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Abstract. The real sphere SN−1
R appears as increasing union, over d ∈ {1, . . . , N}, of its

“polygonal” versions SN−1,d−1
R = {x ∈ SN−1

R | xi0 . . . xid = 0 for all i0, . . . , id distinct}.
Motivated by general classification questions for the undeformed noncommutative spheres,
smooth or not, we study here the quantum isometries of SN−1,d−1

R and of its various noncom-
mutative analogs, obtained via liberation and twisting. We also discuss a complex version
of these results, with SN−1

R replaced by the complex sphere SN−1
C .

Introduction

Goswami has shown in [14] that any noncommutative compact Riemann-
ian manifold X has a quantum isometry group G+(X). While the classical,
connected manifolds cannot have genuine quantum isometries [16], the situa-
tion changes when looking at manifolds which are (1) disconnected, or (2) not
smooth, or (3) not classical.

The fact that a disconnected manifold can have indeed quantum isometries
is well known and goes back to Wang’s paper [24], where a free analog S+

N of
the symmetric group SN , acting on the N -point space XN = {1, . . . , N}, was
constructed. For non-smooth (connected) manifolds this is a relatively new
discovery, due to Huang [17], the simplest example here being the action of

S+
N on the union YN =

⋃N

i=1[0, 1]
(i) of the N copies of the [0, 1]-segment on

the coordinate axes of RN . Finally, for the non-classical manifolds this is once
again well known (see [14]); a basic example here being the action of the free
quantum group O+

N on the free real sphere SN−1
R,+ , as discussed in [4].

Generally speaking, it is an open question which exact geometric features
of X allow the existence of genuine quantum group actions. In view of the
above results and examples, the answer probably involves a subtle mixture of
non-connectedness, non-smoothness, and non-commutativity, which remains
yet to be determined.
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The present paper is a continuation of [1, 4], where we proposed the frame-
work of “undeformed noncommutative spheres” and their submanifolds, as a
reasonably general setting for investigating various quantum isometry phenom-
ena. We will study here certain non-smooth versions of SN−1

R and their various
noncommutative analogs.

More precisely, we will be interested in the “polygonal spheres” and their
noncommutative analogs appearing via liberation and twisting. The polygonal
spheres are real algebraic manifolds, depending on integers 1 ≤ d ≤ N , defined
as follows:

SN−1,d−1
R =

{
x ∈ SN−1

R | xi0 . . . xid = 0 for all i0, . . . , id distinct
}
.

This type of construction also applies to the noncommutative versions of SN−1
R

constructed in [1, 4]. The cases d = 1, 2 are of particular interest, because we
can recover in this way some key examples from [1], originally dismissed there
because of their non-smoothness. We have in fact nine basic polygonal spheres,
as follows:

SN−1
R

// SN−1
R,∗

// SN−1
R,+

SN−1,1
R

//

OO

SN−1,1
R,∗

//

OO

S̄N−1
R,∗

OO

SN−1,0
R

//

OO

S̄N−1,1
R

//

OO

S̄N−1
R .

OO

Here all the maps are inclusions. The three spheres on top are those in [4],
the three spheres on the right are their twists, introduced in [1], with the free
sphere SN−1

R,+ being equal to its own twist, and the four spheres at bottom left
appear as intersections.

We will first perform an axiomatic study of these nine spheres, with some
noncommutative algebraic geometry results, of diagrammatic type, extending
those in [1, 4]. We will prove then that the corresponding quantum isometry
groups are as follows:

ON
// O∗

N
// O+

N

HN
//

OO

H
[∞]
N

//

OO

Ō∗
N

OO

H+
N

//

OO

HN
//

OO

ŌN .

OO

Here the five results on top and at right are known from [1, 4]. The four new
results, at bottom left, concern the hyperoctahedral group HN and its versions
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H+
N , H

[∞]
N from [2, 3]. The proof uses methods from [1, 4, 9, 11, 20] and some

ad-hoc tricks.
We also have a complex version of these results, concerning the nine complex

analogs of the above spheres and quantum groups, which once again extends
some previous findings from [1]. We refer to the body of the paper for the
precise statements of our results and to the final section below for a list of
questions raised by the present work.

The paper is organized as follows: In Sections 1 and 2 we introduce the real
polygonal spheres. In Sections 3 and 4 we study their quantum isometries. In
Sections 5 and 6 we state and prove our main results, we discuss the complex
extensions, and we end with a few concluding remarks.

1. Noncommutative spheres

According to [4], the free analog SN−1
R,+ of the real sphere SN−1

R is the non-
commutative real manifold whose coordinates x1, . . . , xN are subject to the
condition

∑
i x

2
i = 1. To be more precise, SN−1

R,+ is the abstract spectrum of
the following universal C∗-algebra:

C(SN−1
R,+ ) = C∗

(
x1, . . . , xN | xi = x∗

i , x
2
1 + · · ·+ x2

N = 1
)
.

In what follows we are interested in various “subspheres” of SN−1
R,+ . As ex-

plained in [4], besides SN−1
R , another fundamental example is the half-liberated

sphere SN−1
R,∗ , which appears as an intermediate object,

SN−1
R ⊂ SN−1

R,∗ ⊂ SN−1
R,+ .

Moreover, as explained in [1], we have two more basic spheres obtained by
twisting,

S̄N−1
R ⊂ S̄N−1

R,∗ ⊂ SN−1
R,+ .

Here is the precise definition of the three extra spheres.

Definition 1.1. The subspheres S̄N−1
R , SN−1

R,∗ , S̄N−1
R,∗ ⊂ SN−1

R,+ are constructed
by imposing the following conditions on the standard coordinates x1, . . . , xN :

S̄N−1
R : xixj = −xjxi for any i 6= j,

SN−1
R,∗ : xixjxk = xkxjxi for any i, j, k,

S̄N−1
R,∗ : xixjxk =

{
−xkxjxi for any i, j, k distinct,

xkxjxi otherwise.

The fact that we have indeed S̄N−1
R ⊂ S̄N−1

R,∗ comes from abc = −bac =
bca = −cba for a, b, c ∈ {xi} distinct and aab = −aba = baa for a, b ∈ {xi}
distinct, where x1, . . . , xN are the standard coordinates on S̄N−1

R . In addition,
it is known that the inclusions

SN−1
R ⊂ SN−1

R,∗ ⊂ SN−1
R,+ and S̄N−1

R ⊂ S̄N−1
R,∗ ⊂ SN−1

R,+

are all proper at N ≥ 3; see [1].
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As pointed out in [1], when intersecting twisted and untwisted spheres,
non-smooth manifolds can appear. More precisely, SN−1

R ∩ S̄N−1
R,∗ consists by

definition of the points x ∈ SN−1
R having the property xixjxk = 0 for any i, j, k

distinct and is therefore a union of
(
N
2

)
copies of the unit circle T, which is not

smooth; see [1].
In what follows we will enlarge the formalism in [1], as to cover these inter-

sections as well, originally dismissed there, but which are quite interesting.

Proposition 1.2. The five main spheres and the intersections between them

are

SN−1
R

// SN−1
R,∗

// SN−1
R,+

SN−1,1
R

//

OO

SN−1,1
R,∗

//

OO

S̄N−1
R,∗

OO

SN−1,0
R

//

OO

S̄N−1,1
R

//

OO

S̄N−1
R ,

OO

where ṠN−1,d−1
R,× ⊂ ṠN−1

R,× is obtained by assuming xi0 . . . xid = 0 for i0, . . . , id
distinct.

Proof. We must prove that the 4-diagram obtained by intersecting the five
main spheres coincides with the 4-diagram appearing at bottom left in the
statement:

SN−1
R ∩ S̄N−1

R,∗
// SN−1

R,∗ ∩ S̄N−1
R,∗

SN−1
R ∩ S̄N−1

R
//

OO

SN−1
R,∗ ∩ S̄N−1

R

OO

=

SN−1,1
R

// SN−1,1
R,∗

SN−1,0
R

//

OO

S̄N−1,1
R .

OO

But this is clear, because combining the commutation and anticommutation

relations leads to the vanishing relations defining spheres of type ṠN−1,d−1
R,× .

More precisely:

(1) SN−1
R ∩ S̄N−1

R consists of the points x ∈ SN−1
R satisfying xixj = −xjxi

for i 6= j. Since xixj = xjxi, this latter relation reads xixj = 0 for i 6= j,
which means x ∈ SN−1,0

R .

(2) SN−1
R ∩ S̄N−1

R,∗ consists of the points x ∈ SN−1
R satisfying xixjxk =

−xkxjxi for i, j, k distinct. Once again by commutativity, this relation is
equivalent to x ∈ SN−1,1

R .

(3) SN−1
R,∗ ∩ S̄N−1

R is obtained from S̄N−1
R by imposing to the standard coor-

dinates the half-commutation relations abc = cba. On the other hand, we know
from S̄N−1

R ⊂ S̄N−1
R,∗ that the standard coordinates on S̄N−1

R satisfy abc = −cba
for a, b, c distinct and abc = cba otherwise. Thus, the relations brought by in-
tersecting with SN−1

R,∗ reduce to the relations abc = 0 for a, b, c distinct, and so
we are led to the sphere S̄N−1,1

R .
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(4) SN−1
R,∗ ∩ S̄N−1

R,∗ is obtained from S̄N−1
R,∗ by imposing the relations abc =

−cba for a, b, c distinct and abc = cba otherwise. Since we know that abc = cba
for any a, b, c, the extra relations reduce to abc = 0 for a, b, c distinct, and so
we are led to SN−1,1

R,∗ . �

Let us find now a suitable axiomatic framework for the nine spheres in
Proposition 1.2. We denote by P (k, l) the set of partitions between an upper
row of k points and a lower row of l points. We set P =

⋃
kl P (k, l) and

denote by Peven ⊂ P the subset of partitions having all the blocks of even size.
Observe that Peven(k, l) = ∅ for k + l odd.

