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On the reduction of the Siegel moduli space
of abelian varieties of dimension 3
with Iwahori level structure

Philipp Hartwig
(Communicated by Peter Schneider)

Abstract. We study the moduli space of abelian threefolds with Iwahori level structure
in positive characteristic. We explicitly determine the fibers of the canonical projection to
the moduli space of principally polarized abelian varieties and draw conclusions about the
relationship between the Ekedahl-Oort, the Kottwitz-Rapoport and the Newton stratification
on these spaces.

1. INTRODUCTION

Fix a prime p, an integer g > 1 and an algebraic closure [ of F,,. Denote
by A, the moduli space of principally polarized abelian varieties of dimension
g over F and by A; the moduli space of abelian varieties of dimension g over
F with Iwahori level structure (see Section 2 for details).

In this paper we determine an explicit description of the fibers of the canon-
ical projection 7 : Ay — A, in the case g = 3 and use this description to study
the relationship between the natural stratifications on A; and Aj.

On A, we have the p-rank stratification which has the property that two
abelian varieties lie in the same stratum if and only if their p-ranks coincide.
We have the Ekedahl-Oort stratification, originally defined in [14], which is
given by the isomorphism type of the kernel of multiplication by p on the
abelian variety. There is an explicit bijection from the set of EO strata to the
set of final sequences of length g, that is, to the set of maps ¢ : {0,...,2¢g} = N
with ¢(0) = 0, ¥(2g) = g, such that

Pi) <Pli+1) <o(i) +1
and
P(i) <v(i+1) P2 —i) =v(2g—i—1)
for 0 < ¢ < 2g. If ¥ is a final sequence, we denote the corresponding EO
stratum by EQ,.
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Trivially the EO stratification is a refinement of the p-rank stratification.

Furthermore we have the Newton stratification, given by the isogeny type of
the Barsotti-Tate group of the abelian variety. We are primarily concerned with
one special Newton stratum, namely the supersingular locus §,. In general
neither of the Newton or the EO stratification is a refinement of the other.
In fact the supersingular locus is not a union of EO strata for ¢ > 3. In
[11] Harashita determines those EO strata that are entirely contained in the
supersingular locus.

For g = 3 there are four EO strata of p-rank 0, totally ordered by their
dimensions. By Harashita’s result, the 0- and the 1-dimensional stratum are
contained in the supersingular locus. Using a normal form for the Dieudonné
module of the Barsotti-Tate group of a supersingular abelian variety, due to
Harashita, we prove that the 2-dimensional EO stratum is contained in the
complement of S3. It then follows for dimension reasons that the 3-dimensional
EO stratum intersects the supersingular locus in an open dense subset of Ss.

On A; we have the Kottwitz-Rapoport stratification, given by the relative
position of the chain of de Rham cohomology groups and the chain of Hodge
filtrations associated with an element of A;. There is an explicit bijection
from the set of KR strata to the set of admissible elements Adm(u), where the
latter is a subset of the extended affine Weyl group of the group of symplectic
similitudes GSp,,. There is a unique element 7 of length 0 such that Adm(u) C
W, where W, is the affine Weyl group of GG, a Coxeter group generated by
simple reflection so, ..., s, (described explicitly in Section 2.4).

We denote by Sr the preimage of S, under 7, which we also call the super-
singular locus. In [8] and [7] Gértz and Yu study the dimension of S; and they
determine those KR strata that are entirely contained in the supersingular lo-
cus. But again it is not true in general that Sy is a union of KR strata and it
is natural to ask which other KR strata have a nonempty intersection with the
supersingular locus and what the dimension of this intersection is. Another
question concerning the KR stratification deals with its relationship to the EO
stratification. It is known that the image of a KR stratum under 7 is always
a union of EO strata but it is not known which EO strata occur in the image
of a given arbitrary KR stratum. This question has been studied by Ekedahl
and van der Geer in [3] (cp. [7, Sec. 9]) and also by Gortz and Hoeve in [6].

To answer these questions for ¢ = 3 we need to investigate the fibers of
m. Classical Dieudonné theory provides us with an injective map from a fiber
of 7 into a suitable flag variety over F and it can be shown that this map is
actually a universally injective, finite morphism of algebraic varieties over F. In
particular it induces a universal homeomorphism onto its image and in order to
study topological properties of the fibers it is therefore sufficient to study their
images under these respective maps. Up to isomorphism these images only
depend on the EO stratum of the basepoint and hence there are only finitely
many cases that have to be considered. If ¢ is a ﬁnil Se‘ﬁluence we denote this

image of the fiber over a point of EOy(F) by Flag;, = Flagi:fg’v. While
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the conditions that determine FlagJ"Fy as a closed subvariety of a full flag
variety over F are easy to describe, the geometry of the resulting variety is
rather complicated.

To give the reader an impression of what has to be expected let us sketch
the geometry of the variety F lagf/;(;Fy, where EOy, is the 0-dimensional EO
stratum, see Section 9.1.

Theorem 1.1. Let g = 3 and let A € A3(F) be a superspecial abelian va-

riety. Then there is a universal homeomorphism from the fiber 7=1(A) onto

Flagil;F’V. The variety Flagi{;F’V is decomposed into irreducible components
vuzul]r.

cel

where T can be chosen as {(z :y: z) € P2(F,2) | 2Pz + yP™! + 227 = 0} and
such that
e Y is isomorphic to the variety of full flags in F3,
e Z can be considered as a PL-bundle over a variety Zy, where Zy is itself
a Ph-bundle over the irreducible curve Vi (X? X3+ X2+ X, XP) P2
(for homogeneous coordinates X1, Xo and X3 on ]P’H%),
o cach T¢ is isomorphic to the blowing-up of PZ in a closed point.

Sticking to the notation of the Theorem, we see that dimY = dimZ = 3
and dim7; = 2. Furthermore the T, are pairwise disjoint. The intersection
Y N Z is isomorphic to the variety Zg. Z intersects each T¢ in its exceptional
curve, while Y N7, is a different subvariety of T¢ isomorphic to PL. Finally
the triple intersection Y N Z N T¢ only consists of one point.

Concerning the fiber over abelian varieties of positive p-rank we prove the
following general result (modelled on the “shuffle construction” explained in
[16, 5.2]) that provides a method for reducing the case of positive p-rank to
the case of p-rank 0 in lower dimensions, see Section 11.

Proposition 1.2. Let g > 1, k > 0 and let A € A,(F) be of p-rank k. Let v
be the final sequence with A € EOy.
(1) Let A be ordinary. Then the fiber over A is discrete and

9 (]
-1
# (771 (A)) = ON, = 29#Flag, (F,) = 29%.
Here we denote by Flag,(Fy,) the set of flags (F;)]—y in (Fp)? with
dimF; =7 forall0<j <g.

(2) Let 1 <k <g—1. Then Flagf/;’Fy is isomorphic to <z> ONy, disjoint

L1,FV
$,2(9—k)’
determined by (i) = Y(k+1i) —k for 0 <i<g—k.

copies of Flag where 1; is the final sequence of length g — k

This result will allow us determine the number of connected components of
the fibers of 7:
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Proposition 1.3. Let ¢ > 1 and k > 0. If A € A (F) is of p-rank k, the
fiber m=(A) consists of <Z> ONy, connected components. In particular it is
connected if and only if k = 0.

From the calculations of the varieties F 1agfp"F’V for g = 3 it is rather easy
to determine which KR strata intersect the fiber of 7 over a given element
of A3(F) and what the dimension of this intersection is. From this we can
determine the EO strata which occur in the image of a given KR stratum:

Theorem 1.4 (Section 17). For an element x € Adm(u) of p-rank 0 denote
by ES(z) the set of final sequences such that w(Arz) = [1,cgs () EOy- Then
Table 1.1 contains a complete list of the sets ES(x) in the case g = 3. Here
1; denotes the final sequence corresponding to the i-dimensional EO stratum
of p-rank 0 for 0 <i < 3.

T, 81T, 82T, 8217, 5127, 51217 Yo

83T, S0T 2/11

S$30T ¢O ¢1

§10T, 23T, 20T, S31T, S01T, S32T )
83107, 53207 Yo o
531207 Yo 1 1
51207, 53127, S201T, S231T 1 7?2
50107, $323T, $301T, S230T U3
523017 Yo Y1 V3
530107, 532307 Y2 Y3

TABLE 1.1. The sets ES(x) for g = 3.

The upper block of Table 1.1 contains the supersingular elements.
With Table 1.1 we can show that the inclusion

(1.1) I A-c~'| [[ EO.]|.

zeAdm(p)® wE Wkinal
A1, CSr EOwCSy

which is valid for every g > 1, is a proper inclusion for g = 3, negatively
answering a question posed in a preliminary version of [8].

Finally we show that for ¢ = 3 we have dim(A; ; NS;) = dim Ay, — 1 for
every KR stratum Aj , with @ C A7, NS € Ar .

2. NOTATION

2.1. Basic notation and moduli spaces. We fix a prime p, an integer g > 1,
an integer N > 3 coprime to p, an algebraic closure F of F;, and a primitive N-th

Miinster Journal of Mathematics VoL. 4 (2011), 185-226



MODULI SPACES OF ABELIAN VARIETIES OF DIMENSION 3 189

root of unity (y in F. Let 0 : F — F, z + 2P denote the Frobenius morphism.
We consider the moduli space A; = Ay n of principally polarized abelian
varieties of dimension g over [F with a symplectic level- N-structure with respect
to {nv. It is a quasi-projective scheme over F, irreducible of dimension g(g +
1)/2. We will usually omit the principal polarization and the level structure
from our notation. We denote by S, the supersingular locus inside A,. It is a
closed subset, equidimensional of dimension [¢] by [12].
On the other hand, we consider the moduli space A; of tuples

(AQ ﬂ> A1 ﬁ> ﬁ> Ag,)\o,)\g,n),

where

each A; is a g-dimensional abelian variety over F,

« is an isogeny of degree p,

Ao and A4 are principal polarizations on Ay and Ay, respectively, such
that (a9)*Ag = pAo,

e 1) is a symplectic level-N-structure on Ag with respect to (.

A has pure dimension g(g + 1)/2. We will often omit  and even Ag, Ay from
the notation.
We denote by 7 : Ar — Ay the morphism sending a point

(AO g>Al ﬁ> ---iAg,)\o,)\g,ﬁ)

to the point (Ag, \o, n). It is proper and surjective.

Inside A; we have the supersingular locus Sy, given by 771(S,) as a closed
subset. It is shown in [7] that for g even we have dimS; = ¢?/2 and that
(g2 —g9)/2 < dimS; < (g% — 1)/2 if g is odd. However the supersingular locus
S; is not equidimensional as soon as g > 2.

2.2. The p-rank stratification. Let X be a topological space. We call a
set-theoretical decomposition X = [[,.; X; of X a stratification on X if for
all i € I the set X; is nonempty, locally closed and satisfies X; = | X for
some subset J; C I.

Let A be an abelian variety of dimension g over F. For n € N we denote
by A[n] the kernel of multiplication by n on A. It is a finite group scheme of
rank n%9 over F. There is an integer 0 < i < g with A[p|(F) ~ (Z/pZ), called
the p-rank of A. We denote by Ag) the subset of A, where the p-rank of the

underlying abelian variety is ¢. Then A, = |J

JEJ;

ieN AY) is a stratification on A,
with Ag) =Uj<i Aﬁ,j). Similarly we write Agi) = W’I(Ag)), but these sets do
not give rise to a stratification on Aj.

