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Summary

The main result of the present work is that a compact Alexandrov space of nonnegative
curvature whose boundary consists of several strata such that the intersection of all strata
is empty splits as a metric product.

More precisely, let M be an n-dimensional (2 < n < oo) compact Alexandrov space
with nonempty boundary OM. The boundary decomposes in a unique way into its prim-
itive components, i.e. OM = |J; P; with dim P, = n — 1. We define boundary strata as
unions of the components F;. For a stratification of OM we always choose the boundary
strata such that no set P; is contained in distinct strata. Thus, a decomposition of OM
into strata is in general possible in several ways.

We obtain and will prove the following splitting result.

Theorem. Let M possess boundary strata Fy, ..., Fyy1 with k > 1 such that FiN...N
Fyo1 = 0, but all intersections of k strata are nonempty. (In other words, k is assumed
minimal with the property Fy N...N Fyy 1 =0.) Then M is isometric to a product S x D
of nonnegatively curved Alerandrov spaces, where dimS = n — k,dimD = k and S is
isometric to each intersection of k boundary strata.

The main part is to prove this metric splitting under the assumption that there are
no additional boundary strata, i.e. OM = Fy U... U Fiy1. In this case, S turns out to
be empty. We will formulate these statements as our Splitting Theorem 3.1 on page 39.
Afterwards, this version of the Theorem extends easily to the general case formulated as
Theorem 4.3 on page 62. There we will allow additional boundary strata. If there are
some, they induce a stratification of 0.S.

The present work is set up like follows.

In the Introduction a short survey on known splitting theorems and other results in this
context will be given; not only for Alexandrov spaces, but also for Riemannian manifolds
with nonnegative curvature.



ii Summary

In Chapter 1 we collect basic facts about Alexandrov spaces and fix prerequisites and
notation. This chapter contains no new results or proofs and can be skipped if Alexandrov
geometry is known.

Chapter 2 provides tools required later. Not all results are new, but proofs are always
included. The first sections begin with known results adapted to our needs. The sub-
sequent sections contain results more and more specialized to the setup of our Splitting
Theorem, but still may be of some independent interest.

In Chapter 3 the proof of the Splitting Theorem is carried out. We first give its
statement and an outline on the proof. Afterwards, the proof is given in several steps,
organized as theorems and propositions of their own. First, a fibration of M into subsets,
called souls, is proved. The name is inspired by the fact that M can be retracted onto
these souls. Thus, they turn out to be isometric. Finally, it is established that they are
equidistant. Therefore, the product structure of M follows, and the S-factor is nothing
but such a soul.

In the short Chapter 4 we give some corollaries and easy consequences of the Splitting
Theorem. In particular, the following fact (which is probably well-known but nowhere
written up) is (re)proved: A compact n-dimensional Alexandrov space has at most 2n
boundary strata, and equality holds only for an Euclidean cuboid.
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Introduction

Metric splittings

Among splitting theorems for Riemannian manifolds with lower curvature bounds, there is
the classical result by V.A. Toponogov in [Top 64]. It states that a complete Riemannian
manifold M™ with nonnegative curvature which contains a straight line (i.e. a geodesic
which is isometric to R) is isometric to M™~! x R, where M"~! is again of nonnegative
curvature. Here and throughout this work, we always mean sectional curvature; other
kinds of curvature will be explicitly named. It turned out that the splitting property
is induced by pure metric properties of M™. In fact, if M™ is an Alexandrov space of
nonnegative curvature, A.D. Milka proved in [Mil 67] that Toponogov’s Splitting Theorem
carries over. A proof in English can be found in [BBI01, Section 10.5]. Loosely speaking,
an Alexandrov space of nonnegative curvature is an inner metric space where Toponogov’s
Comparison Theorem is assumed to hold; we also assume completeness. More information
about Alexandrov spaces will be given in Chapter 1, together with references.

In order to generalize Toponogov’s Splitting Theorem, J. Cheeger and D. Gromoll
proved in [CG 71] that in the case of Riemannian manifolds, nonnegative Ricci curvature
is sufficient. For Alexandrov spaces, Y. Mashiko obtained in [Mas02] a condition which
is equivalent to the property that M™ splits into M™ ! x R, where M™ and M"™~! have
the same lower curvature bound x < 0. Namely, M™ splits as stated if and only if there
is a nonconstant affine function ¢: M™ — R which is twice differentiable in a certain
sense. This result in turn was generalized by S.B. Alexander and R.L. Bishop in [AB05].
They proved—among other things—that if an Alexandrov space M™ with lower curvature
bound k admits a nonconstant K-affine function ¢ with x < K, then M™ splits as a
cone over an Alexandrov space. Here, a cone is some warped product of the space with
an interval I. The warping function g: I — Ry has to satisfy the differential equation
g" + Kg = 0. Moreover, ¢ restricted to any geodesic has to satisfy the same differential
equation to be called K-affine. This is the condition if M"™ has no boundary; otherwise
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the property has to hold on the doubling M™. We do not go into further detail here, but
one sees that if K =0 and g is constant, then Mashiko’s result is recovered. For all other
cases, Alexander and Bishop give detailed information as well.

In all results mentioned above, the spaces were always assumed to have finite dimen-
sion, indicated by the notation M™. A finite dimensional Alexandrov space is locally
compact (see Chapter 1) and, as a matter of fact, Milka’s Splitting Theorem was formu-
lated for locally compact Alexandrov spaces and needs no dimension assumptions. The
question if the Theorem also holds for Alexandrov spaces which are not locally compact
(and hence necessarily infinite dimensional), was answered affirmative by A. Mitsuishi
in [Mit 10].

Still, all stated splitting theorems have in common that the space splits off some flat
factor. The Theorem by Alexander and Bishop plays a special role, since warped products
are involved. However, if we restrict to the cases of Euclidean products, also their result
falls in the category of splitting theorems providing flat factors. Indeed, there are very few
splitting theorems with non-flat factors—at least for spaces with lower curvature bounds.
Gromoll and K. Tapp investigated in [GT 03] complete metrics of nonnegative curvature
on a Riemannian manifold M? x R?. A consequence of their results can be formulated
according to Theorem 3.10 of the survey paper [Wil 07a] like follows: If $2 x R? carries
a metric of nonnegative curvature which is not invariant under any effective action of a
2-torus, then it is a product metric (up to some diffeomorphism). Splitting results around
the Soul Theorem by Cheeger and Gromoll are dealt with in the subsequent section.

For completeness, we mention here briefly that the situation is essentially different for
spaces with upper curvature bounds. In fact, H.B. Lawson and S.T. Yau proved in [LY 72]
for compact real analytic manifolds of nonpositive curvature that they split accordingly
to their fundamental groups, provided the latter have no center. Independently, Gromoll
and J.A. Wolf obtained in [GW 71] a similar result. Namely, if M is a manifold of non-
positive curvature and I' is a group of homeomorphisms acting properly discontinuously
by isometries on M and if '\M is compact, then a splitting of I' induces some splitting
of M. If, in addition, I" has no center, the splitting carries over to the quotients. There are
generalizations to Alexandrov spaces or, more precisely, to CAT(0) spaces. We also note
that the results by Alexander and Bishop from above hold for both classes of Alexandrov
spaces, those with lower and those with upper curvature bounds.

The Soul Theorem

A source of theorems about nonnegatively curved manifolds splitting metrically is the
Soul Theorem by Cheeger and Gromoll. They proved in [CG 72] the following fact: If
M is a complete open manifold of nonnegative curvature, then there is a compact totally
geodesic subset S—called soul—of lower dimension and without boundary, such that M
is diffeomorphic to the normal bundle of S. The natural question arises, under which
circumstances a metric splitting is induced. G. Walschap obtained in [Wal 88] that this
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is the case if S is simply connected and of codimension 2 and its normal bundle is flat.
Then M = S x R?, where R? carries a metric of nonnegative curvature. Moreover, by
independent results of M. Strake in [Str88] and J.-W. Yim in [Yim 90], a metric splitting
M = S x R"* with dim S = k also occurs if the normal bundle of S has trivial holonomy
group (without further assumptions on S).

In the proofs of these splitting results, the Sharafutdinov retraction plays an important
role. In [Sha79] V.A. Sharafutdinov constructed a 1-Lipschitz retraction map from M onto
any soul S. In fact, S is not uniquely determined, and he also proved that given two souls
S,S8" C M, there is a diffeomorphism M — M mapping S isometrically onto S’. As part of
the solution of the Soul Conjecture (i.e. S is a point and hence, M is diffeomorphic to R",
if M has at least one point of positive curvature), G. Perelman proved in [Per 94a] that the
Sharafutdinov retraction coincides with the metric projection 7: M — S. Moreover, it is
a Riemannian submersion of class C'!. The latter result was improved to C? by L. Guijarro
in [Gui00] and finally to C* by B. Wilking in [Wil07b]. In particular, 7 is a submetry,
i.e. 7(B.(p)) = B.(w(p)) Vp € M, r > 0. This property is again purely metric and one
can ask, which facts around the Soul Theorem do carry over to Alexandrov spaces.

In his unpublished preprint [Per 91] Perelman constructed a Sharafutdinov retraction
for Alexandrov spaces. Since the basic results are very important for the present work, we
give some more detailed information here.

Let M be an n-dimensional Alexandrov space of nonnegative curvature with boundary.
For the beginning, we assume that M is compact. Perelman showed that the distance
function dgps is concave, i.e. its restriction to each shortest path is concave. This implies
that the set A C M where dyps attains its maximum is convex, hence an Alexandrov space.
Clearly, dim A < n. If A # (), we iterate the procedure up to some convex subset without
boundary. This subset then is a soul of M. A retraction map M — A was constructed
directly by Perelman in [Per 91], but it is given more easily in terms of the later developed
gradient flow. Loosely speaking, the gradient of some function f: M — R at some p € M
points in the direction where f increases most. This gives rise to gradient curves and a
gradient flow; details will be given in Section 1.5. Thus, the gradient flow of dgas retracts
M onto A, and so on. For non-compact Alexandrov spaces one may use combinations of
Busemann functions instead of dgps in the first iteration step.

If M has positive curvature, dgys is strictly concave and hence, the soul is a point.
However, it is not known yet, if positive curvature locally at at least one point is also suf-
ficient. In other words, the Soul Conjecture is still open for Alexandrov spaces. Likewise,
the Sharafutdinov retraction is not known to be a submetry.

The present work deals with cases where M is compact and more assumptions on the
boundary OM are involved. Then a similar soul construction as above will give souls of
a priori known dimension. Moreover, M will be fibrated into isometric souls, and (kind
of) Sharafutdinov retraction maps will turn out to be submetries. This fact is crucial for
the further result that the space in fact splits metrically into soul and another factor.

An exact formulation of our Splitting Theorem needs the term of extremal subsets
introduced in the subsequent section.
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Extremal subsets and boundary strata

A subset £ C M of an Alexandrov space with lower curvature bound is extremal if it is
invariant under the gradient flow of any function df, with p € M. The term was introduced
by Perelman and A. Petrunin, see Section 1.6 for details. A single point p € M forms
an extremal set if and only if there is no hinge xpy (i.e. xp and py are shortest paths)
such that £xpy > 5. Equivalently, {p} is extremal if and only if the space of directions
¥, has diameter at most 5. The boundary OM is an extremal set of locally constant
codimension 1 and, vice versa, each extremal set of locally constant codimension 1 is part
of OM . If an extremal set E contains no proper extremal set of the same dimension, then
FE is called primitive. Let M be compact; then the number of primitive extremal sets is
finite. Hence, OM can be uniquely written as the finite union of all primitive extremal sets
of codimension 1. For our purpose, however, the subdivision into primitive components is
too restrictive.

We define a boundary stratum to be some union of primitive extremal subsets of codi-
mension 1 and make our choices always in a way ensuring that two distinct boundary
strata have no primitive component of full dimension in common. Let M be of nonneg-
ative curvature (and still compact). A key point is now the observation that for any
boundary stratum F' the distance function dg is concave. In particular, the case F' = OM
from above is included. If we assume that OM consists of several strata, we may get
more structure information about M. Indeed, the soul construction from above can be
performed for each function dr, where F' is some boundary stratum. Moreover, this con-
struction can be done not only inside M, but inside any superlevel set d ([s,a]), where
F' is another boundary stratum, ¢ = maxdp and s < a. Sharafutdinov retraction maps
are obtained by the gradient flow of any function dg. Thus, souls may be pushed around
in M. In the setting of our Splitting Theorem (see below), this will imply that all souls
are isometric and the Sharafutdinov retractions are submetries.

If M has positive curvature, the following results are due to Wilking in [Wil06]. His
Theorem 7 is formulated for orbits of Lie groups acting almost effectively on Riemannian
manifolds. However, the orbit space is assumed to have positive curvature in the Alexan-
drov sense. The proof also uses Alexandrov techniques and essentially carries over. For
these reasons, we may formulate the results here as follows.

A positively curved Alexandrov space M of dimension n has at most n + 1 boundary
strata. If equality holds, M is homeomorphic (also as a stratified space) to an n-simplex.
If there are k+ 1 < n+ 1 boundary strata, M is homeomorphic to the join of a k-simplex
and the intersection of all boundary strata.

We briefly sketch concepts of a proof here. Let Fi,...,F;y1 denote the boundary
strata. Now, since M has positive curvature, all functions dp, are strictly concave. There-
fore, the set A; := {p € M | dF,(p) is maximal} is just a point p; and all gradient curves of
dF; , j # i end there. It follows that p; € ﬂjﬁ F;. Consider py11. By Perelman’s Stability
Theorem and averaging the function dp,, inside some small ball around py,1, one con-
cludes that the tangent cone T, ., is homeomorphic to M \ Fj 1. Thus, M ~ K(X,, ),

k+1
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and since pgy1 € F1N...N Fy, the space 3, satisfies the same assumptions as M. Now
induction over the dimension proves the homeomorphism statements. The homeomor-
phisms respect the stratified structures, if the argument is refined using V. Kapovitch’s

relative version of the Stability Theorem.

The initial point for the present work was the question, if the homeomorphism state-
ments carry over to nonnegative curvature. This clearly cannot be true, because if D is
a (Euclidean) simplex with faces F1,..., Fi11 and S is any nonnegatively curved Alexan-
drov space, then the product M := S x D has boundary strata S x F;,i=1,...,k+1
(and possibly other). In particular, the intersection of all strata S x F; is empty, although
k < dim M.

This has led to the conjecture that such products are the only counterexamples.

Conjecture (solved by our Splitting Theorem). Let M have nonnegative curvature and
let F1, ..., Fyy1 be boundary strata such that k is minimal with the property that F1N...N
Fy 1 = 0. Is it true that M is a product S X D, where dimD =k, dimS =n —k and S
s isometric to each intersection of k boundary strata F;?

The affirmative answer to this question is the Splitting Theorem 3.1 on page 39. Chap-
ter 3 is devoted to its proof, while Chapter 4 provides some further results as easy con-
sequences. In particular, it turns out that the factor D has boundary strata D N F;, and
if M possesses further boundary strata apart from Fi,..., Fx11, they induce boundary
strata of S. Otherwise, S has no boundary. In Chapter 2 we provide tools being used
in Chapter 3. Most of them hold in more general context and may be of independent
interest. For instance, the fact that the intersection of k boundary strata has (locally
constant) codimension k will be given there.

The easy case k = 1 (i.e. M has two boundary strata which do not intersect) can
be proved more directly and without the machinery we will develop in Chapter 2. In
fact, this case is so immediate that it is accepted as true, probably without being written
up anywhere. In this case, the two boundary strata have to be primitive already. If
they in turn have non-intersecting boundary strata, the Splitting Theorem can be used
iteratively. We obtain that the number of boundary strata is bounded by 2n, where
n = dim M. Equality holds if and only if M is a Euclidean cuboid. This result will be
given in Theorem 4.5 on page 63.

In general, it is still a difficult open problem to give bounds for the number of (primi-
tive) extremal sets and discuss rigidity. As mentioned above, the number is finite (recall
that M is compact). It is conjectured that one can find an a priori upper bound only
depending on n = dim M. This problem is related to M. Gromov’s estimate for the sum
of Betti numbers of nonnegatively curved Riemannian manifolds, see [Gro81]. In the lat-
ter case, the remaining conjecture is that a sharp bound is given by 2", attained by the
torus. For Alexandrov spaces, the conjectured sharp bound for the number of primitive
extremal sets is 3", attained by the cuboid. Besides the results given above for extremal
sets of codimension 1, investigations have been made for 0-dimensional extremal sets, in
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other words, for extremal points. It can be shown in a rather elementary way, that there
are at most 2" such points. More complicated is a classification of all spaces attaining
this maximal number. Recently, N. Lebedeva obtained solutions to this problem, but they
have not yet been published. An overview will also be given in an upcoming book on
Alexandrov geometry by Alexander, Kapovitch and Petrunin.



CHAPTER 1

Basics about Alexandrov spaces

1.1 Motivation

The classical Comparison Theorem by Toponogov states basically the following (see e.g.
[GKM 68] or [CE 75]): Given a Riemannian manifold M"™ with sectional curvature > k and
a triangle Apipap3 in M™ whose sides p;p; are shortest geodesics, then the corresponding
triangle Ap1pops with |p;p;| = |pip;| in the simply connected 2-dimensional space form of
curvature « is not “thicker”. The latter can be expressed mathematically in different ways,
for instance in terms of the corresponding angles (taking the form £p;p;pr < Lpip;py) or
purely in terms of distances: For each ¢ € p;p; and the corresponding ¢ € p;p; with
|gpi| = |qpi| the inequality |gpx| < |gpk| holds. This enables us to take Toponogov’s
Theorem as a definition for spaces to have lower curvature bounds, and this definition is
possible for the class of length spaces, not only for Riemannian manifolds. Furthermore,
spaces with upper curvature bounds can be defined in the analogous way by reversing the
inequalities in the angle and distance condition, respectively.

A comprehensive theory of spaces with lower curvature bounds and basic results were
obtained by Y. Burago, Gromov and Perelman in [BGP 92]. Another approach (there ex-
ists some overlap, though) was given by C. Plaut in [Pla91] based on concepts by A. Wald
and V.N. Berestovskii. Plaut gives a detailed survey in [Pla02], where later develops are
also included, in particular the structure results by Perelman and Petrunin. An extensive
introduction to the class of length spaces in general and spaces with curvature bounds in
particular is given in the book [BBIO1] by D. Burago, Y. Burago and S. Ivanov. Since
their basic setup as well as geometric tools and techniques trace back to A.D. Alexan-
drov, length spaces with curvature bounds are called Alexandrov spaces. In general the
term may refer to both classes of spaces, those with lower and those with upper curvature
bounds.

Throughout this work we consider always Alexandrov spaces with lower curvature

7
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bounds. In the next sections we collect basic results on such spaces without proofs. This
survey is neither in chronological order nor in order of implication (and far from being
complete), but it collects the results and tools needed later sorted by issues.

1.2 Geometric properties

First we introduce some notation in comparison geometry.

1.1 Definition. Let (X, d) be a length space!. For n € N, k € R we denote by S the
n-dimensional simply connected space form of curvature x. Let a,b,c € X be pairwise
distinct such that there are shortest paths ab, ac, be.

For the triangle Aabe we define the comparison triangle Aabe as the triangle Aabé in S2
(provided it exists and is unique up to isometry) such that corresponding sides have equal
lengths.

For the angle £Labc (again, provided it exists) we define the comparison angle 4 .abe as
the corresponding angle £abc in the comparison triangle.

Now a curvature bound can be defined as follows.

1.2 Definition. A length space X has lower curvature bound « if each point p € X has
a neighborhood U such that for each triangle Aabc in U the comparison triangle A.abe
satisfies the following distance condition:

|a7| < |ar| for each r € be and the corresponding point 7 € be (i.e. |bF| = |br]).

As mentioned before, there are equivalent definitions, e. g. via angle comparison. Note
that for general length spaces angles do not always exist (an angle can be defined in terms
of lengths using the law of cosine and taking some limit), but in a space with curvature
bound it turns out that angles always exist. All equivalent definitions and proofs can be
found in [BGP 92] or in [BBI01], for instance.

An immediate and important observation is that in spaces with lower curvature bounds
shortest paths do not branch. Another implication is that angles are lower semi-continuous,
i. e. for uniformly converging shortest paths a;b; — ab and b;c; — bc we have that Labc <
liminf La;b;c;.

1—00

The comparison conditions are always local, so the question is, if, provided they hold
locally, they also hold “in the large”, i. e. for each triangle. This is true for complete spaces
with lower curvature bounds and is known as the Globalization Theorem. (The analog
theorem for upper curvature bounds needs more assumptions.) In the 2-dimensional case
it was proved by A.D. Alexandrov, in the case of Riemannian manifolds by Toponogov
and in the general case by Perelman (compare [BBI01, Section 10.3]). Mostly, it is known
as the Toponogov Comparison Theorem, and also throughout this work we will refer to
this name whenever some of the equivalent comparison conditions is used.

'a space with (strictly) intrinsic metric, i.e. between any two points exist paths whose lengths approx-
imate (assume) the distance between the points.
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1.3 Theorem (Toponogov’s Comparison Theorem). If X is a complete length space with
lower curvature bound k then X has curvature > k also in the large.

Here we will always consider complete length spaces with lower curvature bounds. In
most cases we assume some more additional things.

