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Abstract. We provide some proofs of generation of derived bounded and unbounded cat-
egories of chain complexes of groups in Kropholler’s hierarchy in terms of the classes of
modules induced up from subgroups that are at a lower level in the hierarchy compared to
the big group. We formulate and use some generation results from the module category
for this. The treatment is fairly straight-forward. We use these results to show that stable
module categories for a large class of infinite groups, as defined by Mazza and Symonds
in [14], are well-generated which is a generalization of the analogous result for finite groups
whose stable module categories are compactly generated.

1. INTRODUCTION

The groups that this article will be mostly dealing with come from a hier-
archy of groups that was first introduced by Peter Kropholler in the nineties
in [12]. If we start with the class of all finite groups as our base class, we get an
infinite family of infinite groups that satisfy many fascinating properties like,
for example, admitting a finite-dimensional proper classifying space as long as
they are of type FP, (this highly nontrivial result was proved in [13]).

In this article, we will be looking at the derived unbounded, bounded above,
bounded below, and bounded categories of chain complexes of modules of
these groups over any commutative ring and prove some important genera-
tion properties pertaining to those derived categories in Section 4 with classes
of chain complexes associated to modules induced up from subgroups belonging
to a lower level of Kropholler’s hierarchy. We shall then, in Section 6, com-
ment on how those results can be handy in deriving some properties about the
stable module categories of groups belonging to Kropholler’s hierarchy when-
ever those stable module categories can be defined in the way of Mazza and
Symonds [14].

To derive the generation results for all these derived and stable categories
in Section 4 and Section 6, we have to first derive a number of useful analogous
generation results in the module category, and we do that in Section 3, and
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before that, in Section 2, we set up a little bit of the abstract framework of
generation in the context of module categories and prove some results which we
then use in Section 4. Please note that, in [4], we elaborately study the abstract
framework of generation that we introduce in Section 2 here. Regarding this
abstract theory, in this article, we only develop those concepts and those results
that we make use of to derive generation results in the derived and stable
categories in the later sections.
We begin by providing a definition of Kropholler’s hierarchy.

Definition 1.1 (see [12]). Let 2" be a class of groups. We define HyZ = &,
and for any successor ordinal «, a group G is said to be in H, 2" if and only if
there exists a finite-dimensional contractible CW-complex on which G acts by
permuting the cells with cell stabilizers in H,_1.%2 . If « is a limit ordinal, then
we define Ho 2" as g, Hp 2 . Further, G is said to be in H.2" if and only if
Gisin H, 2 for some ordinal a (note that o need not be a limit ordinal here).

The following result is easy to see from the above definition.

Lemma 1.2 ([12]). Let 2" be a class of groups. Then Ho 2" C Hg 2", where
a and B are any two ordinals such that o < B.

It is important to note that, in the above definition, if we start with the
class of all finite groups, denoted %, then the classes Hy.%, H1.%, ..., H,.%,
and so on are all distinct, by which we mean, for each positive integer n, there
exists a group that is in H,.# but not in H,_1.%. This is quite nontrivial
and is due to a result by Januszkiewicz, Kropholler and Leary [11]. It is worth
keeping in mind that the class H.% is a much larger class than .#%—just H1.%
contains all groups of finite virtual cohomological dimension, all groups of finite
Bredon cohomological dimension, etc. We give the following solid example of
groups lying in one class of the hierarchy and not in the one immediately below
up to H3.%.

Theorem 1.3 ([8, Thm. 7.10]). Let w denote the first infinite ordinal, and let

ZF denote the class of all finite groups.

(a) The free abelian group of rank t, where 1 <t < Nq, is in H1.F but not
m Hog.

(b) The free abelian group of rank t, where Rg < t <N, is in HoF but not
m ng

(¢) The free abelian group of rank Y, is in Hs.Z but not in HyF .

2. SOME GENERAL RESULTS ON GENERATION IN THE MODULE CATEGORY

In this section, we define a notion of generation for modules that can be
said to have been inspired from some notions of generation for triangulated
categories which have been looked into by Raphael Rouquier [20], Jeremy
Rickard [19], and others [1]. We prove a number of useful general results
regarding generation of modules using our definition of generation, look into
the significance of a module being generated in a finite number of steps by
a class (in our definition), and investigate how that is related to the same
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module admitting finite resolutions by modules of that class. Some of the re-
sults discussed and proved in this discussion are interesting in their own right,
and we will establish some new generation properties of modules of groups that
lie in Kropholler’s hierarchy. Those generation properties will be useful for us
to prove our generation results in the derived categories later.

Definition 2.1. Let R be aring, and let .7 be a class of R-modules. We define
generation of modules from .7 inductively—we say an R-module is generated
from Z in n steps if and only if there exists a short exact sequence 0 — M; —
My — M — 0, where M, M5 are generated from  in ay, ag steps respectively
and a1 + ag < n — 1; to begin the induction, we say an R-module M is generated
in 0 steps from 7 if and only if M € 7. So if we are given a short exact
sequence 0 — My — My — M — 0 and we know that each M; is generated
from 7 in a; steps, then M is generated from .7 in a; + as + 1 steps.

We shall denote the class of all modules that can be generated in n steps
from Z by (), and the class of all modules that can be generated in finitely
many steps from Z by ().

For any R-module M, we define the .7 -generation number, denoted ao (M),
tobemin{n € Z| M € (T ),}. It M ¢ (T),, for any finite n, we define oz (M)
to be infinite.

For the rest of this section, we fix an arbitrary ring R. Note that saying
an R-module M is generated in n steps from a class of R-modules .7 implies
that M can be generated in m steps from .7 as well, where m is any integer
greater than n. From this, the following lemma follows.

Lemma 2.2. For any class of R-modules 7, T =(T ) C(T)1 C(T)aC---.

Remark 2.3. It is noteworthy that, in Definition 2.1 of generation of modules
from a class of modules, we are not putting the new module in the middle of the
short exact sequence that we are using to generate it. The main reason for this
is that if we put the new module on the right as we are doing in Definition 2.1,
then under suitable conditions, for a class of modules, our generation number
of any module coincides with the dimension of that module over that class,
i.e. the length of the shortest resolution of modules coming from that class
admitted by that module. We prove this result in Lemma 2.8.

Also, putting the new module in the middle can give a different class. We
prove this result below in Lemma 2.4. So putting the new module in the middle
and putting it on the right are not equivalent for all classes of modules.

Lemma 2.4. For any class of R-modules 7, let m-{T) be the smallest class of
R-modules containing 7 and satisfying the property that an R-module M is in
m~(7) if and only if there exists a short exact sequence 0 - A— M — B — 0,
where A, B € m-(7). Then there exists a class of R-modules % such that
m-(U) #(U).

Proof. Let % be the class of all simple R-modules. Then (%) is the class of
all simple modules and the zero modules. This is easy to see. Denote the class
of all simple modules and the zero module by % . If g, (M) =0, then M € % .
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Assume if ag (M) < n, then M € % —this is our induction hypothesis. If
we take a module M such that ag (M) =n + 1, then we have a short exact
sequence 0 - A — B — M — 0, where ay (A), ag (B) < n, and hence, by the
induction hypothesis, A, B € %, so M is a quotient of the zero module or
a simple module, and therefore M € % . Thus, we have shown that (%) C %.
Clearly,  C (%), as any simple module is in % by definition, and since we
have an exact sequence 0 — S — S — 0 — 0 for any simple S, the zero module
is in (). Thus, (Z) = % . Now note that, for any two simple modules Sy
and Sz, S1 @ So is not simple, but S; & Sy € m-(%) as we have an exact
sequence 0 — S; — 51 @S2 — S2 = 0. So m~(%) # (U). O

We can see from the definition of a module being generated in n steps from
a given class of modules that the module that we are trying to generate is
occurring rightmost in a short exact sequence. In the following lemma, we look
at what can be said about the number of steps required to generate a module
if the module occurs rightmost in an exact sequence consisting of more than
three modules.

Lemma 2.5. Let 7 be a class of R-modules. If there exists an exact sequence
0—>M,—--— M — M—0 for somen > 1, where each M; is generated in
a; steps from 7, then M can be generated from 7 inn—1+>" | a; steps.

Proof. We will provide a proof by induction on n. Note that, when n = 2, this
result holds true by definition of the number of steps of generation. Now let
us assume that, for all n < k, if there exists an exact sequence

0—-M,—-—M —-M—=0,

where each M; is generated in a; steps from .7, then M can be generated
from 7 inn —14 ). | a; steps—this is our induction hypothesis.

Now let n = k + 1. If we have an exact sequence

00— Mgt1 > My —---— M - M—0,

we can split it into two exact sequences:
(S1) 0 = Mgy1 — My — Im(My, — My_1) — 0,
(S2) 0 - Im(My — My_1) > M1 — -~ — My - M — 0.
Since M1 is generated in ag41 steps and My, is generated in ay, steps from 7,
looking at (S1), we can say that Im(Mj) — Mj_1) can be generated from .7 in
ak+1 + ax + 1 steps. And since Im(My — My_1), My_1, ..., Mo, M; can be
generated from 7 in agy1 + ag + 1,a5_1, ..., a2, a1 steps respectively; looking
at (S2), we can say using the induction hypothesis that M can be generated
from 7 in

(k=1 +(aks1 +ax +1)+ap—1+---+az+a

k+1 k+1

:k+Za¢=((l€+1)—1)+Zai

i=1
steps. This completes our induction. O

Miinster Journal of Mathematics VoL. 14 (2021), 191-221



GENERATING DERIVED CATEGORIES 195

Definition 2.6. For any class of R-modules .7, we define the 7-dimension
of an R-module M, denoted Z-dim(M), to be

min{i € Z | there exists an exact sequence
0—-T7;,—-Ti1—-—=To—M—=0,
where each T; € J}.

