murray-von Neumann equivalent to a projection in c¢(A ® Q)c.
Note that (iii) implies that 7(14 — 1p) <.

Now, ||(1galp)? — 1palg|| < € for all a € F so there are projections by, ba,c1,co € 15(A® Q)1p
such that
1b: = 1pailpll, lc; — 1pr;lpll < 2e.

Furthermore, by there are dy, ds, e1, e € B, which we may assume to be positive and self-adjoint,
satisfying
lldi = bill, llej — ¢;ll < 3e.

Thus we can find projections s1, sg,t1,t2 € B with
16; = sill, lle; — 251 < Ge,

hence
[si = 1pailgll,[[t; — 1prile| < 8e.

By choice of €, we have that s; (respectively ¢;) is Murray—von Neumann equivalent to 1p¢;1p (re-
spectively 1p7;1p) [31, Lemma 2.5.4]. Hence

7(s;) =7(1p¢;1p) and 7(t;) = 7(1pr;1lp)
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3.4. Tracially large intervals from Al algebras

for all 7 € T(A ® Q). By the choice of B we have

||a—(1BalB+(1A—1B)a(1A—1B))H = ||alB—lBa13—|—1Ba—1BalB||
< 2

for all a € F. It follows that
|7(a— (1palp + (1a —1p)a(la — 1p)))| < 2e
forall T e T(A® Q), all a € F. Since 7((14 — 1p)a(la — 15)) < 7(c) < €, we have
T(1palp) € [7(a) — 3¢, 7(a) + 3¢]
forall T € T(A® Q), all a € F. By choice of € we get
7(¢:) < 7(1pailp) + 3¢ < 7(1prjlp) — 3e < 7(r;)
forallT € T(A®Q), 4,5 € {1,2}. Since 7(1pg;1p) = 7(s;) and 7(1pr;1p) = 7(t;), we also have
T(q:) < 7(si) +3e < 7(t;) — 3e < 7(ry).
By Corollary we may assume that the spaces X,, are connected, and so the maps given by

Tlp, c(x)oM)p, — T(8ilx,) and 7|, (c(x,)oM,)p. — T(tj|x,) are constant. Since Ko(Q) = Q we
can find projections a,, € Q satisfying

T(8ilx,) +3¢/N < 7(pn ® a,) < 7(tj]x,) — 3¢/N
foral T e T(A® Q),n=1,...N, i,j € {1,2}. Hence
T(@:) < 7(50) + 3 < T(X 0L P © an) < 7(1;) — 3 < 7(ry)
forall e T(A® Q),n=1,...N, i,j € {1,2}. By strict comparison it follows that
zi = [a:] < [Caipn © an] < [rj] = y;

for i,j € {1,2}. |

3.4.13 PROPOSITION: Let A be a simple separable unital tracially approximately semihomogeneous
C*-algebra. Then the pairing map

ra:T(A® Q) — S(Ko(A® Q))

preserve extreme points.

PROOF: By the results in [68], the pairing map of AH algebras is extreme-point preserving and [19]
Theorem 4.19] shows that the property of having extreme-point preserving pairing maps passes from
a class S of separable unital C*-algebras to the class of TAS C*-algebras. |

3.4.14 COROLLARY: Let A be a simple separable unital tracially approximately semihomogeneous
C*-algebra. There is a simple unital Al algebra B which is an inductive limit of direct sums of
C*-algebras of the form C([0,1]) ® M, with

(Ko(B), T(B),rp) = (Ko(A® Q), T(A® Q),Tap0)-

PRrROOF: By the Kiinneth Theorem for tensor products we have that

Ko(A® Q)= Ko(4)®Q,
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3. Tracially approximately semihomogeneous C*-algebras

hence Ky(A® Q) is simple and torsion free. By the previous two propositions, we know that Ky(A® Q)
is a Riesz group and also that the pairing map rago : T(A® Q) — S(Ko(A ® Q)) preserves extreme
points. Thus it follows from the range results for Al algebras in [6I], [62] 68] (see [68, Theorem
3.2] for an explicit statement of the range) that there exists a simple unital Al algebra B with the
invariant

(Ko(B), T(B),rp) = (Ko(A® Q), T(A® Q),Taw0)-
1

Below, we denote by V(A) the semigroup of Murray—von Neumann equivalence classes of projec-
tions in A and by LAff(T(A))*™+ the semigroup of strictly positive (not necessarily bounded) lower
semicontinuous affine functions on the tracial simplex T'(4).

3.4.15 PROPOSITION: Let A and B be separable simple unital nuclear C*-algebras such that T(A) # 0,
and B has stable rank one and is Z-stable. Suppose that (Ko(B),T(B),rp) = (Ko(A®Q),T(A),Tag0),
that is, there is p : Ko(B) — Ko(A ® Q) is an order-unit preserving isomorphism, v : T(A ® Q) =
T(A) = T(B) an affine homeomorphism, and that

T(A® Q) —— > T(B)

iTAQZJQ TB\L

S(Ko(A® Q) L S(Ko(B))

commutes. Suppose further that Cu classifies homomorphisms from B (as in . Then there
exists a *-homomorphism ¥ : B— A®Q and, in the category Cu, a morphism ¢ : Cu(A®Q) — Cu(B)
such that (v(74))(b) = (Ta ® 1) (¥(b)) for all b € B and ¢ o Cu(V¥) = idcy(p)-

PROOF: Since T(A) # ), A is stably finite thus A ® Q has stable rank one [52], Corollary 6.6] hence
cancellation of projections [2], Proposition 6.5.1]. The C*-algebra B has stable rank one by assumption,
hence cancellation of projections, and, also by assumption, is Z-stable. Furthermore, A® Q is Z-stable
(since Q is Z-stable [26], Corollary 6.3]), thus by [8, Theorem 2.5] there are isomorphisms in Cu given
by

va:Cu(A® Q) = V(A® Q ULAK(T(A® Q)+

and similarly
vp : Cu(B) — V(B) ULAfF(T(B))" T,

where VA|V(A®Q®IC) = idV(A®Q®IC)a VB‘V(B@)C) = idV(B@IC) onV(A® Q) = V(A® Q®K) and
V(B) = V(B ® K), respectively. For an element a € (A ® Q® K)4, respectively b € (B ® K)4+ not
Cuntz equivalent to a projection the maps are given by v4([a])(T) = sup,, lim, seo 7((Pmapm) /™),
(where 7 € T(A®Q) is extended to A®Q ® K), respectively v ([b])(T) = sup,,, lim, 00 T((¢mbgm) /™),
(1 € T(B) extended to B® K). Here p,, = lago ® ey and ¢, = 1p ® e, where (e,)men is any
increasing sequence of projections in K having rank(e,,) = m [8].

Now let us define a map
¢ : V(B)ULAS(T(B)*t - V(A® Q) ULAf(T(A® Q)™+
by
¥([pl) = plvs) ([p)
for p € V(B) and
$((B])(7) = sup lim (4(7))((gmbam)"/™)

m n—oo

for b € (B ® K)4+ not equivalent to a projection and 7 € T(A® Q).

26
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We also have that

T(B) . T(A® Q)

i’rB TA®Q\L

S(Ko(B)) —"> S(Ko(A® Q))
commutes. Thus as above, we may define a map
¢:V(A® Q)ULAH(T(A® Q)" — V(B) ULAE(T(B))**

by
¢([p]) = p~ vy (p)
for p € V(A) and
¢(la))(r) = sup lim (7)) ((Pmapm)"™)

m N—00

for a € (A® Q® K) not equivalent to a projection and 7 € T'(B).

It is straightforward to check that 1) and ¢ are morphisms in the category Cu, that is, semigroup
maps preserving the zero element, the suprema of countable upward directed sets, and the relation <
(recall that © < y if whenever (y,,) is an increasing sequence with sup,, y, > y there is n such that
x < yp) [12 Section 2]; similar calculations can be found in [§].

We have that if [p] € V(B) then

potp(lp]) = p~"op(lp)

Suppose that [b] € LAff(T(B))**. Let [a] € LAff(T(A ® Q))*" be such that [b] = [a]. Then for
any 74 € T(A® Q) we have

sup lim 74((pmapn)!/") = lal(ra) = ¥1E)(ra) = sup lim 5(ra)((amb)!/").

m n—oo

Thus, for all 7 € T(B) we have

pobl(t) = ¢la](T)
= sup lim v 1 (78)((pmapm)"’™)

m n—o0

= sup lim (v 1(78)) ((Gmbam)*'™)

m n—o0

= [b](7s)-

Thus ¢ o ¢ = idgy(p). Similarly one shows that ¢ o ¢ = idcyago)-
Now Cu classifies homomorphisms from B and A ® Q has stable rank one [52] Corollary 6.6], so we

can lift 1 to a *-homomorphism
U:B—3 AR Q0

satisfying Cu(¥) = v, whence ¢ o Cu(¥) = idcy(p) -

To check the condition on the traces, let 7 € T(A). Note that 7 o ¥ € T(B) since ¥ must be
unital. Thus it is enough to show that 7o ¥ = (7). Since A and B are nuclear, all quasi-traces
are traces [24], hence the lower semicontinuous dimension functions are in one-to-one correspondence
with tracial states [4, Theorem II.2.2]. Therefore it is enough to check that lim,, o, 7 o \Il(bl/”) =
lim,, oo (7)(b*/™) for all b € By.
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3. Tracially approximately semihomogeneous C*-algebras

Indeed,
lim 7o W(bY™) = [(b)](7)
n—oo
= B(() = sup lim A(7)((gbn) ")
_ : 1/n
Jim Ay (7)(67/7).
|
3.4.16 LEMMA: Let ag,...,an be pairwise orthogonal positive contractions in a simple separable unital
tracially approximately semihomogeneous C*-algebra A. Then there are a simple unital Al algebra
B, a *-homomorphism ¢ : B— A® Q and pairwise orthogonal positive contractions by, ... ,b, satisfy-
mng

7(t(bn)) = 7(ay) for everyr € T(A® Q), n=0,...,N.

ProOF: Consider the C*-subalgebra of A generated by 1 and a,, 0 < n < N. It is isomorphic to
some quotient of a commutative C*-algebra with spectrum a tree. Let A(®) denote that commutative
C*-algebra.

We have a map 7 : A® — C*(ag,...,an,1)— A® Q inducing a morphism in the category Cu at

level of Cuntz semigroups
(7] : Cu(A?) = Cu(4 ® Q).

By Corollary there is a simple AI algebra B which is an inductive limit of direct sums of
algebras of the form C([0,1]) ® M, with (Ko(B)),T(B),rp) = (K¢(A® Q),T(A® Q),rage). Thus
by Propostion [3.4.15| we get a map

a:Cu(4d® Q) = Cu(B)
such that the following diagram

Cu(A®) — T cuaw Q)

aolr] J(a

Cu(B)

commutes. Thus « o [1] : Cu(A) — Cu(B) is a map sending [r~1(a;)] to the image of [a;] under
a.
Since A(®) is a quotient of an algebra of the form C(Y') for some tree Y, we have that Cu classifies

homomorphisms from A(®) by the main results of [I0]. Thus the Cu map « o [r] can be lifted to a
*~homomorphism,

3: A0 - B
Let bg,...,by € B denote the images of the elements 7~ '(ag), ..., 7 (an), respectively. Since
ao, .. .,ay are pairwise orthogonal, we may assume the same for 7=%(ag), ..., 7 !(ax) whence also
b, - ..,bn are pairwise orthogonal. By Proposition [3.4.15] and the fact that Cu classifies homomor-

phisms from AT algebras [9], we also have an injective *-homomorphism lifting a1

t:B—>A® Q9.
Let 7 € T(A® Q). By the correspondence on traces given by Proposition [3.4.15| we have
7(e(bp)) = 7(a,) for all T € T(A® Q).
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We now have three simple technical results which will allow us to perturb elements in an Al algebra
in such a way that we don’t lose too much trace. Given a finite set of positive contractions in an Al
algebra B we first show that we can perturb them from the AI algebra to one of its approximating
interval algebras, then that we may orthogonalize them as elements of B ® Q. Finally, we separate
them using the UHF algebra Q and a *-homomorphism from C([0, 1]) into B ® Q in such a way that
we can squeeze further (tracially small) elements into the gaps with the result being a partition of
unity whose image in B ® Q will be tracially large.

3.4.17 PROPOSITION:  Let B be a simple unital Al algebra with inductive limit structure B =
lig(B,-,gb,-), with interval algebras B;, and ¢ : B; — B be as defined in . Let n > 0 and

let by, ...,by € B be pairwise orthogonal positive contractions such that

(N b)) > 1 for all € T(B).

Then for any 0 < € < n there are i € N and pairwise orthogonal positive contractions by, ...,by € B;
such that 4 ~
161 (ba) = ball < €

for everyn € {0,...,N} and

T(Zﬁfzobn) >n—c¢ foralTeT(B;).

PRrROOF: Suppose not. Then there exists some 0 < € < n such that for every ¢ € N there is some
tracial state 7; € T'(B;) with TZ-(Z,]Y:O bin) < n — € for any pairwise orthogonal positive contractions
bio,....biy € B; with ||¢(i)(bi7n) — l~)n|| < eforall 0 <n < N. In particular, we may assume that
6 (bin) — byl — 0 as i — oo.

Let w € BN\N be a free ultrafilter. Consider the functional 7 : II;cnB; — C defined by 7((z;)ien) =
lim;_,, 7;(2;). It is clearly continuous, linear, positive and tracial. Moreover, if x = (2;)ien € D,y Bi
then since ||a;|| — 0, we have 7(z) = 0. Since B C IIB;/ @, .y Bi and 7(1p) = 7((1B,)ien) = 1, it
follows that 7 defines a tracial state on B.

€N

Note that we may consider the sequence (n(zfzo bin))ien as a continuous bounded function
f:N—=[0,1] given by f(i) = Ti(zgzo bi n). Hence it extends to a continuous function f : SN — [0, 1]
where f(w) = lim;_,, T,-(ZHNZO bn). Since f(i) < m — e by continuity we must have %(ZnN:o by) =

lim;_,,, Ti(zgzo bin) = f(w) <n—e<n, contradicting the assumption that 7_(2712/:0 byn) > n for all

7€ T(B). |

3.4.18 LEMMA: Let B be a simple separable unital Al algebra and let by, . ..,bn be pairwise orthogonal
positive contractions in a unital subalgebra B; = ®M_,C([0,1]) ® M,,, C B such that, for some
0<n<1,

T(Egzo b, ® 1g) > n for every 7 € T(B; ® Q).

Then, for every 0 < € < n/4 there are K1, Ko € N, a partition of {0,..., K1} x{0,..., K2} into N+1
pieces Py, ..., PNy and *-homomorphisms

Y, :C([0,1])) = B;® Q, k1 €{0,...,K;}
with orthogonal images such that
(1) Z(kl,kz)epn Vi, (7%) jB®Q by, @ Lo,

(ii) T(Zf;:o U, (1e(o,)))) = 1/4 — € for every T € T(B; ® Q).

PrOOF: Let [0,1],, denote the m'" copy of the interval in B;. For every m € {l1,...,M} and
every t € [0,1],, the map ¢ : B; — C given by #{(f) = 7a, f(t) is a tracial state on B;. Let
Fi={be {bo,...,bn} | t(b) > 2¢/(3N)}. At each t € [0,1] there is an interval I; C [0, 1] such that
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3(b) > 0 for every s € I and every b € F;. The subintervals I; cover [0, 1],, so we may find finitely
many ¢ such that I; cover [0, 1],,. Adjusting the subintervals by making them smaller if necessary we
find a partition {0 =t 0 < tm1 < -+ < tm,k,, = 1} such that

5(b) > ¢/(2N) (3.2)

for every s € [t k—1,tm.k+1) and every b € F, . Without loss of generality we may assume that
K, = Ko and ty, 0 = to,tm,1 = t1, .-« tm iy = bk, for every m € {1,...,M}.

Set t_1 = —o0 and tk,4+1 = oo and let by, ,,, denote the restriction of b, to [0, 1],.
Note that from (3.2) it follows that
N
T(ZmJiIQ 7% ® ane}',,msz bn,m(8)) = T(Zm,kQ 7% ® > o bnm(s)) —€/2 (3.3)

for every 7 € T(B; ® Q), every s € (tky—1,tkot1) N[0, 1)1, 0 < ky < Ko, 1 <m < M.

Refining the partition further if necessary, we may assume that
M K
12 m=1 2ka=0 Va2 ® b (thy) — bull < €/ (4N).
Then, by [27, Lemma 2.2],

271\7:;1 Zf;:o 7% ® (bn,m(t,) —€/(2N)) 4 = (2%21 Zfﬁ:o 71’% ®bnm (tr,) —€/(2N))+ Z by (3.4)

Now, using (3.2]) and (3.3)), we can find D, D’ € N satisfying the following:

D+ < min {3((b—¢/(2N))+) [b€ Fu, s € (tmo—1:tmka+1) N[0 1]}, (3.5)

m=1,...,
k2=0,...,K2

n—4e<D'/(D+1)<n—¢/2. (3.6)

and so that for each m, ko there is a partition of {0,..., D’} into N + 1 pieces 7507m7k2, e ,751\;,%;62
such that
D Brmig) 12D+ 1)) <7, ((Omn(tr) — €/ (2N))4)- (3.7)

whenever b € Fy, | ..

Let q(0,1), 4(1,1)> 4(0,D)> - - - » 4(p’, D) be projections as defined in and let ¢,,, be the *-homomorphism
given by

C([0,1]) @ M, —B;® Q.

Now by our choice of partition and (3.5)), for every 0 < d < D’ and every b € Ftyys
T(m (Vi @ 1n,,,) © 4(0,3) @ 4(a,0)) < T(tm(Vr2 @ bnm(ta) = €/ (2N))+) © dkomodzy)s  (3:8)
2 2

for every 7 € T'(B; ® Q).

Thus by the choice of integers D and D’ and strict comparison in B ® Q (any tracial state on B®Q Q
restricts to a tracial state on B; ® Q) we also have

Dk 2d€P s Lm(v% ®1n,., ) ® qo,3) @ q(d, D)
N Zm,k2:0m0d2 Zdeﬁn,m,,@ Lm(W% ® 1Mm) ® q(0,3) ® q(d,D)

DD ka=1mod2 2deP tm(Vra ® 1., ) ® G(03) © 4(a.0)

n,m, kg

! Zm,k2 Lm(('Y% ® (bn’m(tb)) —€/(2N))1)® Q(k2m0d2,1))a (3.9

30
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since the summands are orthogonal. Define K; := (D’ + 1)M *-homomorphisms
Yam:C([0,1]) = Bi© Q

by
Yam(f) = tm(f @ 1a1,,,) @ qo,3) @ q(a, D),
de{0,...,D'},me{l,...,M}. Then

Zm,kQ Zdeﬁn,m,kg ¢d7m(71’%)

E9)
j Zm,k;z [’"L(’Y% & (bmm(tkz) - 6/(2]\]))4—) ® q(kamod2,1)
2
S Dk tm(Vgz ® (bnm(tr,) — €/(2N))+) ® 1)
S bh®lg (3.10)

Reenumerate the maps ¥g.m by ¥k, , k1 € {0,..., K1}, so that if (m —1)(D'+1) <k <m(D'+1)
and k; = d mod (D' + 1) then vy, = ¥gm. We can then partition {0,...,K;} x {0,..., K2} into
Po, ..., Pn by setting P, = {(k1,k2) | (m = 1)(D' +1) < ky <m(D'+1),ky =dmod (D' +1),m =

1,...,M;ka=0,...,K2;d € Prm kst
For every n =0,..., N, by (3.10), we have

Z(kh/@)epn Yy (Yr2) b @ 10,

K
showing (i).
For (ii) we have
K
T( ko ¥k (eqo)) = Tk ke ¥k (W%))
= 7 dmks Lm(V% ® 1nm,,, ) ®1lo®qu,p))/4

(3-6)
77/4 -6
for every 7 € T(B; ® Q). |
3.4.19 LEMMA:  Let Ag = ®M_ 9, (C(Xon) @ M., )pm be a semihomogeneous subalgebra of a simple
separable unital tracially approximately semihomogeneous C*-algebra A. Let ag,...,any € A9 ® Q be

pairwise orthogonal positive contractions. Suppose there is a 0 < k < 1 such that

(N an) >k for every 7 € T(A® Q).

n=1
Then, for every n > 0, there are K1, Ko € N, *-homomorphisms
Ui, :C([0,1]) - A® Q,

0 < k1 < K3 with orthogonal images and a partition of {0,..., K1} x {0,...,Ka} into N + 1 pieces
Po, ..., Pn and such that

(1) Z(kl,kg)e’Pn qzzjkl (7%) j an ® 1o,
(i) T(Ck o ¥k (Leqo.))) 2 /4 =1 for every 7 € T(A® Q).
PROOF: Using Lemma [3.4.16| applied to A we can find by, ...,by in a sub-Al-algebra with 7(b,) =

7(ay) for every n € {0,..., N} and every 7 € T(A® Q). Apply Proposition|3.4.17|to find bo,...,by €
B; = oM_,C([0,1]) ® M,,,, for some interval algebra B;, satisfying

m=1
19 (bn) = bull < (3.11)
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and
T(ZTILO Bn) >k —mnforall 7 € T(B;).

We may assume that ¢(¥) : B; — B is unital. Note that by (3.11)) we have
(@@ (bn) =)+ 3 bn

by [27, Lemma 2.2]. Now we apply the previous lemma to the pairwise orthogonal elements ¢(i)((5n —
7)+) and 1/2 in place of n to find K3, K € N, a partition of {0,...,K;} x {0,..., Kz} into N + 1
pieces Py, ..., Py and *-homomorphisms

Ur, 1 C([0,1]) = B; ® Q

with orthogonal images such that
(111) Z(kth)ePn 11[}/61 (7’“72) j (bn - 7))+ ® 1Q7

(iv) T(Zg;o l/;kl(lc([og]))) >(k—2n)/4—n/2 =kr/4—nfor every T € T(B; @ Q).
Then taking ¢y, = ¢ o ¢, , the above shows (ii). From (iii) we see that

2ok k)P Vi (V2) 3 D ((bn —n)1) ® 1o Zbp @ 1g ~an @ 1o,

where the last Cuntz equivalence holds since neither a,, nor b, are Cuntz equivalent to a projection,
so we can approximate a,, ® 1o (respectively b, ®1g) by (a, ®1g —¢€;)+ (respectively (b, ®1g —€;)+)
where (€;);jen is a sequence strictly decreasing to zero, and then use strict comparison. This shows
(). |

3.4.20 LEMMA: Let N e Nand 0 =ty <t; <--- <ty =1 be a partition of [0,1] into subintervals
[ti, tiv1] of the same length for all 0 < ¢ < N — 1. Then for any e > 0 there is § > 0 and there are

0, --,n € C([0,1]) ® Q satisfying

(i) An L Am for all0 <m #n < N,

(ii) For any subset I C{0...,N} we have 8- ;90 <D, c;v72 ®1g for all0 <n < N,
)

(iii 22;0 Yz ® lg is a unit for yo, ..., N,

(iv) T(CaioGn) € T(Xale g © Lo) +¢ for all T € T(C(0, 1) ® Q),
PROOF: Given € > 0, let M € N be so large that 1/(M —1) < e. For each ¢, 0 <4 < N —1, subdivide
the intervals [t;,t;41] into subintervals of equal length by a partition ¢; = 80 < 851 < S0 < -0 <
Si,M = tit1-

Define, for 1 <¢ < N —1,and 0 < j < M — 2, the following functions

1 it t<som—2-j,
go,i(t) = linear  if som-2-; <t <sonm—1-j,

0 it t>s0m-1-4;

0 it t<snm-1-j,
gn,;(t) = linear if sy m—1-j <t <snm—j,

1 if t Z SN,M—j5

0 if t<s_1mo1-j0rt> 8 1-4,
gij(t) = 1 it si—1,m—5 <t <8 m—2—g,

linear elsewhere.

