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Summary

The thesis at hand is concerned with the study of random vectors Y € R, satisfying multivariate
stochastic fixed point equations

N
Y LY T +Q
1=1

(i:same distribution). Here N > 1 fixed, Y; are independent identically distributed (i.i.d.) copies
of Y and independent of the random d x d matrices (T;)Y, (which can w.l.o.g. assumed to be
identically distributed) and the random vector (). The main interest is in the existence of fixed
points (FPs) and in the asymptotic shape of their distribution, namely heavy tail behaviour. Both
are encoded in a function m which is defined in terms of the distribution of T';. It is strictly log-
convex with m(0) = N, hence there are at most two values where m equals 1, « and 3, say.

It will be shown (in the setting of the multivariate smoothing transformation, N > 2, nonnega-
tive matrices) that in addition to the known FPs with a finite moment of order «, there are also
a-elementary FPs, i.e. FPs with tail index «. A full characterization of the set of a-elementary
FPs is obtained and a one-to-one correspondence between FPs of the homogeneous () = 0) and
inhomogeneous equation similar to linear equations is proved, using the Markov renewal theory and
a Choquet-Deny lemma in the setting of Kesten’s renewal theorem. This is Part A of the thesis.

Part B studies the case N = 1, Q) # 0, well-known as the random difference equation. Here o = 0
and a unique FP exists whose tails are then governed by . In the situation where T € GL(d,R)
with spread-out distribution, this result is proved using regeneration techniques from the theory
of Harris recurrent Markov chains. The question whether 3 is the precise tail index has been quite
involved in previous studies, the regenerative structure now allows for a comparatively simple proof.
Therefore, a bivariate minorzation condition which may be interesting in its own right is introduced
and studied.

m(s)

0 ;

Figure 1.: A typical shape of m
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A. On Fixed Points of Multivariate Smoothing
Transforms

1. Introduction and Basics

Let N > 2 be a fixed integer, (T;)Y.; a random vector of d x d matrices with nonnegative entries.
Consider the (homogeneous) multivariate smoothing transform S on the set P(Ri) of probability

measures on R% = [0, 00)9, defined by

N
S:ve L (ZTY) (ST)

i=1

where (Y;)Y | are i.i.d. with distribution £(Y7) = v and independent of 7 = (T;),.

This part of the thesis is concerned with the study of fixed points of S, i.e. distributions 7 € P(R?)
satisfying Sn = 7. In terms of random variables, if £ (Y) = n, then Y satisfies the stochastic fixed

point equation
N

vy 23 1Ty,
=1

with (Y;)¥, beingi.i.d. copies of Y, and independent of 7" and where < means that both sides have
the same distribution

A prominent example where stochastic fixed point equations of such a branching type appear is
the study of stochastic processes on trees, see the review [1]. Multivariate equations appear e.g. if
multiple types are considered. A survey of applications of the multivariate smoothing transform to
the analysis of algorithms can be found in [77]. Moreover, multivariate equations with d = 3 arise
very naturally when describing equilibrium distributions of particle speed in Maxwell gases, see
[18]. There is also a close connection Yvith multivariate a-stable distributions, which are the fixed
points when T; = ... = Ty = N~ aId, where Id is the d x d identity matrix and « € (0, 1].
Hence fixed points of S can be considered as generalizations of multivariate stable laws. Indeed, a
very elegant characterization of the fixed points in terms of stable laws will be obtained.

1.1. Introduction

It is known that the structure of the set F of FPs 1 of S is governed by the function m(s) :=
E sz\i 1 T7 in dimension d = 1. Considering only nontrivial solutions (i.e. 1 # do), there is a
classical result of Durrett and Ligget for d = 1: There are
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(I) no FPs if 7(s) > 1 forall s < 1,
(IT) FPs with finite expectation if 72(1) = 1 and 772/(1) < 0,
(1) FPs with infinite expectation if 72(1) = 1 and 772/(1) = 0 and
(IV) FPs with a-regularly varying tail if m(a) = 1 and /(a) < 0 for some 0 < o < 1.

The multivariate extension of (II) was recently given by Buraczweski, Damek and Guivarc’h in
[29]. Motivated by their results, the extension of the cases (III) and (IV) will be given in this thesis.
The first step is to prove existence of nontrivial fixed points, which is more involved than in the
one-dimensional case. The second step is to characterize the set of the fixed points of type (IV), the
so-called a-elementary fixed points (see Iksanov [55]). A full description of this set in dimension
d > 2 will be obtained.

Particular fixed points of the multivariate inhomogeneous smoothing transform

N
Sq V%E(ZTinﬁ-Q),

i=1

where (Y;)¥, i.i.d. with distribution v and independent of the random element ((T;),,Q) €

M(dxd,R>) x R<, have been studied by Mirek [75]. In this thesis, it will be shown that there are
more fixed points, namely a-elementary ones, and that these fixed points are of the form “fixed point
of the homogeneous smoothing transform + particular fixed point of the inhomogeneous smoothing
transform”, as it has been shown recently in the univariate setting by Alsmeyer and Meiners [6].
Two of the main results are stated at the end of this section, after some notation is introduced.

1.2. A Priori Definitions. . .

Most definitions and notations will be given adhoc when they occur for the first time, in order to
make them present for the reader. The loss of quick reference is hopefully compensated by giving
a list of symbols and abbreviations at the very end of this thesis. Nevertheless, there are some
observations and definitions that are very basic or needed for the statement of the results, so it is
convenient to give them now. This will make the rest of the presentation much more readable.

Unless otherwise noted, it is stipulated that all occuring random variables are defined on a common
probability space with probability measure P and expectation symbol E. The Laplace transform
(LT) of a distribution 7 on Ré or a random variable Z (here with £ (Z) = n) is defined by

by =, : R% —Rs, z—Eexp(—(z,2)) = /Rd e*<‘”’z>n(dz).
Write £ for the associated mapping 7 — ¢,. Consequently, S will be considered as a mapping on
LTs by the natural definition S¢,, = ¢, . Details will be given in Section 2. Abusing notation,
a random variable Y is called fixed point of S if SL (Y) = L (Y'). Uniqueness of fixed points is
then always to be understood in terms of distributions. If it is not clear from the context whether the
inhomogeneous or homogeneous case is adressed, the notation Sy will be used for the homogeneous
smoothing transform as defined in (ST).
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Write Ny for the natural numbers {0, 1,. ..} and N for the positive integers {1,2,...}. The non-
negative reals are denoted by R>, and the positive half-line by R~.. The set of d x d-matrices with
entries from a given set E is denoted by M (d x d, E). Abbreviate My = M(d x d,R>) and
M, = M(d x d,R-) for the set of matrices with positive entries. Write (-, -) for the euclidean
scalar product (x,y) = vaz L z;y; on RY, and |-| for the corresponding euclidean norm on R, as
well as for the absolute value on R. Open balls of radius ¢ around z are denoted by B.(x) . The
unit sphere in RY is
S:={zecR?: |z|] =1}

and its intersection with the nonnegative cone is

S> =SNRL.
The projection of a vector on the unit sphere is abbreviated by x := é—| and if A is a matrix, write
— Az
A z:=Ar=—
’ Al

for its action on the sphere. Denote by ||-|| the operator norm: For a mapping A between the normed
spaces E and F with respective norms |-|; and |-| -, then

[All = sup |Az|p.

2| p=1
For a matrix A € M, define a corresponding lower bound by

t(A) := inf |Az|.

IESE

For a metric space FE, the set of continuous mappings f : £ — R is denoted by C (F). If E is
compact, C (E) is equipped with the maximum norm |- __,

|floo := sup [f(2)],

zel

which yields the topology of uniform convergence. If E is locally compact, C (E) is equipped with
the topology of uniform convergence on compact sets. The set of compactly supported continuous
functions is denoted by C,. (E), bounded continuous functions by C, (£) and continuous functions
vanishing at infinity (i.e. Ve > 0 3C C E compact with |f(x)| < e forall z ¢ C) by C, (E). The
set of m-times continuously (Fréchet) differentiable mappings is denoted by C" (E).

1.3. ...and Observations

Note the important observation that since NV is fixed, it may w.l.o.g be assumed that (Ti)i\il are de-
pendent, but identically distributed (see e.g. [31, A.1]). Hence the following standing assumption
holds:

The weights (T;) Z]\L , are dependent, but identically distributed with distribution z.
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Denote * = £ (T ) and write (M), ),en for a sequence of i.i.d. random matrices with distribution

*

W
Next is the multivariate analogue of the function m. At this point, only its definition and some
important properties are given. A motivation of this formula will be given in Subsections 4.1 and
7.2. Let (T(n))neN be a sequence of i.i.d. random variables (r.v.s) with distribution p. Set

sy L . S\ —
k(s) = lim (B[ Ty Ty )" = lim (E[M; - M| ) (1.1)
m(s) :=Nk(s). (1.2)

The function m(s) will be called the spectral function, for it will be seen (in Subsection 7.2) that it
gives the spectral radius of a certain operator. Moreover, m(s) is a strictly convex function, which
is well defined on

I,:={s>0: E|T{|° < oo}

(this follows from the Holder inequality resp. subadditivity of [|-||.) Write so = sup ,. Since
m(0) = N, there are at most two values

0<a<f< s
with
m(a) = m(B) = 1.
If both exists and if they are in the interior I, then

m/(a) <0, m'(8) >0

by the strict convexity (which also implies the differentiability of m on I )

1.4. Statement of Results

One final piece, namely the main condition to be imposed on the distribution of the weight matrices,
is needed before a first version of the main results can be stated.

Definition 1.1. A subsemigroup I' C M is said to satisfy condition (C'), if
1. no subspace W C R? with W N Ré # {0} satisfies 'W C W and
2. TN My #0.

Denote by [supp ] the smallest closed semigroup which contains supp u, where as usual, the sup-
port is defined by

supp i :={x € My : u(O) > 0V open O with z € O}.

With the notation introduced above, a simplified version of the existence theorem for a-elementary
fixed points of Sy can be stated as follows. See Subsection 9.3 for a more detailed statement and
discussion.
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Theorem 1.2 (Existence of Fixed Points). Assume that the semigroup [supp u| satisfies condition
(@),
E(1 + [[My]]) (1 + [log [|My]]| 4 [log ¢«(My)|) < o0, (M logM)

and that the spectral radius of ET is less than N1, Then there is o € (0, 1) with

Forall K > 0, S possesses a nontrivial fixed point Y, and there is a continuous function e : S> —
R, such that for all v € S,

tlim P ((u, Yi) > t) = Ke(u) > 0.
—00

Concerning the characterisation of a-elementary fixed points of Sp, the main result 12.8 can be
rephrased (in the spirit of [6, remark after Theorem 8.1] ) as follows (where some technical details
have been omitted):

Theorem 1.3 (Characterization Theorem). Let (T;)N. be i.i.d., let [supp ] satisfy (C) and let
some natural moment assumptions hold. Assume there is « € (0,1) with m(a) = 1, m/(a)) < 0.
Then Sq possesses a one-parameter family of a-elementary fixed points (Y ) k>0, and their one-
dimensional marginals satisfy

(u, i) 2 (u, W) + KW ()2,

where W* € RY, W(u) € R are random variables which will be explicitly defined and inde-

pendent of Z, which has a one-sided stable distribution with index o, i.e. with Laplace transform
Ee t% = ¢=t°.

The extra assumption that the T'; are independent is only needed for the existence of W* which is
not proved in this thesis, but cited from [75]. It is not necessary for the characterization itself as
soon as W* is given.

1.5. Further Organization

The further organization is as follows: At first, in Section 2 the weighted branching process (WBP)
is introduced, which allows to study S in terms of random variables and Laplace transforms. Next
is a section about different metrics and topologies on the set of probability measures which are used
in Section 4 to derive some known results about existence of fixed points with a finite moment of
order v, which are intended to explain the motivation of this work as well as the definition of m.

The methods which will be used subsequently in order to prove existence and characterization of
a-elementary fixed points are inspired by Durrett and Liggett [41]: They analyze the action of S
on LTs by means of an associated random walk and renewal theory, inter alia. The subsequent
sections 5 - 8 introduce these tools in the multivariate setting, starting with a detailed review of
LTs of multivariate stable distributions. Then a Markov random walk associated with the action
of random matrices on R‘i will be defined, corresponding transfer operators will be studied and a
simple Markov renewal theorem, that complements Kesten’s renewal theorem [60], will be proved.
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Having all these tools at hand, the existence of nontrivial fixed points in the multivariate version
of case (IV) will be proved and the definition of the Biggins martingale in the multivariate setting
will be given in Section 9. Next, existence results in the boundary case (III) will be derived in
Section 10. In order to describe the set 7 of a-elementary fixed points, the question of uniqueness
and the question whether the existence of an a-elementary fixed point readily implies m(«) = 1,
m/(a) < 0 will be adressed. Using Krein-Milman theorem and a Choquet-Deny lemma due to
Kesten [60], a positive answer will be given in Section 11. Finally, these results will be applied to
fully characterize the set of a-elementary fixed points of S and S in Section 12.

1.6. A Quick Readers Guide

An additional intention of this thesis is to give a comprehensive account to the theory needed for
the study of multivariate stochastic fixed point equations, in particular to multivariate Laplace trans-
forms of stable distributions, which are often neglected in the literature. Therefore, the introductory
part of the thesis may seem unusually long. Though the full pleasure is only obtained by reading ev-
erything properly, these are the minimal prerequisites needed to understand the proofs of the main
results in Sections 9 - 12: The reader should believe that the theory of one-dimensional Laplace
transforms carries over to the multivariate case and that Laplace and Fourier transforms of stable
distributions look quite similar. Additionally, read the short Section 2 and subsequently Propositions
4.3 & 4.4, Theorems 4.9 and 7.3, Subsection 8.1 and Proposition 8.9.

2. The Associated Weighted Branching Process and its Applications

In this section, a stochastic model associated with S is introduced which is suitable to describe iter-
ations of the smoothing transform in terms of random variables. Additionally, it is used to describe
the action of S on Laplace transforms. The exposition here is similar to the ones given in [4, Section
5.1] and [31, Section 3.2].

2.1. The Weighted Branching Process

Define the N-ary Ulam-Harris tree by

o0
7= J{1.... N}, (2.1)
n=0
with the convention {1,..., N} = (), the root. For a node v = (i1,...,i;) € %, denote its

level by |v| = k, its ancestor in the [-th level, [ < k, by v|l = (i1,...,%;) and its i-th child by
vl = (il, cen ,ik,i).

Assign to each node v an independent copy
T(v):=(T1(v),...,Tn(v),Q(v)) 2.2)

of ' = (Ty,...,Tn,Q). Thus T := (T'(v))yex is a sequence of i.i.d. copies of T'. The r.v. T;(v)
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can be understood as the weight of the vertex between v and vi. The product of the weights along
the unique shortest path between the root () and a node v is defined recursively by

L(0) =1d, L(vi):= L(v)T;(v), (2.3)

where v € T, 1 < ¢ < N and Id denotes the identity matrix. A natural filtration of the weight
sequence is given by

771 =0 ((T(U))|v|§n) .

When a random variable Y is given, assign to each node a copy Y (v) of Y, such that again the
sequence ) := (Y (v))yex is i.i.d.and independent of T

Definition 2.1. The sequence

Yo=Y LY@+ > Lw)Qw), (2.4)

[v|=n Jlwl<n
n € Ny, is called the weighted branching process associated with ) ® 7.

Lemma 2.2. If Ty, ..., Ty are identically distributed (which is the standing assumption), then for
fixed n € N, the cumulative weights (L(v))|y|=n, are dependent, but identically distributed, and

L(v)T £ II,,.

The simple proof is omitted.

Furthermore, introduce the shift operator [-] : If F is any function of Y ® 7 and v € T, set
[FY@T), = F(Y (vw), T(vw)) wes)-

The family [V ® T, corresponds to the subtree [T],, rooted in v € T and has the same distribution
as the unshifted family )) ® 7" and is independent of (Y (w), T'(w)),|<s| as well as of all other
subfamilies rooted at the same level. With this definition, it follows in particular

L(vw) = L(v) [L(w)]

v

for any v, w € Z. This allows inter alia to prove the following Lemma (see e.g. [4, Lemma 5.2]):

Lemma 2.3. Let £ (Y') = 1. Then the WBP (Y;,)nen, associated with Y @ T satisfies

L(Y,) =8"(1). 2.5)

2.2. The Action of S on Laplace Transforms
The smoothing transform S acts on LTs of distributions on Ré by the canonical definition
S¢,(x) = ¢s,(x) (2.6)

forall x € R%.
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The following lemma corresponds to and is a consequence of Lemma 2.3.

Lemma 2.4. Let ¢, be the LT of a distribution 1 on R%. Then foralln € N, x € R%

8"py(x) =E | exp | —(z, Y L(w)Qw)) | [] ¢,L(v) 2) |- 2.7)

|lw|<n lv|=n

Proof. Let) = (Y (v))wesand T = (T'(w))wes bei.i.d. random variables with distribution 7 resp.
L (T) and such that ) and T are independent. Write ¢ = (t(v)), < for a deterministic sequence of
weight matrices, and 1(v) for the corresponding products along the paths. Referring to Lemma 2.3,
S"Y = L(Y,,), where Y,, is the WBP associated with )) ® 7. Considering (2.6),

S"¢y(z) = ¢y, (z) =E | exp | —(z, Z L(v)Y(v) + Z L(w)Q(w))

|v|=n [w|<n

“F (e |~ 3 L@@ | E | [ exo(—L) w Y @)| T
|v|=n

|lwl<n

x / exp [ (e, 3 1w)g()) | E | TT exp(—(1() T2, Y (0))) | B(T € at)

|w|<n [v|=n

_ / exp | ~{r, 3 1w)g(w)) | T] (Eexp(~{10)Te, Y (@) (T € dt)

|w|<n [v|=n

= [ew | e 3 twlatw) | T] or0) 02 (@ € o)

|lw|<n |v|=n
=E [exp | —(z, Y Lw)Qw)) | [] ¢v(L(v) )
|lw|<n |v|=n
The independence of 7 and ) allows to use the plug-in rule [28, Corollary 4.38] in *. O

Denote by B! (R‘é) the set of bounded (Borel-) measurable functions from R to R, uniformly

bounded by 1. The smoothing transform induces a self-map of B* (R‘i) by extension of equation
2.7), i.e. -

N
Sf(z):=F (H f(T] x)) (2.8)
=1

for f € B! (Ré) . Then by a simple application of the theorem of bounded convergence, the
following lemma results:

Lemma 2.5. With the above definition, S : B* (]R‘é) — B! (R‘é) is a continuous mapping with
respect to the pointwise convergence of functions.
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3. Convergence in Probability Spaces

Convergence of probability measures plays an important role in this thesis. In this section, several
topologies and metrics on P(E) or its subspaces of P(E) will be introduced, where (E,d) is a
priori any locally compact separable metric space equipped with the Borel o-field &, in applications
FE e {Rd, Ri ,S,S>, R}. Some concepts are possibly well known, nevertheless it is convenient to
mention them briefly (without proofs) to have all results at hand.

3.1. Weak and Vague Convergence

Information about weak and vague convergence on locally compact spaces can be found e.g. in [19,
Chapter 2.4], the most important properties (for the present situation) are collected below. Write
M! (E) for the set of measures on E with total mass less or equal to 1.

Definition and Proposition 3.1. A sequence (vp)nen € M (E) is said to converge vaguely to
ve MY (E), v, 5 v, ifforall f € C,(E) or equivalently for all f € C, (E),

lim [ fdv, = /de. (3.1)
n—o0
Another equivalent condition is that
lim v,(B) = v(B) (3.2)
n—oo

for all relatively compact sets B C € such that v(0B) = 0. Equipped with the topology of vague
convergence, the set M (E) is compact.

Here 0B denotes the topological boundary of B. Vague convergence commutes with the formation
of product measures:

Lemma 3.2 ([19, Exercise 4.14]). Let E, F' be locally compact metric spaces. The mapping G :
MY (E) x MY (F) - MY (E x F),

Gv,n) =ven (3.3)

is continuous w.r.t to the topology of vague convergence.

Definition and Proposition 3.3. A sequence (vy)nen C MY (E) is said to converge weakly, vy, A

v, if (3.1) holds for all f € C, (E). Weak convergence vy, %y holds if and only if v, = v and
limy, 00 Vp(F) = v(E).

Weak convergence will also be denoted by d—lim v,, = v. A weakly convergent sequence of prob-
n—oo

ability measures converges towards a probability measure. Therefore, say that a sequence (Y}, )nen
converges in distribution, Y}, 4y iffC (Y,) 4L (Y'). This convergence is the most important
and will be implied by all of the subsequent types of convergence. Moreover, distributional conver-
gence of random variables in Ri is equivalent to the convergence of their Laplace transforms (see
below.) B
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3.2. The Prohorov Metric

The topology of weak convergence on P(F) is metrizable via the Prohorov metric. For A € € and
€ > 0 define
A*:={zx e E:d(x,A) <e}.

Definition and Proposition 3.4. Let v, € P(E). The Prohorov distance o(v,n) is defined by

o(v,n) = inf{e >0:VA € €& v(A) <n(A%) +¢} (3.4)
= inf{e >0:VAe€ € n(A) <v(A°) +¢c}.

This defines a metric on P(E) and for v, (vy)nen € P(E),

d .
vp = v & lim p(vy,v) =0.
n—oo

More information can be found in [22, Section 6]. Note the following simple application of the
above definiton:

Corollary 3.5. Let Z,(Z,,)nen be r.v.s in R with Z,, 4 7. Then for all £ > 0 there is ng € N such
that for allt € R, n > nyg

P(Z,>t)<P(Z>t—e)+ec and P(Z>t)<P(Z,>t—¢)+e. (3.5)

3.3. Total Variation
The strongest topology that will be introduced on P(E) is the topology of total variation. The total

variation norm tv [] is defined on the vector space M* (E) D P(E) of regular bounded signed
measures on F.

Definition and Proposition 3.6. For a measure v € M™* (E), its total variation norm is defined
by

tv[v] = sup{/E fdv: fe B (E)}.
If v, (Vn)nen € P(E), then

. d
lim tviv, —v]=0 = v, —>r
n—o0

This can be found e.g. in [73, pp. 310 & 516].

3.4. Minimal L*-Metric

The next two subsections consider metrics whose natural domain of definition are subspaces like

Pu(E) = {v € P(E) : /|:U|51/(dx) < oo},

10
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the set of probability measures on F with a finite moment of order s, or even subspaces of measures
with a fixed first or second moment. On these subspaces, the metrics are complete and convergence
in these metrics implies weak convergence.

This subsection considers the minimal L®-distance [, which is a special case of the general concept
of Wasserstein distances.

Definition and Proposition 3.7. Let s € (0,1]. Forv,n € P(E), set
ls(vyn) =Inf{E)Y — Z|° : L(Y)=v, L(Z)=n}.

This defines a metric on P(E).

A proof can be found in [83, Lemma 41]. For € P(FE), define the subspace

Ps(n) :={v e P(E) : ls(v,n) < co}.

Observe that the measure 7) may have infinite moment of order s, as well as v € Ps(n). Nevertheless,
their [, distance is well defined, this will turn out to be a important feature of the [;-metric.

Proposition 3.8. Let s € (0,1]. Forany n € P(E), (Ps(n),ls) is a complete metric space. If
v, (Vn)nEN € Ps(n), then
hm ls(ljrhy) = 0 = Up, i} .

n—oo

This results from [38, Theorem 2].

3.5. The Zolotarev Metric

Last but not least, the Zolotarev metric (; is introduced. It is particularly suitable for the study of
(contraction properties of) the smoothing transform, as discussed in [87].

It was introduced in [96]. This subsection follows the recent exposition for probability measures
on Hilbert spaces given in [39], where proofs can be found. Since it will be the only application,
subsequently F' = R,

Denote by DF f the k-th Fréchet derivative of f € ck (Rd) (see [37, Chapter VIII] for definitions).
Remember that D f corresponds to the Jacobian matrix, while D?f corresponds to the Hessian
matrix.

For s > 0 and k := [s] — 1, define

D, = {f ek (Rd) Yy eme ‘Dkf(:c) - D’“f(y)H <z — y|s—k} (3.6)

If s < 1, this is the set of s-Holder functions on R% with Holder constant less or equal 1.

Definition 3.9. For s > 0, the Zolotarev distance (; between r.v.s Y, Z € R? is defined by

(Y, Z) := sup [E (f(Y) = f(2))]. (3.7
feDs

11
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Given y € R% and a symmetric positive definite matrix > € M (d x d,R), define the subspaces
PuRY) = {1 € PRY) : [ [af n(ds) < o0) se(0,1]
Puy(®) = . PR = [ [af'n(de) < oc, [[wn(dr) =) se (1,2
Puys(®) = (1 PRY : [ fof'n(dn) < ox, [onlde) =y K =2} s (23],

where K(7) denotes the covariance matrix of a generic random vector Z with £ (Z) = n. For
brevity, when writing P; .. (RY) the case distinction above as well as a particular choice of 3 and ¥,
if necessary, will be stipulated.

A probability metric is called simple, if the distance between two random variables Y, Z depends
only on their marginal distributions v, 7, say, and not on the particular coupling. This holds for
the Zolotarev metric on particular subspaces of P(R%). Hence on these subspaces, (s(v, ) is well
defined.

Proposition 3.10. Let s € (0,3]. The Zolotarev metric (s is simple on Ps . and (Ps .(RY), () is a
complete metric space. If v, (Vn)nen € Ps.«(RY), then

. d
lim (s(vp,v) =0 = v, — .
n—oo

This is [39, Theorem 5.1].

4. Fixed Points of S with Finite a-Moment

In this section, it will be shown that S is a contraction with respect to (w.r.t.) (s resp. [ as soon as
m(s) < 1. This motivates the definition of m. Considering Propositions 3.8 and 3.10, the usually
approach via the Banach fixed point theorem yields existence and uniqueness of fixed points within
particular subspaces of P(R?). Corresponding results will be given. Additionally, there are some
very recent results about almost sure convergence towards these fixed points which will be cited.

It is remarkable that all fixed points obtained this way have a finite moment of order o which is
due to the condition m(s) < 1 and the definition of P ,(R?). This leads to the question, whether
there are also fixed points with an infinite moment of order . Answering this question was a main
motivation for this work and as it will turn out, indeed there are more fixed points.

4.1. Contraction Properties of S w.r.t

The next Proposition, whose proof can be found in [76, Lemma 3.1], shows that S is Lipschitz on
(Ps.«(R%), ) for s € (0,3].

12
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Proposition 4.1. Let s € (0,3] and v,n € Ps .(R?). Then for any n € N,

(8", 8™ ) < | E Y L) | Gs(vym) = N"E I, ]|* (v, m)- (4.1)

|v|=n
This leads naturally to the definition of
m(s) = N - lim (E|[IIL,[*)"/", 4.2)
n—oo

for the Lipschitz factor in (4.1) is eventually smaller than 1 if and only if m(s) < 1.

Considering Proposition 3.10, conditions are needed that guarantee that S is a self-map of these
spaces. They are given in the following Proposition.

Proposition 4.2. Let s € (0, 3] and
E (|T|° + Q") < oo. (s-moments)

e Casi s € (0,1]: Then S is a self-map of Ps(R?).

o Cask s € (1,2]: Assume in addition, that
y = NETy + EQ (eigenvector)
holds. Then S is a self-map of Ps.,(RY).

o CasE s € (2, 3]: Assume in addition, that () = 0 and the positiv definite matrix Y. satisfies

N
=Y E (TZ-ETZ-T ) — NE (TETT> . (variance)
=1

Then S is a self-map of Ps x(R?).

The naming (eigenvector) comes of course from the homogeneous situation () = 0, where y has to
be an eigenvector of ET with eigenvalue N 1.

Proof. The eigenvalue condition follows by taking expectations in the fixed point equation Y 4
Zf\i 1 T;Y; + Q. The variance condition follows from a recursion formula for the covariance matrix
of §™Z given in [77, Lemma 4.5]. ]

With the help of [77, Lemma 4.5], it is also possible to formulate (variance) in the case where () # 0,
but that formula is quite complicated and most applications are concerned with the centered case,
e.g. [18]. This is why the inhomogeneous equation for s € (2, 3] is not studied here.

13



A. On Fixed Points of Multivariate Smoothing Transforms

4.2. Existence and Uniqueness of Fixed Points with a Finite a-Moment

For a square matrix A, denote by Eig(A, \) the set of eigenvectors of A with eigenvalue A, and

Denote by N (0, X)) the multivariate Normal distribution with expectation 0 and covariance matrix
3. Applying the Banach fixed point theorem, the following results (originally due to [84, 85])
concerning the subset

Foim{n Su=n, [ lal"n(de) < o0}
of fixed points with finite moment of order s can be obtained:

Proposition 4.3 (homogeneous case). Let T' = (T1,...,Tx) be a random element of M (d x
d,R)N, and Sy the homogeneous multivariate smoothing transform associated with T. Assume that
there is I, > s > o with m(s) < 1 and let (s-moments) hold.

1. Case oo < 1: Then Fs = {0}
2. Case « € [1,2): The following mapping is bijective:

Eigy(ETy, N7 — F,
y +— d—lim Sy,
n—oo

3. CASE o = 2. For every symmetric and positive definite matrix X satisfying (variance), there
is a unique fixed point 1 € P, » (RY) and

n = d—lim SyN(0,%).

n—o0

Proposition 4.4 (inhomogeneous case). Let T = (T4, ..., Ty, Q) be a random element of M (d x
d,R)N x R and 8¢ the inhomogeneous multivariate smoothing transform associated with T'. As-
sume there is I, > s > o with m(s) < 1 and let (s-moments) hold.

1. Casea < 1: Then #Fs = 1. IfP (Q # 0) > 0, then 6y ¢ F, i.e. the fixed point is nontrivial.
2. Casel < a < 2, EQ = 0: The mapping

Eigy(ET, N~!) — F,
y = d—lim 84,

n—oo

is bijective.

3. Casel < a < 2, EQ # 0: Denote O := {y € R? : y = NET1y+EQ}. Then the mapping
O — Fs
y + d—lim G4,

n—oo

is bijective. If O # (), then O ~ Eig,(ET, N~1).

14
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The last assertion is well known from the basic linear algebra. It is stated here to point out the
relations between the homogeneous and inhomogeneous equation, which are very close to those of
linear equations. These connection will be studied in more detail below in Subsection 4.4.

Remark 4.5. The restriction to the case o < 2 should not be surprising, instead there are good
reasons: In dimension d = 1, if 7m(s) < 1 for some s € (2,3] and Y is a fixed point of the
homogeneous smoothing transform &, then condition (variance) states that

Var(Y) = Var(Y)NETE,

hence Y = ¢ for some ¢ € R or m(2) = 1. In fact, it can be shown that if the one-dimensional
smoothing transform with real-valued weights (homogeneous as well as inhomogeneous) has a non-
constant fixed point Y with a finite moment of order s > «, then necessarily o < 2; see [5] for a
detailed discussion.

Nevertheless, this is not true in dimension d > 2 without further assumptions, as it is shown by the
following, even deterministic example (cf. [31]): Let

N—1/3 0 )

0 N1 (4.3)

Then m(s) = N |Ty||° = N(N~'/3)s = N'=%/3, thus o = 3. But if Y5 has a standard normal
distribution, the random vector (0, Y5) " is obviously a fixed point of the smoothing transform asso-
ciated with (4.3). The point is that m is only concerned with the largest eigenvalue of T';, but there
may be solutions concentrated on subspaces.

4.3. Almost Sure Convergence

Observe that all results above only yield convergence in distribution. Nevertheless, there are recent
results for the multivariate smoothing transform that give almost sure convergence.

Buraczweski, Damek and Guivarch [29] proved the following result about fixed points of Sy for
a = 1: They show [29, Lemma 3.5] that if [supp x| satisfies (C') and m(1) = 1, then ET; has a
unique eigenvector y € S> with eigenvalue N~ 1.

Let W,, denote the WBP associated with w and T' = (T;)¥,, i.e.

i=1

Wy, = Z L(v)y.

|v|=n

It is shown [29, p.2] that if m(1) = 1, then W, is a nonnegative martingale w.r.t. to 7,, (the Biggins
martingale), hence it converges almost surely (a.s.) to a limit W. Since

N
W, = ZTi(V)) [anl]ia
i=1

with ([Wy,—1];)Y, ii.d. with the same distribution as W,,_1 and independent of 7, the limit W
constitutes a fixed point of Sy — nevertheless, it may be trivial.

15
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Theorem 4.6 (part of [29, Theorem 2.2]). Let (T;)Y, be i.i.d. random matrices in M (d x d,R).
Assume that [supp p] satisfies (C), that E || T1| < oo, m(1) = 1. Lety € S be the unique
normalized eigenvector of T with eigenvalue N~'. Then the following are equivalent:

1. There is a fixed point Y of So with E Y| < co and EY # 0.
2. EW =y, in particular, W is nontrivial.
3. m/'(17) <0.

Here and subsequently, m/(s~) denotes the left derivative of m in s.

In other words, for « = 1 and m/(a~) < 0, W, converges almost surely to the nontrivial fixed
point of S with finite expectation y, described in Proposition 4.3.

For the inhomogeneous equation, Mirek [75] obtained the following a.s. convergence result:

Theorem 4.7 ([75, Theorem 1.7]). Let (Ti)f\; be i.i.d. random matrices in M (d x d,R>) and @
a random vector in R‘é with P (Q # 0) > 0. Let [supp p| satisfy condition (C). Assume that there
are s1 € (0,1/2], so > s1 such that E || T1[|** < %, E | T1[|** < % and E|Q|** < co. Then

W= 3 Lw)Q)

k=0 |v|=k

converges almost surely to a r.v. W* which is a fixed point of Sg.

Since m(s) < NE||'T1||%, in this situation o < s < % This restriction on « is due to technical
reasons (see [75, proof of Lemma 3.12]). With some additional assumptions, the theorem gives
the almost sure convergence of W, to the unique fixed point with a finite moment of order av. It
seems that if NV is considered fixed (as in the present situation), then the assumption of independent
weights is not necessary for the proofs in [29, 75].

4.4. A One-to-one Correspondence Between Fixed Points of Sy and Sg

In this subsection, the focus will be on the case @ < 1 with m(s) < 1 for some s € («,1).
Using the [;-metric, a one-to-one correspondence between fixed points of the homogeneous and
inhomogeneous smoothing transform will be derived. This approach is due to Riischendorf [87,
Section 3].

The first step is the following contraction lemma.
Lemma 4.8. Let s < 1, let (s-moments) hold and let n € P(R?) satisfy

ls(n,Sn) < 0. 4.4)
Then S is a Lipschitz self map of Ps(n) and for n € N

1s(8"n, 8"v) < N"E || [|* Ls(v, m).
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This once more motivates the importance of the spectral function m(s) — obviously, S is a contrac-
tion w.r.t. to [5 as soon as m(s) < 1. The proof of the univariate version, [87, Lemma 2.1] extends
without efforts to the multivariate situation and is therefore omitted.

Using the Zolotarev metric, in Proposition 4.4 a numerical correspondence between fixed points
of Sy and S¢ with a finite moment of order s > « was established. The use of the /s-metric now
gives the same result for general fixed points (with a possibly infinite moment of order «) in the case
« < 1. This result is due to Riischendorf [87, Theorem 3.1].

Theorem 4.9. Let m(s) < 1 for some s € (0, 1] and let (s-moments) hold. Then
1. For any fixed point 1y of So, there exists exactly one fixed point 1¢q of Sq, such that ng €
Ps(no). It holds that
d—lim 8o = ng-
n—oo
2. For any fixed point ng of Sq, there exists exactly one fixed point 1o of S, such that 1y &

Ps(nq). It holds that
d—lim S = 1o
n—oo

Proof. ParT 1 : By Lemma 4.8 and the Banach fixed point theorem, there is a unique fixed point of
Sq in Ps(no), as soon as
Ls(10, Sqmo) < <.

