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Introduction

With Newton’s Laws of Motion, the world seemed an understand-
able and predictable place to be in. It is easily explained why an apple
falls downwards, eventually hitting the ground when being separated
from the tree’s limb. Why horses have a hard time pulling a carriage
up to a castle’s hilltop while they do not seem to mind pulling the
same carriage on a path alongside a river seems an easy question to
answer. Knowing these answers, it seems obvious to say why a steam-
driven locomotive takes so much more coal and water when riding up-
hill, compared to riding on a flat plane. But then again, going a fixed
distance with the train has the crankshaft rotate a defined amount of
times. This does not depend on the steepness of the tracks. The ex-
pansion chamber has a fixed size. So why should the water and coal
consumption increase, just because the train is tilted slightly?

Thinking about this more thoroughly it seems that Newton could
give an answer to this too. Newton’s third law, the Action-Reaction
Law, says it needs more force to rotate the crankshaft if the train
increases its altitude. A combination of the laws now demands that
there must either be more molecules in the expansion chamber that
hit the piston in a given time interval, the molecules need to have a
higher momentum, thereby increasing the force acting on the piston on
impact, or a combination of both. In order to answer the question of
water and coal usage all we have to do is to solve the dynamics of this
simple looking model. We have to take the molecules and start solving
the equations given by Newton.

As it turns out, this leads to a vast system of ~ 10 coupled dif-
ferential equations, which seems impossible to explicitly solve with the
worlds current processing power. To address this problem, we come to
the idea of classical thermodynamics. This theory states that the ob-
servable state of a system does not depend on the mechanics of a single
molecule, but on quantities of vastly reduced information: tempera-
ture, pressure and volume of the system. This theory coupled with the
knowledge of the classical mechanics introduced by Newton gives us
just what we experience in real life. Riding uphill takes more pressure
on the piston, which takes a higher pressure in the expansion cham-
ber, which means, the steam needs to be thicker and thereby implicitly
hotter. So more water needs to be brought to a higher temperature
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in the pressure chamber, which takes more energy. This excess energy
can only be brought in by using more coal.

Even though the classical theory of thermodynamics is very suc-
cessful in explaining real world behavior, it lacks a foundation in a
more global theory like for instance the theory of mechanics. A con-
nection between mechanics and thermodynamics has been introduced
through the works of Maxwell and Boltzmann by inventing the theory
of statistical mechanics. The fundamental difference of this approach
to the approach stated earlier involving solving these coupled differen-
tial equations is that we do not need to know the exact behavior of
every single molecule, but it suffices to know the mean behavior of the
molecules under consideration in order to understand the macroscopic
properties of the system. The huge amount of molecules guarantees
that a small atypically behaving mass of molecules cannot change the
observable behavior. The real world behavior is solemnly determined
by the broad masses. This argument is founded on the equal a priori
probability postulate, which is the fundamental assumption of statisti-
cal mechanics.

As the name suggests, statistical mechanics involves some ideas of
probability theory. A fundamental concept being used is the idea of a
probability measure on all possible microscopic states of a thermody-
namical system. A realistic system is — in theory — drawn out of all
possible systems with regard to this probability measure. Now, even
though it is easy to write down this measure, it turns out to be difficult
to actually calculate probabilities with this definition.

As these probability measures cannot be rigorously calculated in
acceptable time, one has to settle for approximations of these quanti-
ties. There are several ways to gain such approximations, some of them
involving methods of numerical mathematics, some involving the use of
stochastic techniques. This thesis deals with two closely related meth-
ods, called Swapping and Simulated Tempering and with a derivative
thereof called Equi-Energy sampling.

We will first introduce statistical mechanics and give definitions
for the models which are of interest for this thesis. In Chapter 2 the
Markov-Chain-Monte-Carlo method for sampling from certain distri-
butions is being introduced and afterwards a short example is given,
showing that this technique does not always yield favorable results.
In Chapter 3 the previously named methods of Swapping and Simu-
lated Tempering are defined and its usefulness is being justified by an
overview of what is known in literature so far. Chapters 4 through 6
deal with the behavior of these Markov chains on some of the mod-
els introduced in Chapter 1. Chapter 7 introduces the Equi-Energy
sampler and gives a lower bound for the speed of convergence of this
algorithm for the Potts model.



CHAPTER 1

Statistical Mechanics

The statistical mechanics in physics is an approximation of the real
world through probabilistic methods. The idea is to look at a real
world piece of matter (1 liter of air, a 1 kg iron bar, ...) as a set
of N individual pieces (atoms, molecules,...) and to realize that it
suffices to know the probabilities of certain states one single atom can
be in to understand the macroscopic behavior of the model. This is
granted by the usually high number of atoms to be considered in a real
world probe, which makes solving the classical mechanics or quantum
mechanics coupled differential equations practically impossible in the
first place. Consider a system which is in the physical state z. The
Hamilton function H(x) has proven to be the correct function to look at
in classical mechanics in order to describe the evolution of the model
over time. By reading H(x) one can think of a certain energy-level
the system is in while being in state x. Understanding this much,
we can think of two disjoint systems which touch each other on the
bordering line. Looking at Figure 1, each system’s dynamics is given

System 1
Hy = Hl(qg)> apg))

System 2
yStem Hy = Ha(q”, ..., p})

FIGURE 1. Two disjoint but touching systems. The

Hamilton functions of each system are given by H; and
H,.

by independent Hamiltonians. Now, looking at the dynamics of both
systems considered as an union, it is physically reasonable to write the
Hamiltonian as

0 H = B (6 ?) o (i)

+ Hys (q§1), et at?, ---,pﬁ))

with H; 2 describing the interaction between the two systems. Looking
at the picture, the interaction area is small compared to the mass of

5
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the system, which physically speaking leads to very small interaction
energies H, o < Hy + H, and therefore to

H = H, + H,.

Now consider Figure 1 from the probabilist’s point of view. The proba-
bility of finding System 1 in a state x should only depend on = through
the Hamilton function, thus it should read w1(z). Due to the small
interaction area, we can again argue that the two systems are evolving,
up to a small degree of inaccuracy, interdependent of each other, thus
yielding

afl = pihigtz

Combining these two points, we gain

gt — o H _ Hy
which gives us the Boltzmann distribution
) e

as the probability measure to consider. The parameter § = % is called
the inverse temperature and describes how agitated the system is. Low
temperature T, thus high £, is a cold system with little thermal energy,
while high temperature, thus small 3, describes a system with high
thermal energy. The constant Z() is the normalization factor, which
makes 7 be a probability measure. For this, the assumption is that

Z(B) ::/efBH dp < oo

for a reference measure p. This will most usually be the counting
measure or the Lebesgue measure.

Most realistic models are, mathematically speaking, difficult to
study therefore, this thesis will deal with the following, compared to
real world physical models, simplified models.

1. The Curie-Weiss model

This is one of the simplest models of statistical mechanics which
still yields some interesting behavior for varying (. Define the set
A ={1,...,N} for some N € N and think of it as a set of N atoms.

Each such atom z; can either have spin up (o; = 1) or spin down
(0; = —1). Thus the state space we consider is
(3) Q={-1,1}"

To keep every calculation as simple as possible the Curie-Weiss model
is the mean field model derived from the Ising model (see [3]). “Mean
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field” means that every atom interacts in the same way and in the same
strength with any other atom. The Hamiltonian is therefore given by

(LY 1 &
(4) H(U):ﬁ (;%) :ﬁi]z_:laz‘gj
This model is of great theoretical interest as, despite being mathe-
matically simple, the model undergoes a phase transition as 3 passes
through S. = 1. Above the critical temperature the system has just

one macrostate which has zero total magnetization

(5) m(o) == Z 0.

Below the critical temperature the system has two distinct macrostates,
one of which has positive total magnetization while the other has nega-
tive total magnetization. See [3] for an extensive analysis of the model.

1.1. The Generalized-Curie-Weiss model. The Generalized-
Curie-Weiss model is an extension of the classical Curie-Weiss model
considered by Eisele and Ellis [13]. Looking at (4) we can write

(LN
2
H(o) = IN (;Uz‘) = ﬁ(m(a))
thus in the Curie-Weiss model the energy of the current state is only
dependent on the reduced information of the total magnetization of the
current state, given by m(c). Eisele and Ellis suggest to look at the
model induced through the Hamiltonian

(6) H(o) =N g (%)

on the state space 0 = A* C [~L, L]* and for an arbitrary function g
on [—L, L]. In order to give a reasonable physical model, the following
restrictions are applied to this construction:

(1) gis an even, real analytic function on R and is strictly increas-
ing on [0, L] with ¢(0) = 0.

(2) p is a symmetric non-degenerate (i.e., p # &y) Borel measure
on R.
Note: We will henceforth take p to be the normalized counting
measure on a finite symmetric subset A C [—L, L] in order to
make () technically a finite state space. The reason we only
allow this single measure is that only in this case has equation
(7) the desired Boltzmann-shape of having the probability of
a state only determined by the product of the Hamiltonian H
and [, as only in this case the factor

exp (Y log(p(ay)))
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cancels out.
(3) There exists a symmetric, non-constant and convex function
h on [—L, L] such that

g(x) < h(z) forxe[-L,L]

and
/ M@ p(dx) < oo for all f> 0.
[7L7L]

Define the sequence of probability measures for the Generalized-Curie-
Weiss model by

NCFI TN ploy) NP9 )+ oslelon)

Zn(B) N Zn(B)

Eisele and Ellis give a detailed analysis of the phase behavior encoun-
tered in the model, depending on the choice of g, in [13]. The last
restriction guarantees a finite normalization constant of the model for
arbitrary p. In our setting of a finite set A this is not needed, thus re-
striction (3) is only given for a thorough definition of the Generalized-
Curie-Weiss model.

(1) Pnplo) =

2. The Potts model

The model we will consider in Chapter 7 is the mean field Potts
model. Just as the Generalized-Curie-Weiss model, the Potts model
is a generalization of the Curie-Weiss model. This time the difference
does not lie in the Hamilton function but in the state space. While
the Curie-Weiss model and the Generalized-Curie-Weiss model both
have two types of spin values, positive and negative, the Potts model
generalizes this to an arbitrary number ¢ of colors. So here Q = EV
where ' = {1,...,q} with ¢ > 3. The energy function H of the mean
field Potts model is then defined as

N
1
(8) HN(U) = ﬁ Z 50’i:0'j7 o€}

2,7=1

and the Gibbs measures are defined accordingly. Obviously, Hy can
be written as a function of the vector

1 & 1< 1 &
mN(U) = (Nzéailaﬁzéoi% .- ~7ﬁz5aiq) )
i=1 i=1

i=1
the order parameter of the Potts model.

As the Curie-Weiss model the mean field Potts model undergoes a
phase transition. There is a critical temperature ., such that in the
high temperature phase 5 < . the distribution of my converges to the
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Dirac measure in (é, e é) For 3 > B. there is 1 > m*(3) > % such

that at S. the distribution of my converges to

1
i1 ( )+ Z Ov; (Be) )

where v;(f) is the vector that has m*(f) in its i'th component and all
other components equal such that they sum up to one. For g > [, the
distribution of my converges to

1 q
5 Z 5vi(5)
1=1

This phase transition is of first order, since m*(f.) > 1/q, i.e. the jump
is discontinuous. Moreover the vector (%, cee %) remains to be a local
maximum of the distribution of my for all temperatures. This fact will
be of utmost importance for our calculations. All these results can be
found in the article by Ellis and Wang [16].

3. The BEG model

The mean field Blume-Emery-Griffiths (BEG) model is also closely
related to the Curie-Weiss model. For a given K > 0 the Hamilton
function on = {—1,0,1}" is given by

(9) H(o) = Za +— (Z a]>

for 0 € Q. A third spin direction is added in this model, which has a
neutral role to the spins +1 and —1. The first summand puts weight
into those configurations in which many spins have value 0, while the
second summand puts emphasis on those states which have a non-zero
total magnetization. Here, the parameter K gives a reference of how
close this model should be to a Curie-Weiss model. Large K will give
the second summand large weight while the first summand only plays
a minor role. Choosing K small will give a totally different model,
namely one whose macrostate has zero total magnetization for any

B > 0. To gain a thorough understanding of the macroscopic behavior
of the mean field BEG model, see [14].

4. Spin glasses

So far, we considered very simple models in which neighboring spins
interact in a deterministic way. More realistic models would model
interaction strengths depending not only on the geometry (we so far
only considered mean field models, thus models with no geometry at
all) but also on chance. Thinking of quantum mechanics it is inevitable
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to think of interaction strength between two atoms as being random
variables satisfying some sanity properties.

The following models are inspired by the so—called Sherrington-
Kirkpatrick model (SK model) of a spin glass. In that model the
Hamiltonian is given by

1
Hy(o) = — 0;0:J;5.
N( ) mlgg];]v JjYg

Here o is an element of the hypercube {0,1}" and the J;; are indepen-
dent .#7(0, 1) Gaussian random variables. Hence for fixed o, Hy (o) also
is a Gaussian random variable with expectation 0. For o,0’ € {0,1}"
we can compute the covariance

cov(Hy(o), Hx(c")) = NRy(o,0")

where Ry(0,0’) = + SV 0i0; is the so—called overlap between the
configurations ¢ and o¢’. Moreover, it is conjectured that the energy
function of the SK model has an ultrametric structure (see e.g. [30])
which has been one of the key inspirations for the Parisi solution. These
observations led Derrida to the introduction of the following toy models
of a spin glass (see [7], [8], also see [3]).

4.1. The Random Energy Model. The Random Energy Model
(REM) is defined on the state space Q = Qy = {—1,1}". From the
SK model one merely wants to keep the properties that for each o
the Hamiltonian is a Gaussian random variable with expectation 0 and
variance N. This is easily accomplished by choosing

(10) HN(U> =Y,
with Y, ~ 47(0,N) i.i.d.. Choosing Hy such that V(Hy(c)) = N we

obtain, as seen in Theorem 1.2, a model with a free energy of order N.
An alternative notation we could use is taking

Hy(o) = —VNX,

for our Hamiltonian, with 2 many ii.d. standard normal random
variables X,. In favor of a standardized notation we will prefer the
second choice. This implies that the Gibbs measure of the REM, which
we want to simulate, is given by

eﬂH(U) e_ﬁ\/ﬁxo

) "= Zm T Z6)
Here, of course,
28)= ) &
o’'e{0,1}N

is the partition function that makes 7 a probability measure. For results
on the REM the reader is referred to [3] or [6]. Here, among others, one
can find the following estimate on the maximum energy in the REM:
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LEMMA 1.1 (|3| Lemma 9.1.1). The family X, of random variables
satisfies
(12) lim max N 2X, = 21n(2)

N*)OOO'GQN

both almost surely and in mean.

As a consequence one obtains that the REM has a third order phase
transition:

THEOREM 1.2 (3] Theorem 9.1.2). In the REM, with P-probability
1

S R RS = PR Y B A for 8 < B
55150[N1n<2 2 )]_{%23+(6—Bc)ﬁc for 8> B,
holds with B. = v2In2.

4.2. The Generalized Random Energy Model. Of course, we
cannot really hope to find a good approximation to the SK model by
just keeping one of its characteristics. The idea of the Generalized
Random Energy Model (GREM) (also invented by Derrida [8]) is to
alter the REM in such a way that the energy of a configuration o bears
at least some information about the energy of neighboring configura-
tions ¢’. The way this is implemented is inspired by the ultrametricity
conjecture in the SK model.

So again our state space is Q = Qy := {—1,1}". To measure
distance between two states we introduce
1
(13) dy(o,0') = N (min{i|o; # oi} — 1)

and note that exp(dy(o,0’)) is an ultra-metric on 2. As was noted
by Bovier [3] this choice of the distance function is basically the only
difference between the GREM and the much challenging SK model.

We want the covariance between two states to be given by a non-
decreasing function of dy while assuming that EX, = 0 for all o € €.
We therefore set

(14) COV(XU,XU/) = EXJXU/ = A(dN(O', O',))

with A(z) being a probability distribution function on [0, 1].

For the standard GREM let A denote the distribution function of
a measure 4 supported in n € N many points (z;)o<i<, With 2o = 0,
z, = 1 and z; € (0,1). Further assume that

x; <wx; fori<j.

Set a; := pra(x;) and assume that a; > 0 for all ¢ € {1,...,n—1}. Then
we define

(15) a=2""""1fori=1,...n
so we get > a; =1 and [[a; = 2.
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Now we can decompose €2 as an n-fold product

i In oy i
(16)  Q=0y={-1,1}" =QR{-1L 1} " = (X)Qua,.
=1 =1

In 2

Hence each o € €2 can be written as an n-tuple

0 = 010y...0, With g; € QNmai.
In2

Now the (Gaussian) Hamiltonian — which is indeed a Gaussian process
X, in o0 — can be constructed such that there is a contribution from
each of the factors that build Q. To this end, take ol + (o)™ +
.. + (a...a,,)Y many independent .4(0,1)-distributed random vari-
ables enumerated in the following way: The first o many X,, are
indexed by o1 € oy - The next (ajas)Y many X,,,, are indexed by

01 € Qyma, and 0y € Qmay, and so forth, so that (with o = 0105...0,,)
In2 In2

(17) X, = Va1 Xy, + V02 X560 + oo + VanXo, o,

is a A47(0, 1)-distributed random variable as well and obviously cov(X,,
X,/) depends on dy in the desired way. Analogously to the REM we
define

(18) H(o) = —VNX,

which gives us

eBH(0)  o—BVNX,
(19) ") = 2wy T 7

as our Gibbs measure. Here again
2B)= 3,
o’'e{0,1}N

is the partition function of the model. For further results on the GREM
the reader is referred to Bovier’s book [3].




CHAPTER 2

Markov-Chain-Monte-Carlo Method

Having introduced the ideas of statistical mechanics in Chapter
1 we can now come to introducing the probability part of statistical
mechanics. Given the Boltzmann distribution 7 for a given finite model
at a given inverse temperature 3, a physically realistic realization of
the model can be obtained by drawing out of all realizations according
to m. Even though this might sound easy, most models require an
extensive amount of calculations in order to do so. We need to know the
probability of any possible state in order to simulate this distribution
with a uniform-random-number-generator on [0,1]. Here, the idea of
the Markov-Chain-Monte-Carlo Method (MCMC) comes to mind in
a rather natural way. Thinking of the dynamics of a thermodynamic
system, we could imagine that at some point in time, a single atom is
being selected and its spin value is being changed in some way. At some
later point in time, another atom is selected and its spin is changed
as well. Waiting long enough the system will equilibrate, while this
dynamics keeps on going, keeping the system in equilibrium henceforth.
This idea carries over to Markov chains as we will see in Section 3. We
will first introduce the MCMC-Method in a more general setting.

1. Definition of the MCMC Method
We first give two definitions:

DEFINITION 2.1. Let § = {s1, ..., sx} be a finite state space and let
P be a (k x k) matriz. A stochastic process (X;)ien on S is called a
homogeneous Markov chain with the transition matriz P, if for all n
and all 19,11, ..., in11 € {1, ..., k}
P(Xnt1 = Sip1 | Xo = Sig, o, X = 54,) = P(Xog1 = 54,1 | X = 83,,)
= ‘P7:7L7in+1

holds.