Then put
- M—2
Vi = ijo 9i,j @ q(j,M—2)-
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If 4 # ¢/ then

~ ~ M-—-2 M-—-2
Vv = (=0 9is ® aG,m-2))(Xj—g 9ir.5 @ 4(jr,M~2))

M—-2
= Yj—o0 9970 D 4G.M-2)

0,

showing (i).

Let 8 = (t1 —s0,m—2)/t1. We have that n-g; ; < Vi for all 4, j and so, for any subset I C {0,..., N},
we see

B'Zieﬂ]:ZngJ 0 /B Gi,5 D q(j,M—2) <216123 =0 7 ®qj,M—2) = Ziej'}/ﬁ'@lgv

showing (ii).
Clearly
Fo(Citors ©1a) = (2755905 @ agm—2)) (leqo) © 1, ® Lo)
— A
(Citors ® 1),

so (iii) holds.
Finally, for (iv), note that

S (1= gi) < leqo)-
Thus, for any 7 € T(C([0,1]) ® Q) we have

HT oy ©10) (i) = -

= T

M—2
Leqoay ® 1o — Zz OZ] —0 Yij ®4(,M~2))

Z] =0 1C([Ol])(g’q(JM 2) — Zz OZ =0 gu ® q(j,m—2))
T(Zi:OZj:o (1—9ij) ®q(,m-2)

(
(

< (O 1 —giy) ®10)) - 1/(M —1)
< 1/(M-1)
< €.

3.4.21 LEMMA: Let A be a unital separable C*-algebra with nonempty tracial state space, and let
0=ty < - <tg =1 be a partition of [0,1] for some K € N. For any § > 0, *-homomorphism
¢ : C([0,1]) = A and n > 0 such that n < 7(¢(1e(o,1)))) for every 7 € T(A® Q), there is a *-
homomorphism

¥ :C([0,1)) = A® Q

satisfying
T(¥(Leqoap)) = 7(d(leqo)))) — 1 for every T € T(A® Q)
and a partition of unity V0o Vs oy VA1, Y aI such that, for any subset I C {0,...,K}, we
have
Zke[ wm%)) 3 Zke] ¢('Y%))
and

T(w('y%)) < § for every Tt € T(A® Q),
for every k € {0,...,K} and j € {1,2,3}.
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PROOF: Apply Lemma [3.4.20] to the partition 0 =ty < --- < tx =1 and 0 < € < min{4,n} to get
elements 4, € C([0,1])® Q, k € {0..., K}. Let C be the C*-subalgebra generated by (¢ ®id) (%), k €
{0...,K} and (¢ ®id)(1¢(p,17) ® 1g). Let Vs k € {0,...,2K} denote the partition of unity with
respect to {0 =tg < -+ < tax = 1}, and define a map

b:C(0,1]) 5 C—A®Q

by

P(vze) = (¢ @id) (),

2k
2K

for k € {0,..., K} and

1/1(72[;%) = ((b ® id)((lc([ovl]) - Zi{:o ’?k)|tk,tk+1)a

for k € {0,..., K — 1}. Since the elements in a partition of unity together with the unit generate
C([0,1]) as a universal C*-algebra and the generators of C' satisfy the same relations, it follows that
1 induces a well-defined *-homomorphism.

Let o < (1 —¢/6)/2K. Define the following functions hg qa, ..., hekx,o € C([0,1]) by

1 if t=0,

hoo(t) = linear if 0<t<t; —q,
0 if t>t —ay
0 if t<tox_ 1+ a,
hoko(t) = linear if tog_1+a<t<I,
1 it t=1;
0 if t S tgi_l +aort Z t2i+1 — Q,
hia(t) = 1 if ¢ =ty
linear elsewhere.

Consider a new partition of [0, 1] given by

(O:tQZSO)<(81:t1—a)<(82:t1)<(S3:t1+a)<(S4:t2)<<55:t3—04>

< or < (Sar—1 =tag—1 + @) < (tax = Sak),

and let g k €{0,...,4K} denote the corresponding partition of unity. We have

T(V(leqoay)) = T(@(leqoay)) — € = T(d(1leqoay)) —n

for every 7 € T(A ® Q) by the previous lemma. By (ii) of the previous lemma there is S > 0 such
that for any subset I C {0,..., K} we have

Doer(var) < Dperv(vzr)
= Zkef(¢ ® id)(’%)
< ﬂ'ZkeI((b@id)(’V% ®1g).

4k
4K

It follows that

Zke] 1/’(7%) 3 Zke[ (7).

k
K
We have that

(1= 0hia) < (1/(1 = 20K))(1 = 75 ya),
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3.5. Approximation by TAH algebras with general tracial state spaces

thus, for k € {0,...,4K}, j € {1,2,3}, we have

4i)

2K
Yares < (leqon) — 2imo7 4
2K
< (1/(1=20K))(Leqoa) — 2im1V2i=1 ),

and therefore

)

T(W(aus) < TW((Leqoy — Xite?

4i
4K

< (/1 =2aK))7(Leqo) — E?fﬂ%)
< €/(1-2aK)
< 0
for every 7 € T(A® Q). |

3.5. Approximation by TAH algebras with general tracial state spaces

We are now ready to prove the main theorem. Since we cannot isolate sets of large trace, we take a
cover of the base spaces and separate the sets in layers of the UHF algebra. This cuts the total trace
by the dimension of the space. Using the results of the previous section, we find an interval which will
give us bump functions of the appropriate trace by first embedding an Al algebra with the correct
tracial state space, and then drop down to an honest interval algebra in its inductive limit.

Once again, we interpolate between the sets in our set partition of the base space, and squeeze in
corresponding tracially small functions into our partition of unity of [0,1]. This then allows us to
construct our partial isometry in a similar manner to the simplified case of Section [3.3]

3.5.22 THEOREM:  Let A be a separable simple unital tracially approximately semihomogeneous
C*-algebra of bounded dimension less than or equal to L. Then, for any € > 0 and any finite subset
F C A® Q, there are a projection p € A® Q, a unital C*-algebra C C p(A ® Q)p with 1¢ = p and
C € I, satisfying the following properties:

(i) |lpa — apl|| < € for every a € F,

(ii) dist(pap,C) < € for every a € F,

(iii) 7(p) > 1/(8(L + 1)) for every Tt € T(A® Q).
PROOF: Let € > 0. By Lemma it is enough to show (i)—(iii) for F = G ® {1g} where G C A is
a finite subset.

Since A is tracially approximately semihomogeneous, we may assume that there is a semihomoge-
neous C*-algebra Ag such that for all a € G we have a = f, + (14 —14,)a(la —14,) for some f, € Ag
and that

T(lg —1a,) < 1/16 for every 7 € T(A® Q). (3.12)

Write

AO = 69Z"r\/{:lpm(C(‘Xm) ® Mrm )pm
where the X,,, are compact metrizable spaces with dim(X,,,) < L, r,, € N, and the p,, € C(X)® M,
are projections.

Let
Go={fala€g}

By Proposition [3.1.2] we may assume the X,,, are connected, whence the p,, have constant rank.

Let R,, denote the rank of p,,(z) for any x € X. Let R=R; ----- R, and R, = R/R,,. We have
Mg, @ M I =~ Mg, and for each m there is an isomorphism M R, ® Q = Q. Thus we always have
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3. Tracially approximately semihomogeneous C*-algebras

CY)®Mp, ®Q=C(Y)®Mr® Q for any compact Hausdorff space Y. In particular, we may assume
that all the matrix sizes are the same size R and so for every m € {1,... M} and every z € X,,, we
have a surjective *-homomorphisms

evy : Ag — Mp

given by evaluation at z.

Apply Lemma with respect to €/24 and Gg to get open neighbourhoods U, C V.. Since X
is compact, there are finitely many = such that the sets U, cover X. We denote this finite cover by
O ={Uy,...,Un}, along with the corresponding sets Vg, ..., Vy from Lemma Moreover, since
dim(X) < L, we may assume that the cover O is (L + 1)-colourable. Let co,...,c, € Q be pairwise
orthogonal projections with 79 = 1/(L 4+ 1). To each of the L 4 1 colours, we associate exactly one of
the cg,...,cr. For U € O, we define

cU) = ¢,
where ¢; is the projection associated to the colour of U.

Let fn € C(X) denote the function in the partition of unity subordinate to the open cover O,
supported on Uy, n € {0,..., N} and let f,, € Co(Up) ® Mg denote the matrix-valued bump function
fo =diag(fu, .-\ fn), Where f, is copied R times down the diagonal. Then define

ap, = frn @ c(Up). (3.13)
Then (3N an) > 15/(16(L + 1)) for every 7 € T(A® Q). Let

n < 7/(64(L +1)). (3.14)

From Lemma [3.4.19 with x = 15/(16(L + 1)) and 7n/2 there are K, Ky € N, a partition of

{0,..., K1} x{0,..., Ko} into N + 1 pieces Py, ..., Py and *-homomorphisms
P, 1 C([0,1]) - A® Q

0 < k1 < Ky with orthogonal images such that

(iii) Zkl,kOGPn J’kl ("/%) Jan®lg,

(iv) Tnggoih(hxoﬂg)>15m1aL4-n)_n/zbrmwmwrezwA@ggy

Let k1 € {0,...,K;1}. For every ko € {0,. — 1}, we have (k1, ko) € Py, for some n.

If (k1,ko) € Py, then denote Uk1 ko = Uy, and, correspondingly, V]cl ko = Vy. For each ki apply

" Ko Ko

Lemma [3.2.10] with €¢/8 in place of n starting from Uy, o C VklvO’U’fvilo C th%o, U o -

by ki, %
Vk Uk 1 C Vi1 We find Ky = KoK € N and open sets Ukh%, ke € {koK +1,.. (ko +
K — 1} satisfying
( ) kUK :Uk kafOI‘kQE{O,...,KO},
LRy

k R
(v) eﬁnln“)(x) = egnln )( ) for all z € U, a2 uU,, CRER

(vi) If the sets U, rox and U ryx have the same colour then we have U, x, NU 4 = 0 for

LKy k1, K 17;(2 k17K2
every ka # kj € {koK (k0+ DK -1} U{kK, ..., (ko + 1)K — 1},
k2+1
(vii) || Emn L f(@)mne gnlﬁ@ — f(W)m.ne gnln 2 )|| < €/16 for every x,y € Uy, 22 WU, ki1, every
) 7 Ko
f€Gg, every ko =0,..., Ks.

Note that we have assumed K to be the same in each of the K7 + 1 applications of the lemma, which

is possible by simply making the sets smaller when necessary. We also remark that the U | koK need
» Ko

not be distinct.

36



3.5. Approximation by TAH algebras with general tracial state spaces

Let fk1 &y be the (Rx R)-matrix valued bump function for Uk1 ks, and define the elements by
' Ko

' Ko

akh% - fkl’% ®C(Uk1:%)'

(Note that akh% = ay, if (k1, ko) € Pn.)

Then let
0<é< i . 3.15
<0 el T ) 1%
k1ko

Note that we are able to take § > 0 by simplicity of A.
Now apply Lemma|3.4.21|to each 1/:;@1 :C([0,1]) = A®Q, Ky, § and 1/2 to find *-homomorphisms
Ui, 1 C([0,1]) - A® Q

satisfying . R
7(Vr, (L)) = T(Wk, (Leo,1)))) — n/2 for every 7 € T(A® Q)

and a partition of unity 2

1 ..., YaKg—1, YK, such that
) 1K IR,

5 ol korePa) Vi (V20 ) 3 Xk ko) Py Vs (V)

and R
T(Vr, (Yarg+s ) < 6 for every 7 € T(A® Q),

for every ko € {0,..., Ko} and j € {1,2,3}.
Putting this together with the above, we have
(viii) a partition of {0,..., K1} x {0,..., Ko} into N + 1 pieces Py, ..., Py such that

Z(khko)gpn J)kl (74’“70) /5 Qn,s (316)

IR,

(ix) 7(Xk, ko Dy (’Y%)) >15/(64(L + 1)) —n for every 7 € T(A® Q).
(x) For every k1 € {0,...K; —1},ko € {0,..., Ko},j € {1,2,3}

(9, (Tatges) < 0 (317)

for every T € T(A® Q) .

There is a §p such that, for every unital C*-algebra C, if a € C satisfies |Jaa* — p|| < 2§y for some
projection p € C then there is a partial isometry v € C, ||v — al| < €/8 and vv* = p. By strict
comparison and (3.16) for P,, we find unitaries u, € A ® Q such that

un(Z(kl,kO)GPn d/}kl (’Y%) = b0)+un”
= Un Z(kl,ko)ePn (i’hﬁ%) — o) +uy, € Her(an), (3.18)

forn € {0,...,N}

Now we further refine the partitions of [0, 1] by subdividing each subinterval [4kg + 1,4(ko + 1) — 1]
into K subintervals. Then, for (k1,k2) € {0,..., K1} x {k2 € {0,..., Ko} | ko # k(K } applying (3.17)
gives unitaries u, r,) € A @ Q satisfying

u(k1,k2)<’([}k1 (7%) - 6O>+u(k1,k2)* € Her(akl kg ) (319)

Ko
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3. Tracially approximately semihomogeneous C*-algebras

Define . Lo
tn(Prey (V2 ) = 80)Y it ky = koK, (1, k2) € Pn
KoK

U(ky k) *= 1/2
+

U(ky,ks2) (q&kl (’y’“72) - 60) otherwise.
KoK

Using an embedding p : Mg <— Q, define
¢k1 : C([O’ 1]) QMr =+ A®Q

by
¢k}1 (7’“72 & em,n) = wkl (7’“72) & p(emm)-
Ko Ko
Put

(k1,42)

R
V=30 ke omet P (Le(o,1]) © €m1)Vky k2)€1,m

It follows from Lemma [3.2.7] that

* R *
VU =3 Dk ks 2om=1 Pk (Le(0,1)) © €m1)Vky ko) V(i ) Pk (Lelo,17) @ €1,m),
and that

P R (kl»%) " (kl,%)
vu= Zklka Z{ké\lk’z—kz\gl} Zm:l €m,1 Ulky ko) V(k1,k5) €1,m
It is easy to check, by splitting the functions v, into two sums of pairwise orthogonal functions,
K2
that,
* K
lvv* = 32520 Gk: (Leqo,) ® Laza)ll < 2 o,

which, by choice of §y, gives an honest partial isometry s € A ® Q satisfying

58" = ZkKll:O br, (Leo,)) © 1asg)

and
[Is —v]| < €/8.

Let p=s*sand C = s(@kK;:O(bkl(C([O, 1)) ® Mg))s*. We will verify (i) — (iii).

Leta € F. Thena = fo+(1a—14,)a(la—14,) for fo € Go. Since v*v € (14,819)(A®Q)(14,®10),
we have va = vf,, so we need only consider what happen to the finite subset Gy.

Let a € Gy. Note that

(klv%)
Pk, (Le(0.1]) @ €m,1)V(ky ko) €1,m ~ (@ ® 1g)
(k1,7%)
= ¢r, (leqo,1)) ® €m.1)V(ky k) €1.m (a\Uk1 v ®1o).
2

Let f € Ay be a function satisfying
kh%
flo o, W) =alz, )= Amn’)mn € Mg
k 2 kl,K2

1’K2

for every y € U o, 2 for every ki, ko. From (vii) we can assume
’ K2

Hf - a’” < E/Sa

and

k ko1
ki, 2 1,72

A 2 = Amon 2 | < €/16
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3.5. Approximation by TAH algebras with general tracial state spaces

for every 1 < m,n < R and every kq, ks.

Then
v'uf
k5 __Fka )
Ekl,kg Z{k’ [kt —ko|<1} Em 1 thQ ~e$j£K2Kl’4)Ufkl,kz) U(ky kb )egk:;Kz)a (3.20)
and
fv'v
(kl,%) N (kh%)

klaK
— 2
= Zkl,kQ Z{k’||k’—k2\<1}2m 1A “Cm1 T Y(ky ke)V(k1,kS)E1n )

In the sum above, each value of k; corresponds to the maps ¢, and it follows from their construction
and Lemma [3.4.19| that they have orthogonal images. It is easy to check (using the C*-equality, for
example) that this implies

k A K k
(k1.42) (k1,72) (KL,72) (k15

i Vlka k) Uk kg)Clin  Cmd o U(kg k) Uk Ry CLn o =0

whenever ky # kf.
It follows that

[v*vf = fovl|

/ k‘/
kl,K ki g2 (k1,2 )y (L1, 2%)
2 2 2 2
S maxp, HZkZ»{k/Hk/ —ko|=1} Em 1( _Amn ) ~em1 (kl,kz) (k17 )eln H
k1,K 1,2?'1 (k ,2?’1) (1,k1,25)
2 2 2 2
< maxg, HZZ,O mn S = Am ) €m1 Uy 2i41)V(k1 ,20) €1
kit kL gs s (kL gs) (Lk, 250)
2 2 27 )%
FAmn 2 = Amn ?) €1 Uk 20)V(ky,2i41) €1, |
2i+1 2i+42 2i+2 21+1
LR LK, (K1, Ko ) * (k1,550
2 Eom e min® = A ) - €t 2 U 942y V(ks 2041) €1
k1, 22 kﬁ'}gl (k172 (11, 52
(/\m,n - >\m,n ) : em 1 U(kl 21+1)U(k1,21+2) €1 n H
where
D B2 1, if Ky is even D B2 1, if Ky is even
1= _ . . 2 = — : :
Kol if Ky is odd, K3 if K, is odd.

Now one checks that if ¢ and ¢’ are both even or both odd, ¢ # 4/, then we have

* *
Uy, TOV(k1,i4+1) T V(ky it 1) T1V(k1 4)
orthogonal to
* *
Uy ,i7) L2V (k1,3 +1) T V(ky,ir41) L3V (k1 ,i")

for any xq,x1, 22,22 € A® Q since

* . * _ * _ * _
V(ky,i+1)V(ky,ir) = Vlk1,i4+1)Vkyir41) = V(k1,)V(ky,it) = V(k1,0)V(ky,ir41) = 0

whenever |i — /| > 2 . Thus each summand in the norm estimates above are mutually orthogonal.
Whence

ko+1
Ko

% " kl,% k1,
[v*vf — fo*o|l < 4 max |[Amn? — Amn

k1,k2,m,n

< €/4.
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3. Tracially approximately semihomogeneous C*-algebras

Now

|s*sa — as™s||

< ls"sf = fsTsl +2]la = £
< wtof = fotol 4 2fls — ol + 2[la — £
<

€,

showing (i).
Define h € ¢y, (C([0,1]) ® Mg) by

k ”“72
h = ¢k1 (71@2 & ( rri,nKQ )m,n)~
Now we have
* k’17K2)
vh = (X kamCma - Uk, kz)éf)kl(lcqo 1)) ® e1,m))h

kl;K kvi )
= Zkl,kz, Z{k’“k’ k2\<1})‘ ) m12 (k1 kz)ﬁbkl(%f@em)

and
. (m 2) (k1 72)
PV = S ke e 0l k2>¢k1(1c<[ou>®61m>
(kh ) (kl, 2)
= Zkl,kQ,ng{k’Hk/ k2|<1}/\ " '@le2 (k:l k2)¢k1(7k2®€1m)
Thus

lfv*v —v*ho||

k/

k1, k1,22 k1, 22)
< max ||Zk2,m n Z{k’ = k2|7é1}()‘ g Amn ?) - €m, 1K2 (k1 k2)¢k1 (’Yk/ ® e1n)v||
ki, k2tl k1, ki,22)
S n}ga‘X(HZkQ even,m n()\m ”K2 - )\ K2 ) : em71K2 Uzkkrl,k2)¢kl (,yk2+1 & el’ﬂ)
kl,@ 17% 1,%) "
+()\m,n - >\m,n ) "1 U(kl,k2+1)¢k1 (’ykz ® el")”
1, Bttt k1,72~ 122 )
+HZI¢2 odd,m,n()‘m,n P = Am ) Cm1 (k1 k2)¢k1 (Vka+1 @ €1n)
ko, 2 ky, k2t kl’k2+1)
+( msz _ >\m,nK2 ) “Cm,1 "2 vikkl,kQJrl)d)kl (’ykz ® €1n)||),

and one checks as above that the summands in both norm estimates are orthogonal, whence

« « klv% kl7 K2
lfo'v —v*ho|| < 4 max |Amn? — \
k1,k2,m,n

< €/4

Now for a € F we have

|s*sas*s — s*hs|| [fs*s — s*hs| + |la — f]]
[fo*v —v*ho|| +4fls —v|[ + [la — f]]

€,

AN VANVAN
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showing (ii).
Finally, we show (iii).
We have
T(p) =7(s*s) = 7(ss%)

(o bk (eo) ® Larg))
15/(64(L + 1)) — 1

v

V|~
&)

1/(8(L +1)).

|
Putting together the previous result with Lemma we have proven the following theorem.

3.5.23 THEOREM: Let A be a simple separable unital tracially approrimately semihomogeneous C*-
algebra of bounded dimension. Then A® Q is TAL

3.5.24 COROLLARY: Let A be a simple separable unital tracially approximately semihomogeneous C*-
algebra of bounded dimension. Let p be a supernatural number of infinite type and M, the associated
UHF algebra. Then A® M, is TAL

ProOOF: This follows immediately from Theorem and [40, Theorem 3.6] with [32] Theorem 7.1
(b)], which shows that a simple unital C*-algebra is TAI if and only if it has tracial rank less than
or equal to one. However, [32, Theorem 7.1 (b)] uses Gong’s decomposition theorem which we would
prefer to avoid. Instead, we observe that tracial rank less than or equal to one can be replaced by TAI
in the statements of Lemma 3.4 and Theorem 3.6 of [40] and that the proofs work in exactly the same
way by simply replacing all C*-algebras of tracial rank less than or equal to one with C*-algebras that
are TAT [35, Proposition 3.6]. |

3.6. Applications to classification

3.6.25 REMARK: If A is a simple separable unital AH algebra with finite decomposition rank, then
Theorem [3.5.23] shows directly that A ® Q is TAI without requiring the full force of the classification
programme.

3.6.26 COROLLARY: Let A and B be simple separable unital tracially approzimately semihomogeneous
C*-algebras of bounded dimension satisfying the UCT. Then

ARZ=BR®2Z

if and only if
El(A® Z) 2 EI(B® Z).

