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Abstract. We enlarge the category of bornological coarse spaces by adding transfer mor-
phisms and introduce the notion of an equivariant coarse homology theory with transfers.
We then show that equivariant coarse algebraic K-homology and equivariant coarse ordinary
homology can be extended to equivariant coarse homology theories with transfers. In the
case of a finite group, we observe that equivariant coarse homology theories with transfers
provide Mackey functors. We express standard constructions with Mackey functors in terms
of coarse geometry, and we demonstrate the usage of transfers in order to prove injectivity
results about assembly maps.
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1. INTRODUCTION

In order to capture the large scale and the local finiteness behavior of met-
ric spaces, groups, and other geometric objects, the category BornCoarse of
bornological coarse spaces with proper controlled maps as morphisms was in-
troduced in [3]. In the present paper we will work in the equivariant situation.
So let G be a group and GBornCoarse denote the category of G-bornological
coarse spaces [4, Section 2]. Further, let C be a cocomplete stable oo-category.
Following [4, Section 3], an equivariant C-valued coarse homology theory is a
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functor
FE: GBornCoarse — C

which satisfies four axioms:
(i) coarse invariance,
(ii) excision,
(iii) vanishing on flasques,
(iv) and u-continuity.
In [4, Def. 4.9], we construct a universal G-equivariant coarse homology theory
0°: GBornCoarse — GSpX

whose target is the presentable stable co-category of equivariant coarse mo-
tivic spectra. Any other equivariant coarse homology theory factorizes in an
essentially unique way over the universal example Yo®. More precisely, pre-
composition with Yo® induces an equivalence from the oo-category

Fun®'™(GSpX, C)

of colimit-preserving functors to the oco-category of C-valued equivariant coarse
homology theories [4, Cor. 4.10].

The main goal of the present paper is to add transfers as a new type of
morphisms between bornological coarse spaces and to show that important ex-
amples of coarse homology theories admit transfers. We will furthermore con-
struct the universal equivariant coarse homology theory with transfers. To this
end, we enlarge the category GBornCoarse of G-bornological coarse spaces to
the category GBornCoarse, of G-bornological coarse spaces with transfers
(see Section 2.23).

Given a G-set I and a G-bornological coarse space, we can form the G-
bornological coarse space Inin,min @ X (see [4, Ex. 2.17]), or equivalently, the
bounded union ]_[ p IX of I COpleb of X (Definition 2.51). If ¢ is a G-fixed
point in I, then j;: X — ]_[ <1 X denotes the inclusion of the component with
index ¢ which is a morphism in GBornCoarse. In general, if ¢ is not fixed
by G, then we can consider this morphism after forgetting the G-action.

By design (see Definition 2.27), GBornCoarsey, contains a transfer mor-
phism

tI‘X,I: X — Imin,min 2y Xa

which morally is the sum ), j; of the inclusion morphisms. It will actu-
ally turn out that GBornCoarse;, is semi-additive and therefore enriched in
commutative monoids. If I is finite and has the trivial G-action, then

trx 5= Zji
il
is a literally true identity in GBornCoarse;,. But transfers are most inter-
esting in the case of infinite sets I.

If F is an equivariant coarse homology theory, then the construction of
an extension of £ to GBornCoarsey, should be guided by the idea that the
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morphism
E(trXJ) : E(X) — E(Imin,min oy X)

places identical copies of a cycle for E(X) on each component of the bounded
union.

The projection Iin,min ® X — X is a controlled and bornological map, but
not a proper map and therefore not a morphism of bornological coarse spaces.
It is an example of a bounded covering, a notion which we will introduce in
the present paper. The category GBornCoarse, will be defined by adding
wrong-way maps for all bounded coverings.

On the technical level, we use spans to construct GBornCoarse;, as a
oo-category (see Section 2.23). We further construct an embedding

t: GBornCoarse — GBornCoarsey,

(see Definitions 2.25 and 2.35).
Let C be a stable cocomplete oco-category.

Definition 1.1. A C-valued equivariant coarse homology theory with transfers
is a functor

F: GBornCoarse;, — C

such that
F ot: GBornCoarse — C

is a C-valued equivariant coarse homology theory.

By excision, an equivariant coarse homology theory with transfers preserves
coproducts and is therefore an additive functor from GBornCoarsey, to C.

Definition 1.2. We will say that a C-valued equivariant coarse homology
theory E admits transfers if there exists a functor

FEi,: GBornCoarse;, — C
such that Fi, 0t~ FE.

The condition that a coarse homology theory E admits transfers is used
in order to show a version of the coarse Baum—Connes conjecture for E and
scalable spaces [2, Section 10.3]. Furthermore, the existence of transfers is an
important ingredient in [7] where we show that G-equivariant finite decompo-
sition complexity of X implies that a certain forget-control map E(f8x) is an
equivalence.

In analogy with the universal equivariant coarse homology theory, we will
construct the universal equivariant coarse homology theory with transfers

Yo;,: GBornCoarse;, — GSp&},.

Let C be a stable, cocomplete co-category. The next proposition is true by
design of Yoy, .
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Proposition 1.3 (Proposition 2.59). Precomposition with Yog, induces an
equivalence from the oo-category

Fun®'™(GSpX,,, C)

to the oco-category of C-valued equivariant coarse homology theories with trans-
fers.

In the present paper we consider the following examples of equivariant coarse
homology theories:

(i) equivariant coarse ordinary homology HX%;
(ii) equivariant coarse algebraic K-homology K AX® of an additive cate-
gory A with a strict action of G.

Their construction is given in [4, Section 7 and 8]. In this paper we are inter-
ested in the existence of transfers.

Theorem 1.4. The equivariant coarse homology theories HXC and KAX®
admit transfers.

The assertions of the theorem are shown in Section 3. The case of algebraic
K-theory is actually quite involved and relies on the preparations in Section 3.1.

In the final Section 4, we show that for a finite group G, a C-valued equi-
variant coarse homology theory E admitting transfers gives rise to a C-valued
Mackey functor which will be denoted by EM.

If V is a finite-dimensional orthogonal representation of G, then we can
express the delooping of EM along the representation sphere S(V) in terms
of the equivariant coarse homology Ey obtained from E by twisting with V,
where V' is considered as a G-bornological coarse space. More precisely, we
show the following.

Proposition 1.5 (Propostion 4.15). We have a canonical equivalence of C-
valued Mackey functors

S(V)oo A EM ~ Ey M.

In [6] we use transfers in order to prove injectivity results for assembly maps.
In the present paper we demonstrate this method in the simple case of a finite
group G. Consider, for example, the family of solvable subgroups Sol. Let
GOrb be the orbit category and let Ggo1Orb be its subcategory of orbits with
stabilizers in Sol. We consider a cocomplete and complete stable co-category
C and a functor E: GOrb — C. The following theorem is a special case of
Theorem 4.22.

Theorem 1.6. If E extends to a C-valued Mackey functor, then the assembly
map

(1) L Colim  B(T) 5 E(+)

1s split injective.
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2. EQUIVARIANT COARSE MOTIVES WITH TRANSFERS

For an introduction to G-bornological coarse spaces and the associated mo-
tives, we refer to [3, Sections 2-4] and to [4, Section 2]. In the present section
we will discuss the new aspects related to transfers.

In order to incorporate transfers for equivariant coarse homology theories,
we introduce the co-category GBornCoarsey, of G-bornological coarse spaces
with transfers in Section 2.23. To this end, we introduce in Section 2.1 the no-
tion of a bounded covering which appears in the definition of the morphisms in
GBornCoarsey,. In Section 2.37 we introduce the corresponding co-category
of coarse motivic spectra with transfers, and in Section 2.56 we discuss equi-
variant coarse homology theories with transfers.

2.1. Bounded coverings and admissible squares. In particular, the oco-
category GBornCoarse, contains for all G-sets I transfer morphisms

tI'X,I: X — Irnin,rnin ® X.

The projection to the second factor from Ipnin min ® X to X is a morphism of
the underlying G-coarse spaces, but it is in general not proper and therefore
not a morphism in GBornCoarse. The transfer is a kind of wrong-way map
for this projection.

In this section we will introduce for G-bornological coarse spaces W and X
the notion of a bounded covering from W to X, which generalizes the projec-
tion onto the second factor discussed above. By construction, the homotopy
category of GBornCoarsey, will have transfer maps tr,: X — W for all
bounded coverings w from W to X, see the Definition 2.26.

We start with recalling some basic definitions from coarse geometry.

Definition 2.2.

(i) A G-coarse space is a pair (W, Cy) of a G-set W and a coarse structure
Cw such that Cy is G-invariant and the set of invariant entourages C%
is cofinal in Cyy.

(ii) If (W,Cw) and (W' Cw/) are G-coarse spaces and f: W — W' is
an equivariant map between the underlying G-sets, then f is called
controlled if for every U in Cy, we have (f x f)(U) € Cw.

(iii) By GCoarse we denote the category of G-coarse spaces and G-equiv-
ariant controlled maps.

The category GCoarse is complete and cocomplete by [4, Prop. 2.18 and 2.21].
Moreover, we have a forgetful functor GBornCoarse — GCoarse which pre-
serves coproducts and which sends the symmetric monoidal structure ® on
GBornCoarse to the product in GCoarse.

Let W be a set, U be a subset of W x W, and A be a subset of W.
Definition 2.3. The U-thickening of A is defined by
UJA] := {w € W | there exists a € A : (w,a) € U}.
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Let W be a coarse space with coarse structure Cyy. Then the union
Ry:= |J U
UeCw
of all coarse entourages of W is an equivalence relation on W. Using this
equivalence relation, we introduce the following notions.
Let A and B be subsets of .
Definition 2.4.

(i) The coarse closure [A] of A is the closure of A with respect to the
equivalence relation Ryy.
(ii) If A = [A], then A is said to be coarsely closed.
(iii) A and B are coarsely disjoint if [A] N [B] = @.

If A is a subset of W, then using Definition 2.3, we have
A= J vlAl
UeCw

Let W be a coarse space with coarse structure Cyy .

Definition 2.5.

(i) The equivalence classes of W with respect to the equivalence relation
Ry are called the coarse components of W.
(ii) The G-set of coarse components of W will be denoted by mo(WW).

In the following we discuss various ways to construct G-coarse spaces.
Let W be a set and @ be a subset of P(W x W).

Definition 2.6. The coarse structure C{Q) generated by @ is the smallest
coarse structure on W containing the set Q.

If W is a G-set and @ consists of G-invariant subsets, then C(Q) is a G-coarse
structure.
Let U be a G-invariant entourage on a G-set W.

Definition 2.7. We let Wiy denote the G-coarse space (W, C({U})).

Let W be a G-set. An equivariant partition of W is a partition (W;);cr such
that I is a G-set and gW; = Wy, for all ¢ in I and ¢ in G.

Let W be a G-set and let W := (W;);e; be an equivariant partition. Then
we consider the invariant entourage

(2) UWw) = | |w; xw;
il
on W. Note that we have a canonical equivariant bijection
WQ(WU(W)) ~]J.

Assume now that W is a G-coarse space with coarse structure C and with an
equivariant partition W := (W;);e;.
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Definition 2.8. We define the G-coarse structure C(W) on W by
COW)=C{UnUW) |U eC}).

Finally, let W be a G-set, let U be a G-coarse space with coarse structure Cys,
and let w: W — U be an equivariant map of sets.

Definition 2.9. The induced coarse structure w™'Cy on W is the maximal
coarse structure on W such that the map w is controlled.

Note that w™1Cp is a G-coarse structure and explicitly given by
wCy = C{{(w™ ! xw N (E) | E € Cy}).

We now turn to the definition of the notion of a bounded coarse covering.
Let w: W — U be a morphism of G-coarse spaces with coarse structures Cy
and Cy, respectively. Let W := mo(W) be the partition of W into coarse
components.

Definition 2.10. We say that w is a bounded coarse covering if the following
conditions are satisfied:

(i) (w™'Cy)(W) = Cw (see Definition 2.9 and Definition 2.8).
(ii) For every Wy in mo(W), the map wyw,: Wo — w(Wp) is an isomor-
phism between coarse components (see Definition 2.5).

Let w: W — U and u: U — V be bounded coarse coverings between G-
coarse spaces.

Lemma 2.11. The composition uow: W — V 1is a bounded coarse covering.

Proof. We let U be the partition of U into coarse components. Then we have
the following equalities:

3)  ((wow)"Cy)(W) = (w™ ! (u™"Cv))(W)
= (™ (™ 'C)U)) W) = (W™ Co)(W) = Cw.

Here we use that the decomposition w~'U of W is coarser than the decomposi-
tion W for the second equality, and the assumption that v and w are bounded
coarse coverings for the third and the last equalities.

If Wy is a coarse component in W, then w maps it isomorphically to a coarse
component Uy of U, and v maps Uy isomorphically to a coarse component in V.
Hence u o w maps Wy isomorphically to a coarse component in V. O

We consider a cartesian diagram

f
W ——U
v—2s2z

in GCoarse.
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Lemma 2.12. If u is a bounded coarse covering, then w is a bounded coarse
covering.

Proof. Recall that the coarse structure Cy of the space W is generated by
entourages of the form w=1(A) N f~(B) for entourages A in Cy and B in Cy,
and that the coarse structure w=!(Cy)(W) is generated by entourages of the
form w=1(A)NU (W) for entourages A in Cy. Here W := (W) is the partition
of W into coarse components.

Let U := mo(U). Given an entourage A in Cy, define B := u~!(g(A))NU U),
which is an entourage in Cyy. Then we get f~1(B) = w=(A) N f~Y(UU)).
Because U(W) is contained in f~1(U(U)), we have

W (4) NUW) CwH(A) 0 FHOM) = 7AB),
and hence w1 (Cy)(W) is contained in Cyy .

On the other hand, the inclusion Cyr € w1 (Cy)(W) is clear.

Let Wy be a coarse component in W. We first show that w(Wp) is a coarse
component of V. There exists a coarse component Uy in U such that f(Wp) C
Up. We consider a point a in [w(Wy)], and we must argue that a € w(Wp).
Since g(a) and g(w(Wy)) are in the same coarse component of Z, we have g(a) €
[u(Up)]. Since u)y, : Up — u(Up) is an isomorphism of coarse components, there
exists b in Uy with g(a) = u(b). The pair (a,b) uniquely determines a point ¢
in W. By the choice of a, there exists a point ¢y in Wy such that {(a,w(cp))}
is an entourage of V' and

(c,c0) € w™ ({(a, w(co))})-

Since f(co) € Up and Uy is a coarse component, {(b, f(co))} is an entourage

of U. Then
(e;c0) € FHH(B, fco))})-

Since the square is cartesian, the coarse structure Cyy of the space W is gener-
ated by entourages of the form w=1(A) N f~(B) for entourages A in Cy and
B in Cy, and therefore {(c, o)} is an entourage of W. Since Wy is a coarse
component and ¢y € Wy, we see that ¢ € Wy. Hence a = w(c) € w(Wp). This
finishes the verification that w(Wy) is a coarse component.

We show that for every coarse component Wy of W, the map wy,: Wo —
w(Wp) is an isomorphism of coarse components. We first show that wy, is
injective. Consider two points wg and wy in Wy with w(wg) = w(wy). Since
urwe): Lf (Wo)] — u([f(Wp)]) is an isomorphism, we get f(wo) = f(w1).
Since the square is cartesian, this implies wg = ws.

We already know that Cyy = w1 (Cy)(W). Because W) is a coarse compo-
nent of W, this implies Cy N (Wy x Wy) = w*(Cy) showing that wyy, is an
isomorphism of coarse components.

We consider a map between sets equipped with bornological structures.

Definition 2.13. (i) The map is called bornological if it sends bounded
subsets to bounded subsets.
(ii) The map is called proper if preimages of bounded subsets are bounded.
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Definition 2.14. Let GBornCoarse be the category whose objects are G-
bornological coarse spaces, and morphisms are morphisms between the under-
lying G-coarse spaces.

The forgetful functor GBornCoarse — GCoarse is an equivalence of cat-

egories. Therefore GBornCoarse has all small limits and colimits.
For spaces X and Y in GBornCoarse it makes sense to require that a

morphism X — Y in GBornCoarse is proper or bornological, or both, as an
additional property.
We consider two G-bornological coarse spaces X and Y and a morphism

u: X — Y in GBornCoarse.

