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Summary

This thesis is dedicated to the promotion of the use of renewal theory in especially two fields
in (applied) probability theory: The analysis of random strings and related structures, such as
digital trees, and the study of (random) iterated function systems. In both areas, we are going
to study models involving Markov modulation by some positive recurrent driving Markov chain
on a (at most) countable state space S. Discrete Markov modulation allows for an elegant usage
of cyclic decomposition to lead the Markov model back to a corresponding independent model.

In Part I, we examine tree structures that appear in the analysis of algorithms and which are
constructed from a set of random strings. These strings are assumed to form a Markov chain.
As a consequence, an auxiliary process, that was introduced by Janson in an easier setting, is a
Markov-modulated sequence, and thus admits the use of Markov renewal theory. We employ
this model as an example of how the use of Markov renewal theory may provide an intuitive
approach to problems in which it has been sparsely used so far. Therefore, in the first half of this
part, we re-derive several limit theorems for characteristic trie parameters such as the depth, but
also find new results, e.g. for the imbalance factor. In the second half, we develop a device for
the average-case analysis of further characteristic parameters and provide a probabilistic proof.

In Part II, we investigate iterated function systems of Markov-modulated Lipschitz maps. We
explain how our model fits in the stationary model of Elton and use our extra structural knowledge
to prove polynomial and geometric convergence rates of the system in two regimes of moment
conditions. Again, we apply Markov renewal theory. In particular, we use cyclic decomposition
and controlling of the error that we make, when considering the occurring subsequences instead
of the original process.
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Part |I.

Renewal theory in the analysis of
random digital trees






1. Introduction

Renewal theory and the use of regenerative processes have by now become standard tools in
probability theory. But especially in the probabilistic analysis of digital trees, it is underrepre-
sented, at least in our opinion, as it allows for easy, intuitive and wholly probabilistic approaches
to problems which are usually treated with combinatorial and analytical methods.

Analysis of digital trees. Digital trees play an important role in the analysis of algorithms
especially on words in theoretical computer science. They bear complexity characteristics of
the corresponding algorithms which use them. Hence, the study of these trees enables us to
compare the performance of different algorithms, designed for the same purpose, via the chosen
characteristic, when we have a large amount of underlying data. In the beginnings of the study
of algorithms, a lot of work was done to analyze the worst-case performance. However, this often
leads to dealing with atypical inputs, that in a realistic setting would rarely appear. This nuisance
motivated the so-called probabilistic analysis (including average-case analysis or distributional
analysis) of algorithms, in which the input is randomized and modeled according to some suitable
(typical) probabilistic model, and the (random) characteristic parameter is sought to be described
as precisely as possible, e.g. its expectation is studied, of course accompanied by classical limit
theorems such as central limit theorems (CLTSs). The Quicksort algorithm, which sorts n numbers,
is one famous example in which the worst-case number of comparisons needed is of order n? but
this rarely appears, whereas the average-case number is of order nlogn. Presumably the first to
conduct early instances of a structured probabilistic analysis of algorithms was Donald Knuth in
[Knu63].

Digital trees. The most commonly known digital trees are tries (from retrieval), PATRICIA-tries
(PAT-tries, short for Practical Algorithm to Retrieve Information Coded in Alphanumeric), digital
search trees (DST) and suffix trees. All of the previously mentioned are recursively built tree
structures, that store a set of strings which can be thought of as words or sequences of words.
Examples of these trees are shown in Figure 1.1. As already mentioned, tries and the related
structures form a visualization of algorithms, in particular searching algorithms and sorting
algorithms. E.g. the non-comparative sorting algorithm Radix Sort is also called Triesort, since
its mechanism is similar to the construction of a corresponding trie. Thus, the performance of
Radix Sort is in total correspondence to certain characteristic parameters of the trie. Digital
trees also appear in data compression as parsing trees for codes, such as Tunstall or Khodak
codes, and in the analysis of the well-known Lempel-Ziv Parsing Scheme among others.

Sources/Input models. There are several input models which aim at describing a typical input
string. The easiest and best understood, yet not always sensible, is the memoryless source,
emitting letters independently. Further dependency was allowed and, among others, Markov
sources, mixing sources, stationary ergodic sources, sources with density and the very general
so-called dynamical sources were studied.
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0011 -
0 1
[00]0-- -] (1000- - -]
0
[0010- - -] [00IT---] [000Q-- -]
(b) PAT-trie (c) DST

Figure 1.1.: Trie, PAT-trie and DST constructed from strings 0011---, 1000---, 0010--- and
0000- - -.

Usually, an algorithm processes a set of strings from some set M. Frequently, two models
appear in literature: In both models, different strings are produced independently and identically
distributed (i.i.d.) by the chosen source. Yet, in the standard model (sometimes called Bernoulli
model), the number of strings is some fixed integer number n, whereas in the second, the Poisson
model, this number is random, viz. Poisson distributed. Often, asymptotics are derived for the
Poisson model, which can be easier due to the various helpful properties of Poisson processes,
and the corresponding results for the standard model are deduced from these afterwards. In
the first chapter, we will not need the Poisson model, however the main device in the second
chapter is built for the use in the Poisson model. Of course, there are other models allowing for
dependence between the input strings such as in the suffix tree, where a trie is built from the
successive prefixes of a given string. We will not deal with those models in this thesis.

Characteristic parameters. There are plenty of interesting characteristic parameters in digital
trees. We take a selection from [Szp01] with minor supplements:

e The depth of a given string, i.e. the length of the path from the root to the (external) node
containing that string.

e The insertion depth, i.e. the depth of the last inserted string.

e The typical depth, i.e. the depth of a randomly selected string.

e The average depth, i.e. the arithmetic mean of all depths.

e The external path length, i.e. the sum of the depths of all strings.
e The height, i.e. the largest depth.

e The size, i.e. the number of (internal) nodes.

e The profile, i.e. the number of nodes at each level.

e The imbalance factor of a given binary string, i.e. the number of steps to the right minus
the number of steps to the left in the path from the root to the (external) node containing
that string.



1.1. What has been done?

Obviously, most of the stated parameters measure complexity of the corresponding tree or the
underlying algorithm in some way. E.g. the depth of a given string can be seen as the searching
cost for that string, the external path length is the construction cost of the structure, in particular,
the external path length of a trie is the number of so-called bucket operations that are performed
by the corresponding Radix Sort algorithm.

Main goal. We will not deal with all of these digital trees, input models and parameters in
this thesis, indeed in the spirit of Janson in [Janl2a], we will try to give a consistent collection
of applications of Markov renewal theory to random strings and tries (and trie-like structures),
and to convey the possibility of easily obtaining Markov model analogues for results (not only
concerning digital trees) that have been established by standard renewal theory.

In his great survey, Janson showed how standard renewal theory can be used in a variety of
applications, e.g. to derive asymptotics for parameters of random strings or tries while restricting
himself to the basic situation that only strings in the alphabet {0, 1} are considered, where the
letters or bits &; in the strings are i.i.d. or so-called memoryless sources.

One purpose of this part is to follow that approach in the analysis of tries and to broaden it in
an intuitive way by dealing with essentially the same (but not all) applications and additionally
allowing the &; to form a Markov chain, i.e. being generated by a Markov source. This requires
an upgrade of the methods in use from standard renewal theory to Markov renewal theory.
Nevertheless, it has long been known, cf. [Als14] for a survey of important results, that Markov
renewal theory with a driving Markov chain on a discrete state space can be nicely related
to standard renewal theory by cyclic decomposition. Hence, the analysis of tries, where we
usually deal with a finite alphabet, appears to be an ideal playground for illustrating once
more a generalization of results involving renewal theory for i.i.d. variables to those allowing
for some dependence. Moreover, the transfer to Markov renewal theory conserves the relevance
of arithmeticity in the average-case analysis for possible oscillatory terms and a probabilistic
explanation for them.

Furthermore, we want to show that Markov renewal theory may provide intuitive probabilistic
approaches to fields in which the usual methods are analytical. The analysis of algorithms is such
a field. In the next section, we mention earlier publications and the methods that are commonly
used in these.

1.1. What has been done?

Renewal theory. In fact, there are a few examples, where some instances of Markov renewal
theory have already been used in the analysis of digital trees. In [SG97], [Sav99] and [Sav00)]
Savari and Gallager studied generalized variable-to-fixed length codes such as a generalized
version of the Tunstall code for so-called unifilar Markov sources with the use of renewal theory.
The simple forms of those variable-to-fixed length codes such as the Khodak and Tunstall codes
have been studied by Janson as an illustration in [Janl2a] for the case of memoryless sources.
Generally, the use of renewal theory in this area is seldom found outside of [Jan12a]. Janson
himself gives a list of examples that use standard renewal theory: [BH12], [DGO7], [DJ11], [Hol12],
[Jan04], [MR10] and [MRO5]. There is also the unfinished work [Jan12b] extending [Jan12a].
Due to our extensive use of Markov renewal theory, we state the main sources of our methodol-
ogy: The papers [AMNT78] and [Kes74] by Athreya, McDonald and Ney and Kesten are classical
for driving chains with a general state space, for the discrete driving chain setting we also suggest
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[Cin69] by Cinlar, [Asm03] by Asmussen and, e.g. [Als14] by Alsmeyer. Of course, this list is by
no means a complete list of important results in Markov renewal theory.

We also refer to the powerful [MT93] for the comprehensive treatment of Markov chains and
to [Gut09] for a range of helpful results on stopped random walks.

Methods in the literature. With our renewal-theoretic approach we will derive results, most of
them have already been found (sometimes more precisely) by other techniques. Most frequently
used techniques are analytic because they “are extremely powerful and when they apply, they often
yield estimates of unparalleled precision”, as Szpankowski cites Andrew Odlyzko in the preface
of his book [Szp01]. Therein, he gives an overview of both some probabilistic and combinatorial
techniques such as Inclusion-Ezclusion Principle and Moment Methods, and various analytic
techniques such as Generating Functions, Singularity Analysis, Saddle Point Method, Mellin
Transforms and Poissonization and Depoissonization. A huge treatment of most of the latter
methods and lots more from Analytical Combinatorics is done by Flajolet and Sedgewick in the
eponymous book [FS09], a technique which the authors specifically developed for the analysis of
algorithms.

There are more probabilistic methods to add here. One that was frequently used, is the
Contraction Method, which was developed by Résler in [R6s91] to characterize the limit distribution
of the standardized complexity of Quicksort. There have been numerous extensions e.g. by Résler
[R6s92], Neininger and Riischendorf [NRO4] and Neininger and Sulzbach [NS15] just to name
a few. More references can be found in the PhD thesis of Leckey [Lecl5], which itself uses a
generalized Contraction Method. Also, as already mentioned, renewal theory belongs to the list
of probabilistic methods but has not been used as extensively as the others.

Results on random digital trees. Here we give a short (and almost surely incomplete) overview
of some results for parameters that will appear in the following chapters. We focus on results
concerning tries, PAT-tries and b-tries, which are tries with a storage capacity of b > 1 strings in
a node (b = 1 matches normal trie). We cover the four models that have been studied most.

The easiest scheme for modeling sources is the memoryless source model. The so-called
unbiased model, where the letters are equiprobable, is the first that was investigated, in fact a
precise asymptotic expansion of the expected depth is already found in [Knu73]. An asymptotic
expansion of the variance in this setting can first be found in [KP88]. The authors also deal with
the expected depth in PAT-tries and DSTs as well as with the variances. In [KP86], the same is
done for the external path length. For general memoryless sources, results on the asymptotic
distribution of the depth and the height were first developed independently by Pittel [Pit86] and
Jacquet and Régnier [JR86b]. At that time, Pittel had already derived weak and strong laws of
large numbers for depth and height, respectively, in the fairly more general setup of a stationary
ergodic source in [Pit85]. In [JR86al], Jacquet and Régnier added a limit law for the size to
[JR86b] and in [JR88] they extended their results towards a limit law for the size and path length
of b-tries. To derive an asymptotic expansion of the variance of the depth, Szpankowski provided
a formula for all factorial moments of the depth in [Szp88|. These results include b-tries. Precise
asymptotics of the variance of the size of tries and b-tries was given by Régnier and Jacquet in
[RJ89]. The depth of PAT-tries is studied by Szpankowski in [Szp90] and by Rais, Jacquet and
Szpankowski in [RJS93]. The former provides, in particular, an asymptotic expansion for the
variance, the latter establishes a limit law.

Of course (as it initiated our work), several parameters such as the depth and the size of a
trie and PAT-trie, as well as the size of a b-trie and the path length of a trie, were re-derived by
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Janson in [Jan12a] and [Jan12b] to motivate the usage of renewal theory in this kind of analysis.
Therein, he also gave an asymptotic expansion for the number of external nodes in a b-trie, in
which exactly 1 <1 < b strings are stored, and a limit law for the imbalance factor in a binary
trie. The imbalance factor was first analyzed by Mahmoud [Mah08], and he already derived
an asymptotic expansion of the mean and the limit law. There are several other interesting
parameters concerning tries, so we briefly state two more and some corresponding references:
The profile is studied in [Par+08] or [Par+09], and protected nodes are considered in [Jan12b],
[Gai+12], [GW13] and [FLY16]. We refer to [Knu98], [Mah92], [Szp01] and [Drm09] for a survey
of these and other parameters and corresponding results.

The Markov source model appears to be studied to a much lesser extent than the memoryless
model. Probably the first was Régnier [Rég88]| with her result about asymptotical linearity
of the expected size in a trie and b-trie. Mainly aiming at a corresponding result for suffix
trees, Jacquet and Szpankowski [JS16] sketched a re-derivation (and improvement) of Régnier’s
result. Concerning the depth, Jacquet and Szpankowski [JS91] derived precise asymptotics for
expectation and variance such as a limit law. They require the source to be stationary and
base their analysis on the inclusion-exclusion rule. In the same setting, Szpankowski [Szp91]
derived a weak law of large numbers (WLLN) for the height. Finally, Leckey, Neininger and
Szpankowski [LNS15] provided a CLT for the external path length in a binary trie using a
generalized Contraction Method and moment transfer techniques. The proof also applies to the
external path length in binary PAT-tries and DSTs, cf. [Lecl5].

Results for the density model are due to Devroye. He studied random tries (and also
PAT-tries and DST in [Dev92]) built from the binary expansion of i.i.d. numbers in [0, 1] with
density f. In [Dev82], he derives the first order asymptotics for the expectation of depth and
average depth (and thus of the external path length), which is complemented by the first order
asymptotics of the expected height, the asymptotic distribution of the height and an asymptotic
upper bound for the expected size in [Dev84]. In [Dev92], he improves his results once more by
providing limit laws for both the depth and the height, as well as a strong convergence result for
both. He also gives a large deviation result and several laws of the iterated logarithm for the
height, and he investigates the improvement when using a PAT-trie instead of trie. There are
some notes concerning DSTs, too.

The most general model containing all of those focused upon here is the dynamical source
model. The model was introduced in [Val0l] and [Clé00] by Vallée and her PhD student
Clément. Together with Flajolet [CFVO01], they analyzed the expected size and path length
and performed a distributional analysis of the height. The average-case analysis of size and
path length was complemented by Bourdon [Bou01] with corresponding results for PAT-tries.
However, as Cesaratto and Vallée stated in [CV15], the former results and analyses in [Bou01]
and [CFVO01] have not been done entirely precisely and needed supplementary results, e.g. from
[FRV10] for completion. Cesaratto and Vallée, among others, developed the notion of tameness,
re-derived asymptotic expansions for expectation and variance of the depth for simple sources
(i.e. memoryless, and irreducible and aperiodic Markov) in their tameness setup, and derived
a CLT for a class of dynamical sources notably not containing any simple source. This was
complemented by Hun and Vallée in [HV14] and [Hun14|, where they proved a CLT for all tame
sources not too similar to the unbiased memoryless source. Besides, it should be mentioned that
not every (irreducible) Markov source is simple, and not every simple source is tame in the sense
of the above-mentioned paper.

We ignored almost all results for one of the close relatives of the trie, the DST. Although there
exist corresponding results, their discussion would go beyond the scope of this thesis.
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1.2. Structure

We start with some preliminaries in Chapter 2 to set up the general situation and to provide the
usual notation and basic results from Markov renewal theory that are used throughout the work.
In addition, we introduce the depth D,, and the imbalance factor A,, of a random string in a trie
which, as in [Jan12a], will be in the center of our analysis up to (and excluding) Chapter 4. We
prove a central distributional identity in Section 2.7, that connects the depth and the imbalance
factor with renewal-theoretic objects. A recurring issue will be the lattice type of the considered
processes, to which we dedicate Section 2.8. Section 2.9 gives a short overview of null-homology
of Markov random walks and how it enters in our results.

In Chapter 3, we state the main results concerning the asymptotics of the depth and imbalance
factor and give the proofs in Section 3.3. The results cover laws of large numbers, CLTs and
asymptotic expansions of the expectation (especially for the depth). At the end of Section 3.1,
we provide references and comparisons to existing results concerning the depth.

In Chapter 4, we derive a general device for the average-case analysis of several further trie
(and b-trie and PAT-trie) parameters, to subsequently give multiple applications including the
size and the external path length in Section 4.5. We also provide references there.

Some auxiliary results are collected in Appendix A.



2. Preliminaries

Throughout this first part, we examine random infinite strings

E= 5152 = (gn)nzl s

i.e. random variables on (£, A, P) taking values in SV, where S is a finite set with #S = m > 2
called alphabet. Sometimes we use S = {0, 1} for simplicity. Denote by S* the complete infinite

tree
s=s=mus"
n>0 n>1

with nodes labeled by finite strings.

2.1. Tries and trie-like structures

We give a brief definition of tries, PAT-tries and b-tries, the most prevalent in this part. Our
definition is basically adopted from [Janl2a]. For futher details see [Knu98, Section 6.3], [Mah92,
Chapter 5] or [Szp01, Section 1.1]. The notion of a trie makes sense in the non-random situation,
so it is defined w-wise for w € 2.

Definition 2.1. Let M be a finite set of (almost surely (a.s.)) pairwise distinct random infinite
strings. Then the trie is constructed w-wise recursively:

(1) If M = (), then the trie is empty.
(2) If #M =1, then the trie only consists of the root and the string is saved at that place.

(3) If #M > 1, then the trie starts with the root and all strings starting with ¢ € S are given
to the i-th position on the next level (and create a connection to the root). They form the
basis for (4). In this way we obtain m (possibly empty) subtrees.

(4) The subtrees from (3) are treated by cases (1)-(3) recursively, comparing the strings at the
next spot next.

(5) The procedure stops as M is finite.

The resulting tree structure is denoted by Trie(M)(w) for w € Q. It can be regarded as a
finite subtree of §*. We call the nodes which have no children leaves or ezxternal nodes and the
remaining nodes internal nodes.

At this place, we give some observations concerning the trie’s structure. Following [Jan12b], we
write 3 = a for two strings (which may be finite) if § starts with . Given strings 21, 2()
we write M,, == {21 ... =M},
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Observation 2.2. The following holds for Trie(M,,), n > 0:

(a) Every external node stores exactly one string.
(b) There are exactly n external nodes.

(¢) The internal nodes do not store any string.

)

)
(d) Each internal node has one to m children.
(e) A node o € §* is an internal node iff there exist at least two strings starting with «.
)

(f) Let k > 1. Then aj --- i € S* is an external node iff there is precisely one string starting
with a7 -+ - o and at least one more string starting with ag -+ - 1.

Although, we primarily deal with the ordinary trie in the first chapter, we introduce two easy
variations, that have already been mentioned before. An obvious generalization of the trie from
Definition 2.1, which only stores one string in each leaf, is a similar tree which stores up to b > 1,
b € N, strings in each leaf (and no strings in the internal nodes). It is called b-trie.

Definition 2.3. Let M be a finite set of (a.s.) pairwise distinct random infinite strings. Then
the b-trie is constructed w-wise recursively:

(1) If M = (), then the b-trie is empty.
(2) If #M < b, then the b-trie only consists of the root and all strings are saved at this place.

(3) If #M > b, then the b-trie starts with the root and all strings starting with ¢ € S are given
to the i-th position on the next level (and create a connection to the root). They form the
basis for (4). In this way we obtain m (possibly empty) subtrees.

(4) The subtrees from (3) are treated by cases (1)-(3) recursively, comparing the strings at the
next spot next.

(5) The procedure stops as M is finite.

The resulting tree structure is denoted by Trie® (M)(w) for w € Q. Tt can also be regarded as a
finite subtree of §* with nodes labeled by finite strings.

Both, the original trie from Definition 2.1 as well as the b-trie from Definition 2.3 can contain
long chains of internal nodes if two or more (b + 1 or more) strings differ late for the first time.
This makes the trie unnecessarily large. PAT-tries eliminate such nodes to compress data, see
Figure 1.1 for a realisation of a PAT-trie.

Definition 2.4. Given Trie(M) from Definition 2.1. Then Trie” (M) is the random tree resulting
from Trie(M) after eliminating all nodes with exactly one child.

Remark 2.5. Note that there can be a node o whose parent node has a length not equal to the
length of o minus 1. Obviously, the external nodes in Trie”’ (M) and Trie(M) coincide and only
the internal nodes differ.

2.2. Input models

We briefly assemble the predominant input sources, just to give an impression of how the input
sources relate. We will later on focus on the Markov source, but we want to compare our results
to the more general dynamical source model.

10



2.2. Input models

Memoryless source. This source emits i.i.d. letters &; with

P& =7) =p; € (0,1),

for j € S. Letters j with p; = 0 could otherwise be excluded from S and in case of p; = 1 the
source is not worth studying. Memoryless sources are called symmetric or unbiased if p; = 1/m
for all j € S, and asymmetric or biased otherwise. To built a trie and study its asymptotics, a
sequence of i.i.d. copies of Z is considered. We have seen, that the construction of a trie requires
the strings to be distinct, in this model they obviously are P-a.s. The Markov analogue of the
following parameter runs like a common thread through the first part of this work: The entropy

H=-> pjlogp;
jES

of the letters is a measure of balance for the corresponding trie and in fact, H = EX;, if we
define X1 = —logpg,, cf. [Janl2a), a finding that we will generalize and apply later on.

Markov source. In the Markov setting, we need an initial distribution so we introduce &y as the
initial random variable for the Markov chain Zo := (£n),,> With transition matrix P = (pi;); ;cs-
We assume that =g is time-homogeneous, irreducible (and thus positive recurrent since S is finite)
and has no atoms. In particular, =y has a unique stationary distribution 7. We also exclude the
case that p; ; = 1/|S| for all 4, j € S, which is contained in the i.i.d. setup and already extensively
studied. Besides, we will see in Remark 2.11 (and also in Section 2.9), that a central object of
our study is trivial in this case.

Remark 2.6. Every positive recurrent discrete Markov chain satisfies m; > 0 for all 7 € S.

Remark 2.7. Throughout the text, p; ; = 0 and p; ; = 1 will be allowed, unless irreducibility is
violated or the chain has atoms, which in particular excludes absorbing states (i.e. p; ; = 1 for
some i € §) and purely deterministic chains. These requirements ensure that two or more i.i.d.
copies of the same string are distinguishable (cf. Remark 2.8) and hence the construction of a
trie is possible. Thus, there is at least one ¢ € S such that p; ; < 1 for all j € S.

We set P :=P (- | & =) for all i € S and

Py =Y AP
1€S

for an arbitrary distribution A on §. Then Pio = X. We further define
P; (051 tee an) = Pi,a1Pai,as " " Poy—_1,00n = P; (fl =1,... ufn = an)

as a function on §* := (J32, S* with P;(()) := 1 for all i € S. Note that P;(a) = 0 for a finite
string « is allowed. Throughout the work, =g or Z serves as the generic random infinite string.
If not stated otherwise, Zo = (£,),,>¢ and Z = (&,),,>; behave in the above manner.

In the next step, we consider a sequence Z(= ZW) 2?)  of i.i.d. (w.r.t. every IP;) random
infinite strings which means that under each P; the Markov chains =@ =G) . are distributed
like the generic string =, have the same initial state £y = ¢ and all strings or chains are independent.
This model will be in force starting from Section 2.3.

Remark 2.8. Let n € N, then 1), ... 2 are a.s. pairwise distinet since 2 has no atoms
w.r.t. every P;.

11



2. Preliminaries

Dynamical source. The rather abstract dynamical source model essentially consists of two
defining components, cf. [CFVO01] for further details: A density f on [0,1] and a mechanism M
that assigns x € [0, 1] to a string (£,)n>0 € SV. E.g. if this mechanism is the binary expansion of
x, then this is the density model, where the value x and thus the corresponding binary string
is drawn according to the density f. The name dynamical source originates from the underlying
dynamical system

M(z) = (ox, 0Tz, 0Tz, ...),

where T is a shift map and o decodes a real value to a symbol. Every Markov source (and thus
every memoryless source) can be associated to such a dynamical source, cf. [CFV01, Section 1.2]
or [CV15, Section 4.2]. The input strings are then i.i.d. copies of M (X) where X has density f.

2.3. Parameters

There are two of the above-mentioned parameters, that we focus on in the first chapter: The
depth and the imbalance factor. Both will be formally introduced below. The reason why we
choose these two is that, as in [Jan12a], the depth is, roughly speaking, distributionally equal to
the first passage time of some underlying (Markov) renewal process. Furthermore, the imbalance
factor is connected to the depth in a very easy way. Hence, all kinds of distributional limit
theorems and asymptotics can be derived directly from Markov renewal theory. We will give a
more precise version of the stated distributional identity in Section 2.7.

(Insertion) Depth. We now introduce the depth D,, of the generic string Z = Z(1) in Trie(M,,)
as the depth of the node which stores =, i.e. the path length from the root to that node. In
other words D,, is the index where the chosen string differs from all other n — 1 strings for the
first time:

Dpi=min{k >0 (&,...&) # (€9, ¢y for j=2,... n}.

This definition is only interesting for n > 2, and trivially D; = 0. Obviously, D, is increasing.

Remark 2.9. The definition of D,, as the depth of the first string is not arbitrary as, due to the
formerly mentioned independence and identical distribution properties, every string has a depth
with the same distribution (w.r.t. ;). However, the depths of two or more strings in the same
trie are dependent. Concerning distributional properties, the depth of the first string, say, the
insertion depth and the typical depth coincide, since for k > 0

where D, ; is the depth of the [-th string in Trie(M,,).

Imbalance factor. Considering a binary Trie(M,,), we define the imbalance factor A, of the
string = = 21 which quantifies how much the trie hangs to the left or right. Formally, define
forneN

1, if&, =0,

Y, =26, — 1=
+1, if& =1,

12



2.4. Type of main results

and V; := Y2 _, ¥, with Vj := 0. Then obviously, A, := Vp, is the right definition. Set
ny ‘= Ewyl = EW(2§1 — 1) = 271'1 —1

with
P10 Po,1
TN = —————— and 7 1=
P1,0 + Po,1 P1,0 + Po,1
denoting the weights of the binary stationary distribution. In 2004, Donald Knuth proposed the
study of imbalance measures for random binary trees, which was then performed by [Mah08] in
the i.i.d. setting with the use of poissonization and Mellin transform techniques.

Further parameters. For the sake of completeness, we denote by L, :== >"i"; Dy, ; the external
path length and by H,, := maxi<ij<p Dy ; the height. The size W, is simply the number of internal
nodes which will be further specified in Chapter 4.

2.4. Type of main results

As already mentioned before, we will provide an extensive distributional asymptotic analysis
for D, and A,, and an average-case analysis of further trie-related parameters such as the
size and the external path length. We only deal with Markov chains of order 1, but similar
results should also easily be verifiable for chains depending on the last £ symbols, e.g. as then
(&ny&nt1y - - Entk—1)n>0 is still a (rather artificial) finite state Markov chain of order 1. We
utilize the finiteness of S a lot in our investigation. Also, many results should carry over to
a countable &, as Markov-renewal-theoretic results also exist in this setting. However, some
annoying technical issues will almost surely appear in the analysis which is why we restrict
ourselves to the yet relevant finite state case.

Arithmeticity plays a big role in the asymptotic expansion of the mean of all parameters under
investigation in this part. We learn that, on the one hand, an arithmetic case appears, and on
the other hand the non-arithmetic case is not at all nice, since the underlying random walk
structure can never be spread-out (cf. Section 2.8). Thus, the analysis of tries constitutes an
application example where the usual restriction to the spread-out case is never possible.

2.5. Markov renewal theory and notation

Markov renewal theory generalizes standard renewal theory. The objects of investigation in
standard renewal theory are random walks (with i.i.d. increments). As a usual step, one tries to
allow dependence. One way to achieve this is via a modulating Markov chain that influences
the additive component, i.e. the random walk, in a sensible way. This leads to the notion of a
Markov-modulated sequence (MMS):

Let (S, &) be measurable with countably generated o-field & and let further (&,, X,,)n>0 be a
time-homogeneous Markov chain on (S x R, & ® B(R)). Then (&, Xy)n>0 is called MMS if it
admits a transition kernel @ : § x (& ® B(R)) — [0, 1], i.e. for all n >0

P((§n+1aXn+1) € |§n,Xn) = ]P)((fn-i-lan-ﬁ—l) € |§n) = Q(fn, ) P-a.s.

Equivalently, =y = ({,)n>0 is time-homogeneous, Xo, X1, ... are conditionally independent given
=0 with P(Xg € |Zg) = P(Xp € |£o) P-a.s. and

P(X, € -|Z0) = P(Xy, € -[6n-1,&n) = K(&n-1,&n,-) P-as.

13



2. Preliminaries

for n > 1 and some stochastic kernel K : S? ® B(R) — [0,1]. We call Zq the driving chain. The
corresponding Markov random walk (MRW) is (&, Sy,) with S, := > iy X;. It constitutes a
natural generalization of an ordinary random walk.

Basic methods and results. In particular, if the driving chain is positive recurrent and discrete
(as it will be in our analysis, cf. Section 2.2), then one key method in Markov renewal theory is
the cyclic decomposition of the MRW. For that reason, let (04,(7))n>0, 00(2) := 0, be the sequence
of successive recurrence times (of the driving chain Zg) of state i, i.e.

on(i) == 1inf{k > 0p_1(7) : & = 1},

and let (7,(i))p>1 be the corresponding cycle lengths, i.e. 7,(i) := on(i) — 0p—1(¢). Then
(&€n, Xn+1)n>0 decomposes into i.i.d.

Zn = (Tas1(0), (& Xkt D)o (i) <h<ona () 7 =0,

with distribution P;(Zy € -) for n > 1 under every Py and for n > 0 under P;. Furthermore,

=[E;01(i) < oo for all i € S due to positive recurrence. As a consequence, (0y,(4)),>0 forms
a stcmdard renewal process (SRP) under P; and (0,(7))n>1 forms a (delayed) renewal process
(RP) under Pj, j # i. Equivalently, the (7,,(¢)),>1 are independent under all P;, but identically
distributed only for n > 2, unless j = i. In the latter case, all 7,,(7) are i.i.d.

We will usually work under the assumption Sy := 0 =: Xy. Then we can make a similar
statement concerning the additive component: (S, ())n>0 is a standard random walk (SRW)
under P; and, for i # j, (S, (j))n>1 is a (delayed) random walk (RW) under P;.

As the driving chain is positive recurrent, its stationary distribution 7 is unique and has an

occupation measure representation: For j € S
o1(1)
Z ]l{gn—J}

_o0_1g
7Tj = 7Tj ( Z ]]'{ﬁn—]})

If for some function f the stationary expectation E, f(&1, X1) exists, then by the kernel structure

of the MMS, we can infer
o1(i)
Z F&ns Xa) | (2.1)

cf. [Als14] or [NN87]. For f(z,y) =y, we obtain the Wald-type formula for MRWs

7rf(§17 Xl

EiSq, i) = miEr X1 = miip,

where we set p := E; X as the stationary mean or drift of X;. Thus, the knowledge of p > 0 (as
will be the case in the first part of this work) yields E;S,, ;) > 0. Then (S, (;))n>0 is a SRW
under P; with positive mean, a structure that is well-investigated in standard renewal theory.

We denote by U” the ordinary renewal measure of (S5, (i) )n>0 under P; as well as by U4, i # 4,
the ordinary renewal measure of (S, (;))n>1 under P;, i.e.

=S F™ and U9 = Fy« U, i 4],
n>0

14
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for Fj; := P;%10 and F;j = P;%1G). The corresponding renewal function is, say, U%(t) :=
U"((—o0,t]), t € R. Let further

n>0 n>0

denote the Markov renewal measure of the MRW (&,,, Sy )n>0 and U(%, -) := U;(-) the corresponding
Markov renewal kernel. A key identity is

U7 = Ui({j} x )

for all 4,57 € §. It connects the Markov renewal measure with the ordinary renewal measure of
the embedded RW. With these definitions we set

Uxg(i,t) := / g(s,t —x)U;(ds,dx) = E,( Z 9(&n,t — Sn)>

SxR n>0

for the convolution of some measurable function g : § Xx R — R with the kernel U. It is the
starting point for the use of the key renewal theorem in the Markov case.

First passage times. First passage times v(¢) := inf{n > 0:S,, > t} are key objects in renewal
theory: To give one hint of why this is the case, consider a SRW (S,),>0 with non-negative
increments X;. Then the renewal function is

U(t) = Z P(S, <t)= Z P(v(t) > n) = Ev(t)

n>0 n>0

and knowledge about v induces knowledge about U.

We can adopt the same definition of v(t) for a MRW (S),)n>0. We use the following notation
throughout the first two chapters: For ¢ > 0, the first passage time is v(t) := inf{n > 0: S, > ¢}
and allowing an initial value or random variable we set v(z,t) := inf{n > 0: 2+ S, > t} for
z € R. Thus, we have v(t) = v(0,?) and v(2,t) = v(t — 2)1{;_,>0y, whenever Sy = 0. Finally,
denote by v'(t) = inf{n > 0: S, ;) > t} the first passage time of (S, ())n>0 (or (S, (i))n>1)-

2.6. Central Markov-modulated sequence

The following structure serves as the main auxiliary process in the renewal-theoretic study of
trie parameters and is strongly inspired by [Janl2a]. Again, we consider the generic string

o = &o&1 - -+ and introduce the sequence (X,,),,~ of real-valued random variables via
Xn = logp£n717§n‘
With H; = E; X1 = =3 cspijlogpi;, the conditional entropy of & given § = i, we can

calculate the drift
p=EX1=> m |- pijlogpij| = mH; (2.2)
1ES jEeS 1€S
which is positive since all 7; > 0 and at least one H; > 0 (corresponding to the row with p; ; < 1
for all j € S). We set X := 0 =: Sp, then the sequences (Xn),,>q, (§n) Xn)p>0 and (§ns Sn),>05
respectively, with S, := >"1* | X;, form the basis for all further applications. These sequences
involve Markov modulation by the driving chain =y = (gn)nzo, more precisely:

15
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Lemma 2.10. (&, Xy)n>0 is a MMS and (&, Sn)n>0 %5 a MRW with non-negative and a.s.
bounded increments.

Proof. The first assertion is obvious. Since p;; <1 foralli,j € S, X;, = —logpe,_, ¢, > 0. Let
0;:={jeS:p;=0}and C:=min{p;; : i € S,j € 0;} € (0,1). Then —logC € (0,00). In
this notation

Pi(Xpn < —log C) = Pi(=logpe,_, ¢, < —logC) = Pi(pe,_ ¢, 2 C) =1
for every i € S, n > 1. O

Analogously to the definition of 0; from the previous proof, we introduce
1:={jeS:3keSst pj=1}

Note that |1] < |S| because we forbid the chain to be purely deterministic and |0;| < |S| since
(pi,j)jes is a probability distribution. With the P; defined in Section 2.2, we can now build a
connection between the string and the additive process S,, by

_ _ logp; ¢, +logpe eo++logpe
Pi(€1-+-8n) = DigiDer gy Dep v 60 =€ 000 c1.82 fn—1:8n

n
=e i Xi = e on P;-a.s.

This forms the starting point of our analysis as it does in [Jan12a].

Remark 2.11. If p; j = 1/|S| for all i, j € S, then X, = log |S| for all n > 1. As mentioned before,
we exclude this case from our consideration (see Section 2.9 for a further discussion).

2.7. Distributional identity

Essentially, all results for D, and A, follow from the fact that D, distributionally equals a
first passage time of the formerly mentioned MRW, and the subsequent application of results
concerning first passage times from Markov renewal theory. In order to establish this relation,
we need to introduce a family (Xén))n22 of initial variables or delay variables with distribution

-1
(n) _ i i " _ _ _z—logn n—l
P (X >x>—<1 n>+ =(1-e¢ )+ (2.3)
and which is independent of &y, =, =@ =0G) ... Here and whenever X(()n) is involved, IP means P;

for arbitrary ¢ € §. We will use this notation to indicate, that the considered probability does
not depend on ¢. With this definition we can show:

Lemma 2.12. D, 4 V(Xé"),log n) for n > 2 under every P;.

Proof. Cf. [Janl12a, pp. 4, 5]. To give the basic steps, we first state that D,, <k, k > 1, iff none
of the other strings starts with the same k letters as =. Thus, we have

PiDu < k| €1 &) = (1= P& &))" = (1= %) = (1 - cllogn=sitogn) ™™

+
=Pi(X\" > logn — Si | &1,...,&) Pras.
as Sk > 0 a.s. This implies
Pi(Dy < k) = P;(X{" >logn — Sp) = Py(X{™ + S), > logn) = Pi(w(X{",logn) < k).

Also, P;(D,, =0)=0= ]P’Z-(Xén) > logn) = ]P)i(I/(X(()n), logn) = 0) for n > 2. O
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This leaves us with the study of the asymptotics of I/(X(()n), logn) which should be somehow
similar to results for v(0,logn). Both will be derived in Section 3.3.

For simplicity the results are formulated for functionals of the form Z/(Xo(log n),log n), but this
is just a notational issue which we can ignore by identifying X(()10g ") with Xén).
Remark 2.13. Let DS’) be the depth of the first string in Trie® (My,). Then D£L2) <k k>1,iff
either none of the other n — 1 strings starts with the same k letters as =, or one string starts
with the same k letters and the other n — 2 do not. So

Pi(DP <k|&,....&) =1 —P(& &))"+ (n—1)(1— P& &))" P& &)
— Pi(& - 'ék))H 1+ (n—2)Pi(&1 - &))

(
(
(1 —Sk) (1 +(n— 2)e—5k)
(
P

1— logn Sk) logn>n_ <1+(n_2)e(10gn—5k)—logn>

(Y™ > logn— Sy | &1,..., &) Pras.
if we define

n

x n—2 z
P (Y( n) > l’) — <1 _ 6) (1 + (n — 2)671) ]]-{xglogn}

for n > 3. Hence, D( )4 Z/(YO( n) ,logn) for n > 3, and we can start a similar analysis as that for
D,,. The same is possible for arbitrary b > 1 with respective

P<Yon) S x) _ (1 B 6:)”—17 <b§:1 (n—b;m— 1) (i)m> Ls<iogn) (2.4)

m=0
forn>b+ 1.

We remark at this point that the families (Xén))nzg and (Yo(n))nzbﬂ have nice properties. We
will return to this point, when deriving the limiting results.

Considering Lemma 2.12 and A,, = Vp,, we expect the following identity to hold in the binary
setting of the imbalance factor:

Lemma 2.14. W.r.t. every P;,

d (n)
(Dn, An) = (V(XO )IOg n)? VV(X(()n),logn)>’

in particular,

d

A, =V

V(Xém Jogn)®

Proof. The proof is essentially the same as in [Janl2a, Section 4], using A,, = Vp,,, o(Vi) C
o(2) =0(Y1,Ys,...) for every k and Lemma 2.12. We omit the details. O

2.8. Lattice

In [Jan12a], Janson used renewal theory to derive his results, so in combination with Lemma 2.10
it seems promising to use Markov renewal theory in this slightly more complicated setting. In
standard renewal theory, one has to consider (at least) two different lattice cases where the X,
are supported on dZ for some d > 0 (arithmetic) or where they are not (non-arithmetic).

17
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This concept does not carry over to Markov renewal theory without an adjustment. It goes
back to Shurenkov [Shu85] that we need to introduce a shift function which accounts for the
change of states of the driving chain Zy. We call a MRW (&, Sy, )n>0 with recurrent discrete
driving chain Z¢ d-arithmetic with shift function 3 if

Pj(X1 € (&) — B(&) +dZ) =1 (2.5)
for all j € S and
d=sup{c>0:38":8—=[0,¢):Vj € S:Pj(X; € §'(&)— B(&) +cZ) =1} (2.6)

hold for d > 0 and a function 3 : S — [0,d). Otherwise, if d = 0 in (2.6), then (&, Sn)n>0
is called non-arithmetic. Note that (2.5) implies that S,, is concentrated on the affine lattice
B(&n) — B(i) + dZ w.r.t. every P;.

To give more details we recall that (S, (;))n>0 is @ SRW w.r.t. P; so we can talk about its
standard lattice span d(7). It is known that in case of a MRW (&, S,)n>0 this d(i) does not
depend on 4 which means that the span of P;(S,, ;) € -) is a universal d for every i € S.

If S5, (;) is d-arithmetic, then Shurenkov showed that there indeed exists 8 : § — 0,d),
such that the MRW (&, Sn)n>0 is d-arithmetic with shift function 3. Also if S, (;) is non-
arithmetic, then (2.6) holds and (&, Sn)n>0 is non-arithmetic. It is obvious that d-arithmeticity
or non-arithmeticity of MRWs implies the corresponding property for S, ;).

For more details see e.g. [Als94], [Als97], [Als14] or [Shu85].

Necessity of lattice examination. Since it is not obvious whether the d-arithmetic occurs in
our model, we briefly discuss the situation in the binary case S = {0, 1} with p; ; € (0,1), 4,5 € S.
As explained above we want to find the lattice span of Sy, (o) under Py with

01(0) = min{n > 1] &, = 0}.