PRrROOF: Follows from Theorem [3.5.23| with [36, Corollary 11.9]. |

3.6.27 REMARK: Let A and B be simple separable unital AH algebras with no dimension growth.
Then A and B have finite decomposition rank [29, Example 4.4] and hence are Z-stable by [75]
Theorem 5.1] and thus the previous corollary shows that A 2 B if and only if Ell(A) = Ell(B). This
result was already shown in [I8], however here we are able to get classification for such C*-algebras
without appeal to the complicated reduction theorem of Gong [23].

3.6.28 PROPOSITION: Let A be a separable simple unital approximately semihomogeneous C*-algebra.
Then A satisifies the UCT.

PrOOF: For any € > 0 and any finite subset F C A we may approximate A by a semihomogeneous
C*-algebra A. Clearly A satisfies the UCT. Therefore the result follows immediately by appealing to
Theorem 1.1 of [13]. |
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3.6.29 PROPOSITION: Let A be a separable simple unital nonelementary approximately semihomoge-
neous C*-algebra with bounded dimension. Then A is Z-stable.

PROOF: By [78, Theorem 5.1] it is enough to show that A has finite decomposition rank. Since the
approximating semihomogeneous C*-algebras can be chosen to have base spaces of covering dimension
< L for some L € N, we have that for any ¢ > 0 and any finite subset F C A there is B with
decomposition rank less than or equal to L [29, Remark 3.2 and Proposition 3.3]. and dist(F, B) < e.
Thus the decomposition rank of A is also less than or equal to L; the proof of this is exactly the same
as the proof of the case for the completely positive rank given in [72], Proposition 2.11]. |

3.6.30 COROLLARY: Let A and B be separable simple unital approrimately semihomogeneous C*-
algebras of bounded dimension. Then
A=B

if and only if
Ell(A) = Ell(B).

We require the next result to show that a separable simple unital approximately semihomogeneous
C*-algebra of bounded dimension has the invariant of a separable simple AH algebra with slow di-
mension growth. The result is probably known, but we could not find a proof. Together with the
classification result above, this allows us to show that simple AH algebras do in fact have a similar
local property to that which is known in the AF case but is false in the nonsimple AH case; this is

Corollary [3.6.32] below.

3.6.31 PROPOSITION: Let A be a simple separable unital locally semihomogeneous C*-algebra with
bounded dimension. Then if A is nonelementary, Ko(A)/Tor(Ky(A)) # Z.

PRrROOF: We claim that since A is simple, for every n € N there is an € > 0 and a finite subset F C A
such that 4 = @, pr(C(Xy) ® M, )pr, C A with rank(py) > n, 1 < k < N. Suppose not. Let
(a;)ien be a dense subset in A and let F; = {ag,...,a;}. We can choose ¢, > €3 > -+ > 0, ¢, = 0
as n — oo such that A; = &Y p; x(C(X; k) ® M,, . )pix has rank(p; ) < n for some 1 < k < N;.
Passing to a subsequence if necessary, we may assume that rank(p; ) = m < n for all i € N.

For each ¢ € N, let z; € X, ;, (where k is chosen so that rank(p; ;) = m). Let
ev; : Az — Mm

be the representation given by evaluation at the point ;. Let w € SN\ N be a free ultrafilter. Taking
the limit along w of (ev;);en gives a map

7 ILenAi/ @ien Ai = Myt (fi)ien — lim evi(fi)-

It is easy to check that since || fi|| — 0 as ¢ — oo implies lim;_,, ev;(f;) = 0, the map 7 is a well-
defined *-homomorphism. Let f € A. Write f = lim; b; where each b; € F;. Choose f; € A; such
that [|b; — fi|| < €;. Then since ¢; — 0 and b; — f as i — oo, the map f — (f;)ien is a well-defined
injective *~homomorphism from A into IT;enyA;/ ®ien A;. Thus we may restrict 7 to A. By simplicity
of A, we see that A — M,,. But A is nonelementary, contradiction. This proves the claim.

Next, we show that if x € Ky(A)/Tor(Ky(A)) generates the entire group then we may assume
x = [gq] for some projection ¢ € My, (A). Since A satisfies the UCT by Proposition it follows
from [40], Proposition 10] that (Ko(A), Ko(A)4+, [14]) is weakly unperforated. Thus K¢(A)/Tor(Ko(A))
is unperforated. Since x generates Ko(A)/Tor(Ko(A)) and [14] € Ko(A)/Tor(Ko(A)) we have that
nx = [14] > 0 for some n € Z. Clearly if n = 0 then Ky(A)/Tor(Ko(A)) # Z. Thus if n > 0 we have
that = > 0, and otherwise, we may replace x with —x. Thus we may assume the generator = > 0,
that is, = [g] for some projection q € M (A).

Finally, we will show that x = [¢] can be decomposed into a direct sum of smaller rank projections,
showing that x cannot generate all of K((A)/Tor(Ky(A)). To do this, let (A, )ien, €1 > €2 > --- >0

i
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with €, — 0 asn — 0 be a sequence of semihomogeneous C*-algebras exhausting A with 7(14— la,, ) <
¢; for all i € N, for all 7 € T(A). By taking ¢; to be sufficiently small, we can find projections ¢; € A,
sufficiently close to p so that the they are all Murray—von Neumann equivalent (using, eg., [31, Lemma
2.5.1]).

Since x = [q] = [q;] generates Ko(A)/Tor(Ko(A)), we must have that each p; is supported over only
one of the X ; of the direct sum @kNglpi’k(C(Xi,k) ® M, )pik. We may assume each X; to be a
connected simplicial complex so that o; — 0;(g;) is constant on T'(A;). Thus for any o; € T(A;) we get
0i(gi) = rank(g;)/ rank(p; ). In particular, for any 7 € T((A) we have that 1/(7(14, )) -7 is a tracial
state on T'(A;), so rank(g;)/ rank(p; 1) - (1 —€;) < 7(g;) < rank(g;)/ rank(p; ) - (1 +¢;). By the above,
rank(p; 1) — oo so for sufficiently large i, we may represent « by ¢; with rank(g;) > (dim(X, ) —1)/2.
But then by [25, Proposition 9.1.1] « = [¢] = [p] + [r] for some projection [p] of lesser rank. Thus z
cannot generate Ko(A)/Tor(Ko(A)) so Ko(A)/Tor(Ky(A)) is non-cyclic. |

We remark that if A is a separable unital semihomogeneous C*-algebra that is not necessarily simple
it need not be AH (even if it has bounded dimension) as is shown by the example in [14]. However,
in the simple case, we see that this is true.

3.6.32 COROLLARY: Let A be a simple separable unital locally semihomogeneous C*-algebra of bounded
dimension. Then A is a simple unital AH algebra with slow dimension growth. Furthermore, the
class of simple separable unital AH algebras with slow dimension growth is closed under simple unital
inductive limits.

Proor: By Proposition with the range result for simple AH algebras in [70] we have that
Ell(A) = Ell(B) for some simple unital AH algebra B with slow dimension growth. Since [70, Theorem
2] in fact shows we can assume B is of bounded dimension less than or equal to three, we have A = B
by Corollary For the second statement, let A = hﬂAn where A is unital and simple and each
A,, is a simple separable unital AH algebra with slow dimension growth. By [78, Corollary 6.7] we
may in fact assume that each A, is Z-stable and has no dimension growth. It thus follows from the
classification above that we can assume each A,, has dimension bound of three. Then A must be a
unital simple locally semihomogeneous with bounded dimension and hence a unital separable simple
AH algebra with slow dimension growth. |
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4. Classification of certain locally recursive subhomogeneous
C*-algebras

In an effort to generalize the results of the previous chapter, we develop techniques for certain C*-
algebras which are locally subhomogeneous rather than locally semihomogeneous. The structure of a
locally subhomogeneous C*-algebra comes with additional complications to those of the previous chap-
ter. For example, the primitive ideal space of a subhomogeneous C*-algebra need not be Hausdorff.
In this case, setting up the analogue of the “discrete” version of the interval as in the last section is
significantly more complicated. For this reason, some extra restrictions are required. Nevertheless, we
are able to arrive at a classification result for a class of C*-algebras where projections do not separate
tracial states. In fact, we insist on the opposite: all tracial states must induce the same state on the
Ky-group.

The chapter is organized as follows. In Section we introduce notation for recursive subhomoge-
neous C*-algebras and definitions for (F,n)-excisors and (F,n)-bridges as well as statements of key
results that will be required (the details for this section are given in Appendix . Section provides
the technical results to find an interval that is large on all traces as well as a method for moving this
interval from a general position and placing it underneath the discrete model given by the (F, n)-path.
The proof of the main result is then given in Section where applications and an outlook are also
discussed.

4.1. Recursive subhomogeneous C*-algebras, (F,n)-excisors, and (F, n)-bridges

In [47], Phillips introduced the notion of recursive subhomogeneous algebras. These are subhomoge-
neous C*-algebras (that is, all irreducible representations are bounded in dimension) which arise as
iterated pullbacks of homogeneous C*-algebras.

4.1.1 DEFINITION: [47, Definition 1.1] A recursive subhomogeneous (RSH) algebra is a C*-algebra
with the following recursive definition:

(i) Let X be a compact Hausdorff space and n € N. Then C(X, M,,) is a recursive subhomogeneous
algebra.

(ii) Let A be a recursive subhomogeneous C*-algebra, X a compact Hausdorff space and n € N. Sup-
pose  C X is a closed (possibly empty) subset, ¢ : A — C(2, M,,) is a unital *~-homomorphism,
and let p: C(X, M,) — C(£, M,,) be the restriction map. Then the pullback

A@c(an,) C(X, My) ={(a, f) € A& C(X, M) | ¢(a) = p(f)}

is a recursive subhomogeneous C*-algebra.
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4. Locally recursive subhomogeneous C*-algebras

We will restrict to the case where the X in the above definition is metrizable so that the resulting
C*-algebra is separable. Note also that Definition implies that a recursive subhomogeneous
C*-algebra is unital.

For a given C*-algebra, its recursive subhomogeneous decomposition (if it exists) is not unique; for
us it will be important to keep track of the actual decompositions.

If B is a recursive subhomogeneous algebra, then we may write (cf. [47, Definition 1.5])
B = ( .. ((Co @Cio) Cl) @Céo) CQ) .. ) @Cg)) Cr,

where C; = C(X;)® M, for some compact metrizable X;, some integer n; > 1, and C’l(o) =C(Y)@M,,
for a closed subset ; C X;, 1€ {0,...,R} .

For 0 < [ < R, define the [*P-stage of B to be the C*-algebra obtained by truncating the recursion
after the I*" step,

B, = ( .. ((Co @Cio) 01) 690;0) CQ) ) EBCl(m .
Note that Bg = B.

4.1.2 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra. A recursive subhomoge-
neous decomposition

(B, X1, i, A1)y

for B consists of compact Hausdorff spaces ; C X, r; € N, unital C*-algebras B; for [ € {1,..., R},
and of unital *-homomorphisms
¢ By — C(Ql+1) ® M,

141

forl e {1,...,R— 1}, such that
M =0, By =C(X1)®M,,, Bg = B,

and such that we have pullback diagrams

B B (4.1)

| X

C(Xl-i-l) ®@ M, 4>)C(91+1) ®MT1+17

Ti+1
where the lower horizontal map is restriction. We then have a canonical unital embedding
tp:B—=>C(X1)®@M,, ®...4C(Xg)® M,,,
canonical quotient maps
wl :B— By
and canonical embeddings
Ly - C()(Xl \Ql) ® Mrl — B

forl e {1,...,R}.

We will usually assume that X;,q \ ;41 # 0, for otherwise the horizontal maps in (4.1]) are just
equalities.
4.1.3 REMARK: In the situation above, if z € X; \ ; for some [ € {1,..., R}, then the map (ev, ®
ierl) oitp: B — M,, is surjective.

4.1.4 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-

geneous decomposition
(B, X1, 4,71, )iy -
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4.1. Recursive subhomogeneous C*-algebras, (F,n)-excisors, and (F,n)-bridges

We say that projections can be lifted along [By, X;, Q, 7y, i)t ,, if forany N € N, any ! € {1,...,R—1}
and any projection p € B; ® My there is a projection p € B;y1 ® My lifting p.

The following is shown in Appendix [A| (see Corollary [A.1.0)).

4.1.5 PROPOSITION: Let B be a unital recursive subhomogeneous C*-algebra with decomposition
(B, X1, Qu, 71, )iy

Assume that dimX; <1 forl > 2.

Then projections can be lifted along [By, X;, Q1 d)l]f;l.

Recall that a completely positive map has order zero when it preserves orthogonality, that is, a c.p.
map ¢ : A — B between the C*-algebras A and B such that, for any positive elements a,b € A with
ab = 0 we have ¢(a)p(b) =0 in B.

In the previous chapter, we constructed a discrete version of a tracially large interval by taking a
number of point evaluations and then extending matrix units across small neighbourhoods of these
points. Observe that this amounts to taking *-homomorphisms into finite-dimensional C*-algebras
followed by order zero lifts which map back into the approximating semihomogeneous C*-algebra.
Moreover, because we asked that the neighbourhoods be sufficiently small with respect to the finite
subset, the image of the unit of the finite-dimensional C*-algebra multiplied with some f € F was
approximately equal to mapping f into the finite-dimensional algebra (by point evaluation) and then
mapping back into the semihomogeneous C*-algebra via the extended matrix units.

Such a naive approach is no longer successful in the case of approximately recursive subhomogeneous
C*-algebras. The problem in this situation is that the RSH algebra can have nontrivial overlappings
of base spaces which might not even be Hausdorff. If we tried to take a series of point evaluations and
matrix unit extensions across one of these boundaries, we may run into trouble when we try to then
approximate an element in F.

To get around this problem, these ideas from the previous chapter are generalized to the concept
of (F,n)-excisors and (F,n)-bridges. These were developed by Winter and will appear in our joint
paper [59]. Further details are given in Appendix [A]

4.1.6 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
[Br, X0, Qu,re, ¢y

let F C Bi be a finite subset, where B}F denotes the positive elements in the unit ball of B, and n > 0
be given.

An (F,n)-excisor (E,p,o0) for B consists of a finite-dimensional C*-algebra
R
E= @l:l El7
a unital *-homomorphism n
p=0flp:B->@L E=E
and an isometric c.p. order zero map
o= @LE=E->B®Q

such that
le(lg)(db®1g) — ap(b)|| < n for b e F.

We say (E, p, o) is compatible with [By, X, Q, 7, o], if each p; factorizes through

BLEZ

o

B L C(Xl) ® Mrl
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4. Locally recursive subhomogeneous C*-algebras

for some compact X; C X\ Q.

If (E, p,0) is as above and
k:E—Q

is a unital *-homomorphism, we say (E,p,o,k) is a weighted (F,n)-excisor compatible with the
decomposition [Bl, Xl, Ql, T, d)l]lR:l.

4.1.7 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
(B, X1, Qu, 71, )iy

let 7 C Bi finite and n > 0 be given. Let (E;, p;,04,k;), @ € {0,1}, be weighted (F,n)-excisors
(compatible with [By, X;, Q, 71, ¢1]f,).

An (F,n)-bridge from (Ey, po, 00, ko) to (E1, p1,01, k1) (compatible with [By, X;, Q, 7, ¢l]f11) con-
sists of K € N and weighted (F, n)-excisors (each compatible with [B;, X;, Q, 7y, qﬁl]lR:l)
(E%7p%7o'%a’%%)7 ] S {laaK_ 1}’
satisfying
||K%p%(b) —m%p%(b)ﬂ <nforbe Fandje{0,...,K—1}. (4.2)

We write
(EO,POMTO,FEO) ~(F,n) (E1,101701,l<61)

if such an (F,n)-bridge exists.

As in the semihomogeneous case where we took a point evaluation at a point x and extended matrix
units across a small neighbourhood of z, we can define an (F,n)-excisor at a given point x.

4.1.8 NOTATION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
[Bi, X1, 0, i, dilis .

Ifle{l,...,R} and z € X, then
(evey ® ierl) oitg: B — M,
factorizes through a sum of irreducible representations, say
B B, 5 M,,.

Upon fixing a unital embedding
M, —Q

we obtain unital *~homomorphisms
B E, ™0

such that p, is a sum of surjective irreducible representations and

Tgliz = TMTL LEI.

4.1.9 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra, and let F C Bi finite
and 1 > 0 be given.

A recursive subhomogeneous decomposition
R
[Bl7 Xl7 Qla T, ¢l]l:1

for B is (F,n)-connected if the following holds:
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4.2. Tracially large intervals

Ifle{l,...,R} and z,y € X;, and if (E,, pz, 04, k) and (Ey, py, 0y, ky) are (F,n)-excisors with
(Ez, pz, ke) and (Ey, py, ky) as in then

(Ez»px; Oz, /fz) ~(F,m) (Eyvpyvaya "fy)~

4.1.10 LEMMA: Let B be a separable unital recursive subhomogeneous C*-algebra and let F C B}r
finite and n > 0 be given.

Suppose B has an (F,n)-connected recursive subhomogeneous decomposition
[By, X1, i, b1y
along which projections can be lifted and such that X; \ Q; # 0 for 1 > 1.
Let 7 ... 7(»=Y € T(B) be n faithful tracial states with
(), =...= ("),

(as states on the ordered Ko(B)).

Then there are
0=Ko<Ki<..<K, 1=KeN

and pairwise orthogonal weighted (F,n)-excisors

implementing (F,n)-bridges

(Qunpsa,0st0,hsta) ~F o ~Fa) (QuipsPln st Ky

~N(Fm) s Y(Fom) (Q Kn-1yPEn-1,0Kpn_1,REK,_1 )7
e K K K

and such that, for each projection q € Q xp, m € {0,...,n — 1},
K

1 -Tglikim(q). (4.3)

(m)
(M™ @ 10)osn (@) 2 o7 s

4.2. Tracially large intervals

The technical foundation for the main result, Theorem [£.3.15] is laid out in Theorem [£.2.14] There we
must find an interval in the C*-algebra that is large on all traces and can be moved into position under
the “discrete” version of the interval that will come from the (F,n)-bridges of the previous section
(see also Appendix. The interval is twisted into place using a partial isometry obtained from strict
comparison. To do this, we will tracially match the endpoints of the (F,n)-bridges to functions in a
partition of unity. This requires that the finitely many traces be separated along the interval. The
next lemma shows that we can find an interval with each trace approximately concentrated at distinct
points.

In Proposition we find a positive element which acts as an “almost” partial isometry which
takes order zero maps to order zero maps. In Theorem [£.2.14] such an element will be perturbed into
an honest partial isometry (dependent on the finite subset 7 C A ® Q and ¢ > 0) and its support
projection will be the unit for the approximating interval algebra. Proposition[4.2.13|below will furnish
this unit with the appropriate properties so that (i) and (ii) of Definition are satisfied.
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4. Locally recursive subhomogeneous C*-algebras

The next two lemmas show how to find an interval that is large on all traces. In Lemma we
follow the techniques of A. Kishimoto in [30, Theorem 4.5], Matui and Y. Sato in [44] Lemma 3.2]
and Toms, S. White and Winter in [63], Lemma 3.4] to move positive contractions of given tracial
sizes that are approximately tracially orthogonal to positive contractions which are norm orthogonal
and remain approximately the same tracial size as the original elements. In Lemma [£.2.12] we line up
pairwise orthogonal elements, which, using Lemma [4.2.11] can be of a specified tracial size, in such a
way as to generate an interval.

4.2.11 LEMMA:  For every € > 0 and every k € N there is § > 0 such that if A is a separable unital
C*-algebra with T(A) # 0 and ag, . ..,a, € A are positive contractions satisfying

T(aay) <8 for all T € T(A),i #14',
then there are pairwise orthogonal positive contractions by, ...,b, € A satisfying

0 < 71(a; —b;) <e forallT € T(A).

PrOOF: First of all, there is a 0 < §y < 1 such that if A is a C*-algebra and eg,...,ex € AL are
contractions satisfying ||e;e; || < do when i # i’ € {0,...,k} then there are contractions é&,...,€é; €
A, such that ||é; — e;|| < ¢/2 and é;6; = 0 for every i # 14’ € {0,...,k} [3I, Lemma 2.5.15].

Define a continuous function fs, : (0, 00] — [0,1] by
. t
fs,(t) = min(1, 6—)
0
Note that (1 — f5,(t))t < dp for every t > 0.
Let A be a separable unital C*-algebra with nonempty tracial state space T'(A). Choose
€ - (50
2k

and suppose that ag,...,ar € A are positive contractions with 7(a;a;) < ¢ for every 7 € T(A)
whenever i # i’ € {0,...,k}.

For each i € {0,...,k} define

0<d<

Then
T(g9:) =T (Zz’/e{o,...,k} aiai/> <ké < %

i #i
for every 7 € T'(A).

For each i € {0,...,k} define positive contractions
v = a;*(L~ fi, (9))a;”. (4.5)

We have that f5,(t) < % for every ¢ € [0,k — 1] from which it follows that

0<(ai—a) = 7(a)”fs(9:)ai’?)
< 7(f50(94))
< T(gi)
< 5
< 5,
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4.2. Tracially large intervals

for every 7 € T'(A).

We compute

lwizi|> = [lziad x|
< lzi(Xjeqo... ky )il
j#i
(4.5) 1/2 2 1/2 2
B a2 - f,(g)al (Tseto,. 0 220010 = oo (a)al |
V=
(’ 1/2 1/2 1/2 1/2y 1/2
< a1 = fao(9))ay’ (it a;"2(1 = fao(95))aj"*)ai’
VED)
1/2
(1= fs ()l
1/2 1/2 1/2 1/2
< a1 = fa(9i))a;’ (Eieto,.00 a;)a; (1= f5,(9:))a;"*
Ve
&3
D a1~ fi,(9)9:(1 = F(9:))al’?]
< (= £ (g:))gill
< .
By the choice of dy there are by, ...,b; € A pairwise orthogonal positive contractions with ||b; —z;|| <
€/2. Thus
T(a; —b;) = 7(a;—x;)+7(x; —b;)
< €/2+ b — x| - T(14)
< €.
|
4.2.12 For 0 < 81 < 2 < 1, define functions f3z, g, and ga, g, € Co((0, 1]) by
07 0 S t S ﬁl
Jp1,8.(t) = { linear, B <t < fo
ta ﬁ? <t<1
0, 0<t< B
9B1,B2 (t) = hneara Bl S t S /82
1, B2 <t < 1.
Note that if 5; < B2 < 83 < 1 then
981,821 82,85 = [82,8:981,8: = fB2,8s- (4.6)

LEMMA: Let A be a separable simple unital nuclear C*-algebra with exactly n > 0 extreme tracial
states T, ..., Tn—1 € T(A). Fori € {0,...,n— 1}, define continuous functions on [0,1] by

0, t €10,1) N ((—o00, ;=5 U [}, 00))
linear, elsewhere.

Then for any § > 0 there is a *-homomorphism
¢:C([0,1]) = A® Q
such that for i € {0,...,n— 1}
Ti @ To(p(v)) =1 -4,
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4. Locally recursive subhomogeneous C*-algebras

and
0 <7 ®@To(p(m)) <6
when j # 1.
PrOOF: Choose 0 < # < min(3, ) and from Lemma obtain &y for n — 1 in place of k and
e< 8.
Let Aff,(T(A ® Q)) denote the set of R-valued bounded affine functions on the tracial state space

T(A® Q). For each i € {0,...,n — 1} define continuous functions h; on the extreme boundary of
T(A® Q) by 5
h; (Ti X TQ) =1
and ~
0 < hi(r;) < min(%,&o) when i # j.

