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Zusammenfassung

Die vorliegende Arbeit beschaftigt sich mit der mathematisch rigorosen
Analyse von zeitabhéngigen quantenmechanischen Modellen, die nichtlineare
Phanomene einschliefen. Im Speziellen wird dabei das nichtlineare dissipa-
tive Wigner-Poisson-Fokker-Planck (WPFP) System untersucht.

Die Quanten Wigner-Fokker-Planck (WFP) Gleichung im Ort-Geschwindig-
keit-Phasenraum tritt als Modell fiir offene Quantensysteme auf, also in
der Beschreibung von Teilchen, die sich in Interaktion mit ihrer “Umwelt”
befinden. Ein typisches Beispiel fiir solche Systeme sind Halbleiter-Elektro-
nen, gekoppelt an ein Warmebad aus Phononen. In der zeitlichen Entwick-
lung des Elektronen-Subsystems werden im Allgemeinen dissipative und dif-
fusive Effekte zu berticksichtigen sein. Zusatzlich werden Interaktionen zwis-
chen den Teilchen, z.B. Coulombkrafte zwischen den Elektronen, durch ein
selbstkonsistentes Potential vom Hartree-Typ einbezogen. Um die physikalis-
che Wohlgestelltheit zu sichern, muss das dadurch modellierte System in der
sogenannten Lindblad Form vorliegen.

Die Arbeit besteht aus zwei Teilen, untergliedert jeweils in zwei Kapitel:

I. Im ersten Kapitel wird Existenz, Eindeutigkeit und Regularitat einer
zeitglobalen Losung des gleichmafig elliptischen WPFP Systems in drei
Dimensionen gezeigt. Die Analysis wird in einem geeignet gewichteten
L2-Phasenraum durchgefiihrt, so dass die makroskopische Teilchendichte
wohldefiniert ist, und der lineare Fokker-Planck-Operator eine dissipa-
tive stark stetige Halbgruppe von beschrankten Operatoren erzeugt. Die
parabolische Regularisierung der linearen WFP Gleichung kontrolliert die
Nichtlinearitat lokal in der Zeit, so dass Letztere als Storung der Halb-
gruppe behandelt werden kann. Die notwendige a-priori Abschétzung fiir
die Losung wird dann durch eine entsprechende a-priori Abschétzung fiir das
elektrische Feld ermoglicht, eine Strategie, die die dispersiven Effekte des
freien Transport-Operators zu Nutze macht, und in der Theorie des klassis-
chen Gegenstiicks, der Vlasov-Poisson-Fokker-Planck Gleichung, Anwendung
gefunden hat.

Im zweiten Kapitel wird eine neue Strategie zur theoretischen Behandlung
des dreidimensionalen WPFP Systems vorgestellt. Sie ermoglicht eine glob-
ale rein kinetische Existenz- und Eindeutigkeitsanalyse im L2-Phasenraum,
sowohl des elliptischen, als auch des physikalisch wichtigen hypoelliptis-
chen Systems. Ausschlaggebend dabei ist, wiederum anhand der disper-
siven Effekte des freien Transportes, eine zeitglobale Neudefinition des selbst-
konsistenten Potentials und des elektrischen Feldes, und somit die Umge-
hung der Wohldefiniertheit der Teilchendichte, was ein zentrales Problem
der quanten-kinetischen Theorie ist. Der parabolische Charakter der WFP



Gleichung fiihrt schliellich zur C'*°-Regularitat der Wigner-Funktion, der
Teilchendichte sowie des elektrischen Feldes fiir positive Zeiten.

II. Des Weiteren befasst sich diese Arbeit mit der numerischen Approx-
imation des eindimensionalen nichtlinearen WPFP Systems mit periodis-
chen Randbedingungen in der Ortsvariable, mathematisch wohldefiniert in
einem gewichteten L?-Raum. Es wird eine Diskretisierung in der Zeit mit-
tels eines Operator-Splitting-Verfahrens erster Ordnung vorgestellt, das auf
der Produktformel fiir Halbgruppen von Operatoren beruht. Diese Splitting-
Methode wird auf natiirlicher Weise durch das im Phasenraum ”orthogo-
nale” Wirken der in der WFP Gleichung auftretenden Differentialoperatoren
beglinstigt. Im dritten Kapitel wird die nichtlineare Stabilitat und die Kon-
vergenz erster Ordnung dieser Semi-Diskretisierung gezeigt. Dabei wird die
Nichtlinearitat als lokale Lipschitz-stetige Storung der Produktformel betra-
chtet. Ferner macht die parabolische Regularisierung des Fokker-Planck Op-
erators den Beweis einer Konvergenz "niedriger” Ordnung moglich, der nur
mit einem zusatzlichen Moment in der Geschwindigkeitsrichtung und ohne
Glattheitsvoraussetzungen an die Anfangsdaten auskommt.

Das vierte Kapitel ist der numerischen Realisierung des vorgestellten
Operator-Splitting-Verfahrens gewidmet. Es wird ein gemischtes numerisches
Schema vorgestellt, bestehend aus einer Finite-Differenzen-Methode in der
Ortsrichtung mit Beriicksichtigung der periodischen Randbedingungen, und
einer Spektral-Kollokationsmethode in der Geschwindigkeitsrichtung, die die
numerische Behandlung der nicht-lokalen Nichtlinearitat moglich macht. Di-
verse numerische Simulationen zur Veranschaulichung der zeitlichen Evo-
lution der approximierten Wigner-Funktion, sowohl unter der Wirkung
eines gegebenen Stufen-Potentials, als auch unter der Wirkung des selbst-
konsistenten Potentials schlieen diese Arbeit ab.
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Chapter 1

Introduction

In the present work the focus is on quantum mechanical multi-particle sys-
tems coupled to an external reservoir, i.e. so called open quantum systems
[Da, BrPe]. The dynamics of such systems can often be approximately
described by kinetic equations in the mean-field limit, i.e. by a Markovian
approximation. Such self-consistent models appear in a wide range of physi-
cal applications, both classical and quantum mechanical, for example in gas
dynamics, stellar dynamics, plasma physics, and electron transport. The cor-
responding nonlinear evolution equations are obtained as approximations to
the underlying many-particle models, and there exists a vast body of litera-
ture on their mathematically rigorous derivation, cf. [Sp| and the references
therein for an extended overview of such derivations for a variety of kinetic
equations.

Before presenting the model to be considered, let us first give a short overview
about its physical origin. A well known example (without external reservoir)
from the classical kinetic theory is the coupled nonlinear Vlasov-Poisson (VP)
system, i.e. the Vlasov equation

(1.0.1) fi+v-Vof =V,V-V,f = 0, z,veR t>0,
self-consistently coupled with the Poisson equation for the potential V' (z,t)
(1.0.2) —AV(z,t) = / flz,v,t)dv, x€RY t>0.

R4

It describes the collisionless evolution of the phase-space density f(z,v,t) of
a species of charged particles with Coulomb interaction (cf. [BrHe, Ba] for
the derivation in the case of ”smooth” and, resp. singular particle interaction
potentials).

When including the interaction with an environment, one of the simplest
model is the Fokker-Planck equation (cf. [Ri, Sp| for applications and its
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derivation as the Brownian motion limit of a Rayleigh gas). Specifically, we
mention the Vlasov-Fokker-Planck (VFP) equation,

(1.0.3)  fi+v-Vof =V,V-V,f = Bdiv,(vf)+oA,f, z,veR: >0,

which is the classical counterpart of the model analyzed here. It describes the
time-evolution of the phase-space density f(z,v,t) under the action of the
potential V(z,t). Here, 0 > 0 and § > 0 denote, respectively, the diffusion
and friction constants.

On the quantum level, similarly to the Vlasov-Poisson equation (1.0.1)-
(1.0.2), the Hartree equation describes the self-consistent transport of
charged (spin-less) particles, e.g. ballistic electrons in a collisionless regime,
cf. [MRS]. The Hartree equation can be obtained from the N-body
Schrodinger equation in the mean field limit (cf. [Sp] for a derivation in
the case of bounded particle interactions and [ErYa] for the Coulomb case).
By using the Wigner transform (cf. [Wi]), the Hartree equation can be equiv-
alently represented in phase-space, leading to the so called Wigner-Poisson
(WP) system for the Wigner function w = w(x,v,t), which is a real-valued
quasi-distribution function in the position-velocity (z,v) space for the con-
sidered quantum system at time ¢. In three dimensions this system reads

(1.0.4) ow+v-Vow—0O[V]jw = 0, z,0veR t>0,

where the (real-valued) self-consistent Coulomb potential V' = V(z,t), de-
fined as in (1.0.2), enters in the equation through the pseudo-differential
operator ©[V], defined as

(105) (OV)@.v.t) = [Vt %Vv,t) V(o= 2900w, 1)

21
Z’ .
= = v
(2@3/2 /R3 5V(5Ua77at).7'—vanw(x,77,t)e dn
where : \
Vi t) = V(e+1,t)-v(e-31).

Fo—nw denotes the Fourier transform of w with respect to v:

1 —v-
Fooqw(t,z,n) = W/Ri” w(t,z,v)e """ dv.

Here, for simplicity of the notation, the Planck constant, particle mass and
charge are set equal to unity. The classical limit of (1.0.4) is indeed the
3D Vlasov-Poisson system (cf. [LPa, MM]). Providing a kinetic descrip-
tion of quantum mechanics the Wigner formalism has attracted considerable
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attention of solid state physicists for simulating quantum effects in ultra—
integrated devices, e.g. like resonant tunneling diodes ([KKFR]).

In addition to a self-consistent Coulomb field we shall here be interested in
quantum systems which also have a dissipative interaction with their envi-
ronment. In many (practical) applications of such open quantum systems the
interaction with a reservoir is described in a rather simple phenomenological
manner, often using diffusion operators, quantum-BGK or relaxation-type
terms [CL, DeRi, Ar96] when considered in a kinetic formalism.

Thus, in order to describe this (non-reversible) interaction of a quantum
system with its environment, e.g. the interaction of electrons with a phonon
bath, a possible modification of (1.0.4) consists in introducing a Fokker-
Planck type operator on the right hand side (cf. [CL, CEFM] for derivations
from reversible quantum systems, and [GGKS, Stro] for applications in
quantum transport):

(1.0.6) wi+v-V,w—0Vw = pdiv,(vw)+oAyw+2ydiv, (V,w)+ el w,

for z,v € R t > 0. The Cauchy problem for Wigner equations, like
(1.0.4) and (1.0.6), is augmented by the initial condition w(z,v,t = 0) =
wo(z,v), (z,v) € RS In (1.0.6), the friction parameter 3 > 0, the (classical)
diffusion parameter o > 0, and the quantum-diffusion coefficients o,y > 0
constitute the phase-space diffusion matrix of the system. In the Fokker-
Planck equation of classical mechanics (cf. [Ri, CSV]) one would have
a = v = 0. For the Wigner-Fokker-Planck (WFP) equation (1.0.6), the
so-called Lindblad condition (cf. [Li])

( o 7+iﬂ> > 0
Y1 o -

has to hold: it guarantees that the evolution of the system is “quantum
mechanically correct”. More precisely, it guarantees that the corresponding
von Neumann equation is in Lindblad form and that the density matrix of
the quantum system stays a positive operator under temporal evolution (see
[Di, ALMS] for details). For the mathematical analysis, however, it suffices
that (1.0.6) is parabolic or degenerate parabolic. Thus, we shall only assume
ao > ~? henceforth.

Both the Wigner (1.0.4) and the WFP (1.0.6) equations constitute valuable
models for simulations in semiconductor device theory (cf. [GGKS, MRS,
RA] and references therein), for quantum Brownian motion and quantum
optics (cf. [CL, Di, De, Va01, Va02]).

This work is concerned with the Wigner-Poisson-Fokker-Planck (WPFP) sys-
tem, i.e. the described the WFP equation (1.0.6) self-consistently coupled
with the Poisson equation for the (real-valued) potential V = V]w](x,t):

(1.0.7) ~AV = nw], z€R} t>0,
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which models the repulsive Coulomb interaction within the considered par-
ticle system (in a mean-field description), e.g. the interaction between elec-
trons. The particle density on the right hand side is formally defined by

(1.0.8) nlw|(xz,t) = /R?)w(x,v,t)dv.

How to define rigorously the Hartree-potential in a quantum kinetic frame-
work is indeed one of the crucial points in this work. This kinetic system
is the quantum mechanical analogue of the classical Vlasov-Poisson-Fokker-
Planck (VPFP) system, i.e. (1.0.3) coupled with (1.0.2). The solution of the
Poisson equation (1.0.7) is formally given by

(1.0.9) V = V(zt) = L xn(x,t).

 4rra]
The corresponding electrical field is then defined by
(1.0.10) E(z,t) = V,V(xz,1).

The work is split in two parts, consisting of two chapters, respectively. Here,
a short abstract of each of them is presented.

I: The first part is concerned with the well-posedness analysis for the non-
linear WPFP system in three dimensions. The state of the art of the math-
ematical treatment of this model, accompanied by a detailed description of
the existing results, is presented at the beginning of each chapter.

In the first chapter the uniformly elliptic WPFP system is considered, i.e.
assuming ao > 2 + f—;, ao > ~2. Existence, uniqueness and regularity
of global solutions to the Cauchy problem are established. The analysis is
carried out in a weighted L?-space, such that the particle density is properly
defined, and the linear quantum Fokker-Planck operator generates a dissi-
pative semigroup. The non-linear potential can be controlled by using the
parabolic regularization of the system.

The main technical difficulty for establishing global-in-time solutions is to
derive a-priori estimates on the electric field: Inspired by a strategy for the
classical Vlasov-Fokker-Planck equation, the dispersive effects of the free
transport operator have been exploited. As a “by-product” also a new a-
priori estimate on the field in the Wigner-Poisson equation (1.0.4) is derived.

The purely kinetic L?-analysis, presented in the second chapter, allows then
a unified treatment of the elliptic and hypoelliptic cases. The crucial novel
tool of the analysis is to exploit in the quantum framework the dispersive
effects of the free transport equation. It yields an a-priori estimate on the
electric field for all time which allows a new nonlocal-in-time definition of
the self-consistent potential and field. Thus, one can circumvent the lacking
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v-integrability of the Wigner function, which is a central problem in quantum
kinetic theory. It is to be mentioned, that this new approach could be suitable
for a broad range of quantum kinetic problems. Then, due to the (degenerate)
parabolic character of this system, the C*°~regularity of the Wigner function,
its macroscopic density, and the field are established for positive times.

II: In the second part the one-dimensional nonlinear WPFP system is consid-
ered with periodic boundary conditions in the space variable, well-posed in
a weighted L2-space with respect to velocity. The third chapter is concerned
with the analysis of a semi-discretization in time of this model through an
operator splitting method. First-order convergence and nonlinear stability
are established in the weighted L2-framework, by handling the nonlinear-
ity as perturbation of the product formula for linear semigroups. Further,
due to the parabolic regularization of the Fokker-Planck operator, a low-
order convergence is proved by increasing the velocity moments but without
smoothness assumptions for the initial data.

In the last chapter the implementation of the proposed splitting algorithm
is discussed, and a mixed finite-difference-spectral-collocation method is pre-
sented for the numerical realization. The finite difference method is applied
in the t- and in x-direction, and allows various boundary conditions to be
used. In accordance with our convergence analysis, we supplement the z-
discretization with periodic boundary conditions.

The v-direction, in which the pseudo-differential operator © acts, is dis-
cretized by spectral collocation using trigonometric functions. Spectral meth-
ods are natural candidates for the discretization of © because of its nonlocal
nature and its definition via the Fourier transforms.

Numerical examples are presented to illustrate these methods. Finally, sim-
ulations of the time-evolution of the approximated Wigner function under
the effect of a given bandgap potential, as well as under the effect of the
self-consistent Poisson potential conclude this work.



Part 1

Analysis of the WPFP
System



Chapter 2

Global-in-time analysis
of the uniformly
elliptic WPFP

Abstract

This chapter is concerned with the nonlinear uniformly elliptic
Wigner-Poisson-Fokker-Planck system. FExistence, uniqueness and
reqularity of global solutions to the Cauchy problem in 3 dimensions
are established. The analysis is carried out in a weighted L*-space,
such that the particle density is properly defined, and the linear quan-
tum Fokker-Planck operator generates a dissipative semigroup. The
non-linear potential can be controled by using the parabolic requlariza-
tion of the system.

The main technical difficulty for establishing global-in-time solutions
is to derive a-priori estimates on the electric field: Inspired by a
strateqy for the classical Vlasov-Fokker-Planck equation, we exploit
dispersive effects of the free transport operator. As a “by-product” we
also derive a new a-priori estimate on the field in the Wigner-Poisson
equation.

! The goal of this chapter is to prove the existence and uniqueness of global-
in-time solutions to the coupled uniformly elliptic Wigner-Poisson-Fokker-
Planck (WPFP) system (1.0.6)-(1.0.8) in three dimensions. Therefore, we
shall assume

2

(2.0.1) ac > 72+E and ao > 47

IThe content of this chapter is a joint work with my Ph.D. adviser A. Arnold and C.
Manzini (cf. [ADMO04])

14
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The main analytical challenge for tackling Wigner-Poisson systems is the
proper definition of nfw] in appropriate LP spaces. Due to the definition of
the operator © in Fourier space, w € L*(R3 x R3) is the natural set-up.
Without further assumptions, of course, this does not justify to define nfw].
We shall now summarize the existing literature of this field and the typical
strategies to overcome the above problem:

a) The standard approach for the Wigner-Poisson equation is to reformulate
it as a Schrodinger-Poisson system, where the particle density then appears
in L' (cf. [BM, Ca97] for the 3D-whole space case).

b) In one spatial dimension with periodic boundary conditions in x the
Wigner-Poisson system (and WPFP) can be dealt with directly on the ki-
netic level. For w in a weighted L?-space, the nonlinear term ©[V]w is then
bounded and locally Lipschitz [AR96, ACD]. The same strategy was also
used in [Ma] for the Wigner-Poisson system on a bounded (spatial) domain
in three dimensions (local-in-time solution).

c¢) By adapting L'-techniques from the classical Vlasov-Fokker-Planck equa-
tion, the 3D Wigner-Poisson-Fokker-Planck system was analyzed in [ALMS]
(local-in-time solution for the friction-free problem) and [CLN] (global-in-
time solution). The latter paper, however, is not a purely kinetic analysis
as it requires to assume the positivity of the underlying density matrix. In
both cases the dissipative structure of the system allows to control nfw].

d) In [Ar95, AS] the 3D Wigner-Poisson and WPFP systems were reformu-
lated as von-Neumann equations for the quantum mechanical density matriz.
This implies n € L'(R?). While this approach is the most natural, both
physically and in its mathematical structure, it is restricted to whole space
cases. Extensions to initial-boundary value problems (as needed for practical
applications and numerical analysis) seem unfeasible.

e) For the classical Vlasov-Poisson-Fokker-Planck equation there ex-
ists a vast body of mathematical literatur from the 1990’s (cf.
[Bo93, Bo95, CSV, Ca, Ca98|), and many of those tools will be

closely related to the present work.

In spite of the various existing well-posedness results for the WPFP problem,
there is a need for a purely kinetic analysis, and this is our goal here. Such an
approach could possibly allow for an extension to boundary-value problems
in the Wigner framework (where the positivity of the related density matrix
is a touchy question).

Mathematically we shall develop the following new tools and estimates that
could be important also for other quantum kinetic applications: In all of the
existing literature on Wigner-Poisson problems (except [Ste|) the potential
V is bounded, which makes it easy to estimate the operator O[V] in L2 Our



Chapter 2. Global-in-time analysis of the uniformly elliptic WPFP 16

framework for the local in time analysis does not yield a bounded poten-
tial. However, the operator © only involves 0V, a potential difference, which
has better decay properties at infinity. This observation gives rise to new
estimates that are crucial for our local-in-time analysis.

In order to establish global-in-time solutions we shall extend dispersive
tools of Lions, Perthame and Castella (cf. [LP, Pe, CP] for applications
to classical kinetic equation) to the WP and WPFP systems. The fact that
the Wigner function w also takes negative values gives rise to an important
difference between classical and quantum kinetic problems: In the latter
case, the conservation of mass and energy or pseudo-conformal laws do not
provide useful a-priori estimates on w. We shall hence assume that the
initial state lies in a weighted L2-space, but we shall not require that our
system has finite mass or finite kinetic energy. Since the energy balance will
not be used, this also implies that the sign of the interaction potential does
not play a role in our analysis.

This chapter is organized as follows: In Section 2.1 we introduce a weighted
L*-space for the Wigner function w that allows to define n[w] and the non-
linear term O[V]w. In Section 2.2 we obtain a local-in-time, mild solution for
WPFP using a fixed point argument and the parabolic regularization of the
Fokker-Planck term. In Section 2.3 we establish a-priori estimates to obtain
global-in-time solutions. The key point is to derive first LP-bounds for the
electric field VV by exploiting dispersive effects of the free kinetic transport.
“Bootstraping” then yields estimates on the Wigner function in a weighted
L?-space. Finally, we give regularity results on the solution. The technical
proofs of several lemmata are defered to the Appendix of this chapter.

2.1 The functional setting

In this section we shall discuss the functional analytic preliminaries for study-
ing the non-linear problem (1.0.6)-(1.0.8). First we shall introduce an appro-
priate “state space” for the Wigner function w which allows to “control” the
particle density n|w] and the selfconsistent potential V]w]. Next, we shall
discuss the linear Wigner-Fokker-Planck equation and the dissipativity of its
(evolution) generator A.

2.1.1 State space and selfconsistent potential
Let us introduce the following weighted (real valued) L?-space

(2.1.1) X = L*R% 1+ |[v]*)?dxdv),
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endowed with the scalar product

(2.1.2) <u,w>x = //uw(l—i—\’u]z)dedv.
Rr3 JR3

The following proposition motivates the choice of X as the state space for
our analysis.

2.1 Proposition. For all w € X, the function n[w], defined by
nfw(x) := /w(x,'v) dv, r € R

belongs to L*(R?) and satisfies
(2.1.3) [nfw]ll2@s) < Cllwlx,
with a constant C' independent of w.

Here and in the sequel C shall denote generic, but not necessarily equal,
constants.
ProoF. By using Hoélder inequality in the v-integral, we get

Il < [( flwte.opar o) ([oimg) d

= Cluwlk-

O

2.2 Remark. The choice of the |v|? weight was already seen to be convenient
to control the L?%-norm of the density on a bounded domain of R3 (cf. [Ma]).
The subsequent analysis would hold also by including a symmetric weight in
the z-variable (i.e. for w € L*(RS; (1+|z|*+|v|*)? dx dv) ), which would yield
a LP-bound with p € (3/2,2] for the density. On the other hand, Lemmata
2.8, 2.10 would prevent us from introducing a non-symmetric weight in z.

In this framework the following estimates for the self-consistent potential
hold.

2.3 Proposition. For all w € X, the (Newton potential) solution V =V |w]
of the equation —A,V[w] = n[w], z € R3, satisfies

(2.1.4) IVV oy < Cllnfw]llzems).

PROOF. Since V = ——— % n, we have VV = M—xp x n, and the estimate

T dnx|
follows from the generalized Young inequality. 0
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2.4 Remark. Note that n € L*(R?) does not yield (via the generalized
Young inequality) a control of V' in any L"—space (even n € LP(R3) with
p € (3/2,2] would not “help”). However, the operator O[V] involves only the
function 0V, which is slightly “better behaved”. We anticipate that we will
later recover some information on the potential V' via new a-priori estimates
on the electric field VV[w] (see Corollary 2.33).

Omitting the time-dependence we have

V(em) = Viet+3)-Vie—1)

1 [l =3 - —nw)@+3 -
ir ) €

= & [ femalele -y

with the “dipole-kernel” f(y;n) := <‘y77| 1 ) )

ly+3|

2.5 Proposition. For all w € X and fized n € R, we have §V[w](.,n) €
LY(R2), 6 < ¢ < co. Moreover

(2.1.5) IVIwl ) lm@y < CllInfulll ).

PROOF. By using the triangle inequality,

|n|
flyin)| < ————rr,
ly — 3|y + 2|

and the transformation y = |n|z, we estimate for 3/2 < p < 3

dx
LG gy = [ / L < o
Lr(R3) J (|$—§||$—|—§‘)p

where e € R? is some unit vector (due to the rotational symme-
try of ||f(;;n)|" Ir(rsy With respect to 7). Young inequality then gives
SV (.,m) € LY(R?), 6 < g < oo, and the assertion holds. O

In most of the literature the Wigner operator © is defined on L?(R%) for
bounded potentials V, cf. [MR, MB, ACD]. For our nonlinear problem
(1.0.6)-(1.0.8), however, V € L>*(R?) does not hold. As a compensation we
shall hence exploit the additional regularity of the Wigner function to define
the quadratic term O[V[w]Jw (cf. Prop. 2.8 in [Ma] for a similar strategy).



Chapter 2. Global-in-time analysis of the uniformly elliptic WPFP 19

2.6 Proposition. Let u € X and V,u € X be given. Then, the linear
operator

z+— O[V[Z]u,

with the function V|z] = —#x' xn(z], is bounded from the space X into itself
and satisfies
(2.1.6) 1OV EEullx < C{flullx + IVoulx}2lx,  VzeX.

PROOF. To estimate ||©[V[z]]u||x we shall consider separately the two terms
of the equivalent norm

3
(2.1.7) % = lull3 + Y llofuls.
i=1
First, by denoting @ := F,_,u, we get

218  [OViul = //\5 Yo, ) Pde di

1 EDC it ) P o

A 2
Cll=|% / (Inl"2li(z, ) di da
Ol (lul3 + 1 9ull?)

IN

IN

IN

by applying first the Plancherel Theorem, then Holder’s inequality in the
x variable, the estimates (2.1.3), (2.1.5) for the function §V[z], and finally,
Young inequality and the Plancherel Theorem to the last integral.

