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Abstract. In this paper, we introduce and study the persistence approximation property
for quantitative K-theory of filtered C*-algebras. In the case of crossed product C*-algebras,
the persistence approximation property follows from the Baum—Connes conjecture with co-
efficients. We also discuss some applications of the quantitative K-theory to the Novikov
conjecture.
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1. INTRODUCTION

The idea of quantitative operator K-theory was first introduced in [15] to
study the Novikov conjecture for groups with finite asymptotic dimension.
In [9], we introduced a general quantitative K-theory for filtered C*-algebras.
Examples of filtered C*-algebras include group C*-algebras, crossed product
C*-algebras, Roe algebras, foliation C*-algebras and finitely generated C*-
algebras. For a C*-algebra A with a filtration, the K-theory of A can be
approximated by the quantitative K-theory groups K;"(A) when r goes to
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infinity. The crucial point is that quantitative K-theory is often more com-
putable using certain controlled exact sequences (see, e.g., [9, 15]). The study
of K-theory for the Roe algebra can be reduced to that of quantitative K-
theory for the Roe algebra associated to finite metric spaces, which in essence
is a finite-dimensional linear algebra problem.

The main purpose of this paper is to introduce and study the persistence
approximation property for quantitative K-theory of filtered C*-algebras.
Roughly speaking, the persistence approximation property means that the
convergence of K{"(A) to K.(A) is uniform. More precisely, we say that
the filtered C*-algebra A has persistence approximation property if for each
e in (0, ;) and r > 0, there exist > 7 and ¢’ in [¢, §) such that an element
from K3"(A) is zero in K,(A) if and only if it is zero in K5 " (A). The main
motivation to study the persistence approximation property is that it provides
an effective way of approximating K-theory with quantitative K-theory. In
the case of crossed product C*-algebras, the Baum—Connes conjecture with
coeflicients provides many examples that satisfy the persistence approxima-
tion property. It turns out that this property provides geometrical obstruction
for the Baum—Connes conjecture. In order to study this obstruction in full
generality, we consider the persistence approximation property for filtered C*-
algebra A ® ¢ (£2(X)), where A is a C*-algebra and ¥ is a discrete metric
space with bounded geometry. For this purpose,

e we introduce a family of quantitative local assembly maps valued in the
quantitative K-theory for A ®@ 7 (£3(%));

e proceeding as in [9, §6.2] for the quantitative Baum—Connes assembly
maps, we set quantitative statements for these local quantitative Baum—
Connes assembly maps.

These quantitative statements can be viewed as a geometric version of those
stated in [9, §6.2]. We also show that if these statements hold uniformly for the
family of finite subsets of a discrete metric space ¥ with bounded geometry,
the coarse Baum—Connes conjecture for ¥ is satisfied. In particular, in the
case of a finitely generated group I' provided with the metric arising from any
word length, these uniform statements for finite metric subsets of I' imply
the Novikov conjecture for I' on homotopy invariance of higher signatures.
We point out that in this case, these statements reduce to finite-dimensional
problems in linear algebra and analysis.

The paper is organized as follows. In Section 2, we review the main re-
sults of [9] concerning quantitative K-theory. In Section 3, we introduce the
persistence approximation property. We prove that if ' is a finitely gener-
ated group that satisfies the Baum—Connes conjecture with coefficients and
which admits a cocompact universal example for proper actions, then for any
I'-C*-algebra A, the reduced crossed product A x,. I' satisfies the persistence
approximation property. In the special case of the action of the group I' on
Cy(T) by translation, we get a canonical identification between Co(I") x T and
J (£%(X)) that preserves the filtration structure. Hence, the persistence ap-
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proximation property can be stated in a completely geometrical way. This
leads us to consider this property for the algebra A @ # (¢2(X)), where A is
a C*-algebra and ¥ is a proper discrete metric space, with filtration structure
induced by the metric of 3. In Section 4, following the idea of the Baum-
Connes conjecture in order to compute the quantitative K-theory groups for
A ® H((3(X)), we construct a family of quantitative assembly maps V;’:;f*.
In view of the proof of the persistence approximation property in the crossed
product algebras case, we introduce a geometrical assembly map v, , (which
plays the role of the Baum—Connes assembly map with relevant coefficients).
Following the route of [11], we show that the target of these geometric assembly
maps is indeed the K-theory of the crossed product algebra of an appropriate
C*-algebra A, (s by the groupoid G's; associated in [11] to the coarse struc-
ture of 3. In Section 5, we study the Baum—Connes assembly map for the pair
(Gs, Acy () and we show that the bijectivity of the geometric assembly maps
V$Y 4, is equivalent to the Baum—Connes conjecture for (Gx, Ac,(x)). We set
in the geometric setting the analog of the quantitative statements of [9, §6.2]
for the quantitative Baum—Connes assembly maps and we prove that these
statements hold when X coarsely embeds into a Hilbert space. We then apply
these results to the persistence approximation property for A ® ¢ (¢2(%)). In
particular, we prove it when ¥ coarsely embeds into a Hilbert space, under
an assumption of coarse uniform contractibility. This condition is the analog
of the existence of a cocompact universal example for proper actions in the
geometric setting and is satisfied for instance for Gromov hyperbolic discrete
metric spaces. In Section 6, we show that for a discrete metric space with
bounded geometry, if the quantitative statements of Section 5 for v, , hold
uniformly when F' runs through finite subsets of 3, then 3 satisfies the coarse
Baum—Connes conjecture.

2. SURVEY ON QUANTITATIVE K-THEORY

In this section, we collect the main results of [9] concerning quantitative
K-theory and that we shall use throughout this paper. Quantitative K-theory
was introduced to describe propagation phenomena in higher index theory
for noncompact spaces. More generally, we use the framework of filtered C*-
algebras to model the concept of propagation.

Definition 2.1. A filtered C*-algebra A is a C*-algebra equipped with a
family (A, )r>o of closed linear subspaces indexed by positive numbers such
that

A, C A ifr <7y

A, is stable under involution;

Ar : A'r’ c ArJr'r’;
the subalgebra |

If A is unital, we also require that the identity 1 is an element of A, for every
positive number 7. The elements of A, are said to have propagation r.

>0 Ar is dense in A.
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Let A and A’ be C*-algebras filtered by (A, )~ and (AL),~q, respectively.
A #-homomorphism of C* -algebras ¢ : A — A’ is a filtered homomorphism
(or a homomorphism of filtered C*-algebras) if ¢p(A,) C Al for any positive
number 7.
If A is not unital, let us denote by AT its unitarization, i.e.
AT ={(z,)) |z € A, XeC}
with the product
(2, N)(2', ) = (22’ + X2’ + N, A\\)
for all (z,\) and (2/,\') in AT. Then AT is filtered by
Af ={(z,\) |z €A, XeC}.
We also define pa : AT — C, (z,\) — A

2.2. Definition of quantitative K-theory. Let A be a unital filtered C*-
algebra. For any positive numbers r and e, we call
e an element v in A an e-r-unitary if u belongs to A, ||u*-u — 1|| < € and
|lu-u* — 1| <e. The set of e-r-unitaries on A will be denoted by U="(A).
e anelement p in A an e-r-projection if p belongs to A,, p = p* and ||p*>—p| <
e. The set of e-r-projections on A will be denoted by P="(A).
Notice that an e-r-unitary is invertible, and that if p is an e-r-projection in
A with € < i, then it has a spectral gap around % and then gives rise by
functional calculus to a projection kg (p) in A such that ||p — xo(p)|| < 2e.
For any integer n, we set

UL (A) = U (M (A)),  PR7(A) = P97 (M, (A)).

For any unital filtered C*-algebra A, any positive numbers € and r and any
positive integer n, we consider inclusions

e,r e,r 0
i) o P o (5 0)

and

e,T £,7 u 0
UL (A) = U (A), uw <O 1).

This allows us to define
U4 = J Ui, PA) = | PirA).
neN neN
For a unital filtered C*-algebra A, we define the following equivalence rela-
tions on P& (A) x N and on U (A):

o If p and ¢ are elements of P57 (A), | and I’ are positive integers, then
(p,1) ~ (q,1') if there exist a positive integer k and an element h of
P2 (A0, 1]) such that h(0) = diag(p, Ix+r) and h(1) = diag(q, Tx+1)-

e If uw and v are elements of U5 (A), then u ~ v if there exists an element h
of U3e:27(A[0,1]) such that h(0) = u and h(1) = v.
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If p is an element of PS7(A) and [ is an integer, we denote by [p,!].,, the
equivalence class of (p,l) modulo ~. If u is an element of U5 (A) we denote
by [u]e,r its equivalence class modulo ~.

Definition 2.3. Let r and ¢ be positive numbers with ¢ < i. We define:
(i) K5"(A) = PE’T( ) x N/~ for A unital and

K5 (A) = {[p,e,r € P*"(AT) x N/~ | rank ko(pa(p)) =1}
for A nonumtal and ko(pa(p)) being the spectral projection associated
to pa(p);

(i) K7"(A) = Ul (A1) /~, with A = AT if A is already unital.
Then K" (A) turns to be an abelian group [9, Lem. 1.15] where

0, e + [P/, U]er = [diag(p,p'), 1 +1]c.r

for any [p,l],r and [p/,!']c, in K5 (A). According to [9, Lem. 1.15], K7 (A)
is equipped with a structure of abelian group such that

[ule,r + [W]e,r = [diag(u, v)]e,r
for any [u]c, and [u']., in K7 (A).

Recall from [9, Cor. 1.19 and 1.21] that for any positive numbers r and e
with € < i, we have that

K§"(C) = Z, [p,l]e, + rank ko(p) — 1

is an isomorphism and K}"(C) = {0}.
For any filtered C*-algebra A and any positive numbers 7, 1/, € and &’ with
e<e < i and r < 7/, we have natural group homomorphisms
o 1) Ky (A) = Ko(A), [p,l)er — [ko(p)]—[L)] (where ko(p) is the spectral
projection associated to p);
't KYT(A) = Ky (A), [uler = [ul;
o =" DU
o 5T KT (A) 5 K5 (A, 0 o Tl
° LiE Z 7T KET‘(A) % KE s (A), [U]E7T H u]sl’/r,/;
g, 5 T’T‘ E 5 T‘T’ g, E T’T‘
® L =l by

If some of the indices r, v’ or €, €’ are equal, we shall not repeat it in ¢35’ e rr’

The following result is a consequence of [9, Rem. 1.17].

Proposition 2.4. Let A be a C*-algebra filtered by (Ar)r>o-
(i) For any e in (0,%) and any y in K,(A), there exist a positive number r
and an element z in K" (A) such that 12" (x) = y.
(ii) There exists a positive number A > 1 independent of A such that the
following is satisfied: Let ¢ be in (0, 4) let r be a positive number and let
x be an element in K7 (A) such that 13" (z) = 0 in K,.(A). Then there
exists a positive number v’ with v’ > r such that

AT (@) = 0 in K297 (A).
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If p : A — B is a homomorphism of filtered C*-algebras, then since ¢ pre-
serves e-r-projections and e-r-unitaries, it obviously induces, for any positive
number r and any ¢ € (0, i), a group homomorphism

67"+ KE7(4) = K37 (B).

Moreover, the quantitative K-theory is homotopy invariant with respect to ho-
motopies that preserve propagation [9, Lem. 1.26]. There is also a quantitative
version of Morita equivalence [9, Prop. 1.28].

Proposition 2.5. If A is a filtered algebra and 7 is a separable Hilbert space,
then the homomorphism

A H(H)D A, a— 0

induces a (Zo-graded) group isomorphism (the Morita equivalence)
MG KET(A) = KO (A A ()
for any positive number r and any € € (0, %)

2.6. Quantitative objects. In order to study the functorial properties of
quantitative K-theory, we introduce the concept of a quantitative object.

Definition 2.7. A quantitative object is a family O = (O®")o<c<1 >0 of
abelian groups, together with a family of group homomorphisms

f0r0<8§5’<iand0<r§r’suchthat
L%E7T’T - IdOE,T

forany0<a<%andr>0;and

" ! " "
e e r'r e’ e’ e e
to °lo =tlo

forany 0 <e<e' <&’ <iand0<r <y <y

Example 2.8. (i) Our prominent example will be of course quantitative K-
theory K.(A) = (K3 (A))o<e<1 r>0 of a filtered C*-algebra A with structure
maps
T KOT(A) - KIT(A)
for0<e<e <fand0<r<r.
(i) If (Oi)ien is a family of quantitative objects with O; = (07" )o<e<1 >0
for any integer i, we define

[To:=(I]o)

iEN JEN O<5<%,r>0
Then ],y O; is also a quantitative object. In the case of a constant family
(Oi)ien with O; = O a quantitative object, we set ON for [T,y Oi.
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2.9. Controlled morphisms. Obviously, the definition of controlled mor-
phism [9, §2] can be then extended to quantitative objects.

Definition 2.10. A control pair is a pair (A, k), where

e \>1;
e h:(0,24) = [1,4+00), € — hc is a map such that there exists a non-
increasing map g : (0, ﬁ) — [1,+00), with h < g.

The set of control pairs is equipped with a partial order: (A, h) < (XN, h') if
A< X and h. <h. for all € € (0, ﬁ)

Definition 2.11. Let (\, h) be a control pair and let O = (O*")o<c<1 >0 and
0" = (0"")o<e<1 r>0 be quantitative objects. A (A, h)-controlled morphism
F:0 — O is a family F = (FE’T)0<s<ﬁ,r>0 of group homomorphisms

FeT - O O/)\s,hgr
such that for any positive numbers ¢, ¢/, r and r’ with 0 < e <&’ < ﬁ, r<r
and h.r < ho7', we have

Fa/,r/ e,e’ e’ e, X&' her,hoir! Fer
o5 =15 o F°.

When it is not necessary to specify the control pair, we will just say that F

is a controlled morphism. If O = (O%")g<c<1 >0 is a quantitative object, let
us define the identity (1,1)-controlled morphism

Id(’) = (Id05,7‘)0<€<%’r>0 : O — O

Recall that if A and B are filtered C*-algebras and if F : K. (A) — K. (B) is a
(A, h)-controlled morphism, then F induces a morphism F' : K,(A4) — K.(B)
uniquely defined by (" o F&" = F 015"

If (A, h) and (N, h) are two control pairs, define

hh! : (o ) S (0,400), £+ hyehl.

1
TAAN
Then (AN, h *x 1’) is again a control pair. Let

O = (0"")o<e<t r>0, O = (O/E’T)O<a<%,’r>07 0" = (O"”)0<a<§,r>0
be quantitative objects, let

F = (FE?T)0<a<ﬁ7r>0 0= 0O

be an (az, kx)-controlled morphism, and let
G = (GE’T)0<E<Q7T>O 10" = 0"

be an (ag,kg)-controlled morphism. Then the family of homomorphisms
GoF:0—=0" is the (agar,kg * kr)-controlled morphism defined by the
family

are,krr e, . NE,T Nogare,kr ckg ar,er
(G s e OF s 'O s _>O s e arx,e )O<5<4a;ag7r>0'
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Notation 2.12. Let O = (O*")o<c<1,r>0 and O = (O’E’T)0<E<i7r>o be quan-
titative objects, let F = (F")oce< 750 : O — O be an (aF, kr)-controlled
morphism, let G = (G*")o<c<1 r>0 : O — O’ be an (ag, kg)-controlled mor-
phism, and let (A, k) be a control pair. We write

FRg
if
o (ar,kr) < (A\h)and (ag,kg) < (A h);
e for every ¢ in (0, ) and r > 0, we have

gjlrs A kF e her FE o %gls e kg erher o GE7T.

Definition 2.13. Let (A, h) be a control pair, and let F : O — O’ be an
(ar, kr)-controlled morphism with (ar,kr) < (A h). F is called (A h)-
invertible or a (A, h)-isomorphism if there exists a controlled morphism
G : O — O such that

(Ah)

go]: Ido and .7:Og ~ Zdo/

The controlled morphism G is called a (A, h)-inverse for G.

In particular, if A and B are filtered C*-algebras and if G : K. (A) — K.(B)
is a (A, h)-isomorphism, then the induced morphism G : K.(4) — K.(B) is
an isomorphism and its inverse is induced by a controlled morphism (indeed
induced by any (A, h)-inverse for F).

If A= (A;)ien is any family of filtered C*-algebras and if % a separable
Hilbert space, set

Az =[x
ieN
for any r > 0 and define the C*-algebra A2 as the closure of |J,., A, in
[Lien # () @ As.

Lemma 2.14. Let A = (4;)ien be a family of filtered C*-algebras. With
notations of Example 2.8(ii), consider
o<

Fae = (FiNo<et rs0: K AZ) = [ Ku(A

where
Fils K0T (AX) = [ K2 (4))
ieN
is the map induced on the jth factor and up to the Morita equivalence by
the restriction to AY of the evaluation [[,.n H# (H) @ Ay — H () @ A;j at

j € N. Then, Fa,. is an (o, h)-controlled isomorphism for a control pair (o, h)
independent of the family A.

We postpone the proof of this lemma until the end of the next subsection.
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2.15. Control exact sequences.
Definition 2.16. Let (), h) be a control pair. Let
0= (OE,T)O<E<%7T>07 o' = (Oi:,r)0<€<%7r>07 0" = (Og,r)0<€<%,’r>0
be quantitative objects, let
F = (FE?T)O<E<ﬁ7T>O 0= O
be an (az, kx)-controlled morphism, and let
G = (GE’T)0<s<ﬁ,r>0 10" = 0"
be an (ag, kg)-controlled morphism. Then the composition
oL o %o
is said to be (A, h)-exact at O’ if Go F = 0 and if for any

1

O<ex< N 1
c dmax{\ar, ag}

any r > 0 and any y in O"" such that G*"(y) = 0 in OZ,., there exists an
element z in O*"<" such that

F)‘E7her(x) — Lz,tll}-)\&r,kf,xsher(y) in O/a].—)@kfy/\shsr.

A sequence of controlled morphisms
Fr-1 Fr Fri1
0 Og—1 — Ok = Ogp1 — Ok

is called (A, h)-exact if for every k, the composition

Fr_1 Fr
Ok,1 E— Ok — OkJrl

is (A, h)-exact at Ok.

Examples of controlled exact sequences in quantitative K-theory are pro-
vided by controlled six-term exact sequences associated to a completely filtered
extensions of C*-algebras [9, §3].