If, for an R-module M, no such exact sequence exists for any ¢, we say that

J-dim(M) is infinite.

e [7], is the class of all R-modules M such that .7-dim(M) < n.

o [T]w is the class of all R-modules M such that there exists an exact
sequence (of possibly infinite length) T, — M, where each T; € .

e [7] is the class of all R-modules with finite .7-dimension.

The following result is obvious.

Lemma 2.7. For any class of R-modules 7,

(@) [TloC[Thc[TC -,

(b) [T)n C (T for any n € Zso,

(c) [7]1<(T),

(d) if % is a class of R-modules such that 7 C %, %-dim(M) < .7-dim(M)
for all R-modules M.

Proof. (a) follows from the definition of [Z],,. (b) and (c) follow directly from
Lemma 2.5. To prove (d), we can start with assuming that & -dim(M) =n < oo
and then note that if 0 - T,, — --- — Tog — M — 0 is an exact sequence, where
all the T;’s are in .7, then they are also in % as J C %, and therefore
U-dim(M) < n. O

The following result is important, in light of Remark 2.3, to show why
putting the new module on the right of the generating exact sequence is useful,
and it also shows how the generation number of a module over a given class can
be a very useful invariant when the class satisfies some reasonable conditions.

Lemma 2.8. Let T be a class of R-modules. If, for any short exact sequence
of R-modules 0 — My — My, — M — 0,

T-dim(M) <14 max{Z-dim(M;), 7-dim(M2)},
then -dim(M) = ag (M) for all R-modules M.

Proof. For any R-module M, it is clear from the definition of .7-dim(M)
and Lemma 2.5 that az (M) < Z-dim(M). Assuming the conditions in the
hypothesis of the statement of the lemma hold, we will prove by induction on
ag (M) that 7-dim(M) <ag(M). If az (M) =0, then M € .7, and therefore
T -dim(M) = 0. Assume that, for all modules M such that ag (M) < n, if the
hypothesis of our lemma is satisfied, then 7-dim(M) < ag (M )—this is our
induction hypothesis. Now let ao (M) =n + 1, then by definition, we have an
exact sequence 0 — My — M; — M — 0, where ag(M1),az(Ms2) <n. By
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the induction hypothesis, it follows that .7-dim(M;), 7-dim(Mz) < n, and
therefore, from the hypothesis of the statement of the lemma, it follows that
T-dim(M) <n+ 1= az(M). This ends our induction. O

Remark 2.9. There are many examples of classes of R-modules that sat-
isfy the hypothesis of Lemma 2.8. Classes of all projective R-modules, all
Gorenstein projective R-modules, etc. satisfy it. In this remark, we provide
a short proof for the case of projectives: if we take a short exact sequence
0 - A— B — C — 0 of R-modules, where proj.dimp(A), proj.dimg(B) < n,
then, in the long exact Ext-sequence

= Extipt (A, M) — Ext (0, M)
— Exts"(B, M) — Ext)}P? (A, M) — - -

and since Ext'y™ (A, M) = Ext'};"*(B, M) = 0, it follows that Exts"*(C, M) =0
for any R-module M, and therefore proj.dimp(C) < n+ 1. We arrive at the
same conclusion for the Gorenstein projective dimension of the rightmost mod-
ule in a short exact sequence by noting that, for any R-module M, the Goren-
stein projective dimension of M, denoted Gpdg (M), satisfies Gpdr(M) <n
if and only if Ext} (M, L) = 0 for all £ > n and all projective modules L (see
[10, Thm. 2.20]).

In the next lemma, we see that, when we have a class where each module
is generated in finitely many steps from another class, then every module
generated in finitely many steps from the first class is also generated in finitely
many steps from the second class, and a similar result is true when we have
a bound on the number of steps required to generate every module in a similar
situation.

Lemma 2.10. Let . and % be two classes of R-modules.

(@) If 7 C{U), then (T) C(%). In other words, any module that can be
generated in finitely many steps from Z can also be generated in finitely
many steps from % if every module in J is generated in finitely many
steps from U .

(b) If T A% )m, then (T )n AU )mntm+n-

Proof. (a) We proceed by strong induction on the .7-generation number of
modules. First, we check our base case. Note that our lemma holds true for
modules in .7, i.e. for all modules whose 7 -generation number is zero.

Now let us assume that all modules of .7 -generation number < n is in %
this is our induction hypothesis. If as (M) = n + 1, by definition, M admits
a generation sequence 0 — Dy — Dy — M — 0, where Dy, D2 € (),,. This
means ag(D1), agz(D2) < n. It follows from our induction hypothesis that
D1, Dy € (7). That means D; and Dy can be generated from % in dy and ds
steps respectively for some nonnegative integers dy, ds, and from that, it follows
that M can be generated from % in d; + da + 1 steps. Thus, M € (%), and
that ends our induction.
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(b) We proceed by strong induction on n. If M € (F),
M e T g <%>m = <%>m.0+m+0-

Let us assume that the result is true when n < k. If M € (9 )j+1, there exists
a short exact sequence 0 — Cy — C7 — M — 0, where C7,Cy are generated
from 7 in ay,as steps respectively, where a; + as < k, so ay, a2 < k. By the
induction hypothesis, C; is generated from % in ma; + m + a; steps for i =1,2.
So M is generated from % in

(mai1 + a1 +m) + (mag +as+m)+1=m(ag +a2+2)+a1 +as+1
<mk+2)+k+1
=m(k+1)+m+(k+1)

steps. This ends our induction. O

The following result will come handy when we will handle generation of
modules of groups in Kropholler’s hierarchy. We are not including a proof
because it is quite trivial.

Lemma 2.11. For any class of R-modules, 7 and any nonnegative integer n,
[T ]n is closed under arbitrary direct sums if T is closed under arbitrary direct
sums.

3. GENERATION OF MODULES IN KROPHOLLER'S HIERARCHY

For our dealings in this section, we fix an arbitrary commutative ring R.

Notation. For any class of R-modules .7, we denote by .7 ® the smallest class
containing 7 that is closed under arbitrary direct sums.

Lemma 3.1. Let G be a group that acts cellularly on a G-CW-complex X with
stabilizers in a class L. Let I(G,£) be a class of RG-modules consisting of all
modules of the form Indg M, where H is some subgroup of G that is in £ and
M is some RH-module. Then the number of steps needed to generate trivial
module from I(G, £)® is bounded by the dimension of X .

Proof. We can assume that the maximal dimension of cells in X is finite be-
cause if it is not finite we have nothing to prove. Let this number be n. The
augmented cell complex is of the form 0 -+ A, — --- — A; - Ag = R — 0,
where each A; is an RG-permutation module that we get from the action of G
as a group of permutations of the i-dimensional cells of X. Each A; is a di-
rect sum of the trivial module induced up to G from subgroups of G that are
in 4. By Lemma 2.5, the trivial module can be generated from I(G, %)% in
(n+1)—1+0=mn steps. O

Definition 3.2. For any group G and a class of groups 2", we define A, (G, Z")
to be {Ind$ M | M is some RH-module and H is some H,, 2 -subgroup of G'}.
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The following lemma will prove crucial in proving some important generation
results later in Section 4. Before stating it, we recall that the successor of an
ordinal number « is the smallest ordinal number greater than «. An ordinal
number that is a successor is called a successor ordinal. If « is a successor
ordinal, we define o — 1 to be the ordinal number S whose successor is « (in
ordinal addition notation, o = 8 + 1).

Lemma 3.3. For any group G, a class of groups 2", and any successor ordi-

nal a, Ao (G, Z7) C [Aa—1(G, Z)®].

Proof. Let H be a H, %2 -subgroup of GG. Then, by definition, there exists
a finite-dimensional contractible complex T" on which H acts with stabilizers
in Hy,_1Z . Its cellular chain complex is of the form

04— =24 -4 —-R—=0,

where each A; is a permutation module that we get from the action of H as
a group of permutations of the i-dimensional cells of T'.

Let X be an arbitrary RH-module. If we tensor the above complex by X,
we get the complex

024X > 243X =>4 X =X —0.
Now if we induce all these modules up to G, we get the complex
0—Imd5 (4, ®X)—= - = Ind$% (4 ® X) = Ind§ X — 0.