We use the fact, from [1], that there is a signature map ε : Peven → {−1, 1},
extending the usual signature of permutations, ε : S∞ → {−1, 1}. This map
is obtained by setting ε(π) = (−1)c, where c ∈ N is the number of switches
between neighbors required for making π noncrossing, and which can be shown
to be well-defined modulo 2.

Definition 1.3 ([1]). Given variables x1, . . . , xN , any permutation σ ∈ Sk

produces two collections of relations between these variables, as follows:

(1) Untwisted relations: xi1 . . . xik = xiσ(1)
. . . xiσ(k)

for any i1, . . . , ik.

(2) Twisted relations:

xi1 . . . xik = ε
(
ker

( i1 ··· ik
iσ(1) ··· iσ(k)

))
xiσ(1)

. . . xiσ(k)

for any i1, . . . , ik.

The untwisted relations are denoted by Rσ and the twisted ones by R̄σ.

Observe that the relations Rσ are trivially satisfied for the standard co-
ordinates on SN−1

R for any σ ∈ Sk. A twisted analog of this fact holds, in
the sense that the standard coordinates on S̄N−1

R satisfy the relations R̄σ for
any σ ∈ Sk. Indeed, by anticommutation we must have a formula of type
xi1 . . . xik = ±xiσ(1)

. . . xiσ(k)
, and the sign ± obtained in this way is precisely

the one given above (see [1]),

± = ε
(
ker

( i1 ··· ik
iσ(1) ··· iσ(k)

))
.

Finally, we agree as in [1] to distinguish the untwisted and twisted cases by
using a dot symbol, which is null in the untwisted case and a bar in the twisted
case.

We have now all the needed ingredients for axiomatizing the various spheres.

Definition 1.4. We have three types of noncommutative spheres S ⊂ SN−1
R,+ ,

as follows:

(1) Monomial: ṠN−1
R,E , with E ⊂ S∞, obtained via the relations {Ṙσ | σ ∈ E}.

(2) Mixed monomial: SN−1
R,E,F = SN−1

R,E ∩ S̄N−1
R,F , with E,F ⊂ S∞.

(3) Polygonal: SN−1,d−1
R,E,F = SN−1

R,E,F ∩ SN−1,d−1
R,+ , with E,F ⊂ S∞ and d ∈

{1, . . . , N}.
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Here the subsphere SN−1,d−1
R,+ ⊂ SN−1

R,+ appearing in (3) is constructed as in
Proposition 1.2, by imposing the relations xi0 . . . xid = 0 for i0, . . . , id distinct.

With the above notions, we cover all spheres appearing so far. More pre-
cisely, the five spheres in [1] are monomial, the nine spheres in Proposition 1.2
are mixed monomial, and the polygonal sphere formalism covers all the exam-
ples given so far in this paper.

Observe that the set of mixed monomial spheres is closed under intersec-
tions. The same holds for the set of polygonal spheres, because we have the
following formula:

SN−1,d−1
R,E,F ∩ SN−1,d′−1

R,E′,F ′ = S
N−1,min(d,d′)−1
R,E∪E′,F∪F ′ .

Let us try now to understand the structure of the various types of noncom-
mutative spheres. We call a group of permutations G ⊂ S∞ filtered if, with
Gk = G∩Sk, we have Gk×Gl ⊂ Gk+l for any k, l. We use the following simple
fact, coming from [1].

Proposition 1.5. The various spheres can be parametrized by groups, as

follows:

(1) Monomial case: ṠN−1
R,G , with filtered group G ⊂ S∞.

(2) Mixed monomial case: SN−1
R,G,H , with filtered groups G,H ⊂ S∞.

(3) Polygonal case: SN−1,d−1
R,G,H , with filtered groups G,H ⊂ S∞ and d ∈

{1, . . . , N}.

Proof. As explained in [1], in order to prove (1) for a monomial sphere S =

ṠR,E , we can take G ⊂ S∞ to be the set of permutations σ ∈ S∞ having the

property that the relations Ṙσ hold for the standard coordinates of S. We have
then E ⊂ G and also S = ṠN−1

R,G . The fact that G is a filtered group is clear as

well; see [1]. Cases (2) and (3) follow from (1) by taking intersections. �

Let us write now the nine main polygonal spheres as in Proposition 1.5 (2).
We recall from [1] that the permutations σ ∈ S∞ having the property that
when labelling clockwise their legs ◦ • ◦ • . . . and string joins a white leg to a
black leg, form a filtered group, denoted S∗

∞ ⊂ S∞. This group comes from the
half-liberation considerations in [6] and its structure is very simple (see [1]),

S∗
2n ≃ Sn × Sn, S∗

2n+1 ≃ Sn × Sn+1.

We call a mixed monomial sphere parametrization S = SN−1
R,G,H standard

when both filtered groups G,H ⊂ S∞ are chosen to be maximal. In this
case, Proposition 1.5 and its proof tell us that G,H encode all the monomial
relations which hold in S.

We have the following result, extending some previous findings from [1].
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Theorem 1.6. The standard parametrization of the nine main spheres is

S∞ S∗
∞ {1} G/H

SN−1
R

// SN−1
R,∗

// SN−1
R,+ {1}

SN−1,1
R

//

OO

SN−1,1
R,∗

//

OO

S̄N−1
R,∗

OO

S∗
∞

SN−1,0
R

//

OO

S̄N−1,1
R

//

OO

S̄N−1
R

OO

S∞,

where S∗
∞ ⊂ S∞ is given by S∗

2n ≃ Sn × Sn, S
∗
2n+1 ≃ Sn × Sn+1.

Proof. The fact that we have parametrizations as in the statement is known to
hold for the five main spheres from [1], as explained there. For the remaining
four spheres the result follows by intersecting and using the following formula,
valid for any E,F ⊂ S∞:

SN−1
R,E,F ∩ SN−1

R,E′,F ′ = SN−1
R,E∪E′,F∪F ′ .

In order to prove that the parametrizations are standard, we must compute the
following two filtered groups and show that we get the groups in the statement:

G = {σ ∈ S∞ | the relations Rσ hold over X},

H = {σ ∈ S∞ | the relations R̄σ hold over X}.

As a first observation, using the various inclusions between spheres, we just
have to compute G for the spheres on the bottom and H for the spheres on
the left:

X = SN−1,0
R , S̄N−1,1

R , S̄N−1
R =⇒ G = S∞, S∗

∞, {1},

X = SN−1,0
R , SN−1,1

R , SN−1
R =⇒ H = S∞, S∗

∞, {1}.

The results for SN−1,0
R being clear, we are left with computing the remaining

four groups, for the spheres SN−1
R , S̄N−1

R , SN−1,1
R , S̄N−1,1

R . The proof here goes
as follows:

(1) SN−1
R . According to the definition of H = (Hk), we have

Hk =
{
σ ∈ Sk | xi1 . . . xik = ε

(
ker

( i1 ··· ik
iσ(1) ··· iσ(k)

))
xiσ(1)

. . . xiσ(k)

for all i1, . . . , ik
}

=
{
σ ∈ Sk | ε

(
ker

( i1 ··· ik
iσ(1) ··· iσ(k)

))
= 1 for all i1, . . . , ik

}

=
{
σ ∈ Sk | ε(τ) = 1 for all τ ≤ σ

}
.

Now since for any σ ∈ Sk, σ 6= 1k, we can always find a partition τ ≤ σ
satisfying ε(τ) = −1, we deduce that we have Hk = {1k}, and so H = {1}, as
desired.
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(2) S̄N−1
R . The proof of G = {1} here is similar to the proof of H = {1} in

case (1), using the same combinatorial ingredient at the end.

(3) SN−1,1
R . By definition ofH = (Hk), a permutation σ ∈ Sk belongs to Hk

when the following condition is satisfied for any choice of the indices i1, . . . , ik:

xi1 . . . xik = ε
(
ker

( i1 ··· ik
iσ(1) ··· iσ(k)

))
xiσ(1)

. . . xiσ(k)
.

When |ker i| = 1, this formula reads xk
r = xk

r , which is true. When |ker i| ≥ 3,
this formula is automatically satisfied as well, because by using the relations
ab = ba and abc = 0 for a, b, c distinct, which both hold over SN−1,1

R , the
formula reduces to 0 = 0. Thus, we are left with studying the case |ker i| = 2.
Here the quantities on the left xi1 . . . xik will not vanish, so the sign on the
right must be 1, and we therefore have

Hk =
{
σ ∈ Sk | ε(τ) = 1 for all τ ≤ σ, |τ | = 2

}
.

Now by coloring the legs of σ clockwise ◦ • ◦ • . . . , the above condition is
satisfied when each string of σ joins a white leg to a black leg. Thus Hk = S∗

k ,
as desired.

(4) S̄N−1,1
R . The proof of G = S∗

∞ here is similar to the proof of H = S∗
∞

in case (3), using the same combinatorial ingredient at the end. �

As a conclusion, the 5 + 4 = 9 spheres from Proposition 1.2 come from the
3×3 ways of selecting a pair of filtered groups (G,H), among the basic filtered
groups {1}, S∗

∞, S∞. This result, improving some previous findings from [1], is
the best one that we have.

2. Uniqueness results

In this section we discuss a number of conjectures, whose validity would
improve the formalism in Theorem 1.6. These conjectures are all equivalent:

Proposition 2.1. The following are equivalent:

(1) The three spheres in [4] are the only untwisted monomial ones.

(2) The five spheres in [1] are the only monomial ones.

