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Abstract

This thesis is concerned with two different subjects in the field of representation

theory of nilpotent locally compact groups. The first part deals with the structure
theory of abelian unipotent linear algebraic groups over a local field K of charac-
teristic p, which are treated as abstract topological groups. The finite-dimensional
Witt groups over K form a large class of these groups.
The first main result is that every such Witt group, W,,(K), can be decomposed into
a discrete and a compact part, each being the dual of the other. This implies that
the topological group W, (K) is isomorphic to its dual group, i.e., to its group of
characters. As a consequence we obtain that every abelian unipotent K-split group
is topologically isomorphic to its dual group.

In the second chapter we develop a version of Kirillov theory that can be applied
to a wide class of locally compact nilpotent groups, including nilpotent groups of
characteristic 0, such as connected, simply connected nilpotent Lie groups and p-
adic unipotent linear algebraic groups, and a large class of unipotent linear algebraic
groups over local fields of characteristic p. The key concept is the notion of a nilpotent
k-Lie pair (G,g), k € N. This serves as a substitute for the Lie algebra g of a Lie
group GG and it contains suitable additional structure to obtain a reasonable definition
of a dual space g* of g. Given such a structure, the Kirillov-orbit map associates
with a quasi-orbit of the coadjoint action of G on the dual g* a primitive ideal of the
group C*-algebra of G.

The second main result is that this Kirillov-orbit map establishes a homeomorphism
between the quasi-orbit space and Prim(C*(G)) for every k-Lie pair (G, g) satisfying
some additional property.



Zusammenfassung

In dieser Arbeit werden zwei verschiedene Themen aus der Darstellungstheorie

nilpotenter lokalkompakter Gruppen behandelt. Im ersten Kapitel wird die Struktur
von abelschen unipotenten linearen algebraischen Gruppen iiber einem lokalen Kor-
per K der Charakteristik p untersucht. Eine grofie Klasse dieser Gruppen bilden die
endlich-dimensionalen Witt-Gruppen iiber K.
Das erste Hauptergebnis ist, dass sich jede solche Witt-Gruppe W, (K) in einen
diskreten und einen kompakten Teil zerlegen 148t, die zueinander dual sind. Dieses
Resultat wird dann verwendet, um zu zeigen, dass jede abelsche unipotente K-split
Gruppe topologisch isomorph zu ihrem Dual ist.

Im zweiten Kapitel entwickeln wir eine Version der Kirillov-Theorie und zeigen,
dass diese auf eine grofle Klasse lokalkompakter nilpotenter Gruppen angewendet
werden kann; dazu gehoéren nicht nur nilpotente Gruppen der Charakteristik 0,
wie zusammenhéingende, einfach zusammenhéngende nilpotente Lie Gruppen und
p-adische unipotente linear algebraische Gruppen, sondern auch eine grofie Klasse
von unipotenten linear algebraischen Gruppen iiber lokalen Koérpern der Charakte-
ristik p. Ein wichtiges Konzept ist der Begriff eines nilpotenten k-Lie-Paares (G, g),
k € N. Dieses dient als Ersatz fiir die Liealgebra g einer Liegruppe G und erlaubt
uns insbesondere, einen Dualraum g* von g zu definieren. Fiir jedes nilpotente k-
Lie-Paar (G, g) erhalten wir dann eine Kirillov-Abbildung, die jeder Quasi-Bahn der
koadjungierten Wirkung von G auf g* ein primitives Ideal der Gruppen-C*-Algebra
von G zuordnet.

Das zweite Hauptergebnis dieser Arbeit ist, dass fiir jedes nilpotente k-Lie-Paar,
welches eine zusétzliche Bedingung erfiillt, diese Kirillov-Abbildung ein Homdomor-
phismus ist.
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Introduction

This thesis covers two different subjects in the field of representation theory of nilpo-
tent locally compact groups. The first chapter is devoted to the structure theory
of abelian unipotent linear algebraic groups over local fields of characteristic p. We
consider these groups as abstract topological groups and study their dual group, i.e.,
the group of characters. In the second chapter we develop a Kirillov theory that can
be applied not only to a large class of unipotent linear algebraic groups over local
fields of characteristic p, but also to the classical case of connected, simply connected
nilpotent Lie groups.

There are two important classes of unipotent linear algebraic groups over a local
field K, the so-called K-split groups and K-wound groups. If K is a perfect field,
in particular if K is a field of characteristic 0, then every unipotent linear algebraic
group over K is K-split [3]. Generally, every unipotent linear algebraic group over K
admits a largest algebraic subgroup N which is K-split and the quotient group G /N
is K-wound [26]. But every K-wound group is a compact topological group [26] and
thus every abelian K-wound group has a discrete dual group. This indicates that the
structure of abelian K-split groups and their dual groups is more interesting, and
therefore we will concentrate in the first chapter on the study of these groups.

If the characteristic of the field K is equal to 0 then every abelian K-split group
is isomorphic to a product of copies of the additive group of K. In particular, every
such group is isomorphic to its dual group. If the characteristic of K is different from
0, we will see that the abelian K-split groups are closely related to finite-dimensional
Witt groups. We give the definition of W,,(K), the n+ 1-dimensional Witt group of a
local field K of characteristic p, and we derive a structure theorem which shows that
such a group can be decomposed into a discrete and a compact part, each being the
dual of the other. As a consequence we obtain that the topological group W, (K) is
isomorphic to its dual group for every n € Ny and every local field K of characteristic
p. Since every abelian K-split group over a local field of characteristic p is isogenous
to a finite product of Witt groups, we can use the results obtained for the latter to
prove that every abelian K-split group is topologically isomorphic to its dual group.



For connected, simply connected nilpotent Lie groups G, A.A. Kirillov [23] pro-
vided an elegant geometric description of the dual space G, i.e., of the equivalence
classes of irreducible unitary representations of G. His method associates to each
element of G an orbit of the coadjoint action of G on the linear dual g*, where g
denotes the Lie algebra of G. Given an element of g*, there exists a simple method
of describing the irreducible representations corresponding to it.

This method has been extended in many different directions (see, for example, [6],
[16], [17]) and the precise boundary between groups which admit a Kirillov theory and
those which do not, is not well defined. Howe [16] constructed a version of Kirillov
theory for nilpotent separable locally compact quasi-p groups. Every unipotent linear
algebraic group over a local field of characteristic p is nilpotent and can be considered
as a locally compact quasi-p group. In this second chapter we build on some ideas
of Howe to obtain a modified Kirillov theory that extends the theory for unipotent
linear algebraic groups and can be applied not only to the “classical groups”, such as
simply connected nilpotent Lie groups, but also to p-adic unipotent linear algebraic
groups.

One problem of extending the Kirillov theory to nilpotent groups G which are not
Lie groups is that the dual space G does not need to satisfy the Th-axiom. So instead
of studying the space G, we will describe the primitive ideal space Prim(C*(G)) of
the group C*-algebra of G. Equipped with the hull-kernel topology, Prim(C*(G)) is
a Ty-space and in the case of type I groups, G may be identified with Prim(C*(G)).

Another problem of extending the Kirillov theory to non-Lie groups is that of
finding objects which can serve as a suitable substitute for the canonically attached
Lie algebra and its dual space.

For every unipotent linear algebraic group G over a local field K of characteristic
p > 0 there is a well-known algebraic construction [3] which attaches to it a Lie
algebra g. This Lie algebra is a vector space over the field K. However, this Lie
algebra is not the right object for our purpose. Indeed, every nilpotent Lie algebra
of dimension two is abelian, but, unlike the case of Lie groups, there exist two-
dimensional, two-step nilpotent linear algebraic groups which are not abelian. So if
we attach to such groups an abelian Lie algebra, then the linear dual space of this
Lie algebra can never reflect the structure of the irreducible representations of these
non-abelian groups.

We introduce in Section 2.2 the notion of a nilpotent k-Lie pair (G, g), k € N, that
is a locally compact, separable, [-step nilpotent group G to which we can attach a Lie
algebra g over the ring Z[%} for some k£ > [, such that there exists a homeomorphism
exp : g — G with inverse map log satisfying the Campbell-Hausdorff formula. Note
that such a Lie algebra does not necessarily carry the structure of a vector space
and we can not make use of the linear dual of g as in the classical case. To deal
with this, we require additionally the existence of a locally compact abelian group o
which is also a Z[%]-module and we require the existence of a character e € to such
that the group of continuous, Z[%]-linear homomorphisms from g to to, denoted by
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Hom(g, tv), is isomorphic to the Pontrjagin dual of the additive group g via the map
fr— eof. We will then use the group g* := Hom(g, tv) instead of the linear dual
space of g.

Many statements for nilpotent k-Lie pairs (G, g) are proven by induction on the
nilpotence class of GG. Therefore, it is of interest to know what kind of subgroups H
of G have the property that the pair (H,log(H)) defines a nilpotent k-Lie pair. If b is
a subalgebra of g, then it follows directly from the Campbell-Hausdorf{f formula that
exp(h) =: H is a subgroup of G. In Section 2.3 we develop two Inversion Formulas
of the Campbell-Hausdorff formula, which will be a useful tool to decide whether
or not a subgroup H of G has the property that log(H) defines a subalgebra of g.
Furthermore, we prove that if log(H) is a closed subalgebra of g, then (H,b) is a
nilpotent k-Lie pair.

In Section 2.6 we introduce for a homomorphism f € g* the notion of a polarizing
subalgebra v for f and we explain how such a map f defines a character ¢ on the
subgroup R := exp(t) of G. Furthermore, we show in Section 2.8 that the induced
representation indg ¢y is an irreducible representation of G for every homomorphism
f € g* and every polarizing subalgebra t for f.

The main result of this chapter can be summarized in the following theorem.

Theorem. (Corollary 2.10.32) Let k € N and let (G,g) be a nilpotent k-Lie pair.
The Kirillov map

kgt — Prim(C*(Q)), f+ ker(ind% ¢;)

1s a well-defined, surjective map. If the group G satisfies some additional property
(see Corollary 2.10.32), then we obtain a bijective Kirillov-orbit map

gt /o — Prim(C*(G)), O + ker(ind$ ¢;),

where g* /. denotes the space of quasi-orbits of g* by the coadjoint action of G on g*
and f denotes any representative of O. Moreover, this map is a homeomorphism with
respect to the natural quotient topology on the set of quasi-orbits and the hull-kernel
topology on Prim(C*(G)).

Finally, we prove in Section 2.11 that every simply connected, connected nilpotent
real Lie group G with Lie algebra g, as well as every p-adic unipotent linear algebraic
group G with Lie algebra g, forms a nilpotent k-Lie pair. Moreover, we will show
that we can find for a large class of unipotent linear algebraic groups G over a local
field of characteristic p a natural number k& and an algebra g such that the pair (G, g)
defines a nilpotent k-Lie pair. Since all these classes of groups satisfy the additional
property of Corollary 2.10.32, the theorem above can be applied to them.






Chapter 1

Unipotent linear algebraic groups

In this chapter we analyze the structure of abelian unipotent linear algebraic groups
over local fields of characteristic p. In particular we study their dual groups, i.e., the
group of characters.

In Section 1.1 and Section 1.2 we recall some basic facts about the structure of
local fields of characteristic p. The additive group of such a field can be decomposed
into a discrete and a compact part, each being the dual of the other. Therefore, such
topological groups are isomorphic to their dual groups.

Section 1.3 is devoted to the structure theory of unipotent linear algebraic groups
over arbitrary local fields. We consider these groups as abstract groups, equipped
with the locally compact topology from the additive group of the underlying field
K, which is commonly denoted by G,. A large class of unipotent linear algebraic
groups over local fields admit a finite composition series consisting of characteristic
subgroups such that all consecutive quotient groups are isomorphic to the additive
group G,. Such groups are called K-split.

If the characteristic of the field K is equal to 0 then every unipotent linear alge-
braic group over K is K-split. In this case, every abelian K-split group is isomorphic
to a product of copies of the group GG, and thus every such abelian group is isomorphic
to its dual group. If the characteristic of K is different from 0, we will see that the
abelian K-split groups are closely related to finite-dimensional Witt groups, which
we introduce in Section 1.4. We give in Subsection 1.4.1 the definition of W, (K),
the nth Witt group of a local field K of characteristic p and we derive in Subsection
1.4.2 a structure theorem (Theorem 1.4.16) which shows that such groups can be
decomposed into a discrete and a compact part, each being the dual of the other.
This is the main result of this chapter and we use it to prove in Subsection 1.4.3
that the topological group W, (K) is isomorphic to its dual group for every n € Ny
and every local field K of characteristic p. Moreover, we give in Subsection 1.4.4 an
explicit description of the characters of the first Witt group Wi (K), where K is a
local field of the form F,((¢)) for some prime number p.



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

We see in Section 1.5 that every abelian K-split group over a local field of char-
acteristic p is isogenous to a finite product of Witt groups and we can use the results
obtained for the latter to prove in Section 1.6 that every abelian K-split group is
topologically isomorphic to its dual group.

1.1 Local fields of characteristic p

Since we want to study linear algebraic groups over local fields of characteristic p we
recall in this section some basic facts about the structure of these fields.

A local field is a locally compact, non-discrete field. Up to isomorphism, the local
fields of characteristic 0 are R, C, and finite algebraic extensions of the field Q, of
p-adic numbers for all prime numbers p ([30], §3 Theorem 5). Furthermore, every
local field of characteristic p is isomorphic to a field of formal Laurent series in one
variable, denoted by F,((t)), where ¢ is some power of the prime p ([30], §4 Theorem
8). A field of this form can be constructed as follows.

Let F, be the finite field with ¢ elements, where ¢ is a power of some prime
p > 0, and let F,[[¢]] be the ring of formal power series in one variable over F,. The
invertible elements of this ring are power series z = Y - x,t", where xq # 0. Put

Fo((t)) = Fo[[el] (™).

The elements of F,((¢)) are formal Laurent series of the form )  a,t", where
ny € Z and a, € F,. Since every element z € F,((t)) can be written uniquely
as x = tly for some | € Z and some y € F,[[t]]*, every element of F,((t)) has a
multiplicative inverse. Thus F,((¢)) is a field, it is the quotient field of the ring

n=0

Fo[[]]-
One can define a norm on F,((¢)) in the following way. If x € F,((¢)) with z = t'y
for some [ € Z and some y € F,[[t]]*, then the map |.| : K — Rsq, ||z] := ¢”'

defines a norm on F,((¢)). Equipped with this norm, the additive group of the field
F,((t)) becomes a locally compact group.
Observe that the map

§ : n
HIan a'nt an n€l>o

defines an isomorphism of groups, which is bi-continuous with respect to the product
topology on the compact group [[;-, F,. Furthermore, the map

@F X HFQ, Z antn an NEL> _m>

1=—1 n=—m

is an isomorphism of additive groups and & is bi-continuous with respect to the
discrete topology on the direct sum @, F,
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1.2. DUALITY OF LOCAL FIELDS

By means of this map, we obtain a natural decomposition of the local field F,((¢))
into a discrete and a compact part:

F((1) = DF, x [[ ¥, (L.1)

1.2 Duality of local fields

Definition 1.2.1. Let G be a locally compact abelian group and T := {z € C |
|z| = 1}. The set

G :={x:G— T|x is a continuous homomorphism},

equipped with pointwise multiplication is a group, called the dual group of G. The
elements of G are called characters of . Given the topology of compact convergence
on G, GG is a locally compact group.

If G is the additive group of a local field then G is isomorphic to its dual group.

Proposition 1.2.2. (/30], Theorem 3) Let K be a non-discrete locally compact field
and let x be a non-trivial character of the additive group of K. Then the map y — X,
from K to K, where x,(z) := x(zy), is an isomorphism of topological groups.

It follows directly from the proposition above that the field F,((t)), viewed as
an additive locally compact group, is selfdual. We want to observe that there is
also a different way of exhibiting the selfduality of F,((¢)), using the structure of
its additive group. For this, we recall the following facts about the dual group of a
locally compact abelian group G which can all be found in [13], Chapter 4.

(1) If G4, ...,G, are locally compact abelian groups then

~ ~ A

(G X xGp) Z2G x - xG,
and every finite abelian group is selfdual.
(2) If G is discrete then G is compact and if G is compact then G is discrete.

(3) I G = [],c; G, where each G; is a compact abelian group then

(4) The map ® : G — G defined by ®(x)(x) = x(z) is an isomorphism of topolog-
ical groups.



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

Let G be the additive group of the local field F,((¢)). Then we have by (1.1)

F, x ﬁ]Fq
i=0

and using the facts listed above we obtain

6= (@F, < [[r.T= @F) « ([[F = [[F « BF. >0
=1 =0 =1 =0 =0 =1

oo

I

G

i=1

1.3 The structure of unipotent linear algebraic
groups
Throughout this section, K denotes a local field. Recall the following definition.

Definition 1.3.1. Let V be a finite dimensional vector space over K and denote by
End(V) the algebra of endomorphisms of V.

(a) An element a € End(V) is called nilpotent if ™ = 0 for some m € N.
(b) An element a € End(V) is called unipotent if @ — 1 is nilpotent.
(¢) A group G C End(V) is said to be unipotent if all its elements are unipotent.

Remark 1.3.2. In this section we want to study the structure of unipotent linear
algebraic groups. By a linear algebraic group G over K we will always understand
the K-rational points, G(K), of such a group with the locally compact topology from
K.

The most basic example is the additive group of the underlying field K which we
denote in the following by G,. The group G, is unipotent since it is isomorphic to
the group G = {({ 1),z € K} C GLy(K).

Proposition 1.3.3. (/3], Proposition 1.10) Let G be a linear algebraic group over
K. Then G is isomorphic to a closed subgroup of GL,(K) for some n € N.

Definition 1.3.4. Let n € N. We define
Tri(n,K) ={Ae GL,(K)| Aj; =0forj <iand A; =1forall1 <i <n}

to be the algebra of upper triangular n X n-matrices over K with each diagonal entry
equal to 1.

Theorem 1.3.5. (/3], Theorem 4.8) A linear algebraic group defined over K is
unipotent if it is isomorphic to a closed algebraic subgroup of the upper triangular
unipotent group Try(n, K) for some n € N.

8



1.3. THE STRUCTURE OF UNIPOTENT LINEAR ALGEBRAIC GROUPS

We will see in the following that every unipotent linear algebraic group is in
particular nilpotent. For this, recall the definition of a nilpotent group.

Definition 1.3.6. Let GG be a group.
(i) The descending central series of G is defined inductively by
Zo(G) =G and Z;1(G):=(Z;(G),G)VieN,
where (Z;(G), G) denotes the group commutator of Z;(G) and G.

(ii) The ascending central series of G is defined by
Z°(G) ={e} and Z"Y(G):=q (Z(G/Z'(G))),

where Z(G/Z'(G)) denotes the center of G/Z*(G) and ¢ : G — G/Z'(G) the

canonical quotient map.

(iii) The group G is nilpotent if the descending central series of G terminates within
finitely many steps, i.e., if there exists m € N such that

G = Zo(G) B Z(G) B -+ B Zn(G) = {e},

or equivalently, if the ascending central series of G terminates within finitely
many steps, i.e., if there exists k£ € N such that

{e} 7Y @) <2---<2F@)=aG.

If m and k are minimal with these properties, then one can show that m = k.
In this case G is said to be k-step nilpotent.

Remark 1.3.7. Now, let Tr1(n, K) be the algebra of upper triangular n x n-matrices
over K with each diagonal entry equal to 1, and let Try(n, K) be the algebra of
upper triangular n x n-matrices over K with each diagonal entry equal to 0. We
have Tro(n, K)* = 0 and thus Try(n, K) = E,, + Tro(n, K) is a unipotent group,
i.e., a group consisting of unipotent elements. It is then easy to verify that each
group E,, + Try(n, K)*, 1 <1i < n, is a normal subgroup of T'r;(n, K) satisfying the
commutator formula (E, + Tro(n, K)*, E, + Tro(n, K)?) C E, + Tro(n, K)". In
particular, taking ¢ = 1 and varying j, we see that T'ry(n, K) is a nilpotent group.
Since every subgroup of a nilpotent group is again nilpotent, it follows that every
unipotent linear algebraic group over K is nilpotent.

An important class of unipotent linear algebraic groups is the class of K-split
groups, as follows.



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

Definition 1.3.8. ([3], Definition 15.1) A unipotent linear algebraic group G defined
over K is called K-split if it admits a composition series

G=G >G> >G={e}

consisting of closed, normal linear algebraic subgroups of G such that G;/G;y; is
isomorphic to the additive group G,. In particular such a group is connected with
respect to the Zariski topology ([26], V, 2.1).

Remark/Example 1.3.9. ([3], Corollary 15.5.) If the field K is perfect, in par-
ticular if the characteristic of K is equal to 0, then every unipotent linear algebraic
group G over K is K-split.

Let G be a K-split group and let
G:=72G) > Z1(G) > --- > Z,,(G) = {e} (1.2)

be its descending central series. Notice that in this case Z,,_1(G) is equal to the
center of G. Since (Z;(G), Z:(GQ)) C (Z;(G), G) for all i, it follows that the canonical
map
p: Zi(G))(Z:(G), Zi(G)) — Zi(G)/(Zi(G), G)

is surjective. But we have Z;(G)/(Z;(G),G) = Z;(G)/Z;+1(G) and since the quo-
tient group Z;(G)/(Z;(G), Z;(@)) is abelian it follows that all consecutive quotients
Zi(G)/Zi+1(G) appearing in the central series (1.2) are abelian unipotent K-split
groups. Thus we can refine the central series (1.2) so that we obtain a new compo-
sition series in which all consecutive quotients are isomorphic to the additive group

G,.
But not every unipotent linear algebraic group is K-split.

Definition 1.3.10. ([26], V §3.1) Let G be a unipotent linear algebraic group over
K. The group G is said to be K-wound if G does not admit a subgroup which is
isomorphic to the additive group G,.

Example 1.3.11. ([26], V §3.4) Let K be a local field of characteristic p and suppose
that K is not perfect (i.e. K? # K). Let t be an element of K \ K?. One can show
that the algebraic subgroup H := {(x,y) | 2P — ty? = x} of G, x G, is K-wound.

In [26], chapter V and VI, the author proves some interesting facts about the
structure of K-wound groups.

Theorem 1.3.12. ([26], V §5) Let G be a unipotent linear algebraic group over a
local field K of characteristic p > 0. Then the following are equivalent.

(i) G is K-wound.

(11) The topological group G(K) is compact.

10



1.3. THE STRUCTURE OF UNIPOTENT LINEAR ALGEBRAIC GROUPS

Theorem 1.3.13. (/26], VI §1) Every unipotent linear algebraic group G over K
admits a largest algebraic subgroup N which is K-split. The quotient G/N is K-
wound and it 1s the largest quotient of G with this property.

It follows from Theorem 1.3.12 that every abelian K-wound group has a discrete
dual group. This indicates that the structure of abelian K-split groups and their
dual groups is more interesting and we will concentrate in the following on a detailed
study of these groups.

As we have seen above, every unipotent K-split group is a multiple extension of
groups of the type G,. So in order to understand the structure of these groups more
precisely, we first need to study the algebraic extensions of the additive group G,
with itself. For this we recall the following definitions.

An algebraic 2-cocycle f is a polynomial in two variables satisfying the equations

f(z,0) = f(0,z) =0 VxreG, and
f(y,Z)—f(.T—i-y,Z)—i-f(SL’,y—f—Z)—f($,y>:O vx7y>Z€Ga' (13)

If g : G, — G, is any polynomial map, the function h : G, x G, — G, defined by

hz,y) = g(z +y) — g(x) — g(y)

is an algebraic 2-cocycle and such a 2-cocycle is called trivial. The group of classes of
algebraic 2-cocycles modulo the trivial 2-cocycles is denoted by H?*(Gy, G,). Every
algebraic extension of the additive group G, with itself is completely determined by
an algebraic 2-cocycle f : G, x G, — G,, and we will identify in the following such
extensions with their 2-cocycles.

A 2-cocycle f is called symmetric if f(x,y) = f(y,x) for all z,y € G,, and we
denote the group of classes of symmetric, algebraic 2-cocycles modulo the trivial
2-cocycles by Ext(G,,G,). In characteristic p > 0, a non-trivial example of such a
polynomial is

wlz,y) = })(ﬂ P (ty)), (1.4)

the 2-cocycle which defines the first Witt group over K. Finite-dimensional Witt
groups will be introduced in Section 1.4 and we will see in the Section 1.5 that there
is in fact a close connection between abelian K-split groups and Witt groups.

But first we want to remark that the class of polynomial 2-cocycles of GG, is much
greater then the class of symmetric polynomial 2-cocycles. It is easy to see that, for
example, every bi-additive polynomial f : G, x G, — G, satisfies Equation (1.3). In
characteristic p, the bi-additive polynomials of GG, are of the form

f(xv y) = Z am,nxpmypna

11



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

where all but finitely many coefficients a,,, are equal to zero. A simple example of
an asymmetric bi-additive polynomial is given by

fz,y) = 2"y

The non-abelian group G corresponding to this asymmetric cocycle can be realized

as
G = {(éffp) 3,y € Ga}.
001
In fact, we can show the following result.

Proposition 1.3.14. FEvery algebraic 2-cocycle of G, is the sum of a symmetric
2-cocycle and a bi-additive 2-cocycle.

Proof. Notice first that if f(z,y) is a 2-cocycle of G, then the polynomials f(z,y) :=
fly,z) and g(z,y) := f(x,y) — f(y,x) are also 2-cocycles. Furthermore, we have

g(r,y+2) —g(z,y) — g(x,2) =0,

for all z,y,z € G,, and since g(x,y) = —g(y, ) it follows that the polynomial g is
bi-additive. We distinguish between two cases.
If the characteristic of K is anything except 2, then we can write

(F@,9) + Fy,2) + mg(e.y)

flz,y) = 5

1
2
and thus we can write f as a sum of a symmetric and a bi-additive 2-cocycle.

If the characteristic of K is equal to 2, then g(z,y) = f(z,y) + f(y, ) is bi-

additive and symmetric. If f is of the form f(z,y) = > a;;2'y’ then we have

9(z,y) = Z(%‘ +ag)aty = Z biyz'y’ .
Furthermore we have b;; = b;; and b;; = 2a;; = 0 for all 7. Since g(x,y) is bi-additive
it follows that b;; = 0 except for the case that ¢« and j are both powers of 2. Now,

let h(x,y) = Y., byx'y’, then h(z,y) is bi-additive and we have h(z,y) + h(y, ) =
g(x,y) for all z,y € G,. Since

f(z,y) + fly,x) + h(z,y) + h(y, ) = 29(x,y) =0,

it follows that the sum f(z,y) + h(z,y) is symmetric and hence f(z,y) is the sum
of a symmetric and a bi-additive 2-cocycle. O]

12



1.4. WITT GROUPS

1.4 Witt groups

Finite-dimensional Witt groups over local fields K of characteristic p define an im-
portant class of abelian K-split groups. This section is divided into four subsections.
In Subsection 1.4.1 we give, for every n € Ny, the definition of W,,(K), the nth Witt
group of a local field K of characteristic p. We prove in Subsection 1.4.2 that finite-
dimensional Witt groups of any local field K of characteristic p can be decomposed
into a discrete and a compact part, each being the dual of the other (Proposition
1.4.20). With this result we prove in Subsection 1.4.3 that, for every n € Ny and
every local field K of characteristic p, the topological group W, (K) is isomorphic
to its dual group. Finally, we give in Subsection 1.4.4 an explicit description of the
characters of the first Witt group of a local field K of the form K = F,((¢)) for some
prime number p.

1.4.1 Definition of finite-dimensional Witt groups

We first introduce the definition of the nth Witt ring W,,(R) of a commutative ring
R with unity. The approach we are following is given in [22].

Let p € N be a fixed prime, let n € N, and consider the polynomial ring A =
Q[Xo, Yy, ..., X,,Y,]. We will define a new ring structure on the set A"™! via the
following procedure. Let x = (zg,x1,...,2,) € A" and define a map ¢ : A" —
At by

O((xo, z1,...,25)) = (x(o),x(l), . ,x(”)),

where
2O =g and 2@ = o 4 p-af 4o 4P al P afori> 1. (L)
Conversely, given an arbitrary vector z = (@, 21 . 2() ¢ A1 define a map
P AnTL — AT by
¢(2) = (‘TD?:Ela s ;xn>;
where

1 : 0 i—
Vand z; == —[z® —ab —p-a? 1
p’L

0

Ty =z — o= p 2 Jfori>1.  (1.6)

The maps ¢ and ¢ are inverse bijections. Using these maps we can introduce new
binary operations of addition, denoted by &, and multiplication, denoted by ®, on
the set A"™!. For this let 2,y € A" and define

@y =0¢"(d(z) +o(y)) and z @y := ¢~ ($(x) - B(y)). (1.7)

That is, (x@y)® = 20 +9@ and (r®@y)? = 2 .y® for i > 0. Note that, in general,
r@y#r+yand x @y # x-y. We write W,(A) for the set A" endowed with the

13



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

operations @ and ® as given above. One can show that W,,(A) is a commutative ring
of characteristic 0, isomorphic to the ring A" under ¢ : W,(A) — A""!. Observe
that by (1.5), (1.6) and (1.7), we obtain for example:

(

(

(z®

r®Y)o = o+ Yo,

z®yh = 2 +y+p(an +y — (2o + %)),
)0 = ToYo,
Yh = xbyr+ryp +p-

(z®

Theorem 1.4.1. ([18], Theorem 8.25) Let n € N and let x = (xo,z1,...,2,) and
y = (Yo,Y1,---,Yn) be elements of W,,(A). Let x oy denote (x ®y), Ry, or xS y.
Then (x o y); € Z[xo, Yo, - .- xi,yi] for alli € {0,...,n}.

Using this result we can now define for all 0 <7 < n :

(I D y)l = Ai<x07 Yoy - - - 7xi7yi) € Z[SE(M Yo, - - - 7%72/1'];
(37 ® y)z = Mi(-fCO,?/O, <oy Ly yz) € Z[Jfo, Yo, - - - 7xi7yi]>
(I’ S) y)z = Si(l‘())yo: ey Ty, yl) € Z[x07y07 ey Ty, yl]

With these properties we can pass from the ring A = Q[Xo, Yy, ..., X,, Y, to
any commutative ring R with identity. Let ¢ : Z — R denote the natural ho-
momorphism defined by p(c) = 1-¢ =: ¢ for ¢ € Z. Let Ai(zo,v0,--.,Ts,Yi)
and M;(zo, %0, - - -, T, y;) be the polynomials in R[zg,vo,. .., s, y;] obtained from
Ai(xo, Y0, - - -, xi,y;) and M;[xo, yo, - - ., i, ¥, respectively, by replacing each coeffi-
cient ¢ € Z by ¢ € R. We can now give the definition of the nth Witt ring of a
commutative ring with unity.

Definition 1.4.2. Let R be any commutative ring with unity and let n > 0. The nth
Witt ring W, (R) of R is defined to be the set of all (n + 1)-tuples = = (o, ..., z,),
where z; € R for every i € {0,...,n}, with equality defined as usual, and addition
and multiplication defined as

( ')Z A (xo,a:o,...,xi,m'-) and

By [18], Theorem 8.26, W, (R) is a commutative ring. The zero and identity
elements of W,,(R) are 0 = (0,0,...,0) and (1,0,...,0), respectively.

Remark 1.4.3. Let R be any commutative ring with unity and let n > 0. Let
x = (xg,...,x,) and ' = (xy,...,2]) be elements of W, (R), and consider B :=
Z[Yo, Yy, ..., Y,, Y. There exists a ring homomorphism 0 from B to R, satisfying
O(c) =c for c € Z, 0(Y;) = x;, and 0(Y;) = 2} for all 0 < i < n. This map induces a
ring homomorphism 6 : W,(B) — W,(R), where 8((ay, . .., a,)) = (0(ao), . . ., 0(an)),
a; € B, satisfying 0((Yy,...,Y,)) = (zo,...,z,) and 8((YY,...,Y))) = (z),..., ).

ron rrn
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1.4. WITT GROUPS

In this way we obtain a functor W,, from the category of commutative rings of
characteristic p into the category of commutative rings. In particular, if S is a

subring of R, then W,,(S) is a subring of W, (R).

Remark 1.4.4. Let R be any commutative ring with unity and let n > 0. Let
xr = (rg,...,7,) and y = (Yo,...,Yn) be elements of W, (R). Then (z @ y); =

Ai(z0, Yo, - - - iy yi) for all 0 <4 < n and it follows from Equation (1.5), (1.6), and
(1.7) that A; is of the form

Ai(x()v Yo, - - - 7%‘7%) =2, +y + w,-(xo,yo, sy Ti—1, yi—l)y (1~8)

where w;, @ € {1,...,n}, is a polynomial in the variables o, yo, ..., Z;—1, y;i—1 with
coefficients in R. Only wy is equal to the zero polynomial and every w;, i € Ny,
defines in fact a cocycle.

1.4.2 The structure of finite-dimensional Witt groups

In the following, let K be a local field of characteristic p > 0. The (n+1)-dimensional
Witt ring W, (K), n € Nsg, has the natural structure of an abelian, unipotent
algebraic group. The elements of W, (K) are (n + 1)-tuples (zo, ..., z,), where z; €
K and hence, as a set, W, (K) = K"™'. It follows from Definition 1.4.2 and the
remarks following it that the maps = : W,, x W,, — W,,, where n(z,y) = = ® y and
i : W, — W, where i(z) = —z are morphisms of affine varieties K2"+1 — K71
and K" — K" respectively. Therefore, W,(K) is a (n+1)-dimensional abelian
(affine) algebraic group. In order to see that the group W, (K) is unipotent we
introduce the following maps.

(1) The Shift map

S Wh(K) — Wy(K), (zo, 21, ..., 2,) — (0,20, ...,2,_1) and

(2) the Frobenius map

F:W,(K)— W, (K), (o, x1,...,2,) — (xf, 28, ... 2P).

r'n

These maps have the following important properties.

Lemma 1.4.5. ([22], Theorem 15.6.)
(i) The Shift map S and the Frobenius map F are ring homomorphisms.
(1) All elements v = (xo, ..., x,) € W, (K) satisfy the following equation

pir = SF(F*(z)) VO0<k<n and hence

1.9
P, .. an) = (0,0,...,0,28 2% 2P ). (1.9)

15



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

As a direct consequence of this lemma we obtain the following result.

Corollary 1.4.6. If 1 denotes the vector (1,0...,0) in the nth Witt ring W, (K),
then p"™ -1 =0 and p™ -1 # 0 whenever m < n + 1. Thus each element of W,(K)
has additive order a power of p, and hence W, (K) is a unipotent group. Moreover,
p" Tt is the smallest power of p satisfying the condition p" ™z =0 for all v € W,,(K).

For the rest of this section, we endow W, (K') with the locally compact topology
of the field K and consider in this way W,,(K) as an abelian locally compact group.
In the following we will write W, instead of W,,(K).

As we have seen in Section 1.1, we can decompose the additive group of the field
K into a product of a discrete and a compact part, each being the dual of the other.
Our aim in this section is to derive a structure theorem for all finite-dimensional
Witt groups over K, which shows that these groups consist, like the field K, of a
discrete and a compact part, each being the dual of the other.

Recall that every non-discrete locally compact field of characteristic p > 0 is
isomorphic to a field of formal Laurent series in one variable, F ((¢)), where ¢ is
some power of the prime p. We consider first the case that ¢ = p, i.e., the case that
the field K is isomorphic to [F,((¢)). We will use the following notations.

Notation 1.4.7. Let
e k:=17 /pZ be the finite field with p elements,
o K :=k((t)) the field of Laurent-series over k,
e Kt :=Fkl[[t]] C K the power series ring over k, and
o K :i={ait ' +ast™+...+a,t™" | neN,a; €k}

The set K~ is an additive subgroup of K which is also closed under multiplication.
Clearly, every element a € K can be written uniquely as a = a™+a~, wherea™ € K+
and a” € K.

Furthermore, if A is a finite abelian group with the discrete topology we define

o A* :=[[2,A={(ap,ai,...)|a; € A}

to be the infinite direct product of A, which is a compact group with respect to the
product topology. And we define

o A :=P* A= {(a1,a,...)| a;i € A, a;=0 for almost all i}

to be the infinite direct sum, which is a discrete group with the usual direct-sum-
topology. Moreover, let for every n € Ny

e (), ;=7 /nZ be the cyclic group with n elements,
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1.4. WITT GROUPS

o W, ={(zo,..., xzp) €W, |z; € KTV0<i<n}, and
o W :={(xo,...,xn) E Wy, |z, € K~ V0 <1i<n}.

We recall that the field K = F,((¢)) is isomorphic to the direct product of the
discrete subgroup K~ and the compact subgroup Kt and thus

KgK_xK+%ékxﬁk%CI§°°)xC;’°.
=1 1=0

The aim of this section is to show that the nth Witt group of K can be decomposed
in a similar way. In fact we will prove

W 2 Wy x Wi 22 (C52 x O x o x CF9) x (OS2 % O3 % - x O,

p

The proof consists of several steps. At first we show that the nth Witt group W,
can be written as the direct product of its subgroups W, and W,f.

