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1. INTRODUCTION

In this paper we suppose that the universe V is a model of ZF. We want to
show that the axiom of determinacy is consistent relative to the hypotheses
“each uncountable successor cardinal is weakly compact and each uncount-
able limit cardinal is singular” and “each uncountable cardinal is singular”,
respectively.

It is natural first to ask if these hypotheses themselves are consistent.
Moti Gitik has shown that it is possible that all uncountable cardinals are
singular. He proved this in [Git80]:

Theorem 1.1. If “ZFC+Va € On dk > « k is a strongly compact cardinal”
is consistent, then “ZF +Va € On cof(R,) = Ry ” is consistent, too.

Note that if each uncountable cardinal is singular, then the axiom of
choice is violated badly. In this case neither DC nor AC,, hold, because these
kinds of choice force w; to be regular. So it is clear that we demand that V
is a model of ZF, rather than a model of ZFC.

In 1985 Gitik has generalized his result by showing in [Git85]:

Theorem 1.2. If “ZFC+3k k is an almost huge cardinal” is consistent, then
there is a model M of ZFC such that for every class A of M consisting of
nonlimit ordinals there exists a model Na of ZFC such that its regular alephs
are ezactly {R, : a € AU{0}}.

Also the hypothesis “every uncountable successor cardinal is weakly com-
pact and each uncountable limit cardinal is singular” is relatively consistent.
For this we use a paper of Arthur W. Apter. Apter has generalized Gitik’s
method in [Apt85] in 1985 to get the following result:

Theorem 1.3. Suppose V is a model of ZFC such that
1. V| “k is a 3-huge cardinal” and

2. V| “A and B are disjoint subsets of the successor ordinals < k with

AUB ={a < k:«a is a successor ordinal }.”
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Then there is a symmetric submodel N4 of a generic extension of V such
that N is a model of ZF + =AC (in fact of ZF + —AC,, ), the ordinals of Na
have height k, and

1. fora € A, Ny E N, is a Ramsey cardinal”,

2. for B € B, Ny E g is a singular Rowbottom cardinal which carries
a Rowbottom filter”, and

3. for v a limit ordinal, Na = R, is a Jonsson cardinal which carries a
Jonsson filter”.

Moreover, it follows from the construction of N4 that all limit cardinals

are singular, so all uncountable reqular cardinals in N are Ramsey cardinals
m NA.

If we use this theorem with A = {& < k : a is a successor ordinal } and
B = (), then we get a model N, of ZF which satisfies

1. every uncountable successor cardinal is a Ramsey cardinal and

2. every uncountable limit cardinal is singular.

So we even have that there is a model of “ZF 4 each uncountable successor
cardinal is Ramsey” rather than a model of “ZF + each uncountable successor
cardinal is weakly compact”, but since we only need weak compactness we
don’t demand more.

Our first result will be

Theorem 1.4. Let V be a model of ZF. Suppose that each uncountable
successor cardinal is weakly compact and each uncountable limit cardinal is
singular.

Then there is a cardinal i and a set of ordinals X such that AD"® holds

\%
in HOD ! < #),

and in Chapter 4 we will show the corresponding theorem
Theorem 1.5. Let V be a model of ZF in which each uncountable cardinal
18 singular.

Then there is a cardinal p and a set of ordinals X such that AD"® holds

. Col(w, < +HODx
in HODY’ <k ),
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Remark. Note that we use the Lévy collapse of ,u*v in Theorem 1.4 whereas
we use the Lévy-collapse of ;ﬁHODX in Theorem 1.5. In both cases the set
X is just a technical addition which ensures that certain structures do not
compute the cardinal successor of a special cardinal k correctly.

Theorem 1.5 answers a question which arises from a corollary of the main
theorem Apter proved in [Apt96]. He derived “ZF+AD” from the consistency
of “ZF + each uncountable cardinal below @ is singular”, where 6 is the least
ordinal onto which the set of reals cannot be mapped. So it is natural to
ask if it is possible to find a model of “ZF 4+ each uncountable cardinal is
singular” from “ZF + AD”. The question has a negative answer, because
if V were a model of “ZF + each uncountable cardinal is singular”, then
the proof of our theorem would show that each set in HODx, and even in
the generic extension HOD x[g], where g is Col(w, < /ﬁHODX )-generic, would
have a sharp; in particular Rf would exist for R := RHOPxlsl But then
there would be an « such that J,(R) < L(R). Since L(R) = AD, we would
therefore have J,(R) = AD. But J,(R) has set size, so in the end, if the
answer of the question were “yes”, we would have that “ZF + AD” implies
Con (ZF + AD), which contradicts Godel’s second incompleteness theorem.

We will use the so-called core model induction to prove our theorems.
The core model induction, developed by W. Hugh Woodin and enhanced by
John R. Steel, is an induction along the J, (R)-hierarchy of L(R). The goal is
to show that at each stage « the axiom of determinacy holds true in J,(R),
i.e. Jo(R) = AD, so that in the end one gets AD-®).

In the induction we don’t show explicitly that J,(R) is a model of the
axiom of determinacy, we rather show by induction that for all o a condition
called (W) holds. This condition demands that if there is a set of reals U
such that there are scales on U and R \ U, whose associated sequences of
prewellorderings are both in J,(R), then there are structures, called Woodin
mice, which are “correct” for that level of the J,(R)-hierarchy, i.e. the ex-
istence of these mice ensures that J,(R) satisfies AD. We use Steel’s core
model theory to build these mice.

Since (W}) only mentions sets of reals such that there are sequences of
prewellorderings in J,(R) coming from a scale, we only need to prove (W2, ;)
for those « for which there are a set U C R and scales on U and R\ U whose
associated sequences of prewellorderings are new in J,41(R), i.e. there is no
scale (resp. no sequence of associated prewellorderings) on U in J,(R). We

call such an ordinal critical. If ov is not critical, then (W2, ) follows trivially.
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Descriptive set theory is used to handle these critical ordinals. For this we
introduce the concept of ¥j-gaps. First let 6*®) be 6 computed in L(R), i.e.
the least ordinal - such that there is no surjection f: R — v with f € L(R).
A Skolem hull argument then yields:

9-® is the least v such that Pow(R) N L(R) C J,(R)

So we only need to prove (W) for a < 8“®) since each subset of the reals
in L(R) appears before -®). Now a ¥;-gap is a maximal interval [, 5] such
that J,(R) is a Xj-substructure of J3(R) for statements with parameters in
R. One can show that these gaps partition 8-®). It follows that each scale
(resp. the associated sequence of prewellorderings), shows up within a ¥;-gap
[, 5]. In [Ste83] John R. Steel has analyzed precisely at which levels a there
are new scales. For this he used the concept of ¥;-gaps.

It turns out that the induction consists of various cases. The base for
the induction is the case (Wg) = (Wy).! Thus, in this case we show that
projective determinacy holds. The kind of proving (W}) = (W,,) fora >0
depends on the sort of a:

1. o begins a ¥;-gap, is R-inadmissible? and successor of a critical ordinal.
2. « begins a Xi-gap, is R-inadmissible and has uncountable cofinality.
3. « begins a ¥i-gap, is R-inadmissible and has countable cofinality.

4. « begins a X;-gap, is R-inadmissible and successor of a non-critical
ordinal.

5. « ends a weak Yi-gap.

The difference in handling these cases is that in the first three cases we
work with ordinary premice as for example introduced in [Steb]. The cases
four and five are different, since we work with so-called hybrid premice, which
are premice with an additional predicate for some iteration strategy.

Our paper follows [Ste05], in which John R. Steel uses the core model
induction to show the following result [Ste05, Theorem 0.1]:

Theorem 1.6. Suppose there is a singular strong limit cardinal K such that

O, fails; then AD holds in L(R).

L (Wg) holds trivially.
2 R-admissibility is just the translation of the concept of admissibility from the L- to
the L(R)-context.



The main difference between Steel’s [Ste05] and this paper is that Steel
can work in V and generic extensions of V. In our situation we unfortunately
don’t have the axiom of choice in V and therefore no choice in V@ <#"),
Since we have no choice in VO <#") we see no reason why there should
be any kind of choice in L(R). So we decided to work with a canonical inner
model of ZFC, HOD. As mentioned above, we don’t use the pure HOD for

technical reasons; we need to work with some relativized HOD .

Summary

The paper is organized as follows.

The first part of the second chapter introduces basic definitions and theo-
rems such as Vopénka’s theorem, which ensures that each set of ordinals in V
is generic over HOD. Furthermore we introduce Jensen’s J-hierarchy, the con-
cept of ¥j-gaps, weak and strong, the concept of scales, and R-admissibility.
We introduce premice, iteration trees and iteration strategies. A paragraph
about capturing terms follows, which we use to handle the “successor of a
critical” and “countable cofinality” cases (see above), and a few notes about
weakly compact cardinals.

In the second part we specify some important cardinals and sets of ordi-
nals to define the model for which we prove ADL(R); for example the cardinal
1 and the set of ordinals X of our main theorems.

The third part is dedicated to the framework of the core model induction.
We introduce two special kinds of premice, coarse Woodin mice and (¢, z)-
witnesses, where ¢ is a ¥;-formula and z € R a real. We further make precise
the induction hypothesis (W}) and define a new fine structural hypothesis
(W4). Moreover, we specify what we mean by “critical ordinal” and explain
why it suffices to consider only these ordinals.

The third chapter is the proof of Theorem 1.4.

The first part is the proof of the projective case. We show inductively
that M?(A) exists for each set of ordinals A € V. For this we prove first
that under the assumption “M’_,(A) exists for all sets of ordinals A € V”
the existence of MF(A) for any set of ordinals A € V is equivalent to the
fact HODp = “VA MZ(A) exists” for each set of ordinals B € V. Then we
use the proof of [Sch99, Theorem 2] to get the existence of ME(A) for each
set of ordinals A € V under the hypothesis that each uncountable successor
cardinal is weakly compact.
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In the second part we prove the cases 1 — 3 from the above enumeration.
For this we define a mouse closure operator M which serves as a basis for
“projective like” induction. We show that M(A) exists for each bounded
subset A of kT, where « is a sufficiently closed cardinal as will be defined in
Definition 2.49. To show this we use a different technique from the one used
by John R. Steel in [Ste05]. He entirely works in V, so he “only” needs first
to show that M(A) exists for each bounded subset of ;" and then to use a
covering argument to show that M(A) exists for each bounded A C k™. In
our case we first get that M(A) exists for sets A bounded in p*" which are
in HODx rather than in V. We then use a covering argument to show the
existence for bounded A C x in HOD, then that M(A) exists for all bounded
A C k in V, and finally we use another covering argument to prove this for
bounded subsets A C k' in V. Then we can build the least M-closed model
and use the covering argument to show that a sharp for it exists. Inductively
we show that for each n < w there is a least active M-closed mouse having
n Woodin cardinals. Then we can utilize these mice to go one step further
in our efforts to show AD-®),

In the last part of this chapter, we prove the fourth and fifth case of the
above enumeration. In these cases we need hybrid premice. From a theorem
of Woodin and the results in [Ste05] we have a so-called suitable premouse A/
together with an iteration strategy > which condenses well. This property
enables us to build models which have fine structure, satisfy condensation,
contain N, and know how to iterate it. The difference to [Ste05] is this time
to lift ¥ to an iteration strategy for larger trees which also condenses well.
Woodin’s theorem just gives us a p*-iteration strategy on the suitable N
for trees which live in HODy, rather than for arbitrary trees in V. So we
cannot simply use Steel’s proof [Ste05, Lemma 1.25] to lift this strategy to a
kt-strategy which one needs, but we have to adapt it to this situation. In the
end we get an iteration strategy which works for arbitrary trees in HOD y,
and this is sufficient. Then we can again build the least hybrid model which
contains N and use covering arguments to show the existence of a sharp
for it. We get inductively for each n < w the least active hybrid mouse
containing n Woodin cardinals, which we use to show AD at the next stage
of the J,(R)-hierarchy.

The fourth chapter deals with the proof of AD*® in a Col(w, < u*HODX)—
generic extension HODx|g] if each uncountable cardinal is singular. The
arguments are essentially the same as in the weakly compact case, with the
difference that we can show that in the inadmissible case M(A) exists for
each set of ordinals A € V, not only for sets which are bounded in x*.
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2. FRAMEWORK

2.1 Some definitions and notations

Notations

As usual in set theory let R := “w be the Baire space, i. e. the set of functions
from w to w.

We often need to control the cardinality of the power set of the power set
of a given ordinal computed in some inner model W. To get an upper bound
for all inner models we define a function ©: On — On by

O(a) :=sup{y : 3f: Pow(Pow(«)) — = surjective }

Of course O(«a) depends on the model in which it is computed; the larger the
model the larger is O(«), i.e. if W and W' are models of ZF with W C W',
then ©(a)" < O(a)"'. In the presence of AC we have O(a) = (22")*.

For any ordinal k, let Col(w, < k) be the Lévy collapse, i.e. Col(w, < k)
is the set of all finite partial functions p: w X kK — & such that p(n,a) < «
for all (n,a) € dom(p). Col(w, k) in contrast denotes the simple collapse of
Kk, i.e. the forcing consisting of all finite partial functions p: w — k.

As usual one can see that

Col(w, < k) = U Col(w, < a) and Col(w,k)= U Col(w, a)

a<k a<k

Moreover, there is the connection

Col(w, < k) & H Col(w, )

finite support
a<k

So if g is generic for Col(w,< k), then ¢ induces for each a < k a
Col(w, < a)-generic filter gla := g N Col(w, < «).
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Now let g be a condition in Col(w, < k). We associate to each condition
p € Col(w, < k) an element p, € Col(w, < k) with the same domain as p such
that:

o) = q(n,a) if (n,a) € dom(q)
Paln @) {p(n,a) otherwise

One can easily see that if g is Col(w, < k)-generic over V then also

9q = 1{pg:p € g}

is Col(w, < k)-generic over V and the appropriate generic extensions are the
same, V[g] = V|g,]. We call g, a finite variant of g. Also if 29 is an element
in V]g|, then it is easy to compute a term #, such that 2,7 = 29%. This can
be done in a uniform way.

As usual, let HOD be the inner model which consists of all A such that
any element of the transitive closure of A, tc({A})!, is ordinal definable in V.
For sets Xy, ..., X, let HODx, . x, denote the class consisting of the sets A
such that each element of tc({A}) is ordinal definable in V using X, ..., X,
as additional parameters. Elements of any X; are not allowed as parameters.

Note that each HODy, . x, is a model of ZFC.
In this paper we often use Vopénka’s theorem [Jec03, Theorem 15.46]:

-----

Theorem 2.1 (Vopénka). Suppose ZF holds. Let A be a set of ordinals
with sup(A) = .

Then there is an ordinal o < O(u) and a partial ordering < € HOD with
support o such that A is (o, <)-generic over HOD. Call this forcing Vop,,.

If B €V is a set of ordinals, then this theorem relativizes easily to HODp.

Proof. Let P := Pow(Pow(u)) NOD\ {0}. If f: @ — P is an enumeration of
P in OD, then we define the Vopénka forcing Vop, := (a, <) by § < & iff
f(€) C f(&). Now G:={{ €a:Ac f(§)} is Vop,-generic over HOD and

fcAes f{{yCu:€eY)) ed O

The reason why we introduced the function © is that if A is a ©-closed
cardinal, then we have that each bounded subset of X is not only Vopénka-
generic over HOD, but already Vopénka-generic over H{OP,

Ltc({A}) is the smallest transitive set containing A as an element.
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The structure of L(R)

For fine structural reasons we use Jensen’s J-hierarchy instead of Godel’s
L-hierarchy to build models like L, L(R) or L[A]. Ronald Jensen introduced
this hierarchy in [Jen72].

In order to define the J-hierarchy we need the concept of rudimentary
functions, cf. [Jen72, p. 233].

Definition 2.2. Let B be a set or proper class. A function f: V¥ — V is
called rudimentary in B or rudp iff it is generated by the following schemata:

1. T, -

flxy,. o wy)
2. flay,. ... x) =2 \ x4
flzy, ... xp)

4. f(xr,...,25) = Mor(x1, .. 2k), .., qi(x1, ..., x%)) where h,g1,..., g
are rudimentary.

5 f(x1,. . k) = U.ep, 9(2, 72, ..., 2) Where g is rudimentary.
6. f(x)=x2NB

Lemma 2.3. There is a finite list of rudg-functions such that each function
rudimentary in B is a combination of them. This list is called a basis.

Jensen defined nine functions as a basis. In [SZ] this list is enlarged to
16 functions to ensure that the pointwise image of some transitive set under
all these functions is also transitive.

Rudimentary functions are simple in the following sense

Definition 2.4. A function f is called simple iff whenever R(z,¥) is a Xo-

—

relation the relation R(f(Z),¥) is also 3.

Lemma 2.5. A function f is simple iff
1. there is a Xo-formula 1y such that z € f(Z) < Y¢(2, %) and
2. whenever Y(z,Y) is Xy, then there is a Yo-formula Xy, such that

3z € f(7) ¥(2,9) & X, 7).

Lemma 2.6. Fvery rudimentary function f is simple and therefore X.

Both these lemmata are shown in [Dev84, pp. 230 — 232].
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Now if f is rudimentary and ¢(z) is a Xg-formula, we get that also ¢(f(x))
is a Y¢-formula.

Lemma 2.7. Let f: V¥ — V be rudimentary and ©(vy, ..., Un, w1, ..., W)
be a Xo-formula.

Then there is a Xo-formula @; such that for any set U and for any
Uiy G €UF, T € U™ the following equivalence holds:
@(f(gl)aaf(g‘n)af> < @f(glaagnaf)
Proof. We construct ¢ by induction on ¢. If each parameter in ¢ is in U,
i.e. n =0, then let s := .

If p=x € f(y) for j € U* and x € U, then, since f is simple, let p; be
the formula ¢;(x, ¢) from Lemma 2.5.

Suppose ¢ = x = f(¥). Since f is rudimentary this is a ¥g-formula.

For o = f(y) € x for y € U¥ and x € U, let ¢y be 3z € x z = f(¥). Since
fis X this is a Yp-formula.

For o = ¢ Ax and ¢ = —) let ¢y 1= Y A xy and @y := 1)y, respectively.
If p=dzeca welet gy =3z € x Yy

Finally suppose ¢ = 3z € f(¥) ¢. Then let ¢ be the Yy-formula x 1., (%)
from Lemma 2.5.

From Lemma 2.5 we get the desired property. O]

Now we can define the J-hierarchy.
Definition 2.8. Let B be a set or a proper class and A be a set.
Ty (A) = te({A}),
Jan(A) = rudp(J7 (A) U {J7(A)}),
JE(A) = U JB(A) for X limit,
a<i
where rudg(X) is the closure of X under rudp functions.

We also define a subhierarchy of the .JP-hierarchy to have more control
over the successor steps of the JP-hierarchy.

Sy (A4) = te({A}),
S21(A) = Sp(S7(4)),
SY(A) = | SZ(A) for A limit.

a<
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Here Sp is an operator which, applied to a set U, adds images of members
of U U{U} under the basic functions rudimentary in B.?

In the special case A =R and B = ) we abuse our notation of J,(R) by
starting the hierarchy with Jy(R) := V41 rather than Jy(R) = tc({R}).

First observe that JZ(A) = SB (A) and for v := tc({A}) N On we have
JB(A)NOn =7 + wa.

One can easily see that (J, .o, /2 (A) is the minimal inner model of ZF
which contains A as an element and which is closed under rudimentary func-
tions. If A is easily wellorderable, then (J, .o, JZ(A) is even a model of
AC. Of course, we drop B and A whenever B = () and A = (); for example
L(R) = Uacon Ja(R) and L[B] = U,con Ja’

We need definable subsets of stages of the J,(R)-hierarchy, but we don’t
want that quantification over the set of reals increases the complexity of the
formulae. So we follow the notions from [Ste83] to define %, (J,(R))- and

I1,,(Jo(R))-sets of reals.

Definition 2.9. Let « be an ordinal. Then we let 3, (J,(R), z1,...,zx) be
the set of subsets of the reals which are 3,-definable over J,(R) from the pa-
rameters a1, ..., and the parameter V3. This means in particular that
the quantifiers dz € R, V& € R do not increase the complexity of a formula,
since they are bounded quantifiers. We use the notation X,(J,(R)) for the
set of subsets of the reals which are ¥,-definable over J,(R) from arbitrary
parameters of J,(R). The terms II,(J,(R), z1,...,z) and II,,(J4(R)) are
defined accordingly.

Definition 2.10. Let M and N be such that X U{V_, 1} C M C N. We
write M <X N if M and N satisfy the same %,-formulae with parameters
in X U{V41}. We write M <, N for M <™ N. M <X N means that M
and N satisfy the same formulae of arbitrary complexity with parameters in
X U{V,11}. Finally M < N means that M is an elementary substructure of
N,ie. M <™ N.

We now introduce ¥;-gaps, which are needed to characterize critical or-
dinals.

2 Here we use the enlarged list from [SZ] to ensure that each stage of the SZ-hierarchy
is transitive.

3 Note that we do not allow elements of V1 as parameters! For example, individual
reals are forbidden!
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Definition 2.11. Let a, 3 € On be such that « < 3. The interval [a, 3] is
called a ¥1-gap iff it is a maximal interval in which no new >;-facts about
reals are verified, i. e.

L Jo(R) <Y Js(R),
2. Vo' < a Ju(R) A% J,(R), and

3. VB > B Js(R) AT Jp(R).

Remark. We have J,(R) <} J,(R) <} Js(R) for each v € [a, 3], since ¥;-
formulae are upward absolute, J,(R) < J3(R), and since we only allow
parameters from R C J,(R).

One divides the ¥;-gaps in two parts: strong and weak.

Definition 2.12. Let ¥ , be the X, -type realized by a in J,(R), i.e.

Yoo =l 9 € B UIL A Jo(R) = ¢(a)}

An ordinal (3 is called strongly I1,,-reflecting iff each ¥,-type which is realized
in J3(R) is already realized in J,(R) for some o < 3, i.e.

Vb € J3(R) 3o < B 3a € JL(R) S, = 50,

A ¥q-gap [a, 0] is called strong iff § is strongly I1,,-reflecting, where n is least
such that p,(J3(R)) = R.* Otherwise [, 3] is called weak.

For our proof of AD we heavily use the concept of scales in L(R).

Definition 2.13. Let A C R¥ and A € On. A function ¢: A — X is called a
norm.

A scale on A is a sequence of norms (¢; : i < w), p;: A — X\ with
the following property: Suppose {z; : i < w} C A with lim;, z; = x and
g: w — A is a function such that for every n and for all but finitely many ¢
the equality ¢, (z;) = g(n) holds. Then x € A and ¢, (x) < g(n) for every n.

Let & be a scale on A C R*. We can associate a sequence of prewellorder-
ings <z := (<, 17 < w) to ¢ such that for all z,y € A:

<,y & i) <eiy)

In L(R) scales are closely connected with ;-gaps. In [Ste83] it is analyzed
at which stages in the J,(R) hierarchy new scales appear.

4 p,(J3(R)) = R means that there is partial ¥, (Jg(R))-map f: R — Jz(R) which is
onto; cf. [Ste83, Definition 1.13].
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Definition 2.14. An ordinal « is called R-admissible iff for no D € J,(R)
there is a total cofinal map f: D — wa which is 3;-definable over J,(R).?
Otherwise « is called R-inadmissible.

Remark. Note that if a is an R-admissible ordinal, then J,(R) is a model of
Aj-separation. For this let D,w,z € J,(R), ¢ € X1, and ¢ € II; be such
that

A={reD:J,R) EFy(z,w)}={reD:J,(R) =9z}
To show A € J,(R), we define f: D — wa by

f(z) == min{y: D € 5,(R) A 5,(R) = p(z,w) V ¢ (z, 2)}

Since ¢ and —¢) are Xj-formulae and Jo(R) = U, _,, 55 (R), and since
each x € D is either in A or D\ A, we have that this function is well defined
and total on D. Moreover, f is ¥1-definable over J,(R). As «is R-admissible,
f is not cofinal, so let v < wa such that f”D C ~. But then

A={zeD:5,(R) E ¢(r,w)},

so A € rud(S,(R)) C J,(R).6

Premice

For definitions and proofs which are not given see for example [Steb] (or in
more detail [MS94b]) or [Zem02].

Definition 2.15. Let E be a fine extender sequence.” A potential premouse
is a J-structure of the form (J%; €, E[a, E,). A premouse is a potential pre-
mouse M all of whose proper initial segments are w-sound. We often identify
(JE; e, Ela, E,) with its support JE. We also have L[E] = | JE.

acOn Yo

If M is a potential premouse we write ht (M) := On™ i e. if M = Jf
then ht (M) = wa.

Remark. If E is a sequence, then we abuse notation by writing Jf for JZ,
where B = {(3,2) : z € Es}.

® This is equivalent to the statement J,(R) = KP.

6 Note that if U is transitive, then rud(U) N Pow(U) are exactly the definable subsets
of U.

7 See [Steb, Definition 2.4].
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We also use generalized premice, so-called A-premice, i. e. the construction
of the premice begins with the transitive closure of {A}.

Definition 2.16. Let E be a fine extender sequence over some set A A po-
tential premouse over A is a J-structure of the form (JZ(A); €, A, E[a, E.,).
A premouse over A or A-premouse is a potential premouse over A all of
whose proper initial segments are w-sound.

See [Stec| for more details on relativized premice. Note that if M is an A-
premouse we demand that all critical points of extenders on the M-sequence
are larger than sup(tc({A}) N On). Moreover, we have that each Skolem hull
contains {A} U A. For example the first core of M, €;(M), is the transitive
collapse of the ¥;-hull in M generated by p;(M) U {p1 (M)} Utc({A}).