Obviously, S, (0) is discrete and positive. Let a > 0. Then
IP’O(S(H(O) == CL) = ZPO(UI(O) = ]{Z,Sk = CL)
k=1

=Po(¢& =0, —logpoo =a) + Y _ Po(01(0) = k, Sk—1 — logpe, .0 =a)
k=2

= P00 * O—logpoo(@) + Y _Po(é1 =... =&-1=1,6 = 0,51 — logpe,_, 0= a)
f=2

)
k—2
= Po,0 - o_ log po,o (a) + E Po,1Py11 P10 d_ log po,1—(k—2) log p1,1—log p1,0 (a)
k=2

As poo und po,lp’ffpl,o are positive for every k > 2, S, () has support
To™ = {—logpo,o} U {—logpo1 — logpio — klogpi | k > 0}
={-logpoo} U [{— log(po,1p1,0)} — log p11 'No].

For TP to be a subset of some d0)Z, it can be easily shown (by considering k =0 and k = 1)
that

1 1
log(po.1P10) ) pq 108(P0IPLO) (2.7)
log p11 log po,o
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must hold. Conversely, (2.7) implies (via Euclidean algorithm) that 7™ C d(0)Z for d o) defined
as d(y = ged(log(po,1p1,0), 10g poo, log p1.1) in the sense that d(g) is the greatest positive real such
that log(po,1p1,0), logpoo and logpy 1 are integer multiples of d(g). This d := d(g) = d(1) > 0
does not depend on 0 or 1 as was stated above. This can also be seen directly in (2.7) which is
symmetric in 0 and 1.

Considering this condition, the question arises whether, with p; ; being transition probabilities,
this can be non-trivially solved. The trivial case is p; ; = % for all 4,5 € {0,1} with both ratios
equal to 2, but we already excluded this case.

In order to give a positive answer to this question, we reformulate (2.7) under direct considera-
tion of the p; ; being transition probabilities:

log(1 —poo) | log(1l—p11) and log(1 —poo) log(l—pi1)

€eQ € Q. (2.8)
log p11 logp1,1 log po,o log po,o
Proposition 2.15. (2.8) can be solved non-trivially.
Proof. Define the function f : (0,1)2 — R? by
log(l — log(l —y) log(l —= log(1 —y
o) = (RBL=2) gL o0) logll =2) , ogl1 =),
logy logy log x log x
We show that f is a local diffeomorphism by computing the Jacobi matrix
1 _log(lfy)JrlQog(lfw) _ 1
T—xz)1 1 T—y)1
Df (z,y) = _log(l—az)—i-lo(g(lf)y)og_y 1 Y Og_ Y wlosy
zlog? (1—=z)logz (1—y)logz
and noting that |Df (1/2,1/2)| = —32log=22 # 0. Thus, the inverse function theorem gives

us open neighborhoods U C (0,1)? of (1/2,1/2) and V € R? of f(1/2,1/2) = (2,2), such that
f:U — V is a diffeomorphism and as Q? is dense in R?, we can find a rational (g1, ¢2) # (2,2)
in V. O

Shift function. In our binary example one can directly compute a shift function in the following
way. Since X1 = —logpg, ¢, is fully determined by & and & and all p; ; are positive, (2.5) is
equivalent to the existence of k;; € Z with

—log po,0 = kood,

—logpi,1 = knd,

—logpo1 = B(1) — B(0) + kord =: Bo1 + koud,
—logp1,0 = B(0) — B(1) + k1od =: —Bo1 + k1od.

We remark that we likewise obtain the first two equations with (2.7) and the definition of d.
Now we know that So1 € (—d, d), so (— log%) —kop € (—=1,1) and

log po 1J { log po 1}}
k _ ) _ 2 .
01 € {\‘ d ; d

Similarly, we get a more detailed description of kg € {{—loggl’OJ , [—loggl’ow } So equations

(2.9)

three and four imply the connection

)= log p1,0 — logpo,1 + (k1o — ko1)d

51 .

+ 5(0),
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so one possible choice if kg; and kjg each are the bigger alternative is

_ logpo,1 + kord
2

_ logpio + k1od

B(0) €[0,d) and pB(1) 5 €10,d),

and if they each are the smaller alternative, we may choose

—logpo,1 — koi1d
2

—log p1,0 — k1od
) = €|

(0 :

0,d) and B(1) = € [0,d).

If ko = [~ 2012 | and koy = |~"%L |, then

1 1
0<a:=—logpos — {—%go’lJ d < —logpo — (- %8Po1 _ 1)d=d

d
and ! 1
0<b:= {—ngl’o-‘ d+logpio < (— 208P10 + 1>d+10gp1,0 =d.
d d
Hence, we may choose
b
B0)=0¢€[0,d) and (1) = “; € [0,d).

1 1 L
The case kig = {—%J and kg; = [—%W is similar.

General condition. Concerning a general condition for the Markov source to be arithmetic, the
procedure from the binary case suggests a condition similar to (2.7) to hold here. By a cycle
(i,1,...,i%) we mean an element in S¥*! with pairwise distinct components i, 1, . . ., i}, depicting
a path from ¢ € § back to ¢ that does not contain any other state twice. The probability of this
cycle (w.r.t. the underlying Markov chain) is thus P;(i; - - -ixi), and we call the cycle possible if
this probability is positive. Now the condition may be stated as follows:

log PZ(Zl te Zkl)

. — € Q for all 0 < k,l < |S| and possible cycles (4,41, . ..,ik), (J,J1,---,J1)-
log Pj(j1 - jij)
(2.10)
Numerator and denominator are the values of the additive component (up to a —) conditioned
on the driving chain returning to its starting point along the cycles (i,4; ...4x) and (4,1 ... 1),
respectively.
We now give a hint at why this is a characterizing condition and, for simplicity, restrict
ourselves to the case p;; € (0,1) for all 4,j € S: In the same way as in the binary setting,
we can determine the support 7; of Sy, ;) under P; (with ¢ being a reference point of S). One

representation of 7; is
oo
Ti=U U {-logPi(ir---ixi)}.
k=0141...,ip 70
This suggests a condition like
log Pi(iy - - - ix1)
log P;i(j1 - -+ jii)

€Q forall k,l >0andiy,... i J1,---,J1F 1 (2.11)

to be sufficient for 7; C dZ with some d > 0. However, this is not clear since (2.11) is made up of
infinitely many subconditions. Also, at first glance, this condition does not seem to be equivalent
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2.8. Lattice

to the same condition with ¢ replaced by some j # ¢, as it should be. For an easier reasoning, we
thus introduce the symmetrized condition

IOgPi(il ce Zkl)

€Q forall k,1>0,i,j€Sand i1,...,ix#10,71,...,j51 % J. (2.12)

log Pj(j1 -+ jij)
Using the scheme
Ti CdZ = (2.11) = (2.12) = (2.10) = T; C dZ

we can now show that (2.10) is indeed a characterizing condition for the MRW to be d-arithmetic
with some shift function 3, d being the ged of all appearing numerators (or denominators). The
first and third implication are of course trivial. It is also not hard to see that (2.11) implies
(2.12), e.g., for j # 1,

log P;(j) _ log Pi(jji) _ log P;(ji)

log P,(ji)  log P;(ji)  log P(ji)
and thus log P;(j) has rational ratios w.r.t. all log P;(i1 - - - i¢). Similarly, one can show that the
other ratios are also rational. It is crucial for the fourth implication to note that the corresponding
conditions for cycles longer than |S| can be composed of the conditions of two or more cycles
with length smaller or equal to |S|. Thus, we have overcome the problem of too many conditions
in (2.11) and narrowed the number of conditions down to a finite number of essential ones. Also,
the numerators (or denominators) in (2.10) span the support 7; (up to a —).

Note that (2.10) also applies if certain transitions are impossible or deterministic. In case of
deterministic transitions, the problem is reduced to a |S| —|1|-dimensional problem. For instance,
in the binary model with pgo,po,1 € (0,1) and p; o =1 =1 —p; 1, there are only two possible
ways for the driving chain to return to 0, and therefore only one condition, namely

€Q

logpoo _ logpoo c
logpoipio  logpo,

remains. This can also be easily checked in the way of the beginning of this section. This is the
same condition as in the i.i.d. case with p = pg¢ and ¢ = py 1, so the problem was reduced by
one dimension.

Condition (2.10) appears in [JST01] and [CV15, Section 3.3.] where it characterizes the set of
poles to the vertical line Re s = 1 of the Dirichlet series (cf. [CV15, Section 1.3.]) corresponding
to the source. One of the few thorough discussions of periodicity in connection with the source
probabilities was done in [FRV10] for the i.i.d. setting, where, for the first time, the error bounds
in the average-case analysis were made explicit subject to the source probabilities. This paved
the way for the analysis in [CV15], [HV14] or [Hunl4]. Just like arithmeticity is the source of
oscillations and periodicity in our analysis, it is in the afore-mentioned articles, too, while being
justified by different methodology.

Although the problem appears to be a very discrete one with, e.g., the finite alphabet and
the finite range of Xj;, for most choices of P the conditions (2.7) (or (2.8)) and (2.10) are
violated. So most of the time we are in the non-arithmetic case which is not as controllable as
the arithmetic case, since generally it can contain all kinds of mass concentration from shifted
lattices to M-continuity. Hence, frequently in the non-arithmetic case one requires the process to
be spread-out which means in our situation, that some convolution power of P.(X; € -) has a
MA-continuous component. This is often a sensible condition, however our problem is still discrete
enough to make it impossible for our MRW to be spread-out (and thus to refuse us some powerful
techniques): No convolution power of P.(X; € -) can have a N\-continuous component, because
X1 has only a finite range under P.
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Tameness. Although we will not go into detail, it seems necessary for the classification of
existing results to give a short survey about tameness of dynamical sources as it is first introduced
in [Val4+09] and e.g. used in [CV15], [HV14] and [Hun14]. We follow the brief overview in [CV15]:
If the Dirichlet series associated to the source admits a pole on {Res =1, s # 1}, then it already
admits (periodically spaced) infinitely many poles. The source is therefore called periodic. Its
tameness region, i.e. the region strictly containing {Re s > 1} where the series is analytic and of
polynomial growth for |s| — oo, can thus shown to be {Res > 1 — «a, s # poles} for some o > 0,
and the source is also called P-tame. This property corresponds to arithmeticity in our context
(it has the same characteristic condition, cf. [CV15, Section 3.3.]).

Otherwise, the only pole on {Res = 1} is s = 1 and the source is called aperiodic. We will
not use this denotation again as it might confuse with aperiodicity of Markov chains. When
| Im(s)| — oo, then the poles may approach {Res = 1} from the left and thus the source is called
tame if that does not happen too fast: If the tameness region has a hyperbolic shape, then it is
called H-tame, and if it is even a vertical strip, then it is called S-tame.

Moreover, [CV15] defines a Good Class of dynamical sources whose elements have certain good
techniqual properties similar to those of irreducible and aperiodic Markov sources (and including
these sources). A subclass is called the UNI Class, its elements, as said in [CV15], “strongly
differ from sources with affine branches”, i.e. are very different from simple sources, and can be
shown to be S-tame. A different subclass is the DIOP Class (more precisely the DIOP2 Class
and the DIOP3 Class) of diophantine dynamical sources, where (in our Markov case setting)
ratios as in (2.10) are not only irrational but even diophantine, i.e. “not to well approximable by
rational numbers” (cf. [CV15] and [Hunl4]). Those sources can be shown to be H-tame.

It has to be noted that not all sources are either P-, H- or S-tame. Furthermore, memoryless
sources and Markov sources are never S-tame. In particular, not all memoryless sources and
Markov sources are P- or H-tame, and notably the notion of tameness only encompasses aperiodic
Markov chains.

2.9. Null-homology

To classify RWs concerning their divergence type, one has to exclude the trivial case where the
increments are 0 a.s. The corresponding trivial subclass of MRWs is the class of null-homologous
MRWs, the definition of which goes back to [Lal86]. The following definition and lemma are
taken from [AB17b, Section 5]. For further details, we refer the reader to the afore-mentioned

publications.
A MRW (&, Sp)n>0 is called null-homologous if there exists a function g : S — R such that
Xn=9(&n) — 9(€n—1) Pr-as. (2.13)
or, equivalently,
Sn =9(&n) — 9(&0) Pr-as. (2.14)

for all n > 1.

Lemma 2.16. Given a MRW (&, Sn)n>0, the following assertions are equivalent:
(a) (&n,Sn)n>0 is null-homologous.
(b) (Ss,(i))n>0 has zero increments under P; for some i € S.

(c) (Ss,(i))n>0 has zero increments under P; for alli € S.
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2.9. Null-homology

Null-homology concerning the depth. In the formulation of Theorem 3.6 and in its proof in
Subsection 3.3.4, we will encounter the condition Var;(S,, ;) — po1(i)) > 0. With regard to
Remark 2.11, the question arises whether this condition is violated for all i € S, i.e. (&,,Sn —
pn)p>o is null-homologous, if and only if p; ; = 1/|S| for all 4,5 € S. In the binary case, we can
give an answer to this question:

Proposition 2.17. In the binary setting,

(1/2 1/2) (2(1 +VE)L 41+ \/5)2>
’ 0

i 0 1
1/2 1/2 1 P11+ B2 201+ vB) !

are the only irreducible transition matrices without atoms such that (&, S, — pn)p>o is null-
homologous.

Proof. Note that either p;; € (0,1) for all i,5 € {0,1} or popp =p=1—po1 =1—-¢q € (0,1),
pro=1=1—pi1 (orpoo=0=1—po1,pro=p=1—pi1=1—¢qe€(0,1)) in order to form
an irreducible transition matrix that does not allow atoms. In the first case, it can be extracted
from (2.13) and (2.14) w.r.t. (&,, Sp — pn)p>o that

—logpii =p foralli,je{0,1} and —log(pijpji) = p foralli##je{0,1}
which together with pgo 4+ po1 = 1 and p1o + p1,1 = 1 easily yields

p=—log(l—e*).

The latter equation is uniquely solved by p = log 2, thus (po.1,po,1,P1,0,P1,1, 1) = (%, %, %, %, log 2)
actually is the unique solution to the above system of equations and we obtain the asserted
equivalence in the case p; j € (0,1) for all 4,5 € {0,1}.
Suppose now, that poo =p=1—pp1 =1—-¢q € (0,1), p1o=1=1—p11. Then we obtain
similarly that
—logp=p and —logqg=2u

which together with p + ¢ = 1 yields = log(3(1 + v/5)). This agrees with

p=et= 2 and q:74
1++5 (1+/5)2

as can be checked with (2.2). Conversely, this choice of the transition matrix easily yields
that S, () — #o1(0) = 0 Pj-a.s. using the relations between p, ¢ and p from above. The case
poo=0=1—po1,pro=p=1—pi1=1—¢qe€ (0,1) is similar to the latter. O

For |S| = 3, the analogous system of equations is already quite complex. With the help of
a computer algebra system, it can be verified that p;; = % = 1/|S] is indeed equivalent to
Var;(Sy, ;) — po1(i)) = 0, provided that p; ; € (0,1) for all 4,j € S. Under this condition, we
expect equivalence of null-homology of (§,,S, — un)n,>o0 and p; ; = 1/|S| for all 4, j € S to hold
for arbitrary finite S. Without this condition, Proposition 2.17 gives reason to believe that the
trivial case is generally not the only case in which null-homology occurs. However, we refrain
from a further investigation.
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2. Preliminaries

Null-homology concerning the imbalance factor. In Theorem 3.11 and in Subsection 3.3.7, we
will encounter a condition similar to Var;(Sg, ;) —po1(i)) > 0, namely Var;(uV;, 3y —py Sy, (5)) > 0.
Again, this conditions is related to null-homology, more precisely to that of (£, uVy, — 1y Sn)n>o0-
Since we only consider the imbalance factor in the binary setting, we can entirely characterize
null-homology for the related random walk:

Proposition 2.18. There is no irreducible transition matriz without atoms such that (&, uV, —
Wy Sn)n>0 is null-homologous.

Proof. First we show that popo =p=1-—po1 =1—¢q € (0,1), p1o =1=1—p11 can never
entail null-homology of (&, uV,, — py Sp)n>0. Then this is also true for ppg = 0 =1 — po 1,
pro=p=1—p1=1—¢qe(0,1). First of all, we calculate

_ _ 2poa _poi—pio_ q—1
py =2m —1=—"20L _q_ =1
P1,0 + Po,1 p1o+po1  1+g
Hence, (2.14) yields
-1
lo -1)=0
I glg-1)

which has the unique solution ¢ = 1 and thus contradicts ¢ € (0,1).
Let p;j € (0,1) for all 4,5 € {0,1} from now on. Suppose that py = 0. Then (2.13) yields
p = 0 which obviously is false. Thus, null-homology implies py # 0. Now, (2.13) gives

—p+ pylogpoo =0 and p+ pylogpia =0,

hence
py log(poopi1) =0 or equivalently ppop11 = 1. (2.15)

Similarly, (2.14) gives

py log(po,ipio) =0 or equivalently pgip1o = 1. (2.16)

Together, (2.15) and (2.16) easily yield poo = p1,0 =1 —po1 =1 — p1,1. In other words, the &,
have to be independent. Set ppo =: p. We finally show that 1 = —plogp — (1 — p) log(1 — p)
does not agree with the only possible shape of the transition matrix that was derived before:
Equation (2.13) yields

0= —p+(1-2p)logp = plog p+(1—p)log(1—p)+(1—2p)logp = (1—p)log p+(1—p)log(1—p),

and this equation has no solution p € (0,1). This proves the assertion. O
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3. Asymptotic analysis of depth and imbalance

factor

In this chapter, we will present many asymptotic results for D,, and A,, and prove them afterwards
in Section 3.3. All results can also be formulated w.r.t. Py (sometimes with slight modifications)

for a distribution A on S. As always, ¢ € S is an arbitrary starting state.

Let us mention at the outset that some of the results have been obtained earlier by different
methods, and we give a more specific account when they are stated. However, we are not aware

of any results concerning the imbalance factor in the Markov model.

3.1. Results for D,

Theorem 3.1. As n — oo, it holds that

Dy

P;
—
logn

=l

Theorem 3.2. Let p > 0. Then, as n — 00,

D, 11
H —
logn 7

under P;, thus in particular, as n — oo,

Dy \? 1
logn uP

Theorem 3.3.  (a) If ({n, Sn)n>0 is non-arithmetic, then, as n — oo,

lo n
E,D, = —= t3, LS rms? ZWJE Sor) + ~ +0(1)
H jes Bz

with the Euler constant v = 0.5772. ..

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 0, then, as n — oo,

logn 9 9
EiDn=="+55 Zw EiSoi) = 4, ijE Soi() +
JES J#i

+ ;wl(log n) + o(1),

where 1 (t) is a continuous d-periodic function given by

Pi(t) = — Y D(—2rik/d)e*™ H/2.

k40
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3. Asymptotic analysis of depth and imbalance factor

(¢) If (&n, Sn)n>0 is d-arithmetic with shift function 3, then, as n — oo,

logn 1 9y a2 1 Y
E;D, = p + 252 %FjEjsal(j) T ;WjEiSm(j) + u
1 J j (3.7)
+ =Y min(logn — Bij) + o(1)
Hjes

with ﬁij = B(]) — 6(’6) S (—d, d)

Remark 3.4. In the d-arithmetic case, it could be possible to derive a better error term of the
order O(n~") with some r € (0, 1], cf. Remark 3.22 and the proof of Theorem 3.3. The bottleneck
seems to be the verification of a corresponding convergence rate in (3.28). As opposed to the
d-arithmetic case, the non-arithmetic case does not allow for a more precise version in general:
The error term in (3.4) can be arbitrarily bad, cf. Remark 3.23.

Remark 3.5. As it turns out in the proof of the Poisson version of Theorem 4.28, ¢ from
(3.6) also has a series representation of type (4.19) with f(z) = fL(x) = x —ze™*, a = 1 and
g(t) = el f(e™t). See also Remark 4.34.

Theorem 3.6. Let 02 := miiiVari (Sal(i) — poi(i)). Then 0@ < oo does not depend on i, and
if 0 >0, then

D, — logn (2)
p_d g
5N |0 3.8

as n — oo, w.r.t. P;. Furthermore, as n — 00,

P
— E;|N|P (3.9)

_ logn
T

Vviogn

ey
Var; D, = —5-logn + o(logn) and E;
1

for every p > 0, with N having the distribution of the limit in (3.8). The convergence also holds
without absolute value for p € N. If 0@ =0, i.e. So1(j) = 1o1(j) Pj-a.s. for some (and thus all)
j €S8, then, as n — oo,
D, — len
— 50, (3.10)
log'/?n

and
P

1
BRI o(logn) (3.11)

Var; D,, = o(logn) and E;|D, —

for all p > 0.

Remark 3.7. Cf. Remark 3.32 for further details on o(®. Also cf. Section 2.9 for a discussion
about when ¢ = 0 actually occurs.

Remark 3.8. The above theorems in Section 3.1 and the following ones in Section 3.2 are
formulated for tries. However, we can also derive corresponding results for b-tries. In fact, all
theorems remain true replacing D,, by Dy(Lb) (also in Vp, ) except for Theorem 3.3, which describes
a finer structure. More precisely (cf. Remark 3.14), there we need to replace v by v — Hp_1,
where H, 1 = Y0_t 1/k is the (b — 1)-st harmonic number, in the non-arithmetic case. If it
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3.2. Results for A,

is possible to show (3.28) with Yo(n) and Y instead of X(()n) and X, then we also obtain an
expansion in the d-arithmetic case with coefficients

JT(—2mik/d)

in ¢ instead of —T'(—27ik/d).

We remark that Pittel obtained a similar result as Theorem 3.1 in [Pit85] for stationary ergodic
sources. Jacquet and Szpankowski [JS91] obtained Theorems 3.3 and 3.6 for stationary Markov
sources, at first glance with better precision. However, there is no distinction between a periodic
and non-periodic case in their analysis, and the actual shape of the fluctuating functions appearing
in their expansions is unclear. In fact, Cesaratto and Vallée [CV15, Theorem 3.5] give a precise
expansion of expectation and variance with asymptotical upper bounds for remainder terms in
different cases. They use analytic methods and obtain a slightly more precise expansion of the
mean in the periodic (or d-arithmetic) case and the H-tame case (contained in the non-arithmetic
case). Indeed, they point out (and we can also justify this with our methods, cf. Remarks 3.4
and 3.23) that there are sources with arbitrarily bad remainder terms within o(1) in Theorem 3.3,
when the source is neither P- nor H-tame. Nevertheless, our probabilistic approach allows us
to provide a rather explicit form of the periodic oscillatory term and also to deal with Markov
sources where the chain is not aperiodic.

Moreover, Hun proves a CLT for tame sources in [Hunl14], excluding only sources conjugated
to an unbiased memoryless source, i.e. parts of the P-tame sources. Again, we remark that our
result also applies to a more general class of Markov sources, namely those that are not tame, in
particular those which are driven by a periodic chain.

3.2. Results for A,

In the binary setting, we get the following results. Recall that

P10 Po,1
mp=——>— and m = ——"—
P1,0 + Po,1 P1,0 + Po,1
and py = E Y] =2m — 1.
Theorem 3.9. Asn — oo,
A
n B, B (3.12)
logn W
Theorem 3.10. Let p > 0. Then, as n — oo,
A, L
L LPOHY (3.13)
logn n

under P;, thus in particular, as n — oo,

p p
E; (|An|> — By
logn 7

The convergence also holds without absolute value for p € N.

(3.14)
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3. Asymptotic analysis of depth and imbalance factor

Theorem 3.11. Let 42 := m%iVari(uVal(i) — 11y Sgy () - 72 < 0o does not depend on i and
~@ > 0. It holds that

_ By
A”b\/%w 4N (o, 7;?) , (3.15)
as n — oo, w.r.t. P;. Furthermore, as n — 00,
Var; A, = ﬁlogn—i—o(logn) and E; ﬂp—}E\NV’ (3.16)
TS ‘| Viegn ’

for every p > 0, with N having the distribution of the limit in (3.15). The convergence also holds
without absolute value for p € N. For allp >0

EA, = ’%/ logn + o(log/? n). (3.17)

Remark 3.12. Cf. Remark 3.39 for further details on ().

3.3. Proofs

In the view of Section 2.7, the results follow very quickly from Lemma 2.12 and the corresponding
result from Markov renewal theory. Therefore, we derive several asymptotic results for V(X(()t), t)
by using results for v(¢). Hence, the delay family needs to be controlled. In our auxiliary results,
we usually do not specify the index set and only write (X(()t))t for some family of starting values,
independent of the MRW. A priori, ¢ can vary in a general index set I C R unbounded to the
right, but typically (as in V(Xét),t) with X(()t) and t coupled) we implicitly assume t > 0, which
is only a notational issue. For simplicity, we sometimes assume t to be a sequence, since in our
application we only need t = logn. Certainly, when we do such a simplification, the more general
result should also hold.

The fact that the family (Xén))nzg from (2.3) is well-behaved is recorded in the following
lemma.

Lemma 3.13. Let (X(()n))nzg be the family of real-valued random variables with laws defined by
(2.3). Then

(a) X(()n) KN X§, as n — oo, with —X§ ~ Gumbel(0,1). In particular, (Xén))nzg is tight, — X
has Fourier transform ¢(t) = I'(1 —it) and EX{ = —v, where 7y is the Euler constant.

(b) There exists an s > 0 such that (63|Xén)‘)n22 is uniformly integrable. In particular, (Xén))nZQ
and (|Xén)\p)n22 are uniformly integrable for all p > 0.

(c) (Xén))n22 4 (logn—max{Z1,..., Zyn_1})n>2, where Zy, Z, ... are i.i.d. Exp(1) distributed
random variables.

Proof. For (a), let logn > x for some = € R. Then, as n — oo,

z\ n—1
]P’(X(()n) > ) = (1 - e) —e .
n

For (b), it is easy to show that the tail probabilities of Xén) uniformly (in n) decrease exponentially
(cf. Section A.1). It is certainly reasonable since the variables are close to Gumbel. (c) is easy. [
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3.3. Proofs

Remark 3.14. The family <}/0(n))n2b+1 from (2.4) has corresponding properties to those in
Lemma 3.13: The sequence converges in distribution to some Y with tail function

b—1
o 1
P(Yy >az)=e ) — (e T ER,
m=0
in particular, —Y;;" has M\-density
- 1
_ e * —bx
fg@ = Gy ™
Fourier transform 1
Py (t) = —=T(b—1it),

(b—1)!
and thus, E(-Yy) = —I"(b)/T(b) = =¥ (b) = —(Hp—1 — 7y), where VU is the digamma function.
The family obeys the same integrability conditions as (X(()n))nzg, but we will restrict ourselves to
(X(()n))nZQ below.

Lemma 3.15. 01(i) has an exponential moment under all P;, thus it has polynomial moments
of every order.

Proof. Note that § is finite. Thus, the result is well-known. O

For the rest of this part, we call a MRW (&, Sy )n>0 zero-delayed if Sy = 0 Ps-a.s. for all i € S.
For the investigation of the imbalance factor A,, we will add a further additive component
to our MRW (&, Sp)n>0, more precisely let (&, Xy, Y,)n>0 be a MMS (on S x (R x R)) and
denote by (&, Sn, Vi)n>0 the corresponding MRW. Then (&, Sy, Vi )n>0 is called zero-delayed
if So = Vo = 0 Pj-as. for all i € S. We also agree on p = E;X; and puy = E;Y] being the
stationary drifts of (Sy)n,>0 and (V,)n>0, respectively. Obviously, we think of (X,),>0 from
Section 2.6 and (Y},)n>0 from Section 2.3.

We will now proceed as follows: We first derive a limit result for v(¢) (and V,,« later on), and

after choosing appropriate conditions for (X(gt))t, the corresponding result for I/(X(()t), t) comes

almost for free: The proof of [Jan12a, Theorem A.4] applies since (Xét))t is independent of the

MRW. For a better understanding, we provide a full derivation for all of our results. In the
results below, S may a priori be countable.

3.3.1. Weak law of large numbers for D,

We provide a strong law of large numbers (SLLN) for I/(X(gt),t) that translates into a WLLN for
D,,. The following is a well-known result and is not restricted to a discrete state space S.

Theorem 3.16 (SLLN). Let (&, Xn)n>0 be a MMS with positive recurrent discrete driving chain

Zo which has a stationary distribution w. Suppose further that v exists. Then, for alli € S,

. n
lim —=pu Pj-a.s.
n—o0 N

Proof. Follows easily from Birkhoff’s ergodic theorem, see e.g. [AB17b, Theorem 10.1]. O

The idea of the proof of the following result goes back to Doob in [Doo48] who used it in the
i.i.d. setting.
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3. Asymptotic analysis of depth and imbalance factor

Lemma 3.17. Let (&5, Sn)n>0 be a zero-delayed MRW with positive recurrent and discrete driving
chain Zg which has stationary distribution w. Let u be positive. Then, for alli € S, as t — oo,

t 1
Vi) — —  Pj-a.s.

Proof. We use Theorem 3.16 to infer v(t) T oo, as t — oo Ps-a.s. and

St Suty-1
v(t) v(t)

as t — 0o. Then the definition of v () together with a sandwiching argument gives

— u and — u P;-a.s.,

Suty-1 <t <Su(t)
v(t) —v(t) — v(t)

and t/v(t) — p P-a.s., as t — oo. O

We recalled the previous proof mainly to convey the feeling that the statement of the next
result is natural, even with initial variables varying over time (but of course obeying some
regularity assumptions). In fact, as we require the family of initial variables to be independent
of the MRW, the proof of the following result uses the same ideas as [Janl2a, Theorem A.4].

Lemma 3.18. Given the situation of Lemma 3.17, let (Xét))t be a tight family of real-valued
random variables independent of (&, Sn)n>0. Then, for alli e S, ast — oo,

v(X. 1)
t

P;
—

==

Proof. The tightness of (Xét))t implies

x® ‘
Tolpz—ﬂ) and t—XO(t)—PL)oo,

as t — co. Now, use V(X(()t),t) =v(t— X(gt))]l{t—Xét)zo} and the asymptotics for v(t). Due to the
independence assumption, we can use Skorokhod’s representation theorem to find independent
copies of (X(()t))t and (v(t)); (for simplicity with the same names) such that, on the one hand, the
above convergence even holds P;-a.s. and, on the other hand, we still have v(t)/t — 1/u P;-a.s.
Then the result is immediate for the copies via

v(X$ 0wt — X

)1 _
t t {t—x{">0} —

t t
+t—Xé)V(t—X(g))]l

v(0) 1
¢ {t-x{M=0} ¢ - x {t-x{">o0p

and because of distributional equality it also holds in distribution for the original variables. Since

the limit is constant, the convergence also holds in probability. O

Proof of Theorem 3.1. (&, Sn)n>0 is a MRW fulfilling all conditions required in Lemma 3.18.
Moreover, Lemma 3.13 ensures that (Xén))n22 is tight. Hence,

v(Xg",logn) BNg!
logn 7

)

and with Lemma 2.12 we obtain the assertion. O
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3.3. Proofs

3.3.2. LP-law of large numbers for D,

The procedure is again the same. We derive the result for v(¢) and then for Z/(Xét), t).

Lemma 3.19. Let (&, Sn)n>0 be a zero-delayed MRW with positive recurrent and discrete driving
chain 2o which has stationary distribution w. Let p be positive. Assume further that E;o1(i)P < oo
and E;(S ())p < oo for some p > 1. Then {(v(t)/t)P,t > 1} is uniformly integrable w.r.t. P;

o1(i
and thus

under P;, as t — 0o, in particular,

for 0 < q <np.

Proof. We try to reduce the situation to standard renewal theory. Recall the notation for
recurrence times from Section 2.5. Obviously, v%(t) is a stopping time w.r.t.

Fu 1= 0((03(0), Soy(9) 13 = 0,-..,m),

and > j_; 7%(¢) has i.i.d. increments, is adapted to F,, and 7,(7) is independent of F,,_;. By
[Gut09, Theorem 3.7.1], we have that

ey o)

is uniformly integrable w.r.t. P; since El(S;l (Z.))p < oo and the SRW S, ;) has positive drift.
Hence, [Gut09, Theorem 1.6.1] yields the uniform integrability of

{ (Zzi:(? Tk(i))p t> 1}
- >

since E;|71(i)[? = E;o1(:)P < co. Finally, the estimate

1)
v(t) < Y (i)

=1

A

o

yields the desired result. O

Lemma 3.20. Given the situation of Lemma 3.19, let (Xét))t be a tight and LP-bounded family
of real-valued random variables independent of (§n, Sn)n>0. Then (along sequences)

x\t 1
v(Xp',t) rr 1
t 1%
under P;, as t — oo, in particular,
xP o\ 1
E; (1/(0’) G (3.18)
t e

for 0 < q <np.
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3. Asymptotic analysis of depth and imbalance factor

Proof. Since Lemma 3.19 provides the same kind of result as [Janl2a, Theorem 3.2] does,
[Jan12a, Theorem A.4] applies again. Nevertheless, we recall the proof, since we will use the
same procedure again. By Lemma 3.19, E;v(¢)? = O(t?), t — oo. Hence, we can find C > 0 large
enough such that for ¢ > 0

Ew (X"t = Bt — X)L, 050, = /< g B =) PX0” (ds)
< C/( R PP (ds) < C + CE(t + | X)) < o0
—o00,t

since Xét) is in LP. For some 0 < q¢ < p, let

gi(t) == E; ( /(1) )q-

tvi1

We know that g;(t) — 1/u?, as t — oo, by Lemma 3.19. Since v/(t) is monotone, supy<;; gi(t) =
supg<t<1 Eiv(t)? = E;v(1)? < oo. Furthermore, {(v(t)/t)P,t > 1} is uniformly integrable, hence
also sup;>1 gi(t) < co. Now, let ¢ > 1 and consider Y; defined by

Xé”]

Y, = E v(x",0)’ v(t— Xg) q]l
pi= B || = ) Te=xP>0

. v(t — .X(()t)) ! (t) (t—X(()t)) V1 7
=E || ——p— X ||| L, o
(t . Yét)) v t {t—X, >0}

(t) 1
_ 0y [(E=Xg) V1
— gl(t - XO ) < ¢ ]l{th(()t)EO}’

x| =&,

where we used independence of the MRW and Xét) in the last step. We aim to show

x® \* 1
E; (V( 2 Y ZEth—>E,

as t — 0o. W.l.o.g. (cf. the proof of Lemma 3.18), we assume that, as ¢t — oo, X(()t)/t — 0 and

thus t — X(()t) — oo P;-a.8. As a consequence, we obtain

(t) q
Yi]’{lXé”lét} =gi(t—Xy’) (t ]]-{‘Xét)|gt} — i P;-a.s.,

as t — oo, and it remains to find a majorant to apply the dominated convergence theorem. We
find

o (=X
V< Lo xosny = 90— Xo) ( ; ) Lexiocy
q
t— x5 2t 4
< Ssl>111)gl(s) . ( ; ]].{7t§X(()t)§t71} <C- (t) ]]'{—thét)gtfl} < 21C < o,

and since t > 1,

. @y (1) , ®)
Yt]l{p(é”\gt}1{1>t—X(§”20} =gi(t = Xg") (t) 1{1>t—X§f’20} < gi(t = Xg )1{1>t—Xét>20}
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3.3. Proofs

< sup gi(s)l ) < sup gi(s) < oo.
0Ss<lgl( ) {1>t7X0t >0} 0Ss<lgz( )

Hence, the dominated convergence theorem yields

1
B <m{|Xé”|3t}> Y

and it suffices to remark

(t) a
A o A (t) (t — XO ) V1
B (Y g1 = B (%“‘Xo ) (t Lo <o

C (t) q 24C (t)1q
S EE ((Q‘XO ‘\/ 1) ]]'{Xét)<—t}> S tTS%pE‘XO ‘ — 0,

as t — 0o0. So (3.18) follows and yields the LY convergence at least along sequences. O
Proof of Theorem 3.2. We know from Lemma 3.13 that (Xén))nzg is tight and that it is also

LP-bounded for every p > 1. By Lemma 3.15, we also have E;01(i)? < oo. Since S, ;) is
non-negative, Lemma 3.20 implies

I/(X(gn), logn) AN 1

logn I

under P; for every 0 < ¢ < p, and with Lemma 2.12, we infer

| Dn 1P _E V(X(()n),logn) 1]
“llogn  u| " logn 7
for all n > 2, which completes the proof. O

3.3.3. Asymptotic expansion of the mean of D,

In the following, the lattice type of the MRW matters. In Markov renewal theory, the important
results in the d-arithmetic case are commonly stated in the easier case of a vanishing shift
function, a case that we mostly cannot guarantee. Whenever the shift function does not vanish
everywhere, we can consider the MRW

(gny Sn - B(gn) + /6(50))7120 = (§n7 gn)nZO

instead of (&, Sp)n>0. This process is again d-arithmetic and its shift function is 0. It actually
has the same stationary drift as (&, Sn)n>0, which follows easily from stationarity. However, if we
start with a MRW (&, Sy, )n>0 with non-negative increments, then the transition to (&, gn)nzo
may be at the cost of the non-negativity, so in general the latter is only a MRW. We set
Bij == B(j) — B(i) € (—d,d) and define {2} := x — |x] to be the fractional part of x € R.

In Section 2.5, we already mentioned that the mean of a first passage time connects in a
nice way with renewal functions. We will show that the asymptotic behavior of certain renewal
functions forms the basis for an asymptotic expansion of the mean of D,,.
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3. Asymptotic analysis of depth and imbalance factor

Theorem 3.21. Let (&, Sn)n>0 be a non-arithmetic (d = 0) or d-arithmetic zero-delayed MRW
with positive recurrent and discrete driving chain Z¢ which has stationary distribution w. Let
p be positive and let ExX? < 0o. Then U¥(t) < oo for alli,j € S and t € R. Furthermore, as
t — 00,

21 . Q2
mit | TiEiSe)  miEiSe

D1 py + (1) (3.19)
in the non-arithmetic case. In the d-arithmetic case with shift function 0,

2m Q2
v () = Tty Tl (1 B {t }) N TiEiSs ) miEiSa )
pooopo\2 2u2 ft
If the shift function 5 :S — [0,d) does not vanish, then, as t — oo,

d

]]-{jyéi} + 0(1). (3.20)

2

2m . Q2

. mit  md (1 (t— By miBiSs ) TiEiSs )

[U”(t):]—i—]( —{”}>+ 2 D0z +o(1). (3.21
1 1 d 212 [ {i#i} )
Remark 3.22. If the MRW is d-arithmetic and we further suppose that S:fl () has an exponential
moment w.r.t. P; and IP;, then it can even be shown that there is an 7 > 0 such that the error
terms in (3.20) and (3.21) are of order o(e~"*) instead of o(1). This follows from [Sto65] and the
fact that every S, ;) is d-arithmetic under P;.

Remark 3.23. We stated in Remark 3.4 that the error term in (3.4) can be arbitrarily bad. The
reason for this is that the error term in (3.19) can be arbitrarily bad, cf. [Car83, Section 5].
There are more precise expansions of the renewal function, e.g. if the corresponding inter-arrival
times are strictly nonlattice or nonlattice of type p, cf. [Car83]. Nevertheless, employing these
results requires a more detailed investigation of issues like lattice type universality (as we deal
with a MRW) from which we refrain.

Proof. The proof draws on results from standard renewal theory: We cite from [Alsl5b,
Lemma 9.28, in Ger.] that E;X? < 0o ensures Eisi(j) < oo for all 4,7 € § and in partic-
ular, Engl(i) < oo for all i € S. Recall that U? is the ordinary renewal measure of the SRW
(o (i) )n>0 w.r.t. P;. Thus, Engl(i) < 00 is a sufficient condition for U%(t) < oo for all t € R and
likewise, the i = j-versions of (3.19) and (3.20) follow immediately from i.i.d. renewal theory
noting that E;S,, ;) = myu = £. If i # j, then we use

L

n

U (t) = /R U (t — 2) Fy;(da).

Together with sup;s; ¢t 'U"(t) < co and E;S,, ;) < oo this easily implies U¥ () < oo for all
t € R. Concerning the asymptotic expansion, we denote by £(t) = o(1), t — oo, the error term in
the i = j-version of (3.19) and (3.20), respectively. Since U/ (t) < oo for all t € R, we also have
le(t)| < oo for all t € R and w.l.o.g. we can assume ¢ to be continuous. In the non-arithmetic
case for t > 0

2 G2
iy - (it G TS G)
o 2,u2 H©
I 2R S2
i o mt—m) TR Gy
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3.3. Proofs

2 2
< U (t — ) — ~2 - SL N F(d
< /( O | Figld)
2 2
+ U7(0) + + Fyj(dz).
(t,00) < ) p 2 3(d2)

The first term equals [_. ,[e(t — @)|Fjj(dz) and vanishes, as ¢ — oo, by the dominated

convergence theorem, and the second term tends to zero since EiS,, (;) < oo (and U%(0) < oo as
Ejsal(j) > 0).

We now consider the d-arithmetic case with shift function 0. By definition of d as the lattice
span of all Fj;, the measure U” is concentrated on dZ. Since the shift is 0, X; and thus So1(5) 18

also concentrated on dZ P;-a.s. Hence, as t — oo,

21 . G2
i it d (1 t ik S2 E;S,
Ulj(t)_<w]+7r](2_{d}>+ a3 1“’)‘

Iz Iz 2u 7
(t — , _ ’E;S? .

[ wiige— gy ™ x)_w(l_{t x}>_wﬂ 72910) o

/R Wit — 2) . O L ()

2 2
. mi(t+x) mid (1 7B S5, )

S/ e(t — )| Fy;(dz) + U7 (0) + L— 4 -2 (—1—1)4—” F;;(dz).