Let (Yz)fL be i.i.d. copies of g, then, since 7 is a fixed point of Sy,

N
L (Z Tz‘Y£> =1
i1

and thus (Zi\;1 T,Y;, Zf\;l T,Y; + Q) is a coupling of 19, Sgno. Then

S

N N
YTV - (O T+ Q)| =E|QI° < o0

i=1 i=1

ls(mo,Sgno) < E

by (s-moments). Considering the Banach fixed point theorem, the convergence assertion in the /-
metric can be obtained and by Proposition 3.8, this implies already the weak convergence of the
measures.

The proof of part 2 is completely analogue. O

4.5 Resumé

This admittedly quite long review is primarly intended to motivate the upcoming results.

The reader should have observed that the existence of fixed points and the finiteness of their moments
is closely connected with the spectral function m(s) and that the fixed points (for « € [1,2)) may be
characterized by eigenvectors of ET. Moreover, only existence of fixed point with a finite moment
of order «v can be shown by the methods above. As said before, a main contribution of this thesis is
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the characterisation of fixed points with infinite moment of order «, more precisely, a-elementary
fixed points. Their description will be in terms of eigenfunctions of an operator given by the action
of Ty on S, see Theorem 12.6.

The convergence and nontriviality of the Biggins martingale under the condition & = 1, m/(a™) <
0 was mentioned. Subsequently, the definition of the Biggins martingale in the case a < 1 as well as
the proof that its limit is nontrivial will be given. In the last subsection, a one-to-one correspondence
between fixed points of Sy and S was derived. It will be used to prove the characterization of o-
elementary fixed points of S¢.

5. On Multivariate Laplace Transforms

Most textbooks in probability theory only consider the one-dimensional LT on the positive half-line
R-. Multivariate results are nevertheless known, but scattered around in literature. This is why
a comprehensive account is given here including proofs or at least references where to find them.
Moreover, the final part about the Holder continuity seems to be new.

5.1. Basic Facts about Laplace Transforms on R%

This subsection contains the uniqueness and continuity theorem for multivariate LTs and a conver-
gence result that will be useful later.

Theorem 5.1 (Uniqueness Theorem for Laplace Transforms). Let v,n € P(Ré). Ifo,(r) = ¢, ()
forall x € RY, thenv = .

Theorem 5.2 (Continuity theorem for multivariate Laplace transforms). Let (v, )nen be a sequence
of probability measures on R‘é with LTS ($,,)nen-

I Ifv, S veM (R‘é) with LT ¢, then ¢,,(z) — ¢(z) for all x € RY.

2. If ¢(x) := lim, 00 ¢, (2) exists for all z € RY, then ¢ can be continuously extended on
Ri, and then is the LT of a measure v € M* (Ré), and v, = v. If limy,_ec ?,(0) =

. . . d
lim,_,0 ¢(z), then v is a probability measure, and v, — v.

Using the results about weak and vague convergence of measures in P(R?) from Subsection 3.1,
the proofs from the one-dimensional case carry over with the obvious modifactions. A slightly less
detailed statement of these results can also be found in [89, Lemma 3].

At one point, a sequence of LTs will be considered which are evaluated at a convergent sequence of
points. There the following Corollary of Lemma 3.2 will be helpful.

Corollary 5.3. Let ¢, (¢, )nen be Laplace transforms of measures 1, (0 )nen With 0, ~ 1. Let
(an)nen C Rs be a convergent sequence with the limit a € R. Then for all x € RY,

lim 6, (anz) = ¢(az).

n—o0
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This result is well known if the measures converge weakly, since then the Laplace transforms con-
verge uniformly on compact sets.

Proof. Consider the sequence of measures (d,,, )nen, Which converges weakly (thus also vaguely)
to J,. Regarding Lemma 3.2, n,, ® 4,, also converges vaguely to n ® d,. For all x € Ri, the
function f,(y,t) = exp(—(tz,y)) is in Cy (RE x R>). Use Lemma 3.1 to conclude

lim ¢n(anx) = lim f;v(yvt) N 5a(dy7 dt)) - (ﬁ(CL.I') O

n—o0 n—oo Rd XR>
> =

5.2. Multivariate Stable Distributions and Their Laplace Transforms

In this subsection, multivariate stable distributions are introduced, their main properties are stated
and then used to derive a formula for their Laplace transforms.

Definition 5.4. A r.v. Z in R? is said to have a stable distribution if for all n > 2, there exists
an € Rs and b, € R4 such that

S ZiLanZ + by, (5.1)
i=1

where (Z;)¥, arei.i.d. copies of Z.

It turns out (see e.g. [88, Theorem 2.1.2]) that necessarily a,, = nt/e for some a € (0,2]. For
a = 2, the stable property uniquely identifies the Normal distributions. For o« < 2, Z is then said
to be a-stable and 7 is strictly a-stable if b, = 0.

The characterisation of multivariate stable distributions via their Fourier transform (FT) is well
known. Now the corresponding formula for Laplace transforms will be derived. The approach
sketched here follows closely [97, 1.6] and [78, Proposition 6.13] while properties of stable distri-
butions are taken from [88].

Start with the classic representation theorem for one-dimensional stable distributions.

Proposition 5.5 ([88, Definition 1.1.6]). A random variable Z is stable if and only if there are
parameters o € (0,2], 0 € R>, A € [—1,1] and b € R such that its FT has the following form:

EoitZ {exp (—o® [t]* [1 — iX(sign t) tan T] 4+ ibt)  ifa # 1, (5.2)

exp (—o [t [1+iA2(sign t) In [t[] + ibt) ifa=1,
with the convention sign(0) = 0.

Definition 5.6. If the FT of Z is the same as above, write Z < S, (o,\,b).

The roles of the parameters are as follows (c.f. [88, Properties 1.2.2. & 1.2.3.]). Let as above
d
Z = Sa(o, A\, b).

e b is the shift parameter: Let a € R, then Z + a 4 Sa(o, A\, b+ a).
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A. On Fixed Points of Multivariate Smoothing Transforms

e o is the scale parameter: Let a € R\ {0}, then aZ 4 Sa(la] o,sign(a)A, ab) for o # 1, and
azZ L Sa(|al o, sign(a)A,ab — 2a(In|a|)oA) for a = 1.
e )\ is the skewness parameter, it governs the ratio between left and right tails of Z, see [88,

Property 1.2.15]. Moreover, if « € (0,1), A = 1 even implies that Z is supported on a
half-line, as the following Proposition shows:

Proposition 5.7 ([88, Proposition 1.2.11]). Let « € (0,1), Z 4 Sa(o,1,b). Then Z > b P-a.s.,
for it can be written as a shifted limit of a random sum of Poisson random variables. The Laplace
transform of Z exists and equals

ye:;

FEe % = exp (— (cos 7)71 (ot)* — bt> . (5.3)

The next theorem, known as Lévy spectral representation theorem, gives the FT of multivariate
stable distributions:

Theorem 5.8 ([88, Theorem 2.3.1]). Let a € (0,1) and Z a r.v. in R%. Then Z is a-stable if and
only if there exists a probability measure v on S, K € R> and a vector b € R? such that

Eei®:2) — exp (—K/ |{(z,y)|* (1 —isign((z, y)) tan %)u(dy) +i(x, b>) (5.4)
Sd

for all x € RY. The tupel (K, v,b) is unique, hence write L (Z) = So(Kv, b).

Samorodnitsky and Taqqu use the notation S, (I', b), where I' = Kv is a finite measure on the unit
sphere. The “decomposition” into K and a probability measure v is used here, because it makes it
more obvious that K is a scaling factor. The measure I" resp. v is called spectral measure.

One observes that all marginal distributions (u, Z), u € S are one-dimensional a-stable (maybe

degenerated), see [88, Theorem 2.1.2]. More precisely, (u, Z) 4 Se(Ous Au, by ), with (see [88,
Example 2.3.4]):

oy = (K / |<u,y>|%<dy>)1/a, 5.5)

_ Jssign(u, y) |(u, )| v(dy)
Jsl{wy)*vidy)
by = (u,b) (5.7

Au

(5.6)

These identification now allows to derive the Laplace transform analogue of the spectral represen-
tation theorem. The proof of this final proposition is taken from [78].

Proposition 5.9 ([78, Proposition 6.13]). Let Z 4 So(Kv,0), a € (0,1). If the spectral measure
v is supported on S>, then supp Z C R% and the LT ¢, of Z exists on R‘é. It holds that

¢y(x) =exp (—K (cos 7T2a>_1/8 (x,y>°‘y(dy)> , T € Ré. (5.8)
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5. On Multivariate Laplace Transforms

Proof. If v is supported on S>, then by (5.6) A, = 1 for all u € S>. Referring to Proposition 5.7,
the support of (u, Z) is contained in R>. Since this holds for any vector v € S>, it follows that Z
itself is supported in Ré. This readily gives the existence of the Laplace transform on R‘é.

To verify the formula, write z = ut, v € S>, ¢t € R> and note that £ ((x, Z)) = S, (04, 1,0).
Then by Proposition 5.7,

-1
Ee~H"2) = exp <— (cos %) t“K/ \(u,y)\al/(dy)> ,
S

which gives the desired formula when taking into account that the domain of intergration is in fact
supp v = S4. O

Remark 5.10. e For easing the presentation, it is convenient to get rid of the additional factor
(cosmar/2)~L: Write Z 4 S (Kv,0),if its LT ¢, satisfies

¢(x) = exp (—K/S <x,y)°‘u(dy)> , TE R%. (5.9

e The formula (5.9) makes sense in the case o = 1, too. Then ¢, is the Laplace transform of
the point mass at v* := K fS> y v(dy). In other words, Z = v*. This obviously is a 1-stable
random variable. -

e The existence of multivariate «-stable distributions, @ € (0,1) and the formula for their
Laplace transforms can also be shown by means of a multivariate version of the Bernstein
theorem, which states that completely monotone functions define LTs of distributions. This
approach does not make use of the Lévy spectral representation theorem and is very similar
to the classical one-dimensional approach in Feller [45, XIII]. A multivariate version of the
Bernstein theorem is stated in [19, Exercise 6.27], but dates at least back to Bochner [24,
Theorem 4.2.1]. A proof of the multivariate Bernstein theorem can be found in [95].

5.3. Tail Behaviour

A special emphasis in this work will be put on heavy tail properties of distributions. Similar to
the classical Tauberian theorem for Laplace transforms, the asymptotics at zero of 1 — ¢ are in the
multivariate case linked with the property of multivariate regular variation. This will be explained
in this subsection.

As a first step, recall the classical Tauberian theorem. Write lim, ¢ for the right sided limit at zero.
Proposition 5.11 ([45, XIILS, (5.22)]). Let Z be a r.v. in R> with LT ¢. Then each of the relations

C

: 1-0(t) _
lgﬁ)lL(l/t)T =c

implies the other. Here o € (0,1), ¢ > 0 and L is slowly varying at infinity.
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A. On Fixed Points of Multivariate Smoothing Transforms

Denote by C, (RTé \ {O}) the set of functions f € C, (R‘é) with the additional property that

f(z)=0 Vze Bs(0)N R‘é for some ¢ > 0,

i.e. fis supported away from the origin. Write A% for the c-homogeneous measure on the multi-
plicative group R, i.e. A%(ds) = ﬁd&

Proposition 5.12. Let Z be a r.v. in ]R% with Laplace transform ¢ and let o € (0,1). Then the
Jfollowing properties are equivalent:

tli)m L(t)t*P ((u, Z) > t) = e(u) VueSs (5.10)
lim L(1/t)1_t¢;@ =T(1 - a)e(u) YueSs  (5.11)
d-tim LUZI> 18, Z/1Z €°) _ o, VseRs  (5.12)

et P (2] > t)

tlgélo t*L'(H)E (f(t_lZ)) = /000 A f(sw) o(dw)\*(ds)
Vfec, (@\ {0}) . (5.13)

Here ¢ : S> — (0,00) is a continuous function and ¢ a probability measure on S>. The functions
L, L' are slowly varying at infinity and can be chosen as

L(t) = L'(t) = (P (|Z] > 1)) "
With this choice, e and o are uniquely determined and satisfy the following relation:

1 o w
e(u) —/Sz(u,w> olduw). (5.14)

(07

In this case, equivalence has to be understood in the following way. For instance, if (5.10) holds
with a slowly varying function L and a continuous function e, then (5.11) holds with the same L
and e; and there exist L’ and a uniquely defined probability measure o, such that (5.12) and (5.13)
hold. Property (5.13) is called multivariate regular variation.

Proof. SteP 1: The equivalence of properties (5.10) and (5.11) results from the classical Tauberian
theorem above, while the equivalence of (5.10) and (5.12) was shown by Basrak, Davis and Mikosch
[15, Theorem 1.1], see also Boman and Lindskog [25, Corollary 2]. Properties (5.12) and (5.13)
are equivalent by function extension arguments (see [14, Theorem 2.1.4], also [25, Corollary 2]),
when setting

L'(t) = (P (|Z] > )",

With this definition, L’ is a slowly varying function by (5.12):

COL() . sOP (2] > ts)
hm = [1m e
t—y00 L(ts) t—oo (P (’Z‘ > t)
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5. On Multivariate Laplace Transforms

STEP 2, PROVING (5.14): Observe that (5.13) implies the vague convergence
tLOP (' Ze) S o\

Fix u € S>. Theset B = {x : (u,z) > 1} is compact in @\ {0} with p ® \*(B) = 0.
Considering Proposition 3.1, it follows

lim L' ()P ((u, Z) > t) = / / Lisquan>13A%(ds) o(dw)
t—o0 S> Jo

& 1
-  _dso(d
/S> /<u7w>1 glta SQ( ’LU)
1

= [ S,

e
This gives that there is a constant C' > 0 such that for all u € S>:

o o)
e(u) Tt L(t)

(5.15)

W.lo.g. C = 1byrenorming e — C'e, L — C'L. Then the asymptotics in (5.10) remain unchanged,
when replacing L by L’. Thus, upon choosing L = L/, (5.15) yields

1
) =+ [ {usw)o(du),
(6% S2
O
Remark 5.13. e Itis a classical result that if lim;_, o 1_‘i(tu) converges or E(u, Z) < oo, then
1-— t
lim ¢ (ut) = E(u, Z)
t—o00 t

e It is easy to derive property (5.11) with L(¢) = 1 from the formula for the Laplace transform
of So(Kv,0) with

Ime(u) =T(1 - a)e(u) = K(cosma/2)~* /S> (u, y) v (dy).

The limit obtained in (5.10) is then consistent with the result in [88, Property 1.2.15].

o IfZ 4 Sa(K v,0), it would be convenient to conclude that o = v, but the identity (5.14) is
in general not sufficient to determine g; the proof in [15] relies heavily on the convergence
properties (5.10) resp. (5.12). Nevertheless, the following Proposition is a general result for
multivariate o-stable laws that allows the conclusion o = v.

Proposition 5.14 ([8, Corollary 3.6.20]). Let L (Z) = So(Kv, p), K > 0. Then
1. The function t*P (|Z| > t) is slowly varying.
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A. On Fixed Points of Multivariate Smoothing Transforms

2. The following weak convergence of measures on S> holds:

P(Z|>t,Z/|Z| €-)

d—li =
oo P (2] > 1) v
Corollary 5.15. Let ¢ be the LT of ar.v. Z in R%. If for a probability measure v on S> and some
aec(0,1)
1
lim 1= 9(su) =K | (u,y)*v(dy) Yu€ESs, (5.16)
sJ0 s« S -

then Z is multivariate regular varying with index «. In particular,

tP(t7'Z€) S Cre ™

Proof. Consider the r.v. Z, 4 So(K,v,0). Its LT ¢“ satisfies (5.16) with L = 1. Thus by
Proposition 5.12 also (5.12) holds and Proposition 5.14 yields n = v. But this conclusion is then
true for any r.v. Z with LT ¢ satisfying (5.16), since the 7 in Proposition 5.12 is uniquely determined.
Then from (5.13), the assertion results with

L'(t) 1

= i = lim L'(t) = lim ————.
O=lm 7oy = i ®) 1500 1P (| Zg| > )

It has been shown in the proof of Proposition 5.12, that lim; ., L'(¢)/L(t) exists and thus, since
L = 1, also the limit lim;_,, L'(t) exists. O

5.4. Holder Continuity

In this section a feature is shown, which only appears in the multivariate setting: Assuming that a
r.v. in RZ is multivariate regular varying with index +, the radial part of its LT ¢ is y-Holder if
properly normalized.

Recall the definition of Holder continuity:

Definition 5.16. Let (E, d) a metric space and v € (0, 1]. A function f : £ — Ris called y-Holder
(continuous) with constant L, if

L := sup M < 0. (5.17)

el d(.%’, y)7

Holder continuity obviously implies continuity. A function is Lipschitz if and only if it is 1-Holder.
Denote by HY(E) C C (E) the set of y-Holder functions.

Abbreviate a A b = min{a, b} and a V b = max{a, b} for a,b € R; and use the same notation for
the componentwise minimum resp. maximum of vectors a,b € R?, i.e. (a A b); = min{a;, b;},
i=1,...,d. In the following two standard vectors in RZ resp. S> will appear:

Vq = (1,...,1)T€Rd, P = Ya.

1
Vd
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5. On Multivariate Laplace Transforms

The proof of the following lemma makes an extensive use of inequalities for Laplace transforms,
which are collected in the appendix.

Lemma 5.17. Let ¢ be a Laplace transform of a r.v. Z on Rg. Iffor some v € (0,1) and K € R+,

i (L~ 9(t0a))

i = =K, (5.18)

then there is A > 0 such that for all a € [0, A, all u,w € S> and all x € (0,7],

1 —¢(au) — (1 — ¢(aw))
‘ 1= ¢(ava) ‘38(’“—“]’“)” < 8(Ju—w| A1) (5.19)
and additionally, for all b > 1,
‘ 1 — ¢(bau) — (1 — ¢(baw)) ' < b-8(lu—w| A1) < b-8(ju—w| A L)X, (5.20)

1 — ¢(bada)
Proof. Step 1: Compute

’ 1— ¢(au) — (1 — ¢(aw)) ‘

1 —¢(adq)
- 1_;@%) £ (cotw) - ematw))
< 1—q>1@m%) (‘E (e—a<w/\u,Z) _ e—a(u,Z))’ n ’E (e_aww p— Z>> D
_ 1_(;‘(0“%) e (eotwn) (1 - gmalu-wnnd))) 4 g (eotonn) (1 _ g-atw-wrn)))]
< 1_(;(6”%)((1—¢(a(u—w/\u)))+(1—¢(a(w—w/\u)))>_ 521)

By assumption (5.18), the function ¢ — ¢~7(1 — ¢(¢¥q)) is continuous on (0, co), hence there is
A € (0, 1] such that for all a € [0, A],

1 — ¢(adq) c K

5 2K].
a” 2

For all such a, (1 — ¢(atq))~' < 2K ~'a™". Considering the nominator, it follows, using (25.9),

that

l—d¢la(u—wAu)=1—d¢(alu—(wAu)u—wAu)
<1l—¢(aju—wAuldq) <2Ka" |u—wAul’
<2Ka(Ju—w| A1)7.

Consequently,

(1—¢(adq)) ' (1 — ¢(a(u —wAu)) < 2K ta 2Ka” (Ju —w| A1) = 4(ju —w| A1)7.
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A. On Fixed Points of Multivariate Smoothing Transforms

The same calculation is valid for (1 — ¢(aq)) ™! (1 — ¢(a(w — w A u))) and thus putting both in
(5.21), the first and main inequality in (5.19) is proved. For the second inequality in (5.19) use that
the function s — z° = e~ °82ls is decreasing for x € [0,1], i.e.

(lu = w] A DX > (Ju —w| AL)?

for y <.

Step 2: In order to prove (5.20), compute

’1 — ¢(bau) — (1 — ¢p(baw)) (227) 11— ¢(bau) — (1 — ¢(baw))]

1 — ¢(bavg) - 1— ¢(adq)
1
< T gavay (1~ dlba(u—wAu) + (1 - $ba(w - w A W)
(25.8) b
<t (1 flalu = w A ) + (1= dfa(w —wnw)).
From here, proceed as in the first step. -

6. The Simple Markov Renewal Theorem

Blackwell’s renewal theorem for random walks (RWs) (V},),,en in R with a positive drift ([45, X1.9],
[11]) gives asymptotics of the renewal measure

U(I+1t) :=EN(I +1t) := Ei 1,(V, — 1)
n=0

of an interval I C R for ¢ — oo as well as for ¢ — —o0, the latter being zero.

The proof of the assertion for t — —o0 is (nowadays) quite simple — hence the result is called simple
renewal theorem. One shows that (N(/ + t¢)).cr is uniformly integrable ([11, Step 1]), then it is a
direct consequence of the strong law of large numbers (see [11, Remark 2]).

It is interesting to observe that this second part about asymptotics for ¢ — —oo does not appear
in the statement of the Markov renewal theorem (MRT) neither by Kesten [60], nor by subsequent
authors [2, 12, 63, 80]. This is why it will be given here, in the setting of Kesten [60, Theorem 2].

The basic idea of the subsequent proof is the same as in the classical non-Markov case, but the
question of uniform integrability is more involved. Nevertheless, all necessary tools are already
hidden in [60], the task is now to put them together properly.

6.1. The Setting and Prerequisites
In this subsection, notation related to Markov renewal theory is introduced and some special sets are

defined for which the uniform integrability will hold. In the whole section, let (S, d) be a separable
metric space equipped with the Borel o-field.
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6. The Simple Markov Renewal Theorem

Definition 6.1. Let (X,,, Uy )nen, be a temporally homogeneous Markov chain (MC) on S x R
such that
P(Xn+1,Unt1) € Ax B| X,,,U,)) =P(Xp, A X B)  as. (6.1)

for all n € Ny and a transition kernel P. Then the associated sequence (X, V,)nen, With V,, =
Va—1 + U, for n € N is also a MC and called Markov random walk (MRW) with driving chain

(Xn)nGNo .

In this section, the convention P, (Xg = x,V) =0) = 1 is used. Denote the Markov renewal
measure associated with the given MRW under P, by U, = > >° (P, ((X,,, Vi) € -) .

Define subsets of S by

. 1 1
Co =10, C’k:{:EES:]P’m<V2Vm2k:>Z} (6.2)
m k 2

for k > 1.

Investigating, e.g. C1, it becomes obvious that after each visit of (X,,,V,,) to C1 X [a,a + 1],
the MRW leaves this set forever after at most one more step (due to the transience of (V},)) with
probability at least % In other words, the random number of renewals,

oo
N(Cy x [t,t+1]) = Z Loy xit,t+1)(Xn, Va)
n=0
of visits to C1 x [t,t + 1] is stochastically bounded by a r.v. N with geometric distribution, thus

U(Cy x [t,t 4+ 1]) = EN(Cy x [t,t + 1]) < EN < oo

and this holds for any a € R. Hence there are at least some special sets with uniformly bounded
Markov renewal measure. To be precise, the following Lemma holds.

Lemma 6.2. Letx € S, t € R, a € Ry, k € N. Then the family
(Nt)ter == (N(Cp x [t,t 4+ a]))cr (6.3)
is uniformly integrable w.r.t. to P,, and

U, (Ck x [t,t+a]) =E;N(Cy x [t,t+a]) < 2(k+ 1+ ka). (6.4)

The proof is based upon the ideas in [60, Lemma 6] and can be found in the appendix, page 126.

Proposition 6.3. Let x € S and assume that there is | > 0 such that

Vi
lim — =1 Pg-as.. (6.5)
n—,oo N
Then forallk € N, a <beR
t_lir_n Uy(Cr x [t+a,t +b]) =0. (6.6)
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A. On Fixed Points of Multivariate Smoothing Transforms

Proof. The convergence (6.5) assures that V;, is bounded from below for a.e. path, thus

t——o0

o
lim N(Cj X [t +a,t+b)) = tlggoz% 16, x(ap) (Xn, Vi — t) = 0 Pp-ass..
n—=
Considering Lemma 6.2, the family (/N (C}, x [a + t, b+ t])) is uniformly integrable, which gives
convergence of the expectations:

tilr—noon(Ok X [t,t+a]) = tlggloExN(Ck X [t+a,t+0]) =0. O

6.2. Direct Riemann Integrability and the Simple Markov Renewal Theorem

This subsection is devoted to the formulation and the proof of the simple MRT.

Definition 6.4. A measurable function g : S xR — Ris called strongly directly Riemann integrable
(sdRi) w.r.t. to (P;)zes, if

g(u, ) is Lebesgue-a.e. continuous, and

ZZ(k + 1)sup{|g(z,t)| : * € Cpq1 \ Cr,t € [I,1 4+ 1]} < 0.
k=0 leZ

The dependence on (IP),cg is via the sets Cj,.
Theorem 6.5 (The Simple Markov Renewal Theorem). Assume that there is | > 0 such that

lim E = Pg-as. Vzes. (6.7)

Then for every function g which is sdRi w.r.t. (Py).cs and all x € S,

t——o00 t——o00

lim g% Uy(t) := lim E, (Zg(Xn,t—Vn)> = 0. (6.8)
n=0

Proof. Fix x € S. Referring to property (6.7), S = U2 ,C. Thus, it follows that for all (y, s) €
SxR

9(y,s) < gy, s) = ZZ < sup |9!> 1o, \Coxti+1) (Y5 ) (6.9)

k=0 leZ Ck+1\Ck><[l,l+1]

Consequently, by an application of Lemma 6.2, for all (z,t) € S x R,

Ee Y [9(Xn,t = Vo) Ex Y §(Xnt = Vi)
=0 n=0

> ( sup e |g|> Eo Y 1oy, n\Coxiiirt)(Xnt — Vo)
I+

k=0 1€ \Cr+1\CrX n—0
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Cr1\Cr X [LI+1]

< Z 2(k + 2+ 2k) ( sup[l - |g|> (:: ; f(k, l))

Cry1\Cr X[l

<y ( sup g\>rum<ck+1xHﬂ—Z—zm—l]) (= sk
k,l

)

oo
<6Y > (k+1)sup{lg(x,t)| : © € Chyr \ Cp,t € 1,1+ 1]} < o0.
This shows that the bounded convergence theorem may be applied to the sequence of functions

fe(k, 1) = sup |g| | Ua(Crpr x [[t] =1 =2, [t] = 1]),
Ck+1\6’k X [l,l-i-l}
which converge to 0 pointwise by Proposition 6.3; this allows to conclude

EZg it — Vi)

n=0

0 < limsup

t——o00

< limsupE, Z\g n,t — Vi)l

t——o00 n—0
< hmsupit (k,1) = lim > filk,l) = Ztl;m fe(k, D)
f=—00 I ki

= ZZ( sup |g|) Jdim Ua(C x [[6] = 1= 2,[8] = 1)) =
[1,1+1] e

k=0 1€7, \Cr+1\CkX
This gives the asserted convergence. OJ

Corollary 6.6. If g is sdRi w.r.t. (Py)zcs and S = Jr2y Ck, then the family

(‘g| *Um(t»(mt cSxR — ( Z ‘g nv - n |) (6-]0)
(z,t)eSxR

is uniformly bounded.

7. Transfer Operators

This section considers operators in C (S> ), related to the action of the random matrix T on S>.
Here the spectral function, resp. r(s) will reappear. The following operators in C (S>) will be
studied:

P*f(2) ==E (|T1al* f(T: - 2)), (7.1)
P:f(@) =E (|Ta| f(TT -2)) =B (Mual* f(M; -2)) (72)
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A. On Fixed Points of Multivariate Smoothing Transforms

They are well defined for all s € I,, and define Markov transititon operators P, P, if s = 0.

From the very beginning, properties of these transfer operators played an important role in the study
of multivariate fixed point equations. They first appear in the proof of [59, Theorem 3] (there named
T’.) and have been intensively studied by Guivarc’h and Le Page in [50, 52]. The results that will be
presented in this section are mainly taken from [29]. The properties rely heavily on condition (C)
and partially also on moment conditions on || Ty || and +(T;). Before presenting the results, these
assumptions will be discussed.

7.1. Condition (C)

In this subsection the conditions imposed on the distribution p of the random matrix T are dis-
cussed.

This condition that [supp p] satisfies (C') is far from being restrictive as the following Lemma shows.

It is stated without proof in [51], the idea of proof is due to Guivarc’h (private communication).

Lemma 7.1. The set € of measures (1, such that [supp ] satisfies condition (C), is dense in P(M ;)
with respect to the weak topology.

Proof. The first reduction is that since M is separable, the Dirac measures form a dense subset of
P(M), hence it suffices to show that any Dirac g measure is a weak limit of measures in €.

Fix any A € M+. Choose ¢ > 0s.t. B:(A) C M+. Denote by A the Lebesgue measure on
M, seen as a subset of R IfWisa proper subspace of RY, then the orthogonal space W # ()
and if BW C W for a matrix B, then for allz € W,y € w,

(Bx,y) = 0.

But the set of matrices (resp. matrix coefficients) that satisfy such an equation has the Lebesgue

measure 0. Hence the normalized restriction of A% to an open ball, A%’ (Bo(A))~t A A is in
BQ

¢. Moreover, for any B € M,
op = lim (1 — )0 + eA? (B,(A)) " AP’
B 51 0( £)oB + A" ( Q( )) Bo(A)

in total variation, thus also in the weak topology. O

The second assumption is on the moments of T and in particular that E |log ¢(T;)| < oo. This is

o

on the one hand a lower bound for | T x|, on the other hand it guarantees that S> is invariant under
the action of T'; — note that only M S> C S> holds a priori. The connection with the invariance
of S is stated in the following Lemma:

Lemma 7.2. The following conditions are equivalent for j1 € P(M):
(1) p{A : A has no zero column } = 1.
2) p{A : AT -S> S5} =p*{M : M-S> CSs}=1.
(3) p{A : (A) >0} =1
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A sufficient condition is that E |log t(T1)| < oo.

Proof. (1) < (2): The condition that A has no zero column can be stated as: for each ¢ there is a
j s.t. Aj; > 0. Then the sets in (1) and (2) are equivalent by the formula

d
(AT.I)l = Z Ajil'j-
j=1

(1) © (3): Reformulate property (1) again: It is equivalent to a := min; Zle A;; > 0. Then the
equivalence of (1) and (3) follows by the inequalities in Subsection 25.2, valid for all z € S>,

ZZAZ]% > |Az| > d QZZA’N;J > d- 22@1:] > d 2a|x|

i=1 j=1 =1 j=1

(1) follows by choosing particular x, e.g. the canonical basis of R?.

Writing the sufficient condition as [ |log ¢(A)|u(dA) < oo, it becomes obvious that it implies
3). O

As additional properties of +(-) note that .(A) > 0 for A € M. Also if A € GL(d,R), then
A) > HA‘l H "> 0and equality holds if the infimum is taken over S instead of S>, since

inf |Az| = inf |[A(A™' - y)| = inf
A= mElaGT =0

~1
AA Y| = Al —|aY ™t @3
IS CIS ) I IR

7.2. Properties of Transfer Operators

The results of this subsection are taken from [29], which is based upon the fundamental paper [52];
see also [75]. The main properties of P*, P? (when assuming (C')) are contained in the following
Theorem.

Notation will be abused for it will not be dlstlngulshed between an operator () : C (S>) C(
and its adjoint (see [40, Chapter VI]) Q" : C (S>)" — C(S>)" in the set C (S>)" = M* (S>
regular bounded signed measures on S>. Recall that )’ is defined by the identity

2
0

5)
) of

fdQv) = / (@Qf)dv VfeC(Ss), ve M= (Ss).
Ss Ss

So by writing P*v, in fact the image measure (P*)'v is meant.

By the Perron-Frobenius theorem, any matrix A € M+ has a unique dominant eigenvalue A and
the corresponding eigenvector (of unit length) ua has strictly positive entries, i.e. ua € S>. Denote

A) ={ua : AeTNM,}
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A. On Fixed Points of Multivariate Smoothing Transforms

Theorem 7.3 ([29, Theorem 3.3]). Assume that [supp p| satisfies condition (C') and let s € 1,,.
Then the following holds:

1. The spectral radius and the dominant eigenvalue of P* are equal to £(s).

2. There is a unique strictly positive normalized function e® (|e
measure v° such that

= 1) and a unique probability

*loo
Pée® = k(s)e®, P°v® = k(s)v°. (7.4)

3. The function €® is min{s, 1}-Holder and supp v°* = A([supp p]).

4. Forall f € C(S>),

fim | ) | (1.5)

nioo | w(s vo(e?)

(e}

5. The function s — £(s) is strictly convex on I,,.

6. In the same way
Pret = wls)el, Pivi = k(s
for a unique probability measure v; and a unique normalized strictly positive function e}
which satisfies the identity
J{u, y)* v (du)

e*(u) = U<,,y>sys(dy)‘oo.

(7.6)

Defining ¢, :=

S y)*ve(dy)| .. it follows that cgel(u) = sz {(u,y)*v*(dy) and the quantity c;
measures, how “random” the distribution v*® is — ¢ = 1 for s < 1 if and only if * is a point mass.
Later, c; will reappear as a norming constant.

Even if it is hard to calculate explicit values of m(s) resp. x(s) due to the occurence of the limit, it
is easy to give a sufficient condition for the existence of « € (0, 1]. By the convexity of m resp. x
and the fact that m(0) = N > 1, avexists in (0, 1) if m(1) < 1resp. (1) < +. In order to check
this, the following lemma is very helpful.

Lemma 7.4 ([29, Lemma 3.5]). Assume that [supp p] satisfies condition (C), E || T1|| < oc. Let
A = ET,. Then for somen > 1, A" € M. If r(A) denotes the spectral radius of A and v, the
Perron-Frobenius eigenvector of (AT) of unit length , then it holds that

k(1) =r(A), el(aj) = (s, T), / yui(dy) = Uy (7.7)

S>

Corollary 7.5. Assume that [supp p] satisfies condition (C), E||T1|| < oc. If the spectral radius
of E'T'y is less than %, as a consequence there exists o € (0, 1) such that

m(a) =1, m'(a)<O0.

Lemma 7.4 also allows to partly answer the question, whether there are fixed points for o > 1:
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7. Transfer Operators

Proposition 7.6. Assume that [supp p|] satisfies condition (C'), E || T1|| < oo. If there is a fixed
pointY € Ri of S with finite expectation, then m(1) = 1, in particular, o < 1.

Proof. LetY be a fixed point of S with finite expectation, say y = EY € Ré \ {0}, let (Y)Y, be
i.i.d. copies of Y, independent of 7. Then

N

y £3 Ty,

i=1

and, taking expectations, y = NETy. Le., yis an eigenvector of ET; with eigenvalue % and since
y € Ré \ {0}, it is the Perron-Frobenius eigenvector of ET Referring to Lemma 7.4, (1)

_ 1
=+,
thus m(1) = 1. O

7.3. Simulation of x(s)

Integrating (7.5) with respect to a probability measure 7 € P(S> ), it follows that for all f € C (S>)

PS n PS n S
i (PG 0P ()
n—00 K(s)™ n—oo  K(s)" vs(e’)
Introducing the operator' Ps : P(Ss) — P(S>)
~ Psn
Péni= —c0r—
(Pon)(1s,)
consequently
(Ps)rn % s (7.8)
This property, together with the identity
/ / |Az|® p(dA)v*(dz) = (P*v®)(1s, ) = k(s)v°(1) = k(s) (7.9)
ss I My

which results from (7.4), is the basis for several simulation algorithms for x(s). The first algorithm
was proposed by Basrak and Segers in [16], but it works only in special cases, see [17]. An alterna-
tive algorithm, which works and fits perfectly to the present situation, is introduced in the thesis of
JanBen [56, Chapter 4].

