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Chapter 1

Introduction

In applications polymers are added to oil-water-surfactant mixtures for various
reasons. In this study we focus on small polymer additions, which change the
emulsification behaviour of the surfactant. According to recent works [1, 2] the
addition of amphiphilic diblock copolymers to balanced bicontinuous microemul-
sions causes a dramatic increase of the surfactant efficiency. We will extend the
application of diblock copolymers to the droplet phase. As a complementary
study, we investigate the effect of homopolymers, which would allow to tune the
viscosity of the microemulsion. Tuning the emulsification behaviour and/or vis-
cosity might find application in cosmetics, detergents, cleaning agents and paints.

Microemulsions consist of two otherwise non-miscible components oil and water,
which are mediated by a third component, the surfactant. Oil and water form
domains, which are separated by the surfactant film. It has been established
that the microemulsion is dominated by the surfactant layer properties. All
theoretical descriptions focus on the surface energy as the main contribution to
the free energy [3]. Helfrich [4] introduced two bending moduli κ and κ of the
mean curvature and the gaussian curvature. All discussions therefore base on
these moduli. The domain sizes of microemulsions reach from ten to thousands
of nanometers [5, 6]. Furthermore, microemulsions are interesting for their large
variety of phases. Microemulsions are by definition thermodynamically stable
contrary to emulsions.

The polymer boosting effect was introduced by H. Endo, B. Jakobs and co-workers
[1, 2] on bicontinuous microemulsions. Bicontinuous microemulsions form when
equal amounts of water and oil are used as well as a surfactant with zero preferred
curvature. Then, the surfactant efficiency is defined by the minimum amount of
surfactant needed to form a one phase microemulsion. It was shown that small
amounts of amphiphilic diblock copolymer (10% per total amphiphile or 0.4%
per total volume [2]) increase the efficiency by more than 3 times. By small angle
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2 CHAPTER 1. INTRODUCTION

neutron scattering experiments it has been shown, that the amphiphilic block
copolymers are anchored in the surfactant layer and that the bending rigidity (κ)
is increased by the polymer. A more rigid film allows for larger structures, which
needs less surface.

In this study we want to connect the macroscopic behaviour and the mesoscopic
structure of microemulsions. We therefore observed phase diagrams by visual tur-
bidity measurements. In the case of bicontinuous microemulsions, the minimum
amount of surfactant is the crucial parameter for the efficiency of the surfac-
tant. This number is also connected with the gaussian bending modulus κ, and
can therefore compared with theory. In the case of droplet microemulsions, we
took the maximum oil content at a given amount of surfactant as a measure for
efficiency.

Small angle neutron scattering (SANS) is involved to observe the mesoscopic
structure of the microemulsion. For the bicontinuous microemulsion, the scat-
tering data can be described by the Teubner-Strey formula [7], which yields the
two structural parameters: the domain size d and the correlation length ξ. By
the gaussian random field model these two parameters are connected with the
bending rigidity κ, which can be compared with theories. For the droplet mi-
croemulsions, the scattering data tell about the shape and size of the droplets.
Scattering models were developed to describe the scattering curves and to extract
the essential structural parameters. By using different neutron contrasts, we were
able to focus on specific parts of the structure.

For curiosity and for possible applications with tunable viscosity, the comple-
mentary effect of homopolymers is interesting. We restrict our studies to the
simultaneous addition of two homopolymers, which directly correspond to the
two blocks of the respective diblock copolymer. One of which is water soluble,
and the other one dissolves in oil. Thus, the system remains still symmetric.
Phase diagram measurements (indirect measure of κ) and SANS measurements
(for κ) are compared. A theory of Eisenriegler [8] predicts a decrease of κ and
an increase of κ, which means a decrease of the surfactant efficiency. In a second
step, homopolymers and diblock copolymers are added simultaneously. Phase
boundary measurements and SANS measurements allow to check if the opposite
effects of polymer additions superpose. A possible superposition would allow for
a constant efficiency with increased viscosity.

Many applications involve only small amounts of oil (or water). In this region
of the phase diagram a droplet microemulsion forms. The aim of this part is
to transfer the polymer boosting effect to this morphology. We studied different
diblock copolymers with different molecular weigths and different chain length
ratios, to chose the best polymer as an efficiency booster. The efficiency was de-
termined by phase diagram measurements. By SANS measurements the droplet



3

size and shape was determined. Finally, we could draw some connections between
the microscopic structure and the macroscopic behaviour.
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Chapter 2

Thermodynamics of
microemulsions

2.1 From membrane properties to the bicontin-

uous microemulsion

2.1.1 Curvature energy

In the oil-water-surfactant microemulsion the surfactant forms a monolayer-membrane
separating oil and water. The modeling of physical properties of this system was
done by using the interface or membrane model which is assumed to determine
the properties of the system. This model is valid in conditions of length and en-
ergy scales separation, insolubility of oil and water and fluidity of the membrane.
The membrane is considered as a closed two dimensional surface, embedded in
three-dimensional space. Locally, such surface is described by two radii of curva-
ture R1 and R2 (see fig. 2.1). They can also have different signs as shown in the
figure. Usually two curvatures are introduced:

2H = c1 + c2 =
1

R1
+

1

R2
mean curvature (2.1)

K = c1c2 =
1

R1

1

R2
Gaussian curvature

The spontaneous curvature model for the elastic energy of the membrane was
introduced by Helfrich [4]. It is based on the assumption that the local free
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6 CHAPTER 2. THERMODYNAMICS OF MICROEMULSIONS

n

R1

R2

Figure 2.1: The two principal radii of the curvature, R1 and R2 at a
point on the surface.

energy of membrane bending can be expanded in powers of H and K. The form
of the curvature energy is given by the Hamiltonian

F =

∫

dS
[

γ + 2κ(H − c0)
2 + κK + ...

]

(2.2)

where γ, κ, κ are the elastic constants of the membrane which depend on the
structure and interactions of the membrane molecules. The first term is propor-
tional to the area of the membrane; so the physical meaning of γ is a surface
tension. The second term presents the difference between mean curvature H and
spontaneous curvature c0. The spontaneous curvature reflects a possible asymme-
try of the membrane. The elastic constant κ is the bending rigidity. The last part
corresponds to the topology of the membrane and κ is the saddle-splay modulus.
According to the Gauss-Bonnet theorem the integral over the Gaussian curvature
K of a connected membrane is a topological invariant given by 4π(1 − g) where
g is the genus (the number of holes or handles of the membrane). It easy to
perform the simple analysis of stability and preferred shape of membrane based
on the curvature energy [3]. In the case of c0 = 0 the membrane energy can be
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rewritten in the following form:

F =

∫

dS

[

k+

2
(c1 + c2)

2 +
k−
2

(c1 − c2)
2

]

(2.3)

where k+ = κ + κ/2, k− = −κ/2. For this form of the bending energy, the
condition k+ > 0, k− > 0 should be satisfied in order to have an energy minimum
at finite values of curvatures c1 and c2. The upper condition is equivalent to
−2κ < κ < 0 in terms of κ, κ. If both values k+, and k− are finite and positive,
the curvatures tend to c1 → 0 and c2 → 0. Such curvatures describe a lamellar
structure. When k+ → 0 is small, then the energy minimum tends to satisfy
the conditions (c1 − c2)

2 → 0 and (c1 + c2)
2 can be very large. This means that

the membrane tends to form a spherical shape: c1 ≈ c2. For the opposite case
k− → 0, then it should be (c1 + c2)

2 → 0 and (c1 − c2)
2 can be very large. That

corresponds to c1 ≈ −c2 (see Fig. 2.1). This type of curvature is characteristic
for the class of minimal surfaces.

A very important property of the membrane curvature energy F is that it is scale
invariant, i.e. the membrane curvature energy F does not depend on its size. So
in order to explain the transition between mesophases with different geometry,
thermal exitations should be taken into account.

The effect of thermal fluctuations at small scales (compared to the domain size)
decreases the rigidity of membrane at the large scales as follows from renormal-
ization group calculations [9, 10] and leads to the expressions for renormalized
rigidities:

κR(λ) = κ− α
kBT

4π
ln(λ/a) (2.4)

κR(λ) = κ− α
kBT

4π
ln(λ/a) (2.5)

where α = 3 and α = −10/3. a is a microscopic cutoff (e.g. size of molecules). A
cutoff for λ is determined by the average separation of neighboring membranes
and is connected to the membrane volume fraction Ψ ≡ aS/V = a/λ. For the
k±, it was obtained k±

R(λ) = k±−α±
kBT
4π

ln(λ/a) with α+ = α+α/2 = 4/3, and
α− = −α/2 = 5/3.

The instabilities of the lamellar phase start to appear at kR
±
(λ) → 0 when the

effect of thermal fluctuations is included. At the line of phase instability, the
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following equation [11] should be valid:

ln(Ψ/Ψ0) = − 4π

α±

k±
kBT

(2.6)

This equation expresses the connection between microscopic properties of mi-
croemulsions (bending moduli κ, κ) and its macroscopic properties (surfactant
content Ψ). Ψ0 can differ from 1 due to deviations in the cutoff. However, Ψ0 is
a microscopic number.

2.1.2 Gausisian Random Field approximation

For the modeling of the bicontinuous phase, the phenomenological approach
called Gaussian Random Field approximation is used [12, 13]. In this case,
amounts of oil and water are approximately equal and separated in two sub-
spaces by a surfactant film. The membrane is modeled as a level surface of the
scalar field h(~r) = α, where ~r ∈ � 3 and −∞ < α < ∞. Within the GRF model
the statistics of the scalar field are defined by the quadratic Hamiltonian

H0 =
1

2

∫

d~r h(~r)w(~r − ~r′)h(~r′)

Here w(~r− ~r′) is the coupling or the two body interaction. Thermal fluctuations
of the scalar field are calculated with the Boltzman weight eH0 . The coupling
should decay fast enough with the argument (~r− ~r′) to make the integral, second
and fourth moments finite. Two normalization conditions 〈h(~r)〉 = 0, 〈h2(~r)〉 = 1
are included. The practical use of the GRF model is that it is possible to calcu-
late averaged geometrical characteristics of the level surfaces (i.e curvatures 〈H〉,
〈K〉) analytically [14]. At this stage, the GRF gives just a qualitative description
of the fluctuating membrane ensemble. It is necessary to define analytical expres-
sions for the function w(~r−~r′) or its Fourier transformation w(~q). The result was
obtained with the implementation of the variational approach method [15, 16].
The idea is based on the following consideration: For the full system with hamil-
tonian H and free energy F , and the reference system with hamiltonian H0 and
free energy F0 the Gibbs-Bogoliubov-Feynman inequality [17] is valid:

F ≤ F0 + 〈H −H0〉0 (2.7)

To obtain the lowest upper boundary of F (see eq. 2.7) a parameterized refer-
ence system is used. An optimal spectral density 1/w(~q) is then obtained. As
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calculated in [15, 16], this leads to the Teubner-Strey formula (see eq. 2.29).

G(q) =
1

w(q)
=

a

q4 − bq2 + c
(2.8)

The coefficients a,b,c are functions of the bending rigidity κ and surface-to-volume
ratio S/V of the system. They are not dependent on the saddle splay modulus
κ [15, 16].

A Fourier transform of equation 2.8 gives the correlation function:

∫

d2q

(2π)2
G(q)e−i~q~r =

1

k0r
e−r/ξ sin k0r

where k0 = 1
2
(2
√
c− b)

1/2
is the characteristic wave vector (2π/k0 = d - the do-

main size), and ξ = 2(2
√
c+ b)

−1/2
is the correlation length. The correlation

function is normalized to be unity for small r. This provides the direct connec-
tion between experimental values and microscopic parameters. The connection
between k0, ξ and κ is given by [2]:

k0ξ =
64

5
√

3

κ

kBT
Θ

(

κ

kBT
, a
S

V

)

=
κ→∞

64

5
√

3

κ

kBT
(2.9)

The asymptotic dependencies, when κ/kBT is large, read [3]:

1/d ∼ S/V (2.10)

ξ ∼ κ(S/V )−1 (2.11)

ξ/d ∼ κ (2.12)

That is a very suitable form to check theory predictions with experimental results.
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2.1.3 Diblock copolymer addition

Let us consider the effect, which is caused by the addition of amphiphilic diblock
copolymer to the microemulsion. The polymer is anchored in the surfactant
surface with the hydrophilic block in water and the hydrophobic block in oil, cor-
respondingly. Both anchored blocks are effectively repelled from the membrane
surface. Two cases should be distinguished: One case is called “brush regime” at
high polymer density on the membrane. Another is called “mushroom regime”
at lower densities. The overlap polymer concentration appears, when the aver-
age distance between two anchored polymers is equal to the averaged end-to-end
distance of the polymer block in oil or water (σR2

ee = 1). The amount of diblock
copolymer was below the overlap concentration in our experiments; so we will
consider only the mushroom regime. Qualitatively, the effect of diblock copoly-
mer anchoring can be understood in terms of the entropy [3]. When the polymers
are homogeneously tethered to the membrane surface, both the membrane sur-
face and the neighboring polymers restrict the number of configurations which
are accessible to the polymer. This should cause entropic repulsion suppressing
the membrane fluctuations. Furthermore, diblock copolymers make saddle shape
surface deformations unfavorable. The simple explanation of this effect was pro-
posed in [18]. There, a thin shell with volume V and height h above a surface of
area A is considered. The ratio of the volume V available for chains in a layer of
height h and grafting area A in bend geometries is expanded as:

V

Ah
= 1 +

1

2
(c1 + c2) +

1

3
c1c2 (2.13)

where c1 and c2 are local curvatures of the surface. Then, for the saddle shape
surface c1 = −c2 = hc one obtains V/Ah = 1 − 1

3
(hc)2. So when the local

curvature of the surface is increased, there is less space for the monomers than for
the unbent shell and chains must stretch upon bending. Those tethered diblock
copolymers should increase the absolute values of the bending rigidity κ and the
saddle splay modulus (κ). The analytical expressions for the bending modulus
were calculated for the polymer decorated membrane in [19] (see also Appendix
B).

κeff = κ+ kBT
1 + π/2

12
σ(R2

O +R2
W ) (2.14)

κeff = κ− kBT
1

6
σ(R2

O +R2
W ) (2.15)

RO and RW are the end-to-end distances of the respective oil and water soluble
blocks. From these equations it is seen that the influence of diblock decoration is
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quite weak (of the order of kBT ). Why it is so pronounced for the macroscopic
properties of the microemulsion follows from the expression connecting the mem-
brane content at the emulsification boundary with the bending modulus (see eq.
2.6). In combination with equation 2.15 it gives:

ln(Ψ/Ψ0) = − π

3α−

σ(R2
o +R2

w) (2.16)

So the membrane content at the emulsification boundary is an exponential func-
tion of κ. Even small changes in κ cause a visible macroscopic effect. That was
already tested experimentally [2, 20].

2.1.4 Homopolymer addition

The influence of the homopolymer addition on the membrane properties is pre-
dicted by different authors [19, 21, 8]. The change of the bending moduli with
additions of short polymer chains will be [8]:

∆κ

kBT
≈ −np

R3
ee

D3/2
0.133(1 − 0.0713ε) +O(ε2) (2.17)

∆κ

kBT
≈ np

R3
ee

D3/2
0.133(1 − 0.177ε) +O(ε2) (2.18)

Here np is the polymer number density, D is the dimension of the space containing
polymers and ε = 4 −D. So for our case D = 3 and ε = 1. It was assumed that
the chains stay in the solvent (in oil or water) and are repelled by the surface.
The final equation reads:

∆κ

kBT
= −0.0238

φp

Vp
(R3

O +R3
W ) (2.19)

∆κ

kBT
= 0.0211

φp

Vp

(R3
O +R3

W ) (2.20)

RO and RW are the end-to-end distances of added polymers, φp is volume fraction
of the polymer in the system and Vp is the monomer volume times the degree of
polymerization N . In this equation we accounted for the effect of two different
homopolymers which are located at different membrane sides.
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2.1.5 Addition of homopolymer and diblock copolymer

For the renormalized bending rigidity of a membrane with addition of diblock
copolymer and homopolymers we summed over all effects discussed above:

κR

kBT
=

κ0

kBT
pure membrane (2.21)

+
α

4π
ln(ψ) thermal fluctuations

+
1

12

(

1 +
π

2

)

σ(R2
W +R2

O) diblock copolymer

− 0.0238
φp(R

3
W +R3

O)

V
homopolymer

where α = 3, σ is the grafting polymer density, RW and RO are the mean squared
end to end distance of the polymer in water and oil respectively. And analogously
for the saddle-splay modulus as

κR

kBT
=

κ0

kBT
+

α

4π
ln(ψ) (2.22)

− 1

6
σ(R2

W +R2
O) + 0.0211

φp(R
3
W +R3

O)

V

where α = −10/3. For these general expressions of κR, κR we assumed a super-
position over all effects of diblock and homopolymer additions. This assumption
should be tested by our experiments.