Lemma 1.4.8. (i) The sets W, and W, defined as above, are subgroups of W,
and we have W;r nW, = {0}.

ii) The map p: WHxW-—-— — W,, (z,y) — x®y is a bi-continuous isomorphism.
oWy n

Proof. (i): In order to show that W,F is a subgroup of W,, notice first that the neutral

element (0,...,0) is an element of W,F. Moreover, if (zo,...,x,) € W, then also
—(xg,...,x,) € Wi since it follows from (1.5), (1.6), and (1.7), that —(xq, ..., x,) =
(—x0,...,—2,). Now, let z = (zg,...,z,) and 2’ = (xy,...,2]) be two arbitrary

elements of W . Then we have z;, 2, € KT for all 0 < ¢ < n and it follows from
Definition 1.4.2 that (v @ 2'); = Ai(zo,p, ...,z %), where A;(zo, ), ..., i, })
denotes a polynomial in g, ..., z; and @), ..., x5 Thus A;(zo, zh, . ..,z 2}) is itself
an element of Kt and we obtain (z @ 2’); € K for all 0 <7 < n. This proves that
W is closed under addition. We can use the same arguments to show that W, is a
subgroup of W,, and obviously we have W,f n W, = {0}.

(i1): We show first that the map p is a homomorphism. For this, let (x,y) and

(v, z) be two elements of W, x W, . Since the group W,, is commutative we obtain

p((z,y)+ (v,2)) = wlz@v,y®2) =(200)d (Y& 2)
(r@y)® (v z)=pl(z,y)) & pu(v, 2)).
In order to prove the injectivity of the map u, let = (x¢,...,z,) € W, and let
y= (Yo, ya) € W, with p((z,y)) = (0,...,0). Then

(07 07 s 70) = (AO(:B(J?yO)>A1<x07xl>y07yl)a s 7An(~1'07 co s Ty Yo, - - 7yn))

and by comparing the components of the vectors above we obtain for all 0 <7 < n:

0= Ai($07y0a s 7$iayi)-

17



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

Rewriting the expression A;(zg, %o, .- ., Zi,¥;) by means of (1.8) of Remark 1.4.4, we
obtain for all 0 <7 < n:

0=+ vy +wi(zo, Yo, Tiz1,Yi—1)- (1.10)

The proof proceeds by induction on i € {0,...,n}.

If i = 0, Equation (1.10) yields 0 = z + yo and since xy € K and yo € K, it
follows that xq = 0 and yo = 0, proving the base case.

Soleti € {0,...,n} be fixed and suppose that x; = y; = 0 for all0 < j <. Then
we have w;1(o, Yo, -, 2, y;) = 0 and it follows from (1.10) that 0 = z;41 + yit1-
But since z;,1 € K and ;41 € K, it we obtain x;,; = y;41 = 0.

In order to prove that the map p is surjective let = (xo, ..., z,) be an arbitrary
element of W,. We need to show that there exist two elements y~ € W, and
yt e W, with pu((y~,y")) = z. We define these elements y~ = (yg,...,y, ) and
yt = (ys,...,y}) via the following procedure. For each a € K let a= € K~ and
at € KT be those elements, such that a = a~ 4+ a™ and define

Yo = Tg, Yo =xg,
Yp = Ty _wk((yaa'-~7y1;—1>7(y6r7"-7ylj—1))_a and
yr = af —we((Wo -y ), (W sy y)) T foralll <k <.

It follows directly from this definition that y~ € W, , y* € W, and clearly we
have

Wy ) = Wos s Un) @ Wo s Yn) = (05, 20).

It only remains to show that pu is bi-continuous. But p is the addition map in a
topological group and thus continuous by definition. Since every continuous, bijective
homomorphism between o-compact locally compact groups is open, it follows that
4 is bi-continuous. O

In a second step we construct an isomorphism A between the subgroup W' of
W,, and the compact group (C;SH X O5% % -+ - x Cp°) and an isomorphism ¥ between
the subgroup W, of W,, and the discrete group (C’;Zi)l X C]SZO) X+ oe X C’,(,OO)). For this
we define maps A, and Wy, k= 0,...,n, which will be the “componentwise building
blocks” for the maps A and W, respectively. Since the definition of these maps is not
canonical we explain the idea of the construction by means of the following special
case.

Example 1.4.9. Let p = 2 and consider the local field K = Fy((¢)). The first Witt
group W1 (K) of K consists of the set of pairs {(xg,x1) | o, 21 € K}, where addition
is defined as

(0, 21) & (Yo, y1) = (2o + Yo, T1 + Y1 + ToYo)-
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1lxzo x
We can view Wy (K) as the group G := {(8 (1)0 a:l(1)> , Lo, T € K}, since the map
1zgx
oWy (K) — G, (z0,21) — <8 i gglé)

defines an isomorphism of topological groups.

In order to define an isomorphism A between the subgroup W (K) and the
compact group C’;S x Cp°, we introduce first two homomorphisms, A; : C’;;’ —
WiH(K) and Ay : C° — WiH(K). Notice that Cpp = Cy = Z /4Z and C, = Cy =
Z /27 and we identify elements of Z /47 and of Z /27 with numbers in {0, 1,2,3}
and in {0, 1}, respectively, in the canonical way. Thus we can multiply elements
a, € Cy with pairs (zg,21) € Wi (K), where we understand the product as the

am-fold sum of the pair (zg,7;) in W;"(K). We can now define

A1 : CZO - Wfr(K>7 (am)mGNo = Z am(tmﬂ())

meENy

and we will prove in Lemma 1.4.12 that A; is a well-defined group homomorphism.
Notice that

(0,0),
= (t"™,0),

(t™,0) @ (t™,0) = (0,t*™), and
(0,£2™) @ (t™,0) = (™, t*™).

w N = O
~
.3
(=]

— — ~— ~—
I

This computation shows that the image of A; is equal to the subgroup K x (K T)?
of W'(K) and since we want to obtain an isomorphism between C§° x C$° and
Wi (K), we define a second map Ag as follows:

Ao : C5° — WH(E), (am)men, — Y am(0,£™).
meENy
mé&2 Ny

But we do not want to use only every second term of the sequence (@, )men, (although
we want to multiply a,,, m € Ny, only with the even powers of ¢), and thus we define
the function f to be the unique monotone bijective function from Ny \2 Ny to Ny and
modify the definition of Ay as follows:

Ao : 0y — W;_(K)a (am)mENO = Z af(m)(oatm)'
meENy
m¢2Ng

We will show in Lemma 1.4.12 that Ay is a well-defined group homomorphism and
we will prove in Proposition 1.4.14 that the map

A:CP x CF — WiH(K), (aV,a) — Ay (M) @ Ag(a'?)
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defines an isomorphism of topological groups.
In a similar way we will define an isomorphism W between the subgroup Wi (K)

and the discrete group C;(EO) X C’I(,OO).

Recall that W), denotes the nth Witt group of the field of Laurent series F,((t)).
Generalizing the idea above, we introduce the following notation.

Definition 1.4.10. Let p be any prime number and J := Ny \pNgy. Define f to be
the unique monotone bijective function from J to Nj.

Definition 1.4.11. Let n € Ny be fixed and define

A Cs = Wi (@5 ) meryy = Y all .,0). (1.11)

meENy

We view o' € Cyntr = Z /p"™'Z as an integer between 0 and p"™' — 1 in the

canonical way and understand the product a%) (t™,0,...,0) as the agf)—fold sum of

the (n+1)-tuple (¢™,0,...,0) in W;. Furthermore, we define for every 0 < k < n—1:
k m

At O = Wi, (@) men, = Y ) (0,--,0,47,0,--+,0),  (1.12)

meENy
mé&p Ny

where the term ¢™ is at the (n + 1 — k)th position in the (n + 1)-tuple
0,---,0,t™,0,- ,O). Again we view a;]z) ) € Cpent = Z /p*TZ as an inte-

ger between 0 and p**!' — 1 in the canonical way and understand the product

%71)(0 +,0,t™,0,---,0) as the a my-fold sum in Wt of the (n + 1)-tuple

0,---,0,t™,0,---,0).
Furthermore, we define

U, OO0 — W, (00 ) e = > 00 (7,0, ,0) (1.13)
meN
and for every 0 < k <n — 1:
\I[k; C:j—l_>W m ’mGN’_) Z b m) 707t_m70a"' 70)7 (114)
meN
mgpN

where the term ¢t~ stands at the (n + 1 — k)th position in the (n + 1)-tuple
(0,---,0,¢7™,0,---,0). Notice that the sums, appearing in (1.13) and (1.14), are
finite.

Lemma 1.4.12. The map Ay is a continuous group homomorphism for every k €

{07... ’n},
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Proof. In order to prove that Ay is a well-defined map for every k € {0,--- ,n}, we
observe that if (G, +) is any abelian group and g, --- ,g; € G, i € N, then the map
O T — G (20,0, %) > o ZmGm 18 @ group homomorphism. So if G = W,
and if g; = (0,---,0,¢",0,---,0), i € Ny, is a vector in W,F, where the term ¢* stands
at the (n+ 1 — k)th position in this (n 4 1)-tuple, we obtain for every 0 < k <n—1
and every ¢ € Ny a group homomorphism

O Z W (20, m) = Y zm(0,...,0,87,0,- -+ ,0).
By the same argument we obtain a group homomorphism
Soln : ZH_I _>W7j7(207-"72i) = sz(tm,..-,og"' 70)

Moreover, if we denote by V : Wy — Wiy, (xo,...,z) — (0,29,...,2%) the
Shift homomorphism, then one can show (see for example [22]) that for every k €
{0,...,n — 1}, the image V"%(W,) C W, is isomorphic to Wj,. Since

P (zg, -+ ,a) = (0,---,0) for every vector (zg,--- ,x1) € Wiy (Corollary 1.4.6),
we obtain for every i € Ny and every 0 < k < n — 1 a well-defined group homomor-
phism

Nps (@2 = W (o a) = DAl (0,,0,87,0,0,0).
mﬁé;No
Furthermore we obtain a well-defined group homomorphism
AL (Z [ 2T — W (aé”), e ,agn)) — Z a™ (™0, ,0).
m=0

Using the definition of addltlon in the nth Witt group W,, we can rewrite for
every k € {0,.. — 1}, the a my-fold sum of the vector (0,---,0,¢™,0,---,0) in
the following Way

(Zn(ov"' ,0,27,0,- - 70):(0 ;0 CL(()) ) £L-+)-1 k(m) ’cnk)(m))7 (1'15)

where every term cg.k) (m),j€{n+1—k,...,n}is a polynomial in ¢, whose smallest
exponent of t is greater than or equal to m. (If £ = 0, then the terms cg-o)(m) do not
occur.) Consequently, the sequence (A};(a((]k), e ,agk)))ieNO converges in W, to the
element .
D iy (0t 0) = A((a)men,)
mgpNo
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for every k = 0,...,n — 1. Moreover, the sequence Afl((aé"), . a("))ieNO converges in

W,, to the element
S a0, 0) = Ay((al)mer,).
m=0

Now, let & € {0,...,n — 1} be fixed. Since the map A} is an additive group
homomorphism for every i € Ny, we obtain for all sequences a*) and v in C]‘j,? o

Ae(@® + 6™y = Tim AL((a, .. a) + @, 6P

(2

= Jim (A () @ A0, 6)
= Jim Ap((g”, ) @ Jim A(0F7, b))

Hence A is an additive group homomorphism and it follows by the same argument
that A,, is an additive group homomorphism.

It remains to show that each of the maps Ag, £ = 0,...,n, is continuous. For
this, we observe that the infinite direct product C’;,S ., is clearly a compact group with
respect to the product topology. Furthermore, the group W' is, as a topological
space, isomorphic to (K1)" the n-fold direct product of compact groups and thus
itself compact. So in order to show that the map Ay is continuous, it suffices to show
that Ay is componentwise continuous. We will show that 7; o Ay is continuous for
every j € {1,...,n+ 1}, where m; : Wi — KT, (x,...,x,) — ;41 denotes the
projection onto the jth component.

Let k € {0,...,n}. We have

Ak((a’g:))meNO) = Z a;’z)rn)(o," ’O7tm507”' 70), (]_]_6)
meENy
mgpNo

where the term ¢™ is at the (n + 1 — k)th position in the (n 4 1)-tuple
(0,---,0,t™,0,---,0). Hence m; o Ag((am)men,) = 0 for every j € {1,...,n — k}
and in particular 7; o Ay is continuous for every j € {1,...,n — k}. To see that
m; o Ay is also continuous for every j € {n+1—k,...,n+ 1} we observe that the
locally compact topology on K is constructed in a way that open sets of the form
U, ;=< t" > with r € Ny form a neighborhoodbasis of 0 € K. Let U,., r € Ny, be such
a neighborhood in K. We show that there exists a neighborhood V;_of 0 € C’]‘;}?+1 such
that (m; 0 Ax)(Vs,) CU, forall j € {n+1—k,...,n+1}. For this, put s, := f~(r)
and define

T

‘/:9 = {(agi))mENo < C]c;’irl ‘ agk) =0Vi= 07 ceey Sp T 1}
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This is a neighborhood of 0 in the product topology of C’;,SH.

Let (0,...,0, agf.), ag’j)ﬂ, ...) be an arbitrary element of Vj_, then

(70 A)(0,...,0,a® o, .. ) €U,

Sr 0 Usp+10

forall j € {n+1—k,...,n+ 1}, since we have seen in (1.15) that the smallest
exponent of ¢ appearing in each nonzero entry of

(k) m
Z a0y (0,-+,0,8™,0,--- ,0)
meENy
mgpNo

is at least f(s,) = r. Hence the map m; o Ay is continuous for every j € {n +
1—k,...,n+ 1}, which proves that Ay is continuous. The continuity of A,, can be
obtained in the same way. O]

Next, we obtain the same result for the maps ¥y, k =0, --- ,n.

Lemma 1.4.13. The map Vy, as defined in (1.14), is a continuous group homomor-
phism for every k € {0,...n — 1}. Furthermore, the map V,,, as defined in (1.13),
1$ a continuous group homomorphism.

Proof. We can apply the same arguments as in the proof of Lemma 1.4.12. In fact,

the proof is even simpler since all the sums appearing in the definition of the maps
Uy, k€ {0,...n—1} and U, are finite. O

We will now state and prove the key result of this section, namely that the sum
of all the continuous group homomorphisms Ay, k& € {0,...,n}, yields an isomor-
phism A between the group W, and the compact group C’;’SH X Cpi X - x CpF.
Furthermore, we prove that the sum of all the continuous group homomorphisms Wy,
k € {0,...,n}, yields an isomorphism W between the group W, and the discrete
group C’Igﬁ)l X C}(,io) X eex O,

Proposition 1.4.14. (i) The map
A:C;,?+1><C;2><---><C;’°—>WJ,
(a(n),a(n—1)7 o 7a(0)) N An(a(“)) @ An_l(a(”_l)) DD AO(G(O))
is an isomorphism of topological groups.
(i) The map
. (1() (c0) 00 -
VO X O X x O — W
(b(”), b b(O)) N \Ifn(b(”)) ) \Ifn,l(b(”fl)) DD \yo(b(O))

s an isomorphism of topological groups.
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Before we give a proof of this proposition we rewrite the sum appearing in the
definition of the map A in the following way. Recall that we have for all vectors
(@™ a1V . a®) e Coinn X O X - X CFF,

A((a™, a7, aP)) = Ay(a™) @ Ay (@) @ - @ Ag(al?)
n m n—1 m
= a(tmo0,...,0® > a;(m))((),t 0,...,0)@® -

meNp meNy
m¢pNo
0 m
& Y alf (0,0t
meENy
mgpNo

We may write every coefficient a;lzzn) € Cprtr = Z/p" 7,0 < k <n, m € Ny,
with respect to its p-adic expansion, i.e., we can find uniquely determined numbers

Ogagfjfﬂ)j <p-—1,7=0,...,k, such that

" ®) () B 2, Rk
Cm) = Qpmy, T Cpm), P ¥ Cpm),P” T Ay, P (1.17)

In the same way we can write every coefficient e Cypntr =Z [p" T Z, m € Ny,
with respect to its p-adic expansion, i.e., we can find uniquely determined numbers
OSagL) <p-—1,75=0,...,n, such that

apr) =) +alp+ alp* + -+ al) . (1.18)

Using (1.17) and (1.18) we obtain for all 0 < k <n — 1:

® (0,...,t"...,0) = (a'¥ 0—|—a(k) 1p+---—|—a(k) , PO, 0,£7,0,...,0)

@ p(m) F(m) F(m) F(m
=a® (0,...,0,t™0,...,00@a®  p(0,...,0,t™0,...,0)
f(m)o A A y Myt f(m)lp A A y Myt

@---@a§’§2n)kpk (0,...,0,£™,0,...,0).
If we apply part (i) of Lemma 1.4.5 to the last expression we obtain

(k) m _ (k) m
af(m)(o,...,o,t ,0,...,0)—af(m)o(o,...,o,t ,0,...,0)

(k) m (k) mpF
@af(m)1<07707t p’0’70)@@af(m)k(0’707t p )

Using the definition of addition in the nth Witt group we obtain, as in (1.15), for
every 0 < k<n—1land 0<j<k:

ali (0, 0,8™,0,...,0) = (0,...,0,af), ™, SN (m),....cFM(m)),

where all the terms cg’j{) t1(m), ,c,(qj’k)(m) are polynomials in ¢, whose smallest
exponent of t is greater than or equal to m and whose coefficients are uniquely
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determined by the coefficients a;k() )" Notice that if k& = 0, then the terms U9 do
not occur. Furthermore, we have for all 0 <j<n

a™(0,...,0,t™ .0,...,0) = (0,...,o,a§gjtmpj, Eﬁ)(m) ., (m)),

m;

where all the terms cg +1) (m),...,c™(m) are polynomials in ¢, whose smallest ex-
ponent of t is at least m and whose coefficients are uniquely determined by the
coefficients agfgn )

With this notation we obtain, for every 0 < k <n —1,

k m gm 0,k
aﬁc(zn)(O,---,O,t ,0,...,0)=(0,.. O,af(m , 7(1“) k,...,cglo’k)) (1.19)

®(0,...,0,0, a;’“(fn)ltmp, A LAY e (0,0, ,0, a;’“&n)ktmp’“).

Furthermore, we have

a® (™0, ..., 0) = (a0 (1.20)
®(0, afnftmp c(1 oL A" @@ (0,0, ,0, afﬁ}ltmp").

If we use (1.19) for every k € {0,...,n — 1} and (1.20) for £ = n, then we obtain

A((a™, o™V aO))
= > a0 Y a0, 0,0

meENp meNg
m¢pNp
0) m
@ ® Y ay,(0,...,0,t™)
meENy
mé&pNo
n)gm 0771 n
= @ e (m),..., " (m))
meENy
®(0, a5 (m), . B (m)) @ - @ (0,0, .., 0, al "]
@ Z 0 an l)tm (()n—l)(?,n)’“.7 gIOn 1)( ))@
meNy
mépNo
n—1) ,m 1,n—1 n—
(0,0, af, ™, "D (m), el (m)

n—1 m n—1
@--~@(0,0,...,O,a§c(m)i_1t P

D...
@& Y (0,0,...,0, a;o()m)otm).

meENy
mgpNo
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Changing the order of summation in a suitable way yields

A((a™, o™V 0 @) (1.21)
= Y (afem e (m), ., 0 (m))
meENy
@ Y (0,altm 5 (m), ) (m)
meENy
n—1) 0,n—1 n—
5> Z ) g‘m) ch )(m)a"‘7C£LO 1)(m))
meENy
mgpNo
O D (0,0,aem, " (m), . oF ) (m))
meENy
& > 10,0,a5, Ve ), D (m)
meENy
mgpNop
(0,0, afi 1", " (m). ..., "D (m))
o ...
@& ) (0,...,0,a%) ")
meNy
n—1 m n—1
® Y [0,...,0,af,) ")
meENy
mgpNo
n—2 mpn—2 m
@(O,...,O,a;(m)i_Qt " @@ (0, o,agc()m) ).

To avoid lengthy descriptions we will use the following notation.

Notation 1.4.15. Let ¢,s € Z with t | s, and let a,b € Z /sZ = C;. We say that
a=bmodtifa+t-Co=0b+1t-C,.

We now prove Proposition 1.4.14.

Proof. To (i): Observe first that, as a direct consequence of Lemma 1.4.12; the map
A is a well-defined group homomorphism. So it remains to show that A is onto,
one-to-one, and bi-continuous.

In order to prove the surjectivity of A, let (2™, ) be an arbitrary
vector of W. Each entry ), k = 0,...,n, of this vector is of the form

(=1 . z©

oo
R = ngk)ti with xz(»k) €cC,=Z/pZ.

i=0
We need to show that there exists a vector

(a™,a" 1, aP) € O x O x .. x CF
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with the property that
A((a™, o™ 0Dy = (2™ 20D 20, (1.22)
We prove by induction on k, k € {0,...,n}, the statement
I(k): We can find
k41

, 1.e., each element
k+1

(1.) a series a'™ € Cowr1, which is uniquely determined mod p

(n)

am’ € Cyni1, m € Ny, of the series a™ is uniquely determined mod p**!, and

(2.) for every 1 < j < k, a series a("9) ¢ Cpn-j+1, which is uniquely determined

mod p**177 ie., each element a;( ) € Cpn—i+1, m € Ny, of the series a7 is

uniquely determlned mod pF177,

such that the vector (a™,a™ Y, ... al?) satisfies Equation (1.22).
Notice that this proves then the surjectivity of A since by I(n) we can find series

EC’n+1, (n— I)GC’;’S,..., anda(O)GC’;O

such that the vector (a™, o™V, ... a®) satisfies (1.22).

If £ = 0, we use the summation formula (1.21) to compare the first compo-
nent of the vector A((a™,a™ ™V ... a®)) with the first component of the vector
(), xm=1 2O This ylelds the following conditions for the series a(™ € C° oL

Z aggo)tm = Z x%‘)tm.

meNg meNg
By comparing the coefficients of these sums we obtain the defining equation:

o™

mo

=z VYmeN,. (1.23)
But this means that the coefficients an), m € Ny, of the series o™ € Oz?s“ are
determined mod p and we have proven the base case 1(0).

If £ =1, we use again formula (1.21) to compare the second component of the
vector A((a™,a™ V... a®)) with the second component of the vector
(), xm=D ) This leads to the following conditions for the series
a™ € C’;,?H and a1 € Cor:

Yo aemr N (@l M m)) = Y Al e, (1.24)
meENg meNg meNg
mgpNo
Notice that there do not appear the same exponents of ¢ in the expressions

(n)gm (n—=1) ;m
Dot and Y dj

meNg meNp
mgpNo

27



1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

Furthermore, all coefficients appearing in the polynomials c§°’”> (m), m € Ny, depend
only on the numbers agffg, which are already uniquely defined by Equation (1.23).

Thus if we compare coefficients in (1.24) we obtain the following defining equations:

aim = aliy ) = F(mp) ¥m € Ny and
a" V=2l — F(m) Vm e Ny \pN,

f(m)o

(1.25)

where F'(m) and F(mp) denote some numbers, which depend only on the coefficients
of the term cgo’n) (m) and hence on the numbers aﬁfg, m € Ny. Thus the series, a™
and ¢V, are determined mod p? and mod p, respectively, and we have proven the
statement I(1).

Let k € {0,...,n — 1} be fixed and assume that I(j) holds for every 0 < j < k.
In order to prove the statement [(k + 1) We use again formula (1.21) and compare

the (k + 2)nd component of the vector A((a™,a™ Y, ... a®)) with the (k + 2)nd

component of the vector (z(™, 21 . x(o)). This ylelds the following condition
for the series a(™ € ngH’ a1 ¢ Co,..., and a" —(k+1) ¢ co
n m m (n—(k+1)) ;m n—(k+1))
Zafnkﬂ“’+z tp+ tag. T+ X (m =) alpim
meNy me&Ny meNo
mgpNo
(1.26)

where X (m) is a polynomial in ¢, whose coefficients consist of linear combinations in
the numbers

(n) () (n). ,(n=1) (1), (n=2) (n-2) . . (k)
Umg> G =+ Qg Cpmygr =0 mye—s? Upmyar 0 Upmyz’ 0 Umo®

But it follows from the induction hypothesis that these numbers are already uniquely

determined by the elements of the series (™, 2D . . and 2% . Furthermore,
there do not appear the same exponents of ¢ in the sums
k1 (n—1) (n—(k+1))
D T D ag ™ and o af e,
meENy meENy m&ENp
mépNp mé&pNo

so that comparing coefficients in (1.26) leads to the following defining equations for

elements of the series a™, a" Y =2 . and o~ *+1).

a$12+1 = xpk(fjl)) —F(mpk+1) VYm € No
n— n—(k

ag”(mi)e = xw(npk( = —F(mp") vm € Ny \p Ny
n—2 n—(k+1 _

e = U F(mphl) Ym e Ny \pN
n—(k n—(k+1
;(mg o gl ) —F(m) Vm € No \pNp.
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Therefore, the series a™, a1V, ¢=2) . a=*+)) gre determined modulo p#*?

pitL pk . p, respectively, and so we have proven I(k + 1).

To prove the injectivity of the map A, let
(a™, o™V . a0) e Conir X Ot X+ - X OF°
with
A((a™, o™V a®)) =(0,...,0) € W
We prove by induction on k, k € {0,...,n}, the statement
I(k): The series a™, a1 ... o satisfy
(1) a™ =0 mod p**! i.., a™ =0 mod p**! for all m € Ny, and

(2.) a7 =0 mod pF+'=7 for all j € {1,...,k}, ie., a;?;ng) = 0 mod p*™177 for
all m € Ng.

If k =0, we obtain with formula (1.21)
> altr=o, (1.27)
meENy

and hence
n) =0Vm € Ny,

which proves the base case I(0).
So let k € {0,...,n — 1} be fixed and assume that I(j) holds for every j €
{0,...,k}. Then we have, for every m € Ny,

(1.) a!” =0 mod p*! and hence a,(ffg = a,(ﬁl) =...= a,(ff,z =0, and
2.) a9 =0 mod pF*+17 for all j € {1,...,k} and hence
f(m)
(n—j) _ (n—j) _ _ (=5 _
pempo = pomn =T Vpm; T

Thus, if we set the (k4 2)nd component of the vector A((a™,a™ V... a®)) equal
to zero, we obtain, from formula (1.21), the following equation

Z a%}zﬂtmpk i Z (n 1)tmp bt (7E ()k+1))tm]—i—X(m) =0, (1.28)
meENg meNg
mgpNo

where X (m) is a polynomial in t, whose coefficients consist of linear combinations
in the numbers

() o™ () (=D (n-1)  (n-2) (n—2) 2k
Umgr Ao =+ Qe Qpmygr =+ mye—r Cpmyar = Cpmyz 0 Upmo®
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But it follows from the induction hypothesis that these numbers are all equal to zero
and hence X (m) = 0. Therefore, (1.28) turns into

m n—(k+1
S a4 N a t et i Dgm) = 0. (1.29)
meENy meNy
mgpNo

Since there do not appear the same exponents of ¢ in the sums

(n) ympht! (n—1) ymp* (n—(k+1)) ym

D w2 it and 3 ag T,
meNy meENg meENy
mgpNo mepNg

we may easily compare coefficients in (1.29) and obtain

agf,zﬂ = 0 Vm € Ny,
n—1

a;(m)i = 0 VmeNy\pNy,
n—2

agc(m)i_l = 0 YVmeN, \pNo,

n—(k+1
a;(m()o D — 0 Vme No \pNp .
This proves the statement I(k + 1) and hence the injectivity of the map A.

It remains to prove that the map A is bi-continuous. But we have seen already
in Lemma 1.4.12 that each map Ay : C;,SH — Wit ke {0,...,n} is bi-continuous.
Hence A is, as the sum of bi-continuous maps, itself bi-continuous.

The proof of part (i7) is similar. O

We now establish the main theorem of this section. It summarizes the results

obtained so far and gives us precise information about the structure of the nth Witt
group, W, (K), of the field K =F,((t)).

Theorem 1.4.16. Let K = F,((t)) for some prime p, let n € Ny, and let W, be the
nth Witt group of K. The map

O :(C x O x -+ x CF) x (ON x Oprd) x 0 x C1)) — W,
((a(”), am v ,a(o)), (b(”), b=l ,b(o))) —
A((a(“), am v ,a(o))) B \I/((b("), bl bOY),
where A and U are defined as in Proposition 1.4.14, is an isomorphism of topological
groups.

30



1.4. WITT GROUPS

Proof. The map
W x W — Wy, (2,y) — 2@y

is an isomorphism of topological groups (Lemma 1.4.8) and we have
©((a,b)) = p(Ala), ¥(b))

for all @ € €%, x O x -+ x C and b € 5% x O x -+ % CFF. Since,
by Proposition 1.4.14, both maps A and ¥ are isomorphisms of topological groups,
it follows that © is, as the composition of isomorphisms, itself an isomorphism of
topological groups. O]

We may also obtain a more general version of Theorem 1.4.16, i.e., a similar
decomposition of the nth Witt group of every local field of characteristic p. For this,
let p be a prime, let &k = F, for some fixed r € N, and let K := F,((t)) be the
field of formal Laurent series over k. As for the field F,((¢)) (see Notation 1.4.7), we
introduce the following notations. We define

e KT :=F[[t]] C K to be the power series ring over k,

o Ko i={ait ' +ayt2+...+a,t™|neN, a; € k},

e WHK) :={(xo,..., v,) EW, |z; € KT V0 <i<n}, and
o W, (K):={(xg,...,zn) €Wy |z; € K- V0<i<n}.

The set K~ is an additive subgroup of K which is also closed under multiplication.
Clearly, every element a € K can be written uniquely as a = a™+a~, where a™ € K+
and ¢~ € K~. Furthermore, we can decompose the nth Witt group W,,(K) into a
direct product of its subgroups W (K) and W, (K).

Lemma 1.4.17. (i) The sets W, (K) and W, (K), defined as above, are sub-
groups of W, (K) and we have W;I (K)NW, (K) = {0}.

(i1) The map p: WHK) x W, (K) — W,(K), (z,y) — = @y is a bi-continuous
isomorphism.

Proof. The proof of Lemma 1.4.8 goes through without any modifications. O

We will show in the remaining part of this section that, for every n € Ny, the nth
Witt group W,,(K) can be decomposed as follows.

Wo(K) = W, (K)x W, (K)
2 (CRD) % (Op)) e x (CP) X (C)" X (C0) % v x (C°)T

We observe that the finite field & = I, is a vector space over the finite field IF,,, and
we can choose elements wy,wy, ..., w,—; € Fyr such that the set {wo,w1,...,wr—1}
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is a basis of F,- over I, i.e., for every element x € [F» there exist unique elements
%,ta,...,"'a € F, such that z = Z;:é Law;.

In the same way as in Definition 1.4.11, we can now define maps A, and ¥y, k €
{0,1,...,n}, between the r-fold direct product of C7¢,, and W (K), and between

the r-fold direct product of C’Ig(,ﬁ)l and W, (K). Recall that f : Ny \pNy — Ny denotes
the unique monotone bijective function from Ny \p Ny to Ny.

Definition 1.4.18. Let n € Ny be fixed and define

An : ( ;’?“)T - W;(K)v ((Oa%))meNm (lagz?»meNm SRR (rilagﬁz))mGNo) =
Z (Oafff) (wot™,0,...,0) @ *a™ (wit™,0,...,0)
meNy

D...PH T’_la;’j)(wr_ltm, 0,... 70)).

For every 1 = 0,...,r — 1, we view iagﬁl) € Cpnr = Z /p"*1 7Z as an integer between
0 and p"*! — 1 in the canonical way and understand the product ig{m (wit™,0,...,0)

as the ‘al’-fold sum of the (n + 1)-tuple (w;t™,0,...,0) in W,F(K).
Furthermore, we define for every 0 < k <n — 1:

Ak : ( ;C;EH)T WJ(K)v ((Oagj))mENoa (1a£s))mENo’ SRR (r_lagr]:))mEN()) =
k n—k m k n—k m
> (Oa;(gn)((),...,o,wg £ ...0) @1a§(3n)(0,...,0,wf t",0,...,0)
meNy
mgpNo

n—k

@ o) (0,0, t,0,...,0)),

where, for every i = 0,...,r—1, the term wf’n_ktm is at the (n+1—Fk)th position in the
(n 4 1)-tuple (0, - - - ,owanfktﬁ 0,---,0). Again, we view agfk()m) € Cprs1 = Z [p" 7

as an integer between 0 and p**' — 1 in the canonical way and understand the

product iagfé)m)((), e 70awfn7ktm,0, -+ ,0) as the "a;k(zn)-fold sum in W, (K) of the
(n + 1)-tuple (0,--- 0, wfn_ktm, 0,---,0).
Similarly, we define

U, (OO0 — W), (08 mengs (0 ) mengs - - s () meny ) +

p

> (b (wot™™,0,...,0) ® b5 (wit™™, 0, 0)

meENy

S... 0" (w,_t7™,0,...,0))
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and for every 0 < k <n — 1:

\I/k : (C;:ibr - Wn_(K)’ ((Obgi))meNov (1b£7]i))m6N07 ce (T_lbgf))meNo) =
k n—k —-m k. n—k —m
> (50,0, 0w T 0) @ ) (0, 0,WF ™0, 0)

meENy
mgpNo

o.. e b (0, 0,0 " Em0,...,0)),

where, for every ¢ =0,...,7 — 1, the term wfnfkt*m is at the (n + 1 — k)th position
in the (n + 1)-tuple (0,--- ,O,wfnikt_m,o, -++,0). Again, we view b%ﬂ) € Cpetr =
7 |p**t1 Z as an integer between 0 and p**! — 1 in the canonical way and understand
the product "bgck(zn)(O, e ,O,wfnfkt*m, 0,---,0) as the "bgck(zn)—fold sum in W, (K) of

the (n + 1)_tup]_e (07 P ,07 (/u?];)n—k‘[:_'rn7 07 o e 70)

Lemma 1.4.19. The maps Ax and Yy, as defined in Definition 1.4.18, are contin-
uous group homomorphisms for every k € {0,...,n}.

Proof. Let k € {0,...,n}. For every i € {0,...,r — 1}, we obtain by the same
arguments as in the proof of Lemma 1.4.12 a continuous group homomorphism

i 0 i i (k "k m

Ay O — WH(K), (al)mew, = > a0, 0,07 4™, . 0),
meENy
mgpNg

Since
Ak((oa(k), La® ,T_la(k))) =N o ALCa®) @ A e W),

it follows that the map Ay is, as the sum of the continuous group homomorphisms
Al i=0,...,r — 1, itself a well-defined, continuous group homomorphism. O

Proposition 1.4.20. Let K = F,((t)), where ¢ = p" for some prime p > 0 and
some r € N, let n € Ny, and let W, (K) be the nth Witt group of K.

(i) The map
A (C)" X (CR)" % -+ x (CF) — W (K),
((Oa(n) 1 (n) '“’r—la(n))’(oa(n—l) 1(1(71,—1)"“’7"—1a(n—l))7‘“7
CORMON “rl(O)
An(( a™ g T ) An71(<0a(n71)’1a(n71)’”.77“710/(7171)))
0

@"'@Ao((o (0)’1 © o 1a())

s an isomorphism of topological groups.
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(i) The map

U (CEh) X (CR0) e X (O — Wi (),
((Ob(n), 1b(n)’ o ,rflb(n))’ (Ob(nfl)’ lb(nfl)7 o ’rflb(nfl))
(Ob((])7 1b(0), o ’rflb(O))> —
\I]n((ob(n)’ lb(n)7 o 7r—1b(n))) D \I[n—l(<0b(n_1)7 lb(n—l)’ o 77"—1b(n—1)>)
0

DD qjo((ob(o)’ A X )))

g ey

s an isomorphism of topological groups.

Proof. We observe first that if the set {wo,ws, ... ,’w,ﬂ_l} is a basis of the finite field

F, over the finite field F,, then also the set {w!  w?, ... w? |}, for every i € N.
With this fact, the proof of the bijectivity of the maps A and W is a straightforward
application of the proof of Proposition 1.4.14. O

In the same way as in Theorem 1.4.16 we may now obtain the following decom-
position of the nth Witt group of any local field K into a discrete and a compact
part.

Proposition 1.4.21. Let K = F,((t)), where ¢ = p" for some prime p > 0 and
some r € N, let n € Ny, and let W,,(K) be the nth Witt group of K. Then

W (K) 22 (C2941)" % -+ x (C) x (CED) % -+ x (O, (1.30)

p p

Proof. The map
p: W K) x W, (K) = Wa(K), (z,y) 2 &y
is an isomorphism of topological groups (Lemma 1.4.17) and we have
O((a,b)) = p(A(a), ¥ (b))

for all a € (C5%,,)" x (C3%)" x -+ x (C) and b € (C5 )" x (CR) x - x (G5
Since, by Proposition 1.4.20, both maps A and ¥ are isomorphisms of topological
groups, it follows that © is, as the composition of isomorphisms, itself an isomorphism

of topological groups. O

1.4.3 Duality of Witt groups

With the detailed information about the structure of finite-dimensional Witt groups
over local fields of characteristic p > 0, it is now easy to see that such groups are
topologically isomorphic to their dual groups.
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Proposition 1.4.22. Let K =F,((t)) for some prime p. The nth Witt group of K

[

is, as a topological group, selfdual for every n € Ny, i.e., W) =W, (K).

