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Cartan subalgebras of topological graph
algebras and k-graph C*-algebras

Jonathan Brown, Hui Li, and Dilian Yang
(Communicated by Siegfried Echterhoff)

Abstract. In this paper, two sufficient and necessary conditions are given. The first one
considers the boundary path groupoid of a topological graph without singular vertices, and
it characterizes when the interior of its isotropy group bundle is closed. The second one
concerns the path groupoid of a row-finite k-graph without sources, and it demonstrates
when the interior of its isotropy is closed. It follows that the associated topological graph
algebra and the associated k-graph C*-algebra have Cartan subalgebras due to a result of
Brown-Nagy—Reznikoff-Sims—Williams.

1. INTRODUCTION

Renault in [17] defined the notion of Cartan subalgebras in the C*-algebras
setting, as a C*-analog to Cartan subalgebras of von Neumann algebras studied
by Feldman and Moore [3].

Definition 1.1 ([17, Def. 5.1]). Let B be an abelian C*-subalgebra of a C*-
algebra A. Then B is called a Cartan subalgebra if the following hold:

(i) B contains an approximate identity of A;

(ii) B is a maximal abelian subalgebra of A;
(iii) there exists a faithful conditional expectation from A onto B;
(iv) {n € A|nBn*,n*Bn C B} generates A.

For an étale groupoid I" (see Section 2.1), the inclusion of the interior of the
isotropy Iso(T")° into I' induces an inclusion of the C*-algebras

Ly o O (Iso(T)°) < C(T).

Brown, Nagy, Reznikoff, Sims, and Williams [2] characterized when this inclu-
sion is Cartan.
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Theorem 1.2 ([2, Cor. 4.5]). Let I" be an étale groupoid. Suppose that Iso(T")°
is abelian. Then 1,(C}(Iso(T')°)) is a Cartan subalgebra of C*(T") if and only
if Iso(T")° is closed.

This result has many applications. For example, it induces the Cuntz—
Krieger uniqueness theorem [8] and the general Cuntz—Krieger uniqueness the-
orem [19].

The motivations for Brown et al. [2] originally came from graph algebras
and their generalizations. Indeed, many C*-algebras coming from graphs have
groupoid models, including:

e directed graphs [9],

e topological graphs [6], and

o k-graphs [7].
The difficulty of applying the full power of Theorem 1.2 to these situations, is
that it is unclear when the interior of the isotropy is closed in the associated
groupoid. Brown et al. showed in [2] using indirect means that the interior
of the isotropy is always closed in the groupoid associated to directed graphs,
but they also provided a counterexample [2, Ex. 4.7] in which the interior of
the isotropy group bundle of the path groupoid of the k-graph is not closed.
Yang provided some partial results for k-graph C*-algebras in [20], and proved
the sufficiency of Theorem 1.2 for k-graph C*-algebras in [21]. However, there
are currently no conditions intrinsic to a k-graph that show the associated
groupoid satisfies the conditions of Theorem 1.2.

In this paper, we investigate examples of étale groupoids arising from di-
rected graphs, topological graphs and k-graphs. Given a graph as we men-
tioned, we determine when the interior of the isotropy group bundle of the
associated groupoid is closed. We begin with a brief review on the back-
ground of groupoid C*-algebras, graph algebras, topological graph algebras,
and k-graph C*-algebras in Section 2.

Let E be a topological graph without singular vertices, I'(E*, o) the as-
sociated path groupoid, and Iso(I'(E*°,0))° the interior of the isotropy of
I'(E*>,0). In Section 3 we study when Iso(I'(E*°,0))° is closed in I'(E*, o).
In Example 3.1 we show that Iso(I'(E*°,0))° need not be closed in general.
Our main result is Theorem 3.8 which characterizes when Iso(I'(E>,0))° is
closed in I'(E*°, o) using base points of cycles without entrances. More pre-
cisely, let E be a topological graph without singular vertices. We show that
Iso(I'(E®°, 0))° is closed in I'(E, ¢) if and only if

Vo {v c B9 there is an open neighborhood of v consisting of }
e base points of cycles without entrances in E™
is closed in E° for all n > 1.