Definition 2.17. Let M = (Jf(A); E,A,E[a,Ea) be an A-premouse and
[ < a. Then we call

M||B = (JE(A); €, A, E18, Ep)
and
MG = (JF(A); €, A, E15,0)

initial segments of M.

Let A and M be A-premice. We write N < M iff N' = M||3 for some
B < a. Moreover, we say N and M are compatible or lined up if N' < M
or M < N.

So if X' is a set of compatible premice we can build the “union” of them.

Definition 2.18. Let A be a set and X be a set of pairwise compatible
A-premice, i.e. for each M, N € X we have M <N or N < M. Then we
write { X for the premouse N of least height such that for all M € X there
is an o with M = N|a.

If Sis aset and (M, : a € S) is a sequence of pairwise compatible
A-premice, we write \/ g Mg for V{M, 1 a € S}.

If X is a set of A-premice such that for each M, N € X there is an o with
M = Nl|a or N = M|a, then we use the notation \/ X for the premouse N/
of least height such that for all M € X there is an o with M = Na.

8 See [Stec, Definition 2.6].
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Iteration trees

Definition 2.19. A tree order on an ordinal 6 is a partial ordering <7 C <
such that 0 is the least element of <7 and for any v < 6:

1. {B: 0 <7~} is wellordered by <7,
2. v is a <g-successor iff v is a successor ordinal, and

3. if v is a limit ordinal, then the set {8 : § <7 v} is <-cofinal in .

A set b C 0 which is downward closed under <7 and wellordered by <
is called a branch in T .

If <7 is a tree order, then we define

BAr ={n:68<rn<rv}

as usual. (6,7]r, [3,7)7, and (3,7)r are defined similarly.

Now we briefly describe the iteration game Gi(M,0) where M is a k-
sound A-premouse, k < w, and 6 is an ordinal. For a more detailed version
see [Steb].

During the game the players produce

1. a tree order <7 on 6,
2. A-premice M7 for a < § with MT = M,
3. an extender EZ from the MZ-sequence for o < 6, and

4. aset DT C 0 and embeddlngs ap: ML — MT for each a <7 8 with
DT N (Cl/ ﬁ]f]’ =

The game is played as follows. Suppose we are at move a + 1 and the
players have produced (EY : ¢ < a), (M{ : £ < a), <7 a+1and DT Na+1.
Then player I has to p1ck an extender ET from the MZ-sequence such that
lh(ET) < Ih(ET) for all £ < . If he does not, then the game is over and I
has lost Let 3 < a be least with cr(E7?) < y(ET) and let n < ht(M7) be
largest such that E7 is an extender over MZ*, := ./\/lTHn Then we define

a+1eD” &n<ht(M}) and MZ,, =ult,(ML ET)

where n < w is largest such that
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1. cr(ET) < po(MZI3)) and
2. if DT N[0, + 1]7 = 0 then n < k.

If this ultrapower is not wellfounded, then the game is over and II has
lost. Finally we set 3 <7 a+1. If a+1¢& D7 then let e q1: Mg — Mgﬂ
be the canonical ultrapower embedding and let e, 411 := €311 0 €43 for any
v <7 8 such that DT N (v, Bl7 = 0.

Now suppose we are at move A, where A is a limit ordinal. Then II has to
pick a branch b in <7. We demand that b is €-cofinal in A and that D7 Nb
is bounded in A, so that we can build the direct limit of the ultrapower
embeddings. Set

M; = lim diraeb\sup(DTﬁb) Mz’:

If 1T does not pick a branch such that D7 N b is bounded in A and M7 is
wellfounded, then the game is over and II has lost. Finally we set a@ <7 A iff
« € b, and we let e, be the direct limit of the embeddings e, 5 for 3 € b\ .
We often write e, or ey for e, » where « is least such that e, ) is defined.

If no one has lost after # many moves, then II wins.

Definition 2.20. A k-maximal iteration tree T on M of length 6 is a partial
run of the game Gy (M, ) in which no one has lost. We often identify 7 with
the tree order <7 and write shortly iteration tree for k-mazimal iteration
tree.

An iteration tree 7 is determined by the tree order <z, the mouse M,
and the sequence (EX : o < 6) of the extenders played by player I. We say
Ih(T) := 0 is the length of T. MZ is a structure which is built from the fine
extender sequence EMZ. Note that the rules of the iteration game ensure
that MZ is a premouse. Moreover, for each 3 > « the equation

EM3 ih(ET) = EMa i (ET)
holds true. So we have
ME|IW(EL) = MZ|Ih(EY).

Definition 2.21. If 7 is an iteration tree on M of limit length then we
define

8(T):= sup Ih(E]) and M(T):= \/ MZ|ih(E])
a<lh(T) a<lh(T)

M(T) is called the common part model of the tree 7.

9 Of course this is only meant for a, 8 > sup(D7 Nb), such that the direct limit exists.
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So M(T) is the premouse built from the fine extender sequence

E:= |J EMin(ED)

a<lh(T)

Definition 2.22. Let 7 be a k-maximal iteration tree on M and o < Ih (7).
We define the degree of o, deg? (c), by saying

1. deg”(0) =k,

2. if a is a successor, say a = 3+ 1, then let deg? () be the largest n < w
such that M7 = ult,(M2* E7), and

3. for A limit, let deg”? ()\) := “the eventual value of deg? (3) for S+1 <7 A

sufficiently large” .1°

Definition 2.23. Let 7 be an iteration tree and b be a branch. We then
say that b drops in model (or degree) iff DT Nb # () (or deg? (b) < deg7(0)).

Now for any ordinal a we introduce the iteration game Gi(M, a, ) for a
k-sound A-premouse. Gi(M, «, ) is an elaboration of Gx(M,#). Its output
is a linear stack of iteration trees.

The game has a rounds. The £ round is played as follows: Let A/ be the
last model in the linear iteration produced so far, i.e. if 3 = 0 then N’ = M,
if 3 =~ + 1 then N is the last model of the tree produced in round , and
if 4 is a limit then A is the direct limit along the unique cofinal branch in
the linear composition of the trees produced before 3, provided this branch
is wellfounded. If this branch is illfounded, I wins. Let ¢ be the degree of A/,
i.e.q=Fkif 3 =0, if 8 is a successor then ¢ is the degree of N as defined in
Definition 2.22 and if  is a limit then ¢ is the eventual value of the degrees
of the previous rounds.

Player I begins round (3 by choosing an initial segment P << N and some
i <w. If P =N then i < ¢ has to hold. The rest of round (3 is according to
the rules of G;(P,0), except that I can stop playing the round before 6 steps
and I has to break before the end of G;(P, 0) if 6 is a limit ordinal (otherwise
he would lose). So in any case there is a last model which serves as N for
round 3+ 1.

Player II wins G(M, a, 0) if he does not lose any of the component games
and if for each limit § < « the unique cofinal branch in the composition of
trees previously built is wellfounded.

10 This can be done by [Steb, Theorem 3.8].
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Iteration strategies

Definition 2.24. A (k,0)-iteration strategy (resp. (k,a,0)-iteration strat-
egy) for an A-premouse M is a winning strategy for II in Gx(M, @) (resp.
Gr(M, a,0)).

We say M is (k,0)-iterable (resp. (k,a,0)-iterable) iff there is such an
iteration strategy. M is (k,@)-iterable above ¢ iff there is a (k, 0)-iteration
strategy with respect to iteration trees whose extenders have all critical points
above 0.

Finally M is 0-iterable (above 0) iff it is (w, #)-iterable (above ).

The iterability we use mostly is the so-called “countable iterability”.

Definition 2.25. An A-premouse M is called countably k-iterable above 6
iff € (M) exists'! and for all NV, if A is an A-premouse N with N’ = w such
that there is a weak k-embedding 7: N — €,(M) with 6 € ran(r), then N/
is (k,wp,w; + 1)-iterable above 771(§).

M is called countably iterable above ¢ iff for all k < w, M is countably
k-iterable above 4.

An A-premouse M is called countably iterable or an A-mouse iff M is
countably iterable above 0.

Remark. In the following when we say “N is elementarily embeddable into
M?” in the context of countable k-iterability, we mean that N is a premouse
and there is weak k-embedding 7: N' — €x(M).

For example if M is a premouse and ¥ is an (k, wy, w; + 1)-iteration strat-
egy for M, then one can show that M is countably k-iterable. In fact, each
premouse N which is weakly k-elementarily embeddable into some (k,6)-
iterable (resp. (k,q,0)-iterable) premouse M is also (k,6)-iterable (resp.
(k, cr, 0)-iterable) via the so-called “pullback iteration strategy”.

Lemma 2.26. Suppose 7: N’ — M is a weak k-embedding and - is a (k,0)-
iteration strateqy (resp. (k,a, 0)-iteration strategy) for M.

Then there is an iteration strateqy X" in the corresponding game for N,
the pullback iteration strategy.

1 Here €;,(M) is the k*® core of M as defined in [MS94b, Definition 2.8.1].
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For the proof we need the Shift Lemma.

Lemma 2.27 (Shift Lemma). Let M and N be premice. Suppose there is
a weak 0-embedding : N — N and a weak k-embedding 7: M — M. Let
F be the top-extender of N', F the top-extender of N and let & := cr(F),
k= cr(F). Suppose

M|(FHM = NI(FDM and ()M < (RHY

IN

and
M|(EF)M = N ()M and (s < (5F)Y

Suppose further that w[(FH)M = (RN, k < pp(M) (so that ulty(M, F)
and ulty(M, F) make sense), and that ulty,(M, F) is wellfounded.

Then the ultmpozyeriultk(./\;l, F) is also wellfounded and there is a unique
embedding o ulty(M, F) — ult, (M, F) satisfying the following conditions:

1. 0 is a weak k-embedding,
2. ulty(M, F)|Ih(F) = N|Ih(F) and ulty(M, F)|Ih(F) = N|Ih(F),
3. ol lh(F)+1 = Ih(F)+1, and

4. the diagram

U_ltk( _,F) ud U.ltk(./\/l,F)
zT Tj
M . M

commutes where i and j are the canonical ultrapower embeddings.

A proof of the Shift Lemma can be found in [MS94b, Lemma 5.2]. In the
representative case k = 0, the desired map o is given by:

o([a, f1¥) = [¥(a), 7(f)]F"

It is clear that if o shall satisfy conditions 3 and 4, then it has to be defined
in this way.

For the proof of Lemma 2.26 let 7: N' — M be a weak k-embedding.
If 7 is an iteration tree on AN, we can use the embedding 7 to construct a
tree 77 on M which has the same tree order, drop structure, and degree
structure as 7. We define the models of 77 on M by induction, together
with embeddings 7,: N7 — M,, where M, will be the o' model of 77
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Suppose we inductively have

1. 7, is a weak deg” (a)-embedding,

2. if B < a and F is the last extender of N7, then mg|lh(F) = 7, [Ih(F),
and

3. if B <7 a and DT N (B,al]r = 0, then the diagram

Ll

eﬁya
Mg M,

4,k

€ [e3
N7 - NT

«a

commutes.

We define M1 and 7,.1 by applying the Shift Lemma. For this we
set N := NZ||Ih(EZL), ¢ = mo [N, M = NZr, and m := 73| M, where
B = predr(a + 1) is the T-predecessor of o + 1. If the ultrapower giving
rise to M7Z, is illfounded, we stop the construction. Otherwise it is easy to
verify the induction hypotheses so we can continue.

Now let A < [h(7) be a limit ordinal, and let M%7 be the transitive col-
lapse of the direct limit of the system (MZ7 : o € [0, \)7 sufficiently large)
if the direct limit is wellfounded. Otherwise we stop the construction.

Proof of 2.26. Let X be the iteration strategy of M. We define ¥™ by saying
when an iteration tree 7 on A is built according to X™:

T is by ¥ <« 77 is built according to X

The construction of 77 ensures that each initial segment of 77 is built
according to the rules of the iteration game, so II does not lose because of
illfoundedness of some successor model N, aT+1- At limit steps A we inductively
have that 77 [\ is built according to 3. So let b C A\ be the branch in 77 A
chosen by . Since the tree order, drop structure, and degree structure of
TIA and 77 [\ are the same we can also set [0, \)r := b. We have that

NT is wellfounded, because M%7 is wellfounded and my: N — M7 is an
elementary embedding. O

Lemma 2.28 (The Comparison Lemma). Let M and N be k-sound
premice of size < 0, and suppose 3 and T' are (k,0" + 1)-iteration strategies
for M and N, respectively.
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Then there are iteration trees T and S, played according to > and T’
respectively, with last models MZ and J\/;;S such that either

1. [0,a]7 does not drop in model or degree, and MZ is an initial segment

of./\f;]g, or

2. [0,n]s does not drop in model or degree, and N,f 1S an nitial segment

of MZ.

The Comparison Lemma can be used to show the following useful result:

Lemma 2.29. Suppose ZF holds. Let M and N be w-sound A-mice, and
let a < min{ht (M), ht (N} be such that M||a = N||a, a is a cutpoint'? in
both M and N, and p,(M) < a, p,(N) < a.

Then M and N are compatible, i. e. either M <IN or M > N.

In particular this holds true if M and N are w-sound A-mice such that
pu(M) = pu(N) = sup(4).

Proof Sketch. This lemma in ZFC is essentially a corollary of the proof of the
Comparison Lemma and can be found in [Steb, Corollary 3.12]. In the proof
of the Comparison Lemma one uses a reflection argument for which it has to
be possible to build elementary substructures of large initial segments of the
universe. Since without choice this is impossible, we have to go into some
inner model of ZFC. We just sketch the difference to the ZFC case.

So let M and N be w-sound A-mice as stated in the lemma. Then
consider L[ M, N] which is a model of choice. Let  be large, let X < VQL IMoN]
be a countable substructure containing M and N, and

1 H = LMN], 7ML N = (M, N,

where 7 is the uncollapsing map.

Since M’ and N are elementarily embeddable into M and N respectively,
there are w; + l-iteration strategies ¥ and I' for M’ and N’, respectively.
So M’" and N’ are coiterable in LM, N, X, T] which is a model of ZFC.
Now we can show that M and N are compatible as in the proof of [Steb,
Corollary 3.12] O

12 v is a cutpoint in a premouse M if there is no extender E on the M-sequence such

that cr(E) < a < Ih(E).
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Definition 2.30. Let M be a premouse. We say M is tame iff no local
Woodin cardinal is overlapped, i.e. whenever E is an extender from the M-
sequence and A = [h(FE), then

MINEVS > er(E) 6 is not Woodin.

Suppose there is no non-tame premouse. Then we can describe the iter-
ation strategies for many premice by means of so-called O-structures.

Definition 2.31. Let 7 be an iteration tree of limit length on a premouse
M. A Q-structure for T is a premouse Q, such that

1. M(7T) 9 Q, such that §(7) is a cutpoint of Q.
2. Q is countably iterable above 6(7).
3. Q Kkills the Woodin property at some k < w'?, i.e.

(a) Qis k + 1-sound, and

(b) either pr1(Q) < 0(7), or there is an f: §(7) — (7)) which is
T’EkQ_H such that for no extender E on the Q-sequence we have
in(f)(cr(E)) < v(E), but there is no such f which is rX2, i.e.
k 4+ 1 is least such that there is a TZ,?+1—deﬁnable counterexample
for 6(7) to be Woodin.

If there is no non-tame premouse, then a comparison argument shows
that there is at most one O-structure for 7. If the O-structure for 7 exists
we denote it by Q(7"). Otherwise we leave Q(7) undefined.

Definition 2.32. Suppose 7 is a k-maximal iteration tree of limit length
and b is a wellfounded cofinal branch of 7. Let Q(b,7) be the least initial
segment of MI such that either p,(Q(b, 7)) < 0(7) or Q(b,T) defines a
failure of 6(7") to be Woodin as in the definition of the Q-structure for 7. If
there is no such initial segment let Q(b, 7') undefined.

Definition 2.33. The O-structure iteration strategy is the partial iteration
strategy picking the unique branch b through 7 coming with a O-structure,
ie. Qb,7)=9(7).

13 Cf. [Ste02, Definition 2.1]
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One can show

Lemma 2.34. Let M be a tame premouse such that
M = “there are no Woodin cardinals” or p,(M) <,

where § is M’s least Woodin cardinal if there is one. If 0 is an infinite
cardinal and M is 6% + 1-iterable, then the Q-structure iteration strateqy is
the unique 6% + 1-iteration strategy.

In particular we get:
Lemma 2.35. Let M be an A-mouse such that p,(M) = sup(A), and let
N be countable and elementarily embeddable into M.

Then N is wy + 1-iterable via the Q-structure iteration strategy.

The lower part model
Definition 2.36. We define the lower part closure of a set A inductively by

M;(A) = V{M : M is an w-sound A-mouse such that
pu(M) = sup(A)}
Mai1(A) = V{M : M is an w-sound A-mouse such that

Ma(A) 9 M, p,(M) < ht(Ma(A)),
and ht (M, (A)) is a cutpoint in M}

M, (A) = V{MQ(A) ca < A} for A limit
Lp(4) = \/{Ma(A) : a € On}
Note that this is also well defined in a choiceless world, because if M
and N are two candidates for being an initial segment of some M, (A),

we don’t need choice to prove that M < N or N < M; cf. the proof of
Lemma 2.29.

Lemma 2.37. 1. For all o, we have that M, (A) is an w-sound A-mouse.

2. {ht(M,(A)) : v < a} is the set of cardinals of My(A) above sup(A).

If W is an inner model with A € W, we let Lp""(A) be the lower part
closure of A built in W. We drop A whenever it is possible.
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Remark. Lp is a lower part model, i.e. if E is the extender sequence of Lp,
then for every ordinal «, F, is not a total extender over Lp. In other words
no cardinal in Lp is measurable witnessed by an extender on E. The reason is
that each cardinal in Lp is a cutpoint in Lp, so if £, were an extender which
witnesses the measurability of some k, then it appears on the sequence before
Kt Lp, and therefore the extender is not total on Lp.

Capturing terms

Definition 2.38. Let M be a countable premouse, § € M an M-cardinal,
and A C R a set of reals.

A term 7 € M@ weakly captures A over M iff whenever G € V is
Col(w, d)-generic over M, then 7¢ = A N M[G] holds true.

Suppose further that there is an wy-iteration strategy ¥ for M such that
for every countable simple Y-iterate M* of M with iteration map 7 we
have that 7(7) weakly captures A over M*. We then say T captures A over

M.

The proof of the next lemma can be found in [SSc].

Lemma 2.39. Let M be a countable premouse, Y an w,+1-iteration strategy,
and let 9 < n be such that

M [= both § and n are Woodin cardinals

Let further B C R x R and suppose 7 € M) captures B over M.

Then there is a 0 € M9 sych that o captures the set IXB, where
EB:={reR:JyeR (z,y) € B}.

From this we get

Lemma 2.40. Let o, 3] be a ¥1-gap and n < w. Suppose that either

1. a < B, o, B] is weak, and n is least such that p,(J3(R)) =R, or

2. a = 3 is R-inadmissible and n = 1.

141 e. there is a countable iteration tree on M played according to ¥ with last model
M* and there are no drops on the main branch.
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Let M be a countable wy + 1-iterable premouse and (6; : i < 2k) be a de-
scending sequence of Woodin cardinals in M. Suppose further that there is
a universal X, (J(R))-set which is captured by T € M%),

Then there is also a universal Y,ior(Jg(R))-set which is captured by a
term o € MCoUw,021)

Proof sketch. This follows from [Ste83] and the lemma above.

If 1 holds, then there is a X, (J3(R)) partial surjection f: R — Jz(R);
condition 2 ensures the existence of a partial surjection f: R — J,(R) with
f € ¥1(Jo(R)). In both cases the function f can be used to show that for
each k < w the following equality holds (cf. [Ste83, Lemma 2.5, Proof of
Corollary 3.9]):

Skt (Jo(R)) N Pow(R) = F¥(IL, 4 (J3(R))) N Pow(R)

It follows that if U is a universal X, o4-1)(J5(R))-set of reals, then F*VEU
is a universal set for X, ox(J5(R)). So if 7 € M@ Pnt20-1) is a term

capturing U, then we can apply the lemma above twice to get a capturing
term o € MCOUW dni2k) for FRYRE O

Definition 2.41. Let I be a class of subsets of R and = € R. Then let Cp(x)
be the set of reals which are I' in a countable ordinal and the parameter x,
ie.aeCr(z) &

3¢ < w; FJA €T Vz € Code(€) a is unique such that (a,z,z) € A 1°

We further set Cr := Cr(0).

For example, if 2 € R then the sets of reals which are ¥} in a countable
ordinal and parameter z are exactly the reals in L[z], Cgi(z) = RN Lz].
More generally CE%n+2 (x) is the set of reals of the least inner model over x

containing 2n Woodin cardinal, i.e. Cyy  (2) = RN May(z).

For “good” pointclasses I' the existence of a capturing term already im-
plies the closure under Cr.

Definition 2.42. Let I" be some pointclass. We call T' good iff it is w-
parameterized, closed under recursive substitution, and closed under 3%, i.e.
= {3®B . BeTl}CT.

For example, each pointclass of the form ¥, (J,(R)) is good.

15 For a countable ordinal &, Code (€) is the set of reals which code &.
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Lemma 2.43. Let I' be a good pointclass. Suppose M is a countable, w-
iterable premouse which contains a capturing term for a universal I'-set.

Then M is closed under Cr, i. e. for allx € MNR we have Cr(z) C M.

Proof. Let x € M NR and let a € Cr(z) be determined by ¢ < w; and
A €T. So for each z € Code(§) we have that a € R is the unique real such
that (a, z,x) € A. If we define a set A’ by

(n,m,z,x)e A & FJyeR ((y,z,x) € AAy(n) :m),

then A" € I'. So a(n) = m < (n,m,z,x2) € A for all z € Code (). Let
7 € MO he a capturing term for a universal I-set U. Since A’ € T
and U is universal, we can find an integer k such that for each y € R:
ye A s (ky)eU.

Now we can iterate M until we reach some premouse AN such that for
the iteration map 7: M — N the inequality £ < 7(d) holds. Let G € V be
Col(w, (6))-generic over N'. So we have 7(7)¢ = U N N[G]. € is countable
in NV[G], so let z € N[G] be a real coding . Now we can define a in N|[G]
by

an)=m < (k,(n,m,z2)eclU < (k(n,m,z2))cnr(r).

But if G and G’ are mutually generic over N, then a € N[G] N N[G].
It follows that a € N and therefore a € M, because iterations don’t add
reals. O]

Weakly compact cardinals

Definition 2.44. The symbol § — (a)<“ (resp. § — (a)*) denotes the
property that for every partition F of the set [§]<“ (resp. [0]¥)!® into two
pieces, there exists a set H C § of order type « such that F' is constant on
[H]™ for each n < w (resp. F is constant on [H]¥).

A cardinal § > w is called weakly compact iff § — (§)%. § > w is called a
Ramsey cardinal iff 6 — (0)<¥.

We want to prove Theorem 1.4 using Theorem 1.3. The latter one ensures
the existence of Ramsey cardinals, which are of course weakly compact.

65k ={ACd: A=k}, [6]< = Uyeu[0)F
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We need the following lemmata whose proofs can be found in [Sch99].

Lemma 2.45. Suppose ZF. Let & be weakly compact. Then the following
hold.

1. 9 is reqular.

2. § has the tree property, i. e. there is no 6-Aronszajn tree.!”

3. For no a < ¢ there is an injection f: d — “2.
4. 0 is inaccessible in any inner model of ZFC.

Lemma 2.46. Let 6 be weakly compact. For every inner model W such that
Pow(d) N W = 6 there is a countably complete ultrafilter U with:

(W;e€,U) = U is a 0-complete normal ultrafilter on 0.

Using this lemma we get the following:

Lemma 2.47. Let 6 and 61 be weakly compact cardinals, and let T be an
iteration tree of length J.

Then there is a unique cofinal wellfounded branch through T .

Proof. The uniqueness and the wellfoundedness of such a branch are clear,
since ¢ is regular of uncountable cofinality.

For the existence consider the model W := HOD[T]. Since 6 is inacces-
sible in W, it satisfies the assumption of Lemma 2.46. Let U be an ultra-
filter given by the lemma. We can form the ultrapower ult(W, U) (which is
wellfounded by countable completeness) and identify it with the transitive
collapse. Now consider the usual ultrapower embedding;:

7 W —ult(W,U), cr(m)=20

Then 7(7) is an iteration tree of length 7(d) such that 7(7)[é = 7. But then
[0, ) (1) is a branch according to the rules of the iteration game, so [0, ) (1)
is <7-cofinal in § and therefore a wellfounded cofinal branch through 7. O

17 A é-tree T for which T:a < ¢ for all & < ¢ holds, and which has no cofinal branches is
called a d-Aronszajn tree.
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2.2 Defining the model

In this section we define the model for which we prove AD*® . We need to
specify the choice of © and X from the Theorems 1.4 and 1.5. So for the rest
of the section suppose that V is a model of ZF such that either

1. every uncountable successor cardinal is weakly compact and every un-
countable limit cardinal is singular, or

2. every uncountable cardinal is singular.

Note that in both cases we have that each inner model of ZFC does not
compute the cardinal successor of an ordinal > w correctly. In the case
where each uncountable successor cardinal is weakly compact, this follows
from Lemma 2.45, since weakly compact cardinals are inaccessible in inner
models of ZFC. If in contrast every § > w is singular, then we cannot show
that J is inaccessible in any inner model of ZFC, but we can show that any
singular ¢ is a limit cardinal in any inner model of ZFC.