For the second term of ||©[V[z]]u|| ¢ we shall use

(2.1.9)

v?O[V]w(x,v) = i@[@?‘/]w(x, v) + Q[O;V](viw)(z,v) + O[V]v?w(z, v),

with the pseudo-differential operator
(2.1.10) QV] = i(6,V) (x —)

G V)@m) = V(e+])+ (x__)

Here and in the sequel we use the abreviation 0; := 9,,. (2.1.9) is now

estimated:
(2.1.11)

1 N X X
POV Iulls < 18V all + 11643V [)yitll> + 10V (2105 @ll-
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The first two terms of (2.1.11) can be estimated as follows:

167V D)l rewe) < 2007V [2]ll 2wy 0l o))
< Cllzllx i+ [vl*)ull 2o,

by applying Holder’s inequality, (2.1.3) and the Sobolev imbedding u(zx,.) €
H?(R3) — L>(R3).
(2.1.12)  [|65(9:V [2]) 0y, ]| L2 (re) Cl10:V (2]l s | O ol 22 (3 e )

<
< Cllzllxll@+vf)ull,

by the Sobolev imbedding and V,i(z,.) € H'(R}) — L*(R}), and by esti-
mate (2.1.4) for VV[z] and (2.1.3). For the last term of (2.1.11) we estimate
as in (2.1.8):

ISVIa2 a2 < //nav WIPIE2 i, ) 2 da
N 2
Oll=I% / / (In["202 (e, ) dy e

Clizlx (I9g,all3 + Ind.all3)
Clizl% (I95,allz + 1105, (ma)llz + 10,,al3)
Clilx (I +vi)ull3 + [l Voull3) |

IN

VAN VAN VAN

by interpolation and integration by parts.
This concludes the proof of estimate (2.1.6). 0

2.7 Remark. The previous proposition shows that the bilinear map
(z,u) — O[V[z]Ju

is well-defined for all z,u € X, subject to V,u € X. The unusual feature of
the above proposition is the boundedness of this map with respect to the func-
tion z appearing in the self-consistent potential V[z]. This is in contrast to
most of the existing literature (JACD, MB, MR]), where the boundedness
of the pseudo-differential operator O[V[z]] (with z fixed) is used. However,
this can only hold for bounded potentials V.

2.1.2 Dissipativity of the linear equation

In our subsequent analysis we shall first consider the linear Wigner-Fokker-
Planck equation, i.e. equation (1.0.6) with V' = 0. The generator of this
evolution problem is the unbounded linear operator A : D(A) — X,

(2.1.13) Au = —v-V,u+ fdiv,(vu) + ocA,u + 2vdiv,(V,u) + aA,u,
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defined on
(2.1.14) D(A) = {ue X |v-Vuu,v-Vyu, Ayu,div,V,u, Ayu € X}

Clearly, C5°(R°) € D(A). Hence, D(A) is dense in X. Next we study whether
the operator A is dissipative on the (real) Hilbert space X, i.e. if

(2.1.15) <Au,u>3 < 0, Yue D(A)
holds.

2.8 Lemma. Let the coefficients of the operator A satisfy ac > 2. Then
A — kI with

3
(2.1.16) K = §ﬁ+90
is dissipative in X .
The proof is lengthy but straigthforward and deferred to the Appendix.

By Theorem 1.4.5b of [Pa] its closure, A — kI = A — kI is also dissipative.
A straightforward calculation using integrations by parts yields

<Au,w >3 = <u,Ajw >z + <u,Ajw >3, Vu,we D(A),
with

Ajlw = v-V,w— fv-Vyw+ oA,w + 2vdiv, (V,w) + aAw,

3

4 8
<u,Aw>g = Z(—gﬁ/vfwunga//vf’wviu

=1

—o [fviwu+ = VYW, U | .
3 (2 37 K] K3

Hence, A*[p(a) — the restriction of the adjoint of the operator A to D(A) —is
given by A* = Aj+ Aj;. A* is densly defined on D(A*) O D(A), and hence A
is a closable operator (cf. Theorem VIIL.1.b of [RS1]). Its closure A satisfies
(A)* = A* (cf. [RS1], Theorem VIIL.1.c).

Since < A*u,u > = < Au,u > the following lemma on the dissipativity of

the operator A* restricted to D(A) holds.

2.9 Lemma. Let the coefficients of the operator A satisfy aoc > 2. Then
A*|pay =kl is dissipative (with x as in (2.1.16)).
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Next we consider the dissipativity of this operator on its proper domain
D(A*), which, however, is not known explicitly. To this end we shall use the
following technical lemma, which, for a matter of generality, is stated in the
space with the symmetric z, v-weight. The proof is defered to the appendix:
the arguments are inspired by [ACD], [AS], but there are also similar results
for FP-type operators in [HelN, HerN], e.g.

2.10 Lemma. Let P = p(x,v,V,,V,) where p is a quadratic polynomial
and

D(P) = CPRYcZ = L*R% 1+ |z* + |[v]*)?dxdv).
Then P is the mazimum extension of P in the sense that
D(P) = {u€ Z| the distribution Pu € Z} .

We now apply Lemma 2.10 to P = A* — kI, which is dissipative on D(P) C
D(A). Since A* is closed, we have D(A*) = D(P) = {u € X | A*u € X} and
A* — kI is dissipative on all of D(A*).

Applying Corollary 1.4.4 of [Pa] to A — kI (with (A)* = A*), then implies
that A — kI generates a C semigroup of contractions on X, and the C
semigroup generated by A satisfies

letully < ellullg, uwe X, t=0.
Since ||.||x and ||.|| ¢ are equivalent norms in X with
lullx < llullx < 4fullx,

we have

(2.1.17) leully < 4e|ullx, uwe X, t>0.

2.2 Existence of the local-in-time solution

In this section we shall use a contractive fixed point map to establish a local
solution of the WPFP system. To this end the parabolic regularization of
the linear WFP equation will be crucial to define the self-consistent potential
term.

2.2.1 The linear equation

First let us consider the linear equation

(2.2.1) wy = Aw(t), t>0, w(t=0) = wye X.
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By the discussion in Subsection 2.1.2, its unique solution w(t) = et sat-
isfies

(2.2.2) lw®)lx < de*wollx, ¥t > 0.

Actually, the solution of the equation can be expressed as
(2.2.3) w(z,v,t) = //G(t, T — 19, v, Vo) Wo(To, Vo) dxo dvg, ¥ (1,v) € R,

where the Green’s function G satisfies (in a weak sense) the equation (2.2.1)
and the initial condition

lir% G(t,x — xg,v,19) = 6(x — 29,v —1vg), V(z0,v0) € RE.

for any fixed (z9,v9) € R® (cf. Def. 2.1 and Prop. 3.1 in [SCDM)]).
The Green’s function reads

(2.24) Gtz —x0,v,v0) = €L, X_y(z,v) — xo, X_(x,v) — 1p),

with

1
(2m)3 (AN (t) — p2())*2
u<t>r:c\2+A<>rv\2+u<>< v)
p{ IO (t) — 12(2) }

The characteristic flow ®,(z,v) = (X(z,v), X;(x,v)) of the first order part
of (2.2.1), is given for 3 > 0 by

(2.2.5)  g(t,z,v) =

Xi(x,v) =z 40 <1_%_m) , Xi(z,v) = ve P,
and for § =0 by
X(z,0)=x+vt,  X,(z,0) =0
The functions A(t), v(t), u(t) in (2.2.5) are given for § > 0 by
At) = at+o <762m,22§m+3 + ﬁ—12 t) +y <%t — %(eﬂt — 1)) ,

Bt _
v(t) = o 5t

_ePt 2 —eht
u(t) = a<17) 1y 202,
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In case # = 0 they respectively read
3

t

The asymptotic behaviour of these functions A(t), v(t), p(t) for small ¢ (for
B > 0) is described by

At) ~ at, v(t) ~ ot, pu(t) ~ —2~t.

With these preliminaries, the following parabolic reguralization result can be
deduced.

2.11 Proposition. For each parameter set {c, 3,7, 0}, there ezist two con-
stants B = B(«, 3,7,0) and Ty = To(«, 5,7, 0), such that the solution of the
linear equation (2.2.1) satisfies

Bt*1/2e“t||w0||x, VO <t S TQ,
Bt Y2em [w||x, VO <t < Ty,

(2.2.6) IVow(t)||x

<
(2.2.7) IVew(®)]x <

for all wy € X.

The proof is similar to [Ca] and it will be defered to the Appendix.

2.12 Remark. (a) Observe that the functions V,w, V,w € C((0,00); X).
The local boundedness of V,w, V,w on any interval (7,7 + Tg| follows from
(2.2.2) and Prop. 2.11.

(b) Note that the strategy of the next section will not work in the degenerated
parabolic case ao — v? = 0, since the decay rates of Prop. 2.11 would then
be t=3/2, which is not integrable at ¢ = 0. This and the hypoelliptic case
(0 >0, a =7 =0), with a respective singularity of O(t™3) at t = 0, are the
motivation for the analysis of the next chapter.

2.2.2 The non-linear equation: local solution

Our aim is to solve the following non-linear initial value problem

(2.2.8) wi(t) = Aw(t) +OVw®)w(), Vt>0,
w(t:()) = wy € X,

where the pseudo-differential operator © is formally defined by (1.0.5) and the
potential V]w(t)] is the (Newton potential) solution of the Poisson equation

A V(t,x) = nw)(z) = /RS w(t, z,v) dv, r € R?,
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for all ¢ > 0. Actually, if we assume w(t) € X for all ¢ > 0, then the function
n[w(t)] is well-defined for all ¢ > 0 (cf. Prop. 2.1), and the solution V{w(¢)]
satisfies the estimates of Propositions 2.3, 2.5 for all £ > 0.

The Propositions 2.6 and 2.11 motivate the definition of the Banach space

Yy = {zEC([O,T];X)|V,,z€C((0,T];X)

with [|V,2(8)]|x < C+Y2 fort e (o,T)},

endowed with the norm

Izllve = sup [[2()x + sup [[£72V,2(8)]|x,
te[0,T] te[0,T]

for every fixed 0 < T' < co. We shall obtain the (local-in-time) well-posedness
result for the problem (2.2.8) by introducing a non-linear iteration in the
space Yr, with an appropriate (small enough) 7.

For a given w € Y7 we shall now consider the linear Cauchy problem for the
function z,

(2.2.9) z = Az(t) +O[V[z(t)]w(t), Vte (0,T)],
Z(t:O) = wp € X.

with 0 < T < Ty and Ty is defined in Prop. 2.11. According to Prop. 2.6
the (time-dependent) operator ©[V[.]Jw(t) is, for each fixed t € (0,Tp], a
well-defined, linear and bounded map on X, which we shall consider as a
perturbation of the operator A.

2.13 Lemma. For all wy € X and w € Yy, with T < Ty, the initial value
problem

2z = Az(t) + O[V[z(t))Jw(t), Vte (0,1, z2(t=0) = wo,

has a unique mild solution z € C([0,T]; X), which satisfies

(2.2.10) 2(t) = etAwO—F/te(tS)Z@[V[z(s)]]w(s) ds, Vtel0,T].

Moreover, the solution z belongs to the space Yr.

PRrOOF. The first assertion follows directly by applying (a trivial extension
of) Thm. 6.1.2 in [Pal]:

For any fixed w € Yr, the function g(¢,.) := O[V[.]Jw(t) is a bounded linear
operator on X for all ¢ € (0,T), and it satisfies ¢ € L'((0,7); B(X)) N
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C((0,T); B(X)) (by Prop. 2.6). Moreover, by estimates (2.1.17), (2.1.6), the
following inequalities hold

l2(t)]|x < 4e"[lwollx

t
+ 4/0 IO Jw(s)|x + [Vow(s)|lx}H2(s) ]| x ds
t
< de™|wollx + 406“T||w||YT/ (14 s~ 2)[2(s)llx ds,
0
for all t € [0, T]. Then, by Gronwall’s Lemma,

(2.2.11) lz0]x < 46”T||wollx[1+4C||w||YT(t+2tl/2)

)

'e(nT+4Ce“T||w||yT(T+2T1/2)):|

for all ¢ € [0,7T]. By differentiating equation (2.2.10) in the v-direction, we
obtain

_ t _
(2.2.12)  V,z2(t) = VvetAwo—i—/Vve(t_S)Ag(s,z(s))ds, Vte (0,T].
0

Using the estimates (2.2.6), (2.1.6), and (2.2.11) then yields
(2.2.13) |[Voz(t)|lx < Bt2e™||wol x
t
+ BHWHYT/ (t =) 2 IO+ 5712 ||2(s) || x ds
0

< Bt Y26 |wy|x + 4BCT |wol|x | wllys [7? R

+ AC ]|y LT HC el (T4277) (4#/2 + ot %ﬁ”)] :

for all t € (0,7T]. The continuity in time of V,z can be derived from (2.2.12)
by using Remark 2.12 and the fact that g(t, z(t)) € C((0,T]; X). Hence, the
function z belongs to the space Yr. 0

We now define the (affine) linear map M on Yr (for any fixed 0 < T < Tp):
w— Mw = z,

where z is the unique mild solution of the initial value problem (2.2.9). Ac-
cording to Lemma 2.13, z € Yp. Next we shall show that M is a strict
contraction on a closed subset of Y7, for T sufficiently small. This will yield
the local-in-time solution of the non-linear equation (2.2.8).
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2.14 Proposition. For any fized wy € X, let R > max{4, B}e"||wo| x,
with the constant B defined in Prop. 2.11. Then there exists a T :=
7(||wollx, B) > 0 such that the map M,

(2.2.14) (Mw)(t) = Awy+ / te(t’s)z@[V[Mw(s)]]w(s) ds, Vtelo,7],

s a strict contraction from the ball of radius R of Y, into itself.

PROOF. By (the proof of) Lemma 2.13, the function 2 = Mw € Y, satisfies
(2.2.11). Under the assumption ||w||y, < R, this estimate reads

||Mw(t)||X S 4eI€T||wO||X |:1 + 4CR€(I€T+4CRQNT(T+271/2)) (t + 2t1/2)i| 7
for all t € [0, 7]. If we assume

(2215) 4€HTHwOHX [1 +4CR6(HT+4CR(3HT(7—+271/2)) (’7' + 27_1/2>:| S

w| =

then ||[Mw(t)||x < %. Similar to (2.2.13) we have
IVoMw(®)|lx < Bt~Y2e"|lwo|x + 4BC R |wo| x [w 4 o1/

+ 4C RelrHORE T (r4271/2)) (4751/ 24 gwt + %tg/ 2” '

If we assume

(2.2.16) Be™ ||w||x + 4BC R |Jwo| x [mm 4o+

Y

+ 40 Re(rmHACRT (2712 (47' + §7TT3/2 + éTz)] <

b
2 3 3

then

AT Mu(Dllx < o

, Vtelo,T].

Let us now choose

(2.2.17) 7 = min{l ( R/3 — 4e"||wo||x )2

4SCRH'U}0 HX62/@+120R6“

2
R/3 - Be”‘||w0||X
4BC Re*||wol| x [m + 2 + 4C Rewt12CRe™) (370 4 10)]
which is positive since max{4, B}e"||wg||x < R. Then, the estimates (2.2.15)
and (2.2.16) hold, and hence the operator M maps the ball of radius R of Y,
into itself.
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To prove contractivity we shall estimate | Mu— Mwl||y, for all u,w € Y, with
llully,, [Jw|ly, < R. Since

Mu(t) — Mw(t) = /o OV [(Mu — Mw)(s)]]u(s) ds
—1—/0 IOV Mw(s)]|(u — w)(s)ds, Yte]0,7],
by analogous estimates,

| Mu(t) — Mw(t)||lx < 4C’Re””{/0(1—|—s_1/2) |(Mu — Mw)(s)||x ds

+ ||lu — w||yT/t(1 + 5712 ds} ,
0
and, by applying Gronwall’s Lemma,
[ Mu(t) — Mw(t)||x < 4CRe™™ [t+2tY2+
+ AC RelrrHiCReT (2t (Qt oy %fﬂ e el
follows. By using 0 <t < 7 < 1, we obtain

(2.2.18)
[ Mu(t) — Mw(t)||x < 4CRe" [3 + 18CRe"T12CRN] 71/2|1y — |y, .

Similarly,

|VoMu(t) — V,Mw(t)||x <

< C’BRekT{/O (t —s) Y21 4+ s7V2) | (Mu — Mw)(s)||x ds

¢
—|—/ (t— s)_1/2(1 + 3_1/2) ds||u — w||y7} ,
0

and, by using estimate (2.2.18),

IVoMu(t) — VoMw®t)||x < CBRe™ (7 +2tY2) |lu—wlly,
.[1+4CRe" (3 + 18C Re("+12CRe")) 71/2]

for all t € [0, 7], follows. Then, by exploiting 0 < 7 < 1,

(2.2.19)
tl/QHVvMu(t) —V,.Muw(t)]|x < CBRe*(m+ 2)7'1/2Hu —wl|y.
|1+ 4CRe" (3+18CRel+1207)) |
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When choosing 7 > 0 small enough, estimates (2.2.18), (2.2.19) imply

| Mu — Mw||c([o,T];X) < Cllu— wHC([O,T];X)’

for some C' < 1, and the assertion is proved. 0

2.15 Corollary. There exists a tyax < 00 such that the initial value problem
(2.2.8) has a unique mild solution w in Yr, VT < tyax, which satisfies

(2.2.20) w(t) = etAwO+/te(t_S)A@[V[w(s)]]w(s) ds, Vte|0,T].

Moreover, if t.e < 00, then

li = .
Jdim (] = oo

PRrROOF. The solution of the problem is the fixed point of the map M pre-
viously introduced. By Prop. 2.14 this solution exists for a time interval of
length 7 (depending only on ||wy||x) and it belongs to the space Y. Since,
in particular, w(7) € X, the solution can be repeatedly continued up to the
maximal time ¢,y It will then belong to Y, VI < t ..

If the second assertion of the corollary would not hold, there would be a se-
quence of times ¢, T tynax such that ||w(t,)||x < C for all n. Then, by solving
a problem with the initial value w(t,), with ¢, sufficiently close to tyax, We
would extend the solution up to a certain time ¢,, + 7(||w(t,)|| x) > tmax. This
construction would contradict our definition of ..

The uniqueness of the mild solution follows by arguments analogous to those
in the proof of Thm. 6.1.4 in [Pa]. 0

2.16 Remark. Note that the last statement in the thesis of the Corollary
2.15 differs from the standard setting (cf. Thm. 6.1.4 in [Pa]). For t,.,x < o0
we conclude the ‘explosion’ of w(t), t — tue, in X and not only in Y;. This
is due to the parabolic regularization of the problem (2.2.8).

2.3 Global-in-time solution, a-priori esti-
mates

In this section we shall exploit dispersive effects of the free transport equation
to derive an a-priori estimate on the electric field. This is the key ingredient
for proving the main result of the chapter, the global solution for the WPFP
system:
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2.17 Theorem. Let wy € X satisfy for some w € [0,1) and T > 0

(A) H / wolz — I(t)v, v) dv

< O, Vte (0,T],

LS/5(R3)

with 9(t) = 17667[“ for 3 > 0, and 9(t) =t for 8 = 0. Then the WPFP
equation (2.2.8) admits a unique global-in-time mild solution w € Yy, V0 <

T < o0.

In order to prove that t,,., = oo, we have to show that ||w(t)|| x is finite for all
t >0 (cf. Corollary 2.15). To this end, we shall derive a-priori estimates for
lw(t)||2 and |||v|*w(¢)||2. Thus, the proof of Thm. 2.17 will be a consequence
of a series of Lemmata, in particular of Lemma 2.18 and Lemma 2.35. In the
sequel, w(t) denotes the unique mild solution for 0 < ¢ < T, for an arbitrary
0<T < tpax-

2.18 Lemma. For all wyg € X, the mild solution of the WPFP equation
(2.2.8) satisfies

(2.3.1) @)l < e flwoll3,  Vte[0,T].

Proor. Roughly speaking, this follows from the dissipativity of the oper-
ator A — 2 in L*(RY) (cf. (2.4.2)) and the skew-symmetry of the pseudo-
differential operator. However, since we are dealing only with the mild solu-
tion of the equation, the proof requires an approximation of w by classical
solutions.

Since the solution satisfies w € Yy, VT < tnax, Prop. 2.6 shows that the
function f(t) := O[V[w(t)]Jw(t), t € (0,tmax) is well defined and it is in
C((0, tmax); X) N LY(0,T); X), VO < T < tiax.

For 0 < T < tya fixed, let us consider the following linear inhomogeneous
problem:

(2.3.2) %y(t) = Ay(t)+ f(t), te[0.T], ylt=0) = wo€ X.

Its mild solution in [0,77] is the function w, due to the uniqueness of the
mild solution of problem (2.2.8). For this linear problem, we can apply Thm.
4.2.7 of [Pa]: The mild solution w is the uniform limit (on [0, T]) of classical
solutions of problem (2.3.2). More precisely, there is a sequence {w{ },en C
D(A), wd — wp in X, and a sequence {f,(t)} € CY([0,T]; X), f.(t) — f(t)
in L'((0,7); X). And the classical solutions y, € C!([0,T]; X) of the corre-
sponding problems

(233)  Sun() = A0+ S0, 10T plt=0) = uf,
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converge in C([0,T]; X) to the solution w of problem (2.3.2).

We shall need these approximating classical solutions y,, in order to justify
the derivation of the a-priori estimate: Multiplying both sides of (2.3.3) by
yn(t) and integrating yields

sl @B < DI+ [ [n05u0 dodo

since the operator A— 27 is dissipative in L2(RS) (cf. (2.4.2)). By integrating
in ¢ and letting n — oo we have

|lw(t)||3 < ||w0||2—|—3ﬁ/||w ||2ds—|—2/// s)dxdvds, Yte[0,T].

The second integral is equal to zero since the pseudo-differential operator ©
is skew-symmetric. Hence, applying Gronwall’s Lemma yields

(2.3.4) lo@®l; < e flwoll3, Vtel[0,T].

O

In order to recover similar estimates for |||v]|?w(t)||s, we first need a-priori
bounds for the self-consistent field £ = VV. To this end, we are going to
exploit dispersive effects of the free streaming operator. We shall adapt to the
Wigner-Poisson and Wigner-Poisson-Fokker-Planck problems the strategies
introduced for the (classical) Vlasov-Poisson problem ([LP, Pe]), and for the
Vlasov-Poisson-Fokker-Planck problem ([Bo93, Bo95, Ca98]).

2.3.1 A-priori estimates for the electric field: the
Wigner-Poisson case

To explain the strategy, we first consider the (simpler) WP problem: Let
us assume that w* is a “regular” solution of the WP problem (e.g., let
w*?(t) € L2(H}), V. V][w](t) € C(R?), uniformly on bounded t-intervals)
for which the Duhamel formula holds:

¢
w(z,v,t) = wy®(x —tv,v) + / (@[V[ww"]]ww") (x — sv,v,t — s)ds.
0
We formally integrate in v:

nfw*](z,t) = /wo (x — tv,v) dv

//Rs )(iv—sv,v,t—s)dvds

=: x,t) +ni*(z,t),
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and split the self-consistent field accordingly:

(2.3.5) B (z,t) = )\% sy N3P (0, 1)
xr

= )\% *z/w{}p(x—tv,’u) dv,
x

(2.3.6) Ef*(z,t) := /\# *5 /Ot/ (@[V[wwp]]wwp> (x — sv,v,t —s)dvds,

with A = ﬁ.

Then, we can estimate separately the two terms Ej*(t), Ej”(t) by exploting

the properties of the convolution kernel 1/|z| (cf. [LP, Pe] for VP,

[Bo93, Bo95, Ca98| for VPFP, [ALMS] for WPFP). To this end, we
need an appropriate redefinition of the pseudo-differential operator O[V] in

(1.0.5). It is inspired by the operator V,V-V,w in the VP equation that
can be recovered from ©[V]w in the semiclassical limit (cf. Remark 2.21).

Let us recall that

OViw(z,v) = F! (z 5V(x,77)fvﬂnw(x,77)).

n—v

We can rewrite

x+n/2 1/2

(2.3.7) oV (x,m) = /va(Z’)'dz = /n-VxV(x—m) dr = n-W(z,n),

x—n/2 —1/2

with the vector-valued function
1/2
W(x,n) = /VmV(:v—m) dr, Y(x,n) e RS,

—-1/2

Then, we define the vector-valued operator

(2.3.8) LV, Viu(z,v) = F1, <W(£L‘, n)Fp—nu(z, n)) :

It holds:

2.19 Lemma. Let V,V € C5(R?). Then

1. W(z,n) € CaR%), [Wle < VoVl
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2. T[V,V]: L*(R®) — L*(R%) and, for all u € L*(R®),

ITIV.VIulle@ey < VeV |oollull L2s);

9. TIV,V]: L2(HY) — L2(H}) and, for all u € L2(H}),

(2

(2.3.9) PV VIl < (IVaVlloollull 2 cay)-
PRrOOF. The first and the second assertion are obvious. For (2.3.9) we use

(2.3.10) 0, TV, V]u(z,v) = iF, " (an(x,n)vanu(x,n»

n—v

= [[V,V]d,u;  j=1,2,3.

2.20 Lemma. Let V,V € C5(R?) and v € L2(H}). Then

(2

(2.3.11) OVu(z,v) = div, (I'[V.V]u) (z,v)
PROOF. By the definition (2.3.7) and Lemma 2.19,

1SV mMllee < WMo < [ IVaV oo

Thus, [|O[V]ullr2me)y < ||VaV||so|lw]|2(m1y; the right hand side of equation
(2.3.11) is also well-defined in L?*(R®) by estimate (2.3.9). Equality then
follows by equation (2.3.7) and

iF L, <n W (x,n)Fponu(z, 77)) = Z 0y, L[V V]u(z,v)

j=1

= div, (T[V.V]u) (z,v).

O

2.21 Remark (The semiclassical limit). The correctly scaled version of

the pseudo-diffe-rential operator with the reduced Planck constant h = -

2
reads

O [V]w(z,v) =

: h h
: / (:L‘ : : 77) (x 2 n) fv—»nU)(xa 77)6“).77 d77
R3

(2n)72 h

Under the assumptions of Lemma 2.20, we thus have

Fo@pVIue,0)) = 58V (e, W) Fole, )

= iW(z,hn) - nFoyw(z,n).
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The limit & — 0 then yields:
iW(z,hn) - nFoopyw(z,n) — iV, V(x) -nFo_yw(z,n)
= fnﬂv (V V(z) - Vyw(z, U));
and hence
04 Viw(z,v) — V,V(z)-Vow(z,v) in L*(R°),
which is the non-linear term in the VP equation.