Definition 2.17. Let A be a C*-algebra filtered by (A, ),>0, let J be an ideal
of A, and let us set J,. = J N A,.. The extension of C*-algebras

0—-J—=>A—-A/J—=0

is called a completely filtered extension of C*-algebras if the bijective contin-
uous linear map

AT — (Ar+ )T

induced by the inclusion A, < A is a complete isometry, i.e.

inf +y| = inf +
yeﬁgnk)ﬂx vl yex%AJ)Hx vl

for any integer n, any positive number r and any x in M, (4,).
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Notice that in this case, the ideal J is filtered by (J;)r>0 and A/J is filtered
by (A, + J)r>0. A particular case of a completely filtered extension of C*-
algebra is the case of a filtered and semi-split extension of C*-algebras [9,
Lem. 3.3] (or a semi-split extension of filtered algebras), i.e. extension

0—>J—>A—A/J—0,

where

o A is filtered by (Ay)r>o;
e there exists a completely positive and completely contractive (if A is not
unital) cross-section s : A/J — A such that

s(Ar+J) C A,
for any number r > 0.
For any extension of C*-algebras
0-J—>A—>A/J—=0
we denote by 974 : K. (A/J) — K.41(J) the associated boundary map.

Proposition 2.18. There exists a control pair (ap,kp) such that for any
completely filtered extension of C*-algebras

0=J—AL A/ 0,
there exists an (ap, kp)-controlled morphism of odd degree

Dja= ( 3:4)0<€< L r>Q - K(A)T) = Kigt1(J)

dap’

which induces in K-theory 0.4 : K.(A)J) = Kiy1(J).

Moreover, the controlled boundary map enjoys the usual natural properties
with respect to extensions.

Theorem 2.19. There exists a control pair (A, h) such that for any completely
filtered extension of C*-algebras

0-JL AL A0,

the following siz-term sequence is (X, h)-ezact:
Ko(J) —— Ko(A) — Ko(A/ )
DJ,AT lDJ,A
K1(A/ ) <— Ki(A) «—— K1(J).

In the particular case of a filtered extension of C*-algebras
0-JL AL A/T—0
that splits by a filtered morphism, the following sequence is (A, h)-exact:
0— Ko(J) L Ko(A) L Ko(A)T) — 0.
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Proof of Lemma 2.14. Assume first that all the A; are unital. Then the result
is a consequence of [9, Prop. 1.30]. If A; is not unital for some ¢, then for every
integer i, let us endow

A ={(z,\) |z € A;, e C}
with the product
(2, N) (2", ) = (w2’ + X2’ + N, A\\)
for all (z, ) and (2/,\) in A;. Then A; is filtered by
Aiy={(z,)) |z € A, N € C}.

Set then A = (Zi)ieN. Let us denote by C the constant family of the C*-
algebra C. Then

0> A - A - CF —0
is a split extension of filtered C*-algebras. Then we have the commutative
diagram

0 —— KW (AX) ——— K, (A®) ——— K, (C) —— 0

J}_A,* l}'j,* lfc,*

0 —— [Lien Ku(Ai)) —— [Licn IC*(L) — K (C) —— 0,

with (A, h)-exact rows for the control pair (A, h) of Theorem 2.19. The result
is now a consequence of a five-lemma type argument. O

2.20. K K-theory and controlled morphisms. Let A be a C*-algebra and
let B be a filtered C*-algebra filtered by (B;),>0. Let us define A ® B, as
the closure of the algebraic tensor product of A and B, in the spatial tensor
product A ® B. Then the C*-algebra A ® B is filtered by (A ® B,.)y>o. If
f: Ay — Ay is a homomorphism of C*-algebras, let us set
fB:A®B—A0B, a®b— f(a)®Db.

Recall from [3] that for C*-algebras Ay, Ay and B, Kasparov defined a ten-
sorization map

5 KK, (A1, As) » KK, (A1 ® B, A, ® B).
If B is a filtered C*-algebra, then for any z in K K,(A4;, A2) the morphism
K.(A1®B) > K,(42®B), x—2®a,857B(2)
is induced by a control morphism [9, Thm. 4.4].

Theorem 2.21. There exists a control pair (o, k1) such that

o for any filtered C*-algebra B;
o for any C*-algebras A and As;
o for any element z in KK,(A1, As).
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There ezists an (o1, k1 )-controlled morphism
Ts(2) = (TE’T)O<s<ﬁ,r>O 1 Ki(A1 ® B) = Ky (A2 ® B)

with same degree as z that satisfies the following:
(i) Te(2) : Ki(A1 ® B) = Ki(A2 ® B) induces the right multiplication by
78(2) in K-theory.
(ii) For any elements z and 2z’ in KK,.(A1, A2), we have
Te(z+2") = Tp(2) + Ta(2).
m) Let e a filtere -algebra and let [ : A1 — e a homomorphism
(iii) Let A} be a filtered C*-algeb dlet f: A Al be a h hi
of C*-algebras. For any z in KK,.(A}, As), we have
Ts(f*(2)) = Te(2) © B«
(iv) Let Ay be a C*-algebra and let g : Ay — Ay be a homomorphism of
C*-algebras. For any z in KK.(A;, A}), we have

T8(9+(2)) = 9B« © T(2).
(v) We have
(Ot ’k )
T([da,)) "R Tdx, (a,08)
(vi) For any C*-algebra D and any element z in KK,(A1, As), we have
T(7p(2)) = TBeD(2).

(vil) For any semi-split extension of C*-algebras 0 — J — A — A/J — 0
with corresponding element [0, 4] of KK1(A/J,J) that implements the
boundary map, we have

T5([05,.4]) = DsgB, a0 B-
Moreover, Tp is compatible with Kasparov products [9, Thm. 4.5].

Theorem 2.22. There exists a control pair (A, h) such that the following holds:
Let Ay, Ay and As be separable C*-algebras and let B be a filtered C*-algebra.
Then for any z in KK.(A1, As) and any 2" in KK,.(As, As), we have

Ta(z ®a, 2) Ok Ts(') o T(2).

In the case of a finitely generated group, we also have a controlled version
of the Kasparov transformation. Let I' be a finitely generated group. Recall
that a length on I' is a map ¢ : I' — R* such that

e /() =0 if and only if v is the identity element e of T;

o (') < L(y)+ L(«) for all element v and v of T

o Uy)=L(r7h).
In what follows, we will assume that £ is a word length arising from a finite
generating symmetric set .S, i.e.

((y)=inf{d |~y =774 with 71,...,7q in S}.
Let us denote by B(e,r) the ball centered at the neutral element of T' with
radius r, i.e. B(e,r) = {y €' | £(y) <r}. Let A be a separable I'-C*-algebra,
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i.e. a separable C*-algebra provided with an action of I' by automorphisms.
For any positive number r, we set

(A Xpeq Iy := {f € Cc(T', A) with support in B(e,r)}.

Then the C*-algebra A X,eq I is filtered by ((A Xyed I')r)r>0. Moreover, if
f A — B is a I'-equivariant morphism of C*-algebras, then the induced
homomorphism fr: A Xpeq I' = B Xeq I is a filtered homomorphism. Recall
from [3] that for I-C*-algebras A and B, Kasparov also defined a natural
transformation

Jied: KKY(A,B) = KK, (A Xeq Iy B Xyeq I)
that preserves Kasparov products. Then for any z in K K, (A, B) the morphism
K. (A Xpeal) & Ki(B Xyea I')y, @+ 2 @ax,.qr Jr(z)
is induced by a control morphism [9, Thm. 5.3].

Theorem 2.23. There exists a control pair (g, k) such that

e for any separable I'-C*-algebras A and B,
e for any elements z and 2’ in KKL(A, B),

there exists an (g, kg)-controlled morphism
jlged(z) _ (J;9d7€’r(z))0<s<ﬁ,r>0 K (A Xpea I') = K (B Xypea I')

of same degree as z that satisfies the following:

(i) The controlled morphism Jr4(2) : Ki(A Xyed I') = Ki(B Xreal) induces
right multiplication by J; red( ) in K -theory.
(ii) For any elements z and 2’ in KKI(A, B), we have

jIEEd(Z—FZ) jred( )+jred( )
(iii) For any T'-C*-algebra A’, any homomorphism f : A — A’ of T-C*-
algebras and any z in KKL (A, B), we have

T (f(2) = TE(2) © fros

(iv) For any T-C*-algebra B’', any homomorphism g : B — B’ of T-C*-
algebras and any z in KKL (A, B), we have

TE4(g+(2)) = gr. 0 T (2).

(v) If0 > J— A— A/J = 0 is a semi-split exact sequence of T'-C*-algebras
and [0 4] is the element of KK} (A/J,J) that implements the boundary
map 0 4, we have

T4 ([0,4]) = DJyeal, Astyeal™

The controlled Kasparov transformation is compatible with Kasparov prod-
ucts [9, Thm. 5.4].
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Theorem 2.24. There exists a control pair (A, h) such that the following holds:
For any separable T'-C*-algebras A, B and D, any elements z in KKI'(A, B)
and 2’ in KKL(B, D), we have

jred(z ®p z ) jred( ) jIEEd(Z).
We have a similar result for maximal crossed products [9, Thms. 5.5 and 5.6].

2.25. Quantitative assembly maps. Let I be a finitely generated group
and let B be a I-C*-algebra B. We equip I' with any word metric. Recall
that if d is a positive number, then the Rips complex of degree d is the set
P4(T") of probability measures on I' with support of diameter at most d. Then
P4(T") is a locally finite simplicial complex and provided with the simplicial
topology, Py4(T') is endowed with a proper and cocompact action of T" by left
translation. Recall from [9] that for any I'-C*-algebra B, there exists a family
of quantitative assembly maps

pest,  KKE(Co(Py(T)), B) = K27 (B e 1),
with d > 0, ¢ € (0, 1) and r > 74, for a function
[0,400) x (0,%) = (0,+00) : (d,&) > g,
independent of B and I', non-decreasing in d and non-increasing in . Moreover,

!T7

the maps p 5, induce the usual assembly maps

pit g KK (Co(Pa(T)), B) = Ku(B %sea 1),

ie. pft g, =157 o upy,. Let us recall now the definition of the quantitative

assembly maps. Observe first that any « in Py(I') can be written down in a
unique way as a finite convex combination

x = Z Ay ()6,
~€eT
where d,, is the Dirac probability measure at v in I'. The functions
Ayt Pg(T) — [0,1]
are continuous and y(A,/) = Ay for all v and +/ in T". The function
pra:T = Co(Pa(l)), v > A/2A/?
~€ET

is a projection of Cy(Py(T")) Xyea I' with propagation less than 2d. Let us set
then rqe = 2k7 ./o,d. Recall that k7 can be chosen non-increasing and in
this case, rq, is non-decreasing in d and non-increasing in €.

Definition 2.26. For any I'-C*-algebra A and any positive numbers ¢, r and
d with € < % and r > rq ., we define the quantitative assembly map

et s KK (Co(Pa(I)), A) = K27 (A 4rea T),

).

re

d, ==, —
2 (Jp "7l (2))([pra, 0] =

ay kg, e/aj
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Then according to Theorem 2.23, the map u;’i;‘d* is a homomorphism of
groups. For any positive numbers d and d’ such that d < d’, we denote by

qa,ar : Co(Pa(T')) — Co(Pa(T))

the homomorphism induced by the restriction from Py (T') to Py(T'). It is
straight-forward to check that if d, d’ and r are positive numbers such that
d<d andr >rg ., then u?’;’f’l* = u?’;’f’l* 0 qa,qa,«- Moreover, for every positive
numbers ¢, €', d, 7 and 7’ such that ¢ <&’ < i, Tae <7y rae <7/, and r <7/,
we get by definition of a controlled morphism that

’ ’ ’
(SE T e,r,d rhd
*

7
_ €
OHP Ax = M1 A% -

3. PERSISTENCE APPROXIMATION PROPERTY

In this section, we introduce the persistence approximation property for
filtered C*-algebras. In the case of a crossed product C*-algebra by a finitely
generated group, we prove that the persistence approximation property follows
from the Baum—Connes conjecture with coefficients.

Let B be a filtered C*-algebra. As a consequence of Proposition 2.4, we see
that there exists for every € € (0, i) a surjective map

: e,r
llg(l)K* (B) — K.(B)

induced by (15");~0. Moreover, although this morphism is not a priori one-
to-one, if € is a positive and small enough number, then for every positive
number r and any z in K3 (B), there exist positive numbers ¢’ in [e, 1) (indeed
independent of x and B) and v’ > r such that

(@) =0 = 27 (@) =0in K7 (B).

It is of relevance to ask whether this ' depends on z, in other words whether
the family (Kf’T(B))0<E<i7r>o provides a persistence approximation for K, (B)
in the following sense: for any ¢ in (0, i) small enough and for any r > 0, there

exist ¢ in (g, 1) and 7/ > r such that for any x in KI'"(B), we have

Li,s’,r,r’ (z) # 0 in K:'ﬂ" (B) = "(x)#0in K.(B).

Let us consider the following statement, for a filtered C*-algebra B and
positive numbers ¢, ¢’ and 7’ such that 0 < e <&’ < % and 0 < r <7r”:

PA.(B,e,e',r,r'"): for any x € K7™ (B),

S (x) =0in K,(B) = 2" (2) =0in K" (B).

Notice that PA.(B,¢, e, r') can be rephrased as follows: The restriction
of 12" : Ki" (B) = K.«(B) to 15" (K" (B)) is one-to-one.

In this section, we investigate the following persistence approximation prop-
erty: Given ¢ small enough and r positive numbers, do there exist positive

numbers ¢’ and 7’ with 0 <e <¢&' < % and r < 1’ such that PA.(B,e, &' r,1")
holds?
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3.1. The case of crossed products.

Theorem 3.2. Let I’ be a finitely generated group. Assume that

o [ satisfies the Baum—Connes conjecture with coefficients;
e ' admits a cocompact universal example for proper actions.

Then there exists a universal constant Apy > 1 such that for any e in (0, ﬁ)
and any r > 0, there exists v’ > r such that PA.(A Xreda T, €, Apsc, 1, 7") for any
I'-C*-algebra A.

Proof. Notice first that since I' satisfies the Baum—Connes conjecture with
coefficients and admits a cocompact universal example for proper actions, there
exist positive numbers d and d’ with d < d’ such that for any I-C*-algebra B,
the following is satisfied:
e For any 2 in K, (B Xyeq D), there exists x in KK (Co(Py(T)), B) such that
/141(!*731*(!%) =z
e For any z in KK!(Co(P4(T)), B) such that u%,B’*(x) =0, we have

¢4 (x) =0 in KK (Co(Pu(T)), B),

where g 4 : KK (Co(Py(T)), B) = KKI(Co(Py(T)), B) is induced by
the inclusion Py(T") < Py (T).
Let us fix such d and d’, let A be as in Proposition 2.4, pick (a, h) as in Lemma

2.14 and set A\px = a\. Assume that this statement does not hold. Then there
exist

e in (0, ﬁ) and r > 0,

an unbounded increasing sequence (r;);en bounded below by 7,
a sequence of I-C*-algebras (4;)ien,

a sequence of elements (z;);eny with x; in K9 (A4; Xypeq )

such that, for every integer i,
12" (x;) =0 1in Ky (A4; Xpea )
and
WSAMETTE (1) # 0 in K27 (A; Xpea ).

We can assume without loss of generality that r > r4 .
Since

(H%(%) ®AJ) Ared thr = H(e/ﬂi/(%) ®Aj Hred thr)

jEN jEN

and according to Lemma 2.14, there exists an element

re Kf€7her(( [[xr) e Aj) Mred F)

jEN
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that maps to (5= he"

Kf‘a’h”(( H H(H) @ Aj) X red I‘) — Kfa,hsr(%(jf) ® A; Xyea I')

JEN

"(x;) for all integers 4 under the composition

ae,her

- ? Kfa7her( Az AHred F),
where the first map is induced by the ith projection
(1) [[7# )2 A; — 72 (2) A
JEN

and the map M%’hsr is the Morita equivalence of Proposition 2.5. Let

zeKK*(COPd ). [[# (o )
JEN
such that
M%,H]EN A ()2 A,(2) = 105 her(z) in K, (( H H (A g) Hred P)~
jeN

Recall from [8, Prop. 3.4] that we have an isomorphism

2) KK' (co (PuT)), [T # (o J) =5 [ EES (Co(Pa(D)). A))
JeN jJEN
induced on the ith factor and up to the Morita equivalence
KK, (Co(Pa(I), A7) = KK (Co(Pa(T)), # () ® A;)
by the ith projection (1). Let (2;) en be the element of

[ KKE(Co(Pa(T)), A;)

JEN
corresponding to z under this identification. Since the quantitative Baum-—
Connes assembly maps are compatible with the usual ones, we get that

ag,her d,ae,her ( )

d
BT [T, e ()@ A, (2) = 50 R 1 =0 @,

JEN
But then, according to item (ii) of Proposition 2.4, there exists R > h.r such
that

ag,App€,her, R _ L ag,Ape,her, R d,ag,her
Ly € (x) = Ly € O M HJEN%(H@A *( )

d,Apae, R
= Wy Tljen # (£)®A;, (7).
Using once again the compatibility of the quantitative assembly maps with the
usual ones, we obtain by naturality that ul‘{ A, «(zi) = 0 for every integer i and
hence

qa.a «(zi) =0 in KKL(Co(Py(T)), A;).

Using once more equation (2), we deduce that

qa.ar+(2) =0in KK} (OO (Py (T H H (A )

jeN
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and since

d,\pag, R _ d’ Apeac,R
o o ()25 2) = He T o ()@, o © Qs (2)

that
Lizs,)\ms,hsr,R(m) =0in K*APAE’R(( H %(%) & A]) AHred F)
jEN
. e, Ame, TR - Apag, R
By naturality, we see that ¢y (z;) = 0in K (A; Xyea I') for every
integer ¢. Picking an integer ¢ such that r; > R, we have

Li,Amw,m (z;) = LimaRﬂ ° Li7)\PA€’T7R(xi) =0
which contradicts our assumption. O

Specifying the coefficients in the previous proof gives the next proposition.
Proposition 3.3. Let I' be a finitely generated group and let A be a I'-C*-
algebra. Assume that

e ' admits a cocompact universal example for proper actions;
o the Baum—Connes assembly map for I with coefficients in
(N, () @ A)
1s onto;
e the Baum—Connes assembly map for I" with coefficients in A is one to one.

Then for some universal constant A\py > 1, any € in (0, ﬁm) and any r > 0
there exists ' > r such that PA(A Xyeq '€, Apag, 7, 7") is satisfied.

Since for any C*-algebra B, the Baum—Connes assembly map for I' with
coefficients in Cy(T', B) (B being provided with the trivial action) is an iso-
morphism and since Co(T, B) Xyeq I' = B @ # (¢2(T)), Proposition 3.3 leads
to the following corollary.

Corollary 3.4. Let T" be a finitely generated group and let B be a C*-algebra.
Assume that

e ' admits a cocompact universal example for proper actions;
o the Baum—Connes assembly map for I with coefficients in

(N, Co(T', 2 () @ B))
is onto.

Then for some universal constant Apy > 1, any € in (0, ﬁ) and any r >0
there exists r' > r such that PA(B ® # ((?(T')), &, Apag,7,7") is satisfied. More-
over, if I satisfies the Baum—Connes conjecture with coefficients, then r' does
not depend on B.