Lemma 2.48. Suppose ZF holds and § is an uncountable singular cardinal.

Then 6 is a limit cardinal in each inner ZFC model W'

Proof. Let B be a set of ordinals coding ViV and A C § be cofinal of order
type v := cof(d). Then A is Vops-generic over HODp. But § has cofinality
7 < ¢ also in HODp[A] and therefore 0 is singular in HODg[A]. Hence,
since it is a cardinal in V and therefore in HODg[A], § is a limit cardinal in
HODp[A].'®

So there are cofinally many HOD g[A]-cardinals less than §, which are of
course also cardinals in V¥ C HODp[A]. But if £ < § were a cardinal in V;V
but not in W, then there would be a function in ngl C V4" witnessing this
fact. This is a contradiction, so ¢ is a limit cardinal in W. n

Some closure cardinals

We define some closure cardinals which we need in the following.

Definition 2.49. 1. First let ¢ be a V-cardinal larger than ©(w;). Sup-
pose B is a set of ordinals and A is a subset of w;. Then A is Vopénka-
generic over HOD . But since Vop,,, has an ordinal < ©(w; ) as support,

18 Successor cardinals are regular since HOD [A] is a model of ZFC.
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we have that each dense subset of Vop,, in HODp is already in HHOP=
and therefore A is Vop,, -generic also over HHOPz.

Moreover HHOP5 contains the partial functions ¥: Pow(w;) — Pow(w;)
which are in HODg. In particular every w; + 1-iteration strategy for a
countable premouse in HODp is already in HHOPz. So if we consider
a premouse over a set which codes HH9P5 (and more) for some spe-
cific B, then all countable iteration trees and all countable elementary
substructures of any inner model are generic over that premouse by
Vopénka’s theorem.

2. Let ¢ be a O©-closed V-cardinal larger than O(y), where v := ™. So
¢ is larger than O(y) computed in any HODpg, and therefore H?ODB
contains in particular each dense subset of Col(w, ¢) which is in HODp.
So for each g the following is true:

(a) g is Col(w,e)-generic over H?ODB iff g is Col(w, €)-generic over

HODpg, and
(b) if g is Col(w, £)-generic over HODg then for @, = w'fODB[g] we
have

Pow (1) N HOD[g] = Pow(@;) N HIP#[g]

and therefore each @, + 1l-iteration strategy for a countable pre-
mouse which is in HODplg] is already in H?ODB[g].

3. In V there exists a cardinal £ which is closed under the ©-function with
the following property: Let B € V be a set of ordinals and W C V be
a Vopénka-generic extension of HODg. Then there exists a ©-closed
p € (¢, k) such that pf = pin W.

Proof. We consider the monotone enumeration e of the cardinals larger
than ¢ which are closed under the O-function. Define & := e(¢*). Now
we can set p = e(et"). Since W computes the cardinal successor of
¢ incorrectly we have etV < et, so u < k. The function e is ordinal
definable, so it is an element of HODp C W and therefore we have that
W E cof(u) = et. Then the following holds in W:

w=T=Ja<> o= -swpas < p-supO(a) = p 1
a<e a<p sk asm

So k and p are as desired. ]

19 Here the second equality holds because p has cofinality larger than e, and the fifth
holds since a® < a® = 2% < O(a) for « large. Finally the last equality holds since p is
closed under © in V and therefore in each inner model.
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The properties of p enable us to build in W elementary submodels of
VIV, for Q large enough, which have size p and which are closed under
e-sequences.

4. Now define inductively an ascending sequence (k; : ¢ < w) such that
each k; fulfills condition 3. Let x := sup{k; : i < w}. In particular, for
each Vopénka-generic extension W of some HODpg there are cofinally
many cardinals p < x such that p* = p holds in W.

The following definitions are needed to define the models for which we
want to prove AD-(®)

The model for Theorem 1.4

Definition 2.50. Suppose V is a model of ZF in which every uncountable
successor cardinal is weakly compact and each limit cardinal is singular.

Let  be as in Definition 2.49. Suppose Ag € HOD N Pow(k) codes HHOP
in some simple way. Since k is closed under © it is a strong limit cardinal
in HOD, and therefore such an Ay C k exists. We build in V the lower part
model Lp(Ag) = LpY(Ap) and consider

\ = R+|—P(A0)'

By Lemma 2.45 we have that £ is inaccessible in Lp(A4p) so A < k. But
then cof(\) < k since & is singular (cof(k) = w). Let

X C X be cofinal of order type cof(\) < k.
Now by the choice of k we can fix a

i < k such that g > cof(\) and p° = p holds in HODy.

So our Theorem 1.4 is:

Theorem 1.4. Suppose V is a model of ZF such that each uncountable suc-
cessor cardinal is weakly compact and each uncountable limit cardinal is sin-
gular.

Then ADY® holds in HOD <.
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The model for Theorem 1.5

Definition 2.51. Now let V be as in Theorem 1.5, i.e. V is a model of ZF
in which every uncountable cardinal is singular.

As before let k be as in Definition 2.49 and let Ay € HOD N Pow(k) be a
set of ordinals which codes HHOP in a simple way. Then we build the lower
part model Lp(Ag) = Lp¥(4,) and consider

A= /{J’LP(AO).

This time we have A < k% by Lemma 2.48. Since every limit ordinal has
cofinality w we can choose an

X C ) cofinal of order type w.
Again by the choice of k we can fix a

i < k such that p° = p holds in HOD x.

In our core model induction the witnesses that AD holds at stage « are
countable mice with w; + 1-iteration strategies. So we need to control the
generic extension at least up to its first uncountable cardinal. If we would
work again with the forcing Col(w, < pt") we would have to know that p*"

is regular in HODx, because since /ﬁv is singular in V it could also be

. . 4V . . Col(w, < ut")
singular in HODx. But then p*" would be also singular in HOD &

Y

. \Y . . . .
i.e. u™" would be no cardinal in the generic extension and therefore we would
Col(w, < M+V) Col(w, < u+v)

have w; ~ % > Y. So we cannot control where wy lies.
Since ;ﬁv is singular in V, we see no way to guarantee the regularity of it
in HODy. Instead of working with Col(w, < /ﬁv) we therefore work with

Col(w, < pHoPx).

Then our Theorem 1.5 is:
Theorem 1.5. Let V be a model of ZF in which each uncountable cardinal
15 singular.

ODx
Then AD“® holds in HODS <+,
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2.3 The core model induction

The induction hypothesis

This section introduces the concept of so-called coarse Woodin mice. The
existence of these mice is what we are looking for, because if the iteration
strategy for such a mouse is an element of J,(R), then the mouse ensures
that AD holds at that stage of the L(R)-hierarchy. Moreover we introduce
Yi-witnesses. The existence of Yi-witnesses follows from the existence of
coarse Woodin mice if we are at limit stages of the L(R)-hierarchy. These
mice are used to go one step higher in our core model induction.

We use the following concepts in HODx[g]. All the definitions in this
section are due to John R. Steel and are taken from his paper [Ste05].

Definition 2.52. Suppose N is countable and transitive, U C R, and k < w.
We say N is a coarse (k,U)-Woodin mouse iff there are 0y,...,0;,5,T € N
such that:

1. N EZFC+ 4§, < --- < &), are Woodin cardinals

2. S, T are trees such that in N'O°U«:%) the projections p[S] and p[T] are
complements of each other.

3. there exists an w; +1-iteration strategy X such that whenever i: N' — P
is an iteration map by X and P is countable, then p[i(S)] € U and
pli(T)] SR\ U.

Our induction hypothesis will be

(W*) Let U C R and suppose there are scales @ and ¢ on U and R\ U

respectively such that the associated sequences of prewellorderings <g,
< are elements of J,(R). Then for all k£ < w and all z € R there are
/\/y, Y such that

1. N is a coarse (k, U)-Woodin mouse with 2z € A/ and

2. Y is an w;+1-iteration strategy of N and X, restricted to countable
iteration trees, is an element of J,(R).

If we have (W) for all o then we are done, because:

Lemma 2.53. If (W) holds, then J,(R) = AD.
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Proof. See [Ste05, Lemma 1.6]. We sketch the main idea.

By the reflecting arguments of Kechris-Solovay or Kechris-Woodin, it suf-
fices to show that U is determined whenever U and R\ U admit scales in
Jo(R). So fix a U, and let N be a (1,U)-Woodin mouse given by (W2).
We then have that ' = “p[S] is homogeneously Suslin”, and hence p[S] is
determined in N by a result in [Stea]. We can assume that N belives that
7 is an iteration strategy for I in the game with payoff p[S] . Now one can
show that 7 is also a winning strategy for U. For if y were a play for II such
that IT wins against I, then we could iterate N by its iteration strategy X,
yielding i: A" — P, with y generic over P. Since 7*y ¢ U, and i(S) and i(T")
are absolute complements over P, we would have 7 *y € p[i(T")]. But then
P =3y 7xy € p[i(T)], so by elementarity of i, 7 would be not a winning
strategy for I for p[S] in V. O

We also want to have a fine structural version of (W}). For this we need
the following lemma:

Lemma 2.54. Let ¢ be a X1 -formula. We can associate formulae ©F, k < w
to @ such that o € ¥, and

LR Ee@) < 3k J,(R) e (2)

for any v and any x € R.

Proof. First note that J,1(R) = rud(J,(R) U {J,(R)}). Let (fx : k <w) be
an enumeration of the rudimentary functions. So each element in J,;4(RR) is
the image of an element 7 € J,(R) U {J,(R)} under some fj.

Claim 1. Let ¢(v, ) be a ¥g-formula with free variables among v and .
Then there is a formula ¢*(w) such that for each transitive U and for each
relU

UU{U} EeU1) < UEe(D)

Proof. We show this by induction on (.

If v does not occur in (v, ), i.e. if ¢ = w; = w; or p = w; € wj, then
set ©* = . Otherwise if p = w; € v, we set p* == w; = w;; p =v =
gives rise to ¢* 1= Vz z = 2. In all other atomic cases, i.e. if p = v = w;,
Y=V EwW;,or p=0v €, set pi=dz 2z # 2.

Now as usual let ¢* := " A x* and ¢* := )" for p = Y Ay and ¢ = ),
respectively.
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Finally if ¢ = 3z € w; ¢(z,v,%), then let ¢* := Iz € w; ¥*(z,%). For
the formula ¢ = 3z € v Y(z,v,d) let p* := Iz *(z,). This step increases
the complexity of ¢*. O( Claim 1)

Now suppose p(z) € ¥4, say ¢(z) = 3z ¥(z,z). For the rudimen-
tary function fy: V™' — V let ¥y, (vo, ..., ¥i, =) be the Yg-formula given
by Lemma 2.7 associated to f;, and 1?°, and let @/J;‘ck(%, ..., Yi,x) be the
formula given by the claim above. We set for k < w:

Then we have for each transitive U and each = € U (especially for U := J,(R)
and = € R):

rud(U U{U}) | ¢(2)
& Jzerud(UU{U}): ¢¥(z,x)
& Ik IFeUU{U}: (i), z)
& 3k 3IGeU: Y(f(U,y),2)
&3k IeU: UU{U} E ¢, (U7, x)
©IkIelU: UgEy; ()
& 3k U F xk(o)
(xx : k < w) would witness the lemma except possibly the condition

Xt € Xk, but we can stretch the sequence (xi : k < w) by inserting the
¥;-formula ¢ to get a sequence (o* : k < w) such that p* € 3. O

Definition 2.55. Suppose ¢(v) € ¥; and z € R is a real. A (g, z)-witness
is an w-sound, (w,w;,w; + 1)-iterable z-premouse N such that there are

8o, ...,09,5, T € N and the following holds:

1. N EZFC+ 6y < -+ - < dg are Woodin cardinals.

2. S and T are trees which project to complements of each other in
NCol(w,(Sg)_

3. For some k < w, p[T] is the ¥j;3-theory of J,(R) in the language with
names for each real, where v is least, such that J,(R) = ¢"(2).

If N is a z-premouse which satisfies all the conditions of a (i, z)-witness
except for the iterability condition, then we call N a (¢, 2)-pre-witness.

D e pp (7,2) < V(fu(@), ).
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Remark. Condition 3 can be expressed in N by a first order formula (cf.
proof of [Ste05, Lemma 1.10]).

Lemma 2.56. If there is a (@, z)-witness, then L(R) = ¢(z).
Proof. See [Ste05, Lemma 1.10]. O

So our fine structural hypothesis will be

(W) Suppose ¢ € ¥ and z € R are such that J,(R) = ¢(2). Then there
exists a least v such that Lp(z)||y is a (i, z)-witness, whose iteration
strategy, if restricted to countable iteration trees, is in J,(R).

Moreover, if a > w; there are cofinally many v < w; such that Lp(z)||y
is such a (p, z)-witness.

Remark. The condition in (W,,) that there are cofinally in w; many witnesses
is not required in Steel’s original definition in [Ste05]. It is a technical re-
quirement we need in some steps of the core model induction to ensure that
certain A-premice project to sup(A) cofinally often.

Lemma 2.57. If « is a limit ordinal, then (W}) = (W,).

Proof. This can be proved as in [Ste05, Lemma 1.11]. The difference here
is that if @ > w; we then need to guarantee that for arbitrary large v < w;
there is a (p, z)-witness of height larger than 4 which is an initial segment
of Lp(z). In order to get this we apply the argument of the proof of [Ste05,
Lemma 1.11] with (a real coding) Lp(2)||7y instead of z. The resulting witness
has of course height > 7. Furthermore the argument shows that the witness
is an initial segment of Lp(z). O

Critical ordinals

If we can show that (W) holds for all ordinals «, then we are done by
Lemma 2.53.%! Since (W7, ;) only mentions sets of reals U such that both U

and R\ U have scales in J,41(R), we just need to show (W7, ;) if there are
new scales in J,.1(R).

21 Of course we need this only for a < §-®) since all sets of reals in L(R) are already in
JoL® (R)



30 2. Framework

This motivates the definition of critical ordinals given by John R. Steel
in [Ste05].

Definition 2.58. An ordinal « is called critical iff there is some set U C R
such that U and R\ U admit scales in J,41(R), but there is no scale on U
in J,(R).

So suppose there is a new scale on some set U in J,41(R). Once again
we identify a scale with its associated sequence of prewellorderings. Since
a countable sequence of prewellorderings is essentially a subset of R, we get
that the sequence is X, (J,(R)) for some n < w. It follows from [Ste83] that
if there is a new X, (J,(R))-scale then X, (J,(R)) or ¥,+1(J+(R)) have the
scale property.

In [Ste83] it is analyzed at which stages of the L(R)-hierarchy a pointclass
[' can have the scale property. It turns out that there are the following
possibilities:

1. a begins a ¥y-gap and I' = X (J,(R)). Moreover, if « is R-inadmissible
then I' can also be Xa,1+1(Jo(R)) or s, (J,(R)) for some n < w, or

2. (0 ends a weak X;-gap and I is either X, or(J(R)) or IL,10k+1(J3(R))
where k < w and n is least with p,(J3(R)) = R.

In our induction we will only consider ordinals which have one of the
properties above. But we can limit the possibilities, by ruling out that « is
R-admissible and begins a >;-gap.

Claim 1. If o begins a ¥1-gap such that both U and R \ U have new scales
in J,41(R), then a is R-inadmissible.

Proof. Since each successor gap begins with an R-inadmissible ordinal??, we
only have to consider limit gaps [, -]. Suppose U is not only definable over
Jo(R) but also an element of J,(R).? Then U € J,(R) for some v < a,
and since [« -] is a limit gap, there is a previous X;-gap which guarantees
that there is also a scale for U in J,(R). So we can conclude that U &
Jo(R) and R\ U ¢ J,(R), respectively. The scales are both ¥;(J,(R)) and
therefore also U, R\ U € ¥1(J.(R)). Now if o were R-admissible, this would
vield U € Ai(Jo(R)) C Jo(R) due to the R-admissibility of «, which is a
contradiction. O( Claim 1)

22 If o begins a successor gap, then o = v + 1 and the function n — w~y + n witnesses
the R-inadmissibility of «.
23 This is of course equivalent to R\ U € J,(R).
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This yields the following lemma.

Lemma 2.59. An ordinal « is critical iff one of the following conditions
holds:

1. a is R-inadmissible and begins a Y1-gap or

2. « ends a proper weak gap. (If the gap is not proper, then « also begins
the gap and the first case applies. So we can w.l. 0. g. suppose that the

gap 1is proper.)

At limit points A we trivially have (W%), since if there is a set U C R,
U € Jy(R) such that there are scales ¢ and @/7 on U and R\ U respectively
with <z <5 € Jy(R), then there is an o < A with U,R\ U, <g, < € Jo(R).
So (WZ), which we have by induction hypothesis, ensures that the desired
mice and iteration strategies exist in J,(R) C Jy(R).

The proof of (W}) = (W) for non-critical « is also trivial, since then

there are no new scales in J,41(R). The first step in our induction is to
show (Wg) = (W) and hence PD holds (the condition (Wg) is trivially
fulfilled, since there are no sequences of prewellorderings coming from a scale
in Jo(R)).

The proof of (W}) = (W7, ) for o > 0 critical breaks into five cases.

1. a begins a ¥;-gap, is R-inadmissible and successor of a critical ordinal.
2. « begins a Xi-gap, is R-inadmissible and has uncountable cofinality.
3. « begins a Xi-gap, is R-inadmissible and has countable cofinality.

4. « begins a Y;-gap, is R-inadmissible and successor of a non-critical
ordinal.

5. a ends a proper weak gap.

In case 4 the ¥i-gap [«, (] is a successor gap and the predecessor gap
[/, '] is a strong gap. Moreover, since J,(R) = AD by (W}), we have
« = 3. This follows from [Ste83].%*

24 If B > « then we would have J,41(R) = AD. Then by [Ste83, Lemma 2.9] there is
a IT; (Jo(R))-subset of R x R with no uniformization in X;(Jg(R)), which contradicts the
fact that each class of the form ¥o,11(Jo(R)) has the scale property.
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Suppose that [o/, #] is the predecessor gap of [«, ] in case 4 and that
[/, o] is the weak gap in case 5. In both cases it follows again from [Ste83]
and the definition of “critical” that

o' = sup{y < a : v critical }.

In cases 2 and 3 « itself is the supremum of critical ordinals less than a.

We call the cases 1 — 3 the inadmissible cases and the cases 4 and 5 the
end-of-gap cases. This has to do with the method of proving (W2) = (W},,).
In the inadmissible cases we build ordinary premice, but in the end-of-gap
cases the premice we construct additionally have a predicate for an iteration
strategy. These premice are so-called “hybrid premice”.



3. EVERY UNCOUNTABLE SUCCESSOR CARDINAL IS
WEAKLY COMPACT

In this chapter we present a proof of Theorem 1.4

Theorem 1.4. Suppose V is a model of ZF such that each uncountable suc-
cessor cardinals 1s weakly compact and each uncountable limit cardinal is
singular.

\%
Then AD*® holds in HOD™ <17

From now on let py := ptY, let Col(w, < py) be the Lévy collapse, g a
Col(w, < py)-generic object over V (and therefore generic over HOD ), and
let RY denote the reals of HOD x[g].

Remark. Since our induction takes place in HODx[g], we use the notions
(Wx) and (W,) from Section 2.3 for the according notions inside HOD x[g].

In the first section we present the first step of the induction, i.e. we
show J1(RY) = AD. The second section is concerned with the inadmissible
cases. The largest part of that section is the uncountable cofinality case.
One gets easily the countable cofinality case and the successor of a critical
ordinal case from the induction hypothesis. In the third section we will
prove (WZ) = (W} ;) where a ends a weak gap or « is the successor of a
non-critical ordinal.

3.1 The projective case

In this section we do the first step in the core model induction. We show
that J;(RY) = AD, i.e. projective determinacy holds.

To show this, we use the following definitions and theorem (see [Ste95,
MS89):
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Definition 3.1. Let A be a set of ordinals or a transitive set, and let M be
an A-premouse and £ > sup(ANOn). We call M n-small above & iff whenever
k is the critical point of an extender on the M-sequence and £ < k, then

M|k £ there are n Woodin cardinals > &.
Definition 3.2. Let A be a set of ordinals or a transitive set, and define
¢ :=sup(ANOn).

Then for 1 < n < w, M!(A) denotes the least active, £-sound A-mouse
with p,(M) < & which is not n-small above £. MZ(A) is just A*.

Note that by “least” we mean the mouse of least height. This choice is
possible since by Lemma 2.29 any two such mice are compatible.

Theorem 3.3 (Martin, Steel). Suppose for each n < w and each real x
we have that MF(z) exists.

Then PD holds.

So we first have to show that M (x) exists for each real x. But then also
both HODy and HODS <#+) satisfy “M¢ (x) exists for each real 2. This
will enable us to prove PD in HODS™“ <#+) and hence J; (R9) = AD. What

we actually show is:

Theorem 3.4. Suppose each uncountable successor cardinal is weakly com-
pact.

Then M*(A) exists for each set of ordinals A.

First we show the iterability of Mf(A) under the assumption that V is
closed under M? . This is an application of [FMS01, Lemma 2.3].

For this we need the following lemma, which is an application of [Steb,
Corollary 6.14].

Lemma 3.5. Suppose M is a tame, k-sound A-premouse which projects to
& =sup(ANOn). Let T be a k-mazimal iteration tree of limit length above
& on M which is built according to the Q-structure iteration strategy.

Then there is at most one cofinal, wellfounded branch b through T such
that Q(b,7) = Q(7).

Lemma 3.6. Let W be an inner model of ZFC which, is closed under M? . If
W = “M}(A) exists”, then W = “M2(A) is fully iterable via the Q-structure

iteration strateqy”.*

I This means that each iteration tree 7 of limit length which is played according to
the Q-structure iteration strategy, has a unique branch b such that Q(b,7) exists and
Q(b,T) = Q(T) holds.
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Proof. We work in W. Suppose the converse holds and 7 is an iteration tree
on M!(A) built according to the Q-structure iteration strategy. First, by
Lemma 3.5, we can rule out that 7 has two different branches b and ¢ such
that Q(b,7) and Q(c,7T) exist, and both are equal to Q(7). So suppose
there is no cofinal branch b with Q(b,7) = Q(7).

Suppose 2 is large enough such that Vg is closed under Mﬁ_l, X < Vo
is a countable elementary substructure with M (A), T, M (M(T)) € X,
and 7: H = X is the uncollapsing map.? If 7(7) = 7 and 7(M) = M£(A),
then H is a model of:

1. 7 is an iteration tree on M,

2. there is no cofinal branch b with Q(b,7) = Q(7).

7 is built according to the Q-structure strategy, because the structures
which H believes to be Q-structures are real O-structures.?

M is countable and elementarily embeddable into Mf(A), so in T there
exists a cofinal branch b with Q(b,7) = Q(7). But now we can coiterate
Q:=Q(T) and M := (M} _,(M(T))) and we get M < Q or Q < M.

Suppose that M <1 Q. §(7) is Woodin in Q, so it is also Woodin in M.
Hence there exists an initial segment of MBT which is not n-small. But this
is impossible, because M and therefore MET does not contain such an initial
segment. It follows that Q@ < M, which implies Q € H since M € H.

Now let g € W be Col(w, Q)-generic over H. Since Q is countable in H|[g],
we can form a tree searching for a cofinal wellfounded branch ' through 7
and an initial segment P < M which is isomorphic to Q. Since (b, Q) is
such a pair in W and since wellfoundedness is absolute, there is also a cofinal
branch through this tree in H|[g]. But this is clearly b, because the branch is
unique by Lemma 3.5. It follows that also b € H holds, by the homogeneity

of Col(w, Q).

But then b := 7(b) is a wellfounded branch through 7 coming with a
Q-structure, namely 7(Q). This is a contradiction. 0

2 For the construction of X we need AC.

3Let A < Ih(T) and H |= “Q is the Q-structure for [0, \)7”. Then we have that 7(Q)
is the Q-structure for the branch [0,7()\))7 and therefore it is countably iterable. So if
N is countable and o: N — Q sufficiently elementary, then 7o o: N — 7(Q) guarantees
that A is wy + l-iterable.
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Lemma 3.7. Let n < w. Suppose W |= “ZFC+ M£(A) exists for each set of
ordinals A”. Let P be a forcing in W and let G be P-generic over W.

(1), Let ACOn, Ae W and W =P = ME(A).
Then also W[G] = P = M} (A).

(2),, For all sets of ordinals A € W[G], W[G] = M2(A) emists.

(3)n Let W |= “H is countable and elementarily embeddable into V", where
Q is a large limit ordinal. Let further Q be a forcing in H and h € W
Q-generic over H.

Then HIh] is closed under M?.

Proof. (1), Let W |= P = M!(A). We only have to show that P is count-
ably iterable in W[G]. In fact we show that P is fully iterable in
WG] via the Q-structure iteration strategy. So suppose 7 is an iter-
ation tree on P according to the Q-structure iteration strategy, which
doesn’t have a unique cofinal branch b such that Q(b,7) = Q(7). As

before we can suppose that there is no such cofinal branch in W[G]:

WG] = T witnesses that P is not iterable.

So there is a p € G such that

plkyr T witnesses that P is not iterable.

Now we work in W.

We can take m: H — Vg elementary such that H is countable and tran-
sitive with A, 7, P elements in ran(r). Let further A — A, P — P,
and T +— T. Then H not only thinks that it is closed Mﬁhl but it is
really closed under MfL_l as well as under M?: For example, if v € H
then 7= }(M?(w(x))) € H witnesses the first order properties of a po-
tential M?(z). But then this is the true MF (), because any countable
model which is elementarily embeddable into it is also elementarily em-
beddable into M?(w(x)) and therefore w; + 1-iterable. This argument
also yields P = MF(A).