Let A be a row-finite k-graph without sources, G5 the associated groupoid,
and Iso(Gx)° the interior of the isotropy of Ga. In Section 4 we study when
Iso(Ga)° is closed in Go. By [2, Ex. 4.7] this does not hold in general. We
then characterize when Iso(Ga )® is closed in Ga using certain periodic paths in
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Theorem 4.4. More precisely, for p # ¢ € N¥, denote by A7, the set consisting
of x € A satisfying the following properties:
(i) oP(z) = o¥(x);
(ii) for any p’, ¢’ € N¥ with p’ —p = ¢’ — ¢ € N¥, the pair (2(0,p'), z(0,¢")) is
not cycline (see Definition 4.1), and (x(0,p’)u, (0, ¢’ )u) is a cycline pair
for some p € A.
Then Theorem 4.4 says that Iso(Ga)® is closed if and only if A3, = & for all
p#qeNF
Finally, in Appendix A we present a short and direct proof that the interior
of the isotropy group bundle of the boundary path groupoid of a row-finite
directed graph without sources is always closed. This theorem can be inferred
from Section 3, but we include it here because of its relative simplicity.

2. PRELIMINARIES

Throughout this paper, all topological spaces are assumed to be second
countable; all locally compact groupoids are assumed to be second-countable
locally compact Hausdorff groupoids. By N (resp. N ), we denote the set of
all nonnegative (resp. positive) integers.

2.1. Groupoids. In this subsection we recap the background of groupoid C*-
algebras studied by Renault in [15, 18].

A groupoid is a small category (see [11]) where every morphism has an
inverse. Let I' be a groupoid. Denote by I'Y the set of objects in I' which
can be identified with the set of identity morphisms in I'. If I" is a groupoid
then there exist maps r,s : I' — I'° such that r(y) = yy~! is the range
of the morphism v and s(y) = v~ !v is the source of the morphism 7. In
this paper we deal exclusively with topological groupoids, that is, a groupoid
with a topology in which composition and inversion are continuous. A locally
compact groupoid is said to be étale if its range and source maps are both
local homeomorphisms.

Notation 2.2. Let I' be an étale groupoid. For u € T, denote T, := s~ !(u),
r* := r=1(u), and by I'* := I', N % the isotropy group at u. Denote by
Iso(T") := Uyero I't the idsotropy group bundle, which is closed in I'. The
interior of Iso(I"), denoted by Iso(I"), is open and is an étale subgroupoid of T.

Definition 2.3. Let I' be an étale groupoid. Then I is said to be essentially
free if the set of units whose isotropy groups are trivial is dense in I'.

Definition 2.4. Let T be an étale groupoid. For f,g € C.(T'), v € T, define

frgt) =D B9 'y) and f(v):=F(0).
r(B)=r(v)
Then C,(T) is a *-algebra. For u € I'°, define L“ : C.(I') — B(I*(T)) by

LY(f)(6y) == > f(B)dsy forall feCo(T), yeT.
s(B)=r(v)
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L* is a #-representation called the left reqular representation at u. Define
L =@, cro L. For f € C.(I), define || f||, := ||L(f)||. Then |||, is a C*-
norm on C.(T") and the completion of C.(T") under the ||-||,-norm is called the
reduced groupoid C*-algebra of T which is denoted by C;(T") (it is the closure
of L(C.(D)).

Proposition 2.5 ([13, Prop. 1.9]). Let T' be a locally compact étale groupoid.
Then the inclusion v : Ce(Iso(I')°) <= C.(T') induces an injective homomorphism
tr 2 Cr(Iso(T')°) — Cx(T).

2.6. Topological graphs. Topological graphs were introduced in [4] which
generalize directed graphs by adding topologies to the vertex and edge spaces.
In this subsection, we review the background of topological graph algebras
from [4].

Definition 2.7. A topological graph is a quadruple E = (E°, E',r,s) such
that E°, E' are locally compact Hausdorff spaces, r : E' — EY is a continuous
map, and s : E' — EY is a local homeomorphism. In particular, a directed
graph is a topological graph E where E° and E' are countable and discrete.

Let E be a topological graph. A subset U of E! is called an s-section if
sly : U — s(U) is a homeomorphism with respect to the subspace topologies.
Define the set of finite receivers EQ  consisting of all v € E® which has an
open neighborhood N such that »~1(N) is compact. Define the set of sources
by ES. = E°\ r(E"'). Define the set of regular vertices by E5, := EQ, \ EO_.

