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Zusammenfassung

In der vorliegenden Arbeit wird eine neue Kohomologietheorie, der proendliche
étale Kobordismus, fiir glatte Schemata von endlichem Typ tiber einem Korper
entwickelt. Die Motivation dieser Theorie besteht darin, fiir den algebrais-

chen Kobordismus von Levine-Morel und Voevodsky eine étale topologische

Theorie zu entwickeln, die einfacher auszurechnen ist und interessante Ver-

gleichsabbildungen vom algebraischen Kobordismus in diese neue Theorie

zulasst. Zudem soll damit der Zugang zu arithmetischen Fragen mit Hilfe

des algebraischen Kobordismus erleichtert werden. Eine wichtige Eigenschaft

des étalen Kobordismus liegt in der Existenz einer konvergenten Atiyah-

Hirzebruch Spektralsequenz ausgehend von étaler Kohomologie.

Fir die Entwicklung dieser Theorie wird zum einen gezeigt, dass es auf

proendlichen Spektren eine stabile Modellstruktur gibt. Zum anderen kon-

struieren wir eine étale Realisierung der stabilen motivischen Kategorie der

P!-Spektren.

Es wird gezeigt, dass die natiirlichen Transformationen vom algebraischen

Kobordismus in den étalen Kobordismus iiber einem separabel abgeschlosse-

nen Korper surjektiv sind. Dieses Ergebnis und die Atiyah-Hirzebruch Spek-

tralsequenz fithren zu der Vermutung, dass iiber einem separabel abgeschlosse-
nen Korper algebraischer und proendlicher étaler Kobordismus mit endlichen

Koeffizienten nach Invertieren eines Bottelementes isomorph sind.
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1 Introduction

1.1 Motivation and main results

The aim of this paper is the construction of a new cohomology theory for
smooth schemes over a field, called profinite étale cobordism.

Since the 1990s two approaches to the theory of algebraic cobordism for
smooth schemes have been made. On the one hand, Morel and Voevodsky
have developed Al-homotopy theory for schemes. Voevodsky used it for the
construction of cohomology theories on schemes. In particular, he showed the
existence of an algebraic cobordism theory M GL** in analogy to Thom’s ho-
motopical definition of complex cobordism in topology.

On the other hand, Levine and Morel used Quillen’s insight for a geometric
construction of complex cobordism for proving that there is another possible
definition of algebraic cobordism via a purely geometric construction. They
proved that this Q* is the universal object for oriented cohomology theories
on smooth schemes over a field. It is conjectured that Q* is in fact a geomet-
rical description of the MGL?**-part of Voevodsky’s theory. Hopkins and
Morel recently proved that the canonical map Q* — MGL*** is surjective
over a field of characteristic zero.

Both approaches have been used to prove famous results. Voevodsky used
his construction for the proof of the Milnor Conjecture. Levine and Morel
proved Rost’s Degree Formula. Nevertheless, both theories are still hard to
compute and most of their features have only been proved over fields of char-
acteristic zero.

The purpose of this paper is the construction of an étale topological ver-
sion of cobordism for smooth schemes that is easier to compute since it is
closely related to the étale cohomology. The idea is due to Eric Friedlander
who constructed in [Frl] a first version of an étale topological K-theory for
schemes that turned out to be a powerful tool for the study of algebraic K-
theory with finite coefficients. In particular, Thomason proved in his famous
paper [Th] that algebraic K-theory with finite coefficients agrees with étale
K-theory after inverting a Bott element. The aim of this paper is also to
construct a candidate for an analogous statement for algebraic cobordism,
see Conjecture 1.5.

At the end of the 1970s, in [Sn] Victor P. Snaith has already constructed
a p-adic cobordism theory for schemes. His approach is close to the defini-
tion algebraic K-theory by Quillen. He defines for every scheme V' over F,,
q = p", a topological cobordism spectrum AF, ;.. The homotopy groups of
this spectrum are the p-adic cobordism groups of V. He has calculated these



groups for projective bundles, Severi-Brauer schemes and other examples.
In this paper, we do not follow Snaith’s construction, but we provide Fried-
lander’s idea with a general setting. We consider the profinite completion
Et of Friedlander’s étale topological type functor of [Fr2] with values in the
category of simplicial profinite sets S. We construct a stable homotopy cat-
egory SH for S and define general cohomology theories for profinite spaces.
We apply these cohomology theories to Et X for a scheme X over a field k.
This yields a general foundation for different étale topological cohomology
theories.

When we apply this construction to the cohomology theory represented by
the profinitely completed MU-spectrum of complex cobordism, we get an
étale topological cobordism theory MU ; for schemes of finite type over a
field, which we call profinite étale cobordism. Note that this theory depends
on a fixed prime number ¢, which must be different from the characteristic
of the base field k.

The main feature of MU Zt is the existence of an Atiyah-Hirzebruch spectral
sequence, see Proposition 7.14 and Theorem 7.15:

Theorem 1.1 1. Let k be a separably closed field. There are isomorphisms

MU, (k) & MU* @y Z¢ and MU, (k; Z/¢") = MU* @, 7./ "

2. Let k be a field. For every smooth scheme X over k, there is a convergent
spectral sequence { EP?} with

p+q

EY! = HY (X;Z/0" @ MUY = MU, " (X;Z/0").

These properties gives rise to several applications.
On the one hand, based on the results of Panin [Pa], they enable us to prove,
see Theorem 7.26:

Theorem 1.2 Let k be a separably clsoed field. Profinite étale cobordism
MU (=), resp. MU (—;Z/0"), is an oriented cohomology theory on Sm/k

This implies that we have a unique natural morphism 6,;, : Q*(X) —
MUE: (X) for every X in Sm/k. We prove, see Theorem 8.5:

Theorem 1.3 The canonical map 0,;, : Q(X;Z/0") — MAUZK(X;Z/@’) is
surjective for every X in Sm/k.



In fact, once we have set up the theory, this result follows easily from [LM].
On the other hand, via a stable étale realization functor of motivic spectra,
we construct a natural map ¢ : MGL**(X) — MU;(X), see Section 8.2,
Theorem 8.12 and Corollary 8.13:

Theorem 1.4 This natural map ¢ fits into a commutative triangle for every
X in Sm/k

QO (Xx) M MG (X)

A z

MU (X).

There is a similar triangle for Z /0¥ -coefficients.
In particular, the map ¢ : MGL***(X;Z/(") — MUZ:(X; Z]0) is surjective
for every X in Sm/k.

For a field k, we start the study of the absolute Galois group Gy = Gal(k*/k)
on étale cobordism, where k° denotes a separable closure of k. We de-
duce from the previous results that the action of Gy on MU Zt(krs), resp.
MU;(k;S;Z/KV), is trivial, see Theorem 8.17. Together with the Atiyah-
Hirzebruch spectral sequence applied to Galois cohomology, this enables us
to determine the étale cobordism of a finite field k =F,, ¢ [ ¢, see Theorem
8.19.

Finally, the Atiyah-Hirzebruch spectral sequence together with the results of
Levine [Le2] on motivic cohomology with inverted Bott element yield good
reasons for the following conjecture, see Section 8.4 and Conjecture 8.20:

Conjecture 1.5 Let X be a smooth scheme of finite type over a separably
closed field k of characteristic different from (. Suppose that ¢ is odd or
that ¢ > 4. Let f € MGLY'(k;Z/l") be the Bott element. The induced
morphism

¢ MGL™ (X1 Z/0")[37Y] — MU (X;Z/0")

s an isomorphism.

At the end of Section 8, we will explain a strategy to prove this conjecture,
which is close to Levine’s new proof of Thomason’s K-theory theorem in
[Lel]. In particular, we would like to use the Atiyah-Hirzebruch spectral
sequence of Hopkins and Morel for algebraic cobordism in [HM].



1.2 Survey of the paper

The outline of the paper is as follows. Towards the construction of profinite
étale cobordism, there are several technical problems to solve. The first
main result of this paper is that it is possible to establish a stable model
structure on profinite spectra. It is based on Morel’s Z/{-cohomological
model structure on S of [Mo2], see Theorem 3.2:

Theorem 1.6 There is a stable model structure on profinite spectra Sp(S’)
such that the suspension functor S*A— is an equivalence on the corresponding
homotopy category SH.

This result cannot be deduced in the same way as the stable structure on
simplicial spectra, since S is not proper. We use a generalized theorem on left
Bousfield localization of model categories similar to a result of Hirschhorn
[Hi] and a generalized result on stable model structure on spectra similar
to the work of Hovey in [Ho2]. We have discussed these theorems in the
appendix.

The next step is the study of generalized cohomology theories on profinite
spaces. Our knowledge on profinite completion of spectra and the results of
Bousfield-Kan on /-completion of spaces enables us to determine the coef-
ficients of MU. We also construct an Atiyah-Hirzebruch spectral sequence
for profinite spaces. The proof of the existence of this spectral sequence is
mainly due to Dehon in [De]. Profinitely completed cobordism has already
been used for other purposes. In particular, Francois-Xavier Dehon uses the
completed cobordism theory MU *(—) for the study of Lannes’ T-functor in
[De]. Many of his ideas were fruitful for this paper.

With the stable category on S we give this approach a general setting. Hence
the discussions of the first sections may already be interesting on their own.
In order to clarify the argument and the relevance of the discussions of Sec-
tions 2-4 for the reader, we mention the following point.

Since our definitions are all compatible with étale cohomology in a certain
sense, see Remark 5.3, we can deduce from these facts about profinite coho-
mology theories the existence of the mentioned Atiyah-Hirzebruch spectral
sequence starting from étale cohomology and converging to p}rofinite étale
cobordism. Furthermore, we can determine the coefficients MU (k) for a
separably closed field k.

In Sections 5 and 6, we dedicate our attention to the study of the completed
étale topological type functor Et on schemes of finite type over a field with
values in §. This functor is due to Artin-Mazur and Friedlander. It has been



extended to the Al-homotopy category of schemes independently by Daniel
Isaksen [I3] and Alexander Schmidt [Sch].

We use this functor to construct a stable étale realization of motivic spectra,
see Section 6 and Theorem 6.8:

Theorem 1.7 The functor Et yields an étale realization of the stable motivic
homotopy category of P!-spectra:

LEt : SH™ (k) — SH.

This is another main result of the paper and may be interesting on its own.
Although we do not know if Et MGL is isomorphic to MU in SH over an
arbitrary base field, this realization is the key ingredient in the construction
of the map ¢ : MGL**(X) — MU;(X) from algebraic to profinite étale
cobordism.

In Sections 7 and 8 we start the study of étale cohomology theories and the
comparison with algebraic cobordism. These two sections contain the study
of profinite étale cobordism and give the proofs for the main results that we
mentioned above.

The reader could even start with Section 7 if one accepts first the existence
of a stable category of profinite spectra, second the existence of the functor
Et on schemes and motivic spectra and third the existence of an Atiyah-
Hirzebruch spectral sequence for profinite generalized cohomology theories
and the isomorphism M U ~ MU* ®yz Zy. For the last fact, we even give
another proof in Section 7.

The purpose of the appendix is to prove a general stabilization theorem for
left proper fibrantly generated model categories, see Theorem B.11:

Theorem 1.8 Let C be a left proper fibrantly generated simplicial model cat-
egory with all small limits and let T be a left adjoint endofunctor on C. There
is a model structure on the category of spectra Sp(C,T') such that T' becomes
a Quillen equivalence on Sp(C,T).

This model structure is again a left proper fibrantly generated simplicial model
structure.

We apply this theoremin Section 3 to the left proper fibrantly generated
model category of profinite spaces. This stabilization is the only purpose of
the appendix. But since we gave the proofs in a very general setting, we have
postponed them to the end of the paper.

7



In Appendix 1, we prove first a theorem on left Bousfield localization of
fibrantly generated model categories, based on [Hi.

In Appendix 2, this theorem is applied to an intermediate model structure
on spectra in order to get a stable category, based on [Ho2]. The ideas for
the proofs are due to the papers [Ho2| of Hovey and [Hi] of Hirschhorn plus
an idea of Christensen-Isaksen in [CI]. Nevertheless, our results are slightly
more general and might be of interest for other situations.

I would like to use this opportunity to thank first of all Prof. Dr. Christopher
Deninger for the suggestion of the topic of this thesis which satisfied all my
interests and gave me the opportunity to learn a lot. He helped me with
important suggestions and gave me the motivating impression to work on
something that captured his interest. I would like to thank Dr. Christian
Serpé for many very helpful discussions and suggestions for further studies.
I am grateful to Prof. Marc Levine and Prof. Fabien Morel, who answered
all my questions and explained to me both the great picture and the little
details. I thank Francois-Xavier Dehon for an answer to a specific problem
on Kiinneth isomorphisms for cobordism with coefficients.

I thank Gabi Weckermann for her permanent help with all my questions and
problems and for the warm atmosphere she creates in our group.

I would like to thank Yvonne Striiwing, Daniel, Ursula, Heinrich, Henrich and
Karolin Quick, Michael Brauer and Thomas Moosbrucker for their support,
orthographical corrections and everything else.

I thank Georg von Coelln for his support and my Futsal team for a lot of
exciting and challenging Futsal tournaments.

[ would like to thank the Mathematisches Institut der WWU Miinster for the
support and hospitality. Furthermore, I thank the Institut Henri Poincaré
in Paris for the hospitality. My stay there has been supported by a Marie-
Curie-Fellowship of the FEuropean Commission.

2 Profinite spaces

We introduce the category of (pointed) profinite spaces S (resp. S.) and
its model structure defined by Morel [Mo2] for a fixed prime number ¢. An
important construction is the Bousfield-Kan-/-completion of profinite spaces,
which is an explicit fibrant replacement functor in this model structure.

Via this fibrant replacement functor, we introduce homotopy groups of profi-
nite spaces and study their behavior under the profinite completion functor
S—8. In particular, we show that these homotopy groups are always pro-



(-groups.

Then we define a completion functor pro — S — S from the category of pro-
simplicial sets to profinite spaces and show that the respective Z/¢-homotopy
categories are equivalent. This compares our approach to the one of [I4].
We finish this section with a technical statement. The model structure of S
is fibrantly generated. This is necessary in order to apply the localization
and stabilization theorems of the appendix to S. At this point, the category
S is less well behaved than S and pro — &, but it has properties that are
good enough for our purposes.

2.1 The profinite /-completion of Bousfield-Kan

Let £ denote the category of sets and let F be the full subcategory of £
whose objects are finite sets. Let € be the category of compact and totally
disconnected topological spaces. We may identify F with a full subcategory
of € in the obvious way. The limit functor lim : pro — F — &, which sends
a pro-object X of F to the limit in & of the diagram corresponding to X, is
an equivalence of categories.

We denote by S (resp. sF, resp. S’) the category of simplicial sets (resp.
simplicial finite sets, resp. simplicial profinite sets). The objects of S (resp.
S ) will be called spaces (resp. profinite spaces). There is a subtle distinction
between the two categories pro-sF and S. The obvious functor between them

is not an equivalence. See [I2] for more details and a counter example.

For a profinite space X we define the ordered set Q(X) of simplicial open
equivalence relations on X. For every element @ of Q(X) the quotient X/Q
is a simplicial finite set and the map X — X/@Q is a map of profinite spaces.
In fact, when we consider the limit limgeg(x) X/Q in S, the map X —
limgeo(x) X/Q is an isomorphism, cf. [Qu2| , Lemma 2.3.

The forgetful functor & — € admits a left adjoint (;) : £ — £. Tt induces
dimensionwisely a functor (;) : 8§ — S, which we call profinite completion.
It is left adjoint to the forgetful functor | - | : & — S which sends a profinite
space X to its underlying simplicial set |X|. By adjunction, the profinite
completion of a simplicial set Z may be identified with the filtered colimit in
S of the simplicial finite subsets of Z.

Let X be a profinite space. The continuous cohomology H*(X;7) of X with
coefficients in the profinite abelian group 7 is defined as the cohomology



of the complex C*(X;7) of continuous cochains of X with values in 7, i.e.
C™(X;m) denotes the set Homg(X,,, 7) of continuous maps X,, — 7.

Remark 2.1 ([Mo2], §1.2.)
1. Let X be a simplicial profinite set. If we denote by C.(X) the chain
complex defined in degree n to be the free profinite abelian group on the profi-
nite set X,,, then the universal property of the free profinite group yields for
every profinite abelian group m an isomorphism C™(X) = Homg(X,,,7) =
Hom(C,(X), ) for each n where the last Hom denotes the morphisms of
profinite abelian groups. This shows the relation to the classical definition of
the cohomology of simplicial sets, cf. [Mal] p. 5.
2. Let m be a finite abelian group. There is a natural isomorphism between
the continuous cohomology with coefficients in m of the profinite completion
Y of a stmplicial set' Y and its ordinary cohomology with coefficients in ,
i.e.

H*(Y;m) = H*(Y;W).
This isomorphism exists already on the level of complexes, since there is a
natural bijection Homg (X, 7) = Homg (X, 7). We will explain later how to
generalize this result to an arbitrary abelian pro-f-group .
3. Let w be a finite abelian group and let {X,} be a cofiltered diagram of
profinite spaces. The canonical map

colim, H*(Xy: ) — H*(lim X,; )

is an isomorphism, cf. [De], Lemme 1.1.1.

4. Let 7 be a finite abelian group, the complex C*(X;m) is naturally identi-
fied with the filtered colimit of complexes colimgC*(X/Q; ), with Q running
through Q(X), and the cohomology H*(X;m) is naturally isomorphic to the
colimit of the cohomologies H*(X/Q; ).

5. There is a Kiunneth formula, i.e. for two profinite spaces X and Y the
map H*(X;7Z/0) @ H*(Y;Z/0) — H*(X x Y;Z/{) is an isomorphism, cf.
[Mo2].

Let ¢ be a fixed prime number. Fabien Morel has shown in [Mo2] that the
category S can be given the structure of a closed model category in the sense
of [Qul]. The weak equivalences are the maps inducing isomorphisms in
continuous cohomology with coefficients Z//; the cofibrations are the degree-
wise monomorphisms and the fibrations are the maps that have the right
lifting property with respect to the cofibrations that are also weak equiva-
lences. One should note that there are functorial factorizations for any map
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in S into a trivial cofibration followed by a fibration, respectively into a
cofibration followed by a trivial fibration. For example, we get a functorial
factorization by fixing the construction of the proof of Proposition 1 on page
355 of [Mo2] on the existence of factorizations. All the constructions done
there are functorial. Furthermore, all small limits and products exist in S.

Morel has also given an explicit construction of fibrant replacements in S,
cf. [Mo2], 2.1. It is based on the Z/¢-completion functor of [BK]. Let
Y be a simplicial set. We denote by Res®Y its cosimplicial Z/¢-resolution,
by Tots(Res®Y’) its s-th total space and by P'TotsRes"Y its t-th Postnikov
decomposition, cf. [BK], part I. If Y is a finite set in each degree, then
TotsRes®Y is also finite in each degree for all s > 0. Hence the total space
TotRes®Y’, i.e. the f-completion of Bousfield-Kan of Y, which is the limit
of the tower Tot;Res®Y’, has a natural structure of a profinite space, which
we denote by Y. Now let X be a profinite space. We denote by X! the

limit in S of the %87 @ running through Q(X). We call this space the
{-completion of Bousfield-Kan of the profinite space X. For a simplicial
set Y we denote by Ve S its profinite f-completion defined as the limit
limg,.; P'Tot,Res®(X/Q) in S, where X/Q are the simplicial finite quotients
of X. Its underlying simplicial set is isomorphic in Ho(S) to the ¢-completion
in S of Sullivan [Su|, which is the limit of the pro-Artin-Mazur-¢-completion,
cf. [Mol].

Morel shows that the natural map 6x : X — X! defines a functorial fibrant
replacement in S, [Mo2], 2.1, Prop. 2. The spaces P'Tot,(Res*X/Q) are in
fact (-finite spaces, i.e. fibrant simplicial finite sets whose homotopy groups
for every choice of basepoint are finite f-groups, trivial except for a finite
number of them. The profinite space X* may be identified with the filtered
limit in @, s and t of the f-spaces P'Tots(Res®X/Q). Hence X' is a pro-f-
space in the terminology of [Mo2].

For the study of generalized cohomology theories on profinite spaces it will
be crucial to check the compatibility of the ¢-completion with other con-
structions in S, resp. S, such as products, smash products and function
spaces.

11



2.2 Pointed profinite spaces and the simplicial struc-
ture

The category S has a pointed analogue S, whose ob jects are maps * — X in
S , where * denotes the constant simplicial set equal to a point. Its morphisms
are maps in S that respect the basepoints. The forgetful functor S, — S has
a left adjoint, which consists in adding a disjoint basepoint X +— X,. The
{-completion of a pointed profinite space is naturally pointed and X — X
is compatible with (-completion. S, has the obvious induced closed model
category structure.

The product for two pointed profinite spaces X and Y in S, is the smash
product XAY € &,, defined in the usual way as the quotient (XxY)/(XVY)
in S. For a pointed profinite space X we define its reduced cohomology with
coefficients in the profinite abelian group m, denoted H *(X;m), to be the
kernel of the induced morphism H*(X;7) — H*(pt;m). It is clear that
H*(X4;7) = H*(X; 7). We also have a Kiinneth formula.

Lemma 2.2 For two pointed profinite spaces X and Y, the canonical map
H*(X;Z/0) @ H*(Y;Z/t) — H* (X NY;Z/0) is an isomorphism.

Proof The canonical map is an isomorphism in the case that X and Y are
simplicial finite sets. Hence it is an isomorphism in general since the tensor
product commutes with filtered colimits. O

Proposition 2.3 Let X and Y be simplicial sets whose Z/(-cohomology is

_— A
finite in each degree. Then the map X xY — X*xY?' is a weak equivalence
in S.

Proof We have X xY = limg (X xY)/Q = limg, g, (X/Q1 xY/Q2) ,
which is due to the fact that the finite quotients (X x Y)/Q are in 1-1-
correspondence with finite quotients X/Q; x Y/Qo; and we have X* x Y* =

limg, X/Q:1 xlimg, Y/Q2 . The hypothesis implies that X and Y are nilpo-
tent spaces in the sense of [BK]. Thus the same is true for the finite quotients
X/Q and Y/Q,. Then [BK] VI, §6 Proposition 6.5, says that

— l — —
H*((X/Q1 xY/Q2) s Z/0) — H*(X/Q1 xY/Q2;Z/{)

is an isomorphism. We conclude by taking colimits and by Remark 2.1. O

12



Proposition 2.4 Let X andY be pointed simplicial sets whose 7 /{-cohomology

Y . .
is finite in each degree. Then the map X NY — XYNY? is a weak equiva-
lence in S,.

Proof This follows as the previous proposition from [BK] VI, §6, Proposition
6.6. O

The categories S and 5’* have natural simplicial structures. There is a sim-
plicial set Mapg (X,Y) = Map,(X,Y’) for all profinite spaces X and Y. It
is naturally pointed by the map X — % — Y. It is characterized by the
bijection
Homsg, (Z, Map, (X,Y)) = Homg (X A Z,Y)

for every pointed simplicial finite set Z. The space Map,(X,Y) is given in
the n-th dimension by the set Homg (X A A[n];,Y’), where A[n]y is the
well-known pointed simplicial finite set. For a pointed simplicial finite set Z
the space Map, (Z,Y) has a natural structure of a profinite space considered
as the filtered limit in S, of the simplicial finite sets Map, (sk,Z,Y/Q). We
denote this profinite space by hom,(Z,Y) € S.. For an arbitrary simplicial
set Z we define the profinite space hom,(Z,Y") by taking the filtered limit
in S’* of the profinite spaces hom,(Zs,Y) over all simplicial finite subsets Z
of Z. This defines a right adjoint to the functor X — Z A X, 5’* — 3* We
define the functor X ® - : = X A-: S, — 3* for a profinite space X by taking
the filtered limit in S, of the profinite spaces X/Q A Z, for all simplicial finite
subsets Z of the simplicial set Z and all finite quotients X/Q of X. These
functors define a simplicial structure on S, and similarly on S.

Let Z «— X — Y be a diagram of profinite spaces and let X — Y be a
cofibration. We denote its colimit by Z Ux Y. On the level of continu-
ous cochains we get that C*(X,Z/() is the colimit of the induced diagram
C*(Z,Z)t) — C*(ZUx Y,Z/l) — C*(Y,Z/). This yields a Mayer-Vietoris

long exact sequence in cohomology
. — HY(ZUxY;Z)0) — H'YQH"Z — H"X — H" " (ZUxY;Z/l) — ...

Using this sequence Dehon shows that S and S, carry in fact a simplicial
model structure, cf. [De| §1.4.

As an application, we define for X € S, the profinite space OX € 8,. Let S*
be the simplicial finite set A[1]/0A[1]. We set QX := hom,(S*, X). There
is a natural isomorphism Homg (S A X,Y") = Homg (X, QY)). In addition,
QX is fibrant if X is fibrant.
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This adjunction may be extended to the homotopy category HO(S*) of S..
For every profinite space X and every fibrant profinite space Y, we have a
natural bijection HomHO(:@*)(kS”1 ANXY) = HomHO(S*) (X,QY)). Since S A X
is a cogroup object and X a group object in Ho(S,), we conclude that the
previous bijection is in fact an isomorphism of groups.

The following proposition has been proved by Francois-Xavier Dehon in [De]
using its Filenberg-Moore spectral sequence for profinite spaces. We give an
alternative proof using the results of Bousfield and Kan [BK].

Proposition 2.5 Let X be a simply connected simplicial set whose Z/(-

/\f N A
cohomology 1is finite in every degree. Then the map QX — Q(X?Y) is a weak
equivalence in S,. This map is in fact a homotopy equivalence.

Proof Since S! is a simplicial finite set, the finite quotients X /@ of X and
hom, (S*, X)/Q of hom,(S', X) are in 1-1 correspondence. Hence we may
write

n A —— —— N —
Q(X*) = hom, (S, lién X/Q) = nén hom, (S*, X/Q ) = lién QX/Q );

and

—_—
— L ~

X = lim (hom. (S, 3)/Q) = lim (2(X/Q).

By our hypothesis X is a nilpotent space in the sense of [BK] and hence X/@Q
is nilpotent, too; by [BK] VI, §6, Prop. 6.5, we know that

— ¢

H(QX/Q)) 1 2/0) = H(QUX/Q ):Z/0).
Hence we get

—/ — ¢

H((QX)) 1 2/0) = colimgH*(UX/Q) ):2/0)

>~ colimoH*(QUX/Q );Z/0) = H*(QUX'); Z/0),

which is what we had to prove.