Using the redefinition (2.3.11) of the pseudo-differential operator, and under
the additional assumptions w** € H}(L?), AV[w**] € Cp(R?), we have for
seR

(2.3.12) (@[V[wwp]]wwp> (x — sv,v) = div, <F[VmV[pr]]pr(x — sV, v))
+ s div, (F[VxV[pr]]pr> (x — sv,v).

Thus, the field E}™ in (2.3.6) can be rewritten as (j = 1,2, 3)
(2.3.13)

(B, (x, )—/\—*dwm// [V, V[w™] Wp)(x—svvt s) dvds

3
_ /\Z —3l'jl'k + 5jk‘x|2

|z ]?

k=1
t

g /3 /(Fk[VzV[wWPHwWP) (x — sv,v,t —s)dvds.
0

The following two lemmata are concerned with giving a meaning to the def-
inition (2.3.13) of the field E}, independently of the previous derivation.

2.22 Lemma. For all u € L*(R%) and E € L*(R®) the following estimate
holds

(2.3.14) H/Rs (T[E)u) (z — sv,v) dv

PROOF. Since the operator T'[.] was originally defined for E € Cp(R3), we
shall first derive (2.3.14) for E € C§°(R?) and conclude by a density argument.
By the definition (2.3.8) and by several changes of variables, the following

< 03_3/2||E||2||u||2, Vs >0.

L2(R3)
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chain of equalities holds:

(C[Blu)(z,v) = (2m)*? [f Lo (W (,m) 0 u] (2,v)

n—v

= /// (x —rn) e drdnu(z,v — 2)dz
~1/2
12 .
= /// B —n) e drdju(r,v—z)dz
71/2|7"‘
:// (x — 1) ’"Zdn/ u(z,v—r2)dr dz
—1/2
= // —R) e dij e / u(z,v —rz)dr dz
~1/2

1/2 o
= (2m)*? /]:nﬂgE(,%)/ u(z,v—rZ)dre®*dz.

1/2

Hence

/(F[E]u) (x —sv,0)dv =

/fn_,zE (// u(r — sv,v —rz)dre” ZS”alv)e”"’zdz
~1/2

/2
(2 /}—WZE T </1/2u(x Y g — 1) d7“> " dz

Then,

H/(F[E]u) (x — sv,v)dv

E 1/2
| H23 )/ Foosz (u(x — v, Zo ?“2)) dr
—-1/2 S LQ(REXRQ)

E 1/2 2 2
< | Ell / H]-"U_,g(u(ac—v,g —r%))) dr|,
(2ms)3 \ J_1)9 s L2(R3 xR3)

by applying Holder’s inequality first in the Z integral and then in the r
integral. Finally, it remains to prove that

1/2
..

MIW

<

L2(R3)

IN

2

dr = s*[lu(z,v)||7> s cps)-

Foo <u(x — 0, g — rz))

L2(R3 xR)
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This is obtained by using repeatedly Plancherel’s equality:

Foss <u(x — v, v rz)) i

1/2
/ dr =
-1/2 s z,z

L2
1/2 A v 9
- / Fooe [}"v_)z <6_“’§u(x, - — rz))] dr
—1/2 S €

1.2
,Z

i 2
F : (S3€7zs(£+z)r2_7rvﬂs(£+z)u(x, U))

1/2
:/ T— ) dr =
~1/2 Le

2

1/2
— 86/ fz—f (fv_,s(f_;'_z)u(l',v)) dT’
—-1/2 3

12
,Z

= sulz, )z,

O

2.23 Remark. Observe that the exponent of the variable s recovered in
the Lemma is the same as obtained for the VP case (cf. [Pe, e.g.) in
the L*-estimate of [, Fu(z — sv,v)dv. In the classical case, analogous LP-

estimates hold in addition. In the quantum counterpart, instead, the L2-
framework is the only possible, since the estimate had to be derived in Fourier
space. Moreover, to derive a more refined version of this basic estimate (cf.
[LP, Bo93]), the non-negativity of the classical distribution is a crucial
ingredient. And this non-negativity does not hold for Wigner functions.

The following lemma is an immediate consequence of Lemma 2.22. We shall
need the notation

Viw :={E € C((0,T); L2(R?) | | Ellv;., < oo}
with
| Elvy,, == sup t°[|E@)] L2
0<t<T

2.24 Lemma. For any fivred T > 0, let w € C([0,T}; L3 ), and let wy satisfy
for some w € [0,1) :

(B) H/wo(:v—tv,v) dv

Then, there exists a unique vector-field E € VTWF% which satisfies the linear
equation for j =1,2,3:

< Crt™, Vte(0,T).

LS/5(R3)

—3x;zk + Oji| x|
|z[®

(2.3.15)  Ej(x,t) = Ai

t
*, /s/(Fk[EO + E]w) (x — sv,v,t —s)dvds,
0
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with Ey defined by (A = £):

7y

Ey(z,t) = )\# *x/wo(x—tv,’u) dv.

PROOF. (2.3.15) has the structure of a Volterra integral equation of the
second kind. Hence, we define the (affine) map M : Viw—1 = Vi1 by

3

(ME);(z,t) = A

—3x;xg + O |2)?

|z ]?

t
*x/s/<Fk[Eo+E]w>(x—sv,v,t—s)dvds.
0

Applying the generalized Young inequality to the definition of Ey yields

, Vte(0,7].

. . < -
(2316) B, < CH/wO(:c otoya

Thus, by Lemma 2.22, the second convolution factor in (2.3.15) is well-defined
and

<
L2RE)

H/RS<FI<;[E0 + E]w) (z — sv,v,t—s)dv
< CsP|(Eo+ E)(t — s)|ollw(t = s)|2, Vs €(0,1].

By classical properties of the convolution with ‘?1‘ (cf. [St]) and the Young
inequality, we get

(2.3.17)
“1
I(ME); (1) < C / = (1Bt = )l 15 = )2 ) e = )l s

for all t € (0,T]. Hence, the map M is well-defined from V., 1 into itself
and satisfies

IME@): < C(Cr+ sw s HB@)R) swp fuls)l (£ +57),

s€(0,T7] s€[0,T]

for all t € (0,T]. Since the map is affine, we have (by induction) for all
te (0,7

|M"E(t) — M E(D)], <

t
1 ~
< C sup ||lw(s / M 1E(s) — M YE(s)]|5 ds
Sup Jw(s)]]2 i mH (s) ()12

" tgsw 1 ~
< (€ s )k | € | ds sup (573 B(s) ~ B(s)]a).
( s€[0,7) ? ' 0 VI—5  se01] ?
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with

tgaw n 1 2
i ds = t"+ B (— n—2|— —w),

n—1 . n—1 3
C,., = HB(EZ—I—l—w) _ T T (§—w)

Gri-w)

where B denotes the Beta function and I' the Gamma function. Thus, the

map M" is contractive for n large enough and admits a unique fixed point
EeVp, 1. O

With E = E|"” the above lemma yields the regularity of the self-consistent
field in the WP equation: It satisfies V,V[w*?] = EY" + Ej” € Vp,_1, under
the assumptions that w"® € C([0,T]; L2 ) and wy® satisfies (B).

2.25 Proposition. For any fited T > 0, let w* € C([0,T]; L2 ) be a mild
solution of the WP equation with ||w"*(t )”2 = ||lwg?|l2, and with the initial
value wy” satisfying condition (B). Then, the self-consistent field satisfies
the following estimates for all t € (0,T] :

< OCH™,

(2.3.18) NE (@)l < CH/ "(x —vt,v)dv
LS/5(R3)

(2.3.19)
-
B < € (hopleswpacin o] fuirta = soopao] , fo7) et

Here and in the sequel, the T-dependence of the constants C' is continuous
(on T € RT).

PRrROOF. The first estimate is (2.3.16) in Lemma 2.24. To derive the second

one, we exploit eq. (2.3.17), the conservation of the L?-norm of the solution
and (2.3.18):

t
IET (@)l < C/O sTRE (= s)ll2 + 1B (= s)[l2) |w™(t = s)l|2ds

< Cllwg®|[2supge (o, {SwH/wgp(x - sv,v)deLG/5} t27
t
+Clfuile [ (¢ =9 PIE" 5 s
The thesis follows by Gronwall’s Lemma. 0

We shall now state a simple condition on wy that implies both conditions
(A), (B). For wy € Ll(L6/ ®) a Strichartz inequality for the free transport
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equation (cf. Th. 2 in [CP]) reads:

(2.3.20) H/wo(x — tv,v) dv

£8/5(R3)
and hence (A) and (B) hold.

2.26 Remark. Let us again compare the a-priori bounds (2.3.18), (2.3. 19)
with their classical counterparts. Using (2.3.20) we obtain the same ¢~ -
singularity of ||[E*P(t)||2 for the Wigner-Poisson system, as it was obtained in
[CP] for the VP equation. In the latter case, similar LP-estimates hold for p in
a non-trivial interval. One crucial reason for this difference is the conservation
of LP-norm of the solution: while the WP equation only conserves the L2-
norm, all LP-norms are constant in the VP case. A second reason is that
we cannot exploit any pseudo-conformal law for the quantum case, since the
Wigner functions are not non-negative (cf. [Pe] for the classical case).

As a by-product we obtain the following result for the self-consistent potential
V', which follows directly from the splitting V*» = V> + V|

(2.3.21) Vor(z,t) = /\Z| (E®);(2,1),

(2.3.22) ViR (x,t) = /\Z| (E}®),(z,1).

2.27 Corollary. Under the assumptions of Proposition 2.25, the self-
consistent potential V' = Vi 4+ Vi*" satisfies the following estimates for
allt € (0,7 :

(2.3.23) IVo()]le < CCpt™,

(2.3.24)

VOl < € (ol supacion { ] fairta = vy

} T) 3.
16/5 |7

2.3.2 A-priori estimates for the electric field: the
WPFP case

According to Corollary 2.15, the mild solution of the WPFP problem satisfies
for all t € [0, T O<T<tmax)

w(z,v,t) // (t,x — o, v, v9)wo (o, vo) dxg dvg
—I—///G(s,x — 20,0, 09)(O[V]w)(x0,v0,t — 8) dxo dvg ds
0
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with the Green’s function G from (2.2.4). According to [SCDM] we have
T — 9 — 19(75)7}0)

/ G(t,x — xg,v,v9)dv = R(t)_3/2/\/<
R3

R(t)
with
(2.3.25) N(z) = (2n)"*?exp (—@)
(2.3.26) I(t) = 1_;ﬁt — O(t), fort— 0
I(t) = t, if B=0,
(2.3.27) R(t) = 2at+a{4eﬁt_62;3t Hﬁt_?’}w7 [%}

= O(t), fort—0.

By exploiting the redefinition (2.3.11) of the pseudo-differential operator, we
obtain the following expression for the density n[w]

nfw|(x,t) = /w(x,v,t)dv

x — xo — V(t)vg

_ ﬁ///\% \;ﬁ )wo(:vo,vo)d:podvo
| gl ¥ (“ﬁ%))

~divy, (C[Va V]w) (2o, vo, t — s) dxo dvg ds

1 T — X
= W/ N( R(t)) wo(xg — V(t)vg, vo) dxg dug

[ o (2= m)

(T[Va V]w) (zo, v, t — s) dxg dvg ds

= no(l’, t) =+ nl(xa t)a

where

1 T 9
no(z,t) = R(t)3/2N< R(t)) s, ng (2,1),

with nd(z,t) = /wo(:v—ﬂ(t)v,v)dv,
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o by(s) x
et = /0 R(s>3/2N< R@))

s, div, /(F[VxV]w> (x —Y(s)v,v,t — s) dvds.

Correspondingly, we can split the field (with A = ﬁ):

(2.3.28) Eo(z,t) = /\# %0 1o(, 1)

1 T "
= e ( /—R(t)> =B (@:0),

with .

EY(z,t) = )\W .00 (2, 1),
and
(2.3.29) Ey(x,t) = )\# sk Ny (2, 1).

2.28 Remark. Note that the splitting of the density (and of the electric
field) is the same as in [Bo93, Bo95, Ca98]: in the WPFP case the two
components of the decomposition (ng,n;, as well as Ey, 1) are smoothed
versions (in fact, convolutions with a Gaussian) of those appearing in the
WP case (namely ng®, ny*, Ey°, E;?). Actually, the density n(x,t) (which is
convoluted with the Gaussian to give ng) already differs from ny”(z,t) in the
WP case because the shift contains the function ¢, which is due to friction
(and analogously for EY(x,t) and Ej°(z,t)).

From Lemma 2.22 we directly get
(2.3.30) H / (D[EJu) (x — 9(s)v, v,t — ) dv <
R}

< CUs)2|Et = s)|a2llut — 8|2, Vt>s>0.

L*(R3)

To derive an L*-estimate on the field we shall proceed as in the WP case
(Lemma 2.24, Proposition 2.25).

2.29 Lemma. Let w be the mild solution of the WPFP equation (2.2.8) and
let wy € X satisfy (A) for some w € [0,1). For any fixed T > 0 the electric
field then satisfies V,V € VT’W_% and the following estimates hold:

1. for2<p<6,0=222 andte (0,7

(23.31)  [E@l, < CDwolkling@®)ljss = O )

— 16/5
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2. forte (0,T]
(2332)  |B@l: < C(T,Jwolla, sup {9(5)Ing (50} )i
PRrROOF. The estimate for || Ey(t)]|,, p € [2, 6] is obtained by applying first the

generalized Young inequality and then the Young inequality to the expression
(2.3.28)

q

1@, < 0' R(j)w/v< J%) 2 (@, 1)
1

7 ( R(t))
3p

= C|nf(t)[ls, with qu—e[6/5,2]-

< C Ing (2, )l

+3

Next we interpolate nj) between L? and L5/°, use (2.1.3) and the dissipativity
of the operator —v-V, — 3 in X (cf. Lemma 2.8):

Ing®llg < Cllwo(x = 9(t)v, ) lIng ()llg75
3
< C e g% Ing ()llgs -

with 0 = % — %. Hence

1@l < C(T)llwollilIng ()]l 5/s-
We rewrite the function F(x, t)

—3x,Tk + Ojk|z)?
(2.3.33)  (Ey);( = )\Z ! o

*x t 19(8) 33' * X s)as
/0 R(s)3/2N< R@)) Sladih

with  Fy(x,t,s) = /(Fk[Eo + Ejw) (x — 9(s)v,v,t — s)dv,

For estimating it we exploit classical properties of the convolution with the
kernel |?1| and apply the Young inequality:

t 1 x
HEl(t)”? < 0/019(8) ’R(s)?,/QN( R(S)) *z F(l‘vtv 3)

0/029(8) ’R(sl)?’”N( ;(s)>

E Fi(t —
)llwo ||/ [ Eo(t — s)|l2 + [| £ ( 8)||2d8,
VI(s)

ds

2

IN

(x,t,9)||2ds

IN
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where the last inequality follows from (2.3.30) and the L*-a-priori estimate
on the solution w (cf. Lemma 2.18). By applying the estimate (2.3.31) to
[ Eo(t)]]2, we get

(2.334)  [[Ea(@)]2 < C(T)|woll2 (tES(I(I)IDT] {9016 (0] oss }

./Oﬁ(s)—%ﬁ(t—s)—WdH/O —HEl(t_ﬁ—(;)szS)’

where the function 9J(s) = O(s) as s — 0. Thus the integrals are finite.
To establish a solution of (2.3.33) we introduce the fixed point map

> —3a w0y + Il (s r
(ME);(z,t) = )\; \x—;_f’ il *x*x/o R(£)§/2N< R(s))

g /(Fk[EO + Elw) (z — Y(s)v,v,t — s) dvds.

By using 0 < @t < ¥(t), YVt € (0, 7] and (2.3.34), a simple fixed point

argument as in the proof of Lemmma 2.24 with the contractivity estimate:

~ T ! n41 W%F (§ — w)
M"E(t) — M"E(t < | Cy| == to w2 7/

. sup <8°’7%HE(S) - E(S>H2>

s€(0,T

shows that the linear equation (2.3.33) has a unique solution E; € Vw1
Hence V,V' = Ey+ Ey € Vg, 1 and Gronwall’s Lemma then yields estimate

(2.3.32). 0

2.30 Remark. For the derivation of the a-priori bound on || E||2, we did not
use any moments of w (neither in z nor v), nor pseudo-conformal laws (cf.
[B0o93, Bo95, Pe, Ca98] for the classical analogue, i.e. VPFP). In fact, the
latter are not useful in the quantum case, since the Wigner function typically
also takes negative values. Moreover, the convolution with the Gaussian did
not play a role there; the estimate (2.3.32) relies just on the dispersive effect
of the free-streaming operator. The parabolic regularization will be exploited
in the “post-processing” Proposition 2.31.

The above lemma was the first crucial step towards proving global existence
of the WPFP solution. Next we shall extend this estimates on the field E to
a range of LP-norms:
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2.31 Proposition. Let w be the mild solution of the WPFP equation (2.2.8)
and let wy € X satisfy (A) for some w € [0,1). Then, we have for any fized
T >0 and for allp € [2,6), t € (0,T):

3 _1_,
(2335) Bl < C(T,llwolla sgpﬂ{19<s>W||n3<s>||L6/s})t2p «
s€(0,

ProOOF. We shall estimate E(t) (Cf (2.3.33)) by using classical properties
of the convolution by the kernel and the following

3
= CR(s)2,V1<g<o0.

o

)

q
Namely,

AT e / 3(s) s

Lp(R)

1 T
’R(s)3/2N< R(s)) x, F(x,t,5)

RO Byt — )+ 1Bt = 9l ot — ) ds.

V(s)

<C

where we used the Young inequality with 1+ 1/p =1/q + 1/2 (thus, p > 2)
and, for the L?>-norm, the Lemma 2.22. Then, by applying Lemma 2.29 we
get

|l < C(T, sup {9(s)*lInd(5)llgors } » Iaoll e )

S
s€(0,T)
'R(s)% 2

v

Since ¥(t) = O(t), R(t) = O(t) for t — 0 (cf. (2.3.26), (2.3.27)), the last
integral is finite for all ¢ > 0 and for 3/(2¢q) — 2 > —1 < 3/(2p) — 5/4 >
—1 < p < 6. In fact the integral is O(t%_%_w). O

( (t—s)“+(t— s)%’“> ds

2.32 Remark. Proposition 2.31 provides a non-trivial interval of LP-
estimates for the electric field in the WPFP case. This is due to the reg-
ularizing effect of the FP term. We remark that the corresponding Gaussian
is “better behaved” than the classical one, since the quantum FP operator
is uniformly elliptic in both z and v variables. On the other hand, exactly
as in the WP case, the range of LP-estimates for the WPFP equation is
smaller in comparison to the counterpart VPFP and that depends again on
the non-negativity of the classical distribution function.
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As a further result, we obtain an a-posteriori information on the self-
consistent potential V', which follows directly from the a-priori estimates
on the field. Accordingly, we split the potential as V =V 4+ V4, with

Vo(z,t) = AZM?’ ), (2,1),

Vi(z,t) = AZ o (2,1).

2.33 Corollary. Under the assumptions of Proposition 2.31, the self-
consistent potential V (t) = Vy(t) + Vi(t) belongs to LP(R3) with 6 < p < oo,
and satisfies for all t € (0,7 :

Vo®ll, < CD)wollkllng (@)l = OF17)  with 6 =

Vi)l < (T llwolla. sup. {9()° I3 () oo } )37

Y

N | —
| w

2.3.3 A-priori estimates for the weighted L?-norms

A first consequence of the a-priori estimates for the electric field is the fol-
lowing

2.34 Lemma. For all wy € X such that (A) holds for some w € [0,1), the
mild solution of the WPFP equation (2.2.8) satisfies for all t € [0,T]:

@331 Jow®lf < C(T Jullx, sup {96) ()} )
se(0,

PROOF. In order to justify the derivation of this a-priori estimate we need
again the approximating classical solutions ¥, introduced in the proof of
Lemma 2.18. Mutiplying both sides of (2.3.3) by v?y,(t) and integrating
yields

1d
aaﬂviyn ||2 //vyn (t) Ay, (t) dxdv—l—//vyn ) fu(t) dz dv.

By analogous calculations as in the proof of Lemma 2.8 (cf. also (2.4.3)) we
get,

o g
[P An(e) dzav < sl @ + Slom @1
and hence for t € [0,T]:

1d

3O < 30l + 5 lena @18+ [ [1ePun(t) ) dode
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By integrating in ¢, letting n — oo, and using (2.3.1), we have

20

g
—I—Q/O/ lv|“w(s) f(s)dxdvds, Vtel0,T].

t
(% — )[wol3 + 8 / low(s) |3 ds

low®l; < flowoll3 +

Using again the skew-symmetry of the pseudo-differential operator and the
Holder inequality yields

/Ot//ww(s)vif(S) dedvds = %/Ot//viw(S)Q[aiV[w(S)]]w(s) de do ds
< 3 [Tl 1000Vt u(s)ds,

with the operator €2 defined in (2.1.10). Estimating as in (2.1.12) and using
the Sobolev inequality we obtain for ¢ € [0, T):

(2.3.38) [1Q@VIww®)|2@sxey < ClOV[w(@)]Jd ()] 2@z xrg)
< ClaVIw®Nsllw)]] 2@ o))
< ClOVIw®)]Nsl V@ (E)] 2 (rg xrs)
< ClaViw®)]llsllow®)]2,

where w(z,n,t) = Fy_p(w(z,v,t)). Finally, using Prop. 2.31 (estimate
(2.3.35) with p = 3) yields

(2.3.39)  Jow@®)z < O(T) ([lowoll3 + llwoll3)
+O(Tllwollx, sup {9(5)*linf ()l o5} )
s€(0,7T
t
/ (5% 4574 4 8) llow(s) 2 ds. < [0,7]
0
and the Gronwall Lemma gives the result. 0

With this result we can proceed to derive the a-priori estimate for |||v]?w(t)||z.

2.35 Lemma. For all wy € X such that (A) holds for some w € [0,1), the
mild solution of the WPFP equation (2.2.8) satisfies for all t € [0,T]:

(2340)  [[oPw®lf < C(T, Jwollx. sgpﬂ{ﬁ<s>wnn3<s>||m/s})-
se(0,

PROOF. In order to control the term [||v|?w(t)|]2, we shall use the same
strategy as in the Lemmata 2.18 and 2.34. Multiplying both sides of (2.3.3)
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by v}y,(t) and integrating we get by using (2.4.3) and repeating the same
limit procedure as in the previous lemma:

5 3
%% ;//vfw(t)z drdv < 9ollw(t)|3+ (30 - g) ;//’U?w(t)z dx dv

+Z// tYdzdv, Vtel0,T).

By integrating in ¢, using Cy|v|* < Y v < Cylv|* and (2.3.1), we have

6_0(63515 —

6

(60 — 3 /IW |]2d3+22///vw d:cdvds)

Using again the skew-symmetry of the pseudo-differential operator ©, the
equation (2.1.9) and the Holder inequality, we have

1)fwoll3

(23.41) [PPw@®) < C<|Ilvl2w0||§+

(2.3.42)

[ [[urisoeasts < 1 [lul 0@Vl s
+ [t 120V () usw(s) ds

Since w(z,.,t) € H*(R}), the Gagliardo-Nirenberg inequality (cf. [Fr],
Chapter 1.9) yields for all ¢ € [0, 7]

N N 1/2 T 1/2
(2343) [, D)o@y < Clli(e, ., )| o Pwz, ., 0]

L2(R3)

_— 1/2 o 1/2
< Cllawle, . ) ot 0w, . Dl 5
Using

AV w ()]Hz = H [ QP
[0(. ;1= 0,t)|| L2(ms)

1/2
( . HL°°R3 d:c) )

(2.3.43), the Holder inequality, and (2.3.37) we can estimate:
(2.3.44)

1/2
|01V w®)]lz < ClAVw Hz( Jiite... ||Lw(R3>da:)
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< ¢ it H)dr
S C/H@(l‘, . ,t)HLQ(R%) H|’U‘2w($, . 7t)”L2(R§])dx

< O(Thwollx, sup {9(s)* nf()llsers } )lloP ()=
s€(0,T

For the second term of the r.h.s. of (2.3.42) we proceed as in (2.3.38) and
use the estimate (2.3.35):

(2.3.45) |00V Tw(®)oaw®lla < CIOV Tw(®)]ls T80 12w nem)
< (T Jwollx sup {9(s)Ind ()00} )
s€(0,7T
() o),

for all ¢t € [0,7]. Analogously to (2.3.39), combining the estimates (2.3.42),
(2.3.44) and (2.3.45) the Gronwall Lemma gives the assertion. 0

PROOF OF THEOREM 2.17.
The Lemmata 2.18 and 2.35 show for all 0 < T < t,,.« that

[w®)|lx < C<T, [wollx, S(lépT]{19(8)°’||n3(8)||m/5}>a Vi e[0,T],
se(0,

with C' being continuous in 7' € [0, t;ax]. Then, Corollary 2.15 shows that
the mild solution w exists on [0, c0). O
2.3.4 Regularity

The following result concerns the smoothness of the solution of WPFP, the
macroscopic density and the force field, for positive times.

2.36 Corollary. Under the assumptions of Theorem 2.17, the mild solution
of the WPFP equation (2.2.8) satisfies

w € C((0,00); CF(RY)),

n(t), B(t), V(t) € C((0,00); C5'(R?)).

PROOF. Obviously, w(t) € C(R®) V¢t > 0, because of the Green’s function
representation in (2.2.20), (2.2.3). If we differentiate equation (2.2.8) with
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respect to x; and, resp., v;, we obtain the following linear, inhomogeneous
problems for any fixed ¢; > 0.

z(t) = Az(t) + O[V[z()|Jw(t) + O[Vw®)]|z(t), Vt>t,
2(t1) = Opw(ty) € X

and

w(t) = Ay(t) + By(t) — 0pw(t) + OV [w®)]y(t), Vt>t,
y(t1) = 0Oyw(ty) € X.

By arguments analogous to Lemma 2.13, there exists a unique mild solution
(2.3.46) 2z = Op,w € C([t1,00); H'(R®; (1 + |[v]?)? dz dv)).