Proof. The proof of this proposition follows directly from Theorem 1.4.16 and the
facts (1)-(4) about the dual group of locally compact abelian groups listed in Section
1.2. Theorem 1.4.16 yields

Wo(K) 2 (O x O3 x -+ x C) x (Clgzi)l X O;go) XX CZSOO))-

Since Cpr is a finite cyclic group we have (Cpk)A% Cyr for every k€ {1,...,n+ 1}
Additionally, we have for every k € {1,...,n+ 1},

o372 ([0 = @ = ey = o

=0 =0 =0

and . . N
(O}Sgo)fg @) =[[C) =] Cn = Cx.

i=1 i=1 i1

With these results we obtain

Ny C;,ii)lXCIS?L”)X-~-><C’I(,°°)><C;’2HXC]fSX~~-><C;°
~ W (K).

]

Corollary 1.4.23. For any local field K of characteristic p and every n € Ny, the
nth Witt group W, (K) is isomorphic to its dual group, as a topological group.

Proof. Let K be any local field of characteristic p. Then K is isomorphic to a field
of formal Laurent series in one indeterminate with coefficients in a finite field of
characteristic p, i.e., K =2 F,((t)), where ¢ = p" for some r € N. But by Proposition
1.4.21 we have

Wa(K) = ((C520) % o x (C2)) x ((CS) >+ x (C5))

p
o ((C;fj+1 X - X CFF) X (C;Zi)l X X C;(,OO)))T,

and thus, we obtain by the same arguments as in the proof of Proposition 1.4.22
WalK) 2 (O3 x O % -+ % O x O5 x C8) x -+ x Oy
= (O3 X O x - % O x CF % O o x O )

o~ (C’I()Zil XCZ()ZO) X oo xCISOO) x O x O % -«~><C';’°)T
~ WK,
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1.4.4 Characters of the first Witt group

In this subsection, we give an explicit description of the characters of the first Witt
group Wi (K), where K = F,((t)) for some prime p.
By Theorem 1.4.16 we have

@cszc @c ch g@ o % C) xH 2 x C)

=1

IIZ

So, in order to describe the characters of Wi (K) we can use the isomorphism of
Theorem 1.4.16 and describe instead the characters of the group

H::é( 2 X Cp) xH 2 x Cp)

Since Cp;, j = 1,2, is a finite cyclic group, every character x € ij is of the form

),

2miS v,
P

X =Xy, : Cp — T, 55— exp(
for some v; € Cp;. Thus every character x € sz/x\Cp is of the form x = x,, where
v = (v1,v2) € Cp2 x Cp and we have

Xv * Cp2 X CP — T, X,U(Sl, 32) = Xm(sl) 'Xv2<32)7

where Y, is a character of Cy2 and Y, is a character of C),, as above.
We define a “duality bracket” in the following way:

(V,8) w2y op = (U1, 81) 02~ (U2, 52)cr i= X(w1,02) (51, 52) = Xu(5)- (1.31)
Observe that
(EB(Cp x C)) 2 [[(Cpe x Cy) and (] [(Cpe x C)) = ED(Cp2 x Cy).
i=1 =0 =0 i=1

Thus we can define a character y, € i , T = (Tm)mez € H by defining it first on
every component of the sequence s = (8,,)mez € H:

Xa(Sm) = (T, 3m>cp2><cp~

The character y, € ﬁ, T = (Tm)mez € H, is then of the form
X:E(S> = H <$*mv Sm>0p2><cz> (132)
meZ

and it is clear that every character of H is of such a form. Notice that since only
finitely many components with negative subscript of x and s are nonzero, the product

n (1.32) is well-defined.
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1.5 The structure of abelian K-split groups

In the following, let K be a local field. Recall that we denote by G, the additive group
of the field K. In this section we give a complete characterization of abelian K-split
groups. As we have seen in Section 1.3, the basic building-blocks for these groups
are the abelian, algebraic extensions of the additive group G, with itself. Recall
that we denote by Ext(G,,G,) the set of all group extensions given by symmetric
algebraic 2-cocycles f : G, x G, — G, and we will identify such group extensions
with the corresponding 2-cocycle. During this section we will follow an approach of
Serre [29], chapter VII to the structure of commutative unipotent groups, state the
most important results, and prove some additional facts, which will be needed in the
next section.

Remark 1.5.1. A general assumption made in [29], chapter VII, is that the base
field K is algebraically closed. But studying the relevant proofs in that chapter, one
can show that this assumption can be removed. In fact, all the results cited in this
section hold for any local field K.

Proposition 1.5.2. ([29], Proposition 8) In characteristic 0, Ext(G,, G,) = 0. In
characteristic p > 0, the K-vector space Ext(G,,G,) admits for a basis the p™th
powers (n € Ny) of the 2-cocycle f which defines the first Witt group W1 (K):

flz,y) = %(xp +y" = (z +y)").

Note that the right hand side of the equation above should be considered as a formal
sum.

We sketch briefly the idea of the proof. One writes the polynomial g(x,y), which
determines the group extension, in the form Y a;;z’y?. Then formula (1.3) translates
into identities for the coefficients a;; which allow one to determine explicitly all
symmetric 2-cocycles. For the details of the computation see [24], §III.

Corollary 1.5.3. ([29], Corollary of Proposition 8) In characteristic 0, every com-
mutative connected unipotent group is isomorphic to a product of copies of the addi-
tive group G,.

Proposition 1.5.2 indicates the relevance of finite-dimensional Witt groups in
the field of abelian K-split groups. In the following we recall and state some facts
concerning these groups, see also [29], chapter VII. The definition of the nth Witt
group W,(K) =: W, of a field K is given in Section 1.4.1. There exist two maps
which are very useful in this context:

(1) the Shift homomorphism S : W,, — W1, (zo, ..., x,) — (0,20, ...,2,) and

(2) the Restriction homomorphism R : W, .1 — Wy, (2o, ..., Znt1) — (20, .., Ty).
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These homomorphisms commute with each other and we obtain, for all m,n € Ny,
an exact sequence:

Sn+1 Rm+1

0 Wm Wn+m+1 I Wn — (. (133)

We denote the corresponding element of Ext(W,,, W,,) by V.. The following com-
mutative diagram shows the effect of the restriction homomorphism R on these ex-
tensions

O Wm Wn+m+l Wn O
iR lR id
0 —— Wmfl - = Wn+m Wn 0.

Thus we obtain the formula
R*(Vnm) = Vnm_l’

where R, (V") denotes the pushout of V™ by the map R as indicated in the above
diagram. Analogously, we have the following commutative diagram

0 Wm Wn+m+1 Wn 0
id TS TS
0 Wm Wn+m — Wp_1 ——0.

And thus we obtain the formula

SHV) = Vil (1.34)
where S*(V*) denotes the pullback of V. by the map S. In the same way one can
show

We denote by A,, the ring of endomorphisms of the algebraic group W,,, n € Nj.
The pushout operation ¢, (V") and the pullback operation ¢*(V,™) give the group
Ext(W,,, W,,) the structure of a left module over A,, and a right module over A,,
respectively, and these two structures are compatible in the above sense.

Remark 1.5.4. The group Wj is just the additive group GG, and the exact sequence
(1.33) shows that the nth Witt group W,,, n € Ny, is a multiple extension of the
additive group G,. For m < n, we can identify W,, with a subgroup of W, by
means of S"~™ and we have W, = p"~™W,, (see also Lemma 1.4.5 in Section 1.4.2).
Furthermore, the mth Witt groups W,,, m < n, are the only connected subgroups
of W, (]29], VII, Section 8).

The following definition is a useful instrument in algebraic geometry.
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Definition 1.5.5. (i) A homomorphism between two algebraic groups is called
an isogeny if it is surjective with finite kernel.

(ii) We say that two algebraic groups G and H are isogenous if there exist isogenies
f:G—-Handg: H—G.

Remark 1.5.6. ([29], chapter VII) Let n € Ny and let G be an abelian unipotent
linear algebraic group. The following are equivalent:

(i) There exists an isogeny f: G — W,,.
(ii) There exists an isogeny g : W,, — G.

Lemma 1.5.7. (/29], VII, §2, Lemma 3) Every element H € Ext(G,, G,) can be
written uniquely as H = ¢*(V) (or ¥.(VY)), where ¢ and ¢ are elements of Ay.
Furthermore one has o*(Vy) is the trivial extension if and only if p is not an isogeny.

Proof. The existence and uniqueness of ¢ works as follows. The element V7 €
Ext(G,, G,) corresponds to a symmetric 2-cocycle w : G, x G, — G, which deter-
mines the first Witt group:

Ve 0 G, Wy Ga 0.

Let H € Ext(G,,G,) be an abelian algebraic group extension of G,. According to
Proposition 1.5.2, the element H corresponds to a symmetric 2-cocycle of the form

flz,y) = Zai w(z,y)” with a; € K.

i

On the other hand, every endomorphisms ¢ of G, can be written uniquely as
o(x) = Zbi .

Hence we have H = p*(Vy) if and only if b; = a; for all 7, which proves the existence
and uniqueness of ¢. The other parts are similar. O

With Lemma 1.5.7 we can obtain a useful characterization of the elements of

Ext(Gq, Go).
Corollary 1.5.8. Let H be an element of Ext(G,, G,). Then H is either isomorphic

(as an algebraic group) to G, X G, or isogenous to the 2-dimensional Witt group
Wi(K).
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Proof. By Lemma 1.5.7 we can find a map ¢ € End(G,, G,) such that H = o*(V).
If H= p*(Vy) = 0 then H splits, which means that H is isomorphic to G, x G,.
Otherwise the map ¢ is an isogeny, and since the corresponding pullback diagram

0 Ga Wl Ga O
id Tqﬁ T%D
0 G H G 0

is commutative, it follows as an application of the Snake-Lemma that the map ¢ :
H — W is an isogeny. O

There are also similar results for higher dimensional Witt groups.

Lemma 1.5.9. ([29], VII, §2, Lemma 6) Every element H of Ext(W,,,G,) can be
written as H = ¢*(V?) for some p € A,. One has ©*(V?) = 0 if and only if  is
not an 150geny.

One can also reverse the roles of W,, and G,.

Lemma 1.5.10. (/29], VII, §2, Lemma 6°) Every element H of Ext(G,, W,,) can be
written as H = @,(V§") for some ¢ € A,. One has p.(Vy") = 0 if and only if ¢ is
not an 1S0geny.

As in the case n = 0, we obtain a characterization of the elements of Ext(G,, W,,)
and Ext(W,, G,).

Corollary 1.5.11. Let H be an element of either Ext(G,, W,) or Ext(W,,G,).
Then H (i.e., the linear algebraic group defined by the exact sequence H ) is either
isomorphic to W,, x G, or isogenous to W, 1.

Proof. We will prove the corollary for Ext(G,, W,,), the case of Ext(W,,, G,) is simi-
lar. As in the two-dimensional case we have either H = (¢)*Vj* = 0 for some ¢ € A,
and thus H splits and is isomorphic to W,, x G, or there exists an isogeny ¢ from
G, to G, such that H is the pullback of W, and G, under ¢. Since the diagram

0 Wn Wn+1 - Ga —0
id Tqﬁ TW
0 W, H G, 0

is commutative, it follows as an application of the Snake-Lemma that the map ¢ :
H — W, is an isogeny. O

Lemma 1.5.12. ([29], VII, §2, Lemma 7) If m > n, every element H € Ext(W,,, G,)
can be written as H = f,(V?) with f € Hom(W,,, W,,).
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The next theorem demonstrates the exact connection between abelian unipotent
K-split groups and Witt groups.

Theorem 1.5.13. ([29], VII, §2, Theorem 1) Every commutative unipotent K -split
group 1s isogenous to a finite product of Witt groups.

In order to get a better understanding of this theorem, we give a sketch of the
proof.

Proof. Let G be a commutative unipotent K-split group of dimension n € N. We
argue by induction on n.

If n =1 then G = G, = Wy(K) and there is nothing to prove.

So let n € N and suppose that the theorem is shown for all abelian K-split groups
of dimension less than n. The group G is an extension of a group H of dimension
n — 1 by the group G,. Applying the induction hypothesis to the group H yields an
isogeny

k
f:HWni—>H.
i=1

Put W = Hle W,,. The pullback f*(G) is an extension of W by G, and this
pullback is isogenous to G:

0 G, G H 0

. b b

0 —G, — f(G) —=W —0.

Thus it suffices to show that f*(G) is isogenous to a product of Witt groups. In
other words we are reduced to the case where H = W. Replacing f*(G) by G, let
us denote the extension in question by v € Ext(W, G,).

The extension v is defined by a family of elements 7; € Ext(W,,.,G,). Suppose
that ny > n; for all 7 and let V = Hf:2 W,,. We are going to distinguish two cases.

1.) 71 = 0. The group G is then the product of W, and the extension of V by
G, defined by the system (7;);>2. By the induction hypothesis, this extension
of V' by G, is isogenous to a product of Witt groups and hence G is isogenous
to a product of Witt groups.

2.) 71 # 0. Let 8 = (6;) € Ext(W,G,) be the element defined by §; = V) and
B; = 0 fori > 2. The extension G’ corresponding to 3 is the product W,,, 1 x V.
We are going to show the existence of an isogeny ¢ : W — W such that ¢*(G’)
is isomorphic to G:
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It will follow from this that G is isogenous to GG’, which is a product of Witt
groups.

Applying Lemma 1.5.12 to every v; € Ext(W,,,, G,) yields homomorphism f; €
Hom(W,,, W,,) such that ~; = f;, V) . Define the map ¢ : W — W by

o(wy, wa, ..., wi) = (fi(wr) + fo(wz) + -+ fr(we), we, ..., wy).

Then ¢*(8) = 7. Since f; is surjective (see Lemma 1.5.9), it follows imme-
diately that ¢ is surjective and every surjective homomorphism between two
groups of the same dimension has a finite kernel. Thus the map ¢ defines the
desired isogeny.

[]

1.6 Duality of abelian K-split groups

In the following, let K be a local field of characteristic p > 0. The aim of this section
is to show that every abelian K-split group is, as a topological group, selfdual.
Certainly not all abelian unipotent groups over K are selfdual since, for example,
the K-wound groups are compact topological groups and thus have discrete dual
groups. But we have seen in Section 1.4.3 that every finite dimensional Witt group
over K is isomorphic to its dual group. Since every abelian K-split group is isogenous
to a finite product of Witt groups, the question arises if every abelian K-split group
is isomorphic to its topological dual group. The main step to see that this is indeed
true is provided by the following result.

Proposition 1.6.1. Let H be a unipotent linear algebraic group and suppose H 1is
isogenous to G = W, (K), the nth Witt group of the field K = TF,((t)). Then H is
topologically isomorphic to G.

Proof. Since H is isogenous to (G, we can find a finite subgroup F' of GG such that
H = G/F. So in order to show that H is isomorphic to G, it suffices to prove
that G = G/F, where F' is an arbitrary finite subgroup of G. But every finite
subgroup F' is of the form F' = (z1,...,xy) for some xq,...,2; € G and we will
prove that G/(z) = G for every x € G, where (z) denotes the additive subgroup
in G generated by x. (Notice that by Corollary 1.4.6 of Section 1.4.2 the group
G = W,(K) is of exponent p"*!, so in particular every element # € G has finite
order and thus (x) is finite for every x € G.) It then follows by an induction
argument that G/F = (G/{x1))/(x2...,25) = G/{xa, ... x) = G.

Recall that we denote by C,, := Z /nZ the cyclic group with n elements. Fur-
thermore we write A* for the infinite direct product [];°, A of a finite abelian group
A and A for the infinite direct sum @:°, A.
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By Theorem 1.4.16 of Section 1.4.2 we know that the topological group G =
W, (K) is of the form

G2 OX % OF x - x O x O x O o 002
So if we define H,: := C;? X C’I()fo), then

GngXszx---XHan

and every x € G is of the form = = (2',...,2""!) with 2" € Hy, for every i €

{1,....,n+1}.

Let € G and suppose x # 0. The finite group (z) is a subgroup of Cpn+1, and
thus (x) = Cpm for some m € {1,...,n+ 1}. But every cyclic group Cym, m > 1,
has a subgroup which is isomorphic to C,,. Thus, by replacing x by 27" for a suitable
power k, we can assume without loss of generality that (z) = C,.

We consider two different cases:

1.) The intersection of the element z and the group H, is not trivial, i.e., 2 #
0. Then (z') = C, and z' € H, is a Laurent series of the form z' = (2} )mez,
where 2} € C, for every m € Z. But the series ' generates the cyclic group C,,
and thus we can find an integer k such that (z;) = C,. Observe that for every
y=(y',...,y"™") € G we can find a unique element of the span (x}) which is equal
to y;.. We denote by z' the element in H, defined by z; = x; and z}., = 0 for all

m € Z\{k}. We will show
(a) G/(x) = H,/(z') X Hyp2 X --+ X Hyn+1 and
(b) Hy/(z") = H,

It follows directly from (a) and (b) that G/(z) = G.

In order to show part (a) we define the map
¢:G—>Ga yHy_QD(y)7

where ¢(y) = 2’ € (z) with 2/, = yl. We conclude from the above observation
that ® is well-defined and clearly, ® is a group homomorphism. Furthermore, we
have y — ¢(y) = 0 if and only if y = ¢(y) if and only if y € (z), which shows that
ker(®) = (). Hence G/(x) is isomorphic to the image of ®, which is isomorphic to
the direct product H,/(z') x Hpz X -+ X Hpnt1.

In order to prove part (b), we recall that

H,=2PC,x[[C, and (z') = (z}) =C,.
i=1 =0

Without loss of generality we assume k = 0. Notice that if y*, 2! € [y'] € H,/(z')
are two elements of the same coset, then y' — 2! € (z!) which means that there exists
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a number \ € C,, such that y} — 2z} = Az} for all [ € Z. In particular, if y*, 2! € [y!]
with yj = z} = 0 then we obtain y} = z/ = 0 for all | € Z and thus y' = 2%,
since (z}) # 0. This means that in every coset [y'] € H,/(z') there exists a unique
element z! with 2} = 0. We now define the map

W @Cp x {0} x HCP - Hp/@l)? yl = [yl]-

It follows directly from the above that WU is well-defined and it is not hard to see
that U is a group isomorphism. But the group @;°, C, x {0} x [[;2, C, is obviously
isomorphic to H,, which completes the proof of part (b).

2.) The intersection of the element x and the group H, is trivial, i.e., ! = 0.
Let i € {2,...,n + 1} be minimal with respect to the property that z* # 0. Since
(x) = C),, we have (z) = C,,. Asin the case i = 1, we know that z* is a Laurent series
of the form z' = (2},)mez with 2%, € Cy for every m € Z. Since (x') = C,, there
exists k € Z such that (z}) = C,. So for every y = (y',...,y""") € Hy X -+ X Hynia
we can find a unique element z € (2}) with yi, + (Cpi/C,) = 2 + (Cpi/Cp). (Or, if
we view x, as an element of {0,...,p" — 1} = C;, then z = y; mod p.) Denote by
z' the element of H,: defined by z}, = 2}, and 7%, = 0 for all m € Z\{k}. We have

(Hp X Hp2 Xoeee X Hpn+1)/<x> = Hp Xoews XHpiﬂ X (sz Xoeee XHpn+1/<($i, . ,$n+1)>)
and claim that it suffices to prove the statements
(a) Hpi X X Hpn+1/<(xi, .. ,$n+1)> = sz/<fl> X Hp¢+1 X X Hpn+1 and

(b) sz/<i’l> = @Zl Cpi X (Opz/Cp) X Hjil Cpi.

Indeed, using (a) and (b) and the fact that (J];2, Cpi-1) x Cpi-1r = [[72, Cpi-1 and
[1:2, Cp = 112, Cpi, we obtain

G/{z) = H,x--x Hy1 x (Hy/{z")) x Hys1 X ==+ X Hpnrs

[o@) o o x
~Y . .
= @C’p X HC’p X e X @CPH X Hsz—l
i—1 i=0 i—1 i=0
o0 [ee] o0 o0
X(@Opi X Chi-1 X HCpi) X o X @Cpnﬂ X HCpn+1
=1 =1 =1 =0

o0 oo oo o0
= @Op X HC’p X+ X @Cpi—l X Hcpi—l
i=1 i=0 i=1 i=0
(@) o oo oo
X @Cpi X HCpi X oo X @Oanrl X H(Jan
i=1 i=0 i=1 i=0

1%

G.
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In order to prove the statement (a), we may use exactly the same idea as in the first
case. We define a map

®: Hyi X -+ X Hynsr — Hyi X+ X Hyir, y =y — (1),

where ¢(y) =2’ € ((zf,...,2""")) is defined so that yj + (C,i /C,) = 't + (Cpi/Cy).
By the above remarks we know that ® is a well-defined group homomorphism. The
kernel of @ is equal to ((z’,...,2""1)) and hence the quotient group
Hyix X Hynir /{(2", ..., 2™1)) is isomorphic to the image of @, which is isomorphic
to sz‘/<i’i> X sz‘ﬂ X oo X Hpn+1.

For the proof of part (b), we assume without loss of generality that & = 0 and
apply the same argument as above to the map

v @Cpi X HCpi — @sz‘ X Hcpi, y—y—¥(y),
i=1 i=0 i=1 =0

where ¢(y) = 2’ € (z%) with y§ + (Cpi/C,) = 24 + (C/ Cp). Since (z)) = C,, it
follows that the image of ¥ is isomorphic to @;°, Cpi x Cyi/Cy, x [];2, Cpi, which

P
finishes the proof. O

Lemma 1.6.2. Let G be a finite product of Witt groups of the field K = F,((t)),

where ¢ = p" for some prime p and some r € N, i.e., G = Hle W, (K) for some

k € N and some n; € No, i = 1,...,k. Let n; be the mazimum of the set {n; | i =
. k}. Then G is, as a topological group, isomorphic to W, (Fp((t)))

Proof. Using Proposition 1.4.21, the topological group G is of the form
k

G = H(C;O)T X (C’gg)T X oeee X (C’Ogﬁ_l)r % (C(oo))r x (C(go))r ST, (C(:O)H)r

p p p p
=1

I

k
[T x Coy x (€5 x €)% -+ x (Cp;”ll X %)

i=1
But for all j =1,...,n; + 1, we have

(C5) x Coyr = (€5 x )

p]

(as additive topological groups) and since the finite product J]F (€ %) % Cy) is

topologically isomorphic to the group C’p]- X C’;;? forall j =1,...,n; + 1, it follows
that

G = (O x ) x (C5) % CF) x -+ x (Clgijll X C%,1) = Wi, (Fy((1))).
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1. UNIPOTENT LINEAR ALGEBRAIC GROUPS

Corollary 1.6.3. If K is any local field of characteristic p and G a commutative
K-split group then G s, as a topological group, isomorphic to its dual group.

Proof. Let K be any local field of characteristic p. Then K is isomorphic to a field
of formal Laurent series in one indeterminate with coefficients in a finite field of
characteristic p, i.e., K = F,((t)), where ¢ = p" for some r € N. Let G be a
commutative K-split group. Then G is isogenous to a finite product of Witt groups
(Theorem 1.5.13), i.e., there exists k € N and there exist n; € N, i = 1,... k, such
that G is isogenous to H, where

H=TJ(CF x €2y x (C5 x €)% -+ x (C50, x Ca )

=1

By Lemma 1.6.2, the group H is topologically isomorphic to W, (F,((t))) for some
n; € {n; | i = 1,...,k} and thus G is isogenous to the Witt group W,, (F,((t))).
It follows then from Proposition 1.6.1 that the topological group G is isomorphic
to Wy, (F,((¢))). Since every such finite dimensional Witt group is, as a topological
group, self-dual (Proposition 1.4.22), it follows that G is self-dual. m
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Chapter 2

Kirillov Theory

2.1 Introduction to the Kirillov theory

For connected, simply connected nilpotent Lie groups G, A.A. Kirillov [23] provided
a nice geometric description of the dual space é, i.e., the equivalence classes of
irreducible unitary representations of GG that we now explain.

Suppose G is a nilpotent Lie group with Lie algebra g. There is a natural linear
action of G on g called the adjoint action: Ad(x)Y is the tangent vector of the curve
t — z(exptY)x~! at t = 0. This yields a linear action on the real dual space g* of g
called the coadjoint action, given by Ad*(z) = (Ad(z™'))*. Now, if [ € g* is a linear
functional of g and t a subalgebra of g such that [ = 0 on [t,t], then [|, is a Lie
algebra homomorphism from v to R. If R is a Lie subgroup of G with Lie algebra t,
we shall call a one-dimensional representation ¢; of R such that ¢;(exp X) = e?mX)
for X € v a character of R corresponding to [ (one uses the Campbell-Hausdorff
formula in order to prove that ; is indeed a character of R).

Theorem. Let G be a connected, simply connected nilpotent Lie group. Givenl € g*,
let v be a maximal subalgebra of g such that | = 0 on [¢,t], and let R and ¢; be as
above. Then indg © 1s an irreducible representation of G, and its equivalence class
depends only on the orbit O; of | under the coadjoint action. The map O; — [indg @1
s a bijection from the set of coadjoint orbits of g* to G which is a homeomorphism
with respect to the natural quotient topology on the set of orbits and the Fell topology
on G.

This theorem was proven by Kirillov [23] except for the fact that the inverse map
[ind% ¢;] — O is continuous, which is due to Brown [5].

In this chapter we develop a version of Kirillov theory which extends the the-
ory for connected, simply connected nilpotent Lie groups and which can be applied
to a large class of unipotent linear algebraic groups over local fields of characteristic p.
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2. KIRILLOV THEORY

In Section 2.2 we introduce for a locally compact separable [-step nilpotent group
G the notion of a nilpotent k-Lie pair (G, g), £ > [. In this way we attach to the
group G a Lie algebra g over the ring Z[%], including additional structure to obtain
a reasonable definition of a dual space g* of g. The Lie algebra g acts on itself by
the adjoint action ad and we can exponentiate this action to obtain an action Ad of
G on g. This action yields an action of G on the dual space g*, called the coadjoint
action, and we denote by g* /. the space of quasi-orbits of g* with respect to this
action.
In Section 2.6 we introduce the notion of a polarizing subalgebra t for a homomor-
phism f € g* and we will explain how such a map f defines a character ¢ on the
subgroup R := exp(t) of G. Furthermore, we show in Section 2.8 that the induced
character indf2 ¢ is an irreducible representation of G' for every homomorphism
f € g* and every chosen polarizing subalgebra ¢ for f. The aim is to define for every
nilpotent k-Lie pair (G, g) a Kirillov map & in the following way:

kgt — Prim(C*(Q)), f + ker(ind% ¢;). (2.1)

One difficulty is to prove that the kernel of the induced representation indg ¢r does
not depend on the choice of the polarizing subalgebra ¢ for f.

In Section 2.7 we prove that the map « is well-defined for every two-step nilpotent
k-Lie pair, k > 2. We then develop in Section 2.8 some representational machinery,
which we need in Section 2.9 to prove by induction on the nilpotence class of the
group G that the map « is well-defined and surjective for every nilpotent k-Lie pair
(G, g).

Moreover, we show in Section 2.10 that, under certain additional assumptions on the
group G, the “Iy-ization” analogue of the Kirillov-orbit map

gt /o — Prim(C*(G)), O + ker(ind$ ¢;), (2.2)

where f € g* is any chosen representative of the coadjoint quasi-orbit O, is a home-
omorphism with respect to the quotient topology on the quasi-orbit space and the
hull-kernel topology on the primitive ideal space of C*(G).

Finally, we discuss in Section 2.11 three classes of nilpotent locally compact groups
G, for which there exist a Lie algebra g and a natural number k, such that the pair
(G, g) defines a nilpotent k-Lie pair.

2.2 Nilpotent Lie pairs

Since the main objects of concern are nilpotent groups and nilpotent Lie algebras we
recall the most important definitions.

Definition 2.2.1. Let G be a group.
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2.2. NILPOTENT LIE PAIRS

(1) Define the following subgroups inductively
Z°(G) = {e}, Z"(G) == Z(G), and Z'"Y(G) :=q; ' (Z(G/Z'(G))),

where Z(G/Z"(G)) denotes the center of G/Z(G) and ¢; : G — G/Z'(G) the
canonical quotient map. The chain of subgroups

{e} 92(G) <2 2%(G) < ---
is called the ascending central series of G.

(2) The group G is called nilpotent if its ascending central series terminates within
finitely many steps, i.e., if Z!(G) = G for some [ € N. The smallest such [ is
called the nilpotence class of G and G is said to be [-step nilpotent.

Definition 2.2.2. Let R be a commutative ring with unity. An algebra g over R is
called a Lie algebra over R if its multiplication, denoted by (X,Y") — [X, Y], satisfies
the following identities:

(1) [X,X] =0 and
(2) [[X,Y],Z)+][Y,Z], X]| +[[Z,X],Y] = 0. (Jacobi-identity)

A topological Lie algebra over R is a Lie algebra over R with a Hausdorff topology
such that the Lie algebra operations X — —X, (X,Y) — X +Y, and (X,Y) —
[X, Y] are continuous with respect to this topology.

Remark 2.2.3. The product [X,Y] is called the commutator of X and Y. If g is
a Lie algebra over R then g is in particular an R-module and the commutator map
[.,.] : g x g — g is bi-additive.

Definition 2.2.4. Let R be a commutative ring with unity and let g be a Lie algebra
over R.

(1) The center of g is defined as
3@) ={Xeg[[X,Y]=0VY cg}
and one defines the following subalgebras inductively
3°(8) = {e}, 3'(0) ==3(0), and 5" (g) == ;' (3(8/3'(9))).

where 3(g /3'(g)) denotes the center of g /3'(g) and ¢; : g — g /3'(g) the canon-
ical quotient map. The chain of ideals

{0} <3(g) <5%(g) < -

is called the ascending central series of g.
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2. KIRILLOV THEORY

(2) The Lie algebra g is called nilpotent if its ascending central series terminates
within finitely many steps, i.e., if 3'(g) = g for some | € N. The smallest such
[ is called the nilpotence class of g and g is said to be [-step nilpotent.

We introduce now the notion of a nilpotent k-Lie pair (G, g), k € N, which turns
out to be a suitable object for our purpose.

Definition 2.2.5. Let k € N, let GG be a locally compact, separable, nilpotent group
of nilpotence class [ < k and let g be a topological Lie algebra over Z. We call the
pair (G, g) a nilpotent k-Lie pair if the following properties are satisfied:

(i) The additive group g is a Ag-module, extending the Z-module structure of g,
where A; = Z[%] denotes the ring in which every prime number p < k is
invertible.

(ii)) There exists a homeomorphism exp : g — G, with inverse denoted by log,
satisfying the Campbell-Hausdorff formula (see Remark 2.2.7).

(iii) There exists a locally compact abelian group w and there exists a character
€ : tv — T such that the following properties hold:

(a) The group to is a Ag-module.

(b) There does not exist a non-trivial Ag-submodule of tv inside the kernel of
the character e.

(¢) The map
® : Hom(g,w) — g, f—e€o f,

is an isomorphism of groups, where Hom(g, 1) denotes the group of con-
tinuous group homomorphisms from g to to and g denotes the Pontrjagin
dual of the abelian group g.

(d) For every closed Ag-subalgebra b of g and for any f € Hom(h, to) there
exists a map f € Hom(g, w) such that f|, = f.

To get an idea of this technical definition we briefly describe an example, which
will be discussed in full detail in Section 2.11.

Example 2.2.6. Let K be a local field of characteristic p. Let Tri(n, K) be the
group of upper triangular n x n-matrices over K with each diagonal entry equal to 1
and let T'rg(n, K) be the group of upper triangular n x n-matrices over K with each
diagonal entry equal to 0 and suppose that p > n.

Let £ € {n,...,p — 1}. Equipped with the usual commutator of matrices,
Tro(n, K) becomes a Lie algebra over the ring Z[;;]. Furthermore, since p > n,
the exponential map exp : Tro(n, K) — Tri(n, K), given by the usual power series,
is a well-defined homeomorphism satisfying the Campbell-Hausdorff formula.
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2.2. NILPOTENT LIE PAIRS

Since the characteristic of K is equal to p, it follows that x(X) € U, for every char-
acter x of the additive group Tr¢(n, K) and for all X € Tro(n, K), where U, denotes
the group of primitive pth roots of unity. Put w := 4, C T. Then tv is, as a discrete
group, locally compact and clearly a Ag-module. We define € : U, — T, e = Id. This
map is a character of tv and there does not exist a non-trivial Ag-module inside the
kernel of €. Moreover, we have

—

Hom(Tro(n, K),w) = Tro(n, K).

So if b is any closed subalgebra of Try(n, K), then the additive group b is a closed
subgroup of the locally compact abelian group Try(n, K), and it follows from general
representation theory of locally compact abelian groups that for every character
f € Hom(h, ) there exists an extension f € Hom(Tro(n, K),w) of f. Therefore,
the pair (Tri(n, K),Trqo(n, K)) satisfies all the properties of Definition 2.2.5, which
means that (Tr(n, K),Tro(n, K)) is a nilpotent k-Lie pair for every n < k < p.

Remark 2.2.7. The Campbell-Hausdorff formula describes the multiplication inside
the group G using the laws of the Lie algebra g. If X,Y € g then exp(X)exp(Y) =
exp(Z), where the element Z = log(exp(X)exp(Y)) is of the form

2=%"2,=-3( Y (2,+2).

n=1 n=1 n s+t=n
where
(=)™l ad(X)*r ad(Y)" ... ad(X)*(Y)
Zog = > TR (2.3)
s1+-+Sm=s m S1:01:...8m-
14 b1 =t—1
si+t; >1 Vi
Sm>1
and
1)t ad(X)* ad(Y)h .. ad(Y)i=—1(X)
Zg = ( (24
o 2 m st ! (2.4)

S1+-+Sm—1=s8
ti 1 =t
Ssi+t;>1 Vi

Notice that ad(X)(Y) := [X,Y] for all X,Y € g and thus we have for all X; € g:
ad(X7)...ad(X,1)(X,) = [X1, [Xe, .., [Xno1, Xa]] .- .
Explicitly, the values of the first three homogeneous components of Z are
Z1=X+Y,

Zy = 5[X,Y], and

1
2
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2. KIRILLOV THEORY

Z3 = i([X7 [X7 Y“ + D/a [Y7 X]])

12

Hence we have for all XY € g:

1 1 1
(exp X)(expY) =exp(X +Y + §[X, Y]+ E[X’ (X, Y]]+ E[Y’ Y, X +---).
A complete description of this formula can be found for example in [4], §6. Since
the Lie algebra g is nilpotent, the right hand side of the equation above consists of
a finite sum.

Definition 2.2.8. Let (G, g) be a nilpotent k-Lie pair. By a subalgebra of g we
understand a Lie-subalgebra of g, which is also a Ag-module. An ideal of g is a
subalgebra j of g which has the additional property that [X,Y] € j for all X € g and
forall Y €.

Remark 2.2.9. Let £ € N, let g be a Lie algebra over Z, and suppose that the
additive group g is a Ag-module extending the Z-module structure. Then g is a
Lie algebra over Ay and in particular, the commutator map [.,.] : gxg — g is
Aj-bilinear.

Notice that g extends the Z-module structure uniquely. Indeed, if XY € g and
A € Ap with AX = AY, then A\(X —Y) = 0 and since A is invertible we obtain
X —Y =0 and hence X =Y. Now, let A = % € A, m € Z. Since the commutator
is bi-additive, we obtain for all X,Y € g:

[xn—m%xﬂ—m%xn

and hence . . ) )
XY]|=— —X.Y])=[—XY].
X Y] = (ml X, ¥]) = [ X, Y]

m m

In the same way it follows that

#xn:m%m

Remark 2.2.10. Let g be a Lie algebra over the ring A and let v be a Ag-module.
If f € Hom(g, ) is a continuous group homomorphism, then f is automatically
Aj-linear. Indeed, we obtain for all X € g and for all A = 2 € A, = Z[}]:

nf(X) = f(nX) = fnm=X) = mf(-X)

and thus
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2.2. NILPOTENT LIE PAIRS

Remark 2.2.11. We will show in the next lemma that if (G, g) is a nilpotent k-Lie
pair with chosen Aj-module tv and character ¢ € t, then every closed subalgebra b
of g satisfies the desirable property

Hom(h,w) =2 h via freof

for the same Aj-module w and the same character € € . We want to demonstrate
in this remark that the property (iii)(b) of Definition 2.2.5 is necessary to obtain this

property.

For this let £k = 1. If we associate to the locally compact group G = R the
abelian Lie algebra g = (R, +,[.,.]) then g is clearly a Lie algebra over Z satisfying
the first two properties of Definition 2.2.5. Put v := R and let € € R, defined by
€ :R — T,t+ 2™ Then t is a Z-module and the map

®: Hom(R,R) > R, f —e€o f

is an isomorphism of groups. Consider the subalgebra § := Z of R. Then § is a
closed Z-subalgebra of R, but the map

@y : Hom(Z,R) — Z, frsco f

is not injective. Indeed, define f € Hom(Z,R) by f(n) := n. Then f # 0, but the
character € o f is equal to the trivial character.

Notice that if we choose v = T and e = Id, then property (iii)(b) of Definition
2.2.5 is satisfied and the pair (R, R) with Z-module tv and character € € 1o defines a
nilpotent 1-Lie pair.

