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Abstract

We study the Rokhlin dimension of C*-dynamical systems that are induced
by free actions of certain discrete groups on locally compact metric spaces.
The concept of Rokhlin dimension was introduced by Hirshberg, Winter and
Zacharias for actions of finite groups and the integers on unital C*-algebras.
One of their key results is that actions with finite Rokhlin dimension posess a
permanence property with respect to finite nuclear dimension, when passing
to the crossed product C*-algebra.

We extend the notion of Rokhlin dimension to actions of residually finite
groups on all C*-algebras, and show that an analogous permanence property
with respect to nuclear dimension holds for a class of residually finite groups
that contains all finitely generated and virtually nilpotent groups. For this,
we use some ideas from coarse geometry, the most important ingredient
being the so-called box spaces associated to residually finite groups.

As our main class of application, we consider free actions of Z™ on locally
compact metric spaces with finite covering dimension. We show that these
always yield C*-dynamical systems with finite Rokhlin dimension. In this
setting, the aforementioned properties of Rokhlin dimension imply that the
associated transformation group C*-algebra has finite nuclear dimension.
Our approach employs a generalization of Gutman’s marker property for
aperiodic homeomorphisms, and a generalization of a technical result by
Lindenstrauss that aperiodic homeomorphisms on finite-dimensional spaces
satisfy a certain bounded version of the small boundary property. Finite
Rokhlin dimension for free topological Z™-actions is then deduced from a
controlled version of the marker property. We also consider more generally
free actions of infinite, finitely generated and nilpotent groups on locally
compact metric spaces with finite covering dimension, and show that the
analogous result holds even in this setting. This employs the techniques
from the case of Z™-actions and combines it with certain aspects of the

geometric group theory of nilpotent groups.
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Introduction

Since its inception, the theory of operator algebras has been influenced in
large part through ideas of a dynamical nature. The study of C*-dynamical
systems, i.e. group actions of locally compact groups on C*-algebras, is in-
teresting in many ways. The crossed product construction is of fundamental
importance, which is a way to create a new C*-algebra that naturally in-
corporates the structure of a given C*-dynamical system. This construction
has, by now, proved to be a virtually inexhaustible source of interesting ex-
amples of C*-algebras. In many cases, crossed products can turn out to be
simple C*-algebras falling within the scope of the so-called Elliott classifica-
tion program.

In 1976, Elliott established his seminal classification theorem of approx-
imately finite-dimensional (AF) algebras [20] via K-theory, building on ear-
lier work of Bratteli [9] on AF algebras and of Glimm [32] on UHF algebras.
Elliott’s classification theorem asserts that, up to isomorphism, AF algebras
are classified by their scaled ordered Kg-groups. That is, two unital AF al-
gebras A and B are isomorphic if and only if there exists an order-preserving
isomorphism from Ky(A) to Ko(B) preserving also the Ky-classes of the re-
spective units. Extending this result considerably, he later managed to prove
that approximate circle (AT) algebras of real rank zero are classified by their
ordered Ky-groups and Kj-groups, see [21], and that simple, approximate
interval (AI) algebras are classified by their Ky-groups, tracial state spaces
and their pairings, see [19, 97]. In 1994, this led him to conjecture that

a more general class of C*-algebras should be classifiable by K-theory and



traces, see [22, 23]:

Conjecture (Elliott 1994). Let A and B be two separable, unital, nuclear
and simple C*-algebras. Then A = B if and only if Ell(A) = Ell(B), where
Ell denotes the so-called Elliott-functor on unital C*-algebras given by

EIN(A) = (Ko(A), Ko(A)*, [14], T(A), pa, K1(A)).

Here, T'(A) denotes the tracial state space of A and py : Ko(A)xT(A) —
R is the natural pairing map given by pa([p], 7) = (Tr,, ®7)(p) for all projec-
tions p € My (A) and 7 € T'(A), where Tr,, denotes the unique tracial state
on M, given by Try, ((x;;)1<ij<n)= > j—17j;. The target category of this
functor is the so-called Elliott category, with objects consisting of suitable
tuples of (scalered, ordered) abelian groups, Choquet simplices and suitable
pairing maps between these. The morphisms consist of tuples of (ordered,
unit-preserving) group homomorphisms and affine maps compatible with
the respective pairing maps. For a more thorough explanation, the reader is
referred to the second chapter of Rgrdam’s book [81] on classification theory
of C*-algebras.

The reason for the nuclearity assumption in Elliott’s conjecture is not
immediately obvious. However, the class of nuclear C*-algebras is very im-
portant and large enough to contain most of the C*-algebras that arise nat-
urally in one way or another. Nuclear C*-algebras also have nice structural
properties that are technically very useful in applications. A C*-algebra A
is called nuclear, if for every C*-algebra B, there is a unique C*-cross norm
on the algebraic tensor product of A and B. Surprisingly, the property of
being nuclear has a variety of interesting equivalent characterizations. By
combined work of Connes and Haagerup [13, 40], it is known that a C*-
algebra is nuclear if and only if it is amenable as a Banach algebra. For
this reason, nuclear C*-algebras are often called amenable. Combined work
of Choi, Effros and Lance [11, 58] shows that a C*-algebra A is nuclear if
and only if its enveloping von Neumann algebra A** is injective. Perhaps
the most important characterization for classification purposes, it is due to
Choi, Effros and Kirchberg [12, 49] that a C*-algebra A is nuclear if and only
if its identity map can be locally approximated by contractive completely
positive maps factoring through finite-dimensional C*-algebras. In the sepa-

rable case, Kirchberg has characterized nuclear C*-algebras A as those that



are embeddable as C*-subalgebras into the Cuntz algebra of two generators
O such that there exists a conditional expectation from Oy onto A, see [50].
In the case of group C*-algebras, nuclearity amounts to amenability of the
group. That is, for any discrete group G, the universal C*-algebra C*(G)
of unitary representations of G is nuclear if and only if G is amenable. For
a proper treatement of nuclear C*-algebras in general and in particular its
meaning in the setting of group C*-algebras, the reader is advised to consult
Brown-Ozawa’s book [10].

Since there exist various range results for the Elliott invariant, when
restricted to special inductive limit C*-algebras (see for instance [23]), the
Elliott conjecture would also entail that stably finite, classifiable C*-algebras
should be expressible as inductive limits of particularly nice building blocks.
These include AH algebras, i.e. inductive limits of finite direct sums of the
form pC(X, M,,)p for a finite CW complex X and a projection p € C(X, M,,).
More generally, these also include ASH algebras, i.e. inductive limits of
recursive subhomogeneous algebras, see [75]. In fact, the bulk of the earlier
results within the Elliott program all presuppose a certain inductive limit
decomposition into well-behaved building blocks for the C*-algebras under
consideration.

For certain crossed product C*-algebras associated to natural classes of
C*-dynamical systems, it is desirable to determine when they belong to a
class of C*-algebras that is tractable enough to be covered by a classifi-
cation theorem in the spirit of Elliott’s conjecture. However, the task of
showing that a crossed product of some C*-dynamical system admits such
an inductive limit decomposition of this sort is a very challenging task.

A few years after Elliott proposed his conjecture, it was discovered that
his conjecture in its original form was too much to ask for, see [101, 82, 98].
The reason behind it is, simply put, that Elliott’s conjecture can fail for a
pair of C*-algebras, if one of them is, in a sense, regular, but the other is not.
This insight has led to several far-reaching new developments in C*-algebra
theory, which, from today’s point of view, yield more conceptual approaches
to the Elliott program than the study of C*-algebras that are a priori given
as inductive limits of some sort.

One important direction is the concept of tracial approximation. This
notion has first been used very successfully by Lin for the study of tra-

cially approximately finite-dimensional (TAF) algebras, see [59, 60]. The



advantage of his classification theorem is that it relies on rather abstract
properties of the involved C*-algebras, compared to the assumption that
it is given as an inductive limit of some sort. Moreover, the verification
of these abstract properties of a C*-algebra, in order to show classifia-
bility, is expected to be much easier than directly obtaining an inductive
limit decomposition. Driven most notably by Lin, Niu, Gong and Win-
ter, there now exist very general classification theorems of this spirit, see
[59, 60, 61, 108, 64, 34, 63, 35]. With these classification theorems at hand,
one would often like to verify for a C*-algebra that its stabilization by a
certain UHF algebra is tracially approximated by either finite-dimensional
C*-algebras, interval algebras or more generally certain 1-NCCW-complexes.
However, this easier task is in general still very difficult for C*-algebras given
as a crossed product of some C*-dynamical system.

Another important conceptual approach to Elliott’s program attacks the
C*-algebras of interest at a somewhat more basic level. At the heart of this
recent progress is the discovery of various C*-algebraic regularity properties,
which have emerged as a necessary criterion for a C*-algebra to be considered
from the point of view of Elliott’s conjecture in its original form. The study
of these regularity properties has culminated into the so-called regularity

conjecture of Toms and Winter, see [25, 107]:

Conjecture (Toms-Winter). Let A be a separable, unital, simple and nu-
clear C*-algebra that is not isomorphic to a finite matrix algebra. Then the

following are equivalent:

(i) A has finite nuclear dimension.

(ii) A absorbs the Jiang-Su algebra Z tensorially.
(iii) A has strict comparison of positive elements.

As will be made more precise in the first chapter, finite nuclear dimension
is a strengthening of nuclearity in a way that is motivated by the idea of
covering dimension. In fact, it is a notion that generalizes covering dimension
for locally compact metric spaces. Because of this, part (i) of the above
conjecture is a rather topological statement, whereas parts (ii) and (iii) are
much more algebraic in nature. The progress made on this conjecture during
the last few years has been vast, see in particular [106, 107, 79, 68, 54, 99,
87, 69, 88|.



If one looks back at the inital questions about the classifiability of crossed
products, one can consider a natural problem. For now, let A be a C*-
algebra, G a countable, discrete group and let o : G — Aut(A) be a group

homomorphism. We call o a G-action on A and write a : G ~ A.

Question 1. When is the crossed product A x, G regular or classifiable?
More modestly: under what conditions on « does regularity or classifiability
pass from A to A x, G?

Of course, this question is interesting for all three versions of regularity,
and for all kinds of nuclear C*-algebras A. Within this dissertation, however,
we will restrict our focus to special cases of this question. The specification
is two-fold; firstly, we will study this question for the regularity property of

having finite nuclear dimension.

Question 2. Under what conditions on « does finite nuclear dimension pass
from A to A x, G?

Secondly, the C*-dynamical systems under consideration are mainly ex-

amples coming from topological dynamics. So the question becomes:

Question 3. Let A be of the form A = Cy(X) for a finite-dimensional
and locally compact metric space. When does the transformation group

C*-algebra Cy(X) x G have finite nuclear dimension?

Let us briefly review to what extent these questions have been answered
for transformation group C*-algebras of the form Cy(X) x4 G in the liter-
ature. For the most part, the current results concern the case that G = Z
and X being compact. Early results of Putnam about characterizing crossed
products of minimal homeomorphisms on the Cantor set as AT algebras [78]
or of Elliott and Evans about irrational rotation algebras [24] have essentially
set the stage for a deeper investigation of transformation group C*-algebras
of this type. In a related context, Giordano, Putnam and Skau proved a
celebrated result [31] asserting that two Cantor minimal systems yield iso-
morphic transformation group C*-algebras if and only if they are strongly
orbit equivalent. In one of the more recent breakthroughs, Toms and Winter
could show in [100] that a C*-algebra C(X) x, Z associated to a minimal
dynamical system (X, p,Z) has finite nuclear dimension, provided that X

is compact and has finite covering dimension. Combining this fact with a



result by Strung and Winter [91], they have shown that crossed products of
uniquely ergodic minimal homeomorphisms on infinite compact metrizable
spaces with finite covering dimension are classified by ordered K-theory.
Before I began my doctoral studies, the combined work of Toms, Strung
and Winter was the state-of-the-art result concerning the classifiability of
transformation group C*-algebras of the form C(X) x Z.

For more general group actions, the situation becomes much more com-
plicated. As it has been empirically observed in countless similar situations
within mathematics, handling a problem concerning a fairly general class of
groups can be much better accessible for the integer group Z. Simply put,
this stems from the fact that Z is the only singly-generated free group. As
such, it is easier to prove something for Z than for other groups, because
there are no group relations that one has to worry about. Moreover, the nat-
ural linear order on Z can be of technical use in many situations, whereas
such a tool is mostly absent elsewhere. In the above context, a major prob-
lem is that already for Z? it is not at all obvious how to define the large
subalgebras as in [78] to break orbits within a crossed product of the form
C(X) % Z?2. This is a considerable drawback even if one only wishes to follow
Toms’ and Winter’s approach to show that certain C*-algebras of the form
C(X) x Z? have finite nuclear dimension. As for the techniques of [91], it is
at present still completely unclear how to proceed for non-integer group ac-
tions. However, the concept of large subalgebras pioneered by Phillips might
shed some light on these questions in the future, see [76, 77].

Around the time that I began my doctoral studies, Hirshberg, Winter
and Zacharias have introduced the concept of Rokhlin dimension in [42] as
a tool for solving Question 2 in great generality. This notion has been intro-
duced for finite group actions and integer actions on unital C*-algebras, but
has the big advantage that it can be defined similarly for Z™-actions and
even for other higher-rank groups. Integer actions with finite Rokhlin dimen-
sion have been shown to behave well with underlying C*-algebras of finite
nuclear dimension. That is, the property of having finite nuclear dimension
passes from the underlying C*-algebra to the crossed product. They have
also provided a purely C*-algebraic proof that minimal Z-actions on infinite
and finite-dimensional compact metric spaces yield C*-dynamical systems
with finite Rokhlin dimension. This, in turn, marked an alternative route

towards showing that the transformation group C*-algebras C(X) x Z of



minimal actions have finite nuclear dimension, provided X is compact and
finite-dimensional. With this approach, however, came the reasonable hope
that these techniques could possibly carry over to actions of Z™ or even
more general groups.

At this point, I would like to summarize my contributions to the second
and third question from above, and simultaniously sketch how this disserta-
tion is organized.

Towards making progress on Question 2, I have investigated to what ex-
tent the methods from the work of Hirshberg, Winter and Zacharias carry
over to actions of higher-rank groups, in order to obtain a more general no-
tion of Rokhlin dimension. I could indeed obtain a rather straightforward
generalization to Z™-actions in [94], which posed only minor additional com-
binatorial difficulties. In later joint work with Wu and Zacharias [96], we
could overcome the technical difficulties for non-abelian groups and were
able to generalize Rokhlin dimension to cover actions of a subclass of resid-
ually finite groups that contains all finitely generated and virtually nilpotent
groups. We will give a detailed treatment of all this in the first chapter.

Towards making progress on Question 3, I have examined under what
conditions a topological action a : G ~ X on a finite-dimensional, locally
compact metric space yields a transformation group C*-algebra with finite
nuclear dimension. This will be the topic of the second and third chapter.

At the beginning of the second chapter, we revisit an approach of Toms
and Winter showing that the C*-algebras C(X) xZ have finite nuclear dimen-
sion, but under the assumption that the action is merely aperiodic instead
of minimal. This approach employs the orbit-breaking subalgebras of [78]
instead of arguments related to Rokhlin dimension. The so-called marker
property, which is a dynamical property recently introduced by Gutman in
[39] for aperiodic Z-actions, turns out to be the right tool to carry out the
original proof of Toms and Winter for aperiodic homeomorphisms. Following
this, we use Gutman’s marker property to obtain a purely dynamical general-
ization of the aforementioned result of Hirshberg, Winter and Zacharias that
minimal Z-actions on finite-dimensional, compact metric spaces have finite
Rokhlin dimension. Although the marker property in itself is not a strong
enough condition for this purpose, a formally stronger version of the marker
property can be obtained directly from Gutman’s proof. This stronger ver-

sion will then enable us to give a comparably simple proof of finite Rokhlin



dimension in the setting of aperiodic Z-actions on finite-dimensional spaces.

In the third chapter, we investigate how one can extend Gutman’s no-
tion of the marker property in order to apply it to free actions of higher-
rank groups, and in particular Z™. Although the suitable definition for
Z™-actions is rather obvious, actually verifying this condition poses a big
technical obstacle. It not only requires a suitable generalization of Gutman’s
proof itself, but of another technical result, which already served as a black
box within Gutman’s approach. Namely, a very strong version of the small
boundary property is needed for the approach to work, which is something
that Lindenstrauss has established in one of his earlier works [66] on Z-
actions on finite-dimensional spaces. Fortunately, the jump from Z to other
groups is merely a question about more general combinatorial arguments, at
least as far as Lindenstrauss’ approach is concerned. In particular, we gen-
eralize this technical result even to free actions of countably infinite groups
on finite-dimensional, locally compact metric spaces. As the main technical
result of this dissertation, we then prove a general marker property lemma
for such actions. In the particular case where the acting group is Z™, this
general lemma implies an even stronger variant as a corollary, which is then
sufficiently strong to prove finite Rokhlin dimension. As a culmination of
this general analysis of free topological actions, we can answer Question 3
affirmatively in the case where G = Z™ and the action is free. This marks
the main result of this dissertation. It should be pointed out that the results
of the first half of the third chapter are essentially published in [94]; how-
ever, some of the partial results are carried out in greater generality here,
for instance without the assumption that the underlying space is compact.

Following this, we explain how the aforementioned result for free Z"-
actions can be extended even further to actions of not necessarily abelian
groups. This is a result obtained within a collaboration with Wu and
Zacharias !, which is available as an arxiv preprint [96]. However, the ap-
proach presented in this dissertation will be somewhat different, more direct
and also more general in that we treat the case of locally compact metric
spaces.

In the first chapter, we have extended the notion of Rokhlin dimension
to actions of a certain class of residually finite groups. This class of groups

can be regarded as the groups having very low coarse-geometric complexity,

'Each author has contributed an approximately equal amount to this collaboration.



and includes all finitely generated and virtually nilpotent groups. So the
natural candidate for a class of groups, for which Question 3 should have
an affirmative answer, is given by finitely generated, nilpotent groups. In-
deed, we will see that such groups acting freely on finite-dimensional, locally
compact metric spaces automatically yield C*-dynamical systems with finite
Rokhlin dimension. Compared to the case of Z™-actions, however, the proof
is necessarily more technical and involves certain aspects of the geometric
group theory of nilpotent groups.

Also worth mentioning is that shortly after I have obtained the main re-
sult of the third chapter, Wilhelm Winter has invented a new and conceptual
way of verifying classifiability for certain C*-algebras, which is now known
as classification via embedding, see [109]. The main motivation was to ap-
ply this to crossed product C*-algebras, and particularly to transformation
group C*-algebras of the form C(X) x Z™ associated to free and minimal ac-
tions on finite-dimensional, compact metric spaces. His main result asserts
that classifiability is assured if the space of ergodic measures is compact
and projections separate tracial states. Besides several new insights, his
approach makes crucial use of two other results; one of them being Lin’s
deep theorem about AF-embeddability of transformation group C*-algebras
from [62], and the other being the main result from the third chapter of this
dissertation.

At least as far as uniquely ergodic, free and minimal Z™-actions are
concerned, classifiability of their transformation group C*-algebras C(X) x
Z™ can also be obtained by combining the main result of the third chapter
with the quasidiagonality result from [62] and the main result of [69)].

Let us also mention that the C*-algebras associated to Penrose tilings or
substitution tilings, as considered in [47], can often be expressed as transfor-
mation group C*-algebras of uniquely ergodic, free and minimal Z™-actions
on the Cantor set. Since these objects appear naturally in the context of
quasicrystals, the classifiability of these C*-algebras might even spark some
applications in physics.

Apart from all of this, I have also obtained some other results during my
doctoral studies, partly in collaboration with others, see [2, 95, 3]. While
these results go in a similar direction as this dissertation, namely studying
certain C*-dynamical systems and their crossed products with the help of

Rokhlin type properties, they do not directly address the interplay between



topological dynamics and classification theory of C*-algebras. In order to
keep this dissertation self-contained, those results will therefore not be dis-
cussed at length here. However, we will conclude this dissertation in the
fourth chapter by briefly reviewing the contents of [2, 95, 3] and by indicat-

ing how they relate to the initial outlined problems of this introduction.
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The theory of Rokhlin dimension

The reader of this dissertation is supposed to be familiar with the general
theory of C*-algebras, including the definition and basic properties of crossed
product C*-algebras. We suggest [70, 103] as the standard references for the
basic theory. Although we will recall the most importants bits in the first
preliminary section, it may also be useful to be familiar with nuclearity and
completely positive maps between C*-algebras, see [10]. It can also help
to know some basic coarse geometry, see [71, 80] as standard references, in
particular the definition and the most elementary properties of asymptotic
dimension. Some needed definitions of this area will be treated in the second

preliminary section. Before we begin, let us specify some notations:

Notation 1.0.1. Unless specified otherwise, we will stick to the following

notations throughout this dissertation.

e A denotes a C*-algebra.

e For a C*-algebra A, we write A4 for the set of positive elements in A.

G denotes a group.

« denotes a group action on a C*-algebra or a metric space. If a : G ~
X is a topological action on a locally compact space, then we denote
by @ : G ~ Cy(X) the naturally induced action on the continuous
functions over X vanishing at infinity, given by ay(f) = f o a,-1 for
all g € G and f € C(X).

e If M is some set and F' C M is a finite subset, then we write FF*@CC M.

11



o If ¢ > 0 is a positive number and a,b are elements in some normed

space, then we write a =; b as a shortcut for ||a — b|| <e.

e Assume that "dim” is one of the notions of dimension that appear in
this dissertation, and X a mathematical object on which this dimen-
sion can be evaluated. Then we sometimes use the convenient shortcut
dim™(X) = 1 + dim(X).

e Let (X, d) be a metric space. For z € X and r > 0, we denote the ball

of radius r centered at x as
Bi(z)={y € X | d(z,y) <r}.

In the case where the metric is known from context, we sometimes

omit it from the notation for convenience, and just write B, (z).

e Let (X,d) be a metric space. If Y C X is a subset, we denote its

diameter as

diam(Y) = diamgy(Y) = sup {d(z,y) | z,y € Y}.

1.1 (C*-algebraic preliminaries

In this section, we shall recollect some of the notions in the more current

C*-algebra theory that are omnipresent in this dissertation.

Definition 1.1.1 (cf. [10, 1.5.1] and [110, 1.3]). Let A and B be C*-algebras.
Let ¢ : A — B be a linear map.

e ¢ is called positive, if p(a) >0 for all @ > 0 in A.

e ¢ is called completely positive, if for each n € N, the matrix amplifica-
tion " = idyy, @ : M (A) = My (B) of ¢, given by " ((ai)1<i,j<n) =
((p(aij))i<ij<n, is positive.

e If o : A — B is completely positive, then ¢ is said to have order zero,
if for all a,b € Ay the condition ab = 0 implies p(a)e(b) = 0. In other

words, ¢ is called order zero if it preserves orthogonality of positive

elements.

12



For brevity, we will call a completely positive map a c.p. map. A contrac-
tive and completely positive map between C*-algebras is abreviated as a

c.p.c. map.

Order zero maps in particular appear in the definition of nuclear di-
mension (as introduced by Winter and Zacharias) and decomposition rank
(as introduced by Kirchberg and Winter), which have become increasingly
important regularity properties for the classification theory of nuclear C*-

algebras.

Definition 1.1.2 (cf. [111, 2.1]). Let A be a C*-algebra. A is said to have
nuclear dimension r € N, denoted by dimy,.(A) = r, if r is the smallest
natural number with the following property: For all F'@CA and € > 0, there
exists a finite-dimensional C*-algebra F and c.p. maps ¥ : A — F and
¢ : F — A such that

e 1) is contractive.

e o allows a decomposition ¢ = ¢(@ + ... + o) into r + 1 c.p.c. order
zero maps @) : F — Afor j=0,...,r.

o |lpot(a)—al| <eforallackF.

