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Abstract. We determine the cells, whose existence has been announced by Ocneanu, on

all the candidate nimrep graphs except 5&12) proposed by di Francesco and Zuber for the
SU(3) modular invariants classified by Gannon. This enables the Boltzmann weights to be
computed for the corresponding integrable statistical mechanical models and provide the
framework for studying corresponding braided subfactors to realize all the SU(3) modular
invariants as well as a framework for a new SU(3) planar algebra theory.

1. INTRODUCTION

In the last twenty years, a very fruitful circle of ideas has developed link-
ing the theory of subfactors with modular invariants in conformal field theory.
Subfactors have been studied through their paragroups, planar algebras and
have serious contact with free probability theory. The understanding and clas-
sification of modular invariants is significant for conformal field theory and
their underlying statistical mechanical models. These areas are linked through
the use of braided subfactors and a-induction which in particular for SU(2)
subfactors and SU(2) modular invariants invokes ADFE classifications on both
sides. This paper is the first of our series to study more precisely these con-
nections in the context of SU(3) subfactors and SU(3) modular invariants.
The aim is to understand them not only through braided subfactors and a-
induction but introduce and develop a pertinent planar algebra theory and free
probability.

A group acting on a factor can be recovered from the inclusion of its fixed
point algebra. A general subfactor encodes a more sophisticated symmetry or
a way of handling non group like symmetries including but going beyond quan-
tum groups [18]. The classification of subfactors was initiated by Jones [29]



96 Davip E. EVANS AND MATHEW PuUGH

who found that the minimal symmetry to understand the inclusion is through
the Temperley-Lieb algebra. This arises from the representation theory of
SU(2) or dually certain representations of Hecke algebras. All SU(2) modular
invariant partition functions were classified by Cappelli, Itzykson and Zuber
[11, 12] using ADE Coxeter-Dynkin diagrams and their realization by braided
subfactors is reviewed and referenced in [15]. There are a number of invari-
ants (encoding the symmetry) one can assign to a subfactor, and under certain
circumstances they are complete at least for hyperfinite subfactors. Popa [39]
axiomatized the inclusions of relative commutants in the Jones tower, and
Jones [30] showed that this was equivalent to his planar algebra description.
Here one is naturally forced to work with nonamenable factors through free
probabilistic constructions e.g. [27]. In another vein, Banica and Bisch [3]
understood the principal graphs, which encode only the multiplicities in the
inclusions of the relative commutants, and more generally nimrep graphs in
terms of spectral measures, and so provide another way of understanding the
subfactor invariants.

In our series of papers we will look at this in the context of SU(3), through
the subfactor theory and their modular invariants, beginning here and contin-
uing in [20, 21, 22, 23, 24]. The SU(3) modular invariants were classified by
Gannon [26]. Ocneanu [37] announced that all these modular invariants were
realized by subfactors, and most of these are understood in the literature and
will be reviewed in the sequel [20]. A braided subfactor automatically gives
a modular invariant through a-induction. This a-induction yields a represen-
tation of the Verlinde algebra or a nimrep - which yields multiplicity graphs
associated to the modular invariants (or at least associated to the inclusion,
as a modular invariant may be represented by wildly differing inclusions and
so may possess inequivalent but isospectral nimreps, as is the case for &£ (12)).
In the case of the SU(3) modular invariants, candidates of these graphs were
proposed by di Francesco and Zuber [14] by looking for graphs whose spectrum
reproduced the diagonal part of the modular invariant, aided to some degree
by first listing the graphs and spectra of fusion graphs of the finite subgroups
of SU(3). In the SU(2) situation there is a precise relation between the ADFE
Coxeter-Dynkin graphs and finite subgroups of SU(2) as part of the McKay
correspondence. However, for SU(3), the relation between nimrep graphs and
finite subgroups of SU(3) is imprecise and not a perfect match. For SU(2), an
affine Dynkin diagram describing the McKay graph of a finite subgroup gives
rise to a Dynkin diagram describing a nimrep or the diagonal part of a modular
invariant by removing the vertex corresponding to the identity representation.
Di Francesco and Zuber found graphs whose spectrum described the diagonal
part of a modular invariant by taking the list of McKay graphs of finite sub-
groups of SU(3) and removing vertices. Not every modular invariant could
be described in this way, and not every finite subgroup yielded a nimrep for a
modular invariant. In higher rank SU(N), the number of finite subgroups will
increase but the number of exceptional modular invariants should decrease, so
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this procedure is even less likely to be accurate. Evans and Gannon have sug-
gested an alternative way of associating finite subgroups to modular invariants,
by considering the largest finite stabilizer groups [16].

A modular invariant which is realized by a subfactor will yield a graph. To
construct these subfactors we will need some input graphs which will actu-
ally coincide with the output nimrep graphs - SU(3) ADE graphs. The aim
of this series of papers is to study the SU(3) ADE graphs, which appear in
the classification of modular invariant partition functions from numerous view-
points including the determination of their Boltzmann weights in this paper,
representations of SU(3)-Temperley-Lieb or Hecke algebra [20], a new notion
of SU(3)-planar algebras [21] and their modules [22], and spectral measures
[23, 24].

As pointed out to us by Jean-Bernard Zuber, there is a renewal of interest
(by physicists) in these SU(3) and related theories, in connection with topo-
logical quantum computing [1] and by Joost Slingerland in connection with
condensed matter physics [2] where we see that a-induction is playing a key
role.

We begin however in this paper by computing the numerical values of the
Ocneanu cells, and consequently representations of the Hecke algebra, for the
ADE graphs. These cells give numerical weight to Kuperberg’s [32] diagram
of trivalent vertices—corresponding to the fact that the trivial representation
is contained in the triple product of the fundamental representation of SU(3)
through the determinant. They will yield in a natural way, representations of
an SU(3)-Temperley-Lieb or Hecke algebra. (For SU(2) or bipartite graphs,
the corresponding weights (associated to the diagrams of cups or caps), arise
in a more straightforward fashion from a Perron-Frobenius eigenvector, giving
a natural representation of the Temperley-Lieb algebra or Hecke algebra). We
have been unable thus far to compute the cells for the exceptional graph 5&12).
This graph is meant to be the nimrep for the modular invariant conjugate to
the Moore-Seiberg invariant Sl(\/lfg) [33]. However we will still be able to realize
this modular invariant by subfactors in [20] using [19]. For the orbifold graphs
DGRk = 2,3,... , orbifold conjugate D™* n = 6,7,... , and 412) we
compute solutions which satisfy some additional condition, but for the other
graphs we compute all the Ocneanu cells, up to equivalence. The existence
of these cells has been announced by Ocneanu (e.g. [36, 37]), although the
numerical values have remained unpublished. Some of the representations of
the Hecke algebra have appeared in the literature and we compare our results.

For the A graphs, our solution for the Ocneanu cells W gives an identical
representation of the Hecke algebra to that of Jimbo et al. [28] given in (21).
Our cells for the A™* graphs give equivalent Boltzmann weights to those
given by Behrend and Evans in [4]. In [14], di Francesco and Zuber give a
representation of the Hecke algebra for the graphs D®* and £®), whilst in
[41] a representation of the Hecke algebra is computed for the graphs 51(12) and
E£2Y . Our solutions for the cells W give an identical Hecke representation for
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£®) and an equivalent Hecke representation for 81(12). However, for £24 our
cells give inequivalent Boltzmann weights. In [25], Fendley gives Boltzmann
weights for D(® which are not equivalent to those we obtain, but which are
equivalent if we take one of the weights in [25] to be the complex conjugate of
what is given.

Subsequently, we will use these weights, their existence and occasionally
more precise use of their numerical values. Here we outline some of the flavor
of these applications. We use these cells to define an SU(3) analogue of the
Goodman-de la Harpe Jones construction of a subfactor, where we embed
the SU(3)-Temperley-Lieb or Hecke algebra in an AF path algebra of the
SU(3) ADE graphs. Using this construction, we realize all the SU(3) modular
invariants by subfactors [20].

We will then [21, 22] look at the SU(3)-Temperley-Lieb algebra and the
SU(3)-GHJ subfactors from the viewpoint of planar algebras. We give a di-
agrammatic representation of the SU(3)-Temperley-Lieb algebra, and show
that it is isomorphic to Wenzl’s representation of a Hecke algebra. Generaliz-
ing Jones’s notion of a planar algebra, we construct an SU(3)-planar algebra
which will capture the structure contained in the SU(3) ADE subfactors. We
show that the subfactor for an ADE graph with a flat connection has a de-
scription as a flat SU(3)-planar algebra. We introduce the notion of modules
over an SU (3)-planar algebra, and describe certain irreducible Hilbert SU(3)-
T L-modules. A partial decomposition of the SU(3)-planar algebras for the
ADE graphs is achieved. Moreover, in [23, 24] we consider spectral measures
for the ADE graphs in terms of probability measures on the circle T. We gen-
eralize this to SU(3), and in particular obtain spectral measures for the SU(3)
graphs. We also compare various Hilbert series of dimensions associated to
ADE models for SU(2), and compute the Hilbert series of certain g-deformed
Calabi-Yau algebras of dimension 3.

In Section 2, we specify the graphs we are interested in, and in Section
3 recall the notion of cells due to Ocneanu which we will then compute in
Sections 4 - 14.

2. ADE GRAPHS

We enumerate the graphs we are interested in. These will eventually provide
the nimrep classification graphs for the list of SU(3) modular invariants, but at
this point, they will only provide a framework for some statistical mechanical
models with configurations spaces built from these graphs together with some
Boltzmann weights which we will need to construct. However, for the sake of
clarity of notation, we start by listing the SU(3) modular invariants. There
are four infinite series of SU(3) modular invariants: the diagonal invariants,
labelled by A4, the orbifold invariants D, the conjugate invariants 4*, and the
orbifold conjugate invariants D*. These will provide four infinite families of
graphs, written as A, the orbifold graphs D, the conjugate graphs A*, and the
orbifold conjugate graphs D*, shown in Figures 4, 7, 10, 11 and 12. There
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are also exceptional SU(3) modular invariants, i.e. invariants which are not
diagonal, orbifold, or their conjugates, and there are only finitely many of
these. These are £®) and its conjugate, £, EJ(\}? and its conjugate, and
E£2Y | The exceptional invariants £12) and €29 are self-conjugate.
The modular invariants arising from SU(3) conformal embeddings are:
D©): SU(3)3 € SO(8)1, also realized as an orbifold SU(3)3/Zs,
o £B): SU(3)s € SU(6)y, plus its conjugate,
o £012). SU(3)y C (E¢)1,
. 5](\/1[?: Moore-Seiberg invariant, an automorphism of the orbifold in-
variant D12 = SU(3)9/Z3, plus its conjugate,
° 6(24)3 SU(3)21 C (E7)1.
These modular invariants will be associated with graphs, as follows. There
will be one graph £®) for the £® modular invariant and its orbifold graph
E®)* for its conjugate invariant as in Figure 13. The modular invariants 51(\/11?

and its conjugate will be associated to the graphs 55(12) and 5&12) respectively
as in Figure 15. The exceptional invariant £(1?) is self-conjugate but has as-
sociated to it two isospectral graphs 51(12) and 52(12) as in Figure 14. The
invariant £% is also self-conjugate and has associated to it one graph &4
as in Figure 16. The modular invariants themselves play no role in this pa-
per other than to help label these graphs. In the sequel to this paper [20] we
will use the Boltzmann weights obtained here to construct braided subfactors,
which via a-induction [5, 6, 7, 8, 9, 10] will realize the corresponding modular
invariants. Furthermore, a-induction naturally provides a nimrep or repre-
sentation of the original fusion rules or Verlinde algebra. The corresponding
nimreps will then be computed and we will recover the original input graph.
The theory of a-induction will guarantee that the spectra of these graphs are
described by the diagonal part of the corresponding modular invariant. Thus
detailed information about the spectra of these graphs will naturally follow
from this procedure and does not need to be computed at this stage. Many of
these modular invariants are already realized in the literature and this will be
reviewed in the sequel to this paper [20].

3. OcNEANU CELLS

Let T' be SU(3) and [ its irreducible representations. One can associate
to I' a McKay graph Gr whose vertices are labelled by the irreducible repre-
sentations of I', where for any pair of vertices ¢,j € T the number of edges
from i to j are given by the multiplicity of j in the decomposition of i ® p
into irreducible representations, where p is the fundamental irreducible rep-
resentation of SU(3), and which, along with its conjugate representation p,
generates T. The graph Gr is made of triangles, corresponding to the fact
that the fundamental representation p satisfies p ® p ® p 3 1. We define maps
s, r from the edges of Gr to its vertices, where for an edge ~, s(v) denotes
the source vertex of v and r(7y) its range vertex. For the graph Gr, a triangle
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AE;‘,CBV) =i P k2 iisaclosed path of length 3 consisting of edges

a, 3, v of Gr such that s(a) = r(v) =1, s(8) = r(a) = j and s(y) =r(8) = k.
For each triangle Agjakﬁ " the maps a, 8 and 7 are composed:

. id id . a®id .
z®p®p®p&k®p®pﬁﬁ>]®p;®>z,

. id®det™

1 —
and since ¢ is irreducible, the composition is a scalar. Then for every such
triangle on Gr there is a complex number, called an Ocneanu cell. There is
a gauge freedom on the cells, which comes from a unitary change of basis in
Homl[i ® p, j] for every pair 1, j.