The basic idea in [56, Section 4.4] is composed as follows: The convergence in (7.8) allows to
approximate v° by v, 1= (]55)”1/ via the Markov Chain Monte Carlo-methods. The convergence
of v, can be checked by a Kolmogorov-Smirnov test. When a good candidate v, is obtained, draw
samples from v, and p and use identity (7.9) to compute an estimate for x(s) via Monte Carlo-
integration.

'In fact, this operator already appears in the proof of Theorem 7.3 in [29].

33



A. On Fixed Points of Multivariate Smoothing Transforms

The convergence result (7.8) also positively answers the question raised in [56, middle of p.69]
whether the algorithm converges for any initial distribution.

There are several improvements concerning this algorithm, using different sample techniques and
improving its speed. For 2 x 2-matrices, a good simulation of () for 140 values of s, using one of
the improved algorithms, runs in under 2 hours; which is a reasonably finite amount of time. This
is work in progress by Holger Drees and Anja JanBen (private communication).

8. Markov Random Walks and Change of Measure

In this section, a MRW (X,,, V,)nen, is introduced which is given by the action of T;. The results
of Section 7 are used in order to define transformed probability measures for (X,,, V;,)nen, and to
apply the simple MRT to (X, V},)nen,-

8.1. Change of Measure

In this subsection, transformed measures Q3 will be defined under which (M,,),en are no longer
iid..

Let 2 :=S> x MY and let (Xo, (M),,en) be the filtered identity mapping on 2. For each x € S,
define a probability measure Q, on {2 by

Qe =0, @ Q). (8.1)
n=1

Le. Q.(Xo = z) = 1 and under each Q, (M,,),en is a sequence of i.i.d. copies of T . Denote
the associated expectation symbol by E,..

Write 11, := M, ... M. Defining
X, =M, .. M;- - Xo=1I, - Xo, V,:=log|M,...M;Xy| =logl|II,Xol,
it follows that foralln € N
X, =M, Xp1, Vi="Vp1+U,="Vo_1+log|M,Xn 1.
Hence (X, Vi, )nen, is a MRW under each Q.
Observe that the identity (P£)"es = k(s)"e3, n € N, can be written as

e (z) = R(i)nEx (TL, Xo|* €2(IT, - Xo)) = ,g(i)nE“" (ees (X)) .- (82)

Thus for n € N new probability measures ,,Q;, can be defined on S> x M’} by

1
2Q5 (X0, My,...,M,) € A) := )Ex (eV7e(X,)1a(X0, M1, ..., M,)) (8.3)

es(x)km(s
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8. Markov Random Walks and Change of Measure

for all Borel sets A. Referring to (8.2), the sequence (,,Q%),, constitutes a projective system, thus
by the Kolmogorov extension theorem [28, Corollary 2.19] it defines a probability measure Q7. on
Q2. Denoting the corresponding expectation symbol by E?, the following identity holds:

1
E; (f(XO;%7Xn7Vn)) = )E:v (esvnei(Xn)f(XOa‘/Oa---vX’mVn)) . (8.4)

es(x)km(s
It is valid for all bounded measurable functions f and all n € N,

Introduce the Markov transition kernel on C (S> ),

Proposition 8.1 (contained in proof of [29, Theorem 3.3]). Under each Q%, (X,,)nen, is a Markov
Chain with transition kernel

s I 1 5(eS T

and a unique stationary distribution 73, which is given by

75 (dx) = €5 (x)vi(dx). (8.6)

In the case when x(s) = 1, the function (x,t) — e$(x)e® is a harmonic function for the MC
(Xn, Vi) under Q. Hence the measure Q5 can also be obtained in terms of a harmonic transform.
This approach is described in detail in [10].

Setting Q° := [ Qi73(dx), it follows that (X),),en, is stationary under Q°. Concerning the drift
of the random walk part (V},),en,, the following theorem is useful:

Theorem 8.2 ([29, Theorem 3.7]). Assume that [supp p] satisfies (C'), s € I, and

E[M]” (Jlog [|M]|| + [log c(M)]) < oc. (8.7)
Then, for any x € S>,
. Va .1
I(s) = lim — = lim —log|M,...M;| Qj-as., (8.8)
n—oo n n—oo N
where o
I(s) =B, Vi = = () (8.9)

K(s)

The number [(0) is called the (upper) Lyapunov exponent associated with p. See [26, Definition
[.2.1] as well as [26, Section III.5] and Oseledec’s multiplicative ergodic theorem [82] for more
about Lyapunov exponents.

Here the quantity «(IM) reappears. Recall that by Lemma 7.2, the finiteness of I |log «(IM)| implies
that for all z € S>, Mjx # 0 a.s. and thus also I,z # 0 a.s.. This property accounts for the
nondegeneracy of lim,,_, % for any initial value Xy = x, while the independence of [(s) and X
is a consequence of condition (C'), see [26, Chapter 3] and [52, Theorem 3.10] for details.

Next is a portmanteau moment condition, that will be assumed in all the main results. It incorporates

35



A. On Fixed Points of Multivariate Smoothing Transforms

both E | M || < oo, which gives [0, 1] € I, as well as the validity of condition (8.7) forall s € [0, 1]:

E(1 4 [[Ma]]) (1 + [log M| + [log e(My1)]) < o0. (M logM)
Corollary 8.3. Assume that [supp p| satisfies (C')) (M logM) holds, and o« € (0,1]. Then for all
S Sz,
.V o
lim — <0 Qf%-as. (8.10)
n—oo N
and (8.4) takes the form
a N aVy «
E® (f(Xo, Vo, ... Xn, Vi) = ea(x)Ex (e med (X)) f(Xo, Vo, ..., Xn, Vi) (8.11)

8.2. The Simple Markov Renewal Theorem Revisited

Now the simple MRT and the property of direct Riemann integrability can be stated in the form that
will be used in the proofs of the main theorems.

As afirst step, a sufficient condition for strong direct Riemann integrability with respect to (Q%) zes..

can be derived.

Definition 8.4. Say that g € C, (S> x R) is (multivariate) directly Riemann integrable (dRi), if

Zsup{\g(u,t)\ tu € Ss,tel,l+1]} < 0. (8.12)
leZ

Lemma 8.5. Assume that [supp p] satisfies (C'), (M logM) holds and that there is a € (0, 1] with
m(a) = 1and m'(a) < 0. If g € C, (S> x R) is (multivariate) dRi then §(y, s) = g(y, —s) is
sdRi w.r.t. to the measures (Q% ) cs.

Proof. Under the assumptions stated above, the MRW (X ,,, —V},)en, satisfies the requirements of
[29, Lemma 5.6], which yields that direct Riemann integrability of g already implies that g is sdRi
w.rt. (QF)zes. - Since obviously, g is dRi iff g is dRi, the assertion follows. O

Still, a more handy condition for the direct Riemann integrability can be derived. It stems from
results for (univariate) dRi functions on the real line. See [9, V.4] for the definition of (univariate)
direct Riemann integrability.

For a bounded measurable function g : S> x R — R define

g: t— sup |g(u,t)].
UESZ

Lemma 8.6. A function g € C, (S> x R) is multivariate dRi if and only if § is univariate dRi.

Proof. By [9, Proposition 4.1], a necessary and sufficient condition for the (univariate) direct Rie-
mann integrability of g is that
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9. Existence of a-elementary Fixed Points

1. ¢ is bounded and a.e. continuous w.r.t Lebesgue measure on R

2. > ez 8UPtep 1] 9(t) < o0
Since g € C, (S> x R) by assumption, (1) is always satisfied, and (2) is just a reformulation of
(8.12). O

There are plenty of sufficient conditions for the (univariate) direct Riemann integrabibilty, see e.g.
[9, Proposition 4.1]; here yet another is introduced. It comes from the following lemma:

Lemma 8.7. If f > 0, f € L*(R) and f(t +¢) < h(e)f(t) foralle > 0 and t € R, where
h(e) = lase |0, then f is (univariate) dRi.

Proof. Obviously, f : R — R is (univariate) dRi (in L' (R)) if and only if f(t) := f(—t) is
(univariate) dRi (in L! (R)). Then the above is just [47, Lemma 9.1], applied to f. ]

This gives rise to the following sufficient condition for (multivariate) direct Riemann integrability.

Corollary 8.8. Let g € C, (S> x R). If g € L' (R) and there is a > 0 such that t — e~ %§(t) is
decreasing, then g is (multivariate) dRi.

Proof. The assumptions of Lemma 8.7 are satisfied, with h(c) = e, f(t) = g(¢). The (multivari-
ate) direct Riemann integrability of ¢ then follows by Lemma 8.6. O

At the time the reader has finished this section, he is allowed to forget everything from Markov re-
newal theory except for the sufficient condition (Cororllary 8.8) for the direct Riemann integrability
and the following consequence of the simple MRT:

Proposition 8.9. Assume that [supp p] satisfies (C'), (M logM) holds, and there is o« € (0, 1] with
m(a) = 1 and m'(a)) < 0. Let g € C, (S> x R) be (multivariate) dRi. Then for all x € S,

Jlim g+ US(¢) := lim E (Zog(Xn,t ~ Vn)) = 0. (8.13)

Proof. Apply the simple Markov Renewal Theorem 6.5 to the MRW (X,,, —V},) under Q% and the
(by Lemma 8.5) sdRi function g(y, s) := g(y, —s), to infer

t_lgr_noo E, (Z 9( Xt + Vn)) = 0.

n=0

But this is just a reformulation of the assertion. O

9. Existence of a-elementary Fixed Points

In this section, the announced existence result, Theorem 1.2, will be shown. It is contained with
other results in subsection 9.3. In due course, the Biggins martingale will be defined in the case
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A. On Fixed Points of Multivariate Smoothing Transforms

a < 1 and its nondegeneracy will be shown under the natural assumption m/(a)) < 0. In order to
do so, the simple Markov renewal theorem will be a main tool.

9.1. A Convergent Sequence of Laplace Transforms

In this subsection, a pointwise increasing sequence of LTs (¢, ),,>0 of distributions on Ri will be
constructed, which converges to the LT of a fixed point of S. Subsequently, write £(F") for the set
of Laplace transforms of a set of measures F'.

The LT ¢ defined in the following Corollary will be the starting point in order to find a convergent
sequence (S"¢g)nen-

Corollary 9.1. Assume that [supp p] satisfies (C') and let m(a) = 1 for some o € (0,1]N1,,. Then
foreach K > 0, ¢, given by

Ca

K
o(tu) :=exp (—/ <tuay>a1/a(dy)) O.1)
S>
=exp (—Kt%(u)) 9.2)
withu € S>,t € R, is the LT of the multivariate stable distribution Se,(c; Kv®,0) on Ré.

It is~often preferable to use formula (9.2). If a distribution has a LT given by (9.2) it will be denoted
by Sa(Kef,0).

Proof. Since o € I, Theorem 7.3 yields the existence of v, ef. Referring to Theorem 5.9,

formula (9.1) gives the Laplace transform of a multivariate stable law with index a.. The second
identity follows by another appeal to Theorem 7.3. O

The most important ingredient to the proof of existence of fixed points is the definition of the Biggins
martingale ([20]) in the multivariate setting, which is given in the following Proposition:

Proposition 9.2. Assume that [supp p] satisfies (C'), let m(«) = 1 for some o € (0,1] N 1,,. Then
forall u € S, the process

W= it 30 [ (L) wp) vy

lv]=n

is a nonnegative martingale w.r.t. to the natural filtration T, and its limit W (u) satisfies
BIV () < et [ ()0 ) = 50,
S>
Remark 9.3. e If a =1, then ¢; = 1 by Lemma 7.4 and moreover, the formula simplifies to

Wa(u) = <L(v)Tu,/ yv'(dy)) = (u, L(v)w) = {u, Wy),

[vl=n =

38



9. Existence of a-elementary Fixed Points

where W, is the Biggins martingale in the special case @ = 1 as introduced in [29] (see
Theorem 4.6). Thus the definition of the Biggins martingale above contains the previous one
from [29] as a special case.

e [t seems that this definition above first appeared in [21] for the study of multitype branching
processes, there also a criterion [21, Theorem 2] for the nondegeneracy of W, is given. The
case of finite type space S was previously studied in [65]. A similar martingale, namely

V() = e IN /S (T, )% (dy)

was studied in [10], where also the change of measure is discussed.
o As the pointwise limit of measurable functions, the mapping (u,w) — Wy, (u)(w) is measur-

able — here w denotes an element of the underlying probability space.

Proof. Each W,,(u) is nonnegative, thus integrable. Then for all n € N,

E cc_y1 Z /g)(L(v)Tu,yf‘uo‘(dy) Tn

=ci' Y | (L) Tuy)* (NP*) (dy)
|v|n/S

=t Z / (L(v) "u, )0 (dy) P-as.
fol=n 52

In *, Fubini’s theorem was used and in ** it was used that for each v with |v| = n, T'(v) =
(T;(v))X, are identically distributed and independent of 7;,. In ***, Theorem 7.3 was used together

with k() = +m(a) = +.

As a nonnegative martingale, (1W,,(u)),en converges almost surely, and its limit 13 (u) satisfies by
Fatou’s lemma

EW (u) = Eliminf W, (u) < liminf EW,,(u) = EWp(u) = cgl/ (u, y)“v(dy). O
S>

n—oo n—o0
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A. On Fixed Points of Multivariate Smoothing Transforms

At the end of this section, it will be shown that the limit W (u) is indeed not degenerated and that
EW (u) = e2(u) for all u € S>. This is why the norming ¢, was introduced, this leads to

«

|EW (u)|,, = 1. These properties of the limit 1 (u) will be proved by means of LTs of fixed points
of the smoothing transform, the path will be laid out in the two subsequent propositions.

Proposition 9.4. Assume that [supp p] satisfies (C), let m(c) = 1 for some o € (0,1] N 1,,. Let
¢ be as in Corollary 9.1. Then for alln € N, (u,t) € S> x R,

S"pg(tu) = Eexp (—Kt“W,(u)), (9.3)

as well as

S Lo (tu) > Sy (tu), (9.4)

with strict inequality holding iff T is not deterministic.

Proof. By Lemma 2.4,

S"go(tu) =E | T ¢o(tL(v) u)

[v[=n

—Bexp (o 3 [ (L) up) v (dy)

@ |v|=n S>

=Eexp (—Kt*Wy(u)) .

As before, write T, = (T'(v))|y|<p for the weights up to level n in T. Then (9.4) follows by an
application of the conditional Jensen inequality ([28, Problem 4.16 b)]) and Proposition 9.2:

S o (tu) = E (B [exp (=Kt Wiy 1(w)| Tn])
> E (exp (E[-Kt*Wy41(uw)| Tal))
=E (exp (—Kt*Wp(u))) = S" ¢ (tu). O

Proposition 9.5. Assume that [supp | satisfies (C') and let m(«) = 1 for some o € (0,1] N I,,.
The sequence ¢,, := S" ¢, converges pointwise to

P(tu) = Eexp (—Kt*W(u))
forall (u,t) € S x R> and ) is the Laplace transfrom of a distribution on Ri, with
Sy = .

Proof. The random variables exp (—Kt*W,,(u)) are uniformly bounded by 1, and converge by
Proposition 9.2 a.s. to exp (—Kt“W,,(u)), thus referring to the bounded convergence theorem,

Jim 6 =

when taking expectations.
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On the other hand, considering Lemma 2.4, (¢,, )N is a sequence in £(P(Ré)). By Theorem 5.2,
it converges to a LT ¢, and ¢)(0) = Eexp(0) = 1. Thus also ¢ € S(P(]R‘é)).

1 is a fixed point of S, since by Lemma 2.5, for all z € ]R‘j,

SY(z) = S(lim S™Y)(x) = lim S" (z) = ¢(x). O

n—oo n—o0

Up to now, it is still possible that v = 1, thus being the LT of the trivial fixed point §p and this
happens if and only if W (u) = 0 for all u € S>. In the next subsection, it will be shown that )
is nontrivial except for the case K = 0. This will imply that also the martingale limit W (u) is
nontrivial.

Observe that up to now, the property m/(«) < 0 was not used. It first appears in the proof of
nontriviality in the next subsection, for the application of the simple MRT.

9.2. The Fixed Point is Nontrivial

It follows from formula (9.2), that if K > 0
= Kel(u) >0 9.5)

for all w € S>. It will be shown by an adaption of the arguments in [41, Theorem 2.7], that also

1_
lim inf M

ni i > Kel(u) > 0.

This will particularly imply, that v/ is not degenerated.

Given a LT ¢ € S(P(Ré)), and x € (0,1] N I,, assume that [supp p] satisfies (C') in order to
define the following functions on S> x R:

eXt

D = 1-— -t .
oxt N N

Gy (u,t) = mE (H $le " T u)+ ) (1 — ¢(e—tTju)) — 1) : 9.7)
* i=1 i=1

Substituting s = e~* and considering (9.2),
1—

lim Dgg (u,t) = lim L=¢lsw) _ pe
t—oo %0 s—0 e (u)s®

The basic idea is to show that Da,% and D, ,, have the same limit for ¢ — oo. The first Step in

that direction is to link D, s¢ and D,, 4 by linearization of the product Hfil ¢ (e 'T] u). The first
ingredient needed therefore is the multivariate extension of [41, Lemma 2.3] given below.
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A. On Fixed Points of Multivariate Smoothing Transforms

Lemma 9.6. Let [supp p] satisfy (C), x € (0,1] NI, and ¢ € S(P(Ré)). It holds that

Dy.sg(u,t) = mO)EG Dy o (X1,t = Vi) = Gy p(u, ). (9.8)

Proof. Recalling the properties of EY from (8.4) to compute

xt N
DX:5¢ (u,t) = eafei(u)E <1 — H (;S(e_tTZ—'rU))

i=1
xt N
— eifei(u)E (Z [1 — ¢(etTiTu)}> — Gy ¢(u,t)
i=1
ext N T
= X0 ZIE (1 — ¢(e_tel°g‘Ti “|TZT . u)) — Gy.¢(u,t)
i=1
= e;(;)NIEu (1= (e X)) — Gy p(ust)
m ex(t=V1)
- tﬁ((ugizﬁEu <exvle§§(X1) XX [1 - ¢(et+V1X1)]> — Gy ¢(u,t)
ex(t=V1)
= m(X)Eif < ei((Xl) [1 - ¢(et+V1X1)]> - GX,¢ (uv t)
=m(X)E§Dy,p(X1,t = V1) — Gy p(u,t) o

The following Lemma is a straightforward generalization of [41, Lemma 2.4]:

Lemma 9.7. Let [supp p] satisfy (C). Let ¢, p € S(P(R‘é)) and x € (0,1} N 1,. Then
1. Gy ¢(u,t) > 0forall (u,t) € S> x R.
2. Forallu € Ss, t — e X'G, 4 (u,t) is decreasing.
3. If p(tu) > ¢(tu), then
Grp(u,t) < Gyg(u,t).
4. The function

trs e Xt (sup Gy (u, t)) 9.9)

UGSE

is decreasing.

Proof. The short proof, mainly taken from [90, Lemma 2.8] is included for completeness. Consider
the function

N N
h :[0,1]N—>R, (317--->3N)—>H31+2(1—5i)—1-
i=1 i=1
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Then forall1 <¢ < N,
0
aisjh(Sh...,SN) = _1+HSZ S 0.
i#]
Thus if r; < s; forall 1 < 57 < N, then
h(Tl,...,TN) Zh(sl,...,TN). (9.10)
Now the assertion follows by using that & is bounded, thus integrable and putting the following in
(9.10):
L.ory=¢(e'T u),s; = 1.
2. 1 = ¢le T/ u), s; = dp(e 2T u) for ty > to.
3.1 = go(e_tTiTU), §; = ¢(€_th’TU)-

By (2), each of the functions g, () := e X'G,, 4(u, t) is decreasing in ¢. The pointwise supremum
of decreasing functions is again decreasing, thus (4) follows. O

Abbreviate
Da,n = Da,8"¢0 = Da,¢", Ga,n = Ga,S"qSO'

The next proposition gives the crucial identity that links D,, ,, with D, o:

Proposition 9.8. Assume that [supp p] satisfies (C'). Suppose further that m(«) = 1 for some

a € (0,1] N1, Let ¢y = L£(Sa(Kv®,0)). Then foralln € N, (u,t) € S x R,

n—1
Don(tt,t) > B Do o(Xn, t = Vi) = ES Y Gao(Xi, t — Vi) (9.11)
k=0
as well as
Da,n(uv t) < EgDa,O(Xna t— Vn) (912)

Proof. Referring to Lemma 9.4, ¢,, > ¢,, hence by Lemma 9.7,(3), Gwﬁn < Ga@o. Use the
identity from Lemma 9.6 with m(a)) = 1 to obtain

Dan(u,t) = Dasg  (u,t)
= EgDa7¢n_1 (Xl, t— Vvl) — Gav¢n—1 (U, t)
>EiDag, (X1, = Vi) — Gap(u,t).

In other words, introducing the Markov kernel
“Pfu,t) =Eyf(X1,t = V1),

it follows that
Do n(u,t) > “PDgp—1(u,t) — Gao(u,t)
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A. On Fixed Points of Multivariate Smoothing Transforms

and thus by iteration

i
L

Do n(u,t) > (“P)"Dao(u,t) — (aP)kGayo(u,t),
0

B
Il

which gives the first assertion. The proof of the second assertion goes along the same lines, using
the estimate

Da,n(u, t) = EgDa,qﬁn_l(Xla t— Vl) — Ga@n_l (u, If) < EgDa7¢n_1(X1, t— ‘/1),
which is valid since Ga7¢n_1 > 0 by Lemma 9.7. ]
The next STEP is to investigate the limit n — oo in (9.11). The left-hand side (LHS) and the second
member on the right-hand side (RHS) are easy to evaluate:
Do (u,t) = Dqqp(u,t)

by Proposition 9.5 and

n—1 o)
B3> Goo(Xpt = Vi) = EY Y Gao(Xi,t — Vi) = Gao * Ug(t)
k=0 k=0

by monotone convergence. The simple MRT will be used to get rid of this term, but first consider
the first member of the RHS in (9.11):

Lemma 9.9. Assume that [supp p] satisfies (C'). Suppose further that (M logM) holds and that
there is o € (0, 1] with m(a) = 1 and m/(«) < 0. Then for all (u,t) € S> x R,

lim E9Deo(Xn,t — V) = K.
n—oo

Proof. SetC' := sup,,es. €4 (u). Considering the inequality 1 —e™" > r — %rQ from Lemma 25.7
in the appendix and the definition of ¢, in Corollary 9.1, it holds that

ea(thn)

Do o(Xp,t = V) = (X (1 - eXP(—Kea(Vn_t)ef(Yn)))

N ea(t=Va) KealVi0ea(x,) - 1K262a(vn—t)ea(x )2
- €a(Xn) e o

*
> K — 1KQC’eO‘(V"_t).
- 2
Now by Theorem 8.2, lim;,_, V5, = —o0 Qf-a.s. Thus,

liminf Dy o(Xy,t — V) > K Qj-as.

n—o0

It will be shown in Corollary 9.13 that D,, ¢ is bounded, thus the bounded convergence theorem can
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9. Existence of a-elementary Fixed Points

be applied to infer
liminf E5 Dy o( Xy, t —V,) > K

n—oo

for all (u,t) € S> x R. In the same manner, use the inequality 1 —e™" < r < e~(1=7) (again from
Lemma 25.7) to obtain
limsup Ef; Dy o(Xp,t — V) < K.

n—oo

Together this proves the assertion. O

Summarizing what has been proved up to now, the following result holds:

Corollary 9.10. Assume that [supp p] satisfies (C'). Suppose further that (M logM) holds and that
there is o € (0, 1] with m(«) = 1 and m/(«) < 0. Then for all (u,t) € S> X R,

K > Da,w(uvt) > K — Eg <Z Goz,O(Xnat - Vn)> . (913)
n=0

The final Step is to show that the second term vanishes as ¢ goes to infinity, this will be done by
an application of the simple Markov Renewal Theorem, hence the task is to show that G, o is dRi,
which will be the result of Proposition 9.14. Beforehand, several estimates will be proved, which
are also useful for later purposes.

Lemma 9.11. Assume that [supp p] satisfies (C). Let ¢ € S(P(R‘é)) and let x € (0,1] N I,.
Introduce

N
h(s) :=e ™M) 4 (s AN) -1, = (ITsl|v1)
i=1

Then forallw € S>, t € R,

- IEh(C(T)(l - ¢(e—%9d))) (9.14)

as well as, if E|[|'T1|| < oo

G t
lim sup X’d)(u’ )

£500 45, eXt(1 — p(e~tq)) = 0. (9.15)

Proof. The proof is a generalization of the arguments given in Lemma [4]1, Lemma 2.6] to the
multivariate situation. Properties of h are studied in Lemma 25.7 in the appendix.

Step 1: Compute, using the inequality 7 < e~(1=") (see (25.14)) in the second and the inequality
(25.11) in the last line:

N
Gy e(u,t) (Hqﬁ B VENEE Z(l — gb(e*tTZ-Tu)) - 1)
i=1
N
E (H e_(1—¢(8*tT;ru)) + Z(l _ qb(e_tTZTu)) _ 1)
i=1

i=1
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s
xt N c
< e (10 w7

=1

Xt N
< ; ( ( (T3] v 1) 1_¢(6_t19d))>)'

=1
This proves formula (9.14).
SteP 2: Use this bound and the substitution r = (1 — ¢(e"dq)) to deduce (9.15):

GX@ (u,t) 1

T ei5a) < @ aeaayE
h(C(T r) 1 h(C(T

X(u)r ei‘(u) C(T)r

€x

(1= 6(c"da)))

Then taking the lim¢ — oo corresponds to limr — 0. The function s~1h(s) is bounded and
lims_,0 h(s)/s = 0 by Lemma 25.7. Moreover,

E(C(T)) < NE (1 + ||Ty) < o0

as well as C' := SUDyes. 635(“)71 < 0.

Putting everything together and using the bounded convergence theorem, it results that

0 < limsup G (1) < lim C'E

MSUD T — pe—g) = i O~ ¢ =0 O

Lemma 9.12. Assume that [supp p] satisfies (C') and let m(«) = 1 for some o € (0,1] N 1. Let
¢ = £(Sa(Ke$,0)) and p = limy,_,o0 S"py. Then forallt € R

1—dple™q) <dze ™™,  1—1pletq) < d2e e (9.16)

Proof. In order to show the first estimate, use the definition of ¢ , the inequality (25.14) and the
convention that |e$'| = 1 to infer that

1—dole 9q) =1 —exp (—(e—tﬁ)aef(ﬂl)) <dze e (¥1) < dze O

The second estimate is then a direct consequence, since 1 — 8" ¢, is a decreasing sequence by
Lemma 9.4. O

Corollary 9.13. Assume that [supp p| satisfies (C) and let m(«) = 1 for some o € (0,1] N [
The functions D, and G 4, areinC, (S> x R).

Proof. The continuity of both functions is obvious from their very definition.
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Abbreviate C' := = SUPyes, € @(u)~L. To obtain the bound on D,, > Use the inequalities (25.9) and
(9.16):

Doy, (s t) =< (1 = dole~"u)) < C'e™(1 = gy(e"0a)) < C'd?.

e (u)

In order to bound G, o, observe as a first step that it is bounded on the negative half-line by its very
definition, in fact
sup  Gapo(u,t) <C'N
(u,t)ESZ XRS

Now considering the positive half-line, by (9.16)

sup Gag (1) >d™2 sup Gag (u,t) > 0.
uess € (1 — ¢glea)) — ueSs %o

But considering (9.15), the LHS tends to 0 as ¢ — oo, thus the same holds for sup,,cs. Ga,g, (4, 1)
and consequently -

sup  Goo(u,t) < oo.
(u,t)GSZ XRZ

O]

Proposition 9.14. Assume that [supp p| satisfies (C) and let m(co) = 1 for some o € (0,1] N 1.
Let E | My || < co. Then Gy g, is dRi.

Proof. Introduce § : t + supyes, Ga,g,(u;t). Referring to Corollary 9.13, Gq 4, € C, (S> x R)

and by Lemma 9.7, t — e~ **g(t) is decreasing. Thus using Corollary 8.8, it is sufficient to show
that g € L' (R).

Setting again C’ := = SUPyes. X( 7 it is a consequence of the estimates (9.14) and (9.16), that

§(t) < C'e™Eh (C(T)d%e’at). 9.17)

Now estimate

/ G(t)dt < ¢’ / B (C ( dfe_o‘t) dt
< h « C(T
—EC’/ ‘n(C(myase)dt - C’E/ () 45 €D 4,
0 S (6%
o4 > h(s C” < h
:(/ )d)EC( ) < </ (j)ds>N(1+EHM1H)<oo
« 0 « 0 S
Here the substitution
s = C(T)d%e_o‘t, dt = —#eo‘tds = —# sds,
d30(T) d30(T)
Fubini’s theorem and Lemma 25.7 were used for the final conclusion. O
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A. On Fixed Points of Multivariate Smoothing Transforms

9.3. Results and Discussion

In this subsection, the proof of Theorem 1.2 is finished, several remarks and extensions are given
and it is discussed, why the approach to the existence of fixed points via the stable transformation
is not applicable in the multivariate setting.

Summarizing what has been done in the previous subsections, the following Theorem can now be
proved:

Theorem 9.15. Assume that [supp p| satisfies (C). Suppose further that (M logM) holds and that
there is o € (0,1] with m(a) = 1 and m’(a)) < 0. Let ¢ be the LT of S (Kel,0) with K > 0.
Then v = lim,, oo S" @ is (the LT of) a fixed point of S, and for all u € S>

lim 71 — ¥(su)

= Keg 0. 9.18
i — 2w > ©.18)

Proof. The convergence and fixed point property of 1 are contained in Proposition 9.5. In Corollary
9.10, the estimate

1— (et =
K > Day(ut) = W > KK (Z Gop(Xot vm) 9.19)
* n=0

was obtained. Referring to Proposition 9.14, G is directly Riemann integrable. Thus by the
simple Markov Renewal Theorem applied to the present case (see Proposition 8.9) the last term
tends to zero as ¢ — oo. Consequently for all u € S>,

1= (e tu)

lim ————— = K.
0 e (u)(e t)

Now replace s = e~! to obtain the assertion. OJ

Remark 9.16. 1. By Corollary 7.5, a sufficient condition for the existence of o € (0, 1) with
m(a) = 1, m'(a) < 0 is that the spectral radius of ET} is less than N1,

2. In Subsection 7.3, it was explained how a numerical simulation of v* and m can be done.

3. Put K < 0 to obtain nontrivial fixed points supported on R%. The fixed point corresponding
to K = 0is the trivial one, Y = 0.

4. By Corollary 5.15, if @ < 1 and Y has LT 1, then Y is multivariate regular varying with
index «, in particular, there is C' > 0 such that

P (t7Y €) 5 Cv* @ A
5. By Lemma 7.4, if « = 1 and Y has LT ), then
Ke?(u) = E(u,Y) = K(u,y) Vu€Ss,

where y € S is the (essentially unique) eigenvector of ET corresponding to the eigenvalue
N~L. In other words, for o = 1 the fixed points described by Buraczweski, Damek and
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9. Existence of a-elementary Fixed Points

Guivarc’h (see Theorem 4.6) were rediscovered.

Theorem 9.15 also gives the nontriviality of the limit of the Biggins martingale.

Theorem 9.17. Under the assumptions of Theorem 9.15, it holds that EW (u) = e$(u) for all
u € Sz.

Proof. In Proposition 9.5, the formula 1 (su) = Ee~55*W () was obtained. The function

1 — e~ Ks*W(u)
S ————
Sa
is decreasing, with limit KWW (u) for s — 0, thus the monotone convergence theorem may be applied
to deduce from formula (9.18), that

1—-F —Ks*W (u) 1 — g~ Ks*W(u)
Ke(u) = lim c —lmE|— %
50 s 50 s
1— e—Ks“W(u)
—E(lm-—% ) —EEW@). O
510 s*

Finally, some words on what is different from the one-dimensional case:

In the one-dimensional case, it is sufficient to prove existence of fixed points in the case = 1,
existence of fixed points for o < 1 is then derived via the stable transformation (see [41, Section
3]). This method is recalled here to point out, why it breaks down in the multidimensional case:

Consider the one-dimensional smoothing transform S and assume o < 1. Denote

N
Sq:ve= L (ZTZO‘YZ>

=1

with the usual conventions and let 72, (s) = Zfil E (T#)%. Thenrg (1) = 1,m, (1) = arid/ () <
0, this is the situation “ac = 1”. So suppose there is ¢, with Sp¢, = ¢,. Then a fixed point of S
is given by ¢(t) := ¢, (t*), since this again defines a LT (see [41, Theorem 3.1] for details) and

N N
Sp(t) =E (H zb(ﬂt)) =E (H %(Tﬁt“)>
=1 i=1
= Sa(ba(ta) = (ba(ta) = ”L/J(t)

The point is, that in the multivariate setting the weights T'; are matrices, so what is T'? For a
deterministic matrix A, these powers can be defined via spectral calculus, see e.g. [40, Theorem
VIL.1.8]: But if [supp p] satisfies (C'), as always assumed, then by part (1) of (C'), the realisations
of the random matrices do not have common eigenspaces, therefore it is impossible to write down
a spectral decomposition of the random matrix T;. This is why the stable transformation is not
applicable here.
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10. Existence of Fixed Points in the Boundary Case

In this section, the case that m/(a~) = 0 is adressed, the so-called boundary case. The following
theorem will be proved.

Theorem 10.1 (Existence of fixed points in the boundary case). Assume that [supp p| satisfies (C),
(M logM) holds, and that there is o € (0, 1] with

Then Sy possesses a nontrivial fixed point Y. If « = 1, then E|Y'| = oo.

The strategy of proof, which will be given by several subsequent lemmata, is similar to [41, Theorem
3.5]: Consider small perturbations S, of S, which satisfy the assumptions of Theorem 9.15, thus
possess nontrivial fixed points 7,. Then it will be shown that there is a sequence 7,,, X — «,
which converges weakly to a nontrivial fixed point of S.

Lemma 10.2. Let the assumptions of Theorem 10.1 be in force. Fix ug € S>. Then for all x €
(0, @), the rescaled smoothing transform

N
1
Sy v L (Z m(X)l/XTiXi> (10.1)

=1

possesses a nontrivial fixed point 1, and its LT satisfies 1y (ug) = 1/2.

Proof. Step 1: Given the random variable 7' = (T4, ..., Ty) with (T;) identically distributed
with distribution y, define for x € (0, a) the rescaled weight vector

Ty = (Ty1,-- ., Tyn) == m(x) YX(Ty,..., Ty). (10.2)

Then S, is the smoothing transform associated with 7}, and the T, ; are identically distributed with
law

= £ (0.

Since x € (0, ) it holds that m(x) > m(a) = 1, thus the factor m(x)~ /X < 1, it makes the
matrices T; “smaller”. This is reflected in the corresponding spectral function m, which decays
faster than m, as will be seen now. Let (T ,,))nen be a sequence of i.i.d. copies of T and compute

my(s) = N Tim (m()XE [Ty T 1)

n—oo
1
= Nm() ™/ lim_(E [T Tn|)”
m(s)

= Nm(x)"*/*k(s) = T
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10. Existence of Fixed Points in the Boundary Case

It follows that
my(0) =N, my(s)>liorse (0.x),  my(x) = L.

In other words, o, = x. Since m,, is again a spectral function, it is convex, thus it can be deduced
that it is decreasing on [0, x]. But what is the derivative in x?

By Proposition 7.3, x and thus m are differentiable on [0, 1]. Consequently, m,, is differentiable and
it follows that

nmﬂ—w@mwﬂ“—mﬁ“%mmurw

m(s) logmby)
g T s)

Thus m’ (x) = 7;;&‘)) - % < 0, since m(x) > m(a) = 1.