If we take B = C in the previous corollary, we obtain the following linear
algebra statement.
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Proposition 3.5. Let I' be a finitely generated group and let H be a separable
Hilbert space. Assume that

o ' admits a cocompact universal example for proper actions;

e the Baum—Connes assembly map for I' with coefficients in

{=(N, Co(L, 2(A)))
s onto.
Then for some universal constant X > 1, any € in (0, ﬁ) and any r > 0 there
exists R > r such that the following holds:
o Ifu is an e-r-unitary of A ((*(T') @ ')+ Cldgz(ryg.n, then u is connected
to Idg2(rywe by a homotopy of Ae-R-unitaries.
e Ifqo and q1 are e-r-projections of H ((*(T') @ ) such that

rank ko(qo) = rank ko(q1),
then qo and g1 are connected by a homotopy of Ae-R-projections.

3.6. Induction and geometric setting. The conclusions of Corollary 3.4
and of Proposition 3.5 concern only the metric properties of T' (indeed as we
shall see later up to quasi-isometries). For the purpose of having statements
analogous to Corollary 3.4 in a metric setting, we need to have a completely
geometric description of the quantitative assembly maps

d,e,r .
B cnrr e KED(Co(Pa), T] ColT, 7 ()  4)))
€N

S K. (( [[co. 7 (#) e Ai)) Mred r)
ieN

(see the proof of Theorem 3.2). We study in this subsection a slight general-
ization of these maps to the case of induced algebras from the action of a finite
subgroup of T'.

Let I" be a discrete group equipped with a proper length ¢. Let F' be a finite
subgroup of I'. For any F-C*-algebra A, let us consider the induced I'-algebra

Ih(A) = {f € Co(T, A) | f(v) = kf(yk) for every k in F}.

Then left translation on Co(T', A) provides a I'-C*-algebra structure on 1L (A).
Moreover, there is a covariant representation of (I.(A),T') on the algebra of
adjointable operators of the right Hilbert A-module A ® ¢2(T"), where

e if f is in IL(A), then f acts on A ® ¢*(T") by pointwise multiplication by

7= ();

e " acts by left translations.
The induced representation then provides an identification between the algebra
1L (A) Xyeq I' and the algebra of F-invariant elements of A ® # (¢2(T)) for the
diagonal action of F, the action on .# (¢2(T")) being by right translation. Let
us denote by Apr the algebra of F-invariant elements of A ® ¢ (¢*(I')) and
by

(I)A7F7F : IE(A) Ared I' — AF7F
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the isomorphism induced by the above covariant representation. The length ¢
gives rise to a filtration structure (I%(A) Xyeq I'y)rs0 on I (A) Xyeq T (vecall
that (1% (A) xyea T'r) is the set of functions of C.(I",I%(A)) with support in the
ball of radius r centered at the neutral element). The right invariant metric
associated to £ also provides a filtration structure on J# (¢2(T")) and hence on
A® ¢ (¢2(T)). This filtration is invariant under the action of F and moreover
the isomorphism ®4 pp : IE(A) Xred I' = Apr preserves the filtrations. By
using the induced algebra in the proof of Corollary 3.4, we get the following
result.

Proposition 3.7. Let F be a finite subgroup of a finitely generated group T’
and let A be an F-C*-algebra. Assume that

e ' admits a cocompact universal example for proper actions;
o the Baum—Connes assembly map for I with coefficients in

12N, Co(T, H# () © 1 (A)))
18 onto.
Then for some universal constant A\py > 1, any € in (0, ﬁm) and any r > 0
there exists ' > r such that PA.(Arr, €, Aeac,m,1') is satisfied. Moreover, if T

satisfies the Baum—Connes conjecture with coefficients, then v’ does not depend
on F and A.

In [7], an isomorphism
(3)  Ie(P(D).: im KK (C(X), A) = KK (Co(P,(), I5(4))

was stated for any F-C™*-algebra, where X runs through F-invariant compact
subsets of Py(I'). In order to describe this isomorphism, let us first recall the
definition of induction for equivariant K K-theory. Let A and B be F-C*-
algebras and let (€, p,T) be a K-cycle for KK (A, B), where

e £ is a right B-Hilbert module provided with an equivariant action of F;

e p: A — Lp(€) is an F-equivariant representation of A into the algebra

Lp(€) of adjointable operators of &;
e T is an F-equivariant operator of Lp (&) satisfying the K-cycle relations.

Let us define
L&) = {f € Co(T,€) | f() = kf(vk) for every k in F}.

Then I%(€) is a right I%(B)-Hilbert module for the pointwise scalar product
and multiplication, and the representation p : A — Lp(€) gives rise in the
same way to a representation

Iop s T (A) = Lyx ) (15 (E)).

Let I1:T be the operator of Lyr (4)(Ijz(€)) given by the pointwise multiplica-
tion by T. It is then plain to check that (IL(&),I%p, 15 T) is a K-cycle for
KK (LA T5 B) and that, moreover, (€,p,T) — (IL(£),1%p, 1L T) gives rise
to a well-defined morphism 1% : KK (A, B) - KK (IL(A),IL(B)).
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Back to the definition of the isomorphism of equation (3), let F' be a finite
subgroup of a discrete group I'" and let X be an F-invariant compact subset
of Py(T") for s > 0. If we equip I" x X with the diagonal action of F, where
the action on I is by right multiplication, then there is a natural identification
between IL.(C(X)) and Co((I' x X)/F). The map

then gives rise to a I'-equivariant homomorphism
T x : Co(Ps(T)) = IE(C(X)).
Then for any F-C*-algebra A, the morphism
KKL(O(X),A) » KK (Co(Pu(D), Ip(4)), @ = Ti(I5()

is compatible with the inductive limit over F-invariant compact subsets of
P, (T') and hence we eventually obtain a natural homomorphism

L (Ps(I) < lim KK (C(X), A) = KK, (Co(P:(I)), I (A))

which turns out to be an isomorphism.
Let us consider now the composition

(4)  @apreon,, ol (P(D). i KKF(C(X), A) > K& (Apy),

where X runs through F-invariant compact subsets of Ps(I'). Both sides of
these maps only involve I' as a metric space equipped with an isometric action
of F.. Our aim in the next section is to provide a geometric definition for this
family of quantitative assembly maps.

4. COARSE GEOMETRY

Let ¥ be a discrete proper metric space. For s a positive number, the Rips
complex of degree s is the set Ps(X) of probability measures on ¥ with support
of diameter less than s. If ¥ is equipped with a free action of a finite group
F by isometries and if A is an F-C*-algebra, define then Ap s, as the set of
invariant elements of A®.# (¢2(X)) for the diagonal action of F. For F trivial,
we set Agey v = Ax. The filtration (A ® £ ((2(X)),)r>0 on A @ A (£2(X)) is
preserved by the action of the group F. Hence, if Ary , stands for the set of
F-invariant elements of A @ # (¢%(X)),, then (Arx,)r>0 provides Ap » with
a structure of filtered C*-algebra. Our aim in this section is to investigate the
permanence approximation property for Ap 5. Let us set PAp s 4 (e, &', 7, 1)
for the property PA.(Ap x,¢e,e’,r,1'), i.e. the restriction of

K (Apy) — Ko (Aps)

to Li’sl’r’r,(Kf’r(ARg)) is one-to-one.

Considering isometric actions of a finite group for the above persistence
approximation property might have two interesting applications:
e Study the persistence approximation property for crossed product of a
discrete proper group on a proper C*-algebra.
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e Using the previous point and some Poincaré duality for some examples of
groups satisfying the Baum—Connes conjecture, try to compute explicitly
r’ in the persistence approximation property (see Theorem 3.2) in terms
of € and r.

Following the route of the proof of Theorem 3.2, and in view of equation (4),
let us set

where in the inductive limit, X runs through F-invariant compact subsets of
Py (%) for s > 0. Our purpose is to define a family of local quantitative coarse
assembly maps

ViS4t KD (Pu(D), A) = K2 (Apy),
for s > 0, ¢ € (0, i), r > 7rs. and
[0, +00) x (0, i) — (0,400) : (s,€) — s

a function independent on A, non-decreasing in s and non-increasing in € such
that, if F' is a subgroup of a discrete group I' equipped with right invariant met-
ric arising from a proper length, then vz'1°, |, coincides with the composition
of equation (4). /

4.1. A local coarse assembly map. Let X be a proper discrete metric space,
with bounded geometry and equipped with a free action of a finite group F' by
isometries and let A be an F-algebra. Recall that Ap 5, is defined as the set of
invariant elements of A ® # (¢%(X)) for the diagonal action of F. Notice that
since the action of F on X is free, the choice of an equivariant identification
between ¥/F x F' and ¥ (i.e. the choice of a fundamental domain) gives rise
to a Morita equivalence between Ap s and A x F. The aim of this section is
to construct for s > 0 a family of local coarse assembly maps

VIS:‘,E,A,*Kf(PS(E)vA) — K*(AF7E)'
Let us define first for any F-algebras A and B a map
TEY : KKf(A, B) — KK*(AF7E, BF,E)

analogous to the Kasparov transformation.
Let 2z be an element in KK (A, B). Then z can be represented by an
equivariant K-cycle (7, T, # @ (*(F) ® B) where
e J7 is a separable Hilbert space;
e I acts diagonally on 7 ® (*(F) ® B, trivially on % and by the right
regular representation on £2(F);
e 7 is an F-equivariant representation of A in the algebra £Lp(# ®*(F)® B)
of adjointable operators of # ® (*(F) @ B;
e T is an F-equivariant selfadjoint operator of £z (7 ®@¢?(F)® B) satisfying
the K-cycle conditions, i.e. [T, 7(a)] and 7(a)(T? — Zd g (r)sp) belong
to H (A @ (*(F)) ® B, for every a in A.
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Let #% px. be the set of invariant elements in # ® ¢?(F) @ B ® # ((2(%)).
Then S5 ry is obviously a right Br »-Hilbert module, and 7 induces a rep-
resentation 7px of Apx on the algebra Lp, (/5 rx) of adjointable op-
erators of B py and T gives rise also to a selfadjoint element Tp gy of
LBy (#B,rx). Moreover, by choosing an equivariant identification between
Y /F x F and X, we can check that the algebra of F-equivariant compact opera-
tors on . @ (?(F)®%(X) ® B coincides with the algebra of compact operators
on the right Br s-Hilbert module ¢z r 5. Hence, (7TF7E,TB,F,E, %B,F,E) is a
K-cycle for KK,(Ar s, Bry). Furthermore, its class in KK,(Ar s, Brx)
only depends on z and thus we end up with a morphism

(5) TF,Y - KKf(A,B) — KK*(AF@,BF’E).

It is also quite easy to see that 7pyx is functorial in both variables. Namely,
for any F-equivariant homomorphism f : A — B of F-algebras, let us set
fry 1 Ap sy, — Bp x for the induced homomorphism. Then for any F-algebras
Ay, As, By and By and any homomorphism of F-algebra f : Ay — Ay and
g : By — Bs, we have

rs(f7(2)) = frx(trs(2))
and
Tr5(9+(2)) = grz.+ (Tr2(2))
for any z in KKI(As, By).
We are now in a position to define the index map. Observe that any z in
P,(X) can be written as a finite convex combination

x = Z Ao (),
oEX
where
e J, is the Dirac probability measure at o in X;
e for every o in X, the coordinate function A, : Ps(3) — [0, 1] is continuous

with support in the ball centered at ¢ and with radius 1 for the simplicial
distance.

Moreover, for any o in ¥ and k in F', we have \i,(kx) = Ao (z). Let X be a
compact F-invariant subset of P4(X). Let us define

Px : C(X)® 2(2) = C(X) ® 2(D)
by
(6) (Px - h)(z,0) = AY2(2) Y h(z,0")AL* (2)

o'eY

for any h in C(X) ® £3(X). Since Yy, Ao = 1, it is straight-forward to check
that Py is an F-equivariant projection in C'(X)® 2 (£3(X)) with propagation
less than 2s. Hence, Py gives rise in particular to a class [Px] in Ko(C(X)ryx).
For any F-C*-algebra A, the map

KK (C(X),A) = K(Arz), == [Px]®c(x)ps Th(@)

Minster Journal of Mathematics VoL. 10 (2017), 201-268



224 HERVE OYONO-OYONO AND GUOLIANG YU

is compatible with the inductive limit over F-invariant compact subsets of
P;(¥) and hence gives rise to a local coarse assembly map

Visas KL (Po(3),4) = Ki(Aps).

This local coarse assembly map is natural in the F-algebra. Furthermore, let
us denote for any positive numbers s and s’ such that s < s’ by

Gs,s' x - Kf(PS(E)aA) — Kf(PS’(E)ﬂA)

the homomorphism induced by the inclusion Ps(¥) < Ps(X). Then it is
straight-forward to check that

’
s _.,8
VEs Ax = VF S, Ax Cds,s -

4.2. Quantitative local coarse assembly maps. With notation of Section
4.1, if ¥ is a proper discrete metric space equipped with an action of a finite
group F' by isometries, then since the action of F' preserves the filtration of
A® ((*(X)), the C*-algebra Ay inherits a structure of a filtered C*-algebra
from A ® 2 (¢*(X)). Our aim is to define a quantitative version of the local
assembly map viy, 4 .. The argument of the proof of Theorem 2.21, can be
casily adapted to prove the next theorem.

Theorem 4.3. There exists a control pair (ar, k7)) such that

e for any proper discrete metric space ¥ equipped with a free action of a
finite group F by isometries,

e for any F-C*-algebras A and B,

e for any z in KKI'(A, B),

there exists an (o1, k1)-controlled morphism
Trx(2) = (TEn(2))ocec o Ki(Ars) = Ki(Brx)

that satisfies the following:

(1) Trx(z) : Ki(Aps) — K«(Brp,s) induces the right multiplication by the
element Tpx(2) € KK.(Aryx,Bryx), defined by equation (5), in K-
theory.

(ii) For any elements z and 2" in KKF (A, B), we have

Tpg(z + Z/) = Tp,g(z) + TF,E(Z/).

(iii) Let A’ be an F-C*-algebra and let f : A — A’ be an F-equivariant
homomorphism of C*-algebras. Then Tpx(f*(2)) = Trx(z) o frx.« for
all z in KKF(A', B).

(iv) Let B’ be an F-C*-algebra and let g : B’ — B be a homomorphism of C*-
algebras. Then Trx(9+(2)) = grx.. 0 Trx(2) for any 2z in KKF (A, B).

(v) We have

aT.k
Trx(1da)) 7 T ap o).
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(vi) For any semi-split extension of F-C*-algebras 0 — J - A — A/J — 0
with corresponding element [0 4] of KK1(A/J,J) that implements the
boundary map, we have

TF7E([8J,A]) = DJF,Z,AF,Z :

We can proceed as in the proof of Theorem 2.22 to get the compatibility of
Trx with the Kasparov product.

Theorem 4.4. There exists a control pair (A, h) such that the following holds:
Let F be a finite group acting freely by isometries on a discrete metric space
Y and let Ay, As and As be F-C*-algebras. Then for any z in KK.(A;, As)
and any 2" in KK,(As, As), we have

Trn(z®4, 2) X Trs(2) o Trx(2).

Let us set ry. = 2sky /q, for any £ in (0,1) and s > 0. Then for any
F-C*-algebra A and any r > r, ., the map

KK (C(X),A4) = K" (Aps),
s/aT T/k e/
T = ( Trps e T(m))([PXaO]E/aTJ/kT,E/QT)
is compatible with the inductive limit over F-invariant compact subsets of
P,(¥) and hence gives rise to a quantitative local coarse assembly map

VES 4« t K (Py(%),A) - K" (Apx).

The quantitative local coarse assembly maps are natural in the F-algebras. It
is straight-forward to check that

£,7,8 _ erls e ! /
oL E/TT/OZ/FZA* Ve 4 . for any positive numbers ¢, €', r, " and s such

that e <&’ < I, ro. <7, rsyg/gr’andrgr';

ETS E,T,8 L /
® VpsiAxO0s,s'x = VRS A for any positive numbers ¢, r, s and s’ such that
€<l,s<s and ry o <7}

e,r €, 'r s o
® Uiy, Ax = =t oVps 4, for any positive numbers €, r and s such that

€<4andr55<r

Let F be a finite subgroup of a finitely generated group I' equipped with a
right invariant metric. Let us show that

Vit KE(Po(T), A) = K" (Apr)

coincides with the composition of equation (4). Using the naturality of the
map ®. pr : I5(-) Xyea I' = -pr and by construction of Trr and JEd (see
[9, §5.2]), we get the following.

Lemma 4.5. Let F be a finite subgroup of a finitely generated discrete group I.
Then for any F-algebras A and B and any x in KK (A, B), we have

Op pr. o JYIh(x) = Trr(z) o ®a pra.
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Proposition 4.6. Let I" be a finitely generated group, let F' be a finite subgroup
of ' and let A be an F-C*-algebra. Then for any positive numbers e, r and s
with € < % and r > g, the following diagram is commutative:

8,E,T

m

F *
KK (Co(Py(T)), T (A) — = K27 (I5(A) %700 T)
I;(PS(F))*T léEATFl‘*
VET A

KI(P(T), A) K" (Apr).

Proof. Let us set (o, k) = (ag,k7) = (a7,kr). Let X be an F-invariant
compact subset of Ps(T') and let z be an element of KK (C(X),A). The
definition of the quantitative assembly maps was recalled in Section 2.25. We
have set

. 1/241/2
s 1T = Co(Pu(I), v+ AY2AY2
Then

2r,s = [pr,s, 0=, -

e/a
defines an element in

a’k

Ky E/‘*(C’o( 5([)) > T).

Moreover, we have the equalities

(7) O e O ST a0 © T (P(T). (2)
. red, 5 ETa T, *
= (I’Z,F,F* (JF / (TFX IF () ) ZFs
e r6d70¢7ks/a r T 2,5
= ®5pr. o (1 (F@)) o T psrl” (or.s)

£ _T —_r £
a’k e/a F’a’k

e/a i o
pr (@) o @o T 0 Trxr (2r,s);

T

where
e Yixr:Co(Ps) xT — IL(C(X)) x I is the morphism induced by Y% ;
e the second equality in (7) is a consequence of the naturality of jlfed (see

Section 2);
e the third equality in (7) is a consequence of Lemma 4.5.