(3) The nine spheres in Theorem 1.6 are the only mixed monomial ones.

Proof. The implications (1) ⇒ (2) ⇒ (3) are obtained by intersecting, and
(3) ⇒ (2) ⇒ (1) by restricting. �

These conjectures belong a priori to operator theory/algebras and more
specifically to a branch that could be called “noncommutative algebraic geom-
etry, with positivity”, that we are trying to develop in this paper. Our claim
here would be that there might be a purely combinatorial way of solving them.
We have the following definition.

Definition 2.2. Consider a filtered group of permutations, that is, a group
G ⊂ S∞, G = (Gk), satisfying Gk ×Gl ⊂ Gk+l for any k, l. We call this group

(1) saturated, if G consists of all permutations σ ∈ Sk such that the relations
xi1 . . . xik = xiσ(1)

. . . xiσ(k)
hold over SN−1

R,G for any i1, . . . , ik;

Münster Journal of Mathematics Vol. 8 (2015), 253–284
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(2) weakly saturated, if whenever σ ∈ Gk satisfies σ(i + 1) = σ(i) ± 1, the
permutation σ(i,i+1) ∈ Sk−2 obtained by deleting i, i+1 and their images
belongs to Gk−2.

It follows from Proposition 1.5 that we have a saturation operation G→ G̃
for the filtered groups, which can be obtained by setting SN−1

R,G = SN−1

R,G̃
, with

G̃ ⊂ S∞ chosen maximal. With this remark in hand, the conjecture in Proposi-
tion 2.1 (1) simply states that there are exactly three saturated groups, namely
{1}, S∗

∞, S∞. Observe that these three groups are indeed saturated, as a con-
sequence of Theorem 1.6.

Regarding now the weak saturation, once again this produces an operation
G → Ḡ for the filtered groups. Indeed, given G ⊂ S∞ we can add to it all the
permutations σ(i,i+1) appearing in Definition 2.2 (2), then consider the filtered
group generated by G and by these extra permutations, and then repeat the
procedure, a finite or possibly countable number of times, until we obtain a
weakly saturated group Ḡ.

The interest in the above notions comes from the following result.

Proposition 2.3. Any saturated group is weakly saturated. In particular,

if the only weakly saturated groups are {1}, S∗
∞, S∞, then the conjectures in

Proposition 2.1 hold.

Proof. Consider a saturated group G ⊂ S∞ and let S = SN−1
R,G be the corre-

sponding sphere. We must show that if σ ∈ Gk satisfies σ(i + 1) = σ(i) ± 1,
then σ(i,i+1) ∈ Gk−2.

We know from σ ∈ Gk that the relations xi1 . . . xik = xiσ(1)
. . . xiσ(k)

hold

over S. In the case σ(i+1) = σ(i)+1 these relations are of typeXabY = ZabT ,
and by setting a = b∗ and summing over a, we obtain XY = ZT . But these
are exactly the relations associated to the permutation σ(i,i+1) ∈ Sk−2. We
deduce that we have σ(i,i+1) ∈ Gk−2.

In the case σ(i + 1) = σ(i) − 1 the proof is similar. Indeed, the relations
associated to σ are now of type XabY = ZbaT . Once again setting a = b∗ and
summing over a, we obtain XY = ZT and conclude that σ(i,i+1) ∈ Gk−2.

Finally, the last assertion is clear from the above considerations. �

We have the following result, of interest in connection with Proposition 2.1.

Proposition 2.4. If a filtered group G ⊂ S∞, G = (Gk) is weakly saturated

and |G5| > 1, then G must be one of the groups S∞, S∗
∞.

Proof. Our claim, which will basically prove the result, is that for k ≤ 5,
σ ∈ Sk implies that there exist τ ∈ 〈1 ⊗ σ, σ ⊗ 1〉 ⊂ Sk+1 and i such that
τ(i + 1) = τ(i)± 1.

We have no conceptual proof for this claim, so we will first discuss the cases
k = 3, 4, following some previous work in [1], and then the case k = 5.

Case k = 3. Here we just have to investigate the 3-cycles and by symmetry
we can restrict attention to the cycle σ = (231). As explained in [1], a standard
C∗-algebra trick shows that the corresponding sphere collapses to SN−1

R . The

Münster Journal of Mathematics Vol. 8 (2015), 253–284
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point now is that this trick can be converted into a proof of the above claim.
More precisely, we have (1⊗σ)(σ⊗1) = (2143), which satisfies the requirements
for τ in the above claim.

Case k = 4. Here, as explained in [1], for 22 of the 24 permutations σ ∈ S4,
the above claim holds, with τ = σ. The remaining two permutations are
σ1 = (3412) and σ2 = (2413). The point now is that we have (1⊗σ1)(σ1⊗1) =
(52143) and σ2

2 = (4321), which both satisfy the requirements for τ in the above
claim; see [1].

Case k = 5. We have to study the 120 elements σ ∈ S5. Best here is
to consider the corresponding group 〈σ〉 ⊂ S5, which is G = Zs with s =
1, 2, 3, 4, 5, 6. At s = 1 the result is clear. At s = 3, 4, 5 what happens is that
we can always find τ ∈ G satisfying τ(i + 1) = τ(i) ± 1, for some i. At s = 6
the result follows from the s = 3 result. Thus we are left with the case s = 2.
Here the cycle structure of σ can be either (2111), where the result is clear, or
(221), which is the case left. But here σ must appear from one of the elements
(2143), (4321), (3412) ∈ S4 by adding a “fixed point”. When this fixed point is
at right or at left, the result is clear, so by symmetry it remains to study the
two cases where this fixed point is either in the middle or at left of the middle
point. Thus we have 3 × 2 = 6 cases to be investigated, five of these cases
are trivial, in the sense that σ itself satisfies σ(i + 1) = σ(i) ± 1 for some i.
The remaining case is σ = (42513), and here (1⊗ σ)(σ ⊗ 1) = (435621), which
satisfies the requirements for τ in the above claim.

Thus we are done with the proof of the above claim. The point now is that,
given G ⊂ S∞ as in the statement, we can pick σ ∈ G5 − {15} and apply
to it the above claim, perhaps several times, until we obtain either the basic
crossing (12) ∈ S2 or the half-liberated partition (321) ∈ S3. We deduce from
this that G must be generated by one of these two partitions, and so we have
G = S∞ or G = S∗

∞, as desired. �

Combining now Propositions 2.3 and 2.4, we deduce the following result.

Theorem 2.5. The conjectures in Proposition 2.1 hold, provided that the

spheres in question are generated by relations coming from permutations σ ∈ Sk

with k ≤ 5.

Proof. Propositions 2.3 and 2.4 tell us that at k ≤ 5 we have:

σ ∈ Sk, σ 6= 1k =⇒ SN−1
R,σ ∈ {SN−1

R , SN−1
R,∗ }.

Thus the conjecture in Proposition 2.1 (1) holds under the k ≤ 5 assumption.
The statements coming from Proposition 2.1 (2) and (3) follow as well, by
intersecting. �

We believe that Proposition 2.4 should hold under the assumption G 6= {1},
therefore proving the conjectures in Proposition 2.1, but we were unable so far
to extract something conceptual from the above proof which would extend
from k ≤ 5 to k ∈ N.
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As a second piece of evidence for the conjectures in Proposition 2.1, we can
try to intersect an arbitrary untwisted monomial sphere S = SN−1

R,E with the
three untwisted monomial spheres, or with the five monomial spheres, or with
the nine mixed monomial spheres, and see if we get indeed the results predicted
by S ∈ {SN−1

R , SN−1
R,∗ , SN−1

R,+ }.
There are many interesting statements here and as an example we have:

Proposition 2.6. For any F ⊂ S∞ we have

SN−1
R ∩ S̄N−1

R,F = SN−1,d−1
R

for a certain number d ∈ {1, . . . , N}. In addition, we have d ∈ {1, 2, N}.

Proof. We can assume F = {σ}, with σ ∈ Sk, σ 6= 1k.

(1) The anticommutation relations, when compared to the corresponding
commutation relations, translate into relations of type ai1 . . . aik = 0 for certain
indices i. Since we can permute the terms and also replace xr

i → xi for any
r ≥ 2, we are led to relations of type xi0 . . . xir = 0 for any i0, . . . , ir distinct.
Now since the spheres SN−1,r−1

R form an increasing sequence, by setting d =
min(r) we obtain the formula in the statement.

(2) We use the defining formulae for S̄N−1
R,σ , which are

xi1 . . . xik = ε
(
ker

( i1 ... ik
iσ(1) ... iσ(k)

))
xiσ(1)

. . . xiσ(k)
.

Comparing with the commutation relation xi1 . . . xik = xiσ(1)
. . . xiσ(k)

, valid

for the classical sphere SN−1
R , we conclude that the intersection SN−1

R ∩ S̄N−1
R,σ

consists of the points x ∈ SN−1
R which are subject to the following relations:

ε
(
ker

( i1 ... ik
iσ(1) ... iσ(k)

))
= −1 =⇒ xi1 . . . xik = 0.

In other words, given our permutation σ ∈ Sk, we can consider all the
partitions π ≤ σ, obtained by collapsing blocks. The partitions satisfying
ε(π) = 1 do not produce new relations and the partitions satisfying ε(π) = −1
produce the following relations, where r = |π| comes from the compression
procedure explained in part (1):

ker
( i1 ... ik
iσ(1) ... iσ(k)

)
= π =⇒ xi1 . . . xir = 0.