DEFINITION 2.2. Let (Xo, X1, ...) be a Markov chain with finite state
space S = {s1, ..., Sg} and transition matriz P. A probability measure
m on S is said to be a stationary distribution for the Markov chain, if
it satisfies

k
ZWZPM =m; forj=1,.. k.
i=1

13
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DEFINITION 2.3. Let A be a sigma-field on a set Q. The total
variation distance between two probability measures m and T on (§2, A)
is defined by

d(m,7) v == sup {|m(A) — T(A)||A € A}.
The fundamental result for all that follows is

THEOREM 2.4 (Ergodic Theorem for Markov chains). Let (X, X7,
Xo,...) be an irreducible aperiodic Markov chain with state space S =
{s1,..., 81}, transition matriz P and arbitrary initial distribution p(®.
Then there exists a unique distribution © which is stationary for the
transition matriz P. If n™ denotes the distribution of X,, then

(n) TV
n — m.

See [22] for the proof, to gain an elementary understanding of Mar-
kov chains and to find all definitions needed for formulating Theorem
2.4.

In general, the definition of stationarity proves complicated to con-
struct or to verify for a given transition matrix P or for a given proba-
bility distribution 7. There is the tighter concept of reversibility which,
in most cases, is much easier to construct.

DEFINITION 2.5. Let (Xo, X1, ...) be a Markov chain with state space
S = {s1,..., sk} and transition matriz P. A probability distribution m
on S is said to be reversible for the chain if for alli,j € {1,...,k} we
have
Wif)i,j = 7Tj-Pj,i-
The Markov chain is said to be reversible if there exists a reversible
distribution for it.

It is common knowledge that a reversible distribution 7 to a tran-
sition matrix P is also stationary to P.

2. Technical preparation: Gap and Conductance

The key question for all kind of MCMC algorithms is how fast they
mix, i.e. how rapidly they converge to the desired invariant measure. So
in general, let X,, be a homogeneous, irreducible and aperiodic Markov
chain on a finite state space €, reversible with respect to a probability
measure 7 (on €2, that necessarily charges every point). The speed of
convergence is determined in terms of

7(e) = min{n : dpy(P*", 7) < &}.

Here, of course, PX» is the distribution at time n of the Markov chain
corresponding to the algorithm and dpv(P*",7) is the total variation
distance between this distribution at time n and the invariant measure
7 of the chain. Rapid convergence of such a MCMC algorithm means
that one can bound 7(¢) by a polynomial in ! and the problem size.
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There is an intrinsic relationship between 7(¢) and the spectral gap of
the chain defined by

Gap((X,)) := Gap(P) :=1 —max{| N[, ;s # 1} =1 1 — |\,

where we write \; for the eigenvalues of the transition matrix P =
(P(i,7))i; of the chain (X,) and have \; denote the second largest
eigenvalue. As a matter of fact, for an irreducible and aperiodic chain

the following estimates hold true (see e.g. [31]): Let 7 := min, 7(z)
(which is non-zero by the ergodic theorem for Markov chains), then
1 1

< og(—
) < Gy o5(0)
as well as

Al 1
() = 2Gap(PX) 0g(5-).
We can thus control the speed of convergence of the Markov chain
(or the MCMC algorithm, respectively), if we control the size of the
spectral gap of P. There is, of course, a variety of methods to obtain
such a control. In this chapter we will only need

THEOREM 2.6 (Jerrum and Sinclair [23]). Let P be a Markov chain
on a finite set Q) reversible with respect to w. For all S C (), define

2acsyps T(@)P(2,y)

b = () ’

to have the conductance ® given by

® = min Pg.
S:w(8)<1/2
Then the following holds true:
@2
> < Gap(P) < 29.
3. Metropolis-Hastings Algorithm

With these ingredients we can catch up on the idea stated earlier
in order to gain a realization of a model. We have got the Boltzmann
distribution 7 we want to sample from. All that has to be done is
to find an appropriate Markov chain which has stationary distribution
7, start this chain at an arbitrary distribution x(*) (which could be a
Dirac measure) and wait long enough to get a sample which is drawn
according to a good approximation of .

Remembering the definition of the Boltzmann-Distribution given in
(2) we note that even though it is easy to calculate the enumerator, in
general, calculating the denominator takes exponentially many steps.
So in order to give an algorithm for sampling from the Boltzmann
distribution efficiently we need to find a Markov chain with a transition
kernel which does not depend on the normalization constant Z(f3).
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Let €2 be a finite state space and 7 be a probability distribution on
Q with 7(z) > 0 for all x € Q. Further let K be the transition matrix
of a symmetric and irreducible Markov chain on 2. Defining

K(z,y) if 7(y) > w(x) and = £y

T(z,y) = K(z,y)=4 if 7(y) < m(z)

1—Z#$T(x,z) ifrz=y

yields an irreducible Markov transition matrix 7" on {2 which is re-
versible with respect to m. The constructed Markov chain is called
Metropolis-Hastings chain. Note that there are several different Me-
tropolis—Hasting chains for the same distribution 7, as T" depends heav-
ily on the choice of the proposal chain K. If K(z,x) > 0 for all x € Q
so is T'(x,z) > 0 for all z € . Thus T is aperiodic in this case. Also
note that K(z,z) > 1 implies T'(x,z) > 3, which will be of interest in
conjunction with Lemma 3.3.
Coming back to the Boltzmann distribution

| PHO)

- Z(8)

and the need for an algorithm that gives good samples from 7 we will
use our previously stated physical intuition in order to construct a
Metropolis-Hastings chain for a statistical mechanics model. Say we
have N atoms and any atom can be in one of finitely many spins.
Consider as proposal chain a Markov chain, that suggests to select one
atom and to change this atom’s spin to one of the possible spins. We
can do both according to the uniform distribution which in the models
given in Chapter 1 is an easy task (linearly in the model size N and in
the amount of spins an atom can be in). This fulfills K(o,0) > 0 for
any state o € {2 and thus the constructed Metropolis chain satisfies the
Ergodic Theorem for Markov chains with stationary distribution 7. It
is important that 7" does not depend on the constant Z(3), as in the
fraction
n(r)  ePfH)

7'((0') - eBH(T)

the normalization constant Z(/3) cancels out, the comparisons can be
done without knowing Z () and everything else is independent of 7 as
long as K does not depend on 7. Now there is good hope that using
the Metropolis algorithm can reduce computational cost compared to
drawing from 7 directly. This hope however proves to be not necessarily
true as can be seen in the easy case of the Curie-Weiss model in Section
4 of this chapter.
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4. Torpid mixing of Metropolis in the Curie-Weiss-Model

Consider the Curie-Weiss model given in Section 1 of Chapter 1.
The Hamiltonian is given through

1
H(o) = — 2
(0) = 55m(0)
for o € Q = {~1,1}* with A = {1,..., N} and m(0) = SV, 0;. The
distribution of interest is
Z(B)

which we want to give an intuitive proposal chain K for. Define

ms(0) =

ﬁ if ||o— 7|1 =2

K(o,7)i=91=3.,,K(o,7) ifo=r7
0 otherwise

to be the transition matrix of the Markov chain which inverts a ran-
domly selected coordinate, thus changing a 1 to a —1 or the other way
around. With probability % the chain does not change its state, which
guarantees K (o,0) > % for every o € §, thus K is a positive operator.
Defining

K(o,T) if wg(T)
T(o,7):=1¢ K(o,7) m5(7) if w5(7)

75(0)
1=> ., T(o7) ifo=r7
gives an irreducible, aperiodic and, with respect to mg, reversible Mar-
kov chain with transition matrix 7.

We are going to see that this Metropolis chain is actually torpidly
mixing for any 5 > S.. The main idea here is as follows: It is well known
that the Curie-Weiss model exhibits a phase transition at . = 1. For
£ < B. the system has only one macrostate, while for 8 > [, the system
has two distinct macrostates. At finite NV this can be expressed in the
term of modes. For 8 < [, the system consists of only one mode, while
for 8 > f. the system has two distinct modes. One mode has all states
with negative total magnetization, while the other mode consists of the
states with positive total magnetization. A Metropolis chain started
in one of these modes will actually explore this mode very fast and
will therefore equilibrate rapidly in this mode. Due to the symmetry
of the model both modes have the same probability, thus the chain
should be seeing both modes equally often in order for the chain to
rapidly mix on the whole state space. Now going from one mode to
the other requires the chain to pass through a region of the state space
in which the total magnetization is close to zero. For f > [, this
region has only exponential little mass and the chain started in one
mode will take exponentially long to pass this region. In order to give

g(c) and o # T

>
< ms(0)
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a short proof which does not rely too much on tedious calculations this
intuition is adapted a little bit in order to show

THEOREM 2.7. For every 3 > . = 1 there exists a ¢ > 0 such that
Gap(T) < e V.

Therefore the Metropolis chain induced by the proposal chain K for the
Curie- Weiss model in the two mode region is torpidly mizing.

PROOF. Assume N to be even. The idea of the proof will also work
for N odd, but this will rid us of non-instructive case differentiations.
Define A; := {0 € Qm(0) =i} C  to contain all the states with the
given total magnetization . Obviously m3(A4;) = 0 for i odd. So let
henceforth only consider ¢ as being even. The Hamilton function does
not differentiate between different states in one of these sets. Using

Stirling’s approximation and a; := ’;r ]]VV as the relative amount of +1
spins we calculate
N 2
A;) = 7(5) 128N (2a1-1)
a4 = () 20
(20) _ Z(ﬁ)_lN_%eN(§(2al_l)2_al log(al)—(l—al)log(l—al)))—i—A(al)

with A(a;) = O(1) if there exists € > 0 with € < a; <1 —¢. Consider

flay) := §(2a1 —1)% —a;log(ar) — (1 —ay)log(l — ay))

as a smooth function f : (0,1) — R. For g > 1 it is easy to verify, that
f has a local minimum at a; = % We further see that f is symmetric
to the %—axis and
lim f(a;) = lim f(ay) =0.
a1—0

a;—1
Therefore we can find % <, < 1 with f(ay,) > f(ay) for all a; > %
Note that it is possible to find € > 0 such that f is strictly concave on
(@ — 28, ap, + 2€).
Define the sets

N::{OEQH%—Gm

< 25}
and
m(o)

T—am <E}

and choose N at least big enough, such that both sets are nonempty.
Obviously there are only N many non empty sets A;. Due to the
exponential structure of (20) in N we therefore gain

T5(Nedge) _ _en
mN) =

Noige ::N\{UGQ‘

for a constant ¢ > 0.
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We have now everything set up for proofing that Mege constitutes
a bad cut in the state space by using a conductance argument. As
m5(N) < 3 using Theorem 2.6 with
Yvenrgn T(0)T(0,7)

m(N)
ZUGchgc 7T<O-) ZT¢/\/ T(U7 T)
m(N)

ZUENnge W(U)

m(N)

< e*CN

Oy =

IN

concludes the proof. Il






CHAPTER 3

Simulated Tempering and Swapping

We introduce two variants of the Metropolis—Hastings Algorithm
in this section. These algorithms include an additional change of tem-
perature with the idea to speed up the Metropolis chain when it is slow.
They are specifically tailored for situations where the invariant mea-
sure is a Gibbs measure with respect to some energy function and the
Metropolis Algorithm mixes slowly at low temperatures but quickly at
high temperatures. We start with the Simulated Tempering Algorithm
proposed by Geyer and Thompson [20].

1. Simulated Tempering

From now on and for the rest of the chapter let us assume that the
target distribution is a Gibbs measure on a finite set 2. Let H(-) be
the corresponding energy function or Hamiltonian of the system. For

every inverse temperature 5 > 0 a probability function on € is given
by

OH(0) PH(0)

ms(0) 1= Za’eﬂ eBH (o) - Z(B)

(21)

We have seen that, despite being natural, the metropolis algorithm is
sometimes slow in natural situations, e.g. when sampling from the low
temperature distribution of the Curie-Weiss model. To speed up its
convergence, we consider € x {0,1,..., M} for some M € N as state
space, which is typically chosen as M := ¢; N for some constant ¢; > 0.
The second component of the new state space refers to the current
temperature of the model (or the chain, resp.). Define f; := ﬁﬁ and
the probability measures m; := mg,. On Q x {0, ..., M} we take w(z) =
w((0,1)) = ﬁm(a) as probability measure. We construct a Markov
chain that starts in (0,7) € Q x {0,1,..., M} and chooses a new state
(0',i) according to the metropolis chain T, introduced in Section 3 of
Chapter 2. In a second step the temperature is changed according to a
similar Metropolis chain. The idea is that in case of the chain being in
an energy-valley, it can increase its temperature (reduce ) and thereby
reduce the cost of switching to another energy-valley. Explicitly, this
works as follows:

In the first step let i € {0, ..., M} be fixed. Then a transition from
(0,i) to (o',i) has probability Py((c,i),(0,i)) := Tp,(c,0’). In the

21
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second step let o € Q be fixed. Then the chain moves from (o,7) to
(0,7) according to the transition probabilities

Kin(i, ) if mj(o) > mi(o)
and i # j
Q(0,4),(0,4)) =4 Kum(i,5) 2 if 7,(0) < m,(0)
1—=3 Q((0,9),(0.k)) ifi=j
k#i
with
SED if j=i+1andje{0,...,M}
Kim(i,§) =4 0 if i — j| > 1
1= Ku(i k) ifi=j.
k#i

The actual Simulated Tempering algorithm now consists of any rea-
sonable combination of these two chains. Usually one first applies a
temperature move (), then a Metropolis move at the present temper-
ature (the transition matrix of which is denoted by Py), and finally
another temperature move. The precedence for this combination is be-
cause it can easily be verified that this combination yields a Markov
chain which is reversible with respect to 7 if () and P, themselves
are. Hence, in terms of transition matrices the Simulated Tempering
algorithm is given by Q P,(Q).

Notice that the computation of % in the matrix () needs knowl-
edge of the normalizing constants Z(3;) and Z(f;) which in most cases
is hard to get by. This is the reason for introducing the now following
Swapping Algorithm.

2. Swapping

The so called Swapping Algorithm was suggested by Geyer in [19].
The basic idea of changing the temperature is maintained. As state
space for the Swapping chain we choose:

st — QM—H

A natural choice for a probability measure on 2V is:

M Q%H(Ii)
(22) m(x) = Hm(xl) = i:&—
=0 11 2(5:)

with z = (xg, ..., xpr) € Q. Asin the Simulated Tempering Algorithm
the Swapping Algorithm consists of two steps. In the first step, we
choose an i € {0, ..., M} uniformly and update the i-th component of
the current state x = (xy,...,xy) according to the usual Metropolis
chain T}, at inverse temperature ;. In the second step, we choose an
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i € {0,..., M — 1} uniformly at random and swap the components z;
and x; 1 of x with probability

_ T(X0y ooy Tt 15 Tiy eey Tp)
min | 1, .
7T(.I'0, ooy Ty Tit 1, 7xM>

So explicitly the first step works as follows: The transition proba-
bilities from
xr = (%0, ey L1, Ly Lijg1y oees fM) e Qv
to
/

r = (.Z'(), ...,in_l,.’E;,.fEH_l, ,ZL’M) e Qv
are T;(z, ") := Tp,(z;, z;). Note that the product chain

2

)
Pla.y) = 53(09)+ gy 2010 oo S(aicn U i)

X 0(Tit1s Yir1) = - - (o, Ynr)

gives us a Markov chain on Q°¥. Also note that we never change more
than one component at a time. The second step is the temperature
swap. Here the transition probabilities from x = (xq, ..., ;, Tit1, ..., Tar)
to ' = (SL’O, ey Lj 1y Ly enny xM) are

Kow(z,2) if m(2’) > 7(x) and = # 2’
Q(gj IL‘/) = sz<x7x/)77rr(:§c/)) if 7T(l'/> < W(‘T)
1—> Qx,z) ifx=2a.
z#T
K, is defined by
(5 if 3 with z; = 25 Vj ¢ {i,1+ 1}
and x; = x;’+17$i+1 = l’;,l‘ 7é '

Ko(a,a') =4 0 if Pi with z; = Vj & {i,i+1}

and z; = |, i1 = x5, £ 2
1—-> Ky(i k) ifx=2a'
L ki
Note that the factor % in the definition of Ky, and P guarantees that
both transition kernels, P and (), are aperiodic and that the corre-
sponding operators are positive as seen in Lemma 3.3. Notice that
all the normalizing constants in () and P cancel out, such that the
transition probabilities can be effectively computed.

The Swapping algorithm is now any reasonable combinations of P
and @, usually one takes Q) PQ as it is reversible with respect to 7 if )
and P are reversible (which in our situation is the case). The following
sections will give an idea of what is known about these algorithms so
far.
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3. Known results

3.1. Madras and Zheng. In their paper [29] Madras and Zheng
are the first to consider the swapping algorithm for a model of statis-
tical mechanics. As we have seen in Section 4 of Chapter 2 a natural
realization of the Metropolis algorithm for the Curie-Weiss model with
no external field is torpidly mixing. By using techniques invented by
Madras, Piccioni [27] and Madras, Randall [28] Madras and Zheng
were able to show that the swapping algorithm with the same natural
Metropolis sampler as an underlying updating chain is rapidly mix-
ing. That way they were able to show that at least in some cases the
swapping algorithm is provably better than the standard metropolis
sampler. This has actually previously been claimed by some physicists
who were only able to give simulations as evidence.

The proof Madras and Zheng give relies heavily on the decomposi-
tion theorem, in this thesis Theorem 3.9. Consider a state with total
magnetization m(c). By inverting each spin the new state —o has total
magnetization m(—o) = —m/(o), thus there is a one to one correspon-
dence of the set of all states with positive magnetization and the set
with states of negative total magnetization. Using a smart aggregation
of states they restrict the chain to only switch sign in m(o) at inverse
temperature 8 = 0. They can then use the fact that the sets described
previously fulfill a unimodality condition in some sense, thus using the
well known Poincaré inequality given in Theorem 3.4 gives rapid mixing
on each subset in any temperature. Putting this together guarantees
rapid convergence of the chain after some tedious calculations.

Apart from looking at the Curie-Weiss model the paper also con-
tains the proof of rapid convergence to equilibrium of the exponential
valley distribution. This paper seems to have come out of Zheng’s PhD-
Thesis in which Zheng also considers the relationship between the two
algorithms of simulated tempering and swapping introduced in section
1 and section 2. With

THEOREM 3.1 (Zheng [35]). If there exists a 6 > 0 such that
Zmin{m(x),mﬂ(x)} >0 foralll<i< M

€
holds then if the Swapping algorithm converges in polynomial time, so
does the Simulated Tempering algorithm.

he was able to show (under moderate regularity conditions) that
rapid convergence to equilibrium of the swapping algorithm implies
rapid convergence of the tempering algorithm. This is readily used to
show rapid convergence to equilibrium of the tempering chain for the
Curie-Weiss model.

3.2. Bhatnagar and Randall. Bhatnagar and Randall picked up
on the idea of tempering and swapping in |2]. A natural extension of
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the Curie-Weiss model would be to consider the Potts model. This
model has {1,...,q}V as its state space, thus every atom can have one
of ¢ many spin values, which, in this model are usually called colors.
The Hamiltonian is then given by

N

H(o) = % > oo,

,j=1

which makes the Potts model an extension of the Curie-Weiss model
in the sense that it has more than two colors. Looking at the idea of
Theorem 2.7 it is not difficult to think of a proof which grands torpid
mixing of the metropolis algorithm which would be the natural adap-
tion of the one used for the Curie-Weiss model. The maybe surprising
result is that this slight modification of the Curie-Weiss model already
warrants for torpid mixing of the tempering and thus swapping algo-
rithm as well. Bhatnagar and Randall use the fact that even though
below the critical temperature the Potts model with three colors has
three macrostates, in this respect extending the Curie-Weiss model in
the anticipated way, it actually has a fourth, local, mode in the center
of the state space which does not yield a macrostate. This persists
at all temperatures below the critical one. At $ = 0 the Potts model
has only one mode which yields the macrostate of all colors appearing
equally often. A tempering chain started at this temperature in one
of the center states will stay in the center of the state space, as this
area is separated from any other mode by an exponentially deep energy
barrier. Even though the position of the barrier is shifted by changing
the inverse temperature 3, the property itself exists at any tempera-
ture. The proof relies on a conductance argument involving the bad
cut described and Lemma 2.6.