(_m]l( )| Fij(dz) (t’m)< (0) p L \2 212 j(dz)

Both terms vanish, as t — oco. If 8 is not 0, then we consider the corresponding MRW with
vanishing shift function via the connection

UY(t) = K (Z L5y x (o0, (€ns Sn)> =E; (Z Ly (—o0t) (€ns Sn + (B(&n) — 5(0)))
n=0

n=0
—h (Z L5} (—o0i] (€ns Sn + 52’1')) - (Z 15y (~ocort—Bij] (§ns §n)> =TV (t - By),
n=0 n=0

where U% is the U% -analogue corresponding to (&, §n)n20. Of course, 7 is also the stationary
distribution of this driving chain, the transformed MRW has the same lattice span d, the
stationary drift remains unchanged and

E-X{ = Ex (X1 — B(&1) + B(&))” = E- X} — 2E-X1(B(&1) — B(&)) + Ex(B(&1) — B(&))?
< E X7 4 2dp + d? < .

Altogether, (3.21) follows from (3.20) and from the observations

3 2 , 2

S2.6) = Sor() = Bléar () + B(60))” = (Soy(s) — BU) +B())” = 85,j) Pjas.
and

So1() = Sor(s) = Bléor(5)) + B(&0) = 8oy () — BU) + B(i) = Soyjy — Bij Pi-as.

Certainly, 01(j) = min{n > 0 : &, = j} does not change during the transformation. That
U%(t) < oo also holds in this last case, follows from the afore-mentioned. O]

Lemma 3.24. Let S be finite and let (£, Sn)n>0 be a zero-delayed MRW with a.s. non-negative
increments and positive recurrent and discrete driving chain =g which has stationary distribution
7. Let u be positive and B X? < co. Then E;v(t) < oo for all i € S and t € R and furthermore:
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3. Asymptotic analysis of depth and imbalance factor

(a) If (&, Sp)n>0 is non-arithmetic, then, ast — oo,

Eiv(t) o Z RS2 (; ZFJE Sy (j) +o(1). (3.22)
Jje€S ’u Y

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8 =0, then, as t — oo,

d (1

+(2_{ }) n LSS ZWJESUI To(l).  (3.23)

t
Eiu(t) = —
o H JES J#l

(c) If (&n, Sn)n>0 is d-arithmetic with shift function B, then, as t — oo,

t — B
Eiv( __ZWJ{ j} 22279 35510

® JES

(3.24)

N Z’/TjEisal(j) —+ 0(1)
J#i

Remark 3.25. In view of Remark 3.22, we remark that there exists r > 0 such that (3.23) and
(3.24) hold with error term o(e~"") instead of o(1) if the MRW is in the d-arithmetic case and
Ss,(j) has an exponential moment w.r.t. ’; and every P;.

Proof. Since S, increases in n,

= i]?i(l/(t) >n) = i[@i(sn <t)=> i]}”i(gn =4,5, <t
n=0 =

jeES =0

:ZEi <Z]1{]}>< —00,t] fn, n) ZU {]} ]):ZUij(t)

jES JjeS jES

which allows us to apply Theorem 3.21. Thus, E;v(t) < oo for all i € S and ¢ € R in every case.
In the non-arithmetic case we have, as t — oo,

i 1
Eiv(t) = ZUJ Z R szEngl(j) + = mEiSy, ) + o(1)
jES ]GS ]ES j#i
2 53 Z 7T2E SQ )+ ; ZWjEiSm(j) +o(1).
Jes J#i

Analogously, in the d-arithmetic case with shift 0 we obtain

t d/1 t
Eiy<t):+(2—{ }) 2 QZﬂ'zE SQ ZWJES(H(])—FO( )
p H JjES N J#i
and with general shift function S
. t d 62] 2 2
Eil/(t)—*—*Zﬂ'] pi 7_,_72 E; S, ZWJESUI +o(1).
K K JES JES ];éz
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3.3. Proofs

Lemma 3.26. Given the situation of Lemma 3.24, let (Xét))t be a uniformly integrable family

of real-valued random variables, independent of (&, Sn)n>0. Then IE,-V(X(()t), t) < oo forallie S
and t > 0 and furthermore:

(a) If (&n, Sn)n>0 is non-arithmetic, then, as t — oo,

(1)
EX
Ev(xP, 1) =L+ Z w22, ; Z 7 EiS, (7) 0

H JjES ];éz

+o(1). (3.25)

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 0, then, as t — oo,

(®)
t d (1 t—X,
EW(Xét),t):qu(?_E{ d }> 57 20

H =
) ! (3.26)
——ZW]E So1 () 0 +o(1).
M i
(¢) If (§n, Sn)n>0 is d-arithmetisch with shift function (3, then, ast — oo,
t d t i
Eiy(Xét),t) =——— ZﬂjE —ﬁj + —
L d 2u
. (3.27)
1 o Ex{"
+ﬁzﬁ ;S5 ) Z%E So1(j) — (1).
jES ]#z

In (3.25), (3.26) and (3.27) we can replace IEX(()t) by EX§ (with error o(1)) if the family is

distributionally convergent with limit X5 w.r.t. P.

Remark 3.27. In view of Remarks 3.22 and 3.25, we remark that there exists r > 0 such that
(3.26) and (3.27) hold with error term o(e™"") instead of o(1) if the MRW is in the d-arithmetic

case, S, (j) has an exponential moment w.r.t. P; and every P;, and (exp(s|Xét)|))t is uniformly
integrable for some s > 0.

Proof. We use the identity

v(X3,0) = vt = X0,y

and recall Eiy(X((]t),t) < oo for all t > 0 from the proof of Lemma 3.20, which can also be inferred
from Lemma 3.24. We start with the non-arithmetic case. Let ¢ > 0. Independence yields

(t)
Eiy(Xét), - ( Z 2E 52 Z”JE Sor(j) — £ )‘
JES ,U, J#i "
e Ex®

- / Ev(t— )B% (ds) ~ -~ 55 LS RIESE )+ - S RS ) +

(=00 t] JjeS H JF#i

t—s x 0

S/ Ei’/(t_s) - - 7271-2]}3 SO'1(])+ ZWJE SUl(J) (dS)

(—o0,t] H jeS K JFi
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3. Asymptotic analysis of depth and imbalance factor

1
( T > m2E;S2, ) + ﬁ ijEism(j)) P(XS > 1) + EXS L 00y (X))
JeS J#i

In this estimation, the first term vanishes, as ¢ — oo, because of (3.22), the tightness of (Xét))t
and the dominated convergence theorem, whereas the second and the third term tend to 0 since

(Xét))t is uniformly integrable. We treat the d-arithmetic case with shift 0 similarly:

t df1 t—x\W 1 Ex

K ]GS i ®
t—s d /1 t—s

N

(—oo,t] €= w2 d

ZTFQE 52,y Zw]]E S| PO (ds)
jeS le#z
! L E;S Px® > ¢
LT 222 iSoG) + = D miEiSe, gy | P(Xg > 1)
H JjES 'uj;éz'

d_ [t—x"
+EX8“11@,OO><X5”>+ME{ - }JL(t,oo)(Xé”).

Again, the upper bound converges to 0 as t — co. Note that

_x®
(=)«

for every t. The case when  does not vanish is similar.

If the family is distributionally convergent with limit X§, then we can replace IEXét) by EXg

in all three cases since (X(()t))t is uniformly integrable. O

The next lemma from [Jan06] gives a series representation for the expectation of the fractional
part in (3.26) and (3.27).

Lemma 3.28. Suppose that X has a continuous distribution, E|X| < oo, and the Fourier
transform ¢(t) := Ee'tX satisfies ¢(t) = O(|t|70) for some § > 0. Then for all u € R

¢(2mn)

2rin

2ﬂinu

MX+}ff—Z

Proof. Cf. [Jan06, Theorem 2.3]. O

Proof of Theorem 3.3. (&, Sn)n>0 is a MRW satisfying the requirements for Lemma 3.26. Since
X1 = —logpg, ¢ is bounded, we have EX? < co. From Lemma 3.13 we extract that X(()n)

converges to X in distribution with —X¢§ having a Gumbel(0, 1) distribution and that (Xén))nzg
is uniformly integrable and tight. Thus, we apply Lemmas 3.26 and 2.12 which yield, as n — oo,

(n)
1 9 2 EX, 1
+— i E; S —— > mE;S, (i +o(1
2“23-26;9 nG) oy H; J 1) +o(1)

logn

E;D,, = Eiy(Xén), logn) =
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3.3. Proofs

in the non-arithmetic case. Here we can substitute IEX(()n) by EX{, and —X{} is integrable with
Fourier transform ¢(t) = I'(1 —it) and

E(-X5) = (= 1)¢"x;(0) = (=)’T"(1) = —(=7) =7
(n)

The error that emerges when considering EX; instead of EX ;" can even be given more precisely
than o(1). With an appeal to Lemma 3.13(c) and a well-known asymptotic expansion of the

harmonic sum, we obtain

1
EXOn) =logn — Emax{Zi,...,Zy,_1} = logn — Z z

1
2(n—1)

:_7+1og(1 ! 1>+O( H=—y+0m),

=logn —log(n —1) — v — +0O(n?)

as n — oo, where Z1,Zy, ... are i.i.d. Exp(1) distributed random variables. In the d-arithmetic
case with shift function 0, this reasoning leads to

logn d (1 logn—Xén) 9y e
E;D, = p +u<2_E{d 222#1[551(]
je

——ZWJIE Sor(y) + = +o(1)
J#z

as n — oo (we could replace o(1) by O(n~(")) since our situation meets all conditions required
in Remark 3.27, cf. Lemmas 3.13 and 3.15). We would like to have X instead of Xén) in the

expectation of the fractional part, so we need to estimate their asymptotical distance. First, as
in [Jan12a], we use Lemma 3.28 (|T'(1 —is)| ~ v/27|s|'/2e="51/2) to compute

d 2 orik

k0

d (; _E {t _ng }) = T T(-2mik/d)e = gy (1),

k0
The latter series converges uniformly and is therefore continuous (as a function of ¢).
To compute the distance between the two expected fractional parts, let M,, := max{ Zl, e Zn}

and fn(z) = ne "(1 — e *)" 1 its M oo -density. Furthermore, let g(z) = ne e "¢ be the
density of logn — X5. We will now show that

* () .
bgn—Xo}_ logn — Xg~ _‘ {logn—Xo}_ {MMH
|E{ d E{ d = |E P E g
oo t [e’9)
S/ |9(t)_fn—1(t)|{d}dt=/ ne
:/ e_s

—t Tl*l

e " - —— (1= e )" 2Ly

{S_ilmgn}ds =o(1),

{2} dt (3.28)

_efs_n—l( e’

)n 21{s>—1ogn}

n n
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3. Asymptotic analysis of depth and imbalance factor

as n — oo, with the dominated convergence theorem. Note that the occurring fraction part is
bounded by 1, thus we have to find an appropriate bound for the expression inside the absolute
value. Obviously, it converges to 0 pointwise for all s € R. Indeed, we will show that

—s

< (Ce ¢

(3.29)

—s n-—1 e’
e’ — (

)n 2:I]-{s>—logn}

n n

for all n > 2, s € R and a positive constant C' > 0, and thus

/ e’ {S_;Ogn} ds < C/ e e "ds = C <

since the integrand is the density of the Gumbel distribution. In order to achieve the remaining
estimate (3.29), let x = e™* > 0 and note that

e n— 1( e_S)n 21{s>7logn}

n n

_ n—1 r\n—2 _
=S (1-)) e e

for all n > 2. This leaves us with the verification of the lower bound
n—1

-2
e ¥ — - (1 — %)n Lizeny = —Ce ™ or

n-l (1- f)”_211{x<n} <(1+C)e"

n n

for some C' > 0. Obviously, it is enough to show (1 — %)”_QH{IQZ} <(1+C)e " foraln>2
and = > 0 (note that it is trivial for z > n) or equivalently (n —2)log(1 — £) < —x +log(1+ C)
for all n > 2 and = € (0,n). Using the series expansion of the logarithm, this amounts to

S\H

—(n—Z)Z < ——.n+log(l1+C) or F—log(l (n—2) Z

3\H

which is true for C = e? — 1 and all n > 2 and = € (0,n) since the left-hand side then is
22 _Jog(1 + C) < 2 —log(e?) = 0 and the right-hand side is non-negative. This proves (3.28).
In the case of a general 3, we similarly get

n logn _ EX§
E;D, = E(X{" logn) = e Z S2 ) — —2
JES H
1 — Bii — X¢
- S B+ D (—E{ =P o)
]751 jES

logn 9 2

2227rES MZWJESUI(J)+N+NZ7T]¢1 logn — Bij) + o(1).

jES jF#i jES

3.3.4. Central limit theorem for D,,
We now prove a CLT for D,, by deriving results for v(¢) and then for V(Xét),t).

Lemma 3.29. Let (&, Sn)n>0 be a zero-delayed MRW with a.s. non-negative increments and
positive recurrent and discrete driving chain Zg which has stationary distribution w. Let p < 0o
be positive. Assume further that E;oq (1)2 < 00, E;X? < 00 and

c? = Varl(S (i) — k(i) > 0.

mi;
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3.3. Proofs

Then 0? < 0o does not depend on i, and, as t — oo,

”wﬁ‘ TR (0, ‘iff) (3.30)

w.r.t. Py If 0 =0, ie. So.(j) = Ho1(j) Pj-a.s. for some (and thus all) j € S, then the limit is
0 and the convergence holds P;-a.s. Assuming further E;o1(i)P < oo and ]Eisgl(i) < oo for some

p > 2, the family {|(v(t) — i)/\/ﬂp,t > 1} is uniformly integrable w.r.t. P; and

v(t) L
Vit

for 0 < q < p in the case 0@ > 0. N has the distribution of the limit in (3.30). The convergence
also holds without absolute value for ¢ € N. If 0 =0, then

v(t) -+

tl/p“—>0 P;-a.s.,

q

{lv(t) — ﬁ]p/t,t > 1} is uniformly integrable w.r.t. P; and, in particular,

L1P
E; \v(t) — m = o(t)
In both cases (6@ > 0,=0), as t — oo,
Var; (v(t)) = (}:?t +o(t) and E (V(t) - ;)2 _ C’;?t +o(t). (3.31)

Remark 3.30. 0 from Lemma 3.29 does not depend on 4. In fact, Meyn and Tweedie derive limit
theorems for (in our terms) S,(g) := > r—; 9(&k, Xi) for some function g, cf. [MT93, Chapter 17].
With g = py being the projection on the second component, [MT93, Theorem 17.2.2] is a CLT
for our auxiliary MRW S,,. The limiting variance there is ¢, so by [MT93, Proposition 17.1.6]
it is the limiting variance under every IP;, and thus cannot depend on i.

Remark 3.31. 1f Var;(S,, ; — po1(i)) = 0 for some i € S, then the MRW (&y, Sy, — pn)n>0 is null-
homologous, cf. Section 2.9. Thus, Lemma 2.16 is another way of seeing that Var;(S,, ;) —uo1(i)) =
0 for all ¢ € § if it holds for some i € S.

Remark 3.32. Although one might expect o(? to be the stationary variance of X1, it is not
(except for the i.i.d. case), cf. [MT93, Sections 17.2.2 and 17.4.3]. We have the alternative form

. 2
1 ) 1 ) 1 o1(i)
2) Vary(Sy, ;) — 1o1(i)) = —Ei(Sy, ;) — po1(i))* = - E; (Z (X — N)) ;

Mii ii ii =1

ol

whereas the stationary variance is

1

myi

o1(7)
E; (Z (Xk — M)2> :
k=1

We refer the read to [MT93, Section 17.4.3] for further details.
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3. Asymptotic analysis of depth and imbalance factor

For the proof of Lemma 3.29, we use similar decomposition techniques as Meyn and Tweedie
[MT93, e.g. Theorem 17.2.2] who established limit theorems for functions of Harris recurrent
Markov chains in great generality. Our result and proof are very similar to those obtained
by Alsmeyer and Gut [AG99], who derived limit theorems for stopped MRWs (with positive
increments) with a Harris recurrent driving chain.

Proof of Lemma 3.29. The idea of the proof is a sandwiching argument together with the i.i.d.
version of Anscombe’s Theorem applied to the cyclically decomposed MRW along (o, (%))n>0-
First, with the definition of v(t), we have

—p S—1— W) = Dp _t—v(t)p _ Sup —v(t)p
Vi Vit =T = vt
5@

We want to show that, as ¢ — oo, the left- and the right-hand side tend to N(0, T) under P;.
Then by symmetry, as t — oo,
O —t @)
vn=t a4 (o 72
Vit I

w.r.t. P;, or equivalently (3.30). So our main goal will be to verify that the left- and the right-hand
side have the desired limit. We start with

(3.32)

Sy(t) —v(t)p _ Sl/(t) - Sayi(t)(i) n S‘Tui(t)(i) - :uo'zﬂ'(t)(i) n Oui(t) (1) —v(t)
Vi Vi NG SV

and will show that the middle term tends to the right limit, whereas the first and last expression
vanish P;-a.s. At first, we deal with the middle term. Since (074+1(%) — 0n(i), Sy, 1 (i) — S0, (i) Jn>0
is a sequence of i.i.d. random variables under IP;, we see that S, (;) —puon (i) is a centered SRW, its
increments having variance 01-2 := 0@ m;;. We consider the case 0(? > 0 first. This, in particular,
means 032- >0 forall j €S, as 0® does not depend on 4 and mj; > 0 for all j € S. The variance

is also finite, since ;o1 (i)% < oo and Engl(i) < 00, the latter being ensured by E; X% < co. Now,

(3.33)

Vi(t)/t = 1/pmy; € (0,00) Pi-a.s. allows us to apply the i.i.d. version of Anscombe’s theorem
[Gut09, Theorem 1.3.1] to obtain

Soiim @ — 1 (D) 4

Ui\/r(t) t—o00

N(0,1)

w.r.t. P; and thus

So,i0® ~Hovr@ a4 o?
\/i t—r00 ’ v

as desired. If O'JQ- = 0 for some (and thus for all) j € S, then we know that

n—1

Son(i) = 100 (5) = O (Sopir() = Son(s)) — Mors1(j) — o(§)) =0 Pj-as.
k=0

or equivalently S, (;y = pon(j) Pj-a.s. for every n > 1. It follows that the middle term in (3.33)
is 0 Pj-a.s.
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3.3. Proofs

To prove the vanishing of the remaining expressions in both cases 01-2 > 0 and = 0, we impose

the stronger moment conditions E;o(7)? < oo and E;S? L) <0 for p > 2 and start with

o) (i) — v(t) - i) (1) = oyigpy—1(1)

< - -
0= yl(t)l/p - Vl(t)l/p

by definition. The right-hand side converges to 0 by Lemma A.5 since v/(t) — oo P;-a.s.,
Eio1(i)? < oo and 0,(7) is a SRW under P;. In particular, we get

oy (i) — v(t)

/p —0 Pj-as. (3.34)

as desired. This always covers the case p = 2. Similarly, as we require non-negative increments,

Soi@) =Sty o)~ o iy, ()
- yi(t)l/p - Vi(t)l/p

and again the right-hand side tends to 0 since IEZ-Sg ) S0 and thus

Su(t) = 50,4, ()
ti/p

—+0 Pj-as. (3.35)

This shows that the right-hand side in (3.32) converges to the right limit.
It remains to show that the left-hand side tends to the same limit. More precisely, we need to
deal with
Sy—1 — (w(t) = Dy
Vit
_ Su—1 = oy, ) . Soiey_1 () — HOvit)-1(7) . Maui(t)fl(i) — (v(t) - 1)
Vi Vi Vi '
Now, since v¢(t) — 1 and v(t) are asymptotically equivalent, as ¢t — 0o, the middle term tends to
the right limit with the arguments from above, so that again we need to verify that the left and
right expression vanish in the limit. To this end, we remark that

0< () —1) = 0,i@)-1(1) <0 (i) — 0pi)—1(7)

(3.36)

and

0 S Slj(t)—l - S

Oicy1 ) = P ~ oy @)

and the left and right expression in (3.36) vanish as in (3.34) and (3.35). This completes the
proof of the convergence in both cases.
To extend this result to moment convergence and an expansion of the variance in the case
_ 1
u(t) - ¢

o? > 0, we show that
P
t2>1
{ Vi }

is uniformly integrable w.r.t. P;. For the first assertion in (3.31), we remark that

Var, v(t) = Var; <u(t) _ Z) & <y(t> B 2)2 ) <Ew(t> i )2
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3. Asymptotic analysis of depth and imbalance factor

2
7;

My b

= (v~ L)+ o) =

5t +o(t),

where we used Lemma 3.24. Hence, it remains to verify the previously asserted uniform
integrability. To this end, we extract from (3.32) that

[t —v()pl < |Su@ —vOul + p+ Sy -1 — (v(t) = Dp| =: A+ p+ By,

and we show that {(A4;/vt)P,t > 1} and {(B;/V/t)P,t > 1} are uniformly integrable w.r.t. P;.
We know that

A < Suity = o @) + 150, () = 10y (D] + 10y (1) — V(1))

and apply the same procedure as before: The first expression satisfies

0<|Su — S,

Oy (t

(&) < Sy =t 8o )~ <256, @) — 1)

which we recognize (up to a multiplicative constant) as the overshoot of the SRP (S, :))n>o0-
Since Ei(S;(i))p = Engl(i) < 00, [Gut09, Theorem 3.10.2] yields the uniform integrability of

S,y —t)P Suity — 8o i) |P
{( mmi) ),t21} . {l (1) = o100 ,tzl},

and particularly (recall p > 2) that of
P
> 1} .

Sut) = Soi ()
Vit

To deal with the middle term, we notice that the SRW (S, ;) — pon(i))n>0 is centered and

adapted to the filtration

Fn = 0((0k(i), Sppsy) : 0 <k <), n>0,

and that v(t) is a stopping time w.r.t. this filtration. Furthermore, Eq|S,, ;) — po1(i)[P < oo
and since {(v*(t)/t)P/2,t > 1} is uniformly integrable w.r.t. P; by [Gut09, Theorem 3.7.1], the
uniform integrability of
Soi @) ~ Howi( () 7
4>
Vit

follows from [Gut09, Theorem 1.6.3]. The third and last expression satisfies

0 < 0yi (i) —v(t) < yig (i) — o —1(9)

which is the stopping summand of the i.i.d. sequence (0, (%) — 0pn—1(2))n>1 at the stopping time
V4(t). Since E;o1(i)P < oo, we can apply [Gut09, Theorem 1.8.1] to conclude that

{ (O'Vi(t)(i) —tO'yi(t)—l(i))p’t > 1} and { (W)pj > 1}

are uniformly integrable. This in particular, shows the uniform integrability of {(A;/v/t)P,t > 1}.
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3.3. Proofs

It remains to show that {(B;/v/t)?,t > 1} is uniformly integrable. Note, that
1Su)—1 — (w(t) = Dpl < [Suwy—1 — Suwy| + 150w — vl + p
= (Sut) = Su)—1) + At + 1,
which is why we only care about the first summand which satisfies

0= Sty = Su)-1 = o () = Sorigy 1 (0)-

This again is a stopping summand, now of (S, 5y — S5,_,(i))n>1, at time vi(t), so by [Gut09,
Theorem 1.8.1] the uniform integrability of

SG" rL'_So',L- ) P - P
{( vie @) . i) 7tZl} and {(W) ,t21}

follows from Eisgl(i) < 00.
Concerning the case 07 = 0, we have shown a stronger uniform integrability statement in

ORI
T '

is uniformly integrable under IP;. Together with the already proven convergence, this completes
the proof. O

passing, namely that

Lemma 3.33. Given the situation of Lemma 3.29, let (Xét))t be a tight family of real-valued
random variables independent of (&, Sp)n>0- If o@ >0, then

(t) ¢
v(Xy',t) — i d o2
N[0, — ], 3.37

\/7? ,u3 ( )

ast — 0o, w.r.t. P;. If 0@ =0, then the limit is 0 and the convergence holds in probability
(t))
t

w.r.t. P;. Assuming further the stronger moment conditions from Lemma 3.29 and that (X,
is LP-bounded for the same p > 2,

q

v(XP,t) -
_— EZ-|N\‘1, (3.38)

X3
E; NG b

ast — oo, for 0 < ¢ < p and N from Lemma 3.29 in the case 0? > 0. The convergence also
holds without absolute value (along sequences) for ¢ € N. If 0@ =0, then

x(® t

v(Xp'ht) — %

I . _
/p —0 P;-a.s.

and
P

L (3.39)

(t)
E; v(X,7,t
( 0 )

In both cases (6@ > 0,=0), as t — oo,

(2) 2 (2)
Var; V(Xét),t) = J—gt +o(t) and E; (V(Xét), t) — t> = U—3t + o(t).
7 [ 7
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3. Asymptotic analysis of depth and imbalance factor

Proof. Let f: R — R be a bounded and continuous function. We must show that

v(t — X(()t))]l{t—Xét)ZO} - ﬁ

Vit

as t — oo, for a random variable N following the distribution of the desired limit. W.l.o.g. (cf.
the proof of Lemma 3.18) we assume that, as ¢ — oo, both X(gt)/\/i — 0 (and thus ¢t — X((]t) — 00)

and (v(t) — i)/\/f — N Pj-a.s. This is possible due to the tightness of (Xét)), Lemma 3.29 and
independence. We partition

(t) t (t) t=xg”
V= XLy sy~ VIS X)L g — T x
Vi Vi pt
_x®
L weexp e o
= -x{9>0 NG Tt exP<or T at
_x®
. v(t — X = =0 [ x0 OB ;
= x>0 \/7@) t Vi X =0y T T
_x(®
v(t— X(gt)) S fo
= ]].{t_X(()t)>0} 0 “dy —ap — by ¢
— X
where, as t — oo, P;-a.s.
(t) (t)
L XO L t - XO
SRV, M= e 7
00) = x
Ct = Wl{tfx(gt)ZO} —0 dt L f — L

The remaining expression converges to N a.s., so we can conclude with the dominated convergence
theorem (f is bounded and continuous) that

v(t — X(()t))l{tfxét)zo} — i

The simple proof of the assertion when ¢ =0 (both, with additional moment conditions and
without) is similar to the proof of Lemma 3.18.

It remains to prove the moment convergence (3.38) and (3.39), which entails the two asymptotic
expansions. For the variance, we note that

2 2
Var; V(Xét),t) = Var; (V(Xét),t) - ;) =E; (V(Xét),t) - /tﬁ) - <EiV(X(gt)>t) - ;)

— <u(X(§t),t) - 2)2 +0(1),
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3.3. Proofs

where we have used Lemma 3.26 (E,X? < oo and (Xét))t is uniformly integrable). Furthermore,
if we prove (3.38), then (3.39) follows along the same lines, and due to the already proven
distributional convergence (3.37), we obtain uniform integrability of

u(x® - t\1?
()

for a countable index set T unbounded to the right, and hence moment convergence without
absolute value follows (at least along sequences).
To prove (3.38) we proceed as in the proof of Lemma 3.20. It is obvious from this lemma that

Ei](u(Xét),t) — i)/\/ﬂp < oo for t > 1. For some 0 < ¢ < p, let

v(t) - &

ViVl

which satisfies g;(t) — E;|N|?, as t — oo, by Lemma 3.29. By the uniform integrability,
sup;>; gi(t) < oo, and by the monotonicity of v,

q
g; (t) = Ei

t\? 1\¢
sup gi(t) < sup E; (V(t) + ) =E; <V(1) + ) < 0.
0<t<1 0<t<1 7 “

Our main techniques are again conditioning on X(()t) and using independence. Let ¢ > 1 and
q

t—x5 1
o —xiP>0}

Vi

v(XP.t) -

Y; =, X

), t-xO | " a/
vt = Xo') = —% X ((t—Xé))V1> 1
x>
(t—xPyvi t = Xo720)

(*) a/2
— 0y [E=Xg) V1
= alt=Xo") (t Lx0z0y

Then
t—x3" 1

7 ]l{t—Xét)ZO}

Vi

v(XP,t) -

similar to the end of the proof of Lemma 3.20 with ¢/2 instead of ¢, and it suffices to verify
T '
T ]l{tfxgt’zo} V(X(g )7t) -

v(Xg" 1) - :
Vi Vi

— 0,
q

q

as t — oco. Here || X||q := E|X]|? for 0 < ¢ < 1. We use the reverse triangle inequality that holds
for all 0 < g < o0:

(t)
t—X,
=X q @
o T{t-Xx57 >0}

Vit

v(xiP ) - v(X3D4) -

Vi

t
m

q q
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3. Asymptotic analysis of depth and imbalance factor

t—x® _x®

< H Tol{t—xé“zo} - i _ H Toﬂ{t—xé”zO} - ﬁ]l{t—Xét)<0}

- Vi ‘ Vi q
< # (t) o ’ + <ﬁ>q/\1 1 @ )

= (M\/g)q/u 0 “{t—x;”>01 . L {t—X;"’ <0} .

If ¢ > 1, then the latter equals

Vi w0 w1/ o L (p/2pg y® Ve _ 1 (t) p/2 /e
SR s (#2pxg” > 1) " < p (E[XO P21, Xét)>t}>
since t > 1, and it vanishes, as t — 0o, due to the uniform integrability of {|Xét)|p/ 2 t>1}. The

first term is
1 1

— (E|X“>|<I1 “ )w < <supIEX S)|‘1)1/q
VG 0 1 T{t—xg"”>0} VAN 0

and vanishes, as t — 00, due to the L?-boundedness of the family. The case 0 < ¢ < 1 is similar
for both terms. This completes the proof. O

Proof of Theorem 3.6. (&, Sn)n>0 is @ MRW with non-negative increments satisfying the as-
sumptions of Lemma 3.33 since again the increments are bounded and E;01(7)P < oo for every
p > 2 (and thus also E;S? ) < o0). Applying Lemma 2.12 and Lemma 3.33 yields the desired
result. O

3.3.5. Weak law of large numbers for A,

For the investigation of the imbalance factor A,, we recall that (&, Sy, Vi)n>0 is the MRW
corresponding to the MMS (&, X, Y5 )n>0, and that p = E;X; and py = E;Y).

Lemma 3.34. Let (&, Sn, Vi)n>0 be a zero-delayed MRW with positive recurrent discrete driving
chain =y which has stationary distribution w. Let u < oo be positive and let puy exist. Then, for
alli €S, ast — oo,

Proof. Since V”t(t) = Z“é’)) . @]1 {(v(t)>0}, We can handle the factors separately. By Lemma 3.17,
we have v(t)/t — 1/ Pi-a.s. so we need to show that the left-hand factor converges to uy Pj-a.s.

This is guaranteed by Theorem 3.16. O

Lemma 3.35. Given the situation of Lemma 3.34, let further (Xét))t be a tight family of
real-valued random variables independent of (&n, Xn, Yn)n>0. Then, for alli € S, ast — oo,

N gy
t uw

Proof. We apply the usual method with V(X(()t), t)y=v(t— X((Jt))]l{tfx“)m} and use Lemma 3.34
O -

in the same way as the corresponding result was used in the proof of Lemma 3.18. We omit the
details. O
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3.3. Proofs

Proof of Theorem 3.9. By Lemma 3.35 we know that
VoM aosm B py
logn n

)

as n — oo. The integrability condition for Yj is trivial because it is bounded. Obviously,
(&n, Sn, Vi )n>o forms a MRW. The limit is constant, so with Lemma 2.14 the same convergence

holds for Sz O

3.3.6. LP-law of large numbers for A,

Lemma 3.36. Let (&, Sn, Vi )n>0 be a zero-delayed MRW with a.s. non-negative increments in
the second component, and with positive recurrent discrete driving chain Zo which has stationary
distribution . Let 1 < 0o be positive and let E;( 21:({) [Y])? < oo for some p > 1 (and hence

py < oo). Then {‘Vl,(t)/ﬂp,t > 1} is uniformly integrable w.r.t. P; and thus

Yoy Lr, 1y

t H
under P;, as t — 0o, in particular,
Vi, |2 a
E, |70 ’MY
t o

for 0 < q < p. The convergence also holds without absolute value for q € N.

Proof. We only need to show the first assertion, then the rest follows by Lemma 3.34. We set
Zyy = 20 (iy+1 1Ykl for n > 1, Zy := 0, and consider the filtration

k=on,_1(1
fn:U((Uk(l)7Sak(z)>7Zknggn)y n > 0.

Note that v¢(t) is a stopping time w.r.t. this filtration. We proceed with the estimate

v p T i (1) p Ui P
0<<\Vy<t>\>p<<zki’l|n|> < (zk:{“ |Yk|) :( kii’zk)
- t - t - t t

and since E; Z} < oo and {(v¥(¢)/t)",t > 1} is uniformly integrable (still trivial by non-negativity),
[Gut09, Theorem 1.6.1] guarantees that

I/i(t) p
{(Z Zk) ,m}

is uniformly integrable. This completes the proof. O

Lemma 3.37. Given the situation of Lemma 3.36, let (Xét))t be a tight and LP-bounded family
of real-valued random variables independent of (&n, Sn, Vi )n>0. Then (along sequences)

V ()
XYt LP
v(X570t) ny

t H
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3. Asymptotic analysis of depth and imbalance factor

under P;, as t — 0o, in particular,

q
E, <|V”(X5”’t)’> - |
t %

for 0 < q < p. The convergence also holds without absolute value for q € N.

q

Proof. Similar to the proof of Lemma 3.20, we get E;|V

in the same way and define

(X, )] < oo for all t > 0. We proceed

L ‘Vu(t)‘ I
gi(t) = E; ( VA

for some 0 < ¢ < p. Then by Lemma 3.36 we have g;(t) — |uy /|, as t — co. Note that g;(t) is

bounded since, on the one hand, sup;> gi(t) < oo by uniform integrability and, on the other
hand,

0<t<1 0<t<

q V(l) q
sup gi(t) = sup Ei|V,|? < Sup E; (Z ’Yk|) <E; (Z |Yk\)
k=1

,i(1)(0)

q . q
vi(1)
<E | Y Yil| =E (Z Zk) < B} -EZ{-Ex'(1)? < 00
k=1

k=1

by [Gut09, Theorem 1.5.2]. Here By is a constant only depending on ¢ and the Zj are defined in
the proof of the previous lemma. If we now define

IV, xo o1\ @ a
) | _ 0, (=X ) V1
( t Xoo| =ailt = Xg7) ( t Li-x20)

as in Lemma 3.20, then the rest follows exactly as in this lemma together with our preparations
from above. O

Y, =E;

Proof of Theorem 8.10. Applying Lemma 2.14, we see that for all n

E(\An\)p:E Vo s
*\logn ‘ logn

Lemma 3.37 completes the proof using the tightness and LP-boundedness of (Xén))n as well as
the fact that E;( > Ul( ) [Yi|)” = Eio1(i)P < oo for every p > 1. O

3.3.7. Central limit theorem for A,

The CLT for A, is derived very similarly to the CLT for D,,. Again we can relate an auxiliary
MRW to the situation of Meyn and Tweedie by setting Sy, (g) := > 51 9(&k, Xk, Yi) = 1V —py Sy,
with g = pps — pyp2 . Then [MT93, Theorem 17.2.2] is a CLT comprising our situation and the
limiting variance is (2 (from Lemma 3.38), so 7 does not depend on i by the same reasoning
as in Remark 3.30.
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3.3. Proofs

Lemma 3.38. Let (&, Sn, Va)n>0 be a zero-delayed MRW with a.s. non-negative increments in
the second component, and with positive recurrent discrete driving chain =g which has stationary
o "y j 2
distribution 7. Let i < oo be positive. Assume further that Ex X? < oo, E,(ZZ;(? Yi])” < o0
(and hence py < oo) and
1 1
7(2) — A2

Vi =

Var; (uV, i) — 1ty Soy 1)) > 0.

Then v < oo does not depend on i and, as t — oo,

Vl/(t) - M;:/t d 7(2)
>N (0, 3.40
Vit 3 ( )

w.r.t. P;. Assuming further that Engl(i) < 00 and E;( le(i) ‘Yk|)p < oo for some p > 2, the
family {|(V,) — “Tyt)/\/ﬂp,t > 1} is uniformly integrable w.r.t. P; and

By |9

for 0 < g <p. N has the distribution of the limit in (3.40). The convergence also holds without
absolute value for g € N. Furthermore, as t — 00,

(2)
'ult + O(tl/p) and Var; Vu(t) = 77375 + o(t).
H H

EiV,) =
Remark 3.39. Remark 3.32 also applies to this modified setting in the sense that, in general, 7(2)
is not equal to the stationary variance of uY; — uy X;i.
Remark 3.40. There is of course a version of this lemma (and the following Lemma 3.41) in the
case v(3) = 0, which is comparable to the corresponding case in Lemma 3.29. However, in the
special situation of Theorem 3.11, ¥(2) = 0 never occurs, cf. Proposition 2.18. Thus, we refrain
from a discussion of this case.

Proof. We are guided by the proof of Lemma 3.29 and [Gut09, Theorem 4.2.3|, and thus we start
by decomposing

Vi Vi Vit ooVt

Again, we show that the middle term has the desired limit and that the remaining expressions
vanish. Considering the middle term first, we notice that (V) — ”TYSJH(,-))”ZO is a SRW w.r.t.

_ . by , L
Vi =Bt Vo) = Vo0 . Vo i@ = 050,00 py So (@) 1

(3.41)

PP;. It is centered since E;(V,, ;) — %Sal(i)) = myly — ‘%mz’m = 0, so following the standard
CLT we find that, as n — oo,

Vouli) = 55 Sonti) 4 Ly o
\/5 — N (O,Vari(vm(i) — MSgl(i))) =N|{0, ﬁ

whenever v() > 0. Using the i.i.d. version of Anscombe’s theorem [Gut09, Theorem 1.3.1], we
easily conclude that

Voyie® = 5 Soi ) @
i)\ r Tt d Y
AN (o, .

Vit ( 3 )
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3. Asymptotic analysis of depth and imbalance factor

Concerning the last term in (3.41), we remark that the numerator is the overshoot S, i@ t

of the SRP S, (;). Since Ei(S:fl(i))p = Engl(i) < oo for some p > 2, [Gut09, Theorem 3.10.2]
yields that

So'l,i(t) (&) —

p — 0 DPj-a.s.

To deal with the first term in (3.41), we establish the upper bound

i1y (1) i1y (0) i) (@)

Vo) = Vo)l = Z Vil < Y Wl < > |Vl

k=v(t)+1 k=v(t)+1 k:UVi(t),l(i)‘H

and as (ZZZ(f ) |Yi|)n>0 is a SRW with LP-increments under P;, we infer by Lemma A.5 that, as
n — 0o or t — 00,

i1y ()
Zk C’" i+ Y] 0 and i@ |Vl

nl/p 1/p — 0 DP;-a.s.

This completes the proof of the convergence. It remains to prove the uniform integrability. We
have seen that

Ly |1y |
— |+ —(

Vi) — 7t| < Vo — Vo i(t) @O+ 1Vo i) — o0y (0) Soipy @ 1)

= A+ By + Ct
and again it suffices to show that {(A4;/vt)?,t > 1}, {(B;/Vt)P,t > 1} and {(C;/Vt)P,t > 1}
are uniformly integrable. For the first term, we use the Z,, n > 1, from the proof of Lemma 3.36.

They are non-negative i.i.d. random variables w.r.t. P; and E;Z < oo by assumption. We know
that v(t) is a stopping time w.r.t. the filtration from the proof of Lemma 3.36 and

i1y (0)
A < Z Y| = Zyi)

k:(rui(t)—l(i)_‘—l

is bounded by a stopping summand. Therefore, the uniform integrability of {V )/ttt > 1}
together with [Gut09, Theorem 1.8.1] yields the uniform integrability of

Ve p P
{ V;”,tgl},{ét,tZl} and {(f}%) ,t21}.

For B;, we remark again that we deal with a centered SRW which lets us apply [Gut09,
Theorem 1.6.3]. All required conditions are satisfied which was shown before or is very easy to
show. Hence, the theorem yields the uniform integrability of

_ Ky . p
|V Z(t) ;So—ui(t)(l)‘ P
\/i .
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3.3. Proofs

To complete the proof, we remark that C; is the overshoot of (S, (j))n>0 and, as all required
conditions are satisfied, [Gut09, Theorem 3.10.2] yields that

SO“ i_tp SO'-L' i_t P
{< ”””i) ),tzl} and {(”%) >,t21}

are uniformly integrable.
It is now easy to obtain asymptotic expansions from the moment convergence, but we only

obtain E;V, ) —£xt = o(\/t) directly. Nevertheless, the i.i.d. case theorem [Gut09, Theorem 4.2.4]
enables us to improve the error by direct computation: The decomposition

EiVoiy =Ei(Vowy — Vo, @) TEVe o) (3.42)

lets us apply [Gut09, Theorem 4.2.4] to the second term which then is, as t — oo,

E;V, 1(7) My 1%
iV 00 = g5t + O = T o) = B o)

if uy # 0, and even equal to 0 otherwise. The first term in (3.42) can again be bounded by a
stopping summand via

i) () i) ()

B (Vo) = Vo @)] < Ei > Y| <Ei > Vil | = o(t"/7)
k=v(t)+1 k:oyi(t)il(i)Jrl

by [Gut09 Theorem 1.8.1]. Concerning the variance, uniform integrability yields E;(V, ) —
“Yt) 7()t+0() SO

Hy Hy \2 My \2
Vari Vy(t) = Vari (Vy(t) - TL t) = Ei (Vy(t) - 7t> - (EiVy(t) ft)
(2 (2
_ 7 a2y —
mii/ﬁt + o(t) — o(t*'P) mim3t + o(t).