We use now the fact that σ ∈ S∞ with σ 6= 11, 12, 13, . . . implies that there
exists π ≤ σ, ε(π) = −1, |π| ≤ 3, which comes by selecting a suitable crossing
for σ and then by collapsing all the other strings to a single block. Thus
d+ 1 = min(r) satisfies d ∈ {2, 3} and we are done. �

As a last comment, a useful ingredient for dealing with the conjectures in
Proposition 2.1 would be a good diagrammatic framework for the polygonal
spheres. Observe that all the relations that we need are of the following type,
with α, β ∈ {−, 1, 0, 1}:

xi1 . . . xik =

{
α · xiσ(1)

. . . xiσ(k)
if ε = 1,

β · xiσ(1)
. . . xiσ(k)

if ε = −1.
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Here the number ε = ±1 on the right is by definition given by

ε = ε
(
ker

( i1 ... ik
iσ(1) ... iσ(k)

))
.

Thus the diagrams that we need are a priori the usual permutations, colored in
3× 3 = 9 ways, according to the values of (α, β). It is quite unclear, however,
on how to turn this idea into an efficient computational tool, that can solve
our conjectures.

3. Affine actions

We discuss now the computation of the quantum isometry groups of our
spheres. We use the quantum group formalism developed by Woronowicz in
[25, 26].

There are several ways of defining quantum isometries, depending on the
type of manifold involved, see [5, 10, 12, 13, 14, 15, 18, 21, 23, 24]. In what
follows we use an algebraic geometry approach, inspired from Goswami’s paper
[15].

Assume that we are given an algebraic manifold X ⊂ SN−1
R,+ , in the sense

thatX appears via a presentation result as follows, for certain noncommutative
polynomials Pα:

C(X) = C(SN−1
R,+ )/〈Pα(x1, . . . , xN ) = 0〉.

We say that a closed subgroup G ⊂ O+
N acts affinely on X when we have a

morphism of C∗-algebras Φ : C(X) → C(G)⊗C(X), given by xi →
∑

j uij⊗xi.
Observe that such a morphism is automatically coassociative and counital and
unique.

Proposition 3.1. Given an algebraic submanifold X ⊂ SN−1
R,+ , the category of

closed quantum subgroups G ⊂ O+
N acting affinely on X has a universal object,

G+(X).

Proof. Assume indeed that X is defined by polynomials Pα as above. Our
claim is that G = G+(X) appears as

C(G) = C(O+
N )/〈Pα(X1, . . . , XN ) = 0〉,

where Xi =
∑

j uij ⊗ xj ∈ C(O+
N )⊗ C(X).

In order to prove this claim, we have to clarify how the above relations
Pα(X1, . . . , XN ) = 0 are interpreted inside C(O+

N ) and then show that G is
indeed a quantum group.

So, pick one of the defining polynomials, P = Pα, and write it as follows:

P (x1, . . . , xN ) =
∑

r

αr · xir1
. . . xir

s(r)
.

With Xi =
∑

j uij ⊗ xj as above, we have the following formula:

P (X1, . . . , XN ) =
∑

r

αr

∑

jr1 ...j
r

s(r)

uir1j
r

1
. . . uir

s(r)
jr
s(r)

⊗ xjr1
. . . xjr

s(r)
.
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Since the space spanned by the variables at right is finite-dimensional, the
relations P (X1, . . . , XN) = 0 correspond indeed to certain relations between
the variables uij .

It order to show that G is indeed a quantum group, consider the following
elements:

u∆
ij =

∑

k

uik ⊗ ukj , uε
ij = δij , uS

ij = uji.

Now if we consider the associated elements Xγ
i =

∑
j u

γ
ij ⊗ xj , with γ ∈

{∆, ε, S}, then from the relations P (X1, . . . , XN) = 0 we deduce

P (Xγ
1 , . . . , X

γ
N ) = (γ ⊗ id)P (X1, . . . , XN ) = 0.

Thus, using the universal property of G, we can construct morphisms of alge-
bras mapping uij → uγ

ij for any γ ∈ {∆, ε, S}. This finishes the proof. �

As an illustration, we have the following statement, coming from [9, 15].

Proposition 3.2. Assume that X ⊂ SN−1
R is invariant under xi → −xi for

any i.

(1) If the coordinates x1, . . . , xN are linearly independent inside C(X), then

the group G(X) = G+(X) ∩ON consists of the usual isometries of X.

(2) In addition, in the case where the products of coordinates {xixj | i ≤ j}
are linearly independent inside C(X), we have G+(X) = G(X).

Proof. This follows from [9, 15], the idea being as follows:

(1) The assertion here is well known, G(X) = G+(X) ∩ ON being by def-
inition the biggest subgroup G ⊂ ON acting affinely on X . We refer to [15]
for details and for a number of noncommutative extensions of this fact, with
G(X) replaced by G+(X).

(2) Here we must prove that, whenever we have a coaction Φ : C(X) →
C(G) ⊗ C(X), given by Φ(xi) =

∑
j uij ⊗ xj , the variables uij commute. But

this follows by using a standard trick from [9] that we will briefly recall now.
We can write:

Φ([xi, xj ]) =
∑

k≤l

(
[uik, ujl]− [ujk, uil]

)
⊗
(
1−

δkl
2

)
xkxl.

Now since the variables {xkxl | k ≤ l} are linearly independent, we obtain
from this [uik, ujl] = [ujk, uil] for any i, j, k, l. Moreover, if we apply now the
antipode, we further obtain [ulj , uki] = [uli, ukj ] and, by relabelling, [uik, ujl] =
[uil, ujk]. We therefore conclude that we have [uik, ujl] = 0 for any i, j, k, l,
and this finishes the proof; see [9]. �

With the above notion in hand, let us investigate the polygonal spheres. We
recall from [1, 4] that the quantum isometry groups of the five main spheres
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are as follows:

SN−1
R

//

�O
�O
�O

SN−1
R,∗

//

�O
�O
�O

SN−1
R,+

�O
�O
�O

S̄N−1
R,∗

oo

�O
�O
�O

S̄N−1
R

oo

�O
�O
�O

ON
// O∗

N
// O+

N Ō∗
N

oo ŌN .oo

Here ON is the orthogonal group, O+
N is its free version constructed in [23],

ŌN is its twist constructed in [2], O∗
N is its half-liberated version studied in [6],

and Ō∗
N is its twisted half-liberated version constructed in [1]. We refer to [1]

for full details.
In the polygonal case now, we begin with the classical case. We use the

hyperoctahedral group HN and its free version H+
N constructed in [2].

Proposition 3.3. The quantum isometry group of SN−1,d−1
R is as follows:

(1) At d = 1 we obtain the free hyperoctahedral group H+
N .

(2) At d = 2, . . . , N − 1 we obtain the hyperoctahedral group HN .

(3) At d = N we obtain the orthogonal group ON .

Proof. Observe first that the sphere SN−1,d−1
R appears by definition as a union

on
(
N
d

)
copies of the sphere Sd−1

R , one for each choice of d coordinate axes,

among the coordinate axes of RN . We can write this decomposition as follows,
with IN = {1, . . . , N}:

SN−1,d−1
R =

⋃

I⊂IN ,|I|=d

(Sd−1
R )I .

(1) At d = 1 our sphere is SN−1,0
R = Z

⊕N
2 , formed by the endpoints of the

N copies of [−1, 1] on the coordinate axes of RN . Thus by [2] the quantum
isometry group is H+

N .

(2) Our first claim is that at d ≥ 2, the elements {xixj | i ≤ j} are linearly
independent. Since SN−1,1

R ⊂ SN−1,d
R , we can restrict attention to the case

d = 2. Here the above decomposition is as follows, where T{i,j} denote the
various copies of T:

SN−1,d−1
R =

⋃

i<j

T
{i,j}.

Now since {x2, y2, xy} are linearly independent over T ⊂ R2, we deduce from
this that {xixj | i ≤ j} are linearly independent over SN−1,d−1

R and we are
done. Thus, our claim is proved and so Proposition 3.2 (2) above applies and
gives G+(X) = G(X).

We are therefore left with proving G(X) = HN for any d ∈ {2, . . . , N − 1}.
Let us first discuss the case d = 2. Here any affine isometric action U y

SN−1,1
R must permute the

(
N
2

)
circles TI . So we can write U(TI) = TI′

for a
certain permutation of the indices I → I ′. Now since U is bijective, we deduce
that for any I, J we have

U(TI ∩ T
J ) = T

I′

∩ T
J′

.
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Since for |I ∩J | = 0, 1, 2 we have TI ∩TJ ≃ ∅, {−1, 1},T, by taking the union

over I, J with |I ∩J | = 1, we deduce that U(Z⊕N
2 ) = Z

⊕N
2 . Thus U ∈ HN and

we are done.
In the general case now, d ∈ {2, . . . , N − 1}, we can proceed similarly, by

recurrence. Indeed, for any subsets I, J ⊂ IN with |I| = |J | = d we have

(Sd−1
R )I ∩ (Sd−1

R )J = (S
|I∩J|−1
R

)I∩J .

Using d ≤ N − 1, we deduce that we have the following formula:

SN−1,d−2
R =

⋃

|I|=|J|=d,|I∩J|=d−1

(S
|I∩J|−1
R

)I∩J .

On the other hand, using the same argument as in the d = 2 case, we deduce
that the space on the right is invariant, under any affine isometric action on
SN−1,d−1
R . Thus by recurrence we obtain

G(SN−1,d−1
R ) = G(SN−1,d−2

R ) = HN

and we are done.

(3) At d = N the result is known from [4], with the proof coming from
the equality G+(X) = G(X), deduced from Proposition 3.2 (2), as explained
above. �

In order to discuss the twisted case, we recall the following definition from [2].

Definition 3.4. ŌN is the quantum group obtained by imposing the relations

ab =

{
−ba for a 6= b on the same row or column of u,

ba otherwise

to the standard coordinates uij of the quantum group O+
N .