These cells are axiomatized in the context of an arbitrary graph G whose
adjacency matrix has Perron-Frobenius eigenvalue [3] = [3]4, although in prac-
tice it will be one of the ADE graphs. Note however we do not require G
to be three-colorable (e.g. the graphs A* which will be associated to the
conjugate modular invariant). Here the quantum number [m], be defined as
[m]y = (g™ —q ™) /(g —q1). We will frequently denote the quantum number
[m], simply by [m], for m € N. Now [3], = ¢* + 1 + ¢~ 2, so that q is easily
determined from the eigenvalue of G. The quantum number [2] = [2], is then
simply ¢ + ¢~ !. If G is an ADE graph, the Coxeter number n of G is the
number in parentheses in the notation for the graph G, e.g. the exceptional
graph £®) has Coxeter number 8, and ¢ = e™/™. With this ¢, the quantum
numbers [m], satisfy the fusion rules for the irreducible representations of the
quantum group SU(2),, i.e.

(1) [a]q [b]q = Z [clg,

C

where the summation is over all integers [b — a| < ¢ < min(a + b,2n —a — b)
such that a + b+ c is even.

We define a type I frame in an arbitrary G to be a pair of edges «, o’ which
have the same start and endpoint. A type II frame will be given by four edges
i, 1 =1,2,3,4, such that s(a1) = s(as), s(az) = s(as), r(a1) = r(az) and
r(as) = (o).

Definition 3.1 ([37]). Let G be an arbitrary graph with Perron-Frobenius

eigenvalue [3] and Perron-Frobenius eigenvector (¢;). A cell system W on
G is a map that associates to each oriented triangle Ag;‘f " ip G a complex

number W (Agj‘kﬁ 7)) with the following properties:

a

(¢) for any type I frame i L:w "in G we have

kN [ &\
2) 2 W(jz\_\fi) W(,/Z\_\[f,) = 6,21, ¢,

i
k. By, B,
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, L a,

(#t) for any type II frame e "in G we have
k k k e
1
W /NG | W 8/N8 | W 8/\8 | W| 8/\8
2 2 (14;\1) (,A,) i zg) (zéz)

k, B, Bs
By B

(3) = 60(‘,014 5(12,(17 ¢i4 ¢i‘ (z)iz + 6(1‘,(1: 5(1,,(14 (z)i‘ ¢i: ¢i‘

In [32], Kuperberg defined the notion of a spider—a way of depicting the
operations of the representation theory of groups and other group-like objects
with certain planar graphs, called webs (hence the term “spider”). Certain
spiders were defined in terms of generators and relations, isomorphic to the
representation theories of rank two Lie algebras and the quantum deformations
of these representation theories. This formulation generalized a well-known
construction for 4; = su(2) by Kauffman [31]. For the Ay = su(3) case, the
A webs are illustrated in Figure 1.

R

FIGURE 1. A5 webs

The A, web space generated by these As webs satisfy the Kuperberg rela-
tions, which are relations on local parts of the diagrams:

KL () =Bl

K2: - 2]

s L)

The rules (2), (3) correspond precisely to evaluating the Kuperberg relations
K2, K3 respectively, associating a cell W(A, g~) to an incoming trivalent
vertex, and W (A, 3,4) to an outgoing trivalent vertex, as in Figure 2.

B
A

=t W= ) = e

w

FIGURE 2. Cells associated to trivalent vertices
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We define the connection

[y
wi= sl e
P4 .
k—— 3
for G by
2 _1
(4) X bt =4%0p1,p30py,p0 — 4 PULE?,

:)vhere Up-r2 is given by the representation of the Hecke algebra, and is defined
Yy

P3,P4 Jylyi

— — A,p3, P15,
(5) UPrrr2 — Z (bs(;l)(br(lpz)W(A;,l,Zs P4))W(A( p1 P2))'
A

This definition of the connection is really Kuperberg’s braiding of [32].
The above connection corresponds to the natural braid generator g;, which
is the Boltzmann weight at criticality, and which satisfy
(6) 9i9; = 959 if|j—il > 1,
(7) 9i9i+19i = Ji+19i9i+1-

It was claimed in [36] that the connection satisfies the unitarity property of
connections

’ /
P1,p2 P1:P2
(8) E Xpabr Xpsips = 5p1,p’15p2,p’2ﬂ
P3,P4

and the Yang-Baxter equation

(9) Z X 01,02 X P3:pa X 0305 — Z X P3:02 X 01,03 X P4,P5

P1,P2 01,03 72,6 P1,01 P2,P6 02,03
01,02,03 01,02,03

The Yang-Baxter equation (9) is represented graphically in Figure 3. We give
a proof that the connection (4) satisfies these two properties.

FicURE 3. The Yang-Baxter equation

Lemma 3.2. If the conditions in Definition 3.1 are satisfied, the connection
defined in (4) satisfies the unitarity property (8) and the Yang-Bazter equation

(9)-
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Proof. We first show unitarity.

P
Y XpurXpig
P3:P4
2 1 1
D I T
. Ps(01)Pr(2)

P3:P4

_2
XN\ a3 00,9 0ph 00 — § ¢ Wpré)\Wpeﬂm,
i\ s(p1 r(p2)

VVP:&7P4,>\V[/vp1,p27A

w\»—A

Wp3,p4,>\Wp1,p2AWp’1,p’2,>\Wps7p4,>\

:5p1p P3P +Z 2 2
L i ¢ <m>¢r<m>

1

Sronbrion (9901,059p2,0 W) 0y AW pan

P3:P4,A
-1 (7 7N
+q 5p’1,ps5p’27p4Wp37p4AWp1,pz,>\)

5/)1,/)1 P3,05 + Z &7

AN Pl)(br(ﬂz)
1
—(q+a ")) —————Wo AW oo
( )2 Balpr)Br(pn) T

=4

W2 AWt o AL21s (p5) Dr(pa) 01

)

p1,01Yp3,p%

since ¢ + ¢~ = [2], where we have used Ocneanu’s type I equation (3) in the
penultimate equality.

We now show that the connection satisfies the Yang-Baxter equation. For
the left hand side of (9) we have

Z X 01,02 X P3,P4 X 3,05

P1,P2 01,037 702,06
01,02,03

2 2
_ § 3 _ 01,02 -3 _ P35P4
- (q35P1,015P2702 3up1,p1 ) ((] 360’111)35037/34 3”01,03)

01,02,03
2
-3 03,P5
X (q 35027035P6,Ps uo’z,pﬁ)
— 2 _ Pa,pP5 _ P3,p4 _ P3:P4
=4q 5P1,P35P2,P4 6P57P6 q(SPhpS up2,7p6 q6P57P6 upl,’m q(SPs,PG up1,7p2

P3:P4 03,P5 P3,02 P4,P5 01,02 P3,P4
+ 2 :up1,03 up2 P6 2 :um P2 u02 »P6 + 5Povp6 2 : upl P2 u01,02
o

01,02

*1 § UCT1:02 YP3:P4 1T3:P5

P1,P2 01,03 ~°02,P6

— _ P4a;Ps5 __ P3;P4
=4q 5P17P35P27P4 5P5,P6 q5p1,P3 upg pgJ 2q6ﬂ5,P6 upl,pg

§ P3,P4 T3,P5 § P3,02 P4,P5
+ uphtfs upz;PG + uphpz Z/{0'2:P6
O
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1 - -
+ 0ps, Wor02AWoi 00 AWoi 008 Wi pa x/
P5,P6 U;z ¢s(p1)¢r(p2)¢s(p3)¢r(p4) P1,0P2 1,02 1,02 P304
AN
—q! Z ! AW pa,x
~ ¢ p1)¢T p2)¢r(p4 ¢S (02) ¢T P1,P27 P3:P4,
)\ly)\l(

X W017U2,)\W01,03-NW02 PG,)\”Wdl-P5,>\”
— 42 _ P4sP5 _ P3:P4
=4 0p1,p3002,040p5,06 — U0py,ps Upy he — 240p5,p5 UL

P1,P2
+ § uP3,P4 u037ps E up3,02 uP47P5

P1,03 P2,P6 P1,P2 02,06
+ 0,
P5:P6 § qbs(pl ¢T p2)¢s(p3)¢r(p4
1
-1
;X ¢3(P1)¢T(P2)¢T(P4)¢r(pg)
X (5A,P65)\/7P5¢7‘(P2 QST PG)¢T(p4 =+ (S)\ N(Sps,ps QSS (p1) QST P2)¢T(p6 )

— 42 _ P4,P5 __ P3:P4 4 P£3:P4 7 403,05
=4q 5P17P35P27P45P5:P6 5p1,p3 upz,pe 5p57ps uphpz upl,o'g up27p6

WP17P2,>\WP3,P47 [ ](b’r‘(pg)(bs(pl)&)\)\

thpz,)\Wps,mJ\’

—q

1 -
P3,02 P4,P5 __
=+ E upl ’p2 u@:ps q (b P1,P2 PsWP37P4,P5'
s(p1)

Computing the right hand side of (9) in the same way, we arrive at the same
expression. O

4. COMPUTATION OF THE CELLS W FOR ADE GRAPHS

In the remaining sections we will compute cells systems W for each ADE
graph G, with the exception of the graph 5&12)

Let Ago; f ") be the triangle ¢ °, j f kv iin G. For most of the
ADE graph, using the equations (2) and (3) only, we can compute the cells

up to choice of phase W(AEOJ‘ Z 7)) = )\a’ﬁ W (A Zo; Z 7))| for some )\f‘ﬁj €T,

and also obtain some restrictions on the values which the phases /\ b, k” may
take. However, for the graph D* n =5.6,..., we impose a Zs symmetry
on our solutions, whilst for the graphs DG¥ k=23, ..., and 81(12) we seek

(12)

an orbifold solution obtained using the identification of the graphs D) &

as Zs orbifolds of AGK), 82(12) respectively. There is still much freedom in the
actual choice of phases, so that the cell system is not unique. We therefore
define an equivalence relation between two cell systems:

Definition 4.1. Two families of cells W7, W5 which give a cell system for
G are equivalent if, for each pair of adjacent vertices i, j of G, we can find a
family of unitary matrices (u(o1,02))e,,00, Where o1, o9 are any pair of edges
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from 7 to j, such that
(10) WA = 3 ulo,o ulp, )l /YW (A5,

Ul’p/’,-y/
where the sum is over all edges ¢’ from i to j, p’ from j to k, and +' from & to
i.
Lemma 4.2. Let Wi, Ws be two equivalent families of cells, and X, X )
the corresponding connections defined using cells Wy, W respectively. Then

XM and X@) are equivalent in the sense of [18, p.542], i.e. there exists a set
of unitary matrices (u(p,o))p.o such that

Xerer = 3" u(py, 03)u(pa, 01)ulpr, o1 )ulpz, 02) X D507

gi

Let VVI(A(UPW)) = ADepY (ALY for 1 = 1,2, be two families of

0,7,k 7,k
cells which give cell systems. If |W1(Al(.3-’7’,’€’”))| = [Wa(L,; ap"y )|, so that W
and Wa differ only up to phase choice, then the equation (10) becomes
1)o 2)o
(11) NGTPT =37 uloyoyulp, pulr AN
/’p/ ’Y/

For graphs with no multiple edges we write A; ;  for the triangle A(a’ﬁ ",

For such graphs, two solutions W7 and Wy differ only up to phase ch01ce and
(11) becomes
(12) )‘(l)k = ugupuv)\g?’k,
where us,u,, uy € T and o is the edge from 7 to j, p the edge from j to k and
~ the edge from k to 1.

We will write U®¥) for the matrix indexed by the vertices of G, with entries

given by USLP2 for all edges p;, i = 1,2,3,4 on G such that s(p1) = s(p3) = =,
r(p2) = r(pa) =y, ie. [UCEDTED] 0 =Upee.
We first present some relations that the quantum numbers [a], satisfy, which

are easily checked:

Lemma 4.3.
(i) If ¢ = exp(im/n) then [a]l, = [n — aly, for anya=1,2,...,n—1,
(i) For any q, [alq — [a — 2], = [2a — 2]4/[a — 1]4, for any a € N,
(iii) For any q, [a]i [a—1]4[a+1]q =1 and [a]q[a+b]q—[a—1]4[a+D+1], =
[b+ 1], for any a € N.

5. A GRAPHS

The infinite graph A is illustrated in Figure 4, whilst for finite n, the
graphs A are the subgraphs of A(°) given by all the vertices (A1, A2) such
that Ay + A2 < n — 3, and all the edges in A(®) which connect these ver-
tices. The apex vertex (0,0) is the distinguished vertex. For the triangle

D(iy 1) (in,go) i) = (1, 41) —> (i2,j2) — (i3, j3) — (i1,71) in A" we
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0,2)

0,1) (1,1) (2,1) (3.,1)

(0,0) (1,0) (2,0 (3,0 (4,0)

FIGURE 4. The infinite graph A(>)

will use the notation WA(i,j) for the cell W(A(i’j)(i+l7j)(i’j+1)) and WV(i,j) for
the cell W (A (i41,)(i,j+1)(i+1,j+1))-

Theorem 5.1. There is up to equivalence a unique set of cells for A™, n <
00, given by

(13)  Wam) = VIk+ 1+ 2][m 4 1][m + 2][k + m + 1][k + m + 2]/[2],
(14)  Wym) = VIk 1k + 2][m + 1][m + 2][k +m + 2][k +m + 3]/[2],

for all k,m > 0. For the graph A with Perron-Frobenius eigenvalue o > 3,
there is a solution given by replacing [j] by [j]lq where ¢ = €® for any x € R
such that a = [3],.