1.4 Definition. The term Alexandrov space will always refer to a complete length space
with lower curvature bound. For n € IN and x € R we denote by ALEX" (k) the class of
Alexandrov spaces with the following properties:

(i) The Hausdorff dimension is n, in particular finite;
(ii) the lower curvature bound is .
In addition, each space is
(iii) path-connected (except for n = 0);

(iv) strictly intrinsic (i.e. any two distinct points are connected by some shortest path
whose length coincides with the distance of the points);

(v) locally compact;
(vi) second countable (equivalent to separable).
For n =1, k > 0 we assume in addition that the diameter does not exceed %

Note that these properties are not at all independent, e.g. the local compactness is
implied by the finite dimension. If, in turn, the Hausdorff dimension is assumed to be finite,
it is an integer. In fact, the purely geometric definition of Alexandrov spaces implies many
nice results on the local structure as we will see later.

For Alexandrov spaces of nonnegative curvature there is an extension of the distance
comparison theorem due to U. Lang and V. Schroder. Here we only state a very special
case of their theorem [LS 97, Theorem A] providing a powerful comparison tool.

1.5 Theorem. Forn,m € N let M € ALEX"(0) and let f: S — R™ be a I-Lipschitz map
from some arbitrary subset S C M. Then there exists a 1-Lipschitz extension f: M — R™

of f.

One sees immediately that this Theorem implies the distance comparison statement
for spaces with nonnegative curvature.

As a last remark in this section we point out that the Gromov-Hausdorff limit of
converging Alexandrov spaces with curvature > & is again an Alexandrov space with
curvature > k, since the completeness carries over as well as the comparison conditions.



10 Chapter 1. Basics about Alexandrov spaces

1.3 Local properties

A Riemannian manifold M™ possesses at each point p € M™ a tangent space T,M" as a
local n-dimensional linear approximation to M™. In particular, the set of unit vectors in
T,M" forms a space of directions such that two differentiable curves starting at p have
the same direction if and only if they enclose an angle of value zero. Moreover, there is a
geodesic starting at p in each arbitrarily given direction.

Since in an Alexandrov space M angles enclosed by shortest paths always exist, one
can define that two shortest paths starting at p € M have the same direction if and only
if they enclose a zero angle. This naturally defines a metric space, which is in general
not complete. The completion is called the space of directions ¥, at p. By taking the
completion, directions not coming from shortest paths are created, so the statement from
above about geodesics in Riemannian manifolds does not carry over to Alexandrov spaces.
Nevertheless, if £ € ¥, is a direction not coming from any shortest path, there is a
sequence & — & such that each &; comes from some shortest path. This is sufficient for
many applications.

However, many other results can be obtained only if there is at least some replacement
for geodesics in all directions, for instance to define an exponential map. This can be
achieved by gradient curves or by so-called quasigeodesics. The latter were introduced (in
their generalized form) by Perelman and Petrunin in [PP 95] and studied with numerous
applications by Petrunin, see e.g. [Pet 97]. A detailed proof of existence can be found in
[Pet 07]. Quasigeodesics exist in finite-dimensional Alexandrov spaces for arbitrary initial
data and have comparison properties almost like shortest paths.

Another approach to examine a metric space M locally at p € M is to take the so-
called Gromov-Hausdorff tangent cone, i.e. to rescale the metric centered at p and to
consider the pointed Gromov-Hausdorff limit, provided it exists. This procedure can be
understood as zooming into the space with center p. If M € ALEX"(k), all rescaled spaces
are Alexandrov spaces with curvature bounds tending to zero. Therefore, the pointed
limit is an Alexandrov space with nonnegative curvature. On the other hand, we have
the space of directions ¥, and can take the metric cone K (X,) over it. Then these two
cones coincide, which gives in turn that X, € ALEXn_l(l). More precisely, we have the
following (see [BGP 92, §7] or [BBIO01, Section 10.9]) statement.

1.6 Theorem. Let M € ALEX"(k). Then X, is compact for all p € M and 3, €
ALEX""1(1). Ifn =1, then 8, consists of one or two points.

The Gromov-Hausdorff tangent cone exists for all p € M and coincides with the metric
cone K(¥,) over ¥,.

Note that it is essential that M has finite dimension, since otherwise X, is in general
not compact. We introduce some more notation here.

1.7 Definition. If pq is a shortest path, 17 denotes the direction in X, of this path starting
at p. By 1} or, more general, by ﬂ;‘ we denote the set of directions in ¥, of all shortest
paths from p to the point ¢ or to some closed subset A C M, respectively.
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The tangent cone K(X,) is denoted by T,M and, by abuse of standard definition, its
elements are called (tangent) vectors. The apex of T,M is denoted by o and length and
scalar product of vectors are defined as follows.

o] = oul
1
) = (P + wf = Jowl?) = fo] - [w] - cos Loow

for v,w € T, M (recall that T, M has nonnegative curvature, so Lvow = Zovow).
Now it is possible to define a logarithm map.

1.8 Definition. Let M € ALEX"(0) and p € M. For each g € M \ {p} fix some shortest
path pg and let &, =17. Then the map

lpal & a#p

log,: M — T,M , g+
0 tq=p

is called a logarithm map at p.

The Comparison Theorem implies that log, is noncontracting, i.e. lengths are not
shortened. For other curvature bounds x # 0 replace T,M = K(X,) by the k-cone K
(compare [BBI01, Example 10.2.2]) over X,,.

The fact that ¥, is again an Alexandrov space, but of lower dimension, enables in many
cases proofs via induction on dimension. As an example, for M € ALEX" (k) and p € M
there exists a noncontracting map f: M — S} which maps shortest paths starting at p
isometrically, see [BBI01, Proposition 10.6.10]. Now assume that this is already proved
up to dimension n — 1 and hence for ¥,. The noncontracting map ¢: 3, — $"~! extends
to the k-cones, i.e. to a map ¢: Kj — S, and then ¢ olog,, is the desired map.

On the other hand, also definitions are possible in an inductive way. An important
example is the notion of the boundary of an Alexandrov space.

1.9 Definition. Let M € ALEX" (k). The boundary OM of M is defined as follows.

For n = 1 let OM be the topological boundary (note that M is a segment, a line or a
circle).

For n > 1 some point p € M is a boundary point p € OM if ¥,, has nonempty boundary.

More information about the boundary is given in Section 1.6.

As we have seen, the tangent cone T),M is a generalization of the tangent space. We
do not have T,M = R", but at least R" is a comparison space for T,M in the sense
of curvature bounds. Nevertheless, points where the tangent cone is in fact isometric to
Euclidean space are of special interest.

1.10 Definition. Let M € ALEX"(k). A point p € M with tangent cone isometric to
R™ (or equivalently ¥, = $"~1) is called a regular point. Non-regular points are called
singular.
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It turns out that the singular points form in fact a very spare set. Y. Otsu and T.
Shioya proved in [OS 94, Theorem A] that it has Hausdorff dimension < n—1, in particular,
it is of n-dimensional measure zero. Thus, the set of regular points is dense. Moreover, it
is a countable intersection of open sets and, due to the result [Pet 98, 1.10] of Petrunin, it
is a convex set.

A weaker condition than being regular is being so-called (n,d)-strained for ¢ > 0.
Loosely speaking, an (¢, )-strained point possesses 2¢ directions which are nearly perpen-
dicular or opposite, respectively. In the precise definition, not directions but shortest paths
are used and comparison angles instead of angles in order to overcome some problems with
incontinuities. The following definition is according to [BBI01, Definition 10.8.9].

1.11 Definition. For M € ALEX"(k) a point p € M is called (¢,0)-strained if M pos-
sesses ¢ pairs of points (a;, b;) such that

Zaipbl- >mT—0 and Zaipaj , Zaipbj , Zbipbj > g — 109
for all i # j. The collection {(a;,b;)} is called an (¢, 6)-strainer for p.

It is convenient to take all 4 “small enough”, e.g. § < ﬁ. Then each (n,d)-strained
point has a neighborhood U which is bi-Lipschitz homeomorphic to an open region in R"
(see [BGP 92, Theorem 5.4] or [BBI01, Theorem 10.8.18]). In particular, this holds for all
regular points, because a point is regular if and only if it is (n, d)-strained for all 4 > 0.
Moreover, at regular points the bi-Lipschitz constant can be assumed arbitrarily close to 1

by choosing the neighborhood U small enough.

1.4 Volume and dimension

The following theorem is a consequence of the last statement of the previous section, see
[BGP 92, §6] or [BBIO1, Section 10.8].

1.12 Theorem. A finite-dimensional Alexandrov space is locally compact.

The Hausdorff dimension dimyg M of a locally compact Alexandrov space M is an integer
or infinity. Moreover, dimp is locally constant, i. e. each open neighborhood of M also has
Hausdorff dimension dimg M.

The last part of the Theorem follows from the fact that in an Alexandrov space M for
0 < A < 1 one can define a A-homothety centered at some point p. If M has nonnegative
curvature, this mapping is noncontracting. More precisely, for p € M and X given, fix
for each x € M, x # p some shortest path pz and define f(z) € px such that |pf(x)| =
Apz|. Then it follows immediately from Toponogov’s Comparison Theorem that f is
noncontracting. Therefore, two metric balls centered at p have equal Hausdorff dimension,
namely dimg M. The Bishop-Gromov inequality (compare [BGP 92, Theorem 10.2]) is
proved in the same way.

If the curvature bound of M is k < 0, one can restrict the A-homothety to some ball
Bpr(p) and obtains a co-Lipschitz map with a constant ¢ = ¢(k, A, R). Then the statement
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about the local dimension follows analogously as before. To prove the Bishop-Gromov
inequality, however, another proof is necessary, see e.g. [BBI01, Section 10.6].

Another application of strained points is to prove that the Gromov-Hausdorff limit A
of Alexandrov spaces A; with dimy(A4;) =n Vi fulfills dimy(A) < n. All these results
together lead to the Compactness Theorem by Gromov, see [BBI01, Section 10.7].

1.13 Theorem (Gromov’s Compactness Theorem). For n € IN and k € R let M(n, k)
denote the class of Alexandrov spaces M with curvature bound r and dimg (M) < n. Then
M(n, k) is boundedly compact, i. e. all closed bounded subsets are compact, with respect to
Gromov-Hausdorff distance.

In particular, for each D > 0 the subclass M(n, k, D) := {M € M(n,x) | dlam M < D}
18 compact.

As we have seen in this section, property (v) of Definition 1.4 on page 9 (i.e. local
compactness) follows in fact from property (i) (i.e. finiteness of dimension). According
to [BBIO1, Proposition 2.5.22], a locally compact length space is boundedly compact. In
particular, all closed balls are compact and therefore the space can be exhausted by a
countable sequence of compact sets. Thus, the space is separable or, equivalently, second
countable (property (iv) of Definition 1.4).

1.5 Differential and gradient

Let M € ALEX"(k) and f: U — R be a function defined on an open subset UCM.
We want to have a notion of differentiability for f and a differential d,f defined on the
tangent cone T, M with p € U. In order to do this, f can be restricted to some shortest
path p¢g C U and differentiated in the usual way. If 7: [a,b] — U is a shortest path
parametrized by the arc length with v(a) = p, v(b) = ¢, then the directional derivative
d,f(13) is given by (f o) (a), provided this (one-sided) derivative exists. This procedure
is done for all directions in ¥, coming from shortest paths, and if the obtained function
extends continuously to the entire ¥,,, we say that f is differentiable at p. In order to obtain
the differential d, f as a function on T}, M, we extend the directional derivatives positively
homogeneous to T, M. This means, if v € T,M fulfills v = A{ for some A > 0, § € X,
then let d, f(v) := Xdpf(§).

An important class of differentiable functions with explicit differential is given by
distance functions (compare [BGP 92, §11}).

1.14 Lemma. Let A C M be a closed subset and f: M — R,z +— |zA|. Then the
differential dyf exists for all p € M \ A and the following holds:

dpf(g) = _COSHT;;‘ 5’ Ve e Ep

Another possibility to obtain the differential is via blow-ups. Recall that T),M can be
considered as the pointed limit of rescaled spaces centered at p. Evaluating f on these
blown up spaces near p and taking the differential quotients (if existing) also gives the
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differential d, f, see e.g. [Pet 07, Definition 1.3.1]. This procedure can be generalized to
maps between metric spaces with certain local structures, in particular to maps between
Alexandrov spaces. These generalizations together with a more general and powerful def-
inition of tangent cones via ultra limits were extensively studied by A. Lytchak in [Lyt 05]
and [Lyt 06]. Among other results, Lytchak also gives a general Rademacher Theorem for
Lipschitz maps between spaces with curvature bounds, see [Lyt 05, Theorem 1.6].

Moreover, in the case of Alexandrov spaces the differential does not only exist al-
most everywhere, but is linear. To make this precise, we give the following version of
Rademacher’s Theorem:

1.15 Theorem. Let X € ALEX"(0), Y € ALEX*(0) and let f: X — Y be a Lipschitz
map. Then for almost all p € X the following holds.

o T,X isisometric to R".
o Tr)Y is isometric to R™ x C, where C' € ALEXF=™(0) is a cone.
e d,f exists and is a linear map with image in the R™-factor of Ty,)Y .

For a proof see [Lyt 02, Proposition 3.8] or [Lyt 05, Corollary 1.5]. Indeed, since almost
all points p € X are regular and differentiability is a local property, one can assume that
X =R"

Furthermore, the Theorem still holds if f is locally Lipschitz on neighborhoods of al-
most all points.

Curves are maps® of special interest. We introduce some notation here.

1.16 Definition. For an Alexandrov space M let v: [a,b] — M be a curve. The right
tangent vector v (t) with t € [a,b) and the left tangent vector v~ (t) with ¢ € (a,b] are
defined as follows.

. 1
,Y:I: (t) = €£%l+ (g log,y(t) ’Y(t + 8))

if the limits exist.
It is clear by definition that if v is a shortest path, the right and left tangent vector
exist and are opposite (i.e. |[y" ()] = |y~ (t)| and (y"(¢),7(t)) = —1) for all t € (a,b).

If ~ is a Lipschitz curve, the same is true for almost all ¢ (according to [PP 95, §2] or by
Rademacher’s Theorem, whose proof is similar) and the length of « is given by

b
Liy) = / o (1)t

2 . . . . .
In this work, we consider curves as maps, i.e. we fix a parametrization. Hence, the terms “curve” and
“path” are interchangeable.
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Now we want to introduce the gradient of a function and gradient curves. In Rieman-
nian geometry (as well as in ordinary analysis) the direction of the gradient is at each point
uniquely determined as the direction in which the function increases most. Conversely,
this property can be taken as a definition of the gradient. In order to do this, we have
to restrict to a class of functions ensuring both, the existence of the differential and the
uniqueness of the direction where the function increases most.

A function ¢: [a,b] — R is called A\-concave if the function ¢ — ¢(t) — 3t is concave
on [a,b]. Let M € ALEX"(k) without boundary and UCM an open subset. A locally
Lipschitz function f: U — R is called A-concave, if the restriction to each shortest path
contained in U is A-concave. For spaces M with boundary consider all shortest paths in
the doubling M (i.e. two copies of M are glued together along their boundaries), take
their canonical projection onto M and restrict f to these curves. Details on the doubling
procedure are given in Section 2.3.

1.17 Example. For M € ALEX"(0) and p € M the function x — 3|zp|? is 1-concave
on M. This is a direct consequence of the Comparison Theorem (in fact, it enables an
equivalent definition of the curvature bound) and the fact that the doubling M lies again
in ALEX"(0).

1.18 Definition. Let M € ALEX"(k) and UCM. A function f: U — R is called semi-
concave if for each point p € U there is some A(p) € R and an open neighborhood of p in
which f is A(p)-concave.

It is clear that a semiconcave function f: U — R is differentiable at each point p € U
and the differential d, f is a concave function on 7, M. Thus, the gradient which is defined
as follows exists and is well-defined.

1.19 Definition. Let M € ALEX"(x) and f: U — R be semiconcave with UCM. For
p € U the vector V,,f € T,,M fulfilling the following conditions (compare [Pet 07, Defini-
tion 1.3.2])

(i) dpf(v) <(Vpf,v) YoveT,M,
(ii) dpf(vpf) = |vpf|2
is called the gradient of f at p.

It follows that V, f in fact points in the direction where f increases most, provided
it increases in first order in some direction. If not, V,f = o € T,M. In [PP 95, §3] that
was used as the definition for the direction of V,f and the following facts were proved,
compare also [Pet 07, 1.3.3-1.3.5].

1.20 Lemma. For M € ALEX"(k), UCM and a \-concave function f: U — R let
p,q € U such that pqg C U. Then the following holds.

() (15, Vo f) + (13, Vaf) = =Alpal.
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(ii) |Vpf| is lower semi-continuous, i. e. li;r_l_i%f IV, £l > IV fl.

These results enable the construction of gradient curves. For their definition we follow
[Pet 07, Definition 2.1.1], while in [PP 95, 3.2] a reparametrized version is used. The latter
has the property that the parameter of the gradient curve coincides at each point with the
value of the function at that point. The first version, however, is probably more standard
and gives more direct geometric results.

1.21 Definition. For M € ALEX" (k) let f: M — R be a semiconcave function. A curve
a: I — R is called gradient curve of f if

Oz+(7f) = Va(t)f Vtel.

For each point p € M there is a unique f-gradient curve starting at p and existing for
infinitely long future time, while the past is in general not determined. The construction
is also possible for infinite dimensional Alexandrov spaces. A proof is given in [PP 95,
Appendix]. Provided some function f: X — R has a gradient at each point and the lower
semi-continuity (ii) of Lemma 1.20 holds, Lytchak proved that gradient curves for f exist
even if X is a locally compact metric space, see [Lyt 06, Proposition 1.6]. In this general
setting the gradient curves are not necessarily unique. Uniqueness is obtained under the
assumption of more local properties, see [Lyt 06, Proposition 9.1].

The existence and uniqueness of gradient curves gives in turn the notion of some
gradient flow, sometimes also called gradient push. The latter term stresses out the fact
that the past is not determined.

1.22 Definition. Let M € ALEX" (k) and f: M — R be a semiconcave function. Let oy,
denote the f-gradient curve starting at p for each p € M. For t > 0 the map

<I>§c: M — M, p— apt)
is called the gradient flow of f.

Among many nice properties of the gradient flow, see e. g. [Pet 07, Section 2.2], we only
point out a particular one which is important for later use.

1.23 Lemma. Let M € ALEX" (k) and f: M — R be a A-concave function with A € R.
Then <I>§c is eM-Lipschitz. In particular, if X\ = 0, then f is nonexpanding (i. e. 1-Lipschitz)
for allt > 0.

This follows from Lemma 1.20(i). Indeed, if gradient curves ay,,aq start at p,q € M
and we set d(t) := |ay(t) aq(t)|, the formula mentioned implies that d'(t) = —(1%, V, f) —
(19, Vo f) < A-d(t) and hence d(t) < eM.
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1.6 Structure properties

As we have seen in Section 1.3, Alexandrov spaces have local geometric properties similar
to those of Riemannian manifolds, if both have finite dimension, say n. A major differ-
ence is, however, that Riemannian manifolds look in this sense the same at each point.
The tangent space is everywhere isomorphic to R"™ and each point has a neighborhood
homeomorphic to R™. The tangent cone of an Alexandrov space M € ALEX"(k) is al-
most everywhere isometric to R", and near such points M is an n-dimensional topological
manifold. Simple examples show that in general not the entire space M is a manifold, but
there are topological singularities. The question arises, if the set of these singularities is
again almost everywhere a topological manifold, of course one of dimension < n — 1, and
SO on.

An affirmative answer was given by Perelman in the unpublished preprint [Per 91,
Theorem 0.1] and more elaborated in [Per 94b]. By developing and using Morse theo-
retic arguments Perelman proved that each point p € M has a neighborhood U which
is homeomorphic to the tangent cone T, M. In addition, U can be chosen as a spherical
neighborhood, i. e. as a metric ball B,(p). This result enables a stratification of M whose
strata are topological manifolds. In this form it does not take geometric singularities into
account. In order to obtain a stratification also adapted to the geometric structure, Perel-
man and Petrunin introduced in [PP 94] so-called extremal subsets of M. Although they
are not Alexandrov spaces themselves, they inherit the topologically stratified structure
of M via some relative Morse Lemma. Thus, the stratification of M can be refined such
that geometric singularities are respected.

In the following we give a short overview on the basic results in this structure theory of
Alexandrov spaces. Apart from the cited references above, we mention Kapovitch’s paper
[Kap 07] on Perelman’s Stability Theorem, the highlight of all those structure results.

1.24 Definition. For M € ALEX"(k) a subset E C M is called extremal if for any
semiconcave function f: M — R the gradient flow does not leave E once it has reached
it, i.e. <I>’}(p) eE VpeE,t>0.

This definition is due to Petrunin in [Pet 07, Definition 4.1.1]. In Theorem 4.1.2 he
proved that the definition is equivalent to the one given in [PP 94, Definition 1.1], which
says that a closed subset E C M is extremal if and only if for each point ¢ € M \ E the
following holds: If the restricted distance function dq| p has a local minimum at p € F,
then V,d, = o, i. e. the point p is critical for the distance function d, on M.

There are numerous results on extremal subsets in the papers mentioned above. We
will only stress out some which are essential for the present work.

