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Abstract. In [6] Higson showed that the formal properties of the Kasparov KK-theory
groups are best understood if one regards KK (A, B) for separable C*-algebras A, B as the
morphism set of a category KK. In category language the composition and exterior KK-
product give KK the structure of a symmetric monoidal category which is enriched over
abelian groups. We show that the enrichment of KK can be lifted to an enrichment over the
category of symmetric spectra.

1. INTRODUCTION

A fundamental tool in Index theory and in the theory of C*-algebras is
Kasparov’s bivariant K-theory which associates to C*-algebras A, B an abelian
group KK (A, B) which is contravariant in A and covariant in B. Central to
Kasparov’s theory is the construction of a product

(1.1)  KK(A;,C1® B)® KK(As ® B, C3) — KK (A, ® Az, Cy @ C),

which contains and generalizes a number of constructions from K-theory and
index theory. For example, if 7 is a discrete group with classifying space Bw
and reduced C*-algebra C*m, and we set 41 = Ay = R, B = Cy(Bn), Cy =
C*7t, Cy = Co(R™), then the Kasparov product with the so-called Mischenko-
Fomenko element v € KK (R, C*1 ® Cy(Bm)) gives a homomorphism

(1.2) KO,(Br) = KK(Cy(Br), Co(R™)) —
KK(R,C*r @ Co(R™)) = KO, (C*r),

which is known as the assembly map in (real) K-theory.
As Higson explains very nicely in [6], the plethora of formal properties of
the Kasparov product (1.1) is best organized by thinking of an element of
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144 MICHAEL JOACHIM AND STEPHAN STOLZ

KK (A, B) as a “generalized” *-homomorphism from A to B. Specializing the
Kasparov product (1.1), there is a product

(1.3) KK (A, B) @ KK(B,C) — KK(A,C),

to be thought of as “composition” of generalized homomorphisms, and a prod-
uct

(14) KK(Al,AQ)(X)KK(Cl,OQ) — KK(Al ®01,A2®02)

that is interpreted as “tensor product” of generalized homomorphisms. The
general Kasparov product (1.1) of f € KK (A;,C1®B) and g € KK (A>®B, Cs)
is then given by the composition

A1®A2L®1>01®B®A2@>01®02.

In particular, the general Kasparov product (1.1) can be expressed in terms of
the composition product (1.3) and the external product (1.4). All the formal
properties of these products can be nicely expressed by saying that there is a
category KK with the following properties

e the objects of KK are the separable C*-algebras

e the morphisms from A to B form the abelian group KK (A, B), and
the composition of morphisms is given by the product (1.3)

e KK is a symmetric monoidal category; the tensor product for objects
is given by the (spatial) tensor product of C*-algebras; the tensor
product for morphisms is given by the product (1.4).

e there is a functor C': C* — KK from the category of (separable) C*-
algebras to KK which is the identity on objects and which is compatible
with the symmetric monoidal structure on both categories.

We note that the functor C gives for C*-algebras A, B a map C*(A, B) —
KK (A, B), where C*(A, B) is the space of morphisms from A to B in the
category C* consisting of all x-homomorphisms from A to B. This map can be
thought of as associating a “generalized” homomorphism to each *-homomor-
phism in a way that is compatible with composition product and external
product.

We observe that KK is a category enriched over the category of abelian
groups (also called an preadditive category) in the sense that the morphisms
KK (A, B) form an abelian group and that the composition law (1.3) is a
homomorphism of abelian groups. The formal properties of the composition
and external products can be expressed in the lingo of category theory by
saying that KK is a symmetric monoidal preadditive category.

The main result of this paper is that the above statement can be “spec-
trified” in the following sense. Let K = K(F) be the (real resp. complex)
K-theory spectrum, which is a commutative ring spectrum in the world of
symmetric spectra (see Section 7). As in the category of modules over a com-
mutative ring, there is a product M Ax N of K-module spectra M, N, which
is again a K-module spectrum. This “smash” product over K gives the cat-
egory K-Mod of K-module spectra the structure of a a symmetric monoidal
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category. Associating to a K-module spectrum X its homotopy group mo(X)
gives a functor

7o: K-Mod — Ab
to the category of abelian groups which is compatible with the symmetric
monoidal structure on these categories.

Theorem 1.5. There is a symmetric monoidal category KK enriched over
the category of K-module spectra such that the symmetric monoidal preadditive
category obtained from KK by applying the functor my is KK.

This result can be expressed in a less technical, but also less precise form in
the following way.

Theorem 1.6. For separable, Z/2-graded C*-algebras A and B there is a
K-module spectrum KK(A, B) and there are maps

(1.7) c: KK(A4, B) Ak KK(B, C) — KK(A4, C)
(1.8) m: KK(A1, Ag) Ag KK(Cq,Co) — KK(A; @ As,C1 @ Ca),
with the following properties:

(1) there are isomorphisms

7KK(A, B) = KK (A, B)

for C*-algebras A, B.

(2) the map (1.7) induces on my the composition product (1.3).

(3) the map (1.8) induces on my the external product (1.4).

(4) The products (1.7) and (1.8) satisfy a collection of (quite natural) as-
sociativity and compatibility conditions (which are spelled out in the
definition of an enriched symmetric monoidal category in Section 6).

Here mpKK(A, B) is the zeroth homotopy group of the symmetric spectrum
KK(A, B) (cp. Definition 7.8). Applying a criterion of Hovey, Shipley and
Smith (the second part of their Proposition 5.6.4), we see that KK(A, B) is
a semistable symmetric spectrum, which in turn implies that 7(KK(A, B))
can be identified with [S, KK(A, B)], the group of homotopy classes of spec-
trum maps from the sphere spectrum to KK(A, B) (the morphisms from S
to KK(A4, B) in the associated “homotopy category”). Since KK(A4, B) is a
K-module spectrum, we may identify [S, KK(A, B)] with the group [K, X]x of
homotopy classes of K-module maps. In particular, the composition product
map c of (1.7) induces a homomorphism of abelian groups

[K,KK(A4, B)|x ® [K,KK(B,C)lx — [K,KK(A4, C)]x

given by sending the tensor product of maps f: K — KK(A4, B) and g: K —
KK(B, C) to the composition

K = K Ax K 224 KK (A, B) Ax KK(B, C) —% KK(A, C).

The claim in (2) is that this pairing is equal to the composition pairing (1.3) via
the identification [K,KK(A4, B)|lx = mo(KK(4, B)) = KK (A, B) (the second
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equality is provided by part (1) of the theorem). Part (3) of the theorem is
completely analogous.

We like to think of this result as a “dictionary” that allows to translate
between KK-groups—the central objects in index theory and the theory of
C*-algebras—and maps between spectra, the primary objects in stable homo-
topy theory. We want to illustrate this in two simple examples.

We note that for any (separable) C*-algebra B we have the K-module spec-

trum KB & KK(F, B), whose homotopy group m,(KB) is the K-theory group

K, (B). Taking the adjoint of the map ¢ in the special case A = F, we obtain
a K-module map

KK(B,(C) — Homg (KB, KC).
The associativity properties of ¢ imply that this map provides us with a functor

KK — K-Mod

of categories enriched over the category of K-module spectra; here the objects
of K-Mod are the K-module spectra, and the morphisms from X to Y is
the K-module spectrum Homg (X,Y). Moreover, this functor is a functor of
symmetric monoidal categories, where the monoidal structure in K-Mod is
given by the smash product over K. Passing to the homotopy category, the
functor gives on morphisms a homomorphism

KK(B,C) = (KK (B, C)) — mo(Homg (KB, KC)) = [KB, KClx,

which is compatible with the composition and the external product on both
sides (such a map compatible with composition was constructed before by
Schlichting [10, 15]). Summarizing, we see that this construction produces
from KK-elements (the kind of objects index theory people play with) maps
between symmetric module spectra (the toys of stable homotopy theorists);
moreover, the composition resp. external product of KK -elements corresponds
to the composition resp. smash product of module maps.

This shows that any map between K-theory groups that has been produced
by constructing certain KK-elements is induced by a map of the corresponding
K-theory spectra, simply by replacing all KK-elements by the corresponding
maps between spectra, and all Kasparov products by the appropriate compos-
tions/smash products of these maps. To illustrate this, let us construct the
map of K-theory spectra inducing the assembly map (1.2) (of course the fact
that the assembly map comes from a map of spectra is well-known).

We recall that the assembly map is given by the Kasparov product with
the Fomenko-Mischenko element v € KK (R, C*r ® Cy(Bn)) = [K,K(C*r ®
Co(Bm))]k (assume that Br is compact for simplicity). Identifying v with (the
homotopy class of) a K-module map we obtain a map of K-module spectra

K A Bry — K Ax KK(Co(B7y),R) —
KK(R, Co(Bry) ® C*1) Ak KK(Co(Bry) ® C*m,C*1r) 5 K(C*n)
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whose induced map on homotopy groups
Ay (KA Bry) = KOy (Br) — m,(K(C*7)) = KO, (C*7)

is the assembly map. One advantage of this spectrum level version of the as-
sembly map is that it allows us to “introduce coefficients”; this is an important
move, since it turns out that for a finite group 7 the assembly map is essentially
trivial, while it is an isomorphism with coefficients in Q/Z.

It should be emphasized that the point of the paper is a translation between
the Kasparov product on the one hand and the composition/smash product
of maps between K-module spectra on the other hand; in particular, no new
operator theoretic statement is obtained—except a generalization of Higson’s
axiomatic characterization of the Kasparov product to the case of Z/2-graded
C*-algebras.

This paper is organized as follows. In Section 2 we describe the elements of
KK (A, B) following Cuntz as “generalized” *-homomorphisms from A to B.
In Section 3 we review Higson’s axiomatic characterization of the KK-groups.
This leads in particular to a uniqueness statement concerning the composition
and tensor product of KK-elements. In Sections 4 (resp. 5) we describe the
composition (resp. tensor product) of KK-elements in the Cuntz picture. The
definition of an “enriched” category is reviewed in Section 6 (for objects A,
B in an “enriched” category D, the morphisms D(A, B) from A to B form
not just a set, but have more structure: D(A, B) could be a topological space,
an abelian group, or—more generally—an object in a symmetric monoidal
category). In Section 7 we define symmetric spaces and spectra. In Sections 8
and 9 we describe a recipe to produce (symmetric monoidal) categories which
are enriched over the category of symmetric spaces (or spectra). In Section 10
we apply this recipe to produce the category KK (which is enriched over the
category of symmetric spectra meaning that for objects A, B in this category,
the morphisms from A to B constitute a symmetric spectrum). Finally, in
Section 11, we extend these results to Z/2-graded C*-algebras.