Definition 2.15. We say that u is a bounded covering if the following condi-
tions are satisfied:

(i) wis a bounded coarse covering (see Definition 2.10).
(ii) u is a bornological map (see Definition 2.13 (i)).
(iii) For every bounded subset B of X, there exists a finite, coarsely dis-
joint partition (Bg)aca of B such that wp,j: [Ba] — [u(Ba)] is an
isomorphism of coarse spaces (see Definitions 2.2 and 2.4).

Condition 2.15 (iii) gives that we have isomorphisms of coarse spaces
wu(B.): UlBa] = u(U[Ba))

for all coarse entourages U of X, see Definition 2.3. If X has the property
that a bounded set meets at most finitely many coarse components, then Con-
dition 2.15 (iii) is automatically satisfied. But it becomes relevant if bounded
sets can meet more than finitely many coarse components.

Let X, Y, W and U be G-bornological coarse spaces and let w: X — Y and
u: W — U be bounded coverings. Note that the coproduct in GBornCoarse

is also the coproduct in GBornCoarse and therefore we can form the mor-

phism wlUwu: X UW — Y UU in GBornCoarse, where the coproduct of the
spaces is understood in GBornCoarse. Similarly, the underlying G-coarse
space of the tensor product in GBornCoarse is the product of the under-
lying/C_v':g)arse spaces. Hence we have a map w X u: X W — Y ® U in

GBornCoarse. The following lemma follows directly from the definitions.

Lemma 2.16. The mapswUu: XUW =Y UU andwxu: X QW =Y U
are bounded coverings.

Proof. The case of w U u is obvious.

We consider the case of w x u. Let us first verify Condition 2.15 (i), i.e.,
that w x u is a bounded coarse covering. Indeed, we have the following chain
of equalities:

(w x u) " Cyau)(mo(X @ W)) = ((w x u)~H{Cy x Cy))(m(X ® W)
= (w™ ! (Cy) x u”H(Cv))(mo(X @ W)
= (W™ (Cy) x u™ (Cv)) (mo(X) x mo(W))

Minster Journal of Mathematics VoL. 13 (2020), 353-424



362 ULRICH BUNKE, ALEXANDER ENGEL, DANIEL KASPROWSKI, CHRISTOPH WINGES

= (W™ (Cy)(mo(X)) x u™" (Cu)(mo(W)))
= <CX X Cw>

=Cxgw-

Moreover, every coarse component Zy of X ® W is of the form Xy x Wy
for coarse components Xy of X and Wy of W and both w|yx, and wuy, are
isomorphisms between coarse components by assumption. Hence (w x u)|z, is
an isomorphism of coarse components.

Conditions 2.15 (ii) and 2.15 (iii) easily follow from the fact that the bornol-
ogy on X ® W is generated by Bx X By . O

Example 2.17. Let X be a G-coarse space and I a G-set. Then we can form
the product Inin X X in G-coarse spaces, where I, is the G-coarse space with
underlying G-set I and the minimal coarse structure. The projection onto the
second factor pry: Imin X X — X is a bounded coarse covering. If X is a
G-bornological coarse space, then pr, is a bounded covering of G-bornological
coarse spaces from Inin,min ® X to X, where Iiin min carries the minimal coarse
and bornological structures.

More generally, assume that X is a G-coarse space and I — I’ a map of G-
sets. Then the induced map Iimin x X — I/, X X is a bounded coarse covering.
If X is a G-bornological coarse space, then Inin min ® X — Il’nimmin ® X is a
bounded covering.

Example 2.18. Let X be a G-bornological coarse space with bornology B
and assume that B’ is a compatible G-bornological structure such that B’ C B.
Then we consider the G-bornological coarse space X’ obtained from X by
replacing B by B’. Then the identity map of the underlying sets is a bounded
covering X’ — X. Indeed, the identity is clearly a bounded coarse covering.
Condition 2.15 (iii) is also satisfied (even for arbitrary subsets in place of B and
for the trivial partition). Finally, the identity is bornological, since B’ C B.

We consider G-bornological coarse spaces X, Y and Z, and bounded cover-
ingsu: X =Y andv: Y — Z.

Lemma 2.19. The composition vou: X — Z is a bounded covering.

Proof. By Lemma 2.11, we know that v o u is a bounded coarse covering.
Furthermore, as a composition of bornological maps it is bornological.

Let B be a bounded subset of X and let (Bg)aca be a finite, coarsely
disjoint partition such that wp, : [Ba] — [u(B,)] is an isomorphism of coarse
spaces. For every a in A, let (Cy ;)icr, be a finite, coarsely disjoint partition of
u(B,) such that vjic, ,1: [Cai] = [v(Ca,)] is an isomorphism of coarse spaces.
Note that this partition exists since u(B,) is bounded in Y. Then we set
B = u"!(Cq;) N By and observe that ((Ba,i)icr, Jaca is a finite, coarsely
disjoint partition of B such that (v o u)p, ,j: [Ba: — [(vou)(Bas)] is an
isomorphism of coarse spaces. O
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We consider G-bornological coarse spaces W, U,V and Z, and a diagram

(4) w— U
1]
v,z

in GBornCoarse.

Definition 2.20. The square (4) is called admissible if the following conditions
are satisfied:
(i) The square (4) is cartesian.
(i) g is proper and bornological.
(iii) f is proper and bornological.
(iv) u is a bounded covering.

Note that Condition 2.20 (i) is equivalent to the condition that the under-
lying square of (4) in GCoarse is cartesian.

Lemma 2.21. If the square (4) is admissible, then w is a bounded covering.

Proof. The map w is a bounded coarse covering by Lemma 2.12.

Moreover, w is bornological. Indeed, let B be a bounded subset of W. Then

we have

w(B) € g~ (u(f(B)))-
Since f and u are bornological and g is proper, we see that g~ (u(f(B))) and
hence w(B) are bounded.

We finally verify Condition 2.15 (iii). Let B be a bounded subset of W. Then
f(B) is bounded in U since f is bornological. Let (C,)qc4 be a finite, coarsely
disjoint partition of f(B) such that uc,): [Ca] — [u(C4)] is an isomorphism
of coarse spaces for every a in A. We define B, := f~1(C,)NB. Then (Bgy)aca
is a finite, coarsely disjoint partition of B. It suffices to show that for every a
in A, the map wyp,: [Ba] — [w(Bg)] is injective since w is a bounded coarse
covering and therefore an isomorphism on each coarse component of W. Let
b,b' be points in [B,] and assume that w(b) = w(b'). Then u(f (b)) = u(f(b")).
Since f(b), f(b') € [Ca] and ujic,) is injective, we conclude that f(b) = f(b').
Since the square (4) is a pullback of sets, this implies b = ¥'. O

We consider G-bornological coarse spaces U, V, Z and a diagram

(5) u

b

V——7

in GBornCoarse such that g is proper and bornological and u is a bounded
covering.
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Lemma 2.22. There exists an extension (W,w, f) of (5) to an admissible
square (4).

If (W' w', f') is a second admissible extension, then there exists a unique
isomorphism of G-bornological coarse spaces ¢: W — W' such that

V%W%U

| L

V%W’—)U

commutes.

Proof. We choose an object W which represents the pullback V' xz U in

GBornCoarse, and we can assume that W has the bornology By := f~'By.
This is an extension (W, w, f) of (5) to an admissible square.

Because W is a pullback in GBornCoarse, it is unique up to unique isomor-

phism in GBornCoarse. This provides us the map ¢ which is an isomorphism

in GBo;r_l\a)arse. Since the maps f: W — U and f': W' — U are proper and
bornological, the map ¢ is an isomorphism of G-bornological coarse spaces. [J

2.23. The category GBornCoarse;,. In this section we first introduce the
category Ho(GBornCoarse,) of G-bornological coarse spaces with transfers.
It contains the category GBornCoarse of G-bornological coarse spaces as a
subcategory such that the inclusion

(6) t: GBornCoarse — Ho(GBornCoarsey;)

is a bijection on objects. We then define the oco-category GBornCoarse,
which models the ordinary category Ho(GBornCoarsey,) as its homotopy
category as indicated by the notation. Finally, we discuss some basic properties
of these categories.

Let X and Y be a G-bornological coarse spaces.

Definition 2.24. A span (W, w, f) from X to Y is a diagram

N

in GBornCoarse (see Definition 2.14) subject to the following conditions:

(i) f is a morphism in GBornCoarse which is, in addition, bornological
(see Definition 2.13).
(ii) w: W — X is a bounded covering (see Definition 2.15).
We use double-headed arrows in order to indicate which map is a bounded
covering.
An isomorphism between spans (W, w, f) and (W', w’, f') is defined to be
an isomorphism of G-bornological coarse spaces ¢: W — W' such that the
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diagram

(7) X2 W——=Y

in GBornCoarse commutes.

We define! Ho(GBornCoarsey,) as the category whose objects are G-
bornological coarse spaces and whose morphisms are isomorphism classes of
spans. Morphisms in the category Ho(GBornCoarsey,) are called general-
ized morphisms of G-bornological coarse spaces.

The composition (U,w owu,g o h) of the spans (W, w, f) from X to Y and
(V,v,g) from Y to Z is determined by the choice of a span (U, u, h) such that
the square in the diagram

(8) U
F N
w 14
y \fl Q% X
X Y Z
is admissible (Definition 2.20).

Compositions in the category Ho(GBornCoarse,) always exist and are
well-defined by Lemmas 2.21 and 2.22.

Definition 2.25. We define the embedding
v: GBornCoarse — Ho(GBornCoarsey;)

as follows:

(i) It is given by the identity on objects.
(ii) It sends the morphism f: X — Y to the generalized morphism repre-
sented by the span

X
2N
X Y,

where X is the G-bornological coarse space obtained from the space
X by replacing its bornology by the bornology f !By, the right leg is
induced by f, and the left leg is induced by the identity of underlying
coarse spaces.

Later we define a oo-category GBornCoarseiy, whose homotopy category is
Ho(GBornCoarse;) justifying this notation, see Lemma 2.32.
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Note that f in Definition 2.25 is proper and bornological by construction.
The bornology f~ !By on X is compatible with the coarse structure of X,
because f is controlled. Since f is proper, the left leg is bornological. The left
leg is a bounded covering by Example 2.18. It is easy to see that the inclusion
t: GBornCoarse — Ho(GBornCoarsey,) is a functor.

We will denote the generalized morphism represented by the span (W, w, f)
by [W,w, f]. For a G-bornological coarse space X in GBornCoarse, we will
use the symbol X also to denote the object ¢(X) of GBornCoarsey,. Further-
more, for a morphism f in GBornCoarse, we will keep the short notation f
for the generalized morphism «(f) = [X,id, f].

Let W and X be G-bornological coarse spaces and let w: W — X be a
bounded covering.

Definition 2.26. The morphism
try = Ww,idw]: X = W
in Ho(GBornCoarsey,) is called the transfer for w.

We will, in particular, need the following special case. Let X be a G-
bornological coarse space and let I be a G-set. By Example 2.17, the projection
onto the second factor

u: Imin,min RX =X

is a bounded covering.
Definition 2.27. The generalized morphism

trx,r = [Iminmin ® X, %,1d7, nimex]: X = Ininmin ® X
is called the transfer for I.

We define now a oco-category GBornCoarsey;, which models the ordinary
category Ho(GBornCoarsey,) introduced in Definition 2.24 as its homotopy
category.

Recall Definition 2.14 of the category GBornCoarse. /Vy_e/will describe

GBornCoarsey, as a simplicial subset of Homcat (Tw, GBornCoarse), where
Tw: A — Cat denotes the cosimplicial category with Twn] the twisted ar-
row category of the poset [n]. Our approach is similar to the construction of
the effective Burnside category of a disjunctive triple in [1], but it is formally
not a special case.

Remark 2.28. In this remark we recall the definition of Tw, see also [10,
Section 2] or [1, Section 2], and provide an explicit description of Fun(Tw, C)
for a small category C.

First of all Tw is the functor (compare [10, Ex. 2.4])

Tw: A — Cat, [n]+— Twin],
where Tw/n] is the poset of pairs of integers (i,7) with 0 < i < j < n such
that (i,7) < (i/,5') if and only if ¢ <4’ < j/ < j. If o: [n] — [m] is a morphism
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in A, then we define the morphism
Tw(o): Twln] - Twlml, (i,5) — (o(i). o (j).
For a category C, we now obtain the simplicial set
Homcgat (Tw, C): AP — Set.

In the following, we will use the following notation for the data of an n-simplex
X in Homga¢(Tw, C). We write X; ; for the image under X of the pair (4, j)
in Tw(n], and we use the shorthand X; instead of X; ;. We will, furthermore,
only depict the morphisms X; ; — X,/ ;- if (4,7) and (¢, j') are adjacent, i.e.,
ifi=4and 7 +1=jori =¢+1and j = 5. Note that these morphisms
(i,7) = (i’,7’) generate all morphisms in Tw|n].

Definition 2.29. The simplicial set GBornCoarse;, is defined to be the

subset of Homcat(Tw, GBornCoarse), whose n-simplices X satisfy the fol-
lowing:
(i) For every object (,7) in Tw[n| with j > 1, the morphism X;; —
X j—1 is a bounded covering.
(i) For every object (i, ) in Tw[n] with ¢ <n — 1, the morphism X; ; —
Xit1,5 is proper and bornological.
(iii) For every object (i,7) with 1 <14 < j <n — 1, the square

Xic1,j401 — Xijm1

]

Xic1,j —— Xi
is admissible.

Here we use double-headed arrows in order to indicate which maps are
bounded coverings.

In the following we describe the 3-skeleton of GBornCoarset, in terms of
pictures. These pictures are very helpful in order to see the verification of the
horn-filling conditions in the proof of Lemma 2.31, but also for understanding
the proof of Lemma 3.2.

(i) The O-simplices of GBornCoarsey, are the objects of GBornCoarse.
(ii) 1-simplices of GBornCoarse;, are spans (see Definition 2.24)

Xo,1

VRN

Xo X;.

The two faces of this one-simplex are Xy and X;.
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(iii) 2-simplices are diagrams

Xo,2

Xo,1 1,2

/ N

XO X]_ X?a

/N
N/

where the square is admissible. The three faces are

X1,2 Xo,2 Xo,1
X1 X2 XO XQ X() Xl

(iv) 3-simplices are diagrams

/\/

/
/\ \
/\/ /

where again all squares are admissible. Its faces are

\
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Xo,3

Xo, Xa3

/N
/

N\
N
/

Xo Xo X3,

Xo,3

Xo1 Xi3

7N\
/

N\
N\
/

XO X1 X37

Xo,2

XO,l XLQ

7N\
/

N\
N\
/

XO Xl XQ.
Lemma 2.30. The simplicial set GBornCoarsey, is 2-coskeletal.

Proof. We observe that the data of an n-simplex is given by the collection of
data of all 2-simplices in the n-simplex. Hence the restriction map

Homgget (A", GBornCoarse;,) — Homgget (A’%Q ,GBornCoarsey,)

is an isomorphism for all n > 3, where A%Q denotes the 2-skeleton of A™. O

Lemma 2.31. The simplicial set GBornCoarsey, is a co-category.

Proof. We must check the inner horn filling condition.
(i) The image of A? in A? has the form

Xo.1 Xip
Xo X4 Xo.

By Lemma 2.22, it has a filling.
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(i) The image of A3 in A® is the bold part of the following diagram:

1,3

/
/\/\
\/\/

/ AN

We first get the dotted arrow using the cartesian property of the square So.
We further know that the squares Sy, Sy + Si2 and Sy are admissible. We
must /s@ that Sp2 is admissible. Since Sy + Si2 and Sg/@ cartesian in
GBornCoarse, we conclude that Si5 is cartesian in GBornCoarse. Since
the maps X153 — X233 and Xo3 — X2 3 are bornological and proper, also
the map Xy 3 — Xi,3 is bornological and proper. This implies that Sis is
admissible.

A similar argument applies to the inclusion of A into A3.

(iii) Since every inner horn A} for n > 4 already contains the full 2-skeleton,
it is fillable by Lemma 2.30. g

3.

The following lemma justifies the choice of notation Ho(GBornCoarse,)
for the category introduced in Definition 2.24.

Lemma 2.32. The category Ho(GBornCoarsey,) is canonically equivalent
to the homotopy category of GBornCoarsey; .