As explained in [2], this quantum group has an interesting noncommutative
geometric meaning, because it is the quantum isometry group of the hypercube
ZN
2 ⊂ RN . Thus, ŌN is a natural analog of the hyperoctahedral group HN .

However, quite surprisingly, ŌN is not the free version of HN . The correct free
version of HN is the quantum isometry group H+

N of the space Z
⊕N
2 ⊂ RN

formed by the N copies of Z2 ⊂ R on the coordinate axes of RN , that we
already met in Proposition 3.3 (1); see [2].

Now back to the polygonal spheres, the study in the twisted case is consid-
erably more difficult than in the classical case, and we have complete results
only at d = 1, 2, N . Our next statement will be enhanced later on only with a
few minor results.

Theorem 3.5. The quantum isometry group of S̄N−1,d−1
R is as follows:

(1) At d = 1 we obtain the free hyperoctahedral group H+
N .

(2) At d = 2 we obtain the hyperoctahedral group HN .

(3) At d = N we obtain the twisted orthogonal group ŌN .
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Proof. The idea is to adapt the proof of Proposition 3.3:

(1) At d = 1 we have S̄N−1,0
R = SN−1,0

R = Z
⊕N
2 and by Proposition 3.3 (1),

coming from [2], the corresponding quantum isometry group is indeed H+
N .

(2) As a first ingredient, we will need the twisted analog of the trick from
[9], explained in the proof of Proposition 3.2 (2). This twisted trick was already
worked out in [1] for the sphere S̄N−1

R itself, and the situation is similar for any
closed subset X ⊂ S̄N−1

R , having the property that the variables {xixj | i ≤ j}
are linearly independent. More precisely, our claim is that if G ⊂ O+

N acts
on X , then we must have G ⊂ ŌN .

Indeed, given a coaction Φ(xi) =
∑

j uij ⊗ xj , we can write, as in [1]:

Φ(xixj) =
∑

k

uikujk ⊗ x2
k +

∑

k<l

(uikujl − uilujk)⊗ xkxl.

We deduce that with [[a, b]] = ab+ ba we have the following formula:

Φ([[xi, xj ]]) =
∑

k

[[uik, ujk]]⊗ x2
k +

∑

k<l

(
[uik, ujl]− [uil, ujk]

)
⊗ xkxl.

Now assuming i 6= j, we have [[xi, xj ]] = 0 and therefore obtain [[uik, ujk]] = 0
for any k and [uik, ujl] = [uil, ujk] for any k < l. By applying the antipode and
then relabelling, the latter relation gives [uik, ujl] = 0. Thus we have reached
to the defining relations for the quantum group ŌN and so we have G ⊂ ŌN ,
as claimed.

Our second claim is that the above trick applies to any S̄N−1,d−1
R with d ≥ 2.

Indeed, using the maps πij : C(S̄N−1,d−1
R ) → C(S̄1

R) obtained by setting xk = 0
for k 6= i, j, we conclude that the variables {xixj | i ≤ j} are indeed linearly
independent over S̄N−1,d−1

R .
Summarizing, we have proved so far that if a compact quantum group G ⊂

O+
N acts on a polygonal sphere S̄N−1,d−1

R with d ≥ 2, then we must have
G ⊂ ŌN . We must now adapt the second part of the proof of Proposition 3.3.
Since this is quite unobvious at d ≥ 3, we will restrict our attention to the case
d = 2, as in the statement.

So, consider a compact quantum group G ⊂ ŌN . In order to have a coaction
map

Φ : C(S̄N−1,1
R ) → C(G)⊗ C(S̄N−1,1

R ),

given as usual by

Φ(xi) =
∑

j

uij ⊗ xj ,

the elements Xi =
∑

j uij ⊗ xj must satisfy the relations XiXjXk = 0 for any
i, j, k distinct.
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For i, j, k distinct, we have

XiXjXk =
∑

a,b,c

uiaujbukc ⊗ xaxbxc

=
∑

a,b,c not distinct

uiaujbukc ⊗ xaxbxc

=
∑

a6=b

uiaujaukb ⊗ x2
axb +

∑

a6=b

uiaujbuka ⊗ xaxbxa

+
∑

a6=b

uibujauka ⊗ xbx
2
a +

∑

a

uiaujauka ⊗ x3
a.

Using xaxbxa = −x2
axb and xbx

2
a = x2

axb, we deduce

XiXjXk =
∑

a6=b

(uiaujaukb − uiaujbuka + uibujauka)⊗ x2
axb

+
∑

a

uiaujauka ⊗ x3
a

=
∑

a,b

(uiaujaukb − uiaujbuka + uibujauka)⊗ x2
axb.

Using now the defining relations for ŌN , which apply to the variables uij , we
can write this formula in a cyclic way, as follows:

XiXjXk =
∑

a,b

(uiaujaukb + ujaukauib + ukauiaujb)⊗ x2
axb.

We use now the fact, coming from [1], that the variables x2
axb on the right

are linearly independent. We conclude that, in order for our quantum group
G ⊂ ŌN to act on S̄N−1,1

R , its coordinates must satisfy the following relations
for any i, j, k distinct:

uiaujaukb + ujaukauib + ukauiaujb = 0.

Multiplying the left-hand side by ukb and then summing over b, we deduce
that we have uiauja = 0 for any i, j. Now since the quotient of C(ŌN ) by
these latter relations is C(HN ), we conclude that we have G+(S̄N−1,1

R ) = HN ,
as claimed.

(3) At d = N the result is already known from [1] and its proof follows
in fact from the “twisted trick” explained in the proof of (2) above, applied
to S̄N−1

R . �

Observe that the results that we have so far, namely those in [1] and in
Proposition 3.3 and Theorem 3.5, give us the quantum isometry groups of
eight of the nine spheres in Theorem 1.6. The sphere left, SN−1,1

R,∗ , will be
investigated in the next two sections.
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In the context of Theorem 3.5, we do not know what happens at d =
3, . . . , N − 1. It is easy to see that the hyperoctahedral group HN acts on
any polygonal sphere S̄N−1,d−1

R and our conjecture would be that this action
is the universal one.

4. Hyperoctahedral groups

As explained above, our main objective now will be that of computing the
quantum isometry group of SN−1,1

R,∗ . The computation is quite nontrivial and
requires a number of quantum group preliminaries, that we will develop in this
section.

We recall from [3, 6] that the quantum group O∗
N ⊂ O+

N is obtained by
imposing the half-commutation relations abc = cba to the standard coordinates
uij . This quantum group has a twist Ō∗

N , constructed in [1], whose definition
is as follows.

Definition 4.1. Ō∗
N ⊂ O+

N is the quantum group obtained by imposing the
relations

abc =

{
−cba for r ≤ 2, s = 3 or r = 3, s ≤ 2,

cba for r ≤ 2, s ≤ 2 or r = s = 3,

where r, s ∈ {1, 2, 3} are the numbers of rows and columns, respectively, of u
spanned by a, b, c ∈ {uij}.

In order to deal with Ō∗
N , it is useful to keep in mind the following ta-

ble, encoding the choice of the above half-commutation/half-anticommutation
signs:

r
s 1 2 3

1 + + −
2 + + −
3 − − +

We have intersected twisted and untwisted spheres in Section 2 and we will do
the same now for the corresponding orthogonal groups.

Proposition 4.2. The main five quantum groups and the intersections between

them, are

ON
// O∗

N
// O+

N

HN
//

OO

H∗
N

//

OO

Ō∗
N

OO

HN
//

OO

HN
//

OO

ŌN

OO

at N ≥ 3. At N = 2 the same holds, with the lower left square being
[
O2 O

+
2

H2 Ō2

]
.
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Proof. We study the following four quantum group intersections:

(1) ON ∩ ŌN . Here an element U ∈ ON belongs to the intersection when its
entries satisfy ab = 0 for any a 6= b on the same row or column of U . But this
means that our matrix U ∈ ON must be monomial and so we get U ∈ HN , as
claimed.

(2) ON ∩ Ō∗
N . At N = 2 the defining relations for Ō∗

N disappear and so
we have O2 ∩ Ō∗

2 = O2 ∩ O+
2 = O2, as claimed. At N ≥ 3 now, the inclusion

HN ⊂ ON ∩Ō∗
N is clear. In order to prove the converse inclusion, pick U ∈ ON

in the intersection and assume that U is not monomial. Permuting the entries,
we can further assume U11 6= 0 and U12 6= 0. From U11U12Ui3 = 0 for any i
we deduce that the third column of U is filled with 0 entries, a contradiction.
Thus we must have U ∈ HN , as claimed.

(3) O∗
N ∩ ŌN . At N = 2 we have O∗

2 ∩ Ō2 = O+
2 ∩ Ō2 = Ō2, as claimed.

At N ≥ 3 now, best is to use the result in (4) below. Indeed, knowing O∗
N ∩

Ō∗
N = H∗

N , our intersection is then G = H∗
N ∩ ŌN . Now since the standard

coordinates on H∗
N satisfy ab = 0 for a 6= b on the same row or column of

u, the commutation/anticommutation relations defining ŌN reduce to plain
commutation relations. Thus G follows to be classical, G ⊂ ON . Using (1),
we obtain G = H∗

N ∩ ŌN ∩ON = H∗
N ∩HN = HN , as claimed.

(4) O∗
N ∩ Ō∗

N . The result here is nontrivial and we must use technology
from [11]. The quantum group H×

N = O∗
N ∩ Ō∗

N is indeed half-classical in the

sense of [11], and since we have H∗
N ⊂ H×

N , this quantum group is not classical.