For simplicity we shall assume that all C*-algebras considered in the follow-
ing are separable.

2. THE CUNTZ PICTURE OF KK-THEORY

There are basically three descriptions of the abelian groups KK (A, B):

e The original definition of Kasparov [8], where KK (A, B) is defined as
the set of equivalence classes of “Kasparov A — B-bimodules”;

e The “Cuntz picture”, where KK (A, B) consists of homotopy classes of
“quasi-homomorphisms” from A to B;

e Higson’s axiomatic characterization of KK (A, B).

This paper is based on the Cuntz picture of KK-theory; basically the spectrum
KK(A, B) is build from spaces of quasi-homomorphisms. As a fairly direct
consequence of the construction we obtain an isomorphism of sets

mKK(A, B) «—— KK(A, B).
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Then it will be convenient for us to use Higson’s axiomatic characterization
as a tool to check that our map is compatible with the group structure, the
composition product and the external product on both sides.

2.1. Quasi-homomorphisms. Let A, B be C*-algebras. A quasi-homomor-
phism from A to B is a x-homomorphism

fiqA — K® B.
Here

e gA is the Cuntz algebra, a C*-algebra functorially associated to A
defined below, and

e K is the C*-algebra of compact operators on a fixed (separable) Hilbert
space H, and K ® B is the (spatial) tensor product of C*-algebras [11,

Chapter T.
We note that there is a “stabilization map”
(2.2) C*(A,B) — C*(¢A,K®B)  fr(e®1p)o fom

from x-homomorphisms to quasi-homomorphisms. Here mg: gA — A is a
s*-homomorphism defined in 2.5 below, e: F — K is the x-homomorphism
which sends the unit to a fixed rank one projection operator, 15 is the identity
on Bande®1p: K =F® B — K ® B is their tensor product.

In the “Cuntz picture” KK (A, B) is defined as

(2.3) KK(A,B) ¥ [¢A,K @ B),

where [¢A, K ® B] denotes the homotopy classes of *-homomorphisms from ¢A
to K ® B; in other words, KK (A, B) is defined as the set of homotopy classes
of quasi-homomorphisms from A to B.

The Cuntz algebra is an ideal in the free product A * A of two copies of A.
Before defining the Cuntz algebra, we will recall the construction of the free
product of C*-algebras.

2.4. Free product of C*-algebras. Let A;, i € I be a family of C*-algebras.
Then the free product '*IAi is a C*-algebra which is the coproduct of the 4;’s
1€
in the category of C*-algebras; i.e., there are *-homomorphisms ¢;: A; — '*IAi’
1€
such that for any C*-algebra B the map
C*( x,AiB) = [[c 4By f—fou
iel
is a bijection. The construction of the free product '*IAi is reminiscent of
1€

the construction of the free product of groups and goes as follows. Consider
“words”
aias .. .am a; € UAi,
i€l
whose “letters” aq,...,a,, are elements of the A;s. Here we identify a word

aj...05_10k0k+10k+2 - - - Oy with ay...05—100%+2 ... G
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AN ENRICHMENT OF KK-THEORY 149

if ap and a4 belong to the same algebra A, and a = ay - apyq € A'. We
define the algebraic free product V*IalgAl, to be the vector space of finite linear
1€

combinations of such words. This is a x-algebra with multiplication given by
concatenation of words and anti-involution * given by (a1 ...an)* = a} ... a}.
The free product ‘*IAZ is the completion of ‘*IalgAi with respect to the maximal
1€ 1€
C*-norm
||2]lmax = sup {||7(2)|[}
™

Here the supremum is taken over all *-homomorphisms 7: V*Ialg A; — B(H)
1€

to the C*-algebra of bounded operators on some Hilbert space H (this is finite
since a1 ... an|lmax < [fan] -+ llanl])-

2.5. The Cuntz algebra. The Cuntz algebra ¢A associated to a C*-algebra

A is an ideal in the free product QA 2 A % A of two copies of A. To describe
elements in QA it is convenient to write QA = A x A%, where the superscripts
are used to distinguish the two copies of A in QA. In particular for each
a € A, there are two 1-letter words, namely a' and a?, where the superscript
indicates which copy of A the letter a comes from. The Cuntz algebra is the
closed two-sided ideal in QA generated by the elements

q(a) Ll — a2 ac A

Let mg be the C*-homomorphism

mo: QA — A at—a, a®>—0.
Abusing notation, we will also write my: ¢4 — A for the restriction of 7y to
gA C QA.

2.6. The group structure on KK (A, B). A choice of an isomorphism H &
H = H determines a C*-homomorphism K & K — K, which is then used to
define an “addition”.

+: KK(A,B) x KK(A,B) — KK(A, B),
where f1 + f2 is defined to be the composition

gAK@ B)e (KeB)=(KaK)®B — K® B.
This gives KK (A, B) the structure of an abelian group. Inverses are obtained

by precomposition with the natural transposition on ¢A which is induced by
interchanging the two copies of A in QA (cp. [3, p. 37]).

3. HIGSON’S AXIOMATIC CHARACTERIZATION OF KK-THEORY

3.1. Properties of KK (A, B). The abelian groups KK (A, B) have a number
of functorial properties; in particular, when considered in conjunction with
the composition product (1.3) and the external product (1.4). Fortunately,
it turns out that all the other properties can be recovered from the following
three “basic” properties.
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Let us fix a C*-algebra A. Then we can consider B — KK(A,B) as a
covariant functor

FYKK(A,—): C* — Ab

from the category of C*-algebras to the category of abelian groups. This
functor has the following three properties:

(i) (Homotopy Invariance) If the x-homomorphisms f, f': B — B’ are
homotopic, then F(f) = F(f’).

(ii) (Stability) Let K be the C*-algebra of compact operators, and let
e: F — K be the *-homomorphism induced by the choice of a rank one
projection. Then for any C*-algebra B the induced homomorphism
Fe®1p): F(B) — F(K ® B) is an isomorphism.

(iii) (Split Exactness) The functor F applied to a split exact sequence of
C*-algebras gives a split exact sequence (of abelian groups).

We note that the first two properties of F'(B) = [¢A, K® B] follow quite directly
from the definition.

The following result of Higson gives an axiomatic characterization of the
abelian groups KK (A, B).

Theorem 3.2 ([6]). Given a functor F from C* to the category of abelian
groups with the above properties, and an element x € F(A), then there exists
a unique natural transformation a: KK(A,—) — F such that as(1a) = x.

We recall that a natural transformation a.: KK (A, —) — F consists of a col-
lection of homomorphisms ap: KK (A, B) — F(B), one for each C*-algebra B
which are compatible with induced maps in the sense that for every x-homomor-
phism f: B — C the following diagram commutes:

KK(A,B) —22— F(B)

| |»

KK(A,C) —2<— F(C)

3.3. Addendum. The uniqueness statement in the above theorem can be
strengthened: any natural transformation «: KK (A, ) — F between these
functors considered as functors with values in the category of sets (i.e., the
apgs are not required to be group homomorphisms) is automatically a natural
transformation of groups. This is a byproduct of the proof of Theorem 3.2.

Higson proved Theorem 3.2 using the Kasparov definition of KK (A, B) [6,
Theorem 4.8]. Using the fact that the Cuntz groups [¢A, K ® B] are isomorphic
to the Kasparov groups (via a natural transformation), this of course implies
the result above. However, since a direct proof is fairly straightforward and
might shed a light on the construction of the Cuntz algebra ¢A, we will prove
theorem 3.2.
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Proof of Theorem 3.2. The main ingredient of the proof is the result due to
Cuntz [3, Prop. 3.1(b)] that for any homotopy invariant, stable, split-exact
functor
F:C*— Ab

the induced map

(m0)x: F'(qA) — F(A)
is an isomorphism. Suppose that a: KK(A,—) — F is a natural transforma-
tion (of set-valued functors) with a4(1la) = z € F(A). Let f: gA - K® B
be a *-homomorphism and let [f] € [¢A, K ® B] = KK (A, B) be its homotopy
class. To show that a([f]) € F(B) is determined by = consider the following
commutative diagram

KK(A,A) —24,  F(4)
(7o)« | 22 (7o)« |
KK(A,qA) —,  F(qA)
fe fe
KK(A,K® B) =<2, F(K @ B)

(e®1)s | = (e®1)s | =

KK(A,B) —£. F(B)
It is easy to check that [f] € KK (A, B) is the image of [14] € KK (A, A) under
the composition of the vertical homomorphisms on the left. Hence ap([f])
equals the image of € F/(A) under the composition of the vertical homomor-
phisms on the right. In particular, ap is determined by = € F(B) via the
formula

ap([f]) = (e® 1) o fu o (mo) ! (x).

4. KK AS A CATEGORY

Following Cuntz [3] we will describe in this section how to “compose” (homo-
topy classes of ) quasi-homomorphisms to obtain an associative bilinear product
(4.1) o: KK(A,B) x KK(B,C) — KK(A,C).
This extends the usual composition of *-homomorphisms in the sense that the
natural map

C:C*(A,B) - KK(A, B)

from *-homomorphisms to quasi-homomorphisms sends the composition f o g

of two *-homomorphisms to the composition C(f)o C(g) of the corresponding
quasi-homomorphisms. In other words, C' is a functor

C:C" — KK,

where
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e the objects of the category C* are the C*-algebras, and the morphisms
from A to B are the *-homomorphisms;

e the objects of the category KK are the C*-algebras, and the morphisms
from A to B are (homotopy classes of) quasi-homomorphisms, i.e.,
elements of KK (A, B).

For our purposes of defining a composition of (homotopy classes of) quasi-
homomorphisms it is convenient to replace [¢4, K ® B] by lim,[¢" A, K™ ® B,
where K" = K ® --- ® K is the tensor product of n copies of K, and the limit
is taken with respect to the stabilization homomorphism

(4.2) [("A,K" @ B] — [¢"T'A, K" @ B] f—(e®1)o fom.

By a result of Cuntz [3, Cor. 1.7(b)] this map is an isomorphism for n > 1.
This allows us to identify from now on

KK(A,B) =[gA,K® B] with lim[¢"A,K" ® B].