2.1.6 Ginzburg-Landau model for the scattering intensity

The scattering function for the bicontinuous microemulsion in the bulk contrast
was constructed by Teubner and Strey in [7] on the basis of the Ginzburg-Landau
theory for the critical point. The origin of this model based on the phenomeno-
logical Landau free energy approach with the appropriate symmetry. For this
purpose, the appropriate choice of the order-parameter is done. This order-
parameter is defined on mesoscopic length scales, which is large compared to
microscopic scales, but small compared to macroscopic scales. Then, the Landau
free energy is approximated by the expansion in powers of the order-parameter.
Only first few terms of the expansion are necessary for the description of the
problem. The order-parameter ψ in the case of microemulsions was connected
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with the water-to-oil ratio. And the simplest free energy functional appropriate
for the description is:

F{ψ} =

∫

d~r[a0ψ
2 + a1(~∇ψ)2 + a2(∆ψ)2] (2.23)

with conditions a0 > 0, a1 < 0, necessary for existence of interface and a2 > 0,
4a0a2−a2

1 > 0 for the stability of the system. This functional gives the scattering
intensity distribution like

dΣ

dΩ
(Q) ∼ 1

a0 + a1Q2 + a2Q4
(2.24)

This function has a single broad maximum for a1 < 0 and a decay ∼ Q−4. The
two points correlation function can be obtained from 2.24.

〈ψ(~r1)ψ(~r2)〉 =

∫

d ~Qe−i ~Q(~r2−~r1)S( ~Q) = G(|~r2 − ~r1|) (2.25)

if spherical symmetry is assumed. It is 〈ψ(~r1)ψ(~r1)〉 = 1. The correlation function
is then:

G(r) = 4π

∞
∫

0

dQQ2 sin(Qr)

Qr
S(Q) (2.26)

and so

G(r) =
1

k0r
e−r/ξ sin(k0r) (2.27)

where ξ is the correlation length and k0 = 2π/d gives the periodicity in arrange-
ment of oil and water domains. To obtain the proportionality constant in 2.24
from 2.27, we arrived at

dΣ

dΩ
(Q) = 〈ν2〉4π

∞
∫

0

drr2 sin(Qr)

Qr
G(r) (2.28)

where 〈ν2〉 ≡ 〈(ρ− ρ)2〉 is the mean square scattering length density fluctuation.
It can be approximated 〈ν2〉 = φoφw∆ρ2. φo,φw are volume fractions of oil and
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water. ∆ρ is the difference of scattering length densities of oil and water, which
is the neutron constant. Finally we obtain:

dΣ

dΩ
(Q) =

8π〈ν2〉/ξ
Q4 − 2(k2

0 − ξ−2)Q2 + (k2
0 + ξ−2)4

(2.29)

The function 2.29 has a peak at Q = (k2
0 − ξ−2)1/2.
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Ra

Figure 2.2: Schematic droplet representation.

2.2 Theory of droplet microemulsions

2.2.1 General part

One observes a wide variety of thermodynamically stable phases by changing the
content of different components and the temperature of the system. In particular
droplet-type structures have been treated in much detail [22, 23, 24, 25, 26]. This
comprises droplet phases of water droplets in oil (w/o microemulsion or L2 phase)
or oil droplets in water (o/w or L1 phase), both surrounded by a monomolecular
surfactant layer. We finally aim at oil in water droplets with small additions of
diblock copolymer (see fig. 2.2). At Fig.2.3, typical phase diagrams are presented:
the phase triangle and temperature/concentration diagram for the oil in water
microemulsion. The grey line shows phase curves of the system at different phase
diagrams when the oil concentration increases.

The free energy of the droplet phase microemulsion, neglecting interfacial tension,
consists of two parts. One part Fcurv is the Helfrich’s free energy. It describes
the curvature free energy of the interfacial surfactant layer that separates the oil
and the water phases. The second part is the entropy contribution Fent.

F = Fcurv + Fent (2.30)

The curvature part of the free energy has the standard form:

Fcurv =
1

2
κ

∫

dS(c1 + c2 − 2c0)
2 + κ

∫

c1c2dS (2.31)
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Figure 2.3: On the left : phase triangle. 1 φ indicates the one phase
region, 2 φ indicates 2-phase region and 3 φ the three phase region.
On the right: typical phase diagram temperature versus oil content
Wb for the droplet phase microemulsion. 1 indicates the one phase
region. 2 the 2 phase region with excess oil; 2 the 2 phase region with
excess water (this phase appears for higher temperatures in the phase
triangle) and 3 the three phase coexistence.

where integration is over the droplet surface. Just using the membrane curvature
part Fcurv it is possible to obtain a qualitative picture of the global features of
a microemulsion phase diagram. To obtain more close correspondence between
the experiment and theoretical predictions, some additional effects should be
included. That is entropy and polydispersity effects. The most general form of
the translation entropy can be written as

Fent = NkBTf(φ) (2.32)

Here N is the number of droplet aggregates in the system, φ is the volume fraction
of the droplets. The function f depends only on the volume fraction of droplets.
This means no other interaction between droplets except steric exclusion. Differ-
ent forms of this function were proposed based on different models of mixing. In
paper [27] some of such functions were analyzed. For the system with low droplet
volume fraction, the most consistent result was obtained with the Flory-Huggins
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entropy of mixing used by [24]:

f(φ) =
1

φ
(φ ln(φ) + ...) (2.33)

For future considerations two constraints are considered. Because we have a one
phase system and the surfactant molecules are supposed to form a monolayer be-
tween internal (oil) and external (water) phases, the total volume Vint of droplets
and total surface of the interface S are constants.

2.2.2 Fluctuations of spherical droplets.

Droplets with spherical shape were studied widely by [23, 24]. For the spherical
droplets with curvature c1 = c2 = cs, the free energy normalized to the surface S
reads

F/S = 2κ(cs − 2c0)
2 + κc2s +

kBT

4π
c2sf(φ) (2.34)

When the maximum amount of oil is reached (surfactant solubilization capacity),
the addition of oil causes an excess oil phase. It is easy to obtain the maximum
droplet radius 1/cm by minimization of the total free energy (eq. 2.34) as

c0
cm

=
κ+ 2κ

2κ
+
kBT

8πκ
f(φ) (2.35)

A next step of the theory would account for the thermal fluctuations of the
droplets [23]. The fluctuating shape of a quasi-spherical droplet can be parame-
terized by

R(θ, φ) = R0

(

1 +

lmax
∑

l�0

l
∑

m=−l

ul,mYlm(θ, φ)

)

(2.36)

where ul,m are the fluctuation amplitudes, with indices |m| � l. For real fluctua-
tions: ul,−m = (−1)mu∗l,m and Ylm are the spherical harmonic modes. The mean
square amplitude [23] characterizes the fluctuations of the shape and size of a
droplet:

〈

|ul,m|2
〉

=
kBT

(l + 2)(l − 1) [(l(l + 1) − 6 + 4Rc0)κ− 3κ− 3Tf(φ)/(4π)]
(2.37)
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The right part of equation 2.37 is independent on m, which is due to the equipar-
tition theorem [28]. It has been shown in [23, 24] that the main contribution to
the fluctuations comes from first two modes

〈

|u00|2
〉

and
〈

|u2m|2
〉

. The mode
〈

|u00|2
〉

corresponds to the frustration of the mean droplet radius i.e. polydisper-

sity. Translations (
〈

|u1m|2
〉

) would be described by a diffusion model, and are not

considered here. The modes
〈

|u2m|2
〉

correspond to the most important droplet
shape fluctuations, i.e. the peanutlike deformations. The negative value of κ in-
creases the l = 0 mode and decreases modes with l � 2 [22]. The physical origin
is that κ couples to the number of droplets in the system (from Gauss-Bonnet
theorem) and a negative value of κ tends to increase the number of droplets in
the system or the polydispersity. Polydispersity is affected due to restrictions of
oil and surfactant amounts. The observed polydispersity is just determined by
the

〈

|u00|2
〉

as stated in [22]:

ε = (
〈

|u00|2
〉

/(4π))1/2 (2.38)

Another way to access the connection between the bending modulus and experi-
mental parameters is to use the result from [24]. Considering the bending energy
of droplet shapes as a function of modes u2m, the minimal energy was shown to
have a shape of prolate ellipsoid of revolution. That is the case when u2m 6= 0
only for one m. Choosing the solution with the mode |u20|2 6= 0 only, we obtain
for the average droplet shape:

R(θ, φ) = R0

(

1 +
√

〈

|u00|2
〉

Y00(θ, φ) +
√

〈

|u20|2
〉

Y20(θ, φ)

)

(2.39)

= R0



1 +

√

〈

|u00|2
〉

2π
+

√

〈

|u20|2
〉

√
16π

5
√

5(3 cos2 θ − 1)





Implementing this result to the ellipsoid with the average axis ratio ε = R(0)/R(π/2),
we obtain:

ε =
1 +

√
π
√

〈

|u00|2
〉

/2 + 10
√

5π
√
π
√

〈

|u20|2
〉

/4

1 +
√
π
√

〈

|u00|2
〉

/2 − 5
√

5π
√
π
√

〈

|u20|2
〉

/4
(2.40)

This gives the way to solve for modes
〈

|u00|2
〉

and
〈

|u20|2
〉

in terms of polydisper-
sity ε and axis ratio ε (combination of 2.38, 2.40). But from the result [24] it is
possible to express modes

〈

|u00|2
〉

and
〈

|u20|2
〉

as a function of bending constants
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κ, κ as shown in 2.37. Substituting the spontaneous curvature from expression
2.35 into 2.37, we obtain:

〈

|u00|2
〉

=
kBT

(2κ+ κ + kBTf(φ)/(4π))(6− 4Rc0)
(2.41)

and

〈

|u20|2
〉

=
kBT

16κRc0 + (3 − 2Rc0)(4κ+ kBTf(φ)/π)
(2.42)

When the experimental situation is very close to the emulsification boundary,
then R → 1/cm and we can obtain the spontaneous curvature from 2.35. Putting
this to equations 2.41, 2.42, with the condition that the product Rcm is close to
1 near the emulsification boundary, we obtain:

〈

|u00|2
〉

=
kBT

2(2κ+ κ) + 0.5kBTf(φ)/π
(2.43)

〈

|u20|2
〉

=
kBT

4(4κ− κ) − kBTf(φ)/π
(2.44)

From these equations it is possible to express the bending moduli of the droplet
surface by measuring the polydispersity ε and shape fluctuations ε. From equation
2.44 one expects less shape fluctuations with increasing κ.

2.2.3 Droplet to cylinder phase transition

Since we observed in our experiments a cylindrical droplet structure, it is neces-
sary to give an overview of theoretical considerations for the formation of cylin-
drical structures and of the sphere to cylinder transition. The first work has
been done by Safran [29]. In his model, for the free energy the Helfrich curvature
energy was considered only. The entropy of mixing was neglected.

Suppose that we have oil droplets in water and the surfactant head group (which
is approximately half volume of surfactant molecule) belongs to the globule. In-
dicating the number density of monodisperse globules by n, one obtains for the
surface and volume of the droplets by the incompressibility conditions:

nAδ = φs; nV = φo + φs/2 (2.45)
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Figure 2.4: Regions of stability of different phases of a microemulsion
as functions of x = −(1+ 2κ/κ)−1 and normalized radius r = c0Rs =

c03δ
φo+φs/2

φs
. The dashed region indicates the coexistence of spheres

and cylinders. The dashed arrow is a trajectory of our system at
constant composition with increasing of temperature.

where δ is the thickness of the surfactant layer and φo, φs are volume fractions
of oil and surfactant in the sample.

For the Ns spheres with radius Rs, we obtain for the free energy (eq. 2.31)
neglecting the term to the second order in spontaneous curvatue.

Fs = Nsπκ(4(2 + κ/κ) − 16Rs/R0) (2.46)

with conditions of conservation of volume Vs = Ns
4
3
πR3

s , and surface As =
Ns4πR

2
s. The mean radius is given by R0 = 1/c0. For the cylinder, whose

length L is large compared to the radius Rc (curvature energy of the end cups is
neglected), we write

Fc = NsπLκ(1/Rc − 4/R0) (2.47)

with the volume Vc = NcπR
2
cL, and surface Ac = Nc2πRcL. If the system consists

of a mixture of spheres and cylinders, than we obtain using the volume fractions
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of spheres ψs = Ns4/3πR
3
s/V and cylinders ψc = Nc4πR

3
c/V

Fsc/V = ψsκ
[

3(2 + κ/κ)/R3
s − 12/(R0R

2
s)
]

+ ψcκ
[

1/R3
c − 4/(R0R

2
c)
]

(2.48)

with volume and area constraints

ψs + ψc = 1 (2.49)

and

A

V
=

3ψs

Rs
+

2ψc

Rc
=

1

d

φs

φo + φs/2
≡ 1

ω
(2.50)

These conditions give immediately the sphere radius for the case of pure spheres
(ψs = 1)

Rs = 3d
φo + φs/2

φs

(2.51)

For the case of pure cylinders (ψc = 1), we obtain the cylinder radius:

Rc = 2d
φo + φs/2

φs

(2.52)

The free energies for these cases will be

ω3Fs

κV
=

(2 + κ/κ)

9
− 4

3R0

(2.53)

and
ω3Fc

κV
=

1

8
− 1

R0

(2.54)

In order to find the phase boundaries between the region with a mixture of spheres
and cylinders and the regions with pure spheres and pure cylinders, the free energy
Fsc is minimized with respect to the radii (∂Fsc/∂Rs = 0, ∂Fsc/∂Rc = 0) and the
radii Rs, Rc are represented in terms of κ/κ and R0. For large values of R0, the
system forms planar sheets of surfactant films (lamellar phase). The transition
to the lamellar phase is determined by zero curvature energy (Fsc = 0) in 2.48.
With all free energies (pure cylinders, pure droplets, and mixed case), one obtains
the phase boundaries by minimization.
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The addition of more oil causes an emulsification failure, i.e. the one phase
droplet microemulsion with optimal droplet radius coexists with an excess oil
phase (emulsification failure). The emulsification failure yields the constraint
equation ψs +ψc +ψo = 1 according for the presence of an excess phase, where ψo

is the volume fraction of the excess phase. The minimization of the free energy
(∂Fsc/∂ψo = 0) with the condition that ψo = 0 at emulsification failure gives the
solubilization limit for the phases of spheres, cylinders and spheres+cylinders.
The phase diagram for these transitions is represented in Fig.2.4 as obtained
by [29].

This consideration gives a large variety of shapes even without accounting for
thermal undulations. For the measurement of samples with constant composition
but at different temperatures it is known that the bending rigidity and saddle
splay modulus are approximately constant within the considered temperature
range. But the spontaneous curvature is a linear function of the temperature
c0 ∼ (T − T ). Here T is the so called inversion temperature. So an increase of
temperature could cause a change of the domain shape in the direction indicated
by the dashed line in Fig.2.4. The dashed region of the figure corresponds to the
area of coexistence of spheres and cylinders.

So even for very simple assumptions one obtains a qualitative picture. In later
works by Safran [30] the entropy of mixing was included, and a closed-loop coex-
istence region in the mixture of spheres and cylinders was obtained.

Further development of the theory was done in [31] where in addition to the
entropy of mixing the radial polydispersity of cylinders and droplets and the
cylinder length polydispersity was included. An important consequence of the
translation entropy is that the transition from spheres to cylinders is washed out.
So at any finite temperature, the amount of spheres and cylinders is determined
by the Boltzman distribution. Regions with neat spheres or neat cylinders are
prohibited. This enhanced model still contains simplifications like neglecting
interactions between aggregates, and the mean-field character.