O]

Lemma 3.41. Given the situation of Lemma 3.38, let (Xét))t be a tight family of real-valued
random variables independent of (En, Sny Vi )nso- If v >0, then

Vo e — EXt (2)
(X0 T d 0. 773 ’
Vit I

ast — oo, w.r.t. P;. Assuming further the stronger moment conditions from Lemma 3.38 and
that (X(gt))t is LP-bounded for the same p > 2,
q

V (t) t - ﬂt
— E;|N|9,

v(Xy70t) M
Vit
ast — oo, for 0 < q <p and N from Lemma 3.38 Furthermore, ast — oo,

(2)

E;

_ M 1/ : _
E; V(X(t n= 7t+0(t Py and Var; VV(Xét)7t) =
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3. Asymptotic analysis of depth and imbalance factor

Proof. We only remark that

v

v(t—x)1 v,

=1, .o (0)y-
{tix(()t)zo} {t—X, >0} "v(t—-X5")
Then the proof is the same as for Lemma 3.33, except for the expansion of the expectation which
can be proved as Lemma 3.26. O

Proof of Theorem 3.11. It is obvious that (&, Sy, Vi, )n>0 forms a MRW, and that the integrability
conditions for Lemma 3.41 are met, has already been argued in the proof of Theorem 3.10. Also,
72 > 0 by Proposition 2.18. The result then follows from Lemma 3.41 and Lemma 2.14. O
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4. Average-case analysis of further
characteristic parameters

The power of Markov renewal theory has been demonstrated in the first part of this work. Based
on the treatment of so-called harmonic sums (from Mellin transform theory, cf. [FGD95] or [FS09])
in the i.i.d. setting in [Jan12a], the following chapter is designated to a generalization of Janson’s
techniques so as to provide a simple device for finding asymptotics of various characteristic
parameters of tries. As already mentioned, the asymptotic expansions in the applications are
mostly not new. Nevertheless, our device enables us to immediately obtain at least the leading
term in the asymptotic expansions of trie parameters whenever they have additive form which is
described in the paragraph below. We provide comparisons with existing results in Section 4.5.

One of the most accessible parameters to motivate the following theorems with, is the expected
size of a trie. It is easy to characterize and shows our device in the plainest form. We consider
Trie(M,,) which has a deterministic number of n leaves and contains a random number W), of
internal nodes. W, is called the size of Trie(M,,). By Observation 2.2, we have

W, = #{a € 8" : a is an internal node of Trie(M,)}

n
kz=:1 (e a%;* {Zkzl 1{E<’€>>a}22}

We define Wy, := Wiy for a Poi(}) distributed variable II(A) and define Ny (c) := 3751 Lizky oy
as in [Jan12b], which counts the number of strings starting with .. The properties of a Poisson
point process yield Ny(a) = Npy)(a) ~ II(AP;(a)) under P; (cf. Section 4.2), and we obtain

EZ‘W)\ = Z Pz (N)\<O¢) Z 2) ]]-{P >0} Z ]P) > 2) ]]-{P (a)>0}
aES* a€eS* (41)
= > FOAPR(@)1p )0}
aES*

for f:(0,00) = R>¢ defined by f(x) :=P (II(x) > 2) =1— (14 x)e”®. This is the same f as in
[Jan12a, Section 5]. Hence, we need an analogue of [Janl2a, Theorem 5.1] to deal with sums of
the form (4.1).

Additive parameters and search costs. Following [CFV01] or [Bou01], the above expression
and the ones following in the applications are so-called additive parameters that can be expressed
by summing over all nodes in the complete tree with weights called search cost. The latter
indicates whether the considered node carries a certain property (e.g. having at least two children
in the trie) or not.

Harmonic sums. As explained in [FGD95] (we follow their notation and sketch here), asymptotic
expansions of harmonic sums

= Meg(pex)

k
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4. Average-case analysis of further characteristic parameters

are usually found by means of Mellin transforms: The Mellin transform of G factorizes into a
generalized Dirichlet series, containing A\x and ug, and the Mellin transform of g. Then, roughly
speaking, the Mellin inversion formula (which is similar to Fourier inversion) entails that we can
find the asymptotics of G at 0 or co by calculating residues. Of course, this is all subject to some
regularity and growth conditions for the Dirichlet series and the Mellin transform of g. We will
see that Mellin transforms appear in our statement as well (cf. Remark 4.4).

4.1. Main results

Several parameters of a trie can be expressed as a sum over all nodes « in §* of some suitable
function f at points AP;(«) or AP;(cj) as in (4.1). These expressions occur in the Poisson model.
There we consider a random number of strings, from which we construct a trie to subsequently
extract results for the standard model. We use the following theorems which reduce the problem
of finding a limiting behavior of certain functionals to a calculation of integrals. Actually, the
first theorem is a corollary of the second. With results of this kind at hand, the limiting behavior
is clear up to o()), as soon as the function f is known. These results provide a closed form for
the periodic oscillatory error function in the d-arithmetic case as well as its Fourier series, which
in all of our cases equals the function itself (cf. Remark 4.3). The theorem below applies to (4.1),
hence we immediately obtain asymptotics for the expected size of a trie in the Poisson model.

Since for some parameters a similar approach as in (4.1) requires knowledge about the last
letter in a string § = «j, say, or about the letter following the considered string «, we prove
Theorem 4.5 as a generalization of Theorem 4.1 first. In our applications we sometimes encounter
a function f that does not satisfy (4.2). Therefore, we also need the generalizations Theorem 4.6
and Theorem 4.7. Theorems 4.1 and 4.7 are generalizations of [Jan12a, Theorem 5.1] and [Jan12b,
Theorem 2.1], so we try to stay close to his notation.

In the formulation of the following theorems, we use the notation f(z) = O(g(z)) for a < x < b,
with positive g, meaning that there exists a positive constant C' > 0 such that |f(z)| < Cg(x)
for all @ < x < b. Also, we use ~ here for the equivalence relation “Xp-almost everywhere (a.e.)
equal”.

Theorem 4.1. Let f: (0,00) — R be a non-negative, Mg-a.e. continuous function satisfying
f(@) =0 for 0 <z <1 and f(x) = O(z'™°) for 1 <z < oo (4.2)
for some 6 >0, and g(t) := et f(e™!). Then

E(A) =Y fAP(a)Lip(a)=0} (4.3)
aceS*

converges for every 0 < A < oo and the following cases occur:
(a) If (&, Sn)n>0 is non-arithmetic, then, as A — oo,

F;

;” _ ;/_O:og(t) dt + o1) = ;/Ooof(x)xZ dz + o(1). (4.4)

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8, then, as A — oo,

Fi(A) 1 e 2 da 1 blloe A — B 4 o
= [ rws Y miog — ) + (), (4.5)

A JES
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4.1. Main results

where 1(t) is a bounded d-periodic function given by

Y(t)i=d Y glnd—t)—(0) (4.6)
with Fourier series
Y(t) ~ D ap(m)emimt/ (4.7)
m7#0

and Fourier coefficients

D) = g(~2mm /) = [~

—00

g(t)e%rimt/d dt = / f(x)l,—Z—Qﬂ'im/d dz, (48)
0

m € Z. Here § denotes the Fourier transform of non-periodic functions. If f is continuous,
then the same holds for . B;; is defined just like in Theorem 3.3.

Remark 4.2. In all our applications, the occurring f is continuous. Thus, Condition (4.2) simplifies
to

f(x) = 0@'*?), as z — 0, and f(z) = O(z'™°), as z — .
An analogous remark applies to Condition (4.12).

Remark 4.3. We cite [Jan12b, Remark 2.2] since our v is his 1p: Usually (and in all of our
applications) f is continuous and §(s) = O(s™2), |s| — oo, so the Fourier series in (4.7) converges
absolutely, and thus its sum is continuous. Since ¥ is continuous, as f is, the Fourier series
converges to 1 (t) for every t and we may replace ~ by = in (4.7).

Remark 4.4. As Janson points out in the proof of [Janl2a, Theorem 5.1], §(s) from Theorem 4.1
is the Mellin transform of f at —1 +41is.

The following theorem is a variation of the previous theorem and actually more general:

Theorem 4.5. Let f: (0,00) — R be a non-negative, Mo-a.e. continuous function satisfying
(4.2) for some & >0, and g(t) := e' f(et). Then, with j € S,

F/(\) = > FOAP(a))Lipas)>0 (4.9)
aES*

converges for every 0 < A < oo and the following cases occur:

(a) If (&, Sn)n>0 is non-arithmetic, then, as A — oo,

Fi)(\)\> - % /_O;g(t) dt +o(1) = % /ooof(&“):c_2 dz + o(1). (4.10)

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 3, then, as A\ — oo,

J m; [ T
FiA(A) - ,j/o f@)a™*de + gj"‘?(logA — Bij) + o(1), (4.11)

where 1(t) is the bounded d-periodic function from Theorem 4.1.

57



4. Average-case analysis of further characteristic parameters

We can also prove a generalization of Theorem 4.5 which in turn provides a generalization of
Theorem 4.1 as a consequence. The more general results describe the asymptotic behaviour for a

broader range of functions f.

Theorem 4.6. Let f: (0,00) = R be a Ng-a.e. continuous function satisfying

f(@)=0?) for0 <z <1 and
f@) =az+ 0™ forl <z < o0

for some § >0 and a € R, and g(t) := et f(e™t). Then, with j € S,

F/(\) = > FOPAad)Lip,aj)>0}
aeS*

converges absolutely for every 0 < X\ < oo and the following cases occur:

(a) If (&, Sn)n>0 is non-arithmetic, then, as A — oo,

) = T xtoga + Y — arly (i) + o(N),
7 p

where

a o _
bj = EFJZEngl(j) - aWjEiSal(j)]-{j;éi} + 7Tj/0 (f(iL‘) - a:B]].{le})x 2 dx.

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 3, then, as A — oo,

. A b .
Fi()\) = %AlogA + ;])\ + %wo(log)\ — Bi)A — XLy (i) + o(N),

(2

with bj from above and 1y(t) is a bounded d-periodic function with Fourier series

t) ~ Z ao(m)e%rimt/d = Z g(_Qﬂ.m/d)GQWimt/d

m#0 m#0

and Fourier coefficients vo(m) = §(—2mm/d), where

(o)
Slap) e T —iuttet g (p) gt — | / L-2—eHu g
gu)=lim | e g(t)dt =lim | = f(x x

and furthermore

Yo(t) — =d Z (nd —t) — g(nd)) — at.

n=—oo
If f is continuous, then the same holds for .
Note that g(t) — a, as t — —oo, and g(t) = O(e™%), as t — co.

This result directly implies the following:
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4.2. Poisson model

Theorem 4.7. Let f: (0,00) = R be a Mg-a.e. continuous function satisfying (4.12) for some
§>0and a €R, and g(t) := e’ f(e™t). Then

ZfAP )1{P,(a)>0} (4.20)

acS*
converges absolutely for every 0 < A < oo and the following cases occur:

(a) If (&, Sp)n>0 is non-arithmetic, then, as X — oo,

A = X log A+ 2x+ o(\), (4.21)
[ [
where
b:= Z b = Z R, Sal(] CLZTI'JE So1(5) —I—/ - axl{gCZl})x_Q dz. (4.22)
JES jES e

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8, then, as A — oo,

b
Fi(\) = —)\log)\—l- A4 = meo log A — Bi) A + o(A), (4.23)
jES

with b from above and y(t) is the bounded d-periodic function from Theorem 4.6.

4.2. Poisson model

To apply these results to functionals of the trie, we consider the Poisson model in the following
sense: Let (II(A\))x>o be a family of independent Poi()\) distributed variables. Let further
(II(A)) x>0, €0, 2, 2@ .. be independent w.r.t. P; for each i € S. Again, as with Xo(n), we will
sometimes use P 1nstead of P; if the probability does not depend on i. Usually, we denote the
first string by 2(1) = =, but Z is considered an additional string in the sequence =, 21 =)
in Subsection 4.5.4. The set from which the trie is constructed is then M,, = {1 ... 2} or
{2,2M, ... ,2=D} for n € N. In the Poisson model, we deal with the first II(\) (or 1 4 II()))
strings. The definitions of the functionals rely on characterizations of specific nodes in Trie(M.,,).
We recall, that with |a| denoting the length of «, the event

9 - a} = (€, ... &%) = a)

is the set on which « is a prefix of 2% or equivalently Z(*) starts with a.
An important tool is the fact that for [ € N and under P;

Z 1 (e Z 5§(k> L£9)

-----

is a Poisson point process on S'. Its intensity measure is ((-) = AP;(-) since the (ék), e l(k)),

)

k=1,2,..., are independent with distribution P;(-). Hence, for o with length [, we have

ey ey N
Y Lzwieay = Gew ey ({a}) ~ I(¢(a)) = TL(APi(a)).
k=1 k=1
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4. Average-case analysis of further characteristic parameters

4.3. Markov renewal theorems

The four main results in Section 4.1 are based on the two so-called Markov renewal theorems.
These are Markov analogues of the well-known renewal theorem by Blackwell and its equivalent
version which is known under the name of key renewal theorem. We state both, the Markov
renewal theorem I and the Markov renewal theorem II as well as a refined version of the latter in
the d-arithmetic case. As usual co™! := 0 and we denote by Mg and Ny the Lebesgue measure
on (R, B) and d-times the counting measure on dZ, respectively. For the formulation of the next
theorem, we point out that d-lim;_,~ f(t) means the usual limit in the case d = 0, and the limit
lim,,,o f(nd) in the case d > 0.
The Markov renewal theorem I is an analogue of Blackwell’s renewal theorem:

Theorem 4.8 (Markov renewal theorem I). Let (&, Sp)n>0 be a non-arithmetic or d-arithmetic
zero-delayed MRW with positive recurrent and discrete driving chain Zg which has stationary
distribution w. Let p be positive and let the shift function be 0 if d > 0. Then for alli € S;,ACS
and all bounded intervals I

i Uy(A x (£ + 1)) = iW(A)»d(I)
and
td_—}lilglo Ui(Ax (t+1))=0.
Proof. Cf. for example [Als14, Theorem 3.1] for the non-arithmetic case. O

The central theorems of Section 4.1 rely on the Markov renewal theorem II which is an analogue
of the key renewal theorem:

Theorem 4.9 (Markov renewal theorem II, non-arithmetic or shift 0). Let (&, Sn)n>0 be a
non-arithmetic or d-arithmetic zero-delayed MRW with positive recurrent and discrete driving
chain Eqg which has stationary distribution . Let p be positive and let the shift function be 0 if
d > 0. Let further g : S Xx R = R be a measurable function which satisfies

g(i,+) is Mo-a.e. continuous for alli € S
and

Z 5 Z sup  |g(j,z)| < oo for somee >0 (4.24)
jes nez ne<z<(n+l)e

in the non-arithmetic case, and

Yom > lglin)| < oo (4.25)

jES  nedZ
in the d-arithmetic case. Then, for alli € S,
dth*gzt Zﬂ]/g], ) Ng(dz)
]ES
and

d-lim U % g(i,t) = 0.

t——00
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4.3. Markov renewal theorems

Proof. Cf. for example [Als14, Theorem 3.2] for the non-arithmetic case. O
Remark 4.10. If S is finite, then (4.24) is equivalent to the direct Riemann integrability of ¢(i, -)
for all i € S, and (4.25) is equivalent to the absolute summability of (g(i,n))necaz, for all i € S.

The following easy lemma helps to verify direct Riemann integrability in the proof of the main

results. It is taken from [Janl2a, Lemma A.6].

Lemma 4.11. Let f : R — R be a non-negative, bounded and a.e. continuous function. Let
further F' be an integrable function satisfying 0 < f < F, and let A > 0 such that F is increasing
on (—oo, —A) and decreasing on (A,00). Then f is direct Riemann integrable.

As mentioned before, the requirement of a vanishing shift function in the d-arithmetic case is a
technical nuisance. Usually we then consider the MRW (&, gn)nZO as defined in Subsection 3.3.3.
If S is finite and we also assume direct Riemann integrability of the g(i,-) (instead of just
summability), then Theorem 4.9 implies a more precise description of the asymptotics in the
d-arithmetic case.

Theorem 4.12 (Markov renewal theorem 11, d-arithmetic). Let S be finite and let (£, Sn)n>0 be
a d-arithmetic zero-delayed MRW with positive recurrent and discrete driving chain Zg which has
stationary distribution w. Suppose that u is positive and that 5 : S — [0,d) is the shift function.
Let further g : S x R — R be a measurable function which satisfies

g(i,+) is Mo-a.e. continuous for alli € S (4.26)
and
g(i,-) is direct Riemann integrable for all i € S. (4.27)

Then, for alli € S, ast — oo,

U*g(ivt): Zﬂjw(jv _t+6ij)+0(1)>

1
tjes
where ¥ (4, ) is a bounded and d-periodic function for every j € S defined by
V@ t)=d Y g(Gnd—1) (4.28)
which has the Fourier series (as a function in t)
W)~ DS D myeTi

The Fourier coefficients satisfy

o~

dm) = g, ~2mm/d) = [ gl e at,

where ) are the ordinary Fourier coefficients of 1(j,-). The series in (4.28) converges uniformly
on [0,d], so if g(j,-) is continuous, then so is ¥(j,). Furthermore, for alli € S, ast — —o0,

U xg(i,t) = o(1).
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4. Average-case analysis of further characteristic parameters

Proof. We need to show that, as t — oo,

Uk gist) — = S mu(G—t + Biy) = ol1).
1

JjeS

First of all, S, € dZ P;-a.s., since S,, has shift 0, so for §;;(s,z) := Liy(s)g(s, = — Biz)

n>0 n>0

U x g(i,t) = (ngn, - n> (Zgﬁm B(&n) + B(i) — ))
= ZEZ (Z ]1.{3} fn fna 6ij - gn))

JES n>0
=Y E (Z Gij(€nrt — 1))
jES n>0

_Z Z Zglj ]7 (én—]a n_kd)

JES k=—00n>0

= Z 9ij (j, t Ui({5} x {nd})

jeESN=—00
o0
=> > Gii(j:t — nd) - ay(n)
jES n=—00
with @;(n) = ({ 7} x{nd}), and as usual U; denotes the Markov renewal measure of (£,,, Sy, )n>0

with U (B) = U;({j} x B) for all Borel sets B. Furthermore,

—Zﬂjw —t+ Bij) = Z 7T] Z g(j,nd +t — Bij) = Z 7T] Z 9(j,—nd +t — Bij;)

jES ]ES n=-—00 ]ES n=-—00

:Z Z g(j,t —nd — Bij) - Z Z Gij (4t

JES n=—00 JES n=—00

"’;\&

By Theorem 4.8 and the fact that the stationary drifts of (£, Sp)n>0 and (£,, Sp)n>0 coincide,
@iij(n) = Us({j} x {nd}) tends to %773- for all j € S, as n — oo, and to 0, as n — —o0.

Now, let € > 0 and choose ny € N big enough such that maxjes |@;;(n) — %ﬂj| < ¢ for n > ny,
maxes | (n)| < e for n < —ng and max;es Y, _p, |9ij(J,t —nd)| < e for t > 0. The existence
of such an ng is guaranteed by the afore-mentioned renewal theorem together with the direct
Riemann integrability of g;;(j,-) and the finiteness of S. The direct Riemann integrability of
Gij(4,-) follows from the direct Riemann integrability of g(j,-). Thus,

=2 i Gij(J,t — nd) (ﬁij(n)—jﬂj)

Uk gli, 1) - i S (. —t + Biy)

jeSs jES N=—00
d 10 d
<Y Y GGt —nd)l- (e +-m) + X Y 150, —nd)| - [y (n) — |
jeES n<—no jES N=—nop K
+>0) Gl t —nd)| e
JES N>Nng
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4.3. Markov renewal theorems

d LU . d
<181 (e 4 2) #2030 oGt —nd)l - Jig(n) — Sl +1S]-C e

JES n=—ng

for t > 0 and some constant 0 < C' < oo whose existence is again guaranteed by the direct
Riemann integrability of §;;(j, -) for every j € S. This property also implies lim ;o ij(j,7) = 0
for all j € S and hence

U * g(i,t) ——Zﬂ'ﬂb —t + Bij)

JES

lim sup
t—o0

§|S|-s-(a+z)+|sy-c-a.

As ¢ > 0 was arbitrary,

Uxg(i,t) — Z?TJLZJ —t+8i5) <0

jGS

lim sup
t—o0

It remains to note that (7, -) is bounded, since g is direct Riemann integrable, and it is d-periodic
by definition. Thus, the convergence in (4.28) is uniform on [0, d] and hence (7, ) is continuous
if g(j,-) is continuous. The Fourier coefficients of 1(j, ) are easily computed by

@D(]’ d/ @b ]7 _QWImt/ddt / Z ],nd—t) —27r1mt/ddt
- Z /99’"d_t _%mt/ddt*/ g(j, —t)e2rimi/d g
:/ g(],t)62ﬂ—lmt/ddt

using the uniform convergence on [0,d]. The convergence of the Fourier series holds in L? since
(7, -) is bounded, and hence (7, -) and its Fourier series are equal Mg-a.e.

For asymptotics at —oo, we proceed in the same way. Choose ng € N such that max;cs |@;;(n)—
%71']'| < € for n > ng, maxjcs |ti;(n)| < e for n < —nyg, as well as

max Z 1Gi;(j,t —nd)| <e fort <0,

n>’no

then, as t = —o0,

U g, )] <D > 150t = nd)| - |ag; ()]

jeSn=—o0
no
<N giGit=nd) e+ >0 Y 30t — nd)| - | (n))]
JjeES N<—ng jeESn=—ng
- - d . d
Y 3Gt = nd)| - | (n) — =75 + > > 1Gig(4,t — nd)| - —;
jES n>no jES n>ng H

no _ ) ~ d
<IS[-Coet+ > D dilist = nd)| - |ay(n)] + S| - €2 + || e = o)

jeES n=—ng

with an analogous reasoning. O
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4. Average-case analysis of further characteristic parameters

4.4. Proofs of main results

We prove Theorem 4.5, then Theorem 4.1 follows immediately.

Proof of Theorem 4.5. Let f be a non-negative function on S*. For arbitrary k > 0, we have
P& &) = e Sk P;-a.s. and thus we get

7 ‘ flag---agj) .
flar- ) Lparar>0) = D S5 Pi(a1 - ard) Ly py (g -apj) >0}
at,..., 0, €S s a1,e.,aES Pi(al T ak]) 1k
flag - o)) ‘
- —1 . y ]P)i = g ey = 5 p—
2 Pi(ar---apj) (Fileaari)>0} (1 =aw,... & = ag, &1 = J)

A1y, €ES

fl&---€ _
=K (MH{Pi(ﬁl"'§k+1)>0}l{j}(fk—&-l)) =E; <€Sk+1f(§1 T fk—&-l)]l{j}(fk—&-l)) )

since {P;(&1 -+ - &k+1) = 0} is a Pj-null set. So

> F@)p a0y = ZE ( k41 (& '§k+1)1{j}(§k+1)>

acS*
B (S F 601y (60).
k=1
In particular, if f(a) := f(AP;(«)) and thus f(&; --- &) = f(Ae™F), we have

F Z f )‘P a]))]]-{P(a] )>0} — ZE ( Skf(Aeisk)l{j}(gk))

a€eS*

—ZE(&f 51360 — Bi (€°F (e )15 (60))
(Z et f(Xe 11{;}(&)) — F(N)L50).

If we define g(t) := e! f(e™?) and fi(z) := f( ) 5o that g(t) =elf(e™t) = fi(e™?), then we get

<Z ek f(Ae )Ly (k) ) =X-E; (Z Ji(A 11{;}(&:))
(Zﬁ ~Sklos A1 () ) = \-E (Z 143 (&k)g sk—logA)>

=\E; <Z G5 (&k, log A — Sk)> =X-Uxg;(i,log \)
k=0

with g;(z,y) := 1y;3(2)g(—y). Before applying the Markov renewal theorem II (Theorem 4.12)
we note that Fij()\) is finite for every 0 < A < oco. To see this, it suffices to argue, that U % g(i, )
is finite for every ¢ € R and g satisfying (4.26) and (4.27) (these conditions will be verified for g;
below). However, this was shown in the proof of [Als15b, Theorem 9.18].

We want to apply Markov renewal theorem II, so we need to check conditions (4.26) and (4.27)
for g;. Condition (4.26) is satisfied since g;(j,y) = g(—y) = e"Yf(e¥) and f is Mo-a.e. continuous,
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4.4. Proofs of main results

and g;(k,y) equals 0 for k # j. Also, g;(k,-) is direct Riemann integrable for k € S. This is
trivial for k # j and reduces to the verification of direct Riemann integrability g(—-) or ¢ in the
case when k = j. The latter direct Riemann integrability was shown in the proof of [Jan12a,
Theorem 5.1].

Applying Markov renewal theorem II (Theorem 4.9) and limy_, f(A)/A = 0 in the non-
arithmetic case, we get

A
lim (U*gj(z log A) — Mﬂ{j} ) Zwk/g] k,y) Xo(dy)
A—00 A kES

: _ Ty _ T —t 2t gy —t LY )
Lm0 [ =" [ gy =" [T et e a="2 [Ta () s

Hes w

where we substituted = := e~! in the last step. This proves the theorem in the non-arithmetic
case.
In the d-arithmetic case with shift function 5, the Markov renewal theorem II yields, as A\ — oo,

U * §(i,log \) = Z i (k, —log A + Bix) + o(1)

P res
—Zﬂk d Z gj(k,nd — Bir, +1log A) + o(1)
Hes n=—o00
= l Zﬂk]].{]} -d Z nd‘l‘ﬂik_log)‘)_‘_o(l)
keS n=-—00
— %@Z (d _Z_: g(nd — (log X — Bi;)) — 12(0)> +o(1)
= %zﬂm ;ﬂwuogA Bij) +o(1)

with Jj from Theorem 4.12 corresponding to §;, and ¥(0) == [, g(t)dt. Combining this with
@]l{j}(i) = o(1) as A — oo, it gives us the desired result in the d-arithmetic case. All properties
of the function ¢ transfer directly from @Zj in Theorem 4.12 (which is called 1 there). O

Proof of Theorem 4.1. We conclude the assertions of this theorem directly from Theorem 4.5 by
noting that

Z f )\P ]l{p (a)>0} = f(/\R(@)) + Z ( Z f(/\Pi(a))]-{Pi(a)>0}>
acS* JjES aES;

with 87 C 8" being the subset of all nodes that end with j. So if we rearrange this expression,
then we obtain the well-known quantity

FEQ) =fN+> ( > f()‘Pi(O‘j))]l{Pi(aj)>0}> =fN)+ Y F/(\)

JES \aeS* JjeS

Now f(X)/A = o(1), as A — 00, and thus an appeal to Theorem 4.5 completes the proof. Note that
F;(\) converges for every A > 0 because S is finite and FY (\) converges for every 0 < A < oco. [
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4. Average-case analysis of further characteristic parameters

Proof of Theorem 4.6. We divide the proof into four steps, starting with non-negative f and
a = 0. The generalization to real f is then straightforward. For the third step, we consider a
special f with a = 1 and subsequently, we combine these results to show the full statement. This
proof relies heavily on the proof of [Jan12b, Theorem 2.1].

Step 1: Let f > 0 and a = 0. Then the assertion is a reformulation of Theorem 4.5. We
quickly check this below. Since we are in the exact situation of Theorem 4.5, the sum in (4.13)
converges (absolutely) because it does in (4.9). If (&, Sy )n>0 is non-arithmetic, then obviously
we get the same result. If (&,, S, )n>0 is d-arithmetic with shift function 3, then we find that
(4.16) is similar to (4.11) with o(¢) := 9(¢) and the notation from Theorem 4.5. We simply
need to verify (4.17)-(4.19). First of all, by Theorem 4.5

Uolt) — bo(0) = 0(t) —b(O) =d S glnd—1)—d S glnd)

n=—oo n=—oo

4 Y (glnd— 1) — g(nd) ~ 01,

n=—oo

so (4.19) follows. Now, 1 (t) has the Fourier series
Z {b\(m)ekrimt/d

m##0

with

o0 oo
IZJ\(TTL) _ / g(t)627rimt/d dt — / f(x)x—2—27rim/d dx
—0o —0o0

which coincides with zzo(m) as Janson points out in [Jan12b, Proof of Theorem 2.1, Step 1]. Note
that 1(0) = Jo° f(x)z? dz. If f is continuous, then so is ¢ and consequently ¢ is, too. This
completes the first step.

Step 2: Let f be real-valued and a = 0. We decompose f = fT — f~ with non-negative f+
and f~. Since max{-,0} is a continuous function, the conditions in (4.12) are clearly fulfilled for
fT and f~, since f obeys them. With this partitioning we get

S FOP(ad)Lip a0 < Y FTAP(f)Lipajsor + > F~(APi()))L{p,(aj)>0y <
aEeS* aES* aES*

for every 0 < A < oo since both summands converge absolutely by our previous result. Step 1
also gives us the asymptotic expansions

() = % /Ooofi(x)x? dz - A+ %w(ﬁf(log A= Bij) A+ o(A)

with obviously defined dﬁ which vanish in the non-arithmetic case. This yields the asymptotics

FI(\) = % / fl@)a2de- A+ %wo(log)\ — Bij)A+ o(N),
0
where o (t) := g (t) =g (t) is bounded and d-periodic and satisfies (4.17)-(4.19). This completes
the second step.
Step 3: Let f(x) := zlg,>1) be the Mo-a.e. continuous function that trivially satisfies the
conditions in (4.12) with @ = 1 and 6 = 1. We calculate

g(t) =e'f(e™") = Lye-t>1y = Lp<oy
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4.4. Proofs of main results

80 g(z —log A) = L(_ 1oz z] (7). Noting that f > 0, we proceed as in the proof of Theorem 4.5
and find

(Z et f(Ne 1{;}(&)) — ALyl (6)

=X\ Ei (Z ]l{]} fk Sk — log )\)) — )‘]l{)el}]]-{j}(i)

= X-Us({j} x [0,log A]) = ALpys1y 15 (4)
=X+ UY(log ) — ALpas1y L5 (4)

and the (absolute) convergence of Fij (M) for every 0 < A < oo by Theorem 3.21. In the
non-arithmetic case, this theorem further yields

T

sz()‘) =)\ (/j log A + ] E 5'2 ) Z]Eism(j)]l{j#i} + 0(1)) — )\]].{/\21}]1{]'}(1')

2p2
T 1 ,
= iAIOgA + ( J E; S2 o () — WjEiSzn(j)]l{j;éi}> ;)\ — /\]].{j}(l) + o(N),

as A\ — 0o, which is the desired result since the integral in b vanishes trivially. This leaves us
with the study of the d-arithmetic case with shift function 8. With 1o (t) := d(3 — {%}) the
theorem gives us

2
FZJ ()\) =\ <M] log)\ + ;]’lb()(log/\ - 523) 2 2 J55271(j) - ;]Eisgl(j)]l{j#i} + O(l))
— ALpeny L)
2
_ T i@ g2 Ly ™
= ;)\log)\ + (MEJ-SUIQ) - wj]EiSal(j)]l{jﬁ}) ;)\ + ;%(log/\ — Bij) - A
- )\]].{J}(Z) + 0()\)

which is again the desired result provided that 1y satisfies the required conditions. From the
definition of the fractional part, it is obvious that 1 is bounded and d-periodic. It is easy to
show (cf. [Jan12b, Proof of Theorem 2.1]) that

N d
o>=;/0 Golt) dt =

and, for m # 0,
12; / 1/}0 727r1mt/ddt d
2rim’
Additionally, we have for real u # 0 that
1
~ _ 71ut+€t _ (s iu)t
g(u) = il{(l[l) g(t)dt = hm/ dt = —

which agrees with 1o(m) = §(—2wm/d) for m # 0. Together with

i (9(nd —t) — g(nd)) = i (l{ngg} - ]l{n§0}) = BJ )

n=—oo n=—oo
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4. Average-case analysis of further characteristic parameters

we find that
dn;m g(nd —1) (nd))—1-t:dm—tz—d{fl}:%(t)—%(m

which gives us the validity of (4.19).
Step 4: In the last step, we consider a general f (with the properties from the theorem). We
decompose f as f(x) = fi(x) + afz(x) with

fi(x) = f(z) —arlysny and  fao(z) i= 2Ly

Now, both parts of f; are of order O(z!*?) for 0 < < 1, hence the same holds for f;. We
extract from Step 3 that

fi(z) = az + O(z'7°) — (az + O(z' %)) = O(z'7°)

for 1 < < oo, thus our corresponding constant a; equals 0, and Step 2 apphes to fi (and Step
3 applies to fa as seen before). Denote the associated functionals by F]’ (A\) and F] %(\). Then
each of them converges absolutely for every 0 < \ < oo, so for every A

ST AP Lips0p < 3. [AAP(af)Lipags0p + lalF/P(N) < 0.
aEeS* aEeS*
By the previous steps, we get

| AR
FIO) = on e T oA = ) A+ o(),

as A — oo, where b(~1) = 7 Jo°fi(z)z? dz and wél) = 0 in the non-arithmetic case and

w(()l)(t) - w(()l)( 0) =d> o _(g91(nd —t) — gi(nd)) for the obvious g; in the d-arithmetic case
with shift function 5. We skip the consideration of the Fourier series at this point. Similarly, we
get,

2
. T 5 1 M
F/*(\) = Ao A+ <2LEJ‘S§1<J‘> - WjEz‘Sal(j)]l{j#}) At ollogd = By) )

- )\]l{j} (Z) + 0()\)

with the notation from Step 3 (which includes the vanishing of )y in the non-arithmetic case). A
combination of these asymptotics yields

2
i _am T - 1 [amj 9
—Hrj/o (f(x) — aa:]l{le})af2 dm) A — /\]l{j}(i) + o(N)

for o (t) := ¢0 ( ) + apo(t). This coincides with the desired asymptotics if we can verify the
conditions that we require for ¢. To begin with, ¢y is bounded and d-periodic. Furthermore,

since g1(t) = g(t) — aly<oy,

oo

n(t) = 0(0) = ("(0) — 6" ) + alwn(t) ~ vo(0) = & Y- (g1(nd— 1) —gr(na) — e { 7}

n=—oo
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4.5. Applications

= dnioo(g(nd —t) — g(nd)) — adnioo(]l{ngg} — Lin<oy) —ad {fi}
:dnigmmd—w—gm@wwM(uJ+{§D

=d Z (nd —t) — g(nd)) — at
n—=——oo
as desired. The statement concerning the Fourier series follows from the fact that the Fourier

series of 1y is the sum of the Fourier series of wél) and ap which we know well. The rest follows
by linearity. If f is continuous, then g is continuous and ¢y converges uniformly on every compact
set, so 1y is continuous. O

Proof of Theorem 4.7. Again, we deduce the assertions of this theorem directly from Theorem 4.6
by noting that

Fi(\) = f\)+ Y F/ (V)

=
b;
—i—Z( i Ao g A+ ])\—i- J1/10(10g/\ Bij)A a/\]l{j}(z')+o(/\)>
JjeS
b
= f(A\) —ar+ )xlog)\—i- /\+Z “Lapo(log A — Bij)A + o(X\)
jES
b
f)\log)\—i- )\+MZ7T]¢0 log A — Bij)A + o(A)

jeES

with vanishing 1y in the non-arithmetic case. Note that f(\) —aX = O(A17?), as A — co. Fi())
converges absolutely for every A > 0 because S is finite and FY (\) converges absolutely for every
0< A< oo O

4.5. Applications

We apply our device from Section 4.1 to some selected parameters. The selection of parameters
is taken from [Jan12a]. There are of course others, e.g. in [Jan12b], Janson examines protected
nodes and fringe tries in this way in the i.i.d. model.

Before actually applying the device, we state once again that we intend to showcase a
method. Nevertheless, we briefly compare our (following) results to the respective results from
earlier publications in the Markov case: Part (4.29) of Theorem 4.13 is a replication of [Rég88,
Theorem II1.2] (as we understand it as a result for the average size of a trie), however the latter
does not seem to be precise in the d-arithmetic case, as a periodic function should appear in the
leading term. In [CFV01, Theorem 6 and Corollary 2], the authors derive a corresponding result
in the more general setting of dynamical sources (also for the path length) and their corollary for
the Markov case matches our result. However, we provide an explicit formula for the periodic
oscillatory term. Also [JS16, Theorem 2] contains the sketch of a similar result to the one in
[CFVO01].

Régnier’s result does also apply to b-tries, and we understand Theorem 4.18 as a more precise
version of her [Rég88, Theorem III.2] in the context of b-tries. We are not aware of results for
external nodes of a b-trie as in Theorem 4.19 in a different model than the memoryless model.
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4. Average-case analysis of further characteristic parameters

Theorem 4.22 contains the same result as [Bou0Ol, Proposition 7] for the size of a PAT-trie.
Bourdon also derived a corresponding result for dynamical sources first and obtained the Markov
case as a corollary. Then again, we provide explicit formulas for the periodic oscillatory terms.

Although they did not formulate their results in terms of the depth but rather in terms of
the external path length, Bourdon [Bou01, Proposition 7] and Leckey [Lecl5, Corollary 2.2.2]
(binary case) derived expansions corresponding to Theorem 4.37 for the expected external path
length of a PAT-trie and to Theorem 4.32 for the expected depth in a PAT-trie (implicitly via
E;DF = %Ez Lﬁ ). Again, Bourdon also derived a corresponding result for dynamical sources first
and obtained the Markov case as a corollary, but we provide explicit formulas for the periodic
oscillatory terms. Leckey’s expansion is not as precise as ours or the formerly mentioned of
Bourdon, however this is owed to the objective to derive a CLT for the path length (and not the
depth).

Regarding the external path length of a trie, Theorem 4.35 is again matched by [CFVO0I,
Theorem 6 and Corollary 2|, and still we provide an explicit formula for the periodic oscillatory
term. Also, as for PAT-tries, [Lecl5, Corollary 2.2.1] or [LNS15, Theorem 2.1] contain an
expansion of the mean and the variance and a CLT in the binary case.

4.5.1. Expected size of a trie

We recall from the beginning of Chapter 4 that Wy = W) satisfies
EWy= Y fOP(@)L{p(a)=0)
acS*
for f(z) =1 — (1 + 2)e”®. The main theorem is the following:
Theorem 4.13. (a) If ({n, Sn)n>0 is non-arithmetic, then, as n — oo,
E;W, 1

= 4.2
P (4.29)

(b) If (&n, Sn)n>0 is d-arithmetic with shift function B, then, as n — oo,

Ew, 1 1
= —+ =) minlogn — B;) + o(1), (4.30)
n o Hies

where Bi; are from Theorem 3.3 and the continuous and d-periodic function vy is from
Theorem 4.1 with f from above and corresponding g. W2 has Fourier series

Z0 1+2rim/d Z0 d d

Remark 4.14. In the d-arithmetic case of the previous theorem we mention functions s, f and
g. They are connected via (4.6), (4.8) (19 is called ¢ there) and g(t) = e'f(e™!). Whenever
such a triple of functions is mentioned in the following theorems, their connection is of that type
(considering the right theorem out of Theorems 4.1, 4.5, 4.6 and 4.7).

Remark 4.15. We get asymptotics for the expected number of nodes in Trie(M,,) by E;W,, + n.

Remark 4.16. Appealing to Remark 4.3, the current §(s) = —isI'(—1 +1is) is of order O(s72),
|s| — oo, since

ID(—14is)| ~ V2n|s|3/2e7ms1/2,

as |s| — oo.
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4.5. Applications

First, we prove the Poisson version of Theorem 4.13. Now, Theorem 4.1 immediately yields:
Lemma 4.17.  (a) If (&, Sn)n>0 is non-arithmetic, then, as A — oo,

E,W, 1
— —.
A p

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8, then, as A — oo,

EW, 1 1
2= =+ = ma(log A — Bij) + (1)
A B es

with B;; and 12 as in Theorem 4.13.

Proof. 1t is easily checked that f satisfies all conditions of Theorem 4.1. Therefore, the problem
reduces to a calculation of integrals which was done in the proof of [Jan12a, Theorem 5.3]. Yet,
we briefly recall the basic steps, as this provides a scheme for the further applications.

Note that f is continuous, of order O(1), as z — oo, and of order O(z?), as x — 0 (use 'Hépital’s
rule), so § = 1 is a possible choice in Theorem 4.1. This implies [;° f(z)z™2dx = [5°f/(z)z~! d,
and as f'(z) = xe™?, the latter integral can be easily calculated. Most of the time, integration
by parts is indeed enough to calculate the occurring integrals. We obtain

EWA / flz 2dx+o(1):;+0(1)

and

E;W. 1
T = L LS ma(log A — ) + o(1)
K Bies

in the non-arithmetic and the d-arithmetic case, respectively, as A — oo, where in the latter case
the Fourier transform of the corresponding g is

/f r sy = TUHI) _yn ),

1—1is

Again, this follows from integration by parts, the definition of the Gamma function and its
functional equation I'(z 4+ 1) = 2I'(z). Since f is continuous, v is too. O

Proof of Theorem 4.13. We use the depoissonization result Lemma A.1 which essentially is a
sandwiching argument with A = n 4 n?/3 and applying the results from the Poisson version of
the theorem together with the fact that E;W,, increases in n. The latter is obvious from the
above characterization, in fact, W, increases even pointwise.

Obviously, (A.2) applies with C; = 0, Cy = 1/ and either ¢ = 1 in the non-arithmetic case, or
P(t) =1+ 3 es mjtba(t — Bij) in the d-arithmetic case. ¢ is bounded and uniformly continuous
since all 92(- — B;5) are. O
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4. Average-case analysis of further characteristic parameters

4.5.2. Expected size of a b-trie

We consider Trie(®) (M,,) which still contains a random number WT(Lb) of internal nodes. However,
the number of leaves is not deterministic anymore and 1 to b strings can be stored in each leaf.
At first, we deal with the expected number of internal nodes which basically requires the same
approach as in Subsection 4.5.1.