4.3. The composition product of quasi-homomorphisms. The advan-
tage of working with the direct limit is that there is a composition product

(44) [qu,’Cm(X)B] ><[an,ICTL@C]L’[qm-i_nA,’Cm—i_n@C],

compatible with the stabilization homomorphism (4.2) which induces the de-
sired composition product (1.3) on KK-groups. This composition product is
defined by sending a pair of maps f: ¢"A - K™ ® B, g: ¢"B — K" ® C to
the composition

¢ A = " (¢ A) L g (KreB) Y Kregm B 1 KreKmeC = K.

To describe the *-homomorphism x™", it is convenient to describe the it-
erated Cuntz algebra ¢"A directly in terms of A rather than just giving an
iterative construction.

4.5. The iterated Cuntz algebra. We note that gA is a subalgebra of Ax A,
hence ¢%A is a subalgebra of gA*gA C Ax Ax Ax A, et.c. In general, ¢™A is
an ideal in the free product of 2™ copies of A. These copies are conveniently
parameterized by the 2™ subsets K of the set M = {1,...,m} (including K =
@ and K = M). It turns out that the obvious action of the symmetric group

¥,, on the free product * AK leaves the ideal ¢mA C x AX invariant
KCM KCM

thus inducing a ¥,,-action on ¢"A; this action will play a central role in
our construction of the symmetric spectrum KK(A, B). To keep track of this
action, it will be convenient to slightly generalize the iterated Cuntz algebra
g™ A by constructing for any finite set M a C*-algebra ¢™ A such that

e ¢M A is isomorphic to ¢™A if M has cardinality m and
o M +— g™ A is a functor M°P — C* from the opposite of the category
M of finite sets and injective maps to the category of C*-algebras.
We will define the C*-algebra ¢ A as an ideal of the C*-algebra

QMAE « AK
KCcM
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which is the free product of copies of A parameterized by the subsets K C M
(we use the superscript K in AX to keep track of the various copies of A).
This C*-algebra is generated by elements a€, where a is an element of A and
K a subset of M. We define ¢ A C Q™A to be the ideal generated by the
elements

(4.6) M) £ N (~)FEK aea
KCcM

where the sum is taken over all subsets of M (including M and the empty set),
and #(K) is the cardinality of K.

If j : N — M is a morphism in M the corresponding map ¢/ : ¢ A — ¢V A
is induced by the map

(4.7) Q7 QMA - QNA a — ¢/
Remark 4.8. It can be shown that the ideal ¢ A C Q™ A is the intersection
Nee s ker pe, where p. is the x-homomorphism
pe: QMA = QMMEY 4 oK ) KN(M\(e])
4.9. The *-homomorphisms AMY and y™". If C, D are C*-algebras and

C ® D is their spatial tensor product (cp. [11, Appendix T]) and M, N are
disjoint finite sets, we define a C*-homomorphism

(4.10) AMN. QMUN(C® D) - QMCoQND  (c@d)f — KM gaknN,

We check that AMY maps ¢M°N(C @ D) c QMYN(C @ D) to ¢MC® ¢V D C
QMC ® QN D:

(4.11)

AMN(qMUN(C(X)d)):AMN( Z (—1)#(K)(C®d)K)

KCMUN
(4.12) = Z (_1)#(K)CKOM®deN
KCMUN
(4.13) = Z Z (_1)#(K’)+#(K”)CK’®CK”

K'CM K'""CN

(4.14) = ( Z (_1)#(K’)CK’> ® < Z (_1)#(1(”)01(")
K'"CN

K'CM

(4.15) =¢"(¢) ® ¢ (d)

The *-homomorphism

(4.16) (K" B) X5 K" @ "B

is obtained by specializing AMY to M = @, N = {1,...,m}, and C = K",
D = B.
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5. KK AS SYMMETRIC MONOIDAL CATEGORY

Let Ay, As, B1, Bo be C*-algebras and let A; ® As, B1 ® Bs be their spatial
(also called minimal) tensor product (cp. [11, Appendix T 5]). The tensor
product of *-homomorphisms gives an associative product

(5.1) C*(A1, B1) x C*(Az, B2) 5 C*(A1 ® Az, By ® Bs) (f,9)— [®g.

In this section we will extend this tensor product from *-homomorphisms to
(homotopy classes of) quasi-homomorphisms to obtain an associative product

(5.2) KK (A1, By) x KK (Ay, By) 5 KK (A1 ® Ay, By ® By).

In the language of category theory, the tensor product of C*-algebras and
x-homomorphisms gives the category C* an extra structure, namely that of a
symmetric monoidal category. The axioms for a symmetric monoidal category
(which we will recall below) basically encode all the compatibility conditions
one might wish to impose between the composition of morphisms and their
tensor product. Similarly, saying that the tensor product (5.2) makes the
category KK a symmetric monoidal category expresses concisely all the com-
patibility conditions between the composition product in KK-theory and the
tensor product in KK-theory. The compatibility between the products in C*
and the product in KK is expressed by saying that

C:C*— KK

is a functor of symmetric monoidal categories.

For the convenience of the reader we recall the definition of a symmetric
monoidal category, since this will be a central notion used in the following
sections. As mentioned above, this basically axiomatizes the compatibility
conditions between composition and tensor product of morphisms. The tech-
nical complications come from the fact that for objects A, B, C in such a
category the object A ® B is not equal to, but just isomorphic to B® A (and
similarly for (A ® B) ® C and A ® (B ® C)) and these isomorphisms must
carefully be kept track of.

Definition 5.3. [2, 6.1.1] A monoidal category C consists of

(5.3.1) a category C;

(5.3.2) a bifunctor m : C xC — C, (A, B) — A® B, called the tensor product;
(5.3.3) an object I € C, called the unit;

(5.3.4) for every triple A, B, C of objects an associativity isomorphism

aapc (A®B)®@C — A® (B C);
(5.3.5) for every object A a left unit isomorphism la : I ® A — A;
(5.3.6) for every object A a right unit isomorphismra : AQ I — A.

The structure isomorphisms must depend naturally on the objects involved.
Moreover it is required that the following two diagrams commute for objects
A,B,C,D
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(5.3.A) associativity coherence

AQA®B,C,D

(A®B)®C)® D

llmsc@l

(A (Be(C))® D @A,B,CQD

J/U«A,BQ@C,D
1®apB,c,p

A (B®(C)® D) ——————— A® (B® (C® D))

(A® B)® (C® D)

(5.3.U) unit coherence

(A®I)® B s A®(I® B)

ra®l 1Rip
A® B
Definition 5.4. [2, 6.1.2] A monoidal category is called symmetric if in addi-
tion for every pair A, B there is a symmetry isomorphism

saB: A®B—B®A

which depends naturally in A and B. The symmetry isomorphisms must be
compatible with the other structure isomorphisms in the sense that the follow-
ing two diagrams commute for any choice of objects A, B, C

(5.4.A) associativity coherence

sAB®1

(A®B)e C ———— (B A) & C

J/U«ABC laBAC

A® (B®C) B®(A®C)
J f@m
(BRC)®A—2L“ B (CoA)

(5.4.U) unit coherence

Al —2 1A

AN A

and in addition they must satisfy the symmetry aziom, i.e. for any two objects
A, B the composite sp4 o sap is the identity in C(A ® B, A ® B).

Example 5.5. The category Ab of abelian groups with the usual tensor prod-
uct is a symmetric monoidal category (the unit I is the group Z and all the
structure isomorphisms are the obvious ones).

Minster Journal of Mathematics VoL. 2 (2009), 143-182



156 MICHAEL JOACHIM AND STEPHAN STOLZ

Example 5.6. The category C* of C*-algebras over F = C or F = R with
the spatial tensor product is a symmetric monoidal category (the unit I is the
C*-algebra F and again all the structure isomorphisms are the obvious ones).

Example 5.7. The category of pointed compactly generated weak Hausdorff
spaces Top, with the tensor product being the smash product and the well-
known structure isomorphisms define a symmetric monoidal category. When
working with the symmetric monoidal category Top, various constructions
(e.g. like taking suitable mapping spaces) yield weak Hausdorff spaces which
are not compactly generated. However there is an idempotent functor which
produces out of a given topology a coarsest topology which contains the given
one and is compactly generated. We therefore will tactically assume that all
pointed (weak Hausdorff) spaces we are considering are first hit by this functor,
so we can regard them as objects in Top,.

5.8. Tensor product of quasi-homomorphisms. Now we define a tensor
product

(5.9) [¢™ A1, K" ®B1]x [¢" A2, K" ® Ba] -2 [ (A1 ® As), K™ By @ By

which sends a pair (f1, f2) of *-homomorphisms to the composition

m-+n Anbn m n
q"T(AL © Ag) == ¢ AL ® " Ay

8L (km @ Bl ® (K" ® Bs) “s K™ @ By @ By,

Here V™" is the obvious *-isomorphism involving shuffling of the factors and
the canonical isomorphism K™ @ K™ = K™*"; the *-homomorphism A™"
is equal to AMN for M = {1,...,m}, N = {m +1,...,m + n} using the
identifications ¢mA = ¢M A, q"A = ¢V A, ¢t A = MUV A,

We observe that this product in fact agrees with the tensor product of
x-homomorphisms for m = n = 0. Moreover, this product is compatible with
the stabilization homomorphism (4.2) and hence induces the desired tensor
product (5.2) on KK-groups. (To see the latter one can argue as in [6, 4.7]).

6. ENRICHED CATEGORIES

In the previous two sections we have investigated the category KK. By
definition of a category for any two objects A, B one has a corresponding set
of morphisms from A to B. We have seen that the morphism sets KK (A, B)
for C*-algebras A and B are abelian groups, and that the composition is a
bilinear map. In categorical language one would say that KK is an preaddi-
tive category. Alternatively one could say that the category KK is enriched
over the symmetric monoidal category of abelian groups. Conceptually an en-
richment of a category D over a symmetric monoidal category C is given by
identifying the morphism sets D(A, B) with an object in C in such a way that
the symmetric monoidal product of the category C can be used to describe the
composition. Below we will see that KK also can be given an enrichment over
the category of pointed spaces.
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Before we define the precise definition of an enrichment we need to introduce
the notion of an enriched category.