It is checked in the subsequent Lemma 10.3 that if [supp p] satisfies (C'), then (C') remains valid
for [supp p, ]. Moreover, the moment condition (M logM) implies

B+ [T ) (14 og | T4 || + [log oT0)]) < oo
Thus Theorem 9.15 applied to S, gives the existence of a nontrivial fixed point 7, of S, for any

x € (0, ).

Step 2: It still has to be shown that the fixed point Y, can be chosen such that ¢, (ug) = 1/2. By
property (9.18), 1, (sug) < 1 for some s > 0. This gives in particular that

t— ¢X(tuO),

which is the LT of the real-valued random variable (uo, Yy), is nontrivial, thus it is monotone de-
creasing from 1 to 0. In particular, there is to € R~ with 1y (toug) = 1/2. But then Y, := #oY) is
also a fixed point of S, and its LT 1), satisfies

Uy (o) = Yy (toug) = 1/2. O

Lemma 10.3. With the definitions above, if [supp p] satisfies (C'), then [supp p, ] satisfies (C').

Proof. Recall that [A] denotes the smallest closed semigroup which contains A. That means, ele-
ments of [supp u| are either of the form

(A) a;---a, forsomen € N,ay,...,a, € suppu,or
(B) limy,— o0 by, where (b, ),en is a convergent sequence of elements of type (A).

Note that when taking (finite or infinite) products of elements of type (B), they are again of type
(B) by diagonal selection methods. The proof will rely on the fact that geometrical properties of
elements of type (A) of [supp ] and [supp ] are the same, since

1

_1 _1
ai,...,ap €suppp < mx) xai,...,m(x) xa, € supp fiy.
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To be precise, have a look at the two properties of (C).

1. Take any subspace () # W C R? with W N ]R‘é # (). Then there is an element ¢ of [supp p]

that does not leave W invariant. If c is of type (A), then ¢, := m(X)_%c € [supp py] for
some n € N and W is not invariant under c, either. If it is of type (B), let (b,),cn be a
sequence of elements of type (A) that converges towards c. Then there exist vectors w € W,
w, € W such that

lim (b,w,w,) = (cw,w,) > 0.
n—oo

But then due to the convergence, there is ng € N with
(bpow,w ) >0,

i.e. by, does not leave W invariant and b, 0 is of type (A).

2. A similar argument applies here. If ¢ € [supp u] N M+, then if it is of type (A), c, as
defined above is (for suitable n) in [supp 1, ] N M+. If now ¢ = lim,,_,o by, is of type
(B), convergence of matrices implies the convergence of all its entries, thus already b,,, €
[supp p| N /\;l+ for some ng and by, is of type (A).

O

Lemma 10.4. Let the assumptions of Theorem 10.1 be in force. Let (1) ve(0,a) be given by Lemma
10.2. Then there exists a convergent sequence (1)y, )nen and its weak limit 1 is a nontrivial fixed
point of S.

Proof. Step 1: Take any sequence (1), )ken With X — . Use that the set M'(R%) is vaguely
compact by Proposition 3.1. Thus there is a convergent subsequence (7)y,, )necn With vague limit
ne M! (Ré). The continuity theorem 5.2 yields for the corresponding LTs (ty,, )nen resp. 1 that

iy, (tu) = o(tu)

forall (u,t) € S> x R~ It remains to show that 7 is a nontrivial probability measure with S¢) = 1.

Step 2: Use lim,, o0 m(xn)fxin = m(a) = 1 together with the vague convergence 7,,, — 7 to
infer by an application of Corollary 5.3 that

lim )y, (m(Xn)‘ﬁthT u) — Y (tT ) (10.3)

for all (u,t) € S> x Rs. Since 9y, is a fixed point of S, ,,

N
by, (tu) =E (H by, <m(Xn)_%tTZT u)> . (10.4)
=1

Now taking the limit n — oo in (10.4) and using (10.3) together with the bounded convergence
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theorem, it follows that forall t € R>, u € S5,

N
=E (H ¢(tTju)> . (10.5)
=1

Step 3: As a Laplace transform of a finite measure, ¢ can be continuously extended to 0 and the
value 1(0) is the total mass of the measure. Since 1) is uniformly bounded by 1, it may be deduced,
again using the bounded convergence theorem, that

$(0) = lim (o (H lim (T, ) ) = ((0))".

|40

Together with (10.5) it gives that 7 is a fixed point of S and moreover implies ¥(0) € {0,1}.
But ¢(up) = limy, 00 ¥y, (ug) = 1/2, thus (since LT are monotone in any direction) ¢(0) = 1.
Consequently, 7 is a probability measure. Also 7 # dy, for ¥ (ug) = 1/2. O

Remark 10.5. There is no statement about uniqueness. Eventually, if a different reference point vy,
is chosen, the limiting distribution 1 may be different, also when choosing a different subsequence.
Moreover, the proof does not give that 1)(u) < 1 for all u € 9S>, so the distribution may also be
concentrated on some subspace.

Lemma 10.4 proves Theorem 10.1 except for the last assertion that E |Y'| = oo if & = 1. This results
from [29, Theorem 2.2] (see Theorem 4.6) which states that if & = 1, the existence of a nontrivial
fixed point with finite expectation is equivalent to m’(1) < 0. Consequently, when m/(1) = 0, the
nontrivial fixed point that was constructed above necessarily has an infinite expectation.

11. From N-Elementary Fixed Points to the Existence of «

For X € R, define the subset 7~ C F of R-elementary fixed points of S by
(7)== {w € S(P(RL)) + S = b limt (1 —(t0n)) € (O,oo)} . (11.1)

It has been shown in Section 9, that if X = « with m’(a) < 0, then 7 # (). This section is
mainly devoted to the converse implication, namely that if 7~ # (), then X = o, i.e. X € (0, 1] with
m(X) = 1 and m/(X) < 0. A further result will be that if ¢ is (the LT of) an R-elementary fixed
point, then readily

lim N1 = p(tu)) = Kel (u)

for some K > 0. This justifies the introduction of a reference point in the definition of 7 and will
be the basis for proofs of uniqueness in the subsequent section.

Note that the Greek letter a was developed from the Phoenician letter Aleph (see [71, Chapter 4]])
and that Aleph corresponds to the Hebrew letter X. Figuratively speaking, the same evolution will
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happen in this section, from R to «.

As a first step, some a priori observations about properties of X will be made. Subsequently, asymp-
totics at zero of t (1 —1)(tu)) are studied in a general setting of dilated Laplace transforms (defined
below). Convergence results are obtained by using compactness of special sets of functions, which
contain these dilated Laplace transforms. Then by an application of the Krein-Milman theorem and
Kesten’s Choquet-Deny lemma, it will be deduced that the existence of N-elementary fixed points
implies m(X) = 1, m'(X) < 0.

11.1. N-Elementary Fixed Points

The following observations are trivial and stated without proof for further reference.

Lemma 11.1. The trivial fixed point 5y is not in FX for any ¥ > 0. It holds

1— 1—
i LW e L0 g (11.2)
10 R tL0 R
(at)® a®

and both imply for all a € R+, lim

A oa) K (11.3)

More detailed information is provided by the following lemma.

Lemma 11.2. If FX #£ (), then X € (0,1]. IfX € I, then m(s) > 1 forall s € [0,R).
Proof. Let L (Y) € FX with LT . Suppose & > 1, then

o 1L=1(tda)
E(¥q,Y) = lgf(r)l ;

=0.

Since Y € R‘i , this already implies Y = 0 a.s.. But this cannot be the case by Lemma 11.1. Turning
to the second assertion, observe first that

ElY]* <E{Wq,Y)® = / st* 1P ((9q,Y) > t) dt.
0

Referring to the Tauberian theorem for LTs, Proposition 5.11, the tails of (q,Y) decay like ¢,
Consequently, E|Y|* < oo for all s < X. In other words, Y € Fy and if now m(s) < 1 for some

s € (0,N) C (0,1), then Proposition 4.3 gives that ¥’ 4 00, which is again a contradiction with
Lemma 11.1. O

Corollary 11.3. If FX # ) then either X < o or m/() = 0 and m(R) > 1.

Proof. By Lemma 11.2, two cases are possible. Case 1: If m(s) > 1 forall s € [0,R), then by
definition X < «. Caske 2: If there is s € [0,N) with m(s) = 1, then @ < X. Considering the
strict convexity of m (see Theorem 7.3) and the fact that m(s) > 1 for all s € [0, X) it follows that
m/(a) = 0and m(N) > m(a) = 1. O
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11.2. The Set J,

In this subsection, a compact subset of C (S> x R) is introduced and it is shown that properly dilated
LTs (to be defined below) of R-elementary fixed points are in this set. The definition is stated with
a general parameter x € (0, 1].

Definition 11.4. For x € (0, 1] let J,, be the set of continuous functions
Q:SZ XR—)[0,00)

satisfying
(i) supyes, 9(u,0)-ef(u) <1,
(ii) t — g(u,t)e X! is decreasing for all u € S>,
(iii) t — g(u, t)e (1=t jg increasing for all u € S5,
(u )e Xt s X -Holder with constant (less or equal to) 8 for each ¢ > 0 and

(iv) u— g(u,t)e

*30 X

t)
V) u > g(u,t)eX (u)e'2) is xy-Holder with constant (less or equal to) 8 for each ¢ < 0.
The definition of this and the subsequent sets is in the spirit of [41, Lemma 2.11]. The multivariate
setting necessitates the additional properties (iv) and (v). Since the Arzela-Ascoli will be used to
derive the compactness of .J,, these conditions have to be uniform in g, this is why an explicit

constant is given there and the explicit choice 8 was made because of the constant 8 in Lemma 5.17.

Proposition 11.5. The set J, is a compact subset of C (S> x R) w.r.t. the topology of uniform
convergence on compact sets.

The following bounds on g € J, will be needed for several of the subsequent proofs. Therefore,
they are noted in a seperate lemma:

Lemma 11.6. Forall g € J, and u € S>, the following uniform bounds hold:

exX(u)~text

eX(u)"lem(=Xt ¢t <0’

0 < g(u,t) < { (11.4)

Proof. Combining properties (ii) and (i), it follows that g(u, t)eX (u,t)e X! < 1 forall gand t > 0,
since this function is decreasing and for ¢ = 0 bounded by 1 due to property (i). This implies the
bound for ¢ > 0. The bound for ¢ < 0 follows similarly by combining properties (iii) and (i). The
lower bound follows from the very definition of g € J,,. O

The proof of Proposition 11.5 uses the Arzela-Ascoli theorem. For the reader’s convenience, the
definition of equicontinuity is recalled:

Definition 11.7. Let (E,dg), (G, dg) be locally compact metric spaces. A family F* of functions
(E,dg) — (G, dg) is equicontinuous at x € E, if

Ve>030 >0Vy € Bs(x)Vf e F: f(y) € B-(f(z)).
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A. On Fixed Points of Multivariate Smoothing Transforms

Proof of Proposition 11.5. J,, C C (S4+ x R) by definition. To show that .J,, is compact, the general
version of the Arzela-Ascoli theorem for locally compact metric spaces [58, Theorem 7.18] will be
applied. Therefore, it has to be checked that

e J,isclosedin C (5S4 x R),
e forall (u,t) € S> x R, the closure of the orbit

Jx(uvt) = {g(uvt) g€ JX}

is compact in R and
e ateach (u,t) € S> x R, J, is equicontinuous.

StEP 1, Jy 1s cLosED: Let the sequence (g )nen C Jy be convergent with limit g € C (S> x R).
This convergence is uniform on compact sets and in particular implies pointwise convergence, which
is sufficient to check validity of the properties (i) - (v) for the limit g.

Compactness of the orbits is a direct consequence of the uniform bounds on (g(u,t))4es, given in
Lemma 11.6.

StEP 2, EQUICONTINUITY: Fix (ug,%9) € S> x R and ¢ > 0. In order to prove equicontinuity, first
consider the variation in £. Let > 0. Then for any g € J,, it follows from property (iii) that for
allu € S> and t € [ty — d,tg + 6],

g(u’ t)e(l—x)(to-‘rzS) < g(u,t)e(l_X)t < g(uo,to + 5)6(1_X)(t0+6),

thus
g(u,t) < glu, to + 8)e* 109,

Similarly, it is a consequence of property (ii) that g(u,t) > g(u, to+ 6)e™2X9

11.6, it holds that

. Referring to Lemma

M :=sup{g(u,t) : g€ Jy, (u,t) €S> x [tg — 0,tp + d]} < 0.
Combining the estimates above gives

lg(u,t) — gu, to)| < g(u, to + 8)e 1% — g(u, to + §)e™2X0
M <62(1—X)5 - €—2x5> '

IN

Hence there is §; > 0 such that

l9(u,) — glu. )] < 5 (115)

for all t € Bs, (to) and all u € S>. In order to consider the variation in u, a case distinction has to
be made.

CasEe to > 0: Writing h(u,t) = g(u, t)eX(u)e X!, it is a consequence of Lemma 11.6 that

L :=sup{h(u,t) : g€ Jy, (u,t) €S> x [tg — 61,9 + 1]} < 0.
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11. From N-Elementary Fixed Points to the Existence of «

Considering property (iv), it follows that for all u € S5,

h(u,to) h(uO,to)

to) — to)| = X' -
|9(u, o) = g(uo, to)| = e Xw)  eXuo)

exto h(uo to) h(uo t())

< h(u,tg) — h(ug, to)| + X% L — .

635(“0) | ( 0) ( 0 0)| 635(71,) ei{(uo)
eXto 1 1

<8 u—up|X + XL -

) ! )~ X uo)

Hence there is 9 > 0 such that
|g(u,to) — g(uo,to)| < &2 (11.6)
for all u € Bs,(up). Combining (11.5) and (11.6), it holds that for all (u, t) € Bs,(uo) X Bs, (to),
lg(u,t) — g(uo, to)| < [g(u,t) — g(u,to)| + |g(u, to) — g(u, )| <e.

This proves the equicontinuity in the case g > 0. The Casg tg < 0 can be treated completely
similar, by using property (v) instead of property (iv). OJ

Let ¢ € £(P(RY)). Define the s-dilation of ¢, s > 0, by

Dyg(u,s+t) et 1-— P(e=CHy)
eXs(1—g(e~*a))  eX(u) 1—¢(e~*a)

Proposition 11.8. Let ¢ € S(P(R‘é)), v € (0,1] and K € R with

iy L= 9(#0a)
t10 tY

hs(u,t) :=

- K. (11.7)

Then there is so such that (hs)s>s, € Jy for any x € (0,7].

Moreover, if there is a function f : S> — [0, 00) with

1 — o(tu)

li = A S 11.8
tlfél - f(u) YueSs ( )
then this convergence is uniform on S, i.e.
1 — o(t-
lim & —fl =0. (11.9)
tl0 tY o

Proof. SteP 1: Let’s check the properties of .J, for hg, s > 0.
(i) Using Inequality (25.9),
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A. On Fixed Points of Multivariate Smoothing Transforms

(ii) By definition, Ay (u,t)e X! = (eX(u)(1 — ¢(e0q))) " (1 — ¢(e~te~5u)). Note that s and
u are fixed. As a function of ¢, it is decreasing since ¢ is a LT.

(iii) In this case

B, e = (eX(u)(1 = p(e* ) LA

et

Y

where s, u can be considered fixed. Recall that r — (1 — ¢(ru))/r is again a LT, thus de-
creasing in 7 (cf. Subsection 25.1). Now since t — e~ ! is as well decreasing,

1— —t,—s
L, L= deteu)
e—t
is increasing.
(iv) This will result from an application of Lemma 5.17. Set sg := — log A, Then for all s > s,

t>0a= e~ (s+1) < A. Consequently, for all u,w € S>

(X ()™ — hy(ao, )X (e
1 — p(e5Hy) 1= ple=5H)

L —¢(edq) 1 —¢(e~dq)

§8|’LL—U)|X,

(5.19)
< 8(Ju —w| A1)X

which is the asserted Holder continuity.

(v) Applying again Lemma 5.17 with the same sg. Now a = e¢™® < A forall s > sp and
b=-e"'> 1forallt < 0. It follows that for all u,w € S>,

hs(u, t)eX (u)e 0t — hy(w, t)ef(w)e(l_X)t‘
1—g(ele™u) 1—g(e e *w) ’
1—¢(e*da)  1—¢(e*Va)
(5.20)

2
< e8e f(ju—w| A1X < 8|u—w|X,

t

which is the asserted Holder continuity.
Consequently, h, € J, forall s > sy = —log A, where A is given by Lemma 5.17.
Step 2: Property (11.8) is equivalent to

o —(s+t)
lim L—¢le u)

S—+00 e sY

=e " f(u), (11.10)

forall (u,t) € S> x R and, taking (11.7) into account, also equivalent to the pointwise convergence

Xt 1 — (e (thy) Ot
li =1 = =: . 11.11
M hs(ut) = N s T g0 eXr’ W = ) (110
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11. From N-Elementary Fixed Points to the Existence of «

Since the convergence in (11.7) is independent of w, it is sufficient to show that

lim |hs(-,0) — h(-,0)| =0

5—00 o0

in order to prove (11.9).

Considering Step 1, there is 59 € R~ such that hy € J, forall s > s¢. J, is compact and hence any
sequence hg, with s,, — 0o has a subsequence which is uniformly convergent on compact sets. But
referring to (11.11), any subsequence has the same limit, namely h. Since C (S> x R) is Hausdorff,
then readily hs — h, now uniformly on compact subsets of S> x R. The assertion follows by
considering the compact set S> x {0}. O

11.3. The Set H,

The set J,, can be seen as a limit set for dilated Laplace transforms of arbitrary distributions on R%
with tail index < 1. In this subsection, a subset H, . C .J, will be defined which will turn out to be
the limit set for more specialized dilated LTs, namely those of N-elementary fixed points.

Definition 11.9. Let [supp p| satisfy (C). For x € 1,1(0, 1], c € (0, 1] define the subset H, . C .J,,
as follows: A function g € J, isin H, ., if it satisfies the additional properties:

(i) supyes. 9(u,0)eX (u) = cand g(u,0)eX(u) > min; u; forall u € S».
(vi) Forall (u,t) € Ss> x R, g(u,t) = m(x)Esg(X1,t — V4).
(vii) Introducing

g(u,t+r)

Li:Ss xR =R,  (u,r)—
- 9(u,7)

i

the following holds: For all ¢ € R, all compact C' C S5, all u,w € C:

supe X |Ly(u,r) — Ly(w,r)] <16 (1Ve ™) min  y) ' ju—w|X.
reR i=1,...,d;yeC

Note that a priori, g(u,t) = 0 is possible for ¢ # 0 and also g(u, 0) = 0 for u € JS>. The following
lemma shows that this does not happen. Consequently, L; and H, . are well defined.

Lemma 11.10. Let [supp p] satisfy (C). Let g € Jy for some x € (0,1] N I, and let g satisfy
properties (vi) and (i’) for some ¢ € (0,1]. Then for all (u,t) € S> x R, it holds that g(u,t) > 0.
In particular, Ly is well defined and continuous on S> x R.

Proof. Completely analogue to Lemma 11.6, for all g € H, the lower bounds

u,0)e Xt t<0
9(u,0) -y (11.12)
g(u,0)elt =" ¢ >0

g(u,t) > {

can be obtained. Thus as soon as g(u,0) > 0, readily g(u,t) > 0 for all £ € R. Referring to
property (i’), this already implies ¢ > 0 on S> x R.
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A. On Fixed Points of Multivariate Smoothing Transforms

Considering Theorem 7.3 (3) and (4), for every function f that is strictly positive on SVZ, there is
n € N such that (PX)" f(u) > 0 forallu € S> i.e. Qu{f(X,) >0} > 0.

Applying this for f = g(-,0), it follows that for some n € N, Q¥{g(X,,) > 0} > 0. Since Q3 is a
probability measure, there is even a compact set C' C S> X R such that

Q¥{g(Xn) >0, (X, Vi) € C} > 0.

Write 7 := min, o cc 9(v) [exsl[opo) (s) + e*u*X)sl(_oqo) (s)] and observe that this quantity is
positive by the bounds obtained above. Now using property (6), for all u € S>

1

e

>

EXg(Xn) [V 110 00) (Vi) + e~ 30V 1 _ 0y (Vy,
e B ) [ 1 (V) (o) (V)

1 X
> W r Q¥{g(X,) >0, (Xp, V) € C}

where 7 = min, sy 9(y) [exsl[oaoo)(s) + e_(l_X)sl(_OO’O)(s)] > 0. O

The statement of property (vii) looks quite awkward. There are several excuses for considering it:
Firstly, it is satisfied by limits of s-dilated Laplace transforms of elemantary fixed points. Secondly,
and more important, it is necessary in order to apply the Choquet-Deny lemma of Kesten. Thirdly,
this particular formulation is compatible with the pointwise convergence of functions g. The latter
will be used in the next result:

Proposition 11.11. Ler [supp p] satisfy (C) and E|M;|| < oo. Then for each ¢ € (0,1] and
X € (0,1], the set Hy, . is a compact subset of C (S x R) with respect to the topology of uniform
convergence on compact sets.

Proof. The main part of the proof is already contained in Proposition 11.5. Since H, . C J, and
Jy is compact, it is sufficient to show that H, . is closed, i.e. any uniform limit g of functions
gn € H, .is again an element of H, .. Uniform convergence on compact sets implies the pointwise
convergence g, — ¢, hence it is even sufficient to show that the additional properties (i’), (vi) and
(vii) are closed under pointwise convergence. For (i’) and (vii), this is (more or less) obvious, it
remains to consider (vi). Since g, € Hy ., forall (u,t) € S> x R

Then the same holds for g if it can be shown that the sequence of r.v.s (g, (X1,t — V1))nen is
uniformly integrable w.r.t. Qy because this would imply that

The proof of uniform integrability is given in the subsequent lemma. O
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11. From N-Elementary Fixed Points to the Existence of «

Lemma 11.12. Let [supp u] satisfy (C) and E |M;]|| < oco. Let x € (0,1]. Then for all (u,t) €
S> X R, the family of r.v.s (g(X1,t — V1)) ges, is uniformly integrable w.r.t. to Q.

Proof. Letr > 0, g € J. Use the bounds (11.4) and the definition (8.4) of QY to compute

/ g9(X1,t — V1) dQX
{Q(Xht Vi)>r}

@4
B (XX (X1)g(X1, t = Vi) lg(xy 0-vi)r})

(U)/‘»( )

(11.4) 1
<

ex (u)r(x)

xV1px ex(t=V)
e [ ety

eX(X1)

(1) (t-V1)
+ Ml{t<vl}1{e—<1—x><t—v1>>T}D

eX(X1)

xt X
— é ext]pu Vi <t, XV < L(‘Xl)
ex (u)r(x) r

+ e—(l—X)tEu (evi 1{V1>t, e(1=)Vy >re(1—X)ter(X1)}> :|

IN

1 1
| XP | | Myul¥ < = ~(1=0R (ML 1 /
X(w)r(x) { <' 1 <T0) (ML L, ey

€x

with
C=eX sup eX(y) <oo € =™ inf eX(y) >0
yESs yES>

and independent of g. Since by assumption E ||M; || < oo, the final expression converges to zero as
r — oo. This gives the asserted uniform integrability. O

Proposition 11.13. Let [supp | satisfy (C) and E |My|| < oc. For X € (0,1], let p € £(FN).
Choose x < Y. Then any sequence (hs, )nen of s-dilations of 1 with s,, — 0o has a convergent
subsequence h, . For the subsequence’s limit h, there is ¢ > 0 such that h € Hy.

Proof. SteP 1: By its very definition, the LT ¢ of an R-elementary fixed point satisfies

i L7 Y(tdq)

t—0 A =K eR-.

Thus, for y < X Proposition 11.8 gives that for some sg > 0, (hs)s>s, is in the compact set J,.
This implies the existence of a convergent subsequence and its limit / is in .J,. The main burden is
now to show that b € H, ., i.e. it satisfies the additional properties (i’), (vi) and (vii).

STEP 2, PROPERTY (i’): On the one hand, sup,,cs_ h(u,0)es(u) < 1 by property (i) of J,. On the
other hand, for all u € sz and all s > 0, by inequality (25.12)

L1ogle ) L1 e )
FW) 1= pledq) = MU ge i)

hs(u,0) = = minwu; > 0.
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A. On Fixed Points of Multivariate Smoothing Transforms

In particular, h(-, 0) does not vanish, thus indeed ¢ := sup,,cg. h(u,0)eX(u) € (0, 1], consequently,
(i’) holds for h. -

StEP 3, PROPERTY (Vi): Fix (u,t) € S> x R. Since S9 = 1), Lemma 9.6 gives
Dyp(u, s +1) = m(X)EF Dy (X1, s +1 = Vi) = Gyy(u, s + 1)
Combining this with the defintion of hg,

EX Dy y(X1,5 +t — V1) Gyp(u,s+1)

(- (e da)) e (l—d(e D))

hs(u,t) =m(x)

Gyp(u, s +1) XD (1 — op (e (5D 9y))
= m()EShs(X1,t — Vi) — R
OB = S = g (e 00) (1= b 0a)
(11.13)
By Lemma 9.11, equation (9.15),
lim Gyp(u, s +1) _0

5—00 eX(S‘H)(l — ¢(e—(s+t)79d>)
and by inequality (25.5)

eX(8+t)(1 — ¢(e*(5+t)19d)) < ot 1 — (e *vq)
ex*(I—y(e~da)) — 1—v(e*Va)
thus the second term in (11.13) tends to zero as s — oo.

(X1,t = Vi))n, C Jy, which has been shown

< eXt, (11.14)

Now by the uniform integrability of functions (A
in Lemma 11.12,

"k

h(u,t) = lim h

k—o00

(ut) = lim EXh,, (X1, - Vi) = E¥h(Xy1,t — V3).

Snk k—o0

STEP 4, PROPERTY (vii): Fixt € R, C C SVZ compact and compute for all u, w € C

—xt | hs(ut 1) hs(w,t+7)
hs(u,r) hs(w,r)
] 0 (e () (1~ (e b))
T — (e 0a) (L —dleCru)

6X(t+r)(1 _ ¢(e—(s+t+r)w)) ei‘(w

eX(w)(1—¢le=sdq))  exr(1— (e Gtuw

1— w(ef(ertJrr)u) 1— ¢(67(8+t+7‘)w)
1 — p(e=(+)u) 1 Y(e=(Hw)
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Abbreviate the terms with a, b, ¢, d and continue

_|e_¢j_|e.d=b ¢ azcl _japid=bl jcjja=c
"y al v d Tad e |[Tlvl| 4 dl| ¢
B 1 @Z)(e_(5+t+7’)u) d—b N 1— w(e—(s-&-t-ﬁ—r)w) a—c
S\ 1 —g(e () d 1 — (e~ (+r)y) c
<(1ve) d_b'+(1ve—t) a-c

In the last line, the inequalities (25.5) and (25.8) were used. Extending the fractions and using
inequality (25.12) allows to continue by

1 — 7/1(6_(5+T)19d)
1= p(et )

L= et ) — (1= g )
1— w(e—(s—s—rwd)
1— w(e—(s-&—t—l—r)ﬂd) 1— 77Z)(e—(s—&—t—l—r)u) _ (1 _ 1/1(6_(S+t+r)w))
1— w(e—(s—&-t-&-’/‘)w) 1— ¢<e_(s+t+r)19d)
1= (e Hw) — (1= e +0u)
1— w(e—(s—kr)ﬁd)
1— w(e—(s+t+r)u) _ (1 _ w(e—(s-i—t—&-r)w))
1— w(e—(s—&-t—i—r)ﬁd)

=(1v e )

+(1ve™)

-1
<(1ve™ <m1n w,-)
7

-1
+(1ve™) (mln wZ)
K3

By Lemma 5.17 there is A € R+ such that as soon as
e (5T o= (547) < 4 (11.15)

the following estimate is valid

-1
.<(ve™) (minminyi) 2. 8(Ju — w| A DY
yeC 1

-1

<16(1ve™) (minminyi) lu — w|*
yeC 1

The condition (11.15) holds for all » € R in the limit s — oo (recall that ¢ is fixed). Luckily, the

estimation just calculated remains valid unter pointwise convergence hs, — h, so when taking

the limit s, — oo, it follows that the estimate is valid for all » € R and consequently, / satisfies

property (vii). O

Corollary 11.14. Let [supp p] satisfy (C) and | My|| < oc. If FX # (), then for all x € (0,%],
H, . # 0 for some c € (0,1].
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11.4. The Set £,

It has been shown in Proposition 11.11 that H, . is a compact subset of C, (S> x R). By the Krein-
Milman theorem, it is contained in the convex hull of the set of its extremal points £ ., say. In
this subsection, a description of E), . will be given and in particular it will be proved that F, . # ()
if and only if there is « € (0, 1] such that m(«) = 1, m’(«)) < 0. This will lay out a path from
FN = to the conclusion that X = a.

Property (vi) states that — depending on the value of m(x) — the functions in H, . are sub-, super- or
even harmonic for the MC (X, V,)nen, under Q%. Soinasense, the description of E, . will consist
of an identification of extremal harmonic functions, which usually requires a result of Choquet-Deny

type.

The Choquet-Deny lemma that will be used is due to Kesten [60, Lemma 1]. It is part of the proof
of his MRT and is stated below in a version adapted to the present situation together with a proof
that the reformulations are valid.

Lemma 11.15. Assume that [supp p] satisfies (C') and let

E [log M ||| + [log ¢(M;y)| + |log ¢(T1)| < oo. (log-moments)

If L € C, (S> x R) satisfies
(a) L(u,s) = E,L(X1,s — Vi) forall (u,s) € S> x R and
(b) for eachu € S, lim, s, supyeg |L(v, s) — L(u, s)| = 0,

then L is constant.

The original statement contained in the proof of [60, Lemma 1, bottom of p. 362] can be rephrased
as follows:

Kesten’s Choquet-Deny lemma
Assume that conditions I.1 - 1.3 are satisfied. Let L be a bounded function on S x R that satisfies

L(u,s) =E,L(X1,s— Vi) VY (u,s) €S xR ((2.4))
and in addition, for all b € C, (R)

limsup sup |Lp(v,s") — Lp(u,s")| =0 ((2.2))

v—u,010 |s'—s""| <6
where -
Ly(u,s) = / L(u, s+ r)h(r)dr.
Then L is a constant.
Here S is a separable metric space and the conditions I.1 - 1.3, which will not be repeated here, can
be found on [60, page 359].
Proof of Lemma 11.15. Ttis shown in [29, Proposition 5.5] that under the assumptions of the present

lemma, Conditions I.1 - 1.3 are satisfied for the MRW (X,,, =V}, ),eny W.r.t. Q. The negative sign
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appears since in 7.2 it is assumed that the random walk part has a positive drift, but by Theo-
rem 8.2, lim,, o0 % < 0 Qu-a.s. Nevertheless, considering L(u, s) := L(u, —s) together with
(Xn, —Vin)nen, leaves assumptions and assertions invariant. Hence without loss of generality
(w.l.o.g.), the conditions I.1 - 1.3 are satisfied for (X,,, V},). Referring to Lemma 7.2, the assumption
E |log +(T)]| gives that > x R is an invariant set for (X,,, Vy,)nen, - A close inspection of the proof
of [89, Proposition 5.5] shows that conditions I.1 - .3 remain valid for the restriction of the MRW
to Ss x R.

Obviously, it is sufficient to show that L is constant on this SVZ x R since it is assumed that L is
continuous on S> x R. Hence Kesten’s Choquet-Deny Lemma will be applied with ' = S> and L
restricted to S> x R.

It remains to check its assumptions ((2.2)) and ((2.4)). Condition ((2.4)) is just assumption (a). The
boundedness of L and h implies

limsup sup |Lp(u,s’) — Ly(u,s")| =0 (11.16)
00 yest Is'—s"|<s

(this also appears in Kesten’s proof as property [60, (2.5)]) by an appeal to the bounded convergence
theorem . Combining this with assumption (b), it follows that for all u € S>

0 < limsup sup ‘Lh(v,s’) — Lh(u,s”)‘
v—=u,000 |8’ —s"| <6
< lim sup |Lh(v,5/) — L (u, s/)| + lim sup sup ‘Lh(u,sl) — Ly (u, 5//)‘ =0.
VU gIeR 00 st [s'—s"]<d

This is ((2.2)). Thus Kesten’s Choquet-Deny lemma is applicable. OJ

Using this Choquet-Deny type result, the extremal functions in H, . can be identified:

Lemma 11.16. Assume that [supp u| satisfies (C), let E ||M;|| < oo and let (log-moments) hold.
For each x € (0,1] and ¢ € (0, 1], the extremal points of H,, . are contained in the set

286“‘” 2y €(0,1),m(y) = 1}'

* 02| %2

Ey.:= {(u,t) —c

Proof. Let g € H, . be extremal.

Step 1: Use property (vi) to compute for u € S>
g(u,t +5) = m(\)E¥g(X1,t4+5s - W

)
=m(x) /g(a?,t—i— s —v)PX(X; € dx, V) € dv) (11.17)
_ g(x,t+s—v) g(x,s —v)
—m(x)/ oz s —0) g(u, s) o s) PX(X, € dz,Vi € dv)  (11.18)

Recall that by Lemma 11.10, g > 0, thus the denominators are positive. Using (11.17) with ¢ = 0,
it follows that

m(x)/wpfj(Xl € da,Vi € dv) = 1.
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A. On Fixed Points of Multivariate Smoothing Transforms

Hence (11.18) is a convex combination of functions g, ,, (u, s,t) = glatts—v)

g(z,5—0) g(u, s). Consequently,
since ¢ is extremal,

glu,t +s) _ glz,t+s—v) (11.19)
g(u, ) g(z,s = v)

forallu € Ss, t,s € Rand all (z,v) € supp P5((Y1,V1) € ) = supp P, ((Y1,V1) € -). This

yields that L;(u, s) := %

satisfies
Li(u,s) =Ey (Ly(X1,s — V1)) . (11.20)

Step 2: Lemma 11.15 will be applied in order to show that L, is constant on S> x R, i.e. equation
(11.19) holds for all u, z € S>, v, s,t € R. Property (vii) yields condition (b) of the lemma, while
(11.20) is its condition (a). It remains to show that L; is bounded (for fixed t). If ¢ > 0, by property
(i), g(u,t + s)e X5 < g(u, s)eX*, thus

wt9(ust+ s)eX(t+s)
e

< eXt,
g(u, s)exs

0 < Li(u,s) <

For t < 0, use property (iii) for an analogue argument.
Step 3: Validity of (11.19) for any u,z € S>, ¢, s,v € R implies that for some f: S> — (0, 00),
a € R>, b S R, B

g(u,t) = f(u)ae”,
Considering properties (ii) and (iii) it follows that b € [x —1,x],i.e. b= x —~ forsome v € [0, 1].
Rewriting a.f(u) =: eX(u)~! f(u), it follows that

glu,t) = %e%”m. (11.21)

It remains to compute the possible values of f and . Therefore, use property (vi) which states
g = XPg, hence

Flu) = e O X (u) m(x)EX (é&%e(x—v)(t—vl))

1 X
= e ex (u) m(x) WEU <e3f(X1) ejgf((Xll)) exV1e(x—v)(t—v1)>

= NE, (f(X1)e"") = NE (f(M1 - u) [Myul")

= NP] f(u).
This means that f is an eigenfunction of P, with eigenvalue % Referring to the definition of H, .,
f > 0. By (7.5), scalar multiples of e are the only strictly positive eigenfunctions of .. Thus

f = cel where c s given by property (i). The eigenvalue of P, corresponding to e is k(7). If now
k(7) = % thenm(y) = Nk(v) = 1, which shows that all extremal points of H, . are in E) .. [

It may happen, that the set F, . is even too large, in the sense that not every element of F, . is an
extremal point of H, ., for it may be possible that not every element of F .. is actually in H, .. In
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fact, if x > ~y, by the methods used in the proof above it is not possible to show that g satisfies the
Holder-continuity properties (iv) and (v). In the case y < -y, the Holder-continuity is a consequence
of Theorem 7.3, (3). Nevertheless, the following Corollary holds true:

Corollary 11.17. Assume that [supp p| satisfies (C), let E || M || < oo and let (log-moments) hold.
For each x, ¢ € (0,1] it holds that if H, . # 0, then E,, . # (.