The last statement follows from the fact that the spaces in question are cofi-
brant and fibrant and the fact that weak equivalences between such objects
are homotopy equivalences. O
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2.3 Homotopy groups of profinite spaces

Definition 2.6 Let X € S be a pointed profinite space and let X be its
(-completion. We denote by my X the coequalizer in £ of the diagram dy,d; :
X1 = Xo. We define m,X for n > 1 to be the group m,|X*| where |X*| is
the underlying fibrant simplicial set of X! We call 7, X the n-th homotopy
group of X.

Proposition 2.7 A map f: X — Y in S, is a weak equivalence if and only
if m(f) is an isomorphism.

Proof The maps X — X% and Y — Y are weak equivalences. Hence f is
a weak equivalence if and only if fz is a weak equivalence. Since all objects
in S, are cofibrant, the map fé is a weak equivalence if and only if fé is a
homotopy equivalence. This finishes the proof. O

We can already conclude from the definition m, X = Hompqs,)(S", ])? ‘|) that
m,X has a natural structure of a profinite group. The following proposition
shows that our definition coincides with the one given by Dehon in [De].

Proposition 2.8 1. For every profinite space X, the natural map
Homyy, 5 (%, X) — moX

s an isomorphism.
2. For every pointed profinite space X and every n > 0 we have

~

(1) T (QX) 2 1,01 (X).

In particular, we have m, X = my(Q"X).

Proof The first statement is Proposition 1.3.4 a) of [De].
The second statement follows from the fact that S™ is a simplicial finite set
for alln > 1. For n = 0, we use the first statement to conclude by adjunction

mo(2X) = HomHO(S*)(*,Q{() Homy, s, (*, QX0
HomHo(S*)<Sl7X ) = HOHlHo s (St ]Xé|)
7T1|Xe’ = 7T1X.

I
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For n > 1, we have the following sequence of isomorphisms using Proposition
2.5 and adjunction

1 12 l

QX)) = m(QX|) = Homlzo(g*)(S", QX |) = Homy, g, (57, QX )
- HOIIIHO(S*)(S”, Q){ ) = HomHo(S*)<Sn= Q():{é))
= HomHo(S‘*) (SnJrl, ‘Xf) = HomHo(é*) (SnJrl, Xg)
= HomHO(S*)(SnJrl, |Xe|)
= Tnp+1 (X)
O

As a corollary, we see that 7, X has the natural structure of a pro-f-group
for every n > 1, see also [Mol], Cor. 1.4.1.3.

Proposition 2.9 For every pointed profinite space X and every n > 0, we
have an isomorphism m, X = limg s, 7,(P'Tots(Res* X/Q)).

In particular, for every n > 1 the group m,X has the structure of a pro-£-
group.

Proof We know that there is an isomorphism b= limg s+ P'TotsRes®(X/Q).
Since my commutes with limits and sends weak equivalences to homeomor-
phisms in &, we conclude that we have an isomorphism

m X 2 lim m, (P*Tot Res® (X/Q))

for every n > 0. The description of the homotopy groups of the simplicial
finite sets P'Tot,Res®(X/Q) finishes the proof. O

We conclude this subsection with a collection of results on the homotopy
groups of the ¢-completion of a simplicial set, see also [BK] VI, §5.

Proposition 2.10 Let X be a pointed connected simplicial set.
1. We have an isomorphism

SO\~ —
T (X)) 2 m(X) .

In particular, iof m X s a finitely generated abelian group, then ﬂl()A(K) =
Ly @z, m X.

2. If X is in addition simply connected, and its higher homotopy groups are
finitely generated, then we have for all n > 2

~ —
7Tn)(e = WnX = ZZ Xz 7TnX7

where Zy denotes the (-adic integers.
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Proof We deduce this proposition from the methods of [BK]. The hypoth-
esis on X implies that X is a nilpotent space in the sense of [BK], i.e. mX
acts nilpotently on all m;X. We denote by Z/l. X the Bousfield-Kan Z//-
completion in S of X. The assumptions imply that X is a Z/¢-good space,
ie. HY(X;Z/0) = H*(Z/l.X;Z)0), cf. [BK] VI, §5, Proposition 5.3. Con-
sidering the isomorphism H*(X;Z/() = H*(X;Z/E) = H*(|X£\;Z/€), this
implies that |X*| is Z/¢-complete by [BK] V, §3, Proposition 3.3. Then
Proposition 5.4 of [BK], VI, §5, says that the two ¢-completions \X£| and
7/l X are weakly equivalent. Then [BK] VI, §5, Proposition 5.2 yields the
result.

Alternatively, one could deduce the result from [Su], Theorem 3.1, and the
fact that | X*| is isomorphic in Ho(S) to the (-completion of Sullivan. O

Example 2.11 In the special case of the simplicial circle S*, viewed as a
profinite space, one has

—/ ~
’/Tl(Sl) = 7T1(Sl ) = Zé = Zg.

The last proposition is crucial for our studies of cohomology theories on S,
since it will allow us to compute the coefficients for some cohomology theories,
e.g. for profinite cobordism MU.

2.4 Comparison with the category of pro-simplicial sets

Let pro — S be the category of pro-objects in S. Its objects are cofiltered
diagrams X (—) : [ — S and its morphisms are defined by
Homp,o—s(X(—),Y(—)) == %1151 colimefHomg (X (), Y (2)),
€
see [AM] for more details. The cohomology with Z/¢-coefficients is defined

to be
H*(X(=),Z/¢) := colimgdH* (X (s),Z/1).

Isaksen has constructed several model structures on pro — &, cf. [I1] and
[I4]. We are interested in the Z/¢-cohomological model structure of [I4] in
which the weak equivalences are morphisms inducing isomorphisms in Z//¢-
cohomology and the cofibrations are levelwise monomorphisms.

We want to compare pro — S with S. These two categories are not equiva-
lent, but we will see that completion induces an equivalence on the level of
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homotopy categories. We define a completion functor (;) pro— S8 — & as

the composite of two functors. First we apply ( ): S — S levelwise to get
a functor pro — S — pro —S. Then we take the limit in S of the underlying
diagram. The next lemma shows that the functor (—) has good properties
with respect to the model structures on pro — S and S.

Lemma 2.12 1. Let X € pro—3S8 be a pro-simplicial set and let w be a finite
abelian group. Then we have a natural isomorphism of cohomology groups

H*(X;Z)0) — H*(X;Z/0).

2. A morphism f : X — Y of pro-simplicial sets induces an isomorphism
in Z/{-cohomology if and only if the morphism f X =Y in S induces an
isomorphism in continuous Z/{-cohomology.

3. The functor (;) pro— S — S preserves monomorphisms.
4. The functor (=) : pro —S — S preserves finite limits and finite colimits.

Proof 1. This follows from the definition of (;) and Remark 2.1.
2. Suppose [ : X — Y in pro—S§ induces an isomorphism in Z/¢-cohomology.
We have the natural sequence of commutative squares

H (X;Z/0) L5 HY(Y:z)0)

=] =
colimsH*(X;Z/0) — colimH*(Yy; Z/¢)
~| |
colim, H*(X,; Z/0) — colim,H*(Yy; Z/0)
~| |2

H (X;z/0) LS HY(V;z)0)

which proves the second assertion.

3. This is clear.

4. Since (=) : S — S is a left adjoint functor it preserves all colimits and it
commutes with finite limits. The functor lim : pro — S — S commutes with
all limits and finite colimits. Hence the last statement holds, too. O

Corollary 2.13 The functor (;) :pro — S — S induces an equivalence of
homotopy categories

Ho(pro — S) — Ho(S),
where the left hand side is the Z/(-cohomological homotopy category of [14].
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Isaksen has considered a different functor pro—S — S in [I4] and has shown
that it induces an equivalence on the level of homotopy categories, too. Our
approach fits better in the later picture for the comparison of generalized
cohomology theories.

2.5 The model structure on & is fibrantly generated

For our studies of generalized cohomology theories and a stable structure on
profinite spaces, we have to show the technical point that the model structure
on S hence also on S*, is fibrantly generated. The necessity of this point
becomes clear from the localization and stabilization results of the appendix,
cf. Theorem A.3.

We recall some notations and constructions from [Mo2]. Let n > 0 be a
non-negative integer and S be a profinite set. The functor S — &, X —
Homy (X, S) is representable by a simplicial profinite set, which we denote
by L(S,n). It is given by the formula

L(S,n) : A% — &, [k] v SHoma(lnh (b))

If M is a profinite abelian group, then L(M,n) has a natural structure of a
simplicial profinite abelian group and the abelian group Homg(X, L(M,n))
can be identified with the group C™(X; M) of continuous n-cochains of X
with values in M. Furthermore, for every k L(M,*)([k]) may be considered
in the usual way as an abelian cochain complex. For a profinite abelian
group M, let Z™(X; M) denote the abelian group of n-cocycles of the com-
plex C*(X;M). The functor S® — &, X — Z"(X;M) is also repre-
sentable by a simplicial profinite abelian group, which we denote by K (M, n),
called the profinite Eilenberg-MacLane space of type (M, n). We may define
K (M,n)([k]) to be the subgroup of all cocycles of L(M,n)([k]); see also [Mal]
§23, for these constructions.

The natural homomorphism C™(X; M) — Z""(X; M) given by the dif-
ferential defines a natural morphism of simplicial profinite abelian groups
L(M,n) — K(M,n+1).

Consider the two sets of morphisms

P :={L(M,n) — K(M,n+1), K(M,n) — %|M abelian pro — ¢ — group,n > 0}

and
Q) := {L(M,n) — *|M abelian pro — ¢ — group,n > 0}

of Lemme 2 of [Mo2].
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Theorem 2.14 The simplicial model structure on 3, i which the weak
equivalences are the Z/{-cohomological isomorphisms and the cofibrations are
the dimensionwise monomorphisms, is left proper and fibrantly generated with
P as the set of generating fibrations and @) as the set of generating trivial
fibrations.

Proof The left properness follows from the fact that all objects in S are
cofibrant, cf. Corollary 13.1.3 of [Hi.
We write Fib and Cof for the classes of fibrations and cofibrations of the
model structure on S of [Mo2]. Note that the subcategory Q-cocell of relative
(Q-cocell complexes consists here of limits of pullbacks of elements of () and
look at Definition 2.1.7 of [Hol]| for the notations P — proj and @ — fib used
below. In order to prove the second statement we check the six conditions of
the dual of Theorem 2.1.19 of [Hol|. We only assume that the category has
all small limits but only finite colimits. But since we use cosmall instead of
small objects, the theorem holds for this kind of fibrantly generated model
categories as well. We check now the six conditions of [Hol], Theorem 2.1.19.
1. It is clear that the weak equivalences satisfy the two-out-of-three axioms.
2. and 3. We have to show that the codomains of the maps in P and @)
are cosmall relative to P-cocell and Q)-cocell, respectively. Note that the
terminal object * is cosmall relative to all maps. Hence it remains to show
that the objects K (M, n) are cosmall relative to Q-cocell. It suffices to show
that they are cosmall relative to a filtered sequence of maps ... — Y] — Y
of maps in S. Consider the canonical map f colim,Homg (Y, K(M,n)) —
Homg(lim, Yy, K(M,n)). We have to show that it is an isomorphism. By
the definition of the spaces K (M, n) this map is equal to the map
colimy, Z" (Yo, M) — Z”(li{in Yo, M).
But this map is already an isomorphism on the level of complexes colim,C"™(Y,, M) =
C™(lim,, Y,, M) as in[Se|, Proposition 8; hence f is an isomorphism.
4. We know that L(M,n) — x is a trivial fibration. Since trivial fibrations
are preserved under pullbacks and limits, we get () — cocell C W N Fib C
W N P — fib which is what we had to show.
5. Given a diagram

A — L(M,n)
(2) | !
B — *

we have to show that there is a lift if the map f: A — B is in P — proj, i.e.
has the left lifting property with respect to P. But if F'is in P — proj, then
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we get a lifting B — K(M,n+ 1) for any map A — K(M,n+1). Hence the
diagram (2) yields a diagram

A —  L(M,n)

l !

(3) B — KM,n+1)
I l
B — *

and we know that there is a lifting B — L(M,n) in the upper rectangle
which is also the lift of the diagram (2) above. Hence f € @) — proj.

It remains to show that P —proj C W. Let f : A — B be a map in P — proj.
By definition of the spaces K(Z/¢,n) and the definition of P — proj we get
that f*: Z"(B,Z/t) — Z"(A,Z/{) is surjective for all n > 0. Hence it is
enough to show that f*(Im (C"A — Z""1A)) C Im (C"B — Z""'B). The
other lifting property of maps in P — proj is equivalent to the surjectivity of
the map C"B — C"A X zni14 Z"1 B from which we get the desired result
that f*: H"(B,Z/{) — H"(A,7Z/{) is an isomorphism for all n > 0.

6. We show that W N (@ — proj C P — proj. Let f : A — B be a map that
belongs to W and () — proj. Since f* is an isomorphism on Z/¢-cohomology,
it can be shown that f induces an isomorphism on cohomology with co-
efficients in any abelian pro-f-group M. This implies already the surjec-
tivity of the map f* : Z™(B,M) — Z"(A, M) for all n > 0. The lifting
property of maps in ) — proj implies the surjectivity of the induced map
fr:C"(B,M) — C"(A,M) for all n > 0. Using the isomorphism on co-
homology it follows that C"B — C"A X znt14 Z""B is surjective which is
equivalent to the other desired lifting property of maps in P — proj. Hence
f € P — proj.

Now we have proved using theorem 2.1.19 of [Ho1] that the quadruple (3 W, Q—
proj, P—fib) is a fibrantly generated model category. It remains to show that
it coincides with the given structure (S, W, Cof, Fib). Since L(M,n) — x
is a trivial fibration, we know already Cof C () — proj. It remains to show
that every map in () — proj is a monomorphism in each dimension. Then the
cofibrations and weak equivalences of the two structures coincide and hence
the fibrations coincide as well.

Let f : X — Y be a map in Q — proj. Hence every map X — L(M,n)
can be lifted to a map Y — L(M,n). This means by using the definition
of the spaces L(M,n) that the map C™(Y, M) — C"(X, M) induced by f is
surjective for all n > 0. This is equivalent to the surjectivity of the maps
Homg(Y,, M) — Homg(X,,, M) for all n > 0 and all abelian pro-¢-groups
M. If we choose M = F(X,,) to be the free abelian pro-¢-group on the set
X, defined in [Se|, then we see that the map X,, — F(X,), sending x to
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its class in F'(X,,), is in the image of Homg(Y,,, M) — Homg(X,,, M) only if
X, — Y, is a monomorphism for each n. Hence f is also a cofibration. O

3 Profinite spectra

We introduce the usual notion of spectra on S. The results of the appendix
show that there is a stable model structure on Sp(S). This is the main
technical result for the construction of generalized cohomology theories on
schemes via the profinite étale topological type functor. R

We study the behavior of the profinite completion functor (—) : Sp(S) —
Sp(S ) and show that it factorizes through stable equivalences and is in fact
a left Quillen functor with right adjoint the forgetful functor.

The following subsection is dedicated to stable homotopy groups and their
relation to stable equivalences. We show that these homotopy groups behave
well under completion of spaces. In particular, we study them for profinite
Eilenberg-MacLane spectra and the completed complex cobordism spectrum
MU. In this last case, we get W*(MU) =7y @ m (MU).

Furthermore, we give an explicit construction of a fibrant replacement func-
tor for spectra satisfying some conditions among which is MU. These results
are similar to those of [De].

At the end of this section we deduce the existence of Postnikov-decompositions

for profinite spectra from general model category theory.

3.1 The stable structure of profinite spectra

In order to stabilize the category S of profinite spaces we begin with the
usual definition of spectra.

Definition 3.1 A spectrum X of simplicial profinite sets consists of a se-
quence X, € S, of pointed profinite spaces forn > 0 and maps o, : S'AX,, —
Xoi1 in Sy, where ST = AJOAY € S,

Amap f: X — Y of spectra consists of maps f, : X, = Y, in S, forn >0
such that o, (1 A fn2 = fni10n.

We denote by Sp(S) the corresponding category and call it the category of
profinite spectra.

We apply the results of Appendix B to the category S.. By Theorem 2.14
its model structure is simplicial, left proper and fibrantly generated. Note
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that S' A - is a left Quillen endofunctor since it takes monomorphisms to
monomorphisms and preserves cohomological equivalences by Lemma 2.2.

Theorem 3.2 There is a stable model structure on Sp(S) for which the pro-
longation S* A - : Sp(S) — Sp(S) is a Quillen equivalence.

In particular, the stable equivalences are the maps that induce an isomor-
phism on all generalized cohomology theories, represented by profinite Q-
spectra; the stable cofibrations are the maps ¢ : A — B such that ig and
the induced maps jy, : Ap Ugipa, SYA B,_1 — B, are monomorphisms; the
stable fibrations are the maps with the right lifting property with respect to
all maps that are both stable equivalences and stable cofibrations.

Proof By Theorem 2.14, we know that the model structure on S, is fibrantly
generated, left proper and simplicial. Hence we can apply Theorem B.11 to
S., S'A-. The fact that S'A-is a Quillen equivalence for this model structure
is implied by Theorem B.13 for T'= S A -. O

Remark 3.3 The stable fibrant objects are exactly the Q—spectm, 1.e. spectra
E such that each E,, is a fibrant object and the adjoint structure maps E, —
QF, .1 are weak equivalences in Sy for all n > 0.

Define the functor Q : Sp(S) — Sp(S), E — Q(E), where Q(E), := Q(E,).
As usual one can prove the following lemma.

Lemma 3.4 1. The functor
SH—SH, Er S'AE

is an equivalence of categories.
2. The homotopy category SH of profinite spectra is an additive category.

Proof Choose a functorial stable replacement
E — E7.

Then E +— Q(Ef) is an inverse to F +— S' A E using the two stable equiva-
lences

E — Q((S'AE))
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and R
S'AQET) — Ef

which are induced by the adjunction morphisms.

As S is a cogroup object in Ho(S, ), its codiagonal ¢ : ST — S'V ST induces,
via first assertion of the lemma and ¢ Aidg : S'AE — SYAEV S A E, for
any spectrum E a morphism £ — E V E. This yields a natural structure of
a cogroup object on E. Being natural in F, this structure has to be abelian.
Thus the category SH is additive. O

Remark 3.5 Since Sp(S) s a pointed model category we may conclude by
the general theory of [Qul] I, §2 and §3, that Sp(S) has fiber and cofiber se-
quences, which satisfy the axioms of a triangulation. Since the above theorem
tells us that X is an equivalence on SH we may call Sp(S) a stable category.

3.2 Profinite completion of spectra

Lemma 3.6 The functor (;) : S, — S’*A commutes with smash products.
Furthermore, the two functors ) and SY agree after applying the forgetful
functor | -] : S — 8., ie. Q(|Z]) = [Q(Z)] for every pointed profinite space
Z e S..

Proof Since (;) is left adjoint to the forgetful functor it preserves colimits.
Hence it remains to check that it commutes with finite products. But this
follows from the fact that the finite quotients of a product X x Y of two
spaces are in bijective correspondence with pairs of finite quotients of X and
Y respectively. Since (—) is defined by applying a limit we see immediately
that it commutes with finite products.

For every X € S, we have natural bijections coming from adjunction

Homg(S' A X,|QZ]) = Homg(X,QZ) = Homg(S'AX,Z)
~ Homg(S'AX,Z) = Homg(S'AX,|Z|)

Homg (X, Q|Z]).

Hence the two Hom-functors defined by (| Z]) and 1Q0(Z)| agree on S and
hence by Yoneda the two spaces Q(|Z]) and |2(Z)| are isomorphic for every
profinite space Z. O

Let Sp(S) be the stable model structure of simplicial spectra defined in [BF]
We may extend the profinite completion to spectra. Let (—) : Sp(S) — Sp(S)
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be the profinite completion applied levelwise that takes the spectrum X to
the profinite spectrum X whose structure maps are given, using Lemma 3.6,
by

SUA X, 2 STAX, 5 X,
Since the two functors (;) and |- | on S, commute with smash products we
get that commutative diagrams

Xn+1 - |Yn+1|

T T
SIAX, — SUAY,

are in bijective correspondence with commutative diagrams

A

Xn+l - Yn+l

T T
S'AX, — S'AY,

for every X € Sp(S) and Y € Sp(S). Let |- | : Sp(S) — Sp(S) be the
levelwise applied forgetful functor. Hence (—) and | - | form an adjoint pair
of functors.

Proposition 3.7 The functor (;) - Sp(S) — Sp(S) preserves weak equiva-
lences and cofibrations.
The functor | - | : Sp(S) — Sp(S) preserves fibrations and weak equivalences
between fibrant objects.
In particular, (=) induces a functor on the homotopy categories and the ad-

joint pair ((—=),|-1]) is a Quillen pair of adjoint functors.

Proof Let ¢ : A — B be a cofibration in Sp(S). Since (;) S, — S‘ pre-
serves cofibrations and pushouts as a left Quillen functor, the maps i and
Jn are cofibrations in S,. Hence i is a cofibration in Sp(S)

Now let f: X — Y be a weak equivalence in Sp(S). We want to show that
f is a weak equivalence in Sp(S). By [Hi], Theorem 9.7.4, this is equiva-

lent to the statement that Map(f, E) : Map(Y, E) — Map(X, E) is a weak
equivalence of simplicial sets for every fibrant object E and some cofibrant

approximation f of f in Sp(S). Since (;) and X A - are left adjoints, we
have natural isomorphisms extending the adjunction of (—) and |- | for every
U € Sp(S) and V € Sp(S)

(4) Mapg,s) (U, [V]) = MapSp(S)(Z?’ V).
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Hence Mapg 3)( 1, E) is a weak equivalence of simplicial sets if and only if
Mapg,s)(f, |E]) is a weak equivalence. Since (;) preserves cofibrations, the
completion of f is a cofibrant approximation of f . We conclude the first part

by [Hi], Theorem 9.7.4, and the following lemma, reminding the fact that the
fibrant objects of Sp(S) are exactly the Q-spectra.

Lemma 3.8 If E is an Q-spectrum, then |E| is an Q-spectrum.

This is the analogue of the fact that the underlying simplicial set | X| of a
fibrant profinite space is a Kan simplicial set, cf. [Mo2], §2.1, Proposition 1.

Proof Let E be an Q—Spectrum. This implies that each E, is fibrant and
E, — QF, . is a weak equivalence for each n > 0. By [Mo2], § 2, Proposition
1, this implies that |E,| is fibrant and |E,| — Q|E,11| is a weak equivalence
for each n. Hence |E| is an {2-spectrum. O

We continue the proof of the second statement of the proposition. The fact
that | - | preserves fibrations follows now from adjunction since (—) preserves
trivial cofibrations. Now let f : F — F be a weak equivalence between
fibrant objects in Sp(S). Again by [Hi], Theorem 9.7.4, we have to show
that Mapg,s) (W, |f]) is a weak equivalence for every cofibrant object W of

Sp(S). By the isomorphism (4) this is equivalent to that Mapsp(g)(W, f) is
a weak equivalence for every such W. But since W is also cofibrant in Sp(S’ )
and since f is a weak equivalence in Sp(S), we get that Mapg 3)(W, f)isa
weak equivalence of simplicial sets.

The last statement follows from general model category theory. O

3.3 Stable homotopy groups and fibrant replacements

For a level fibrant replacement functor of a profinite spectrum E we may use
the explicit construction of the f-completion functor X — X X! in S.. Since
all construction in [BK] and [Mo2] are compatible with products there are
natural maps

R AR VR
XXxY - X" xY" - X xY
and similarly maps

—

XAV S XIAYES X AY .
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For a simplicial spectrum F this yields structure maps

—/ — —~t _—~/
S'ANE, — (STANE,)" ™ E,.1 ,
which ensure that we may associate to every profinite spectrum E a level
fibrant spectrum E' such that £ — EY is a level equivalence.

We may also define homotopy groups of profinite spectra. For n € Z we set
(5) Tn(E) := 1 (EY) = colimym, 1 (EL).

For morphisms of spectra we set m,(g) := m,(g"/).

Remark 3.9 In order to calculate the stable homotopy groups of a spectrum
E, we may replace it by a fibrant spectrum EY. Then its homotopy groups
are the homotopy groups of the infinite loop space Eg. By Proposition 2.9 we
know that the homotopy groups of a profinite space have a natural structure
of pro-C-groups. Hence we conclude that the stable homotopy groups of any
profinite spectrum have the structure of pro-£-groups.

We may describe stable equivalences via stable homotopy groups.

Proposition 3.10 A map of profinite spectra g : E — F' is a stable equiva-
lence if and only if m,(g) is an isomorphism for all n € Z.

Proof Since we are interested in the homotopy type of the map, we may
consider a stable fibrant replacement ¢/ : B/ — F7/ of g. The map g is a
stable equivalence if and only if ¢/ is a stable equivalence. But a map between
Q—spectra is a stable equivalence if and only if it is a level equivalence, e.g.
see [Ho2]. But this means that all maps m,(g]) are isomorphisms for all n
and k, which finishes the proof by Proposition 2.7. O

~

Corollary 3.11 Let f: X — Y be a map in Sp(S) such that |f] : | X| — |Y]

A

is a stable equivalence of Sp(S). Then f is a stable equivalence of Sp(S).

Proof This follows immediately from the proposition above. O

From model category theory we know that fibrant replacements with respect

~

to the stable model structure exist for every F € Sp(S). We would like to

A

construct explicit stable fibrant replacements in Sp(S). We will employ the
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Bousfield-Kan-/-completion functor defined on profinite spaces. Since the
¢-completion behaves well only under certain conditions, cf. [BK], we give a
construction only for profinite spectra satisfying the following hypotheses.

The idea for the following construction is inspired by Dehon [De]. Let E be
a (—1)-connected profinite spectrum, i.e. each profinite space E, is (n — 1)-
connected for all n > 0 and let |E| € Sp(S) be its underlying simplicial
spectrum. We may consider an Q-spectrum R(|E|) stable equivalent to |E|,
i.e. a stable fibrant replacement of |E| in Sp(S). After the application of

¢

—

—

the levelwise (-completion we get maps (R|E|), — Q(R|E|)n41 that are
weak equivalences in S, for all n. Then Proposition 2.5 implies that all the
composite maps

—

— Y — ¢ ~ 4
(RIEDn — (QR[Elni1) — QRIE])np

are weak equivalences in S, for all n > 1. It is clear that the resulting
profinite spectrum is also level fibrant. From Corollary 3.11, we deduce that
it is also stable equivalent to £/. Hence we have constructed an explicit stable
fibrant replacement of E in Sp(S).