Moreover, define the set of singular vertices by Egg = E%\ Efg. Notice that
the sets Egn, EY Egg are all open, and the set Egg is closed. In particular,

sce?
a directed graph FE is said to be row-finite if E§ = FY; and F is said to be
without sources if EO., = @. Notice that if Bz = EY then r is a proper map.
Let E be a topological graph. For n > 2, define

E" = {u= (s i) € [T B (i) = r(piga), i = 1,~-~7n—1}
i=1

endowed with the subspace topology of the product space H?:l E'. For con-
venience, for p € E™ we write pt = pq -y, instead of (p1,...,pun). We
extend the range and source maps of E to E™ by r™(u1 - - ) = r(u1) and
s™(p1 -+ pn) = s(in), in this case we say p connects r™ () and s™ (). We call
an open subset O C E™ an s™-section if s"|o : O — s"(O) is a homeomor-
phism. Define the finite path space by E* := []°__, E"™ with the disjoint union
topology. We call elements of E* (finite) paths.

Definition 2.8. Let E be a topological graph. For n > 1, a finite path
pw € E™is called a cycle if r(u1) = s(un), and the vertex r(p) is called the
base point of the cycle. The cycle up € E™ is said to be without entrances if
r=1(r(u;)) = {pi} for i = 1,...,n. Furthermore, E is said to be topologically
free if the set of base points of cycles without entrances has empty interior.
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Let E be a topological graph such that Egg = @&. Define the infinite path

space by
E>* = {m € I_IE1 | s(x;) = r(wiz1), 1=1,2,... }
i=1

We call elements x € E* infinite paths and for convenience write © = z1x9 - - -
instead of © = (x1,x2,...). Denote the length of a path p € E* II E*®
by |p|. Endow E° with the subspace topology inherited from the product
space [[;2, E*. A basis for this topology consists of Z(U) := {z € E> |
Z1...x, € U} where U is open in E™ for some n > 1. The product topology
on E is locally compact Hausdorff by [6, Def. 4.7, Lem. 4.8]. The one-sided
shift map o : E* — E*°, x1x9--+ — xox3--- is a local homeomorphism by
[6, Lem. 7.1].

Definition 2.9 ([16, Def. 2.4]). Let E be a topological graph such that EJ, =
&. Define the boundary path groupoid by
[(E*,0) = {(z,k — L,y) € E® X Z x E™ | o"(z) = o*(y)}.
The range of (x,m,y) is = and its source is y, so
Iso(I'(E*,0)) = {(z,k,x) € T(E*®,0)}.
For k,¢ € N and open subsets U,V of E* such that ¢” is injective on U,
and o is injective on V, denote
UV k) = {(w,k = Ly) [z €Uy €V, 0" (x) =o' (y)}.
The collection {U(U,V, k,£)} of subsets of I'(E>°,0) as above forms an open
base on I'(E*°, ¢), and under this topology I'( E*°, ¢) is an étale groupoid.
We give a characterization of convergent sequences in I'(E*,0). Fix a
sequence ((z*,nt,y"));2; C I'(E*,0), and fix (z,n,y) € [(E>~,0). Using the
well-ordering principle, find k, ¢ > 0 such that
() n=k—¢, o*(x) =’ (y);
(i) for k',¢ > 0 satisfying that k' < k, 0/ < 0, n =k —{', o¥ (z) = o' (y),
we have K/ =k, ¢/ = /(.
Then (zt,ns,9y') — (z,n,y) if and only if 2* — =z, y* — y, and there exists
N > 1 such that whenever t > N, we have n; = n and o%(z) = o‘(y).

t

Remark 2.10. Let E be a topological graph such that Ej, = @. In [4],

Katsura defined the topological graph algebra O(FE) by modifying Pimsner’s

construction in [14]. Recently, Kumjian and Li in [6] proved that
Cr(I(E™,0)) = O(E).

2.11. k-Graphs. In this subsection, we recall the background of k-graph
C*-algebras from [7].

Notation 2.12. Let k € Ny, n,m € N*. Denote n V m := (max{n;, m;})%_,.
For a category A we denote its objects by AY and the range and source maps
from A to A° by r and s, respectively.
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Definition 2.13 ([7, Defs. 1.1, 1.4]). Let £k € N4. A countable category A
is called a k-graph if there exists a functor d : A — N* satisfying the unique
factorization property, that is, for u € A, n,m € N¥ with d(u) = n 4+ m, there
exist unique v, &« € A such that d(v) = n, d(a) = m, s(v) = r(a), u = va. The
functor d is called the degree map of A.

Let (A1,d1),(A2,d2) be two k-graphs. A functor f : Ay — As is called a
k-graph morphism if de o f = dy.

For n € N*¥ and v € A° denote

vA=7r"t(v), A":=d '(n), vA":=vANA"
A is row-finite if |[vA™| < oo for all v € A®, n € N*. A is without sources if
vA™ # @ for all v € AY, n € NF,
Example 2.14 ([7, Ex. 1.7 (ii)]). Let k € N. Define
Q= {(p.q) eN" xN" | p < q},

Q) :=N* r(p,q) :==p, s(p,q) == ¢, and d(p,q) == q — p. Then (), Q,7,s) is
a k-graph.