Proof. A non-void compact set in a locally convex linear topological space, e.g. C (S> x R), has ex-
tremal points (see [40, Lemma V.8.2]). Proposition 11.11 states that H, . is compactinC (S> x R),
thus if H, . is non-void, the same holds for E, ., since by Lemma 11.16, it contains all extremal
points of H, .. L

This allows to deduce the existence of « as soon as F~ # ():

Theorem 11.18. Assume that [supp p| satisfies (C), let E || M1 || < oo and let (log-moments) hold.
If FX £ ) for some R € (0, 1], then there is o € (0, 1] with m(c) = 1, m’(a) < 0.

Proof. The argumentation is now the same as in [41, Theorem 2.12]: If there is an N-elementary
fixed point, then by Corollary 11.14, there is ¢ > 0, x < Nsuch that H, . # (). But then by Corollary
11.17 E, . is not empty and thus there is v € (0, 1] with m(vy) = 1. Since m(0) = N > 1, the strict
convexity implies that there are at most values where m equals 1, and the smaller one, «, satisfies
m'(a) < 0. O

11.5. Dilated Laplace Transform of N-Elementary Fixed Points

In this section, the final conclusion 8 = « will be shown, and that the definition of N-elementary
fixed points is in fact independent of the reference point.

Proposition 11.19. Assume that [supp | satisfies (C), let E||M;|| < oo and let (log-moments)
hold. Consider x,c € (0, 1]. Then every function in H, . can be written as a convex combination

ex(u)

<)\ef(u)e(x_a)t +(1- )\)e'f(u)e(x_ﬁ)t)

for A € [0,1]. In particular, if some g € H,, . satisfies t — g(u,t) = g(u,0) for some u € S>, then
A €{0,1}, x € {a, B} and thus g is already constant on R x S>.

Proof. By the Krein-Milman theorem [40, Theorem V.8.4], H, . as a compact subset of a locally
compact vector space is contained in the closure of the convex envelope of the set of its extremal
points and this set is in turn contained in F .. This gives the representation of the functions.

Turning to the second assertion: If xy < « or x > (3, then both g, and gg are strictly decreasing
resp. increasing in ¢, thus the same holds for any convex combination. If x € («, ), then gg(u, -)
is bounded by 1 on R, while lim;_, g(u,t) = oo for each u € S, thus again any convex
combination cannot be constant in ¢ for some fixed u. Consequently x € {«, 5}. Then exactly one
of the functions gz and g, is constant everywhere, while the other is strictly monotone in ¢ for all
u € S>. Hence A € {0, 1} and g is equal to the constant function. O
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A. On Fixed Points of Multivariate Smoothing Transforms

Theorem 11.20. Assume that [supp )| satisfies (C), let E | M || < oo and let (log-moments) hold.
Suppose X € (0,1] and 1 € £(F®). Then X = o and

lim 71 —v(t)

~Ke®l =0 (11.22)
10 t *

o0

for some K>0.

Proof. SteP 1: On the one hand, combining (11.2) and (11.3) it follows that

1— l/}(ef(ert),lgl) B e Nt
s—oo 1 —¢(e_5’ﬂd) B \/g

vVt € R. (11.23)

On the other hand, by Proposition 11.13 applied for y = R, any sequence s,, — oo has a subse-
quence sp, such that forall ¢ € R

Nt 1— —(Sn ,+t)
lim h, (01,1) = lim — e )
k—o00 k

= h(¥1,t) VteR 11.24
k—oo eX (V1) 1 — (e i) (1,1) < ( )

for a function h € Hy .. Comparing (11.23) with (11.24), it follows that
h(d1,8) = ——— VteR (11.25)
1,t) = . .
NZACCN

Thus ¢ — h(v1,t) is constant. But then referring to Proposition 11.19, h is already constant on
S> x Rand X € {«, 8}. Considering Corollary 11.3, X < «, thus X = cv.

Step 2: Moreover, any subsequential limit is then necessarily equal to h, hence already

lim hs = h

S§—00

w.r.t. the topology of uniform convergence of compact sets. In particular, uniformly on the compact
set S> x {0},

1-— s 1-— 59
lim 2T o (g (u, 0) 2 pgagy
s—00 e as s—00 e as
for some K > 0. O

12. Characterization of a-Elementary Fixed Points

On the one hand, it follows from Theorem 11.20 that (LTs of) a-elementary fixed points have the
same tails (asymptotics at zero) as Sy (Keg,0). On the other hand, it is a consequence of Theorem
9.15 that if m/(«) < 0, then S"S, (Keg,0) converges to an a-elementary fixed point. Up to now,
there is no result about uniqueness (up to scaling) of these a-elementary fixed points.

In this section, a positive answer will be given under the condition m/(a)) < 0 by showing that for
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12. Characterization of a-Elementary Fixed Points

any random variable Z which has the same tails as S'a(K e$,0), 8™ Z converges to the fixed point

Y = lim S"S,(Ke?,0)

n—oo

which was constructed in Section 9.

The tool (transience of the maximal position of a branching random walk with negative drift) will,
together with the results from Subsection 4.4, also allow to obtain a full description of the set of a-
elementary fixed points of the inhomogeneous smoothing transform. Consequently, in this section
both the homogeneous Sy and inhomogeneous smoothing transform Sy will be considered.

Beforehand, results about the asymptotics of fixed points of Sg will be derived. Define the set Fo
of a-elementary fixed points of S by

L(F8) ={v € LRL) : Sqv =1, lim £7%(1 — ¢)(t91)) € (0,00)}

and similarly write F§' for the set of a-elementary fixed points of Sp.

In this section, the notations v and v will be used for the LTs of fixed points of Sy resp. Sg (and
not for the LTs of 0 resp. Q).

12.1. The Inhomogeneous Smoothing Transform

In Theorem 4.9, a one-to-one correspondence between F and F( was shown. The following Propo-
sition shows that this correspondence respect the sets of a-elementary fixed points.

Proposition 12.1. Assume that [supp p] satisfies (C), let E||M;|| < oo and let (log-moments)
holds. Assume that m'(cr) < 0 and that there is s > « with m(s) < 1. Let ny and n¢ be corre-
sponding fixed points of So resp. Sg as given by Theorem 4.9, with LTs 1 resp. 1. If one of them
is a-elementary, then it holds that for all u € S>

i L Y) _ 1, (12.1)

t10 1 — g (ut)

in particular, both fixed points are a-elementary.

Proof. Let (Yp,Yg) be a coupling of 1y and ng with E Yy — Yp|® < oo. A coupling with this
property exists since 1g € Ps(10) by Theorem 4.9, i.e. ls(no,ng) < oo. Using the inequality
la® — b¥| < |a — b|” which is valid for s € [0,1] and a, b € R, it follows that for all u € S>

E(u, YQ)* = (u, Y0)°| < E|(u, Y = ¥o)|” <E[Yg — Yo|” < 0.

Referring to the Goldie Lemma [47, Lemma 9.4] (see [4, Remark 4.4] for some corrections of this
Lemma),

/0“1 (ts IP ({4, Y0) > £) — P ({u, Yo) > t)\)dt < 0.
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A. On Fixed Points of Multivariate Smoothing Transforms

[e.e]

From the fact that [| %dt diverges, it follows that necessarily

limsup t* |P ((u, Yg) > t) — P ((u, Yy) > t)| = 0.

t—00

Remember that s > «, so the convergence is also true with ¢* instead of ¢°.

CASE 1, Y)j Is a-ELEMENTARY: Then it is a consequence of Theorem 11.20 combined with 5.12 that

lim t°P ((u, Yo) > t) = Ke%(u) > 0.

t—o00

It follows that

lim P ((u, YQ> > t)
t—oo | P ((u,Y()) > t)

= Jlim (°P ((u, Yo) > £) 7t P ((u,Yo) > t) — P ((u, Yo) > 1)
= lim (P ((u, Yo) > t))_ltlggot“ P ((u, Yq) > 1) = P ((u, Yo) > 1)

t—o00

= (Ke¢(u)~'-0=0. (12.2)

First this gives
lim t*P ((u, Yg) > t) = KeJ (u)

t—o0
for all u € S>, in other words, Y and Y have the same tail behaviour. From this, the asserted
result (12.1) for the Laplace transforms follows by using Proposition 5.12.

CasE 2, Y() 1s a-ELEMENTARY: The calculations in (12.2) are valid for u = 91, with Y and Yj
interchanged. This allows to deduce

lim t*P ({91, Yo) > t) € (0,00),

t—o0
which is by Proposition 5.12 (and (11.2)) equivalent to

lim ¢t~ (1 — 1o(tdq)) € (0, 00),

t—0

s0 Yy is a-elementary. Then Cask 1 applies. O

Corollary 12.2. Assume that [supp p] satisfies (C'), let E || M || < oo and let (log-moments) hold.
Ifpg e L (.75) then there is K > 0 such that

1 - 7#Q(t) _ Ke®

lim o .

=0. 12.3
i 0 (12.3)

o0

Conversely, for each K > 0 there is 1) € £ (fg) such that (12.3) holds.

Proof. Step 1: If 9 € 2(]-'5) then by a first application of Proposition 12.1, the corresponding
fixed point of Sy, ¢y is also a-elementary, and its asymptotics at zero are given by Ke< due to
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12. Characterization of a-Elementary Fixed Points

Theorem 11.20. Then using again Proposition 12.1, ¢¢ has the same asymptotics at zero. Finally,
Proposition 11.8 gives the uniform convergence.

SteP 2: In order to show the converse implication, combining Theorem 9.15 and Theorem 11.20,
there is g € £(F') such that (12.3) holds with v replaced by . Referring to Proposition 12.1,
Sg has an a-elementary fixed point 1) with the same asymptotics at zero as v, i.e. limy o t~%(1—
Yg(tu)) = Ke$(u) forall w € S>. In order to conclude that (12.3) holds, use again Proposition
11.8 to deduce the uniform convergence. L

12.2. Convergence of Fixed Points

In this subsection, it will be shown that for any ¢ € £(P(RZ)) which has the same asymptotics at
zero as Y € L£(F?), lim, o0 S™¢ = 1. This is the final ingredient needed for the characterization
of F¢ in the next subsection. Two more lemmata are needed beforehand. For a better stream of
arguments, their proofs have been shortened or moved to the appendix.

Lemma 12.3. Let o € qu N(0,1) and m'(a) < 0. If p, ¢ € S(P(R‘é)) and there is ty € R such
that for all (y, s) € S> x [0, to),
¢ (sy) < o(sy),

then for all (u,t) € S> x R>

lim inf Syé(tu) < hnrggéf Sop(tu) and  limsup SHo(tu) < limsup Sgp(tu).

n—oo n—00 n—00
Proof. The proof can be found in the appendix on page 127. L

Lemma 12.4. Let ¢, ¢, € £(P(RL)) with

1 — ¢ (tu)

li =1V S 12.4
10 1~ ¢, (tu) wES2 (12.4)
and 1 o(tu)
. — Potu)
ltligl — = e(u) >0 YueSs (12.5)

for a strictly positive function e and y € (0, 1]. Then the convergence in (12.4) is uniform on S>.

Proof. Write
1 — ¢, (tu) _ 1—¢(tu) 1 —¢y(tda) 1 — ¢9(tda)
1—gy(tu) 1=y (tda) 1 — @y(tda) 1 — dy(tu)

and use Proposition 11.8 several times. O

The following theorem is the final step for characterizing the set of a-elementary fixed points. It is
valid for both the homogeneous and the inhomogeneous smoothing transform.

71



A. On Fixed Points of Multivariate Smoothing Transforms

Theorem 12.5. Assume that [supp p] satisfies (C'), let E | M, || < oo and let (log-moments) hold.
Assume that o € (0,1) and m/(«) < 0. Let ¢ € £(F*) and let ¢ € Q(P(R‘é)), such that

1 —(tu)
1tlﬂ[)1 1 —(tu)

forall win S>. Then lim,_,oo S"¢ = ).

=1 (12.6)

In particular, if i1, Yo are two a-elementary fixed points with the same asymptotics at zero, then
readily 11 = s.

Proof. The proof will be given for the inhomogeneous case; the homogeneous case is contained
when setting () = 0. Referring to Corollary 12.2 (resp. Theorem 11.20 in the homogeneous case),
there is K > 0 such that forall p > 0

11— (ptu) 11—yt

10 e2(u)  (pt)oK 1o e(u)  toK

uniformly in v € S. It follows that

. 1-— ¢(Ptu) o«
1t1¢n(r)1 1 —(tu)

and this convergence is uniform on S>. For p > 1 arbitrary but fixed, set

12.7)

ltu) = (ptu), and B(tu) = (p~ ).

Note that both 9, 1) are just scaled versions of the initial fixed point, consequently, they are fixed
points themselves. Referring to Lemma 12.4, the convergence in (12.6) is uniform; and combining
this with (12.7), it follows that

1 — ¢(tu)

. 1—o(tu) . _
0Tty P 7 o 1w L° (128

uniformly in u € S>. So there is ¢y > 0 such that for all (y, s) € S> X [0, o]

Y(sy) < (sy) < U(sy).

Considering Lemma 12.3,

P(tu) = linnl)gf Sow(tu) < linIr_1>ioréf SH9(tu)

< limsup SGo(tu) < limsup Sgyip(tu) = (tu).
n—o0

n—oo

Since p was arbitrary, v and 1 can be brought arbitrarily close to infer first the convergence of
S"¢p(tu) for any t € R>,u € S> and next that lim,, oo S"¢(tu) = ¢ (tu) forall t € Ry, u €
S>. O
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12.3. Characterization of F¢

Denote by Eig™ (P®, N~!) the cone of positive eigenfunctions of P® with eigenvalue N~!. Then
the characterization of the a-elementary fixed points of S is given by the following theorem, which
is formulated in the spirit of Propositions 4.3 and 4.4.

Theorem 12.6. Assume that [supp pu| satisfies (C), let (M logM) and (log-moments) hold. Let
E |Q| < oo. Suppose that there is o € (0, 1) with m(«) = 1 and m/(«) < 0. Then the mappings
Eigt(PY,N7') — F¢
e — d—lim S} S, (e, 0)

n—o0

and

Eigh (P2, N~") = F3
e — d—lim SQS (e,0)

n—oo

are well defined and bijective.

Proof. As the first step, consider Sy. By Theorem 7.3,
Eigh(PY, N~ 1) = {Ke® : K €R.}.
In Theorem 9.15, it was shown that S} S’a(K e, 0) converges to an a-elementary fixed point of Sy.

The same theorem also gives injectivity since K is a scaling factor.

The mapping is surjective because by Theorem 11.20, the LT of each o-elementary fixed point ¢
of § has the same asymptotics at zero as £(Sq(Keg,0)) for some K € R. But then by Theorem
12.5, d—lim S§S, (Keg, 0) = .

n—oo

For the inhomogeneous smoothing transform, this follows by the same arguments, using Corollary
12.2 instead of Theorem 11.20 and 9.15. L]

As mentioned before, fixed points of Sg with a finite moment of order o were constructed in [75].
It was stated there (see [75, Remark 1.8]) that the constructed fixed point is unique within the set
PS(R‘Q for some s > «. The theorem above now shows that there is no chance of finding a fixed

point that is unique in P(R< ), since there are more.

Recalling Proposition 9.5, the following description of £(F") has been obtained:

Corollary 12.7 (Structure of F§"). Under the assumptions of Theorem 12.6, £(F§') equals the one-
parameter family of Laplace transforms

(u,t) — Eexp (—Kt“W(u)),

parametrised by K € R-.
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12.4. Structure of Fixed Points of Sg

The final result gives a very handy and simple description of /5 which is similar to [6, Theorem 8.1].
It shows that the “new” fixed points are somehow of the form homogeneous solution + particular
inhomogeneous solution.

Theorem 12.8. Let (T;)Y, be i.i.d. and assume that [supp ] satisfies (C). Let P (Q # 0) > 0,
let (M logM) and (log-moments) hold. Assume that there are s1 € (0,1/2], so > s1 such that

E|[M|* < & E|My[|** < % and E|Q|** < oco. Then o < % and the set £ (.7-"5) equals the

one-parameter family of Laplace transforms
(u,t) — Eexp (—t{u, W*) — Kt“W (u)) 12.9)

parametrised by K € R-.

For K = 0, the formula (12.9) is the LT of the fixed point constructed in [75, Theorem 1.7]. Note
that the assumption of independent weights stems only from [75, Theorem 1.7] which is used here.

Proof. The moment assumptions are those of [75, Theorem 1.7] (which was restated in Theorem
4.7), the assumptions of Proposition 9.2 and Theorem 12.8 are given as well. The a.s. convergence
of W} to W* and W, (u) to W (u) for all uw € S> holds by [75, Theorem 1.7] resp. Proposition 9.2.

Referring to Theorem 12.6, the LT of each a-elementary fixed point of S can be written as
dnjégn SG®o, where ¢y = £(Sa(Keg,0)). This gives by an application of Lemma 2.4

vo(ut) = tm E (e |t 3 L)) | T] aotLe)
|lwl<n [v|=n

= nlgn;oE exp (—t(u, W)) exp | —Kt* Z /S (L(v) "u, y)*v* (dy)
] =
— I B (exp (~t(u, W) exp (~K W (1)

E (exp (7t<u, nh_}ngo W;)) exp <7Kta nh_}ngo Wn(u)))
=Eexp (—t{u, W*) + Kt*W (u))

for all (u,t) € S> x R>. In the final lines, the bounded convergence theorem and as the main
ingredient, the a.s. convergence of W' and W,,(u) have been used. O

Corollary 12.9. In the situation of Theorem 12.8, the one-dimensional marginals (u,Yq) can be
written in the form

(1, Yo) £ (u, W*) + KW (u) Z,

where K > 0 and Z < Sa(1,1,0) and independent of W*, W (u).
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12. Characterization of a-Elementary Fixed Points

W* W (u) can be interpreted as a random shift resp. random scaling where the randomness is
inherited from the randomness of the weights. This becomes even more obvious, since both are
functions of 7. Abusing the notation from Proposition 5.7, the above Corollary can be stated as

(u,Yg) LB So (K'W(u), 1, W*),

Q=

with K/ = (cos (%) K)
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B. On Fixed Points of Multivariate Random
Difference Equations

13. Introduction

The prototype of stochastic fixed point equations is the affine equation

v LTy 10, (13.1)

where (T, Q) is a random element of M (d x d,R) x R and independent of R.

It describes stationary solutions of Random difference equations (RDE:s), defined by
Ry = T(n)Ru-1+ Qu, (RDE)

where (T(n), Qn)nen is a sequence of i.i.d. copies of (T, @). In turn, RDEs are a special and very
important subclass of Lipschitz recursions, defined by

where (F},),cn is an ii.d. sequence of Lipschitz continuous mappings Fj, : R — R The
sequence R,, obviously constitutes a MC on R?. See the review by Diaconis and Freedman [36] for
details.

13.1. Existence and Uniqueness of a Stationary Solution

Write L(F) for the Lipschitz constant of a Lipschitz function F' and define the (upper) Lyapunov
exponent of the Lipschitz recursion (13.2) by

1
l:= lim —log L(F,o0---0F;) P-as. (13.3)

n—oo N

Note that there are some measure theoretic issues when defining the random variables L (F,, ), which
will not be discussed here. If Elog™ L(F}) < oo, then [ exists in [—00, oo) by Kingman’s subaddi-
tive ergodic theorem [61] and equals

1
= lim —Elog L(F,0---0 F}).

n—oo n

In the case of RDEs, where L(F;) = ||T1||, this result was shown earlier and is known as the
Furstenberg-Kesten theorem [46, Theorem 1 & 2].
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If Elog" L(F}) < 0o,l < 0and Elog™ |2 — Fy(z)| < oo for some (and then for all) z € R?, then
the Lipschitz recursion (13.2) has a unique stationary distribution, which is given by the law of the
then a.s. convergent series

Zy i =Fyo0---0F,(0),

the backward process. Observe that if Ry = 0 then Z, 4 R, for all n € N. Hence R,, converges
in law to the stationary distribution. This result for general Lipschitz recursion was shown by Elton
[42, Theorem 3].

Returning to the matrix recursion, the corresponding conditions for existence and uniqueness are
Elog™ || T +log™ |Q] < oo (logmom)

and negativity of the upper Lyapunov exponent

1
[ =P-as. — lim —log|| T,/ <0 (1<0)
n—oo n
where

The unique fixed point is then given by the law of the almost sure convergent series
o
R=> T 1Qn. (13.4)
n=1

A classical reference for these existence and uniqueness results in dimension d = 1 is [93, Theorem
1.6]. The multivariate case is explicitly considered in [27, Theorem 1.1] with a special emphasis on
the necessarity of condition (1<0).

13.2. A Moment for Motivation

From the explicit representation of R simple moment estimates can be derived.

Lemma 13.1. Let 8 > 0 such that E || T||° +|Q|® < oc and for all s < 8,
1
m(s) := nh_{glo (E||T]%)» < 1.

Then E|R|® < oo forall s < .

Proof. 1f s € (0, 1], use subadditivy to estimate

EIR <EY [ Tutl® 1Qul* =) E[TucaIPEIQL . (13.5)

n=1 n=1
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If s > 1, use the Minkowski inequality for

1 1
s s

(E[QF) (13.6)

EIRF) < S ETuct]l®)
n=0

In both cases, the right hand side converges by domination with the geometric series if m(s) <
1. O

This may serve as an heuristic argument that the spectral function m(s) is closely connected with
moments of R. Spitzer conjectured (for dimension d=1, cf. [59, bottom of p.208]) that | R| is in the
domain of attraction of a stable law with index 3. In other words, Spitzer conjectured that R has the
heavy tail property
lim t°P (|R| > t) = K > 0. (13.7)
t—o0

13.3. Previous Results and Aim of This Work

Spitzer’s conjecture was proved in the multivariate setting by Kesten in his seminal paper [59] and
independently by Grincevi¢jus [48, Theorem 2] in dimension d = 1. In dimension d = 1, Goldie
[47] later gave a very much uni- and simplified approach, using so-called implicit renewal theory.

Kesten’s main theorem [59, Theorem B] is formulated for T € M (d x d,R>) under conditions
similar to, but more restrictive than (C'). At the end of his article, Kesten also stated without proof a
theorem [59, Theorem 6] for the situation (T, Q) € GL(d,R) x R%. A proof was given by Le Page
[66] and it dit not need Kesten’s density assumption [59, Theorem 6 (iii)]. Over the years, Le Page’s
approach was further developed. A definite result was obtained by Guivarc’h and Le Page in [52]:
Property (13.7) and even multivariate regular variation of R hold (under some additional moment
assumptions) as soon as [supp p] satisfies condition (i —p). Condition(i — p) is the analogue of (C')
in the setting of invertible matrices. The interested reader is referred to [51] for a shorteraccount of
the main ideas of the proof in that fundamental paper.

The merit of the present work is to show how regeneration methods from the theory of Harris recur-
rent Markov chains can be used to provide a much shorter argument (particularly for the positivity
of K) in the situation of [59, Theorem 6] when taking the density assumption into account. This
calls for the development of bivariate regeneration schemes in the spirit of [13] and a detailed study
of the action of T on S which are interesting in their own right.

Note that the present assumptions are stronger than those of [52], but cover many interesting sit-
uations for applications: E.g. if 4 = P (T € -) has a component with a Lebesgue density on a
ball centered at the identity matrix Id, then these assumptions will be satisfied. Two further refer-
ences should be mentioned: A situation similar to [59, Theorem 6] was considered by Kliippelberg
and Pergamenchtchikov [64], but for a more specialized model and much closer along the lines of
Kesten’s proof. In the case where supp p is restricted to the group of similarities (products of a
dilations and orthogonal matrices), related results were obtained by Buraczewski et al. [30].

Random Difference Equations appear in a broad variety of settings: Discretization of generalised
Ornstein-Uhlenbeck processes [68], insurance ruin theory [81] or random walks in random envi-
ronment on Z [44], to mention just a few recent articles.
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B. On Fixed Points of Multivariate Random Difference Equations

13.4. A Moment for Notation

The same notation as in Chapter A will be used, mutatis mutandis: S> is no longer a homogeneous
space for the action of GL(d, R), thus it has to be replaced by S, the whole unit sphere in R?. The
definition e.g. of the transfer operators has to be changed correspondingly. Write ¢ = £ (T, @) and
let (T(,,), @n)nen be a sequence of i.i.d. copies of (T, Q) under P. As before, 1" = L (TT), and
(M,,)nen will be a sequence of i.i.d. r.v.s with distribution p*.

Remark that the moment results above may also be obtained from Theorem 4.4 with N = 1 - in
the setting of RDE, m(s) = (s), m(s) = 1 and under the assumption (1<0), & = 0. Figuratively
speaking Chapter A was concerned with tail index o while Chapter B will be concerned with tail
index 3.

13.5. Statement of Results

The assumptions that will be imposed on p are the following: First, assume that p* acts irreducibly
on the unit sphere, i.e.

Vaes Yopen UCS maR%(P (IL, -z € U) > 0. (irred)
ne

Secondly, assume that p* (resp. ) is spread-out, i.e.
2 .
IroeGr(@Rr) Jep>0 Inpen P (o € ) > plp AT (density)
Recall that A% denotes Lebesgue measure on M (d x d,R), seen as a subset of R%. For brevity,

say that p satisfies (i-d), if (irred) and (density) hold.

Observe that there will be no condition on the dependence structure of (T, Q) except for the neces-
sary one,
VreRY P(Tr+Q=r)<1, (R#7)

which guarantees that the fixed point is not just a point mass.

Then the main result is as follows:

Theorem 13.2. Let (T, Q) be a random element of GL(d, R) x RY, let i = L (T) satisfy (i-d). Let
(R # 1) hold and assume that there is 8 > 0 such that m(3) = 1, m'(8~) > 0 and

E || T||” (Jlog | T[] + Jlog | T~"]]]) < o0 (TlogT)

as well as
0<E|Q|’ < co. (Q-beta)

Then the RDE (RDE) has a unique stationary distribution R. R has unbounded support if and only
if (R # r) holds. In that case,

Jlim tPP ((u, R) > t) = KeP(u) (13.8)

forallu € S, where ef (u) is a strictly positive continuous function on S.
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As in Chapter A, the transfer operator P; will be studied and it will be shown that it has the same
properties under (i-d) as it has under (C'). Thus ef denotes the unique strictly positive eigenfunction
of P? with eigenvalue x(5) = 1, and V2 the corresponding eigenmeasure.

Remark 13.3. e The constant K has the implicit representation

1
gy B (@ R = (0, TRYT)™) vi(dy).
ﬁzwwf(ef)/s ((w, B)T)" = (5, TR)T)") i (dy)

This is the multivariate version of the formula for K given by Goldie in [47, Theorem 4.1].

e Recall from (7.3) that if A € GL(d,R) then t(A) = HA_l H_l, so condition (TlogT) corre-
sponds to (M logM) and is the precise adaption of (8.7) to the present situation of invertible
matrices. Kesten does not impose a condition on }10g HT‘1 H ‘ and indeed the theorem is valid
without, but then the analysis of /(3) becomes more involved. Since it is not a severe restric-
tion (it is satisfied e.g. if the matrices are compactly supported) it is added here for easing the
presentation.

e The statement of [59, Theorem 6] is slightly different at more points as well: In the theorem
above, Kesten’s condition (iv) is not needed. Moreover, instead of assuming the existence of
5, Kesten imposes the condition

. T |%0
Jso>0 Elnf‘T x‘
u€eS

>1 (E1e))

which gives that m(sg) > 1. Hence by convexity of m and the negativity of the Lyapunov
exponent which is assumed in(1<0) the existence of (3 follows. The moment assumptions are
replaced by similar ones formulated in terms of sg. The condition (4/3) has caused some
confusions, since it is not necessary for the existence of /3, as pointed out in [64, Remark 2.8

(iii)].
e A simple situation in which (irred), (density) and (R # r) are satisfied, is when (density)
holds with I'y = Id and Q is independent of T.

In the spirit of Proposition 5.12, the following multivariate regular variation property holds.

Corollary 13.4. Let 3 ¢ N. Then forall f € C, (@\ {0}),

lim t°E (f(t"'R)) :K/Om/sf(sw) uﬁ(dw)sl%ﬁds (13.9)

t—o00
Jor some K > 0.

As before, the measure /7 is an eigenmeasure of P? with eigenvalue 1. See [52, Lemma 5.17] for
a recent result covering all possible values of 5 > 0.

13.6. A Moment for Organization

The main tools of the proof are the theory of Harris recurrent chains, a newly developed bivari-
ate minorization condition, a multivariate version of implicit renewal theory and a combination of
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B. On Fixed Points of Multivariate Random Difference Equations

regeneration techniques stemming from the bivariate minorization and a generalization of Lévy’s
symmetrization inequality.

Basic ideas from the theory of Harris chains are introduced first, in Section 14, to motivate the
study of minorization properties in Section 18. These are refined in Section 16 where some useful
results concerning a whole class of SFPE that are solved by R and obtained via the use of stopping
times. In particular, geometric sampling will allow to simplify some assumptions in Theorem 13.2
before proving it. With this results at hand, the transfer operators P; are studied in Section 17.
This allows to reintroduce the harmonic change of measure in Section 18 where also another family
of probability measures, useful for the proof of positivity of K is defined and an extension of the
regeneration lemma of Athreya and Ney [13, Lemma 3.1] using bivariate minorization is given.
In Section 19, the MRT for Harris chains is introduced and an extension is proved, using bivariate
minorization. It is shown in the subsequent Section 20 that the intrinsic MRW (X, V},),,>0 satisfies
its assumption under the changed measure. By a first application of the MRT, it will be shown in
Section 21 that lim;_,«, t°P (sup,,cp [IInx| > t) exists and is positive, and that the same holds for
lim inf; 0 t°P (sup,,ey [Ty, —12| > t), which is the restriction to regeneration times. This will
also be needed to prove that K is positive. Finally, the proof of the main theorem is given in Section
22 where the convergence assertion is shown and in Section 23 which is concerned with the positivity
of K. The Corollary about multivariate regular variation is proved in Section 24.

Parts of this results have been already published in [7], the result on multivariate regular variation
has been published as part of the article [35].

14. Few Words on Harris Chains

As the theory of Harris recurrent Markov chains will be a main ingredient in the subsequent proofs
and motivates some quite technical calculations, it is convenient to introduce its basic ideas at the
outset.

A Markov chain (X}, ),en, on a separable metric space S with transition kernel P is called strongly
aperiodic Harris chain, if there exists a measurable SR C .S, called regeneration set, such that
P, (X, € A infinitely often) = 1

for all z € S (recurrence) and, furthermore,

inf P(x,) > £ (14.1)

TER
for some £ > 0 and a probability measure ® with ®(R) = 1. Strong aperiodicity refers to the fact
that (14.1) holds for P instead of just for P with m > 2. If S itself is regenerative then (X, )nen,
is called Doeblin chain. A Harris chain (X,,),cn, possesses a nice regenerative structure: One can
redefine (X, )nen, On a possibly enlarged probability space together with a filtration (G, ),en, and
a sequence of stopping times (o, )nen,, 00 = 0 W.r.t. (Gp)nen, such that (X, )nen, is still Markov
adapted w.r.t. (G, )nen, and foreachk e N,z € S

Py (Xop4n)neNg € |Go,—1) = Po ((Xn)nen, € °) - (14.2)
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This property allows to carry over many techniques of proof from the theory of discrete MCs. An
important result that will be used later is the “ergodic theorem” for strongly aperiodic Doeblin
chains:

Theorem 14.1. Suppose there is ® € P(S) and & > 0 such that for all x € S,

P($7')>£©7

i.e. P satisfies the strongly aperiodic Doeblin chain condition. Then P has a unique stationary
distribution m, and is geometric ergodic:

tv [P (z,) — 7] < C(1—&)"

for some C' > 0andallz € S,n € N.

Proof. Thisis [73, Theorem 16.0.2], the assumption stated here corresponds to [73, Theorem 16.0.2
(v)] with m = 1 and v,,, = ®. See [73, Section 5.2] for the definition of small sets. ]

An extended minorization condition for bivariate Markov chains, e.g. MRWs, will be introduced
in Section 18. There, also a proof of the existence of the regenerative structure will be given which
contains the classical version as a special case. Thus the reader is refered to Section 18 for details,
as well as to the introductory texts [9, Section VIL.3] and [73, Section 5.1]. The theory of was
developed around 1978 independently by Nummelin [79] and Athreya & Ney [13].

15. Minorization: Implications of (i-d)

In this section, a bivariate minorization condition for the sequence (II,, - z, I1,, ), cn Will be shown.
It is closely connected with condition (i-d)and is the basis for applying Harris chain theory later on.

First is a preparatory lemma.

Lemma 15.1. Let x € S. For all ¢ > 0 there is 1 > 0 such that for all w € By (x) there is an
orthogonal matrix A,, € B.(1d) with u = A, x.

Proof. If uw = x, choose A,, = Id. If u # z, then choose an orthonormal basis é1, ..., é4 with
orthogonal transformation matrix L such that x = Lej, and u = L(cosfe; + sinfes) for some
6 € [0, 27]. Define

" B 0 cos —sinf
Au_( 0 C > where B = < sinf  cos#é >

and C is the (d-2)-dimensional identity matrix. Set A, := LAUL_I. Then A, x = u and, since L,
L~! are isometries,

~ 2 N 2
A, — 1d|)? = HLAUL*1 - LIdL*1H - HAu - IdH
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B. On Fixed Points of Multivariate Random Difference Equations

< max ((cos@ — 1)a1 — sinOx2)? + ((cos O — 1)z + sin Oz )?
S

<4 [(cosf — 1)? + (sin 9)2] .

Thus A,, — Id if w — =, this is the asserted continuity property. O

The formulation of the following proposition may look a bit scaring at first glance, but all properties
will be used later and the sum will vanish in the next section, where geometric sampling will be
introduced.

Proposition 15.2. Ler p satisfy (i-d). Then for each x € S, thereisn € N, £,6 > 0, C C GL(d,R)
compact and a stochastic kernel V from S to S x GL(d,R) such that

ST 27 (I -y, 1) € ) > €W(y, ) MC1)
k=1

and
supp ¥(y,-) € Bs(z) x C

forally € S.

For the first marginal of V the following holds: There is ® € P(S), supp ® = Bs(x) such that for
all y € S and measurable A C' S
Uy, Ax C)=®(A) (15.1)

and thus for all y € S

S 2P (I -y € ATI; € C) > £2(A). (MC2")
k=1

For the second marginal of V it holds that there is L > 0, such that for all y € S and measurable
B c GL(d,R),
2
U(y, Bs(z) x B) = L/ 1p,)xB(A -z, AA AT (dA), (15.2)

B (1d)

where A, is a deterministic matrix in GL(d,R) for each fixed y.

Proof. Fix x € S. The first step is to show that (MC1’) holds for all y € U for a specific open set
U. Then the minorization is extended to all y € S by using (irred).

The idea of proof for the first step is quite simple, but details are very technical. So let’s give an
heuristic how to prove (MC2’): Writing g = I', . 2 and using (density),

P(IT,, - 29 € A) > / 14(AT; " 2)A% (dA).
B.(T0)

Thus £ (II,, - x¢) has an absolutely continuous component w.r.t. Lebesgue measure Ag on S, sup-
ported around z. If xq is replaced by y which is close to x(, the integral on the right hand side
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changes smoothly and the idea is to find a common component for all y € Bs(zo) with ¢ suffi-
ciently small.