Thus the main result in [11] applies and shows that H×
N ⊂ O∗

N must come, via
the crossed product construction there, from an intermediate compact group
T ⊂ G ⊂ UN . Now observe that the standard coordinates on H×

N are by
definition subject to the conditions abc = 0 when (r, s) = (≤ 2, 3), (3,≤ 2),
with the conventions in Definition 4.1. It follows that the standard coordinates
on G are subject to the conditions αβγ = 0 when (r, s) = (≤ 2, 3), (3,≤ 2),
where r, s = span(a, b, c) as in Definition 4.1 and α = a, a∗, β = b, b∗, γ = c, c∗.
Thus we have G ⊂ Ū∗∗

N , where Ū∗∗
N is the twisted half-liberated version of UN

constructed in [1].
We deduce from this that we have G ⊂ K◦

N , where K◦
N = UN ∩ Ū∗∗

N . But
this intersection can be computed exactly as in the real case, in the proof of (2),
and we obtain K◦

2 = U2 and K◦
N = T ≀ SN at N ≥ 3. But the half-liberated

quantum groups obtained from U2 and T ≀ SN via the construction in [11] are
well known, these being O∗

2 = O+
2 and H∗

N . Thus by functoriality we have
H×

2 ⊂ O+
2 and H×

N ⊂ H∗
N at N ≥ 3, and since the reverse inclusions are clear,

we obtain H×
2 = O+

2 and H×
N = H∗

N at N ≥ 3, as claimed. �

Observe that the diagram in Proposition 4.2 is not exactly the quantum
isometry group diagram from the introduction. In order to evolve now towards
that diagram, we must first introduce a new quantum group, H

[∞]
N . This

quantum group was constructed in [3] and its main properties, worked out in
[3, 19, 20], can be summarized as follows.

Münster Journal of Mathematics Vol. 8 (2015), 253–284



272 Teodor Banica

Proposition 4.3. Let H
[∞]
N ⊂ O+

N be the compact quantum group obtained via

the relations abc = 0, whenever a 6= c are on the same row or column of u.

(1) We have inclusions H∗
N ⊂ H

[∞]
N ⊂ H+

N .

(2) We have ab1 . . . brc = 0, whenever a 6= c are on the same row or column

of u.
(3) We have ab2 = b2a for any two entries a, b of u.

Proof. We briefly recall the proof from [3, 19, 20]. Our first claim is that H
[∞]
N

comes, as an easy quantum group, from the following diagram:

π =

◦ ◦ ◦

◦ ◦ ◦

Indeed, since this diagram acts via the map Tπ(eijk) = δikeijk, we obtain

Tπu
⊗3eabc = Tπ

∑

i,j,k

eijk ⊗ uiaujbukc =
∑

i,j,k

eijk ⊗ δikuiaujbukc,

u⊗3Tπeabc = u⊗3δaceabc =
∑

i,j,k

eijk ⊗ δacuiaujbukc.

Thus Tπ ∈ End(u⊗3) is equivalent to (δik−δac)uiaujbukc = 0. The nontrivial
cases are i = k, a 6= c and i 6= k, a = c. They produce the relations uiaujbuic =
0 for any a 6= c and uiaujbuka = 0 for any i 6= k. Thus, we have reached to the
relations for H

[∞]
N .

(1) The fact that we have inclusions H∗
N ⊂ H

[∞]
N ⊂ H+

N comes from

◦

❄❄
❄❄

❄❄
❄❄

❄❄
◦ ◦

⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

◦ ◦

◦ ◦ ◦ ◦ ◦

=

◦ ◦ ◦

◦ ◦ ◦

and
◦ ◦ ◦

◦ ◦ ◦

=

◦ ◦

◦ ◦

(2) At r = 2, the relations ab1b2c = 0 come indeed from the following
diagram:

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

=

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

In the general case r ≥ 2 the proof is similar, see [3] for details.
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(3) We use here an idea from [19, 20]. Rotating π, we obtain

◦ ◦ ◦

◦ ◦ ◦

→

◦ ◦

◦ ◦ ◦ ◦

→

◦ ◦ ◦

◦ ◦ ◦

Let us denote by σ the partition on the right. Since Tσ(eijk) = δijekji, we
obtain

Tσu
⊗3eabc = Tσ

∑

i,j,k

eijk ⊗ uiaujbukc =
∑

i,j,k

ekji ⊗ δijuiaujbukc,

u⊗3Tσeabc = u⊗3δabecba =
∑

i,j,k

ekji ⊗ δabukcujbuia.

Thus Tσ ∈ End(u⊗3) is equivalent to δijuiaujbukc = δabukcujbuia. Setting
j = i and b = a, we obtain the commutation relation u2

iaukc = ukcu
2
ia in the

statement. �

The relation of H
[∞]
N with the polygonal spheres comes from the following

fact.

Proposition 4.4. Let X ⊂ SN−1
R,+ be closed, d ≥ 2, and Xd−1 =X ∩ SN−1,d−1

R,+ .

Then for a quantum group G ⊂ H
[∞]
N the following statements are equivalent:

(1) xi →
∑

j uij ⊗ xj defines a coaction Φ : C(Xd−1) → C(G)⊗ C(Xd−1).

(2) xi →
∑

j uij ⊗ xj defines a morphism Φ̃ : C(X) → C(G)⊗ C(Xd−1).

In particular, G+(X) ∩H
[∞]
N acts on Xd−1 for any d ≥ 2.

Proof. The idea here is to use the relations in Proposition 4.3 (2):

(1) ⇒ (2) This implication follows by composing Φ with the projection map
C(X) → C(Xd−1).

(2) ⇒ (1) In order for a coaction C(Xd−1) → C(G) ⊗ C(Xd−1) to exist,
the variables Xi =

∑
j uij ⊗ xj must satisfy the relations defining X , which

hold indeed by (2), and also the relations Xi0 . . .Xid = 0 for i0, . . . , id distinct,
which define SN−1,d−1

R,+ .
The point now is that, under the assumption G ⊂ H

[∞]
N , these latter rela-

tions are automatic. Indeed, using Proposition 4.3 (2), we obtain, for i0, . . . , id
distinct,

Xi0 . . . Xid =
∑

j0...jd

ui0j0 . . . uidjd ⊗ xj0 . . . xjd

=
∑

j0...jd distinct

ui0j0 . . . uidjd ⊗ 0 +
∑

j0...jd not distinct

0⊗ xj0 . . . xjd

= 0 + 0 = 0.

Thus the coaction in (1) exists precisely when (2) is satisfied, and we are done.
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Finally, the last assertion is clear from (2) ⇒ (1), because the universal
coaction of G = G+(X) gives rise to a map as in (2):

Φ̃ : C(X) → C(G)⊗ C(Xd−1). �

As an illustration, we have the following result.

Theorem 4.5. HN , HN , H∗
N , H∗

N , H
[∞]
N act respectively on the spheres

SN−1,d−1
R , S̄N−1,d−1

R , SN−1,d−1
R,∗ , S̄N−1,d−1

R,∗ , SN−1,d−1
R,+

at any d ≥ 2.

Proof. We use Proposition 4.4. We know from [1] that the quantum isome-
try groups at d = N are respectively equal to ON , ŌN , O∗

N , Ō∗
N , O+

N and our
claim is that, by intersecting with H

[∞]
N , we obtain the quantum groups in the

statement. Indeed:

(1) ON ∩H
[∞]
N = HN is clear from definitions.

(2) ŌN ∩H
[∞]
N = HN follows from ŌN ∩H+

N ⊂ ON , which in turn follows
from the computation (3) in the proof of Proposition 4.2, with H∗

N replaced
by H+

N .

(3) O∗
N ∩H

[∞]
N = H∗

N follows from O∗
N ∩H+

N = H∗
N .

(4) Ō∗
N ∩ H

[∞]
N ⊃ H∗

N is clear and the reverse inclusion can be proved by
a direct computation, similar to the computation (3) in the proof of Proposi-
tion 4.2.

(5) O+
N ∩H

[∞]
N = H

[∞]
N is clear from definitions. �

Observe that Theorem 4.5 is sharp, in the sense that the actions there are
the universal ones, in the classical case at any d ∈ {2, . . . , N − 1}, as well as
in the twisted case at d = 2. Indeed, this follows from Proposition 3.3 and
Theorem 3.5.

5. Quantum isometries

In this section we complete the computation of the quantum isometry groups
of the nine main spheres, as to prove our main result, announced in the intro-
duction. As already pointed out, we already have results for eight spheres, the
sphere left being SN−1,1

R,∗ .
We already know from Theorem 4.5 that the quantum group H∗

N from [3]
acts on SN−1,1

R,∗ . This action, however, is not universal, because of the following
result.

Proposition 5.1. Ẑ∗N
2 acts on SN−1,1

R,∗ .

Proof. The standard coordinates on SN−1,1
R,∗ are subject to the relations

xixjxk =

{
0 for i, j, k distinct,

xkxjxi otherwise.
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Thus, in order to have a coaction map Φ : C(SN−1,1
R,∗ ) → C(G) ⊗ C(SN−1,1

R,∗ ),
given by Φ(xi) =

∑
j uij ⊗ xj , the variables Xi =

∑
j uij ⊗ xj must satisfy the

above relations.
For the group dual G = Ẑ∗N

2 we have by definition uij = δijgi, where
g1, . . . , gN are the standard generators of Z∗N

2 . We therefore have

XiXjXk = gigjgk ⊗ xixjxk, XkXjXi = gkgjgi ⊗ xkxjxi.

Thus the formula XiXkXk = 0 for i, j, k distinct is clear and the formula
XiXjXk = XkXjXi for i, j, k not distinct requires gigjgk = gkgjgi for i, j, k
not distinct, which is clear as well. Indeed, at i = j this latter relation reduces
to gk = gk, at i = k this relation is trivial, gigjgi = gigjgi, and at j = k this
relation reduces to gi = gi. �

More generally, we have the following result.