2.3. The a-number. Let o, be the F-group scheme representing the functor
S — {s € Og(S) | s* = 0} on the category of F-schemes. For an abelian
variety A over F we write a(A) = dimg Hom(a,, A). This integer is called the
a-number of A.
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2.4. Group theoretic notation. We denote by G = GSp,, the group of
symplectic similitudes. We consider it as a subgroup of GLg, with respect to
the embedding induced by the alternating form given on the standard basis
vectors e; ..., €2¢g by (61', €j) — 0, (62g+1_i, €2g+1_j) — 0 and (61', 629+1_j) —
0i; for 1 < 4,5 < g. We use the Borel subgroup of upper triangular matrices
and the maximal torus T of diagonal matrices. We denote by W the finite
Weyl group of G which we consider as a subgroup of the finite Weyl group
of GLag. If we identify the latter with Sy, in the usual way, an element w of
Sog lies in W if and only if w(i) + w(2g+1—14) = 2g+ 1 for all 1 <37 < 2g.
Similarly we identify X, (7") with the group {(a1,...,as5) € Z* | a1 + agy =
as + azg—1 =+ = ag + ag41}. For an element © = (z1,...,224) of X, (T') we
also write x(7) instead of ;. W is generated by the elements s1,...,s, given
by s, = (g,9+1) and s; = (i,i+1)(29+1 —14,2g — i) for 1 <i < g — 1. Inside
W we have the subset Whnai 4 of elements w with w(l) < w(2) < --- < w(g).
We denote by W =W x X.«(T) the extended affine Weyl group of G. For
an element A € X, (T) we denote by t* the corresponding element of W. We
denote by so and 7 the elements of W given by so = (1,2¢)t(1:0-0=1) and

. 1 e g g+1 - 2g £(1,:,1,0,...,0)
g+1 - 2¢g 1 g )

The affine Weyl group W, of G is the subgroup of 1% generated by so,. .., s4.
It is an infinite Coxeter group. Our choice of generators s, ..., s4 gives rise to
a length function ¢ and the Bruhat order < on W,. We write s;,.. ;, instead
of s;, -+ s

nt

2.5. Convention. Let K be an algebraically closed field. A wvariety (over K)
is a reduced scheme of finite type over Spec K. A subvariety of a variety is a
reduced subscheme. If we identify a variety X with its set X (K) of K-valued
points we refer to the latter object as a classical variety.

3. DIEUDONNE MODULES

This section introduces our notation for the Dieudonné modules associated
with the p-torsion of a principally polarized abelian variety. The principal
polarization induces an isomorphism from the Dieudonné module onto its dual
and hence an isomorphism between co- and contravariant Dieudonné theory.
For most of our statements it will therefore not matter which theory we use.
For the few statements where it is of importance, we will use the contravariant
theory. We refer to [2] and [13] for proofs of the statements below.

Given a ring R, an endomorphism « : R — R and an R-module M, an
additive map ¢ : M — M is called a-linear if ¢(r - m) = a(r) - ¢(m) for all
reR, meM.

Let g > 1.
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3.1. The Dieudonné module of A[p]. Let A € A, (F) and denote by D =
D(A[p]) the Dieudonné module of A[p]. It is a 2g-dimensional vector space
over F, equipped with linear maps F : D® — D and V : D — D@ called
Frobenius and Verschiebung respectively, where D(®) denotes the base change
D ®p, F. As o is an isomorphism we can identify D® with D and we will
henceforth consider F as a o-linear and V as a o~ !-linear map D — D. The
principal polarization A — AV induces a nondegenerate, alternating pairing
(,) =(-,-), onD. F, V and this pairing have the following properties:

Proposition 3.2.

(1) imV =ker F' and im F' = ker V.
(2) (Fz,y) = (z,Vy)! for all x,y € D.

For future reference we include the following
Corollary 3.3.
(1) For any subspace W C D we have V(W) = F~1(W)*.
(2) (imV)+ =imV.
Proof. (1) Using Proposition 3.2(2) we have
re FY(W)eVyeWt (Fr,y) =0
eVyeWt (@, Vy) =0 zecV(WHL
and the statement follows.
(2) By (1) and Proposition 3.2(1) we have

(im V)t =V(D)* =V(0H)*t = F71(0) =ker F = im V.
O

3.4. The Dieudonné module of A[p*]. Let A € A (F). We denote by
Ap>=] = U,, Alp"] the Barsotti-Tate group of A. It has height 2¢g. Associated
to A[p] is the Dieudonné module Do, = D(A[p°°]). It is a free module of rank
2g over the Witt ring W(F) of IF, equipped with linear maps F : Dgfé) — Dy
and Vo : Doy — D((fé), called Frobenius and Verschiebung respectively, where
D® denotes the base change Doo ®@w (r),0yy, W(F). Here we denote by ow
the Frobenius morphism on W(F). As ow is an isomorphism we can identify
]D)((ff)) with Do, and we will henceforth consider F,, as a oy -linear and V, as
a a;Vl—linear map Dy — Do. The principal polarization A — AV induces a
perfect, alternating pairing (-,-) = (-,-) . 4 on Ds. Fuo, Voo and this pairing
have the following properties: )

Proposition 3.5.
o FoVi = VioFo = p -id.
o (Foom,y) = (2, Vooy)?" for all z,y € D.

The reduction of (Deo,Fio, Vi, (57),) modulo p is isomorphic to
(]D),F, V, <7>)
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3.6. Supersingular Dieudonné modules. We recall a result by Harashita,
see [11, Sec. 3]. Let A € A4(F) be supersingular. Then there exists a basis
(X1,..., X4, Y1,...,Y,) of Dy over W(F) such that
(] <X“Y7>oo = 5ij7 <X“XJ>oo = 0, <§/“ij>00 =0 for 1 S i,j S g.
o Let w = (05,941—;)i,j € MI*I(W(F)). There is an ¢ € W (F,2)* with
e = —&% and a strictly lower triangular matrix T € M9*9(W (FF))
satisfying Tw = (Tw), such that F, and V. admit the following
descriptions with respect to this basis:

(T —petw (0 —peTtw
Foo = (8w 0 ) Voo = <5w wlow w)
Reducing modulo p, we get a basis (X1,...,Xg4,Y1,...,Y ) of D(A[p]) over F
such that
(] <Yi;?j>:51j; <Y¢,Yj>=0, <71,?J>:0 fOI‘lSZ,]Sg
o Let @ = (Ji,g+1-5)i,j € MI*9(F). There is an € € F, with & = —&7
and a strictly lower triangular matrix T € M9*9(F) satisfying Tw =

(Tw)t, such that F and V admit the following descriptions with respect
to this basis:

R 0 0
F:CZO),V: V)
ew O zw wl W

We have a(A) = g — rank(T).

4. THE EO STRATIFICATION

This section contains the results about the EO stratification on 4, that we
are going to use.

4.1. Final sequences. We recall a notion defined in [14]. Let g € N. A final
sequence (of length ¢) is a map ¢ : {0,...,2¢9} — N with ¢(0) =0, ¥(2¢9) = ¢,
such that
P(i) <P(i+1) <9i) +1
and
(i) < i+ 1) & v(2g— 1) = (29— i — 1)

for 0 <7 < 2g. Let ES = ES, be the set of final sequences of length g. We
will identify ES with Wanai = Whnal,¢ via the bijection Wana — ES given by
W > Py, With

Yu(i) =i—#{ac{l,....g} | w(a) <i}
and 1., (29 — 1) = V(i) + g — i for 0 < i < g. Instead of ¥ we will also write
(¥(1),4(2),...,%(g)) to denote a final sequence.
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4.2. The canonical filtration. Let A € A (F). Consider the set e of all finite
words in the symbols F and L. In [14, Sec. 5], Oort shows that {W (D) | W € e}
is a filtration by linear subspaces
0O=WycCc---CcW;Cc---CcW,C---CWsp.=D

such that

(1) For every 0 < j < 2r we have L (W;) = Wa,_;.

(2) There is a surjective function v : {0,...,2r} — {0,...,r} such that

F(W;) = Wy for every 0 < j < 2r.
It is called the canonical filtration of A. Let p : {0,...,2r} — N be given
by rank(W;) = p(i). We associate with A a final sequence ) = 1 (A) using
these data. Suppose {1(0),4(1),...,%(p(:))} has been defined for some 0 < 1.
Define {6(0), ..., ¥(p(i + 1))} by $(p(0)) = Y(p(i) + 1) = - = 6(p(i + 1)) if
v(i+1) = (i) and by ¥ (p(i)) < Y(p(i)+1) < --- < P(p(i+1)) f v(i+1) > v(3).
We denote by wy the element of Whpa corresponding to ¥(A).
The main result in this context is

Theorem 4.3. [14, Sec. 9] Let A1, Ay € Ay(F). Then ¥(Ay) = ¥(Az) if and
only if Ai[p] ~ Az[p| as finite group schemes over F.

We will need the following.
Lemma 4.4. For A € Ay(F) we have dimim(V?) = ¢(g).

Proof. 1t follows from [14, Rem., p. 18] that dimim(F?) = v(g). Using Propo-
sition 3.2(1) and Corollary 3.3 we see that
imV2=V(imV)=V((imV)") = (F (imV))*
= (FY(ker F))* = (ker F?)*.
Hence dimim(V?) = 2g — (29 — dimim(F?)) = dim im(F?). O

4.5. The EO stratification. On A, we have the Ekedahl-Oort stratification
(a stratification in the sense of Section 2.2)

Ag = H EOw7
wWEWrinal

given by A € EO,(F) if and only if w = wa. Using the bijection from
Section 4.1 we will also index the strata by elements of ES.
We list some properties of the EO stratification.

Proposition 4.6. Let w € Wgpai.
(1) The stratum EO,, is contained in Sy if and only if w(i) =i for 1 <
i<g—[4].
(2) If EOy is not contained in Sy, then EQ,, is irreducible.
(3) The p-rank on EQO,, is given by

#{ie{l,...,g9} | w@i)=g+1i}.

Minster Journal of Mathematics VoL. 4 (2011), 185-226
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(4) The stratum EQOy is equidimensional of dimension

dim EO,, = t(w) = 3", (i).
i=1

Let 1,9 € ES.
(5) The a-number on EOy is given by g — ¥ (g).
(6) If (i) <4(i) for 1 <i < g then EOy C EO;.

Proof. (5) can be found in [11, p. 5], (6) is shown in [14, 14.3]. See [7, Prop. 2.3—
2.5] for the other points. O

In view of property (3) we denote by Wéi)al the set of final elements of p-rank

¢ and by ES™ the set of final sequences of p-rank i, 0 <17 < g.

4.7. EO strata for g = 2. Table 4.1 contains all final sequences ¥ € ES and

the corresponding elements of Wy, for g = 2. We also make explicit some of
the information on FOy contained in Proposition 4.6.