Since
iﬂc;a 7a’k;a T
®oix) prs© Yrxris” (2rs) = [@opo,pr e Trxr(pr,s) 0)s
the proposition is then a consequence of the equality
Pcx),rr© Y xr(prs) = Px,
where Px is the projection of C(X)p x5 defined by equation (6). O
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4.7. A geometric assembly map. In order to generalize Proposition 3.7 to
the setting of proper discrete metric spaces equipped with an isometric action
of a finite group F', we need
e an analog of the algebra (*°(N, # () ® I.(A)) Xyeqa T for an action on a
C*-algebra A of a finite subgroup F' of a finitely generated group I';
e an assembly map that computes its K-theory.
For a family A = (A;);en of F-C*-algebras, let us define Ay = [[;cy Ai, 5,
and let Ap s be the closure of U, g Arxs, in [[,cyAirs. Then Apyx is
obviously a filtered C*-algebra. We set for the trivial group Ay} » = As and
thus, if ¥ is acted upon by a finite group F' by isometries, F' acts on Ay and
preserves the filtration. Clearly, Arp 5 is the F-fixed points algebra of As. If
A = (Aj)ien is a family of F-C*-algebras, we set A>® = (F () @ A;)ien,
where () is equipped with the trivial action of /. We can then define A,
and A from A% as above. For an F-C*-algebra A, we set AN = (4;)cen for
the constant family of F-C*-algebras A = A; for all integers i and define from
this AII\%E and A?}{%o as above. For any family A = (4;);en of F-C*-algebras,
let us consider the following controlled morphism:
Ors A+ = (G?TE’A)O<€<i7r>O Ky (AFs) — H K.(Airs),
ieN
where
W KT (AR = [[ K57 (Aurs)
ieN
is the map induced on the jth factor and up to the Morita equivalence by the
restriction to ARy, of the evaluation [ [,y #(H#) @ Ai px — H(H) @ Aj rx
at j € N. As a consequence of Lemma 2.14, we have the following.
Lemma 4.8. There exists a control pair (a, h) such that
e for any finite group F,
e for any proper discrete metric space ¥ provided with an action of F by
isometries,
e for any family A = (A;)ien of F-algebras,
the controlled morphism
Grsan: Ku(AFs) = [[ Ku(Airs)
ieN
is an (a, h)-controlled isomorphism.
For any families of F-C*-algebras A = (A;);eny and B = (B;);en of F-C*-
algebras and any family f = (f; : 4; = B;)ien of F-equivariant homomor-
phisms, let us set

fre = H firs t Arps — Bry
iEN
and

fes = H Idy () ® firs: Apy — Bix.
ieN
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Then together with Theorem 4.3, Lemma 4.8 yields the following.
Corollary 4.9. There exists a control pair («, h) such that

e for any proper discrete metric space ¥ equipped with a free action of a
finite group F by isometries,
o for any families of F-C*-algebras A = (A;)ien and B = (B;)ien,
o for any z = (z)ien in [[;en KKE (Ai, By),
there exists an (c, h)-controlled morphism
Tex(2) = (155" (2))o<e< im0t K (ARx) = Ki(BEs)
that satisfies the following:

(i) For any elements z = (z;)ien and 2’ = (2])ien in [[;en KKE (As, B), we
have

Tes(z + Z) = Trs(z) + 1??2('2/)
for z+ 2" = (2; + 20)ien.
(ii) For A" = (A))ien a family of F-C*-algebras and f = (f; : A, — A;)ien a
family of F-equivariant homomorphisms of C*-algebras, we have
re(f7(2)) =Trx(2) o fEs .
where f*(z) = (f7 (2i))ien-
(i) For B’ = (B;)ien a family of F-C*-algebras and g = (¢; : B; — Bl)ien a
family of F-equivariant homomorphism of C*-algebras, we have
7-1?'702(9*(2)) = gIO?'C,)Zﬁ © TFO',OZ(Z)v
where g.(z) = (gi+(2i))ien-
(iv) If we set Id 4 = (Id 4, )ien, then

00 (ev,k)
rx(Ida]) "~ Tdi, 4

(v) For any family of semi-split extensions of F-C*-algebras
0—>J1—>Al—>AZ/JZ—>0
with corresponding element [0y, a,] of KKi1(A;/J;, J;) that implements
the boundary maps, let us set J = (Ji)ien, A = (Ai)ien, A/T =

(Ai/Ji)ien and [07.4] = (05, a,))ien € [lien KK (Ai/Jis Ji).  Then
we have

w)

Tes(07.4]) = Dagsy, Az,
The following proposition is a consequence of Theorem 4.4 and Lemma 4.8.

Proposition 4.10. There exists a control pair (A, h) such that the following
holds: Let F' be a finite group acting freely by isometries on a discrete metric
space ¥ and let A = (A;)ien, B = (Bi)ien and B = (B))ien be families
of F-C*-algebras. Let us set z ®@p 2’ = (2; ®p, 2.)ien for any z = (2;)ien n
[Tien KK (A, Bi) and any 2’ = (2])ien in [[;en KKE(By, B)). Then we have

MR oo -
Trs(z @5 2) O Trs(2") o TES(2).
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If F' is a finite group and if A = (A4;)ien is a family of F-C*-algebras, let
us consider the family A® # ((2(F)) = (A; ® # (£2(F)))ien, provided by the
diagonal action of F' where the action on J# (¢2(F)) is induced with the right
regular representation. If moreover F' acts on ¥ by isometries, A is indeed
an F-C*-algebra and we have a natural identification of filtered C*-algebras

(8) = (A® A (P(F)Fs,

where AY x F is filtered by (C(F, AS,))r>0. Applying Proposition 4.10 to the
family Mg p = (M, r)ien € [Lien KK (As, Ai@ 2 (12(F))) of F-equivariant
Morita equivalences, we get the following lemma.

Lemma 4.11. There ezists a control pair (o, h) such that for any finite group
F, any family A = (A;)ien of F-C*-algebras and any discrete metric space
3 equipped with a free action of F by isometries, we have that, under the
identification of equation (8),

MZAp = Trs(Ma) : Ko (AFs) = Ko (AT % F)
is an (a, h)-controlled isomorphism.

Recall that to any F-invariant compact subset X of Py(X) a projection
Px of C(X)pyx is associated. Indeed Px(x) is for every x in X the matrix
with almost all vanishing entries indexed by ¥ x ¥ defined by Px(2)s6 =
Ao (2)12Xgr (2)1/2 (recall that (A\y)sex is the set of coordinate functions on
P.(¥)). For any family X = (X;);en of compact F-invariant subsets of Ps(X),
let us set Cx = (C(X;))ien and consider the projection P3° = (Px, ® €)ien
of C¥ g5, where e is a fixed rank-one projection of # (7). The propagation
of P$° is less than 2s. Hence for the control pair (e, h) of Corollary 4.9, any
family A = (A;)ien of F-C*-algebras, any ¢ € (0,1), any s > 0 and any
T > 17, the map

[T KKI(CX0),A) » K7 (AFx), 2 mo 7" (2)(PF)
ieN
is compatible with inductive limit of families X = (X;);en of compact F-
invariant subsets of Ps(X). By composition with the controlled isomorphism
Fx(Ma) : Ki(AFs) = K (AT % F),

we get for a function (0, 1) % (0,00) = (0,00), (e, s) = rs . non-decreasing in s,
non-increasing in ¢ and independent of F', ¥ and A and for any ¢ in (0, 1), any
positive numbers s and r such that r > r, . a quantitative geometric assembly
map

5[ K (P(D), Ai) = K2T(AF  F).

i€N
Therefore, for s a fixed positive number, the family of maps (1/%0; Ak )e> 0>

gives rise to a geometric assembly map

VFEA* HKF Ai) = K (A x F)
€N

Miinster Journal of Mathematics VoL. 10 (2017), 201-268



230 HERVE OYONO-OYONO AND GUOLIANG YU
uniquely defined by Vi A. = s oVps A5 for any positive numbers ¢, 7 and
s such that e < 7 L and r > Ts,e-

The quantitative assembly maps vp3;")", are compatible with inclusions of
Rips complexes: let

0% [T EL(P(D), 40) = [T KE (P (2), A)

€N €N
be the map induced by the inclusion Ps(X) < Py (%), then we have

ooarso 00,€,T,8
VFE.A* qss’ VFE.A*

for any positive numbers ¢, s, s’, and r such that ¢ € (0, 4), s<s§,r>r.,
and thus
00,8 [e%} 00,8
Vps AxCls,s'« = VES Ax

for any positive numbers s and s’ such that s < s'.

Eventually, we can take the inductive limit over the degree of the Rips
complex and set

KP>=(F, 3, A) = lim [[ Kf (P(2), A))

s>0,
€N

: F s
s>071(1)I(r§)ieN gKK* (C(XZ )7 Al)’
where in the inductive limit on the right-hand side, s runs through positive
numbers and (X7);en runs through families of F-invariant compact subset of
Py (¥). We get then an assembly map

9) VRS A" KPP (F 3, A) — K (AY x F).

4.12. The groupoid approach. In order to generalize the proof of Propo-
sition 3.7 in the setting of a discrete metric space, our purpose in this sec-
tion is to follow the route of [11] and to show that if A = (A;);en is a fam-
ily of C*-algebras, then A’ is the reduced crossed product of the algebra
[Lien Co(E, A; ® K(H)) by the diagonal action of the groupoid attached to the
coarse structure of the discrete metric space X.

The coarse groupoid Gy, associated to a discrete metric space > with bound-
ed geometry was introduced in [11]. The groupoid G has the Stone-Cech
compactification fy, of ¥ as unit space, and the Roe algebra of ¥ is the reduced
crossed product of ¢>°(X, % (7)) by an action of Gx. Let us describe the
construction of this groupoid. If (X, d) is a discrete metric space with bounded
geometry. Then a subset E of ¥ x ¥ is called an entourage for X if there exists
r > 0 such that

EC{(z,y) € x X |d(z,y) <r}.

If F is an entourage for X, denote by E its closure in the Stone-Cech com-
pactification Byxx of ¥ x X. Then there is a unique structure of a groupoid
on

Gy = U E C Byxs

E entourage
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with the Stone-Cech compactification By of ¥ being the unit space which
extends the pair groupoid ¥ x 3. Let 0o : Gy — fx and t : Gy — fx
be respectively the source (origin) and range (target) map. For any C(8yx)-
algebra B, let 0* B = Cy(Gx) ®, B and t*B = C(Gyx) ®; B be respectively the
balanced product of Cy(Gx) and B relatively to the C(fx)-algebra structures
on B induced by o and ¢. If ¢ is a continuous function in Cy(Gyx) and b is
an element in B, we denote respectively by g ®, b and g ®; b the elementary
tensors of g and b in 0*B and t*B. For a family A = (A;);en of C*-algebras,
let us set Acy(s) = [[;en Co(E, Ai). Then the diagonal action of £°°(%) by
multiplication clearly provides Ac, sy with a structure of C(fx)-algebra. Our
aim is to show that Gx acts diagonally on Ac, sy and that A,y Xred G 18
canonically isomorphic to Ay.
Let Co(Gx, A) be the closure in [, 4 Co(X x X, A;) of

{(fi)ien | 3r >0, Vi €N, V(0,0") € 2, d(0,0") > r = fi(0,0") = 0}.
For an entourage E and an element f = (f;)ien of Ac,(x), let us define

ftE = (ft}::i)ieN and ff = (ffi)iEN
by
ffilo,0") = xglo,0") filo) and  fri(o,0") = xE(o,0") fi(o")
for any integer ¢ and any o and ¢’ in X.

Lemma 4.13. Let A = (A;)ien be a family of C*-algebras. Then we have
isomorphisms of C(Gx)-algebras

Uy t" Agy sy — Co(Gs, A)

and
v, : O*ACO(E) — Co(Gz,.A)

only defined by Vy(xg @ f) = £ and Vo(xE Qo f) = fF for any f in Acy )
and any entourage E for 3.

Proof. 1t is clear that the definitions of ¥; and ¥, by the formulas above are
consistent. Moreover, ¥; and V¥, are isometries. Let us prove for instance
that ¥; is an isomorphism. Surjectivity of ¥; amounts to proving that for
any (h;)ien in [[;cy Co(E x 3, A;) and any entourage E, the family of maps
h = (xghi)ien is in the range of ¥;. According to [11, Lem. 2.7], we can
assume that the restrictions s : £ — ¥ and r : E — ¥ are one-to-one. For any
integer i, then define f; : ¥ — A; by

hi(o,0’) if there exists ¢’ such that (o,0’) is in E,
filo) = .
0 otherwise.

Then f; is in Cy(X, 4;) for every integer ¢ and if we set f = (fi)ien, then
fE = h and hence h is in the range of ;. O
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Let us define Vs = W, 0 W', Then Vs : 0" Acyz) — " Ag,(x) 1s an
isomorphism of C'(Gyx)-algebras that can be described on elementary tensors
as follows. For an entourage E such that the restrictions o : £ — X and
t : E — X are one-to-one, for every o in t(F) there exists a unique ¢’ in
o(E) such that (o,0’) is in E. For any f = (fi)ien in Ag,(x), we define
Eo f=(Eo fi)ien in Ag,(x), where for any integer i,
fi(e") ifoisin r(E) and (o,0’) is in E,

0 otherwise.

EOfi(O') :{

Then under the above assumptions, we have Vs (xg ®, f) = xg Q¢ E o f.
Lemma 4.14. For every family A = (4;)ien of C*-algebras,
Vs : O*ACO(E) — t*.AcO(g)
is an action of the groupoid G, on Ac,(s)-
Proof. For an element 7 in Gy, let

VE,V : ACO(E)O('Y) - ACO(E)t(’Y)

be the map induced by Vx on the fiber of Ac, () at o(y). Let v and 4 be
elements in Gx; such that o(y) = t(y’). Let E and E’ be entourages such that
the restrictions of 0o and ¢ to £ and £’ are one-to-one and such that v € £ and
~' € E’. Let us set
EoE ={(0,0") €L xX |30’ €%, (0,0') € E and (¢/,0") € E'}.
Then -+’ is in E o E’ and the restrictions of 0 and s to E o E’ are one-to-one.
Moreover, we clearly have (EoE')o f = Eo(E'o f) for all fin Ag,(s). Hence,
we get
VEFY'V’(fO(’Y')) = (E @] EI e} f)t('y)

= Ve /(B 0 fo)

= Vo ((E 0 fuy)

= Van 0 Ve (form)): 0
Proposition 4.15. Let ¥ be a discrete metric space with bounded geometry

and let A = (Ai)ien be a family of C*-algebras. Then we have a natural
isomorphism

Iy, 4+ Acy(s) Xred Gy = As.

Proof. Following the proof of [11, Lem. 4.4], we obviously have that Js 4 =
D;cn Co(X, A;) is a Ge-invariant ideal of Ag,(xy. For any o’ in ¥, we have at
any element of ¥ a canonical identification of the fiber of Jx 4 with @ieN A;
and under this identification, the action of ¥ x ¥ C Gyx on Jy 4 is trivial.
According to [11, Lem. 4.3], the reduced crossed product ACO(E) Xred Gy 18
faithfully represented in the right Js 4-Hilbert module

L*(Gs, Js,a) = L*(Gx, Acy(x)) @Acym J5.A-
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But we have a natural identification of Jx, 4-right Hilbert modules
L*(Gs, Js,a) & ( (@A)®€2 )

Under this identification, the representation of ACO(Z) Xreqd Gx Indeed arises
from a pointwise action on (@, 4i) ® ¢2(X). As such, the underlying repre-
sentation of Ag, () Xred Gx on (), cy Ai) ® £2(X) is faithful. Let us describe
this action.
e An element f = (f;)ien in ACD(E) = HiEN A; ®Ch(X) acts on (®iEN A)®
/(%) in the obvious way.
e If E is an entourage, then the action of x g on (), Ai) ®€*(2) is defined
by pointwise multiplication by Id@iel\! 4, ® Tr, where the operator Tg is
defined by Tk ».or = XE(0,0") for any o and ¢’ in X.

The algebra Asx; acts also faithfully on (€D, Ai) ® £2(X) by pointwise action
at each integer i of A; ® # (£*(X)) on A; ® £2(X). It is then clear that if f is
in Agy(xz) and E is an entourage, then fTg is in As. Conversely, let us show
any element in Ay acts on (P, A ;) ®£2(X) as an element of Acy(s) Xred Gs.
Let (T;)ien be an element of As,. We can assume that for every integer 4,
there exists a finite subset X; of ¥ such that T; = (Ti,o,gf)(gyg/)ezz lies indeed
in A; ® # (¢*(X;)). Applying [11, Lem. 2.7] to the union of the support of
the T; when i runs through integers, we can actually assume without loss of
generality that there exists an entourage E such that

e the restrictions of o and ¢ to E are one-to-one;
e for any integer ¢ and any o and ¢’ in ¥, the inequality T; 5 o # 0 implies
that (o,0”) is in E.

Define then, for any integer i,

T; .00 if there exists ¢’ € X; such that (o,0’) € EN (X; x X;),
filo) = { o .
0 otherwise.

Then f; is in Cy(X, A;) for every integer ¢ and if we set f = (f;)ien, then fTg
acts on (P, Ai) ® £2(2) as (T})ien- O

If ¥ is equipped with an action of a finite group F' by isometries, then the
diagonal action of F' on ¥ induces an action of F' on Gz by automorphisms of
groupoids. Moreover, for any family A = (A4;);en of F-C*-algebras, the action
of Gs on Acy sy = [[;en Co(X, A;) is covariant with respect to the pointwise
diagonal action of F. Hence, we end up in this way with an action of F' on

Acy(z) Xred G by automorphisms. Namely, let us consider the semi-direct
product groupoid

Gry =G xF={(y,z) € Gy x F}
provided with the source map

Gry = Bs, (v,2) = o(z™'(v))
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and range map

Grx = Bs, (7,2) = t(v)
and composition rule (v, z)- (v, 2') = (v-z(v'), z2’) if o(x~1 (7)) = t(y'). Then
Acy () is actually a G s-C*-algebra and we have a natural identification

(10) (Acy(m) Xred Gx) X F = Agy(n) Xred GF 5

On the other hand, F also acts for each integer i on J# (£?(X)) ® A; and
hence pointwise on Ay. The isomorphism of Proposition 4.15 is then clearly
F-equivariant and hence gives rise under the identification of equation (10) to
an isomorphism

(11) Irs,a - Acy(s) Xred GF s =N As x F.

Since C(Bnxx) = £°(N x X)), the C*-algebra Ag,(x) is a C(Bnxx)-algebra
for any family A. Let us show that Oyxy is actually provided with an action
of Gy on the right that makes ACO(Z) into a fyxx X Gy-algebra.

Let p: fyxs — By be the (only) map extending the projection N x ¥ — %
by continuity. Let x be an element of By, let v be an element of Gy, such that
t(y) =z and let E C ¥ x ¥ be an entourage such that

e v belongs to F;
e the restrictions of o and ¢ to E are one-to-one.