Proof. Let n < oo. We first prove the equalities
(15)  [Wa@m)| = VIk+1[E 4 2][m + 1][m + 2][k + m + 1][k + m + 2]/[2],
(16)  [Wy(e,m)| = VIk + 1[k + 2][m + 1][m + 2][k + m + 2][k + m + 3]/[2],

by induction on k,m. The Perron-Frobenius eigenvector for A™ is [13]:
A+ 1]q[/\2 + 1]q[/\1 + Ao + Z]q
[2] '

For the type I frame W . K equation (2) gives [Wa(0,0)|? = [2][3],

. (1.0) 0.1) : R )
whilst from the type I frame o ° —— " " we obtain [Wa,0)|*+|Wv(0,0)° =

[2][3]?, giving [Wy(0,0)|* = [3][4]. We assume (15) and (16) are true for (k,m) =
(p,q). We first show (15) is true for (k,m) = (p+1,¢) and (k,m) = (p,q+1)
(p+1‘q+1) (p+.1,q)

(17) NS

see Figure 5). From the type I frame
Fi 5). F h If
Waw1ol” + Weal® = o+ 2°lg + 1la + 2)lp+ ¢+ 2][p +q + 3]/[2],

we get
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and substituting in for |Wv(p’q)|2 we obtain

|WA(p+17q)|2
=p+2q+1g+2p+q+2p+a+3](12p+2 - p+1)/[2°
=[p+2[p+2lg+1lqg+2p+q+2lp+q+3]/[2>

1q+1 +1,q+1
Similarly, from the type I frame (p.gt1) (p+1.a+1)

Wama+nl” =P+ 1lp+2llg+ 2]l + 3llp + ¢ + 2][p + ¢ + 3)/[2)%,

as required.

we get

(p.q+2)

(P.g+1) (tlg+1)

P.q) (ptLq) (pt2.q9)

FIGURE 5. Triangles in A

For k, m > 0, the equality in (16) follows from (15) by considering the type
(k+1,m) (k,m+1)
I frame o — o . We get
(WA Gm) * + W m|? = [k + [k + 2][m + 1[m + 2][k +m + 2]?/[2],
and substituting in for [Wa ,m) |2 we obtain
(W o,my > = [k + 1][k + 2][m + 1][m + 2][k + m + 2]
x ([2][k +m+2] — [k +m + 1])/[2]?
= [k + 1][k + 2][m + 1][m + 2][k + m + 2][k + m + 3]/[2]*.
Hence (15) and (16) are true for all k,m > 0.

There is no restriction on the choice of phase for A, so any choice is a so-
lution. We now turn to the uniqueness of these cells. Let W# be another family
of cells, with Wi(k,m) = Meom) (WA (k,m)| and Wé(k)m) = Mooy W 1,y | (any
other solution must be of this form since there are no double edges on A™).
We label the edges of A™ by crl(]), Pl('J), 7»0), j=1,....n—=3,i=1,...,7, as

shown in Figure 6.
Let us start with the triangle A 0)(1,0)0,1)- By (12) we require 1 =

uogl)upgl)uvil))\(o)o). Choose uogl) = u%l) =1 and up<11> = )\(0’0).

Next consider the triangle A 0)(0,1)(1,1)- We have 1 = Uy U ) )\(0’0))\’(0’0),

_ _ T o . _ -
so choose Uy = 1 and U, = /\(070)/\(0’0). Similarly, setting Up() = U @) = 1,
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(0.3)

(0,0) a_ltl) (1’0) O_‘(Zl (2’0) U‘ 3) (370)
FIGURE 6. Labels for the vertices and edges of A™)

up<12> = )\1(0,0))\(0’0))\(1’0) and U,péQ) = )\(0’1) then (12) is satisfied for the triangles

A1,0)(2,0)(1,1) and Ao,1)(1,1)(0,2)-
Continuing in this way we set u L = 1, u NOR (k_1>/\’

for

izl,...,k—l,andum 1, Uyt = U 1>)\(k1“1))\(k“1),forz—

(k—i—1,i—1)"

.k, foreach k < n— 3, Hence, any ch01ce of A and )\ will give an equivalent
solution to (13), (14).
For A we have Perron-Frobenius eigenvectors ¢ = (¢x, .»,) given by

_ [)\1 + 1]q[/\2 + 1]q[/\1 + X2 + Z]q
Pooura) = 2, '

Then the rest of the proof follows as for finite n. O

Using these cells W we obtain the following representation of the Hecke
algebra for A(™. We have written the label for the rows (and columns) in
front of each matrix.

A1+2] [M][M+2]
(18) U1 Cudet) — (utlda) ] ]
(M1—12a+1) Db 2] A 7
1T Az 1+1] i+1]
A2+2] A2][A2+2]
(19)  UGada)a-122) — (A1=1,22+1) Batl] [;zﬁ]
(A1 ha—1) Daliha+2] D] 7
A2 D2+1] Ma+1]
(20) U((>\17>\2)1(>\1+1,>\2*1))
[A1+A2+3] \/[)\1+A2+1][)\1+A2+3]
_ (A1+1,22) y M1+A2+2] A1+A2+2]
[A1+A2+1][A1+A2+3] [A1+A2+1]
(A1, 22=1) it re+2] atas+2]
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Let €1, €2, e3 be vectors in the direction of the edges from vertex (A1, A2) to
the vertices (A1 +1, A2), (A1 —1, A2+ 1), (A1, Ao — 1) respectively, and define an
inner-product by e; - e = d; 1 — 1/N. Wenzl [42] constructed representations
of the Hecke algebra, which are given in [14] as:

A A+ eg
(21) | | =a-6)
A+e; — Atej+ex
where A = (A1, \2) is a vertex on A, X = (A + 1,X2 + 1), and s;;(\) =
sin((m/n)(e; — e;) - A). Note that this weight is 0 when j = [.

\/Sjl(/\/ + ej)sjl()\’ + Ek)
sjt(N) ’

Lemma 5.2. The weights in the representation of the Hecke algebra given
above for A™ are identical to those in (21).

Proof. For j = [ the result is immediate since there is no triangle A —— A +
ej —> A+ 2e; — Aon A and hence the weight in our representation
of the Hecke algebra will be zero also. For an arbitrary vertex A = (A1, A2)
of A, s, (V) = sin((m/n)(e; — €1) - (M1 + D)er — (A2 + 1es)). We will
show the result for j = 1, [ = 2 (the other cases follow similarly). We have
s12(N) =sin((A1 + 1)7/n) and s12(X +e;) = s12(X + 1) = sin((A\ + 2)7/n).
We also have s12(\ + e2) = sin(A7/n). Then for k = 1, (21) becomes

V(O 2m/m) [y 9]

sin((A1 + 1)m/n) A1+ 1]
whilst for k = 2, (21) becomes

V/sin((A1 + 2)7/n) sin(A\y7/n) _ VM + 2]

sin((A; + 1)7/n) M+1] 7

as required. O

6. D GRAPHS

The Perron-Frobenius weights for the vertices of A are invariant under
the Zs symmetry given by rotation by 27/3. The graph D™ is obtained from
the graph A by taking its Zs orbifold, as illustrated in Figure 7 for n = 9
[17]. The Perron-Frobenius weights for the vertices of D™ are equal to the
corresponding weights in A, except that for n = 3k + 3, for integer k > 1,
the vertices (k, k)1, (k, k)2 and (k, k)3 (see Figure 8) which come from the fixed
point (k, k) of A®¥+3) under the rotation whose Perron-Frobenius weights are
a third of the weight for the vertex (k, k) of AG*+3). The absolute values |4
of the cells for A™ are also invariant under the rotation.

Let n > 5, n £ 0 mod 3. We will find one solution (up to a choice of
phase) for the cells of D™ by identifying the absolute values |[W (4| for the
cells in A™ with the absolute values [IWW(P)| for the corresponding cells in D™
when taking the orbifold. Each type I frame in D™ has a corresponding type I
frame in A, and similarly for the type II frames. Since the Perron-Frobenius
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2 e,

(0.2) = (4,0) =3,

(0,0) (1,0) (2,0) (3,0) (4,0) (0,0) (1,0) (2,0)

FIGURE 7. A® and its Zs orbifold D©)

weights are the same for A and D™, these [WP| will certainly satisfy (2)
and (3) since the || do. As in the case of A" there are no restrictions on
the choice of phase. Then we have the following theorem:

Theorem 6.1. Every orbifold solution for the cells of D™, n # 0 mod 3, is
equivalent to the solution for which the cells in D™ are equal to the corre-
sponding cells in A™ given in (13), (14).

Proof. The unitaries u; ; € T, for ¢, j vertices on D) may be chosen systemat-
ically as in the proof of Theorem 5.1, beginning with wg gy ke =
1/3

_ /3.
Alk,k), (), (k. k) ifn =3k+4or U(k41,k),(k+1,k) = Akt1,k), (k+1,k), (k-+1,k)
if n = 3k + 5, and proceeding triangle by triangle.

Now let n = 3k + 3 for some integer k > 1. For ¢ = ¢"™/(35+3) e have
[(3k+3)/2+41]q = [(3k +3)/2 — i], where i € Z for k even and i € Z+ 5 for k
odd. In particular we will use [2k + 2+ j] = [k + 1 — j] for j € Z. The Perron-
Frobenius weights ¢k 1), = dk.x)/3 = [k + 112[2k + 2]/(3[2]) = [k + 1]*/(3[2]),
1 =1,2,3. We again find an orbifold solution for the cells for DEE+3) except
for those which involve the vertices (k,k);, « = 1,2,3, which correspond to
the fixed point (k,k) on the graph AG*+3) Let v, 4/ be the two edges in
the double edge of DG¥+3) | where ~ is the edge from (k,k — 1) to (k — 1,k)
and 7/ is the edge from (k,k — 1) to (k4 1,k — 1) in AG*+3) (see Figure 7).
We will use the notation Wf()hkfl), (k—1,k) to denote the cell for the triangle
Dy, (k,k—1),(k—1,k) Where the edge & € {v,7} is used, for v = (k — 1,k — 1),
(k+1,k—2) or (k,k);, i = 1,2,3. Then in particular we have the following:

(€)) o _ [K]P[k + 1]7[2K][2k + 1]
|W(kfl,kf1)7(k7k71),(k717k)| = 22
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[K])2[k + 1)%[k + 2][k + 3]

[2]? ’
) o [k —1][k][k + 1][k 4 2][2k + 1][2F + 2]
|W(k+1 k—2), (k,k71)7(k71,k)| - [2]2
[k —1][k][k + 1]2[k + 22
[2]?

Since 7/ is not an edge used to form the triangle A (k—1,k—1),(k,k—1),(k—1,k)
in A®9) e obtain W 1l = 0. Similarly we obtain
W((ll)rm—z),(k,k—l),(k—l,k) = 0. The cells involving the vertices (k, k); coming
from the triplicated vertex (k,k) in AGF+3) will then be a third of the cor-
3k+3 (k_1>k) (kak)z .
responding cells for AG¥3)  since the type I frames = o — e give

|w1> Bk (o) | +nvkikﬂkmukklﬂ [kl + 1]4[k + 2]/ (3[2)) for

2,3. So
2_1W o LKk + 13k + 2]
W, (k 1,k),( kk)l,(k,k—1)| - §| (k=1,k), (k). (k k=1 |~ = 3 2]2 J
o) 2 _ 1 2 LKk + 1Pk + 22
|W(1;Yfl,k),(k,k)i,(k,kfl)| = Wikt 1,6-1), (k) (k-1 |~ = 3 2 :
3 3 2]
(k+2,k-2)  (k+1,k-1) (k.k),
=(k2,k) = (k-1,k)

(kK),

FIGURE 8. Labels for the graph D(3++3)

The phase A of the cell W is the number A € T such that W = \W].

Let A\, \; € T, be the choice of phase for the cells W((121 k), (o) (k1)

") : i (&)
W(I:—l,k),(k,k)i7(k7k—1) respectively. Similarly, let A"\ () o p 1) 1k De
the phase for W((lf)—1,k—1),(k,k—1),(k—1,k)a where & € {v,7'}, and Wy, yy vy =

Nor v.0s| Wy vs.vs| for all other triangles Ay, 4,0, of DG+ The type 11
kyk—1 k—1k) | . .
frame ( . ) — ( ° ) gives the following restriction on the phases \;, Al:

(22) M) 4 A + A3); = 0.
(kk); (k,k—1) (k,k); .
From the type II frame e — . — e we obtain

Re(MN;NA;) = —1/2 for i # j, giving M A] = (—1/2 + €45V/3i/2)A\ N, €55 €
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{#1}. Note that £;; = —¢;;, and substituting for \;\; with j =i + 1 into (22)
we find €19 = €93 = £31. Then we have

— 1 V3i -
(23) A = (—5 + ET))\1+1)\;+1’
for e € {£1}, 4 =1,2,3 (mod 3). Then there are two solutions for the cells of
DGF+3) W and its complex conjugate W. The solution W is the solution to
the graph where we switch vertices (k, k)2 ~—— (k, k)s.