By an induction procedure, the derivatives VeVPw, for o, 8 € N3, |a| +
|3| = m > 1 are also mild solutions of similar problems with additional well-
defined inhomogeneities and with initial times 0 < t; < t3 < ... < t,,,. This
yields VoVAw € C([tm,00); HY(RS; (1 + |v|?)2 dz dv)), and thus VeVAw €
C((0,00); X). Hence, the statement about smoothness of the density and the
electric field is straightforward from Propositions 2.1 and 2.3 and Sobolev
embeddings. O

2.4 Appendix

Proof of Lemma 2.8

For u € D(A) we have

3
(2.4.1) < Au,u >3 = < Au,u >r2re) +Z//’Uquu,
i=1

where [[f denotes the integral [p, [osf(2,v) dvdz, and the norm ||. || is
defined by (2.1.7). Using integrations by parts we shall calculate the three
terms on the right hand side separately.

3
< Au,u >papey = Z (—//viuxiu + B//(viu)viu
i=1
e s )
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i[sﬁ /u +ﬁ/vluy - // .

o ff ) -aff]
= 8l + (2 o) IVl + (o7 — ) [ Veull3.

With € = g we obtain

IN

3
(2.4.2) < Au,u >p2pey < —ﬁ||u||§

Next we estimate the second term of (2.4.1):

ii//’ufuflu = (//vvjux]u—l—ﬁ// (vju)

i,7=1

4 4 4
+U//Ui uvjvju + 2’7///% uxjvju + O‘///Ui ua:jxju>

<Y 1{ﬁ//v4u2+ﬁ//v vuu—o [[utid

g [firm (< ffotz, + 2 ffor)) —a [futac]
< ;(—%ﬁ /vqu—i-Ga//vqu)
< 9ollull? + (—%ﬁ—l—iﬂa) iil//vaf

by choosing € = 1 and by an interpolation.

Collecting the two estimates yields

3
3 3
<Au,u>3 < <§5+90) Hqu—i-?)aiZl//vqu < <§5+9a) Hu”i

Thus, the operator A — kI is dissipative. 0

Proof of Lemma 2.10

To prove the assertion we shall construct for each f € D(P) C L*(R%) a
sequence { f,} C D(P) such that f, — f in the graph norm

1A lp = £ llz2 + 12 fllee + [0 fllee + 1P Fllze + PP Fllze + [ o*Pf]l 2.
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To shorten the proof we shall consider here only the case
P=0+vv-V,4+puxr-V,+pv-V,+aA, + oA, +vdiv,V,

(cf. the definition of the operator A in (2.1.13)), but exactly the same strategy
extends to the case, where P is a general quadratic polynomial.

First we define the mollifying delta sequence
Gn(x,v) == np(nx, nv), neN, z,veR3,
where
¢ € C(R%),  ¢(z,v) >0,
/ é(x,v)drdv =1, and supp ¢ C {|z|*+ |v|* < 1}.
By definition we have the following properties:
(1) 6, — 6 in D'(RS),
(I1) 20,00, 00,0, — 0in D'(R®), i =1,2,3,

(IT1) (2, v)*0, ) [(2,v) ¢n(x,v)] — 0 in D'(RC), with a, 8,7 € N§ multi-
indexes

and |y| > 0, since (z,v)¢, — 0 in D'(R).

The cutoff sequence is

Yn(z,v) ::¢<|(x,v)])’ neN, z,veR?,

n

where 1) satisfies

v eCrR), 0<¥(z) <1, suppy C[-1L1], ¢[_

l\.’)\»—t
l\.’)\»—t

and '
W ()| <O, VZER, j=1,2.

The sequence 1, has the following properties:

(IV) ), — 1 pointwise,

(V) (2,0)°0 , ulz,v) = 1 WW'( z.0) ) , with a, 3 € NS,

n I(w v)|

la| = |B| = 1, are supported in the annulus

supp (W <&>> = {(x,v) | n/2 <|(z,v)] <n} =V,
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and they are in L°°(R®), uniformly in n € N.
(VI) ndf, , thule,v) = |(”)|1//( z.0) ) , with a € NS, |a| = 1,
are uniformly bounded in L>®(R).

(VID) 9yt = e (1524) + (s — i) v (452

with |a| = 2 have support on V;, and converge uniformly to 0 in L>(RS).

We now define the approximating sequence

fn(xav) = (f * ¢n)(x7v) ) @/)n(fﬂf% n €N,

where ‘*’ denotes the convolution in z and v.
By construction we have f,, € C°(R®) = D(P).

Since we can split our operator as

3
7
P = Z [g + 10,0y, + 0y, + B0y, + a0z + 002 + 70y, 0,

=1

3
= Zﬁ(l’z, Vs, &Ci, avi)a

i=1
we shall in the sequel only consider
FN) = ﬁ(:%zyayaaz)a y,zER

acting in one spatial direction y = z; and one velocity direction z = v;.
We have to prove that f,(z,v) — f(x,v) in the graph norm

11l = £z + 2 £l + Mol fllzz + I PFllce + Mz PP £z + [oPP ]2

According to the 6 terms of the graph norm we split the proof into 6 steps:
Step 1: By applying (P1) and (P4), we have

fo— f in L*R®).

Step 2: For the second term of the graph norm we write

23 fo = (22 f % o) + 2(if * 200) U0 + (f * T700) 10

The first summand converges to z2f in L?*(R®) and both the second and
the third terms converge to 0 by (III), since also z;f belongs to L*(R%) by
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interpolation.

Step 3: For the third term of the graph norm the same argument as in
previous step can be used. Hence we have

fo—f in Z.

Step 4: To prove that Pf, — Pf in L?(R®) we write:

~ 0

+(fyy % Gn)n + 0 (foz % Gn)n + V(fyz * )b + oy, 2)
= (Pf* ¢n)tbn + 1y, 2).

As we shall show, all thirteen terms of the remainder

re = v(f *0y(200))Un + V([ * 0n) 20y + p(f * yOethn)tbn
F1(f * n) Yoty + B(f % 0.(200) )00 + B(f * ¢0)) 20,0,

20(f * (0,02))(ndyn) + af = ) (B3n) + 20(f % 0.0,

Lo )0 + 1 (f * (0.0 (1Dy60) + (S * (28, 60))(nDeth)

n n
+Y(f * ¢0)0,y0:n

converge to 0 in L*(R%).
The first, the third and the fifth terms converge to 0 in L?(R°) by (III).
In the second, fourth and the sixth terms, exploiting (V) we have

(2.4.3)  N(f * &) (20y0n) [ L2(rs) < CIf * 0 = Flloy + 1 f 2y = 0,

because || fllz2(re) = | fllL2(8, 0000 + Dpo 1 22(v0)-
For what the seventh, ninth, eleventh and twelfth terms are concerned, we

can exploit (VI) and then (II).
The remaining terms can be handled thanks to (VII).

Step 5: To prove that |z|2Pf, — |z|>Pf in L*(R%) we write:

0

(@0 % )+ (a2 fy 5 dn) b + p(aTY L2 5 dn)
+B(@ 2 fe x Gn)in + (T fyy * bn)ton + 0 (7 fo ¥ Gn)in
(2 fyz * Bn)n +17(y, 2)

= (aFPf % du)tn + 10y, 2).

xf]sfn =

The remainder 72 can be split in the following way (y = z;, z = v;):
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6
= 200w % ya)im + 3 (F * el

3

2v(za f % 0y (2in) ) n — 20055(2f * widn )b + v(2f * By (27 00))¥n
+u (23 f % 20,00 )y + 20(i f * 220,00 ) b0 + V(f * 23 20,0 )1y,

+ V(27 f % 1) 20,0 + 20(2i f * 2i0) 20,00 + V(f * X3 y) 20,0y,
2u(@sy f * 0:(xidn) Jn + (Y f % (2 Pn) )b + (7 f 5 yDothn)tbn
+2u(@if * 2y0:pn)bn + p(f * 27Y0:0n) b + (27 [ * $n)y0:thn
F20(wi f * 2i9n)y0: b + pu(f * 27 Pn )y bn

20(wizf % 2:0.00) 00 — 20(xif * Tipn)thn + B(2f % 270.¢0) 0
—B(f * I?an)wn + ﬂ(xff * 0y (200) ) Un + 20(xi f * 0. (2¢n) ) Pn
+0(f * 90@232(2%))% + ﬁ(m?f * On)20:0n + 20(xi f * 2i¢5) 20,
+B(f * 2} pn) 200y,

2a($if * 32(%%))% 4@(5 (f * 0 (wngn))@bn + a(f * 8§($3¢n))¢n

—i—2a(xff * 8y¢n)n8ywn + da(x; f ) yqﬁn)naywn
2

+a(f * a:?gbn)@;d)n
20(2:f * :0%)bn + o(f * x?azcbnm +20(2f - 0.6,)n0.0,

+O-(xz' Jo* ¢n)82¢n + 20(xi f * ngbn)a%vz)n +o(f *; %)53%

1 % D,0:(200) o + (2 % 2 06,)ndytn
2y f x =0, 6000, + ([ * ‘%az%)naywn

(ZL’ f* y¢n)naz¢n+27( zf* ygbn)nazd)n
2

+y(f * z Oy )10y + '7(% [ * 0n)0y0:1,
F29(i f * Ti9n)0y0:tbn + Y(f * T3 h0n)0y0utbn.

By the properties (I)-(VII) and estimate like (2.4.3), it can be easily seen
that each term converges to 0 in L?(RR°).

Step 6:

In analogy to |:1c|215fn, the sequence |v|2f’f can be split as

VP fo = (VIPf % ¢u)tn + 175 (y, 2).
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Due to the symmetry of the operator P in z and v, the terms of the remainder

3

r3 can be obtained from r2 by interchanging y and z (and changing the

coefficients), except for the following term

Vi [820 ((f % dn)tbn)] = B(vizfe* ¢n)tn + r?z,ﬂa

where

rfuﬂ = 208(vizf * 0. (vign))¥n — 2B(1 + 6i) (vi f * Vi )bn,
(2 f * 0207 6n))tbn — BUf * ViPn)tn + BVF S * 0.(260)) 1w
F20(vif * 0,0 (200) W + B(f * 07 0.(200) )0 + BV} f * $0)20:1n
+2B(0i f * Vi) 20:0n + B(f * V7 6n)20-1n

converges to 0 in L*(R®), since (I)-(VII) and (2.4.3) can be used. O

Proof of Proposition 2.11

First, we shall prove the following estimates on the derivatives of the Green’s
function (2.2.4):

(2.4.4)  |V,G(t,x — zg,v,v)| < b 2\/5 20 V< b,
Gtv xix())E)v_O
(2.4.5)  |V.G(t,x — zg,v,v0)] <V ( 2\/¥2 2), Vi<t

with b = b(«,v,0),tg = to(a, B,0,7),0 = b (a,v,0) and t; = t1(«a, 5, 0,7).
The v-derivative of G is given by

(2.4.6)
VoGlto — mo,0,09) = —StbT ;(f)o v, %) { (u(t)eﬁt - QV(t>eﬁtﬁ_ 1)

For all real a,b, ¢ > 0 such that ¢/\/a < bv/2e, one easily verifies that
(2.4.7) clz| < beP VaeR?

Since a, 0 > 0, we have for ¢ > 0 small enough

y(t)—%ﬂ(w >0, )\(t)—%u(t) > 0.
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In order to apply the estimate (2.4.7) to the two terms inside the squared
bracket in (2.4.6) we shall use for ¢ small:

eft—1
p(t)ebt — 2u(t)e—=1 9
a . J0 L v < b2,

Var 3 v(t)—gn(t) V3ao =) (c+7)
4 f@)

with b; = v/y/3(ac —72)(o + 7). Similarly,

Vit ePt—1
Co Tf) 2)\(t)€ﬂt — ,LL(t)T 200
_— = T ~ S bQ \% 267
N 3 A(t)*i)u(t) V3(ao — %) (a+7)
4T T

with by = a/+/3(ac —~2)(a + 7). Then, there exists some t; > 0 such that,
for all ¢ < ¢y, the two inequalities can be combined with b = max{by, by} to
give

(u(t)eﬂt — 2u(t)emﬁ’1 (3: — eﬁ;’lv — 3:0>

f(t)
(m(t)eﬁt . u(oe‘”ﬁ*l) (ePtv — vp)
! 1) vt
ﬁ st o, Pt —1 x—eﬁt_lv—x
< A ]u@)e () o=
B
4 'zm)eﬁt ()1 ey —UO|}
[ (v(t) = Lu(t)) o= ity xof = (M) = Lu(®) [P — ]’
< bexp 7]
3./ ()
'I/(t) ‘ eﬁ;%lv—xo‘z—kz\(t) %o — vy
< bexp % 0
ey —ag) - (ePlv — vy
0 (o= 4 ) ( )
3f(t)
Hence,

G(t7 T — Zop,, UO)

Vi

|V,G(t, z — xg,v,00)] < b
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2
v(t) ’x - eﬁtﬁ*lv - x()’ + A(t) |t — v0}2
5f(t)

w(t) <x — %U — zo) - (e”'v — vp)
5/ (t)

_|_

and the decay (2.4.4) follows by comparison with (2.2.4).
Next we consider the z-derivative of the Green’s function,
V.G(t,x — xg,v,v9) = G(t,x — 0, v,70)
2u(t)(x — &ﬁ_l)v — o) + p(t)(ePv — vy)

ft)

Analogously, the decay (2.4.5) follows by exploiting that for ¢ small enough

N

AN 20 < hV2e

3 V()= 1p() 3(ac —v2) (o + - ’

3100 /(a0 —7%)(o +7)

Vit

f® ()] N 2y < M2

3 A0~ L) V3o =) (a+y) —

4 f)
with appropriate 0} («a,y, o), bs(a, 7y, o).
Since

eﬂwo(x, v) = //G(t, T — X, v, Vo )Wo (o, Vo) dxg dvy,

we have

Vet w(z,v)| < //|VUG(t,CE — Zo, v, V)| |wo(xo, vo)| dzo dvyg

< b2 //G (7% %7% %) [wo (0, v0)| do duvg

— 64bt™1/? //G(t,:i — Fo, D, U)|wo (20, 200)| dio diy

(2.4.8) = 64bt™ 2 (7,7), Vi< to.

Here we used the decay (2.4.4), and we put £ = 3, 0 = § and wy(7,0) =
|wo(2Z,20)|. The assertion (2.2.6) follows directly by a
(2.2.2) to (2.4.8) and choosing Ty = min{ty, ¢ }.

The estimate (2.2.7) can be obtained analogously. O

2
pplying the estimate



Chapter 3

Dispersive effects and
the hypoelliptic WPFP

Abstract

This chapter is concerned with a global-in-time well-posedness analysis
for the Wigner-Poisson-Fokker-Planck system in three dimensions.
The purely kinetic L?—analysis here presented, allows a unified treat-
ment of the elliptic and hypoelliptic cases. The crucial novel tool of the
analysis is to exploit in the quantum framework the dispersive effects
of the free transport equation. It yields an a-priori estimate on the
electric field for all time which allows a new nonlocal-in-time definition
of the self-consistent potential and field. Thus, one can circumuvent
the lacking v-integrability of the Wigner function, which is a central
problem in quantum kinetic theory. Due to the (degenerate) parabolic
character of this system, the C'* -reqularity of the Wigner function,
its macroscopic density, and the field are established for positive times.

! In this chapter we present a new strategy for the well-posedness analysis
of quantum kinetic problems that include a Hartree-type nonlinearity. We
will focus here on the 3-dimensional Wigner-Poisson-Fokker-Planck (WPFP)
system (1.0.6)-(1.0.8), but we expect this new approach to be suitable for
a broad range of quantum kinetic problems. In particular, our analysis will
cover the physically important hypoelliptic WPFP system as well, which has
been rigorously derived from many-body quantum mechanics in [CEFM,
FMR].

In classical kinetic theory the phase space density typically satisfies
f(.,.,t) € L'(R®) which yields a position density n(-,t) = [ fdv € L*'(R?).

IThe content of this chapter is a joint work with my Ph.D. adviser A. Arnold and C.
Manzini (cf. [ADMO5])

o8



Chapter 3. Dispersive effects and the hypoelliptic WPEFP 59

In quantum kinetic theory, however, the natural framework is w(.,.,t) €
L*(R®), which makes (1.0.8) meaningless and hence also the above definition
of the mean-field potential. Solving or circumventing this problem is one
of the key points for analyzing self-consistent quantum kinetic models. Ac-
cordingly, in order to establish well-posedness of the system (1.0.4)-(1.0.7)
or (1.0.6)-(1.0.7), two strategies have been used so far. The first possibility
is to reformulate the WP or WPFP systems either in terms of Schrodinger
wave-function sequences (cf. [BM, Ca97]) or in terms of density matrices (cf.
[Ar95, AS]). In such a framework, all physical quantities are well-defined,
in particular n(t) € L} (R?) and the physical conservation laws for mass and
energy play a crucial role in the analysis for large time. Alternatively, one
can keep to the kinetic formulation and to the use of kinetic tools, with the
perspective of later tackling boundary-value problems, which are more rea-
sonable models for real simulations.

The literature related to the latter approach can be split into two groups: in
several articles (cf. [AR96, ACD, Ma, ADMO04]), a L?-setting is chosen
for w(t), such that w(t) satisfies at least the necessary condition to describe
a quantum system (cf. [MRS, LPa]). Then, v-weights are introduced in
order to enforce integrability in the v-variable, so to give sense to (1.0.8).
In other articles (cf. [ALMS, CLN]), instead, a L'-setting is chosen with
the same motivation. In order to prove global-in-time results for nonlinear
quantum kinetic models, one might want to exploit the physical conservation
laws. However, in neither of the two above approaches they can be exploited
directly, since both the mass [[w dzdv and the kinetic energy % [[1vlPw dzdv
are not positive functionals under the assumptions made at the kinetic level.
This is the second crucial point in the quantum kinetic analysis.

A third aspect that differentiates quantum from classical kinetic theory, is
the lack of a maximum principle for the Wigner function under time evolu-
tion. Indeed, ||w(t)]|L2(re) is the only conserved norm of (1.0.4). Due to the
described differences, the analytic approach used for classical kinetic models
like Vlasov-Poisson (VP) or Vlasov-Poisson-Fokker-Planck (VPFP) can not
be adapted to quantum kinetic problems and a novel strategy is required.

In order to achieve a global-in-time result for the WPFP system (1.0.6)-
(1.0.7), in Chapter 2 we exploit dispersive effects of the free-streaming op-
erator jointly with the parabolic regularization of the Fokker-Planck term,
since this yields a-priori estimates for the solution w(t) in a weighted L*-
space. Such dispersive techniques for kinetic equations were first developed
for the VP system (cf. [LP, Pe|) and then adapted to the VPFP equation
(cf. [Bo93, Ca98|). In Chapter 2 these tools were extended to quantum
kinetic theory.

In the present chapter, we will achieve as well a global-in-time well-posedness
result for the WPFP system in the space L*(R®), but without introducing
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weights. This is possible thanks to an alternative strategy that relies first
of all on an a-priori estimate for the field V,V(¢) in terms of |[w(t)||r2ms)
only. This estimate was derived in Chapter 2 using dispersive effects of
the free-streaming operator. It allows a novel definition of the macroscopic
quantities (namely, the density, the self-consistent potential and the field),
which, in contrast to their Definitions in (1.0.8), (1.0.9) and (1.0.10), is now
non-local in time. This way, no v-integrability of w is needed, and hence
no moments in v either. Secondly, we shall use the (degenerate) parabolic
regularization of the Fokker-Planck term in order to construct (by a fixed
point map) a global-in-time solution. These techniques allow to overcome
the described analytical difficulties and they yield —a-posteriori— some LP-
estimates on the density.

In conclusion, our purely kinetic L?-analysis solves both main problems of
quantum kinetic theory, namely the definition of the density (due to the
missing v-integrability of w) and the lack of usable a-priori estimates on w
(due to its non-definite sign). Finally, we point out that we expect that this
approach could also be a crucial step towards developing a kinetic analysis for
the Wigner-Poisson system (1.0.4)-(1.0.7), which has been an open problem
for 15 years.

This chapter is organized as follows: In Section 3.1 we motivate the new, non-
local redefinition of the self-consistent field, and present the main results of
this chapter. In Section 3.2 we derive a-priori estimates on the potential
and the field which are the crucial ingredients for the global well-posedness
analysis of Section 3.3. In the two different versions of the WPFP system,
namely the elliptic (&« > 0) and hypoelliptic (« = 0) cases, the solution
exhibits a different asymptotic behaviour close to the initial time, and hence
different analytical strategies will have to be applied. In Section 3.4 we
establish —a-posteriori— the C'*°-regularity of the solution, and in Section 3.5
decay estimates on the particle density.

We anticipate that in the last two sections our technique will adequately
highlight the (expected) different asymptotic behaviour close to the initial
time of the regular solution of the different versions of WPFP system, namely
the elliptic and hypoelliptic cases.

3.1 Strategy and main results

We shall prove existence and uniqueness of a mild solution w(t) € L?(R®) =
L*(R%; dz dv) to the WPFP problem (1.0.6)-(1.0.8) on the time interval [0, T7,
with 7" > 0 arbitrary, but fixed for the sequel. Accordingly, the solution has
to satisfy, for all ¢ € [0, T}, the integral equation
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(3.1.1)
w(z,v,t) = //G(t,x — T, v, Vo) Wo(To, Vo) dxo dug

t
—l—///G(s, x — xo, v, ) (O[V]w)(xo, vo, t — s) dxg dvg ds,
0

with the Green’s function G given in Section 2.2.1.

The main difficulty in analyzing the WPFP system consists in defining the
density n(t) and the potential V' (¢). As mentioned before, the standard, local-
in-time definition (1.0.8) is unfeasible for a Wigner function w(t) € L?(R®).
We will show that it is possible to by-pass the definition of n(t) by defining the
potential V[w] corresponding to a Wigner trajectory w € C([0,T]; L*(RY)).
This non-local in time definition of V'[w] relies on dispersive effects of kinetic
equations and it is inspired by a-priori estimates on the self-consistent field
V.V derived in Chapter 2.

To motivate our alternative definition of V' [w] let us first recall from Section
2.3.1 how the pseudo-differential operator ©[V] has been reformulated in
terms of £ =V, V:

(3.1.2) OVu(z,v) = div, (T'[E]u) (x,v),

with the vector-valued operator I'[E] defined in (2.3.7)-(2.3.8). The condi-
tions, under which this redefinition of ©[V] holds rigorously, are stated in
Lemma 2.20.

Moreover, we shall exploit that

(3.1.3) / G(t,z — zo,v,00)dv = R(t)**N <$ — X — ﬁ(t)v()) 7

R(t)
with the functions N (z), ¥(t) and R(t) defined in (2.3.25)-(2.3.27).

The parameter a (more precisely, « > 0 or @ = 0) determines the asymptotic
behaviour at ¢ = 0 of the function R(t), and hence the singularity of the
convolution kernel (3.1.3) at ¢ = 0. Since this convolution represents the
parabolic regularization of the quantum Fokker-Planck operator, we have to
distinguish the following two cases for the subsequent analysis,

the (degenerate) elliptic case
(I) ac>+* and a>0 = R(t)=0(t), fort—0,
and the hypoelliptic case

(I) a=v=0, >0 and oc>0 = R(t)=0(t*), fort—D0.
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Following common practice for the VP (cf. [LP]) and VPFP systems (cf.
[B093]), next we split the density, like in Section 2.3.2, into two terms:
n = ng + ny, where

1 T

(3.1.4) no(z,t) = R(t)3/2N< R(t)) s, nd(2,1)

with nd(z,t) = /wo(:v—ﬂ(t)v,v)dv,

(3.1.5)  my(z,t) = /OR?£§3/2N< ;(s)>

sk, div, /(F[E]w) (x — I(s)v,v,t — s)dvds.

Analogously, we can split the self-consistent field, as in (2.3.28)-(2.3.29), into
E = Ey + E;, where

(3.1.6) Eo(a,t) = A ‘”|3 %0 10 (7, 1),
(3.1.7) Ey(z,t) = )\|x‘3 sz My (2, 1),
with A = £-. (3.1.5) now allows to rewrite £ as

—3z;x) + 01| z)?
(3.1.8)  (Ey);( = /\Z o

b d(s) x
*/0 Ry ( R(s)) o Filwl(z. £,5) ds,

(3.1.9) with  Fuw](x.t,s) = / (Tx[Eo + Bx]w) (z — 9(s)v, v, ¢ — s dv.

for j =1,2,3 and

This is a linear Volterra integral equation of the second kind for the self-
consistent field ;. Note that all coefficients in the r.h.s. of (3.1.8) only
depend on wy and w (and not on n). The advantage of the reformulation
(3.1.2) of the pseudo-differential operator is precisely to obtain a closed equa-
tion for B}, if wy and w are given. Starting with w € C([0,T]; L*(R®)), we
shall prove that this integral equation has a unique solution. We remark that
(3.1.5), instead, is not a closed equation for n; (for wy and w given); its r.h.s.
also depends on the self-consistent field £. These motivations lead to our
new definition of the Hartree-potential:
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3.1 Definition (New definition of mean-field quantities). To a Wigner
trajectory w € C([0, T]; L*(R%)) we associate

e the field Ew] := Ey + Ey[w], with Ey given by (3.1.6), and E;[w] the
unique solution of (3.1.8),

e the potential V{w] := V + Vi[w] with

3
T
(3.1.10) Vo(z,t) == A ; EE 5 (Eo),(2,1),
.
(3.1.11) Viw](z,t) = X 2 W %, (Ey[w]),(2,1),
e and the position density njw] := —divE[w]| (at least in a distributional
sense).

In contrast to the standard definitions (1.0.7)-(1.0.9), these new definitions
are non-local in time. Also, the map w +— V[w| is now non-linear. For
a given Wigner-trajectory these two definitions clearly differ in general.
However, they coincide if w is the solution of the WPFP system. These
new definitions of the self-consistent field and potential have the advantage
that they only require w € C([0,T]; L*(R®)) and not w(z,.,t) € L'(R3). If
w(t = 0) only lies in L?(R%), the corresponding field and the potential will
consequently only be defined for ¢t > 0.