A; can be written as a direct sum of the trivial module induced up to H
from subgroups of H that are of the form H,, where H, denotes the stabilizer
of the cell o (note that H, € H,_1%Z for all o), with ¢ running over the
set of H-orbit representatives for the i-dimensional cells (we can denote this
set by A). Thus, Ind§(A; ® X) = @, Ind§ X € Aq_1(G, 2)®. Thus,
md% X € [Ay_1(G, 2)2). O

The following result follows straight-forwardly from Lemma 3.3.
Corollary 3.4. For any class of groups 2, any group G, and any positive
mteger n,

AM(G, Z) C A1 (G, 2)P] C - C ... [Ao(G, 2)%]%] ... 9.
ti ti

Theorem 3.5. Let 2 be a class of groups and G a group. For anyn > 1 and
for any group J, let

dp, 2 (J) == inf{dim(X) | X is a finite-dimensional contractible CW-complex
on which J acts with stabilizers in H,_1 2},
and let t,, o (G) :=sup{dn, o (H)|H <G,H € H,Z }; we write t,, fort, 2 (G)

when there is no ambiguity over 2 and G. Then, for any fired n, we have
A (G, 2)® C (A (G, 2)®) e [(1+t;)—1 for anym such that 1 <m <n.

i=n—m-4
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Proof. We shall proceed by induction on m.

Let Ind% (M) € A, (G, Z°), where H is some H,, .2 -subgroup of G and M is
some RH-module. From the proof of Lemma 3.3, Ind% (M) € [A,,_1(G, 2)®);,,
and by Lemma 2.11, any arbitrary direct sum of modules in A, (G, Z) is in
[An—1(G, Z)®];,. Thus, A (G, Z)® C [An_1(G, Z)®):, C (An_1(G, 2)®);,
(the last inclusion is by Lemma 2.7 (b)). This proves the theorem for m = 1.

Similarly, we get A, (G, 27)® C[Aa—1(G, 2)®)t, C(Ae—1(G, Z7)®),, for any
a between 0 and n (this follows from the definition of ¢, and Lemma 2.7 (b)).

We assume the statement of the theorem to be true for m = d. Now let
m = d + 1. We have the following:

(@) DocslGy 2% € naor(G 2P,
(b) An(G.2)® C (uea(G. 2)Z) g (41
By Lemma 2.10, therefore, every module in A, (G, 27)® is generated from

An—d—l(Gv %)@ in

(induction hypothesis).

n n

th—d H (1+ti)—tnd+tnd+< H (1+ti)_1)

i=n—d+1 i=n—d+1
=(+teq) [ Q+t)-1= J] (+t)-1
i=n—d-+1 i=n—(d+1)+1
steps. This ends our induction. O

Corollary 3.6. Let 2 be a class of groups and G an H, Z" group. Using the
notation of Theorem 8.5, every RG-module is generated from Mo(G, 2)® in

[T, (1 +¢) — 1 steps.

Proof. We can assume that all the ¢;’s are finite because if any of them are
not, we have nothing to prove. The corollary then follows by taking m = n in
the statement of Theorem 3.5 and by noting that, as G € H, 2", A,,(G, Z) is
the class of all RG-modules. O

We end this section with the following remark.

Remark 3.7. For any class of RG-modules %, define the finitistic % -dimen-
sion of RG, denoted %% -dim(RG), to be

sup{%Z -dim(M) | M € Mod(RG), Z-dim(M) < oo}.

It is obvious that if .7 C %, then # J-dim(RG) < F%-dim(RG).

Note that one can just replace t, 2 (G) by the finitistic A,—1(G, 27)®-di-
mension of RG in the statement of Theorem 3.5. This way, it might be more
algebraic for visualization purposes. Also, from the inequality mentioned in
the previous paragraph, it follows that we can replace all the t;’s by t. So
Corollary 3.6 can be restated as: for G € H,, 2", every module can be generated
from A, (G, 27)®, for any m satisfying 1 <m <mn, in (14 ¢)""™ — 1 steps.
This shows very clearly that the number of levels we go down in the hierarchy
to generate our class of modules gets reflected in the degree of the polynomial
in ¢t that we get as the number of steps. This number of steps need not be
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optimal, but this is very much in line with the spirit of Kropholler’s hierarchy
because, taking 2 to be the class of all finite groups for example, we see that
we are generating all modules from the class of modules induced up from finite
subgroups closed under direct sums.

4. GENERATION IN THE DERIVED CATEGORIES

For the rest of this article, for any ring R, we will use the following notations:
Mod-R is the standard module category of R-modules,
Db+ (Mod-R) for the derived category of bounded above chain complexes
of R-modules,
e D" (Mod-R) for the derived category of bounded below chain complexes
of R-modules,
e DYMod-R) for the derived category of bounded chain complexes of R-
modules,
e D(Mod-R) for the derived category of unbounded chain complexes of R-
modules.
For any class of modules ¥, when we write D*(%), as we do in the statements
of Theorem 4.3, we mean a class of all chain complexes in the relevant derived
category where the modules in the chain complexes are from €.
We begin straightaway with two very useful lemmas which are both standard
knowledge (for Lemma 4.1, one can consult [5] for details and background).

Lemma 4.1. Let R be a ring. Let D(Mod-R) be the derived unbounded cate-
gory of chain complexes of R-modules, and let % be a triangulated subcategory
of D(Mod-R). If % is closed under coproducts, then it is closed under direct
limits of chain complexes, and if % is closed under products, then it is closed
under inverse limits of chain complexes.

Proof. Let % be closed under coproducts, and let {S;}i>0 be a collection of
chain complexes in % where we have chain complexes f; : S; — S; 1. The direct
limit lim.__.S;, from the definition of homotopy colimits, arises as a cokernel
in the following short exact sequence'

0—Ps —=——5 RN @S — lim S; — 0.

i>0 i>0 120

Here, the first two terms are in % as % 1is closed under coproducts, and
therefore the third term is in .% as well since % is a triangulated subcategory
of D(Mod-R).

Similarly, now if we let % be closed under products where we have maps
fi : S; = S;_1, then the inverse limit yLIll,>O S; arises as a kernel in the short
exact sequence by the definition of homotopy limits

i id 1;7f'i
O%Y&nSiaHSiMHSiao.
i>0 i>0 i>0

Here, the last two terms are in % as % is closed under products, and therefore
the third term is in % since % is a triangulated subcategory of D(Mod-R). O
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The following lemma is standard knowledge too. One can look up the proof
of [18, Prop. 2.1 (f)] for an idea of the proof in the derived unbounded case;
that same proof works for us.

Lemma 4.2. Let R be a ring, and let T be a triangulated subcategory of
D(Mod-R), D**(Mod-R), D»~(Mod-R), or D*(Mod-R). Then any chain
complex X, of the form 0 — X,, = X;,_1 — -+ = X9 — 0 is in T if each X;,
when considered as a chain complex concentrated in degree zero, is in T .

Proof. Let us assume that we are working in D(Mod-R). We will prove this
by induction on the length of X,. Of course, if X, is of length 1, then it is
in 7 by the hypothesis and since triangulated subcategories are closed under
shifts. We now assume that if X, is of length < n, then it is in .7—this is
our induction hypothesis. Let X, :0— X,, - X;,_1 — -+ — X1 — Xy — 0 be
a bounded complex of length n + 1, where each X; is in 7. We can fit this
into a short exact sequence of bounded complexes as shown below.

0 0 0
| A
0— 05X, 4 X, —0
|
| A
0—0-2 X, 4 x, 0
|
0— 02X, 4 x, —o0
|
O—>X0£>X0*>O—>O
[

0 0 0

Here, the first chain complex is in .7 by the hypothesis of our lemma, and the
third chain complex is in Z by the induction hypothesis as each X; is in S
and it is a bounded complex of length n — 1. So, since 7 is a triangulated
subcategory of D(Mod-R), X, is in 7, and we are done.

Note that the exact same proof works when .7 is a triangulated subcategory
of D**(Mod-R) or D>+ (Mod-R) or D*(Mod-R). O

We are now in a position to prove the following theorem about genera-
tion of the derived bounded above derived bounded and derived unbounded
categories of chain complexes of modules with respect to classes of modules
induced up from subgroups in Kropholler’s hierarchy. In many of the upcom-
ing statements, we will come across classes of modules, in most cases con-
sidered as classes of chain complexes concentrated in degree zero, with the
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superscript “®”, which means closed under direct sums as explained earlier,
and in some cases with the superscript “®!” which means we are taking the
direct-sum closed class and closing it under products. Throughout this paper,
for chain complexes, whenever we use the phrase “product”, we mean “direct
product of chain complexes”.

Note that, although the statements of our next two results, Theorem 4.3
and Theorem 4.5, might seem a little technical, the proofs are actually quite
straight-forward and easy to follow. The only reason why length-wise some of
the proofs are quite long is we have chosen to elaborate in detail what limits
we are using in what case and why.

Theorem 4.3. Let G be a group, and let R be a commutative ring. We fix
a class of groups, Z . For any triangulated category 7 and a class of objects
in it denoted %, we shall denote the smallest triangulated subcategory of T
containing U by Ao % .

(a) Let 7 = D" (Mod-RG). Then, for any n € N,

o= Ay DY (An(G, 2)®) = Ay Db (Ao(G, 2)).

(b) Let 7 =D%F(Mod-RG). If t, o (G) or FA,_1(G, Z)®-dim(RG) is finite
for some n € N, then

AgDPF (An(G, 2)PM) = Ag DV (Anr (G, 2)0M)
— = Ay DY (A(G, 2)BT).