2.2.4 Addition of diblock copolymer

When the surface of the droplet is grafted by the diblock copolymer as shown in
the picture 2.2, there can occur different situations depending on the curvature
of the surface, polymer grafting density and length of the blocks. An overview
is given by the schematic picture (fig. 2.5) taken from the work [32]. Let us
consider the inner block as a grafted polymer chain consisting of N monomers. It
is assumed to be linear, flexible, made of identical, neutral monomers of length a.
The chain is grafted to the surface of the sphere of radius R with scaled grafting
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Figure 2.5: Various regimes for the polymer grafted to the concave
spherical surface. Scaled radius of surface curvature vs. scaled grafting
density. 1 - mushroom regime, 2 - weak concave brush, 3 - compressed
brush, 4 - collapsed brush, in gray : unphysical regions

density σa2 and repelled by the interface. Good solvent conditions are assumed,
and for the Flory radius of gyration one obtains RF = aN3/5.

When the polymer is grafted to the concave side of the interface, there could
be four physically accessible regions characterizing the polymer state. Region 1
corresponds to the case of a large sphere radius and a relatively small grafting
density (mushroom regime). The interaction starts when σ ≈ (a/RF )2 = N−6/5.
With increasing grafting density, the chains are stretched and the system comes
to the brush regime. The height of the brush for such geometry is alike in the
planar geometry L ≈ aNσ1/3 (case 2 in Fig.2.5). This region is limited by the
condition that the grafting density cannot be bigger than one chain per squared
monomer site (σA2 ≤ 1). The curvature of the sphere becomes important when
R ' L (region 3). The region 4 corresponds to confined chains. That is the case
when the radius of the sphere is equal to the natural size of the chain in semi-
dilute solution (R ' aσ−1/7N3/7). The limits occur when there is not enough
solvent in the sample (R ≥ aNσ) or when there is only one chain per droplet
(R ≥ aσ−1/2). Our experimental situation for a high oil content supposedly is
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in the mushroom regime. For that case, it is possible to implement results of
equations 2.14 and 2.15 which are valid in the case of a spherical geometry (see
Appendix B).
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2.3 Scattering functions of droplet microemul-

sions

2.3.1 Introduction

The coherent component of the macroscopic differential scattering cross section
has the form

dΣ

dΩ
(~q) = V −1

〈∣

∣

∣

∣

∣

N
∑

i=1

bie
i~q~ri

∣

∣

∣

∣

∣

2〉

(2.55)

bi is the scattering length of ith nucleus and ~ri the position of this nucleus, V is the
sample volume. ~q is the scattering vector. If the sample contains a collection of
Np particles in homogeneous solvent and the number of nuclei in the jth particle

is Nj , then the center of mass of the particle ~Rj is introduced. Now the position
of the nuclei i in the jth particle is rij = Rj + ri. The sum in 2.55 is now:

dΣ

dΩ
(~q) = V −1

〈

∣

∣

∣

∣

∣

∣

Np
∑

j=1

ei~q ~Rj

Nj
∑

i=1

bije
i~q~ri

∣

∣

∣

∣

∣

∣

2
〉

(2.56)

The second sum in equation 2.56 is usually called scattering amplitude of a par-
ticle.

Aj(~q) =

Nj
∑

i=1

bije
i~q~ri (2.57)

So after substitution in 2.56 one obtains:

dΣ

dΩ
(~q) = V −1

〈

Np
∑

j=1

Np
∑

i=1

A∗

j (~q)Ai(~q)e
i~q(~Ri−

~Rj)

〉

(2.58)

The considered system consists of plenty of atoms which are placed on their
characteristic repeat distances ∆r ≈ 1Å. In the SANS Q range all pure materials
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appear as a continuous medium. The scattering length density of a pure material
is defined as

ρj(~r) = V −1
j

∑

i

bijδ(~r − ~ri) (2.59)

where Vj is the macroscopic particle volume. The scattering amplitude (eq. 2.57)
becomes an integral

Aj(~q) =

∫

Vj

d~r(ρj(~r) − ρs)e
i~q~r + ρs

∫

d~rei~q~r =

∫

Vj

d~r∆ρj(~r)e
i~q~r (2.60)

for ~q 6= 0. ρs is the scattering length density of the solvent, and ∆ρj(~r) = ρj(~r)−ρs

is the neutron contrast.

Assuming that the particle size and orientation are uncorrelated with the position
of the particles,

dΣ

dΩ
(~q) = V −1

〈

Np
∑

j=1

Np
∑

i=1

〈A∗(~q)jA(~q)i〉 ei~q(~Ri−
~Rj)

〉

(2.61)

where the product of A(~q), A∗(~q) is averaged over distributions of particle sizes
and orientations.

〈A∗(~q)jA(~q)i〉 = (
〈

|A(~q)|2
〉

− |〈A(~q)〉|2)δij + |〈A(~q)〉|2 (2.62)

Finally, for the scattering cross section we obtain

dΣ

dΩ
(~q) =

Np

V
P (~q)S(~q) (2.63)

In the equation above the form factor is introduced:

P (~q) =
〈

|A(~q)|2
〉

(2.64)

which reflects the size and shape and density distribution inside a scattering
particle. And the structure factor

S(~q) = 1 +
|〈A(~q)〉|2
〈

|A(~q)|2
〉

(

1

Np

〈

Np
∑

j=1

Np
∑

i=1

ei~q(~Ri−
~Rj)

〉

− 1

)

(2.65)



2.3. SCATTERING FUNCTIONS OF DROPLET MICROEMULSIONS 27
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Figure 2.6: Core-shell geometry schematic picture.

gives information about place and interaction between particles in solution. If
there is no correlation among particles, S(~q) becomes unity and the scattering
cross section (eq. 2.63) is simply written as

dΣ

dΩ
(~q) =

Np

V
P (~q) (2.66)

If the particles are uniform, the structure factor becomes

S(~q) =
1

Np

〈

Np
∑

j=1

Np
∑

i=1

ei~q(~Ri−
~Rj)

〉

(2.67)

This limit is achieved for spherical particles with small polydispersity.

2.3.2 Core-shell sphere formfactor

In the case of a homogeneous spherical particle ∆ρ(~r) = const. For the scattering
amplitude equation 2.60 becomes

A(~q) = ∆ρ

∫

Vsphere

d~rei~q~r (2.68)

For the spherical polar coordinates with the z-axis parallel to ~q one obtains

A(q) = ∆ρ

R
∫

0

dr

π
∫

−π

dφ

π/2
∫

−π/2

dθr2 sin θ eiqr cos θ (2.69)
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and thus

A(q, R) = ∆ρ
4

3
πR3 3[sin(qR) − qRcos(qR)]

(qR)3
= ∆ρ

4

3
πR3 3

qR
j1(qR) (2.70)

where R is the sphere radius and j1 is the Bessel function of first kind. Normalized
to the volume equation 2.70 gives:

Fs(q, R) =
A(q, R)

∆ρVsphere
=

3

qR
j1(qR) (2.71)

Formula 2.64 includes the averaging over orientations. So for the spherically
symmetric particles P (q) = A2(q).

The form factor of the core-shell spherical particle is obtained on the basis of the
form factor for the spherical particle (eq. 2.71). If the radius of the core is Rc,
the thickness of the shell is δ, scattering length densities of the core, shell, and
solvent are ρo, ρs and ρw, respectively, the form factor reads:

P (q) = [∆ρcoreVcoreFs(q, Rc) + ∆ρshellVshellFs(q, Rc + δ)]2 (2.72)

where ∆ρcore = (ρs − ρo), ∆ρshell = (ρw − ρs), Vcore = 4πR3
c/3 and Vshell =

4π(Rc + δ)3/3. Please note, that the indices of scattering lengths correspond to
oil, surfactant and water.

2.3.3 Core-shell ellipsoid of revolution formfactor

If the scattering particles have the form of an ellipsoid with semi axes R,R,εR, its
form factor obtained by averaging over orientations relative to scattering vector
~q reads:

P (q) =

π/2
∫

0

F 2
s (q, r(R, ε, α))sin α dα (2.73)

Here we used Fs(q, r(R, ε, α)) from equation 2.71 and r(R, ε, α) = R(sin2 α +
ε2 cos2 α)1/2. This expression was obtained by [33]. It is easy to generalize the
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form factor for a core-shell particle

P (q) =

π/2
∫

0

[∆ρcoreVcoreFs(q, r(εc, α)) + ∆ρshellVshellFs(q, r(εs, α))]2 sin α dα

(2.74)

As above, volumes of core and shell are Vcore = 4πεcR
3
c/3 and Vshell = 4πεs(Rs +

δ)3/3 respectively, ∆ρ is the difference of the scattering length densities as for
the core-shell sphere formfactor and εc, εs are the axis ratios of core and shell
respectively. In the results section we discuss the mean axis ratio ε = 1

2
(εc + εs)

only.

2.3.4 Core-shell cylinder formfactor

For particles with cylindrical symmetry it is necessary to calculate the orientation
average of the cylinder axis with respect to ~q. For the homogeneous cylinder with
constant scattering length density, choosing cylindrical coordinates with z-axis
in the direction of the cylinder axis, we have:

A(q, β) = ∆ρ

L/2
∫

−L/2

dz

R
∫

0

dr

π
∫

−π

dφ reiqz cos β+iqr sinβ cos φ (2.75)

where R and L are the radius and the length of cylinder. β is the angle between
~q and the axis of the cylinder, and φ is the angle between the projection of the
vector ~q on the radial cylinder plane. r is the cylindric coordinate. With the use
of Bessel jn functions we obtain

A(q, β) = ∆ρ
2 sin(qL/2 cosβ)

q cos β

R
∫

0

dr r2πj0(qr sin β) (2.76)

= ∆ρ
4π sin(qL/2 cosβ)

q cosβ

Rj1(qR sin β)

q sin β

Dividing A(q, β) by the scattering contrast and the cylinder volume ∆ρVcylinder =
∆ρ πR2L we obtain:

Fc(q, R) =
2j1(qR sin β)

qR sin β

sin(qL/2 cosβ)

qL/2 cosβ
(2.77)
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With the use of the previous notation for the spherical core-shell model, we can
write the form factor of the cylinder including averaging over its orientation:

P (q) =

π/2
∫

0

[∆ρcoreVcoreFc(q, Rc) + ∆ρshellVshellFc(q, Rc + δ)]2 sin βdβ (2.78)

here volumes for the core and shell are Vcore = πLR2
c and Vshell = πL(Rc + δ)2.

End caps are neglected by using one identical length L.

2.3.5 Polydispersity

When the particles are not uniform in size, the form factors (eqs. 2.72,2.78)
should be averaged over the particle distribution. Concerning the experimental
data, we used averaging over the core radius for the spherical shell and over the
radius of the cylindrical shell for the cylindrical core shell model.

〈P (q)〉 =

∞
∫

0

P (q, r)f(r)dr (2.79)

The function f(r) should be a narrow size distribution function. For such function
usually the Gauss or the Schulz-Zimm distribution functions are chosen [34].
For our model fitting, we used the normalized (

∫

∞

0
f(r)dr = 1) Schulz-Zimm

distribution [35], [36].

f(r) =
(z + 1)z+1rz

rz+1
0 Γ(z + 1)

e
−

(z+1)r
r0 (2.80)

where r0 is the mean core radius and Γ(x) is the gamma function. With this
distribution it is possible to calculate the integral 2.79 analytically [34]. How-
ever, complicated hypergeometric functions are involved then. The normalized
standard deviation or polydispersity ε is connected with the parameter z by:

ε ≡ 〈(r − r0)
2〉1/2

r0
=

1√
1 + z

(2.81)
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2.3.6 Structure factor

When the density of particles in the system is large, one cannot neglect the inter-
particle interaction, and the structure factor (eq. 2.65) should be considered. To
calculate the structure factor S(q), one needs to solve the Ornstein-Zernike equa-
tion for the direct correlation function c(r) using a known interaction potential
U(r) [37]. Actually, for polydisperse particles, the partial structure factors Sij(~q)
should be calculated from the matrix form of the Ornstein-Zernike equation for
the pair potential U(rij) between particles with hard-core diameters σi,σj . But
with the assumption that the particle size and position are uncorrelated, we have
to deal with the average structure factor S(~q) (eq. 2.65). The simplest model for
the structure factor is the hard-sphere model that can be solved with the Percus-
Yevick approximation. This approximation yields an analytical expression that
depends on the hard sphere diameter σ and the number density of hard spheres
in the system n. The number density of hard spheres is related to its volume
fraction φ by φ = πnσ3/6. So we obtain:

S(q) =
1

1 − nc(q)
(2.82)

where c(q) is the Fourier transform of the direct correlation function.

c(q) =

σ
∫

0

(−α− βr − 0.5αφr3)e−i~q~rd~r (2.83)

with the coefficients α and β given by [38]:

α =
(1 + 2φ)2 + φ3(φ− 4)

(1 − φ)4
(2.84)

β = −φ18 + 20φ− 12φ2 + φ4

3(1 − φ)4
(2.85)

This is a good approach for our system, because we used nonionic components
and the main interaction between the droplets is the result of steric repulsion.
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Chapter 3

Aspects of small angle neutron
scattering

3.1 Experimental setup

The schematic picture of the experimental setup is shown in Fig. 3.1. In our
case neutrons are a result of a nuclear chain reaction in the reactor (FRJ-2). The
neutrons are moderated by D2O before they can react with the next nucleus. A
cold source is inserted in the reactor for the extraction of some neutrons, which are
moderated to low temperatures (∼ 30K). The result is a polychromatic neutron
beam, which is monochromated by a neutron velocity selector (here the scheme
starts). This is a rotating cylinder with tilted absorbing lamellae. Only neutrons
with a defined wavelength λ (∆λ/λ ≈ 0.1) can pass. Neutron guides bring the
neutrons to the collimation aperture. Then, the neutrons propagate freely to the
sample aperture, which defines the divergence of the beam. The neutrons hit the
sample and are either scattered or not. The transmitted (non-scattered) neutrons
hit the beam stop on the detector and are used to measure the transmission
of the sample. The scattered neutrons are detected on the position sensitive
detector, which are used to measure the macroscopic cross section of the sample.
The collimation and detector distances are varied within 1 and 20 meters to
achieve lower or higher resolution. We perform our scattering experiments at the
KWS2 diffractometer in the Forschungszentrum Jülich. Some of the parameters
concerning the experimental setup are summarized in table 3.1.

One assumes that the size of the sample is much smaller than distances from
the source to the sample and from the sample to the detector. The wave field
of the incident and scattered beam is described by the wave vectors ~k and ~k′

respectively. In the case of the elastic scattering k =
∣

∣

∣

~k
∣

∣

∣
= k′ =

∣

∣

∣

~k′
∣

∣

∣
= 2π

λ
. Here
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Figure 3.1: Schematic picture of a scattering experiment.

λ is the wavelength of neutrons adjusted by the velocity selector. The scattering
vector ~Q = ~k − ~k′ is defined as the difference between the incident and the
scattered wave vector. The absolute value of the scattering vector is given by:

Q =
4π

λ
sin

θ

2
(3.1)

The scattering angle θ is depicted in Fig.3.1.