Internal nodes: Generalizing the characterization of internal nodes in the original trie, a node
o € 8* is an internal node of Trie®® (M,,) iff there are at least b+ 1 strings in M,, starting with
a. We write

= > LNa(zbr

aES*
and, as in the previous subsection, we consider W;\b) = Wl(qb())\)7 SO
EW;\): sz(ﬁ)\( >b+1)]]-{P(a>0} ZP >b—|—1)]l{p( )>0}
aeS* aeS*
=Y FONP()Lip(a)=0)

aES*

for f® defined on (0,00) by
b :Uk
fO(z) =P(I(z) b+ 1) =1 -P(I(z) <b)=1—e "y ok
k=0 "

This is the same function that is used in [Janl2a, Section 6]. Our main result is:

Theorem 4.18. (a) If (&, Sn)n>0 is non-arithmetic, then, as n — oo,

(b)

E,Wn 1
W L (4.32)

n b

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8, then, as n — oo,
(b)
E, Wy 1

PR LS gl togm — 6iy) + o), (4.33)

]ES

where B;; are from Theorem 3.3 and the continuous and d-periodic function wéb) is from

Theorem 4.1 with O from above and corresponding g®. wéb) has Fourier series

Db —=2mim/d) oripmi/a
Tima, 4.34
blgo 1+27T1m/d ¢ (4:34)

The same holds in the Poisson model with Wib) and X\ instead of Wéb) and n.

Proof. Again, Theorem 4.1 is the key tool in the Poisson model. f® satisfies all conditions
required for Theorem 4.1 with 6 = 1. Again following [Jan12a, Section 6], we note that
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4.5. Applications

Integration by parts yields

and thus the asymptotics in the non-arithmetic case follow. The d-arithmetic case is treated
similarly as in the case b = 1.

Obviously, EiWT(Lb) increases in n, so the depoissonization follows from Lemma A.1, where
(A.2) applies with C; = 0, Cy = 1/u and either ¢ = 1/b (non-arithmetic case), or ¥(t) =

1/b+3es ﬂngb) (t — Bij) (d-arithmetic case). O
External nodes: Let ZT(Lb) be the (random) number of external nodes of Trie(®) (My,). Now,
Zflb) = ?:1 Zl(f;z is composed of the numbers Zl(f:z of nodes which store exactly [ strings. Let

k > 1. Then aay := a1 - - - ap_1ay is an external node which stores exactly [ strings iff [ strings
start with ca, and at least b — [ + 1 further strings start with o but not with ca.. The last part
of the condition is necessary for the existence of aay, as a node in the b-trie in the first place. As
the root is an external node iff n < b, we shall assume n > b from now on. Then Trie® (M,,) is
guaranteed to be bigger than just the root. Our characterization leads to

b
Zl(,,z =y (Z LNy (aa)=t, Nn({ac,c#a})>bl+l}> .

aeS* \aeS

Recall that S5 is the set of nodes that end with j and set Zl( >? = l(br)l( - Due to the independence

)
properties of Poisson point processes and with [ > 0 and b—1+1> 0, we get

EiZl(,Z;\) = Z ]l{Pi(a)>0} [Z ]P)i (NA(aa) = l) Pi (N)\({Ozc, Cc 75 a}) > b—1+ 1)

aeS* aeS

=2 2 Lnwso [Z Lip,.uc0.0)P( IO (@)psa) = 1)

JES aES? a€S

IP(H()\Pi(a)(l Pia)) >b—1+ 1)

+> l{pi,ae(o,n}]}“’(ﬂ()\pi,a) = l) -IP’(H(,\(1 —pia)) > b1+ 1)

a€S
=¥ (X HOR@) L pwsg ) + 5O,
JES taEs]
where for z > 0
@) = 3 2 actoapP (lopia) =0 (1L pi) 2 b= 1+1)
= 3= Lot P(apsa) =1 B0 = pie)) > D=1 1),

We keep in mind that flj still depends on b and simplify the above expression to

EiZl(fi\) =y ( > flj(APi(O‘j))]]-{Pi(aj)>0}> + fi(N).

JES \aeS*
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4. Average-case analysis of further characteristic parameters

We note substantial differences in the asymptotics of the harmonic sum depending on the
transition probabilities in row j: If j € 1, then f} = 0 and the corresponding harmonic sum
vanishes. Otherwise, flj satisfies (4.2) and we can use Theorem 4.5. Note that only summands
with p;, > 0 contribute.

Theorem 4.19. (a) If (&, Sn)n>0 is non-arithmetic, then for l=1,...,b and n — oo,

7(0) j b
BiZ) N YT Hz( :

=: , 4.35
- . . (4.35)
where the cl7 depend on b and are given by
Cj . Zago Pja log(l/p] a) 22;11 %Zagoj pj,a(l - pj,a)k7 =1 (4 36)
- l+k—2 :
! l -1 Z (( +lvkr ) Zagoj pé’,a(l _pj,a)k) ) 2<1<)b

forjeSandl=1,...,b.

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8, then forl=1,...,b and n — oo,

b (b)

E;Z I 1 ;

b = T 2Nl (logn — i) + o(1), (4.37)
n v Fia

where B;; are from T heorem 8.8 and the continuous and d-periodic functions @le are from
Theorem 4.5 with fl from above and corresponding gl The W depend on b and have
Fourier series
Z 91 —2wm/d)e* M (4.38)
m#0

respectively. g{ is defined in (4.39).
The same holds in the Poisson model with Zl(,l;\) and X\ instead of Zl(f;? and n.

Proof. Here we use Theorem 4.5, for the first time, on each summand of the foregoing expression
of B, Z%).
We only consider j € 1. It is not hard to show that flj satisfies the conditions for Theorem 4.5

with 6 = 1 for each combination of [ and j (note that some summands may even vanish). An
application of this theorem then yields in the non-arithmetic case, as A — oo,

z)r 2 dz +o(1) = Tr]:l] +o(1).

Sacs L OP(ai) Lipaps0p T [
. =5 TR
©Jo

The components of the last integral have been calculated in [Janl2a, Section 6] and amount to

d = %/ P (W(xpja) = )P (M(z(1 = pja) 2 b—1+1) 2~ dz

. Zago Pja IOg(l/pj,a) - 22;11 %Zagoj pj,a(l - pj,a)k7 =1
- l+k—2)!
z -1 — i (( i ) Yago, Phall —pj,a)k) ; 2<1<b.
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4.5. Applications

For 2 <[ < b, the calculation is straightforward using the explicit form of flj and the afore-
mentioned standard Gamma integral properties. The case [ = 1 is slightly more involved and
requires the knowledge of

/ooo(ea:v — e 7 dz = log(b/a)

for a,b > 0 which we cite from [Jan13, (25)].
The additional summand f;()), which originates from considering the root, is of order o(\), as
A — 00, since fi(A) = O(1), as A — oo. So in the non-arithmetic case we obtain, as A — oo,

~(b) .
EiZ) Y q
— .
A p
In the d-arithmetic case, Theorem 4.5 yields

> *fj AP (aj o .
pes l/\( (@) _ qul +%¢lj(10g)\*ﬁi]’)+0(1)a

as A — 0o, where as always Q/Jl] (t) has Fourier series

Z glj(—27rm/d)e2“imt/d.
m#0

The @lj(s) have been calculated in [Janl2a, Section 6] as well. For (I, s) # (1,0) they are

i F(l—1+is) is Pl +k—1+1is)
i(s) = LTI o o 2 (BEER L0090 pyat) . aso)

ago; k=0 aco;

Now, depoissonization is needed for a characteristic parameter which is not increasing. The idea
is to show that

[EiZjy — EiZ{;)| = O(/n),
as n — 00, by showing that
215 = Z{,)) < (#S + D|TI(n) - nl.

One can approach this by starting with a trie constructed from min{n,II(n)} strings and
successively adding

max{n,II(n)} — min{n,II(n)} = |II(n) — n|
further strings and controlling for the changes in the external nodes which are caused by this

addition. The proof is exactly the same as the proof of [Janl12a, Theorem 6.1], so we omit it
here. O

Remark 4.20. Since n = 0_, - Zl(lg is the number of stored strings,

(b) H () H
lz:z T, —nlgﬂonzl EiZ, = lim (;z Zln> = 1.

We conclude for the expected number of nodes in Trie(®) (My):
Remark 4.21. The expected number of nodes in Trie(®) (M,,) equals

b
EWY +EZY =EW® + 3 E, 2"

=1
with asymptotics that follow from Theorems 4.18 and 4.19.
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4. Average-case analysis of further characteristic parameters

4.5.3. Expected size of a PATRICIA-trie

In [Janl2a, Section 7], Janson examined whether there is a noticeable asymptotic difference
between the expected sizes of the trie and the PAT-trie in the i.i.d. setting. We proceed similarly
in the Markov model: Since the leaves of both trees coincide, we only need to study the number
of internal nodes of the PAT-trie to answer this question. First, we characterize these nodes:

A node a is an internal node of Trie” (M,,) iff there exist b # ¢ € S such that at least one
string starts with ab and at least one string starts with ac. If we denote by W,I” the number of
those nodes, then

Oé;* Ub#cGS{N" (Oéb)>1 Nn(OéC)>1}

In the Poisson model, taking complements yields

EWL =3 1ipa)s0) [ — P, (N)\(a) = o) -3 P (]\Nf,\(ab) > 1, Ny(ac) = 0,c # b)}
aeS* beS

=3 Lip(a)>0} [1— (II(AP;(r)) = 0)

JjES aES*

beS

+1—P(I()\) =0)

=3 1oy P (MOPip) > 1) [Lgy, <ty P (AL = pip)) = 0) + Ly, 1y
beS

= (Z 7 (APi<aj>>1{pi<aj>>o}> + £

JES \aeS*

=D 1,501 (TAPi(@)pjp) > 1) [ﬂ{pj,b<1}19’ (II(AP;(a)(1 = pjp)) = 0) + 11@,,;1}}]

for fJP defined on (0, 00) by

fP@) =1—e™ =3 1 qp (1= ™) (L e ™20 1y, )
beS

=1—-e*— Z (e70Pip) _ =),

bZ0,

Again, we observe different asymptotics of the corresponding harmonic sum Fij (A) (with f = f]P )
depending on whether there is a b" with p;y =1 or not: If j € 1, then

ff(:ﬂ) =l—-e®—(1-¢e%=0.

Those j obviously lead to a vanishing harmonic sum. Otherwise, if all p;;, < 1, then fj-D satisfies
(4.2) and we can use Theorem 4.5.

Theorem 4.22. (a) If ({n, Sn)n>0 is non-arithmetic, then, as n — oo,

IEWP
n

ZWJ > —(1=pjp)log(l —pjp) + o(1). (4.40)

J¢1 bZ0;
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4.5. Applications

(b) If (&n, Sn)n>0 is d-arithmetic with shift function (3, then, as n — oo,

EWP
n

Z”J Z (1= pjp) log(l = pjp) + — 0 Zﬂﬂ/fp logn — fij) +o(1), (4.41)

3911 b0, jé1

where B;; are from Theorem 3.3 and the continuous and d-periodic functions 1,/1;»3 are from
Theorem 4.5 with f]P from above and corresponding gJP. ¢jl° has Fourier series

Z &f(m)e%imt/d (4.42)

m#0

with coefficients

FPm) = T(=1 = 2mim/d) 3 (1= pja) — (L= pya) >0 (4.43)

b0,

The same holds in the Poisson model with Wf and X instead of W, and n.

Proof. 1t is shown easily that f]l-D satisfies the conditions for Theorem 4.5 with § = 1 (and hence
f]P()\) =o0(\) as A — 00). We only consider j ¢ 1. Via integration by parts,

/Ooofjp(x)gv_2 dz = /Ooo(ff)’(ac)m_l dz

with
PV =7 (0 e -
bg0;
= Z ( 1 — Dy, b —z(1-pjp) _ e ¥+ pﬂ,e*x)
b0,
= > (1 —pyp)(e ) — ),
bg0;
such that

/ fJP(ac)x_Q dr = Z (1-— pﬂ,)/ (e_x(l_pj’b) —e Mz tdx
0 0

b0,

—Z 1_p]b IOg(l_pjb)
b0 ;

cf. [Jan13, (25)]. In the non-arithmetic case, this yields the asymptotics

EWAf Z”JZ (1 —pjp)log(l —pjp) + o(1).

Hig1  beo,

In the d-arithmetic case, the Fourier coefficients are calculated via
P P N, —24is 1 PV —1is
9; (s) = 0 fj (z)x dz = is /o (fj ) (z)x dz

1—1is

= o, e s
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4. Average-case analysis of further characteristic parameters

for s # 0. Since
(fjp)//(m) = Z (1—pjp)e™™ — (1 — pj7b)267x(1fpjyb)7

b0,
we arrive at
P 1 © (+is)—1 -z 2 [ (14is)=1 —a(1—p; ;)
95 )= e Do A=pp) [ 2 e *dr — (1 —pjp) T e #0 dx
is(is—1) b7, 0 0
I'(1+1is) .
= > (0 =pip) = (1= pip) ")
(is— 1
b¢0]
Lmsgj@f%, — (1—pip)' )
b0,

with a simple substitution. Altogether, this yields the asymptotics

EW/
-2 = Z%EZ (1 —pjp)log(1 mw+;2mﬁm%kﬁm+dm

J§21 b0, jé1

A — 00, in the d-arithmetic case. As usual, wf is the continuous and d-periodic function from
Theorem 4.5 with f]P from above and corresponding g]P . It has the Fourier series

Z 27rm/d 271'1mt/d
m7#0

To depoissonize, note that E; W,/ is monotone. The rest follows from Lemma A.1, where (A.2)
applies with C; =0, Cy = 1/ and either

7!) Zﬂ-j Z 1_pjb)log(1_p]b)

J¢1  bg0;

in the non-arithmetic case, or

Zﬂ-‘] Z 1 — Dy, b) 10g<1 _p]b + Zﬂng Bzy)

Jg1  bgOo; Jjé1

in the d-arithmetic case. O

Remark 4.23. We get asymptotics for the expected number of nodes of Trie (M,,) by EW.S + n.

The binary setup allows for an even stronger result on the limiting behavior.
Theorem 4.24. In the binary setup, we have
Wr=n-1, (4.44)
so the number of all nodes in Trie” (M,,) is
WP 4n=2n-1. (4.45)

Proof. The internal strings in the PAT-trie are those nodes which have exactly two children
since the nodes with only one child are eliminated. Additionally we know that Trie”’ (M,,) has n
external nodes, so Trie’ (M,,) is a tree with n leaves where every internal node has exactly two
children. Hence, it must have n — 1 internal nodes. ]
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4.5. Applications

In [Janl2a, Section 7], Janson derived the latter result up to the first order with his theorem,
by proving that the oscillatory terms cancel out in the arithmetic case. This must remain true in
the Markov setting not to violate Theorem 4.24. Indeed, Expressions (4.40) and (4.41) from the
general-alphabet setting in Theorem 4.22 simplify a lot and the fluctuating function appearing
in the d-arithmetic case vanishes. We prove this in the following result which can be seen as a
corollary of Theorem 4.22 (and is of course weaker than Theorem 4.24).

Corollary 4.25. In the binary setup, as n — o0,

E,WF

1. 4.46
o (4.46)

Proof. Note that for j ¢ 1

> —(1=pjp)log(l —pjp) = > —(1—pjp)log(l—p;,) = H,
bg()j bE{O,l}

andezoforjel, SO
1 1

J§Z1 b0, p j€{0,1}

In the d-arithmetic case, we note for j & 1 that

> ((1 —pip) — (1 —Pj,b)1+27rim/d) = > (pj,b —p;}:zmm/d)

b0, be{0,1}
-1 1+2wim/d 1+27r1m/d
= Pio ~ Pia

It suffices to show that
Zﬂ-j Z T;Z) 27r1mt Bij)/d _ Z Zﬂ-ﬂp 27r1mt Bij)/d _
J¢1  m#0 m#0 j¢1

and hence to show that the inner sum vanishes for every ¢ € S. Now, |1| =1, p1 o = 1, say, is the
easy case. It is easy to show analogously to Section 2.8 that in this case the MRW is d-arithmetic
iff log po,o/ logpo,1 € Q, and then both log pg ¢ and logpp 1 are integer multiples of d. Hence,
1+2rim/d _14+2wim/d
1 _po:g Tim/ _poj mim/ =1 — P00 — P11 = 0.
If all p; ; € (0,1), then consider ¢ = 0 and recall (2.9). The conclusion from above is no longer
valid, since

1 _pé:g%rim/d _ péj{%rim/d -1 — poo — p0,16_2ﬂ-imﬁ01/d _ p0,1(1 o e—?wimﬁm/d)
and .
1— p}—S%”m/d p}j%rlm/d _ pl,O(l _ 627r1m,301/d)

do not vanish alone. However, using mp1,0 = mo — mopo,0 by stationarity,

> ] (m)etmi )
Jjef{o,1}
= 7701“(—1 — 2wim/d)p071(1 — 6_2771771,301/d)627rimt/d
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4. Average-case analysis of further characteristic parameters

+mI(—1—2rim/d)p1o(l — 62”imﬁm/d)e%im(t—ﬁm)/d
= (mopo,1 (1 — e 2T MA/) g (e 2THmA/d 1) — o (e 2T/ 1))
T(=1 - 2mim/d)e? imt/d
= (mo(1 — e~ 2mimAo/dy 4 o2 ImBor/d _ 1) . T(—1 = 2mim/d)e*™ ™/ = 0.
The case 7 = 1 is similar. O

Remark 4.26. As Janson points out for the binary i.i.d. case, the number of internal nodes in
the PAT-trie compared to the trie is reduced by a factor H which is the (i.i.d.) source entropy
and is at most log 2, so the reduction is > 1 — log2 =~ 0.307. In the binary Markov case with
non-vanishing transitions this factor becomes i = moHy + 71 H1 which, as a function of pg; and
P1,0, is again maximized at (%, %), so u < log2, and this is as specific as we can generally get.

However, if the source is partly degenerate, say poo,po,1 € (0,1) and pjg=1=1—p; 1, then
the reduction is 1 — C' with

1

~ 1+poa

(—=po,1logpo,r — (1 —po,1) log(l —po,1))

and approximately C' < 0.481, maximized by po1 = % ‘/‘?’. So the reduction is at least 0.519.

In general the reduction is 1 — C' with

05| —1

C .= Zﬂ'jz (1 —pjp)log(l —pjp) <Z7r] Oc] )(—log< TO"’] ,
J#1  bg0; J#1 J

so it depends on the imbalance within each row j.

Let Trie®®"(M,,) denote the PAT-b-trie which is formed by elimination of all nodes that have
exactly one child in the b-trie. In the binary setup, it is easy to state an analogue of Theorem 4.24
for PAT-b-Tries.

Theorem 4.27. In the binary setup, we have W(b = Zl 1210 ®) 1 with Z ., from Subsec-
tion 4.5.2. Then the following cases occur:

(a) If (&, Sp)n>0 is non-arithmetic, then, as n — oo,

(b),P
EWn ™ Z " (4.47)

with H fmm Theorem 4.19.
(b) If (&n, Sn)n>0 is d-arithmetic with shift function 3, then, as n — oo,

E; Wéb) b
—in erﬂ + = ZZ%% logn — Bi;) + o(1), (4.48)
K= Pz e

where [3;; are from Theorem 3.3 and the continuous and d-periodic (and b-dependent)

functions 1] are from Theorem 4.19.

Proof. 1t is obvious that the PAT-b-trie and the b-trie have the same leaves, so Zl(l;z’ = Z ® )
with the obvious definition of Z; (b)’P So Trie®)” (M) has Z? 1 (l;) external nodes and each
internal node has exactly two Chlldren We conclude that Wn = Zl 1 4, — 1. Everything
else follows immediately from Theorem 4.19. O
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4.5. Applications

4.5.4. Expected depth in a PATRICIA-trie

In this subsection, we give an asymptotic expansion of the expected number of nodes eliminated
in the path from the root to the node in which a selected string = is stored and, in analogy to
Theorem 3.3, an asymptotic expansion of the expected depth of this string in the PAT-trie. Here,
too, we wonder whether there is a noticeable asymptotic effect of the compression mechanism.

We select the generic string = as the first of the sequence 2,2 2@ . Let D, be the depth
of Z from Section 2.3 (in the trie constructed from =, =0, E(”*l)) and let Dfl) be analogously
defined as the path length from the root to the node in which = is stored in the PAT-trie. We set
AD, =D, — fo > 0 as the number of nodes on the path to = which are eliminated during the
transition to the PAT-trie.

These nodes are exactly the internal nodes o which have exactly one child (and lie on the path
to E). This occurs iff = starts with ab for a b € S, at least one additional string starts with ab,
too, and no other string starts with ac for ¢ # b. Thus, we have

AD, = Z (Z Lizsab, Np_1(ab)>1, an({ac,c;éb})zo})-
aeS* \beS

Note that still Ny () := > 5_; 1{=(9)sqy, ignoring Z. We consider Dy = D1y, D/\ = D1+H()\)
and ABA = 5)\ — D)\ > 0. This leads to

E:ADy = Y Lipa)sop | D Pi(E = ab)- (NA(ab) > 1) P (NA({O‘QC #b}) = 0)]

aES* besS
=3 Lpayso} | 2 Lip,us0p Bi(@)psn - IP’( (AP;(a)pjp) = 1)
jes aes; bes

’ <l{p]~,b<1}P(H()‘P¢(a)(1 — b)) = 0) + ﬂ{pj,b:u)]

+ 3 T soppin - B(TOWis) > 1) - (L, ,«nyP(TA = pip) = 0) + 1y, ,—1))
(

besS
> ( acs 7 (AP(03) Lipo; >o}> ALY
jES A A
for fjA defined on (0, 00) by
@)= 1 s0ppis - P(M(zpjp) > 1) - (]l{pj,b<1}P(H($(1 —pjp) =0) + 1{pj,b:1})
beS
= Z :L‘pr . (1 — e_a’,pjyb) . e—ﬂ?(l—p]',b)‘
b0,

Here, the difference in the asymptotic behaviour of the fjA is slightly more involved than before:
If j ¢ 1, then fjA satisfies (4.2) and we can use Theorem 4.5, whereas if j € 1, this condition is
violated. Instead, (4.12) applies and we must use Theorem 4.6. We provide some intuition in
Remark 4.30. The two main results of this subsection are stated below:
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4. Average-case analysis of further characteristic parameters

Theorem 4.28. (a) If (&, Sn)n>0 is non-arithmetic, then, as n — oo,

> jic1 T 2 5 s
E;AD,, = ===~ logn + E;S> LIRS, (2 Lgisn + Loy
P ]; 53%5010) 7 BiSou) Ly + 2

(4.49)
+ = Z?Tg > —pjplog(l —pjp) + o(1)
* a1 bg0;
with the Fuler constant .
(b) If (&n, Sn)n>0 is d-arithmetic with shift function 8, then, as n — oo,
Zjel J a 2 Ty T
E;AD,, = logn + Z E Sor() = = BiSey () Ligay + 27
It = I It
1
+= m > —pislog(l —pjp) + — Z?Tﬂ/}l(logn = Bij) (4.50)
Fig1  bgo, Fie1

LS B togn — Biy) + o(1)
Hie

where B;; and 1 are from Theorem 3.3 and the continuous and d-periodic functions wA

are from Theorem 4.5 with fA from above and corresponding gA. The wA have Fourier
series

> g (—2mm/d)e*mimt/ (4.51)
m##0

with ng given in (4.54).
The same holds in the Poisson model with ADy and \ instead of AD,, and n.

Remark 4.29. Equations (4.49) and (4.50) (and (4.52) and (4.53)) are unnecessarily complicated
if all p; ; < 1. Then 1 = () and many summands vanish.

Remark 4.30. Theorem 4.28 says that the reduction in depth of a string during transition to
the PAT-trie is asymptotically negligible if no deterministic transitions happen at all, since
E,AD, = O(1) for n — oo (the ij are bounded), whereas E;D,, = O(logn). So, as n — o0,

E,AD,

— 0.
EiDn

Then again, if |1| > 1, we find

arising from the fact, that every node following the letter j € 1 is always eliminated. This differs
from the i.i.d. setup, where the reduction in depth is always negligible (unless the source is wholly
trivial), cf. [Janl2a, Section 7].

Remark 4.31. As opposed to the binary i.i.d. setup, where non-arithmetic and d-arithmetic
asymptotic behaviour coincide and we observe no oscillations, this is not always the case in
the binary Markov setup (even if all p; ; € (0,1)). Calculations similar to those in the proof of
Corollary 4.25 lead to the result that iZjES ijjA(t — Bi;) vanishes iff p1 o = po1.
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Theorem 4.32. (a) If (&, Sn)n>0 is non-arithmetic, then, as n — oo,

2
E,D, = =""—logn+ ) <2J2Ea‘5m(j) — —BiSo, () Ly + J)
7 \2u 7 7
(4.52)
. Zm > —piplog(l—pjp) +o(1),
]Ql bZ0;
with the FEuler constant ~y.
(b) If (&n, Sn)n>0 is d-arithmetic with shift function (8, then, as n — oo,
2
P 2g1 T T m Q2 T ™Y
E;D, = p logn + ; (WEJS(HU) — ;Ezsgl(j)ﬂ{j#‘} + M)
1
. ZWJ > —piplog(l —pjp) + = > mi(logn — fij) (4.53)
Jel b0 Hia
- = Zﬂj%’ (logn — ;) + o(1),
J#1

with continuous and d-periodic 11 and @ZJJA from Theorem 3.3 and Theorem 4.28, respectively
(and B;; from Theorem 3.3).

The same holds in the Poisson model with ﬁf and \ instead of DY and n.

The scheme for proving the two results is the following: We have seen, that it is simplest
to depoissonize monotone parameters. AD, is not monotone, but can be decomposed via
AD, =D, — Df into a difference of two monotone parts. Thus we derive results for all three

parameters in the Poisson model, depoissonize the two monotone ones, and thus get the result
for AD,, for free.

Proof of the Poisson version of Theorem 4.28. With the above explanation of the two types of
asymptotic behaviour in mind, we assume j ¢ 1 first. Then each fjA satisfies the conditions for
Theorem 4.5 with § = 1. In the non-arithmetic case, Theorem 4.5 yields, as A — oo,

ZaGS*f (AP(a))) 1P (aj)>0} _m A
: =7 [T

2d1‘+0( Z pjblog(l — Dy, b)+0(1)
T b0,

again using integrals of type [Janl3, (25)] as was done in [Jan12a, Section 7]. In the d-arithmetic
case, we find that

Za *f ()‘P( ))]l P;(aj i s
€s : {Pi(ej)>0} _ Tj Z —pjplog(l —p;p) + ;wa(log)\ — Bij) +o(1),
bg0;

as A — 0o, where 1/1le (t) has Fourier series

Z 27Tm/d 27r1mt/d
m7#0
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4. Average-case analysis of further characteristic parameters

The coefficients f]jA(s) have been computed in [Janl2a, Section 7] using integrals of type [Janl3,

(24)]:

Z Pibs((1 —pjsp) s (). (4.54)
b0,

It remains to perform an analogous procedure if j € 1. Then f]-A(a;) = fu(z) = z—ze ™™ = 2+0(1),
x — 00, which will also occur in the analysis of the external path length in Subsection 4.5.5.
This function satisfies (4.12) with @ = 1 and 6 = 1 such that we have to apply Theorem 4.6 and
not Theorem 4.5. As in [Jan12b, Theorem 3.1}, we can show that

2
b; = f 2 350,y — TiBiSay () L) + 7Y

using [7(e™ — Iyy<1y)z ™' dz = —y from [Jan13, (16)], and for real u and 0 < e < 1
/ fu(@)z™27 s der = —T'(—¢ +iu)
0
by [Jan13, (2)]. Hence, by (4.18) for u # 0 we have gr,(u) = —I'(iu). This leads to

Zaes*f ()‘P( ))]]-{Pi(aj)>0}
A

= —log A+ = — 1 (i) +o(1
. . {3 () +o(1)

in the non-arithmetic case and

Y aes fjA (AP (ij))]l{Pi(aj)>0}
A

T b: s .
= —Llog A+ - + —Lepi(log A — Bij) — L (i) + o(1)
M HoH
in the d-arithmetic case, where 91 (t) is a continuous d-periodic function with Fourier series

— Y I(-2nik/d)e*m 1 */d
k0

We remark that 11 (or ¢ as it is called in the theorem) equals its Fourier series and the identically
named 1 from Theorem 3.3 (cf. Remark 4.3). It remains to remark that f(X)/A = Lgeqy +o(1).
Collecting all ingredients, we obtain, as A — oo,

EZAB,\ = Z (— Z Py, blOg pj,b) + 0(1))

J¢1 bg0;

b;
—i—Z( jlog)\—l—ﬁ—]l{] —iy +o(1 )) + Liie1y +o(1)

jel
= Zfel ZIEL T Jog A ™ 2,755, jES 1 o
= 2| 52Ei55.) S, () Ly + —
J€EL H
+ = ZW;' > —pjplog(l —pjp) + o(1)
Fig1  bgo,
in the non-arithmetic case and
~ > . o
EADy = =1 log A+ >3 i 52 %5010) ~ ]Eisol(j)ﬂ{j#} + =
H jel 1%
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1 1
+ L > om Y —pislog(l—pjp) + m > mibi(log A — Bij)

Jj€1  bg0; jel
1
+— Z Trj@bjA(log A= Bij) +o(1)
F a1
in the d-arithmetic case. O

The next lemma constitutes both a further step towards the proofs of the main theorems of this
subsection and an alternative approach, suggested and demonstrated in [Janl2a, Remark 3.5],
to the results from Chapter 3. In fact, as will be seen in the proof, poissonization spares us
the nuisance of time-dependent starting variables, replacing them with their distributional limit.
Nevertheless, we have to deal with depoissonization instead.

Lemma 4.33. It holds for A — oo that

1 1 v o1 .
58 2 RS — 3 2 miESe ) o > s (log A) +o(1),
jES Jj#i jES

log A
L

E:Dy =

where {7 ; = 0 in the non-arithmetic case and
%

Vi () = 1t — Bij)
in the d-arithmetic case with shift function 3, corresponding ;; and 11 from Theorem 3.5. ~y

denotes the Euler constant.

Proof. The proof differs slightly from previous proofs in the Poisson model where we had
characterizations for specific nodes. Here we describe the functional in the same way as in
Chapter 3. However, we do not need a family of initial variables here, their distributional limit
X suffices. Recall that — X has a standard Gumbel distribution.

As in the i.i.d. setting of [Janl2a, Remark 3.5], using independence we get

Pi(Dy < k|&,....6) =P, (NA(& &) =01&,... ,§k> = e MG ) = g

e~ (S, —log )

=e = ]P)z(—Xg < S —log A ‘ &, .. ,fk) = ]P)z(XS + S > log A | ST 7£k) P;-a.s.
for k € N, so
Pi(Dy < k) = P;(Xg + S > log \) = Pi(v(Xg, log \) < k).

Thus, ]_5)\ and v(X§,log \) have the same distribution w.r.t. P; and the assertion follows from
Lemma 3.26 (with a constant family (X§); of initial variables) and the subsequent calculation of
the fractional parts in Theorem 3.3. 0

Remark 4.34. There is even a further possibility to derive Lemma 4.33 in the spirit of Chapter 4:
With the convention about =, 21 23 . from the beginning of this subsection, we write

D, = Z ]]-{a internal node}]]-{E>—a} = Z ]]-{Nn,l(a)ZI}]]-{E>—oz}'
a€eS* aES*
Thus, it is easy to show that
~ 1
EiDy=+ > fLAP(a)L{p,(a)>0)
aeS*

with fi, from the proof of the Poisson version of Theorem 4.28 or from Subsection 4.5.5. Theo-
rem 4.7 yields the assertion. Subsection 4.5.5 uses a similar representation of L.
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4. Average-case analysis of further characteristic parameters

Alternative proof of Theorem 3.3. As E;D,, is monotone, we can depoissonize with Lemma A.1,
where (A.1) applies with Cy = 1/u, Co = 1/p and

Z?TQE 52 Z’]T]E So1(5) +7+Z7Tjw”
]ES jF#i JES

O]

Proof of the Poisson version of Theorem 4.32. The assertion follows from Ezf)f = E;D) —
E;AD)y and applying the Poisson version of Theorem 4.28 together with Lemma 4.33. 0

Proof of Theorem 4.32. Since E; DY is monotone, we can depoissonize with Lemma A.1, where
(A.1) applies with C1 = 3,41 7j/p1, C2 = 1/p and

Y= Z( 82y — TiBiSe, () Ly} +7Tﬂ> > omi > —pislog(l—pjp)

il JE1 bgO;
in the non-arithmetic case, and the obvious choice of 1(t) in the d-arithmetic case.

Proof of Theorem 4.28. Note that AD,, :== D,, — DF.

4.5.5. Expected external path length of a trie

We consider Trie(M,,) = Trie(EW,...,ZM) and its external path length L, which is its con-
struction cost. There are (at least) two ways of characterizing the external path length such
that we can work with it. Therefore, let D,, ;, be the depth of 2®) in Trie(M,,) as defined in
Section 2.3. Then we can define

n
Ly, =Y Dy
k=1
and apply our results from Chapter 3. On the other hand, we reformulate
n n
n = Z Dn,k = Z Z ]]-{a internal nodc}:ﬂ-{E(k)>o¢} = Z ]]-{Nn(a)22}Nn(a)' (455)
k=1 k=1aeS* acS*

If we want to expand the expected external path length asymptotically, then it is easiest to use
the first expression and the linearity of the expectation. We immediately get:

Theorem 4.35. (a) If ({n, Sn)n>0 is non-arithmetic, then, as n — oo,

1
E1, — "logn (2 5 ZWQE 52 - Z?T]]E Sov(j) + Z) + o(n), (4.56)

H Jje€S jF#i

with the Euler constant ~y.

(b) If (&n, Sn)n>0 is d-arithmetic with shift function 3, then, as n — oo,

1
E;,L, = nosn +n- 53 ZW2E 501(]) ZﬂjEz‘Sgl(j) + J
p 207 55 5 H

+ % Y mpi(logn — Bij) + o(n)

JjES

(4.57)
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with B and continuous and d-periodic function 11(t) from Theorem 3.3.

The same holds in the Poisson model with Ij,\ and X instead of L,, and n, where INJ,\ is defined
i an obvious way.

Proof. The result is immediate from Theorem 3.3 (and Lemma 4.33). O

Remark 4.36. In the same way, we can also obtain the analogous result for the external path
length L) of a b-trie with the adjustments mentioned in Remark 3.8.

Nevertheless, Theorem 4.7 presents an alternative approach to such an expansion. The standard
method is thus to poissonize and consider Ly := L) and

EiLy=E ( Z; 1{1@@)22}]\3(0‘)) - Z E; (I]'{N (a )>2} ) Z JLAP (@)L (P, (a)>0)
aesS*

aEeS* aEeS*

for f1,:(0,00) = R>( defined by

ful(@) =B (@) Lria) 22y ) = BTI(w) — ET(@) L1101y
=z—PIl(z)=1)=z—ze *=zx(1l—€e 7).

This is the same function as in [Janl2b, Section 3|, and fi, = fjA from Subsection 4.5.4 if j € 1.

Alternative proof of Theorem 4.35. We have already encountered f1, in the proof of the Poisson
version of Theorem 4.28. We recall that fi(z) =2 — xe™® = x + O(1), as © — oo, and that this
is the reason why Theorem 4.1 does not apply here and we need to use Theorem 4.7. We find

Z FZE 52 ZWJE Sor(j) +
Hjes J#i

and gr,(u) = —T'(iu) for u # 0. In the d-arithmetic case, 1; equals its Fourier series.
It is obvious from the definition of L,, that [E; L,, increases in n, so we can depoissonize with
Lemma A.1, where (A.2) applies with C1 = 1/u, Co = 1/p and

_ 2 2
= ZW E;S3,(j) = 2 TiEiSay () +
ties J#i

in the non-arithmetic case, and the obvious choice of 1 (t) in the d-arithmetic case. O

4.5.6. Expected external path length of a PATRICIA-trie

Just as in Subsection 4.5.5, we consider Trie”’ (M,,) and its external path length Lf . Again,
we provide two ways of deducing asymptotic expansions of the expected external path length.
Therefore, let DPk be the depth of Z*) in Trie”’(M,,) as defined in Subsection 4.5.4 (for

Dn , = DP and DP i defined similarly). Note that Remark 2.9 applies to this slightly different
situation as well and all Di i share the same distribution. Then

n
=> Dux
k=1
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4. Average-case analysis of further characteristic parameters

and Theorem 4.32 applies. On the other hand

Z Dn Kk — Z Z ]]-{a internal node in Pat-trie}]l{E(k)>a}

k=1 aeS*

ZS ]]-Ub#CeS{Nn(Olb)>l Nn(ac)>1}N( )
aES*

which requires once more the use of Theorem 4.6. We state the result first:

Theorem 4.37. (a) If ({n, Sn)n>0 is non-arithmetic, then, as n — oo,

2 g1 3 j iy
BiLl = =8 plogn +n- Y 738355, ) = T EiSe () Ly + =
7 5 \2u 7 7
j (4.58)
- ZWJ > —piplog(l = pjp) + o(n),
11 bZo;
with the Fuler constant .
(b) If (&n, Sn)n>0 is d-arithmetic with shift function B, then, as n — oo,
2
SP_ 2T T m Q2 T 4l
EiLy, = =+ —nlogn +n J% (MEJSQU) — L EiSn) Lz + u)
n n
— =Y m > —piplog(l—pjp) + — > mhi(logn — Byj) (4.59)
SR TTRN T Hia
- = ZWJ% (logn — Bi;) + o(n),
Hia

with continuous and d-periodic 11 and ij from Theorem 3.3 and Theorem 4.28, respectively

(and Bi; from Theorem 3.3).

The same holds in the Poisson model with if and X instead of LY and n.

Proof. The result is immediate from Theorem 4.32.

O]

Remark 4.38. This theorem answers the question by Bourdon for the Markov case which he poses
in [Bou01, Section 5.5], whether it is possible that a correcting term appears in the leading term
of the asymptotic expansion. Indeed, in the Markov model, this happens iff 1 # (). Then, the

correcting term is 3~ cq ;.

Now, Theorem 4.6 presents an alternative approach to such an expansion. The standard

~P
method is thus to poissonize and consider L, := Lﬁ( » as well as

~p ~
ELy = > E <1Ub#€5{z@(ab)>1, ﬁx(ac)>1}N*(O‘)>

aES*
= l{pi(abo}(Eiﬁ,\(a) ~ENA@)L5 g — O EiNa(a
aEeS* beS

On {P;(«) > 0} the last summand simplifies by independence to

beS
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4.5. Applications

— bEZSE [N)\ Oéb) {N (ab)>1}} HP (N)\ ac) _ 0)

and finally,

E; L)\ - 2‘; ]]'{P (@)>0} (E N)‘ bz;gE N)‘ {ﬁx(ab)ZL JVA(ac)O,cyéb})
aesS* S

=3 > Lp@s0 (E (AP ()]

jESaeS}‘
— 3" B[P (0b)] (L, < BOIAP (@)1 — ;) =o>+n{pj,b:1}))
bg0;

Z E )‘p" b (l{pi,b<1}P(H(>‘(1 - pi,b)) = O) + ]]'{pi,bzl})
b0,

= Z ( Z f] )‘P a] ]l{P (a])>0}> + szP()‘)

JES \aeS*

for fJLP : (0,00) = R>¢ defined by

»
f]L (x) = b;.: E [(xp;s) (1{pj7b<1}P(H(x(1 —pjp)) =0) + ]l{pj,b=1})
J
=z =3 aps (L enye P + 1,2
b0,
=z |1- Z pj,be_gﬁ(l_pj’b) .
bgo;

As discussed in Subsection 4.5.3, f]LP and the corresponding harmonic sum vanish if j € 1.
Otherwise, if all p;, < 1, then ijP satisfies (4.12) and we can use Theorem 4.6.

Alternative proof of Theorem 4.37. Suppose j € 1. Obviously, fJLP satisfies (4.12) with @ = 1
and 6 = 1, use ’'Hopital’s rule once for the first part. Hence, Theorem 4.6 applies and, as A — oo,

3 5 O = 1082 + A= X1(5() + oM
with 1 S

bj = ﬂwQE S’Ul(j) TiEiSe, () Lij2i) +7Tj/0 (f]L (z) — l’]].{le})IL‘_Q dz.
The integral is

o _p 00
/0 ( JL (z) = $]1{9321})$_2 dz = /0 (]]-{r<1} Z Pjpe 2(1=Pso ) z~tdx

bZ0;
= - Z Pjp / e (17Pin) — ]1{91;<1})$_1 dx
b0,
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4. Average-case analysis of further characteristic parameters

S Z pgb/ e~ (1=Pjp) _ )z ldz —/ (e7* — ]l{x<1})m_1dx
0

bg0,
= pislog(l—pjz) + 1,
b0,
cf. [Jan13, (16) and (25)]. Since fZ»LP()\) = (A+0(N)(1—114]), as A — oo, we obtain
2
~p 21Ty U 9 un yiet
BiLy = JTMOgA +A D] (2;21515010) - ;JEsz(j)]l{m} + L)
J#1
- ZWJ Y —piplog(l = pjp) =AY Ly + (A +0(N)(1 = [Li]) + o(A)
J€1 bg0; J#1
Z]€1 mj 7'('2. T iy
= =922 T Xlog A+ - —LE;S2 ) — “LEiSy (i Lijzn + —-
1 ; 2u2 Py 1) Hi#i} [

- Z?T; > —pjslog(l —pjp) + o(A)

J%Zl b0,

in the non-arithmetic case. Additionally, we obtain the summand

= Z?WL (log X — Bij)

Hia
in the d-arithmetic case. As usual, the Fourier coefficients are
f}JL (—2mm/d) = hm/ f Yo~ 2me2mim/d g

and we calculate for u €¢ Rand 0 <e <1 (and j ¢ 1) that

/ f]LP (x)l‘—Q—a—i—iu dr = / (1 _ Z pj,be_m(l_pj’b)) $—1—€+iu dx
0 0

b0,
= Z Dib / (1 - e_x(l_pj,b)) po et g,
b0,
= — Z Djb (/ e_ — 1) pletiu g 4 /OO (e_m(l—pj,b) _ e—m) plmetu d:C)
bg0; 0
= b%. Pib (I‘(—e +iu)+ ((1 —pip)TT 1) I'(—e+ 1u)) ,
J

where we used [Jan13, (2) and (24)]. Hence,
~LP . —iu .
G- () = —T(iw) = 3 pyp (1= pja) ™ = 1) T(iw)
b0

and we find that w]LP = — ij. This completes the proof in the Poisson model.
It is obvious from the definition of L that E; LY increases in n, so we can depoissonize with
Lemma A.1, where (A.2) applies with C1 = 37,04 m;/p, Co = 1/p and

Y= Z ( IE; 521(] — EiSe () Ly + 7Tj’y> - ZW]' Z —pjplog(l — pjp)
Al JE1 bgO;

in the non-arithmetic case, and the obvious choice of 1(t) in the d-arithmetic case. O
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A.1. Properties of (Xén))nzg

We have outsourced the following proof, since it is rather technical and the result seems natural
due to the proximity of X(()n) to the Gumbel distribution.