Definition 2.15 ([7, Defs. 2.1, 2.4]). Let k¥ € N4 and let A be a row-finite
k-graph without sources. An infinite path is a k-graph morphism from €
to A: denote by A the set of all infinite paths of A and extend r to A> by
r(z) = 2(0). Define vA>® := {z € A~ | r(z) = v}. For z € A> and p € N¥,
denote by oP(x) the unique element in A such that x = z(0,p)oP(x). For
€ A, denote Z(p) := {ux | * € A*, s(u) = x(0)}. Endow A with the
topology generated by the basic open sets {Z(u) | 1 € A}.

Definition 2.16 ([7, Def. 2.7]). Let k € N4 and let A be a row-finite k-graph
without sources. Define the path groupoid by
Gp = {(x,p —q,y) € A® x ZF x A® | p,q € N, oP(x) = aq(y)}.
The range of (z,m,y) is x and its source is y. So Iso(Gp) = {(x, k,x) € Ga }.
For p,v € A with s(u) = s(v), denote
Z(p,v) = {(uz,d(p) — d(v),vz) | x € A%, s(u) = 2(0)}.
Endow G with the topology generated by the basic open sets

(Z(uv) | pov € A, () = ()}

By [7, Prop. 2.8], G is an étale groupoid and in particular each Z(u,v) is
a compact open bisection. Also A* is a locally compact Hausdorff space and
each Z(u) is a compact open set.

We now give a characterization of convergent sequences in G5. Fix a se-
quence ((zf,n,y"))2, C Ga, and fix (z,n,y) € Go. We have (zf,n,y’) —
(z,n,y) if and only if for any p,q € NF satisfying that p — ¢ = n and
oP(x) = 09(y), there exists N > 1, such that ¢ > N implies

2'(0,p) = z(0,p), ¥'(0,9) =y(0,q), oP(z') =0o(y").
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Remark 2.17. Let k € N and let A be a row-finite k-graph without sources.
Kumjian and Pask in [7] defined the k-graph C*-algebra C*(A) using the com-
binatorial method and they also showed that C¥(Ga) = C*(A).

3. CARTAN SUBALGEBRAS OF TOPOLOGICAL GRAPH ALGEBRAS

In this section, we give a complete characterization of when the interior of
the isotropy group bundle of the boundary path groupoid for a topological
graph E without singular vertices is closed.

The next example shows that for a topological graph E without singular
vertices, Iso(I'(E*°,0))° is not closed in general.

Example 3.1. Let

E°— E! ::{@u{(%,o),(—%,o) |n21}U{(—%,%) |m2n21}

with the topology induced from R?. Define r to be the identity map. Define s
to be the identity map on {0} U{(2,0),(—%,0)}52,. For m > n > 1, define

n’

11y /1 1
L=t
Then E is a topological graph with EY, = @.
Denote z :=000---. Then (x,1 —0,z) € Iso(I'(E*,0)). For n > 1, denote

n._( 1 1)( 1 1 )( 1 1 )
yo= n'n n' n+1 n' n+2 ’
( 1

1 1 1 1 1
o n—l—l)(_ﬁ’n—FZ)(_E’ n+3)“.
Notice that (z",1 —0,2™) € U(Z(%,0),2(%,0),1,0) C Iso(I'(E*,0)) and
(z™,1-0,2") — (x,1—0,2), which implies that (z,1—0,x) € Iso(T'(E>,c))°.
On the other hand, (y™,1 — 0,2") ¢ Iso(I'(E*~,0)) and (y",1 — 0,2") —
(z,1-0,2). So (z,1—0,z) ¢ Iso(I'(E>, 0))°. Therefore Iso(I'(E>, o)) is not
closed.

Notation 3.2. Let F be a topological graph. For n > 1, denote by C™ the
set of cycles in E™, which is a closed subset of E™. For k> 1, n>1, u € C",
and for an open neighborhood N of u, denote

kp:=p---pu, kEN:=Nx---xXN.

SN——— —
k k

Denote by B™ the set of all cycles p in C™ satisfying that there exist £ > 1
and an open neighborhood N of u such that

(i) for any distinct «, 5 € kN, there are no paths in N connecting s(a), s(5);
and

(ii) for any o € kN, there are no cycles in N with entrances and of base
point s(«).
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Remark 3.3. By condition (ii) of Notation 3.2, for each n > 1, each cycle in
B™ has no entrances.