Since the extreme boundary of T'(A ® Q) has only finitely many points and hence is compact, each
h; extends to a continuous affine function h; € Affy(T'(A ® Q)) satisfying 0 < h;(7) < 1 for all
T €T(A® Q) [, Theorem 11.3.12].

Note that the h; are not only continuous but are also strictly positive. Since A is simple and unital,
by [7, Corollary 3.10], there are positive contractions a; € A, satisfying

7(a;) = hi(7) forall T €e T(A® Q).

This gives
T(a;a;) < 6 forall T € T(A® Q) and i # 7,

whence the previous lemma allows us to obtain pairwise orthogonal positive contractions yg, ..., yn—1 €
A® Q such that 7, ® To(y;) > 1 — 3§ and 77 ® 7o(y;) < § fori #4 € {0,...,n—1}.

Define the following positive elements:

Bn—l = Yn-1

bno1 = [fp28(bn-1)

b2 = go0,8(bn-1) + Yn—2

bn72 = f6,25(bn72)
by = 90,&(52) + 0
by = fp2p(br)
bp = 1.

Then we have
HbZ” S 1 and bibi—l = bi—lbi = b1 for every xS {1, ey, — 1} (R)

Thus we obtain the map
¢ :C([0,1]) = C*(bg, ..., bp_1)

satisfying
#(1c(j0,17)) = bo and qb(gn%llﬁ) =b forie{l,...,n—1},

since C([0,1]) can be written as the universal C*-algebra generated by positive contractions satisfying
the relations (R).

For each ¢ =1,...,n — 2 we have that

Yi=0i=1 i — (g i i+l

n—1'n—1 n—1'"n—1
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4.2. Tracially large intervals

and also
Yo =1—go,

1 1= -2 4.
=1’ Tn—1 9271,1

Thus ¢(vi) = b; — bit1.
We note that

7 ®@71o(biy1) < T ®To(bit1)
= 7, ®79(90,8(bit2)) + 7 @ To(Yit1)
< %Ti ® TQ(bi+2) +7&® Tg(yi_H)
1 s 1 s 1.6, 8
grn—i-1 '§+6n—i72 §++E §+§
= - (0-5=)/0-3)
< &
It follows that
T, @To(d(vi) = T ®@T1a(bi) — 7 ®To(bit1)
> ni®To(yi) —B—§
> 1-4.
Since Z;L;Ol v; =1, whenever j # i we get
v <=

whence
7 @ To(9(7;)) < 1 -7 @ To(d()) < 0.
|

4.2.13 Recall that if F' and A are separable C*-algebras with F' unital, and o : F — A is a c.p.c.
order zero map, we may define a functional calculus for ¢ as follows. Let 7, denote the supporting
*-homomorphism of o. Then for f € C([0,1]), we define f(o)(x) = f(o(1lp))ns(z), and f(o) is a
well-defined c.p. order zero map [79, Corollary 3.2], [75, 1.3].

PROPOSITION: Let A be a separable simple unital nuclear C*-algebra with stable rank one and strict
comparison. Let F be a finite-dimensional C*-algebra. Let 0 < a, e < 1 and suppose
0,0 :F — A

are c.p. order zero maps satisfying

7(o(p)) — d-(0(p)) = a
for every nonzero projection p € F and for every T € T(A). Then, for 0 < 1 < «/2, there exists
s € A satisfying, with 81 < P2 < 1, the following:
(1) s's € Her(fﬁhﬁz (U(IF)));

(ii) (B(x) — €)4s5* = ss*(0(x) — €)4 = (0(x) — €)1 for every x € F,

(iii) s*(0(z) —€)+s = go,, (x)(0)s*(0(1F) — €)4s = s*(0(1r) — €)1+5g0,5,(0)(x) for every x € F.
PRrROOF: Let € and « be given and let 6,0 : FF — A be c.p. order zero maps satisfying the statement
of the proposition. Denote the supporting *~-homomorphisms for the c.p. order zero maps 6 and o as

mg and 7, respectively. By the functional calculus, f3, g,(0) is a well-defined order zero map for any
choice of 0 < 1 < B2 < 1.
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4. Locally recursive subhomogeneous C*-algebras

We claim that d(0(p)) < 7(o(fs, 8,)(p)) for every projection p € F' and every 7 € T'(A).

Note that if ¢ is a *-homomorphism then fg, 3,(c) = o for any choice of 0 < 81 < 2 < 1. In this
case, the claim follows immediately.

Otherwise, we have
fonp(t) >t — {25 (1—t) for all t € [0, 1],
thus
f30,8:(0)(p) = (p) — 125 - (1 = a(p))

Note that if p is a nonzero projection then 7(o(p)) # 0 for any 7 € T(A ® Q) since A is simple. So
7(o(p)) > 0 for every 7 € T(A® Q). Also, since a < 1 we also have 3; < 2. Thus

T(fo.8.(0)(p) > 7(o(p)) — 125 - d- (1= a(p))
> 7(o(p)) — 261 - d. (1 —0a(p))
> 1(0(p)) —
> d-(6(p)) (4.7)

for every 7 € T(A ® Q) and every nonzero projection p € F', proving the claim.

Write
F=M, ®---&M,,,
)th

and for [ =1,...,L, let e denote the partial isometry in F' corresponding to the (7, j)** matrix unit

i

in M,,. For 1 <1< L, by (&) we have that
d-(0(ei))) < 7(f5,,6,(0)(e}})) for all 7 € T(A),

so by strict comparison it follows that 9(6§l’)1) 2 f81.8s (J)(eﬁ)l). By [63, Proposition 2.4], there are
unitaries u; € A such that

w(gesa,e(0)(el))ui € Her(fs, ,(0)(el))). (4.8)
Let
dy = (geya,c (0) () 2uy. (4.9)
Then d; satisfies
did; (0(e) =€)+ = gejac(O)(D)) @) — )4 = (B(el)) — o), (4.10)

and similarly (8(e{")) — €)1 did; = (8(el}) — ).

Furthermore, since djf (9(65{)1) —€)4+d; € Her(f3, g, (U)(egl)l)) by 1' we have

(
(4.6 *
B2 g o(el

D) = )1 digo,s, ()(e). (4.11)

Set,
s =300, Yo malel ) dima (elh)). (4.12)

Note that since d;d; € Her(f3, g, (J)(e(ll_’)l)) we have that
(7K6)
dima(el!}) D digo 5 () () ma(ell}) = digo pu (0)(e)) € 4,
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and similarly, since did; € Her(g. 2 (6) (egl)l)) we have

14.6] l 1 1
wole®)dr B 7o () g 1a.c/2(0) () dr = gejaepa(0)(e)dy € A
thus l l l l
mo(el))dimo (e)) = gejacs2(0)(ei ) )digo,s, (0)(el)) € 4,
and hence s € A.

Since the hereditary C*-subalgebras Her(fs, 3, (U)(egl’)l)) are pairwise orthogonal, we have that
didj, = 0 when [ # I’ and
* L T l
ss* = Y0 Sy (el didi o (e)). (4.13)

We have that s*s € Her(fs, ,(0(®F 1651)1» C Her(f3, g,(0(1F)), showing

For it is obviously enough to show that (9(6513) —€)y88* = (9(6213) —€)y = ss* (6‘( ) —€)y

for arbitrary 4, j,l. Furthermore, since 6 is order zero, it is clear that (9(6513) - €>+7T0(€](€l’1)) = 0 when

I #1'. Thus ’

»J
= (0(e) - O (i) did; mo (el)))
= (0 = e)ymalel )iy mo(el”)

= (e OE) — o) rdidim(el))
=22 mp(e)0”) - o) mo(el?)

= me)OE)) - oy

I
—
D
—~
9
S~
L.
~—
[
[
~—
+

The fact that ss*(&(egg) —€)y = (0(65?) — ¢€)4 follows from a nearly identical calculation.
@

For |(iii)}, again it suffices to show the case z =¢; .

s*(0(ef)) — €)4s

= (meleDdimo(e)))(0(el)) — €)1 (mo (el dima (ef)
= w(eDdi (0 — o) rdimy ()

=0 (e gos, (0)(€D)dr (0() - )1 dimy (el))
= gop (o) (eDmo(e)dr (0(el)) — €) wdimy (el)
= 905 (@) (e Nmo () dimo () (0(eS) — €)ymo(el))dimo (el
= g0p(0)(e))s* (O(1p) — €)1

Similarly, s*(0(e()) — €) 4.5 = s*(0(1r) — €)4-590,5, () (el)). 1

4.2.14 THEOREM: Let A be a separable simple unital locally recursive subhomogeneous C*-algebra.
Suppose that an approximating recursive subhomogeneous algebra B can always be chosen to have an
(F,n)-connected recursive subhomogeneous decomposition

[Bi, X1, Qu, 1, dility
along which projections can be lifted and such that X; \ Q; # 0 for 1 > 1. Suppose further that

A has exactly n extreme tracial states To,...,Tn—1 € T(A) satisfying (7;)« = (75)« for every i,j €
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4. Locally recursive subhomogeneous C*-algebras

{0,...,n—1}. Then, for any finite subset F C A}r and any 0 < € < 1, there are a partial isometry
s € A® Q, a finite-dimensional C*-subalgebra F C Q and a *-homomorphism

:C(0,1)®@F - A®Q
such that
ss" = O(leo,) ® 1r)
and
(i) |Is*s(a®1g) — (a®1g)s*s|| < e for alla € F,
(ii) dist(s*s(a® 1g)s*s, s*®(C([0,1]) ® F)s) < € for all a € F,
(iil) 7 ® To(s*s) > m for all T € T(A).

PrOOF: Let F and € be given. Since A is locally recursive subhomogeneous, we may assume, by
taking a sufficiently good approximation, that 7 C B for some recursive subhomogeneous C*-algebra

B.
(B)

We may furthermore assume that 14 C F so that 7,7’ := 7;|p € T(B) are faithful and, as states on

Ky(B), satisfy (Tl-(B))* = (T;B))* for all 4,5 € {0,...,n —1}.
Let n > 0 and p; < % be so small that
n<ie (4.14)

We may apply Lemma [£.1.10] with respect to n and F to get
0=Ky<K;<...<K,1=KeN

and pairwise orthogonal weighted (F,n)-excisors

implementing (F,n)-bridges

(Qxrg,pry,0x
K K K K K

Ko Kx)  ~(Fm) o ~Fa) Qg Prig s T st i)

~N(Fm) - Y(Fm) (Qanl )pK7L7175-Kn717’</Kn71)7
K K K K

and such that, for each projection ¢ € Q«;, ¢ € {0,...,n — 1}, from we have
K

7 ®70(0;(q)) > 737 - Tok s ()- (4.15)
Let 0 < a1 < ag < m and choose
0<d<2 (4.16)
to apply Lemma with
0 < §o < ()2 (4.17)

to get a *-homomorphism
$:C([0,1]) = A® Q

satisfying

7i ® To(#(5i)) = 1 — do,
and

0 <7 ®719(0(%:)) < do
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for i #£j€{0,...,n— 1}, where

07 te [0, 1] N ((_OO, :L;_ll] U [:Ltllaoo))
Yilt) = 1, t=33
linear, elsewhere.

For i € {0,...,n — 1}, define 4; € C([0, 1]) by

,yi:g,,,il—azw,il—al_g Ltog, it

n—1 n—1

and for i € {0,...,n — 2} define v; ;41 € C([0,1]) by

Yii+l = 9 _i

n—1

ot piptar T YL _a, L)
where we set g_q,,—a, =1 and g14a,,140, = 0. Note that

N -2,

n-1+ Dieg Fi + Yisit1 = Le(o.))

We will now estimate the traces of the ¢(%;), and ¢(7; i+1). We have

GRS “Hie1(t)

7 @ 70(¢(%i-14)), i ®T0(0(Fi-1)) £ Gopey T @ Te(é(Fi-1))

do
< (n—1)ag
@E17)
)
< 2

One similarly shows that

7 @ 70((Vii41)): T ® To(9(Fit1)) < imyay * T © Ta(0(Fit1)) < oy

It follows that

7 @70(6(3:) =1 ® Ta(1 — Y128 d(Vi541) — Soi—0,jzi #(37)) > 1 — 6.

Let tg < t; < --- < tg be a partition of the interval [0, 1] satisfying

_ i—1 _ i—1 _ i—1
Ik, s = pop MK +1 =7 T 00, tk,_ 42 =7 oo

and
_ i _ i _ i
lk,—2o= ;9 — 2, trk,—1= 71, Ik, =53

forie {1,...,n—1}. When j = K; for some i € {0,...,n — 1}, set

V4 =%
When j € {0,..., K} \ {Ky,...,K,_1}, define
O, Ogtgtjandtztj+2

(t) == ]., t= tj+1
linear, t; <t <tj41 and tj41 <t <tj4o,

gl

J
K

so that the 74 are a partition of unity corresponding to tg <t; < -+ < tg.

(4.18)
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4. Locally recursive subhomogeneous C*-algebras

Let p € Q be a projection satisfying 7o(p) = %H Then by (4.15) and the choice of § we have, for
each 0 < j < K, that
(9))

TOT(d(vy) @k (9 ®p) <T®TQ(G
for all 7 € T(A ® Q) and for all projections g € Q%.

g
K

Define c.p.c. order zero maps
Qs 2 ARQRIARI=AR®Q

by

(a) = ¢(v1) ® k4 (a)®@p. (4.19)

i
Each finite-dimensional C*-algebra Q ; , j € {0,..., K} can be written as a sum of LU) € N matrix
K

algebras’ Q% = M'r’ﬁj) b---D M’I“<j().) for some T%j), N 77"27&) e N.
LG

Note that for every n € N and every a € (Q%)Jr we have that

T @700 (a)V") < 70 @ To((k 4 (a) @ p)/™) for all T € T(A).

g
K

>

Thus we see that for every projection ¢ € @ i

d- (9 (Q)) < dTQ@TQ (H%(Q) ®p>

J_
K

- K
= arelry(9)
< el (@)
&E15)
< T(&%(q)) (4.20)
forall T €e T(A® Q).
Define order zero maps by
05 =906:(0,)-
Note that
90,8, (t) < g-t, for all t € [0,1], (4.21)
thus
loy (e )b® 1) — oy (py ()l
= lgos (6, (1o )ms, (o, )b® 1) g0 (5 (1o, s, (s O]
K k K K k
() y
< gllog(e, )b®le) =, (py (D)
@13
< 5 (4.22)

Let 11 > 0 be so small that if a € A and p is a projection such that ||a*a — p|| < 11 then there is
v € A such that v*v =p and [jv —a|| < 55.

Since (|4.20)) holds for 0% and &% for every j € {0, ..., K}, we may apply Lemma [4.2.13| with

o = min{%v i7 % (423)
in place of € to each j € {0,..., K} to get elements

s; EARQ
K
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4.2. Tracially large intervals

satisfying
s sy € Her(f5,6,(54)(1,, ) (4.24)
with 0 < 8 < min{(3_, (¢)) — d- (0, (), 31}, and
S%S*JF‘ (9%(61) — o)+ (4.25)
= (9%((1) - 770)+5%3*%
= (9%(a)7770)+ forallaGQ%7
and
05.(a)s% (03 (g, ) —mo)+sy (4.26)
= 50,0, )~ m)es 54 (a)
= 3*%(9%(@ - n0)+s% for all a € Q%
If f is a continuous function then upon approximating by polynomials we have
5285 f((0(1g ) —mo)v) = F((0(1g ) —no)+)s s = f((O(1q, ) —m0)+)- (4.27)
K e " K K K
Moreover
f(s50(q, ) —mo)esy) =55 f(0(qg, ) —mo)+)sy,
i #* K ic K
hence
04 @57 101 )~ M) 4)s ;. =% F(O1q, )~ m)1)s 40 4 (a) (4.28)
for all a € Q%. Now put
~ K
§=200((04(1q, ) —mo)+)'/s (4.29)
Since @ is a UHF algebra, there is a finite-dimensional C*-algebra F' C Q such that
[1F — 1ol <o (4.30)
and
{/@'J?' Op%(a) lae F,0<j <K} Gy F.
Let ¢ : F— Q be the inclusion map and set
=0 )R )Rp:C([0,1) ®F - AR Q0RO Q (X AR Q). (4.31)
Since the & i have orthogonal images, it follows from (4.24]) above that
Spsy = 0, (4.32)
and
sjoy(a)=0forallaec @, (4.33)
K K K
whenever j # j'.
It follows from (4.32)) that
~ K *
o= S0, ()~ m)e) s s (0, (g, )~ m))
(4.25) K
= Zj:o(e%(lQl) —10)+;
K
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4. Locally recursive subhomogeneous C*-algebras

and we estimate

185" — @(Le(o,1) @ 1r)|
K
= | Zj:()(9%<1Qg7') —10)+ — ®(1eqoa @ 17|

(4.19)

< Zf:o P(yi)® /‘ﬁ?‘(lQ%) @p—P(leqo,1) @ 1p)| +2-10
@31)

= [lo(leqoy) @ 1o @p — d(leo,1)) @ L(lr) @ pll +2 - 1m0
(4.30)

3-mo

m-

By our choice of 7; there is an honest partial isometry s € A ® Q satisfying
88" = ®(1c(o,1)) ® 1r)

and

15— sl < 5. (4.34)

Let a € F and consider the element Z]K:o ci(pi(a)) € A® Q. We will use this to estimate
K K
|as*s — 5*3al|. Note that since the functions V4 and ~y,/ are pairwise orthogonal whenever |j —j'| > 2

we have that 9%(1QL)9 (1g, ) = 0 whenever [j — j'| > 2 whence
13 &

a’
K

(0

<.

J_
K

=l

(1o, )= m)Y%s 1) (6 (o, ) —m) s ) =0 (4.35)

whenever |j — j'| > 2. We calculate

(Cilo00 s (py (a)5"5
= (S0 (g @055 (04 (o, ) —m)Y TS0 (1o, ) —m)Y s y)
= (T o (g (@)sh (0, (g, ) —m)Y®) - (1504 (1o, ) —m0) s )
= S0 0 (@)sy (0, (10, ) — ) (4.36)
g -1y O Aoy ) = n)y s y).
A similar calculation yields
533004 (4 (a)) (4.37)
Zf:o S*J?‘ (9%(1Q%) - 770)}4-/2 : (Z{j’ \ |j—j’|<2}(9%(1Q%) - 770)3-/23%0% (,0% (a))).
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4.2. Tracially large intervals

Thus

15* @J 001 (pi(@) = (Tl (p
B e 0,00,
—0 3 (py(a))s’y (04

50 S g1y 57 (6

(O (g ,) =m0 sy (py (@) = 04 (04 (a)57 (0

A

(0 (1) =m) sy

R~

=57 (04 (04 (@) =m) (0 () = o) sy
1222 55 (6
—S’Q,L(Gm(

24
hze K

IN

(g, ) - no>i/2<e%+l (s (a) — 10)Y *s2a
"

55 (B2 (g, ) — o)}/ *(0
K i

+||zz 831 (020 (190 ) = 10)(Basgz (p2sz () — 10) Y s 2z

_S§i+1 (92i+1 (p
K

28
K K

(@) = 10)Y * (02612 (105, ) — m0) Y P 2552
K

+8%i10 (927‘;—2 (lQK ) 770)1/2(9 2i41 (p2i+1 (a)) — no)i/zsL;l

_8)§i+2 (921‘+2 (p% (a)) - 770)+ (92i+1 (].in ) — UO)}F/QS% H,

where

Dlz{g—l, if D is even {g—l, if D is even

D1 it Disodd, 2T\ 253, if Disodd.

Note that if ¢ and ¢’ are either both even or both odd, i # ¢’ we have

(81x08i+1 + st 7:+1) (sf, D281 + &% g2 38, /+1) =0,
K K K K

for any zg,...,z3 € A® Q since |i + 1 —¢'| > 2 implies

Thus each sum in the norm estimates above consists of mutually orthogonal summands, allowing us
to estimate
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4. Locally recursive subhomogeneous C*-algebras

J
1/2 1/2
~(04 (0 (@) = m0) ") O (1,0 —m0) Y]
0221 (g0 ) = m0) )04 (0 (@) = m0)
~(Osg1 (paga (@) = m0) )0 (g, ) = m) i)
< 4'(4773/2+j:fg{?\_§K||9%(1Q%)1/29%(p%(a))1/2—9%(01‘%( a)'/?6, (1g,)"I)
14.19)
B 4 @l v max s (1g,0,) %55 (02 ()2 = sass (pisa (@) 2 1 (1, )Y2])
j:0,.“, - K K K K bze
#4.2)
1/2+4771/2
-4.23
€/6+€/12
(4.14)
< €/4 (4.38)

R

s po s (o (a) — 5 (@) -0,
@22
<" €/6. (4.39)
Thus
[s*s(a @ 1g) — (a @ 1g)s™s|
< 4-115-s||+5"5(a®@1g) — (a®1g)5" 5|
E33)
= ezl oy (g @) =4 (a8 10)
+(|5* S(E %( %(a))) - (Zﬁio U%(p%(a)))”én
@39), [@33)
€/3+¢/3+¢€/4
< €.

For (ii), we calculate, for a € F,
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= £ ® £
(4.28) * *
= Y s o lop @)t (000, ) —m)Y s % (00, ) —m)Y?
(%) . .
= T304 (0 (@) (0lg ) = mo)ys 45"
@29) . .
= Zro 5%3%(9@%(@)) —10)+5 5%
{.23)
= Y0000, (@) = m0)+
@19)
= Ye(6(r) ©@ L (p(a) ©p—10)+
Define h € C([0,1]) ® Q® Q by
hi=Y200(1) ©ry(py(a) ©p
Let a i€ F be elements satisfying
lay =& (ps(a))ll <o, (4.40)
and put X«
o=@y, ®ay) € B(C(0,1]) ® F).
Then

||h_h/|| < HZ] even (b(’y%)@(
225 0aa (v

i

K
210

2

< €/48

< €/4.

We calculate

SO
Is*h's — s*s(a®1g)s*s|| < 6-|ls—35|+[|h—F|
R '¢
+[5°hs — 3 S(Zj:oa%(p
€/2+¢/4+¢€/4

- €.

(a)))5"3]

J
K

A
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This shows (ii).

Finally,
T(S*S) = 7-(33*)
= T(¢(leo,a))) ® 1r @ p)
)
> s T(@(eqoan)
— n—1
> 1n+?720 “(2io T(6())
@ 13) —
z nt2 (1 - 5)
@16), @23) L s
= w2103
1
= i)
for all 7 € T(A® Q), showing that (iii) holds. I

4.3. Main result, applications and outlook

4.3.15 THEOREM: Let A be a separable simple unital locally recursive subhomogeneous C*-algebra
with ezactly n > 0 extreme tracial states 1o, ..., Tn—1 € T(A) satisfying (7;)« = (75)« for all i,j €
{0,...,n — 1}. Suppose that an approximating recursive subhomogeneous algebra B can always be
chosen to have an (F,n)-connected recursive subhomogeneous decomposition

[Bi, X1, Qu, 1, dilits
along which projections can be lifted and such that X;\ Q; # 0 for 1 > 1. Then A® Q is TAIL

PROOF: The class I contains the finite-dimensional C*-algebras, is closed under direct sums and tensor
products with finite-dimensional C*-algebras, and every C*-algebra in I can be written as a universal
C*-algebra with weakly stable relations. Thus we may apply Lemma [2.333] and it is enough to show
that there is an m € N such that, for any ¢ > 0 and any finite subset 7 C A ® Q, there exist a
projection p € A® Q and a unital C*-subalgebra B C p(A ® U)p and B € S such that:

(i) ||lpb —bp|| < e for all b € F,
(ii) dist(pbp, B) < € for all b € F,
(iii) 7(p) > 1/mforall T € T(A® Q).