The triple (F, 1, @) is then called an (r+1)-decomposable c.p. approximation

of tolerance € on F. If no such r exists, one writes dimpy.(A) = oco.

The notion of nuclear dimension is a noncommutative generalization
of covering dimension invented by Winter and Zacharias. In fact, nuclear
dimension recovers the theory of covering dimension for locally compact

metric spaces:!

Proposition 1.1.3 (see [111, 2.4]). For any locally compact metric space
X, one has dimy,c(Co(X)) = dim(X).

Remark 1.1.4. The decomposition rank of a C*-algebra, as introduced by
Kirchberg and Winter in [55], is defined in a similar manner as nuclear di-
mension. Namely, a C*-algebra A has decomposition rank at most r € N,
if for every FCA and € > 0, there exists an (r + 1)-decomposable c.p. ap-
proximation (F,,¢) as in 1.1.2 of tolerance £ on F, with the additional

property that ¢ is contractive.

"We will recall the notion of topological covering dimension in the next section.
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However, we note that our focus in this dissertation lies on nuclear di-

mension rather than on decomposition rank.
Next, we shall recall the notion of sequence algebras:

Definition 1.1.5. Let A be a C*-algebra. We call
Aso = (N, A) /(N A) = £°(N, A)/ {(an)n €N, A) | nlgrolo lan| = O} .

the sequence algebra of A. Then A embeds naturally into A, as equiv-
alence classes of constant sequences. We will frequently make use of this

identification of A as a subalgebra of A, without mention.

Remark. On A, the norm is given by the limes superior on representa-
tives. That is, if z € Ay is the image of a sequence (z,,), € ¢*°(N, A), then

]| = limsup,, o0 [|lZa |-

The following observation has appeared frequently in Winter’s work,
and can be seen as a consequence of an important structure theorem for
order zero maps established by Winter and Zacharias (see [110, 2.3 and
3.1]), paired with Loring’s observation that cones over finite-dimensional
C*-algebras are projective (see [67, 10.1.11 and 10.2.1]).

Theorem 1.1.6 (cf. [105, 1.2.4] and [55, 2.4]). Let A be a C*-algebra with
anideal J C A. Letq: A — A/J denote the quotient map. Let F be a finite-
dimensional C*-algebra. Then for any c.p.c. order zero map o : F — A/J,

there exists a c.p.c. order zero map & : F — A with god = 0.

In some technical steps later in this chapter, it will be useful to have a
slightly more flexible characterization of nuclear dimension. In a very similar

form, this has been used by Hirshberg, Winter and Zacharias in [42].

Proposition 1.1.7 (cf. [42, A.4]). Let A be a C*-algebra and r € N a
natural number. Then dimy,.(A) < r, if and only if the following holds:
For all FCTA and § > 0, there exists a finite-dimensional C*-algebra F, a
c.p.c. map Y : A — F and c.p.c. order zero maps (p(o), .. .,(p(’") F = Ax
such that

a =g Z EORS Y(a) for alla € F.
1=0
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Proof. Since the ’only if’ part is trivial, we show the ’if” part. Let FCA
and 0 > 0 be arbitrary. Find F, 1, cp(o), ... ,<p(’”) as in the assertion.

By 1.1.6, we can find sequences of c.p.c. order zero maps @({) F—=> A
for I = 0,...,r with p)(z) = [(gog)(x))n] for all z € F. In particular, it
follows that limsup,, . |a — > ;_, ¢7(f) o(a)]] <4 for all @ € F. So there
exists n with a =25 Y ;_, <p$f) o(a) for all @ € F. Since F' and § were
arbitrary, this shows that dimy,c(A4) < r. O

1.2 Geometric preliminaries

In this section, we recall some definitions and terminology from topology,
coarse geometry of metric spaces and geometric group theory, which we need
in this dissertation. First, let us fix some terminology concerning covers of

spaces:

Definition 1.2.1. Let X be a set. A cover of X is a family U of subsets
of X with X = JU. We say that a cover U refines another cover V, if for
every U € U, there exists V € V with U C V.

Moreover, we will use the following terminologies:

e We say that a cover U has finite multiplicity m € N, if the intersection
of any m + 1 distinct members of U is empty, and if m is the smallest

number with this property.

e If X is a topological space, then an open cover is a cover consisting of

open sets in X.

e If X is equipped with a metric d, we say that a cover U of X is
uniformly bounded by r > 0, if diam(U) < r for all U € U.

e If X is equipped with a metric d, we say that a cover U of X has
Lebesgue number R > 0, if every subset in X with diameter less than
R is contained in a member of U, and if R is the largest number with

this property.
Now let us recall the notion of topological covering dimension:

Definition 1.2.2 (cf. [27, 1.6.7]). Let X be a normal topological space. The
covering dimension (or Cech-Lebesgue dimension) of X, denoted dim(X), is

the smallest natural number d € N with the following property: For every
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finite open cover U of X, there exists an open refinement V of ¢ such that
the multiplicity of V is at most d + 1.

The following variation can be quite useful:

Proposition 1.2.3 (cf. [55, 1.6]). Let X be a normal topological space and
d € N a natural number. Then dim(X) < d if and only if the following
holds:

For every finite open cover U of X, there exists an open refinement V of
U such that one can write V = VO U--. U VD with the property

VinVa=0 for all V4 # Vo in VY

foralll=0,...,d.

We continue with some coarse geometry, and will follow Nowak and Yu’s
book [71] for the most part.

Definition 1.2.4 (cf. [71, 1.3.1 and 1.4.4]). Let (X,dx) and (Y, dy) be two

metric spaces. A map f: X — Y is called a coarse equivalence, if:

e There exists some R > 0 such that the image f(X) interesects all balls

of radius R in Y non-trivially.

e There exist functions p_, p1 : [0,00) — [0,00) with lim; o p—(t) =

0o = limy_, 0 p+(t) such that we have

p-(dx(z,y)) < dy(f(x), f(y)) < p+(dx(z,y))

for all z,y € X.

Two metric spaces (X, dx) and (Y, dy) are called coarsely equivalent, if there

exists a coarse equivalence from X to Y.

Definition 1.2.5 (cf. [71, 2.2.1]). Let (X, d) be a metric space. The asymp-
totic dimension of X is the smallest natural number n € N such that the
following holds: For any R > 0, there exists a uniformly bounded cover U of
X, such that for any z € X, the ball B%(z) intersects at most n + 1 distinct
members of Y. We write asdim(X) = n in this case. If no such number

exists, we write asdim(X) = oc.
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Recall that the asymptotic dimension of a metric space is an invariant

of its coarse equivalence class:

Theorem 1.2.6 (see [71, 2.2.5]). Two coarsely equivalent metric spaces have

the same asymptotic dimension.

For some purposes, it is useful to have the following equivalent charac-
terization of asymptotic dimension, which can be obtained in a more or less
straightforward manner by using the equivalent characterizations of asymp-

totic dimension exhibited in [4].

Proposition 1.2.7. Let (X, d) be a metric space and let n € N be a natural

number. Then the following are equivalent:
(1) asdim(X) <n.

(2) For every R > 0, there exist collections UO U™ of subsets of X,
such that the following holds:

e for each 1 =0,...,n, any two distinct sets in UL are disjoint;

o the family U =UO U---UU™ is a uniformly bounded cover of X

with Lebesgue number at least R.

(3) For every R > 0, there exist collections uo oy of subsets of X,
such that the following holds:

e for each 1 =0,...,n, the distance between two distinct sets in UV
is at least R,
o the family U =UO U---UU™ is a uniformly bounded cover of X

with Lebesgue number at least R.

Proof. (1) = (3) : Let R > 0 be a positive number and assume asdim(X) <
n. The equivalence ”(2) < (3)” within Theorem 19 from [4] shows that there
exist collections V(@ ..., V(™ of subsets in X such that V = VOu...up®™ ig
a uniformly bounded cover and such that for each [ =0, ...,n, the distance
between two distinct sets in V) is greater than 3R. Taking the memberwise

R-neighbourhoods, we can consider the collections

U ={Bp(v) |U eV} with Ba(V)={z € X | dist(z,V) < R}
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for each [ = 0,...,n. Then U = UO U ... UU™ is clearly a uniformly
bounded cover. By the triangle inequality, we have for each [ = 0,...,n
that the distance between two distinct members in () is at least R. Now
let M C X be any subset with diameter less than R. Given any xg € M,
there is some I € {0,...,n} and V € V¥ with zg € V. Tt follows that
M C Bg(xo) C Br(V) € UW. Thus, U has Lebesgue number at least R.

(3) = (1) : Let R > 0 be a positive number. Choose uniformly
bounded collections U@, ..., U™ of subsets of X with the required proper-
ties from (3) with respect to the number 2R+1. Let © € X. Then Br(x) has
diameter less than 2R+ 1 by the triangle inequality, and thus is contained in
some U € YUY for a number I € {0,...,n}. But since for each I = 0,...,n,
the collection UV consists of sets with pairwise-distance at least 2R + 1,
it follows that Br(z) can intersect at most one set in 4. In particular,
Br(X) can intersect at most n + 1 members of U = U U---UU™. Since
R > 0 was arbitrary, this shows that asdim(X) < n.

(2) = (3): Let R > 0 be a positive number. Choose uniformly
bounded collections U, . ... U™ of subsets of X such that Y = UO U- ..U
U™ is a cover with Lebesgue number at least 4R, and such that for each | =
0,...,n, the collection UV consists of pairwise disjoint sets. Given a subset
Z C X, denote B_g(Z) = {x € X | Bg(x) C Z}. For each | = 0,...,n,
set VO = {B_zU)|UeUD}, and set V = VO U...u V™. Since U
has Lebesgue number at least 4R, it follows that given any x € X, the set
Bog(z) is contained in a member U of Y. In particular, z € B_g(U), and
thus V is a cover. Moreover, for x as before and each y € Br(z), we have
that Br(y) C Bagr(z) is also contained in the same set U. So by definition,
it follows that Br(x) C B_gr(U) € U. Since any set of diameter at most
R is trivially contained in a ball of radius R, it follows that the Lebesgue
number of U is at least R. Moreover, since any two distinct sets in /() are
pairwise disjoint, it follows from the construction that the distance between
any two distinct sets in YV is at least R.

(3) = (2): This is trivial. O

Definition 1.2.8 (cf. [71, 1.4.12]). Let (X,,d,) be a sequence of finite

metric spaces. Consider the disjoint union X = | | .y Xn as a set, and let

neN
dx be a metric on X satisfying the following two properties:

e for all n € N, the metric dx restricted to X,, coincides with d,;
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e as i # j and i+ j — oo, we have distg, (X;, X;) — oo.

Then the pair (X,dx) is called a coarse disjoint union of the sequence
(X, dyp).

It seems to be a well-known fact in the field of coarse geometry that a
metric as above always exists, and that the properties of such a metric, as re-
quired by 1.2.8, uniquely determine (X, dx) up to coarse equivalence. How-
ever, I could not find any reference with an explicit proof of this fact. Hence,
the detailed proofs are attached for the reader’s convenience. But first, we
establish a technical Lemma, which we will use several times throughout

this chapter.

Lemma 1.2.9. Let X be a set and M a family of metrics on X. Sup-
pose that for any two metrics dV),d?) e M, there exists a monotonously
increasing function p : [0,00) — [0,00) with lim,_, p(r) = 0o, and such
that d®(z,y) < p(dV(x,y)) for all z,y € X. Then for any two met-
rics dV,d?) e M, the identity map on X is a coarse equivalence between

(X,dV) and (X,d®).

Proof. Since the identity map on X is bijective, the first condition of 1.2.4
is obviously satisfied. Given any two metrics d), d® € M, let us construct
the functions p_, p4 : [0,00) — [0,00) as required by the second condition
of 1.2.4.

First, find a monotonously increasing function py : [0,00) — [0, 00)
with lim, e p4 () = 00, and such that d®(z,y) < py(dV(z,y)) for all
z,y € X. Exchanging the roles of d¥) and d®, also find a monotonously
increasing function p : [0,00) — [0,00) with lim, . p(r) = oo, and such
that dV(z,y) < u(d®(z,y)) for all z,y € X.

Define the map p_ : [0,00) — [0, 00) via

p—(r)=inf{s >0 |r < pu(s)}.

Given any R > 0, the set u([0, R]) is bounded by some 79 > 0, and thus we
have p_(r) > R for all r > ro+ 1. Thus we have lim,_,~, p_(r) = co. Lastly,
by the choice of p it follows that

p-(dV(z,y) =inf {s > 0] dV(z,) < pls) } < dP(a,y)
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for all z,y € X. What this all amounts to is that we have found functions
p—, p+ : [0,00) = [0, 00) with lim, 0 p—(r) = 00 = lim, 00 p4 () satisfying

the inequalities

p—(dV(2,y)) < d(z,y) < ps(dD(z,y))

for all z,y € X. This shows that id : (X,d)) — (X, d®?) is indeed a coarse

equivalence. ]

Proposition 1.2.10. Let (X,,d,) be a sequence of finite metric spaces.
Suppose that dV and d? are two metrics on the disjoint union X =
Unen Xn realizing both pairs (X,dV) and (X,d®) as coarse disjoint unions
of the sequence (Xp,dyn). Then (X,dV) and (X,d®) are coarsely equivalent
via the identity map from (X,dV) to (X,d?).

Proof. Let M be the family of all metrics d on X realizing the pair (X, d)
as a coarse disjoint union of the sequence (X,,d,). In order to show the
statement, we appeal to 1.2.9.

So let dV, d® e M. Let r > 0 be any number. We claim that there are
only finitely many pairs (z,y) € X x X satisfying dV(z,y) < d®(z,y) and
d(l)(x, y) < r. Indeed, by assumption, there exists kg € N such that for all
natural numbers i # j and i + j > kg, we have dist 1) (X;, X;) > r. Since
both d) and d® restrict to the same metric on each set X;, the condition
d(z,y) < d?(z,y) implies that z € X; and y € X for some i # j. But
then we necessarily have x,y € Ungko X, which leaves only finitely many
possibilites.

We can thus obtain a well-defined map f : [0, 00) — {—00}U[0, 00) given
by

£(r) = max {d®) (@, y) | dV(z,y) < d (z,y) and dV (z,y) < r}.

Now set p(r) = max {r, f(r)} to obtain a monotonously increasing function
p:]0,00) = [0,00) with lim,_,~ p(r) = 00. By construction of this map, we
have the inequality d® (z,y) < p(d")(z,y)) for all z,y € X. But his verifies

the conditions in 1.2.9, and the claim follows. O

Proposition 1.2.11. Let (X,,d,) be a sequence of finite metric spaces.

For each n € N, let x,, € X,, be a point. Let (ay), be a sequence of positive
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numbers with lim, . a, = co. Consider the disjoint union X = LlnGN Xn.

Then the map d : X x X — [0,00) given by

dn(y, 2) ;Y2 E€Xn
d(y,2) = di(y, zx) + Zy;,i aj +d(xn,2) , y€Xp,z€X, withk<n
di(z, z1) + Z;:,i aj +d(xzn,y) , z€Xp,yeX, withk <n.

yields a metric on X, which realizes the pair (X, d) as a coarse disjoint union
of the sequence (X, dy).

Proof. We first verify that d is a metric. By definition, it is symmetric,
ie. d(y,z) = d(z,y) for all y,z € X. Suppose that d(y,z) = 0 for some
y,z € X. Then we necessarily have y, z € X,, for some n, and d,(y, z) = 0.
Since each d,, is a metric, we obtain y = z. Now let 21, 29,23 € X and
let us show the triangle inequality d(z1,z23) < d(z1,22) + d(22,23). Let
ni,ng,ng € N with z; € X,,, for ¢ =1,2,3. Let us fix the following notation:
For any k,l € N, denote

max{k,l}—1

ka = Z a;.

j=min{k,l}

Note that this defines a metric on N, by declaring the distance between k
and k£ + 1 to be a; for all k¥ € N, and extending it with the linear order.
Hence we have a triangle inequality, i.e. we have by ; + b, < by, for all
k,l,m e N.

Case 1: n; = ng = n3. In this case, d restricts to the given metric on the

finite subset X,,,, and hence the triangle inequality is trivially satisfied.

Case 2: ny # ny =n3. Then

d(Zl, 22) + d(ZQ, 23) — dn1 (Zla xnl) + bnl,nz + dng (xn27 22) + dng (227 Z3)
dn1 (217 xnl) + bnl,TLQ + dng (xn27 Z3)
= d(Zl, 23).

v
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Case 3: ni #ng #ng =ny. Then

d(z1,22) + d(z2, 23)
= dp,(21,Tny) + 2bny 1y + 2dny (22, Tny) + dp, (23, Tny)
> dp, (21, Tn,) + dn,y (23, Tny)

> dy,(21,23) = d(z1,23).

Case 4: n; # na #n3 #ny1. Then

d(z1, z2) + d(z2, 23)

dny (21, Zny ) + by ng + 2dny (22, Ty ) + bpg g + dny (23, Tny)
dny (21, Zny ) + brg ng + Ongng + dng (23, Tny)

dny (21, Tny ) + bny g + dig (23, Tng)

= d(21,23).

AV

Thus we have verified that d defines a metric on X. It trivially satisfies the
property that it recovers the metric d,, on each subset X,,. Moreover, note
that for all k£ < [, we have

-1

distq(Xp, X1) > ) aj > a1 > ajizx .
2

J

Il
B

As k + 1 — oo, this expression tends to infinity because of lim,_,, a, = oco.
So we have shown that the pair (X,d) is indeed a coarse disjoint union of
the sequence (X, d,,). This finishes the proof. O

Combining the previous two observations, we obtain:

Corollary 1.2.12. Let (X,,,d,,) be a sequence of finite metric spaces. Then
there ezists a coarse disjoint union (X,d) for (Xn,d,), and it is uniquely

determined by the conditions given in 1.2.8 up to coarse equivalence.

We now recall some basics of geometric group theory, in the sense of
viewing groups as proper metric spaces. We will first stay in the more ele-
mentary setting of countable, discrete groups, mostly following [71, Chapter
1, Section 2].

Definition 1.2.13. Let (X, d) be a metric space. We say that d or (X, d) is
proper, if for any x € X and r > 0, the closed r-ball {y € X | d(z,y) < r}is
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compact. This is equivalent to saying that the compact sets in X are given
by the bounded and closed sets.

Definition 1.2.14 (cf. [71, 1.2.1]). Let G be a group. A length function
on G is a function ¢ : G — [0, 00) such that for any g, h € G the following

conditions are satisfied:
e /(g) =0 if and only if ¢ is the identity element;
o Ug)=Lg"):
o U(gh) < {(g)+L(h).

Proposition 1.2.15 (cf. [71, 1.2.2]). Every countable, discrete group admits

a proper length function.
For the following, see also the discussion after Proposition 1.2.2 in [71]:

Example 1.2.16. Let G be a finitely generated group, and let us fix a
finite generating set S G with S = S~!. Then the map ¢ : G — N given by
(g) = min{n | g=s1---s, with s; € S} defines a proper length function
on G.

Proposition 1.2.17 (cf. [71, 1.2.5]). Let G be a group. Given any length
function £, the map d : G x G — [0,00) given by d(x,y) = {(xy~1) defines a
right-invariant metric. Conversely, given a right-invariant metric d on G,
the map £ : G — [0,00) given by £(g) = d(g,1q) is a length function.

This yields a one-to-one correspondence between the length functions on
G and the right-invariant metrics on G, which restricts to a one-to-one
correspondence between the proper length functions and the proper, right-

invariant metrics on G.

In particular, it follows that any countable, discrete group G admits a
proper, right-invariant metric.

We note that most authors in the standard literature are usually inter-
ested in left-invariant metrics on a group rather than right-invariant metrics.
However, these are in a canonical one-to-one correspondence: Composing
any left-invariant metric on a group with the group inversion yields a right-
invariant metric and vice versa.

As it turns out, such a proper, right-invariant metric on a group is unique

up to coarse equivalence:
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Theorem 1.2.18 (cf. [71, 1.4.7]). Let G be a countable, discrete group.
Then for any two proper, right-invariant metrics dV and d® on G, there ex-
ists a monotonously increasing function p : [0,00) — [0, 00) with Tlirgo p(r) =
oo and such that d?(g,h) < p(dM(g,h)) for all g,h € G. Moreover, the
metric spaces (G,dV)) and (G,d®) are coarsely equivalent via the identity

map.

Proof. For i = 1,2, the metric d® is given by a proper length function () in
the sense of 1.2.17. Thus, it suffices to show that there exists a monotonously
increasing function p : [0, 00) — [0, 00) with lim,_,~ p(r) = 0o, such that we
have the inequality £*)(g) < p(¢()(g)) for all g € G. Indeed, set

p(r) = max {6‘2) (9) | g € G with ¢M(g) < T} ,

Since the length functions £() and ¢(2) are proper, this yields a well-defined
map. It is obviously monotonously increasing. Lastly, it follows directly
from the definition that ¢()(g) < p(£((g)) for every g € G.

The second claim now follows by applying 1.2.9 to the family of all

proper, right-invariant metrics on G. O

Let us also mention a more general existence result, due to Struble [90],

for proper, left-invariant metrics in the case of locally compact groups:

Theorem 1.2.19 (cf. [90] and [15, 2.B.5]). A locally compact group G is
second-countable if and only if it is metrizable by a proper, left-invariant

metric.

Remark 1.2.20. By the canonical one-to-one correspondence between left-
invariant metrics and right-invariant metrics via group inversion, it follows
from 1.2.19 in particular that a locally compact, second-countable group G

is metrizable by a proper, right-invariant metric.

To conclude this preliminary section, let us recall the notion of geometric
group actions and associated orbit spaces, following the book of Drutu and
Kapovich [18, Chapter 3]:

Definition 1.2.21 (cf. [18, 3.1.1 and 3.1.4]). Let (X, d) be a locally compact
metric space and G a group. Let a : G »~ X be an action via homeomor-

phisms. Then « is called
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e isometric, if a acts by isometries in the sense that d(ag(x), ay(y)) =
d(z,y) for all g € G and x,y € X.

e properly discontinuous, if for every pair of compact subsets K1, Ko C
X, there exist only finitely many g € G with ay(K71) N Ko # 0.

e cobounded, if there exists a bounded set B C X such that the collec-
tion {ay(B) | g € G} covers X.

e cocompact, if there exists a compact subset K C X such that the
collection {ay(K) | g € G} covers X.

e geometric, if it is isometric, properly discontinuous and cobounded.

Remark 1.2.22. Observe in the above definition that if the metric d on
X is proper, then cobounded implies cocompact, since closures of bounded

sets are compact.

Lemma 1.2.23 (cf. [18, 3.18]). Let (X, d) be a locally compact, proper met-
ric space and G a group. Let o : G ~ X be a faithful, isometric action.

Then « is properly discontinuous if and only if G is discrete.

Notation. Let o : G ~ X be an action of a group on some set. For each
x € G, denote the G-orbit of x by On(x) = {oy(z) | g € G}.

Theorem 1.2.24 (cf. [18, 3.2, 3.3 and 3.20]). Let (X, d) be a locally compact,
proper metric space and G a countable, discrete group. Let o : G ~ X be
a geometric action. Consider the orbit space X/G = {Oy(x) | z € X} with
the natural surjection 7 : X — X/G,x — Oy(x). Then X/G, equipped
with the quotient topology via w, is a compact Hausdorff space. Moreover,

it is metrizable by measuring the distances of orbits, i.e. the map i (d) :
(X/G) x (X/G) — [0,00) given by

Te(d)(Oa(2), Oaly)) = inf {d(ag(2), an(y)) | g, h € G}

is a metric (called the push-forward metric of d) and induces the quotient

topology on X/G.

