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Abstract. In this paper we show that the universal C*-algebra satisfying the Cuntz-Li
relations is generated by an inverse semigroup of partial isometries. We apply Exel’s theory
of tight representations to this inverse semigroup. We identify the universal C'*-algebra as
the C*-algebra of the tight groupoid associated to the inverse semigroup.

1. INTRODUCTION

Let R be an integral domain with only finite quotients. Assume that R is
not a field and let K be its field of fractions. We denote the set of nonzero
elements in R (resp. K) by R* (resp. K*). In [3], Cuntz and Li studied
the C*-algebra, denoted 2,.[R], on ¢?(R) generated by the isometries induced
by the multiplication and addition operations of the ring R. They showed
that it is simple and purely infinite. It was also shown that this C*-algebra
is the universal C*-algebra generated by isometries satisfying the relations
reflecting the semigroup multiplication in R x R* and one more important
relation satisfied by the range projections. Also it was shown that 2.[R] is
Morita-equivalent to a crossed product of the form Cy(R) x (K »x K*) where
R is a locally compact Hausdorff space. For R = Z, R = Ay is the space of
finite adeles. Alternate approaches to the algebra 2,.[R] were considered in
[10], [2], and [19].

In [10], the situation in [3] was abstracted. Consider a semidirect product
N x H and a normal subgroup M of N. Let P := {a € H | aMa~! C M}.
Then P is a semigroup. In [10], under certain hypotheses regarding the pair
(G = N x H, M), the crossed product algebra Cy(N) x G was considered.
Here N is the profinite completion of N with respect to the group topology
induced by the neighborhood base {aMa~'},cn at the identity. Let M be
the closure of M in N. In [10], it was shown that the crossed product algebra
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Co(N) x G is Morita-equivalent to the C*-algebra of the groupoid N x G la7- In
[10], it was shown that when H is abelian, C*(N x G|g7) is the universal C*-
algebra generated by isometries satisfying the relations reflecting the semigroup
multiplication in M x P and one more important relation among the range
projections. They also obtained sufficient conditions which will ensure that
the reduced C*-algebra C ,(N x Glg7) is simple and purely infinite.

Our objective in this paper is to weaken the hypothesis that H is abelian.
Instead we assume H = PP~! = P~'P. This allows us to consider pairs
like (Q™ x GL,(Q),Z"™). Also we start with the universal C*-algebra, denoted
AN x H, M], generated by isometries satisfying the Cuntz-Li relations (see
Def. 2.11). We show that A[N x H, M] is generated by an inverse semigroup of
partial isometries denoted by T'. We show that A[N x H, M| is isomorphic to
the C*-algebra of the groupoid Gyignt, considered in [6], of the inverse semigroup
T. We also identify the groupoid Ggn: explicitly and show that Ggn: is
isomorphic to N x G |77- The author had done a similar analysis for the Cuntz-
Li algebra associated to the ring Z in [19]. At the end of this paper, we prove
a duality result analogous to the duality result obtained in [4].

2. SEMIDIRECT PRODUCTS AND THE CUNTZ-LI RELATIONS

Let G = N x H be a semidirect product and let M be a normal subgroup
of N. Let P:={a € H|aMa™' C M}. Then P is a semigroup containing
the identity e. Assume that the following holds.

(C1) The group H = PP~ = P~'P.

(C2) For every a € P, the subgroup aMa~! is of finite index in M.

(C3) The intersection (,cpaMa™ = {e} where e denotes the identity
element of G.

Let U = {aMa~"' | a € H}. In [10], the following conditions were required
to be satisfied. (Cp. [10, Sec. 2].)

(E1) Given U,V € U, there exists W € U such that W Cc UNV.
(E2) U,V €Y and U C V then U is of finite index in V.
(E3) The intersection (¢, U = {e}.

We claim that (E1) is equivalent to the condition H = PP~!. Assume (E1).
Let a € H be given. Then there exists ¢ € H such that a *ManM D ecMc1L.
Then ¢ € P and ac € P. Note that a = (ac)c™! € PP~!. Thus we have
H=PpPp

Now suppose H = PP~!. First note that for every a,b € P, aP NbP is
nonempty. Now let ¢,d € H be given. Write ¢ = alaz_l and d = b1b2_1 with
a;,b; € P. Choose o, € P such that aja0 = b15. Let a := aja. Then
cla = aya € P. Similarly d~'a € P. Hence aMa™! C cMc™ ' NndMd—1!.
Thus (E1) holds.

Given (E1), note that (E3) is equivalent to (C3). For if a € H, there
exists b € P such that aMa=* N M DO bMb~1. Thus for every a € H,
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aMa™ 2 Nyep bMb~'. Hence ey U = NyepaMa™'. Thus given (E1),
(E3) is equivalent to (C3). Clearly (E2) is equivalent to (C2).

Remark 2.1. In [10], the Cuntz-Li algebra associated to the pair (N x H, M)
(cp. Def. 2.11) was considered when H is abelian (cp. Hypothesis 9.2 and
Theorem 9.11 in [10]). Here, we consider a slightly more general situation. We
assume H = P~'P = PP~L.

Remark 2.2. The condition H = P~!P = PP~! is equivalent to saying
that P generates H and P is right and left reversible i.e. given a,b € P, the
intersections Pa N Pb and aP N bP are nonempty. Cancellative semigroups
which are right (or left) reversible are called Ore semigroups. For more details
on Ore semigroups, we refer to [5].

A semigroup P is called right reversible (left reversible) if PaNPb (if aPNbP)
is nonempty for every a,b € P.

Throughout this article, whenever we write G = N x H and M is a normal
subgroup of N, we assume that conditions (C1), (C2) and (C3) hold. For
a € P,let M, =aMa~'. We will use this notation throughout.

Lemma 2.3. Let G =N x H and M be a normal subgroup of N. Let Ny :=
User a 'Ma. Then Ny is a subgroup of N and is invariant under conjugation
by H.

Proof. First observe that Ny is closed under inversion. Let a,b € P be given.
Choose an element ¢ in the intersection Pa N Pb. Then a 'Ma C ¢ 'Mc and
b=1Mb C ¢ 'Mec. Now it follows that Ny is closed under multiplication. Thus
Ny is a subgroup of V.

Obviously Ny is invariant under conjugation by P~!. Let a,b € P be given.
Since P is right reversible, there exists c,d € P such that ab~! = ¢~ 'd. Now
observe that a(b~1Mb)a=t = ¢ (dMd~')c C ¢~ Mec. Thus it follows that Ny
is closed under conjugation by P. This completes the proof. O

Remark 2.4. As a consequence of Lemma 2.3, we may very well assume as
in [10] that N = J,cpa™ ' Ma.

Let us consider a few examples which fits the setup that we are considering.

Example 2.5 ([3]). Let R be an integral domain such that for every nonzero
m € R, the ideal generated by m is of finite index in R. Assume that R is not a
field. We denote the field of fractions of R by @ and the set of nonzero elements
in @ by @*. The multiplicative group @* acts on @ by multiplication. Now
let N:=Q, H:=Q* and M := R. Then P = R* where R* denotes the
set of nonzero elements in R. Then conditions (C1)-(C3) hold for the pair
(N xH,M).

Example 2.6 ([10]). Let F' be a finite group and consider the direct sum
N := @zF. Then H := Z acts on N by shifting. Let M := ®nF be the
normal subgroup of N. Then it is easily verifiable that the pair (N x H, M)
satisfies the hypothesis (C1)-(C3).
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In the following two examples, we think of elements of Q™ as column vectors.

Example 2.7. Let A be a n x n integer dilation matrix. In other words, A
is an n X n matrix with integer entries such that every complex eigenvalue of
A has absolute value greater than 1. Note that A is invertible over Q and
|det(A)] > 1. The matrix A acts on Q™ by matrix multiplication and thus
induces an action of Z on Q™. We let the generator 1 of Z act on Q" by
lw=Av forv e Q™. Let N:=Q", H:=7Z and M :=Z"™. Then P = N. Let
us verify the hypothesis (C1)—(C3).
(C1) Note that H is abelian and H = PP~! = P~1P.
(C2) For r > 0, the index of A"Z"™ is of finite index in Z™ and in fact its
index is | det(A)|".
(C3) Lemma 4.1 of [8] implies that the operator norm ||A~"™|| converges to
0 as m tends to infinity. Thus if 0 # v € (2, A"Z", then for every
m >0, A=y € Z". Thus we have 1 < ||[A™"v|| < ||A~™||||v|] which
is a contradiction. Thus (C3) holds.

The case n = 1 and A = p where p is a prime number was discussed in [12].
In the previous example, we can consider integer matrices other than dilation
matrices. It is possible that (C3) is satisfied for an integer matrix A such that
|det(A)| > 1 and ), ,A"Z" = {0} without A being a dilation matrix. In fact
we have the following nice characterization of condition (C3) when n = 2.

Lemma 2.8. Let A be a 2 X 2 matriz with integer entries. Assume that
|det(A)| > 1. Then the following are equivalent.

(1) The intersection (), A"72 is trivial.

(2) Neither 1 nor —1 is an eigenvalue of A.

Proof. Suppose (), s¢A"Z* = {0}. If 1 is an eigenvalue of A then there exists
a nonzero v € Q? such that Av = v. By clearing denominators, we can assume
that v € Z?. Then clearly v € (), A"Z?. Thus we have shown that 1 is not
an eigenvalue of A. Similarly we can show —1 is not an eigenvalue of A.