We shall now describe in detail our strategy to prove well-posedness of the
WPFP system

(31.12) wy = Aw+OV[w]w, te€(0,T]; w(t=0) = wye L*(R).

(3.1.12) will be solved by a contractive fixed point map that is based on the
linear equation

(3.1.13) G = Au+OV[ulla, te(0,T); at=0) = wp.

While such an approach is standard for nonlinear PDEs, the key point is
here the non-local definition of V[u| via Definition 3.1. We will proceed as
follows:

(i) the iteration will be considered in the set Bpg, the ball of radius R in
C([0,T); L*(R")), centered in the origin. Due to the a-priori estimate
(3.3.4), we shall choose R := 27wy,
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(i) We will assume wy € L*(R®) and satisfying (C) or (D) (see below).
This will provide LP-estimates on the field Ey, defined in (3.1.6). Ac-
cordingly, for u € Bpg, Definition 3.1 will yield a unique potential V' [u].

(iii) The estimates on V[u| from (ii) will allow to prove existence and unique-
ness of a mild solution for (3.1.13) that will satisfy @ € Bg.

(iv) We will finally define the non-linear map M : B — Br by Mu := 4.
Its unique fixed point will be the mild solution w € C([0, T]; L*(R®)) of
the WPFP system (1.0.6)-(1.0.7), in the sense of (3.1.1).

We shall now specify the assumptions on the initial data w that are men-
tioned in point (ii). We shall make two different assumptions on wy, which
will lead, however, to similar estimates on F[u| and consequently on V'[u] (cf.
Section 3.2).

In Section 3.3 we shall first prove existence and uniqueness of a mild solution
of problem (1.0.6)-(1.0.7) under the assumption

C wo € L*(R%)  and nd(W|lemsy < Crt=, Yte (0,T],
0 (R2)

for some wy > 0.
For example, such an estimate for the “shifted” density n{ (cf. (3.1.4)) can
be concluded by the Strichartz estimate for the (free) kinetic equation [CP]

(3.1.14) Ing (W)l < CsOllwollLywgy, Vi€ (0,7,

with wg(f) := 3(1 — 1/6). At least in case (I) this typical example is always
included in our main result, Theorem 3.8.

Here we introduce the constants determining the decay of nj that will be
admitted in the subsequent analysis (cf. Thm. 4.1, e.g.).

Bl — [1,8], case (I), ) = 2— 2, case (I),
o (2,9, case (II) " o 4 — 2 case (II)
8750 7 20° :

Alternatively to assumption (C) we shall also consider initial data that sat-
isfy:

6
(D) wy € L*RSNLYRS; LY(R3)), for some 6 € [1, S] .
Considering estimate (3.1.14), this second assumption is complementary to
the first one in the sense that the z— and v—integrability of wq are inter-
changed. As we shall see, the well-posedness analysis performed under the
assumption (C) will immediately extend to initial data satisfying (D).
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The main result of this chapter is

Theorem 3.8 Let either (C) hold for some 0 € Iy and 0 < wy < k(0),
or let (D) hold for some 6 € Iy. Then, there exists a unique mild solution
w € C([0,00); L*(RY)) of the WPFP problem (1.0.6)-(1.0.7). In case (1), we
also get Vw] € C((0,00); L=(R?)).

A-posteriori, we shall obtain the following regularity result for the solution:

Theorem 3.12 Let (C) hold for some 0 € Iy and 0 < wy < k(0), or let (D)
hold for some 0 € Iy (in the latter case set wy := 0). Then, the unique mild
solution w € C([0, 00); L*(R®)) of the WPFP problem (1.0.6)-(1.0.7) satisfies

w € C((0,00); CF(R)),
with the estimate
DL D w(t) || 2mey < C(T, |wlleqoryzaey - No) R(E) 2t~ , ¥t € (0,T],

for all T > 0, and all multiindices I, m € N3, with |l| = L, |m| = M € Nj.
Moreover, E[w] € C((0,00); C3(R?)), satisfying for all T >0, t € (0,T]:

3(L_1\_L-1 _ |
”DiE[w](t)HLQ(R?’) < C(T, Hw”C([O,T];LQ(Rfi)),Ne) R(t)2(2 9) 2 9,

where D' E[w] represents the derivative with multiindez | of each component

of the field E|w]. Accordingly (cf. Def. 3.1), the density
nfw] = —divE[w] € C((0,00); CF (R?))

satisfies in particular

Njeo

(

The self-consistent potential V{w] € C((0,00); CF(R?)) and its Fourier trans-
form V{[w|(t) satisfy the estimates

N

S
||n[w] (t)HLQ(RS) S C(T, ||U}||C([07T];L2(R6)) ,Ng) R(t) 9)t 9, Vt - (O,T]

3

IV w] ()] po@sy < C(T, |wlleqoryz2me)) , No) R(E) 72970, Vit € (0,77,
~ _3 W

IVIwl(Oll@s < C(T, wlleqoryr2mey » No) R(E) "20t7, ¥t e (0,T].

Analogous regularity results on the classical VPFP equation were obtained
in [Bo95] (Holder regularity of the density and field) and rather recently in
[OS] (w,n, E € C* for positive time). Under the assumption (D), we shall
also show for WPFP that w € C([0,00); LL(L%)). Hence, the solution w(t)
remains in the space of the initial condition wy (cf. (D)). This allows to



Chapter 3. Dispersive effects and the hypoelliptic WPEFP 66

define the position density n[w] in the standard sense (cf. Def. 1.1) and to
derive an additional decay estimates for the density:

Theorem 3.13 Let (D) hold for some 8 € Iy. Then, the solution of the
WPFEP problem (1.0.6)-(1.0.7) satisfies

(i) w e C([0,00); Ly(L3)),
(ii) the density n(t) satisfies for all T >0 and 0 <p < 2:
nag) R0,

Nl osy < C(T, ||wlleqoryzasy » |wol
for allt € (0,T).

3.2 A-priori estimates for the self-consistent
potential

In this section we shall derive a-priori estimates for the previously defined
fields Ey, F1[w] and the potentials Vj, Vi[w]. Such estimates rely on disper-
sive effects of the free-streaming operator and on the parabolic regularization
of the quantum Fokker-Planck operator. Since the regularization is different
in the two cases (I) and (II), the corresponding estimates will also differ.
The following a-priori estimates generalize the results in Section 2.3.2 to the
hypoelliptic case (II). To make this chapter self-contained we shall include
a sketch of the proofs.

We start with an estimate on the field Ejy, defined in (3.1.6) (c¢f. Lemma
2.29):

3.2 Proposition. Let (C) hold for some 1 < 0 < 6/5. Then, for allp > 2,

the estimate
1 1

(3.2.1) 1Eo()llrmsy < CrREIG s vie (0,T]
holds.

ProOOF. The estimate is obtained by applying first the generalized Young
inequality with 1/g = 1/p + 1/3, and then the Young inequality with 1/q =
1/r+1/0 —1 to (3.1.6)

B, < C

9
m) sz Ng (2, 1)

Ing (2, )llo

q

=
H@H

L

[\&]

= Z
VN

8

IN
Q
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The assumed restriction on 6 is necessary for the case p = 2. O

Let us denote

Ny = Ny(T) = sup {s|[ng(s)|re} < o0,
s€(0,7T
95— 2 case (I),
wo) = ¢ 5 %
T — 25, case (II).

For a given Wigner-trajectory u € C([0,7]; L*(R®)) we now consider the
inhomogeneous integral equation for the field F; = Ej[u]:

3

(322) (BEy)j(z,t) = A)

—3x;xg + Gjk|2)?

|z[°

* t 19(8) r * uU\xr S S
/0 R(s)3/2N< R(s>> - Filu)(@. 1, 5) ds,

with  Fylu](z,t,s) = /(Fk[Eo + Eiju) (z — 9(s)v,v,t —s) dv,

and the vector valued operator I'[Ey + E;] defined in (2.3.7)-(2.3.8).

3.3 Proposition. Let u € C([0,T]; L?(R%)) and (C) hold for some 1 < 6 <
6/5 and 0 < wy < p(f). Then, the integral equation (3.2.2) has a unique
solution Ey = FEy[u] € C((0,T]; LP(R2)), which satisfies

(323) B l()lmey < C (T fulleqoriaemoy » No) BP0 227,

for allt € (0,T) and for

(3.2.4) 2 < p <y 6, case (I),
o - b = case (II).

Hence, E[u] = Eq + E1[u] satisfies

3(1 1)1
(3.2.5) [|E[u](D)lr@s) < C (T, lulleqoryc2es)) » No) R(t)2(8) T3,
for2<p<p;andte (0,T].

ProoF. By Lemma 2.22 it holds for ">t > s > 0:
(3.2.6)
Bt )iy < OV 2B+ E0)(t — )l lult — ) 2o
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Proceeding as in the proof of Lemma 2.29 one can show the existence and
uniqueness of the solution £y = Fj[u] of (3.2.2) by a Banach fixed point
argument in the space

{ E € C((0,T); L*(R?))

sup £ 2R(t)# 1| E(t)|| 12 < oo}.

0<t<T

Moreover, we get as in Proposition 2.31 the following estimate for the solution

of (3.2.2). Using classical properties of the convolution with X (cf. [St])

||
yields:

(3.2.7)
B0l < O [ ot 'R<31>3/2N< ;<s>> R
! 1 T
< 0/019(3) ‘WN <m> Lq(Rg)HF[u](x,t,s)||L2(R§)ds

'R(s)" >
< Cllu .26\/\7Et—5 + | Eq|ul(t — s ds,
< Cllulqwmazsen | = s (1Ea(e = )l + 1 Exlult = )l

with 1/2 +1/p = 1/q. For the integrability of the function ||Eo(t)||z2rs) in
(0,T] (cf. Proposition 3.2), we need wy < p(f). The assertion for p = 2
follows from Gronwall’s Lemma for (3.2.7). Then, we get (3.2.3) for p > 2
by using (3.2.7), provided condition (3.2.4) holds. O

Via (3.1.10)-(3.1.11), the above estimates on the field E[u] = Ey + Ei[u]
immediately yield estimates for the potential V[u] := V4 Vi [ul:

3.4 Corollary. Let u € C([0,T]; L*(R®)) and (C) hold for some 1 < 0 < 6/5
and 0 < wy < u(0). Then, the potential Vu] € C((0,T]; LP(R2)) satisfies
Vte (0,T]:

IN

(328) Ve, < CrREPGH
(32.9) M@, < C (T, lulleorzae) . No) R(1)3
(3.2.10) [V[](Dll, < C (T, lulleqo,ryzacesy » No) R(1)3(

for 6 < p < oo in the case (I) or 6 < p < 18 in the case (II).

]
]

PRrROOF. The admissible p-intervals follow immediately from condition (3.2.4)
on Fj. O

3.5 Remark. We note that a-posteriori regularity of the solution w(t) will
imply for the self-consistent potential, V[w](t) € L>(R?), ¢t > 0 also in case
(I1) (cf. Theorem 3.12).
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To close this section we shall now derive the analogous a-priori estimates
under the assumption (D). For T' > 0 fixed, we consider the density

(3.2.11)  ng(z,t) = //G(t,x,v,vo) *, Wo (T, v0) dvgdv, VYt € [0,T);

cf. (3.1.4) for a different representation of ny. The following decay estimate
for the (classical) Vlasov-FP equation (cf. Lemma 2 in [Cal) carries over to
the Green’s function G (cf. [SCDM]) for the WFP equation:

(32.12) | / G(t, x, v, v0) %o 10 (x,v0) dvol| przy < CRE)FG™) lwol| 3 00,
for all p > 0 and ¢ € (0, T]. Hence, if we assume (D) then (3.2.12) implies
(3213) [no®lzz < CR®G ) |lwolliyuey, Vp >0, ¥ie(0,T)

Thus, we can handle the affine term Ej analogously to Proposition 3.2:

3.6 Corollary. Let (D) hold for some 1 < 8 < 6/5. Then, we have for all
p>2andte (0,T]:

ol

(
(

SN

1
)+3 |woll 1 (Lo,

3y

Al

(3.2.14) 1 Eo(E)]] x CR(1)
(3.2.15) Vo@)llz < CR(t)

IN

W
ASEE

Ly(L§)-

Proor. This follows from (3.1.6), (3.1.10) with the generalized Young in-
equality and (3.2.13). O

3.7 Remark. Note that these decay rates of Ey and V} correspond exactly
to case (C) with wy = 0 (cf. (3.2.1), (3.2.8)). Hence, all results of Proposition
3.3 and Corollary 3.4 carry over to case (D) when setting wy = 0. In the
subsequent well-posedness analysis for WPFP, the only relevant information
on wy is the rate of singularity at ¢ = 0 (and hence the integrability on
(0,T)) of Ey and Vy. In this respect, the analysis of the WPFP problem
under assumption (D) appears just as a special case of the situation under
assumption (C). Therefore, the existence and uniqueness result of Theorem
3.8 for case (C) directly implies an analogous result for case (D).

3.3 Existence and uniqueness of a global so-
lution

The goal of this section is to prove the following
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3.8 Theorem. Let either (C) hold for some 0 € Iy and 0 < wy < k(6),
or let (D) hold for some 6 € Iy. Then, there exists a unique mild solution
w € C([0,00); L*(RY)) of the WPFP problem (1.0.6)-(1.0.7). In case (1), we
also get V € C((0,00); L=(RR?)).

We will follow the strategy outlined in Section 3.1. Theorem 3.8 will follow
from a sequence of auxiliary results that we derive first. In this section we
shall only discuss the analysis according to the assumption (C). Due to Re-
mark 3.7, however, all results of this section apply verbatim (with wy = 0)
to case (D).

Let T > 0 be arbitrary but fixed, wo € L2(RS), and set R := €27 |jwyg||,.
Let us denote with Bp the ball of radius R centered in the origin of
C([0,T); L*(R%)) and let u belong to Bg. Then, we consider the linear equa-
tion

(3.3.1) u = Au+O[V[ulla, te (0,T],

with the initial value

In case (I), we have V[u|(t) € L>®(R?) for ¢ > 0 (cf. (3.2.10)) and hence
O[V[u](t)] is a bounded linear operator on L*(R®), which satisfies

(33.2)  OVO)lse@sy < C(Tllulleqoryzas) , No) 20—,

for all t € (0,77.

Moreover, if wy < k(6), then O[V[u](-)] € L*((0,T); B(L*(R"))).

In case (II), however, we lack an a-priori bound for ||V[u](t)||s. Thus,
O[V]u(t)]] will not be a bounded operator on L?*(R®). Instead, we shall
exploit the a-priori bound for ||V[u](%)||s, jointly with the regularization of
the semigroup e*4. This is the key-idea of the following

3.9 Proposition. Let (C) hold for some 6 € Iy and 0 < wy < k(0). Also
assume that u € Bg. Then, the equation (3.3.1) has a unique mild solution
a € C([0,T]; LA(R®)), which satisfies

(3.3.3) u(z,v,t) = /G(t,x,v,vo) s, Wo (T, Vo) dvg

+ /O/G(s, x,0,00) %, (O[V]u]]a)(x, v, t — $) dvg ds
and

(3.3.4) @), < e |lwol., YVt € [0,T].
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PrOOF. In case (I), A — %BI generates a Cjy semigroup of contractions
on L*(R%) (see Section 2.1.2 for the details) and ©[V[u](.)] is a bounded
perturbation, integrable in time. The assertion then follows from standard
semigroup theory (cf. Thm. 6.1.2 in [Pal]).

In case (IT), we define the affine map P for all z € C([0, T|; L*(R®)):
(3.3.5) Pz(x,v,t) = /G(t,x,v,vo) sz Wo (2, vg) dvg

+ /Ot/G(s,x, 0,00 2 (O[V[ull2)(x, vo. £ — s dug ds.

We will show that it has a unique fixed point @ € C([0,T]; L*(R®)). The
crucial step is to prove that P maps into C([0, T; L*(R?)).

To this end we first state the following estimate on the z-derivatives (with
multiindex [) of the Green’s function g (cf. (2.2.5)) that can be proved
directly by calculating the integral. It reflects the regularization of the semi-
group e,

L
2

(3.36) DLy, < CrR(t)"2, Vt<T, |l|=L, L>0.

Thus, by the Sobolev embedding Wz (R3) < L5/3(R3) and interpolation in
(3.3.6) between L =0 and L = 1, we get

=

(3.3.7) lg)ll gy < CrR(t)™3, VE<T.

Next we note that G does not act in (3.3.5) as a convolution in the v-
variable. However, it 4s a convolution in the characteristic variables z :=

T+ <1*55t) , 0= vel (cf. (2.2.4)):

(3.3.8) //G(t,x — 20,0, 00) (0, Vo) dzoduy = € <g(t) . gb) (z,0).

d(z,v)
d(z,v)

= e3P it follows for

By using the Jacobian of the transformation, ’
1, 1_ 3.
all p, g such that =g

(3.39) | /G(t,x,v,vo>*z¢<x,vo>dvo] = 3 g(t) #aw iz,

T,V

< e3%|g(t)|

yayllellez ey,

for all ¢ € L2(L%). In addition, it can be checked by duality that

(3:3.10) OV — )0 o, < 2Vt — )l llZ = )12

s
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Now we estimate the L?>-norm of (3.3.5) by applying the results (3.3.6)-
(3.3.10) and the a-priori bound (3.2.10) with p = 6. We finally get

(3.3.11) ||[P2(t)| 12

T,v

3
< ez,

t
3 ~
+ 2625t/0 g gy o) IV Iul(E = )l 12(E = 5) 22 ds

3
< 626t||wo||L2 + C(T, ulleqo,m;z2reY) 5 Ne)

T,v

t
: ||5||C([0,T];L2(R6))/ s
0

w100

(t— s)g(%_%>+3_w@ ds.

The condition wy < x(6) guarantees that the last integral is in C[0, T].

Concerning the contractivity of P, we obtain analogously for all z;, 2z, €
C([0,T]; L*(R%)) by induction:

I(P"z — P"&)0)llz, < C(T Nulleqoryra@sy > No)

t
‘/S_
0

< O(T llulleqoryzzeey s No) " Coillr = Z2lleqomyizz )

ts(n72)(17a7b)fa
| s
0 (t—s)

for n € N and some a,b > 0 with a + b < 1. Further,

w100

(t — s)2(6=a) 3w (pn=lz — pr-lg)yt — $)|zz, ds

tS(n—Q)(l—a—b)—a
/ W ds = t(nil)(liaib)B<1 — b, (n — 2)(1 —a— b) +1-— CL),
0 _

and

nl , I'(1-b)""'T'(l-a)
Co = [[B(1-bi0-e-b)+1-0) = s a3

Jj=1

where B denotes the Beta function and I' the Gamma function. Clearly,

t S(n—2)(1—a—b)—a

O(Ta||u||C([0,T];L2(R6))aNG)nCn—l/ b ds < 1

0 (t—s)
for n large enough. Thus, the map P" is contractive and admits a unique
fixed point in Bp.

Formally, the L?-bound (3.3.4) follows from the dissipativity of the operator
A— 28I in L*(R%) and the skew-symmetry of ©[V[u]]. This can be justified
as follows:
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Applying |V,|'/? to (3.3.3) yields by using (3.3.6):

(3.3.12)
IVl 2a(0)llsz, < C@) [[1Va"29(0)]  llwollez

T,v

=0(0) [ 1V 2g(0),, 1OV It = 5)lz s

C(T)t 1 |Jwo)| 2

T,v

t
_3 ~
0(0) [ IV = )il = 9l gt

IN

where ||| 12 = [|IV|Y?.]z> denotes the H'/2-seminorm on R3. Applying
the Gronwall Lemma to (3.3.12) then yields ¢1a € C([O,T];Lf}(H;/Q)) and
hence (using (3.2.10) with p = 6) f := O[V[u]la € C((0,T]; L*(R%)) N
LY((0,T); L*(R®)). Now (3.3.1) can be written as

(3.3.13) u, = Au+ f(t), te(0,T], u(t=0) = w,

and the L?-estimate on @ can finally be obtained by a standard approxima-
tion of @ by classical solutions of (3.3.13) (cf. Thm. 4.2.7 in [Pa], Lemma
2.18 for the details). O

We now consider the non-linear map M : Bg — Bp defined as
(3.3.14) Mu = a,

which is well-defined by the previous proposition. The next goal is to prove
that the map M admits a unique fixed point in Bg C C([0, T]; L*(R%)), which
will be the mild solution of our WPFP problem. To this end we need the
following result.

3.10 Lemma. Let (C) hold for some 1 <0 <6/5 and 0 < wy < p(f). Then,
for uy,uy € Bp,

(3.3.15)  [[Vilua](t) = Vifuo) ()| Lomsy <
< C(T,R, Ng) R(t)1™20t27 |[uy — us|e(o:2(m9))

holds for all t € (0,T]. In the case (1), it also holds

(3.3.16)  [[Vilua](t) — Vi[ug)(t)||Loe(rs) <

5_5
< CO(T, R, Ng)t27 20" |luy — usle(o,0;22(rs))

for all t € (0,T].
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PROOF.

—3z:xr + 0irl|x
(El[ul]_El[Ug .Z't — )\Z J Tx‘5 ]k| ‘

b(s) T
*m/o R(8)3/2 N < R(3)> *z (Fk;[UA,Ul] - Fk[UQ, UQ]) (:L‘,t, 8) ds,
with
Fplu, ) (x,t,5) = /(Fk[Eo + Eyul]a) (z — 9(s)v, v, t — 8) do.

By classical properties of the convolution with ﬁ (cf. [St]) and the Young
inequality, we get

B [wn](2) = Exfug](B)]l2 < C/O V()| (Frlur, ua] = Fi[ug, ua]) (£, 8)||2 ds.

We write
Filuy, uy] — Fylug, ug] = Filug, uy] — Filuy, ug] + Filur, us] — Filug, us).
By (3.2.6) (cf. Lemma 2.22) we have for t > s > 0:

| Fslur, wa] (¢, )| 2s) < CO(s) ™ |[ua(t — )] 2o
: ||(E0 + El[ul])(t — 3)||L2(R§)~

Then, we get
(3.3.17) || Ex[w](t) — Exfusa](®)]]2 <

! [(Eo + Ex[wa])(t = s) |2l (w1 — u2)(t — s)||2

NGO

+ [ (Brfua] = Erfu ])(t—S)\|2HU2(t—8)|!2>ds

C

VS

[e=]

By (3.2.5) we obtain

| B [ud](t) — Erfug](t)|l2 <

t

—_

< C(T,R,Ny) R(t — 8)i720(t — 8) ™| (wr — ug)(t — 5)||ds

j

+ CR/ \/7 || E1 u1 El[UQ])(t - S)HQ ds.
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By Gronwall’s Lemma we get for t € (0,7 :

(3.3.18)

| £y [ud] (t) — Er[ug](t)]2 <
|

m R(t—s)i~

< C(T,R,Np) ||uy — UzHC([o,t];LQ(RG)) (
0

_'_ eCTRt1/2

t prs 1
——— R
/0/0 VI(s)0(T) (
S C (T, R, Ng) ”Ul — U2|yc([07t];L2(R6))R(t)gi%téiwe.
With
Viludl(@) = Viluo](®)lle < CllEx[ua](t) — Enfus](t)]]2
the assertion (3.3.15) follows.

To prove (3.3.16) in case (I) we proceed analogously and obtain by using
Young’s inequality

B fud)(t) — Ex[uo](£)]la <

<clwg}£w¢%i;®>MSWMMd&Mwm@$2%
PR(s)73/8
< 0 =y (1B -+ Brlunt = )l e — wa)(¢ = 9l

+ (B[] = Brfua)(t = 9)sJua(t = 5)]]2) ds.
By applying the estimates (3.2.5) and (3.3.18), we then get

(3.3.19)  [[Evfud](t) — Exfuo] ()| Laes) <

1

u_3_.
< C(T, Ny, R)t5 73 “|Juy — uale(0.4:02(R5))-

The second assertion (3.3.16) then follows from the Gagliardo-Nirenberg in-
equality (cf. [Fr], Chapter 1.9) using estimates (3.3.15) and (3.3.19). O

3.11 Proposition. Let (C) hold for some 6 € Iy and 0 < wy < k(0). Then,
the map M, defined by (3.3.14), has a unique fized point in Bg.

PROOF. We give the proof only for the case (II); case (I) is easier due to
the boundedness of O[V[u]] (cf. (3.3.2) and (3.3.16)).

For uy,us € B we start from equation (3.3.3). Estimating like in the proof
of Proposition 3.9 and with (3.3.15), we obtain
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[Muq(t) = Mug(t)]| 2, <
I
J
t
g
0

t
_3 179
< C (T, R, Ng)/ S i(t — S) 420 9”U1 — uz”c([ut,SLLQ(RG)) ds
0

ds

L2

T,v

/G(s, T, 0,00) *x (O[V[u1]] (Muy — Muy)) (x,vg,t — 8) dvg

IN

/G(s,x, v,09) *5 (O[V]u1] — V{ug||Musy) (x,v9,t — s) dvg

ds

2
Lz,v

t
+ C (Zﬁ7 }%7 NG)/ 3_%(75 — 3)%_%_“}9”(]\41],1 — MUQ)(t — S)HL%W ds.
0

By applying Gronwall’s Lemma we get

IN

[Muy(t) — Muy(t)| 22,

w_9
(t —s) 1720 Juy — us||c(o,t—s);L2 (RS dS

w100

t
S C(T7R7N9)/ s
0

t
+C (T, R, Ne)/ 3(%7%%)9)7%(75 - 3)%_5_@_w9|lul — z|[c(o,s)L2(r)) dS

0
Then, the result follows by a contraction argument like in Proposition 3.9:
The map M™ is contractive for n large enough. Thus, M admits a unique
fixed point in Bpg. O

The above auxiliary results directly yield the

PRrROOF OF THEOREM 3.8.