In the second part of their paper Bhatnagar and Randall suggest a
slightly different technique compared to the one introduced by Madras
and Zheng in order to show rapid convergence of the swapping al-
gorithm to equilibrium. It is a minor modification which might make
proving rapid convergence to equilibrium of the swapping chain in many
interesting situations easier. Chapter 5 of this Thesis gives a detailed
use of their technique, extending it in those parts where Bhatnagar and
Randall only gave a slightly fragmentary idea.

3.3. Huber, Schmidler and Woodard. Huber, Schmidler and
Woodard extend the techniques given by Madras, Zheng and Bhatna-
gar, Randall to a slightly more general setting.

3.3.1. Rapid mizing results. In [32] they give general properties for
which a model satisfying these will have a rapidly mixing swapping
chain based on a reasonable underlying metropolis chain. The condi-
tions they give are seemingly the outer most possible conditions which
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still make the general proof given by Madras and Zheng for the Curie-
Weiss model go through unharmed. Using their result they show rapid
convergence to equilibrium of the swapping algorithm for two models.
The first one is the Curie-Weiss model. Even though the proof given fits
on only one page, it relies heavily on calculations done by Madras and
Zheng in their much longer paper. The second model is the Symmetric
Mixture of Normals in RM.

We will give a brief summary of their result as it will be used in the
case of the Generalized-Curie-Weiss model in Chapter 4. Let Q be a
finite state space with the desired probability distribution mg. Further
let T3 denote the transition kernel of a Metropolis chain corresponding
to mg. Let A = {A;,j = 1,...,J} be a partition of Q. (For further
details on the construction see Theorem 3.9.) Let T; denote the aggre-
gated transition chain of T, with respect to the partition A. Further
define the overlap of {m : k =0, ..., M'} with respect to A by

0O A= i | ettt () T}
j !}I“zi} By (AJ')
and have
M
— ; : Wﬁk—l(Aj)
(25) 7(A) —jeg%k:lmm{1,_m<Aj> }

denote a quantity that measures the relative loss of mass in one of the
Aj. With these definitions in place Huber, Schmidler and Woodard
show

THEOREM 3.2 (Theorem 3.1 in [32]). For any partition A = {A;,
j=1,...,J} of Q let P, denote the swapping chain induced by the
Metropolis chain Ts. The spectral gap of Py satisfies

V(A)6(A)?
21(N + 1)L°

Gap(Py.) > ( ) Gap(Tp) Hknjn Gap(Tk|a,)-

3.3.2. Torpid mizing results. In [33|, Huber, Schmidler and Wood-
ard once again extend the proof given by Bhatnagar and Randall to
the outer most possible conditions a general model needs to satisfy in
order for the proof given by Bhatnagar and Randall for the Potts model
to work unscratched. They are able to apply their result to the Curie-
Weiss model’s tempering chain if one fixes the amount of temperatures
in the algorithm. The generalization of the model “Symmetric Mixture
of Normals in RM” to a Mixture of Normals with Unequal Variance in
RM vyields a torpidly mixing tempering chain. The third model they
are able to consider is again the Potts model with ¢ > 3 colors.
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4. Technical preparations

For the proofs of the results in the following chapters, we need
several well known results on Markov chains. The proofs of these results
can be found in the citation given. A slightly longer introduction with
some simple proofs can also be found in [12].

LEMMA 3.3 (Lemma 3 of [29]). Let P be a Markov chain that is
reversible with respect to a probability measure ™ on the finite state
space S. Also assume that P(z,x) > % for every x € S. Then P is a
positive operator.

LEMMA 3.4 (Poincaré inequality, Proposition 1" of [11]). Let P be
an irreducible and reversible Markov chain on a finite state space S.
We associate to P the graph with vertexr set S and edges (x,y) if and
only if P(z,y) > 0. For each pair of distinct points x,y € S, we choose
a path 7y, from x to y, such that a given edge appears at most once in
a given path. Then the second largest eigenvalue N\ of P satisfies

1
A Gap(P) < "

where

1
A = N, . 212
%3); W(.T)P(Z’,y) § : |’7 1 2|7T(Zl)7r(22)
Vep 29 2(T,Y)

and |V, ,| denotes the number of edges in the path ., .,.

LEMMA 3.5 (Comparison of Dirichlet forms, Theorem 2.1 of [9]).
Let P,7 and P,7 be reversible Markov chains on a finite state space
S, with respective Dirichlet forms €& and €. For each pair x # vy, with
p(x,y) > 0, we fix a path v,y = (ro = ©,21,22,..., 05 = Y), such
that P(x;,x;41) > 0, of length |y, = k. Set E = {(x,y) : P(z,y) >
0}, E={(z,y): P(z,y) > 0} and E(e) = {(x,y) € E : ¢ € 7}, where
ec€ E. Then

where

1 ~
A= - |7 (@) P2, y).

LEMMA 3.6 (Lemma 5 of [29]). Let (K, x) and (K', ') be two Mar-
kov chains on the same finite state space S, with respective Dirichlet
forms £ and E'. Assume that there exists constants A,a > 0 such that

E' < AE and arm < 7.
Then

Gap(K') < = Gap(K).
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Remark A sufficient condition for £ < A€ is that
' (x)K'(z,y) < An(x)K(z,y) for all z,y € S such that x # y.

LEMMA 3.7 (Lemma 6 of [29]). For any reversible finite Markov
chain P,

Gap(P) > — Gap(P™) Vm e N*.

1
m

LEMMA 3.8 (Lemma 7 of [29]). Let A and B be Markov kernels.
The following holds flor A and B and also for A substituted by A’s

positive square root Az :
Gap(ABA) > Gap(B).

THEOREM 3.9 (Caracciolo-Pelissetto-Sokal [29]). Let v be a prob-
ability distribution on a finite state space S, and let P be a transition
matriz reversible with respect to p. Suppose that we partition the set S
as

S =S with $;NS; =0, if i # j.
i=1
For each i = 1,...,m, let P; be the restriction of P to S;. Let Q be
a positive operator, that is also reversible with respect to u, and Q the
aggregated chain associated to the partition (S;)i=1.. m : more precisely,
fori,7=1,...,m,

Qi) = —— 33 ul@) Qe y).

M(SZ) zeS; yGSj
Let Q% be the positive square root of Q. Then
(26) Gap(Q¥PQ?) > Gap(Q) - min Gap(P,).

THEOREM 3.10 (Diaconis and Saloff-Coste [9]). Fori = 1,..., M,
let P; be a reversible Markov chain on a finite state space );. Consider
the product Markov chain P on the product space g X ... X Qyr, defined

by

(27) P

M
1
= [.QI9PRI®..0I,
MH;:O@@@ RI®..Q

where (in a slight abuse of notation) I denotes the identity on the space

77777



CHAPTER 4

The Generalized-Curie-Weiss model

This chapter will deal with the swapping algorithm on the Gener-
alized—Curie—Weiss model. As we have seen in Section 2.4 the Curie-
Weiss model’s canonical Metropolis chain exhibits a bad cut in the state
space at temperatures in the two macrostate region. Thus in general
we can only expect torpid mixing of the Metropolis algorithm in a
Generalized-Curie-Weiss setting. This chapter is organized as follows:
In Section 1 we will define the Metropolis chain for the Generalized-
Curie-Weiss setting. After this it is straightforward to define the swap-
ping chain. Section 3 contains the result of this chapter while the proof
is given in Section 4.

1. Defining the Metropolis chain

We will stay very close the the definition of the Metropolis chain
in the Curie-Weiss setting given in 2.4. Note that we regain the Curie-
Weiss model by taking A := {—1,1},

1
p= 5(5—1 +6-1)
as probability measure on [—1,1] and

g: [-1,1] — [0,1]
x — x?

as symmetric function which is strictly increasing on [0, 1] and satisfies
g(0) = 0. For the proposal chain we can take the almost identical
proposal chain as in the Curie-Weiss case. The only difference we have
to pay attention to is that the size |A| of the set A is not necessarily 2.
Define the proposal chain

m if HO'—T”l:].

K(o,1):= 1=3> ., K(o) ifo=1

0 otherwise

and verify that K is positive, irreducible and aperiodic on = A*.
Let T then denote the transition matrix of the Metropolis chain for the
desired Gibbs measure

BN

7T,3(0') m(T))

s

29
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of the Generalized-Curie-Weiss model.

2. Preparations

In this section, we will give a rapidly mixing Markov chain (X;);
which has the uniform distribution of all states with a given total mag-
netization as its stationary distribution. This will be of use as we intend
to compare the Metropolis algorithm on A; (see equation (38)) of the
Generalized-Curie-Weiss model with this chain in order to show rapid
mixing.

Let A ={1,..., N},
A= {iali € {-n,..,n}} for an o >0 and some n € N
and define the state space to be = A, Now let

(28) C= {xEQ‘m(x):j}

be the set of all states with total magnetization j and let v be the
uniform distribution on C. Our aim is to give a Markov chain (X;);
which compares well to the chain we consider later in Section 4.3 and
which also samples efficiently from v.

2.1. Rapid mixing of (X;). Fix C as in (28). Consider the
Markov chain (X;) on C with the following transition kernel. Take
(R1(7))ien and (R2(i))ien independent and uniformly distributed on
{1,..., N} and (U(i));en independent and uniformly distributed on

{la, ..., (2n + 1)a}
such that (R;(7)), (R2(i)) and (U(7)) are independent. Define
Move : C x {1,...,N}* x {1a, ...,2na} — C
by

x ife,, —u<—n
or T, +u>n

R ) ifr; <mry

(29) Move(x,ry,re,u) = (1,00, =10

ooy Tpy + U, ...y xy)  and not first case

(T1y .oy Ty + 0, if ri >y

ey Tpy — U, ...,xy)  and not first case
and using this define
X1 =X S C

(x Ry (i) = Ry(i)
(30) Xiv1 = {Move( Xi, Ri(i), Ro(d),U(i))  Ri(i) # Rali)

(where X is any admissible starting point). Verify that (X;) is irre-
ducible, aperiodic and has reversible distribution v on C. We will use a
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coupling argument in order to show rapid convergence to equilibrium
of (X;). To this end define

(31) X =XecC
with X’ drawn according to v and
Xi Ry (i) = Ra(i)
v X Xi(Rai) # X{(Ra(i))A
i+1 T . / .
Xi(Ra(1)) # Xj(Ra(i))

Move(X/, Ri(i), Ro(3),U(7)) else.

Again verify that (X]) is an irreducible and aperiodic Markov chain

which is reversible with respect to v on C. Thus (X7) is in equilibrium
in every step.

LEMMA 4.1. The expected coupling time Te of the Markov chains
(X;) and (X)) is bounded from above by

ETy < (2n 4+ 1)N?.
PROOF. Define
(32) C(i) == {k € {1,..., N}| Xs(k) # X{(k)}

such that W(7) := |C(7)| denotes the amount of components which have
not coupled so far. Once V(i) = 0, the two chains have coupled. Due
to the construction, ¥ is monotonically decreasing. We now argue why
1

33 PV(ie+1)<j—1¥()=7>0) > ————
(33) (¥ +1) <= 106) = > 0) > G

holds.

First, assume there are exactly two components k; and ko satisfying
Xi(k1) # X[(k1) and X;(ke) # X!(k2). Without loss of generality
assume further that X; (k) > X/(k1) and X;(kq) < X[(k2). As X;, X €
C there exists a u € {1a, ..., (2n + 1)a} such that
All that needs to happen is drawing
W=t

~ (2n+1)N?

Second, assume there are three or more components which have not
coupled yet. There are either components k; and ks satisfying

P(R1(Z) = klaR2(i) = k27U<Z) =

or satisfying
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for a suitable u € {1a, ..., 2na}. Again we know

1

P(Ri(i) = ki, Ro(i) = ko, U(i) = u) = CTESE

which proofs (33).
Using [1, Chapter 4-3, Lemma 1| we get an upper bound of

N
ET; <) (2n+1)N? = (2n+ 1)N?

=1

for the coupling time. O

3. Result

Note the restrictions to g and p given in the definition for the
Generalized-Curie-Weiss model in Section 1.1. Further assume that
the finite set A is of the form

(34) AN (0,00) = {iali € {1,..,n}} for an & >0 and some n € N.
Define
(35) A;={o € A lm(o) =ia} forie{0,..,2nN}

to be the set of all states with total magnetization i« respectively. Here
A, as defined in (36) consists of all the states we want to call positive.
The main result of this chapter is

THEOREM 4.2. Let g satisfy
7 (A;) is unimodal in i € {0,...,2nN}

for any B > 0. Then, the swapping chain with transition kernel QPQ
1s raprdly mixzing for the Generalized-Curie- Weiss model with parame-
ters g and the normalized counting measure p on the finite and sym-
metric set A C [—L, L] satisfying (34).

Remark This implies rapid convergence of the simulated tempering
chain to equilibrium as the calculations given in Section 4.1 imply the
condition necessary for using Theorem 3.1.

4. Proof

Fix 8 > 0. We will be using Theorem 3.2 as a means of showing
rapid convergence to equilibrium in the situation of Theorem 4.2. We
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start by partitioning
Q - A+ U A_
N N
Al = {0 € Q’ Zai > 0} U {J € Q‘ Zai = 0, Cargming {020} > 0}
i=1 i=1
U ({(0, 0N AA)

N N
A= {O’ € Q‘ ZO’Z' < 0} U {O’ € Q‘ Zai = Oaa-argmink{akyé()} < O}
i=1 =1

(36)

such that Ay N A_ = (. Thus take A := {4, A_}. It is obviously
clear, that for any 8’ € [0, 5] there exists ¢; > 0 only dependent on /3
not on 3 such that Zg (N) > e“¥. This leads to

g ((O, e O)) <e N

uniformly in 8’ such that the symmetry of ¢ and p implies

m5(4;) — uniformly in 8 € [0, 8] and for i € {+, —}.

1
2

This implies y(A) to be bounded by a constant which can be chosen
arbitrarily close to 1.

4.1. Bounding the overlap 6(A). Remember the definition of
d(A) given through equation (24). We first calculate
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and

Z(N) > e 651\/%9(”]@7))

Zenl®) 5 g i)

_ o BNl

We can use this to gain a two-sided bound on
Ti1(0) _ AN (ER-5)o(22) Zy(N)
(o) Zi41(N)
o g(me) Zk(N)
Zr1(NV)
N Zi(N)

c Leﬁﬁllg\loo k

| ' Zen)

BN N
C [eParligloe eParligloo)

This leads to §(.A) being upper and lower bounded by constants. Note
that we only need the lower bound on 6(.A) for using Theorem 3.2.

4.2. Bounding Gap(Tp). Again take A; = {0 € A, |m(0) = ia}
to be the set of all states with given total magnetization i« in 2. We
want to show that a transition from A_; (or AgNA_) to A; is probable.

To achieve this, we first need to know that being in a state in A_; is
probable. To this end define

o
c2(0) := min {k’" Zak < 0}
k=1

to be the first component where the partial sum of all prior spins turns
negative. Note that ¢, is well defined for any = € A_. Define

h(o) =o'
to be the function which increases this component by la, such that
Oci(o) + oo = 0, 1 (o) and o), = oy, for all other components. Note that
h(A;) € A;yq is an injective mapping for all ¢ < 0. This implies
1 1

: > P —
(37) either mo(A;) > Gn+ )N or m(AgNA_) > 2n+ )N

PROPOSITION 4.3. Ty is rapidly mizing.
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PRrROOF. Take B to denote either A_; or Ag N A_ depending of
which one fulfills the inequality in (37). Each o € B has at least one
component of which the spin value can be increased far enough, such
that the resulting ¢’ has m(o’) > 0. Thus ¢’ € A,. Using this short
notation and the definition of 7_’0 we calculate

To(—,+) = Z Zﬂ'o VTo(0o, 7)

O’EA T€A+

>QZZ7T0 T()O’T

oceB T€A+

>
= 9A|(n + 1)N?

~ (2n+1)2N?

where we use that Ty(o,0’) = K(o,0') = (2|A[N)~'. Note that
To(+, —) can be bounded by the same technique and therefore by the
same bound. Comparing this with the Markov chain which tosses a
coin independently in every step, taking the displayed value, by using
Lemma 3.6 yields the desired result. U

4.3. Bounding miny ; Gap(T}|4;). We will focus on
mkin Gap(Tkla,)

as mz is symmetric and A; and A_ differ only insignificantly. All
bounds shown work for both cases. Fix an arbitrary k € {1,..., M }.
We will see that T}| 4, is rapidly mixing, thus giving a polynomial lower
bound for min Gap(Ty|a, ). This bound is independent of ;. For an
easier notation denote

P = T'k|,4Jr .
Partition
2nIN
(38) Ay =J 4
i=0

with A; = {0 € Ay|m(o) = ia} according to the total magnetization.
Using Lemma 3.7 on P we gain

1 1 1 1
Gap(P) > 3 Gap(P?) = 3 Gap(P2 P?P?).
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This, on first sight counterproductive, step makes sure that the chains
induced on the decomposition state space are nontrivial. Only consid-
ering P|4, would lead to a constant chain, as the chain cannot leave
any state. The chain P?|4, does not have this disadvantage as P? can
increase/decrease the total magnetization by some amount in the first
step and reverse this change in magnetization by the second step. Using
Theorem 3.9 we get

Gap(P?) = Gap(P: : 2P )>Gap() min  Gap(P?)

1<i<N|A4|

with P2 := P?|,,.
PROPOSITION 4.4. P is rapidly mizing.

PROOF. Note the condition in Theorem 4.2 of mg (A;) being uni-
modal in i for any #° > 0. We will be using this in conjunction with
the Poincaré-Inequality of Lemma 3.4 in order to see that Gap(P) can
be bounded below by the inverse of a polynomial. First note for any
i €40,..,nN — 1} we get

N

F(i,i—l—l)z g/gAz Z Z 7T5/ )

oc€A; TEA 11
1 1
> 7 (0) =——
mar(Aj) Z 7 9lAIN
1
© 2|A|N

and using reversibility in (39)

?(Z'—Fl,i): Z Zﬂ-ﬁl

Wﬁ,< ”1> o€A;i41 TEA;

(39) = Z > ma(r

™
Bl( Z+1 O'GAH_l TGA

m
A1) ; o Q\A]N

. 1 7'('5/(141‘)
2|AIN m(Aig1)

= 7_‘_/3/
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. 1(A; . .
Assume the worst case scenario of —2 (4:) < 1. We will use this for

Tt (AiJrl)
bounding K in Lemma 3.4 by

1
K= max ——————- [Ver,za|Tpr (21) pr (22)
m”ﬂWWMWWMEMIQ

Z T (21)7 (22)

3,7€{0,...,nN}: . Trﬂ’<AZ)P(27J)

li—jl=1 721,223<i7]>

mp (21)mp (22)

- i€{0,...2n—1} Z 7 (Aip1)P(i + 1,7)

'Yzl,z29<i+17i>

T (21) mp(22)
< nN (A,
=" ie{Or,?EEi_n Z ' Wﬂ’(Ai-H) WB/(Ai)WB( +1)
'Yzl,z29<l+1,’b>

< (nN)?

as every factor in the last product is bounded by 1 due to the uni-
modality condition. O

PROPOSITION 4.5. There exists a polynomial p(N) such that
Gap(P?) = p(N)™
thus P? is rapidly mizing for any i € {1,....nN}.