Now let h € W be 7~ !(P)-generic over H with 7!(p) € h. Then

HIh] = P is not iterable, witnessed by 7"
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T" is an iteration tree according to the Q-structure strategy in H[h).
HIh] is closed under M?_| due to (3),_1. Since the Q-structures are
given by initial segments of J\Jrﬁl_1 built over the common part model,
it follows that 7" is built according to the Q-structure strategy also in
W. Since P is iterable in W, let b be the unique cofinal branch coming
with a O-structure. As in the proof of Lemma 3.6 one can see that the
cofinal branch in W is already in H[h]. This is a contradiction.

Let A € WG] be a set of ordinals, say A = 7¢. Let Q be large enough
such that Pow(P),7 € V3V, Let P := (M} (Vo))". Due to (1), we
have W[G] = P = M} (VJV). Since P is fully iterable and the forcing is
small relative to the critical points of the extenders of P, P|[G] is also
fully iterable*. Of course we also have A € P[G]. Now run the L[E]-
construction over A in P[G]. The resulting model inherits the Woodin

cardinals and the iterability of P[G], and therefore we have found our
desired Mf(A) in W[G).

We work in W.

We already know that H is closed under the M#-operator. We want to
show M?(A) € H[h] for every A € H[h]. Fix a name 7 € H such that
A = 7" Let further Q be large enough such that Pow(Q), 7 € V.
Consider M := M! (V). Note that M € H and H = M = M3 (VZ).
Then we have that M[h] € H[h] can be rearranged as MF(VZI[h]) and
is fully iterable in W as well as in H[h]. Of course A € M#(VZI[h]), and
if we run the L[E]-construction over A in M?(VZI[h]) we get a structure
whereof H[h] thinks it is MF(A). But this is the real M*(A) because it
inherits the iterability of M (VII[h]).

]

Lemma 3.8. Let n < w and suppose V = “ZF+ M"_ | (A) exists for each set
of ordinals A”.

Then the following are equivalent for each set of ordinals B:

(1)n
(2)n
(3)n

HODgp is closed under M.
For all sets of ordinals Z € V, HODp[Z] is closed under M?.
For all sets of ordinals A € V, M?(A) exists.

Moreover, if (1), — (3), hold and P := M?(A) for some A € HODg[Z], then
HODg[Z] E P = M} (A).

4 Note that we can rearrange P[G] as a mouse over V3V [G].
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Remark. In case n = 0 this means ZF proves that if A* exist, then it also
exists in each HODp and HOD[Z].

Proof. We first show (1),, = (2),,. Let A € HODg[Z]. Then A = 77 for some
7 € HODpg. Let €2 be large such that 7 and the Vopénka forcing P which adds
Z are elements of V'°P%. Then we have M (VHOP2) € HODg since HOD 5
is closed under M¢. This of course implies M (VP#)[Z] € HODg[Z].

Now we can rearrange ME (VHOP5)[Z] to ME(VHOP?[Z]), which contains
A. If we now run the L[E]-construction over A in M!(VHOP2([Z]) we get
ME(A), and therefore Mf(A) € HODg[Z].

Now consider (2),, = (3),. Let A be a set of ordinals. Then A is generic
over HODg by Vopénka’s theorem.

Suppose HODg[A] = M = M!(A). The only thing we need to prove is
that M is countably iterable above sup(A) in V. What we actually show is
that M is fully iterable above sup(A) via the Q-structure iteration strategy.

So let 7 be an iteration tree in M, according to the Q-structure iteration
strategy. We show that there is a cofinal branch b with Q(b,7) = Q(7).

7 is essentially a set of ordinals, so there is a forcing P € HODg[A] and a
P-generic filter G € V over HODg[A] such that 7 € HODp[A][G]. But then

HOD3g[A][G] | T is built according to the Q-structure strategy

This is true since 7 is built according to the Q-structure iteration strategy
in V and the Q-structure of 7 [A for A < Ih(7) is given by an initial segment
of M:_ [ (M(TTN)).?

Since HODp[A][G] | M = M} (A), there is a b € HOD[A][G] and an
initial segment @ < M7 such that HODp[A][G] thinks Q is a Q-structure.
Now we can coiterate Q with M* | (M(T|))) (which is in HOD5[A][G] due
t0 (3)p_1 = (2)n_1) in HODp[A][G] and we see that Q < M?_ (M(TIN)),
which guarantees that Q is also countably iterable in V and therefore a real
O-structure.’

For (3), = (1), let A be in HODp. We assume w.l.o.g. A C On.
M?(A) € HODg because it is ordinal definable and the extender sequence
is hereditarily ordinal definable, and therefore MF(A) is hereditarily ordinal

5 Here we use that by induction M* | (A4)Y and M? | (A)HOP512] are the same for each
A € HODg[Z).
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definable. Now we can show that MF?(A) is also fully iterable in HODp.
This is quite easy, because its iteration strategy ¥ is the strategy picking

the unique branch coming with a Q-structure. So ¥ is ordinal definable, and
therefore X[HODp € HODp witnesses that Mf(A) is also iterable in HODp.

Now we can show that if P := M?(A) for some A € HODg[Z], then
HODg[Z] E P = ME(A).

First we show this for A € HODp, i. e. we show HODp |= P = M#(A). For
this we prove that P is fully iterable in HODp via the Q-structure iteration
strategy. So let 7 € HODpg be an iteration tree built in HOD g according to
the Q-structure iteration strategy. Since the Q-structures are given by initial
segments of some thl, we have by induction that 7 is also built according
to the Q-structure iteration strategy in V. Let b be the unique cofinal branch
in V such that Q(b,7) = Q(7). So b is ordinal definable from elements in
HODpg, hence b € HODpg. Again, since the Mﬁ_l—operator can identify the
O-structure, we have that b is also according to the OQ-structure iteration
strategy in HODp.

Now let A =77 be in HODg[Z]. We use the proof of (1), = (2), and the
proof of Lemma 3.7 (2),,. Consider Mﬁ(Vg';ODB) where € is large enough. By
the last paragraph we have that M?(V1°P5) is the same whether computed
in V or in HODp. In both cases, if we show HODg[Z] |= “ME(A) exists” and
if we show MF(A)Y € HODg[Z], we produce the corresponding M#(A) by
running the L[E]-construction in M!(VHOPP([Z]). So ME(A)Y = ME(A)HOPs
as desired. O

Now we can prove Theorem 3.4. Suppose that the assumptions of Theo-
rem 3.4 hold, i. e. all uncountable cardinals are either successor cardinals and
weakly compact or limit cardinals and singular. A consequence of this fact
is that the cofinality of any infinite cardinal is either w or weakly compact.

Proof of 3.4. Note that the proof is essentially the same as the proof of
[Sch99, Theorem 2]. We show by induction that M}f(A) exists for every
n and every A C On .

We first consider the case n = 0. Let A C On and v := sup(4)*. By
Lemma 2.45, v is inaccessible in L[A]. Now if either cof(u+L[A]) < vor
cof (4 < 1 then the existence of A follows from [DJ75]. Otherwise
[FMSO01, Lemma 2.1] gives us a countably complete o: L[A] — L[A] with
critical point v, and therefore A% exists. By Lemma 3.8 we also have that
every HODg[Z] is closed under sharps.
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Now let n > 1 and suppose some M#(A) does not exist. First suppose
A = (). By the induction hypothesis and Lemma 3.8 we have that HOD is
closed under Mﬁ_l. So let © := v* where v is large enough and closed under
©. Since QT is weakly compact, it is inaccessible in HOD by Lemma 2.45.
So we have

Pow(©2) "HOD = Q.

Since () is also weakly compact, we can use Lemma 2.46 to get a countably
complete ultrafilter U on Pow(§2) N HOD. Let

U = (HOD; e, U).

Now we can build K¢ in I up to height 2, and under the assumption that M}
does not exist in HOD, or equivalently in V, we can use [FMS01, Lemma 2.3]
to get that (K°)¥ is Q + l-iterable in . So we can isolate the true core
model, KY, of height Q.

Now suppose 6,0 are weakly compact cardinals less than v. We have
5+ < 6% since &% is inaccessible in KY, so we can pick some bijection

Fo6 fev.

Since v is ©-closed, f is Vopénka-generic over HOD for a forcing of size < v
and therefore generic over U. But §* is also inaccessible in U[f], so we can
use Lemma 2.46 a second time to get a countably complete ultrafilter U on
Pow(0) NU[f].

Again we have that U[f] (0] is a Vopénka-generic extension of U[f]. In
U[f][U] we can now build the ultrapower of U[f] by U:

7 U[f] — ult@[f],U), er(m) =065

By the countable completeness of U we have that ult(U[f], U ) is wellfounded,
and therefore we can identify it with its transitive collapse H. In H we can

now build the core model K := K¥ , SO

7 [KUUL, kU K

6 Note that all we need is ﬂ[Vgﬂ] € U[f][U]. Tt could be impossible to define all of 7

in U[f][U].
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Claim 1. K is Q + 1-iterable in U[f][U].

Proof. Since (2 is measurable in U, it is also measurable in U|f][U] and there-
fore weakly compact in U[f][U]. Now we work in U[f][U]. As Q is weakly
compact it suffices to show that K is Q-iterable, since if we have an iteration
tree of length {2 we get a unique wellfounded cofinal branch by Lemma 2.47.

So suppose K is not (l-iterable and let 7 be an illbehaved iteration tree
on an initial segment M of K. Pick some o, H, 7, M with

o: H— Vg elementary, H =w, 7 = 0(7), and M = o(M).

We may suppose that M = JX such that a > § is inaccessible, so we have
(o) = o and for M’ := J¥Y" we have (M) = M. Now let T' C ng be a
countable set of functions g: & — U[f] such that ¢” M = {r(g)(5) : g € T'}.
Let further = consists of all # € U such that there is a formula ¢ and some

Gos--rgn € Twith 2 = {€ < 6 : M = 0(0(€),...,9.(€)}. Since U is
countably complete we can find some & € [(Z. Now define an elementary
embedding

T M= M via 7(07H(n(g)(9))) = g(&).

7 can be used to copy 7 to an iteration tree on M’. So the existence of 7
witnesses that 7 is wellbehaved in reality. Hence there is a cofinal branch
b through 7, which a priori need not be in H. But now we can argue as
in 3.6 to verify that the branch is indeed in H. So 7 is wellbehaved in
H and therefore, by elementarity, 7 is wellbehaved in U[f][U]. This is a
contradiction. O(Claim 1)

Let ¢’ := m(d). Then ¢’ > 5+ <“Y" . First note that K¢ = KUV = gUIO),
Since K is iterable in U[f][U] and A KU, KUUAIDT K we can now
use [Sch99, Lemma 4(b)] inside U[f] [U] and get that 75+ 55 cofinal
in 7r(c5+Kum) = &% But for 8 < K

m(B) =y & F<O(f(E)=6AT(N)E) =)

We have f,w(f) € H” and therefore 7r[(5+Kum € H. So 7r[(5+Kum witnesses

that the cofinality of ¢’ 0 H is small:

[f]

e cof (09 <67 <
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The proof for A # () is essentially the same. In this case we must work
with HOD, €2 needs to be the successor of a O-closed cardinal v larger than
sup(A), and we have to choose § larger than sup(A). Moreover, we build
K¢(A) and K(A) instead of K¢ and K. O

So we have shown that M#(A) exists for every set of ordinals A. To do
the first step in the core model induction, i.e. to prove PD in HOD x[g], we
have to show that HODx[g] contains all M?. But this is quite easy because
HODy is closed under M} by Lemma 3.8, and therefore HODx[g] is also
closed under M} by Lemma 3.7.

3.2 The inadmissible cases

Now suppose « begins a Y;-gap and « is R-inadmissible and critical. Then
we have the three subcases

1. « is the successor of a critical ordinal, or
2. « is a limit ordinal and has countable cofinality, or

3. « is a limit ordinal and has uncountable cofinality.

Remark. The case “« is the successor of a non-critical ordinal” is handled in
the same way as the end-of-gap case.

It doesn’t matter whether we consider “countable cofinality” computed
in HODx/[g] or in L(RY), because @ < §-®") 8

The uncountable-cofinality case

Suppose « is a limit ordinal which begins a ¥;-gap and has uncountable
cofinality. To prove (W2, ,) we use (W,) which we get from the induction
hypothesis (W7).

Let p(vg,v1) € Xy and z € RY determine a failure of R-admissibility? in
HODx[g]. So we have

Vy €RY Iy < a J(RY) | ol(,y)

8If o < 6*®?) then « is the surjective image of RY in L(RY), so we can code any
countable sequence of ordinals («; : i < w) € HODx|[g] cofinal in « by a real.

9 We can suppose that a real witnesses the failure of admissibility. This is because if
a begins a Yj-gap then there is a partial X (J,(R))-surjection from RY onto J,(RY); cf.
[Ste83, Lemma 1.11(a)].
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and  is true cofinally often, i.e.
Vy <o dy € R min{n: J,(R?) = o(z,y)} >~
So if we let f(y) := min{n : J,(RY) = ¢(z,y)}, then 5”"RY is cofinal in a.

Since py = /ﬁv is inaccessible in HODx, we can assume x = 79 for
some t < s, 7 € HODy. Let py € gt force the properties listed so far; in
particular for each Col(w, < ¢)-generic filter h over HOD x which contains py
we have

HODx[h] | 3q € Col(w, < i) ¢ I ¥y € R Ja(R) = o(7",y).

In HODy, let A € Pow(< 1) be such that A codes
C:=7® H?ODX

in a simple fashion.!® Then there is a term o4 such that whenever G x H is
Col(w, < t) x Col(w, A)-generic over HODx, then

1. o " e RE

2. (ngH)O =7

3. {(USXH)i riew) = {p@H : pis simply coded into A, p©H# € RY}

G

Here RY is the set of reals of HODx[G], corresponding to the notion RY.

The term o4 is absolute enough so that it exists in each A-premouse M.
Moreover, if G x H is Col(w, < ¢) x Col(w, A)-generic over M, then M[G x H]|
can be considered as a z-premouse, for a real z = z¢ g, obtained in a simple
fashion from A, G, and H (see [Stec]).

For n < w let ¢, be the ¥;-formula!!
@n(v) = Iy (7 + wn exists A Jy(R) = Vi > 0 o((v)o, (v):)),
and let 1) be the natural sentence, such that for all A-premice M:
ME1Y iff whenever G x H is Col(w, < ¢) x Col(w, A)-generic

over M with py € G, then for all n there is a strictly increasing
sequence (; : ¢ < n) such that for all i € [1,n)

1. M[G x H]||vi is a {@iy1, 0" -pre-witness and
2. thereis a d € (74, viv1] such that p,(M[G x H]||6) = sup(A).

10 Here ( is as in Definition 2.49, and a @ b is a set which simply codes a and b.
1 We need the various ¢, to prove that the mouse operator we are going to define
relativizes well at . (see Lemma 3.15 below).
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Definition 3.9. For any set of ordinals A coding ¢, let M(A) be the shortest
initial segment of LpY(A) which satisfies v, if it exists, and let M(A) be
undefined otherwise.

Remark. If M(A) is defined, it is countably iterable in V, so it follows that

for each n there is an initial segment of M(A) which is a (¢, 0§ ¥ )-witness.

The definition of 1 is different to that of [Ste05]. The reason is that we
want to ensure that a premouse M which satisfies ¢/ contains cofinally many
v < ht (M) with p,(M||y) = sup(A), and over each such v there shall be a
A such that M|\ = ZFC.

Proof. There are cofinally many v < ht (M (A)) such that M(A)||y projects
to sup(A): This is because if A := lub{y : p,(M(A)||y) = sup(A)} were less
than the height of M(A) then each element of the finite sequence (; : i < n),
required by v would be less than A'? and therefore M(A)||\ E 9.

For arbitrary v with p,(M(A)|y) = sup(4), let 6, > v be least with
M(A)||d, = ZFC. We can prove the existence of d, by showing that there
are cofinally many § < ht(M(A)) with M(A)||d = ZFC. Suppose not and
let A = lub{d : M(A)||6 | ZFC} < ht(M(A)). Since each (p,,s§*)-
witness is a model of ZFC we have that if M(A)[G x H]||0 is a (@, 0§ <H)-
witness, then ¢ < A. But then already M(A)||A & v, which contradicts the
minimality of M(A). O

Since M(A) projects to sup(A) cofinally often, it is therefore an initial
segment of M (A) as defined in 2.36.

It makes sense to define the sentence 1 not only for bounded subsets of
1y, but for all sets of ordinals A which code ¢. Of course for the definition of
M(A) for A € Pow(< p14) we would only have needed that A simply codes
7, but if we want to extend the definition to larger sets of ordinals we need
that A also codes HCHODX.

We will show that M(A) exists for all bounded subsets A of k™ which
code c.

1. First we show that M(A) exists for all bounded subsets of p, which
are in HODx and code ¢.

2. By a lift-up argument and the fact that Ay codes HHOP we can show
that M(A @ ¢) exists for all A € Pow(< k) N HOD.

12 Except possibly for 7, but then we can slightly change the sequence to ensure this.
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3. Then we use a forcing argument to show that M(A) is defined for all
bounded subsets of x in V which code c.

4. Finally another lift-up argument ensures that M(A) is defined for all
A € Pow(< k™) coding .

Lemma 3.10. M(A) ezists for any A € Pow(< u,) NHODx which simply
codes c.

The basis for the proof of Lemma 3.10 is the next lemma, which is the
analogue of [Ste05, Lemma 1.28]. It gives us a premouse M(A)* of minimal
height which satisfies ¢ and which is countably closed in HODy. Then we
have to show that M(A)* is countably iterable in V to get that it is an initial
segment of LpY(A). If we have shown this we have found the desired M (A).

In the following if we use the notation M(A)* for the premouse for which
we will show that it is the desired M(A). The * indicates that we already
have shown M(A)* |= 4, but it remains to prove that M(A)* is countably
iterable in V.

Lemma 3.11. M(A)* exists for any A € Pow(< py) "HODx which simply

codes ¢ and is countably iterable in HODx.

Note that for this argument it suffices that A codes 7. The proof is
essentially that of [Ste05, Lemma 1.28].

Proof. Working in HOD x[g], let h x H be Col(w, < ¢) x Col(w, A)-generic over
HODx with py € h. Since g is Col(w, < p )-generic such an object exists.

For all ¢ < pg and all r let h, x H, be the finite variant of h x H as defined
on page 2. But then z, g, =1 znn = 2.

Claim 1. For all n < w J,(RY) |= gon(aquH’"), so we can use the induction
hypothesis (W,,) to get a (p,, UZqXHT>—witness for each n < w.

Proof. We us the fact that p, forces the properties of x and ¢. Since p, € h,
we have

HODx [hy] |= 3G € Col(w, < pi3) G IF Vy € R J5(R) k= (e, y).

Fix such a ¢ and let & € HODx[g] be a Col(w, < u,)-generic object over
HODx[hq] such that HODx[hq][k’q] = HODX[Q]I3

HODx[g] = HODx [hy][kg] = Vy € R Ja(R) = (7", y).

13 Such a k exists, because there is an dense embedding from a dense subset of
Col(w, < py) into Col(w, < t) x Col(w, < ).
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So by the definition of o 4:

To(RY) = Vi > 0(p((a™ ™), (a537),)).

Now we use the uncountable cofinality of o which yields J,(RY) = @n(JZqXH"")
for all n. O(Claim 1)
First let

Nogr be the (g, o) -witness of least height, which exists by (W,).

The definition of (W,) implies that Ny 4, < Lp(c ™), so Ny 4, is a ot -
mouse. But JZ‘IXHT and zp,p, are easily computable from one another,
so Ny can be considered as a 2, H,-mouse. Moreover, z, g, is Turing-
equivalent to z, so we can suppose that each N, is a z-mouse, whose
iteration strategy, if restricted to countable trees, is in J,(R?). Therefore we

have Ny, < Lp(z) for any ¢ and 7, so that we can build the union

No =V {Nogr : ¢ € Col(w, < 1), q < po,r € Col(w, A)}.

N is an initial segment of Lp(z)||w;. Since each of the countably many N,
has an iteration strategy whose restriction to countable trees is in J,(RY),
and since a has uncountable cofinality, also Ny has an iteration strategy
which, if restricted to countable trees, is in J,(RY). Finally let 79 > ht(Np)
be least such that p,(Lp(2)|70) = w.

Now suppose we have built N,,_; of height 7,,_;. Then as before let
Npgr be a (pn, UZQXHT>—WitHeSS of height > ~,,_1, which exists by (1,,)."

A witness of height larger than =, _; exists, since by definition of (W) there
are cofinally many ~ < w; such that Lp(quXHT)]\’y is a (¢n, UZ‘IXH’")-witness.
Again we consider each N, ,, as a z-mouse so each N, ,, end-extends N, ;.
We may let AV, be the union of these N, ,, which implies A}, > N, ;. As
before we use the uncountable cofinality of a to show that M, has an iteration

strategy which, if restricted to countable iteration trees, is an element of
Jo(R9). Let 7, > ht(N,) be least such that p,(Lp(2)||7,) = w.

Finally set
N = v N,

new

14 Here is the point where we use the additional condition in (W,,) that we have cofinally
in w"Px19) many witnesses.
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Now let P be the premouse constructed over A from the extender sequence
of M. Then one can show that P is a mouse over A such that P[hx H] = N.
This is an induction on 7. One shows inductively that P|n € HODx and
(P|n)[h x H] = N|n (see [Stec, Theorem 3.9] or [SSb, Lemma 1.5] for such an
argument). Moreover, P is an iterable mouse in HODx[g] and the canonical
iteration strategy, when restricted to HOD x, is in HOD x. So P is also iterable
in HOD X

Now we have that P is the desired M(A)*: Of course N' = P[h x H]
fulfills the properties which are required of the generic extension of a model
which satisfies ). But then, by the homogeneity of Col(w, < ¢) x Col(w, A),
we have P = 1. O

Lemma 3.11 ensures that M(A)* is countably iterable in HODx. For the
countable iterability in V we use the following lemmata:

Lemma 3.12. For all A € Pow(< ) NHODx which simply code ¢ and for
all v such that p,(M(A)*||y) < sup(A), we have

\ﬁ?ﬁ;ﬁﬁ (M(A)*||y) is countably iterable.

Remember from Definition 2.49 that ¢ is chosen such that HHOPx contains

every subset of w!OPX .

Proof. Let h be Col(w,¢)-generic over M(A)*(|d,. Since A codes H?ODX,
and H? OPx contains all subsets of Col(w,€) which lie in HODy, it follows
that h is Col(w, €)-generic over HOD x. (M (A)*[|6,)[h] and HOD x[h] contain
the same sets of subsets of their w;, so we have:
(M(A)*]|6,)[h] E M(A)*||y is countably iterable <
HODx[h] = M(A)*||vy is countably iterable
But M(A)* is iterable via the canonical iteration strategy in HOD x[g] and

since p,(M(A)*[|y) < sup(A) also M(A)*||v is iterable. So this is forced:
There is a ¢ € g,q < pg such that

q |I%§X”+) (M(A)*||y) is iterable via the unique iteration strategy.

Since we have that a dense subset of Col(w, ) x Col(w, < u4) is isomorphic
to a dense subset of Col(w, < py), we also have that M(A)*||7y is iterable in
HODx[h][¢'] for any Col(w, < i )-generic ¢’.}> The w; + l-iteration strategy

15 Consider §, the Col(w, < p4 )-generic object over HODx, associated to h x g’. Then
M(A)*||y is iterable via the unique iteration strategy in HODx[g,]. The equations
HODx[g,] = HODx[g] = HODx [R][¢'] imply the claim.
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is unique, so the restriction to HODx[h] is in HODx[h] by the homogeneity
of Col(w, < py). But then M(A)*||y is countably iterable in HODx[h] and
therefore

(M(A)*]|6,)[h] E M(A)*|]v is countably iterable. O

Now we can show that M(A)* is countably iterable in V.

Lemma 3.13. Let A code ¢ such that M(A)* ezists and suppose that for all
v with p,(M(A)*]|y) < sup(A) we have | /Sl(()g‘)‘i’”?w “M(A) |y) is countably

iterable”.

Then M(A)* is countably iterable in V as well as in any inner model
W D HODx 4.

Proof. Suppose 7: N — M(A)* is elementary such that N is a countable
A-premouse. Since the set of all v with p,,(M(A)*[|y) < sup(A) is cofinal in

ht (M(A)*), we also have that the set of all v such that p,(N]|7y) < sup(A)
is cofinal in ht (N). Therefore no extender on the N-sequence is total.

So if 7 is an iteration tree on N and there is an extender which is applied
to N, then N has to be truncated. Hence it suffices to only consider the
premice which are elementarily embeddable into a “good” initial segment
of M(A)*, i.e. the premice which are embeddable into M(A)*||y where ~
is such that p,(M(A)*||y) < sup(A). We show that these “good” initial
segments of M(A)* are countably iterable.

Set M := M(A)*||4, and suppose 7: N' — M (A)*||y is elementary where
N €V is countable. We define an w; + 1-iteration strategy 3 for N'. Suppose
Y€ is already defined for £ < w; limit and 7 € V is an iteration tree on N
of length ¢ according to X1£.16 As usual we identify N and 7 with countable
sets of ordinals coding them, so A" and 7 are Vopénka-generic over HHOPx
and therefore, since M is an A-premouse and A codes HHOPx | they are also
Vopénka-generic over M. In M[N, 7] we can construct a tree searching for
an elementary embedding from N to M(A)*||y. By absoluteness of well-
foundedness we can find a ¢ € M[N, 7] such that o: N' — M(A)*||y (cf.
[Sch01, Lemma 0.2]).