We show in Theorem 3.6 below that Iso(I'(E°,0))° is closed in I'(E*, o)
if and only if B™ is closed for all n.

Remark 3.4. If F is a directed graph and p is a cycle in E, then we can take
N = {u}; in this case condition (i) is vacuous and condition (ii) says that p
does not have an entrance. So for directed graphs, B™ consists of cycles of
length n without entrances. Furthermore, since E is discrete, E™ is discrete
and B™ is closed. Therefore, by Theorem 3.6 below, Iso(I'(E*,¢))° is always
closed.

Lemma 3.5. Let E be a topological graph such that Egg =g, and let (z,n,x) €
Iso(T'(E*°,0)). Pick p,q >0 with p—q=n and o?(z) = c(x).
(1) If n> 0, then (z,n,z) € Iso(T'(E*,0))° if and only if xg41- -z, € B™.
(i) If n <0, then (z,n,z) € Iso(T'(E*,0))° if and only if xpy1--- x4 € B™.

Proof. We may assume that n > 0 and for the case n < 0 the argument
is similar. Suppose that (x,n,z) € Iso(T'(E*,))°. Then there exist open
subsets U,V of E* such that (z,n,z) e U(Z(U),Z(V),p,q) C Iso(T'(E>,0)).
Since U ¢ E™, V C E™ for some ny,ny, picking M > max{p, ny,ny},
we see that for m > M there exists an open subset W C E™ such that
(x,n,z) e U(Z(W),Z(W),p,q) CUZU),Z(V),p,q). Pick m > M. Write
m=q+ kn+1, where k > 1, 0 <[ < n. We may choose W such that

W=(Wyxk(Wy x -+ xWy)x (Wy x---xW;))NE™,

where Wy is an open neighborhood of pi---pge; Wi x -+ x W, is an open
neighborhood of the cycle pgy1---pp; Wo, Wh,..., W, are open s-sections;
and ’I"(Wl) C S(Wo). Let

W' =Wy x (k+1)(Wy x - x Wy,) x (Wy x - x W))nE™",

1
Then U(Z(W"), Z(W), p.q) C UZ(W), Z(W),p,q).
We claim that U(Z(W'), Z(W),p,q) = U(Z(W'), Z(W), m + n,m). First
show

(1) UZW), Z(W),m+n,m) CUZW'),Z(W),p,q).
Fix (y,n,2z) e U(Z(W"), Z(W), m + n,m). Then
(2) o™ o1 (y)) = o™ (y) = 0™ (2) = 0™ (07(2)).

Since 097" (y),09(z) € Z(k(Wy x -+ x Wy,) x (Wi x - - x W), by [6, Lem. 7.1]
ot (y) = 09(z). So (y,n,z) e U(Z(W'),Z(W),p,q). Hence (1) holds. That
UZW"), Z(W),p,q) CUZW"), Z(W), m+n,m) follows from a permutation
of equation (2).

Choose mg = ¢ + kogn > M for some kg > 1. Construct W;, W and W' for
this mg as above. We claim kg and N := W; X --- x W, satisfy conditions (i)
and (ii) of Notation 3.2.
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For condition (i), if @, 8 € koN and v € N with s(ay) = s(8) pick y € E*®
with 7(y) = s(8) and vy, vg € Wy with s(v,) = r(w). Then

(vaayy,n,vgBy) € U(Z(W'), Z(W),m + n,m) C Iso(I'(E>,0)).

Therefore vooyy = vgBy and so v, = vg and o = 3.

For condition (ii), suppose o € kogN and v € s(a)N is a cycle with an
entrance. Write v = 71 -+ -7,. Then there exists ig such that r=1(r(y;,)) —
{vie} # @. Pick § € r=M(r(v,)) — {7io}. Take ' = ~1---75—1 and pick
y € Z(s(d)) and v € Wy. Consider z = v'dy. Then

(vayz,n,vaz) € U(Z(W'), Z(W), mg +n,mo) C Iso(T'(E>, 7)).

Therefore v7'6 = 4/ contradicting that & # ~;, .

Conversely, suppose that z441 -2, € B"®. Then there exist £ > 1 and an
open neighborhood N of z satisfying conditions (i) and (ii) of Notation 3.2.
Choose an arbitrary open s%-section O containing x; - - - z4. Let

W :=(0xkN)N Eq+lm7 W= (O x (k+1)N)n Fat+(k+D)n

Now
(z,n,2) € UZW'), Z(W),p,q)
CUZW'), Z(W),p+ kn,q+ kn)
C Iso(T'(E™, 0)).
So (z,n,x) € Iso(T'(E*, 0))°. O

Theorem 3.6. Let E be a topological graph such that Egg =o. Then
Iso(T'(E®°,0))° is closed in T'(E*°,0) if and only if B™ is closed in E™ for
alln > 1.