Let (ng, ok )ken be a sequence in N x 3 converging to some z in Oyxy and such
that oy, is in t(E) for every integer k. For any integer k, let o}, be the unique
element of o(E) such that (oy,0}) is in E. Then the sequence (ng,o},)ken
converges in Oyxy to an element 2’ such that p(z’) = o(y). This limit does not
depend on the choice of E and (ng,ox)ren that satisfy the conditions above.
If we set z -y = 2/, we obtain an action of Gy on Syxx on the left. Obviously,
the restriction of Byxy X Gy to the saturated open subset N x ¥ of Oyxy is
the union of pair groupoids on {n} x X. If A is a family of C*-algebras, the
multiplier action of C(f8yxx) is Gs-equivariant and hence we end up with an
action of Byxs X Gx on Ag(x)-

If ¥ is endowed with an action of a finite group F' by isometries, then the
diagonal action of F on N x ¥ (trivial on N) gives rise to an action of F on
Bnxs by homeomorphisms which makes the action of Gy covariant. Hence
Bnxs is provided with an action of Gp s = Gx % F. Moreover, if A is a family
of F-C*-algebras, then A (x) is a nxs % G n-algebra.

Consider now the spectrum %, y, of the ideal £*°(N, Co(X)) of C(Bnxx) =
¢*°(N x ¥). Then B3,y is a saturated open subset of Byxs, the pointwise
multiplication of /*°(N, Cy(X)) on Acy sy = [Lieny Co(X, As) provides Ag, (s
with a structure of C(f3,y)-algebra and thus we see that Ac,(x) is indeed
a [y s ¥ Gx-algebra. The balanced products of Acy(x) respectively with
Co(Gs), Co(Buxs % Gx) and Cp(BY, 5 ¥ G:) over the origin map coincide (us-
ing the C(Bnxx)-linearity). The same holds for the balanced products over the
target map. Hence, by construction of the reduced groupoid, the three crossed
products Ac, (s) Xred Gz Acy () Xred (Brxs X Gx) and Ac, (s) Xred (B s X Gx)
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coincide. If ¥ is equipped with an action of a finite group F' by isometries,
then B3,y is F-invariant and hence endowed with an action of Gr 5. More-
over, for any family A of F-C*-algebras, Ac, (s is a Ry, X Gp z-algebra. Let
us set then GY (resp. G%N) for the groupoid Byxs % Gy (resp. SR, 5 % Gy),
and if ¥ is provided with an action of a finite group F' by isometries, set then
Ghs =G5« F.

Lemma 4.16. Let E be a subset of N x ¥ X ¥ and assume that there exists
r > 0 such that for all integers i and all o and o’ in X, the element (i,0,0")
in E implies that d(o,0’) < r. Then there exist

o fi,eosfrin £°(N x X);

e Ey,...,Ey entourages of & included in J;cn{(0,0") € £?| (i,0,0") € E},

such that xg(i,o,0') = Z?Zl fi(i,0)xE,(o,0") for every integer i and all o
and o' in X.

Proof. Let us set By = {J,cn{(0,0") € £?| (i,0,0") € E}. Using [11, Lem. 2.7],
we can assume without loss of generality that the restrictions of s and r to E;
are one-to-one. Define then f; : N x ¥ — C by

. 1 if there exists ¢’ in 3 such that (¢,0,0’) is in E,
fi(i, o) = .
0 otherwise.

Then xg(i,0,0") = f1(i,0)xE, (0,0") for every integer i and all o and ¢’ in X.
U

5. THE BAUM-CONNES ASSEMBLY MAP FOR (GF 3z, Ac,(x))

Recall that the definition of the Baum—Connes assembly map has been ex-
tended to the setting of groupoids in [12]. Let G be a locally compact groupoid
equipped with a Haar system and let B be a C*-algebra acted upon by G. Then
there is an assembly map

HG,B,* - K:OP(G,B) — K*(B Ared G),

where Ki°°(G, B) is the topological K-theory for the groupoid G with co-
efficients in B. Our aim in this section is to describe the left-hand side of
this assembly map for the action of Gy on A%‘E)(E) and then to show that
the Baum—Connes conjecture is equivalent to the bijectivity of the geometric
assembly map

Vs A P KEP(F 5, A) = KL (AF % F)

defined in Section 4.7. Using results of [11] on the Baum—Connes conjecture for
groupoid affiliated to coarse structures, we get examples of coarse spaces that
satisfy the permanence approximation property. Notice that GI}E is clearly a
o-compact and étale groupoid and that according to [11, Lem. 4.1], the Baum—
Connes conjectures for the action of Gp x on A% () and for the action of GI}E
on AOC%(E) are indeed equivalent.
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5.1. The classifying space for proper actions of the groupoid GY.. For
a o-compact and étale groupoid G, the following description for the left-hand
side of the assembly map was given in [13, §3]. Let K be a compact subset of
G and let us consider the space Pk (G) of probability measures n on G such
that for all v and +' in the support of 7,

e v and ~' have same target;

e v 1.4 isin K.
We endow Pk (G) with the weak-* topology, and equip it with the natural left
action of G. Then according to [13, Prop. 3.1], the action of G on Pk (G) is
proper and cocompact. If K C K’ is an inclusion of compact subsets of G,
then for any G-algebra B, the inclusion Pk (G) < Pk (G) induces a morphism
KK&(Cy(Pk(G)), B) = KK&(Cy(Pr/(G)), B) and we have

Ki(G, B) = lm KK (Co(Px(G), B)

where in the inductive limit, K runs through compact subsets of G. If the
groupoid G is provided with an action of a finite group F' by automorphisms,
then for any F-invariant subset of G, the space Pk (G) is F-invariant and for
any G X F-algebra B, we get

K"P(G % F,B) = 1%11KK§”F(OO(PK(G)), B),

where in the inductive limit, K runs through compact and F-invariant subsets
of G. If ¥ is a proper discrete metric space and if  is a nonnegative number,
let us set

E, ={(0,0') €L x X |d(o,0") <r},
and then consider the element x, = 1 ®c(gy) X&, of Ce(GY). Then we have
x2 = x, for the pointwise multiplication as continuous functions in Cp(G%)
and hence

supp X, = {7 € G5, | x,(7) = 1}

is a compact subset of Gii. Let us set then P.(GY) = Puppy. (GY). If
is provided with an action of a finite group F' by isometries, x, being F-
invariant, we see that P.(GY) is for any r > 0 provided with an action of F' by
homeomorphisms.

For any w in Oyxx and any subset Y of some PT(GI;), let us set Y, for
the fiber of Y at w, i.e. the set of probability measures of Y supported in the
set of elements of GY with range w. If W is a subset of Byxs then define
Y)w = Upew Yo Let us define

P(GY) = Pr(Gy) g0, -

Fix a positive number r and let (n,o,z) be any element in N x ¥ x P.(X).
Since (n, o) is in B, and since the fiber of GY, at (n,o) for the target map
is 3, we see that (n,0,z) can be viewed as an element in P.(G%Y). For any
family X = (X;);en of compact subsets of P.(X), let us set Zx for the closure
of

{(n,o,z) eENXExP(X)|neN, o€ X, z€X,}
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in P.(GY) (we view an element o of ¥ as an element of P,.(X), the Dirac
measure at o).

Lemma 5.2. Let r be a positive number and let X = (X;):en be a family of
compact subsets of P,(X). Then Zx is a compact subset of P,(G%Y).

Proof. Since X; is a compact subset of the locally finite simplicial complex
P.(¥), there exists a finite set Y; of ¥ such that every element of X; is supported
in Y;. Applying Lemma 4.16 to

E={(n,0,0) eENXE XX |0 €Yy, 0o €Yy, d(o,0')<r},

we see that there exist fi,..., fr in £°(N x X) = C(Bnxx) and Ei,..., Eg
entourages of ¥ of diameter less than r such that

k
XE(iv g, U/) = Z fj (ia U)XE]‘ (Ua U/)

Jj=1

for every integer j and all 0 and ¢’ in X. Set then

k
XE = Z fi ®c(ps) XE; € Co(GY).
j=1

Then Y is valued in {0,1}. The set of probability measures i such that
n(xg) = 1 is closed in the unit ball of the dual of C.(GY) equipped with the
weak topology and hence is compact. Since n(Xg) = 1 for any 1 in Zx, we get
that Zx is compact in P.(GY). But since we also have n(ygf) = n(f) for any
nin Zy and any f in C.(GY) and since X is in C.(G%Y), we deduce that Zx
is included in P,.(G%M). O

Corollary 5.3. Let v be a positive number and let X = (X;)ien be a family
of compact subsets of P,(X). Then the closure of J;cn{i} x X x X; in P.(G5))
is a GN-invariant and GX-compact subset of P,(G%Y).

Proof. The closure of | J;cy{i} X ¥ x X; in P,(GY)) is the GY\-orbit of Zx and
hence is Gi\-invariant and GY-compact in P, (G%Y). O

5.4. Topological K-theory for the groupoid Gr,s with coefficients
in o(2)- The aim of this subsection is to show that for any free action
of a finite group F' by isometries on ¥ and any family A = (A4;);en of F-
C*-algebras, we have a natural identification between Ki°P(GY 5, A% () and
KP®(F, %, A).

Let X be a discrete metric space with bounded geometry. For any GX-
invariant and G3\-compact subset Y of P,.(G%Y), the restriction Y/ tiyxsxp,(5)
is an invariant and cocompact subset of {i} x ¥ x P.(X) for the action of
the groupoid of pairs ¥ x ¥. Hence, there exists a family XY = (X} );en of
compact subsets of P,.(X) such that

(12) Yiiyxsxp.(z) = {i} x ¥ x Xiy
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for every integer 4. Notice that if ¥ is provided with an action of a finite
group F by isometries and if Y as above is moreover F-invariant, then X}
is F-invariant for every integer i. For any G} y-invariant and GYy-compact
subset Y of P.(G%Y) and any family A = (4;);en of F-C*-algebras, consider
the following composition (recall that A% ) = [[;en Co(3, Ai @ A ())):

(13) iy s KKTR=(Co(Y), A ) = [[ KK (X)), (#) @ 4)
ieN
i€N
where
e XY is for any integer i defined by equation (12);
e the first map is induced by groupoid functoriality with respect to the family
of groupoid morphisms

Fo (NxExX)xF, z~(i,0,2(0),z),

where i runs through integers and o is a fixed element of ¥ (recall that
N x ¥ x ¥ is an F-invariant subgroupoid of G%.);

e the second map is given for every integer ¢ by the Morita equivalence
between J# () ® A; and A;.

Let A = (A;)ien and B = (B;);en be families of F-algebras and let z =
(2i)ien be a family in [],.y KK (A;, B;). Without loss of generality, for every
integer 4, we can assume that z; is represented by an F-equivariant K-cycle
(KQ(F) ® R B;, m;, Tl) where

e J7 is a separable Hilbert space;

e [ acts diagonally on /2(F) ® s# ® B; by the right regular representation
on (2(F) and trivially on J¢;

e m; is an F-equivariant representation of A; in the algebra Lp, (¢2(F) ®
A ® B;) of adjointable operators of £2(F) @ J# ® By;

e T; is an F-equivariant selfadjoint operator of L, (¢*(F) ® S ® B;) satis-
fying the K-cycle conditions, i.e. [T}, m;(a)] and m;(a)(T? — Zde(myereb;:)
belong to # ((2(F) ® ) @ B; for every a in A;.

Note that we have an identification between the algebras Lp, (2(F)® 3 ® B;)
and Ly (w)op, (((F) @ H () @ B;). Indeed these two C*-algebras can be
viewed as the multiplier algebra of # ((*(F) ® #) ® B;. We see that the
pointwise diagonal multiplication by

gives rise to an F-equivariant adjointable operator Tg‘;(z) of the right Bg‘;(z)—
Hilbert module

[[Co(=.(F) @ ()@ Bi) = (*(F) @ BE, 5
ieN
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The family of representations (;);en gives rise to a representation e ) of
Acy(x) on the algebra of adjointable operators of

[[ o= E(F) e 2 (#) @ B)).

i€N
It is then straight-forward to check that 77 v and T ) are indeed Gl s
equivariant and that Tg?)(x) satisfies the K-cycle conditions. Therefore, we
obtain in this way a K-cycle for KKS%E(ACO(E),BE%(Z)) and we can define
then a morphism

N
& [T EEL (A, Bi) = KKEr=(Agy (s, BE, x))
ieN
which is moreover bifunctorial, i.e. if A = (4;) and B = (B;) are families of
F-algebras, then
e for any family A" = (A)) of F-algebras and any family f = (f;)ien of
F-equivariant homomorphisms f; : 4, — A}, we have
o) (F7(2) = féum) (T8 (2) (7))
for any z in J],cy KKI(AL B;), where feos) + Acyz) — A’CO(E) is in-
duced by f = (fi)ien:
e for any family B’ = (B]) of F-algebras and any family ¢ = (g;)ien of
F-equivariant homomorphisms g; : B; — B}, we have

TGo(2)(9+(2)) = 9245+ (705 (2 (2))

for any z in [],cy KK [ (A;, B;), where IS, Bes) — B/c?:(z) is induced
by g = (gi)ien-

Recall that for a family X = (X;);en of compact subsets in some P,(X), we
defined Cx = (C(X;))ien. If X' = (X!);en is another such family satisfying
X; C X/ for any integer i (we say that (X, X’) is a relative pair of families),
then let us set Cx x = (Co(X]\ Xi))ien. Let Z be a G5-compact subset of
some Pk (GY) for a given compact subset K in GY. Let us fix r > 0 such that
Pg(GY) C P.(GY) and let X = (X;);en be a family of compact subsets in

P.(%) such that Zx C Z. Define then the GX-equivariant homomorphism

A% Co(Z) = Cx ooy, = (fi)iew,
with f; in Co(X x X;) defined by f;(c,2) = f(i,0,x) for any integer i, any
o in ¥ and any z in X;. In the same way, if (Z,Z’) is a relative pair of
G-compact subsets of Pk (GY) and if (X, X”) is a relative pair of families of
compact subsets in P,(X) such that Zx C Z and Zx, C Z’, the restriction of
A%, to Co(Z'\ Z) gives rise to a GN-equivariant homomorphism

AZE: Co(Z'\ 2) = Caxcs)-

If (Z,2') is a relative pair of GY-compact subsets of Pr(GY) and if X’ is a
family of compact subsets in P.(X) such that Zy, C Z’, then there exists
a unique family X}, = (X] ,)ien of compact subsets in F,.(X) such that
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(77, X’) is a relative pair of families and Zx;, =ZxNZ. If the relative pair
(Z,2') is moreover F-invariant, then (X7,, X”) is a relative pair of families of
F-invariant compact spaces and the map
N (o ]
[IEKE(Co(X]\ X 2), Ai) = KKSr=(Co(Z'\ 2), AZ(s:))s
ieN
Z.Z" % [ oo
z = (zi)ien = AY 37 (76 () (2))
is compatible with family of inclusions (X; < X/);en of F-invariant compact
subsets. Hence, taking the inductive limit and setting
KI>(2,2', A) =lim [ [ KK (Co(X]\ X[ ), A,
ieN
where X’ = (X!);en runs through the family of compact F-invariant subsets
in P.(X) such that Zy, C Z’, we end up with a morphism
A 0 ; oo
(14) visan KE®(2,2',A) = KKSP(Co(Z2'\ Z), A (s)-
We set KI°(Z, A) for KI'*™(2, Z, A) and Vfis 4., for U?”E%&A’*.

Lemma 5.5. Let Z be a GFE -invariant closed subset of some P (GY) for K
a compact subset of G3. Assume that the restriction to Z of the anchor map
for the action of GX on Pk (GY) is locally injective, i.e. there exists a covering
of Z by open subsets for which the restriction of the anchor map is one-to-one.
Then for any family A = (A;)ien of F-algebras,

N
VEsa. KD®(Z,A) = KK{r=(Co(2), A ()
s an isomorphism.

Proof. According to [13], since A% ) is indeed a C (B s)-algebra, there is
an isomorphism

(15) limn : KKZrs(Co(Z'), A (s) = KKSP2(Co(2), A ()

where

e in the inductive limit of the left-hand side, Z’ runs through G%\-compact
and F-invariant subsets of Z /B9, 5>

e the map is then induced by the inclusion Z’ — Z.

Under the identification of equation (15), the family of maps defined by equa-
tion (13),

iz KKSr=(Co(Z'), A%y ) — [[ KEKF(C(XE), A0),
i€N
where Z’ runs through GX-compact and F-invariant subsets of Z /B9, 5> PrO-
vides an inverse for UI?E’ A
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Since for any compact subset K of GY, there exists 7 > 0 such that
Pg(GY) C P.(GY), we get that

(16) Kiop’w(Fﬂsz) :liII{an’oo(PK(Glg)vA)ﬂ

where in the right-hand side, K runs through compact F-invariant subsets of
Gy, and the inductive limit is taken under the maps induced by inclusions
Pr(GY) — Pg/(GY) corresponding to relative pairs (K, K’) of F-invariant
compact subsets of GY. The maps

N
UGB L KE (P (GR), A) — KGR (Co(Pic(GY), AZ, ()

are then obviously compatible with the inductive limit of equation (16) and
hence give rise to a morphism

Urs A s KPP, A) = K9P(Gy, A (5)-

We end this subsection by proving that ve s 4, is an isomorphism. The
idea is to use the simplicial structure of P (GY) to carry out a Mayer—Vietoris
argument. In order to do that, we need first to reduce to the case of a second-
countable and étale groupoid. Recall from [11, Lem. 4.1] that there exists
a second countable étale groupoid G% with compact base space 8% and an
action of G§ on fyx such that Gy, = fx x G%. The groupoid G%, then acts
on fBnxx through the action of Gx and Byxx X Gx = fnxs % G%. For any
subset X of a G%-space, let us set XY = fyxy X g, X. If ¥ is provided with an
action by isometries of a finite group F, then G%, can be chosen provided with
an action of F' by automorphisms that makes the action on 8y and hence on
Bnxy equivariant. If we set G};’E = G% % F, then for any family A = (4;)en
of F-algebras, Ac,(x) is a G};’E—algebra. Let Y be a locally compact space
equipped with a proper and cocompact action of G%,z- Then the map

N ’

KK*GFE (CO (Yg)a ACQ(E)) — KK*GFE (CO (Y)7 ACO(E))
obtained by forgetting the C'(Onxx)-action is an isomorphism. Moreover, up
to the identification

Acy(s) Xred Grs =2 Acy(s) Xred Gz,
the Baum—Connes conjecture for GI}E and for G’ 5, for the coefficient Ac, (s
are equivalent [11]. For any compact subset K of G%, we have a natural
identification
Py (Gx) = Pr(Gy)s.
For a compact subset K of G%,, fix a positive number r such that
Pry(Gx) C P (GY).