Since NV, T are both Vop,, -generic and since ¢ is larger than the size of
Vop,,,, we can find for each Col(w,)-generic object h over MN,T] an A/
which is Col(w, €)-generic over M such that M[h'] = M|N,T]|[h]. Because

of | ﬁ?}ég‘)‘i’n?w “(M(A)*||7) is countably iterable”, we get that M(A)*||y is

16 Note that this proof even works for iteration trees of size < «.
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countably iterable in M[A']. Hence N is w; + l-iterable via the Q-structure
iteration strategy in M[h/]. So there is a p € h and a term ¥ € M[N, 7]
with:

D Sj&})% N is wy + l-iterable via the Q-structure iteration strategy %

Claim 1. Suppose k is another Col(w, €)-generic object over M[N,T], and
q €k, T € MN,T] satisty

ql /C\il)l[j(f;% N is wy + l-iterable via the Q-structure iteration strategy I
Then T*IMN, T] = "I MN, T].

Proof. Suppose not and let S € M|N,T] be an iteration tree of minimal
length such that S is built according to I'* as well as %, but I'*(S) # %(S).
W.1.0.g. there is some & € X*(S)\T*(S). Let r € h, r <pands €k, s < ¢
be such that

i €€ SE)  and sl EETE)
But now we have for all g which are Col(w, €)-generic over M|N, T:
M, T][g] = MIN, T][g;] = MIN, T]gs]

Then Y9 = f‘QS, since both are identical with the O-structure iteration
strategy. That is contradictory. C(Claim 1)

So we want to define X(7) := XM(T). If we can show that X"(7) is
defined, then by Claim 1, this is independent from A, i.e. we have to show
the following:

Claim 2. T is built according to .

Proof. Suppose not. Let A < & be least such that (7)) # [0, A)7. We can
split the set of ordinals coding 7 into two parts: The first part codes 7 [\ and
the second part codes the rest, call it 7*. So M[N, 7] = MIN, T\, T?].
But now there is a forcing Q € M[N, T[] of size < e such that M|N, 7] is
a Q-generic extension of M[N, T [A]. So there is an k' Col(w, €)-generic over
MN, T\ with

MIN, T][R] = MIN, TIA|[R].

By the definition of X[¢ we have [0,\)7 = I for aname I’ € MIN, T for
the unique w; + 1-iteration strategy in M[N, 7 [A][//]. But since 7 [\ is built
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according to the iteration strategy 3", and 2" is the unique w; + 1-iteration

strategy in M[N, T][h] = MIN, TN[}], we get
SMTIN) =TIV = [0, )7,

which is a contradiction. So we can set £(7 [A) := X*(T|\).  O(Claim 2)

Since the branch (7)) can be defined in any Col(w, £)-generic extension
of M(A)*[N,T] we also have X(7) € M(A)*[N,T] C V by homogeneity,
and therefore N is w; + l-iterable in V. O

The last two lemmata ensure that M(A)* is countably iterable not only in
HODx but also in V and therefore M(A)* < Lp(A). Hence M(A) = M(A)*.
This completes the proof of Lemma 3.10.

To show that the M-operator is defined for all bounded subsets of « in
HOD we want to use a reflection argument, so we need the M-operator to
behave correctly. For this purpose we use the following definition.

Definition 3.14. An operator O relativizes well at u, iff there is a formula
®(vg, v1, v9) such that the following condition is fulfilled:

Suppose A € Pow(< p) is coded into some B € Pow(< p ), O(A) exists,
and W is a transitive model of ZFC™ such that O(B) € W. Then O(A) is
the unique x € W such that W = ®(z, A, O(B)).

So O relativizes well if O(A) is uniformly computable from A and O(B).

Lemma 3.15. The M-operator relativizes well at piy in HODx.

For the proof, see [Ste05, Lemma 1.29].

Lemma 3.16. M(A®«¢) exists for all A € Pow(< k) NHOD, i.e. M(A&¢)
satisfies 1 and is countably iterable in V.

Proof. Let Q be a large ordinal. In HODx we can build elementary sub-
structures of Vg of size ju, closed under e-sequences and cofinal in A\.!” So let
X be an elementary substructure of Vgl; OPx with these properties such that
additionally Ag, A, ¢, X, k, and A are elements of X'. Moreover, we demand

17 Note that A = /<a+Lp(A°), cof(A) < p and p® = p hold in HOD x; cf. Definition 2.50.
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that 1+ 1 and Pow(w;)"°PX are subsets of X. Then we can collapse X to a
transitive structure H with uncollapsing map m:

m: H — HODy

Since ¢ is small it is not moved by 7, so let Ay @ ¢, A® ¢, X, &, and X be
the preimages of Ag ® ¢, AD ¢, X, k, and A, respectively. It suffices to see
that M(A @ ¢) € H, because then 7(M(A @ ¢)) is countably iterable in V
by Lemmata 3.12 and 3.13 and therefore it is equal to M(A & ¢).

It actually suffices to prove M(Ay@®c) € H, because A® ¢ is simply coded
into Ag @ ¢ by the elementarity of 7 and the M-operator relativizes well at
iy, so also M(A@«¢) € H.

Claim 1. M(Ap @ ¢) is an element of H.

Proof. Let Lp™ (Ay @ ¢) be the lower part closure of Ay @ ¢ built in H. First
note

LpH(flo © )|\ = LpHoPx (Ag @ o))

This is true since for M < Lp"(A4y @ ¢)||\ we know that M is countably
iterable in HODx'®, and therefore M <0 Lp"9Px(Ay @ ¢)]|\.

Suppose M(Ag @ ¢) is not an element of H. Then there is a first initial
segment M < M (A, @ ¢) which extends Lp” (A4 @ ¢)||A and projects to &,
pu(M) < K.

Remark. Note that in fact we have Lp"OP¥(Ag@¢)||\ < Lp¥(A;@®«¢). For this
consider some M < Lp"9P¥(Ay @ ¢) with p,(M) = . One can show as in
Lemma 3.12 that “M is countably iterable” is forced over LpHOPx (A, @ ¢)|| .
Now Lemma 3.13 can be used to show that M is iterable in V, and therefore
M < LpY (A @ ).

Subclaim 1.1. We can lift M to a premouse A extending Lp"°P* (4o @ ¢)||A
such that p,(N) < k.

Proof. Let E be the (cr(m), A)-extender derived from [(Lp™ (A @ ¢)||)).
Then one can see as in [SZ, Lemma 8.14] that E is Xy-complete and therefore
ult(M, E) is wellfounded. The premouse N we are looking for will be the
transitive collapse of ult(M, E). Moreover, N extends Lp"P% (A4, @ ¢)||\
since ran(m) N A is cofinal in A. O(Subclaim 1.1)

18 We arranged that Pow(wl)HODX CH.
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Subclaim 1.2. N is countably iterable in V.

Proof. Let 0: NV — N be an elementary embedding where N’ is countable
and o, N/ € V. We then have that N/’, or rather a set of countable ordinals
simply coding N’, is Vopénka-generic over H, because it is Vopénka-generic
over HHOPx C H by the choice of ¢ (cf. Definition 2.49). Since cr(r) > u > ¢,
we can extend 7 to an elementary embedding 7 with

7: HIN'] — HODx[N'], #lH = .

H is closed under e-sequences in HOD, so can conclude that H[N"] is
closed under w-sequences in HOD x [N”].? By absoluteness of wellfoundedness
we can find in HOD x[N'] an embedding 6: N' — N. Since

TI(Lp™ (Ao ® )| A) = w1 (Lp" (Ao @ 0| A)

and H[N"] is closed under w-sequences it follows that the extender E from
Subclaim 1.1 is also Ng-complete in HODx[N']. So by the proof of [SZ,
Lemma 8.12] we get an elementary embedding «': N7 — M. Note that
7' € V. Since M is countably iterable in V, we get that N is w; + 1-iterable
in V. This ensures that A is countably iterable in V. O(Subclaim 1.2)

But this is a contradiction, because then N would be an initial segment
of the lower part closure of Ay in V of height > \ = /i*Lp(AO), which projects
to K. O(Claim 1)

So we have ./\/l(f_l()@E) € H and therefore, since the M-operator relativizes
well, we also have M(A@«¢) € H.

The restriction of the embedding 7 to M(A @ ¢) is an elementary embed-
ding into M(A @ ¢)*, so since countable iterability is expressible by a first
order formula which is preserved by elementary embeddings we also get

| M?Zlegf)’f‘)‘&/ (M(A & ¢)*||y) is countably iterable

for each ~y such that p,(M(A&¢)*||v) < sup(A). So we have that M(A®c)*
is countably iterable in V by Lemma 3.13, hence M(A®¢)* = M(Ad¢c). O

19 See for example [Fuc, Lemma 2.6].
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Now we show that M(A) exists for every bounded subset of x in V.

Lemma 3.17. M(A) ezists for all A € Pow(< k) NV which simply code c.

Proof. Let A € V be bounded in k. Then A is Vopénka-generic over HOD
for a forcing of size < k. Let v be the size of the Vopénka forcing. So we
can find an Col(w, v)-generic object G over HOD such that A € HOD[G].*
Then there exists a name p € HOD®'“ 7 with p¢ = A. But p is essentially
a bounded subset of x in HOD. By the previous lemmata M (p @ ¢) exists
and the forcing Col(w, ) is an element of M(p @ c¢).

Since A = p¥ € M(p @ ¢)|[G] we can now use the proof of [Jec03, Corol-
lary 15.42] to get a complete subalgebra B € M(p @ ¢) of Col(w,7) and a
B-generic object H over M(p @ ¢) such that M(p @ ¢)[H] = M(p @ ¢)[A]
and p = p% = A. We have B, ¢ € M(p @ ¢), so M(p @ ¢) can calculate the
canonical name ¢ from ¢ and vice versa. Hence M(p@® ¢) is also defined. But
now M (p @ ¢)[H] can be rearranged as a pf! @ ¢! = A @ c-premouse N

Claim 1. N satisfies the sentence v from the definition of M(A).

Proof. Suppose I x K is Col(w, < ¢) x Col(w, A @ ¢)-generic over N such that
po € 1. Since

N = M(p®c)[H],
the following holds true:

NI X K] = M(p @ )[H|I][K] = M(p @ ¢)[H][K][I]

If Q € M(p@®¢) is a name for the forcing Col(w, A ® ¢) € M(p @ ¢)[H],
we have that H and K determine a B x Q)-generic filter H *x K over M(p® ¢)
such that

M(p & OH][K] = M(p ® )[H * K].*!

Let e: D — B*Q be an injective dense embedding, where D C Col(w, p @ ¢)

is dense and suppose K’ is the Col(w, p @ ¢)-generic filter determined by e
and H x K. So

NI > K] = M(p & ) [K'|[I] = M(p & ¢)[I x K],

20 Note that G € V.
21 Cf. [Jec03, Definition 16.1, Theorem 16.2].
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Now find n < w and v < ht (M(p@®¢)[I x K']) such that M (p@¢)[Ix K']||y

is a (¢n, Jigf(’)—pre—witness. Since the sets of reals which are coded by o2&’

IxXK
pH@EH
segment is also a (pp, o

pde
respectively are the same, we can conclude that such in initial

IxXK

and o

)-pre-witness, so we are done. O(Claim 1)

Claim 2. N is countably iterable in V and therefore an initial segment of
Lp(A @ ¢).

Proof. We prove this by showing that Lemma 3.12 holds for M(p & ¢)[H].
Then N = M(p @ ¢)[H] is countably iterable in V by Lemma 3.13.

Let p,(M(p @ ¢)[H]||v) < sup(A) and let h be a Col(w, £)-generic filter
over M(p @ ¢)[H]||d,*. Then we have the equality

(M(p @ O)[|6,)[H][h] = (M(p & ¢)|[)[h][H]
Since M(p @ ¢) satisfies Lemma 3.12:
(M(p @ ©)||6,)[h] = (M(p @ €)||7) is countably iterable
The forcing which adds H is small enough compared to p @ ¢ and hence:
(M(p @ 0)||6,)[R][H] E (M(p @ ¢)|ly)[H] is countably iterable
This implies
(M(A® 0)||d,)]h] = M(AS )|y is countably iterable
and therefore

eess (M(A® o)|l7) is conntably iterable D(Claim 2)

A and A @ ¢ are easily computable from one another since A simply
codes ¢, so N can be considered as an A-premouse. But then N satisfies all

conditions of M(A). O

So M(A) exists for every bounded subset of x in V which simply codes
¢. Moreover, we get that also Lemma 3.12 holds for such A.

22 Note that this model can be rearranged to (M(p @ ¢)||6,)[H].
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Finally
Lemma 3.18. M(A) exists for all A € Pow(< k™) which simply code c.

Remark. Note that this proof actually works for arbitrary sets of ordinals A
such that cof(sup(A4)**W) < k.

Proof. Consider Lp¥(A). Let Y be cofinal in Ay := sup(A)+LpV(A) and of
minimal order type. kT is a successor cardinal, so by hypothesis it is weakly
compact. Since k™ is inaccessible in each inner model by Lemma 2.45, we
have in particular that A4 < ™ and therefore cof(A4) < & since k is singular.
Of course Lp¥(A) is an inner model of HOD 4 y-.

We work in HOD 4 y. Fix fi € (cof(M4), k) such that i = i in HOD 4y .
Such a [ exists by Definition 2.49. Let ) be large enough and X be an
elementary substructure of Vi, of size i which is cofinal in A4, closed under
e-sequences and contains A, Y, k and A4. Moreover, let X’ contain i+ 1 and
Pow(w;)"°P4Y as subsets. Collapse X to a transitive structure H.

Now we can copy the proof of Lemma 3.16 and draw the desired conclu-
sion. Moreover, we have that Lemma 3.12 holds for M(A). O

Definition 3.19. Let P be an A-premouse and O an operator. We then say
that P is O-closed iff for all P-cardinals £ such that & > sup(A), O(P|¢) < P
holds.

Then we define

Definition 3.20. For any n and any A € Pow(< k) which simply codes «,
let P#(A) be the least countably iterable M-closed active A-premouse having
n Woodin cardinals, and let P (A) be the least countably iterable P-closed
active A-premouse. If such a premouse does not exist, this is undefined.

Lemma 3.21. P!(A) exists for all n and all A € Pow(< kT) which simply
code c.

Proof. Let n = 0. First we show this for A € Pow(< py). For this purpose
we build the minimal M-closed model:

-/V’O = JI(A)7
N’erl = M(N'Y)a
N, = v N, for A < k™ limit.

a<<
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Set LM(A) := N,.+. Since the M-operator condenses to itself, we can adapt
the proof for L to see that L (A) is a fine structural model which satisfies
condensation as L does, i.e. if X is an elementary substructure of an initial
segment of LM(A) with AU{A} C X then X collapses to an initial segment
of LM(A). We have LM(A) C HOD4. Now let v > sup(4) be a ©-closed
singular cardinal less than k. This is possible by the choice of k. Then we

. . LM(A HOD .
have, since v* is weakly compact, that v+= W < p+HOPa 4+ o if we

add a witness G € V for the singularity of A 4o HOD A4, we get that in
HOD4[G] the mouse LM(A) does not compute v+ correctly.

Claim 1. P:(A) exists.

Proof. The existence of P}(A) follows from the standard covering argument
for LM(A). We work in HOD4[G].

First we build a substructure X of some large Vi, which is cofinal in
M
n = el (A), closed under w-sequences, and which has size < 7. This is

possible because v is closed under the ©-function. Moreover, let LM(A), A,
v and 7 be elements of X and let A be a subset of X.

X collapses to a transitive structure H. Let 7: H — V be the uncollaps-
ing map and v/,7’ be the preimages of v,n under . Since LM(A) satisfies
condensation there is a v with

T (IM(A)) = JM(A) 9 LM(A).

Then 7 is the cardinal successor of 1/ in JM(A).

M M
We also have ' = AR Suppose 1’ < A and et G >« be

least, such that p,(J3*(A)) < v/. Since X is cofinal in 7, we can now lift
J4'(A) via 7 to a mouse P which extends LM (A)||n and projects to v, as
in Subclaim 1.1 of Lemma 3.16. But one also has P < LM(A), since the
M-operator relativizes well, which is a contradiction.

M M
So T — A Now if U is the ultrafilter derived from 7 [V, then
the structure (J;'(A); €,U) witnesses the existence of Pi(A).  O(Claim 1)

Then one can use a covering argument as in Lemma 3.16 to show that
P!(A) exists for all A bounded in & which are in HOD. For this we use the
fact that since the M-operator condenses to itself, the Pg—operator does too.
Now we can use the proof of Lemma 3.17 to show that Pg(A) exists for each
bounded subset of  in V. The reason is essentially that if A € Pow(< k)
then there is a name p € H"OP with A = p%, and we can rearrange P} (p)[G]
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to Pi(p®) = PI(A). Now we can argue as in Lemma 3.18 to get P}(A) for
each bounded A C x*.

For the case n > 1 we need the following additional ingredient.

Lemma 3.22. Suppose P%(A) exists for each bounded A C pu, coding c.
Then the Pt-operator relativizes well at i .

Proof. This is [Ste05, Lemma 1.34]. We briefly sketch the argument.

Let A, B C pu, such that A is simply coded into B. Let § be the top
Woodin cardinal of P#(B) and W be the result of the K°-construction over
A inside Vgpg(B). One can show that W is Pg—closed. Moreover, if Q is
a proper initial segment of P}(W) and § < ht(Q), then p,(Q) > 4. This
implies that § is Woodin not only in P?(B), which is the background universe
for the K°-construction, but also in P#(W). But then P?(A) is the core of
PA(W). So P#(A) can be recovered from P?(B), and we are done. O

Suppose P'_ (A) exists for all bounded A C k*. A similar argument as
above shows that P* (A) exists for all A € Pow(< p) which code ¢. For
this first build the minimal P’  -closed model like the minimal M-closed
model: Ny = Ji(A), Nyyy i= P (N,) and Ny = V,x P' (N,). Then
we can prove the existence of P | (A) as in Claim 1.

Now suppose n > 1.

Let R(A @ Ap) be the minimal model over A @ Ay of height
which is closed under the Pﬁ_l—operator

and

let © be the first indiscernible for R(A & A).

Now we can build K¢ over A below © in R(A @ Ap) via the construction
of [Ste96], with result K¢(A). We are done if we find some ~ such that for
Q := K°(A)||ly there is a § with Q = “§ is Woodin” and P!_,(Q|6) = Q,
because then Q = Pf(A).

We use the next claim, which can be proved as in [Ste05, Lemma 1.33].

Claim 1. In R(A @ Ay) either P/(A) exists or K¢(A) is Q + 1-iterable.
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Given the claim, assume K¢(A) is Q + l-iterable. Then we can isolate
K(A)f(AS40) “the true core model over A built in R(A® Ag) below Q. Now we
copy the arguments in the proof of Theorem 3.4 with U replaced by R(A® Ay)
to reach a contradiction. We briefly repeat the argument.

Let 6,0" be weakly compact cardinals larger than sup(A) but less than

k from Definition 2.49. Then let f: § — gHIATASA Lo bijection. f is
Vopénka-generic over HHOP and therefore generic over R(A @ Ay). So we get
a countably complete ultrafilter U on Pow(8) N R(A@ Ag)[f] by Lemma 2.46.
Again we have that R(A & Ao)[f] [U] is a generic extension of R(A @ Ag)[f].
Now we can build in R(A @ Ap)[f][U] the ultrapower of R(A® Ao)[f] by U:

T R(A® Ag)[f] — ult(R(A® Ay)[f],U), cr(n)=06.

By the countable completeness of U, the ultrapower is wellfounded and
we can identify it with the transitive collapse. Now consider the restriction
of 7 to the core model. So

TIK(A)FASAI] . K (A)RASDIT  K(A),

where R(A) is the core model over A up to €2, built in the ultrapower, i.e.
K(A) = K(A)HEAS40ILY) - As before we get that K(A) is Q 4 l-iterable in
R(A & Ay)[fI[U].

Note that K(A)A&40) = K(A)MASA] = K(A)- Let ' := m(0). Now we
use [Sch99, Lemma 4(b)] in R(A @ Ao)lf f1[0] and get that g+ KA RASAU]

is cofinal in 7T((5+K (A)FAAl ) 5/+K(A)' So

- [6+K(A)R(A®Ao)[f] c ult(R(A P AO)[f]’ U)

witnesses that the cofinality of § K iy ult(R(A ® Ap)[f],U) is small:

K(A)R(A®AQ)[f]
5+ ( ) < (')‘/

Wt (R(A @ Ao)[f],U) = cot(8" ) <

But this contradicts “weak covering for K(A)” which implies cof (¢’ +K(A)) >
in ult(R(A ® Ao)[f],U).

So it is impossible for K(A) to be € + 1-iterable and therefore P/(A)

exists. To show that Plji (A) is countably iterable in V we can show two

Lemmata similar to 3.12 and 3.13. Then we can use our lift-up arguments
to show that PY(A) exists for each bounded subsets A of x*. O

23 Again in fact W[Vgﬂ’f@Ao)[ e R(A® Ao)[f)[U] and this is sufficient.
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The premice P?(A) collectively enable us to go to the next step in the
core model induction; we can show that (W2, ,) is true. The proof is similar
to the corresponding proof of [Ste05, Lemma 1.38].

Lemma 3.23. (W7, ) holds. Moreover, if P is the mouse witnessing (W2, )
with respect to a X, (Jo(RY))-set of reals, then P is closed under Cs,, (J, (re))-

Proof. Let U € J,41(RY) be aset of realsand k < w. Then U € %,,(J,(R9), z)
for some real z and n < w. Again we can assume that z = p9/* for some
U < py. Define g := g[t. Let

P = PI§+n+2(<Ca )

We can show that P[g] is the desired witness.
Claim 1. P[g] is wy-iterable in J,1(RY).

Proof. P has a unique iteration strategy ¥ in HODx. Since the Q-structures
used to define ¥ can be identified by the P,f np1-Operator, X can be ex-
tended to HODx[g]. Now one can show that P[g] is also w;-iterable in
HODx[g]. Moreover, the canonical w;-iteration strategy for P[g| is defin-
able over J,(RY), so it is an element of J,41(RY). O(Claim 1)

Suppose dg is the top Woodin cardinal and ¢; is the next smaller Woodin
cardinal of P. Let W be a universal £;(J,(RY))-set of reals and let ¢ € ¥4
define W over J,(RY). Let ¥ be the iteration strategy for both P and P[g].

Claim 2. There is a term W € P[g]®« %) which captures W over P[g],
i.e. whenever i: P[g] — R[g|] is a simple iteration map by ¥, and h is
Col(w, i(d1))-generic over R|[g], then

i(W)" =W nR[g][h].

Proof. We first sketch the meaning of the term V.

For the construction of W first note that M(P|dy) < P, because P is
closed under the M-operator, and since g is a “small” generic object we also
have M(P[g]|do) < P[g]. Now if [ is Col(w, P|do)-generic over M(P|d)[7][h],
then, due to the smallness of d; in relation to dy, we can find a Col(w, P|dy)-
generic object I' over M(P|dy)[g] such that

M(P|do)[g][A][I] = M(P1do)[g][V]
and therefore by the definition of the M-operator:

Vn Iy, M(P|6) ][I 1s a (©n, U%T;;>—Witness.
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As usual M(P|dy)[g][l'] can be considered as a z-mouse M, where z is a
real coding g,/’ in a simple fashion. So let T" € M. be the tree such ‘ghat
p[T] is the Xy-theory of J,(RY) where v is least with J,(RY) |= gp’f(a%ﬁo).ﬂ
In particular we have .J,(RY) |= ¢(x, p?!') for all p which are simply coded
in P|dg. Now ¢(y) has been verified before ~ iff (¢, y) € p[T].

Given p € P[g]® @) let p be such that for all simple Y-iterates R|[g]
with iteration map j and for all h € HODx[g] being Col(w, j(;))-generic
over R[g] we have that j(p)" € R[g][h]°"« (%)) is a name for the real p".
Let T be a name such that j(T") € R[g][h]“°"“ (%)) is a name for the tree
TMRI)EIRIE e M(R|60)[g][h][l], whose projection is the ¥ 3-theory of

J,(R9) where 1 is least with J,(R9) = o} (o%a ).
So let (p,p) € W iff p € P[g]°« ) is a standard name for a real and
p € Col(w, d7) is such that:

p Ik 3q € Col(w, &) q I+ (¥, p) € p[T]

First let y € W N RI[g][h], y = p*. Since there are cofinally many v < «
such that v is minimal with J,(RY) = ¢(x,t) for some real ¢, we can find a
real ¢ such that

if J,(RY) = ¢(z,t) then already J,(RY) = ¢(y).

By Woodin’s genericity theorem there is a countable simple iterate 7%[@] of

R|[g][h] with iteration map j such that ¢ is Ef(ig 5,))-generic over R|g] for the ex-

tender algebra EJ(% ) Which has the j(i(do))-c. c. (cf. [Steb, Theorem 7.14]),
so that in fact R[g][t] is a j(i(dy))-c. c. extension of a Y-iterate R'[g] of P[g],
and we may find a Col(w, 7(i(dp)))-generic object I with R[g][t] = R'[g][h][I].