Definition and Proposition 3.12 Let E be a (—1)-connected profinite spec-
trum. We suppose that the Z/l-cohomology of each E,, n > 1, is finite di-
mensional in each degree. We consider the proﬁmte spectrum E' € Sp(S)

whose spaces are defined by Ef = Q(R|E|) for n =0 and by (R|E|) for
alln >1 wzth structure maps adjoint to the above defined maps (R|E|)

(R\E|)n+1 forn > 1 and the obvious map for n = 0. By the preceding
discussion, the profinite spectrum E* is a stable fibrant replacement of E in
Sp(S) and we call it the {-completion of E.

The reason why we use this definition for Eg is that if Fy has infinitely
many connected components, the natural structure map will not be a weak
equivalence any more.
This discussion also leads to an ¢-completion of spectra E € Sp(S) which is
inspired by [De], §1.6.

Definition 3.13 Let E be a (—1)-connected spectrum in Sp(S). We suppose
that the Z/l-cohomology of each E,, n > 1, is finite dimensional in each
degree. Let RE be an equivalent Q)-spectrum. Then we define the profinite
(-completion E* to be the profinite spectrum whose spaces are defined by
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N N — 1 —
ES = Q(R(E)y) for alln =0 and by (R(E),) for alln > 1 with structure

—
maps adjoint to the above defined maps R(E), — QR( In for n > 1 and
the obvious map for n = 0.

Remark 3.14 As above, for E € Sp(S), it is clear that E' is stable equiv-
alent to E in Sp(S). From the homotopy theoretic point of view we may
consider either E* or E. The point is that we want to apply the comparison
results of Proposition 2.10 to the situation of spectra. The previous definition
gives us the form of the E that fits well with the results in Proposition 2.10.

Similar versions of the following facts have also been proved by Dehon [De].

Proposition 3.15 Let E be a (—1)-connected spectrum and suppose that the
Z./€-cohomology of each E,, n > 1, is finite dimensional in each degree. Then
the stable homotopy groups of the profinite {-completion E* are given by the
following isomorphism for all n

A —
B 21, F 27,2, 7,E.

Proof Since EY is an {)- spectrum, the stable homotopy group o Bt s equal
to the homotopy group Tt ((E9)) for all n. The hypothesis on E and the
definition of £* imply that the spaces E£ satisfy the conditions of Proposition
2.10. This completes the proof. O

Corollary 3.16 Let MU be the simplicial spectrum representing complex
cobordism. For the profinite -completion J\/[AUE of MU there is an isomor-
phism

T MU = 7. MU' 2 7, @y 7. MU = 7, @, L,
where L denotes the Lazard ring, cf. [Ad].

Proof Since MU is (—1)-connected and its cohomology groups are finitely
generated in each degree, cf. [Ad], MU satisfies the hypothesis of Proposition
3.15 above. O

We finally consider the profinite completlon KU of the Q- spectrum repre-

senting complex K-theory, see e.g [Ma2]: KUy = — BU X Z and KU 92i41 = =U
for all © > 0. By Lemma 2.8 and Proposition 2.10 we get

Corollary 3.17 my(KU) = Z; and o1 (KU) = 0 for all i.
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4 Generalized cohomology theories on profi-
nite spaces

We define generalized cohomology theories on S via the stable category of
profinite spectra in the classical way. Such profinitely completed cohomology
theories have already been studied by Dehon in [De].

It is the main advantage of the stable category of profinite spectra that
it gives a canonical and general setting for cohomology theories on profinite
spaces and the profinite completion of cohomology theories on simplicial sets.
In fact, our main objective are the cohomology theories represented by the
completion of simplicial spectra such as MU. The results of the previous
section enable us to calculate the coefficients of this theory.

An important tool for the calculation of cohomology groups is the profinite
Atiyah-Hirzebruch spectral sequence. The construction of this spectral se-
quence is the analog of the topological Atiyah-Hirzebruch spectral sequence.
It has already been constructed by Dehon in a more restricted setting. We
slightly generalize his proof.

At the end we will prove a Kiinneth formula for MU with Z /0”-coefficients,
similar to and inspired by the results of [De].

4.1 Generalized cohomology theories

In analogy to the stable homotopy theory of simplicial spectra the above con-
struction enables us to consider generalized cohomology theories for profinite
spaces. We define them to be the functors represented by profinite spectra.

A

Let E be a spectrum in Sp(S), we set
(6) E™(X) := Homgy, (X, E[n]),

where Homg;, (X, E[n]) denotes the set of maps that lower the dimension by
n, and call this the n-th cohomology group of X with values in E. We set
E*(X) = @, E"(X). For a pointed profinite space X we define its n-th
cohomology groups for the spectrum E by

(7) E"(X) := Homg, (S°(X), E A S")

For a profinite space X without a chosen basepoint, let X, be the profinite
space X | [ pt with additional basepoint. We define the cohomology of X to
be the one of X, .

30



For a pair (X, A) of profinite spaces we define the relative cohomology by
(8) E"(X,A) = E"(X/A).

We have the identity E*(X, pt) = E*(X). Just as for simplicial spectra [Swi],
8.21, one can prove the following isomorphism

9) Homg, (E¥%(X), E A S™) = colimiHom 6. (Ek(X), Enik)-
In particular, for an Q—Spectrum E, we get:

(10) E"(X) 2 Homps, (X, Ey)

4.2 Continuous cohomology theories

Definition 4.1 Let E be a spectrum in Sp(S). We define the continuous
cohomology represented by E to be the theory E*(-) on S,.

Remark 4.2 1. Note that since profinite completion commutes with smash-
products by Lemma 3.6, the completion of a multiplicative cohomology theory
s multiplicative, too.

2. Let E be a (—1)-connected spectrum. We suppose that the Z/(-cohomology
of each E,, n > 1, is finite dimensional in each degree. Since the spectra
E and E* are equwalent mn Sp(S) the continuous ¢-completed cohomology
theory on S, represented by E' is isomorphic to E, i.e. for all X € S, we

have E*(X) = E*(X).

Example 4.3 By abuse of notations we write MU for the simplicial spec-
trum Sing(MU) and we will write KU for Sing(KU). There are the obvious
examples for profinite spectra representing generalized cohomology theories:
1. The Filenberg-MacLane spectra Hr given by Hr,, = K (m,n) for an abelian
pro-C-group .

2. The profinite completion KU of the simplicial spectrum representing com-
plex K-theory.

3. The profinite completion MU of the simplicial spectrum representing com-
plex cobordism.

Proposition 4.4 Let E be a multiplicative (—1)-connected spectrum and
suppose that the Z/¢-cohomology of each E,, n > 1, is finite dimensional
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in each degree. Then the coefficient ring E* = E*(pt) of the profinite com-
pletion satisfies the following isomorphism

— 7

E*(pt) = E*(pt) = Zy @z E*(pt).

For the homotopy groups ofE we get

—

T.(E) 2 1 (FE) = Zy @z m.(E).

Proof This is a corollary of Proposition 3.15, since E and E' are equivalent

A

objects in Sp(S). O

Since the spectrum MU satisfies the hypotheses of the previous proposition,
we get the following result.

Corollary 4.5 For the homotopy groups of MU there is an 1somorphism
A~ —
T(MU) Z2 1, (MU) = Zy Qg m.(MU).

For the coefficient ring of the profinite cobordism MU" we have the following
isomorphism
Ak A Ox
MU =MU =7Z,0; MU".

Let G be a finite group. There is a simplicial Moore spectrum MG. For a

simplicial spectrum E we define EG := E A MG to be the spectrum with
coefficients in G corresponding to E, cf. [Ad], Chapter III.

Definition 4.6 Let E be a simplicial spectrum and G a finite abelian group.
We define the continuous cohomology theory with G-coefficients to be

E*(+G) =BG ().
By [Ad] III, Prop. 6.6, there are exact sequences

(11) 0— m(E) ® G — m,(EG) — Tor’(mp_1(E),G) — 0

(12) 0— E"(X)®G — (EG)"(X) — Tor?(E"(X),G) — 0
for all spectra E and all spaces X.
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Corollary 4.7 For the homotopy groups of the profinite cobordism with 70 -
coefficients MUZ/U¥ there is an isomorphism

A~ e l
T (MUZJ") = 1, (MUZ/ V) = 7L/ @z 7. (MU).

For the coefficient ring of the profinite cobordism MU" we have the following
1somorphism

(MUZJ) = (MUZJe ) = Zy @5 (MUZ) )"

Proof Since 7, (MU) and MU* have no torsion, the assertions follow from
the previous exact sequences and Proposition 4.4. O

For the Eilenberg-MacLane spectra recall the construction of the spaces
K(m,n) in the previous section. We have the following results.

Proposition 4.8 Let w be an abelian pro-¢-group.
1. The Eilenberg-MacLane spaces K(m,n) represent continuous cohomology
in H, i.e. for every profinite space X and every n > 0 there is an isomor-
phism

H"(X;7) = Homy (X, K(m,n)).
2. The FEilenberg-MacLane spectrum Hm = H () represents continuous co-
homology with coefficients in m, i.e. [X°(X), Hr[n]] = H™(X;7) for every
n and every X € S.

3. LetY be a simplicial set. We denote by || the underlying abstract group.
There is a natural tsomorphism

H*(Y:|r|) = H*(Y;m).

In particular, if G is a finitely generated abelian group, there are isomor-
phisms

(13) H*(Y;Zy @7, G) = H*(Y; GY)

and

(14) H*(Y;Z/0" @5 G) = H (Y Z)(" @7 G)
for every k.
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Proof 1. Since every space in S is cofibrant and since the spaces K (m,m)
are fibrant if 7 is an abelian pro-f-group, cf. [Mo2], §1.4, Lemme 2, we have

HomHO(S)(X,K(W,n)) = Homg(X, K(m,n))/ ~

where ~ denotes simplicial homotopy. Then the proof of the analogue result
[Mal], Theorem 24.4, works here as well.

2. We know that K(m,n) — QK(?T,H + 1) is a homotopy equivalence,
hence it is a Z/f-equivalence and Hr is an Q-spectrum. From (10) and
H"™(X;7) = Homy, (X, K(m,n)) the assertion follows.

3. Since 7 is an abelian pro-f-group, K(m,n) is a fibrant profinite space for
each n. Hence by adjunction we have natural isomorphisms Homy (Y, | K (7, n)|)
Homﬂ(f/, K(m,n)). But by the construction of Eilenberg-MacLane spaces we
have |K(m,n)| = K(|r|,n) in § and we deduce the desired result from the
first point above. O

>~

Remark 4.9 1. The third statement (13) of the proposition is a useful gen-
eralization of Remark 2.1. The case (14) is in fact a special case of (13), but
also of Remark 2.1 with m = Z/l* @4 G, since this is a finite abelian group if
G s finitely generated abelian.

2. Since the model structures on S and Sp(S’) depend on the chosen prime
number £, it is clear that one cannot represent continuous cohomology with ar-
bitrary coeffiecients in SH. The homotopy groups of profinite spaces are pro-
{-groups and hence only cohomology with pro-£-coefficients is representable
in SH.

3. It follows from the proposition that the mod (-Steenrod algebra of contin-
uous cohomology operations is identical to the usual one.

4.3 Postnikov decomposition

We show the existence of a Postnikov decomposition for every profinite spec-
trum. Although some books use the existence of arbitrary colimits in the
usual category of spectra for this purpose, there is another way to do so
without referring to colimits. This enables us to use this construction in our
profinite setting.

First we note that by general nonsense on pointed model categories we get
the existence of fiber and cofiber sequences in Sp(S). We can construct for
every profinite spectrum E a connective covering >y — E which induces
an isomorphism 7 (E>,) = mp(E) for all £ > 0 and with 7 (E>q) = 0 for all
k < 0. We may construct it by considering the diagram
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P(Hmo(E)[1])
(15) l
E —  Hm(E)[]

where H7m denotes the Eilenberg-MacLane spectrum for a profinite abelian
group 7 and P(H (mo(E)[1]) is the path object of Hmy(E)[1]. We define E<q to
be the fiber product of this diagram. Then we obtain inductively spectra F,
and maps F — E<, for every n and we call E<,, the Postnikov n-truncation
of E. It has the property mx(F<,) = m(E) for k < n and m(FE<,) = 0 for
k > n. We get in fact a Postnikov tower ... — E<, — E<,_ 1 — ... for
every E. The cofibre of each morphism F<, — E<,_; is identified with the
Eilenberg-MacLane spectrum H (7, (E))[n + 1].

Again by general nonsense [Qul] 1,83, we know that the morphism E —
E_, _; fits into a fiber sequence E>,, — E — E<,_; and we call the spectrum
E-,, the n-connective covering of E which has the property mx(E>,) = m(E)
for k > n and m(E>,) =0 for k < n.

4.4 Atiyah-Hirzebruch spectral sequence

Let X be a profinite space. For every integer p we denote by sk,X the
profinite subspace of X which is generated by the simplices of degree less or
equal p. We call sk, X the p-skeleton of X. For every k the set of k-simplices
of sk, X is closed in X}, such that sk, X is simplicial profinite subset of X, cf.
[De]. In addition, sk, X is equal to the colimit of the diagram

X, x sk, 1A[p] — sk, 1 X

(16) ! !
X, x Alp] — sk, X

which is induced by the obvious map X, x A[p] — X, where we consider X,
as a constant simplicial profinite set. This description implies that we get
morphisms sk, 1 X — sk, X, which are cofibrations; and it implies that X
is equal to the colimit in S of the sequence . ..sk, ;1 X — sk, X — ... One
should note that if X/— denotes the diagram of the simplicial finite quotients
of X, then the limit of the diagram sk,(X/—) is equal to sk, X. With this
knowledge in hands we may continue to construct in the classical way the
Atiyah-Hirzebruch spectral sequence for profinite cohomology theories. In
the following we will write X? for sk, X.
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Let m be an abelian profinite group. We define the cochain complex
DP(X,7) = HP(XP/XP~L 1)
with differential d : DP(X;7) — DPT(X; ) defined as the composite
[f[p(Xp/prl;W) N HPH(XPH;W) N [:IPH(XPH/XP;W).

One verifies easily that this defines a cochain complex. For the construction
of the profinite Atiyah-Hirzebruch spectral sequence the following result will
be important in order to identify the E59-term.

Proposition 4.10 For every profinite space X, the cohomology of X is given
by the above cochain complex, i.e.

H(D*(X;7),d) = H*(X; ).
Proof The proof is essentially the same as for CW-complexes. We consider

the exact couple arising from the long exact sequence for the pair (X?, X?~1):

Hp+q(Xp—1; ) - Hp+q(Xp; )
(17) 0\, ) /
HPT(XP/XP~1 ).
Via Diagram (16) we see that X?/X?~" is isomorphic to a limit of joints of
p-spheres and that hence HP+9(X?/X?~'; 1) = 0 for ¢ > 0. Since d; : EP* —
EPY0 s equal to d : DP(X ;1) — DPYY(X;7) we have
Ey° = EPY = H(D*(X; ), d).

From the definition of continuous cohomology for profinite spaces and from
(skpirX)p = Xpir for r > 1, it is clear that

HP(XP*": 1) = HP(X; ) for r > 1.
By induction on p, we show in addition that
HP(XP;7r) =0 for r > 1.
This is clear for p = 0. Using (16) we get the exact sequence

0= HP"(XP/XP~V 1) — HPP(XP; 1) — HPY(XP~ 1) — HPHHL(XP/XP~Lin) = 0.
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By induction, HP™"(X?~1: 1) = 0 for r > 1 and, by exactness, HP™"(X?; ) =
0 for » > 1, too. One continues just as in topology to conclude the desired
isomorphism E;° = H*(X; ), see e.g. [Mc|, Theorem 4.11. O

Let E be a profinite spectrum. We want to construct an Atiyah-Hirzebruch
spectral sequence for F. We consider the skeletal filtration sk X C ... C
sk, X C sk,11 X C ... C X. This filtration yields a filtration on £*X defined
by FPE*X := Ker(E*X — E*XP71).

The proof of the following theorem is essentially the one given by Adams
in [Ad]. We use the special consideration of the profinite setting by Dehon
in [De], Proposition 2.1.9. But we are able to prove a slightly more general
statement than Dehon for any profinite spectrum.

By Remark 3.9 we know that the homotopy groups m £ have a natural
profinite structure and hence also the coefficient groups E9. Thus we may
consider continuous cohomology with coefficients in E9.

Theorem 4.11 For any profinite spectrum E and for any profinite space
X there is a spectral sequence {EP1} with ES? =2 HP(X; B1) — EPTI(X).
The spectral sequence converges strongly, in the sense of [Ad] III, §8.2, to the
graded term P = FPE*X/FPYLE*X of the filtration on E*X if lim,' EP9 =
0. In particular, the spectral sequence converges if HP(X;E?) = 0 for p
sufficiently large or if HP(X; E7) is finite for all p. We call it the profinite
Atiyah-Hirzebruch spectral sequence.

Proof The construction of the spectral sequence is a standard argument.
The cofibre sequence X?~" — X? — X? /X?~" induces an exact couple in
cohomology

DB (X7 — D B (X7)
(1) N /
D B (X?/X7)

which leads to a spectral sequence with FY? = EPH(XP/XP~1) — EPTI(X),
the differentials of which are of bidegree (r,1 — r). The convergence prop-
erties are described in and follow from [Ad] III, §8.2 or [Frl], Proposition
A.2. In particular, if HP(X; E?) = 0 for p > n + 1, the spectral sequence
degenerates at the FE,ii-term and @,EL7, is isomorphic to the quotient
FPE*X/FPT' E*X. Hence it remains to identify the Eo-term.
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Claim: We have a natural isomorphism
P = EPH(X7 /XY = HP(X7 /X7 7, By,

If we can prove this claim, we get, together with Proposition 4.10 and the
fact m,Ep, = E9, that EY? = HP(X; E9) and we are done.

Hence it remains to prove the claim. In the following we suppose that F is
a fibrant profinite spectrum, i.e. an Q-spectrum. This identification is due
o [De]. We follow his argumentation. By the characterizing diagram (16)
of the pth-skeleton X of X we see that X?/X?~' = limpeg(x,)(VpS?) is a
limit in S, of joints of p-spheres. The limit comes from the profinite structure
of X,; F' runs through the finite sets equal to quotients of X,. Since F is
fibrant we can identify E,;, with the limit lim; E,,,(t) where E,,(t) is a
finite (-space for every ¢, i.e. m;E,1,(t) is a finite (-group for every i and ¢ and
miEp14(t) # 0 only for a finite number of 7. Since VSP is a simplicial finite
set and since m; E,44(t) is finite, we conclude that we have an isomorphism

lim colimpeg(x,) HP(VpSP; myBpig(t)) = HY(XP/XP7Y 1, B, ).
By [Swi|, Proposition 6.39, we have

H?(VpSP; mpEy (1)) Homy, (VpSP, K(mpEy14(t)

Homap (7, (VpSP), mp Epig(t ’)

p))
)-

1112

Hence we get an isomorphism
Hp(Xp/XpA; TpEptq) = Hompro— ap (1, (V-SP), Ty Epig ()
On the other hand we have the natural map

EPta(X?/XPY) = Homy (XP/XP7, Epsq)
—  Hompo g0, (XP/XP71, Epg(—))
— Homgroap (1 (V-57). 7, By ().

Hence in order to prove the claim, it suffices to show the following lemma.

Lemma 4.12 Cf. Lemma 2.1.10 of [De]. Let S(—) be a filtered diagram of
finite joints of p-spheres with limit S in S, and let E be a fibrant profinite
spectrum. Then the composite

Homﬂ*(S, Eyiq) — Hompro 34, (S(—), Epyq(—)) — Hompo-an(mp(V_S"), T, E)

s an isomorphism of abelian groups.
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Proof The proof is the same as for Lemma 2.1.10 of [De|. For the sake of
completeness, we reformulate it here in more detail. For every pair of indices
F and t we have a sequence of isomorphisms using the facts that 7,S? = Z,
SP considered in S, and that E,,(t) is fibrant:

Homyy, (VpS?, Epiq(t) = [[pHomy (S, Epig(t))
2 e mp(Epiq(t)) = T Homap (7, (SP), mp(Eptq(t)))
=~ HomAb(ﬂ'p(\/FS ) (Ep—i-q(t)))

from which we deduce that the map

Homyro ¢, (V=S Epyg(—)) — Hompro—an(m,(V_S), mp(Epig(—)))

is an isomorphism. Hence it remains to show that the left hand side is
isomorphic to Homy, (limpeg(x,)(VFS?), Eptq). Since E,y4(t) is a finite (-
space for every t and since VpSP is a simplicial finite set, Proposition 1.3.2
of [De] implies that

colimpeg(x,)Homy, (VES?, Epi4(t)) = Homy, (Fehgr(%( )\/FSp7 Epiq(t))

is an isomorphism for every ¢. Furthermore, Corollary 1.4.3 of [De] implies
that

Homy, ( hr&p) VESP, llm E, (1) = li%rn Homy, (Fehrr;(p) VES?, Epig(t))

is an isomorphism if lim;' 7y (hom, (limpeg(x,) VFS?, Epiq(t))) vanishes. If we
could show that lim," 7 (hom, (limpeg(x,) VFS?, Epiq(t))) = 0 we would get

li{n colimpeg(x,)Homy, (VFS?, E,14(t)) = Homﬂ*(F hgr& )\/FSp, Epiq(1)).
€ p

Hence we have to show that lim,'m (hom, (limpeg(x,) VrS?, Epiq(t))) van-
ishes. Again since VySP is a simplicial finite set and since E,,(t) is fibrant
we get for every ¢

T (hOHl>k (hmFeQ(Xp) VpSP, Ep+q(t>>) COlimFEQ(Xp)ﬂ'l (hom*(\/pSp, Ep+q(t))
COhmFEQ(Xp)ﬂ-l(\/FQp(Ep—i-q t

(
colimFeQ(Xp) @F Tp+1 (Ep—i-q (t

e 1111

Since mp11E,44(t) is a finite group, the pro-abelian group {colimpcg(x,) ®r
Tpi1(Fpiq(t))}s is pro-isomorphic to a tower of surjections. Hence the lim'-

term of the tower {7 (hom, (limpeg(x,) VFS?, Epiq(t))}: vanishes. O
O
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4.5 A Kinneth formula for profinite cobordism

We finish this section with a discussion of a Kiinneth isomorphism in MUZ/¢”
for the product X x Y in & for profinite spaces X and Y satisfying certain
conditions. The whole argumentation is inspired by the work of Dehon [De],
where he proves the corresponding result for MU. We say that Y € S
is without (-torsion if the reduction map Z/¢" — Z/¢ induces a surjection
H*(Y;Z/t") — H*(Y;Z/{) for every positive n, cf. [De], Definition 2.1.5.
This is equivalent to the fact that H*(Y’;Z,) has no torsion. For the applica-
tion to étale cohomology theories in later sections, we only need the following
version of a Kiinneth isomorphism for finite dimensional profinite spaces.

Theorem 4.13 Let X and Y be finite dimensional profinite spaces and let
X be without (-torsion. Then we have for every v Kiinneth isomorphisms

MU (X) ®,j,» MU (Y) — MU (X xY)
and

MU (X;Z/0) @y oy MU (Y Z/07) — MU (X x Y3 Z/0").

Proof The first assertion is a restricted version of [De|, Proposition 4.3.2.
The part for Z/¢"-coefficients follows in a similar way. I am very grateful to
Francois-Xavier Dehon for an explanation of this point. We will prove the
assertion following his argument.

We suppose first that X and Y are finite dimensional without /-torsion. The
point is that the morphism of coefficients (MUZ/¢*)* — (HZ N MUZ/ ")
is injective and, since X has no (-torsion, the map E;™(X; MUZ/") —
Ey*(X; HZ N MUZ/") is also injective. Since the spectral sequence for
HZNMUZJ?” degenerates at the Fy-stage, the same is true for the spectral
sequence for MUZ/¢”. One can deduce from this fact that we have an
isomorphism MU (X;Z/0")/f* = H*(X:Z/{) as described in the proof of
[De], Proposition 2.1.8, where f* is an f(-adic filtration on MU*-modules
defined in [De], §2.1.

Since Y and X x Y have no /-torsion, the same argument is valid for them
as well. By Corollaire 2.1.4 of [De], it suffices to check that the map

MU (X;Z/0) [ f* @iy oy MU (ViZ/) ) fH — MU (X x Y Z/0)/ !

is an isomorphism. But this follows from the previous discussion and the
Kiinneth isomorphism for Z/¢-cohomology. This finishes the case that both
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X and Y have no (-torsion.

For the case that Y has /(-torsion, we use induction on the skeletal filtra-
tion of Y. Let Y™ be the n-th skeleton of Y. If MU*(X;Z/E") ® (1ivz /ey
MU (Z;Z,)1") — MU (X x Z;Z/¢") is an isomorphism for Z = Y™ and
for Z = Y™™ /Y™ then it is also an isomorphism for Z = Y"*!. This fol-
lows from the long exact sequence associated to the cofibre sequence Y" —
Y+l ym /Yt and the exactness of the tensor product with MU (X;Z/").
The exactness of MU (X:Z/")®— is due to the fact that X has no ¢-torsion.
We deduce the assertion of the theorem by induction on n from the proof
of Proposition 4.3.2 of [De] using the point that we consider only the n-th
skeleton of Y instead of the whole space. O

Remark 4.14 There is a version of the previous theorem with the assump-
tion that 'Y is an arbitrary profinite space and X s a profinite space without
(-torsion whose Z./(-cohomology is finite in each degree.

One proves the Z/0"-coefficient case by taking the limit over the skeletal fil-
tration.

4.6 Comparison with generalized cohomology theories
of pro-spectra

Isaksen constructs in [I5] a stable model structure on the category of pro-
spectra and defines generalized cohomology theories of pro-spectra. If F is a
pro-spectrum then the r-th cohomology E7 ,(X) of a pro-spectrum X with
coefficients in E is the set [X, E]7 maps that lower the degree by r in the
stable homotopy category of pro-spectra. In addition, for two pro-spectra
X and Y he shows the existence of an Atiyah-Hirzebruch spectral sequence
By = HP(X;n_oF) = [X, EJ)}? which is in particular convergent if E is a
constant pro-spectrum and X is the suspension spectrum of a finite dimen-
sional pro-space. We show that this definition of cohomology of pro-spectra
gives in the cases of interest the same groups as our definition via profinite
spectra.