Theorem 6.2. Every orbifold solution for the cells of DG*+3) is given, _up
to equivalence, by the inequivalent solutions W or its complex conjugate W,
where W is given by

[kl [k + 13k + 2]

™) =€
Wilk—18), (k)i (ke —1) = €i V31[2] 7
wo") = ;[k + 2]k + 1
(k—1,k),(k,k)i,(k,k=1) — ** \/5[2] 7
o _ [0k + 1]/ Tk + 2]k + 3]
(k=1,k=1),(k,k=1),(k=1,k) ~ 2] |
W) _ [E+ 1]k + 2]/ [k — 1][F]
(k+1,k=2),(k,k—1),(k—=1,k) — 2 |
) —_ww =
W=t k1)1, e-1.0) = WikeLe-2), k0,610 = 0

where €1 = 1, 5 = €2™/3 =3, and all other cells are equal to the corresponding
cells in ABF3) given in (13), (14).

Proof. Let W be any orbifold solution for the cells of DG¥3) Then W is
given, for i = 1,2, 3, by

#(7) )
W(k’117k)7(k7k)i7(k7k71) = )‘i|W(IZ—17k)7(k7k)i,(k,kfl)|’

(v — )
W(kzl,k),(k,k)i,(k,k—l) = /\i/|W(l;Y—1,k),(k,k)i,(k,k—l)|’

#(&) _
Wikt k1), b-1), (1) =
#(&) 1(&)
A1 k= 1), (k1) (k=1 WV (1 1), (k= 1), (k= 1.) |
where ¢ € {v,7'}, and WE . . = M, [We, u.0,] for all other triangles

Aoy gy of DO*3) - and where the choice of Y, A satisfy condition (23)
with ¢ = 1. We need to find a family of unitaries {u,} for edges p # +' of
DOR3) where uy, = (uq(€,€)), £,& € {7,7'}, is a 2 x 2 unitary matrix, and
u, € T for all other p. These unitaries must satisfy (11) and (12), i.e. ¢ =
g (1 (1, YN + 15 (7, 7)A) and & = gy (s (7 A+ 10 (7, 7)AD),
for I =1,2,3, and

_ #(€")
1 = g, U, Zu(§7fl))‘(k—1,k—1),(k,k—1),(k—1,k)’
5/
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1= g ugy Z (€€ ))‘?ki)l k—2),(k,k—1),(k—1,k)"

g/
For all other triangles A% of DBR+3) we require 1 = u,, u,, u, DY S

For u, we choose u,(v,7) = 1, uy(7,7) = uy(v',7) = 0 and uy(v'7') =
)\ﬁ)\ﬁ We set u,y = 1 and u,, = el/\g, for I = 1,2,3, and ug, = uy; = 1,

_ $(v")
/\k 1,k—1),(k,k—1),(k—1,k) and gy _/\k+1k 2),(k,k—1),(k—1,k)"
@-1j+1) p® Gyt (-1,/+1)
pti\ pzzy p(Z)' pm'
(@) G-1)) P )
@) ) (P p27 )1y
FIicURE 9. Triangles A ”) (1 17J+1) (i,j+1) and A

(i=1.9), (m) (i—1,j+1)

For the remaining triangles we proceed as follows. Let m = 2k — 2. For
(1 52 5(3))
each triangle A@ i, (Z L), (g1

D3y, (i—1,j+1),(i,j+1)) such that i+j = m, if either u ) or up<2> hasn’t yet been

as in Figure 9 (and similarly for triangles

assigned a value we set it to be 1, and set Ups) = upu)up(z))\
P17 (27 5(3)7y

17]) (6.0),(i—=1,5+1
for triangles A(iy1,j-1),(i,j),(i+1,5)) such that i + j = m, if either u,q), or
U2 hasn’t yet been assigned a value we set it to be 1, and set w,@s) =

(4,9),(i=1,5+1),(3,j+1) "

Next, for each triangle A(l ) as in Figure 9 (and similarly

Up(l)/UP(Q)/)\?i_l’j)’(i,j),(i_l,j_"_l). We then set m = 2k — 3 and repeat the above
steps. Continuing in this way, for m = 2k — 4, ..., 3, we find the required uni-
taries {u,}. The proof for the uniqueness of the complex conjugate solution
can be shown similarly.

For the solutions W and W to be equivalent, we require unitaries as above
such that

[k + 2]

[k] ’U’V(A/vp)/)el)a

€ = uuzuui (’U’V (77 P)/)gl +

VI
[k + 2]

forl=1,2,3. Thisforcesu,y(v ) =uy(v,7) =0, uy(v,7) = Ik /,/k+2
and u,(v',7) = v/[k + 2]/+/[k]. But then w., is not a unitary.

& = uy (Y )&+ uy (Y, e,

Using the cells W we obtain the following representation of the Hecke alge-
bra for DGF+3) we use the notation v(?) if the path uses the edge 7, where v
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is a vertex of DBk+3).

(kb —1) k1] g VIR Uk
o 2 @
plh=hEmDEmbh) (k,k—1)"" 0 0 0
- VIE—1]lk+1] [k—1]
(k=) [F] 0 CE

= g(Uek=1),(k=LE=1)) " with rows labelled by (k —1,k)™, (k —1,k)0",

(k7k71)('*) 0 0 0
k+1,k—2),(k—1,k)) _ , k+1 [k+1][k+3]
vt M )= (kk=1)7) 0 %k+2} [k+2]
_ [k+1][k+3] [k+3]
(k=2,k) 0 == =
= y((Rk=1,(k+1E=2)  ith rows labelled by (k — 1,k)), (k —1,k)",
(k,k—2),
- [£] = V2]
7 ((kk=1),(k,k)i) — (k—1,k) E+1] T ThF1]
' [k][k+2] k+2 ’
(k—1,k)") €] %Hl}

= U(R)i(k=1F)  with rows labelled by (k,k — 1)), (k, k — 1),
{7 ((k=1,k),(k,k—1)) _

(k,k)1 2][k + 1]a €a €a b c

(k,k)2 €a [2][k + 1]a €a b Ec

(k.k)s €a €a 2k +1]a &b  ec |,
(k—1,k—1) b €b €2b Bjig% 0
(k+1,k—2) c €2C €xc 0 %

where € = e2[k] + €[k + 2] and

T Bty V3 [k
Another representation of the Hecke algebra is given by taking the complex
conjugates of the weights in the representation above.

In [25], Fendley gives Boltzmann weights for D), which at criticality and
with the parameter u = 1, give a representation of the Hecke algebra. However
these Boltzmann weights are not equivalent to the representation of the Hecke
algebra using the cells W or W. To see this, we use a similar labelling for the
graph D) as in [25]- see Figure 10.

Consider the weight [U(BT’Q)]%V/, where we label the rows and columns by

v, v' to denote which edge from 1 to 2 is used for the path of length 2 from
3r to 2, 7 =0,1,2, and the weight U is the complex conjugate of that given
above, i.e. it is the weight given by the solution W for the cells of D). Then

[k + 1] y_ VI I3 JRVA Y|
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0

FIGURE 10. Labelling the graph D(®)

for equivalence we require a unitary us, 1 € T and a 2 X 2 unitary matrix u.

such that
€ Vil _ |us, 1] <uw(%7)uv(7’,7)i ]

2] 2] +uv(777)u7(7/77/)65 2]

/B 3
(24) Fuy (7,7 )uy (7, 7)E [2[]] (%7’)%(%7’)%)-
Since u, is independent of 7, for (24) to be satisfied for each r = 0,1,2, we
require u~(7y,7)uy(v',7") = 1 and the other terms to be zero, which gives
uy(7,7) = uy (7, 7) = 0 and uy (7, ) = (u(7,7)) . But now if we consider
the weight [U(l’gr)

/B3] VI

€9 [2] = |U2,3r|2 (Uv(’\/vpy)mé + UV(A/?PY)WE; [2]

VB

sy (7,7 )uy (V5 7)€ 2] +“7(%"//)“7(’717’7I)%>7

ly,4» with us 3. € T, we have

but [U(l’gr)]%w = 65@, for r = 0,1,2. We obtain a similar contradiction

when considering the weights U defined using the solution W for the cells.
Suppose however that the Boltzmann weight denoted by W. (1 3 n [25] is

the complex conjugate of that given. Then the Boltzmann welghts at crltlcahty
of Fendley [25] are equivalent to the representation of the Hecke algebra given
by the solution W for the cells of D(®). We choose a family of unitaries ug ; =
Uz = U3, = 1, u3, 1 =€, r =0,1,2, and choose u, to be the 2 x 2 identity
matrix.

7. A* GRAPHS

The infinite series of graphs A* are illustrated in Figure 11. The graphs
A HD* and A@™* are slightly different.

First we consider the graphs A27"TD*  The Perron-Frobenius weights on
the vertices are given by ¢; = [2i —1],i=1,...,n
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0 .Y Q0 VIR, Q0 ~ Q0 Q9
1 2 1 2 1 2 3 1 2 3 1 2 3 4
AM)- A(S)* A((;)‘ A(7). A(x), A«;)*

FIGURE 11. A™* for n =4,5,6,7,8,9

Theorem 7.1. There is up to equivalence a unique set of cells for AGHTD*
n < oo, given by

Wifl,iﬂ' = ) 1= 27 » 1,
i —1]
—1][2¢ — 1]|2 1
Wi,mﬂ—\/Z HZ[] I[2i + ], 1=2,....,n—1,
i
Wiii_(_l)H_lM i=2 n
9 by [i-l][i]’ b) bl
Proof. Using (2), (3) we obtain
(23 — 3][2i — 1]
2 Wi ii2:w— -9
( 5) | 17)| [2_1] ) Z b 7n7
— 1][2e — 1][2e + 1
(26) (Wiiit1]? = i =1l Z[.] i+ ], i=2...,n—1,
[
S 12
(27) |Wi7i,i|2zu i=2,...,n

i =10
Let Wik = Xije|Wi k| for Aijx € T. From type II frames we have the
restriction

3 3
(28) )‘i7i,i+l)‘i+1,i+l7i+1 = _)\i,i+17i+1)‘i,i7iv
for i = 2,...,n — 1. Let Winjk = )‘gjk|Wi,j7k| be any other solution to

the cells, where the A satisfy (28). We need to find a family of unitaries
{u; ;}, where wu; ; is the unitary for the edge from vertex 7 to vertex j on

ACHD*which satisfy (12), ie. —1 = ud) y A5 5 for I = 1,....[n/2],

and 1 = uiujuk)\gjk for all other triangles A; ;. We choose ui» = 1,
U1 = —(/\572’2)1/3)\§’272, U2 = —(/\272,2)1/3, and fori =2,...,n—1,u; ;11 =1

_ # # _
WUitl,i = —()\572,2)1/3)\373,3)\574,4 e ')\1'—1,1',1')\2,273)‘573,4 T )‘g,i,i+17 and uit1 41 =

# # #
_()‘2,272)1/3)‘2,273)‘273,4 T )‘g,i,i+1)‘2,373)‘§74,4 T )‘g,i+1,i+1' U

For ACn+t1D* the above cells W give the following representation of the
Hecke algebra:

plity — 7 [ i
i1 VI—1][i+1] [i+1] ’
(4] (4]
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. [i—2] [i—2][4]
(1,i-1) _ = [i—1] [i—1]
v p [i—2][4] [i] ’
[i—1] [i—1]
[4][2i—3] (-0 /12i-3]  /[2i—3][2i+1]
el [i—1][2i—1] [i—1]4/12i—1] [2i—1]
e T B Vo R SR G T
v [i—1]y/[2i—1] [i—1][4] [i]3/[2i—1]
i+1 [2i=3][2i+1] (=1 /[2i+1] [i—1][2i+1]
[2i—1] [i]4/12i—1] [i][2i—1]
In [4], Behrend and Evans give Boltzmann weights
wi ¢ d u |,
b ¢

which at criticality, with w = 1, give a representation of the Hecke algebra.
(Note, these Boltzmann weights are not to be confused with the Ocneanu cells

Lemma 7.2. The weights in the representation of the Hecke algebra given
above for AC"HD* gre equivalent to the Boltzmann weights at criticality given
by Behrend-Evans in [4].

Proof. To make our notation the same as that of [4] one replaces i with (a +
1)/2. Then it is easily checked that the absolute values of our weights given
above are equal to those for the Boltzmann weights in [4], setting ¢ = 0, in all
but a few cases. We will show that the absolute values in these other cases are
also equal. For [U(9];, 1,41, the Boltzmann weight in [4] is

[a+2]—la+2]/la] [a+2] (la] - [1]) = [a+2] [3(a—1)a+1]
[a+ 1] [a][a + 1] [a][a + 1] [%(a +1)]

which is equal to our weight, and similarly for [U(i’i)]i,lyi,l. For [U(i’i)]m‘ we
have to do the most work. From [4] its value is

1 <[2]_ [a+2][3(a —5)] [a—Q][%(a+5)])'

(29) Bl @latD] @b

Writing this expression over a common denominator, and using (1), we can
write the numerator as

Rlla)((2] + 4] + - +[a = 1)) = [a+ 2](B] + [5] + -+ -+ [a — 4])
—[a=2J(B] + 5] + - +[a+2])
= la](] + B + B + 5] +--- + [a — 2] + [d])
—([a+2]+[a=2)(B] + 5] + -+ [a —4])
—[a=2J([a = 2] + [a] + [a +2])
= la] + (2la] = [a+2] = [a = 2D(B] + [5] +--- +[a — 4]+ [a = 2])
+a]* = [a — 2][a]
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= la] + ([a] = fa+2)(B] + [B] +--- +[a—2])
+(la] = [a=2D(BI+ [B] + -+ [a = 2] + [a])
= [a] + [(a = 3)/2][(a + 1)/2]([a] —[a + 2])
+ [(a = 1)/2][(a + 3)/2]([a] - [a - 2]).