By Lemma we need only consider finite subsets of the form F = G®{1g} for G C A. Now the
result follows from Theorem [4.2.14| with m = 2(n + 2). |

4.3.16 COROLLARY: Let A be a separable simple unital locally recursive subhomogeneous C*-algebra
with ezactly n > 0 extreme tracial states T, ...,Th—1 € T(A) satisfying (7:)« = (75)« for all i,j €
{0,...,n — 1}. Suppose that an approzimating recursive subhomogeneous algebra B can always be
chosen to have a recursive subhomogeneous decomposition

[Blu le lerlv (bl]ﬁzl

such that dimX; < 1 forl > 2. Then A® Q is TAL
ProOF: Follows from Theorem [4.3.15| with Proposition [4.1.5 |

4.3.17 NoTATION:  We let A denote the class of C*-algebras such that if A € A then A is a
unital separable simple locally recursive subhomogeneous C*-algebra such that the approximating
recursive subhomogeneous algebra B can always be chosen to have an (F,n)-connected recursive

subhomogeneous decomposition
(B, X1, i, A1)y
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along which projections can be lifted and such that X; \ Q; # 0 for [ > 1.

4.3.18 COROLLARY: Let A € A with exactly n > 0 extreme tracial states Tg,...,Th—1 € T(A)
satisfying (1)« = (1)« for all 1,5 € {0,...,n —1}. Let p be a supernatural number and M, the
associated UHF algebra. Then A ® M, is TAL

PRrROOF: This proof is the same as that of Corollary [3.5.24 |

4.3.19 PROPOSITION: Let A be a separable simple unital locally recursive subhomogeneous C*-algebra.
Then A satisfies the UCT.

ProoF: For any ¢ > 0 and any finite subset F C A we may approximate A by a subhomogeneous
C*-algebra B. Since B is Type I, B satisfies the UCT. Therefore the result follows immediately by
appealing to Theorem 1.1 of [I3]. |

4.3.20 COROLLARY: Let A,B € A be C*-algebras, and let n € N\ {0}. Suppose there are exactly
n extreme tracial states 1o,...,Tn—1 € T(A) satisfying (1;)« = (75)« for all i,j € {0,...,n — 1}
Then

ARZ2B®Z if and only if El(A® Z) 2 El(B® 2Z).

If, in addition, A and B have finite decomposition rank, then

A = B if and only if Ell(A) = Ell(B).

PRrROOF: A®Q and B®Q are TAI by Theorem[4.3.15] Since A and B satisfy the UCT, the result follows
by applying [36 Corollary 11.9]. Since A and B are separable, simple, nonelementary and unital, the
second statement then follows from the fact that finite decomposition rank implies Z-stability [75]
Theorem 5.1]. |

In [I6l Section 5], Elliott constructs examples of approximately subhomogeneous C*-algebras by
attaching one-dimensional spaces to T. These examples exhaust the Elliott invariant in the weakly
unperforated case. In that paper, the Elliott invariant of these algebras is computed but classification
results are not given. In the case of finitely many traces inducing the same state on K, we are able to
obtain classification by the results above. In particular this shows that Elliott’s examples, assuming
the restriction to finitely many tracial states inducing the same state on Ky, agree with the examples
of [40]; this was previously unknown.

4.3.21 COROLLARY: Let A and B be inductive limits of building block algebras defined in [16, Section
5.1.2] and let n € N\ {0}. Suppose there are exactly n extreme tracial states 7o,...,Thn—1 € T(A)
satisfying (1;)x = (75)« for all i,5 € {0,...,n — 1} and ezxactly n extreme tracial states 7(,...,7,_4 €
T(B) satisfying (7;)« = (1)« for all i,j € {0,...,m —1}. Then A® Q and B ® Q are TAI and we
have

A = B if and only if Ell(A) = ENl(B).

PRrROOF: By definition, A and B can be written as inductive limits A = lim A,, and B = lim B,, where
A, and B,, are recursive subhomogeneous C*-algebras of topological dimension less than or equal to
one. It follows from Corollary that A, B € A and thus by the assumptions on the tracial state
spaces, we have A ® Q and B ® Q are TAI by Corollary Since the approximating algebras A,
and B,, all have dimension less than or equal to one, both A and B have finite decomposition rank.
Thus classification follows from Corollary [£:3:20] I

At least to some extent, we are also able to apply Theorem in the context of C*-algebras of
minimal dynamical systems. In [38], Lin and Matui study minimal dynamical systems on the product
of the Cantor set and T. Let X be the Cantor set and let £ : X — T be a continuous map. Then
we can define Re : X — Homeo(T) by Re(x)(t) =t +&(x) forr e X andt e T. fa: X - Xisa
homeomorphism of the Cantor set X, then

axRe: X xT = X xT:(2,t) = (ax), Re(2)(2))
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is a homeomorphism of X x T.

In the case that the homeomorphisms o x R¢ are minimal, Lin and Matui show that the crossed
products C(X x T) Xax g, Z are tracially approximately finite or have tracial rank one and hence are
classifiable as they satisfy the UCT [38, Theorem 4.3]. Under the additional assumption of finitely
many extreme tracial states, all of which induce the same state at the level of Ky, Theorem
offers an alternative route to the same result. First, we need to establish that it is enough to show that
a certain large subalgebra of the crossed product is TAI. This appears in [60] and is a generalization
of [41] (also [58]).

4.3.22 For a compact metric space X and a minimal homeomorphism « : X — X, put A = C(X) X4 Z.
Let y € X. We denote

Agyy = CH(C(X), uCo(X \ {y}))-

Ayyy is a unital C*-subalgebra of A, a generalization of those introduced by Putnam in [48]. This
algebra carries much of the information contained in A while at the same time is significantly more
tractable. In particular its Ky-group is isomorphic to that of A [46, Theorem 4.1(3)], and it can be
written as an inductive limit of subhomogeneous algebras in a straightforward manner [42] Section
3]. There are natural bijections between the set of a-invariant probability measures on X, the set of
tracial states on A and the set of tracial states on Ay, [42, Theorem 1.2].

4.3.23 LEMMA: Let X be an infinite compact metric space and o : X — X a minimal homeomorphism.
Lety € X, and set Ag,y = C*(C(X),uCo(X \{y})), where u is the unitary in C(X) X Z implementing
a. Let q be a supernatural number of infinite type.

Then, for any n > 0 and any open set V. C X containing y, there exists an open set W C V with
y € W, functions go € Co(W), g1 € Co(V), 0 < go,91 < 1 and a projection gy € Co(V)A3Co(V) @ M,
such that
goy) =1, gilw=1 and |g(g®1)—-g @1 <n.

PRrOOF: We claim that there is a nonzero projection in Co(V)A(,1Co(V) ® M,.

The set V' is nonempty since y € V. Thus Co(V) is nonzero and hence we can find a nonzero positive
contraction in (Co(V)Ag,;Co(V)) ® My, call it e. Since Ay, is simple by [41], 2.5], so is Ay, @ M,.
Thus every tracial state 7 € T(Ay,y ® My) is faithful, and in particular we have 7(e) > 0 for every
tracial state 7. Since Ay, ® M is unital, (A, ® My) is compact. Thus MiN;eT (AL, @M,) 7(e) > 0.
Furthemore, d.(e) > 7(e) so the previous observations imply that min,er(a,,,0M,) d-(e) > 0.

Since Ay, ® M, has projections that are arbitrarily small in trace, there is a projection p € Ay, @M,
satisfying

max T(p) < min d-(e).

TET(Aryy ®My) TET (A3 ®M,)

By the above, for the projection p and any 7 € T'(Ay,; ® My), we have d,(p) = 7(p) < d(e), so by
strict comparison there are z,, € Ay ® My with zpex;, — p. Let

an = ezt x,e'/? e (Co(V) Ay Co(V)) @ M.

Then a,, is self-adjoint and
@y, — a2 || — 0.

Disregarding any a,, such that ||a, — a2| > 1/4, we obtain a sequence of projections b, satisfying
b — anl| < 2|la, —a2]| — 0 [31, Lemma 2.5.5]. Thus we obtain, for large enough n, a projection
b = by contained in Co(V)A,3Co(V) ® My, proving the claim. Moreover, b is Murray-von Neumann
equivalent to p, so min, 7(b) = min, 7(p).

Let W be an open set contained in V such that y € W and small enough so that for every function
f € Co(W) with 0 < f <1 we have d(f ® 1a,) < 3 min, 7(b) for every T € T(Af,} ® M,). Choose
90,91 € Co(W) such that 0 < go, 91 < 1, go(y) = 1 and g190 = go. Then d, (g1 ® 1) < d,(b) for every
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T € T(Agyy ® M), and so by the comparison of positive elements we have (g1 ®1) 3 bin Ay, ® M, and

hence also in Co(V') A1 Co(V)® M. Since Ay, ® My has stable rank one and Co(V) A,y Co(V) @ My is
a full hereditary C*-subalgebra of A,y ® My, it also has stable rank one by [49, Theorem 3.6] with [6]

Theorem 2.8]. By Proposition 2.4 of [53], for /2 > 0 there is a unitary v in (Co(V) A1 Co(V) @ My)™

such that (g1 ® 1 —1/2); < vbv* in (Co(V)Ay;Co(V) ® Mg)™, and hence in Co(V)Agy;Co(V) @ M,.
Put go = vbv*. Then

lgo(gr @) = (@@ < lalgr®1-n/2)+ — (g1 @ 1)|| +n/2
= [[(n®1-7/2) — (@) +n/2
< n.

We will use the previous lemma to choose an initial projection in Ay, ® M,. However, since this
projection actually only approximates the properties we would like it to have, we require the following
easy lemma that pushes orthogonal projections into a C*-subalgebra. The proof is straightforward
and hence omitted.

4.3.24 LEMMA: Given € > 0 and a positive integer n, there is a § > 0 with the following property.
Let A be a C*-algebra, B a C*-subalgebra of A. Suppose that p1,...,p, are mutually orthogonal
projections in A, the first k, 0 < k < n, of which are contained in B, and that agi1,...,a, are self
adjoint elements of B such that

lpi — ail| <min(1/2,6), i=k+1,...,n.
Then there are mutuallly orthogonal projections q1,...,qn i B, where q; = p; for 1 <i <k, and for
k+1<1i<n we have
llgi —pill <e

Moreover, if A is unital then there are unitaries u; € A such that ¢; = u;p;u}.

The following lemma will be required. The proofs are given in [58] and [60].
4.3.25 LEMMA: Let X be an infinite compact metric space with a minimal homeomorphism o : X —
X. Let A= C*(X) %o Z and Agyy = C*(C(X),uCo(X \ {y})). Then

Ko(Agyy © My) = Ko(A ® My)

as ordered groups, with the isomorphism induced by the inclusion v : Ag,, — A.
The following lemma generalizes [41, Lemma 4.2], due to H. Lin and N. C. Phillips and [58].

4.3.26 LEMMA: Let X be an infinite compact metric space, o : X — X a minimal homeo-
morphism, y € X and q be a supernatural number of infinite type. Let A = C(X) X4 Z and
Ay = C(C(X),uCo(X \ {y})), where u is the unitary implementing o in A. Then, for any finite
subset F C A® My and every e > 0, there is a projection p in Ag,y ® My such that

(i) |lpa — ap|| < € for alla € F,
(ii) dist(pap,p(Agy} @ Mq)p) < € for all a € F,
(iii) 7(lagn, —p) <€ forall T € T(A® M,).

PROOF: Let € > 0. We first show that there exists a projection satisfying properties (i) — (iii) of the
lemma when F is assumed to be of the form

F=(G @ {1, }) U{u®lp,=}

where G is a finite subset of C(X).
Let Ny € N such that 7/(2Np) < €/4.

67



4. Locally recursive subhomogeneous C*-algebras

Let §p > 0 with g < €/4 and sufficiently small so that for all g € G we have ||g(z1) — g(z2)]| < €/8
as long as d(x1,z2) < 40.

Choose ¢ > 0 with 6 < dp and such that d(a™"™(z1),a "(x2)) < dy whenever d(x1,x2) < § and

Since « is minimal, there is an N > Ny + 1 such that
d(a™(y),y) < 6.
Let R € N be sufficiently large so that

R > (N + No+1)/min(1,€).

Minimality of « also implies that there is an open neighbourhood U of y such that
a M), =Nt .., U a(U),...,oa(U)

are all disjoint. Making U smaller if necessary, we may assume that each a™(U), —Ny < n < R has
diameter less than §. To apply Berg’s technique, we only need U, for —Ny < n < N, however we
require R to be larger in order to satisfy property (iii) of the lemma.

Let A = max{||g|| | ¢ € G}, and choose
0 < e <min(1/2,¢/(2(N + 3Ny +1)),¢/(32N (A + €/4)), (4.41)
0 < €1 < min(ep/8, Je,,n/16) (4.42)

and
0< n< IIliIl(QE, 5617N0+N+1)

where 0¢, n,+n+1 is given by Lemma [£.3.24] with respect to ¢p and Ny + N + 1 in place of € and 7,
respectively; similarly for d., n.

Let fo : X — [0,1] be continuous with supp(fy) C U, and foly = 1 for some open set V. C U
containing y.

By Lemma |4.3.23] there is an open set W C V containing y, functions gg € Co(W), g1 € Co(V),
0 < go,91 <1 and a projection gy € Co(V)A(,1Co(V) @ My such that

go(y) =1L, g1lw =1 and |lgo(91 ® 1) — g1 ® 1| < 7n/2.

Consequently, (fo ® 1)go = g0 = qo(fo ® 1) and |lgo(g0 ® 1) — go ® 1|| < n/2.

For —Ny <n < N, set
gn=W"®@1)g(u™"®1), fao=u"fou™" = fooa™ and U, =a"(U).
Then supp(f,) C U, and
(fn ®@ Dgn = (" fou™™) @ )(u" @ 1)go(u™" @ 1) = (u" @ 1)(fo ® )go(u™" ® 1) = gn.
Similarly, ¢, (fn, ® 1) = ¢, Since the f,, have disjoint support, it follows that the projections

qd—Ngs-+-54-1,490,41; - - -, 4N

are mutually orthogonal.

We claim that ¢ n,,...,q-1,q0 € Agyy ® My and that there are self-adjoint c1,...,cn € Agyy ® M,
such that ||g, — cn|| <nmpfor 1 <n < N.
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Let 1 < n < Ny and consider ¢_,. We have (uf_, ® 1) € A, ® My for 1 < n < Ny since
U_,NUy=0. Let ap, = fJu™ @ 1. Then

=fiu" @1 = (uwutfoutu? foutuT? - u"u T fou™) @1
= (wfa®@)(uf2®1) - (ufn ®1) € Ayyy ® My.

From this it follows that

ten = (W@ ®1)
= (W "D(fi @Dg(fg @1)(u" @1)
A oan € Agyy @ M.

Note that go(go ® 1) = go(g190 ® 1), since g1|w = 1 and gg € Co(W). Thus

(190 ®1) —qo(go@ V)| = [[(g1®1—qo(g1®1))(g0@1)
< n/2.

Also, g1 fo = g1 since foly =1 and g1 € Co(V). Hence

(o -1 @) (fo®1l—-go®1) = (90 — g1 ® 1)
llgo(fo® 1) = qo(go ® 1) = (91f0) ® 1+ (g190) ® 1 — g0 + g1 @ 1|
= (9190 ® 1) — qo(g0 ® 1)
< n/2.

Since fo(y) =1 = go(y), we have that u(fo —go) ® 1 € Agyy ® My. Set

c1 = (u(fo—g90) ®1)(g0 — g1 @ 1)(u(fo — g0) ® 1)* + (ug1u™ @ 1).

Then ¢; is a self-adjoint element in Ay, ® M, and

lgr — el

IN

IN

<

[(u®1)go(u” ®1) = (u(fo — g0) ®1)(q0 — g1 ® 1) (u(fo — go) ® 1)
—(u®1)(g1 @) (u" 1)

llgo — ((fo —g0) ®1)(90 — g1 ® 1)((fo — go) @ 1) — g1 ® 1|

(g0 —g1®1) — (g0 — 91 @ 1)((fo — g0) ® 1)

+11(g0 — 91 @ )((fo — g90) @ 1) = ((fo — 90) ® 1)(q0 — g1 ® 1)((fo — g0) ® 1)||
(g0 — g1 ®1) — (90 — 91 @ 1)((fo — g0) @ 1)

+ (g0 — 91 ® 1) = ((fo — g0) ® 1)(q0 — 91 @ V|| [((fo — go) @ 1)|

n.

For 2 < n < N, define

cn = ((ufnr--ufi) @ Der((wfnor---ufi) ® 1)

The ¢, are self-adjoint elements in Ay, ® My since f,1,..., f1 all vanish at y. Furthermore,

lgn —cnll = [I(u” ®1)qo( "®1) — el
= @ e Das () @ 1) — e

(G "1*1®1>q1<< ) 91) - e
[((ufn-1-ufi) @ Dar((ufr-1---ufi) ®1)" —cnl
las — il
n.

ANV
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This proves the claim.

We now apply Lemma to obtain projections py,...,py in Ag,y ® My such that

qd—Ngs---549-1,90,P1,-- -, PN

are mutually orthogonal, and, for 1 < n < N, we have

Hpn - Qn” <€ (443)

and unitaries y, such that
Pn = YnlnYn-
Since py, ~ ¢, and g, ~ qo, we have [py] = [qo] in Ko(A®M,). Since Ko(t®idyy,) : Ko(Agy @M,y) —
Ko(A®M,) is an isomorphism by Lemma.3.25) we also have [pn] = [qo] in Ko(A,} ®M,). Moreover,
simplicity of Ay, [41l Proposition 2.5] implies Ay, ® M, has stable rank one by Corollary 6.6 of

[52]. Thus projections in matrix algebras over A,y ® M, satisfy cancellation, and there is a partial
isometry w € Ay,y ® My such that w*w = qo and ww* = py.

For t € R, set
v(t) = cos(mt/2)(qo + pn) + sin(rt/2)(w — w*).
Then v(t) is a unitary in the corner (go + pn)(Agy)y ® Mg)(qo + pn). The matrix of v(t) with respect

to the obvious decomposition is
cos(mt/2) —sin(nt/2)
sin(wt/2)  cos(wt/2) ]
For 0 < k < Ny, define
wy, = (™% @ 1)v(k/Ny)uF.

Also, let
wy, = (ax, + by)"v(k/No) (ar, + by)
where
ar = (fou")@1=(uf-1 - uf i) @1 (as above)
by = (fyu)®@1=(ufn_1..ufn_p)@L

Both ay and by are in Ay, ® My, hence
wff S A{y} ® Mq.
We show what wy, is close to wy,. Define
ar = (u"® 1)(q + an)v(k/No) (g0 + qn )u”.
We have that
lwe — 2kl = (™" ®1)(q0 + pn)v(k/No)(go + pn)(u* @ 1)
—(u™* @ 1)(qo0 + qn)v(k/No) (g0 + qn) (u* @ 1)]|
= |lgov(k/No)pn — qov(k/No)gn + pnv(k/No)go — anv(k/No)qo
+pnv(k/No)pn — qnv(k/No)an ||

4llpn — gn |l
< ey, (4.44)

IN

Also,

[|wi, — (ax + br)" (g0 + gn)v(k/No)(qo + gn) (ax + by
< lak + bel*[(qo + pa)v(k/No)(qo + pn) — (g0 + an)v(k/No)(qo + an) |
< Alpy —an||
< ey (4.45)
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But
(ar +bx)"(qo + qn)v(k/No)(qo + qn)(ar + br)
= (fou" + fRu®) @ 1)* (g0 + an)v(k/No)(qo + qn) (fou* + fyuF) @ 1)
= (u"®1)(q0+ qn)v(k/No)(qo + an)u”
Tk-
Thus

lwi — wi|| < 8e;. (4.46)
Comparing wy to w41 conjugated by u ® 1 we have
1(u ® Dwiar (u™ @ 1) — wi || = [[o((k +1)/No) — v(k/No)|| < m/(2No) < ¢/4 (4.47)
for 0 < k < Ny. Define projections

€0 = qo,en = pn for 1 <n < N — Ny

and
€n = WN_nGn-NWxN_,, for N — Ny <n < N.
Also define
dp =g for 0 <n < N — Ny
and

dp = TN-nGn-NTN_, for N — Ny <n < N.

Note that this gives dN = J,'Oqox(’; — (qO + qN)'U(O)QOU(O)*(qO + QN) = qo = do and and en =
v(0)qov(0)* = qo = eg. We also have that

vy =5 (u® 1) =2p(u® e =0

when k # [. This follows from the fact that, if £ # [, then q_r,gn_k,q—; and gn—;, 0 < k # [ < Ny,
are mutually orthogonal and

(g0 + an)uF(u™ @ 1)(q0 + an)
= (@Wel)(gr+av_i)(g—i+av_)(u ' ®1)
= 0.

Also,if 0 <m < N — Ny and N — Ny <n < N then
Qm(u_(N_n) ® 1)((]0 =+ (IN) = Qm(q—(N—n) + Qn)(u_(N_n) ® 1) = 07

and similarly
(a0 + qn) (@™ ™" ® 1)gm = 0.

From this it follows that
dmdn = dnLJ,-l(U ® 1)*dn =m (U & 1)dn+1 =0 (448)

for0<m#n<N.
For 1 <n <N — Ny —1 we have

len = dnll = llpn — gnll < €1

and
leo = dol| = 0.
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If N— Ny <n <N, then

”en - dn” - ||wN7nq—(N—n)w7V—n - fonq—(N—n)x}kanH
|WN = (N—n)WN —p = WN-nG—(N—m) TN —p + WN-nG—(N—m) TN 1
_xN—an(an)x*JcV—nH

[wN—n = ZN—pll + 0N 0 — 2Nl

IN

(4.44) (4.45))
dey + 4eq

= 8er. (4.49)

We now show that conjugating the d,, by u ® 1 acts approximately as a cyclic shift. For 1 < n <
N — Ng— 1 we have (u® 1)d,,—1(u® 1)* = d, since d,, = gn.

If n = N — Np, then

AN-No = TNed-NoTN,
= (u ™ @1)(q0 + qn)v(1)(q0 + qn)q0(q0 + gn)v(=1) (g0 + gn ) (u™° @ 1)
= (™M ®@1)(g0+qn)pn(g0 + an) (™ @ 1)
= (™M@ gnpyay (N0 @1).

Thus

[(u®@1)dn-—Ny—1(u" @ 1) —dn—n,||
lanv—ny — (w0 @ Dgnpygn (ue @ 1)
= ™Mol @1) - (u ™ @ gvpyan (u™° @ 1)

@E3)
< lavy —onl|l
< €1.