Definition 6.1. ([2, 6.2.1]) Let C be a monoidal category as defined in Defi-

nition 5.3. A C-category D (or an enriched category) consists of the following
data:

(6.1.1) a class of objects |D|;
(6.1.2) for every pair of objects A, B € |D| an object D(A, B) € |C].
(6.1.3) for every triple of objects A, B,C € |D| a composition morphism

CABC D(Aa B) ® D(Bv C) - D(Aa O)a
(6.1.4) for every object A € |D| a unit morphism ua : I — D(A, A),

and the structure maps are required to yield the following commutative dia-
grams for objects A, B,C, D € |D|

(6.1.A) associativity coherence

(D(A, B) ® D(B,C)) ® D(C, D) —22°%L . (A, C) @ D(C, D)

laD(AwB)D(B,O)D(C,D)

D(A, B) ® (D(B,C) ® D(C, D)) caco
l1®CBCD
D(A, B) ® D(B, D) cABb s D(A, D)

(6.1.U) unit coherence

Ip(a,B) TD(A,B)

I ®D(A,B) —22, D(A, B) D(A,B)® I

luA ®1 J{l J{1®UB

D(A, A) ® D(A, B) 2225 D(A, B) £22 D(A, B) @ D(B, B)

Example 6.2. (cp. [2, 6.2.9]) Let D be a C-category as in the previous defini-

tion. Assume further that the monoidal product of C is symmetric. Then the

C-category D ® D is defined by the following data:

(6.2.1) |D® D|=|D| x |D|;

(6.2.2) for a pair of objects (A4, A’), (B, B’) € |D ® D| the morphism object is
given by (D® D)((A4,4"),(B,B’)) =D(A,B) @ D(A", B).

(6.2.3) for every triple of objects (A4, A"), (B, B'),(C,C") € |D ® D| the com-
position morphism is given by the obvious map

(D(A,B) @ D(A', B')) ® (D(B,C) @ D(B',C")) — D(A,C) @ D(A, C");
(6.2.4) for every object (A, A’) € |D®D| the unit morphism is given by

UARU pr

waan T = 1@ 1" =5 D(4,4) @ D(A', A"),
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Definition 6.3. ([2, 6.2.3]) A functor F : D — & between C-categories consists
of the following:

(6.3.1) for every object A € |D| an object FA € |£] and
(6.3.2) for every pair of objects A, A" € |D| a morphism

Fya :D(AA) — E(FAFA)

such that or all objects A, A’, A” € |D| the following diagrams commute
(6.3.N) naturality condition

D(A,A/) ®D(A/,A”) CaalAl 'D(A,AH)

lFAA@FA/,A,, lFA,A,,

E(FA,FA) @ E(FA,FA") — E(FA,FA")

FA,FA! FA!
(6.3.U) wunit condition
I —D(A,A)

\ J/FAA
UFA

E(FA,FA)

Note that any category naturally has the structure of a Set-category. On the
other hand, an enriched category is not a category as the morphism objects in
general cannot be interpreted as sets. This however can be done after choosing
a lax symmetric monoidal functor F': C — Set.

Definition 6.4. (cp. [2, 6.4.3]) Let F : C — C’ be a lax monoidal functor
between monoidal categories, i.e. F': C — C’ is a functor which comes equipped
with a natural transformation of bifunctors

F(V)@F(W) — F(VeW), V,We|C|

and a unit morphism Ior — F(I¢) such that all coherence diagrams relating
associativity and unit isomorphisms of C and C’' are commutative. Given a
C-category D the lax monoidal functor F' can be used to define a C’-category
F.D. The latter is given by the following data:

(6.4.1) the class of objects is |F.D| = |D|;
(6.4.2) for a pair of objects A, B the morphism object is

F.D(A,B) = F(D(A, B)).
(6.4.3) for a triple of objects A, B, C the composition morphism is given by
F(D(4, B)) ® F(D(B,C)) — F(D(4, B) © D(B,C)) "2 F(D(4,0));

(6.4.4) for an object A the unit morphism uy : Ier — F(I¢) Flug) F(D(A, A)).
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An enrichment of a category D’ over a symmetric monoidal category C is a
triple consisting of a C-category D, a lax symmetric monoidal functor F' : C —
Set and an isomorphism F,D = D’. In various examples to be discussed the
category C will be equipped with a forgetful functor to Set. In these cases
it should be understood that the corresponding lax monoidal functor we are
using is the forgetful functor, unless explicitly stated otherwise.

6.5. Enrichments of the category KK. As already mentioned the cat-
egory KK has an enrichment over the monoidal category of abelian groups.
It can also be enriched over the monoidal category Top, of pointed spaces
(introduced in 5.7) using the Cuntz picture. This goes as follows. First we
equip the category of C*-algebras with an enrichment over the category of
pointed topological spaces. Let us define Hom(A, B) to be the pointed set of
s-homomorphisms from a C*-algebra A to a C*-algebra B with the compact
open topology, the basepoint being the zero homomorphism. The composition
of x-homomorphisms then yields a continuous map

capc : Hom(A, B) AHom(B,C) — Hom(A, C)

for C*-algebras A, B, C. Finally the unit morphisms u 4 : S — Hom(A4, A) are
given by requiring the image of uy to be {0,ida} C Hom(A4, A). One easily
checks that these data define an enrichment of the category of C*-algebras
over the category Top,. Obviously, if we apply the forgetful functor to the
morphism spaces we get back the ordinary category of C*-algebras and *-
homomorphisms.

The enrichment of the category of C*-algebras and *-homomorphisms over
the category Top, induces a corresponding enrichment of the category KK.
The morphism spaces of the corresponding T'op,-category KK, are given by

KK op(A, B) = colim Hom(¢™ A, Ko & B).

where the structure maps for the colimit are defined as in (4.2). The com-
position is defined as described in 4.3. The Top,-category KK;,, then is an
enrichment of the category KK by means of the functor F' = mg : Top, —
Set, X — mo(X).

Next recall that the category KK can be regarded as a symmetric monoidal
category by means of the external product

KK(A,B)® KK(A',B") - KK(A® A', B® B),

for C*-algebras A, A’, B, B'. The fact that these maps are bilinear means that
the product is compatible with the enrichment over KK over the category
of abelian groups. In category language this can be phrased by saying that
the external product gives the enriched category KK the structure of an en-
riched symmetric monoidal category (cp. 6.9). Conceptually the definition of
an enriched symmetric monoidal category is analogous to the definition of a
symmetric monoidal category. Essentially one just needs to replace the role of
the category by an enriched category. However, to make this explicit one needs
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to say what a morphism and what an isomorphism in an enriched category is.
Furthermore one needs to say what it means that data depend naturally on
the objects.

Definition 6.6. Let C be a monoidal category. Let D be an enriched category
as defined in Definition 6.1, and let A, B, C be objects of D. A morphism from
A to B we define to be a map f : I — D(A, B) in C; in symbols we write
f:A— B. Given a morphism f : A — B and a morphism g : B — C the
composite go f : A — C is given by

1ol —T% DA, B D(B,C) —AEC DA, C).

In particular this convention allows to consider commutative diagrams of mor-
phisms in enriched categories.! Moreover we can define an isomorphism in D
to be a morphism f : A — B for which there is a morphism g : B — A such
that go f =ua and fog=ug.

Definition 6.7. Given an enriched category D in the sense of Definition 6.1,
two functors of enriched categories F,G : D — D and a family of morphisms
fa: F(A) — G(A), then we say that the family is natural in A if for any two
objects A, B € |D| we have a commutative diagram

D(A, B)® I 2212 D(F(A), F(B)) @ D(F(B), G(B))

—1
"D(A,B
/ lCmeF(B),B

D(A, B) D(F(A),G(B))

\ TCF<A>,G<A>,G<B>
P 148G

I®D(A,B)——D(F(A),G(A)) ® D(G(A),G(B))
It then follows that the diagrams

F(A) % a(a)

B(f) G(f)

F(B) 25 a(B)
commute for all morphisms f : A — B between objects A and B of D. The
converse is not true in general. However it is true if I is a generator? of the

category D.

IThe composition of morphisms in the sense of Definition 6.6 is associative, which is
a consequence of the identity I = r;. The latter follows from the axioms of a monoidal
category, see [9, Theorem 3].

2A generator of a category D is an object G such that for any pair of morphism f,g :
A — B in the category D the following holds: g = f if and only if go h = f o h for all
morphism h € D(G, A).
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Example 6.8. Let Set denote the symmetric monoidal category of sets with
the tensor product being the cartesian product. Any category then is a Set-
category in a natural way. The morphisms of a category precisely correspond
to morphisms (in the sense of Definition 6.6) of the corresponding Set-category.

Definition 6.9. Let C be a monoidal category with a symmetric monoidal

product. A monoidal C-category consists of the following data:

(6.9.1) a C-category D;

(6.9.2) a bifunctor of enriched categories m : D ® D — D, (A, B) — A® B,

(6.9.3) an object U € |D|, called the unit;

(6.9.4) for every triple A, B, C of objects an associativity isomorphism
aapc: I —-D(A®B)®C,A® (B®(C));

(6.9.5) for every object A a left unit isomorphism s : I — D(U ® A, A);

(6.9.6) for every object A a right unit isomorphism ra : I — D(A® U, A).

The structure isomorphisms must naturally depend on the objects. Moreover

it is required that the structure isomorphism yield commutative associativity

coherence diagrams (5.3.A) as well as commutative unit coherence diagrams

(5.3.U). Furthermore for all objects A, B,C, A’, B',C" € |D| the following dia-

grams (where the unlabeled maps are induced by the structure maps) have to
be commutative

(6.9.A) associativity condition

(D(A, 4) ® D(B, B') ® D(C, (") —2L D(4® B, A' @ B')  D(C, (")

laD(A,A’),”D(B,B’),”D(C,C’) J{m

D(A,A")® (D(B,B") @ D(C,C")) D(A®B)®C,(A®@B)oC")
[ 1
DA, A)Y@DBRC,B ®@B)——=DAR(BxC),A®(B'aC")
(6.9.U) wunit condition

1 ©D(A, B) D4, B) 2% pA By w1

J/uA®1 J/1®UB

D(U,U) ® D(A, B) ! D(A, B) @ D(U,U)

DU ® A,U® B) — D(A,B) +—— DA U, B U)

lpca,B)

Definition 6.10. Let C be a monoidal category with a symmetric monoidal
product. A monoidal C-category D is called symmetric if in addition for every
pair of objects A, B € D there is a symmetry isomorphism

sap: I — DA®B,B® A)

Miinster Journal of Mathematics VoL. 2 (2009), 143-182



162 MICHAEL JOACHIM AND STEPHAN STOLZ

which depends naturally on A and B. The symmetry isomorphism must be
compatible with the other structure isomorphisms in the sense that all the as-
sociativity coherence diagrams (5.4.A) and all unit coherence diagrams (5.4.U)
commute. Moreover they must satisfy the symmetry axiom, i.e. for any two ob-
jects A, B the composite sp40s4p is the unit morphism I — D(A® B, A® B).
Furthermore for all A, A’, B, B’ € |D| the following diagram (where the vertical
morphism is induced by the symmetry isomorphism) has to be commutative

(6.10.S) symmetry condition
D(A,A)®D(B,B") —"——D(A® B,A' ® B)

lSD(A,A’),D(B,B’) l

D(B,B')® D(A,A) — ™ C(B® A, B ® A')

Let F : C — C' be a lax (symmetric) monoidal functor of (symmetric)
monoidal categories and let D be a (symmetric) monoidal C-category. We
then can extend Definition 6.4 in a straightforward manner in order to obtain
a (symmetric) monoidal C’-category F.D. Accordingly we can define the no-
tion of an enrichment of a (symmetric) monoidal category over a (symmetric)
monoidal category C.