Now

[(a = 3)/2][(a + 1)/2](la] = [a+2])

=[(a—=3)/2l([(a+1)/2] + [(a +5)/2] 4 - -- + [(Ba — 1)/2]
—lla+5)/2] = [(a+9)/2] =--- = [(Ba+3)/2])
=[(a— 3)/2]([(a+1)/2] [(3a+3)/2])
=B]+pB)+ - -+a—2—-[a+4]—-[a+6]—- - —[2a—1],

and

[(a = 1)/2][(a+3)/2](la] —[a —2])
=lla=1D/2((a+1)/2]+ (@ +3)/2] + -+ [Ba+1)/2]

—lla=5)/2] =[(a=1)/2] =+~ [(3a = 3)/2])
= [(a=1)/2/([Ba+1)/2] = [(a = 5)/2])
=la+2+lat4)+ -+ 201~ [3 = [5] — -~ [a—4).

Then we find that the numerator is given by [a] + [a — 2] + [a + 2] = [3][a], and
(29) becomes

[3]la] 1

Bllallz(a— D] +1)]  [3(a—Dllz(a+1)]
as required. To show equivalence, we need unitaries u; ; € T, for vertices ¢, j
of A™* such that

1= iUit1,i+1, 1=wu;ui—1,-1, —1 = U 51 U— 1,3 1 Uit 145
i 2 A N —
(_1) = Uy Ui, i4+1Ui 1,05 (_]—) = Uj Wi —1Ui—1,4-
Then we set u;; = 1 for all 4, and for m = 0,...,(n — 2)/2, uam+1,2m =
U2m,2m+1 = U2m+2,2m+1 = 1 and Uzm41,2m42 = —1. 0

For the graphs A“™* (illustrated in Figure 11) the Perron-Frobenius weights
on the vertices are given by ¢; = [2i]/[2], ¢ = 1,...,2n — 1. There are now
two solutions W+, W~ for the cells for A“™* which are not equivalent since
|W+| # |W~| and the graph A“™* does not contain any multiple edges.

Theorem 7.3. The cells for A4™* n < oo, are given, up to equivalence, by
the inequivalent solutions W+, W~ :
et [2i][2¢ + 2]

Z“+1—[2] TS [2¢] F [1], t=1,...,2n -2,
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V[2i][2i + 2]
W'L:l:'L+1l+l it \/ 1=1,...,2n — 2,
[2]\/[21 + 1

(—1)it+1 V(2] VRIRI£[4],  i=1,...,n—1,
[2]V/[2i — 1]{21 +1]
2n

—1)ntt [ , i=n,

Wi, = - VI[2][2n — 1][2n + 1]
‘ 2] . :
—1)t! [ 2][2¢] F [8n — 4],
N e pre MV R
t=n+1,...,2n—1.

Proof. The proof follows in a similar way to the AZ?TD* case. O

For the graphs A(*"+2* (illustrated in Figure 11) the Perron-Frobenius
weights on the vertices are again given by ¢; = [2¢]/[2], i = 1,...,2n. There
are again two inequivalent solutions W+, W~ for the cells of A®#n+2)*

Theorem 7.4. The cells for A4+ n < oo, are given, up to equivalence,
by the inequivalent solutions W+, W= :

v [2i][2i + 2]
W:I: /
zzerl [2] /721_’_1

i=1,...,2n—1,

V[2i][2i + 2]
W1:|:7,+11+1 i2i v \/ 1=1,...,2n -1,
2]v/[2i

V(2] VI £ [, i=1,....n
[2]V/[2i — 1][2i + 1] o

sz[“: 1)+l V2] i —
o [2]\/[21'—1][21'4-1]\/[2][ | F [8n + 4 — 4i],

(~1)+!

i=n+1,...,2n.

Proof. The proof again follows in a similar way to the A" TD* case. O

For A?™* the cells W above give the following representation of the Hecke
algebra:

, (24 =[1] V@I-) (@i+2]+[1])
plity) — [2i+1] 2i+1]
a1\ V(@I-0D(Ri+2)+[1]) [2i12]+[1] ’
[2i41] [2i41]
' [2i—2]—[1] v/ ([2i—2]—[1]) ([2d]+[1])
pii=1) _ i—1 [2i—1] 2i—1]
; V(2i—2 [ @]+0) [2:] (1] ’
[21 1] [2i—1]
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U(Z,l):
PR (_qy gy VECARIE

i—1 [24][2i+1] [2i]4/[2i+1]

i (_:UHrl\/m T (_1)%+1W ,

; 2i—22i—12i+2] |, L\t [2i42]([2i]—[1])
i [2d]4/[2i+1] (=1) VT a— [2i][2i+1]
where, ax = [2¢ F 2]([2¢] £ [1])/[24][2¢ + 1], and for m > 0, if n = 2m,
2][24]+[44 .
% fori=1,...,m—1,
r= B for i = m, ,

[2][24] — [4n—44]
[2i—1][24][20+1]

and if n =2m + 1,

fori=m+1,...,2m—1,

[2][24])+[44] P —
_ ) moipipen  fris=le..m
2][27] —[4n—41 ;
W fori=m+1,...,2m,

Lemma 7.5. The weights in the representation of the Hecke algebra given
above for AP™* are equivalent to the Boltzmann weights at criticality given by
Behrend-Evans in [4].

Proof. To make our notation the same as that of [4] one replaces ¢ with a/2. To
see that the absolute values of our weights are equal to those of the Boltzmann
weights in [4] one needs the following relations on the quantum numbers:

[2i + 1] [4i + 2] [2i — 1] [4i + 2]

2i] + 1] = SR R - (1) = S

where ¢’ = /g (¢ = ¢™/™). Again, a bit more work is required for [U®?]; ;.
For equivalence we make the same choice of (u; ;); ; as for AGn+1*,

8. D* GRAPHS

The graphs D™* are illustrated in Figure 12. We label its vertices by i;, ji
and ki, 1 =1,...,[(n—1)/2], which we have illustrated in Figure 12 for n = 9.
We consider first the graphs D?**D*  The Perron-Frobenius weights are
¢i, = ¢, = ¢k, = [2l — 1], I = 1,...,n. Since the graph has a Z3 symmetry,
we will seek Zg-symmetric solutions (up to choice of phase), i.e. |W;, j. x.[* =
Wi gdeo)® = Wi g, kol =1 (W, p,g,m € {1,...,n}. Using this notation,
we have the following equations from type I frames:
(30) Wi 2,0 = [2][3],
(31) (Wi + Wepenm? = 220 - 120+ 1], 1=2,...,n—1,
(32) Wiz + Wia|? + Wis)> = 220 - 1%, 1=2,...,n—1
(33) |I/anl7n,n|2 + |W’I’L77Z,TL|2 = [2]37

)
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& B\ o\

,D(G) D(7) D(&)i

FIGURE 12. D™* for n =6,7,8,9

and from type II frames we have:
(34) Wi, P Wi | = [20 = 3][20 — 1][20 + 1],
forl=2,....n—1, and

(35) (Wi 1ll| (77 IWi—10- 1l| + = |Wlll|) [21 3][2[—1]2,

[21 = 3] 20 = 1]

for [ = 2,...,n, which are exactly those for the type I and type II frames for
the graph A (2n+1)« . Since the Perron-Frobenius weights and Coxeter number
are also the same as for A" D% the cells [W), 4| follow.

From the type II frame consisting of the vertices i;, ji, 4;4+1 and j;+1 we have
the following restriction on the choice of phase

(36) gtk Ain g b N gk N i ke
= ik i ki N ki N ek
Theorem 8.1. Every Zs-symmetric solution for the cells W of D@ +1)* n <
o0, 15 equivalent to the solution
Wisgaske = Wiz ji ke = Wis ol = V/[2][3);

VI 120 = 1][20 + 1]

[1]
V=120 = 1][20 + 1]

[I]
, Wi in b = (_1)n+1m

[n —1][n]

Wiz,jz+1,kz+1 = Wiz+1,jz7kz+1 = Wil+17jl+17kz =

)

)

Wiz,jz,k1+1 = Wiz,jz+17kz = Wiz+17jl7kz =

oy 201
ledhkz_( 1)+ [l—l][l] )

forl=2,...,n—1.

Proof. Let W be any Zs-symmetric solution for the cells of DZ"+1D*  where
the choice of phase satisfies the condition (36). Since D" +1)* does not contain
any multiple edges, we must have |W i k| |[Wiji| for every triangle A, of
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DEr+D* We need to find a family of unitaries {uy, ,}, where u, , is the uni-
tary for the edge from vertex p to vertex ¢ on D**+1* which satisfy (12), i.e.
=1 = Wigy oy Wiigy kg Uk i Aggl,jgl,kgl for the triangle Aizl,jzukzlv l=1,..., I_TL/ZJ,
and 1 = Up, Up,Ups Apy po.ps for all other triangles on D +1* . For triangles

involving the outermost vertices, we require that 1 = u;, j, ujQ,k2uk27i1/\gl ok
— W s s A\ f W s Y —
L = Uiy ji Ujy ko Uk i )‘1‘2,j1,k27 L = Wiy, jyUjp, by Uky i )‘1’2,j2,k1 and also —1 =

f . _ _ _
Wiy, Gy Wi, kip Wy ip A So we choose wi, j, = Ujy ky = Ukyin = Ujs ks

i2,j2,k2
Upyiy = N Y

o o -
Uksg iz = 1, Wiz,j1 = A i1,92,ka? Wiz, = i2,j2,k2

i2,j1,k2?
N A Next consider the equations 1 = wj, j,Ujy koUks,is A

i2,J2,k2 "Vi2,j2,k1 " f 12,73,k2"
and 1 = uiQ,jQuj%kS_ukS,iQ)\iQ’jmkg. We make the

and uj, g, =

e A\
1= UZS,J2uJ2,k2uk2ﬂ3)‘i37j27k2

i Ces: Ui i = Us = - B ,
following choices: Uiy j3 = Ujo,ky = Ukoiy = 1, Wiy jo = )\i3,j271€2’ Uy ko
# ¢ ti : :
Nig jsks A Ukg i = =Xy o 0 Ay S . Next we consider the equations
— s Us Y — . # # #
L= Wiy, g U, s Ukss iz )\i21j3’k3 - U’J3J€3)‘1’2,j2,k2)\i2,j2,k3)\i2,j3,k3’

— A A\t _ 1\
1= Wiz, jo Ujs, ks Uks, i3 /\ig,j27k3 - uk3,13)‘i37j27k2 i3,52,k3"

— s B — . o\
1= uzs,Jqu3,k2uk2,13)‘i3,j37k2 - UZS,J3)‘i27j37k2/\i37j3,k2'

; .\ # o\ #
We make the choices u;, j, = 1’2,j3,k2)‘i3,j3,k27 Uky iy = )‘ig,j2,k2)‘i3,j2,k3 and
) _ i # i o o\ _
Ujs ks = =iy s ks Nin g ko Mo skst | LD Uig gy Wi kg Uk ig Ay g kg =
A\ # # i i # # _ .
)}i27j37/€2/\i37.j3,kg/\i23j2,ks%\i2,j27k2)\i27j37/€3/\i37j2,k2/\isyjzyks = -1 by (36)’ as re
quired. Continuing in this way we are done. |

For D(27+D*  the Hecke representation for the cells W above is given by
the Hecke representation for A" TD* where [UG-F)]; = [UGLi], =
[Uke3r)]; - are given by the weights [U(7)],, , for AC™TD* for any I, m, p,r
allowed by the graph.

We now consider the graphs D The Perron-Frobenius weights are
bi, = ¢, = o, = [21]/[2], and we again assume |W;, ;. x.[* = Wi, .k, |2 =
(Wi, gooka|> =2 |Whp.qr|?, where p,q,7 € {1,...,n — 1}. Then as for Dnt1)x
the Zs-symmetric solution for the cells follows from the solution for A2™*
and we have the same restriction (36) on the choice of phase. So we have

(2n)* .