(¢c) Let = D(Mod-RG). In this case, for any class of objects % in T,
denote by T-(%) the smallest triangulated subcategory of 7 containing
U closed under products and coproducts (direct sums). Then

c = T-(D(Au(G, X)) = T-(D(An-1(G, X)) = -+ = T-(D(Ao(G, Z)))

= T-(M(G, X)) == T-(A1(G, X)) = -+ = T-(Mo(G, Z)).
(d) Let 7 = D’(Mod-RG). Then, for any n,
AgD(Ap(G, X)) C AgAy_1(G, 2)°.
If additionally t,,, o (G) or alternatively F A,,—1 (G, Z)®-dim(RG) is finite,

then
AgD (A (G, 2)%) = AgD(An_1(G, 2)®) = --- = AxD(Ao(G, 2)?)
Aghi(G, ) == AgAn1(G,2)® = ... == Az Ao(G, Z)°.

Proof. The techniques used in this proof for each of the subparts have some
similarities.
(a) Note that, for any n, A,_1(G, 2)® C A, (G, 2)®. Thus,

D" (A1 (G, 2)%) S D" (A(G, 2)%) C Ag D" (MG, 2)%),
and therefore A 5D~ (A,,_1(G, Z)®) C AxD"~ (A (G, 2)9).
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Take a bounded below chain complex X, =--- = X4 = -+ = X1 —
Xm — 0, where each X; in A, (G, 2)®. We now look at the following trunca-
tions of X,:

g(X:)=—>0->0—>X, -0
nX)=—>20->X,11 > X, —0
(X ) = =20—=>Xpnekg = — X1 = X — 0.

In g;(X.) as defined above, we have X, ; in degree m + j for all j € {0,1,...,7},
and zero everywhere else. Note that each X; = P,y Xi o, for some indexing
set ¥;, where each X; , € A,,(G, Z"). Now, as A,,(G, Z7) C [An—1(G, Z)®] by
Lemma 3.3, each X; , admits a finite length resolution I{ig — X » with mod-
ules from A,,_1(G, 27 )®. We thus get a resolution of @oexi X0 of possibly in-
finite length with modules from A,,_1 (G, 27)®: @Uezi I, — @oezi Xio=X,.
Thus, a chain complex with X; in degree zero and zero everywhere else is quasi-
isomorphic to a bounded below complex

=P, P, P, 2050

gEY; oey; gEY;

with @, ¢y, If, € Ap_1(G, 2)® in degree k for k > 0 and zero in every other
degree. So each X;, considered as a complex concentrated in degree zero, is in
AgD% (Ap—1(G, 2)®). Now note that each g;(X,) is a bounded complex,
where each module, when considered as a complex concentrated in degree zero,
is in AgD%~ (A,_1(G, Z)P). By Lemma 4.2, it follows that each g;(X,) is in
A7zD%(A,_1(G,2)®). Note that P;engi(Xs) isin AgDb = (A,_1(G, 2)9)
as each g;(X,.) is bounded below at degree m. We now apply the homo-
topy colimit construction artificially. We have a sequence of chain maps
go(Xy) 2o, g1 (Xy) 21, 92(Xy) 22, ... between complexes, where ¢; : g;(X,.) —
gi+1(X,) is given by the identity map at every degree between m and m + ¢
and the zero map at every other degree. In D(Mod-RG), the homotopy colimit
of the g;(X.)’s is X, and it follows from the definition of homotopy colimits
that, in D(Mod-RG), we have a short exact sequence (see Lemma 4.1)

EBi (id.qi * *¢'i)
0= P gi(X.) =2 B gi(Xa) = Xu 0.
€N S

Now note that @,y gi(X+), X, € D"~ (Mod-RG) which is a triangulated sub-
category of D(Mod-RG), and the above short exact sequence is a distinguished
triangle in D»~(Mod-RG). We can see, in the short exact sequence above, the
first two terms are in A D%~ (A,_1(G, Z)®) which is a triangulated subcat-
egory of D»~ (Mod-RQ); it follows that

X, € AgD" (A1 (G, 2)%).
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(b) Again, just like we saw in (a),
AgD" (A1 (G, 2)%M) C Ag DT (AW (G, 2)%M).
We start with an arbitrary bounded above chain complex
Xey=- 202X, > X1 > X — -+

where each X is in A, (G, 2 )®! with X,,_; in degree m — i for all i > 0 and
zero in every other degree. Now look at the following truncations of X,:

g(X)="—>20-X, -0-0—---
nXH)=->20->X, > Xp-12>0—>--
aX)="=20=2Xn,>Xna1—> > Xtk —>0-20-20—---.

In g;(X.), we have the module X,,_; in degree m — j for all j € {0,1,...,7} and
zero in every other degree. The chain map ¢gi1 : gr+1(Xs) = gx(Xs) is given
by the identity map in every degree between m and m — k and the zero map in
every other degree. As ¢, :=t, 2 (G) < 0o or FA,_1(G, Z)%-dim(RG) < oo,
we denote either of these quantities by ¢, and we have

A(G, 2) C [Apei (G, 2)%)s,

and since, by Lemma 2.11, for any class of modules .7 that is closed under
arbitrary direct sums, [.7]; is closed under arbitrary direct sums as well for any
finite I, we have A, (G, 2)® C [A,—1(G, Z)®];. Now, for any i, X; = HjeJXi,j
for some indexing set J, where each X; ; € A, (G, 2")?®, and we have a complex
e 0— Xi,j,t — Xi,j,t—l — s> Xi,j,O —0— - with Xi,j,k S An_l(G, %)@
in degree k for all k € {0,1,...,t} and zero in every other degree, quasi-
isomorphic to the complex with X; ; in degree zero and zero in every other
degree. Thus, each X;, when considered as a complex concentrated in degree
zero, is in AzDY(A,_1(G, 2)®™)—note that here the direct product of
exact sequences, each of length ¢, is still an exact sequence of length ¢ because
we are in the module category. So, by Lemma 4.2, each

gi(X.) € AgDF (A, _1(G, 2)>T).

Every g;(X.) has just the zero module in every degree higher than m, so the
bounded above chain complex [T;cy 9:(X.) is in Az DT (A,—1(G, 2)®1). In
D(Mod-RG), the homotopy limit of the g;(X.)’s is X,, and from the definition
of homotopy limit, we get the short exact sequence (see Lemma 4.1)

i idﬂi )~ i
0— X, = [Ja:(X) iz (a0 79) [Tg:(x.)—o0.
€N €N
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All the terms here are in D% (Mod-RG) which is a triangulated subcategory of
D(Mod-RG), and the above short exact sequence is a distinguished triangle in
D> *(Mod-RG). Note that the last two terms are in A D% *(A,,_1(G, 27)®1),
which means X, is in AzD"T(A,,_1(G, 2)®) as well since, by definition,
AgDbH(A,_1(G, Z)®M) is a triangulated subcategory of D»*(Mod-RG).
Thus, we have AgD¥ (A, (G, 2)®M) = AgDVH(A,_1(G, 2)9M). Note
that Z A, (G, 27)%-dim(RG) < FAp(G, 2')®-dim(RG) whenever a < 8 (sim-
ilarly, tm, 2 (G) < tn, 2 (G) for all m < n, see Remark 3.7), which means

FNy—1(G, Z)?-dim(RG) < 00 = FA,_2(G, 2)%-dim(RG) < oo,
and now we can show that
AgD" (A1 (G, 2)PT) = AgDV (A, _o(G, 2.

We can go all the way down to A D%+ (Ag(G, 27)®™M) like this.

(c) We first show that, for any n > 1, 7-(A,(G, Z7)) = T-(A,—1(G, Z)),
which follows straight-forwardly from the fact that any complex in A,, (G, Z") is
a module from the class of modules A,,(G, Z") concentrated in degree zero, and
by Lemma 3.3, such a complex in A, (G, Z") is quasi-isomorphic to a bounded
complex of modules from A,,_1(G, Z)® and is therefore in .7-(A,,_1(G, Z)%)
by Lemma 4.2, and since

T-Np-1(G, 2)%) = T-(Ao1(G, X))
because .7 -(An_1(G, Z")) is closed under arbitrary direct sums, we have
g'<An(G7 f%» Cc y'<An71(G7 f%»

The other direction is obvious as A,,—1(G, Z7) C A (G, Z) € T-(An (G, Z7))
implies that -(A,_1(G, Z7)) C T-(An(G, Z)).

Now we show that, for any n > 0, I-(D(A,(G, Z))) = T-(A.(G, Z)).
Again, it is clear that J-(A,(G, Z)) C T-(D(A, (G, Z))). Now take an
arbitrary unbounded chain complex (X, d.), where each X; is in A, (G, Z").
Over chain complexes, for any fixed m, it can be written as the inverse limit
of its truncations given by

gmo(Xs) i =Xy 20—20— -
gmi(Xy) =Xy > X1 2 020— -+
gmp(X) i =2 Xy 2 X1 2 Xy 50500

In gm x(Xs), we have X,,,_; in degree m — i for all m > ¢ > m — k. The reason
why we have an inverse limit here is because, like in the proof of (b) where we
artificially used the short exact sequence used to define inverse limits in the
derived unbounded category, our chain maps are from g, k41 (Xx) t0 Gm. & (Xs)
for all k—the map from gy, g+1(Xx) t0 gm 1 (X) is given by the identity map in
all degrees strictly higher than m — k and the zero map in every other degree.

Miinster Journal of Mathematics VoL. 14 (2021), 191-221



206 RUDRADIP BIswaAs

Each gm 1(Xs) is a bounded below chain complex and, like in the proof of
part (a), can be written as the direct limit of its truncations given by

jo(gm7k(X*)) e —>0— mek =0
]l(gm7k(X*)) Lo — Xm—(k—l) — X’mfk —0

jt(gmk(X*)) L — Xm—(k—t) == Xk — 0.