Lemma 2.2.12. Let k € N and let (G,g) be a nilpotent k-Lie pair. Let to be a
locally compact abelian group and let € € to such that vo and € satisfy property (iii)
of Definition 2.2.5. Then for every closed subalgebra by of g one has

(i) Hom(h,w) = § via f — eo f and

(ii) Hom(g /b, w) = g /b via f — o f.
Proof. Since (G, g) is a nilpotent k-Lie pair, the map ®, defined by

® : Hom(g,to) — @, fr—e€of, (2.5)

is an isomorphism of groups and we obtain a well-defined, continuous group homo-
morphism

oy : Hom(h, o) — b, fr—eof. (2.6)

We will prove in the following that ®y is a bijective map. For this, we observe first
that it is a well-known fact (see for example [13], Theorem 4.39.) that the exact
sequence of locally compact abelian groups

0 b g a/h 0
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2. KIRILLOV THEORY

yields, by taking duals, the following exact sequence of locally compact abelian
groups:

1 g /b 3 b 1. (2.7)

Now, let ¢ € H Then there exists a character ¢ € g with 1/;];] = 7). But since the
map P, defined in (2.5), is surjective, we can find a homomorphism f € Hom(g, tv)
such that 1 = e o f. Thus we obtain

=1y = €0 fly,

and since f|, € Hom(h, w), we have shown that the map @y is surjective.
In order to prove that the map ®y is injective, let f, g € Hom(h, to) with

Yri=¢€o f=e€og=:1,.

By property (i7i)(d) of Definition 2.2.5 we can find an extension fe Hom(g, to) of f
and an extension § € Hom(g, w) of g and the maps ¢y :==eof € gand 1), :=€og € g
define a lift of ¢y € 6 and 1, € 6, respectively. But we have w} i zﬂg - x for some
character x € g//\f) and since

g/h=ht = {xed| x(X)=1V X €},

we can identify the character y € g//\f) with a character y € h*. By the surjectivity
of ® we can find a map v € Hom(g, tv) such that y = eovy. We have |, = 1, because
if not then ~(h) would be a nontrivial Ag-submodule of tv inside the kernel of the
character ¢, contradicting property (ii7)(b) of Definition 2.2.5. Therefore, we obtain
for all X € g

e(f(X)) = €(§(X)) - e(4(X)) = (7 +7)(X)),
and since the map @ is injective, it follows that f = g+~. But 7|y =1 and thus we
obtain for all X € b

fF(X) = f(X) = §(X) +~(X) = 9(X) = g(X).

This proves the injectivity of ®y. Since every continuous, bijective homomorphism
between o-compact locally compact groups is open, it follows that the map @y is an
isomorphism of groups.

For the proof of part (ii), we observe that the map ® of (2.5) is an isomorphism
of groups and thus we obtain a well-defined, continuous group homomorphism

& : Hom(g /h,w) — g /b, [ eo f. (2.8)

In order to prove that the map d is surjective let {5 be any given character of
g /h. Since the sequence in (2.7) is exact we can find a character ¢) € g such that
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2.2. NILPOTENT LIE PAIRS

U(q(X)) = (X) for all X € g, where ¢ : g — g /b denotes the canonical quotient
map. Let f € Hom(g,to) with ¢» = eo f and define a map f :g/h — o by

fla(X) =f(X) VXeg.

Then f € Hom(g /b, w) and we obtain

V(a(X)) = ¥(X) = e(f(X)) = e(f(a(X))),

which proves that the map d is onto. .
In order to see that the map ® is injective, let f,§ € Hom(g /b, w) and suppose
that

cof=cog.
Then both maps, f = f oq and g = g o q, are elements of Hom(g, ) and we have
€o f = eog. But since the map ® of (2.5) is injective, it follows that f = g and
hence f = g.
Since every continuous, bijective homomorphism between o-compact locally com-

pact groups is open, it follows that the map ® is an isomorphism of groups.
m

Notation 2.2.13. If (G, g) is a nilpotent k-Lie pair then there exists a Ag-module
to such that Hom(g, to) = g. We let the group

g" := Hom(g, tv)

serve as a substitute for a linear dual of g. Since Hom(g, ) = g, up to isomorphism,
the group g* does not depend on the choice of the Ag-module 1v.

Remark/Definition 2.2.14. Let k£ € N and let (G, g) be a nilpotent k-Lie pair.
Let x € G and put X := log(z) € g. By the Campbell-Hausdorff formula we have
forallmn € Z

2" = (exp(X))" = exp(X)exp(X)---exp(X) =exp(X + X + -+ + X) = exp(nX),
and thus we obtain for all fractions + € Z[]:
x=exp(X) = exp(le) = (exp(lX))m. (2.9)
m m
Let = € Z[4] be fixed. According to (2.9) we define the “mth” root of  as follows

1
R :: _— .
T exp(m){)

Let y € G with y™ = x and put Y := log(y) € g. Then y™ = exp(mY’) and thus
exp(mY’) = x = exp(X). But since the exponential map was assumed to be injective,
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we obtain mY = X and hence y = exp(%X ). This proves that there exists a unique
element y € G with y™ = z, namely y = exp(%X).

Let A € Z[7;]. Then X is of the form A = 2 for some n,m € Z and we define

We have ] N
= (@m)" = (exp((—X)))" = exp(—X) = exp(AX) (2.10)

and it follows by the same arguments as above, that the element y = exp(AX) is the
unique element of G with the property that z* = y.

Lemma 2.2.15. Let k € N and let (G, g) be a nilpotent k-Lie pair. Then we have
for allz € G and X € Z[%]:

log(z*) = Mog(z).

Proof. The proof is obvious, apply the map exp to both sides of the equation and
use (2.10). O

Definition 2.2.16. Let £ € N and let (G,g) be a nilpotent k-Lie pair. A closed
subgroup H of G is called exponentiable, if log(H) is a subalgebra of g.

Remark 2.2.17. Notice that if (G, g) is a nilpotent k-Lie pair and H an exponen-
tiable subgroup of G, then it follows from Lemma 2.2.12 that (H,log(H)) is also a
nilpotent k-Lie pair.

2.3 Inversion of the Campbell-Hausdorff formula

If (G,g) is a nilpotent k-Lie pair for some k& € N and if § is any subalgebra of g,
then it follows directly from the Campbell-Hausdorff formula that exp(h) =: H is a
subgroup of GG. So the question arises, what kind of closed subgroups H of G are
exponentiable, i.e., have the property that log(H) is a subalgebra of g? To analyze
this question we establish the following definition.

Definition 2.3.1. Let £ € N and let (G, g) be a nilpotent k-Lie pair. A closed
subgroup H of G is said to be k-complete, if 2» € H for all x € H and for all
A € Z[};]. (Note that by Remark/Definition 2.2.14, 2* is a well-defined element of
G for all z € H and for all X € Z[].)

Theorem 2.3.2. Let k € N and let (G,g) be a nilpotent k-Lie pair. A closed
subgroup H of G is k-complete if and only if H is exponentiable.

For the proof of this theorem we need to show some facts about commutators of
length m, m > 1, with entries in log(H).
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Definition 2.3.3. Let £ € N and let (G, g) be a nilpotent k-Lie pair.
(i) A commutator [X7,...,X,,] of length m > 1 in g is defined inductively by

[Xl] = Xl and [le- .. ,Xm] = [[le- .. ,Xm_l],Xm], Xz cg, 1= 1,. ..o, Mm.

(ii) A group commutator (xy,..., &) of length m > 1 in G is defined inductively
by

(z1) == 21, (T1,22) := 212227 '25°, and

(1, xm) = ((T1, -0 Tine1), Tm), T €G,1=1,...,m.

(iii) Let H be a subgroup of G. A linear combination, C,., of commutators of length
r > 1 with entries in log(H) is a finite sum >, ;C;, where \; € Z[;;] for all i
and each Cj is of the form

C; = log(z1,), . .., log(z,;)]

for some x4 ,,...,2,; € H.

Lemma 2.3.4. Let k € N and let (G, g) be a nilpotent k-Lie pair. If xq,...,2, € G
then

log((z1,...,2m)) = [log(z1), ..., log(zm)] + Z F;, (2.11)

where each F} is a linear combination of commutators of length j > m with entries

in log(G).
The proof is by induction on m and can be found in [19], Theorem 6.1.6.

Remark 2.3.5. The exact form of every sum F; appearing in Equation (2.11) is
determined by the Campbell-Hausdorff formula. In fact, one can prove that each
term Fj in (2.11) is a linear combination of commutators [log(z;, ), ... ,log(z;;)] of
length j > m and i, € {1,...,m} for 1 <[ < j, such that each of 1,... ,m occurs at
least once among the i;.

Lemma 2.3.6. Let k € N, let (G,g) be a nilpotent k-Lie pair, and let H be a k-
complete subgroup of G. Let h € H, let D be any commutator of length r > 1 with
entries in log(H), and let i € Z[]. Then there exists an element W' € H and there

exist linear combinations, Gy, of commutators of length t > r + 1 with entries in
log(H), such that

log(h) + puD = log(h') + Z G;.
t
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Proof. Let r > 1 be fixed. Since D is a commutator of length r with entries in
log(H), the term pD is of the form

pD = pflog(xy), ..., log(w,)]

for some x; € H,i=1,...,r. By Lemma 2.2.15 and the fact that the commutator
is Z[+]- bilinear, we obtain

M[log(l‘l)7 te 710g(xr)] = [log(:v’f), ce 710g(xr)]'

Notice that since H is k-complete, we have x{ € H. Furthermore, we obtain by
Lemma 2.3.4

log(z}), ... log(z,)] =log((},...,z,)) — Z Fy, (2.12)

where each Fj is a linear combination of commutators of length s > r in log(z/) and
in log(z;), j € {2,...,7r}. Recall the Campbell-Hausdorff formula (Remark 2.2.7)

log(xy) = log(x) +log(y) + > _ Gy,

t>2

where each G; is a linear combination of commutators of length ¢ > 2 in log(z) and
log(y). Applying this formula to the elements = h and y = (zf, ..., z,) yields

log(h- (#},...,z,)) =log(h) +log((z},...,z,)) + Z Gy, (2.13)

where each G; is a linear combination of commutators of length ¢ > 2 in log(h) and
log((z4,...,z,)). But (2.12) yields

log((:v’f, o ,xr)) = [log(zf), ..., log(z,)] + Z F,

and thus every term G, in (2.13) is in fact a commutator of length ¢ > r+1 in log(h),
log(z}), and log(z;), j € {2,...,7r} and we obtain

log(h) +log((zf,...,z,)) =log(h- (z},...,z,)) + Z G, (2.14)

where each G is a linear combination of commutators of length ¢ > r + 1 in log(h),
log(xy), and log(z;), j € {2,...,r}. Since h' := h(z},... z,) € H, Equation (2.14)
yields the desired result. O

The next lemma provides the main tool for the proof of Theorem 2.3.2. A similar
result can be found in [4], chapter II, Exercises, §6.
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2.3. INVERSION OF THE CAMPBELL-HAUSDORFF FORMULA

Lemma 2.3.7. Let k € N, let (G,g) be a nilpotent k-Lie pair, and let H be a k-
complete subgroup of G. For every linear combination C; of commutators of length
J > 1 with entries in log(H) one has

> Cj € log(H). (2.15)

Proof. Let r :== min{j | C; # 0}. We may decompose the sum in (2.15) as follows:

ZC Z,unD + Z E,, (2.16)

l=r+1

where p,, € Z[ ] for every n, each term D,, is a commutator of length 7 with entries
in log(H), and each Ey is a linear combination of commutators of length ¢ > r+1
with entries in log(H).
Pick the first term, Dy, of the sum ZnN;l tin Dy, of commutators of length r. Using
h =1 we can write
D1 = log(h) + Dl,

and it follows from Lemma 2.3.6 that there exists an element h,; € H and there
exist linear combinations, G;, of commutators of length ¢t > r 4+ 1 with entries in
log(H), such that

log(h) + Dy = log(h Z Gt

So we may replace the commutator D; in Equation (2.16) by an element of the form
log(hy,1) + >, G as described above.

Pick the second commutator of length r of the sum ZnN;1 tnDy. Again by Lemma
2.3.6 we can find an element, say h,» € H, and linear combinations, G}, of commu-
tators of length ¢ > r 4 1 with entries in log(H), such that

log(hy,) + D2 = log(h2) + Z Gy
t

In this way we may remove the terms D,, in Equation (2.16) one by one and obtain
a new equation of the form

Z C; =log(h,) + Z R,,, (2.17)

m>r+1

where h, € H and each R,, is a linear combination of commutators of length m > r+1
in elements of log(H). Iterating this procedure we obtain

705 =log(#) + 3" 5.
J m
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where b/ € H and each term S, is a linear combination of commutators of length
m > k + 1. Since the nilpotence class of H is less than or equal to k, it follows that
Sm = 0 for every m. This proves

Z C; € log(H).

The proof of Theorem 2.3.2 is now an easy application of Lemma 2.3.7.

Proof. Let H be a k-complete subgroup of G. We need to show that log(H) is a
subalgebra of g, i.e. we need to prove

(1) Va,y € H3z e H with log(x) + log(y) = log(z) and
(2) Y,y € H3v e H with [log(z),log(y)] = log(v).

Let x,y € H. Since C} = log(z) + log(y) is a sum of commutators of length r = 1 it
follows from Lemma 2.3.7 that

log(z) + log(y) = log(z)

for some z € H. Furthermore, Cy = [log(z),log(y)] is a commutator of length r = 2
and thus we obtain by Lemma 2.3.7 the desired result

[log(x), log(y)] = log(v)

for some v € H.
Conversely, suppose that H is an exponentiable subgroup of G. Then log(H) is
a subalgebra of g and since AX € log(H) for all X € Z[;] and for all X € log(H) we
obtain by Lemma 2.2.15
2 =exp(AX) € H

for all = exp(X) € H and for all X € Z[]. O

Remark/Example 2.3.8. It follows from Lemma 2.3.7 and the proof of Lemma
2.3.6 that for every nilpotent k-Lie pair (G, g) there exist two Inversion Formulas
of the Campbell-Hausdorff formula. Since the method of writing the sum (resp.
the commutator) of two logarithms as the logarithm of some element of G is quite
complicated in practice, we want to demonstrate how the procedure in the proof of
Lemma 2.3.7 works for three-step nilpotent groups.

Let k € N>z and let (G, g) be a nilpotent k-Lie pair of nilpotence class 3. The
Campbell-Hausdorft formula reduces for all X,Y € g to

exp(X)exp(Y) = exp(X +Y + %[X, Y]+ 1—12[X, (X, Y]] + %[Y, Y, X1])
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and thus we have for all z,y € G-
1
log(z) +log(y) = log(zy) — 5[log(z), log(y)] (2.18)

= llog(x), log(x). los()]] — 75 loa(y), log(y), los(x)]}.

In the following, we demonstrate how we may replace the sum on the right hand
side of Equation (2.18) step by step to end up with an element of the form log(z)
for some z € G. Furthermore, we will compute the exact form of this element z. We
start this procedure by rewriting the first commutator appearing on the right hand
side of (2.18), the expression —1[log(z),log(y)], as the logarithm of some element
of G plus some additional terms which consist of commutators of length three. For
this we compute first with the Campbell-Hausdorff formula the group commutator
of two elements in G. A lengthy computation yields for all X, Y € log(G):

exp(X) exp(Y) exp(~X) exp(~¥) = expl([X, Y] + 3 [X, [X, Y]] = [V [V, X]]).

Thus we obtain the following equation for the logarithm of the group commutator
of two elements x,y € G:

l0g((2,)) = llog(x) log(y)] + 5l (). [log(z). log(y)]] ~ 3 log(). loa(y). og(x)]]

This yields the following formula for the commutator of the logarithm of two elements
log(z) and log(y) in log(G):

log(x). os(y)] = log((x, ) — 3 lloa(x), los(x), loa(u)]] + 5 loa(y). lox(y), og(x)]]

(2.19)
Using this formula and the fact that
1 _1
—5llog(2), log(y)] = [log(272), log(y)],
Equation (2.18) turns into the following equation
1
log(z) +log(y) = log(zy) + log((x"%,y)) (2.20)

2 llog(4), fos(a~), loa(w)]] + 5[loa(v). los(y) los(a~)]

~ S5 llog(), [log (), og(y)] — 75 log(y), log(y). log)]].

If we apply (2.18) to the elements zy and (272, y) we obtain

log(zy) + log((z~2,y)) = log(zy (I_;w)_%[1og(xy),log((x‘i,y))]@.?l)
— = llog(ry), log(y), og (. )]
_%[log((x—é,y)), log (272, y)), log(xy)]].
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If we use this computation in Equation (2.20), we obtain

log(r) + log(y) = log(ry (x7,)) — £ loa(xy), loa((x~ 1)) (2.22)
—%Uog(wy), log(xy), log ((z™2,y))]]

—%Uog((w‘é,y)% [log ((x72, 1)), log(xy)]]
5 llog(4), log(a~), log(y)]] + 5 [1og(y). log(y) log(a)]
~ S5 llos(a), [oa(x), log(y)] — 5 llos(y), log(y). log(x)]

= log(ay (+4,9) — slloa(ey). log((~.y))]

— Jlog(ay), log(wy), log (™%, y)]

12
~ 5 llos(e4.9). [og (e, ), ()]
~ - llog(), log(2), log(y)]] ~ 5 lo(y). log(y). log(a)]}.

We observe that there is only one remaining commutator of length two, namely
the expression —%[log(a:y),log((af%,y))]_ With (2.19) we are able to rewrite this
commutator as the logarithm of some group commutator plus a sum of commutators
of length three:

1

(z72,y))) (2.23)
—5lloa((a)~2), [oa((a) ), log((x~2,»)]

%[log((m—%, v)), log((z72,y)),log((zy)~2)]].

Using (2.23), Equation (2.22) turns into the following equation

NI

_%[bg(my),bg((a:—%,y))] = log(((zy)~

log(z) + log(y) = log(zy (x72,y)) + log(((xy) "2, (z72,y))) (2.24)
log((xy)~2), log((zy)~2),log((z ™2, y))]]

)]

1
2
1

+§[log((a:_%, v), [log((x_%,y)) log((zy)~

I

— = llog(ry), loa(ry), log (4, 4))]
_1_12[10g(<xé, y)), llog((z72,y)), log(ay)]]
1

~ o llog(@), log(), og(y)]] ~ 5 los(y), los(y), los(a)]}.
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It turns out that this expression can be highly simplified. By Lemma 2.3.4 we have
for all u,v,w,z € G

[log(u), [log(v), log((w, 2))]] = log ((u, ( ) + Z

where each term Fj is a linear combination of commutators in u,v, and (w, z), of
length greater or equal to 4. Since G is three-step nilpotent, it follows that not only
>_; F; =0, but also log((u, (v, (w, 2)))) = 0. Hence we obtain for all u,v,w, z € G

[log(u), [log(v)7log((w7 Z))H = 0.

It follows directly from this fact that the 3rd, 4th, 5th, and 6th terms on the right
hand side of Equation (2.24) are all equal to zero, so that (2.24) turns into

log(x) +log(y) = log(xy (272,y)) +log(((xy)~2, (x72,y))) (2.25)
5 1

—ﬂ[log( z), [log(2), log(y)]] — 5llog(y), [log(y), log(x)]].

But by Lemma 2.3.4 we may replace every commutator of length three appearing in

Equation (2.25) by the logarithm of the corresponding group commutator and obtain

1 1

log(z) +log(y) = log(ay (z72,y)) +log(((zy) 2, (z2,y))) (2.26)
+log((x™21, (2, y))) + log((y™3, (y,2))).

So it remains to compute the sum of the four logarithms on the right hand side of
the above equation. One can do this step by step by computing first the sum of the
first two terms, then the sum with the third term and so on. If we use first (2.18)
and then (2.19) we obtain

log(xy (z72,y)) + log(((xy) 2 (rlf‘??y))) (2.27)
= log(zy (I’% %

where [} is a linear combination of commutators of length greater or equal to two
in the expressions log(zy (:E_%,y)) and in log(((xy)_%, (x_%,y))). As we explained
above, it follows from Lemma 2.3.4 that each term F} is equal to zero. Therefore,
Equation (2.26) turns into the following equation

1

1 1,

log(z) +log(y) = log(zy (z72,y) ((zy)2, (x72,y))) (2.28)
+log((z721, (2, y)) +log((y 3, (v, 2))).-

In order to compute the sum of the first two terms on the right hand side of (2.28)

we can use the same arguments as above. After repeating this procedure one more

time we obtain a formula for the sum of the elements log(z) and log(y):

1 1 1

log(z) +log(y) = log(zy(z™2,y)((xy) "2, (z72,y))(x 21, (2,9)) (y "3, (y,2))). (2.29)
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To obtain a formula for the commutator of two elements log(z) and log(y) in G,
we recall Equation (2.19):

log(), og(y)] = log((z. ) — l1og(e), log(x), log(y)]] + 5 llg(y). lox(y), og()].

Since
5 lIoa(x). [loa(x),log(y)]] = llog(a%), (), loa(y)]] = los ("%, (x,9)))
and )
S llog (), log(y), log(2)]] = log (4=, (. 2)).
we obtain

log (). log(y)] = log((x,y)) +log((z2, (z,9))) + log((y2, (y,2))).  (2.30)

Using the same arguments as above, (2.30) turns into a formula for the commutator
of log(z) and log(y):

log(x), log(y)] = log((x,y) (z7, (x,)) (y2, (y,2)) ). (2.31)

Remark 2.3.9. Let £ € Nsj and let (G,g) be a nilpotent k-Lie pair of nilpo-
tence class 3. We computed in Remark 2.3.8 two explicit Inversion Formulas of
the Campbell-Hausdorff formula. One formula expresses the sum of two elements
log(z),log(y) € log(G) as an element of log(G):

log(x) + log(y) = log(zy (z7%,y) ((xy) "2, (z7%,y))) (x4, (z,y)) (y73, (y,2))).

The other formula expresses the commutator of two elements log(z),log(y) € log(G)
as an element of log(G):

log(z), log(y)] = log ((z,y) (z72, (z,y)) (¥2, (y,2))).

More generally, we obtain from the computations in Remark 2.3.8 and the proof
of Lemma 2.3.7 the following result.

Corollary 2.3.10. Let k € N. For every nilpotent k-Lie pair (G,g) there exist
two different Inversion Formulas of the Campbell-Hausdorff formula. One formula
expresses the sum of two elements of log(G) as an element of log(G):

k
log(z) + log(y) = log ([ Cu(.v)). (2.32)
m=1
where each Cy,(x,y) is a product of commutators (z1, ..., zm) of length m and where

each z; is equal to some rational power A € Z[%] of some product in x and y. The
explicit form of the first three terms, Cy, Cy, and Cs, is given in Remark 2.3.9.
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The other formula expresses the commutator of two elements of log(G) as an
element of log(G):

k
log (), log(y)] = log([ [ Dum(=,v)), (2.33)
m=2
where each Dy,(x,y) is a product of commutators (z1, ..., zy,) of length m and where

each z; 1s equal to some rational power \,, € Z[%] of either x ory. The explicit form
of the first two terms, Dy and Ds, is given in Remark 2.3.9.

Corollary 2.3.11. Let k € N, let (G,g) be a nilpotent k-Lie pair, and let H be a
k-complete, normal subgroup of G. Then log(H) is an ideal of g.

Proof. Let H be a k-complete, normal subgroup of G. It follows from Theorem 2.3.2
that log(H) is a subalgebra of g. Let x € G and let y € H. Since H is k-complete
we have y* € H for every \ € Z[%], and since H is a normal subgroup of G it
follows that every commutator of length m > 2 in x and 3 is an element of H. By
Formula (2.33) we then obtain [log(z),log(y)] = log(v) for some v € H and hence

log(),log(y)] € log(H). O

2.4 Consequences of the Inversion formulas

In many of the proofs of this chapter, we want to pass from a given k-Lie pair (G, g)
to a pair of quotients (G/J, g /j). If j is an ideal of g, then the pair (G/exp(j), g /j),
defines a nilpotent k-Lie pair, as we now show.

Lemma 2.4.1. Let k € N and let (G, g) be a nilpotent k-Lie pair. Ifj is an ideal of
g, then J := exp(j) is a normal subgroup of G and the pair of quotients (G/J,g /)
15 a nilpotent k-Lie pair.

Proof. Let j be any ideal of g. In order to see that J := exp(j) is a normal subgroup
of G,let x € G and let y € J. Then Y :=log(y) € j, X :=log(z) € g, and we obtain
by the Campbell-Hausdorff formula

zyz~" = exp(X) exp(Y) exp(—X) = exp(Y + [X, V] + Z Sm(X,Y)),

m>3

where each term S,,(X,Y’), m > 3, is a linear combination of commutators in X and
Y of length at least three with coefficients in Aj. Since j is an ideal of g, it follows
that YV + (X, Y]+ 5 Sn(X,Y) €j. Hence zyz~' € log(j) = J, which proves that
J is a normal subgroup of G.

Let ¢ : G — G/J and ¢ : g — g/j denote the canonical quotient maps. Notice
that if X +j and Y +j are elements of g /j then we may define the commutator map
on the quotient algebra by

X +i,Y+j]:=[X,Y]+]j.
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Clearly, g /j becomes in this way a Lie algebra over the ring Ay.
In order to prove property (ii) of Definition 2.2.5, we show that there exists a

homeomorphism log : G/J — g /j such that the following diagram is commutative

o % . g

.’

lo. .
G/J—g>g/].

But by the Campbell-Hausdorff formula we obtain for all z € G and y € J,

i/ (108(y2)) = §/(108(y) + log(x) + 5 log(y), og(x)] + --)

Since j is an ideal of g it follows that the sum log(y) + 1[log(y),log(z)] + -+ is an
element of the ideal j and thus

/ / 1 /
¢ (log(yz)) = ¢'(log(y) + log(z) + 5[log(y), log(z)] + - - -) = ¢'(log(=)).
Hence the map loAé :G/J — g/j, defined by

log(q(x)) := ¢'(log(x))

is well-defined. It remains to show that I/OVg is a homeomorphism. For this we define
the map exp: g /j — G/J by

exp(¢'(X)) := q(exp(X)) (2.34)

and claim that exp is well-defined inverse map of I/OVg. Indeed, we obtain by the
Inversion Formula (2.32) for all X € gand Y € j:

exp(X +Y) = exp(X) exp(Y) [] Crmlexp(X), exp(Y)),

m>2

where each term C,,(exp(X),exp(Y)) is a product of commutators (zi, ..., zy,) of
length m and where each entry z; is equal to some rational power A € Ay of some
product in exp(X) and exp(Y). But exp(Y) € exp(j) = J and since J is a normal
subgroup of G, it follows that exp(Y) Hfm>2 Cr(exp(X),exp(Y)) € J. Thus, we
obtain for all X € gand Y € j: -

q(exp(X +Y)) = g(exp(X)).

This proves that the map exp is well-defined.
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Furthermore we have for all X € g:

—

log (exp(q'(X))) = log(q(exp(X))) = ¢ (log(exp(X))) = ¢(X)

and we have for all x € G:
exp (log(q(x))) = exp(q'(log(x))) = g(exp(log(z))) = q(x).

Therefore, the map exp is the inverse map of loAé and it follows that both maps, exp
and log are bijective.

Since both quotient maps, ¢ : G — G/J and ¢ : ¢ — g/j, are continuous and
both maps, log and exp, are continuous, it follows that both maps, loAé and exp, are
continuous (with respect to the quotient topologies). Indeed, we have

e log is continuous if and only if loAé o ¢ is continuous if and only if ¢’ o log is
continuous and

e exp is continuous if and only if exp o ¢’ is continuous if and only if ¢ o exp is
continuous.

Furthermore, we have for all XY € g:

exp(q (X)) exp(¢'(Y)) = qlexp(X)) q(exp(Y)) = q(exp(X) exp(Y))

= Glesp(X +Y +5[X, V] +.))
- E)E“p(q’(X+Y+%[X,Y]+...))
= S (X)+ (V) + 2l (X).d (V)] +...)).

2

This proves that the homeomorphism exp satisfies the Campbell-Hausdorff formula.
Since (G, g) is a nilpotent k-Lie pair, we can find a Ag-module to and a character

€ € to such that ro and e satisfy property (iii) of Definition 2.2.5. But we have proven

in Lemma 2.2.12 that this Ag-module v and this character € satisfy the property

Hom(g /b, w) ’Eg//\hviafr—mof.

Therefore, the pair (G/J, g /j) satisfies all the properties of Definition 2.2.5 and is in
fact a nilpotent k-Lie pair. O

Moreover, we may use the Inversion Formulas, (2.32) and (2.33), of the Campbell-

Hausdorff formula to show that the ascending central series of G corresponds to the
ascending central series of g for every nilpotent k-Lie pair (G, g).
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Lemma 2.4.2. Let k € N and let (G, g) be a nilpotent k-Lie pair of nilpotence class
l. Then
exp(3'(g)) = Z4(G) Vi=1,...,1, (2.35)

where 3'(g) denotes the ith element of the ascending central series of g and Z'(Q)
denotes the ith element of the ascending central series of G. In particular, Z'(G) is
k-complete for everyi=1,...,1.

Proof. We will prove Equation (2.35) by induction on i = 1,..., 1.
Let i = 1 and let x € exp(3(g)). By the Campbell-Hausdorff-formula and the fact
that X :=log(z) € 3(g) we obtain for all y = exp(Y) € G-

(2, ) = exp(X) exp(Y) exp(—X) exp(—Y) = exp([X, Y]) = exp(0) = 1,

where (z,y) denotes the group commutator of z and y. Thus the element z € G
commutes with every element y € G which means that z € Z(G).
On the other hand, let z € Z(G). By the Inversion Formula (2.33) we have

[log(x),log(y)] = log ((x,y) [ | Dm(x,v)),

m>2

where each D,,(z,y), m > 2, is a product of commutators (zi,...,z,) of length
m and where z; is equal either to the commutator (z,y) or to some rational power
Am € Z[F] of x or y. But (z,y) = 1 for all y € G and it follows from Lemma
2.2.15 and the fact that the map log is bijective that 1* =1 for all A € Z[5]. Thus
Dy, (z,y) =1 for all y € G and for all m > 2 and hence (z,y) [[, 5o Dm(z,y) =1
for all y € G. Therefore we obtain [log(z),log(y)] = log(1) = 0 for all y € G which
proves that log(z) € 3(g). Moreover, Z(G) is k-complete. Indeed, if x € Z(G) then
we obtain by Lemma 2.2.15

1

log(z) = AMog(z) Y Ae Z[k!].

But we have log(z) € 3(g) and since the commutator is Z[;]-bilinear (Remark 2.2.9)
it follows that Alog(z) € 3(g) for all A € Z[]. Hence exp(Alog(z)) = * € Z(G).

Let i € {2,...,1} and suppose that (2.35) holds for every 1 < j < i. In particular,
we have exp(3!(g)) = Z'"'(G) and since 37'(g) is a closed ideal of g, it follows
from Lemma 2.2.12 that the pair of quotients (G/Z~!, g /3*"(g)) is a nilpotent k-Lie
pair. Thus we obtain a commutative diagram

0 ——=3""g) —=0—>g/3(g) —=0

\L exp ‘/ exp i exp

| 7)) ——G— a7 @) ——1,
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where both maps, exp and exp, are homeomorphisms of groups. Since the pair
of quotients (G/Z"',g /37 '(g)) is a nilpotent k-Lie pair it follows from our prior
computation that

exp(3(a /3 ")) = Z(G/Z"1(@)).

But since the diagram above is commutative, we obtain the desired result

exp(3'(g)) = exp (¢, ' (3(8 /3" ")) = ¢ (2(G/Z2"1(G))) = Z'(G).

Moreover, the subgroup Z¢(G) is k-complete. Indeed, since log(z*) = Alog(z) for
all z € Z(@) and for all A € Z[], it follows from the fact that the commutator is
Z|[5]-bilinear that Alog(x) € 3'(g) and hence z* € Z(G) for all X € Z[]. O

Lemma 2.4.3. Let k € N and let (G,g) be a nilpotent k-Lie pair. Let H be an
exponentiable subgroup of G and denote by § the subalgebra of g corresponding to H.

The closure of the commutator subgroup of H is a mormal, exponentiable subgroup
of H and one has

(H, H) = exp([b, b]).

Proof. Let z,y € H and put X :=log(z) and Y := log(y). Then X,Y € b and we
obtain by the Campbell-Hausdorff formula

(z,y) = exp(X)exp(Y)exp(—X)exp(=Y)

1 1
which proves that (x,y) € exp([h, h]). Since the inverse map of exp is continuous it
follows that

(H,H) < exp([h, b))

On the other hand, let X,Y € h and put = := exp(X) and y := exp(Y). Then
x,y € H and we obtain by the Inversion Formula (2.33)

N

(2, 9) (Y3 (g, 2)) .. ).

Since H is k-complete (Theorem 2.3.2) it follows that [log(z),log(y)] € log((H, H))
and thus exp([h, ]) C (H, H). Since the map exp is continuous it follows that

[log(x), log(y)] = log((z,y)(x~

exp([h, b]) € (H, H).

Since [h, b] is an ideal of b, it follows that [h, h] is a closed ideal of h and thus
exp([h, h]) = (H, H) is a normal exponentiable subgroup of H (Lemma 2.4.1). [
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2. KIRILLOV THEORY

2.5 The inner hull-kernel topology and the space
K(G)

In this section we recall certain facts concerning the inner hull-kernel topology of
representations of a C*-algebra A or a locally compact group G and we will define
the compact-open topology on the space KC(G) of all closed subgroups of G. We follow
the approach of Fell [10], §1 and §2. Furthermore we state some general results about
the representation theory of locally compact groups which we will need several times
in this chapter.

In the following let A be a C*-algebra and let Rep(A) be the space of equivalence
classes of *-representations of A with dimension bounded by a fixed cardinal R. The
restriction on the dimension has to be made in order that Rep(A) be a set. However,
we will assume that N is big enough to guarantee that all representations we are
interested in have dimension less than R. If 7 € Rep(A) and ¥ C Rep(A), then
7 is weakly contained in ¥ (and we often write 7 < X), if ker(m) O Nyex ker(o).
Two subsets X1 and X of Rep(A) are weakly equivalent if every o; € 3 is weakly
contained in X, and conversely. Restricted to A, the set of equivalence classes of
irreducible unitary representations of A, the relation of weak containment defines
the closure operation for the hull-kernel topology.

Definition 2.5.1. Let m € Rep(A). The spectrum of 7 is defined as

Sp(n) :={pe A|p=<n}

~

Each 7 € Rep(A) is weakly equivalent to the unique closed subset Sp(r) of A.
Let F be a finite family of nonempty open subsets of A and define

U(F):={m € Rep(A) | Sp(m) NV A0V V € F}.

The inner hull-kernel topology of Rep(A) is the topology in which the set of all U(F)
forms a basis of open sets. Relativized to 4, this is again the hull-kernel topology. In
the following we assume that Rep(A) is equipped with the inner hull-kernel topology
and A is equipped with the hull-kernel topology. The following facts will be very
useful.

Proposition 2.5.2. ([10], Proposition 1.1) If 1 € Rep(A) and ¥ C Rep(A), then
the following are equivalent:

(a) m is weakly contained in 3.
(b) The closure of Uyex Sp(o) contains Sp(r).

Proposition 2.5.3. (/10], Proposition 1.2) A net m; converges to m in Rep(A) if
and only if every subnet of m; weakly contains .
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Proposition 2.5.4. (/10/, Proposition 1.3) If m; converges to m in Rep(A) and m
weakly contains p, then m; converges to p in Rep(A).

Proposition 2.5.5. (/28], Theorem 2.2) Let (m;);cr be a net in Rep(A) with m; — 7
for some ™ € A. For every i € I, let D; be a dense subset of Sp(m;). Then there
exists a subnet (mx)aen of (mi)icr and a net (py)aea in A such that px € Dy for all
A€ A and py — 7 in A.

If G is a locally compact group, we define weak containment, the inner hull-kernel
topology, and so forth, for Rep(G) by passing to the group C*-algebra and identifying
Rep(G) with the family of all representations of the latter.

If X is an arbitrary locally compact (not necessarily Hausdorff) space, then we
equip the family X'(X) of all closed subsets of X with the compact-open topology
as follows. For each compact subset C' of X and each finite family F of nonempty
open subsets of X, let

UCF)={Y eXX)|YNC=0YNB#0OV B e F}.

A subset Y of X'(X) is open in the compact-open topology if and only if it is a union
of certain of the U(C,F). With this topology X (X) becomes a compact Hausdorff
space [9].

If X is a second countable Hausdorff space, we may describe the convergence of
closed subsets of X as follows.

Proposition 2.5.6. Let X be a second countable Hausdorff space and let (A,)nen be
a sequence in X(X). Then A, — A in X(X) if and only if the following properties
are satisfied:

(a) If a, € A, and a,, — a then a € A.

(b) If a € A then there exists a subsequence (A, ) of (A,) and there exist elements
an, € A,, for all k € N such that a,, — a in X.

If G is a locally compact group and IC(G) the family of all closed subgroups of
G, then, as a subset of X(G), K(G) is closed in the compact-open topology. Thus
we obtain the following result.

Proposition 2.5.7. Let k € N and let (G, g) be a nilpotent k-Lie pair.

(i) If (Ln)nen 1S a sequence of closed, normal subgroups in G' such that L, — L in
X(G), then L is also a closed, normal subgroup of G.