Proof. The equivalence is given by the functor described as follows:

(i) The functor is the obvious bijection on objects.
(ii) The functor sends the class [W, w, f] of spans from X to Y to the class
of (W,w, f) in the homotopy category of GBornCoarsey,.

We first argue that the functor is well defined on morphisms. If ¢: (W, w, f)
— (W', w', f') is an isomorphism between spans, then we can consider the

diagram
%
\ .

which provides a homotopy between the morphisms (W, w, f) and (W', w’, f’)
in the left mapping space HoméBmmCom,Setr (X,Y).

idy

\/
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One easily checks the compatibility with composition, so that we have a
well-defined functor. It is, furthermore, obvious that the functor is full.
On the other hand, homotopies of spans in the left mapping space

L
I_IOInGBornCoarsetr (X7 Y)

are precisely of the above form. Because ¢ is a pullback of an isomorphism, ¢
defines an isomorphism of spans. This shows that the functor is also faithful.
This completes the proof. ([

Remark 2.33. A higher categorical refinement of GBornCoarsey, can also be
obtained in the form of a bi-category GBornCoarseE’ri. Since GBornCoarse
admits fibre products, we can form the bi-category Span(GBornCoarse) of
spans in GBornCoarse [8]. We obtain the bi-category GBornCoarse from
Span(GBornCoarse) by the following steps, which all yield b1—categor1es:
(i) In a first step we take a subcategory by requiring the left legs of the
spans to be bounded coverings and the right legs to be proper and
bornological. Compositions still exist by Lemma 2.22 in connection
with Lemmas 2.11, 2.12 and 2.21.

Identity morphisms belong to our category. All relations involving
2-isomorphisms are automatically implemented by morphisms between
G-bornological coarse spaces. _

(ii) The bi-category GBornCoarsel! is defined to be the subcategory
whose 2-morphisms between spans are implemented by morphisms of
G-bornological coarse spaces.

According to [13, Def. 6.1.6.13], an oo-category is called semi-additive if it
is pointed, and finite coproducts and products exist and are equivalent.

Lemma 2.34. Ho(GBornCoarse,) and GBornCoarsey, are semi-additive.

Proof. We shall show that the empty space @ is both initial and final in
GBornCoarse;,. Let X be a G-bornological coarse space. We will use the sim-
plicial set of right morphisms Homg gormcoarse,, (& X) (see [14, Section 1.2.2]

for details). HoméBomCoarsew (@, X) is the one-point space. To see this, note
that, e.g., the unique 2-simplex in this simplicial set is given by

/
/\
/\/

This shows that @ is an initial object.

NS

\Q
7N
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To see that @ is also final, we use the simplicial set HoméBomCoalrsetr (X,2)
of left morphisms and again observe that it is a one-point space.

Thus also the homotopy category Ho(GBornCoarse, ) of GBornCoarse,
is pointed.

Since semi-additivity can be checked on the level of homotopy categories by
[13, Rem. 6.1.6.15], it remains to check that Ho(GBornCoarsey,) is semi-
additive.

We show that Ho(GBornCoarse, ) admits finite products and coproducts,
and that they are naturally isomorphic.

We first claim that the inclusion ¢: BornCoarse — Ho(BornCoarsey,)
preserves finite coproducts. Let X and Y be G-bornological spaces. Then we
have a coproduct X UY in GBornCoarse together with canonical morphisms

i: X —=XUY and j:Y > XUY
Let now Z be a G-bornological coarse space and let
W,w, fl: X = Z and [V,u,g]: Y = Z
be generalized morphisms. They extend uniquely to a generalized morphism
WuViwldo, f+g]: XUY — Z.
Note that w Ul v is a bounded covering by Lemma 2.16. Then
WuViwlUo, f+gloi=[Ww, f] and [WUV,wUuv, f+g]oj=I[V,v,g]
We have generalized morphisms
p:=[X,4,idx]: XUY =X and q¢:=[Y,j,idy]: XUY =Y.

We claim that the morphisms p and ¢ exhibit X LY as the product of X and
Y in Ho(GBornCoarsey,). Let

[Aya,s]: Q - X and [B,bt]: Q=Y
be generalized morphisms. There is a unique generalized morphism
[AUB,alUb,s+1]: Q - X UY.
Then
polAUB,allb,s+1t]=[A,a,s] and qo[AU B,alb,s+t]=[B,b,t|.
This completes the proof. O
Lemma 2.34 implies that the embedding
GBornCoarse — Ho(GBornCoarsey;)

does not preserve products.
Let ¢ be an element of I which is fixed by G and set I’ := I'\ {i}. Then we
have the equality

(9) tI’X’[ = trX,I’ +.77,
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in Hompo(GBornCoarser, ) (X Imin,min ® X), where the embedding j;: X —
Inin,min ® X is induced by the inclusion {i} — I. We furthermore have a
generalized morphism

(10) pi = [X jz; ldX] min,min ® X = X

called the projection onto the i-th component of Iinin min ® X such that p;oj; =
idx.

Definition 2.35. We define the canonical embedding
(11) t: N(GBornCoarse) — GBornCoarse,.
as the natural refinement of Definition 2.25.

This canonical embedding sends, e.g., the 3-simplex

xLyszhy

in N(GBornCoarse) to the 3-simplex

N
SN
NN

in GBornCoarsey,, where we use the notation introduced in Definition 2.25.
Example 2.36. Let Q be a G-bornological coarse space. If
w: W —= X
is a bounded covering between G-bornological coarse spaces, then
wxidg: WeQ —XQ

is again a bounded covering between G-bornological coarse spaces by Lem-
ma 2.16. Furthermore, if the diagram

(12) w—L U

o]

v .7
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is an admissible square of G-bornological coarse spaces, then the square

fxidg
W ——UeQ

indQl luxidg
VeQ—2 L 78q
is admissible, too. We therefore get a functor
— ® Q: GBornCoarse;, — GBornCoarse,.
This construction actually produces a bifunctor
(13) GBornCoarse;; x GBornCoarse — GBornCoarse,.

To illustrate this, we show what this functor does on 2-simplices. Given a
2-simplex

0

X
o
Xo,1
N N
X X

. o e a a .
in GBornCoarse;, and a composition Qy — @1 — Q- in GBornCoarse,
we obtain a new 2-simplex

2
Y
X2
>
1

XO 2

Xo,2 ® Qg
Xo,1® Q) Xi12® Q)
y 91®a1 ly %
Xo® Qo X1 ® Q1 Xo ® Qo,

where Qf), Q and denote Qo with the bornology changed to a;'(Bg,) and
(az0a1)"(Bg,), respectively, and Q) denotes Q1 with the bornology changed
to a; *(Bg,). That all arrows pointing to the left are bounded coverings follows
from Example 2.18 and Lemma 2.16.

2.37. Coarse motivic spectra with transfers. In this section we define the
category GSpA}; of coarse motivic spectra with transfers. We closely follow
[3, Sections 3 and 4] and [4, Section 4.1].

We start with the category

PSh(GBornCoarsey,) := Fun(GBornCoarse;", Spc)

of space-valued presheaves on GBornCoarsey,.
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Remark 2.38. The canonical embedding
t: N(GBornCoarse) — GBornCoarse,

(see Definition 2.35) induces a restriction
PSh(GBornCoarse;,) — PSh(GBornCoarse).

Note that this restriction does not preserve representables.

We let
yo,: GBornCoarse, — PSh(GBornCoarsey,)

denote the Yoneda embedding. In the following we will omit the canonical
embedding ¢ defined in Definition 2.35 from the notation.

For an equivariant big family ) := (Y;):ecs [4, Def. 3.5] on a G-bornological
coarse space X, we set

YOsr (y) = C?él}fn yotr(n) .

If X is a G-bornological coarse space and (Z,)) is an equivariant complemen-
tary pair [4, Def. 3.7) on X, then we consider the map

(14) yoi, (V) Uyo,, (znY) ¥0i (Z) = yoi, . (X).
By [14, Thm. 5.1.5.6] for any small oo-category D the restriction along the
Yoneda embedding induces an equivalence
PSh(D) ~ Fun'™(PSh(D)°?, Spc).

Consequently, if F is an object of PSh(GBornCoarse, ), then we can evaluate
E on presheaves (essentially via right Kan extension). For a big family ) on X,
we abbreviate

E() := E(yoy, ().

Then the evaluation satisfies

E(yo, (X)) = E(X) and E(Y) = lim ().

Definition 2.39. We say that E satisfies excision if
(i) E(9) ~ a2,
(ii) FE is local with respect to the morphisms (14) for every G-bornological
coarse space X with an equivariant complementary pair (Z,)).

Remark 2.40. Condition 2.39 (ii) is equivalent to the condition that for every
G-bornological coarse space X with an equivariant complementary pair (Z,)),
the square

E(X)—— E(2)
E(Y)—— E(ZNY)

is cartesian.
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Let us define
E(X,Y):=Fib(E(X) — E())).
Then descent is also equivalent to the condition that the natural morphism
E(X,Y)—= E(Z,ZNnY)
is an equivalence for every G-bornological coarse space X with an equivariant

complementary pair (Z,)).

The presheaves which satisfy descent are called sheaves.
We denote the full subcategory of presheaves satisfying excision (called
sheaves in the following) by

Sh(GBornCoarse;,;) C PSh(GBornCoarsey,).
Then we have a localization
L: PSh(GBornCoarse;,) = Sh(GBornCoarsey, ) : inclusion.

For the following definition, recall the definition of a flasque G-bornological
coarse space [4, Def. 3.8].

Moreover, {0, 1}max max denotes the G-bornological coarse space given by
the two-element set {0, 1} with trivial G-action and equipped with the maximal
bornological coarse structure. The projection

(15) {Oa 1}max7max — %

is a morphism.

Finally, if X is a G-bornological coarse space with coarse structure Cx and
if U in Cx is G-invariant, then Xy denotes the G-bornological coarse space
obtained from X by replacing the coarse structure Cx by the coarse structure
C{{U}) (see Definition 2.7). If U’ in C§ is such that U C U’, then we have
morphisms Xy — Xy — X of G-bornological coarse spaces, all induced by
the identity of the underlying set.

Let E be an object of Sh(GBornCoarsey;).

Definition 2.41.

(i) E is coarsely invariant if it is local with respect to the morphism
yotr({oa 1}max,max 02y X) — YOtY(X)

induced by (15) for all G-bornological coarse spaces X.
(ii) E vanishes on flasques if it is local for the morphisms

g — yotr(X)

for all flasque G-bornological coarse spaces X.
(iii) E is u-continuous if F is local for the morphisms

colimyo,, (Xy) — yo,.(X)
vec§
for all G-bornological coarse spaces X.
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Definition 2.42. The category of G-equivariant motivic coarse spaces with
transfers GSpc, is defined to be the full subcategory of Sh(GBornCoarsey, )
which are coarsely invariant, vanish on flasques, and which are u-continuous.

We have a localization
Ly : Sh(GBornCoarsey,) = GSpcdy, : inclusion.
We furthermore have a functor
(16) Yoy, := L 0 yo,,. : GBornCoarse, — GSpcdy;.

Remark 2.43. For a G-bornological coarse space X, the representable presheaf
yo,,(X) is a compact object. Moreover, the category PSh(GBornCoarse,)
is compactly generated by representables.

To make the construction of the category of motivic coarse spaces precise,
we assume that there is a regular cardinal x which bounds the size of all
coarse structures of spaces appearing in GBornCoarsey, (i.e., we consider a
suitable subcategory which is large enough to contain all spaces of interest),
and which also bounds the size of the index sets of big families involved in
the descent condition. Then the locality conditions are generated by a small
set of morphisms between k-compact objects. It follows that GSpcXt, is k-
compactly generated and closed under rk-filtered colimits. For a bornological
coarse space X, the object Yo, (X) is k-compact. See also [14, Cor. 5.5.7.3].

By construction, SpeX,;, is a presentable co-category. Let Prl be the large
oo-category of presentable oo-categories and left-exact functors. The inclu-
sion PrSLtab — Pr” of presentable stable oo-categories in all presentable co-
categories fits into an adjunction

Stab: Pr’ = Prl , : inclusion.

Definition 2.44. We define the category GSp&;; of coarse motivic spectra
with transfers as the stabilization Stab(GSpcit,).

By comnstruction, it fits into the adjunction
Y¥: GSpcdly; S GSpAy, - Q.
We define the Yoneda functor
(17) Yo;, := X° o Yo, : GBornCoarse;, — GSpd&;.

Recall that GBornCoarse;, is semi-additive, by Lemma 2.34, and that
GSpA;; is additive since it is a stable co-category.

Lemma 2.45. The functor Yoy, is additive.

Proof. It suffices to show that Yo;, preserves zero objects and coproducts.
Both properties are consequences of excision.

The zero object in GBornCoarsey, is given by the empty space @. By
excision, we have Yoy, (@) ~ 0.

Let X and Y be two G-bornological coarse spaces. Their coproduct in
GBornCoarse;, is represented by the coproduct X UY in GBornCoarse.
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Welet i: X - X UY and 5: Y — X UY denote the inclusions, and we let
(Y') denote the equivariant big family on X UY consisting just of Y. The pair
(X, (Y)) is a complementary pair on X LY. Since the subsets X and Y are
disjoint, by excision the map

Yol (X) @ Yoo, (V) e HYou), vos (x| y)

is an equivalence. O

Let X be a G-bornological coarse space, let I be a G-set, and let i be a
G-fixed element of I. We set I’ := I\ {i}. Then ({i} x X,I’ x X) is an
invariant complementary pair on the space Inin,min ® X. By excision, we have
a decomposition

Yofr(jmimmin ® X) = Yo‘fr (X) S Yo‘fr (Il/nimmin ® X)

If we compose the motivic transfer map Yog,(trx ;) with the projections to the
respective summands, we get a decomposition

Yoi,.(trx,r) ~ a @b,
where

a: Yoi,(X) — Yoi, (X), b: Yo (X) — Yop (I,

min,min ® X)
Lemma 2.46. We have equivalences
a >~ idYofr(X)a b~ YOfr(tl"XJ/).

Proof. Let ji: X — Iminmin ® X be the inclusion given by x — (i,z). In
GBornCoarsey,, we have relation (9),

Ji+trx,p =trx .
This implies, by Lemma 2.45, that
Yo, (i) + Yoi,(trx, i) ~ Yog,(trx,r).
Using the projection (10), we now have
a >~ Yog,(p;) o Yo, (trx, 1) =~ Yog(pi otrx 1) ~ idyos (x)
and
b~ Yo, (trx,r) — Yog, (i) © a ~ Yog (trx 1) — Yo, (i) =~ Yog,(trx, ). O
If ¥ := (Y;)iesr is an equivariant big family on a G-bornological coarse

space X, then we set
Yo, (V) = colim Yo, (V7).

The following properties of the functor Yo;, are shown by the same arguments
as given for [4, Cor. 4.12, 4.14 and 4.15].

Lemma 2.47. (i) If X is a G-bornological coarse space and A is a nice
invariant subset of X [4, Def. 3.3], then

Yo, (4) — Yo, ({4})

is an equivalence.
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(ii) If (Y, Z) is an equivariant coarsely excisive pair on a G-bornological
coarse space X, then we have a push-out:

Yo;,(ZNY) —— Yo;,(2)

J |

Yo, (Y) — Yo;,(X).
(iil) If I, X is a coarse cylinder [3, Section 4.3] over a G-bornological coarse
space X, then the projection I, X — X induces an equivalence

Yoi, (I, X) — Yo, (X).
Remark 2.48. Let A, B be objects in a stable co-category. Then we have an
action

N x Map(A4, B) — Map(A, B), (n,f)— nf.

It sends a morphism f: A — B to the composition

A‘“—a%éA%éBLB.
=1 =1

Here the diagonal map uses the interpretation of the sum as a product, while
the last map is induced by the projections to the summands and interprets the
sum as a coproduct.

Let X be a G-bornological coarse space and let I be a set. We consider I as a
G-set with the trivial G-action. If I is finite, then Iin,min — * is @ morphism of
G-bornological coarse spaces. Hence we get a morphism p: Inin,min ® X — X.