ES Winal dim | p-rank | a-number | C 857
(0,0) id 0 0 2 Vv
O] =G 3191 ] o 1 %
W) se=( 113 2] 1 1 -
(1,2) Szlzz(é i f 3) 3 2 0 -

TABLE 4.1. EO strata for g = 2.

In particular we see that for ¢ = 2 the relationship between the EO strat-
ification and the supersingular locus is very easy to describe: We have Sy =
EOiq U EO, and Ss N EOQ,,, = S2 N EO,,,, =J.

4.8. EO strata for g = 3. Table 4.2 contains all final sequences ¢ € ES and
the corresponding elements of Wy, for g = 3. We also make explicit some of
the information on FOy contained in Proposition 4.6.

ES Wenal dim | p-rank | a-number | C S3?
(0,0,0) id 0 0 3 vV
on| s=(G3314531% | 1] 0 2 v
OLD| s=( 33338 | 2] 0 N
012 saa=(1 133355 |3] 0 1 -
L] sm=(3 3 0103 3] 1 2 | -

continued on next page
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continued from previous page

ES Wenal dim | p-rank | a-number | C 837
1,1,2) | ssizs=1(s 3 o 1 5 ¢ 4 1 1 -
2 4 6 1 3 5
(1,2,2) | sasi23=1(5 2 o 1 5 ¢ 5 2 1 -
3 5 6 1 2 4
(1,2,3) | s323123 = (411 2oy 2) 6 3 0 -

TABLE 4.2. EO strata for g = 3.

4.9. The isomorphisms ¥ 4. For n € N we endow F?" with the nondegen-
erate alternating pairing (-,-) = (-, )4 defined on the standard basis (e;)?";
by (ei,e;) = 0 = (enti,entj) and (e;, ent;) = §;; for 4,5 € {1,...,n} (note
that this pairing is different from the one used in Section 2.4).

Let A € Ay(F) and w = wa. In [14, Sec. 9], Oort constructs an isomorphism
W, : F?9 — D(A) such that the endomorphisms F,, = U%F and V,, = ¥4V
of 29 map standard basis vectors to standard basis vectors up to sign and
such that W% (-,-) 4 = (-, -)q¢- As the notation indicates these pullbacks only
depend on w. They are given as follows.

Let w € Whnal,y with corresponding final sequence 1 € ES. Denote by
1<mp <my<---<my <2gthesetof all m € {1,...,2¢} with y(m —1) <
1(m). Denote by 1 <ngy < ng_1 < --- < ng < 2¢g the complementary set. In
particular m; +n; = 2g+ 1 forall 1 <7 < g. Now for 1 < i,5 < g we have
Fw(62g+1_i) =0 and

e;: Hi=m;
Fw(ei): eJ' f— 7’
g+; it =mn;.

Furthermore

N _eg+ni lf n; S g,
Vw(el) - { 0 lf mi S g,

and

€g+m; if m; < 9,
Valegrs) = { 0 i<y,

As we are going to make extensive use of these pullbacks in the cases g = 2
and g = 3 we make this description explicit in the next subsections.
4.10. g = 2. Table 4.3 contains the description of the pullbacks F, and V,, de-

pending on w € Wf(lg)al for g = 2 with respect to the standard basis (eq, ..., e4).
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Wﬁnal Fw Vw
0 0 0 0 0 0 0 o
. 0 0 0 0 o 0 0 o0
id 0 1 0 0 0 -1 0 0
1 0 0 0 -1 0 0 o0
0 1 0 0 0 0 0 0
0 0 0 0 0o 0 0 0
52 0 0 0 0 0 -1 0 0
1 0 0 0 o 0o 1 o0

TABLE 4.3. F and V for g = 2.

4.11. g = 3. Table 4.4 contains the description of the pullbacks F, and V,, de-

. 0 . .
pending on w € Wﬁ(n)al for g = 3 with respect to the standard basis (e, ..., €g).
Wﬁnal Fw Vw
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O o0 0o 0 0 0 0
id 0 0 0 0 0 O o0 0o 0 0 0 0
00 1 0 0 O 0 0 -1 0 0 0
0 1 0 0 0 O 0 -1 0 0 0 0
1 0 0 0 0 0 -1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0
53 0 0 0 0 0 O 0 0 -1 0 0 0
0 1 0 0 0 O 0 -1 0 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0
0 0 0 0 0 O 0 0 0 0 0 0
523 0 0 0 0 0 O 0 0 -1 0 0 0
0 0 1 0 0 O 0o 0o 0o 1 0 0
1 0 0 0 0 0 0 -1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 O 00 0 0 0 0
0 0 0 0 0 O 00 0 0 0 0
5323 0 0 0 0 0 O 0 0 -1 0 0 0
0 0 0 0 0 O 00 0 1 0 0
1 0 0 0 0 0 00 0 0 1 0

TABLE 4.4. F and V for g = 3.

5. THE EO STRATIFICATION AND Sy FOR g =3

We determine the relationship between the EO stratification and the super-
singular locus S, for g = 3. As S, C A©® we only have to look at the EO
strata of p-rank 0.

Theorem 5.1. Let g = 3.

(1) EOid,E053 C Ss.
(2) EOsy, NS5 = 0.
(3) EOs,,, NSs is a dense open subset of Ss of pure dimension 2.

Proof. (1) See Proposition 4.6 or Section 4.8.
(2) By Section 4.8 the a-number on EO;,, is equal to 2. Let A € S3(F) be
a supersingular abelian variety with a(A4) = 2 and choose a basis (X1, X2, X3,
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Y1, Y2,Y3) of D(Ap]), a matrix T and an element & with the properties of

Section 3.6. We have rank(T') = g — a(A) = 1 and the symmetry condition for

0 0 O
T then implies that there is a t € F* with T = <0 0 0). We deduce that
t 0 O

the canonical filtration of A is given by
0cC <?1> C <71,?2> C <t73 +§73,?1,72> C <?1,72,?3,Y3>
C(Y1,Y2,Y5, X5, X3) C D(A)
with r = g =3, p(i) =i for 0 <i <6 and v(0) = v(1l) =v(2) =0, v(3) =
v(4) =1, v(5) =2, v(6) = 3. Hence A lies in FO,, and our claim is shown.
(3) Set U = EOs,,, NSs. By Proposition 4.6 we know that EQs,,, = .Ago).

As EQ,,, is locally closed, this implies that EQ,,,, is open in Ag‘”, hence U is
open in S3. Now Ss is equidimensional of dimension 2, hence the same is true
for every nonempty open subset of S3. But S3 —U = EOjqUEQOs, = EO,, has
dimension 1 and this implies that U intersects every irreducible component of
S3, hence it is even dense in S3. O

$323

Remark 5.2. According to [11, Rem. 1, p. 8] it is true for any g > 3 that
EOq,1,....,g—1) N Sy is open and dense in S,,.

yeuay

6. FLAG VARIETIES AND CORRESPONDING NOTATION

We want to study the fibers of 7 : A — A,. Instead of investigating them
directly we will look at their image under an injective, finite morphism with
values in a suitable flag variety. This is sufficient if we are only interested
in their topological properties. Before introducing this morphism in the next
section we have to fix some notation concerning flag varieties.

6.1. Flag varieties. Let n € N. For 0 < ¢ < n we denote by Flag, , the
variety of partial flags (Wj)g‘:o in F™ satisfying dim W = j for all 0 < j < 4.
We write Flag,, = Flag,, ,,. We denote by Flagy;, the variety of full symplectic
flags in F?" with respect to the pairing (-,-) = (-, )4, defined in Section 4.9.
If we have an element (W;)i_ of Flag,, », (F) with W,, totally isotropic we will
occasionally consider it as an element of Flagy, (F) by implicitly extending it
to the flag (W;)27, with Wa,_; = Wit for 0 <i < n.

Let ¢ > 1 and w € Whpa. We denote by FlagUFjV = Flagf;”‘z/g the closed
subvariety of Flag,, whose F-valued points are given by those flags (Wi)?io
satisfying
(%) E,(W;),V(W;) C W;

LEV _ FV L
wog = Flag, o, NFlag;, o .

It follows from Proposition 3.2(2) that an element (W;)?%, € Flagy, (F) lies in
Flag>"V(F) if and only if it satisfies condition (x) for 0 < i < g.

w

for all 0 < i < 2¢g. We write Flag:'""V = Flag

w
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6.2. Standard charts. For a field K and k,I € N we denote by FM**!(K)
the set of k x [-matrices with entries in K of full rank. Let n,7 be as above.
There is a canonical surjection ® : FM™**(F) — Flag; ,,(F) sending a matrix
B to the flag (W})’_, with W spanned by the first j columns of B.

Given pairwise distinct jq,j2,...,75 € {1,2,...,n} we denote by Uj, . j,
the open subset of Flag, ,, whose F-valued points are given by the image under
D of the set of matrices C' = (cx;) € FM™*Y(F) satisfying

(1) ¢ju=1foralll e {1,...,3},

(2) ¢y =0forallle{l,...,i} and every I’ € {I+1,...,3}.
An open subset of this form will be called a standard chart for Flag, ,,. Con-
sidered as open subschemes of Flag; , we identify them with an affine space of
an appropriate dimension in the usual way. Obviously we have

Flag; ,, = U Uj,ooogi-

J1.g2s--Ji€{1,2,...,n}
pairwise distinct

Hence in order to prove that some subset of Flag, ,, is closed we will show that
its intersection with all standard charts is closed. Furthermore morphisms
into and out of Flag, , will be obtained by glueing morphisms into and out of
standard charts respectively.

6.3. Subvarieties of Flag’. Consider the set

B <10 _3") B= o} :

Then ® restricts to a surjection ® : FM*™*(F) — Flagy,, (F).
We need an economic notation for defining subvarieties of Flagy,,. We think

that such a notation is most easily explained via an example. Consider a table
such as Table 6.1.

FM*™(F) = {B € FM*""(F)

Zy Z3 Z3

0 x 0 0 0 a
O] (D) ()
0 0 0 y 0 0
(z,y)t € (F,)2 — {0} | (a,0)" € FZ — {0}
IT,.., Speck PIIIP]
0 1
TABLE 6.1

The upper block of Table 6.1 defines subvarieties Z;, Z5 and Z3 of F1ag4L
whose F-valued points are given by

o o8

Zi(F) = @ <{B e FM****(F)

0
I(z,y)" € (Fp)* — {0} s.t. B= <(1)
0
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)}

Zo(F) = @ <{B e FM**®*(F)

[=N N o)

e o8 ©

3(I7y)t € (]Fp)2 - {0} s.t. B= <

and
JA € GLo(F) s.t. B = (g)v

Zs(F) = & | { B € FM**>*(F) Sa)! € F — {0} st B_(

)

Furthermore the lower block of the Table 6.1 claims that there are isomor-
phisms Zy ~ [[, , SpecF, Z, ~ [[ ,, SpecF and Z3 ~ PLT]PL and that
dim Z; = 0, dim Z = 0 and dim Z3 = 1. Note our convention for rows span-
ning multiple columns where the contained information is to be applied to
every column separately. The notation is not meant to imply any connection
between the individual subvarieties.

Note that this notation is highly ambiguous. For instance we could have
written Z; ineptly as in Table 6.2.