(11) If (Ln)nen is a sequence of exponentiable subgroups of G such that L, — L in
X(G) for some subgroup L of G, then L is also exponentiable.
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Proof. Part (i) follows immediately from the characterization of convergence in X'(G)
given in Proposition 2.5.6. For part (i7), let (L,)nen be a sequence of exponentiable
subgroups of G with L, — L in X(G) for some closed subgroup L of G. Then the
sequence of closed groups (¢, )nen converges in X (g), where ¢, := log(L,,) denotes the
corresponding subalgebra of L,, in g, for every n € N. Let ¢ be its limit. It follows
from part (i) that ¢ is a closed subgroup of g and since the commutator is continuous,
one can use the same argument to show that ¢ is a subalgebra of g. Since the maps
exp : g — G and log : G — g are homeomorphisms, it follows that exp(¢) = L is the
exponentiable limit of the sequence (Lj)nen- ]

Since the dual space A of every C*-algebra A is locally compact, it follows from
the above that X'(A) is compact in the compact-open topology. If we identify each
representation 7 with its spectrum, the inner hull-kernel topology of Rep(A) is con-

~

tained in the compact-open topology of X'(A). Thus we obtain the following fact.

Proposition 2.5.8. (/10], Proposition 1.7) If G is a locally compact group, Rep(G)
is compact (in the inner hull-kernel topology).

If G is a locally compact group we shall assume that K(G) carries the relativized
compact-open topology. Thus (&) is a compact Hausdorff space.

Suppose G is a locally compact group and H is a closed subgroup of G. Any
unitary representation of G can be restricted to H, and any unitary representation
of H can be induced up to G. In the following we recall some results about the
relationship between these procedures. But first we recall briefly the definition of
the inducing construction for unimodular groups.

Remark/Definition 2.5.9. Let G be a unimodular locally compact group, H a
closed subgroup of G, ¢ : G — G/H the canonical quotient map, and o a unitary
representation of H on the Hilbert space H,. We denote the inner product on H, by
(u,v),, and we denote by C'(G, H,) the space of continuous functions from G to H,.
Following the approach in [13], §6.1, we will now construct the unitary representation
indga : G — U(Hinao)- The main ingredient in the inducing construction is the
following space of vector valued functions

F, ={fe€C(G,H,)| q(supp(f)) is compact and
fa§) =o(¢7) f(z) forz € G,§ € H}.
Elements of F, are of the following form.

Propositon. (/13], Proposition 6.1) If a : G — H, is continuous with compact
support, then the function

ful) = /H o(n)alen) d

belongs to F, and is uniformly continuous on G. Moreover, every element of F, is

of the form f, for some a € C.(G, H,).
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The group G acts on the space F, by left translations and thus we obtain a
unitary representation of GG if we can impose an inner product on F, with respect
to which these translations are isometries. If f, g € F, then we define

(f.9) / e (2)) du(x), (2.36)

where 3 : G — [0,00) is a Bruhat-section for G, i.e., § is a continuous function
satisfying

(i) supp(f) N CH is compact for all C' C G compact and
(ii) [;; B(xzh) du(h) =1 for all z € G.

One can show that such a Bruhat-section always exists and that the pairing (., .)
in (2.36) defines an inner product on F,, which is preserved by left translations.
We denote by Hj,q, the Hilbert space completion of F, with respect to this scalar
product and we put for s,t € G and £ € F,

(indfy o(s)(€))(¢) = £(s™'1).

This left translation operator extends to a strongly continuous unitary operator on
the Hilbert space Hj,q, and thus

ind% o : G — U(Hpao), s — ind% o(s)
defines a unitary representation of GG, called the representation induced by o.

Induced representations have many nice properties. One fundamental result is
the following theorem of “induction in stages”.

Theorem 2.5.10. (/13], Theorem 6.14) Suppose H is a closed subgroup of G, L is
a closed subgroup of H, and o is a unitary representation of L. Then the represen-
tations ind$ o and ind$ (ind¥ o) are unitarily equivalent.

Moreover, we will often rely on the following results. A proof of both theorems
can be found for example in [13].

Theorem 2.5.11. Let G be a locally compact group and let H be a closed subgroup
of G. If w is a unitary representation of G and p a unitary representation of H, then

ind% (7|g ® p) = 7 @ ind§ p.

Theorem 2.5.12. Let L be a closed, normal subgroup of the locally compact group G
and let H be a closed subgroup of G with L C H C G. If m is a unitary representation
of H/L, then

ind (7o q) = (de/L ) ogq,

where q : G — G /L denotes the canonical quotient map.
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Let GG be a locally compact second countable group and let N be a closed normal
subgroup of G. The group G acts by conjugation as a group of automorphisms of
N, and this action determines in a natural manner an action of G on C*(N), N, and
Prim(N).

Theorem 2.5.13. ([14], Theorem 2.1.) For each © € G there exists J € Prim(N)

such that
ker(m|n) = ﬂ g-J.

geG

Proposition 2.5.14. ([11], Theorem 1) Let G be a separable locally compact group
and let H be a closed subgroup of G. Let p and o be two unitary representations of H
and suppose that p < o. If m is any unitary representation of H then t® p < 1 ® 0.

Proposition 2.5.15. ([10/, Proposition 5.8) Let G be a locally compact group and
let H be a closed, normal subgroup of G. For every representation o € H one has

o < (ind% o)|x.

Since locally compact nilpotent groups are in particular amenable, we can also
make use of the following well-known facts concerning the relationship between in-
duced and restricted representations of amenable groups.

Theorem 2.5.16. ([15], Theorem 5.1) Let G be an amenable, locally compact group
and let H be a closed subgroup of G. Then

lg < ind$ 1p,

where 1¢ denotes the trivial representation of G and 1y the trivial representation of

H.
The following theorem is also well-known. We include a short proof.

Theorem 2.5.17. Let G be a locally compact, amenable group and let H be a closed
subgroup of G. If © € Rep(@G), then m < indS (|x).

Proof. Let m be a unitary representation of GG. Applying Theorem 2.5.11 to the
representation p = 1y yields

ind%(7)y ® 1) = 7 ®ind$ 1.

But since 1¢ < ind% 15 (Theorem 2.5.16), we obtain by Proposition 2.5.14 the
desired result
T2r®lg <7®ind§ 1y = ind% (7]5).
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2.6 Definition of the Kirillov-orbit map

In the following, let £ € N and let (G, g) be a nilpotent k-Lie pair. Then there exists
a Ag-module to and there exists a character € € v such that Hom(g,w) = g via the
map f — eo f. Recall that the group g* := Hom(g, tv) serves as a substitute for a
linear dual space of the Lie algebra g, and this group is unique up to isomorphism. In
order to define a Kirillov map from the “dual space” g* to the primitive ideal space of
C*(@), we will introduce the notion of a polarizing subalgebra t for a homomorphism
f € g*. Moreover, we will explain how such a group homomorphism f € g* defines
a character ¢, on the subgroup R := exp(t) of G.

Definition 2.6.1. Let f € g* be a given group homomorphism. A closed subalgebra
t of g is said to be f-subordinate if

f([e,¢]) = 0.
If v is maximal with this property we say that t is a polarizing subalgebra for f.

We observe that a homomorphism f € g* may have different, non-isomorphic
polarizing subalgebras as indicated in the following example.

Example 2.6.2. Let g = Tr(4,R), the nilpotent Lie algebra of upper triangular
4 x 4-matrices with entries in R and diagonal entries equals 0. A typical element of
g is of the form

z
Y2
3

0z y1
A:(ggxoz ):ZZ_|_y1Y1—|—y2Y2—|—1‘1X1+$2X2+5E3X3>
0000

where Z,Y1, Y5, X1, X5, X3 is a basis of g corresponding to the matrix entries. The
nontrivial commutators in g are:

[XlaXQ] - }/17 [X37X2] - _)/27 [XhYQ] - Z7 a’nd [X37Y1] - _Z (237)

Let g* be the linear dual of g and let {Z*, Y}, Y5", X7, X5, X5} be a dual basis in g*.
This means that if

3 2 3 2
F=rZ" 4+ aX;+ ) BY gt and Wi=cZ+ ) a;X;+ ) bY;€q,

i=1 i=1 i=1 =1

for some real numbers v, o, 5; and for some real numbers c, a;, b;, then
3 2
i=1 i=1
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Let f:=~Z"+ ax X5 € g* with v # 0 and as # 0. Using the commutator relations
of (2.37), it is easy to see that two possible polarizing subalgebras for f are given by

t; ;= R —span of { X3, X5,Y7,Z}, and ty:=R —span of {X5,Y],Ys, Z}.

Since ty is abelian and t; is not abelian, these two polarizing subalgebras of g are
not isomorphic.

However, we will see in Proposition 2.8.16 that there exists a polarizing subalgebra
t for every homomorphism f € g*.

Remark/Notation 2.6.3. Let f € g* and let v be a polarizing subalgebra for f.
Then the map ¢y, defined by

or(exp X) :=€e(f(X)) forall X er, (2.38)

is a character of the closed subgroup R := expt of G. Indeed, using the Campbell-
Hausdorff formula we obtain for all X,Y € v

k—1
exp(X)exp(Y) = exp(X +Y + Z Cn(X,Y)),
m>2
where each term C,,(X,Y") is a linear combination of Lie products [Z1,..., Z,,] of

length m and each Z; is equal either to X or to Y. Since the commutator is Z[]-
bilinear and t is a f-subordinate subalgebra of g, it follows that f(C,,(X,Y)) =1
for all X,Y € vand for all m =2,...,k — 1. Hence f(>_, Cn(X,Y)) =1 and we
obtain for all XY €

orlexpXexpY) = prlexp(X +Y + Z Cin(X,Y)))
m>2

— (XY + Y CulX.Y)) = (X +Y))

m>2

= e(f(X)) - e(f(Y)) = @r(exp X) - op(exp ).

If f € g* and if v is a polarizing subalgebra of f then we denote by ¢ the character
of exp(r) = R as defined in (2.38). We will prove in Proposition 2.8.16 that the
induced character ind% ¢ is an irreducible representation of G.

Recall the notion of a Lie algebra homomorphism.

Definition 2.6.4. Let R be a commutative ring with unity, let V' be a R-module
and let g be a Lie algebra over R. A map p : g — End(V) is called Lie algebra
homomorphism if for all X,Y € g one has

(1) p(X +Y) = p(X) + p(Y) and
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(2) p([X,Y]) = [p(X), p(Y)].
Remark 2.6.5. Recall that the adjoint map ad : g — End(g) is defined by

ad(X)(Y) = [X,Y].

We claim that the map ad is a Lie algebra homomorphism. Indeed, the map ad is
a homomorphism of the additive group g, since the commutator map is bi-additive.
Moreover, End(g) is an associative Lie algebra and thus we obtain by the Jacobi-
identity for all X,Y, Z € g:

ad([X7 Y])(Z) = [[XvYLZ] = [Xv [Y’ ZH - [Y7 [Xv ZH = [ad(X)aad(Y)KZ)

We will see in the following that we can exponentiate the action ad : g — End(g)
of g to obtain an action Ad of G on g. For this, we recall the definition of a nilpotent
endomorphism.

Definition 2.6.6. Let V' be a Aj-module. An element o € End(V) is called nilpo-
tent, if 0™ = 0 for some n € N.

Remark 2.6.7. For every X € g, the map ad(X) € End(g) is nilpotent.

Proposition 2.6.8. Let V' be a Ag-module. If p : g — End(V) is a Lie algebra
homomorphism of g such that p(X) € End(V) is nilpotent for every X € g, then the
map

exp(p) : G — GL(V), exp(p)(exp(X)) := exp(p(X)))

is a representation of the group G.

Proof. Let p: g — End(V) be a Lie algebra homomorphism. Since, for every X € g,
the map p(X) € End(V) is nilpotent, it follows that exp(p(X)) is well-defined and
we obtain by the Campbell-Hausdorff formula for all X,Y € g:

exp(p) (exp(X) exp(Y)) = exp(p)(exp(X +Y + J[X, Y]+ )

= exp(p(X+Y+%[X,Y] +...))

(X +Y + X V] + )

I
E
==

3
o

=l

(o(X) + p(Y) + 5[p(X), (V)] + )"

3
I8
==

= exp(p(X) + p(¥) + 5[p(X), oV )]+ ...)
= exp(p(X)) exp(p(Y)).
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Definition 2.6.9. We define the adjoint action Ad : G — GL(g) by
Ad := exp(ad).

Lemma 2.6.10. The map Ad(z) : ¢ — g is a Lie algebra homomorphism for all
x e G.

Proof. Let x € G and let Y, Z € g. We need to show
(1) Ad(z)(Y + Z) = Ad(2)(Y) + Ad(z)(Z) and
(2) Ad(z)([Y, Z]) = [Ad(2)(Y), Ad(x)(Z)].

1

Property (1) follows directly from Remark 2.6.5 and Proposition 2.6.8. A proof of
property (2) can be found for example in [4]. O

Remark 2.6.11. It is a well-known fact (see for example [4], II, Exercise, §6) that
Ad(exp(X))(Y) = log(exp(X) exp(Y)exp(—X)) VX, Y €g. (2.39)

We may now define an action of G on the group g*, which we refer to as the
coadjoint action.

Definition 2.6.12. We define
Ad":Gxg =g, (z- f)(Y)=f(Ad(z")Y) VY cg

to be the coadjoint action of G on the group g* and denote by G(f) the G-orbit of
f € g* under this action.

If two homomorphisms are in the same G-orbit under the coadjoint action, one
can choose suitable polarizing subalgebras such that the corresponding induced char-
acters define equivalent representations of G.

Lemma 2.6.13. Let f € g* and let © € G. Then

(1) ¢ is a polarizing subalgebra for f < Ad(x)v is a polarizing subalgebra for
Ad*(z)f.

(2) The induced representations ind$ ¢; and indg(p(Ad(z)t) ©Ad*(z)f are equivalent
representations.

Proof. By Lemma 2.6.10 we obtain for all Y, Y’ € ©:
Ad*(2) f([Ad(2)Y, Ad(2)Y"]) = f(Ad(z7")[Ad(2)Y, Ad(2)Y"]) = f([Y.Y]), (2.40)

which proves that Ad(z)t is Ad*(z)f-subordinate. Since the map Ad(z) € GL(g) is
a bijective map it follows that Ad(z)r is a polarizing subalgebra for Ad*(z) f, proving
statement (1).
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To prove part (2), notice that
exp(Ad(z)t) = {zyz~' |y € R} = xRo ™.
Moreover, we have for all Y € «t:

paar@r(exp(Y)) = e(Ad"(2) f(Y)) = e(f(Ad(z™)Y)) = s(a" exp(Y)2)

and it is well-known (see for example [12], XI, 16.19) that the induced representations
T = indg oy and Tag#(z)f = indgm PAd*(z)f are unitarily equivalent. An intertwining
operator T' for these representations is given by

T Hyy — Heppoisr T(6)(9) = E(g).

]

We will prove in Proposition 2.9.1 that the kernel of the induced character ¢y
does not depend on the choice of the polarizing subalgebra v for f.

Since the space of irreducible unitary representation of G does not necessarily
satisfy the Ty-axiom as a topological space, we consider instead the primitive ideal
space, Prim(C*(G)), of the group C*-algebra of GG. This space, equipped with the
hull-kernel topology, is always Ty. Our aim is to define for every nilpotent k-Lie pair
(G, g) a Kirillov-map as follows:

kgt — Prim(C*(Q)), f+ ker(ind% ¢;). (2.41)

As a consequence, we will obtain a Kirillov-orbit map
fgt /o — Prim(C*(@)), O ker(ind% ¢;), (2.42)
where f € g* is any chosen representative of O, and where g* /.. denotes the quasi-

orbit space of g* with respect to the coadjoint action of G. That means, ~ denotes
the following equivalence relation on g*:

[ fle feG(f)and f7 € G(f).

Observe that the quasi-orbit space g* /. satisfies the Ty-axiom.

We will prove in Section 2.9 that the Kirillov map « is well-defined (Proposition
2.9.1) and surjective (Proposition 2.9.3) and we will obtain a well-defined (Corollary
2.10.12) and surjective (Corollary 2.10.13) Kirillov-orbit map %. Furthermore, we
will prove in Section 2.10 that, under certain additional assumptions on the group
G, the map & is injective (Corollary 2.10.31) and bi-continuous (Corollary 2.10.32).
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2.7 The Kirillov map for two-step nilpotent groups

In the following, let k € Nxo and let (G, g) be a nilpotent k-Lie pair of nilpotence
class 2. Then there exists a Ay-module to and there exists a character ¢ € fo such
that g* := Hom(g,to) & g via f — co f.

Recall that given a homomorphism f € g*, a closed subalgebra t of g is called
polarizing subalgebra for f, if f([t,t]) = 0 and if v is maximal with respect to this
property. Furthermore, we have seen in Remark 2.6.3 that every f € g* defines a
character ¢ on R := exp(t) by

or(exp(X)) :==€e(f(X)) VX er (2.43)

Note that a homomorphism f € g* may have different, non-isomorphic polarizing
subalgebras (Example 2.6.2). Since the Lie algebra g is two-step nilpotent we have
[X,Y] € 3(g) for all X,Y € g. This shows that if f and f’ are two homomorphisms
in g* with the property that f|;q = f'l;), then a subalgebra ¢ of g polarizes f if
and only if v polarizes f’.

Our aim in this section is to use certain known facts from the representation
theory of two-step nilpotent, locally compact groups to prove the following facts.
If f € g* and if v is a polarizing subalgebra for f, then the induced character indg ©f
defines an irreducible representation of G’ and the kernel of the representation ind% ¢ ¥
does not depend on the choice of the polarizing subalgebra t for f, so that we obtain
a well-defined Kirillov map

kgt — Prim(C*(Q)), f + ker(ind% ¢;). (2.44)

Many authors have studied the problem of describing the primitive ideal space
of two-step nilpotent, locally compact groups (see for example [1] and [21]). We will
make use of a theorem, stated and proven in [8], which summarizes all the information
we need for our situation.

Theorem 2.7.1. ([8], Theorem 3.2.3) Let G be a separable locally compact, two-step
nilpotent group.

—

(i) There exists a map A : Z(G) — K(G), ¢ — Hy such that each Hy is a mazimal
closed subgroup of G with respect to the property that there exists a unitary
extension of ¢ to Hy.

—

(i) Let A : Z(G) — K(G) be as in (i) and let

D:={{cHyl|odcZ(G) &z = o}
Then ker(ind%} €) is a primitive ideal in C*(G) for any & € D and every

primitive ideal of C*(G) can be obtained in this way. Moreover, ker(indg(zs ) =
ker(indgw ) if and only if {|zc) = ¢ = ¢ = &z and & and & lie in the

same quasi-orbit in Hy.
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(111) ([8], Lemma 3.1.12.) Let ¢ be a character of Z(G) and define

S = q"(Z(G/ker(9))),

where q : G — G/ker(¢) denotes the canonical quotient map. If Hy and H
are two distinct closed subgroups of G which are mammal with respect to the
property that ¢ extends unitarily to some character £ € H¢ and & € H' and if

{lz, = &'|s,, then ker(md% £) = ker(deZb ).

Remark 2.7.2. In part (i) and (¢i) of Theorem 2.7.1, K(G) denotes the set of all
closed subgroups of G equipped with the compact-open topology as explained in
Section 2.5.

In the following, we define a particular map A : Z/(-\G) — K(G) and show that
this map can be used in Theorem 2.7.1. Recall that every homomorphism f € g*
defines a character ¢y on Z(G) by the usual construction:

prlexp(X)) = e(f(X)) VX €3(g)

Choose a polarizing subalgebra t; for f € g* and put Ry := exp(ty) (the existence
of a polarizing subalgebra is shown in Proposition 2.8.16). Define

—

A Z(G) — K(G), ¢; — Ry

In order to use this map A in part (i) and part (i) of Theorem 2.7.1, we need to
prove the following facts.

(1) Every character of Z(G) is of the form ¢ for some homomorphism f € g*.

(2) The closed subgroup Ry of G, f € g*, is maximal with respect to the property
that the character ¢y € Z(G) extends to some character of Ry.

For the proof of statement (1), let ¢ be an arbitrary character of Z(G). Since
3(g) = Z(G) via the map exp |,(g), it follows that the character ¢ defines a character

¥ on 3(g) by
P(X) = dlexp(X)), X € 3(9).

Choose an extension w egofye 3( ). Since g* 2 g, we can find a homomorphism
feg witheo f= @ZJ But then we obtain for all X € 3(g):

¢(exp(X)) = e(f(X))

and thus ¢ = ¢y on Z(G). This proves the first part.
Now, let f € g* and let vy be a polarizing subalgebra for f. In order to prove that
the group Ry = exp(ty) is a maximal subgroup of G with respect to the property
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—

that there exists an extension of ¢y € Z(G) to Ry, we observe the following. The
symmetry group of the character ¢ € Z(G) is defined as

Sop = q" ' (Z(G/ ker(py))),
where ¢ : G — G/ ker(py) denotes the canonical quotient map and we have
Yo, ={r e G| ¢s((a,y)) =1Vy € G},
Define Sy :={X e g| f([X,Y])=0VY € g} and put X := exp(S5y).
Lemma 2.7.3. One has Xy = ¥,

Proof. Let € ¥y. Then f([log(z),log(y)]) = 0 for all y € G. But since G is
two-step nilpotent, we have

[log(z), log(y)] = log((,y))
and thus we obtain for all y € G:

1= e(f([log(x), log(y)])) = e(f(log((z,y)))) = ¢s((x,y)). (2.45)

This proves that = € 3, .
Conversely, let z € X,,,. We obtain by (2.45) for all y € G

e(f([log(x), log(y)])) = 1.

But this means that the character e( f([log(z),.])) € @ is equal to the trivial character.
Since the map
® : Hom(g,tv) — @, gr—€og

is an isomorphism of groups, it follows that the homomorphism

O (e(f([log(x), 1)) = f([log(x), ])

is equal to the trivial map in Hom(g, ). Thus we obtain for all y € G:

f([log(x),log(y)]) = 0,

which proves that x € Xy.

Notice that since Sy C vy, it follows that X = exp(Sy) C exp(ty) = Ry.
We want to make use of the following fact.

Lemma 2.7.4. Let G be a two-step nilpotent, locally compact group and let ¢ be a
character of Z(G). Let H 2O Z(G) be a closed subgroup of G and suppose that the

—

character ¢ € Z(G) extends unitarily to some character of H. Then the following
are equivalent:
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(i) The group H is a maximal closed subgroup of G with respect to the property
that there exists a unitary extension of ¢ € Z(G) to H.

(i) The map -
Oy :G/H — H/YSy, &+ ¢((x,.)) (2.46)

—

is an injective homomorphism and the image of O is dense in H/X .

Proof. A proof of the implication (i) = (i7) is given in [8], Lemma 3.1.2.
To prove the implication (ii) = (i), we suppose that the map O, defined in (i7),
is an injective homomorphism with dense image. Assume that there exists a closed

—

subgroup L D H of G, that there exists a unitary extension of ¢ € Z(G) to L, and
that the map

Vs G = L/S,, v ()
is a homomorphism with ker(¥4) = L and such that the image of ¥ is dense in
L/%,. Since the map

p:L/Yy — H/Yg, X = X|uys,

is surjective, it follows that the map
poV¥s: G — H/Sy, v ¢((z,.)n/s,

is a homomorphism with dense image and it is ker(p o ¥,) O L. But we have
U, = Oy 0q, where ¢ : G — G/H denotes the canonical quotient map and since the
map Oy is injective, it follows that ker(poW,) = H. This contradicts the assumption
that H € L. Thus H is maximal with respect to the property that there exists a

—

unitary extension of ¢ € Z(G) to H. O

—

Observe that Z(G) C Ry and that the character ¢y € Z(G) clearly extends
unitarily to a character of Ry. So in order to prove the maximality property of the
closed subgroup Ry of G, it suffices by Lemma 2.7.4 to prove that the map

Or: G/Ry = Ry/S,,, i ¢y((x, ) (2.47)

is a well-defined, injective homomorphism with dense image.
Notice that if y € X, then p;((z,y)) = 1 for all x € G. Moreover, if z,y € G
with zR; = yRy, then xy~! € Ry and we obtain for all z € Ry:

pil(ey™,2)) = e(f(log((zy ", 2)))) = e(f([log(zy "), log(2)])) = 1,

since log(xy~!) and log(z) are both elements of log(R;) = ty, the polarizing subal-
gebra for f. This shows that ©; is well-defined.
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—_—

Furthermore, it is proven in [8] that if ¢ € Z(G) and if H D X, is any closed
subgroup of G with the property that the character ¢ extends unitarily to some
character of H, then the image of the map O, as defined in (2.46), is dense in

H/%,. In particular, the image of the map Oy is dense.
So it remains to prove that Oy is injective. For this, let z € G with ©(z) = 1.
We need to show that x € R;. But we have

1=0y(x) = ¢s((x,.)) = e(f([log(z), log(.)]))

and thus e(f([log(z),log(.)])) € Rf//E\W is equal to the trivial character. Put X :=
log(z), then X € g and it follows from the above that the map

Vyivp/Sp =T, Y — e(f([X,Y]))

is equal to the trivial character of t;/Sy. Since Hom(t;/Sy, to) = ;/Ef via g — €og,
it follows that the homomorphism f([X,.]) € Hom(t;/S¢,w) is equal to the trivial
map. But this means that f([X,Y]) = 0 for all Y € v; and since t; was chosen to
be a maximal subalgebra of g with respect to the property that f([Z,Y]) = 0 for
all Z,Y € vy, it follows that X € t;. Hence z = log(X) € Ry. This proves the
injectivity of the map ©y.

Hence the group R is maximal with respect to the property that the character

—

s € Z(G) extends unitarily to some character of Ry and we have proven the second
statement.

Therefore, we can use the map

—

A:Z(G) — K(G), o5 — Ry

in Theorem 2.7.1 and it follows as an application of part (i) and (ii) of this theorem
that for every homomorphism f € g* there exists a polarizing subalgebra t for f
such that ker(ind$ o) is a primitive ideal of C*(G), where R := exp(t).

Observe that the group 3, = ¥ is clearly contained in every closed subgroup
Hy of G which is maximal with respect to the property that there exists a unitary
extension of the character ¢y € Z/(\G) to Hy. But if f € g* and if v and ¢’ are two
distinct polarizing subalgebras for f, then we have shown above that both subgroups,
R = exp(r) and R’ = exp(t’), are maximal with respect to the property that the
character ¢; € Z/(\G) extends unitarily to a character ¢; € R and to a character

gp} cR. Thus, the symmetry group ¥ is contained in both subgroups, R and R,
and it follows directly from the construction of the character ¢y that

©flrar = Splf |RAR-
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We obtain then as an application of part (iii) of Theorem 2.7.1 that
ker(ind% ¢ ;) = ker(ind$, ©%).

Therefore, the kernel of the induced character ¢; does not depend on the particular
choice of the polarizing subalgebra v for f. This shows that the Kirillov map

kgt — Prim(C*(G)), [+ ker(ind$ ¢y)

is a well-defined map for every nilpotent k-Lie pair (G, g) of nilpotence class 2.
Moreover, it follows from part (ii) of Theorem 2.7.1 that every primitive ideal of
C*(@) can be obtained in this way, which means that the map  is onto.

2.8 The tool box for the general case

In this section we develop some “representation theoretic tools” for nilpotent, locally
compact separable groups. We will use these not only to prove that every homomor-
phism f € g* of a nilpotent k-Lie pair (G, g) admits a polarizing subalgebra t, but
also to prove that the induced character indg ¢ defines an irreducible representation
of G.

In the case of a simply connected, connected nilpotent real Lie group G with Lie
algebra g these facts are proven by induction on the dimension of the Lie algebra g
as a vector space over R [23]. If this dimension is equal to one or two, the nilpotent
Lie algebra is abelian and the Lie algebra g itself polarizes every continuous linear
functional f € g*. If the dimension is greater or equal to three, one can find with the
Lemma of Kirillov an ideal g, of g of codimension one and elements X € g\ g, and
Y € 3(g,), such that 0 # [X,Y] =: Z € 3(g). The group generated by the elements
x = exp(X),y = exp(Y), and z = exp(Z) is isomorphic to the three-dimensional
Heisenberg group, and one uses in the induction process the good understanding of
the irreducible representations of the latter. But, unlike the case of Lie groups, there
exist two-dimensional, two-step nilpotent groups which are not abelian. Take for
example

G:= {(é z %) LT,y € K}, where K = F,((t)) for some prime p.

This group is neither abelian, nor does it contain a subgroup which is isomorphic
to the three-dimensional Heisenberg group, but we will see in Section 2.11 that it is
possible to find a natural number k and a Lie algebra g over the ring A, such that
the pair (G, g) defines a nilpotent k-Lie pair.

Following an idea of Howe [16], we prove most of the results in the following
sections by induction on the nilpotence class of the given group G.
If (G, g) is a nilpotent k-Lie pair of nilpotence class [ > 2 then we define A to be a
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maximal abelian subgroup of Z?(G) and N to be the centralizer of A. We will see
that such a group NNV is a normal subgroup of G of nilpotence class at most (I — 1)
and both subgroups, A and N, are exponentiable subgroups of G, so that both pairs,
(A,log(A)) and (N, log(N)), define nilpotent k-Lie pairs. The group A is contained
in the center of N and for every element y € A\ Z(G) and x € G \ N one has
1 # (y,z) € Z(G). This indicates that such normal subgroups A and N of G are
suitable substitutes for the objects found by the Lemma of Kirillov in the case of Lie
groups.

Remark 2.8.1. Let GG be a [-step nilpotent group with [ > 2, i.e., G is not commu-
tative. Then the center of GG is a proper subgroup of every maximal abelian subgroup
A of Z?(@G), because we can always find an element y € Z%(G) \ Z(G) such that the
subgroup generated by y and Z(G) defines an abelian subgroup of Z?(G). Observe
that

72(Q)={r € G| (z,y) € Z(G) Yy € G}.

We claim that every maximal abelian subgroup A of Z?(G) is normal in G. Indeed,
we have for all x € G and y € A,

zya Tt =xyrTly Ty = (z,y)y € 4,
since the commutator (z,y) € Z(G) C A for all z € G and for all y € A.

Remark 2.8.2. Let GG be a [-step nilpotent group with [ > 2 and let A be an abelian
subgroup of Z?(G). Then we have for all z € G and y € A:

(z,y) = (@ "y ") =(y,a™ ).

Indeed, let x € G and let y € A. Since (z,y) € Z(G), it remains the same under
conjugating it with any element z € G and thus we obtain

(z,y) =y o™z, y)ry = (y o ay)a ™y ey = (27 y ).
By the same argument it follows that
(z,y) =2 Yz, y)r =y~ 'y e = (y,27).

Lemma 2.8.3. Let G be a l-step nilpotent locally compact separable group forl > 1.
Let A be a mazimal abelian subgroup of Z*(G), the second element of the ascending
central series of G. The centralizer N of A is a closed normal subgroup of G, the
nilpotence class of N is smaller or equal to (I — 1), and the quotient group G/N is
abelian.

Proof. We show first that N is a normal subgroup of GG. Notice that

N:={zxeG|ry=yzVyc A}
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and thus N is closed. Let z € G and v € N. It suffices to show that the conjugated
element zvr~! commutes with every element y € A. But we have (y,z) € Z(G) for
all y € A, and since N commutes elementwise with A we obtain for all y € A:

worTly = ao(zyry)ya™! Lyyrt=a(a b= gy loyz !

= yxvx_l.

= zv(x y)vyx~

In order to show that the subgroup N is of nilpotence class smaller or equal to
(I — 1), we prove by induction on m = 2,... [

NNZ™G) < zZ™Y(N). (2.48)

Note that this suffices, since for m = [ we obtain N C Z'"}(NN) which means that
the ascending central series of N terminates (at most) within (I — 1) steps. We claim
that N N Z*(G) = A. This proves Equation (2.48) in the case m = 2 since A is
obviously contained in Z(N). For this, notice that the subgroup A is contained in
both, N and Z?(G). If x ¢ A, but x € Z*(G) then x ¢ N, since by the maximality
property of A there exists at least one element y € A with xy # yx. Using the
induction hypothesis and the fact that N is a normal subgroup of G, we obtain

NNZ™G) = {veN|(x,v)e 2" HG)Vr € G}
{fve N|(z,v) € Z"G)NNVz € G}

C {veN|(z,v)e Z™"%N)Vr e G}
c Z™(N).

One possible way to see that the quotient group G/N is abelian is the following.
Define a map
®: G/N — Hom(A/Z(G), Z(G)), & — ¢q,

where ¢;(y) = (z,y) is defined to be the group commutator of x and y. Since both
groups, A/Z(G) and Z(QG), are abelian it follows that the group Hom(A/Z(G), Z(QG))
is abelian. Thus it suffices to show that ® is an injective homomorphism. Note first,
that if xq, x5 € G with 21 = @5, then :1:13:2_1 € N and we obtain for all y € A:

L= (m2y ' y) = mizy ymoay 'y = an(ay y)yay y ' = (25, y)(21,y).

Therefore, we have (y,75') = (z1,9) for all y € A, and since (y,75') = (z2,%)
(Remark 2.8.2), it follows that (xs,y) = (21,¥y). In the same way one can show that
if y1,0 € A with y195," € Z(G), then (z,y1) = (x,5,) for all € G. This proves
that ® is well-defined.

Since (z122,y) = (x1,y)(x2,y) for all z1,29 € G and y € A it follows that the
map P is a homomorphism.

So it remains to show that ® is one-to-one. For this suppose ¢; = 1. Then we
have (z,y) =1 for all y € A and hence z € N. ]
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It turns out that, not only every maximal abelian subgroup A of Z2(G), but also
its centralizer N, is an exponentiable subgroup of G.

Lemma 2.8.4. Let k > 2 and let (G, g) be a nilpotent k-Lie pair of nilpotence class
[ > 2. Let A be a mazimal abelian subgroup of Z*(G). Then log(A) is a subalgebra

of g.

Proof. By Theorem 2.3.2 it suffices to prove that the subgroup A is k-complete.

Let y € A be fixed. We need to show that y* € A for every A € Z[;]. Since
A C Z*(@G) it follows that the Inversion Formula (2.33) of the Campbell-Hausdorff
formula reduces, for all x € GG, to the following equation

[log(x), log(y)] = log((x, y))- (2.49)

Using the fact that log(z*) = Mog(z) for all A € Z[;] and all z € G (Lemma 2.2.15),
we obtain for all z € A and A € Z[4]:

log((z, ")) = [log(x),log(y*)] = Allog(x),log(y)] =0,

and hence (z,y") = 1. But A was chosen to be a maximal abelian subgroup of Z%(G)
and since Z2(Q) is k-complete (Lemma 2.4.2), it follows that y* € A. O

Lemma 2.8.5. Let k > 2 and let (G, g) be a nilpotent k-Lie pair of nilpotence class
[ >2. Let A be a mazimal abelian subgroup of Z*(G) and let N be the centralizer of
A. Then log(N) is a subalgebra of g.

Proof. We use the same idea as in the proof of Lemma 2.8.4. By Theorem 2.3.2 it
suffices to prove that the subgroup NNV is k-complete.

Let z € N and let A € Z[4]. Since N is defined as the centralizer of A, it suffices
to show that (z*,y) = 1 for all y € A. Using the fact that log(z*) = Alog(z) (Lemma
2.2.15) we obtain by the Inversion Formula (2.33) for all y € A:

log((2*,y)) = [log(2*),log(y)] = [log(x), log(y)] = 0.
Hence, (2*,y) = 1 for all y € A, which proves that z* € N. O

Remark 2.8.6. Let k£ € N>, and let (G, g) be a nilpotent k-Lie pair of nilpotence
class | > 2. Let A be a maximal abelian subgroup of Z*(G) and let N be the
centralizer of A. We have shown in Lemma 2.8.4 and Lemma 2.8.5 that log(A) :=a
and log(N) := n are subalgebras of g. Furthermore, we have proven in Lemma 2.8.3
that the subgroup N is at most (I — 1)-step nilpotent, so that the pair (N, n) is a
nilpotent k-Lie pair of nilpotence class at most [ — 1. Since both subgroups, A and
N, are normal subgroups of G, it follows from Corollary 2.3.11 that a and n are
ideals of g. Moreover, we have for all X e nand Y € a:

X, Y] = log((exp(X), exp(¥)) = log(1) = 0.
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We show now that if G is a nilpotent locally compact separable group of nilpotence
class [ > 2 and if I € Prim(C*(G)) with I = ker(w) for some irreducible unitary
representation 7w of G, which is faithful on the center of G and not one-dimensional,
then I is induced from some primitive ideal J of the normal subgroup N of G, where
N is defined as in Lemma 2.8.3. Proposition 2.8.8 and Proposition 2.8.13 are due to
Howe; we present a detailed proof of the arguments given in [16], Proposition 5. For
this, we will use the following facts, which can be found for example in [27], §3.3.

Remark 2.8.7. If A is a C*-algebra, we denote by Z(A) the space of (closed two-
sided) ideals in A, where a subbasis for the topology is given by the sets

UI)={J € T(A) | I NI #0}.

If G is a locally compact group and H a closed subgroup of G then there is a
continuous map

res$; : Z(C*(Q)) — Z(C*(H)),

such that for all non-degenerate representations m of C*(G):
res$ (ker 1) = ker(res$ 7).
Furthermore, there is a containment preserving continuous map
indfj : Z(C*(H)) — Z(C*(G)),
such that for all non-degenerate representations 7 of C*(H):
ind% ker(r) = ker(ind% ).

Proposition 2.8.8. Let G be nilpotent locally compact separable group of nilpotence
class 1 > 2. Let I € Prim(C*(G)) and suppose I = ker(w) for some irreducible
unitary representation © of G which is faithful on Z(G) and not one-dimensional.
Then there exists a closed normal subgroup N of G of nilpotence class at most | — 1
such that I = ker(ind$ 7|x).