Lemma 2.49. If I is finite, then
Yoy, (p) o Yog,(trx 1) = 1] - idyes (x) -

Proof. We have a commuting diagram

Yoy, (trx, Yoy,

Y05, (X) 220 Vo8 (Tt min ® X) —2 Yo£, (X)
‘ diagyos (x) l: + ‘
Yoi, (X) — = 6y Yo£, (X) ———— Yo!, (X),

el

where the middle vertical isomorphism is induced by excision. Lemma 2.46
ensures that the first square commutes. The second square commutes in view
of Lemma 2.45. (]

2.50. Bounded and free unions. Let X be a G-bornological coarse space
and let I be a G-set.

Definition 2.51. The bounded union ]_[?gl X in GBornCoarse is defined as
follows:

(i) The underlying G-set of ]_[?g ; X is the product I x X with the diagonal
G-action.
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(ii) The bornology of ]_[?ed ;X is given by the subsets B satisfying the
following two conditions:
(a) The image of B under the projection I x X — I is finite.
(b) The image of B under the projection I x X — X is bounded.
(iii) The coarse structure of ]_[?ed 1 X is generated by the entourages diag; xU
for all entourages U of X.

Remark 2.52. We can consider the G-set I as the G-bornological coarse space
Tin,min With the minimal bornology and the discrete coarse structure. Then
we have an isomorphism of G-bornological coarse spaces

bd

HX = min,min ® X7

iel
where ® is the symmetric monoidal structure on GBornCoarse, see [4, Sec-
tion 4.3].

We say that a G-set I has finite orbits if for every i in I, the orbit Gi is
finite.

Assume that I is a G-set with finite orbits. Let X be a G-bornological
coarse space.

Definition 2.53. We define the free union ]_[freef X in GBornCoarse as fol-
lows:

re

(i) The underlying G-bornological space of er; X coincides with the one
of ]_[bd X.

iel
(ii) The coarse structure of ]_[freef X is generated by the entourages | |;.; U;
for all families (U;);er of coarse entourages of X.

Remark 2.54. The restriction on the G-action on [ is necessary in order to
ensure that the coarse structure described in Definition 2.53 (ii) is a G-coarse
structure.

If I is more general, we could modify Point (ii) of Definition 2.53 and instead
take the induced G-coarse structure. But then we may lose the compatibility
with the bornology described in Point (i) of Definition 2.53.

Remark 2.55. If I is a G-set with finite orbits and X is a G-bornological
coarse space, then we have a canonical morphism
bd free
[Ix-1x
iel iel
induced by the identity of the underlying set.
In particular, if we assume that I has the trivial G-action and X is a G-
bornological coarse space, then we have morphisms

bd free
Hx-1Ix-1Ix
iel il il
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all induced by the identity map of the underlying set.

2.56. Equivariant coarse homology theories with transfers. We recall
the definition of an equivariant coarse homology theory [4, Def. 3.10]. Let C
be a cocomplete stable co-category and FE: GBornCoarse — C be a functor.

Definition 2.57. F is an equivariant C-valued coarse homology theory if it
satisfies the following:
(i) E is excisive for equivariant complementary pairs.
(ii) E is coarsely invariant.
(iii) E vanishes on flasque G-bornological coarse spaces.
(iv) E is u-continuous.

We refer to [4] for details on the notions appearing in the above definition.
Recall the embedding ¢: N(GBornCoarse) — GBornCoarse;, given in
Definition 2.35.

Definition 2.58. An equivariant C-valued coarse homology theory with trans-
fers is a functor
E: GBornCoarse;, — C

such that F o is an equivariant C-valued coarse homology theory.
The conditions listed in Definition 2.57 determine the full sub-oco-category
GCoarseHomologyS C Fun(GBornCoarse,, C).

of C-valued equivariant coarse homology theories with transfer.
By the construction of GSpA&};, we have the following proposition:

Proposition 2.59. The pre-composition with Yo, (see (17)) induces an equiv-
alence .
Fun®'™(GSpX,,, C) = GCoarseHomology’

of the oo-category of equivariant C-valued coarse homology theories with the
oo-cateqory Fumwli’““(GSp.)(tr7 C) of colimit-preserving functors from GSpXi,
to C.

The argument is completely analogous to the one for [3, Cor. 4.6].

Let E: GBornCoarsey, — C be an equivariant coarse homology theory
with transfers.

Corollary 2.60. The functor E: GBornCoarse;, — C is additive.
Proof. This follows from Lemma 2.45. U

Pullback along the inclusion ¢: N(GBornCoarse) — GBornCoarsey,
sends equivariant coarse homology theories with transfers to equivariant coarse
homology theories in the sense considered in [4]. Applied to Yo;, o¢, we get a
colimit-preserving functor

Mot GSpX — GSpA,

such that
Yoi o1~ M 0 Yo©
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Remark 2.61. For every G-set I with finite G-orbits and every G-bornological
coarse space X, we have a version of the transfer

free
(18) UG guutE HX - x
el el

for the free union in GBornCoarse;,. Furthermore, for every G-fixed point j
in I, we have the generalized morphism

free

(19) piree: [ X — X,
el

represented by the span

e Ny

Hze[

whose left leg is the inclusion of the jth component.
If F is now an equivariant coarse homology theory with transfers, then we
have induced morphisms

free free
B(tr%5): B(X) —>E(HX), E(p'ree): <HX> — B(X
el iel
Applying excision for the equivariant coarsely excisive decomposition

(o fi )

ieI\{j}
of ]_[freefX , we get the right vertical arrow in the diagram
E(trt)rgcﬁ) free
(20) E(X) E(ITier X)

H idp ) @B(ERT ) free
E(X) ® E(ILien gy X) - E(X),

E(X)

which commutes in view of Lemma 2.46.

Example 2.62. Let E be an equivariant C-valued coarse homology theory
with transfers and let @) be any G-bornological coarse space. Then, in view of
the Example 2.36 and by [4, Section 4.3], the twist of E by @, which is defined
as the composition

E(— ® Q): GBornCoarsey, N GBornCoarse;, £, C,

is again an equivariant C-valued coarse homology theory with transfers. For
fixed @, we thus get a colimit-preserving functor

E(-®Q): GSpi;, — C.
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Using the bifunctor (13), we see that this construction is also functorial in @
and satisfies the axioms of an equivariant coarse homology theory in this vari-
able. In order to see the last assertion, note that a functor GBornCoarse —
Funconm(GSpXtr, C) is a coarse homology theory if and only if its evalua-
tion at Yog,(X) for each object X of GBornCoarsey, is a coarse homology
theory. The objects of GBornCoarse, are the objects of GBornCoarse,
and we already know that twisting with a G-bornological coarse space pre-
serves equivariant coarse homology theories by [4, Section 4.3]. Consequently,
we get a bifunctor

E(—® —): GSpXi, ® GSpX — C
which preserves colimits in each argument.

We will show that if an equivariant coarse homology theory E has transfers,
then it has weak transfers [7, Def. 2.4].

We consider a family (X;);es of G-bornological coarse spaces and a G-fixed
point j in I, and we set I; := I\ {j}. Then the pair of invariant subsets
(X, ]_[freez, X;) of [Ti=s X; is an invariant coarsely excisive decomposition (see
[4, Def. 4.13]). If E is an equivariant coarse homology theory, then E satisfies
excision for invariant coarsely excisive decompositions [4, Cor. 4.14]. Therefore,
we can define a projection

free free
(21) pjxi E(HXz> ’ZE(X])EBE(HXl> —)E(Xj),
i€l i€}

where the superscript ex is a reminder for the fact that the morphism uses
excision for F.

Let I be a set with the trivial G-action and let F: GBornCoarse — C be
an equivariant coarse homology theory. Then we define a functor

free
E!: GBornCoarse - C, X — E(HX)
iel
For every j in I, the projection (21) provides a natural transformation of
functors

Py E' S5 E.
Let E be an equivariant coarse homology theory.

Definition 2.63. E has weak transfers for I if there exists a natural transfor-
mation

try: B — E!
such that
(22) piotry ~idg

for every j in I.
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Lemma 2.64. If E admits transfers (see Definition 1.2), then E has weak
transfers.

Proof. For every set I and G-bornological coarse space X, we have morphisms

trgrf? and pﬁ»m’, see (18) and (19), which satisfy the relation

(23) p§ree o trgr(ej =idx.

If E admits transfers, then by the commutativity of the right triangle in (20)
(where E is replaced by the extension FEi,, which exists by assumption), we
have the equivalence

(24) B (plf*) ~ p§*
for every j in I. Here and below we implicitly identify the values of Fy. and
FE on objects.

The morphism trx,; is natural in X. We can therefore form the natural
transformation

free
trff’f’f: idgBornCoarse,, — H —: GBornCoarse;, — GBornCoarse;,
il
of endofunctors of GBornCoarse;,. We now define the natural transformation
try == Etr(trf_rf’?): E— E'.
The relation (22) is implied by (23) and (24). O
Theorem 1.4 in combination with Lemma 2.64 has the following corollary.

Corollary 2.65.

(i) Equivariant coarse ordinary homology HXY has weak transfers.
(ii) Equivariant coarse algebraic K-homology KAXS with coefficients in
an additive category A with a strict G-action has weak transfers.

For KAX% an alternative and independent argument is given in [7, Ex. 2.5].
Let E: GBornCoarse;; — C be an equivariant C-valued coarse homology
theory with transfers.

Definition 2.66. E is called strongly additive if for every family (X;);er of
G-bornological coarse spaces, the morphism

(25) E(HX> - HIE(Xj)

induced by the family (E(pg-ree)) jer, see (19), is an equivalence.

Remark 2.67. An equivariant coarse homology theory with transfers E is
strongly additive if and only if the underlying equivariant coarse homology
theory E o is strongly additive in the sense of [4, Def. 3.12]. This follows from
the commutativity of the right triangle in (20), which compares the projection
E (p§ree) with the projection p; defined by excision (the down-right composition
in the triangle) used in the reference.
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Example 2.68. Examples of strongly additive coarse homology theories with
transfers are coarse algebraic K-homology and coarse ordinary homology, see
Sections 3.3 and 3.11.

3. EXAMPLES

In this section we show that equivariant coarse algebraic K-homology and
equivariant coarse ordinary homology extend to equivariant coarse homology
theories with transfers.

3.1. Functors out of GBornCoarse;,. In order to construct coarse homol-
ogy theories with transfers (see Definition 2.58), we must construct functors
out of the oo-category GBornCoarsey,. Since this category is given in Sec-
tion 2.23 explicitly as some simplicial set, there are essentially two options.
The simpler option is to start with the canonical functor

GBornCoarse;, — Ho(GBornCoarse,)

and then to construct ordinary functors out of Ho(GBornCoarsey,). This
option works in the case of the construction of equivariant ordinary coarse
homology with transfers in Section 3.11. The more complicated option is to
describe directly a map of simplicial sets with domain GBornCoarsey,. In
the case of the construction of equivariant coarse algebraic K-homology with
coefficients in a G-equivariant additive category in Section 3.3, the target of
this map is the nerve of the strict (2, 1)-category Add of additive categories.

The main goal of the present section is to prepare the construction of coarse
algebraic K-homology with transfers by describing the data necessary to define
a functor from GBornCoarset, to the nerve of some strict (2, 1)-category C.

Applying the usual nerve functor N: Cat — sSet to the morphism cate-
gories, we get a category N(C) which is enriched in Kan complexes. We can
now further apply the homotopy coherent nerve functor N. In this way we get
an oo-category which, following [10, Def. A.12], will be denoted by No(C). In
the following, we describe sufficient data (justified by Lemma 3.2 below) for a
functor

(26) Vi,: GBornCoarse, — No(C).

Suppose we are given the following data:

(i) a functor V: GBornCoarse — u(C), where u(C) is the 1-category
obtained from C by forgetting the rest of the 2-category structure;
(ii) for every bounded covering w: W — Z (see Definition 2.15), a 1-
morphism
w*: V(Z) - V(W);
(iii) for every two composable bounded coverings w: W — Z and v: V —
W, a 2-isomorphism

Uy (Wov)" = v ow™;
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(iv) for every admissible square

7N
N,

of G-bornological coarse spaces (see Definition 2.20), a 2-morphism
bgu: frow® = u*ogy,

where we write f, and g. for V(f) and V(g), respectively.

We assume that this data satisfies the following conditions:

(i)

(iv)

If the bounded covering w: W — Z is an isomorphism of the un-
derlying G-coarse spaces, then we require that w* = (w~!),. This
is possible since the inverse of a bornological bijection is proper and
hence w=': Z — W is a morphism of G-bornological coarse spaces.
If two composable bounded coverings w: W — Z and v: V — W
are isomorphisms of the underlying G-coarse spaces, then «, 4, is the
identity of (v™!). o (w™!). = ((wowv)~!).. Note that this is possible
to require by Condition (i).

For every three composable bounded coveringsw: W — Z v: V — W
and u: U — V, the square

Gy,

(wovou)* —= (vou)* ow*

au,u}'uJJ/ \H/au,vow*
u*oay,

u* o (wov)* = u* ov* ow*

commutes.

In the case of an admissible square with morphisms w, f, g, u, if u (and
therefore also w) is an isomorphism of the underlying G-coarse spaces,
then we require that by ,, is the identity of fi o (w™1). = (u™1), o g..
In the case of an admissible square with morphisms w, f, g, u, if f and
g are identities and therefore w = u, then we require that b, . is the
identity of w* = u*.
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(vi) For every diagram
T
AN
U S
Vv R

A

Z
consisting of two admissible squares, we have the relation
(28) byh.r = (bg,r © hu) (124 0 b, 5)-

(vii) For every diagram
T
AN
U S
W v
\/ /
Y
consisting of two admissible squares, we have the relation
(29) (@50 0 fi)bpvs = (57 0 bpo)(bn,s © u”)(me 0 ag,).
Lemma 3.2. The data as described above determines a functor

Vi,: GBornCoarsey, — N(C)
such that the diagram

(30) GBornCoarse, Ve, N5 (C)
GBornCoarse —— N(u(C))

commutes.

Proof. It is known that the nerve Ny (C) for a strict (2, 1)-category is 3-coskeletal
[10, Prop. A.16]. Therefore it suffices to provide the map Vi, on simplices of
dimensions 0, 1,2 and 3. We need an explicit description of the 3-skeleton of
the nerve N3(C) (compare [10, Rem. A.18]).

Minster Journal of Mathematics VoL. 13 (2020), 353-424



388 ULRICH BUNKE, ALEXANDER ENGEL, DANIEL KASPROWSKI, CHRISTOPH WINGES

For every n in N, we consider the simplicially enriched category C[n] with
objects {0, ...,n} and whose morphism space Mapei, (i,4) is the nerve of the
poset of subsets of [7, j] containing ¢ and j. Then, by definition,

2(C)[n] = Homgcat (C[1),N(C)).
The following describes the n-simplices of No(C) for n < 3:

(i) N2(C)[0] = Ob(C).

(ii) We have Np(C)[1] = Fun(C[1],C). Note that Mapc;(0,1) = {x}.
Therefore a one-simplex in No(C) is a morphism X — Y in C and its
faces are X and Y.

(iii) A two-simplex in No(C) is given by a diagram

/ i
X L Z.

(iv) The mapping spaces Homei3)(0, 1), Home(s)(1,2) and Home3)(2, 3) are

points. The mapping spaces Home3)(0,2) and Homejg)(1,3) are iso-

morphic to A! and we call their one-simplexes o and 3. The mapping
space Home3) (0, 3) is the square

{0,1,3}
Bo{0,1}
)
{0,3} {0,1,2,3}.
Y
{2,3}oc
{0,2,3}

Hence, in order to provide a 3-simplex in No(C), we must provide the
following data:
(i) four objects Xo, X1, X2, X3;
(ii) six 1-morphisms f;;: X; — X, for i < j;
(iii) four 2-morphisms
a: foo = fizo for, B: fiz = fasz 0 fi2,
v: fos = f2z o foz, 0t fos = fiz 0 for,
satisfying the relation

(31) (Bo fo1)d = (faz o).
We can now construct Vi, using the data described above.

(i) On zero simplices of GBornCoarset,, we define Vi, (X) := V(X).
(ii) On 1-simplices of GBornCoarse,, the functor Vi, sends the span
(W, w, f) to the morphism

feow™: V(X) = V(Y).
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Note that if (W, w, f) is in the image of ¢, then (30) commutes on the
level of 1-simplices by Condition (i).
(iii) The functor Vi, sends a 2-simplex

(32) W/U\YJV
AN AN

to the diagram

frow™ gwov™

V(X) V(2)

(goh).o(wou)*

filled by the 2-morphism

(g0 h). o (wou)*
« gxObf yow™

:g*o(h*ou*)ow :}g*ov*of*ow*.