First we construct a functor (—) : pro — Sp(S) — Sp(S) that induces mor-
phisms on cohomology theories. As for pro-spaces we define (;) to be the
composition of the profinite completion on spectra followed by taking the
homotopy limit in Sp(g) of the corresponding diagram in Sp(S’ ). Note that
the homotopy limit exists by [Hi], Chapter 18, keeping in mind that all

limits exist, see Convention A.1 on limits. Since the completion commutes
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with suspension this functor obviously agrees with our previous definition
for the case of the suspension spectrum of a space. A map f: E — F in
pro — Sp(S) is a weak equivalence if f is a levelwise n-equivalence for all n.
This implies that f induces an isomorphism 7 f on pro-homotopy groups,
cf. [I5], Theorem 8.4. We want to show that (—) sends a weak equiva-
lence f to a stable equivalence in Sp(S’). For this we may suppose that f
is a level map {fs : Fs — F,} and that mfs is an isomorphism of stable
homotopy groups for every k£ and every s. We know that the completion
(=) : Sp(S) — Sp(S) sends stable equivalences to stable equivalences. Since
the homotopy limit is by construction well behaved with respect to levelwise
weak equivalences holimy fs is also a stable equivalence. Hence the functor
induces maps Homyo(pro—sp(s)) (X, £) — Homyg,, (X, F) and hence also maps
By o (X) — E*(X). These maps yield morphisms of Atiyah-Hirzebruch spec-
tral sequences.

Theorem 4.15 For any k, consider the constant pro-spectrum MUZ/C".
Let { X} be a finite dimensional pro-space. Then we have an isomorphism

MU ({X,}:Z/0") = MU (X;Z)¢").

pro

Proof As pointed out above the completion functor induces a map of spec-
tral sequences. But for a constant pro-spectrum the completion is just the
completion defined in Section 3 on profinite spectra.

Hence our previous results on the coefficients of MUZ/¢” and MUZ /0¥ imply
that it induces an isomorphism of coefficients (MUZ/¢*)* = (MUZ/¢*)* and
hence an isomorphism of Fs-terms. Since both spectral sequences converge
for the given X, the abutments are also isomorphic. O

5 Profinite étale realization on the unstable
A'-homotopy category

The construction of the étale topological type functor Et from locally noethe-
rian schemes to pro-simplicial sets is due to Artin-Mazur and Friedlander.
The construction of the A'-homotopy category of schemes makes naturally
arise the question if one could enlarge this functor to the category of spaces
and if this functor behaves well with respect to the model structure. These
questions have been answered by Isaksen and Schmidt. The first step into
this direction was the construction of a model structure on pro—S. In view of
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Et, there are in fact at least two interesting structures. It turns out that the
7 t-cohomological model structure of pro—S fits better with the A'-localized
homotopy category. This is due to the fact that over a field of positive char-
acteristic p > 0, the étale fundamental group of Al is highly non-trivial. To
avoid this obstruction one has to complete away from the characteristic of
the ground field using étale cohomology. The projection X x Al — X in-
duces an isomorphism in étale cohomology H} (X;Z/¢) — H: (X x AY;Z/0)
for every prime £ # p.

We will adapt the constructions of Isaksen [I3] and Dugger [D] to S and check
that we still get an induced left derived functor on the homotopy categories.
We will calculate Et for some examples.

5.1 The functor Et

Definition 5.1 Definition 4.4 of [Fr2].
Let X. be a locally noetherian simplicial scheme. The étale topological type
of X. is defined to be the following pro-simplicial set

EtX=7m0A:HRR(X)— S

sending a hypercovering U.. of X. to the simplicial set of connected compo-
nents of the diagonal of U... If f : X. — Y. is a map of locally noetherian
simplicial schemes, then the strict étale topological type of f is the strict
map Et f : Et X. — EtY. given by the functor f*: HRR(Y.) — HRR(X))
and the natural transformation Et X o Et f — Et Y.

We refer the reader to [Fr2] and [I3] for a detailed discussion of the category
HRR(X.) of rigid hypercoverings of X. and rigid pullbacks.

Isaksen now uses the insight of Dugger [D] that one can construct the Al
homotopy category in a universal way. Starting from an almost arbitrary
category C, Dugger constructs an enlargement of C that carries a model
structure and is universal for this property. He also shows how to enlarge
functors C — M from C to a model category M. In [I3], Isaksen takes
Dugger’s model and extends the functor Et via this general method to the
Al-homotopy category. The idea is that Et X should be the above Et X on
a representable presheaf X and should preserve colimits and the simplicial
structure.

For our purpose, we would like to define Et directly in the way Dugger
suggests. But the problem is that (=) : pro — S — S is not a left adjoint
functor and does not preserve all small colimits. Therefore, we define Et to
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be the composition of Et followed by completion. To be precise we make the
following definition:

Definition 5.2 If X s a representable presheaf, then Et X s the étale topo-
logical type of X. If P is a discrete presheaf, i.e. each simplicial set P(U)
is 0-dimensional, i.e. P is just a presheaf of sets, then P can be written
as a colimit colim; X; of representables and we define Et P := colim;Et X;.
Finally, an arbitrary simplicial presheaf can be written as the coequalizer of
the diagram
I Prear=]]r.eAm
[m]—n] [n]

where each P, is discrete. Define Et P to be the coequalizer of the diagram

]_[ Eth®A”:;HEtPn®A”.

[m]—n] [n]

We define the profinite étale topological type functor Et to be the composition
of Et and the profinite completion functor pro—S — S:

A

(19) Et := (/\) o Et : A°®PreShv(Sm/S) — S.
For computations the following remark is crucial.

Remark 5.3 1. By [Fr2], Proposition 5.9, we know that H}(X; M) =
H*(Et X, M) where H*(Z; M) denotes the cohomology of a pro-simplicial
set Z with coefficients in the local coefficient system M corresponding to the
sheaf M. For a finite abelian group m, we have in addition a natural isomor-
phism by Lemma 2.12: H*(Z;7) = H*(Z; ) for every pro-simplicial set Z.
Hence we get as well

H(X;7) = H (Bt X, n)

for every locally noetherian scheme X and every finite abelian group .
2. For a morphism g : Z — X of schemes over k, there are relative coho-
mology groups H*(Et X, Et Z;7Z/¢) fitting in a natural long exact sequence

. — H*(Et X,Et Z;Z/{) — H*(Et X; Z/{) — H* (Bt Z; " Z./{) — . ..

For a closed immersion Z — X with open complement U, in [Fr2], Corollary
14.5, Friedlander has shown that these relative cohomology groups coincide
with the étale cohomology of X with support in Z, i.e. we have a natural
1somorphism

H}, 4(X;2/0) = H*(Et X, Et U; Z/0).
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Although Et does not commute with products we have a weaker compatibil-
ity.

Proposition 5.4 Let X and Y be smooth schemes of finite type over a sep-
arably closed field of characteristic p # {. Then the canonical map is a weak
equivalence in S

Et(X xY) = EtX x EtY.

Proof This follows from the Kiinneth formula for smooth schemes over a
separably closed field proved in [SGA41] [Th. finitude], Corollaire 1.11. It
provides an isomorphism

Hg (X x Y3 Z/0) = HE (X5 2/€) @ Hg (Y Z2/0).

On the other hand, we have a Kiinneth formula for the cohomology of profi-
nite spaces which yields an isomorphism

H*(Et X x EtY;Z/0)~ H*(Et X; Z/() @ H*(Et Y;Z/{).
This implies that Et (X x ) — Et X x Et Yis a weak equivalence in S. O

In the following example, we consider objects in the category A°°PreShv(Sm/k)
of simplicial presheaves over Sm/k.

Example 5.5 Let R be a strict local henselian ring, i.e. a local henselian
ring with separably closed residue field. Then Spec R has no nontrivial étale

covers and the étale topological type of Spec R is a contractible space, i.e.
Et (Spec R) = .

Example 5.6 Let k be a separably closed field with char(k) # (. Letc:S —
A°PPreShv(Sm/k) be the functor that sends a simplicial set Z to the constant
presheaf defined by Z. For every n, cZ([n]) is isomorphic to a disjoint union
of copies of Speck. Hence, since Et commutes with coproducts and since
Et (Spec k) = x by Example 5.5 above, its étale topological type Et cZ is just
the simplicial set Z itself.

This shows that/t\he pro-simplicial set Bt Z s in fact just a simplicial set.
The completion () : S — S preserves all colimits. Hence the same argument
holds for Et , Et (¢Z) = EtcZ and Et (¢Z) = Z for every Z € S.

In particular, if S* denotes the simplicial circle, then S*([n]) = [Ts1 () Speck
and (S* A X)([n]) = 51y X([n]). This yields an isomorphism in S,

(20) ST AEt (X) — Et (SY) AEt (X) — Et (S' A X).
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Furthermore, Friedlander proved in [Fr2] that the étale fundamental group
7€ (X) of a scheme is isomorphic as pro-group to the pro-fundamental group
of Et X. From Proposition 2.10 we deduce the following

Proposition 5.7 Let X be a connected locally noetherian scheme. The fun-
damental group of Et X is isomorphic to the (-completion of the étale funda-
mental group of X, i.e.

/\Z

m (Bt X) = 78(X) .

Example 5.8 Let k be a separably closed field with char(k) # (. Since
H (AL Z/0) = Hy (k;2/0) we know that EtAl ~ x, i.e. that EtAl is con-
tmctzble inS and

i (EtA}) =

Example 5.9 Let k be a separably closed field with char(k) # . The space
Gy, is connected and its étale fundamental group is 7. Its l-completion is
hence equal to Z, and we get Et Gy = K(Zy,1). Hence Et G,,, is isomorphic
to S* in H, by (2.11).

Example 5.10 Let k be a separably closed field with char(k) # (. Let P} be
the projective line over k. Since Py is connected and w$*(P}) = 0 is trivial,
cf. for example [Mi] I, Example 5.2 f), Et P} is a simply connected space.
Apart from H® its only nonzero étale cohomology group is H (P, Z/¢) = Z/¢,
see [Mi] VI, Example 5.6 with a chosen isomorphism Z/¢ — Z/¢(1). Hence
Et P} is isomorphic in S, to the simplicial finite set S?.

5.2 Unstable profinite étale realization

We want to show that Et induces a functor on the homotopy category. As
indicated above we choose the universal model of [D] for the unstable Al-
homotopy category of smooth schemes over a base field k.

Dugger showed that after some localization the projective model structure
on U(Sm/k) := A°°PreShv(Sm/k) is a model for the A'-homotopy category
Har (k) of [MV]. In this projective model structure the weak equivalences
(fibrations) are objectwise weak equivalences (fibrations) of simplicial sets.
The cofibrations are the maps having the left lifting property with respect
to all trivial fibrations. Then one takes the left Bousfield localization of this
model structure at the set S of maps:
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1. for every finite collection {X*} of schemes with disjoint union X, the
map [[ X* — X from the coproduct of the presheaves represented by
each X* to the presheaf represented by X;

2. every étale (Nisnevich) hypercover U — X;

3. X x A! — X for every scheme X.

We call this the étale (Nisnevich) A'-local projective model structure accord-
ing to [I3], and denote it by LaU(k) = Lg&U(Sm/k) (resp. LnisU(k) =
L&NiSU(Sm/k’)).

Proposition 8.1 of [D] states that LyisU (k) is Quillen equivalent to the Nis-
nevich Al-localized model category MV, of [MV] and the analogue holds for
the étale case.

The following lemma is clear from the theory of Bousfield localization.

Lemma 5.11 Let F : C — D be a functor between model categories. Let S
be a set of maps in C and let QC' denote a fibrant replacement for objects C
of C. Suppose that the total left derived functor LF of F' and that the left
Bousfield localizations C/S and D/FQ(S) exist. Then F induces a functor

F/S:C/S — D/FQ(S)

and if F' sends the maps in S into weak equivalences in D, F' induces a total
left derived functor on the localized category Ho(C/S) — Ho(D).

Since Et is a left Quillen functor on U(Sm/k) by [D], Proposition 2.3, in order
to show that Et induces a left Quillen functor on LrU(Sm/k), it suffices to
show that Et takes the relations defined above into weak equivalences in
pro —S.

Theorem 5.12 Let ¢ be a prime different from the characteristic of k. With
respect to the étale (Nisnevich) A'-local projective model structure on sim-
plicial presheaves on Sm/k, the functor Et induces a functor LEt from the
étale (stnemch) Al-homotopy category to the Z./-cohomological homotopy
category ofS In particular, LEt X is Just Et X for every scheme in Sm/k,

and hence Et preserves Al-weak equivalences between smooth schemes over
k.
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Proof Since every Nisnevich hypercover is also an étale hypercover it suf-
fices to check this for the étale case. The first part of the proof is the
one of [I3], Theorem 2.6. The functor Et above is exactly the functor
Re: U(Sm/k) = A°Pre(Sm/k) — pro—S of [D], Proposition 2.3, hence it is
a left Quillen functor. In order to see that Et is in fact a left Quillen functor
on Lg(U(Sm/k)), by Theorem 3.1.6 in [Hi] it remains to show that it takes
cofibrant approximations of maps in S to weak equivalences of pro—S. This
is done in [I3].

Note that the condition on ¢ is needed to ensure that the projection X x Al —
X induces an isomorphism on étale cohomology HZ (X:Z/€) = Hi (X x
AY;7Z/0). The functor Et takes weak equivalences between cofibrant objects
to weak equivalences.

—

By Lemma 2.12 the completion functor (-) preserves weak equivalences and
cofibrations. Hence the composition Et sends weak equivalences between
cofibrant objects into weak equivalences and the total left derived functor

LEt . HZ& (k’) — 7:(

exists.

The last statement of the theorem follows from the definition of the total left
derived functor and the fact that all representable presheaves are cofibrant
in Lg(U(Sm/k)), cf. [D]. O

Remark 5.13 Since every Nisnevich hypercover is also an étale hypercover,
and since Et and hence also Bt send all étale hypercovers to weak equiva-
lences, the functor from the Nisnevich A'-homotopy category factors through
the étale A'-homotopy category:

3 Nis ét (7. LEt
where the first functor corresponds to sending a presheaf to its associated
sheaf in the étale topology.

We conclude this section with a result of [I3] on distinguished square. We will
deduce from this result that we get a Mayer-Vietoris sequence for profinite
étale cohomology theories.

We recall the definition of an elementary distinguished square of [MV]. It is
a diagram

UxxV — V
(22) ! oy
U <X
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of smooth schemes in which 7 is an open inclusion, p is étale and p : p~*(X —
U) — X — U is an isomorphism, where X —U and p~!(X — U) are given the
reduced structure. In particular, the maps ¢ and p form a Nisnevich cover of
X. Asin [I3], Theorem 2.10, we can prove the following excision theorem for
elementary distinguished squares. A similar result has already been proved
by Friedlander in [Fr2], Lemma 14.10.

Theorem 5.14 Given an elementary distinguished square of smooth schemes
over k. Then the square

~

Et(UxxV) — EtV
(23) K R
EtU —s Bt X

is a homotopy pushout square of profinite spaces.

Proof The proof is the exact analog of the proof of Theorem 2.10 of [I3] with
LEt replaced by LEt. O

6 Profinite étale realization on the stable Al-
homotopy category

We extend the results of the previous section to the stable A'-homotopy cat-
egory. One of the reasons why we consider the model S of HO(S' ), instead of
pro—&S, is that it seems to be easier to extend the functor Et to the category
of spectra.

We consider S'-spectra and motivic P'-spectra separately. The first point for
both will be to choose the correct model for the stable A'-homotopy theory.
Then we deduce the existence of an étale realization as a left derived functor
on the stable homotopy category from [Ho2].

The problem for the motivic version is that Et and hence also Et do not com-
mute with products in general. Fortunately, Et commutes with the smash
product by the simplicial circle S'. But for P! we have to construct an in-
termediate category and then we will show by a zig-zag of functors that we
get a functor on the homotopy level.

This étale realization of the stable motivic category is the technical key point
for the construction of a transformation from algebraic cobordism given by
the M G L-spectrum to the profinite étale cobordism of the next section. We
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see in this and the following sections that the general case of an étale topolog-
ical realization of the stable motivic category and the corresponding cohomol-
ogy theories is more complicated than the complex realization for varieties
over C.

6.1 Etale realization of Sl'-spectra

Let k be a separably closed field. The advantage of S L_spectra in our context
is that by Formula (20) we have Et S'TAEt X = Et (S'AX) for every simplicial
presheaf X on Sm/k and EtS! = S! in &,, ie. Et commutes with the
simplicial suspension. Hence we get a functor

t :Sp® (k) — Sp(S)

by sending a spectrum E' to the profinite spectrum EtE given in degree n
by (Et E), := Et (E,) with structure maps

Et (o)

S'ANEtE, S Et(S'AE,) = Et E,

where o is the structure map of the given spectrum E. The aim of this
section is to show the following theorem.

Theorem 6.1 The functor Etg, : Spsl(k) — Sp(S) admits a left derived

functor Lﬁtsp : SHSl(k) — SH on the stable A'-homotopy category of S-
spectra. We call this functor the S'-stable étale realization functor.

We will prove this theorem in the following steps. First, we have to choose
the right model for the stable homotopy category of S'-spectra. By [D], we
know that LU(k) is a left proper cellular simplicial model category which
allows us to apply the methods of [Ho2].

Proposition 6.2 The obvious functors
Sp° (k) — Sp(MVy, S* A-) — Sp(LU(k), S* A )
are Quillen equivalences and we get

SHY (k), ~ Ho™™(Sp(MVy, ST A -)) =~ Ho™*Pe(Sp(LU (k), S* A -)).

30



Proof The first equivalence follows from [Ho2], Corollary 3.5, and the obvious
fact that that the cofibrations are mapped to cofibrations and the fibrant
objects correspond to each other in both categories.

The second equivalence follows from [Ho2|, Theorem 5.7, taking into account
that LU (k) is Quillen equivalent to MV}, and that all objects in MV, are
cofibrant. O

Hence it suffices to show the following

Proposition 6.3 The functor Ets, : Sp(LU(k), S* A -) — Sp(S) induces a
total left derived functor

LEts, : SH5 (k) ~ Ho™*(Sp(LU (k), S* A +)) — SH.

Proof The first part of the proof is analogous to the one of [Ho2|, Prop.
5.5. We know that Etsp sends level equivalences between cofibrant objects
to level equivalences in Sp(S) since Et sends weak equivalences between
cofibrant objects to weak equivalences in S* Hence it induces a total left
derived functor on the projective structure of Sp(LU (k), S* A -).

In order to show that this is a functor on the stable structure, it suffices to
show that Etsp (¢A) is a stable equivalence for maps ¢4 : ¥,,1S*AA — %, A
in Sp(LU(k), S* A +) for all cofibrant objects A € LU(k), since these are the
maps at which we localize for the stabilization.

We use the notation %, : LU(k) — Sp(LU(k), S* A -) for the left adjoint to
the n-th evaluation functor. It is given by (X,X),, = S™ "X if m > n and
(3,X),, = 0 otherwise. We denote by S, S — Sp(S’) the corresponding
functor on S,. Since Etsp 0N® = $% 6 Kt and Etgp oY, = in o Et and by
considering the commutative diagram

CBA S (S'AELA) — S, (EtA)
- Enga(id) T Tid

Yo (Bt (STAA) —  I,.(EtA)
| I

Etg, ¢4 1 Etgp (Zn1(S'AA)) —  Etg, (3,4)

we see that CE“‘ and Etsp ¢2 differ by the stable equivalence EA]nH(id). Since
CE”‘ is a stable equivalence in Sp(S’) by definition, we have shown that
Ets, ¢ is in fact a stable equivalence.

The last point is to show that Etsp factors through Al-weak equivalences.

By Lemma 5.11 and [Mo3] it suffices to show that Etg, sends the maps

o1



YR((X x AM)y)[n] — X%(Xy)[n] to stable equivalences in Sp(S) for all
X € Sm/k and all n € Z. But we already know that Et (X x A') — Et (X)
is a weak equivalence in S and since ¥% o Et = Etsp o X we see that
Etsp EOO((X x A) )[n] — Etsp Y2°(X 4 )[n] is in fact a level weak equivalence
in Sp(S ). This shows that EtSp induces a left derived functor on the category
SHY (k) = SHS: (k) of Al-localized S'-spectra. O

6.2 Etale realization of motivic spectra

Let k£ be a fixed separably closed field. There is a serious drawback when
we want to extend arguments of the previous section to the situation of
Pl-spectra, since the profinite étale homotopy type does not commute with
smash products in general. However the projections to each factor induce a
canonical map

(24) Et (P' A X) — Et (P') A Et (X).

Lemma 6.4 The canonical map Et (P! A X) — Et (P') A Et (X) is a weak
equivalence in S,.

Proof First we consider a pointed smooth scheme X over k. In this case
Proposition 5.4 says that

(25) H*(EtP' AEt X;Z/0) = H*(Et (P' A X); Z/0)

is an isomorphism.

Since the Z/¢-cohomology of Et X and Et X agree for every scheme X by
Remark 5.3, we may consider Et in order to prove the lemma. The advantage
is that Et commutes with all colimits by definition.

Since the smash product gives rise to a left adjoint functor on the category
LU (k), it commutes with all colimits, too. If X is presented as a colimit
X = colim,Y; with schemes Y; smooth over k, we have Et (P! A colim,Y) =
colim,Et (P! AY;) and hence, by Formula (25),

H*(EtPLAEtX;Z/0) = lim, H*(Et P! A Et Yi; Z,/0)

limg H*(Et PY Z/0) ®g0 H*(Et Yy Z/0).

~
~

On the other hand, the cohomology of the right hand side of the canonical
map in the lemma is isomorphic to

H*(Et P Z/0) @z, lim H*(Et Ys; Z/0).
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Since H(EtP'; Z/¢) = H (P';Z/¢) is isomorphic to a rank one vector space
over Z/¢ for i = 0,2 and vanishes otherwise by [Mi] VI, Example 5.6, and
since H'(EtYy;Z/0) = H. (Yy;Z/0) is always a finite Z/(-vector space, we
conclude that, in this special case, Hg (P'; Z /() @z, limg H; (Ys; Z/0) is iso-
morphic to limg HZ (P Z/0) @z H} (Ys; Z/¢). This completes the proof of
the lemma. O

It remains the problem to define a functor from P!'-spectra to profinite spec-
tra. The previous discussion shows that we cannot proceed as in the case
of Sl-spectra. One idea to solve this problem could be to choose a fibrant
replacement for Et E, for every n. Then Lemma 6.4 implies that we have an
isomorphism Et P! AEt B, = Et (P*AE,) in the homotopy category H This
yields an inverse map in H, and a structure map EtP! AEt E, — Et Eniq.
Then one can use the fact that maps in H* with a fibrant target can be lifted
to a map in 3*

The problem is that this map is unique only up to homotopy and that we
have to choose a lifting for every P!-spectrum. But we have to ensure that
this choice is functorial.

We solve this problem in the way that we do not pretend to construct a func-
tor on the level of P!-spectra but only on the level of homotopy categories.
We summarize the information of all possible liftings in an intermediate cat-
egory C whose homotopy category is canonically equivalent to the homotopy
category of S2-spectra SH,. Hence the introduction of C is just one possible
way to avoid the problem of a functorial choice of liftings which may not
even exist.

Therefore, in order to construct a functor on the homotopy category of mo-
tivic Pl-spectra, we consider a zig-zag of functors

Sp¥' (k) 2 € <& Sp(S, 52 A )
with an intermediate category C whose objects are given by sequences
{E,, E/ 52 NE, £ E/ = Eniitnez

where all F,, and maps are in S*, pn is & weak equivalence in S,; its morphisms
are levelwise morphisms of S, which make the obvious diagrams commute,
where the map S? A E, — S? A F,, is the map induced by E, — F,. The
functor A

Sp(S)s :=Sp(S, 52 N-) < C
denotes the full embedding which sends {F,,S? A F,, & F,;1} to {F,,S% A
FoiS2AF, & S2AF, 25 Fo ).
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The functor Et is defined via the canonical map (24) and the image of the
structure maps of the Pl-spectra. Lemma 6.4 ensures that this is a well-
defined functor into C. We have to consider S? instead of S!, since EtP! is
isomorphic in S to S2.

We define a set W of maps in C as the image of the stable equivalences of
Sp(S’ ,S? A+) under the embedding 4. It is a set since the stable equivalences
form a set in Sp(S ,S%A-). Since the maps in W come from a model structure
and since ¢ is a full embedding, it is clear that W admits a calculus of
fractions. This ensures that we may form the localized category Ho(C) :=
C[W~'] in which the maps on W become isomorphisms. We call the maps
in W weak equivalences or stable equivalences, by abuse of notation. We
will call a map in W a level equivalence if it is in the image of the level
equivalences of Sp(S ,S? A +) under 3.

Furthermore, 7 sends stable equivalences into weak equivalences by definition
and hence it induces a functor on the homotopy categories, which we also
denote by 1.

Proposition 6.5 The induced functor i : SHy — Ho(C) is an equivalence
of categories.

Proof We need to construct an inverse functor j : Ho(C) — SH,. Since i
is a full embedding we have to show that for every F' € Ho(C) there is in
a functorial way a spectrum E € SHy such that i(E) = F in Ho(C). The
crucial point is to construct the structure map of a spectrum out of the given
data of F'.

Let RS? be the image of S? under a fixed fibrant replacement functor R in
S.. We consider Sp(S*, RS?) as a Quillen equivalent model for SH,. Then

we apply R on each level and get the following sequence

Pn

(26) RS?> ANRF, & RF, % RF, 4

where the first map is still a weak equivalence by the Kiinneth formula for
the continuous cohomology of profinite spaces. Hence considering all n, the
resulting object is isomorphic to the initial /" in Ho(C). Since all spaces in
(26) are cofibrant and fibrant there is a left inverse s, of p, in S, such that
Sppn = idgs2arp, and a homotopy pns, ~ idgp;. Unfortunately, the choice
of s, for all n may not be functorial.

But we get the following: Let s, and s/, be two choices of such left inverses
for each n. If we start with n = 0, the given homotopies posy ~ idgg; and
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posy ~ idgrpy yield homotopy equivalences fo and f; making the following
diagram

idAfo

RSQ/\RFO — RSQ/\RFO
(27) oo | | qosg
RF, EiN RF,

commutative. Continuing this construction inductively we get a homotopy
equivalence between the two resulting spectra via s and s’. Hence they are
canonically isomorphic in SHs. O

In order to get a functor SH(k) — SH,, we have to show that ]*ftgp

Sp* 1(k) — C has a total left derived functor. Then we may compose the
resulting functors LEt and j of the above proof to get a functor

LEt :=jo LEt : SH(k) — SH,

on the homotopy categories. As before we have to choose the right model for
1
the stable motivic category SH® (k).