Proposition 5.2. H
[∞]
N acts on SN−1,1

R,∗ .

Proof. We proceed as in the proof of Theorem 3.5. Expanding the formula of
XiXjXk and using the relations for the sphere SN−1,1

R,∗ , we have

XiXjXk =
∑

a,b,c

uiaujbukc ⊗ xaxbxc

=
∑

a,b,c not distinct

uiaujbukc ⊗ xaxbxc

=
∑

a6=b

(uiaujaukb + uibujauka)⊗ x2
axb

+
∑

a6=b

uiaujbuka ⊗ xaxbxa +
∑

a

uiaujauka ⊗ x3
a.

Now assuming G = H
[∞]
N and using the various formulae in Proposition 4.3,

we obtain, for any i, j, k distinct,

XiXjXk =
∑

a6=b

(0 · ukb + uib · 0)⊗ x2
axb

+
∑

a6=b

0⊗ xaxbxa +
∑

a

(0 · uka)⊗ x3
a = 0.

It remains to prove that we have XiXjXk = XkXjXi for i, j, k not distinct.
Replacing i ↔ k in the above formula of XiXjXk, we obtain

XkXjXi =
∑

a6=b

(ukaujauib + ukbujauia)⊗ x2
axb

+
∑

a6=b

ukaujbuia ⊗ xaxbxa +
∑

a

ukaujauia ⊗ x3
a.

Let us compare this formula with the above formula of XiXjXk. The last sum
being 0 in both cases, we must prove that for any i, j, k not distinct and any
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a 6= b we have

uiaujaukb + uibujauka = ukaujauib + ukbujauia,

uiaujbuka = ukaujbuia.

By symmetry the three cases i = j, i = k, j = k reduce to two cases, i = j
and i = k. The case i = k being clear, we are left with the case i = j, where
we must prove

uiauiaukb + uibuiauka = ukauiauib + ukbuiauia,

uiauibuka = ukauibuia.

By using a 6= b, the first equality reads

u2
iaukb + 0 · uka = uka · 0 + ukbu

2
ia.

Since by Proposition 4.3 (3) we have u2
iaukb = ukbu

2
ia, we are done. As for the

second equality, this reads 0 · uka = uka · 0, which is true as well. This ends
the proof. �

We will prove now that the action in Proposition 5.2 is universal. In order
to do so, we need to convert the formulae of type XiXjXk = 0 and XiXjXk =
XkXjXi into relations between the quantum group coordinates uij and this
requires a good knowledge of the linear relations between the variables x2

axb,
xaxbxa, x

3
a over the sphere SN−1,1

R,∗ .
We must first study these variables. The answer is given by the next lemma.

Lemma 5.3. The variables {x2
axb, xaxbxa, x

3
a | a 6= b} are linearly independent

over the sphere SN−1,1
R,∗ .

Proof. We use a trick from [11]. Consider the 1-dimensional polygonal version
of the complex sphere SN−1

C , which is by definition given by

SN−1,1
C =

{
z ∈ SN−1

C | zizjzk = 0 for all i, j, k distinct
}
.

We have then a 2× 2 matrix model for the coordinates of SN−1,1
R,∗ , as follows:

xi → γi =
(

0 zi
z̄i 0

)
.

Indeed, the matrices γi on the right are all selfadjoint, their squares sum up
to 1, they half-commute and they satisfy γiγjγk = 0 for i, j, k distinct. Thus
we have indeed a morphism C(SN−1,1

R,∗ ) → M2(C(SN−1,1
C )) mapping xi → γi,

as claimed.
We can use this model in order to prove the linear independence. Indeed,

the variables x2
axb, xaxbxa, x

3
a that we are interested in are mapped to the

following variables:

γ2
aγb =

(
0 |za|

2zb

|za|
2z̄b 0

)
, γaγbγa =

(
0 z2

a
z̄b

z̄2
a
zb 0

)
, γ3

a =
(

0 |za|
2za

|za|
2z̄a 0

)
.

Now since |z1|
2z2, |z2|

2z1, z
2
1 z̄2, z

2
2 z̄1, |z1|

2z1, |z2|
2z2 are linearly indepen-

dent over S1
C, the upper right entries of the above matrices are linearly inde-

pendent over SN−1,1
C . Thus the matrices themselves are linearly independent,

which proves our result. �
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With the above lemma in hand, we can now reformulate the coaction prob-
lem into a purely quantum group-theoretical problem, as follows:

Lemma 5.4. A quantum group G ⊂ O+
N acts on SN−1,1

R,∗ precisely when its

standard coordinates uij satisfy the following relations:

(1) uiaujaukb + uibujauka = 0 for any i, j, k distinct.

(2) uiaujbuka = 0 for any i, j, k distinct.

(3) u2
iaukb = ukbu

2
ia.

(4) ukauiauib = uibuiauka.

(5) uiauibuka = ukbuibuia.

Proof. We use notations from the beginning of the proof of Proposition 5.2,
along with the following formula, also established there:

XiXjXk =
∑

a6=b

(uiaujaukb + uibujauka)⊗ x2
axb

+
∑

a6=b

uiaujbuka ⊗ xaxbxa +
∑

a

uiaujauka ⊗ x3
a.

In order to have an action as in the statement, these quantities must satisfy
XiXkXk = 0 for i, j, k distinct and XiXkXk = XkXjXi for i, j, k not distinct.
Now using Lemma 5.3, we conclude that the relations to be satisfied are as
follows:

(A) For i, j, k distinct, the following must hold:

uiaujaukb + uibujauka = 0 for all a 6= b,

uiaujbuka = 0 for all a 6= b,

uiaujauka = 0 for all a.

(B) For i, j, k not distinct, the following must hold:

uiaujaukb + uibujauka = ukaujauib + ukbujauia for all a 6= b,

uiaujbuka = ukaujbuia for all a 6= b,

uiaujauka = ukaujauia for all a.

In order to simplify this set of relations, the first observation is that the last
relations in both (A) and (B) can be merged with the other ones, and we are
led to:

(A′) For i, j, k distinct, the following must hold:

uiaujaukb + uibujauka = 0 for all a, b,

uiaujbuka = 0 for all a, b.

(B′) For i, j, k not distinct, the following must hold:

uiaujaukb + uibujauka = ukaujauib + ukbujauia for all a, b,

uiaujbuka = ukaujbuia for all a, b.

Observe that the relations (A′) are exactly the relations (1) and (2) in the
statement.

Münster Journal of Mathematics Vol. 8 (2015), 253–284



278 Teodor Banica

Let us further process the relations (B′). In the case i = k the relations are
automatic, and in the cases j = i, j = k the relations that we obtain coincide,
via i ↔ k. Thus (B′) reduces to the set of relations obtained by setting j = i,
which are as follows:

uiauiaukb + uibuiauka = ukauiauib + ukbuiauia,

uiauibuka = ukauibuia.

Observe that the second relation is relation (5) in the statement. Regarding
now the first relation, with the notation [x, y, z] = xyz−zyx, this is as follows:

[uia, uia, ukb] = [uka, uia, uib].

Applying the antipode, we obtain [ubk, uai, uai] = [ubi, uai, uak]. Then rela-
belling a ↔ i and b ↔ k, this relation becomes [ukb, uia, uia] = [uka, uia, uib].
Now since we have [x, y, z] = −[z, y, x], by comparing this latter relation with
the original one, a simplification occurs and the resulting relations are

[uia, uia, ukb] = [uka, uia, uib] = 0.

But these are exactly the relations (3) and (4) in the statement. �

Now solving the quantum group problem raised by Lemma 5.4, we obtain:

Proposition 5.5. We have G+(SN−1,1
R,∗ ) = H

[∞]
N .

Proof. The inclusion ⊃ is clear from Proposition 5.2. For the converse, we
already have the result at N = 2, so we assume N ≥ 3. Using Lemma 5.4 (2),
for i 6= j we have

uiaujbuka = 0 for all k 6= i, j

=⇒ uiaujbu
2
ka = 0 for all k 6= i, j

=⇒ uiaujb

(∑

k 6=i,j

u2
ka

)
= 0 for all i 6= j

=⇒ uiaujb(1− u2
ia − u2

ja) = 0 for all i 6= j.

Now using Lemma 5.4 (3), we can move the variable ujb to the right. Multi-
plying by ujb from the right and then summing over b, we obtain

uiaujb(1 − u2
ia − u2

ja) = 0 for all i 6= j

=⇒ uia(1− u2
ia − u2

ja)ujb = 0 for all i 6= j

=⇒ uia(1− u2
ia − u2

ja)u
2
jb = 0 for all i 6= j

=⇒ uia(1 − u2
ia − u2

ja) = 0 for all i 6= j.
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We can proceed now as follows, by summing over j 6= i:

uia(1 − u2
ia − u2

ja) = 0 for all i 6= j

=⇒ uiau
2
ja = uia − u3

ia for all i 6= j

=⇒ uia(1 − u2
ia) = (N − 1)(uia − u3

ia)

=⇒ uia = u3
ia.

Thus the standard coordinates are partial isometries and so G ⊂ H+
N . On the

other hand, we know from the proof of Proposition 4.3 (3) that the quantum
subgroup G ⊂ H+

N obtained via the relations [a, b2] = 0 is H
[∞]
N . This finishes

the proof. �

We have now complete results for the nine main spheres, as follows:

Theorem 5.6. The quantum isometry groups of the nine main spheres are

ON
// O∗

N
// O+

N

HN
//

OO

H
[∞]
N

//

OO

Ō∗
N

OO

H+
N

//

OO

HN
//

OO

ŌN ,

OO

where H+
N , H

[∞]
N , ŌN , O∗

N , Ō∗
N , O∗

N are noncommutative versions of HN , ON .