The fixed point of the map M satisfies the equation (3.1.1) for all 7" > 0.
Thus, it is the unique global-in-time mild solution of problem (1.0.6)-(1.0.7),
in the sense of (3.1.1). O

3.4 Regularity of the solution

In this section we shall establish the C'*°-regularity of the unique, global,
mild solution (w,n,V,E = Ey + E) of the WPFP-system (1.0.6)—(1.0.7).
Based on a bootstrapping argument, our main result is

3.12 Theorem. Let (C) hold for some 6 € Iy and 0 < wy < k(8), or let (D)
hold for some 0 € Iy (in the latter case set wyg :=0). Then, the unique mild
solution w € C([0, 00); L*(R®)) of the WPFP problem (1.0.6)-(1.0.7) satisfies

w € C((0,00); CX(R)),



Chapter 3. Dispersive effects and the hypoelliptic WPEFP 7

with the estimate

STl
SIS

(3‘4.1) ||D§5D:}nw(t)”L2(R6) < C(T, ||U}||C([07T];L2(R6)) ,Ng) R(t)i t 2,
for allt € (0,T], T > 0, and all multiindices I, m € N}, with |l| = L, |m| =
M € Ny.

Moreover, E,V € C((0,00); C¥(R?)), satisfying for allt € (0,T], T > 0:
3(1_1)_ L1
(34.2) |IDLE®)| 2 < C(T, |wlleqoryzeqsy » No) R(t)3(378) =55 40,

where DLE represents the derivative with multiindex | of each component of
the field E.

Accordingly, the density n = —divE € C((0,00); C¥(R?)) satisfies

[S][Y

(34.3)  [In(®)l@n < C(T, |wlleqorszemsy , No) R(1)3(78) 10,

for allt € (0,T].

The self-consistent potential V (t) and its Fourier transform ‘7(1%) satisfy for
allt € (0,T], T > 0, the estimates

(3.4.4)  |[V(0)] oo ra
(345) V()@

l —Ww,
O(T7 Hw”C([O,T];LQ(RG)) , Ng) R(t)lwet 0

<
_3
< C(T, l|wlleqo.y;z2rsy) » No) R(t)' 20870

PROOF. A calculation as in Proposition 3.2 gives

Njw

(3.4.6) IDLEo(t)]| oy < CrR(1)3G70)"" " =20 vt e (0,7,

In the sequel we shall use the estimate (3.3.6) for the x-derivatives of the
Green’s function g and

(34.7)  |ID"g)|m < Cptz, Vt<T, |m|=M M>0,

T,v —

which again can be proved directly by calculating the integrals.

Step 1:

By induction on L = |I| we shall first prove the estimates for the z-derivatives,
ie. (3.4.1) for m = 0 and (3.4.2). We fix some multiindex | = (I3, l, l3) with
L = |l] > 1 and suppose that the inequalities (3.4.1), (3.4.2) hold for all
multiindices [ with 0 < |I] < L.

We apply D! to (3.1.1) and use (3.3.9) with p = 1 for the first summand and
p= g for the second one:



Chapter 3. Dispersive effects and the hypoelliptic WPEFP 78

3
IDLw(t)ls < e2|Dig(t)|l Ly, llwolls

t
33s
+ [ A IDL O g | Ot = )y

t/2
LY (LY (Y [ 26
e (l’f) (z) (z)/ N9z
0<17<l;
j= 123

k k
OIDEVIDY w)(t = )| 5 5, ds,

where [F = (I¥,15,1%). Here we had to split the time integral and apply
D! respectively, to the first and second convolution factor. Without this
procedure the resulting integrals would diverge either at s = 0 or at s = ¢.
Using the estimates (3.3.6), (3.3.7), (3.3.10), and (3.2.10) we obtain:

IDLw ()]s < CrR(t)™% |[wols
t

+Cr / R(s)™ "%

(t = 8)llel[w(t = s)ll2ds

t/2
t/2 L "
w0 Y0 [RGHDE V- )l DYt - 9)ads
oglg?gz]-
j=1,2,3
< C(T, [lwlleqo,ry2qme)) » No) [R(t)fé + R(”_%%(%_%)ﬁtme]
t/2
+Cr Y / R(s) % | DL E(t = 8) || DY w(t = s) 2 ds
0

ogl?gl]-, j=1,2,3

k£ 0, Ik£1

t/2
+CT/O R(s)" 7| DLE(t — 5) |2 lw(t — 5)]|» ds
t/2 )
+ CT/ R(s)"1||E(t = 5)|| 2 || Dsw(t — s)[2 ds.
0

By considering the range of wy, using (3.2.5), (3.4.6), (3.4.1), and (3.4.2) for
|l| < L we obtain

(3.4.8)
IDLw(t)]]

< C(T, |wlleqo,ry:c>@sy) » No)
L—

0% + 3 R H 0D Riy-himes 4 Ry BU-D- T s
k=1
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t/2 )

+ Crllwllegoyzy / R(s) 3 |DLEL(t — 5)]|2 ds
0

+ C(T, |lwlleqo.11:22s)) > No)

3

t/2 1 1 1 1
/ R(s)"tR(t — )2 (3= 8)*5(t — 5)™| Db (t — s)| ds

t/2
< O(T, lwlleqoryzz@s) » No) | R(E)™F + / R(s)"%||DLE\(t — s)||2 ds
0

N
D=

t/2 1 3 1
+/0 R(s) i R(t — s)3( )+2(t—s)—we||D;w(t—s)||2ds].

Since this inequality for |[D\w(t)||2 is not closed, we have to consider in
parallel the derivatives of the field. As before, we apply D! to (3.2.2) and
use (3.2.5), (3.2.6),(3.2.7) together with (3.4.6), (3.4.1) and (3.4.2) for |I| < L:

t

(34.9) DBl < C/t I(s)R(s)" 2 | Flw](t, 5)]» ds

/2

t/2
e / 9(s) | DLF[w](t, )|} ds

t
1 _L
< Cllwllegomizrs //ﬁ<s>—2R<s> Bt — 5)l ds
t/2
t/2 1 k k
+0 30 [0 D B - 9 D wlt - 5) e ds
ogzg?gzj 0
j=1,2,3
3(1_1)y_L=t 1_
< C(T, Hw”c([07T];L2(R6)),N9) (R(t)2(2 ‘9> 2 270
L1 3(1 1 L—k—1 k1 t/2 1
+ YRG5 R(t)‘itﬁ_w“r/ 9(s)" 2| DLE,(t — s)||» ds
k=1 0
t/2 1 3(1 1 1
+/ I(s) 2 R(t— )5 G (2 — 5) 7| Dla(t — 5)]|» ds
0
< O(T, |wlleqorpzes) . No) <R(t)%(%*%)*%t%—we

t/2

9(s)"2 | DLEL(t — s) |2 ds

+
S—

t/2

9(s) 2R(t — 3)

W

+

S—

(%_$)+%(t —8)7“ || D w(t — )|l ds) .
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By applying Gronwall’s Lemma to the coupled system (3.4.8)-(3.4.9), the
estimates (3.4.1) for m = 0 and (3.4.2) follow.

Step 2:

Next we consider the v-derivatives of the solution w(t) for some fixed multi-
index m € N} with |m| = M > 1. Asin Step 1, we assume that (3.4.1) holds
for all multiindices m with 0 < || < M — 1 and | = 0. By interpolation
with the result of Step 1, the estimate (3.4.1) then also holds for all mixed
derivatives D! D™w(t) with 0 < |m| < M —2 and | € N3.

We apply D) to (3.1.1), introduce the characteristic coordinates z; := x +

v <1_eﬁt> , Uy 1= Ueﬁt (and, analogOUSly, Ts, T_JS), and use (338) Here and in

B
has to be replaced by its limit —t if § = 0. This yields

the sequel, 1—e™

B
Dl'w(z,v,t) =

= /[D;”G(t,x,v,vo)] %, wo (T, vg) dvg

—1—/0/[D21G(8,x, v,v9)] * (O[V]w)(x, vy, t — s) dvg ds

= 38 [eﬁtDv + 1 —ﬁeﬁt Dx} (g(t) 0 w0> (Zy, Dy)
+ /t;esas ({eﬂst L1 —ﬁeﬁs Dx} " 4(5) s (O[V]w)(t — S)) (£..0.) ds

g

Since ||.[|zz. = e%ﬁtH.Hng, we then obtain by estimating like in (3.3.10)-
(3.3.11), using D™O[V]w = O[V]|D™w and (3.4.1):

+ /0 e (g(s) . [eﬂs p,+ 1= Dx} " OVIw)(t - s)> (Z,,7,) ds.

(3.4.10)
1—eP "
IDrw(t)ll, < ¥ [ewD” Dw] o) Ilwollz
p L,
t 1_ ﬂs m
+ / e2 [eﬁSDv+ - Dm} 9(s)
2 g (L)
NNOWVIw)(t = ) 1522 ds
t/2 s 1 ||
+CT Z \/0\ ( B ) ||g(s)||L1l’(L2/5)
[m|<1
Th,mfﬁtENg
NOVIDID )t = 8)l| 5,5, ds
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+ C(T, lwlleqory:z2@e) » No)

: i (eﬁtﬁ_ 1>kR(t)%(

k=2

1\_k=3 1, M=k
—a)—TfWﬁ 2,

N

In the last integral we only kept the v-derivatives of the order M and M —1,
as the estimates of mixed lower order v-derivatives of w are already known.
For the second factor of the last integral we use (3.3.10) and the following
interpolation (if |m| = 1):
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where ¢; denote the unit vectors in N*. Since (3.4.10), (3.4.11) would not
yield a closed inequality for || Dw(t)]|2, we sum (3.4.10) over all multiindices
with |m| = M. Using the estimates (3.4.7), (3.3.6), (3.3.7), and (3.2.10) we
get
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By applying Gronwall’s Lemma and considering the range of wy we finally

obtain the estimate (3.4.1) for [ = 0.

Further, (3.4.4) follows by using the Gagliardo-Nirenberg inequality (cf. [Fr],
Chapter 1.9)

1/2 1/2 .
V)o@ < CIV )| ages | DLE®) | agey,  with I =1,

and the estimates (3.2.10), (3.4.2).
For (3.4.5) we use the Fourier transformed version of (3.1.10), (3.1.11), i.e

. B
V(ta €> = — 5 Q(S)a
N
the estimate (3.4.2) with L =0, L = 1, and the Hdlder inequality. O

3.5 A-posteriori estimates on the particle
density

In this section we present some additional decay results for the particle den-
sity that hold only under assumption (D). They are complementary to
85, since we recover estimates for ||n(t)||.rrs) with p < 2. Since we have

V(t) € LY(R3) for t > 0 (cf. (3.4.5)), the following (rigorous) reformulation
of the pseudo-differential operator ©[V] holds (cf. [ALMS]):

16

(351) @[V(t)}u(m,v) - _(277')3/2

Re(ie**V (t, 2v)) #, u(z, v).

Hence, by Young’s inequality and (3.4.5),

(3852) 1OV OIOlswsney < (1)3/2||v<>||L1<R3>

_ 3
< O(T, lwlleqomiza@sy) » llwollpcroy) R(E)' 2

for all t € (0,7 follows.

The main result is

3.13 Theorem. Let (D) hold for some 6 € Iy. Then, the solution of the
WPFP problem (1.0.6)-(1.0.7) satisfies:
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(i) w € C([0, 00); Ly (L7)).
(11) The density n(t) satisfies for allT >0 and 0 < p < 2:
(3.5.3)

3(1_1
In()llzomsy < C(T, wlleqomzzs) vony) G,

for allt € (0,T].

PROOF.
(i) We estimate (3.1.1) by using (3.3.8) and (3.5.2):

lw®llyeey < Crllg®lze, llwollLyze)

# 0 [ 16 1@V 1)t — )y ds
< Crllwollzacrey + C (T, [wlleomizame)) - Iwoll 2 zs))
/||w 8) Ly oy R(E — )72 ds,

Then, Gronwall’s Lemma yields the assertion.

(ii) The estimate (3.5.3) follows by interpolation between (3.4.3) and the
estimate

[n@lrowsy < w®)lzyeo)-
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Numerical Approximation



Chapter 4

An operator splitting

method on the periodic
WPFP

Abstract

We consider the one-dimensional nonlinear Wigner-Poisson-Fokker-
Planck system with periodic boundary conditions in the space variable,
well-posed in a weighted L*-space with respect to wvelocity.  This
chapter is concerned with the analysis of a semi-discretization in
time of this model through an operator splitting method. First-order
convergence and nonlinear stability are established in the weighted
L?-framework, by handling the nonlinearity as perturbation of the
product formula for linear semigroups. Further, due to the parabolic
reqularization of the Fokker-Planck operator, a low-order convergence
15 proved by increasing the velocity moments but without smoothness
assumptions for the initial data.

In this chapter we present and study an operator splitting method of first
order for the time-discretization of the one-dimensional nonlinear Wigner-
Poisson-Fokker-Planck system (WPFP) with periodic boundary conditions
in the space-direction. Our aim is to give rigorous convergence and stability
results of this semi-discretization.

The Wigner-Fokker-Planck (WFP) equation in one-dimension is given by
(4.0.1) Ow +vw, + OV]w = Bvw), + 0wy, + Qw,y, t >0,

on the phase space slab x € (0,27), v € R with periodic boundary conditions
in x:

w(0,v,t) = w(2m,v,t),

85
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and the initial condition
w(z,v,t=0) = w'(x,v).

A general description of this model is given in the Introduction (Chapter 1).
We are considering here only the case with no mixed derivatives, i.e. v = 0.

The WFP equation (4.0.1) is self-consistently coupled with the Poisson
equation with periodic boundary condition for the (real-valued) potential
V = V{w|(z,t):

(4.0.2) Vie(z,t) = nlw](z,t) — D(z), z € (0,2m), t >0,
(4.0.3) V(0,t) = V(2m,t),

with the given doping profile D and the particle density

(4.0.4) nfw|(x,t) = /Rw(x,v,t)dv.

Coupled to the WFP equation (4.0.1) via the pseudo-differential operator ©,

(4.0.5) (OV]w)(z,v,t) = \/%7/R(SV(:v,n,t)fv_,nw(x,n,t)ei””dn

the self-consistent potential V[u] has to be 2m-periodically extended.
Fo—yw denotes here the one-dimensional Fourier transform of w with respect
to v:

1 .
Fooqw(z,n,t) = \/—Q_W/Rw(x,v’,t)ew’"dv’.

Also, for notational simplicity we have set the Planck constant, particle mass
and charge equal to unity. In (4.0.1), 5 > 0 is the friction parameter and the
parameters o > 0, o > 0 constitute the phase-space diffusion matrix of the
system.

For the quantum-mechanical correctness, i.e. Lindblad condition (cf. Chap-
ter 1 and [Li]), we have to assume

a ip
(5 7) =0

In the subsequent analysis, as well as in the next Chapter 5 about the nu-
merical simulations, we require additionally o, 5 > 0.

In [ACD] a rigorous well-posedness analysis of the x-periodic 1D WPFP-
system is carried out in a weighted L2-space with one momentum in the
velocity direction, L2((0,27) xR; (1+v?) dx dv), which is a natural framework
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to properly define the particle density by (4.0.4). Note that the choice of a
finite intervall in x is important for the well-posedness of this one-dimensional
model. A whole-space analysis, similar to what is done for the 3D WPFP in
the first two chapters, is here not possible, since the Poisson equation has no
non-trivial whole-space fundamental solution.

In the context of simulating quantum effects in semiconductor devices, var-
ious numerical methods have been used for approximating the solution of
the Wigner(-Poisson) equation: finite-difference-schemes ([Fre, RKPKF)),
spectral collocation methods ([Ri90, Ri91, Ri92]) and a deterministic parti-
cle method ([ArNi]). An operator splitting method for the Vlasov equation,
and later for the Wigner—Poisson system ([AR95, AR96]) has first been
used by plasma physicists to study oscillations in one-dimensional plasmas
([CK, SFBJ).

In our approach, the product formula for semigroups is the motivation for
considering an operator splitting method to approximate the Wigner func-
tion. The ”orthogonal” action of the operators in (4.0.1) in the (z, v)-phase
space (cf. Section 4.1 for details), makes possible a suitable split of the
equation (4.0.1) in time. We focus on a splitting scheme of first order in
time. This approach was first introduced in [AR96] for the coupled nonlin-
ear Wigner-Poisson equation with periodic boundary conditions in z. Here,
we shall extend these techniques to include the Fokker-Planck terms by using
their parabolic regularization. In order to obtain the order of convergence,
we shall deal with the nonlinear coupling with the Poisson equation, via the
pseudo-differential operator ©, as a perturbation of the product formula for
linear semigroups. In the sequel analysis, an explicit stability and first-order
convergence proof is carried out. Also, due to the parabolic regularization
of the Fokker-Planck operator, we shall present a low-order convergence re-
sult, i.e. a convergence result of order 1 — ¢, Ve > 0, which dispenses with
smoothness assumptions on initial data (cf. Section 4.4). The numerical
realization of this approach and numerical simulations are postponed to the
next chapter.

4.1 Preliminaries

In this section we present the numerical approximation scheme for the
WPFP-system with fixing necessary existence analysis results, and we sketch
the strategy of the convergence analysis.

First we define the weighted L2-spaces
L2 = L2 ((0,2m) xR) := L*((0,2m) X R; py da dv),
with the weight pp = (1 + v%) for k& € Ny. Similarly, HS , s € Ny denotes

B



Chapter 4. An operator splitting method on the periodic WPFP 88

the weighted Sobolev space H*((0,27) x R; py dz dv).

In [ACD] the well-posedness analysis of the z-periodic 1D WPFP-system
was carried out in L7 with p := py. Since L? — L*((0,27), L*(R,)), this
framework allows to properly define the particle density by (4.0.4). In the
sequel we shall use the same approach.

We define the differential operators:

Au = —viu + ad’u;
Bu = 00*u+ Bu+ Bud,u,

which act on their respective domains

Dy(A) = {ue L | vuy, ug € L2; u(0,v) = u(2m,v),
uz(0,v) = u,(2m,v), Vv € R};
._ 2 27.
D(B) = {u€ L, | uw,vu, € L, };
D,(A+B) = {ue Li | Vg, Uy, VU, Uy € LZ; u(0,v) = u(2m,v),

uz(0,v) = u,(2m,v),Vo € R}.

Also, we define the corresponding norms

lullpeay = lullzz + [lovellez + luee cz;
lullps) = llullzz + llvullzz + llwwllzz;
lullpars) = lullg + llvwallzz + l[weallcz + llowllzz + llwwllzz-

2\

In the sequel the subscript ”p” will denote spaces of periodic functions on
the domain (0, 27). E.g. W9(0,27), s € Ny, 1 < ¢ < oo denotes "periodic”
Sobolev spaces, which are defined as the closure of C7°([0, 27])-functions with
respect to the W*9(0, 27)-norm, as in [Ad].

The existence and uniqueness of a global-in-time solution of the nonlinear
WPFP-model (4.0.1)-(4.0.4) has been established in Theorem 2.6 of [ACD].
Let us recall here the main result.

4.1 Theorem. Let D € L'(0,2x).

a) For every w! € Li, the WPFP-problem (4.0.1)-(4.0.4) has a unique
mild solution w € C([0,00), L2).

b) If w' € Dy(A+ B), w is a classical solution, i.e. w € C'([0,00),L?),
and w(t) € Dy(A+ B) fort > 0.

The operator splitting method we are going to establish and analyze consists
in solving successively for each time step of length At the evolution equations:
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Step I:
Ou = Bu—-0O[Vullu, t,<t<tpu
(4.1.1) u(t,) = wy,
Wyt 1= U(tny1),

self-consistently coupled with the Poisson equation
(4.1.2) Via(z,t) = / u(z,v,t)dv— D(x), ty <t <tpu1
R3
V(0,t) = V(2m,t).

A simple calculation shows that [u(t)dv is constant in time over Step
I. Hence, V]u(t)] = V]w,] is just evaluated at the beginning of this time step.

Step 1I:
atu = AU, tn <t S tn+1
u(0,v,t) = wu(2m,v,t),
Wnt1 = u(tn-i-l)v

where (z,v) € (0,27) x R, and w,, and w,4; denote the approximations of w
at t, and t,.1 = t, + At (wg := w’ at to = 0), respectively.

This splitting method is particularly suitable for the WFP equation since the
operators A and B+0O[V].]] act in "orthogonal” directions of the (x, v)-phase
space. Moreover, the two split evolution equations can be solved explicitly.
From the existence analysis of the WPFP-model (cf. [ACD]) we know that
the operators A, B, and A + B generate (quasi-) contractive Cy-semigroups
on L? and Li which can be given explicitly.

For notational simplicity we denote these semigroups in the sequel by e/,
e!B and 418 respectively.

4.2 Proposition. For the Cy-semigroups generated by A, B, and A+ B the
following statements hold for all t > 0:

e sz < 1 lellazy < -
g s
el < ez e |l5z) < e("+;)t;
e B g2y < €2ty [P |z < elrtR)

Let u € L7, and D € L'(0,27). In order for the Poisson equation (4.0.2)-
(4.0.3) to yield a smooth periodic solution

(4.1.4) /0 2W/]R u(z,v)dvde = /0 QWD(:v)dx
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has to hold. In this case, the potential will satisfy additionally
V:(0) = V.(2m).

Also, (4.0.2)-(4.0.3) determines the potential V[u] only up to an additive
constant, which, however, drops out of ©[V]. Nevertheless, we shall make V'
unique by requiring

(4.1.5) Vie = nlul—D, z€(0,2m),
V() = V(2r) = 0.

The solution of this boundary value problem (4.1.5) is explicitly given by

@1 Vi = [ 6a@o(nli©) - DO)de e 0.7

where G denotes the Green’s function on (0, 27)

r(e — z
(4.1.7) G(x, &) = {ggiz_”_i; :c;gg

Using u € Li yields the following estimates for the density and potential (cf.
[AR95, AR96, ACD]):
[n[u]llz2027) < CHu”Li

and

(4.1.8)
IVIulllwieczny < Clinfu] = Dlpioen < C <||U||La + ||D||L1(O,27r)> :

Here and in the sequel C' denotes generic, but not necessarily equal constants.
An integration by parts (cf. Proposition 2.3 in [ACD]) gives

(4.1.9) OV](vu) = vO[V]u+ Q[V,]u
with
(4.1.10)  QV]u(z,v) := ! 8,V () Fou(x,n)e™dn,

24/ 27
R
n

o Vi(x,m) = V<x+g> —i—V(x— 5)

Therefore, the pseudo-differential operator ©[V] satisfies the estimates

10VIullllawy < 2[[V[u]llzeoz2r),
1OVI[ullllsrzy < ClVI]ulllwreez2m-
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Moreover,

1@V Iullllsee < IVIullze©2m,
1QVullllsez < ClIVIulllwieezm-

Further, the operator ©[V] commutes with 07, n € N.

We denote with I'(¢) the non-linear semigroup on Li, generated by B —
O[V].]]. It furnishes the solution of Step I of the splitting scheme.

Let ug € L be the initial data for (4.1.1) at ¢ = 0. In the v-Fourier space,
(4.1.1) reads

(4.1.11) Gy = —on*t— Bndyi —idVuel(z,m)d, t >0,

fb(t:()) = lALO = vanUO,

and it can be solved explicitly by using characteristics (details can be found
in [Dh]). Hence, the solution to (4.1.1) is given by

(4.1.12)
1 .
C(t)ug(z,v) = o Eluo)(x,n, t) Fyopuo(z, ne*ﬁt)ewndn, Vi>0,
T R
with
(4.1.13)
t
e t) = expd Tape — 1)~ [Viua(ane ) ar

0
The step-forward operator describing our splitting scheme is now given by
(4.1.14) Far = AMT(AL), VAL >0.
Thus, the splitting scheme (4.1.1)-(4.1.3) reads
(4.1.15) Wpi1 = Faw, = AT (Abw,,

with wy = w! and the potential V = V (t,,) being evaluated at the beginning
of each time step [t,,, t, + At].

Let us remark that in the linear Wigner-Fokker-Planck equation (WFP),
which consists of the equation (4.0.1) with a given constant-in-time potential
V = V(x), the strong L2-convergence of the splitting scheme (4.1.1)-(4.1.3)
is an immediate consequence of Trotter’s product formula (cf. [CHMM]).
In the nonlinear case an analogous convergence result has to be derived ex-
plicitly.
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The splitting method (4.1.15) is a nonlinear product formula with first-order
convergence. The main difficulty in proving this lies in handling the non-
linear coupling of (4.0.1) with the Poisson equation for the self-consistent
potential. In order to carry out the convergence proof with "natural” as-
sumptions on the initial data we shall need to deal with the nonlinearity in
(4.1.14) as a perturbation of Trotter’s product formula for linear semigroups,
i.e. ee!B. For the consistency estimates on the error e/A+5) — etdetB we
will use a formal Taylor expansion of the product formula e*4e*?, where the
derivative operator is replaced by the commutators of the linear generators
of the semigroups, given in (4.3.2). Moreover, this Taylor expansion clearly
underlies the maximal order of convergence to be expected in the approx-
imation, namely first-order convergence. An adequate decomposing of the
nonlinear splitting (4.1.15) based on Duhamel’s formula shall then provide
the first-order convergence by using the mentioned Taylor expansion.

We remark that a ”Strang splitting” version of (4.1.15) is of second order,
but we shall not pursue this here.

In the next two Sections 4.2 and 4.3 we prove stability and first-order conver-
gence of the splitting scheme for w’ € D,(A + B). Section 4.4 is devoted to
a low-order (precisely, 1 — €) convergence result which holds for more general
initial data, with just an additional momentum in v, i.e. w! € qu. This
will be a (1 — €)-order convergence with no additional smoothness assump-
tions for w!. A summary of convergence results for the linear WFP, with a
given constant-in-time potential V' = V' (z), is presented in Section 4.5. The
detailed description of the numerical algorithm of the full discretization and
some numerical simulations for the linear and nonlinear model to complete
this work are presented in next Chapter 5.

4.2 Stability of the splitting scheme

To establish the convergence of the splitting method we will need nonlinear
stability properties of the introduced splitting scheme (4.1.15) which are
stated in the Propositions 4.5 and 4.6. The following proposition summarizes
important a-priori estimates on the nonlinear semigroup I'(¢).