When N — Ny < n < N, first consider what happens to the e, using the estimation made on the
wy, above. We have

[(u®1)en—1(u" ®@1) — ey
= |(w®Dwy_ (-1 @1)g-—n(u® Dwy_q,_1)(u" ®1)
—WN - nn-NWN_y, ||
< @ Dwy—(n-1)(t" @ 1)gn-n(u®@ Dwy__q)(u" ©1) =
(u® DN (n-1)(u" @ 1)gn-NwWx_, |l
H(u @ Dwy_m-1)(u" @ 1)gn-NWN_,, = WN-nGn-NWN_,]|

< B 0o © D)~ wk ]
+H(u ® 1)wN—(n—1) (U* ® 1) — wN—n”
(4.43)
< €/2.

From this we have
[(u® 1)dn—1(u” @ 1) — d|| < len—1 — dn-1 + llen — dn| + €/2

E39) [E49)
< 16€; + €/2.

Now we use the fact that the wy are almost in A,y ® My to find projections in A,y ® M, that lie
close to the e,, and hence also close to the d,,. When 0 < n < N—Ny—1, we have e, =p, € A{y}®Mq.
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Also, since ey = qp, we only need to find projections when N — Ny < n < N — 1. In this case, we
have

||6n - w;\[_nQ—(N—n) (wg\f—n)* ||

[WN—n g (N )W — WG (N—n) (W _y,)

1»
1661 .

Since Wiy _,q—(N—n)(Wy_,)* € Agyy ® My, by Lemma {4.3.24 we find pairwise orthogonal projections
T € A{y} (%9 Mq with

Il

lrn — enll < €0 and 7, = zpenz,
for unitaries z, € A ® M. This also implies that
| — dnl| < €0 + 8€1 < 2€q. (4.50)

For1<n<N-Ny—1putr, =e, =p, and put ry = ey = qg. Then set
rzzg:lrn and p=1-—r.
We verify that the projection p € Ay, ® M, satisfies properties (i) — (iii) of the lemma.

Let d = 2N | d,,. Note that

d—(u®D)du® 1) =0 v v (we)d, 1 (u® 1) —d,).
For N — Ng <m # n < N, we have

(u®1)dp—1(u® )" —dp) (W@ 1)dp_1(u®1)* —dp,)

= (u®dp-1dp—1(u®1)* = (v®1)d,—1(u® 1)*d,,
—dn(u® 1)dp—1(u®1)" + dpdy,
0
Thus the terms in the sum are mutually orthogonal with norm at most 16¢; + ¢/2, hence
ld — (v ®1)d(u® 1)*|| < 16€1 + €/2. (4.51)

Now

Ip = (v @ Dp(u© 1)
[(w@)rw ®@1)—r) = (u®)du" ®1) —d) + (u® 1)d(u* @ 1) —d)||
2||r — d|| 4+ 16€, +€/2

ST 20 — gl + SN 2l — dia| + 1661 + €/2

n=1

B
B
=

2(N — Ng — 1)e1 + 4Ngeg + 16€1 + €/2

=
= W
7 L&
s TR
o
S

(N — NO — 1)60 + 4N0€0 + 260 + 6/2
(4.41)
< €.

Since g1 (y) = 1 it follows that u(1—g1)®1 € A,y ® My. Thus we also have that p(u®1)((1—g1) ®
1)(1 = qo)p € Agyy ® M. Note that p < 1 — go. Using this and the fact that [|gy ® 1 — (g1 ® 1)qo]| <
1/2 < €, it follows that

[p(u @ 1)p —p(u@1)((1 = g1) @ 1)(1 = go)p|
= lp(u@p—pu® p+p(u®1)(g1 @ 1)(1 - q)p|
< pu@1)(g1 @ 1)p — plu®1)(g1 ® 1)qop||
< €
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This proves (i) and (ii) for the element u ® 1 € F.
Now consider g ® 1 € F, where g € C(X).

Since d(a(y),y) < &, we have d(a"(y),a" N (y)) < § for N — Nog < n < N. It follows that
U,—n UU, has diameter less than 2§ 4+ 6y < 3dg. The function g € G varies by at most €/8 on sets of
diameter less than 4dp, and since the sets

Ui,Uz, ..., UN-Ny-1, Un—No UU_Ny, UN-Nog+1 UU_Ng 1, - .., Un U Uy

are open and pairwise disjoint, there is § € C(X) which is constant on each of these sets and satisfies
llg — gll < €/4. Let the values of § on these sets be A\; on Uy through to Ay on Ux U Up.

For 0 <n < N — Ny — 1 we have

”(fn@l)rn_rnll = H(fn®1)rn_(fn®1)Qn+Qn_7“n||
< 2|lgn — pall
(4.43)
261.

Thus

[G@Dr, =Xl < (@@ Drn —(G@1)(fr @ Dol
(G D) (fn @ D)rn — A 7ol
< 4|gle-

For N — Ng < n < N, we have that (f,—n + fn)ZN—n = TN_p, since we may write xy_, =
(gn-n~ + @) (WY @ D)v((N = n)/No)(uV ™" @ 1)(gn—n + gn). Similarly, 23 _, (fa—n + fn) = T _,,-
Thus (fr—n + fn)dn = dn = dn(fnen + fn). It follows that

||(fn7N + fn)rn - Tn” = ||(fn7N + fn)rn - (fan + fn)dn + dn - rn”
< dep.

Thus, similar to the above, ||(§ ® 1)ry, — Ay - 7| < 8]|g]/€0-

Hence

1§ 1)p - p(G o 1)|| +¢/2
SN G ® )T = AT+ A - T — (G @ )|+ €/2
2N (8|lle0) + €/2

€.

(g @ 1L)p—plg@1)|

AN IN A

This shows property (i) of the lemma for g ® 1, g € G. The second condition is immediate since
g @1 is an element of Ay, ® M.

It remains to verify the third condition.

Since the sets a=No(U), a=N+1(U),..., U, a(U),...,af*(U) are all disjoint and R > (N + Ny +
1)/ min(1,€), it follows that

Sy ufouT = [y N e fo e S
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and hence 7 (fo) < 71 (1)/(R+No+1) < ¢/(N+Ny+1) for every 7 € T'(A). Since any 7 € T(A®M,)
is of the form 7 = 7 ® 7 for 71 € T'(A) and 7» the unique tracial state on Mg, we have 7(go) <
T(fo®1l) =711(fo) < e/(N+No+1). For 1 <n < N—Ny—1 each r, is just go conjugated by a unitary
0 T(rn) = 7(qo). For N — No <n < N, rp = 2p€n2), = 2nWN —nG—(N—n)Wx—_p % Lhus

T(Tn) = TEnWN-nqd—(N- n)w7\1 nz:z)

T\WN-nq—(N— n)wN n)

(
(
T(v((N = n)/No)gov((N — n)/No)")
(
(

7((q0 + Pn)qo)
= 7(q)-

Thus
T(1=p) =" 7(r) =N 7(q0) < Ne/(N+ Ny +1) < e

This proves the case where F is of the form (G ® {1as,}) U {u® 1, }.

For the general case, let F C A® M, be a finite subset. Using the identification
AQM; = AR Myr @ Mg = A® Mg @ Mgr,
for r € N, we may assume that the finite set is of the form
({1a} @ {1, } @ BYU (G @ {1, } © {1ar, D) U ({u} ® {1ar,} © {1ag,, })

where r € N, B is a finite subset of M and G is a finite subset of C'(X).

We may further assume that 1x = 14 € G and also that 157, € B. Then F = (G&{1a, })U{u®1, }
and F = F @ B.

Let € > 0. By the above, there exists a projection p € A,y ® M, satisfying properties (i) — (iii) of
the lemma for the finite set 7 = G ® {1, } U {u ® 1py, }, with e/ max({||b]| | b € B}, 1) in place of e.

Define p:=p® lpr,, € Agyy @ Mq ® My-. We now show that p satisfies (i) — (iii) of the lemma for
F and e.
Let @ € F. Then @ = a ® b for some a € F and some b € B. We have

pa—ap| = [[pe)(a®b)—(a@b)(px1)
= |[[(pa) ® b — (ap) @ b||
= |(pa—ap) @b
= |lpa — ap||[|b]]
< €

By the special case above, for every a € F, there is some = € p(Ay,y ® My)p such that |[pap —z|| <
€/(maxpep ||b]]). Thus z® 1 € p(Agy) ® Mq® Myr)p. It is clear that p(1®b)p € p(Agyy ® Mq @ Myr)p
for any b € B, and so x ® b € p(Ayyy @ Mq ® My )p. Tt follows that

[pla®b)p —plz@b)pl| = [Ipla®1)(1@b)p—plz @ 1)(1 @ b)p|
[Pla®1)p(1 @ b) — p(z @ 1)p(1 @ b)|
l(pap — pxp) @ 1]/[|b]|

< e
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4. Locally recursive subhomogeneous C*-algebras

This shows that (i) and (ii) hold.

To prove (iii), simply observe that 7 € T(A® My ® M) is of the form 71 ® 7o where 71 € T(A® My)
and 7o € T'(Mgyr). Then

T1-p)=7101-p1)=7(1-p1) =11 -pmr(l) <e.

4.3.27 LEMMA: Let S be a class of separable unital C*-algebras. Let A be a simple unital C*-algebra
and q be a supernatural number. Suppose that for every finite subset F C A ®@ Mg, every ¢ > 0,
and every nonzero positive ¢ € A ® Mg, there exists a projection p € A ® My and a simple unital
C*-subalgebra B C p(A ® Mgq)p which is TAS, satisfies 1 = p and

(i) |lpa — ap|| < € for alla € F,

(i) dist(pap, B) < € for all a € F,

(ili) 14 — p is Murray-von Neumann equivalent to a projection in c¢(A @ Mg)c.
Then A® Mg is TAS.

PRrOOF: Although a TAS C*-algebra may not have property (SP), the C*-algebra A® M, always will,
since A ® M, has strict comparison and contains nonzero projections which are arbitrarily small in
trace. After noting this, the proof is essentially the same as that of Lemma 4.4 of [41], replacing the
C*-subalgebra of tracial rank zero with the TAS C*-subalgebra B, and replacing the finite-dimensional
C*-subalgebra with a C*-subalgebra from the class S. |

4.3.28 THEOREM: Let S be a class of separable unital C*-algebras such that the property of being a
member of S passes to unital hereditary C*-subalgebras. Let X be an infinite compact metric space,
a: X — X a minimal homeomorphism, let u be the unitary implementing o in A :=C(X) Xq Z and
q be a supernatural number. Suppose there is a y € X such that Ay ® My is TAS. Then A® My is
TAS.

Proor: We show that A ® M, satisfies the conditions of Lemma {4.3.27

Let € > 0, F a finite subset of A ® M, and a positive nonzero element ¢ in A ® M, be given.
Use Lemma [£.3.26] to find a projection p € Ay, ® My with respect to the finite subset F, ¢, and
€0 = min{e, min,cragnr,) 7(¢)}. Put B = p(Ag,; ® Mg)p. It is a unital simple C*-subalgebra of
p(A ® My)p and is TAS by the assumptions made on S and Lemma 2.3 of [19]. Conditions (i) and
(ii) of Lemma are satisfied by the choice of p. Since 7(14 —p) < mingeragn,) o(c) < 7(c) for
every tracial state 7 € T(A ® M), it follows from Theorem 5.2(a) of [53] that 14 — p is Murray—von
Neumann equivalent to a projection in ¢(A ® My)c. Thus A ® M, is TAS by Lemma |

4.3.29 COROLLARY: Let (X, ) and (Y, ) be Cantor dynamical systems, £ : X - T and(:Y — T
continuous maps and suppose that o X Re and 8 x Re are minimal. Put A := C(X X T) Xaxpr, Z and
B :=C(Y xT) Xaxpr, Z. Suppose T(A) and T(B) each have finitely many extreme points such that
[Tale = [Th]« in Ko(A) for every extreme point Ta, 7y and [Tgl« = [Tg]« in Ko(B) for every extreme
point Tg, 7. Then

A = B if and only if Ell(A) = Ell(B).

PROOF: Let A and B be as above. Let v and v be the canonical unitaries inducing the actions of Z in
A and B, respectively. Forz € X x T and y € Y x T, let Ay, and By,y be as above. By [42, Section
3] Agzy and By can be written as inductive limits Ay, = @Ag)} and By, = hﬂBF{Z% where
AF{Z)} and ng)} are recursive subhomogeneous C*-algebras of topological dimensions dim(X x T) and
dim(Y x T), (respectively. Hence by Proposition the recursive subhomogeneous algebras can be
chosen to have (F,n)-connected decompositions with base spaces of dimension less than or equal to

one. It follows from Corollary that projections can be lifted along the recursive subhomogeneous
decompositions.
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4.3. Main result, applications and outlook

We have affine homeomorphisms T'(A,) = T(A), T(By,) = T(B) and order isomorphisms
Ko(A(zy) = Ko(A), Ko(Byyy) = Ko(Bgyy) B2, Theorem 1.2 (2), (4)] so the requirements for Corol-
lary are satisfied, hence with Corollary we see that Ag,y ® M, and By, ® M, are TAI
for any supernatural number p. From [60, Theorem 4.5] this implies that A ® M, and B ® M, are
both TAL

Since A and B satisfy the UCT and are Z-stable [66, Theorem B] (also see [67, Theorem 0.2]), as
in the proof of Corollary [4.3.21] the result now follows from [36], Corollary 11.9]. |
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A. (F,n)-bridges via linear algebra

1. Lifting projections

A.1.1 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-

geneous decomposition
(B, X1, Qu, 1, iy

We say that projections can be lifted along [By, X;, Q, 71, o], if forany N € N, any [ € {1,...,R—1}
and any projection p € B; ® My there is a projection p € Bjy1 ® My lifting p.

A.1.2 PROPOSITION: Let X be compact metrizable with dimX < 1. Let k,r € N, Q C X a closed
subspace and p € C(2, M,.) a projection with constant rank k.

Then there is a projection p € C(X, M,.) extending p.
PROOF: It is straightforward to find a closed neighborhood W of §2 and a projection

p € C(W, M)
extending p. Let U C X be an open subset such that
QcUucw.
Let (Wx)a be a finite collection of open subsets of X such that
(i) WUy Wi
(ii) |[p(z) — p(2’)|| < 3 whenever z,2’ € W), for some A € A

(111) W)\CUifW)\mQ#@.

From (ii) it is not hard to see that for each A, [)|WA is homotopic to a constant projection of rank k;
this yields projections o
px € C(Wy x [0,1], M,.) (1)

such that (x), f (2,1]
[ Blz), forte(2,1
ol t) = { ly,  forte [0, 3]

(where we think of 1;, as sitting in the upper left corner of M,.).

Since dimX < 1, there is a finite open cover (V,)r of X refining the open cover consisting of
Wy, A € A, and X \ W, and such that

V% n V"/l n V“/z =10 (2)
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(F,n)-bridges via linear algebra

whenever v, 71,72 € I' are pairwise distinct. Let

(hv)l“

be a partition of unity subordinate to (V5)r. Set
I"={yel|V,NnQ#0}
and
I'":={yel\I"|V, NV, #0 for some 7 € I'}
Note that by (ii) above, for any " € I there is A(7') € A such that

Vi CWyyy CUCW. (3)

We now define p, observing that for each x € X, by there are at most two indices ,~" € " such
that hy(x), hy (x) # 0.

Case 1: There is only one index 7 € I" such that h.(z) # 0; in this case, h(z) = 1.
Case la: If y € T, set

this is well defined by .
Case 1b: If vy e T\ IV, set

Case 2: There are two distinct indices v,~" € I" such that h.(z), h, (x) # 0.
Case 2a: If v,7 € T, set

again, this is well defined by .
Case 2b: If 7,7 € T\ IV, set

Case 2c: If y e '\ I, 4" € I”, then h.(z) + hy (x) =1, so h,(z) € [0,1] and by (3) and (1f) we may
set
P(x) = pa¢y) (@, by (2)).

We have now defined a projection valued map
p: X — M,

which by construction clearly extends p (note that if z € Q, then only Cases la and 2a occur). It
remains to check that p is continuous.

So let z € X. In Case 2, there are v # +' € T' with h,(x), hy () # 0. But then h(y), hy (y) # 0
for all y in some small neighborhood V,, of x. In Case 2a, note that the map y — p(y) is continuous;
in Case 2b, p(y) = p(x) for y € V,; in Case 2¢, the map

Y = Paiy) (s by ()
is continuous on V. since h, and py(,/ are.

In Case 1, we have h,(z) = 1. But then there is some neighborhood V, of x such that h,(y) >
for all y € V,,, and we obtain

win

5(y) = p(y), ify eI’ (in Case la, 2a or 2c for y in place of z)
P = 1,  ifyeD\I' (in Case Ib for y in place of z)
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2. Approximately excising approximate paths

for y € V,, whence p is continuous at x. |

A.1.3 COROLLARY: Let B be a unital recursive subhomogeneous C*-algebra with decomposition
(B, X1, Qu, 1, iy

Assume that dimX; <1 forl > 2.
Then projections can be lifted along [By, X;, Q1 d)l]f;l.

ProoF: Obvious from Proposition and Definition |

2. Approximately excising approximate paths

Recall that a completely positive map has order zero when it preserves orthogonality, that is, a c.p.
map ¢ : A — B between the C*-algebras A and B such that, for any orthogonal positive elements
a,b € A with ab =0 we have ¢(a)¢p(b) =0 in B.

A.2.4 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
[Br, X1, 71, )ity

let 7 C Bl be finite a subset, where B} denotes the positive elements in the unit ball of B, and 5 > 0
be given.

An (F,n)-excisor (E, p,o) for B consists of a finite dimensional C*-algebra

E=@., E,

a unital *-homomorphism
R
p=0Lp:B>@ E=E
and an isometric c.p. order zero map
0:®£101:@£1E12E—>B®Q
such that
le(lg)(b®1g) — op(d)|| < n for b e F.
We say (E, p,0) is compatible with [By, X, Q, 7, o], if each p; factorizes through

BLEZ

4

B > c(X) @ M,

for some compact X; C X \ Q.

If (E, p,0) is as above and
k:E—Q

is a unital *-homomorphism, we say (E, p, o, k) is a weighted (F, n)-excisor compatible with [B;, X;, Q, ry, ¢y]f2 ;.

A.2.5 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
(B, X1, u, 71, )iy

let 7 C BI finite and > 0 be given. Let (E;, p;,04,k;), @ € {0,1}, be weighted (F,n)-excisors
(compatible with [By, X, Q,ry, ¢i]f,).
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(F,n)-bridges via linear algebra

An (F,n)-bridge from (Ey, po, 00, ko) to (E1, p1,01, k1) (compatible with the decomposition By, X, Q, 74, ¢l]lR:1)
consists of K € N and weighted (F, n)-excisors (each compatible with [By, X;, Q, i, ]2 )

(E%,p%,a%,/ﬁ%),jE{l,...,K—l},

satisfying
[EFNF

I
K

(b)—ﬁ%p%(b)ﬂ<77forbe]:andj€{O,...,K—l}. (4)
We write

(EOa Po, 00, KO) ~(F.m) (Ela P1,01, K/l)
if such an (F,n)-bridge exists.

A.2.6 REMARKS: (i) Clearly, the relation ~(x ) defines an equivalence relation on the set of compatible
weighted (F,n)-excisors (with fixed F, n and recursive subhomogeneous decomposition).

(ii) If (E,p,0,k;), i € {0,1}, are (F,n)-excisors with o and x; unitarily equivalent, ko =, k1,
then

(Ea P, 0, 50) ~(F.m) (Ev P, 0, /91)
since kg and k1 are in fact homotopic.
(iii) Let (E,p,0,k) and (E', p',0’, k) be (F,n)-excisors with an embedding
v E - E
and such that
p=pot,cor=0, K =KoL
Then
(E7 P 0, K/) ~(F.m) (E/u pla U/u ’i/)7
with an (F,n)-bridge of length K = 1.

A.2.7 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
(B, X1, Qu, 71, )iy

let F C B finite and 1 > 0 be given.

(i) Let (Ej, pj,05,K5), j € {1,..., L}, be weighted (F,n)-excisors. We say they are pairwise orthog-
onal if there are pairwise orthogonal projections

quQ,jG{l,...,L},

such that
0j(E;j) C B®¢jQqj Chee B® Q, j€{1,...,L}.

(ii) Let (Ej, pj,05,k5), J € {1,..., L}, be pairwise orthogonal weighted (F, n)-excisors, and let
Vi@, Q> Q

be a unital *-homomorphism.

We define the ~-direct sum

L L L L
D, (Ej,pj,04,k5) == (B, Ej, D1 05 D1 05,7 o (D=1 K5)),
which is easily seen to be a weighted (F,n)-excisor.

If the (Ej, p;, 05, K;) are compatible with [By, X;, Q, 1, qﬁl]f;l, then so is the y-direct sum.
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2. Approximately excising approximate paths

Since, up to unitary equivalence in Q, the maps 7 o (@J-L:l x;) only depend on the positive rational
weights v; := 7g(v(1;)), we will sometimes neglect to explicitly specify v and write

R
D1 vk

instead of 7y o (@jLzl ;) and, similarly,

R
D, v (Ej,pj,04,k5)

instead of @,Y(Ej,pj,dj,fij).

A.2.8 PROPOSITION:  Let B be a unital recursive subhomogeneous C*-algebra with recursive subho-
mogeneous decomposition

[Br, X1, i, ¢
let 7 C Bi finite and n > 0 be given. Let (E;,pj,05,k;), j € {1,...,L}, be weighted (F,n)-
exCisors.

Then there are pairwise orthogonal weighted (F,n)-excisors (Ej, p;,65,%5), 7 € {1,..., L}, such
that, for each j,

(Ej,pj,04,k5) ~Fn) (Ej,pj,05,kj). (5)

If the (Ej, pj, 04, k;) are compatible with [By, X, i, i), we may choose the (Ej,pj,05,K5) and
the (F,n)-bridges to be compatible as well.

PrOOF: Choose pairwise orthogonal nonzero projections ¢; € Q, j € {1,...,L}, and isomor-
phisms

0;: @ — q;9q;;
set

d’j = (ld®9J) 00j.

It is clear that the (E;, pj,0;,k;) are pairwise orthogonal weighted (F,n)-excisors. Now (55 holds,
in fact with an (F,n)-bridge of length K = 1, since passing from o; to ¢; does not affect (4)). Also,
changing the o; does not affect compatibility with the recursive subhomogeneous decomposition.

A.2.9 PROPOSITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subho-
mogeneous decomposition

[B[,Xl,Ql,Tl,qbl]lel;

let F C Bl finite and n > 0 be given. Let (Ej,p;,05,k;), j € {1,...,L}, be pairwise orthogonal
weighted (F,mn)-excisors. Let (EY, p}, 0%, k%), j € {1,...,L}, be another set of pairwise orthogonal
weighted (F,n)-excisors, and let

v:Pr,Q—Q

be a unital *-homomorphism. Suppose that
(EJ7 Pj> 035 K’]) ~(F,m) (E_;a p;v O'_;‘a KZ;)

for each j € {1,...,L}.
Then
D, (Ej, pj, 05, 55) ~Fm) D, (Ej, 05,075, K5).