Proposition 6.6 The obvious functors
Sp*' (k) — Sp(MVy,, P A +) — Sp(LU (k),P* A )
are in fact Quillen equivalences and we get

SH" (k) = Ho™™(Sp(MV,, P! A +)) ~ Ho**P*(Sp(LU (k),P' A -)).

Proof The proof is identical to the one of Proposition 6.2. O

In the following we will use Sp(LU(k), P* A -) as a model for SH” (k). We
need to show

Proposition 6.7 The functor Et : Sp(LU(k),P* A -) — C induces a total
left derived functor

LEt : SH®' (k) ~ Ho™(Sp(LU(k), P A -)) — Ho(C).

Proof The proof is similar to the one of Proposition 6.3, but we have to be
careful at some points. Therefore, we give the proof in detail.
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As in the proof of Proposition 6.3, we know that Etsp sends level weak
equivalences between cofibrant objects to weak equivalences in C, since Et
sends weak equivalences between cofibrant objects to weak equivalences in
S.. Hence it induces a total left derived functor on the projective structure
of Sp(LU(k),PL A -).
We use the notation X' : LU (k) — Sp(LU(k),P* A -) for the left adjoint to
the n-th evaluation functor. It is given by (XF' X),, = (PY)™ "X if m > n
and (ZF'X),, = 0 otherwise.
We denote by F, : S, — C the composition of the corresponding functor
. S, — Sp(S, S2 A A -) followed by the embedding i : Sp(S,S2 A ) — C.
One should note that the image of F, in C lies in the image of ¢ by definition.
In order to show that there exists a total derived functor on the stable
structure it suffices to show that Etsp (¢A4) is a stable equivalence for maps
A S, PP A A — X,A in Sp(LU(k),Pt A -) for all cofibrant objects
A € LU(k), since these are the maps at which we localize for the stabi-
lization.
Since Et P! 2 2, there are canonical maps Fj, 1 (Et (P'AA) — F,1(S?AA)
and Etg, (XF'(A)) — F,(Et (A)). These maps are level weak equivalences by
Lemma 6.4. We consider the commutative diagram in C

BA. R (SPAELA) TS R (Bt A)
level w. e. T [
Foa(Et(P*AA)  — F.(Et A)
level w. e. T T level w. e.
Etsp (20 Etgy (X (PPAA))  —  Etg, (X2 A).

We see that CEtA and Etsp ¢4 differ only by level weak equivalences in C
which are also stable equivalences. Since CE“A is a stable equivalence in C
by definition, the two-out-of-three axiom for weak equivalences implies that
Etsp ¢ is in fact a stable equivalence.

The last point is to show that Etsp factors through Al-weak equivalences.
By Lemma 5.11 and [Mo3] it suffices to show that Etsp sends the maps
Y3 ((X x AY)1)[n] — X5(X4)[n] to stable equivalences for all X € Sm/k
and all n € Z. But we already know that Et (X x A) — Et (X) is a weak
equivalence in S. Hence Etg, 227 (X x A'))[n] — Etg, 29 (X,)[n] is a level
weak equivalence in C. This shows that Etsp induces a total left derived
functor on the category SH (k) = SHh: (k) of Al-localized P'-spectra. O

As in Theorem 5.12, since the suspension spectrum of a smooth scheme is
a stable cofibrant object, we have LEt = Et on such spectra and Et sends
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stable Al-equivalences to the image in C of stable equivalences in SH,. We
summarize this discussion in the following

Theorem 6.8 The functor Et yields via the above composition an étale re-
alization of the stable motivic homotopy category of P*-spectra:

LEt : SH"” (k) — SHa.

In particular, the functor LEt is equal to Et on the suspension spectra
of smooth schemes and Et sends stable Al-equiyalences between suspension
spectra of smooth schemes to isomorphisms in SHo.

Remark 6.9 We could have proven a similar étale realization for symmetric
P-spectra in essentially the same way. But we have not yet been able to prove
that the stable model structure on symmetric spectra over S does respect the
monoidal structure, see Appendix B.2. Hence until now, we would not get
any extra structure.

7 Profinite étale cobordism

The study of profinite étale cohomology theories is the main purpose of this
paper. The idea is to apply generalized profinite cohomology theories repre-
sented by a profinite spectrum to the functor Et.

We show that every such profinite étale cohomology theory is in fact a coho-
mology theory on Sm/k in the sense of [Pa]. One should note that in order
to get the Al-invariance, we have to complete away from characteristic of k
and cannot use a T,-model structure, since w¢*(A}) is non-trivial over a field
of positive characteristic, see [Sch].

We show that the naturally arising profinite étale K-theory represented by
KU for schemes over a separably closed field is isomorphic to the étale K-
theory of Friedlander [Frl].

The second theory we study is profinite étale cobordism represented by MU.
The coefficients of this theory are determined by our knowledge about profi-
nite cohomology theories. We deduce an Atiyah-Hirzebruch spectral sequence
from Theorem 4.11 for étale cobordism with finite coefficients MUZ/¢" start-
ing with étale cohomology.

We show in the last section that MUyg is in fact an oriented cohomology
theory on Sm/k if k is separably closed. In order to prove this, we have to
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use non-trivial results on MU to be able to reduce the problems to questions
in étale cohomology.

The ideas for the proof that MUy is an oriented cohomology theory are not
new. For our purpose we use the techniques of [Pa]. We define an orientation
of MU & with respect to smooth schemes over k. We use this orientation and
a projective bundle formula to construct a Chern structure on MU &. The
key ingredient for the proof of the projective bundle formula is the Atiyah-
Hirzebruch spectral sequence of MU. From facts about étale cohomology
and the results of [Pa], we deduce that étale cobordism is an oriented coho-
mology theory on smooth schemes over a separably closed field k in the sense
of [Pa] and hence in the sense of [LM].

This result will enable us to compare profinite étale cobordism with algebraic
cobordism in the next section.

For the convenience of the reader we recall some notations and definitions: we
denote by S , Tesp. 3*, the category of simplicial profinite sets, resp. pointed
simplicial profinite sets; H, resp. H,, is the corresponding homotopy cate-
gory; Sp(S’ ) is the category of profinite spectra and SH denotes the stable
homotopy category of profinite spectra; we write 3°°(Y") for the suspension
spectrum of a profinite space Y, see Sections 2 and 3.

Every profinite spectrum F determines a generalized cohomology theory
E*(—) on profinite spaces, e.g. MU and MU Z/t¥ yield profinite cobor-
dism theories MU (=) and MU (—; Z /"), see Section 4.

The functor Et : Sch/k — S is the profinitely completed étale topological
type functor, see Section 5; we denote by LEt : SHPI(k;) — SH the stable
étale realization functor, see Section 6 and Theorem 6.8.

7.1 Profinite étale cohomology theories

Let k£ be a fixed base field and let ¢ be a fixed prime different from the
characteristic of k. We consider the category Sch/k of schemes of finite type
over Spec k. This implies in particular that all schemes are noetherian and
we may apply the étale topological type functor.

~

Definition 7.1 Let E € Sp(S) be a profinite spectrum and let X € Sch/k.
1. We define the profinite étale cohomology of X in E to be the profinite
cohomology theory represented by E applied to the profinite space Et X, i.e.

E3(X) := E"(Et X) = Homg,, (X*(Et X), E[n]),
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where we add a base-point if X is not already pointed.
2. We define relative étale cohomology groups EZ(X,U) for an open sub-
scheme U C X by

EL(X,U) = E™(Et (X)/Et (U)).
3. We define the étale cohomology group
EL(P) = lim EL(B(V)
to be the limit over all finite dimensional vector spaces V. — k> of the just

defined groups E% (P(V)).

Remark 7.2 Since Et is also a functor on spaces, we could have defined
EL(P) just as for schemes to be the group E"(EtP°). But we will use
results that are based on the first definition. Since Et does not commute
with arbitrary colimits, the two definitions differ in general. But there is a
canonical map E*(Et P®) — Ef,(P®).

Proposition 7.3 If © is a finite abelian group, then the étale cohomology
H*(X;m) with constant coefficients m is equal to the profinite étale cohomol-
oqy theory represented by the Filenberg-MacLane spectrum Hr.

Proof This follows directly from Remark 5.3 and Proposition 4.8. a

Proposition 7.4 Let U & X &V induce an elementary distinguished
square, cf. (22). Let E be a profinite spectrum. Then there is a Mayer-
Vietoris long exact sequence of graded groups

By (X) = Eg(U) @ Eg (V) — Eg(U xx V) — Egr (X)) -
Proof This follows directly from Theorem 5.14. a

Proposition 7.5 Let E be a profinite spectrum. Let U C X be an open
subscheme of X. We get a long exact sequence of cohomology groups

EEX) S E(EtU) S BB (X)/E(U) S
5 E(ELX) L B(ErD)

where j : EtU < Et X and i : (Bt X,0) — (Et X,EtU) denote the natural
induced inclusions.
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Proof Since EtU — Et X — Et(X)/Et (U) is isomorphic to a cofiber se-
quence in S, this is just the usual long exact sequence of Hom-groups induced
by a cofiber sequence in a simplicial model category, see [Qul]. a

On the category Sm/k of smooth schemes of finite type over k, every étale
cohomology theory satisfies homotopy invariance.

Proposition 7.6 Let E be a profinite spectrum. Let X € Sm/k. The pro-
jection p : X x A — X induces an isomorphism p* : E%,(X) 5 Ef (X x Al).

Proof This is clear since p induces a weak equivalence in §, see Theorem
5.12, and hence induces isomorphisms on cohomology theories. O

More generally, this implies

Corollary 7.7 Let E be a profinite spectrum. Let V — X be an A"-bundle
over X in Sm/k. Then p* : E}(X) — E% (V) is an isomorphism.

Proof This follows immediately from the Mayer-Vietoris sequence of Propo-
sition 7.4 and the previous proposition. a

In [Pal, Definition 2.0.1, Panin gives the definition of a cohomology theory
on Sm/k. The following theorem states that we have constructed a way
to define such cohomology theories starting with a profinite spectrum and
applying its associated cohomology theory to Et on Sm/k.

Theorem 7.8 Let E be a profinite spectrum. The étale cohomology theory
E (—) represented by E satisfies the axioms of a cohomology theory on Sm/k

of [Pa].

Proof We check the axioms of a cohomology theory in the sense of [Pa],
Definition 2.0.1.

1. Localization: This is clear from Remark 7.5.

2. Excision: Let e : (X',U") — (X,U) be a morphism of pairs of schemes
in Sm/k such that e is étale and for Z7 = X — U, Z' = X’ — U’ one has

e Y (Z)=27"and e : Z' — Z is an isomorphism. By [Mi] III, Proposition 1.27,
we know that the morphism e induces an isomorphism in étale cohomology
H*(Et (X)/Et (U); Z/¢) = H*(Et (X')/Et (U"); /(). Hence Et (X')/Et (U") —
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Et (X)/Et (U) is an isomorphism in H,,. Therefore, it induces the desired iso-
morphism

E*(Et (X)/Et (U); Z/¢") = E*(Et (X')/Et (U"); Z,/ ")

for every étale cohomology theory.
3. Homotopy invariance: This is the content of Proposition 7.6. O

Later we will prove that profinite étale cobordism is in fact an oriented co-
homology theory in the sense of [Pa] and of [LM].

7.2 Profinite étale K-theory

As a first application, we consider a comparison statement for profinite K-
theory and the pro-K-theory of [Frl], and hence for profinite étale K-theory
and for Friedlander’s étale K-theory. Let { X} € pro—S& be a pro-object in S
and let BU be the simplicial set representing complex K-theory. Friedlander
defines the K-theory of {X;} for € = 0,1 and k£ > 0 by

K ({ X} Z/07) = Hompro ({X° X}, {P"BU N Z/1"})

where {P"BU} denotes the Postnikov tower of BU considered as a pro-
object in S. For a locally noetherian scheme X, Friedlander defines the étale
K-theory by

K (X;Z/0") .= K(Et X;Z/¢").

Friedlander also establishes an Atiyah-Hirzebruch spectral sequence, [Frl],
Proposition 1.4,

EY(Z/07) = H*"({ X} Z/1") — K" ({ X} Z2/¢)

which is convergent provided that E5(Z/¢") = 0 for n sufficiently large or
that E¥(Z/¢") is finite for each p.
Following Definition 7.1 we set

Definition 7.9 We define the profinite K-theory of a profinite space X to
be the cohomology theory represented by the profinitely completed spectrum
KU and define profinite K-theory with Z/¢"-coeflicients to be represented by
KU A Z/¢". The profinite étale K-theory of a scheme X over k, is hence
defined by

KUL(X) := KU'(Et X)
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and profinite étale K-theory with Z/¢"-coefficients by
KUY (X;Z/t") == KU' (Bt X; Z/0).

Theorem 7.10 Let k be a separably closed field. For any scheme X of finite
type over k and any v there is a strongly convergent spectral sequence { EP?} :

2 PHq

EyT = HG (X Z/0) = KUy (X5Z/17).

Proof This is the spectral sequence of Theorem 4.11 where we use the iso-
morphism

HL(XZ)0") = H*(Et X; 2/ %)
of Remark 5.3 for the groups (KUZ/(%,)? which are isomorphic to Z/¢*,
where KUZ /0%, denotes a connective covering. Since the étale cohomology
groups H: (X;7Z/¢") vanish for large 4, see e.g. [Mi] VI, Theorem 1.1, the
convergence also follows from Theorem 4.11. O

Since KU is an Q—spectrum, we have for every profinite space X
KU'(X;Z/¢") = Homy, (X,, KU; A Z/1").
Hence the functor (;) . pro — S — S yields natural maps
K{X.}Z/t") — KU (X;Z/")

for every {X;} € pro — S. Furthermore, by Corollary 3.17 and (11) we have
7 (KU AN ZJ0F) = Z/¢ for q even and = 0 for ¢ odd. Now Proposition
2.12 implies that we have, on the one hand, for every {X;} € pro — S an
isomorphism of the Ey-terms of the corresponding Atiyah-Hirzebruch spectral

sequences and, on the other hand, a natural map between the abutments.
Both maps are compatible. Hence we have the diagram

Ey(Z/t7) = Hp({Xfi;Z/f”) — K*({Xi};Z/f”)
EVZ/) = HP(X;Z/r") = KU (X;Z/).

[a¥)

The two sequences are in particular both convergent if HP({X,};Z/(") =
H p(f( ; Z/0V) either equals 0 for p sufficiently large or is finite for all p. Since
the étale types of schemes of finite type over a separably closed field satisty
the convergence conditions of the theorem, we get the following

Theorem 7.11 For every scheme X of finite type over a separably closed

field k the étale K -theory groups K} (X;Z/¢") of [Fr1] are isomorphic to the
profinite étale K -theory groups KU (X Z/1") defined above. O
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7.3 Profinite étale cobordism

Following Definition 7.1 we set

Definition 7.12 1. We define the profinite étale cobordism of a scheme X
of finite type over k, to be the cohomology theory represented by the profinitely
completed spectrum MU applied to EtX i.e.

MU, (X) = MU (Et X),

and profinite étale cobordism with Z/¢"-coefficients to be the cohomology
theory represented by the profinitely completed spectrum MUZ/¥ applied to
Et, i.e
MUL(X;Z/t") == (MUZ/t")*(Et X).
2. We also have relative étale cobordism groups MU ,(X,U), resp. MU (X, U; Z/0*),
for an open subscheme U C X defined by

MU (X,U) = MU (Et (X)/Et (U))
and .
MU (X,U; Z/0") := MU (Et (X)/Et (U); Z/¢").
3. We define the étale cobordism group

MU (BF) = lim MU (B(V)

and similarly for ]\/[AUZ/fgt as in Definition 7.1.
4. We define f-adic étale cobordism to be the limit

MU (X Zy) :=lim MU, (X: Z/ ).

Remark 7.13 1. The exterior product MU, x MU,, — MU,,+,, on MU
together with the diagonal map X — X xX X yield a commutative ring struc-
ture on MU (X)) and MU, (X;7/").

2. We have introduced the notion of (-adic cobordism, since it is the étale
cohomology theory to which (-adic étale cohomology converges, see Theorem
7.15. We will not give any further comment on this theory, since most of its
properties follow from those of MUZ/E”.

One should note that it is not true in general that MUZt(X; Zy) = MU;(X).
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Proposition 7.14 Let R be a strict local henselian ring, i.e. a local henselian
ring with separably closed residue field. Then

MU (Spec R) = MU* @y, Zy.

In particular, for a separably closed field k we get
MU (k) = MU* @y Zy and MU, (k; Z/0") = MU* @y 7./ ("

Proof This follows from Corollary 4.5 and Example 5.5. The last assertion

follows from the exact sequence (12), since MU* has no torsion. a

Theorem 7.15 Let k be a field. For every scheme X in Sm/k, there is a
convergent spectral sequence {EP1} with

p+q

EYY = HY (X Z/0" @ MUT) = MUy, " (X;Z/t").

In addition, we have also a convergent spectral sequence for (-adic cobordism

p+q

By =lim Hi (X; 20" @ MU) = HE (X Z © MUY) = MU (X Z).

Proof This is the spectral sequence of Theorem 4.11 together with the iso-
morphisms

H: (X Z)0" @ MUY = H*(Et X; Z/¢" @ MUY)

of Remark 5.3 for the finite group M = Z/* @ MU = Z/¢* @ MU". The
condition on the cohomology of X for strong convergence in Theorem 4.11

is satisfied since HY (X;Z/¢" @ MU?) are finite groups for all p by [Mi] VI,
Corollary 5.5.

For the second sequence, the fact that H. (X;Z/¢” ® MU?) are finite groups

for all p implies that exact couples remain exact after taking limits and hence

that EY? = lim, EYY(Z/¢") = H} (X ; Z,&@MU7) converges to lim, MUZ:Q(X; Z]0) =

& Pq

MU (X;Zy). a

Remark 7.16 By Theorem 4.11, we get a spectral sequence

p+q

EPY = HP(Et X; MU") = MU%, " (X).

But the problem is that, in general, we do not have an isomorphism Hp(Et X; MUq) =
HY (X MUq), since MU' is infinite. In addition, the étale cohomology with
Zy-coefficients does not have good properties.
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Theorem 7.17 Let X be an algebraic variety over C. Let X(C) be the
topological space of complex points. For every v, there is an isomorphism

MU (X Z/t") = MU*(X(C): Z/").

Proof By Corollary 3.16 we know that
(MUZ/") = (MUZ/ ") = MU ® Z./{".

Since 7,(MU) is a finitely generated abelian group, we get that MU?® Z /¥
is a finite group. We denote by Sing(X(C)) the singular simplicial set of
the topological space X(C). By Theorem 8.4 and Corollary 8.5 of [Fr2], by
Remark 5.3 and Corollary 3.16 we get a map of spectral sequences and an
isomorphism

HP(Sing(X(C)); (MUZ/¢")?) = HP(Et X; (MU; Z/¢")9)

between singular and profinite étale cohomology for all v, p and ¢. Since X
is finite dimensional, the corresponding complex, respectively étale Atiyah-
Hirzebruch spectral sequences are convergent with isomorphic Fs-terms. O

7.4 Profinite étale cobordism is an oriented cohomol-
ogy theory

We prove that MU z: (=) and MU z: (—;Z/¢") are oriented cohomology the-
ories in the sense of [LM] on the category Sm/k of smooth quasi-projective
schemes of finite type over a separably closed field k with char k # /.

We have to check the axioms given in [LM]. The axioms of a cohomology
theory have already been shown for every étale cohomology theory. In order
to check the axioms of an oriented cohomology theory for MU &, our strategy
is as follows. We define an orientation class for MU & and use it to define
the first Chern class of a line bundle. Using the Chern class of the canonical
line bundle on the projective n-space, we construct an explicit isomorphism
for the cobordism of P}. The method to prove this isomorphism relies on
the Atiyah-Hirzebruch spectral sequence for profinite cobordism. We use the
spectral sequence to reduce the computation of the cobordism of P" to the
computation of the étale cohomology of P" with Z/¢-coefficients. This re-
duction uses non-trivial results on profinite cobordism and is the key point
for the proof that MU ’ resp. (M UZJ)Y,, yields an oriented cohomology
theory on Sm/k.

ét
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This computation and the Kiinneth theorem for MU , Tesp. MU 70, yield
a projective bundle formula. Then we use Grothendieck’s method to define
Chern classes for all vector bundles.

The general theory of cohomology theories with Chern classes given in [Pa]
then implies all the remaining properties.

But one should note that the fact that MUy is an oriented cohomology the-
ory on Sm/k is a nontrivial result and does not just follow from the fact that
MU is an oriented theory on topological spaces. This is due to the fact that
we may not use an embedding of k in C. We need an orientation with respect
to smooth schemes over any separably closed field.

To deal with the twists in étale cohomology we choose a primitive ¢-th-root
of unity which yields an isomorphism Z/¢” = 7 /¢*(1), see Remarks 7.31 and
8.14.

Definition 7.18 Let P° be the infinite projective space in the category LU (k)
of spaces over k and let E be a commutative ring spectrum in Sp(S). Since we
have an isomorphism Et P} = S? in H by Example 5.10, we have a canonical
map

EX(EtPR) — EX(EtPL) S E*(S?) S mo(E).
An orientation for E with respect to Sm/k is a class g € E2(F:t P>°) that
maps to 1 under the above map.

Example 7.19 1. For MU, resp. MUZ/@”, we choose the orientation
Ty € MAUQ(ESt]P’zO), resp.  Tpjyziew € MU2(E§tPi";Z/€”), as the image
of the orientation Tygr under Et. This means that we d(fﬁne the map
Zyjy @ LEt(P>®) — MU A S? in the preimage of 1 € mo(MU) such that
the following diagram
Et (P*) 24 MU A S
ALEAt (zmgr) L /¢
LEt (MGL) A P!

is commutative, where ¢ is the morphism defined in the next section using
an étale Thom class. ) .
Note that x5, € MU (EtP°) also defines an element ,;, € MU (P3)
via the canonical map MU (EtP*) — MU, (P*), recall Definition 7.1 and
Remark 7.2.

If k = C, this orientation x,;, is mapped to the classical complex orienta-
tion of MU wvia the isomorphism of Proposition 7.17. This is due to the fact
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that xprqr corresponds to the complex orientation of MU under the complex
realization functor, [Vol].

2. For HZ /" an orientation Xz is given by a generator of HX(EtP{°; Z/1¥) =
Z/¢". This last isomorphism is deduced from

HY(EtP°; Z/¢7) = HY(Et PR Z)¢7) = lim H*(Et Py Z/07) = 7)1,

where we use the fact that Et commutes with colimits.

The importance of an orientation of MU , Tesp. MU Z/¢, is that it enables
us to define the first Chern class of a line bundle.

A line bundle L/X over a scheme X of dimension n over k corresponds to a
morphism X — PP unique up to Al-weak equivalences. Since LES agrees
with Et on smooth schemes by Theorem 5.12, this also defines a unique map
A:Et X — EtPrHin AH.

It is clear from the definition that the orientation x,;, restricted to Et IP)ZH
corresponds to a map z,;, : X°(Et PiT) — MU A S2. The composition of
these two maps is the first Chern class of L/X.

Definition 7.20 A line bundle defines via composition a morphism in SH
(L) 1 S®°(EL X) D S Py MY AU A S2,

i.e. an element c;(L) € MU;(X) which we call the first Chern class of L.
Similarly, we define the first Chern class of a line bundle in MUzt(X;Z/Z”).

Now we have to show that this Chern class for line bundles yields a Chern
structure on étale cobordism. Therefore, we have to calculate the étale cobor-
dism of the projective n-space P} over k. The method we use is indirectly
based on the Atiyah-Hirzebruch spectral sequence for profinite cobordism.
We use the Atiyah-Hirzebruch spectral sequence to reduce the computation
of MU, (P") to the well-known case of étale cohomology H, S (P Z)/0) with
7,/ t- coefficients. A crucial point is the isomorphism

(28) MU (X) /- MU™ = H;(X; Z/0)

for every X in Sm/k.

Proposition 7.21 Let k be a separably closed field. Let P} be the projective
space of dimension n over k. Let O(1) — P} be the canonical quotient line
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bundle. 1. Set & = ¢1(O(1)) € MU;(IP’Q). The étale cobordism of P} is
given by the isomorphism

MU (Pp) = MU [u]/(u"), & u.

2. Set & := ¢,(0(1)) € MU;(IP’Z;Z/E”). The étale cobordism with Z]¢" -

coefficients of P} is given by the isomorphism

MU (P Z/07) = (MUZ/))[ul/ (™), € u.

Proof We deduce both results from general facts about filtered M U*-modules
in [De]. The crucial point is that H*(EtPy; Z/0™) =2 HE (PP Z/0™) surjects
onto H*(EtP; Z /() for every m, cf. [Mi] VI, 5.6. Hence Et P} is a profinite
space of finite dimension without ¢-torsion, see the discussion of Theorem
4.13.

By Proposition 2.1.8 of [De] respectively by definition, both MU*-modules
M = MU;(PZ) and N := MU [u]/(u™") are objects of the category £ of
free MU*-modules that are complete with respect to the f-adic filtration f*
of [De], §2.1.

By Corollaire 2.1.4 of [De], it suffices to show that M/f! = N/f! as Z/¢(-
vector spaces. But since Et P} is a finite dimensional profinite space, the
isomorphism M/f! = N/f! follows from the isomorphism (28), proved in
Proposition 2.1.8 of [De] together with Remark 5.3, and the isomorphism of
étale cohomology H} (Py;Z/0) = Z/¢[u]/(u™*1). This proves the assertion
for MU. One should remark that the proof of Proposition 2.1.8 of [De] is
based on the Atiyah-Hirzebruch spectral sequence for MU.

The second assertion follows from the first one using the fact that for a space
X without (-torsion, we have MU (X:Z/¢") = MU (X) ® Z/, see [Ad]
III, Proposition 6.6.

We could deduce the second assertion also directly from the Atiyah-Hirzebruch
spectral sequence for MUZ/(%, as in [Ad] I, Lemma 2.5, using the determi-
nation of Hf (Py;Z/¢"), since all differentials vanish. O

Proposition 7.22 For the projective space P} over a separably closed field
k and every X € Sm/k, there are Kiinneth isomorphisms for the étale cobor-
dism

A

MU;()Q Qv MU;(PZ) — MU;(X x IPy)
and

MU (X5 Z/0") @ gy MU (PR Z/07) — MU (X x PR; Z/2).
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Proof Again, the crucial point is that H*(Et Py Z/em) = Hy (PR Z/0™) sur-
jects onto H*(EtP}; Z /() for every m. Hence Et P} is a profinite space with-
out (-torsion. Over the separably closed field k, HY (X;Z/¢") and H. (Py;Z/1)
vanish for large i and hence the profinite spaces Et X and Et P} are finite
dimensional spaces in S. This enables us to deduce the proposition from
Theorem 4.13. a

Theorem 7.23 Projective Bundle Formula

Let E — X be a rank n wvector bundle over X in Sm/k, O(1) — P(FE)
the canonical quotient bundle with zero section s : P(E) — O(1). Set
€= (001)) e MU;(P(E)) Then MU, (P(E)) is a free MU (X )-module
with basis (1,&,...,&"1).