Proposition 1.2.25. Let X, G,a,d,m be as in 1.2.24. If « is free, then w

is a local homeomorphism.
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Proof. Let x € X. Choose a compact neighbourhood K of z. Since «
is properly discontinuous, the set F' = {g € G | og(K) N K # (0} is finite.
Since « is free, we can find a compact neighbourhood K’ of X such that
K'Nayg(K') =0 for all g € F'\ {1¢}. In particular, we can find some r > 0
such that

B (z)Nay(By(z)) =0 forall ge G\ {lg}.

By choosing r even smaller (for instance replacing it by r/4), we assume
moreover that d(y,a,(z)) > 3r for all y,z € B,(z) and all g # 1¢. But
then it is obvious that 7 is injective on B, (z). Since B,(z) is compact,
restricts to a homeomorphism from B, (z) onto its image. This shows that

7 is indeed a local homeomorphism. O
Of particular importance is the following special case:

Definition 1.2.26. Let G be a locally compact, second-countable group.
A closed subgroup H C G is called cocompact, if the action p : H ~ G
given by right-multiplication p(g) = g - h™!, is cocompact. That is, H is
cocompact if and only if G = | J,cp K - h for some compact subset K C G.

Remark 1.2.27. Observe that in the above situation, p-orbits are just left
cosets with respect to H in the ordinary group-theoretic sense. That is, for
each g € G, we have O,(g) = gH. In particular, the orbit space of p agrees
with the usual group theoretic quotient space G/H.

Corollary 1.2.28. Let G be a locally compact, second-countable group,
equipped with a proper, right-invariant metric d on G. Let H C G be dis-
crete, cocompact subgroup, and let m : G — G/H denote the quotient map.
Then the quotient space G/H is a compact Hausdorff space, and is metriz-
able by the push-forward metric m.(d) : (G/H) x (G/H) — [0,00) given
by

7. (d)(g1H, goH) = disty(g1H, goH) = inf {d(g1h1, g2h2) | h1,he € H}

for all g1,g2 € G. Moreover, w is a local homeomorphism.

Proof. Since d is chosen to be a right-invariant metric, the H-action on G
by right-multiplication is isometric. It is trivially free. It is also properly

discontinuous by 1.2.23 because H is discrete. Since H is cocompact by
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assumption, it follows that its induced action on G is cocompact. In partic-
ular, this action is geometric. The claim now follows directly from 1.2.27,
1.2.24 and 1.2.25. O

1.3 Box spaces and asymptotic dimension

In the next three sections, we will develop the theory of Rokhlin dimension
for actions of residually finite groups on C*-algebras, extending such a the-
ory for finite groups and the integers by Hirshberg, Winter and Zacharias
from [42]. The content of these sections comes from a joint paper with Wu
and Zacharias 2, which is available as an arxiv preprint in [96]. There is a
substantial text overlap between the following sections of this chapter and
[96], with large parts carried over verbatim with only minor changes. How-
ever, it should be pointed out that the second section of the current preprint
version of [96], which corresponds to this section, contains several mistakes.
For this reason, there are some adjustments in this section, some of which
which we will indicate below after 1.3.1.

To avoid any confusion concerning the text overlap with [96], we will
follow the convention to give the corresponding references to the preprint
[96] for all partial results that were originally proved in [96], either verbatim
or in a similar form. We note, however, that the Rokhlin dimension theory
developed in [96] is more general than presented here because it treats also
cocycle actions instead of only genuine group actions.

Before one delves into the details of Rokhlin dimension, it is important
to understand a certain geometric invariant of discrete and residually finite
groups, namely their box spaces. This notion is based on an idea of Roe
from [80]. In this section, we will introduce box spaces of residually finite
groups. A special focus will be on the asymptotic dimension of such spaces.
The reason is (as we will see in the last section of this chapter) that the
Rokhlin dimension theory for actions of a given group G is compatible with
the notion of nuclear dimension, if G has a box space with finite asymptotic

dimension.

Definition 1.3.1. Let G be a countable, discrete group. Let G, < G be a

decreasing sequence of normal subgroups with finite index, i.e.

2Each author has contributed an approximately equal amount to this collaboration.
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G : G,| < o0 and Gp41 C G, for all n € N. We say that the sequence
(Gn)n is separating if (), .y Gn = {lg}. G is called residually finite, if it
has such a separating sequence of normal subgroups with finite index. In
what follows, such a decreasing and separating sequence is called a residually

finite approximation.

Remark. At this point, the reader should be warned about a difference
between this section and the analogous section in the current version of the
preprint [96] on box spaces. Namely, residually finite approximations are
not assumed in [96] to consist of subgroups that are normal. However, some
assumptions on the subgroups in question are necessary. For instance, one
can find counterexamples to the important technical Lemma 1.3.8 below
within separating sequences of arbitrary subgroups with finite index. Since
1.3.8 is implicitely used in [96], the results presented in the second section

of [96] are not correct in the presented generality.

Now, we will follow the ideas from [80, 11.24], [71, Chapter 4, Section 4]
and the introduction of [48] to define box spaces of residually finite groups.
However, unlike in these references, we do not require the groups to be

finitely generated for the definition.

Definition 1.3.2. Let G be a countable, discrete, residually finite group
and let 0 = (Gy), be a residually finite approximation of G. Let us equip
G with a proper, right-invariant metric d. For each n € N, consider the
quotient map 7, : G — G/G,. The box space [0,G associated to o is
defined as the coarse disjoint union of the sequence of finite metric spaces
(G/Gns mpa(d)).

Since the metric d is chosen above to define the box space U, G, we have
to justify why it does not appear in its notation. As it turns out, the coarse
equivalence class of [J,G does not depend on the choice of d. In the finitely
generated case, this is mentioned in the introduction of [48], but without an
explicit proof.

Proposition 1.3.3. Let G be a countable, discrete, residually finite group
and let 0 = (Gn)n be a residually finite approximation of G. For each
n € N, consider the quotient map 7, : G — G/G,,. Let dV and d® be two
proper, right-invariant metrics on G. Then the coarse disjoint unions of the
sequences (G)Gp, T (dD)) and (GG, mpe(d?)) are coarsely equivalent

via the identity map.
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Proof. Consider the family M of metrics dg on the disjoint union X =
|l en G/Gn satisfying the requirements of 1.2.8 for the sequence of finite
metric spaces (G /Gy, mn«(d)), where d is an arbitrary proper, right-invariant
metric on G. In order to show the claim, we appeal to 1.2.9.

So let dV and d® be two proper, right-invariant metrics on G, and
dg),dg) € M two metrics on X such that for ¢ = 1,2 the metric dg)
satisfies the requirements of 1.2.8 for the sequence (G/Gp, s (d?)).

By 1.2.18, we can find a monotonously increasing function p : [0,00) —
[0, 00) with lim,_se 14(r) = 0o and such that we have the inequality d® (g, h) <
w(dM (g, h)) for all g,h € G. We claim that for all » > 0, there are only
finitely many pairs x,y € X satisfying both u(dg)(:v,y)) < dg) (z,y) and
p(dy (z,y)) < r.

For n € N, let z,y € G/G),, be two elements. Write z = m,(g1) and
y = mn(g2) for elements g1, g2 € G such that m,.(dM)(z,y) = dV (g1, g2).

Then we have O
wldy' (,y)) = p(mn(dD)(z,9))

1(dV (g1, g2))
d(2) (gla 92)

T (dP) (2, y)
d) (z,y).

AVARIYS

In particular, for any pair z,y € X, the condition ,u(dg)(x, y)) < dg) (z,y)

implies that x € G/G; and y € G/G; for some i # j.

Choose sp > 0 such that u(s) > r for all s > sg. Then choose kg € N such
that for any i # j and i + j > kg, we have distd(L;)(G/Gi,G/Gj) > s9. Thus
it follows that u(distdg)(G/Gi,G/Gj))> r for all i # j with i + 5 > ko. In

particular, for any two elements z,y € X, the two conditions ,u(dg)(a:, y)) <
dg) (x,y) and ,u(dg)(:c, y)) < r together imply that x,y € | ], G/Gi, which
leaves only finitely many possibilities. B

We obtain a well-defined map f : [0,00) — {—o0} U [0, 00) given by

1) = max {d) (@) | w(d5) (2. 9)) < dF (2, y) and p(dy (2, 9)) < v}

Note that f is monotonously increasing. Now set p(r) = max {u(r), f o u(r)}
to obtain a monotonously increasing function p : [0,00) — [0,00) with
lim, o p4(r) = oo. Moreover, we have dg)(:v,y) < p(dg)(x,y)) for all

x,y € X by construction. This finishes the proof. O
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Remark 1.3.4. It is well-known that the box spaces of GG, as coarse metric
spaces, encode important properties of G. For instance, assuming that G
is finitely generated, the box space U,G has property A if and only if G is
amenable, see [80, 11.39] and [71, 4.4.6]. On the other hand, property A is
always implied by finite asymptotic dimension, see [71, 4.3.6]. When a box
space has finite asymptotic dimension, one might therefore be tempted to
think that this value encodes the geometric complexity of the group in some

sense. This is demonstrated in the next Lemma:

Lemma 1.3.5 (cf. [96, 2.4]). Let G be a residually finite group, and let
o = (Gp)n be a residually finite approximation of G. Then the following

conditions are equivalent for all s € N:
(1) The box space O,G has asymptotic dimension at most s.

(2) For any R > 0, there exists n € N and collections U, ... . U of
subsets of G such that U = UO U --- UUB) is a uniformly bounded
cover of G with Lebesgue number at least R, and such that for each
1 €{0,...,s}, the collection UD has mutually disjoint members and is

Gp-tnvariant with respect to multiplication from the right.

(3) For every e > 0 and MCG, there existsn € N and functions pV) : G —
[0,1] for 1 =0,...,s with the following properties:

(a) For everyl=0,...,s, one has
supp(u) Nsupp(u)h =0 for all h € G, \ {1}.

(b) For every g € G, one has

>3 W) 1.

=0 heGn

(c) For everyl=0,...,s and g € M, one has
I = (g oo < .

Remark. We note that condition (3)(a) above automatically forces the
functions p® to be finitely supported, because each subgroup G, C G has,
by definition, finite index.
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Before we prove 1.3.5, we need a few observations:

Lemma 1.3.6. Let G be a group and H C G a subgroup with finite indez.
Let V be a collection of pairwise disjoint, finite subsets of G that is H-
invariant with regard to multiplication from the right. Then there is a finite
set UTG such that

e UNUh =10 for all h € H\ {1}.
o For every V €V, there exists some h € H with V C Uh.

Proof. Let V1 € V be some set. If V={V,-h | h € H}, then we set U =V}
and are done. So assume that this is not the case. As V is H-invariant and
consists of mutually disjoint sets, there exists some Vo € V with VoNVih = ()
for all h € H. But then, the set Uy = Vi U V5 automatically satisfies
Uy, NUsh =0 for all h € H\ {1}. If

V={Vi-h|heH, i=1,2},

then we can set U = Uy and are done. So assume that this is not the case.
Proceed inductively like this. Assume that for some k& € N, we have found
Vi,..., Vi, € V such that U, = V3 U--- UV, satisfies U, N Uph = 0 for all
h € H\ {1}, and such that

{(Vi-h|heH, i=1,....k} C V.

Choosing some set Vi1 € V in the complement, it again follows by H-
invariance and pairwise disjointness of V that Uiy = Uy U V41 satisfies
Uky1 NUgr1h =0 for all h € H\ {1}.

Notice that in every induction step, we are either done by setting U = Uy,
or we can proceed with another step and strictly enlarge the set Uy to Ug41.
But at the same time, the condition Uy NUph = 0 for all h € H\ {1} implies
|Ui| < [G : H] < co. So the induction must stop after finitely many steps,

and the claim follows. O

Proposition 1.3.7. Let G be a countable group and H C G a subgroup
with finite index. Let m: G — G/H be the quotient map. Let d be a proper,

right-invariant metric on G. Then for every r > 0 and g € G, we have
«(d
w(Bf(9)) = BT (n(9)).
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Proof. The ”C” part is trivial because by the definition of the metric m,(d),
the map 7 is contractive. If = € @ (mn(g)), write © = m,(f) for some

f € G. By right-invariance of d, we have

r > mpa(d)(Tn(g), T (f))
inf {d(ghl, fhg) ‘ hl, h2 S Gn}
= inf{d(g, fh) | h € G,}.

In particular, there exists h € G,, with d(g, fh) < r, which means fh €
B%(g), and moreover 7, (fh) = n(f) = x. This shows our claim. O

Lemma 1.3.8. Let G be a residually finite group, and let o = (G,), be
a residually finite approximation of G. For each n € N, let m, : G —
G/G, be the quotient map. Let d be a proper, right-invariant metric on
G. For every r > 0, there exists ng € N, such that for each n > ng and

g € G, the restriction of m, yields an isometric bijection between B%(g) and
nx(d
B (ma(9)).

Proof. Let v > 0. Since d is proper, B} .(1g) is a finite set. So choose
ng € N so large that B¢.(1¢) NGy, = {1g}. Then also B¢.(1¢)NG,, = {15}
for every n > ng, because (G), is decreasing. Given any g1, g2 € G with
d(g1,g2) < 2r, this implies for all h € G,, that

d(g1h, g2) = d(g1hgy !, 9297 ") > d(g1hgy !, 16) — 2r > 2r.
G
ceGn

In particular,

d(g1,92) < min{d(g1h, g2) | h € Gpn} = Tpu(d) (70 (91), T (g2))-

Since inequality in the other direction always holds, this shows that for every
subset X C G with diamg(X) < 2r, the restriction m,|x is isometric. In
particular, we have for every g € G and n > ng that | Bi(g) 18 isometric.
Applying 1.3.7, this finishes the proof. O

Proof of 1.3.5. For the entire proof, let us fix the following notation: For
each n € N, denote by 7, : G — G/G,, the quotient map. Let d be a proper,
right-invariant metric on G and let dg be a metric on 0,G = | |,,c5 G/Gn

satisfying the requirements of 1.2.8 with respect to the sequence of finite
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metric spaces (G/Gp, Tns(d)).

(1) = (2) : Given R > 0, use asdim(0J,G) < s and 1.2.7(2) to find
collections VO ..., V() of subsets of O,G such that V = VO y ...y
is a cover of ,G uniformly bounded by some r > 0 and with Lebesgue
number at least R. Let V,, = V,(ZO) U---u fo) be the induced finite covers
on the finite subspaces G/G,, C 0,G.

Applying 1.3.8, choose ng € N large enough such that for every n > ng
and g € G, the map 7, restricts to an isometric bijection between BY(g)
and Br @ (mn(g)). By choosing ng even larger (if necessary), we may also
assume that Bay4+1(1g) NG, = {lg} for all n > ng, i.e. the distance be-
tween any two distinct elements in G, is at least 2r + 1. By the uniform
boundedness, each V' € V), is contained in By () (mn(g)) for some g € G.
Thus, we can find some Uy C BY%(g) that is mapped isometrically onto V'
under m,. Then, the preimage of V' can be written as the disjoint union
(V) = Llneg, Uv - h. Define

Uw = {UV | Vevd ne Gn}

for all n > ng and I = 0,...,s. Then each Z/{,(Ll) is Gp-invariant with re-
gard to multiplication from the right and has mutually disjoint members by
construction. Moreover, the collection U,, = Z/{,(LO) U---u Mﬁs) covers G. We
claim that the Lebesgue number of U is at least R. Let X C G be a set with
diameter at most R. Since the cover V, of G/G,, has Lebesgue number at
least R and 7, is contractive, it follows that m,(X) C V for some V' € V,.
Hence
Xcm (X)) Ccm (V)= | | Uv-h
heGn

By construction, the set Uy has diameter at most r, and the distance be-
tween two distinct elements in G, is at least 2r + 1. Thus, for h; # he in

G, we have for every g1, go € Uy that
d(gih1, g2h2) = d(gihihy ' gr 9297 ) > d(gihahy tgr 1) —r > r 4 1.
—_————
GGn

This shows disty(Uy - h1,Uy - he) > r+ 1 > R. But this implies that X
must be entirely contained in Uy - h € U,, for some h € G,,, which shows the

claim.
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(2) = (3) : Let ¢ > 0 and MG be given. Choose R > @
large enough so that M is contained in B%(lg). By assumption, there
exists n and a uniformly bounded cover Y = U U --- UU®) of G with
Lebesgue number at least R, such that each () is G -invariant with regard
to multiplication from the right and has mutually disjoint members. Upon
applying 1.3.6 to U for each | = 0,. .., s, we may assume that ) is of the
form {U( -h | h € Gy} for some finite set U C G with U(Z)O(U h) =10
for all h € Gy, \ {1¢}. Now define

distq(g, G\ UD)
Yovey dista(g, G\ V)

Then obviously supp(u)) ¢ U® and {,u O(_-h) | heGp, = 0,...,s}
forms a partition of unity for G. This proves properties (a) and (b). By

MG =01, g

applying [71, 4.3.5], we see that our assumption on the Lebesgue number of
U being at least R implies that each function p®) is Lipschitz with regard

2(2s+1)
R

to the constant < g, which shows that also condition (c) is met.

(3) = (1) : Let R > 0 be given. Let 0 < ¢ < ﬁ Choose n
and finitely supported functions u® : G — [0,1] for [ = 0, ..., s satisfying
the requirements of (3) with respect to the pair e and M = B%(lg). By
choosing n large enough, we may also assume that the dp-distance between
any two sets of the form UZ;% G /Gy and G/Gyy,, for m > n, is at least R.
Define U := supp(u®). Then U® N (U(l) . h) =@ forall=0,...,s
and h € G, \ {1} and {UW -h |h€ Gy, 1=0,...,s} covers G. For each
m >nand!l=0,...,s, define the collection i ) = {mm(UY -h) | h € Gy},
which consists of [Gn : G| disjoint subsets of G/G,,. Define a cover V =
VO U...uVvE) of O,G by

n—1
V(O):{UG/Gk} Uv<0>andv Uv forl=1,...,s
k=1 m=n
The diameters of members of V are then bounded by
n—1
max {diam( U G/Gm),diam(U(O)), . ,diam(U(S))} .
m=1
Moreover, for every [ =0, ..., s, two distinct sets in V() are disjoint. Let us

now show that any ball of radius R is contained in some member of V.
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Given any point x € [0,G, our choice of n implies that BéB (z) falls
entirely in one of the subsets Z;% G/Gy or G/G,, for m > n. In the first
case, B?%B (z) C {2} G/Gr € VO. In the case where B%B(x) C G/Gn
for m > n, choose some g € G with m,,(9) = z. By condition (b), g
can be in the support of at most s + 1 members of the partition of unity
{M(Z)(,-h) | h € Gp, 1=0,---,s}. Moreover, it follows that there exist
heG,andle{0,...,s} such that u(g-h) > SJ%I For any ¢’ € B%(1¢),
condition (3)(c) for M = B%(1¢) implies

1 1

polg g h) = pt (g h) —e> = g =0

So Bh(g)h = B&(1g)gh C supp(u) = UD, which equivalently means
Bé(g) c UWR™L. Since any set of diameter at most R is trivially contained
in a ball of radius R, it follows that ¢ has Lebesgue number at least R. This
verifies asdim([J,G) < s by appealing to 1.2.7(2). O

Corollary 1.3.9 (cf. [96, 2.5]). Let G be a countable, discrete, residu-
ally finite group and o = (Gy), a residually finite approximation. Let

G be equipped with a proper, right-invariant metric. Then asdim(G) <
asdim(0,G).

Proof. This follows immediately from 1.2.7(2) and 1.3.5(2). O

Corollary 1.3.10 (cf. [96, 2.6]). Let G be a countable, discrete, residually
finite group and o = (Gy)n a residually finite approximation. Let H C G be

a subgroup. Then for the residually finite approximation k = (H N Gy), of
H, we have asdim(O.H) < asdim(0,G).

Proof. This follow directly from 1.3.5(2) by restricting the covers given on
G to H. 0

Definition 1.3.11 (cf. [96, 2.7]). Let G be a countable, discrete and resid-
ually finite group. We denote by A(G) the set of all residually finite ap-
proximations of G. The set A(G) carries the following natural preorder: we
write (Gp)n 3 (Hp)n, if for all n € N| there exists m € N with H,,, C G,,.
We call a residually finite approximation (G,), € A(G) dominating, if it
is dominating with respect to the above order, i.e. (Hy)n 3 (Gp), for all

(Hp)n € A(G). N
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Proposition 1.3.12. Let G be a countable, discrete and residually finite
group. A residually finite approximation (Gyp), € A(G) is dominating if and
only if for every subgroup H C G with finite index, there exists n such that
G, C H.

Proof. 1t is obvious that a residually finite approximation (G,,), is dominat-
ing if and only if for every normal subgroup N C G with finite index, there
exists n with G, C N. The claim follows by recalling the well-known fact
that any subgroup with finite index contains a normal subgroup with finite
index: If H is a subgroup with finite index, let FiyCG be a finite set of rep-
resentatives for G/H. This means that the map Fg x H — G, (x,h) — z-h

is bijective. Then observe that the normal subgroup

ﬂ gHg ' = ﬂ (zh)H(xh)™ = ﬂ cHz !

geG rEFy,heH zeFy

is contained in H and has finite index in G as a finite intersection of sub-

groups with finite index. O

Example 1.3.13. Given m € N, the sequence (n!-Z™), is a dominating

residually finite approximation of Z™.

Proof. Applying 1.3.12, it suffices to show that any finite index subgroup of
Z™ contains a subgroup of the form nZ™ for some n € N. So let H C Z™
be a subgroup with finite index. Then H is free abelian with rank m. Let
V1, ..., Uy, denote a set generators for H. If we view H and Z™ as subsets
of Q™, then we claim that the vectors vy,..., v, form a Q-basis. Indeed,
let A1,..., A\ € Q be given with 0 = Mv; + -+ + A\pvy. Then we can
find a positive integer k& > 0 such that kAi,..., kA, € Z, and we have
0= (kA)vr + -+ + (kM) vm. Since H is free abelian of rank m, it follows
that kXA; = 0 for all ¢, which implies A; = 0 for all . This shows that the

vectors vy, ...,v, € Q™ are linearly independant in Q™, and thus form a
basis.

Let eq,...,en denote the standard generators of Z™. We claim that
for each ¢ = 1,...,m, there is a positive integer k; such that k;e; € H.

Indeed, we can find some Aq,..., A\, € Q with e; = A\jv1 + -+ + Ao, If
we choose k; large enough such that k;\; € Z for all j = 1,...,m, then
k;e; = (k:i)\l)vl + -+ (k‘l)\m)vm € H.
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After having found these numbers, let n be the least common multiple
of k1,...,kmn. Then for all ¢ = 1,...,m, it follows that k% € 7Z and thus
ne; = k% - k; - e; € H. In particular, we have nZ™ C H. ]

Let us record the following variant of 1.3.5 in the special case of domi-

nating residually finite approximations, which follows directly from 1.3.12:

Corollary 1.3.14. Let G be a residually finite group, and let 0 = (Gy)p
be a dominating residually finite approximation of G. Then the following

conditions are equivalent for all s € N:

(1) The box space O,G has asymptotic dimension at most s.

(2) For any R > 0, there exists some subgroup H C G with finite index and
collections U ... . UG of subsets of G such that U =UO U-..uUB)
is a uniformly bounded cover of G with Lebesgue number at least R,
and such that for each l € {0,...,s}, the collection U has mutually
disjoint members and is H-invariant with respect to multiplication from
the right.

(3) For every e > 0 and MG, there exists a subgroup H C G with finite
index and functions ) : G — [0,1] for 1 = 0,...,s with the following

properties:

(a) For everyl=0,...,s, one has
supp(u) Nsupp(u)h =0 for all h € H\ {1}.