Step 1: Recall that p, ¢, I'g, ng are given by condition (density). It follows the existence of ¢ > 0
such that
B.(Id) C B.(To)Ty "

Using the inequality
LA —1Id[| < (1 + L - Id[) [[A - Id]| + |[L - Id||,

there is € > 0 such that
BCI/Q(Id) C Bs(Id)A

forall A € B.(Id). Sets := ¢/2.

Referring to Lemma 15.1, there is ) > 0 such that forallu € U := T'y'- B, (), there is a orthogonal
matrix A, € B.(Id) with

u=Ty" A,z and B(Id) C B.(To)l; A, (15.3)

Next there is & > 0 such that

14(A - 2)A¥ (dA) (15.4)
B, (1d)

defines a non-zero measure © with Bs(z) C supp (0O).
Now for fixed v € U,

for a diffeomorphism g by the change-of-variables formula (see [86, Theorem 7.26]). With
g(A) = AA; T,
and taking (15.3) into account,
97 (Be(Ty)) = Be(To)T ' Ay O Be(1d). (15.5)

By [70, Equation (4.6)], the linear mapping ¢ : R” — R? is given by the Kronecker product
(A;'Tg)" ® Id, and thus also its derivative Dg. By the determinant formula for the Kronecker
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product, [70, (ix)],
det Dg = det((A,To) " )¢ det(Id)? = det(I'p)%

Consequently,

P (I, -, Tlny) € B, Iy, € Be(T0)) 2p/B ” 15(A -z, AA;'Ty) |det To|* A" (dA).

Step 2: Recall that by (irred), for any y € S there is n;(y) € N such that P (Hm(y) -y € U) > 0.
It follows from a tightness argument that there is as well a compact subset C'(y) C GL(d,R) with
P (IL,, () -y € U, I, () € C(y)) > 0. For fixed y, the mapping z — L (Il (,)..) is continuous
w.r.t. the topology of weak convergence. Thus it is continuous w.r.t. the Prohorov metric. Hence
there is £(y) such that

inf P (IL, ) z€UllL, ) €C > 0.
™ ) F (i) -2 1) € CW))

By compactness, S = Ule By, (y;) for suitable (yi)k_,. Setting Cy = Ule C(yi), this set is

i

still compact as a finite union of compact sets. Let n; = max{ni(y1), ..., n1(yx)}, then
ni
¢ = inf 2~WP (11, -y € U,II,, € C1) > 0. (15.6)
ye
k=1

Set n := ng + n; and C := C1B.(I'y), which is a compact subset of GL(d,R) as the continuous
image under matrix multiplication of the compact C; x B.(I'g). Then for all y € S and measurable
ACS,BcCGL(d,R)

> 27 FP((T) -y, TIx) € A x B)
=1

ni
> 27 EOp((I, -y, T0) € U x C1, (Wing Y5 Hing) € A X B, jp, € C)
k=1

ni

= 3 o (kino) /P ((HnOL g, I, L) € A x B,1L,, € BC(FO)) P (Il € dL, 1T -y € U, 11}, € C1)
k=1
ni

> o) [ (L y) P (11, € dL)
k=1 C1

ni
> 22_(k+n0)19/ 1y(L-y)
k=1 G

> EW(y, A x B)

» / 1ax5(AL -y, AL)A (dA)
BC(FO

P (II;, € dL)

/ Laxp(A -2, AA;L To) [det Tol? A% (dA)
B, (1d) !

86



16. The Stopped RDE and Geometric Sampling

with & = 27™0p¢’" and

ni

U(y,Ax B)=L(y)' Y 27kt /C 1y(L-y)p (15.7)
k=1 1

x /B (Id) s (o)< 5 (A - 2, AAL! To) [det To|* AT (dA)P (I, € dL)

where

ni

L(y) = |det rod/B - 1, () (A - )2\ (dA) ZQ—(k+no)[P>(Hk cye Ul eCy).
< k=1

The assertion about W(y, Bs(z) x -) follows directly from this definition.

Now set
D(A) := / 1anB, () (A - ) |det To|“ ¥ (dA).
Bq(1d)

By (15.4), ®(A) is nonzero, has support Bs(x), and its renormalization ® := ®(Bs(z)) ' ® satis-
fiesforally € S
Uy, -x C) = 2.

16. The Stopped RDE and Geometric Sampling

As already observed by Vervaat [93, Lemma 1.2], geometric sampling and, more generally, the use
of stopping times for (T'(,,), @ )nen provides a useful technique the analysis of RDEs and is thus
discussed in this section.

16.1. R is the Unique Solution of the Stopped Equation

Let (Fy)nen, be a filtration such that (T, Qn)nen is adapted to it and (T4, Qk)gk>n is inde-
pendent of F,, for any n € Ny. Consider any a.s. finite stopping time 7 w.r.t. (Fy)nen, Which,
by suitable choice of the latter, includes the case that 7 and (T(n), Qn)nen are independent (pure
randomization). Then it is readily checked that R defined in (13.4) satisfies

R=T,R"+Q" (16.1)
where
n k-1
Q":=> ThQr and R":=> | [[ Ty | @k (16.2)
k=1 k>n \j=n+1
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for n € N. But since the sequence (T (), @r+n)nen is a copy of (T ), Qn)nen and independent
of (T (), @n)1<n<r and 7, it follows that R” is independent of (71, Q™) with

R LR. (16.3)
In other words, (the law of) R also solves the stopped stochastic fixed point equation (SFPE)
Y297y +Q (16.4)
and provides a stationary distribution to the RDE
R,=T,R,1+Q,, n>1, (16.5)

where (T, Q! )nen is a sequence of i.i.d. copies of (77, Q7). Uniqueness follows if (logmom)
persists to hold for the "stopped pair” (7, Q") together with

1
lim —log | T,,| < 0P-as.
n—oo N,
where (0, ),>0 denotes a zero-delayed renewal process such that 01 = 7 and

(Un — On—1, (Tka Qk)on71<k§0n) , n>1

are i.i.d.. For stopping times 7 with finite mean this is indeed easily verified and the result is stated
(without proof) in the following lemma.

Lemma 16.1. The law of R forms the unique solution to the SFPE (16.4) whenever ET < oc.

Study of R is now allowed within the framework of any stopped SFPE (16.4) with finite mean 7.
The idea is to pick 7 in such a way that (71, Q™) has nice additional properties compared to (T, Q).
Geometric sampling provides a typical example that will be used hereafter and therefore discussed
next. Another use of this technique, in particular of identities (16.1) and (16.3) appears in Section
23.

16.2. Geometric Sampling

Suppose now that (0,),>0 is independent of (T ), Qn)n>1 With geometric(1/2) increments, that
is P (7 =n) = 1/2" for each n € N. Then not only Lemma 16.1 holds true but also the following
result:

Lemma 16.2. If (T, Q) satisfies the assumption of Theorem 13.2, then so does (T, Q") with the
same function m, in particular the same 3 > 0; and n = ng = 1 in (irred), (density).

Proof. That (logmom) and lim,, o, n ™! log |[II,, || < 0 P-a.s. persist to hold under any finite mean
stopping time 7 has already been pointed out before Lemma 16.1. As for (irred) and (density), just
note that P (Il € -) = 37, -, 27"P (I, € -). Assumption (R # r) ensures that the law of R is
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nondegenerate. But since R is also the unique solution to (16.4), (R # r) must hold for (7, Q")
as well.

For the assertion about m, use the subsequent Lemma 16.3 : The value m(s) is given as the spectral
radius of P? (see below for a recap of the definition) while the value of m.(s), the spectral function
associated with 7., is given as the spectral radius of P."" = 7%, 27%(P#)*. Then it is a direct
consequence of the spectral mapping theorem [40, VIL.3.11], that m(s) = m,(s) forall s € I,,. The
remaining moment assertions (TlogT) and (Q-beta) are again easily verified by standard estimates.
Further details are therefore omitted. 0

Lemma 16.3. Let p satisfy (i-d). For each s € 1, the spectral radius r(P¢) of P? is given by

r(Py) = r(s) = m(s).

Proof. Obviously,

r(P}) = lim sup(E[L,e|*)"/" < lim inf (B[|TL, ") /™.

n—oo zeS

For the converse note that, by [26, Proposition II1.3.2], Z,, := inf,> ||Hn||71 [T, 20| > 0 a.s. for
any xo € S, whence

EZz, T |°

E’H $0’8
E[Lz|® > E|,|° ——

D EJL,[* > E|IL,|*
S n

and therefore (using Jensen’s inequality)

1/n s

EZ,)" |1

r(P#) > limsup(E|[IL,[|*)*/™ lim EZz ||
n—o0

= limsup(E||IL,||*)Y/™

which completes the proof.

The assumption of [26, Proposition II1.3.2] is that 7, = [supp p| (see [26, p. 43]]) is strongly
irreducible: There is no finite union Ule V; of proper linear subspaces () # Vi,..., Vi, C R? that
is invariant under [supp p/, i.e.

AlJvicUw (16.6)

for all A € [supp p] (see [26, Definition II1.2.1]). For each choice of (Vi)f:l this gives a finite set
of polynomial equations for the matrix coefficients, that have to be satisfied by all A € [supp p].
But by (density), B.(I'g) € [supp p], so this cannot hold.

In [26, Propositon II1.3.2], also the index of [supp p| (see [26, Definition III.1.3]) is addressed, but
it is irrelevant to the part of the result that was used here. OJ

Considering Lemma 16.2, the following standing assumption holds:

If (irred),(density),(MC1’) and (MC2’) hold, they hold with ng = n = 1. (StA)
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Corollary 16.4. Let p satisfy (i-d) and let (StA) be in force. Then the assertions of Proposition 15.2
hold with (MC1”), (MC2’) replaced by

P (I - y,101) € -) > §¥(y, ) (MC1)

resp.
P(I, -y €11, € C) > £D. (MC2)

17. Transfer Operators under Condition (i-d)

Recall the definition of the transfer operators, which are now considered as operators in C (S):
P2 f(x) :=E (|Tzf" f(T - 2)),
Pif()=E (|T7a| f(TT-2)) =B (Mual f(M; - 2).

This section is devoted to the proof of the following theorem, which is the analogue of Theorem 7.3
under condition (i-d). This time, proofs will be given. In the proofs, Harris chain theory and the
minorization properties proved above will play an important role. For previous results, where 1 has
a density w.r.t. to the Haar measure on the group of unimodular matrices, see [92] as well as [26,
Proposition V.2.6]
Theorem 17.1. Let v satisfy (i-d) and s € 1,,. Then the following holds:

1. The spectral radius and the dominant eigenvalue of P? are equal to k(s).

2. There is a unique strictly positive normalized function €3 € C (S) (|ef|., = 1) and a unique

probability measure v on S such that

Plei = k(s)e;, Pivi=rk(s)v;. (17.1)

3. The function e is symmetric, i.e. €5(x) = ei(—x) forall x € S and supp (v§) = S.

4. Forall f € C(S),

PS n S
lim | £ () el =0, (17.2)
n—oo | K(s)"  vi(ef) |
Moreover, forall x € S
Ps\n . s
lim tv [( @) v ] — 0. (17.3)
n—oo K(s)" vi(es)

5. The function s — K(s) is convex on I,,.

6. The mapping s — €5 is continuous w.r.t. |-| . and the mapping s — vV is continuous w.r..
to the total variation norm.

The proof will be given in a series of subsequent lemmata.
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17. Transfer Operators under Condition (i-d)

17.1. The Spectrum of P?

The first assertion in 1. about the spectral radius 7(P¢) of P{ has already been shown in Lemma
16.3. The second assertion about the dominant eigenvalue is contained in the following Lemma. Its
proof follows the same ideas as Kesten’s original proof [59, Theorem 3, Step 1] and is valid under
very general assumptions.

Lemma 17.2. Assume that s € I,,. Then P} has an eigenvalue \s € C with |\s| = k().

Proof. Let’s introduce some notation first. The conjugate space of (C (S), |-|,) will be denoted by
C (S)', this is the space M™ (S) of regular bounded signed measures on S equipped with the total
variation norm tv [-]. The weak topology on C (S)" (which is also called the X topology of X * in
[40] sometimes) is the topology of weak convergence of measures.

STEP 1: Referring to [40, Definition IV.6.1 & Lemma V1.2.2]), the adjoint operator (P?) : C (S)" —
C (S)" has the same operator norm as P? and it is bounded since

[(P2Y]] = 1PNl < E|T1]* < o

It follows that
(PYD ={(P))v : tvl] <1}

is bounded in (C (S)",tv[]). Hence the weak closure of (P?)'D is weakly compact, this is the
assertion of [40, Corollary V.4.3]. This proves that (P?)" is weakly compact (see [40, Definition
VL4.1]).

Step 2: Referring to [40, Theorem VI1.4.8], P is then weakly compact as well. Considering [40,
Corollary VI1.7.5], it follows that (P#)? is compact. With these properties, it is the assertion of [40,
Theorems VIL.4.5 & 6] that the spectrum of P? is at most denumerable and has no point of accu-
mulation except for possibly 0. Moreover, each non-zero number in the spectrum is an eigenvalue
with a finite dimensional eigenspace. In particular, P; has an eigenvalue As which is in modulus
equal to the spectral radius. O

17.2. The Eigenspaces of k(s)
In order to deduce that in fact A\; = k(s), condition (i-d) enters the stage. In particular property
(irred) yields that the operators P? are strictly positive: L.e. if f > 0,and f(z) > 0 for some x € S

then P} f(y) > 0 forall y € S. Indeed, for any such f, the set Uy = {f > 0} is nonempty and
open by continuity. Now use (irred) with n = 1 to infer

Pif(z) > / Mz [* 17, (M - 2) f(M - 2) P (M, € dM) > 0.

Then the final assertion in 1. as well as existence and uniqueness of normalized ef result from the
next lemma:

Lemma 17.3. Let s € 1, and P; be strictly positive. Then there is a unique strictly positive function
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B. On Fixed Points of Multivariate Random Difference Equations

s
€

el = 1, such that Pje; = k(s)es. Moreover,

Eig(P;, k(s)) = Res.

*

Proof. The following argument goes back to Karlin [57, Section 5]. By Lemma 17.2, P} has eigen-
value \s with |[A\s| = k(s). Let f be a corresponding eigenfunction. Hence,

k() [ = [Asf] = [P2fI < P2

Suppose that P? | f|—k(s) | f| # 0. Itis a consequence of the strict positivity of P? that P (P | f|—
k(s)|f|) is positive on S and thus bounded from below by some 7 > 0. Choose 7 small such that,
furthermore, x(s)P; | f| < 1/n. It follows from these inequalities that

(PO?1f] = P2a(s) || > n > n’k(s)|f]

hence
(P22 |f1 > (L4 1?)k(s)PE | f]

and thereby
(PP fI > (L4 n?)"w(s)" P | |

for all n € N upon iteration. Consequently, ||(P2)"|| > (1 + n?)"x(s)" for all n € N and thus
r(P?) > k(s). This is a contradiction with Lemma 16.3 and leads to the conclusion that P?|f| =
|f|. Thus e := | f] is a positive eigenfunction for the eigenvalue 1. It is positive everywhere due to
the strict positivity of P;.

Now, suppose there is another eigenfunction g, linearly independent of e and w.l.o.g. real-valued
(for, if g is an eigenfunction, then so are its real and imaginary parts if nontrivial). Pick € such that
h := e + g is nonnegative, but h(z) = 0 for some . By linear independence, / does not vanish
everywhere. Since it is again an eigenfunction, the strict positivity of P; implies that it must be
positive everywhere which is a contradiction. Hence e must be the unique eigenfunction modulo
scalars. O

From this the corresponding properties of v will be deduced. The idea of proof here is very similar
to [52, Theorem 2.6] (see also [50]), but more straightforward due to the density assumption.

Lemma 17.4. Let pu satisfy (i-d), let s € I, and (StA) be in force. Then

S — 1 S eS T
Q) = o PN (17.4

defines a Markov transition operator on S. It has a unique stationary distribution 7§ and is geometric
ergodic: Forall x € S,

tv[(Q9)"(z,) —m] < (1 =™ (17.5)

The probability measure
ve(dx) = cel(z) 'né(dx) (17.6)
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17. Transfer Operators under Condition (i-d)

(with norming constant ¢=' = [ €2 75 (dx)) satisfies
P = w(s)us,

and supp (V) = supp (1) = S.

Proof. Step 1: The operator (5 maps positive functions onto positive functions since P? and e}
are strictly positive. It is a Markov operator since

1 A(s)es ()

Qils(r) = — Pe(ed)(z) =

ez () (s)

By canonical extension, for all measurable A C S,
1
(2, A) = ——— | 1 s Mz|° P (11, - dy,II; € dM).
Q0. 4) = s [ La(0)ei) Ml B (T - € dy. 1y € aM)

SteP 2: Choose arbitrary zg € S. By Corollary 16.4 resp. Proposition 15.2 there is £ > 0, acompact
subset C' € GL(d,R) and a probability measure ® such that P (II; - = € dy,1I; € C) > £P(dy)
for all x € S. Note that due to compactness of S and C

S
& := min ei(z1) >0 and &:= min |Az]® >0.
21,2268 €5 (22) 2€S,A€C

Consequently, for each z € S and measurable A C S,

§1&2

k(s)
£6162

> D(A). 17.7

> e (7.7

Thus @ satisfies the assumption of the ergodic theorem 14.1 which gives the geometric ergodicity

and existence and uniqueness of ;. The assertion about the support of 77 follows directly by an

inspection of the minorization in (17.7): By Corollary 16.4, for any ¢ € S thereis £, > 0 and ®
with supp (®) = Bs(x). It follows that for all € > 0

Qi(z, A) > /1A(y)]P (IT; -z € dy, 11, € C)

55152
K(s)

/ Q(z, Bo(20))7(d) > “12 (B, (20)) > 0.

Step 3: Recall that e > 0 on'S, thus v as defined in (17.6) is well defined and has the same support
as 72. In addition, for any f € C (S)

[rewian) = [ L)
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B. On Fixed Points of Multivariate Random Difference Equations

1 S S
-5 [ Pr@vian

which proves that (P?)'v = k(s)vs. O

Lemma 17.5. Let s € I, and P? be strictly positive. Then r(s) is an eigenvalue of (P?)" with
one-dimensional eigenspace.

Proof. By [40, Exercise VIL.5.35], if x(s) is an eigenvalue of P; and isolated in the spectrum with
one-dimensional eigenspace, then the same holds true with P? replaced by its adjoint (P£)’. It
was shown in the proof of Lemma 17.2, that each point (except maybe 0) of the spectrum of P} is
isolated, and Lemma 17.3 yields that the eigenspace of x(s) is one-dimensional. OJ

Thus, after renormalizing ] to a probability measure, it is unique, and assertions 2. is proved.

The convergence assertion in 4. is easily deduced from the geometric ergodicity: Forany f € C (S),
floo < |(e3)71] .. (17.5) implies

(@) f(z) = mi(F) < [(e2) 7, =&,

thus this convergence is uniform in f and z. Now let f € C (S), |f|,, < 1.Letg(z) = ei(z) " f(z),

then |g|, < ‘(ei)_lloo. It follows

(B f(z) i)

ex(z)r(s)"  viles)

*(g) < |(6i)71‘oo (1 o g)n

- |2 -

The assertion about the symmetry of ef is as well a direct consequence: It can easily be seen that
P; maps symmetric functions onto symmetric functions. Referring to the convergence assertion
above,

(P2)"1(x)

() — cei(x)

for some ¢ > (. Thus as a pointwise limit of symmetric functions, e is itself symmetric.

Lemma 17.6. The function s — k(s) is convex on I, 1

Proof. Since s — |[(P7)"f] is log-convex on Ivu for each f € C(S) and n > 1 (use Holder’s
inequality), the same holds true for s — ||(P?)"|| as its pointwise supremum. Again as the pointwise
limit of the log-convex functions s — ||(P$)"||*/", k(s) is log-convex on L. O

Turning finally to assertion 6., these convergence results can be proved by means of a perturbation
theorem [54, Theorem II1.8]. That theorem is applicable to the operators in C (S), defined for Rz €
1, by

P f(z) == E (Mya|* f(M; -2)).
It is a consequence of that perturbation theorem, that for each sy € I,, the mappings s — k(s),
s +— e; and s — v} are even holomorphic on B.(sg) C C for some € > 0. See [94, Section V.3]

for the definition of holomorphic Banach space-valued functions. In particular, such functions are
continuous w.r.t. to the norm topology by [94, Theorem V.3.1]. This gives the assertion.
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18. Further Facts on Harris Chains

18. Further Facts on Harris Chains

As announced in Section 14, in this section Markov chains satisfying an extended minorization
condition will be studied and a regenerative structure for this chains will be developed.

First, the Markov Chains in question will be explicitly construct in the following subsection, which
also contains the definition of the intrinsic MRW and the change of measure as in Section 8. Then
a method, due to Athreya & Ney [13] and Nummelin [79] will be described that allows to construct
a distributional copy of these Markov chains with an additional sequence of regeneration times.

18.1. Explicit Probability Spaces and Markov Chains

Recall that if not noted otherwise, it is assumed that all occuring random variables are defined on a
common probability space, equipped with the measure P. Subsequently, several random variables
will be redefined on newly constructed probability spaces. It is far more convenient to write the
same symbol for corresponding random variables on different probability spaces than to introduce
new letters. But the reader should keep in mind, that in particular the identities (18.3) and (18.5)
below are distributional identities.

The Measures Q7

Forn € N, s € I, define probability measures ,Q; on S x GL(d,R)" by the property

Q5 (A) = — E (e o8Il (1T, - )14 (2, M1, ., M) ) (18.1)

es(x)km™

for all measureable sets A. The sequence (,Q),, constitutes a projective system, thus referring
to the Kolmogorov extension theorem [28, Corollary 2.19] it defines a probability measure Q3 on
S x GL(d,R)N. Denote the corresponding expectation symbol by EZ and let (Xg, (M,,)nen) be
the fibered identity. Recalling the definition of (X,, V},)nen, in Subsection 6.1,

X, =11, - Xog, V,:=log |HnX0‘ , U=V, —V,_1,
then (18.1) yields the identity

E; (f(XOa VE), <o Xny Vn))

— # slog|ll,z| s ) ‘

= ST <e elllales (11, - 2) f(2,0, . .., II, - 2, log |an|)) (18.2)
— # sVp s

= eﬁ(l‘)/{n(s)Em (6 6*(Xn)f(X0,‘/0,...,Xn,Vn)) (18.3)

which is valid for all n € N and all bounded measurable functions f. For the second identity, it
was taken into account that ¥ = 1. It is a consequence of Theorem 17.1 that the bivariate sequence
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B. On Fixed Points of Multivariate Random Difference Equations

(Xn, Un)nen, is a Markov chain under each Q5 with transition kernel

~

Qs((z,u), Ax B) = E(eX(My - z) [Myz|” 14(My - 2)1p(log [Myz])).  (18.4)

es(w)r(s)

Thus (X, Vi,)nen, constitutes a Markov random walk under each Q3 and the associated Markov
renewal measure will be denoted by U2 := > "> Q5 ((X,,, V},) € -). Then along the same lines as
Lemma 17.4, the following minorization result can be obtained.

Corollary 18.1. For each xy € S there is 5,0 > 0, I C R compact and a Markov kernel Y from
StoS x R with
supp Y(z, ) € Bs(xg) x I, Y(z,-x1)=

forall x € S. The Markov chain (X,,, Up)nen, satisfies the bivariate minorization condition

QS((:B> u)’ ) > gsT(.%, )

forall (z,u) € S x R. In particular, (X,,)nen, is a strongly aperiodic Doeblin chain under each

Q.
Proof. This is a direct consequence of Corollary 16.4 and Proposition 15.2 with

Y(z,Ax B) = /13(log |Mz|)U(z, A x dM)

and
1= in log|A log || A
[ min log|Az|, maxlog||A|]
with ¥ and C given by Proposition 15.2. O

The Measures O,

Define for each = € S a probability measure on S x (GL(d,R) x R%)No by
0, = d(z) ® 6(1d) @ 5(0) ® R 0
n=1

and denote the fibered identity by (Xo, (T,, Qn)nen,)- Then forallz € S

@z([(Xo,To, QO)a (Xna Tna Qn)nEN] S ) =P ([($7 Ida 0)> (Hn - T, Tna Qn)neN} S ) . (185)

As before, write M,, = TI . The multivariate sequence (X,,, M,,, Qp)nen, is a Markov chain
under each O, with transition kernel

A~

O((z,A,q),Ax BxC)=P((Ily-2,11;,Q1) € Ax BxC). (18.6)

The following Corollary again results from Proposition 15.2 and Corollary 16.4:
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18. Further Facts on Harris Chains

Corollary 18.2. For each xo € S there is {,0 > 0, C C GL(d,R) compact and a Markov kernel
U from StoS x GL(d,R) with

supp\I/(:U, ) - B(S(:EO) X C’ \Il(l'a - X C) =
forall x € S. The Markov chain (X,,, My,, Qp,)nen, satisfies the minorization condition
@m ((Xl,M17Q1> € Ax B x D)

25/ ]P’(QGD]T:AT> U(z, A x dA) =: €E(z, A x B x D),
B
forall x € S. There are L,s > 0 such that

(e By(ao) x Bx ) = L | o Lestcn(Am AR (@A) (187
B

forall x € S where A is a deterministic matrix in GL(d,R), only depending on .

Remark 18.3. It will be important in the subsequent considerations that the image measures on the
path spaces, Qy((Xn, Vi)nen, € -) and Qg ((Xy, Th, Qn)nen, € -), may also be defined via the
Markov transition kernels Q s Tesp. 0 by means of the Ionescu-Tulcea theorem while the identities
(18.3) resp. (18.5) still hold true.

18.2. A Multivariate Regeneration Lemma

The following Lemma extends the classical regeneration lemma [13, Lemma 3.1] to bivariate MCs
satisfying bivariate minorization conditions as above. Note the initial distribution via the convention
Px (XO = x) =1.

Lemma 18.4. Consider a MC (X,,, Zy,)nen, taking values in a separable metric space S X E.
Assume that it satisfies a bivariate minorization condition

P(X1,21) €| Xo=2,Zy =2) =P(z,-) > {V(x,-) Ve e S

for Markov transition kernels P, U with the additional property that for some probability measure
P e P(S),
U(z,-x E)=2® Vo e S.

Then the following holds: On a possibly enlarged probability space, one can redefine (X, Zy,)nen,
together with an increasing sequence (oy,)nen, of random epochs such that the following conditions
are fulfilled under any P, ,, v € S X E:

(R1) There is a filtration G = (G, )n>0 such that (X, Zy )nen, is Markov adapted and each oy, is
a stopping time with respect to G.

(R2) (0y,—01)nen forms a zero-delayed renewal sequence with increment distribution Pg (01 € -)
and is independent of .
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B. On Fixed Points of Multivariate Random Difference Equations

(R3) Foreachk > 1, the sequence (X o, +n)nen, is independent of (X ;)o< j<o,—1 with distribution
Pg ((Xn)nen, € -)-

(R4) Foreachk > 1, P (Xy,,Zs, € -|Gop—1) = V(Xs,_,,-) P-a.s..

The o, called regeneration epochs w.r.t. W, are obtained by the following coin-tossing procedure:
At each step, a &-coin is tossed. If head comes up, then (X, 11, Z,+1) is generated according to
(X, ), while it is generated according to (1 — &)~} (P(X,, ) — £€¥(X,,-)) otherwise. Hence,
the 0,, — 1 are those steps at which the coin toss produces a head. More formally, this is realized by
introducing i.i.d. Bernoulli(¢) (B(1,£)) variables Jy, J1, ... with the following properties:

(R5) For eachn > 0, J,, is independent of o(( Xy, Zy)o<k<n,)-
(R6) oo :=0and o, :=inf{k >o0,_1: Jp_1 =1} forn > 1.

Then (X,,, Zy, Jn)n>0 is defined as a Markov chain on S x E x {0,1} with transition kernel P
given by

P((z,2,0),Ax BxC)=(1-¢)"" (P(x,A X B) — £W(x, A x B))B(l,g)(c*)

P((z,2,1),Ax Bx C)=W¥(zx,A x B)B(1,£)(C).

Denote by I@’x,z the measure induced by this transition kernel on the path space of (X,,, Z,, J,)
with (X, Zp) = (x,2) and L (Jp) =B(1,&). Introduce the canonical filtrations G,, and F,, for
(X, Zn, Jp) resp. (X, Z,). Then use the “tower rule” ([28, Prop. 4.20 3)]) for conditional ex-
pectations to derive that for alln € N

~

Py (Xn € A, Z, € Bl Fy1)
= . (1a(X0)15(Z0)| Fua)
T,z (]E (1A(Xn)1B(Zn)|gn71)’ ]:nfl)

=k
= £, (P((Xn_l, Tty Jn_1), A x B x {0, 1})‘ fn_l)

= Ex,z < Jn—llz[/(Xn—lvA X B)

+ (1-Jp)(a =971t (P(Xn_l,A x B) — &V (X,—1,A X B)) ‘ ]-"n_1>

= €I U( Xy 1, AxB)+(1-6)(1—&)" (P(Xn_l,A x B) — €U(X,_1, A x B))
= P(X,-1,A x B) a.s..

In the penultimate line, (R5) was used. It follows that the marginal sequence (X, Z,) is a Markov
chain with transition kernel P also on this enlarged space.

Remark 18.5. e Any sequence (0y,)nen, satisfying (R1)-(R4) with some kernel ¥ is called
sequence of regeneration epochs for (X,,, Z,, ) nen, w.r.t. 0.
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19. The Markov Renewal Theorem for Strongly Aperiodic Doeblin Chains

e The classical regeneration lemma for a strongly aperiodic Harris recurrent MC gives asser-
tions (R1)-(R3), (R1) of course just for (X;,)nen, instead of the bivariate chain. In this con-
text, any sequence (o, )nen, satisfying (R1)-(R3) is called sequence of regeneration epochs
for (Xn)neng-

e The (up to scalar multiplication) unique invariant measure of a strongly aperiodic Harris re-
current chain is finite if and only if Ego1 < oo (see [13, Theorem 6.1]). Obviously, in the
case of a strongly aperiodic Doeblin chain, o1 has a geometric(¢)-distribution, thus o; has
finite expectation and (X, )nen, has a unique stationary distribution.

18.3. Future Stopping Times

In view of Corollaries 18.1 and 18.2 and Remark 18.3, the measures induced by Q;, and O, on
the path spaces of (X, Vj,)nen, resp. (X, Th, Qn)nen, can be redefined to carry regeneration
sequences, while the identities (18.3) and (18.5) still hold. Subsequently, the following stopping
times will appear (for arbitrary but fixed g € S):

e When considering measures Q?, the sequence (0, )necn, Will always be a sequence of regen-
eration epochs w.r.t. to the bivariate minorization Y, given by Corollary 18.1. In particular,

QCE ((XanaUan) S B5(LUQ) X I) =1

for some ¢ > 0, a compact interval / C Randall z € S,n € N.

e The subsequent hitting times of (X, )nen, in Bs(xo) will be denoted by (73,)nen, With the
convention 7 = 0.

e When considering measures O, the sequence w,, will be a sequence of regeneration epochs
w.r.t. to the multivariate minorization = given by Corollary 18.2 with the additional property
that X, , € Bs(zo) for all n € N, with the § > 0 also given by Corollary 18.2. It will be
introduced in Subsection 21.2. The particular formula (18.7) will be used.

19. The Markov Renewal Theorem for Strongly Aperiodic Doeblin Chains

In this section, first the MRT for MRWs with Harris recurrent driving chain [2, Theorem 1] will be
formulated in the setting of strongly aperiodic Doeblin chains. Its convergence result a priori only
holds for 7-almost all z € S, with 7 being the stationary distribution of the driving chain. Using a
bivariate minorization property, it will be shown that the convergence assertion is valid forall x € S
under an extra assumption on the random walk part. In this section, S denotes a separable metric
space.

19.1. The Markov Renewal Theorem

Let (X, Vi )nen, be a MRW with strongly aperiodic Doeblin driving chain and stationary distri-
bution 7. The MRW (X,,, V},)nen, is called d-arithmetic, if there exists a minimal d > 0 and a
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B. On Fixed Points of Multivariate Random Difference Equations

measurable function f : S — [0, d) such that
P (U1 — f(a:) + f(y) S dZ‘X() =z, X = y) =1
for Pr((Xo, X1) € -) almost all (x,y) € S?, and nonarithmetic otherwise.

Definition 19.1. A measurable function g : S x R — R is called w-directly Riemann integrable if

g(z,-) is Lebesgue-a.e. continuous for m-almost all z € S, and (19.1)
/ Z sup  |g(z,t)|m(dx) < oo for some § > 0. (19.2)
S £ t€[nd (n+1)5)

Defining the first exit time N (t) := inf{n > 0 : V,, > t} consider the residual lifetime process
R(t) == (Vnw — t)1{n(t)<oo} and the jump process Z(t) := Xn)L{n(1)<oc}- The following
MRT is the main result of [2]:

Theorem 19.2. Let (X, V;,)nen be a nonarithmetic MRW with strongly aperiodic Doeblin driving
chain (X,,)nen with stationary distribution 7. Let | :== BV} > 0. Then for every function g which
is w-directly Riemann integrable,

1
li o(t) = lim E, b=V - : . 19.
tlglog*IU( im Zg Vi) —>Z/S/Rg(u v) dv 7 (du) (19.3)

n>0

for w-almost all x € S. Moreover, if f : S x (0,00) — (0,00) is bounded and continuous, then

lim E, (f(Z(t), R(1))1{n()<oc}) = L(f) (19.4)

t—o00

for m-almost all x € S and some constant L(f) > 0.

Remark 19.3. The following extension of the above result follows directly upon inspection of the
coupling proof given in [2, Section 7]: If ® is any minorizing distribution for the transition kernel
of the Harris driving chain (X,,),>0, then g x Ug () is a bounded function and converges to the
limit given in (19.3). This fact will be used below.

19.2. The Convergence Holds Everywhere

In this subsection, it is shown that under some stronger assumptions, the convergence in 19.3 holds
for all x € S instead of just for w-almost all.

Therefore, yet another definition of direct Riemann integrability is needed. It interpolates between
the Definitions 8.4 and 19.1:

Definition 19.4. A function g € C, (S x R) is called weakly directly Riemann integrable (wdRi), if

supz sup |g(u,t)| < co. (19.5)
ueS j o €[ll+1]
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19. The Markov Renewal Theorem for Strongly Aperiodic Doeblin Chains

Obviously, this property is stronger than (19.2), but weaker than (8.12). Now for the announced
bivariate minorization condition:

Definition 19.5. Let (X,,, V},)nen, be a MRW with strongly aperiodic Doeblin driving chain. Say
that the MRW has bounded increments at regeneration epochs, if there is & > 0, a finite interval
I C R and a stochastic kernel T with

supp (Y(z,)) c Sx I, Y(r,-xI)=2 (19.6)
for all z € S and some ® € P(5), such that

Py (X1,Ur € 1) =2 €Y (z, ). (19.7)

In other words, (X, V;,)nen, having bounded increments at regeneration epochs means
Uy, €1 (19.8)
for any sequence (0, )nen, of regeneration epochs w.r.t. to ¥ and all n € N.

Proposition 19.6. In the situation of Theorem 19.2, if the MRW has bounded increments at regen-
eration epochs and g is wdRi, then the convergence in (19.3) holds for all x € S.