(a,b)' € F> — {0}, a €F
aPb—ab? =0

coro
oTcoR

Z1

—
[eNeRt Nl
oo Qe

TABLE 6.2

7. THE MAPS ¢4

7.1. de Rham cohomology. Let ¢ > 1. Let f : A — S be an abelian
scheme of relative dimension g. We denote by Q% /s the de Rham complex of

O s-modules. The first de Rham cohomology sheaf H},p(A/S) is defined by
Hpp(A/S) = R f.(Q°).

It is a locally free Og-module of rank 2g, functorial in A, and its formation
commutes with base-change by [1, Prop. 2.5.2].

Inside H}»(A/S) we have the Hodge filtration wa, a locally free Og-sub-
module of rank g, given by the image of the injection

R°f(y/5) — Hpr(A/S)
coming from the Hodge-de Rham spectral sequence, cp. [1, Prop. 2.5.3].

Let A/F be an abelian variety. In [13], Oda constructs a natural isomor-
phism D(A) = H} 5 (A/F) taking im V to wa. See in particular [13, Cor. 5.11].

7.2. The map t. We recall a construction from [7, Sec. 4]. Let f : A™Y — A/
be the universal abelian scheme and consider its de Rham cohomology H =
H} R (A"™V/A,). Denote by Flag(H) — A, the variety of full flags in H. We
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define a morphism A; % Flag(H) over Ay on S-valued points as follows: Let
(A7, € A7(S). We extend it to a chain (4;)7%, by setting Ay ; = AY
for 0 < i < g. The map Agy—; — Agg—i+1 is given by the dual isogeny of
Ag_i-1 — Ag_; for 0 < i < g, while the map A; — Ay41 is given by the

composition A, 2q Ay o Aj = Ayt
Then the image of (A4;); in Flag(H)(S) is given by
0= a(Hpp(Az)) C a(Hpp(Azg-1)) C -+ C a(Hpp(A1)) C Hpp(Ao),

where for each i, @ denotes the map induced by Ay — A;. The morphism ¢ is
universally injective and finite, see [7, Lemma 4.3].

Definition 7.3. Let A € A, (F) and consider the final element wa € Wgpar.
We denote by ¢4 the composition

7 (A) — Flag(H%)R(A/IF)) = Flag(D(A)) & Flag,,

where the first map is obtained from ¢ by base-change, the second map is
induced by Oda’s isomorphism mentioned in the previous subsection and the
third map is induced by the isomorphism ¥ 4 from Section 4.9.

Let A € Ay(F) and w = wa. It follows from classical Dieudonné theory

that the image of 14 is given by Flagi:QFév. Hence ¢4 induces a universal

homeomorphism 7~ 1(A4) — Flagi:QFéV. If we are only interested in topological

properties of the fiber m=1(A), it is therefore sufficient to study the spaces
Flagi”gg’v. The following sections contain a list of the varieties Flagf;”gg’v for
g=2and g=3.

1,FV
w,4

8. THE VARIETIES Flag OVER THE p-RANK 0 LOCUS

1,FV
w

C

Flagi‘ by writing down its irreducible components. We use the notation ex-
plained in Section 6.3.

Let g = 2. Depending on w € w®

fna We determine the variety Flag

81. w=1id. Let J = {z € F | 2» = —z}. The irreducible components of
FlagiLd’F’V are given by Y, (Z,)zecs and Z as defined in Table 8.1.
R 0 0
0 0 —za 0 a
(cn00) ( =) (s
1 0 0 b
(a,0)" € F* — {0}
Pg
1

1,FV

TABLE 8.1. The irreducible components of Flag;;,
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The Z; are pairwise disjoint and each Z¢ intersects Z in precisely one point,
as ¢ runs through J U {oco}. Hence there are p + 2 irreducible components and
Flagl £V is connected.

8.2. w = sa. Flagj‘z’F’V is given by the variety defined in Table 8.2.

0 a)
0 0
0 b
1 0
(a,b)" € F* — {0}
P]F
1
TABLE 8.2. The variety Flag,; "

9. THE VARIETIES Flagl YV OVER THE p-RANK 0 LOCUS

Let g = 3. Depending on w € Wﬁ(n)al we determine the varieties FlagL EV

Flagﬁ . We use the notation introduced in Section 6.3. For a matrix B €
M?3*2(F) we denote by B; the matrix obtained from B by deleting the i-th
row, i = 1,2,3. Furthermore we denote by B, (P2) the blowing-up of PZ in a
closed point.

9.1. w=1id. Let I = {(z,y)" € (F,2)? | 2P + 2 + y?*! = 0}. The irreducible
components of FlagL BV are given by Y, Z, Too and (Ty,y) (2,y)ter as defined
in Table 9.1.

0
(GL3 ([F))

B € FM***(F), v € F3
(B ) € GL3(F)
det BY det Bs + det B5™' + det By det B} = 0

Flags(F) |

continued on next page
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continued from previous page

TOO Tf,y
0o 0 O 0O 0 O 0 a 0 0 0 «a
0O 0 O 0 0 0 0 ya 0 0 0 yo
0O a O 0 0 « 0 za 0 0 0 To
1 0 O \ 1 0 0 zP b y) \ zP -y B
0 b 1 0 1 0 yP c 1 yP 1 0
0O ¢ O 0o 0 pB 1 0 0 1 0 0

(a,b,c)" €F* —F-(0,1,0)" (a,b,c)' € F° —F- (0, —y,1)"
(o, 8)" € F? — {0} (o, B)" € F? — {0}
2 2
B. (Pf) B. (Pf)
2 2

TABLE 9.1. The irreducible components of Flagfd:g a4

In order to get a better understanding of Z we look at the closed subvariety
Zy of Flagy 3 whose F-valued points are the image under ® of the set {B €
FM3*2(F) | det BY det B3 +det B5™' +det By det BY = 0}. There is an obvious
surjective morphism v : Z — Zy and Z becomes a Pj-bundle over Zy via . It
is trivial over the intersection of Zy with any of the standard charts of Flag, 5.

Now Flag, 5 is itself a P-bundle over Grasss s, the variety of 2-dimensional
subspaces of F3, and if we identify Grassy 3 with P2 in the usual way, the map
6 : Flag, 3(F) — P3(F) of this bundle is given by §(®(B)) = (det By : det By :
det Bs), where B € FM3*2. Choosing homogenous coordinates X1, Xo and
X3 on P2, § restricts to a map € : Zo — Vi (XPX3 + X5 + X, X?) making
Zy a PE-bundle over the curve Vi (XP X5 + X2T! + X, XP) P2,

P-bundle P-bundle

Zy Vi (XP X5+ X2 + X, XP)

As it is not immediately obvious from Table 9.1 what the intersection be-
tween the individual irreducible components are, we list them separately in
Table 9.2. The T, are pairwise disjoint, as ¢ runs through I U {oo}.

Ynz Y NTy Y NT,,
det B? det B3 + det BE +

0
0 0 zP
er) )|z ")
0 GL2(F) ) o
det Bidet B} =0

B e FM***(F), v € F°
| Z | P

(B v) € GL3(F)
continued on next page
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continued from previous page

ZN T ZNT,, YNZNTyw | YNZNT,,

0 0 0 0 0

0 0 0 0 0 Yo 0 0

0 0 « 0 0 To 1 0 0 2P -y 1
1 0 O P —y B 0O 1 0 yP 1 0
0 1 0 yP 1 0 0 0 1 1 0 0
0 0 B 1 0 0

(o, B) € F2— {0} |
Pr SpecF
1 0

TABLE 9.2. The intersections of the irreducible components

of Flagi{‘i’_g’v.
Remark 9.2. In [15, Sec. 2] Richartz studies a similar situation in order
to investigate the geometry of the supersingular locus S3. Let us briefly
explain how her situation is related to ours. Denote by (F¢, F,V, (.,)) =
(FS, Fiq, Vid, (-, ") 4of) the superspecial Dieudonné module in dimension 3. We
look at the variety X of flags (W C W3 C Wy) in F¢ with W3- = W3
and dimW; = i, F(W;),V(W;) C W; for all i € {2,3,4}. Inside X we
have the subvariety X given by those (Wa C W3 C W) € X(F) satisfying
F(W,),V(Wy) C Wy and im F' C My, compare [15, 2.8].

Richartz shows that the image of X under the canonical projection X —
Grassy, g is isomorphic to the curve C' = Vi (X!  X2T! 4 XP*1) P2 and
that the restriction X — C has fibers isomorphic to P}. Furthermore she
shows that the restriction of the canonical projection X — Grasss ¢ to X is
birational onto its image. This image is denoted by Lo(N) in loc.cit. It is the
key tool used in [15] to describe the structure of Ss.

To relate these objects to our situation, look at the morphism ( : Flagiﬁ”g v
— X given by (W;)S_, — (W), for (W;)8_, € Flagf&”?v(lﬁ‘). Consider a
point (W;)i_, € X (F) and the corresponding endomorphisms Fjy, and Vi,
of Wy induced by F' and V, respectively and write U = ker Fjy, N ker Viyy,.
Then we see as in the proof of Proposition 12.1 below that the fiber of { over
(W;){_5 is nonempty and isomorphic to P({f). It is isomorphic to P} if and
only if Y = W5 and consists of one point else. The first case occurs if and only
if Wo C ker F'Nker V, which is equivalent to im F' C Wjy.

It is easily checked that (~!(X) = Z and that the fibers of the restriction
g: : Z — X of ¢ are isomorphic to P}. Hence we get the following picture:

@)
N

1,FV
Flagiys" 2

L

X 2 X2 Lo(N)
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9.3. w = s3. The irreducible components of FlaugL EVv

eties defined in Table 9.3.

are given by the vari-

X Y
0 0 a 0 a 0 0 0 [eY
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Vi 0 0 0
0o o0 g8 0 b 0 0o 0 B
a b 0 0 c 1 0 1 0
c_d 0 1 0 o0 1 0 0

¢ %) e QL2(F) (a,b,¢)t € F* —F-(0,0,1)"
(o, )" € F* — {0} (o, )" € F* — {0}

PL x PL B, (P2)

2 2

TABLE 9.3. The irreducible components of Flagi‘?’”}g’v.

Hence Flaugl BV

of Y.

consists of two planes intersecting in the exceptional curve

9.4. w = s323. The irreducible components of FlagL YV

rieties defined in Table 9.4.

are given by the va-

X Y, Y, Z1 Zo
0 0 « 0 0 0 0 a b 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 « 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 o
0 0 B 0 a b 0 0 0 0 0 0 0 1 0
a b 0 1 0 0 0 c d 0 0 B 1 0 0
c d 0 0 c d 1 0 0 1 0 0 0 0 B
a b
' € GLs(F
o a) €S () ¢ any) (o, B)! € F* — {0}
t 2
(0, 8) € F* — {0}
1 1 1
]P’FX]P’F P]F
2 1
1RV

TABLE 9.4. The irreducible components of Flag

523,6 °

Wehave Y1 NYo =Z1NZy=XNZy = XNZy=. The curves Y; and
Y5 each intersect the plane X in precisely one point. The intersections Y1 N 2
and Y5 N Z5 also consist of precisely one point each.