(goh)«oay, (g ° h)* ou* ow*

If the 2-simplex is in the image of ¢, then (30) commutes on the level
of 2-simplices by Conditions (i), (ii) and (iv).
(iv) The functor Vi, sends a 3-simplex

N
AN
NN AN

to the 3-simplex of No(C) given by the following data:
(i) The objects of the 3-simplex are V(X), V(Y), V(Z), and V(Q).
(ii) The 1-morphisms are
(1) for:= fiow",
(2) f12 =g« © U*a
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) f23 = l* O’f'*,

) Joz:=(goh)so(wou),

) f13:=(lon).o(vos)",

) fos:=(onom).o(wouot)*.
-morphisms are

0 = (g 0 b 0 w")((g 0 )y © ),
B = (ls 0 bgrov*)((lon)s 0 as,0),

v = (lx 0 bgnr 0 (wou)*)((lonom), o atwu),
d:=((lon)sobpysow*)((lonom), o ayw)-
We must check relation (31):

(ﬂ o fOl)(S = (l*bg,rv*f*w*)(l*n*as,vf*w*)(l*n*bf,'usw*)(l*n*m*aut7w)

(2:9)(l*bg,rv*f*w*)(l*n*s*bf,vw*)(l*n*bh7su*w*)

(l Ny My Qg uw*)(l*n*m*aut,w)

(lubg » 0™ frw™ ) (1M 8™ by »w™ ) (Lini by su™w™)

(L™ Ay o ) (LM M Gt )

(27

L (Ler" gub g o w™ ) (Lebg,pha ™ w*) (Lt bp s v w™)
(l*n*m*t au,w)(l*n*m*at,wu)

(ﬁ)(l*r*g*bf’vw*)(l*bghmu*w*)(l*n*m*t*au,w)(Z*Tl*m*at,wu)

(l r g*bf W )(l*r*g*h*au,w)(l*bgh,'r(wu)*)(l*n*m*at,wu)
= (faz 0 ).

For better legibility, we omitted the composition sign o and marked
boldface the part to which the respective relation is applied. The
equations marked by ! hold in every (2, 1)-category.

One again checks that the diagram (30) commutes on the level of
3-simplices because of Conditions (i), (ii) and (iv).

It is immediate from the definitions that our construction is compatible with
the face maps. To verify the compatibility with the degeneracy maps we use
Conditions (i), (ii), (iv) and (v) applied to identity maps in the appropriate
places. O

3.3. Coarse algebraic K-homology. Let A be an additive category with a
strict G-action. In this section we construct the extension of equivariant coarse
algebraic K-homology KAX®: GBornCoarse — Sp to an equivariant coarse
homology theory with transfers K AXS. For the construction of the functor
KAXCE (which will be recalled in detail below) and the verification of the
axioms of an equivariant coarse homology theory, we refer to [4, Section 8§].
We first explain how the algebraic K-theory functor for additive categories
can be extended to a functor defined on the co-category Na(Add), see the
beginning of Section 3.1 for the notation Ny. We start with a non-connective
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algebraic K-theory functor
K: Add — Sp, A~ K(A),

for additive categories, see [18]. More precisely, we consider K a functor be-
tween oco-categories
K:N(Add) — Sp.

Let W be the class of equivalences of additive categories in Add. Since K sends
equivalences between additive categories to equivalences of spectra, it has an
essentially unique factorization over the localization N(Add) — N(Add)[W ~1].
Because the natural inclusion N(Add) — No(Add) sends equivalences be-
tween additive categories to equivalences in the co-category No(Add) it in-
duces a functor N(Add)[W~!] — Ny(Add). The latter is an equivalence of
oo-categories [5, Section 3.1].

Hence we get a commuting diagram in Cat

(33) N(Add) K—% Sp

|

No(Add).
It provides an essentially unique extension of K to a functor
(34) K: No(Add) — Sp.

Let X be a G-bornological coarse space. The spectrum KAXY(X) is the
non-connective algebraic K-theory spectrum of the additive category V§ (X)
of equivariant X -controlled objects of A and equivariant morphisms with con-
trolled propagation [4, Section 8.2]. The functor K AX® is defined as the
composition

KAX® := K oV{: GBornCoarse — Add — Sp.

For the verification that KAXY satisfies the axioms of a strongly additive
equivariant coarse homology theory, we refer to [4, Thm. 8.9 and Prop. 8.19].

In order to construct the extension K AXS, we use the method described
in Section 3.1 to construct an extension

Vg}tr: GBornCoarse;, — Na(Add)

of the functor V§, and compose it then with the functor K in (34).

We start with recalling the details of the definition of the Add-valued func-
tor V§ from [4, Section 8.2]. Let A be an additive category with a strict
G-action and let X be a G-bornological coarse space. We consider the bornol-
ogy B of X as a poset with a G-action and hence as a category with a G-action.

If A: B — A is a functor and g is an element of G, then gA: B — A denotes
the functor which sends a bounded set B in B to the object gA(g~1(B)) of A.
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If p: A — A’ is a natural transformation between two such functors, then we
let gp: gA — gA’ denote the canonically induced natural transformation.

Definition 3.4. An equivariant X -controlled A-object is a pair (A, p) consist-
ing of a functor A: B — A and a family p = (p(g))gec of natural isomorphisms
p(g): A — gA satistying the following conditions:

(i) A(@) 0.

(ii) For all B, B’ in B, the commutative square

A(BNB') — A(B)

| |

A(B") —— A(BUB')

is a pushout square.

(iii) For all B in B, there exists some finite subset F' of B such that the
inclusion ' — B induces an isomorphism A(F) = A(B).

(iv) For all pairs of elements g,g" of G, we have the relation p(gg’) =
gr(g’) o p(9)-

If U is an invariant coarse entourage of X, i.e., an element of C%, then we
get a G-equivariant functor

Ul-]: B—B
which sends a bounded subset B of X to its U-thickening
U[B] :={z € X | there exists b € B : (z,b) € U}.

Note that U[B] is again bounded by the compatibility of the coarse structure
C and the bornology B. For g in G, we have the equality U[gB] = gU[B] by
the G-invariance of U. Furthermore, note that for B’ in B with B C B’, we
have U[B] C U[B'].

Let (A, p), (4’,p") be equivariant X-controlled A-objects and let U be an
invariant coarse entourage of X.

/

Definition 3.5. An equivariant U-controlled morphism ¢: (A, p) — (A
a natural transformation

') s

¢ A(=) = A'(U[-])
such that p'(g) o ¢ = (g¢) o p(g) for all elements g of G.

We let Mory ((A, p), (A7, p')) be the abelian group of equivariant U-controlled
morphisms.

If U’ is in C¢ and such that U C U’, then for every B in B, we have
U[B] C U'[B]. These inclusions induce a transformation between functors
A'(U[-]) —» A'(U’'[-]) and therefore a map

MOI“U((A, p)? (Alﬂ pl)) - MOI“U/((A, p)? (Alv p/))’
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by post-composition. Using these maps in the interpretation of the colimit, we
define the abelian group of equivariant controlled morphisms from A to A’ by

Homyg x)((4, ), (4, p)) := colimMory (4, p), (4, p"))-
We now consider a pair of morphisms in
Homvg(x)((Aa p), (Alﬂ pl)) and Homvg(x)((Ala pl)7 (AH7 p”))v
respectively, which are represented by
¢: A(—) — A(U[-]) and ¢': A'(—) = A"(U'[-]).
We define the composition of the two morphisms to be represented by the
morphism
Ul-]"¢' 0 ¢: A— A"((U o U)[-]),
where U[—]*¢': A'(U[—]) = A”((U’oU)[—]) is defined in the canonical manner.

We denote now the resulting additive category of equivariant X-controlled
A-objects and equivariant controlled morphisms by Vg(X ).

Let f: (X,B,C) — (X',B',C’') be a morphism of G-bornological coarse
spaces, and let (A, p) be an equivariant X-controlled A-object. Since f is
proper, it induces a functor f~': B’ — B, and we can define a functor f,A:
B — A by

foA:=Ao fL
Furthermore, we define
Fep(g) = plg) o 71
Let U be in C% and let ¢: (A,p) — (A’,p’) be an equivariant U-controlled
morphism. Then V := (f x f)(U) belongs to C'® and U[f~*(B')] C f~Y(V[B'])
for all bounded subsets B’ of X'. Therefore we obtain an induced V-controlled
morphism

fub = {FAB) “20 AUIFB) = FAVIBD 5
One checks that this construction defines an additive functor
Fo: VE(X) = VE (X)),
This completes the construction of the functor
V&% : GBornCoarse — Add.

We now start the construction of the functor Vg’tr.

Let w: W — Z be a bounded covering. Given a controlled object (A, p)
in V§(2), we define w*(A, p) = (w*A,w*p) as follows. Let By denote the
category of bounded subsets of W and let

(35) By, € Bw
be the full subcategory consisting of coarsely connected bounded subsets. Let

w38{/[/_>BZ
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be the functor sending B in By, to w(B) in Bz. We define w*A := Lan(Aw)
to be a left Kan extension of Aw along the inclusion ¢: B{;, — Bw as indicated
in the following diagram:

The definition of w*A involves a choice. It is fixed uniquely up to unique
isomorphism if we take into account the natural transformation

Taw: AW — Lan(Aw)i,

which is actually a natural isomorphism since ¢ is fully faithful. If w is an
isomorphism of the underlying coarse spaces, then w™!: Z — B is proper, and
we can choose the object w*A := w;'A and let 74, be the identity. This
ensures Conditions (i) and (ii) formulated in Section 3.1. We suppress 74
from notation unless we need to mention it explicitly.

For every g in G, we further define w*p(g): w*A — gw* A as the composition

Lan(Aw) Lan(p(9)@), Lan(gAw) < g Lan(Aw),
where the morphisms are uniquely determined by the universal property of left
Kan extensions and the relations

Tgaw(p(g9)0) = (Lan(p(g)0) 0 i)Taw, (L0 8)Tgaw = gTAw-
The morphism ¢ is an isomorphism since (g Lan(Aw), g7 .,) has the property
of a left Kan extension of gAw along i.
Note that A admits finite sums but is in general not cocomplete.? Therefore
we must check that the Kan extensions actually exist and land in the desired
functor category.

Lemma 3.6. The Kan extensions involved in the construction of Aw exists
and (w* A, w*p) is an object of VG (W).

Proof. By [15, Cor. X.3.4], the Kan extension exists if for every B of By, the
colimit

li A(w(B’
(B/QCBO)g[ISI’W/B (w(B)

exists. Fix B in By . Since w is a bounded covering (see Definition 2.15), there
exists a finite, coarsely disjoint partition (B;);es of B such that wp,): [B;] —
[w(By)] is an isomorphism of coarse spaces for every j in J. Since every element
of By, is coarsely connected, we have a decomposition of categories

By /B~ | | Biy/B;.

je€J

2Such a condition would actually lead, by an Eilenberg swindle, to a very uninteresting
K-theory.
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For every j in J, the inclusion of the discrete subcategory

{(Bj NWy C Bj)}Woeﬂo(W)

into the comma category By, /B; is cofinal. Hence we have to show that the
sum

(36) B P AwWw,ns)))

Jj€J Woemo (W)

exists. Since w(B;) is a bounded subset of Z by Property 3.4 (iii) of 4, it admits
a finite subset F; such that A(F}) = A(w(B ). We can choose a finite subset
P; of mo(W) such that F) ﬁw(B NWy) =2 for all Wy in mo(W)\ P;. In (36)
we can therefore restrict the sum to the finite set P;. Since A admits finite
sums, this completes the proof of the existence of the Kan extension.

We use Properties 3.4 (ii) and 3.4 (iii) for A in order to calculate the sum
n (36), and hence the value of the Kan extension at B, explicitly. We obtain
an isomorphism

(37) Lan(Aw)( @ A(w

JjeJ

It is now straight-forward to check that w*A satisfies Conditions 3.4 (i)—(iii)
for a W-controlled A-object. The Relation 3.4 (iv) can be checked by a similar
reasoning as in the construction of w*p(g) using the universal property of left
Kan extensions. t

The following observation is stated here for later use. Let W be a G-
bornological coarse space and let i: By, — By be the inclusion as in (35). Let
(A, p) be an object of V§(W).

Lemma 3.7. Then A is canonically isomorphic to Lan(Ai), the left Kan ex-
tension of Aoi along i.

Proof. The argument is similar to the argument leading to (37) in the proof
above. (]

Lemma 3.8. If w is an isomorphism on the underlying coarse spaces, then
Bw is a subset of Bz and, in this case w*A, is isomorphic to the restriction
of A to By .

Proof. The first statement follows by Definition 2.15 of a bounded covering.
The second one from the pointwise formula for Kan extensions and Proper-
ties 3.4 (ii) and (iii) of A. O

This finishes the construction of w* on objects. We now define w* on mor-
phism as follows. Let U be an invariant entourage of Z and let a natural trans-

formation ¢: A — A’oU[—] be given. We set Uy := (wxw) ™ (U)NU (mo(W)),
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where U(mo(W)) is defined as in (2). Then we consider the commutative dia-
gram

BW Uw[—] BW

Uw [—
B{/VL)B{/V

1,

By ———— By.
We consider the composition
Nat(Aw, A'U[—]w)
= Nat(Aw, AwUpw[-]) % Nat(Aw, Lan(A"w)iUy [~])

— Nat(Aw, Lan(A'®) Uy [—]i) % Nat(Lan(Aw), Lan(A'd)Uw [-]),
Tz,w -1

and we define the morphism w*¢: w*4A — (w*A")Uw[—] to be the image
of ¢ o w under this map. In other words, the morphism w*¢ is uniquely
determined by the equation

(38) (W' 0 i)Taw = Tarw © (PW).
Using this equation, one checks easily that the construction of w* is compatible
with the composition.

Given two bounded coverings V = W < Z, we now have to define a natural
isomorphism

Ay (WU)*A — v w*A.

Let j: By, — By be the inclusion analogous to the one in (35). We observe
that © has a canonical factorization 9: B}, ~+ Bj;, = By such that wv = W’
Since we have a natural isomorphism

(39) AW = At —=— Lan(Aw)it’

TA,wO?’

= Lan(A®)d ——— Lan(Lan(Ad)d)j,

TLan(Aw),v

the functor Lan(Lan(Aw)9) is a left Kan extension of Awv along j, by Lem-
ma 3.7. We define the natural isomorphism a, ,, by

Ay (wWv)*A = Lan(Awv) 9, Lan(Lan(Aw)?d) = v w* A.
In particular, a,,,, is uniquely determined by the equality

(40) (av,w o j)TA,wU = TLan(Aw),v (TA,w o f/)

Since (wv)*p(g) and v*w*p(g) are the natural equivalences of the left Kan
extensions induced by p(g), they agree under the above natural isomorphism.
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Given three bounded coverings U - V % W % Z, we have a commutative
diagram

—

uv

~/
u

~
/ / v /
BU BV BW

NN

By By Bw Bz.

We conclude that

(((aum o w*)avmw) o k)TA,wvu = (au,v ow* o k)(avmw o k)TA,wvu
(Al:())(au,v ow"o k)TLan(AW)7vu(TA,w © @/)

(40) ~/ —/
= TLan(Lan(AtD){)),u(TLan(AW),v ocu )(TA7W °covu )
(40) . .

= TLan(Lan(AtD){)),u(((av,w © ])TA,wv) o u/)

= TLan(Lan(A\?v){r)7u(av,w o ﬁ) (TA,wv o 1:(,/)
(38)

(u*av,w © k)TLan(Av/vV),u(TA,wv © ﬁl)
(4:0)(11*@11,10 o k) (au7wv o k)TA7wvu

= (0" @) Guwo) © k) TA wous

which proves that relation (27) holds.
Given an admissible square

AN
N A

we consider the diagram

BZ g—)Bv,
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which is commutative since w is bornological and admissible squares are pull-
backs of the underlying coarse spaces. We define

by ¢ Lan((g«A)i) — fi Lan(Aw)
to be the natural isomorphism induced by the natural isomorphism

(g Ao = Ag— "0 = A f~' — = Lan(Aw)if ' = f. Lan(Ad)i.