Let Y be a G'p p-invariant closed subset of Pk (Gy) and let X' = (X;)ien be a
family of F-invariant compact subsets of P,.(GY) such that Zy C Y3'. Let us
consider the composition

N
Y5

Ay
AI}(/ : Co(Y) — CQ(YQ) — CX,Cg(E)a
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where the first map of the composition is induced by the projection Yy — V.

Let us also consider the relative version: let (Y,Y”) be a relative pair of G -

invariant closed subsets of Px(G%) and let (X, X’) be a relative family of
compact F-invariant subsets of P,(GY) such that Zx C Y and Z) C Y&V
Define

AT 1 Co(Y'\Y) = Cr v o)
as the restriction of AY to Cp(Y”\Y’). Let us then proceed as we did to define
U;:)E/,Aw in equation (13).
If T/COOO(Z)(') stands for the restriction of 757 5)(+) to KKGrx(.,.), then the
map

[T KK (Co(XIN X jyn), Ai) = KKZR=(Co(Y\ V), AZ, (),
1€EN

z = (Zl)lGN = A/X }Y/’ *(T/COOO(E)( ))

is compatible with the family of inclusions (X; — X);en of F-invariant com-
pact subset. Hence, proceeding as in the definition of vy g 4., we end up as
in equation (14) with a morphism

U et KPR (VR YR A) = KKG#=(Co(Y/\ V), A%, (x)),

which is indeed the composition
YY’
KPPV, Y, A) 225 KRGS (Co(VE\ YY), A% (s)
= KKSr=(Co(Y'\Y), Co(x))>

where the second map is induced by the projection Y{' — Y’. We set also
1Y f 19

Vs A« fOT Upsy 4,

Lemma 5.6. LetY be a G};z-simplicml complez in the sense of [13, Def. 3.7]

lying in some PK(G%@) for K a compact subset of G’F’E. Then for any family

A = (4;)ien of F-algebras,

N

Y; 00
Vps A KD>(Yy, A) = KKGFE(OO(YE) Co(x))
18 an isomorphism.

Proof. Notice first that, as we have already mentioned, this is equivalent to
proving that

Uiy a. s KEC(YE, A) = KKCrs(Cy(Y), A, (x))

is an isomorphism. Let us prove the result by induction on the dimension of
the G F, E—s1mphc1a1 complex Y. If Y has dimension 0, the anchor map for the
action of GY F,x is locally injective and hence, the result is a consequence of
Lemma 5.5. We can assume without loss of generality that Y is typed and
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that the action of G’F’E is typed preserving. Let Yo CY; C-.- CY, =Y be
the skeleton of Y, and assume that we have proved that
Y’rl?] 1,2

Vp s, A« Kf’oo(yﬁq,zw‘l) - KGFE(CO( “1m) AS )

is an isomorphism. Since Y is second countable, the inclusion Y,,_; < Y, gives
rise to a long exact sequence

= KKGr2(Co(Yn_1), Co(x))
— KKS7=(Cy(Yy), A )
— KKCGrs(Co(Yp \ Yoo1), A )

= KK (Co(Yanr) A ) =
In the same way, we have a long exact sequence
— K[V, = A)
— K=Yy, A)
- KFOO(YN 150 Yo 27“4)
—>K1 v 1y A) =
By naturality of the morphisms A’ and T/CODO(E)(-), these two long exact se-

quences are intertwined by the maps vy, 4 . Using a five-lemma argument,
the proof of the result amounts to showing that

/Yn 7 n, o0 S
szxi & KL (YleaYnEaA)%KKGFZ(OO( Yo\ Yoo1), A% ()

is an isomorphism. Let Y’ be the set of centers of n simplices of Y. Since the
action of G/F72 is type preserving, we have a G’F,Z—equivariant identification

(17) Yo\ Y1 2V x A,

where A i is the interior of the standard simplex, and where the action of G 5,
on Y’ x A is diagonal through Y’. Let then [y, ,y,] be the element of
KKG%s(Co(Y"),Co(Yy \ Yn_1)) that implements up to the identification of
equation (17) the Bott periodicity isomorphism. We can assume without loss
of generality that in the definition of KK (Y 5, Yo'y, A), the inductive
limit is taken over families X = (X;);en of F-invariant compact subsets of
some P,.(X) such that

e X, is for every integer i a finite union of n-simplices with respect to the
simplicial structure inherited from Y
o /y C YEZE'

Let X be such a family and let X/ be for every integer ¢ the set of centers of
n-simplices of X;. Let us set then X’ = (X/);en. Since the action of F is type
preserving, we have an F-equivariant identification

(18) Xl \ Xi/yﬁsz = Xl/ X A,
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the action of F on A being trivial. Let [8;] be the element of
KK (C(X]), Co(Xi\ Xipyr_ )

that implements up to this identification the Bott periodicity isomorphism.
Set then

0] = ([0:])ien € [[ KK (C(X]), Co(Xi\ Xiyyri | )
ieN

The Bott generator of K K.(C,Cy(A)) can be represented by a K-cycle
(Co(A, (CQ, ¢, T) for some integer [, where ¢ is the obvious representation of
C on Cy (A, CY) by scalar multiplication, and T is an adjointable operator on
Co(A,CY) that satisfies the K-cycle conditions. Then for any integer i, the
element [9;] of KK (C(X]),Co(X;\ Xijyx | ) can be represented by the
K-cycle )

(Co(X] x A,CY), ¢, Ide(xy @ T),

where Co(X! x A, Cl) is viewed as a right Co(X; \ X yyn_, )-Hilbert module
by using the identification of equation (18) and ¢; is the obvious diagonal
representation of Cy(X/) on Co(X] x A, C"). Let [0x c,(x)] be the class of the
K-cycle

(1_[00(Z x X! x A, C), Hldco(z) ® ¢, HIdco(zxx;) ® T)
ieN ieN ieN
in KK*G/F‘E(CX/,Co(E)vCX/ygflyEﬂ,Co(E))' Then we have

! % Yn_1,Yn
(19) A ([0x o)) = A;«,Ygl_l L anlOvava):

Let z = (2;)ien be a family in [,y KKF(CO(Xi\Xi/yELl .)»A4i). Then using

the characterization of the Kasparov product (see [3] and [5] for the groupoid
case), we get that

AN ([10x,c0()) @ T8 () (2) = A ™ (782 ) (0] ® 2).
This in turn implies that

Yn—1,Yn,* e} Yn-1,Yn ']
[8Y"*1’Y“] ® A//\-’/lejil_1 272((7—00(2) (z)) = Al)(/ysl_l E,X7*([8Yn—1,yn]) ® TCo(%) (Z)

=A% " ([Px.com)) @ 785 (2)
=A%y, 7*(7'83(2)([5] ® z)),

where the first equality is a consequence of bifunctoriality of the Kasparov
product and the second equality holds by equation (19). From this, we get the
existence of a commutative diagram

1R

Kf’m(y§_1727yn§E’A) K%Y, A)

'Yy —1,Yn 1y’
VP, A, x VF,2,A,*

Oy, _1.vn]1®

KEKSGr=(Co(Yo \ Y1), A%, ) ———— KKZr=(Co(Y'), A%, 5;))s
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where the top row is obtained by taking inductive limit over morphisms
([81]® : KK*F(OO(XZ \ Xl'/YSI_lYE)vAi) — KK*F(O(XZI)a Ai))iEN

relative to families X = (X;) of F-invariant compact subsets of some P,.(X)
such that

e X, is for every integer ¢ a finite union of n-simplices;

o /y C YN
S1nce Y'isa G 7 s-simplicial complex of degree 0 and (as we have already seen)
’UFE A Is an 1somorph1sm we have that v F% 4" 1s an isomorphism. From
this we deduce that v/ F 4, I8 an isomorphism and hence that

Y
UES A

is an isomorphism. O

Corollary 5.7. Let X be a proper discrete metric space provided with an action
of a finite group F' by isometries. Let A = (A;)ien be a family of F-algebras.
Then,

Vps A KIOPO(F, X, A) — Kmp(GFZv Co(x))

is an isomorphism.

5.8. The assembly map for the action of Gr s on A%‘;(E). The aim of
this subsection is to show that up to the identifications provided on the left-
hand side by Corollary 5.7 and on the right-hand side by equation (11), the
maps

e : K:OP(GIE‘,Z?AZ‘C;(E)) — K.(AZ) (5) Xred GII\;,E)

IE‘,Z"AE’QO(E))*
and
Vs A KPP (F N A) = K (AR x F)
coincide for any family A = (A4;)ien of F-algebras and any proper discrete
metric space ¥ equipped with a free action of F' by isometries.
Fix a rank-one projection e in J# () and define

1:C—= 2 (H), A~ lde
Let us consider the family of homomorphisms
(a=9@Ida, : A = A; @ H(H))ien.

Proposition 5.9. For any families of F-algebras A = (A;)ien and B =
(Bi)ien and any element z = (zi)ien in [[;cy KKFY(A;, B;), we have for any
proper discrete metric space X equipped with a free action of F' by isometries
a commutative diagram

®JG§;’E(T€%(2)(Z))

K. (ACO(E) Ared GII\;,E) K, (BZ%(E) AHred GI}\;’E)
lJA,F,E,*OIF,E,A,* lIF,E,BOO,*V
T x(2)
K*(A%o Nred F) oE K*(B%o Ared F),
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where up to the identifications
K (AT Xyea F) 2 K (AFx)  and K. (BSY Xyea F) = K. (BEy),
the morphism 755, (2) is induced in K-theory by the controlled morphism
r(2)  Ku(AFs) = Ki(BEy)-
Proof. Assume first that the family z = (z;);en is of even degree. According
to [4, Lem. 1.6.9], there exist for any integer i
e an F-algebra A;
e two F-equivariant homomorphisms «; : A, — B; and f3; : A} — A; such
that the induced element [3;] € KK (A}, A;) is invertible and such that
zi = W ([Bi) 7).
By naturality of ). p» and Zpz,. » and by left functoriality of 72, ), Jou and
Try, we can actually assume that for any integer i, we have
zi =B
for a homomorphism 3; : B; — A; such that the induced element [3;] €
KKZI(B;, A;) is K K-invertible. Let us consider the family of homomorphisms
B = (Bi)ien. Using the bifunctoriality of 73%,, we see that 7p°%(2) is an iso-
morphism with inverse 8%, ,. But then, if we set [Id4] = ([Ida,])ien, using
once again the naturality of ). px; and Iz« and right functoriality of Jgr
and 73%;, we have ’
B0 0 T (T, (185 ) () = T e (g (185 (B (2))))
=Irz.a= oy (76, (x) (Ida))))-
But up to the identifications provided by Zp,x,., then Jou (787 ) ([Id4])) co-
incides with j4 r s« and hence we get the result in the even case.
If z = (z)ien is a family of odd degree, then, for every integer 4, the element

z; of KK{'(A;, B;) can be viewed up to Morita equivalence as implementing
the boundary element of a semi-split extension of F-algebras

0— X (H)®B;, — E;, = A; = 0.
If we set £ = (E;);en, then the induced extension
0— BZ‘%(E) — gco(g) — ACO(E) —0

is a semisplit extension of the G} -algebra and hence gives rise to an extension
of C*-algebras

0— B(O;(Z)(z) Ared G?‘)Z — gCo(E) Xred G?‘)Z — ACQ(E) Ared G?‘j} — 0.

Moreover, by naturality of Zrx ., we have a commutative diagram with exact
rows

00— BE%(E) Hred G%E — 500(2) Hred GII\I;’Z — ACO(Z) Hred GII\I;’Z —0

lIF,Z,Bm lIF,E,é’ J/IF,E,A

00— B F— 3 & F 5 Ay x F ——— 0.
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By using naturality of the boundary map in K-theory, the result in the odd
case is a consequence of the two following observations:

* Jau (78 (s)(2)) implements the boundary map of the top extension.
o If Opg s Fexx F stands for the boundary map of the bottom extension, then

83;’:" NF,ExxF = 7'?7?2(2) O JAF 2% U

Proposition 5.10. Let X be a discrete metric space provided with a free action
of a finite group F' by isometries. Let A = (A;)ien be a family of F-algebras.
Then we have a commutative diagram

VF, 3, A, %

K" (F, 3, A) K (Gl AZ )

JV;‘Q,E,.A,* l“cl},zv““co(z)v*
I—l

00 F,3, A% 0o
K. (A x F) K (AZ () red Grx)-

Proof. Let Z = Pg(GY) for K an F-invariant subset in GY. Let us fix 7 > 0
such that Z C P,(GY). Let us define

d)Z 1 Z _>(C7 an(XO)a

where Y is the characteristic function of the diagonal of ¥ x ¥. Then ¢4 is a
cut-off function for the proper action of GY, on Z. Let

Py Z Xpyew Gy = C, (,7) = ¢2(n)Pz(n-)"?

be the Mishchenko projection of Cy(Z) X;eq G associated to ¢z. For a family
X = (X;)ien of F-invariant compact subsets of P.(GY) such that Zy C Z,
let us consider Py = (Px;)ien in Cx g5, where Py, is for each integer i the
projection defined by equation (6) of Section 4.1. Recall that then, P =
(Px; ® e)ien in C¥y, for e a fixed rank-one projection in ' (H). Notice that
[PY] =18 ps. [Pl In Ko(CF px)) = Ko(CF sy ¥ F). Thus the commutativity
of the diagram amounts to showing that
T ae - ((Pes] © Jay (M5 (182 )(2))) = 7252 (e, ms (P2)])
for all z in [[,cy KKE(Co(X;), A;) up to the identification K, (A x F) =
K.(A¥y). But it is straight-forward to check that
AZ(¢z) = (ds,1)ien
with ¢5; : £ x X; = C, (0,2) = As(x). Hence, if

A?GI}E 1 Co(Z) GII\;,E — Cx,Cy(x) Hred G%g

stands for the map induced by A% on the reduced crossed-products, we have

(20) Irs,cx © A?GgE(Pz,Gg) = Px.
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From this, we deduce
Trza= «([Pray] ® Jay (AR (78 (5))(2)))
= Trsam (N gy (Proy )1 ® Ty, (180)(2))
=A% G E(PX,G”;)] ® Irz,a=«(Jay (18 (5))(2))
=Tpx(2) 098y Fxx 0O LR s.Cr © Ai’cﬁﬂ’z,*([PZGNE])
= 7'?7?2(2) OJZ.},F,E,*([PX]),

where the first equality holds by naturality of JgN and left functoriality of
the Kasparov product, the second equality holds by right functoriality of the
Kasparov product, the third equality is a consequence of Proposition 5.9, and
the fourth equality holds by equation (20). O

As a consequence of Corollary 5.7 and Proposition 5.10 we obtain the fol-
lowing theorem.

Theorem 5.11. Let F' be a finite group acting freely on a discrete metric space
Y with bounded geometry. Let A = (A;)ien be a family of C*-algebras. Then
the three following assertions are equivalent:

(1) vEs .- KPP®(F,%, A) — K (AR x F) is an isomorphism.
(ii) The groupoid G x satisfies the Baum—Connes conjecture with coefficients
in AZ, ()"
(iii) The groupozd GF s, satisfies the Baum—Connes conjecture with coefficients
in AZ (s)-

5.12. Quantitative statements. We are now in a position to state the analog
of the quantitative statements of [9, §6.2] in the setting of discrete metric spaces
with bounded geometry.

Let F' be a finite group, let ¥ a be discrete metric space with bounded
geometry provided with an action of F' by isometries, and let A be an F-
algebra. Let us consider the following statements for d, d’,r,7’, e and &’ positive
numbers with d < d’', &/ <e < %, rae <7 and ' <r:

QIry ax(d,d,re): For any element x in KI'(Py(X),A), the following
holds:

Vs (@) =0in K"(Aps) = qio(@) =0in KI'(P(S), A).

QSrx.a+(d, 7, r e €): Forevery yin Ki,’r,(AF72), there exists an element
x in KF(Py(%), A) such that

VR, (@) =5 (y).

The following results provide numerous examples that satisfy these quanti-
tative statements.
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Theorem 5.13. Let F' be a finite group, let 3 be a discrete metric space with
bounded geometry provided with a free action of F' by isometries, and let A be
an F-algebra. Then the following assertions are equivalent:

(i) For any positive numbers d, € and r with € < % and r > rq., there exists
a positive number d' with d' > d for which QIpx a.(d,d ,r,€) is satisfied.
(ii) The assembly map

Vs 4.t KPP (B3, AY) = KL (AY™ % F)

s one-to-one.
(iii) The assembly map
o N, 00 N, 00
N : Ki p(GF’E,AC’O(Z)) — K*(AC/O(Z) A red GF,E)

o0
'LLGF,E,A%;?EV

18 one-to-one.
Proof. Notice that injectivity for

oo oo
and
Fap s Al Har o atees

are equivalent. Thus the equivalence of (ii) and (iii) is a consequence of Corol-
lary 5.7 and Proposition 5.10.

Let us prove that points (i) and (ii) are equivalent. Assume that condition
(i) holds. Let 2 = (x;)sen be a family of elements in some KI'(P;(X), A) such
that l/;—?’zd’A’*(x) = 0. By definition of l/;—?’zd’A’*(l‘), we have

A @) =0

for any ¢ in (0,1) and r’ > rq.. Hence, by Proposition 2.4, we can find

e in (0,4) and r > rq. such that V?gzi(x) = 0. But up to the controlled
isomorphisms of Proposition 4.10 and of Lemma 4.11, V?gzi(x) coincides
with [T,cy V%Tzd A.«(2i), 50 up to rescaling & and 7 by a (universal) control pair,
we can assume that
V;,%?A,*(xi) =0

for every integer i. Let d’ > d be a number such that QIr s a.(d, d’ 7€) is
satisfied. Then we get that gq 4/ «(z;) = 0 and hence gq,4/ «(z) = 0.

Let us prove the converse. Assume first that there exist positive numbers
d, € and r with € < % and r > rq . and such that for all d’ > d, the condition
QIs,Fa,x(d,d',r e) does not hold. Let us prove that V;OSA . is not one-to-one.
Let (d;)ien be an increasing and unbounded sequence of I;oéitive numbers such

that d; > d for every integer i. For every integer i, let x; be an element in
KF(Py(X), A) such that

vy (@) =0in K" (Aps) and  qaa,« () # 0 in KF(Py,(S), A)

and set ¢ = (z;)ien. Then we have V;‘?;A’*(x) =0 and ¢q,q;,«(x) # 0 for all i.
Since the sequence (d;);en is unbounded, we deduce that the kernel of v5%, 4 ,
is nontrivial. g
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Theorem 5.14. There exists A\ > 1 such that for any finite group F, any
discrete metric space ¥ with bounded geometry, provided with a free action of
F by isometries, and any F-algebra A, the following assertions are equivalent:

(i) For any positive numbers € and 1’ with € < ﬁ, there exist positive num-
bers d and r with rq. < v and v’ < r for which QSpyx a.(d, 7,7 €, Xe)
1s satisfied.