3.2 Absolute calibration

The obtained scattering intensity should be treated by corresponding reduction
procedures to obtain the scattering cross-section, which is independent of the
experimental setup and the background. The measured intensity is connected to
the cross section dΣ

dΩ
by

I = IiDe∆ΩATd

(

dΣ

dΩ

)

(3.2)

where Ii is the incident beam intensity, De is the detector efficiency, A is the
irradiated sample area, d is the sample thickness, T is the sample transmission
and ∆Ω is the angle of one detector element. For the absolute calibration we used
a reference material with a flat cross section in the measured Q range. Mainly
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Table 3.1: Instruments details

Characteristic KWS2

Monochromator Velocity selector [DORNIER]
∆λ/λ 0.1

Wavelength,λ 7.3Å
Sample aperture, ds ∼ 1 cm
Collimation aperture, 3 × 3 cm
Collimation length 2-20m
Detector length 1.4-20m
Detector:

Active area 50 × 50 cm2

Gas 3He
Space resolution 8mm
Max.pulse rate 7 kHz
Dead time, τd 15µs

Q-range 2.10−3 − 0.2 Å
Neutron flux at sample 105 − 6.106 n/cm2s

Lupolene is used, but water is appropriate too. Using indices s for the sample,
and l for Lupolene, and the definition for the solid angle ∆Ω ∼ L−2 one obtains:

(

dΣ

dΩ

)

s

=
Is
Il

L2
s

L2
l

dl

ds

Tl

Ts

(

dΣ

dΩ

)

l

(3.3)

The Lupolene calibration constant is a function of wave length µl(λ) = dl
dΣ
dΩ l
Tl,

which is calibrated by a primary standard. For our experimental setup µl(7.3Å) =
0.0734. The scattering cross-section can be written in the form:

(

dΣ

dΩ

)

s

=
µ

C
Is (3.4)

in this expression C = IlTsdsL
2
l /L

2
s. Corrections caused by the scattering of the

sample container and electronic noise should be included. Using the the empty
cell IEC and transmission TEC and the background intensity IBG for blocked
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Figure 3.2: Determination of divergence by geometric factors.

neutrons, one finally obtains:

(

dΣ

dΩ

)

s

=
µ

C

(Is − IBG) − Ts(IEC − IBG)/TEC

(Il − IBG) − Tl(IEC − IBG)/TEC

(3.5)

3.3 Resolution effects

The Limited resolution of the instrument leads to smearing of the measured
scattering data. The reason can be wavelength spread, collimation effects and
detector resolution. So, the measured intensity at Q0 is the averaged scattering
cross section dΣ(Q)

dΩ
by the distribution (resolution) function R(Q,Q0) [39, 40].

I(Q) =

∫

R(Q,Q0)
dΣ(Q)

dΩ
dQ (3.6)

The distribution function for the radially averaged data [39] reads

R(Q,Q0) =
Q

σ2
Q0

exp

[

−Q
2 +Q2

0

2σ2
Q0

]

I0

[

QQ0

σ2
Q0

]

(3.7)
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where I0 is the modified Bessel function and σ2
Q0

is related to smearing effects
caused by the different physical reasons:

σ2
Q0

=
1

8ln2

(

(

Q0
∆λ

λ

)2

+ (k0∆β)2 + (k0∆QD)2

)

(3.8)

Here, ∆λ/λ comes from the wavelength spread, k0 = 2π/λ is the absolute value
of the wave vector. The parameter ∆β accounts for the finite collimation effect
and the parameter ∆QD accounts for the detector resolution. The parameter ∆β
is defined by the next equation.

∆β =

{

2r1

L
− r2

2(l+L)2

2r1l2L
, α1 ≥ α2

2r2
(

1
L

+ 1
l

)

− r2
1l

2r2L(L+l)
, α1 < α2

(3.9)

where L and l are distances from the source to the sample and from the sample
to the detector respectively, r1 is the radius of the source aperture and r2 is the
radius of the sample aperture. The angles are α1 = r1/(L + l) and α2 = r2/l.
The whole geometry is depicted in figure 3.2. The first case of equation 3.9 is the
more common one. It appears for rather small sample apertures, which we chose
in our set-up. Then, the resolution is dominated by the divergence defined by an
ideal collimation. The correction term accounts for the finite sample aperture,
which makes the characteristic divergence slightly smaller.

3.4 Multiple scattering

Since our sample thickness d is of the order of one millimeter, multiple scattering
occurs for cross sections dΣ

dΩ
>> 10cm−1. For small angles, predominantly elastic

neutron scattering is the responsible mechanism [41]. The scattering probability

of the experiment is H( ~Q) = ds
dΣ∗

dΩ
( ~Q), and the apparent scattering probability

is S( ~Q) = ds
dΣ
dΩ

( ~Q) where ds is the sample thickness. The simple expression
connects the Fourier images with the real space.

s(r) = k2
0ln

[

1 +
h(r)

k2
0 − h(0)

]

(3.10)

Here s(r) and h(r) are the two dimensional Fourier transforms of s and h:

s(~r) =

∫

ei ~Q~rS( ~Q)d2 ~Q (3.11)
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Figure 3.3: An example of deviation caused by multiple scattering
for the bicontinuous microemulsion. The lower curve represents ex-
perimental data with multiple scattering. The upper curve represents
corrected data. This figure makes it plausible that mainly the corre-
lation length ξ (peak width) is affected and not the domain spacing d
(peak position).

h(~r) =

∫

ei ~Q~rH( ~Q)d2 ~Q (3.12)

k0 is the wave number of the beam. If S and H depend on |Q| only, the integrals
3.11, 3.12 turn to one dimensional integrals

s(r) = 2π

∫

J0(Qr)S(Q)QdQ (3.13)

h(r) = 2π

∫

J0(Qr)H(Q)QdQ (3.14)

The final result for the scattering probability S(Q) is obtained by the integral
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transform to Q-space:

S(Q) =
1

2π

rmax
∫

0

J0(Qr)s(r)rdr (3.15)

For the calculation rmax should be larger than the maximum correlation length in
the system, and Qmax should be large enough that the integral from Qmax to ∞ is
negligibly small. Practically, in order to obtain Fourier images h(~r) in real space,
the numerical Fourier transform was performed in two dimensions. In order to
give an example of deviations caused by multiple scattering, we considered one
bicontinuous microemulsion. One example of a multiple scattering correction is
shown in fig. 3.3. Depending on the composition of surfactant, the deviations of
the domain size d and the correlation length ξ caused by multiple scattering were
in the range from 0.1% to 0.7% and from 3% to 7% for d and ξ, respectively.
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Chapter 4

Sample preparation

We investigated microemulsions consisting of oil, water, surfactant with addition
of small amounts of diblock copolymers and homopolymers. The surfactant we
used, was the non-ionic surfactant like n-Decyltetraoxyethylene (C10E4).

H − (CH2)10 − O − (CH2 − CH2 − 0)4 −H

This is a long-chain surfactant with linear structure, and belongs to the most
common non-ionic surfactants CxEy. Here x is a number of carbon atoms in
the hydrophobic alkyl chain, and y is a number of ethylene oxide groups. The
hydrogenated surfactant (C10E4) was purchased from Bachem Biochemica GmbH
with a purity of 98%, and was used without further purification.

As additives to the microemulsions block copolymers and homopolymers were
used. The block copolymers are polyethylenepropylene-co-polyethyleneoxide (PEPx−
PEOy) polymers, where x and y denote the molecular masses of each of the blocks
in kg/mol.

H − (CH2 − CH2 − CH2 − CH2)m −O − (CH2 − CH2 −O)n −H
|
CH3

The homopolymers were polyethylenepropylene (PEP5) and polyethyleneoxide
(PEO5). Here 5 kg/mol is the mass of each polymer. All polymers were syn-
thesized by J. Allgaier at IFF, FZ Jülich by living anionic polymerizations; the
detailed description of the process can be found in [42]. Some polymer charac-
teristics are summarized in table 7.1 and table 7.2.

The used oil was either n-decane (C10H22,) or deuterated n-decane. The deuter-
ated n-decane-d22 (d-decane) was made by Cambridge Isotope Laboratories with

41
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a purity of 99%. The used water was D2O from Aldrich Chemical Company, Inc.
(purity 99.8%).

Selecting deuterated or hydrogenated components it is possible to obtain scat-
tering from the interface (film contrast) or from solvents (bulk contrast). Bulk
contrast for our experiments was observed by using hydrogenated surfactant with
D2O and h-decane while the film contrast was observed with use of d-decane
instead. Scattering length densities of materials and its other parameters are
summarized in table 7.3.



Chapter 5

The bicontinuous phase

In this chapter we study the bicontinuous microemulsion with a) addition of
homopolymer only and b) simultaneous addition of homopolymer and diblock
copolymer. First, phase diagrams are discussed in the context with predictions
of the saddle splay bending modulus κ. Second, small angle neutron scattering
measurements probe the microscopic structure. By fitting the Teubner-Strey
model we get two structural parameters: the domain spacing d and the correlation
length ξ. Both can be scaled with the surface per volume S/V , which is suitable
for the comparison with the Gaussian random field model. The expression for the
bending rigidity κ ∼ ξ/d of the Gaussian random field model is finally discussed
in the context with theoretical predictions of κ.

5.1 Results

For the characterization of the system we employ the following volume fractions
of components:

φo =
Voil

Voil + Vwater

(5.1)

φδ =
Vdiblock

Vdiblock + Vsurfactant
(5.2)

φp =
1

2

V W
homopolymer

V W
homopolymer + Vwater

+
1

2

V O
homopolymer

V O
homopolymer + Voil

(5.3)
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Figure 5.1: Phase diagram: the shift of the fish tail point(solid line,
black dots) for H2O-n-decane-C10E4. Amounts of water and n-decane
are equal. For additions of homopolymers in D2O-n-decane-C10E4

lines with hollow symbols are used. The temperature shift in the phase
diagrams is caused by the use of D2O instead of H2O. The lamellar
phase is estimated by a measurement at T = 28oC.

φγ =
Vsurfactant

Vsurfactant + Vdiblock + Voil + Vwater + V O+W
homopolymer

(5.4)

where Vxx corresponds to the respective volume of the different components. To
achieve a bicontinuous phase, we chose φo to be 0.5. φp is the average of the two
volume fractions of homopolymers in the oil and water phase, which are virtually
identical. Varying these parameters and temperature it is possible to observe the
phase behavior of the microemulsion. It is important to notice that the solubility
of the surfactant, in our case C10E4, at 30.1oC is 2wt% in decane and 0.2wt%
in water. So for the accuracy of results, the membrane volume fraction Ψ is the
surfactant volume fraction φγ with accounted solubility.



5.1. RESULTS 45

5.1.1 Addition of homopolymers only

Here we discuss small additions of homopolymers PEP5 and PEO5 to the mi-
croemulsions. We restricted the study to the equal amounts of water and oil
(φo = 0.5). The phase diagram (Fig. 5.1) shows the temperature as a function of
surfactant content. At low temperatures there is the two-phase region(2) with an
excess oil phase, and at high temperatures there is the two-phase region (2) with
an excess water phase. At higher surfactant concentration, there is a one-phase
region (1); with addition of more surfactant, the lamellar phase occurs and at
lower surfactant concentrations there is also a three-phase region (3), where all
three phases: oil-rich, water-rich and microemulsion coexist. Small amounts of
homopolymer PEP5 and PEO5 added to the microemulsion increase the mini-
mum quantity of surfactant needed to solubilize water and oil, or in other words
decrease the efficiency (anti-boosting effect).

The presence of homopolymer chains in water and oil in the neighborhood of
membrane causes a change of physical parameters of membrane. The theory of
ideal and self-avoided polymers near membrane [43] predicts a decrease of the
bending rigidity and an increase of the saddle splay modulus of the membrane
(see eqs. 2.19, 2.20). Such changes of the elastic constants should entail a decrease
of efficiency because of equation 2.6. The phase diagram measurement provides
a qualitative proof of this prediction. The fish tail point moves in the direction
to higher surfactant contents for every next portion of homopolymer addition.
It is important to check the quantity of this influence. In the neighborhood of
the fish tail point, the saddle-splay modulus κ is predicted to change the sign.
More precisely [44], this is true within a constant, since the emulsification failure
line is almost parallel to the line of the lamellar to sponge phase transition in
the diagram ln(Ψ) vs κ. Combining equation 2.20, which predicts the effect of
homopolymer addition, with 2.6 one obtains:

Ψ = Ψ0 exp

[

β
φp

Vp
(R3

PEP +R3
PEO)

]

(5.5)

where φp is the volume fraction of homopolymers and Vp is the volume of one
polymer, respectively. Theoretically, the value β = 0.0795 is predicted [43].

At figure 5.2, the dependence of the logarithm of membrane volume fraction at
the fish tail point is plotted vs. the scaled homopolymer number density. This
dependence is linear as follows from equation 5.5, but the prefactor (describing
this effect) is different. Comparing the theoretical value and the measured value
shows, that the phase diagram is ∼ 7 times more sensitive on the homopolymer
addition than expected from theory [43].
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Figure 5.2: The logarithm of the volume fraction of membrane at the
emulsification boundary vs. scaled volume fraction of the homopoly-
mer.

For a more detailed study of structure and physical parameters of the bicontinu-
ous microemulsion with added homopolymers, we performed SANS measurements
on the system. The samples were measured under bulk contrast. The volume
fraction of surfactant was hold at a range from 13% to 20%. The homopolymers
PEP5 and PEO5 were added to the oil and water, respectively, in equal amounts
with an increment of approximately 0.25% (see table 7.4).

An example of SANS measurements is shown in Fig. 5.3. Here, the macroscopic
cross section dΣ

dΩ
is depicted vs. wave vector Q. The surface volume fraction Ψ

in the samples for the represented scattering curves was held at 0.175 ± 0.003,
and the amount of homopolymers was increased from 0.0% to 0.78%. To make
the picture clear, the cross section for every next addition of homopolymer was
multiplied by a factor of 10. The high intensity and constant value of scattering
cross section at low Q indicates big fluctuations at large scales. In the middle Q
region a correlation peak exists at ∼ 0.03Å−1. This is a sign of the characteristic
length scale for the microemulsion. The value of 2π/Qmax approximately gives
the domain size. The width of this peak is connected with the correlation length.
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Figure 5.3: Scattering cross section of bicontinuous microemulsion
with homopolymer addition under bulk contrast. The surface volume
fraction Ψ is fixed at 0.175. Errors are approximately about the size
of symbols in the figure. Solid lines are Teubner-Strey model fitting.

A Porod behavior at high Q is characteristic for the randomly oriented sharp
interfaces. A detailed quantitative analysis of the scattering data was based
on the Teubner-Strey formula (eq. 2.29), which was used to describe the peak
intensity. Examples of fitting curves are shown in figure 5.3. From the fitting, the
characteristic domain size d and correlation length ξ are obtained. This provides
a way to look at the structural properties of the bicontinuous microemulsion.

Now we discuss the domain size d as a function of membrane volume fraction Ψ
for the samples with different homopolymer content (see Figure 5.4). The depen-
dence of d as a function of homopolymer volume fraction is quiet weak compared
to the dependence on the surfactant volume fraction. This implies that the ad-
dition of homopolymer does not influence the structure of the microemulsion
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Figure 5.4: The domain size d of bicontinuous microemulsion with
different homopolymer contents obtained from Teubner-Strey model
fitting.

strongly. The structure is mainly governed by the amount of surfactant in the
system. Without fluctuations, d ∼ Ψ−1 for the larger structures. For small sur-
factant concentrations, fluctuations of the surface can modify this dependence.

Figure 5.5 represents the correlation length ξ as a function of homopolymer con-
tent and surfactant content. It is easy to see that the addition of homopolymer
decreases the correlation length or increases the strength of membrane fluctua-
tions. The same effect but much more strongly is caused by the surfactant ad-
dition where the surfactant scales the structure down (compare eq. 2.11). This
is already an indication that the bending rigidity decreases with homopolymer
addition. So the increase of the homopolymer content causes a small growth of
the domain size (compared to the surfactant increase) and makes the strength of
fluctuations more pronounced.

From figure 5.6, it is seen that the characteristic domain size, which is dmultiplied
by corresponding ratio of surface to volume, remains constant with increased sur-
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Figure 5.5: The correlation length ξ of bicontinuous microemul-
sion with different homopolymer contents obtained from Teubner-Strey
model fitting.

face content. This is reasonable within the variational approach of the Gaussian
random field theory (see eq. 2.10). The characteristic domain size does not de-
pend much on the added homopolymer (5%, for φp = 0.005). A more pronounced
effect of the homopolymer addition is observed with the correlation length, which
is decreased(10%, for φp = 0.005). The Gaussian random field model would allow
to calculate the bending rigidity from the scaled correlation length, but we will
use the more common approach of the next paragraph.

On the basis of the Gaussian random field theory predictions, we can calculate
the bending rigidity κ of the membrane if we know d and ξ (see eq. 2.9). In figure
5.7, the membrane volume fraction of the microemulsion is plotted as a function
of the renormalized bending rigidity and homopolymer content. At this figure
three different areas were separated by the solid lines. These areas correspond to
the different phases of microemulsion. At low κ there is a three phase coexistence
region. At high surfactant contents the lamellar phase appears. The presence of
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Figure 5.8: The renormalized bending rigidity as a function of scaled
volume fraction of the homopolymer.

a lamellar phase in the system was visually observable by turbidity and indicated
by the change of the shape of the scattering curves. This functional dependence
between the elastic constant κ, surfactant content Ψ and homopolymer content
φp provides a way to check the effect of thermal fluctuations on κ. For the spatial
renormalization we get:

ln(Ψ/Ψ0) =
4π

α

κ

kBT
(5.6)

We found for these samples α = 3.2± 0.5. That result is in good agreement with
the theoretical prediction (α = 3).