Now assume that neither 1 nor —1 is an eigenvalue of A. Let I, := A"Z? and
I':=),sol Since I' C I, C Z2, we have [Z? : T| > [Z? : T,] = |det(A)]|".
Hence T' cannot be of finite index in Z2. This implies that I' is of rank at most
1. If T is rank 1 then there exists a nonzero v € Z? such that I' = Zv. But
A : T — T is a bijection. Thus it must either be multiplication by 1 or by
—1. In other words, v is an eigenvector for A with eigenvalue 1 or —1. This is
a contradiction. Thus I' cannot be of rank 1 which in turn implies I' = {0}.

This completes the proof. O
The matrix A = [(1) _22} has eigenvalues /3 — 1 and —v/3 — 1. But 4 is

not a dilation matrix but still (C3) holds for A.

Remark 2.9. It is not clear to the author whether (C3) can be characterized
in terms of eigenvalues of the matrix in the higher dimensional case.
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Let us now consider an example where H is nonabelian.

Example 2.10. Let N = Q™ and H be a subgroup of GL,,(Q) containing the
nonzero scalars. Just as in Example 2.7, H acts on N by matrix multiplication.
Let M =Z"™. Then P consists of elements of H whose entries are integers.

(C1) Let A € H be given. Then there exists a nonzero integer m such that
mA = Am € P. Hence H = PP~! = p~1Pp.

(C2) For A € P, the subgroup AZ™ is of finite index and its index is | det(A)].

(C3) Since [,,czx MZ"™ = {0}, it follows that (), p AZ" = {0}.

Definition 2.11. Let G := N x H be a semidirect product and M be a normal
subgroup of N such that (C1)—(C3) holds. We let 2[N x H, M] be the universal
C*-algebra generated by a set of isometries {s, | @ € P} and a set of unitaries
{u(m) | m € M} satisfying the following relations.
SaSb = Sab
u(m)u(n) = u(mn)
squ(m) = u(ama™")s,
Z u(k)equ(k) ™t =1
keM/M,

where e, denotes the final projection of s,.

Note that u(k)equ(k)~! depends only on the coset k(M,). Moreover if k;
and ko lie in different cosets of M, then u(k1)eq,u(k1)~" and u(ko)equ(ks)*
are orthogonal.

For a € P and m € M, consider the operators S, and U(m) on ¢*(M) ®
(?(H) defined as follows

Sa((sn ® 51)) = 5ana_1 ® dap
U(m)(&n & (51)) = Opn ® Op.
Then s, — Sq and u(m) — U(m) gives a representation of A[N x H, M| on

the Hilbert space ¢2(M) ® ¢?(H). Let us call this representation the regular
representation and denote its image by 2,.[N x H, M].

Remark 2.12. It should be noted that the regular representation for integral
domains considered in [3] is different from ours.
3. AN INVERSE SEMIGROUP FOR THE CUNTZ-L1 RELATIONS

The main aim of this section is to show that the C*-algebra A[N x H, M|
is generated by an inverse semigroup of partial isometries. We begin with a
lemma similar to Lemma 1 of Section 3.1 in [3].

Lemma 3.1. For every a,b € P, one has

€q = Z u(aka™Heqpu(aka )71
keM /My
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Proof. One has

€q = 845"

a

Sa ( Z u(k)ebu(k)1> sk

keM /My

Z u(aka™)sqepsiu(aka™t) ™"
keM /M,

Z u(aka™Yeqpu(aka )7t
keM /M,

This completes the proof. O

Let X be the linear span of {u(k)e,u(k)™' | b € P,k € M}. Denote the
set of projections in X by F. By Lemma 3.1 and the left reversibility of P,
it follows that f € F if and only if there exists b € P such that f is in the
linear span of {u(k)eyu(k)~1}. The following lemma is an immediate corollary
of Lemma 3.1 and the fact that P is left reversible.

Lemma 3.2. The set F is a commutative semigroup of projections. More-
over F' is invariant under the maps v — syxs) for every b € P and v —
u(m)zu(m)=1 for every m € M.

Now we show that F' is also invariant under conjugation by s} for every
a€ P.

Lemma 3.3. Let a € P be given. If f € F, then s’fs, € F. Moreover,
stu(m)eyu(m)~ls, is in the linear span of {u(k)eq,—1.u(k)~1} where c is any
element in aP NbP.

Proof. Let a € P and f € F be given. First observe that s} fs, is selfadjoint.
Also

(SZfsa)2 = s, f5a5,f5a

= s, feafsa

= sreqfSq (since F is commutative)

= s, fSa.
Thus s} fs, is a projection. Now to show that s’ fs, € F, it is enough to
consider the case when f = u(m)eyu(m)~t. Now let ¢ € aP NbP and write
c=ax=>bf with o, 8 € P.

Let r1,rg,- - ,r, be distinct representatives of M/Mg. Then by Lemma 3.1,

it follows that

1

sku(m)epu(m) ™" s, !

siu(mbrib™Hepsu(mbrib™') s,

I

s
Il
-

shu(mbrib™!)eaqu(mbrib™) " s,.

I

s
Il
-
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The term s*u(mbr;b=1)eqau(mbr;b=1)1s, survives if and only if eqqu(mbr;
b=1)s, # 0 and that is if and only if eqqu(mbrb=1)e u(mbr;p=1)~1 £ 0. But
by Lemma 3.1 this happens precisely when there exists ¢; € M/M,, such that
mbr;b~ ! = at;a”YmodM,,,.
Let
A :={i| There exists t; such that mbr;b~! = at;a” mod Moo}

For every i € A, choose t; such that mbr;b~! = at;a™' mod M,.. Now we
have

stu(m)eyu(m) s, = Z stu(mbrib™Yeqgqu(mbrib™ ) s,
=1

= Z stu(mbrib™Heqau(mbrid™ ) "ts,
icA

= Z stu(atia™Veqqu(at;a™) s,
icA

= Z u(ti)SzeaaSau(ti)71
=S ult)equ(t:) .

This completes the proof. O

Let us isolate the computation in the previous lemma in a remark. This
will be used later.

Remark 3.4. Let a,b € P be given. Let ¢ € aP NbP. Choose o and S in
P such that ¢ = aa = bB. Conjugation by a sends M, to M.. Thus we get a
map denoted 7% : M/M, — M/M,.. Similarly conjugation by b gives a map
wg : M/Mg — M/M,.. Note that both 7% and Wg are injective. Denote the
quotient map M — M/M_ by g.. For m € M, define

Am = {r € M/Mj | qo(m)(r) € n%(M/M.)}.
Then the computation in Lemma 3.3 can be restated as follows

stu(m)epu(m) s,
an—1 an—1 -1
= 3 u(w) " aetm)mb(r) ) ear( (7))~ (@elm)zh(r)))
rEAm,
Now we show that 2A[N x H, M] is generated by an inverse semigroup of

partial isometries.

Proposition 3.5. Let T := {siu(m)fu(m’)sq | m,m’ € M,a,a’ € P, and
f € F}. Then T is an inverse semigroup of partial isometries containing 0.
Moreover the set of projections in T coincides exactly with F. Also the linear
span of T is a dense x-subalgebra of A[N x H, M].
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Proof. The fact that T is closed under multiplication follows from the following
calculation. Let a1,a9,b1,bo € P, my1,mo,n1,ne € M and e, f € F be given.
Choose ¢ € Pb; N Pay and write ¢ as ¢ = 8b; = aas. Observe that

sy, u(mi)eu(ma)sa, sy u(ny) fu(nz)sp,

=s u(mlmg)u(mg1)eu(m2)838a5a2szlSESBU(nl)fu(nl l)u(n1n2)8b2

53 u(mima)u(my ew(ms) s saas i, sgulnn) fu(ng Yulning)ss,

o u(mima)sy, sau(my eu(ms) st sestsgu(ng) fu(ny 1)555,3 (n1m2)sp,

Il
5,

sh stu(amimaa ) (squ(my Meu(ms)s?,)
ec(slgu(nl)fu(nl_l)s;;)u(ﬂnlngﬁfl)s&sbz
u(amimaa ) (squ(my Heu(ms)sk)

ec(spulnn) funy Vs u(BrinaB~")spn,

Zalu(ocmlmgoz_l)(saés:;)ec(85f82)u(6n1ngﬁ_1)85172

*
Saal

=3
where é = u(my ')eu(ms) and f = u(ny)fu(n1)~'. The above calculation
together with Lemma 3.2 implies that T is closed under multiplication. Obvi-
ously T is closed under the involution .
Now let us show that every element of T is a partial isometry. Let v :=
*u(m)fu(m')se be an element of T. Then

v = st (wm) (Fu(mYewru(m') " fu(m) ) sa.

Now Lemma 3.2 and Lemma 3.3 implies that vv* € F. Thus we have shown
that every element of T is a partial isometry and the set of projections in T
coincides with F'. In other words T is an inverse semigroup.

Since T is closed under multiplication and involution, it follows that the
linear span of T is a *-algebra. Moreover T contains {s, | a € P} and {u(m) |
m € M}. Thus the linear span of T is dense in A[N x H, M|. This completes
the proof. a

The following equality will be used later. Let a1, a2,b1,bs € P and m1,mqy €
M be given. Choose ¢ € Pb; N Pay and write ¢ as ¢ = fb; = aas. Now the
computation in Proposition 3.5 gives the following equality

(3.1) Say (M) sb, 85, u(Mm2) sy, = sj,, u(Bmi B~ Decu(amaoa™)sap,

Remark 3.6. We also need the following fact. If v € T, let us denote its
image in the regular representation by V. Observe that v # 0 if and only if
V' # 0. This is clear for projections in T'. Now let v € T be a nonzero element.
Then vv* € F is nonzero. Thus VV™* # 0 which implies V' # 0.