Proof of Lemma 3.13(b). We consider the tails: Let n > 2 and = > 0. Then, as x — oo,
o7 n—1
n) (n)
(X <-a) =1 =B (x> ) 1= (1-)

:1—exp<n—110g<1 ))‘1_6Xp(_(n_l);§’i<e:>k)
)

(n — 1) o ek = —x\k
:1—€Xp n ;knk_l Sl—exp —ZW Sl—exp — 1(6 )

—x
=1 — exp (—1i€_x> ~ 67337

where we used the Taylor expansion of log(1 — z) for |z| < 1. Consequently,

supE (er(thn)) — 1) = sup/ re"P ((X(()n))_ > x) dx
0

n>2 n>2

°° (n)
= sup/ re’P (Xon < —ac) dx < o0
n>24J0

for r < 1. Similarly, for n > 2 and > 0

ex T

P (XO(") > x) = <1 - )n 1 ]1(0 logn)(T) = exp ((n —1)log (1 - 2)) L(o,logn) ()

— ( n—1) (ei)’“) L(0,10gn)(T)
< exp ( ) L(o,10gn) ()
o (=

1 1,
) (0, logn)( ) < exp (_26 ) .

Hence, as above

() 00 n
supE (er(XO - 1) = sup/ re"P ((X(() )>+ > x) dz = sup
0

n>2 n>2 n>2

/Ooorem]P’ (X[()n) > x) dr < 0o
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for the same r. In particular,

(n) (n)\+ (n)y—
sup Ee" ™01 < sup Ee" ™0 )" 4 sup Ee"Xo )™ < o0,
n>2 n>2 n>2

(n) . . .
and (e51%0 '1),,>9 is uniformly integrable for s < r. O

A.2. Depoissonization for stochastically monotone parameters

Depoissonization for most of our trie-related parameters is based on the fact that the expected
parameter is monotone in the number of strings the tree is built from. Therefore, we state the
following auxiliary result which applies to most of our depoissonization proofs. The following
Lemma can be found in the proof of [Jan12a, Theorem 5.4] for one parameter, viz. the size W,
indeed it does not require specific knowledge about the parameter except for a monotonicity
assumption. It is not special to the Markov model.

Lemma A.1. Let (Wy)n>0 be a sequence of No-valued random variables, independent of
(II(A)aso under P;, with E;W,, < E;W,4+1 for all n > 0. Suppose that Wy := Wi either
admits an asymptotic expansion of the form (A — oc)

E;Wy = C;log A + Cotp(log ) + o(1) (A1)
or N
E, Wy = CiAlog A + Codyp(log \) + o(N) (A.2)

for non-negative constants C1,Ca, with C1 V Cs > 0, and some bounded, uniformly continuous
function . Then, as n — oo,

EiW,, = B W,.
The same holds for Wy = Witn instead of Wy = Wnoy of EiW, <E;Wpya for alln > 1.

Remark A.2. Lemma A.1 applies to more asymptotic expansions than only to (A.1) and (A.2),
which will be obvious from the proof. However, these are the only ones appearing in this work,
so we restrict ourselves to this setting.

We use the following two lemmas for the proof of Lemma A.1:
Lemma A.3 (Chernoff bound for the Poisson distribution). It holds:
(a) If 0 < X < z, then
P(TII(\) > z) < e (My

X
(b) If 0 <z < A, then
P (II()\) < z) < e <”) .

X

Proof. Exponential Markov inequality and minimizing. O
Lemma A.4. Let 8 € (3,1). Then for a € (0,3), as n — oo,
P (H(n +nf)<n-— 1) <P (H(n +nf) < n) =0 (exp(fom_l"'w))

as well as

P (H(n —nf) > n) <P (H(n ) >n— 1) =0 (exp(—om_l'”'g)) .
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A.2. Depoissonization for stochastically monotone parameters

Proof. Chernoff bound and Taylor expansion. O

Proof of Lemma A.1. We use sandwiching with A = n 4 n?/ to obtain the corresponding results
for E;W,. Let n > 1. As P(II(2n) > n) > %, we obtain

EWo, = Y EWiP(II(2n) = k) > > E;W,P;(II(2n) = k)
k=0 k=n

1

using independence and the monotonicity of E;W,,. Thus, E;W,, = O(EiW2n>, as n — oo, which
is at most O(nlogn), cf. (A.1) and (A.2) and note that ¢ is bounded.

Similarly, with P(II(n 4+ n?/3) < n) decreasing exponentially by the Chernoff bound from
Lemma A.4, we get

BiW, = E;W,, Y Bi(TI(n + n*?) = k) + E;W,,Py(Tl(n + n*/?) < n)
k=n

1,1/3

< N EWiPi(IL(n + n*?) = k) + O(E;Way,) - O(e™ 1)

k=n

=EiW, 425 L i in2/3)smy +0(1) < EiW, 23 + o(1),
as n — oo. For a lower bound, we obtain in the same way
EiW, 28 < EWa + EiW,,_ 25111 n2/3)5n3
where the second summand is of order o(1), as n — oo, because for some C,C’ > 0
)
EiW,, 25 L {ri(non2/5)5n) = kZ EiWekLin(n—n2/3)=k)
=n

< C- Y EiWay - P(II(n — n*?) = k)

k=n

<Y klogk - P(Il(n — n*?) = k)

k=n

<3k P(I(n — n*?) = k)
k=n

—C.E (H2(n _ n2/3>]]-{1'[(n—n2/3)2n})

1,1/3

= 0On?) -0 5""") =o(1)
by the Cauchy—Schwarz inequality. Hence, as n — oo, we have
EW, 23 +0(1) < E;W, <EW, 2 + o(1).
Suppose we are in case (A.1). If we define

by, := C1logn + Catp(logn),
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then we need to show |E;W,, — b, | = o(1), as n — oco. We start with an upper bound: As n — oo,
EWy, — by < EW,,, 25 — by + 0(1)
<C (log(n +n2/?) —log n) +Cs (z/f(log(n +n2/3)) — ¢ (log n))
= 0(1)7
since, on the one hand, |log(n +n?/3) —logn| = O(n~/3) and, on the other hand, % is uniformly
continuous. So E;W,, — b, < o(1), as n — oo, and the other inequality follows similarly. This

proves case (A.1).
Suppose now that we are in case (A.2), then with

by, := Cinlogn + Canip(logn)
and the use of the previous procedure
EWy, — by < E;W,,, 25 — by + (1)
<Cy ((n +n%3)log(n 4+ n*?) — nlog n)

+ G ((n + n?*)(log(n + n*)) — nip(log n) )
<n-o(1) + C1n*3log(n + n?3) + Con* >y (log(n + n*/3))

= o(n).

Again, the other inequality follows similarly. For WA := Wiy the same proof applies with
only minor modifications. This completes the proof. O

A.3. Auxiliary convergence result

Lemma A.5. Let S, be a SRW with LP-increments X,, p > 0. Then, as n — 00,

Sn - Sn—l Xn
~/p = 1/p —0 P-a.s.

Proof. Well-known, included e.g. in the proof of [Gut09, Theorem 1.2.3(i)]. O
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Convergence rates of iterated function
systems of Markov-modulated Lipschitz
maps by regenerative methods
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5. Introduction

Iterated function systems (IFSs) have long been studied in various fields of applied probability,
e.g. in image encoding and the drawing of fractal images by [BE88] and [Bar93], or the construction
of Markov chains and the simulation of distributions by the Propp-Wilson algorithm (cf. [PW96]
and [PW9g]).

5.1. Iterated function systems

An TFS is constructed by an iteration of functions on some space into itself. These functions
are picked by some probability law and every iteration represents the next step of the thus
constructed process. In practice, the random functions are often Lipschitz maps on some complete
separable metric space and the space of Lipschitz maps can be equipped with a measurable
structure. The easiest case of those systems is the IFS of i.i.d. Lipschitz maps, where the random
functions are chosen independently and identically distributed. In the model of [AF01], one is
given a starting state Xy, and then the Markov chain (X,,),>0 is constructed recursively by

Xn = ‘Ij(ena anl)

for n > 1, where V¥ is a jointly measurable function that is Lipschitz continuous in the second
component. Therefore, the i.i.d. (6,),>1 (and independent of Xy) represent the i.i.d. influence
on the iterations. In fact, setting ¥,,(z) := ¥(6,,x), the (V,),>1 are i.i.d. Lipschitz maps.

As one purpose of constructing IFSs is to simulate a (stationary) distribution, one key question
is under which condition the chain converges to this stationary distribution (and how fast this
convergence is). These questions have already been addressed by Dubins and Freedman [DF66] in
1966. In the great survey [DF99], the authors give a list of further publications including answers
to these questions (and also several interesting examples): [Hut81], [BE88], [BEH&9], [Elt90],
[AC92] and [Duf97] are among these. Most notably, we will often allude to Elton’s article [EIt90]
in which he chose the more general setup of a stationary sequence (V¥,,),>1 of Lipschitz maps.
Denoting by L(V) the Lipschitz constant of a Lipschitz map ¥, Elton showed that whenever
Elog™ L(¥;) < 0o and Elog™t d(¥;(x),x) < oo for some z and also the Lyapunov exponent Yy is
negative a.s. (cf. Theorem 6.8 for a definition in our setting), then the postulated convergence
holds, i.e. X,, converges in distribution to the stationary distribution, no matter what the initial
value X is.

Forward and backward iterations. A key ingredient, that (not only) Elton uses in his proof,
and that is again easiest to be understood in the i.i.d. setting, is the notion of time reversal.
More precisely, consider the backward iterations )A(n :=Wy0---0W,(Xp), n > 1, and note that
X, and X,, have the same law. However, the backward iterations do actually converge a.s. In
Elton’s proof, time reversal enters via a stationary backward extension of the stationary sequence
of Lipschitz maps. Some authors require the stronger but somewhat more intuitive assumption
Elog L(¥;) < 0 instead of the a.s. negativity of the Lyapunov exponent, which expresses that
the IFS converges if, as [DF99] call it, the functions are “contracting on average”.
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Convergence rates and central goal. Concerning convergence rates for the distributional
convergence in the i.i.d. setting, several authors have contributed so far. Diaconis and Freedman
give a condition in [DF99] for convergence at an exponential rate, while Alsmeyer and Fuh
also give a condition for a polynomial rate in [AF01] and [AF02]. Denoting by P and 7 the
transition kernel of the Markov chain (X,,),>0 and the distributional limit of X,,, respectively,
the two main results of the latter can be stated as follows: Suppose Elog L(¥;) < 0 and
Elog™ d(¥1(z0),70) < oo for some g, and let dp, denote the Prokhorov metric of probability
measures. Then there are two regimes:

Theorem 5.1 ([AF01], Theorem 2.2 (d)). Let p > 0. If ElogP* (1 + L(¥y)) < oo and for some
xo we have ElogP™ (14 d(¥ (), z0)) < oo, then

do(P" (2, 7),7) < Ag(n +1)77

for allm >0, all x and a positive constant Ay of the form max{A,2d(z,xzo)}, where A does
neither depend on x nor on n.

Theorem 5.2 ([AF01], Theorem 2.3 (c)). Let p > 0. IfEL(¥1)P < oo and Ed(V1(zg),x0)? < 00
for some xq, then
dpy(P"(z,),m) < Agr™

for alln >0, all z, some r € (0,1) and a positive constant A, of the form max{A,d(x,zo)},
where v and A do not depend on x nor on n.

A secondary goal of [AF01] was also to convey the effective use of renewal-theoretic/regenerative
methods in the derivation of these convergence rates, an intention that we also pursue in this
work.

In an attempt to generalize results on convergence rates, it seems natural to require (6, ¥, )n>0
to be a MMS. One big advantage of this setting is the following: If 8 is a discrete Markov chain,
then regeneration techniques, comparable to those used in [AF01], become available. Furthermore,
starting 6 stationary makes (V,,),>1 stationary and also makes it fit naturally into the framework
of [EIt90]. Our main goal in this part will thus be, to derive suitable sufficient conditions for
different rates of convergence in the stationary regime of a MMS of Lipschitz maps, making use
of the regeneration techniques provided by the underlying structure.

Throughout this work, we are guided by [AF01] (and the corrigendum [AF02] to this publication)
and [Als15a]. They, most notably, use cyclic decomposition of some RW of Lipschitz constants
along ladder epochs, thereby gaining considerable knowledge about the size of these constants.
We will instead use cyclic decomposition of a MRW along recurrence times and therefore lose
this knowledge, while still maintaining independence at least. This forces us to come up with
further theory at some points. We will address this issue at the beginning of Section 7.2.

Example: Affine functions. A well-studied example of IFSs of i.i.d. Lipschitz maps is the
stochastic process resulting from U, (z) := A,z + By, = € R, for i.i.d. (A,, By)n>1, thus

Xn = Aan—l + Bn

for n > 1, which is why this is called random difference equation. These processes often appear,
among others, in time series analysis, e.g. as ARCH(1)-processes. In the case of Markov-modulated
(A, Bp)n>1, i.e. equipped with a driving chain 6, related work has been done recently on the
stability of these systems by Alsmeyer and Buckmann [AB17a] and by Buckmann [Bucl6] in his
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PhD thesis. They generalized results of Vervaat [Ver79] and Goldie and Maller [GMO00] concerning
the convergence of the forward and backward iterations. They used regeneration techniques and
further results on fluctuation theory for MRWs from [AB17b]. For further references, including
[Bra86] who examined stationary (A, By)n>1, we refer the reader to those listed in [AB17a).

5.2. Structure

In Chapter 6, we formalize what has been indicated in the introduction, including a definition of
the model, measurability issues and duality as one key concept that we apply. In Section 6.3
we briefly recall Elton’s theorem with a short proof and give a motivation for requiring mean
contractivity in the subsequent Section 6.4. The latter contains a summary of Markov-renewal-
theoretic tools to be used in the analysis, and also states two different sets of conditions for two
different convergence-rate regimes.

After these preparations, Chapter 7 starts with the formulation of the main results of this
part: First, Elton’s theorem is re-derived for our special situation by regeneration techniques.
Afterwards, given the conditions from the previous section, the corresponding convergence-rate
results are established. Sections 7.2, 7.3 and 7.4 contain the respective proofs.

Some auxiliary results are collected in Appendix B.
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6. Preliminaries

Let (X, d) be a complete separable metric space with Borel o-field B(X). Let Lip(X, X) be the set
of all Lipschitz continuous functions from X to X. It is possible to equip this set with a measurable
structure (cf. [DF99]) but we postpone the short discussion until after the specification of the
central object of this part of the work. Throughout this part, we deal with the following situation:
We define

Xn =9, (Xpo1) =¥po0--- 00 (Xp) = ¥, -+ - ¥1(Xp)

for n > 1 and call (X, )n>0 or (0, Xn)n>0 tterated function system of Markov-modulated Lipschitz
maps (MIFS) provided that:

(a) (6,%) := (0, ¥p)n>o is a MMS on (€2, A, P) with state space S x Lip(X, X) and transition
kernel
POn+1,¥n1)[0n,¥n _ Qb,) P-as.,

n > 1. It has driving chain 6 which is assumed to be positive recurrent (and thus
irreducible), time-homogeneous discrete Markov chain with (at most) countable state
space (S,6). Denote by P = (p; j)i jes the transition matrix/kernel and by 7 the unique
stationary distribution of 6, with m; > 0 for all 7 € S, cf. Remark 2.6.

(b) Xp is some X-valued random variable on (2, A, P) which is independent of (0, ¥).

Recall, that in Section 2.5 we introduced the concept of a MMS with a second component
taking values in R. This is not necessarily required, but every Borel space suffices. This is
addressed in the next section.

6.1. Measurability and remarks

Measurability. We briefly discuss some measurability issues concerning random Lipschitz maps
that we gather from [DF99, Section 5.1]. We refer the reader to their work for further details.
For a Lipschitz map f in Lip(X, X), the mapping

o @50
L) = oy d(z,y) =0

emits the corresponding Lipschitz constant. Let further Xy be a countable dense subset of X and
let Map(Xg, X) be the set of all maps from Xy to X, endowed with the product topology and
the product o-field. Then, [DF99, Lemma 5.1] clears the way for our analysis: Lip(X, X) is a
Borel subset of Map(X, X) with induced o-field £, the map ¥ — L(¥) is a Borel function on
(Lip(X, X), £), and the evaluation map (¥, z) — ¥(z) is a Borel function on (Lip(X,X) x X, £®
B(X)). We conclude with an easy finding:

Lemma 6.1. Let ¥, ¥ € Lip(X,X), then L(V o ¥') < L(V) - L(¥).
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Model remarks. We add some complementary remarks to the model description.

Remark 6.2. A direct consequence of (6, ¥) being a MMS is that ¥, ¥y, ... are conditionally
independent given 6 with P(¥q € -|0) = P(¥¢ € -|6y) P-a.s. and

P(¥, €-0) =PV, € -|0p—1,0y) =: K(0p—1,6p,-) P-as.

for all n > 1 and a stochastic kernel K : S? x £ — [0,1]. Moreover, we have (cf. [Als15b,
Lemma 8.1, in Ger.])
Q(z,dy x dz) = K(z,y,dz)P(z,dy),

more precisely, for ¢,j € S and measurable B
QUL {3} % B) =iy [ 1n(2)KG. 5 d2) = pigK(i g B) = pigKis (B).

Remark 6.3. If ¥ : (S x X,6 ® B(X)) — (X,B(X)) is a jointly measurable function which
is Lipschitz continuous in the second component, then ¥,, :=1(f,,-) is a random element in
Lip(X,X) and we are clearly in the above situation with K; ;(B) = 1g(¢(j,-)) for all i € S.
Since S is countable, this model only allows for countably many different Lipschitz maps.

Remark 6.4. (X,,)n>0 itself is not a Markov chain since the next value depends on the current
state of 6. However, (0, X;,)n>0 is a time-homogeneous Markov chain with state space & x X
and transition kernel

P(i,z),{j} x A) =P(0,, = j, X € Alfp_1 = i, Xn_1 = @)
PO, =7, Vp(x) € AlOp—1 =i, X1 = )

PO, = j, V() € Albp—1 =1)

piiP(V,(z) € AlO, = j,0p—1 = 1)

PiP(Wn € pr  (A)|0n = j, 0n1 = 1) = p;  Ki j(pz (A))

fori,j € S,z € Xand A € B(X). Here p, : ¥, (w) — ¥, (w)(z) is measurable, because the
evaluation map (¥, x) — ¥(z) from Lip(X, X) x X to X is measurable as seen in Section 6.1.

6.2. Dual chain and distributional identity

Dual chain. For our analysis, we introduce a MMS (#6,#W) := (#0,,,#V,,),>0 on (Q, A,P),
with #6 := 6y, which is dual to (6, V), i.e. it has the dual transition kernel

o TiDji vy - .y
#Q(i, {j} x B) = =K ()4, B) =: #pi " K(i,j, B) =: #p; j#K; j(B) (6.1)

)

for i,j € S and measurable B, where # P = (#p; ;) = (%1“) denotes the transition matrix/kernel
of #6. Set P; := P(-|0p =70y =1) and Py = > ics MilP; for a probability measure A on S. It is
easy to show that the original and the dual chain are connected by the relations

ijIP’jO(Ql = jl, e ,Hk = ]k) = ijij(#el :jk—la e ,#Gk = ]0) (62)
and
P((U1,..., ) € 00 = Jo, -0k = ji) = P(FUy, ..., #Ty) € [#0y = ji, ..., "0, = jo) (6.3)

for every k > 1 and jg,...jr € S.
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Remark 6.5. The dual driving chain 76 inherits all regularity assumptions from . It is time-
homogeneous and irreducible, and also positive recurrent with the same stationary distribution
7 and mean recurrence time E;# o (i) = E;01(i) =: my;, where o1(i) := inf{n > 1:6, =i} and
analogously # ¢y (i) := inf{n > 1: %6, =i}.

We briefly record easy consequences of (6.2) and (6.3) that we will use frequently:
Lemma 6.6. It holds that

(a) 7oy(i) 2 o1(i) w.r.t. P; for alli € S.

(b) Boy... 00, T, U) S (F0,, . #00, # T, .., #Uy) wort. Pr for alln > 1.

(€) (W1, U i) & (FWsy s, #00) wort. Py for allii € S.

Resulting from the above lemma, we obtain a lot of helpful identities linking the Lipschitz maps
with their duals. In particular, we will make frequent use of the following: E, f(¥1) = E, f(#¥;)
and B, f(¥,,--- W) = E f(¥ Ty ---#V,) for measurable f, whenever either expression is well-
defined.

The dual chain accounts for the time-reversal idea in [E1t90]. In the i.i.d. setting, all arrange-
ments of a certain number of Lipschitz maps have the same distribution, so it is not immediately
apparent, that the natural perspective should be, to build not only the backward iteration, but
the backward iteration of the time reversal. Part (b) of the above Lemma and the next paragraph
justify this.

Central distributional identity. We return to the sequence (6, X;,),>0 and additionally intro-
duce the notation

XP=0, - Uy(z), X§j:=uz,

according to which (6,,, X¥),>¢ is a time-homogeneous Markov chain, too, with the same transition
kernel. From now on, we will focus on the process with deterministic starting value x € X. Also,
the dot () will denote the concatenation of functions throughout this work whenever it is the
obvious interpretation. Referring to the approach in the i.i.d. setting, we introduce the four-part
scheme (instead of two-part in the i.i.d. setting)

-~

X =W, Uy (2) Xz

n

=)0, (2)
FXT =W, W (2) #XT = HY W ().

Obviously, the hashtag (#) indicates that the dual chain is considered and the hat (™) denotes
the backward iteration corresponding to the (non-hatted) forward iteration of the respective
chain. Denoting forward and backward iteration in this way is consistent with [AF01].

The following distributional identity is the main reason for introducing the dual chain: To
obtain distributional results for forward iterations of the original MIFS, we can also examine the
backward iterations of the “dual MIFS”, which, as in the i.i.d. case, turn out to be much easier
to analyze. It follows immediately from Lemma 6.6.

Lemma 6.7. For alln >0 and z € X, (0,...,0,, X}) 4 (#Op, ..., 700, # XZ) w.r.t. Pr. In
particular, X¥ 4 #X'f{ w.r.t. Py for alln >0 and x € X.
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6.3. Elton’s theorem

The next section contains parts of the original theorem by Elton from [Elt90, Theorem 3] in
our setting with the more ore less original proof for completeness. A different proof is prepared
in the next section and accomplished in the next chapter, where the actual work starts. As a
slight motivation for the assumptions that we make, we state a version of the Furstenberg-Kesten
theorem from [FK60], first. In our setting, the result is due to Elton [EIt90].

Theorem 6.8 (Furstenberg-Kesten, Elton). Let E,logt L(¥1) < co. Then

1
i — #, ... H — -1 #, ... H
nh_r)n nlogL( Wy U,) %Iéfin E, log L(7 Wy U,)

n—o00 N,

1
= lim —log L(V,,---¥;) = lI;fi n~'E, log L(V,,---¥y) =: x Pr-a.s.
nz

with x € RU {—oo}. If x € R, then the convergence also holds in L*(P,). x is called Lyapunov
exponent.

Proof. We use a generalized version of Kingman’s subadditive ergodic theorem by [Lig85] in the
form of [Als15a], cf. Theorem B.1 in the appendix. The Theorem applies to the triangular
schemes Yy, == log L(# Wy - #V,) and Yin=logL(Wy - Vppq),n>1and 0 <k <n. ltis
easy to see that both schemes satisfy (SA-1)-(SA-4) and the sequences in (SA-2) are also ergodic
under P;. Noting

inf n 'y log L(*W, ---#0,) = inf n 'E, log L(T,, - -- Uy)
n>1 n>1

completes the proof. ]

The following theorem is part of what was proven by Elton in [Elt90] for general stationary
(¥p,)n>1 with a.s. negative Lyapunov exponent. At this point we keep this condition, but starting
with the next section, we will slightly strengthen it to E; log L(¥;) < 0 for our purposes. We
justify why the latter causes the Lyapunov exponent to be a.s. negative at the beginning of
Section 6.4. We recall the proof of Elton’s result in our setting as it illustrates the influence of
the Lyapunov exponent on the convergence of the backward iterations.

Theorem 6.9. Given E;log™ L(¥;) < oo and E, 19g+ d(zo,¥1(z0)) < 00 for some (and thus
all) zo € X, let x < 0 Pr-a.s. Then there exists a 7 X, with the following properties:

(a) Asn — oo

#)A(?f — #Xoo Pr-a.s. for every x € X. (6.4)
(b) Asn — oo
(0n, X7) -L5 (0, #X o) w.rt. Py for all z € X. (6.5)
In particular, as n — o0,
Xy L #X o wrt Py for all x € X. (6.6)

Remark 6.10. Up to now, many conditions are formulated in terms of log™. However, this
function has not the good properties that one would desire. Hence, we will soon (already in the
next remark) proceed to use log, (z) := log(1 + z) as a subadditive majorant of log™. It also
satisfies log, (zy) < log, (z) + log,(y) for all z,y > 0 and log, (z) < 1+ log™ (z) for > 0.
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Remark 6.11. Suppose that E; log™ d(z0, ¥1(z0)) < oo for some z¢ € X. Then for every other
x € X, we have

d(z, ¥y (z)) < d(z,x0) + d(z0, U1 (20)) + d(¥1(20), U1 (x))
(1 + L(‘I’l)) . d(a:, .CC[)) + d(flf(), \Ifl(.fv())).

With the help of Remark 6.10, we get

(6.7)

E,logt d(x, ¥i(z)) < E,log, d(z, ¥1(x))
< Eglog, (1 + L(Vy)) + log, d(z, o) + Ex log, d(zo, ¥1(z0))
S IOg*(1> + Eﬂ' IOg* L(\Ill) + log* d(.ﬁlﬁ', $0) + Eﬂ’ lOg* d("I;07 \:[11(1'0))

which is finite by assumption since log, < 1 +log™.

Proof of Theorem 6.9. The Furstenberg-Kesten theorem implies
. 1
nhﬁnolo - log L(#‘Ifl e #\I/n) =x Pr-as. (6.8)
Fix x¢p € X. Then
A X7, #X50) < L(*F Oy - #0y,) - d(z0, # W11 (20))-

We show that Y o2 d(#fﬁil(w),#fﬁo (w)) < oo for Pr-almost all w. Then (# X% (w)),>0 is
a Cauchy sequence and thus converges (X is complete) to some # X% (w). To this end, fix
w € Q; N Ay, where (6.8) holds on A; and Pr(A;) = 1. Then, there clearly is an ng(w) € N such
that for all n > ng(w) the Lipschitz constants satisfy

LU, 70, (w) < e 2"
for « = —x if x > —oo and some a > 0 otherwise. Moreover,
> 2 (log™ (oo, #Wnia(an)) > $n) < Be (5 log" dlao, FWs(w0) )
n>1
_E, (i log* d(zo, \Ill(xo))> < 5
by stationarity, so the Borel-Cantelli lemma implies

Pr(A2) =P, <10g+ d(zo, W41 (z0)) < %n for almost all n > 1) =1

Hence, for w € Ay there is an nq(w) such that log™ d(zo, # ¥, 1(0))(w) < 4n for all n > ny(w),
and thus d(zg, #¥, 1 (x0)) < ei”. For w € A; N Ay with ng(w) := max{ng(w),n1(w)}, we finally
have that

o

AR, (), F R0 (w)) < LW - H0,) (@) - d(@o, P Wy (20)) (@) < e 57 47 = o=

n

SN[}

for all n > no(w). This Ais clearly summable and since P, (A1 N Ag) = 1, this ends the first part
of the proof. Given #XZ for each x € X, we still need to verify (6.4) which means to check,
whether # XZ = # XY P,-a.s. for all z,y. Therefore, we remark that

d#XE #XY) < L(#W,---#0,) -d(z,y) > 0 Pras.,
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as n — oo. Thus all #)A(fl converge P -a.s. to the same random variable #X oo 1= #)A(gg, say.
This proves (a).

To prove (b), let @(B) := Pr((6, # Xo) € B) and f € Cy(S x X) be a bounded and continuous
function on § x X with values in R. Then

/f dpOnX5) :/f(en,qxnm\pl(a;)) dPﬂ:/f(#eo,#\yl.--#wn(a;)) dP,

= [ 100, # %) aBy > [ £(*00,# %) aPr = [ f .

as n — 00, by duality, the dominated convergence theorem and #6y = 6.

6.4. Markov renewal theory and conditions

One key requirement in Theorem 6.9 is the negative Lyapunov exponent x. Slightly strengthening
this by requiring the mean contraction condition

Erlog L(¥;) <0 (MC1)
to hold together with the jump-size condition
E, log™ d(zo, U1(z0)) < oo for some (and thus all) zg € X, (MC2)

allows us to easily reproduce (6.4) (and thus (6.6)) by cyclic decomposition. On the one hand,
this illustrates a further intuitive approach to Elton’s result in the spirit of [AF01], and on the
other hand, this procedure founds the basis for our main goal, to find rates of convergence for
(6.6) in two different regimes which will be introduced later on. From now on, both conditions
given above are always in force.

It is easy to see that

LU, - Uy) < H L(¥;) and L(FV;---#¥,) < H L(*Wy)
k=1 k=1

for n > 2. Especially the latter inequality provides us with a leverage point for our analysis and
also suggests a set of tools to use: Obviously, the sequence

(#Hn, ’élog L(#\Ilk))nzo

is a MRW. We set S, := Y% ;log L(¥¥), n > 1, and Sy := 0. Since 7 is also the unique
stationary distribution of #6, the MRW has negative stationary drift
=K log L(* W) = E, log L(¥;) < 0.

Throughout our work, we will replace the increments of the additive component by log, L(#¥})
or log, d(xg,” W (z0)), say. These processes are also MRWs. Finally, we remark that mean
contractivity does indeed imply an a.s. negative Lyapunov exponent since (MC1) and Theorem 3.16
together yield x < E;log L(V1) Pr-a.s.

106



6.4. Markov renewal theory and conditions

Xontr (Pl # 0o si00) (P 0 P aiynr) -+ (Pl #01)
Yoo (PO, 1 #0000 (#‘I’an_z(m Vo 1))+ (#‘1’1 #0.0)
?n = Xan(i): <#\I/1---#\Ifgl(i)) (#\I/Un_z(i)—&-l"'#\pon 1())( v, n—1(1)+ A (Z))

Figure 6.1.: Comparison of X, ), ¥, and Y, = Xgn(i).

Cyclic decomposition of the MIFS. Let (0,(i))n>0 and (¥0,(i))n,>0 denote the successive
recurrence times of the driving chain 6 and #6, respectively, as defined in Section 2.5. We already
set my; = E;#01(i). Now, (S#,, (i))n>0 forms a SRW under P; with negative drift

EiS#oy ) = - EF o1(i) = - mi < 0.

Whenever we only talk about the dual chain (as will be the case most of the time), we abuse
notation and suppress the # in the name for simplicity. Which chain is used, will be clear from
the context. We refer to Section 2.5 for more details.

The following lemma is essential for our further approach as it relates our MIF'S to an embedded
IF'S of i.i.d. Lipschitz maps for which we know a lot of results. It most importantly states that
we can identify an i.i.d. IFS (Y;*) in our model whose backward iterations equal # X on(i): We
illustrate how Yy’ relates to X, (;) in Figure 6.1. This figure is analogous to [Als15a, Figure 3.2].
Lemma 6.12 is very similar to [Als15a, Lemma 3.26] except for the fact that we consider recurrence
times instead of ladder epochs. We will frequently have this kind of analogy to [AF01] and
[Als15a] in our lemmas, and still we also need to deal with starting according to the stationary
measure T.

Here and in the rest of this work, we will often use ¢ € S as a reference state.

Lemma 6.12. Given a MIFS satisfying (MC1) and (MC2), the embedded sequence (#X(‘fn(i))nzo
forms a mean contractive IF'S of i.i.d. Lipschitz maps under P; satisfying the jump-size condition

E;log™ d(xg, ¥ U (20)) < 0o
for some (and thus all) xy € X, with corresponding Lipschitz maps
#\Ij;i1 — #\yan(i) .. #‘Ildn_1(i)+17 n>1.
The same holds for the sequence (Y,¥)n>0, defined by Y := x and
Vi =t F )
with corresponding Lipschitz maps

UL =HT, g O n> 1.

on(i)s

Proof. We note that the #¥? are i.i.d. under P; and also # X, W) = # Qi (#Xan 1(i))- The same

holds for the #\Iﬂ’ which are the corresponding Lipschitz maps of (Y,¥),>1. First, we verify the
jump-size condition. For simplicity, we put S} := >}, log, L (#W) >0, n > 1, Sp :=0. Then

log d(zo, # ¥} (z0)) = log d(zo, # W1 - - # W, ;) (20))
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S log d(fL‘o, #\1’1(1‘0)) + Z d(#\lfl cee #\Ifnfl(l‘o), #\I/l s #\Ifn(l'o)))
<log | d(xo, W1 (z0)) + ]:[ (W) - d(xo, #\I/n(aro))) (6.9)

o1 (i)
< log | d(zo, W1 (z0)) + Z e ”1d($0,#‘1’n($0))) = log (Z es"ld(%’#‘l’n(ivo)))
_ n=1

a1(i) o1(7)
<log [ Pnw . Z d(xo, * 130))) < Si i+ 2 log, d(wo, Wy (20))
n=1

where the subadditivity of log, was used. We infer from (2.1) that

o1(i
E; logJr d(l‘o,#\l’ ( )) <E; Scn(z (Z log, d xo, ( )))

= myi - (Exlog, L(*¥1) + Ex log, (w0, #¥1(x0)))

All objects on the right side are finite by assumption. A similar procedure leads to the estimate

log d(wo, "W (z0)) < S5 i Z log, d(x0, # Wy ().

If we replace xg by some other z € X in both cases, then we conclude in the same way that the
expectation is finite since E, log, d(x, ¥1(x)) < oo for all z € X. The mean contractivity in both
cases follows from [E; log L(# W) < E;Sy, ;) and E; log L(#WY) < EiSqy, (i) O

Conditions for convergence rates. For the results concerning convergence rates, we will impose
two sets of moment conditions. These are gathered in this paragraph and are influenced by
the previous lemma and the corresponding conditions in the i.i.d. setting, cf. [AF01, (1.8) and
(1.9)]. Essentially, our conditions guarantee the latter two conditions for the embedded i.i.d. IFS
(Y:%),>0 and add a regularity constraint for the driving Markov chain #6. The main advantage of
the below conditions is that they only involve quantities which are given by the model. However,
we will mostly work with the dual chain and hence need conditions involving only the dual chain.
Indeed, analogous conditions hold for the dual counterpart by duality. We record this fact in
Remark 6.15.

The first set of conditions is tailored to result in polynomial convergence of the MIFS: We say
that a MIFS satisfying (MC1) and (MC2) obeys the polynomial-type moment conditions of order
p > 0 if the following conditions

E;oq(i)P < oo, (A1)

o1(i ptl
(Z log, L ) < 00, (A2)

and
o1(d) ptl
E; (Z log, d(x, ‘I’n(fco))> <00 (A3)

n=1
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hold for some i € S and some (and thus all) xg € X. Note that o1(4) is the first recurrence time
of state ¢ of the original chain 6.

Remark 6.13. If (A1), (A2) hold and (A3) holds for some xy € X, then (A3) holds for all z € X.
This can be seen as follows. Analogously to (6.7), we obtain

d(z, ¥, (x)) < (14 L(Vy,))d(x, z0) + d(xo, ¥y (x0))
and
log, d(z, Uyn(z)) < log,(1) + log, d(z, x9) + log, L(¥y) + log, d(xo, ¥n(20)),

and hence

a1(i) ptl o1(i) Pt
Ei (Z IOg* d(IE, \I’H(ZL‘))) (Z IOg* an Z 10g* + CO’l( ))
n=1
( p+1 p+1
<C (Z og, d(zg, ¥ (xg))> + C'E (Z log, L )

+ C'Eio1 ()P < 00

with positive constants C' and C".

Remark 6.14. Tt is expected that solidarity in ¢ € S holds in (A1)-(A3) but this is not important
for the following analysis. Concerning (Al), this is well-known.

Remark 6.15. Conditions (A1), (A2) and (A3) also hold with (i) and W¥,, replaced by # o1 (i)
and #W,,. This follows easily from Lemma 6.6.

The second set of conditions is tailored to result in geometric convergence of the MIFS. We
say that a MIFS satisfying (MC1) and (MC2) obeys the geometric-type moment conditions if the
following conditions

E;e® 1) < o0 for some 3 > 0, (B1)
E. L(T, - Uy )P LU oW, )P B2
’ <1§%a;§(z’) (¥ ) TG Vorti ) ) =% (82)

o1(7) p
(Z L(¥ ) < 0, (B3)

and
o1(t) p
Z d(xo, ¥ < 00 (B4)

hold for some i € S, some p > 0 and some (and thus all) zy € X.

Remark 6.16. If (B1), (B3) hold and (B4) holds for some z¢, then the latter holds for every
x € X. Again,
d(z, U (z)) < d(z,20)(1 + L(¥n)) + d(x0, Yn(z0))

implies

o1(4) p o1(7) P o1 (%) b
Z d(z, U, ( < CE;01(i)" + CE; L(U,) | +CE; | Y d(wo, V(o)) | < oo
n=1

n=1

for a constant C > 0.
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Remark 6.17. See Remark 6.14 for a remark concerning solidarity in (B1)-(B4).

Remark 6.18. Conditions (B1), (B3) and (B4) (and (B2*) below) also hold with ¢1(¢) and ¥,,
replaced by # ¢y (i) and #¥,,. This follows easily from Lemma 6.6. The lemma further yields that
(B2) is equivalent to E;(G} + GY) < oo, with G; and G as in (7.12) and (B.2), respectively.

Remark 6.19. Condition (B2) and Remark 6.18 ensure
B L(#U8)P < BiGP < 0o

and since the embedded IFS (Y,7) of i.i.d. Lipschitz maps is mean contractive, we can find a
q < p such that it is even strongly mean contractive of order ¢, i.e. EiL(#\Iﬂi)q < 1.

Remark 6.20. It is easy to show similarly to (7.19) that

n=1

o1(7) p
E; (H (1+ L(\Ifn))) < 00, (B2¥)

implies (B2) (and also (B3) which is easily verified using the subadditivity of log,). However,
(B2*) seems to be a bit to restrictive.

Remark 6.21. For a geometric MIFS, we require the existence of p > 0 such that (B3) and (B4)
hold. Taking p <1 w.l.o.g. and using subadditivity of z — zP yields that E;L(¥;)P < oo and
Erd(xo, ¥1(x0))? < oo are sufficient for (B3) and (B4), respectively.

Lower bound v for the rate of exponential convergence. In the following analysis, an object
will frequently appear that was originally used in [AF01, Section 2] as a “lower bound for the rate
of exponential convergence in the results” they proved in the i.i.d. setting. There, it is denoted

by v* and defined by logvy* := inf, ¢ (o 1) LO(% with p(vy) := Eoq(y) and

o1(y):=inf{n>1: Zlong <log~}, ~e€(0,1),
k=1

where the Ly are the i.i.d. Lipschitz constants in the i.i.d. setting, cf. [AF01] for further details.
Note that this definition of o1 (7) is only used in this paragraph to avoid confusion with oq(%).
Lemma B.5 in the appendix gathers useful properties and the two different forms of v* depending
on whether E|log L] is finite or not.

As a MIFS satisfying (MC1) and (MC2) contains an embedded i.i.d. IFS (Y,),>0 by Lemma 6.12,
we denote by v the corresponding v* of (Y,7)n>0 (recall that Y,? depends on 7). By Lemma B.5,
cither E;|log L(#¥%)| = oo and then vF = 0 or E;|log L(#¥1)| < oo which implies v =

eBilog L(F¥) yp( oBilog L(*¥1) < Bior() = ermii | Go ehmii > v; and, in particular,

1

(eumii’l) C (%7‘71) and (6“,1) - (('yz*)m,l)

These intervals represent validity ranges in the following theorems. Notably, the range (e*, 1)
does not depend on ¢ and e* constitutes the analogue to v* from the i.i.d. setting.
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7. Convergence rates in Elton’s theorem

7.1. Main results

For the formulation of our main result, we introduce the Prokhorov metric of probability measures
which we denote (and already denoted) by dp;. Since X is separable, the Prokhorov metric is a
metrization of the topology of weak convergence on the space of probability measures on X. For
a precise definition and a useful characterization of the Prokhorov metric, we refer the reader to
Section B.2 in the appendix. With these preparations made, we can state our main results.