Proof. It follows from Schur’s Lemma that there exists a character ¢ € Z/(\G) such
that w(z) = 9(z) - Idy, for all z € Z(G). In the following, we will identify the
restricted representation 7|z with this character ¢). Since 7 was assumed to be
faithful on Z(G), the map @ is a faithful character of Z(G). Let N be the centralizer
of a maximal abelian subgroup A of Z?(G). We have seen in Lemma 2.8.3 that N
is a closed normal subgroup of G of nilpotence class at most [ — 1 and the quotient
group G/N is abelian. By Theorem 2.5.11 we obtain

ind§, 7|y = ind§(7|y ® 1y) 2 7@ ind§ 1y 2 7@ Ag/n,
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where Ag/n denotes the left regular representation of G//N on the Hilbert space
L*(G/N), and thus
ker(ind%, 7| n) = ker(m ® Ag/n).-

But since the quotient group G/N is abelian, we have

ker(Ag/n) = ker( @ X)-

Y€G/N

The dual group CT/]\V acts on C*(G) by the dual action which yields, by passing to
kernels, an action of G/N on the primitive ideal space of G. We will show in the
following paragraph that the primitive ideal I = ker(7) is invariant under the action

of all characters xy € G/N, i.e., we will show
x-I=ker(x®@m)=ker(r) =1 Vx¢€ (7/]\\7 (2.50)

This suffices, since the process of taking tensor products is "continuous” (Proposition
2.5.14), so we have ker(@xegm X ® ) = ker(Ag/ny @ ) and hence

ker(ind§ 7|x) = ker(m ® Ag/n) = ker( EB X®T) = ﬂ x-I=1

xECT/W xECT/W

In order to prove that ker(y ® m) = ker(w) for all x € (7/]\\{ , we make the following
observation. The normal abelian subgroup A of G acts on G by conjugation and we
have

Ad(y r(z) = mw(yzy ") = w(yzy 'z~ z) = P((y,2)) - (),

for all y € A and x € G. Thus, Ad(y )7 (z) = (¢¥¥ ® 7)(z), where the character ¢¥
is defined by ¢¥¥(z) := ¥((y,x)). (We have shown in the proof of Lemma 2.8.3 that
the map 9%, y € A is indeed a character.) Therefore, the representation Ad(y~!)=
is unitarily equivalent to the product ¢¥ ® 7 for all y € A, and since the conjugated
representation Ad(y~!)w, y € A, is clearly unitarily equivalent to 7 itself it follows
that

ker(¢¥ @ m) = ker(m) =1 Vy e A.

We will prove now that every character x of G/N is a limit of some sequence of
characters of the form ¥ for some y, € A, n € N. For this, we show that the map

®:A/Z(G) — G/N,y s Y

is a continuous, injective homomorphism with dense image. Note, that it follows
directly from the definition of ¢¥ that ® is well-defined and continuous. Since the
commutator (y,z) € Z(G) for all y € A and = € G we get (y192,2) = (y1,2) (Y2, x)
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for all y1,y2 € A and x € G, which shows that ® is a homomorphism. Furthermore,
if Y¥(x) = ¥((y,x)) = 1 for all € G, then (y,z) = 1 for all z € G (since 9 is
faithful on the center of GG) and hence y € Z(G). This proves the injectivity of ®.
Using well-known results from the representation theory of locally compact abelian
groups ([13], § 4.3) we obtain

(im®)" = {zeC|d((y,z)=1Vye A}
= {ze€G|(y,x)=1Vy e A}
= N.

This shows that (im ®)* is tri trivial in G/N and thus we obtain 1m<I> G /N Since
the image of ® is dense in G /N we can find for every character y € GG / N, a sequence
(Yn)nen € AN, such that ¢¥» — x asn — oo. Since ker(¢Y @7) = ker(r) for ally € A
we obtain by continuity the desired result: ker(y ® 7) = ker(w) for all x € g/J\V . O

We show now that Proposition 2.8.8 remains true under slightly different assump-
tions.

Corollary 2.8.9. Let k > 2 and let (G,g) be a nilpotent k-Lie pair of nilpotence
class | > 2. Let I € Prim(C*(G)) and suppose that I = ker(mw) for some irreducible
unitary representation w of G' which is not one-dimensional. Let f € g* with

|z = ¢rldu,,

where @y € Z/(\G) denotes the character corresponding to f. If f is faithful on 3(g)
then there exists a closed normal subgroup N of G of nilpotence class at most | — 1
such that I = ker(ind$ 7|y ).

Proof. Suppose that the homomorphism f € g* is faithful on the center of g and
note that
W‘Z(G) = @f :eofolog.

Let A be a maximal abelian subgroup of Z?(G) and let N be the centralizer of
A. By the arguments given in the proof of Proposition 2.8.8 it suffices to show that
every character x of the abelian quotient group G/N is a limit of characters of the
formNgO‘;i" € G/N, where y, € A and ¢} (1) := pf((yn, 7)) for all z € G and for all
n € N.

For this, define a := log(A) and n := log(N). Both pairs, (A,a) and (N,n),
are nilpotent k-Lie pairs (Remark 2.8.6), and it follows from Lemma 2.4.1 that the
pairs, (A/Z(G),a/3(g)) and (G/N,g /n), are also nilpotent k-Lie pairs. But both
quotient groups, A/Z(G) and G/N, are abehan and thus we have A/Z(G) = a/3(g)
and G/N = g /n. Furthermore, we have G /N g /n and since y, € A for every
n € N and z € G/N we obtain

e(f([log(yn), log(x)])) = e(f (log((yn, )))) = @4 ((yn, ¥))-
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Thus it suffices to show that the map
piaf3e) —g/m ¥V eof”

is an injective homomorphism with dense image, where f¥(X) := f([Y, X]). Clearly,
the map ¢y is well-defined, continuous homomorphism.
In order to prove the injectivity of @4, let Y € a and suppose that

L=e(fY (X)) =¢(f([Y,X]) forall X cg.

This means that the set {f([Y, X]) | X € g} is a Ag-submodule of w inside the kernel
of € and since this set must be trivial, we obtain f([Y, X]) = 0 for all X € g. But we
have [Y, X] € 3(g) for all X € g and since f was chosen to be faithful on the center
of g, it follows that [Y, X]| = 0 for all X € g. Therefore, Y must be an element of
the center of g, proving the injectivity of ®;.

Finally, we obtain by the same arguments as above

(im®)t = {Xeg|e(f(X)=1VY €a}
{Xeg|f([Y,X])=0VY €a}
{(Xeg|[Y,X]=0VY €a}

n.

This proves that (im ®;)* is trivial in g /n and thus im ®; = g//\n O

Remark 2.8.10. Let £ > 2 and let (G, g) be a nilpotent k-Lie pair of nilpotence
class [ > 2. Let m € G and suppose that f € g* with

Tz = erldu,,

—

where ¢ € Z(G) denotes the character associated to f. We have shown in the proof
of Corollary 2.8.9 that if f is faithful on 3(g) then the map

®: A/Z(G) — G/N, y— ¢}, where p}(2) := ¢s((z,y)),
as well as the map
s af3(g) — g /n, Vo f¥, where f¥(X) = f([Y, X]),
is an injective homomorphism with dense image.

Given a homomorphism f € g*, we distinguish in some proofs of this chapter
between the case that f is faithful on the center of g and the case that f is not
faithful on the center of g. The following two lemmas turn out to be a useful tool
to deal with the latter case. If (G, g) is a nilpotent k-Lie pair for some k € N, recall
that a closed subgroup H of G is called exponentiable if log(H) is a subalgebra of g.
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Lemma 2.8.11. Let k € N, let (G, g) be a nilpotent k-Lie pair, and let m € G.
(i) There exists a mazimal exponentiable normal subgroup J of G such that J C
ker(r).

(i) Let J be as in (i), let T be the irreducible representation of G/.J induced by m,
and let j :=log(J). If f denotes a homomorphism in (g /j)* with the property
that

%|Z(G/J) =¥
then f is faithful on 3(g /j).
Proof. To prove part (i) we define
M :={I | I is a normal exponentiable subgroup of G and I C ker(7)}.

The set M is partially ordered by inclusion and since {1} € M, it follows that M
is nonempty. Let IC be a chain in M. We claim that the set

J::UI

Iek

is an upper bound for K. Clearly, I C J for all [ € K and J is a normal subgroup
of G. Furthermore, I C ker(w) for every I € K and since the kernel of 7 is closed
it follows that J C ker(w). So it suffices to show that J defines an exponentiable

subgroup of G. But we have
log(|J 1) = (J log(1)
IeK IeK

and since the map log : G — g is a homeomorphism it follows that

log(| J I) = | log(I).

Iek Iek

Since log([/) is an ideal of g for every I € K, it follows that ;.. log(I) is a closed
ideal of g and hence | ;. log(I) is an ideal of g. This proves that J is exponentiable.
In order to prove part (ii), let f € (g /j)* such that

T|zcr0) = ¢f-

Assume that f is not faithful on 3(g/j). Then there exists an element Z € 3(g /j)
with Z # 0, but f(Z) = 0. Let Z € g with ¢/(Z) = Z, where ¢’ : g — g /j denotes the
canonical quotient map. Then Z ¢ j, but since Z € 3(g /j), it follows that [X, Z] € j
for all X € g. Thus b := Ay - Z +j defines an ideal of g, which is larger than j. But
we have for all A € A:

L =e(f(A2)) = 7(eD(A2)) = F(a(exp(A2)))) = m(exp(AZ))

and thus H := exp(h) 2 J is a normal exponentiable subgroup of G inside the kernel
of m, contradicting the choice of the subgroup J. m
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Lemma 2.8.12. Let k € N, let (G,g) be a nilpotent k-Lie pair, and let f € g*.
There exists a largest ideal j inside the kernel of f such that the corresponding homo-
morphism f of the quotient algebra g /j is faithful on the center of g /j. Furthermore,
t is a polarizing subalgebra for f if and only if © := q(t) is a polarizing subalgebra for
f, where q : g — g /j denotes the canonical quotient map.

Proof. Since the kernel of the character f does not have to be an ideal of the algebra
g, we can not just pass to the quotient g / ker(f). Instead, let j be the largest ideal
of g inside ker(f). Zorn’s Lemma assures the existence of a maximal ideal while
uniqueness is guaranteed by the fact that if j,,j, are two such, then their sum would
also be one, contradicting maximality.

Put g := g /j and denote by f the homomorphism of the quotient algebra, defined
by f(q(X)) := f(X), where q : g — g /j denotes the canonical quotient map. Assume
that f is not faithful on the center of §. Then there exists an element Z € 3(§) with
Z # 0, but f(Z) = 0. In particular, we have f(Z) = 0 and thus Z € ker(f), but
Z ¢j. Since f is Ag-linear (Remark 2.2.10), the kernel of f is a Ag-submodule of g.
Furthermore, it follows from the fact that Z € 3(§), that [Z,Y] = 0 for all Y € §
and hence [Z,Y] € j for all Y € g. Therefore, h :=j+ A; - Z, the ideal generated by j
and Z, defines an ideal inside the kernel of f and b is larger than j. This contradicts
the maximality property of the ideal j.

Using the definition of the commutator in the quotient algebra as in Lemma 2.4.1
and the fact that every polarizing subalgebra t for f contains the ideal j, we obtain
forall X|Y € g:

Fla(X),a(V)]) = fla((X. YD) = F(X. Y]
O

Proposition 2.8.13. (/16], Proposition 5) Let G be a nilpotent locally compact
separable group and let I € Prim(C*(G)). There ezists a closed subgroup H of
G and a character x of H, such that the representation indgx 15 irreducible and
ker(ind% x) = I.

Proof. We will prove this proposition by induction on the nilpotence class [ of G.
Let 7 € G with ker(r) = I. Notice that if the irreducible representation 7 is one-
dimensional, so in particular if [ = 1, then we can choose H = GG and there is nothing
to prove.

Let [ > 2 and suppose that 7 is not one-dimensional. Assume that the proposi-
tion is proven for all nilpotent locally compact groups of nilpotence class less than [.
We will prove first that we can assume without loss of generality that the represen-
tation 7 is faithful on G. For this observe that ker(w) is a normal subgroup of G
and define ¢ : G — G/ ker(w) to be the canonical quotient group. If we denote by
7 the corresponding representation of G = G/ ker(m), so ™o q =, then 7 is clearly
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faithful on G. Using L = ker() in Theorem 2.5.12 yields for every closed subgroup
LCHCG:
ind% (7 o q) = (de/L 7)oq.

Thus, proven the proposition for the quotient group G with corresponding faithful
representation 7, we may find a closed subgroup H of G and a character ¥ of H such
that .

ker(7) = ker(indg X)-

With this result we obtain for the closed subgroup H = q_l(ff ) and the character
x € H, defined by x = x o ¢, the desired equation:

ker(m) = ker(7 o q) = ker((indg X) © ¢) = ker(ind% (¥ o ¢)) = ker(ind$ x).

So we can assume in the following that the representation 7 is faithful on G.

Let A be a maximal abelian subgroup of Z%(G) and let N be the centralizer
of A. We have seen in Lemma 2.8.3 that N is a closed normal subgroup of G of
nilpotence class at most [ — 1. In order to apply the induction hypothesis to N, we
need to find first a suitable ideal J € Prim(C*(N)). But by Theorem 2.5.13 there
exists a primitive ideal J € Prim(C*(N)) such that ker(r|y) = (,cq gJg " Since
ind§ J = ind§ gJg ! for all g € G, it follows from Proposition 2.8.8 that

I =ind§ I|y = ind§ J.

If we apply now the induction hypothesis to the nilpotent group N and the primitive
ideal J € Prim(C*(N)), we can find a closed subgroup H of N and a character x € H
such that p := indY ¥ defines an irreducible representation of N with ker(p) = J.
Put 7 := ind§ p. Then 7 = ind% x and we have

ker(7) = ker(ind§ p) = ind§ (ker p) = ind§ J = I.

Thus it only remains to show that the representation 7 is in fact irreducible. For
this, let T € L(Hz) be an intertwining operator for 7. We need to show that 7" is a
multiple of the identity /d;.. But 7 is an induced representation, so there exists a
system of imprimitivity ¥ = (7, P), where

P:Cy(G/N) — L(Hz), P(p)(§) =¢-§

defines a nondegenerate -representation on Cy(G/N). Recall that the set of inter-
twining operators of the imprimitivity system ¥ is isometrically isomorphic to the
set of intertwining operators of the representation p ( [13], Theorem 6.28). Since p
is irreducible, it suffices to show that the operator 7' commutes with P(p) for all
¢ € Cy(G/N). But the quotient group G/N is an abelian locally compact group and

thus we have Cy(G/N) = C*(CT/]\V)
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Therefore, it is enough to prove the equality TP(y) = P(x)T for all x € CT/]\V .

Denote by ¢ € Z(G) the character, given by 1 = 7|z(s). We have seen in the proof
of Proposition 2.8.8 that the map

®: A/Z(G) — G/N,y — Y,

is a continuous, injective homomorphism with dense image, where ¥ (z) := ¥ ((y, x)),
x € G, and thus it suffices to prove that 7' commutes with P(¢?) for all y € A.

We will see in the following that the imprimitivity map P and the representation
7 are closely related. For every y € A, the operator 7(y) is a multiplication operator
which coincides, up to multiplication with a scalar, with the imprimitivity map P
on characters of the form ¢¥, y € A. Indeed, using that 7 = ind% p is an induced
representation we obtain

(@(y)&)(x) = &y~ ') = E(za™ ya) = p(z~'yz) - ()

forally € A, x € G, and ¢ € Hz. But A is a normal abelian subgroup of G and
hence p|4 can be identified with a character. Thus we obtain for all y € A,z € G,
and £ € Hs:

p(y™) - (@) (x) = ply pla™ yx)E(z) = p((y~" 27 1))E(x).

Recall that, for all y € A and z € G, we have (y~',27') = (y,z) (Remark 2.8.2).
Furthermore, we have

Iz = () 2|27 = Jlue)

zeG

and hence p|zq) = 7|z = v. In particular, we have

p((y~'27h) = p((y, @) = ((y, x)) = ¥ (x)

for all y € A, x € GG and hence

T(P@Y)E) = T@Y-&) =Ty ") 7wE) =ply") - (Tx(y))
= ply™") - FWTE) =¥ - (T€) =

where we denote by p(y~!) - (7(y)€) the operator z — p(y~1)(7(y)¢)(x). O

Remark 2.8.14. The arguments used in the proof of the proposition above do
neither depend on a particular form of the subgroup H, nor on the character xy € H.

We may use similar arguments to prove a more specific result which turns out be
very useful in our context.
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Lemma 2.8.15. Let k € N, let (G,g) be a nilpotent k-Lie pair of nilpotence class
Il > 2, and let f € g* such that f is faithful on 3(g). Let N be the centralizer of
some maximal abelian subgroup A of Z*(G) and let n := log(N) be its corresponding
subalgebra. If p := indg ©g. 15 an irreducible representation of N, where log(R) =
t C n denotes a polarizing subalgebra for f|,, then m = ind%p 15 an irreducible
representation of G.

Proof. Suppose that p = indg ¢yl 1s an irreducible representation of N, where
log(R) = v C n denotes a polarizing subalgebra for f|,. We need to show that
the representation

7 = ind§ p = ind§ ind¥ Ofl = indg Ofln

is irreducible. For this, we follow the outline of the last part of the proof of Propo-
sition 2.8.13.

Let T € L(H,) be an intertwining operator for 7. We need to show that 7" is a
multiple of the identity /d;_ . But 7 is an induced representation, so there exists a
system of imprimitivity ¥ = (7, P), where

P:Cy(G/N) — L(H.), P(p)(§) =¢-&

defines a nondegenerate *-representation on Cy(G/N). Recall that the set of inter-
twining operators of the imprimitivity system > is isometrically isomorphic to the
set of intertwining operators of the representation p ([13], Theorem 6.28). Since p
is irreducible by assumption, it suffices to show that the operator 7" commutes with
P(p) for all ¢ € Cy(G/N). But the quotient group G/N is an abelian locally com-

pact group and thus we have Co(G/N) = C*(G/N). Therefore, it is enough to prove

—

the equality TP(x) = P(x)T for all x € G/N. But since f € g* is faithful on the
center of g, it follows from Remark 2.8.10 that the map

®: A/Z(G) — G/N, y— ¢},

is a continuous, injective homomorphism with dense image, where cpz]i(x) = @r((y,x))
for all € G. Hence it suffices to prove that 7" commutes with P (%) for all y € A.

For every y € A, the operator m(y) is a multiplication operator which coincides,
up to multiplication with a scalar, with the imprimitivity map P on characters of
the form gpi{, y € A. Indeed, using that = = ind% p is an induced representation we
obtain

(m(y)&§)(x) = E(y~'2) = Elaa™ "y a) = p(a~'yx) - £(2)
forall y € A, z € G, and £ € H,. But A is a normal abelian subgroup of G and
hence p|4 can be identified with a character. Thus we obtain for all y € A,z € G,

and £ € H,,
p(y™) - (&) (x) = ply~"p(z" yz)é(x) = p((y ', 27"))E().
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Notice that (y~' 27 1) = (y,z) for all y € A and € G (Remark 2.8.2), and that
plz@) = T|z@) = @y In particular, we have

p((yah) = p((y, 2)) = r((y, ) = ©Y(x)

for all y € A, x € G and thus we obtain

T(P(1)E) = T(5-&)=T(p(y™") (n()€) = ply™") - (T7(y)€)
= ply) - (r(W)TE) = ¢} - (T€) = P(£})(TY),
where we denote by p(y~!) - (7(y)€) the operator x — p(y~') - (7(y)&)(x). O
We prove now that if (G, g) is a nilpotent k-Lie pair then every homomorphism
f € g* admits a polarizing subalgebra t. Furthermore, we show that the induced

representation indg ¢y is irreducible. The idea of Proposition 2.8.16 is due to Howe
([16], Lemma 11).

Proposition 2.8.16. Let k € N and let (G, g) be a nilpotent k-Lie pair. For every
homomorphism f € g* there exists a polarizing subalgebra v and the induced character
indg ©or 15 an irreducible representation of G, where ¢y and R are defined as in
Remark 2.6.5.

Proof. We will prove this proposition by induction on the nilpotence class | < k of
the group G. Let f € g*.

To start the induction process we observe that if the group G is abelian, then the
abelian algebra g polarizes every homomorphism f € g* and the map ¢y defines a
character of G.

So suppose [ > 2 and assume that the proposition is proven for all nilpotent k-Lie
pairs (H, ), where the nilpotence class of H (and hence that of h) is less than [.

Step 1: We consider the case that f € g* is faithful on 3(g).

Let A be a maximal abelian subgroup of Z?(G), the second element of the ascend-
ing central series of G, and let N be the centralizer of A. Then N is a closed normal
subgroup of G of nilpotence class at most (I — 1) (Lemma 2.8.3). Put a := log(A)
and n := log(N). Not only a, but also n, is a subalgebra of g (Lemma 2.8.4 and
Lemma 2.8.5) and in particular, the pair (N, n) is a nilpotent k-Lie pair of nilpotence
class at most (I — 1).

Applying the induction hypothesis to the nilpotent k-Lie pair (N,n) and the ho-
momorphism f|, yields a polarizing subalgebra v C n and the induced character
ind¥ ¢ f|. defines an irreducible representation of N.

We will show now that the subalgebra v C n, which polarizes the restricted map
fln, is already a polarizing subalgebra for f € g*. For this, it suffices to prove the
following implication: If X € g and f([X,Y]) = 0 for all Y € ¢, then X € t. So
suppose X € g and f([X,Y]) =0 for all Y € v. Since a C 3(n) C v we have in
particular f([X,B]) = 0 for all B € a. But [X, B] € 3(g) for all B € a and since
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the homomorphism f was assumed to be faithful on the center of g, it follows that
(X, B] =0 for all B € a and hence X € n. Since the subalgebra t C n was chosen to
be maximal with respect to the property that it is f|,-subordinate, we obtain X € t.

It follows then from Lemma 2.8.15 that inducing the irreducible representation
indy ¢y, from N to G yields an irreducible representation

7= ind§ ind}y Of = ind¢, ©of-

Step 2: If the homomorphism f € g* is not faithful on 3(g), then we pass to
the quotient algebra g := g/j, where j is defined to be the largest ideal inside the
kernel of f as explained in Lemma 2.8.12. We have seen that exp(j) := J is a normal
subgroup of G (Lemma 2.4.1) and the pair of quotients, (G, §), is a nilpotent k-Lie
pair, where G := G /J. Moreover, the homomorphism f € g*, corresponding to the
homomorphism f € g*, is faithful on the center of g.

If we apply the first step to the nilpotent k-Lie pair (G, §) and the homomorphism
f, then we can find a polarizing subalgebra t C g for f such that the induced
representation indg ¢ is irreducible, where R = exp(t). But we have seen in Lemma
2.8.12 that if ¥ is a polarizing subalgebra for f, then v = ¢ !(%) is a polarizing
subalgebra for f, where ¢ : ¢ — g/j denotes the canonical quotient map. Using
H = R and L = J in Theorem 2.5.12 yields

. ~ [ G
ind$} (70 ¢') = (indy)] ¢7) 0 ¢,

where ¢ : G — G/J denotes the canonical quotient map. But since
pi(d (7)) = ps()
for all x € R, we obtain o
: ~ [ J
ind$ o = (de;J ¢7)oq.
Since the representation indgﬂ ¢ is irreducible, it follows that the representation
7 = ind$ ¢ is irreducible. O

Corollary 2.8.17. Let k > 2, let (G, g) be a nilpotent k-Lie pair of nilpotence class
[l > 2, and let f € g* such that f is faithful on 3(g). Let N be the centralizer of
some mazimal abelian subgroup A of Z*(G) and let n := log(N) be its corresponding
subalgebra. If v C n denotes a polarizing subalgebra for f|, then t is also a polarizing
subalgebra for f.

Proof. This is shown in step 1 of the proof of Proposition 2.8.16. O]
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2.9 The Kirillov-orbit map in the general case

In this section we will prove that the Kirillov map & is a well-defined, surjective map
for every k-Lie pair (G, g).

Proposition 2.9.1. Let k € N and let (G, g) be a nilpotent k-Lie pair. The Kirillov
map
K g" — Prim(C*(@)), f — ker(ind$ o;),

as explained in Section 2.6, is well-defined.

Proof. We have already seen in Proposition 2.8.16 that every homomorphism f €
g admits a polarizing subalgebra v and the induced representation indg @f is an
irreducible representation of G, where R = exp(t). Thus ker(ind$ o) is a primitive
ideal of C*(@G).

But, as we have seen in Example 2.6.2, there may exist several non-isomorphic
polarizing subalgebras for one given homomorphism f € g* and we need to show
that the kernel of the induced representation indg ¢ does not depend on the choice
of the polarizing subalgebra ¢ for f.

For this, let f € g* and suppose that there exist two distinct polarizing subal-
gebras, v and v/, for f. As usual, the map f defines a character ¢y on R := exp(t),
by ¢ := €o folog and f defines a character ¢/, on R’ := exp(t’) in the same way,
(p’f :=eo folog. We will prove by induction on the nilpotence class [ of G that

ker(ind ¢ ;) = ker(ind§, ¢). (2.51)

(Notice that we can not expect in general to get equivalent representations.)

If I = 1 and hence if G is an abelian group, then the Lie algebra g itself polarizes
every homomorphism of g*. It follows then from the maximality property of every
polarizing subalgebra that t = t/ = g and there is nothing to prove.

If G is a two-step nilpotent group, Equation (2.51) is proven in Section 2.7.

So suppose [ > 3, and assume that (2.51) holds for all k-Lie pairs (H, ), where
the nilpotence class of H is smaller than [. Let A be a maximal abelian subgroup
of Z*(G) and let N be the centralizer of A. We have shown in Lemma 2.8.3 that N
is a closed normal subgroup of G of nilpotence class at most (I — 1). Furthermore,
we have proven that both sets, a := log(A) and n := log(/N), are subalgebras of g
(Lemma 2.8.4 and Lemma 2.8.5) and in particular, we have [X,Y] =0 for all X € n
and Y € a. So the pair (N,n) is a nilpotent k-Lie pair of nilpotence class at most
(I —1). We consider two different cases.

Case 1: t,v/ Cn.

Applying the induction hypothesis to the closed normal subgroup N of G yields

ker(ind}; ;) = ker(indjy, ¢),
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and hence the desired equation
ker(ind% o) = ind§ ker(indj ¢;) = ind§ ker(indj, ¢}) = ker(ind$, ¢).

Case 2: tZnorv ¢n.

Suppose that v ¢ n. The idea we will pursue is to pass from t to a different polarizing
subalgebra for f, denoted by s, which is contained in the subalgebra n, and satisfies
the equation ker(ind§ ;) = ker(ind$ o), where S := exp(s).

If also v € n, we will pass in the same way from ' to a different polarizing sub-
algebra for f, denotes by s', which is contained in the subalgebra n, and satisfies
the equation ker(ind$, ;) = ker(ind%, ¢’), where S" := exp(s’). Done that, we can
assume (without loss of generality) that we are in the situation of the first case and
obtain the desired result.

Step 1: We assume that the homomorphism f € g* is faithful on 3(g).

In order to construct a polarizing subalgebra s as mentioned above, we observe
first that if v € n, then a € v. Indeed, if a C v then f([X,Y]) =0 for all X € ¢
and Y € a. But [X,Y] € 3(g) for all X € ¢,V € a and since f was assumed to be
faithful on 3(g), it follows that [X,Y] =0 for all X € v and Y € a. Therefore, every
element Y € a commutes with every element X € v and hence v C n. Notice that in
this case it can not happen that v = g.

We define now s to be the closure of the algebra generated by tMn and a. Since
(VY] =0forall Vetnnandall Y € a, we have (tNn,a) =t Nn+ aand thus

s=tMNn+4a.

So every element B of s is of the form B = lim,, ., B,,, where B,, = V,,+Y,, for some
V., € tNnand some Y, € a, n € N. (Note that neither the sequence (V},)nen, nor
the sequence (Y,)nen needs to converge.)

Claim. The subalgebra s is f-subordinate.

Clearly, both subalgebras, the intersection t N n and the abelian subalgebra a,
are f-subordinate. Since [V,Y] =0 for all V € tNn and Y € a, we obtain for two
elements V+Y, V' +Y etnNn+a, where V,V' etnNnand Y)Y’ € a:

V+Y, V' +Y=[V,V]+[Y,V]+[V,Y]+[Y,Y]=[V,V].
Since t was chosen to be f-subordinate, it follows that
f(V+Y V' +Y']) = f([V,V']) =0,

which proves that t N n + a is f-subordinate. Since the commutator, as well as the
homomorphism f, is a continuous map, it follows that the closure tNn+a = s is
f-subordinate as well. This proves the claim.

Put S := exp(s), the closed subgroup of G corresponding to the subalgebra s.
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Claim. We have S = (RN N)A.

Notice that A is a normal subgroup of G (Remark 2.8.1), so every element = €
(RN N, A) is of the form x = vy for some v € RN N and some y € A.

As [V,Y] =0 for every V € log(RN N) = tNn and every Y € log(A) = a, we
obtain by the Campbell-Hausdorff formula for all v € RN N and y € A:

exp(log(v)) exp(log(y)) = exp(log(v) + log(y))

and hence
log(v - y) = log(v) + log(y).

This yields log((RN N)A) = log(RN N) + log(A) = (tNn) + a and since log is a
continuous map we obtain log((RN N)A) = (tNn) + a = s and thus (RN N)A = S.
This proves the claim.

We observe that the subalgebra s is not necessarily maximal with respect to the
property that it is f-subordinate as a subalgebra of g. But it turns out that s is
maximal f-subordinate inside a certain subalgebra b of g, which is defined as follows.

Let b be the closure of the subalgebra generated by t and a. Since [r, a] C 3(g) C a,
we have (v,a) = v+ a and thus h = v+ a. Note that the subalgebra b is not
f-subordinate, because a ¢ v and v was chosen to be a maximal f-subordinate
subalgebra of g.

Claim. The algebra s is a maximal f-subordinate subalgebra of b.

Assume it is not, then we can find an element W € h \ s with f([W, Z]) = 0 for
all Z € 5. But since v € s (otherwise v would be contained in n), we can assume
without loss of generality that the element W is of the form W = X + Y for some
X €\ (tNn) and some Y € a. In particular, we obtain for all Y’ € a:

0=f(IX+YY]) = f(IX, Y]+ [V, Y]) = f([X, Y]).

But [X,Y’] € 3(g) for all Y’ € a and since f was assumed to be faithful on 3(g), we
obtain [X,Y’] = 0 for all Y’ € a, which contradicts the fact that X ¢ n. Hence s is
a polarizing subalgebra for f within b, proving the claim.

Put H := (R, A), the closure of the subgroup of G generated by R and A.
Since A is a normal subgroup of G, every element w € (R, A) can be written as
w = lim,_, w,, where w, = x,y, for some z, € R and some y, € A and we have

H = RA.
Claim. We have exp(h) = H.

On the one hand, the Campbell-Hausdorff formula reduces for all X € ¢ and
Y € a to the following equation

exp(X)exp(Y) =exp(X +Y + %[X, Y]). (2.52)
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Therefore, every element w = zy € RA is of the form zy = exp(X + Y + 3[X,Y]),
where X = log(z) € v and Y = log(y) € a. Since [t,a] C 3(g), it follows that zy €
exp(t+ a) = exp(h). But since the map exp is a homeomorphism, exp(h) is a closed
subgroup of GG, and every element w = lim,eyw, € H, where w, = z,y, € RA, is
in exp(h). This proves that H C exp(h).

On the other hand, the Inversion Formula (2.32) reduces for all z € Rand y € A
to the following equation

NI

,Y))- (2.53)

So if X =log(z) € vand Y =log(y) € a, then (2.53) yields exp(X +Y) € RAC H.
Since the map exp is continuous, it follows that exp(W) € RA = H for every W € b
and hence exp(h) C H. This proves the claim.

Summarized, we have the following situation. We constructed from the polarizing
subalgebra t for f € g* with corresponding subgroup R = exp(t) of G, the closed
subalgebra h = t + a of g and the closed subgroup H = RA of G, and the pair (H, b)
defines a nilpotent k-Lie pair. Furthermore, we have shown that the subalgebra
s =tNn+ais f-subordinate and, as a subalgebra of §, s is maximal with respect
to this property. The homomorphism f defines in the usual way a character ¢; of
the closed subgroup R and a character ¢y of the closed subgroup S = exp(s).

It turns out that we can reduce the situation to the case of two-step nilpotent
k-Lie pairs. For this, put

log(r) + log(y) = log(xy(z~

R = ker(f|m)-
Claim. The set £ is an ideal of b.

We show that £ is an ideal of v + a. It follows then from the continuity of the
commutator map that £ is an ideal of t+a = h. Since € is defined as the kernel
of a group homomorphisms of the subalgebra t Nn of g, it follows that (¢,4) is an
additive subgroup of g. Since the map f € g* is a homomorphism of Ag-modules
(Remark 2.2.10), it follows that ¢ is also a Ag-module. Therefore, it suffices to prove
that [V,WW] € € for all V € ¢ and for all W € v+ a. For this, let V' € ¢ and let
W € v+ a. The element W is of the form W = X + Y for some X € v and some
Y € a and since V' € tNn, we obtain

VW] =[V.X]+[V,Y] = [V,X] € [t,1],

and thus f([V,W]) = 0. But since t/(r N n) is abelian, it follows that [t,t] CtNn
and hence [V, W] € &. This proves the claim.

Since ¢ is an ideal of b, it follows from Lemma 2.4.1 that K := exp(#) is a normal
subgroup of H and the pair of quotients (H/K,h/¥) defines a nilpotent k-Lie pair.

Claim. The nilpotent k-Lie pair (H/K,h/¥) is of nilpotence class 2.
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We prove that the Lie algebra h/€ is two-step nilpotent. For this, we show

(/€ 6/8 € (xNn)/EC3(h/t). (2.54)

Let W, W’ € bh. We consider first the case that the element W is of the form
W = X 4+Y for some X € vt and some Y € a and the element W' is of the form
W'= X'"+Y’ for some X’ € v and some Y’ € a. We have

(X +V, X' +Y'=[X, X+ [X,)Y]+[V, X+ [V, Y],

and since both commutators, [X,Y’] and [V, X'], are elements of 3(g) and since
Y,Y’] = 0, it follows that [W,W’] € [r,t] € tNn. Using the continuity of the
commutator map and the fact that the subalgebra t N n is closed, it follows that
(W, W'] € tNn for all elements W, W’ € h. This proves the first inclusion of (2.54),

[h/e,h/€ C (xNn)/e

In order to prove the second inclusion, (v Nn)/¢ C 3(h/¢), let V € tNn. Since
FW,V]) = f([X,V]) = 0for every W = X +Y € t+a, it follows that f([W,V]) =0
for every W € . But, as we have seen above, we have [W, V] € tNn for every W € §
and thus it follows that [WW, V] € & for every W € b. This proves that if W € b/ is
any element of the quotient algebra, then [, V] is trivial in b /¢ and thus V € 3(h /%),
proving the claim. R R B

Now, both characters, ¢y € R and ¢} € S, yield characters ¢y and gp} of the
quotient groups R/K and S/ K, respectively. Furthermore, the homomorphism f|, €
h* yields a homomorphism f € (h/€)* and it follows from the construction that

or=¥j-
Indeed, we have for all X € v
21(exp(¢ (X)) = @7 (a(exp(X))) = ps(exp(X)) = e(f(X)) = e(f(¢'(X))),

where ¢ : H — H/K and ¢’ : h — b/ denote the canonical quotient maps. In the
same way we obtain ¢/, = cp’f. Since both algebras, v and s, are polarizing subalgebras

for f within b, it follows that v/ and s/¢ are polarizing subalgebras for f within b /¢.
It follows now directly from the results of Section 2.7 (the Kirillov map for two-
step nilpotent groups) that

ker(indg//g bf) = ker(indg//é{ gpN}) (2.55)
If weuse G =H, L=K,and H= R in Theorem 2.5.12, we obtain
(indj/x G) 0 ¢ = ind}l (0 q),
and with G = H, L = K, and H = § in Theorem 2.5.12, we obtain
(mdgf/g ) 0 q = indf (¢, 0 q).
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These facts, together with (2.55), yield then
ker(ind}y 45 o q) = ker(indg gp} 0q).
Since ¢y o g = ¢; and c;;} o q = ¢, it follows that
ker(indjj o) = ker(indf ¢).

Inducing once again from the closed subgroup H to the group G yields the desired
result

ker(ind% ¢ ;) = ind% ker(ind% ¢ ;) = ind$ ker(ind§ ©) = ker(ind§ ©}).

Step 2: The original chosen homomorphism f € g* is not faithful on 3(g).

We pass to the quotient algebra g := g /j, where j denotes the largest ideal in
ker(f). We have shown in Lemma 2.8.12 that such an ideal exists and that the
corresponding homomorphism f € (§)* is faithful on 3(g). Let J := exp(j) be the
normal subgroup of G corresponding to the ideal j. Clearly, we have j C v and J C R.

Applying the results of the first step to the quotient groups G := G /J, R:= R/J,
and S := S/.J and the homomorphism f € (g)* yields

ker(indg pi) = ker(indg ©%).

If we use L = J in Theorem 2.5.12 and the same arguments as in the first step, we
obtain the desired equation

ker(ind o) = ker(ind§ ).