6.11. Monoidal enrichments of the category KK. As already mentioned,
from the bilinearity of the exterior Kasparov product (5.9) it follows that
the symmetric monoidal category KK has an enrichment over the symmetric
monoidal category of abelian groups. One may check that the maps

m: KKtOp(AlvBl) ® KKtop(A27BQ) — KKtop(Al ® A27Bl ® BQ)

given by the maps introduced in 5.8 turn KK, into an enrichment of the
monoidal category KK over the symmetric monoidal category Top,. However
the enriched monoidal T'op,-category KK ;) is not symmetric. To see this it
suffices to look at the following diagrams

(A @A) —qA1 ®qhs (KA (K®A) — K2 A4 @ Ay

J{qQ(SAl,Az) J{Sququz lsK@AW@Az lid@SALAg

?(Ay ® A1) — qAs ® qAy K@ A) @ (K®A) — K22 ® 4, @ A;

They do not commute, and from this one easily sees that the exterior product
on KK;,, cannot be symmetric. A similar lack of symmetry also shows up
quite prominently in stable homotopy theory. In stable homotopy theory the
lack of symmetry was resolved by introducing the category of symmetric spaces
and spectra.

7. SYMMETRIC SPACES AND SPECTRA

Let g denote the small category whose set of objects is the set of finite
subsets of the natural numbers and whose sets of morphisms (M, N) for two
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subsets M, N C N consists of the set maps from M to N, i.e. p(M,N) =
Set(M,N). Let T denote the subcategory consisting of the isomorphisms. A
functor from 7 into a category D is called a symmetric sequencein D. Occasion-
ally we also call a symmetric sequence in a category D just a symmetric object.

Our major interest will be in the category of symmetric spaces and spectra,
defined below.

Definition 7.1. Let D be a monoidal category with an initial object x. Assume
further that D has finite coproducts and that the tensor product preserves the
finite coproducts (up to natural coherence). The category D? of functors from
Z to D then carries the structure of a monoidal category. The corresponding
data are given by

(7.1.1) the underlying category is DZ, the objects in D? are called symmetric
sequences in D;

(7.1.2) the bifunctor ® : D x D¥ — DT for symmetric sequences X,Y € D
is given by

Xev))= [] XMeY(N), Jel|I|;

MUN=J
MNN=g

(7.1.3) the unit E, given by E(@) = I and E(K) = %, the initial object, for
K # @;

(7.1.4) the associativity isomorphism axyz : (X ®Y)®7Z — X (Y ® Z)
is given by the composite

(XeY)e2)(J) — I [ XM)eY(N)|®Z(K)

IR

MUNUK=J
MNN=NNK=KNM=g

X(M)® (Y(N)® Z(K))
MUNUK=J
MNN=NNK=KNM=2&

XoYe2)(J)— I XWM)® II Y(N)® Z(K)
MAE=% NARZE

with the left and the right unit isomorphism induced by the left and the right
unit isomorphism of the monoidal category D. The category D? has a canonical
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initial object: it is given by the constant functor which sends every object in
7 to the initial object *.

If D is a symmetric monoidal category the category DZ also can be given a
symmetric monoidal structure; the symmetry isomorphism sxy for symmetric
sequences X,Y in D is the map X ® Y — Y ® X whose restriction to the
factors X (M) @ Y(N) C (X ® Y)(K) is given by the composites

SX(M)Y (N)

X(M)®Y(N) Y(N)® X(M) C (Y ® X)(K).

If D is an enriched symmetric monoidal category enriched over a symmetric
monoidal category C which contains all small limits then D? also is enriched
over C: the morphism object D% (X,Y") for two symmetric objects X,Y € |DZ|
is

T T

In any symmetric monoidal category there is the notion of a monoid and
the notion of modules over a monoid.

Definition 7.2. A monoid in a monoidal category D is an object R € |D|
together with a multiplication map p: R® R — R and a unit mapn:1 — R
for which the following diagrams are commutative

(7.2.A) associativity coherence

Q@RRR

(ROR)®R R® (R®R)
J;@l lu
R®R—L R " R®R

(7.2.U) unit coherence

1 1
RIS Ro R RoT

A
R

If D is symmetric monoidal category a monoid is called commutative if p =

SRRH-

Definition 7.3. A left module over a monoid R in a monoidal category D is

an object M € D together with a map v : R® M — M such that the following
diagram is commutative

ARRM,

(R®R)®M—>R®(R®M)1®V—>R®MWI®M
Lu@l J{”%
R M . > M

Similarly one can define a right module over R. If D is a symmetric monoidal
category and R is a commutative monoid in D any left module over R can be
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given the structure of a right module over R by defining the right action to be
the composite vsy;p : M @ R — M.

Lemma 7.4 (Hovey-Shipley-Smith, Lemma 2.2.2 & Theorem 2.2.10). Let D be
a symmetric monoidal category that is cocomplete and let R be a commutative
monoid in D such that the functor R ® __ : D — D preserves coequalizers.
Then there is a symmetric monoidal product @ on the category of left R-
modules with R as unit. For two left R-modules X,Y the product is given by

the coequalizer described by the diagram
nsxr®1
AR

_
1®u

X®R®Y XY — X®rY.

7.5. Symmetric spectra. From now on we will specify to the special case of
our major interest which is the case where D is the category Top, of pointed
spaces.

Definition 7.6. Let .S denote the monoid in pointed symmetric spaces which
is given by the functor M ~ (S1)"™ and the obvious structure maps. A
symmetric spectrum is a left S-module.

Definition 7.7. A commutative symmetric ring spectrum is a map of commu-
tative monoids S — R. A (left) R-module canonically inherits the structure of
a symmetric spectrum by means of the monoid map. By the previous lemma
the category of (left) R-module spectra has a symmetric monoidal product Ag
with unit R.

The definition of a symmetric spectrum given above is not the standard def-
inition (cp. [7]). However the category of symmetric spectra as we defined it is
equivalent to category of symmetric spectra defined via the standard definition.
In both approaches one uses a diagram category of “symmetric sequences”; the
difference between the standard and our approach is that we use a bigger but
equivalent diagram category. More precisely, in the standard set-up one uses
the full subcategory ¥ C Z with objects the sets n = {1,2,...,n}, n € N.

Definition 7.8. Let E be a symmetric spectrum. For a natural number n € N
let n also denote the subset n = {1,2,3,...,n} C N. The 0-th homotopy group
of E is defined by

(7.9) mo(E) = CO}LiInT(n(E(TL)),

where the structure maps are induced by the natural inclusions n C n + 1.

8. ENRICHMENTS OVER SYMMETRIC SPACES

In this section we will define two categories which are enriched over the
category of symmetric spaces, KK and KK (Theorem 8.7 and Theorem 8.13).
In Section 10 we will see that KK has an enrichment over the category of
symmetric spectra.

Minster Journal of Mathematics VoL. 2 (2009), 143-182



166 MICHAEL JOACHIM AND STEPHAN STOLZ

8.1. The enriched category K. In 4.5 we have seen that the iterated
Cuntz construction ¢*A for a C*-algebra A defines a contravariant functor
from the category Z of finite subsets of N and isomorphisms to the category of
C*-algebras. On the other hand given a C*-algebra B we have the symmetric
C*-algebra

K*B:M+— KM B.
These functors define a symmetric space
(8.2) KK(A,B) : M — KK (A, B) = Hom(¢™ A, KM B),

where we use the compact-open topology to topologize the sets of *-homomor-
phisms. We thus have a bivariant functor from the category of C*-algebras to
the category of symmetric spaces. We shall see that they are the morphism
objects of an enriched category. We need to define the composition morphisms.
Let M,N € p be subsets with M N N = @. Recall from Section 4.9 the
definition of the map AMY_ For a C*-algebra B we used A?M to define

(8.3) N MY @ B) A28 KN @ M B.

For f € Hom(¢™ A, KM ® B) and g € Hom(¢" B, K" ® C) define capc(f,g) €
Hom(¢g™YN A, KMYUN () as the composition

GMUN A L N M g ' f ¢V (KM @ B) XM KM @ ¢V B 89 coMUN ¢ o
This defines a map

capc : Hom(¢™ A, K™ B) A Hom(¢" B, KN C) — Hom(g™"N A, KMYN (),
and varying the subsets M, N yields a corresponding map
(8.4) cape : KK(A,B) @ KK(B,C) — KK(A4,C).

We claim that these maps define an enriched category K. To check this
statement involves quite a bit of combinatorics and we will derive it from a
general recipe.

8.5. Composition data. Let C be a symmetric monoidal category with an
initial object *. Assume further that C has finite coproducts and that the
tensor product preserves the finite coproducts (up to natural coherence). Let
D be a C-category which is an enrichment of an ordinary category by means of a
faithful forgetful functor to Set. This means that we can regard the morphism
objects of D as sets.® For a functor F into the category D* let FM denote the
evaluation of the functor on an object M € |Z|.

Let F,G : D — D be two functors of enriched categories. Assume that the
functors F,G : D — D’ are augmented in the sense that F? = id = G?. A
set of composition data for the pair (F,G) consists of natural transformations
of functors D — D

omn : FMON — FMENyy  GMGY — GMYY oy  FMGY — GV FY

3This is a technical assumption which leads to a simplification of the statement and proof
of the following proposition. An analogous statement also holds without this assumption.
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for any pair of finite subsets M, N C N with M N N = @. These functors
must naturally depend on M and N. Moreover for any triple of pairwise
disjoint finite subsets L, M, N C N the natural transformations must yield
commutative diagrams

pLuMuN 20N L o GLGM N 2N AL amuN
lQL(MuN) l@LZ\{Ol lLLMol lLL(MUN)
FL p(MUN) Loonrn FLEM pN GLUM N “EunN GLUMUN
FLUM@GN ecuol FLEM@GN FLGMGN Lorarny FLGMUN
llOXZMN lXMLM
X(LUM)N FLGN M GMpLGN XL(MUN)
l)(LNOl lloXLN
GN pLuM MGNFLFM GMGN pL LMNOY GMUN pL

In addition the maps oMY M and MY must be the identity if either of M
or N is the empty set.