(b) For every g € G, one has

S>> uPgh) =1.

=0 heGy,
(c) For everyl=0,...,s and g € M, one has
11D = 1 (g lleo < e

Corollary 1.3.15 (cf. [96, 2.6]). Let G be a residually finite group, and let
o = (Gn)n be a dominating residually finite approximation of G. Let H C G
be a subgroup of finite index, and let k = (HNGy)y be the induced residually
finite approzimation on H. Then asdim(0,H) = asdim(C,G).
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Proof. The ”7<” part follows from 1.3.10, so let us show the inequality in
the other direction. Denote s = asdim((J,H), and let d be a proper, right-
invariant metric on G. Its restriction to H obviously yields a proper, right-
invariant metric on H. Let FiyCG be a finite set of representatives for G/H,
i.e. the map Fg x H — G, (xz,h) — x - h is bijective. Let R > 0. Without
loss of generality, assume that R is large enough such that Fp C Bfl%(lg).

Use 1.3.14(2) in order to find n and collections W, ... W) of subsets
of H such that W= WO U...UW®) is a uniformly bounded cover of H
with Lebesgue number at least 8 R, and such that for each [ = 0,...,s, the
collection W\ consists of pairwise disjoint sets and is H NGy,-invariant with
respect to multiplication from the right. Since (G )i is dominating, we may
choose n large enough according to 1.3.12 such that G,, C H, which implies
G,NH=G,. Foreach[=0,...,s, define

VO = {Bin(W) | W e WD) with Bip(W) = {he B | B (h) c W}

Then for each | = 0,...,s, the collection V® is again G,-invariant with
respect to multiplication from the right, and the distance between any two
distinct sets is at least 4R. Moreover, since V¥ has Lebesgue number at least
8R, any ball of radius 4R in H is contained in a member of WW. Therefore,
it follows from the construction of V that it is a cover. Now for [ = 0,..., s,
define

U = {BgR(lg) VIVe V(”} .

Since the distance between any two distinct sets in V) is at least 4R, it
follows that any two distinct sets in (") are disjoint. Moreover, it is obvi-
ous that U is G,-invariant with respect to multiplication from the right.
Moreover, we claim that & = U@ U ... UU®) is a cover with Lebesgue
number at least R. Indeed, given g € G, there are x € Fiy and h € H with
g = zh. Then h € V for some V € V. Since x € Fy C B%(1g), it follows
that g € B4(1g) - V, and thus B4(g) = B%(1g)g C B4(1g) - B&(lg) -V C
BgR(lg) -V € U. Since every set of diameter less than R is trivially con-
tained in some ball of radius R, it follows that the Lebesgue number of U is
indeed at least R. This finishes the proof. ]

In applications, the existence of a residually finite approximation can be

quite useful. In the case of finitely generated groups, this turns out to be
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automatic:

Proposition 1.3.16. Let G be a finitely generated and residually finite

group. Then G has a dominating residually finite approximation.

Proof. Let STTG be a finite generating set. Given some finite group F,
there are at most as many group homomorphisms from G to E as there
are maps from S to E, which there are |FE ]'S | of. Now up to isomorphism,
there are only countably many finite groups. Since any normal subgroup
of G with finite index arises as a kernel of a homomorphism into a finite
group, this implies that G has at most countably many normal subgroups
of finite index. Let {N,},cy be a respresentation of this set, and define
(Gn)n € A(G) recursively via G; = Ny and Gp4+1 = Gp,N Np4q for all n € N.
By construction, any normal subgroup must eventually contain a member

of this sequence as a subgroup, so this sequence is indeed dominating. [

Remark 1.3.17. Let 0,k € A(G) be two sequences with ¢ = k. Then it
follows from 1.3.5(2) that asdim(d,G) < asdim(0,G). In other words, the
map

AG) — N, o+ asdim(0,QG)

is order-reversing. This implies that the values of asymptotic dimension for
all box spaces associated to dominating sequences are the same, and they
take the lowest value among all possible box spaces associated to residually
finite approximations.

If 0 € A(G) is a dominating residually finite approximation, we will call
the associated box space ,G a standard box space, and will sometimes
denote it by UG under the assumption that G is finitely generated. While
there might a priori be some ambiguity, we will exclusively be interested in
the asymptotic dimension of these spaces, so the above argument shows that
there is no ambiguity concerning the asymptotic dimension of a standard

box space.

1.4 Box spaces of nilpotent groups

In this section, we show that the standard box space of a finitely generated,
virtually nilpotent group has finite asymptotic dimension. We first need to

record a few technical observations:
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Lemma 1.4.1. Let G be a locally compact group with a proper, right-
invariant metric d. Let H C G be a discrete, cocompact subgroup. Suppose
that G has finite covering dimension m € N. Then there exists a uniformly
bounded, open cover W of G with positive Lebesgue number and a decompo-
sition W = WO U...uW | such that foreachl=0,...,s, the collection
WU consists of mutually disjoint members and is H-invariant with respect

to multiplication from the right.

Proof. Consider the quotient map 7 : G — G/H, which is a local homeo-
morphism by 1.2.28. Thus m = dim(G/H). Since H C G is discrete, there
exists n > 0 with d(h, 1g) > 3n for all h € H \ {1¢}. By right-invariance of
d, this implies d(h1, ha) > 3n for all hy # hg in H.

For any x € G/H, choose g € G with x = 7(g), and then choose an
open neighbourhood U, of g with diameter at most 1. Now the collection
{Va}ieq/u given by Vo = m(Us,) is an open cover of G/H. By compactness,
there exists some finite subcover. Using m = dim(G/H) and 1.2.3, we
can choose an open cover U of G/H refining {V;},c¢/y with the following

properties:

e There is a decomposition U = U@ U --- U U™ such that for each
1€{0,...,m},onehas UNV =@ for all U # V in UD.

e For all V € U, there exists an open set Uy C G with 7(Uy) =V and
diam(Uy) < n.

Since G/ H is compact, we can apply the Lebesgue number theorem (see [92,
7.2.12]) to deduce that this cover has some positive Lebesgue number p > 0
with respect to the push-forward metric 7, (d). Set r = min(u,n).

Now consider the uniformly bounded, open cover W of G given by W =
WO U...uwW | where

w“):{UV-mVeu(l),heH}.

Claim 1: Foreach!=0,...,s, the members in W® are mutually disjoint.
So let Wy # Wy in WO, Let Vi, Vo € UY and hy, hy € H with W =
lehl and W2 = UV2h2.

Case 1: Wy # Wy, In this case, we get m(W1) = Vi and n(Wa) = Vs,
which are disjoint, so W; and W5 have to be disjoint.
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Case 2: h; # ha. Then d(hi, hy) > 3n. Now W is an open neighbourhood
of hy with diameter at most 7, and likewise W5 is an open neighbourhood
of ho with diameter at most 7. It follows by triangle inequality that W; and

Wy have distance at least 7, so they must be disjoint.

Claim 2: The Lebesgue number of W is at least 7.

Let X C G be some set of diameter less than r with respect to d. Then
m(X) has diameter less than r with respect to m.(d). Since r < p, there is
some V € U with X C V. But then we have

Xcr'X)cr (V)= |J Uv -
heH
As we have observed earlier, for all h; # ho, the distance between Uy hy and
Uy hs is at least i with respect to d. Since r < 1, it follows that X must be

contained in exactly one open set of the form Uy h, which is a member of
W. O

The following will be our main method in showing that a given group

admits a finite-dimensional box space:

Lemma 1.4.2. Let G be a locally compact group G with a proper, right-
invariant metric d. Let H C G be a finitely generated, discrete and cocom-
pact subgroup. Suppose that there exists a sequence of continuous automor-

phisms o, € Aut(G) satisfying
e for allmn € N, the map oy, restricts to an endomorphism on H;

o for any compact set K and open neighbourhood U of 1q, there exists
n € N with K C 0,(U).

Then H is residually finite and asdim(0;H) < dim(G).

Proof. Observe that each subgroup H,, = 0,,(H) C H must have finite index
in H. Indeed, since H, is the image of H under an automorphism on G,
the subgroup H,, is cocompact in G. Let K C G be a compact subset
with G = g, K - h. Let m, : G — G/Hy be the quotient map. Then
the restriction of m,|x is still surjective. Now we may identify H/H,, as a
subset of G/H,, in the obvious way, and then the restriction of , yields a

surjective map from K N H onto H/H,. But since K N H is the intersection
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of a compact set and a discrete set, it is finite, and thus H/H, is finite.
Since H is discrete, there exists an open neighbourhood U C G of the
unit with U N H = {1g}. Then given any predescribed finite set FCH
containing the unit, there exists n with F' C 0, (U), from which it follows
that F N H, = {1}. As F is arbitrary, it follows that (), .y Hn = {1}, and

in particular H is residually finite.

neN

Without loss of generality, assume that G has finite covering dimension.
Set m = dim(G). Apply 1.4.1 to choose a uniformly bounded, open cover W
of G with positive Lebesgue number § > 0 and a decomposition W = WO U
- UW™) _guch that for each [ = 0, ..., s, the collection W) consists of
mutually disjoint members and is H-invariant with respect to multiplication
from the right.

For each n, consider the uniformly bounded cover W,, = Wflo) U- - -UWT(Lm)
of G given by Wl = o, (W) = {0,(U) | U e WD} for all I = 0,...,m.
Then any two distinct members of W,(ll) are disjoint. The first property of
the o, ensures that for all n and [ = 0,...,m, the collection WT(ZZ) is right-
invariant with respect to H, = on,(H) C H. Now let R > 0. Since the
metric d is proper, the second property of the sequence (o), ensures that
we find some n such that Br(1lg) C on(Bs/3(1g)). Since W has Lebesgue
number 4, any ball of radius §/3 is contained in a member of WW. By our
choice of n, any ball of radius R is therefore contained in a member of W,,,
which shows that the Lebesgue number of W, is at least R.

If we now restrict the cover W,, = W7(10) U---u WT(Lm) to a cover on H,
we see that condition 1.3.14(2) is met for R. Since R > 0 was arbitrary, the

claim follows. O
Corollary 1.4.3. For all m € N, we have asdim([0;Z™) = m.

Proof. Apply 1.4.2 for G = R™, H = Z™ and the sequence of automorphisms
given by o, (z) = n-z to deduce that asdim(JsZ™) < m. On the other hand,

we have asdim(Z™) = m, so equality follows from 1.3.9. O
Let us now recall the definition of some important classes of groups:

Definition 1.4.4 (see the introduction of [102, Chapter 2]). Let G be a

group. We call G polycyclic, if G admits a subnormal series of subgroups

{lg}=Go< G 4--- <G, =G
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of finite length » > 1, such that for each £k = 1,...,r, the subquotient
Gr/Gr—1 is cyclic. If we furthermore assume that these subquotients are

infinite, we call G poly-Z.

Definition 1.4.5 (cf. [102, p. 18]). Given a polycyclic group G, choose
a subnormal series {G}}y<s<, as above. Define the Hirsch length of G,
written /i (G), as the number of all k such that Gi/Gg—1 = Z. 1t is a well-
known consequence of Schreier’s refinement theorem (see [84, 5.11]) that this
number is an invariant of the group G, and in particular does not depend

on the choice of subnormal series.

Notation. Let G be a group. Given two subgroups Hi, Ho C G, we denote
the commutator subgroup by [H, Ha| = <h1h2h1_1h2_1 | h1 € Hi,he € Ha).

Definition 1.4.6 (cf. [84, p. 115]). Let G be a group. Define the collection
{m(G)},en of subgroups of G inductively by setting 71(G) = [G, G] and
+1(G) = [(G),G]. G is called nilpotent, if there exists n € N with
m(G) = {1a}.

Definition 1.4.7. Let G be a group. G is called virtually nilpotent, if
it contains a nilpotent subgroup of finite index. Analogously, G is called

virtually polycyclic, if it contains a polycyclic subgroup of finite index.

Remark 1.4.8. Let us now list a few well-known facts about polycyclic and
nilpotent groups, which in particular make them interesting from the point

of view of our previous section:

e Polycyclic groups are residually finite. (see [102, 2.10])

e A simple induction on the number r > 1 in 1.4.4 shows that polycyclic

groups are finitely generated.

e A subgroup or quotient of a polycyclic group is polycyclic. A subgroup
of a poly-Z group is poly-Z. (see [72, 10.2.4])

e Let G be a polycyclic group. If H C G is a subgroup, then /i, (H) <
lair(G). If N 9 G is a normal subgroup, then /i3, (G) = i (V) +
Ui (G/N). (see [72, 10.2.10])

e A subgroup or quotient of a nilpotent group is nilpotent. (see [84, 5.35
and 5.36))
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A polycyclic group contains a poly-Z group of finite index. (see [72,
10.2.4] or [102, 2.6])

Poly-Z groups are torsion-free. (see [102, p. 22])

Finitely generated, nilpotent groups are polycyclic. (see [102, 2.13] or
[72, 11.4.3(1)])

The center of an infinite, finitely generated, nilpotent group is infinite.
(see [72, 11.4.3(ii)])

In particular, finitely generated, nilpotent groups are residually finite. By
1.3.16, they admit a dominating residually finite approximation, and thus
have a standard box space. For the rest of this section, we will show that

such box spaces have finite asymptotic dimension.

Definition 1.4.9. Let R be a commutative, unital ring and d € N. The

unitriangular matrix group of size d over R is defined by
Ud(R) = {z = (wij)1<i<j<a | vij € R}

The multiplication is given by

J
(T-y)ij= Z TimYm,; foralll<i<j<d,

m=i
where the convention x;; = 1 is used for all ¢ =1,...,d.
Let us make a few observations:

Remark 1.4.10. The group Uy(R) is generated by elements of the form

d

ef [(x) = (0k,i01j7)1<k<i<a for 1 < i < j < d and x € R. The assignment

d(z) efjl then identifies Uy(R) as a subgroup of Uyi1(R). Moreover,

1,J
these generators satisfy e j(a:)_l = e ;(—x), and the commuting relations

e

el (x),ed = !  d7k
[e5(2); €la(y)] eley) . =k

forall1 <i<j, k<l <dandz,y € R From this, it can be seen that
[Ua(R),Ugi(R)] is contained in the subgroup U;—1(R). Inductively, it hence
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follows that v4(Ug(R)) = {1} (cf. 1.4.6), and thus Uy(R) is nilpotent. In
the case R = Z, the group Uy(Z) has a finite set of generators given by
{e;{juz) 11<i<j< d}.

The finitely generated, nilpotent groups Uy(Z) will play an important
role for the remainder of this section. This is due to the following embedding
theorem, which first appeared implicitely in Jenning’s paper [45] on group

rings of nilpotent groups, and was later explicitely proved by Swan in [93]:

Theorem 1.4.11 (see [45, 5.2] and [93]). Let G be a finitely generated,
torsion-free nilpotent group. Then G embeds as a subgroup into Uy(Z) for
some d > 2.

Definition 1.4.12. Let r > 0 be a real number. Then the map «, :
Uis(R) — U4(R) defined by

CVT(Q?)Z',]' = T’j_i:(}i,j for all 1 <1 <j<d

yields a well-defined endomorphism. Moreover, it is immediate that o, =

ay, o ag for all ;s > 0 and a; = id, thus
a: R0 = Aut(Uy(R)), 7+ ap

yields a group action on Uy(R).

Remark 1.4.13. e Observe that if r > 0 is an integer, then . restricts

to an endomorphism on Uy(Z).

e It is a well-known fact that U;(Z) is a discrete and cocompact subgroup
in Uy(R). In fact, one has Uy(R) = K - Uy(Z) for the compact set

1
K= {x = (@i )1<icj<d ‘ @i 5] < 2}
in Uy(R), see [1, 8.2.2].

Theorem 1.4.14 (cf. [96, 2.16]). One has asdim(0s;U4(Z)) = d(d — 1)/2
for all d > 2.

Proof. We shall apply 1.4.2 for G = Uy(R),m = d(d —1)/2, H = Uy4(Z) and

d—1)/2

On = Q. Indeed, since Uy(R) is homeomorphic to R4 by evaluation
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of the matrix components, it has covering dimension d(d — 1)/2. Moreover,
U4(Z) is a discrete, cocompact subgroup such that each automorphism o,
of Uy(R) restricts to an endomorphism on Uy(Z). Lastly, let K C Uy(R) be
any compact set and U C Uy(R) any open neighbourhood of the unit. Then

there are positive numbers R, > 0 such that
KcC {90 = (zij)1<i<j<d ) i 5] < R}

and
{a? = (wij)1<i<i<d ’ |z 5] < (5} cU.

Then any natural number n > % clearly satisfies K C 0,(U). Thus, we have
verified the conditions in 1.4.2, and thus it follows that asdim(OsUg(Z)) <
d(d —1)/2. Equality follows from asdim(Uy(Z)) = d(d —1)/2 and 1.3.9. O

Theorem 1.4.15 (cf. [96, 2.17]). Let G be a finitely generated, virtually
nilpotent group. Then asdim(0;G) < oo.

Proof. Let G’ be a nilpotent subgroup of G with finite index. By 1.4.8, G’
contains a torsion-free group H of finite index, which is then necessarily also
finitely generated and nilpotent. By combining 1.4.11, 1.4.14 and 1.3.10, we
obtain asdim(sH) < oco. Since H also has finite index as a subgroup in G,
it follows from 1.3.15 that asdim(OsG) < oo. O

1.5 Rokhlin dimension and permanence of finite
nuclear dimension

We start this section by recalling the notion of relative central sequence

algebras. We will adapt an idea of Kirchberg pioneered in [51], namely to

divide out two-sided annihilators in non-unital relative commutants in order

to obtain unital C*-algebras.

Definition 1.5.1 (cf. [51, 1.1]). Let A be a C*-algebra and D C Ay a
C*-subalgebra. Denote

Amn(D,Ax) = {2 € Axs | 2D = Dz ={0}}.
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Then Ann(D, A) is a closed, two-sided ideal inside the relative commutant
AwND' ={z € Ay | xd = dx for all d € D}

and define
F(D,Ay) = (AsxND')/ Ann(D, Ay)

the central sequence algebra of A relative to D. One writes Foo(A) =
F(A, Ax).

Here are some immediate observations, whose proof we will omit.
Remark 1.5.2. Let A be a C*-algebra and D C A a separable C*-subalgebra.

e As D isseparable, it admits a countable approximate unit e,, consisting
of positve contractions. Then the positive contraction e = [(e,)n] €
A satisfies ed = d = de for all d € D. In particular, the class
e+ Ann(D, Ax) of e defines a unit of F'(D, Ay), and hence this is a
unital C*-algebra. (cf. [51, 1.9(3)])

o If p: A— Ais a xendomorphism with (D) C D, then component-
wise application of ¢ on representing sequences yields well-defined *-
endomorphisms on both A, and F(D, Ay). Despite slight abuse of
notation, both will be denoted by ¢qo.

o [f a: G~ Ais an action and D C A is a-invariant, then the family

of automorphisms {ag o} defines actions o : G ™ Ag and ag :

G F(D,A).

geG

Remark 1.5.3 (cf. [51, 1.1]). Let A be a C*-algebra and D C A a separable

C*-subalgebra. Then there is a canonical *-homomorphism
F(D,Ax) ®max D = Ax  via (m + Ann(D,AOO))®a — T a.

The image of 1 ® a under this *-homomorphism is a for all a € D.

Now if we assume additionally that a: G ~ A is an action of a discrete
group such that D is a-invariant, then the above map becomes an equivari-
ant *-homomorphism from (F(D, Aso) Omax D, Qoo ® Oz\D) t0 (Aoo, Oo)-

In particular, it makes sense to multiply elements of F(D, Ay ) with

elements of D to obtain an element in A, and this multiplication is com-
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patible with the naturally induced actions by a. We will implicitely make

use of this observation throughout this section.

Notation 1.5.4. Let G be a discrete group and H C G a subgroup. By
the canonical G-shift action on Co(G/H), we understand the action given
by g1.f(g2H) = f(g97 ' g2H) for all g1, g2 € G and f € Co(G/H). For brevity,
we will often write g = gH € G/H for g € G.

We are now ready to start defining Rokhlin dimension. We first give the
definitions together with some observations, and then discuss in what way
this definition generalizes the original one from [42] by Hirshberg, Winter

and Zacharias.

Definition 1.5.5 (cf. [96, 3.3]). Let A be a C*-algebra, G a countable group
and a : G ~ A an action. Let H C G be a subgroup with finite index. Let
d € N be a natural number. Then « is said to have Rokhlin dimension at
most d with respect to H, written dimgey (e, H) < d, if the following holds:

For all separable, a-invariant C*-subalgebras D C A, there exist equiv-

ariant c.p.c. order zero maps
o1 : (C(G/H),G-shift) — (F(D,Ax),000) (1 =0,...,d)

with @o(1) + - + ¢q(1) = 1.
Let us consider a few equivalent reformulations of the above definition.

Proposition 1.5.6. Let A be a C*-algebra, G a countable group and « :
G ~ A an action. Let H C G be a subgroup with finite index and d € N a

natural number. Then the following are equivalent:
(1) dimRok(a7H) <d.

(2) For every separable, a-invariant C*-subalgebra D C A, there exist posi-

lge%*/f{ in Aso N D' satisfying

(2a) <Z;l:o deG/H fé”) -a=a foralla € D;
(2b) Sl)f;(bl) € Ann(D, Ay) for alll =0,...,d and g # h in G/H;

(2 )aoo,g(f ) — fl)eAnn(DA ) foralll=0,...,d, he G/H and
g €G.

tive contractions (f!—g )
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(3) For alle >0 and ﬁm'te sets MG and FCTA, there are positive con-

(l))l 0,...,d

tractions ( g gec/i mn A satisfying

(32) (X0 Sgecyn fi)) -a = afor alla € F;

3b) Iffal < e forallac F, 1=0,...,d and g # h in G/H;

(3¢) ag(f") - a = fO-a foralla € F, 1=0,....d, h € G/H and
geM;

3d) IIf",al| < for alla€ F, 1=0,...,d and g € G/H.

Moreover, it suffices to check these conditions for M being contained in

a given gemerating set of G.

Proof. (1) == (2) : Assume dimpe(c, H) < d. Choose equivariant

c.p.c. order zero maps
1 (C(G/H),G-shift) — (F(D, Ax),0e0) (1 =0,...,d)

with ¢o(1)+---4+¢4(1) = 1. Then, by definition, each positive contraction
of the form ¢;(x(g;) € F(D,Ax) for g € G/H has a representing element
fg(l) € As N D' with f!—gl) + Ann(D, Ax) = ¢i(x{g})- By functional calculus,

we may assume that each fg(l) is a positive contraction. Then we have

wo(1) 4+ -+ pq(1 Z Z fg + Ann(D, Ay),
=0 geG/H

and thus the property ¢o(1)+---+¢4(1) = 1 translates to condition (2a) by
1.5.3. For each [ = 0,...,d and § # h in G/H, the characteristic functions
Xg: X5, € C(G/H) are orthogonal. Since ¢; is an order zero map, we thus
have fg f(l +Ann(D, Ax) = ¢1(xg)e1(x;) = 0+Ann(D, Ay). This implies
condition (2b). Since ¢y is equivariant with respect to the G-shift on G/H,
we get for all g € G, h € G/H that

aw7g(f;§l))+Ann(D,Aoo) = aoo,g(‘ﬂl(X{;}})) @z(x{gh}) ()+Ann(D Aso).