Proof. This follows indeed from [1, 4] and from the above results. �

As a first comment, in view of the conjectures in Section 2, Theorem 5.6
probably deals with the general mixed monomial case. We do not know if it is
so.

In general, there are of course many questions left. Perhaps the very first
question here regards SN−1,1

R,+ , whose quantum isometry group should be prob-
ably H

[∞]
N . Technically speaking, the problem is that we have no good models

for SN−1,1
R,+ and hence no tools for dealing with independence questions for

products of coordinates over it.
We should recall, however, that SN−1,1

R,+ is a bit of a “pathological” sphere.
Besides various issues with diagrams and axiomatization, coming from Sections
1 and 2, one problem is that the operation SN−1,1

R → SN−1,1
R,+ is not exactly a

“liberation” in the sense of free probability theory [7, 22]. More precisely, as
explained in [4], the operation SN−1

R → SN−1
R,+ is compatible with the Bercovici–

Pata bijection [7], at the level of the corresponding hyperspherical laws, but
this seems to fail for SN−1,1

R → SN−1,1
R,+ .

Summarizing, if all our conjectures and guesses hold true, Theorem 5.6
above might be indeed the “final” statement regarding the quantum isometries
of polygonal spheres. Note however that the Riemannian interpretation of our
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various computations, in the smooth case, in the spirit of the constructions
in [4], remains an open problem.

6. Complexification issues

In this section we discuss a straight-forward complex extension of the above
results. Our starting point will be the following definition, from [1].

Definition 6.1. We consider the universal C∗-algebra

C(SN−1
C,+ ) = C∗

(
z1, . . . , zN |

∑

i

ziz
∗
i =

∑

i

z∗i zi = 1
)

and call the underlying space SN−1
C,+ free complex sphere.

As a first observation, the relation between the real and complex spheres
is quite unobvious in the free case. Recall indeed that in the classical case
we have an isomorphism SN−1

C ≃ S2N−1
R , obtained by setting zi = xi + iyi.

In the free case no such isomorphism is available and in fact both inclusions
SN−1
C,+ ⊂ S2N−1

R,+ and S2N−1
R,+ ⊂ SN−1

C,+ fail to hold. This is due to the formula

(x+ iy)(x− iy) = (x2 + y2)− i[x, y],

which makes appear the commutator [x, y], which has no reasons to vanish for
the free spherical coordinates.

We can define quantum isometry groups, in a complex sense, as follows.

Definition 6.2. Consider an algebraic manifold Z ⊂ SN−1
C,+ , assumed to be

non-degenerate, in the sense that the variables Re(zi), Im(zi) ∈ C(Z) are lin-
early independent.

(1) We let G+(Z) ⊂ U+
N be the biggest quantum subgroup acting affinely on Z.

(2) We also set G(Z) = G+(Z) ∩ UN , with the intersection taken inside U+
N .

Here U+
N is the free analog of UN , constructed by Wang in [23]. Existence

and uniqueness of G+(Z) follow as in the proof of Proposition 3.1.
In the classical case, where Z ⊂ SN−1

C , we can use the isomorphism SN−1
C ≃

S2N−1
R in order to view Z as a real manifold, Zr ⊂ S2N−1

R . We can there-
fore construct a “real” quantum isometry group G+(Zr) ⊂ O+

2N and have

G+(Z) = G+(Zr) ∩ U+
N , where the intersection is taken inside O+

2N , by using

the embedding U+
N ⊂ O+

2N given by the fact that for u = v+ iw biunitary, the
matrix (vw

w
v ) is orthogonal; see [11].

As an example here, consider the torus T ⊂ C. A straight-forward complex
extension of the trick in Proposition 3.2 (2), explained in [1], shows that we
have G+(T) = G(T) = U1. We should mention that it is true as well that
we have G+(Tr) = G(Tr) = O2, therefore confirming the formula G+(T) =
G+(Tr) ∩ U+

1 , but this result holds due to much deeper reasons, explained by
Bhowmick in [8]. For more on these issues, see also [16].

As explained in [1], the five real spheres have five complex analogs. We can
extend this analogy to the level of polygonal spheres, as follows:
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Definition 6.3. SN−1,d−1
C , S̄N−1,d−1

C , SN−1,d−1
C,∗∗ , S̄N−1,d−1

C,∗∗ , SN−1,d−1
C,+ are con-

structed from SN−1
C,+ in the same way as their real counterparts are constructed

from SN−1
R,+ , by assuming that the corresponding relations hold between the

variables xi = zi, z
∗
i .

Here we use the convention that the subscript ∗∗ from the complex case
corresponds to the subscript ∗ from the real case. For more on this issue, see
[1, 11].

As an illustration, in the free case the polygonal spheres are as follows:

C(SN−1,d−1
C,+ )

= C(SN−1
C,+ )

/〈
zε0i0 . . . zεdid = 0 for all i0, . . . , id distinct and all εr ∈ {1, ∗}

〉
.

As in the real case, we will restrict our attention to the five main spheres
coming from [1] and their intersections. We have nine such spheres, which are
given in the following proposition.

Proposition 6.4. The five main spheres and the intersections between them

are

SN−1
C

// SN−1
C,∗∗

// SN−1
C,+

SN−1,1
C

//

OO

SN−1,1
C,∗∗

//

OO

S̄N−1
C,∗∗

OO

SN−1,0
C

//

OO

S̄N−1,1
C

//

OO

S̄N−1
C

OO

with all the maps being inclusions.

Proof. This is similar to the proof of Proposition 1.2, by replacing in all the
computations there the variables xi by the variables xi = zi, z

∗
i . �

As explained in [1], the axiomatization problems in the complex case are
quite similar to those in the real case and the same happens in the present
polygonal context. Thus, we will not review in detail the material from Sections
1 and 2. Let us mention, however, that there are a few subtleties appearing
in the complex case. For instance the saturation notion in Definition 2.2 (1)
has a straight-forward complex analog, but it is not clear whether the real
and complex saturations of a filtered group G ⊂ S∞ coincide. In short, the
“noncommutative algebraic geometry” questions discussed in Sections 1 and 2
are expected to be the same over R and C, but we do not have a proof for this
fact.

Let us discuss now the computation of the associated quantum isometry
groups, following some previous results from [1] and the material from Sections
3–5.

We use the compact group KN = T ≀ SN and its free version K+
N = T ≀∗ S

+
N ,

which appear as straight-forward complex analogs of the hyperoctahedral group
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HN = Z2 ≀SN and its free version H+
N = Z2 ≀∗S

+
N , constructed in [2]. Moreover,

we define the complex version K
[∞]
N ⊂ U+

N of the quantum group H
[∞]
N ⊂ O+

N

by using the relations αβγ = 0 with α = a, a∗, β = b, b∗, γ = c, c∗ for any
a 6= c on the same row of u.

With these conventions, we have the following result.

Theorem 6.5. The quantum isometry groups of the nine main complex spheres

are

UN
// U∗∗

N
// U+

N

KN
//

OO

K
[∞]
N

//

OO

Ū∗∗
N

OO

K+
N

//

OO

KN
//

OO

ŪN ,

OO

where KN and its versions are the complex analogs of HN and its versions.

Proof. The idea is that the proof here is quite similar to the proof in the real
case, by replacing HN , ON with their complex analogs KN , UN .

More precisely, the results for the five spheres on top and on the right are
already known from [1]. Regarding the remaining four spheres, the proof here
is as follows:

(1) We have SN−1,0
C = T⊕N , whose quantum isometry group is indeed K+

N .

This follows as in [2], by adapting the proof from there of G+(Z⊕N
2 ) = H+

N .

(2) We have a decomposition SN−1,1
C =

⋃
i<j(S

1
C)

{i,j}, which is similar to the

one in the real case. The reduction method in the proof of Proposition 3.3 (2)
applies and shows that the quantum isometry group is K+

N ∩ UN = KN , as
claimed.

(3) Regarding S̄N−1,1
C , the first part of the proof of Theorem 3.5 extends

to the complex case, by using as key ingredient the formula G+(S̄N−1
C ) = ŪN

from [1]. The second part extends as well, by replacing everywhere the variables
xi by the variables xi = zi, z

∗
i , and shows that the quantum isometry group

is KN , as claimed.

(4) Finally, regarding S̄N−1,1
C,∗∗ , all the computations in the proof of Lemma

5.4 and Proposition 5.5 extend to the complex case, by replacing everywhere
the variables xi by the variables xi = zi, z

∗
i , and show that the quantum

isometry group is K
[∞]
N . �

Regarding the remaining complex polygonal spheres, the situation here is
quite similar to the one in the real case. Technically speaking, the problem
is that Proposition 3.3, whose complex analog can be shown to fully hold, is
quite unobvious to extend.

As a conclusion, at the abstract classification level we have enlarged the
set of ten spheres in [1] with eight more spheres, which should be generally
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regarded as being not smooth. We should mention that the 10 → 18 extension
announced in [1], via free complexification, is of course different from the one
performed here. The extension via free complexification still remains to be
done, but ideally under the present, upgraded formalism.

This adds to the various questions raised throughout the paper.
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[26] S. L. Woronowicz, Tannaka-Krĕın duality for compact matrix pseudogroups. Twisted
SU(N) groups, Invent. Math. 93 (1988), no. 1, 35–76. MR0943923

Received January 21, 2015; accepted May 22, 2015

Teodor Banica
Department of Mathematics, Cergy-Pontoise University,
95000 Cergy-Pontoise, France
E-mail: teodor.banica@u-cergy.fr

Münster Journal of Mathematics Vol. 8 (2015), 253–284