Proposition 8.6. Let us be given composition data as defined in 8.5. Then
we can define a C*-category D as follows

(8.6.1) |D| = |D|;
(8.6.2) for each pair of objects A, B € |D| the object D(A, B) € |C%| is given
by

D(A, B) : M — DM (A, B) = D(FM(A),GM(B)), M € |I|;

(8.6.3) for every triple of objects A,B,C € |D| the composition morphism
cage : D(A,B) @ D(B,C) — D(A,C) is the unique morphism deter-
mined by the maps

D(FY(A),GY(B)) ® D(FY (B),GY(C)) — DFMN(A), YN (C)),

for disjoint finite subsets M, N C N, which sends an element f ® g to
the map

M
capo(f @ g) s FMUN(4) 28 pMEN () "D PG ()
XMN GNFM(B) G_()Q) GNGM(C) tMN GMUN(C);
(8.6.4) for an object A € |D| the unit morphism u3 : E — D(A, A) is deter-
mined by (u3)(@) =uf : T — D(A, A) = DY(4, A).

The category D is an enrichment over the category D by means of the forgetful
Junctor which associates to a symmetric D-object X the D-object X ().
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Proof. Let L, M, N be pairwise disjoint finite subsets of N, and let us be given
f € D(FN(A),GN(B)), g € D(FM(B),GM(C)) and h € D(F*(C),G*(D)).
The following diagram (with the obvious maps) commutes and thereby shows
that the associativity coherence conditions (6.1.A) hold in D.

FLUMUN (A) = FLUMUN(A)
FLFMUN(A) ; FLFMFN(A) FLUMFN(A)
FLFMGN(B) FLUMGN(B)

FLGNFM(B) —— GNFLFM(B) «—— GNFIYM (B)

FLGMUN(C) +—— FLGNGM (C) —— GNFLGM(C)

GMUNFL(O) GNGMFL(O)
GMUNGL(D) GNGMGL(D) ; GNGLUM(D)
GLUMUN(D) = GLUMUN(D)

The unit coherence conditions (6.1.U) for D are fulfilled if and only if the
following equations hold

caap(la®@g)=g  forallge DY(A,B), M €|I|,A,B € |DJ;
capp(f®1p)=f for all f € DM (A, B), M € |Z|, A, B € |D|.

These equations follow immediately from the assumption that the functors F'®
and G* are augmented and the last property mentioned in 8.5. g

Theorem 8.7. The following data define an enriched category ICKC:

(8.7.1) |KK] is the class of C*-algebras;

(8.7.2) for a pair of C*-algebras A, B the morphism object is the symmelric
space KKC(A, B) defined in (8.2)

(8.7.3) for every triple of C*-algebras A, B, C' the composition morphism capc
is given by (8.4).
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(8.7.4) for all C*-algebras A the unit morphism uy : E — KIC(A, A) is the one
determined by ((ua)(2))(S°) = 0U 14 C Hom(A, A) = KK?(A, A).

The enriched category KK is an enrichment of the category of C*-algebras
over the category of symmetric spaces by means of the forgetful functor which
associates to a symmetric space X*® the space X2.

Proof. Put F*A = ¢*A,G*B = K*B. For any pair (M, N) of disjoint finite
subsets of N we then have canonical isomorphisms oMY : ¢MUN A = ¢M¢N A
and ([MN . KMENB = KMUN B as well as the natural transformation yM ¥
defined in (8.3). It now is straight forward to check the compatibility conditions
introduced in 8.5. The assertion then follows from the previous proposition.

(]

8.8. (Co)associative functors. The notion of composition data introduced
in 8.5 can be regarded as a collection of several pieces of information which also
can be looked at separately. For example it makes sense to consider the pair
F = (F*, o) consisting of the functor F'* and the natural transformation ¢ and
just require the upper right diagram in the definition to be commutative. Such
a structure we might call an coassociative functor. Dually the pair G = (G*, 1)
consisting of the functor G*® and the natural transformation ¢ subject to the
commutativity of the upper right diagram we might call an associative functor.
The natural transformation x then is a sort of intertwining operator between F'
and G and the two diagrams in the lower row correspond to the compatibility
of the intertwining operator x with the natural transformations ¢ and ¢ which
define the coassociative and the associative structure respectively. Completely
analogously one could define composition data for two coassociative functors F}
and Fy or for two associative functors G; and G2. Corresponding composition
data would imply that one can define functors (FyF)®, (G1G2)® : D — DT
given by M — FMFEM(A) and M — GMGY(B) which then would come
equipped with the structure of a (co-)associative functor. Furthermore, if there
are given composition data for two coassociative functors F; and Fs with a
natural transformation Y™~ : FMFN — FNFM as well as composition data
for F} and G and for Fy and GG for an associative functor GG then this data
define composition data for (FyFy) and G. Similarly given two associative
functors GG; and G5 and a coassociative functor F' together with corresponding
composition data then one obtains from this composition data for the functors
F and (G1G2). This recipe sometimes simplifies checking the commutativity
of the relevant diagrams for specific composition data.

We now give the definition of the second enrichment which eventually will
give the desired enrichment over the category of symmetric spectra. To mo-
tivate the construction we recall the following variant of the Bott periodicity
theorem.

Theorem 8.9. (Bott periodicity) For any n € N and all C*-algebras A, B
the exterior multiplication with the element 1o,gny € KK(Co(R™), Co(R™))
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yields an isomorphism
(8.10) KK(A,B) — KK(Co(R") ® A,Co(R™) ® B).
Via the canonical isomorphism Hom(A, Co(X)® B) = map.(X, Hom(A, B))

for locally compact spaces X and C*-algebras A and B we obtain from the
Bott periodicity theorem for all n € N an isomorphism

mn(Hom(q" (Co(R™) ® A), K" B))
(2" Hom (g™ (Co(R™) ® A), K"Co(R™) ® B))
mo(Q2" Hom(q" (Co(R") @ A), K" B))
mo(Hom(g" (Co(R™) ® A), K"Co(R™) ® B))
)

(
Thus Hom(¢"(Co(R™) ® A),K™B) qualifies as the n-th space of a spectrum
which represents KK (A, B). In view of this observation we introduce

8.11. The enriched category KK. Let (¢C)®A for a C*-algebra A denote
the symmetric C*-algebra with

(@CO)MA=¢"(Co®RY) @A), M e|T].
For C*-algebras A, B define the symmetric pointed space
KK(A, B) : M — KK (A, B) = Hom((¢qC)™ A, K B).
For disjoint subsets M, N C N and C*-algebras A, B, C' we have the map
KK (A, B) A\KKY(B,C) — KKMYN (4, 0)

which sends f A g € Hom((¢gC)™ A, KM B) A Hom((¢C)N A, KV B) to the fol-
lowing composition? in Hom((¢qC)MYN A, KMYN B)

1R

Il

qMUN(Co(RMUN)®A) LN quN(Oo(]RM)@OQ(RN)@A)q (i> )

M (id ®f) o
" (Co®M) @ ¢V (CoRY) @ 4) T RETT M (G (RM) © KV B)
M N M XMV N M M KNg N M~ MY UM

g (KN Co(RM) @ B) X KN g (Co(RM) @ B) K4 kv M o 25 ovom g,

where the *-homomorphisms o™~ yM~ MN are as in the proof of Theorem

8.7; A?Y has been defined in 4.9. These maps define a map
(8.12) cape : KK(A, B) ANKK(B,C) — KK(A4, C).

Theorem 8.13. The following data define an enriched category KK:

(8.13.1) |KK]| is the class of C*-algebras;

(8.13.2) for a pair of C*-algebras A, B the morphism object is KK(A, B)

(8.13.3) for every triple of C*-algebras A, B,C the composition morphism is
the map (8.12)

(8.13.4) for a C*-algebras A the unit morphism us : E — KK(A, A) is the one
determined by (ua)z(S°) =0U 14 C Hom(A, A) = KK?(A, A).

4The composition can be written down more compactly using the sx-homomorphism
AMN . this presentation however fits better with the strategy of the proof Theorem 8.13.
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Proof. For disjoint finite subsets M, N C N define a map o™ by

(@O)YMINA = MgV (Co(RMON) @ A) 2 ¢M gV (Co(RM) @ Co(RY) @ A)

TET MGy (RM) @ ¢V (Co(RY) ® 4)) = (qC)M (gO) A.

Furthermore define maps Y™ by

(@CYMEN A = ¢M(Co(RM) @ KN A) =

g (KNCo®RM) © A) = KN gM(CoRM) ® A) = KN (qC)M A,

and let the maps TMYN = MN . MKV A — KMUYUN 4 be the canonical isomor-
phisms. These maps define composition data for the functors (¢C)® and K*® in
the sense of 8.5. The commutativity of the relevant diagrams can be checked
directly, or one can use the recipe that we introduced in 8.8. Proposition 8.6
then yields an enrichment of the category of C*-algebras. It is straightforward
to check that the composition morphism that one obtains from Proposition 8.6
coincides with the definition of capc as given by (8.12). O

9. SYMMETRIC MONOIDAL ENRICHMENTS OVER SYMMETRIC SPACES

Next we want to show that the exterior Kasparov product gives K and
KK (introduced in the previous section) the structure of an enriched symmetric
monoidal category. As the category KK is the category of preferred interest
we only give the details for this case. The main result we are after is Theorem
9.5.

9.1. The bifunctor ® : KK A KK — KK. To put a symmetric monoidal
structure on KK requires the definition of a bifunctor ® : KK A KK — KK.
Recall from Definition 6.3 that a functor between enriched categories is given
by two pieces of data. In the situation at hand these are given by the following

(9.1.1) To a pair of C*-algebras (A4, B) we certainly associate its (spatial)
tensor product A ® B. After all we want to have an enrichment of the
symmetric monoidal category of C*-algebras;

(9.1.2) For two pairs of C*-algebras (A4, B), (A’, B') we define the correspond-
ing morphism KK(A, B) AKK(A’, B") - KK(A® A, B® B’) through
the individual maps

hom (g™ (Co(R™) @ A), KM B) Ahom (g™ (Co(RYN) ® A', KN B)
N hOIn(qMUN(Co(RMUN) ® A),ICMUNB ® B/)
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given by sending a pair of *-homomorphisms f A g to the following
composition

N (CoRMON) A A') = MU (CoRM) @ 4) @ (Co(RY) ® A)))
A5 M (CRM) @ 4) @ ¢V (Co(RY) ® A))
194 kMB o KNB' = KMNB @ B,
One of course needs to check that this defines a bifunctor of enriched cat-

egories. We shall derive this and the main assertion we are after, which is
Theorem 9.5, from a general recipe.