Proof. Suppose that Iso(I'(E*°,0))° is closed in I'(E*, ). Fix n > 1. Fix
(u¥)2e., C B™ which is convergent to p € E™ (u is a cycle). Then

(Fph e = 0 P ) = (e =0, g ).

Fix k > 1. By the definition of B™ in Notation 3.2 and by Lemma 3.5, we have
(pkpk - n—0,ukuk ) € Tso(T(E>, 0))°. Since Iso(I'(E>,))° is closed,
(ppe---om — 0, pp--+) € Iso(T'(E*,0))°. Again by the definition of B™ in
Notation 3.2 and by Lemma 3.5, we have y € B™. So B" is closed.

Conversely, suppose that B™ is closed in E” for all n > 1. Fix a convergent
net (2%, ny,2%) C Iso(T(E>,0))° with the limit (z,n,2). We may assume
that ny = n for all k and we take arbitrary p,q > 0 such that p — ¢ = n,
oP(z%) = 09(2*), and oP(x) = 09(x). We may further assume that n > 0 since
the case n < 0 shares a symmetric proof. By Lemma 3.5, af,, -- 2k € B™.
Since xf, - xk — x441-- 2, and B" is closed, we have 41 -z, € B™.

P
Again by Lemma 3.5, (z,n,z) € Iso(T'(E>,0))°. O

Since B™ is closed for a directed graph, Theorem 3.6 gives Proposition A.2
(see Remark 3.4).
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Notation 3.7. Let E be a topological graph. For n > 1, denote

Vo= Ly e o there is an open neighborhood of v consisting of
e base points of cycles without entrances in E™

Notice that V;, is an open subset of E° for all n > 1.

Theorem 3.8. Let E be a topological graph. Fix n > 1. Then r™*(B™) =V,
and B" = (r")~1(V,). Hence B™ is an open subset of E™. Furthermore,
suppose that Egg = @. Then B"™ is closed if and only if V,, is closed. Therefore
Iso(I'(E*,0))° is closed in T(E>,0) if and only if Vy, is closed in E° for all
m > 1.

Proof. First of all, we show that ™ (B") = V,,. Fix u € B™. Then there exist
k > 1 and an open neighborhood N of p satisfying conditions (i) and (ii) of
Notation 3.2. Then

W= s+ ((k 4 1)N n B+Dn)
is an open neighborhood of r™(u). For v € W, there exists
a=aW .. a®aE+) ¢ (4 1)N 0 Br+D
where ¥ € N, such that s*+1)7(a) = v. So a*+1) connects

sk”(a(l) e a(k)) = Slm(a@) . a(kJrl))'

By condition (i) of Notation 3.2, we have a(¥)...a®) = o(®...ok+D)  go
al =... = o = o1 is a cycle in E™. By condition (ii) of Notation 3.2,
al) = ... = a®) = o1 has no entrances. So r™(u) € V,, and r"(B") C V,,.

Conversely, fix v € V,,. Then there exists an open neighborhood W of v
consisting of base points of cycles without entrances in E™. So (r")~}(W) is
an open neighborhood of (r™)~!(v) consisting of cycles without entrances. It
is straight-forward to see that (r")~t(v) € (r")~Y(W) C B™. So r"*(B") = V,,.
It follows immediately that B™ = (r")~*(V,,). Hence B" is an open subset of
E"™ because V,, is open.

Finally, suppose Egg = @ and B" is closed. Since Egg = @, r" is proper,
and so r" is closed. Since r"(B™) =V, V,, is closed. Conversely, suppose that
V,, is closed. Since B" = (r")~!(V,,), B™ is closed. O

Corollary 3.9. Let E be a topological graph such that Egg = &. Then the
following are equivalent.
(i) E is topologically free.
(i) V, =@ for alln > 1.
(iii) B" =@ for alln > 1.
(iv) T(E®,0) is essentially free.
In these cases, Iso(I'(E*,0))° is closed in T'(E*,0).

Proof. (i) < (ii). We prove the contrapositive. If V,, # @ for some n then
FE is not topologically free by definition. Now if E not topologically free then
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[5, Prop. 6.12] gives a nonempty open subset V C E° and n € N, such that
V' consists of base points of cycles in E™ and thus V,, # @.