In the remainder of this article, we reserve the letter T to denote the inverse
semigroup in Proposition 3.5 and F' to denote the set of projections in T'.
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4. TIGHT REPRESENTATIONS OF INVERSE SEMIGROUPS

In this section, we show that the identity representation of T in A[N x H, M]
is tight in the sense of Exel and the C*-algebra of the tight groupoid associated
to T is isomorphic to A[N x H, M]. First let us recall the notion of tight
characters and tight representations from [6].

Definition 4.1. Let S be an inverse semigroup with 0. Denote the set of
projections in S by E. A character for E is a map x : E — {0,1} such that

(1) the map z is a semigroup homomorphism, and
(2) z(0) =0.

We denote the set of characters of E by E). We consider EB as a locally
compact Hausdorff topological space where the topology on E\O is the subspace
topology induced from the product topology on {0, 1}.

For a character z of E, let A, := {e € E | z(e) = 1}. Then A, is a
nonempty set satisfying the following properties.

(1) The element 0 ¢ A,.
(2) If e€ A, and f > e then f € A,.
(3) Ife, f € A, then ef € A,.

Any nonempty subset A of E for which (1), (2) and (3) are satisfied is called
a filter. Moreover if A is a filter then the indicator function 14 is a character.
Thus there is a bijective correspondence between the set of characters and
filters. A filter is called an ultrafilter if it is maximal. We also call a character
x maximal or an ultrafilter if its support A, is maximal. The set of maximal
characters is denoted by E:o and its closure in E’\O is denoted by fn;.

We refer to [19, Cor. 3.3] for the proof of the following lemma.

Lemma 4.2. Let A be a unital C*-algebra and E C A be an inverse semi-
group of projections containing {0,1}. Suppose that E contains a finite set
{e1,e2, -+ ,en} of mutually orthogonal projections such that > . ,e; = 1.
Then for every mazximal character x of E, there exists a unique e; for which
x(e;) = 1.

Let us recall the notion of tight representations of semilattices from [6] and
from [7]. The only semilattice we consider is that of an inverse semigroup of
projections or in other words the idempotent semilattice of an inverse semi-
group. Also our semilattice contains a maximal element 1. First let us recall
the notion of a cover from [6].

Definition 4.3. Let E be an inverse semigroup of projections containing {0, 1}
and Z be a subset of E. A subset F' of Z is called a cover for Z if given a
nonzero element z € Z there exists an f € F such that fz # 0. A cover F of
Z is called a finite cover if F' is finite.

The following definition is actually Proposition 11.8 in [6].

Miinster Journal of Mathematics VoL. 5 (2012), 151-182



160 S. SUNDAR

Definition 4.4. Let E be an inverse semigroup of projections containing
{0,1}. A representation o : E — B of the semilattice E in a Boolean al-
gebra B is said to be tight if 0(0) = 0 and given e # 0 in E and for every finite
cover ' of the interval [0,¢] := {x € E'| x < e}, one has supscp o(f) = o(e).

Let A be a unital C*-algebra and S be an inverse semigroup containing
{0,1}. Denote the set of projections in S by E. Let o : S — A be a uni-
tal representation of S as partial isometries in A. Let o(C*(E)) be the C*-
subalgebra in A generated by o(F). Then o(C*(F)) is a unital, commutative
C*-algebra and hence the set of projections in it is a Boolean algebra which we
denote by By (c+(g)). We say the representation o is tight if the representation
o : E = Byc+(p)) is tight. The proof of the following lemma can be found in
[19, Lemma 3.6, p. 7].

Lemma 4.5. Let X be a compact metric space and E C C(X) be an inverse
semigroup of projections containing {0,1}. Suppose that for every finite set of
projections { f1, f2,- -+, fm} in E, there exists a finite set of mutually orthogo-
nal nonzero projections {e1, e, -+ ,en} in E and a matriz (a;;) such that

fi = Z aijej.
J

Then the identity representation of E in C(X) is tight.

As in [19], we prove that the identity representation of T' in A[N x H, M]
is tight.

Proposition 4.6. The identity representation of T in AN x H, M| is tight.

Proof. We apply Lemma 4.5. Let {f1, fa,--- , fn} be a finite set of projections
in T. By definition, given i there exists a; € P such that f; is in the linear
span of {u(k)eq,u(k)™}. Let ¢ € Ni_, a;P. By Lemma 3.1, it follows that for
every i, f; is in the linear span of {u(k)e.u(k)™' | k € M/cMc=1}. Appealing
to Lemma 4.5, we can conclude that the identity representation of 7" in A[N x
H, M] is tight. This completes the proof. O

Now we show that 2A[N x H, M] is isomorphic to the C*-algebra of the
groupoid Gyigne associated to T'. For the convenience of the reader, we recall
the construction of the groupoid Giign:, considered in [6], associated to an
inverse semigroup with 0.

Let S be an inverse semigroup with 0 and let £ denote its set of projections.
Note that S acts on Ey partially. For z € Eo and s € S, define (z.5)(e) =
x(ses*). Then

e The map x.s is a semigroup homomorphism, and
o (z.5)(0) =0.
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But z.s is nonzero if and only if z(ss*) = 1. For s € S, define the domain and
range of s as

D, :={z¢€ Eo | z(ss™) =1},

Rs:={z ¢ E, | z(s*s) = 1}.
Note that both Ds and Ry are compact and open. Moreover s defines a home-
omorphism from Dy to Rs with s* as its inverse. Also observe that Eygn; is
invariant under the action of S.

Consider the transformation groupoid ¥ := {(z,s) | € D,} with the
composition and the inversion being given by

(z,s)(y,t) == (x,st) if y = x.s,
(z,5) ' == (2.5, 5%).

Define an equivalence relation ~ on ¥ as (z,s) ~ (y,t) if z = y and if there
exists an e € E such that « € D, for which es = et. Let G =¥/ ~. Then G is a
groupoid as the product and the inversion respects the equivalence relation ~.
Now we describe a topology on G which makes G into a topological groupoid.

For s € S and U an open subset of Dy, let 0(s,U) := {[z,s] | x € U}. We
refer to [6] for the proof of the following proposition. We denote 6(s, D) by
0.

Proposition 4.7. The collection {0(s,U) | s € S,U open in Dy} forms a basis
for a topology on G. The groupoid G with this topology is a topological groupoid
whose unit space can be identified with E). Also one has the following.

(1) Fors,t € S, 0,0, = 0y,

(2) fors€ S, 07 =04,

(3) for s €8, 05 is compact, open and Hausdorff, and

(4) the set {lg, | s € T'} generates the C*-algebra C*(G).

We define the groupoid Gyign: to be the reduction of the groupoid G to E/m‘; .
In [6], it is shown that the representation s — 1p, € C*(Gugnt) is tight and
any tight representation of S factors through this universal one.

Proposition 4.8. Let T be the inverse semigroup considered in Proposition
3.5. Denote the tight groupoid associated to T by Gight. Then AN x H, M| is
isomorphic to C*(Gignt)-

Proof. Let t, and v(m) be the images of s, and u(m) in C*(Gyignt). By Propo-
sition 4.6 and by the universal property of Gyigne, it follows that there exists
a homomorphism p : C*(Gygne) — AN x H, M| such that p(t,) = s, and
p(v(m)) = u(m).

Given a € P, the projections {u(k)e,u(k)™t | k € M/M,} cover the pro-
jections in T'. Since the representation of T in C*(Gygns) is tight, it follows

that
> vlk)(taty)o(k) " = 1.

keM/M,

Miinster Journal of Mathematics VoL. 5 (2012), 151-182



162 S. SUNDAR

Now the universal property of 2A[N x H, M| implies that there exists a
homomorphism o : A[N x H, M] — C*(Giignt) such that o(s,) = t, and
o(u(m)) = v(m). It is then clear that o and p are inverses of each other. This
completes the proof. O

We identify the groupoid Gygn: explicitly in the rest of the article.

5. TIGHT CHARACTERS OF THE INVERSE SEMIGROUP T

In this section, we determine the tight characters of the inverse semigroup
T defined in Proposition 3.5. Let

M= {(ra) e [[ m/M.

Treh =Tq mod Ma}.
acP

We give M the subspace topology induced from the product topology on
[I,cp M/M,. Here the finite group M /M, is given the discrete topology. Then
M is a compact, Hausdorff topological space. Moreover M is a topological
group. Note that M embeds naturally into M via the imbedding r — (r, := 7).

The map r — (rq := ) is an imbedding since we have assumed that (,.p M,

is trivial.

For b€ P and k € M, the set Uy := {(ra) € M | 1, = k mod M,} is an
open set. Moreover the collection {U,x | b € P,k € M} forms a basis for M.
If k € M then clearly k € Uy, for any b € P. As a consequence, M is dense in
M.

For r € M, let

i={fE€F|f>ulry)equ(ry) " for some a € P}.

acP

In the next lemma, we show that for every r € M, A, is an ultrafilter and all
ultrafilters are of this form.

Lemma 5.1. Forr € M,_AT is an ultrafilter. Moreover any ultrafilter is of
the form A, for some r € M.