9.5. w = s323. The irreducible components of Flagiﬁ?v

rieties defined in Table 9.5.

are given by the va-
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X Y 4
o 1 0 0 0 « 0O a b
0 0 « o 0 0 o 0 0
0O 0 o0 0O 0 o0 0O 0 o0
0O 0 o0 0o o0 B 0o 0 O
0o 0 B 0 1 0 0 ¢ d
1 0 O 1 0 O 1 0 o0
(a,8)" € F* — {0} (¢ 1) ecL.@
T
Pg
1
. : LEV
TABLE 9.5. The irreducible components of Flagy’ s .

We have X NY = & while the intersections X N Z and Y N Z consist of
precisely one point each.

10. PROOF OF THE RESULTS OF SECTIONS 8 AND 9

The case w = id for g = 3 is obviously the most complicated one and we
use it to illustrate the method. Assume that

C11 C12 C13
C21 C22 C23
C = (creoes) = [ 1 %2 5 e PMOS(F)
C41 Cq2 C43
C51 C52 C53
C61 C62 C63

is such that (W;); = ®(C) € FlagiLd’F’V(IF). We evaluate the condition that
every step of the flag ®(C) is stable under Fig and Viq, where we use the explicit
description of Fiq and Viq given in Section 4.9. As we are only interested in
the image of C' under ¢ we may without loss of generality multiply columns
of C by elements of F* and add F*-multiples of ¢; to ¢; for 1 <i < j < 3. We
will do so below without further mentioning.

W is stable under F' and V' if and only if

0 0 C11
0 8 C21
0 €31
D ) _Cp71 el
C3q 31 C41
P P

C21 —C5 C51
D -1

c _p Ce1
11 11

This is satisfied if and only if ¢17 = ¢co1 = ¢31 = 0.
For W5 the conditions are trivially satisfied if (c12,co2,¢32) = 0. If this
vector is not zero, we consider several cases.
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(1) c61 # 0: We may assume that (cic2) is of the form

0 ci2
0 co2
0 c32
Ca1  C42
cs51  Cs2
1 0

Wy is stable under F' and V if and only if

-1
5o _cggl a1
s |y | —chs elF-|es |
cty _61172_1 1

This is the case if and only if c41,¢51 € Fp2 and c32 = ciacff;, o2 =
c12¢E,. Hence we see that we may assume that (cic2) is of the form

0 1
0 vy
0 x
zP b
¥’ oc
1 0

for some z,y € F,2 and some b,c € F. The fact that C is supposed to
be an element of FM™ (F) implies that we have 2P + yPT! 4+ 2 = 0.
(2) c61 =0, c51 # 0: We may assume that (cqc2) is of the form

0 ci2
0 c22
0 C32
C41  Ca2
1 0
0 ce2

The stability of Wa under F' implies that

C5a ca1
Ayl eF-| 1].
&, 0

From this we get that c12 = 0 and co2 # 0, which is impossible as
C € FM*(F) implies that cog + c12¢41 = 0.
(3) 61 = c51 = 0: We may assume that (¢q¢z) is of the form

C12
C22
C32
0
C52
C62

SO O OO
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C € FM* (F) implies c¢12 = 0. W is stable under F' and V if and only

if
p _ pt 1
C32 Ca2 L
Ay ], —c&, eF(o0].
0 0 0

This implies that coo = 0 and we see that (c1c2) can be chosen of the
form

OO = O OO
QO ST OoO = OO

for some b,c € F.
For W3 we first assume that (c12, c22, c32) = 0. We write
C4a1 C42
B = (blbg) = | 1 Cs2 |.
C61 C62

If (¢13,c23,¢33) = O the conditions are trivially satisfied. The flags of this
form are contained in the set Y. If this vector is not zero, C € FM™(F)
implies (c13, c23,c33)" € (F-by @ F-by)tean where L g, refers to the canonical
pairing (z,y) — 2ty on F3. But (F-b; @ F - by)+een is spanned by the vector
(det By, — det By, det B3)t and hence we may assume that

(013, C23, 033) = (det Bl, — det Bg, det B3)
The stability of W5 under F' and V is equivalent to
det BY det BY - '
(-detB§>, —deth’1 EF by +F-by.
det Bg det B§71
This can also be expressed as the vanishing of the determinants of the matrices

det BY det BY -
M, = <B —detB§> and Ms=|B —deth_l
det By det BY '
But we have det M = det M. 5 and hence we are left with the equation det M; =
0, which is equal to the equation det B det B + det BY™ + det B; det BY = 0.
Hence we see that the flags of this form are contained in the set Z.

Finally we have to consider the case where (c12, a2, c32) # 0. We do this
accordingly to the cases introduced in the discussion of W5 above.
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(1) We may assume that C' is of the form

0 1 0
0 y co3
0 X C33
P b cu3
Yy’ ¢ cs3
1 0 0

for some x,y € Fp2 with 27 + yPT1 + 2 = 0 and some b,c € F. We
see that the stability of W3 under F' and V implies that (ce3, c33) = 0.
C c FML(F) then implies that c43 = —ycs3 and we see that cs3 # 0.
Hence we may assume that C is of the form

0 1 0

0 vy O

0 =« O
2 b -y |’
vy e 1

1 0 O

and we see that flags of this form are contained in the set 7}, ,,.
(3) We may assume that C is of the form

0 O C13
0 O C23
01 0
1 0 O
0 b C53
0 C C63

for some b,c € F. The stability of W3 under F and V implies c¢13 =
c23 = 0. c3 L co implies cg3 = 0. Hence C' is of the form

0 0O
0 0O
01 0
1 00
0 b 1
0 ¢ O

and flags of this type are contained in the set T.

Conversely it is easily checked that the sets Y, Z, T and (Tyy)(2,y)ter
defined in Table 9.1 are indeed subsets of F lagL’F’V(IF). In order to show that
they are closed and to construct the isomorphisms claimed in Table 9.1 one
has to calculate their intersection with the standard charts.

For instance the intersections Z N Uys3 and Z N Uysg are described in Ta-
ble 10.1.

Miinster Journal of Mathematics VoL. 4 (2011), 185-226



MODULI SPACES OF ABELIAN VARIETIES OF DIMENSION 3 209

Z N Uyss Z NUysé
0 0 barbza — b3y 0 0 a(barbzz — b31)
0 0 o 0 0 “abso
0 0 1 0 0 o
1 0 0 1 0 0
by 1 0 by 1 0
b31  baa o bz1  bsa 1
ba1,b31,b32, 0 € F
1
(b21b32 — b31)? + bg; + (b21bs2 — b31) =0

TABLE 10.1

They are closed subsets of the respective affine spaces.

To see that v: Z — Zj is a P]%-—bundle, trivial over the intersections of Z
with the standard charts of Flag, 5, we note exemplarily that the preimage of
Vis = ZoNUys under v : Z — Zy is given by (Z N Uysz) U (Z N Uyse). It
is now easy to define an isomorphism v~ (Vy5) — Vis x Pk fitting into the
commutative diagram

V45 ................................. >V45><]p
7 _k /

Here V5 is the hypersurface in Aﬁ- given by the image under ® of the set of
1 0

matrices B € FM3X2(IF) of the form B = (b21 L > for bay1, b31, b3 € F with
32

b31
(barbaz — b31)? + bha ' + (barbza — ba1) = 0.

To prove that Z is irreducible of dimension 3 it suffices to show that V (X7
X3 + X2 4+ X, XP) is irreducible (see Lemma 18.4 below). If we consider
XPXs + Xé’“ + X1 X% as an element of K[X1, X3][X5], we can apply Eisen-
stein’s criterion (using the prime element X; of K[X1, X3]) to see that X7 X3+
XPH 4 X, XP s irreducible.

Concerning the intersections only the statement about Z N7 , in Table 9.2
is not quite obvious, namely that it is contained in the exceptional curve of
T,y Let (a,b,c)t € F3 —F - (0,—y,1)" and assume that

0 a 0
0 ya O
0 2a O
P b —y sS4
¥y’ ¢ 1
1 0 0

First this implies a = 0. If ¢ = 0 the condition on the determinants for elements
in Z would imply b = 0, but (a,b,c¢) # 0 by assumption. Hence ¢ # 0 and we
may assume ¢ = 1. Then the determinant condition becomes

(@ =) + (D) = (@ = by = 0.
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Using 2P + 2+ yP1 = 0 we get yP®P+1) +byP +bP+1 4 bPyP’ = 0. Using y € Fp2
this becomes y?*1 + by? + bPT1 4+ bPy = 0 which is equivalent to

(y+b)Ptt =0.

As b # —y by assumption this does not have a solution.

11. THE CASE OF POSITIVE p-RANK

In order to investigate the fiber of m over abelian varieties of positive p-
rank we need to recall some additional material concerning finite commutative
group schemes over F and their Dieudonné theory. Our main reference is again
[2].

Let g > 1 and A € Ay(F). Then A[p] is in a unique way a product of three
subgroups A[p] = G&% x G4™ x G%* with G** étale unipotent, G*™ infini-
tesimal multiplicative and G*" infinitesimal unipotent. One has isomorphisms
Go" ~ (Z/pZ)* and G*™ ~ pk, where k is equal to the p-rank of A. Here s,
denotes the F-group scheme representing the functor S — {s € Og(S) | s? = 1}
on the category of F-schemes. In terms of Dieudonné modules this corresponds
to a decomposition D = We* @ WH™ @ W% into subspaces stable under F
and V and such that

e Flye.w is an isomorphism and Vjye.. is nilpotent,
® Flyim is nilpotent and Vjyi,m is an isomorphism,
® Flyiw and Vi are nilpotent.

Here we write Fy e« for the morphism We* — W¢* induced by F etc. We
have dimp W = dimy W*»™ = k and dimp W"* = 2(g — k).

This decomposition is natural: If A € Agy(F) with decomposition D(Afp]) =
Wevr @ Wim @ Wit and if o Alp] — g[p] is a group homomorphism, the
induced morphism D(«) : D(A[p]) — D(A[p]) splits into the direct sum of three
morphisms W% — Weu, Wim — Wim and Wit — Wi, In particular

L) imD(a) = imD(a) N (WS & W ™) @ im D(a) N W
. =imD(a) N W @ imD(a) N W™ @ imD(a) N W5,

Lemma 11.1. Let k > 0 and A € Agk) (F) with decomposition D = W @
W™ @ WY as above. Let F?9 = U™ @ U™ @ U be the decomposition
induced via Wy. Let w = wa and consider the associated data i and (mi)le
introduced in Section 4.9. Write I = {i € {1,...,9} | ¢ = m;} and I° =
{1,...,9}—1.