Next, we can check the dependence of renormalized bending rigidity κR on ho-
mopolymer content (see also figure 5.8). The data points correspond to

∆κR

kBT
= −βφp

(R3
PEP +R3

PEO)

Vp

(5.7)

We obtained β = 0.15±0.02 which is much larger than the theoretically predicted
value β = 0.0238 from [43]. The origin of this discrepancy will be discussed below.
This discrepancy of an approximately 7 times higher sensitivity agrees with phase
diagram measurements (see fig. 5.2).
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Figure 5.9: Phase diagram: the shift of the fish tail point(solid line,
black dots) for H2O-n-decane-C10E4 amounts of water and n-decane
are equal with addition of homopolymers and diblock copolymers (lines
with hollow symbols) in D2O-n-decane-C10E4. The temperature shift
of the phase diagrams is caused by the use of D2O instead of H2O.

5.1.2 Simultaneous addition of homopolymers and diblock
copolymers

In order to achieve a microemulsion with a desired efficiency and adjustable
viscosity, the next step was the simultaneous addition of homopolymers PEP5,
PEO5 and symmetric diblock copolymer PEP5PEO5. We now want to check, if
the two opposite effects superimposed. The phase diagrams for our samples are
shown in figure 5.9. With increasing amount of diblock copolymer the fish tail
point consequently moves to lower surfactant amounts. The effect of homopoly-
mers is opposite: For a given diblock copolymer amount the fish tail point shifts
to higher φγ with increased homopolymer content. The additions have opposite
effects on the effectiveness of surfactant. While the homopolymers decrease the
surfactant stabilization properties (see fig. 5.1), the diblock copolymer increases
the surfactant efficiency [2].

For the analysis of all effects, we first start with the information that is extracted
from the phase diagram measurement. In figure 5.10, the membrane volume
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Figure 5.10: The logarithm of the volume fraction of membrane at the
emulsification boundary vs. scaled volume fraction of the homopoly-
mer.
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Figure 5.12: Scattering cross section of bicontinuous microemulsion
with homopolymer and diblock copolymer addition under bulk contrast.
Errors are approximately about the size of symbols in the figure. Solid
lines are Teubner-Strey model fitting.

fraction is is plotted as a function of homopolymer content. Similar to fig. 5.2
we observe an increase of the surfactant content with more homopolymer, which
means a decrease of efficiency. The observed curves for certain diblock copolymer
additions are quite parallel. The slopes β1 = 0.35 and β2 = 0.33 are comparable
to β = 0.54 without diblock copolymer (see eq. 5.5). This is already a hint for a
possible superposition of the two opposite polymer effects.

As in the case of homopolymer addition we use the result of equation 2.6 for
the saddle splay modulus κ and membrane volume fraction at the vicinity of the
emulsification boundary. Combined with result of equation 2.15 for the diblock
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Figure 5.13: The domain size of the bicontinuous microemulsion with
different homopolymer and diblock copolymer contents obtained from
Teubner-Strey model fitting. The obtained simple dependence of d as a
function of Ψ shows that only the amount of surfactant is responsible
for the structure. The solid line represents the dependence of d as a
function of Ψ as obtained by fitting d = 37Å/Ψ.

anchoring effect on the saddle splay modulus, we obtained [2]:

Ψ = Ψ0 exp
[

−Ξσ(R2
PEP +R2

PEO)
]

(5.8)

where σ is the diblock copolymer grafting density. In figure 5.11, the dependence
of membrane volume fraction at the fish tail point vs. scaled polymer grafting
density for samples without and with homopolymer is shown. The theory predicts
Ξ = π

5
≈ 0.63 for the ideal polymer chains. The experimental value obtained

for the diblock copolymers anchored to the membrane is Ξ = 1.54 ± 0.05 [2].
The values of Ξ obtained for our case of diblock copolymer and homopolymers
added lie in the range of pure diblock copolymer addition Ξ1 = 1.55 ± 0.05, and
Ξ2 = 1.63 ± 0.05. This result implies that the addition of homopolymer does
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not inflict on the mechanism of diblock copolymer. The two opposite effects are
superposable.

As in the case of homopolymer addition, to get deeper insight in the physics of
the problem we performed SANS measurements. The samples were measured
under bulk contrast. Volumes of h-decane and D2O were approximately equal.
The volume fraction of surfactant was hold at a range from 7% to 20%. The
homopolymers PEP5 and PEO5 were added to the oil and water respectively in
equal amounts with increment of approximately 0.5% (see table 7.5). The amount
of diblock copolymer PEP5PEO5 was kept constant at two values φδ ≈ 3.8% and
φδ ≈ 7.7%.

As an example of SANS measurements, the macroscopic cross section vs. wave
vector is shown in Figure 5.12. The surface volume fraction in the samples for
the represented scattering curves was held at 0.129 ± 0.005 and amount of ho-
mopolymers and diblock was varied. To make the picture clear the cross section
data for the different samples was consequently multiplied by a factor of 10. A
qualitative discussion of a single scattering curve is given for figure 5.3. From the
picture, it is seen that additions of homopolymer make the peak broader and less
pronounced. This means a decrease of the correlation length. The addition of
the diblock copolymer causes the opposite change of the curves. A detailed quan-
titative analysis of the scattering data was based on the Teubner-Strey formula
2.29 which was used to describe the peak intensity. Examples of fitting curves
are shown in figure 5.12.

The domain size d is plotted in figure 5.13 as a function of membrane content for
the samples with different homopolymer and diblock copolymer content obtained
by the Teubner-Strey fitting of scattering curves. The function d = 37Å × Ψ−1

can describe the data reasonably well. This function is not sensitive to polymer
additions, but can be characteristic for the surfactant. This universal behav-
ior (no polymer influence) indicates that the surfactant dominates the structure
formation.

The figure 5.14 represents the correlation length as a function of surfactant con-
tent, homopolymer content and diblock copolymer content. It is easy to see that
the addition of homopolymer decreases the correlation length or increases the
strength of membrane fluctuations. The same effect is caused by the surfactant
addition. On the other hand, the addition of diblock copolymer causes an in-
crease of the correlation length and suppresses fluctuations. From this plot, the
superposition of the two different effects of polymer additions is clearly seen.
Again, the polymer effect mainly results from the bending rigidity, whereas the
surfactant effect causes the scaling of the structure (compare with fig. 5.5).

The Gaussian random field theory with variational approach of the spectral den-
sity provides for the sponge phase geometry the way to compare qualitative pre-
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Figure 5.14: The correlation length of bicontinuous microemulsion
with different homopolymer and diblock copolymer contents obtained
from Teubner-Strey model fitting.

dictions of the theory (see eq.2.10) and experimentally obtained system parame-
ters. As follows from the theory, the domain size multiplied by the ratio of surface
to volume is a constant function of surface content. That is demonstrated on the
left part of the figure 5.15. The scaled domain size is a weak function of the poly-
mer addition (less than 10%). The scaled correlation length as follows from the
theory should be proportional to the bending rigidity of membrane. The addition
of diblock copolymers suppresses fluctuations on the short scale. This agrees with
the picture of the small decrease of the correlation length when homopolymers
added (eq. 2.21).

The Gaussian random field theory gives the function to obtain the renormalized
bending rigidity of membrane from the experimental values of d and ξ for the
system (see eq.2.9). This is in turn a way to compare the theoretically predicted
effect of polymer addition and compare it with results obtained from phase dia-
gram analysis.
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Figure 5.16: Membrane content vs. renormalized bending rigidity for
different addition of polymers, solid line calculated function for the
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Figure 5.17: Membrane content vs. renormalized bending rigidity
for different amounts of the diblock copolymer added. On the left part
amount of homopolymer φp ≈ 0.5%. On the right part amount of
homopolymer φp ≈ 1.0%

In figure 5.16 the membrane volume fraction of the microemulsion is plotted as
a function of the renormalized bending rigidity and homopolymer content. As
before, the regions of the lamellar and the three phase coexistence are outlined.
The solid line is calculated on the basis of experimental values obtained in [2].
The difference of the slopes of this line and the measured behavior at low Ψ can
be caused by increased fluctuations is due to the homopolymer addition. To com-
pare with experiment, the change of bending rigidity due to the homopolymer
is evaluated. The respective end-to-end distances and volumes of the homopoly-
mers PEP5, PEO5 were taken into account according to equation 5.7. From the
results represented in figure 5.16, which is separated in two subplots for single
and double diblock copolymer content, we obtained β = 12 ± 2. This agrees
nicely with our previous results for the system without diblock copolymer and
with results obtained for the κ from phase diagram measurements.

The dependence of Ψ on κ for different diblock copolymer additions with 0.5%
and 1% of homopolymer content is shown in figure 5.17. From equation 2.14 we
get the dependence of κ on the diblock copolymer content

∆κR

kBT
= −Ξ̂σ(R2

W +R2
O) (5.9)
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Figure 5.18: Renormalized bending rigidity vs. membrane content
for different addition of polymers, values of κ were calculated by the
expression 5.10.

We can estimate the magnitude of the prefactor Ξ̂ with eq. 5.9 by a horizontal cut.
The coefficients read Ξ̂1 ≈ 0.41, Ξ̂2 ≈ 0.43 which compare well with literature
Ξ̂ = 0.334 [45].

The discontinuity of κ at low surface contents Ψ remains open for the discussion.
This does not correspond to the phase diagrams. Nonetheless, once a certain
amount of homopolymer (∼ 0.5%) is added, the dependence of κ seems to behave
normally. This means, that the extracted β and Ξ values correspond to the neat
polymer additions. The supposed superposition of the two opposite effects of
polymer additions is at least partially fulfilled.

5.2 Discussion

Now we want to discuss a different way to calculate the bending rigidity κ. The
scaled correlation length is connected with κ (right part of the figure 5.6, also:
fig. 5.7 and 5.18) as follows from the Gaussian random field model [16, 2] (see
relation 2.11).
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ξS/V =
128

15π
κ (5.10)

The so obtained bending rigidities are plotted in the same way as before (compare
figs. 5.18 and 5.7). The spanned range of κ values has a width of ∆κ ≈ 0.11kBT in
either case; just the absolute values are shifted (like 0.42 ↔ 0.57). The literature
uses the previous expression (eq. 2.9) (see H. Endo [2]), which therefore should
be used for comparison in a consistent way.

The scaled domain spacing is approximately constant within the Gaussian ran-
dom fields model. This does not agree with our measurements (fig. 5.6 left). We
observe changes of 8.6% with addition of homopolymer. The fluctuations have
a stronger influence on the domain spacing d(Ψ) at smaller surfactant amounts.
An expression was given by Roux et al. [46] based on a theory by Helfrich [47].
They give a dependence of the domain spacing:

d =
2δ

Ψ

(

1 +
1

4π

kBT

κ
ln

(

c

√

κ

kBT

d

2a

))

(5.11)

c = 1.84 is a constant for the practical cut-off. a ≈ 7Å is connected with the area
(53.9Å, [5]) per surfactant molecule. The first factor corresponds to a lamellar
structure without fluctuations, the bracket describes fluctuation corrections for
lamellar and/or bicontinuous structures. If the whole bracket is assumed to be
constant, then one gets d = 3.2δ/Ψ = 38Å/Ψ (using d = 251Å, κ = 0.42kBT ).
This compares well with the overall experimentally found behaviour (figure 5.13,
coefficient 37Å).

A more detailed discussion on the formula above can be made with the full de-
pendence of κ. Then the dependence of the domain spacing of figure 5.6 (left) can
be discussed. With the full homopolymer addition the scaled d increases by 8.6%.
The bending rigidity decreases by 30% (conventional evaluation) or 20% (scaled
ξ evaluation), which corresponds to a increase of the (scaled) d by 11.5% or 8%.
This means that the domain spacing is influenced by the membrane fluctuations,
which is relatively clearly observed for high surfactant amounts (and here: high
polymer contents). The Gaussian random field theory does not describe this in-
fluence within this degree of expansion [2], but higher order terms would allow
for a detailed comparison.

Now we focus on the polymer dependence of the bending rigidity κ and the mod-
ulus κ: a) The experimental result is that the value β expresses a 7 times higher
sensitivity on the homopolymer content than the theory of Eisenriegler would
expect (fig. 5.2). Similarly β is 6.5 times more sensitive (fig. 5.8). Therefore,
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both coefficients express the same higher sensitivity. By itself, these findings can
be taken as an experimental result. b) The dependence of κ shows a discontinuity
between no homopolymer and minimum homopolymer amount at low surfactant
concentrations (fig. 5.16). Furthermore, the values of β are slightly dependent on
the presence of diblock copolymer (fig. 5.10). The presence of one and the other
polymer slightly changes the behaviour of the microemulsion. However, these
changes are so small, that we still claim that the effects of the two polymer types
superpose. c) The sensitivity of the phase diagram on the diblock copolymer
content (Ξ, see figure 5.11) does not depend on the presence of homopolymer.
The dependence of κ on the diblock copolymer content (fig. 5.17) seems to be
continuous. Therefore the coefficients Ξ̂ agree well for different homopolymer
concentrations.

A first trial explanation of the high sensitivity on the homopolymer content might
be given by a zone of repulsion (depletion zone) for the homopolymer. Typically,
the width of this zone agrees with the radius of gyration, which leaves a smaller
available volume for homopolymers. The remaining space d/2−2Rg ≈ (125−60)Å
measures approximatively half of the distance d/2. This factor would yield a 2
times higher effective polymer concentration, which does not fully explain the 7
times higher sensitivity.

Another explanation of the strong sensitivity on the homopolymer content might
be given by the studies of T. Auth [48], which have not been published yet. One
should compare the end-to-end distance of one dissolved block or homopolymer
(Ree ≈ 70Å) with the minimum domain spacing d/2 ≈ 100Å. The polymer is not
really confined by the domains, but the polymer is quite close to confinement.
Following the simulations of T. Auth, the influence of a diblock copolymer on
the bending rigidity ∆κ for a confined geometry behaves as follows: For large
d one obtains the classical value (eq. 2.14). With values of d/2 ≈ Rg (close to
the radius of gyration! Rg = Ree/

√
6 ≈ 28.6Å) T. Auth finds a maximum value

several times bigger than the classical value. For strongly confined geometries
∆κ becomes quite quickly negative. T. Auth explains this strong decrease of ∆κ
by the response of the polymer (monomer distribution) on the curved surface.
This response gives a negative contribution to the coefficient for the curvature
squared term of the free energy, which means a negative bending rigidity contri-
bution ∆κ. For highly confined polymers there should be no difference between
anchored polymers (diblock copolymers) and homopolymers. Therefore ∆κ of
homopolymers would behave as follows: For large d one would obtain the classi-
cal negative value of Eisenriegler, and with decreasing d, ∆κ would become more
and more negative. This highly negative values would - in principle - explain the
high sensitivity of phase diagrams and the bending rigidity on the homopolymer
content (κ, κ). In a detailed discussion, one might find explanations for the ap-
parent ”discontinuities” of κ. Just to repeat, the only uncertainty is the range of
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Figure 5.19: The membrane content at the fish tail point as a func-
tion of the scaled homopolymer content (on the left) and the bending
rigidity κ as a function of the scaled homopolymer content (on the
right).

confinement (d/2), when the scenario described above becomes dominating.

One example of last minute measurements performed by a colleague O. Holderer
[49] shows that the homopolymers with higher molecular weight PEP10 and
PEO10 are responsible for an even higher sensitivity of κ and κ. This result
would perfectly fit the theoretical picture drawn by T. Auth. The left part of
figure 5.19 shows the membrane content at the fish tail point as a function of the
scaled homopolymer content. The slope β = 0.72 is 33% larger than the corre-
sponding value with lower molecular weight. In the right part of figure 5.19, the
bending rigidity κ is plotted as a function of the scaled homopolymer content.
The value of β = 0.29 is approximately 2 times higher than the reference value of
β = 0.15. These results demonstrate a higher sensitivity of κ and κ with stronger
confinement.