This concludes the proof of Equation (2.51). We have shown that the primitive
ideal ker(ind% ¢ 7), where R := exp(r), does not depend on the choice of the polarizing
subalgebra t for f. [

Remark 2.9.2. Let (G, g) be a nilpotent k-Lie pair, let f € g* such that f is faithful
on the center of g, and let v be any polarizing subalgebra for f. We have shown in
step 1 of the proof of Proposition 2.9.1 that we can always pass from t to a polarizing
subalgebra s for f, such that s C n, where n is defined to be the centralizer of an
abelian subgroup a of 3%(g).

With the results of Section 2.8 we can now show that the Kirillov map k, as
defined in (2.41), is surjective.

Proposition 2.9.3. Let k € N and let (G, g) be a nilpotent k-Lie pair. The Kirillov
map
K g" — Prim(C*(@)), f — ker(ind$ o)

18 surjective.

105



2. KIRILLOV THEORY

Proof. We will prove this proposition by induction on the nilpotence class | < k of
the group G.

Let k = 1. Let I € Prim(C*(G)) and let 7 € G with ker(r) = I. Then 7 is a
character of the abelian group G and since the map exp : g — G is in this case an
isomorphism of groups, it follows that the map ¢ := 7 o exp is a character of g. But
we have g* = g via the map f — eo f and thus ) € g is of the form 1) = eo f for
some homomorphism f € g*. Therefore, the character m € G is of the form

m=¢co folog =y

for some f € g* and we have proven the surjectivity of x in the abelian case.
Let [ > 2 and assume the proposition is proven for all nilpotent k-Lie pairs (H, b)
of nilpotence class m < I. Let I € Prim(C*(G)) and let 7 € G with ker(r) = I.
Suppose first that 7 is a one-dimensional representation of G. We claim that the
map ¢ : g — T, defined by

p(X) =m(exp(X)) VX ey,

is a character of g. For this, recall the Inversion Formula (2.32) of the Campbell-
Hausdorff formula. For all z,y € G:

log(w) + log(y) = log(zy | | Cun(x,v)),

m=2

where each C,,(x,y) is a product of commutators (zy,. .., z,) of length m > 2 and

where each z; is equal to some rational power \ € Z[%] of some product in z and y.

Since 7 is a one-dimensional homomorphism of G, we have 7((v,w)) = 1 for all
v,w € G and thus we obtain

w(I] Conler,y)) =1

m=2
for all elements x,y € G. Therefore, we obtain for all X = log(z),Y =log(y) € g:

k
YX+Y) = wlexp(X +Y)) =7 (zy [[ Culz,y)) = w(ay) = w(z)n(y)

m=2
= Y(X)u(Y).
Since g* = g via the map f — €eo f, we can find a homomorphism f € g* such that
m=1olog=c¢€o folog= ;.

This proves the surjectivity of x in the case that 7 is one-dimensional.
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So suppose t@t\w is not one-dimensional. By Schur’s Lemma we can find a
character y € Z(G) such that w(z) = x(2)Idy, for all z € Z(G) and we will
identify in the following the restricted representation 7|z with this character x
of Z(@). Since the abelian group Z(G) is isomorphic to the abelian group 3(g) via
the map log, it follows that the dual group of Z(G) is isomorphic to the dual group
of 3(g). Moreover, we have g* = g via the map f +— e o f and thus we can find a
homomorphism f € Hom(3(g), o) such that

T|z() = x =¢€o folog.

Step 1: We consider the case that f € Hom(3(g), o) is a faithful map.
Let A be a maximal abelian subgroup of Z?(G) and let N be the centralizer of A.
Then N is a closed normal subgroup of G of nilpotence class at most [ — 1 (Lemma
2.8.3) and we have seen in Lemma 2.8.5 that the set log(N) =: n is a subalgebra
of g. The pair (V,n) is a nilpotent k-Lie pair of nilpotence class at most [ — 1 and
Corollary 2.8.9 yields

I = ker(ind§ 7| y).

Furthermore, we have seen in the proof of Proposition 2.8.13 that

ker(m|y) = ﬂ gJg~*

geG

for some primitive ideal J € Prim(C*(N)) and since ind$, J = ind$ gJg~"! for all
g € G, it follows that
I = ind§ (res§ 1) = ind$ J.

If we apply the induction hypothesis to the nilpotent k-Lie pair (IV,n) and the ideal
J € Prim(C*(N)), we can find a homomorphism ¢ € n* and a polarizing subalgebra
t C n for g such that J = ker(indy ¢,), where R and ¢, are defined as usual.

Let g € g* be an extension of g € n*; the existence of such a homomorphism g is
assured by Definition 2.2.5. Since gy = f, it follows that g is faithful on the center
of g and the polarizing subalgebra t for g is at the same time a polarizing subalgebra
for g (Corollary 2.8.17). Therefore, we obtain

I =ind$; J = ker(ind$, indy ¢5) = ker(ind$ ¢;),

which shows that [ is in the range of x, if the homomorphism f € 3(g)* is faithful.
Step 2: The homomorphism f € Hom(3(g), ) is not faithful.

By Lemma 2.8.11 we can find a maximal exponentiable normal subgroup J inside

the kernel of w. Let j := log(J) be the ideal of g corresponding to J. We define

G :=G/J and § := g/j. Then (G,§) is a nilpotent k-Lie pair and we denote by

q:G— G/J and ¢ : g — g/j the canonical quotient maps. Moreover, let 7 be the
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irreducible representation of G induced by 7, and choose a homomorphism § € §*
such that

T|zc/m = ¥g-
It follows from part (ii) of Lemma 2.8.11 that the homomorphism g is faithful on
3(g). If we apply the first step to the irreducible representation 7 of GG and the
faithful homomorphism g|;), we can find a homomorphism % € (g)* and a polarizing
subalgebra T for & such that

ker(7) = ker(indg ©7)-

Put h=ho ¢ and put v = ¢'~'(¥). Since j C ¢, it follows that v/j 2. Furthermore,
we denote by R := exp(t) and by R := exp(t). Since R/J = R we obtain by Theorem
9.5.12,

indf} (75 0 q) = (indf ;) 0 g
and thus
ker(m) = ker(7 o q) = ker((indg ©7) 0 q) = ker(ind%(p; 0 ¢)) = ker(ind$ o).
This shows that the primitive ideal [ is in the range of the map k. O
Corollary 2.9.4. Let k € N and let (G,g) be a nilpotent k-Lie pair. Let H be an

exponentiable subgroup of G and let ™ € H be a one-dimensional representation of
H. Then 7 is of the form m = ¢y for some f € b*, where b denotes the subalgebra

of g corresponding to the subgroup H.
Proof. This is shown in the proof of Proposition 2.9.3. O]

2.10 The Kirillov homeomorphism

2.10.1 A topology for representations of subgroups and the
space S(G)

Following the approach of Fell [10], §2, we will define in this subsection the subgroup
algebra A(G) of a locally compact group G and we will use this subgroup algebra
to introduce a topology on the set of all subgroup representation pairs S(G).

In the following, let G be a locally compact group and let K(G) be the family of
all closed subgroups of G equipped with the compact-open topology as explained in
Section 2.5. A choice of Haar measures in K(G) is a mapping K — ux assigning to
each K in K(G) a left Haar measure px on K. Such a choice is called smooth if,
for each f in Co(G), the function K — [, f(x)duk(x) is continuous on K(G). It is
known that such smooth choices of Haar measures exist [10]. Let Y be the set of all
pairs (K, z), where K € C(G) and z € K. One can show that Y is a closed subset of
K(G) x G, and hence is itself locally compact in the relative topology. Let {ux} be
a fixed smooth choice of Haar measures on K(G). Then one can prove the following,.
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Lemma 2.10.1. (/10], Lemma 2.1) If f € C.(Y), the function

K — /K FK, @) dpge(z)

is continuous on K(G).

Let Ak be the modular function for the closed subgroup K of G. Then (K, z) —
Ak(z) is a continuous function on Y. We make C.(Y") into a normed x-algebra with
the following definitions of convolution, involution and norm. If f,g € C.(Y) we

define:
(frg)(K,x) = [ f(K,y) g(K,y"z)duk(y),
ff(K,z) = f(K,27Y)Ag(z™"), and

1Al = supkex) Jx | )] dpc ().

Each element of C.(Y') can be thought of as a function on K(G), whose value at K
is in the group algebra of K. The operations are pointwise. The completion of the
normed *-algebra C.(Y) with respect to this norm is a Banach x-algebra, called the
subgroup algebra of G and denoted by A,(G).

For each K in K(G), the mapping @k : f — fk, initially defined on C.(Y) by
fr(z) = f(K,z), extends to a continuous *-homomorphism of A4(G) onto a dense
subalgebra of L, (K, k).

Lemma 2.10.2. (/10], Lemma 2.2) For each f in As(G), the map K — || Px(f)]|
is continuous on K(G) and || f|| = supk ||Px(f)]-

Each unitary representation 7 of a closed subgroup K of G can be lifted to a
s-representation W57 of A (G), namely W5™ = 1 o ®g. It follows from this and
Lemma 2.10.2 that A4(G) is a reduced Banach x-algebra. Its C*-completion, denoted
by C*(G), is called the subgroup C*-algebra of G. The norm of C¥(G) will be denoted
by |.||e. Corresponding representations of A;(G) and C¥(G) will be designated by
the same letter and representations of the form W™ will be said to be lifted from
K.

Let S(G) be the set of all subgroup representations, that is, pairs (K, ), where
K € K(G) and m € Rep(K). We identify all pairs (K, 7) for which the represen-
tation 7 is identically zero; the resulting element being called the zero element of
S(G). (The zero representation is admitted as a unitary, but not as an irreducible
representation of a locally compact group.) By the inner hull-kernel topology of
S(G) we mean that topology which makes the one-to-one mapping (K, 1) — WK™ a
homeomorphism with respect to the inner hull-kernel topology of Rep(C?(G)). This
is the only topology of S(G) which will be used. Some properties are the following.

Lemma 2.10.3. ([10/, Lemma 2.3) The topology of S(G) is independent of the
particular smooth choice of Haar measures {jix }.
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Lemma 2.10.4. ([10], Lemma 2.4) The set {W5™ | (K,7) € S(GQ)} is closed in
Rep(As(G)). Thus S(G) is compact.

Lemma 2.10.5. ([10/, Lemma 2.5) The mapping F : (K,7) — K from S(G) \ {0}
to K(G) is continuous.

Lemma 2.10.6. ([10], Lemma 2.6) For each K in K(G), the mapping m — (K, )
is a homeomorphism of Rep(K) into S(G).

Lemma 2.10.7. ([10], Lemma 2.8) Every irreducible x-representation of C3(G) is
of the form W™ for some unique (K, n) in S(G), 7 € K.

For each K in K(G), define A!{ = {WE™ | r € K}. Tt follows from Lemma 2.10.5
and Lemma 2.10.7 that the sets Ax, K € IC(G), are pairwise disjoint nonempty closed

—

subsets of C#(G) whose union is C¥(G).

In §3 of [10], the topology of S(G) is described in terms of functions of positive
type on subgroups. As a consequence, one obtains the continuity of the restriction
operation with varying subgroups.

Theorem 2.10.8. (/10/, Theorem 3.2) Let
W:={(H K,x)|(K,r)eSG), He K(G), HC K}

and suppose W has the topology relativized from the product KK(G) x S(G). Then the
map (H, K,7) — (H,7|g) from W to S(G) is continuous.

In §4 of [10], a similar result is proven concerning the continuity of inducing
representations to larger groups.

Theorem 2.10.9. ([10], Theorem 4.2) Let
W:={(H K| (K, eSG), HeK(G), HD K}

and suppose W has the topology relativized from the product KK(G) x S(G). Then the
map (H, K,7) — (H,indf\ 1) from W to S(G) is continuous.

It is a well-known result (see for example [13], §4.1) that the weak*-topology of
characters on a locally compact abelian group coincides with the topology of uniform
convergence on compact sets. The following lemma is a consequence of the results
of this section.

Lemma 2.10.10. Let (H,, x,) be a sequence in S(G), let (H,x) € S(G), and sup-
pose that x, xn, n € N, are characters. Then the following are equivalent:

(i) (Hn,Xxn) — (H,x) in 8(G).
(i1) H, — H in K(G) and for every subsequence (H,, ) of (H,) and every element
hy, € Hy, with h,, — h for some h € H, one has Xy, (hy,) — x(h) in C.
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2.10.2 Continuity of the Kirillov-orbit map

Let G be a locally compact group. We will denote by K(G) the set of all closed
subgroups of G equipped with the compact-open topology and by S(G) the set of
all subgroup representation pairs of G equipped with the subgroup-representation
topology of Fell, as explained in Section 2.5 and in Section 2.10.1, respectively.

Proposition 2.10.11. Let k € N and let (G,g) be a nilpotent k-Lie pair. The
Kirillov map
kgt — Prim(C*(Q)), f+ ker(ind% ¢;), (2.56)

18 continuous.

Proof. Let ( f,)nen be asequence in g* and suppose that f,, — fin g* for some f € g*.
For every n € N| let t,, be a polarizing subalgebra for f,, and define R,, := exp(t,,). We
will prove that the sequence of ideals (ker(ind ¢y, ))nen converges in Prim(C*(G))
to an ideal of the form ker(ind§ o), where S = exp(s) denotes the subgroup of G,
corresponding to some polarizing subalgebra s for f.

Since X(g) is a compact space with respect to the compact-open topology, as
explained in Section 2.10.1, we can assume that v, — v in X'(g) for some subalgebra
t of g (otherwise we pass to a suitable subsequence). We claim that v is f-subordinate.
For this, let X and Y be two arbitrary elements of t. By Proposition 2.5.6 and by
passing to a suitable subsequence we can find for every n € N, elements X,,,Y,, € t,,
such that X = lim,_. X, and Y = lim,,_, Y,,. Since the commutator is continuous,
we obtain [X,,,Y,] — [X,Y] as n — oo and therefore

0= fn([XmYn]) - f([Xa Y])

Hence we have f([X,Y]) =0, which proves that ¢t is f-subordinate.

It is not clear whether the subalgebra v is maximal with respect to the prop-
erty that it is f-subordinate, but using Zorn’s Lemma we can find a maximal f-
subordinate subalgebra s of g with t C s. Put S := exp(s). Then we have R C S
and ¢, = ¢y|r. Since f, — f in g*, we have eo f, — €o f in g and thus

@y, =€o f,olog — eo folog = yy|r.
But as t, — v in X(g), it follows that R, — R in X(G) and thus
(Rn,0r,) = (Bopplr) i S(G).

Since the process of inducing subgroup-representation pairs is continuous (see The-
orem 2.10.9), it follows that

(G,ind$, ¢y,) — (G,ind$ ¢y|r) in S(G) as n — occ.
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Notice that the representation 7, := ind% ¢ s|r does not have to be irreducible. But
by Theorem 2.5.17 we have ¢ < ind}% ©¢|r and thus we obtain, by the continuity of
the inducing process,

7y = indg ¢y < indg ind} pr|r = ind} pf|p = 75

Since 74, — 7wy and 7y < 7y, it follows from Proposition 2.5.4 that 7y, — 7. Note
that the representation 7y is irreducible. Therefore, we have

(G, ind§, 7,) — (G, ind€ oy) in S(G)
and thus
ker(ind$ ¢y, ) — ker(ind§ ¢;) in Prim(C*(G)) as n — oc.
[l

We may now show that the Kirillov-orbit map &, as defined in (2.42), is in fact a
well-defined map.

Corollary 2.10.12. Let k € N and let (G, g) be a nilpotent k-Lie pair. The Kirillov-
orbit map

f: gt/ — Prim(C*(@)), O+ ker(ind$ @),

where f € g* is any chosen representative of the coadjoint quasi-orbit O, is a well-
defined map.

Proof. By Proposition 2.9.1 it suffices to prove that if f and f’ are two homomor-
phisms of g*, such that f and f’ are in the same quasi-orbit in g* under the coadjoint
action, then ker(ind% @) = ker(ind%, @), where t = log(R) and v = log(R') are
any chosen polarizing subalgebras for f and f’, respectively.

Let f € g* and let ¢ be a polarizing subalgebra for f. Let f’ € g* be an element
of the same quasi-orbit as f. We have shown in Lemma 2.6.13 that we can choose for
every element g € G(f) (the G-orbit of f under the coadjoint action Ad*) a suitable
polarizing subalgebra s for g such that indg pr = indg @y, where S = exp(s). But
we have f' € G(f) and since the Kirillov map & is continuous (Proposition 2.10.11),
we can choose for the homomorphism f' € g* a polarizing subalgebra v’ such that

ker(ind$ ¢ 5) = ker(ind$, o),

where R := exp(t/). Since we have proven in Proposition 2.9.1 that the primitive
ideal ker(ind, o) does not depend on the choice of the polarizing subalgebra v’ for
f’, we obtain

ker(ind% ¢ ;) = ker(ind%, ¢ )

for all polarizing subalgebras t’ for f’. This proves that & is well-defined. m
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We obtain now as a direct consequence of Proposition 2.10.13 that the Kirillov-
orbit map is surjective.

Corollary 2.10.13. Let k € N and let (G, g) be a nilpotent k-Lie pair. The Kirillov-
orbit map

i gt/ — Prim(C*(@)), O — ker(ind% ),
where f € g* is any chosen representative of the quasi-orbit O, is surjective.

In order to prove the continuity of the Kirillov-orbit map, we want to observe
first some facts about topological spaces and the Ty-axiom.

Definition 2.10.14. If X is a topological space, then the “Tj-ization” of X is the
quotient space (X)~, where ~ is the equivalence relation of X defined by z ~ y
if {x} = {y}. We give (X)~ the quotient topology, which is the largest topology
making the quotient map ¢ : X — (X)~ continuous.

Lemma 2.10.15. If X is a topological space, then (X)™ is a topological space satis-
fying the Ty-axiom. If Y is any topological Ty space and if f : X — Y is continuous,
then there is a continuous map f': (X)~ — Y such that the diagram

commautes.

Proof. Suppose that ¢(x) and ¢(y) are distinct elements in (X)~. If {z} C {y}, then
U = X\ {z} is a saturated open set containing y but not z. Since ¢~(¢(U)) = U,
q(U) is an open set in (X)~ containing ¢(x) but not ¢(y). If {x} ¢ {y}, then
V = X \ {y} is a saturated open set containing z but not y. Thus ¢(V) is an open
set containing ¢(z) but not ¢(y). Hence (X)™~ is a Tp space.

Now suppose that Y is Tj, and that f : X — Y is continuous. If f(z) # f(y),
then, interchanging = and y if necessary, there is an open set in X containing x but
not containing y. Thus = ¢ {y} and q(z) # q(y). It follows that there is a well-
defined function f’: (X)~ — Y, given by f'(¢(z)) = f(z). If U is open in Y, then
¢ (7Y U)) = f~YU). Thus f/~Y(U) is open and f’ is continuous. O

If X is a topological G-space, then the quasi-orbit space, which we denote in
the following by X/., is the “Ty-ization” of the orbit space G \ X. The orbit map
p: X — G\ X is continuous and open, where the orbit space G \ X is equipped
with the quotient topology. Therefore, the quasi-orbit map p: X — X/ is, as the
composition of the orbit map and the quotient map, continuous as well.
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Consider now our situation of a nilpotent k-Lie pair (G, g). The group G acts
on the space X = g* by the coadjoint action Ad*, as explained in Section 2.6, and
we denote by G \ g* the orbit space of g* with respect to this action. The space
Y = Prim(C*(G)) is a topological space satisfying the Ty-axiom. Let ' : G\ g* —
Prim(C*(G)) denote the map such that the diagram

g* ——= Prim(C*(Q))

P

G\g"

is commutative. Since the orbit map p is open and since the Kirillov map x is
continuous (Proposition 2.10.11), it follows that ' is a continuous map. Let &
denote the Kirillov-orbit map. Then we have a commutative diagram

G\ g* —% Prim(C*(G))

o

g/~
and it follows from Lemma 2.10.15 that the Kirillov-orbit map & is continuous. There-
fore, we have proven the following fact.

Corollary 2.10.16. Let k € N and let (G, g) be a nilpotent k-Lie pair. The Kirillov-
orbit map

i gt/ — Prim(C*(@)), O+ ker(ind$ @),

where f € g* is any chosen representative of the quasi-orbit O, is continuous.

2.10.3 Injectivity of the Kirillov-orbit map and continuity of
the inverse map

In the following, let £ € N and let (G, g) be a nilpotent k-Lie pair of nilpotence class
[ > 2. In this subsection we study the convergence of sequences {o, } in G by studying
sequences of subgroup-representation pairs { (H,,, m,)}, where H, is a closed subgroup
of G and 7, € H,. Following the approach of Joy [20], we develop necessary and
sufficient conditions for the convergence of sequences in G, in terms of convergence of
associated sequences of subgroup-representation pairs in the subgroup-representation
topology of Fell [10], as explained in Subsection 2.10.1. Using these results we will
prove that, under certain additional assumptions on the group G, the Kirillov-orbit
map i is one-to-one and bi-continuous. We denote by K(G) the set of all closed
subgroups of G equipped with the compact-open topology and by S(G) the set of all
subgroup-representation pairs of G' equipped with the subgroup-representation pair
topology of Fell.
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In several proofs of this subsection we will use instead of induction on the nilpo-
tence class of the given group, a more applicable induction method, for which we
introduce the degree of a pair (H,7) € S(G). Recall that a closed subgroup H of G
is called exponentiable, if log(H) is a subalgebra of g.

Definition 2.10.17. A pair (H,7) € S(G), where H is an exponentiable subgroup
of G and 7 € H, is said to be of degree ¢ € N, if H/J, is of nilpotence class ¢, where
Jr is the maximal exponentiable normal subgroup of H inside the kernel of 7 as in
Lemma 2.8.11.

Lemma 2.10.18. Let (H,m) € S(G), where H is an exponentiable subgroup of G
and m € H. Then the following are equivalent:

(i) (H,) is of degree one.
(i) The irreducible representation m is one-dimensional.

Proof. Suppose that (H, ) is of degree one. Then H/J, is an abelian group, where
Jr denotes the maximal exponentiable normal subgroup of H inside the kernel of 7
as in Lemma 2.8.11. But J, C ker(7) and thus H/ ker(w) is an abelian group. Since
7 is irreducible, it follows that 7 is one-dimensional.

Conversely, suppose that 7 € H is one-dimensional and let h = log(H) be the
subalgebra of g corresponding to H. Since H is an exponentiable subgroup of G
it follows from Lemma 2.4.3 that (H, H) is a normal exponentiable subgroup of H.
Since 7 is one-dimensional, we have m((x,y)) = 1 for all z,y € H, and since 7 is

continuous it follows that = ((H, H)) = 1. Therefore, we obtain (H,H) C J,. But

H/(H, H) is an abelian group and thus H/.J, is an abelian group, proving that (H, )
is of degree one. O

Definition 2.10.19. Let (H,7) € S(G), where H is an exponentiable subgroup of
G and 7w € H is not a character. A pair (L, p) € S(G) is called inducing for (H,)
if L is an exponentiable subgroup of H, p € L, ker(w) = ker(ind¥ p), and the degree
of (L, p) is less than the degree of (H, ).

Lemma 2.10.20. For every pair (H,7) € S(G), where H is an exponentiable sub-
group of G and w € H is not a character, there exists an inducing pair (L, p) € S(G).

Proof. Let (H,w) € S(G), where H is an exponentiable subgroup of G and 7 € H is
not a character. Let J, be the maximal exponentiable normal subgroup of H inside
the kernel of 7 as in Lemma 2.8.11, and define j, := log(J,) to be the subalgebra of
b = log(H) corresponding to J;. Let ¢ : H — H/J. be the canonical quotient map

and put H := H/J, and § := b/j,. Then (H, h) is a nilpotent k-Lie pair (Lemma

2.4.1). Choose f € b* Witl} ker(7w) = ker(indg ¢7), where R = eXp(EN) for some
polarizing subalgebra t for f. The existence of such a homomorphism f is assured
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by Proposition 2.9.3, and since 7?|Z((~;) = ¢y, it follows from Lemma 2.8.11 that f

is faithful on 3(h). Let L be the centralizer of some maximal abelian subgroup of
Z%(H) and put ¢ = log(L), the subalgebra of b corresponding to L. Notice that we
have shown in Lemma 2.8.3 that the nilpotence class of L is less than the nilpotence
class of H. Since f is faithful on the center of §, we can assume without loss of
generality that the polarizing subalgebra t for f is contained in ¢ (Remark 2.9.2),

and it follows from Proposition 2.8.16 that the induced representation p := indlLé PR,

is an irreducible representation of L. Furthermore, we have
ker(ind¥ p) = ker(ind? ind’ ©5,) = ker(ind p7) = ker (7). (2.57)

Define L := q_Al(f/) and p := poq. Clearly, L is an exponentiable normal subgroup
of H and p € L. Furthermore, we obtain with (2.57) and Theorem 2.5.12:

ker(m) = ker(7 o q) = ker((indg p) o q) = ker(ind¥ (5 o q)) = ker(ind¥ p).

Since J, C ker(p) it follows that J. C J,, where J, denotes the maximal exponen-
tiable subgroup inside the kernel of p. Therefore, the nilpotence class of L/J, is less
than or equal to the nilpotence class of L/.J, = L, which is less than the nilpotence
class of H/.J, = H. This proves that the pair (L, p) is an inducing pair for (H, 7). [

Remark 2.10.21. Let (H,7) € S(G), where H is an exponentiable subgroup of G
and 7 € H is not a character. Then there exists an inducing pair (L, p) for (H,)
and by the proof of Lemma 2.10.20 we can choose the exponentiable subgroup L in
the following way. Let J. denote the maximal exponentiable normal subgroup inside
the kernel of 7 as in Lemma 2.8.11 and let ¢ : H — H/.J, := H denote the canonical
quotient map. Put L = ¢ 1([~/) where L is the centralizer of some maximal abelian
subgroup of H. We observe that since H/L = H/L and H/L is abelian, it follows
that H/L is abelian, but the nilpotence class of L is not necessarily less than the
nilpotence class of H.

Furthermore, if ker(7) = ker(ind} ¢;) for some homomorphism f € h*, where
denotes the subalgebra of g corresponding to H, then we can choose the irreducible
representation p € L to be of the form p = ind% ? ©f|,» where £ denotes the subalgebra
of b corresponding to L.

Lemma 2.10.22. Let H be a normal, exponentiable subgroup of G of nilpotence
class at most | — 1 and suppose that G/H is abelian. Let m € G and let f € g
with ker(m) = ker(ind$ ¢;), where ¢; and R are defined as in Remark 2.6.3. Let
b := log(H) be the subalgebra associated to H. If p € H with ker(p) = ker(ind%, ©rly)
for some polarizing subalgebra v = log(R') for f|y, then m < ind$ p

Moreover, if the product of the closed normal subgroup H and any exponentiable
subgroup of G is closed, then p < 7|y, i.e., p € Sp(7|g).
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Proof. Observe first that if ¢/ denotes a polarizing subalgebra for the homomorphism
fly € b*, then v’ is of the form v = s N h for some polarizing subalgebra s for
f € g*. Since by Proposition 2.9.1 the kernel of the induced character indg ¢s does
not depend on the choice of the polarizing subalgebra t for f, we can assume without
loss of generality that s = v, and hence ¢/ =t N .

Let p € H be an irreducible representation of H with

ker(p) = ker(indgy 9y, )-
Applying Theorem 2.5.17 to the character ¢; € R yields

. 1R AR
pr < 1ndRmH(<pf|RmH) = indgny P fler

and since the inducing operation preserves weak containment we obtain
. 1G . 4G
indg ¢ < indgny ©f)n -

Therefore, we obtain

ker(r) = ker(ind§¢y) 2 ker(ind%p ¢5..,) = ker(indg indfh.pr 7.,

= ind% ker(ind% Dflery) = ind% ker(p) = ker(ind% p),
and hence 7 < ind$ p.

Suppose now that the product of the normal, exponentiable subgroup H and
any exponentiable subgroup of G is closed. Since R = exp(t) is an exponentiable
subgroup of G, it follows that the product HR is closed. Consider the irreducible
representations

p = indgmH vf, and o:= inng ©f.

We claim that ker(p’) = ker(c|g). For this, observe that both representations, p’ and
o, are induced and we have seen in Remark/Definition 2.5.9 that o is of the form

o HR — U(H,), o(g)(€)(t) = &(g7'),

where the Hilbert space H, can be described as the closure (with respect to a certain
scalar product, see Remark 2.5.9) of the space of complex-valued functions

C.(HR,p;) = {£:HR — C continuous | &(gr) = pp(r ")é(g) Vg€ HR,r € R
and with ¢(supp(§)) € HR/R compact},

where ¢ : HR — HR/R denotes the canonical quotient map. In the same way we
have

ploH —UHy), p'(h)(€)(s) = E(hs),
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where the Hilbert space H, can be described as the closure of the space of complex-
valued functions

C.(H,p;) = {¢:H — C continuous | &(hr) = ps(r )¢(h)Vhe Hre RNH
and with ¢'(supp(¢)) € H/(RN H) compact},

where ¢' : H — H/(RN H) denotes the canonical quotient map.

The irreducible representations o and p’ determine irreducible representations of
the group C*-algebras C*(HR) and C*(H), still denoted by ¢ and p’, respectively,
in the usual way. We will prove now that one can identify functions in C.(HR, ¢y)
with functions in C.(H, @) by restricting them to the closed subgroup H. For this,
we observe that if £ € C.(HR, py), then £|y : H — C is a continuous map satisfying
Elg(hr) = @p(r~1)E(R) for all h € H and r € RN H. So it remains to show that
there exists a compact set K C H/RN H with ¢/(supp({|n)) = K.

Since H is a normal subgroup of GG, we have HR = RH. As the subgroup HR
was assumed to be closed, it is locally compact and the map

¢:H— HR/R, h— hR

defines a surjective, continuous map, which annihilates RN H. This yields a bijective,
continuous map

®:H/HNR— HR/R, h— hR, (2.58)

and one can show that @ is a homeomorphism (see for example [12], Corollary 3.13).
So if £ € C.(HR, ¢y), then g(supp(§)) € HR/R is compact, and we can realize the
image of supp(¢|y) under the quotient map ¢’ : H — H/H N R as the compact set

K == o~ (g(supp(€))) C H/H N R.
Therefore, we obtain a well-defined map
v Co(HR, p5) — Co(H, 5), € &ln,
and we claim that ¢ is a bijective isometry.

(1) In order to prove the injectivity of ¢, let &,n € C.(HR, ps) with |y = n|u.
Using the definition of the space C.(HR,yy), we obtain for all h € H and
re R,

E(hr) = oy (r)&(h) = oy (r)n(h) = n(hr),
which proves that £ =n on HR.

(2) To show that ¢ is onto, we prove that
7: Ce(H, ¢5) = Co(HR, ¢y), &= &, where {(hr) = or(r™)é(h)
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is a well-defined map, being an inverse map of . For this, we need to show
first that for any & € C.(H, ¢;), the value £(g) = £(hr) does not depend on the
choice of the decomposition of the element ¢ € H R into the product hr. So let
g € HR with g = hr = b/t for some h,h' € H and r,7’ € R. Then h' = hrr'~!
and since r’~! € RN H we obtain

() = (" DE() = @p (" (™Y = @p (" oy ((rr ™) E(R)
= (7 E(h) = &(hr).

Furthermore, if £ € C.(H, ¢y), then £ : HR — C is a continuous map which
satisfies, for all g =hs € HR and r € R,

Egr) = &(hsr) = @p((sr) ME(h) = op(r " )pp(s™E(R)
= @r(r He(hs) = pr(r~1)E(g).

Using the homeomorphism defined in (2.58), for every function & € C.(H, ¢y),

we can identify the set ¢(supp(£)) € H R/R with the compact set ¢’ (supp(§)) C

H/H N R. This proves that 7 is a well-defined map. But we have {|y = £ and
thus ¢ is a surjective map.

It remains to show that ¢ is an isometry, i.e. we need to prove

(&m) = (&), e(n)) for all,n € C(HR, py). (2.59)
Recall that if £,n € C.(HR, ¢y), then

Em = [ B(9)&9),n(9) dg,

HR
where 3 : HR — [0,00) is a Bruhat-section for HR, i.e., § is a continuous
function satisfying

(i) supp(B) N CR is compact for all C' C HR compact and

(i) [, B(gr) dr=1forall g € HR.
One can show that such a map always exists. So in order to prove Equation
(2.59), we need to understand the connection between a Bruhat-section for the

product H R and a Bruhat-section for H. Given a Bruhat-section § for H, one
can construct a Bruhat-section 3 for HR in the following way.

Since H is a normal subgroup of G, the group R acts on H by conjugation,
and the map
A:HXxR— HR,(h,r)— hr

defines a continuous, surjective homomorphism. Indeed, we have

A((h,7), (W) = A((hrh'r=Y 1)) = heb'v" = A((h, 7))A((R', 7))
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for all pairs (h,r), (h',r") € H x R. As
ker(A) = {(h,7) |h=r""}={(r,r ) |re HNR} 2 RN H,
we obtain
HR=H x R/(HNR) (as topological groups).

Let  be a Bruhat-section for H. Then 5 : H — [0,00) is a continuous map
satisfying

(i) supp(B) N K(H N R) is compact for all K C H compact and

(i) [npB(hr)dr =1forallh e H.

Choose a function ¢ € C.(R) with [, ¢(r)dr = 1 and define

v H xR —10,00), v((h,7)) = B(h)gp(r).
We claim that the map 5 : HR — [0, 00), defined by

By = [ sy [ phean
HNR HNR
is a Bruhat-section for HR.

Using the left invariance property of the Haar measure, we obtain for all h € H,;

/Rﬁ(hr) dr = /R RmHﬂ(hl)gp(l_lr) dl dr = RmHﬁ(hl)/ch(l_lr) dr dl

= B(hl) dl = 1.

RNH

So it remains to prove that supp(3) N C'R is a compact subset of HR for all
compact sets C' C HR. For this, let C' be an arbitrary compact subset of
HR. Using the homeomorphism defined in Equation (2.58), one can show that
CR = KR for some compact set K C H. We need to analyze the support of
3. Recall that 3(hr) = [, B(hl)p(I~r)dl. We define

Ly:={lc¢ HNR|3hec Kst. hlcsupp(f)} = (HNR)NK 'supp(f).
Since K (and hence K ') is compact, it follows that Ly is closed. But we have
(HNR)N K 'supp(8) € K~ (K(H N R) Nsupp(j))

and since the set K(H N R) N supp(f) is compact by assumption, it follows
that K~1(K(H N R) Nsupp(3)) is, as a closed subset of a compact set, itself
compact. Hence Ly is compact. Furthermore, the set

Rig :={re€ R|31€ Lgst.1"'r €supp(p)} = Lk supp(y)
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is, as the product of compact sets, itself compact. Since

supp(5) N CR = supp(B) N KR C K (Lg supp(p)),

it follows that supp(B) NCR is compact, proving that 3 is a Bruhat-section for
HR.

Now, let £,n € C.(RH, ps). We want to observe that for all h € H and r € R,
the scalar product (£(hr),n(hr)) is not only independent of r, i.e.

(€(hr),n(hr)) = {es(r g (R), o (r~)n(h)) = (§(h), n(h)),

but also invariant under multiplication by elements of the intersection H N R
in the following sense. For every [ € RN H, we have

(&(hr),n(hr)) = (E((h, 7)), i((hr))) = (E((RL I M) i ((RE 1)),

where £((h,r)) := &(hr) and 7j((h,r)) := n(hr). Applying these facts and the
formula of Weil for unimodular groups;

/Gso(g)dgz/G/N/NsO(gn)dn d(gN),

to the group G = H x R with normal subgroup N = H N R yields

[ By ey, nih) dhr)

= [ [ ey d (elh) ) dio)

-/ ool ) i)

= [ [ s nmyetr) ar dn= [ 5oy, nw) dn

&mn) =

Therefore, we have proven that the map ¢ : C.(HR, ps) — C.(H,ps),& — Elu
is a bijective isometry. Since both spaces, C.(HR, @) and C.(H, py), are dense
subspaces of the Hilbert spaces H, and H,, respectively, it follows that the map ¢
extends to a bijective unitary operator ¢ : H — H, satisfying the property

wlg(n) =p'(n)e foralln € C*(H).

But this means that the representations o|y and p’ are unitarily equivalent, and in
particular we obtain

ker(o|g) = ker(p') = ker(p).
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Since H is a normal subgroup of G and since the quotient group G/H is abelian, it
follows that the product HR is a normal subgroup of G. Applying Theorem 2.5.15
to our situation yields

o< (inngU)’HR

and hence
ol < (indfro)|n = (indf g ind i ¢y)|u.

Since ker(ind%,ind2% ;) = ker(n), it follows that o|y < 7|x. As olg = p, we
obtain the desired result, p < 7|p. O

Remark 2.10.23. A large class of nilpotent k-Lie pairs (G, g) satisfies the property
that the product of any normal, exponentiable subgroup and any exponentiable
subgroup is closed. Examples are given in Section 2.11.

In the following we require the locally compact separable nilpotent group G to
have the additional property that the product of any normal exponentiable subgroup
and any exponentiable subgroup is closed. We now develop necessary and sufficient
conditions for a sequence of subgroup representation pairs to converge in S(G).

Theorem 2.10.24. Let {(H,, )} be a sequence in S(G) and suppose that H, is
an exponentiable subgroup of G for every n € N, and m, € H, is not a character.
Then the following are equivalent:

(i) (H,,m,) — (H,7) in S(G).