(ii) < (iii) follows from Theorem 3.8.

(i) & (iv) follows from [10, Prop. 3.7]. O

Corollary 3.10. Let E be a topological graph such that Egg =@ and O(E) is
simple. Then Iso(I'(E*°,0))° is closed in T'(E*,0).

Proof. This follows from Corollary 3.9 and [5, Thm. 8.12]. O

4. CARTAN SUBALGEBRAS OF k-GRAPH ALGEBRAS

In this section, we characterize when the interior of the isotropy of the path
groupoid of a row-finite k-graph without sources is closed.

Definition 4.1 ([1, Def. 4.3]). Let k € N4 and let A be a row-finite k-graph
without sources. Then a pair (u,v) € A x A is called a cycline pair if s(u) =
s(v) and pz = va for all x € s(u)A>.

The following lemma is stated without proof in [1, Rem. 4.11].

Lemma 4.2. Let k > 1 and let A be a row-finite k-graph without sources.
Then

Iso(Ga)® = {(xvp —q,z) | oP(z) = o¥(x), (x(0,p),z(0,q)) is a cycline pair}.

Proof. First of all, fix (z,n,x) € Iso(Ga)°. Then there exist p, v € A such that
(z,n,x) € Z(u,v) C Iso(Ga). So

ol (@) = 0"(z), (z,n,2) = (uo"W(2),d(u) - d(v),vo"") (z)),

and (u,v) is a cycline pair.

Conversely, fix (x,p—gq, ) € Ga such that o?(x) =0c9(x) and (x(0, p), z(0, q))
is a cycline pair. Then (x,p — q,x) € Z(x(0,p), z(0,q)) C Iso(Ga). So we have
(x,p—q,z) € Iso(Gp)°. O

Notation 4.3. Let k£ > 1 and let A be a row-finite k-graph without sources.
For p # q € N*, denote by APe, the set consisting of z € A satisfying the
following properties:
(i) oP(z) = o(x);
(i) for any p’,q’ € N¥ with p’ —p = ¢’ — q € N¥, the pair (2(0,p'),2(0,¢')) is
not cycline, and (z(0,p")u, 2(0,¢")1) is a cycline pair for some u € A.

Theorem 4.4. Let k > 1 and let A be a row-finite k-graph without sources.
Then Iso(Ga)° is closed if and only if AyS, = @ for allp # q € N,

Proof. First of all, suppose that Iso(Gx)° is closed. Aiming at a contradiction,
suppose that there exist p # ¢q € N¥ such that Ay, # 9. Fix x € AY,. For
n>1,let p, :=p+ (n,...,n) and ¢, := ¢+ (n,...,n). By condition (ii) of

Notation 4.3, for n > 1 there exist y, € s(x(0,p,))A> and p, € s(z(0,py))A
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such that (0, pp)yn 7# (0, gn)yn and (z(0, pp)in, ©(0, ¢n)ftn) is a cycline pair.
For n > 1, take an arbitrary z,, € s(u,)A*. Then

(x(ovpn)ynap —4q, Z‘(O, QTL)yn) - (Z‘,p - Q7$)7
(x(ovpn)ﬂnznap —4q, x(ov QTL)MnZn) - ((E,p —4q, x)
However, ((0,pn)Yn,p — ¢, 2(0,gn)yn) ¢ Iso(Ga); and by Lemma 4.2 one has
(@(0, pn) pinzn, P — ¢, (0, ¢n ) tinzn) € Iso(Ga)°. This is a contradiction. So
Ay, = @ for all p # q € N¥,

Conversely, suppose that A% = & for all p # q € N*. Aiming at a con-
tradiction assume that Iso(Ga)° is not closed. Then Iso(Ga)° \ Iso(Ga)° # @.
Fix (z,p — ¢,z) € Iso(Ga)° \ Iso(Ga)°. We may assume that p # ¢ € NF
and oP(z) = 09(x). Then there exist a sequence (yn,p — ¢, yn) in Iso(Ga)°
converging to (x,p — ¢, ), and another sequence (z,,p — ¢, w,) with z, # w,
for all n > 1 also converging to (z,p — ¢,z). By Lemma 4.2 for n > 1 there
exist pp,q, € N¥ with p, — ¢, = p — ¢ such that oP~(y,) = 0% (y,) and
(Yn(0,71),yn(0,¢,)) is a cycline pair. Fix p’, ¢ € N¥ with p’ —p = ¢ —q € N*.
Then there exists N > 1 such that