Similarly, MU, (P(E); Z./0*) is a free MU 4 (X Z/0")-module with basis (1, £, . ..

where £ .= ¢1(O(1)) € MU;(IF’(E))

Proof We consider MUyg. We prove this theorem first for the case of a
trivial bundle on X. We have to show that the map MU Zt(X x P}) =
MU (X)[u]/(u"), sending ¢ to u, is an isomorphism. By Proposition 5.4,
we know that the canonical map Et (X) x Et (P) — Et (X x P}) is a weak
equivalence in §. Proposition 7.21 yields an isomorphism

MU & (X)[u)/(u") = MU (X) @ MU¢(PY).
Hence it suffices to prove that the projections induce an isomorphism
MUg(X) ® MU (P}) = MU (X x P}).

This follows from the previous proposition and finishes the proof of the the-
orem in the case that £ is a trivial bundle on X.

A similar argument using the second assertion of Proposition 7.21 proves the
case of a trivial bundle for MUZ/(%,.

For the general case, since E is by definition locally trivial for the Zariski
topology on X, it suffices to show that the theorem holds for X if it holds
for open subsets Xy, X; and Xy N X, with X = Xy U X;. This point now
follows from comparing the two Mayer-Vietoris-sequences

= MU(P(Ey)) & MU (P(Ey))
= MU (P(Ex)) — MU (P(E)) = - -

MU [u] Jw) @ (- — MU;thO) & MU, (X))
— MU (Xo1) —» MUy (X) = ---)
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where we have written Xg; for Xo N X4, Ey, E; and Ey; for the restrictions
of F to Xo, X1 and X()l.
Again, a similar argument shows the general case for MUZ//,. a

We use Grothendieck’s idea to introduce higher Chern classes for vector bun-
dles.

Definition 7.24 Let E be a vector bundle of rank n on X in Sm/k and let
€ = c1(O(1)) be as above. Then we define the ith Chern class of E to be
the element ¢;(E) € MUZ(E) such that co(F) =1, ¢;(E) =0 fori>n and
¥ o (=1)le;(E)E™" = 0. By the projective bundle formula of Theorem 7.23
these elements are unique. ’

Similarly, we define ¢;(E) € MU?E(E;Z/K”) by Theorem 7.23.

Lemma 7.25 1. For each line bundle over a smooth X, the class ¢i(L) €
MU;(X), resp. ¢1(L) € MUZt(X;Z/E”), is nilpotent.

2. The assignment of Chern classes is functorial with respect to the pullback,
i.e. [*(¢;(E)) = ci(f*E) for a bundle E on X and a morphism f:Y — X
in Sm/k.

Proof 1. This may be proved exactly as in [Pa], Lemma 3.6.4.
2. This follows immediately from Theorem 7.23. O

Theorem 7.26 The étale cobordism theories satisfy the axioms of an ori-
ented ring cohomology theory on Sm/k of [Pa/, Definition 3.1.1. This implies
that for every projective morphism f 1Y — X of codimension d there are
natural transfer maps

fo: MU (Y) — MU (X)

and
*+2d

fo: MUG(YZ/07) — MUy ™ (X Z/1%)

which satisfy all the axioms of a push-forward in an oriented cohomology

theory of [LM].

Proof We have proved in Theorem 7.8 that MU (—) and MU (—;Z/0")
satisfy the axioms of a cohomology theory in the sense of [Pa], Definition
2.0.1. By Remark 7.13, we know that MUg(—), resp. MUg(—;Z/l"), is
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also a ring cohomology theory.

Secondly, the orientation on MU (=), resp. MU, (—:Z/¢"), and Theorem
7.23 show that we have in fact an oriented theory with Chern classes in the
sense of [Pa], Definition 3.1.1, using Theorem 3.2.4 of [Pa).

Now there is a general procedure, described in 4.2 and 4.3 of [Pa], to define
natural transfer maps for every projective morphism in Sm/k. Note that
since we require transfer maps only for projective maps, we only have to con-
struct transfers for closed immersions of smooth schemes and the projection
of the projective space P% — X over X. In Theorem 4.7.1 of [Pa] it is proved
that the push-forward is independent of the decomposition of f.
Furthermore, also the compatibility of pullbacks and push-forwards for transver-
sal morphisms is proved in Theorem 4.7.1 of [Pa].

That f, shifts the degree by 2d comes from the fact that Chern classes live
in even degrees and the fact that the construction of f, depends on Chern
classes.

This finishes the proof of the theorem. O

We state a general consequence of this extra structure on étale cobordism.

Corollary 7.27 For every closed embedding of smooth varieties i : Z — X
with open complement j : U — X there are exact sequences

MU (Z) = MU (X) L MU (U)

and

MU (Z,Z)0) = MU (X Z/0") 2 MU, (U; Z)0).
We call them the Gysin sequences for MU, (=), resp. MU, (—;Z/¢").
Proof This is proved in [Pa] 4.4.2. O
As another corollary of the last theorem we get
Corollary 7.28 Let k be a separably closed field and ¢ a prime number dif-

A2k
ferent from the characteristic of k. Profinite étale cobordism MU . (—), resp.

MU?:(—;Z/@’), is an oriented cohomology theory on Sm/k in the sense of
[LM]. O

Using Theorem 7.23 we can identify MUZ: (P™) with the ring MU" [u]/(u™+1),
identifying ¢;(O(1)) with u, and in the same way

MU (P* x P*) = MU [u, v]/(u"", v™1).
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As Quillen pointed out in [Qu3], Proposition 2.7, we can associate to the
theory MUyg, resp. MUZ/CY,, a formal group law, i.e. a power series
F(u,v) € MU [[u,v]], F(u,v) = 5 s0a;;u'v’ satisfying some axioms with

a;; € MU i j, to an oriented cohomology theory such that
e(L® M) = Fley(L), ex(M))

for any two line bundles L, M over X.

Let L, be the Lazard ring. There is Quillen’s famous theorem that L, —
Tox(MU) is an isomorphism.

We have already determined the coefficients of MUy¢ over a separably closed
field to be MU = MU* ®7 Zy, vesp. (MUZ/(")* = MU* @, Z]{*, sece
Proposition 7.14. But we have to check that the natural morphism ¢ :
L* — MU ; induced by the formal group law on MUy agrees with this
isomorphism.

Proposition 7.29 Let k be a separably closed field. The map ®, : L*QR7Z, —
MUz:(k) induced by the natural map of formal group laws is an isomorphism.
Similarly, the induced map ® /0" : L*QZ/l¥ — ]\/fUz:(k, Z]0") is an isomor-
phism.

Proof We consider the induced map @, : L*®Z, — MU i: (k). It is clear that
this map ®, is a morphism in the category L of [De|, §2.1, that we already
used in the proof of Proposition 7.21. Furthermore, it is clear that this map
induces an isomorphism Z/¢ = L* ® Z,/f! > ]\/[AUj:(k)/f1 =~ 7./¢ modulo
the filtration f/%* of [De], §2.1. By [De], Corollaire 2.1.4, this implies that
the ®, is an isomorphism.

The second assertion follows from the first one by the coefficient exact se-
quence. O

Remark 7.30 The proof of the last proposition is similar to the proof of
® : L* = MGL**(k) by Hopkins and Morel [HM]. The idea is to construct
a spectrum MGL/(x1,xs,...), where the z;’s are the generators of L* =
Zlx1,x9,...]. The crucial point for the proof of the surjectivity of the map
¢ : L* — MGL**(k) is to show that the map of spectra

MGL/(.Tl,I’Q,...) — HZ

s an 1somorphism, where HZ denotes the motivic Filenberg-MacLane spec-
trum. In the proof of Proposition 7.29, this corresponds to the isomorphism
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L) =1L* @ L/ f' = MU (k)/f' = H*(Etk; Z/0) = Z/¢.
Then one shows by induction on n that L™ — MGL*""(k) is surjective.
The injectivity of ® can be shown as for L* — Q*(k) in [LM].

Remark 7.31 The proof of Theorem 7.26 is based on two results. On the
one hand, we used Panin’s discussion and results on oriented cohomology
theories to deduce the missing structures from the existence of an orienta-
tion and the projective bundle bundle formula. On the other hand, we had to
prove the projective bundle formula. For this purpose, we used the Atiyah-
Hirzebruch spectral sequence to reduce the problem to the projective bundle
formula for étale cohomology.
Although we worked over a separably closed base field, étale cohomology ®,H, (—; uﬁq)
is an oriented theory over any field k with char k # £. The problem for our
argument arises with the twist of the coefficients. Nevertheless, it seems to be
very likely that the above proof also works over any field with characteristic
prime to £. Maybe one needs to modify the definition of étale cobordism for
this purpose.
One could start with a naive version of twisted coefficients for MUy as
follows. For any field k, let pp be the group of €“th roots of unity in k.
Since we can form a Moore spectrum MG for every finite abelian group,
we may consider the twisted Moore spectrum M (up') = MZ/{"(q). Since
fee is finite, we can consider the profinite completion MUZ/0*(q) of MU A
MZ/t’(q). We could define profinite étale cobordism with twisted coefficients
MU;(—; 70" (x)) to be the profinite cohomology represented by the profinite
spectrum MUZ/@’(*) applied to the functor Et on schemes over k.
If k is a separably closed field and if X € Sm/k, we have a canonical isomor-
phism

MU (X Z/0(r) = MU (X; Z/1) @ 2/ (r)

for every r.
For, we have a canonical isomorphism for étale cohomology for every r

EYY = HY(X; MUY ® Z/¢"(r)) = HY(X; MU @ Z/1") @ Z/1" (1) =: EYY.

The two converging Atiyah-Hirzebruch spectral sequences imply the result.
But the geometry of SH does not seem to reflect this extra structure. It is
more likely, that one has to find another way to define twisted étale cobordism
to handle this problem.
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8 Algebraic versus Profinite Etale Cobordism

Let ¢ be fixed prime number different from the characteristic of the base field
k. Using the results of the previous sections, we compare étale cobordism
with the algebraic cobordism theories of Levine/Morel and Voevodsky over a
separably closed field. The first important result is that Q*(X;Z/¢") surjects
onto MU i: (X;Z/¢") for every smooth scheme over a separably closed field.
We deduce from this that MUE:(X), resp. MU?:(X; Z7.]0"), is generated as
an L* ® Zs-module, resp. L* ® Z/¢”-module, by elements of positive degree.
Furthermore, we construct a map from the MG L-theory to profinite étale
cobordism via the results of the previous section on the stable étale realization
functor. The construction is not as straightforward as one would like, since
we do not know if Et MGL is isomorphic to MU in SH. Nevertheless, the
stable étale realization of Theorem 6.8 is the main technical advantage of the
use of Et instead of Et and is a necessary ingredient for the construction
of the map from algebraic to profinite étale cobordism. The other key point
is an étale Thom class for vector bundles. This Thom class yields the map
Et MGL — MU.

In an intermediate section, we use these facts to study the action of the
absolute Galois group Gy, on MU, (k;Z/") for an arbitrary field k. We
show that Gy, acts trivially on MU, (k*; Z/"), where k* denotes a separable
closure of k. The Atiyah-Hirzebruch spectral sequence applied to the étale
cohomology of k enables us to determine the étale cobordism of the finite
field k =T,.

At the end, we conjecture that our map from algebraic cobordism to profinite
étale cobordism is an isomorphism for Z/¢”-coeflicients after inverting a Bott
element. We explain a strategy to prove this conjecture and give arguments
for the truth of the conjecture.

8.1 Comparison with Q*

We consider the algebraic cobordism theories Q*(—) and Q*(—;Z/¢"). As a
corollary of Theorem 7.26 we get

Theorem 8.1 By uniwersality of S2*, the structure of an oriented cohomology
theory on MU ¢ and MUZ/UY, yields canonical morphisms

6: Q" (X) — MU (X)
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and o
0:Q(X;Z/0") — MU (X;Z)0)
defined by sending a generator [f 1Y — X| € Q*(X), f:Y — X a projec-

tive morphism between smooth schemes, to the element f.(1y) € MUE:(X);
similarly with Z./¢¥ -coefficients.

If k is a field of characteristic zero, Theorem 4 of [LM] states that Q*(k) =
LL*. But it is conjectured that this isomorphism holds for every field, see
Conjecture 2 of [LM]. We refer to this conjecture as

Assumption 8.2 For the field k, the canonical morphism LL* = Q*(k) is an
1somorphism.

If we suppose that this isomorphism holds for k&, we may conclude

Proposition 8.3 Let k be a separably closed field and suppose that Assump-
tion 8.2 is true for k.
Then 6 becomes an isomorphism on coefficient rings

0 (k; Z)0") = MU (k: Z)0).
Furthermore, 0 yields an isomorphism
0: QO (k) @z Z = MU (k).
In particular, for every separably closed field k, the morphisms
0. (k;Z)0") — MU (ks Z)07)

and o
9@2@ : Q*(k) ®Z Z@ — MUét(k)

are surjective.

Proof The first part follows from the assumption and Proposition 7.14.
For the surjectivity, consider the canonical map ® : L*®Z/¢" — Q*(k;Z /(7).
Levine and Morel have shown that it is injective for every field, see [LM],

Corollary 12.3. When we compose this map with 0 : Q*(k; Z/¢") — MUE:(R, 7)),
we get the canonical map

L' @Z/ % O (k 2)¢") & MU (k;Z)7).
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Since this map is unique, it must be the identity. Hence 6 : Q*(k;Z/¢") —
MUE:(/C; Z,/0") is surjective.

A similar argument works for 6 : Q*(k) ® Z;, — MU;*(/{;)

Note that for the surjectivity assertion we did not need to suppose that
Assumption 8.2 is true. O

Proposition 8.4 Owver a separably closed field, the oriented cohomology the-
ories ]\/fUz:(—) and MUZ:(—; 7.]t") satisfy the generalized degree formula of
Theorem 15.6 and Corollary 13.7 of [LM].

Proof It is clear that MU Z: (—;Z/¢") is generically constant in the sense of
[LM] for trivial reasons since k is separably closed. Moreover, it satisfies the
localization property of Proposition 7.27. This implies that MU?:(—; 7]t
satisfies the cohomology version of the generalized degree formula of [LM],
Theorem 13.6 and Corollary 13.7, since the proofs only use the two additional
properties, generically constant and the Gysin exact sequence, of an oriented
cohomology theory. a

In particular, we may define a degree map deg : MU, (X: Z/0") — MU 4 (k;Z/ (")
as in [LM]. Again, given the conjecture, we can prove the following

Theorem 8.5 Let k be a separably closed field. Then:

A 2%
1. 0 :Q5(X;Z/t") — MU (X;Z/¢") is surjective for every X in Sm/k.
2.0 : QX)) ®z 2Ly — MU: (X) is surjective for every X in Sm/k.

Proof We prove this theorem by induction on dim; X. For dim; X = 0 the
surjectivity is proved in Proposition 8.3.

Let dimy X = n and a € MU?:(X;Z/E”). Following the argument in the
proof of Theorem 13.6 in [LM], there is an open subscheme j : U — X such
that U contains all generic points of X and a — deg(a)jy = 0. Let W — X
be the closed complement of U. We already know that deg(a) lies in the
image of Q*(X;Z/¢") by the case of dimy X = 0. By the Gysin sequence,
there is an element o' € MUZ:(W, Z/0") such that o — deg(a) —ix(a’) =0
in MU?:(X;Z/E”). By the induction hypothesis and codimxyW > 0, the
element o is in the image of Q*(W;Z/¢"). Hence we deduce that « is in the
image of Q*(X;Z/¢").

For the second assertion the same proof works. O
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From the proof of Theorem 8.5 and the properties of Q*(-) we deduce the
following

Corollary 8.6 Let k be a separably §ZOfed field.

1. For any irreducible X in Sm/k, MU (X;Z/l") is generated as an L* ®
Z/0”-module by 1 € MU;(X;Z/E”) and elements of MUZ:O(X;Z/EV).

2. For any irreducible X in Sm/k, MU;(X) is generated as an L* @y Zy-
module by 1 € MUZt(X) and elements of MUZ:O(X).

8.2 Comparison with MGL"*

Now we dedicate our attention to the comparison with the algebraic cobor-
dism theory represented by the MGL-spectrum in the stable motivic Al-
homotopy category. The technical advantage of Et compared to Et now
becomes apparent since we could construct a stable realization of P!'-spectra
in the previous section. We will use this functor to define a map from MG L-
theory to profinite étale cobordism. First we define Thom classes which will
enable us to define canonical maps of oriented cohomology theories. We will
do this in essentially the same way in which one shows that M GL is the
universal oriented P!-spectrum.

Let k be a separably closed field. Let V' be a vector bundle of rank d over X
in Sm/k. We recall that the Thom space Th(V') € LU(k) of V is defined to
be the quotient

Th(V) =Th(V/X) =V/(V —i(X))

where 7 : X — V denotes the zero section of V. We reformulate a lemma
from A'-homotopy theory.

Proposition 8.7 Let V be a vector bundle over X and P(V) — P(V & O)
be the closed embedding at infinity. Then the canonical morphism of pointed
sheaves: P(V & O)/P(V) — Th(V) induces a weak equivalence in S, via Et .

Proof This is the same proof as for Proposition 3.2.17 of [MV] where we use
the fact that Et preserves Al-weak equivalences between smooth schemes,
see Theorem 5.12, and commutes with quotients, i.e Et (X/A) = Et X/Et A.

O

Corollary 8.8 Let T = A'/(A' —0) in LU(k). Then we have an isomor-
phism in H, of pointed profinite spaces Et (T') = S2.
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Proof This follows from the previous proposition using the fact that 7' =
Th(O) and Et P! & $? in ‘H by Example 5.10. O

Now we define the Thom class of V in MU Z;i (Th(V)). From the isomorphism
P(V & O)/P(V) = Th(V) of the previous proposition we deduce an exact
sequence induced by the cofiber sequence

MU (Th(V)) = MU (B(V @ 0)) — MU (P(V)).

Using the projective bundle formula of Theorem 7.23 this sequence is iso-
morphic to the exact sequence

MU (Th(V)) = MU (L, ..., uf] — MU [1,u,...,u").

The element u? — c;(V)ud™t + ... + (=1)%cq(V) € MU*[l, u,...,u?] is sent
to u? —c;(V)ur =+ ...+ (=1)%cq(V) € MU [1,u, ..., u"] which is 0 by the
definition of Chern classes via the projective bundle formula. By exactness,
there is an element th (V) € MU i;i (Th(V)) that is sent to the above element
ul + .+ (=1)%q(V) € MU [1,u,...,u%] which is homogencous of degree
2d since u has degree 2. We call thg (V') an étale Thom class of V. Hence
the Thom class of V' is a morphism

the (V) : 2%(Et Th(V)) — MU A S5
in SH.

In the same way, we define an étale Thom class for MUZ/(%,.
We apply this argument to the tautological n-bundle =, over the infinite
Grassmannian. Since M GL, = Th(y,) we get via Et a map of profinite

spaces

Et (MGL,) — MU,,.

In the proof of Theorem 6.8 we have seen that Et yields a map of spectra on
the level of homotopy categories. Hence the above map yields a morphism

n S?'[z
(29) ¢ : LEt (MGL) — MU

where LEt denotes the total left derived functor of Et on P!-spectra.

Since smooth schemes X € Sm/k are cofibrant objects, LEt and Et agree
on Sm/k by Theorem 5.12. Hence this morphism in SH, yields a natural
morphism of cohomology theories

(LEt MGL)*(Et X) — MU, (X)
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for every scheme X in Sm/k. It is clear that this construction is natural in
X.

Recall the definition of algebraic cobordism for a scheme X in Sm/k
MGLP(X) := Homg,m ;) (253 (X), MGL[p — 2q] A (PH)M),

where E[n] := E A (S})", S} denoting the simplicial circle. We have seen in
Section 6 that S! A — commutes with Et. Hence the elements in degree p, g
are sent to elements in degree p via ¢. We summarize this discussion in the
following

Theorem 8.9 The obvious induced map of Theorem 6.8 yields a natural
map for every X in Sm/k

(30) ¢ MGL**(X) — MU (X),

which is ¢ : MGLP9(X) — MU%(X) on the p, q-level.
In the same way we get a map for MGL with Z /0" -coefficients

(31) ¢ MGL** (X, Z/0") — MU 4(X;Z/0").

Recall that a morphism of oriented cohomology theories is a natural trans-
formation that commutes with Chern classes and transfer maps. In fact,
Theorem 4.1.4 of [Pa] states that we have to check only the compatibility
with one of these structures. It is clear from the construction that we get
the following

Theorem 8.10 The natural transformations ¢ : MGL**(—) — MU;(—)
and ¢ : MGL**(—,Z/t") — MU;(—;Z/@”) are morphisms of oriented co-
homology theories on Sm/k.

Proof We have to check that ¢ respects Chern classes in both theories.
Then Theorem 4.1.4 of [Pa] implies that the transfer maps in both theories
agree. But the construction of Chern classes in MU & 1s the exact analog of
the construction of Chern classes in M GL only involving the functor Et at
the appropriate places, i.e. the orientation x,;, of MUy is just Et (xmer),
i.e. the image of the orientation x /g, of MGL under Et. Hence we have
G(MOL(L)) = MU(L) in MU;(X). Then Theorem 4.1.4 of [Pa] implies that
¢ respects the oriented structures and pushforwards, i.e. ¢ is a morphism of
oriented cohomology theories.

The same argument holds for Z/¢”-coefficients. O
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Remark 8.11 We could have deduced from this theorem that MU & Carries
in fact the formal group law induced by L* — L* ® Zy. Since Hopkins and
Morel proved in [HM] that ® : L* — MGL**(k) is an isomorphism, the
above theorem implies that the formal group law on MUyg is the one induced
by MGL**.

As a corollary we get the following

Theorem 8.12 Let k be a separably closed field. The canonical map of ori-
A 2%
ented cohomology theories 0 : Q*(—) — MU, (—) factors through M GL**(—),

i.e. the following diagram

QX)) MeE MGLPH(X)
QMU\ /P

A~ 2%

MU (X)

is commutative for every X in Sm/k.
Furthermore, the diagram

O (X 7)) PGy MGL**(X;Z,/")
Oriv "\ ) S
MU (X;2/0)

is commutative for every X in Sm/k.

Proof By universality of *, 0,;,, is the unique morphism of oriented coho-

mology theories on Sm/k from Q*(—) to MU:(—) Since the composition
of Oyar : (=) — MGL**(—) with ¢ is also a morphism of oriented coho-
mology theories by Theorem 8.10, the triangle commutes.

The same argument holds for Z/¢”-coefficients. O

Corollary 8.13 Let k be a separably closed. Then the maps
¢ : MGL**(X) ® Zy — MU, (X)

and

A2k
¢: MGL**(X;Z/0") — MU, (X;Z/¢")

are surjective for every X in Sm/k.
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Proof This follows immediately from the previous theorem and Theorem
8.5. O

Remark 8.14 1. Hopkins and Morel have proved that Q*(X) — MGL**(X)
is surjective for every X in Sm/k over every field of characteristic zero in
[HM].

2. Let MG L be the PL-Thom-spectrum of algebraic cobordism in SH” (k) gs
i.e. instead of using the Nisnevich topology, we consider MGL and smooth
schemes as sheaves for the étale topology.

The map ¢ actually factors through MGLZ"(X), since Et factors through
the étale version of A'-homotopy theory, see Remark 5.13.

3. Suppose that one has constructed an Atiyah-Hirzebruch spectral sequence
from étale cohomology with coefficients in Z/¢" @ L* to MG Le(—;Z/0%). 1t
is clear from the construction of ¢ and the isomorphism H (X;Z/0" @1L*) —
H*(EtX; Z]0" @ 1L*) that this spectral sequence would imply an isomorphism

e - MGLE (X Z)0") — MU (X;Z)")

whenever both spectral sequences converge.

Such an Atiyah-Hirzebruch spectral sequence for motivic cohomology and Nis-
nevich MGL has been constructed by Hopkins and Morel [HM]. We will dis-
cuss an application of it in the following section.

4. We have seen that this definition of profinite étale cobordism is not good
enough to reflect questions of the q-twist of the M G L-theory, see also Remark
7.31. This point should be clarified in future work.

8.3 The Galois action on étale cobordism

The comparison with Q*(—;Z/¢") gives us the opportunity to study the ac-
tion of the Galois group of a field on MU Zt.

Let k be a field of characteristic p # ¢ and let k®* be a separable closure of
k. If X is a scheme over k, there is a natural action on Xis = X ®; k® of
the Galois group Gy := Gal(k®/k) of k. The definition of Et immediately
implies an action of GG}, on Et Xps.

Definition 8.15 Let X be defined over gﬁeld k. We dgﬁge the action of
the Galois group Gy := Gal(k®/k) on MU 4 (Xys), resp. MU (Xys; Z/17), to

be the one induced by the action of Gy on Et Xis.
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In order to study the Galois action on MU, (k*;Z/f"), we use Proposition
8.3. We deduce the following result from [LM], §3.2. Let H,,, — P" x P™
denote a smooth closed subscheme defined by the vanishing of a transverse
section of the line bundle p;O(1)®p3O(1). The smooth projective k*-schemes
H,, ,, are known as Milnor hypersurfaces.

From the definition of the map Q*(k*) — ]\/fUz:(ks; Z]t"), sending the class
[Y — Spec k*] to m.(1y), we deduce the following

Proposition 8.16 Let k* be a separably closed field. Then MU;(k:s), resp.
MU;(k;S;Z/E”), is generated by the classes of projective n-spaces and the
classes of smooth Milnor hypersurfaces, i.e by the elements W*(lpzs) for the
projections m : P}, — Speck® and the elements m.(1y,,,) with projection
7w Hy,,, — Speck?.

Proof This follows from Proposition 8.3 and the fact that Q*(k®) is generated
by the classes [P}.] and [H,, ] for all m, n, see [LM], Remark 3.7. 0

Hence, in order to determine the action of the absolute Galois group on the
group MU (k*), resp. MU (k*;Z/¢"), it suffices to know the action of the
Galois group on the projective space m : P}, — k° and the hypersurface
Hy,n — k°.