9.2. Monoidal product data. Let us be given composition data as in 8.5.
Assume further that the C-category D has a symmetric monoidal product in
the sense of Definition 6.9 and Definition 6.10 respectively. A set of monoidal
product data for D and the composition data consists of natural transformations
of bifunctors

AMN . pMUN (A @ B) — FM(A) @ FN(B);
VMN . aM(A)® GN(B) - GMYN(A® B)
for any pair of finite subsets M, N C N with M NN = @. These functors must

naturally depend on M and N. Moreover they have to satisfy the following
conditions

(9.2.N) For any triple of pairwise disjoint finite subsets K, L, M, N C N the
natural transformations must yield commutative diagrams

FKULUMUN(A®B) \ FKUL(A) ®FMUN(B)

|

FKUMFLUN(A ® B)

|

FROM(FE(A) © FN(B)) — FXFY(A) @ FMFY(B);
GLGK (A) @ GNGM (B) — GEUN (GK (4) © GM(B))

GLUNGKUM(A ® B)

|

GKUL(A)®GMUN(B) s GKUMULUN(A@)B);
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FKUMGLUN(A®B) s GLUNFKUM(A®B)

I |

FEUM(GLE(A) ® GN(B)) GFON(FE(A) @ FM(B))

| |

FEGE(A) @ FMGN(B) — GLFK (A) @ GNFM(B)

(9.2.A) For any three disjoint finite subsets L, M, N C N and all objects
A, B,C € |D| the following diagram commutes

FLUMON (A B C) —2 | pLOM(4 @ B) @ FN(C)
lFLUMUNch)
FLOMON (A @ (B® O)) AFM @1
lAuMum
1QAMN

FL(A) @ FMUYN(Bg C) ———— FX(A) @ FM(B) @ FN(C)

GL(A)®GM(B)®GN(C)ﬂ>GL(A)®GMUN(B®O)

VLM g GLUMUN(A ® (B® ()
lGLUMUN(aABC)
GLYMUN (A B) ® C)

v (LUM)N

GIYM(A® B) 2 GN(C)

(9.2.S) For any pair of disjoint finite sets M, N C N and all objects A, B € |D|
the following diagram commutes

FMON (40 BYASFM(A) 0 FN(B)  GMA®GNB— GMYUN (A @ B)

lFMuN(SAB) lSFM(A),FN(B) lSGMA,GNB J/GA{UN(SAB)

FNOM(Bo )25 FN(B) o FM(A)  GNB o GMA— GNUM(B @ A)
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(9.2.U) For all M € |Z] and A € |D| the following diagrams commute

FMU @A) 225 U e FM(4) UeaMA) Y25 aMU @ A)
lFM(lA) llFM(m lch(m lGM(lA)
FM(A);FM(A) GM(A);GM(A)
TFM(TA) TTFMM) }GM(M TGM(TA)
M AME M VMZ
M (Ao U) 2 M) e U M Ay o U T2 oM (A g 1)

Proposition 9.3. Let us be given composition data as in 8.5. Assume further

that the C-category D has a symmetric monoidal product, and that we are given

associated monoidal product data in the sense of 9.2. The following data then

define a symmetric monoidal C*-category which is an enrichment of D:

(9.3.1) The C-category is D, defined as in Proposition 8.6;

(9.3.2) the bifunctor m : DR D — D is given on objects by (A, A") — AR A’;
the corresponding morphisms D(A, B)@D(A’, B') — D(A® A’, B B’)
for pairs of objects (A, A") and (B, B’) are given by the maps

D(FMA,GMB)@ D(FNA',GNB') — D(FMYN(A® A),GM°N(B® B))

for disjoint finite sets M, N C N which send a pair f A g to the com-
position
FMUN (4@ A" A5 PM(A) @ FN (A7)
M N

(9.3.3) the unit is U, the unit of D;

(9.3.4) for every triple A, B,C of objects the associativity isomorphism a2} g
is the one determined by a3 5 (@) =alpo: I - D(A®B)® C,A®
(BC0)=D?(A2B)®@C, A2 (B®(0)).

(9.3.5) for every object A the left unit isomorphism 13 is the one determined
by l5(2)=15:1-DU®AA)=DUc®A,A).

(9.3.6) for every object A the right unit isomorphism r is the one determined
by r3(2) =15 : 1 -DAU,A)=D?AxU,A).

Proof. The commutative diagram displayed in Figure 1 (on the next page)
shows the naturality condition (6.3.N) for the bifunctor m; to see commutativ-
ity one needs condition (9.2.N). From (9.2.U) it follows that the bifunctor m
respects the unit condition (6.3.U). Similar diagrams show how to verify the
associativity condition (6.9.A) from (9.2.A), the unit condition (6.9.U) from
(9.2.U), and the symmetry condition (6.10.S) from (9.2.S). O

9.4. KK as an enriched symmetric monoidal category. Before we state
the following theorem recall that the unit of the symmetric monoidal category
of symmetric pointed spaces is the symmetric pointed space E with E(@) =
59 ={0,+} and E(M) = {+} for all nonempty finite subsets M C N. A map
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Z81-¢¥1 ‘(600T) ¢ "TOA SOIYWLYJRIN JO [BUWINOL I9ISUNIA

FKULU]\/IUN(A ® A/) - FKULU]\/IUN(A ® A/)

FKUM(A)®FLUN(A/) \ FKFM(A)(X)FLFN(A/) ¢ FKUL(FM(A)®FN(A/)) ¢ FKULFMUN(A®A/)

l

FKGM(B) ®FLGN(B/) PR FKUL(GM(A) ®GN(A/)) SN FKULGMUN(B ® B/)

GMFK(B)(X)GNFL(B/) ; GMUN(FK(B)®FL(B/)) ¢ GMUNFKUL(B®B/)

|

GKUM(C) B GLUN(c/) « GKGJV[(C) ® GLGN(C/) - GKUL(GJV[(O) ® GN(C/)) - GKULGMUN(C ® C«/)

GKULUJV[UN(C ® C/) = GKULUMUN(C ® C«/)

FIGURE 1. The commutative diagram needed to verify the naturality condition in the proof of Proposition 9.3.
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f: F — X from E to a symmetric pointed space X therefore is determined
through the point (f(2))(0) € X ().

Theorem 9.5. Let KK be the enrichment of the category C*-algebras over
symmetric spaces that we introduced in Theorem 8.13. The following data put
a symmetric monoidal structure on KK which is an enrichment of symmetric
monoidal structure on the category of C*-algebras given by the (spatial) tensor
product

(9.5.2) the bifunctor m : KK A KK — KK s the one introduced in 9.1;

(9.5.3) the unit is F;

(9.5.4) for every triple of C*-algebras A, B,C the associativity isomorphism
a% o is the one determined by a5%.(2)(0) = aapc, the associativity
isomorphism for the spatial tensor product of C*-algebras;

(9.5.5) for every object A the left unit isomorphism XX is the one determined
by I5%(2)(0) = la, the left unit isomorphism for the spatial tensor
product;

(9.5.6) for every object A the right unit isomorphism 5% is the one deter-
mined by r5%(2)(0) = ra, the right unit isomorphism for the spatial
tensor product.

Proof. Let A, B be C*-algebras, and let M, N be disjoint finite subsets of the
natural numbers N. For these data define AM® asin 4.9. On the other hand let
VMN . KM AQKB — KMUN(A®B) be the canonical isomorphism which comes
from the coherence isomorphism of the spatial tensor product. It is straightfor-
ward to check that the *-homomorphisms AM~ VMN define monoidal product
data in the sense of 9.2 for the composition data (¢*, KC®, oMY, YMN TMN) that
we have used in the proof of Theorem 8.13 to define KK. It then follows from
Proposition 9.3 that the data given in the theorem define an enrichment of the
symmetric monoidal category of C*-algebras. ]

10. THE ENRICHMENT OF THE CATEGORY KK OVER SYMMETRIC SPECTRA

After we have seen (Theorem 9.5) that the category KK is a symmetric
monoidal category which is enriched over the category of symmetric spaces
it follows that the endomorphism object of the unit KK(F,F) is a monoid in
the category of symmetric spaces and KK inherits the structure of a sym-
metric monoidal category which is enriched over the category of KK(F,TF)-
modules. To obtain an enrichment over the category of spectra it suffices to
turn KK(F,F) into a symmetric ring spectrum, i.e. we need to define a monoid
map from the sphere spectrum S into KK(F, F).

10.1. The ring spectrum K = KK(F,F). Recall that a map of sym-
metric sequences 7 : S — KK(F,F) is determined by maps n™ : SM —
Hom(¢™ (Co(RM) @ F), CMF). We define these maps through their adjoints

7™ . 8% — Hom(¢M (Co(RM) @ F), Co(RM) @ KMT).
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To specify the map 7™ we just need to determine the image of the point
which is different from the basepoint in S°. This image we define to be the
*-homomorphism

M (Co®M) @ F) L CoRM) @ F & Cy(RM) @ KMT,

where j is the map j : @ — M, ¢’ is as defined in (4.7), and K7 is the
composition

K F2FOM @F “ -8 KM,
with e®™ the M-fold tensor product of the *-homomorphism e : F — K, which
is given by a fixed choice of a rank one projection (cp. 2.1). It is straightforward

to check that these maps define a map of commutative monoids § — K =
KK(F, F).

Theorem 10.2. The symmetric monoidal category KK (defined by Theorem
8.18 and 9.5) is enriched over the category Sp of symmetric spectra (in fact K-
module spectra). The symmetric monoidal Sp-category KK is an enrichment
of the symmetric monoidal category KK by means of the laz-monoidal functor
mo which associates to a symmetric spectrum its 0-th homotopy group, i.e. there
is a canonical isomorphism

mo(KK(A, B)) 2 KK (A, B),

which is compatible with composition and the symmetric monoidal structure
induced by the tensor product.