Miinster Journal of Mathematics VoL. 4 (2011), 185-226



MODULI SPACES OF ABELIAN VARIETIES OF DIMENSION 3 211

(1) We have
Ut = @F c€;
iel
Utm = @]F “egti
iel
Ut =PF-e; &F - eqps).
iele

(2) Let w € Whnal,g—k be the final element corresponding to the final se-
quence [Y(k+1) —k,(k+2) —k,...,¥(g) — k]. Denote by (Ei)?igfk)

the standard basis and by (,A/> = (*; ") et the pairing introduced in Sec-
tion 4.9 on F20=K)  Consider the morphism 3 : F29=F) U;“‘ given
by € — epti and €g_py; — egypti for 1 <i < g—k. Then 8 induces
an isomorphism of quadruples

(FZ(g_k)aFﬁa Va, <'7 >) - (Ui’ua Fw|U¢v"7 Uw\U'iv“a <'a >\Uiu)

(3) Let U = U @ U"™. Let @ € Wenalg—k be the final element cor-

responding to the final sequence [1,2,...,k]. Denote by (€;)%¢, the
standard basis and by (-,-) = (-,-)qe¢ the pairing introduced in Sec-

tion 4.9 on B2k, Consider the morphism B : F2¢ — U given by €; — e;
and €py; v egy; for 1 < i < k. Then B induces an isomorphism of
quadruples

(F2k7 F@a Vﬁ?a <'7 >) — (U7 Fw\U; Uw|U7 <'7 >\U)

Proof. This is an easy consequence of the explicit descriptions of F, and V,,
given in Section 4.9. (]

Corollary 11.2. Let g > 1 and w € Whna,g. Then the p-rank on EQO,, is
given by w(l) — 1.

Proof. As above, let 1, and (m;)?_; be the data associated with w. We see
from Lemma 11.1 that the p-rank on FO,, is given by #{i € {1,...,g} | i =
m;} =#{i € {1,...,9} | Yw(i) = i}. It follows from Section 4.1 that for all
i€{l,...,9} we have ¢, (i) =i < (Va € {1,...,g9} w(a) > 1). As w is final,
this is equivalent to w(1) > ¢ and there are w(l) — 1 elements of {1,...,g}
satisfying this inequality. O

Remark 11.3. In this way we have obtained a formula for the p-rank on an
EO stratum which is considerably simpler than the one cited in Proposition
4.6(3). Given both formulas it is of course easy to show by combinatorial
means that they are equivalent.

Proposition 11.4. Let K be an algebraically closed field and V a vector space
of finite dimension g over K. Let Vi and V, be subspaces of V with V =
Vi & Vs and dimg V; = k, dimg Vs = g — k. Fiz integers 0 < 7 < g,
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max(0,i+k—g) <l <min(i, k) and a subset J C {1,...,i} =: I of cardinality
L.
(1) Consider the set

, o i . Fi=F;NVi®F;NV2 A
Zgik,J = {(]:J)j_o € Flagi,g(v) ‘ vjiel ((]-'j NVI#Fi-iNVi & j€ J)) }7

where Flag; ,(V) denotes the (classical) variety of flags (F;)i—y in V
with dimF; = j for 0 < j <i. Then Zg; k.7 15 a closed subvariety of
Flag; ,(V).

Consider the maps ¢ : {0,1,...,i} — {0,1,...,1} and ¢’ : {0,1,...,4}
—{0,1,...,9 — 1} with ¢(0) =0 = ¢'(0),

o =201, 5
and ( )
" -1, jeJ
R PRSP
Then the map oy : Flag; (V1) x Flag;_; ., (V2) = Zgi k.5 given by
((]:j)é‘:m (gj);;lo) = (]:so(j) ® gw/(j))é‘:O
is an isomorphism of (classical) varieties.
(2) Consider the set

Lgikl = {(]:j);_o € Flag; ,(V)
Then Zy,ik, is a closed subvariety of Flag,; (V) and

Zg,i,k,l = H Zg,i’k’J ~ H Flagl,k(vl) X Flagi_l,g_k(vz).
JCI i
#J=l (l)
(3) Consider the set
Zgin={(F;)izg €Flag;, ,(V) | Vi€ I F; =F;nV1 & F; N Va}.
Then Zg,i k. is a closed subvariety of Flag, (V) and

dimK(]:i ﬂvl) =1 A
VMjel F;=FnNVieF;NW) [’

min(z,k)
Zgik = H Zg.i ki
l=max(0,i+k—g)

min(z,k)
~ H H Flag, (V1) x Flag; ; , . (V2).
l=max(0,i+k—g) (;)
Consider integers 0 < ¢ < n. The Frobenius ¢ : F — F induces an auto-
morphism ¥ : Flag, . (F) — Flag, ,,(F). It is given as follows: Denote by p :
F" — F" the componentwise application of . Then for (F;)i_, € Flag, ,(F)
we have X((F;)j—o) = (p(F;))j=o- We denote by Flag, ,(F,) the fixed point
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set of X.. Tt is a finite subset of Flag, ,, (F) and it can be identified canonically
with the set of flags (F; ) —o in (Fp)™ with dim F; = j for all 0 < j < 4.

Proposition 11.5. Let g > 1, k>0 and A € Aék) (F) with w =wa4.

(1) Assume that k = g (i.e. A is ordinary). Then the fiber of m over A is
discrete and

# (171 (A)) = ON, = 294Flag, (F —2gHZp _zgnl a0 1)_ D)

=0 +=0

Assume that 1 < k < g—1. Then FlagL Vs isomorphic to I)ON;,
k

disjoint copies of Flagg’g(’g‘ik), where W is as in point (2) of Lemma

11.1. Note that the p-rank on EQOg is equal to 0.

Proof. We use the notation of Lemma 11.1.
(1) If k = g we have U™ =0, U" = @_,F - ¢; and U™ = @79 |F-e;
Let w = wy. We use the notation of Proposition 11.4 for V = F29, V; = Ue’"

and Vo = U%™. By equation (11.1) we see that

g9

Flag, s, C Zaoggq =[] [ av (Flag,, (V1) x Flag, , ,(2)) .
=0 5k

Let 0 <l <gand J C I of cardinality .

First note that Fjy, is equal to the componentwise application of o (with
respect to the basis (e1,...,e4)) and that V}y, = 0. On the other hand V}y,
is equal to the componentwise application of ¢~! (with respect to the basis
(egt1,---,e29)) and Fjy, = 0. From this it follows immediately that FlaghV
ay (Flagl7g(V1) X Flaggfl’g(Vg)) ~ Flag, ,(Fp) x Flag,_; ,(Fp).

Let ((fj)gzo,(gj)ggé) € Flag,,(V1) x Flag, ,,(V»). Then the image

ay ((Fj)ézo,(gj)?;é) is symplectic if and only if (G)] _é is actually a flag

in the g — [ dimensional space V2 N ]-"l , where we consider F; as a subspace of
V.
Combining these two statements it follows that

Flag, ™" Nay (Flag, ,(V1) x Flag,_; ,(V2)) ~ Flag, ,(F,) x Flag, ,(Fp).

The claim now follows from a short calculation.
(2) We use the notation of Proposition 11.4 with V = F2?9, V; = Us* U™
and Vy = U%%, It follows from V; = V3~ and equation (11.1) that

Flagg ™™V € Zag gonk = ay (Flagy o, (V1) x Flag,_; o5 (V2) ) -
g (9—F)

JcI
#I=k

Miinster Journal of Mathematics VoL. 4 (2011), 185-226



214 PuiLipp HARTWIG

Let J C I of cardinality k. Using the notation and the isomorphisms 5 and 3
of Lemma 11.1 we see that

Flagi’F’V Nay (Flagk’% (V1) x Flag,_j 2(g—r) (Vg))

L1,F L1,F
o~ Flag@é,;v x Flag~’ v

w,2(9—k)"
By the first point Flag$’§ év is discrete of cardinality O Ny and the claim follows.
O

12. THE NUMBER OF CONNECTED COMPONENTS OF THE FIBERS OF T

Proposition 12.1. Let ¢ > 1. For all A € Aéo)(lﬁ‘), the fiber m—1(A) is
connected.

Remark 12.2. In [17, Prop. 5.2] Yu proves a more general statement. We
rephrase his proof in our language.

Proof of Proposition 12.1. Let w = w4. We have to show that Flagi’F’V is
connected. Let 0 <i < g, I ={0,...,i} and denote by Flag- 1V

wi  the variety
whose F-valued points are given by

Flagh ™ (F) = {(Wj>;'-_o € Flag, 5, (F) | ™ € 1 VW), Fu(W5) Wﬂ'} .

and W; is isotropic

Then Flagqjjg Vo= Flagﬂ;’F "V and we will show by induction on i that Flagi:f a4
is connected for all 0 < ¢ < g. For each 1 < i < g consider the morphism
G« Flag,'7"" — Flag "} given by ¢ (W))i_,) = (W;)Zg for (W))i_, €
Flagfu’f V(]F) This is, in particular, a closed map of topological spaces and
it will be sufficient to show that it is surjective with connected fibers. Fix
a point (Wj)z;%) € Flagif_"f(IF) and write W = Wt /W,_; with canonical
projection pr : Wit; — W. F, and V,, induce endomorphisms F and V of
W. Our assumption on the p-rank of A implies that F' and V are nilpotent.
This means that a 1-dimensional subspace of W is stable under F or V if and
only if it is contained in ker F' or ker V, respectively. Therefore consider the
subspace U = ker F'Nker V and denote by P(/) the (classical) projective space
over Y. Consider the map P(U) — Flag; ,,(FF), sending a subspace U C U to
the flag

WoCc Wiy C---CW;_1 Cpr_l(U).

With the considerations above this map is easily seen to induce an isomorphism
of (classical) varieties P(U) — ¢! ((W]);;lo) (F). Hence the fibers of (; are
connected. To see that they are nonempty we have to check that dimi/ > 1.
This is automatic if F' and V are the zero morphism. By Proposition 3.2(1)
we know that imV C ker F and im F C ker V. Now the nilpotency of F
implies that im F Nker F # 0 if F # 0 and the nilpotency of V implies that
imV NkerV # 0 if V # 0, whence the claim. |
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Proposition 12.3. Let g > 1 and k > 0. If A € .Agk) (F), the fiber 7= 1(A)

consists of (Z) ONj, connected components. In particular it is connected if

and only if k = 0.

Proof. Combine Proposition 11.5 and Proposition 12.1. O
13. DIMENSION OF THE FIBERS OF T

Let g=2o0r g =3 andlet A € A,(F). Depending on ws € Wana we list the
dimension of 77*(A) C A in Table 13.2. It can be read off the calculations in
Sections 8 and 9 and the results of Section 11.

Wenal | dim

id 1

S92 1

S12 0

5212 0

| 9=3 |
Wﬁnal dim Wﬁnal dim

id 3 S123 1
83 2 53123 1
5923 2 s23123 | O
8323 1 5323123 | 0

TABLE 13.2. The dimension of the fibers of 7 depending on
the EO stratum.

14. THE KR STRATIFICATION

This section contains the results about the KR stratification on A; that we
are going to use. We will use an ad hoc definition on F-valued points and we
refer to [8, Sec. 2.4] for a more comprehensive treatment of the subject.

Let g > 1.

14.1. Relative positions.

Proposition 14.2. [7, Sec. 3] Let w € Wapa and (Wi)?io = Flagi:gv(lﬁ‘).
There is a unique element x = t*w € W, (w € W, X\ € X.(T)) such that
there is a basis (si)?io of F29 with the following properties:
(1) (i) € {0,1} for alli.
(2) For every i, W; is spanned by €1, ..., €;.
(3) If Vi (W5 1) ; Vo (W5) for any i > 1, we have Vo, (W;) = Vi (Wi_1) &
F- Ew(i)'
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imV, = @ F-e;.

i=1,...,2g
A(i)=0

We call any such basis a KR basis for (W, ) .~ and x is called the KR type

Of( )1 =0
The set of possible KR types (as w runs through Wanai,4) is denoted by

Adm(p). It is a subset of W,7. Given w € Wgpa and € Adm(u) we denote
by L(x,w) the set of flags in FlaugL F, V(IF) with KR type equal to z.