Here, we have a direct limit because our chain maps go from ji(gm,x (X))
t0 Jt+1(gm,k(X+)) for all t—the map from ji(gm,k (X)) t0 jet1(gm,k(Xs)) is
given by the identity map in all degrees between m — k and m — k + ¢ and
the zero map in all other degrees. Thus, X, = lim, lim, Jt(gm,k(Xs)). Note
that each j¢(gm,x(X+)) is a bounded complex of modules from A, (G, Z"), and
so, by Lemma 4.2, each ji(gmk(X+)) is in T-(An(G, Z)), and now, since
T-(Ap (G, Z)) is closed under both products and coproducts by definition,
it is closed under both direct limits and inverse limits by Lemma 4.1, and
therefore X, is in 7-(A, (G, Z")).
(d) Take a bounded chain complex

Xy=0—20X,, > X1 == X9—0,

where each X; is in A, (G, Z"). By Lemma 3.3, it follows that each X;, con-
sidered as a chain complex concentrated in degree zero, is quasi-isomorphic
to a bounded chain complex in D*(A,,_1(G, 2)®), and by Lemma 4.2, that
bounded chain complex is in Az A, _1(G, 2 )®. This proves the first part.
Now note that, for any k,
Ap1(G, 2% C Ap(G, 2)® C D (AR(G, 2)P)
C AgsD (ARG, 2)%),
which implies that
Agh, (G, 2)P C AgDb (A (G, 2)P).

Denote t,, 2 (G) (or FA,_1(G, Z)®-dim(RG)) by t. From Lemma 3.3, we
have A, (G, ) C [An—1(G, Z)%], and when we have the additional assump-
tion that ¢ < oo, we get A, (G, Z) C [A—1(G, Z7)®];, which implies, courtesy
of Lemma 2.11, that A, (G, 2)® C [A,—1(G, Z27)®];. Using Lemma 4.2, we
can say that all chain complexes in D°(A,,(G, 27)®) arein AzA,_1(G, Z)®;
therefore A zD(A, (G, Z)®) C AgzA,_1(G, Z)®. Thus, we have

AgDP (A (G, Z)®) = Ag A1 (G, 2.

All the vertical equalities follow from Lemma 4.2.
Since t,, 2 (G) > tm, 2 (G), and similarly,

FAn1(G, Z)-dim(RG) > FAp1(G, Z)-dim(RG),
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for any m < n, we have Ax(G, 2)® C [Ak_1(G, Z)®]; for all k € {1,2,...,n},
and again using Lemma 4.2 the way we used it above, we get that

Ag A (G, 2)® CAgh—1(G, 2)°.

Since the inclusion in the other direction is obvious, this gives us our horizontal
chain of equalities, and we are done. O

Definition 4.4. Let G be a group and R a commutative ring. We make the

following definitions.

(a) Let J := D(Mod-RG), and let % be a class of objects in 7. We denote
by Loco-(%), called the localizing subcategory of .7 generated by %, the
smallest triangulated subcategory of .7 containing % and closed under
coproducts (direct sums), and if this is all of 7, we say % generates 7.

We denote by Coloco-(%), called the colocalizing subcategory of 7
generated by % , the smallest triangulated subcategory of 7 containing %
and closed under products, and if this is all of 7, we say % cogenerates .7 .
We denote by .7-(%), as in the statement of Theorem 4.3 (¢), the smallest
triangulated subcategory of .7 containing % closed under products and
coproducts.

If Locog-(%) = (resp. Coloco-(%) = T), we say % generates (resp.
cogenerates) J. If T-(%) =T, we say % generates .7 with products
and coproducts.

(b) Let 7 :=D"*(Mod-RG), and let % be a class of objects in 7. We denote
by Loc 5-(%) (resp. Coloc,-(%)) the smallest triangulated subcategory
of 7 containing % satisfying the following property.

If {X}}xea is a class of chain complexes in % such that there exists
n € Z such that, for every A € A, deg;(X}) =0 for all i > n, then @, ., X}
(resp. [[yea X2) is in Loc »-(%) (resp. Coloc,~(%)).

(c) Let .7 :=D"~(Mod-RG), and let % be a class of objects in .7. We denote
by Loc »-(%) (resp. Coloc»-(%)) the smallest triangulated subcategory
of .7 containing % satisfying the following property.

If {X}}xea is a class of chain complexes in % such that there exists
n € Z such that, for every A € A, deg;(X}}) =0 for all i <n, then @, ., X}
(resp. [Thea X2) is in Loc »-(%) (vesp. Coloc,~(%)).

(d) For any triangulated category 7, and any class of objects in it %, we
denote by (%) the smallest triangulated subcategory of 7 containing % .
Note that we used a different notation for this in the statement of Theo-
rem 4.3, but this () notation is more convenient in the context of genera-
tion.

With the aid of the above definitions, we get the following generation re-
sults for groups that are themselves in Kropholler’s hierarchy (note that in
the statement of Theorem 4.3, we did not require the big group G to be in
Kropholler’s hierarchy).

Theorem 4.5. Let G be a group in H, Z for some class of groups Z . The
following statements hold.
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(a) If 7 = D(Mod-RG), then

Loco-(An-1(G, Z)) Loco-(Ao(G, X))

D(Mod-RG) == T-(An_1(G, Z)) T-(Ao(G, 2))

Coloc 7-{An—1(G, Z)%).

(b) If 7 = D" (Mod-RG) and FA,_1(G, 2)®-dim(RG) or alternatively
tn, 2 (G) is finite, then

&‘7_@\”_1(6{ %‘»

D" (Mod-RG) == Coloc 5-(An—1(G, 2)®) = ... == Coloc ,-(Ao(G, Z°)®).
(c) If 7 = D" (Mod-RG), then

Coloc 5~(A} 1)

D"~ (Mod-RG) == Loc 7~(An-1) == Loc z-{An—2) == --- == Loc 5~(Ao).

(d) D*(Mod-RG) = (A,_1(G, 2)®). If, additionally, t, o (G) or alterna-
tively FN,_1(G, 2)®-dim(RQG) is finite (see Remark 3.7), then

DP(Mod-RG) = (AL(G, 2)®)  for all k > 0.

Proof. (a) To prove the first horizontal line of equalities, first note that, for
any k, Ap(G, 2) C [Ar—1(G, 27)9], so

Loco-(Ak(G, Z7)) C Locr-({Ak—1(G, Z)¥) = Loco-(Ar-1(G, Z°))

(the last equality follows from the fact that localizing subcategories are closed
under arbitrary direct sums (coproducts) by definition). For the other di-
rection, it is obvious that Locz-(Ak_1(G, Z)) C Loca-({Ax(G, Z7)) because
Ae—1(G, Z) C Ap(G, Z7). Note that, up to here, we have not used the fact
that G € H, Z".

Note that, since G € H, 2", A, (G, Z) = Mod-RG. We start by observing
that the second horizontal line of equalities follow directly from the lower
horizontal line of equalities in Theorem 4.3 (¢). Take an arbitrary unbounded
chain complex of RG-modules (X, dy) =+ = X — X1 — ---. We fix
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an m. We look at the following truncations:

j()(X*) Lo — Xm+2 — X7n+1 — Ker(dm) —-0—->0—---
(X)) = Xgo = X1 = X = Ker(dpp—1) 2020 — -+
]k(X*) Do — Xm+2 — Xm—(k—2) — Xm—(k—l)

— Ker(dp—g) > 0— -+

Here, in jx(X.), there is X,,,_; in degree m — ¢ for all i > k — 1 and Ker(d,,—x)
in degree m — k and zero in every other degree. The map fi between j,(X.)
and jr41(X,) is given by the identity map in every degree bigger than or equal
to m — (k — 1), the inclusion map in degree m — k and the zero map in every
other degree, and X, can be written as the direct limit of these truncations,
lim, i (Xs).

Each ji(X.) is a bounded below chain complex and, as shown in the proof
of part (a) of Theorem 4.3, can be written as the direct limit of their non-ca-
nonical truncations g;(jx (X)) (using the g; notation from the proof of Theo-
rem 4.3 (a)), each of which in turn are bounded chain complexes. So we have
X, = lim, lim, 9i(jr(X)). Now note that each g;(jr (X)) is a bounded com-
plex, where each module, when concentrated as a chain complex concentrated
in degree zero, is quasi-isomorphic to a bounded complex with modules from
A 1(G, 2)® by Lemma 3.3. So each of the modules in the bounded chain
complex g;(jx (X)) for any 4 and k is in Loc7-(A,—1(G, 27)®) by Lemma 4.2.
Therefore, by Lemma 4.2 again, each

9:(jx(X.)) € Locor-(Ay—1(G, 2)®) = Locr-(An_1(G, Z))

(the last equality follows from the fact that localizing subcategories are closed
under arbitrary direct sums by definition). Now localizing subcategories are
closed under coproducts by definition, so they are closed under direct limits
by Lemma 4.1, so X, € Locg-(An,—1(G, Z7)).