4.3 Proposition. Let ug € L7, and D € L*(0,27). Then,
()
(4.2.1) IP@Ouollz < ™1 EIole) g, Ve >0,

with

p 8
Ki(t, Juollz2) = o+ 5 +C (IDloam + e lluollz2) -
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(1)
(4.2.2) T ()uollzz < 5K2(““0”L2)||u lzz, ¥t >0,

with
2 \ l[UollL2 = o+ 9 + Li(0,2m) T [|Uo Lz ] -

PROOF. By considering the classical solution u(t) of equation (4.1.1) in Step
I, the idea of the proof is based on using the dissipativity of the operator B —
(a + g) I in Li, which has been implicitly proved in Lemma 2.1 in [ACD].
However, since we are dealing only with the mild solution of this equation,
an approximation of u by classical solutions is needed. More precisely, let
{uf }nen C D(B) be a sequence with uf — wug in Li. Then, for the classical
solutions (cf. [Pa], Thm. 6.1.5) u" we get

sl < (04 5) 0@l - <OV @l 0.0 >4

The skew-symmetry of the operator ©[V] (cf. [MR]) implies

1d
sl Ol = (745 ) Il <

< //vu (O)QV [u"()]Ju™(t) dv dx
(1.23) < Valu(e >1||Loo<02ﬂ o ()2l ()] 2
(4.2.4) < C (Il ®llag + 1PNz 020) ) llow ()2 " (1) 22

On the other hand, by applying the dissipativity of B — g[ in L? (cf. [ACD])
and again the skew-symmetry of O[V], we have

1d 3

9. u” 22 < Z n 22.
(12,5 Ol A P OI

Letting n — oo, we obtain from (4.2.4)

1d 9 16 9
P . < = 2
(426)  Sollu@li; < (a+ 2) u®)I1
+ C (Ilu@llzz + 1Dl 020 ) (@)l )22,
and from (4.2.5)

(4.2.7) lu@®)|l: < eT'uoll2, V> 0.
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The estimate (4.2.1) follows directly by applying Gronwall’s Lemma.

For the second estimate (4.2.2) we use V]u"(t)] = V[ug], and from (4.2.3) we
get as n — oo:

1d 3
az8)  palls < (o+F) ol
+C (Jluollzz + 1Dl 02m ) Iu()llzz u(®)llz2-
Hence, applying Gronwall’s Lemma yields (4.2.2). 0

4.4 Corollary. Let ug € L? and D € L*(0,27). Then,
(4.2.9) IT(t)uollre < e?'|uglle, Vit > 0.

An a-priori estimate on the step-forward operator F; is given in the following
proposition.

4.5 Proposition. Let u € Li and D € L'(0,2w). Then, the step forward
operator Fy, defined in (4.1.14), satisfies

(4.2.10) HFtNUHLi < ||u||LaetNK1(th”“”L2)’ Vt>0, NeN.
PROOF. By using Proposition 4.2 and (4.2.1) we get
(4.2.11) |Fully < llufl e E0he) )y >o.

Using the definition of K in Proposition 4.3 and (4.2.9) we obtain by induc-
tion

IFNully < 1FN g S (IR vlz2)

B
1), (1,65 tN-1) >
< ”Fthlu”Li e 1< € llwll 2

= R gy e 1)
o

< HuHL2 etNKl(tN,HuHLg).
- 1

O

The next proposition gives the nonlinear stability property of the splitting
scheme (4.1.15).

4.6 Proposition. Let uy,uy € L2 and D € L'(0,2n). Then, the step forward
operator Fy satisfies

(4212) HFtNul — FtNUQHLi S Hu1 - UQ”LZ
O (NEAD 020 sl gz llwallzg ).
forall t >0, N € N.
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PROOF. First we will derive the estimate

o {t (745 +C (IDIoss + e llusly + ualz]) ) |

by using the mean value theorem

(4.2.14) IC(t)ur = D(t)uslzz < sup [DuL(8)(ur — ua)llrz,
€€[0,1]

with u, = euy + (1 — €)ug, and D, T'(t) denotes the Frchet derivative of I'(¢)
in .

Formally, for the Frchet derivative D,I'(t)(@) for u,@ € L, we get by using
the definition (4.1.12)

(4.2.15)  Foy (DL()(@)) (2,7) = Dy (Fuyu(z, ne ™Eu](x, 1, 1)) (a)
= Fo_yu(z, ne PYE[u](x,n,t) + Foopu(z, ne PYDy(E[])(@)(z,n, 1)
= Elul(x,n,t) {fv_,nu(:v,ne_ﬂt)

+ Fogu(z,me” ( (z 7765(7’ t>)d7’):|
= Fooy(Plul() +ﬂutfmy .
with

flzyv,t) = ——=ux*, {z/ 77—>v 5V0 (x,ve—ﬂT)e—ﬂTdT]

Here, we used

(4.2.16) DV [](@)(z) = V°[@|(x) = /Oﬂg(x,f)n[ﬂ](é)dﬁ, z € (0,m),
which satisfies
IVOl@llyreooom < Cllllzz-

The two terms in (4.2.15) are the solutions of a linear version of equation
(4.1.1) with the given potential V[u]. Using an estimate of type (4.2.2) there-
fore yields

_ tKa(|ull,2) - th (lull2)
(4.217) D)@ < e i \lall g2 + Ll f ()l 2z
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Further,
(4218)  [lf)llee = [Fomnf(@B)l22
t
< Or- ﬂT
< Clul|rz /05V [a](x,ne”) dr (0.2 E)
< Ctllull=l[ullz
and

(4.219) |lof ()2 < Ctlloul| 2|l

/teﬂTéJerO[u] (z,neT) dTH

+ Clul| 2
0 Lo°((0,27) xR)

< Cllallsg (tlullsg + te™ ulls2)

hold.
By applying the estimates (4.2.17)-(4.2.19) to (4.2.14) we get

IT()ur — T(uallzz < llur — ua|ze

. sup [gK?(”"é”La’ (1 + Ctl|ue| e + CteBtHuGHLzﬂ,
€€[0,1] a

and the assertion (4.2.13) follows.

Finally, by using Proposition 4.2 and (4.2.13) and by induction,

g

”FtNul - FtNUQHLﬁ < Hu1 — UzHLi exXp {Nt (O' + § + C(”DHLI(O727I-)

! [HFNﬁl(t)Ul”Li + HI‘Nl(t)UQHLﬁD) }

follows. O

4.3 First order convergence

The aim of the following analysis is a consistency estimate for the splitting
scheme (4.1.15). Then, the convergence result will be derived in Theorem
4.16 by using the nonlinear stability results of the previous section.

Let us mention that our splitting scheme is a nonlinear product formula. In
order to treat the nonlinearity by a perturbation argument, a consistency
estimate for the linear product formula e!4e!? will be needed. In the sequel
we shall give a formal Taylor expansion of the product formula e*4e!? and
estimate the consistency error to e“*5) by using the commutators of A and
B. For this purpose we use the following identity for generators of linear

semigroups which was proven in Lemma 2.2 of [DS].
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4.7 Lemma. Forn > 1,

n tjetA )
(4.3.1) 0uaB = =) A (%, B) — Ry (1),
j=1
where
t
Ro(t) = /e(t—S)A(aZ+1B)€SA(t;S>nd87

0

and 0o B denotes the commutator of A and B

94B = [A,B] = AB — BA.

Denoting W (t) := e!e!® we obtain after differentiating formally with respect
to time:

W(t)— (A+B)W(t) = .aBe'®.

An immediate consequence of Duhamel’s formula and (4.3.1) is the general
error formula

(4.3.2)

t
LS
W(t) . 6t(A-‘rB) — /e(t—s)(A+B) [681428—‘(8543) +Rn+1(8) GSBdS.
;!
2 —

Calculating the commutators we have
osB = 200,0, + [fvo,, AB = —200°

Hence, 81{13 =0 for j > 2, and R3 = 0 follows. Thus, we can simplify (4.3.2)
to
(4.3.3)

t
et — HATE) = /e(t_s)(A+B) [eSA(Qsaﬁm&) + sfvd, — 820'69%)683} ds.

0

This Taylor expansion clearly emphasizes the order of convergence to be
achieved by this product formula. It is obvious that at best first-order con-
vergence can be obtained. For higher convergence other product formulae
have to be considered, e.g. a Strang splitting formula for second-order con-
vergence (cf. [AR96]).

In the next lemma we state some properties of the semigroup e‘?, which will
be used in the next proofs.
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4.8 Lemma. Let T > 0 and k € Ny. Then, the Cy-semigroup e'P satisfies:
() 10, suz, < Crt™2 Vie (0Tl
(ii) o (eBu) = ePe!B(gru) for we H", n € N;

(1i1) velBu = e Pe!B(vu) for u,vu € L% t > 0.

PROOF. The Co-semigroup e'” € B(L? ), t > 0 is given by

1 o 4
eBu(z,v) = —/eX {— 2™t 1 }]—]H u(z, ne e d
(z,v) Nzl 2577( ) nu(@,ne”")e dn
R

1 o

— u(z,v') /eXp {ﬁﬁ(e—%t — 1)} ilv=v'e™ dn dv’
R

21

_ e Bt p
- \/271_%(1 _672&) /u(:v,fe )exp{20_(€—2ﬁt_ 1) (U—S)Q}dé,
R

/eXp {%nz(emt — 1)} o= gy —
R

— VorFl, (eXp {%772(62& - 1)}) (v —v'e ),

o [t ce™gtw - .1y de
%(e%—1)\/2#%(1_@*2&)1R ’ T

(v, 1) S S
g(v, = vexp s, — veop.
25(6 26t — 1)

Estimating in L7, we finally obtain (i).
The last two statements are straightforward (for details cf. [Dh]). O

With the error formula (4.3.3) we can now prove first-order consistency of

the product formula e*4e!® under natural assumptions on the initial data.

4.9 Proposition. Let T' > 0 and

ueY = {fELZ|f”,vfxELZ}.
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Then, the consistency estimate
(@34) e =Pl < Crt? (ulag + lualig + oz
holds for all t € [0, T].

PRrROOF. Analogously to the parabolic regularization of the heat equation
with periodic boundary conditions, it can be easily checked that for the Cy-
semigroup e the following regularization holds:

(435)  [0pesuz,y < Crt™? Vte[0,T], neN, keN,

Due to the spectral theorem of normal operators, the semigroups e and e?
commute with &7 for j > 1. Thus, by using the properties (ii) and (iii) of

Lemma 4.8 we rewrite (4.3.3) as
GHAGE _ HA+B)

t
= /e(t_s)(A+B) [QSUeﬁSeSAeSB&,(?x + sfe et e By, — 820'8§68A65B] ds.
0

Then, the estimate (4.3.4) follows by using Proposition 4.2 and (4.3.5). O

It is known from Theorem 4.1 that for initial data w’ € L2 a unique mild
solution w € C([0,00), L7) of (4.0.1)-(4.0.4) exists. This nonlinear solution
semigroup, which we denote here by w(t) = ®(t)w!, t > 0, is given by
Duhamel’s formula

t

(4.3.6)  d()w! = B! /e(ts)(“”B)@[V[@(s)wl]]q)(s)wl ds,
0

and it satisfies the following estimate (4.3.7).
4.10 Proposition. Let w' € L2 and D € L'(0,2x). Then,

(4.3.7) ISt | 2 < @R )|l L, V>0,
with K1 = Ki (t, |w!||12) defined in Proposition 4.3.

Proor. The proof follows the lines of Proposition 4.3, by using the
dissipativity of the operator A+ B — (0—1— g) I in Li, which was proved
in Lemma 2.1 of [ACD]. The estimates (4.2.3)-(4.2.8) will carry over
identically. O

For the solution of the Poisson equation we have the following result, which
is an immediate consequence of the explicit formula (4.1.6).
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4.11 Proposition. Let

u € {f € LZ | foy fox € LZ; u(0,v) = u(27,v),

uz(0,v) = u,(2m,v),Vv € R}

and D € W>'(0,2x), satisfying (4.1.4). Then, the solution of the Poisson
equation (4.1.5) satisfies V[u] € W>*°(0,2n) with

dz’
- U
xl

(4.3.8) |mewwwﬂf§c<zwb

2 + HD”Wll(o,zﬂ))

holds. Moreover, for D € H0,2x), V[u] € H?(0,2r) with m = 1,2
follows.

4.12 Proposition. Let T > 0, w' € Dy(A+ B) and D € H,(0,2r), satisfy-
mng

(4.3.9) /R /0 27rw1(:v,v)dxdv - /0 %D(:v)dx.

Then, for the classical solution w € C([0,T], D,(A+ B)) N C'([0,T],L2) of
the system (4.0.1)-(4.0.4), the estimate

1310)  Jw@lowis < [0'lowisC (T jwl. 1Dl
for all't € [0,T] holds.

PROOF. The proof is in the spirit of Lemma 3.19 in [Dh], and can be done by
straightforward calculation. The idea is to consider the evolution equation
for y(t) = (A + B)w(t), starting with y! = (A + B)w!:
(4.3.11) y = (A+B=-0OVlyy+flty), t>0,
y(0) = ¥,
and estimating the respective Duhamel’s formula for its mild solution
t

v) = B0y + [l )15 y(s)) ds.
0
By using the results on the potential stated in Proposition 4.11, Proposition

4.10 and Gronwall’s lemma it is clear that ||w!||pa+p) will be the leading
term of the right hand side of (4.3.10).
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Practically, since the evolution equation (4.3.11) is complicated to be
dealt as the whole one, (4.3.10) can be proved sequently (like in [Dh]), by
considering the respective evolution equation for each differential operator
term of A + B. We refer to Table 3.1 in [Dh] for the details and shapes of
the inhomogeneities f(¢,y) for each case. O

Let D € L'(0,27) and W(t), t > 0 denote the nonlinear semigroup on L2,
which furnishes the solution z(t) = W(¢)u of

z = —O[V[z]lz, t>0, with  2(t=0) = we L,

where V[z] is the solution of the (periodic) Poisson equation (4.1.5).
Analogously to Proposition 4.3 we have

(4312) ”\I]<t)u||Lﬁ < etc(||u||L2+||D||L1(o,27r))||u||Ll%’ Vt>0, ue LZ

The following lemma presents the consistency error for splitting I'(¢)u (cf.
(4.1.12)) in ¥(t)u and e'B. This result will be needed to prove the first-order
consistency of the entire splitting scheme (4.1.15). Let us remark that for
B = 0 no splitting error for I'(¢)u will occur, since 9} and O[V] commute.

4.13 Lemma. Let T > 0, D € L*(0,27) satisfying (4.3.9), and v € D(B)
with

(4.3.13) u, € L2 and  u(0,v) = u(2m,v), v € R,

Then, the error estimate

(43.4) D@~y < 2O (T, fullg. 1D]202n ) lulloe,
for allt € [0,T] holds.

ProOF. For the nonlinear semigroup I'(f)u, defined in (4.1.12)-(4.1.13),
Duhamel’s formula gives

(4.3.15) Ftu = etBu—/e(t_s)B@[V[F(s)u]]F(s)uds.

0

On the other hand, the semigroup W(t)u satisfies

(4.3.16) U(tu = u—/@[V[\I/(s)u]]\Il(s)uds.
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Combining (4.3.15) and (4.3.16) we obtain

L(tu — eBPU(tu =

= /[etB@[V[\IJ(s)u]]\IJ(S)u - e(t_S)B@[V[F(s)u]]F(S)u} ds,

and hence
(4.3.17) IT()u — PO (tyullzz < tsup [lg(t, s)] Lz,
s€[0,t]
with the function
(4.3.18) g(t,s) = ePOVIU(s)u]]¥(s)u— e IPOVII(s)u]]T(s)u

= POWVU]U(s)u — e BO[V[u]T(s)u.

Since u € D(B) and (4.3.13) holds, the function g € C'([0,T]? L?), and
expanding ¢(t, s) about t = s = 0 yields

(4.3.19)  |lg(t,9)llzz < [t] sup [Grg(te, se)llrz + |s| sup [|0sg(te, se) 22
e€l0,1] €€[0,1]

= |t| sup eteBB@[V[u]]\I/(se)u — e(te_SE)BB@[V[u]]F(SE)u
€€[0,1] L2
+ |s| sup ||ePO[V[u]]O[V [u]]¥ (s )u — e(te_SE)BB@[V[u]]F(SE)u
e€[0,1]

— =IOV [u]|(B — O[VI]u] )T (s)u

Y
2
Ly

with t. = et, s. = es. The assertion (4.3.14) follows by the properties of the
operator O[.], discussed in Section 4.1, (4.3.12), Propositions 4.2 and 4.3, and
the following estimate on the classical solution of (4.1.1)

(4.3.20) Btz < C (T ullez, I1DN2om) lullog, ¥t € 0,7

The last estimate (4.3.20) can be proved analogously to the proof of Propo-
sition 4.12, by straightforward calculation. The assumption (4.3.13) on
u is only needed to ensure that V'[u] € W2>>(0,27) (cf. Proposition 4.11). [

The next auxiliary lemma is concerned with the consistency error of the
approximation scheme e/“+B)W(t)u for the solution ®(t)u of the WPFP-
system. This scheme arises from splitting the WFP operator in A + B and
o[V].
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4.14 Lemma. Let T > 0, u € Dy(A+ B), and D € H,(0,2m) satisfying
(4.3.9). Then, the error estimate

(4.3.21)
||<I>(t)u — et(A""B)\I/(t)UHLi < tQC (T, ||u||lei, ||D||H1(072ﬂ.)> ||u||D(A+B),

holds for all t € [0, T].

ProOOF. Combining (4.3.6) and (4.3.16) we obtain

O(t)u — Bty =
t

/ [ ATPDOIV W (s)ul W (s)u — "I AHDIOV[D(s)u]]®(s)u] ds,

and hence

(4.3.22) [(t)u — TP ()ull, <t sup [|g(t, )|z,
s€[0,t]

with the function
(4.3.23) §(t,s) = POV [u]]T(s)u — e=ATBIQIV[D(s)u]]P(s)u.

Since u € D,(A+ B), the function g € C*([0, T]?, L?,), and expanding g(t, s)
about t = s = 0 yields

(4.3.24)

19@t, )z < [t] sup [|0ug(te, se)llzz + [s] sup [0sg(te, se)l| 2z
e€l0,1] e€[0,1]

e“UHB (A 4+ B)O[V [u]]¥ (s )u

= [t| sup
€€[0,1]

_ltemsA+B) (4 B)@[V[@(se)u]]é(se)u‘

L,

POV u]]O[V[ul] ¥ (s )u

+[s| sup
€€[0,1]

— etems)AUTB) (4 4 B)O[V[D(s.)u]]P(s.)u
_ ltems)(A+B) g [v [(A +B- @[V[@(se)u]]>@(se)uu B(s.)u

Y
2
Ly

_ etemsIATB QY (D5, )] <A +B-— 6[V[®(se)u]]) <I>(8JU’

with t. = et, sc = es. The assertion (4.3.21) follows by the properties of the
operator O[.], discussed in Section 4.1, (4.3.12), and the Propositions 4.3
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and 4.10-4.12. O

Collecting all the results of this section we can finally prove the first-order
consistency of the nonlinear splitting scheme (4.1.15).

4.15 Theorem. Let T > 0, w' € D,(A+ B) and D € H)(0,2n) satisfying
(4.3.9). Then, for the splitting scheme (4.1.15) the error estimate

(43.25) |0’ = Faull; < € (T, ' g0 1Dl oz ) ' ocac
for allt € [0,T] holds.

Proor. Using Propositions 4.2 and 4.9, and Lemma 4.13, we obtain

(4.3.26)
le" BN (tw! — Fao' |z <
< ||et(A+B)\I/(t)wI o €tA€tB\I/(t)wI||Li + ||€tA6tB\I/(t)wI _ Ewl||Lﬁ
< Ot (W@l + 1629 (w23 + 00D (00w’ |13 )
+ [PV () w! = (w2

< 20 (T lw'llzz, 1Dlo2m ) I lIpeasn):

Here we used that

1wl + 102, ¥ (0w o + 00, ¥ (w5 <

< C (T, Jullzz, HDHH1(0,27r)> lullp(a+),

which can be easily proved in the spirit of Proposition 4.12.

Hence, by using (4.3.26) and Lemma 4.14, we finally get
le(t)w’ — Fuw'llz < [[@(w’ — P ()|
+ [|ef AT BT () ! — FtleLﬁ

< 20 (Tl 1Dl e ) I’ Ipeasn.

for all t € [0, 7. O

Hence, by using the nonlinear stability results in Section 4.2 and the previous
consistency error estimate we conclude the first-order convergence of the
scheme (4.1.15).
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4.16 Theorem. Let T > 0 and N be the number of iterations and At =t/N
with t € [0,T]. Then, for w" € Dy(A+ B) and D € H}(0,2n) satisfying
(4.3.9), the splitting scheme (4.1.15) is first-order convergent:

(43.27) flw(t) = Fw'lly < At piasmC (T o'z, 1Dl

where w(t) = ®(t)w’ is the classical solution of the nonlinear WPFP-system

(4.0.1)-(4.0.4).

PROOF. By using the telescoping sum

(4.3.28) w(t) — F¥w! = Z[th—fw(jm)—Fg—f“w((j—nm)],

j=1

the Propositions 4.6 and 4.12, and Theorem 4.15, the assertion (4.3.27) fol-
lows. O

4.4 1— ¢ order convergence

First-order is the best convergence order to be expected from our splitting
scheme (4.1.15) (even for smooth initial data). The aim of the subsequent
analysis is to derive a low-order convergence result which admits more general
initial data. Indeed, we shall prove that starting with just one additional
momentum in v, i.e. w! € Lfm, we shall get the following error estimate for
the splitting scheme

lo(Vat) = FAwllz < M (T lwllz,, [ Dllieoan ) A8, ¥ee (0,1),

for At small enough and N € N such that 0 < NAt < T.
This is a powerful result in the sense that we get ”almost” first-order con-
vergence without any smoothness assumption on the initial data.

Analogously to [ACD] we can prove that the operator A + B generates a
Co-semigroup of linear operators also in Lfm. It satisfies

t>0.

8
(4.4.1) e Pl e < T e, Vue L2,
In the next proposition we derive a uniform-in-time estimate of the approx-
imation error of the linear product formula e*“e!”. It does not present a
consistency result, but it provides a better convergence in time than the
Trotter’s formula can ensure (cf. [CHMM]).
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4.17 Proposition. Let T' > 0. Then, the following consistency error esti-
mate for the approzimation of e!A+B) by the product formula e**e'? holds:

(4.4.2) |etel? — et(A+B)|]B(L327Li) < Crt, Vtel0,T].

PROOF. Due to the fact that 4 and e'® commute with @ for j > 1, and
the properties of €', discussed in Lemma 4.8, we rewrite (4.3.3) as

(443) etAetB . et(A+B) —
t

= /e(ts)(AJrB) [2508356“81,653 + s30 e vesB — 5208565‘4653} ds.

0

Then, by using Proposition 4.2 and the regularizing results (4.3.5) and (i) in
Lemma 4.8, the estimate (4.4.2) follows. O

In the sequel we apply the same strategy as in Section 4.3 (cf. Lemmata
4.13, 4.14 and Theorem 4.15) to derive the error behaviour

le(’ - o'l = O@)

on the nonlinear splitting error, by assuming w’ € L2, and D € L*(0,2r)
(this result is stated in Proposition 4.20). Therefore, we present the follow-
ing three results in the same order as in Section 4.3. First we present the
consistency error made by splitting T'(t)u (cf. (4.1.12)) in ¥(¢t)u and e'B,
without assuming regularity of initial data.

4.18 Lemma. Let T > 0 and D € L*(0,2x). Then, for all u € L, the error
estimate

@a4)  P@u— @l < 10 (T el 1Dleen)
for all't € [0,T] holds.

Proor. Like in the proof of Lemma 4.13 we have

IT(t)u — T (tullzy < tSI[lop] lg(t, s)ll 2.
se|0,t

with the function g, defined in (4.3.18). Since ¢ is continuous in ¢ and s,
(4.4.4) follows by estimating the L? norm of g(t,s) (cf. estimates on ©[V]
in Section 4.1, (4.3.12) and Propositions 4.2, 4.3). O

The next Lemma provides consistency estimate on the approximation of ®(t)
by a scheme arising from splitting the WFP operator in A + B and O[V].
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4.19 Lemma. Let T > 0 and D € L*(0,2r). Then, for allu € L. the error
estimate

(445 [0(0u— Ul < 6 (Tl IDloam).
for allt € [0,T] holds.

ProoOF. Like in the proof of Lemma 4.14 we have

|P(t)u — et(AJFB)\II(t)uHLi < tsup [|g(t, 8)]|Lz,
s€[0,t]

with the function g, defined in (4.3.23). Since § is continuous in ¢ and s,
(4.4.5) follows by estimating the L> norm of g(t,s) (cf. estimates on ©[V]
in Section 4.1, (4.3.12) and Propositions 4.2, 4.3 and 4.10). O

Again, collecting these results we can finally prove the following consistency.

4.20 Proposition. Let T > 0, w' € L? and D € L*(0,2n) satisfying
(4.3.9). Then, for the splitting scheme (4.1.15) the error estimate

(@48 e’ - Fa'ly < € (7wl | Dlomn)
for allt € [0,T] holds.

ProOF. The proof yields in exactly the same way as in Theorem 4.15, by
using the Lemmata 4.18, 4.19 and Proposition 4.17, respectively.

Here we use that W(t) is a nonlinear semigroup on L2, as well. Similarly
to the proof of Proposition 4.3 we can estimate for u(t) := ¥(¢t)w! by using
Holder’s inequality and Sobolev embeddings:

s, < [[2RuOQ e - PuwelVafulolue)
< (Vi <>]|rm<o,zﬂ # Vel 2020 [0 e

< O (Ilu@llzz + 1Dlz202m ) lu®) 3,
Hence,
Cl ||lu D
(447) HU(t)HLiQ < t (II Oz +ll ||L2(o,2w>>”wI”Li2’ Vi>0
follows. O

The next Propositions 4.21 and 4.22 present regularizing results of parabolic
type of the linear semigroup e/“*#) and the nonlinear semigroup ®(¢), which
will be necessary for the low-order convergence proof in Theorem 4.23.
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4.21 Proposition. Let T > 0, m € N, k € Ny, and the initial data u €
. A . . .

L2 (R?). Then, the solution ! A+B)y of the linear parabolic equation (4.0.1)

with V = 0 satisfies

(448) ”et(AJrB)U”H[ZILC < CTtim/2HUHLik, VO <t S T.