TA,wof ™!
In particular, b’g’u is uniquely determined by the equation

(41) (b;,u o i)Tg*Am, = TAwO© fﬁl,

We finally define by, as the inverse of b;’u. As above this morphism is com-
patible with p.
We check the relations (28) and (29). Suppose that we have three admissible

SN
ANAN
NAN A

We denote the inclusion B}, — Bg (the analog of (35)) by ir. By repeated
application of (41), we then have

(bpp ©iR)Tg.h, A = Ta o (nm) ™!
1

by s ©iR)Th,as)0m "

by s0ir)on ') (Th.ason ")
Ty O b;L,S) © ZR)((b;,r ohyo iR)Tg*h*A,t

(n* © b;L,s)(b;,r © h*)) 0 iR)Tg*h*A,t'
This proves that relation (28) holds.
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Finally, we compute

((bh,s 0 u")(s" 0 bf.0)(@s,w © f4)) 0 85)Tr, A0s

40 . * . .
W (1], , 0u™) 0ig) (5 0 bfy) 0i8) TLan((f. A)o).a(Th A © &)
38 . ~ ~

) (. 0u™) 0i5)7h. Lan(as).« (B © 8) (T4, 4,0 0 &)

(g) ((b, o U*) o iS)Th* Lan(Aﬂ),s(TA,u o hilé/)

TLan(A%),t © m- )(TAM 0 f/m_l)

TLan(Ad), t(TA u © t )) o m_l

5

2 (@t o i) TAwt) om ™

My © At gy O ZS)(TAm,t o m_l)
9]

=

2
= (
(
= (
(M 0 @ty 0i5) (D} s ©15)Ts. Aws
= (((mx« 0 ar,u)b}, ) ©is)Ts. A,0s-

This implies immediately that relation (29) holds as well.
By Lemma 3.2 the above data induces a functor

Vg’;tr: GBornCoarse;, — Na(Add).

Definition 3.9. We define the equivariant algebraic K-homology with trans-
fers

KAXE: GBornCoarse;, — Sp

as the composition
KAXt? =Ko Vy,.

Proposition 3.10. The functor KAXC is equivalent to KAXS o .
Proof. This follows from the definition since the diagram

GBornCoarse;, Ve, No(Add) ¥, Sp

L] I /
N(GBornCoarse) Vv, N(Add)
commutes by Lemma 3.2 and (33). d

3.11. Coarse ordinary homology. We first recall the construction of equi-
variant coarse ordinary homology

HXY: GBornCoarse — Sp
from [4, Section 7]. One starts with a functor

CX%: GBornCoarse — Ch,
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which associates to a G-bornological coarse space X the chain complex of G-
invariant, locally finite and controlled chains (the definitions will be recalled
below). We then use the Eilenberg-MacLane functor

EM: Ch— Sp
in order to define the equivariant coarse ordinary homology functor
HX® .= EM o CXY: GBornCoarse — Sp.
In order to define equivariant coarse ordinary homology with transfers
HXS: GBornCoarsey. — Sp,
we will define a functor
CX&: Ho(GBornCoarse;,;) — Ch

such that CXS ot = CXY. Tt then induces the desired extension HXS of
HXC as the composition

G
(42) GBornCoarse;, — Ho(GBornCoarsey,) CY, o EM, Sp,

where we omitted the nerve functor to consider ordinary categories as oo-
categories.

The construction of HXS turns out to be considerably less involved than
in the construction of K-homology K AXS given in Section 3.3, since we can
stick to one-categorical considerations. We now explain the details.

Recall that the objects of GBornCoarsey, are G-bornological coarse spaces.
Hence on objects we can define

Cx&(X) = Ccx%(Xx).

To define CXS as a functor, we must extend the functor CX“ to generalized
morphisms, see Definition 2.24.

We now recall the definition of CX'“(X). For an n in N the group CX% (X)
consists of functions ¢: X®! — Z which are G-invariant, and whose sup-
port is controlled and locally finite. Here the group G acts diagonally on the
(n + 1)-fold product X™*! of X with itself. We say that a subset S of X"+!
is controlled if there exists an entourage U of X such that (z¢,...,2,) € S
implies that (z;,z;) € U for all 4,5 in {0,...,n}. Finally, a subset S of X""!
is locally finite if for every bounded set B of X the set {s € S | s meets B} is
finite, where we say that s = (zo,...,z,) meets B if there exists ¢ in {0,...,n}
such that z; € B. The differential

d: CXY(X) = CXE (X)

is defined by 0 := Y_i"_, (—1)%0;, where 0; is the linear extension of the map
X"+l 5 X™ which omits the ith entry.

We consider now a generalized morphism [W,w, f] from X to Y, see the
Definition 2.24. We consider the entourage U (mo(W)) defined as in (2) for the
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partition (W) of W into coarse components. We let X7 ) in VA
denote the G-invariant characteristic function of the set

{(wo,...,wy) | for all ¢,5 € {0,...,n}, (w;,w;) € U(mo(W))},

i.e., the maximal U (m(W))-controlled subset of W"*!. The map w: W — X
induces a G-equivariant map w: W"+! — X"*! which we can use to pullback
a G-invariant function ¢ on X"*! to a G-invariant function w*c on W"+!,
Then we can define a map

w: CXE(X) = (277G, wre = gy W

We now show that w*c actually belongs to CXS(W). Let B be a bounded
subset of W. By Definition 2.15 of a bounded covering, there exists a finite
partition (B )aer of B such that wyp,): [Ba] — [w(By)] is an isomorphism of
coarse spaces. Moreover, since w is bornological and hence w(B,,) is bounded
for every o in I, only finitely many points of the support of w*c meet B,,.
Since I is finite only finitely many points of the support of w*c meet B.

There exists an entourage U of X such that ¢ is U-controlled. Then it
is straight-forward to see that w*c is w=*U N U(mo(W)) controlled. Since
w=tUNU(m(W)) is an entourage of W by the definition of a bounded coarse
covering (Definition 2.10), we see that w*c is controlled.

We have therefore defined a homomorphism

w*: CXY(X) — CXE(W).

We now consider the compatibility of w* with the differential. For notational
simplicity, we consider the case of 0,,. We have

(Onw™e)(wo, ..., Wp—1)

= Z X (w) (W0, W1, - . s wp )e(w(wp), w(wi), . .., w(wy)).
wp, €W

We fix wy in W and let W, be the coarse component of wy. Because of the
XZO(W)—factor a summand on the right-hand side is nontrivial only if the points
wi, ..., w, all belong to Wy. Since w is a bounded covering the restriction of
w to Wo is a bijection wyy, : Wo — w(Wp) between coarse components. Since
¢ is controlled, we see that c(w(wo), ..., w(wnp—1),zn) =0 if z,, & wW(Wy). We
therefore get the equality

(Onw™e)(wo, ..., Wp—1)

= Z X;LO(W) (UJ(), Wi,... ,U)n)C(U)(UJ()), U)(UJl), e ,U)(wn))
wn, €W

— Z XZ(:(%/V) (wo, -« -y Wp—1)c(w(wg), ..., w(Wp-1),Tn)
z,eX
(w*Opc)(wo, . .., Wy).
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We thus have seen that w* induces a morphism of complexes. We can now
define

W,w, fl.: CXC(X) = CXC(X), [W,w, fl. = fuow".
We must verify that [W, w, f]. is well-defined independently of the choice of the
representative (W, w, f) of the generalized morphism, and that this definition
is compatible with the composition.
Assume now that ¢: W — W' induces an isomorphism between the spans

(W,w, f) and (W', w’, f') from X to Y. Then the commutative diagram (7)
induces a commutative diagram of chain complexes

CX9(X) 2 xS (W) —L s oxS(y)

¢ (S) .

X% (X)L oxewy s cxC(y),

where we use that ¢, is inverse to ¢*. We conclude that f.w* = flw"* and
therefore that [W,w, f] is well defined.

Let now [V, v, g] be a generalized morphism from Y to Z. Then we consider
a representative [U, (wu), (gh)] of the composition fitting into the diagram of

G-coarse spaces
(43) U
7N
w v
;?// \\{N z;// \\<&
X Y Z,

where the square is admissible. We get a diagram

(44) cxe (U
cCxe(w CXE(V)
Cx%(Xx CXC(Y CX%(2)

of chain complexes. The relation
[Va Uag]* ° [Wa w, f]* = [Ua (wu), (gh)]*
is now implied by the following two relations:
w'w' = (wu)*,  hau* =0"f,,

which we will verify in the following to paragraphs.
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Since u is a morphism in GBornCoarse, we have the equality
u” U (mo(W)) NU(m0(U)) = U(mo(V)).
This implies the relation X;LO(U) (ﬂ*X;LO(W)) = X:rLo(U)' Therefore for ¢ in

CXY(X) we get the chain of equalities

urw*e = X ) (W (X 076)) = X7 ) (8" X7, (w)) (@707 ¢)

= Xro(U) (W w*c) = Xro (1) (wu) ¢ = (wu)*c.

Let now (v, ...,v,) be a point in V"1 and let ¢ be in CXY (W). Then we
have the following chain of equalities:

(heu*c)(vo, ..., vn)

= Z (u*c)(ug, .-, up)

= > Xo ) (W05 - - s un)e(u(uo), . ., u(un))

(01eestin) €L (00, svn)

= Z Xro(v) V0, -+ vn)e(u(uo), . . . ulun))

I n
= g Xrto (v (V05 - - - Un)e(wo, - . ., Wwn)
(w0, wn ) EF 1 (v(v0),.,0(vn))

= (v* fuc)(vo, ..., vn),

where for the equality marked with ‘I, we use the fact that (since c is con-
trolled and the square is admissible) if (uo,...,u,) in U"*! is such that
c(u(uo), .. u(un)) # 0, then the conditions X7 ) (uo;s-..,un) = 1 and
Xio(vy (A(t0), - .., h(un)) = 1 are equivalent.

For the equality marked with ‘!’ we use that an admissible square is a
pullback square, and hence u induces a bijection

{(ug, - yun) | h(ui) =vi} = {(wo,...,wy) | flw;) =v(v)}.
Definition 3.12. We define
HXS: GBornCoarse;, — Sp.
as the composition (42).

Lemma 3.13. HXS is an equivariant strongly additive coarse homology theory
with transfers.

Proof. By construction, HXS o1 ~ HXY is a strongly additive equivariant
coarse homology theory by [4, Thm. 7.3 and Lem. 7.11]. O
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4. APPLICATION: MACKEY FUNCTORS

In this final section we assume that G is a finite group. In Section 4.1 we
show that any G-equivariant C-valued coarse homology theory with transfers
gives rise to a C-valued Mackey functor. In the special case when C is the
category of spectra, we obtain a spectral Mackey functor which is equivalent
to the datum of a genuine G-equivariant spectrum, see Remark 4.4. Our main
result is Propostion 4.15 which expresses the delooping along a representation
sphere of a Mackey functor obtained from an equivariant coarse homology
theory with transfers in terms of coarse geometry.

Our main application of transfers for equivariant coarse homology theories
is the descent argument leading to injectivity results for assembly maps. We
refer to [6] for more details. In Section 4.18 we explain the main principle of
the descent argument in the case of finite groups. On the one hand, we can
avoid all the difficulties connected with infinite groups, but on the other hand,
even for finite groups, we obtain interesting consequences.

4.1. Mackey functors from equivariant coarse homology theories with
transfers. We let GFin denote the category of finite G-sets and equivariant
maps. This category admits fibre products and we can form the bicategory
Span(GFin) of spans in GFin. Its homotopy category is called the effective
Burnside category of G. The oco-categorical version of the effective Burnside
category is the subcategory A% (G) of Fun(Tw, GFin) (compare Remark 2.28)
defined as follows.

Definition 4.2. For every n in N, the set of n-simplices of the co-category
A°f(@) is the set of functors X in Fun(Tw/[n], GFin) such that the squares

Xij — Xirj

|

Xijr — Xy
for all 0 <i <4’ < j' < j <n are pull-backs.
Let C be some oco-category.

Definition 4.3. We define the oo-category Mackc(G) of C-valued Mackey
functors to be the full subcategory of Fun(A°®(G)°P, C) of the coproduct
preserving (or equivalently, additive) functors.

Remark 4.4. The stable co-category Macksp (G) is called the oco-category
of spectral Mackey functors, and it models the genuine stable homotopy cate-
gory associated to the group G, see [11, 1]. Typical constructions in genuine
equivariant stable homotopy theory are fixed points with respect to subgroups
of G, deloopings along representation spheres, and geometric fixed points. In
the present section we explain how these operations can be expressed in terms
of coarse geometry provided the spectral Mackey functor is derived from an
equivariant coarse homology theory with transfers, see Definition 4.7.
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A G-set S naturally gives rise to a G-bornological coarse space Smin,min
obtained by equipping S with the minimal coarse and bornological structures.
If S — T is a map between finite G-sets, then Smin,min — Tmin,min is controlled
and proper. We therefore have a functor

(45) M : GFin — GBornCoarse, 5+ Smin,min-

Lemma 4.5. (i) The functor M preserves finite coproducts.
(ii) The functor M intertwines the cartesian product on GFin with the
symmetric monoidal structure ® on GBornCoarse.
(iii) The functor M sends every morphism to a bounded covering.
(iv) The functor M sends pullback squares to admissible squares.

Proof. A finite coproduct in GBornCoarse of G-sets with the minimal struc-
tures is the coproduct of the underlying G-sets equipped with the minimal
structures. This implies Assertion (i). The finiteness assumption is necessary
because an infinite coproduct in GBornCoarse of nonempty G-sets with the
minimal structures would not have the minimal bornology anymore.

To see Assertion (ii), note that the ®-product of two finite G-sets with
minimal structures in GBornCoarse is the product of the underlying sets
with the minimal structures.

It has been observed in Example 2.17 that a map between G-sets with
minimal structures is a bounded covering. This implies Assertion (iii).

To see Assertion (iv), note that a cartesian square of finite G-sets becomes
an admissible square (Definition 2.20) if one equips the G-sets in the square
with the minimal structures. (]

The following corollary is an immediate consequence of Lemma 4.5 (iv)
and the fact (observed in the proof of Lemma 2.34) that the inclusion of
GBornCoarse into GBornCoarsey, preserves finite coproducts.

Corollary 4.6. The functor M naturally induces a coproduct preserving func-
tor

(46) M: A*%(@) — GBornCoarse;, .
For a fixed S in GFin, we have a functor
(47) Ps:=S®(-): AT(G) — A°T(@)

given by the cartesian product of objects, spans, etc., with S. Recall that
GOrb denotes the full subcategory of GFin of transitive G-sets.

The effective Burnside category of G has a canonical duality
(48) D: AT (G)°P — AF(@)

described in [9, Section 2.17] (note that GFin admits a terminal object). It
is the identity on objects. For the moment, we only need to understand the
functorial equivalence of mapping spaces

(49) Map et () (S @ R, T') = Map et () (R, D(S) @ T)
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for all R, T in A*f(G) and S in GOrb. Note that the right-hand side is defined
by considering D(S) as an object of GFin. The equivalence in (49) is induced
by the evaluation and coevaluation spans

diag(S)

S xS +——= 85— x, *(—SM

S x S.

For details, we refer to [9].
Let now C be stable and let F: GBornCoarse;; — C be an equivariant
coarse homology theory with transfers.

Definition 4.7. We define the functor
EM :=EoMoD: A"(G)P - C.

The following corollary is an immediate consequence of Colorrary 2.60 and
Corollary 4.6.

Corollary 4.8. The functor EM preserves coproducts, i.e., it belongs to the
subcategory Mackc(G) of Fun(A°f(G)°P, C).

The functor EM is the Mackey functor associated to the C-valued equivari-
ant coarse homology theory with transfers E.
For a subgroup H of G, we define the functor

(50) (=) Mackc(G)
of evaluation at the G-set G/H.

evG/H

C

Remark 4.9. The above notation is motivated by the notation for the H-
fixed points F' of a genuine G-equivariant spectrum F. Indeed, under the
correspondence of spectral Mackey functors with genuine G-equivariant spectra
(see Remark 4.4), the operation (50) corresponds to the operation of taking
(categorical) H-fixed points.

Let E: GBornCoarse;, — C be an equivariant coarse homology theory
with transfers. The following corollary is an immediate consequence of the
definitions.