The difference between the two explanations of the high homopolymer sensitivity
is that on the one hand the polymer is depleted by the membrane, whereas it is
not strongly repelled by the membrane in the other case. Thus question could be
solved by detailed contrast variation SANS experiments.
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Chapter 6

The droplet phase microemulsion

In this chapter we define a measure of the polymer boosting effect for droplet
microemulsions. This is connected with the size of the one phase region in the
experimental phase diagram. Furthermore, we investigated the structures of the
droplets by SANS and give a connection between the boosting effect and the
droplet structure.

6.1 Results

For the investigation of the microemulsion in the droplet phase we used the fol-
lowing components: water(D2O), nonionic surfactant (C10E4), oil (h-decane/d-
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Figure 6.1: Phase diagram for the droplet phase microemulsion. Ma-
terials: H2O, h-decane and C10E4. Wb is h-decane mass fraction.
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Figure 6.2: The effect of the addition of the diblock copolymer on
the maximum amount of solubilized oil. The mass fraction surfac-
tant/water (4/96) is constant for all the samples.

decane) and diblock copolymers (PEPx−PEOy) with different molecular weights.
Some physical characteristics of the used polymers are collected in table 7.1 and
table 7.2. The surfactant/water mass fraction was fixed to 4/96. The maximum
amount of oil was limited by the surfactant. Therefore, we took this number as
a measure for the efficiency of the surfactant. To describe the content of compo-
nents in the microemulsion we used φo = Voil/(Voil +Vwater +Vsurfactant +Vdiblock),
φγ = Vsurfactant/(Vsurfactant + Vdiblock + Voil + Vwater) and φδ = Vdiblock(Vdiblock +
Vsurfactant).

The typical phase diagram for the microemulsion consisting of H2O, decane and
C10E4 is shown in figure 6.1. On the x-axis, Wb is the mass fraction of decane
in the sample. The region where the droplet microemulsion is stable is indi-
cated by 1. The symbols 2 and 2 indicate the two phase coexistence. At lower
temperatures an oil excess phase appears while at higher temperatures a water
excess phase appears. When the maximum available oil content is reached all
three phases coexist (denoted by 3). The phase boundaries were determined by
visual inspection, i.e. by turbidity. The temperature of samples was varied in a
thermostated water bath.

Now we discuss phase diagrams with amphiphilic polymer additions. The poly-
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Figure 6.3: The dependence of maximum amount of oil in microemul-
sion (h-decane/C10E4/D2O)vs. volume fraction of the whole polymer
and one block for the different diblock copolymers added.

mers used were of PEPx − PEOy type, where x and y denote the molar masses
in kg/mol units. On the left part of figure 6.2, we plotted the phase curve for the
system without polymer addition and the curve when asymmetric diblock copoly-
mer PEP22 − PEO4 with a longer oil soluble block was added. This causes an
increase of the surfactant efficiency by approximately three times. On the left
part of figure 6.2 the phase diagrams of the system for consequent additions of the
symmetric diblock copolymer PEP22 −PEO22 is shown. The maximum amount
of oil increases continuously. This means a continuous increase of the surfactant
efficiency with polymer content. Therefore, amphiphilic block copolymers act
similar in droplet microemulsions compared with bicontinuous microemulsions,
where the polymers increase the efficiency dramatically.

Phase diagram measurements can provide an answer on the question about the
influence of the block- and polymer- length on the upper boundary of emulsified
oil in the system. On the left part of figure 6.3, the dependence of the maximum
oil content (h-decane) in the samples containing different diblock copolymers vs.
volume fraction of diblock copolymer φδ is shown. For every different added poly-
mer, the maximum oil boundary demonstrates a linear dependence of polymer
content φo = (1.7± 0.3)φδ+const, except for the PEP5 −PEO2, which does not
fit in this picture. The extrapolation (i.e. the const.) is slightly different for each



68 CHAPTER 6. THE DROPLET PHASE MICROEMULSION

0.00 0.05 0.10
10

15

20

25

30

2

1

3
3

 

   
 

2

2

1
T

em
pe

ra
tu

re
 [°

C
]

W
b

Figure 6.4: Regions of phase diagram selected for the SANS measurement.

polymer. This could mean that the different polymers behave similar at high
polymer contents. But this remains for later discussion.

On the right part of figure 6.3, the dependence of the maximum oil content on
the volume fraction of the oil soluble PEP block φPEP

δ is shown for samples with
different polymers. All curves for different polymers seem to extrapolate to the
same value at low polymer contents, which is explicitly measured. The different
slopes indicate a different sensitivity on the PEP content. Whereas here the
PEP22 − PEO22 seems to be rather efficient, it is not in the left plot, where the
PEP22−PEO4 is the best polymer booster. This means, that the left plot really
characterizes the amount of used additive, whereas the right plot might bring
better insight in physics. In either case, the PEP5 − PEO2 is characterized as a
poor efficiency booster.

6.2 SANS

To obtain an information on the droplet size and shape, SANS measurements
were performed under bulk and film contrasts. Again, all measurements were
done at constant surfactant amount φγ = 3.9%. The droplet microemulsions
were prepared for two cases: a) We chose the maximum oil content. In figure
6.4, this region is marked by box 3. The maximum oil composition φo varies
with the polymer addition. b) The amount of oil was chosen to be rather low,
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but big enough to observe the lower temperature boundary visually. This is
experimentally hard to observe, since small amounts of excess oil in phase 2 lead
to low turbidity. We practically chose φo ≈ 4.5%. All b-samples were measured
at the minimum and maximum temperatures close to the phase boundaries 2 and
2 (see figure 6.4). These regions are marked with boxes 1 and 2.

6.2.1 Droplets at low oil content and low temperature

The scattering cross section of the samples vs. wave vector for the oil excess
(region 1 of the phase diagram) is shown in figure 6.5. The major part of this
measurement was performed under bulk contrast with deuterated water D2O and
hydrogenated other components. Some selected samples were prepared under film
contrast with deuterated oil (d-decane) and D2O. The used contrast is indicated
in the legend of the figures (b/c - bulk contrast, s/c - shell or film contrast).

Additions of diblock copolymers PEPxPEOy cause subtle changes of the shape
of scattering curves but the overall shape is a typical spherical droplet structure.
An approximately constant Q dependence at low scattering angles (Q < 0.025)
is the sign that the full particle size is observed at this range. Only the steric
repulsion additionally contributes for certain polymer additions. This means a
suppressed intensity at low Q, and becomes quite obvious for the PEP22−PEO22.
The scattering curves under film contrast show a pronounced minimum at Q ≈
0.065Å−1. The position of the minimum gives the approximate radius of the
sphere according to Rsph = π/Qmin ≈ 50Å. The scattering curves under bulk
contrast theoretically have the same minimum. But their minimum is almost
smeared out by the polydispersity of the droplet size. It is possible to observe a
pronounced minimum under film contrast because the observed polydispersity is
related to the surface distribution, while for the bulk contrast the polydispersity
is related to the volume distribution.

In order to extract numerical values of parameters from scattering curves they
were fitted by the appropriate theoretical model. We used a core-shell model (see
eq. 2.72) with sharp boundaries of the scattering length density distribution. To
account for size polydispersity, we used the Schultz distribution function for the
droplet radius (see eq. 2.80). For large polydispersities, the smearing effects,
which are caused by the limited resolution of the instrument should be negligi-
ble. From the fits of the scattering intensity we deduced: the mean radius of the
droplet 〈R〉, and the polydispersity parameter ε. To reduce the fitting parame-
ters, we have assumed that the shell thickness δ = 12Å is a constant. For the
values of scattering length density (SLD), we used values of the pure h-decane,
d-decane, C10E4, D2O. It is discussed [50, 51] that the contrast ∆ρ of the poly-
mer in solvents is modified by the presence of hydrogeneous branches. From the
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Figure 6.5: SANS curves for the microemulsions with low oil content
measured at low temperatures. Fitting was performed with the spheri-
cal core-shell model. The signs b/c and s/c indicate samples with bulk
and shell contrast, correspondingly. The error bars are typically of the
symbol size.
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Figure 6.6: Radius of the spherical droplets and polydispersity ob-
tained from the fitting of SANS curves for the droplet microemulsion
at low oil content and low temperature. Errors of the polydispersity
are of the symbol size in the plot.

experimentally obtained polydispersity εexp a corrected value can be obtained by
subtracting a value of 10% for the instrumental resolution function [52]. This
done by the formula ε2 = ε2exp − 0.01. Results of the mean droplet radius and the
polydispersity are presented in the plot 6.6. The mean radius of the spherical
droplet is approximately constant in the range of experimental errors. So the ad-
dition of polymers does not strongly influence the size of the droplets in the low
temperature region. The polydispersity decreases slowly with increasing amount
of polymer. It is likely that the positive bending rigidity increases by the diblock
copolymer anchoring (see eq. 2.14). This in turn decreases the amplitude of the
l = 0 fluctuations (see eq. 2.43), which is connected to the polydispersity in the
system.

Another option to obtain the radius of spherical droplets is the Porod law, or the
constraint conditions for the total volume and interfacial area in the system. The
Porod behaviour at large scattering angles yields a coefficient, which is character-
istic for the surface per volume, i.e. dΣ/dΩ ∼ S/V Q−4. We made this coefficient
independent on the neutron contrast by the Porod invariant (see in [53]), which is
calculated after Qinv =

∫

dΣ/dΩQ2dQ. Assuming spherical particles we obtain,
S/V = 3φ/R (see eq.2.50 with condition that only perfect spheres are present
ψc = 0). The volume fraction of the droplets is obtained by adding the two com-
ponents oil φo and surfactant φγ/2. Within the geometrical picture the radius

of the droplets reads: Rgeom = 3dφo+φγ/2
φγ

(as in eq. 2.51). In table 6.1 the so

obtained parameters of the spherical droplet phase microemulsion are summa-
rized. All radii basically agree well. The errors lie in the range of ±5Å. Also
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Table 6.1: Spherical droplet parameters. All units base on Å,
which means [S/V]=Å−1 and [Rx]=Å. S/V and RPorod are ob-
tained from Porod law, Rgeom from constraint conditions, and
RSANS by model fitting (see eq. 2.72). ε is corrected for experi-
mental resolution.

polymer φδ S/V RPorod Rgeom RSANS ε Npol/Ndr

without polymer 0 0.0024 50.6 54.5 51.4 0.19 0
0.02 0.0019 71.2 58.3 58.6 0.16 1

PEP5PEO2 0.04 0.0023 59.6 60.3 58.7 0.15 2.1
0.06 0.0025 59.8 63.6 62.5 0.14 3.7
0.02 0.0019 62.8 54.7 54.4 0.18 0.5

PEP5PEO5 0.04 0.002 59.0 54.4 52.2 0.14 1
0.06 0.002 59.3 55.3 53.5 0.12 1.8
0.02 0.002 63.0 56.1 58.9 0.20 0.1

PEP22PEO22 0.04 0.0022 61.2 59.9 58.0 0.19 0.3
0.06 0.002 71.1 63.8 62.9 0.15 0.5

the polydispersity parameter and number of polymers per droplet Npol/Ndr were
included in the table. We can conclude that the structure of the oil droplets does
not depend on the polymer addition (for the mentioned polymers) in the region of
low oil contents and low temperatures (region 1). The size polydispersity might
indicate the increasing bending rigidity with higher polymer content.

6.2.2 Bidisperse objects - low oil content and low temper-
ature

Not for all samples at low oil contents and low temperatures we observed pure
spherical shapes. We will show, that bidisperse objects are obtained for the
diblock copolymers PEP15 −PEO5 and PEP22−PEO4. A possible explanation
could be the coexistence of oil droplets with polymer micelles. This could be
connected with the fact that the end-to-end distance Ree of the oil soluble block is
comparable with the radius of the droplet. Figure 6.7 shows the macroscopic cross
section as a function of the scattering vector Q for the polymer PEP15 − PEO5

and PEP22−PEO4 with varying polymer contents. Very clearly (bulk contrast),
bidiserse structures show up for the PEP22 −PEO4 with φδ = 6%. For the bulk
contrast, two decays of the intensity occur at Q ≈ 0.015 and Q ≈ 0.04, which
is an indication of bidisperse structures. For the film contrast, the first decay is
almost invisible, which means that the larger particles have much less surfactant
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Figure 6.7: SANS curves for the microemulsions with low oil con-
tent measured at low temperatures. Fitting was performed with the
spherical core-shell model with two differnt particle sizes. The signs
b/c and s/c indicate samples with bulk and shell contrast, correspond-
ingly. The error bars are typically of the symbol size

than the smaller ones. This would speak for polymer micelles coexisting with
conventional spherical droplets. For this example we obtain radii of R2 = 149Å
and R1 = 51Å. The smaller radius lies in the range of the conventional spherical
droplets.

6.2.3 Droplets at low oil content and high temperature

We will now discuss the droplet structure at low oil content and high temper-
ature, i.e. at water excess (region 2 of the phase diagram (see Fig.6.4)). In
the theory part it is qualitatively shown that the droplet phase microemulsion
with varying composition parameters and temperature can have a transition
from the spherical shape of domains to the cylindrical shape. We will show,
that this shape transition occurs with increasing temperature. A characteris-
tic feature of cylindrical structures is a q−1-dependence at low scattering angles
(0.002Å−1 < q < 0.017Å−1) as shown in figure 6.8. The decay at higher q-range
is caused by the radial structure of the cylinders. From this part of q-range, it
is possible to apply the Porod law to obtain the surface to volume ratio S/V of
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the interface with enclosed volume. The surface to volume ratio and the assump-
tion of cylindrical geometry (based on the shape of SANS curves) allow for the
estimation of the radius of the cylindrical domains. The length of the cylinders
cannot always be extracted from the scattering data in the accessible range of
wave vector q, (q > 0.002Å−1), as indicated by the missing plateau at small q
(Guinier behavior). The film contrast measurement without polymer shows quite
low intensity. We have no explanation for this behavior.

The the minimum of the formfactor describing the radial shape or simply the
radius is smeared out by the polydispersity of the core radius. The addition of
polymer does not strongly influence on the core radius within the accuracy of the
measurement. To fit the SANS data, the core-shell cylindrical model was used
(see eq. 2.78). To take in account the polydispersity of the cylinder radius, we
used a Schultz distribution function (see eq. 2.80). From the fits of the absolute
scattering intensity we deduced: the mean radius of the cylinders 〈R〉, and the
polydispersity parameter ε. To reduce the fitting parameters, we have assumed
that the shell thickness δ = 12Å is a constant.

In table 6.2 , the parameters obtained for the microemulsion with cylindrical
shape of oil domains are summarized. The radii of cylinders were obtained by
two different methods: 1) From Porod law and constant thickness of the surface,
with assuming the geometry of cylinder. 2)From fitting of the scattering data.
Similarly to the spherical droplet microemulsion, we obtain for the Porod constant
of cylinders: S/V = 2φ/R (see eq. 2.50 with ψs = 0). Also the polydispersity
parameter ε for radius distribution was included in the table. The radius and its
polydispersity of the cylinders are shown in figure 6.9 as a function of polymer
content for different polymers. The radius without polymer and with PEP5 −
PEO5 agrees well in comparison with the spherical droplets , according to Rcyl =
2
3
Rsph. For the other polymers: PEP5 − PEO2, PEP15 − PEO5 and PEP22 −
PEO4, the cylinder radius is significantly bigger than this estimation. Since
the radii obtained by the different methods agree, this deviation seems to be
real. The polymer seems to demand more space in the cylinder. Nonetheless,
the shape of the droplets at low oil contents and high temperatures (region 2)
does not strongly depend on the polymer addition. There are subtle changes of
the radii for different polymers. There are changes of the cylinder length with
polymer addition. Large numbers (L ≈ 2000Å) are taken as lower limits for
the real length, since the Guinier behaviour is missing then. The polydispersity
mainly seems to be constant for all samples.
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Figure 6.8: SANS curves for the microemulsions with low oil content
measured at high temperatures. Fitting was performed with the cylin-
drical core-shell model. The signs b/c and s/c indicate samples with
bulk and shell contrast, correspondingly. The error bars are typically
of the symbol size
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Figure 6.9: Radius of the cylindrical droplets and polydispersity ob-
tained from the fitting of SANS curves for the droplet microemulsion
at low oil content and high temperature. Errors of the polydispersity
are of the order of the symbol size in the plot.