1

Remark Note that the technique used in the proof of Lemma 4.1 also
works for the case of restricting the state space to Ag N A,. We re-
frain from showing this explicitly to prevent unnecessarily complicated
notation.

PROOF. It is necessary to consider two cases. The first is P2y in
which A, only contains one state. Thus P2 is the constant chain
and therefore rapidly mixing.

The second case is the case of P? with i < nN. We will compare

P? with the Markov chain given in Section 2 which has been shown
to be rapidly mixing in Lemma 4.1. Consider two states o # 7 with

m(o) = m(7) = ia and
P(Xj+1 == T|Xj = O') = 0.

This directly implies P?(o,7) = 0, as all P? can do is select two compo-
nents and transfer magnetization between these two, just as the Markov
chain (X;) does too. Now consider the other case of two states o # 7
with m(o) = m(7) = ia and

1 1

T N? T JANE

Think of the transition of X; to X, as consisting of two steps. First in-
creasing one component’s amount, thus reaching state 7" with m(7’) >

0.

P(Xj1 =7[X; =0)
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1o and then decreasing another component and therefore reaching 7.
We know

P*(o,7) > P(o,7)P(7',7)
and due to the definition of the Metropolis sampler it is either P(o,7) =

m or P(r,0) = 3] j| - Assume the first equality to hold true. Then
we gain
1 m(n)\_, (m)
P(r', 1) = STAIN min{l,e’gkN(g( 1) -o (5 ))}
1 ) ﬁﬂ(g<m(‘r>)_g(m(‘f/)))
[ 1 M N N
AN mm{ ,€
> _ 1 8N
— 2|A|N

This argument would work for bounding P(o,7’) just as well, so alto-
gether we get

1 \? .~
40 P2 > (- —Brllgll
(40) Hor) > (g )
From Lemma 4.1 we can deduce Gap((X;)) > A A1| ~s such that Lemma

3.6 yields the claim. Note that this bound does not depend on i.  [J



CHAPTER 5

The Blume-Emery-Grifiths model

In this chapter we will analyze the Swapping algorithm on the
mean-field version of the Blume-Emery-Griffiths model which is given
in Chapter 1 Section 3. This model has two parameters and depending
on their choice, the model exhibits either a first or a second order phase
transition. In agreement with a conjecture by Bhatnagar and Randall
we find that the Swapping algorithm mixes rapidly in presence of a
second order phase transition, while becoming slow when the phase
transition is first order.

As mentioned in Chapter 3 Section 3.3, Woodard, Schmidler and
Huber are able to give the first known result on rapid mixing of the
Swapping algorithm in a general, non model-specific, setting. It is no-
ticeable that their result cannot be used in the case of rapid mixing
in the BEG model. The technique used by Woodard, Schmidler and
Huber relies heavily on a static, non temperature-dependent, partition-
ing of the state space. The underlying Metropolis chain needs to mix
rapidly in each part and for any temperature in order for their tech-
nique to work. Furthermore, the probability of each part must not get
too small, as the temperature is decreased. In the rapid mixing case of
the BEG model, this partitioning cannot be achieved. Our proof relies
on a dynamic, temperature dependent, partitioning in which one part
gets very unlikely as the temperature is decreased.

This chapter is organized as follows: Section 1 contains some tech-
nical results which we need in order to prove our theorems. More
precisely, we will propose a way to rewrite the BEG model and we will
prove a result on the speed of convergence of a coloring algorithm on
a graph. This will be useful in the proofs of our results in Section 3.
Section 2 is devoted to our results — a characterization of the parame-
ter regimes where the Swapping algorithm converges rapidly or slowly,
respectively. These results will be proofed in Section 3. Next to the
mentioned free energy bounds, the proofs use methods to bound the
spectral gaps of Markov chains such as coupling methods or Poincaré
inequalities. In the appendix a collection of results on the free energy
in the BEG model is given, which contains refinements of some results
given in [14].

39
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1. Technical preparations

We will first do some system specific preparations, in order to get
more familiar with the model and as evidence why swapping and tem-
pering should be considered for this model.

1.1. BEG-specific preparations. In favor of an easy notation
define the functions

(41) Sn(o) = Zai

(42) Ry() =" o

where Sy gives the total magnetization, and Ry the total amount of
non-zero spins of the state . Using this, it is easy to define
(43) A ={0€Q|Sy(0) =s,Ry(0) =7}

as the set of states with fixed amount of Os and fixed magnetization. As
we consider the mean field BEG model, all states in A, are basically
indistinguishable in the system. We will later (Theorem 5.12) see,
that the Metropolis chain T restricted to A, mixes rapidly for any
combination of s and r.

In order to be able to better address non-negligible differences in
the state space consider

(44) T =Ty:={a=(a_1,a0,a1) € R*a; >0V,
Y a;i=1,Na; e NVi=-1,0,1}

such that

(45) Q= {aealiéaj,izjvai Vi € {—1,0,1}}
j=1

acY

is a disjoint union. This is inspired by Gore’s and Jerrum’s work on
the Potts Model [21] as the following calculation makes the state space
easier to handle.

Considering

N
7 -1
Nal,Nao,Nal) (6)

% e—,B (Na_l—l—Nal—%(Nal—Na_l)z)

— N -1
N <Na_1, NCLQ, Nal) Z(ﬁ)

0 e oo )

mp(o has type Na) = (
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and using Stirling’s approximation one obtains

7s(0 has type Na) = Z(B) "' N~ oV (Siaitoga) +AGm)

> efNﬁ (a_1+a17K(a17a_1)2)

= 2(8) N
(47) X eN(,B(—a,l—a1+K(a1_a71)2)—zi a; 10gai)+A(a)

with [A(a)] = O(1) if there exists an ¢ > 0 with a; > ¢ for all ¢ €
{-=1,0,1}. So understanding

(48) fs(a) ==B(—a-1— a1+ K(ag —a_1)?) — Zai log a;

will give us better intelligence of how the BEG model behaves depend-
ing on 3. See the appendix for the details. The rough description (that
is, of course, in agreement with the findings of Ellis et al. in [14]) is,
that for small K" and small 5 > 0 the free energy is unimodal, while for
small enough K and large [ there are three minima. For large enough
K, fs is bimodal.

1.1.1. Why Metropolis is torpidly mixing for BEG. We know, as
seen in Section 1.1, that m3(co has type Na) has exponential structure
for any a which is a local maximum. We also know, due to the analysis
sketched above, that fs has three local modes for suitable K" and suffi-
ciently (depending on K) large 3. Take a to represent the lowest local
maximum point. This leads to B.(a) having exponential little conduc-
tance, therefore representing a bad cut in the state space. Here and in
the following B.(a) will always denote a ball of radius € centered in a
in the appropriate metric space. For more details see Section 3.4 where
this technique is used in the more complicated setup of swapping.

1.2. Random 3-coloring of the complete graph. In this sub-
section, we will give a rapidly mixing Markov chain (X;); which has the
uniform distribution on the set of of all 3-Colorings with given amounts
of vertices of a certain color as its stationary distribution. This will be
of use, as we intend to compare the Metropolis algorithm on A, (see
(43)) of the BEG model with this chain in order to show rapid mixing,.

Let A = {1,..., N} and define Q = {—1,0,1}* to be the set of all
possible 3-colorings of A. Note, that we do not restrict ourselves to
3-colorings in the graph theoretic sense, where adjacent vertices are
required to have different colors. Further consider a tuple (aq, ag, a3) €
T. Na,; represents the amount of vertexes, which have color i. Now let

(49) C:{aeﬂj%zcsi,(,j :ai}

be the set of appropriate 3-colorings and p the uniform distribution on
C. Our aim is to give a Markov chain (X;); which compares well to the
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chain we will consider later in Section 3.3.2 for the BEG model and
which also samples efficiently from p.

1.2.1. Rapid mizing of (X;). Fix C as in (49). Consider the Markov
chain (X;) on C with the following transition kernel. Take (R1(%));en
and (Ry(7));en independently and uniformly distributed on {1, ..., N}.
Define

X1 =Xe’l
- x Ry (i) = Ra(i)
(50) X : {(Rl( ), Ro(i)) (X)  Ra(i) # Rali)

(where X is any admissible starting point and for a vector z := (x4,

Say)andi #j € {1,..., N} we write (4, j)(x1, ... zy) for the vector
x with the components i and j interchanged) and verify, that (X;) has
reversible distribution 7 on C. We will use a coupling argument in
order to show rapid convergence to equilibrium of (X;). To this end
define

(51) X =XecC
with X’ drawn according to p and iteratively
(52) C(i) == {7 € {1,.. N}|X:(j) # X{(5)}
with
(X Ry (i) = Ry(1)
(B (i), Ra(i)) (X)) ( 1(#)) = Xi(Ru(i)) A Xi(Ra(i))
Xi(Ry(1))
o )RR (X)) AR £ X0 0 Xl
= X/(Ru(i)
(Bi(i), Ro(1)) (X])  Xa(Ra(d)) = X{(Ri(4)) A Xi(Ra(0))
= X;(Ra(2))

[ (R1(i), R3(i)) (X]) otherwise

and Rz being uniformly drawn out of C(i) and independent of (R;(7))
and (Ry(7)). Again verify that (X/) is a Markov chain which is re-
versible with respect to p on C. Thus (X/) is in equilibrium in every

step.

LEMMA 5.1. The expected coupling time T¢ of the Markov chains
(X;) and (X)) is bounded from above by
ETe < N*.

PROOF. Define V(i) := |C(7)|. Once V(i) = 0 the two chains have

coupled. Due to the construction ¥ is monotonically decreasing. In-
deed, if X;(k) = X/(k) holds for one 7 and a k € {1,..., N}, we will
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have X; = X7 for the position k is permuted to. We further know

P(U(i+1) <j—1]¥(i)=j>0) 2%

as all that needs to happen is, find two components k; and ky with
Xi(k1) = Xi(k2) # Xi(k2) = X{(k1)

and choose these with Ry and Ry which happens with probability #
In this case R3 would be drawn out of all components in which X; and
X/ differ. There are at most N of those. Using [1, Chapter 4-3, Lemma
1] we get an upper bound of

N
ET, < Z N3 = N4
=1

for the coupling time. O

2. Results

In this section we will summarize our results which will be proved
in Section 3. We will first define what chain exactly we want to look
at.

The Simulated Tempering algorithm and the Swapping algorithm
are defined in Chapter 3 Section 1 and 2 respectively. In the two cases,
for the BEG model, the corresponding Metropolis-Hastings chain for
the measure 7, defined through (9), is given by (3), with the proposal

chain
1

ngn(x,y) = ma
if z,y € {—1,0,1}" and differ in exactly one spin z; # y;, for some
i€{l,..,N}, and Ken(z, ) = 3. In all other cases define

ngn(x> y) =0.

The BEG Model, as Ellis et al. [14] show, exhibits different phase
behavior depending on K. For small K < K, there is, for every
temperature, only one macro state, which implies that there is no phase
transition. Ellis et al. conjecture K., to be 1, but they do not give a
proof for this.

The first regime we want to look at is K, < K < K, with
K. = K(log4) as in |14, Eq. (3.19)]. The model exhibits a discon-
tinuous phase transition at a .(K) depending on K. We will use this
discontinuity in the phase to show

THEOREM 5.2. Consider the BEG model with K;,, < K < K,.. The
Simulated Tempering algorithm is torpidly mixing, since

Gap(QPuQ) < e~V
holds for ¢ > 0 as constructed in Theorem 5.13.
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COROLLARY 5.3. This implies torpid mizing of the Swapping algo-
rithm in this regime.

For K > K, the model shows a continuous phase transition at
Be(K) which will lead to a Swapping chain which behaves very much
like a Curie-Weif model’s Swapping chain which Madras and Zheng
already considered in [29]. This leads to

THEOREM 5.4. For K > K, the Swapping chain with its transition
kernel QPQ for the BEG model satisfies
1
Gap(QPQ) = ——
@PQ) p(N)
for some polynomial p of N.
Remark Giving an explicit bound would need a longer argument in
the end of the proof of Theorem 5.10 which does not give a better
insight of the situation. As we do not believe our technique to give a

sharp bound anyway, we refrain from doing this extra step and do not
give a suitable polynomial explicitly.

COROLLARY 5.5. This tmplies rapid mixing of the Simulated Tem-
pering chain QPyQ) in this regime.

3. Proofs

In this section we will first prove Theorem 5.4 to conclude this paper
by showing Theorem 5.2.

3.1. General partitioning of the state space in the case of
K > K.. We will begin to show Theorem 5.4 by partitioning the state
space

(53) 0=0,UQ_

into two disjoint almost equally large parts
0, — {:c e Q) S a(i) > o} u{(0,...,0)}

U{x #(0,...,0) Z x; = 0, with the first non-zero coordinate :+1}

Q_={ze€ Q]Zm(z) < 0}
U{x #(0,...,0) Z x; = 0, with the first non-zero coordinate :—1}.

)

Using this partitioning we will decompose Q%% = QM*! in the same
way as Madras and Zheng in |29, Section 4, Step two].
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Let Q% := {+, =} and take z € Q. Define the signature of z

sgn @ OV — Qsw

4
(5 ) T = v
with

+ if Tiv1 € Q+
55 =
( ) v {— if Tit1 € Q,,

such that sgn(z) contains the sign, of the total magnetization of each
component of x except of the component for 5 = 0. The first compo-
nent of x will have a special role, which will become apparent within
the next paragraphs.

We will decompose the state space using the amount of +-signs in
sgn(z). For fixed k € {0, ..., M} define

(56) Q := {v € O¥|v has exactly k + -signs}.
and note, that

M
OV — U O
k=0

is a disjoint union of
(57) Q= {z € X[ sgn(z) € Y}

Define @ to be the aggregated transition matrix as described in Theo-
rem 3.9 for this decomposition. Using Lemma 3.8 and Theorem 3.9 we
get

(58) Gap(QPQ) > Gap(Q? (QPQ)Q?)
(59) > Gap(Q) » {Ig}}gM} Gap((QPQ)|ay)-

Citing |29, Sec. 4, step three|, we can do all displayed calculations in
our setting as well, which eventually leads to

(60)  Gap(QH(@PQIQ}) > { Gap(Q) - _min  Gap((QePeQy)

ke{0,...,M}

with P, and @ being the restrictions of P and @ to ), respectively.

The transition kernel @ is, in this setting, responsible for changing
the amount of components in x € Q% which are in 2, and _ re-
spectively. @ is essentially a one dimensional nearest neighbor random
walk on {0, ..., M} whose spectral gap is well understood. Due to the
symmetry in the model it does not (noticeably) matter for the chain,
whether we restrict a given component k of x to be in 2, or Q_. This
leads to

(61) G&p((QkPka)) ~ Gap((Qk/Pk/Qk/)) Vk, K S {0, ceey M}
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where ~ means that both spectral gaps are of the same (polynomial or
exponential) order. This in turn implies

min }Gap((QkPka)) ~ Gap((QuPuQun)).

ke{o,....M

We will, by abuse of notation, write this as

(62) _min Gap((QuPiQu)) ~ Gap((QurPuQu)) = Gap((QP:Q)
and note, that all arguments of the proof work in exactly the same way
for any k € {0, ..., M}. The only difference is, at what part of the state
space we look at, for a given temperature 5;. Gap(Q) and Gap(QP. Q)
will be bounded below in the following subsections.

3.2. Speed of convergence of (). Following in principle the
proof given in |29, Section 5| (also see [34, Section 2.5] for more details)
we gain

LEMMA 5.6. The spectral gap of the aggregated chain Q satisfies

Gap(Q) > 4]\1426 B(K+1) 17
Remark Note the notation: The notation for the amount of spins N
and the amount of temperatures M considered are interchanged be-
tween this paper and the reference given above. On the other hand,
the notation now agrees with the standard notation in statistical me-
chanics.

PROOF. We first verify that the probability for an accepted swap-
ping move is bounded below by a constant. Using the notation given
in [29] let us define

7Tz'(~”¢i+1)7fi+1(5€z‘)) .

.. =min | 1
Pii41 ( ’m(xi)mﬂ(l’iﬂ)

Then

_ eBit1H(zi) pBiH(zit1)
pi,i—‘rl — Imin <17 eﬁzH($1)661+1H(1'1+1))

— min (1 ePit1H(@i)+BiH (zi1)— 5iH(Ii)—,3i+1H(wi+1))

— min 1 IBZ+1H($1)+B M (zl+1)75ﬁH(1i)76 i]J\FJl H(xile))

H(z;) H(ziq1q)
L@ﬂ - B ]\/I+1>

/N 7 N

(63) > JEPLL=S
as H < (K + 1)N implies (63) to be true.

Due to the definition of 2, and Q_ it is clear, that 7m5(Q,) =
$(1 4 1/Z3) for any f > 0. Recalling equations (46) and (48) and
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Theorem .9 given in the appendix it is possible to find for any 5 > 0
constants 0 < ¢; < ¢y such that Zg € [e2™ e=2V] for all 5’ € [0, ]
Using

(64) 1< (1+ e_CN)M <M

as N — oo, we gain a constant a > 1 such that for all sufficiently large
N and any o € {—, +}M

T(QA X Qg X -+ X Q) € 27M[a™ !

holds. Recalling the definition of € in (57) we conclude

As we want to use Lemma 3.6 later on, in order to compare @ to an
easier Markov chain, it is of interest to study the quantity

(66) 7(Q)Q(i, i+ 1).

Consider an z € Q; and y € Q;. In case |j —i| > 1 it is obviously
impossible for the pure swapping chain @) to accept a step from x to y,
thus:

Qz,y) =0, if z € Q;,y € Q; with |i — j| > 1.

Hence,

QUi j) =0, if i — j| > 1.
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The only way that ¢ can change is by interchanging the first two coor-
dinates xo and x; of x. For 0 <i < N, we obtain

7(Q)Q(i, i+ 1 Z Z

IGQZ yeQZ+1

=> ) > w@)QE,(0,1))

20€Q4 T1€Q_ z'eQy
xH=1x0,r) =21

_ Z Z Z 7T(l'/>ﬁp0,l(x0>xl)

o€ T1EQ_ z'eQy
zy=x0,2) =21

1
:m Z Z Wo(xo)m(m)po,ﬂxowl)

2o€ENy x1€Q_

DD | E1CH)

ey Jj=2
zH=x0,T) =21

€ ﬁ Z Z 7o (o) (1)

0€EN4 x1€0-

<Y Mmoo ]

ey Jj=2
/I ! __
TH=2T0,L] =21

1 /M—-1 1 pNGEED)
Soil ¢ Jam e M e

with the natural definitions of the sets in the last tow lines.
We will now give another, much simpler, Markov chain whose spec-
tral gap has been intensively studied. Consider the symmetric random

walk S on {0, ..., M}, ie.
S(0,1) = S(0,0) = S(M, M — 1) = S(M, M)

1
:S(i,i—l):S(i,i+1):§f0r0<i<N.