By [Mi] VI, 5.6, the étale cohomology of Y, for Y = P or Y = H,,,,
is given by H. (Y;Z/0) = Z/0(—i/2) if i is even, 0 < i < 2n, resp. 0 <
i < 2(m +n — 1), and vanishes otherwise, where the twist is given by the
cyclotomic character. Consider 0 € Gy. Since k® is separably closed, this
implies that the induced morphism ¢ : Y — Y induces an isomorphism on
étale cohomology with Z//(-coefficients, where Y7 is the twisted k*-scheme
with structure morphism o o 7. Hence ¢ induces an isomorphism in H:

o EtYQ S EtY”

for Y =P} or Y = H,,,. This implies the following
Theorem 8.17 The action of Gy, on MU, (k*: Z./¢") is trivial.

Remark 8.18 [t is clear from the construction of the Atiyah-Hirzebruch
spectral sequence in Theorem 4.11 that the corresponding spectral sequence
for MUY, is equivariant under the Galois action. This can be seen as fol-
lows. By definition, the simplicial structure of Et X is given by the connected
components w(U;) of the étale hypercoverings ... — Uy — Uy — X. Hence
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the action of Gy on Et X is in fact an action on every simplicial dimen-
sion. In particular, this implies that the action of Gy preserves the skeletal
filtration on Et Xy« and induces an action on every exact couple. Since both
actions on H} (X;Z/0") and on MU;(st;Z/E”) are induced by the one on
Et Xys, the assertion follows.

We apply this knowledge to the calculation of MU Zt(k; Z/0") for a field k that
may not be separably closed. We have the equality of the Galois cohomology
H*(Gy; (MUZ/")") with the étale cohomology HZ (k; (MUZ/*)). Hence
the spectral sequence of Theorem 7.15 becomes

s+t

(32) Ey' = H*(Gy; (MUZJ)) = MU, (k;Z/0").

Let k be the finite field k = F,, ¢ = p™ and p # (. By [Se|, we know the
cohomology of Gy, = Z. The cohomology groups H*(Gr,; A) vanish for all
s > 2 for every finite G ,-module A. Hence the spectral sequence (32) for
G, degenerates at the Es-stage and that there is only one nonzero group for
every n = s+ t, in position s = 0,1 and ¢t < 0, ¢t even. This implies that the
group MU, (k; Z,/¢”) is the unique group E5" with s+t = n, i.e.

~on HY(Gy,; (MUZ/0*)") : n even
MU o (F; Z/0") = a7
aF Z/0) { HY(Gr; (MUZ/")"1) : nodd.
By [Se], we know that H(Gg,; (MUZ/¢")") = (MUZ/¢")") % is the fix-
module, and H'(Gg,; (MUZ/)") = (MUZ/¢")" /(1 — F)(MUZ/ )", where
F is a generator of Gp, = Z. But since G, acts trivially on (MUZ/ )"

by Proposition 8.17, both cohomology groups are equal to (M UZ/)" =
Z/¢” @ L™, This implies the following

Theorem 8.19 The profinite étale cobordism with Z/0"-coefficients of a fi-
nite field k =F,, ¢ ) q, is given by

AL Z/tr @ MU™ : n even
MU (Fg; 2/07) = { Z)tr @ MU' nodd.
In particular, MU;(FQ; Z]t") does not vanish in odd degrees.

In future work we plan to use these ideas to analyze the étale cobordism
of other fields, e.g. a p-adic local field k, i.e. a finite extension of Q,,
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p # (. Such a field has cohomological dimension 2. Hence the associated
Atiyah-Hirzebruch spectral sequence from the Galois cohomology of k to

MU Zt(k;;Z/E”) is still easy to describe. It collapses at the Esj-stage since

EP? £ 0 if and only if p =0,1,2 and ¢ even.

If n is odd, MU, (k;Z/¢") is isomorphic to HY(Gy; (MUZ/¢)"Y). If n is

even, there are two terms occurring: H(Gy; (MUZ/0*)") and H?(Gy; (MUZ/*)"2).
By [Se| 11, §5, Theorem 2, the two cohomology groups H?(Gy; (MUZ/K”)Q)

and H°(Gy; (MUZ/")?)') are dual to each other via the cup-product pair-

ing, where we write (MUZ/¢")?) for Hom((MUZ/¢)1,G,,). Since Gy acts
trivially on (MUZ/0")9, we even have H'(Gy; (MUZ/")?) = H (Gy; Z/0") @z,
MU’ for every 1.

Although these information should suffice for a concrete statement on MU, (k; Z/),
for time reasons we have not yet been able neither to formulate nor to prove

it.

8.4 A conjecture

At the end of this section we would like to explain and give arguments for
a conjecture on the relation of algebraic and profinite étale cobordism after
inverting a Bott element.

First we recall a theorem of Levine for cohomology. Let HP(X;Z/n(q))
denote the motivic cohomology of a smooth scheme X over a field k. For
Spec k there is an isomorphism HY(Speck;Z/n(1)) = p, (k) with the group
of n-th roots of unity in k. We suppose that k£ contains an n-th root of unity
¢, we have a corresponding motivic Bott element (3, € H°(Speck;Z/n(1)).
Levine has shown in [Le2] that motivic Z/n-cohomology of a smooth scheme
over k agrees with étale Z/n-cohomology after inverting the Bott element.
More precisely, we form the bigraded ring

H*(X;Z/n(+))[8,"] = (@, H"(X; Z/n(q)))[5,"]-

There is a cycle class map cl** : H*(X;Z/n(x)) — H}(X; p®*) with cl%(3,) =

n
(. Since k contains (, the cup product with ¢ is an isomorphism on étale

cohomology. Hence we get an induced map
(33) " HY(X5Z /(%)) (8] — He (X ).

This map is an isomorphism for every smooth scheme X over k if n is odd
or if 4|n or if k contains a square root of —1, cf. Theorem 1.1 of [Le2].
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Furthermore, Hopkins and Morel [HM] have constructed an Atiyah-Hirzebruch
spectral sequence for algebraic cobordism

(34) Ey™" = H(X, L") = MGL"*(X),

where H**(X; L*) denotes motivic cohomology with coefficients in the Lazard
ring. We still suppose that k£ contains an n-th root of unity. We consider
the spectral sequence for Spec k. Since EY9(Spec k) is concentrated in de-
grees p = 0 and p = 1 we deduce an isomorphism MGL%'(X) = k*. For
Z /n-coefficients, the exact sequence for coefficients implies that we get an
isomorphism

MGL™ (X;Z/n) = pn(k)

and, via the spectral sequence, the motivic Bott element defined above, more
precisely 3, - 11/n, is sent to an induced Bott element 3, € MGL™ (X;Z/n).

Let us now suppose that & is separably closed, n = ¢¥, and that the character-
istic of k is not equal to £. In particular, k contains an ¢”-th root of unity . It
defines an element ¢ € HY (Speck; pv). The element ¢ - 1y, induces via the
Atiyah-Hirzebruch spectral sequence an element (,;, € MU gt(Spec k: 7))
or equivalently a unit element in MU Zt(Spec k;Z/0v) = Z/¢”. The multipli-
cation with ( yields an isomorphism of spectral sequences and hence multi-
plication with (,;,, is an isomorphism on étale cobordism. Furthermore, the
map ¢ of (30) maps the element (v to the element (,;,. This implies that
¢ also yields a map ¢ : MGL**(X; Z/(")[37] — MU (X;Z/0").

Conjecture 8.20 Let X be a smooth scheme of finite type over a separably
closed field k of characteristic different from €. Suppose that { is odd or that
" > 4. Let f € MGLY'(k;Z/0") be the Bott element defined above. We

congecture that the morphism
¢ MGL™ (X, Z/0")[37'] — MU (X;Z/0")

s an isomorphism.

In fact, one should conjecture that ¢ can be defined for every field and
yields an isomorphism over every field that satisfies the hypothesis. For our
construction of ¢ in the previous section, we have used that k was separably
closed, since we used results that we have proved only over a separably closed
field. But it seems to be very likely, that ¢ does not depend on that fact.
On the other hand, we have argued in the previous section, see Remarks 7.31
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and 8.14, that MUy may not be the best theory over a non-separably closed
field. We intend to ameliorate the theory for this purpose.

Nevertheless, the proof of the conjecture over a separably closed field would
already be a big step towards the proof of a more general conjecture. Thoma-
son [Th] and Levine [Le2] proved that algebraic K-theory, respectively mo-
tivic cohomology, satisfies étale descent after inverting the Bott element.
Then they showed that the statement holds over an algebraically closed field
and reduced the general case via descent to this special case.

Hence for algebraic cobordism one could try the same, i.e. one could try to
prove that MGL**(—;Z/¢")[37!] satisfies étale descent and then reduce to
the special case of a separably closed field.

For a separably closed field k, the surjectivity of the map in the even degree
part follows from the surjectivity of the map in Corollary 8.13, since ( lives
in bidegree (0, 1). Hence the surjectivity holds over a separably closed field
for the even degree part.

The above discussion of Atiyah-Hirzebruch spectral sequences indicates a
possible strategy to prove that ¢ becomes an isomorphism. It remains to
show that ¢ fits into a morphism of spectral sequences together with the
cycle class map and the inverted Bott element. Marc Levine used the same
strategy to give a new proof of Thomason’s result on K-theory via two Atiyah-
Hirzebruch spectral sequences, cf. [Lel].

In order to translate the cycle class map to our homotopy setting, we use
the fact that motivic cohomology can be represented by a motivic spectrum
HZJt.., in SH™ (k). The stable étale realization functor yields a morphism

HP (X 70 (q)) = HomSHP1(k)( (X)), HZ/ Y, [p — 2q] A (P1)"9)

mot

—  Homg,, (X°(X), LEt HZ/"(q)mot)-
The cycle class translates into a morphism of profinite spectra in SH

LEt (HZ/0"...) — HZ/l"(q)e.

mot
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A Existence of left Bousfield localization of
fibrantly generated model categories

The aim of the first part of this appendix is the proof of the localization
Theorem A.3 for the special situation of a left proper fibrantly generated
model category M, e.g. S. The dual version of this theorem is the lef
localization theorem of [Hi], but our result is more general. We only assume
that the given model structure is fibrantly generated whereas in [Hi] it is
used that the model structure is cellular, which is stronger than cofibrantly
generated. The outline and most of the lemmas used to prove the theorem
are just dual version of the ones in [Hi]. We will give the proof only of those
statements that are not exact dual assertions. In particular, we point out
at which places we use left properness and fibrantly generated and how we
avoid the dual of cellularity.

We use this theorem in the next appendix to prove that there is a stable
modle structure on the category of spectra for every fibrantly generated left
proper model category. This enables us to stabilize the category of profinite
spaces.

We assume the reader to be familiar with the notions of model categories, as
explained e.g. in [Hi| or [Hol].

Convention A.1 We make the convention that a model category has by
definition all finite limits and finite colimits as in [Qul]. If they need to
have more than finite limits or finite colimits we will indicate this. In our
applications the categories have all small limits and all results we need only
use the existence of small limits.

In this subsection we prove an analogue of Theorem 4.1.1 of [Hi]. We recall
the definition of local objects and local equivalences.

Definition A.2 Let M be a simplicial model category. Let K be a set of
objects in M.

1. Amap f: A — B is called a K-local equivalence if for every element X
of K the induced map of simplicial mapping spaces f* : Map(B, X) —
Map(A, X) is a weak equivalence of simplicial sets.

2. Let C denote the class of K -local equivalences. An object X is called K-
local if it is C-local, i.e. if X is fibrant and for every K -local equivalence
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f A — B the induced map f*: Map(B, X) — Map(A4, X) is a weak
equivalence.

Theorem A.3 Let M be a left proper fibrantly generated simplicial model
category with all small limits. Let K be a set of fibrant objects in M and let
C be the class of K-local equivalences.

1. The left Bousfield localization of M with respect to C exists, i.e. there
15 a model category structure LeM on the underlying category M in
which

(a) the class of weak equivalences of LeM equals the class of K-local
equivalences of M,

(b) the class of cofibrations of LeM equals the class of cofibrations of
M,

(c) the class of fibrations of LeM is the class of maps with the right
lifting property with respect to those maps that are both cofibrations
and K -local equivalences.

2. The fibrant objects of LeM are the K-local objects of M.

3. LeM is left proper. It is fibrantly generated if every object of M s
cofibrant.

4. The simplicial structure of M gives LeM the structure of a simplicial
model category.

Remark A.4 1. Although fibrantly generated is the dual notion of cofi-
brantly generated the proof of theorem A.3 is not the dual of Theorem 4.1.1
of [Hi] for left Bousfield localization. But we can use a dual proof of Theo-
rem 5.1.1 of [Hi] for right Bousfield localization where the cofibrations and
fibrations change their role plus an idea of [CI] in order to avoid the dual of
Proposition 5.2.3 the proof of which uses the cellularization. The fact that
we can construct a left localization is due to the left properness.

2. The theorem does not depend on the simplicial structure of M. In fact, it
s also true for a non-simplicial M but we would have to use the machinery
of homotopy function complexes instead of just simplicial mapping spaces.

3. Note that no result that we need below makes use of the fact that more
than finite colimits exist in M. Only in order to verify the factorization
model axiom we need the existence of small limits since we use a variant of
the cosmall object argument.
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We split the proof into some lemmas that we collect from [Hi] and [CI].
Let P be the set of generating fibrations in M and let ) denote the set of
generating trivial fibrations. Let K be a fixed set of fibrant objects in M.
We define the two sets of maps

AK) :={f: X*" - X%" X € K,n>0}

and

A(K) == A(K) U Q.

Lemma A.5 Let M be fibrantly generated model category and let K be a
set of objects of M. If B is a cofibrant object of M then a map g : A —
B is A(K)-projective if and only if it is both a cofibration and a K-local
equivalence.

Proof The proof is dual to the one of Proposition 5.2.4 of [Hi. a

Lemma A.6 Let M be fibrantly generated model category and let K be a
set of objects of M. Then a map that is a transfinite tower of pullbacks of
maps in A(K) is a K-local fibration.

Proof The proof is dual to the one of Proposition 5.2.5 of [Hi]. Note that it
does not make use of the cellularity of M. O

Lemma A.7 Let M be a model category and K a set of objects. A map
g: X — Y is both a K-local fibration and a K-local weak equivalence if and
only if it is a trivial fibration.

Proof This is a dual of Lemma 5.3.2 of [Hi] whose proof does not depend
on the cellularity or right properness of M. Hence the dual proof of Lemma
5.3.2 gives a proof for M left proper and fibrantly generated. O

Lemma A.8 Let M be a model category and K a set of objects. Then there
is a functorial factorization for everymap g: X —Y inMas X > W Y
in which q is a K-local cofibration and p is both a K-local weak equivalence
and a K-local fibration.

Proof This follows from Lemma A.7 and the functorial factorization into a
cofibration followed by a trivial fibration. O
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Lemma A.9 Let M be a left proper fibrantly generated model category and
K a set of objects. If g : X — Y 1is a weak equivalence, h :' Y — Z is a
fibration and the composition hg : X — Z is a K-local fibration, then h is a
K -local fibration.

Proof This is the dual proof to Lemma 5.3.4 in [Hi], but we point out where
we use left properness and how the diagram looks like.

Ifi:A— Bisamapin K —WNK — Cof = WnNCof (last equality holds by
Lemma A.7), then one can choose by Proposition 8.1.23 of [Hi] a cofibrant
approximation i : A — B to i such that 7 € Cof. By Propositions 3.1.5 and
3.2.3 of [Hi] 7 is a K-local equivalence. Since M is left proper, Proposition
13.2.1 of [Hi] implies that it is sufficient to show that i has the right lifting
property with respect to i

Suppose we have a diagram

X
i lyg
A S Y
il LA
B Z.

Now we continue as in the proof of Lemma 5.3.4 in [Hi] by constructing lifts

A — X and k : B — X, consider the composition v := gk : B — Y
Wthh has the property ui ~ s in the category of objects over Z and conclude
by the homotopy extension property of cofibrations in this case (Proposition
7.3.10 of [Hi]) that there is a map v : B — Y such that v ~ u, vi = s and
hence hv = t. O

In [Hi] the cellularity of the given model category is used for the existence
of factorizations. We have to avoid this point. In order to do so, we need a
dual version of Lemma 2.5 of [CI].

Lemma A.10 Let M be a left proper fibrantly generated simplicial model
category and let K be a set of fibrant objects. Then every map g : A — B
has a factorization into a cofibration s : A — W that has the left lifting
property with respect to all maps X2 — X92" X € K, n > 0 followed by a
K-fibration.

Proof This is a variation of the small object argument, dual to the proof of
Lemma 2.5 of [CI]. We prove this lemma by transfinite induction of length x
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where k is a regular cardinal such that the codomains of the generating trivial
fibrations () and the objects of K are k-cosmall relative to the fibrations.
Let J, be the set of all squares

A — XA
gl !
B — X@A"

n

for all objects X € K. Define Z; to be the pullback [] XA

and let jo : A — Zy, qo : Zog — B be the obvious maps. Now we factor 7
into a cofibration i : A — W) followed by a trivial fibration py : Wy — Zj.
This is the first step of the induction.

If 3 is a limit ordinal, set W3 := lim,.g W, and set i3 := colim,<giq.

If 3 is a successor ordinal, define J3 to be the set of all squares

X HJo X OAT B

A — XA

gl !
WB—I N XBA"

n

for all X € K. Define Z3 to be the pullback [, XA
let jg: A — Zgs, qz : Zg — Zg be the obvious maps. Now we factor jz into
a cofibration ig : A — Wj followed by a trivial fibration pg : W3 — Zg.

By transfinite induction we get a k-tower

XHJ,B X oAM Wg,l and

W= =W =W, — B.

Note that there are compatible maps ig : A — Wjg. Since filtered limits exist
in M we may continue with the following definition. Let W be limg W3 and
let 2+ : A — W be limgig. By construction, each ig is a cofibration for every
successor ordinal 3. Since M is fibrantly generated and « is such that the
codomains of ) and the objects of K are k-cosmall relative to the fibrations
we get that ¢ is a cofibration. Furthermore one can show that ¢ has the left
lifting property with respect to all maps X" — X%2" X € K, n > 0 by
the cosmall object argument as follows:

Suppose we have a diagram

A L xan

il Lf

W xoa

for some X € K and n > 0. By the theory of simplicial model categories if
X is a fibrant object then the map f : X" — X?2" is a fibration. Since the

91



objects in K are k-cosmall relative to the fibrations, there is a § < k such

h n . :
that h is the composite W — Wp -5 X9A" By construction, there is a map
ks : Way1 — X2" such that fks = hgj and k = kgigy, where j is the map

W41 — Wps. The composition W — Ws4 " XA" is the required lift in the
diagram.

It remains to show that p : W — Y is a K-fibration. Since K-fib is defined
by a right lifting property and p is a transfinite tower of maps Wg; — Wy
it suffices to show that each Wy, — W3 is a K-fibration. The map W3,y —
W is the composition Wsi1 — Zgi1 — W3 where the first map is a trivial
fibration and hence also a map in K — W N K — fib. The second map is a
product of maps of the form X2" — X92" each of which is a K-fibration by
Lemma A.5. Hence Zz41 — Wp is a K-fibration. a

Lemma A.11 Let M be a left proper fibrantly generated model category and
let K be a set of objects. Then there is functorial factorization for every map
g: X ->YinMas X S W LY in which q is both a K-local weak
equivalence and a K-local cofibration and p is a K-local fibration.

Proof Again we dualize the proof of Proposition 5.3.5 of [Hi] point out how
the diagrams must look like and where we use the left properness. Let j :
X — X be a fibrant cofibrant approximation to X. Lemma A.10 implies that
there is a functorial factorization of the composition gj as X3 W S X such
that s is a cofibration and in A(K)-projective and r is a K-local fibration.
Let Z := X I W. We factor the induced map Z — Y into Z > W 5 Y
where u is a trivial cofibration and p is a fibration. This yields the following
diagram

I x

AN

Z?W

]

Let ¢ := uwv. Now since j is a weak equivalence and s is a cofibration the
left properness of M implies that t is also a weak equivalence. Hence ut
is a weak equivalence and s is a cofibrant approximation to q. Lemma A.5
implies that s is a K-local equivalence.

By Lemma A.5, since s is in A(K)-proj it is in particular a K-local equiv-
alence. Hence ¢ € K — W since j € K — W and qj = ts € K — W (two
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out of three holds for K — W). Now since ¢ = wv is the composition of
two cofibrations and the K-local cofibrations equal the cofibrations in M,
we have g € K —WNK —Cof. By Lemma A.6 this q is a weak equivalence
and a cofibration.

Since u, t and hence also ut are weak equivalences and r = put is by con-
struction a K-local fibration, we conclude by Lemma A.9 that p is a K-local
fibration. O

Proof of Theorem A.3 1. Axiom M1 is satisfied since it is satisfied in
M. Axiom M2 follows from Proposition 3.2.3 of [Hi]. Axiom M3 follows
from Proposition 3.2.4 and Lemma 7.2.8 of [Hi]. The right lifting property of
K-local fibrations is given by definition. The left lifting property of K-local
cofibrations follows from Lemma A.7. The factorization of a map into a K-
local cofibration followed by a trivial K-local fibration follows from Lemma
A.8 and the factorization into a trivial K-local cofibration followed by a K-
local fibration follows from Lemma A.11.

2. This follows from Proposition 3.4.1 of [Hi].

3. The left properness follows from Proposition 3.4.4 of [Hi]. If every object
in M is cofibrant, then Lemma A.10 and lemma A.6 imply that LeM is
fibrantly generated with generating fibrations A(K) and generating trivial
fibrations Q).

4. This is the analogue proof as for part 4 of Theorem 5.1.1 in [Hi. O

B Stable model structure on spectra

The well known stabilization of the category of simplicial spectra of [BF] uses
the fact that S is proper in an essential way in order to construct functorial
factorizations. Since the category S is only left but not right proper, we may
not use their localization method.

Hovey [Ho2] has pointed out a general way to stabilize a left proper cellular
model category with respect to a left Quillen endofunctor 7. Since we do
have left properness but not the property of being cofibrantly generated we
have to modify this construction.

The aim is to construct a stable structure on C with respect to an endofunctor
via the well known construction of spectra on C. We reformulate the results
of [Ho2] for the situation of a left proper fibrantly generated model category
C,eg. S. The projective and stable model structure is the same as in [Ho2],
but we have to give different proofs for the key points of the construction.
We also have to choose different generating fibrations. But the idea for the
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construction and the proof that the structure in fact becomes stable are due
to [Ho2].

In the first part, we construct a stable structure on the usual classical notion
of spectra in analogy to the one of [BF].

In the second part, we show, following [Ho2|, that this works also for sym-
metric spectra on a symmetric monoidal model structure that is left proper
and fibrantly generated. Unfortunately, we have not yet been able to show
that the resulting stable structure is again monoidal. Since this is the point
why symmetric spectra are better than usual spectra, we have not used sym-
metric spectra for our stable structure on S. But there should be a monoidal
structure on it.

B.1 Spectra

In this section we assume always that C is a left proper fibrantly generated
simplicial model category with all small limits. Let T" : C — C be a left
Quillen endofunctor on C. Let U : C — C be its right adjoint.

Definition B.1 A spectrum X is a sequence (X, )n>0 of objects of C together
with structure maps o : TX, — X,i1 for all n > 0. A map of spectra
f X — Y is a collection of maps f, : X, — Y, commuting with the
structure maps. We denote the category of spectra by Sp(C,T).

We begin by defining an intermediate strict structure, see [BF] or [Ho2|. But
note that we are in a dual situation of a fibrantly generated model structure.
Consider the following functors:

Definition B.2 Given n > 0, the evaluation functor Ev,, : Sp(C,T) — C
takes X to X,. It has a left adjoint F,, : C — Sp(C,T) defined by (F,A),, =
T "Aif m > n and (F,A),, = % otherwise. The structure maps are the
obvious ones.

The evaluation functor also has a right adjoint R, : C — Sp(C,T) defined
by (R,A); = U A ifi <n and (R,A); = * otherwise. The structure map
TU" A — U™ A is adjoint to the identity map of UM when i < n.

Note that Ev, commutes with limits and colimits, where limits and colimits
are constructed levelwise in Sp(C,T). If G : I — Sp(C,T) is a functor from
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a small category to Sp(C,T'), then, for limits, the structure maps are defined
as the composites

T(limEv, 0 G) — lim(T 0 Ev, 0 G) ™% lim Ev,,, 0 G.

For colimits one uses the fact that T is left adjoint and hence preserves
colimits to get the obvious structure maps.

Definition B.3 A map f in Sp(C,T) is a projective weak equivalence (resp.
projective fibration ) if each map f, is a weak equivalence (resp. fibration). A
map i is a projective cofibration if it has the left lifting property with respect
to all projective trivial fibrations.

We will show that the projective structure is in fact a fibrantly generated
model structure. We denote the set of generating fibrations of C by P and
the set of generating trivial fibrations by ). Inspired by Proposition B.5, we
set

P = URnPU{gn :R,R— R,S Xgr, ,us Rn-1UR, forall f: R— Sin P}

and

Q = UR”QU {gn : RuR — R,S Xg, ,us Rn_1UR, forall f: R — Sin Q}

where R, is the right adjoint of the evaluation functor Fv,, and g, is the map
induced by the commutative diagram

R,R — RS

(35) | l
Rn_lUR — Rn_lUS.

We will show that the maps in P are the generating fibrations and the maps
in ) are the generating trivial fibrations for the projective model structure
on Sp(C,T).

Lemma B.4 If f: X — Y 1is a fibration (resp. trivial fibration) in C, then
the maps R, f and g, : R, X — R,Y Xg, vy R,—1UX are fibrations (resp.
trivial fibrations) in Sp(C,T).
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Proof Since R, is defined via the right Quillen functor U which preserves
fibrations and trivial fibrations, it is clear that the map (R, f); = U™ (f)
on the i-th level is a fibration (resp. trivial fibration). In diagram (35), the
maps on the i-th level are either identities or equal to U"7(f). Hence the
induced map g, is also a fibration (resp. trivial fibration). O

The definition of P and Q becomes clear after the following

Proposition B.5 A map i : A — B in Sp(C,T) is a projective (trivial)
cofibration if and only if iy : Ag — By and the induced maps j, : A, Ura, _,
T B, forn > 1 are (trivial) cofibrations in C.