(ii) The assembly map

Vi KPR (S, AY) — KL (AR x F)

s onto.
(iii) The assembly map
t N, N,
Heps, Ag;&), K*OP(GREv ACOO(OE)) — K (ACOO(OE) Ared GF,E)
1s onto.

Proof. Notice that surjectivity for

and '“GN AT o0

o0
12 N, o0
Gr.=,Ag A, (z)*

Co ()’
are equivalent. Thus the equivalence of (ii) and (iii) is a consequence of Corol-
lary 5.7 and Proposition 5.10.

Choose A as in Proposition 2.4 and assume that condition () holds. Let 2
be an element in K,(AY™ % F) and let y be an element in K" (AII\;;O) such
that 5 (y) corresponds to z up to the identification

K. (AS™ % F) 2 K, (AR3).
Let y; be the image of y under the composition
(21) KoM (ApS) = K27 (H () © Aps) = K27 (Aps),

where the first map is induced by the evaluation AII\;:%O — Apyx ® () at
the ith coordinate and the second map is the Morita equivalence. Let d and
r be numbers with » > 7" and r > r4 . and such that QSp s a..(d, 7,1, €, A\e)
holds. Then for any integer i, there exists an x; in KI'(P;(X), A) such that

VJ);‘EETZ *(xz) _ LE Ae,r’ T(yi) in Ki\E,r(AF’Z).

Consider then = = (2;)iey in Ki°»(F, %, AY). By construction of the map
Vs 4.+ We clearly have 137y, 4 (7) = 2.

Conversely, assume that there exist positive numbers ¢ and 7’ with e < ﬁ
such that for any positive numbers r and d with r > 7’ and r > Td,e, statement
QSps,a,x(d,7', 1, ¢, \e) does not hold. Let us prove then that vy, 4, is not
onto. Assume first, for the sake of simplicity, that A is unital. Let (d;)ien
and (r;);en be increasing and unbounded sequences of positive numbers such
that 7; > 74, e and r; > r’. Let y; be an element in K:" (Apx) such that
1797 () is ot in the range of u}sg;’,d; There exists an element y in
Ko" (AI;; &) such that for every integer ¢, the i image of y under the composition
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of equation (21) is ;. Assume that for some d’ there is an z in K1°">(F, %, AV)
such that, up to the identification K, (Ag’oo X F) = K*(AII\I,;"),

! ,d’

W (y) = #%?27A7*(x)'
Using Proposition 2.4, we see that there exists a positive number 7 with ' < r
and rq ze < such that

Ae,r,d e,

Vesian (@) =77 (y).

But then, if we choose 4 such that r; > r and d; > d’, we get by using
the deﬁniti/on of the geometric assembly map vn 3", and by equation (21)
that 15" " (y;) belongs to the image of V?‘,EZT%;, which contradicts our as-
sumption. If A is not unital, then we use the control pair of Lemma 2.14 to
rescale \. O

Replacing in the proof of “(ii) = (i)” of Theorems 5.13 and 5.14 the constant
family AN by a family A = (A;);en of F-algebras, we can prove indeed the
following result.

Theorem 5.15. Let 3 be a discrete metric space with bounded geometry pro-
vided with a free action of a finite group F by isometries.

(i) Assume that for any family A = (A;)ien of F-algebras, the assembly map

HGp s, AZ, 5% K (Gr s, Aa(z)) - K*(Aocoo(z) Xred GF,5)

is one-to-one. Then for any positive numbers d, €, v with € < i and
T > Tq.e, there exists a positive number d' with d' > d such that statement
QIs poax(d,d re) is satisfied for every F-algebra A.

(ii) Assume that for any family A = (A;)ien of F-algebras, the assembly map
WG 5 A%, o B (Gr s, AT, (5)) = Bu(AZ, (5) rea GF x)

s onto. Then for some X > 1 and for any positive numbers € and 1’ with
e < ﬁ, there exist positive numbers d and r with rge < r and " < r
such that QSs, p.a+(d, 7,1, €, Xe) is satisfied for every F-algebra A.

Recall from [11, 16] that if ¥ coarsely embeds in a Hilbert space, then the
groupoid G x satisfies the Baum—Connes conjecture for any coefficients. In
the case of space of finite asymptotic dimension and when the group F' is
trivial, following the idea of [15], more precise statements are given in [10]
without using infinite dimension analysis. We shall briefly describe them here.

Recall first that for a metric set X and a positive number r, a cover (U;);en
has r-multiplicity n if any ball of radius r in X intersects at most n elements
in (Ui)ieN'

Definition 5.16. Let X be a proper discrete metric set. Then X has finite
asymptotic dimension if there exists an integer m such that for any pos-
itive number r, there exists a uniformly bounded cover (U;);eny with finite
r-multiplicity m 4 1. The smallest integer that satisfies this condition is called
the asymptotic dimension of X.
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Let ¥ be a proper metric space with asymptotic dimension m. Then there
exists a sequence of positive numbers (R )ren and for any positive integer k a
cover (U»(k))ieN of ¥ such that

3
® Rji1 > 4Ry for every positive integer k;
. Ui(k) has diameter less than Ry, for all positive integers i and k;
e for any positive integer k, the Ry-multiplicity of (Ui(kH))ieN ism—+1.
The sequence (Ry)ren is called the m-growth of X.
From now on, if ¥ is a discrete metric space, then

QIs a.(d,d',r,e) and QSs a.(d,r1 e,

respectively stand for QIey x 4,(d,d’,r,€) and QS¢e} 5,4, (d, 7, 7", €,¢"). The
following results were proven in [10].

Theorem 5.17. Let m be an integer and let (Ry)ren be a sequence of positive
numbers such that Ryy1 > 4Ry for every integer k. Then, for any positive
numbers d, € and r with € < % and v > rq., there exists a positive number
d" with d' > d for which QIs a.(d,d' r ) is satisfied for any discrete proper
metric space X with bounded geometry, asymptotic dimension m and m-growth

(Rk)ken and any C*-algebra A.

Theorem 5.18. There exists a positive number X\ > 1 for which for any integer
m and any sequence of positive numbers (Ri)ren such that Ryi1 > 4Ry for
every integer k, the following is satisfied: For any positive numbers € and v’
with € < ﬁ, there exist positive numbers d and r with rq. <r and ' <r for
which QSs a..(d, 7,7, e, Xe) is satisfied for any discrete proper metric space ¥
with bounded geometry, asymptotic dimension m and m-growth (Ry)ken and
any C*-algebra A.

The proofs of these theorems extend without difficulties to the equivariant
case with respect to isometric actions of a given finite group.

5.19. Application to the persistence approximation property. Let F'
be a finite group, let ¥ be a discrete metric space with bounded geometry
provided with a free action of F' by isometries and let A be an F-algebra. We
apply the results of the previous section to the persistence approximation for
Ap s For any ¢ small enough and any r > 0 there exist &’ in (e, %) and 1’ >r
such that PAs, g a,«(e,€’,r, ') is satisfied.

Notice that the approximation property is coarse invariant. To apply quan-
titative statements of the last subsection to our persistence approximation
property, we have to define the analog of the existence of a cocompact uni-
versal example for proper action of a discrete group in the setting of discrete
proper metric space.

Definition 5.20. A discrete metric space ¥ provided with a free action of
a finite group is coarsely uniformly F-contractible if for every d > 0 there
exists d’ > d such that any invariant compact subset of Py(X) lies in an F-
equivariantly contractible invariant compact subset of Py (X).
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Example 5.21. Any (discrete) Gromov hyperbolic metric space provided
with a free action of a finite group F' by isometries is coarsely uniformly F-
contractible [6].

Lemma 5.22. Let ¥ be a proper discrete metric space provided with a free
action of a finite group F' by isometries. Assume that X is coarsely uniformly
F-contractible. Then for any positive number d, there exists a positive number
d’' such that the following is satisfied: For any x in KF(Pq(X), A) such that
Vs a.(x) =0 in K.(Apx), we have

¢ (x) = 0 in KI (Py(3), A).
Proof. Let A be an F-algebra and let = be an element of K'(Py(X), A) such
that vy, 4 .(#) =0 in K.(Apx). Let d’ > d be a positive number such that

every invariant compact subset of Py(X) lies in an F-equivariantly contractible
invariant compact subset of Py (3). Then

¢ (z) € K.(Pa(2), A)

comes indeed from an element of KK (C({p}), A) = KKF(C, A) for p an F-
invariant element in Py (¥). But under the identification between K,(Ap x)
and K,(A x F) given by Morita equivalence (see Section 4.1), the map

KK (C,A) = K(Apyx), o [Pyl ®c(ip))ps Trs(T)
is the Green—Julg duality isomorphism for finite groups [2]. Since
V%‘,E,A,* o qg’d (z) = V%‘,E,A,*(x) =0,
we deduce that qf’d/ () =0. O

Theorem 5.23. There exists A > 1 such that for any finite group F and any
F-algebra A the following holds: Let X be a discrete metric space with bounded
geometry, provided with a free action of F by isometries. Assume that

e the assembly map
.t N, 00 N, 00
//LGF,E’AI\C]’Y(;)?E)’* ) K*OP(GF’E’ ACO(E)) - K. (ACO(E) Mred GF’E)
is onto;

e 3 is uniformly F-contractible.

Then for any € in (075) and any r > 0, there exists v > 0 such that

PAp s ax(g,Ae,r,r") holds.
Proof. In view of Corollary 5.7 and Proposition 5.10, we get that under the
assumptions of the theorem,

V%C:E,A,* : K:op,oo(F, 27“4) — K*( OEO A F)
is onto for any F-algebra A. Consider A as in Theorem 5.14. Let ¢ and r
be positive numbers with € < ﬁ and let d and 7’ be positive numbers with

" > 14 such that QSs r a .(d, 7,7 €, Xe) is satisfied for every F-algebra A.
Choose d' as in Lemma 5.22 with respect to d. We can assume without loss
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of generality that ' > rg .. Let y be an element of K:" (A x) such that
1" (y) = 0 in K.(Apx). Then there exists z in K.(P4(X),A) such that
e,r’.d ((E) _ Ls,)\s,r,r/

VE s, Ax (y). Then we have
V%,E,A,*(x) = Lia’r/ o Li7)‘67r’r/ (y)
()
=0

and hence, according to Lemma 5.22,

Ae,r’ d
y) = VF:SET,A,*(:E)

_ Ae,r’,d’ d.d
= Vps, A, ° O (x)

=0. |

La)\am,r/ (
*

Similarly, using Theorem 5.15, we get:

Theorem 5.24. There exists A > 1 such that for any finite group F' the fol-
lowing holds: Let 32 be a discrete metric space with bounded geometry, provided
with a free action of F by isometries. Assume that

o for any family A = (A;)ien of F-algebras, the assembly map
/’LGF,E7-AOCOO(Z),* : K:OP(GF,ZaAZ‘C;(E)) — K, (AE%(E) Hred GF,Z)

1s onto;
e 3 is coarsely uniformly F-contractible.

Then for any € in (O,ﬁ) and any r > 0, there exists ' > 0 such that
PAp s, a,x(g,Xe,r,1") holds for any F-algebra A.

Corollary 5.25. There exists X > 1 such that for any finite group F' and any
discrete Gromouv hyperbolic metric space ¥ provided with a free action of F by
isometries, the following holds: For any € in (0, ﬁ) and any v > 0, there exists
" >0 such that PAs rx,a(e, Ae,r,1") holds for any F-algebra A.

6. APPLICATIONS TO NOVIKOV CONJECTURE

In this section, we investigate the connection between the quantitative state-
ments of Section 5.12 and the Novikov conjecture. More precisely, we consider
the uniform version of these statements for the family of all finite subsets of a
discrete metric space 3 with bounded geometry and we apply them to prove
the coarse Baum—Connes conjecture.

6.1. The coarse Baum—Connes conjecture. Let us first briefly recall the
statement of the coarse Baum—Connes conjecture. Let 3 be a discrete metric
space with bounded geometry and let . be a separable Hilbert space. Set
C[X], for the space of locally compact operators on £2(3)®.5 with propagation
less than r, i.e. operators that can be written as blocks T' = (T%,y)(z,y)ex2? of
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compact operators of ¢ such that T, , = 0 if d(z,y) > . The Roe algebra of
3 is then

cr(®) = |J Ol L3 (D) © #)
r>0
and is by definition filtered by (C[X];)r>0. The analog of the Baum—Connes
assembly maps in the setting of coarse geometry was defined in [1] as a family
of coarse assembly maps (we shall recall the definition of these maps later on)

13, K (Po(2)) = KW (CT(X))

compatible with the maps K,.(Ps(X)) — K.(Py (X)) induced by the inclusions
of Rips complexes Py(X) < Py (X) for s < s’. Taking the inductive limit, we
end up with the coarse Baum—Connes assembly map

s, < i KL(P(5) = KL(C*(9).

We say that X satisfies the coarse Baum—Connes conjecture if py . is an iso-
morphism.

The coarse Baum—Connes conjecture is related to the quantitative state-
ments of Section 5.12 in the following way. If 3 is a discrete metric space,
then

QIs . (d,d',r,e) and QSs.(d,r,1' e,
respectively stand for QItey v.c,«(d, d',7,€) and QSyey 5,c.4(d, 7,17, €,€).

Theorem 6.2. Let ¥ be a discrete metric space with bounded geometry. As-
sume that there exists a positive number eg with €9 < % such that the following
assertions hold:

(i) For any positive numbers d, € and r withe < g9 and r > rq., there exists
a positive number d' with d' > d such that QIx .(d,d',r,e) holds for any
finite subset X of X.

(ii) For any positive numbers € and r with € < €, there exist positive num-
bers d, € and v with v > rqo, v > r and €' in [, i) such that
QSx . (d,r, 1", e,€") holds for any finite subset X of X.

Then % satisfies the coarse Baum—Connes conjecture.

This theorem will be proved in Section 6.8. Let us recall now the definition
of the coarse Baum—Connes assembly maps given in [11, §2.3]. Indeed, the
definition of the coarse Baum—Connes assembly map was extended to Roe
algebras with coefficients in a C*-algebra. Let 5 be a separable Hilbert space,
let ¥ be a proper discrete metric space with bounded geometry, and let B be
a C*-algebra. Define C*(X, B), the Roe algebra of ¥ with coefficients in B,
as the closure of locally compact with finite propagation operators in the C*-
algebra of adjointable operators on the right Hilbert B-module ¢?(¥)® ¢ ® B.
Then C*(X, B) is a sub-C*-algebra of Lp({?(X) ® # ® B). This construction
is moreover functorial. Any morphism f : A — B induces in the obvious way a
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C*-algebra morphism fy, : C*(3, A) — C*(X, B). For any C*-algebras A and
B, an analog in the setting of coarse geometry of the Kasparov transformation
has been defined in [11, §2.3] as a natural transformation

os: KK (A, B) - KK.(C*(X2,A),C*(%, B)).
Let (#® B, w,T) be a non-degenerate K-cycle for KK, (A, B). Define then

T = Idp2 ()0 QT acting on the Hilbertian right B-module ((X)®@4' @4 @ B.
The map

LAY A @A) = L(P(B)@ A M B), Tr—T o dres

induces, by restriction and under the identification between L (f2(X) ® 7 ®
A @ B) and Ly (w)op((*(X) @ H# @ H () @ B), a morphism

T:C"(%,A) - M(C*(X, B X ())),
where M (C*(X, B® # (#))) stands for the multiplier algebra of C*(3, B ®
H (). Then
(M(C*(%,B® A (X)), 7, T)
is a K-cycle for KK, (C*(2, A), C*(X, B ())) and hence, under the iden-
tification between C* (X, B £ () and C* (X, B) we end up with an element
in KK,(C*(%,A),C*(%, B)). We obtain in this way a natural transformation
os: KK.(A,B) - KK,.(C*(X2,A),C*(%, B)).
This transformation is also bifunctorial, i.e. for any C*-algebra morphisms
f: A1 — Ay and g : By — By and any element z in KK, (As, By), we have
os(f7(2)) = folos(2)) and  ox(g.(2)) = gn.+(0x(2)).
If z is an element of K K,(A, B), we define
Sx(2) : Ki(CT(2,A4)) = K. (C(X,B)), z— 2 ®c(s,a) 0x(2)
induced by right multiplication by ox(z).
Notice that if
(22) 0—-J—-A—A/J—0

is a semi-split extension of C*-algebras, then C*(X,J) can be viewed as an
ideal of C*(X, A) and we get then a semi-split extension of C*-algebras

(23) 0= C5(2,J) = C*(8,A) — C*(%, A/ J) — 0.

If z is the element of KK;(A/J,J) corresponding to the boundary element
of the extension (22), then Sx(z) : K. (C*(X,A/J)) = K.p1(C*(2,J)) is the
boundary morphism associated to the extension (23).

For a C*-algebra A, let us denote by SA its suspension, i.e.

SA=Co((0,1),4),
by CA its cone, i.e.
CA= {f € CO([Ovl]vA) | f(l) = 0}7
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and by evg : CA — A the evaluation map at zero. Let us consider for any
C*-algebra A the Bott extension

0= SA—CAZ%S A0,

with associated boundary map 04 : K.(A) — K.y1(SA). It is well known that
the corresponding element [04] of K K7(A, SA) is invertible with inverse up to
Morita equivalence the element of K K;(A ® 2 (¢?(N)), SA) corresponding to
the Toeplitz extension

0=+ A®#(*N) - To®A— SA—0.

Lemma 6.3. For any C*-algebra A, the morphism Ss([04]71) is a left inverse
for Ss([04]).

Proof. Consider the following commutative diagram with exact rows:

0—— SC*(8,4A) — CC*(E,A) —— C*(8,4) —— 0

§ | 5
0—— C*(3, SA) —— C*(%,CA) — C*(3, A) —— 0,

where
e the top row is the Bott extension for C* (X, A) with boundary map
o= (x,4) : Ki(C* (X, A)) = K1 (SC* (X, A));
e the bottom row is the extension induced for Roe algebras by the Bott
extension for A with boundary map
Ss([04)) : K.(C*(5, 4)) = Koyt (C*(5, SA));
e the left and the middle vertical arrows are the obvious inclusions.
Consider similarly the commutative diagram

0— C*(3,4) @ 4 (I2(N)) — CC*(Z,A® Ty) — C*(X,SA) — 0

0— C*(2, A) @ H (22(N)) — C*(2, A) @ To — SC*(S, A) — 0,

where

e the bottom row is the Toeplitz extension for C* (X, A);

e the top row is the extension induced for Roe algebras by the Toeplitz

extension for A;

e the left and the middle vertical arrows are the obvious inclusions.
By naturality of the boundary map in the first commutative diagram, we see
that

S:([04]) = g4 0 50*(2,A)7

where 3, : K (SC* (3, A)) = K.(C*(3,SA)) is the map induced in K-theory
by the inclusion j : SC*(X,A) — C*(%,SA). Using now the naturality of
the boundary map in the second commutative diagram, we see that up to
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Morita equivalence, Ss([04]71) o 7« is the boundary map for the Toeplitz ex-
tension associated to C*(3, A) and hence is an inverse for dg«(x; 4y. Therefore,
Ss([04]71) is a left inverse for Sx([04]). O

The transformation Sy, is compatible with the Kasparov product in the
following sense.