Let r(i) = (*')27* be the binomial distribution on {0, ..., M}, and let
R denote the Metropolis chain with proposal chain S and reversible
distribution (7). As has been shown by Diaconis and Saloff-Coste |10,
pp 698 and 719| R satisfies

1 2
— < < —.
(67) 7S Gap(R) < i

In order to use Lemma 3.6 first note that

(68) () € 2LM (M ) 0 a] = r(i)a~", d]
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implies r(i) > +m(€;) for all 0 < ¢ < M. Second we conclude for
0<i<N,

r(i)R(i,i+ 1) = r(i)S(i,i + 1) min {1’ rii+ 1)}

r(2)
— r(z)% min {1, ((z;\}l)) }

L M—i lflz M2—1

_ r(i)3 )
r(i)i otherwise
_ = (0) - iz A
SHTT (A:I) otherwise
Fixing A := 4aMe” it is now straightforward to check that
(69) r(i)R(i,i + 1) < Ar(Q)Q(i,i + 1)

holds, for any ¢. It is now possible to use Lemma 3.6 which yields the
desired inequality

1

1 _p N+ a
M .
A M

Az’

(70) < — Gap(R) < Gap(Q).

s

g

3.3. The Case K > K,. Ellis et al. [14] show a continuous phase
transition in the state space for these values of K. All but exponential
little mass is located around

(71) 0= (- ! " Nex
Umax () =\ T 9681+ 2681+ 2¢ 5 o0

for 6 < B.(K) and for § > f3. all but exponential little mass is located
around the points

1) a1 =

eQ,BKzaf,B 1 6*251(2:1 -B T
C(3.K) C(B,K) C(B,K) ) e

(73> . (1) B (6—2,3Kza—,3 1 e?ﬂlﬂm-ﬁ) o
max = C(ﬁ,K) ,C<5,K), C(ﬁ,K) 00

with C(B,K) = 1 4 e 2#K2=8 4 ¢28Kz=F heing the normalization
constant and z, (8, K) > 0 as constructed but not computed in [14],
also see the appendix for an insight in the technical problems one faces.
The standard Metropolis chain would get stuck in either of the regions
around apax (1) Or amax(—1) as it is exponentially unlikely for the chain
to leave either of these local states. The swapping chain circumvents
this bottleneck by swapping a component located close to @max(—1)
up to f < [. at which temperature the Metropolis chain is rapidly
mixing on the whole state space. It will find a state close t0 Gax(0)
and, if suggested to increase 3, it will choose either of the two paths
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leading to @max(—1) or amax(1) with equal probability. The bottleneck
encountered in the intermediate regime K, < K < K., which is
described and used in Section 3.4, will not pose a problem, as

" e {amaxm) it § < B,
amax(1) 1f B> B,
is continuous.
To formalize this, a technique introduced by Bhatnagar and Randall
[2, Sec. 4.1] will prove to be a powerful tool for showing rapid mixing
of QP Q. We need to recall the notation of A, introduced in (43).
Assume f is big enough, such that the function fj introduced in (48)
on the field A = (As,)s, has two local maxima, such that it has two
local modes. Inspired by (47) we define a probability measure Py, on

B:={(a_1,a1) €[0,1*la_1 +a; <1land a_; <a;} by

dPs, N 1

) (a_1,aq) :== m

eNfﬂ(a—lvl_afl—alyal)

(75)

where A denotes the Lebesgue-Measure restricted to the subset B.
Zg,(N) denotes the normalization constant. Let a,(8;) denote the
unique local maximum point of fg,_on B at the next to critical tem-
perature

i. := max{i|5; < B(K)}.
Further define the set

V= {amax(1)|/6 > BC}

which defines a continuous path from a,.(0)(5.) to (0,0,1) in B. Take
) to be an ordered set with the previously implied ordering. The path V
separates BB into two disjoint parts B,UB; = B with V C B,. Obviously

Ps, n(By) =1~ Ps, n(B)) = c€(0,1)

for some K-specific constant ¢ as N — oco. Remembering the models

phase behavior we will define B, and B; by (3, 3) € B, while (0,0) € B,
as this notation reflects where the global and local maxima appear.

With the definition of
A, (Bi.) = (Bg N T) and A;(5;,) = (Bl N T)
we know by continuity of 73 in § that ms,_(Ae(f;.)) — ¢ and conse-

quentially mg, (A;(8;,)) — 1 —c. For any i € {i. +1,..., M} there
exist two local maxima, the global one denoted by a,4(f;) and the local
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(non-global) one denoted by a;(3;). We define A/(8;) and A;(5;) by

(76)

there is no nondecreasing path from a to a; = a € A,(5;)

(77)
there is no nondecreasing path from a to a;, = a € A;(5;)
a € Ay(B:)
(78) there exist nondecreasing paths if a € Ay(Bi-1)
from a to a4, and from a to o a € A(B)

ifa € Al<ﬁi_1>

Note that for each ¢ the sets A,(5;) and A;(5;) form a partition of B,
since otherwise fz would need to have more than two maxima on B, in
contradiction to Theorem A.2. It will prove convenient to have

.....

PROOF. This proof consists of multiple parts. We will first establish
that for g > S.

(79) f5(amax(0)) is monotonically decreasing, while

(80) fs(@max(1)) is monotonically increasing.
This is a straightforward calculation. Inserting am.x(0)(/5) into fj yields

dfg(amax(0)) 2¢h

— <0
s 1+ 2e P

thus (79). Defining the canonical free energy of a thermodynamical
system by

(81) o(p) == lim %log (Zs(N))

N—oo

it follows from (47) that in the interesting phase of 5 > f.

(82) ¢(B) = fa(amax(1)),
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as

N—oo

= lim %log( Z eNfB(a))

N—oo
acY

#(3) = lim %mg(zﬁ(m)

. 1 2 N fg(amax(1
< ]\}I_I}{l)oNIOg(N eNTs( ()))

= lim (% log(N) + fﬁ(amaX(l)))

N—oo

= [o(amax(1))

N—o0

= lim ilog( Z eNfﬂ(a))

N—oo N
acTn

H(8) = Jim < log (Z3(N)

1

Jo(amax(1)).

Differentiating for a fixed state x = (z_1, zo, z11) in the domain of f3
gives us

dfs
dp

L

dp
This guarantees fs(amax(1)) to be strictly increasing for sufficiently
large 3. Together with the general fact (see for instance [17] or, for a
non-rigorous overview, [15]) that ¢(5) is concave for § > [. we gain
(80).

In the second step we will confirm, that there is no point-movement
from A, to A; by going from §; to ;4 for all i, < i < M — 1. For
this, first note, that any point x, which has a nondecreasing path to
any point y € V also has a nondecreasing path to a,. Assume, this to
be wrong:

First note, that fy is monotonically decreasing on V. Assume it
would not be, then there are two points, 21, zo € V with fo(z1) = fo(22).
AS Gpax(1) is continuously moving from ama,(0)(8.) to (0,0,1) there
needs to be a 8 > (. such that fz(21) > fg(22). Of course, there also
needs to be a #” > (' such that fg(z1) < fgr(22). This contradicts
(83).

Coming back to the original contradiction argument: By assump-
tion, there exists a 3 > 3. such that f3, if restricted to V), has at least

(83) () =20 — 1+ K(1; —2_,)?
which implies
x—(0,0,1)

K—-1>0.
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two modes — where, without loss of generality, the highest one is in the
one containing amax(0)(8.). Take z € V to be a local minimum. The
points 2’ just further away from am.x(0)(3.) than z must thus satisfy

dfs
a3

dfs

() < 5

(=),

as fo is monotonically decreasing on V and the derivative of fz with
respect to 5 does not depend on §. This warrants for fz(z) < fa(2)
for all f’ > f (again for the same reason), which in turn implies either
amax (1) stays left of z for all 5 or that ap.x(1) exhibits a discontinuous
behavior close to z. Both contradict a combination of Theorem .9 and
the continuity of apax(1).

This directly implies, that every point x € A, (f;,) stays in A, for
all 4, as any (nondecreasing) path leading from z to a;(;) will need to
cross the set V. A point € Ay(;) which does not lie in Ay(5;,) must
have been forced to switch from A; to A, at some index i, < j < 1.
This means x is being separated from a; by some path. Due to an
argument close to the one given before, this path will block the way
from z to g; for any i > j, such that again, = € A,(Bi11).

Now, for any 8 > (. it follows from a similar calculations as for
equation (82), that

. 1
(8) i log (m,(4,)) =0

1
(85) ]\}I_I}r(l)o N IOg (ﬂﬁi (Al)) = fﬁi(amaX(O)) - fﬁi(amaX(l))
which together with the first and second argument yields the claim. [J

In preparation to use the decomposition theorem later on we need
the following partitioning of the state space.

DEFINITION 5.8 (Definition 4.1 of [2]). For z € Q,* define the
trace

Tr(z) =t € {0,1}

witht, =0 <= x; € A andt, =1 <= xz; € A, to indicate which
part of the state space which component is in.

The 2M~i*+1 possible values of Tr(z) characterize the partitioning

(86) o= J o

te{0,1}M
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we will use. First using Lemma 3.7 for (87), Lemma 3.8 for (88) and
afterwards Theorem 3.9 we gain

(87)  Gap(QP.Q) > ; Gap(QP,QQP,QQP.Q)
(35) > £ Gap((QP:Q)* QP Q(QP.Q)?)
(59) > Gap(@) - min { Gap (QP:Q)l1v-1()

where Q is an abbreviation for the aggregated chain QP.Q). We can
argue as in (60) to get

Gap(QP.Q) 1Gap(@ ) - min { Gap (QP Q)+ )
Z v Gap( mlﬂ { Gap th P+‘Tr_1(t)Q’Tr_1(t))}

(90) > ﬂ Gap(Q) - min { Gap(Py|p-1(1)) }

where the last inequality uses Lemma 3.8 again. This looks promising,
as Py|r-1( is unimodal in each component as constructed, and thus
the chain should be fast on this subset. @ will be comparable to a very
simple random walk, which is known to be rapidly mixing, thus leading
to a polynomial lower bound for Gap(QP,Q).

3.3.1. Speed of convergence of the aggregated chain Cj We will fol-
low in the wake of Bhatnagar and Randall [2, Theorem 4.4| and define
the probability measure

(91) 7(t) = ﬁm<Tr;1(t))

on the state space
te—1

(92) Q= H{1} X H{o 1},

=

A snnple reversible random walk RW1 with respect to 7r to compare
Q on Q to would be the following. Start at some t € Q) and either
switch the component ¢;, from 0 to 1 or vice versa with the Metropolis
probabilities induced by 7, or choose an i € {i, ..., M — 1} at random
and interchange components ¢ and ¢ + 1 according to a Metropolis
update with regard to 7 as well, such that ¢ — (4,7 + 1)¢. Again, for

technical reasons RW1 does not act on ¢ at all with probability % In
order to analyze RW'1 we will compare it with an even simpler random

walk RW2 on O which picks an i € {i., ..., M} at random and updates t;
by choosing t; exactly according to the stationary distribution 7;. It is
apparent, that after this move, the ith component of ¢ is in equilibrium.
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Using the coupon collector’s theorem (see for instance (2.7), (5.10) and
(12.12) in [25]), we get easily

LEMMA 5.9. Let R denote the transition kernel ofR/@ . Then

- 1
>
Gap(R) = 0T

This leads directly to

THEOREM 5.10. The aggregated chain @ of the Swapping Markov
chain is rapidly mizing on ) for K < Kjy,.
Remark For why there is no explicit bound given, we would like to

call the remark given for Theorem 5.4 to mind.

PROOF. The main idea is, to give a canonical path in RW1 in which
every step compares well to the rapidly mixing chain R. Consider a
single transition (t,t') in ﬁ, thus ¢ = (t1,...,ti—1,1 — t;, ti1, ..., tar) for
one i > i.. Now consider the concatenation p; o ps o p3 of the three
paths

e p; consists of the ¢ — i, swap moves from ¢ to
t = (b1, et 1 tis iy oty tigts s tar)
e 1, is the one step from t™) to
t@ = (ty, ot 1, 1=t ti o tar)

e p3 consists of the i —1,. steps needed to swap the ith component
back up, thus p, is the path from ¢t to

t®) = (ty, oty o tin, L=ty tag).
In order to use Lemma 3.5, we will establish, that

(93) ()W (2, ) > % AR )

holds for any transition (z, 2’) in the canonical path p; o ps o ps.
Transition along pi: Let z = (to,.... ¢, -.s tjo1, ti, ty, ... tar) for a
je{ic+1,..., M} and 2/ = (j — 1,7)z. It is easy to verify

o #(2) R
w1 = — 1
7(2)RW1(z,2") M =i, 7 1) mm( : %(z))
1 N .,
(94) = Q(M_—Hl)mm(ﬁ(z)ﬂf(z )
and for t,t, = (tl, v bil1, 1-— ti7ti+17 ,tM> for one 7 > ic,
N\ Ds 4 T(t) .
T R(t 1) = mﬂi(ﬂ)
1
(95) T(t")
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with t* = (t1,...,t;-1,0,t;41, ..., tar). Thus it suffices to show 7(t*) <
7(z) and 7w(t*) < 7(z'). We will show this for z only, as the argument
works exactly the same for both z and 2’. It is useful to partition t*
into blocks of bits ¢; that equal 1, separated by one or more zeros. Let
1. < k <1 be the largest value that satisfies t; = 0. Using Lemma 5.7,
it is straightforward to verify

7 i
I 7)) = I 7).
I=k+1 I=k+1

Similarly , consider the next block of 1s in ¢*, until the first index £’
such that ¢}, =0,

k
Hmzl H%tl

I=k'+1 1=
Continuing in this way we find

@) = []7@)
1= I=j

and thus
7(z) > m(t").
In an analogous fashion one can also show
7(2) > 7(t)
such that (93) holds on all transitions in p;.

Transition along ps: The same argument as before yields

min(7(z),7(2")) > 7(t")

for (z,2') € po.

Transition along ps: This is exactly as the case of p;.

We find, that for any edge (z, z’) in the canonical path equation (93) is
satisfied, so what needs to be done in order to show rapid convergence of
RW1 to equilibrium is to ensure that not too many paths use the same
transition (z,2’). With the notation of Lemma 3.5, we can obviously
bound the number of paths in E(z,2') by M and as any path Ve has

at most 2M + 1 many transitions, we can guarantee
(96)

1
A = max —— Z Ve [T R(E, ) p < AM? +2M

(=2) | T(2)RW1(z,2")

E(z,2")

which leads to Gap(R/V(71) > (2(2M? + M?) log(]W))_1
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It remains to compare RW1 with @ We will do so by means of case
differentiation. First consider the case of 2/ = (i,7 + 1)z with z; = 1,
zi+1 = 0 in which we will show

(97) Q) > A=, 2).

So taking 2z’ = (i, + 1)z with z; = 1, z;4; = 0 leads to

1

DI no__ . (2 _ 1
(98) RW1(z,2") —mmm <17 ﬁ(z)) TRy

as (1) < 741(1) and 73(0) > 7,,1(0). The equivalent for Q yields
with B := {x € QJFZ‘xZ- € B.(ay) N Ay, xiv1 € Be(a) N .Al}

%(]_Z> Zx€§2+z ZyEQJrz/ 7'('(33) (QPJFQ) (l’, y)

> #(Z) D weqy. 2yeq,, T(X)Q(z,y)
- o Soe QU )0

= 4%1(2) Y w(@)Qx, (iyi+ D)+ > w(@)Q(w, (i,i+ 1))
reB 2€Q4\B
> 4%1@ > m(@)Q(a, (i,i+ 1)z)
zeB
(99)
= ! 7(B)
S A4T(2)2(M + 1) (
(100)
- 1 B 1 o
“8(M+1) 8M+1)"

To get (99) is analogous to (98) for the not aggregated states. For
(100), we use Theorem .9, which implies that

mi( Be(ag) NV Ag) i1 (Bela) VA) ) —on
mi(Ag) i (A1) - |

for some ¢ > 0. Second consider 2/ = (4,7 + 1)z with z; = 0, z;4; = 1
which leads to
(101)

T no_ ;min m(z') _ 1 ()
RW1(2’2>_2(M—iC+1) (1’ ) C2AM — i+ 1) 7(2)
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and with B’ := {x € Q+Z|xi € B.(a) N A, x40 € B(ag) N Ag}

)(QP:Q)(z,y)

$€Q+z y€Q+Z

2 2

:EEQ+,Z y€Q+Z

>1>
l\z

4%(2) TEQ Y,
1 .
> 0 g;slﬂ(l')@(l’, (1,0 + 1)x)
1 1 .
(102) :4%(Z)§Q(M+1)7r((z,@+l)x)
_ 1 1 =(
Foais) )
(103) >_ 1 GO S

SOM+1)7(z) S(M+1)7(2) "

The arguments for (102) and (103) are the same as above. The two
remaining cases of 2z’ = (zo, ..., 1 — 2, ..., zps) With z;. € {0,1} is dealt
with automatically, as by showing rapid mixing of P;, on A, = A. The
claim follows by using Lemma 3.6. O

3.3.2. Rapid Mizing in A, and A;. It remains to show rapid con-
vergence to equilibrium of P, [-1, as constructed in (90). In favor of
a shorter notation and by using Theorem 3.10 we can stick to the case
of

T= H|Tr;1(t)

for fixed ¢t and 7. Using Lemma 3.7 with m = 3 gives us
1
Gap(T) > £ Gap(T*)

which will prove to be simpler to handle than T itself. We will only
deal with the case of A, as the case of 4; works technically the same.
Consider the disjoint union

(104) ./49 == U -’4-8,7“
-As,rgAg

and decompose the state space accordingly. This leads to

(105) Gap(T?) = Gap(T%TQT%) > Gap(T) - min Gap(77,)

which may now make apparent, why choosing to deal with T3 is an
advantage over dealing with 7". Here T' is the aggregated chain defined
as Q in Theorem 3.9. Restricting 72 to A - will still give us a nontrivial
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chain, whilst the restriction of 7" to A, would deterministically stay
in the originally occupied state.

THEOREM 5.11. Gap(T) > {N—°

PROOF. This is already well prepared. As constructed earlier, f3
fulfills an unimodality condition on .4,. Thus we can easily choose one
path 7, for any given set x and y that is unimodal. Each such path has
at most length N2, such that the Poincaré inequality given in Lemma
3.4 simplifies to

1
A= max — E |Varze i (21)mi(22)
As,ryAgt o i 8,7 s,y S rs! !
(As,rsAgr ) T (A , )T(-A ) A ) ) Yoy 29 (A Ay 1)

1
< N? max — Z mi(21)mi(22)
As,riAgr 1) Ti(As s,ry Vs r!
(Asr Ay o) T (As )T (As s Ast 1) o5 A )

= N? max Z m(il)m(zz)
<AS,’I‘,AS/7T/> ﬂ_’L (AS,T’)T<‘AS,’I"7 “AS/,’I“/)

Vz129 9<‘A31T7As,,7‘,>

(106)

It is now of interest, how T behaves. Given A,, # Ay, with T(A,,,
Ag ) > 0, we first consider the case m;(0) < m;(0’) for 0 € A, and
o' € Ay . Note that m;(0) is independent of the choice of o € Aj,.

T(As,'m As’,r’) - Z Z 7Tz )

s UEAs o EAQ/ ol

PP

UEAS o EAS/ !