Proof. Let r € M be given. First let us show that A, is a filter. Clearly 0 ¢ A,..
Alsoif f1 > fy and fo € A, then f; € A,.. Now suppose that f1, fo € A,.. Then
there exists ai,as € P such that f; > u(ra,)eq,u(rq,)~! for i = 1,2. Choose
¢ € ayPNagP. Then by Lemma 3.1, it follows that e. < eq, for i = 1,2. Since
r € M, it follows that r. = r,, mod M,, for i = 1,2. Now observe that

fife =

u(Tay )€a; W(Tay)” 1“(74112)6112“(7“112)71

7'0)6 ( ) u(rc)ea2u(rc)_1
)

(re)ea; €apu(r )*1
1

u(
(

S

e

> c)ecu(re)”

u(r
Thus f1f2 € A,.. Thus we have shown that A, is a filter.
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Now we show A, is maximal. Let A be a filter which contains A,.. Consider
an element f € A. By definition there exists ¢ € P and scalars oy, € {0,1}
such that

f= Z apu(k)equ(k) ™t

kEM/M,

But both f and u(r,)eq,u(r,) ! belong to A and hence their product belongs to
A. Thus the product fu(ry)equ(ry)™! is nonzero. This implies that a,., = 1.
Thus we have f > u(r,)equ(r,) ! or in other words f € A,. Hence A = A,.
This proves that A, is maximal.

Let A be an ultrafilter. By Lemma 4.2, it follows that for every a € P, there
exists a unique r, € M/M, such that u(ry)equ(ry) ™t € A. Let r := (r,). We
claim that r € M. Let a,b € P be given. By Lemma 3.1, we have

(5.2) u(re)equ(ry) ! = Z u(reaka™ eqpu(rokak™) 1.
keM /M,

Since A is a filter containing u(rq)equ(re) ™! and w(rep)eqpu(rqp) ", it follows
that their product is nonzero. This fact together with equation (5.2) implies
that there exists k € M, such that rq, = 74(aka™t) mod My,. Thus rqp =7,
mod M, for every a,b € P. As a result, we have » € M. Since A is a filter
it follows that A, C A. We have already proved that A, is maximal. Thus
A = A,.. This completes the proof. O

The following proposition identifies the tight characters of T'.

Proposition 5.2. The map M :r — A, € Eg; is a homeomorphism.

Proof. 1t is clear from the definition that » — A, is one-one. Let us denote
this map by ¢. We show ¢ is continuous. Consider a net 7 in M converging
to 7. We denote the indicator function of a set A by 14. Let f € F be given.
Then there exists a € P and scalars «y such that

f= Z apu(k)equ(k) ™t
k

Then we have

la.(f) = Z agbra k-
%

Since r¢ = r, eventually, it follows that 14 . (f) converges to 14, (f). This
shows that r — A, is continuous. -

Now Lemma 5.1 implies that ¢ has range F,,. Since M is compact, it follows
that ﬁoo is compact and hence closed. Thus f‘o\o = %. Thus ¢ : M — ﬁoo
is one-one, onto and continuous. Since M is compact, it follows that ¢ is in
fact a homeomorphism. This completes the proof. O

From now on we will simply denote A, by r and 14,(f) by r(f).
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6. THE GROUPOID Gyighy OF THE INVERSE SEMIGROUP T

In this section, we will identify the tight groupoid Ggne associated to the
inverse semigroup. Throughout this section, we assume N = (J, ¢ p a 'Ma. By
Remark 2.4, we can very well assume this. There is another natural groupoid
which arises out of the following construction.

For every a € P, the co-isometry s* will give rise to an injection on M and
the unitary u(m) for m € M will act as a bijection on M. Thus we get an
action of the semigroup M x P, as injections, on M. Now the space M can
be enlarged to a space N and the action of M x P can be dilated to get an
action of G = N x H on N. We can then consider the transformation groupoid
N x G. But the unit space of Gygns is M. Thus we restrict the transformation
groupoid N x G to M and prove that it is isomorphic to Gyigns-

This dilation procedure has appeared in several works [See [11], [13] ]. The
basic principle goes back to [17].

First let us explain the action of M x P on M. The action of M on M is by
left multiplication as M is a subgroup of M. Let a € P and r € M be given.
For b € P, choose ¢ € aP NbP and write ¢ as ¢ = aa = b5. We will use the
notation as in Remark 3.4. Note that M, C M, and we denote the induced
quotient map M /M, — M /My by gb.. Define my = g c(7%(ro)). First let us
show that m; depends only on a and b and not on the choices made.

Suppose ¢; = aa; = bfy and co = aas = bPs. Choose 71,72 € P such that
a1y1 = agy2. Note that this implies c1v1 = c2y2. Now we have

qb,ciﬂ-gi (Tai) = qb,c; (ﬂ-gi (qai,ai’h‘ (Toéi’h)))
= Gb,c; (qci,ci'Yi (ﬂ-gmi (Tai')’i)))

= Qb,c;; (Trgi Vi (Tm Yi )) .

Note that the right hand side is constant for i = 1,2. Thus we have

qb,cq (ﬂ-gl (Tou )) = Qb,c, (ﬂ-gg (TOQ))'
This shows that my is well defined. We leave it to the reader to check that
m = (mb) S M.

On M, the action of P is the usual conjugation. From now on, we denote
the element 7 by ara™!. This way P acts on M injectively and continuously.
This action of P together with the left multiplication action of M defines an
action of M x P on M (as injective,continuous transformations). We leave the
details to the reader.

Lemma 6.1. For a € P, the kernel of the projection map M3 () = ya €
M/M, is aMa™*.

Proof. By definition, it follows that aMa~" is in the kernel of the ath projec-
tion. Now let y = (y,) be such that y, = 1. Since M is dense in M, there
exists a sequence y" € M such that y" — y in M. As M/M, is finite, we
can without loss of generality assume that y™ € M, for every n. Thus there
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exists ™ € M such that y™ = az"a~'. But M is compact. Thus, by passing
to a subsequence if necessary, we can assume that ™ converges to an element
say € M. Since conjugation by a is continuous, it follows that y" = az"a !
converges to axa~!. But y" converges to y. Thus axa™' = y. This completes
the proof. O

Now let us explain the dilation procedure that we promised at the beginning
of this section. Consider the set M x P and define a relation on M x P by
(x,a) ~ (y,b) if there exists o, 3 € P such that ca = 8b and aza~! = ByB~ 1.
We leave the following routine checking to the reader.

(1) The relation ~ is an equivalence relation. We denote the equivalence class
containing (z, a) by [(z, a)].

(2) Let N := M x P/ ~. Then N is a group. The multiplication on N is
defined as follows. For a,b € P, choose a and /3 such that ca = 8b. Then

[(,a)][(y.b)] = [(aza™" ByS~", aa)].

The identity element of N is [(e,e)] where (e, e) is the identity element of
M x P and the inverse of [(z,a)] is [(z™!,a)].

(3) The group N is a locally compact Hausdorff topological group when N is
given the quotient topology. Here P is given the discrete topology.

(4) The map M > x — [(z,€)] € N is a topological embedding. Thus M can
be viewed as a subset of N. Moreover M is a compact open subgroup of
N.

(5) The map N > a~'ma — [(m,a)] € N is an embedding. When N is viewed
as a subset of N via this embedding, N is dense in N. Also NN M = M.

(6) Let @ € P be given. Define a map ¢, : N — N as follows. Given
[(x,b)] € N, choose a, 3 € P such that aa = Bb. Define ¢,([(z,b)]) =
[Bz371, a)]. One checks that ¢, is well defined. Moreover for a € P, ¢, is
a homeomorphism with ¢, ! given by ¢, *[(z,b)] = [(x,ba)]. Note that ¢,
restricted to N is the usual conjugation. Also ¢g¢p = ¢gp for a,b € P. For
m € M , define 9., : N = N as ¥, ([(x,a)]) = [(ama™'x,a)]. That is ¢,
is just left multiplication by m. One also has the following commutation
relation. For a € P and m € M,

(ba"r/)m = wama*1¢a-

(7) Since we have assumed that N = {J . p a~*Ma, it follows that any element
of g € G = N x H can be written as ¢ = a~'mb with a,b € P and m € M.
The map a~!'mb — ¢, 1mdp is well defined and defines an action of G
on N. If h = a™'b € H and © € N, we denote ¢, ¢p(x) as hah~!. If
n=a"'ma and x € N, we denote ¢, ‘1), da () as nx.

(8) Note that N = J,.pa "Ma.

(9) Universal Property: Let L be a locally compact Hausdorff topological
group on which H acts by group homomorphism. Suppose that K is a com-
pact open subgroup of L which is invariant under P and L = {J,.p a K.
If  : M — K is a P-equivariant continuous bijection then the map
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N 3> a 'za — a l.¢(xr) € L is a topological isomorphism and is H -
equivariant.

Remark 6.2. It is not difficult to show by using (9) that N is the profinite
completion of N when N is given the topology induced by the neighborhood
base {aMa~!|a € H} at the identity. In [10], the profinite completion model
of N is used.

When considering transformation groupoids, we consider only right actions
of groups and thus we change the above left action of G on N to a right
action simply by defining x.g = g~ '« for € N and g € G. Now consider the
transformation groupoid N x G and restrict it to M. We show that the groupoid
Giight of the inverse semigroup T is isomorphic to the groupoid N % Glyy e
to the transformation groupoid N x G restricted to the unit space M. We will
start with two lemmas which will be extremely useful to prove this.

Lemma 6.3. If aj 'miby = a5 'maby then s u(mi)sy, = si,u(ms2)se,.

Proof. Suppose aflmlbl = a;lmzbg. Then aflmlal = a;lmgag and aflbl
a5 'by. Choose f1, 2 € P such that 8101 = Baba. Then ajay’ = ;' f
biby ' Hence B1my By = Bamafy *. Now observe that

sy, u(my)sy, = szlu(ml)s*ﬁlsglsbl
= st shou(Bimi By )sp,n,
= 85,0, u(B1m1 B )56,
= 550, W(B2m2 By )5 6,0,

* —1
= SZQSBQU(/BzmzﬁQ )862b2

= 8o, u(M2)83, 55,50,

= 5, u(mz)sp,.
This completes the proof. O
Lemma 6.4. In Gugne, [(r, shu(m) fu(n)sy)] = [(r, shu(mn)sy)].
Proof. First observe that [(r, s%)][r.s%, u(m) fu(n)sp] = [(r, sku(m)fu(n)sy)].