Theorem 8.2. For n < oo, the Zs-symmetric solution for the cells of DA™)*
are given by

+ - - _ V220 +2]
Wil,jl,kz+1 - Wil,jl+1,kl - Wil+1,jl,kl - [2] [21—|— 1] [ ] [1]’

1=2,....2n—2,

Miinster Journal of Mathematics VoL. 2 (2009), 95-142



OCNEANU CELLS AND BOLTZMANN WEIGHTS FOR SU(3) ADE GRAPHS 123

+ + + _ VIR0[2I+2] 2+ 2+,

gk Wil+1,jl7kl+1 = Wil+17jl+17kl [2] [21 ¥ 1]

e VI2I] B -
( 1)+[]\/[21—1§21+1V l=1,...,n—1,
(~1+ [2n , I=n,
E - V1
=y 2]Vl - 2+ 1] VIIRF [8n - 41)
l=n+1,...,2n -1,

and the Zs-symmetric solution for the cells of D*"+2)* gre

V0221 + 2]
+ + + \/7

W= =W=. =W:
i1, k141 i, J14-1,k1 gk [ ] 2[ + 1

l=2,...,2n—1,

W, =Wt =W+ _ v+ 21+ 2] + [1],

ik T Wil+1,jl7kl+1 - Wil+17jl+17kl - [2] [21—|— 1]

I=1,....20 -1,
)i val VI I=1,....n,
- []\/[21—121+1 "

W“igl K _1\l+1 \/m . _
o [2N[2l—1][21+1]\/[2” I F [8n+ 4 — 4],

l=n+1,...,2n.

The uniqueness of these solutions follows in the same way as for D27+,

If W is a solution for the cells of D2™* then W™ is a solution for the cells of
the graph where we switch vertices i; «<— i,,—1, ji <—— jn—i and k; <— k,,_y,
foralll=1,...,n—1.

For D2+ the Hecke representation for the cells W+ above is given by
the Hecke representation for A™*, where [UCGtFD]; . = [UGLi)], ) =
[Uker)]; - are given by the weights [U(],, , for A®™*, for any [, m,p,r
allowed by the graph.

In [14], di Francesco and Zuber gave a representation of the Hecke algebra
for the graph D(®)*  with the absolute values of the weights there equal to those
for our weights given above. The two Hecke representations are not identical
as the weights in [14] involve the complex variable i. However it has not been
possible to determine whether or not the two representations are equivalent as
there are known to be a number of typographical errors in the representation
n [14].
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9. £B)

We will label the vertices of the exceptional graph £®) in the following way.
We will label the six outmost vertices by 4; and the six inmost vertices by
ji, I =1,...,6, such that there are edges from ¢; to j; and from j; to i;41.
The Perron-Frobenius weights on the vertices are ¢;, = 1, ¢;, = [3]. With
[a] = [a]y, ¢ = €™/%, we have [4]/[2] = V2.

Js Ja

. . 2 3
Js Js o@o

1

Ji )
i
FIGURE 13. £®) and its Zs orbifold £®)*

We will again use the notation W; ;1 for W(A; ;). Then from the type I
frames on the graph we have the following equations:

|Wilajl,jl—1|2 = [2]¢il d)jl = [2] [3]7
|Wilajl>jl—1 |2 + |le+1,jl,jl—1 |2 + |le,j171,j172|2 = [2]¢jl¢jl—1 = [2][3]2'
Then [Wj,, jiji_s *+ Wi i1t |* = [3][4]. Since there is a Zg symmetry of
£® we assume W1 i ? = Wikt gusin—s |? for all k, [, giving

|le+1,jz,j171 |2 = %[3] [4] - [2][4][3]

The Zg symmetry of the cells can be deduced from equation (37). Finally, for

Ji Jit2
the type I frames '« —— "o we have |sz+2,jz+1,jz |2 + |sz JJit2,Ji44 |2 = [2] [3]2
giving

|le,jl+2,jl+4|2 = [2] [3]2 - =

Let
Wil,jl,j171 = /\il [2] [3]7 l=1,....6,

Wiigi-agi—e = 1 [4] , 1=1,...,6,
2) [2][3]
leajl+2>jl+4 = /\g-l)m7 l=1,2.
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The only type II frames that yield anything new are those for the frame
involving the vertices j;—a, ji—3(= Ji+3), Ji+1 and j;:

0= i 1le—Q,jl—l,jlWjH»lajl,jl—lle—l,jl+1,jl+3le—1,jl—2,jl—3
+ ¢jl+2 WjL—Q,jz 2Ji42 sz+27jz+17jz le+37jl+2:jl+1le—27jl—3:jl+2

A<1>A<1> A0 Lo L REVBE o o o

[4]2 Ju T 42" Jiba” i1 [4] J—1"" 141" 43" ?

(37)

which for any [ =1,...,6 gives
(1) (1) (1) (2) (1) (1) (1) (2)
(38) )\]1 )\J?, )\Js )\ )\jz )\ J4 )\JG )\ :
From the type II frame above we see that there must be a Zg symmetry on
the cells, (W, 5ot 1* = Wit juin_s|® for all k1, is correct since otherwise
the coefficients of the two terms in equation (37) would be different, and (38)
would be )()()() Iy (1) (1) (2)
(1) (1) (1) (2 (1) (1) (1) (2
/\Jl )\J?, )\Js )\ C/\Jz )\J4 /\ /\J1 ’
for some constant ¢ € R with || 7é 1, which is 1mposs1ble.

Theorem 9.1. There is up to equivalence a unique set of cells for £®) given by

(2]v/[3]
Wil,jl,j171 = [2] [3]7 leajl—lajl—Q = , I=1,....6,

[4]
21[3] [21[3]

J1,J3,d5 — ) J2.ja.d6 — T :
[4] (4]

Proof. Let W* be any solution for the for the cells for £, where the choice
of phase satisfies the condition (38). We need to find a family of unitaries
{up 4}, where u,, , is the unitary for the edge from vertex p to vertex q on £®),

which satisfy (12), i.e. —1 = uj, j,Wjy.j6Ujs, J2)\§ ) for the triangle Aj, j, e

and 1 = up, Up, Ups Ap, po.ps fOr all other triangles, where A, p, », is the phase

associated to triangle Ap, ;. .. We make the choices u;, j, = uj 5, , M,
Uj i, = Lfor I = 1,...,6, uj, 5, = ujs i, = 1, uj 45 = )\gi), Ujy Gy =
A§?A§?A§ IADAD 5 = /\gi), Wigjs = A i iy = Wiy = Wiegs = 1,
i = XOXONIAD, s = ADNAINDNINDND ad s, =
Ag)Ag;)A“). O

For £®) the above cells W give the following representation of the Hecke
algebra:

Ulisi-1) — i) — 2],

4 n (—1" /B
UUnii-2) — -1 L[E]l\/_ 2]

) (=1 [3] 3 ’

Ji+2 7{2] %
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1 11
Jia [2] (2] 3]
i1.J 1 1 1
U Gnde) — itee o o e ’
i 112
- B VB B

for i =1,...,6 (mod 6). This representation is identical to that given by di
Francesco-Zuber in [14]. (The representation in [14] is given for the graph

£®)* and the representation for £®) is obtained by an unfolding of the graph
B )

10. £®)*

We will label the vertices of the graph £®)* as in Figure 13. The Perron-

Frobenius weights for £®)* are ¢ = ¢4 = 1, ¢ = ¢3 = [3]. As with the
graphs A and £®) we easily find |[Wy23]? = [2][3] and [Waz4|? = [2][3]. Then
by the type II frame e — + & <« &wehave [3] 71 [Wia3|?|[Waa3|? = [3]?,
and so [Waos3|? = [3]2/[2]. Similarly |Was3|? = [3]?/[2]. From the type I frame
2 2 .
e —— o we get |W222|2 + |VV223|2 = [2][3]2, giving |W222|2 = [3]3/[2], and
similarly |[Wsss|> = [3]3/[2]. Let Wijx = Xiji|Wijk|. Then from the type II
frame consisting of the vertices 2,2,3,3 we obtain the following restriction on
the choice of phase:

(39) A222 X335 = —A333A303-

Theorem 10.1. There is up to equivalence a unique set of cells for E®)* given
by

Wiz = Wass = /[2][3],

_ _ B

Waas = Wass Nk
_ VP __JEF
2] [2]

Proof. Let W be any solution for the cells for £()* where the choice of phase
satisfies the condition (39). We need to find a family of unitaries {u, 4}, where
Up,q 1S the unitary for the edge from vertex p to vertex g on &€ (®)* which satisfy
(12), ie. —1 = 1,1%73)\333 for the triangle Ag 33, and 1 = w; jujpuk Ak for

all other triangles, where \;j; is the phase associated to triangle A; ;. We
1

- —_ 1 1 —_
a — — — — — 3 — 3
choose uz1 = uz2 = ua3 =1, U2.4 = Aa34, U3 3 = —A333°, U2,3 = —Ajg3A233,
1 1

N\ 3 N\ 3
U1,2 = —A233A123A333° and U202 = —A233 223333 °. g

For £®)* the above cells W give the following Hecke representation:

U(l’g) — U(zvl) — U(374) — U(472) — [2]7
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1 [3]
U2 3 B BRI
o \ VBl |
BT [
1 (3]
3 _ 2 o T
s \ _vBop
2] 2]
SIS T O
9 (2] (2] 3]
2.3) _ S T O
Chn e Y
4 [2]

1 1
VBl vl B
=U®?  with rows labelled by 2,3, 1.

This representation is identical to that given by di Francesco-Zuber in [14].

11.

We label the vertices and edges of the graph 52(12) as in Figure 14. The
Perron-Frobenius weights for 82(12) are

_ g _r _g, = ABL
¢z - 1; Qb] —¢k - [3]5 ¢pl - [4] ’ ¢ql ¢rl [ ] 5 l 172;3-

12) 82(12)

FIGURE 14. 51(

and

Let Wa, 05,05 = Avt,vs,0s | Wor vs,0s| fOr vertices vi, va, vs of 52(12). The type
IT frames consisting of the vertices p;, k, p;—1 and r; give a restriction on the
phases Ay, vy,05°
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_ -1 _— -
0= sz—17qz—1,rz sz—17qz—1,kWPz7¢Zz—171€WPzJJL—l;Tz

qr—1

—1 I T
+ (bj W1 Woi—1 kW .k W jor

[4]5 Api 1, qi—1,m i A1 kAP 1,1,k AP a1,

[4]5 Api_1,4.r AP gk Api_ 1,3,k Apr g,

so we have, for [ = 1,2, 3,
(40)
APL—I,‘IL—Ia"'l)\pl,QI—l,k)\pl—l,QI—l,k)\pl7(1l—1,7’l = _Apl—l,jﬂ'l)\phj’kApl—hj,k)\phj’rl'

Then there are two solutions W+, W~ for the cell system for 52(12).

Theorem 11.1. Every solution for the cells of 52(12) is either equivalent to the
solution W or the inequivalent conjugate solution W, given by

2]V/13]

Wzijk =V [2][3], W;l[,j,k = 4] )

TR ViC Iy o T ViE iy e
Wpl’qlfl’m N [4] [2] + [2] [4]’ Wpuqz,ﬁﬂ [4] [2] + [2] [4]7
W:jz:,m,k = Wijz:,j7TL+1 = % % [2] [4] + [2] [4]5
WZf;Qz_l,k = W;,]}n = % [2] [4] + [2] [4]7

forl=1,23.

Proof. Let W* be another solution for the cells of 82(12), which must be given
by W} =\ Wit | where the A\f’s satisfy the condition (40).

V1,V2,V3 U11U27'U3|

1,V2,V3
o . 12
We need to find unitaries wy, ., € T, for vy, vy vertices of 82( ), such that
f - _ — # _
uPvaluqlarl+1u7‘l+17Pl /\Pz7qz7ﬂ+1 - 17 l - 1’ 27 3’ and uUl,’U2U"U27U3u’U3,'U1 /\vl,vzﬂ)g -
. 12 . .

1 for all other triangles Ay, v, 0, OD 52( ). We make the following choices:

N o — — — o\ —
Ujk = Uki = Ujr, = Ugk = Upyyp = 1, Uij = /\m,kv Upy,j = Apl,j,’r‘prl’

_ # __ # _ # #

Uk,pr = /\Pl7j,7’1+1)\pz7j,k’ Urpy = )\Phjﬂ’ul/\m,jﬂ’ Upr,q = /\PL,J}k)\;Dl,qlJC/\PL,J'MH’
_ # # _ # # #
Upr,q1 = )\Pl,j7k)\Pl,Ql—1,k)\pl7j’7’l+1’ Ugr,ripn = )\Pl7j,7’l+1)\PL,ZII,k)\Plaj7k)\Pl’j7Tl+1’

forl=1,2,3.
Similarly, for any solution W* with [W# | =W, ., .l

The solutions W and W™ are not equivalent since |W ™| # |W ™|, and there

are no double edges on 52(12). We remark that the complex conjugate solutions
W= are equivalent to the solutions W7F: we choose a family of unitaries which
satisfy (10) by u;, i = Wik, = Uk = Upg, = Ujr = Ugk, = Ukp = 1,
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Uq,r = —1, and 2 X 2 unitary matrices u, = ug = u where u is given by
u(i,j):l—(?i,j. U

For 82(12), the cells W above give the following representation of the Hecke
algebra, where [ = 1,2,3 (mod 3):
Uk — yGid) — =12],
2] V2

i [3]

(kd) — [3]y/14]
v » (2]° [2)? ’
l BlVE B
[2)2(12](4]++/T2][4]) 2
yrd) — P RS B
o 27 212124 —/RIH4) |’
13]4] (317 [4]
= %)  with rows labelled by p pii1,
RI+V/RIE VR4 -V
ylaw) —  F 2113] (2]y/13]

(2][4]—+/[2][4] [21°—/[2][4]
2]1/13] (2][3]