1 1
4N Wi(As, ) Z 7Ti<0')

T O'G-As,'r

v
|
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The second case m;(c) > m;(0”) uses T’s reversibility with
1

T(As,ra As’,r’) =

:4Nm Z Z mi(o

8T o’'eA, Y o€As,r
Lﬂ-z(As’,r’)
- 4N ﬂ-i(AS,T‘) ‘

To further analyze (106) we will take the worst case scenario (&; T'))

1 and for inequality (107) remember that all paths are unimodal:

A< N? max Z m(il)m(zﬂ
(As,rrAgt 1) ey 2p 3 (Anr Ay 1) T (AS,T’)T(AS,T7 As’ﬂ”)

< 4N®  max Z mi(21)mi(22) Wi(As,r)
<As,7‘7A5/17‘/> 721223<AS AL /> 7Ti<AS,T) T (ASI,T/)

mi(z1)  mi(22)
=4N? max Z Wi(As,r)
Goraa) o as i (Asr) mi(Ag )

(107) < 4N

THEOREM 5.12. Gap(T2,) > gerse 7.

PROOF. We need to consider two cases. The first is Ay y in which
case |Ayn| = 1, such that T3 y is the constant chain, and therefore
rapidly mixing. The other case is A, with s < min{r, N — 1}. Let
0,0 € Ay, with 0 # o’. We will compare T7, with the Markov
chain (X;); given in Section 1.2. Assume (j, k)0 = o’ for some j, k €
{1,...,N}. Otherwise T2 (0,0') = P(X;s1 = 0'|X; = 0) = 0. We
know

]P)(Xi+1 = UI’XZ' = U) = 5
and
Tir(a, o) >T(o,7)T(7,0)

for a fixed 7. It is obvious that either T'(0,7) = {5 or T(1,0') = {&.
Due to the symmetry assume

T = (O’l, 901,00k, 05415 -+, Ok, ...O'N)
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and conclude
eBIN=R(r))— 5 52(7)

L.
T(O',T) = mmln{ly GB(N—T)—%SQ }

= ﬁ min {1, PRI+ ) }

1
= o min {1’ SR+ (s-5(r)) (s+S(T))}
> Le—ﬁ—ﬂfﬁ
— 4N
such that taking 7 = (074, ...,0,_1, Ok, 0j11,...0n), Where, without loss
of generality, o, > o, yields

72 N> —G-4Kp
S,’I’(0-7 o ) - 16N26

And we can easily deduce from Lemma 5.1 that Gap(X) > = (see
[25] for instance). Then Lemma 3.6 proves the claim. O

3.4. The Case Kjow < K < K.. In this section we will prove
Theorem 5.2. This is done in three parts. We first give the general
idea, why slow mixing should be expected. We then support this idea
with the necessary calculations in the remaining parts.

3.4.1. The idea. We will follow Gore and Jerrum [21] in order to
find a bad cut in the state space of BEG for § > (.(K). Using their
technique we can show, that the Metropolis chain has to overcome
an exponential barrier to leave any local maximum. We will show,
that an e-stripe around the 0-axis contains such a maximum, with
¢ independent of f;. Intuitively speaking this leads to the following
behavior of the Tempering chain. At f3; close to 0 the chain will find the
unique global maximum on the 0-axis. As of now the tempering chain
is trapped in this e-stripe, as Ellis et al. [14] show a discontinuous
behavior of the global maximum as (; passes through £.. Thus the
chain will never get the chance to leave this € stripe within polynomial
time at any temperature, even though, at low temperature, this stripe
has exponential little mass.

3.4.2. One bad cut for BEG’s Metropolis chain. Following the idea
stated earlier, we show the existence of a bad cut within close proximity
to the 0-axis in the two-phase region. It is well known, due to Ellis et
al. |14/, that

(108) (0) e’ ! G
Amax = 5 ) 00
14+2e P 14+2eb8"1+2e P

is the unique global maximum for § < .(K) and a local, non-global,
maximum for § > f.(K). Here

(109) Yoo :={(a_1,a0,a1) €RY : Y a; =1}
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is the set of all probability measures on three points. They further
show, that the phase transition for fixed K at f.(K) is discontinuous,
thereby granting us, uniformly in [, the existence of an € > 0 such that

(110) N = {o||Sn(o)| < N - ¢}

contains only this local maximum, and fz restricted to B:(@max(0)) is
unimodal for all § > 0. It is even possible to show fz restricted to N/
to be unimodal for all 3, see Lemma .8 for details.

Recalling Section 1.1 we have

1 —N (ﬁ(K(a_l—a1)2—a1—a_1)—23171ai loga,-)

7(o has type N -a) = Zne
w ¢A@)
1
111 _ L Nps@rae)
(111) ZNE

which implies, that every local maximum of fg yields a locally expo-
nential structure in 7. This leads to exponentially low conductance
®, for all § > B.(K), thereby implying slow mixing of the Metropolis
algorithm in this regime.

3.4.3. The bad cut for BEG’s Simulated Tempering chain. Having
low conductance ® s for any 5 > (. using the Metropolis algorithm it
is easy to generalize this to the Simulated Tempering chain. To this
end define

(112) Negge = {o|Ne =1 < [Sy(0)| < N - €}
and get

THEOREM 5.13. Let N and Negge be defined as in (110) and (112).
There exists an € > 0 such that for sufficiently large N and any 8 > 0

75 (Noge) o
msN) =

holds, with ¢ > 0 only depending on K.

(113)

PROOF. Recall equation (111)
1
has type N - a) = ——e¢ NV/s@+4@)
7(o has type N - a) 7N ¢

and verify that there are only polynomially (in N) many a € T which
satisfy V- a € Negge. Then, considering

1
fs(a) = B(K(a_s —a1)* —a1 —a_y) — Z a;loga;
i=——1
and the results presented by Ellis et al. [14] it is clear, that f has a
local maximum at amax(0) (see equation (108)). Due to f being smooth
in anay it is clearly possible to find an € > 0 such that f is unimodal on
B (Gmax). Due to the discontinuous behavior of the system at f.(K)
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for K € (Kiow, K.) and as fs(a) is smooth in all variables, including £,
this € can be chosen uniform in S.
Combining this with the exponential structure of (111) leads to the

desired result
ﬂ'ﬁ(-/\/‘edge> < e—CN

ms(N) T
with ¢ depending only on K and sufficiently large V. U

This is the main ingredient for this section’s main

THEOREM 5.14. Define N and Negge as in Theorem 5.13. The set
S:={(z,1)|x e N,0 < p; < 5}
satisfies ®s < e=N with ¢ > 0.

Remark For the definition of the conductance ®s of a set S, see The-
orem 2.6.

PROOF. Using Theorem 5.13 we get
D sesygs T(@)QPQ(x,y)
m(S)
228, 2ane Ny Til) 2oprene QPQ(x, 2')
B z,@i er/\/ mi()
_ D25, 2weNg Ti ()
N Zgi ZzGN mi ()
_ 251. T (A/;dge
2, MilNedge) W?A(fj\gi)
Zﬁi e (/\/;dge)
= N S i (Nogee)

— ech

Os =

OJ
This concludes the proof of Theorem 5.2 by using Theorem 2.6.






CHAPTER 6

The Random-Energy-Model and the
Generalized-Random-Energy-Model

The aim of the present chapter is twofold. On the one hand we
want to analyze the Swapping (and Tempering) algorithm for a simple
model of a spin glass. This analysis (together with [26]) is the first of
its kind. On the other hand, we want to show that even for models with
a third order phase transition like the Random Energy Model conver-
gence of the Swapping chain can be slow. The speed of convergence of
the Swapping algorithm in the first place seems to be correlated with
the question, how well the underlying Markov chain is adapted to the
probability distribution we want to simulate.

This chapter is organized in 4 sections. First we will define a nat-
ural Metropolis algorithm for the REM and the GREM in Section 1.
In Section 2 we formulate the results — Both, the Swapping and the
Tempering chain are slowly mixing for the Random Energy Model and
the Generalized Random Energy Model — which are proofed in Section
3 and Section 4.

1. Defining the Metropolis chain

We will be looking at a natural and in the literature usually looked
at (see [18]) realization of the Metropolis algorithm. Two states o # o’
are said to be neighbors, if they differ in exactly one component, thus
their Hamming distance satisfies

lo—d'|ly = 1.

To make the transition matrix of the proposal chain be a positive oper-
ator the chain will have a staying probability of at least % and otherwise
it will suggest any of the neighbors with equal probability:

ﬁ if ||o—o'l1 =1

(114) K(o,0")=q1-%__, K(o,7) ifo=0
0 otherwise

Verify that K is positive, irreducible and aperiodic on Q = {—1,1}.
Let T denote the transition kernel of the corresponding Metropolis
chain with regard to the desired Boltzmann distribution of either the
REM or the GREM. Again, due to the construction, T is a positive,

65



66 6. THE REM AND THE GREM

irreducible and aperiodic transition kernel, which is reversible with
respect to the desired distribution.

2. Results

In the rest of the chapter we are going to prove the following results,
which state that Simulated Tempering and therefore also Swapping are
slowly mixing for almost all realizations of the REM and the GREM.

THEOREM 6.1. For almost all realizations of the (X,), o € {0,1},
N € N the Simulated Tempering algorithm as well as the Swapping
algorithm are slowly mixing in the REM.

As to the GREM we will first show that the Metropolis-Hastings
algorithm mixes torpidly.

THEOREM 6.2. For almost all realizations of the (X,), o € {0,1}",

N € N the Metropolis-Hastings algorithm is slowly mizing for the
GREM.

As a consequence we also obtain torpid mixing for Swapping and
Simulated Tempering in the GREM.

THEOREM 6.3. For almost all realizations of the (X,), o € {0,1}",
N € N the Simulated Tempering algorithm as well as the Swapping
algorithm are slowly mixing in the GREM.

Concerning the proofs of Theorems 6.1 and 6.3 notice that the REM
as well as the GREM satisfy the condition in Theorem 3.1. Hence we
just need to show slow mixing for the Simulated Tempering algorithm.

3. Proofs for the REM

In this section we will prove Theorem 6.1. Recall that we want to
simulate from the probability measure

e_ﬁ\/N—XU

on Q= Qy={-1,1}".

Now for the Metropolis algorithm Fontes, Isopi, Kohayakawa, and
Picco show [18] that for any fixed inverse temperature 8 > 0 it is slowly
mixing. More precisely, they prove for the inverse of the spectral gap

1

(116) Gap(P)

=T

the following inequality:.



3. PROOFS FOR THE REM 67

THEOREM 6.4 (|[18] Prop. 3.1). There exists a constant ¢ > 0 such
that, for all B, with P-probability 1, for all but a finite number of indices
N we have

log N
N

(117) S log(r) > 46— cf

with B. = v/2log 2.

We will now try to translate this result to the case of the Simulated
Tempering algorithm. Our proof is partially inspired by the techniques
used by Bhatnagar and Randall [2] to show torpid mixing of Simulated
Tempering on the Potts model. We consider subset

S = {o} x {0,.., M} C Q x {0, ..., M},

where ¢ := argmin_ {X,} is the spin with highest energy. We show
that once the chain is in S, leaving it takes an exponentially long time.
This is due fact that S is very narrow in the Q-direction. Given ¢ big
enough the chain can only leave S by leaving state ¢ at the inverse
temperature §;_1 > 0, B; > 0 or given ¢ # M at (5;;1 > 0. This should
take exponential time, according to Theorem 6.4. In case ¢ is smaller
the chain could actually leave to a neighbor state of o, but given the
chain is in S it is exponentially unlikely for the chain to be in a state of
high temperature, so the chain will actually rarely get the opportunity
to leave ¢ in the second way.

Define 15 to be the indicator function in S. Using the notation of
Section 2.2 we have

2. > m(w)P(x,y)

1 €S yeSe
(1) w(S)A—(9))
k(M)
3 wllei) X P(e)y)

m(S)(1 = (5))
(% m((g,9) 2. P((g,1),y)

)+1 yese
m(S)(1 —m(S5))
= \I/l(S) + \I’h(S)

(118) +!

with k(M) defined as in Corollary 6.6, below. Note, that the exact
choice of k(M) is unimportant, as long as its growth is of order N and
k(M) is small enough, such that Cy in Corollary 6.6, below, is positive.

In order to bound ¥;(S) and W,(S) we derive the following conse-
quences of Theorem 1.2



68 6. THE REM AND THE GREM

COROLLARY 6.5. For every ¢ > 0 there exists with P-probability 1
a No € N such that for all 378 < B,

0 i232
(119) 2(8,) € {em 2N N | § ¢ (—5,5)}

and for all cfv > fe
B2 (i _ n
(120) 2(8) € {eN( 5 (37 —Be)Betl (2)) N 16 e (_878)}

holds for all N > N,.
This leads to the following
COROLLARY 6.6. For every ¢ > 0 with P-probability 1 there exists

a Ny such that for all N > Ny and all i < k(M) :=igM
mi(o

(121) o)

S e*CQﬁN €3€N
WM(Q)

with ig and Cy as in Lemma 6.11.

PROOF. The computation will be done in the more general frame-
work of the GREM in the proof of Corollary 6.12 O

For an upper bound on ¥, (.S) we bound the transition probabilities
of the Metropolis-Hastings chains T; := Tj,. Let g denote the indicator
on g. We then arrive at

Gap(T) = — jzy@(x) 9P ()
z ’m(am(a, o)
(122) = @0 =m)
1— 71rz(<f) 2 e )

On the other hand, we can bound the probabilities that the Simulated
Tempering algorithm leaves S at temperature level ¢ for 1 <i < M —1



by

3. PROOFS FOR THE REM

(123> ZP((Q7Z)7y) = Z Z lel—i‘jl 2+]1(U U)

(124)

yese

(g,0) j1,J2=—1

XQo (1 + j1,1+ j1+ Ja2)

< Z Z E+j1 (g7 U)

<g70'> .7'19.]’2:71

< 9 Z E—l(g7 0)'
(g,0)

It is easy to see that similarly

and

> P((e,0),y) <5 Ti(a,0)
(g,0)

yese

S P((e,M),y) <53 Tya(c,0).

yese (o,0)

From this, together with Theorem 6.4, we conclude, that

(125)

U(S)

IN

M

>, @) 2, Plle,i)y)

i=k(M)+ yese

— Tinlo)  1-m(o)
9(M +1) - — Gap(T})
=) 3" mi(a) Yo (1 —75(2))
Jj=0 j=0
M-1
9M+1) > Gap(Ty)
i=k(M)
M-—1 5
9<M+1) Z ﬂcclN“’C]t{ Nlog(N)
i=k(M)

M-1
9(M+1) Z e~ NioBetcBr/Nlog(N)

i=k(M)

9(M + 1) (M — ]{;(M))G—Nioﬁc—i-c,@’\/Nlog(N)
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For small i the technique we just employed for estimating Wp(s),
namely the exponentially slow mixing of the standard Metropolis algo-
rithm of the REM, this might not be good enough, since, if we substi-
tute Cfv for B, N cancels out. However, Corollary 6.6 tells us, that —
given we are in g — the probability of being in a high temperature state
is exponentially smaller than the probability of being at the lowest

possible temperature ;. Therefore,

k(M)
; m((a,1)) EZSCP((Q,@'),?J)
ls) = w(S)(l—w(S»
< Z M M Lhs ZTmaX(ZlO)UU)
g ni(e >;<1—7r]< ) i
(126) < 9(M+1 Z M Mﬂmax(l 10(2 )Gap( Tinax(i—1,0))
=0 JZ:: (o) Eo(l—%( 7))
k(M)
< 9(M+1) MWi(U)
=0 ;WJ(U)
k(M) 7T-(0')
< 9(M+1)Z7TZ(—U)
an
< 9(M +1) Z e~ C2BN 3N

= (M + 1)(k(M) + 1)e” N 3N

for any € > 0 and all N > N, with a P-a.s. finite Ny. Plugging these
estimates of W;(S) and ¥,(S) into (118) gives the desired result.

4. Proofs for the GREM

In this section we will use similar methods as in the case of the
REM to prove Theorems 6.2 and 6.3. To give an idea, why slow
mixing of both, the Metropolis-Hastings chain and Simulated Tem-
pering are plausible, recall, that in the GREM we decompose €2 into
n factors as in (16). For fixed n the size of each factor growth ex-
ponentially in N. If ¢ = g, ---g, denotes the maximum H(X,)
there are n potentially different ways to leave this state. Lets say
we tried to leave it by changing o; in o; # g; for i € {1,...,n},
then all ()Y Xioon = V0iXe, o, jo;F ot Xs, 50, are iid.
A(0,a; + ... + a,) random variables. This is, after proper rescaling, a
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REM situation so taken all i € {1,...,n} together it suggests slow mix-
ing of the standard Metropolis algorithm for the GREM since n € N
is fixed. Since the standard Metropolis chain is slow in the REM for
every [ > 0 this leads to a slow Metropolis algorithm for the GREM
for every 8 > 0. This should take care of the low temperature part of
the Simulated Tempering algorithm, just as it does for the REM.

Since similar results about X, = min{X,} are also known for the
GREM, and even Zj3 in the GREM behaves a lot like Zg in the REM
we can hope to be able to apply similar techniques.

We first show that the Metropolis algorithm is slowly mixing in
the GREM, hence Theorem 6.2. To this end we will employ Dirichlet-
forms, as in Section 2.2. Again define ¢ := argmin {X,} and let
S :={g} € 2. We define

o ={ocecQo=a 0,100, -0,} \{c}

for i € {1,..,n}. It is apparent that any neighbor ¢ of ¢ is in
U U {c}, and that the 7 are pairwise disjoint. Let T' := T}y de-
note the transition matrix of the Metropolis chain in the GREM and
with .7; := T} u(e} the restriction of T to @4 U{c}. Note that 7 induces
a probability measure m; on 7 through restriction, such that

o P tay Zi=i @iy N NI x;
Zru)(B)

(127) mi(o) ==

for 0 € o7, U {c} and m;(0) = 0 otherwise. In this context

_ In2 /N In(og) 7
ZR(Z)(/B) R Z e In(o) Z] =i @ In2 Xo

oee;U{o}

denotes the restricted partition function and, for o € o7 U {c},

1 n
Xy = ——— > Vi X,
\/ Do @i =i

are i.i.d. .47(0,1) random variables. With this notation it is apparent,

that on .7 .7 is the standard Metropolis chain for the REM at inverse

temperature h(lj) S =i @j. From this we conclude with the help of

Theorem 6.4

gy VT 7 Nlo
(128)  Gap(T) <e 8o\ "= N e [T agy [N g
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where .7’ denotes the Markov chain equivalent to .7; on % U{g}. This
leads to the following estimate for the Dirichlet-form.

>, m(o) > T(o,0")

1 oy o/ese

7(1s) m(9)(1 = (S))

<> G 0

In(a;) Z?:z aj

n
< Z efﬁcﬁ TN+05\/Z?:1' aj\/N log (V) (11)
=1

B N RN e

(i) holds because of (122) and since Zg;)(8) < Z(3) implies m;(o) >
m(g). For (ii) note that % < 1. This proves Theorem 6.2.

We are now armed to also prove Theorem 6.3. We have just seen,
that the standard Metropolis chain for the GREM behaves a lot like
the Metropolis chain of the REM. In this perspective it is not all to
surprising that the same proof for slow mixing of the REM simulated
tempering works for the GREM as well, with just some minor adjust-
ments.

Recall that P denotes the transition matrix of the Simulated Tem-
pering chain in the GREM and ¢ := argmin {X,}. Define S =
{a} x {0, ..., M}. Using the notation of Section 2.2 we have

> 2 m(x)P(x,y)

1 _ zeSyese
m(ls)  w(S)(1—=(9))
k(M)
;) m((c,1)) gcp((g, i),y)

m(S)(1 —(9))
(% 7((g,1)) > P((a,i),y)

)+1 yese
m(9)(1 = =(S))
=: \IJZ(S) + \I/h(S)
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with k(M) defined as in Corollary 6.12. The following theorems enable
us to bound V;(S) and ¥, (S) from above.