Thus it is enough to consider the case when a is the identity element of P.
Now let s = u(m) fu(n)sp, t = u(mn)s, and e = u(m) fu(m)~'. Observe that
s = et. Thus ss* = eft*e. Hence r(ss*) = 1 implies r(e) = 1 and r(tt*) = 1.
Moreover es = s = et. Thus [(r, s)] = [(r,t)]. This completes the proof. O

Now we can state our main theorem.

Theorem 6.5. Let ¢ : N x Glar — Gtight be the map defined by
¢((z,a”'mb)) = [(z, sgu(m)sy)].

Then ¢ is a topological groupoid isomorphism.
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Proof. First let us show that ¢ is well defined. Let (z,a=tmb) € N x Gl47-
Then by definition, there exists y € M such that m~taza™' = byb~!. Choose
a and f in P such that ¢ := aa = bf. By definition, this means that 7%(z,) =
qc(m)wg(ylg). Now Remark 3.4 implies that

stu(m)epu(m) s, > u(za)equ(za) L.

Hence x(s*u(m)eyu(m)~ts,) = 1. Thus we have shown that ¢ is well-defined.

Before we show ¢ is a surjection, let us show that if [(z, stu(m)sp)] € Gright
then (z,a™'mb) € NxG|g;. To that effect, assume that z(s;u(m)eyu(m)~'s,)
= 1. Choose ¢ € aP NbP and write ¢ = aae = bB. By Remark 3.4, it follows
that there exists y € M/Mjg such that g.(m™1)7%(z,) = Wg (y). This implies
that the bth coordinate of m~laxa™! is 1, i.e. the identity element of M/M,.
Now Lemma 6.1 implies that there exists z € M such that m~laza™! = bzb~L.
Hence (z,a™'mb) € N x G|57. Surjectivity is then an immediate consequence
of Lemma 6.4.

Now we show ¢ is injective. Suppose [(z, s}, u(m1)sp, )] = [(z, s}, u(ma2)se, )].
Then there exists a projection e € F' such that 0 # e(s}; u(m1)sp,) = e(s},
u(mz)sp,). We can without loss of generality assume that e = u(r.)ecu(r.) .
By Remark 3.6 and by reading the above equality in the regular representation,
we immediately obtain aflbl = aglbg and aflmlbl = a;lmzbz. This implies
that ¢ is injective.

Now let us show that ¢ is a groupoid morphism. First we show that ¢
preserves the range and source. By definition, ¢ preserves the range. Observe
that ¢ is continuous and this is a direct consequence of Proposition 5.2. Let v =
(z,a=tmb) € N x G|z7. Since M is dense in M there exists a sequence x,, € M
such that z,, converges to x. Moreover the action of G on N is continuous and
M is compact and open. Thus we can assume that (z,,,a~'mb) € N x G|z for
every n. By definition, there exists y € M such that aza™" = mbyb~'. Also
let y,, be such that ax,a™! = mby,b~ .

To keep things clear, if = € M, we denote the character determined by z
as &. Let v := siu(m)s,. Now if can show that &,,.v = &, then it will
follow from continuity of ¢ that &,.v = &,. Thus we only need to show that
s(o()) = ¢(s(7)) for v = (z,a tmb) with x € M.

Now let (z,a"'mb) € N x G|37 with z € M. Then there exists y € M
such that aza™ = mbyb~!. Let v = stu(m)sy. To show &.v = &, as &,
is maximal, it is enough to show that the support of &, is contained in &,.v.
Again it is enough to show that u(y)e.u(y) ™! is in the support of &;.v. Choose
a, 3 such that aa = bef. Note that

vu(y)eculy) ™ v = spu(m)syu(y)ecu(y) " spu(m) ' sq
= stu(mbyb N specsiu(mbyb— ) ts,
= stu(aza™Vepeu(aza ) s,
= u(x)sepesqulz) "
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> u(z)stepepsau(z) "
= u(x)s}eqasqu(z) !

= u(x)equ(z) " € supp(&,).

Hence u(y)ecu(y) ! is in the support of &,.v. Thus we have shown that &,.v =

&y. This proves that ¢ preserves the source.

Now we show ¢ preserves multiplication. Let v; = (z1,a; *m1by) and o =
(x2,ay 1m2b2). Since ¢ preserves the range and source, it follows that v and
7o are composable if and only if ¢(y1) and ¢(vy2) are composable. Choose
«, B € P such that 8b; = aas. Now

(1)6(12) = [(w1, 55, u(m1)sb, 55, u(m2)sp, )]
= [(xl,s};alu(ﬁmlﬁ_l)ea@u(amgoz_l)sab2)] (by equation (3.1))
= [(x1, 85q, u(Bm1 B~ amaa ™" )sas, )] (by Remark 6.4)
= ¢(1172)-

It is easily verifiable that ¢ preserves inversion.
For an open subset U of M and g = a~!mb, consider the open set

0(U,g9):={x € M|z.gec M}

The collection {f(U, g)} forms a basis for N x G|g7. Moreover ¢(0(U,g)) =
O(U, s*u(m)sp). Thus ¢ is an open map. Thus we have shown that ¢ is a
homeomorphism. This completes the proof. O

Corollary 6.6. The algebra A[N x H, M| is isomorphic to C*(N x G|37)-
Proof. This follows from Theorem 6.5 and Proposition 4.8. U

7. SIMPLICITY OF 2, [N x H, M]

Let us recall a few definitions from [1]. Let G be an r-discrete groupoid and
we denote its unit space by G°. The relation ~ defined by z ~ y if and only if
there exists v € G such that s(y) = x and r(y) = y is an equivalence relation
on GY. A subset £ C G° is said to be invariant if given € F and y ~ x then
ye E. Forx € G, let G(z) :={vy € G| s(y) =r(y) =z} be the isotropy group
of .

A subset S C G is said to be a bisection if the range and source maps
restricted to S are one-one. If S is a bisection, let ag : (S) — s(5) be defined
by ag:=sor L.

The groupoid G is said to be

e minimal if the only nonempty, open invariant subset of G° is G°.

e topologically principal if the set of x € GY for which G(z) = {x} is
dense in G°.

e locally contractive if for every nonempty open subset U of G°, there
exists an open subset V' C U and an open bisection S with V' C s(S)

and ag-1(V) not contained in V.
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Conjugation by P on M gives rise to a semigroup homomorphism from P to
the semigroup of injective maps on M. In [10], the action of P on M is called
an effective action if the above semigroup homomorphism is injective i.e. given
h € H with h # 1, then there exists s € M such that hsh™! # s. In [10], the
following facts were proved about the transformation groupoid N x G.

(1) The groupoid N x G is minimal and locally contractive.

(2) The groupoid N x G is topologically principal if and only if P acts effec-
tively on M.

(3) Thus the reduced C*-algebra C,;(N x G) is simple and purely infinite if
P acts effectively on M. [Refer to [1].]

Analogous statements hold for the groupoid Gyign: associated to the inverse

semigroup T'.

Remark 7.1. In [10], only the if part (in (2)) was proved. But then the other
direction, i.e. if N x G is topologically principal then P acts effectively on M,
is easy to verify.

Also note that M is a closed subset of N which meets each G orbit of N.
Moreover M is open as well. Hence by appealing to Example 2.7 in [16] , we
conclude that C*(N x G) and C*(N x G|37) are Morita-equivalent.

We end this section by showing that 2,.[N x H, M] is isomorphic to the
reduced C*-algebra C7.,(Grignt)-

Proposition 7.2. Let G := N x Glyr- Then the reduced C*-algebra of the
groupoid G is isomorphic to A [N x H, M].

Proof. Let e be the identity element of M. Define G¢ := {y € G | r(y) = e}.
Then G := {(e,hm) | m € M,h € H}. Thus L?*(G®) can be identified with
(*(M) ® (*(H). Consider the representation m, of C* ,(G) on L?(G¢) defined

red

as follows. For f € C.(G), define m.(f) by the following formula
(me(N)ENM) = Y FO "))
y1E€G*e

Since M is dense in M, it follows that the largest open invariant set not
containing e is the empty set. Hence 7. is faithful.

For a € P and m € M, we let S, and U(m) be the images of s, and u(m) in
* 1(G). Let {6, @3, | m € M,b € H} be the canonical basis of £2(M)®/¢?(H).

red

Consider the unitary operator V on ¢2(M) ® ¢*(H) defined by
V(dm ® 0p) 1= 0yp-1 @ p-1.
For a € P and k € M, we leave it to the reader to check the following equality
Ve(Sa)V* (6 ® ) = Sama-1 @ Oab,
Vre(U(k)V (6 @ 0) = Opm @ .
Since {S, | @ € P} and {U(k) | k € M} generate C* ,(G), it follows that

red

* 4(G) is isomorphic to A,.[N x H, M]. This completes the proof. O
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We now show that Corollary 6.6 and Proposition 7.2 can also be expressed
in terms of crossed products as in [10]. We need to digress a bit before we do
this.

Let G be an r-discrete, locally compact and Hausdorff groupoid. Let Y c G°
be a compact open subset of the unit space. Assume that Y meets each orbit
of GY. Let

G i={yeg|s( eV}
Gy ={veG|s(r),r(y) €Y}

Since Y is clopen, it follows that G¥ and GY¥ are clopen. Thus if f € C.(GY),
then f can be extended to an element in C.(G) by declaring its value to be
zero outside G¥'. Thus we have the inclusion C.(GY) C C.(G). Similarly, we
have the inclusion C.(GY) C C.(GY). The algebra C.(Gy) is a *-subalgebra
of C.(G).