14.3. The KR stratification. On A; we have the Kottwitz-Rapoport strat-
ification (a stratification in the sense of Section 2.2)

AI = H AI,wa
z€Adm(p)
given by (4;); € A ,(F) if and only if t4,((A4;):) € L(z,wa,)-
The following Proposition lists some properties of the KR stratification.

Proposition 14.4. [7, Sec. 2.5] Let z,y € Adm(u) and w € W, X € X,(T)
such that x = t'w.
(1) Ap is equidimensional of dimension €(x).
(2) The p-rank is constant on Aj 5 with value #Fix(w)/2 (where Fix(w) =
{ie{l,...,29} |w(i) =1}).
(3) We have Aj o C Apy if and only if x < y.
(4) If Ay is not contained in the supersingular locus Sy, then A, is
irreducible.

In view of property (2) we denote by Adm(u)® the set of admissible ele-
ments of p-rank 4, 0 < i < g.

Lemma 14.5. [7, Lemma 8.1] The projection W — W induces a bijection
€: Adm(p)© — {w € W | Fix(w) = @}. Its inverse is given by w — "W
with

0, wi(i)>i

1, w‘l(i)<i , 1=1,...,2¢.

A0 = {
14.6. The set Adm(p)(®. In [16] Yu gives a list of all the 29 elements of
Adm(p)© for g = 3. We reproduce this list in Table 14.1 as we will use it
extensively.

KR | (\w) € X.(T) x W KR | (\w) € X (T)x W

7 1(0,0,0,1,1,1), (14)(25)(36) || s3107 | (0,0,1,0,1,1), (132645)
sor | (0,0,0,1,1,1), (1463)(25) || s1207 | (0,0,0,1,1,1), (16)(2453)
sit | (0,0,0,1,1,1), (142635) s3207 | (0,0,1,0,1,1), (154623)
st | (0,0,0,1,1,1), (153624) s2307 | (0,1,0,1,0,1), (124653)
st | (0,0,1,0,1,1), (1364)(25) || s2017 | (0,0,0,1,1,1), (1562)(34)

continued on next page
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continued from previous page

swo7 | (0,0,0,1,1,1), (145)(263) ss017 ] (0,0,1,0,1,1), (135642)
s207 | (0,0,0,1,1,1), (153)(246) || s1217 | (0,0,0,1,1,1), (16)(25)(34)
s30T | (0,0,1,0,1,1), (13)(25)(46) || sas1™ | (0,1,0,1,0,1), (1265)(34)
so1T | (0,0,0,1,1,1), (142)(356) ss127 | (0,0,1,0,1,1), (16)(2354)
so17 | (0,0,0,1,1,1), (15)(26)(34) || ss237 | (0,1,1,0,0,1), (123654)
ss17 | (0,0,1,0,1,1), (135)(264) || s30107 | (0,0,1,0,1,1), (132)(456)
S12T (0,0,0,1,1,1), (16)(24)(35) $3120T (0,0,1,0,1,1), ( )( )( )
327 | (0,0,1,0,1,1), (154)(236) || ss2s07 | (0,1,1,0,0,1), (123)(465)
$23T (0,1,0,1,0,1), (124)(365) $2301T (0,1,0,1,0,1), ( )( )( )
so107 | (0,0,0,1,1,1), (145632)

TABLE 14.1. The set Adm(u)©® for g = 3.

15. KR STRATA AND THE FIBERS OF 7

Let g > 1 and « € Adm(u). We write
ES(z) = {w € Winar | 7 (EOy) N Ar» # 3}
Then [7, Cor. 3.3] states that

(15.1) m(Ar.)= [] EOw.

weES(x)
Hence in order to understand the relationship between the EO and the KR
stratification we need to understand the sets ES(z).

Now for all w € Wgpa we have w € ES(z) & L(z,w) # & and it is
therefore sufficient to study the sets £(x,w). We will do this for g = 3, using
our calculations of the sets Flagi”g V. The sets £(x,id) are rather complicated
and we content ourselves with determining whether they are nonempty. For
the other final elements w of p-rank 0 we are able to determine the sets £(x, w)
completely.

First we have the following general result:

Lemma 15.1. Let g > 1.

(1) For w € Sy = (s1,...,85-1) C W we have wr € Adm(p)© and
ES(wT) =1id.

(2) For z = t*"w € Adm(p)® (A € X.(T), w € W) we write N, = {i €
{1,...,29} | w?(i) < w(i) < i}. Then for (A;); € Ar.(F) we have
g—a(Ap) > #N,.

Proof. (1) Let w € Sy, then wr is admissible by Lemma 14.5 above. Con-
sider (A;); € Ay - (F) with image (W;); under ta,. wt satisfies £(w7)({g +
1,...,29}) = {1,...,g}, which means that imV,, = kerV,, = W, By
Proposition 3.21 this implies that im F,, = ker F},, , hence the canonical fil-
tration on D(Ay) is given by 0 C F(ID) C D which has associated final element
id.
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(2) By Lemma 4.4 and Proposition 4.6 our claim is equivalent to the fol-
lowing statement: Let w € Wég)al and (Wi)?io € Flagijgg’v(ﬂ?) of KR type =z.
Then dim im Vj > #N,.

But if (¢)79, is a KR basis for (W;);, the set {V(ew@)) | i € Ny} is a linearly
independent subset of im V2 of cardinality #N,. g

For the rest of this section g is equal to 3.

15.2. w = id. Let z € Adm(u)®. By Lemma 15.1(2) we know that £(x, id) #
@ implies that N, = @. Inspecting Table 14.1 we see that this condition is only
satisfied for z € {7’, $17,82T,8217,8127,51217, 8307, $3107, 3207, $31207, 823017'}.
We claim that id € ES(z) for all = in this set. For « € Ss7 = {7, 817, $27, 8217,
$12T, 81217} this is true by Lemma 15.1(1). For the remaining elements we
write down an explicit nonempty subset K(z) C £(z,1d) in Table 15.1.

K(s307) K(s31207) K(s23017)
0 0 1 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 1 0 0
K(SgloT) K(SgQQT)
0o o0 —1 0 0 —1
0o o ba 0 0 2
0 0 BTl 4p 0 0 bY by +by
by bo o by by «
-6 1 0 Y 0
0 0 1 0 0
bQEF—Fp2,a€F bQEF—FPQ,CXEF
b1 € F a root of b1 € F a root of
2
TP+ T+ 8P eR[T) | TP + TP+ b5+ € F[T)

2 |

TABLE 15.1. Nonempty subsets of £(z,id).

15.3. w = s3. In Table 15.2 list those L(x, s3) which are nonempty.

L(s1207,83) | L(s31207,83) | L(s3127, $3)
0 0 0 0 0 @ 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0
1 0 0 1 0 0 1 0 0
c 1 0 c 1 0 c 1 0
celF celF, acF* celF
1 | 2 | 1 |

continued on next page
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continued from previous page

L(s2017,83) | L(s23017,83) | L(s2317T,3)
0 0 0 0 a 0 0 1 0
0 0 o0 0 0 0 0 0 o0
0 0 o0 0 0 0 0 0 o0
0o 1 o0 0 1 0 0 0 o0
0 c 1 0 c 1 0 c 1
1 0 0 1 0 0 1 0 0

ceF ceF, acF* ceF
1 2 | 1

£(530T, 83) £(So7’, 53) ,6(53’7'7 83)
0 0 a 0 0 0 0 0 1
0 0 o0 0 0 o0 0 0 o0
0 0 o0 0 0 o0 0 0 o0
0 0 1 0 0 1 0 0 o0
0 1 o0 0 1 o0 0 1 o0
1 0 0 1 0 0 1 0 0
a € F~X

1 0 | 0

TABLE 15.2. The sets L£(x, s3).

15.4. w = s23. In Table 15.3 list those L(x, s23) which are nonempty.

L(s207,823) | L(s3207, s23) | L(S1207, 823) | L(s31207, S23) | L(83127, $23)
0 0 0 0 0 « 0 0 0 0 0 « 0 0 1
0 0 o0 0 0 0 0 0 o0 0 0 0 0 0 o0
0 0 o0 0 0 0 0 0 o0 0 0 0 0 0 o0
0o o0 1 0 0 1 0o 0 1 0o 0 1 0 0 o0
1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 o0 0 1 0 c 1 0 c 1 0 c 1 0
a eF* ceF~ c,a € FX ceF*
0 1 | 1 | 2 1
L(s327,823) | L(s3107,523) | L(s107,823) | L(s317,S23) L(so1T, $23)
0 o0 1 0 0 a 0 0 0 0 0 1 0 0 0
0 0 o0 0 0 0 0 0 o0 0 0 o0 0 0 o0
0 0 o0 0 0 0 0 0 0 0 0 o0 0 0 o0
0 0 o0 0 0 1 0o o0 1 0 0 o0 0 1 o0
1 0 0 0 1 0 0 1 o0 0 1 o0 1 0 0
0 1 o0 1 0 0 1 0 0 1 0 0 0 0 1
a € FX
1 | 0 | 0 0
5(8201 T, 823) 5(8237'7 823) 5(8231 T, 823) 5(832307'7 823) 5(830107'7 823)
0 0 0 0 1 0 0 1 0 0 1 o0 0 0 o0
0 0 o0 0 0 o0 0 0 o0 0 0 1 0 0 o0
0 0 o0 0 0 o0 0 0 0 0 0 0 0o 0 1
0 1 o0 0 0 o0 0 0 0 0 0 0 0 1 o0
1 0 0 0 0 1 0 ¢ 1 0o 0 B 1 0 0
0 ¢ 1 1 0 0 1 0 0 1 0 0 0 0 B
ceF~ ceF* BEF BeEF
1 0 | 1 | 1 1

TABLE 15.3. The sets L(x, s23).
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15.5. w = s323. In Table 15.4 list those L(x, s323) which are nonempty.

L(83230T, 5323) | L£(83237, 8323) | L(82307, 8323) | L(830107, $323)
0 1 0 0 1 0 0 1 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 B 0 0 0 0 0 1 0 1 0
1 0 0 1 0 0 1 0 0 1 0 0
B eF* a e Fx
1 0 | 0 | ]
L(50107,5323) | L(83017, 5323) | L(523017, S323)
0 0 0 0 0 1 0 a 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0
1 0 0 1 0 0 1 0 0
aeF*
0 0 | 1 |

TABLE 15.4. The sets L(x, S323)-

16. PROOF OF THE RESULTS OF SECTION 15

In order to illustrate the method we show that K(s3107) C L(s3107,1d). Let
V = Viq. For an element (W;)%_, of K(s3107)(F) choose elements by € F — Fp2,

a € F and by € F with b7 + by + b5 = 0 such that

0 0 -1
0 0 ba
N 0 0 '+
(*) (Wl)i:O = b1 bo a
b 1 0
1 0 0

First we write down a matrix C' = (cicacscacscs) € GLg(F) such that W; =
EB?-:JF -¢; for all 0 <4 < 6. For the first three columns of C' we can use the
columuns of the matrix of equation (x) above. We find the other columns using
the condition that (W;)%_, is a symplectic flag, meaning that c¢; L ¢1,co and
¢s 1 c1. Hence

0 0 -1 0 0 0
0 0 bo 0 1 0

c_] o o R T (I A |
b1 b2 @ 1 0 0

- 1 0 0 0 0

1 0 0 0 0 0

satisfies our requirements.