(i1) For every subsequence of {(H,,m,)} there exists a subsequence {(Hy,,mn, )}
such that

(a) for every k € N there exists an inducing pair (Ly,, pn,) for (Hp,, Ty, ),
such that (Ly,, pn,) — (L, p) in S(G) for some exponentiable subgroup L
of H and some p € L, and

(b) © < ind¥ p and p < 7|

Proof. Suppose (H,,m,) — (H,7) in S(G) and let {(H,,,, m,,)} be a subsequence of
{(Hp,m,)}. For every m € N, let (Ly,,,0,,,) be an inducing pair for (H,,,, 7, ) (the
existence of inducing pairs is assured by Lemma 2.10.20). So (L,,, Jmen 1S a sequence
of closed subgroups in the compact space K(G) and thus there exists a subsequence,
which we also denote by (L, )men, and there exists a closed subgroup L of G such
that L, — L in K(G). Since each such subgroup L, is an exponentiable, normal
subgroup of H,, , it follows from Proposition 2.5.7 that L is a normal, exponentiable
subgroup of H. Define ¢ := log(L). Since the process of restricting representations
to subgroups is continuous (Theorem 2.10.8) we obtain

(L, 7|1,,.) — (L, 7|r) in S(G) as m — oo.
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Since the Kirillov map is surjective, we can choose a homomorphism f € h* and a
polarizing subalgebra t for f, such that ker(m) = ker(ind} ¢;), where R = exp(r).
Consider the homomorphism f|, € ¢* and choose an irreducible unitary representa-
tion p of L with ker(p) = ker(indf ¢y|,), where log(R') = t' denotes a polarizing
subalgebra for f|,. By Lemma 2.10.22 we obtain

m=<ind?p and p <7z
We need to find a sequence (p,,)men of irreducible representations such that
® Py € L/T:n for every m € N,
e (Ly,, ,pm) is an inducing pair for (H,, ,m,) for every m € N, and
o (L, ,pm)— (L,p)in S(G) as m — oo.

Notice that p < 7|z, and since (Ly,,, Tn,. |0, ) — (L, 7|z) in S(G) it follows from
Proposition 2.5.4 that

(anaﬂ'nm’an) — (L,p) as m — oQ.

Since, for every m € N, the pair (L,,,, 0., ) is an inducing pair for (H,, , 7, ), we
have
ker(m,, ) = ker(indf:m Tn)s

and since L, is a normal subgroup of H,, , we obtain for every m € N;

ker(ry,,|1,,,,) = ker((ind[™™ o, )1, ) = [ ker(hn - on,,).

hrneHnm

It follows directly from this equation that
H,, (0n,.) =Sp(my,. |0, ) forallmeN, (2.60)

where H, (0y, ) denotes the H, -orbit of oy, in L, . As the orbit H,, (o,,) is
dense in Sp(m,,, |1, ), for every m € N, we can choose by Proposition 2.5.5 a sub-
sequence of (7, |1, Jmen (denoted with the same indices) and a sequence (prm,)men
such that

(2) (Ln, pm) — (L, p) as m — oo.

Since, under induction, the representation o, yields the same kernel as every ele-
ment of its orbit, we obtain for every m € N;

ker(m,,,) = ker(indf:;? On,y) = ker(indf:;" Prm)-
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Since p, € H,,,, (0n,,) it follows that L, /ker(pm,) = Ly, / ker(o,,,) for every m € N
and thus L,,,/J,, = Ly, /Js,, , where J, and J,, denote the maximal exponen-
tiable normal subgroups inside the kernel of p,, and o, , respectively. Therefore, the
nilpotence class of Ly, /J,, is equal to the nilpotence class of Ly, /J,, , which is
less than the nilpotence class of H,, /7, . This proves that (L,,,, pm) is an inducing
pair for (H,, 7, ), for every m € N, and the sequence (L,, ,pm)men With limit
(L, p) satisfies the desired properties (a) and (b) of (7).

To prove the implication (i) = (i), suppose that for each subsequence of the
sequence {(H,,m,)} there exists a subsequence, say {(H,,,, 7, )}, satisfying Con-
ditions (a) and (b). By the continuity of the inducing operation in all variables
(Theorem 2.10.9) we obtain

(Hy,,ind;"™ p,,) — (H,ind} p) in S(G).

Since (Ly,,, pn,,) is an inducing pair for (H,,,,m,,, ), we have ker(indf:: Pn) =
ker(m,,, ), for every m € N, and thus

(H,, T, ) — (H,ind} p) in S(G).
But 7 < indf p, and hence we obtain by Proposition 2.5.4 the desired result,
(Hp,,,m,,) — (H,7) in S(G).
O

Remark 2.10.25. Let {(H,,m,)} be a sequence in S(G), where, for every n € N,
H,, is an exponentiable subgroup of G' and 7, € H,, is not a character. Suppose that
(Hp,m,) — (H, ) in S(G). Then H is an exponentiable subgroup of G and suppose
that ker(m) = ker(indjj ;) for some homomorphism f € b*, where b denotes the
subalgebra of g corresponding to H. For every n € N, let h,, be the subalgebra of g
corresponding to H,,, and suppose that ker(m,) = ker(indgz ¢y, ) for some homomor-
phism f,, € h,* with polarizing subalgebra t,. By Remark 2.10.21 we can choose for
every pair (H,,m,) an inducing pair (L, o,), such that o, = ind]L?Z Dfule, » Where £y,
denotes the subalgebra of g corresponding to L,. By Theorem 2.10.24 there exists
a subsequence {(H,,,mn,)} of {(Hn,m,)}, such that for every k € N, there exists
an inducing pair (L, , pn,) for (Hy,,,m,, ), such that (L,,, pn,) — (L, p) in S(G) for
some exponentiable subgroup L of H and some p € L. We have shown in the proof
of Theorem 2.10.24 that the irreducible representation p € L can be chosen such that
ker(p) = ker(indf ¢|,) and the irreducible representation p,, € L,,, k € N, can be

chosen such that p,, € H,,(0,,), the H,, -orbit of o, in L,,.

In the case of an abelian group, we obtain the following interesting fact about
the convergence of subgroup-representation pairs.
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Lemma 2.10.26. Let g be a locally compact abelian group and let b be a closed
subgroup of g. Let (hy)nen be a sequence of closed subgroups of g, and for every
n € N, let 1, be a character of by, such that (b,,,1,) — (b,¢|y) in S(g) for some
character ¢ of g. Then there exists a subsequence (Vn, )ken of (Yn)nen and lifts

Xn, € @ 0f Up,, i.e., Xnk|hnk = 1y, for every k € N, such that x,, — ¥ in g as
k — oo.

Proof. Suppose (b, ¢n) — (b,%]y) in S(g) for some ¢ € g. Since the inducing
operation is continuous in every variable (Theorem 2.10.9), we obtain

(g,indp 1b,) — (g,indj¢[y) in S(g) as k — oo.

Furthermore, we have indg1/1|b = 1) ® Ag/p, Where Ay denotes the left regular rep-
resentation of g /b on the Hilbert space L?*(g /b), and thus

Sp(indg 1|y) = ¢ - Sp(Agp) = ¥ - g /b.
In particular, we have ¢ € Sp(indfJ Ylp), and it follows from Proposition 2.5.4 that
indy ¢, — ¢ in Rep(g) as n — oo.

By Proposition 2.5.5 we can find a subsequence of (indf;‘n U )nen, say (indgnk Y, ) ken,
and we can find a sequence of characters, (xx)gen, of g such that y, € Sp(indﬁnk Un,.),
for every k € N, and x, — v in g as k — oo. But since y; < indﬁnk ¥y, and g is
abelian, it follows that v, < Xn,|,, , for every k € N, and hence ¥, = xn,lp,, - O

We can now use the lemma above to prove the following lemma, which provides
a useful tool for the proof of Proposition 2.10.30.

Lemma 2.10.27. Let k > 2 and let (G, g) be a nilpotent k-Lie pair of nilpotence class
[ > 2. Let A be a mazimal abelian subgroup of Z*(G) and let N be the centralizer
of A. Then N 1is a normal subgroup of G and we have proven in Lemma 2.8.5 that
n = log(N) is a subalgebra of g. The group G acts on n* by the coadjoint action,
denoted by Ad*. If f and g are two homomorphisms of g*, such that f|, and g|, are
in the same Ad*(G)-quasi-orbit in n*, and if furthermore, both homomorphisms are
faithful on the center of g, then f and g are in the same Ad*(G)-quasi-orbit in g*.

Proof. Let f and g be two homomorphisms of g* such that f|, and g|, are in the
same Ad"(G)-quasi-orbit in n* and suppose that both homomorphisms, f and g, are

faithful on 3(g). Since f € G(g), there exists a sequence (z,,)nen € GN such that
Ad*(x,) fla — gln asn — oc.

Clearly, we have fl|yq = gl;)- Recall that there exists a Aj-module w and a char-
acter € € o such that Hom(g, o) = g via the map f + eo f.
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For every n € N, let 1, := € o Ad*(z,)f and let £ := €0 g. Then ¢, n € N, and ¢
are characters of g and since Ad*(x,,)f|n — g|n in Hom(n, w), we have ¢, |, — £|, in
n.

Applying Lemma 2.10.26 to the sequence of pairs ((n, ¥y |n))neny With limit (n, £],)
yields the existence of a subsequence of (¢,|n)nen, Which we denote with the same
indices, and, for every n € N, the existence of a lift x,, € g of ¥,,|4, such that x,, — &
in g asn — oo. For every n € N, the character y,, is of the from y,, = € o a,, for
some homomorphism «,, € Hom(g, w), and thus a,, — ¢ in Hom(g, ) as n — oo.
Therefore, both characters, y,, and v, are lifts of the character v,,|, for every n € N,
and it is a well-known fact in the representation theory of locally compact abelian
groups ([13], Theorem 4.39) that these two lifts differ by the multiplication with
some character \, of the abelian quotient group g /n. Therefore, we obtain for all
neNandV € g,

Xn(V) = ¥n(V) - )‘N(V)a

where we denote by V the image of V under the canonical quotient map ¢ : g — g /n.
But the homomorphism f € g* was chosen to be faithful on the center of g, and
we have seen in Remark 2.8.10 that the map

¢f:a/3(g)—>g//\n,B'—>eofB

defines an injective, continuous homomorphism with dense image, where fB(W) =
f([B,W]) for all W € g. Notice that a denotes the algebra corresponding to the
subgroup A. Thus, for every character A, € g//Tl, n € N, there exists a sequence
(Bn, )men in a/3(g) such that e o fBrm — X\, as m — oo. Since B, € a C 32(g),
for all m € N, and thus [B,,,,V] € 3(g) for all V € g, we obtain for all n € N and
Veg,

Xa(V) = (V) - Aa(V) |
= lim e(Ad*(z,)f(V)) e(fm (V)
= hm e(f (exp(ad(Xy))) e(f([Bn,., V1))
= hm e(f(exp(ad(Xy, + By,,)(V))))
= hm e(Ad*(exp(X,, + B,,,) f(V))),

—00

where X,, = log(z,) for all n € N. But, for every n € N, we have y,, = €0 a,, so that
we obtain from the computation above

€ o Ad*(exp(log(x,,) + B,,))f — €0, asm — o0

and thus
Ad*(exp(log(zy,) + Bn,))f — a, asm — oo. (2.61)
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Since exp(log(z,) + B,,,) € G for all n € N and for all m € N, it follows directly
from (2.61) that the homomorphism «,, is in the closure of the Ad*(G)-orbit of f for
every n € N. Hence the homomorphism ¢ = lim,,_., «;, is an element of the closure
of the Ad*(G)-orbit of f.

Switching the roles of the homomorphisms f and ¢ in the above argument yields
that the homomorphism f is in the closure of the Ad*(G)-orbit of g, which proves
that f and g are in the same Ad*(G)-quasi-orbit. O

Corollary 2.10.28. Let k > 2 and let (G, g) be a nilpotent k-Lie pair of nilpotence
class | > 2. Let (H,m) € S(G), where 7 € H is not a character and H is an
exponentiable subgroup of G with corresponding subalgebra h = log(H). Let (L, p)
be an inducing pair for (H, ), where the exponentiable normal subgroup L of H is
chosen as in Remark 2.10.21. We denote by ¢ the subalgebra of b corresponding to
the subgroup L of H. Suppose that ker(r) = ker(indj ©rl,) for some f € g* and let
g € g*, such that f|, and g|, are in the same Ad*(H)-quasi-orbit in (*. Then fl
and gly are in the same Ad*(H )-quasi-orbit in bh*.

Proof. Let J; be the maximal exponentiable normal subgroup of H inside the kernel
of m as in Lemma 2.8.11. We consider two different cases.

Case 1: J, is trivial. It follows from Lemma 2.8.11 that the homomorphism
flp € b* (and hence also g|y) is faithful on 3(h). Since L is in this case isomorphic to
the centralizer of some maximal abelian subgroup of Z?(H), we can apply Lemma
2.10.27 to obtain the desired result.

Case 2: J, is not trivial. We denote by H := H/J,, jr := log(Jr) and b= H/ix-
If f denotes the homomorphlsm in h* induced by f, then f is faithful on 3(h) (Lemma
2.8.11) and we have f @ = Gly5- The quotient group ¢(L) = L is the centralizer

of some maximal abehan subgroup of Zz(H ) and since f|, and g|, are in the same
Ad*(H)-quasi-orbit in %, it follows that fle and gl are in the same Ad*(H)- -quasi-
orbit in (¢)*, where ¢ = ¢ / j=. Applying Lemma 2.10.27 to the quotient group H with
normal subgroup L and homomorphisms f~|h and g~|pJ yields that f~|b and g~|b are in
the same Ad*(H)-quasi-orbit in (h)*. But this means that the homomorphisms f|,
and gy are in the Ad*(H )-quasi-orbit in h*. O

We can now use Theorem 2.10.24 and the lemmas above to prove a proposition,
which provides the main argument for the Kirillov-orbit map to be a homeomorphism.
Since we do not know yet if the Kirillov-orbit map is one-to-one, we often need to
choose a quasi-orbit corresponding to a primitive ideal under the Kirillov-orbit map.
To simplify this, we make the following definition.

Definition 2.10.29. Let k£ € N, let (G, g) be a nilpotent k-Lie pair, and let H be
a closed exponentiable subgroup of G with associated subalgebra b = log(H). We
have seen in Section 2.6 that H acts on h* by the coadjoint action:

Ad": H x b — b7, 2 f(Y) = f(exp(ad(log(x))) (V).
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As usual, we denote by h*/. the quasi-orbit space of h with respect to the coadjoint
action of H. Let m be an irreducible representation of H. We say that O € h*/_ is
a quasi-orbit of m, if

ker(ind} ) = ker(r)

for some f € O (and hence for all f € O), where R and ¢ are defined as usual.

Proposition 2.10.30. Let k € N and let (G,g) be a nilpotent k-Lie pair. Let
(Hp)nen be a sequence of exponentiable subgroups of G and, for everyn € N, let w, €
H, such that (H,,m,) — (H,n) in S(G) asn — oo for some exponentiable subgroup
H of G and some 7 € H. Let h =log(H) be the subalgebra of g corresponding to H
and, for every n € N, let by, be the subalgebra of g corresponding to H,,. Let O be a
quasi-orbit of m and, for every n € N, let O,, be a quasi-orbit of w,. If f € g* with
fly € O, then for every subsequence of ((Hy,T,))nen there exists a subsequence, say
((Hn,,s Ty ) )men, such that for every m € N, there exist a homomorphism f., € g*

with fmly,, € On, and fm — [ in g* as m — oo.

Proof. Let f € g* with f|y € O. Note that such a homomorphism always exists,
because we have shown in Proposition 2.9.3 that the Kirillov-map is surjective and
we have

ker (ind er5,) = ker(m),

where v/ = log(R') denotes some polarizing subalgebra for f|,. Choose a polarizing
subalgebra t for f € g* with v = tnNbh. Let ((Hy,,,7n,,))men be a subsequence of
((Hp, Tn))nen, chosen so that we may assume that the degree of all pairs (H,,,, 7, ),
m € N, is constant. Let this constant be [ € N<.

We consider first the case, where we can find a subsequence ((H.,,,,Tn,,))men
(denoted by the same indices), such that, for every m € N, the representation m,,
of H,, is one-dimensional. Since the set of all one-dimensional representations of
a (C*-algebra is closed and since m,, — m, it follows that 7= € H is also a one-
dimensional representation. Observe that, for every m € N, we can identify the
one-dimensional representation m, with a character of H,, , and by Corollary 2.9.4,
this character is of the form ¢, for some g, € b; . With this identification we
obtain, for every m € N, m,, oexp = €o g,,, and clearly g,, € O,,,,. Furthermore, we
can identify the one-dimensional representation w € H with a character of H , and
since ker(indZ, ¢rl,) = ker(m), it follows that this character is equal to wf|lp = ¢y, -
Thus we obtain 7 o exp = €o f|,. Since m,,, — 7, and since the map exp : g — G is
a homeomorphism of groups, it follows that € o g,, — € o f|y as m — oco. By Lemma
2.10.26 we can find a subsequence of (€ 0 g )men, say (€ © gm,)jen, and, for every
J € N, we can find an extension x,,, € gofeo gm,» such that x,,, — eo f in 9. But
every character x,,, € g is of the form Xm; = €0 fm; for some extension f,,, € g*
of g, € b;mj and since € o f,, — eo f €@, we have f,, — f € g*. Furthermore,

we have fo. |y, = gm; and thus f,, [y, € Onmj for every j € N. This proves the
J J
proposition in this case.
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The proof of the general case proceeds by induction on [ € Ny.

If [ =1, i.e., if the degree of every pair (H,,,,,m,, ), m € N, is equal to one, then
every irreducible representation 7, € ﬁ; is one-dimensional (Lemma 2.10.18) and
we are done with the above observation.

So suppose [ > 2, and assume that the proposition has been shown for all conver-
gent sequences ((Ly, pn))nen in S(G) whose elements have degree less than [. By the
above, and by passing to a suitable subsequence if necessary, we may assume that
each irreducible representation 7, , m € N, is not one-dimensional.

For every m € N, choose a homomorphism g, € O,,, . By Theorem 2.10.24 there
exists a subsequence of ((H,,,, Ty, ))men, which we denote by the same indices, and
there exists, for every m € N, an inducing pair (Ly,, , pn,,) for (Hy,, , T, ), satisfying

(1) (Lnps Pr) — (L, p) in S(G) for some exponentiable subgroup L of G and some
irreducible representation p € L, and

(2) 7 < ind} p.

Furthermore, we can choose, for every m € N, the subgroup L,,, of H,, asin Remark
2.10.25, and we can choose the irreducible representation p € L and the irreducible
representation p,,, € L, , m € N, such that

(3) ker(p) = ker(indx ¢y,), where £ :=log(L), and p,,, € H,, (0,,) (the H,, -
orbit of ¢, in L, ), where o, = indé’:; Pgom

ey, *

Thus we can find, for every m € N, an element h,, € H,, such that

] an
ker(pp,,,) = ker(ind 704 g ey PAA (han)gmle,, )- (2.62)

(We have seen in Lemma 2.6.13 that if g is a homomorphism with polarizing subal-
gebra t, then Ad(z)r is a polarizing subalgebra for the homomorphism Ad*(z)g.)

For every m € N, let O, be the quasi-orbit of p,,, with gnl, € O, and
let O be the quasi-orbit of p with f|, € O (the existence of such quasi-orbits is
assured by (2.62) and by property (3) above). We can now apply the induction
hypothesis to the sequence of pairs ((Ly,, ,pn,,))men With limit (L,p) and quasi-
orbits O,  of py,, for every m, and the quasi-orbit O’ of p. This yields us, for
every subsequence of (L, , pn,. Jmen, & subsequence, which we denote with the same
indices, and homomorphisms f,, € g* with f,|,, € O, , for every m € N, and
fm — fin g* as m — oo.

It remains to prove that f,|y, € Oy, for every m € N. So let m € N and notice
that both homomorphisms, g, |e,  and fnle, , are elements of the same Ad*(H,,, )-
quasi-orbit in £ , namely O;, . Since (Ly,,, pn,,) is an inducing pair for (f,,,, m,,,)
and the subgroup L, of H,,  is chosen asin Remark 2.10.25 it follows from Corollary
2.10.28 that the homomorphisms g,, and fy,|s, —are in the same H,, -quasi-orbit in
b, - Since g, was chosen to be an element of the quasi-orbit O,,,, it follows that
fm‘bnm S Onm. ]
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Both desired properties, the injectivity of the Kirillov-orbit map and the conti-
nuity of its inverse map, are now an easy application of Proposition 2.10.30.

Corollary 2.10.31. Let k € N, let (G, g) be a nilpotent k-Lie pair, and suppose that
the product of every normal exponentiable subgroup and every exponentiable subgroup
of G is closed. The Kirillov-orbit map

kgt /. — Prim(C*(@)), O ker(ind$ @),
where f € g* is any chosen representative of the quasi-orbit O, is an injective map.

Proof. Let O and O’ be two quasi-orbits in g* /. with £(O) = £(O’). Then we have
ker(ind% ¢ ;) = ker(ind%, ¢ ) (2.63)

for all f € O and for all f' € O, where v = log(R) denotes some polarizing sub-
algebra for f and v = log(R') denotes some polarizing subalgebra for f’. Fix a
homomorphism f € O and a homomorphism f’ € @'. Since the constant sequence
(ker(ind% ;) )nen converges to ker(ind%, @) in the space Prim(C*(G)) it follows
that

(G,ind$ ¢;,) — (G,ind$, @) in S(G) as n — oo,

where f, = f for all n € N. By Proposition 2.10.30 we can find homomorphisms
gn € g* such that g, € O for every n € N and g, — f’ as n — oo. Since the closure
of the quasi-orbit O is contained in the closure of the Ad*(G)-orbit of f, G(f), it
follows that f" € G(f).

Switching the roles of f and f in the argument above yields f € G(f’), and
hence we obtain O = O'. O

We can now prove the main result of this section.

Corollary 2.10.32. Let k € N, let (G, g) be a nilpotent k-Lie pair, and suppose that
the product of every normal exponentiable subgroup and every exponentiable subgroup
of G is closed. The Kirillov-orbit map

i gt/ — Prim(C*(@)), O — ker(ind% ¢;),
where f € g* is any chosen representative of the quasi-orbit O, is a homeomorphism.

Proof. We have already shown that the Kirillov-orbit map & is a well-defined, contin-
uous bijection (Corollary 2.10.12, Corollary 2.10.13, Proposition 2.10.11, and Corol-
lary 2.10.31). So it remains to prove that the inverse map of & is continuous.

For this, let (m,)nen be a sequence in G and suppose that ker(m,) — ker(r) in
Prim(C*(G)) for some 7 € G. Choose a homomorphism f € g* with ker(ind% ¢ ;) =
ker(m). Since

(G, m,) — (G, ) in S(G) as n — o0,
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we can find by Proposition 2.10.30 for every subsequence of {(G, m,)}, a subsequence,
say {(G,m,,,)}, and we can find, for every m € N, a homomorphism f,, € g*, such
that ker(indgm vy, ) = ker(m,, ) and f,, — fin g* as m — oo. Hence Oy,, — Oy
in g* /., where, for every m, Oy, denotes the quasi-orbit of f,, and O denotes
the quasi-orbit of f. Since this results holds for every subsequence of {(G,m,)}
and since £ is an injective map, it follows that if (f,),en 1S a sequence in g* with
ker(indgn ¢y,) = ker(m,) for every n € N, then Oy, — Oy in g* /.. O

2.11 Examples

In this section we show for three different kinds of locally compact, nilpotent groups
G that there exist a natural number k£ and a Lie algebra g over the ring Ay, such that
the pair (G, g) defines a nilpotent k-Lie pair. But before we discuss some explicit
examples, we want to observe some general facts.

Theorem 2.11.1. (/30], Theorem 3) Let K be any local field, let V be a finite
dimensional vector space over K, and let x be a non-trivial character of the additive

group of K. The map R
OV =V, fro ol

defines an isomorphism (of vector spaces) from the space of continuous linear func-
tionals of V' onto the Pontrjagin dual of the additive group of V.

Theorem 2.11.2. (Hahn-Banach) Let X be a normable vector space and let f be a
continuous linear functional on a subspace Y of X. Then there exists a continuous
functional f € X* such that f = f on Y.

Example 2.11.3. Let G be a connected, simply connected, [-step nilpotent Lie
group over R with Lie algebra g.

We will show in the following that we can find for every natural number k£ > [, a
locally compact group v and a character € € w such that the pair (G,g), together
with this group v and this character € € tv, satisfies all the properties of Definition
2.2.5, which means that (G, g) is a nilpotent k-Lie pair.

Since g is a Lie algebra over R, it clearly defines a Lie algebra over the ring
Z[35] for every k > 1 and property (i) of Definition 2.2.5 is satisfied for every k >
1. Furthermore, it follows from the following theorem that the pair (G,g) satisfies
property (i) of Definition 2.2.5. A proof can be found for example in [7].

Theorem. Let G be a connected, simply connected nilpotent Lie group with Lie
algebra g.

(i) The map exp : g — G is an analytic diffeomorphism.
(i) The Campbell-Hausdor(f formula holds for all X,Y € g.
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So it remains to show that, for every k& € Ny, there exists a locally compact
abelian group v and a character € € v such that the following properties hold.

(a) The group tv is a Ag-module.

(b) There does not exist a non-trivial Ag-submodule of w inside the kernel of the
character e.

(¢) The map

is an isomorphism of groups, where Hom(g, to) denotes the group of continuous
group homomorphisms from g to v and g denotes the Pontrjagin dual of the
abelian group (g, +).

(d) For every closed Ag-subalgebra b of g and for any f € Hom(h, w), there exists
amap f € Hom(g, o) such that f|, = f.

If I > 2, then we put tv := R and define
e:R—T, trs e

to be the standard character of R. We claim that the group tw and the character
¢ € 1 satisfy properties (a) — (d) above, for every k € Nsy. Let k € N5y, Clearly,
v = R is a Ag-module and since the abelian group g is a vector space over R, we
have Hom(g,R) = g*, and it follows from Theorem 2.11.1 that the map

.:g"—9 froeof

is an isomorphism of groups. Moreover, if ) is any closed subalgebra of g, then b is
a vector subspace of g and if f € Hom(h,w) = h* is a continuous functional of b,
then there exists by the Hahn-Banach Theorem a continuous functional f € g* with
flo= 1

It remains to prove that there does not exist a non-trivial Ag-submodule of R
inside the kernel of the character e. But we have ker(e) C Z and since it is not
possible for a subgroup of Z to be a Z[]-submodule of R for k > 2, there does not
exist a non-trivial Ag-submodule of R inside the kernel of e.

Therefore, if G is any connected, simply connected [-step nilpotent Lie group over
R with Lie algebra g and if [ > 2, then the pair (G, g) defines a nilpotent k-Lie pair
for every k > 2.

If I =1, then we can choose, for every k € N>, the group to and the character
€ € v as above. For k =1, we put to = T and € = Id. The locally compact abelian
group tu is clearly a Z-module and ker(e) = {1}. Since Hom(g,t) = g (not only
isomorphic), property (d) above follows from the fact that every character of a closed
subgroup § of the locally compact abelian group g can be lifted to a character of g.
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Furthermore, every connected and simply connected nilpotent Lie groups satisfies
the property that the product of any normal, exponentiable subgroup and any expo-
nentiable subgroup is closed. (This property is needed in Subsection 2.10.3, where
we prove that the Kirillov-orbit map is a homeomorphism for every nilpotent k-Lie
pair with this additional property.) Indeed, since every exponentiable subgroup is in
particular closed, this additional property follows directly from the following lemma.

Lemma. ([2],Lemma 1.1) Let G be a connected and simply connected nilpotent Lie
group, and let H and N be closed subgroups of G. If N is connected and normal,
then H - N s closed.

Therefore, we obtain for every connected, simply connected nilpotent Lie group
over R with Lie algebra g a homeomorphism

figt /o — Prim(C*(G)), O + ker(ind$ ¢y),
where f € g* is any chosen representative of the coadjoint quasi-orbit O.

Example 2.11.4. Let K be a local field of characteristic p. Let Tri(n, K) be the
group of upper triangular n x n-matrices over K with each diagonal entry equal to 1
and let T'rg(n, K) be the group of upper triangular n x n-matrices over K with each
diagonal entry equal to 0, and suppose that p > n.

We will show in the following that we can find a natural number £ > n, a locally
compact abelian group tv, and a character € € fo such that the pair (G, g) together
with this group to and this character € satisfy all the properties of Definition 2.2.5,
so that (G, g) is a nilpotent k-Lie pair.

Let n < k < p be arbitrary. Equipped with the usual commutator of matrices,
Tro(n, K) becomes a Lie algebra over the ring Z[%] Furthermore, since p > n, the
exponential map

n—1 xm
exp : Tro(n, K) — Tri(n, K), X Z —
m=0
is a well-defined homeomorphism satisfying the Campbell-Hausdorff formula. Its
inverse map log is also given by the usual power series,

n—1

um
log: Try(n, K) — Tro(n,K), z =1+ u > mz_:l<_1)m+1 -

Since the characteristic of the field K is equal to p, we have pX = 0 for all X €
Tro(n, K) and since
exp(mX) = (exp(X))™
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for all X € g and m € N, it follows that 27 = 1 for all x € Tri(n, K). Thus, if
X : Tro(n, K) — T denotes any character of the additive group T'ro(n, K) then we
have for all X € T'ry(n, K),

X(pX) = (x(X))" = 1.

Therefore, x(X) € U, for all X € T'ro(n, K), where U, denotes the group of primitive
pth roots of unity.

Put w := U, C T. Then w is, as a discrete group, locally compact and clearly a
Ag-module. We define € := I'd. The map € : U, — T is a character of tv and there
does not exist a non-trivial Aiz-module inside the kernel of €. Moreover, we have

—

Hom(T'ro(n, K),w) = Tro(n, K).

So if b is any closed subalgebra of Trq(n, K), then every homomorphism f € b* is
a character of the additive group b, and can therefore be lifted to a character f €

—

Tro(n, K). This proves that the pair (T'r(n, K), Tro(n, K)) with locally compact
abelian group w = U, and character € = Id defines a nilpotent k-Lie pair for every
n<k<np.

Proposition 2.11.5. Let G be a unipotent, linear algebraic group defined over a
local field K of characteristic p. Then G is isomorphic to an algebraic subgroup of
the upper triangular unipotent group Tri(n, K) for some n € N. If p > n, then
(G,log(G)) is a nilpotent k-Lie pair for every n < k < p.

Proof. Every unipotent linear algebraic group G over K is isomorphic to an algebraic
subgroup of the upper triangular unipotent group 7'ri(n, K) for some n € N (see
Chapter 1, Section 1.3). Since (Tr1(n, K), Tro(n, K)) is a n-step nilpotent k-Lie pair
for every n < k < p, we need to prove that log(G) is a subalgebra of Tro(n, K). But
by Theorem 2.3.2 of Section 2.3, it suffices to show that G is a k-complete subgroup
of Tri(n, K).

So let z € G and let A € Z[5]. We need to prove that 2* € G. For this we write
A = = for some 7,5 € Z with ged(r, s) = 1. Since ged(s,p) = 1, we can find integers
¢, m with s¢ + pm = 1. Put y := 2. Then y € G and since 2P = 1, we obtain

ys _ (Q:E)s — :CZS — mlfpm —r (l,p)fm = .
Hence y = x5 and thus 25 € G. It follows then that y =2 eG. ]

Furthermore, every unipotent linear algebraic group over a local field K of char-
acteristic p satisfies the property that the product of any normal, exponentiable
subgroup and any exponentiable subgroup is closed. In fact, every such group sat-
isfies the more general property that the product of any two closed subgroups is
closed.
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To prove this, let G be a unipotent linear algebraic group over a local field
K of characteristic p for some prime number p > 0. Then K is isomorphic to
the field F,((t)), where ¢ is some power of the prime p and, as mentioned above,
(G is isomorphic to an algebraic subgroup of the upper triangular unipotent group
Tri(k, K) for some k € N. Observe that there exists a sequence, (U, ),ez, of compact
open subgroups of G such that U, C U, for all n € Z and UnEZ U, = G. For
example, one can choose, for every n € Z, the subgroup U, to be the intersection of
G and the subgroup

1 aiz a13 -+ a1k
0 1 a3 asz,k
An: = { 00 . : yai; € K [lag, || [Jagsl|, - - - [lax—1xl] < 7
1 ak—1k
ol Bl sl < (47" sl < 070

where ||.|| : K — Rs( denotes the norm function on K, which is defined as follows.
Every element z € F,(()) can be written uniquely as = t'u for some u € F[[t]]*
and some [ € Z and one puts ||z]| = ¢~'. We claim that every subgroup L of G
satisfies the property,

Lis closed <= LNU,isclosedVneZ. (2.64)

If L is closed, then also its intersection with every compact subgroup U,, n € Z. In
order to prove the other direction, suppose (,)nen is a sequence in L which converges
to some element x € GG. Then every entry of the matrix = is a Laurent series and
the norms of these Laurent series are all bounded by some value, say ¢~'. Thus we
have {x,z,,n € N} C U, and since LN U is closed, it follows that x € LN U;. Hence
x € L.

Now, let H and N be two arbitrary closed subgroups of G. Then, for every n € 7Z,
HNU, and NNU, are compact subgroups of U,,. As the product of compact subsets
is compact, we have (HNU,) - (N NU,) is compact for every n € Z. But, for every
n € 7Z, there exists an integer m < n, such that (H NU,) - (N NU,) — HN NU,,.
Furthermore, we can find some integer [ > n such that HNNU; C (HNU,)-(NNU,).
Since the quotient (HN NU,,/HN NU;) is finite, it follows that (HNU,) - (N NU,)
has finite index in H N NU,,, which proves that H N NU,, is compact for every m € Z.
It follows then from (2.64) that the group HN is closed.

Therefore, if G is a group which is isomorphic to an algebraic subgroup of the
upper triangular unipotent group 7'ri(n, K) for some n € N, where K is any local
field K of characteristic p > n, then (G,log(G)) is a nilpotent k-Lie pair for every
n < k < p. In particular, the Kirillov-orbit map

gt /o — Prim(C*(G)), O + ker(ind$ ¢;),

where f € g* is any chosen homomorphism of O, is a homeomorphism.
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Example 2.11.6. Let p be any prime number and let G be a unipotent, linear alge-
braic group defined over the local field Q,, of p-adic numbers. Then G is isomorphic
to an algebraic subgroup of the upper triangular unipotent group 7'r;(n, Q,) for some
n € N. Let g denote the Lie algebra of G' and let [ := max{p,n}.

We will show in the following that we can find for every natural number £ > [, a
locally compact group v and a character € € w such that the pair (G,g), together
with this group tv and this character € € tv, satisfies all the properties of Definition
2.2.5. In particular, there exists a natural number k&, such that the pair (G, g) defines
a nilpotent k-Lie pair.

Since g is a Lie algebra over Q,, it defines a Lie algebra over the ring Z[%} for
every k > 1 and property (i) of Definition 2.2.5 holds for every & > 1. Moreover,
the map log : G — g is a homeomorphism of groups with inverse map exp : g — G,
satisfying the Campbell-Hausdorff formula (see [25], §4).

Define o := Q,. Then m is a locally compact abelian group and clearly a Ag-
module. Recall that each p-adic number x can be written uniquely as

x:chpj for some m € Z, where ¢; € {0,1,...,p — 1},

Jj=m
and we have x € Z,, (the p-adic integers) if and only if ¢; = 0 for all j < 0. The map

-1

e:Q,— T, icjijeXp(Zm Z i)

j=m j=—00

defines a character of the additive group Q,.

We claim that the Aj-module r and the character € € o satisfy properties (b)—(d)
of Definition 2.2.5 for every k > [.

For this, let & > [. Since the abelian group g is a vector space over Q,, we have
Hom(g,Q,) = Q; (the space of continuous linear functionals of g) and it follows from
Theorem 2.11.1 that the map

.:g" 9 froeof

is an isomorphism of groups.

Moreover, if f is any closed subalgebra of g, then b is a vector subspace of g and
if f € Hom(h, 1) = h* is a continuous linear functional of b, then there exists by the
Hahn-Banach Theorem a functional f € g, such that f Iy = f.

So it remains to prove that there does not exist a non-trivial Ag-submodule of
Q, inside the kernel of the character e. But we have ker(e) = Z,, and the group of
p-adic integers is an integral domain, in which an element x = Z;io ¢; P’ is a unit
if and only if ¢y # 0. In particular, the prime number p is not invertible in Z, and
since k > p, there can not exist a nontrivial Ay-module inside Z, = ker(e).
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Furthermore, every unipotent linear algebraic group over the local field K = Q,
satisfies the property that the product of any normal, exponentiable subgroup and
any exponentiable subgroup is closed. In fact, every such group satisfies the more
general property that the product of any two closed subgroups is closed. To see
this, replace the norm ||.|| by the p-norm ||.|, in Example 2.11.4. (Recall that if
2 =52, ¢ €Q, then |lz]l, = p™)

Therefore, we obtain for every unipotent linear algebraic group G over Q, with
Lie algebra g a homeomorphism

gt /o — Prim(C*(G)), O + ker(ind$ ¢;),

where f € g* is any chosen representative of the coadjoint quasi-orbit O.
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