Corollary 4.10. We have an equivalence
EMH ~ E((G/H)min,min)~

Remark 4.11. The cartesian product of GFin induces a symmetric monoidal
structure ® on A°®(G). The following constructions could be written more
naturally using this symmetric monoidal structure. Since in the present section
we do not want to discuss this symmetric monoidal structure in detail, we
proceed in a more direct way.

The functor Pg defined in (47) preserves coproducts. Consequently, pre-
composition by the functor Pg preserves Mackey functors. Motivated by [9,
Cor. 4.5.1], we define the power functor by the prescription

(51) GOrb® x Mackc(G) — Mackc(G), (S, F) — F¥:= P;F.
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Here we implicitly use the functorial dependence
GOrb 3 S+ Ps € Fun(A°T(Q), A°T(@)).

Since Mackey functors are contravariant functors on A% (G), we eventually get
the contravariant dependence on S in equation (51).

We now assume that C is both presentable and stable. By stability, fi-
nite coproducts and products in C coincide. Using this fact we can describe
the category Mackec(G) as the full subcategory of sheaves in the co-category
of C-valued presheaves Fun(A°®(G)°?, C) on A°f(G) with respect to the
Grothendieck topology given by finite disjoint decompositions into G-invariant
subsets. It follows then that Mackc(G) is presentable as well.

Since limits in Fun(A°f(G)°P, C) are defined objectwise, the functor of pre-
composition with Pg preserves small limits. Since also the inclusion Mackc(G)
— Fun(A°%(@)°P, C) detects and preserves limits, it follows that

(-)%: Mackc(G) — Mackc(G)
preserves small limits. We therefore have an adjunction
S ® (—): Mackc(G) = Macke(G) : (—)°
which determines the tensor structure
(52) GOrb x Mackc(G) - Mackc(G), (S, F)— S®F.

Recall that, by Elmendor{’s theorem, the co-category PSh(GOrb) models the
homotopy theory of G-spaces. We can left-Kan extend the tensor structure (52)
(along the Yoneda embedding GOrb — PSh(GOrb)) to a functor

PSh(GOrb) x Mackc(G) — Mackc(G), (X,F)— X® F,

preserving colimits in the first variable. Similarly, we can also right-Kan extend
the power structure (51) to a functor

PSh(GOrb)° x Mackc(G) — Mackc(G), (X, F) s FX,

preserving limits in the first variable.

Let E: GBornCoarse;, — C be an equivariant coarse homology theory
with transfers and recall Definition 4.7 of the C-valued Mackey functor EM
associated to E. Using (51), we define the functor

GOrb® — Mackc(G), S+ EMS.
For every equivariant coarse homology theory with transfers
F: GBornCoarse;, — C

and every G-bornological coarse space V', we can form a new equivariant coarse
homology theory with transfers Ey : GBornCoarse;, — C, called the twist
of E by V, see Example 2.62. Recall the definition of the functor M in equa-
tion (46). We can define the functor

GOrb® — Mackc(G), S+ En(p(s)M.
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To see the functorial dependence on S, note that, by Example 2.17, for every
map S — T in GOrb and G-bornological coarse space V', the induced map
Smin,min ® V' = Tinmin ® V' is a bounded covering, and therefore can serve
as a left leg of a span from Tiin,min ® V t0 Smin,min ® V' whose right leg is the
identity.

Proposition 4.12. We have an equivalence of functors EM (=) ~ Exvp—yM.

Proof. The equivalence is implemented by the following chain of equivalences
which are natural in S:

EM?®(~) ~ (Eo M o D)%(—)
(g)EoMoDo(S®(—))
~FEoMo (D(S)® D(-))
!
L B o (M(D(S)) ® M(D(-)))
~ En(p(s) M (=),
where for the marked equivalence we use Lemma 4.5 (ii). O

The equivalence (49) implies the natural equivalence of Spc-valued Mackey
functors

(53) Yaet (@) (D(S) ® T) > Ypett (@) (T)S

for every T in A°f(G) and S in GOrb. Using now that the functors D(S) ® —
and (—)° on Mackc(G) preserve colimits and that we can write any C-valued
Mackey functor as a colimit of a diagram of functors of the form y et () (T) @ C
for T in A°®(G@) and C in C (here ® is the tensor structure of C over Spc),
the equivalence (53) extends to the Wirthmiiller equivalence of functors

D(-)® F ~ F(7): GOrb®® — Mackc(G)

for every C-valued Mackey functor F. If we combine the Wirthmiiller equiv-
alence with the equivalence shown in Proposition 4.12, we get the following
consequence.

Let C be a presentable stable co-category and let £: GBornCoarse, — C
be an equivariant coarse homology theory with transfers.

Corollary 4.13. We have a natural equivalence of functors
(S—=S®EM ~ Eg,,, ... M): GOrb — Mackc(G).

Let X be a pointed G-space, i.e., an object of Fun(GOrb°?, Spc, ), and let
F be a C-valued Mackey functor for a presentable and stable co-category C.

Definition 4.14. We define the C-valued Mackey functor
XANF:=Cofib(x®@ F - X®F).
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We have a canonical equivalence
(54) XANF~FbX®F—-*x®F).

A G-topological space A gives rise to an object (also denoted by A) of
PSh(GOrb), which sends the G-orbit S to the space represented by the topo-
logical mapping space Mapgrop (Sdisc, 4). We use a similar notation conven-
tion for pointed G-topological spaces which yield objects of

Fun(GOrb®?, Spc, ).

Let V' be a finite-dimensional Euclidean vector space with an orthogonal
representation of G. We consider V' as an object of GBornCoarse, with the
structures induced by the metric. Let S*(V) be the G-topological space given
by the unit sphere in V. Furthermore, let S(V') be the pointed G-topological
space given by the one-point compactification of V' by the point co. We will
write S(V)oo for the corresponding based space.

Let C be a presentable stable co-category and E: GBornCoarsey, — C
be an equivariant coarse homology theory with transfers, let EM be the C-
valued Mackey functor associated to E (see Definition 4.7), and let V' be a
finite-dimensional Euclidean vector space with an orthogonal representation

of G.

Proposition 4.15. We have a canonical equivalence of C-valued Mackey func-
tors
S(V)eo NEM ~ Ey M.

Proof. The cone O(A) (see [4, Section 9.4]) of a compact metrizable G-space
A is a well-defined object of GBornCoarse, and its underlying G-set is the
product of G-sets [0, 00) x A. Its bornology is generated by the subsets [0, n] x A
for all n in N. Finally, its coarse structure is the hybrid coarse structure
associated to the uniform structure for some choice of a metric d on A and the
maximal coarse structure, and the exhaustion ([0,n] X A),en. The notation
O(A) abbreviates the longer symbol O(Ag max,max) used, e.g., in [6, Section 4].
The cone at infinity O>°(A) is then defined as Yo*(O(A), ([0,n] x A)nen), see
[4, Section 9.5].
Let S be in GOrb. We have an equivalence (see [4, Prop. 9.35])

o (Sdisc,max7max) ~ OOO(Sdisc7min,max) ~ ¥ Yo® (Smimmax)'

Since S is a finite set, the bornological coarse spaces Smin,max and Smin,min
coincide. By Corollary 4.13, we therefore have the equivalence

(55) S®EM =~ Eg,, e M = 57 B0 (S e man)

of C-valued Mackey functors which is natural in S. Note that the twist with
an object of GSpX is well-defined by Example 2.62. Let

(’)ﬁfg: PSh(GOrb) — GSpX
be the left-Kan extension of the functor
GOrb — GSpX? S = Ooo(Sdisc7max,max)~

min,min

Minster Journal of Mathematics VoL. 13 (2020), 353-424



410 ULRICH BUNKE, ALEXANDER ENGEL, DANIEL KASPROWSKI, CHRISTOPH WINGES

Note that this is consistent with the definition of Of, from [6, Def. 8.16],
see also [6, Rem. 8.17] which explains the difference with the definitions given
in [4].

By left Kan-extension along the Yoneda embedding GOrb — PSh(GOrb),
both sides of (55) can be extended to colimit-preserving functors PSh(GOrb)
— Mackc(G). Using also that E preserves colimits, we get the equivalence
of C-valued Mackey functors

~ -1
(56) X @ EM ~ X" Eog (x)M,
which is natural for X in PSh(GOrb).

In the following, we want to rewrite the cone sequence (see [4, Cor. 9.30])
(57) Yo* (S(V)max,max) = Yo*(O(S(V)))
= 0%(5(V)) = Y0 (S(V)max,max)

in GSpX in simpler terms.
Pulling back the G-bornological coarse structure of V @ R along the map

(58) [0,00) x SYVER) = VR, (t¢&) &,

of G-sets induces a G-bornological coarse structure on [0,00) x S1(V @& R)
which we call the Euclidean cone structure. We let O, (S'(V @ R)) denote
the G-set [0,00) x S1(V @R) equipped with this structure. The identity of the
underlying sets induces a morphism

O (SY(V & R)) = O(SY(V @ R))

of G-bornological coarse spaces. By arguments which are analogous to the ones
given in [2, Section 8], one can show that this morphism induces an equivalence

(59) Yo' (0o (S (V & R))) = Yo* (O(S*(V @ R)))
in GSpX. The map (58) has a right-inverse
Va&R = [0,00) x SH(V & R)

which sends the origin of V & R to the point (0, (0,1)). One easily checks that
these maps implement an equivalence of G-bornological coarse spaces between
Ocu(S1(V @& R)) and V @ R. In particular, we get the third equivalence in the
chain

Yo (O(S(V))) =~ Yo* (O(S*(V @ R))) =~ Yo' (O (S*(V @ R))) ~ Yo (VB R).

For the first equivalence, we use the usual equivariant homeomorphism S(V') =
SHV @ R).

Since S(V) has a G-fixed point, the projection map S(V)max,max — * is an
equivalence of G-bornological coarse spaces. Therefore we have an equivalence

Yo* (S(V)max,max) = Yo ().

We finally note that S(V) is homotopy equivalent to a finite G-CW complex.
Since the functors O> and Ofj, behave as GSpA&-valued homology theories

(59)
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on the category of finite G-CW-complexes (see [6, Lem. 8.23]) and coincide on
G-orbits, we have an equivalence

0=(5(V)) =~ Oyig(S(V)).
The cone sequence (57) is therefore equivalent to the fibre sequence
(60) Yo’ (x) = Yo* (V& R) — O, (S(V)) = X Yo’ (%)
in GSpX. Using the functoriality of @ — E¢g (Example 2.62) and the obvi-

ous equivalence Eyqs(y) = E, we therefore get the fibre sequence of C-valued
Mackey functors

EM — BygrM — Eog (s(vyM — SEM.
We now apply the equivalence (56) to the third term and obtain the sequence
(61) EM — ByerM — X(S(V) @ EM) — SEM.
We have a commuting diagram

S(S(V)® EM) @) FEooo (S(V))M —YFEM

hlg

|,

S+ © EM) — 2 B (oM —=— SEM,

where the unnamed vertical maps are induced by the projection S(V) — *. It
follows that the last map in (61) is induced by the projection S(V) — .
In view of (54), the fibre sequence (61) gives an equivalence
(62) EygrM ~3(S(V)eo AN EM).
Applied to the special case where V is the zero-dimensional representation, we
get the equivalence
(63) ErM ~YEM.
In the category GBornCoarse, we have an equivalence V@R = V @ R. This
implies the second equivalence in
(62)
E(S(V)OO A EM) ~ Epgpv M ~ (Ev)]RM ~YFEy M,
where in the last equivalence we apply (63) to the twisted homology theory
FEy in place of E. Since ¥ is an equivalence, the proposition follows. (I

Finally, we discuss the geometric fixed point functor for a subgroup H of G.
In genuine equivariant stable homotopy theory the geometric fixed points of a
genuine G-equivariant spectrum F' can be calculated by the formula

®H (F) ~ colim [S(V) A F]Y,
(F) = colim [S(V) A F]
where the colimit runs over all finite-dimensional representations of G with
no nontrivial H-fixed vectors [16, Def. I1.2.10]. In the following, we use this

formula as a definition:
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Definition 4.16. We define the geometric fized point functor
®": Mackg(G) — C

by
®H(F) := colim [S(V)eo A FIH.
(F) i= colim [S(V) ]
Let E: GBornCoarseg — C be an equivariant coarse homology theory
with transfers, let EM be the C-valued Mackey functor associated to F, and
let H be a subgroup of G.

Proposition 4.17. In C, we have an equivalence

" (EM) ~ colim E H) i min ,
(EM) = colim E((G/H)minmin ® V)

where the colimit runs over orthogonal representations V' of G with no non-
trivial H -fized vectors.

Proof. We use Corollary 4.10 and Propostion 4.15 in order to rewrite the for-
mula from Definition 4.16 in the desired form. U

4.18. A descent principle. In this section we explain how transfers can be
applied to show injectivity of the assembly map in the case of finite groups.
In view of Remark 4.39, the main result itself (see Corollary 4.38) is not really
new. Our main point is to give a self-contained proof using the descent prin-
ciple, which avoids both the usage of the connection between spectral Mackey
functors and genuine equivariant spectra and of results from genuine equivari-
ant stable homotopy theory. Since we consider finite groups, we can drop all
arguments involving coarse geometry.
Let G be a finite group and let F be a set of subgroups of G.

Definition 4.19. The set F is called a family of subgroups if it is nonempty
and closed under conjugation in G and taking subgroups.

Let F be a family of subgroups. Then we consider the full subcategory
G £Orb of GOrb of transitive G-sets with stabilizers in F. For every cocom-
plete target category C, the inclusion GxOrb — GOrb induces an adjunction

(64) Indr: Fun(GrOrb, C) < Fun(GOrb, C) : Resr .

We have a similar adjunction for contravariant functors.

We consider a functor E: GOrb — C with a cocomplete target C and let F
be a family of subgroups of G. Note that pt denotes the final object of GOrb
given by the one-point G-set.

Definition 4.20. The morphism

(65) ar: (IndroResy(E))(pt) — E(pt),

given by the counit of the adjunction (64), is called the assembly map.
Let «r denote the final object of PSh(G rOrb).
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Definition 4.21. The object ExG := Indr(*xr) of PSh(GOrb) is called the
classifying space of the family *r.

One can check that

« if S € GFOrb,

(66) ErG(S) = {@ else.

The main result of this section is the next theorem. Let F: GOrb — C be
a functor.

Theorem 4.22. Assume:

(i) C is stable, complete and cocomplete;
(ii) E extends to a Mackey functor;
(iii) ExG is a compact object.
Then the assembly map (65) is split injective.

Assumption (ii) will be explained in Definition 4.33 below.

Remark 4.23. Let S be an co-category and C a cocomplete co-category. Then
pullback along the Yoneda embedding yo: S — PSh(S) induces an equivalence
of co-categories
Fun®"™(PSh(S),C) = Fun(S, C),
where the superscript indicates the full subcategory of colimit preserving func-
tors. For a functor F: S — C, we let F': PSh(S) — C denote the essentially
uniquely determined colimit-preserving functor corresponding to F' under this
equivalence. Note that F' (together with the identification of its restriction
with F) is a left Kan extension of F' along the Yoneda embedding.
Similarly, for a complete target C, we have an equivalence

Fun'™(PSh(S)°?, C) = Fun(S°?, C).

Again, for a functor F: S — C, we let F: PSh(S)® — C denote the
essentially uniquely determined limit-preserving functor corresponding to F
under the above equivalence. Note that F (together with the identification
of its restriction with F) is a right Kan extension of the functor F' along the
Yoneda embedding. If we consider F' as a contravariant functor from PSh(S)
to C, then it sends colimits to limits.

Let S and T be oco-categories and assume now that we have a bifunctor

F:S"xT—C
with a complete and cocomplete target C. Then we can define a functor
F: PSh(S)° x PSh(T) — C

by first right Kan extending F in the first variable, and then left Kan extend-
ing the result in the second variable. We consider F' and F' as contravariant
functors in the first variable. The functor F is essentially uniquely determined
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by the property that it restricts to F' along the product of Yoneda embeddings
S x T — PSh(S) x PSh(T) and satisfies

(67) ﬁ(collim X, co}}im yo(Y)) ~ colJim li}n F(X,yo(Y))

for all diagrams X: I — PSh(S) and Y: J — T.
Similarly, switching the order of the left and right Kan extensions, we obtain
a functor (contravariant in its first variable)

F': PSh(S) x PSh(T) — C.