Theorem 7.1. Given a MIFS (0, Xn)n>o satisfying (MCL) and (MC2), there exists a random
variable # X o such that the following assertions hold, as n — oo.

(a)

#XP 5 # X Pr-a.s. for every x € X. (7.1)

(b) For every v € (e, 1)
7_"d(#)27f, #Xoo) = 0 Pr-a.s. for every z € X. (7.2)

(c) For every v € (e, 1)
Pr(d(*XE,#X0) >~") =0 for every z € X. (7.3)

Theorem 7.2. Given a MIFS (6, Xy,)n>0 satisfying the polynomial-type moment conditions of
order p >0 fori€S.

1

(a) For every v € ((v)7,1) 2 (e",1)

ST PP (d(FXE, # X o) > ™) < Cy(1 + logh d(, 7)) (7.4)
n>1
and
lim PP (d(F X7, Xo) > ") =0 (7.5)

for every x € X and some constant Cy € (0,00).
(b) Assertion (a) holds with Py instead of P; (and possibly different C.,).
(¢) Foralln >0 and x € X
dpe (PX% PR ) < Ay(n +1) 77, (7.6)

where Ay = Ay + Aglogl d(z, x0), and Ay and As are a positive constants not depending
onn. Ay and Ay do moreover not depend on x.
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7. Convergence rates in Elton’s theorem

(d) For every xg € X
E; log? d(zg, # Xo0) < 00. (7.7)

(e) Assertion (d) also holds with E, instead of E;.

Theorem 7.3. Given a MIFS (0, Xy)n>0 satisfying the geometric-type moment conditions for
1eS.

1
(a) For every v € ((v})™i, 1) D (e, 1) there exists an o~ > 1 such that
Jim o, Pi(d(F X5, # Xoc) > 4") = 0 (7.8)
for every x € X.

(b) Assertion (a) holds with Py instead of P; (and possibly different ;).

(c) There exists an r € (0,1) such that
dpy (PXF, P X)) < Ayrm, (7.9)

foralln >0, x € X, where A, = A1 + d(x,azo)A2, and Ay and As are positive constants
not depending on n. Moreover, r, A1 and Ay do not depend on x (and n).

(d) There exists an n > 0 such that for every xg € X

Eid (0, # Xoo)" < 0. (7.10)

(e) If additionally (B2*) holds, then Assertion (d) also holds with E instead of E;.

Remark 7.4. Condition (B2*) in (e) is certainly not optimal but required for technical reasons.

7.2. Proof of Theorem 7.1 by cyclic decomposition

We recall that the considered MIFS satisfies (MC1) and (MC2) throughout the rest of this work.
This feature will therefore not be mentioned in the requirements of the following lemmas. Our
first step towards a regenerative proof of Elton’s theorem in the Markov setting is the following
easy observation.

Lemma 7.5. For every i € S, there exists a #)A(éé) such that for n — oo and for each x € X

Proof. We know from Lemma 6.12 that (Y,7),>0 is an IFS of i.i.d. Lipschitz maps under P;
satisfying the jump-size condition and [E; log L(#\fﬂl) < EiS,, (s <0, hence Elton’s theorem for

i.i.d. Lipschitz maps (e.g. [AF01, Theorem 2.1]) yields the existence of a #X}()? (which does not
depend on x) such that _
vE 5 #X0 Pras.,

as n — oo. Noting that 17;” = #}?:n(i) completes the proof, choosing #)?éé) = #X}(,?’xo as the

limit of 177;"30, where zg € X is some reference point. The above applies to every i € S. ]
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Obviously, this #X}@ is a sensible candidate for a P;-a.s. limit of #X';f and as we are primarily
interested in a Pr-a.s. limit, we glue these variables together to get the representation

FXoo =3 XD w0y
€S

of the anticipated limit. Certainly, it will turn out to be the right one.
In the following, we want to show that d(#Xﬁ, 7 Xoo) — 0 Pr-a.s., thus we need to get a good
estimate for d(#* X%, # X.,). Therefore, we introduce

7(n) :=1inf{k > 0 | ox(i) > n},

n > 0, the first time that o4 (7) is greater than or equal to n, and we keep in mind that 7(n)
depends on i, but drop it here. Of course, 7(n) also makes sense for non-integer n > 0. Then the
triangle inequality provides the estimate
A(F X7, #Roo) < d(FRTARE0) 4 d(FR0 # Y pd(FRD O # R,

where the last summand clearly vanishes P;-a.s. due to the previous lemma, as 7(n) — oo P-a.s.
This estimate extracts the whole influence of x into the first summand, where we compare the
iteration started in = to the iteration started in some fixed reference point xg. Now, our main
goal is to deal with the first and the second term on the right-hand side. To deal with the second
summand, i.e. to control the error in distance when considering the subsequence o (,(#) instead
of n, we set forn > 1

Cn = d(l‘o, #\I’crnfl(i)-i-l e #lllon(z) (370))

V. d(#* PR 2\ # NN o /S
an_1<5131§<an<i){ (s, ()41 kK(20), "o, 1 ()41 on (i) (0))}

(7.11)

as the maximal distance of #W! (4) from the set

{20, W5, iy1(m0)s -, P W0 1 T W )= (20) -

The C,, are ii.d. under P; and Cy(,) converges in distribution (w.r.t. P;). For the sake of
completeness, we also introduce for n > 1

Gn = maX{L(#\I]Unfl(i)+1)7 MR L(#\Pgnfl(i)‘i'l e #‘llgn(z))} (712)
and for n >0
oo n+j—1 . ..
Dy:=3 I L(*E) d* T, (o), o), (7.13)
j=1k=n+1

where the empty product is set to 1. Obviously, the G,, are also i.i.d. We will need the D,, and G,
at a later point of this work. They are introduced to deal with the third and the first summand
of the above inequality, respectively, and of course the names C,, and D,, are intentional. All
three sequences have counterparts in the i.i.d. setting in [AF01, Section 3]. For instance, D,, is a
generalization of the autoregressive

D, = Zyjfld(\lfgwﬂ W (20), 20), (7.14)
j=1
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7. Convergence rates in Elton’s theorem

where the o, are ladder epochs and thus play a comparable role to the o, (i) here, but entail
more knowledge about the Lipschitz constants. In fact, we can bound the latter from above by
~ by definition of ¢,,. The loss of the deterministic part makes our object more complicated,
however, we recognize it as a perpetuity corresponding to the sequence

(LFE ), APy (w0), 0))

Keeping in mind that D,, (as well as C), and G,,) depends on ¢ € S, the following Lemma ensures
that, under our general assumptions, the expression of D,, makes sense.

E>1

Lemma 7.6. The D,, n >0, are P;-a.s. and Pr-a.s. finite.

Proof. We show that Dy < oo P;-a.s. which yields D,, < oo P;-a.s. for all n > 0 since D,, is a
stationary sequence. Case 1: If P;(d(#Wi(x), 29) = 0) = 1, then # Wi (z) = z for every k > 1
and thus Dy = 0 P-a.s. Case 2: If P;(d(# Wi (0), 20) = 0) < 1 and

E;log L(*W}) € (—o0,0)

(by Lemma 6.12 it is < 0 but we do not allow = —oco here) and thus P;(L(#U%) = 0) = 0,
then we are in the situation of [AB17a, Theorem 1.1] (which is a slightly stronger version
of the original version [GMO00, Theorem 2.1] by Goldie and Maller). Since by Lemma 6.12
E;log* d(# W (x4), z0) < oo (and thus E;J(log™ d(# Wi (x0), o)) < oo (cf. [AB17a] or [GMO0] for
more details on J, which is denoted differently in the latter)), the theorem yields Dy < co P;-a.s.
Case 3: 1f P;(d(# Ui (x), 20) = 0) < 1 and E; log L(#¥') = —oo0, then we can choose ¢ € (0,1)
from Lemma B.5 such that
E; log(L(*W}) V ¢) € (—o0,0).

Now, the previous case applies and we find that Dy < oo P;-a.s. by the estimate

oo j—1 oo j—1
Dy := Z H L(#\IJ%C) #\If .750 :L‘o < Z H #\Iﬂ V C d(#\I/}(Jjo),:L‘o).
J=1k=1 j=1k=1

For the second part of the assertion, note that the distribution of (#\I_);L +k) k>1 under P for

every n > 1 is the same as that of (#\ff}f)kzl under P;. Hence, D,,, n > 1, is also P,-a.s. finite
and we only need to care about

oo j—1
Do = d(*W}(w0),0) + Y [] L(*E4)d(* T (w0), 20)
j=2k=1
= d(* T} (o), z0) + L(*T}) Z H Wiy )d(*F T (20), 20)-

The P;-a.s. finiteness of the latter perpetuity follows from the P;-a.s. finiteness of Dy, and the
remaining objects d(#*W}(z¢), o) and L(#¥}) are obviously Py-a.s. finite. O

In the following Lemma we collect the crucial estimates for this analysis. It constitutes an
analogue of [AF01, Lemma 3.2].

Lemma 7.7. For everyn > 0
d(* X, # Xo) < d(F X5 FXG0) 4 d(P XG0 XD )+ d(FR

Furthermore, the following estimates hold for n > 0:
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7.2. Proof of Theorem 7.1 by cyclic decomposition

(a) d(F X2, #X20) < L(#Uy---#T,,) - d(z, 9) < [[p_y L(FUy) - d(z, zo).

= .

(b) d(* Xz, #X0) < n;ff‘l L(ﬂ@ Gy - d(w, o) with Go = 1.

(c) d(#Xzo, #X™

Tr(n) (@

) < Hk (#\I’Z) Cr(n) with Cy := 0.

(4) d(*X3°

0 X < ") L#8) - Dy Pi-aus.

Remark 7.8. As (7.13) generalizes (7.14) from the i.i.d. setting of [AFO01] and thereby introduces
additional randomness, the same happens in Parts (a)-(d) of the above Lemma 7.7. Here we
obtain L(#Wy .- -#W,), HZ(:"l)_l L(#‘I_}}g) and HZ(:nl) L(#\I%) instead of 4™, 47(M=1 and ~7("),
respectively.

Proof of Lemma 7.7. The first statement is just a reminder. We use the convention that empty
products equal 1, i.e. ngl := 1 and H,;:ll := 1. Now, (a) is immediate by definition of the
Lipschitz constants. For (b), we remark that

7(n)—1 7(n)—1
L(#\Pl e #‘Il'fl) < H L(#\Il;c> ’ L(#\IIJT(m,l(i)-l-l U #\Iln) < H L(#\If;{}) ’ GT(n)
k=1 k=1

for n > 1 and, with our conventions, equality holds trivially if n = 0. To prove (c), we note that
forn>1

d(#Xxo # X %o e )) — d(#\Pl .. .#\I;O_T(n)il(,) #\Ijn( )
#\Ill - r(n)—1(%) #‘IJ" T(n)(')(xo))
7(n)—1
k=1
) d(#\IIUT(n)q(i)-H T #\Ifn(xo), #\Ilaf(n)fl(i)'i'l T #\Ijar(n)(i) (o))
7(n)—1 ~
< [ L") Crmy
k=1
on {T(n) > 1} and
X #X T(n>(l)) = d(* X3, #Xwo( )) <G
on {7(n) = 1}, hence
7(n)—1
d(#quO, # jf(n)(l)) < H L(#\Ili) C’7'(71)
k=1

d(#ffifﬁm i)’#ng(i)) < L(#‘fﬂi ' "#‘I'Z) d(#‘l’z '#‘f’%m(ﬂ?o)wo)
< [I Lty - d# @i,y - # 0 (20), 20)
k=1
< [T LC*8)) - (d(* T, (o), o)
k=1
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m

+ Z d(FU,, - #‘I’%Jrj(xo)a LA ZARRTE #‘l’fmﬂ‘—l(fﬁo)))
=2
n .. m n+j—1 N o
< [ LFoh) - > I L) d(F ¥, (o), o).
k=1 =1 k=n+1

The occurring sum increases to D,,, as m — 0o, so

for every m > 1, and since #X§S+m(i) converges to #X oo Pi-a.s. by Lemma 7.5, as m — oo, the
assertion follows. O

We now collect some more properties of C,, which correspond to [Alsl15a, Lemma 3.27] in the
i.i.d. case. Recall that C,, depends on i € S.

Lemma 7.9. For alli € S, E;log™ C; < 00, hence %log+ C, — 0 and e *"C,, — 0 P;-a.s. for
every € > 0.

Proof. The proof uses the estimate

o1(%)
Cy < d(xo, " Wi (xo)) + D d(F Ty # Wy (20), F Ty - F Ty, (20)) (7.15)

n=2
which holds since every argument in C is smaller than or equal to this upper bound. Thus,

o1()

o1(7)
logt O < log, (esﬂ(i) > d(xo,#\lfn(aro))) <1480+ > log, d(zo, # Wp(x0))
n=1

n=1

as in (6.9). The rest follows using the SLLN. It is the same as the proof of [Alsl15a, Lemma 3.27]
with recurrence times instead of ladder epochs, so we omit the details. O

Lemma 7.10. The following assertions hold, as n — oco:

(a)

7(n)—1
[T L*#%) - Crpy =0 Pi-as.
k=1
(b) If v € (%,1), then
7(n)—1 N
,Y—(T(n)—l) H L(#\II§€) -Criny =+ 0 Pi-a.s.
k=1
1
(¢) If v € ()i, 1), then
7(n)—1 .
A= (1) H L(#0%) Criny = 0 Pi-a.s.
k=1
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Proof. The first assertion is a direct consequence of (b). To prove (b), we choose n > 1 and

intend to show
n—1

=) H L(*WL)-C, — 0 Pias.
k=1

because the assertion then follows from 7(n) — co P;-a.s. We write

n—1 n-l /
v~ T L#FE) = exp (Z log L(*W},) — (n — 1)10g7> TP <_ n 1n> ’

k=1 k=1

where Z) :=>"}_,[—log L(#‘I_}i) + log 7] has i.i.d. increments and

EiZ) = —E;log L(#U}) + logy = —log 7} + logy = log (%) € (0, 00]
i
by assumption.
If E; log L(#W%) > —oco and thus E;Z} € (0,00), then % — log(v/7F) Pi-a.s. Let A be the
intersection of the event that the latter convergence holds and the event that the last convergence

in Lemma 7.9 holds. For w € A, there exists an n(w) such that Z"*nl(w) > log(é/ 1) for all
n > n(w). Hence, we see

log(v/~})
-2y,

for n > n(w), and the right-hand side converges to 0 by the choice of w. Since P;(A) = 1,

this proves (b) in this case. If E;log L(#W¥%) = —oo and thus E;Z = oo, pick ¢ > 0. Then

Zy 1 (@)
n

To prove (c) in the case E; log L(#¥') > —oco, we use the fact that

> ¢ holds for almost all w and all n > n(w) big enough. The rest of (b) follows as above.

TTL

p=rm=1) H (FT}) - Cry = 0 Pras, (7.16)

as n — oo, for f € (vF,1) by (b), and that

1 1
7(n) — ~ = >0 P;-a.s.,
n Eial(z) mMy;

asn — o0o. Let v € ((’yf)m%z, 1). Then thereisa 0 < b < mi“ such that v = (vf)b. Pick & >0
so small that b+ &’ < m%@ which means 0 < b < m%z — ¢’ and thus particularly m%@ —& >0.
Now, choose ¢ € (0, miie’(# —¢)71) and note that the right boundary is indeed positive by
the afore- mentioned Then there is an ny (possibly depending on the realization) such that for

n > ng we have < my; + € and hence
( )

/

_n_ NS b
YT = () T > (7 )b(m”+a) = (yy)brmaithe
+

1—m;ie e'e

> (7))

1— ..€/+€ 7—8/ o el
= ()™ w ) > (g = g,
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The assertion follows from (7.16) with 8 := () mii ) since
A—(=1) 7’7% (T(n)fl)ylfﬁ < 5—(7(71)_1)717%
and n/7(n) converges to a constant. If E;log L(#WU%) = —oo, then the proof is again easier

because we only need to show that, for v € (0,1) and large n, ’y% is bounded from below by
some 3 € (0,1) in the same manner as before. This is obvious, since n/7(n) converges to a
positive constant. ]

1
Lemma 7.11. If v € ((v})™i, 1), then, as n — oo,

A XE (),#X’Oo) —0 P;-a.s.

Ir(n) T
Proof. We know from Lemma B.6 that
BAFXE 1,7 Xoo) > 0 Pi-as.

for 5 € (7/,1). Proceeding as in the proof of Lemma 7.10(c) yields the assertion. We omit the
details. O

Lemma 7.12. If v € (e, 1), then, as n — oo,
n
Y[ L(#¥) =0 Py-as.
k=1
for every probability measure X on S.

Proof. We use the fact that log[[f_; L(#WUy) = Y7, log L(¥*¥}) is a MRW with negative
stationary drift . So in particular, as n — oo,

log HZ:1 L(#‘I’k)
n

—pu Py-as.

and
log HZ:l L(#‘I/k)
n

—logy = p—logy=:a<0 Pyas.
by assumption. So with

" ﬁ L(*Wy) = exp (n <10g [Tt L) log’y>> :

=1 n

log [ [_, L(#W
we find an n(w) for every w from a Py-a.s. set such that Ongzln( £)w)

n > n(w). This means that for these n

—logvy < § for all

v ] L#F ) (w) < ™2 — 0.
k=1
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7.2. Proof of Theorem 7.1 by cyclic decomposition

Proof of Theorem 7.1(a). As remarked earlier, the third summand in Lemma 7.7 vanishes P;-a.s.
as does the second summand by Lemma 7.10 and the estimate Lemma 7.7(c). By Lemma 7.12 the
first summand tends to 0 as well. Hence, #)A(ff — #Xoo P;-a.s. Since in our whole construction
1 € § was arbitrary, we obtain the latter assertion for all ¢ € &, which is equivalent to the
convergence Pr-a.s. since m; > 0 for all i € S. O

Proof of Theorem 7.1(b). Let i be an element of S. We combine Lemma 7.7 with Lemmas 7.10,
7.11 and 7.12: The first provides

n 7(n)—1
ATAFXE X ) H L#*Wy) - d(z,z0) +77" [[ L) - Crn
k=1 k=1
+y AP XD o ¥ Xoo):

Then Lemma 7.10 gives

H L#\Iﬂ Criny = 0 Pias.

for all v € (e*,1), as n — oo, while Lemma 7.11 gives

A (F X

T(ﬂ)(l),#f(oo) — 0 DPj-a.s.

for the same ~’s, as n — oco. The last ingredient is provided by Lemma 7.12 which gives
n
v " [ L(F9) =0 Pras.
k=1

We recall that, as mentioned at the end of Section 6.4, (e, 1) is always contained in the
i-dependent ranges for v. We conclude that

lim FTA(FXE FX ) =0 Pi-as.
for v € (e,1) and all i € S. This is equivalent to our assertion, since x was arbitrary. ]

Proof of Theorem 7.1(c). This follows immediately from (b): For every v € (e#,1) and as

n — o9, N R
YA XE FX ) =0 Pras.

In particular, this convergence holds in probability and
Pr(d(FXE, # X)) > ") = Pr(y "d(* X2, % X0) > 1) = 0.
O

Theorem 7.1 and the previous lemmas provide us with refined versions of Lemma 7.5 and
Lemma 7.7(d).

Lemma 7.13. The following assertions hold:

(a) #X';"n(i) — #Xéé) =#X Pj-a.s., asn — oo, for all j € S.

(b) d(FX2 o FX) ST LFBL) - Drgy By-aus. for all j € S.

Or(n) Z) ’
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7. Convergence rates in Elton’s theorem

Proof. For the first part, we recall that #Xﬁ — #)A(oo Pj-a.s. and 0, (i) = oo Pj-a.s., as n — oo.
For the second part, we look into the proof of Lemma 7.7(d), where we see

n
< [ L*9) - D,
k=1

dFRT L H#RE )

Ont+m(1)’ on(t

for every m > 1. By (a), #X§2+m(i) converges to # X Pj-a.s., as m — oo. O

7.3. Convergence rate under polynomial-type moment conditions

Motivated by Theorem 7.1(c), we are interested in convergence rates. We need a number of
lemmas as preparation and we are guided by the approach of [AF01]. The next result is an
analogue of [AF01, Lemma 3.5].

Lemma 7.14. If (A1) holds, then for all 0 < a < ——

Z nP7 P, (T(n) < an) < oo and lim nPP.(r(n) < an) =0

n—00
n>1

and the same holds with P; instead of Pr. If (B1) holds, then for all 0 < a < m%z there exists an
a > 1, depending on a and i, such that

lim a"Pr(7(n) <an) =0.

n—o0

The same holds with P; instead of P, with possibly different «.

Proof. We remark that the P; case for both parts of the lemma is [AF01, Lemma 3.5] with
recurrence times instead of ladder epochs. Nevertheless, we need to adjust their result for the
first part a little bit to prove the assertions under P,. By [CL75, Theorem 5] with o = 1, we have

Ei(sup(ak(i) — k(mi; + 5)))p < 0o (7.17)
k>0

for all € > 0 (the latter expression equals m(e,p + 1,1) as defined in [CL75]). As 0 < a < m%-i’ it
is possible to choose € > 0 such that a(m;; +¢) =1 — ¢ and thus

Pi(t(n(1—10)) < an)

Pi(0|an| (1) — an(my; +¢) > n(1 — 6 — a(mi; + €)))

Pi(0an) (i) — Lan)(mi; +€) = (e — 0)n)

R-(sup(ak( ) — k(mgi +€)) > (e 5)n) = ¢io((e — 6)n)
k>0

IN

IA

for § € [0,1). We know from (7.17) that for every n > 0, as n — oo,
nPei(mn) — 0,
and with the same means

> P e (nn) < C By (iu%(ak( i) — k(mi; +¢)))’ < o0
n>1 z
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7.3. Convergence rate under polynomial-type moment conditions

for some constant C' > 0. Let n > 1. Starting according to the distribution 7, we still have

P.(7(n) <an) < Pﬂ(ili%(ak(i) —k(my +¢)) > Sn).

The 01(),02(i) — 01(7), . . . are still independent w.r.t. P, and furthermore, o9(i) — o1(7), 03(i) —
02(i),... are identically distributed under P, with common distribution P;(o;(i) € -). With
0 € (0,1), we decompose

P(r(n) < an) < P(o1(i) > nd) + Pr(r(n) < an, o1(i) < nd)
and remark that
7(n) = inf{k > 2: 0p(i) > n} = 1 +inf{k > 1 : 0py1(i) — 01(i) > n — o1(4)}
> inf{k > 1: 0441(6) — 01(i) > n(1 — 5)}
on {o1(i) < nd} to infer
P,.(r(n) < an) < Pr(o1(i) > nd) + Py(r(n(1 — 8)) < an) = Py(o1(i) > nd) + cic((e — 8)n).

Choosing 0 € (0,¢), the right-hand side vanishes, as n — oo, when multiplied by n?, and is
summable weighted with n?~!, both if E 01 (i)? < co. Lemma B.8 and Remark 6.15 show that
this is the case under (A1)-(A3), in fact only E;o1(i)PT! < oo is needed (cf. the proof).

For the second part, set ¢()(8) := E;ef71() and gb((f) (B) = Eieﬂ(al(i)_i) = e‘ggb(i)(ﬁ). Then
(@)\/ . 1 1
(057)(0) =E; { o1(2) — = :m”_5<0

a

and qﬁg) (0) = 1, thus there exists a f, € (0, 3] with oD (t) <1 forall t € (0, 5,]. As in [AFO1,
Lemma 3.5], Markov’s inequality yields

Pi(r(n) < an) < e P60 (5)" = (¢{)(8a)")" = ¢,

and we can pick every o € (1, ¢; ;) If we start according to m, then, with an adequate condition
in mind, we refine the above procedure to

P, (7(n) < an) < e "E,et7lani ()
for every t > 0. With the same properties of 0, (i) that we stated out in the first part of the
proof, we find

E,.et7lon] (i) _ E, et ZEZQJ 1) —ok—1(d) yto1(d) _ ¢(z’) (t)L“"J‘lE,r et (i) < ¢(i) (t)*"E, pto1(d)

)

SO
Pr(7(n) < an) < 9 ()" E et =: (¢;0.4)" Exel1).

Then « € (1, ot ) works here if E,et?1() < 00 and t < f,. Concerning this condition, we refer

B,a,t
to Lemma B.8 again, which tells us that it is possible to find a ¢’ > 0 with Eret71() < o,
whenever E;e%91() < 0. Hence, every t smaller or equal to t' A 3, suffices. ]

The following Lemma is extracted from the proof of [AF01, Lemma 3.3]. We will also develop
an analogue of [AF01, Lemma 3.3] which is split into Lemmas 7.19, 7.22 and 7.17.
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7. Convergence rates in Elton’s theorem

Lemma 7.15. Let F, := f(7 Vo ()41 ,#\I/Jn(i)) for some measurable function f. Then for
every measurable function H : [ o0) = [0,00),t >0 andn >1

Pi(H(Fry) > t) < Eio1 () L{m(r)>t

and
PW(H( (n)) > t) <E, 0'1( ):H-{H(Fl)>t} + P, (0'1( ) n — 1,H(F1) > t).

Remark 7.16. This situation applies to Cy, and Gy, n > 1.

Proof. Using
Z (ox(i) =1)

for [ > 1, a reasoning very similar to [AF01, (3.18)] (with recurrence times instead of ladder
epochs, and under P ) yields

-1 /i+1
P.(H(F, Z <Z Pr(ok_1(i) = 5)> Pi(o1(i) > n — 1, H(F) > t)
k=2

=1
+ Pr(o1(i) > n, H(Fy) > 1)

< ]P’Z ) > 1L H(F1) >t) +Pr(o1(i) >n—1,H(F1) > t)
1=0

for every n > 1. Hence, we conclude

Pr(H(Fr(py) > 1) <> Pi(o1(i) > I, H(Fy) > t) + Pr(01(i) > n — 1, H(F}) > t)
>0

=Eio1()1{gr)>ey + Pr(o1(é) > n— 1, H(F1) > t).

When replacing 7 by i, the estimation simplifies to the i.i.d. situation in [AF01, Lemma 3.3]
(with recurrence times instead of ladder epochs) and we obtain

Pl(H( ’T(TL)) > t < ZP 0'1 > l H(Fl) > t) E; 01( )]]-{H(Fl)>t}
>0

O]

The following lemma is an analogue of the second part of [AF01, Lemma 3.3], and it also
serves as the key tool for dealing with the additional randomness that originates from considering
recurrence times instead of ladder epochs.

1
Lemma 7.17. If (A1)-(A3) hold, then for all v € ((y})™ii, 1)
. 7(n)—1 . 7(n)—1 po

p— i n : P 7 n _
Z;ln P H L(70}) and  lim n"Pr H L(7VU) >~"] =0
and the same holds with P; instead of P .

Remark 7.18. Obviously, one can replace 7(n) — 1 by 7(n) in the previous statement, the proof
even becomes easier. The same holds for the corresponding Lemma 7.25 under (B1)-(B4).
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7.3. Convergence rate under polynomial-type moment conditions

Proof. Suppose first that E;|log L(#¥%)| < co. Then ~¢ € (0,1). Define
n
Ly =L*0)/f, k=1, Spi=3 logLy', n>1, S5"=0

The LZ’i are i.i.d. under P; with E;log Lf’i = 0 and independent under P, for £ > 1, and they
are identically distributed under P, with common distribution P;(L}" € -) for k > 2. Fix n > 1.

1
We start with a v € ((v7)™,1). Thus, there is a b € (0, =) with v = (7;)’. Pick a € (b, 1)
and decompose

7(n)—1 e T(n)— 1
- L(FWL) > 4™ L*’> (vF)°
1] L) 11 Repeo

iy *,0 (b—"’(")*l) 7l *,1 p— Tt
e I 5> G ) =pe [ toery > miog (1))
k=1 k=1

in the following: On the one hand, we consider

T(n)—1
%0 « _T(n)—
Pr ( > log L' > nlog ((%)b n 1) ,7(n) <an+ 1) <P.(r(n) <an+1)
k=1

which by Lemma 7.14 is summable weighted with n?~!, and converges to 0, as n — 0o, when
multiplied by nP. On the other hand, with ¢ := log((7})*~®) > 0,

7(n)—1
( Z log L;" "> nlog (('yZ )0 = ) ,7(n) > an + 1)

k=1

(7.18)
7(n)—1
*,0 *\b—a
< P, ( ];1 log L, > nlog ((%) )) <P, <0mg§n5 > ns)
since 7(n) € {1,...,n} for n > 1 and Sg’i = 0. Again, we try to relate this expression to

P; (maxogkgn S;;’Z > ne’ ) (and some arising toll term) for some &’ > 0. Taking such a relation

for granted, [CL75, Remark on page 57|, for p’ := p+ 1 and a = r = 1, gives us the desired
one-sided tail estimate for the latter expression, i.e. the latter expression is summable weighted
with n?' =2 = nP~1 (recall that E;|log L"| < oo and E;(log® L7")?*! < E;(log, LT )P+t < oo by
assumption). We will show now, that the right-hand side in (7.18) is also of order o(n~?), as
n — oo. With the notation from [CL75], we set

T:=T( 1) :=sup{n>0:85"">c'n}

and

T:=T(,1) :=sup{n >0: m}fng "> e'n).

We already know that 7" is IP;-a.s. finite since by [CL75, Theorem 5] it has a finite p = (p+1)-1—1-
th moment, and by definition of 7" it is clear that S;’il < e (T+1) for all [ > 1 and in particular

S;’il <e(T+1) <e(T+m) for all 1 <1 < m. Hence, we find that

T=T >1: Set > (T
+ sup{m > (max 5 >e(T+m)}
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7. Convergence rates in Elton’s theorem

=T +sup{m >1: f%ﬁis "> (T +m)}

1 i
=T+sup{m >1:— max S —T >m}

el 1<k<T
1 * *,7
=T+|— max S| -T = ax S;"°
L€/1§k§71 k J L /1§k§7’ k J
1
< — max SZ
el 1<k<T

which has finite p = ((p+ 1) - 1 — 1) /1-th moment by [CL75, Theorem 5]. Thus, T has finite p-th
moment and hence, as n — 00,

P; (max Sy > ne) < Py(T >n) =o(nP).
0<k<n

We still need to establish the suggested relation. In order to do this, we decompose

P <maXS >n5> (Sfl>n2>+P(maXS >n€51 n%),

0<k<n 2<k<n

and latter expression is bounded by

P (max Sy >n€ S’”<n ):IF’ (max SEt— 8T > ne — Sy S*’Z<n7)
mJ2RX, 5 T 2§k§n(kz 1) 1o Sy

o ) B *,0
_/Oon }P’Z 1<I]£137)L(15 "> ne :1:) P, (57" € dz)

<r g 5> 5)

Set ¢’ := 5, then we are in the situation that we talked about before, with toll term P, (S} s sn).
Hence, we require E,[(S7")T]? < oo to obtain the desired result in the first case. Again,
Lemma B.8 guarantees that this holds under (A1)-(A3). When starting w.r.t. P; instead of Py,

then the tracing back procedure from before is not necessary.
Suppose E; |log L(#W1)| = co. Pick v € (0,1) and ¢ such that —oo < E;log(L(#¥}) v e) <0

and v € ((%’C)mn 1). This is possible by Lemma B.5. If we set L = (L(#\I”) Ve)/vf e then
we are in the situation of the previous case with all necessary Condltlons fulfilled and we only
need to remark that

7(n)—1 7(n)—1
Pr ( [ Loy > 7”) <P, ( [T @#o)ve > 7")

k=1 k=1
and E, (logt (L#U1) v ¢))” = B (log* L(#¥1))? < cc. O

A question that will arise in the crucial lemmas 7.20 and 7.21 is, when E;log?™! C} < oo and
E; logt*! G1 < oo hold for p > 0. As expected, this is the case under (A1)-(A3).

Lemma 7.19. The following assertions hold under (Al)-(A3):
(a) E;logP™ C) < 0.

(b) E;logh™ G < 0.
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7.3. Convergence rate under polynomial-type moment conditions

Proof. We found in Lemma 7.9 that

o1(2)
log, C1 <1+ Z log, L

o1(4)
(Fw) + > log, d(zo,# ¥y (x0)),
n=1 n=1

thus

o1(d) ptl o1(d) P+l
E longrl Cl < C+ CEZ (Z IOg* L(#\I]n)> + CEZ (Z log* d({L‘(), #\Ijn(-%b))) <0
n=1 n=1

for some C' > 0 by (A2) and (A3). Using Remark 6.15 proves (a). To show (b), we recall

1+ Gy =max{l+L(*Ty),..., 1+ L*FT, - #T, l))}
o1()

o1 (7.19)
<max{1+L(*¥y),..., [[ 0+ L(*FT,)) H 14 L(*W,)
n=1 n=1

o1(d) pt+l
logh*' Gy < | Y log, L(*W,,)
n=1

which has finite expectation by (A2) and Remark 6.15

and hence

The next Lemma forms the first part of the proof of Theorem 7.2(a)
1
Lemma 7.20. If (A1)-(A3) hold, then for all v € ((y})™i,1) and ¢ >0

(n)—1 n
anilpﬂ ( H L #\I’k T(n) > 1) < 00,

n>1

k=1 ¢
and the above statements also hold with P; instead of P

T(n)—1 n
: P #Pi . DA
lim n ]P),r( II L9 - Crny > )

1 1
Proof. Fix n > 1. We start with v € ((y;)™ii,1) and 8 € ((v))™i, ). We decompose

7(n)—1 n 7(n)—1
(HL#\W T(n)>76) (HL#W ()>—o< HL#\IJZ)<ﬁ”)

k=1
7(n)= oy T

HL#\D’ ()>— I e, >
k=1

<P, (CT(H) > % (;)n) + Py (;nf:)[: L(*T}) > 5") .

log(v/B) > 0. From Lemma 7.15 we learn that

1 /v\"
P (CT(n) > E (B) ) <P (log* CCT(n) > 5”)

Set ¢ :=

125



7. Convergence rates in Elton’s theorem

< Eio1(i)L{1og, c0yeny + Prlo1(i) > n,log, cCy > en).

The latter summand is smaller than or equal to P.(o1(2)) > n), so it is obviously summable over
n > 1 weighted with n?~!, and vanishes, as n — oo, when multiplied by n?, both if E,cq (i) < oc.
Regarding the first summand, we remark that

E;o1 (i) logl cCy < (Ejoy ()P TH)YPHD(E, loghtt eCy )P/ PHD < o0
and thus nPE;01(7)L{10g, c0y>en} Vanishes, as n — oo, as well as

Z npilEio'l (i)]]-{log* cCi1>en} < CE;oy (2) logl cC1 < o0
n>1

if E;oq(i)PT! < 0o and E;logP™ Oy < co. The finiteness follows from Lemma 7.19. We still need
to deal with the second summand from our first estimate, but this was done in Lemma 7.17 for

- 1
both cases E;|log L(#W})| < oo and = oo (note that 8 € ((7})™,1)). This completes the proof,
because the P;-case is easy. O

We still need another ingredient to prove the desired convergence-rate results. Therefore,
having Lemma 7.7(b) in mind, we recall

Gy = maX{L(#\Pan_l(i)—i—l)a ceey L(#\Ilan_l(i)—&—l t #\Ilan(i))}7
for n > 1.

Lemma 7.21. If (A1)-(A3) hold, then for all v € (('yz*)m%z, 1) and ¢ >0

7(n)—1 n
Z np—lpw ( H L(#\I_}i;) . GT(n) > 1) < 00,
k=1

n>1

7(n)—1 n
. i R
nhﬁﬂ(;lo nPPr ( kl:[l L(#\I/k) “Grmy) > C) -

and the above statements also hold with P; instead of Py.

Proof. We omit the proof since it is exactly the same as the proof Lemma 7.20 using Lemma 7.19(b)
instead of (a). O

As for the last ingredient, recall that

oo n+j—1 N o
Dyi= [ L(FE}) d(* ¥, (x0), z0)
j=1k=n+1
for n > 0 and that 7(n) is a stopping time w.r.t.

fn = U((O—k(z)a#\sz’)k:o??n)’ nZO

and (on+k(i),#\1_}%+k)k21 is independent of F, for each n > 0. The sequence (D, (,))n>0 is
stationary w.r.t. I’; because (#‘I_)Z)k-zl is stationary and (#@i(n)+k)k21 has the same distribution

w.r.t. P; as (#‘f’@kzl Thus, we also get

DT(n) g DQ w.r.t. ]P)l
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7.3. Convergence rate under polynomial-type moment conditions

for all n > 0. Furthermore,

= =

Pr((FUL ko1 € 1) = Pr((FT})poo € ) = Pi(FT} )z € )

for n > 1 and thus
PW(DT(,.L) €-)=Pi(Dg€")

for all n > 1, we only have to exclude “n = 0”. The following Lemma is needed in the proof of
Lemma 7.23.

Lemma 7.22. If (A1)-(A3) hold, then
E; logh Do = E; logh D) < 00

and equivalently
Ei(log™ Dg)? = E;i(log™ D ()" < 0.

Proof. 1t suffices to show E; logf Dy < co. We are guided by Lemma 7.6. Case 1: If
Pi(d(* ¥} (x0), 70) = 0) = 1,

then logl Dy = 0 Pj-a.s. Case 2: If P (d(# Wi (20), z0) = 0) < 1 and E;log L(#W!) € (—o0,0)
(E;log™t d(#Wi(z0),20) < oo holds by assumption), then [Iks06, Theorem 2.1] (or [AI09, Theo-
rem 1.2]) requires

E;log" L(*¥1)(log" L(*¥1))P = Ei(log" L(*¥1))P*" < oo
and
E;log* d(* Wi (x0), z0) (log ™t d(* ¥ (o), 20))? = Ei(log™ d(* T (), z0) )" < o0,

to ensure that
E;(logt Dy)? < .

Both requirements are clearly met under (A1)-(A3). Case 3: If P;(d(# W (2), ) = 0) < 1 and
E; log L(#W}) = —o0. Then, we choose ¢ € (0,1) such that

E; log(L(*Wi) V ¢) € (—0,0).

Due to
(log™ Dg)? < | log™ Z H (L(#\I/Z) V) d(#\lf; (w0),70) | =: (log™ D§)?,
j=1k=1
where D§ has the obvious meaning, it follows from the previous case that
E;(log* (L(*W8) v ¢))PH! < o0
implies E;(logt Do)? < E;(log™ D§)P < oo. However, ¢ € (0,1) and thus

E,(log* (L(* ) v )P = Ey(log™ L(*E))"*! < oc.
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7. Convergence rates in Elton’s theorem

The next Lemma forms the last part of the proof of Theorem 7.2(a).

o
Lemma 7.23. If (A1)-(A3) hold, then for all v € ((y})™i,1) and ¢ >0

7(n) n
nP1P, L*TL) - Doy > L | < o0,
> (kl;[l k) Driny >

n>1

7(n) ")/n
lim nPPr L*0Y) —1=0
1m n H ) c

and the above statements also hold with P; instead of Py.

1
Proof. Fix n > 1. We start with v € ((y )mu 1) and B € ((y) ™ii,7). We decompose

7(n) 7(n)
- n 1 /vy n o
P, LO*0L) - Doy > <I[J>7r(z)m>(>)+19>7r LT > 6| . (7.20
(1}_[1( k) " Dr(n) c>_ > 2 \3 kl;[l( k) > B (7.20)
Again, set ¢ :=log(y/f) > 0. We have

P, (DT(n) > % (g)n) — P (Do > % (g)n) < P; (log, cDy > en)

which is obviously summable over n > 1 weighted with n?~!, and vanishes, as n — oo, when
multiplied by n”, both if E;logl Dy < oco. The second summand from (7.20) was treated in

Lemma 7.17 and Remark 7.18 (note that 8 € ((v; )mu 1)). This completes the proof. O

Collecting everything together, we can prove Theorem 7.2(a) without further ado. The proof
follows that of [AF01, Theorem 2.2(a)].