To prove the result about colocalizing subcategories, we start with the same
chain complex X, and the same fixed m and look at the following truncations
(note that our g; and j; notations in the remaining part of the proof of (a)
differ from the g; and j; notations used in the last paragraph):

go( X)X 20—250— -
nX):o 2 X2 Xp1-0-20—---

X)X > Xna1—> o 2 Xk —>0-20— -

Here, in gi(X.), we have the module X,,_; in degree m — i for all i < k and
zero in every other degree. The map between gi11(X.) and gx(X,) is given by
the identity map in every degree bigger than or equal to m — k and the zero
map in every other degree, and X, can be written as an inverse limit of these
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truncations, lim, g (X.). Each gx(X.) is a bounded below chain complex, and
they can be written as the inverse limit of their canonical truncations in the
following way.

Let (Yi,d.) be a bounded below chain complex, where t is the smallest
degree with a nonzero module. We define

JkYe) = > 0= Ker(dgyr) = Yigp = Yigp1 = - = Y =0,

where every degree i with ¢ < i <t + k has Y;, degree ¢t + k + 1 has Ker(d;4x),
and every other degree has zero. The map from ji41(Y,) and jik (Vi) is given
by dt4k+1 in degree t 4+ k + 1, the identity map in every degree between ¢ and
t + k, and the zero map in every other degree. In this case, Y, = 1&1/’9 Jre(Ya).

Using the above information, we can write each gx(X.) as an inverse limit
@i Ji(gr(X4)), and therefore we have

X, = @@jz(gk(x*))
ki

Again, each j;(gx (X)) is a bounded chain complex, where each module, when
considered as a chain complex concentrated in degree zero, is quasi-isomorphic
to a bounded chain complex with modules from A,_1(G, 27)® by Lemma 3.3.
So ji(gr(Xs)) is in Colocg-(A,_1(G, Z)®) by Lemma 4.2 as colocalizing sub-
categories are triangulated subcategories. Now colocalizing subcategories are
closed under products by definition, and so they are closed under inverse limits
by Lemma 4.1; therefore X, is in Colocs-(A,—1(G, Z27)®).

(b) Here, the horizontal chain of equalities follows from Theorem 4.3 (b). To
show that D"+ (Mod-RG) = Loc 5-(A,,_1(G, Z)), we start with an arbitrary
bounded above chain complex (X, d.) of RG-modules with m being the biggest
degree without the zero module, and note that, like we saw in the proof of (a),
over chain complexes, X, can be realized as the direct limit of its truncations

Jma(Xs) i = 0= X = X1 = - = X omn)
— Ker(dpy—x) — 0.

Denote by fi the chain map between j,, x(X.) and jpm k+1(X.) which is given
by the identity map in every degree between m and m — k + 1, the inclu-
sion map in degree m — k, and the zero map in every other degree. Since
all RG-modules are in [A,,_1(G, 27)®] by Lemma 3.3, each of the modules in
Jm.k(Xx), when considered as a chain complex concentrated in degree zero, is
quasi-isomorphic to a bounded chain complex of modules from A, _1(G, 2)®
and, by Lemma 4.2, is therefore in Loc »-(A,,—1(G, Z7)) (note that we do not
need the @ sign here since any module in A,_1(G, Z)¥, as a chain complex
concentrated in degree zero, can be written as a direct sum of chain com-
plexes concentrated in degree zero with each of them having a module from
An_1(G, Z7) in degree zero, and is therefore in Loco-(A,—1(G, Z7))). And
since each j, k(X) is a bounded chain complex, we can say using Lemma 4.2
again that each j,, x(X.) is in Loc 5-(An—1(G, Z)). So, in D(Mod-RG), we

Miinster Journal of Mathematics VoL. 14 (2021), 191-221



GENERATING DERIVED CATEGORIES 211

have the short exact sequence (see Lemma 4.1)

. Di>olid),, ;(x)—Ffi) _
keN keN

and again, we note, like in the proof of Theorem 4.3 (b), the above short
exact sequence is a distinguished triangle in D»+(Mod-RG). Now the first
two terms are in Loco-(A,—1(G, Z7)) by definition since each j, x(X.) is in
Loc,-(An—1(G, Z)) and is bounded above at degree m. Therefore, X, is in
Loc - (An—1(G, Z)) by definition of triangulated subcategories.

(¢) Again, the horizontal chain of equalities follows from Theorem 4.3 (a). To
show that D~ (Mod-RG) = Coloc - (A,—1(G, 7)), note that if (X;,d;)i>m
is an arbitrary bounded below chain complex of RG-modules, over chain com-
plexes, it is the inverse limit of its truncations

Gnk(Xe) i =0 = Ker(dpmyr) = Xpak = - = Xon — 0

which is bounded, and again, like in the proof of part (b), it follows that these
truncations are in Coloc »-(A,—1(G, 27)®). Here, the chain map fj between
Jm.k(Xx) and jm x—1(X,) is given by the identity map in every degree between
m and m + k — 1, dp4x in degree m + k, and the zero map in every other
degree. In D(Mod-RG), we have the short exact sequence (see Lemma 4.1)

[1i>1Gidj,, (x0—F2) .
0= X, = [[dma(X) =2 T o (X) — 0.
keN keN

Again, we note that this is a distinguished triangle in D»~(Mod-RG), and
since the last two terms are clearly in Coloc ,-(A,,—1(G, 2)®) by definition,
we have that X, is in Coloc ,-(A,—1(G, 2 )®) as well by the definition of
triangulated subcategories.

(d) This follows from Theorem 4.3 (d). O

The following corollary is obvious from the proof of Theorem 4.5.

Corollary 4.6. Let G be a group, and let & be a class of groups. Assume
that, for some n, Ap(G, Z°)® is closed under kernels. Then

Locg-(Ap—1(G, Z7)) = Colocg-(A,—1(G, Z)%),
with 7 being the derived unbounded category D(Mod-RG).
Remark 4.7. It follows from the proof of Theorem 4.5 (a) that, for an H, 2 -
group (G, we can generate the whole derived unbounded category in three
distinct ways from the class A, _1(G, 27)®—with coproducts, with products,
and with using both products and coproducts. We can of course also state this

result by replacing n with a limit ordinal and having in place of n — 1 some
ordinal strictly smaller than a.

Comparing the class of localizing subcategories with the class of colocal-
izing subcategories arising from a given triangulated category with arbitrary
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products and coproducts is a question of classical interest. The following was
proved by Amnon Neeman in [15, 17].

Theorem 4.8 ([15, 17]). Let R be a commutative noetherian ring. For %
a triangulated subcategory of D(Mod-R), write

&%) = {X € D(Mod-R) | Hompniod-r) (U, X) = 0 for all U € %},
V(%) = {X € D(Mod-R) | Homp(nod-r)(X,U) =0 for all U € % }.

(a) If % is a localizing subcategory of D(Mod-R), then ¢(% ) is colocalizing,
and if U is a colocalizing subcategory of D(R), then (%) is localizing.
Also, if U is localizing, then Y(p(U)) = U .

(b) The assignment % +— ¢(% ) induces a bijection between the collection of
localizing subcategories of D(Mod-R) and the collection of colocalizing sub-
categories of D(Mod-R).

Remark 4.9. What Theorem 4.8 shows is that if the group ring is noetherian,
then we do not get any “new” colocalizing subcategories other than the ones
we get from the localizing subcategories. (To see an easy example, note that
if we take a group not all of whose subgroups are finitely generated, then its
group ring over any field is not noetherian. Theorem 1.3 tells us, for example,
that the free abelian group of rank X, where w is the first infinite ordinal, is
in H3.Z, with .# being the class of all finite groups—so this group does not
have a noetherian group ring over fields.) So it is nice to see in Theorem 4.5 (a)
that, as far as the localizing and colocalizing subcategories generated by the
smallest direct-sum closed class containing modules induced from subgroups
in lower levels on the hierarchy are concerned, they coincide with each other.
Can we find an example of a group G in H, %2 , for some n and 2", and
a commutative ring R such that RG is not noetherian, where we get some
colocalizing subcategories of D(Mod-RG) that do not come from localizing
subcategories the way shown in Theorem 4.87

We end this section with the following remark and a subsequent pair of
questions.

Remark 4.10. For simplicity, in this remark, when there is no ambiguity
over GG, we shall denote the smallest direct sum closed class of modules induced
up from H,Z -subgroups of G by A,, where « is some ordinal.

Can we replace n in the statement of Theorem 4.5 by a limit ordinal a? If
G € Hy,Z for some limit ordinal «, then it follows from Definition 1.1 that
G € HgZ for some successor ordinal 5 < a. It follows from the arguments in
the proof of Theorem 4.5 that, for any H, 2 -group G, where 2" is a class of
groups, we have the following equality of localizing subcategories and filtra-
tion of colocalizing subcategories of D(Mod-RG) for some fixed commutative
ring R, where ¢ is the biggest limit ordinal strictly smaller than a:

Locz-(As) = Locg-(As+1) = -+ = Locy-(Ag_1) = D(Mod-RG),
Colocz-(As) C Colocg-(Ast1) € - -+ C Colocr-(Ag_1) = D(Mod-RG),
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where .7 = D(Mod-RG) and each of the inclusion functors in the filtration is
triangulated. The main reason, in short, as to why we do not get an equality
for the generated colocalizing subcategories is because they need not be closed
under coproducts.