THEOREM 6.7 ([4] Theorem 1.5). Define the sequence Jy, ..., Jy, by
Jo =0 and

(129) Jl = Hlln{J > Jlfl‘AJlilJ’»l’J > AJ+17]€ Vk 2 J + 1}
k
with Ajj =) 21(a—’“) Further define
Z=] n i=j (677
Ji
a= ),
i=Jj_1+1
Ji
ap = Z (67
i=J;j_1+1

With this notation

(130) max {\/LNX”} — zil 2a; In(a;)

holds with P-probability 1.

Remark For all [ =1,...,m and all k such that J,_1 +2 <k < J

J; 7
Yoa; Y In(@)
1=k 1=k

(131) dl o ln(al)

holds, which is the condition, for the concave hull as described in Figure
10.3 in [3].

THEOREM 6.8 (|3] Theorem 10.1.10). Using the notation from The-
orem 6.7 and defining

(132) Vo=

2 ln(@l)

we get for [(f) := max{l > 1|fv, > 1} and [(B) :=0 if By <1
(133)

1(B) n 2
e NN BHE) || G @)+ Y Fai
]\}l_I)IClxj [N In <2 g e =0 El 2a; In(a;) + 5

1=Jygy+1

with P-probability 1.
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COROLLARY 6.9. For every ¢ > 0 there exists with P-probability 1
a Ny € N such that
(134)

Nln(?)-i—N,BZ\/?@z In(@;)+N E @
Z(B;) €4 e et g € (—ee)

holds for every N > Nj.

LEMMA 6.10. For every ¢ > 0 with P-probability 1 there exists a Ny
such that for all N > Ny

mi(o) SR> \/m ‘“BZ 2a; In(@;)

135 <e J=1(B)+1
(135) (@)
PROOF. We compute
mi(a) Z(Bu) WH )—BH(c)
7TM(Q) (ﬁz)
n 252,
NIn(2)+Ng z V2a; In(@;)+ = e (2-N % 2?42]
S e Jj= l(ﬂ)-‘r J

eﬁH(g) (ﬁ—l) 62€N

n B82a; 2 52
NS Z v/ 2a; In(a;)+N 5 J —2161*32]\]

<e = Jz(ﬂ)“
S /23 1n(a]-)] BN(45-1)
X eli=t 3N
m n a; 282 i3 <& — —
—Nﬁ Z 2@- ln(aj)—ﬁ Z 7‘7 —26 BQNJ'_f Z ZGJ' ln(ocj)
<e J=U1(B)+1 i=Jypg)y+1 1 Jj=1
% 63€N

m 2,2 . m
_ 7 Ina ) La, |- 282 s (e,
N > [/ @) - 4a ) -+ PRV

—e J=1(B)+1

m

—-NB Vi [V2 @) -5 /@) - 2012N ggl 2a, In(a)

—e = l(6)+1
N3 \/a_j[\/gm(aj)—%\/zln(aj)]— +£ fjl,/zaj In(a;)
=

< e J=U(B)+1

X 635N
N m - — 2.2 ., m - —
_TB > 2a; In(a;)— 21 ’ZN—&-% Z 2a; In(ajy)
= e J=l(B)+1 1 j=1

m — — 2 . m — —
NB(% > 4/2a; ln(aj)+261%mfﬁj¥1\/2aj ln(aj)> 3N
(& - (&

J=1(B)+1
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where the last inequality follows from (132). O

LEMMA 6.11. There exists ig > 0 and Cy > 0 such that for all
1 < ioClN = ’LoM
(136) Z 2a; In(a@;) + e i i 2a; In(a;) > C
a; In(a; — a;In(a;
’ ] 2012N2 N = I 3/ =2

PRrROOF. This is simply a matter of calculus. Define the continuous
function

(137) f Z 2a; In(@;) +m CINZ\/Qa]ln Q).

Since [(B) < m — 1, we have that f(0) > 0 holds. This yields

(138) fo = % (zm: 263‘ hl(aj)
j=1

m ) m
(Z 26]‘ ln(@)) - ﬂ Z 25]‘ ln(@j)
=1 j
as the left zero of f. Clearly fo > 0, since

f/ Jj=1 5 0

and thus %clN 2—31 2a; In(a@;) is the only extremal point (and therefore

c1 N TZn: \/2@ ln(aj)
the minimum) of f, and —=—; > 0. Now, fo € C\ R would
lead to f > 0, so we can conclude that the pair

[ (G w0
) if fo ¢ R
Cy = f(ioM)
satisfies all conditions. Note that neither iqg nor Cy depend on N. [
Lemma 6.10 and 6.11 lead to

COROLLARY 6.12. For every € > 0 with P-probability 1 there exists
a Ny such that for all N > Ny and all i < K(M) :=igcM

(139) mi(a) < o—C2BN 3eN
WM(Q)

with 19 and Cy as in Lemma 6.11.
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Now we will give an upper bound for W, (.S). Recall that (122) gives

(1 —m (o)) Gap(T; >ZTO’O’

Moreover,

S P((e,i)y) 9 Tisi(a.0)
(g,0)

yese

as in (123) is true for the GREM as well. We get

S (@) ¥ Pllei)y)

i=k(M)+1 yese

TnlS) = (S) (1 —7(9))
<9 M Mm(d) _ M+1 ZTzl(U o)
11 S m(0) So(1 - my(0)) (o)

i ap max{In(a;)} i
) S e PV I N el /N log(N)

M-1
. anp max{In(a,;)}
+1) E n e BBy ——n5—— N+cB/Nlog(N
=k (M

— 9nM (M +1)(1 — ig)e~FeioPV =z Nesy/Niog(V)
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The upper bound for ¥,;(.S) follows similarly to the case of the REM.
k(M)

>, 7((e,4) 3 P((g,1),y)

i=0 yese

7T(S)(l —(5))

Z M M ik Z Tinax(i-1,0)(0; 0)
ﬂz:<>§u—muww>

U,(S5) =

Ti\o l_ﬁmaxif, ()
( ) M (-1.0)\2 Gap( max(i— 10))

= S me) Y- m(0)

7j=1 Jj=

o

T (Q)
™ (Q)

<OM+1) )

=0
k(M)
<9(M+1) Z g~ C2BN 3N

= QigMe~ 2PN 3N

for any € > 0 and all N > N, with a P-a.s. finite Ny. This finishes the
proof of Theorem 6.3.






CHAPTER 7

Equi-Energy sampling as a derivative of the
Swapping algorithm

After having studied the Swapping algorithm for multiple models
in the prior chapters, this chapter will deal with a derived algorithm
suggested by Kou, Zhou and Wong in [24] called Equi-Energy sampling.

The principle observation is that a main obstacle to fast mixing is
the presence of a phase transition in the model. This, in turn, may be
characterized by a multimodal distribution of a macroscopic observable.
Usually then the (projected) Metropolis chain enters one of the modes
rapidly and stays there for an exponentially long time. The Equi-
Energy method tries to avoid this behavior by introducing shortcuts
in the state space. These shortcuts are created by the observations of
Metropolis chains at higher temperatures where the above mentioned
modes are less pronounced or possibly not even present. Additionally
to the Metropolis steps one allows also for jumps to points of the same
energy as the present one, given one has observed these points already
at higher temperatures (otherwise, the algorithm would require the
knowledge of the exact structure of the energy function, in which case
simulation would probably be pointless).

Besides defining the algorithm, Kou et al. also address the conver-
gence question and give simulations of interesting examples. The goal
of the present chapter is to shed some more light on the convergence
and, in particular, the speed of convergence of the Equi-Energy algo-
rithm. To this end we will see that even under the best conditions of
knowing the whole energy landscape, Equi-Energy sampling may be
slow in some models. Namely we will see this for the Potts model
given in Chapter 1.2. The phenomenon responsible is the same used
by Bhatnagar and Randall in 2] to show torpid mixing of Tempering
and Swapping and similar to the phenomenon encountered in the BEG
model as seen in Chapter 5.

This chapter is organized in the following way: After defining the
Equi-Energy algorithm in Section 1 we will see in Section 2 that Equi-
Energy sampling is not well suited for the Potts-Model.

79
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1. The Equi-Energy algorithm

In this section we introduce the base chain for the Metropolis-
Hastings algorithm and give a definition of a version of the Equi-Energy
sampler.

Remember the Metropolis-Hastings algorithm to by defined by

Kyen(o,7) if o # 7 and H(r) > H(o)
(140) Ts(o,7) ={ Kyenlo, )25 if o #7 and H(r) < H(0)

1—3,4, Ts(o,v) otherwise.

for an aperiodic, symmetric and irreducible Markov chain K, on €.
As in the Curie-Weiss model the proposal chain for the Potts model se-
lects one coordinate at random and suggests to change the coordinates
color to any other color with equal probability, thus Ky, is given by

1 ifo=1
(141) Koen(0,7) =4 ayggy i llo— 7] =1
0 otherwise.

As mentioned in Chapter 2.3.2 the induced Metropolis-Hastings sam-
pler is torpidly mixing on the Potts model for 5 in the multiple-phase
region.

To speed up its convergence, we first introduce a sequence of energy
levels:

(142) inf H(o) == hg < hy < ... < hy =supH (o)
and a sequence of inverse temperature levels

O0=B<b<...<PBu=248

where we assume that (5 is the temperature we want to sample from.
For the same reasons as for the Swapping algorithm it will often be
convenient and necessary to take [3; = % Note that M may and will
depend on N, which is not made explicit in [24].

Moreover, we will need a dummy state ¢ and define

Q.= QU {}.

Let M be an M x |Q| matrix over Q, which is initially filled with ¢’s,
only.

The Equi-Energy algorithm consists of alternating between two
steps. One is a Metropolis update at a random temperature level j;.
The other one is an Equi-Energy jump again at a randomly selected
temperature 5; with ¢ > 1. At temperature 0 there are only Metropolis
moves. We keep record of the results of each single one of the states we
see at temperature 3; by entering them into the 7’th row of the matrix
M, if it has not been seen before. In this case it replaces one of the
L's.
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The Equi-Energy step works as follows: Assume, the chain at tem-
perature [3;,4 > 1 is in state . Then an Equi-Energy jump consists
of determining the energy level k, such that hy_; < H(o) < h; and
choosing with equal probability a state 7 from all states v with hy_; <
H(v) < hg, which have already been observed at temperature level

g, (T)7g; 4 (o)
g, (o), 1(7')}
Otherwise, in particular, if there is no state in the same energy band in
the 1 — 1st row of M, we stay where we are. We denote the correspond-
ing transition matrix (on ) as well as the corresponding operator by
Q;. Of course, we can also consider the process, that describes the
movement of all the particles simultaneously, which is a process on
QM+ The transition matrix on Q*! that moves the i’th coordinate
according to @); and lets all others rest, i.e. the matrix corresponding

to the operator
M
® 1060 @1

j<i—1 j=i+1

Bi—1. This new state is accepted with probability min {1

is denoted by Q; (where [ is the identity). Similarly, we will denote by
T; the Metropolis chain T}, at temperature ; and by 7; the chain on
QM+L corresponding to the operator

M
R I1enhie QI

j<i—1 j=i+1

The Equi-Energy sampler is then defined as

(M+13 Z Q]an

7,k,1=0

Note that even though we are just interested in what happens with
the last coordinate of this process, it might still be worth and easier to
consider the entire process. Also note that R is not a Markov chain.
To consider a Markov chain, will however be useful sometimes. To this
end, we define the natural extension R to the space QM+ x QUM +1x[2
Wthh in the first coordinate moves according to R and in the second
coordinate contains the elements of M. The latter in turn has in the
1’th row all the states visited by T;_; up to the present time entered in
some fixed, deterministic order.

The role of this complicated Markov chain becomes apparent, when
we prove the following theorem.

THEOREM 7.1. The distribution of the M+ 1’st coordinate of R con-
verges to mg.

PROOF. By reversibility, for each ¢, T; is reversible with respect
to the measure 7, and the entries in M do not play any role for
T;. Second, note that in the second coordinate of R the state M,
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in which each row of the matrix M is filled with an entry different
from ¢ is absorbing (since we fill the matrix in some fixed order, M,
in unique. The state M is reached in finite time almost surely, for
almost all realizations of R there is ng = ng(w), such that the second
coordinate of R at ng is My. However, once the second coordinate of
R is M, all the processes @Q; are reversible with respect to 7g,. This is
basically since, Q;(o,7) > 0, then ¢ and 7 are in the same energy shell
(hg, hi41], and hence Q; starting from o draws from the same points
as when starting from 7. The rest of the reversibility assertion follows
from the definition of the transition probabilities.

Hence we are in the following situation: The random walk R even-
tually concentrates on QM+ x {My}. The restriction 7€]QM+1X{MO} is

reversible with respect to the measure wxdy,. Here for x = (xg, 21, ...,
JJM) e QM+l

7T<x) = H Wﬂi@:i)’

and dyy, is the Dirac measure concentrated in the matrix M,. Hence
by the ergodic theorem for Markov chains R converges in distribution
to ™ X dpy,, which in particular implies that the M + 1st coordinate of

‘R converges to mg.
O

Remark From the above proof one may get the impression, that for
a state space () that is exponentially large in some parameter N, to
ask for polynomial convergence is completely hopeless, since we first
have to fill M, before we can apply the ergodic theorem. We will
see an even worse effect for the Potts model. The convergence to the
desired probability measure may still be slow, even if the entire energy
landscape has already been saved to the matrix M.

2. Equi-Energy for the mean-field Potts model

We will see, that the Equi-Energy algorithm is not well suited for
the three-color-mean-field-Potts model, namely we will show

THEOREM 7.2. The speed of convergence to equilibrium of the Equi-
Energy sampler is exponentially slow for the mean-field Potts model
with ¢ = 3 colors.

Remark The proof given also works for any number ¢ > 3 of colors.
In favor of an easier notation we will confine ourselves to the case of
q=3.

Torpid mixing of the Equi-Energy sampler is slow for the same
reasons why the simulated tempering algorithm is slowly mixing for
the mean-field Potts model as shown in [2]|. As stated in Section 2 of
Chapter 1, the mean-field Potts model undergoes a discontinuous phase
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transition. As Gore and Jerrum [21] show, the model shows, for any
£ > f., besides the three modes for each color, a fourth mode in which
every color appears almost equally often. This is the main difference
to the Curie-Weiss model which has, for any 8 > ., exactly one mode
for each color. Suppose the chain R has all components started in a
center state. Component xy can only do metropolis updates. It will
very likely stay close to the center, thus only saving center states to the
matrix. Component x; then could either do metropolis or Equi-Energy
updates. Metropolis alone would prefer the center states as the center
is, for any temperature, a locally likely state. The only chance to leave
the center would thus be an Equi-Energy jump. But as the chain xg
did not save any states distant to the center, it will never get proposals
to jump away from the center.

The proof will follow a slightly different strategy, even though the
idea behind the argument is the one given above.

2.1. System specific preparation. In order to handle the state
space more easily we will follow the approach by Gore and Jerrum [21].
Remember that for any o € 2

1a(0) = 1 (BH()
8(0) 70"

As we have a mean-field model we thus get for any a = (aq, as, ag) with
Y a; =1and Na; € Ny for any i € {1,2,3}

(143) 71'5({0"'(11]\[(0') = a}) = (NCH,NA;Q,NCLS) %GBH(%).

Here o, is one representative with my(c,) = a. Using Stirling’s ap-
proximation we get
Nf(a)+A(a)

(144) Wg({a{mN(a) = a}) = er
with

3
B,
(145) fla) =3 (et —artome
and A(a) € o(N). Define D = {a € [0,1]*| }_ a; = 1} to be the domain
of f. Gore and Jerrum were able to show

LEMMA 7.3 (Proposition 1 in [21]). Let a = (ay,...,a,) be a local
maximum point of f. Then a satisfies the following properties:

(1) a lies in the interior of D.

(2) FEither a; = q~' for all i, or there are o and o' such that
O<a<fBl<d <1, anda; € {a,a'} foralli.

(3) If a is such, that the a; are not all equal, then there is a unique
component a; such that a; = o'; the other components satisfy
a; = « for all j # i.
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This immediately leads to

LEMMA 7.4. Fix 8 > .. Then there exists a 6 > 0 and a constant
¢ > 0 such that

(146) WB({OW‘%nN(a)-a%
=(3,33):

PROOF. Let a4 denote the local maximum with dominant color 1
and remember a1 to be the local maximum in the center of the state

> 5}) < e N,

Here a1
3

3
space. Either a1 or ag is a global maximum point. Assume first, that
flag) > f(a%). Define the set

M := {a € D|f(a) > f(a1), Na € {0, ..., N}*}
and note that there exists a o > 0 such that
{U‘ > 6} AM =10

as a1 is a local maximum point of a smooth function f. (Without loss

‘meo—a%

of génerality one could choose § small enough such that

>6}

only contains a1 asa local maximum point.) As there are at most N2
many different points a with Na € {0,..., N}® and > a; = 1 it is easily
checked that

(o o

(ol oo

Wl

(147) = N2

holds. Using the same argument yields that the case f(a%) > flan)

contradicts > [. as the only macrostate would then be the center
state. U

2.2. Proof for Theorem 7.2. We want to use a conductance ar-
gument (see Theorem 2.6) in order to show Theorem 7.2. Assume the
Matrix M to be filled completely, thus M = M,. Then the Equi-
Energy algorithm is reversible to the desired distribution and Theorem
2.6 can be applied. Now assume the last coordinate ), of x is in
the center of the state space, thus close to at. For 3 > [, the chain
would need to see at least one of the modes containing a1, agz or a.
in reasonable time. To accomplish this the chain has two possibilities,
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either using metropolis steps, or using Equi-Energy steps in order to
leave the center and get drawn to any of the other modes. Metropolis
itself is slow on the Potts model for § > (3. as can be seen in a similar
way to the one given in Theorem 2.7 for the Curie-Weiss model, by
using either of the four modes, especially the center mode, as a bad
cut. Thus the only hope to have rapid convergence would be the Equi-
Energy component of the algorithm. The Hamilton function grows as
the distance to the center increases. As the Equi-Energy step can only
get proposals which are in the same energy band as the current state
the chain cannot increase its distance to the center by any consider-
able amount, using an Equi-Energy update. This effectively traps x,,
close to the center and thus the center is a bad cut for the Equi-Energy
algorithm. Note that widening the energy bands would not increase
the speed of convergence either, as there are exponentially many more
states in the center then on the outer circle. Having wide energy bands
would lead to many proposals close to the center which the chain could
either accept, if close to the center anyhow, or, in case the chain is
in a distance to the center, reject as the new states energy is expo-
nentially much smaller than the current states energy. Especially the
hope of switching from the mode containing a4 to any other mode is
disappointed if the energy band is too wide, as too many Equi-Energy
proposals will be flat out rejected if ), is currently close to aq;.
Remember (142) and note that we will henceforth only consider
M = ¢N to be linearly dependent on N and the h; to be equi-distanced
in the domain. Choosing M super-linearly would lead to empty energy
bands and thus effectively lead to an exact-Equi-Energy sampling. On
the other hand, having M fixed leads to almost non-interactive com-
ponents and Equi-Energy sampling stands no chance of increasing the
speed of convergence compared to the standard Metropolis algorithm.