1.25 Theorem. Let M € ALEX"(k) and E,F C M be extremal. Then the following
holds.

(i) X,E C X, is extremal for allp € E.
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(i) ENF,EUF, E\F are extremal with the following spaces of direction.

S,(ENF) = S,ENS,F,
S,(EUF) = S,EUS,F,
Y,(E\F) = E,E\L,F forallpe ENF, EUF, E\F, respectively.

Here ¥,F denotes the set of all directions in X, coming from differentiable curves
which lie in . The Theorem expresses implicitly that ¥,E is well-defined, but of course
this fact had to be proved. In addition, also the reverse of (i) holds: If a subset E C M
contains at least two points and ¥,F C ¥, is extremal for all p € F, then F is extremal.
A single point p forms an extremal set if and only if diam X, < 7.

1.26 Definition. Let M € ALEX" (k). An extremal set E C M is called primitive if it
contains no proper extremal subset with nonempty relative interior. The main part E of a
primitive extremal set E is the subset of all points not lying in another primitive extremal
set.

The next theorem gives the announced stratification of an Alexandrov space, see
[PP 94, 3.8].

1.27 Theorem. Let M € ALEX" (k) be compact. The number of extremal subsets in M
is finite. FEach extremal subset (in particular M itself) can be uniquely represented as the
disjoint union of main parts of primitive extremal sets.

Moreover, all these main parts are topological manifolds and hence, M is a topologically
stratified space.

In the non-compact case, all statements hold inside any compact subset of M; in
particular, the stratification property carries over. We will give some more detail on the
Morse theoretic arguments developed by Perelman and used in order to prove the last
statement of the Theorem above.

Like the tangent space of a Riemannian manifold was generalized by the tangent cone
of an Alexandrov space, there is a class of topological spaces generalizing topological man-
ifolds in a similar way. While the latter have at each point a neighborhood homeomorphic
to Euclidean space (of fixed dimension), a so-called MCS-space (meaning multiple conic
singularities) of dimension n is a topological space X such that each point € X has a
neighborhood pointed-homeomorphic to the open cone over its boundary (pointed means
mapping x to the apex of the cone). This boundary in turn is a compact MCS-space of
dimension n—1, and the empty set is defined to be the unique MCS-space of dimension —1.

In [Per 94b, Theorem III] Perelman proved that a finite-dimensional Alexandrov space
is an MCS-space. In order to do this, we introduce a special subclass of semiconcave
functions, see [Kap 07, Section 5].

1.28 Definition. For M € ALEX" (k) let A, C M be a collection of closed subsets, Ao, > 0
with > Ay <1 and p,: R — R twice differentiable with 0 < ¢/, < 1. Then the function
o

fiM—-R,p— ZAQSDQOPACVD
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is called admissible; more precisely, admissible on U = M \ (UsAy).

It follows from the definition that an admissible function f is 1-Lipschitz and semi-
concave on U and for the differential at p € U the following holds (by the chain rule and
Lemma 1.14 on page 13):

dpf(€) =Y —Aath (IPAal) cos |2 ¢] VEET,

The coefficients a, := )\agp’a(|pAa|) satisfy ao > 0, Y a, < 1. Let another function
(0%

g: M — R be admissible at p with a differential satisfying dp,g(§) = > —bg cos \ﬂfﬁ ¢| for
B

¢ € ¥,. Then some scalar product is defined by

A, , B
(dpf,dpg) - Zaabﬁcos\ﬂp .

Note that this scalar product is not completely well-defined as long as equal functions
may have different representations according to Definition 1.28. For this reason we identify
admissible functions by their representation.

A map f: M — R” is called admissible on U C M, if all its component functions f;
are admissible on U.

1.29 Definition. Let f: M — R* be admissible on U C M and € > 0. A point p € U is
called regular point for f if there is some € > 0 such that the following conditions hold.

(i) (dpfisdpfj) < —€ Vi#j;
(ii) there exists some & € X, with dp,f;(§) > ¢ Vi.

For an admissible map f: U — R* we also allow the subsequent composition with
some bi-Lipschitz homeomorphism G between open sets in R*¥. The map g = G o f is also
called admissible and its regular points are the regular points for f.

The set of regular points is open, even with a fixed value for ¢ (this follows from
[Kap 07, Lemma 5.2]). There are no regular points if & > n = dim M. An admissible map
is open near its regular points.

We can now formulate Perelman’s Local Fibration Theorem or Morse Lemma, see
[Per 94b, Theorem 1.4]; compare also [Kap 07, Theorem 6.8], [Pet 07, Section 8§].

1.30 Theorem (Local Fibration Theorem). Let M € ALEX"(k) and g: M — RF be

admissible on U C M. If p € U is a reqular point for g, then there exists an open

neighborhood U, of p such that g‘U s a topological bundle map. More precisely, there is
P

a homeomorphism h: U, — (g7 (g(p)) NU,) x g(U,) satisfying maoh = g{U (where o is
P
the projection onto the second factor) and the fiber g~1(g(p)) N U, = (g{U )_1(g(p)) is an
p

MCS-space of dimension n — k.
Moreover, if there is an open subset V. C U such that all points in V' are reqular and g{v
is a proper map, then g{v 1s the projection of a locally trivial fiber bundle.
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Since an admissible map restricted to the set of its regular points is an open map, the
second statement of the Theorem follows from the first one by a result of L.C. Siebenmann
in [Sie72, Theorem 5.4, Corollaries 6.14, 6.9]. The first statement is proved via reverse
induction on k starting with a trivial statement for K = n + 1, since in this case there are
no regular points. The proof is carried out in [Per 94b], compare also [Kap 07, Section 6].

The Fibration Theorem applied to the constant map M — R gives that M is an
MCS-space. In addition, let M be the set of points in M possessing a neighborhood
homeomorphic to R¥ x C, where C' is a cone and k has the maximal possible value. Then
each set M} is a topological manifold of dimension k, and the disjoint union yields the
stratification of M.

1.31 Corollary. The closure of each stratum My is an extremal subset. In particular, the
boundary is an extremal subset, hence closed, and satisfies OM = M, _1.

This follows from Theorem 1.30 and the equivalent definition for extremal subsets
(given after Definition 1.24 on page 17), compare [PP 94, 1.2]. The statement about the
boundary follows from [Per 91, Theorem 4.6] and the fact that M has everywhere local
dimension n — 1. This in turn follows by induction, since the codimension of OM in M
locally at p € OM is 1 if and only if ¥,(0M) = 0(X,) has codimension 1 in 3.

Theorem 1.30 can be extended to a relative version for extremal subsets. In order to do
this, the restriction of admissible maps to extremal subsets is considered. Perelman and
Petrunin proved in [PP 94] that the main results carry over, however with the following
generalization of MCS-spaces: An 1\//I\C/S—space of dimension < n is defined analogously
to an MCS-space, only that the cone at each point is taken over the compact boundary
being an 1\//I\C/S-space of dimension < n — 1. If in Theorem 1.30 the term “MCS-space of
dimension n — k” is replaced by “1\//I\C/S—space of dimension < n — k”, the statement also
holds for the restriction of g to some extremal subset. In particular, extremal subsets are
MCS-spaces and hence, primitive extremal subsets are MCS-spaces, since their dimension
is locally constant. This gives the stratification of M respecting the geometric structure.

Kapovitch gives more details on the Relative Fibration Theorem in [Kap 07, Section 9]
in order to prove his relative version of Perelman’s Stability Theorem. The latter is some-
how a generalization of the Fibration Theorem in the sense that not only subspaces of a
fixed Alexandrov space M are compared, but the (compact) Alexandrov spaces themselves.
Perelman proved the Stability Theorem in [Per 91, Theorem 0.3].

1.32 Theorem (Stability Theorem). Let M € ALEX" (k) be compact. Then there exists
some (M) > 0 such that each compact Alexandrov space N € ALEX" (k) with Gromov-
Hausdorff distance dgpg(M,N) < (M) is homeomorphic to M.

The relative version due to Kapovitch, see [Kap 07, Theorem 9.2], also takes extremal
subsets into account.



CHAPTER 2

Tools for the Splitting Theorem

2.1 Shortest paths and zero measure

Assume we have an Alexandrov space M € ALEX"(0) and a subset X C M which has n-
dimensional Hausdorff measure zero. Given two points p,q € M we want to find a shortest
path ~ with endpoints close to p and ¢, respectively, such that v N X has 1-dimensional
measure zero. In Euclidean space the existence of such shortest path is ensured by Fubini’s
Theorem. For Riemannian manifolds with lower Ricci curvature bounds the result follows
from the segment inequality proved by J. Cheeger and T. Colding in [CC 96, Theorem 2.11].

In the case of Alexandrov spaces Otsu and Shioya considered in [OS94] the set of
singular points, which has measure zero (compare Section 1.3) and satisfies the condition
from above, see [0S 94, Theorem 6.4]. In fact, they proved even more, since the set of
singular points has special properties. In particular, since by Petrunin’s result the set
of regular points is convex, we can find our desired shortest path such that it does not
intersect at all with the set of singular points.

Nevertheless, for an arbitrary subset X with measure zero we still can adopt the first
part of the proof by Otsu and Shioya.

2.1 Proposition. Let M € ALEX"(0) and X C M with pu,(X) = 0, where u, denotes
the n-dimensional Hausdorff measure. Let p,q € M and € > 0.

Then there exists a shortest path v = pq with endpoints p € B:(p), § € B:(q) such that
p1(yN X) =0. Moreover, v can be chosen to consist only of reqular points.

Since the proof is according to [OS 94], all citations in the following proof refer to that
paper, if not otherwise stated.

Proof. Denote the set of singular points in M by Sy;. We have 1, (Sp) = 0 by Theorem A.
Let x € B-(p), y € B:(q) be regular points. Then there is a local bi-Lipschitz natural
chart (Lemma 3.6(4)), i.e. there are points p1,...,p, € M and an open neighborhood U

21
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of y such that the mapping ¢: U — R", y — (Jypil,...,|ypn|) is a bi-Lipschitz homeo-
morphism. Moreover, the point z can be taken as one of the base points p;. In addition,
we choose U small enough to ensure U C B.(q).

For t € R we set F; :={u € U | |zu| = |zy| +t}. The local bi-Lipschitz chart gives us
the existence of some § > 0 such that for all ¢ with |¢| <  we have that 0 < p,—1(F}) < 00
(since this is true for the hyperplanes ¢(F;) € R™). The coarea formula in R™ implies
that

)
/ toe1 (Fdt < e - pn({u € U | [zl — ayl] < 61)
-3

with a constant ¢; > 0 coming from the bi-Lipschitz chart ¢. Together with p,(XUSy) =
0 we obtain that

é
/,unl(Ftﬂ (X USy))dt < ey pn({ueU | ||zu] — |zy|| < 6} N (X USy)) =0.
s

Thus, we can choose some t € (—d,6) such that p,_1(F N (X U Sy)) = 0 holds for
F := F;. We equip F with the induced metric from the ambient space M, rescale it by
the factor 1/|F| and consider the cone K (F/[zF|). Let A := Bj,p|(0) C K(F/|zF|) be
the closed ball of radius |z F| centered at the apex. Now we define a map f: A — M like
follows.

For each point z € F' we fix a shortest path zz. Given (s,a) € A (i.e. 0 < s < |[zF],
a € F) let f(s,a) be the point b € za with |zb| = s. For a € F let 3, := [0, |zF|] x {a}
denote the ray segment in A. It immediately follows that f maps each 3, isometrically onto
the corresponding shortest path xa. Moreover, by Toponogov’s Comparison Theorem, the
map f is noncontracting. Indeed, let (s,a), (t,b) € A. Triangle comparison gives (using
Theorem 1.5 on page 9) that d(f(s,a), f(t,b)) > d(f(s,a), f(t,b)).

f(s,a) f(t,0) f(s,a) f(t,b)

8l

In addition, the inequality d(f(s,a), f(¢,b)) > d((s,a), (t,b)) follows from the definition of
the cone metric on K(F/|zF|). Hence f is noncontracting.
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By the coarea formula (applied to the corresponding cone over the hyperplane ¢(F) C
R"™) and p, (X U Spr) = 0, we obtain for any r € (0, |z F|) that

/F 1 ((@ NfYXUSy)) \Br(o))dz

IN

c2 -+ pn ((fTHX USM)) \ Br(0))
< e pn((F(A) N (X USM)) \ By(x)) =0

for some constant co > 0 depending on the bi-Lipschitz chart ¢ and on Lipschitz constants
coming from the central projections onto F' or ¢(F), respectively, in the corresponding
cones. Thus, for any r € (0, |xF|) and almost all z € F' we have that

p1((zzN (X USy)) \ Br(z)) = 0.

A sequence r; \, 0 gives now the result

pi(zz N (X USKH)) = m (U((mz N (X USy)) \Brl(ﬂz))) =0

i

for almost all z € F' C B.(q).

In addition, because of ,—1(FN(XUSy)) = 0, the point z € F can be chosen regular.
Then, by the convexity of the set of regular points, the shortest path zz consists entirely
of regular points. O

2.2 Extendable shortest paths

As stated earlier, Otsu and Shioya even proved that dimg(Sy/) <n — 1. In order to give
a simpler proof for the weaker statement p,(Sy) = 0, Otsu introduced in [Ots97] the
cut locus Cut,, for p € M and proved (Proposition 2.2 op.cit.) that pu,(Cut,) = 0. More
precisely, Cut,, is defined as the set of all points « € M such that there is no shortest path
starting at p and containing x as an interior point. Thus, for all y ¢ Cut,, a shortest path
py can be extended beyond y, in particular it is unique.

Given a closed subset A C M we are interested in the set of points x € M \ A such
that a shortest path between x and A can be extended beyond z. We ask if this is true for
almost all z € M \ A, which is affirmative by Otsu’s result in the case |A| = 1 and hence
also if A is countable. A modification of Otsu’s proof gives a positive answer for arbitrary
closed subsets.

2.2 Proposition. Let M € ALEX"(0) and A C M be a closed subset. Let X denote the
set of points x € M \ A such that each shortest path between x and A cannot be extended
as a shortest path beyond x. Then X has n-dimensional Hausdorff measure zero.

Proof. For each § > 0 we define the following set:

W?:={x € M | z lies on a shortest path from some Z to A with |ZA| = (1 + 8)|zA|}
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Since the corresponding point # is unique for € W9, the map
E°: WO — M,z— =

is well-defined. In the case |A| =1 it is an immediate consequence of Toponogov’s Com-
parison Theorem that EY is a (1+ 6)-Lipschitz map. In our general case we want to apply
the extended Comparison Theorem 1.5 on page 9 and have to ensure that the triangle
in R? we want compare with exists. For that reason we only prove the existence of the
Lipschitz constant locally and for § < %. This is no restriction since W9 2 W9 holds for
5 <4

Given z € M\ A we set U := B,(z) N\ W?° with r = 1|2A|. For 2,y € U let p, ¢ denote
the endpoints of the shortest paths from & = E%(x) and § = E°(y), respectively, to A. We
obtain that

|22 + |xz| < |Zx| 4+ 2lxz| =6 - |2 A] + 2|22]
< d(|zz| + [2A]) + 2|2z =6 - |2zA] + (24 9) |z 2]
1 9 1
< Z|ZA|+Z'Z'|ZA| < |z4]
< [oAl+|ez] < Jpl + |22

which yields that |Zz| < |Zp|. Together with the analog estimate |gz| < |gq| we have that
2yl < [2z] + |92 < |Zpl + [9ql.

Thus we can consider the triangle p’2'¢’ in R? satisfying [p'%| = |pZ|, [p'7| = |q7|,
|Z'y'| = |Zy|. Let 2’ € p’%’ and 3/ € p'y’ be the corresponding points to = and y, re-
spectively. The mapping p — p', q— p’, T — &', — 7 is 1-Lipschitz and extends by
Theorem 1.5. Hence we have that |zy| > |2'y/| and therefore

|Zg] = &7 = (L+)"y'| < (1 + 6)|xyl.

This proves that E° is locally Lipschitz, and the Lipschitz constant is always 1 + 6.
Now let R > 0 and B(A,R) :={x € M | 0 < |[zA| < R}. The map

E(S‘W“ﬁB(A,R) : W°N B(A,R) — B(A,(1+6)R)
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is surjective and locally (1 4 §)-Lipschitz. Since M is second countable, and so is W%N
B(A, R), we obtain that

pin(B(A, (1 +8R)) < (1 +6)"u,(W°n B(A, R)).

Now assume that A is compact and therefore p,(B(A, R)) < oo (by the Bishop-Gromov
inequality). Then we let § \, 0 and obtain that

mnBAR) < | | (WNBAR) | = u(BAR)\ X)
0<6<1/4

for each R > 0. Therefore, we have that u,(X) = 0.

If A is not compact, let A; be a sequence of compact sets satisfying A; C A;4+1 and
Uiew Ai = A. For the corresponding sets X; we have that 1, (X;) =0 Vi€ IN. Now the
result follows from the fact that X C (J;c Xi- O

In particular, for almost all points x € M \ A a shortest path from z to A is unique.
This can also be obtained by Rademacher’s Theorem 1.15 on page 14.

2.3 Boundary strata and doubling

For M € ALEX"(k) the boundary 9M is the union of all primitive extremal subsets of
codimension 1, compare Corollary 1.31 on page 20. In the subsequent work we deal with
components of the boundary which are not necessarily primitive, but have locally constant
dimension and hence are MCS-spaces. The following definition is for the present work and
not standard.

2.3 Definition. Let M € ALEX" (k) with M # (. A union of primitive extremal subsets
of codimension 1 is called a boundary stratum. Furthermore, a stratification of OM is a
collection of boundary strata such that each primitive extremal subset of codimension 1
is contained in exactly one boundary stratum.

Thus, a boundary stratum is an MCS-space of codimension 1, while the intersection
of two distinct elements of a stratification of M (this intersection is an extremal subset
according to Theorem 1.25 on page 17) has codimension > 2. Trivial examples of stratifi-
cations of OM are, of course, the collection of primitive extremal subsets of codimension 1,
or just the entire boundary itself.

If M € ALEX"(k) has nonempty boundary, two isometric copies of M can be glued
together along their boundaries. This yields the so-called doubling M € ALEX"(k) with
empty boundary. The procedure was developed by Perelman in [Per 91, Theorem 5.2]
(Doubling Theorem) and generalized by Petrunin in [Pet 97, Theorem 2.1] (Gluing Theo-
rem) to the case that two Alexandrov spaces with isometric boundaries are glued together.
For the present work we need a slight extension of the Doubling Theorem, such that only
some boundary strata are glued together with their counterparts.
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2.4 Definition. For M € ALEX"(k) with OM # (0 let F be a boundary stratum. Let
M; be isometric to M via ¢: M — M;; in particular, p(F') C M is a boundary stratum
of My. Then the doubling M is the metric space obtained by gluing M and M; via <p| Iy
More precisely, M = M UM,/ ~ where M LI M; denotes the disjoint union and p ~ ¢ :<=
p€F,q=¢(q) or g € F,p=(q). The metric dy; on M is given as follows (we identify
F with M N M):

lpq| :p,g €M or p,qe M

dyr(p,q) = min (|pr| +|gr|) :+p €M, g€ M
T

2.5 Theorem (Doubling Theorem). Let M € ALEX" (k) with OM # 0 and let F be a
boundary stratum. Then M is an Alezandrov space M € ALEX"(k).

The proof is almost the same as Perelman’s. We include it here, since the paper [Per 91]
is not published. A proof will also be included in the upcoming book on Alexandrov
geometry by Alexander, Kapovitch and Petrunin. The following simple lemma is for later
use, too.

2.6 Lemma. Let M € ALEX" (k) and E C M an extremal subset with locally constant
dimension (i. e. an MCS-space). Then for all p € E the subset ¥,E C ¥, is extremal with
locally constant dimension. In particular, if E is a boundary stratum of M, then Y,E is
a boundary stratum of ¥,,.

Proof. Let dim ' = k and p € E. The subset 3,E is extremal according to Theorem 1.25
on page 17. An open subset UCY,,E induces an open subset of K(X,E) \ {apex}. Since
the cone K (X,FE) is pointed homeomorphic to some open neighborhood of p in E and E
has everywhere local dimension k, the set U has dimension k£ — 1. U

Proof of the Doubling Theorem. First of all, M is again a complete length space. This
follows immediately (note that F' is closed); see also [BBIO01, Section 3.1] for gluing pro-
cedures of length spaces.

Now we argue by induction on n = dim M, the base step n = 1 being trivial. Since F’
is an extremal subset, any shortest path in M with an interior point lying in F' has to lie
entirely in F. Therefore, if two points p,q € M do not lie both in F, each shortest path
pq can intersect F' in at most one point. Otherwise, the canonical projection of pg onto
M would contain a shortest path in M with an interior point in F'.

Let pe Fand a € M, a1 € M; be distinct from p. We fix shortest paths pa C M and
pa; € M;j. According to Lemma 2.6, the subset 3,F' is a boundary stratum of ¥, and is
not empty if n > 2. Hence, by induction assumption, we have that %, € ALEX"L(1). We
want to prove the following assertion:

Lapay = 1,15 (1)
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The directions on the right hand side satisfy 1j, T, € i]p. The angle on the left hand
side is defined as the lower angle in length spaces, compare [BBI01, Section 3.6.5]:

Lapaq ;= liminf A, xpzq
*,T1—p
xrEpa,r1EpPal

If 75€ X, F or T5t€ X, F, there is nothing to prove in (1). Thus, we may assume that
a,a1 ¢ F. Let € pa and x1 € pa; be distinct from p and set y := zzq N F. By triangle
comparison we obtain that

£papry > Loxpy + £ yprs.