Proof. The first assertion is a consequence of 10.1. It remains to check that
m0(KK(A4, B)) =2 KK (A, B) for all C*-algebras A, B. We have mKK(A4, B) =
colim,, m, (KK" (A, B)) where the structure maps

$n T (KK™(A, B)) — 71 (KK" (A, B))

are induced by the structure maps of the spectrum. By construction they fit
into the following diagram

Sn

. KK"(A, B)

i1 KK" (A, B)

o~ o~

ToQ"KK"™ (A, B) Q" HKK" (A, B)

o~ o~

["(Co(R™) @ A), K"Co(R™) @ B] [¢" T (Co(R") ® A), K" Cy(R" ™) @ B

Cn Cn+41

[¢"A,K"B| [q"TTA, K" T1B)
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Here the maps between the first, second, and third row are induced by adjunc-
tion isomorphisms. The homomorphism ¢, is induced by the map

Hom(q"A,K"B) — Hom(q"(Co(R") ® A),K"Co(R™) ® B)

which maps a *-homomorphism f to the composition (idc,gn)® f)o A? N (see
4.9 for the definition of A?Y). Via the isomorphisms KK (A, B) = [¢" A, K" B]
and KK(Co(R") ® A,Co(R™) @ B) = [¢"(Co(R™) @ A), K"Cy(R™) ® B] the
map ¢, corresponds to the Bott periodicity isomorphism (8.10). The map
[q"A,K"B] — [¢"T1A,K"*1B] is the stabilization map (2.2). It follows that
moKK(A, B) = colim, [¢"A, K"B] = KK (A, B) (cp. Section 2). O

11. Z/2-GRADED C*-ALGEBRAS

The results of the previous sections deal with ungraded C*-algebras. In this
sections we want to discuss the modifications necessary to deal with Z/2-graded
C*-algebras.

We recall that a Z/2-grading on a C*-algebra is a vector space decompo-
sition A = Ag & Ay such that the anti-involution * preserves the A;s, and
A;-Aj C Ay, i,j € Z/2. Equivalently, a Z/2-grading on A is just an in-
volution of the C*-algebra A (the +1-eigenspace (resp. —1-eigenspace) of this
“grading involution” is the subspace Ay (resp. 41)). Of course every ungraded
C*-algebra A can be interpreted as Z/2-graded C*-algebra by equipping it
with the trivial grading involution (so that Ao = A, A; = 0).

Kasparov defined his bivariant KK-groups KK (A, B) not just for C*-alge-
bras A, B, but for Z/2-graded C*-algebras. It should be emphasized that
KK (A, B) does depend on the gradings of A, B; in other words: in general
KK (A, B) is not isomorphic to KK(A“"9, B*"9)  where A" B“" are the
C*-algebras A, B equipped with the trivial grading.

Due to the functoriality of the construction of the Cuntz algebra an in-
volution on the C*-algebra A induces an involution on the Cuntz algebra ¢A.
Hence we may consider the equivariant Cuntz group [qA, K® B]z 5 of homotopy
classes of grading preserving x-homomorphisms from ¢A to K ® B, where K
is the Z/2-graded C*-algebra of compact operators on a graded Hilbert space,
and K ® B is the graded tensor product (which affects the definition of the
product by setting (a1 ® by) - (az @ by) = (—1)P1lle2lg1b) ® agbs). Cuntz’ argu-
ments showing that his group [¢A4, K ® B] is isomorphic to Kasparov’s group
KK (A, B) generalize to show that there is an isomorphism (natural in both
arguments) (cp. [4, (2)])

(11.1) [qA,K ® Blz2 = KKz,5(A, B),

where KKy/5(A, B) is the Z/2-equivariant Kasparov group. Here Z/2 acts on
A, B via the grading involutions.

If the C*-algebras A, B are trivially graded, then the group KKy /5(A, B)
is isomorphic to KK (A, B), but this is not the case in general for Z/2-graded
C*-algebras. However, these groups are closely related; there is an isomorphism
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(natural in both arguments) (cp. [5, Def. 2.3, Prop. 3.8])
(11.2) [4¢(S ® A),K ® Blzs = KK(A, B).

Here S is the 7 /2-graded C*-algebra of continuous functions on the real line
which vanish at co. The grading involution is induced by the involution R — R,
x +— —x; in other words, §0 consists of the even functions and §1 consists of
the odd functions.

As in the other sections of this paper we will exclusively work with the Cuntz
picture; consequently, we will take the above isomorphisms as the definitions
of KKz,5(A, B) resp. KK (A, B).

Next we want to extend the discussion of the previous sections of the functo-
rial properties of the KK-groups (the axiomatic characterization a & la Higson,
the composition product and the tensor product) from ungraded C*-algebras
to Z/2-graded C*-algebras. First we will discuss KK7/5(A, B), which will turn
out to be a straightforward extension of the corresponding results for ungraded
algebras, then we will discuss how to adapt the setup to deal with KK (A, B).

Let CE/Q be the category of Z/2-graded C*-algebras (i.e., the objects are

C*-algebras equipped with involutions, and the morphisms are equivariant

*-homomorphisms). Furnishing KK7/,(A, B) def [¢A, K® B]z,/2 with the struc-

ture of an abelian group as in 2.6, after fixing a Z/2-graded C*-algebra A we
obtain a functor

KK75(A,—): Cp )9 — Ab.
The results of Section 3 generalize to give the following theorem (cp. [5,
Thm. 1]).

Theorem 11.3. Let A be a Z/2-graded C*-algebra.
(1) The functor KKz/5(A,—): Cij — Ab is homotopy invariant, stable
and split exact.
(2) If F: Cz/z — Ab is a homotopy invariant, stable and split exact func-

tor, and © € F(A), then there is a unique natural transformation
a: KKz/5(A, =) — F with aa(1a) = 2.

We can define “composition products” and “tensor products” for the Z/2-
equivariant KK-groups, by the same formulas as in the nonequivariant case.
As in the nonequivariant case, Theorem 11.3 implies that these products are
unique. Moreover, we obtain a symmetric monoidal category KKz, whose
objects are C*-algebras with involutions, and whose set of morphisms from A
to B is KKz/Q(A,B)

Now we will derive an axiomatic characterization of KK (A, B) for Z/2-equi-
variant C*-algebras A, B which is analogous to the axiomatic characterization
of KK7/5(A, B) in Theorem 11.3. The idea is to replace the category CE/Q by
the following category.

11.4. The category 62/2. The objects of 62/2 are Z/2-graded C*-algebras.

A morphism from A to B is a Z/2-equivariant *-homomorphism from S®A
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to B. The composition
C512(A, B) x C3 (B, C) — Cy (A, C)

sends a pair of morphisms f: S®A— B, g: S® B — C to the morphism
given by

(11.5) SeA*® 55045 598 % C

Here A: S® S — S is the 7/ 2-equivariant *-homomorphism dual to the ad-
dition map R x R — R if we identify S ® S with the space of functions of
two anti-commuting variables x,y. To illustrate what is meant, consider the
function f(z) = e=*" € 5. Then A(f) is a function of two variables, say = and

y given by A(f) = f(x +y). To interpret f(z + y) as an element of S ® S, we
expand f(z + y) in terms of x and y.

2 2 2 2 2 2 ~ ~
A(ew ) = €($+y) =e” Trytyatyt — e*e¥ eS8 ® S.

Here the third equality holds, since the variables z, y are assumed to anti-
commute. Similarly, we have:

A(xew2) =(z+ y)e(””+y)2 =(x+ y)eg”Qey2 = (aceg”Q)ey2 +e (yey2) €eS®s.

We note that the C*-algebra S is generated by e®” and ze® . So we could have
defined A by the above equations. Thinking of A as induced by addition makes
it obvious that the “coproduct” A is Z/2-equivariant (since +: R x R — R
is) and the A is coassociative, while from the other point of view this needs
a little calculation to check. Coassociativity of A implies associativity of the
composition defined above.

11.6. The category [/([\(Z/g. The category I/(I\(Z/g is built out of the category
KK7/5 the same way the category 62/2 is built from the category 02/2; ie.,

e The objects of I/(I\(Z/g are the Z/2-graded C*-algebras;
. [/([\(2/2(14, B) def KKZ/2(§®A, B); i.e., a morphism from A to B in the

—

category KKz 5 is just a morphism from S® A to B in the category
KKz5.

e the composition of a morphism f € I/(I\(Z/Q(A,B) with a morphism
g€ I/(T(Z/Q (B, C) is given by the formula 11.5 with the only difference
that now these arrows have to be interpreted as morphisms in the
category KKz, instead of as morphisms in C7 /2 (A is interpreted as
morphism in KK/, by means to the obvious functor 02/2 — KKy5).

Passing from Z/2-equivariant x-homomorphisms S® A — B to elements of
KK7/5(S ® A, B) then defines a functor

C7o — KKz,

Miinster Journal of Mathematics VoL. 2 (2009), 143-182



AN ENRICHMENT OF KK-THEORY 181

and, after fixing a Z/2-graded C*-algebra A, a functor
KKz/5(A,—): G35 — Ab.

We note that according to the isomorphism 11.2, we have I/(T(Z/Q(A, B) =
KK (A, B) for C*-algebras A, B.

Theorem 11.3 then implies the following result.

Theorem 11.7. Let A be a Z/2-graded C*-algebra.
(1) The functor I/(T(Z/Q(A, —): 62/2 — Ab is homotopy invariant, stable
and split exact.
(2) If F: 6’2/2 — Ab is a homotopy invariant, stable and split exact func-
tor, and © € F(A), then there is a unique natural transformation
a: KK(A,—) — F with aa(14) = z.

11.8. Enrichments of the categories KK7,, and I/(T(Z/Q over the cate-
gory of symmetric spectra. Since the Cuntz stabilization isomorphism ([5,
Theorem 2.4]) and Bott periodicity (in the sense of Theorem 8.9) also hold for
the Z/2-graded setting one obtains completely analogous to the treatment of
the ungraded setting an enrichment KKz /5 of KK7 /5 over the category of sym-
metric spectra. For a pair A, B of Z/2-graded C*-algebras the corresponding
symmetric space KKz,5(4, B) is given by

KKz/2(A, B) : M+ Homgs(q™ (Co(RM) @ A),K ® B).

For the category KK 7,2 one obtains an enrichment over symmetric spectra,
if we define the morphism spectra by

KKyz/2(A, B) : M — Homg5(¢™ (5 ® Co(RM) © A),K ® B).

On the formal level the treatment of this case is completely analogous to one
above; however one has to work with the morphisms and the tensor product of
the category 62 /2 instead of honest x-homomorphisms and the standard tensor
product.
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