= U@Peri+1) with rows labelled by 7, ¢,

[2][4]— /][] [2]14]— /P21 4]
o) — 9 [][31 21/
G RIa-VERIH (2 +\/ 114]
(2]/13] [2]3]
= U @-12)  with rows labelled by k, 7,
2)((2)*—/RI4)) 2
Utrna) — P 8)* \/—
) —[2 21(21°+y/RI[E) |
+1 \/ﬁ [3]2

N V24 -2 \/[2)4]++/12]4]

Ti+1

i 2 VIIBIH] VI2IBIH]
k) — 24-vRIA  [2][4]-/RIA [6]
o=t VI2IBIH] (314] Bl
@ (2][4]++/[2][4] [6] [2][4]++/[2][4]
VI21B][4] 314] (3][4]
12. 12

For the graph 51(12) (illustrated in Figure 14), we will use the notation

Wv(l1 ,)v2,v3 for the cell of the triangle A, v,,., Where there are no double edges
between any of the vertices vy, v, vs. For triangles that involve the double
edges a,a’ or (3,3 we will specify which of the double edges is used by the
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(12) is

notation AEE)M,US, and W, v, us(e) = W(AS Since the graph &;

'U17'U2,’U3)'
a Zs-orbifold of the graph 52(12), we can obtain an orbifold solution for the
cells for 51(12)as follows. We take the Z3-orbifold of 52(12) with the vertices ¢, j
and k all fixed points- these are thus triplicated and become the vertices i, j;
and k;, [ = 1,2,3, on 51(12)' The vertices p1, p2 and p3 on 52(12) are identified
and become the vertex p on 51(12), and similarly the ¢; and r; become g and
r. The edges a1, as and ag are identified and become the edge o on 81(12),
also the edges o, of, and «of are identified and become the edge . Similarly
the edges (i, B, and 7, become the edges 3, 3’ and « respectively on 51(12).
The Perron-Frobenius weights for the vertices are ¢;, = 1, ¢;, = ¢x, = [3],
1=1,2,3, ¢ = [2][4] and ¢4 = ¢ = [3][4]/[2]. Note that these are equal to
the Perron-Frobenius weights for the corresponding vertices of 52(12) up to a
scalar factor of [4]/[2].

? = [2][3]

(which is equal to ([4]/[2))2[W,2),|?/3). Then the type I frame s —— s,

1=1,2,3, gives [W") | 2 = [3][4] (= ([4]/[2])* |W(2jk| /3). Since the triangle

A;‘_)‘j)m in 51(12) comes from the triangle A, ; , in 52 "2 then

From the type I frames .« — Jol, 1 =1,2,3, we have |W1(11Jl kz

ﬂﬁszzggm%A%4WMM¢ﬂmm.

The triangle AP in 51(12) comes from the triangle A, ., in 52(12), giving

:DJLT’

WA sl = S, P = (21204 = VETTD:

Similarly
Wil = Qﬂpmﬂg 21104 £ VR
WS l? = bz Wi l? = 212001 % /TR,

The three triangles Ay, ¢ r 0, [ = 1,2,3, in 52(12) are identified in 51(12) and
give the trlangle Ap7qj§), so that |W;l§1q)r a’,5)|2 = 3([4]/[2])2|W1§12’)qml+1|2 _
((4/12)*(12P  VEIED. Similarly (W) 5[ = 3(4)/ )Wl [
([4]/ [2]) 12+ \/— Considering the type I frame « —» o gives the equa-
mmWVmeHH ;M¢W+M/MM)FHW@MQ)P—[HWM%

Substituting in for |W(1q)r(a )|2 and |W qr(aﬁ )|2 we find |W Y e 5)|2 n
|W1§1q)r (o', )| =0, so that |W (o ﬁ)|2 =W pqr (o' ﬁ,)| = 0. The reason for

this is that the triangle Ap ar (and similarly for the triangle Aé?ﬁ;f,)) in 51(12)
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comes from the paths p; q 741 Pi+1 in 52(12), which do not
form a closed triangle.

From the type I frames « — eand e — 2, we obtain the equations

(41) Al(a)A1(ar) T A2(a)A2(ar) T A3(a) A3(ar) = 0,
(42) ALy Ar(ar) T Aa(mAa(sr) T Az Aa(an = 0,
where W, ;, ~e) = Mie)[Whpji.re)l, for § € {a,/, 3,8}, I = 1,2,3. Another

restriction on the ch01ce of phase is found by considering the type II frames
JL T

B e — , for I # m, Re()\ a))\m (! /\l(a’))\m () ) = —1/2, and

similarly for the type II frames T , I #m, giving
—_ 1 V3,

(43) )‘l(a))\m(a/))‘l(a’))\m(oz) = _5 +€im 77/7
— | V3,

(44) M@ Am(an A Am(s) = =5 + Elm =51

where €;,m,€;,, € {£1}. Lastly, from the type II frame consisting of the
vertices j;, ki, ¢ and r (I = 1,2, 3) we have
(45) M) A Miga) M) = ~Aap) A )

Where W:D q,r(61,62) — )\(51152 | p,q,T 51752)|’ for &1 € {O‘vo/}a & € {ﬂaﬂ/}a I =
2,3. Then for I # m,

Al(e) Am(a) Al(a) Am(a) = M) Am (1) Ai(s) Ami(8)

and, from (43) and (44) we find €;,, = sf’m. Substituting in for A\;a)Aia)
from (43) into (41), we see that €141 = €m,m+1 for all [,m = 1,2, 3, and that

e11—1 = —€1,1+1. Then the restrictions for the choice of phase are (45) and
(46)
S — 1 3
M@ A1(an) Aa Nit1(a) = Mg A1 M i) = —5 He5 1= e,

where € € {£1}.

Then we have obtained two orbifold solutions for the cell system for 51(
wt, Ww-.

12) .

Theorem 12.1. The following solutions W+, W~ for the cells of 51(12
inequivalent:

Wﬁtﬂ n = V2Bl W,fjl n = VB4,

pum(a = el\/—V p,Jz r(a’) el\/—V
wE o =aVBVRMT VR, WE, o =avE] \/ 2)14) + BI,

+ _ [4] 2 + _ [4] 2
W artomny = VR F VR W = —— o/ VEIHL
+ + _
Wp q,r(af) — Wp,q,f’(a/ﬂ’) =0,
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2mi/3

for1=1,2,3, whereey =1 and ex =€ = .

Proof. The solutions W, W~ are not equivalent, as can be seen by considering
(10) for the triangle A, ;, ». We have the following two equations, for [ = 1,2, 3:

+ _ _ ’ _
LV}sz<a>"“PJi”ﬂﬂ‘(“a(a’OOLVéJhrun +‘“a(O*CX)LVéJhruv>)’
me»:%WW”Q“mx@wémm+ﬂﬂdﬂmﬂ%ﬂwo'

So we require up j,,u;,» € T and a 2 x 2 unitary matrix u, such that, for
1=1,2,3,

(47) Gl\/mﬁw = Up,j; gy ,r (ua(av a)el\/mx* + uot(av O/)El\/mer) )
(48)  avRle- = upstir (valea)ay/Rlo- + uale,a)ay/Rlay ).

where z+ = 1/[2][4] £ v/[2][4]. Equation (47) must hold for each I = 1,2,3.
On the left hand side we have ¢;, hence we require u,(o,a’) = 0 because
e does not depend on [, and the difference in phase between ¢; and € is 0,
e~2mi/3  2mi/3 respectively for I = 1,2, 3 respectively. This difference in phase
for each [ cannot come from wu, ju;, (although u, j;,, uj, » do depend on I)
since in (48) the difference in phase is now 0, e2mi/3  e=27m/3 regpectively for
I = 1,2, 3 respectively, so we would need %, ;,%;, , to take care of the phase
difference here, not w, j,u;, ». Then we have uo(c, @) =0, 45, » x4 /x_, and
similarly uq(a/, o) = 0 and ua (o, &’) = Uy ;,4j, » - /4. But now u, is not
unitary. O

For 81(12), the cells W™ above give the following representation of the Hecke
algebra, where [ = 1, 2, 3 (mod 3):
Ulik) — rGni) —

(2] V214l
U kuan) — i E 3]
» V12114 4]
13]
(2[4 [2] ay/[2]?
ylri) — P B [31[4]
p(a’) e [2]3 (2] ([2][4] —+/[2][4])
13][4] (3]°14]

=U® 9 with rows labelled by p(3'), p(3),
N ay/2u+/EH  ay/R14-VRIH

K [2] VI2IB]4] VI2IB]4]
ylp) — (@) ery/ [2][4]++/[2][4] [21[4]++/12][4] €+/[6]
e NEED [3114] [3][4]

re@) | @214 -/1214] /6] [2][4]—/[2][4]
VI21B14] [3][4] (3104]

= U®P*)  with rows labelled by ji, q(8'), q(3),
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w [ O 0 0 0
b 0 22—/ i 0
g — ) B3I* [6]
- 2 )
R VB 2102+ y/EIE)
[6] (3]
P\ o 0 0 0

U®") with labels ji, j2, j3, ¢(3), ¢(3")

% a_ a4 - b+ \/b_

a4+ % a_ —€3+/b €a+/b_
= a_ at % —€a4/by €2+/b_
_ 2]24++/[2][4
- b+ —€9 b+ —€9 b+ % 0

NN S 0 i VUEITY
(2][3]

=U@P)  with labels ky, ks, ko, (), (),
where ax = (—[2]* +i+/[2][4] )/[3][4], b+ = ([2][4] = /[2][4])/[3][4]>-

Our representation of the Hecke algebra is not equivalent to that given
by Sochen for 51(12) in [41], however we believe that there is a typographical
error in Sochen’s presentation and that the weights he denotes by U®*2) =
(U(37"6))* should be the complex conjugate of the one given. In this case,
the representation of the Hecke algebra we give above can be shown to be
equivalent by choosing a family of unitaries w;, j, = wj, .k, = Uki,i, = Up,j, =
Uky,p = Ug,r = 1, Uj,,r = —€ = Ugqr, and set the 2 x 2 unitary matrices uq, ug
to be the identity matrix.

13. M

We label the vertices of 55(12) as in Figure 15. The Perron-Frobenius weights
associated to the vertices are ¢1 = [3][6]/[2], 2 = @3 = ¢s = 14 = [3][4]/[2],
b1 = ¢5 = ¢o = ¢15 = 3], b6 = P12 = [2][3]2/[6] = [2]*, ¢7 = d13 =
[3]2[4]/[6] = [2] [4], ¢10 = ¢16 = ]., (]511 = (]517 = [4]/[2] The distinguished
x-vertex is vertex 10.

With W, 1,05 = Aot vs,0s|Wor,om,05], Avr,ue,vs € T, we find two restrictions
on the choice of phase
(49) A1,6,12A2,7,12A1,7,12A2,6,12 = —A1,6,13A2,7,13A1,7,1302,6,13,

(50) A1,7,1401,8,13A1,7,13A1,8,14 = —A3,7,14A3,8,13A3,7,13A3,8,14.

Theorem 13.1. There is up to equivalence a unique set of cells for 85(12) given
by

Wie12 = Wa 10,15 = Ws0.16 = V/[2][3],

Wie1s = Wiz12 = [2]V/[3][4],
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7 13

11 17

FIGURE 15. Labelled graph 55(12)

Wizi3 =Wsr14 =Wsgi13=Wsgi17=Ws311,14 = War15 = Wag 13
[4]/[3]

=Wy714=Wsg13 =

Wae12 = [4]V/12], Wae,13 = Wa 12 = [2]V/[4],
Wa713 = —[4]V/[2], Ws,7,13 = —[4]/[6],
W3g,14 = 4] [6], War1s = Wso13 = /[3][4].