This implies condition (2c).
(2) = (1) : Let (fg—g );e%‘/fl be positive contractions in A, N D’
satisfying the conditions (2a), (2b) and (2c). Then the same calculations

as above, only read in the reverse order, show that conditions (2b) and
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(2¢) imply that for [ = 0,...,d, the linear map ¢; : C(G/H) — F(D, Ax)
given by ¢;(x{g) = fél) + Ann(D, Ay) is c.p.c. order zero and equivariant
with respect to the G-shift and a.,. Moreover, condition (2a) implies that
1=o(1)+ - +pa(l) in F(D, Ax).

(2) = (3):Lete >0, MG and FCA be given. Let D C A
be a separable, a-invariant C*-subalgebra containing F'. Choose positive

contractions ( g(l)) G/ I’{ in As, N D’ satisfying the conditions (2a), (2b) and

(2¢). Foreachl =0,...,d and g € G/H, the element fg has a representing
sequence ( fg(l,)L) € {*°(N, A), which we may assume by functional calculus
to consist of positive contractions. Then conditions (2a), (2b) and (2c)

translate to

(Zz OZgEG/H (l)> -0 "=3 q for all a € D;
fgnf a™=F0forallae D, | =0,. .,dand g # hin G/H;

o (ag(f—(l))—f@’ Yoo 0forallae D, [=0,...,d, he€ G/H and

Moreover, the fact that fg(l) € A N D’ translates to

o 1 a]"=F0forallae D, 1=0,...,dand g € G/H.

g,n?

Since F'is a subset of D, and both F' and M are ﬁnite we can choose some

(l) )l 0,.. 7

large number n such that the elements (f;, GeG/H

(3b), (3¢c) and (3d).

(3) = (2): Let S C G a be a generating set of G. Assume that (3)
holds for all finite subsets M of S. Since S is countable, choose an increasing
sequence of finite sets M,, S with S = |, M,

Let D C A be a separable, a-invariant C*—subalgebra. Let £, D be an

satisfy conditions (3a),

increasing sequence of finite subsets whose union U ken Frn C D is dense. For

;lzl)lge% J in A satisfying conditions

(3a), (3b), (3c) and (3d) for the triple (e, M, F) = (1, M,, F,). Set fg
[( élzl)n] for each I =0,...,d and g € G/H. Then by choice of the sequence

(ft[—gl,)m)n, we have:

l n—o0
. (Zfzo deG/H fg%) o™= qforallac Uren Fr:

° fg(lef]—g;aniio()for all a € Uyen Fry 1=0,...,d and g # hin G/H;

every n, choose positive contractions (
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. (ag(f,—i”)ff%n)n"ﬁ()for alla € Upey Fiy 1=0,...,d, he G/H

N

and g € Upeny Mi = S;

o | 0 a] =3 0 for all a € Jyen Fiy 1=0,...,dand g€ G/H.

g,n

For the correspond elements in the sequence algebra, we thus have
) l
(2a’) (Z?:o 2 geG/H f?g )) ~a = a for all a € J,cy F:
(2b”) fg(l)fél)a =0 for all a € ey Fr, 1 =0,...,dand g # h in G/H;

(2¢”) ag(f}—(f)) ca = f%) caforall a € Jpey Fiy 1 =0,...,d, h € G/H and
QEngNMk:SQ

(2d’) [fg—gl),a} =0foralla € JyenyFrs 1=0,...,dand g€ G/H.

Since condition (2¢’) holds for all g in a generating set and this condition
passes to products of elements, it follows that condition (2¢’) even holds for
all g € G. Since the union | J,cn Fr C D is dense, it follows by continuity
of multiplication that f € Aoy N D’ for all = 0,...,d and g € G/H, and

that the elements ( g(l))lg:e%‘/“[’;l satisfy conditions (2a), (2b) and (2c). O

Remark 1.5.7. Let A be a C*-algebra, G a countable groupand a: G ~ A
an action. Let H C G be a subgroup with finite index and d € N a natural
number. In the case that A is separable, observe that dimggk(a, H) < d if

and only if there exist equivariant c.p.c. order zero maps
¢;: (C(G/H),G-shift) — (Fao(A),00) (1=0,...,4d)

with @o(1) + -+ ¢q(1) = 1.

Proof. In this case, A is trivially the maximal separable, a-invariant C*-
subalgebra in itself. The ”only if” part is obvious. For the ”if” part,
choose positive contractions ( f!—gl))gz%'/“}’f in As N A’ satisfying the condi-
tions (2a), (2b) and (2c) from 1.5.6 for A in place of D. Given any other
separable, a-invariant C*-subalgebra D of A, we then have fg(l) € Ao ND'
and the conditions (2a), (2b) and (2c¢) hold for this subalgebra. Hence

dimRok(a, H) S d. ]

Lemma 1.5.8. Let A be a C*-algebra, G a countable group and oo : G ~ A
an action. If Ho C Hy C G are two subgroups with finite index, then
dimROk(av Hl) < dimROk(a7 HQ)
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Proof. Since there exists an equivariant and unital *-homomorphism
(C(G/H,), G-shift) — (C(G/H3), G-shift),

this follows directly from the definition 1.5.5. O

Definition 1.5.9 (cf. [96, 3.7]). Let A be a C*-algebra, G a residually finite
group and a : G ~ A an action. Let 0 = (Gp)n € A(G) be a residually

finite approximation. We define

dimgek (@, 0) = sup dimgek(a, Gy).
neN

Moreover, we define
dimpek () = sup {dimgek(a, H) | H C G, [G: H] < o0} .

Remark 1.5.10. It follows from 1.3.12 and 1.5.8 that if ¢ is a dominating

residually finite approximation, then dimgek (@, o) = dimpek ().

Let us now discuss in what way this definition extends the ones due to
Hirshberg, Winter and Zacharias in [42]:

Remark 1.5.11. Let G be a finite group, A a unital C*-algebra and « :
G ~ A an action. Let d € N. Then dimpek(a) = dimpek (v, {1¢}) by 1.5.8.
Apply 1.5.6(3) with H = {1}, M = G and finite sets F' that contain the

unit 14. Then dimgek () < d if and only if the following holds:

For alle > 0 and 14 € FFA, there are positive contractions ( g(l))lg:e(é""d

in A satisfying
d o) _ .
® > 02gecly =claforallace F;
o /PO <cforalli=0,...,dand g #h in G;
¢ O‘g(ffgl)) =e f;g foralll=0,...,d and g,h € G;
o |[fs . a)| <cforallaeF, 1=0,...,dand g € G.

In this way, we see that this notion of Rokhlin dimension for finite group

actions recovers the definition [42, 1.1] of Hirshberg, Winter and Zacharias.
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Remark 1.5.12. Let A be a unital C*-algebra and o an automorphism on
A. We identify « with its induced Z-action on A. Let d € N. Then by 1.3.13
and 1.5.10, we have

dimpek (o) = dimpek (o, {n! - Z},, o) = sup {dimgek (o, 7 - Z) | n € N}.

Apply 1.5.6(3) with H =n-Z, M = {1} C Z and finite sets F' that contain
the unit 14. For each n € N, we identify the elements in Z/nZ with elements
of the finite interval {0,...,n — 1} in the obvious way. Then dimp.k(a) < d
if and only if the following holds:

For all n € N, ¢ > 0 and 14 € FCA, there are positive contractions
(f ;l))gzz%’;’ifl in A satisfying

® Z;i:o Z?:_ol f](l) =c 14 for all a € F;
o I/ <cforalli=0,...,dand 1 <j#k<n-—1;

a(f;l)) =, 3(21 foralll=0,...,dand 1 < j <n—1;

a(f”ll) = fél) foralll =0,...,d;

n

IFY alll <eforallae F, 1=0,...,dand 1 < j <n—1.

Although this notion of Rokhlin dimension for integer actions does not
coincide with the primary definition [42, 2.3a)] of Hirshberg, Winter and
Zacharias, we see that it does recover a special case of what they have
called Rokhlin dimension with single towers [42, 2.3c), 2.9]. The fact that
finite Rokhlin dimension can also be characterized by the existence of cer-
tain c.p.c. order zero maps with approximately central images, was already
observed by Hirshberg, Winter and Zacharias, see [42, 2.6]. If one com-
pares two different versions of Rokhlin dimension for integer actions from
[42], then it was shown in [42, 2.8, 2.9] that finiteness with respect to either

version is equivalent.

Remark 1.5.13. In general, the value dimgk(a, o) can indeed depend on
the sequence o. Hirshberg, Winter and Zacharias have first observed this
phenomenon for integer actions, see [42, 2.4(vi)]. However, it appears to be
unknown at present if there is any example of an action where the Rokhlin
dimension associated to some residually finite approximation is finite, but

the full Rokhlin dimension dimpggy is not.
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Recall that one of the main results by Hirshberg, Winter and Zacharias
in [42] is that actions with finite Rokhlin dimension enjoy a permanence

property with respect to finite nuclear dimension:

Theorem (see [42, 1.3]). Let G be a finite group, A a unital C*-algebra and

a:G A an action. Then

dlmR (Ax, G) < dlmR (@) - dim]; (A)

nuc (

and

(A % G) < dimf)) (o) - drtt(A).
Theorem (see [42, 4.1] and its proof). Let A be a unital C*-algebra and o
an automorphism on A. Then

dim} (A x4 Z) < 2 - dimf), () - dim

IlllC

e(A).

IlllC

It turns out that when one considers actions of a residually finite group
with a finite-dimensional box space, then one has an analogous permanence
property of actions with finite Rokhlin dimension with respect to C*-algebras
of finite nuclear dimension. The following extends the above theorems and

is the main result of this chapter:

Theorem 1.5.14. Let A be a C*-algebra, G a countable, residually finite
group and « : G ~ A an action. Let 0 = (Gp)n be a residually finite
approzimation of G. Then

dimf! (4 %o G) < asdim™(0,G) - dimf!, (a, 0) - dim} [ (A).

If G is finitely generated, we get the estimate

dimf (A ¥, G) < asdim™ (0,G) - dim!, (o) - dimf (A)

nuc (

as a special case.

Remark. This indeed extends the corresponding theorems [42, 1.3, 4.1] by
Hirshberg, Winter and Zacharias. Note that for the case of finite groups G,
every of its box spaces has asymptotic dimension zero by inserting the trivial
cover {G} of G in 1.3.5(2). So asdim™™ (0,G) = 1, and this factor does not
appear. For integer actions, 1.4.3 shows that asdim(dJ;Z) = 1, and hence
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the above formula recovers the factor 2 = asdim™ ((J,Z) in the formula by

Hirshberg, Winter and Zacharias.

Proof of 1.5.14. We may assume that all of the numbers s = asdim((J,G),
r = dimpuc(A4) and d = dimgek(,0) are finite, or else the statement is
trivial.

Let FCCA x4 G and 6 > 0 be given. In order to show the assertion, we
show that there exists a finite-dimensional C*-algebra F with a c.p. approx-
imation (F, v, ) for F up to 6 on A x, G as required by 1.1.7.

Since the purely algebraic crossed product is dense in A X, G and is
linearly generated by terms of the form au, for a € A and g € G, we may
assume without loss of generality that F' C {auy | a € F',g € M} for two
finite sets F'A; and MTG.

The square root function /- : [0,1] — [0, 1] is uniformly continuous. So
choose ¢ > 0 with € < § so small that |\/s — v/t| < §, whenever |s —t| < e.
Apply 1.3.5(3) to find n € N and functions p) : G — [0,1] for j =0,...,s
such that

(d1) for every j =0,...,s, and for all h € G,, \ {1} one has
supp(u') N supp(u')h = 0;

(d2) for every g € G, we have

DX gy =D p(h) =1,

j=0 heG,, j=0 heg
(d3) for every j =0,...,s and g € M, one has

119 — 1D (g71 oo < e

Consider the finite sets

BY) = supp(u\), B, =|JBY <@ (e1)
=0

and
F={ay-1(a) |a€ F, he B,} CA.
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Let A act faithfully on a Hilbert space H and let A 1, G = A x, o G
be embedded into B(/*(G) ® H) via the left-regular representation. Note
that asdim(d,G) < oo implies by 1.3.4 that G is amenable. Let Q; €
B(/*(G) ® H) be the projection onto the subspace €2(B£Lj)) ® H. Then the

assignment z — Q;x(Q; defines a c.p.c. map ¥; : A x, o, G — MlB(j)l(A).
We have for alla € A,g € Gand j =0,...,s that
Vj(aug) = Q; [Z €hg-1h ® ap-1(a)|Q;
heG
= Z eh,gflh X Oéhfl(a)
neBY).
g_lhEBSLj)
= Z eh’gf1h X ah—l(a). (62)

heBngnl)

For j =0,...,s, define the diagonal matrices E; € M|B<]~)‘((C) by (Ej)nn =
19 (R). By our choice of € and d3, we have

H\/ﬁ—\/u(j)(g*L,)HOOg& for all g € M. (e3)

It follows for all g € M and a € A that
IV/E;, Wj(aug )]
e2 ) -
- H Z <\/M(J)(h) o \/’u(j)(glh)> €h,g=1h ® Oéh—l(a)H

heB,NgBn,

< max{ |VuO®) = V(g )| [ he BangBa} - ol

e3
< Ollall.
Define the c.p.c. map 0 : Ax, G — M\BSH(A by (x) = /E;¥;(z)\/E
By the previous calculation, we have
10;(aug) — E;¥(aug)|| <9 -|la|| forall ge M andac A. (e4)
Observe that for au, € F, the matrix coefficients of 0;(au,) € M\Bﬁj)l(A)

are all in F.
Choose an r-decomposable c.p. approximation (F,,¢) for F within
A up to §/[G : Gy], i.e. a finite-dimensional C*-algebra F and c.p. maps
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(%) .
A g F % Afori= 0,...,r such that ¢ is c.p.c., the maps p(¥ are

c.p.c. order zero and

|z — (o) (z)| < for all z € F, (eb)

G : Gy

where ¢ denotes the sum ¢ = @ 4+ ... 4 ),
Forall j=0,...,sand ¢ =0,...,r let

1/)]-:idlBT(Lj)|®¢:M|B7(1j)|®AHMB7(Lj)|®]: (e6)

and

©Vji = idlBr(Lj)| ®<,0(i) : M|B’Si7')| QF > M ®RA (e7)

EX
denote the amplifications of 1) and (.
Let D C A be a separable, a-invariant C*-algebra containing F' and the

image of ¢ for each i = 0,...,r. Since dimgex(a, Gp) < d, we can apply
1.5.6(2) and find positive contractions ( ;(Ll))%ze(g/(lfl in A N D’ satisfying

the relations
d
(R1) <Z Z f;(ll)>a = q for all a € D;
=0 heG/Gnr
(R2) él)f;(f)a:O forallae D, g#handalll=0,...,d;

(R3) aoo,g(f}—(ll))a = fﬁh)a forallae D, 1 =0,...,d and g,h € G.

g

Now let j € {0,...,s} and [ € {0,...,d}. Define maps
01 M|Br<zj)\(D) — (A X G)oo by Uj’l(egﬁ ® a) = ugfi(l)auz. (68)

Note that these are indeed c.p. since 0(z) = vjav], for the 1 x |B£Lj)|-

matrix v;; = (uhfi(l)l/Q)heBm. We now show that these maps are order

zero. For each | =0, ..., d, we denote f() = deG/Gn fg(l). Observe that by
R3, this is an element fixed by ase upon multiplying with an element in D.

Let hy, ho, hs, hy € BY) and a,b € D. We have
0-]71(6}117’7«2 ® a)aj7l(eh37h4 ® ) Uhy f1 AUy, * Uhz J7 OUp,

l l *
= Uhlafi( ) . (O‘hglhg)oo(fi( ))uhglhgbuhzl
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R3 O, ) *
s up,af;’ - f. 2 uh2_1h3buh4
hy tho

112 _ (l) 27, %

= 5h2,h3 'uhla(fi ) buh4

R2 _ 0] *

- 5h2,h3 " Uhy f( )fi abuh4

R3,d1,el

— f(l) : Uj,l((€h1,h2 ® CL) (€h37h4 ® b))

Note that for the last step of the above calculation, we have used dl in
that the canonical map G —» G/G,, is injective on each set BT(IJ ). Since

this calculation involves linear generators of the C*-algebra M (D), we

B
obtain the equation

oii(x)oji(y) = F oji(xy) forall z,y € M‘Bﬁlj”(D).
In particular, each map o0;; is order zero and so is
05,1 ° $j - M|B§lj)| ®F — (A N C;)oo

forallt=0,...,7, j=0,...,sand [ =0,...,d. Note that this composition
makes sense because of our assumption that D contains the images of each
go(i), and so the image of each ¢;; is contained in the domain of 0.

As the next step, we would like to show that the maps

(A xq G (e9)

Ax, G
®j wJOGJ:(”)
J10pj,i=:®

Ej,l,i g
DBj=o M ;0 (F)

give rise to a good c.p. approximation of F'. For this, we first calculate for

every contraction x € D that

HZ 3 u(”(h)f,-ﬁ”xu

< (s+1)- max Z u(j)(h)flgl)m“

o=I=s heBY\gBY’
R2 . . .
< (s+1) -max{u(J)(h) | h e BY \gBﬁl]),j = O,...,s}
el

< (s+ 1) -max {|p) - pO(g™" - e [ g€ M,j=0,...,5}
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d3
< (s+1e < (s+1)0. (e10)

Observe for all [ =0,...,d

FO= Y 02 S SIS 03 0

geG /Gy geG/Grn j=0 heg

=50 N Dl (e11)

7=0 heB

Note that the last equation follows from the fact that for each j =0,...,s,
the set BY’ is contained in a finite set of representatives of G/Gy, by d1 and
el. It follows for all g € M and contractions « € D that

d s
S 0w | e

1=0 =0 e g3 g BY)

d
e11,R1 ,

= z— > > D (m) £

el0
= (s+1)(d+1)s T (el2)

Now let auy € F' and recall the definition of the maps © and ® from the

approximation diagram e9. We calculate that

® 0 O(auy)

0 d s r

= ) (0510 pji 015 00;)(aug)
1=0 j=0 i=0

d s r

ed
D)) +Ds D (00 0 @ji 0 ¥;) (E; ¥ (auy))
1=0 j=0 i=0

d s r
2 .
= > (o)1 0@ji0;) > BB epgo1n ® api(a)
1=0 j=0 i=0 heBDngBY)
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M(j)(h) “Chg-1h ® (cp(i) o lb)(ah—l(a))

o]
[F4
3
M~
=
(]

T
=)
<
I
o
<
]
o
>
m
&
3
D
Q
&
g

V2l
3

18
[~
=
<
=
N~—
g
>
—
—
(]
£
—
Q
>
=
—_
g
>

T
=)
<
I
o
=
]
o
>
m
&
[
B
&
(S

d

8oy S WO, [(go o ¢)(ah*1(a))}uh*19

V2l

S

d
£ ) () 0
“(s+1)(@+D)[BY) 5 ZZ Z (])(h)f,; cupo—1(a)up-1,

n]
=0 j= OhGB(J)ﬁgB(J)

d s
= Z Z (j)(h)fi(f) - auyg
=

0J=0 e g ngBY)

el2
= (s+1)(d+1)8 atg.

Summing up these approximation steps and using d1 in the form of the
inequality |B | <[G : Gy}, it follows for all au, € F' that

atg =3(s11)(d+1)(r+1)5 P 0 O(auy).

Now let us recall what we got. We have contructed a c.p. approximation

@ MIB"('LJ)l(‘F)
=0

of tolerance 3(s + 1)(d + 1)(r 4+ 1)6 on F, where the map

¢ = ZZZUNOS"M @M|B(J)| — (A xq G)oo

=0 [=0 5=0

is a sum of (s + 1)(d + 1)(r + 1) c.p.c. order zero maps. Since d,s,r are

constants and FCA x, G and § > 0 were arbitrary, it follows from 1.1.7
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that
dimifye (A %o G) < (s +1)(d + 1)(r + 1),

which is what we wanted to show. O

In the case of Z™-actions, the estimate of 1.5.14 simplifies nicely, since
we know from 1.4.3 that the standard box space of Z" has asymptotic
dimension equal to m. We note that before the collaboration with Wu and
Zacharias [96] took place, the following result was also proved in my own
paper [94, 1.10] for unital C*-algebras, as a generalization of [42, 4.1], but

with a worse estimate than given below.

Corollary 1.5.15. Let A be a C*-algebra, m € N and a : Z™ ~ A an
action. Then we have
dimf (A X Z™) < (m + 1) - dimf! (@) - dim} 1. (A).

nuc

Proof. This follows from 1.5.14 and 1.4.3. O
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Crossed products by Z revisited

From this point on, we will mainly be interested in determining when trans-
formation group C*-algebras by free actions of discrete groups have finite
nuclear dimension. An important tool towards that will be the theory of
Rokhlin dimension developed in the first chapter. However, we will first
revisit the special case of Z-actions in this chapter. The first reason is that
this chapter is intended as a somewhat more pleasant starting point for most
readers, where we do not begin with all the technicalities and complications
that one has to get into in the third chapter. The second reason is that
the case of Z-actions, although easier to handle than higher-rank group ac-
tions, already showcases the need for the so-called marker property, which
itself will play a major role in the third chapter. The two upcoming sec-
tions each handle a different approach towards showing that C(X) %, Z has
finite nuclear dimension, if X is a compact metric space with finite covering

dimension and ¢ : X — X is aperiodic.

2.1 The Toms-Winter approach

In this section, we follow an approach by Toms and Winter from [100] to
show that transformation group C*-algebras by certain Z-actions have finite
nuclear dimension. Their main result asserts that, if ¢ : X — X is a
minimal homeomorphism on a compact metric space X with finite covering
dimension, then C(X) %, Z has finite nuclear dimension. We will extend this

result to aperiodic homeomorphisms with the help of the marker property.
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But first, we need to recall the notion of orbit-breaking algebras, as

introduced originally for Cantor minimal systems by Putnam:

Definition 2.1.1 (cf. [78, Section 3]). Let X be a compact metric space
and ¢ : X — X a homeomorphism. Consider the transformation group
C*-algebra A = C(X) %, Z and denote by u the unitary implementing the
action on C(X) that is induced by ¢. If Y C X is a closed subset, define its

so-called orbit-breaking algebra via
Ay = C*(C(X) Uu-Co(X \ Y)) C C(X) %y Z.

Next, we shall recall Phillips’ notion of a recursive subhomogeneous al-

gebra:

Definition 2.1.2 (cf. [75, 1.1]). A recursive subhomogeneous algebra is a

C*-algebra given by the following recursive definition.

o If X is a compact Hausdorff space and n > 1, then C(X,M,) is a

recursive subhomogeneous algebra.

e If A is a recursive subhomogeneous algebra, X is a compact Haus-
dorff space, X(© ¢ X is closed, ¢ : A — C(X(O),Mn) is any unital
homomorphism, and p : C(X,M,) — C(X© M,) is the restriction
homomorphism, then the pullback

A®exo a,) C(X, M) ={(a, f) € A® C(X, My) | p(a) = p(f)}
is a recursive subhomogeneous algebra.

Remark 2.1.3 (cf. [75, 1.2]). Let R be a recursive subhomogeneous algebra.

Then by definition, there exists some decomposition
R = [ .. HC’O @CY]) C1]€Bcéo>02} .. .}EBCZ«)) C

for Cp, = C(Xk,Mnk),C,gO) = C(X,go),Mnk) with natural numbers nj; and
compact Hausdorff spaces X, and closed subsets X ’go) C Xj. Given such
a decomposition, we say that it has topological dimension at most r € N,
if dim(Xy) < r for all ». By the main result of Winter’s paper on the

decomposition rank of subhomogeneous C*-algebras [104, 1.6], it follows
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that the decomposition rank (and so in particular the nuclear dimension) of

R is bounded by the topological dimension of this decomposition.