Proof of Theorem 7.2(a). Fix n > 1. We have

Pi(d(* X%, #Xo0) > 4™)
-1 7(n)
( H L*T}) - Crny + [ LOFEL) - Dy

k=1

(7.21)

by Lemma 7.7. Now, Lemma 7.20 deals with the first term and we just examined the second
term in Lemma 7.23. To extract the effect of z in the last term when E;|log L(#¥?)| < oo, we
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7.3. Convergence rate under polynomial-type moment conditions

write v = (7)? for b € (0, %), choose a € (b, m%l) and estimate

i

- 37 1
! = (7.22)
7(n)—1 ’Yn 7(n)—1 ((7*)11)”
+P; d(w,l‘o) L(#\Iﬂ) GT(n) > ?a 0< H L(#\Iﬂ) ’ GT('I‘L) < 13
k=1 k=1

Lemma 7.21 handles the first term and the last term is deterministic and equals 1 if n <
% =: ng and 0 otherwise. So the limit of the last term multiplied by n? is trivially 0,
and we complete the proof by noting

[no]—1
> nP~1P; (d(ZL‘,IL‘()) > (1/7;‘)(“%)”) = > nP~! <nb < C, -logl d(z, xo)
n>1 n=1

for some constant Cy > 0 depending only on v and not on x. Otherwise, if E;|log L#T)| = o0,
then the proof is easier: Choose v € (0, 1), then also 42 € (0,1) and in the same way as above

7(n)—1 n
P; (d(%xo) II L9 - Gony > fyg)
k=1

7(n)—1 ' 2\;
< Pi( [1 L) Gy > O ) P (d(r,20) > 7).
k=1

log d(z,z0)

so ng changes to og 1/

and the subsequent estimation is still valid with different C,. O

Proof of Theorem 7.2(b). We can copy the proof of Theorem 7.2(a) while replacing P; by P.
The required lemmas always provide a statement in this setting. O

Proof of Theorem 7.2(c). Choose v € ((’yl*)m%z, 1) and then A big enough such that 4" <
A(n+1)7P for all n > 0, and such that the first two summands on the right side of (7.21) and
the first summand on the right side of (7.22) are < %(n +1)7P for all n > 0 (with P, instead of
P;). The latter is possible due to the lemmas mentioned in the proof of Theorem 7.2(a). With
this choice, we get

~ ~ A ~ ~
P (d(7 X%, 7 X o >) <P (d("XE, 7 Xoo MN< —— 41
( ( no )—(n+1)p = ( ( n» )>7)<(n+1)p+ {n<no(z)}
with ng(z) = ng from the proof of Theorem 7.2(a). We obtain

A A+ (VP Lneng@)y o A+ (no(z) +1)°
> 1+ Lincno(z)} = <
(n+1)P (n+1)p (n+1)P
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7. Convergence rates in Elton’s theorem

(A4 2P) +2PClogl d(x,z0) Ay + Aplogl d(z,xo)
- (n+1)p o (n+1)p

with some constant C' > 0 only depending on v. Set A, := A; + Aglogld(x,zp), then we
summarize

Py (d<#)?ﬁ,#)?oo> > (nﬁl)) <P (d<#Xm FXoo) 2 (nf L ) < miﬁ)p

and this yields dpr(Piji,Pﬁ)?OO) <

(n+1) by Lemma B.4 and

dpe (P X5 PER) = g (PXR Y Xoc)

™

because ]P’ Xn — IP’ " O

Proof of Theorem 7.2(d). Denote by 7; the distribution of #X oo under P;. We know from
Lemma 7.5 that #Xoo is the P;-a.s. limit of the backward iterations Yx = #Xx () of the IFS of

i.i.d. Lipschitz maps (Y;7). Hence, we can cite from [AF01] that

E; log? d xg, /log (x0,2) P; # X (dx) /log (g, ) mi(dx) < oo
whenever the corresponding Lipschitz maps satisfy
Eilog?t' L(#U)) < 0o and  E;log?t! d(zo, # U (20)) < oo

for some (and thus all) zp € X. This is clearly the case under (Al)-(A3). O
Alternative proof of Theorem 7.2(d). From Lemma 7.7 we know, that

d(xo,#)?oo) < Dy Pj;-as.
which in log? is P;-integrable by Lemma 7.22. O
Proof of Theorem 7.2(e). From Lemma 7.13 we know that even

d(xo, #)A(OO) <Dy Pras.,
hence it suffices to verify E, log? Dy < co. To finish the proof, we recall

Dy = d(* W' (w0), zo) + L(*¥}) Dy
from Lemma 7.6. This gives us the estimate
E;log? Dy < E, (log* d(#\fﬂl (z0),x0) + log, L(#‘fﬂl) + log, Dl)p
<C (Eﬂ log? d(# W (z0), z0) + Ex log? L(#W}) + E; log? D0>

for some C > 0. The last term is finite by Lemma 7.22 and the first two are finite by Lemma B.8.
O
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7.4. Convergence rate under geometric-type moment conditions

We will now derive distributional convergence rates under (B1)-(B4) along the path from
Section 7.3. In contrast to the polynomial rate there, the rate under (B1)-(B4) turns out
to be geometric, as one would expect from the i.i.d. analogue. In fact, Lemma 7.14 already
incorporates auxiliary results under (B1)-(B4). To obtain an analogue of Lemma 7.17, we first
need to establish an exponential version of (parts of) [CL75, Theorem 5:

Lemma 7.24. Let (Sy)n>0, So := 0, be a centered SRW on a probability space (2, A,P) and
let T := sup{n > 0 : S, > en} for some e > 0. Suppose P(X; # 0) > 0 and the moment
generating function p(6) = Ee?X1 exists for at least one 6 > 0. Then Zr := maxi<i<T S has
an exponential moment, i.e. EeP?T < 0o for some > 0.

Proof. We remark that Zr > 0 a.s. by definition of T' (Z7 = 0 if ' = 0). Hence, a well-known
integration formula yields

E(e%r — / BeP'P(Zy > t) dt < B PTIP(Zy > n) = Be? Y PP(Zr > ),

n>0 n>0

which reduces the problem to verifying the finiteness of the latter series. Therefore, we partition

P(Zp > n) :P(max S >n,T > 5n> +P<max Sk >n,T§5n>
1<k<T 1<k<T

_IP’( U {S% > 6k}> +P(1£nez>§n5k > n>

k>dn
|3n]
< Y P(Sk>ck)+ > P(Sk>n)
k>[én] k=1

with a small § > 0 that will be appropriately chosen later. Now, Cramér’s theorem from large
deviations theory yields

P(Sk > ck) < e k()

for all k£ and some rate function I(g) > 0 for all £ > 0. Hence,

D DR ICEEOED DD DI ED DD Il M

n>0 k>[én] n>0 k>[on] n>0 k>0

T1_e 1o Zeﬂn( _I(E)W

. —’Vl(] ]—577..\ )
T 1—e 10 Z

n>0
1 —n(I(e)6—1
_71_6_1(6);)6 (1(€)0-8) < o,

whenever I(e)6 — 5 > 0, i.e. § € (0,1()d). To deal with the second part, we estimate

P(Sy > n) = P(e"F > ) < e mp(h)F
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7. Convergence rates in Elton’s theorem

for 1 <k < [dén] and 6 > 0 with finite ¢(#). Thus,

[on] [on]

Z 6671 Z P Sk; > n Z 6—n(0 B) Z 90 0 Z e—n(@ 6 ( )LETLJ—H)

n>0 n>0 n>0
since () = Ee?X1 > ¢PBX1 = 1 for § > 0 by Jensen’s inequality. Now,

Ze‘”w_ﬁ) <oo if 0-p5>0,
n>0

and

Z e—n(@—,@)(p(g)wnj-‘rl Z e—n (0—B— Ls"J log (0 Z e—n (0—B—dlog (0 ))
n>0 n>0 n>0

whenever 5 € (0,0 — §log ¢(0)), where we note that log¢(#) > 0. Collecting all ingredients we
select § > 0 such that ¢() < oo and ¢ > 0 such that 6 —dlog p(#) > 0, i.e. 4 € (0, W) Then
B e (0,I(e)dA(0—3p(h))) satisfies the desired properties. O

As previously announced, the following result is an analogue of Lemma 7.17.

Lemma 7.25. If (B1)-(B4) hold, then for all v € ((v; )mu 1) there exists an o > 1, depending
on v and on t, such that

k=1

7(n)—1
. n #It n| _
nh_}rg()alP}(H L( \Ifk)>’y)0.

The same holds with PP; instead of P, with possibly different c.

Proof. We proceed as in the proof of Lemma 7.17 and use its notation. Let E;|log L(#¥)| < oo

and fix n > 1. We start with v € ((~; )’”u 1), b € (0, m%l) with v = (v/)? and a € (b, m%l) Again,
we consider

7(n)—1
i . _r(n)—
Pr ( > log L' > nlog ((%)b n 1) ,7(n) <an+ 1) <Pq(r(n) <an+1)
k=1

which converges to 0, as n — oo, by Lemma 7.14 when multiplied by some af, a; > 1. On the
other hand, with e := log((v;)*~%) > 0,

7(n) ' o
W( Z log L;" > nlog ((’y;‘)b “ 1>,T(n) >an—|—1> S]P’Tr(max Sy >n€>

<
1 <k<n

as in (7.18). Again, we relate this expression to P;( maxo<g<n SZ’i > ne’) (and some arising toll
term) for some &’ > 0. Taking such a relation for granted, we examine the P; case first: Recall

T:=T( 1) :=sup{n>0:85" >¢'n}

and

T:=T(' 1) :=sup{n>0: Zax. St > e'n}.
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7.4. Convergence rate under geometric-type moment conditions

Since

. *,% / . T
P; (0?]?%(” S, > ns) <Pi(T > n)

and

~ 1 .
T <= max S;"*
el 1<k<T

as seen in the proof of Lemma 7.17, we aim at verifying the existence of exponential moments of
the latter expression. This then entails the exponential decay of P;( maxo<i<n S > ne’). For
this purpose, we use Lemma 7.24 which gives us a criterion for the existence of an exponential
moment of maxi<p<7 SZ’Z. The RW is centered and recalling Remark 6.19 we note that

*,1 _ * #\3 _ * =g
Eieelong —e Blog'yiEieelogL( v —e 0 log~; ElL(#\Ile)e < 00

for 0 € (0,p]. If additionally P;(log LT" # 0) > 0 holds, then Lemma 7.24 gives us the existence

/ i . el
of 8; > 0 such that Z% := 5 maxi<p<T SZ” satisfies E;e’€' 4T < co. Hence, as n — 00,

(€7)'PiT > n) < (P)"Pi(Z5 = n) < Bie” 77 ]]'{Z%/Zn} — 0.
We set ag := ePi€’ > 1 in this case.

If log LT = 0 P;-a.s. and thus L(#\I!};) = v/ P;-a.s. for all k£, Lemma 7.24 is not applicable but
the desired conclusion then follows even easier: With the same choices as in the beginning of this

proof, we write

P; (T(ﬁlL(#\ff};) > ’y”) =P, ((,Y;«)T(n)_l - ’yn) P, ((fy;‘)bn—T(n)-&-l } 1)
k=1

=Pi(bn—7(n)+1>0) <P;(r(n) <bn+1)

and we obtain an alternative ao > 1 in this case from Lemma 7.14.
The relation suggested earlier is

*,7 < *,1 E ) *,0 E
P, <0r£]?§n5k > ne) <PR(S]" > 2n) + IP; <0Ii1ax Sy > on

from the proof of Lemma 7.17. Set ¢’ := §. Then we are in the situation that we talked about
before, with toll term Pr(S7" > §n). It is decreasing exponentially if there is a 8 such that
E.ef log™ L(#¥7) 00, because then
= 2 ’ *,7 +
B5\" *,0\+ ) B(S
(e”2) P (5(51 ) >n) <E, (1{§S{”>n}e (517) ) — 0,

as n — 00, by the dominated convergence theorem. The finiteness of E e” log* L(#¥1)
by Lemma B.8. Set a3 := ¢Z > 1. Then any a from (1, a1 A ag A asg] is valid.

Now, let E| l(l)gL(#\I/’i)\ = 00. Pick v € (0,1) and ¢ such that —oo < Elog(L(¥¥i) V¢) <0
and 7 € ((7;.)™#,1) which is possible by Lemma B.5. If we set L := (L(#\I_)}g) Ve)/vi . then
we are in the previous situation with all necessary conditions fulfilled and we only need to remark
that

is guaranteed

7(n)—1 7(n)—1
P, ( [1 o) > W") < Pr ( I @& ve > 7”)

k=1 k=1

and EﬂeﬁlogﬂL(#‘f’ﬁ)vc) =R, eflog” L9 < o, O
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7. Convergence rates in Elton’s theorem

As Lemmas 7.19 and 7.22 contribute to Lemmas 7.20, 7.21 and 7.23, the following lemma
contains moment results that contribute to Lemma 7.27 in a similar way.

Lemma 7.26. The following assertions hold under (B1)-(B4):
(a) Eio1(i)CY < o0 forn < k.
(b) There is a q € (0,p] such that E;D] = EiD:’(n) < oo for alln € (0,q A E].
(¢) Eio1(i)GY < oo forn < 5.

Proof. Part (a): The Cauchy-Schwarz inequality yields that E;o1(:)C} < oo holds in particular
if £;C}" < oo (01(i) has an exponential moment). We recall that

o1()

2n
cY" < (d(ﬂfo,#‘l’l(xo)) + ) Ay F W,y (), F Uy - "#‘I’n($0)>)

n=2

o1 (i) 2
( (1+Gh) Z xo, )))

by (7.15), and once again we use the Cauchy-Schwarz inequality to get the desired result as long
as 1) < & (consider (B1)-(B4) and Remark 6.18).

Part (b): We begin with the reminder that E; L(#¥i)P < co implies the existence of a ¢ € (0, ]
such that E;L(#W1)" < 1 for all n € (0,q]. This was indicated in Remark 6.19 and is an easy
consequence of the mean contractivity. From the proof of (a), we can further extract that
]EZCi7 < oo for n < g. Now, we consider two cases: If 1 <7 < qgA g, then

(fses)e] ) -5 ifrea) ) oo

= (EC)7 - Y [(E LFEL)T)" ] N

j>1

3=

(E:Df)7 < > (Ei

Jj=1

where we used the infinite version of the Minkowski inequality and independence. The first factor
is finite and the series is a convergent geometric series, so we get the desired result.
If 0 <n < gAL AL, then we can use subadditivity and more easily get

j—1
(H L(#\i};)) C
k=1

=ECT- > [E,»L(#\ffg)"}j*l < oo.
j>1

E:Dj <> E
jz1

n j—l n
=3 E; (H L(#@};)) EC]
k=1

j=1

In every case, we find that E; D < oo for all n € (0,q A §].
Part (c): Again, E;01(i)G] < oo holds in particular if IEZG%” < 00. This is clearly the case for
n < £, cf. Remark 6.18. O

As the last ingredient for the proof of Theorem 7.3 and as the counterpart of Lemmas 7.20,
7.21 and 7.23, we state the following result:
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7.4. Convergence rate under geometric-type moment conditions

1
Lemma 7.27. If (B1)-(B4) hold, then for all v € ((v})™i, 1) there exists an « > 1, depending
on vy and i, such that for all ¢ >0

7(n)—1 n

. n #I0) . l _

lim a"Py ( k]:[l L) - Cripy > C) =0, (7.23)
T(n)—1 ey ,Yn

Jim o"Pr L") - Grny > = 0, (7.24)
k=1

and

7(n) e ,yn

lim a"Pr kl:IIL( VL) - Dy > — =0 (7.25)

The same holds with P; instead of P, with possibly different .

1 1
Proof. Fix n > 1. We start with v € ((y;)™ii,1) and 8 € ((v))™i, ) and decompose

7(n)—1 n
= 0
P ( H L(#\Ilk) : CT(n) > C)
k=1

1 y n T(n)—1 ..
<P, (C’T(n) P () ) + Py L(#U8) > pm|.
c\pB k=1

Similar estimates hold for G,y and D). Lemma B.8 yields the existence of ¢ > 0 with

(7.26)

Eret?1() < 0o. Choosing n < 2A @, Lemma 7.15 gives

L)) < (oo ()
Y

<E;o1 (i)l{cﬂ017>(%)nn} +Pr (Ul(i) >n—1,c1CY > (5)nn>

S Ez‘Ul (Z)II'{CWC?>(%)""} + ]P>7T (0_1(7') Z n)

and Lemma 7.26 yields

()T (6> 2 6 £ Q)T Bt + [() T =

S CUEZ.al (Z)C:?]l{c’lc{]>(%)’7”} + ]E’]Te(nlog %)Ul (2)1{01(1)271} — 0’

as n — oo. In particular, we have

n Ly
Oélpﬂ (CT(n)>C(ﬁ) )—>O

for ay € (1,(%)"]. We still need to deal with the second summand from (7.26) but this was done

in Lemma 7.25 for both cases E;|log L(#\I721)] < 00 and = oco. More precisely, it provides the
existence of oy > 1 such that

7(n)—1
: n #\Jr0 n| _
7}5130&2P7T< || L( \Ilk)>’y)—0.

k=1
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7. Convergence rates in Elton’s theorem

If we choose a from (1,1 A ag], then we arrive at the desired conclusion for Cr .
Concerning (7.24), we simply substitute C;(,) with G,(,) in the first estimate and use the
corresponding result from Lemma 7.26 in the same way as before (keeping in mind that the
restrictions on 7 by Lemma 7.26 are different).
We deal with the remaining (7.25) alike, but there it is easiest to use the integrability of D

by Lemma 7.26 and
LYY 2 p, 1 7))
e (D > 2 (3) ) =2 (20> £ (3

for n > 1. Ultimately, each procedure provides us with a respective «, so we just consider their
minimum which obviously serves as the desired exponential rate for (7.23)-(7.25). Under P;, the
proof is the same. O

Proof of Theorem 7.3(a). With the notation from the proof of Theorem 7.2(a) and in the setting
when [E;|log L(#W¥!)| < oo, we have the estimate

Py(d(* X5, # Xo) > ")

F(n)—1 n T(n) n
— i Il D r
<P; [ T[ LO*F)-Cry > == | +Pi [ [T L*T}) - Doy >

()1 .
+Pi ( [[ LO*9) Gy > ((73))) + B, (d(zx0) > (1/3)")
k=1

Lemma 7.27 deals with the first three terms. The fourth is deterministic and vanishes for n large
enough. If E;|log L(#W})| = oo, then we proceed as in the proof of Theorem 7.2(a). O

Proof of Theorem 7.3(b). We can copy the proof of Theorem 7.3(a) while replacing P; by P.
The required lemmas always provide a statement in this setting. O

Proof of Theorem 7.3(c). Fix n > 1. Choose v € ((’yl*)"%u, 1) and C big enough for the first
three summands of the right side of (7.27) (with P, instead of IP;) to be < %of”, a>1. Let
further € > 0 be so small that L + ¢ € (0,1), and with this define A; := max{C,1+ ¢} and
r:=max{y, L + ¢} € (0,1). Hence, we get

PP A 1\"
Pﬂ(d(#Xﬁ7 #XOO) > Apr") < ]P)Tl'(d(#—Xﬁ, #XOO) >4") < C <a> + ]l{n<n0(z)}
with ng(z) from the proof of Theorem 7.2(a). We estimate

1\" . n 1\"
¢ (a) F Lncnp@)} < A" + Lncng@yy =7 (Al - <r) 1n<no<x>)
1 no(x) N
<7r"| A+ <7“) =:r"(A1 +d(x,20)"?) = Ayr"

# Xz e
for some positive constant Ay. This yields dp,(Px X”,Pﬁ Xoo) < Ar™ by Lemma B.4 and

#XT _HY z #Y
dPr (PW Xa ) Pﬂ’ Xoo) = dPr (]P)T)l'(n ) Pﬂ' Xoo)

#x X
because P " = P, ™. O
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7.4. Convergence rate under geometric-type moment conditions

Proof of Theorem Zé’(d) Denote by #; the distribution of # X under ;. We know from
Lemma 7.5 that # X is the P;-a.s. limit of the backward iterations YT = #X(fn(i) of the IF'S of
i.i.d. Lipschitz maps (Y,7). Hence, we can cite from [AF01] that

Eyd(xo, # Xo0)" = / d(zo,2)" 7i(dz) < oo
X

whenever the corresponding Lipschitz maps satisfy E;L(#¥¢)" < oo and E;d(zq, # U} (0))" < oo
for some (and thus all) xg € X. This is clearly the case under (B1)-(B4). Note for the latter that
d(xg, # Wi (xg)) < Do and use Lemma 7.26 as below. O

Alternative proof of Theorem 7.3(d). From Lemma 7.7 we know that

d(a:o,#XOO) < Dy P;-a.s.
which to the power of 1 € (0, ¢ A §] is Ps-integrable by Lemma 7.26 for some ¢ € (0, p]. O
Proof of Theorem 7.3(e). We know from Lemma 7.13 that even

d(a:o,#)A(Oo) <Dy Pras.,
hence it suffices to verify E,D{ < oo for some 1 > 0. To finish the proof, we recall

Do = d(* W (w), x0) + L(*T}) D,
from Lemma 7.6. This gives us the estimate
E.Df < C (Exd(*¥}(20), 20)" + E-L(*¥})7D])
= C(Exd(* T (), 20)" + E- L(*T})" E; D)

for some C' > 0. As seen in (d), E;Dj < oo for n € (0,¢ A §] and some ¢ € (0,p]. The remaining
two terms are finite by Lemma B.8 (choosing < 7). Actually, (B2*) is required here for technical
reasons. O
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B. Appendix

B.1. Kingman'’s subadditive ergodic theorem

The following theorem is [Lig85, Theorem 1.10] or [Als15a, Theorem A.5].
Theorem B.1. Let (Ykm)gélign be a family of real-valued random variables which satisfies the
following conditions:

(SA-1) Yon < Yor + Yin a.s. for all0 <k <n.

(SA-2) (Yok,(n+1)k)n>1 @5 a stationary sequence for each k > 1.

(SA-8) The distribution of (Y gtn)n>1 does not depend on k > 0.

(SA-4) IEYJ1 < o0 and p = inf,>1 nEY), > —oo.

Then

(a) limy, o0 n_lEYg,n = .

(b) n_lYom converges a.s. and in L' to a random variable x with mean p.

(¢) If all stationary sequences in (SA-2) are ergodic, then x = p a.s.
(d) If p = —oco in (SA-4), then n=1Yy,, — —o0 a.s.

B.2. Prokhorov metric

We follow [DF99] and [AF01] for the definition of the Prokhorov metric.
Definition B.2. Let A\; and A9 be two probability measures on X and let
B’ :={z € X :d(z,y) < for some y € B}
be the d-neighborhood of B € B(X). We set
dpr (A1, A2) :=inf{d > 0: A\;(B) < X\o(B°) + 6 and A\o(B) < A (B°) + 6 for all B € B(X)}.
Then dp, is a metric on the space of probability measures on X.
We state two well-known facts about the Prokhorov metric:

Lemma B.3. If (X,d) is separable, then convergence of probability measures in dpy is equivalent
to distributional convergence of the corresponding random variables.

Lemma B.4. Let X1, X5 be two X-valued random elements with distributions \i, Ao w.r.t. P.
Then P(d(X1, X2) > 06) < 0 implies dpr (A1, \2) < 4.

Proof. Cf. [DF99, Lemma 5.8]. O
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B.3. Some results from the i.i.d. case

In this Section, we slightly improve the statement of [AF01, Theorem 2.2 (c)] or [Alsl5a,
Theorem 3.24 (b)], providing the actual lower bound for the rate of exponential convergence.
Therefore, we mix notation from both works: Let (X,,),>0 be an IFS of i.i.d. Lipschitz maps
(¥,,)n>1 with corresponding Lipschitz constants (L, ),>1 satisfying the mean contraction condition
Elog L1 < 0 and the jump-size condition Elog™* d(¥1(xg),zg) < oo for some zg € X. Let further
o1(y) :=inf{n > 1: > 7 ;log Ly < log~}, v € (0, 1) be a corresponding first passage time,
p(7y) = Ea1(y) its mean, and logv* := inf ¢ (g 1) log ( ) Lemma B.5 provides some more insight,
and we refer to [AF01, Section 2] for more details.

Lemma B.5. The following assertions hold:
(a) IfE|log Li| < 0o, then logy* = Elog Ly < 0 or v* = eFlo8 L1 € (0, 1), equivalently.
(b) If E|log Li| = oo, then v* = 0.

(¢) If E|log Li| = oo, then there exists a ¢’ € (0,1) such that —oo < Elog(Ly V ¢) < 0 for all
€ (0,].

(d) If E|log L1| = oo and ~} corresponds to the truncated Lipschitz constants Ly V ¢, ¢ € (0,1],
then v5 L ~v* =0 forc| 0.

Proof. Part (a) was proven in [AF01]. For Part (b), we remark that our mean contraction
assumption implies Elog Iy = —oo. By definition of v*, we get the estimate

1 1 -1
logy* = inf OE"Y < lim %87 —lim <,u(7)> =—
ve(,1) p(y) ~ 7o p(y)  ~lo \logy

with an appeal to [Gut09, Theorem 3.6.1 and Remark 3.6.1]. This means v* = 0. For Part (c),
we remark that Elog L1 = —oo as before, and Elog™ L; < co. It is obvious that Elog(L; V ) >
log ¢ > —oc for every ¢ € (0,1]. It remains to show that

li Elog(Ly Ve¢) = —
clo, lcrél(O,l] og(L1Ve) o

which is indeed true since log(L; V ¢) is decreasing, Elog(L; V 1) = Elogt L; < co and the limit
is Elog Ly = —oo. Part (d) follows from the proof of (c) since the truncated Lipschitz constants

satisfy (a) and thus

limcw Elog(L1Ve) *

lim~) = =0=7".

cl0
O]

The next lemma constitutes the afore-mentioned slight improvement. As it does in our work,
X * denotes the backward iteration of X,, with Xy = x. XOO is the a.s. limit of X x

Lemma B.6. For every x € X and 8 € (v*,1), we have

-~

lim B7"d(X?, Xoo) =0 P-a.s.

n—oo

140



B.3. Some results from the i.i.d. case

Proof. First of all, we note that o1(7) is an a.s. finite first passage time and its mean pu(7y) is
finite and positive for all 7. Let 5 € (v*,1). By definition, there exists a v € (0, 1) such that

lo
logy* < 087 log 8
()
and a b € (O,ﬁ) such that § = % = Y1987, Hence, there exists an & > 0 such that
0 < b < — —¢’. In particular, this applies to the case Elog L1 = —oo0, i.e. v* = 0. The essential

1)
estimate for the proof is the following from [Alsl5a, Lemma 3.28]:

n ~ -~

BA(XE, Ko) < B I0OID0 g ()T OA(TE) Ke). (B)

The occurring (Y,7) (dependent on +) is the strongly contractive IFS of i.i.d. Lipschitz maps with
log L(¢f7) < log~ from [Als15a, Lemma 3.26] which satisfies the jump-size condition. Also, C¥
is Cp, with Xo = « from [Als15a, (3.25)]. [Als15a, Proposition 3.18 (b)] gives us

lim 47Md(Y7,), Xoo) =0 P-as.

n—o0

for every 4 € (1,e71°87) since 7(n) — oo P-a.s. In order to apply this result, we try to find a
valid 4 such that for n big enough

n

(B~H™ <4 € (1,e187).

It is known that —7s — (ﬁ)_1 = u(y) > 0 P-a.s., as n — oo. Choose e € (O,M(’y)s’(ﬁ—e’)_l).

Then —~ < u(7) + € for n big enough, and hence

7(n)

(B~ )7 = e 0108750y < o~ log(Mb(u(n)+e) o o~ log v (It iy —e'n(v)—¢'e)

1 / /
_ 6_10g7(1+5(m_5 )—€'u(v)) — ,AY < eflog'y

because (-1 — &) < &'u(7y). Hence, the second term in (B.1) vanishes.

w(y)
It remains to verify the existence of ¢ > 0 such that for n big enough

Bfnelog'y(ﬂ-(n)fl) < 675”7(n)

)

since 6_5//7(”)6’7?(”) — 0 P-a.s., as n — oo, by [Als15a, Lemma 3.27]. Note that

_ 7-(1n) _ T’ZZ) — 1 —bu(y) =ay €(0,1) P-as.,

so choosing ng big enough, such that additionally 1 — % = % > %” > (, implies

1 bn
IBfnelog’y(T(n)fl) _ efbnlog’y+log'y(7'(n)71) _ eIOgW(l—W_W)T(n)

< elog’y%"r(n) —. e—ENT(TL)

since log~y < 0. So the first term in (B.1) vanishes and the proof is complete. O
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B. Appendix

B.4. Moment results in Situations (1) and (2)

To deal with conditions like E log? L(#W!) < 0o under (A1)-(A3) and with similar conditions
under (B1)-(B4), we give a formula to compute those expressions in terms of expectations w.r.t.
P;.

Lemma B.7. Let g((#V,)n>1,01(7)) be some measurable non-negative function of the dual
Lipschitz maps and of o1(i). Then

mu

(1)—1
1
Erg((FUp)nz1,01(i)) ( Z 9(FUpin)n>1,01(3) — k)) :
Proof. Define o1(i) o #6), := inf{n > 1: #0;,,, = i}. We use the well-known identity

/fdw— (Zf#ek)

With f:j— E;jg((¥*¥,)n>1,01(i)), we calculate

1(8)—
Erg((*Up)n>1, 01(i /f ( Z F#6r) )

1 o1(i)—1
= —F; E#ekg((#‘l’n)nzla o1(i))

= E;
k>0

(
= Ez (1{01(1 >k}g \I’k+n)n217 Ul(i) o #ek))
(

S s (Lo 5B, 0 (P )z, 01 (1)

o k>0

Lio1(i)>k i ( (( ‘I’kz+n)n21,01(i)0#910!#'90,---,#9k,#‘1’0,---,#\1’k))

= E;i (Lo (i)>k39(( ‘Pk+n)n21701(i)—k))

1 o1(i)—1
" ( Z 9(FVhin)n>1,01(1) — k‘)) )

k=0

Lemma B.8. Under (Al)-(A3), the following assertions hold:
(a) Ero1(i)P < oo.
(b) Elogh L(#T) < cc.
(¢) Brlogl d(#i (), ) < 0.
Under (B1)-(B4), the following assertions hold:
(d) Ere!™ () < oo for somet > 0.

(e) IEweo‘log+ L(#0Y) < 00 for some o > 0 or equivalently EWL(#\I_J'"l)T < 0o for some T > 0.
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B.4. Moment results in Situations (1) and (2)

Under (B1), (B2*) and (B4), the following assertion holds:
(f) Erd(#Wi(x0), 20)7 < 00 for some T > 0.
Proof. We apply Lemma B.7. For (a), we get

» 1 Ul(i)—l » 1 o1(%) 1 _—
Ero1(3)? = E; Z (o1(@) — k)P | = E; Z EP | < E;io1(3)P" < o0
Mg k=1

Mj; =0 Mi;

under (Al). For (d), we estimate

o1(7)—1 o1(2
tor(i) _ L o 10 tor(i)—k) | _ L o oy the
E e = E; Z e = E; Z e <

mi; k=0 mi; k=1

for some t < (3 due to Hélder’s inequality, because E;e® ?1() < 0o under (B1). We prepare (b)
and (e) with the definition

él = maX{L(#\Ill te #\Ilal(i))a ce ,L(#\Ifal(i))} (B2)

which is closely related to G1. We obtain

"E, (o1(i)logt G

i i

N 1 o1(i)—1
Erlogl L(*V}) = —E; ( > logt L(FWpyy -+ #W, ) | <
k=0

<

(Ei01 (Z-)p—i-l)l/p—l—l (Ez log£+1 él>p/p+1 “ o

2
since similar to Lemma 7.19 we find that 1 + Gy < H?:(i)(l + L(#¥,,)) and thus

o1(i

n=1

) p+1
logPt G < ( log, L(#\Ifn)) < 0.

To prove (e), we use the Cauchy-Schwarz inequality to obtain

L E; (01 (i)eo‘log* él)

N o1(d)-1
E, o lost L(FE) < 1 E, Z 108, LF Wi #0, )) | <
My

mi; k=0

1 _
= —E;01(i)(1+ G1)* < o0

(22

under (B1)-(B4) for o < £ (01(4) has an exponential moment w.r.t. ;). It is easily seen that the
first and the second part of (e) are in fact equivalent with 7 = «.
We still need to show (c) and (f). We write

mi;

N 1 o1(i)—1
Er log? d(* ¥ (x0), z0) = —E; ( > logld(zo, ¥ Wy - F U, 5y (20)) | -
k=0

The expression inside the sum is smaller than or equal to

o1(i)—k
log¥ (d($07#q]k+1($0))+ >, d(#q]k+1"'#\1’k+nl(xO)v#\I'kJrl"'#\I’k+n(1’0)))

n=2
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B. Appendix

o1(i)—k k+n—1

<log? [ d(wo, *Wppi(wo)) + > [I L) d(fﬁo,#‘I’kJrn(%)))
n=2 l=k+1

—k k+n—1

o1(i)
= log? Z H L(*W)) d(wo,#‘l’k+n($0)))

n=1 lI=k+1
o1(1) =k

o1(t)
<logl | > ¢ o1 d(!Eo,#‘I’Hn(ﬂ?o))) < logl ( 710 Z d(zo, ™ ))) ;

n=1

with S,y from the proof of Lemma 6.12, hence we conclude

Ul(i)—l o1(%)
E( 3 log? (esw > d(xo,#wnm))))
k=0 =

o1(i)—1 i o1(i)—1 [fo1 p
< ni@ﬂ%( Z (l—i—long(eSUl(i)))P) +n€ ( Z (Zlog* :Uo, U, (z ))) )

k=0 nw k=0 n=1

E, log? d(* ¥ (20), 2

with some constant C' > 0. All occurring terms are finite under (Al)-(A3):

o1(i)—1 X
E; ( Z (1+10g+<65g1(i)))P> < CE; Ul( ) + CE; Ul( )(S* ()) 50
k=0

by Holder’s inequality. Furthermore, the finiteness of

o1(i)— p o1(1) p
( Z (Z log* an ( ))) ) E; 01 (Z log* .’L‘(], ( )))
k=0 n=1

follows from (A1) and (A3) by Holder’s inequality. The proof of (f) is similar:

N 1 o1(i)—1
Exd(* W} (20), 20)" = p— ( > d(wo, P Wppr - F U, ) (20))T
i k=0

and, as above, the part inside the sum satisfies

o1(i T
(0, *Wpp1 - F Wy ) (20))7 < (es"l“) > d(ifo,#‘l’n(iﬁo)))
n=1

which is why
o1(i)—1 T
Ei | Y dlxo,#Uppa - FTy 4)(20)7 | <E; RPN Z d(xo, # U (x0)) <o
k=0

under (B1), (B2*) and (B4). Note that the first and the third factor have finite expectation with
7 < p, and o1(7) has an exponential moment. O
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Acronyms

CLT central limit theorem
DST digital search tree
IFS iterated function system (of i.i.d. Lipschitz maps)

MIFS  iterated function system of Markov-modulated Lipschitz maps
MMS Markov-modulated sequence
MRW  Markov random walk

PAT PATRICIA(-trie), short for Practical Algorithm to Retrieve Information Coded
in Alphanumeric
RP (delayed) renewal process

RW (delayed) random walk
SLLN  strong law of large numbers
SRP standard renewal process
SRW standard random walk
WLLN  weak law of large numbers

List of symbols

anbd = min{a, b}

aVb = max{a, b}

xT = max{0, z}, positive part of z (rarely denoted by x for simplicity)
z~ = max{0, —x}, negative part of x

{z} =z — |z|, fractional part of x

(Q, A P) underlying probability space

PX =P(X € .), distribution of X w.r.t. the probability measure P

~ asymptotically equivalent, distributed as, Xg-almost everywhere equal

Part 1: Renewal theory in the analysis of random digital trees

S finite state space (= alphabet)

S* complete infinite tree with nodes labeled by finite strings of letters in &
C &%, subset of all nodes that end with j

= (&,)n>1, random string with random letters ¢, € S, Markov chain on S

<Tx

(11 [1]

0 = (&1)n>0, Markov chain on S, includes initial variable &y
P = (pi,j)i,jes, transition matrix of = and =y
s stationary distribution of = and =g
P; =P(-[§o = 1), Px = Xjes AilPi
Pi(ar - ap) =Pi(& =aa,...,& = ay), function on S*
(2F), sequence of i.i.d. copies of =
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List of symbols

M, M, set of strings, M,, = {21, ... 2™}

Trie(M) trie constructed from the strings in M, Trie® (M), Trie” (M),
Trie® (M) analogously for b-, PAT-, and PAT-b-trie

8=« B starts with «, for two strings (which may be finite)

D,, D7(lb), DP  depth of Z in Trie(M,,), Trie® (M,,) and Trie” (M,,), resp.

Dy, Dil depth of ) in Trie(M,,) and Trief’ (M,,), resp.

Y: =2£, — 1, kK > 1, in the binary setting

(Vn)nZO Vo= EZ:I Ye,n>1,Vp=0

JANS = Vp,, imbalance factor of £ = Z() in Trie(M,,)

(01,(7))n>0 sequence of successive recurrence times of the state ¢ with underlying
Markov chain 2y, oy, (1) = inf{k > 0p_1(4) : {& =i}, n > 1, 09(i) =0

Tn(7) = 0y, (i) — op—1(), n > 1, cycle lengths corresponding to (o, (2))n>0

mi; = ]EZ‘O'1 (Z)

(Xn)n>1 central Markov-modulated sequence driven by Zg, X;,, = —logpe,_, ¢,

(Sn)nZO Sn = ZZ:l Xk, n Z 1, S() =0

H; =E; X1 =—%jcspijlogpi;

1 =E. X1 = ,cs miH;, stationary drift of (Sy,)n>0

y = E, Y1, stationary drift of (V},)n>0

Fy, Fyj _ mei)? _ Pfcrlu)’ resp.

U#, U4 =3 >0 F;-(n), = Fj; * U4, resp., corresponding renewal measures w.r.t. P;

U% (t) = U¥((—o00,t]), t € R, corresponding renewal function

U; = > 50 Pi((&n, Sn) € -), Markov renewal measure of (&, .Sy )n>0

U(i,-) = U;(-), corresponding Markov renewal kernel

U x g(i,t) = [sxr 9(s,t — x)U;(ds,dx), for measurable g : S x R — R

v(t) = inf{n > 0:5, > t}, first passage times of (Sy,)n>0

v(z,t) =inf{n >0:2+ 5, >t}

vi(t) = inf{n > 0: 5, > t}, first passage times of (S, (i))n>0

0; ={jeS:pi;=0}

1 ={jeS:FkeSst. pjr=1}

B shift function of the MRW (&, Sp)n>0, 8: S — [0,d)

B —8U) - BG) i

(Sn)n>0 shifted MRW with S,, = S, — 8(&,) + 8(&), n > 1, Sg =0

d(i)=d lattice span of Sy, ;) and S, w.rt. P;

U , [[NL same objects as U¥ and U; but with S, replaced by gn

vy =0.5772..., Euler constant

(Xén))nzz family of initial variables with laws defined in (2.3)

X5 distributional limit of the above sequence

(}/b(n))nzb+1 family of initial variables with laws defined in (2.4)

Yy distributional limit of the above sequence

o, 4 = = Vari(Sy, i) — 101(i)), = = Var (Vo i) — iy S, (7)) resp.

E) — 5ese FOP(O) L )s0)

F/()) = Yaes J(APi())) L{p(aj)>0}

Wh, T(Lb) size of trie and b-trie, resp.

wr, Wéb)’P size of PAT-trie and PAT-b-trie, resp.

Nn(a) =20=1Lzmeqp ¥ €87
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Z,(Lb) number of external nodes of Trie(®) (M,,)

Zl(l;) number of external nodes of Trie® (M,,) containing exactly I strings
Zl(fg’P number of external nodes of Trie(® (M,,) containing exactly [ strings
AD,, =D, —DPF

L, = > ~1 Dy, external path length of Trie(M,,)

LP => Di ;» external path length of Trie”’ (M,,)

(IT(A)) x>0 family of Poi(\) distributed random variables

W, = Wiy, and similarly W;\b), Wf, ... (possibly 1+ II()\) instead of II(\))
Part 2: Convergence rates of MIFSs by regenerative methods

(X,d) complete separable metric space

S (at most) countable state space

Lip(X, X) set of all Lipschitz continuous functions from X to X

L(f) Lipschitz constant of f

dpy Prokhorov metric on the space of probability measures on X

(0,) = (0, ¥y,)n>0, central MMS with state space S x Lip(X, X)

P, Q transition kernels of 6 and (6, ¥), resp., P = (p; )i jes

Kij :P(\Ifn€-|9n,1:i,9n:j)fori,jES,nzl

™ stationary distribution of § (and #8)

(Xn)n>0 central MIFS with X,, = ¥,, 0--- 0 ¥ (Xj)

(#9, #\I/) = (#Hn, #\I/n)nzo, dual MMS with #90 = 90

#P,#Q, *K;; corresponding kernels as defined in (6.1)

P; =P(-[#0y =0y = i), Py = X ;es NP

sequence of successive recurrence times of the state ¢ with underlying
Markov chain 6, defined as in Part 1

(#n(1))n>0 similar to (,(7))n>0 but with #6 instead of 0, often the # is dropped
for simplicity

—~~
Q
3
—~
B
SN—
S~—
3
%
=)

mi; = EiUl(i) = EZ‘#O'l (Z)

(Xﬁ)nzo = (Xn)nzﬂ with Xo =X

(FXZ) >0 = (XZ%),>0 with Lipschitz maps # ¥ instead of ¥

- denotes backward iterations of the corresponding MIFS or IFS

# X o P-a.s. limit of (#)A(f{)nzo

X = lim,,— oo %log L(#Wy ---#¥,), Lyapunov exponent

log, (x) — log(1 + )

(Sn)n>0 central MRW (with driving chain #6), S,, = >-7_; log L(*W¥y), n > 1,
So=0

1 =E,log L(¥1) = E, log L(#*¥), stationary drift of (Sy)n>0

(S;)nz() similar to (Sn)nz() but S} = ZZ:l log, L(#\I/k), n>1

(FW ) > cyclic concatenation of Lipschitz maps, #W! = #\I/Un(i) e #\Ifgnil(i)ﬂ

(#‘f’ﬁl)nzl reversed cyclic concatenation of Lipschitz maps,
UL =0, e T ) B

(Y )n>0 IFS of i.i.d. Lipschitz maps (¥¥%),>; and Y§ = z

N parameter with E;e% 710 < oo

v = Eilog L(*¥Y) ¢ E; log L(#\fﬂl) > —o0, and = 0 if E; log L(#\f/ﬁ) = —00,
lower bound for the rate of exponential convergence of (Y,7),>0

v — oEilog(L(#W})ve)
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List of symbols

Ly LR, b2 1

L S (LE VO k=1 |
(S5 >0 auxiliary SRW, S =37 _;log L', n>1, 55" =0
7(n) =inf{k > 0| #op(i) > n}

(Cn)n>1 as defined in (7.11)

(Gr)n>1 as defined in (7.12)

(Dn)n>0 as defined in (7.13)

G as defined in (B.2)
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