6.2.4 Droplets at high oil contents

As was shown by the phase diagram measurements (see fig.6.2), the addition of
diblock copolymer to the microemulsion causes a big shift of the solubilization
limit with increasing oil content. So it is quite interesting to investigate the
morphology of such system by SANS. This can provide some insight on the physics
of the ’boosting effect’ in case of the relatively small amount of oil (droplet
phase microemulsion). We will show that the structures are either cylindrical or
elliptical. The evaluation of the cylindrical structures is straight forward, since
we use the same theories as before. More effort will be spent with the ellipsoidal
structures. The macroscopic cross section as a function of the scattering angle is
shown in figure 6.10 for cylindrical structures. For samples without polymer and
with PEP5 − PEO2 addition, the radii of the cylinders are much bigger at the
maximum oil concentration compared with low amount of oil (see table 6.3).

The major part of polymer additions at the maximum oil content leads to el-
lipsoidal. The scattering cross section vs. wave vector for this part is shown in
figure 6.11. The used contrast is indicated in the legend of the figures. The film
contrast measurement without polymer shows quite low intensity. We have no
explanation for this behavior.

To model the SANS data, we used a core-shell ellipsoid of revolution model (see
eq. 2.74). This was motivated by the spherical-like shapes of scattering curves.
Just to describe the scattering at low Q, we needed an ellipsoidal shape model.
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Table 6.2: Cylindrical droplet parameters. System is at low oil
content and at the high temperature. All units base on Å, which
means [S/V]=Å−1,[Rx]=Å and [L]=Å. S/V and RPorod obtained
from Porod law and RSANS by model fitting (see eq. 2.78). ε is
corrected for experimental resolution.

polymer φδ φoil S/V RPorod RSANS LSANS ε

no polymer 0 0.04 0.0019 42.6 34.3 1424 0.25
0.02 0.044 0.0018 49.3 45.8 713 0.21

PEP5PEO2 0.04 0.046 0.0022 41.7 43.1 1782 0.25
0.06 0.049 0.0014 67.6 51.4 764 0.20
0.02 0.040 0.0015 52.0 39.4 765 0.24

PEP5PEO5 0.04 0.040 0.0015 53.4 38.5 1525 0.29
0.06 0.041 0.0018 46.4 38.1 1056 0.25
0.02 0.045 0.0021 43.3 47.9 576 0.21

PEP15PEO5 0.04 0.050 0.0018 55.0 49.2 789 0.22
0.06 0.053 0.0022 49.6 48.4 2246 0.23
0.02 0.045 0.0021 42.7 48.4 485 0.25

PEP22PEO4 0.04 0.045 0.0015 61.7 48.2 384 0.28
0.06 0.049 0.0022 44.0 63.0 199 0.32

Table 6.3: Cylindrical droplet parameters. System is at maxi-
mum oil content. All units base on Å, which means [S/V]=Å−1,
[Rx]=Å and [L]=Å. S/V and RPorod obtained from Porod law,
Rgeom and RSANS by model fitting (see eq. 2.78). ε is corrected
for experimental resolution.

polymer φδ φoil S/V RPorod RSANS LSANS ε

no polymer 0 0.102 0.0026 80.8 83.5 1341 0.25
0.02 0.125 0.0023 107.7 84.9 2022 0.27

PEP5PEO2 0.04 0.129 0.0020 127.5 110.3 1732 0.25
0.06 0.149 0.0023 130.9 108.7 523 0.32

Polydispersity ε of ellipsoids was accounted for with the Schultz distribution
function (see eq. 2.80).

In table 6.4 the parameters obtained for the ellipsoidal sphere-like model are
represented. The radius of the droplets was obtained by three different methods:
1) From Porod law including constant thickness of the surfactant layer. Here we
assumed the droplet to have the shape of a sphere. 2)Calculating radius from the
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Figure 6.10: SANS curves for the microemulsions with high oil con-
tent. Fitting was performed with the cylindrical core-shell model. The
signs b/c and s/c indicate samples with bulk and shell contrast, cor-
respondingly. The error bars are typically of the symbol size

composition of the sample also assuming constant thickness of the surfactant layer
and spherical geometry of droplets. 3)From the model fitting of the scattering
data with the elliptical model. Also the polydispersity parameter ε for the radius
distribution, the axis ratio ε and the number of polymers per droplet Npol/Ndr

were included.

From the SANS radius and number of polymers per droplet Npol/Ndr we are able
to classify the grafting behavior of the polymer (see Fig. 2.5). Even the most
dense covered droplets still belong to the mushroom regime. So the influence of
the polymer addition on the bending rigidity should be described by the classical
theories in the mushroom regime [19] (see eq. 2.14, 2.15).

To compare these predictions, we can estimate the effect of polymer addition on
the bending modulus of membrane by using the theory for the droplet shape fluc-
tuations [23]. It gives the connection between the two experimentally observable
parameters polydispersity ε and ratio of ellipsoid axes ε with fluctuation modes
of the droplets (see eqs. 2.38, 2.40). That is on the other hand connected with
the bending modulus. The calculated fluctuation modes

〈

|u00|2
〉

and
〈

|u20|2
〉

are
shown in table 6.5. The general tendency, which is clearly extracted from the
experiment, is the fast decrease of the mode

〈

|u20|2
〉

(see eq. 2.44), which corre-
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Figure 6.11: SANS curves for the microemulsions with high oil con-
tent. Fitting was performed with the ellipsoid of revolution, core-shell
model. The signs b/c and s/c indicate samples with bulk and shell
contrast, correspondingly. The error bars are typically of the symbol
size
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Figure 6.12: Radius of the elliptical droplets and polydispersity ob-
tained from the fitting of SANS curves for the droplet microemul-
sion(see eq. 2.74) at high oil content. Errors of the polydispersity are
of the order of the symbols size in the plot.

sponds to the most probable peanut deformation of the droplets [23]. This causes
the stabilization of the droplet shape and indicates an increase of the bending
rigidity of the membrane. These two factors indicate increased emulsification
properties of the surfactant.

6.3 Discussion

We defined the maximum amount of oil, which is allowed for a certain amount
of surfactant/water, as a measure for the boosting effect. The dependence of
this number is given in figure 6.3 as a function of the diblock and the PEP
block content for several polymers. The left plot shows the dependence on the
whole additive amount, which is important for the final application. Both plots
characterize the PEP5 − PEO2 polymer as a bad efficiency booster.

We measured the droplet structure at three regions in the phase diagram (see
table 6.6). For low oil content and low temperature (region 1), we mainly ob-
serve spherical droplets. From the repulsive structure factor one observes that
the longer the water soluble PEO block is, the higher the repulsive interaction
is. Therefore, the outer block seems to have some influence on the effective po-
tential. All droplet radii are constant within experimental error. They agree
well between the different evaluation methods. Therefore, we claim that only the
surfactant determines the structure and size of the droplet in this region of the
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Table 6.4: Ellipsoid parameters. System is at maximum oil con-
tent. All units base on Å, which means [S/V]=Å−1 and [Rx]=Å.
S/V and RPorod obtained from Porod law, Rgeom from constraint
conditions, and RSANS by model fitting (see eq. 2.74). ε is cor-
rected for experimental resolution. ε is the axis ratio.

polymer φδ φo RPorod Rgeom RSANS ε ε Npol/Ndr

0.02 0.114 152 131 114 0.29 1.45 4.3
PEP5PEO5 0.04 0.149 195 172 118 0.43 0.98 9.9

0.06 0.18 226 212 190 0.31 1.05 27.2
0.02 0.122 214 140 143 0.24 1.86 2.7

PEP15PEO5 0.04 0.159 220 183 193 0.34 0.88 5.8
0.06 0.187 206 220 212 0.29 1.12 15.7
0.02 0.14 188 161 169 0.2 3.17 5.4

PEP22PEO4 0.04 0.173 196 202 246 0.25 1.25 7
0.06 0.215 252 259 256 0.27 1.09 16.2
0.02 0.041 99 56 62 0.35 1.57 0.2

PEP22PEO22 0.04 0.045 112 60 109 0.24 0.77 0.2
0.06 0.049 82 64 104 0.28 0.97 0.5
0.02 0.124 158 143 136 0.33 6.00 4.5

PEP22PEO22 0.04 0.163 208 183 151 0.34 1.16 3
0.06 0.213 271 256 302 0.22 1.09 8.9

phase diagram. The polydispersity ε goes down with increasing polymer con-
tent. This subtle change is connected with the bending rigidity, which suppresses
fluctuations of the mean droplet radius (

〈

|u00|2
〉

mode).

Nonetheless, we also found bidisperse structures in the region 1 for polymers
with longer oil soluble PEP blocks (compared to the PEO blocks), i.e. for the
PEP15 − PEO5, and the PEP22 − PEO4. We interpreted this occurrence with
neat droplets as we have seen before and larger polymer micelles with only small
amounts of surfactant (the film contrast shows mainly the small droplets). The
radius of the neat droplet agrees well with the other measurements of region
1. The radius of the polymer micelles (149Å) is rather small compared with
”pure” polymer micelles [51]. The small amounts of surfactant in the micelle
must have reduced the surface tension of PEP vs. water. For these polymers, the
embedding of the PEP block in the oil droplet must be unfavourable compared
with the micelles.

For low oil contents and high temperatures (region 2), we mainly observe cylin-
drical structures. The radii obtained by the SANS modelling do not agree as
well as before (spheres) with the Porod evaluation. The radii of the samples
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Table 6.5: Fluctuations modes

polymer φδ φo

〈

|u00|2
〉 〈

|u20|2
〉

0.02 0.114 0.94839 0.01133
PEP5PEO5 0.04 0.149 2.20144 0.00002

0.06 0.18 1.05207 0.00022
0.02 0.122 0.58833 0.02953

PEP15PEO5 0.04 0.159 1.64926 0.00123
0.06 0.187 0.93033 0.00104
0.02 0.14 0.39794 0.09856

PEP22PEO4 0.04 0.173 0.68507 0.00362
0.06 0.215 0.79159 0.00059
0.02 0.041 1.42574 0.01832

PEP22PEO22 0.04 0.045 0.61791 0.00414
0.06 0.049 0.85608 0.00005
0.02 0.124 1.21690 0.27026

PEP22PEO22 0.04 0.163 1.33046 0.00192
0.06 0.213 0.47560 0.00054

without polymer and with PEP5 − PEO5 correspond to the spherical droplets.
Here the surfactant dominates the cylindrical droplet size and shape. For the
polymers PEP5 − PEO5, PEP15 − PEO5, and PEP22 − PEO4, the radii are
slightly elevated. The polymer seems to demand more space here. But still the
shape of the droplets seems to be dominated by the surfactant. The cylinder
lengths L behave not very systematic. Only for the PEP22 − PEO4 polymer,
the length seems to decrease systematically with increasing polymer content. For
the PEP22 − PEO22, the shape is not cylindrical anymore. We had to use the
ellipsoidal model in this case.

For the maximum oil content (region 3), we observe either cylindrical or ellipsoidal
structures. For the samples without polymer and with PEP5−PEO2, we observe
cylinders with large radii. This feature seems to be connected with the weak
efficiency boosting of the PEP5 − PEO2 (see fig. 6.3). We want to stress, that
the length of the cylinder decreases with increasing polymer content, which seems
to be connected with the higher slope of the maximum oil content versus polymer
addition (see fig. 6.3). This seems to be an onset of polymer boosting which is
connected with the shortening of the cylinder. The same explanation might hold
for the samples with polymers PEP22 − PEO4 and PEP22 − PEO22 in region 2
of the phase diagram.

For the remaining polymers (PEP5 −PEO5, PEP15 − PEO5, PEP22 −PEO22,
and PEP22 − PEO4) we observe ellipsoidal shapes. All of these polymers are
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Table 6.6: Droplet structures

Polymer Region Structure

1 Sphere
No polymer 2 Cylinder

3 Cylinder (larger diameter)

1 Sphere
PEP5PEO2 2 Cylinder(shorter)

3 Cylinder (larger diameter)

1 Sphere (slightly repulsive)
PEP5PEO5 2 Cylinder(shorter)

3 Ellipsoid revolution

1 Bidisperse: Spheres+pol. Micelles
PEP15PEO5 2 Cylinder

3 Ellipsoid revolution

1 Sphere (repulsive)
PEP22PEO22 2 Ellipsoid revolution

3 Ellipsoid revolution

1 Bidisperse: Spheres+pol. Micelles
PEP22PEO4 2 Cylinder (shorter)

3 Ellipsoid revolution

responsible for a strong boosting effect. The radii of different model evaluations
partially deviate (but e.g. the assumption of a sphere for the Porod constant is
wrong). The axis ratio ε at the maximum polymer content is generally smaller
than ε at low polymer content. The idea of the shortening of the cylinder length
continues here: The stronger the polymer boosting, the shorter the long axis
(or the more spherical) the droplet is. This is also expressed by the amplitude
〈

|u20|2
〉

. Some problems arise when we try to obtain numerical values for the
bending rigidity and saddle splay modulus of elliptical droplets. The estimated
values come up with some tens of kBT . A possible explanation could be the
osmotic pressure of the encapsulated polymer. Another reason might be, that
we measure quite close to the emulsification boundary and not far away from the
upper phase boundary at high temperatures. The theory for fluctuating droplets
mainly applies to the case of low temperatures which is not true for the region
3. So despite this, the theory gives a qualitative insight in the process of droplet
shape formation.

Therefore, the structures (and partially sizes) at low oil contents are mainly
determined by the surfactant. At high oil contents the polymer boosting is con-
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nected with the droplet shape. The boosting polymer tends to drive the axis
ratio towards 1.

The dominance of the surfactant for the microemulsion structure partially applies
also in the bicontinuous case. The domain spacing (see figure 5.13) is determined
by the surfactant, mainly, whereas the correlation length is also influenced by the
bending rigidity and therefore by the polymer addition.

Table 6.7: Comparison of our measurements with literature [54]:
concentrations and temperatures for the droplet microemulsion
with addition of PEP5 − PEO5 diblock copolymer together with
the measured radius, polydispersity, and fluctuation modes de-
scribing size and shape fluctuations.

Low oil content, data from [54] Max oil content
low temperature

φγ 0.039 0.041 0.033
φδ 0.063 0.102 0.062
φO 0.041 0.058 0.180

T [◦C] 15.5 21.0 26.9

R[Å] 54 88 190
ε 0.12 0.18 0.31

〈

|u00|2
〉

0.18 0.41 1.05
〈

|u20|2
〉

– 0.038 0.00022

Now we want to compare our measurements with literature. In table 6.7 our val-
ues for averaged radiusR, polydispersity ε and shape fluctuations

〈

|u00|2
〉

,
〈

|u20|2
〉

are listed and compared with values obtained in [54] for PEP5 − PEO5 polymer
addition. The data are sorted by the amount of oil (φO), whereas the surfactant
amount (φγ) and polymer amount (φδ) are almost constant. With increasing
amount of oil, the selected temperature was minimal, medium and restricted by
the phase diagram. With the increasing oil amount the average radius and poly-
dispersity increase correspondingly. The growth of the fluctuation mode

〈

|u00|2
〉

describing droplet size fluctuations agrees nicely with the picture of size and shape
fluctuations with changing droplet size R (see eqs. 2.41, 2.42). The shape fluc-
tuations mode

〈

|u20|2
〉

depends in the opposite manner, which correctly agrees
with this picture. Only at the minimum oil concentration we did not find a cor-
responding value. In this work we focused on the minimum temperature, where
fluctuations are minimal. A corresponding medium temperature would allow for
larger shape fluctuations, but non-published measurements show: a competition
of the repulsive structure factor with shape fluctuations at small Q, and due to
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the selected bulk contrast strong smearing of the formfactor minimum, which
does not allow for a detailed analysis of shape fluctuations.
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Chapter 7

Summary and Conclusions

We investigated microemulsions consisting of water, oil, nonionic surfactant and
various polymers by two complementary methods: we studied the macroscopic
phase behavior, and the corresponding microscopic structure was obtained by
SANS measurements. The main aim of our work was to get a deeper insight in
effects caused by small additions of polymers to the microemulsions. After the
polymer boosting effect has been established - this is a strong enhancement of the
emulsification behavior by addition of amphiphilic diblock copolymer - the com-
plementary effect of homopolymers was under consideration now. Simultaneous
addition of homopolymers and diblock copolymer were investigated to check if
the two opposite effects are superposable and if one can get a constant efficiency
with changed viscosity. Then the boosting effect was transferred from the bicon-
tinuous to the droplet microemulsion. In this part of experiments, amphiphilic
diblock copolymers with different chain lengths and chain length ratios were used
in order to study the link between the strength of the boosting effect and diblock
copolymer structure.