Lemma 2.1.4. Let X be a compact metric space and ¢ : X — X a home-
omorphism. Let Y C X be closed subset with X = U;‘V:o 0 (Y) for some
N € N. Then its orbit-breaking algebra Ay has a decomposition as a recur-
sive subhomogeneous algebra with topological dimension at most dim(X). In

particular, the decomposition rank of Ay is at most the covering dimension

of X.

Proof. This fact was proved in [65, Section 3] in the case that ¢ is minimal
and Y is closed with non-empty interior. However, that proof carries over
verbatim with the given conditions. The key argument there only uses the

fact that finitely many translates of Y cover all of X. O

Now we come to the definition of markers for a homeomorphism on
a compact metric space. Conceptually, this notion was first defined for
systems on zero dimensional spaces by Downarovicz in [17, Definition 2],
being inspired by Krieger’s marker Lemma [56, Lemma 2] in topological
dynamics. In the presented generality, it was then defined by Gutman in
[39].

Definition 2.1.5 (cf. [39, 5.1]). Let X be a compact metric space and
@ : X — X a homeomorphism. Let Z C X be a subset and n € N. We call
Z an n-marker if ZNp/(Z) =0 forallj=1,...,n—1and X = U;V:()goj(Z)
for some N. The homeomorphism ¢ is said to have the marker property if

there exist open n-markers for all n.

Gutman has asked the question whether every aperiodic homeomorphism
on a compact metric space must necessarily have the marker property. Al-
though this question is still unanswered in full generality, he proved the

following partial result:

Theorem 2.1.6 (see [39, 6.1]). Let X be a compact metric space with finite
covering dimenston and ¢ : X — X an aperiodic homeomorphism. Then ¢

has the marker property.

Before we discuss how this can be applied, we need a technical Lemma

that already appeared in an almost identical form in [100].
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Lemma 2.1.7 (cf. [100, 1.1]). Let K C C a compact subset and G finite
set consisting of continuous functions f : K — C with f(0) =0, if 0 € K.
For every € > 0, there exists § > 0 with the following property: Whenever
x € A is a normal element in a C*-algebra A with Sp(x) C K, andy € A is
a contraction with ||[z,y]|| < § and ||[z*, y]|| < 9§, then ||[f(x),y]|| < e for all
feaqg.

Proof. Write G = {f1,..., fx}. By the Weierstrass approximation theorem,
we can find N € N and polynomials p;(z) = Zjvzl agz)zj + ng)
1,...,k such that ||fi — pillec,x < €/4 for all ¢ = 1,...,k. This implies

[fi(z),y] =2 [pi(z),y] for all i = 1,...,k and contractions y € A. Using

z) for 1 =

the basic properties of commutators, we calculate

lpit), ol = | [i 0l + oy |
j=1

IN

N . .
D+ (a1 157 ) - ma {1 2 0]}

Now we observe that
-1

N
€ . % i
s=5 | s 375 a1+ 1)
=1 j=1

yields the desired statement. O

As an application of 2.1.6, we can generalize one of the main results of
[100], which was proved for minimal homeomorphisms. We note that the
proof of the next result closely follows the original approach by Toms and
Winter.

Theorem 2.1.8 (cf. [100, 3.3]). Let X be a compact metric space and
p : X — X an aperiodic homeomorphism. Then the nuclear dimension
of C(X) X, Z is at most 2dim(X) + 1.

Proof. Set d = dim(X) and assume that it is finite, as there is otherwise
nothing to show. Let FF@CA = C(X) x, Z be given. We have to show that
there exist good 2(d + 1)-decomposable c.p. approximations of F' through

finite-dimensional C*-algebras. As the purely algebraic crossed product

65



C(X) XqigZ is dense in A and is linearly generated by terms of the form fu?
for f € C(X) and j € N, we may assume without loss of generality that

F={fu|feF,-N<j<N}

for some N € N and F'CC(X);. So let € > 0. Use 2.1.7 to choose § > 0 for
this £ > 0 with respect to K = [0, 1] and

g:{f@ﬂj:anMi:Luw%—l}

Now choose a natural number n > %. Since ¢ has the marker property, we
may choose an open (2n + 1)-marker Z C X, i.e. we have X = (J,¢z 0 (2)
and @/ (Z)N @' (Z) = 0 for all —n < j < [ < n. Since these pairwise
disjoint closed sets have a minimal distance from each other, we can find
an open neighbourhood Z’ of Z that is still a 2n-marker. Now apply the
Urysohn-Tietze extension theorem to obtain a continuous function g : X —
[0, 1] supported on Z’ with g|z = 1. Since now the collection of positive
contractions { goyl | j=-n,... ,n} is pairwise orthogonal, we can define

a new positive contraction via

n

n—|j ;
h:Z n||-gocpj € C(X).

j=-n

For each z = fu? € F, we set az = f-(uh'/?1)7 and b, = f-(u(1—h)Y/2h.

‘We compute

[[u, W] = ||h — uhu™||
= |[h—hop™
~ n—|j] — n—|jl
= R A J_ RS A j—1
|3 5 e = X e
j=-n j=-n
n . n .
_ n — || i n—|j+1] jH
= H}:A—E—'gow ‘§: ———goy
j=-n j=1l-n
< Lo
n

By the choice of 4, it follows that ||[u, h/¥]|| < e and ||[u, (1 — h)¥/%]|| < e
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forevery j=1,...,Nandi=1,...,25 — 1. Observe that now
RY2zhY? =y, zh and (1 —R)Y22(1 — h)Y2 =x. 2(1 — h) (el)

for all z € F, by applying the inequality ||[u, h'/?]|| < € at most N times.
Secondly, observe that

M%a, . j>0

h1/2$h1/2 _ h1/2fujh1/2 =Ne (62)
azh'’? | j<0
and analogously
1-nY2, , j>0
(1 ) 2a(1 2 =y, 4R )= (e3)

b(1—h)Y2 | j<0

for all z € F. This involves passing a function of the form h*/% from one
side of a u or u* to the other at most N times. By construction, i vanishes
on ¢"(Z) and 1 — h vanishes on Z. In particular, a, € A7) and by € Ay

and hence
WPah'? ene Az and  (1—h)Pe(1— k)2 en. Az

for all x € F.
By 2.1.4, we know that both A and A@n@) have decomposition rank
at most d. Define

F = {axhl/z |z e F} U {hl/Qaﬁt | x € F} (CAWL(Z)

and
Fy = {bx(l —R)VY? e F} U {(1 Y2, |z e F} C A

Choose two finite-dimensional C*-algebras F; and F3, two c.p.c. maps 6 :

A@n(Z) — JF1 and 0 : A7z — Fo and two sets of c.p.c. order zero maps
O P = A and ) Fy = Ay for 1=0,...,d, such that

d

S wPobily) =y (e4)

=0
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forall x € F; and i = 1, 2. Moreover, we may assume that the sums Z?:o wl(l)
are contractive for ¢ = 1,2. By Arveson’s theorem [10, 1.6.1], we can extend
01,05 to two c.p.c. maps 0; : A— F; for i = 1,2. Let ¢7: A(pn(f) —— A and
Ly : Az — A be the two inclusion maps. We obtain for every x € I’ that

d

Z L1 0 ¢§l) o él(hl/thl/Q) 4190 gbé” o éz((l — h)l/Qm(l — h)1/2)
1=0
23 IpeF ol ! !
TENETT ) o U 0 01(y1) + 12 0 %) 0 O(y2)
1=0
ed
=2 t(y1) + e2(y2)

=oNe h22h/2 4+ (1 — h)Y22(1 — h)1/2

In particular, this yields a 2(d + 1)-decomposable c.p. approximation

d
(]'-1 @ Fa, 9~1(hl/2 v hl/2)@9~2((1 - h)l/Q (1 h)l/Q)’ Z ZLi © wgl))
i=1,2 1=0

of F up to (6N +2)e. Since ¢ can be chosen arbitrarily small in comparison
to IV, this finishes the proof. ]

Remark 2.1.9. By looking at the above proof, one might conjecture that
the analogous statement of 2.1.8 is true for decomposition rank instead of
nuclear dimension. However, this is not true. The reason is that the c.p.
approximation constructed above does not even ensure that C(X) %, Z is a

finite C*-algebra, as the next example shows:

Example 2.1.10 (cf. [74, 8.8]). Let X; = Z U {*oo} be the two-sided
compactification of the integers. Consider the homeomorphism ¢ : X1 —
X1 given by

x+1 , x€Z

x , = too.

Let X5 be another finite-dimensional compact metric space with some ape-
riodic homeomorphism ¢y : X9 — Xs5. (e.g. an Odometer action on the

Cantor set.) Define X = X; X Xo and ¢ = ¢1 X 3 : X — X. Then ¢ is
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clearly aperiodic, so Theorem 2.1.8 applies and we have
dimpye(C(X) %y Z) < 14 2dim(X) =1+ 2dim(X»).

On the other hand, one has C(X1) x,, Z C C(X) %, Z canonically. But
if u is the canonical unitary implementing the action and p € C(X) is the

characteristic function associated to NU {oco}, then we have

(up+1-=p)*(up+1-p) = p+(1—plup+1—p
= 1+(1-p)-poyp-u
=1

and
(up+1—-p)(up+1—p)* = upu*+1—-p
= popl41—p
= 1-xq0 # 0.

Hence this transformation group C*-algebra contains a proper isometry and

in particular, the decomposition rank of C(X) x, Z is infinite.

2.2 The Rokhlin dimension approach

In the previous section, we saw how the marker property enables one to carry
over a result for minimal homeomorphisms to aperiodic homeomorphisms,
in that case the Toms-Winter approach for showing that a transformation
group C*-algebra of the form C(X) x Z has finite nuclear dimension. As it
turns out, a stronger variant will allow us to do the same with the Rokhlin
dimension approach, which was first carried out by Hirshberg, Winter and
Zacharias in [42].

The following result arises upon analyzing Gutman’s proof of 2.1.6 more
carefully. Although we will not go over the proof at this point, we will prove

a generalization of this result in the next chapter.

Theorem 2.2.1 (see [39, 6.1] with proof.). Let X be a compact metric
space with finite covering dimension d and ¢ : X — X an aperiodic home-

omorphism. For all n € N, we can find an open n-marker Z C X with
2(d+1)n—1
X =R i(2).

We will now demonstrate how this result can be used to obtain a compa-
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rably simple proof that these Z-actions have finite Rokhlin dimension. The
idea for the following proof is originally due to Wilhelm Winter:

Corollary 2.2.2. Let X be a compact metric space and o : X — X an
aperiodic homeomorphism. Denote by ¢ : C(X) — C(X) the induced auto-

morphism given by @(f) = f op~'. Then we have

dimf! (p) < 4dim™ (X).

Proof. We may assume that X has finite covering dimension d, or else there
is nothing to show. Let £ € N and € > 0 be given. We will now construct
at most 4(d 4+ 1) Rokhlin towers of length k as required by 1.5.12. To this
end, choose a natural number n > g and use 2.2.1 to find an open set Z
with ZN/(Z) =0 forall j=1,...,4nk — 1 and X = U dH k=L i (7).
Since the pairwise disjoint sets {gpj Z)|j=0,..., 4nk — 1} have a minimal
distance from each other, we can find an open nelghbourhood 7' O Z that
is still a 4nk-marker. Use the Urysohn-Tietze extension theorem to find a
continuous function g : X — [0, 1] supported on Z’ and with g|z = 1. Then

the function

-1
_ n—|l i
Zgowu“r n\\‘gogp(z n)k

l—fn

+Zgo g n—m L gop ik

yields a positive contraction in C(X). Observe that by the properties of the

sets Z,Z' and the number n, this element satisfies the following properties:

e h-hopd=0foralj=1,...,k—1.

e hopF=_h.

e h =1 on the set Ul__n k(7).
Forallv=0,...,k,i=0,1and [ =0,...,2d + 1, we define

—1—4l)nk—v S
BD — ho ¢l ) , 1=0
v ho (p(7374l)nk7v . i=1.

Then we can observe that
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o BV B0D —0foralli=0,1,1=0,...,2d+1and 0 <v < w < k—1.

e Up to ¢, applying ¢ on hs}i’l) results in a k-cyclic lower index shift.

e We have >, lziarl Zf;é AD > 1 on the set

‘ 2d+1 k-1 2n—1 ‘ 2(d+1)4nk—1 '
U ()027’7,]61 U @4nkl cpv U gp‘]k (Z) — U ()OJ (2)7
i=0,1 =0 v=0 j=0 j=0

which is the whole space X by assumption.

In particular, the sum S = >, ?igl Ef;é hiY satisfies P(S) =4(d+1)ke
S. Moreover, it is positive and its spectrum is in [1,4(d+1)]. Now apply 2.1.7
with respect to x = S, K = [1,4(d+1)], f(x) =2z ' and y =u € C(X) X Z
the canonical unitary implementing @. Since we can choose ¢ arbitrarily
small at the beginning of this construction, we may as well assume by 2.1.7
(by replacing e with an even smaller number at the beginning) that we have
#(S1) =. S~'. Defining £ = S~1h{"" for all 4,1, v, we observe that

o V0D —oforalli =0,1,1=0,...,2d4+1and 0 <v < w < k—1.
e Up to 2¢, applying ¢ on fqﬁ"’l) results in a k-cyclic lower index shift.

2d+1 (il
® Zi:o,l 2120 y '=1.

Since the collection ( fﬁi’l))ij%li 2:_01,...,2d+1 of Rokhlin elements has 4(d +
1) upper indices, and moreover k and e were arbitrary, this verifies the
conditions given in 1.5.12 and hence dim‘ﬁak(@) <4(d+1). O

Corollary 2.2.3. Let X be a compact metric space and ¢ : X — X an
aperiodic homeomorphism. Then we have
diml (C(X) x, Z) < 8dim™ (X)?.

nuc

Proof. This follows directly by combining 2.2.2 and 1.5.15. O
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Topological dynamics

From now on, we turn to the case of free actions of higher-rank groups
on locally compact metric spaces. Although the main focus in terms of
applications is, at least within this chapter, on actions of Z™ and nilpotent
groups, the next two upcoming sections establish certain technical properties
for actions of any countable group on finite-dimensional spaces. The main
technical result will be that all free actions of countably infinite groups on
finite-dimensional spaces satisfy the marker property. Moreover, the result
will be of a form that allows us to show that, under suitable restrictions on
the group, even a stronger variant of the marker property holds.

Note that this chapter has substantial text overlap with my paper [94],
and large parts are carried over verbatim. However, the results in the fol-
lowing sections are carried out in greater generality than in [94], although it
was already remarked in [94, 5.4] that one can remove the assumption that

all spaces must be compact.

3.1 The topological small boundary property

In this section, we define a technical condition that we name the (bounded)
topological small boundary property. Weaker versions of this were consid-
ered by Lindenstrauss in [66] and by Gutman in [39] and had connections to
a dynamical system having mean dimension zero. It will turn out that we
can in fact assume a stronger bounded variant, whenever we have a finite-

dimensional underlying space. Unlike in [94], we will not restrict our focus
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only onto compact spaces, but rather work in the setting of locally compact

metric spaces.

Definition 3.1.1 (cf. [66, 3.1]). Let X be a locally compact metric space,
G a group and « : G ~ X an action. Let M C G be a subset and k£ € N be
some natural number. We say that a set E C X is (M, k)-disjoint, if for all
distinct elements v(0),...,v(k) € M we have

CMW(O)(E) n---N Oty (k) (E) = 0.

We call E toplogically a-small if E is (G, k)-disjoint for some k.

Lemma 3.1.2. Let X be a locally compact metric space with a group action
a:G X, Let FCG be a finite subset and n € N a natural number. If a
compact subset E C X is (F,n)-disjoint, then there exists an open, relatively
compact neighbourhood V' of E such that V is (F,n)-disjoint.

Proof. Note that for all S C F' with n = | S|, we have

0= en(B) = oy (N BelB))= () | () e (Ba(E))

yeS yeS e>0 e>0 \yeS

By compactness, there must exist some £(S) > 0 such that B.(g)(E) is

compact and

() o (Bo(s)(E)) = 0.

~yES
If we set ¢ = min{e(S) | S C F,n =S|}, then V = B.(E) is a relatively
compact, open neighbourhood of E whose closure is (F, n)-disjoint. ]

Definition 3.1.3 (cf. [66, 3.2]). Let G be a group, M C G a subset and
d € N a natural number. A topological dynamical system (X, «, G) has the
(M, d)-small boundary property, if whenever K C X is compact and V O K
is open, we can find a relatively compact, open set U with K C U C V such
that OU is (M, d)-disjoint.

We say moreover that (X, a, G) has the bounded topological small bound-
ary property with respect to d, if it has the (G, d)-small boundary property.

The main goal of this section is to prove that free actions on finite-

dimensional spaces have this property. The case G = Z and X compact has
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been done by Lindenstrauss in [66, 3.3]. It follows from his result that, if
¢ : X = X is an aperiodic homeomorphism, then (X, ) has the bounded
topological small boundary property with respect to dim(X). We will carry
out his approach in a more general context, with a few modifications of
rather combinatorial nature.

An important point is to observe that for a topological dynamical system,
verifying the topological small boundary property with respect to d reduces
to the (F, d)-small boundary property for arbitrarily large finite sets F' inside
the group G.

Lemma 3.1.4. Let G be a countable group, X a locally compact metric
space and o : G ~ X an action. Let d € N be a natural number. Let

FFCFhCFC...CG

be an increasing sequence of finite subsets such that G = Upey Fy. If
(X, o, Q) has the (Fy,d)-small boundary property for every k € N, then
it has the topological small boundary property with respect to d.

Proof. Let K C X be a compact subset and V' C X an open neighbourhood
of K. We will show that there exists U as required by 3.1.3. For this, assume
without loss of generality that V is relatively compact.

We will construct sequences of relatively compact, open sets {Ug}cy

and {V;},cn With the following properties for all &:
(1) KCU, CUp CUpp CV.
(2) Vi1 C Ve
(3) Upt1 CULU V.
(4) V. is (F, d)-disjoint.
(5) Uy C V.

First, apply the (F},d)-small boundary property to find U; such that K C
U Cc Uy C V and 90U; is (Fy,d)-disjoint. Apply 3.1.2 to find an open
neighbourhood V; of AUy such that Vi C V and V; is (F1,d)-disjoint.
Clearly these sets satisfy (1)-(5) thus far. Suppose that the sets Uy, V}, have
been defined for some k. Apply the (Fji1,d)-small boundary property to
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find an open set Uy such that Uy C Uy C Upyy C Up UV and OUj
is (Fj11,d)-disjoint. Since Vi is an open neighbourhood of 0Uy1, we can
find another open neighbourhood Vj; of OUyy; such that Vi C Vj is
(Fg41, d)-disjoint, by virtue of 3.1.2. Clearly these new sets satisfy properties
(1)-(5) again.

Now set U = |z~ Ug- It follows immediately from (1) that K C U C V.
From condition (1), (2) and (3) it follows that Uy, UVy, = Uy UV} for all k
and r > 0, so in particular U, C U C Uy UV}, for all k. It follows that

3UCUkUVk\UkCVk.

Since for each k € N, the set Vj is (F},d)-disjoint, we have that OU is
(F, d)-disjoint for all k. In particular, it is (G, d)-disjoint. O

In this way, we have localized our problem by only having to consider
how a group action behaves at given finite sets. In order to make general
statements for actions on finite-dimensional spaces, we naturally need to
apply dimension theory for topological spaces. More specifically, we shall
now record some well-known facts about properties of covering dimension,
which we will refer to throughout this section. These statements come up
in [66, Section 3], but a detailed treatment can be found in [27], see in
particular [27, 4.1.5, 4.1.7, 4.1.9, 4.1.14, 4.1.16]. All spaces in question are

assumed to be separable metric spaces.
D1 A C B implies dim(A) < dim(B).

D2 If {B;},cy is a countable family of closed sets in A with dim(B;) < k,
then dim(|J B;) < k.

D3 Let £ C A be a zero dimensional subset and z € U C A a point with
an open neighbourhood. Then there exists some open set U’ C A with
x € U C U such that 0U' N E = .

D4 If A # (), there exists a zero dimensional F,-set E C A such that
dim(A\ F) = dim(A) — 1.

D5 Any countable union of k-dimensional F,-sets is a k-dimensional F,-

set.
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Lemma 3.1.5. Let X be a locally compact metric space. Let K C X be
compact and V. C X an open neighbourhood of K. Let E C X be a zero
dimensional subset. Then there exists a relatively compact, open set U with
KcUcUCYV such that 0UNE = (.

Proof. Clearly 0K is compact. For x € 0K, apply D3 and find relatively
compact, open neighbourhoods = € B, C B, C V such that B, N E = 0.
Choose a finite cover 0K C Uf\il B; of such neighbourhoods and set U =
Ku Uf‘i 1 Bi. Tt is now immediate that U is relatively compact with ucvVv
and that U < JM, 8B, so we have indeed dU N E = (). O

Definition 3.1.6. Let X be a locally compact metric space, G a group and
a: G ~ X an action. Let MG be a finite subset. We define

X(M)={z € X | the map [M > g+ ay4(x)] is injective} .

By continuity, X (M) is an open subset of X. The action « is then free if
and only if one has X (M) = X for every M CG.

Definition 3.1.7 (following [57, Section 3] and [66, 3.4]). Let X be a metric
space of finite covering dimension n. A family B of subsets in X is in general

position, if for all finite subsets S@CB we have
dim((7)$) < max(—1,n — [9]).

Lemma 3.1.8. Let X be a locally compact metric space, G a group and
a: G~ X an action. Let MG be finite subset. Let K C X(M) be
compact and let V. C X(M) be an open neighbourhood of K. Then there
exists a relatively compact, open set U with K C U C U C V such that the
family {ay(OU)}, ¢y, is in general position in X.

Proof. Let n be the covering dimension of X. We prove this by induction in
the variable k = |M|. The assertion trivially holds for £ = 1. Now assume
that the assertion holds for some natural number k. We show that it also
holds for £ + 1.

Let M = {7(0),...,v(k)} be a set of cardinality k¥ + 1 in G. Then
obviously X(M) C X(M') for every subset M’ C M. Using the induc-

tion hypothesis, there exists a relatively compact, open set Ay with K C
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Ay C Ag C V, such that the collection {a.o)(Ao), ...,y _1)(0A0)} is in
general position in X.

Since Ay C V C X (M), we can find for every point x € dAy a number
n(z) > 0 such that B, (x) C V and such that the sets o) (By ) (z))
are pairwise disjoint for 5 = 0,...,k. Denote Ex = By (r) and B, =
By z)/2(x). Note that since Ag was relatively compact, its boundary 94
is compact. So find some finite subcover dAy C Ufil B;. We will now
construct relatively compact, open sets A; for i = 0,..., N (Ag is already

defined) with the following properties:
(1) 4 c AyUUY, B;.
(2) A; C A,’+1 C A; U Ei—&-l'

(3) The collection

A; = {Oz,y(j) (aAi)}j<k @] {Oé,y(k)(aAi M U Bj)}

j=1
is in general position.

Once we have done this construction, combining (1) with (3) implies that the
set U = Ay has the desired property. It remains to show how to construct
the sets A;.

So suppose that the set A; has already been defined for i < N. According

to D4, for all nonempty subsets S C A;, there exists a zero dimensional F,-

set
Eg (]S with dim((")S\ Es)=dim([]9) - 1.
Define
E:= |J oy (Es). (el)
@#SCAi
0<j<k

By D5, E'is a zero dimensional F,-set. Use 3.1.5 to find a relatively compact,
open set W such that

N
AiﬂBi+1 CWCWC§i+1ﬂ(AOU UBJ) (92)
j=1

and
OWNE =0. (e3)
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Now set A;11 := A; UW. This clearly satisfies the properties (1) and (2).
To show (3), let ) # S = {S1,...,Sm} C Aij+1 correspond to some subset
{j1,J2,- -, Jm} € {0,...,k}. Note that since 0A;11 C A; UIW, we have

either

S; = Oé,y(jl)(aAH_l) C aw(jl)(aAi) U a,,(jl)(('?W) =: Slo U Sll (ifjl % k‘)

or
1+1
S = Oéw(jl)(ax%#l N U B;)
j=1
1+1
C a4\ W)N U Bi) U auyjpy (OW)
j=1
e2 ‘
C (i (04; N [ Bj) Uy (0W)
j=1
=: SPu st (if j; = k).