But now
R[gI[M][] = (¢, y) € p[TMF 1P BIRI],

since the real t occurs in JR,ﬁshl} and therefore TM®R10)EMU can decide
whether 1 (y) is true. By the definition of p and T we get

RGIAIY E (@, (")) € pli(T)")],
so R'[g][h] f= 3q € Col(w, j(i(d))) ¢ IF (¢, 5 (p)") € plji(i(T)")], which yields
R[g][h] = 3q € Col(w,i(d)) g Ik (v, 5") € pli(T)"]
by elementarity and therefore p € i(1W)".

24 ok is the Xp-formula associated with ¢, from Lemma 2.54.
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For the other direction let y € i(W)". So by the definition of W we can
find a standard name p € R[g]“°'« ) for the real y and some condition

p € h such that “p I 3¢ € Col(w,i(d)) ¢ IF (1, p) € p[i(T)]”. But then we
get

R[g)[h] = 3 € Col(w,i(d)) ¢ IF (¥, ") € pli(T)"]

and it follows for each Col(w,i(dp))-generic [ over R[g][h] containing ¢

R(glh]ll = (@, (5")') € pl(i(T)")'].

So R[g][R][l] E (¥,y) € p[TMRI0)GPI] by the definition of p, T and there-
fore J,(RY) = 9 (y) for some v < a soy € W. O( Claim 2)

Since « is inadmissible and begins a ¥;-gap, the X, -theory of J,(R) can
be computed from the 3} theory in parameters W and z.

Let § be the k™ Woodin cardinal of P[g]. We now use the Woodin
cardinals above § and the term W to get a term W, € P[g]®“? as in
Lemma 2.40 which weakly captures a universal X, (J,(IR?))-set W), over P[g].
From W, we get a term U which weakly captures U over P[g], i.e. whenever
h is Col(w, §)-generic over P[g] then

U" =UnPgh]

Now for all elementary substructures X < P[g]|dq Pl with Higl =X
and (Z) = U, and for all h being Col(w,7~1(§))-generic over H[g], we have
again

z" = UnH[g][h]

This relies on the fact that an elementary submodel of an iterable structure
is still iterable. So if W’ is the preimage of W under 7, then by definition
of W we have that T’ captures W over H|[g]. Now the construction of W,
(resp. the construction of /) ensures that Z weakly captures U over H|[g].

In P[g] we can construct the required trees S and T T, tries to build
such 7, 'H and h with y € Z" whereas S, tries to build the same but with
y & Z" instead.

The way to show that P[g] is closed under Cy, (s, (roy) is similar to the
proof of Lemma 2.43: Let x € P[g] be a real and let a € Cyx,(J,(r9)) () be
determined by £ and ¢. Suppose ¢ is the ¥,-formula

Y(n,m,z,c) =3Iy € R (gp(y,a:,c) ANy(n) = m),
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so for each ¢ € RY coding &:
an)=m & Ju(RY) = v(nm,a,c)

Since W, is universal, there is a k such that
((n,m,z,c), k) e W, <  J,(RY) = ¢(n,m,z, c).

Now we can iterate P[g] to some premouse M such that £ € M. If we now
collapse ¢ via G € HODx|g] we have a real ¢g coding £. So in M[G] we can
define y by saying

aln)=m < ((n,m,z,cq),k) € WE.

But if G, G" are mutually generic over M, then a € M[G]NM|[G"]. It follows
that a € M and therefore in P[g]. O

The successor-of-a-critical case and countable-cofinality case

Now suppose « is critical and either the successor of a critical ordinal 3’ or
a limit ordinal which has countable cofinality in HODx[g]. In these cases
we use that we have witnesses for countably many pointclasses “cofinal” in

Y1 (Ja(R7)).

Let 'y, k < w be pointclasses which are cofinal in ¥ (J,(RY)). This means
that if @« = ' + 1 we set I'y := 3(Jp(RY)). If a is a limit of countable
cofinality, then we let (cy : k < w) be cofinal in « such that oy is critical.
In this case we set I'y := 31(J,, (RY)). In both cases we use the fact that
Cs;, (Ja®9)) € U<y, Cr, and the following lemma

Lemma 3.24. Let M be a countable transitive model of a sufficiently large
fragment of ZFC which is closed under Cx, (5, (r)). Let k be a cardinal of M
and z a real in M.

Then every set of reals which is in 31(Jo(R), z) is weakly captured by
some T over M.

Proof. We define the capturing term 7 for a ¥, (J,(R), z)-set A as in the proof
of [SSe, Lemma 4.5]: (p,o) € 7 iff p € Col(w, k), o is a Col(w, k)-standard
term for a real, and for comeager many ¢ being Col(w, k)-generic over M:
peEg=o09ecA m

If o is a limit ordinal of countable cofinality and begins a gap, then it
begins a limit gap. Since each successor gap begins with a critical ordinal
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there are cofinally many critical v < a. So let (o : k < w) be critical and
cofinal in a and let M, be the mouse-operator witnessing (W ;) with re-
spect to 31 (Ja, (R?)). If a = #'+1, let My, be the mouse-operator witnessing
(W5 ,1) with respect to Xy (Js (R?)). By induction there exists a set ¢; such
that My (A) exists for all sets of ordinals coding ¢x. Let ¢ := @, ¢

Now we can define our mouse-operator:
Definition 3.25. For any n let P?(A) be the least countably iterable ac-
tive A-premouse which has n Woodin cardinals and is closed under all M.

P#(A) will be the least countably iterable Pi-closed active A-premouse. If
such a premouse does not exist, this is undefined.

Lemma 3.26. P¢(A) exists for all n and all sets of ordinals A coding c.

This is similar to the proof of 3.21.

Lemma 3.27. (W7, ) holds. Moreover, if P is the mouse witnessing (W2, )
with respect to a X, (Jo(RY))-set of reals, then P is closed under Cy,, (J, (rs))-

Proof. Let U be a set of reals in J,1(RY) and k < w. Then there are a real
z and an n < w with U € ¥,(J,(RY), ). Suppose z = p?!* for some 7 < y.
Set

P = P,§+n+2(<c, )

and let W be a universal 3 (J,(RY))-set of reals.

Since P[g] is closed under each M;(-) and since M,(-) is closed under
O, (Ja, (re)) it follows that P[g] is also closed under Cs,(y,, (rs)). Now we can
use Cs, (. re) € U<o Cs\ (Ja, (R9)) TO get that Plg] is closed under Ct, (4, (r9))-

Now we have in P[g| a capturing term W by Lemma 3.24 for a universal
Y1 (Jo(RY))-set. The rest in an adaption of the proof of Lemma 3.23. O

3.3 The end-of-gap cases

Now suppose that either « is the end of a proper ¥;-gap or that « is the
successor of a non-critical ordinal. Let o’ be the supremum of the critical
ordinals < a. If a ends a proper weak gap, then this gap is [/, a]; if « is the
successor of a non-critical ordinal then the predecessor gap is [o/, o — 1].

We fix for the rest of this section a self-justifying system A := (A; : i < w)
such that each A; € J,(RY), Ay is a universal ¥ (J, (RY))-set of reals, and
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Ui, A2i is a universal X;(J,(R7))-set of reals, where j is least such that
pi(Jo(R9)) = R9.% Suppose x* is such that each A; is ordinal definable from
x* over J,(RY) for some v < . Then x* := 79! for some ¢ < p,,7 € HODx.

We will prove (W7, ;).

«

Definition 3.28. Let S and 7 be iteration trees on some premouse . Then
we say S is a hull of T iff there is an order preserving map

o: (Ih(S),<s) — (Ih(T),<71)
such that the following conditions are fulfilled:

1. ran(o) is a support?®.

2. There are elementary embeddings 7 : ./\/lf — MZ(V) which commute
with the tree embeddings.

3. my41 satisfies the conclusion of the Shift Lemma 2.27, i.e. if we set
N = MS[[In(ES), N i= MZ I (EL ), ¢ = mIN, M = M3,
M = MZ(W), and ¢ := m,, where n := preds(y + 1), and if we identify
the ultrapowers with their transitive collapses, then 7, ensures that
the diagram in Lemma 2.27(4) commutes.

We say that an iteration strategy ¥ condenses well iff whenever 7 is an
iteration tree built according to ¥ and S is a hull of 7, then § is also built
according to .

Lemma 3.29. Suppose N is a premouse and ¥ is an iteration strategy for
N which condenses well. For a substructure X < Vo with N',X € X let
w: H — X be the uncollapsing map and (M) = N, 7(T) = X.

Then T'=X"TH, i.e. 3 collapses to its pullback strategy (cf. 2.26).

Proof. Let S be an iteration tree on M in H built according to I'. Set
7 :=7(8). So T is an iteration tree on N according to 3.

We show inductively that for each £ < [h(S) the tree 7S¢ is a hull of 7
witnessed by 7[€.27 At limit points A < Ih(S) we can then show that

L(STA) =1[0,AN)s =[0,N) s = X(7STN),
so & is built according to the pullback strategy 7.

25 See [SSc, Section 4] for the definition of self-justifying systems.
26 See [Ste93, p. 198] for the concept of support.
27 1S is the copied tree using 7 as done for the proof of Lemma 2.26.
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For this let 7¢ := W[Mf be the canonical embedding from Mf into NTrT(g)
for £ < Ih(S). We show by induction that for each & < Ih(S) there are
embeddings o¢, 7¢ such that o¢ o 7¢ = mg:

e

S ¢ S 9¢ T
Mg N¢ N

Moreover, 7¢ should be defined by the copying process as for the proof of
Lemma 2.26.

So it is clear that 75 := 7 and o := identity.

Suppose we have defined 73 and o for # < £. Since the 73 are defined by
the copying process there is a function 77, such that for the S-predecessor
(B of £ 4+ 1 the following diagram commutes:

wlt(MS*, BS) — = ult(NF5*, EFS)

Mg* Ng&*

T8

Note that M3* is the initial segment of M§ to which Ef is applied.

S

M
Suppose Eg is indexed by 7, i.e. ES = E ¢. Using the elementarity of 7¢
§7r$
()
Now the Shift Lemma and the embedding o¢: N — /\/’7325) give us a function

and the construction of the copied tree 7§, it is easy to see that Ef S =

T
0z, such that for the extender F := EU!EEF?(W)) the following diagram also
commutes:

b (NS, EFS) — S ult(N T, F)

| }

TS* T *
N3 N

]

Since m¢ = 0¢ o 7 we also have F' = Ez(g), so that ult(N 7?(2)’ F) is exactly
the uncollapsed N g@) 41 and therefore wellfounded. Let

NP = (NG, EF®)
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be the transitive collapse and o¢y1 and 7¢,1 the collapses of o7, and 77, ,
respectively. So we have that the copying process does not break down at
successor steps and we can go one step further. Moreover, one can see by the
definition of the ¢y, that 7S[£+2 is a hull of 7 witnessed by 7[ £+2.

Now let A < Ih(S) be a limit ordinal. First note that [0,\),s = [0,\)s
by the construction of 7S.

Since for each & < A we have that 7ST¢ is a hull of 7 witnessed by 7 [€,
we also have that 7STA is a hull of 7 witnessed by w[A: The only point to
show here is that 7#”(7STA) is a support of 7. So let £ < A. We have to
show that 7”(7S[A) is a m(§)-support. But 7" (7S[&+1) is a 7(&)-support,
and therefore 7’ (7STA) is a w(£)-support, too.

Now the elementarity of 7 implies that (7SA)"[0, A)s is a hull of 7: We
have to show that X := 7" ((7S[A)"[0, A)s) is a w(A)-support. If X' is cofinal
in 7w(A) we are done by the definition of a w(\)-support. If X" is not cofinal let
¢ :=supn”’X < 7(A). By the elementarity of 7 there is no drop on [, 7()))7.
To show that X is a 7(A)-support, we must now prove that X U {{} is a
&-support, but this is clear since X is cofinal in &.

Since 7 is built according to X, we can use the “condenses well” property
to get that (rSTA)[0, A)s is also built according to X, i.e. [0, A)s = (7STN).

So in the end we get that S is built according to the pullback strategy
PILR [

Definition 3.30. For any A € Pow(< uy) let Lp,(A) be the union of all
A-premice M, such that p,(M) = sup(A) and
[l <is) jo(R) = M is wi-iterable

Remark. Lp,(A) is a initial segment of Lp(A), because the iteration strategy
witnessing M < Lp,(A) is unique, so that its restriction to V is in V.

Definition 3.31. Let A € Pow(< p4). An A-premouse M is called suitable
iff M = sup(A) and
1. M k= There is exactly one Woodin cardinal §*.

2. M is the Lp, closure of M|§™ up to its w' cardinal above 6™, i.e.
if Mg := M|6M and M, := Lp,(M;), then we have M = Vico M.

3. For each & < &M, if £ is a cardinal of M, then ¢ is not Woodin in
Lpa(ME).
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Definition 3.32. Let 7 be an iteration tree on some premouse M. We say
T lives below n iff T can be considered as an iteration tree on M|n.

Let A € Pow(< pu4) and 7 be an iteration tree of length < M+ which
lives below 6™ on some suitable A-premouse M. Then we say 7 is short
iff for all & < Ih(7T) we have that §(7 [£) is not Woodin in Lp,(M(T[€)).
Otherwise we say 7 is maximal.

Definition 3.33. Let A € Pow(< p4) and X be an MJr—iteration strategy
for some suitable A-premouse M. Then we say Y is fullness-preserving iff
for any iteration tree 7 on M which is built according to ¥ and lives below
M and for any ¢ < Ih(T) we have either

1. [0,&]7 does not drop and /\/lg is suitable, or

2. [0,&]7 drops and [Ele=<us) w5 (R) = (/\/lgj is wy-iterable”.

Lemma 3.34. Suppose ¥ is a fullness-preserving iteration strateqy for a
suitable M, and T is an iteration tree living below 6™ according to X. Let b
be the branch through T chosen by 3.

Then we have that T € is short for all £ < Ih(T) and

1. if T is short, then Q(T) exists and is a proper initial segment of
Lpo(M(T)), and

2. if T is mazimal, then b does not drop and ey(6™) = §(T).

Remark. Note that this implies that a fullness-preserving iteration strategy
is guided by Q-structures which are initial segments of Lp,(M (7)), and that
the iteration game is over as soon as we reach a maximal tree.

Let b be the branch through a maximal tree determined by ». Although
it might happen that we don’t know the branch, we can identify the model
MT using Lp,. M{ is suitable by definition of fullness-preserving and since
§(T) is Woodin in M7 we have 6Mi = §(T). So we get that M7 is the Lp,
closure of M(7) up to its w'™ cardinal above §(7).

To prove (W},,), we need a mouse closure operator which will serve as
the basis for a “projective like” induction. The mice we need are “hybrid
mice” which contain an additional predicate ¥ for the iteration strategy of

some suitable premouse N. ¥ and A are given by
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Lemma 3.35. There is in HODx a suitable premouse N and a fullness-
preserving [y -iteration strategy > which condenses well. Moreover:

| Col(w, < py) N is wy -iterable, witnessed by the unique fullness-preserving
HODx  Jteration strategy Yo, which extends X2 and condenses well.

This result heavily relies on the following theorem by Woodin.

Theorem 3.36 (Woodin). Let z € RY code x* and let A be a countable
collection of sets of reals ordinal definable from z over some J,(R?),~ < a.

Then there is a suitable, weakly A-iterable z-premouse.?”

Proof sketch of Lemma 3.35. This can be proved as in [Ste05, Lemma 1.39]:
One gets a suitable mouse N* € HOD x[g] together with a fullness-preserving
wi-iteration strategy Xo. This mouse already exists in HOD x[g[¢] for some
t < py. Now, by considering all finite variants of g, it is possible to get
such a N'* as a generic extension of a mouse A in HODx: N[gli] = N*,

This mouse N inherits the iteration strategy from N* and is iterable in
HODx|[g| as well as in HOD x. O

So for the rest of this chapter let N be the suitable mouse in HOD x given
by the Lemma, and let ¥ be the fullness-preserving p -iteration strategy for
N which condenses well in HOD x.

Lemma 3.37. Let M be a premouse with M= [t < b such that there is an
elementary embedding m: M — N

Then there is a p't-iteration strateqy Xaq for short trees on M which
condenses well. If Y C On is a set of ordinals such that M € HODx y, then
>iM rHODX7Y € HODX7y.

Moreover, in each HODxy containing M there is an extension of Y

which also works for mazimal trees and condenses well. We call it X py .

Proof. We show first that if Y is such that M € HODx y, then there is such
an iteration strategy Xaqy. Then we prove that these iteration strategies
coincide when restricted to short trees, so that for short trees 7 we can set:

Sm(T) = | J{Emy(T): T € HODx v}

2 This means, if G is Col(w, < p4)-generic over HODx then 3§ and ¥ coincide in
HODx: X§HODy = 5€.
29 See [Ste05, Definition 1.45] for the definition of weak A-iterability.
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Let 7 = ™. Suppose further that Y is given and let H := H;ODX’Y.

Then M and all potential iteration trees of length < 7 in HODx y already
are in HODx[H]. Since the cardinality of H is small enough we can absorb
H x g via a Col(w, < py)-generic object h over HOD x:

HODx[H][g] = HODx|[h].

In this model, N is wi-iterable via a fullness-preserving iteration strategy
= Eg which condenses well. Moreover, since M is countable in HOD x[h],
an absoluteness argument produces an elementary embedding o: M — N
with o € HODx[h|. So M is wy-iterable in HOD x[h] via the pullback strategy
re.

Claim 1. I'? restricted to short trees is the O-structure iteration strategy.

Proof. Assume I'?[¢ is the Q-structure iteration strategy and 7 is a short
tree on M of length £ according to I'?. Let b := (7). We have &M > §(7)
since 7 is short, so (7) is not a Woodin cardinal in M7 and therefore there
is an initial segment @ <X M7 which defines a failure of §(7) to be Woodin.
But Q is embedded into an initial segment of AZ7, so it is countably iterable
and therefore a Q-structure. O(Claim 1)

Claim 2. T'° condenses well.

Proof. Suppose S is a hull of 7 and 7 is built according to I'?, then ¢S is a
hull of 7 which is a tree on N according to I'. So, since I' condenses well,
we have that o8 is also according to I'. This ensures that S is built with the
pullback strategy, i.e. S is according to I'7. C(Claim 2)

But now I'? induces an iteration strategy in HOD x[H], i.e.
Sy =7 HODy[H] € HODx[H],

and Xy condenses well in HODy[H]. As H contains the relevant trees of
HODx y, X,y is an iteration strategy in HODx y for arbitrary trees of size
< T, Thus, the second part of the lemma is proved.

To show that this strategy restricted to short trees is independent of
the choice of Y, we have to suppose that Y’ is another set of ordinals with
M € HODxy:. We can assume that HODxy C HODxy-. If we build
H'/h' in the same way as H,h, we also have HODx[H| € HODx[H'] and
therefore HODx[h] € HODx[R/]. But now HODx[h/] is a Col(w, < i )-
generic extension of HODx[h] and the same arguments as before give that
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> IHOD [h] € HODx/[h] is fullness-preserving and condenses well. Since
fullness-preserving iteration strategies can only disagree at some maximal
tree, we get

SI(T) = $¥(T) for each short tree 7 € HOD[h).

Since not only the iteration strategies but also the pullback strategies are
guided by O-structures if the trees are short, they coincide. O]

Using that elementary substructures of A/ are iterable via the same itera-
tion strategy (they are iterable as A/ via the Q-structure iteration strategy as
long as no maximal tree is reached), we can now extend the iteration strategy
Y to trees in V of arbitrary length. We also call this extension ¥. Again the
restriction of that extended strategy to a model of the form HODyy is an
element of HODy y and again they all coincide as long as no maximal tree is
reached.

Lemma 3.38. There is in V a partial iteration strateqy X for N which works
for short trees of arbitrary length and condenses well. This iteration strateqy
is ordinal definable from N and X, and therefore Y]JHODxy € HODxy for
each Y C On.

The proof heavily uses the methods from the proof of [Ste05, Lemma 1.25].
Recall that each successor cardinal in V is weakly compact and all limit
cardinals are singular, so the cofinality of the length of some iteration tree is
either w or weakly compact.

Proof. Suppose we have defined Y [¢ for short trees of length less than a limit
ordinal €. Let 7 be an iteration tree of length ¢ according to X[£. We have
the following cases

1. cof(§) = w, or
2. cof(§) = K, where k is weakly compact and § € [k, k™), or

3. cof(§) = k, where k is weakly compact and £ > k.

Suppose first that cof({) = w. We work in HODx y, where Y codes 7
and is a witness for the fact that ¢ has cofinality w. Let further €2 > ¢ be a
large enough limit ordinal.

Definition 3.39. Fix a cardinal i < p with g% = . We say that a sub-
structure X < Vo is nice iff {T,N}U i C X, X = i, and X is closed under
w-sequences. Moreover, we demand that X" is cofinal in &.
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For a nice X, let my: Hy — Vo be the uncollapsing map. Suppose
Ty =7 (T) and Ny := 771 (N). Now define Sy := S,y as the iteration
strategy in HODx y for Ny given by Lemma 3.37. We have that Ay has size
Hy. Since Ty € Hy it has length < Hy N On and therefore less then H_X+,
s0 by = Xx(7Ty) is defined. Since lh(7x) has cofinality w, the branch by is
determined by any w-sequence cofinal in it. Thus we have by € Hy, because
X (and therefore Hy) is closed under w-sequences.

For X < Y both nice, we set Ty y = 7r3_,1 ommy: Hy — Hy.

Definition 3.40. X is 7T -stable iff X is nice and for each nice ) such that
X < Y, we have

cxy = “downward closure of my y"by in 73" = by.

Claim 1. There is a 7 -stable X.

Proof. Suppose the claim is false. Then we can build a continuous elementary
chain (&, : v < i), such that X, is nice and 7y, x,,, (bx,) # bx,,, Whenever
v is a successor ordinal or a limit ordinal of uncountable cofinality.?°

From now on we drop the subscript X', whenever it is possible, i.e. we
abbreviate 7, 1= mx,, T, = Tx, x,, by = by, T, =Ty, and ¥, := Xy, .

For the set Z := Uu<;1+ X, we then have:
S:={X, v <" cof(v) > w} is stationary in [Z]<*"

Define a regressive function f: S — Z via f(X,) = m,(b,) € &,. The
usual Fodor argument, see [Jec03, Theorem 8.24], now yields a stationary
S C S and an z € Z such that f”S = {z}. But S gives rise to a stationary
S" C it and since x = m,(b,) for some ¢ we have

Vve s cof(v)>w and Yv,ye€ S (v<vy=m,(b)=0).

Fix v,v € ', v < 7. Then we have the situation

Ty,
7, T T
Ty, w41 Tv+1,y
b, > 7r1/,1/+1(b1/) bV
T,y

30 If v has countable cofinality then X, is not closed under w-sequences.
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Now the function 7,41, maps 7,177, ,41(b,) to 7,7b,. It follows that
(Ty41~Z011) " Typt1(by) is a hull of 7,7b,. Since 7,7b, is built according
to 3, which condenses well, (7,41,7,+1)"7y,+1(by) is also according to X.,.
This means that 7,7m,41,7y11 = T417,41 is a tree on N according to the
iteration strategy ¥ (cf. Lemma 3.37) of which ¥, is the pullback strategy,
and 7, ,41(b,) = X(m,117,41). But 3,4, also is the pullback of 26’ by the
proof of Lemma 3.37, so m,,41(b,) = Xy41(Zp41) = byi1, a contradiction.

O( Claim 1)

The claim gives us a 7 -stable X', and if we set
cy = “downward closure of my(by) in 77

we can define

Yy (T) = U{CX : X is T-stable}

One can easily see that Yy (7) is a wellfounded cofinal branch through
T. So Xy (7T) gives us what we want, except that it depends on the choice
of Y. But we can show that 3y (7) = Xz(7) for all adequate Z.

Claim 2. Let Z be another code for 7 and a witness for cof(§) = w. Suppose
w.l. o. g. HODX7Y g HODX,Z.

Then Ey (T) = Ez(T)

Proof. We have to show that by, = by, where by, = Xy (7), by, 1= X2(7).
For this we show that Xy is guided by Q-structures in V. Let X’ be 7 -stable
in HODx y. Since 7 is short, 7Ty is short too, so the iteration strategy Xy is
guided by Q-structures. So let Q be the image of the Q-structure from the
branch by in HODx y. If we can show that Q is a mouse in V, i. e. countably
iterable, then we are done. This is because then Q is a O-structure for 7°
in V and therefore by, is a cofinal branch coming with a Q-structure. Since
there can be at most one branch with a Q-structure and since we can do the
same with Z instead of Y, we get by, = by,.

So suppose 0: R — Q is elementary, o € V, and R is countable. Consider
HODx y[R]|. We can suppose that R is also countable in HODx y[R], so by
absoluteness of wellfoundedness there is an elementary o': R — Q with
o' € HODx y[R]. Since the forcing which adds R to HOD xy has cardinality
less than /i, we can find a set U € HODx y of HOD x y-cardinality < zi which
covers ran(o’). So in HODyy we can take a 7-stable substructure X O U.
By definition of ¥y we have that 7y (by) = bs, so Qy, = 75 (Q) is the
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O-structure for the branch by. But now 7@1 oot R — Qp, is elementary,
and since Ny is iterable in V (cf. Lemma 3.37), R is embeddable into an
initial segment of an iterate of some iterable structure, so R is itself iterable.

C( Claim 2)

So we can set:
(T) = U{EY(T) Y codes 7 and is a witness for cof(§) = w}
Claim 3. ¥ condenses well.

Proof. Let ¢ := X(7) and let S7b be a hull of 7"¢, witnessed by o. Assume
w.l.o.g. that cof({h(S)) = w, and that Y C On is such that we have the
same situation in HODx y. Then we work in HODx y-.