Furthermore, there is some v > 0 and £ € ¥,F such that
Lxpy + Leypry > Lapy + Lypr — 20 > |15 &+ |10 £| — dv

holds, where v can be made arbitrary small by choosing x and x; sufficiently close to p.
This is a consequence of Theorem 1.6 on page 10 (compare also [BBI01, Remark 10.9.4])
and X, F being extremal (compare [PP 94, Proposition 3.3]). Therefore we have that

Lapay > 19191

In particular, in the case | 1515 | = 7 the assertion (1) is proved. Therefore, we assume
that |1615 | < 7. Let v > 0 be given small enough to fulfill | 15751 | < 7 —4v. Now choose
§ € X, F such that |15 &+ |15t & < |[1315! | + v and choose y € F' distinct from p such
that |13 &| < v. If y is close enough to p (which we may assume), it is possible to choose
points x € pa, x1 € pa; distinct from p such that the inequality

£pxpry < Loxpy + £ ypa
holds. Then we obtain that
Lyapy+ Lypry < Lepy+ Lypry <[ To18 [+ 1o 18] < 115 &+ 160 €] +20 < | To180 [+3v

which yields
Lapay < [12151].



28 Chapter 2. Tools for the Splitting Theorem

Thus, (1) is proved. In particular, if apa; is a shortest path, we have that [T515! | = .
Furthermore, since ¥, € ALEX"!(1), we obtain that

P &I+l <m VEeD, (2)

This implies that for b = b; € F' and symmetric shortest paths pb C M |, pby C M; the
following holds:

[T9P [ 1o b ] < [ 1etb |+ (191D < (3)

Now the angle comparison condition can be proved, first for some special triangles.
Let Abaa; € M withb € F,a € M\ F,a; € My \ F and set p := aa; N F. Choose
symmetric shortest paths pb C M, pby C M;. By (3) we have that

£bpa + £ .bpa; < | T5! Tgl | + \TZT;! <m
and can apply Alexandrov’s Lemma, see [BBI01, Lemma 4.3.3]. We obtain that
Z,ibaal < Z,ibap < Lbap = Lbaay
and analogously 3 3
Aibara < £Libaip < Lbaip = £Lbaja.

For ¢ > 0 small enough let a(t) € ab such that |aa(t)| = t. Ast increases from 0, the
distance |aja(t)| is in first order bounded below by the corresponding distance in Agabay,

since £baay > Z,ibala. Therefore, we obtain that

T £ arba(t) — L gar1ba
t—0+ t

> 0.

This is true for any such triangle with the point b fixed and hence implies monotonicity
of angles at b. In particular, £aba; exists and satisfies Z,iabal < 4abai. Moreover, it
follows from (1) that the space of directions %, M exists and coincides with ¥,,.

Finally, the angle comparison condition holds for any triangle in M. Let Aabc C M
with a,b € M\ F', c€ My \ F and let p := acN F. According to (2) we have that

Lwapb + Lbpe < |1915 |+ 1015 < =

and can again apply Alexandrov’s Lemma. This implies angle comparisons in an analogous
way as above. In addition, adjacent angles always sum up to 7, which completes the proof
of the angle condition as given in [BBI01, Definition 4.1.15] O

If this version of the Doubling Theorem is applied to the boundary stratification con-
sisting of just the boundary itself, we get the standard version of the Theorem. In partic-
ular, M has empty boundary in this case. Otherwise we observe the following fact.

2.7 Corollary. Let M € ALEX"(k) and E,F be boundary strata. Let M be the doubling
obtained by gluing along E. Then F (i. e. the set of points in M whose canonical projection
onto M lies in F) is a boundary stratum of M.
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This is an immediate consequence of the definitions and the doubling procedure.

2.8 Corollary. Let M € ALEX"(k) with k > 0 and let F' be some boundary stratum.
Then the distance function dp = d(F,-) is concave on M \ F. It is strictly concave if
k> 0.

Proof. According to [Per 91, Theorem 6.1] the distance function dgps to the boundary is
concave on M\ 9M (strictly if & > 0); see also [Pet 07, Theorem 3.3.1]. Thus, the assertion
is proved if F = OM. Otherwise let E := OM \ F. Clearly, E is a boundary stratum.
If we glue along E and consider the doubling M, we have that M = F. Therefore,
the distance function d is (strictly) concave on M \ F, which yields that dp is (strictly)

concave on M \ F. O

It is of course possible to prove the statement directly by modifying the proofs of
Perelman or Petrunin, respectively.

Note that in fact dp restricted to any shortest path pg C M is a concave function, also
if pgN F # (). This is clear by continuity, as well as the fact that “strictly” does not carry
over. We will often use this concavity on the entire space M, but strictly speaking dr on
M is not (semi-) concave in the sense of Definition 1.18 on page 15. In particular, the
gradient V,dp is only defined for p € M \ F, so far. By the next lemma we can remove
this deficiency.

2.9 Lemma. For M € ALEX"(0) let F' be some boundary stratum and p € F. Then
there exists a unique direction & € X, where dp increases most. Moreover, if E is another
boundary stratum and p € E, then § € X, E.

Proof. First of all, there are directions in which dp increases, namely 1} for each shortest
path pg with ¢ € M\ F. Take £ € X, such that dy, r attains its maximum at . According
to Corollary 2.8 this maximum point is unique since ds, r is strictly concave on X, \ £, F.

If E is another boundary stratum with p € E, we glue along F and consider the
doubling M and %, respectively. It is clear by the doubling definition that & € %, is also
a maximum point for ds; , and the same holds for its reflexion point. On the other hand,
the procedure from above applied to the function dgp 7 on ip gives a unique maximum
point. Thus, { and its reflexion point must coincide, which is equivalent to { € ¥, . O

By this result, the gradient of dg is well-defined also at p € F’; note that the directional
derivatives exist by concavity of dp and satisfy d,dp(§) = —cos (ds,r(§) +5) VEE D,
Lemma 1.20 on page 15 carries over and ensures the existence of unique gradient curves
starting at all points in F'. In addition, once some gradient curve of dp reaches another
boundary stratum F, it stays in E. The same is true, by definition, for each extremal

subset not intersecting F'. In fact, we have the following stronger statement.

2.10 Lemma. For M € ALEX"(0) let F' be some boundary stratum. Let E C M be a
compact extremal subset satisfying ENF = (. Then dg is constant on E, attaining its
mazrimum.
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Proof. Since F' is closed and E compact, there are points p € E', ¢ € F satisfying |pq| =
|EF| # 0. Assume, by way of contradiction, that there exists p’ € M such that dp(p’) >
dr(p). By concavity of drp we have that

0 < dpdp(15) = —cos [, 17 |

and therefore Lgpp’ > 5. On the other hand, the distance function d(q, )|  attains its
minimum at p. Since E is extremal, it follows that Lgpp’ < 7, a contradiction. U

As another consequence of Lemma 2.9 we formulate the following statement.

2.11 Lemma. For M € ALEX"(0) let F' be some boundary stratum and p € M \ F. Let
q € F be the endpoint of some shortest path from p to F. Then qp is perpendicular to F,
ice. 15 ¢ = 5 V& e X F. Moreover, if q is also the endpoint of some shortest path from
p € M\F toF, then pq C p'q or p'q C pq. In addition, if E is another boundary stratum,

then q € E implies p € F.

Proof. Let £ € ¥,F. We have by assumption that |pg| = [pF|, which implies that
|18 €| > 5. The reverse inequality follows since F' is extremal. The shortest path gp
coincides with the gradient curve o of dr. Therefore, it is unique in the sense of the sec-
ond assertion of the Lemma. In addition, if ¢ € E, then Lemma 2.9 implies that o, C F,
in particular p € E. O

The following result is also an application of concavity and extremality.

2.12 Lemma. Let M € ALEX"(0) and let Fy, Fy be two elements of some stratification
of OM. Then for any point p € M \ (Fy U Fy) we have that

™
[ 17 1 > 5

Proof. Let q; € F;, i = 1,2 such that |pg;| = [pF;|. Assume, by way of contradiction, that
Aqipge < § and hence dpdr, (177) < 0. Let r € Fy be closest to go, then concavity of dp,
implies that dpdp (14,) > 0 and therefore £pgar > %. This contradicts the extremality
of FQ. |

We conclude this section with the remark that for dg, each local maximum is in fact
global. This follows immediately from concavity.

2.4 Superlevel sets

The fact that the distance function to the boundary of an Alexandrov space M € ALEX"(0)
is concave implies that superlevel sets of this function are convex subsets. In particular, if
M is compact, the (super)level set to the maximal value of dyp is an Alexandrov space of
dimension < n. If it has nonempty boundary, the procedure can be iterated and gives in
the end a convex subset S C M without boundary, called the soul of M. This approach
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was developed by Perelman in [Per 91, Section 6] in order to generalize the Soul Theorem
by Cheeger and Gromoll (see [CG 72]) to Alexandrov spaces. More precisely, Perelman
proved that the procedure described above also works in the non-compact case and that
the resulting soul is a deformation retract of M.

If M € ALEX"(0) is compact and a metric product M = A x B of Alexandrov spaces
A, B with nonnegative curvature, each factor, say A, can be considered as a “soul” of M
(it might have boundary, though). Moreover, the entire space M is fibrated into isometric
copies of A. Thus, a basic step in the proof of the Splitting Theorem is to find a fibration
of M into convex subsets which are all isometric.

In order to find some “soul” of M € ALEX"(0) at each point p € M, we consider
superlevel sets of distance functions dp, where F' is some boundary stratum. The (su-
per)level set to the maximum value of dp is a convex set. Now the question arises how
to construct such convex sets at each point in M. The principle is the following: If F is
another boundary stratum, it turns out that each superlevel set M’ of dg is a space which
looks essentially the same as M, as long as no collapse! happens. This means, we consider
M’ = d*([s,a]) with a = max dp and s < a. Then F' := F'N M’ is a boundary stratum

in M’, and the construction from above can be performed in M’ giving another convex
subset.
The procedure will be formalized in the next chapter. Here we prepare the basic tools.

2.13 Lemma. Let M € ALEX"(0) be compact and let Fy be some boundary stratum. Then
M = d}ll([s,al]) satisfies M' € ALEX"™(0) for all s < ay := max dr, (p). In addition, if F»
pe

is another boundary stratum, we set Fy := Fo N M'. Then for the space M’ the following

holds: dg; = dF, ‘M’ and F} is a boundary stratum of M'.

Proof. The function dp, is concave and therefore, M’ C M is a convex subset, in particular
an Alexandrov space of nonnegative curvature. Since the Hausdorff dimension of M is
locally constant and s < a; by assumption, we have that dimyg M’ = dimy M = n.

Let p € M'\ F} and ¢ € F5 such that dp,(p) = |pq|. We claim that this implies ¢ € F}
and hence dp, ! =4 F}- First, we may assume that g ¢ F}, because by Lemma 2.11 on the
facing page, ¢ € F} implies p € F| and therefore the trivial case that M’ = M. Take r € F}
at minimal distance to ¢ ¢ Fj. By extremality of F, and the choice of ¢, we obtain that
4pqr < % and hence dgdp, (15) < 0. Concavity of dp, implies that dr, (¢) > dr, (p) > s,
which means that ¢ € M’ and proves the claim.

Now it is clear that the following holds: If p € M’ \ F} is given and the function dp{ F

attains its minimum at ¢ € Fy, we have that {pgrx < § Va2 € M’'. Therefore, F; is an
extremal set in M'; recall that F} is closed. In addition, we have that F} \ dz/'(s) = F.
Indeed, for € Fj N d}}(s) the gradient curve to dp, stays in Fj and immediately leaves
the level set d;ll(s) Since F; is a boundary stratum and M’ C M is a convex subset,

in other words, as long as dimyg M’ = dimg M. Recall that the dimension of Alexandrov spaces cannot
explode under Gromov-Hausdorff limits by Gromov’s Compactness Theorem.
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the set of points x € F} \ d;ll(s) with tangent cones T, M ~ R""! x R, (~ meaning
homeomorphic) is dense in F} \d;ll(s), compare Corollary 1.31 on page 20. Thus, this set
is also dense in F} and since Fjj C M’ is extremal, it is a boundary stratum of M. O

Based on this result it can be shown that any stratification of M gives an analog
stratification of OM’.

2.14 Proposition. Let M € ALEX"(0) be compact and let F1, ..., Fy be some stratification
of OM. Let M' := d;}([s, a1]) with 0 < s < a; == max dr, (p) and define F| := d;,ll(s) and
pE

F:=F,NM fori=2,...,0. Then FY,...,F} is a stratification of 9M' and the following
holds:

ﬂFi:(Z) = ﬂFi':@ for each subset I C {1,...,¢}

el el

Proof. According to Lemma 2.13 the sets Fy, ... F, are boundary strata. We consider F|
and again, for s = 0 there is nothing to prove. Let Ay :={p e M | dp, (p) = a1}.

The function dp, is admissible and regular on M \ (F} U A;), compare Section 1.6.
Hence, by the Local Fibration Theorem 1.30 on page 19, the set F| = d;ll(s) is an MCS-
space of dimension n — 1. In particular, the set of points possessing a neighborhood U CF )
homeomorphic to R"~! is dense in F]. Let p € UQF{ be such a point. Again by the
Fibration Theorem, p has some neighborhood VEM satisfying V ~ U x RR. This implies
that V N M’ is a neighborhood of p in M’ fulfilling VN M’ ~ U x Ry ~ R"! x R,.
Therefore, we have that p € 9M’. Since such points p are dense in F| and M’ is closed,
we obtain that F{ C 9M’. This in turn implies that F{ U...UF, C 9M’, and the reverse
inclusion is trivial, because any boundary point in M’\ (F] U...UF}) would be a boundary
point in M\ (Fy U...UFy) =0.

This implies that OM’\ (FyU...UF)) = F{\ (F5U...UF)) = F] is a boundary
stratum, since Fy, ..., F, are boundary strata and the second equality follows like in the
proof of Lemma 2.13. Moreover, the collection F7, ..., F}, is a stratification of 9M’.

It remains to examine the intersections of boundary strata. The stratum F; plays a

special role, so let 1 C{2,...,¢} and F := (| F;, F' := () F].
iel iel

If F' =0, clearly also F' = (). Thus, let F' # () and consider the following two cases.

If F;NF = (), we can apply Lemma 2.10 on page 29, because F' is an extremal set.
This gives that FF C Ay C M’ and therefore F/ = F.

If FiNF #0,let pe Fy NF and consider the gradient curve a, of the function dp, .
Since ap(t) € F YVt > 0 (by Lemma 2.9 on page 29), there exists 7' > 0 such that
dp, (ap(T)) = s. This implies that oy, (T) € F{ N F' # () and completes the proof. O

2.15 Corollary. For some compact M € ALEX"(0) let Fy,...,F; be a stratification of
OM and 0 < s; < a; := mzjx\z{cdpi(p) fori=1,... 0. If the space M' := d;ll([sl,al]) N
pe

.. N d;{l([Sg,ag]) is mon-collapsed, then its boundary possesses the stratification OM' =
F{ U...UF, with boundary strata F, := d;il(si) N M'. Moreover, the intersection of any



2.5. Structure results on intersections of boundary strata 33

collection of the strata F; is empty if and only if the intersection of the corresponding
strata F is empty.

Proof. This follows by iterated use of Proposition 2.14 and the fact that the order of
taking superlevel sets is irrelevant according to Lemma 2.13. Indeed, in any space M’ =
d;}([si, a;]) the distance function d Fy s just the restriction dp, |,,, for j # 4. In addition,
— S;. |

of course, dF{ =dp, M/

An operation very often used in the subsequent work is the following: If p € M and
F is some boundary stratum, we consider the superlevel set M’ = d'([dp(p), max d]).
We simply say that F' is shifted to p and often rename M’ and F’ back to M and F to
simplify notation.

2.5 Structure results on intersections of boundary strata

As we have seen in the last section, if M is given with some assumptions about boundary
strata and their intersecting behaviour, then any superlevel set fulfills the same assump-
tions (as long as no collapse happens). This implies that structure results about boundary
strata and in particular their intersections carry over to such superlevel sets M’ C M.
Also vice versa, some results can be obtained only for superlevel sets M’ ; M (since an
ambient space is needed) and then may carry over to M by the Stability Theorem.

We will see later how this works in detail.

2.16 Lemma. Let M € ALEX"(0) be compact and let Fy,...,Fr11 be a subcollection
of some stratification of OM. As always we set a; = max dr,(p) and A; == {p € M |
pe

dr,(p) = a;}. Assume that the following holds.
(i) ... nNFgy :@;
(i) FEN...NEN...NF £0 VYje{l,... k+1}.

For j € {1,...,k+ 1} let p € Aj and ¢ € M such that for all i # j we have that
dr,(q) < dr,(p) if dp,(p) > 0 and dp,(q) = 0 if dp,(p) = 0.

Then also q € A;. Moreover, it follows that A; C F1U...U IV; U...UFgyq.

Note that, according to a standard definition, X means that X is omitted in the
respective collection.

Proof. We show the assertion for Ax1. First of all, by the assumptions and Lemma 2.10
on page 29, we have that F1 N...N Fy C Agy1. According to Corollary 2.15 on the facing
page, the analog is true for each superlevel set as long as no collapse occurs.

For i =1,...,k we set s; :== dp,(p) and t; := dp,(q). Now consider the space M’ :=
d;ll([tl,al]) Nn...N d;}j([tk,ak]), which is not collapsed since ¢; < s; or t; = s; = 0. We

have that ¢ € F{ N...N I} and again by Lemma 2.10, the function dp,_, )y attains its
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maximum at ¢. On the other hand we have that p € M’ and therefore a4y = dp, ., (p) <
dF,,,(q) < ags1. This implies everywhere equality and hence ¢ € Ag .

Assume now, by way of contradiction, that s; >0 Vi€ {1,...,k}. Let z € FiN...NF}
and r > 0 satisfying r < s; Vi € {1,...,k}. Then, by the first part, the ball B,(z) (taken
in M) is contained in A1, a contradiction to the definition of Agy;.

Hence, for each p € Ajy; there exists some index i such that dp,(p) = 0. In other
words, Agy1 € FyU...U F. O

The next lemma is purely technical and only a tool for the proof of the subsequent
theorem.

2.17 Lemma. Let M € ALEX"(0) be compact and let Fi,..., Fxy1 be a subcollection of
some stratification of OM . Then the following constellation is impossible: All intersections
of k — 1 boundary strata F; are nonempty, while all intersections of k boundary strata are
empty.

Proof. Assume, by way of contradiction, there is such constellation. Note that only for
k > 2 there is something to prove.

Let Ay as before and G; := FiN... NEN...NFyforie {1,...,k}. By assumption
there are points p; € G; for each i € {1,...,k} and these points are pairwise distinct. In
addition, we have that G; N Fi;1 = () and therefore by Lemma 2.10 that G; C Agyq Vi €
{1,...,k}. Moreover, by applying Lemma 2.16 to the subcollection Fb, ..., Fi1, we obtain
that Agy 1 C FhU... U Fy.

Let q1 € p1p2 be some interior point. Since Ay,q is convex, we have that ¢ € Agyq.
The fact that p; ¢ F; and py ¢ F5 implies that ¢ € (Fo U ... U Fy) \ (F1 U F3), because
all F; are extremal. Now let ¢o € q1p3 be some interior point and obtain that ¢y €
(FoU...UF)\ (F1UFyU F3) and iterate. This process leads to some point giz—1 € qx—2pk
satisfying the condition gx—; € (FoU...U Fy) \ (F1 U...U F}), a contradiction. O

The following theorem ensures that intersections of £ boundary strata are MCS-spaces
of the expected topological dimension.

2.18 Theorem. Let M € ALEX"(0) be compact with OM # (. Then the following holds
for any subcollection Fi,. .., F}, of any stratification of OM : If k < mn and FyN...NEF, # 0,
then this intersection is an MSC-space satisfying dim(Fy N...NFy) =n—k. If k > n,
then F1N...N Fg is always empty.

Proof. The proof is carried out via inductions on k and on n. For k = 1 the statement is
clearly true for all n € IN. Now assume that the statement is proved for any intersection
of k boundary strata and for all n € IN. We will prove the statement for intersections of
k + 1 boundary strata and, by a second induction on n, for all n € IN.

(i) Ifn=1,...,k—1, in other words if n < k, then by induction assumption on k, we
have that any intersection of k& boundary strata is empty, hence also any intersection of
k + 1 boundary strata.
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(ii) If n =k, the case n = 1 is already proved. Let n > 2 and assume, by way of contra-
diction, there exists p € Fy N ... N Fiy1. The space of directions X, fulfills the following:
dim, = n —1 and X,F1,...,3, 41 are boundary strata according to Lemma 2.6 on
page 26. Moreover, these sets form a subcollection of some stratification of 0%, i.e.
the intersection of each two boundary strata is not a boundary stratum. Indeed, if, say,
dim(X,F1 NX,Fp) =n — 2, then dim(F; N Fy) = n — 1, which is impossible since the sets
F; form a subcollection of a stratification of M. -

Now we can apply (i) and obtain that X,F1 N...NX,F; N ... N E,Frq = 0 for all
i€{l,...,k+1}. We claim that, in contrast, any intersection of k — 1 boundary strata
Y pF; is nonempty. The claim is proved via another induction and for a fixed numbering,
which is of course without loss of generality.