Remark 19.7. The question, whether the convergence in (19.4) holds for all x € S as well is more
delicate: It is derived by applying (19.3) to the MRW (Xn, Vn)eNo) = (Xu,, Vo, )Jnen,, Where
vg = 0 and v,, n € N are the strictly ascending ladder epochs for the random walk part V;, and to
the function

g(z,t) :=E, (f(Xla Vl - t)l{V1>t}) :

Properties of (Xn, Vn) are studied in [3]; but it cannot be deduced from those results that (X, ),en
satisfies the Doeblin condition, or at least, that there is a sequence of regeneration epochs (o, )neN
with sup,csE;01 < oo - this property is needed in Lemma 19.8. As a step in proving the main
theorem, (19.4) will be applied, thus some of the interim results will hold only for m-almost all
x € S. Nevertheless, the main result uses (19.3) whence it holds for all z € S.

Now for the proof of Proposition 19.6. Denote the RHS of (19.3) by K. Let T be a minorizing
kernel for (X,,, U,) and I C R a finite interval such that (19.6) holds. Let (¢, ),>1 be an associated
sequence of regeneration epochs and put o := ;. The task is to show that g = U,(¢) converges to
K for all z € S. Begin by pointing out that

g*Up(t) =By | Y g(Xp,t = Vi) | = Glx,t) + g% Uy (t) (19.9)
k>0

where p(z,-) =P, ((Xs,Vy) € -) and

o—1
G(z,t) :=E, <Z 9( X, t — Vk)> , (z,t) e S xR. (19.10)

k=0
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B. On Fixed Points of Multivariate Random Difference Equations

As for this last function, the following lemma holds:

Lemma 19.8. The function G is bounded and satisfies lim;_,o G(x,t) = 0 forall x € S.

Proof. By (19.5), C' := sup{|g(x,t)| : = € S,t € R} < oo, and since (X;,),>0 is a strongly
aperiodic Doeblin chain, it follows

sup |G(z,t)] < C supEgo < 0.
zeS,teR €S

Just recall that a geometric number of coin tosses (the .J,,) determines o. Turning to the convergence
assertion, observe that, again by property (19.5), lim;_,~ g(x,t) = 0 for all z € S, which implies
the desired result by an appeal to the dominated convergence theorem. OJ

In view of (19.9), it remains to show that g * U, ) (t) — K. This requires one more lemma.

Lemma 19.9. For each x € S, the sequence (X4, (Xn, Up)n>o) is independent of (Xy—1,Vy—1)
under P, with distribution given by Pg ((Xo, (X, Up)n>1) € ).

Proof. The first assertion follows directly when observing that, by regeneration, (Xs4,),>0 and
(Xs—1,Vy—1) are independent under IP,, and the fact that the conditional distribution of U}, given
(Xn)n>0 only depends on (X}, Xj;,_1) (see Definition 6.1). The proof is completed by the obser-
vation that P, (Xo4n)n>0 € -) = Po ((Xn)n>0) € -). O

Define V; ;, := Vyqpn — Vi for n > 0 and then

h(z,s,t) :=E; Zg(XU+k,t —5—Voo1—Voi)
k>0

for s,t € R. Lemma 19.9 implies
h(z,s,t) = / gxUgp(t —s—1)"Py(Vy_1 € dr).
R

As g satisfies (19.5), it follows from the MRT 19.2 and the subsequent remark that g x Ug(t) is
bounded and converges to K. By the dominated convergence theorem, the same limit holds for
limy_, o0 h(x, s,t) for all s.

Finally, the connection between h(z, s,t) and g x U, .)(t) becomes apparent after the following
observations: By assumption, U, is taking its values in the finite interval I. Hence g * Ug,,.)(t)
can be estimated by

inf h(z,s,8) < g+ Upe, () < sup h(z, s, t).
Hence the sandwich theorem yields the desired conclusion that lim; 0 g * Uy, (t) = K.

By the way, the subsequent Corollary has been proved:
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20. Study of a Markov Random Walk

Corollary 19.10. If (X, Vi)n>0 is a MRW with strongly aperiodic Doeblin driving chain and
bounded increments at regeneration epochs, then for every wdRi function g,

sup |g| * Ug(t) < oc.
z€eSteR

20. Study of a Markov Random Walk

In this section, properties of the MRW (X,,, V},)nen, under the measures Q% are studied in order to
prove that the MRT 19.2 as well as its extension in Proposition 19.6 are applicable.

Lemma 20.1. Under each QF, the Markov chain (X,,, Upt1)nen, has a unique stationary distri-

€’

bution Y = Pﬂ'i ((X07 Ul € ')'

Proof. By the very definition of a MRW (Definition 6.1), the (Uy,),en are conditionally indepen-
dent, given (X}, )nen, and the distribution of U, depends only on (X,,, X,,11). Hence any sta-
tionary distribution 7 for the driving chain (X}, ),en, has a unique extension to a stationary distribu-
tion ¢ for (Xy, Un+1)nen,, given by P ((Xo,U;) € -). Conversely, any stationary distribution of
(Xn, Unt1)nen, reduces to a stationary distribution for (X,,)nen,. Referring to Lemma 17.4, the
driving chain has the unique stationary distribution 7r; thus ¢ is the unique stationary distribution
for (Xn, Un+1)neNo~ ]

The following proposition corresponds to Theorem 8.2.

Proposition 20.2. Let yu satisfy (i-d) and

E [T (Jlog | T| + [log [|T7|]) < oe. (20.1)
Then for all x € S,
lim Vn =E.V Q3-a.s.. (20.2)
n—oo N *

Proof. The moment assumption 20.1 assures that

1
ES, = —FE (|Myz|® e (M; - 2) |log |M 5(d
Vil = [ B (Mia (M - ) log M) w3 (d)
ei(zl) 1 s
< su E (|M log || M ||| + [log «(M
s BN (g [V |+ flog (V1))

1 _
=& —<E|T|" (log || + [log [|( T~*]) < oo,
K(s)
ie V1€ L =2 ). Here (7.3) should be recalled.

Since ¢ is the unique stationary distribution for (X,,, Up41)nen,, the chain is indecomposable (see
[28, Definition 7.13]). Referring to [28, Theorem 7.16], it is ergodic under Q;"’T: . Hence by Birkhoft’s
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B. On Fixed Points of Multivariate Random Difference Equations

ergodic theorem [28, Theorem 6.28],

n—1

1 Vi
E Uk+1 = lim RS Efrs U1 = Efrs V1 frs—a.s.
n— * * *

lim —
n—oo n o n
k=0

Since (X, )nen, is a strongly aperiodic Doeblin chain by Corollary 18.1, a coupling argument which
is in spirit similar to the arguments given in the proof of Proposition 19.6, this convergence holds
under each Q due to the Doeblin property of (X, )nen,-

O]

K(s”)

The identification of the limit in (20.2) as = sy can be copied word by word from the proof of [29,
Theorem 3.7]. In the present situation, the estimate

E°, Vi >0
Tx
is sufficient. Since it can be obtained by a somewhat shorter argument, its proof will be given:

Lemma 20.3. Let p satisfy (i-d), let there be 3 > 0 with k() = 1 and let
E ||T(|” (Jlog | T||| + [log [ T~]||) < oc. (20.3)

Then
1(B) =B, Vi > 0.

Proof. For n € N, consider the function

1

S ef(a:)

Gn 15— E [T,z e (1L, - )72 (dz).

It is finite and convex on /,, with g,, () = 1. Under (20.3), [0, 5] C I,, and at least the left derivative
in 3 exists, which can be expressed in two different ways. On the one hand, for all s € (O7 B],

1
)= [ = 1o I el e - ),

S ek (x
in particular
(67 = [ E2Vm ) = B,V = n (9)

by stationarity.

On the other hand, ®) (5)
' (3 — lipg In(B) = gn(s)
9n(B7) R B

Hence by convexity of g, [(3) is positive as soon as there is n € N, s € (0, 3) with g,(s) < 1.
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20. Study of a Markov Random Walk

But this results from the upper bound

o) = [ SRl < (maxelo) ) 122,

valid for all n € N, s € I,,. Since for s € (0, 3), r(P;) = m(s) < 1, the RHS tends to zero as n
goes to infinity. Consequently, there is n € N, s € (0, 5) with g, (s) < 1. O

One assumption of the MRT 19.2 remains to be checked: the lattice-type condition. As one would
expect, it is mainly a consequence of (density).

Lemma 20.4. Suppose that (density) and (StA) hold. Then for all s € 1, (X, Vy,)n>0 is nonar-
ithmetic under (Q%)cs, in fact

E; ‘E (eitvl‘Xo,Xl)‘ <1
forallt # 0 and 73-almost all x € S.

Proof. Fix s € 1,. If the assertion fails to hold, there exists a distribution  on S, absolutely
continuous with respect to 77, such that ], ‘E (e”vl | X0, X 1) ‘ = 1 for some t # 0. In other words,

E ("Y1 X0, X1) = et (X0 X1) @3 _as.
for some measurable function f and v-almost all z € S or, equivalently,
Q (Vi € f(Xo,X1)+t7'Z) = 1. (20.4)

W.l.o.g. suppose t = 1 hereafter. Due to (irred) and (StA) and referring to (18.3) & (18.4), a
nonzero component of Q3 ((Xq, V1) € -) is given by
A(A x B) = gg/ 14(M - 2)15(log [Mz)A (dM)
B.(T)

for measurable A C S, B C R and any = € S. Here

S
&3 = pmin e (1) inf > 0.
21,22 €2 (2’2) z€S,MeB.(To)

The mapping M — Mz induces an absolutely continuous measure on R¢ with some \%-density g,
say. Switching to spherical coordinates, there are £1, 2 > 0 such that

[Tox|+e1 1

raxp =g [ 14(w)15(s)g(50)0(deo) 1 dis
Tox|—e1 BSQ (Fo-a))ﬂS S

where o is a measure on S. Now, if (20.4) were true with ¢ = 1, then

As(S X R) = 53/

BE2 (Fo-x)ﬂS

[Tox|+e1 1
/| L(aw)+z(5)g(sw) g ds | o(dw) > 0

Toz|—e1
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B. On Fixed Points of Multivariate Random Difference Equations

for v-almost all  which is impossible because the inner integral over a countable set is clearly zero
for any fixed w. OJ

Considering finally the assumptions of Proposition 19.6, these hold by Corollary 18.1, the minoriz-
ing kernel satisfies the definition of bounded increments, and the bivariate minorization condition
contains the strongly aperiodic Doeblin chain property as a special case.

21. Renewal Theory for Products of Random Matrices

It has been shown in the previous Section that the MRW (X,,, V},),en, satisfies the assumptions
of the MRT19.2 w.r.t. the measures (Qg )zes. Following Kesten [59, p.233f], the tail behaviour of
sup,,>1 [Il,z| as well as of sup,,> |Il, —12| (see Subsection 18.3) will be deduced.

21.1. Tail Behaviour of sup,, |1, |

Proposition 21.1. Ler pu satisfy (i-d), assume there is 3 > 0 with m(8) = 1, m’(8) > 0 and let
(TlogT) hold. Then

lim t° P (sup IL,z| > t> = Lél(z),

t—o0 n>1

for wi-almost all x € S and some L > 0.

Proof. The function f : S x Ry — R+, (y,s) — e 7% /¢? (y) is bounded and continuous whence,
by an application of the MRT 19.2,

L(f) = lim E (f(Z(t), R(t))1{n(1)<c0})

t—o00

exists for 7r2-almost all z € S, is independent of x and positive. Now using (18.3),

ES (£(Z(t), R() 1 ny<oo}) = O ED (f(Xn, Vi = ) Lin(t)=n})

n>1

1
=) E; (5 e 1{N(t>n}>

n>1 e (Xn)

€Bt

1
= E, e PVn ef X,) e 1 —n
ef(x) T; (65(){”) (Xn) {N(t)=n}

Ll
ef(x)

6ﬂt

= 5P (sup log |II,,z| > loget) , (21.1)
ey (z)  \n>1

Qz(N(t) < 00)

which provides the asserted result upon substituting e’ by . O
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21. Renewal Theory for Products of Random Matrices

21.2. Tail Behaviour of sup,,»; [211,, 1]

For any fixed x¢ € S, Corollary 18.2 yields the existence of 4 > 0 and a Markov kernel = whose first
marginal is a probability measure ® which is supported on Bjs(x). Consider a sequence (o, )neN,
of regeneration epochs under O, w.r.t. to ¥ which satisfies the additional property that

Xwn,1 S Bg(xo)

for all n € N. Call such a sequence of regeneration epochs feasible. Writing (7, )nen for the
subsequent hitting times of X, in Bs(zy), it follows that (w),),cn as well as (w, — 1),ecn are
subsequences of (7, )nen, (With the convention 79 = 0.) In Section 23, it will needed and is therefore
shown below that

lim " O, (sup g, —12| > t> >0
t—o00 n>1

for ﬂf -almost all z € Bg(xg). The proof hinges on the following proposition similar to Proposition
21.1 above.

Proposition 21.2. Let u satisfy (i-d), assume there is 3 > 0 with m(8) = 1, m/(8) > 0 and let
(TlogT) hold. Then there exists L' > 0 such that

lim ¢* O, (sup L, x| > t) =L'el(x),
t—o00 n>1

for 72 -almost all x € By(xy).

Proof. For x € Bg(xg), write 7,,(x) for the subsequent hitting times of II,, - = in Bs(x¢), and
70(x) = 0. Referring to (18.5), it has to be shown that

lim " P <sup 1L, 2| > t) =L el(x),
t—o0 n>1

for w2 -almost all z € Bs(xo). Since V,, = log ‘H.,.n(x)l" a.s. under Q, and Q2, one can proceed

exactly as in the proof of Proposition 21.1, provided that the assumptions of the MRT 19.2 hold for
the sequence (X, V5, )n>0 under (@5 )ze Bs(wo)» Which is verified by the subsequent lemma. Note
that (18.3) extends to

EZ f(Xo,Voy -« s X, Vi)

1
= 5 E(el(IL,, - @) BTl f (2,0, T ) - 2 log T ) ), @12)

ey (x

as one can easily see by applying (18.3) to ng(XO, Vo, X1, V1, Xk, Vi) 14, —iy foreach k € N,
which in turn is possible because the appearing indicator is a function of (Xo, Vp, ..., Xg, V). O

Lemma 21.3. The hit chain (X, )nen, constitutes a strongly aperiodic Doeblin chain under each
Q2 ze Bs(xo) with stationary distribution T = Wf( N Bg(mo))/wf(B(;(xo)). Moreover, the
sequence (X, , V., )n>0 is a nonarithmetic MRW under (@5) zes With positive drift.
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B. On Fixed Points of Multivariate Random Difference Equations

Proof. For the first statement, just note that {0, : n > 1} C {7, : n > 1} for any sequence
of regeneration epochs w.r.t. W. Next, due to Lemma 20.4 and the conditional independence of
Ui, U, ... given (X,,)n>0, it follows that for ¢ 0

T1
EJ|E (V71 Xo, Xr,)| < BEZ]]IE (€™ | Xpo1, X5) |
k=1
ES|E (eV1]Xo,X1)| < 1

IN

for 7-almost all and thus 7-almost all z. Consequently, (X, ,V;, )n>0 is nonarithmetic under
(Qg)xeg. Finally, considering the drift,

V; V;
EOV/ = lim — > lim — liminf 2 > (8)-1 > 0 QP-as., (21.3)
n—oo n n—oo Ty n—oo n
where the convergence of V,, /n can be shown as in Proposition 20.2. O

Proposition 21.4. Let xq € S be fixed, let the assumptions of Proposition 21.2 be in force and
(wn)nen, a sequence of feasible regeneration epochs. Then

lim ¢° O, (sup I, —1x| > t) =L"el(x) (21.4)

t—o00 n>1

for 72-almost all z € By(xo) and some L > 0.

Proof. Referring to Proposition 21.2,
lim ¢’ O, <sup |HTn(x)x‘ > t) =L'el(x)>0
t—o00 n>1

for some I/ > 0 and 72-almost all z € S.

Fix any such  hereafter and put N (¢) := inf{n > 1: [II,, z| > t}, thus

{sup [T,z > t} = {N(t) < co}.
n>1
Then it holds that

Oy <su1:1) Mg, —1x| > t> = Z@r (N(t) =n,J, = 1)

nz n>0

e o, (N(t) - n)
n>0

=0, (Sup ’me‘ > t>
n>1

where & comes from the minorization condition, and * holds by property (R5). O
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22. Implicit Markov Renewal Theory

22. Implicit Markov Renewal Theory

In this section, the convergence assertion in the main result Theorem 13.2 will be proved, all as-
sumptions of which will therefore be in force throughout, in fact in strengthened form given by
(StA). Positivity of K is postponed to the next section.

Embarking on ideas by Goldie [47] and Le Page [66], the main tool is a comparison of the distri-
bution functions of (x, R) and (x, T1R) in order to make use of a Markov modulated version of
Goldie’s implicit renewal theory. This will prove that

K = lim 3
t—00 e (.’L’)

P ((z,R) > t) (22.1)

exists for all x € S, which proves the main assertion of Theorem 13.2. A formula for K, which is
very similar to the one given in [47, Theorem 4.1] will be obtained as well.

Define
Bt

flat) = ——P ((z.R) > ).

ek ()
The aim is to write the function f as a renewal function (potential) g Ug(t) in order to apply
Theorem 19.2 to prove that lim;_,~, f(x,t) = K’. Then this obviously implies (22.1).

However the function f is not sufficiently smooth to satisfy all the hypotheses of the Markov re-
newal theorem, in particular the direct Riemann integrability. Therefore its smoothed version will
be considered: For any function g : S x R — R define its exponential smoothing as convolution
with a standard exponential distribution:

t
3(y,t) =/ e~ =9)g(y, s)ds.

By [47, Lemma 9.3], (or more generally, the monotone density theorem [23, Theorem 1.7.2]) if one
of the functions f(z,t) and f(z,t) converges for ¢ — oo, then both of them converge to the same
limit. So it is sufficient to consider the exponential smoothed version of f.

The better part of this section is devoted to the proof the following Proposition, from which the
desired results will be derived by an application of the MRT 19.2. Recall that [Ug denotes the
Markov renewal measure associated with Q2 (X1, V; € -

Proposition 22.1. The function f satisfies f(x,t) = g * U2 (t), where

eft

gz, t) = [IP ((z,R) > ') — P ((z, TR) > ¢f) } (22.2)

€y (x)

and the function g is wdRi.

First, the wdRi of g will be shown (Subsection 22.1) for it will be used in the second step, the proof
of the identity f = g * UP (subsection 22.2).
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B. On Fixed Points of Multivariate Random Difference Equations

22.1. Weak Direct Riemann Integrability

In order to show that g is wdRi the following Lemma due to Goldie, stated here without proof, will
be useful:
Lemma 22.2 ([47, Lemma 9.2]). Let x € S such that f(z,-) € L'(R). Then

Zsup [z, t)| <e/\fxt]dt<oo

1ez, tEllLi+1]

Lemma 22.3. Let (TlogT) and (Q-beta) hold. Then the function g as defined in 22.2, is wdRIi.

Proof. In view of the previous lemma, it suffices to show that | |g(z,t)| dt is uniformly bounded in
x € S. Referring to [47, Lemma 9.4], the integral can be rewritten as an expectation as follows (the
lemma is applied in *):

/|g(:r D) dt:/ B (@ ) > ) P (0, TR) > )| dt
R ’ Ref ' ’

- [ ; P (&, TR+ Q) > ') — P ((z, TR) > )| dt
R

ey ()
L
Bel (x)

Thus it suffices to show that

E)(<x,TR+Q> ) — ((, TR>+)5‘.

SUgE ((z, TR+ Q)")? — (<CL‘,TR>+)B‘ < 0.

Case 8 < 1: Finiteness results directly from the inequality |a® — b*| < |a — b|®, valid for all
a,beR>, s e (0,1], since E |(x, Q>+|ﬁ < E|Q|” and the latter is finite by assumption (Q-beta).

Case 8 > 1: The same a case-by-case analysis with respect to the signs of (x, Q) and (z, TR) as
in [47, Theorem 4.1] will be used. For shortness of notation, write g,.(3) := ({(z, TR + Q))% —
((#, TR)T)?. Using the inequality |a® — b| < smax{a®, b} |a — b|* !, valid for a,b € R,
s > 1, one obtains

o E (|gI(5)| 1{(17,@)20, <;1:,TR>20}) < E (B max{(m, TR+ Q>ﬁ_1> <‘T’ Q>ﬁ_1} <l’, Q)l{})

< PE[T|"

E (19:(8)] Li(z.@)>0, wtr)<0}) <E ((2,Q)71( 1) <E (!Q|B),

E (Bmax {(z, TR+ Q)*~!, (z,Q)" '} (z,Q)1( )
BE[|T”
o E (|9:(8)| L—(wq)>wrry>0y) = E (2. TRP1 ) < E ((—(2,Q))1(.) <E|Q|".

Recall that, by Lemma 13.1, E|R|® < oo for all s < (. Thus all bounds are finite and independent
ofx €S. O

IN

E (192(8) 1{(zTRy> - (2,0)>0})

IN
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22. Implicit Markov Renewal Theory

22.2. Implicit Markov Renewal Theory

Lemma 22.4. Forall (z,t) € S X R,
B n—1
fa)= Y [t - )@} (X e dy, Vi e du
k=0

t KS
+ / e =) P ((I,z, R) > ¢*) ds. (22.3)

—o0 ey (x)

Proof. Recall the independence of R, T, and (1I,,),,>1 under P and the definition of Q,, in particular
the identity (18.3). For arbitrary n € N, x € S and s € R, consider the following telescoping sum
for P ((x, R) > e*)

M=

[P ((z, T_1R) > €°) — P ({x, Tk R) > )| + P ((z, T, R) > €°)

i
I

I
\E

[P (12, R) > ¢*) — P ((Hk_lx, M/ R) > e)] 4P ((Taz, R) > ¢°)

k=1
= []P’ (elogmk*l‘r‘(ﬂk,l -z, R) > es) —P (elog‘n’“*l‘”uﬂk,l -z, TR) > esﬂ
k=1
+ P ((Il,z, R) > €°)
n—1
— /]P ((y,R) > e ™) =P ((y, TR) > ") Qu (Xi € dy, Vi, € du)
k=0

+ P (Il,z, R) > €°)

Multiply by €%/ el (x) > 0 and use again (18.3), this time with the transformed measure Qg to
obtain

B (9. R) > ) ~ B ({9, TR) > )]

B Bs
X&T(y)eﬁu@x(XkEdy,VkGdu)—l- ;
e« (y) ex(z

n—1 Bs
= Z/g(y,s—u)Qg(XkGdy,VkEdu)+ ; P ((Il,z, R) > €°).
k=0

P ((II,z, R) > €°)

€y (x)

Applying the exponential smoothing to both sides then gives the assertion. L

The proof of Proposition 22.1 is now finished by the subsequent lemma.
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B. On Fixed Points of Multivariate Random Difference Equations

Lemma 22.5. Forall (z,t) € S x R:

t KS

lim e~ p((M,z, R) > e)ds = 0, (22.4)
tim [ P (e ) > )

. _ - B =
nlLrEo E O/g(y,t u) QF (Xi € dy, Vi, € du) = g = Ug(t). (22.5)

Proof. SteP 1: By the Cauchy-Schwarz inequality,
P ((IL,z, R) > ¢°) <P (|az||R| > ¢’) < P (|R\ > es—loglﬂnwl) .
But the last term converges to 0 as n — oo for any s > 0, since the upper Lyapunov exponent
.1
[(0) = lim —log|ll,z|] <0 P-as.
n—oo n

is negative by assumption (1<0). Moreover, since ¢ is fixed, the integrand is bounded. Thus assertion
(22.4) follows by an appeal to the bounded convergence theorem.

Step 2: In Lemma 22.3, the wdRi of g was shown. By the results of Section 20 and referring to

Corollary 19.10,
/ZIXM—WMW<m

Consequently, using the bounded convergence theorem,

n—1

; _ B _ B _
J%Z/WMQmmmwuﬁ%Zmem = g+ (1),
and thus again the asserted convergence results from the bounded convergence theorem. O

22.3. Convergence Results

Summarizing what has been done so far, the main assertion can now be proved.

Theorem 22.6. Forall x € S,

1 1

A fln ) = 1B)B Js &2 (y)

——E (({y, )" — ({y, TRY")") 3 (dy) =: K < 0.

Proof. By Proposition 22.1 and the monotone density theorem [23, Theorem 1.7.2]
i = lim f = lim g .
A St = g Tty =l g+ ()

It was shown in Section 20 that under Qg , the MRW (X,,, V},)nen, satisfies the assumptions of the
MRT 19.2 as well as the additional assumptions of Proposition 19.6. Referring again to Proposition
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22.1, g is wdRi. Thus the limit lim;_,~, g * U, () exists for all z € S, is finite and equals

// gy, v)dv 7l (dy) = /// W=)G(y, s)dsdv 75 (dy)
= // </ dv) g(y,S)de(dy)zl(ﬂ)/S/Rg(y,S) ds w (dy)

# 1 eBs es) — e®)] ds
# ()/Se* y)/ P ((y, R) > ") — P ({y, TR) > ¢*)] ds =2 (dy)
1

5
— 1 Oouﬁfl u) — u U T,
_ ()/w)/ P ({4, B) > u) — P ({4, TR) > u)] dun’(dy)

o 8 _ )8 78 .
7 gy () = TR sl

In *, Fubini’s theorem was used as well as the fact that the inner integral equals 1, for it is the density
of a shifted standard exponential distribution. In *x*, again as in the proof of Lemma 22.3 the Goldie
Lemma [47, Lemma 9.4] was used. ]

Corollary 22.7. Forall x € S,

B _ 1 8 s 8\ . 8
Jim PP (e, B > 1) = 2omg el (o) /SE (15 TR+ Q) ~ . TR ) v/ (ay).
Additionally,

e (x)K = lim t°P ((x, R) > t) = lim t’P ((—z,R) > t) = %tlim PP (|(x, )] > 1) (22.6)

t—00 t—o00

Proof. In line # in the proof above, P ((y, R) > e°) may be replaced by P ((y, TR + Q) > €°) in
order to derive that

65 X
i O (1) > 0 = 5 (TR Q) — (TR ) wlan)
Substitute — R for R to infer
85 —T
Jim P (0. 1) < ) = 552 [ eﬁty)E (0 TR+ Q) — (. TRY)) v (ay).

Adding both, considering the symmetry of ef (Theorem 17.1, 3.) and using that

ml(dx) = v (el) " el (x)v] (dz)
by Lemma 17.4 gives the first assertion.

For the second assertion, just note that e? and hence also f are symmetric in z. O

When 3 is an even integer, this formula can sometimes be used to show that K > 0, e.g. if § = 2
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B. On Fixed Points of Multivariate Random Difference Equations

and Q be independent of T with EQ = 0: With C = 281(8)v2(e?) > 0,
CK = /S E((y, TR) + (5, Q) — (4y. TR)?v3 (dy)
- /S E2(y, TR)(y, Q) + (4, Q)*v(dy)

- /S 2(y, EQ) (s, ETR) + E(y, Q)v:(dy) = E(Y, Q)%

for a r.v. Y independent of @ with £ (Y) = V2. Since by Theorem 17.1, 3. the support of Y is
the whole sphere S, it follows that CK = E(Y,Q)? > 0. But in most cases, this expression is not
suitable for checking whether K > 0 (and thus f3 is the precise tail index of R). This calls for a
different argument, which will be given in the next section.

In the one-dimensional setting and even in the multivariate case if T is restricted to the group of
similarities, a nice argument involving holomorphic extension of the expression for K (seen as a
function in 3) gives the positivity of K under some additional moment assumptions on @ and M,
see [30] for details. That method was introduced by Guivarc’h in [49] and has been applied to more
general stochastic fixed point equations as well, see [5, 31, 74].

In dimension d = 1, Enriquez et al. [43] and Collamore [34, Theorem 2.1] derived different rep-
resentations for K, which give the positivity of K more easily. Nevertheless, up to now there is no
multivariate version of this expressions though it was pointed out by Guivarc’h that these may be
are closely related to the (multivariate) approach in [52].

23. The Constant K is Positive

To complete the proof of Theorem 13.2, it remains to show that K is positive, which is the topic of
this final section.

23.1. On the Support of R

Taking Corollary 22.7 into account, it clearly suffices to show that lim inf;_, t*P (|(x, R)| > t) >
0 for some x € S. A necessary condition for this to hold is that supp (x, R) is unbounded. The
following lemma, originally due to Le Page [66, Lemma 3.11] proves the corresponding statement
in the main theorem. It is this result where the nondegeneracy assumption (R # ), unused so far,
enters in a crucial way.

Lemma 23.1. Let p satisfy (i-d). Assume that there is 3 > 0 such that m(S8) = 1, m'(8~) > 0 and
let (TlogT), (Q-beta) hold. Then exactly one of the following assertions hold:

1. P(Tr+Q=r) = 1for somer € R?

2. Forallz € Sandt € R,
P((x,R) <t) <1. (23.1)

If 1. holds, then this r is unique, and R = r.
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23. The Constant K is Positive

Proof. In this and the following proofs, inequality (6) from the appendix will be used several times.
It states that forz € S, 6 < 1,
inf (x,2) >1—0.
z€Bs(x)
Step 1: If 1 holds for some r € R? then R = r is a fixed point of the RDE. But under the
assumptions stated, this fixed point is unique (as shown in the Introduction). This obviously yields
the uniqueness of 7, too.

Step 2: Conversely, if (R # ) holds then supp R is unbounded, as the following arguments show:
Use (16.1) to infer for each n > 1,

Tpsupp R+ Q" Csupp R P-aus.

Now assume, that supp R is bounded. By (R # r), there exist at least two distinct 71, ro € supp R.
Defining v := r — 72, it then follows that for all n > 1 and some C' € (0, o)

[T < | Tnr1 + Q™| + | Ture + Q7| < C P-as.
and thereupon forall z € S
[IL,z| [(IL, - z,v)| = |[{z, Tpv)| < |Tpv| < C P-as.. (23.2)

Consequently, the sequence (|II,z|[(IL, - =, v)|)nen, is bounded by C Q7-as. as well, for the

marginal distributions of II,, under @5 are P (IL,, € -)-continuous by the very definition (18.1) of
Q. Equation (23.2) then reads

eV (X, 0)| < C QP-as.

Referring to Corollary 18.1, there is § > 0 such that Bs(v) is a regenerative set for (X, ),en, and
the latter chain is a strongly aperiodic Doeblin chain w.r.t. to this minorization (see also Lemma
21.3). In particular, the hitting times (7, ),en of X, in Bs(v) are @3 -a.s. finite. By Inequality (6),
(X, ,v)| > 1— 6. Together this yields

QP-ass.

limsupe'™ < limsu ¢
n—)oop B n—)oop |<X7—n>’U>‘ —1-9

for all z € S. Consequently,
v
limsup —= <0 QF-as.

n—oo Tn
for all x € S, which contradicts the fact that V,, has positive drift under Qﬁ , see (21.3).

SteP 3: Having thus shown that supp R is not compact in RY, there exist sequences (rp)n>1 C
supp R with lim,,_,~ |7,| = 0o whence, by compactness of S, the following set is nonempty (recall
the notation 7 = |z| ™' z):

D = {y €S : I(rp)p>1 Csupp R, lim |r,| =00, lim 7, = y}
- n—0o0 n—o0
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B. On Fixed Points of Multivariate Random Difference Equations

Now suppose that P ({xg, R) < tg) = 1 for some (z9,%y) € S x R. This implies (xg,7) < to
for all » € supp R by continuity of the scalar product. Then for any y € D, there is a sequence
(rn)n>1 C supp R such that 7, — y. Using that (zo,r,) < ¢ for all n together with |r,,| — oo
implies that (xp,y) < 0 and this is true for all y € D.

At the same time,
P ((Tiry + Q)nen C supp (R)) =1 and P (7}1_{20 |Tyr, + Q| = oo) =1,

thus for any yg € D,
P(lim Tlrn+Q:T1~y0€D) —1.
n—o0

Consequently,
P ({zo, T1-yo) < 0) =P ((My - z0,90) <0) =1,

in particular P(M; - xg € Bs(yo)) = 0 for sufficiently small § > 0 by Inequality (6). But this is a
contradiction to (irred) (with n = 1). Thus (2) has been proved. ]

Replacing x by —z in (23.1) yields the additional inequality that for all (z,t) € S X R,
P((z,R) >t) < 1.
From the converse inequalities
P((z,R) >t)>0 and P((z,R)<t)>0, (23.3)

valid for all (z,t) € S x R, the following Corollary can be deduced (assuming from now on, that
all assumptions of the main theorem are in force, including (R # r)):

Corollary 23.2. For each zg € S, £ € Rs and ¢ € (0,1) there aren > 0 and § € (0,(/2) such
that Bs(x0) is a minorizing set in the sense of Corollary 18.2 and

P((z,R)>&) =n and P((z,R) <(1-¢)§) =1 (23.4)
forall z € Bs(xo).
Proof. Referring to (23.3), there is 7 > 0 such that
P ((zo,R) > ¢+1)>2n and P ({zo, R) < (1— )¢ —1) > 2. (23.5)

The mapping z — P ((z, R) € -) is continuous w.r.t. weak convergence, thus by [22, Theorem 6.8]
it is also continuous w.r.t. the Prohorov metric. Referring to (3.5), it follows that for all € € (0, 7)
there is § > 0 such that for all z € Bs(z0)

P((z,R) > €) > P((2,R) > &+1—¢) > P (g, R) > E+1) —e > 1
as well as

P((z,R) <(1-08 2P({(zR) <(1-(f—-1+¢) 2P ((zo, R) <(1 -0 —-1)—e =1
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23. The Constant K is Positive

Possibly after making § smaller, Bs(x) is a minorizing set for (X,,, Ty, Qn)nen by Corollary
18.2. O

23.2. A Generalized Symmetrization Inequality
Recall from Subsection 16.1 the definition of Q™ and R", the identity
R=T,R"+Q" O,-as

aswell as O, (R™ € -) =P (R € -) for any a.s. finite stopping time 7 with respect to (F,),>0, the
natural filtration of (X,,, Ty, Qr)n>1 and all z € S. The next lemma is a generalization of Lévy’s
symmetrization inequality in the spirit of [47, Proposition 4.2]. The idea is to decompose

(x, Ry = (z, T,R" + Q") = [I,x| (IL, - , R™) + (x, Q™)

w.r.t. the entrances 7, of I, - x into Bj(x() and to replace R™ by a deterministic vector £y in order
to compare the tail behaviour of (z, R) and |II,,x| in Proposition 23.4. In fact, instead of the hitting
times T, a feasible (see Subsection 21.2) sequence of regeneration epochs w,, is considered in the
subsequent lemma. This is due to the additional regeneration properties of (X, )nen which will
be used in Propositon 23.4 and Lemma 23.5. The vector £y should be interpreted as a generalized
median - observe that if putting n = 1/2, ¢ = 0in (23.4), then ¢ is the median of (xg, R).

Lemma 23.3. Givenany xg € S, £ € Ry, there are §,m > 0 and a feasible sequence of regeneration
epochs (wy)nen, W-rt. Bs(xo), such that

P([{z, R)[ > t) = 7Oy <Sup|<fﬂ’Qw”> + §(He, z, )| > 75)

n>1

holds true for all x € S and y € Bs(xo).

Proof. Fix xg,x € Sand ¢ € (0,1). Then by Corollary 23.2 there are ¢, >0 such that (23.4) holds
and B;(z) is a minorizing set in the sense of Corollary 18.2. Hence a feasible sequence (o, )nen,
of regeneration epochs exists. In this proof, again the inequality (6) from the Appendix will be used,

which gives that

inf  (z,y) >1—24. (23.6)
Z,yEBg(xo)

Note that this and (23.4) particularly hold for z=X, . As noted above, O, (R € -) =P (R € -)
for all n > 1. It follows that (23.4) holds for R®* under O, as well.