Take some elementary substructure X of a large initial segment of the
universe which is both 7-stable and S-stable, and which contains 7 and S .
Let m be the uncollapsing map. Then we have:

(o

ST“b TT“C
Sh—2—=T ¢

Now we have 7(¢) = ¢ and therefore ¢ = 3y (7) by definition of ¥y. Since
S7bis a “small” hull of 77¢ it is built according to 3y by induction hypoth-
esis. So we get b = Xy(T). Therefore ¥y (S) D w(b) = b follows from the
definition of ¥y and we are done. O(Claim 3)

The other cases are not as complicated since there is at most one cofinal
branch, due to the uncountable cofinality of £. This branch is automatically
wellfounded and the iteration strategy condenses well since the length of each
hull of 7 either has uncountable cofinality, in which case there is at most one
cofinal branch, or it has countable cofinality, but then it is also a hull of an
initial segment of 7 and the induction hypothesis implies the rest.

Now let cof(§) = k > w and E = k. We then have that x and ' are
weakly compact. Suppose that no cofinal branch through 7 exists. We

apply Lemma 2.46 to the model YV := HODx 7y where Y is a witness for
the cofinality of £.31 Abbreviate W := ult(W,U) and let 7: W — W be the

31 Note that the assumptions of Lemma 2.46 are satisfied since k% is weakly compact
and therefore inaccessible in W.
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ultrapower embedding with critical point k. We have the following:
W =38 (Sis a hull of 7(7T) of length < (k) AS has no cofinal branch)

This is because 7 witnesses this fact. 7 is an element of W because it can
be coded in a subset of k and W does not contain a cofinal branch since not
even V does. Moreover, 7 is a hull of 7(7). This is witnessed by 7[£. But
this function is also an element of W.

So this fact reflects to W:

W =38 (S is a hull of 7 of length < k A S has no cofinal branch)

Now, since the restriction of ¥ to trees of length < x in W is an element
of W and condenses well there, we have that S is built according to 3. So
3(S) is defined and an element of W. But this is of course a contradiction.

So if cof (£) = k > w and £ = k, then there is a cofinal branch through 7.

Now suppose cof (§) = k > w and £ > k7. Again we work in the ZFC
model W := HODx 7y, where Y witnesses the cofinality of {. Let S be a
hull of 7 of size x, witnessed by a function o which is cofinal in £.32 So S
is built according to ¥ of size < &, which ensures that ¥(S) is defined. Now
consider the downward closure of ¢”%(S) in 7. But this is of course a cofinal
branch since the function o is cofinal in &.

So all possible cases for the cofinality of ¢ have been discussed. Thus,
we get an iteration strategy whose restriction to HODyy is in HODx y.
O(Lemma 3.38)

Hence we have an iteration strategy > in V which works for short trees,
such that ¥[HODx y € HODx y for each set of ordinals Y. Using the proof
of Lemma 3.38 we can extend X in each HODxy to an iteration strategy
Yy which also works for maximal trees. Unfortunately, if we have two sets
of ordinals Y and Z we see no reason why 3y (7)) = ¥7(7) should hold for
maximal trees.

Lemma 3.41. For each Y there is in HODx y an extension of ¥ which also
works for mazimal trees. This strategy condenses well in HODx y .

32 For this we first take a subset of ¢ which is cofinal and has cardinality x. Then let
X < VIV be an elementary substructure containing this cofinal set and the tree 7. Now
if we consider the transitive collapse H of X with uncollapsing map o, we have that
S := 071(7) is the desired hull of 7 and ¢”lh(S) is the support cofinal in &.
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Proof. We use the notation of Lemma 3.38 and work in HODx y .

Let 7 be a maximal tree built according to X. If cof(lh (7)) = w, we can
show as in Lemma 3.38 that there is a 7T-stable X and so we can define a
wellfounded branch as before.

Now if 7 is maximal and cof(lh (7)) > w, we can show that each nice
X < Vg is T-stable. The proof is as in [Ste05, Lemma 1.25].

Let X, be nice substructures with X < ). Set n := sup(cxy). We are
done if we can show n = Ih(7y).3

Suppose the converse holds and n < [h(7y). Since 7 is maximal we get
by Lemma 3.34:

e, (M%) = 6(Tx)
Claim 1. Then we have 63—?7)7(5/\[3’) = 0(Ty[n).

Proof. The proof follows [Ste05, Lemma 1.25]. W.l.o.g. we can assume
that 7y y"6V* is cofinal in #¥.3* Let p < &% and p' < ¢"* be such
that p < mxy(p'). Since ez;’:(p’) < e;‘rjj(éNX) = §(7x) there is a § € by
with cr(egfgx) > ea’g(p’). But then for v := 7y () we can conclude that

T
cr(ef}%) > e (mxy(p)). So
7 7 T 7
com(P) < eon(mxy(p)) = ot (man(p')) < er(esy) < d(Tyln)
Now since eoT’yn is continuous at &, we have the desired result. [I(Claim 1)

But then, since the tree 7y is a normal continuation of 7y[n, we have
IW(EP) > 6(Tyln) = 63:3:7(5'/\/—3’), which contradicts the fact that 7y is a tree
on Ny|6"¥. So indeed 1 = Ih(7Ty), and hence X is 7-stable.

Now we can again define
Yy(7T) = U{CX : X is T-stable},

which defines a cofinal wellfounded branch in 7. O

33 Since cof (Ih (7y)) > w there is at most one cofinal branch, so since both by and cy y
are cofinal they are equal.

34 Otherwise we slightly change our definition of “nice”. Then we demand that nice
substructures are cofinal in V. Since y is singular and A has size p it follows cof (0V) < .
We can arrange that there are cofinally many i < u such that g = i, so we let nice
substructures have size > cof(6V).
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Hence there is an iteration strategy > in HODx which condenses well for
arbitrary trees on N in HODx.

Definition 3.42. For the rest of this section, let ¥ be the iteration strategy
in HODx which we get from Lemma 3.41.

Now we can build premice over sets of ordinals A coding N which know
how to iterate A/. The “condenses well” property enables us to do this in a
way such that the resulting models have fine structure. Such mice are called
Y-hybrid. W. Hugh Woodin found a way to build premice which are closed
under ¥ and all of whose levels have fine structure. The correct definition
can be found in [SSal.

Definition 3.43. Suppose A C On codes N in a simple way. The J-structure

M = JE ’S(A) is called a X-hybrid premouse iff the following conditions are
fulfilled:

1. E codes a sequence of extenders (E, : v € Xy), where Xy C [+ 1.
(E, : v € Xj) has to satisfy [MS94b, Definition 1.0.4] (cf. also [SSZ02,
Definition 2.4]) with the understanding that concerning E, # 0, the
relevant initial segment of M is ijj (A) rather than JLE (A).

2. S codes fragments of ¥ in the following sense: S codes a sequence
((7,,7.) : ¢ € X;) such that
a) XO N Xl = @7

(

(b) if t € X7 and if 7 < 1,7 € X is least with 7; = 7, then 7; is the
M i-least iteration tree which is built according to ¥ such that
¥(7;) does not exist in M|z,

(¢) 75 =17, for all 6 € [7,¢] N X, and
(d) {vs:0€ e, NXy} =%(7,) Ne+1.

We also denote a YX-hybrid premouse by J gj ’E(A).

The “condenses well” property ensures that >-hybrid premice satisfy con-
densation in the sense that elementary substructures of any X-hybrid pre-
mouse collapse to ¥-hybrid premice.

Lemma 3.44. Let JE’Z(A) be a X-hybrid premouse and let Q < (3. Suppose

X =< Jf’E(A), X € HODx is an elementary substructure with AU {A} C X
and JI'T(A) = X is the transitive collapse of X

Then I = X[ JFT(A).
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We want to show that certain »-hybrid premice satisfy condensation not
only in HOD y, but also in V. First we prove, that if there were a substructure

X of an initial segment of some hybrid premouse J, f ’Z(A) with & € V which
does not collapse to a 3-hybrid premouse, then there would be such a witness
of size A.

Lemma 3.45. Let A € Pow(< puy) code N and JE’Z(A) Y-hybrid. Suppose
condensation for Jg’Z(A) fails in V, 1. e. there is an elementary embedding
T Jf’F(A) — JBE’E(A),W €V such that I # ZfJf’F(A).

Then there is such a witness of size A.

Proof. Let Jf T'(A) witness that condensation for Jg Z(A) is false in V and
let ™ be the associated embedding. Since all these sets are wellorderable, we
can assume that there is a set Y of ordinals such that the same situation
exists in HODx y. So we work in HODx y .

Now we can take an elementary substructure X of a large initial segment

of the universe with A U {A, 7, %} C X such that X = A. Let o be the
uncollapsing map. Then we have the following commutative diagram:

JET(A) ———=JF%(4)

Now either le’F/(A) or JE,/’E/(A) witnesses the lemma, since otherwise
I =S5 (A4) and X =S5 (4)

and therefore

) <) =

Y

But then le’F/(A) and JE//’Z/(A) have the same “Y-predicate” and by

elementarity of o Jf T(A) and JBE Z(A) also have the same “Y-predicate”.
This is a contradiction. O

The first step of our “projective like” induction is to get a sharp for the
least model which knows how to iterate N. This is corresponding to the
situation in the inadmissible case where we produce a sharp for the minimal

M-closed model.
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Definition 3.46. Let A € HODx be a set of ordinals coding A/. Then L*(A)
denotes the least ¥-hybrid mouse over A containing all ordinals. We have

L*(A) C HODy.

This model has fine structure due to the “condenses well” property. More-
over, it satisfies a stronger form of condensation in HODx than usual -
hybrid premice: Let © be a limit ordinal and J3(A) < L¥(A). If X < JF(A)
is an elementary substructure such that AU {A} C X, X € HODx and
M = X is the transitive collapse, then M < L¥(A).

We want to prove that L*(A) satisfies condensation in V. For this it
suffices to show that condensation holds not only in HODy, but also in all
Col(w, < p14)-generic extensions of HOD x.

Lemma 3.47. Let A € Pow(< u) code N and JE’E(A) be X-hybrid, satis-

. . . Col(w, < p4)
fying condensation in HOD ¢ e

Then condensation for JE’E(A) also holds in V.

Proof. Suppose there is an X' € V containing A as a subset such that
JPT(A) = X < JE¥(A) and T #S1JFT(A).

First by Lemma 3.45 we can suppose 7y = A < t+. But then an abso-
luteness argument between V! <#+) and HODS™ <#+) implies that in
HOD S =< #+) there is also such an X.

But this is absurd since condensation for J 5 Z(A) holds in HOD{M < #+)
[

Thus we show the following;:
Lemma 3.48. Let A C Pow(< py), A € HODy code N.

Then L*(A) satisfies condensation in HODEJ(OI(“”< b))

Proof. First note that the iteration strategy X restricted to iteration trees

Col(w, < pg)
of size < puy = @y = w?ODX which are in HODx is just the restric-
tion of the w;-iteration strategy which is given by Lemma 3.35. This iter-
ation strategy condenses well in HOD%’](W’< ") So for the same reason for

which L*(A) satisfies condensation in HODy, L¥(A) satisfies condensation
in HOD%OI(W’ <) up to &y Now if JI(A) is the transitive collapse of some el-

ementary substructure of a large initial segment of L¥(A) in HODE(OI(‘”’ <)
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then the goal is to get in HOD)C(OI(“” <#+) an elementary embedding from JI(A)
into some J3(A) where # < &;. Then we can use condensation of L*(A) up
to (:Jl.

As before suppose 7: J! (A) — L*(A) is elementary with J! (A) £ L*(A),

where J1'(A) has size A < puy. Let X := ran(w). The pui-c.c. of Col(w, < piy)
enables us to cover X by a set Z of size < py in HODx. So there is in
HODx an elementary substructure Z 2 Z of L*(A) which has size < ju
and is such that X < Z < L*(A). But Z = J7(A) 9 L*(A) for some
[ < py since L¥(A) satisfies condensation in HODx and Z € HODy. So
in HODE(OKWK”*) there is an elementary 7’: JI(A) — J3(A). Since L*(A)
satisfies condensation up to @; > 3, we can conclude J} (4) < L¥(4). O

The last two lemmata guarantee that L*(A) satisfies condensation in V
for each A € Pow(< puy) N HODx which simply codes A. This suffices to
begin with the induction through our “projective like” hierarchy.

Lemma 3.49. Suppose A € Pow(< . )NHODx simply codes N'. Let L*(A)
be the least X-hybrid premouse in HOD .

Then there exists a sharp for L*(A).

Proof. Let n be a singular V-cardinal large enough and closed under the
function ©. Since n* is weakly compact it is inaccessible in L¥(A), so we
have 77+LZ(A) < nt and therefore cof(n+LE(A)) <n LetY C 77+LE(A) be

cofinal and of order type cof (T]*LE(A)).

Working in HODx[Y], we build a substructure X < Vi which is closed
under w-sequences. This substructure shall be cofinal in n*LE(A) of size < n
and contain AU{A, X, n, n*LE(A)} as a subset. Let H = X be the transitive
collapse. Notice that L*(A)|(OnN H) C H, since L*(A) satisfies condensa-
tion in V and therefore in HODx[Y].

(A

Let i, A be the preimages of 7, 77+LE ) under the uncollapsing map 7.

Claim 1. A = 77’+LE(A).

Proof. Suppose A < n’*LE(A). Then let 3 > X be the least ordinal, such that

(A)

pu(J5(A)) < o', Since the substructure is cofinal in 77+LE , We can now

lift J3(A) via m to a mouse M which extends LE(A) ™™ and projects
to 7. This works as in Lemma 3.16. So M is the ultrapower of .J3(A)
by the extender derived from 7[J3y(A). Let i be the canonical ultrapower
embedding.
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Let X be an elementary substructure of a large initial segment of the uni-
verse such that i .J3 (A)U{M} C X. Suppose 7: H' — X is the uncollapsing
map and M = 7~ (M). Then M can be reembedded into JF(A) viai ' on
and is therefore an initial segment of L*(A), which also implies M < L*(A)
by elementarity. This is of course a contradiction since no initial segment of

L*(A) which extends LE(A)|77+LE(A) can project to 7. O( Claim 1)

So let U be the ultrafilter derived from 7[A. The claim ensures that this
is an ultrafilter on JZ(A). Then (Jy(A); €,U) witnesses the existence of a
sharp for L*(A).

Moreover if (M; €,U) is an element in the linear iteration of (J3(A); €,U)
with U, then also M < L*(A). This follows by an easy condensation argu-
ment. For this let (M;€,U) be a linear iterate of (Jy(A); €,U) and let i
be the associated embedding. We can assume that (M; €,U) is the first ele-
ment in the iteration, i.e. M = ult(J3y(A),U). Then we take an elementary
substructure X of a large initial segment of the universe such that A C X.
If H' is the transitive collapse of X and o: H' = X is the uncollapsing map

then we have the following situation:

(JE(A);e,U) — (M; e,U)
(JHA); e, U') ——— (M; €U

Now we can use [SZ, Lemma 8.12] to show that M’ is elementarily embed-
dable into J3*(A) and therefore by condensation an initial segment of L*(A).
The elementarity of o then yields M < L*¥(A). O

We can now define certain mice likewise as in the inadmissible case which
entirely ensure that (W7, ) holds.

Definition 3.50. Let A be a set of ordinals coding N. Then let Pfﬁ(A)
be the least iterable Y-hybrid premouse over A which is active and satisfies
“there are n Woodin cardinals”, and let PEM(A) be the least iterable X-

hybrid active premouse over A which is closed under Pnzﬁ. If such a premouse
does not exist, this is undefined.

Lemma 3.51. Pnzﬁ(A) eists for each set of ordinals A € HODx coding N .

Proof. The proof for n = 0 is given above: Pozﬁ(A) is just the sharp for
L*(A). The case n > 0 is essentially the same as in the inadmissible case,
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but there are small differences which are due to the fact that the iteration
strategy > is defined only for trees in HODy. So we will explain the case
n = 1 more precisely.

First one can show that for each A € Pow(< py)NHODx which codes NV,
POEM(A) exists. Let R¥(A @ Ay) be the minimal ¥-hybrid, Pozﬁ—closed model
over A® Ay of height £, and let Q be the first indiscernible for R*(A® Ay).
Note that R¥(A® Ag) € HODx. Now we build in R¥(A @ Ay) the X-hybrid
K¢ over A below Q, with result K¢*(A). We are done if we find some v
such that for Q := K°*(A)|y there is a § with Q = “§ is Woodin” and
PP (Q|6) = Q, because then Q = PE¥(A).

Again we use the following claim

Claim 1. In R¥(A @ Ayp) either Plzﬁ(A) exists or K°*(A) is Q + 1-iterable.

We show that K°*(A) cannot be  + l-iterable. Suppose the converse
holds and K¢*(A) is Q + l-iterable. Again if K*(A) is Q + l-iterable,
then we can isolate the Y-hybrid core model over A built in R¥(A & Ap),
KZ(A)R7(A840)  We abbreviate K= 1= KZ(A)R"(4®40),

We derive a contradiction by running the same arguments as in the in-
admissible case: Let §,0" be weakly compact cardinals larger than sup(A)
but less than x from Definition 2.49. Then let f: § — 5+ be a bijec-
tion. f is Vopénka-generic over HHOP and also over R¥(A @ Ag) as Ay
codes HHOP . By Lemma 2.46 we get a countably complete ultrafilter U on
Pow(6) N RE(A @ Ag)[f], and again R*(A @ Ap)[f][U] is a generic extension
of R¥(A @ Ay)[f]. So we can build the ultrapower of R*(A @ A)[f] by U:

T RE(A® Ao)[f] — ult(RE(A @ A)[f],U), er(x)=246

Moreover, [Vgﬁl(A@Ao e RP(A® Ay)[fI[U).

By the countable completeness of U, the ultrapower is wellfounded and
we can identify it with the transitive collapse. Now consider the restriction
of m to the core model.

TIK¥: K¥ — 7(K®).

We will reach a contradiction by showing that K* satisfies weak covering
>
at 6 in RZ(A@® Ap)[f] and that the ultrapower map m is continuous at 6+ |
b)) b))
ie. w(0TF) = sup(x”6t" ).
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Claim 2. 1. The hybrid core model K* satisfies weak covering at § in each
) =
inner ZFC model W D RZ(A @ Ay)[f], i.e. W = cof (57°) > 4.

2. Let Q € VSfE(A@AO) be a forcing notion and G € V be Q-generic over
R¥(A® Ap). Suppose there is a j € R¥(A @ Ap)[G] and a W which is
Q + l-iterable in R¥(A @ Ap)[G] such that j: K* — W is elementary.
Then j(v) = sup(j”v) for each  which is regular, but not measurable
in K>,

Proof. First note that K> satisfies condensation in R¥(A @ Ay), i. e. whenever
we build an elementary substructure of K* and collapse it, we get a hybrid
premouse which has the same “S-predicate” as K. This can be used to show
that K* satisfies condensation not just in R™(A @ Ay) but also in V (with a
similar proof as for L*).

Now we can show that whenever K is elementarily embeddable into K>,
then each iterate M of K is also a ¥-mouse. This is because if M were not
a X-mouse we could reflect this fact, i. e. there would be 7, K', and M’ with:

[T( /\f
K’ M

But now M’ can be reembedded into K and therefore into K* which implies
that M’ is a ¥-mouse. The elementarity of 7 then yields that also M is a
Y-mouse.

The same argument can be used to show that each “lift-up” of K is a
Y-mouse.

So each elementary substructure of K, each iterate of such a substruc-
ture, and each “lift-up” is again a X-hybrid mouse. These facts enable
us to prove the “weak covering” property of K* in the generic extension

R*(A @ Ap)[f] as in [MSS97]. So we have R*(A & Ay)[f] E cof(é*KE) > 5.
But now, since f: 6 — 5+ s a bijection there is no R*(A® Ap)|[f]-cardinal
in (0, 5+KE]; so R¥(A®Ao)|f] E cof(é*KE) —3. 5is regular in V and therefore
in inner any model W, so if W is as in 1 then we have W |= cof(é*KE) > 5.

Moreover, if G € V is Q-generic over R¥(A @& Ap) then one can see that
K* is still a universal weasel in the generic extension R*(A @ Ay)[G]. We also

need that classes which are thick in K* are still thick in K* if we consider
“thickness” in the sense of R¥(A @ A)[G]. Furthermore we need that for
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cach T which is thick in K* in the sense of R¥(A @ Ay)[G] thereis a TV C T,
[" € R¥(A @ Ap) which is thick in K* in the sense of R¥(A @ Ap).

The second statement of the claim can now be proved as in [Ste96, The-
orem 8.14(3)]. O( Claim 2)

Now we can argue exactly as in the inadmissible case, since the “weak
covering at 0" property is carried to the ultrapower by 7. O

Lemma 3.52. (W7, ) holds. Moreover, if P is the mouse witnessing (W2, )
with respect to a X,(Jo(RY))-set of reals, then P is closed under Cs,,(j,(ro))-

Proof. Let U C RY be in J,11(RY) and k < w. We are searching for a coarse
(k,U)-Woodin mouse. Suppose U is ¥,-definable in the real parameter z.
We can assume that z = p9!° for some 7 < . Set g := g|i and

P = Pk2+nﬁ(<~/\/’7 p>)

First note that as in the inadmissible case we have the O-structures for
determining the canonical wi-iteration strategy I' of P[g] in HODx[g]. Let
A = (4; : i < w) be the self-justifying system of sets which are ordinal
definable over J,(R?) for some v < « from the parameter (7, g); cf. page 64.

Suppose j is least such that p;(J,(RY)) = RY. Then by construction of
A it codes a universal X;(J,(R?))-set. Since there is a X;(J,(R7))-surjection
[ RI = Ja(R?) and Ts41(J5(R)) N Pow(R) = FH(I, 1 (J5(R))) N Pow(R)
for each k < w (cf. proof of Lemma 2.40), ¥,-truth at level « is therefore
coded into

W= U{(z)“m cx € Al

Claim 1. For any v < ht(P) there is a term W, € P[g]°“") capturing
W, i.e. whenever i: P[g] — R[g| is a simple iteration map by I' and h is
Col(w, i(v))-generic over R[g], then

i(W,)" = W nR[g][h].

Proof. Basically, W, asks what the Tﬁf 35 are moved to in the iteration of
N which makes P|v generic over the extender algebra of the iterate. This
iteration is done inside of P, using what it knows of X.

35 Tﬁi € NColw: ) ig the unique standard term which weakly captures A; over N; see
[Sted, Definition 2.4].
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Let (p,p) € W, iff p € P[g]°“ ") is a name for a real y = (j)"z and
p € Col(w, v) is such that for all Col(w, v)-generic h:

Plg][h] E “There is a countable simple iterate N of A" according
to X with iteration map e such that z is EQ{(;N)—generic% over NV,

and there is a Col(w, e(6))-generic k' over N’ with = € N'[I]
and x € e(T)))".”

So let i: P[g] — R[g] be a simple iteration map according to I' and let A
be Col(w,i(v))-generic over R[g]. We show i(W,)" = W N R[g][h].

If y € WNRIg|[h], then y = (j)"z for some j < w, x € A;. Since z
is a real we can use Woodin’s genericity theorem to make x generic for the
extender algebra at e(6") over a simple countable iterate N7 of N, where
e is the corresponding iteration map. Now let A’ be Col(w,e(d"))-generic

over N such that 2 € N’[l/]. Such an b/ exists since N’[z] is an e(6V)-c. c.

generic extension of 7. But now e(7}") weakly captures A; over N7 so
J

T € e(Tﬁg)h'. Hence by definition of W, we have p" € i(W,)".

For the other direction let y € #(W,)". Then y = (j)"z and there is
in R[g][h] a countable simple iterate N of N with iteration map e, and a
Col(w, e(6V"))-generic filter i’ over N” with z € N'[W/] and 2 € e(Tﬁg)h/. But
this implies x € A;, soy € W. O(Claim 1)

Claim 2. Let 6 be the k™ Woodin cardinal of P. Then for any %, (J,(R9), 2)-
set Y, there is a term Y € P[g] such that for each simple iteration map
i: Plg] — R|g] according to I' and for each Col(w,i(J))-generic filter h over
R[g] we have

i(Y)" =Y nR[g)[h].

Proof. Y is constructed from the term W, given by the previous claim, where
v is the k+n'™ Woodin cardinal of P. The term W, captures the set W which
codes a universal X;(J,(IRY))-set. Now we can use Lemma 2.40 to construct

the desired term Y. CO( Claim 2)

Now one can see that P[g] is the desired coarse witness. The trees in P[g],
which are moved appropriately by I', are obtained just as in the inadmissible
case. O

36 Recall that EQ{(;N) is the extender algebra of N7 at e(6V).
37 Here we use the weak A-iterability of A.
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This chapter is about the application of the core model induction to the
hypothesis “ZF + each uncountable cardinal is singular”.

We briefly recall Definition 2.49.

1. ¢ is such that for each set of ordinals X the following holds: Each
subset of w; is Vopénka-generic over HHOPx  and each w; + 1-iteration
strategy in HODx for any countable premouse is already in H"OPx,

2. ( is such that for each set of ordinals X the following holds: If G is

a Col(w, £)-generic object over HODx, then G is already generic over

H?ODX. Moreover, HZ'ODX [G] contains every w) OPxIe | 1iteration

strategy for any countable mouse which is in HOD x [G].

3. kis a ©-closed cardinal such that for each X and each G C On,G €V,
there are cofinally many ©-closed 1 < k with HODx[G] | uf = p.