If the (Ej, pj, 0, k) and the (E}, p}, 0%, k}) are compatible with the decomposition [By, Xy, , i, &k,

we may choose the (F,n)-bridge between the y-direct sums to be compatible as well.
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(F,n)-bridges via linear algebra

PROOF: For each j € {1,..., L} choose an (F,n)-bridge between (Ej, p;j, 0, ;) and (Ej, o}, 0}, K);

J VR
by repeating some of the steps, if necessary, we may assume that all of these have the same length,

say K, and are given by weighted (F,n)-excisors (Ej’%,pjy%,aj,%,/@ . ) with

I
(Ej0,p5,0,05,0,K50) = (Ej, pj, 05,K5)

and
Ejr, 50,05, ki1) = (B, 6, 0" &
( J,lvpj,laaj,ly"i],l)—( japjvajaRj)‘

As in the proof of Proposition choose pairwise orthogonal nonzero projections ¢; € Q, j €
{1,..., L}, as well as isomorphisms
9j : Q — q; qu
Set

6= (id®0;)oo0;

7
K

then the sums
D (Ej 200565, 45554)

are (F,n)-excisors implementing an (F,n)-bridge

D, (0,050,050, K5.0) ~Fm D, (Ej1: pja, 651, k51)-
As in the proof of [A:2.0] it remains to observe that
D, (Ej, pj,05,55) ~Fn D, (Ej0, 050,050, Kj0)
and
D, (Ej, 0}, 05, 55) ~Fam) @ (Ej1s 051,651, 41)-
|

A.2.10 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subho-

mogeneous decomposition
R .
[Bl7 Xl7 le T, ¢l]l:17

let F C B finite and 17 > 0 be given.
If (Ej;, pj,04,k;) and (Ej, p;,05,K;), § € {1,..., L}, are as in Proposition and if
Vi@, Q—Q
is a unital *-homomorphism, we say
@y(Ejapjvdjvﬁj) (6)
is a compatible y-direct sum of the (Ej, p;, 0;, K;).
A.2.11 REMARK: Of course, the ~-direct sum in @ depends on the choice of the ¢; in Proposi-

tion but for a different choice, say &;, it follows from Proposition that

D, (Ej,pj: 0, 55) ~Fm) D (Ej: pj> 65, 55)-

A.2.12 PROPOSITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subho-

mogeneous decomposition
R .
[Bl; Xla Qla T, ¢l]l:17

let F C BL finite and > 0 be given.

Let
L
(E = @j:l Ejapa a, K’)
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2. Approximately excising approximate paths

be an (F,n)-excisor and let
7:@2-Q
be a unital *-homomorphism such that
T0(7;(1e)) = 7o(k(lE,)) forj € {1,..., L}.
Then there are pairwise orthogonal (F,n)-excisors
(Ejs pj = ple;, 05,75 B = k(1) Qr(1E,) = Q)
such that .
K ~a v o (D)o ) (7)

and such that

(Ea P, 0, K:) ~(F,m) @ry(Eﬁpjadjv’%j)' (8)

If (E, p, 0, k) is compatible with By, X;, U, ri, ¢, we may choose the y-direct sum and the (F,n)-
bridge to be compatible as well.

PROOF: Let
G r(lp,)Qnk(le,) — Q

be an isomorphism for each j € {1,..., L}, then the maps
I'ﬁj = Cj o H|Ej

clearly satisfy . Choose pairwise nonzero orthogonal projections g; € Q, j € {1,..., K}, as well as
isomorphisms
0;: Q= q;9q;;
define
0;:= (idp ® 0;) o 0|,

It is then clear that the (E;, pj, 0j, k;) are pairwise orthogonal (F,n)-excisors and that
. L.
@7(Eja Pj>03j, ‘%j) ~(F,mn) (E7 p,0,7 0 (@j:l Kj))'
Finally, follows from and Remark ii). |

A.2.13 We note the following lifting result, which will imply the existence of sufficiently many (F,n)-
excisors, cf. Remark ii) below.

PROPOSITION:  Let B, F be C*-algebras, F finite dimensional, and ® : B — F a surjective *-
homomorphism; let F C B_l|r finite and n > 0 be given.

Then there is an isometric c.p. order zero map
c:F—B

such that
lo(1p)b — om(b)|| < n forbe F. (9)

PRrROOF: Since F' and F are separable, we may clearly also assume B to be separable, hence o-unital.
Recall that c.p.c. order zero maps are projective, whence there is a c.p. isometric order zero lift

c:F — B.
Choose an approximate unit (hy,)nen for ker m which is quasicentral for B. Define c.p.c. maps

on:F — B
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(F,n)-bridges via linear algebra

by 1 1
Un() = (1B~ - hn>§0'()(15~ - hn)§

The &, clearly induce a c.p. isometric order zero map
0:F — By
which in turn lifts to a c.p. isometric order zero map
g:F—=1[yB

with components 7,,. Upon dropping finitely many components and rescaling, if necessary, we may
assume each &, to be isometric. It is now straightforward to check that, for large enough N, o0 := oy
will satisfy @D |

A.2.14 NOTATION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subhomo-
geneous decomposition
(B, X1, Qu, 1, ]y

Ifle{l,...,R} and z € X, then
(evy ®@ida,, ) otp : B — My,
factorizes through a sum of irreducible representations, say
B E, 5 M,
Upon fixing a unital embedding
M, —Q

we obtain unital *~homomorphisms
B B, ™ Q

such that p, is a sum of surjective irreducible representations and

ToRy = TMTZ LE, -

A.2.15 REMARKS: (i) The maps p, and k, are uniquely determined by z up to unitary equiva-
lence.

(ii) By Proposition for any finite subset F C B} and n > 0, and for any z € X, there is an
isometric c.p. order zero map
o, B, — B

such that (E., pg, 04, k,) is a weighted (F,n)-excisor (which is compatible with the decomposition
[Bl, le Ql,rl, d)l]ﬁ:p provided xT € Xl \ Ql)

(iii) It is clear that, if z, 2’ € X; are such that
[(eve ®idns,,) 0 tp(b) — (evar ®idny,, ) 0 tB ()| <1
for all b € F, then
(Eaza Pz, 0z, Km) ~(F.m) (Ex’ y Pz’ Oz’ K%L”)?
in fact via an (F,n)-bridge of length K = 1.

A.2.16 PROPOSITION: Let B be a unital recursive subhomogeneous C*-algebra with recursive subho-
mogeneous decomposition

[Br, X1, u, 71, di)its s
let F C B}r finite and n > 0 be given.
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3. (F,n)-connected decompositions

Fixle{l,...,R} and x € X; \ Q, and let (Ey, py, 0z, kz) be an (F,n)-excisor, with (Ey, pg, )
as in (note that E, = M,, since x € X;\ ;). Let

VP, Q0

be a unital embedding for some L € N.

Then there are pairwise orthogonal (F,n)-excisors

(Exavaax,ja ’%33)7 .] S {15 ) L}7

such that
(Exapxao'maﬁx) ~(Fm) @7(Emvpx70x,ja“w)- (10)

PROOF: Choose ¢; and 6; as in the proof of Proposition We take
0z, = (idp ®0;) 0 0z

(these correspond to the maps d, from Proposition [A.2.0); as in the proof of one checks
that

@7(Exa Pz 0z,j, Hac) ~(F.m) (Eafv Pz, 0z, © (K;EBL))
Now observe that &, ~, 7o (k21), and apply Remark ii) to obtain (T10). |

3. (F,n)-connected decompositions

A.3.17 DEFINITION: Let B be a unital recursive subhomogeneous C*-algebra, and let F C B_lF finite
and 1 > 0 be given.

A recursive Subhomogeneous deCOmpOSitiOn
[B;, X1, Q &R
Iy A1y 380, T, Qrj=1

for B is (F,n)-connected if the following holds:
Ifle{l,...,R} and z,y € Xy, and if (Ey, pz, 04, k) and (Ey, py, 0y, ky) are (F,n)-excisors with
(Ez, pzy ke) and (Ey, py, ky) as in then

(Ez>pa:a Oz, ﬁz) ~(F.m) (Eyvpy>(7y7 "iy)~

A.3.18 PROPOSITION: Let B be a unital recursive subhomogeneous C*-algebra and let F C Bi finite
and n > 0 be given.

Then B has an (F,n)-connected recursive subhomogeneous decomposition
[Br, X1, 4,71, )iy -

If drB < n, then Xi,...,Xg may be chosen so that dim X; < n forl e {1,...,R}.

PrOOF: This follows immediately from Remark (iii) after decomposing each X in to pairwise
disjoint closed subsets
X = Hi\ll Xk
such that, for each I € {1,..., R}, k € {1,...,N;} and zg,z1 € X 1, there are K € N and Ty € Xik
such that
||(evz% ®ida,,) 0 tp(b) — (evm% ®id,, ) oep(d)] <7
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(F,n)-bridges via linear algebra

forall j € {0,...,K —1} and b € F.

The last statement follows from [73], since in this case the X; (and hence the X ;) may be chosen
to have dimension at most n. |

A.3.19 PROPOSITION:  Let B be a unital recursive subhomogeneous C*-algebra; let F C BL finite and

n > 0 be given and suppose
(B, X1, Qu, 1, dility

is an (F,n)-connected recursive subhomogeneous decomposition for B.

Let
(EZ = @f;l Ei,lv Pi = @lﬂ;l Pil, O = @lR;l 04l K:i) ’ 1€ {0’ 1}

be weighted (F,n)-excisors (compatible with the decomposition) satisfying
Yy = TQ(KO(lEo,z)) = TQ(Kl(lELl))v le {1’ SRR R}
and such that each p;; factorizes as

Pil: B — C(Xl) & Mrz — EM.

Then (via a compatible (F,n)-bridge),

(E()?p()a g9, HO) ~(F,m) (Elvpla 01, K/l)-

PRrROOF: For each [ € {1,..., R}, choose z; € X; \ €. Set
R R R
E:=@_ Euy, pi= @12y puyy mi=70 (®l=1 Ml) ’
where Ey,, py,, kg, are as in and
7L 2 Q
is a unital embedding such that

ro(n(lg)) =w, le{l,...,R}.

Note that E,, = M,,, since z; € X \ ; by Remark
By Proposition there is an isometric c.p. order zero map

c:F—-B®Q

such that (E, p, 0, ) is a weighted (F, n)-excisor which is compatible with the decomposition [By, X;, Q, 1, ¢ ;.
By Proposition there are (compatible) pairwise orthogonal (F,n)-excisors of the form

(Exzvpxzvdxzaﬂxz)a le {17--~7R}7

such that (in a compatible way)

(E,P7 g, K) ~(F.mn) @W(Emzapwzadzzamxz)' (11)

Similarly, for ¢ € {0,1} and [ € {1,...,R} there are (compatible) pairwise orthogonal (F,n)-
excisors
(Ei, pits Gy i)

such that

R .
Ki Ry Y © (@121 Hi,l)
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3. (F,n)-connected decompositions

and such that (in a compatible way)
(Ei, piy 0is ki) ~(Fm) D, (Bits pi, 0it, it)- (12)

Since (E; 1, pii, Fit, fig) is compatible with [Ble,Ql,rl,d)l]f;l, there are N;; € N and z;;,, €
X\ form e {1,...,N;,;} such that

(Ei’h Pils Oils Iii,l) = (@mil EIi,z,m’ @mill Pz i m> @mil O 1 ms @mil K’Ii,l,m) )

note that
E =~ M,

Til,m 1

for all 7,1, m.

Let N
Vil - @mi;ll Q-0

be a unital embedding such that
To(Vigm(le)) = 7o(fii(1s,,,,)), m € {1,..., Nis}.

By Proposition there are pairwise orthogonal (F,n)-excisors

(Eéri,z,mvpri,z,m’ &$i,z,m’ kmi,[,m)’ m e {17 s 7Ni,l}7

such that
. N,
Ril =u Yi,l © (@m=1 ’ﬁi,l,m)
and such that
(Ei,h Pils d'i,ly ’%i,l) ~(F.m) @7“ (Eafi,z.m sy Pxi 1 m o &xi,z,nm i%’xi,l,m,)' (13)

By Proposition there are pairwise orthogonal (F,n)-excisors
(Ewupxmdml,ma K‘Iz)) m e {la ey Ni,l}v

such that
(Eacl ) pﬂ’:[ ) dacl ) H:cl) N(]:,n) ®'Yi,l (Exl 9 pacl 9 dwz,m; K’:CL ) (14)

Since [By, X1, u, ri, i) is (F,n)-connected, for each i,1,m we have

(Eﬂcz y Pays Oxp,ms Hﬂcz) ~(F,m) (Eﬂci,z,m y P2 1m s Oi1,mo Bxi1m )

By Proposition [A22.0, we have

@7“ (Eml y Py Oz my Hzl) ~(F,m) @7“ (Efu,m y P 1 m O 1m nri,z,m)

which in turn yields
(Bzyy Py Oy Bizy) ~(F ) (Bi, pigty ity Ril)
by and .
Again by Proposition together with and this gives

(Eapa g, K:) ~(F,m) (Eiapiaaia K‘i)z 1€ {Oa l}a

from which we obtain
(Eo, po, 00, ko) ~(Fn) (E1,p1,01, K1),

as desired. Of course all the (F,n)-bridges above may be chosen to be compatible with the given
recursive subhomogeneous decomposition. |
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4. Excising traces

A.4.20 NOTATION: Let B be a separable unital recursive subhomogeneous C*-algebra with (separable)
recursive subhomogeneous decomposition

[Br, X1, Qu, 1, iy
let 7 € T'(B) be a tracial state. We inductively define positive tracial functionals
m,7: B —-C,le{l,....,R}

as follows:

For each [, let 0 < h; <1 be a strictly positive element of Co(X; \ ;). Set

Tr:=7:B = Br — C.
If 7, : B; — C has been constructed, set
1
71(b) == nllﬂn;(j (k) ® 1M7‘[)b)7 be B

(On positive elements b, the limit is over a bounded increasing sequence, hence exists; but then the
limit also exists for general b).

If 7, 7; have been constructed, set
mi-1(b) = Tl(i)) - ﬂ(i))a be B,

where b € B; is a lift for b. It is easy to see that 7,7, [ € {1,..., R}, are well-defined positive
functionals which do not depend on the choice of the h;, that 7; < 7, that

yi ==n(lp) —7n-1(lp,_,) =[7ll(< 1) (15)
and that
R .
Yy =1 (16)

Call the yJ the weights of 7 with respect to the decomposition [By, X, O, 71, ¢1] 5.

Now suppose
W c X, \Ql

is a subset closed in X;. Let
0<g <1
be a strictly positive element for Co(X; \ W), with glg, = 1. Tt is not hard to check that, for all
be By,
1 1
lim 7(((1 —g/") ®1ar,,)b) = lim 7(((1 —g;") ® 1ar,, )b)

n— oo n—oo

(and, in particular, that the limits exist). As above, one may define a positive tracial functional
w - C(W) ® Mn — C
by

Fw(b) = lim m((1— g7 )b),

n— oo

where b € By is a lift of b € C(W) ® M,,.

90



4. Excising traces

A.4.21 PROPOSITION: Let B be a separable unital recursive subhomogeneous C*-algebra with (sepa-
rable) recursive subhomogeneous decomposition

[Bi, X1, i, 4]y

let 7 € T(B) be a tracial state and let F C B}r finite and n > 0 be given.
Then, for any v > 0, there is an (F,n)-excisor

R R R
(E =@_ ELp=@D-,p,0 =D, Ul)
which is compatible with [By, X;, U, ri, ¢i|2., and such that

(®To)o (P ®idg)ooi(lg,) >y —v, L €{1,...,R}.

PRrOOF: It is straightforward to find, for each I € {1,..., R}, an N; € N and subsets W; C X; \ €
satisfying the following:

(i) Each W} is a disjoint union W; = ]_[anzl Wi, of closed subsets W, ,, C X, each containing a
point Wi,n € Wl,m

(ii) X;\ W, is an open neighborhood of €,
(i) y = 17l = IFwill = 17l = (see for notation),
(iv) forany be F,le{l,...,R},ne {1,...,N;} and w,w' € Wy,
levamw, (b) — evuw mw, (b)]| < 1/2,
where

™, : B *)C(VV[) ®Mrl

denote the canonical surjections.

Define
E =@ My, (17)
pri= @y evay, : B B,
and
&1 = @nty 1w, ®idy,, : B — @i’y C(Win) @ My, 2 C(W)) ® M,,.
Note that

- R - R R
o=@, 0 : P E -, C(WV)® M,
is a *-homomorphism, hence in particular c.p. order zero.

Let
T @ w0t B— @)L, (W) @ M,

Using projectivity of c.p.c. order zero maps together with an approximate unit for ker 7 <t B which
is quasicentral for B, it is not hard to find a c.p.c. order zero lift

U:@f;lUﬂ@l}ilEl—)B

with the right properties; the argument is essentially the same as in the proof of Proposition
so we omit the details. |
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5. (F,n)-bridges via linear algebra

A.5.22 PROPOSITION:  Let B be a separable unital recursive subhomogeneous C*-algebra and let
F C BL finite and n > 0 be given. Suppose B has an (F,n)-connected recursive subhomogeneous
decomposition

(B, X1, Qu, 1, )ity

along which projections can be lifted and such that X; \ Q; # 0 for 1 > 1.
Let 79,71 € T(B) be tracial states with

(TO)* = (7_1)*
(as states on the ordered Ko(B)) and let 0 < B < 1 be given.
Then there are x; € X;\Q forl € {1,..., R} and pairwise orthogonal weighted (F,n)-excisors

(Ee)s Tayy 02y Key ), €A1, R},

as well as unital embeddings
~ R
Yo, V1,7 - 69121 Q — Q

and

¥: 99— Q

such that, for
R R R
E:=@, | Ey, m:=B,_ 70, 0 :=D,_; 0ay,

_ R . R
Ri =73 © (@l:l sz) y Ri=70 (@l:l sz) ’ (18)
the weighted (F,n)-excisors (E,m, 0,R;), ¢t € {0,1}, and (E,,0,R) satisfy

(E77T’O'7’§/O<RO@R)) ~(F,m) (E’W?U”S/O(Rl@’%)) (19)
and such that
Ui = To(vi(11)) (20)
satisfy B
[Yig — | < B (21)

forie{0,1}, L e {1,..., R}, where y]* is defined as in .

ProOF: Choose z; € X; \ Q, I € {1,..., R}; by Remark i) and Proposition there are
pairwise orthogonal weighted (F,n)-excisors (Ey,, Tz, Oz, Kz, ); note that E,, = M,, for all [.

Claim 1: For | € {2,..., R}, there are LW e N and pairwise disjoint nonempty subsets
D, Qe C

and
v oeQy, me{l,... R}, ke{l,...,.LO},

m,k

such that the following hold:
a) S v o=1forke {1,..., LW} and V(l)k =0ifm >,

m=1"m,k — m,
LW
b) Upz1 Qur = O,
c) foreach z € O, k€ {1,..., LM}, there are finite subsets

Yiem C X\ Qm, me{l,...,1 -1},
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5. (F,n)-bridges via linear algebra

and, for each y € Y] ; ,,, there is a positive integer

M2y €N
such that .
—1 bl @,y
Ty ~u @mzl (Gayeyl,m,m (@lll ﬂ—y)) (22)
and I
ZyGYz,z,m My Tm = 7()1),k ‘T, mE {1’ ce ’l - 1}7 (23)
moreover, we have
(Ess 70,00 biw) ~(For) Dmeftiot M#:% (By,my, 0y, ky). (24)
y€Yz,z,m

Proof of Claim 1: Note that we do not rule out ©; = (. In this case, we set L() = 0 and there is
nothing to show.

Now for each [ € {2,...,R} and = € Q,, 7, is unitarily equivalent to a direct sum of irreducible
representations of B;_;. More precisely, there are finite subsets Y 5 m C X \ O, m € {1,...,1—1},
and for each y € Y7 4 m there is y,,, € N such that

mo e (@ (B,ev,., (@177 ).

The ranks of the representations of B;_; (with multiplicities) add up to the rank of 7., so that

-1
Zm:l (ZZIEYL,m,m ,u’l,m,y : Tm) =T]. (25)
From this it follows that there are only finitely many, say L"), values for tuples of the form

(/‘l,ﬂﬂ,y)me{l ..... -1}, 9€Y1 2.m

where x ranges over ;. Decompose € into L) pairwise disjoint nonempty subsets Qi k €
{1,...,LW}, such that the maps

T = (Wz,y)me {1, -1} y€Vi om

are constant on each 5. For k€ {1,...,LO} and m € {1,...,1 — 1} set

D S (26)
set
Vﬁi),k =0 form > 1.
Then property a) of Claim 1 holds by ; b) and c) hold by construction.
Claim 2: For 1 € {1,..., R} and k € {1,..., LW} let

/@,(Cl) :E— Q
be a unital *~homomorphism such that
TQom,(cl)(lem):ng, me{l,...,R} (27)
(such fig) exist by Claim 1a)).
Then
(E,m,0,ke;,) ~Fy (E,m,0, Iil(cl)), (28)



(F,n)-bridges via linear algebra

where we have slightly misused notation by writing ,, for the (canonical) extension of k4, : By, — QO
to all of E. Moreover (cf. for notation),

l l
(E7 T, T, KJE{))) ~(F,n) @Z:l Vv(n{k : (E7 T, 0, Hﬂcm)' (29)

Proof of Claim 2: Take € and ug)’k, me{l,...,l —1} as in Claim 1; fix z € Q; , and let Y 5,
1,2,y be as in Claim 1c).

Note that since our recursive subhomogeneous decomposition is (F,n)-connected, we have
(E:m Tz, Og, “{9:) ~(F.m) (Ea:z » Ty Oy s sz) (30)

and, for each m € {1,...,l -1} and y € Y} 4 m,

(Ey’ Ty, Oy, “y) ~(F.m) (Ez'rn’ T Oy s ’iwm)a (31)
with notation as in [A.2.0l
Moreover note that
(Ewwﬂ-wwo'wwﬁa:z) ~(F,m) (Evﬂvav ’%wz) (32)
by Remark iii). It follows from that
Rg O Ty Ry @mG{l ..... -1} (%Ml,z,y) . sz e} 7Ty7
YEY z,m

cf. [A2.0] for notation.
But then by Proposition [A-2.0] we have

(Ex;ﬂ—xaax»’iz)

(24) Tom
~(F.m) @me{l,...,l—l} ( = Hlz,y ) - (Ey77ry;0—y; Hy)
YEY &,m

ED
~Fn) Dmer,.. -1} (n Mz,z,y) (Eayyy Ty O s Ky )

Y€Yiz,m
(29 0}
~(Fm) eame{l,...,l—l} Vm,k . (Elmv T2 s Oy s Hzm)
(32) 0)
~(F,m) @me{l,...,l—l} Vik * (E,7T7O', Hrm)
27

l
~Fn (B, 7o, /@,(C)).