LEMMA 7.5. For every € > 0 and every € > § > 0 there exists
a Ny such that for all N > Ny and for all o,7 € Q which satisfy
lmy (o) — a%|| < 60 and ||my(T) — a%|| > €

Qu(o,7)=0.

PROOF. First note that ai is the (unique) minimum for

1 1 1 )
arr H(a) = TH(ou) = 5 Za-

on D. Further note that + H(o,) = %HaHQQ is basically the square of

the two-norm of the vector a. Now Qp(o,7) > 0 only if there is an
index i such that h; < H(o) < hiy1 and h; < H(T) < hiy1. This leads



86 7. EQUI-ENERGY SAMPLING

to
hay — ho
H - H =
[H(o) - H(r) = =
N4
2M
5
14 = —
( 8) 12¢

thus in order for o, and o, to be in the same energy band, a and a’
must satisfy

Using the equivalence of the one norm and the two norm on D concludes
the proof. O

We now define a set & which guarantees for a small conductance.
First define for every € > 0

(149) S. = {w € @ [my(aa) — ay]| < £},

Fix e such that {a € D| ||a—a% || < e} only contains points of the center

mode. Now choose ¢’ > 0 and Ny according to Lemma 7.5 and the
remark thereafter. As R consists of possibly two Equi-Energy jumps
we need to iterate this construction once. For this choose 0 < §” < ¢’
and afterwards choose § > 0 — and again NV even larger — according to
Lemma 7.5 this time with 6" as input.

LEMMA 7.6. There exists a ¢ > 0 such that

(S \Ss) _ _on
— < e .
WM(SE)

PROOF. The proof works exactly as the proof for Lemma 7.4. [
This directly leads to

THEOREM 7.7. Consider R and its state space. The conductance
O satisfies for a ¢ >0

b < e N,

PRrROOF. With the notation introduced above, it is clear by Lemma
7.4 that my(S.) < 1 for N large enough. Remember

QEE — QM+1 % Q(MJrl)X\Q\
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to be the state space for R. Then it is clear that (M xS8.)x{Mp}) <
% holds for all N large enough as well.

Z&G(QMXSE)X{MO} m(o)R(5,7)
FE(OQM xS )x{ Mo}

0] =
D e(@M x8A\S)x (Mo} T(T) (T, T)
FE(OOM xS )x{Mop}

T((QM x S.) x {My})

Z&G(QM x8:\S5)x{ Mo} ()
T((QM x S.) x {My})
T (S \ Ss)
™ (S:)

< e—c’N

(150)

Here (150) holds because of Lemma 7.5: The first Equi-Energy jump
started in the circle B(;(a%) will not leave Bg//(d%), the following me-

tropolis update will not leave By (&%) thus the second Equi-Energy
jump cannot leave Bg(a%). O

Using Theorem 7.7 concludes the proof for Theorem 7.2, as the
chain R is reversible once the matrix has been filled.






Appendix

1. Appendix to the BEG Model

1.1. Analysis of fz. This appendix contains a detailed analysis
of the function fz given in (111). The first result is needed for the slow
convergence case.

LEMMA .8. There exists an g > 0 such that for any 0 < e < ¢gg on
the set
N = {O’“SN(O')| <N-e}

as defined in (110) the free energy fz is unimodal for all j5.
PROOF. The claim is true, if we find an £y > 0 such that
fs((a—1,ap,ay)) is unimodal on |a_; — a;1| < €.
Consider
(151)  —fg(as, ap,a1) = 2Ba; + 2a4 log(ay) + (1 — 2a1) log(1 — 2a4)
(152)  —fz(a1,a0,a1) =28 —log (ail — 2)

which tells us, that there is exactly one mode on the ay = a_1,a¢9 =
1—2ay line. As fj is smooth this generalizes for all lines a; = a_1 +2¢
for sufficiently small . This yields the desired result by using Theorem
.9 as all that could happen, are maxima on the boundary. Il

THEOREM .9. fg has at most three local mazima on

1
Too = {(a,l,ao,al) € Ri_ . Z a; = 1}

i=—1

There are no further maxima on the boundary of T .

PROOF. We first change coordinates. Let r = = and { = x + z.
Then the mapping is

T: Yoo — (0,1)? with (a_y, a0, a1) — (r,t)

bijective. Hence, instead of investigating the maxima of fz, we can
analyze the minima of F(r,t) := Fs(r,t) := —fg o T (r,t). Here
F:(0,1)> = R is given by

F(r,t) = Bt(1 — Kt(1 — 2r)%) +tH(r) + H(t),
with H(r) = rlog+(1 —r)log(l —r).
89
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Minimums at the boundary: For fixed r € [0, 1] the function F
is the sum of a polynomial in ¢ and the entropy function H(t). Now
H(t) is steep at ¢ = 0 and ¢t = 1, hence there are no local minima in
these points.

If, on the other hand, t € (0,1) is fixed, the same argument yields
that there are no local minima in » = 0 and r = 1, either.

Global and local Minimums: We take derivatives of F for r,t €
(0, 1).

O F(r,t) = 4BKt*(1 —2r) + tlog 1=
atF(T7t) = ﬁ_zﬁKt(1—27’)2+H<r>—|—logﬁ
O;F(rt)= —8BKt* + r(lir)
92 F(r,t) = 8BKt(1—2r) +log 1
OPF(rt) = —28K(1—2r)?+ t(llft)
Hence the equations for potential minima are
(153) A6Kt(2r — 1) = log : "

(154) 3—1:66-\/7“(1—7“),

t
where we have used (153) to solve 0,F = 0 and obtain (154). Taking
the Taylor expansion of F in a critical point (1o, %y) up to second order
we see that

1
F(r,t) = F(ro,ty) + A

2
where
A= azF(To, to)(r—r0)2—|—28ftF(7“o, to)(?"-?“o)(t—t())—'—afF(?“o, to)(t—to)z
Putting w := 1/ro(1 — 79) we see that ¢y = (1 + ew)~! and therefore
t2
(155) O F (1o, to) = w_gu + efw — 8BKw?).

Due to (153) we have in critical points (ro, to)
872,tF(7”0, to) = 45Kt0<1 - 27”0)

and the determinant of the Hessian M in (7o, to) is given by

det M = (% - 85th> ( —2BK(1 - 4w2))

to(1 — to)
— (48K t0)* (1 — 4w?).
This can be simplified to

1 1 to

det M = (-—8 Kt) 98K (1 — 4w

€ w2 B 0 1—t0 /B w2< w)
1 — 28Kty + 28Kt3(1 — 4w?)

w2(1 - to)
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and by replacing ¢ty we obtain:
(1+ ePw)? — 28K (1 + ePw) + 28K (1 — 4w?)
w2(1 —t9)(1 + ePw)?
1+ 2ePw(1 — BK) + w?(e? — 88K)
w2(1 —to)(1 + ePw)?

Note that the sign of det M is determined by the sign of the nominator,
which is important, since M is positive definite in (7o, ty), if 9*°F > 0
and det M > 0 in that point.

Investigating which points are critical, we see the following

(1) Obviously, rqg = % , to = ﬁ is critical. Here 02F(rg,ty) =
2t2(2 + ¢” — 4BK) and hence

det M =

(156)

1
to(1 —to)
Thus there is a local minimum of F in (rg, ), if and only if
48K < 2+ el Tf4BK > 2+ €, (rg,ty) as defined above is
not an extremal point.
(2) For r # 1, we only consider r € I := (
metric in 7 around 1.
Combining (153) and (154) we see that a necessary condi-
tion for (r,t) to be a local minimum is
@57 ) =log—— = PR D

L—r  14ef\/r(1—1r)
which we will investigate for solutions in I. Let w(r) :=

/(1 —r). We compute

A=202(2+ e’ —4BK)(r —ro)* + (t —to)2.

1

3,1), since F' is sym-

TN S
h(T)—T‘Fl_T _w2(7”)
, 1 1 _2r—1
MU= e T T v
and
, 2 4 26511)(7“) —(2r — 1)6’8% dw(r) + e’
e | T O (e o)

and eventually
4’ (r)w(r) (1 + ePw(r))? — (dw(r) + ) [w(r)(1 + ePw(r))?
w2(r)(1 + eBw(r))*
4w (r)(1 + ePw(r)) — (4w(r) + ®)[1 + ePw(r) + 2w(r)e’]
w2(r)(1 + ePw(r))3
(2r — 1) (8w?(r) + 3ePw(r) + 1)
w3(r)(1 + ePw(r))3 '

¢"(r)=2BK

= 28Kw'(r)

= BKé°
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(158)
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Now h’(r)ggb’(r) implies
(2? = 8BK )w?(r) + 2¢°(1 — BK uw(r) + 120.

Hence there are at most two solutions 71,7, € I with ¢ = 1/,
because w is injective on I. Therefore, according to Rolle’s
theorem also the equation ¢ = h has at most two further
solutions in I (next to r = 1/2). Moreover, we see that the left
hand side of (158) equals the nominator of det M in (156). In
a critical point we thus have b/ < ¢/ (or ' > ¢/, respectively)
if and only if in this point it holds det M < 0 (or det M > 0,
respectively).

Again we distinguish different cases:

If 48K > 2+¢€P, then ¢/(1/2) > h/(1/2) and thus ¢ > h on
(1/2,1/2+0) for an appropriate § > 0. Now, close to r = 1 we
always have ¢ < h, which means, there is at least one solution
¢ = h in I. However, there cannot be two such solutions: If
there were % <ry <rg <1 with ¢ = h, then ¢ — h cannot
change sign in both solutions, otherwise we would have ¢ > h
also in a right neighborhood of r5 and we would need a third
solution 73 to the right of ry, in contradiction to the above
conclusion. If, on the other hand, ¢ — h cannot change sign
in both solutions, then at least one of r; and 7y also solves
¢’ = h’. But this again leads to a contradiction. Again using
Rolle’s theorem we see that ¢ = h for % < rq < ro implies that
there exist &1, & with ¢ = b/ and

%<§1<r1<§2<r2
and there cannot be more than two solutions of ¢’ = h/.

Hence there is exactly one solution r; € I and from (154)
one obtains the corresponding 1, such that (r1,), (1 —r1,%)
and (ro,to) are the only critical points of F. However, we
already know that here we have 43K > 2+¢” and hence (r, to)
is not a minimum of F. Moreover, minima at the boundary
do not exist. But F is continuous on [0, 1]?, therefore has a
minimum, thus the points (r1,%¢;) and (1 — rq,¢;) are global
minima.

If, on the other hand 48K = 2+ € and € > 4, then
¢'(1/2) = 1/(1/2) and of course ¢"(1/2) = h"(1/2) = 0, how-
ever we still have ¢”'(1/2) > h"(1/2), hence again ¢ > h on
(1/2,1/2 + 6) for an appropriate 6 > 0. ¢"(1/2) > h"(1/2)
can be seen as follows: Write

o 8u? 4 3efu + 1
o) = )




(159)
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Then ¢"(r) = BKe?(2r — 1)v o w(r) and hence

"(r) = BKeP(2uow(r) — (2r — 1)? v ow(r)).
§"(5) = BRE (200 0lr) — (2r = 1t o u()
Thus
#(1/2) = 12+ H)etu(1/2) = 18-

Due to h"'(1/2) = 32 we have ¢"'(1/2) > h"(1/2) if and only
if ef > 4.

Analogously to our arguments above we see that there is
only one solution r; € I of ¢ = h, and again the correspond-
ing t; can be computed from (154). Indeed there is a local
minimum of F in (r1,¢;) and (1 —ry,¢;). This can be seen by
showing that the Hessian is positive definite. However, as this
is not part of our assertion, we will refrain from doing so.

If, finally 43K = 2+¢” and e? < 4, then ¢/(1/2) = h'(1/2)
and ¢"(1/2) < h"(1/2) and ¢ (1/2) < h®(1/2), such that
again ¢ < h on (1/2,1/2 + §) for an appropriate § > 0.

For ¢ (1/2) < h®®)(1/2) one argues: Because of (159) we
have

o”(1/2) = BKe’(2(vow)"(1/2) —8v'(1/2))
- 25}(@/3(((@' ow) - w')(1/2) — 4v'(1 /2))

/

_ 251@5( V%9 - 41)'(1/2))
= —128Ke’0/'(1/2)
and
) (843”124 €%) = 3(1 4 %) (34 2eP)
U(1/2) - (%—i‘%eﬁ)zl
2 + 3¢°
thus ;
5)(1 /9 — oa0ef 21 3¢
¢ (1/2) = 960e TR

Because of h(®)(1/2) = 4! - 2% one has ¢(®(1/2) < h®(1/2) if
and only if 5¢#(2+3e?) < 8(2+¢€”)?, thus 7e?’ —22¢ —32 < 0
and this is true for all 0 < ? < 4.

The same is of course also true, when 48K < 2 + €°, since
then we already have ¢'(1/2) < h'(1/2).

Summarizing we see that in all possible cases we have at
most three local minima of F' and none at the boundary. Of
course, we could discuss how many minima there are exactly
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in certain cases. However, we will refrain from doing so, since
this is not needed.

g



Bibliography

[1] D. J. Aldous and J. A. Fill.  Reversible Markov  Chains
and Random Walks on Graphs. Book in preparation,
http://www.stat.berkeley.edu/~aldous/book.html, 200X.

[2] N. Bhatnagar and D. Randall. Torpid mixing of simulated tempering on the
Potts model. In Proceedings of the Fifteenth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 478487 (electronic), New York, 2004. ACM.

[3] A. Bovier. Statistical Mechanics of Disordered Systems - A Mathematical Per-
spective. Cambridge Series in Statistical and Probabilistic Mathematics, 2006.

[4] A. Bovier and I. Kurkova. Derrida’s generalized random energy models I: Pois-
son cascades and extremal processes. 2004.

[5] A. Bovier and I. Kurkova. Derrida’s generalized random energy models. II:
Gibbs measures and probability cascades. 2004.

[6] A. Bovier, I. Kurkova, and M. Lowe. Fluctuations of the free energy in the
REM and the p-spin SK models. Ann. Probab., 30(2):605-651, 2002.

[7] B. Derrida. Random-energy model: an exactly solvable model of disordered
systems. Phys. Rev. B (3), 24(5):2613-2626, 1981.

[8] B. Derrida. A generalization of the random energy model which includes cor-
relations between energies. J. Physique Lett., 46(9):401-407, 1985.

[9] P. Diaconis and L. Saloff-Coste. Comparison theorems for reversible Markov
chains. Ann. Appl. Probab., 3(3):696-730, 1993.

[10] P. Diaconis and L. Saloff-Coste. Logarithmic Sobolev inequalities for finite
Markov chains. Ann. Appl. Probab., 6(3):695-750, 1996.

[11] P. Diaconis and D. Stroock. Geometric bounds for eigenvalues of Markov
chains. Ann. Appl. Probab., 1(1):36-61, 1991.

[12] M. Ebbers. Der Swapping Algorithmus im Curie-Weiss und im Potts Modell.
Master’s thesis, Westfdlische Wilhelms-Universitdt Miinster, 2007.

[13] T. Eisele and R. S. Ellis. Multiple phase transitions in the generalized Curie-
Weiss model. J. Statist. Phys., 52(1-2):161-202, 1988.

[14] R. S. Ellis, P. T. Otto, and H. Touchette. Analysis of phase transitions in
the mean-field Blume-Emery-Griffiths model. Ann. Appl. Probab., 15(3):2203—
2254, 2005.

[15] R. S. Ellis, H. Touchette, and B. Turkington. Thermodynamic versus statistical
nonequivalence of ensembles for the mean-field blume-emery-griffiths model.
Physica A: Statistical and Theoretical Physics, 335(3-4):518 — 538, 2004.

[16] R. S. Ellis and K. Wang. Limit theorems for the empirical vector of the Curie-
Weiss-Potts model. Stochastic Process. Appl., 35(1):59-79, 1990.

[17] Ellis, Richard S. and Haven, Kyle and Turkington, Bruce. Large deviation
principles and complete equivalence and nonequivalence results for pure and
mixed ensembles. J. Stat. Phys., 101(5-6):999-1064, 2000.

[18] L. Fontes, M. Isopi, Y. Kohayakawa, and P. Picco. The spectral gap of the
REM under Metropolis dynamics. Ann. Appl. Probab., 8(3):917-943, 1998.

95



96

[19]

[20]
[21]

22]

23]

[24]

[25]

[26]
[27]
28]
[29]

[30]

31]

[32]

[33]

[34]

[35]

BIBLIOGRAPHY

C. J. Geyer. Markov chain monte carlo maximum likelihood. In Computing Sci-
ence and Statistics: Proceedings of 23rd Symposium on the Interface Interface
Foundation, pages 156-163. Fairfax Station, 1991.

C. J. Geyer and E. A. Thompson. Annealing Markov chain Monte Carlo with
applications to ancestral inference. J. Am. Stat. Assoc., 90(431):909-920, 1995.
V. K. Gore and M. R. Jerrum. The Swendsen-Wang process does not always
mix rapidly. J. Statist. Phys., 97(1-2):67-86, 1999.

O. Haggstrom. Finite Markov chains and algorithmic applications. London
Mathematical Society Student Texts. 52. Cambridge: Cambridge University
Press. ix, 114 p. 14.95; $ 21.00/pbk; 40.00; $ 60.00/hbk, 2002.

M. Jerrum and A. Sinclair. Approximate counting, uniform generation and
rapidly mixing Markov chains. Inform. and Comput., 82(1):93-133, 1989.

S. C. Kou, Q. Zhou, and W. H. Wong. Equi-energy sampler with applications in
statistical inference and statistical mechanics. Ann. Statist., 34(4):1581-1652,
2006. With discussions and a rejoinder by the authors.

D. A. Levin, Y. Peres, and E. L. Wilmer. Markov chains and mizing times.
American Mathematical Society, Providence, RI, 2009. With a chapter by
James G. Propp and David B. Wilson.

M. Léwe and F. Vermet. The swapping algorithm for the Hopfield model with
two patterns. Stochastic Process. Appl., 119(10):3471-3493, 2009.

N. Madras and M. Piccioni. Importance sampling for families of distributions.
Ann. Appl. Prob., 9(4):1202-1225, 1999.

N. Madras and D. Randall. Markov chain decomposition for convergence rate
analysis. Ann. Appl. Probab., 12(2):581-606, 2002.

N. Madras and Z. Zheng. On the swapping algorithm. Random Struct. Algo-
rithms, 22(1):66-97, 2003.

M. Mézard, G. Parisi, and M. A. Virasoro. Spin glass theory and beyond, vol-
ume 9 of World Scientific Lecture Notes in Physics. World Scientific Publishing
Co. Inc., Teaneck, NJ, 1987.

A. Sinclair. Algorithms for random generation and counting: a Markov chain
approach. Birkhauser Verlag, 1993.

D. B. Woodard, S. C. Schmidler, and M. Huber. Conditions for rapid mixing
of parallel and simulated tempering on multimodal distributions. Ann. Appl.
Probab., 19(2):617-640, 2009.

D. B. Woodard, S. C. Schmidler, and M. Huber. Sufficient conditions for torpid
mixing of parallel and simulated tempering. FElectron. J. Probab., 14:no. 29,
780-804, 2009.

7. Zheng. Analysis of swapping and tempering Monte Carlo algorithms. PhD
thesis, York University Ontario, 1999.

Z. Zheng. On swapping and simulated tempering algorithms. Stochastic Pro-
cess. Appl., 104(1):131-154, 2003.