It follows that
m
Nsc U ( Sﬁl) .
ac{0,1}™ \l=1
Since W C §i+1, our choice of §i+1 implies that the sets Sll are pairwise
disjoint. So it suffices to consider the case a = (0,...,0) and, since we can
change the order without loss of generality, the case a = (1,0,...,0). For
a=(0,...,0), note that {S?, el S%} is a subset of A;, so we already have

IDE

dim( Slo) <  max(—1,n—m).

~

1

For a = (1,0,...,0), define S = {SS, ce S?n}. This is a subset of A;, hence
we know that it is in general position. Moreover, considering our choice of
the set Fg, recall that

dim(()S\Eg) < dim([]9)—1 < max(—1,n—(m—1))—1 < max(—1,n—m).

By the choice of W we know that 9WNE = (), see e3. Since a,;,)-1(Eg) C E
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(see el), this implies Eg M ay;,)(0W) = 0. In particular, it follows that

SIN[)S) =y y@W)n[Sc )9\ B
=2

Therefore we have established

m
dim(S] N ﬂ SP) < max(—1,n —m).
=2
If we combine these inequalities with D2, it follows that we have dim([)S) <

max(—1,n—m) as well. So A;;+ is in general position and we are done. [J

Corollary 3.1.9. Let X be a locally compact metric space with finite cov-
ering dimension d € N, G a group and o : G ~ X an action. Let MCG
be finite subset. Let K C X (M) be compact and let V C X (M) be an open
neighbourhood of K. Then there exists a relatively compact, open set U with
K cU cUCV such that OU is (M, d)-disjoint.

Proof. By 3.1.8, we can find a relatively compact, open set U with K C
U C U C V such that the family {ag(OU)},cpr is in general position. But
this implies that the intersection of d+ 1 distinct members of this family has
dimension at most —1, and hence is empty. So we see that U is (M, d)-
disjoint. O

Theorem 3.1.10. Let X be a locally compact metric space with finite cov-
ering dimension d. Let G be a countable group, and o : G ~ X a free
action. Then (X, a,G) has the bounded topological small boundary property
with respect to d.

Proof. Since « is free, we have X (M) = X for every M CG. So 3.1.9 implies
that (X, a, G) has the (M, d)-small boundary property for every M CG. The

claim now follows from 3.1.4. O]

3.2 A generalization of Gutman’s marker property

The aim of this section is to use the technical results about dynamically
small boundaries from the previous section to obtain a generalization of

Gutman’s marker property (see 2.2.1) for free countable group actions and
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free Z™-actions in particular. Very similarly to 2.2.2, it will follow that free
Z™-actions have finite Rokhlin dimension. First we have to introduce the

notion of markers and the marker property.

Definition 3.2.1. Let X be a locally compact metric space, G a group and
a: G~ X an action. Let F@CG be a finite subset and K C X a compact
subset. We call a relatively compact set Z C X an (F, K)-marker, if

e The family of sets {ay(Z) | g € F} is pairwise disjoint.

e K C U ay(Z) for some MCG.
geEM
We say that « has the marker property if there exist open (F, K)-markers
for all FCG and compact K C X.

Remark 3.2.2. If X is compact, one can mostly neglect the parameter
K C X in the above definition. In that case, one can speak of F-markers,
which are by definition (F, X)-markers. This terminology was used in my
paper [94], where the focus was mainly on the case that X is assumed to be

compact.

It is important to note that although the marker property is trivial if
the action is assumed to be minimal, Gutman’s result 2.2.1 gives a uniform
bound (in relation to F') of how many copies one needs to cover the space
with an F-marker, which is something new even in the minimal case. We
would like to build on his ideas in the case G = Z to generalize his method
of proof for the general case of countable group actions on locally compact

metric spaces.

Lemma 3.2.3. Let G be a group and d € N a natural number. Let FCG
be a finite subset and let g1,...,94 € G be group elements with the property
that the sets

F'F, ¢gF'F, ..., gF 'F

are pairwise disjoint. Using the notation gg = 1g, set M = Uf:o qFF.
Let X be a locally compact metric space and o : G ~ X be an action.
Then the following holds:
Let U,V C X be relatively compact, open sets such that

e OU is (M,d)-disjoint;
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o U is (F,1)-disjoint;
o Vis (M~ 1)-disjoint.

Then there exists a relatively compact, open set W C X such that U C
W, V. C Ugen ag(W) and W is (F,1)-disjoint.

Proof. Set R=V\ Ugens @g(U). Observe that R is compact and (M~11)-
disjoint, so apply 3.1.2 and choose p > 0 such that B,(R) is compact and
(M1, 1)-disjoint as well. We now claim that there exists a § > 0 such that

{9 € M| ay(U)ynBs(z) #0} | <d forallz € R. (ed)

Assume that this is not true. Let x,, € R be elements with J,, > 0 such that
0n — 0 and

| {9 € M| ag(U)N B, (x,) #0} | >d+1 for alln.

By compactness, we can assume that x,, converges to some x € R by passing
to a subsequence. Moreover, since M has only finitely many subsets, we can
also assume (again by passing to a subsequence if necessary) that there are
distinct ¥(0),...,v(d) € M such that o,y (U) N B, (2,) # 0 for all n and
alll =0,...,d. But then §,, — 0 implies

d

d
z€RN ﬂ Oé,y(l)(U) C ﬂ Oz,y(l)(aU) = 0.
=0 =0

So this gives a contradiction to OU being (M, d)-disjoint. So we may choose

a number § < p satisfying e4. Moreover, choose some finite covering

s
R C U Bs(z;) for some z1,...,2zs € R.
i=1

Note that the right-hand side is relatively compact and (M ~!,1)-disjoint by
our choice of p. Since the sets {glF_lF |l=0,... ,d} are pairwise disjoint,
observe that e4 enables us to define a map c¢: {1,...,s} — {0,...,d} such
that

ag(U)NBs(z;) =0 forallge gc(i)F_lF. (eb)
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Finally, set

w=vulJ ag;(;)(B(g(zi)).
=1

Obviously, W is a relatively compact, open set with U C W. Moreover, we

have
V U e(W)ur
geM
c U el Bs(z)
geM i=1 v
=g, (O‘g;@}) (Bs(21)))
C U ag(U) U U%cu)(W) - U ag(W)
geEM =1 geEM

At last we have to show that W is (F,1)-disjoint. Suppose that a, (W) N
ay(W) # () for some a # b in F. That is, there exist x,y € W such that
aq(z) = ap(y). Let us go through all the possible cases:

e z,y € U is obviously impossible.

e 1€ gt )(Eg(zil)) and y € -1 )(P(;(zh)) for some 1 <iy,i9 < s. It
c Zl c 12

follows that

ca(@) = aw(y) € ayy 1 (Bi(z)) Nyt (Bilz)),

c(i1) c(iz)

SO
0 # aprggs Bsla) Ny (Balaa)

C Ogigy-t (Bp(R))) Na,-1 (By(R)).

c(ig)

Observe that by a # b, we have b_lag;(}l) #* g;(l.IQ) in M~!. Since
B,(R) is (M ! 1)-disjoint, the right side of the above is empty. So

this is impossible.

erxcUandye -1 (Bs(2i)) for some 1 <i < s. Then it follows that
c(7)

aq(z) = a(y) € aa(U) Nay, 1 (Bs(=i)) # 0.

Or equivalently, agc(wb—la(U) N Bs(z;) # 0, a contradiction to the

definition of (i), see 5.

So we see that W is indeed (F, 1)-disjoint. O
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The following Lemma constitues the main technical result of this chapter:

Lemma 3.2.4. Let G be a group and d € N a natural number. Let FCG
be a finite subset and let g1, ...,94 € G be group elements with the property
that the sets

F'F, gF'F, ..., gsF 'F

are pairwise disjoint. Using the notation gy = 1g, set M = U?:o qF~1F.

Let X be a locally compact metric space with an action o« : G ~ X such
that (X, o, G) has the (M,d)-small boundary property. Moreover, assume
that X(M~Y) = X. Then given any compact subset K C X, there exists an
open (F, K)-marker Z C X with K C Jyeps g(Z).

Proof. Forall z € K, use X (M~!) = X to choose a relatively compact, open
neighbourhood U, such that U, is (M ~!,1)-disjoint. By the (M, d)-small
boundary property, we can also assume that oU, is (M, d)-disjoint. Note
that since 1¢ € F~'F C M, it follows that every (M !, 1)-disjoint set is
also (F,1)-disjoint.

Choose a finite subcovering K C (J;_,U;. Apply 3.2.3 (with respect
to U = Uy, V = Uy) to find a relatively compact, open set Wy such that
Up C W1,Ur C Uyep ag(W) and such that W is (F,1)-disjoint. Clearly
we have Uy UUr C U,eps ag(Wh).

Now carry on inductively. If Wy is already defined, apply 3.2.3 (with
respect to U = Wy, V = Ug1) to find a relatively compact, open set Wy 1
such that Wy, € W1 and Ugyq C UgeM ag(Wi+1) and such that Wy is
(F,1)-disjoint. Note also that if W}, had the property that

UpU---UU, C | ag(Wy),
geEM

then it follows that

UpgU---UU,UUg1 C UgGM Oég(Wk) U Ugt1
C Ugenr (W) UUgenr g(Wi+1)

= UgeM O‘g(Wk-i-l)-

So set Z = W;. The set Z is compact and (F, 1)-disjoint by construction,
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and indeed an (F, K)-marker because

KcUu--ul,C | ag2)
geEM

Let us now list some obvious implications:

Corollary 3.2.5. Let G be a group and d € N a natural number. Let FCG
be a finite subset and let g1, ...,94 € G be group elements with the property
that the sets

F'F, gF'F, ..., gsF 'F

are pairwise disjoint. Using the notation gy = lg, set M = U?:o qF~1F.

Let X be a locally compact metric space with covering dimension at most
d. Let a: G ~ X be an action. Assume that X (M) = X(M~') = X. Then
given any compact subset K C X, there exists an open (F, K)-marker Z C X
with K C Ugep g(Z).

Proof. Combine 3.1.9 and 3.2.4. O

Remark 3.2.6. It should be pointed out that ultimately, 3.2.5 is not re-
ally a statement about topological dynamical systems, but rather a state-
ment about a property of all locally compact metric spaces with covering
dimension at most some d € N. Since in the statement, G is allowed to
be any group, we can just choose G = Homeo(X) and let it act on X in
the canonical way. In this way, the statement boils down to a topological
property of certain finite sets of homeomorphisms on X. The condition
X(M) = X(M™1) = X in 3.2.5 translates to the fact that one requires
the finite sets under consideration to move all points around in different
ways. Conversely, if the statement of 3.2.5 holds for the canonical action of
G = Homeo(X) on X, then it is not hard to see that 3.2.5 automatically

holds for any group action on X.

Corollary 3.2.7. Let X be a locally compact metric space of finite covering
dimension d. Let G be a group and o : G ~ X a free action. Let FCG
be a finite subset and let g1,...,94 € G be group elements with the property
that the sets

F'F, gF7'F, ..., goF 'F
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are pairwise disjoint. Using the notation gy = 1g, set M = U?:o gF~1F.
Then given any compact subset K C X, there exists an open (F,K)-
marker Z C X with K CJ,ep ag(Z)-

Corollary 3.2.8. Let X be a locally compact metric space of finite covering
dimension d. Let G be a countably infinite group. Then any free topological

G-action on X has the marker property.

Proof. If G is countably infinite, then for every finite subset '@, there
exist ¢g1,...,9q as required by 3.2.7. This can be seen by fixing a proper
length function on G (recall 1.2.15) and choosing the elements gy, ..., gq
inductively with very large length compared to F~!F. Hence 3.2.7 implies

our claim. O

Lastly, let us prove that we have indeed extended Gutman’s marker

property result 2.2.1:

Corollary 3.2.9. Let X be a compact metric space of finite covering di-
mension d € N, and let o : X — X be an aperiodic homeomorphism. Then

for all n € N, there exists an open set Z C X such that
ZNa(Z)=0 forallj=1,....n—1

and
2(d+1)n—1

Proof. Set F ={0,...,n—1} and v; =2In for [ =0,...,d. Then
F-F={1-n,...,0,....n—=1} C1—n+{0,...,2n — 1}.

It is clear that the sets vo(F — F),v1(F — F),...,v4(F — F) are pairwise

disjoint. Their union is equal to

d
M = le+{1—n,...,n—1}
=0
d
C 1-n+J2n+{0,...,2n -1}
=0
= 1—-n+{0,...,2(d+1)in —1}.
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Applying 3.2.7, we can find an open set Z C X with
A (Z)Na*(Z)=0 forall j#kin F
and
X=|]Jd2).
jeEM
The first condition amounts to

ZNad(Z)=0 forallj=1,...,n—1,

while the second condition implies

2(d+1)n—1 2(d+1)n—1
X C U alm(Z) = ol d(2) ),
7=0 7=0
which in turn yields X = U?fg_l)n_l al(Z). O

3.3 Rokhlin dimension of topological Z™-actions

In this section, we focus on free Z™-actions and show that on finite-dimensional
spaces, their Rokhlin dimension is always finite. With the help of the topo-
logical results of the previous section, this will follow with a few technical,

but straightforward calculations.

Notation 3.3.1. Let m € N. For the remainder of this chapter, let us
denote J, = {1 —n,...,n}" C Z™ and B, = {0,...,n — 1}. For all n and
a € {0,1}™, defining

Wq = ((—1)61“’7’ -n)j e zm

=1,....m
yields 2™ distinct elements with the property that Js, = U (wg + Jp)-
acf{0,1}™

Proposition 3.3.2. Let X be a locally compact metric space with finite
covering dimension d € N and let o : Z™ ~ X be a free action. Then given

any compact set K C X and n € N, we can find elements v; € Z™ for
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1 <1<2™d+1) and an open (Jy, K)-marker Z C X such that

27 (d41)

K C U U avlJr’L)

= vEJy

Proof. For n € N, choose z1,...,zq € Z™ such that (with z¢ := 0)
Jon s v1+ Jon, oo, g+ Jon

are pairwise disjoint. Define M = Uld:o (z; + Jop,). Notice that Jo, contains
the set J, — J,. Apply 3.2.7 to find a (J,, K)-marker Z such that K C
Uverr @(Z). Now use 3.3.1 to choose wy,...,wam € Z™ so that Jo, =
U;(wj + Jn). It follows that

d d 2m
M = U$I+J2n UU xl—l—wj +J)
=0 1=0j5=1
SO g om
K C U Oéy U U U Az 4w;) +v )
veEM 1=0j=1ved,

Noticing that the family {z;+w; | 1 =0,...,d, j=1,...,2™} has cardi-
nality 2 (d + 1), this finishes the proof. O

The following two results constitute the main result of this chapter for

Z™-actions:

Theorem 3.3.3. Let X be a locally compact metric space and let o : Z™
X be a free action. Then

dim}! (@) < 4™ dim™ (X).

Proof. We may assume that the covering dimension d of X is finite, as there
is otherwise nothing to show.

Let L € N, e > 0 and K C X compact. Choose n large enough such
that % < e. Apply 3.3.2 and find elements v; € Z™ for 1 <1 < 2™(d + 1)
and an open (Jyr,, K)-marker Z C X with K C U?:l(dﬂ) Uves,,, Qoo(Z)-
By virtue of being a (Jyr,, K)-marker, Z admits a relatively compact open
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neighbourhood Zj that is still a (J41,,, K)-marker. Choose some continuous
function g : X — [0,1] with g|z = 1 and having support in Zj.
Foralll=1,...,2"(d + 1), define functions (fél))UeBL via

90 a_(y4w)(T) , itz € ay40(Z0) for [|w]|e < 2Ln

and w =v mod LZ™

nlvlles g oo (@) 5 if 2 € cuyru(Zo) for

Pwy=¢
2Ln < ||w]|eo < 3Ln
and w =v mod LZ™
0 , elsewhere.

\

Now the properties of Z, Zy and g ensure that

° fzgl)-fg):Oforv;éwinBL.

) .
> veBy #9 is constantly 1 on Uwes,,, Qo+w(Z).

For ||w||s = L, we have ||f(§l) - fél) oyl <L

For v € By, we have Hfé” - f(gl) oy < L.

Hence ||f1(ul) oy — f(l)

2
(-w) mod rzmll < & <eforallv,w € By

Now choose {a; | j =1,...,2™} C Z™ according to 3.3.1 such that

2m

Jarn = U a; + Jorn.
j=1

Forl =1,...,2"(d+ 1), j =1,...,2™ and v € By, we define fél’j) =
,Sl) O Qg;-

Let us identify By with Z™/LZ™ in the obvious way. Then we have
established that for all [ and j, the functions ( fél’j ))ue B, satisfy the rela-
tions (3b), (3c) and (3d) of 1.5.6. Furthermore, > p fél’j) is constantly

L on Uyes,,, @ta;+w(Z), so the choice of the a; ensures that we have
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m l,'
232‘:1 > veBy 8 > 1 on Uwes,,, @u+w(Z), and hence

27 (d+1) 2 2™ (d41)

ZZZWNOH U U @K

=1 ] 1 ’l)EBL w€J4Ln

We see that the family {fél’j) | 1,7, v} has 4™ - (d + 1) upper indices. Note
that since the elements { fél’j )} . are pairwise orthogonal for fixed (I, j),
ve

the sum 22 (@ 2521 > veBy, fW) is bounded by 4™(d + 1).

Now ¢ and K C X were arbitrary and did not depend on L, so we
can let € go to zero and let the compact set K get larger and larger. This
construction allows us to repeat the same argument as in the proof of 7 (3) =

(2) = (1)” from 1.5.6 and find equivariant c.p.c. order zero maps

@2 (C(Z™/LZ™), Z™-shift) — (Fao(Co(X)), @) (1=0,...,4™(d+1)—1)

4™ (d+1)—1
such that the element S := Z ¢i(1) satisfies 1 < S < 4™(d + 1)1.

=0
Since S is fixed under @, and the target algebra of these maps is com-

mutative, we may replace each ¢; by S™! - ¢; and still have equivariant

c.p.c. order zero maps. Hence we may assume without loss of generality
4™ (d4+1)—1

that Z ¢1(1) = 1. But this verifies dim}! | (&, LZ™) < 4™(d + 1), for

1=0
arbitrary L € N. Since (LZ™)ren contains a dominating residually finite

approximation of Z™ by 1.3.13, we obtain by 1.5.10 that

dim}! (@) = sup dim}! (&, LZ™) < 4™(d + 1),

as desired. O
Combining everything, we obtain our main result:

Corollary 3.3.4. Let X be a locally compact metric space and let o : Z™ ~
X be a free action. Then

dim nuc(CO( ) Mg Zm) < 4m(m + 1) dim+1(X)2.

Proof. This follows directly from 1.1.3, 3.3.3 and 1.5.15. O
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Corollary 3.3.5 (cf. [94, 5.3]). Let X be a compact metric space and let
a:Z™ ~ X be a free action. Then

.41
dlmnuc

(C(X) Xgq Z™) < 4™(m + 1) dim™ (X)2.

3.4 Finite Rokhlin dimension beyond Z™

As the title of this section suggests, we consider free actions of higher-rank,
non-abelian groups, and study to what extent one can carry over a result
like 3.3.4. We could already witness during the proof of 3.3.3 that even
in the case of abelian groups, obtaining finite Rokhlin dimension from a
marker-type property is a fairly technical endeavour. In the non-abelian
case, this becomes more complicated. First of all, one still has to make
restrictions on the group in question, because a result like 3.3.3 cannot be
expected to hold for every residually finite group. In our case, we will restrict
to finitely generated and nilpotent groups. Second, one has to turn these
restrictions into a geometric statement that one can work with. In order
to obtain finite Rokhlin dimension from these geometric and topological
dynamical statements, it becomes useful to carry out certain calculations in
a naturally induced product system.

Before we begin, let us mention that the results of this section essentially
come from a collaboration with Wu and Zacharias !, see [96]. However, the
line of argument towards the main result is a bit different and more direct
than in [96], because we forego the parallel study of amenability dimension
in the sense of Guentner, Willett and Yu [37, 38]. However, the approach
is still very much inspired by some techniques of [37, 38]. Moreover, the
results presented here are more general than in [96] because we treat the
case of actions on locally compact metric spaces, instead of only considering
compact metric spaces.

Before we can study the actions themselves, we have to establish an
important technical property of nilpotent groups, which basically amounts
to their special geometry that comes from polynomial growth. Recall that
by 1.4.8, every finitely generated and nilpotent group is poly-cyclic and thus
has a Hirsch-length.

!Each author has contributed an approximately equal amount to this collaboration.
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Lemma 3.4.1 (cf. [96, 5.1]). Let G be a finitely generated, nilpotent group.
Let ¢ be the Hirsch-length of G and set m = 3%. Then for any finite subset
MG, there is a finite subset FCG containing the identity and g1, . .., gm €
G, such that for any g € F~'F, we have Mg C g;F for some j € {1,...,m}.

Proof. We apply induction by ¢. If £ = 0, then G is finite, and we may
simply take ' = G and m = 1.

Now suppose G has Hirsch-length £41 for some ¢ > 0, and the statement
has been proved for all nilpotent groups with Hirsch length at most ¢. By
1.4.8, G has a central element ¢ € G of infinite order. Set H = G/(t). This
yields another finitely generated, nilpotent group of Hirsch-length ¢. Denote
by 7 : G — H the quotient map and set m = 3°.

Now let M G be a finite subset. We apply our induction hypothesis on
H to get a finite set FyC H containing the identity and hq, ..., h;, € H such
that for each h € F; ' Fy, we have 7(M)h C h;Fy for some j € {1,...,m}.

Pick some cross section o : H — G such that (1) = 1¢. Decompose
M into

M= || Mok (e6)
for some finite subsets M} (t). Define the finite sets

= U U ok k) To(k)o (k) o(ke) My (e7)

kemw (M) k1,k2€Fo

and .
U U o(h; ki ke) o (hy) o (kky k). (e8)
: TF(M) kl,kQEFo

Since o is a cross section, it follows that we have S,T C (t). Moreover, ST

is finite, so there exists n € N such that that

STC{ti|—n§i§n}. (€9)
We set
={t'| =3n<i<3n}, F=o(R) kA (e10)
and
gij = t"o(hy) (ell)

fori=—-1,0,1and j =1,...,m. Let us show that these satisfy the desired
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property of the assertion.

Let us choose an element € F~'F. By el0, this element has the form
z=t""2o (k) Lo (ky) (el2)

for certain ki, ko € Fy and —3n < 1,12 < 3n. By assumption, we have

m(M)ky ko C hjy Fo (e13)
for some jp € {1,...,m}. For the number
-1 , if —6n<l—-0L<-—2n
10 =140 R if —2n§l2—l1§2n
1 , if 2n<ly —11 <6n
we have
lo—li+{-n,....,n} C4nig+{-3n,...,3n}. (el4)

Combining all this, observe that

Mz

CEE ] Mi- okt o (k) o (k)

kem(M)

= |_| U(k)a(kl)ilo'(kQ)Mktllib
kem(M)

= || o(kkike)o(kky k)" o (k)0 (k) o (ko) Myth "2

kem(M)
L olkk k)i
kem(M)
= || oh)o(hy kky ke)o (b bk he) " o (hyy) o (kky k) TR 12
kem(M)
C L olhi)olh kky k) STE
kem(M)
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T o(hyy)o(Fy)STHh

e9,el14,e10 .
C U(th)U(Fo)F1t4nlo

el0,ell
= Yio,jo - F.