StEP 1: Show that

P((z,R) >t) > n0, (sup(x, Q) + (Il x,y) > t> .

n>1

In order to do so, define

Cp = { max ((x,Q%7) + & (x, Tw,y)) <t (2,Q7F) + & (x, Tmyy) > t}

1<j<k
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B. On Fixed Points of Multivariate Random Difference Equations

and Dy :={(z, 15, R**) > &(z, Tz, y)} = {{Ilg, 2z, R7*) > {(Ilg, 2, y) } -
By (23.6),0 < (Il, - z,y) < 1forall y € Bs(xo), giving
Dy = {(Ug,, - 2, R7*) > &(lley, - 2, 9)} D {(Xogy, B7F) > &}
and thus O (Dy|Fw,) > 1 Og-as. In combination with | J;_,(Cx N D) C {(z,R) > t} and

Cy € Fw,, this implies

P((x,R) >t) = 0, ((z,R) > t) > zn: O (Dg|Fw,) dOy > 10O, (CJ Ck> ,
k=1 " Ck k=1

and thus
P((z, R) > £) > 1O, <sup<<x,czw"> I ) > t)

n>1
by letting n — oc.

Step 2: Turning to the respective inequality for P ((z, R) < —t), define

C

>~

= { i, (0% + €00 To) 2 1, (0,Q) + €0 Tons) <t
<j<k
and D;c = {<X‘WkaRWk> < £<ka>y>}
Using again (23.6), (X, ,y) > 1—25 > 1 —(forall y € Bs(xo), giving
;c ) {<ka7RWk> < (1 - C)f}

and thus O (D} | Fx, ) > n O-a.s. Now reasoning as above,

P((@,R) < —t) 2 1 lim O (U c;;) = 10, (inf (@.Q™) + Elllzy ) < —t)
k=1 -

The desired result hence follows by a combination of this inequality with the one obtained for
P(zR > t). O

23.3. K is Positive

Proposition 23.4. There is v € S such that lim inf;_,. t" P(|xR| > t) is positive.

Proof. Fix any g € S and £ € R and apply Lemma 23.3. Recall that Corollary 18.2 gives the
existence of a probability measure ®, supported on Bs(xg) and a compact set C' C GL(d, R) with

X, 2 $ and M, € C. The additional property (18.7) will be used in the subsequent Lemma
23.5, which will finish the present proof and thereby determine the choice of y € Bs(zp) (see
Lemma 23.3) which has at the moment to be seen as a parameter of the proof (as well as € > 0).
Recall furthermore, that by Proposition 21.4, lim;_, ., t°Q, (supn21 |elly, 1] > t) is positive for
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w0 -almost all z € Bs(xp). Fix any such x hereafter .
Define —Ij,k = Tj C et Tk, Qj’n = ZZ:j jj,klek and

Tn = <x7 an> +¢& <.CU, -Iwny>7
Ay, = an_ﬁ_l’wn —&( - 1wnf1+1,wn) Y,
U, = <(L‘, —[wn,1 An>

for n € N, with the convention @y := 0. Then T,, = T,,_1 + U, and {sup,>1 [T,| > t} D
{sup,,> |Un| > 2t}. Referring to Lemma 23.3,

P([{(z,R)| >t) =0, ((z,R) >t) >n0O, <sup T, | > t>
n>1
for some 7 > 0.
Since M, € C,inf.cs | My, 2| > ¢ Oy-a.s. for all n € N and a suitable ¢ > 0. Set

Ap = { g —1z| < 2t/(ce)}

for £ > 1 and some fixed 0 < ¢ < 1 (to be chosen in Lemma 23.5 Hence, for all ¢ > 0,

P (o, 1) > 1) 2 10, (suplUn] = 20) =10, (sup Iz, Ani)| > 2)
n>2

n>1

=10, (51T, 1] Mo, (1) (X A = 21)
nz

n—1
2t
> Z@x (m Aka |Hwn71x| > Ea ‘<Xwn7An+]->‘ > 5)
k=1

n—1
> Z@z (m Ak, |Hwn*1$| > CE) (OF3 (|<X0>A1>| > 5)

n>1 k=1

2t
>n0g (| XoA1] >¢) O (sup |ell e, 1| > cs) .

n>1

In x, the regeneration property (R3) and the fact that (X,,, Ty, Q»)nen can be defined as a Markov
chain under O, via (18.6) with the transition only depending on X,,_; have been used. The proof
is finished by the subsequent lemma where the positivity of Qg (|(Xo, A1)| > &) will be shown.
Together with (21.4) this clearly yields the desired conclusion. O

Lemma 23.5. In the situation of Proposition 23.4, there exist ¢ > 0 and y € Bs(x) such that

Og ([(Xo0,A1)| > ¢) = ©¢<!<X0,le —&(Id -z, y)| > 5) > 0.
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B. On Fixed Points of Multivariate Random Difference Equations

Proof. First, observe that it suffices to show the positivity of
Op (|(Xo, A1) > e,01 =1) = ©<I><‘<X07Qw1 —EAd-ML)y)| >e,m = 1)-

By Corollary 18.2 and the regeneration lemma 18.4, for all z € supp ® = Bj(xo),

O ((Xey, My, Qwy) € AX BXx D| Xg=2)=E(z,Ax BxD).
Recall from (18.7), that there are L, ¢ > 0 such that

=(e. Bo(ao) x BxRY) = L | 1 ot AALNT (48

where A, is a deterministic matrix in GL(d,R), only depending on x. In other words, for all
x € Bs(z0), the conditional distribution of M, given X = z has a nonzero component which is
absolutely continuous w.r.t. to the Lebesgue measure on GL(d,R) C R, Consequently,

Os <Id ~M], € GL(d,R), @ = 1) =:p' > 0.

As said before, there is no information about the dependence structure between (), and M, , but
nevertheless, the above yields that the affine mapping @, — {(Id — M;l) has full range R? with
probability at least p’ > 0 under Qg (-, 01 = 1).

Now suppose that
<X07 Qw1 - §(I - M;l) y> =0

O (-,1 = 1)-as. for ally € Bs(zg). Then the same holds true for all y in the convex hull of
Bjs(xo) in R?. But this convex hull contains a basis of R? and thus the range of Q, —¢ (Id — My, )
and {tXo : t € R} would be orthogonal Qg (-, = 1)-a.s.. This is in contradiction with the
above. O

24 On Multivariate Regular Variation

This section is also contained in the article [35].

As mentioned before in the proof of Proposition 5.12, Basrak et. al. [15] investigated conditions
under which (13.8) already implies that R is multivariate regularly varying with index 3. For non-
integer 3, this holds true, see [15, Theorem 1.1 (ii)] or [25, Corollary 2]. Writing V := R¢ \ {0},

it follows that for all f € C, (@ \ {O})

Jlim t’E (f(t'R)) = K /0 h /S f(sw) v(dw)\?(ds) (24.1)

for some v € P(S) and M (ds) = 51Lﬂgds.
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It remains to identify . The next proposition characterizes v @ A\’ as a stationary measure of the
Markov Chain on V/, given by the action of yon V.

Proposition 24.1. The measure v @ \° satisfies for all f € C.(V),

/ F@)v ® A3(dz) = / E (f(T2)) v © N (dz). (24.2)
1% 1%

Proof. SteP 1: Proceed as in the proof of Lemma 2.19 in [30], to show that if 0 < ¢ < min{1, 8},
then for all f € H* NC,(V), the space of e-Holder functions,

lim t°E (f(t"'R) — f(tT'TR)) = 0.

t—o00

Since lim;_, o t°E ( f (t‘lR)) exists, this yields the existence of lim;_, . t°F ( f (t‘lTR)) and both
are equal to [, f(z)v ® A (dz).

The assertion (24.2) follows if limy_,o t°E (f(t7'TR)) is also equal to [;, E (f(Tz)) v@ A (dz).
Observe that x — E (f(Txz)) in general has unbounded support, i.e. it is not an element of H* N
C, (V), thus some more calculations are needed.

Step 2: Let f € H*NC, (V). Hence there is n > 0 such that supp f C BW(O)C for some 7 > 0.
Then for any ¢ € R and A € GL(d,R),

t"E (f(t'AR)) <7 || E (Lgi-1aR15n))
< A1 £ (¢ AP (51 |A] R > )

< A7 [ flog sup s”P (IR| > sn) .
s>0
It is a consequence of (13.8) that C' := sup,- s "P (s |R| > 1) < oco. It follows that
J (117 17150 7B (1R) > )P (T € d) = C 1 BIT) < .

Using the bounded convergence theorem and that for fixed A € GL(d,R), z — f(Ax)isinC, (V),
it follows that

Jlim t’E (f(t'TR)) = /tl'ggo t°E (f(t *AR)) P (T € dA)
:// f(Az)r @ AP (dz)P (T € dA) = / E (f(Txz)) v @ N (dx).
|4 1%

Finally observe that H¢ is dense in C, (V') due to the Stone-Weierstrass theorem, hence the assertion
holds for all f € C. (V). O

Remark 24.2. It is obvious from the definition of A\, that for all £ > 0 there exists C' > 0 such that

v @M (S x [C,)) < e.
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B. On Fixed Points of Multivariate Random Difference Equations

This is the main ingredient for showing that (24.2) holds for the more general class of test functions

fec. (R {0}),

i.e. bounded continuous functions with limit at infinity, and supported away from 0. The proof goes
along the same lines as the proof of Theorem 2.8 in [30] and is therefore omitted.

Lemma 24.3. The measure v satisfies PPv = v.
Proof. Due to Remark 24.2, the identity (24.2) also holds for bounded continuous functions f on V'

such that supp f N B, (0) = () for some 7 > 0, in particular for functions g, (sv) = f(v)1(y,00)(5)
where f is any continuous function on S and u > 0. Then

//f V(@)X (ds) = // )1 0) (51 T0) () 5l
—E<// AT ()’;i‘fdt%d@)
/ / F(T ) |Tvyﬁ) (dv)tﬁﬂdt / /pﬂf o(d )tﬁ%dt'

Since u is arbitrary, it follows that [ f(v)v(dv) = [4(PPf)(v)v(dv) for all f € C(S). Thus
PPy =u. O

Remark 24.4. Assuming additionally that

Vzes Yopen UcS mgil{P (Tp-zelU) >0, (irred*®)

it can be shown by the methods of Section 17 that v is (up to scalar multiplication) the unique
eigenmeasure of P? with eigenvalue m(3) = 1.
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Appendix

Inequalities

25.1. Inequalities for Laplace Transforms

This is a technical subsection, where a bunch of inequalities related to multivariate LTs is collected.
If ¢ is the Laplace transform of ar.v. Z on R>, then integration by parts yields

1-9(t)
t

:/Oooexp( )P (Z > x)dx

(see [45, XII1.2 (2.7)]), thus t (1 — ¢(¢)) is again a LT of a measure on R>. Consequently, it is
decreasing and this yields the inequality, valid forall w € S>,t € R>,0 < a < 1:

1—olat) _ 1-o(!)
at - t

= 1-¢(at) > a(l - 6(1)), (25.3)

as well as, for b > 1,

— ¢(bt) < b(1 — (1)) (25.4)

For convenience, note this also in the multivariate setting:

Lemma 25.5. For ¢ a Laplace transform of a distribution on ]R‘i, the following inequalities for
u €S>, s € Ry hold:

1 —¢(asu) <1 — ¢(su) fora <1, (25.5)
1 — ¢(asu) > a(l — ¢(su) fora <1, (25.6)
1 —¢(bsu) > 1 — ¢(su) forb>1, (25.7)
1 —¢(bsu) < b(1l — @(su)) forb > 1. (25.8)

Lemma 25.6. Let ¢ be the Laplace transform of a distribution on R‘i, u € S, t € R> and
A € M(d x d,R>). Then

1 —o(tu) <1 —¢(tdq) (25.9)
1— (tAu) < 1— ¢t |Auldq) < 1 — ¢(t||All0q) (25.10)
1 —¢(tAu) < ([[A[ V1) (1—¢(tda)) (25.11)

1—¢(tu) > 1 — ¢(t(minwu;)dq) > (minwu;)(1 — ¢(tdq)) (25.12)
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Proof. Let Z be ar.v. with LT ¢. Forall u € S>, (u, Z) < (94, Z). Thus
1— 6(tu) =E (1 - e*t<u7z>) - / te P ((u, Z) > t) dt
0
< / te "P ((9q, Z) > t)dt =1 — ¢(tq).
0
From (25.9) and (25.5) now (25.10) follows:
(25.9)
—o(tAu) =1—¢(t|Au|A-u) < 1—¢(t|Auldq)

— 1 s ‘”‘1“” 1Al 90) 2 1 ot Al o).

Then (25.11) follows by applying (25.5) resp. (25.8) in (25.10).
In order to prove (25.12), observe that

Z%Z >m1nuZZZ mlnul (Va, Z).

Then the argument is the same as given for (25.9), with an additional use of (25.6).

25.2. Norm Inequalities

Here several inequalities for vector and matrix norms, taken from [72] are listed.

(1) Forz,y € R%\ {0} it holds that |7 — 7| < % |z — y:

X
T -7y =
\fcl Iyl
|Hw!y\—y|xH
Ty |H ylyHny!—y\ﬂle
< [yl - = =yl + 1yl - |lyl =l
le-lyl( | |
2
<—lz—yl.
||

(2) For z € S5 it holds that % 2; > || :
Since all z; > 0, (Z L) > Zd_l z?. Now take the power 3.

(3) Let A € M(d x d,R). Then ||A|| < \/z 4 (AL )
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Let z € S. By Cauchy-Schwartz,

d

d
S @M () = (@, AC ) < e (O] AL )2
=1 i

for all 1 < j < d. This implies

d

d 2
Al = Sup > (Z@MLJ)) <
Te j=1

i=1

(4) For A € M, combining the above with (2) implies ||A || < Z?,j:l M(i, 7).
(5) Forall z € R?, |z| > d=> 25:1 T

Use the inequality of arithmetic and geometric means to obtain

d d
D1 9%2 > D i1 Ti
d - d

and multiply by d 3

(6) Letx € S,0 < 1. Then inf,cp,()(z,2) > 1~ §: Forall z € By,
application of the Cauchy-Schwartz inequality

z — x| < ¢ and by an

0<1—(z,2) = (v, —2) < |z||lxr— 2] <

25.3. Some Calculus

Lemma 25.7. Considering the function f : R — R,
f(s)=e*+s—1, (25.13)

it holds that
1. f(s) > 0forall s € R.
2. limg 405 1 f(s) = 0.
3. limg 405 2f(s) = %
4. [y fs(f)ds < oQ.

Moreover, the following inequalities hold:

l—e"<r<e 7 vreR, (25.14)
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and 1
l—e " >r— §r2 Vr € Rs. (25.15)

Proof. First, note
fl(s)=—e*+1, f'(s)=e"

Thus f has a global minimum at s = 0 with f(0) = 0, thus (1) follows. This also gives the first
inequality directly resp. by replacing s = 1 — r. The second inequality follows from considering
F(r)y =1+ fOT f(s)ds. (2) and (3) follow from L'Hopital’s rule. By (3), the function g(s) :=
s72f(s) can be extended continuously in 0, and lims_,o g(s) = 0. Le. g € Cy(R>), thus the
integral in (4) converges. O

Additional Proofs

Lemma (Lemma 6.2). Letxz € S, t € R, a € R+, k € N. Then the family
(Nt)ter := (N (Cg x [t,t +a]))cr (25.16)
is uniformly integrable w.r.t. to P, and

Up(Cp x [t,t+a)) = E,N(Cy x [t,t +a]) < 2(k+ 1+ ka). (25.17)

Proof. This is the same proof as in [72]. A sufficient condition for the uniform integrability is to
show that there isar.v. N > 0 with EN < oo, such that

supP, (Ny >r) <P, (N>r) VYr>0
teR

(stochastic domination).

Introduce the stopping times

70 :=inf{n >0 : X, € Ck, V,, € [t,t + ]},
Tivr =inf{r +m : m >k, Xpom € Cr, Veyam € [t +a), Voo — Vi, <mk™ '}

As soon as m > ka, the last condition is redundant, since V;, ,,, V7, € [t,t + a] imply that
Viiim — Vi, <a <mk™ L.

Thus, taking also the first condition into account, it follows that

N(Ck x [t,t +a]) = Z 1Ck><[t,t+a] (X, Vi)

n=0
) Tit1—1
- Z 1{Ti<00} Z 1Ck X [t,t+a) (Xn7 Vn)
1=0 n=r;
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< ey (b + 1+ ka) (25.18)
=0

Let F,, be the canonical filtration of (X,,, V},)n>0. Then for all i > 0

Py (7ig1 < 00| Fr;) = Py (Ti1 < 00,7 < 00,...,70 < 00|lF7)

P, (Tz+1 < OO’ 1{n<oo,~~-770<00}
<P, (Hm >k Vn—i—m -V < mk—1|fn) L{7i<o0,...,ro<o0}

VAN

X (Vm >k Vm 2 mk_l)) 1{n<oo,...,7'o<oo}
1

> 51{Ti<00,...,7'0<00}7

where in the last line it was used that X, € C}, on 7; < oo. Thus by induction

sup P, (Z 1 co0) = m) =sup Py (-1 < 00) < (;)

teR i—0 teR

for all m € N.

Thus, if NV has a geometric distribution on the positive integers with parameter %, then forall » > 0

supP, (N(Cy x [t,t+a]) >7r) <P((k+1+ka)N >r).
teR

This is the first assertion, the second follows directly:

E. (N(C x [t,t + a])) :/OO]P’m(N(Ck X [t,t+al) >r)dr
0
§/OOIP’((k‘—I—1+k:a)N>r)d7“:IE(l<:—|—1+ka)N:2(k‘+1+k‘a),
0

since EN = 2. O

Lemma (Lemma 12.3). Let o € I, N (0,1) and m/(a) < 0. If §, ¢ € S(P(R‘é)) and there is
to € Ry such that for all (y, s) € S> x [0, to),

¢ (sy) < ¢(sy),
then for all (u,t) € S> x R>

ligggéf SH9(tu) < linrr_1>i£f Sop(tu)  and  limsup SHo(tu) < limsup Sge(tu).

n—00 n—oo

The strategy of the proof is due to [69, Lemma 7.3] and adapted here to the inhomogeneous smooth-
ing transform and the multivariate case which calls for some stronger assumptions. Beforehand,

127



Appendix

another Lemma is needed: Define

Ry, := max ||L(v)]| .

[v|=n
Lemma 25.8. Ler o € IVM N (0,1) and m'(«) < 0. Then limy, oo Ry, =0 P-a.s..

In dimension d = 1, this is a classical result (see e.g. [62]) which can be understood as a statement
about the maximal position in a branching random walk: The logarithmic weights along the paths
are additive,

log L(vi) = log L(v) + log T;(v)

and can be interpreted as displacements of particles which are generated by a Galton-Watson pro-
cess. Then log R,, gives the maximal position of particles in the n-th generation which. With
this interpretation it shows that the maximal position tends to —oo when n — oo. In the one-
dimensional case, the condition m/(a~) < 0 is a sufficient assumption, for it holds as well that
NET{ = m(«a) = 1. But in the present multidimensional case NET¢ > m(a) = 1. This is why
a slightly different proof under the assumption that m(s) < 1 for some s € (a, 1) is given here.
Note that the existence of such s is guaranteed by the assumption o € I -

Proof. Step 1, REDUCTIONS: [?, > 0 for all n € N, thus it suffices to show that lim sup,,_, ., R»
0. Writing R, = max|,|—p, || L(w)]], it follows that

hmsupR <ZZ |IL(v Hhmsup[R il -
k=0 |v|=k

This is why it is enough to consider the maximum at each [-th generation for some | € N. By
assumption, there is s € I, such that m(s) < 1. Referring to the definition of m(s), thereis [ € N
such that
$)=E> L)’ =NE|I|" <1.
|v]=l

Fix this [. Define Zy = 1 and
Ly = Z [L(v Z H H V| ) o 1)ZH
lv|=1 [v|=ml k=1

as the sum over the norms of the weights, taken in blocks of | generations. Hence EZ; = o(s) and
([Rmal,)® < [Zm], forallm € N,v € T.

Step 2: Considering the filtration 7y, = T = o ((T'(v))}y|<mi)s it can be shown that Uy,
o(s)~"™Z,, is a F,, martingale:

E [Um+1| J:m] =K [Q(S)i(erl)Zm—f—l’ }-m}

—E )y ﬁ” (0]ED] k- 1)ZH Z I

[v|=ml k=1
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) 5 T L olb | E 3 L

|v|=ml k=1 |w|=l
S DN | (TR ) A
|v|=ml k=1 |lw|=l

=o(s) ™Zy =U,, P-as.

Moreover, U,, is a nonnegative martingale, thus it converges to a random variable U and by Fatou’s
lemma, E U < E p(s)Z; = 1. In particular, U is almost sure finite, and this gives the final estimate

limsup(Ry,,;)°* < limsup o(s)" Uy, =0 P-as.. O

m—r00 m—r00

Proof of Lemma 12.3. Fix (u,t) € S> x R>. Lete > 0. By Lemma 25.8, there is ng € N
such that P (R, > ty) < ¢ for all n > ng. On the set tR,, < tg, by assumption ¢(tL(v) u) <

(tL( YTu) for all v with [v| = n and the same holds true when multiplying both sides with
exp(—t(u, 3|y <n L(w)Q(w))). Therefore, for all n > ng

Sho(tu) = Bexp(~t{u, 3 Lw)Q(w))) H 6(tL(v) u

lw|<n
=El{p, <o) exp(—t{u, Y L(w)Qw))) [ ¢(tL(v) u
lwl<n |v]=n
+ B gm0y exp(—t(u, ) L(w)Q(w))) H ¢(tL(v) "u)
lw|<n =
< Elp, <o) exp(—t(u, »  L(w H @(tL(v) 'u) + P (tR, > to)
lw|<n |v]=n
<Eexp(—t(u, >  L(w)Qw))) [ #(tL(v) u) + & = Sep(tu) + .
lw|<n lv]=n
Now take first the lim inf,, ,, resp. limsup,, .., and then let ¢ — 0 to infer the assertion. O
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stable law
definition, 19
Laplace transform of, 20
spectral measure, 20
standing assumption, 3, 89
strongly aperiodic, 82

transfer operators, 29, 90
transformed measure, 34, 95

vague convergence, 9

weak convergence, 9
weighted branching process, 6
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Acronyms

(i-d) irreducibility and density assumption.

a.s. almost surely.
dRi directly Riemann integrable.

FP fixed point.

FT Fourier transform.
i.i.d. independent identically distributed.

LHS left-hand side.

LT Laplace transform.

MC Markov chain.
MRT Markov renewal theorem.
MRW Markov random walk.

r.v. random variable.

RDE Random difference equation.
RHS right-hand side.

RW random walk.

sdRi strongly directly Riemann integrable.

SFPE stochastic fixed point equation.

w.l.o.g. without loss of generality.
w.r.t. with respect to.
WBP weighted branching process.

wdRi weakly directly Riemann integrable.
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The page numbers indicate where further information can be found. In Chapter A, S = S and in
Chapter B, S = S as well as M = M(d x d,R>) resp. M = GL(d,R).

38 3s>0 Einfues [T 2| > 1 81
(density) oL@ R) Jep>0 Tnoen P (Iny € +) > plp A 80
(eigenvalue) w= NETiw + EQ 13
(irred) Vaes Vopen vcs maxpenP (1L, -2 € U) > 0 80
(1<0) l =P-as. — lim, o0 = log || T <0 78
(log-moments) E [log [[M1]|| + [log¢t(My)| + |log ¢(T1)| < oo 64
(logmom) Elog™t ||T|| + log™ |Q] < o0 78
MlogM)  E(1+ M) (1 + flog [M]]| + [log «(My)]) < oc 36
(s-moments) E (T + |1Q]°) < oo 13
(MC1) P((IL -y, 1) € 1) > €U(y, ) 90
MC2) P(Il; - ye - II; €C) > &P 90
(Q-beta) 0<E|Q <0 80
R..) properties of the regenerative structure, see Lemma 18.4 97
(R#7) VreRY P(Tr+Q=7r)<1 80
(StA) If (irred),(density),(MC1’) and (MC2’) hold, they hold withng =n = 89
1
(TlogT) E | T||” (Jlog | T||| + [log || T~[||) < oo 80
(variance) Y =NE (T12T1T) 13
L For W Cc R, WL ={zeR?: (z,y)=0Vy c W} 30
. action of matrices on the sphere, A - v = Az 3
Vv (aVb); = max{a;, b;},i=1,...,dfora,bc R? 24
A (a Ab); = min{a;, b;},i=1,...,dfora,bc R? 24
g 9y, t) = [ e gy, s)ds 109
z T = |z| 'z forz € RY 3
Moo Flao = supyep | £ (@)] for f € C (B). 3
7 topological interior of the specified set 4
Il |l operator norm: [|Al| := sup|,—; [Az| 3
;) euclidean scalar product on R? 3
], tree shift operator 7
RS vague convergence 9
A convergence in distribution, weak convergence 9
A€ ForACE: A°=FE\A
o a:=mf{sel,:m(s)<1}.acl,=m(a)=1m'(a)<0 4
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B.(z) B.(z) :={y : |[x —y| <e} 3

Bl (E) bounded Borel-measurable functions £ — R with | f| <1 8

B Br:=sup{se€l,:m(s)<1}.pel,=m(B)=1m'(5) >0 4
C(E) set of continuous mappings f : £ — R 3
C™(E) set of m-times continuously differentiable mappings f : £ — R 3

Coy (E) set of continuous mappings f : £ — R, that vanish at infinity 3

C, (E) set of bounded continuous mappings f : £ — R 3

C. (Q set of compactly supported continuous mappings f : £ — R 3

C. (RLN {0}) functions f € C, (RZ) which are supported away from the origin 22
C(E) conjugate space of (C (E) , |-|,): regular bounded signed measures on 31, 91

E, equipped with the total variation norm

Ch Ck—{xES ]P’(Vm>%Vm2k)Z%} 27
s ] N B
0B topological boundary of the set B 9
d—lim weak limit, limit in distribution 9
Dan Doy = Da,sng, 43

0 Dirac measure in the specified point 1

DF DF f: k-th Fréchet derivative of f 11

t

Dy Dyg(ust) = £yl —d(e™u) 41

D, {Feck(®RY) : Yy epa ||DFfe) = DFf(y)| < o=y} 1
Eig(A,\) eigenspace of A for eigenvalue \ 14
EigD(A A) Eig(A, \) U {0} 14
Eig™ (P2, \) positive eigenfunctions of P, for eigenvalue A 73

e’ Pse’ = k(s)e’, e’ =1 32,90
e Plel = k(s)ei, lef| =1 32,90
E, expectation symbol of Q.. 34

E3 expectation symbol of Q7, slatisfying " 35,95

B2 (f(Xi, Vi)is))) = ayee Be (e5Vres (Xn) (X, Vi)ily))

for all bounded measurable functions f and all n € N.

F set of fixed points of S 1
FR set of N-elementary fixed points of S 53
o set of a-elementary fixed points of Sy 69
0 set of c-elementary fixed points of S 69
Fs FNPs(RY) 14
i Forg:S> xR = R, §(t) = sup,cg |g9(u, t)| 36
o invertible matrix, appearing in (density) 80
Ga,n Ga,n = Ga,8"¢>0 43
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¢ N — N _
Geolwt) = B (T o T ) + X, (1= o w) ~ 1) 41
E, . extremal points of H, ., 65
Bye = {(u,t) = c58e0t 5 € (0,1],m(y) =1}
H, . compact subset of .J,, see Def. 11.9 59
HY(E) set of y-Holder functions on E: 24
HY"={feC(E) : SUD, yef 7”('?:;;@)' < oo}
_ Dyglustt) _ ext 1-g(e=(Hy)
s hs(ust) = ot 5ts0a) = o) T 0a) 57
Id identity matrix 7
1, I,={s>0: E||T|° < oo} 4
L(A) L(A) = infyes. [Ax| 3
Jy compact subset of C (S> x R), see Def. 11.4 55
(Jn)nen, iid B(1,€) r.v.s, determining whether regeneration occurs, see Lemma 98
18.4
K covariance matrix 12
PR 1
(s) A(s) = Timy oo (B [T [*)7 = lim, oo (E |11, %) 4
£ Laplace transform mapping 1 — ¢, 2
L(v) matricial path weights in the weighted branching tree, recursively de- 7
fined by L(0)) = Id, L(vi) = L(v)T;(v)
I(s) I(s) = B3,y = 2C) 35
1(0) 1(0) = limy, 00 2 log [Il,z| <0 P-as., 35
upper Lyapunov exponent
A(D) AT)={ua : AeTNM,} 32
AA Perron-Frobenius eigenvalue of A 31
L law (distribution) of the specified random variable 1
AP Lebesgue measure on M (d x d,R) C R 30
A A (ds) = A=ds 22
limy o right sided limit in zero, lim; o = lim;_,0¢>0 21
ls Is(vy):=mf{E|Y —Z|° : LY)=v,L(Z)=n.} 11
Ly Li(u,r) = 9(;25;;) forg € Hy . 59
(M) nen sequence of i.i.d. random matrices with distribution z*
m'(s™) left derivative of m in s 16
m(s) spectral function, Chapter A: m(s) = Nk(s), Chapter B: m(s) =
K(s)
My spectral function of T 50
M(d x d,E)  setofd x dmatrices with entries in E 3
M* (E) (vector space) of regular bounded signed measures on F 10
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Mo M = M(dx d,R%) 3

[supp 4] smallest closed subse_:migroup containing supp u 4

supp support of a measure p: {x : Vopen O with z € O, u(O) > 0} 4

p p=L(T1) == L(Ty) 3

Hx p =L (m(x)_?Tl) 50

W w=L (TI) 4

N positive integers {1,2,...} 3

N(t) first exit time N (¢) = inf{n > 0:V,, > ¢} 100

No natural numbers {0,1,2,...} 3

N(0,%) multivariate Normal distribution with expectation 0 and covariance 14
matrix

N(A) number of renewals (visits of the random walk) in the set A 27

Ve probability measure, P*v° = k(s)v* 32,90

Vs probability measure, P’} = k(s)vg 32,90

0] O((z,A,q),A x BxC) = P((Il;-2,11;,Q,) e Ax Bx C), 96
Markov transition operator of (X,,, M, Qp)nen, under QO

Q Q=8x MN 34

(o 0 =6(2) ®6(1d) ® 0(0) @ @, 0 96

d minorizing measure: P (II; -y € -1} € C) > &P (under (StA)), 84
Uy, x C)=>oforally €S

by Laplace transform of Z, ¢ ,(z) = E exp (—(z, Z)) 2

b0 (In Section 9:) ¢y (tu) = exp (—Kt%el(u)) 38

11, I, =M, ...M; 34

Tn - T(l) e T(n) 78

s stationary distribution for Q%, 7% (dx) = €3 (x)vi(dx) 35

“p Pf(u,t) =Es f(X1,t— V1) 43

ps Psf(z) =E (|T1z|° f(T1 - 1)) 29,90

P set of probability measures (on the specified measurable space) 1

Ps(E) set of probability measures on £ with finite s-th moment 10

Pua (1) Ps(n) = {v € PR?) : ls(v,n) < oo} 11

Ps,w(E) set of probability measures on E with finite s-th moment and expecta- 12
tion w

Psws(E) set of probability measures on E with finite s-th moment, expectation 12
w and covariance matrix X

v minorizing kernel: P ((II; - y,II;) € -) > £¥(y, -) (under (StA)), 84
there is compact C' with supp ¥U(y, ) C Bs(x) x C forally € S

P (In Section 9:) ¢ = lim,, o0 S" 40

P P:f(a) =E (|TTz| f(T] - ) = E (Ml f(M - ) 29,90

Q® Q% = [Qi7i(dx), (Xn)nen, is stationary under Q° 35
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S
*

Q’n
nQ3

QS((x,u),A X B)
= Gk

nQS ((XO’ (
S(I)H"(S)

nonnegative real numbers [0, c0)

d
11Qu RETR+Q
spectral radius of the operator Q
residual lifetime process R(t) =

QZECRQ)
zk>n (H] n+1

Rn = MaX|y|=n ||L( )”

positive half-line (0, c0)

R = Z;O:I

Ex ( esV
probability measure on (

Q$_6 ®®n:1/~b

, projective 11m1t of ,Q3

(V) — LN () <00}

96

z) Mz 14(M; - z)15(log [Miz])).
Markov transition operator of (X, Uy, )nen, under Q
Markov transition kernel on C (.5), Q% f(z) = PHEEO)

= P 1—Ik 1Qk

pPi(exf)(x) 35

87
34

95
34

1,3

78
91
100
80

87

128
3,18

one-dimensional stable distribution with scale parameter o, skewness 19

parameter A and shift parameter b

multivariate stable distribution with LT ¢ (tu) = exp (—Kt“e%(u)) 38
multivariate stable distribution with scale parameter K, spectral mea- 20

sure v and shift parameter b

multivariate stable distribution with LT exp (—K fS> (x, y)o‘y(dy)), 21

d
x € RS

unit sphere in R?
regeneration epochs for (X,,, Uy )nen, under @5 wrt. Y.
S0 = sup I,

SNRZ

smootﬁing transform

homogeneous smoothing transform Sy : v — L (Ef\; 1 Tin)
Sy v L <Z
Sf(@) =E (1Y, £(T] )

inhomogeneous smoothing transform

So - V%ﬁ(Zf\;lTﬂﬁﬂ'Q)

T = (TN,

N-ary Ulam-Harris tree, ¥ := (J;~ {1,...,
hitting times of (X,),,>0 in Bs(xo)

11TiX7L)
m(x) X

107
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1
T Ty = (Ty1,...,Tyn) =m(x) x(Ti,...,Ty) 50
91 Oy =vd '(1,...,1)T e RY 24
Yq dq:=(1,...,1)T e R? 24
(THY, random matrices in M (d x d,R>), w.l.o.g. identically distributed 3
(T (n))nen sequence of i.i.d. random matrices with distribution p 4
T T := (T(v))yex, sequence of i.i.d. copies of T' 6
Tn filtration of T, 75, = o ((T'(v))}v)<n) 7
U renewal measure 26
UA normalized Perron-Frobenius eigenvector of A 31
T minorizing kernel: Q. ((z,u),-) > &Y (z,-) There is compact ] C R 96
with supp Y (x,-) C Bs(xg) x I forallxz € S
U, Markov renewal measure, U, = >~ (P, (X, V;,) € -), 27
9+ Us(t) = Eo (3,20 9(Xn,t — V3))
Uz Markov renewal measure of (X, V},)nen, under Q3 37
W, Biggins martingale for o« = 1: W,, = Z‘U‘:n L(v)w,w = NETjw 15
(W )neN, feasible sequence of regeneration epochs for (X,,, M,,, @y, )nen, under 107
O, wrt. =, Xwnfl S Bg(Xo).
Wy Wi =020 Yo L0)Q(0) 16
W, (u) Biggins martingale for o < 1: 38
Wa() = Y0 fo (L(0) T, )07 (dy)
4% as. limitof W 16
W (u) a.s. limit of W, (u) 38
= minorizing kernel: O(z,-) > E(z, -). There are L, > 0 such that 97
=(w, By(wo) x BXRY) = L [ 14) 1p,(w0)x 5 (A -7, AA)AT (dA)
(Xn, Vi)nen,  Markov random walk; X, := II,, - Xo, V}, := log |11, Xo| 34, 64
Y, weighted branching process associated with 7 ® ), 7
Yo i= 31 L)Y (0) + 5120 5, L) Q)
y Y := (Y (v))yes, sequence of i.i.d. copies of ar.v. Y 7
Z(t) jump process Z(t) = Xy 1in()<oo} 100
(s Zolotarev metric 11
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