The space C.(GY) is a pre-Hilbert C.(GY') C C*(GY') module with the inner
product and the right multiplication given by

(ff)() = Y A Dfele) for yeGY, fi,fa € C(GY),

Y1Y2=Y

(f9) ()= > fn)g(r2) for yeGY, feC(GY), g€ CelGy).

Y1Y2=Y

Moreover there is left action of C.(G) on C.(GY) and it is given by
(f-o)(v) = (fx2)()
= Z f(m)e(r)

Y1Y2=Y

for vy € GY, f € C.(G) and ¢ € C.(GY).

Now Theorem 2.8 and Example 2.7 of [16] implies the following. The “com-
pletion” of C.(G)-C.(GY) bimodule C.(GY) is a C*(G)-C*(Gy) imprimitiv-
ity bimodule implementing a strong Morita equivalence between C*(G) and
C*(GY).

Let us denote the completion of C..(G¥) by €. For z,y € &, let 0, , be the
compact operator on & defined by 6, ,(z) = z(y, z). For € £, the operator
norm of 0, , is ||z

The following proposition has also appeared in [14]. (See [14, Lemma 5.18].)
The proof is exactly as in [14]. We include the proof for the sake of complete-
ness.

Proposition 7.3. The inclusion C.(GY) C C.(G) extends to an isometric
embedding from C*(GY) to C*(G). Also the inclusion C.(GY) C C.(G) extends

*

to an isometric embedding from C?.,(GY) to CF,(G).

Proof. Let f € C.(GY) be given. Consider f as an element of C.(GY) C €&.
Then 6y ¢ restricted to C.(GY) is just multiplication by f % f*. Since € is a
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C*(G)-C*(GY) imprimitivity bimodule, it follows that

111G+ @) =
= 1161l
= |Iflz
= ||f* * f||c*(g§)

“(Gy)"

For z € G°, let G*) := r—!(x). Consider 42(9 2)) and let {0, : v € G@} be

the standard orthonormal basis. Consider the representation m, of C.(G) on
?2(G®)) defined by

(7.3) ()= 3 flais

aeg®)
The reduced C*-algebra C} ,(G) is the completion of C.(G) under the norm
||| given by | f|req = sup,cgo |7z (f)||. (We refer the reader to [18].)

Let ng) ={y€G@ |s(y) €Y}. Ifx €Y, let 77 be the representation
of C.(GY) on £2 (Q)(,I)) defined by the same formula as in equation (7.3). Now
observe the following.

(1) Let vo € G be such that s(yy) = = and 7(y0) = y. Then U : £2(G®)) —
£2(GW)) defined by U(d,) = 8.+ is a unitary. Moreover Ur,(.)U* = m,(.).

(2) Since Y meets each orbit of G°, it follows from (1) that for f € C.(G),
[ fllrea = supgey 17z ()]

(3) If z € Y, then write 2(G®)) as 2(G®) = 2(G{") @ (22(G))+. With
this decomposition, for f € C.(GY ), we have 7, (f) = 7Y (f) @ 0.

Now the above three observations imply that for f € C.(GY), | f]
|l fllcx (g)- This completes the proof.

Remark 7.4. The representations used to define the regular representation in
[18] is different from what we have used. But the inversion map of the groupoid
intertwines our representations with those used in [18].

C*ed(gY

o*

red

The C*-algebra of the groupoid N x G is naturally isomorphic to Cy(N) x G.
Let @ : Co(N) x G — C.(N x G) be the map defined by

flx), ifg=nh

0, otherwise,

(7.4) D(fUy) (2, h) = {

for f € C.(N) and g € G. Here {U, | g € G} denotes the canonical unitaries
(corresponding to the group elements) in the multiplier algebra of Co(N) x G.
Then @ extends to an isomorphism from Cy(N) x G onto C*(N x G) (Cp. [18
Cor. 2.3.19, p. 34]).

Let p := 147 € C.(N) C Co(N) x G where 147 is the characteristic function
associated to the compact open subset M. Note that &(157) = Lt xge}-
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Proposition 7.5. The full corner p(Co(N) x G)p is isomorphic to A[N x
H, M]. Here the projection p is given by p = 157.

Proof. Let i : C.(N xGlz7) = Co(N x G) be the natural inclusion. It is easy to
verify that the image of i is 137k (e} C.(N x G)lﬂx{e}' Now from Proposition
7.3, it follows that C*(N x G|37) is isomorphic to IWX_{E}O*(W X G) gy qey-
But we have the isomorphism @ : Co(N) x G — C*(N x G) with &(13;) =
1574 {ey- Hence A[N x H, M] is isomorphic to the corner 157(Co(N) x G) 157

Let A = Co(N) x G. Then ApA is an ideal in A containing p = 137. Note
that for every g € G, z, = Uyly;1l5; € ApA. Hence Lar = UglyrUg =
rgz, € ApA. Hence for every g € G, Loz € ApA. Thus 1,_.3;, € ApA
for every a € P. Thus we have C.(N) C ApA (See Remark 7.6) and hence
Co(N) C ApA. As a consequence we have ApA = Co(N) x G. Thus the
projection p is full. This completes the proof. O

Remark 7.6. If K C N is compact then there exists b € P such that K C
b='Mb. For {a*Ma | a € P} is an open cover of N. Thus there exists
ai,as, - ,a, € P such that K C JI_, a; " Ma;. Choose b € (_, Pa;. Then
for every 4, a; "Ma; C b~*Mb. (Reason: M is dense in M and ba;' € P.)
Hence K C b=*Mb.

Remark 7.7. Using the second half of Proposition 7.3, it can be shown that
the C*-algebra 2,.q[N x H, M] is isomorphic to the full corner 157(Co(N) X req
G)137. We leave the details to the reader.

8. CuNTz-L1 DUALITY THEOREM

The purpose of this section is to establish a duality result for the C*-algebra
associated to Examples 2.7 and 2.10. This is analogous to the duality result
obtained in [4] for the ring C*-algebra associated to the ring of integers in a
number field. The proof is really a step by step adaptation of the arguments
in [4] to our situation.

Let I' ¢ GL,(Q) be a subgroup and let I'y = {v € T | v € M,(Z)}.
Assume that the following holds.

(1) The group T =T, I =T7'T.
(2) The intersections (e, 72" =\,ep, 7'Z" = {0}.

Let T'°? := {#* | v € T'}. Then I'°? is a subgroup of GL,(Q). Also I satisfies
(1) and (2) if and only if I'°? satisfies (1) and (2). If I contains the nonzero
scalars then (1) and (2) are satisfied.

For the rest of this section, we let I' be a subgroup of GL,,(Q) which satisfies
(1) and (2). The group I' acts on Q™ by left multiplication. Let Np :=
User, ~~1Z". Then by Lemma 2.3, it follows that Nr is a subgroup of Q"
and I' leaves Nr invariant. Consider the semidirect product Nr x I'. Then the
pair (Np x ', Z™) satisfies the hypotheses (C1), (C2) and (C3). Let us denote
the C*-algebra A[Np x I', Z"] by Ap.

Miinster Journal of Mathematics VoL. 5 (2012), 151-182



CUNTZ-L1 RELATIONS, INVERSE SEMIGROUPS AND GROUPOIDS 173

Note that N x I' acts on R™ on the right as follows. For £ € R™ and
(v,7) € Np x T, let £.(v,7) = v~ 1 (€ — v). This right action of Ny x I on R®
gives rise to a left action of Ny x I" on Cy(R") as follows. For g € Np x I" and
[ € Co(R"), let (g.f)(z) = f(z.9).

The main theorem of this section is the following.

Theorem 8.1. The C*-algebras Aror and Co(R™) x (Np x T') are Morita-
equivalent.

To prove this we need a bit of preparation. If v € T';, then v leaves Z"

invariant and induces a map on the quotient &£ which we still denote by .

Zn
Let

__ Nr
Nr := {(Z'y)'yEF+ S H ﬁ
vel4

025 = 2~ for every «,d € F+}.

We give % the discrete topology. The abelian group Np is given the subspace

~er, %. The topological

topology inherited from the product topology on []
group Nt is Hausdorff. L L

Now we describe the action of I'y on Np. Let v € I'y and z € Nr be
given. For 0 € 'y, choose a, 8 € I'; such that ya = §8. Let (v.2)s = Pza.
It is easily verifiable that v is a homeomorphism. The inverse of 7 is given by

(Y712)s = 246. This way I'; acts on Nr and induces an action of I on Nr.

Proposition 8.2. We have the following.

(1) The map Nr 3> v = (v 'v)yer, € Nr is injective and is T-equivariant.
Moreover, when Nr is viewed as a subset ofN_p via this embedding, Nr is
dense_z'n Nr. _ o

(2) Let Mp :={z € Nr | ze = 0} is a compact open subgroup of Nr. Also the
inten&ction ‘Mr N Nr z_Z" Hence Z" is dense_z'n Mr.

(3) Also Ny = U7€F+ v~ YMr. As a consequence, Nr is locally compact.

Proof. The fact that v — (y~'v), is injective follows from the assumption
that (,cp, 7Z" = {0}. Let v € I'y and v € Nr be given. Let us denote the
image of v in N by @. We need to show that for § € Iy, the 6th coordinate
of 7.0 is 6 "*yv. Choose a and § in I'; such that ya = §3. Then by definition
(7.0)s = Ba"tv = 6 tyv. Thus we have shown that the embedding Ny > v —
(’yflv)yep + € Nr is T'y -equivariant and consequently is T' -equivariant.