From this matrix we can read off the images (V(W;))%_, using the explicit
description of Section 4.9 and we need to find a basis (g;)_; of F® such that
Wi = @/_,F - &; and such that V(WW;) is spanned by a subset of {e1,...,€;}
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for each 0 < i < 6. First we have V(W2) = 0. Now by ¢ F,2 implies that
V(W3) € Wy and hence we can take e = V(c3). The equation for b implies
that V' (W5) C Wa which means that we can use €1 = ¢; and g4 = ¢4.

This means that a KR basis (¢;)%_, of (W;) is given by the columns of the
following matrix

0 0 1 0 0 0
0 0 by 0 1 0
0 0  bi'4b 0 bE o1

£ = —2
b b a 1 0 0
b 0 0 0 0
1 1 0 0 0 0

Here the equation for b; is needed to see that V(e3) = e2. We have observed
that V(Wl) = V(WQ) = 0, V(Wg) = V(W4) = <€2>, V(W5) = <61,52> and
V(Ws) = {e1,€2,€4). Hence if A € X,.(T) and w € W are such that (W;); €
L(t*w,id), we see that A = (0,0,1,0,1,1) and that w(3) = 2, w(5) = 1 and
w(6) = 4. The w € W satisfying these conditions is given by

(12345 6
“=l3 6 25 1 4
and from Table 14.1 we see that t*w = s3107.

The proof of K(s3207) C L(s3207,1d) is similar and in all the other cases it
is very easy to write down a suitable KR basis.

17. THE seTS ES(z) FOR 2 € Adm(p)(®) IN DIMENSIONS 2 AND 3

Let g = 2. In this case the sets ES(z) for 2 € Adm(p)(®) have already been
known, see for instance [7, Ex. 3.4]. We list them in Table 17.1.

T, 81T id
S$oT, ST So
S20T id S92

TABLE 17.1. The sets ES(z) for g = 2.

Let g = 3. Table 17.2 contains the sets ES(z) for € Adm(u)®. They
can be read off the calculations in Section 15. The upper block contains the
supersingular elements.

T, 81T, 82T, 5217, 5127, $121T id
83T, ST S3
S30T id S3

continued on next page
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continued from previous page

5107, 5237, 5207, 8317, S01T, S32T 523
83107, 53207 id S23
531207 id s3 s23
$120T, 83127, 52017, $231T 53 S23
50107, 53237, 53017, 52307 5323
823017 id s3 5323
530107, 532307 523 5323

TABLE 17.2. The sets ES(z) for g = 3.

Remark 17.1. We can use Table 17.2 to answer a question posed in a pre-
liminary version of [8]: For every g > 1 one has the following inclusion:

(17.1) I A.c~'| JI EOu.

zeAdm(p)® wWEWrinal
In loc.cit. it was asked whether this inclusion is an equality. The answer is
negative in the case g = 3: Let A € EO;q(FF). By Table 17.2 there is preimage
(A1) € (7 YH(A) N AL s5107)(F) of A, so that (4;); is contained in the right
hand side of the above inclusion, but as Az s;,,r g Sy it is not contained in
the left hand side.

17.2. Some informal observations. Let 1 < g < 3. It is interesting to note
that ES (¢71(¢(z)!)) = ES(x) for every z € Adm(u)®. We do not know if
this is true for arbitrary g.

Compare the line

| SoT, ST | S92 |
of Table 17.1 with the lines
83T, S0T S3
5107, 5237, 5207, $317, S017, S327T 523

of Table 17.2. We can prove the following result, generalizing these lines: Let
2 < g,i € {0,1} and consider the sets S; = {s;j,s4—;} C W for 0 < j < i.
Then for every element z € Adm(p)(© of the form (t,(0) - tu() - tu(i)) T
where v € S({0,...,i}) and ¢t; € S; for all 0 < j < 4, we have ES(z) =
{ngi *Sg—itl Sg}.
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18. THE KR STRATIFICATION AND THE SUPERSINGULAR LOCUS

Let ¢ = 3. For z € Adm(u)® we want to understand the intersection
Ar. NSt

Proposition 18.1. Let g = 3 and = € Adm(u)(o). Then Aj, NS =0 &
ES(x) = {823},

Proof. This follows from the results of Section 5, using equation (15.1). O

Remark 18.2. The relationship between the KR stratification and the super-
singular locus is closely related to the theory of affine Deligne-Lusztig varieties.
In [10, Prop. 12.6], Haines shows that for € Adm(u)® the nonemptiness
of the intersection A;, N Sy is equivalent to the nonemptiness of a certain
affine Deligne-Lusztig variety. In loc.cit. this result is stated using p-adic
Deligne-Lusztig varieties, but by [4, Cor. 11.3.5] the nonemptiness of an affine
Deligne-Lusztig variety is equivalent in the function field and the p-adic case.

We want to get a more precise statement about the intersection A; , N Sy
in those cases where it is nonempty and not equal to A . For this we need
the following

Proposition 18.3. Let f : X — Y be a proper morphism of algebraic varieties
over an algebraically closed field K. Let B C 'Y be a locally closed subset
equidimensional of dimension d € N. Let A C X be a locally closed subset
with the property that there is a natural number e € N such that f~1(b)N A is
irreducible of dimension e and dense in f~*(b) N A for every b € B(K), where
we denote by A the closure of A in X. Then f~Y(B)N A is equidimensional
of dimension d + e. Furthermore the number of irreducible components of
f~YB) N A is equal to the number of irreducible components of B.

Proof. We immediately reduce to the case B =Y and A = X. We may also
assume Y to be irreducible. Hence we are reduced to the statement of the
following Lemma whose proof we include for lack of reference. O

Lemma 18.4. Let f : X — Y be proper morphism of algebraic varieties over
an algebraically closed field K. Assume that Y is irreducible of dimension
d € N and that the fiber f=1(y) is irreducible of dimension e € N for every
y € Y(K). Then X is irreducible of dimension d+ e.

Proof. Let X = C1UCs with closed subsets C1,Cs C X. Let f1 and fo denote
the restrictions of f to C7 and Cj respectively. By a Corollary to Chevalley’s
Theorem, see [9, 13.1.5], the sets F; = {y € Y | dim f; *(y) > e} are closed
subsets of Y, i = 1,2. For y € Y (K) the e-dimensional fiber f~!(y) is the
union of the closed subsets ffl(y) and f{l(y) and hence y € F1 U F5. As the
set Y(K) is dense in Y this implies that Y = F; U F; and by the irreducibility
of Y we may assume that F; =Y. Let x € X(K) be a closed point with image
y = f(z) € Y(K). Then dim f; *(y) = dim f~'(y)NC; = eand as f~'(y)NCy
is a closed subset of f~1(y) and the latter is irreducible of dimension e, we
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get f~1(y) N Cy = f~(y) and hence C; D f~(y) > 2. This implies that
C1 = X and we see that X is irreducible. Furthermore the closed subset
{y €Y |dim f~(y) > e+ 1} of Y does not contain a point of Y (K), hence it
is empty. This means that dim f~1(y) = e for all y € Y. We can now apply
[9, 10.6.1(iii)] to get the result. O

We are now ready to determine the dimension of the intersection A; , NSy
for those = € Adm(u)® with Ar, ¢ S. It is clear a priori that for any such z
we have dim A; , NSy < dim A; , —1 = ¢(x) — 1 as this intersection is a proper
closed subset of the irreducible space Aj ;, see Proposition 14.4(4). Table 18.1
shows that this inequality is in fact an equality for g = 3.

T dim Ay, NSy | equidimensional?
53107, $320T 2 ?
531207 3 ?
523017 3 ?
81207, $3127, $2017T, 52317 2 v
50107, 53237, 53017, 52307 2 Vv
830107, 32307 3 Vv

TABLE 18.1. The intersections of KR strata with the super-
singular locus for g = 3.

18.5. Proof. For x € {s1207, $3127, $2017, S2317} we apply Proposition 18.3 for
m with B = EO,, and A = Aj,. It is clear from the results of Section 15.3
that the conditions on the fibers (appearing in Proposition 18.3) are indeed
satisfied. For example we have

AI,slgg‘r - -AI,51207' UAI,512T U AI,SQQT U AI,SlgT U-AI,slr UAI,SQT U AI,SQT U AI7T7
hence we see from Section 15.3 that for b € EOq, (F) we have
AL s1a0r N7 D) = AL s100r DT (1) U AL sor N (D).

From the results of Section 15.3 we can deduce the content of Table 18.2.

—1 —1
Lb(ﬂ- (b) N A1,5120‘F> Lb(ﬂ- (b) N A1,5120‘F)
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Vi 0 0 0
0 0 1 0 0 1 0 0 1
1 0 0 1 0 0 0 1 0
c 1 0 c 1 0 1 0 0
cel
TABLE 18.2
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Hence m=1(b) N AJ 5,40+ is irreducible of dimension 1 and dense in 7=1(b) N
Al 51007 As mHEOs,) N Are = St N Az, by the results of Section 5 and
Table 17.2, our claim follows.

For x € {80107', 83237, $3017, S2307, S30107, 832307'} we apply PI"OpOSitiOl’l 18.3
for m with B = S3sNEO,,,, and A = A; ;. It follows from Section 15.5 that the
conditions on the fibers are indeed satisfied and we have 7= (EQs,,, N S3) N
Ap oz =81 N Az, by the results of Section 5 and Table 17.2.

Furthermore we have 771 (EOg, )NAJ 551007 C SINAL 551507 and 771 (EOs,,,
NS3) N ALspg01r € ST N AL 5550+ and we use Proposition 18.3 and the results
of Section 15.3 and 15.5, respectively, to see that these subsets have dimension
3.

Finally let A € EO;q(F). Then 7 1(A) N As 5500 C St N Af 50 and
T A) N AL sga0r C© St N AL s4007- But these subsets have dimension at least
2 because dim K(s3107) = dim K(s3207) = 2 (see Section 15.2).

Remark 18.6. If g is even it is shown in [7, Prop. 8.12] that every top-
dimensional irreducible component of Sy is an irreducible component of the
left hand side of equation (17.1). Looking at Table 18.1 we see that the corre-
sponding statement is not true for g = 3, as dim S; = 3 in this case.

Remark 18.7. It is strongly expected that the relationship mentioned in
Remark 18.2 extends to other properties of the intersection A;, NSy, = €
Adm ()@, In particular strong evidence suggests that Arz NSy is equidimen-
sional of dimension n if and only if the corresponding affine Deligne-Lusztig
variety (in the function field case) is equidimensional of dimension n, n € N.
In [5], Gortz and He explain a reduction method for affine Deligne-Lusztig
varieties over function fields which is completely analogous to the classical re-
duction method by Deligne and Lusztig. Using this reduction method one
sees that the affine Deligne-Lusztig varieties corresponding to the intersections
A NSy for g = 3 and © € {s3107, S3207, $31207, S23017} are equidimensional.
Hence we expect that the same is true for the intersections themselves.
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