Proof. Let W* be any other solution for the cells of 85(12). Then we have
Wi ops = M |Wo, 0s.05 |, Where the AF’s satisfy the conditions (49) and

v1,V2,V3
(50). We need to find unitaries u,, », € T which satisfy U7713u13)2u2)7)\n2)7’13 =
# _ _
-1, U7713U13)3U3)7)\3)7’13 = —1 and Uy, vy Uy ,vsUvs, 0, )\%1,1)2)@3 = 1 for all other

. 12
tr1angles Am,vz,vs on 555 ) We set U2,7 = U2,9 = U3,8 = U3,11 = U6,13 = U7,13 =
U7,14 = U813 = Ug,17 = U916 — U10,15 — U12;1 = U122 = U135 = U14,7 =

us2 =1, usg = Ag,s,wa Ur,12 = Aﬁ2,7,127 U7,15 = /\u2,7,15v U11,14 = —/\g,11,14v
uisy = Mg wis2 = —M 75 wiss = Mgrg tana = Nigq wirs =
)‘g,s,m U1,7 = Ag,7,12)\§,7,12’ U2,6 = _)‘u2,7,13)‘ﬁ2,6,137 U3, 7 = _)‘:ﬁs,s,w)‘g,?,wv
Uu9,13 = _/\ﬁ2,7,13/\u2,9,137 U15,4 = )\ﬁz,7,15/\§1,7,157 U410 = A§,7,15/\u2,7,15/\§1,10,15v
Us,9 = _)‘2,9,13)‘5,7,13)‘?9,137 U6,12 = _)‘n2,6,13)‘g,6,12)‘ﬁ2,7,13’
U14,1 = A§,7,12)‘§,7,14)‘ﬁ2,7,12’ U14,3 = _)\g,7,13)\g,7,14)\g,8,137
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_ # # # # _ i i #
1,6 = —A3 61273 7,137,6,1222,6,130 U1,8 = A] 7,12A1 7,13M,8,1322,7,12>

_ # # # _ # # # #
ug,14 = A] 71401 8,130,713 ,8,14 a0 U165 = —A3 7.13A5 9,13A2,9,1375, 9,16

For 85(12), we have the following representation of the Hecke algebra:

U®:16) = 169) — y(104) _ 7(15,10) _ [9]

)

U(3,17) _ U(17,8) _ U(ll,B) _ U(14,11) _ %’
U(2,15) — U(4,14) — U(8,5) — U(9,2) — %7

1 VB
(2] 2]
(14.8) _ 3 [

[2]
(12,7) 2 ﬁ @ (13,6) :
Uiz — JE 5 =" with rows labelled by 2,1
"\ e @
1 VBl
a3 _ 8 [2J[3] [?)[}2] =U"3)  with rows labelled by 14,13
"\ o
1 [4]
yG13) - ? [2[]4] [Z]S =U139  with labels 5,2
; ERECH

= U"Y with labels 15,14 = U7 with labels 4,2

. 2] [2]14]
U2.12) _ S} o E = U®2) with labels 13,12
¢ ] B
= U™ with labels 10,7 = U®%  with labels 16,13
. 2 2VE
p14) — [2][3][4] [2[]3[]4] =U®Y  with labels 13,14
s 3] T
B “VeEl
a2e) — 1 [2]3 PR
) 4B P
2P 2
; 1 [2]14]
12 EM] [2[]6[14] =U®Y  with labels 12,13
! (6] T
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1 1 (6]
5 2] (2] [2]/[4]
Uss) — 1 1 B | — g4 with labels 4,3,1
(2] (2] [2]v/14] Y
1 [6] [6] 6]
21V [l P
1 1 1
8 [2] [3] [3]
(3,14) _ 2 2 — 77(83) ;
U = JE B 3] =U with labels 14,13,17
11 1 2 (21
B Bl (3]
1 _ 1 (21
9 2] [3] [3]14]
213 _ o /P
7 NE] 3] (31v/14]
6 2 /2P [2)2
[3][4] 1314/14] [3][4]
with labels 15,13,12,
1 4] [2)3
2l (2]/16] /6]
r113) _ 4] (4] [213[4]
12]4/16] (2]6] [6]
21 VI2%M4] 22
6] (6] (6]
UTY  with labels 14,13,12
1 [6] /13
2] 213 (2]
s.n _ (6] 16] ~ /3l6]
2]° [2]* [2]7
/B /IBlI6] 3]
[2]2 2] (2]
14. £24)

We label the vertices of the graph £2% as in Figure 16. The Perron-
Frobenius weights are: ¢1 = ¢s = 1, 9o = o7 = [2][4], &35 = ¢6 = [4][5]/[2],
s = ¢5 = [4)[7]/[2], po = d16 = d17 = P24 = [3], P10 = P15 = P18 = P23 =
[3][4]/[2], ¢11 = 14 = P19 = a2 = [3][5] and P12 = P13 = P20 = P21 = [9].

With [a] = [a],, ¢ = €™/?*, we have the relation [4]?

= [2][10].

The following cells follow from the A case: |W1917|> = |[Ws.16.24]% = [2][3],
Wao17]? = [Wrisoal® = [3][4], [Waoas]? = [Waioa7|> = |[Wris2al? =
Wz 16.231% = [3]2[4], [Wa,10101% = [Wai1,18? = [Wraa23]? = [Wris2:|* =

(3][4][5], [W2a1,10/* =
[We,11,18]%> =
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[We.15,22]2 =

(W7 1420 = [3]°[4][5] and [W3 10,10]* =

[3][41[5]/[2].

|Ws5 14,252 =
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12 21
3
10 4 23
. 19 14 N
1 2 7 8
9 11 22 24
18 5 15
6
20 13

FIGURE 16. Labelled graph £(24%

4
The type II frame e — + ¢ «— o gives @11 [Wa.11.10/? [Wii1,10]?
= [4

[3][4]%[5][7], and so we obtain |Wj 11,19/ 1[5][7]. From the type I frame

11 19
e — e we have the equation |VV2)11)19|2 + |VI/'4)11)19|2 + |VV5’11’19|2 =

[2] [3]2[5] glVlIlg |W5 11 19|2 [4][ ][ ] |W4 11 19| Then by considering the

4
type I frames ¢ —+ eande —+ o, we find |Wy 14 22| [Ws 14,22]% =
[Wii110]? = |Ws.11,10/% Similarly |W4,12,19| = |Wyra21? = [Ws11.2/ =
|Ws 13,222 and [W512.19]2 = |[W31421|> = |W6,11,20|2 = |W6,13,22|2, and the

cells have a Zo symmetry.
From type I frames we have the equations:

(51) (Waarel® + [Waiza0l® + [Waia,10* = [3][4][5][7],
(52) [Wa,12,10|% + [Wa12,10]% = [2][3][5][9],
(53) (Ws,0,10/° + [Wa12,10]% + Wi 14,10 = [3][4][5]%,
(54) [Wa,14,101* 4 [Wa14,101* 4+ [Ws,14,10]* = [2][3]?[5]°,
(55) [Ws.12,101> 4+ [W3,12,21|* = [4][5][9],
(56) (Waa2,21% + [Waiz,01* = [2][9)%.

The type IT frame 1.1 — 1.9 -— 1.2, giVQS ¢Z1|W4711719|2|W4)12)19|2 =
[3]2[5]2[9], so [Wi1210|* = [ 1[5][9]/]2]. Then using the equations (51)-(56)
we obtain [Wi14101* = [5]*[7]/[2], [W312 19|2 B][5][91/[2],  [W3,1410)° =
B2[512/[2], [Ws14,10[* = [B][T][10], [W312,01]* = [5][9]/[2] and [Wy 1201 =
[7]191/[2].

With Wy, v = Aoy vsws|Worvswsls Avr,vsws € T, we have the following
restrictions on the \’s:

(57) A3,12,1973,14,2123,12,21A3,14,19 = —A4,12,1904,14,21A4,12,21 \4,14,19,

(58) A4,11,2204,14,1904,11,1974,14,22 = —A5,11,22A5,14,1975,11,19A5,14,22,
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(59) A5,11,20A5,13,22A5,11,22X5,13,20 = —A6,11,2006,13,2226,11,22 A6,13,20-
Theorem 14.1. There is up to equivalence a unique set of cells for €24 given
by
Wig17 = Ws 16,24 = v/ [2][3], Wag17 = Wr 16,24 = v/[3][4],
Wa9,18 = Wa 10,17 = Wr.15,24 = Wr 16,23 = 3]V 4],
Wa,10,10 = Wa 11,18 = Wr 14,23 = Wr 15,20 = v/ [3][4][5],
Wa 11,19 = Wr.14.22 = [3]3/[4][5],
[4]v/[3]15]
2]
Wai1,00 = Waia20 = Ws 11,10 = Whs 14,20 = v/ [4][5][7],
3 5119
Wiai2,19 = Waia21 = Ws 11,20 = Ws,13,00 = w7
V(2]

3|15]19
Ws12,00 = Wa,14.21 = We 11,20 = We 13,22 = w7

2]

3][5
W3,14,10 = W 11,00 = Lv
V2l
Wi,14,19 = /[5][7][10], Wi 11,22 = —+/[5][7][10],
[51v/19]
2]
Proof. Let W* be any solution for the cells of £?%. Then W} , .. =
M Wm0 |, Where the A¥’s satisfy the conditions (57), (58) and (59).

U11U21U3|
We need to find unitaries u,, ., € T such that u12721uQ1,3u3,12)\§712721 = —1,

W3.10,19 = W3,14,23 = We 11,18 = W 15,220 =

)

<
=

Waia19 = Ws 11,220 =

) Wiy12,21 = Ws 1320 =

W3 12,21 = We,13,20 = —

i — f —
u13,20u20,6u6,13)\6’13’20 = —]., U11722U2274U4711)\4711722 = —1, and for all other
triangles Ay, vy.05 00 €Y We Tequire Uy, vy vy v Uog 0; )\517%1)3 = 1. We make
the following choices for the u,, v,:

U312 = U3,14 = U4,11 = U5,13 = U5,14 = U11,20

= 14,19 = U20,6 = U21,3 = U214 = U22,6 = 1,

U12,21 = _)‘:ﬁs,lz,zp U14,21 = )\:ﬁs,14,217 U19,3 = )\g,14,19a u19,5 = —)\ﬁ5,14,197
U4,12 = _)‘:ﬁ’,,12,21/\§1,12,21a Ug,14 = /\2,14,21/\3,14,21a U611 = )‘ﬁ5,14,22/\§s,11,207
U12,19 = /\2,14,19)\2,12,1% U11,22 = /\33,11,20/\%,14,22)\2,11,22a
U19,4 = )‘91714721)‘5,14,21)‘91,14,197 U22,4 = _)‘g714722)‘ﬁ6,11,22)‘91711722)‘2711720a
Us,11 = _)‘91711722)‘91,14,21)‘g714722)‘5714721)‘91,14,22)‘%,11,227
U11,19 = —)\2712721)\5,14,19)\3,12,19)\2712719)\3711719)\3,12,21,
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_ # # # # f #
U20,5 = —A314,210,14,2275,11,22A4,11,22M4,14,21 25,111,205

_ # # # # # #
U22,5 = _)‘3,14,21/\4,14,22)‘6,11,22)‘4,11,22/\4,14,21/\6,11,20a

_ # i # # # # #
13,22 = — AL 11,20M1,14,2126,11,2043,14,21 M1, 14,22 25,13,2236,11,225

_ # # # # # # #
U14,22 = _)‘4,11,22/\4714721)‘6,11,20)‘3,14,21/\4714722/\5714722)‘6,11,227

_ # t § # i t # i
U6,13 = _)\3,14,21/\4,14,22/\5,13,22)\6,11,22)\4,11,22/\4,14,21/\6,11,20)\6,13,22a

_ f # # # f f # #
113,20 = AJ 11,2271,14,2126,11,2046,13,2223,14,21A4,14,2275,13,2226,11,2246,13,20 -

The uy, v, involving the vertices 1, 2, 7, 8, 9, 10, 15, 16, 17, 18, 23 and 24
are chosen in the same way as in the proof of uniqueness of the cells for the A
graphs. O

For £2% we have the following representation of the Hecke algebra (we
omit those weights which come from the A% graph):

5] [3][5]

(3,21) _ 12 & T — py23) ith labels 21,1
U . B ﬂm % U with labels 21,19
1 1

= U620 with labels 13,11 = U"%%  with labels 20,22

B8]
912 — 3 [%[13] E = U with labels 3,4
S N - R )
=% with labels 6,5 = U®*')  with labels 6,5,
2 2)4]
pe19) — 1 \/Eﬁ E = U045 with labels 22,19
" 3] B
P /PR
p22) - M \}3[}2@ [El =UMY  with labels 19,22,
O\ T B)
[5]° _BlVI7]
(20,13 _ 6 [[52,]][9][7] [[i]][9] = U2 with labels 3,4
P\ TEpr Ee
1 [3]\/ﬁ
a2 12 [3][4][5] [?3]]\/[? = U2 yith labels 21,19
“\ wym  @m

=U®2)  with labels 13,11 = U  with labels 20,22
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[(19.14) _ .

{7(22,11)

{7(19,11)

— U(14,4)
_ U(ILS)

Davip E. EVANS AND MATHEW PuUGH

1 VI VI171110]

2] [2][3] 13]/121[5]
Rvaul [7] [7]/[10]
[2][3] [21[3]? 13124/121[5]
V/[7][10] [7]y/[10] [7][10]
8lv[21[5]  13]24/[2][5] [31215]

1 V17 VAU

(2] 2][3] 1381v/[21[5]
V7 [7] __[7/[10]
21[3] 2IBR 312+/12]5]
/ol 11y/110] [7][10]
[3]y/12[5] [312/121[5] (312(5]
4] 411 @Y1

5] 31[5] B]8)
[4]y/17] [4][7] [4][7] — (22,14
BIEL  BIPBE B
VI 47 [4][7]

BB BBl BRE

B VB VIl

(5] 5] 5]
VBl 3] (3]09] — y43)
Vel W /e
V9 Blo] - q9)

5] [4]1/15] (4][5]

with labels 15,11,13 = {/(11:6)

2] [2][5] [2]09]

[3] BlvVA  VHIT]

215] 5] [5][9]

81/ B 4/

[2][9] [BIO]  [3][9]

W y/m A

with labels 22,19,21 U5:22)

with labels 19,22,20.

with labels 7,4,5

with labels 23,19,21

with labels 18,22,20

with labels 14,11,13

The Hecke representation given above cannot be equivalent to that given by
Sochen in [41] for £2%) as our weights [U144)] 19 19, [U14D]g) o1, [U115)]50 90,
[U(1175)]22722 and [U(lg’ll)]gyg (as well as the corresponding weights under the
reflection of the graph which sends vertices 1 <— 8) have different absolute
values to those given by Sochen (and there are no double edges on the graph).
We do not believe that there exists two inequivalent solutions for the Hecke
representation for £ and that the differences must be due to typographical
errors in [41].
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