Denoting w to be the first infinite ordinal, if we now take

a=wn=w+w+---+w (n times)

and find a group G € H, 2 for some 2" but not in Hg.Z™ for any 8 < o (note
that we do not yet have examples of such groups—the best result that we
have in the literature is that there are groups in Ho# \ H<o.Z for all ordinals
a smaller than the first uncountable ordinal; this result is from [11]), then
we do get a filtration of localizing subcategories that need not be a chain of
equalities (this is because Lemma 3.3 need not hold when « is not a successor
ordinal): for any integer k, let Locz-(AF =1k} .= Loc #-(Ag) for any successor
ordinal f satisfying w.(k — 1) < 8 < w.k. This is well-defined because, for any
two successor ordinals 8; and s between w.(k — 1) and w.k, Loco-(Ag,) =
Locg-(Ag,); this follows from the above chain of equalities. Now we have the
following filtration of localizing subcategories:

Locz-(A%1y C Loco- (A1) C ... C Loco-(A"=1)y = D(Mod-RG)

We end this remark with a little comment on how the above filtration can be
useful in studying the Krull dimension of the derived unbounded categories of
groups in Kropholler’s hierarchy which has not been studied at all before. Be-
fore providing the definition for the Krull dimension of triangulated categories,
we recall that thick subcategories of a triangulated category are defined as tri-
angulated subcategories closed under summands. For any two subcategories
S, I5 of T, we define ] x %5 to be the full subcategory of 7 consisting of
objects M such that there is a distinguished triangle My — M — My ~~ with
M; € #;. Rougier [20] defines a thick subcategory .# of 7 to be irreducible
if given two thick subcategories % and % of .# such that .# is the small-
est thick subcategory of .7 containing .#; x %5, then at least one of the .%’s
is .#. The Krull dimension of .7 is the length of the maximal chain of thick
irreducible subcategories 0 # %y C 4, C --- C S, = 7. Now, can we use the
above filtration of localizing subcategories with the same G to comment on
the Krull dimension of D(Mod-RG)? Localizing subcategories are thick (this
is standard knowledge; see Lemma 6.16), and making the inclusions strict can
be possible with the choice of our group or possibly with making sure that, at
every level of Kropholler’s hierarchy below «, G has a subgroup which is not
in any lower level. The most nontrivial part will be checking irreducibility of
the localizing subcategories, but that can possibly be handled with looking at
the irreducible components.

We end this section with the following question on groups that are beyond
Kropholler’s hierarchy.
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Question 4.11. (a) The two filtrations mentioned in Remark 4.10, except the
last equality, where we have one of the subcategories in the filtration being equal
to the whole derived unbounded category, hold for any arbitrary group. Now let
G be Thompson’s group given by (xo,x1, T, - : mlzlmnxk = Tpy1 for k <mn).
We know this group is not in HZF (see [12]), where F is the collection of all
finite groups. Now, using the notation of Remark 4.10 with Z = %, does any
of the filtrations Locz-(Al%1) C Loco-(AlL2)) C ... C Locy-(AlP—1n) C ...
and Colocg-(Ag) C Colocg-{A1) C -+ C Colocz-({A,,—1) C Colocg-(A,) C---
eventually stabilize, where & = D(Mod-RG) and R is a fized commutative
ring?

(b) Again, using the notation from Remark 4.10, is there an example of
a group G for which one of the filtrations, as mentioned in (a), eventually
stabilizes but the other one does not?

(¢) In Theorem 4.5(d), we see that if G € Hy, 2~ for any 2 and R is some
commutative ring, then D®(Mod-RG) = (A,_1(G, Z)®). Are there examples
of groups not in H, Z for some Z, satisfying this result? Also, are there ex-
amples of groups G ¢ HZ for some 2 such that D*(Mod-RG) = (A(G, 2)®)
for any commutative ring R, where

AG, Z) = {Ind$ (M) | M € Mod(RH),H € HZ'}?

5. ENDING COMMENTS ON GENERATION OF DERIVED CATEGORIES

In Theorem 4.3 and Theorem 4.5, we have seen that with derived unbounded
and derived bounded below categories, when we look to generate them with the
smallest direct-sum closed class of modules induced up from subgroups lower
down the hierarchy, we can go all the way down to the zeroth level, whereas in
the case of derived bounded above, we need additional conditions to get down
even one level. So working with generating the derived category seems like the
best bet. Below, we prove an easy result showing that if we introduce a similar
definition for steps of generation like we did for modules in Section 2, we see
that the number of steps taken to generate anything in the n-th hierarchy from
the 0-th hierarchy is dependent exponentially on n but linearly on the length
of the chain complex that we are generating.

Theorem 5.1. Define generation of chain complezes in the following way,
similar to the way we defined gemeration of modules: a chain complex X* is
generated from a class of chain complexes T in O steps if and only if X* € T,
and if we have a short exact sequence 0 — X = X5 — X5 — 0, where the
chain complex X} for any two i, say i = j, k € {1,2,3}, is generated from T
in a; steps, then the third chain complex is generated from 7 in a; + ap +1
steps.

Let G be a group and 2" a class of groups. Assume that t,, o (G) or alterna-
twely FNp,_1(G, Z)®-dim(RG) is finite, and denote any of these by t. Then
a bounded chain complex, where each module is in Ay (G, Z)®, of length m
can be generated from Ao(G, Z)® in m(t+1)" — 1 steps.
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Proof. We proceed by induction on m. When m = 1, we have one module
from the class A, (G, 27)® in one degree and zero in every other degree. The
result follows from Theorem 3.5 and Remark 3.7. Assume that, for all £ < m,
all bounded chain complexes, where each module is in A, (G, Z7), of length k
are generated from Ag(G, 2)® (note that we are considering Ao(G, 2)? to
be a class of complexes by considering all of the modules contained in it as
chain complexes concentrated in degree zero) in k(t + 1)™ — 1 steps—this is
our induction hypothesis. Now let X, be a bounded chain complex of length
m + 1. Like in the proof of Lemma 4.2, we can put X, in the middle of a short
exact sequence, where the other two terms are of lengths m and 1 respectively,
so those other complexes are generated from Ao(G, 2)® in m(t+1)" — 1 and
(t+1)™ — 1 steps respectively. Thus, X, can be generated from Ao(G, 27)®
mmE+1)" -1+ +1)"—1+1=(m+1)(¢t+1)" — 1 steps. This ends our
induction. O

We end this section with a table on generation information in module and
derived categories (Table 1). In it, generation results in the derived category
have been gathered along with the analog results in the module category. The
inclusion symbols on the first two columns on the right denote triangulated
inclusion provided, for the terms those symbols are connecting, we consider the

Module category Derived category
Anything in A, (G, Z)% can be generated DY (AL (G, 2)9)
from Ao(G, 27)® in finite (given by
(1+t)(1+t1)...(1+1t,) — 1) steps

v
. IW (generates)
Wlthto,tl,...,tn<00 ’
v
Db’Jr(AO(Ga %)EB)
with g, t1,...,t, < 00
An(G, 2)® C (A 1(Gy 2% DV (An(G, 2))
Vv
- [[An72(G7 c%-)@]g]oo 1
C.-- ” (generates)
e [AoG ) e Pl v
n times n times Db’i(AQ(G, UO{/V)@)
A (G, 2) C A1 (G, 29)9) An—1(G, Z7)® generates
DY (AL (G, Z))
A (G, Z) C[---[Ao(G, 2)%]%]...9) Ao(G, Z°) generates
n times n times D(A"(G’ ‘%)) with

products and coproducts

TABLE 1. Generation in module and derived categories
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smallest triangulated subcategory of the relevant derived category containing
those terms. Note that, for derived bounded above categories here, what we
have is cogeneration because we cannot generate in that case without closing
our generating classes under products. The diagram is informal, so we are
a little loose with the word “generates” for every case. It is worth noting that,
when we are talking about generating a derived category on A, (G, Z"), we are
talking about generating the smallest triangulated subcategory of the relevant
whole derived category.

6. GENERATION IN STABLE MODULE CATEGORIES OF INFINITE GROUPS

Our results on the generation of the derived categories for groups in Krop-
holler’s hierarchy (Theorem 4.3 (d), Theorem 4.5 (d)) can be used to comment
on the generation of stable module categories for a large family of infinite
groups. We need to provide some background material on this first, and we
start with the stable module categories of finite groups.

6.1. Stable module categories of finite groups.

Definition 6.2. For a finite group G and a field & whose caracteristic divides
the order of G, define the stable module category of G, denoted StMod(kG),
as having the same objects as Mod-kG, and its morphisms are given by quoti-
enting out those module homomorphisms that factor through some projective
kG-module.

For finite groups, stable module categories are usually studied over fields of
prime characteristic.

Theorem 6.3 (see [3, Thm. 2.31]). Let G be a finite group, and let k be a field
whose characteristic divides the order of G. Then StMod(kG) is triangulated,
with the suspension given by Q1.

Note that, since finite groups admit complete resolutions, we have the Q!
functor for finite groups, and also it follows from the definition of the stable
module category that the Q! functor is well-defined in the stable module
category. It is now a standard fact that stable module categories of finite groups
are compactly generated, i.e. generated by the compact objects in the stable
module category which is a triangulated category. We provide a definition of
compact objects of triangulated categories below.

Definition 6.4. Let 7 be a triangulated category with coproducts. An object
C € 7 is called compact if Hom o (C,?) commutes with coproducts. We say 7
is compactly generated if the smallest localizing subcategory of 7 containing
all the compact objects is the whole of .7.