First, we added homopolymers to the bicontinuous microemulsion, only. We
used equal amounts of water- and oil-soluble polymers with the same molecular
weight. The phase behavior in this case demonstrated a diminished efficiency of
the surfactant. The sensitivity of the phase diagram on the homopolymer addition
is connected with the saddle splay modulus and therefore can be compared with
theory. By SANS we measured the microscopic structure of the microemulsion.
Describing the scattering data with the Teubner-Strey formula we obtained the
structural parameters of the microemulsion: the characteristic domain size d and
the correlation length ξ. The Gaussian random field model allows to extract the
elastic modulus κ from the structural parameters. We observed the decrease of
the bending rigidity κ with increasing homopolymer content. The sensitivity of
the emulsification ability and of κ on the homopolymer content is about 7 times
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stronger than predicted by theory. This high sensitivity agrees with the phase
boundary measurements. In future it has to be discussed whether the confinement
of the polymer between the membranes is responsible for this high sensitivity.

Then we focused on the simultaneous addition of homopolymers and diblock
copolymer. The phase diagram indicates that the diblock copolymer increases
the efficiency while the homopolymer decreases it. The connection of the emul-
sification boundary with saddle splay modulus κ leads to the deduction that κ
increases by the homopolymer addition and decreases by the addition of diblock
copolymer. Again the SANS measurements allow for the determination the struc-
tural parameters d and ξ. The bending modulus κ is calculated. Addition of the
homopolymer decreases κ while the addition of diblock increases it. For this si-
multaneous addition of polymers, the sensitivity of κ and κ on the homopolymer
addition is the same as in the case of neat homopolymer addition. Also the effect
of diblock copolymer addition is in good agreement with results obtained in other
work [2]. This brought us to the conclusion that these both opposite effects act
independently in the studied range of polymer concentrations. So, this behavior
allows for the change of viscosity at constant surfactant efficiency.

The other part of our work is dedicated to the droplet phase microemulsion, to
which the boosting effect was to be transferred. The phase diagram shows us
that the one phase region of the droplet microemulsion is extended by the block
copolymer addition. As a characteristic number for the strength of boosting we
took the maximum oil content of the one phase system at fixed amount of surfac-
tant. In detail, we studied polymers with different chain length and chain length
ratios. Using SANS, we measured the structure of the droplet microemulsion at
three different points in the phase diagram in the one phase region. 1) Low oil
content and low temperature, 2) Low oil content and high temperature, 3)Max-
imum amount of oil. At region 1 mainly spherical droplets form. Only PEP22-
PEO4 and PEP15-PEO5 gave bidisperse spherical structures. At point 2 mainly
cylindrical structures were found except for PEP22-PEO22. At point 3 for the
samples without polymer and with PEP5-PEO2 cylindrical structures formed.
Longer polymers, which cause a stronger boosting effect, yield elliptical struc-
tures. Thus, a connection between microscopic structures and the macroscopic
boosting effect was found. With increased polymer content, the bending rigidity
of the surfactant layer is increased, which makes the droplet more spherical. This
allows us to conclude that the boosting effect was successfully transferred to the
droplet morphology.

For many regions in the phase diagram, if the system appears to be in the one
phase region, the surfactant dominates the structure. As it is for regions 1 and
2 of the droplet microemulsions and the domain spacing of the bicontinuous
phase. Only in region 3 of the droplet microemulsion a structural change was
observed with polymer addition. On the other hand the addition of the polymer
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clearly influences the membrane elastic properties over the whole phase diagram
(correlation length of the bicontinuous microemulsion, polydispersity of droplets
and shape fluctuations at point 3). These subtle changes of the polymer are
responsible for the macroscopic phase behavior and finally explain the polymer
boosting effect.
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Appendix

A: Tables of compositions

Table 7.1: List of used polymers and their parameters.

Polymer Mn (PEP) NPEP Mn (PEO) NPEO Mn (PEP-PEO)

[g/mol] [g/mol] [g/mol]

PEP5PEO2 4770 70 1200 27 5970
PEP5PEO5 4730 69 5750 131 10500
PEP15PEO5 14300 209 4650 106 18900
PEP22PEO4 23050 307 3220 73 26300
PEP22PEO22 23100 308 25800 588 49000

Table 7.2: List of used polymers and their parameters continued.

Polymer ρ(PEP-PEO) Ree (PEP) Ree (PEO)

[g/cm3] [Å] [Å]

PEP5PEO2 0.910 67.1 30.7
PEP5PEO5 1.003 66.9 77.1
PEP15PEO5 0.922 121.9 70.0
PEP22PEO4 0.960 158.9 54.5
PEP22PEO22 1.036 159.0 181.2
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Table 7.3: Scattering length densities of used materials.

scattering length
ρ M V density

[g/cm3] [g/mol] [cm3/mol] [cm−2]

D2O 1.105 20.02 18.12 6.356E+10
H2O 0.997 18.02 18.07 -5.582E+09

h-decane 0.726 142.28 195.96 -4.855E+09
d-decane 0.840 164.28 195.47 6.486E+10
h-C10E4 0.974 334.50 343.27 1.151E+09
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Table 7.4: Parameters of samples for SANS experiments on the
bicontinuous microemulsion with homopolymer addition only.

sample φp% φα φγ Ψ d ξ κ/(KBT )
0 0.5 0.132 0.125 311 132 0.361
0 0.5 0.14 0.134 287 131 0.389
0 0.5 0.146 0.139 270 130 0.411
0 0.5 0.153 0.147 251 125 0.424
0 0.5 0.159 0.153 241 123 0.434

w.p 0 0.5 0.167 0.161 230 119 0.441
0 0.5 0.174 0.168 219 114 0.441
0 0.5 0.181 0.175 207 112 0.461
0 0.5 0.187 0.181 198 107 0.459
0 0.5 0.194 0.188 189 100 0.451
0 0.5 0.201 0.195 181 86 0.403
0 0.5 0.208 0.202 180 80 0.38

0.27 0.5 0.146 0.14 276 124 0.382
0.27 0.5 0.153 0.147 262 122 0.396
0.27 0.5 0.16 0.153 246 118 0.408

first 0.27 0.5 0.168 0.161 234 115 0.418
portion 0.27 0.5 0.174 0.168 221 111 0.428

0.27 0.5 0.182 0.176 211 106 0.429
0.27 0.5 0.189 0.183 202 102 0.43
0.27 0.5 0.196 0.19 192 95 0.42
0.27 0.5 0.203 0.198 190 87 0.391
0.5 0.5 0.16 0.154 256 111 0.37
0.5 0.5 0.167 0.161 244 109 0.379

second 0.5 0.5 0.172 0.166 234 106 0.386
portion 0.5 0.5 0.179 0.173 224 102 0.388

0.5 0.5 0.186 0.18 212 98 0.394
0.5 0.5 0.193 0.187 205 93 0.388
0.5 0.5 0.199 0.193 203 88 0.369
0.78 0.5 0.184 0.178 220 90 0.347

third 0.78 0.5 0.187 0.181 214 88 0.35
portion 0.78 0.5 0.184 0.178 219 89 0.347

0.78 0.5 0.188 0.182 219 87 0.337
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Table 7.5: Parameters of samples for SANS experiments on the
bicontinuous microemulsion with simultaneous homopolymer and
diblock copolymer addition.

sampl φδ% φp% φα φγ Ψ d ξ κ/(KBT )
3.87 0.5 0.5 0.104 0.097 386 168 0.369
3.87 0.5 0.5 0.112 0.105 357 172 0.409
3.87 0.5 0.5 0.119 0.113 332 174 0.446
3.87 0.5 0.5 0.127 0.121 309 174 0.48

sample1 3.87 0.5 0.5 0.135 0.129 289 173 0.51
3.87 0.5 0.5 0.142 0.135 276 172 0.529
3.87 0.5 0.5 0.148 0.142 263 160 0.516
3.87 0.5 0.5 0.164 0.157 235 149 0.539
3.87 0.5 0.5 0.178 0.171 213 125 0.498
3.87 0.5 0.5 0.191 0.185 196 117 0.505
7.72 0.5 0.5 0.07 0.063 616 268 0.37
7.72 0.5 0.5 0.078 0.071 534 246 0.392
7.72 0.5 0.5 0.085 0.078 467 238 0.434
7.72 0.5 0.5 0.094 0.087 426 243 0.485

sample2 7.72 0.5 0.5 0.108 0.102 363 232 0.545
7.72 0.5 0.5 0.123 0.116 311 217 0.594
7.72 0.5 0.5 0.137 0.130 278 218 0.669
7.72 0.5 0.5 0.151 0.144 249 210 0.717
7.72 0.5 0.5 0.165 0.159 232 201 0.738
7.72 0.5 0.5 0.179 0.173 211 157 0.634
3.83 0.99 0.5 0.117 0.111 337 156 0.392
3.83 0.99 0.5 0.125 0.118 315 158 0.426
3.83 0.99 0.5 0.133 0.127 295 156 0.45

sample3 3.83 0.99 0.5 0.141 0.135 274 155 0.48
3.83 0.99 0.5 0.157 0.150 250 150 0.512
3.83 0.99 0.5 0.172 0.166 229 133 0.493
3.83 0.99 0.5 0.187 0.181 228 138 0.514
7.72 0.99 0.5 0.082 0.075 499 235 0.4
7.72 0.99 0.5 0.090 0.083 453 229 0.43
7.72 0.99 0.5 0.098 0.091 411 223 0.461
7.72 0.99 0.5 0.107 0.100 372 206 0.471

sample4 7.72 0.99 0.5 0.122 0.115 322 207 0.546
7.72 0.99 0.5 0.136 0.130 283 196 0.588
7.72 0.99 0.5 0.150 0.143 257 200 0.66
7.72 0.99 0.5 0.163 0.156 238 183 0.652
7.72 0.99 0.5 0.177 0.170 225 174 0.657
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B: The effect of diblock copolymer addition

Here we consider the calculation of the influence of the anchored diblock copoly-
mer on the bending moduli of the membrane. That observation concerns to the
case of an ideal polymer (the number of segments and its length are N and l,
respectively). We assumed a hard wall interaction between the polymer and
membrane (except for the anchoring point). The polymer is in the mushroom
regime (i.e. it is not influenced by neighboring polymers).

For calculating elastic constants the expansion in the curvatures of the excess
free energy of the system was used. So, the excess free energy for the polymer
anchored to the curved surface is

∆F = F(H,K) − F(0, 0)

where F(0, 0) is the free energy of the polymer anchored to the flat surface. This
expression is expanded in powers of dimensionless variables HR and KR2 up
to the second order [55]. Where R is end to end distance of the polymer chain
(R = lNν). H and K are mean and Gaussian curvatures.

∆F(H,K) = a1HR+ a2(HR)2 + a3KR
2 + ... (7.1)

coefficients a1,a2 and a3 of the expansion are calculated by comparing this ex-
pansion for cylindrical and spherical geometries where H = c/2, K = 0 and
H = c,K = c2, respectively. For the solution of this expansion the restricted
partition function ZN(~ran, ~r) of the polymer was constructed on the lattice with q
nearest neighbors. This function is the number of chain configurations starting at
point ~ran and ending at point ~r. The reduced weight GN (~ran, ~r) = ZN(~ran, ~r)/q

N

of the ideal polymer chain in the absence of the external potential obeys the
diffusion equation

(

∂

∂N
−D∆~r

)

GN(~ran, ~r) = 0 (7.2)

with initial condition
GN=0(~ran, ~r) = δ(~ran − ~r)

and D = l2/q [56]. The total partition function calculated by integration of
ZN(~ran, ~r) over all positions of the free end of the polymer.

Z = qN

∫

d~rGN (~ran, ~r) (7.3)
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The excess entropy is given by ∆F = ln(Z/Zfs) where Zfs is the partition
function for the flat surface. In the following the solutions of the problem will be
compared for the three cases: a flat surface, a spherical surface and a cylindrical
surface. And the form of general expansion (eq. 7.1) will be obtained.

1. The solution of equation 7.2 for the plain x = 0 with a polymer anchored at
~ran = (lan, 0, 0) is [57]

Gt(~ran, ~r) = (4πt)−3/2
[

e−[(x−lan)2+y2+z2]/4t − e−[(x+lan)2+y2+z2]/4t
]

(7.4)

with t ≡ DN and R = lN1/2 =
√
qt and putting in 7.3

Zhs = qNerf [
√
qlan/(2R)] = qN

√
qlan√
πR

+ qNO((lan/R)3) (7.5)

2. For a polymer anchored at distance lan outside a sphere of radiusRs in spherical
coordinates with (ran = Rs + Lan, θan = 0, φ = 0), equation 7.2 is solved by

Gt(~ran, ~r) =
∞
∑

n=0

Gt,n(ran, r)Pn(cos(θ)) (7.6)

where Pn(x) are Legendre polynomials. The contribution for the n = 0 case is
given by [57]

Gt,0 =
1

4πran

√
πt
e−((r−Rs)2+l2an)/4t sinh((r − Rs)lan/2t) (7.7)

Integrating over the free end of the chain gives:

Zsp = qN4π

∞
∫

Rs

drr2Gt,0(ran, r) =
lan/Rs + erf[lan/(2

√
t)]

1 + lan/Rs

(7.8)

Where erf(x) is the error function. The ratio of the partition functions for the
sphere and half space is:

Zsp/Zhs =
1 + lan/(Rserf[

√
qlan/(2R)]

1 + lan/Rs
(7.9)
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For the limit lan/Rs � 1, this leads to:

Zsp/Zhs ≈ 1 +
√

π/qR/Rs (7.10)

And excess entropy up to the second order in the mean curvature reads:

∆Fsp/T =
√

π/qRH − (π/2q)(RK)2 +O((RH)3) (7.11)

For the polymer anchored inside a sphere the result is equivalent [19]. T measures
the temperature in energy units.

3. Similar calculations were done for the cylindrical geometry. For the polymer
anchored outside an infinitely long cylinder of radius Rc, it was obtained [19]:

Zcyl/Zhs = 1 +

√
π√
q
RH − 1

q
(RH)2 +O((RH)3) (7.12)

Excess entropy for the polymer anchored outside the cylinder is

∆Fcyl/T =
√

π/qRH − (π/2q + 1/q)(RH)2 +O((RH)3) (7.13)

So finally combining results for spherical equation 7.11 and cylindrical geometry
equation 7.13 the coefficients of equation 7.1 are a1 =

√

π/q, a2 = −(1/q+π/2q),
a3 = 1/q. The excess free energy of an ideal polymer anchored to a curved surface
relative to a flat surface is

∆Fpo/T = −
√

π/qRH + (π/2q + 1/q)(RH)2 − 1/q(KR2) +O((R/Rs)
3) (7.14)

The gain of the free energy of the polymer is balanced by the bending energy of
the membrane.

∆Eme = 2cAκ(RH)2 + cAκGKR
2 (7.15)

The constant cA is connected with the area affected by the presence of the polymer
A (A = cAR

2 and cA of order one). The excess free energy is given finally by the
sum ∆F = ∆Fpo+∆Eme, and after substitution the full expressions are obtained:

∆F/T = −a1RH + 2cA(κ/T 2 − a2/(2cA))(RH)2 + cA(κG/T
2 − a3/cA)(KR2)

(7.16)
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Finally, the addition of the polymers change the elastic constants to

κeff = κ+ T
1 + π/2

2cAq
≈ κ+ 0.21T (7.17)

κeff = κ− T
1

cAq
≈ κ− 0.17T (7.18)

Numerical values corresponds to the simple cubic lattice q=2d=6 and cA = 1.
Such values were used to obtain the expressions 2.14, 2.15, which perfectly de-
scribe the experimental case [2] and our results..
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Dissertation: seit dem November 2000 am Institut für Festkörperforschung,
Forschungszentrum Jülich;
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