The base step X,F; # () holds by assumption (i.e. n > 2).

Now assume that X,F; N...NX,Fy # 0 is proved for all £ < k — 2. By the induction
assumption for k we have that dim(X,F1N...NE,Fy) = (n—1)—/ and in turn (n—1)—¢ >
(n—1)—(k—2) = (n—1) — (n —2) = 1. Being a boundary stratum, the set ¥,Fy;
has codimension 1 in ¥,. Hence, by Petrunin’s version of Frankel’s Theorem in [Pet 98,
Corollary 3.3], the following intersection is not empty: X,F1 N ... NE,Fp NE,Fpq # 0
and thus, the claim is proved.

Consequently, we can apply Lemma 2.17 and have a contradiction. Hence, F1 N ... N
Fj11 =0 is proved.

(iii) Ifn=k+1,let p € FyN...N Fryq1. As shown in step (ii), we can apply the
induction assumption to the boundary strata X,F,..., %X, Fjpy1 C X,. This gives that
YN NEF = 0, since dim¥, = n—1 =k < k+ 1. Therefore, we have that
dim(Fy N...N Fgy1) =0=n— (k+ 1), which is the statement of the Theorem.

(iv) If n > k+ 1, assume that the statement is proved for dimension n — 1. Now let the
dimension be n and consider p € Fy N...N Fj4q # 0. Again, in the space of directions X,
the induction assumption can be applied. By the fact that dim>, =n —1 > k + 1, the
same argument as in case (ii) via Frankel’s/Petrunin’s Theorem shows that X,F1 N...N
YpFit1 # 0. Hence, by induction assumption, we obtain that dim(X,FiN...NYpF,41) =
(n—1) — (k+1), which implies that dim(Fy N...N Fiy1) =n— (k+ 1) as desired. Indeed,
since p was arbitrary, the dimension is locally constant. In other words, FiN...N Fiyq is
an MCS-space.

This concludes the proof of the Theorem. O

2.19 Corollary. For > € ALEX"(1) let F1,. .., Fy be a subcollection of some stratification
of 0%. Then we have that Fy N ... N Fy, # 0 if and only if k < n.

Proof. This follows immediately from Theorem 2.18 and Frankel’s/Petrunin’s Theorem.
O

Recall that for M € ALEX"(0) boundary points can be recognized as follows: If T,M ~
R ! x Ry, then p € M. (In fact, M is the closure of all such points.) If F is the
intersection of some boundary strata, the question arises if F' has “boundary”. However,
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)

F is in general not an Alexandrov space, hence the term “boundary” is not defined.

But since F' is an MCS-space, one can at least ask if there are points p € F' satisfying
T,F ~R*! x Ry, where £ = dim F.

In order to deal with this problem we want to use the Relative Local Fibration The-
orem. Since it cannot be applied to boundary strata of M directly, we will work in some
superlevel set Hausdorff-close to M. For this reason we need the following lemma.

2.20 Lemma. Let M € ALEX"(0) be compact and let E| Fy, ..., F}, be some stratification
of OM. We set a := max dg(p) and choose a sequence (s;) C [0,a) decreasing to 0. Let
pE

M; = d'([si,a]) and E; := dg'(s;) and let F = () F, be the intersection of boundary
lel

strata with some index set I C {1,...,k}. Then we have the Hausdorff convergences
MM, B "Fad E;NF = ENF.

Proof. Since s; is decreasing, we have that M; C M;, V4. Thus, the convergence M; — M
is clear. Now, if ¢ > 0 is given, choose i big enough such that max(s;,dg(M;, M)) < &
(where dp denotes the Hausdorff distance). Then by definition |pM;| < e Vp € M, which
implies that |pE;| < e Vp € E. On the other hand we have that |[¢E| =s; <e Vq€ E;
and hence, F; — E. In order to show the remaining convergence, note that according to
the Compactness Theorem by Blaschke (see e. g. [BBI01, Theorem 7.3.8]), we may assume
that E; N F has a partial limit, say L. It suffices to show that L = EN F.

The Hausdorff limit L consists precisely of all points which are limit points of sequences
in E;NF. If p; is a sequence converging to p € M and satisfying p; € E; N F', then clearly
p € ENF, since B; — E and F is closed. This implies that . C E N F. For the other
implication, let ¢ € E N F and let oy be the gradient curve of the function dg starting
at q. According to Lemma 2.9 on page 29, the gradient curve ¢, stays in F. By setting
¢i = agNE; Yiwe obtain a sequence ¢; — ¢ with ¢; € E;NF Vi. Indeed, dg(g;) = s; \, 0
implies that g; — ¢q. Thus we have that L = E N F' as desired. U

Now we come back to the question asked above.

2.21 Proposition. Let M € ALEX"(0) be compact and let Fy, ..., Fy be a subcollection
of some stratification of OM. Assume that F := Fy N...NF, # (0. Let p € F such that
T,F ~R"*1 x R;.

Then the point p is contained in some boundary stratum distinct from Fy, ..., Fy, i.e. p €
OM \ (Fy U...UFy). In particular, if there is no additional boundary stratum intersecting
with F1 N ...N F, such points p do not exist.

Proof. The assertion is proved via induction on k. Let k£ = 1, i.e. F'is a boundary stratum.
Let p € F' with T,F' = R™" 2 x R, and assume, by way of contradiction, that p lies in no
other boundary stratum. Hence we can assume that OM = F. Indeed, if OM \ F # 0,
consider the doubling M obtained by gluing along the boundary stratum OM \ F. This
does not affect T),F" = TpF’ by the assumption on p.

Let a := max dr(z), s € (0,a) and consider the level set F' := d(s). We claim that

there is no open subset UCF’ homeomorphic to R"~2 x R. Otherwise let ¢ € U. Since
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dr is admissible and regular near ¢, we can apply the Local Fibration Theorem 1.30 on
page 19. Then ¢ has a neighborhood VCM satisfying V ~ U x R ~ R"! x R,. This
implies that ¢ € OM = F, which contradicts the definition of F”.

Now we consider F” as the boundary of the space M’ = d'([s,a]) (according to Propo-
sition 2.14 on page 32). The claim from above is true for each s € (0,a). By Lemma 2.20,
any sequence s; \, 0 induces a sequence of spaces converging to M with boundaries con-
verging to F'. According to the Relative Stability Theorem [Kap 07, Theorem 9.2], we
have that ' =~ F’ for s small enough. By the choice of p, there is some open subset in F'
homeomorphic to R"2? x R,. Hence, such subset exists also in F', a contradiction to the
claim. Thus, the base step of the induction is proved.

The proof of the induction step is similar. Let p € F = Fy N ... N F} such that
T,F ~ R"*~1 x R, and assume that p lies in no other boundary stratum. Analogously
to above, we then can assume that Fi,..., F} is a stratification of M.

For a; := max dp, (z) and s € (0,a;) we consider the set F’ := d;ll(s) NEFN...N Fg.

Our claim is that there is no open subset UCF’ homeomorphic to R* %=1 x R.. Assume
the contrary and let ¢ € U. The function dp, is admissible and regular near ¢ and the set
FyN...NF}y is extremal. Hence, the Relative Local Fibration Theorem can be applied, see
[Kap 07, Theorem 9.7]. This gives that ¢ has a neighborhood VCF,N...N Fy, satisfying
V ~U xR~ R" x R,. By the induction assumption it follows that ¢ lies in some
boundary stratum distinct from Fs,..., Fi. This implies ¢ € Fj, a contradiction to the
definition of F”.

Thus, the claim is proved for each s € (0,a;). Now the contradiction to the assumption
on p follows analogously to the case k = 1, using Lemma 2.20 and the Relative Stability
Theorem. O

If the intersection Fy N...N F} is a convex set and therefore an Alexandrov space, its
boundary coincides with the closure of points p as in Proposition 2.21. If A ; Fin...NFg
is a proper subset, but still of the same dimension and convex, one expects additional
points of JA, namely all points of the topological boundary of A inside Fi1N...N F. In
the following we give more precise statements on this issue.

2.22 Lemma. Let ¥ € ALEX"(1) and let F,..., F} be a subcollection of some stratifica-
tion of 0¥ with k <n,n > 2. Then the intersection Iy N...N F} is connected.

Proof. First, recall that F; N...N F, # 0 by Corollary 2.19 on page 35. Now we use
induction on k. The base step k = 1 is clear by Frankel’s/Petrunin’s Theorem. Indeed,
dim F; =n—1and 2(n —1) > n since n > 2. Therefore, two connected components of F}
would intersect.

For the proof of the induction step let p,q € F1N...N Fg. Since df, is strictly concave
(see Corollary 2.7 on page 28), the subset in X where dp, attains its maximum consists
of one point only. Let z; be this point. Moreover, Lemma 2.9 on page 29 implies that
z1 € Fh N ...N Fy, because all gradient curves of the function dr, end at the point z;. In
particular, there is a curve v C Fo N ... N F} from p to gq.
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We claim that 7 can be chosen such that z; ¢ . Assume the contrary, then for each
neighborhood U C FyN...N F} of z; the set U \ {#1} is not path-connected. This implies
that K(X,, Fan...NX,, F)\ {apex} is not path-connected and therefore also ¥,, FoN...N
3., Fy is not path-connected. By induction assumption, >, Fp N ... N3, F} is connected
and hence also path-connected, since it is a stratified manifold. This contradiction proves
the claim.

Let z € ¥\ (Fy U{21}). The concavity of dp, implies that [f£11Z!| > Z. Therefore,
the gradient V, f of the function f := dgl is non-zero. Thus, the gradient flow of f pushes
v into the extremal subset F1 N...N Fj. We assume that there is some 7" € (0, 00) such
that § := @?(7) C Fin...NF. If ap, a4 denote the gradient curves of f starting at p
and ¢, respectively, the curve ¢ connects the points a,(7") and a4(T"). Hence Fy N ... N Fy,
is connected.

If such finite 7' does not exist, perform the construction from above in the space
¥ = d}ll([s,al]) for s > 0 small enough and a; = maxdp,. It is clear that in the space
Y’ an appropriate T exists. Now let s \, 0 and apply Lemma 2.20 on page 36, which
gives that F; N...N Fy is connected as Hausdorff limit of the corresponding connected
sets I N...NF]. ]

2.23 Definition. Let (X, d) be a metric space and A C B C X. The topological boundary
BdgA of A in B is defined as follows:

BdpA:={x € B | By(x)NA#0and B.(z)N(B\A)#0 Vr>0}
where the balls are taken in X.

2.24 Lemma. Let M € ALEX"(0) be compact and let Fy, ..., F} be a subcollection of some
stratification of OM with k <mn. Let A C M be a convex subset satisfying A C FiN...NFy
and dim A =n — k. Then p € Bdpn..nr, A implies that p € 0A.

An analog statement holds if A C M is a convex subset of full dimension. A proof will
be carried out in the upcoming book on Alexandrov geometry by Alexander, Kapovitch
and Petrunin. The proof of our statement is an adapted version of their one.

Proof. We use induction on m := n — k. The base step m = 1 is trivial.

For m > 2 let p € Bdp,n..nF, A and let € > 0. We endow the extremal set FyiN...N Fj
with the induced intrinsic metric, denoted by d. Recall that d and d are locally bi-Lipschitz
equivalent according to [PP 94, Corollaries 3.2]. We choose g € (F1N...NFy)\ A such that
cZ(p, q) < 5. Let x € A be a point with minimal distance cf(x, q). Let v be a shortest path
in F1 N...N Fy from x to q. The choice of x implies that 7 (0) ¢ X, A. In other words,
the convex subset X, A C 3, satisfies 2, A ;Cé Y. (FyN...NFy). By Lemma 2.22 the set
Yz (Fin...NFy) =X, F1N...NE,Fy is connected and therefore Bds, ;0. a5, 7, Xz A # 0.
By the induction assumption we conclude that 0X,A # () and hence x € OA. Since
d(z,p) < d(m,p) < e and 0A is closed, this implies that p € 0A as desired. O



CHAPTER 3

The Splitting Theorem

3.1 Formulation

This chapter is devoted to the following Splitting Theorem—the main theorem of this
work—and its proof.

3.1 Theorem (Splitting Theorem). Let M € ALEX"(0) be compact and let Fi,..., Fyqq
be a stratification of the boundary OM with k > 1. Assume that the intersection of all
boundary strata is empty, i. e.

Fin...NEq =0,
and that all intersections of k boundary strata are nonempty, i. e.
FiNn..NnFEN..NF#0 Yie{l,... k+1}.
Then there are Alexandrov spaces S € ALEX"*(0) and D € ALEX®(0) such that M is
isometric to the metm'cAproduct, i.e. M =2 S x D. Moreover, S has no boundary and

satisfies S=FiN...NFN...NFey Vie{l,...,k+1}.

3.2 Notation. Throughout the entire chapter we will use the following assumptions and
notation.

M and Fiy,...,Fjy1 are given as in the Splitting Theorem.

In addition, for i = 1,...,k 4+ 1 we define the following:

fi=dr,, a;:= gé%(fz‘(z?% Ai={pe M| fi(p) = a;}

39
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3.2 Outline on the proof

The basic steps in the proof of the Splitting Theorem are as follows.

Each intersection of k boundary strata has to be a convex subset. We consider FiN...NFy,
say, and obtain by Lemma 2.10 on page 29 that F} N...N Fy C Agy1. If equality holds,
we are done, since A1 is a convex subset. However, in general equality does not hold as
the following simple example shows.

Fo N Fy A Fy
F3
As
Fi N E; A, ) YFi N Fy

In exchange, it turns out (Theorem 3.4 on page 43) that the Alexandrov space Ay
fulfills the assumptions of the Splitting Theorem with m+1 boundary strata, where m < k
holds. Moreover, the set F;N...N F} coincides with the intersection of m boundary strata
of Agy1. Thus, we can assume by an induction argument that Apy; has the desired
properties and obtain that F; N ... N F} is a convex set. It has no boundary according to
Proposition 2.21 on page 36 and will be called a soul of M.

In order to obtain a fibration of M into souls, we perform the above argument for each
non-collapsed superlevel set M’. This is possible, because such superlevel sets again satisfy
the assumptions of the Splitting Theorem by Corollary 2.15 on page 32. The fibration
of M into souls will be proved in Proposition 3.6 on page 45. Now we want these souls
to be isometric. In order to prove this fact, the gradient flows of the functions f; are
used to push each soul around in M. Again, if some set A; does not only consist of the
appropriate intersection of boundary strata, the flow may not reach the latter set. In this
case, we can assume by the induction argument that inside A; the soul can be pushed to
the intersection. Pushing souls can be executed in each superlevel set M’, too. Hence, it
can be proved that pushing around some soul induces a map homotopic to the identity on
the soul. Since the gradient flow is 1-Lipschitz (see Lemma 1.23 on page 16) and the soul
has no boundary, pushing the soul is an isometric action. More precisely, Theorem 3.12
on page 48 will provide submetries ¥;: M — FiN...NF;N...NFpyq for j=1,...k+1,
and the restrictions \I/j‘ ¢ to any soul S are isometries.

For each p € M and j € {1,...,k + 1} we will consider the fibers \Ifj_l(\IJj(p)), which
form a priori different subsets for different indices j. However, it will be shown in Theo-
rem 3.22 on page 54 that they coincide for all indices j. The fibration of M made up by
these fibers will turn out in the end to be dual to the fibration into souls. For that reason,
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the fibers of W, will be called dual fibers. Lytchak’s results on submetries in [Lyt 02] will
provide many important properties of the dual fibers.

To conclude the proof of the Splitting Theorem, it remains to prove that the souls
are equidistant sets. By the results so far, Proposition 3.24 on page 55 will supply this
fact along shortest paths to the boundary strata. This means that for each p € M and
i =1,...,k+ 1 it is known that a shortest path v from p to F; has its counterpart in
any other dual fiber. In other words, the canonical projection along souls transports -y
isometrically into an arbitrary dual fiber. These projections turn out (Proposition 3.18
on page 52) to be locally Lipschitz near almost all points. Therefore, the differential ex-
ists and is linear almost everywhere. Vectors tangential to paths v as above are mapped
isometrically by the differential. Moreover, such vectors may span the tangent space of
the respective dual fiber. If so, by linearity, the differential is a 1-Lipschitz map. In case
the vectors do not span the whole tangent space, it turns out that the remaining subspace
comes from some set A; (after passing to an appropriate superlevel set M’). Thus, in
all directions belonging to A}, everything is proved by induction assumption, and also in
this case the differential is a 1-Lipschitz map. This will be proved in Proposition 3.28 on
page 58. Thereafter it is easy to prove that the projections along souls onto dual fibers
are 1-Lipschitz (Theorem 3.29 on page 59). This implies that all souls are equidistant and
all dual fibers are isometric convex subsets. The product structure of M follows.

As we have seen, the proof uses induction on k, the number of intersecting boundary
strata. In the subsequent section the base step k = 1 will be proved.

3.3 First case: two strata

As mentioned in the Introduction, this case is not difficult or surprising. However, we
give a proof here for completeness and as a first application of our machinery developed
in Chapter 2.

3.3 Theorem. The Splitting Theorem 3.1 holds for k = 1. In this case, the space D is
isometric to an interval: D = [0,d] where d = |F} Fy|.

Proof. Since Fy N Fy = () by assumption, Lemma 2.10 on page 29 implies that F; C Ay and
F, C A;. Furthermore, equality holds according to Lemma 2.16 on page 33. Thus, we have
on the one hand that F; and F5 are convex sets and therefore Fp, Fy € ALEX"il(O). On the
other hand, |F} Fy| = a1 = ag = dy(F1, F») (where dy denotes the Hausdorff distance),
i.e. F1 and Fy are equidistant. Proposition 2.21 on page 36 implies that 9F; = () and
OF, = .

Let p € M \ Fy. According to Proposition 2.14 on page 32, all facts stated above also
hold in the space M’ := f5 ' ([f2(p), az]). Hence, the set S(p) := f5 ' (f2(p)) is a convex set
of dimension n — 1 without boundary. We call S(p) the soul at p. In addition, for p € F}
we set S(p) = F1. Thus, the souls form an equidistant fibration of M.
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We define the projection 7p, : M — Fj in the following way: If x € Fj, then set
7w, (x) = x. Otherwise let mp, (z) be the endpoint of some shortest path from x to Fy. This
shortest path is unique by the equidistance of the souls. Indeed, the path (with inverted
direction) is also a shortest path from 7, () to S(x), the latter being a boundary stratum
of the appropriate space M’. By Lemma 2.11 on page 30 the point 7p, () is unique, hence
the projection 7, is well-defined. Its restriction to any soul is an isometry, i.e. we claim
the following: Let p € M. Then WFI‘S(p)Z S(p) — Fi is an isometry. For p € Fj the
claim is trivial, so let p € M \ F; and take two distinct points ¢, € S(p). We set
q1:= 7k (q), r1 := 7w (r). Again by Lemma 2.11 (or alternatively, by the equidistance
of the souls), the paths ggq; and rr; intersect each soul perpendicularly. Since all souls
are convex sets, it follows that the paths gq; and rr; are equidistant. In particular, we
have that |gi7r1| = |gr|. Therefore, S(p) embeds isometrically into Fi, and since S(p) is a
boundary stratum of some space M’, the roles of S(p) and F; can be swapped. Hence,
the claim is proved.

Now fix an arbitrary shortest path from F; to F» and denote it by D. Let np: M —
D be the canonical projection along souls. It is clear that each path intersecting the
souls perpendicularly is mapped isometrically by mp. The map V: M — F; X D,z —
(mp (z), mp(x)) is bijective. To show that it is an isometry, let p,q € M be distinct
points and let v: I — M be some shortest path from p to q. We set vg, := 7 () and
vp := 7p(vy) and denote the endpoint of the shortest path from p to S(q) by r € S(q).
Since £prq = 5, we obtain by Toponogov’s Comparison Theorem that

pal® < lpr|* + [ral® = |7p (@) 7p(@)* + 77 (0) 7, ()
On the other hand, for each ¢ € I and all h € R satisfying t + h € I we have that
() ¥t + )12 = [yp @) yp(t+B) | + [y (8) ve (8 + h)[? +o(h),
which implies by integration that
L(7)* = L(p)* + L(7r)*-
Thus, we obtain that
L(y)* = Ipal* < l7p(p) 7 (q)1* + |7k, () 7k, (0) < L(vp)? + L(vm)? = L(7)?

and therefore everywhere equality. This implies that ¥ is an isometry. U

The proof of the Splitting Theorem for £ > 2 is carried out in the rest of this chapter.

3.4 Fibration into souls

In this section we prove that the space M is fibrated into convex subsets of codimen-
sion k without boundary. The key result, which is essential in further sections, too, is the
following.



3.4. Fibration into souls 43

3.4 Theorem. Let ¢ € {1,...,k+ 1}. The boundary 0Ay fulfills the same assumptions
as OM, i.e. there is a stratification Gy, ..., Gmi1 of Ay with m <k such that Gy N...N
Gmt1 =0 andGlﬂ...ﬁGjﬂ...ﬁGmH +0 Vje {1,...,m+1}.