Theorem 6.5 (see [3, Thm. 2.31]). Let G be a finite group, and let k be a field
whose characteristic divides the order of G. Then StMod(kG) is compactly
generated, and the class of compact objects is precisely the class of finitely
generated modules.
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The localizing subcategories of stable categories for finite groups have been
classified by Benson, Iyengar and Krause in [2]. For infinite groups that admit
complete resolutions, we can similarly define stable module categories.

6.6. Stable module categories of infinite groups. Now let G be a (not
necessarily finite) group that admits complete resolutions over a commutative
ring R of finite global dimension. Almost all of the material in this section up
to Theorem 6.14 is from [21] which is connected to the paper [14].

Definition 6.7 (see [21]). Define a category ModProj(RG) in which the ob-
jects are the same as in Mod(RG) except all the projective RG-modules are
identified with the zero module. For any two objects M, N in ModProj(RG),
we define the Hom-sets of ModProj(RG) in the following way:

Homyiodproj(ra) (M, N) = Homyioa(ra) (M, N)/ P Homyioara) (M, N),

where P Homyioq(ra) (M, N) is the class of all morphisms f: M — N such
that f is the composition of g : M — P and h : P — N for some projective
RG-module P.

Remark 6.8. Note that, in comparison with Definition 6.2, ModProj(RG) as
introduced in Definition 6.7 coincides with the stable module category of G
when G is finite and R is a field whose characteristic divides the order of G.

In ModProj(RG), if we have a morphism f : M — N, the syzygy functor
induces a map between Q(M) and Q(N). It is clear that, for any object M
in ModProj(RG), Q(M) is well-defined up to isomorphism. The following is
clear now.

Lemma 6.9. Q is a functor from ModProj(RG) to itself.

Definition 6.10. We define the stable module category of RG-modules, writ-
ten Stab(RG) (to distinguish from the way we write stable module categories
for finite groups), by stating it has the same objects as Mod(RG) and, for any
two objects M, N € Stab(RG),

Homgyab(ra) (M, N) = lim Homygeaproj(ra) (2" (M), Q" (N)).
Q

Recall that since G admits complete resolutions and since R is of finite global
dimension, all RG-modules admit complete resolutions. In [14], the following
was shown.

Theorem 6.11 ([14, Thm. 3.9]). Any complez in D*(Mod-RG) admits a com-
plete resolution.

We now need to expand a bit on Q°(M) for a given RG-module M.

Definition 6.12. Fix an RG-module M.
Take a complete resolution (Fy,d,) of

dn dn— 1 d1 do

M.y g F,_,

FO F,1 S
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and denote Qf (M) := Ker(d;_1) for any integer t. Note that ¢ can be negative.
It is easy to see that Q*(M) is well-defined in the stable category.

Remark 6.13. Note that, with the notation of Definition 6.12, Q°(M) need
not be the same as M in the module category; however, Q°(M) and M are
isomorphic in the stable category. We have a natural map f: Q°(M) — M
such that Q>0(f) = id.

We now provide the following characterization of the stable module category
of G in terms of other known triangulated categories. It was proved in [14]
with G belonging to a large class of infinite groups called groups of type ®
over R (groups of type ® were introduced in [22], and in the same paper, it
was shown that they admit complete resolutions), but the proof works fine if
it is just known that G admits complete resolutions over R.

Theorem 6.14 ([21, Thm. 3.7], also [14, Thm. 3.10]). The following cate-

gories are equivalent as triangulated categories (here, D’(Proj-RG) denotes

the derived category of bounded complexes of projective RG-modules):

(a) Stab(RG),

(b) D*(Mod-RG)/D*(Proj-RG),

(¢c) the category of acyclic complexes of projectives with the morphisms being
given by chain homotopies,

(d) the category of Gorenstein projective RG-modules with the morphisms be-
ing given by ModProj(RG).

Here, the (a) — (b) map is given by considering modules as complexes concen-

trated in degree zero, the (b) — (c) map is given by complete resolutions (see

Theorem 6.11), the (c) — (d) map is given by Q°, and the (d) — (a) map is

giwen by inclusion, and the composition of these maps in this order is isomor-

phic to the identity map.

We are now well settled to state the main result of this section. To do so, we
need to first go through some technical definitions, all of which are from [16].

Definition 6.15. If we have a triangulated category .7 that admits coprod-
ucts of small sets of objects, for any regular cardinal «, we define a-localizing
subcategories of 7 to be triangulated subcategories of .7 that are closed under
taking fewer than o many coproducts. The a-localizing subcategory of .7 gen-
erated by %, written (% )®, where % is a class of objects in 7, is the smallest
triangulated subcategory of 7 closed under taking fewer than o many coprod-
ucts containing % .

Of course, if a =Ng, then taking fewer than o many coproducts means taking
finite coproducts. The following lemma, which provides a nice application of
this terminology, is standard knowledge in localizing categories.

Lemma 6.16. Let  be a triangulated category that admits arbitrary coprod-
ucts. Then a-localizing subcategories are thick if a > Wg.
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Proof. Let % be an a-localizing subcategory of 7, where a > Ny, and let
X@Y e?. Then, since (X pY)P (X DY)P--- is isomorphic to

XeoYaoeX)oYaeX)d- -,

we have a triangle X - (X @ V)™ = (X @ V)™ = ©X, where ¥ is the
suspension. Here, (X @& Y)(N) € % because % is an a-localizing subcategory
of 7, where a > Xg. Thus, X is in % . O

For any regular cardinal «, there is a process of attaching to a triangulated
category 7 admitting coproducts of small sets of objects a canonically defined
a-localizing subcategory 7 (see [16, Chap. 1] for details). We are not going
to provide the definition of .7 here. However, if .7 is generated by a class of
objects % in our definition which is the strongest notion of generation (in our
definition (see Definition 4.4 (d)), % generates 7 if the smallest triangulated
subcategory of 7 containing % is 7, and in general, we write (%) for the
smallest triangulated subcategory of Z containing %), then (% )¢, meaning
the canonically attached a-localizing subcategory of (%), coincides with the
a-localizing subcategory of 7 generated by % as in Definition 6.15 (see [16,
Def. 1.12 and Lem. 1.13]). In [16], Neeman uses the generation sign () to mean
U, ()%, but again, our notion of generation is stronger, so we need not worry.

Now assume that, in addition to admitting coproducts of small sets of ob-
jects, 7 also has small Hom-sets. If, for some regular cardinal o, ¢ is
essentially small and Z% generates 7 in Neeman’s sense, then 7 is said to be
well-generated (see [16, Def. 1.15]). Now if we take 7 = D*(Mod-RG), where G
is in H,.# and admits complete resolutions, then .7 satisfies all these proper-
ties (due to Theorem 6.14) with o = Rg and 7 = (A,,_1(G,.F)®) (we are using
the symbol () in our sense which is stronger than the sense in which it is used by
Neeman, so we are fine). So 7 = (A,,_1(G,Z)%)* = 7 (the last equality fol-
lows from the fact that the a-localizing subcategory generated by A, _1(G,.%#)®
is 7—see Theorem 4.5 (d)), and it follows that D*(Mod-RG) is well-generated,
and using [16, Rem. 1.16], we get that D’(Mod-RG)/D*(Proj(RG)) is well-
generated. This gives us the following theorem.

Theorem 6.17. Let G be an H,.%-group that admits complete resolutions
over a commutative ring R of finite global dimension. Then Stab(RG) is well-
generated.

Remark 6.18. Well-generation is a generalized version of compact generation
(see [16, Chap. 1]). So Theorem 6.17 generalizes the analogous result for finite
groups, Theorem 6.5.

We seem to be seeing a combination of two classes of groups in the statement
of Theorem 6.17. One being H,.# and the other being groups that admit
complete resolutions over R with R being a commutative ring of finite global
dimension. It is important to note that these two classes are not disconnected.
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Remark 6.19. Combining [22, Conj. A] and [6, Conj. 43.1], we get the con-
jecture that a group G admits complete resolutions over Z if and only if it is
in H1 gZ’

One can state an algebraic version of this conjecture: for any commutative
ring R of finite global dimension, a group admits complete resolutions over R
if and only if the trivial module admits a finite-length resolution by direct
sums of permutation modules with finite stabilizers. Conjecture A of [22]
does not use the phrase “complete resolutions”, but one of the conjectured
equivalent statements there is that the Gorenstein projective dimension of the
trivial ZG-module Z is finite, which is equivalent to all ZG-modules admitting
complete resolutions (the same is true with any commutative ring of finite
global dimension; see [9, Thm. 1.7]).

All known examples of groups that admit complete resolutions over the
integers are in H1.%. And for any G € H1.%#, all RG-modules admit com-
plete resolutions for any commutative ring R of finite global dimension—see
[7, Thm. 1.5] and [9, Thm. 1.7]; alternatively, one can prove this by first prov-
ing it over Z by noting that permutation modules with finite stabilizers are
Gorenstein projectives and using [9, Prop. 2.1 and Thm. 1.7].

We end with the following question. The case of finite groups was handled
in [2].

Question 6.20. For any fixed commutative ring R of finite global dimension,
classify the localizing subcategories of Stab(RG), where G is an H, F group,
for some positive integer n, that admits complete resolutions over R.
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