yn (0,9) =2(0,0),  yn(0,¢) =2(0,¢), o (yn) =07 (yn),
2n(0,9) = 2(0,9), wn(0,4) =2(0,), 0¥ (2n) =07 (wn).
Since (yn(0,pn),yn(0,qn)) is a cycline pair and py Vp' —qn V¢ =p—q, we
obtain a cycline pair
(yn (0, pn)yn (s P V P'), yn (0, an)yn (an s an vV ¢'))
= (yn (0, p)yn (@', pn V1), yn (0,0 )yn (¢ an V ')
= (2(0, )y~ (@', pn V'), 20,4 )yn(d' an V ¢)).
But we also have that 2(0,p)o? (25) = 2y # wy = (0,¢')o? (wy) which

implies that (x(0,p’),z(0,¢")) is not a cycline pair. Hence x € A5, which is a
contradiction. Therefore Iso(Ga)° is closed. O

Example 4.5. The following example is from [2, Ex. 4.7]. Consider the two-
colored graph in Figure 1 where the factorization rules are given by

epr = €rp, €0y = €0, fr =arfo,  fofr = frfo,  Bogr = Brop,
6bhr - 6rhb; gvgr = grGv, gbhr - hrgb; hbgr - grhb; hbhr - hrhb-
Define = := epereperepe, -+ -. It was shown in [2] that v := (z,(1,—1),2) ¢
Iso(Ga)° and Iso(Ga)° is not closed. We show that z € A ;) so that
A(1 0),(0,1) is nonempty. Notice x satisfies condition (i) of Notatlon 4.3 by
definition. For condition (i) pick p/,¢' € N* with p’ > (1,0), ¢’ > (0,1) and
1

1,0
p' —¢ = (1,-1). For p = ay, the pair ((0,p")u, z(0, ¢ )u) is cychne To show
the pair (2(0,p"),2(0,¢’)) is not cycline, define

y := Bu(gpgrhohy) (gogrhohr) (gogrhher) - - -
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fo

FIGURE 1. A 2-graph such that Iso(G)° is not closed.

Then y is periodic, and we have r(y) = s(z(0,p")) and z(0, p’)y # x(0, ¢')y. No-
tice that in this example we used a periodic path to show that (z(0,p"), z(0,q"))
is not cycline.

APPENDIX A. CARTAN SUBALGEBRAS OF GRAPH ALGEBRAS

Let E be a directed graph: we consider E as a topological graph with the
discrete topology. Suppose E is row-finite without sources, then combining
[2, Cor. 4.5] and [12, Thm. 3.6], we get Iso(I'(E>°, 0))° is closed in the boundary
path groupoid T'(E*°, o). In this appendix, we provide a direct proof of this
result by investigating the boundary path groupoid of a directed graph. Given
a, f € E* with s(a) = s(8), define

Z(e, B) :=U(Z(a), Z(B), el |B]).
The Z(«, 8) form a basis for the topology on T'(E*, o).

Proposition A.1. Let E be a row-finite directed graph without sources, let o, 8
with |a| # |8]. Then Z(a, B) NIso(I'(E>°,0)) is either empty or a singleton.

Proof. If Z(«, B) NIso(T'(E®°, o)) is empty, then we are done. Suppose that
Z(a, B)NIso(I'(E°, 0)) is nonempty. Since |«| # | 3|, without loss of generality,
we assume that |a| < |8]. Fix (az,|a| — 8], Bz) € Z(a, B) NIso(T'(E>,0)).
Then ax = Bz. Since |a| < |B], we have 3 = ary, where 7 is a cycle in ElflI=lel,
So x = v, which implies that x = yv---. Therefore Z(«, 8) NIso(I'(E>, o))
is a singleton. O

Proposition A.2. Let E be a row-finite directed graph without sources and
T(E®,0) the associated groupoid. Then Iso(I'(E*°,0))° is closed.
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Proof. Suppose that v; — v with v; € Iso(I'(E*°, ¢))°. Since Iso(T'(E*,0)) is
closed, we have v € Iso(D'(E>, 0)). If y € I'(E>, 0)() then v € Iso(I'(E>, 0))°
because T'(E>, o) is étale. Now suppose v ¢ T'(E*,¢)(®). Then there exist
a, B with |a| # |8] such that v € Z(a, ). Since v; — ~, there exists ig > 1
such that v;, € Z(a, ). By Proposition A.1, Z(«, ) NIso(I'(E>,0)) is a
singleton. So v = ;, € Iso(I'(E*,0))°. Hence Iso(I'(E*,0))° is closed. O
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