More precisely, Ay # O holds if and only if Ay 2 F1 N ...N F,n...n Fy 1. In this case

let I C{1,...,k+ 1} be the mazximal set of indices such that Ay C (| F; =: F. Then
i€l

1 <|I| < k and the strata of DAy are given by AyNF; fori e {1,...,k+1}\ (IU{l}) plus

the stratum BdpAy. In addition, the dimension of Ay satisfies dim Ay = dim F' = n — |I|.

Proof. The assertion will be proved for A;y;. By Lemma 2.10 on page 29 we have that
Fin...NFg C Agyq. If equality holds, it follows from Proposition 2.21 on page 36 that
OApy1 = 0. Hence, we assume that F1 N... N F, G Apq1. Let p € Apqy be a point
such that f;(p) # 0 for a maximal number of indices ¢ € {1,...,k}. After renumbering
the boundary strata we may assume that f;(p) # 0 for ¢ = 1,...,m and f;(p) = 0 for
i=m+1,...,k. According to Lemma 2.16 on page 33, we have that m < k.

We claim that f,4+1(q) =... = fx(¢) =0 Vg € Agy1. Assume, by way of contradic-
tion, there exists ¢ € Ap41 and j € {m +1,...,k} with f;(¢) # 0. Note that fj(x) =0 is
equivalent to x € F; and F; is an extremal set. Thus, any inner point r of some shortest
path pq fulfills f;(r) # 0 for i € {1,...,m} U {j}. Since Axy; is a convex set, we obtain
that r € A1, contradicting the choice of p.

By the claim we have that Ax1 C Fy,11N...NF} and therefore dim A1 < dim(Fj,41N
...NFL) = n—(k—m), see Theorem 2.18 on page 34. On the other hand, if we set s; := f;(p)
for i = 1,...m, again Lemma 2.16 implies that f;([0,51)) N ... N £ ([0, 8m)) N Frpe1 N
... N F C Apy1. We conclude that n — (k —m) < dim Agy;. This gives that

dim A1 = dim(Fpp1 N ... N EFy) =n— (k—m).

Now we set G; := A1 N F; for i = 1,...,m. Then we have that fi‘A 41 = dg, for
1 =1,...,m. This fact can be shown like in the proof of Lemma 2.13 on page 31. We
want to show that, say, GG; is a boundary stratum of Ay,q. First, G is extremal in Ay,
because it is closed and for each p € Ai41 \ Gy the following holds: If the function d,
attains its minimum at ¢ € Fi, then in fact ¢ € G, and hence {pgx < 5 Va € Agy1.

I

It remains to prove that G; has locally constant dimension n — (k —m) — 1; then
G is a stratum of 0Agy1. Let ¢ > 0 be small enough such that it is a regular value of
the function dg,. By the Morse Lemma, the level set Z := d&} (t) is of locally constant
dimension and has codimension 1 in Agy;. We define a map ¢: Z — F; like follows:
For z € Z let 9(z) be the endpoint of some shortest path from z to Fj;. We claim
that v is noncontracting. Indeed, by Lemma 2.11 on page 30 each shortest path from
some point in Z to Fj is perpendicular to Fj, and the same holds for the boundary
stratum FJ in any superlevel set M’ = f ' ([t';a1]), ' € (0,t). Hence, the distance of
two corresponding points on two shortest paths from z1,20 € Z to F; cannot decrease.
Therefore, dim¢(Z) > n — (k —m) — 1 and since ¥(Z) C G1 C F1 N Fypq1 N ... N Fy, the
extremal set G has locally constant dimension n — (k —m) — 1.
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To complete the proof we have to show that there exists the additional boundary stra-
tum Gp,y1 := Bdp,, 1n..nF, Ak+1 and that the strata intersect like stated in the Theorem.

Let p € 0Ag+1. Assume that p ¢ Gy, which implies that T,Ary1 = Tp(Fpg1 N
... N Fg). According to Proposition 2.21 on page 36, we have that p € G; for some
i € {1,...,m}. Indeed, this is true if T,Azy; ~ R*~#=™~1 x R, and such points
are dense in 0Aki1 \ Gpt1. Therefore it follows that 0Ag 1 € Gi U ... U Gpyq. It is
clear that G,,+1 # 0, because each limit point of some gradient curve to the function
fr+1 starting (and hence staying) in Fp,y1 N ... N Fy lies in Gp,p1. In order to refine
this argument, the same holds if the gradient curve starts in F; N ... N E’; N...N Fg,
for each j € {1,...,m}. By slightly shifting the strata Fi,..., F,,, i.e. performing that
construction in superlevel sets M’ close to M, we conclude that there are points in Gy, 1
arbitrary close to G1N...N é; N...N Gy, but not contained in any Gy, ..., Gy, for each
j € {1,...,m}. According to Lemma 2.24 on page 38, we have that G,,11 C 0Ags1.
Hence, it follows that 0Agi1 \ (G1U...UG,,) is nonempty and therefore a boundary
stratum. Moreover, we have that 0Agy1 \ (G1U...UGp) C Gyt

In order to see equality, consider the doubling M by gluing along F} U ... U F},,. The
set Agi1 is a convex set of M. Its boundary Ay 1 coincides on the one hand with the
topological boundary BdFm+lm...kaAk+1 = Gyuy1 and on the other hand with the doubling

of the stratum 0Ak4+1 \ (G1U...UGp,).
Similar doubling procedures show that G; U ... U Gp,41 is indeed a stratification of
O0Aj41, i.e. there is no intersection G; N G, © # j which is itself a boundary stratum.

As proved above, we have that
GiN...NGiN..NGCuN Gy #0 Vie{l,...,m}.

Moreover, by G1N...NGy, = F1N...NF,NAg1 CFN...NF, CFAN...NE,NA
we conclude that
Gin..NGp=FnN...NF, #0.

It remains to show that Gy N ... N Gy = 0. Again, choose p € Ajy1 such that
si:= filp) >0 Yie{l,...,m}. Then f;([0,51))N...0 ([0, 8m)) N Fpy1 0. .0 E C
Agy1 is a neighborhood of the set G; N ... N Gy,. In particular, this neighborhood does
not contain any points of G,11. This proves the assertion. O

3.5 Corollary. Each intersection FiN... ﬂf’;ﬂ o NFey1, 7 €41,...,k+1} is a convex
subset without boundary. Moreover, each point p € M lies in a convex subset S C M of
dimension n — k without boundary.

Proof. Let j € {1,....k+1}. If A N... OE N...N Fip1 = Aj, the first statement is
proved. Otherwise, according to Theorem 3.4, the intersection £} N...N ﬁ’; N...NFrq
coincides with the intersection of m corresponding boundary strata of A; with m < k
and dim A; = n — (k —m) = n — k + m. Hence, induction on the number of intersecting
boundary strata proves the statement.
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In order to prove the second statement, let p € M be an arbitrary point and set
s; := fi(p) for i = 1,...,k 4+ 1. If there is an index j such that s; = a;, then p € Aj,
and the statement follows like above by induction assumption. If such an index does not
exist, p is not contained in any intersection of k£ boundary strata. Hence, there is an index
(in fact, at least two indices) j such that 0 < s; < a;. Then consider the superlevel set

M = fj_l([sj, a;]) and iterate the procedure, which clearly terminates. O

Note that the Corollary does not yet guarantee a fibration of M, because the procedure
described in the proof may depend on the order of passing to superlevel sets. Indeed,
problems may occur exactly if p € M lies in two different sets A;, A;. By the induction
assumption, both sets posses unique fibrations, but the respective fibers containing p could
form different subsets of M. Therefore, we have to examine the intersection 4; N A; and
to prove that the fibrations of A; and A; in fact match.

3.6 Proposition. The space M is fibrated into convex subsets of dimension n— k without
boundary, called souls. On each soul the functions fi,..., fra1 are constant. In particular,
all intersections of k boundary strata are souls. Moreover, each set A;, i€ {1,...,k+ 1}
1s fibrated into souls as well, and all these souls are also souls of M. The same holds for
each corresponding set Al in any non-collapsed superlevel set M' C M.

Proof. The fibration is obtained as described in the proof of Corollary 3.5. Note that
according to Theorem 3.4 and its proof, in each set A; all but one boundary strata are
obtained by cutting down the strata of 0M to A;. Moreover, the distance function to such
stratum of JA; is nothing but the corresponding function f; restricted to A;. This fact
ensures that all functions f; are constant on each soul of each set A;. This in turn carries
over to each A} in any superlevel set M’ C M.

As mentioned above, it remains to prove the following claim: Assume that p € M is
contained in several sets A;. Then the fibration of each A; gives a soul for p, but all these
souls coincide.

In order to prove the claim, assume without loss of generality that p € A1 N Ay. First
we consider A;. According to Theorem 3.4, the set A; N Fy is a stratum of 0A; and we
have that da,nr, (p) = f2(p) = ag. On the other hand, if ¢ € A; is some point at maximal
distance to A; N Fy, it follows that ag > da,nr,(¢) > da,nm (p) = az. This implies that
q € A1 N As. Therefore, the set A := A; N Ay coincides with the set of points in A; at
maximal distance to the boundary stratum A; N Fb.

Analogously, A coincides with the set of points in Ay at maximal distance to As N
Fy. By applying Theorem 3.4 to the set A inside A; or inside As, respectively, we can
determine the stratification of A in two ways. They do not have to coincide, but the
stratifications into primitive boundary strata coincide, since they are uniquely determined
by the boundary A itself. By induction, we may assume that the Splitting Theorem is
proved for the space A. We apply Corollary 4.2 on page 61 and obtain that there are souls
of A which coincide as subsets whether A C A is considered or A C As. Indeed, if S C A
is given as the intersection of boundary strata coming from Aj, then in fact S is already
given as the intersection of primitive boundary components. This follows for dimensional
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reasons by Corollary 4.1 on page 61. Hence, the same is also true for the stratification
coming from As.

Now the claim follows, because all other souls of A can be recovered from the soul S.
Recall that the product structure of A is known by induction assumption. Therefore, the
dual fiber through some regular p € S is given as the preimage of p under orthogonal
projection onto S. Furthermore, two points ¢, g € A lie in the same soul if and only if
|g1g2| coincides with the distance between the respective dual fibers. Since almost all dual
fibers are recovered, all souls can be recovered by taking closures. Thus, the fibration of
A is independent whether A C Ay or A C A, is considered. O

3.7 Remark. It is possible that the Splitting Theorem can be proved without unique
souls in the sense from above. Since by induction assumption each A; possesses a fibration
into souls, on intersections A; N A; one could simply decide for one. But then in the
subsequent results and proofs one always has to take into account in which set A; some
soul is obtained. This causes at least some trouble and is the reason why we decided to
prove the uniqueness of the fibration first.

The fibration of M into souls enables the following notation.
3.8 Notation. For each p € M the souls of M containing p is denoted by S(p).

In the following section we prove the fact that all souls of M are isometric and examine
the respective isometries.

3.5 Isometry of the souls via gradient flow

First we will establish that certain souls are isometric, namely all intersections of k£ bound-
ary strata. Passing to superlevel sets then implies that in fact all souls are isometric.
However, the obtained isometries are too abstract for later use. We need the following
fact: For each soul S which coincides with an intersection of k& boundary strata (there are
k + 1 such souls) there exists a submetry (see Definition 3.11 below) ¥: M — S which
maps each soul of M isometrically onto S. The canonical candidate for ¥ is the gradient
flow, of course. More precisely, if S = Aj, say, then ¥ should be given by (1)3;1 for T big
enough. If such finite T' does not exist, some limit is taken. Moreover, if S ;Cé Ay, the
gradient flow has to be composed with the flow inside A1, whose existence can be assumed
by induction. The details will be given later. We start with the following

3.9 Proposition. All souls of the form S := FiN.. .ﬂﬁ’;ﬂ. NFgyq withj € {1,...,k+1}
are isometric.

Proof. The assertion will be proved for the souls S; and Si11. We start with the following
special case.

Assume, there is T' € (0,00) such that @};H(Sl) C Sk41 and ‘I)}Fl(skﬂ) C S;. Then
we have that ® := @3:1 o @?Hl: S1 — 51 is nonexpanding (by Lemma 1.23 on page 16).
We claim that ® is homotopic to the identity on S7. For the proof we apply the gradient
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flows in superlevel sets obtained by shifting the boundary stratum F}. More precisely, for
t €10,1) let M; := f;'([ta1,a1]) and define ®; analogously to ® from above, but in the
space M;. This is possible, because the gradient curves to f; and fi1 all start and hence
stay in FoN...N Fg, recall Lemma 2.9 on page 29. Moreover, if in the space M the pushed
soul lies in the other soul after time 7', the same holds in all superlevel sets M;. It is clear
that &y = ® and in addition we set ®; := idg,. In order to show that (¢,p) — P¢(p) is
a homotopy, it is sufficient to show that ¢t — ®;(p) is continuous for each fixed p € Sj.
Indeed, since all ®; are nonexpanding, if ¢t € [0,1], p € S; and p > 0 are given, we can
then choose 0 > 0 such that ®g ) (p) € B,/2(P4(p)). Then for all t’ € Bs(t), p' € B,2(p)
we have that

@2 () @:(p)] < [ D¢ (p) v (p)| + v (p) Pe(p)| <

+ 5 =p

D

In order to see that ¢ — ®4(p) is continuous for any fixed p € S, note that s — @}Hl

is continuous and that fi1 stays the same in all superlevel sets M;. In addition, ®y,
is nonexpanding and f; changes only by an additive constant in the superlevel sets M;.
Hence the claim is proved.

We show now that ® is an isometry. By Proposition 3.6 on page 45, the soul 5] is an
Alexandrov space of dimension n — k without boundary. According to [GP 93, Lemma 1],
the (n — k)th Alexander-Spanier cohomology of S is non-trivial, i.e. H"¥(S},Zs) = Zs.
On the other hand, for each p € S; we have that H"*(S; \ {p},Z2) = 0. Indeed, using
the gradient flow of the function df,, we get that Sp \ {p} is homotopically equivalent to
some space of dimension less than n — k. Therefore, the map @ is surjective, because the
homotopy ® =~ idg, implies that the induced homomorphism H" *(®): Zy — Zs is an
isomorphism. Being a surjective nonexpanding map of a compact metric space onto itself,
® is an isometry (see e.g. [BBI01, Theorem 1.6.15]).

It remains to deal with the case that such finite time T as above does not exist.
We will establish later (or by the Splitting Theorem) that all souls of M are isometric.
Hence, we can assume by induction that this fact is already proved for the sets A; and
Agy1. If Ay N Agy # 0, take some point p € Ay N Agy1 and consider the soul S(p).
According to Proposition 3.6, the souls S; and Sk, are also souls of the spaces A; and
A1, respectively, and S(p) is a soul of both spaces. This implies that S; = S(p) = Si41
as desired.

Thus, we may assume that A;NAg1 = 0. Choose a point p € (Fan...NEFy)\(A1UAk41)
and consider the superlevel set M’ := f; '([f1(p),a1]). Then there exists some T € (0, o)
such that @?Hl (81) € Sjyq := FIN...NF}. Indeed, since S is compact, such T" exists for
each finite e-net N of 57, and since the gradient flow is nonexpanding, all other points are
pushed e-close to @%;H(N ). It is clear by construction that A} = A; and A|NA; =0,
where A}, A, are defined as Ay, Ay11, but for the space M'. Therefore, we can pass to
some superlevel set M"” C M’ by shifting the boundary stratum Fj_ ; in an analogous way
and obtain that the space M"” fulfills the assumptions from the first part of the proof. In
particular, the corresponding souls S7 and Sy, ; of M" are isometric. This in turn holds
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if we choose p from above arbitrarily close to Axy1. By Lemma 2.20 on page 36, the
particular souls S} 41 converge to a soul of Ay yq. Since all souls of A1 are isometric by
1" ~

induction assumption, we have that S’ | = Siy1. The same construction applied to Sy
gives that S; = S and therefore S = Syy;. O

For completeness we mention here the following consequence.
3.10 Corollary. All souls of M are isometric.

Proof. Let S C M be a soul. It is sufficient to prove that § =2 Sy := Fon...N Fgyq. If
S C A, the assertion follows by induction assumption. Therefore we may assume that
51 := f1(S) < a1 and consider the superlevel set M’ := f;([s1,a1]). Proposition 3.9
implies that S; = F{NF3N...NF_ . If S C A, the assertion is proved; otherwise iterate
the process of passing to superlevel sets. ]

As announced before, the constructed isometries are not sufficient for our purpose. We
need more information about the action of the gradient flows. First we recall the definition
of submetries.

3.11 Definition. Let X and Y be metric spaces. A map f: X — Y is a submetry if
f(B.(x)) = B,(f(x)) holds for all z € X and all r > 0.

This definition traces back to Berestovskii and generalizes Riemannian submersions
to metric spaces. Lytchak obtained in [Lyt02] important results about submetries of
Alexandrov spaces. Some of them will be used later. First we formulate the main result
of the current section, which is crucial for the proof of the Splitting Theorem.

3.12 Theorem. For each soul of the form S;j := FiN.. .ﬂf’;ﬂ. cNEq,je{l,... k+1}
there ewists a submetry W;: M — S; such that the following holds: If S C M is a soul,
the restricted map \IJj‘S: S — Sj is an isometry.

Moreover, ¥; is composed of gradient flows like follows: @}; is a submetry of M onto Aj,
possibly with T = oo. The latter case is defined via (possibly not uniquely determined)
limits. If S; G Aj, the flowing process is iterated inside A; and hence, V; is obtained as

the composition of these gradient flows. In addition, if S C M is a soul and t € [0, 00|,
the set <I>’}j(S) is also a soul of M.

The proof of the Theorem uses the subsequent lemmata. They provide basic results
and concepts for the proof.

3.13 Lemma. Theorem 3.12 holds for k = 1.

Proof. This follows immediately from the proof of Theorem 3.3 on page 41. In particular,
T can be chosen as T' = d. Indeed, let p € M \ OM and take shortest paths from p to
F1 and F5. Denote the endpoints of these paths by g1 and g9, respectively. Then the
equidistance of the souls implies that p € gi1q2. Hence, |V, (fi)| =1 for i = 1,2. It follows
that ‘I>§lc1 (M) = F5 and vice versa @?Q(M) = Fj. Moreover, for each soul S C M the
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restriction @?J g Is an isometry for ¢ = 1,2. Since the gradient flows <I>§lci are 1-Lipschitz,
this implies that they are submetries. The last assertion of Theorem 3.12 follows by
passing to superlevel sets. ]

3.14 Lemma. For k > 2 Theorem 3.12 holds on each intersection of k — 1 boundary
strata. More precisely, all statements of Theorem 3.12 about V; hold if all occurring sets

are intersected wz’thFlﬂ...ﬂFiﬂ...ﬂEﬂ...ﬂFkH for any i # j.

Proof. We prove the Lemma for j = 1 and i = k + 1, i.e. we construct a submetry
Ui: FBhN...NFy, — S = FoN...N Fiy1. By induction assumption, where the base
step is provided by Lemma 3.13, we may assume that Theorem 3.12 is proved on A;. The
map W, is now constructed as described in this Theorem. If there is no finite 7" such that
@%(FQ N...N Fy) = Sy, the gradient flow can be extended to T' = oo like in the proof

of Proposition 3.9 on page 46. This proof also implies that ¥y : Sk — S is an

s

isometry. In order to show this fact for an arbitrary soul S C FoN. k +rlw F}., let such soul S
be given. If S C Ay, there is nothing to show by induction assumption. Otherwise, passing
to the superlevel set M’ := f;([s1,a1]), where s; := f1(S), leads to S = F{ N...N F},
and again Proposition 3.9 can be applied. Hence, also the restriction ¥1|,: S — 57 is an

isometry.

‘S:

It remains to show that for any ¢ > 0 and any soul S C Fo N ...N F} the set @’}I(S) is
also a soul. It is sufficient to prove this for S = Si1, because otherwise one can argue like
above in superlevel sets or by induction assumption if S C A;. Note that the following
arguments only rely on the properties about Wy that were just proved. Therefore, they
will also apply in the proof of Theorem 3.12 later.

Let p,q € Sky1 be distinct points and let P := W' (¥y(p)), Q := ¥ (¥1(¢)) denote
the fibers of the submetry ¥, passing through p or g, respectively. We claim the following:
P and @ are equidistant with |PQ| = |pg|, and points = € P, y € Q fulfilling |zy| = |PQ)|
have to lie in the same soul S(z) = S(y). In order to prove the claim, let v be some shortest
path from P to Q. Since ¥, is 1-Lipschitz, we obtain that L(¥;()) < L(y) and therefore
equality, because also ¥(7) is a path from P to Q). Moreover, \111|Sk+1: Sk+1 — 51 is an
isometry, which implies that |pg| = L(¥1(y)) = L(v) = |PQ|. For the equidistance let
x € P and y := S(z) N Q, the latter being well-defined since \Ill‘s(x) is an isometry. This
clearly also implies that |zy| = |PQ|. By swapping the roles of = and y, the equidistance
of P and @ is proved. Now assume, by way of contradiction, there is z € (@) satisfying
|zz| = |zy| and z ¢ S(z) = S(y). Then there is some s € xzz such that s ¢ S(z) U S(z).
Let u := S(s) N Q. This implies, according to the results above, that |su| < |sz|. Hence,
we have that

|2z] = |ws| + [s2] = |ws| + |su] > |zu| > [2Q] = [zy| = |22]

and therefore everywhere equality. But this means that the shortest paths xu and zz
branch at the point s, which is a contradiction.
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Yy U, Z Q q
S
T P D
s, S(x) S(s)  S(2) Seis

Thus, the claim is proved.
Now let ¢ > 0. Since \D1|Sk+1

<I>’}1 | Skar is also an isometry onto its image. In other words, we have that ‘(I)j”l(p) (I)jfl(q)’ =

is an isometry and @’}1 is 1-Lipschitz, the restriction

Ipg|, and the claim implies that the points q)?l(p) and @?l(q) lie in the same soul, as
desired. ]

As a consequence, there are continuous paths between any two souls of M in the space
of souls. More precisely, we obtain the following result.