For v € 'y and v € Nr, let

Uyo:={2€Nr|zy,=v modZ"}.

Clearly the collection {U, ,, | v € I'4,v € Nr} forms a basis for Nr. Note that
v.v € Uy . Thus Nt is dense in Nr.
For v € I'y, let N, := y~'Z". Note that for v € T4,

observe that Mpr = Np N IT, %. Thus Mr is compact. Since the projection

=L is finite. Now

n

N.
Z
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onto the eth coordinate is a continuous homomorphism, it follows that Mr is
an open subgroup. The equality Mpr N Np = Z" is obvious.

Let z € Np be given. Since Np = Uvem ~~1Z", it follows that there exists
~ € I'; such that vz, = 0. Then ~.z € M. Thus Ny = Uyem v 'Mr. As
Nr is a union of compact open subsets, it follows that Nt is locally compact.
This completes the proof. O

Let N’ and M’ be the groups considered in Section 6 applied to the pair
(Nr x I';Z™). Let us now convince ourselves that the pair (N’, M’) is I'-
equivariantly isomorphic to the pair (Np, Mr). Let 7,0 € T'y be given.

Denote the quotient map Z" — % by ¢,. Then ¢, descends to a map

% — % which we denote by ¢,,s. Multiplication by v~! maps Z" in-
jectively onto y~1Z" and takes yZ" onto Z". We denote the resulting iso-

% — V_Zlnzn again by v~!. Then we have the following

commutative diagram where the vertical arrows are isomorphisms.

morphism from

z" KGN '3
YOL™ L™
(8.5) (v6)~1 41

(6)'z" , 7'z
Z’!‘L

6 7mn

Recall that

I 7
M' = {(Z'Y)'YGF-F S H —n

vel4 vz

Qy,5(245) = 24 }v

02ys = zy}.

Let i : Z" — M’ be the embedding given by i(v) = (v)yer, and j : Z" — Mp
be the embedding described in Proposition 8.2. Then j(v) = (v 'v)qer, for
v € Z". Now the commutative diagram 8.5 implies that the map ¢ : M’ — Mp
given by ¢((24)) = (y7'24) is an isomorphism and ¢(i(v)) = j(v) for v € Z".
It is also clear that ¢ is a homeomorphism.

1Z’I’L

_ A’/*
MF = {(27)7€F+ € H Zn

yel'y

Claim: ¢ is I';-equivariant.

Proof. First the embeddings ¢ and j are I'{-equivariant. Since p o7 = j, it
follows that ¢(v.i(v)) = v.¢(i(v)) if y € I'y and v € Z™. Since (Z") is dense
in M’ (and the maps involved are continuous), it follows that p(v.z) = 7.¢(z)
for x € M” and v € T';.
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Now since Ny = U er, v 'Mr and N’ = User, y~*M’, it follows from
the universal property, as explained in Section 6 (item (9)), that the map
vtz — v~ lo(z) (with o € M) extends to a I'-equivariant isomorphism from
N’ — Nr. O

Now we describe the Pontrjagin dual of the discrete group Nr. For z, £ € R™,
let (z,€) :=at¢ . If 2,& € R™, we let ye(z) = 28, We identity R" with
R" via the map § — xe. If & € R”, restricting x¢ to Nr gives a character of
Nr. Moreover the map R" 3 & — x¢ € N\p is continuous.

Let z € Nypopr be given. Let y. : Np — T be defined as follows. For
x € yZ" for some v € Ty, let x.(x) = 2™ %) = e2mile ') Tt is
easy to verify that y. is well defined and yx, is a character of Np. Clearly
Nrop 3 2 — Xz € N\p is continuous. Note that if 2z € Nropr and x € Nr then
Xz(x) — e27'ri(r,z).

Proposition 8.3. The map ¥ : R" x Nrop — N} defined by

\11(672) = X¢X—=2
is a surjective homomorphism with kernel A = {(x,x) | * € Nror}. The
CI} . RnXﬁpop
: A

induced map — N} is a topological isomorphism.

Proof. Clearly ¥ is a continuous group homomorphism and ¥(A) = {1}. Now
let us show that the kernel of ¥ is A. Let (£, z) be such that ¥(¢, z) = 1. Then
for every v € I'y and = € Z", we have

1=xe(v ro)x—-(v ")
_ g2mile(v) 7€) - 2mile.zs)

_ o2mile, () T ezy)

Thus for every v € I'4, we have z, — (y/)71¢ € Z". In other words, we have
€ € Nro and z = £ in Npor. Hence (€,2) € A. Thus we have shown that the
kernel of ¥ is A which implies that U is one-one.

Next we claim w is compact. Let A : R® X Npo — w be
the quotient map. We also write A(&, z) as [(&, z)]. We claim that ([0, 1]™ x
Mro) = w. This will prove that w is compact.

Let [(£,2)] be an element in the quotient w. Choose v € Z™ and
v € Ty such that 2z, = (y*)"tv. Then [(§,2)] = [(€ — (4))tv, 2 — (1) 1))
Choose w € Z" such that £ — (v)"tv —w € [0,1]". Let & =& — () lv —w
and 2 = z — (v")"'v —w. Then ¢ € [0,1]" and 2’ € Mrs. Moreover
A, 2) = A(€,2'). Thus the image of [0,1]" x Mrpe under X is w.

The image of Tisa compact subgroup of J/\/'\p and it separates points of Np.
(The image of R™ x {0} under ¥ separates points of Np.) Hence ¥ is onto.
Since w is compact, it follows that Tisa topological isomorphism. This
completes the proof. O
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Consider the semidirect product R™ x I'°? where I'°? acts on R™ by left
RTLXNFOP
A

multiplication. The semidirect product R™ x I'°? acts on ]/V; = on
the right as follows. For [(£,2)] € Nr and (v,7) € R* x TP let [(&, 2)].(v,y) =
[(v~1(€ +v),y2)]. This right action of R® x I'°? on Nr induces a left action
of R™ x T on C*(Nr) = C(Ny).

The crossed product C*(Nr) x (R™ x I'°P) is isomorphic to the iterated
crossed product (C*(Np) x R™) x T'°P. (Cp. [20, Prop. 3.11, p. 87].) But then
the map I' 3 v — (y%)~! € I'°? is an isomorphism. Thus the crossed product
(C*(Nr) x R™) x ['P = (C*(Nr) x R™) x T

Let us fix notations. Let 7 be the action of R™ on C*(Nt). Let 8 be
the action of I on C*(Np) C(N\p), induced by the action of I'°? and the
identification I' 2 I'°P. For v € N, £ € R™ and v € T, it is easy to verify the
following,

Te(0y) = 672”@’”)5@,

ﬁ'y((sv) = 5vv7
where {d, | v € Np} denotes the canonical unitaries of C*(Nr). The action of
I'°? on C*(Nr) x R", induces an action of I' (via the identification I' 5 v —
(v1)~1) and let us denote it by 5. For v € T, and f € C.(R™,C*(Nr)), we
have

By(f)(@) = | det(7)|B (f (v'x))-
Now consider the crossed product Co(R™) x (Np xT') = C*(R™) x (Np x T).

Let us denote the action of Np and I" on C*(R™) by ¢ and a. For v € Nr,
v eI and f € C.(R™), we have

(00 f)(€) = €™ £ (g),
(ay £)() = [ det()]f(7"€).-
Denote the action of I' on C*(R™) x Ny by a. For v € I', v € Nr and
f e C*(R™), one has
ay (f6y) = ay(f)dyo-

Let us recall the following lemma which is Lemma 4.3 in [4].

Lemma 8.4 ([4]). Let G be a locally compact abelian group and H be a sub-

group of the Pontrjagin dual G. Endow H with the discrete topology. Let
o be the action of H on C*(G) and 7 be the action of G on C*(H) given

by on(f) = l9 = W(9)f(9)] and 74(f) = [h — h(—g)f(h)]. Then the map
¢ : Ce(H,Ce(@)) = Ce(G, Ce(H)) defined by (f)(9)(h) = h(=g)f(h)(g) ex-
tends to an isomorphism between C*(G) X, H and C*(H) x; G.

We are now ready to prove the following proposition.

Proposition 8.5. The crossed products Co(R™) x (NpxT") and C(N}) X (R™ %
I'°P) are isomorphic.
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Proof. It is enough to show that the crossed products (C*(R™) x, Nr) x5 I’
and (C*(Nr) x7 R") x5 I" are isomorphic. We show that C*(R") x, Nr and
C*(Nr) x, R™ are I'-equivariantly isomorphic. Then the isomorphism between
the crossed products will follow.

Identify R™ with R" via the map & — x¢. (Recall that x¢ is the character
given by x¢(z) = e?™<®:¢>.) Consider Nr as a subgroup of R” via the natural
inclusion N C R™. Note that the action o of Ny on C*(R™) and 7 of R™ on
C*(Nr) are exactly as in Lemma 8.4.

Thus Lemma 8.4 implies that C*(R™) x, Nr = C*(Nr) x, R™. Let ¢ :
C*(R™) Xy Np — C*(Nr) - R" be the isomorphism prescribed by Lemma
8.4. We claim ¢ is [-equivariant. First note that ¢(fd,)(¢) = e~ 274&0) £(€)4,
for f € C.(R™) and v € Np.