Combining this with and now yields ; it also shows . We have now verified Claim
2.
Claim 3: Let p € B be a projection such that

}l rank(plx,) = & € Q (33)

is constant for each [ € {1,..., R}.
Then, for each [ € {2,..., R}, the & satisfy the relations

=" 0 ke{l,. .., L0} (34)

m=1"m,k " Sm>

where the l/(l) are as in Claim 1.

m,k

Proof of Claim 3: For [ € {2,...,R} and k € {1,... ,L(l)} choose = € ;, C X; and let Y} ; ,,, and
t1,z,y be as in Claim 1c).
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5. (F,n)-bridges via linear algebra

We have
(133)
& = & -rank(m,(p))
1l

2 (0 (Syen., (24 rank(r, (1)) )
L (i (Zyevin Hra Tm6m) )

Ei;:ll Vfrlz)k T Smy

SO holds and Claim 3 is proven.

Before moving on to Claim 4, let us set

g

S

L:= Zf;Z L®
and define L x R matrices
1/5721) 0
K :
1{2(2) 0
0 l
z/i)1 o Vl(Jl’l 0
To=| L
l l
Vi)L(,) o Vl(—)l,L(l) 0
R R
1/51) - 1/}(%_)171 0
; (R). :
VE’L)(R) VRO 0
and
0 1
0 1
0 0 1
T_ .=
0 0 1
0 0 1
0 ... 0 1

and note that, with these definitions, &1,...,&r satisfy the equation forl € {2,...,R}, k €

{1,...,L®O} if and only if
3
D eker(Ty —T2).
&R

(35)
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Claim 4: Suppose we have
&
€ ker(T, —T_) NNE,

[
Il

€r
Then there are N € N and a projection
peB® My c @, C(X)® M, ® Mg

such that

1 -rank(p|x,) =& (36)
7

forl e {1,...,R}.
Proof of Claim 4: Take a trivial projection p; in By = C(X1)® M,., ® My (for N large enough) with
rank 71&7.

Now suppose we have constructed projections py,...,p; in By,..., B, respectively, such that
1
— -rank(py|x,,) =& for 1 <m <1 <1 (37)
m
and

Yy (prv1) =pr for I € {1,...,1 -1},
where
Y By, — By
denotes the canonical surjection, cf. .
If Q1 =0, then
B = C(Xi41) @ My, © By
and we may define
P+l = qi+1 O pi,
where
@41 € C(X141) @ My, @ M
is a trivial projection with rank &4 17741.
If Q41 # 0, then ¢y ® ida (pr) is a projection in C(41) ® M,,,, ® My and, for z € Q41, we
have

23

rank((¢ ® idary ) (p1) () S Y v ity - Tank(pilx,,)

37) l
= D=1 2ayeVigrem MLy Emlm

l (I+1)
Zm:l Vm,k : rl+1§m

41741

IS

IE

But then by hypothesis, (¢ ®id s )(p) lifts to a projection p; ; in C(X;11)®M,,,, ® My; by changing
P11 on those components of X;;; which do not intersect (2,1, if necessary, we may assume that p;,
has constant rank & 41741 on X;41. Now

Pit1 :=Di1 B € By @ My C C(Xp41) @ My, @ My
satisfies

1
— -rank(pi11]x,,) = &m

T""L
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5. (F,n)-bridges via linear algebra

for 1 <m <[+ 1. Proceed inductively to construct pi,ps,...,pr, then

P :=Dr

will be as desired. This proves Claim 4.

Let £, N and p be as in Claim 4. Since (1)« = (1), we have

(TO ® trMN)(p) = (Tl ® tI‘MN)(p),

whence
Sibul =Xk &
cf. [A72.0] But this just means that
&y = (&y™)

or, equivalently,

€Ly —y") nRE, (38)
where v
yr

y D=1 :1],ie{0,1}. (39)
Vg

Since 1 € B is a projection with T% -rank(lp|x,) = 1 for all I, we see from Claim 3 and

that
1

ri=|:| €ker(Ty —T_)NZ~ (40)
1

But positive integer multiples of r are also in ker(Ty — T_) N N, from which follows that
ker(Ty —T_) N Z7 = ker(Ty — T_) NN® — ker(T, — T_) NNFE, (41)
Moreover, Claim 4 and imply

ker(T} —T-)NZ% L (y© — yM) in RE,

whence
ker(Ty —T_)NQF L (Q(O) - g(l)) in R%;

since T’y and T have only rational coefficients, it follows that ker(7T, —T_)N Q% is dense in ker (T, —
T_), whence
ker(T} —T-) L (y© —yM) in RE.

By elementary linear algebra we have
(ker(Ty = T-))* = Im(Ty —T-)",

so there is ¢ € RL such that
(Ty —T_)*¢ = g(0) _ y(l).

We may then write B
. L
§=§+—§7 W1th§+,§7 e RY

to obtain the equation
0 * * 1 * *
y()+1+C_+1,C —y()+1+C +T17¢

in R®, in which all vectors and matrices have only positive entries.
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We wish to interpret the entries of the y(i), §+ and ¢ as coefficients of sums of (F,n)-bridges. To

this end, we have to approximate them by rationals. Let us first set

o= %(g 1).

Claim 5: There are
9" =g ())le{l ..... R} € QF, ie{0,1},

= (Zs.,)k) le{2,.,R} € Qi

ke{1,...,LW}
and
zZ_ = (Zg)k) lef2,...R}y € @E
ke{1,..., LM}
satisfying

199 = ¥ [lmax < @, i € {0,1},
ot = € o 12— = €_lmax <
g + Tz +T 2 — (¢ +Tr 2 + T2 ) max < @,
(r,g') = (r,g")

(with r as in (40)), and
(r,T72- + T zy) = (v, T7 2y + T 2_).

Proof of Claim 5: Easy.

We now set

0@ = Tiz_ +T 2, o = Tizy +T7 2,

6= (g% =S of” @ (g,

Z+ = <£a Tiz+> = Z me{2,...,R} Z‘(‘:tlk)

ke{l,...,L(™}
and
Z_=(r,T 2_) =3 me2,..R} Z( k)
ke{l,.,L(™}
Note that
(39),(16) =
6 —1) B 1 @ @y L Ra
For any

z= (Z;(cm)) me{2,...,.R}, € RE

ke{l,...,L(™}

we compute (observing that Vl(;?) =0ifm <)

Lm)
Zl IZm 9D kb1 Vl?: Z(m)
R Lt
Dom=2 D k=1 (Zl 1Vlk )‘Zl(cm)
Claim 1a)

m R L™ (m)
= > K

m=2 k=1

= <£a TiZ>,

(r,Tz)

so that in particular
(r,Tizy) = Zy = (r, T 2)
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5. (F,n)-bridges via linear algebra

and
(r,Tiz_)=2_=(r,T"2_),

We set

V= (r,0) = (r,0®) Zi+2_.

By , we may choose wy,w_ € (@f such that
— (g9 + 0@y (¢ 4 oMy =y —w_

and such that

‘|w+‘|max7 ”w—”max <a.

Set
W= (r,wy) .69 (ryw_).

Note also that

1
GH+W =1 < Slrg™)+ (g)

r w+> (r,w)

+(r
—(r, ) — (e y ™)
(
+|

1
< S g( =y N+ [, g =y M)
(rywe)| + [, w-)|
< 2Ra,
whence
G+W —

Let e; denote the unit of the [*" copy of Q in @& | 9. We now choose unital *-homomorphisms

70771,’7269{{:19_)Q

and
¥:QpQ— 09
such that
(0)
g, tw4
TQ © ’70(61) = lG_H/[j— ’a
(1)
gy tw—,
Toom(e) = g
~ 9@ 4o
TQOV(el) = T Gayv

forl e {1,...,R} and
0 03((1,0)) = i

T 0 ¥((0,1)) = QGg;_t‘j_W;

these exist by , and .

Next observe that

_ G ¢ +w,,
Go1 D ro(yo(er)) B Lotu
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(F,n)-bridges via linear algebra

SO

0
|y0l*yl | - G+w(gl()

+wy) —y)”°

O T
9 + wig — (G + W)y

< atwla” =1+ 1G = 1y +wig + W)
0 .
< atwlla” =yl +1G — 1 +2w)
< (14+4Ra)(a+ 3Ra)
(142)
Q S8R«
@) 5
= B
and holds. Here, for the third inequality we have used , , , and .
Set
; _
Z = (Z;(C)) le(2,..ry € Q%
ke{1,...,.LW}
and
Z = (r,T}z);
note that
Z = (r, T z);

by . We then compute

®71}L 1Z(T>‘< ) ’(Eaﬂ—vavﬁr )

LW @y 20
@ <Zl QZk 1 7(n)k Z > '(E,W,U,Hzm)

E
g I

L® z(l) R I
N(}'m) ®l 2@ % (@m 1 7(n)k (Evﬂ-aa—v/{mm))
JAONPIS l
~(Fm) @l 2@ %‘(Eaﬁvaa/‘?/(g))
(128) JAONPIS
~(Fm) @1:2 @k o (B, 7,0, Ks,)

R
@m IZ(T* ) '(E77T70'7’/‘:xm)'
As a consequence, we obtain

@2:1 % 7(3) (E,7m,0,ky,)
= @ (( Z— )'m + (sz+)m) : (Eaﬂ—v g, Hzm)
Z_ R %
v ®m %(T ) . (E77T707 Kw7n))
0% (Do £ T2 (Bmoiks,))
(60) Z_ R .
~Fn Vo (@m 1 Z (T ) ’ (E’ ™, 0, me))
Z *
@% (@Z 1Z+(T ZJF) (Eaﬂ—vo—a’fmm)>
~(F.m) @i 1 V((Cr#< ) + (Tiz-k)m) ! (ana g, ’izm)
= @Z 1 V (1) (E//T,O} ’{zm)~
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5. (F,n)-bridges via linear algebra

We finally compute

(Eaﬂ->0-a’70 (R;O GBR))

1» ,(58),(18) R 0 0 0
2.0 or oo (9% + wem + g + o)) - (B, 7,0, k)
(54) R 1 1 0
= D, s (9w + vt +w_ i + g - (B, 7,0, 65,

1A.2.0l R 1 0
~(F.m) 2523%1/ ) (@mzl QG—I&-W(-(]’(’L) T W m + gﬁn)) -(E,m,o0, /%m)>
R 1
® 2G+“//+W ) (®m:1 %Qﬁn) (B, 7,0, "fa:))

B8 o7 L (g% w_ o + g+ o) - (B, 7,0, k)

~(Fmn m=1 2G+V+W
(BN EENIE) = (E o =
~(F,m) (E37T70-7’70(K‘1®H>)3

thus establishing . |

A.5.23 PROPOSITION: Let B be a separable unital recursive subhomogeneous C*-algebra with recursive
subhomogeneous decomposition [By, X;, Qu, i, ¢i|2, and let F C Bi finite andn,§ > 0 be given.

Let (E,m,0,Ro), (E,m,0,R1) and (E,w,0,k) be weighted (F,n)-excisors and let

7:Q0Q—Q
be a unital embedding such that
(EJT,O’,’_)/O(I_{()@R)) ~(F,m) (E,W,J,’_}/O(I_‘il@l‘_i)) (62)
(compatible with the decomposition).
Then there is a unital embedding
v7:Q®Q—Q

such that
(E,Tl',o’,"y © (R’O S3) R‘)) ~(F.m) (E,?T,0'7’)/ © (Rl S2] R))

(also compatible with the decomposition) and

ITa(v((p,0))) — 7a(p)| <6

for every projection p € Q, in particular

T0(7((1g,0))) > 1—4.

PrOOF: Choose N € N so large that

ro(3((0,1)) s

and a unital embedding

such that

fori e {1,...,N} and
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(F,n)-bridges via linear algebra

Define
v: 90 Q—Q
by
y:=0o0 (((sz\il 61') & idQ) ©(en+1® idQ))
and
%:Q®QHQ®Q + Q
by

Vo= 0o ((( £y ei) ®idg) ® (e; ®ido)
® ((ZLH ei) ® idg) ® (eng1 ® idg))

for j € {1,...,N}.

We clearly have
70(7((1g,0))) > 1 —0.
Note also that

v o (Fo @ R) = YN o (Ro ® o ® k1 D F) (63)
and
yo(Ri@®F)=r 0 (Ro DR DR DR), (64)
since
PYN((O’vavo)) = 71((377030)0)) =0
for x € Q.

We furthermore have

;0 (Ro @ Fo ® Ry ® K) = 741 0 (Ro ® 1 ® Ry @ R) (65)
for j € {1,...,N —1}. From and [A.2.0] we obtain
(E,m 0,70 (ko ® ko D R1 @ R)) ~Fn (B, 70,70 (Fo © k1 © K1 DR)). (66)
We now have

(E77T70-770(R0@R)) (E,’]T,J,’)/NO(FL()@FE()@I_Ql@R))

(66) _ B B B
Nﬂ?) (E,W,J,’yN O(/‘EO@/‘M D k1 @K)))
(65)) _ B B B
(Eaﬂan’on(fio@fio@m @Kl))
~Fay  (Bimo,yjo (Ro @ R @R @ R))
= (E77T,U,’710(F50@I_€0€BR1€9R))
~Fa (Bymo,m o (Ro @ ki @Ry ©F))

(E,m,0,70 (R ®R)).

A.5.24 PROPOSITION:  Let B be a separable unital recursive subhomogeneous C*-algebra and let
FC Bi finite and 0 < n, 5 <1 be given.
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5. (F,n)-bridges via linear algebra

Suppose B has an (F,n)-connected recursive subhomogeneous decomposition
(B, X1, Qu, 1, dility

along which projections can be lifted and such that X; \ Q; # 0 for 1 > 1.
Let 19,71 € T(B) be tracial states with

(TO)* = (Tl)*

(as states on the ordered Ko(B)).
Then there are x; € X; \ Q forl € {1,..., R} and pairwise orthogonal (F,n)-excisors

(By)y Ty, 00,), L€ {1,..., R};
in this case,
E,, 2M,,le{l,...,R}
and

R R R
(E =By Euyy ™= D1 Ty 0 =B, U“”) (67)

is an (F,n)-excisor.

Furthermore, there are unital embeddings
ki E— Q,ie{0,1},
such that
(E7 ™, 0, KJO) ~(F.m) (E7 T, 0, K’l)

and such that
Yi1 = To(ki(lE,,)) (68)

satisfy
lyia — ('l < B (69)

forie{0,1}, L € {1,..., R}, where the y]* are as in (15).
PRrROOF: Apply Proposition with

to obtain x; € X; \ Q;, pairwise orthogonal weighted (F,n)-excisors
(Ee)s Tayy 02y Key ), €41, R},

and unital embeddings
- R
Yo, V1,7 - @lzl Q — Q

and
7: 909 — Q.

Apply Proposition with

5=

3
and with
Ri:=";0 (@f;l /{m,) , 1€ {0,1},

and

_ ~ R
sm 7o ()
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(F,n)-bridges via linear algebra

to obtain a unital embedding

v: Q@ Q—Q
such that 5
ITo(v((p,0))) = 7a(P)l < 3 (70)

for every projection p € Q, whence in particular

w|l®

To(7((0,10))) < 3, (71)

and such that
ki:=~vo (R, ®R), i € {0,1}

satisfy
(E,m 0,k0) ~Fy (E,7,0,K1).
With
Yiq = 1o(ki(1g,,)) = To(V(Vi(ke,(1R,,)) ® V(ka, (15,,))))
and
Yii = 10(Vi(kz,(1E,,)))
we have
yi1 — v/’ < [Yii — Gial + |Giq — v/
< [Te(Y(Vi(ke, (1,,)) ©0)) — o (Vilka, (1E,,)))]
+70(Y(0 ® Y(ks,(18,,))))
HFig =y
ogo 511

A.5.25 LEMMA: Let B be a separable unital recursive subhomogeneous C*-algebra and let F C B_l‘_
finite and n > 0 be given.

Suppose B has an (F,n)-connected recursive subhomogeneous decomposition
[Blu le le T, (bl]lRZI

along which projections can be lifted and such that X; \ Q; # 0 for 1 > 1.
Let 7O ... (=Y ¢ T(B) be n faithful tracial states with

(), =...= ("),

(as states on the ordered Ko(B)).

Then there are
0=Ko<Ki<..<K, 1=KeN

and pairwise orthogonal weighted (F,n)-excisors
(Q%,P%,U%a/‘@%), .7 S {Oa .. '7K}a

implementing (F,n)-bridges

Qg prp.0m0,50) ~F) o ~Fa) Qi Py st i)
N(.F,n) c N(]:,’r]) (Q Kpn_1 ;pKn—l 70Kn—1 7K’Kn—1 )7
K K K K
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5. (F,n)-bridges via linear algebra

and such that, for each projection ¢ € Qxy,, m € {0,...,n— 1},
K

1
(m) .
("™ ® 7)o 1 () 2 =7 - Tok 1 (a). (72)
PRrROOF: Let us first prove the lemma for n = 2. Choose
_ 1
0<a,pB,6<
n
such that
1 1
~Z—5)-(1-2a) > 73
(5-0) G202 (73)
and
o
B<a-yl4 for all i € {0,1}, 1 € {1,..., R} (74)
(this is possible since X; \ Q; # 0 and the traces are faithful, whence le(w > 0).
Let (E,m,0,k;) and y;; = TQ(ri(15,,) fori € {0,1},1€{1,...,R}, beasin Proposition
Choose
0<y<pB,
then
()
Yil—7—B2yi1—28 = yiu—a- yl2
Z Yi,l « (le - 6)
(69)
> (1-a) i (75)
By Proposition there are (F,n)-excisors
(Ei, pi, 64), i € {0,1},
compatible with the recursive subhomogeneous decomposition, with
E; = @szl Ei,z
and each Ei)l a direct sum of copies of M,,, cf. , and such that
(Tig @ 7)o (Y ®idg) 0 iyl )
(@)
E
169
= Y-y —B
@ )
> (1-a) yi (76)

Choose unital *~-homomorphisms

fit B — Q, i€ {0,1},
such that

T ori(lg, ) = yi
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(F,n)-bridges via linear algebra

and

(1 @ 71q) 0 5i(q) = (Tia ® TQ) © (1 @ idg) © 54(g) = (1 — @) - 7q © i(q)

for all projections q € E.Z-,l; it follows that

(T ®@7g) 0 6i(g) > (1 — @) - g 0 ki(q)
for all projections q € E;.
Now by Proposition [A-3.0] we have
(Eiv pi» T, "iz) ~(F,m) (E7 T, 0, 'kai)
for i € {0,1}. By Proposition
(B, 7, 0,k0) ~(Fn (E,7, 0,K1),
so by transitivity, ' )
<E07 pOa é-07 ’%0) ~(F,m) (Ela pla d17 ’%1)’
with a bridge consisting of (F,n)-excisors
(BEpopy,op,hy), jed{0,... K},
for some K € N.

Choose pairwise orthogonal projections

QOaQI/Ky"'aql S Q

such that
Yoty = lo
and 1
To(q) = To(q1) = 5 g
and

20 .
TQ(Qj/K) “K_1 je{l,...,K —1}.

Choose a *-isomorphism

0:08Q0Q
and define, for j € {0,..., K},
Ry = Eg,
pp () = pi()
o.(.) = (dp®0)o(6,(.)®qy),
Ky = H%

We check that the (Ql,pi,ai,nl), j €{0,..., K}, have the right properties:

(77)

(79)

Each o i is an isometric c.p. order zero map since & i is and since qi is nonzero. The o i have

pairwise orthogonal images, since the q; 4 are pairwise orthogonal

For i € {0,1} and ¢ € Q; a projection, we have

(1Y @710)(0ia)) = (7 @70)(idp ©0)(Gi(a) ® 41)
(¥ ® 7g ®70)(5i(q) ® a:)
= 1o(g) (T ® 10)(6:(q))

> (1/2=90)-(1-a)-1ooki(q)
et
= 911 Q ilq)-
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5. (F,n)-bridges via linear algebra

For j €{0,...,K} and b € F,

log (e, )(b®1e) —oypy (O]

= l(Gdp @ 0)(F (Ao, ) ®qy))((ldp @0)(b® 1o ® 1))

(s ®6)(6 5y (D) ©q,)
= e b8 L) @y — by iy ) ayl

<

so each (Q FRY IR F] ) is a weighted (F,n)-excisor (which is clearly compatible with the given
recursive subhomogeneous decomposition).

We now turn to the case of arbitrary n. Fix (F,w,0) as in the first part of the proof, cf. .
Choose @, 3,9 as above; we may in addition assume that

(r™ @ ra)olq) > P (s1)
for all m € {0,...,n — 1} and all nonzero projections ¢ € E.

We now apply the first part of the proof to each pair 7™, 7(m+1) m e {0,...,n —2}. This yields
for each m € {0,...,n — 1} and i € {0,1} (F,n)-excisors

(B, 7,0, /{Em))

and
o & (s (Las, ), L€ {1, R),
such that
i~y S B

as well as (F,n)-excisors

& 5" 6 )

with
(B,momd™) ~Fm (B0 65 5)
BBy (4,5 )
~E (B0 k™) (82)
and with
(17 @ 7) 06 () D (1 - @) - 70 0 4™ (g)

for all projections g € E’(m), m € {0,...,n—2}, i€ {0,1}.

i

But then it is not hard to find unital *-homomorphisms

£ R RV DB 5 0

such that
Bl e @ P T ey k(™ (83)
and
ot i @ i A0 ek (84)

(here, we use notation as in ii) to denote weighted sums of *-homomorphisms F — Q).
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(F,n)-bridges via linear algebra

Combining , and with Remark (ii), one checks that
(1= (n=1)5) - (Emom")
® (@m 1€{0,0m— 1}\{m}§ (E,m, 0, fiém)))
~En (L= =1)5) (B.mom"Y)

@ (@m/e{o n—1}\{m+1} 2 8 (B,m ok ))) (85)

Combining with we see that, for all m € {0,...,n — 2},
(1-(n—1)5)- (Eé’”),pé*”’, 6" ")
& (@m’G{O ..... n—1}\{m} 5 (B, 7,0, ’iém)))

(1—(n-— 1)§) ] (E(gm+1)7p~ém+1)7d(()m+1)7 k(()erl))

® (@m’e{o n—1}\{m+1} g ’ (E77T, g, ’%E)m ))> : (86>

.....

~(F.m)

Note that, for any projection ¢q € E-i(m)7
(1= (=15 (" @ro) o™ ()
> (1-(n-1)5-a) Tgon‘ '(q)
> (1-2a) g0 k(" (q).

We may therefore assume that there are
0=Ky<Ki<..<K,.1=KeN

and an (F,n)-bridge consisting of (F,n)-excisors

with

= (1-(n-1)5) <Eém>,pé "o i)
® (@m 140, m—1}1\{m} 2 8 (E,m o k" )))
for m € {0,...,n—1}.
Choose pairwise orthogonal projections
90,9459 € Q

such that
Zj Q% =1g

and such that each ¢k, can be written as a sum of two projections
K

qKpn = QK"L + QKm

m
K

with
70(q'k, ) = 1/n —

w‘s
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5. (F,n)-bridges via linear algebra

70(¢ky ) = 6/2
K
and such that all other projections have the same tracial value nd/2K.

As in the first part of the proof, choose an isomorphism
0: 99— Q

and define

o; = (dg®0)o(d (.)®q%).

g g
K K

Then the
(Qu.pi,0,k)

clearly are (F,n)-excisors implementing an (F,n)-bridge. is now checked in a similar manner as

, using and . |
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