3.15 Lemma. Let S, S’ be souls of M. Then there exists a continuous map Y: Sx[0,1] —
M such that Y7(S) := Y(S,7) is a soul for each 7 € [0,1] and Y°(S) =S, T(S) = 5.

Proof. We combine the proofs of Lemma 3.14 and Corollary 3.10. The latter one shows
how passing to non-collapsed superlevel sets reduces the proof to the case that S and S’ are
given as intersections of k boundary strata. This case, in turn, is proved by Lemma 3.14.
Note that the gradient flow <I>§ci on some strata intersection Fj N ... N E N...N E N
...N Fry1,1 # j has a unique extension to ¢ = oo via limits. This was shown in the
proof of Proposition 3.9 on page 46 and relies on the fact that converging souls are in this
case given as intersections of k& — 1 fixed boundary strata and one converging stratum.
Thus, according to Lemma 2.20 on page 36, the Hausdorff limits exist. (Or we encounter
sets A;, for which everything is proved by induction assumption.) By reparametrization
[0, 00] — [0,1], we obtain the desired map Y. Hence, by concatenation, such map Y exists
for any pair of souls. O

Now Theorem 3.12 on page 48 can be proved.

Proof of Theorem 8.12. The proof is carried out for j = 1, i.e. for ¥1: M — Sy. Let
S C M be a soul. First we consider the case that there is some finite 7" > 0 such that
o7 (M) = S1.

According to Lemma 3.15, there is a continuous map Y: Sky1 X [0,1] — M such that
YO(Ski1) = Spy1 and Y1(Sky1) = S. In addition, on F» N ... N Fy the existence of W4
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is proved by Lemma 3.14. Thus, the following map is well-defined for each 7 € [0,1] and

nonexpanding:

T
St T YT (Spp1) — S T G (#)

Therefore, the map for 7 = 1 is homotopic to

f1 Vit
Sk+1 — S1 —— Sk+1

which pushes the soul Si;; around inside the intersection Fo N ... N Fjy. Again by
Lemma 3.14, this map is an isometry. The argument from the proof of Proposition 3.9
on page 46 involving the Alexander-Spanier cohomology now implies that all maps in (%)
are isometries, in particular ‘I>3;1 |S: S — S1. The fact that <I>’}1(S) is a soul for each t > 0
follows like in the proof of Lemma 3.14. It was pointed out there that the argument relies
only on the properties of ¥, which are established now on M.

It remains to examine the case that such finite 7" does not exist. If at least <I>3;1 (M) =A;
for some finite 7', then the map Wy is constructed as the composition \IJ’141 o <I>3;1. Here,

\I’fl: Ay — 57 denotes the respective submetry inside A;, which exists by induction
assumption. Otherwise, we have to show that the 1-Lipschitz property of <I>’}1 carries over
to t = co. Note that our aim is to construct some map <I>§i<l°: M — Ay, but it will not
extend the flow @’}1 continuously in the ¢-parameter! Moreover, the constructed map will
depend on some choices. On intersections of £ — 1 boundary strata, the situation was
different, as was pointed out in the proof of Lemma 3.15.

Let (pe)eew € M be a dense sequence of points and 0 < tp; < tp2 < to3 < ... a
diverging sequence in R. Since M is compact, the sequence (<I>;Ol’i (pl)) has some partial
limit, denoted by ®7(p1). Let (t1,) be a subsequence of (to,;) such that @;ll’i(pl) oo,
@ (p1). Now define 3 (p2) as some partial limit of (@;111 (p2)), and so on. It is clear
by continuity that ®%(p,) € A1 V£ € N. We claim that ®3: {p,[¢ € N} — A; is non-

expanding. Indeed, assume that, say, |p1ps| = d and |<1>?‘1’(p1) ;’c‘f(pQ)‘ > d. Then there

ta i

exists ¢y, for ¢ big enough such that ‘q)fl (p1) @;i’i (p2)| > d, contradiction.

Now, since A; is compact, in particular complete, there exists a (unique) nonexpanding
extension <I>J°cf: M — A;. All arguments of the first part of the proof carry over, if we
substitute <I>:]C1 by \I'fl 0o ®F. In particular, Q)?ﬂ ¢ Is an isometry onto its image for each
soul S. This holds independently of the choice of our dense sequence (py). Therefore, we
can conclude that also <I>§c is an isometry onto its image for all ¢ > 0. Indeed, assume

1‘5

there are points z,y € S whose distance is decreased by <I>§c Then we substitute p1, p2

1 |S'
by z,y and obtain for the corresponding construction of ®% that ‘(I)?f;(:ﬂ) ?cl’(yﬂ < |zy|,
contradiction. Finally, by these results, also the fact that ‘1>’}1 (S) is asoul for each t € [0, 0]

and each soul S carries over. O
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3.16 Corollary. Let j € {1,...,k+1} and set D;(p) := \Ifj_l(\I’j(p)) forp € M. Then the
map p — (S(p), D;j(p)) is a bijection between M and the set {(S,D;) | S soul of M, D;
fiber of W;}. Moreover, D;(p), D;(q) are equidistant for allp,q € M, and z € D;(p), y €
Dj(q) satisfy lxy| = |D;(p)D;(q)| if and only if S(z) = S(y).

Proof. All these facts follow from Theorem 3.12 and its proof; compare also the proof of
Lemma 3.14. O

Since the sets D; will be used later, we assign a special name to them.

3.17 Definition. For each j € {1,...,k+ 1} the set D;(p) defined as in Corollary 3.16 is
called the (j-th) dual fiber through p € M.

In the subsequent section we will prove that in fact all dual fibers through any point p
coincide. The name will be justified later by the fact that all dual fibers are isometric,
providing the second factor of the metric product M = S x D in the Splitting Theorem.

3.6 The dual fibers

In order to prove that j-th dual fibers coincide for different values of j, we examine the
canonical projections along souls. They turn out to be locally Lipschitz almost every-
where, which implies that Lipschitz paths are mapped onto Lipschitz paths. Moreover,
Rademacher’s Theorem can be applied. For that reason, the following result plays a crucial
role.

3.18 Proposition. Letj € {1,...,k+1} and D; some j-th dual fiber. Let mp,: M — D;

denote the projection along souls onto Dy, i.e. wp,(p) = S(p) N Dj, p € M. Then 7p, is

locally a Lipschitz map near almost all points. More precisely, if p € M is a regular point of

the Alexandrov space S(p), there is an open neighborhood UCS(p) such that D, ‘\rl(qj ()
j J

1s Lipschitz.

Proof. Let p € M be a regular point of its soul S(p), i.e. p is (n — k,d)-strained in S(p)
for all 6 > 0, see Definition 1.11 on page 12. Choose some small § > 0 and an open
neighborhood ViS(p) of p small enough such that all points x € V are also (n — k, d)-
strained with the same points by, ..., by, of the strainers. We set hi(z) := %|bix|2 for
i=1,...,2(n—k), x € S(p). By construction, there is a global constant C' > 0 such that
|Vihi| >C Y eV, i=1,...,2(n — k). The functions h; are 1-concave, and so are all
convex combinations Y G;h; (where > 5, = 1, 8; > 0). If x € V is regular and fulfills
| 1% | = 1 Vi, then all differentials dj, are linear and hence Vx(Zﬁihi) = > BiVah;
for all convex combinations. By Proposition 2.2 on page 23, this holds for almost all
points x € V, and since they are (n — k, §)-strained, the positive constant C' from above
can be chosen such that |Vm(2ﬂzhz)| > (' holds for almost all z € V and all convex
combinations. Moreover, for all such points x and any direction £ € 3,S5(p), there exist
Bi >0, > B; =1 such that Vx( Zﬁlhz) = > [3;V;h; has the given direction &.
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Now let U C V be an open neighborhood of p small enough such that zy C V for
all z,y € U. The results from above together with Proposition 2.1 on page 21 imply the
following fact: For any two points x,y € U there is a shortest path v with endpoints in
U arbitrarily close to « and y, respectively, such that almost every tangent vector of ~
coincides with the gradient of a suitable convex combination > 3;h;. To be precise, the
equality of the vectors holds only up to length; we reparametrize v to get full equality.
Since all gradient lengths are bounded below by C, the reparametrized path ~ is defined
on an interval of length at most T' < co. Here, T is a universal constant valid for all such
paths ~, independent of the given points x,y € U.

The proof of the Proposition is now carried out in the subsequent three steps.

Step 1. For any x,y € U the projection along souls from D;(z) onto D;(y) is e -Lipschitz.
In order to show this, we define the functions h;: M — R, q — 2lgD;(b;)|? for
i =1,...,2(n — k). It follows that also the functions h; are l-concave. Furthermore,
according to Corollary 3.16 on the preceding page, we have that fLZ| S = h;. Since all
souls are isometric, a respective statement holds in each soul. Now we assume for the
moment that  and y can be connected by some shortest path v as above. Thus, almost
every tangent vector of y coincides with the gradient of some convex combination »_ BJL,
For any other soul we get the same result, and since the functions h; are defined on the
entire space M, Lemma 1.20 on page 15 implies (compare also Lemma 1.23) that the
following holds: If z1, 22 € Dj(z) and yp = S(z¢)ND;(y), £ = 1,2, then |y1y2| < eT|z122|.
If  and y cannot be connected directly by such path «y, there are adequate points in each
neighborhood of = and y. Therefore, the Lipschitz constant stays the same.

Step 2. For any x € U the projection along souls from \I/j_l(\Ilj(U)) onto Dj(z) is 2el-
Lipschitz.

This follows easily from step 1. Indeed, let q,r € W;l(qu(U )) and project r onto
Dj(q), i.e. r is mapped onto 7’ := S(r) N D;(q). We obtain that

lqr’] < lgr| + |rr'| < lgr| +|D;(r) Dj(q)| < 2lqr|
and hence the statement follows by step 1.

Step 3. The projection along souls from W;l(\lfj(U)) onto Dj is Lipschitz.

For the proof take some shortest path 7 from p to Dj, i.e. 7 lies in S(p) and ends at
S(p)NDj. Let z € 7 be an interior point close enough to p such that z € U. According to
step 2, the projection along souls from \I/j_l(\I/j(U )) onto D;(z) is Lipschitz. Hence, it is
sufficient to show that also the projection along souls from Dj(z) onto D; is Lipschitz. It
is clear that the gradient flow of the function z +— %]wp\Q pushes z along 7 onto S(p) N D;
and the same is true via isometric copies in all souls. Like in step 1, the gradient flow of
the function « — %[z D;(p)|? has the identical action on each soul. Moreover, since z # p,
the flow pushes Dj(z) onto D; in finite time. By Lemma 1.23 on page 16, the gradient
flow is Lipschitz and so is the projection along souls. O

3.19 Corollary. For any j-th dual fibers D;, D;' the projection along souls from D; onto
Dj' is a homeomorphism.
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Proof. Let p € M be regular in its soul S(p). By Proposition 3.18, the projections D;(p) —
D; and D;(p) — D;’ are in particular continuous, hence (by compactness and bijectivity)
homeomorphisms. O

3.20 Remark. The fact that points p € M which are regular in its soul S(p) form a set
of full measure in M follows by Theorem 3.12 on page 48 and Rademacher’s Theorem 1.15
on page 14. Indeed, each submetry ¥; is differentiable almost everywhere with linear
differential. The points where this is true are as requested.

Lytchak’s results in [Lyt 02] about submetries imply the following statements.

3.21 Lemma. Forpe M and j € {1,...,k+1} let S := S(p) and D := Dj(p). Then the
tangent cones T,S and T,D are convex subsets of T,M and therefore Alexandrov spaces.

Their Hausdorff dimensions are dimpg T,S = n — k and dimy T,D = k. In addition, we
have that T,S = {u € T,M | (u,v) =0 VveT,D}.

Proof. Since S C M is a convex subset of Hausdorff dimension n — k, the same holds for
the tangent cone T),S. According to Theorem 3.12 on page 48, the map ¥;: M — §; :=
min.. .ﬂﬁlﬂ. ..NFgy1 is asubmetry. By [Lyt 02, Proposition 5.1] it induces a homogeneous
submetry d,V¥;: T,M — T,S; of the tangent cones. Again Theorem 3.12 implies that
dp¥; ‘Tp g s an isometry. Therefore, if u € T),S, then d, ¥, preserves its length (this property
of u is called horizontal by Lytchak). [Lyt 02, Lemma 5.3] and Corollary 3.16 imply that
the converse is also true, i.e. u € T, M fulfills |d,¥;(u)| = |u| if and only if u € T},S. Hence,
d,V; is a regular submetry as defined in [Lyt 02, Definition 6.4]. Now [Lyt 02, Korollar 7.5]
gives that dimy T,D = k. The cone T,D C T, M coincides with the preimage (dp\I/i)fl(o)
by [Lyt 02, Proposition 5.2]. The latter is a convex subset by [Lyt 02, Proposition 6.4(1)],
while (2) implies that d,V; preserves the lengths of precisely those vectors in the cone
K (P) over the polar set P C ¥, of ¥,D,i.e. P={{ € X, | | X,D| > §}. Therefore we
obtain that 7,8 = K(P) and hence T,S = {u € T,M | (u,v) <0 VwveT,D}.

Now let ¢ € S, ¢ # p and £ € ¥,D. Assume, by way of contradiction, that [£ 15| > 5.
We choose in D a sequence p,, ——— p such that 15" — ¢ and set g, := S(pm) N Dj(q).
Corollary 3.19 implies that ¢,, — ¢. By passing to a subsequence we may assume that the
directions 1§™ converge to some ¢ € ¥,D;(g). Now the assumption together with [{ 15| > 5
(by the previous result) implies that there exists some N € IN such that [pygn| > [pgl.
This contradicts Corollary 3.16 on page 52.

By lower semi-continuity of angles the result holds for all directions in X,S. In other
words, we obtain that (u,v) =0 Vue€ T,5 Vv € T,D. Thus, the Lemma is proved. [

We are now able to prove that we do not have to distinguish j-th dual fibers, but there
are unique dual fibers through all points.

3.22 Theorem. For any p € M holds D;(p) = D;j(p) =: D(p) Vi,je{l,...,k+1}.
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Proof. The assertion is proved for i = 1, j = 2 and almost all points p. Let p € M such
that it is regular in the soul S(p). Let S C M be a soul and set ¢; := SN Dy(p), g2 :=
S N Dy(p). Assume, by way of contradiction, that g; # g¢2. Since all dual fibers are
path connected, ¢; can be assumed to lie arbitrarily close to p. Moreover, by [Lyt 02,
Theorem 7.2] the induced metric and the induced intrinsic metric on dual fibers are locally
bi-Lipschitz equivalent. Thus, there exists a Lipschitz path 7, : [a,b] — D1 (p) from p to q;.
By choosing ¢; close enough to p, we can apply Proposition 3.18 on page 52 and obtain
that the projection along souls onto Dy (p) maps 1 onto a Lipschitz path v9 C Ds(p) from
p to qo.

According to [PP 95, Proposition 2.1(a)], the left and right tangent vectors v, (t),7, (¢)
exist and are opposite for almost all ¢ € [a,b], ¢ = 1,2. Thus, the function L: [a,b] — R,
t — |y1(t)y2(t)] is differentiable for almost all t. Moreover, for such ¢t we have that
L'(t) = 0 by Lemma 3.21. Since L is Lipschitz, in particular absolutely continuous, L is
constant. This implies that 0 # |g1g2| = L(a) = L(b) = |pp| = 0, contradiction.

Thus, the Theorem is proved for the dual fibers through almost all points p € M. The
equality of i-th and j-th dual fibers carries over to their Hausdorff limits (being also i-th
and j-th dual fibers, respectively, by Theorem 3.12) and hence, the statement is proved
for all dual fibers. O

3.23 Corollary. Letp € M. Then the gradient curves of all functions fi, ..., fr+1 starting
at p lie in D(p). The same holds for all shortest paths from p to the boundary strata
Fy,...,Fx11. In particular, the corresponding directions are all contained in the (k — 1)-
dimensional Alexandrov space ¥,D.

Proof. This follows immediately from Theorem 3.22 and Lemma 3.21. Recall that a short-
est path from p to F; with base point ¢ € F; is contained in the gradient curve o of the
function f;. O

In the next section we examine the lengths of such shortest paths to the boundary
strata more closely.

3.7 Equidistance of the souls

In this section we prove that the souls of M are equidistant, which concludes the proof of
the Splitting Theorem. The previous results already imply that certain souls are equidis-
tant, namely along shortest paths to the boundary strata F;. More precisely, we obtain
the following result.

3.24 Proposition. Let i € {1,...,k + 1} and denote by «, the gradient curve of f;
starting at x € M. Then for each soul S C M and t > 0 we have that

L(al"[o,ﬂ) = L(aq‘[oﬂ) Vp,qeS.
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Proof. The proof is carried out for i = 1. Let p,q € S and let « be some shortest path from
p to q. Choose two distinct interior points pg, go € 7. We claim that |V, (f1)| = |V (f1)]-

If S C Ay, there is nothing to prove. Thus, we may assume that S C F}, because
otherwise we could proceed in the superlevel set f;([f1(S),a1)]. If there is some j €
{2,...,k + 1} with S C Fj, the direction £ of the gradient V,(f1) satisfies £ € 3, Fj.
This implies that V,,,(f1) stays the same if we consider the doubling M obtained by gluing
along Fy U...U Fyy1. In M we have that ¥, F} = 0%,,. The direction £ is the (unique)
one at maximal distance to 821,0. The analog statement holds for gg and since pg, qo are
interior points of 7, Petrunin’s parallel transportation implies that ¥,, = 3, see [Pet 98,
Theorem 1.1A]. Hence, the claim |V, (f1)] = [V, (f1)] follows.

Now let ¢ > 0. According to Theorem 3.12 on page 48, the pushed soul <I>’}1(S) is
again a soul of M and is isometric to S via the gradient flow. In particular, <I>’}1 (7) is a
shortest path from ®f (p) to ®% (¢) containing the distinct interior points ®% (po), ®% (qo)-
For these points the claim from above holds, too. This implies that the gradient curves
starting at pg and qq, respectively, satisfy L(apo‘[o t}) = L(aq0|[0 t]).

We choose now sequences py, g, of interior poi7nts of ~ such that pn — p and g, — q.
The argument from above carries over to all p,, ¢,, and we obtain sequences of converging
gradient curves with equal lengths. According to [Pet 07, Lemma 2.1.5] and its proof, the
limits are the gradient curves «a;, and «y, respectively, having the same lengths on each
subinterval. O

3.25 Corollary. For each i € {1,...,k+ 1} the following holds: Let p € M \ F; and let
~v be some shortest path from p to F;. Then for any dual fiber D the canonical projection
v — D, ~v(t) — S(y(t)) N D is a shortest path from q:= S(p) N D to F;.

Proof. Let py € F; be the endpoint of v and set qo := S(pp) N D. We denote by
Y [0, filp)] — M, t — ~(fi(p) —t) the curve coinciding with v, but with reversed
parametrization. Then the (unit speed) curve v~ coincides with the gradient curve
apo{[(], £ )] of the function f;. According to Proposition 3.24, it has the same length

as the gradient curve oy, : 6. Hence, 67 is a shortest path from ¢ to F; and by

o, =
Theorem 3.12 on page 48, the curve §~ coincides with the canonical projection of v along

souls. O

In order to show in the end that all souls are equidistant subsets of M, we will use the
projection along souls to transport some shortest path between two souls into any dual
fiber. The key point is to show that such projections are 1-Lipschitz maps. This in turn
will be proved using the differential near souls with special properties.

3.26 Lemma. Let p € M \OM such that [} | =1 Vie{l,...,k+1}. Then|f}i| =1
Vie{l,...,k+ 1} holds for all ¢ € S(p), too. Moreover, we have that Hffl Tfj‘ = Hf;l Tfjj‘
Vije 1, .. k+1).

Proof. Choose some ¢ € S(p). The first statement is an immediate consequence of Corol-
lary 3.25. This Corollary also implies, together with Theorem 3.22 on page 54, that the
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shortest path from ¢ to any F; coincides with the projection along souls of the shortest
path from p to F; into the unique dual fiber D(q). Therefore, the directional derivative

dpfi(Tfj) coincides with dqfi(TqFj) for all 7,57 € {1,...,k + 1}. This implies the second
statement. O

Before we state and prove the next proposition, we provide the following technical
lemma.