Let v € I" be given. Now observe that

By (6(f8.))(€) = | det(7)]8,(8(f8,)(+'€))
= | det(y)]e 2™ f(41€)6,,
= | det()]e ™) £(45€)6 0
On the other hand, observe that

(@ (f30))(€) = dla (£)dy0) (&)
= ¢ 20y (£)(€)dy
= e 2T det(7)| £ (1'€) 05

Hence for every y € T, 8,¢(f3,) = ¢ay (f8,). Since {8, | f € Co(R"),v €
Nr} is total in C*(R™) %, Nr, it follows that for every v, 8¢ = ¢cr,. In other
words, ¢ is I'-equivariant. This completes the proof. (I

Proof of Theorem 8.1. By Corollary 6.6, it follows that 2Are is isomorphic to
the C*-algebra of the groupoid G := Npey 3 (Npep % I'°?)|3z.,, - By Proposition
8.5, it follows that Co(R™) x (Nr x I') is isomorphic to the C*-algebra of the
groupoid G := J/\/'\p x (R™ x I'°P). We will show that G and g~ are equivalent in
the sense of [16].

By Proposition 8.3, Ny = w where A := {(z,z) | € Nre }. Denote
the quotient map R” x Npo — E2XNr 1y A Tet X := A\({0} x Mre). Then
X is a closed subset of G and it is easy to verify that X meets each orbit of
GO. Let

Gx :={ae€G|s(a) e X} =s1X).
We claim that the (restricted) source map s : Gx — X and the range map
r: Gx — GY are open. Let U C G be an open subset. Then s(U NGx) =
s(U)N X. Since s : G — G° is open, it follows that s : Gx — X is open.
Now we prove that 7 : Gx — G° is open. It is enough to show that r((U x

V x {y}) N Gx) is open whenever U C % and V' C R™ are open and
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v € I'P. We claim that
r(UxVx{y})NGx)=UNA-=V x yMra).

Let [(£,2)] € r((U x V x {v}) NGx). Then there exists ([(n,y)],v,v) € U x
V x {v} such that [(n,y)].(v,y) € X and [(§,2)] = [(n,y)]. Thus there exists
u € Nror such that v~} (é+v) = uw and Y1z —u = x for some x € Mro. Hence
[(&,2)] = [(—v,v2)]. Clearly [(§,2)] € U. Hence [(¢,2)] € UNA—=V x yMra).
Thus we have shown that

r(UxVx{y)NGx) CUNA-V x yMra).

Now let [(¢,2)] € UNA=V x yMro ). Then there exists (v,z) € V X Mo
such that [(&, z)] = [(—v,yx)]. This is equivalent to saying that [(&, z)].(v,7) €
X. Thus ([(€, 2)],v,7) € (U x V x {7})"Gx and r([(€,2)],v,7) = (€,2)]. This
proves that U NA(=V x yMrw) Cr((U x V x {v}) N Gx).

This proves the claim that r((U x V x {y})NGx) = U NA(=V x YMre).
Now since \ is open and Mo is open, it follows that 7((U x V x {v}) N Gx)
is open. Thus we have shown that 7 : Gx — G° is open.

Now by Example 2.7 of [16], it follows that G and Gx = {a € Gx | 7(a) €
X} are equivalent. Recall that G = Nror X (Npop 3 TP )77, The right action
of Npe» x T'°? on Npes is given by .(v,7) = v *(z —v). Let ® : G — Gx be
defined by ®(z,v,v) = ([(0,2)],v,7). It is easy to check that ® is a groupoid
isomorphism and it is continuous. Now we prove that ® is a topological iso-
morphism.

Let (£, Un,7) be a sequence in G such that ®(x,,, v,, ) converges to ([(0, z)],
v,7)). First note that z — [(0,2)] is a topological embedding of M. into Nr.
Thus, it follows that z,, converges to z in Mro. Now D (2, vpn,7y) converges
to [(0,2)],v,7) implies that v, tends to v in R™ and y~!(z — v,) tends to
v Y2 —v) in Mre. Hence v, converges to v in Npe. Thus (v,,v,) — (v,v)
in R” x Nro. But A is a discrete subgroup of R® x Npo. Hence v, = v
eventually. Therefore, (z,,vn,v) — (x,v,7) in G. So, ® is a topological
isomorphism.

Since G and G are equivalent in the sense of [16], it follows from Theorem
2.8 in [16] that C*(G) and C*(G) are Morita-equivalent. This completes the
proof. O

8.1. Examples. We end this article by considering two examples.

Example 8.6. First we show that the duality result for the ring C*-algebra
associated to number fields obtained in [4] can be derived from Theorem 8.1.

Consider a number field K of degree n. Denote the ring of integers in K by
Ok. Let {wi,ws, -+ ,w,} be a Z-basis for Ox. Then {wy,ws, - ,w,} is a
Q-basis for K. Identify K with Q" via the map 3 : Q" > (z1, 22, - ,x,)" —
>, zyw; € K. By definition, 3(Z") = Ok.

If a € K, then a acts on K by left multiplication and is Q-linear. Thus
a gives rise to a matrix with respect to the basis {wy, wa, -+ ,w,} which we
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denote by a(a). Explicitly, for 1 < j <n, let
n
(8.6) aw; = Z a;j(a)w;.
i=1

Let a(a) := (asj(a)). Then o : K — M,(Q) is an injective ring homo-
morphism. We also have the following equivariance. For a € K and z € Q",
Blala)z) = ab(z).

Let T' := o(K™). Then T is a subgroup of GL,,(Q). Now the pair (K x
K*,0Ok) is isomorphic to (Q" xI', Z™). Thus the ring C*-algebra associated to
Ok is nothing but A[Q™ x ', Z"]. Hence Theorem 8.1 applies. The only thing
that one needs to verify is ()¢, @(a)'Z" is trivial. Since (¢, aOx = {0},
it follows that (,cp, a(a)Z™ = {0}. We produce a matrix X with rational
entries whose determinant is nonzero and Xa(a)X ! = «a(a)? for every a €
Ox. Then it will follow that () .o, a(a)'Z™ = {0}. (See also Lemma 8.10.)

Let Tr : M,,(Q) — Q be the usual trace and let tr := Troa. Denote the
n x n matrix whose (7, j)th entry is tr(w;w;) by X. Then X has determinant
nonzero and its determinant is called the discriminant of the number field K.

Lemma 8.7. For everya € K, Xa(a)X ! = a(a)t.

Proof. Fix a € K. Let Y = (tr(aw;w;)). Multiplying equation (8.6) by wy
and taking trace, we get

Yir = Z a;j(a) Xig.
i—1

In other words, we have Y = «a(a)!X. But Y and X are symmetric. Thus
taking transpose, we get Y = Xa(a). Hence Xa(a) = a(a)! X. This completes
the proof. O

Let A, denote the ring of infinite adeles associated to K.

Theorem 8.8 ([4]). For a number field K, the ring C*-algebra A[K x K*, O]
is Morita-equivalent to Co(As) x (K »x K*).

Proof. Note that for ' = (K ), Nr = Q™ and Nre = Q™ (since T' contains
the diagonal matrices with rational entries). Thus Lemma 8.7 implies that the
matrix X = (tr(w;w;)) implements an isomorphism between the dynamical
systems (R™", Q™ x I') and (R™, Q™ x I'°P). The map

(R™,Q" % T) > (& (v,7)) = (XE, (Xv,7")) € (R",Q" x ')
is the required isomorphism. (Note that I' is commutative.)

Consider the map ¢ : R" 5 (21,22, - ,&n) = >,y ;w; € Ay. Then
from standard number theoretic arguments, (for example, using Theorem 13.5
(p. 70) and Theorem 4.4 (p. 110) in [9]), it follows that § (together with
identifications o and ) implements an isomorphism between (Ao, K X K ™)
and (R™, Q™ xT'). Now Theorem 8.1 yields the required result. This completes
the proof. O
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Example 8.9. Let A be an nxn matrix with integer entries such that det(A) #
0 and (2, A"Z" = {0}. Let I := {A" | r € Z} = Z. Denote the subgroup Np
by N4 and the Cuntz-Li algebra A[Np x I, Z"] by 4. Denote the transpose
At by B. Then T'? = {B" | r € Z} ~ Z.

We claim that the duality result is applicable to this example. The only
thing that needs verification is (-, B"Z" = {0}. This follows from the fol-
lowing lemma.

Lemma 8.10. Let A be a n X n matriz with integer entries and denote At by
B. Then ()2, A"Z" = {0} if and only if (\,—, B"Z" = {0}.

Proof. Since A and B are similar over Q, it follows that there exists Y €
GL,(Q) such that YAY ~! = B. Choose a nonzero integer m such that X =
mY € M, (Z). One has X A = BX. By induction, it follows that X A” = B" X
for every r > 0. First note that it is enough to show that () -, A"Z" # {0}
implies (°, B'Z" # {0}.

Suppose v is a nonzero element in (2, A"Z™. Then

Xv e ﬁ XA"Z"
r=0

= ﬁ B"X7"™ C ﬁ B"7Z".
r=0 r=0

Since X is invertible over Q, it follows that Xwv is a nonzero element in
Moo B"Z™. Thus if (7, A"Z™ # {0} then (,—,B"Z" # {0}. This com-
pletes the proof. O

Now Theorem 8.1 and Proposition 8.5 implies the following proposition.

Proposition 8.11. The C*-algebra A4: is Morita-equivalent to Cy(R™) x
(Na xZ). Also A4: is Morita-equivalent to (C*(N4) x R™) x Z.

Proposition 8.11 for the case when n = 1 and A = (2) was proved in [12].
In this case, the C*-algebra A4+ = A4 is the C*-algebra Qs considered in
[12]. The subgroup |J,_, 2 "Z is denoted Z[3] in [12]. The Morita equivalence
between Qp and Co(R) x (Z[3] x (2)) is called the 2-adic duality theorem in
[12]. (Cp. Corollary 5.5 and Theorem 7.5 in [12].)
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