By the definition of the elements g; ; in ell, we see that there are 3m = 3+l

lower indices. This finishes the induction step and the proof. O

Lemma 3.4.2. Let X be a locally compact metric space with finite covering
dimension d. Let G be an infinite, finitely generated, nilpotent group and
a: G X a free action.

For any compact subset K C X, finite subset MCG and € > 0, there
exist finitely-supported maps p3) : G — Co(X)g1 for 1 =0,...,d and
j=1,...,m:= 35S satisfying:

d m d m
D3 S LETRTE 3 95 oy LIt

=0 j=1geG =0 j=1g€eG
() udP ) =0 for all1 =0, . d, j=1,...,m and g # h in G.

c /,L(lJ)OO(—l = ,u(l’j) foralll =0,---,d, j=1,...,m, g € M and
h g gh
hed.

Proof. Let ¢ be the Hirsch-length of G' and denote m = 3¢. Let K C X be

compact and M CG finite. Since G is amenable, we can choose a Fglner set
JCG with |JAgJ| < ¢|J| forall g€ M. (elb)

By 3.4.1, we can find a finite subset FF@CG containing the identity and
hi,...,hm € G such that for every x € F~'F, we have Jz C h;F for some
j € {1,...,m}. Since G is infinite and nilpotent, so is its center by 1.4.8.
Thus we can find g1,...,gq in the center of G such that the sets

F'F, qF'F, ..., goF 'F
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are pairwise disjoint. Define the compact set

Ky=|]Jo,1(K)CX. (e16)
geJ

By 3.2.7, there exists an (F, K j)-marker Z C X such that
d
K;cl) U a2 (el7)
1=0 gcF-1F

Forl=0,...,dand j =1,...,m, define the finite sets
NW) ={ge G| JgC ghjF}CG.
For each g € N (L3 define the relatively compact, open set
7039 = 0y (Z) C X.

We now claim that .
m
K;C U U U 7(:3,9)
i=0i=1 ge N (id)

For any z € K, we can apply el7 and find some [ € {0,...,d}andg € F~'F
with & € ag,4(Z). By our choice of F' and the elements hy, ..., h,,, we can
find j € {1,...,m} with Jg C h;F. But then Jg,g C gh;F, so we see that
qgi1g € N(l"]) and x € Z(lvjvglg).

Having this cover of K;, we may find a partition of unity
{y@ﬂ"g) lge NG 1 =0,....d j= 1,2,...,m}
of K; subordinate to the open cover
{ZUM) NEK;|ge N [1=0,...,d j= 1,2,...,m} 2

By the Urysohn-Tietze extension theorem, we can extend each function
v(13:9) to a continuous function on X with values in [0,1] and with support
inside Z(:39) | which we will (with slight abuse of notation) also denote by

v(13:9) . For the sake of convenience, let us set v(:39) =0 for all 1 = 0,...,d

2Note that we allow repetions with this notation.
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and j =1,...,m, whenever g ¢ N(J),
For every [ = 0,...,d and j = 1,...,m, we now define the finitely

supported maps pb9) 1 G — Ce(X )41 via

. ]_ P
(Lj) — § ’ (l,j,h"tg)
1% = 14 (¢] Ckhfl
! /] heJ

We claim that these satisfy the desired properties. Firstly, the support of

each map ,u(l’j ) is contained in J - N9 and is hence finite. Secondly, since
each v(b7:9) has values in [0, 1], so does each ugl’] ) by triangle inequality. We

have

m

d m
SN ) = Z;ZZE] STl o

d
i=0 j=1 g€ 1

Now by construction of the maps v(13:9) we know that Sy, is a compactly
supported, continuous function on X with values in [0,1], and which is
constantly 1 on K ;. By the definition €16 of the set K ;, we see that Spoay,—1
is constantly 1 on K for each h € J. So if we average these expressions via
J, it follows that condition (a) holds.

Next we observe that for all l = 0,...,d, j = 1,...,m and g € G, the

open support of ,uél’j ) satisfies

Supp(,u(gl’j)) C U oy, (supp(y(ivjvhflg)))

hed
c Unes an(ap-14(2)) = ay(Z) , ifge J- N&I)
0 ifg g J. N,

By definition of the set N9 we have J - N&7) ¢ gihjF. Solet ¢ € G
be an element different from g. If g ¢ J - N9 or ¢/ ¢ J - NJ)| then we
trivially have ,ug’j ) ,uél;’j) = 0 because one of the functions is zero already. If
g,g € J-NWi) ¢ gihjF, then we can write g = g;h; f1 and ¢’ = gih; fo for
some f1 # fo in F. Since Z is an (F, K j)-marker, it follows that oy, (Z) N

af,(Z) =0, and thus ay(Z) Nay(Z) = 0. In particular, the two functions
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(1,)

pg™" and p

(L.7)
g/

have disjoint open supports and are therefore orthogonal.

This verifies condition (b).

Lastly, for all I = 0,...,d, j = 1,2,...,m, g € M and ¢ € G, we

calculate
Lj Lj
lisg” 0 g1 = |
_ % SO o ooy — 3 w0 0 0
il hes
_ % S a9 o gy — 3 T ) 0 0
iy ey
_ % S W79 oy = T 0 6 g
|l hegJ hed
_ % S ) oy = Y ) o g
11 hegI\J heJ\gJ
1 1 'h—l / l <h—1 /
< m( Z | E3h™799) o 1 || + Z [P gg)oah_l”>
hegJ\J heJ\gJ
15
< |JAgJ| ES .
7]
This verifies condition (c) and finishes the proof. O

This technical Lemma leads us to the main result of this section:

Theorem 3.4.3 (cf. [96, 5.4]). Let G be an infinite, finitely generated, nilpo-

tent group. Let X be a locally compact metric space and o : G ~ X a free

action. Then for the induced C*-algebraic action & : G ~ Co(X), we have

dimpex () < 3% (@) . dim™ (X).

Proof. Denote m = 3%(%) and d = dim(X). Without loss of generality, we

may assume that d is finite, as there is otherwise nothing to show.

Let H C G be a subgroup of finite index. In order to show dimgey (@, H) <
m(d + 1), we verify condition 1.5.6(3). Let FCCy(X);, MTG and € > 0

be given. Since F' is finite and consists of continuous functions vanishing at

infinity, we can choose a compact set K C X such that

la(z)| <e forallze X\ K and a € F. (el8)
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By 3.4.2, we can find finitely supported maps p-9) : G — Ce(X) 41 for
l=0,...,dand j = 1,...,m with conditions (a), (b) and (c) from 3.4.2. For
eachl=0,...,d, j=1,...,m and g € G/H, we define fg—gl’j) = Zheg,ug’j).
We claim that the collection {fél’j) | geG/H, 1=0,...,d, j=1,... ,m}
satisfies conditions (3a), (3b), (3c) and (3d) from 1.5.6(3) for the triple
(F, M, 2¢).

Since Cp(X) is commutative, condition 1.5.6(3d) is redundant. For two
elements g # h in G/H, viewing them as subsets of G means g N h = .
Observe that thus condition (b) from 3.4.2 implies that for fixed [, j, the
elements { fél7j ) | geG/H } are pairwise orthogonal, so condition 1.5.6(3b)
follows. Moreover, combining conditions (b) and (c) from 3.4.2 yields

Gg(f"7) =32 £ forall h € G/H and g € M.

In particular, this verifies condition 1.5.6(3c).

Lastly, we have

=0 j=1geG/H =0 j=1geG/H h€eg
d m
l7
= 2.2 ﬂé /
1=0 j=1 geG

Condition 3.4.2(a) says that this sum is a positive contraction and is con-
stantly 1 on K. Thus, el8 implies that

d m
(ZZ Z (l’] ) =.a foralla€F.
1=0 j=1geG/H

This shows condition 1.5.6(3a) and finishes the proof. O

Combining this with the results of the first chapter, we obtain the most
general result about transformation group C*-algebras within this disserta-

tion:
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Theorem 3.4.4 (cf. [96, 5.5, 5.6]). Let G be an infinite, finitely generated,
nilpotent group and X a locally compact metric space with finite covering
dimension. Let a: G ~ X be a free action. Then the transformation group

C*-algebra Co(X) x5 G has finite nuclear dimension.

Proof. This follows by combining 1.1.3, 3.4.3, 1.4.15 and 1.5.14. 0
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Actions on noncommutative

C*-algebras

In this chapter, I will give a brief survey of the contents of the other papers
[2, 3, 95] that I authored or co-authored over the course of my doctoral
studies. These papers go in a somewhat similar direction as this dissertation,
in that one studies certain C*-dynamical systems or their crossed products
by means of considering certain Rokhlin-type properties. However, they
do not address the interplay between topological dynamics and C*-algebra
classification theory, which is the overall goal of this dissertation. That
is why I do not discuss them at length. Each of the upcoming sections
will describe one of these papers, outlining the underlying questions and
problems and then presenting the main results.

Before we begin, let us mention what additional knowledge might be
helpful for the reader in order to appreciate the results that are presented
in this chapter. For a proper understanding of some of the results, it can be
crucial to be somewhat familiar with Kasparov’s K K-theory of C*-algebras,
see the later chapters of [7] as a standard reference. To a more limited
extent, it can be helpful to know basic F-theory and how it connects to
K K-theory, see [14, 36]. Moreover, some results concern Rosenberg’s and
Schochet’s universal coefficient theorem from [83], abbreviated as UCT, for

C*-algebras.
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4.1 The nuclear dimension of certain O,.-absorbing

C*-algebras

In [2], I have collaborated with Selcuk Barlak, Dominic Enders, Hiroki Matui
and Wilhelm Winter. The paper is motivated by the regularity conjecture of
Toms and Winter in the case of so-called Kirchberg algebras. A Kirchberg
algebra is a separable, nuclear, simple and purely infinite C*-algebra. A
simple C*-algebra is called purely infinite, if every non-trivial hereditary
subalgebra contains an infinite projection, see [16]. For Kirchberg algebras,
the Elliott conjecture has been confirmed with a very satisfying classification
result due to Kirchberg and Phillips, see [50, 73].

Theorem (Kirchberg-Phillips). Let A and B be two unital Kirchberg al-
gebras. Then A and B are isomorphic, if and only if there exists a KK -
equivalence k € KK (A, B)~! preserving the Ko-class of the unit, i.e. for the
map ko € Hom(Ko(A), Ko(B)) induced by k, one has ko([14]) = [1B].

If both A and B satisfy the UCT, then A and B are isomorphic if and
only if they have the same K -theoretic data, i.e.

(Ko(A), [14], K1(A))= (Ko(B), [1p], K1(B)).

Despite this classification result, it has remained unclear for a long time
whether the Toms-Winter conjecture holds for all Kirchberg algebras. Since
Kirchberg algebras are well-known to be both Z-stable and having strict
comparison of positive elements, the only open problem was if Kirchberg
algebras have also finite nuclear dimension.

In the UCT case, there exist fairly tractable inductive limit model sys-
tems for Kirchberg algebras realizing all possible K-theoretic data. Winter
and Zacharias have used these model systems to show in [111] that Kirchberg
algebras satisfying the UCT do have finite nuclear dimension. In a ground-
breaking paper of Matui and Sato [69], this question has been answered in

the affirmative without the UCT assumption:

Theorem (Matui-Sato). The nuclear dimension of any Kirchberg algebra

is at most three.

In [2], two alternative lines of proof of this fact are presented, leading

also to partial answers to the analogous problem in the non-simple case.
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The first line of proof concerns the Rokhlin dimension of symmetries,
i.e. Zo-actions, on Kirchberg algebras. The so-called Rokhlin property for
finite group actions on unital C*-algebras, which coincides with Rokhlin
dimension zero in our terminology from the first chapter, has been studied
by Izumi in [43, 44]. From his work, it is well-known that the Rokhlin
property is very restrictive, not least because there exist various K-theoretic
obstructions to its existence. For instance, any two actions of a finite group
with the Rokhlin property on Os are conjugate, and in particular the crossed
product of Oy by such an action is always isomorphic to Oy. As it turns
out, the notion of Rokhlin dimension at most one for symmetries is a much
more flexible concept on Kirchberg algebras, so much so that it is automatic

whenever one has a chance to expect it:

Theorem. Any outer symmetry on a unital Kirchberg algebra has Rokhlin

dimension at most one.

On the other hand, Izumi has shown in [43] that many Kirchberg algebras

can be realized as a crossed product of an outer symmetry on Os.

Theorem (Izumi). Let A be a Kirchberg algebra. Then there exists an outer
symmetry a on Oy such that its crossed product O X 2o is stably isomorphic
tO A ® MQoo .

Combing all of this with a further technical dimension reduction step

from [69], one obtains:

Theorem. Let A be a Kirchberg algebra. Then dimpye(A ® Mas) < 3 and
in fact dimp,(A) < oo.

The second line of proof towards finite nuclear dimension of Kirchberg
algebras is a more direct one, not making use of any crossed product picture
of the involved C*-algebras. Namely, for any C*-algebra A, it is shown in [2]
that the nuclear dimensions of A® Oy and A® Oy are related by a formula.

This marks the main result of [2]:

Theorem. For any C*-algebra A, we have the inequality

dim! ! (A ® Oy) < 2dimf}.(A® O).

nuc

Combining this general observation with Kirchberg’s absorption theo-
rems [52] and the fact from [111] that dimp,(O2) = 1, one recovers the
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Matui-Sato result that a Kirchberg algebra has nuclear dimension at most
three. However, the above inequality has the advantage that it holds in a
very general context. Even in the non-simple case, it is known that tensoring
a given C*-algebra with O, has a great smoothening effect, leading to an
immense loss of information of the original C*-algebra, see [53]. In partic-
ular, it is conceivable that any separable, nuclear and Os-stable C*-algebra
might always have finite nuclear dimension. The above inequality then gives

rise to the following question in the non-simple case:

Question. What is the nuclear dimension of a separable, nuclear and O-

absorbing C*-algebra?

In [2], a partial answer is given for C*-algebras that can be expressed as
C(X)-algebras with Kirchberg fibres. This follows from the above nuclear
dimension formula and a dimension reduction argument from [53] for C*-
algebras of the form C(X) ® O,.

Theorem. Let X be a compact metrizable space. Let A be an Oy -absorbing,
continuous C(X)-algebra whose fibres are Kirchberg algebras. Then A has

finite nuclear dimension.

Concerning the nuclear dimension of Kirchberg algebras, we note that
subsequent work of other authors yield an optimal nuclear dimension esti-
mate. It has been shown in [85], building on a similar result in [26], that
any Kirchberg algebra satisfying the UCT has nuclear dimension one. How-
ever, this approach used the entire power of Kirchberg-Phillips classification
by using certain inductive limit model systems. Using sequence algebra
techniques, a more direct proof was found in [8], not relying on the UCT

assumption:

Theorem (Bosa et. al.). Any Kirchberg algebra has nuclear dimension one.

4.2 The continuous Rokhlin property and the UCT

As mentioned in the previous section, Izumi has introduced the Rokhlin
property of finite group actions in [43] within the general context of sepa-
rable, unital C*-algebras. He has shown that such actions enjoy a number

of structural well-behavedness properties. It was later also discovered by
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various authors that actions with the Rokhlin property preserve many C*-
algebraic properties of interest, when passing to the crossed product. See
[86] for a nice overview on these phenomena.

Hirshberg and Winter have then generalized the notion of the Rokhlin
property to actions of compact groups on separable, unital C*-algebras,
see [41]. Their main result asserts that the property of absorbing a given
strongly self-absorbing C*-algebra passes from any unital C*-algebra to its
crossed product by a Rokhlin action. In [28, 29, 30], Gardella has then un-
dergone an investigation of compact group actions with the Rokhlin property
and more specially circle actions with the Rokhlin property.

Despite the fact that many known results from the realm of finite group
actions with the Rokhlin property carry over to the setting of compact
groups, there remain some subtle difficulties concerning certain properties
like the permanence of the UCT. It is known that in many cases, the UCT
passes from a C*-algebra to its crossed product associated to a Rokhlin

action of a finite group:

Theorem (cf. [86, Theorem 3]). Let G be a finite group, A a separable C*-
algebra and o : G ~ A an action with the Rokhlin property. Assume that A
is nuclear and that every ideal of A satisfies the UCT. Then every ideal of
A x4 G satisfies the UCT.

At present, it is still unclear if such a permanence property holds for
Rokhlin actions of compact groups as well. For example, when confronted
with the problem of classifying Rokhlin actions of the circle on Kirchberg
algebras by means of K-theory as in [28, 29], this proves to be a rather an-
noying obstacle. To overcome this, Gardella has introduced the continuous
Rokhlin property for compact group actions on unital C*-algebras in [29].
It turns out that this stronger version is compatible with the UCT for circle
actions on nuclear C*-algebras.

In the short note [95], the definition of the continuous Rokhlin property is

extended to actions of metrizable compact groups on separable C*-algebras:

Definition. Let G be a compact group, A a separable C*-algebra and « :
G ~ A a continuous action. Consider the path algebra of A defined by

Ac = Cb([l, OO),A)/C(]([L OO), A)
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Similarly as in 1.5.1, one defines the central path algebra of A as
F.(A) = A.nA"/Ann(A, A,).

In a completely analogous fashion to the case of sequence algebras treated
in the first chapter, fibrewise application of the action « gives rise to a (not
necessarily continuous) action «, of G on F.(A). Then « is said to have
the continuous Rokhlin property, if there exists a unital and equivariant
s-homomorphism from (C(G), G-shift) to (Fi(A), a).

The main result of [95] is that an E-theoretic version of Gardella’s UCT
preservation theorem holds for actions of all metrizable compact groups on
separable C*-algebras. This is done by using a somewhat more conceptual

approach, enabling shorter and less technical proofs than in [29]:

Theorem. Let G be a compact, metrizable group, A a separable C*-algebra
and o : G ~ A a continuous action with the continuous Rokhlin property.
Assume that A satisfies the UCT in E-theory. Then both the fized point
algebra A% and the crossed product A X, G satisfy the UCT in E-theory.

4.3 Rokhlin actions of finite groups on UHF-ab-

sorbing C*-algebras

In [3], I have collaborated with Selguk Barlak. The paper serves as a
source of examples of Rokhlin actions or locally representable actions of
finite groups on C*-algebras satisfying a certain UHF-absorption condition.
Over the last few years, Phillips has been steadily paving the way towards a
classification theory of pointwise outer finite group actions on unital Kirch-
berg algebras, building on ideas of ordinary classification theory of Kirchberg
algebras [73, 50] and making use of equivariant absorption theorems in the
spirit of [52]. The key ideas of the latter have already been demonstrated in
[33].

An important question related to such a classification theory is how
large the range of the objects is that one wishes to classify. For example, if
a certain class of C*-algebras is classified by K-theoretic data and one wishes
to study finite group actions on such, this begs the question of whether every

group action on the K-theory of a C*-algebra in this class can be realized
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by an honest group action on the C*-algebra. More generally, one can pose

the following question:

Question. If A belongs to a class of C*-algebras that is classifiable by a
functor Inv (in a suitable sense) and o : G ~ Inv(A) is an action of a finite
group on the invariant of A, does there exist an action o : G ~ A with

Inv(a) =07

Compared to the recent progress in the Elliott classification program,
satisfactory answers to this question are very scarce. Even within the setting
of G = Zy, and A being an AF algebra, this question is still open, see [7,
10.11.3]. Only the case of actions on unital UCT Kirchberg algebras has been
successfully studied in special cases of groups so far, in which the invariant
boils down to K-theory, see [5, 89, 46].

In [3], another viewpoint of this problem is taken that is also suitable for
actions on not necessarily classifiable C*-algebras. For this, let us fix some
terminology. Write o=, if two *-homomorphisms ¢, : A — B between
separable C*-algebras are approximately unitarily equivalent by unitaries in
the multiplier algebra M(B) of B.

Question. For a C*-algebra A and a finite group GG, when can a homomor-
phism G — Aut(A)/~, lift to an honest action of G on A?

While we must certainly impose certain restrictions on A, it turns out
that a sufficient criterion is common enough to produce a variety of inter-
esting examples. Incidentally, the actions may all be chosen to have the

Rokhlin property.

Theorem. Let G be a finite group and A a separable C*-algebra that ab-
sorbs the UHF algebra Mg tensorially. Then any homomorphism G —
Aut(A)/~, lifts to a Rokhlin action of G on A.

Looking back to the above question about the range of the invariant of
G-actions on classifiable C*-algebras, this more general viewpoint is weaker
because the Elliott invariant alone is usually not strong enough to distin-
guish between approximate unitary equivalence classes of x-homomorphisms.
However, all of the state-of-the-art classification results, when paired with
the UCT, imply that for a classifiable C*-algebra A, the canonical map
Aut(A)/~, — Aut(Inv(A)) is not only surjective, but has a split. For ex-

ample, this works for Kirchberg algebras or simple, nuclear TAF algebras,
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see [50, 73, 59, 60]. This enables one to reduce the above question about the
range of the invariant of actions to the more elementary question of being
able to lift homomorphisms G — Aut(A)/~, to honest group actions on A.
In particular, the aforementioned theorem allows one to prove the following

result:

Theorem. Let G be a finite group and A a separable, unital, nuclear and
simple C*-algebra with A = M|gjc @ A. Assume that A satisfies the UCT
and is either purely infinite or TAF. Then Rokhlin actions of G on A exhaust
all G-actions on the (ordered) K-theory of A.

This result then becomes very useful for constructing interesting abelian
group actions on classifiable C*-algebra by considering the dual actions of
Rokhlin actions. We now present the two most notable examples that are
discussed in [3]:

Firstly, one can recover and extend Blackadar’s famous construction [6]
of certain symmetries on the CAR algebra having fixed point algebras with
non-trivial Ki-groups, by combining the above existence result for Rokhlin

actions with Lin’s classification theory of TAF algebras [60]:

Theorem. Let p > 2 be a natural number. Let (G, Gg,u) be a countable,
uniquely p-divisible ordered abelian group with order unit, which is weakly
unperforated and has the Riesz interpolation property. Let og be an ordered
group automorphism of order p on Gg, such that ker(id —oyq) is isomorphic to
(Z[%],Z[%]*, 1) as an ordered group with order unit. Let G1 be a countable,
uniquely p-divisible abelian group with an order p automorphism o1 such that
ker(id —o1) = 0. Then there exists a Zy-action y on Myso such that M
is a simple TAF C*-algebra satisfying the UCT and with KO(M;)O) >~ Gy as
ordered groups and K; (M;oo) = Gy.

Secondly, one can reduce the UCT problem for separable, nuclear C*-
algebras to the question of whether one can leave the UCT class by passing
to crossed product C*-algebras of Os by finite group actions. This is essen-
tially done by realizing so many K K-theories of crossed products by finite
group actions on Os that it is sufficient to test the UCT question on these
crossed products. Moreover, it is even sufficient to consider only locally
representable actions of certain finite cyclic groups. We note that this re-
lies crucially on Kirchberg’s reduction of the UCT problem to Kirchberg
algebras, see [51, 2.17].
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Theorem. Let p,q > 2 be two distinct prime numbers. The following are

equivalent:
(1) Ewvery separable, nuclear C*-algebra satisfies the UCT.

(2) If B : Zp ~ Oz and v : Zg ~ Oz are pointwise outer, locally repre-
sentable actions, then both Oy Xg Zy, and Oz X, Zg satisfy the UCT.

(3) If v : Zpy ~ Oz is a pointwise outer, locally representable action, then
Og Xy Zypq satisfies the UCT.
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