3.27 Lemma. Let 1 < /¢ <k and v,...,v.1 € RF such that the following holds:

(i) vi,... Uyl are minimal linearly dependent, i.e. the vectors of any subcollection
Vly.eooy gy .., Upe1 are linearly independent for alli € {1,...,0+ 1};

(i) £L(vi,v5) =5 Vi#j.
Let V :=span(vy,...,ve41) and W = {w € R | v, wy <0 Vie{l,....,0+1}}.

Then W is a vector subspace fulfilling dim W =k — £ and W =V-=,.
041

Proof. The main part is to prove that V = { > |y > 0}. We will use induction
i=1

over {. The base step £ = 1 is clear, hence let £ > 2. In the following we work in V = R¢
and we assume without loss of generality that vy ; = (—1,0,...,0). For ¢ = 1,...,¢ we
define w; as the orthogonal projection of v; onto WL+17 i.e. w; is obtained by setting the
first component of v; to 0 According to our assumptions, w; # 0 for i = 1,...,£. We
claim that wy,...,wy € Uz 1= >~ R‘~! fulfill the induction hypothesis.

It is clear that w1, ..., wp are linearly dependent. Now assume that, say, ws, ..., w, are

already linearly dependent. Then there is a non-trivial linear combination 2522 Ajw; = 0.
By definition of the w;, this implies that Zf:z Aiv; = Avgqq for some A € R. Thus,
va,...,Vps1 are linearly dependent, which contradicts the assumptions.

In addition we have that £(w;,w;) > 5§ Vi # j. Indeed, for each i = 1,...,¢ the
unit vectors |Z—Z|, ﬂii‘ € $1 can be connected by a unique shortest path in $¢1. Its
intersection point with WL+1 coincides with the unit vector ﬁz‘ Now it is easy to see that

L(wi, wyj) < § would imply that £(v;,v;) < 5.

Hence, by induction assumption, we have that WLH = { Zle aw; | oy > O}. It follows
immediately that the half space {(z1,...,7,) € Rf|2z; < 0} is contained in the convex
set { 2”11 v | a; > O}. Thus, the entire space V is contained if and only if there is some
v; € {(z1,...,7) € R |2y > 0}. This is equivalent to w; # v;. But the latter is satisfied
for at least one index ¢, since otherwise vy, ..., v, would be linearly dependent.

Now we prove the assertion of the Lemma. Let w € W and j € {1,...,/+ 1}. By
the previous result, there are coefficients a1, ..., apy; > 0 such that —v; = Zfill a;v;. It

follows that
41 41

—(vj,w <E o, W >:E a; (v, w
i=1
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and therefore (vj,w) = 0. We obtain that W = {w € R¥ | (v;,w) =0 Vie {1,...,0+1}}
which yields the desired results. O

We are now able to examine the differential of the projection along souls almost ev-
erywhere.

3.28 Proposition. Let D be some dual fiber and 7p: M — D,z — S(x) N D the
projection along souls onto D. Then for almost all p € M the differential d,mp exists and
1s 1-Lipschitz.

Proof. According to Proposition 3.18 on page 52, the projection mp is locally Lipschitz
near almost all points. Hence, it is differentiable almost everywhere with linear differential,
compare Theorem 1.15 on page 14. More precisely, we consider 7p as a map into M (thus,
the target space is Alexandrov) with image in D, where D is equipped with the induced
metric. Then for almost all p € M we have the following.

e T, M is isometric to R™.

o yM is isometric to R™ x C, where C' € ALEX"™(0) is a cone.

p(p

e d,7mp is a linear map with image in the R™-factor of T5 ) M.

Moreover, the Euclidean cone T),M can be assumed to split into the factors 7),5(p) =
R" % and T,D(p) = R*. Indeed, since to each vector v € T,M there exists the opposite
vector —v € T, M, it follows from Lemma 3.21 on page 54 that 7,,5(p) = R"*. According
to the proof of that Lemma, T),D(p) = (dp\I’Z-)_l(O) for each i € {1,...,k+1}. All maps
VU; are 1-Lipschitz, hence d,¥; is linear at almost all p € M. If we take such a point p, it
follows that T, D(p) = R*.

Finally, we may assume that each shortest path from p to any F; can be extended
beyond p, since this is true for almost all points according to Proposition 2.2 on page 23.
Fori=1,...,k+ 1 we set b; ::Tgie T,D(p). According to Lemma 2.12 on page 30 we
have that

Ibib;| > g Vi j.

In addition, Corollary 3.25 on page 56 and Lemma 3.26 imply that
<bi, bj> = <dp7TD(bi), deD(bj)> Vi, j € {1, B 1}.

Now let v € T, M. By the orthogonal splitting T, M = T,,S(p) x T,,D(p) it is sufficient
to consider v € T, D(p). If there are coefficients 3; € R such that v = Ziill Bib;, linearity

of d,mp implies the following:

o = (v,0) = BiBj(bi,bs) = > BiBildprn(bi), dpn (b))
i i
= (dymp(v), dyrp(v)) = |dymp(v)[?
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Hence, the Proposition is proved in the case of span(by,...,bgx1+1) = T,D(p).

In the general case we choose some minimal linearly dependent subcollection of {b;} in
the sense of Lemma 3.27. Assume by renumbering, that by, ..., by11 is such subcollection,
where 1 < ¢ < k. Let V and W be given as in Lemma 3.27, hence T,,D(p) splits orthogo-
nally as T,D(p) = V @ W. According to the results from above, it is sufficient to consider
veW.

For i =1,...,¢ we shift the boundary strata F; to p, i.e. we consider the intersection
M = 7N fi(p),ar]) . 0 ([ fe(p), ag)) of superlevel sets. Each boundary stratum F;
is perpendicular to the corresponding shortest path from p to F; and the same holds
in superlevel sets. It also holds in M’, since all these shortest paths are extendable
beyond p. Thus, the tangent cone T,M’ coincides with the set {v € T,M|(v,b;) <0
Vi € {1,...,@}}. No collapse occurs, because by,...,by are linearly independent and
therefore T, M’ has full dimension.

T,M

Tp AI <

/+1

T,M'

byt

We claim that fg+1‘ o attains its maximum at p € M'. Indeed, let w € T, M’ such that
(w,bpy1) < 0. Then w € T,S(p) ® W, which implies that in fact (w,bsy1) = 0. The
claim follows by concavity of fyi1. By the claim, the vector v € W C T,M’ can be

considered as v € W C T, 4, 41, Where A 1= ;Iéf]ﬁ{l fer1(x). More precisely, we have that

TpA%+1 = T,S(p) @ W. By induction assumption, the statement of the Proposition is
proved for the set A}, and hence, |d,mp(v)| = |v|. This completes the proof. O

3.29 Theorem. For each dual fiber D, equipped with the induced metric, the projection
along souls mp: M — D, x — S(x) N D is 1-Lipschitz.
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Proof. Choose an arbitrary dual fiber D. Let p,q € M be distinct points and £ > 0.
Choose § > 0 small enough such that 7p(Bs(z)) C Be(mp(z)) for x = p and = = ¢ (recall
Corollary 3.19 on page 53). According to Proposition 3.28 and Proposition 2.1 on page 21,
there are points p € Bs(p), ¢ € Bs(q) such that for almost all points x € pqg the differential
d,mp is 1-Lipschitz. This implies that |7p(p) 7p(§)| < |pg|. Thus, we obtain the following:

[mp(p)mo(@)| < |mp(p) 7p ()| + [7p(P) 70 (@)| + |7 (4) mp ()]
< e+|pgl+e
< 2425+ |pq|

By choosing ¢ and hence § arbitrarily small, the result follows. U

3.30 Corollary. The souls form an equidistant fibration of M. All dual fibers are iso-
metric and form convex subsets of M.

Proof. Let S1,S2 be souls and p € Sy, ¢ € Sy such that |S152| = |pg|. By Theorem 3.29,
the shortest path pg can be transported via projection along souls into any dual fiber D
and satisfies L(mp(pq)) < |pg|. Thus, equality follows, which proves the first statement
and therewith also the second statement. U

Now the proof of the Splitting Theorem can be completed.

Proof of the Splitting Theorem 3.1 on page 39. We pick arbitrarily some soul .S and some
dual fiber D. Since the set of souls is equidistant and so is the set of dual fibers, the
proof that M is isometric to the product S x D (equipped with the product metric) works
exactly as in the two strata case, see the proof of Theorem 3.3 on page 41. Indeed, in M
the Pythagorean Theorem holds up to an error of order o(h) if h is some side length of a
rectangular triangle. Since souls and dual fibers intersect perpendicularly, we obtain the
canonical isometry mg X mp: M — S x D, where wg, mp are the canonical projections. [



CHAPTER 4

Consequences of the Splitting Theorem

In this chapter we collect some easy consequences of the Splitting Theorem. As before,
we may consider the factors D and S as subsets of M, i.e. we may identify D and S with
{z} x D and S x {y}, respectively, for arbitrarily chosen z € S, y € D.

4.1 Corollary. Under the assumptions of the Splitting Theorem, the sets F; N D, i =
1,...,k+ 1 form a stratification of 0D. Moreover, if F C M is a primitive extremal
subset of codimension 1 in M, then F'N D is a primitive extremal subset of codimension 1
n D.

Proof. Let F be some boundary stratum or one of its primitive components of full di-
mension. For p € M \ F, the endpoint ¢ € F' of any shortest path from p to F' lies in
the same dual fiber D(q) = D(p). It follows that F'N D is extremal in D, and by the
dimension, it is a boundary stratum. Vice versa, each boundary stratum (or its primitive
components) G C 9D gives rise to a boundary stratum of M via the product structure,
i.e. G x § COM. This proves all statements of the Corollary. O

4.2 Corollary. Let everything be as in the Splitting Theorem. Assume, in addition, that
Pi,....,P, COM are the primitive boundary components, i.e. each boundary stratum F;
may consist of several primitive components Pj. (Hence, { > k+1.) Then each nonempty
intersection of k primitive components Pj is a soul of M.

Proof. This follows from the Splitting Theorem and Corollary 4.1. Indeed, if we assume
that P:= Py N...N P # 0, it induces the intersection (P, ND)N...N(P,ND)=PND
in the D-factor of M. By Theorem 2.18 on page 34, this intersection is just a point p.
Hence, by the product structure, P = S(p) is a soul. O

The Splitting Theorem was formulated for the case that Fi,..., Fy41 is a stratification
of the boundary. If it is only a subcollection of some stratification, the Splitting Theorem
can be applied to the doubling M which is obtained by gluing along the inappropriate
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strata. The question arises, what this construction implies for the original space M.
Obviously, the product structure carries over if the strata which are glued away come from
boundary strata of S. This is indeed the case and formulated in the following extension
of the Splitting Theorem.

4.3 Theorem (Extended Splitting Theorem). Let M € ALEX"(0) be compact and let
Fy,...,Fpy1 be a stratification of OM. Assume that there is 1 < k < { such that the
following holds:

° Flm...ka+1:®
e iN..NFiN...NF1#0 Vie{l,....k+1}

Then M = S x D, where S € ALEX"*(0) is isometric to FyN...NFyN...N Fyyq for all
i€ {l,....k+1} and D € ALEX*(0). Moreover, fori =k +2,....,L+1 and allp € M
the intersections F; N S(p) are nonempty and form a stratification of 0S(p) = 0S.

Proof. As mentioned above, if we consider the doubling M by gluing along F2U...UFy 1,
we can apply the original Splitting Theorem. Thus, only the last statement has to be
proved. Again, we may simplify the setting by passing to M and gluing along Fj,oU. . .UF}.
Or in other words, we may assume that OM consists of the strata Fi, ..., Fixi1, Friq.

Let p € Fyy1 and S := S(p) be the soul through p. We claim that Fy;1 NS =0S. If §
coincides with some intersection FjN... OEO ...N Fyy1 or this is true in some superlevel
set M’ C M, then Fy 1 NS is an extremal subset of M or M’, respectively. Hence, it is
also extremal in S and it has codimension 1 in S by Theorem 2.18 on page 34. Conversely,
according to Proposition 2.21 on page 36, each boundary point ¢ € 95 has to lie in some
boundary stratum distinct from Fi,..., Fyy1. Hence, ¢ € Fyy1, and the claim is proved
in the current case.

If S cannot be written as an intersection of boundary strata, there is some index i such
that S C A; (inside M or inside some superlevel set M’ C M; the set A; is defined as in
Chapter 3). Like in Theorem 3.4 on page 43, it turns out that A; satisfies the assumptions
of the Extended Splitting Theorem. Indeed, Fy1 N A; is the additional boundary stratum
of A;. We therefore can assume by induction on &k that the statement is proved inside A;;
the base step is clear, because for k = 1 each soul S can be written as a boundary stratum.
Thus, we obtain that Fy,1 NS = 95, and the claim is proved.

Since all souls are isometric, all souls have boundary. Again by Proposition 2.21 or
by induction assumption for some A;, this boundary is induced from Fy,q, i.e. 9S(p) =
Fg+1ﬁS(p) Vpe M. ]

As an immediate consequence we get a result on the intersecting behaviour of boundary
strata.

4.4 Corollary. Under the assumptions of the Extended Splitting Theorem, we have that
FNn..0EN. . NFanF 40 Yie{l,....k+1},je{k+2,...,0+1}.

In particular, if there are two boundary strata which do not intersect, they are primitive.
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Proof. The first statement is clear. The second follows from the case k = 1. O

The Extended Splitting Theorem enables its iterated use. Indeed, it may turn out that
0S possesses some stratification which satisfies again the assumptions of the Theorem. The
proof of the following result is an example of how this works.

4.5 Theorem. Let M € ALEX"(0) be compact and OM # (). Then the stratification of
OM consists of at most 2n strata. In addition, if the number of boundary strata equals 2n,
then M 1is isometric to a product of n intervals, i.e. M =2 Iy X --- X I,. In other words,
M possesses 2n boundary strata if and only if M is a Fuclidean cuboid.

Proof. Let Fy, ..., F; be some stratification of OM. If p € M is regular, then Lemma 2.12
on page 30 immediately implies that £ < 2n. Now we assume equality. A first consequence
is, that each point p € M \ OM is regular with |ﬂ5z |=1 Vie{l,...,2n}. Indeed, since
for each p € M there is a noncontracting map >, — $"~1 (compare the paragraph after
Definition 1.8 on page 11), this follows again by Lemma 2.12.

Now choose some p € M \ M. It follows that there is exactly one index i such
that |T51T5"| = w. Assume, without loss of generality, that ¢ = 2. We claim that
FiNF,=0. For i = 2,...,2n we define the sets N; := {z € M\ OM || 111E | = =},
The lower semi-continuity of angles implies that all sets N; are open in M \ M. More
precisely, fix some index ¢ and let z,, — = be a convergent sequence in M \ OM satisfying
Tm & N; ¥m € IN. This induces sequences y,, € F1, 2z, € F; such that |x,,ym| = |zmF1|

and |, 2m| = |z, F;|. Since all Fj are compact, we may assume that y,, — y and z,, — 2
converge. By definition, we have that £y, Tm2zm = 5 Vm € IN, hence semi-continuity of

angles implies that £yzz = F or, in other words, x ¢ N;. Therefore, (M \ OM) \ N; is
closed and N; is open in M \ OM.

This implies that U NV is adisjoint open cover of the convex set M \ 9M. Since
i€{2,..,2n}
p € Na, we obtain that No = M \ OM and N; = () for i = 3,...,2n. It follows that the
function h: M\ OM — R, x +— |xF1| + |xF>| has directional derivative 0 at each point in
each direction. Hence, h = d := |F} F,| is constant and the claim F; N Fy = () is proved.

We apply the Extended Splitting Theorem for k£ = 1 and obtain that M = I} x F,
where I; = [0,d]. Moreover, F; € ALEX""!(0) has 2n — 2 boundary strata, namely
Fy N Fs,...,F1 N Fs,. By iterating the procedure from above, we get the final result
M=I1 x---x1I,. |
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General

N/ Z
Zy

R (R+)
Rn

Sn

List of symbols

The natural numbers / integers
The field of two elements

The (nonnegative) real numbers
The n-dimensional Euclidean space
The n-dimensional unit sphere

The collection Xi,...,X;—1,X+1,..., Xy, i.e. the symbol marked by s
omitted

Metric spaces

R R 1N x|

The closure of A

open subset

homeomorphic

isometric, i. e. lengths preserving homeomorphic

The metric product of A and B, endowed with the Euclidean product metric
The topological dimension; equals dimy for Alexandrov spaces

The Hausdorff dimension

The n-dimensional Hausdorff measure

The metric of the space

The distance to a point p / to a subset A, i.e. d, = d(p,-) /

da =dist(A, ) =infyea d(x, )

The distance d(p, q) between two points; mostly used if d is strictly intrinsic and
hence, |pg| is the length of some shortest path pgq

The distance dist(A, B) = infyca yep d(z,y) between two subsets; mostly used
if d is strictly intrinsic and |AB]| is assumed by the length of some shortest path
connecting A and B

The (Gromov-) Hausdorff distance
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70 List of symbols

diam A The diameter of A, i.e. diam A = sup,, , 4 |2y|

B.(p) / B.(p) The open / closed ball of radius r centered at p, i.e. the set of points x satisfying
lap| <7 /[ |zp| <7

BdpA The topological boundary of A C B, see Definition 2.23 on page 38

K(¥) / K(X) The open / closed metric cone over ¥

Comparison geometry

Sy
pq
Nabe

Aabe
Labce

Z,iabc

The n-dimensional simply connected space form of curvature s

A shortest path from p to ¢

A triangle made up of fixed shortest paths ab, ac and bc

The comparison triangle Aabé C S? for Aabe, see Definition 1.1 on page 8
The angle between fixed shortest paths ab and be

The comparison angle £abé, see Definition 1.1 on page 8

Alexandrov spaces

ALEX" (k)

ZP
8/ 08/ 1y

oM
0

[v]

(v, w)
log,,
oM
dpf
() /()
L(v)
Vo f
Qp
&}
Su
M

Chapter 3

The class of n-dimensional complete Alexandrov spaces with curvature bounded
below by k, see Definition 1.4 on page 9

The space of directions at p, see Section 1.3 on page 10

The direction of a fixed shortest path from p to g / the set of all directions from
p to ¢ / from p to a subset A

The tangent cone at p, see Section 1.3 on page 10

The apex of a tangent cone, see Definition 1.7 on page 10

The length of a tangent vector, see Definition 1.7 on page 10

The scalar product of two tangent vectors, see Definition 1.7 on page 10

A logarithm map at p, see Definition 1.8 on page 11

The boundary of M, see Definition 1.9 on page 11

The differential of f at p, see Section 1.5 on page 13

The right / left tangent vector of a curve v at (t), see Definition 1.16 on page 14
The length of a Lipschitz curve ~, see Definition 1.16 on page 14

The gradient of f at p, see Definition 1.19 on page 15

The gradient curve of some function starting at p, see Definition 1.21 on page 16
The gradient flow (also called push) of f at time ¢, see Definition 1.22 on page 16
The set of singular points in M, see Definition 1.10 on page 11

The doubling of M, see 2.4 on page 26

That chapter is in a way one long proof and therefore, main definitions and notation are not re-
peated for each single lemma, proposition or theorem contained. Here we list the relevant symbols.

M
k

A compact Alexandrov space in ALEX"(0)
The number of intersecting boundary strata of M, where k > 1



List of symbols
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Fi, ... Fepa
fi

a;

Boundary strata; more precisely, the elements of a fixed stratification of 9M
The distance function dp,, e =1,...,k+1

The maximal value of f;, i.e. a; = maxpen fi(p), i=1,...,k+1

The set where f; attains its maximum, i.e. A; = {p € M| filp) = a;},
i=1,... . k+1

A non-collapsed convex subset of M obtained as (the intersection of) superlevel
sets, see Corollary 2.15 on page 32

The boundary strata of some M’, see Corollary 2.15 on page 32

The soul through p € M, see Proposition 3.6 on page 45

The submetry ¥,;: M — FiN...N E N...N Fi41 according to Theorem 3.12 on
paged8,7=1,...,k+1
The (j-th) dual fiber through p € M, see Definition 3.17 on page 52



Index

admissible length

function, 18 of a Lipschitz curve, 14

map, 19 of a vector, 11
Alexandrov space, 9 Local Fibration Theorem, 19
boundary, 11 MCS-space, 18

stratum, 25 BTC/S—space, 20

topological, 38 Morse Lemma, see Local Fibration Theorem

C t Th G ’s, 13
OmPactness LHEOTEll, TTOtmov's, Rademacher’s Theorem, 14

com;::lrligns regular point, 11
8¢, for admissible function, 19
triangle, 8

Comparison Theorem

’ semi-continuity
classical, 7

of angles, 8

extended, 9’ of the gradient, 16

Toponogov’s, 9 Sharafutdinov retraction, 3
concave singular point, 11

X 15 soul, 45

semi-, 15 Soul Theorem, 2, 31
curvature bound (lower), 8 space of directions, 10
differential, 13 Splitting Theorem, 39
direction, 10 Extended, 62
directional derivative, 13 Stability Theorem, 20
distance function, 13 strained, 12
doubling, 26 stratification of 9M, 25
Doubling Theorem, 26 submetry, 48
dual fiber, 52

tangent

extremal set, 17 cone, 10

primitive, 18 vector, 11

gradient, 15 right / left, 14

curve, 16 vector, see tangent vector
flow / push, 16
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