Proof We prove the cofibration case, the case of trivial cofibrations is similar.
We use the standard idea of [Ho2|, Proposition 1.14. Let i : A — B be a
map with the left lifting property with respect to projective trivial fibrations.
Since projective fibrations are defined levelwise, it is clear that ig : Ay — By
is a cofibration. Let f: X — Y be a trivial fibration in C. We have to show
that there is a lift B,, — X for any commutative diagram

A, Upas, ,TB,y — X

Jn L Lf
B, — Y.

By adjunction, this diagram has a lift if and only if the induced diagram

A — R, X

il L gn
B — RnY XR,_1UY RnflUX

has a lift. Now R, is defined via the right Quillen functor U, see Definition
B.2. This implies that all maps in Diagram (35) are projective trivial fibra-
tions and hence the induced map is one, too. So g, is a trivial fibration if f
is one, see Lemma B.4. Hence there is a lift in the last diagram.

Now suppose that ig and j, are cofibrations in C for all n > 0. Let

A % X
i) Lf
B % v

be a commutative diagram in Sp(C,T’) and let f be a trivial fibration. We
construct a lift h, : B, — X,, compatible with the structure maps, by
induction on n. There is a lift hg since 7 is a cofibration and fy is a trivial
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fibration in C. Suppose h; is constructed for all 7 < n. Then we can consider
the diagram

Ap s TB,, Ul x
Jn | L fn
B, LS
The lift A, : B, — X,, of this diagram is the desired map. O

Theorem B.6 Let C be a left proper fibrantly generated simplicial model
category with all small limits. The projective weak equivalences, projective
fibrations and projective cofibrations define a left proper fibrantly generated
simplicial model structure on Sp(C,T') with set of generating fibrations P and
set of generating trivial fibrations Q.

We will prove this theorem in a series of lemmas. The existence of finite
colimits and limits is clear since they are defined levelwise. The two-out-
of-three- and the retract-axiom are immediate as well. The crucial point is
the factorization axiom for which we use the cosmall object argument. For
the notations P — proj, P — fib, Q — proj, Q — fib and the cosmall object
argument, which is the exact dual of the small object argument, we refer the
reader to the book of Hovey [Hol]: in P — proj are all the maps having the
left lifting property with respect to all maps in P; in P — fib are all the maps
having the right lifting property with respect to maps in P — proj.

Proposition B.7 The projective cofibrations are exactly the maps which
have the left lifting property with respect to all maps in Q. The projective
trivial cofibrations are exactly the maps which have the left lifting property
with respect to all maps in P.

Proof By Proposition B.5, i : A — B is a projective cofibration if and only
if 79 and 3, are cofibrations in C for all n > 0. But since C is a fibrantly
generated model category with () the set of generating trivial fibrations, ig
and j, are cofibrations if and only if they have the left lifting property with
respect to all maps in @), i.e. if and only if ¢y and j, are in @) — proj. We
have seen that a lift in a diagram

An HTA,'Hl TBn,l — R
Jn L Lf
B, — S
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is by adjunction equivalent to a lift in the diagram

A — R, R

il L gn
B — RnS XR,_1US Rn_lUR.

Hence 4y and j, are in () — proj if and only if the map ¢ is an element of
@ — proj. This completes the proof in the cofibration case. The trivial
cofibration case is similar. O

Corollary B.8 The projective fibrations are exactly the maps in P — fib.

The projective trivial cofibrations are exactly the maps in () — fib.

Lemma B.9 If Z is a cosmall object in C relative to the fibrations, then
R,.Z, n >0, is cosmall relative to the level fibrations in Sp(C,T'). Similarly,
if Z 1s a cosmall object in C relative to the trivial fibrations, then R,Z, n > 0,
is cosmall relative to the level trivial fibrations in Sp(C,T). In addition,
the codomains of the maps in P (resp. Q) are cosmall relative to the level
fibrations (resp. trivial fibrations) in Sp(C,T).

Proof This is clear since Ev,, commutes with all limits. O

We can now finish the proof of Theorem B.6. It remains to show the factor-
ization axiom. Note that by hypothesis, C and hence Sp(C,T') have all small
limits. This enables us to apply the cosmall object argument. By Lemma
B.9 and since we have shown in Corollary B.8 that the class of projective
fibrations (resp. trivial fibrations) is equal to P — fib (resp. Q — fib), we
can apply the cosmall object argument to the class P (resp. Q) In the
first case, this yields a factorization into a map in P — proj followed by a
map in P — cocell, where P — cocell consists of maps which are transfinite
compositions of pullbacks of maps in P. But we have shown that P — proj is
equal to the class of projective trivial cofibrations and P — cocell C P — fib,
[Hol] dual to Lemma 2.1.10. Since we have shown that P — fib is equal to
the class of projective fibrations, this is the first desired factorization.

The cosmall object argument applied to Q yields a factorization into a map
in Q — proj followed by a map in Q — cocell. Since we know that Q — proj
is equal to the class of projective cofibrations and Q — cocell C Q — fib and
since Q — fib is equal to the class of projective trivial fibrations, we have the
second factorization.

This proves that the projective structure is in fact a model structure on
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Sp(C,T). But we have also shown that this structure satisfies the axioms of
a fibrantly generated model category, see [Hol|, Definition 2.1.17.

The left properness is clear since coproducts are defined levelwise in Sp(C, T').
This completes the proof of Theorem B.6. O

It remains to modify this structure in order to get a stable structure, i.e.
one in which the prolongation of T is a Quillen equivalence. We will do this
by applying the localization Theorem A.3 to the projective model structure
on spectra. We want the stable weak equivalences to be the maps that
induce isomorphisms on all generalized cohomology theories. A generalized
cohomology theory is represented by the analogue of an (2-spectrum. Since
the K-local objects are the fibrant objects in the localized model structure,
we have to choose the set K to consist exactly of these analogues of {2-spectra.

Definition B.10 A spectrum E € Sp(C,T) is defined to be an Q-spectrum
if each E, s fibrant and the adjoint structure maps E, — UE, 1 are weak
equivalences for all n > 0.

By Corollary 9.7.5 in [Hi], since each E,, is fibrant and since the right Quillen
functor U preserves fibrations, we have that £, — UFE,;; is a weak equiv-
alence in C if and only if the induced map Map(A, E,) — Map(A,UE, 1)
is a weak equivalence in S for every cofibrant object A. By adjunction this
is equivalent to Map(F, A, E) — Map(F, 1T A, E) being a weak equivalence
in S for every cofibrant object A. Note that by [Hi], Corollary 9.7.5, this is
what the weak equivalences have to be in a model structure.

So in order to get the (2-spectra as stable fibrant objects and the maps induc-
ing isomorphisms on cohomology theories as stable equivalences we have to
choose the maps F), ;1T A — F, A adjoint to the identity map of T'A to be the
K-local equivalences. Hence we define the set K to consist of all 2-spectra.

Using the fact that the projective model structure on Sp(C,T) is fibrantly
generated, left proper and simplicial, we may deduce the following

Theorem B.11 Let C be a left proper fibrantly generated simplicial model
category with all small limits. Let K be the set of Q-spectra. There is a
stable model structure on Sp(C,T') which is defined to be the K-localized
model structure LgSp(C,T) of Theorem A.3 where S is the class of all K-
local equivalences.

Remark B.12 In particular, the stable equivalences are the K-local equiv-
alences; the stable cofibrations are the projective cofibrations; the stable fi-
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brations are the maps that have the right lifting property with respect to all
stable trivial cofibrations; the stable fibrant objects are the C2-spectra.

Define the prolongation of T to be the functor T' : Sp(C,T) — Sp(C,T),

defined by (7X),, = T'X,, with structure maps T'(TX,,) a4 TX, 1 where o is
the structure map of X. The adjoint € is defined in the analog way. Just as
in [Ho2] one can prove that 7" is a Quillen equivalence on the stable structure.

Theorem B.13 Let C be a left proper fibrantly generated simplicial model
category with a left Quillen endofunctor T. Then the prolongation T :
Sp(C,T) — Sp(C,T) is a Quillen equivalence with respect to the stable struc-
ture.

Proof This is the proof of Theorem 3.9 in [Ho2]. O

B.2 Symmetric spectra

We can transfer these results also to symmetric spectra on a left proper fi-
brantly generated simplicial model category C with a symmetric monoidal
structure. The ideas and definitions are due to [Ho2]. We extend his results
to our unusual and slightly more general situation. For the definition of these
notions, we refer the reader to [Hol].

For the whole section, let C be a left proper fibrantly generated simplicial
closed symmetric monoidal model category with all small limits. For sim-
plicity, we suppose that its unit object S is cofibrant. Since any endofunctor
T :C — Cis of the foorm T(L) = L ® K for K = T(S), we will consider
in this section the functor — ® K instead of T'—. The right adjoint of T is
then given by L — L%. All the definitions and ideas for the construction of
symmetric spectra are taken from [Ho2.

Definition B.14 A symmetric sequence in C is a sequence X, X1, ..., Xp, ...
of objects in C with an action of X, on X,,, where ¥, is the symmetric group

of n letters. A map of symmetric sequences is a sequence of >, -equivariant

maps X,, — Y,. We denote the resulting category by C*.

We define the object Sym(K) in C* to be the symmetric sequence (S, K, K ®

K,...,K®" ...) where ¥, acts on K®" by permutation, using the commuta-

tivity and associativity isomorphisms.
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Definition B.15 A symmetric spectrum X is a sequence of ¥,,-objects X,
in C with X,-equivariant structure maps X, ® K — X,.1, such that the

composite
X, @K - X, .1 @ K - - ntp

is X, X Xp-equivariant for all n,p > 0. A map of symmetric spectra is a
collection of X, -equivariant maps X, — Y, compatible with the structure
maps. We denote the category of symmetric spectra on C by Sp™(C, K).

We define the symmetric spectrum Sym(K) in Sp™(C, K) to be the initial
object 0 in degree 0 and K®™ in degree n for n > 0 with the obvious structure
maps.

One can show as in [HSS] that Sp™(C, K) is again a closed symmetric monoidal
category with Sym(K’) as the unit. We denote the monoidal structure by
XANY = X ®symk) Y, and the closed structure by Homgymx) (X, Y), where
we consider X and Y as Sym(K)-modules.

Definition B.16 1. Givenn > 0, the evaluation functor Ev,, : Sp*(C, K) —
C takes X to X,,.

2. The evaluation functor has a left adjoint F,, : C — Sp™(C, K), defined by
F,A = F,A®Sym(K), where F,A is the symmetric sequence 0,...,0,%, x
A0, ...).

3. The evaluation functor has a right adjoint R, : C — Sp~(C, K), defined
by R,A = Hom(Sym(K), R, A), where R,A is the symmetric sequence that
1s the terminal object in dimensions other than n and is the cofree X,,-object
Home (X, A), i.e. nl-product of A in C together with the ¥, -action defined

by (pf)(p') = f(p'p) for p € £, and f € Home (X, A).

Definition B.17 A map f in Sp™(C, K) is a projective weak equivalence
(resp. projective fibration) if each map f, is a weak equivalence (resp. fi-
bration). A map i is a projective cofibration if it has the left lifting property
with respect to all projective trivial fibrations.

Again we will show that the projective structure is in fact a fibrantly gener-
ated model structure. We recall that the set of generating fibrations of C is
denoted by P and the set of generating trivial fibrations by (). Inspired by
the forthcoming proposition we set

P = U R,PU{gy: R, X — R,Y X Ry (Hom(Sym(K),Y)) R, (Hom(Sym(K), X)),

forallp: X — Y in P}
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and
Q = U RnQ U {qn R, X — R)Y XRn(Hom(SyT(K),Y)) Rn(H0m<Sym(K)v X))?
forallp: X — Y in Q}

where R, is the right adjoint of the evaluation functor Ewv, and ¢, is the
induced map in the commutative diagram

R, X — R,)Y
(36) ! !
R,(Hom(Sym(K), X)) — R,(Hom(Sym(K),Y)).

We will show that the maps in P are the generating fibrations and the maps
in Q are the generating trivial fibrations for the projective model structure
on Sp(C, T). First we describe the projective cofibrations in Sp*(C, K'). This
is slightly more complicated than in the case of usual spectra. The reason for
this comes from the fact that we have to ensure that all maps are equivariant
with respect to the actions of the groups ¥,,. The following definition and
the idea how to solve this problem is taken from [Ho2], Definition 8.4.

The following proposition is well-known, see [Ho2|, Proposition 8.5, or [HSS],
Proposition 5.2.2. But we will give a different proof similar to the one of
Proposition B.5, which enables us to understand the definition of the gen-
erating fibrations and trivial fibrations in the projective model structure on
Sp*(C,K). It avoids the assumption that we had already shown that the
projective structure is in fact a model structure. Furthermore, we do not
have to assume that C is cofibrantly generated, which is not the case in our
situation.

Definition B.18 We define the n-th latching space of A € Sp*(C, K) by

L,A:=Ev,(AASym(K)). The obvious map Sym(K) — Sym(K) induces a
map of spectra i : ANSym(K) — AASym(K) and a map Ev,,(i) : L,A — A,.

Note that the latching space is a ¥,,-object in C. There is a model structure
on the category of X,,-objects of C, where the fibrations and weak equivalences
are the underlying ones.

We recall that for given maps f: A — B and g : C — D in C one defines
the pushout product fOg of f and g to be the map

fOg: (A® D)llggc (B C)— B® D

induced by the obvious commutative diagram.

102



Proposition B.19 A map f : A — B in Sp*(C, K) is a projective cofibra-
tion if and only if the induced map Ev,(f0i) : A, Uy 4 L,B — B, is a
Yin-cofibration in C for all n. Similarly, f is a projective trivial cofibration if
and only if Ev,(f0i) is a trivial X, -cofibration in C for all n.

Proof As usual we prove only the cofibration case, since the case of triv-
ial cofibrations is similar. Suppose first that each map Ev,(f0i) is a X,-
cofibration in C. The following argument is exactly the one in the proof of
Proposition 8.5 in [Ho2.

Now suppose that f is a projective cofibration of symmetric spectra. We
have to show that each map Ev,(f0i) is a ¥,-cofibration in C, i.e. each
map Ev,(f0i) has the left lifting property with respect to every trivial ,,-
fibration p : X — Y in C. We recall that this just means that p is an
underlying trivial fibration in C. Suppose we have a commutative diagram

A A LyB — X

Ev,(f01) | lp
B, — Y.

By adjunction, this diagram has a lift if and only if the induced diagram

A — R, X

fl L
B — R\ Xp em@m).y)) fn(Hom(Sym(K), X)).

Since all the constructions R,,, Hom(Sym(K), —) and pullbacks preserve triv-
ial fibrations, the map g, is a projective trivial fibration in Sp™(C, K). Hence
there is a lift in the last diagram, since we have supposed that f is a projective
cofibration. O

Proposition B.20 The projective cofibrations are exactly the maps which
have the left lifting property with respect to all maps in Q. The projective
trivial cofibrations are exactly the maps which have the left lifting property
with respect to all maps in P.

Proof By Proposition B.19 f : A — B is a projective cofibration if and only
if Ev,,(f0q) are 3,,-cofibrations in C for all n. Since C is a fibrantly generated
model category with @) the set of generating trivial fibrations, Ev, (f0i) are
Y,-cofibrations if and only if they have the left lifting property with respect
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to all maps in @, i.e. if and only if Ev, (f0i) are in ) — proj. We have seen
that a lift in a diagram

A 4 L,B — X

Ev,(f0i) | lp
B, — Y

is by adjunction equivalent to a lift in the diagram

A — R, X

fl | gn

B — R)Y X Ry, (Hom(Sym(K),Y)) R, (Hom(Sym(K), X)).
Hence the maps Ev,(f0i) are in @ — proj if and only if the map f is an
element of () — proj. This completes the proof in the cofibration case. The
trivial cofibration case is similar. a

Corollary B.21 The projective fibrations are exactly the maps in P — fib.
The projective trivial cofibrations are exactly the maps in ) — fib.

As in the case of ordinary spectra we deduce the following

Theorem B.22 Let C be a left proper fibrantly generated simplicial closed
symmetric monoidal model category with all small limits. The projective
weak equivalences, projective fibrations and projective cofibrations define a
left proper fibrantly generated simplicial closed symmetric monoidal model
structure on Sp~(C, K) with set of generating fibrations P and set of gener-
ating trivial fibrations Q and unit object Sym(K).

Proof The model structure part may be deduced exactly as in Theorem B.6.

The only thing we have to explain is the closed symmetric monoidal structure
on Sp”(C, K). This is just Theorem 8.3 of [Ho2]. O

In order to obtain a stable model structure on Sp*(C, K) we have to localize
the projective structure at an appropriate set of fibrant objects.

Definition B.23 A symmetric spectrum X € Sp~(C, K) is a symmetric Q-
spectrum if X is level fibrant and the adjoint X,, — X,ﬁl of the structure
map of X is a weak equivalence for all n.
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We want the symmetric Q-spectra to be the stable fibrant objects in Sp*(C, K).
As in the previous section we have to choose the set maps

S:={¢: F.1(A® K) — F,A; A cofibrant in C}
to be the S-local equivalences, where the map ¢4 is adjoint to the map
A X K — EVn+1FnA = En—‘,—l X (A & K)

corresponding to the identity of >, ;. With the set .S consisting of all sym-
metric {2-spectra we obtain the desired set § of S-local equivalences.

Definition B.24 Let C be a left proper fibrantly generated simplicial model
category with all small limits. Let S be the set of all symmetric Q)-spectra. We
define the stable model structure on Sp*(C, K) to be the S-localized model
structure LsSp™(C, K) of Theorem A.3 where S is the class of all S-local
equivalences.

Remark B.25 In particular, the stable equivalences are the S-local equiva-
lences; the stable cofibrations are the projective cofibrations; the stable fibra-
tions are the maps that have the right lifting property with respect to all stable
trivial cofibrations; the stable fibrant objects are the symmetric Q2-spectra.

Theorem B.26 The functor — ® K is a Quillen equivalence with respect to
the stable structure of Sp™(C, K).

Proof The proof is given by [Ho2], Theorem 8.10. O

Unfortunately, we are not yet able to prove an analogue of Theorem 8.11 of
[Ho2| in our setting stating that the monoidal structure is compatible with
the stable model structure. The problem is that we have only left properness
together with generating fibrations. We plan to investigate this problem in
future work.

105



References

[Ad]

[AM]

[BF]

J.F. Adams. Stable Homotopy and Generalised Homology, Chicago
Lecture Notes in Mathematics, Chicago University Press, 1974.

M. Artin and B. Mazur. Etale Homotopy, Lecture Notes in Math-
ematics, vol. 100, Springer-Verlag, 1969.

A K. Bousfield and E.M. Friedlander. Homotopy of I'-spaces, spec-
tra and bisimplicial sets, Geometric Applications of Homotopy
Theory, vol. II, Proc. Conf., Evanston, IL, 1977, Lecture Notes
in Mathematics, vol. 658, Springer-Verlag, 1978, pp. 80-130.

A K. Bousfield and D.M. Kan. Homotopy limits, Completions and
Localizations, Lecture Notes in Mathematics, vol. 304, Springer-
Verlag, 1972.

J.D. Christensen and D.C. Isaksen. Duality and pro-spectra,
preprint, arXiv:math.AT /0403451 v1, 2004.

F.-X. Dehon. Cobordisme complexe des espaces profinis et foncteur
T de Lannes, Mémoire de la Soc. de Math. de France 98, 2004.

D. Dugger. Universal homotopy theories, Adv. Math., vol. 164,
2001, no. 1, pp. 144-176.

E.M. Friedlander. Etale K-theory I: Connections with étale coho-
mology and algebraic vector bundles, Inv. Math., vol. 60, 1980, pp.
105-134.

E.M. Friedlander. Etale homotopy of simplicial schemes, Annals of
Mathematical Studies, vol. 104, Princeton University Press, 1982.

P.G. Goerss, J.F. Jardine. Simplicial Homotopy Theory,
Birkhauser Verlag, 1999.

P.S. Hirschhorn. Model Categories and Their Localizations, Mathe-
matical Surveys and Monographs, vol. 99, Amer. Math. Soc., 2003.

M. Hopkins and F. Morel. In preparation.

M. Hovey. Model Categories, Mathematical Surveys and Mono-
graphs, vol. 63, Amer. Math. Soc., 1999.

106



[Ho2]

[HSS]

]

[12]

[14]

[15]

[Lel]

[Le2]

[LM]

[Mal]

M. Hovey. Spectra and symmetric spectra in general model cat-
egories, Journ. of Pure and Appl. Algebra, vol. 165, 2001, pp.
63-127.

M. Hovey, B. Shipley and J. Smith. Symmetric spectra, J. Amer.
Math. Soc., vol. 13, 2000, no.1, pp. 149-208.

D.C. Isaksen. A model structure for the category of pro-simplicial
sets, Trans. Amer. Math. Soc., vol. 349, 2001, pp. 2805-2841.

D.C. Isaksen. Calculating limits and colimits in pro-categories,
Fund. Math., vol. 175, 2002, no. 2, pp. 175-194.

D.C. Isaksen. Etale realization on the Al-homotopy theory of
schemes, Adv. Math., vol. 184, 2004, pp. 37-63.

D.C.  Isaksen. Completions  of  pro-spaces, preprint,
arXiv:math.AT /0404303 v1, 2004.

D.C. Isaksen. Generalized Cohomology of  Pro-Spectra,
arXiv:math.AT /0408179 v1, 2004.

M. Levine. K-theory and motivic cohomology of schemes,
http://www.math.uiuc.edu/K-theory /0336 /index.html, 1999.

M. Levine. Inverting the motivic Bott element, K-Theory, vol. 19,
2000, no. 1, pp. 1-28.

M. Levine and F. Morel. Algebraic Cobordism I, preprint, revised
version 2002, http://www.math.neu.edu/levine/publ/Publ.html.

J.P. May. Simplicial objects in algebraic topology, Van Nostrand
Math. Studies, vol. 11, 1967.

J.P. May. A Concise Course in Algebraic Topology, Chicago Lec-
ture Notes in Mathematics, Chicago University Press, 1999.

J. McCleary. User’s Guide to Spectral Sequences, Math. Lecture
Series 12, Publish or Perish Inc., 1985.

J.S. Milne. Etale C'ohomology, Princeton University Press, 1980.

F. Morel. Quelques remarques sur la cohomologie modulo p con-
tinue des pro-p-espaces et les résultats de J. Lannes concernant les
espaces fonctionnels hom(BV, X), Ann. Scient. Ecole Norm. Sup.,
vol. 26, 1993, pp. 309-360.

107



[Mo2]

[Mo3|

F. Morel. FEnsembles profinis simpliciaux et interprétation
géométrique du foncteur T, Bull. Soc. Math. France, vol. 124, 1996,
pp. 347-373.

F. Morel. On the motivic wg of the sphere spectrum, in Axiomatic,
Enriched and Motivic Homotopy Theory, pp. 219-260, J.P.C.
Greenlees (ed.), Kluwer Academic Publishers, 2004.

F. Morel and V. Voevodsky. Al-homotopy theory of schemes, Inst.
Hautes Etudes Scient. Publ. Math. 90, 1999, pp. 45-143.

[. Panin. Push-forwards in oriented cohomology theories of al-
gebraic wvarieties:  II, preprint, http://www.math.uiuc.edu/K-
theory/0619/index.html.

D.G. Quillen. Homotopical algebra, Lecture Notes in Mathematics,
vol. 43, Springer-Verlag, 1967.

D.G. Quillen. An application of simplicial profinite groups, Comm.
Math. Helv., vol. 44, 1969, pp. 5-60.

D.G. Quillen. Elementary Proofs of Some Results of Cobordism
Theory Using Steenrod Operations, Adv. Math. vol. 7, 1971, pp.
29-56.

J.P. Serre. Cohomologie Galoisienne, Lecture Notes in Mathemat-
ics, vol. 5, Springer-Verlag, 1965.

A. Schmidt. On the étale homotopy type of Voevodsky’s spaces,
preprint, www.math.uiuc.edu/K-theory /0675, 2003.

P. Deligne et al. Séminaire de Géometrie Algébrique, SGA 4%,
Lecture Notes in Mathematics, vol. 569, Springer-Verlag, 1977.

V.P. Snaith. Algebraic cobordism and K-theory, Mem. of the AMS,
vol. 21(221), 1979,

D. Sullivan. Genetics of homotopy theory and the Adams conjec-
ture, Annals of Math., vol. 100, 1974, pp. 1-79.

R.M. Switzer. Algebraic Topology - Homotopy and Homology, Die
Grundlehren der math. Wissenschaften, vol. 212, Springer Verlag,
1975.

108



[Th] R.W. Thomason. Algebraic K-Theory and Etale Cohomology, Ann.
Sci. E.N.S.; vol. 13, 1980, pp. 437-552.

[Vol] V. Voevodsky. The  Milnor  Conjecture, preprint,
www.math.uiuc.edu/K-theory/0170/index.html, 1996.

[Vo2] V. Voevodsky. Al-homotopy theory, in Proceedings of the Int.
Congress of Mathematicians 1998, Berlin, Doc. Math., 1998, extra
vol. I, pp. 579-604.

109



Lebenslauf

Gereon Quick
geboren am 14. Dezember 1976 in Essen

Familienstand:
Eltern:

Schulbildung

Grundschule Zollverein
Leibniz-Gymnasium

Lycée Internationale de Lyon
Hochschulreife (Abitur):
Erweiterungspriifung Graecum

Ersatzdienst
Deutsches Rotes Kreuz in Essen

Studium

Ruprecht-Karls Universitat Heidelberg
Universtiy of Cambridge

Université Pierre et Marie Curie de Paris

Promotionsstudium:
WWU Miunster

Prifungen
Certificate of Advanced Studies in Mathematics
Diplomes d’Etudes Approfondies

Tatigkeiten
Studentische Hilfskraft, Universitat Heidelberg
Wissenschaftlicher Mitarbeiter, WWU Miinster

Beginn der Dissertation
Oktober 2001
Betreuer:

Forschungsaufenthalt
Institut Henri Poincaré in Paris

ledig
Heinrich Quick
Ursula Quick, geb.: Feldhaus

von 1983 bis 1987 in Essen

von 1987 bis 1996 in Essen
August 1993 bis Januar 1994
am 23. Mai 1996 in Essen

am 12. September 1997 in Essen

1.°9. 1996 bis 30. 9. 1997

Mathematik Diplom

von Oktober 1997 bis September 1999
von Oktober 1999 bis Juni 2000

von September 2000 bis Juli 2001

seit Oktober 2001

im Juni 2000, Universtiy of Cambrdige
am 13. Juli 2001, Université Paris VI

April bis September 1999
seit dem 1. Oktober 2001

Mathematisches Institut, WWU Miinster
Prof. Dr. C. Deninger

Marz bis Juni 2004