Again, the functor Fis essentially uniquely determined by the property that
it restricts to F' along the product of Yoneda embeddings and satisfies

(68) F' (colIim yo(X), colJim Y) ~ lim colJim F'(yo(X),Y)
for all diagrams X: I — S and Y: J — PSh(T).
Finally, note that the natural comparison morphism
colim lim — lim colim
J I I
provides a comparison morphism
c: F— F'.

Let E: GOrb — C be a functor. In the following statement, ‘*’ denotes the
final object of PSh(GOrb). Recall the notation introduced in Remark 4.23.

Lemma 4.24. The assembly map (65) is equivalent to the morphism
E(ExG) — E(x)
induced by the morphism ErG — *.

Proof. We have an equivalence * ~ yo(pt). Moreover, ExG = Indz(xr) can
be expressed in terms of a left Kan extension, and the pointwise formula gives

ErG >~  colim o(S).
g SEG]:Orb/pty ( )
Since E preserves colimits, the morphism E(ExG) — E(x) is equivalent to the
morphism

lim  E(S) - E(pt
5e 520, P15) = Elpt)

induced by the morphisms S — pt in GOrb. But this is now exactly the
formula for the assembly map if one expresses Indr o Resz(E) as a left Kan
extension of Resz(F) and again applies the pointwise formula. O

Recall Definition 4.2 of the co-category A (G) modeling the effective Burn-
side category of G. We have a functor

(69) m: GFin x GFin®® — A°T(@),
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which is characterized by the property that it sends a pair (¢: Q — R, ¢: T — S)
of morphisms in GFin x GFin to the morphism

QeT
RN
QRS R®T

in A°®(G). Note that we consider m as a contravariant functor in the second
argument.
We now consider a functor M : A°f(G)°P — C.

Definition 4.25. We define the functor
F := M om°?: GFin®°® x GFin — C.

Note that the functor F depends on M, but this is not reflected in the
notation.
The inclusion

(70) r: GOrb — GFin
induces an adjunction
(71) r1: PSh(GOrb) = PSh(GFin) : r*.

We consider a functor M: A°T(G)°P — C for a complete and cocomplete
target C, let F' be as in Definition 4.25, and use the notation introduced in
Remark 4.23. The counit

(72) rr* —id

of the adjunction (71) induces transformations

(73)  w: F(—, =) = F(nr (=), =), v: F(=mr* (=) = F(—,—).
Recall Definition 4.3 of a Mackey functor.

Lemma 4.26. If M is a Mackey functor, then the transformations u and v
in (73) are equivalences.

Proof. We show that v is an equivalence. The proof for u is similar. We first
show that

(74) F(yo(T),rr* yo(S)) = F(yo(T), yo(5))

is an equivalence for all ST € GFin.
We observe that

i’ (yo(S)) — yo(S)
is equivalent to the morphism

[T volr(R) = yo(S),

REG\S
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induced by the family of inclusions (r(R) — S)gea\s (see [6, Lem. 5.10] for
more details). Using the fact that F' preserves colimits in its second argument,
we conclude that the morphism (74) is equivalent to the morphism

(75) II F@o(T),yo(r(R))) = F(yo(T),yo(S)).
REG\S

In view of the defining relation between F and F (see Remark 4.23), the
morphism (75) is in turn equivalent to the morphism

(76) 1 F@ r(R)— F(T,9).

REG\S
By Definition 4.25, the morphism (76) is equivalent to the morphism
(77) [T M(Txr(R) - M(T xS)

REG\S

obtained from the transfers along the inclusions of the orbits of S. We now
use that these transfers also induce an equivalence

H Txr(R)~T xS
REG\S

in A°f(G)°P and that M is a Mackey functor, i.e., coproduct preserving. This
implies that (77) and hence (74) is an equivalence.

Finally, using (67) and the fact that r7* preserves colimits, we can extend
the equivalence (74) to all objects of PSh(GFin)°? x PSh(GFin). O

We consider a functor M: A°®(G)°P — C for a complete and cocomplete
target C and we let S be an object S of GFin. Let F' be as in Definition 4.25
and recall the notation introduced in Remark 4.23.

Lemma 4.27. There is an equivalence
s F(=,yo(S)) = F(= x yo(S), )
in Fun(PSh(GFin)°?, C).
Proof. By definition of m (see (69)), we have an equivalence
m(—,S) = m(— x S, pt)

of functors GFin — A% (G). Composing with M and using the Definition 4.25,
we get an equivalence

(78) F(—,8) =~ F(— x S,pt)
of functors GFin®® — C. We abbreviate

Fy:=F(—-,S), F;:=F(— xS, pt).
By (78), we have an equivalence

(79) F~F,
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of contravariant functors from PSh(GFin) to C which send colimits to limits.
We now observe that, by the definitions given in Remark 4.23,

(80) Fi(=) = F(=,yo(5)).

Furthermore, since yo preserves products, for 7' in GFin, we have an equiv-
alence

(81) E(yo(T)) ~ F(T x S, pt) ~ F(yo(T x S),) ~ F(yo(T) x yo(S), %).
We now use the general fact that for X in PSh(GFin), the functor
— x X: PSh(GFin) — PSh(GFin)

of taking the product with X preserves colimits.® This implies that the equiv-
alence (81) extends to an equivalence

(82) Fy(=) = F(= x yo(S), %)

of contravariant functors from PSh(GFin) to C sending colimits to limits.
Combining now (82), (80) and (79), we get the equivalence asserted in the
lemma. (]

Let M: A*®(G)°P — C be a functor, let F be as in Definition 4.25, and
recall the notation introduced in Remark 4.23 and (70). We consider an object
A in PSh(GFin) and a transitive G-set R in GOrb. Let

(83) pr: F(x,y0(r(R))) = F(A,yo(r(R)))

be the map induced by A — * (note that F is contravariant in the first vari-
able).

Proposition 4.28. Assume:

(i) R € GxOrb;
(ii) M is a Mackey functor;
(iii) r*A in PSh(GOrb) is equivalent to ExG.
(

Then (83) is an equivalence.

3t is a general property of co-topoi that colimits are universal, i.e., preserved by fibre
products. We note that PSh(GFin) is an co-topos.
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Proof. Recall the equivalences u and s from Lemma 4.26 and Lemma 4.27 and
consider the following commutative diagram:
F (%, yo(r(R))) ———— F(4,yo(r(R)))

F(yo(r(R)), ) ———— F(A x yo(r(R)), %)

u |~ u |~

F(ry* (yo(r(R))), *) —— F(rir* (A x yo(r(R))), %)

F(r(yo(R))) ——=—— F(n(EzG x yo(R))).

For the equivalences marked by ‘I’ we use the canonical equivalence r* yo(r(R))
~ yo(R) and that r* preserves limits.

Let S be in GOrb. By Assumption (i), the relation yo(R)(S) # @ implies
that S € GzOrb. Hence, by (66),

ExG x yo(R) ~ yo(R)
and the map marked by ‘!’ is an equivalence as claimed. O
In the situation of Proposition 4.28, we can consider the map
(84) pa: F(x, A) = F(A, A)
induced by A — .

Corollary 4.29. Assume:

(i) M is a Mackey functor;
(ii) r*A in PSh(GOrb) is equivalent to ExG.

Then (84) is an equivalence.

Proof. Since r*A is equivalent to ExG, A is a colimit of objects of the form
yo(S) with S in GzFin. Since F preserves colimits in its second argument, it
suffices to show that

(85) Pyo(s): F(#,y0(S)) = F(A,yo(S))

is an equivalence for all S in GzFin. By Lemma 4.26, in (85), we can replace
yo(S) by mr* yo(S). We have

royoS)=n( [ voR) = [T votr(R)).

REG\S REG\S
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Since F preserves colimits in its second argument, the map (85) is equivalent
to the map

[T Feyor(R) = I F(A yo(r(R))).
ReG\S ReG\S
Since R € G'\ S implies R € G#Orb, this map is an equivalence by Proposi-
tion 4.28. O

We now consider the comparison morphism
c: F— F
introduced in Remark 4.23.
Let M: A°®(G)°P — C be a functor for a complete and cocomplete tar-

get C, let F' be as in Definition 4.25, and recall the notation introduced in
Remark 4.23. Let A and B be in PSh(GFin).

Lemma 4.30. Assume:
(i) C is stable;
(ii) A or B is compact.
Then the map
¢: F(A,B) — F'(A, B)
is an equivalence.

Proof. Any compact presheaf is a retract of a finite colimit of representable
presheaves. Since a retract of an equivalence is an equivalence, it suffices to
show the assertion under the assumption that A or B is a finite colimit of
representables. To this end, we use the equivalences (67) and (68) and the fact
that in a stable co-category, finite colimits commute with all limits and finite
limits commute with all colimits. O

Let M: A°®(G)°® — C be a functor for a complete and cocomplete tar-
get C, let F' be as in Definition 4.25, and recall the notation introduced in the
Remark 4.23. We consider an object A in PSh(GFin). Let

P F'(A A) — F'(A,%)
be the map induced by A — *
Analogously to Corollary 4.29, we obtain the following statement.

Corollary 4.31. Assume:

(i) M is a Mackey functor;
(ii) r*A in PSh(GOrb) is equivalent to ExG.

Then p'y is an equivalence.
One can even formally deduce this statement from Corollary 4.29 by going

over to opposite categories in the appropriate way.
There is a canonical morphism

(86) i: GOrb — A°T(G)°P,
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which is the obvious inclusion on objects and sends the morphism f: S — T

to the span
RN

T S.

Let M: A*®(G)°® — C be a functor for a complete and cocomplete tar-
get C, let F be as in Definition 4.25, and recall the notation introduced in
Remark 4.23. We set E :=i*M.

Lemma 4.32. The assembly map (65) is equivalent to the morphism
a: F(x,nErG) — F(x,%)
induced by the projection mErG — *.

Proof. By Lemma 4.24, the assembly map is equivalent to the morphism
E(ExG) — E(x)

induced by the projection ExG — *. The relations i(—) ~ m(*,r(—)) and
FE ~¢*M now imply that

E(=) = F(pt,r(=))-

We therefore get an equivalence

E(=) = F(x,n(=))

of colimit-preserving functors from PSh(GOrb) to C. The assertion is now
obvious. O

Let E: GOrb — C be a functor and let 7 be as in (86).

Definition 4.33. We say that E extends to a Mackey functor if there exists
a Mackey functor M: A°f(G)°P — C such that i*M ~ E.

Proof of Theorem 4.22. Let M : A°®(G)°P — C be a Mackey functor such that
E ~i*M. Let F be as in Definition 4.25 and recall the notation introduced in
Remark 4.23.

We define the object A := mErG of PSh(GFin). Because the functor
r: GOrb — GFin is fully faithful, we have an equivalence r*r; ~ id. In
particular, we get the equivalence r*A ~ r*rErG ~ ErG. Since ry is left
adjoint to r* and r* preserves colimits, r preserves compacts. Therefore A is
a compact object.
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We now consider the diagram

ﬁ(*,A) L>ﬁ(>|<,>|<)

(&
PAJ:

F(A,A) F/ (%, %)

S

F'(A, A) =2 F'(A, %)

R

The maps labeled with pa, p/y and ¢ are equivalences by Corollary 4.29, Corol-
lary 4.31 and Lemma 4.30. The diagram yields a left-inverse of . Theo-
rem 4.22 now follows from Lemma 4.32. (]

To apply Theorem 4.22, we have to verify the assumption on the com-
pactness of ExG. Following [17], we introduce the following condition on the
family F.

Definition 4.34. We call F separating if for every two subgroups H and K
of G such that H is normal in K and K/H is prime cyclic, either both K and
H belong to F, or both are not contained in F.

Example 4.35. The family Sol of solvable subgroups of G is separating.

Theorem 4.36 ([17, Thm. 4)). If F is a separating family for a finite group G,
then there ezists a finite G-CW-complex of the homotopy type of Et}?pG.

Note that Oliver’s theorem actually states that there exists a disc with a G-
action with the correct homotopy types of fixed point spaces. By a theorem of
Illman [12], one can then find a finite G-CW-complex in the same G-homotopy
type.

Corollary 4.37. If F is a separating family, then ExG is compact.

Proof. We let GTop[W ~!] denote the oo-category obtained from the category
of topological spaces by inverting G-weak homotopy equivalences, i.e., G-maps
which induce weak equivalences on the fixed points spaces for all subgroups
of G. By Elmendorf’s theorem, we have the equivalence

GTop[W '] ~ PSh(GOrb).

Under this equivalence, a G-CW-complex of the homotopy type of E;_f’pG goes
to a presheaf equivalent to ExG. We now note that a finite G-CW-complex
represents a compact object in GTop[W ~!] and therefore in PSh(GOrb). O

Therefore, Theorem 4.22 has the following corollary.
Let G be a finite group, let F be a family of subgroups of G, and let
E: GOrb — C be a functor.
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Corollary 4.38. Assume:

(i) C is stable, complete and cocomplete;
(ii) F extends to a Mackey functor;
(iii) F is separating.

Then the assembly map Indr o Resy(E)(pt) — E(pt) is split injective.
By Example 4.35, this corollary applies to the family F = Sol.

Remark 4.39. In the case C = Sp, Corollary 4.38 is a consequence of known
facts in equivariant stable homotopy theory under the identification of spectral
Mackey functors with the category of equivariant spectra. Let SpG denote
the stable co-category of equivariant spectra. Denote the equivariant sphere
spectrum by S¢. Following [19], the Burnside ring A(G) is given by equivalence
classes of finite G-CW-complexes subject to the relation that [X] = [Y] if the
Euler characteristics of all fixed points of X and Y agree. Addition in A(G)
is induced by the coproduct, and multiplication corresponds to the cartesian
product. Then A(G) is isomorphic to 7§ (S¢) ~ mo Mapg,e(Sa, S¢) via the
map that sends a finite G-CW-complex to its trace. Moreover, the ghost map
A(G) — Z associated to any (conjugacy class of) subgroup H of G sends the
class of a finite G-CW-complex X to the Euler characteristic of X*. These
maps fit into the following commutative diagram:

(87) A(G) ———— m Mapg,¢ (S, Sa)

l |

[y Z Tz 70 Maps, (27 (Sc), 7 (Sc)).-

The products are indexed by conjugacy classes of subgroups of G. The right
vertical map is induced by taking H-geometric fixed points of endomorphisms.
The bottom horizontal isomorphism is given by taking mapping degrees. As
indicated, the commutativity is therefore a consequence of the fact that geo-
metric fixed points are monoidal and commute with the duality functor D, and
that the mapping degree of the trace of a finite CW-complex is precisely its
Euler characteristic.

Suppose now that there is a finite G-CW-complex Et}?pG of the homotopy
type of the classifying space for the family F. Since EX’G x EX?G ~ EXPG,
the class [E;?pG] is an idempotent in A(G), and thus gives rise to an idempotent
map p: S¢ — Sg. By the commutativity of (87),

oy~ {0 THEF
PI=Viag ifH e F.

The idempotent p induces a splitting S¢ ~ Sq,7 ® Sg, where Sq,r is given
by the mapping telescope along p:

S¢,r =~ colim(S¢ 8B sah .
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Since ®# commutes with colimits, @ (Sg, ) ~ S or (S ) ~ 0, depending
on whether H lies in F or not.

Let ¥%°: GTop — Sp“ denote the equivariant suspension spectrum. Con-
sider the commutative diagram

S¢,r —— Sa,r @ SFPEYPG —— ST ELPG

| J |

S¢ ——— S ® BFpt ——— NTpt,

in which all arrows are induced by the inclusion Sg, 7 — S¢, the projection
E;_f’pG — pt and the unit map of the monoidal structure. As the geometric
fixed point functors are monoidal and jointly detect equivalences in Sp%, all
horizontal arrows in this diagram are equivalences.

Therefore, in the induced splitting M ~ (M ® Sg,7) & (M ® SZ) of an
arbitrary equivariant spectrum M, the inclusion M ® Sg, 7 — M is equivalent
to the map

M ®XPERPG — M

induced by the projection E;_f’pG — pt. Finally, since

M @ SPEPGC ~ (M li weq/H)Y
(M@XFEFG)" =~ ( ®G/I§gégl0rb TG/H)

~ li M@ XFG/H)¢
c/ﬁgé?om( @ XYG/H)

~ colim M"Y,
G/HeG xOrb

the split inclusion (M ® S, 7)¢ — MY is equivalent to the assembly map.
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