So we can define:

4. Ay C K, Ay € HOD codes HHOP in some simple way,

5.\ = gt

6. X C )\ is cofinal of order type w, and
7. p < Kk is a O-closed cardinal such that HODx = p® = pu.

Theorem 1.5. Let V be a model of ZF in which each uncountable cardinal
15 singular.

Then ADY® holds in HOD' <

+HODX)

For the rest of this chapter we fix a Col(w, < /ﬁHODX)

over V and abbreviate RY := RHOPxl9) Note that R = | J
+HODx

-generic object g

HOD
st HOD X RHODx gl

Moreover we set py ==
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4.1 The projective case

Again we start with the projective case, i.e. we show that M?(A) exists for
each n < w and each A C On. For this we use

Lemma 4.1. Let n < w and suppose B is a set of ordinals such that HODpg
is closed under M _,, but M!(A) does not exist for some A € HODg. Let
Z C On be Vop-generic over HODpg.

Then LpH9P2(A) is fully iterable in HODp[Z].

Proof. We can suppose B = ().

The proof is essentially the same as the proof of (1), in Lemma 3.7. We
show that Lp"®P(A) is fully iterable via the Q-structure iteration strategy.
So suppose not and let 7 be a counterexample of minimal length. Then 7 is
a tree on M = Lp"°P(A)|a for some . Such an a exists because Lp"°P(A)
is a lower part model. Then there is a p € Vop which forces this property
over HOD:

P H% M is not iterable, witnessed by T

Working in HOD, let © be large and 7: H — Vg be elementarily such
that [ is transitive and countable. Let A,S,Vop',p’ be the images of
M, T Vop,p under 7.

Then H = “p Ik N is not iterable, witnessed by 8”. Let G € HOD be
Vop'-generic over H and containing p’, so that

H[G] k= N is not iterable, witnessed by S¢

But H|[G] contains the necessary QO-structures! to argue as in the proof of
Lemma 3.6 that S¢ has a cofinal branch b such that an initial segment of
/\/'bSG is a Q-structure. So we get a contradiction. O

Now we can prove PD in HOD?{JI(W’< “)

Lemma 4.2. Suppose that each uncountable cardinal is singular.

Then M*(A) exists for each set of ordinals A.

Proof. First let n = 0. We will show that A" exists for every set of ordi-
nals A € HOD. If we have shown that A" exists in HOD then we can use
Lemma 3.8 to get that A exists for all A C On, A € V.

! The Q-structure for an iteration tree 7 is given by an initial segment of Mi_l (M(T)).
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So let # > sup(A) be a cardinal, v := (§+)"4 and A C v, A € V cofinal
of order type w. A is generic over HOD, so as v has cofinality w in HOD[A]

HOD[A] = 0% > v = (97)-4

holds true, and therefore HOD[A] |= “A*® exists”. But this is the real A* € V.
Moreover, Af exists in HOD, because it is hereditarily ordinal definable from

A € HOD.

Now let n > 1. Suppose that MfL_l(A) exists for all sets of ordinals A
in V. HOD is closed under M?_, by Lemma 3.8. We will show that M?¥(A)

exists for all sets of ordinals A C On, by proving that HOD is closed under
ME. So let A € HOD and suppose M#(A) does not exist in HOD.

Let n > sup(A) be a ©-closed cardinal and set H := H;'°P. Suppose that

6§ > nis countably closed in any inner model of ZFC? and A C v := 6+LPHOD(H),

A €V is cofinal in v of order type w. Lp"°P(H) is iterable in HOD[A] by
the previous lemma. Now we can use [SW01, Theorem 2.4] in HOD[A] which
produces an > 7 and a countably closed ultrafilter U on Pow(Q)NLp"°° (H)
such that U is weakly amenable to Lp™"°P(H). Consider the structure

U = (LpHoP ()| M. e 1)

Under the assumption that M#(A) does not exist, we can now use [FMS01,
Lemma 2.3] inside . So K¢(A)* up to Q exists and is 2 + 1-iterable in U.

Now we can isolate the true core model K(A)¥ below €. But the core
model is invariant under forcing so that K(A)Y = K(A)X for all G which
are P-generic over U for some forcing P € V.

Let v < 1 be a cardinal and G € V a witness for the singularity of both

u
~ and 7+K . Then G is Vopénka-generic over H and therefore over U.

K(AHIG] KA
(’Y+ (A) ):COf(’}/+ (A) )

cof =w<¥y

holds in U[G], which contradicts the “weak covering” property for K(A) in
UGl.

So MFf(AM exists. But ME(AY = M?:(A)HOP | since every countable
substructure of Mf(A)¥ and any putative iteration tree we have to consider

21.e.if v < 0 then also v* < 6 holds. For example, every ©-closed cardinal is countably
closed in each inner model of ZFC.
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is an element of H},"OD = H CU. So M?(AM is a mouse also in HOD and
therefore equal to M#(A)HOP.

Thus HOD = “M?#(A) exists for each A” and hence V is closed under M}
for all sets of ordinals A by Lemma 3.8. O

But now we can use Lemmata 3.7 and 3.8, to show that the closure under
M? of V carries over to HOD?{JIW< )

4.2 The inadmissible cases

Now suppose « is a critical, R-inadmissible ordinals which begins a >;-gap.
As in the weakly compact case we distinguish between three subcases:

1. « is the successor of a critical ordinal, or
2. « is a limit of countable cofinality, or

3. « has uncountable cofinality.

The uncountable-cofinality case

Suppose « is a limit ordinal which is R-inadmissible, begins a >;-gap, and has
uncountable cofinality. The main framework can be taken from Section 3.2.

Let again ¢(vg,v1) € X1 and z € RY determine a failure of admissibility.
Since RY = UL<M+ RHODx[9ld  there is a 7 and a ¢ such that = 791, and

some py € gt which forces the properties listed so far. So we have
Vy €eR? Iy < a J,(R?) |= p(z,y)

and ¢ is true cofinally often. Moreover, for each h which is Col(w, < ¢)-generic
over HODx and contains py, we have

HODx[h] |= 3¢ € Col(w, < py) g Ik Yy € R J5(R) k= (7", y).
In HODy, let A € Pow(< p9%%) code
¢ := 7@ HY'OPX

in a simple fashion. Again 0,4 is a forcing term such that whenever G x H is
Col(w, < ) x Col(w, A)-generic over HODy, then
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1. o e RE
GxHY _ G
2. (O‘AX )0—7'

3. {(UEXH)i ri€w) = {p®* : pis simply coded into A, p“*H € RY}
For n < w let ¢,, be the ¥;-formula

©n(v) = Iy (7 + wn exists A Jy(R) = Vi > 0 o((v)o, (v):)),

and let ¢ be the natural sentence, such that for any A-premice M

ME1Y iff whenever G x H is Col(w, < ¢) x Col(w, A)-generic
over M with py € G, then for all n there is a strictly increasing
sequence (7; : ¢ < n) such that for all i € [1,n)

1. M[G x H]||vi is a {@iy1,05H)-pre-witness and
2. thereis a d € (74, viy1] such that p,(M[G x H]||6) = sup(A).

Definition 4.3. For any set of ordinals A coding ¢, let M(A) be the shortest
initial segment of Lp(A) which satisfies ¢, if it exists, and let M(A) be
undefined otherwise.

If M(A) exists it is countably iterable in V and therefore each pre-witness

is inherently a (p,, 0$**)-witness.

As in the weakly compact case we will define M(A) for more than only
those A € Pow(< p4) which code ¢. We will show that M(A) exists for all
sets of ordinals A coding ¢. This again works in four steps.

1. First we show that M(A) exists for all bounded subsets of p, which
are in HOD x and code ¢.

2. By a lift-up argument and the fact that Ay codes H"P we can show
that M(A @ ¢) is defined for all A € Pow(< k) NHOD.

3. Then one can see that M(A) exists for all bounded subsets of x in V
which code c.

4. Finally we can use the lift-up argument once again to show that M(A)
is defined for all sets of ordinals A coding c.
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Lemma 4.4. M(A) exists for any A € Pow(< py) N HODx which simply
codes c¢.

The method for proving this lemma is exactly that of Lemma 3.10. First
we can show

Lemma 4.5. M(A)* exists for any A € Pow(< py) NHODx which simply
codes ¢ and is countably iterable in HOD .

Remark. Here M(A)* will be the desired M(A). The reason why we use * is
that we don’t know until now that M(A)* is countably iterable in whole V.

For the countable iterability of M(A)* in V we use the following lemmata
which are the equivalents to Lemmata 3.12 and 3.13:

Lemma 4.6. For all A € Pow(< puy) NHODx which simply code ¢ and all
v such that p,(M(A)*||v) < sup(A), we get

| E?X;_v‘fg7 (M(A)*Hyj is countably iterable

Lemma 4.7. Let A simply code ¢ such that M(A)* exists and suppose that
for all v with p,(M(A)*||v) < sup(A), we have “| /S(()}é;i’”ggv (M(A)*]|v) is

countably iterable”.

Then M(A)* is countably iterable in V as well as in any inner model
W D HODy.

So M(A)* is countably iterable not only in HODx but also in V and
therefore M(A) = M(A)* exists, proving Lemma 4.4.

Again we want to use a reflection argument, so we need that the M-
operator behaves correctly.

Definition 4.8. An operator O relativizes well at p iff there is a formula

®(vg, v1,v2) such that whenever A = ji, A is coded into some B with B = i,
O(A) exists, and W is a transitive model of ZFC™ such that O(B) € W, then
O(A) is the unique x € W such that W |= ®(x, A, O(B)).

Lemma 4.9. The M-operator relativizes well at p in HODx.
The next lemmata are as before.

Lemma 4.10. M(A @ ¢) exists for all A € Pow(< k) NHOD.
Lemma 4.11. M(A) exists for all A € Pow(< k) NV which simply code c.
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Lemma 4.12. M(A) exists for all sets of ordinals A which simply code c.

Remark. This lemma works for every set of ordinals, not only for those which

are bounded in xt.

Proof sketch. Consider Lp(A). Set Aa := sup(A)+"*™ and let Y C A4 be
cofinal of order type w.?> Now we can build a substructure of a large initial
segment of HOD 4y which is cofinal in A4 and continue as in Lemma 3.18. [

Now we are ready to define the mice which we need to prove (W7, ).

Definition 4.13. For any n and any set of ordinals A which simply codes ¢,
let P#(A) be the least active countably iterable M-closed A-premouse which
has n Woodin cardinals, and let P#(A) be the least active countably iterable
A-premouse which is Pf-closed. If such a premouse does not exist, this is
undefined.

Lemma 4.14. P(A) exists for eachn and all sets of ordinals A which simply
code c.

Proof. Let n = 0. As before we build the minimal M-closed model. For this
let

./\/E) = JI(A),
N’Y+1 = M(N’Y)a
N, = v N, for A limit.
a<A

Now set LM(A) := V con Na- Since the M-operator condenses to itself, one
can adapt the proof for L to see that L*(A) is a fine structural model such

that each substructure containing AU{A} as a subset condenses to an initial
segment of LM(A). Of course we have LM(A) C HOD 4.

Now let v be a ©-closed cardinal > sup(A). Suppose Z € V is a set of
ordinals of size w which is cofinal in both v and V+LM(iA). Then we have that
v is a countably closed cardinal in HOD 4[Z] with p+5 (1) < ,+HOPalZ],

But then the existence of PZ(A) follows from the usual covering argument
as for example in Claim 1 in the proof of Lemma 3.21.

3 This is the difference to the case that each uncountable successor cardinal is weakly
compact. In that case we restricted ourself to Ay < k™, since we needed that the sub-
structure we built has size < x and is cofinal in A4. So we had to know that cof(A4) < &,
which is true if A\q < &T.
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Let n = 1. A similar argument as above shows that for all sets of ordinals
A which code ¢, P*(A) exists. Let

R(A & Ap) be the minimal P!-closed model over A & A,
and
(2 the first indiscernible for R(A & Ap).

Now in R(A® Ap) we build K¢ over A below 2 via the construction in [Ste96],
with result K“(A). We use the following claim, which one can prove as in
[Ste05, Lemma 1.33].

Claim 1. In R(A @ Ap) either P (A) exists or K¢(A) is Q + 1-iterable.

If P}(A) does not exist, we can isolate K := K(A)RA®40) the true core
model over A built in R(A @ Ag). But the core model is invariant under
forcing which yields K(A)#A®40)¢] = K whenever G is a P-generic filter over

R(A & Ay) for some P € VgA®4o),

Let v < ¢ be a cardinal and Z be a set of ordinals which is a witness for the

singularity of v as well as the singularity of 7+K. Then Z is Vopénka-generic
over H CH OPx and therefore also over R(A & Ag).4

But

R(A& A)[Z]  cof(7TKY) = cof (vt ) =w < 7
contradicts weak covering.

So P(A) exists.

For n > 1 the proof is essentially the same. The additional ingredient is

that the PP-operator relativizes well if P?(A) exists for all sets of ordinals
A. O

Exactly as before we get

Lemma 4.15. (W} ,) holds. Moreover, if P is the mouse witnessing (W}, )
with respect to a X, (Jo(RY))-set of reals, then P is closed under Cs,,(;, (rs))-

4 Note that Ay codes HCHODX (and more).
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The successor-of-a-critical and countable-cofinality case

Both these cases are exactly the same as in the case that every uncountable
cardinal successor is weakly compact and every uncountable limit cardinal is
singular.

4.3 The end-of-gap cases

For technical reasons we specify our choice of the generic object g. As usual
one has a dense embedding e from a dense subset D C Col(w, < p4) into the
partial order Col(w,w;) x Col(w, < py). This embedding defines a one-to-one
correspondence between the Col(w,w;) x Col(w, < py)-generic filters over V
and the Col(w, < py)-generic filters over V such that the appropriate generic
extensions are the same.

Definition 4.16. Fix a Col(w,w;)-generic h over V and a Col(w, < 4 )-
generic k over V[h] such that V[h|[k] = V]g]. Since e exists in HODx also
HOD x[A][k] = HODx[g] holds true.

For this section we can use most parts of Section 3.3.

Lemma 4.17. There is in HODx a suitable premouse N and a fullness-
preserving [y -iteration strategy ¥ which condenses well. Moreover:

|Col(w,<,u+) N s wy-iterable, witnessed by the unique fullness-

HODx  preserving iteration strategy o, which condenses well.
\%
Remark. In contrast to the case where we work in HOD%OK“”< “) e can

now determine the size of N. Since AN has size w; in the forcing extension,
we could in the former case only say that A has HODx-size less than ,u+v.
But since there are many HOD-cardinals in [p, ,u*v) we could not determine
its exact size. In this case if we force with Col(w, < "9P%) then A has
exactly size p in HODy.

First we want to prove an analogous lemma to Lemma 3.37. What we
prove is in fact that not only small premice in V which are elementarily

embeddable into A are iterable, but also small premice in V@ «1),

For this we need the following lemma.

Lemma 4.18. Let h' be Col(w,w)-generic over V. Then for each set of
ordinals A € VW] there is a set of ordinals Z € V with A € HODx [Z][].
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Proof. Let A be a nice name for A. Since Col(w,w) is easily wellorderable
in V we can find a set of ordinals Z € V which codes A. So A € HODx[Z]
and therefore A = A" € HODx[Z][I]. O

Definition 4.19. From now on HODx stands for HOD x built in V, even if
we work in some generic extension of V.

Lemma 4.20. Let h be the Col(w,ws)-generic filter over V defined in 4.16.
Suppose M € V[h] is a premouse such that

V[h] = 3r m: M — N elementary, M< i<

Then there is a (i+)VM-iteration strategy Yo for short trees in V[h] which
condenses well. If A C On,A € V is such that M € HODx[A][h], then
Y0 [HODx[A][h] € HOD x[A][A].

Moreover, in each HOD x [A][h] which contains M, there is an extension
of ¥ a1 which also works for maximal trees and condenses well. Denote this
extension by Xy a.

Proof. The proof is almost the same as that of Lemma 3.37. So let M be
given and A C On, A € V be such that M € HODx[A][A].

Let = (p")V" and H = H#ODX[A”}Z]. Then all iteration trees in
HODx [A][h] of length less that n which we consider are already in H.

H has size 27 in HODx[A][h], which is < w]“* computed in HODx[A]
and therefore equal to 2/ computed in HODx[A].> Since this is less than p

we can consider H as a bounded subset of . Thus, if H € HODx[A] is a
name for H and Z is a bounded subset of u coding H, then

H € HODx[Z][h]

Now let k& be the Col(w, < p )-generic filter over V[h] from Definition 4.16

such that V[h][k] = V[g]. Then k is also generic over HODx[Z][h], and since
Z is small we can absorb Z x h x k by a Col(w, < py)-generic [ over HOD x:

HODx[Z][h][k] = HOD (]

But this implies that there is an elementary embedding from the premouse
M into N in the Col(w, < p )-generic extension of HODy. So we are in the
same situation as in Lemma 3.37 and can complete the proof using the same
argument. ]

HODx [A
5 We assume w, x4l

<pw.lo.g.
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This enables us to prove the equivalents of Lemmata 3.38 and 3.41.

Lemma 4.21. Let h be as in Definition 4.16. There is in V[h] a partial
iteration strategy X for N which works for short trees of arbitrary length and
condenses well.

Moreover, for each set of ordinals A € V we have an extension >4 of X
in HOD x[A][h] which also works for mazimal trees.

Proof. The proof is as in Lemma 3.38. If 7 is a maximal tree, then the proof
of 3.41 is as that of 3.38.

This proof is easier since there is only one case: If 7 is an iteration tree
built according to the iteration strategy defined so far, then cof (ih (7)) = w
in V. [

Let & be the extended iteration strategy in HODx[h], which is given
by Lemma 4.21. Then ¥ := X[HODy € HODx by the homogeneity of
Col(w,w1). Moreover, ¥ condenses well in HOD x.

Definition 4.22. For any set of ordinals A € HODx coding N let L*(A) be
the least X-hybrid J-structure over A containing all ordinals.

The “condenses well” property of ¥ ensures that this model is fine struc-
tural. Moreover, we have that L*(A) C HODx. This enables us to show the
equivalent of Lemma 3.47.

Lemma 4.23. Let A € HODx be a set of ordinals coding N'. Then L*(A)
satisfies condensation in V.

Proof. Suppose not. Then there is in V, and therefore in some HODx[Y] C V,
an elementary embedding

m: JL(A) — L*(A)

such that JI'(A) 4 L*(A). Working in HODx[Y] we can take a countable
Skolem hull X of a large initial segment of the universe containing 7 and .
If we collapse X', we get

T (A — T 5 (4)
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where A’ codes a countable premouse N/ = o~} (N), and v/ < 8’ are count-
able in HODx[Y].

But now by absoluteness of wellfoundedness® there exist in HOD x[h] the
following J-structures and maps:

L%(4)

I

T (A) — T (A7)

such that J}. (A*) £ J5 (4%).
But ¥* = X7 [ J% (A*) also condenses well by the argument in Claim 2 of
Lemma 3.37. So J3. (A*) satisfies condensation, which is a contradiction. [

Now we are in the same situation as in the end-of-gap case of “each
uncountable successor cardinal is weakly compact”.

Lemma 4.24. Suppose A € HODy simply codes N'. Let L*¥(A) be the least
Y-hybrid premouse in HOD x.

Then there exists a sharp for L*(A).

Proof. The proof is essentially the same as the proof from the “weakly com-
pact” hypothesis. Again we let n be a large enough ©-closed V-cardinal.

By our hypothesis 7 is automatically singular. Again we have n*LZ(A) <nt
since ' is a limit cardinal in L*(A) (see Lemma 2.48).
But then we can argue as in the “weakly compact” case. O]

Now we can again define mice which entirely ensure that (W},,) holds.

Definition 4.25. Let A be a set of ordinals coding N. Then let PnZﬁ(A)
be the least iterable ¥-hybrid premouse over A which is active and satisfies
“there are n Woodin cardinals”, if such a premouse exists, and undefined
otherwise.

But now we get as before

Lemma 4.26. PnEﬁ(A) exists for each set of ordinals A € HODy coding N .

and finally

Lemma 4.27. (W} ,) holds. Moreover, if P is the mouse witnessing (W} ;)

with respect to a X, (Jo(RY))-set of reals, then P is closed under Cy,, (J,(rs))-

6 See [Sch01, Lemma 0.2].



[Apt85]

[Apt96]

[Dev84]

[DJ75]

[FMS01]

[Fuc]

[Fuc05]

[Git80]

[Git85)

[Jec03]

BIBLIOGRAPHY

Arthur W. Apter. Some results on consecutive large cardinals II:
Applications of Radin forcing. Israel J. Math., 52(4):273-292, 1985.

Arthur W. Apter. AD and patterns of singular cardinals below ©.
J. Symbolic Logic, 61(1):225-235, 1996.

Keith J. Devlin. Constructibility. Perspectives in Mathematical
Logic. Springer-Verlag, Berlin, 1984.

Keith J. Devlin and Ronald B. Jensen. Marginalia to a theorem of
Silver. In ISILC' Logic Conference (Proc. Internat. Summer Inst.
and Logic Collog., Kiel, 197}), pages 115-142. Lecture Notes in
Math., Vol. 499. Springer, Berlin, 1975.

Matthew Foreman, Menachem Magidor, and Ralf Schindler. The
consistency strength of successive cardinals with the tree property.
J. Symbolic Logic, 66(4):1837-1847, 2001.

Gunter Fuchs. Combined maximality principles up to large cardi-
nals. in preparation.

Gunter Fuchs. A characterization of generalized Ptikry sequences.
Arch. Math. Logic, 44(8):935-971, 2005.

Moti Gitik. All uncountable cardinals can be singular. Israel J.
Math., 35(1-2):61-88, 1980.

Moti Gitik. Regular cardinals in models of ZF. Trans. Amer. Math.
Soc., 290(1):41-68, 1985.

Thomas Jech. Set theory. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 2003. The third millennium edition, re-
vised and expanded.



98 Bibliography

[Jen72]  Ronald B. Jensen. The fine structure of the constructible hierarchy.
Ann. Math. Logic, 4:229-308; erratum, ibid. 4 (1972), 443, 1972.
With a section by Jack Silver.

[Kan03] Akihiro Kanamori. The higher infinite. Springer Monographs in
Mathematics. Springer-Verlag, Berlin, second edition, 2003. Large
cardinals in set theory from their beginnings.

[KW83] Alexander S. Kechris and W. Hugh Woodin. Equivalence of par-
tition properties and determinacy. Proc. Nat. Acad. Sci. U.S.A.,
80(6 i.):1783-1786, 1983.

[IMS89] Donald A. Martin and John R. Steel. A proof of projective deter-
minacy. J. Amer. Math. Soc., 2(1):71-125, 1989.

[MS94a] Donald A. Martin and John R. Steel. Iteration trees. J. Amer.
Math. Soc., 7(1):1-73, 1994.

[MS94b] William J. Mitchell and John R. Steel. Fine structure and iteration
trees, volume 3 of Lecture Notes in Logic. Springer-Verlag, Berlin,
1994.

[MSS97] William J. Mitchell, Ernest Schimmerling, and John R. Steel. The
covering lemma up to a Woodin cardinal. Ann. Pure Appl. Logic,
84(2):219-255, 1997.

[Sch99]  Ralf Schindler. Successive weakly compact or singular cardinals. J.
Symbolic Logic, 64(1):139-146, 1999.

[Sch01] Ralf Schindler. Proper forcing and remarkable cardinals. II. J.
Symbolic Logic, 66(3):1481-1492, 2001.

[SSal Ralf Schindler and John R. Steel. The core model induction. un-
published book.

[SSh] Ralf Schindler and John R. Steel. The self-iterability of L[E]. to
appear in “The Journal of Symbolic Logic”.

[SSc] Ralf Schindler and John R. Steel. The strength of AD. preprint.

[SSZ02] Ralf Schindler, John R. Steel, and Martin Zeman. Deconstructing
inner model theory. J. Symbolic Logic, 67(2):721-736, 2002.

[Steal John R. Steel. The derived model theorem. unpublished notes.



Bibliography 99

[Steb]

[Stec]

[Sted]

[Ste83]

[Ste93]

[Ste9b]

[Ste96]

[Ste02]

[Ste05]

[SWO1]

John R. Steel. An outline of inner model theory. to appear in
“Handbook of set theory”.

John R. Steel. Scales in K (R). to appear in a re-issue of the Cabal
volumes.

John R. Steel. Woodin’s analysis of HOD® unpublished notes.

John R. Steel. Scales in L(R). In Cabal seminar 79-81, volume
1019 of Lecture Notes in Math., pages 107-156. Springer, Berlin,
1983.

John R. Steel. Inner models with many Woodin cardinals. Ann.
Pure Appl. Logic, 65(2):185-209, 1993.

John R. Steel. Projectively well-ordered inner models. Ann. Pure
Appl. Logic, 74(1):77-104, 1995.

John R. Steel. The core model iterability problem, volume 8 of
Lecture Notes in Logic. Springer-Verlag, Berlin, 1996.

John R. Steel. Core models with more Woodin cardinals. J. Sym-
bolic Logic, 67(3):1197-1226, 2002.

John R. Steel. PFA implies ADY® . Symbolic Logic, 70(4):1255-
1296, 2005.

Ernest Schimmerling and W. Hugh Woodin. The Jensen covering
property. J. Symbolic Logic, 66(4):1505-1523, 2001.

Ralf Schindler and Martin Zeman. Fine structure theory. to appear
in “Handbook of set theory”.

Martin Zeman. Inner models and large cardinals, volume 5 of de
Gruyter Series in Logic and its Applications. Walter de Gruyter &
Co., Berlin, 2002.