Proposition 6.4. If A, B and D are separable C*-algebras, let z be an element
in KK.(A, B) and let 2’ be an element in KK.(B,D). Then we have

Sx»(z®p Z/) = SE(Z/) o0 Sx(2).

Proof. Assume first that z is even. Then according to [4, Thm. 1.6.11], there
exist,

e a (C*-algebra A,
e a morphism v : A; — B,
e amorphism 6 : A; — A such that the associated element [0] in K K, (A;, A)
is invertible,
such that z = v, ([#]~!). By bifunctoriality of the Kasparov product, we have
zop2 =v ()" @p 2 =[0]7 @4, v (2).

Since ox, and hence Sy are natural, we see that Ss([f]~!) is invertible, with
inverse induced by 6y : C*(X, 4;) — C*(X,A). Then using once again the
naturality of Sy, we have

Ss(z®p2')oby . =S8
= Sxn(2')
=Ss () ovs . 0Ss([0] ) obs .
= Sx(2") 0 Se(wu([] 7)) 0 b5«
= 85(2') 0 Sx(2) 0 Os ..

Since Oy, . is invertible, we deduce that Sx(z @p 2') = Sx(2’) 0 Sui(z). If 2’ is
even, we proceed similarly.

If z and 2’ are both odd. Let [9g] be the element of K K;(B,SB) corre-
sponding to the boundary morphism 0p : K.(B) = K,4+1(SB) associated to
the Bott extension 0 =+ SB — CB — B — 0. Then

Su(z®p 7)) = Ss(2 ®p [08] ®s5 [08] " @5 2')

= Ss([0B] 7t @5 #) 0 Sx.(2 @5 [95])

=S5 ([08] ' @5 2') 0 Ss([08]) 0 Sx([08]) ') 0 Ss(z ®5 [05])
=S5 (2) 0 Sx(2),

where the second and the fourth equality hold by the even cases, and the third
equality is a consequence of Lemma 6.3. O

v'(2))

!/
O Vs %

o~ o~ o~ o~

Now let 3 be a discrete metric space with bounded geometry. Let 7 be
a separable Hilbert space and fix a unit vector & in . For any positive
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number s, let Q,x be the operator of Ley(p, ) (Co(Ps(X)) @ 2(X) @ )
defined by

Qs - h)(x,0) = A2 (2) Y AP () (h(z,0"), &) o,
o'ex
where h in Co(Ps(X)) ® £2(X) ® H is viewed as function on Ps(3) x ¥ with
values in 5 (recall that (A )seyx is the family of coordinate functions in Ps(X)).
Then Qs x is a projection of C*(X, Co(Ps(X))). Let B be a C*-algebra. Then
the maps

15 5. KK (P(),B) = K.(C*(X, B)),
2 Qs x] ®c(,00(P.())) 05(2)

are compatible with the maps K, (Ps(X)) — K.(Ps (X)) induced by the inclu-
sion of Rips complexes Ps(X) < Py (X). Taking the inductive limit, we obtain
the coarse Baum—Connes assembly map with coefficients in B,

ps.p im KK, (Py(S), B) = K.(C*(Z, B)).

If s, B« is an isomorphism, we say that ¥ satisfies the coarse Baum-Connes
conjecture with coefficients in B. When B = C, we set 3, , for u$, ¢ ., fi5,+
for ps,c,« and we say that ¥ satisfies the coarse Baum-Connes conjecture if

5 i KL (Py(3)) = K. (C*(2))

is an isomorphism. Recall that if T is a finitely generated group, and if |T'|
stands for the metric space arising from any word metric, then the coarse
Baum-Connes conjecture for |T'| implies the Novikov conjecture on higher sig-
natures for the group I'.

6.5. A geometric assembly map for families of finite metric spaces.
To prove Theorem 6.2, we will need a slight modification of the map vy, 4,
defined by equation (9). Let A = (A;);en be a family of C*-algebras and let
X = (Xp)nen be a family of discrete proper metric spaces. Define A% as the
closure of the set of

2= (za)nen € [ An ® H (2(X,) © )

neN

such that, for some r > 0, x,, has propagation less than r for every integer n.
Then A% is obviously a filtered C*-algebra. When A is the constant family
A; = C, we set C*(X) for AY. According to Lemma 2.14, there exists for
a universal control pair (o, h), any family A = (A;);en of C*-algebras and
any family X = (X, )nen of discrete proper metric spaces, an (¢, h)-controlled
isomorphism

K(A%) = T KulAn @ # (%(X0)))

neN
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induced on the j factor and up to Morita equivalence by the restriction to A%
of the evaluation

[T 4w © (X)) @ ) — Ay © A (E(X;) @ ).
neN
Proceeding as in Corollary 4.9, we see that there exists a universal control pair
(cr, h) such that
o for any family X = (X,,)nen of finite metric spaces,
e for any families of C*-algebras A = (A;);en and B = (B;)ien,
o for any z = (Zi)iEN in HiEN KK*(AZ, Bz)7
there exists an (o, h)-controlled morphism

T2 (2) = (T (2))ocec 0 Ku(AF) = Ku(BF)

that satisfies in this setting the analogous properties to those listed in Corollary
4.9 and Proposition 4.10 for 7% (+). Let us denote by

% (2) KL (AY) = K.(BY)
the morphisms induced in K-theory by 72°(z), i.e.
() 0 157(@) = 57T 0 1 (2) )

for any positive numbers £ and r with € < ﬁ and any z in K°"(AY). Re-
call that for a finite metric space Z and a positive number s, the C*-algebra
C(Ps(Z)) @ ¢ (£?(Z)) inherits a structure of a filtered C*-algebra from the
one on ¥ (¢*(Z)) (arising from the metric on Z). The projection Qs z of
C(Ps(Z2)) @ o (£*(Z)) is defined by

Qs,Z(h)( )\1/2 Z h y’ 1/2 )
z'eZ

for any h in C(Ps(Z)) ® £2(Z) = C(Ps(Z) x Z) where (\;).cz is the family
of coordinate functions of Py(Z), i.e. y = > ., A:(y) for any y in Py(Z).
Then @,z has propagation less than 2s. If we fix any rank-one projection e
in (), for any family X = (X;);en of finite metric spaces, then Q% =
(Qs.x; ® €)ien is a projection of propagation less than 2s in AS, where A is
the family (C(Ps(X;)))ien-

Now we can proceed as in Section 4.7 to define a quantitative geometric
assembly map valued in C*(X). For any ¢ in (0, i), any positive numbers s
and r such that r > rq ., define

ooars HK —)KET(C*( ))

i€N
00,e/a,r/heyq

2Ty ( )([Q?Xvo]s/a,r/he/a)
The family of maps (v """ )o<e<t r>r.. is obviously compatible with the
structure maps of K, (C*( ), ie.
e’ rr’ oo,e,mys _  o0,e s

I ovyl T =Vy
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for0<e<é < i and 75 < r <r’. This allows us to define

v [T E(PUX)) = K.(CH ()
€N
as VX P =" z/f(of "% The quantitative assembly maps are also compatible

with inclusion of Rips complexeb Let

0t [ Ke(Po(X0) = [] K- (P (X))

i€N ieN
be the map induced by the family of inclusions Ps(X;) < Py (X;). Then we

have
OOETS o0,E,T,S

oo
VX * ° qs,s’, I/X *
for any positive numbers ¢, s, s’, and r such that € € (0, %), <S> T e
and thus

V;c'o*s oqg,os/, _VSKO*S
for any positive numbers s and s’ such that s < s'.
Let ¥ be a graph space in the sense of [14], i.e. ¥ = |
is a family of finite metric spaces such that

sen Xi, where (X;)ien
e for any r > 0, there exists an integer N, such that for any integer i, any
ball of radius r in X; has at most N, element;
e the distance between X; and X is at least ¢ 4 j for any distinct integers ¢
and j.
If X, stands for the family (X;);en, we obviously have an inclusion of filtered
C*-algebras jx, : C*(Xs) — C*(2).

Proposition 6.6. Let ¥ be a graph space ¥ = | |;cy X; as above and let s be a
positive number such that d(X;, X;) > s if i # j. Then we have a commutative
diagram

[Ticn Ko(Po(X0)) =5 Ko (CF(Xx)

lN l]xz,*

K. (Py(5) — K.(C*(2)),

where in view of the equality Ps(X) = | |;cy Ps(X;), the left vertical map is the
identification between [ [, Kx(Ps(X;)) and Ki(|J;cn Ps(Xi))-

The proof of this proposition will require some preliminary steps. If A =
(Ai)ien is a family of C*-algebras, we set A% = @, .y Ai. The orthogonal
family (A; @ ((2(X;)®))ien of corners in A® @ (£2(X) @) gives rise to
a one-to-one morphism j4 xy. : A%, = C*(%, A%). Let z = (2;)ien be a family
in [[,cny KK«(A;,C). Recall that we have a canonical identification between
[I,en KK.(A;,C) and KK,.(A®,C). Let Z be the element of KK,(A%, C)
corresponding to z under this identification.
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Lemma 6.7. For any family A = (A;)ien of C*-algebras, any graph space
Y = |lien Xi and any z in [[;cy KK (A;,C), we have a commutative diagram

735,(2)

Ko (AR,) — K. (C"(Ay))

lJA,XE,* lsz,*

KO (5, 4%) 29 g (or ().

Proof. Assume first that z is odd. Let us fix a separable Hilbert space 7. For
each integer 4, let (2, m;, T;) be the K-cycle for K K,(A;,C) representing z;
with m; : A; — L() a representation and T; in L£(5€) satistying the K-cycle
conditions. Let us set

T; + Zd

B
2

and
E;={(z,T) € A; ® L(A) | Pmi(x)P; — T € H (H)}.
We have an inclusion
H(H) = E;, Tw—(0,T)
as an ideal and a surjection
E, — A4;, (z,T)— =z

Up to Morita equivalence, z; induces by left multiplication the boundary mor-
phism of the semi-split extension

0— X (H)— E; — A; —0.

Let £ be the family (E;);cn and set CH for the constant family (¢ (5));en.
Then the extension

0= [[# (7)) 0 2 (X))@ ) = [ B @ 2 ((X:) @ )
i€N €N
= [[4i©x (X)) @#) =0

ieN
restricts to a semi-split extension of filtered C*-algebras:
0 CHy, — &% — A, — 0.

Up to the identification between K,(CH%,.) and K.(C*(Ax)) arising from
Morita equivalence between C and ¢ (), the boundary morphism associated
to this extension is

X5 (2) K (AZ) = K (C7 (X))
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In the same way, let

B = {(@)ien.T) € (D A:) & LEM, )

neN
| (D pimiwan) T e # (M, ) }.
ieN

As before we have a semi-split extension
(24) 0= X (P(N)®H) = E— A% = 0.
Moreover,

Se(2) : Ki(C*(2,A%)) = K1 (C7(D))
is, up to the identification between K, (C*(X)) and K, (C*(Z, # ((2(N)®.57)))
arising from Morita equivalence, the boundary morphism for the extension

0 — C*(Z,. 7 (FP(N)® H#)) = C*(S,E) = C*(Z,A%) = 0

induced by the extension of equation (24). For every integer ¢, there is an
obvious representation of % (# ® (?(X;)) ® E; on the right E-Hilbert module
H @ 1%(X) ® E as a corner which gives rise when i runs through integers to a
C*-morphism jg . : EF. — C*(X, E) such that

Je .45 (CHZ,) © C* (8, 2 ((N) ® ).

We have then a commutative diagram

(25) 00— CHZ, £ 35, ——0

ljé,xz ljé,xz lJAvXE

0 — C*(B, # (12(N) @ ) — C*(%, E) — C*(%, A®) — 0.

The restriction morphism

CHF, 222 07(9, 4 ((2(N) ® H))
is homotopic to the composition
(26) CHRE — CH(S, H(H)) — C* (T, # (12(N) @ ),
where the first map is induced by the obvious representation of
cHs =] # (o @ C(X:) @ /()
i=1

on the J¢ (37)-right Hilbert module ¢ ® (?(X) ® () (each factor acting
as a corner); the second map is induced by the morphism

H(H) = A (PN)@H), r—zrde,

where e is any rank-one projection in ¢ (¢£2(N)). But up to the identification on
one hand between K. (C%S) and K.(C*(Xx)), and on the other hand between
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K.(C*(Z, ¢ (1*(N) @ 5£))) and K.(C*(X)), the morphism of equation (26)
induces in K-theory
Jaes K (CF(Xz)) = K. (C7(%)).

Since in the commutative diagram (25), Sx (%) is the boundary morphism asso-
ciated to the top row and T2 (2) is the boundary morphism associated to the
bottom row, the lemma in the odd case is then a consequence of the naturality
of the boundary morphisms.

If z is even, set

[04] = ([0a.])ien € [] KK.(Ai, SA)
i€N

and

047" = ([04.] Ve € [ KKL(SAi, Ay).

i€N

Let us also define the families SA = (SA;);eny and CA = (CA;);en and set

2 =([04,]7" ®a, zi)ien € HKK*(SAMC)-

ieN

Using the odd case and the compatibility of the transformation T (-) with
Kasparov products, we get that

(27) Jxzx 0 Tg(2) = Jam .« 0 TR (27) © T2 ([04])
= Sxn(2') O JSA,Xs,% O T;?;([GA]).
Under the canonical identifications (SA)® ~ SA® and (CA)® ~ CA®, we
have a commutative diagram

0 SAZ, CAZ, %, 0

lJSA,XE l]CA,XE lJA,xE

0—— C*(%,SA%) —— C*(%,CA®) —— C* (8, A®) —— 0,

where the rows both arise from the family of Bott extensions

Then
Tas([04]) : Ki(AZ,) = K1 (SAF,)

is the boundary morphism for the top row, and
Ss([042]) : Ku(C (8, A7) = K1 (C7 (2, SA%))

is the boundary morphism for the bottom row.
By naturality of the boundary extension, we get that

J5 A5 © Tag ([04]) = Ss([040]) © 14, x5+

Hence, using Proposition 6.4, we deduce from equation (27) that

Jes,x 0 TR2(2) = Ss([042] @ ae 2') © 14 X1
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But using the Connes—Skandalis characterization of Kasparov products, we get

that [040] ® 40 2’ = Z and hence
Iz © Tan(2) = 82(2) 0 Ja,xm - 0
Proof of Proposition 6.6. Let z = (z;);en be a family in

[[ £(P(X0) = [ KE(C(Ps(X0)), C).
i€N ieN
Then under the identification between the groups []
and K K,(Cy(Ps(X)),C) given by the equality

Co(P(5) = @ O(PL(X0)).

€N

ien KEL(C(P5(X5)), C)

we have a correspondence between z and z and hence the commutativity of
the diagram amounts to proving the equality

(28) Su(2)([Qs,2,01) = s« © Tag (2) (@5 as» O])-

Let us consider the family A = (C'(Ps(X;)))nen. Since d(X;, X;) > s if ¢ # j,
we see that jA,XE(QSf’XE) = @Qs,» and hence

S5 (2)([Qs,2,0]) = Su(2) 0 g4 x5« ([Q5xy, 0])-
Equality (28) is then a consequence of Lemma 6.7. O

6.8. Proof of Theorem 6.2. Let X be a discrete metric space with bounded
geometry that satisfies the assumptions of Lemma 6.7. According to [14], we
can assume by using a coarse Mayer—Vietoris argument that ¥ is a graph space
8= Uien Xi-

Let us show that 5 . is one-to-one. Let d be a positive number and let = be
an element in K, (P;(X)) such that px .(z) = 0. Fix € > 0 small enough and
choose a positive number A as in the second point of Proposition 2.4. We can
assume without loss of generality that d(X;, X;) > d if i # j. Then Py(X) =
|l;cn Pa(X;) and up to the corresponding identification between K. (Py(X))
and [ ],y K« (Pa(Xi)), we can view x as a family (2;)ien in [[;cn K« (Pa(X5)).
According to Proposition 6.6, we get that

.d
J X5, © V?VO)L*(x) =0.
If we fix » > rq,, then we have

oo, d __ e,r 00,e,r,d
JX5,% O Vg o = Jxs,x O b OVyxy
_ e e,r 00,¢e,r,d
= Ly OJXE7* ° Xy, *
Hence according to the second point of Proposition 2.4, there exists 7’ > r

such that
e, r’ oo, e, ', d .
Jxg,+ © Vg « (z) =0.
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Therefore, replacing Ae by € and r’ by r, we see that there exist ¢ in (0, i) and
a positive number 7 such that

P o VA (2) = 0.

We can also assume without loss of generality that d(X;, X;) > rif i # j and
hence

Vo (x) =0in K27 (C*(Xy)).

Using the controlled isomorphism between the groups IC.(C*(Xyx)) and
[Tien Ki (U (£2(X5))), we see that up to rescaling € and 7, we can assume
that

v (@) = 0 in K7 (A (C2(X)))

for every integer 7. Let then d’ > d be such that QIx .(d,d’,r ) is satisfied
for every finite subset X of 3. We have then gq,q4 «(z;) = 0 in K, (Pg(X;))
for every integer i and therefore ¢s o () = 0 in K. (Pg(X)). Hence px . is
one-to-one.

Let us prove that uy . is onto. Let z be an element in K,(C*(X)) and
fix ¢’ small enough. Then for some positive number 7', there exists ¢’ in
K" (C*(X)) such that z =" (y). Pick ¢ in [¢/,1), d a positive number
and r > 7/ such that QSx .(d,r,r, &', €) holds for any finite subset X of 3. We
can assume without loss of generality that d(X;, X;) > r and d(X;, X;) > d if
i # j. Then there exists an element y in K5 " (C*(Xx)) such that

Txi () =y
For every integer i, let y; be the image of y under the composition
KT (O (X)) = K27 (A (X)) 0 ) — K7 (A (X)),

where

e the first morphism is induced by the restriction to C*(Xs) of the ith pro-
jection [T, o H ((2(Xn) @ ) — A (2(X;) @ H);

e the second morphism is the Morita equivalence.

For every integer 4, there exists z; in K, (Py(X;)) such that
VT () = T ()

Set then & = (7;)ien in [[;c K«(Pa(X5)). Then V;oz’i (z) = 12" (y) and hence
according to Proposition 6.6 and under the identification between K, (FPy(X))
and [[;cn K« (Pa(X53)), we get that

d e,r

15,4 (1) = g £ (127 () = 127 (W) = 2.

Hence s « is onto.
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