Proor. This parabolic regularizing property is an expected result in the
theory of uniformly parabolic equations, and it can be checked for general
initial-boundary-value problems in [Fr|. However, the formula for the fun-
damental solution to the whole-space problem, i.e. the WFP-equation with
V =0 for (z,v) € R* x R", is given in Chapter 3.1 in [SCDM], and in
(3.3.6)-(3.4.7) an analogous result to (4.4.8) has been proved by directly cal-
culating the norms of the derivatives of this solution. This can be easily
adapted to our periodic case. O

4.22 Proposition. Let T >0, m € N, w' € L? and D € H}**(0,2x) for
m > 1, satisfying (4.5.9) (form = 11is only D € L'(0,2m) necessary). Then,
the mild solution w(t) = ®(t)w! of the WPFP-model (4.0.1)-(4.0.4) satisfies

(449) Ju@llmy < ™2C (T, |z, Dl ans020) . Vi€ (©,7]
PRrOOF. From Proposition 4.21 we have
(4.4.10) e gz < Crt™™?2 VO<t<T.

Let ¢y > 0 be small enough such that mty, € (0,7]. By using the Duhamel’s
formula (4.3.6) and the estimate (4.4.10), we get

(4.4.11)
10w (t)]|z <
t
< 10 Pty + [ 0T POV (s s
0
t
< Ort™ 2w + CT/ (t =) 2OV [w(s)w(s)|lzds
0
t
< Ort™ 2wz + CT/ (t = )72V [w()lwrozm |w(s)] 3 ds
0
t
< Crt 2l + Cr [ (=) (lo(o)liz + 1D 1usoam) (o)l
0
<C (T’ ||w1||Lﬁ’ ||D||L1(0727r)> t_1/2||w1||L,%a VO<t<T.

An analogous estimate with the same time decay we get for the derivative in
v as well.



Chapter 4. An operator splitting method on the periodic WPFP 109

Differentiating the equation (4.0.1) with respect to x we obtain the following
(new) linear, inhomogeneous problem

2z = —(A+ B+ 0O[V[w]])z — OV, [w]jw, Vit >t
2(tg) = 0O,w(ty) € LZ,

where z(t) = 0,w(t). Since by Sobolev embeddings
[OValw®Jw®)llzz < ClValw®)]llL=o2m) lw(®)l s
+ Ol Vaz[w ()] 22 0,2m) | Fonw () | 20,2052 (1)

< ClValw®]ll L= 02m lw ()]l 2
+ Cllnfw(®)] = Dl 20.2m [lvw ()| 2

< C (Tl ez, 1Dlezom ) Iz

holds, for the mild solution z(¢) of this problem (cf. Theorem 6.1.2 in [Pa])
we get by using again the Duhamel’s formula:

(4.4.12)

le@llg < e x(t) |
+ [ 1A [V Fus))(s) + OV s )lu(s) a3
O (. ez 1Dl 20z ) (1120} g + 13

t
+0(0) [ (l'lzg + 1D lr0m) 1)z ds.

to

IN

Applying the Gronwall’s Lemma for ty < ¢ < T, the estimate
(413) =0lz < € (T iz 1Dz ) [I120)leg + 2z
follows. Therefore, for all to <t < T
1022612z < [10ue® B 2 (t)]|
/ 10:e= A (OV w(s)])2(s) + OValw(s)]Jw(s)) [l zzds

< C(T) (¢ = to) 2tz
+c@wwmwmmmwﬁmmmwwwmﬂ.

Finally we get

(1434)  02Cto)liz < C (Tl iz, 1Dl0m) ) f6™
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Differentiating the equation (4.0.1) with respect to v we obtain the following
(new) linear, inhomogeneous problem

vy = —(A+B—-p4+0[V[w])y—=z Vit>t,
y(to) = avUJ(to) GLi,

where y(t) = J,w(t). For the mild solution y(t) of this problem we get, by
using (4.4.13) and the Duhamel’s formula (cf. calculation in (4.4.11)),

ly@llz < C (T 0wz 1DNs02m) [loto) g + 2(to) sz

+ ”wIHLﬁ] , Vit <t<T.
Further, we obtain analogously

10Ol < C (T Nl IDNzz0m ) [(E = )2 lyto) 1z

+ latto) g + ' lig] . Yt <t<T,
Therefore,

(4415)  ow@ll < (T 0l 1Dlosm ) "

Going on successively, by applying derivatives of order k (k = 2,...,m) on
the equation (4.0.1) and considering the resulting problems for T' > ¢ > kt,,
we get

(4416)  Juwnto)llmg < (T, 0z, 1D lin—202m) ) t5™

(cf. Proposition 4.11), which gives (4.4.9), since to we chose arbitrary but
small enough. O

Finally, we present the main result of this section by adapting the strategy
introduced in Proposition 4.12 in [DS].

4.23 Theorem. Let T >0, w' € L?, and D € H}(0,2n) satisfying (4.3.9).
Then, for all € € (0,1) there exists a constant M.r > 0 such that, for all
At € (0,min{7,1}] and N with 0 < NAt < T, the approzimating error of
the scheme (4.1.15) to the solution w(t) = ®(t)w! of the nonlinear WPFP-
system (4.0.1)-(4.0.4) satisfies

(4417)  |lw(NAL) — Fw'|l s < A My <||w1||L32,||D||H2(0727r)).
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PROOF. Let € = 5 —1 > 0 with some s € (2,4).
The difference F, — ®(At)Y can be decomposed as follows

FY, —o(An)N
-1
- (th S FTIO(AL)) @AY + (FR; — FAT®(AD).

1

2

<.
Il

By using the Propositions 4.6 we have the estimate
[FAw" = FR7T @A w! [z < [[Farw’ — @(Aw ||z
€ (N = DAL DIl 00, [ Farte” |1z, [ @(Aw|1z)
Thus, by using Propositions 4.5, 4.10 and 4.20,
|ESw! — FN ey < MO (T, w1z, 1Dl 22

follows. On the other hand, by using Propositions 4.6 and 4.10, and Theorem
4.15, we have

H ( FY-i- 1<I>(At)> B(AY)

< |1 (Far — ®(A1) D(ALY w'|| 12 C <T> w2z, ||D||L1(o,27r))
< A2 @AW | paysC (T, !l 2. ||D||H1(0,27r)> :

Thanks to the regularizing effect (4.4.9) of ®(¢), we obtain by extending the
D,(A + B)-norm by complementary terms of the Hj-norm:

AN

le@)wIpasn < @@w![m; + 00 2E)w!]|zz + 002w |1
< 1720 (T )w'lzz, | Dlmzan ) VL€ (0,71,

Here we need the assumption (4.3.9) on D because of

oy lzz < e ll2,C (T, 0 lzg. 1 Dllzom))
(cf. proof of Proposition 4.12). Putting these estimates together we finally
get
IFRw’ — (At w!||

At?
I
< C<T, lwllzz,, ||D||H2(o,2fr)> ( . GADT + At)'
]:

The estimate (4.4.17) follows by using the fact that Z
where I' denotes the Gamma function. ]
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4.5 Remarks on the linear WFP

This section is devoted to the linear Wigner-Fokker-Planck equation given

by
(4.5.1) wy, = (A+B—@[V]>w, (z,0) €R?, >0,
wt=0) = w,

with a given constant-in-time potential V =V (z), V' € L>*(R).

In the sequel we shall give a summary of convergence results for approxi-
mating the solution of (4.5.1) by a linear product formula of semigroups.
We shall prove first-order convergence by regularity assumptions on initial
data and on the potential, and present a low-order convergence result for the
splitting scheme by using more general data.

The following results are strongly related to the respective results for the
nonlinear WPFP-system (cf. Sections 4.1-4.4). They are organized in the
same way and proved by adaption of strategies used in the previous sections.
The linear operators A, B — g[ and A+ B — g[ are dissipative in L?(R?),
as well. Hence, they generate the (quasi-) contractive Cp-semigroups '/,
et® and e!™*+B) in L[2(R?), respectively. Their definition areas will then be
composed of the same terms as in Section 4.1 by replacing the norm Li by

L*(R?) (the periodicity in x is not needed):

D(A) = {ue L*R? | vug, ugy € L*(R?)};
D(B) = {u€ L*(R?) | tly, vu, € L*(R?)};
DA+ B) = {u€ L*R?) | vug, tyy, Viy, Uge € L*(R?)}.

Since

1OV][2@ey < 2V,
the pseudo-differential operator O[V] can be seen as a bounded perturbation
of the generators A + B and B. Thus, in view of the foregoing analysis of
WPFEP (cf. [ACD]), it is obvious that the following (quasi-) contractive
Co-semigroups of linear operators are generated in L?*(R?):

¢

Tt = BV = etBu—/e(t_s)B@[V]F(s)uds
0

and

t
d(t)u = AFBOVDy = et(A+B)u—/e(ts)(A+B)@[V]<1:>(s)uds,
0

for v € L*(R?) (cf. semigroup theory in [Pa]). Therefore, the following
existence and uniqueness result, analogous to Theorem 4.1, holds:
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4.24 Theorem. Let V € L>(R).

a) For every w! € L*(R?), the linear WFP-equation (4.5.1) has a unique
mild solution w € C(]0,00), L*(R?)).

b) If w! € (A+B), w is a classical solution, i.e. w €
C([0,00), L2(R?)) N C([0,00), D(A + B)).

The explicit definition of T'(¢) is given through (4.1.12)-(4.1.13) by putting
the given potential V' into (4.1.13). Due to skew-symmetry of ©[V] we have
the estimates

=~ s o~ B
(452) HF(t)HB(LQ(RQ)) < €2t, Hq)(t)uHB(LQ(]RQ)) < €2t, Vt>0
(ct. (4.2.5)).

The splitting scheme we use here is an adaption of (4.1.15) to the linear
model (4.5.1):

(4.5.3) Wpp1 = Faw,, neN  with  wy=w!,

where the step-forward operator Fa, is defined by
(4.5.4) Fay = eAT(AL), YAE>0.

Let us remark here that the L?-convergence of the splitting scheme (4.5.3) is
an immediate consequence of Trotter’s product formula (cf. [CHMM]).

4.25 Theorem. Let V € L®(R) and the initial data w! € L?(R?). Then,
the operator splitting method (4.5.3) converges in L*(R?) as At — 0.

Further, the following adaption of Proposition 4.9 can be easily checked:

4.26 Proposition. Let T > 0 and
ueY = {feL*R?]| fr, vfe € L*(R})}.

Then, the consistency estimate

e e Bu — AT By|| fogey < COpt? ([[ull 22y + [[tew | z2r2) + [[vUal| 2 @2))

holds for all t € [0, T].

By a slightly modification of Lemma 3.19 in [Dh]| concerning the term
ad? of the operator A, which indeed does not change its proof, it can be
shown that for w! € D(A+ B) and V € W?2>(R) the classical solution



Chapter 4. An operator splitting method on the periodic WPFP 114

d(w’ € C([0,T], D(A+ B))NC' ([0, T], L*(R?)) of equation (4.5.1) satisfies

the estimate

(4.5.5) [e)wllpusrsy < C(TIVIwzsom) 1w |5t s

for all t € [0,T], T > 0.

To prove the first-order consistency of the scheme (4.5.3) we apply the strat-
egy used in the Lemmata 4.13, 4.14 and Theorem 4.15.

4.27 Theorem. Let T > 0, w' € D(A+ B) and V. € W**(R). Then, for
the splitting scheme (4.5.3) the error estimate

(45.6)  [[P(O)w" — Fw'[| 2@y < £2C (T |VIweew®) 1w 54 s),
for allt € [0,T] holds.

PROOF. Let W(t) denote the semigroup given by

U(tu = u—/@[V]\If(s)uds, u € L*(R?),

0

which satisfies ||‘i’(t)||3(L2(R2)) < 1. Then, we have as in the proof of Lemma
413 (cf. (4.3.17)-(4.3.19))

1Bt — P H (0w o) <

(45.7) < tsup ||ePOV]I(s)w — e"IEOVIT(s)w! || r2re)

s€[0,t]

< |t| sup ||e*BBOV]U (s )w! — elte=5)B BOVIT (s )w!
e€l0,1] L2(R2)
+ |s| sup [|e“POV]2 (s )w! — elte=*IB BOVIT (s )w’
e€[0,1]

_ ltemsIBQIV](B — G[V])F(se)u/’

L2(R2)
with ¢, = et, sc = es. Applying (4.5.2), the estimate
(4.5.8) HBf(t)wIHLz(Rz) < C(T,[|V|wreem)) H'LUIHD(B)-

and the properties of the operator O[.], discussed in Section 4.1 (in particular
(4.1.9)) we obtain

(4.5.9)  |T(H)w! - €tB\I/(t)’wI”L2(R2) < t*C (T, HVle,m(R)) HwIHD(B),
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for all ¢t € [0,T]. The estimate (4.5.8) can be proved analogously to (4.5.5),
by straightforward calculation.

One the other hand, dealing with the splitting formula efA+B)¥(t) as in
Lemma 4.14 (cf. (4.3.22)-(4.3.24)) we have

@ ()’ — P (1) e

IN

(4.5.10) < tsup [T POVIU(s)w! — e IABIQOV]D(s)w! || f2mey

s€[0,t]

< |t| sup ||e*“TB (A + B)O[V]U (s )w!

€€[0,1]

— eltems)AEB) (A 4 BYO[V]D(s.)w!

L2(R2)

+ |s| sup |[e“ABP)OIV]?T (s )w!

e€[0,1]
— elte=s)AEB) (A 4 BYO[V]D(s. )’
_ plemso(A+BI gy (A +B- @[V])cﬁ(se)wl)

L2(R?)’

with t. = et, s, = es. Applying (4.5.2), (4.5.5) and the properties of O[V] we
obtain the error estimate
(4.5.11) )

[@(H)w! — DUt 2@ey < PO (T IV Iz @) [0l pas sy

for all ¢t € [0, T7.
Collecting the results in (4.5.9), (4.5.11),

107, 2 (B)w! |22y + |00 ¥ (W)w' 2@y < C (T IV Iweew) 10 | par5):

and Proposition 4.26 we conclude this proof by arguing exactly as in Theorem
4.15 and splitting the error in

(4.5.12)

Hci)(t)wl — Fth”LQ(RQ) S HCTD(t)wI — €t(A+B)\if(t)wl”L2(R2)
+ Het<A+B)qj(t)wl — €tA€tB\ij(t)wIHL2(R2)

-+ HetAetB\if(t)wl — FthHLQ(RQ)-

O

As in Theorem 4.16 the first-order convergence follows by directly by using
the telescoping sum (4.3.28) and the previous results.
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4.28 Theorem. Let T > 0 and N be the number of iterations and At =t/N
with t € [0,T). Then, for w' € D(A+ B) and V € W?**(R), the splitting
scheme (4.5.3) is first-order convergent:

(4513) o) — Edo' ey < Aol |ppsC (T 0V Ive~)

where w(t) = ®(t)w! is the classical solution of the linear WEP equation

(4.5.1).

Our next aim is to derive a low-order convergence result for the linear prod-
uct formula (4.5.3), analogous to Theorem 4.23 for the nonlinear case. By
starting again with just an additional momentum in v of the initial data, i.e.
w' € L2(R?), and V € W**(R) we shall prove (1 — ¢)-order convergence, as
well. The analogous consistency result to Proposition 4.17 is

4.29 Proposition. Let T' > 0. Then, the following consistency error esti-
mate for the approzimation of e"A+B) by the product formula e**e'? holds:

(4.5.14) HetAetB — €t(A+B)HB(L%L(Rz)Lz(RQ)) < Crt, Yte[0,T].

PrROOF. The estimate (4.5.14) can be easily checked by using the Taylor
expansion (4.4.3) and the regularizing properties (4.3.5) and (i) in Lemma
4.8 of the semigroups e and e'f, respectively, which hold in L?*(R?) as
well. O

4.30 Proposition. Let T > 0, w' € L7 (R*) and V € WH(R). Then, for
the splitting scheme (4.5.3) the error estimate

(45.15) B0’ — Bl < 1O (T IV iwre) o e,

for allt € [0,T] holds.

Proor. Estimating (4.5.7) yields

(45.16)  [T(w! — eBHOw g < €O (T, 1V liwe) 10! i,

for all t € [0, T]. Analogously, by estimating (4.5.10),

(4.5.17) [|®(H)w" — V(w2 < O (T, [V ]eo@) 0|22,

for all t € [0, T follows. Using these two estimates, Proposition 4.29 and
||‘if(t)wl||Li(R2) < et”Vx”L‘X’(R)||wl||Li(R2)

(cf. (4.4.7)), and splitting of the error as in (4.5.12) we obtain the assertion
(4.5.15). O
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Since A+ B — (0 + g) I is dissipative in L2 (R?), for V'€ W"*(R) the
estimate

(4.5.18) 18t |suamy < TV Iview)  visg

holds. This can be easily proved by arguing as in Proposition 4.3 (cf. (4.2.3)).

In the spirit of Proposition 4.22 one can prove by straightforward calculation
the following parabolic regularizing property of the solution of (4.5.1):

4.31 Proposition. LetT > 0, m € N, w’ € L*(R?) and V € W™ '>(R) for
m > 1. Then, the mild solution w(t) = ®(t)w! of the linear WFP-equation
(4.5.1) satisfies

(4519) Hw(t)HHm(RQ) S tim/QC (T, HVHWm—l,oo(]R)) ”wI”LQ(RQ),

for all t € (0,T].

Finally, we present the (1 — €)-convergence of splitting scheme (4.5.3) by
adapting the strategy of Theorem 4.23.

4.32 Theorem. Let T > 0, w' € L2(R?*) and V € W*>(R). Then,
for all € € (0,1) there exists a constant M.p > 0 such that, for all
At € (0,min{7T,1}] and N with 0 < NAt < T, the approzimating error of

the scheme (4.5.3) to the solution w(t) = ®(t)w! of the linear WFP-equation
(4.5.1) satisfies

(45.20)  [[@(NAL) — ENw!||p2mey < AL =M.z <||wf||La(R2), ||V||W3,oo(R)).
PROOF. (4.5.20) can be proved straightforwardly as in Theorem 4.23, by

using Theorem 4.27, the Propositions 4.30 and 4.31, and (4.5.18). O

4.33 Remark. All the analysis of this section can be done in L?(R*?), d € N
as well. The linear WFP equation will then have the shape

wy = —v-Vew+ Bdiv,(vw) + cAyw + aA,w — O[V]w,

for (z,v) € R?*! and ¢t > 0, with a given constant-in-time potential V = V (),
V € L*(RY) and the initial value

w(t=0) = w' e L*(R*).
We have to consider the following domains of the differential operators A, B
and A + B:
D(A) = {u e L*(R™) | vjuy,, up,e, € L*(R¥), j=1,....d};
D(B) := {u e L*(R*) | Upso;, Villy, € LP(R??), j=1,...,d};
D(A+ B) = {u€ L*(R™) | vjug,, ;s Vithy,, Use; € L2(R?M), j=1,...,d},

and use, wherever is necessary in the proofs, the component-wise writing and
the weight u = (1 + |v|?).



Chapter 5

Implementation and
simulations

In this section we briefly discuss the implementation of the proposed splitting
algorithm (4.1.1)-(4.1.3) and present a numerical test examples. Although,
theoretically, both steps of the splitting method can be carried out exactly,
we will incur discretization errors at each time step since a finite dimensional
representation of the solution has to be chosen.

We shall discuss a mixed finite-difference-spectral-collocation method for the
numerical realization of the splitting scheme. A finite difference method
is used in the z- and t-direction. The wv-direction, in which the pseudo-
differential operator © acts, is discretized by spectral collocation using
trigonometric functions. Spectral methods are natural candidates for the
discretization of © because of its nonlocal nature and its definition via the
Fourier transforms.

The reason for choosing a difference method in the z-direction is that, for
practical applications, various and sometimes quite complicated boundary
conditions must be used (cf. [KFR88, KFR89, RFK]). Here, in accordance
with our convergence analysis of the previous section, we supplement the x-
discretization with periodic boundary conditions. Difference methods can be
adapted more easily to different types of boundary conditions.

On the other hand all evaluations in the v-direction, specially the evaluation
of ©-operator, can be performed using Fast Fourier Transform (FFT) meth-
ods, which significantly reduce the amount of work per time-step. This kind
of discretization, for evaluating the pseudo-differential operator ©, has been
used and discussed in several works in the framework of numerical realization
of the Wigner-Poisson model (cf. [Ri90, Ri91, Ri92, AR95, AR96|). A
rigorous convergence proof for the spectral accuracy of the semi-discretization
in v is presented in [Ri91], at least for the Wigner-Poisson case. In
[AR95] first order convergence of the fully discretized splitting scheme for

118



Chapter 5. Implementation and simulations 119

the Wigner-Poisson problem with periodic boundary conditions has been car-
ried out. There, because of treating periodic boundary conditions in x, an
expansion in trigonometric functions in spatial direction has been chosen as
well.

In our approach the Poisson equation (4.1.2) will be subject to homogeneous
Dirichlet boundary conditions on the bounded segment in the z-direction, as
introduced in (4.1.5).

In the Sections 5.1 and 5.2 we shall present the discretization of the splitting
steps (4.1.1)-(4.1.3) separately, and illustrate numerically the convergence
to their steady states. In Section 5.3 the linear parabolic Wigner-Fokker-
Planck (WFP) equation is considered, and numerical tests to illustrate the
convergence to its steady state have been done. For quantifying the conver-
gence error, the discrete L?-norm as well as the discrete quadratic relative
entropy norm have been used. The last one is a suitable norm in the con-
text of Fokker-Planck-equations (cf. [AMTU, SCDM, AU]J) to prove the
exponential decay of the solution to its equilibrium. In the Section 5.4 the
barrier effect of a given potential is simulated and the quantum effect of the
tunneling of the wave packets, even for "very strong” potential, are illus-
trated. Finally, in Section 5.5 a simulation of the nonlinear WPFF system is
presented.

5.1 The spectral discretization in velocity di-
rection

Given an equidistant time discretization t,, = nAt, n € N, let w,, denote the

approximation in time of the solution w of the WPFP-system (4.0.1)-(4.0.4)

at t, (wp :=w! at t; = 0). In the sequel we are considering as space interval

the a-interval [—L, L], L > 0 (instead of [0, 2x]!).

Since the first split step (4.1.1)-(4.1.2)

(5.1.1)
uy = 002u+ PO,(vu) — O[V]u, t >0,

)

b) u(z,v,t=0) = wy(z,v),

) Viz(x,t) = /u(x,v,t)dv—D(:c),
) V(=Lt) = V(Li) = o,

can be carried out exactly even in the nonlinear case (cf. (4.1.6), (4.1.12)),
it only remains to choose an appropriate function space to approximate the
function u. Following [Ri91, AR96], we approximate the solution u of
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(5.1.1) by trigonometric polynomials with a period 27/a in the v—direction

(5.1.2)
M
a) u(z,v,t) ~ ul(zvt) = Z a(z, k, t)e™,
k=—M+1
w/a 2 2
b) nd(z,t) = / wlz,0,0dv = = a(2,0,t) = —n(z,0).
—7/a a a

Since the exact solution is integrable in the v—direction, and because of the
cutoff in the integral (5.1.2)b), the period 27/a will have to tend to infinity
together with Ma in order to achieve convergence. However, in general this
approximation will be of spectral accuracy for smooth v, and so we can expect
to achieve good results with modest values of M and a (see [Ri91] for details
of the approximation properties of (5.1.2)).

Then, the split step (5.1.1) can be carried out in two intermediate steps. The

first one is to solve
2

(5.1.3) Vie = S ai(2,0) — D(x)
a

together with the boundary conditions

(5.1.4) V(-L) = V(L) = 0.

We shall solve (5.1.3)-(5.1.4) with a simple central finite difference scheme of
second order in x, on an equidistant grid

2L
N, —1

(6.1.5) z; = jAzx—L, j =01)N,—1 and Ax =

Denoting the approximating values of V(x;) by V;, the difference scheme has
the form

(5.1.6)
Viigi =2V, +V._ 2r . .
= (ij)Q = = :wn(:cj,()) — D(z;), j=Jj=11)N, -2,

with the boundary conditions V) = Vi,_1 = 0.

Then, the next intermediate step is to apply the explicit formula for the
semigroup I'(¢), introduced in (4.1.12)-(4.1.13):

(5.1.7) Foon <F(t)wn(x, ’U)) = Foogwn(z,ne P)E(x,n,t)
with

¢
(5.1.8)  &(x,n,t) = exp {% n? (e — 1) — 2/ SV (z, e T0) dT}.
0



Chapter 5. Implementation and simulations 121

In order to be able to carry out the evaluation for the time step At along the
characteristics ne#2! we shall use here a standard interpolation with cubic
splines. Let N, = 2M + 1 be the number of equidistant grid points in v, on

the interval [—Z, ZT]. Then, the discrete grid in v is given by

T
5.1.9 = kA k= —M(1M Ay = ——
( ) Uk U, ( ) ) v M’

and let w,(x, k) be the approximate value of w,(z,v). The corresponding

grid points in the Fourier variable n € [£, 7] are
(5.1.10) me = kAn, k = —M(1)M, An = a,

and Wy, (x, k) denotes the approximate value of F,_,w(x, g, t,).

To use a cubic spline interpolation on the grid 7, with the function values
Wp(x, k), k = —M(1)M one usually needs conditions on the slope of the
interpolating function at the end points of the interval [, 3-]. For a general
convergence analysis and implementation of cubic splines we refer for instance
to the detailed study in [Bo]. Since no boundary information is available
in our case, a cubic spline interpolation with not-a-knot end conditions is
suitable (see [Bo] for details and convergence results).

Let us denote for fixed = the interpolated values of {(n, W, (x, k)) }e=—nma)ym
over the characteristic points nye #A! by 1w (z, k):

(5.1.11) wiP(x, k) = spline <{77k}, {w,(z, k)}, nke’ﬁm>

On the other hand we have to evaluate the integral

At
) B(r—At) S . _
oL s HEk ) - T ) - )
(5.1.12) /W(;c] A g7 G = 01N, — 1, k = —M(1)M
0

in each time step. For that reason the potential V' has to be extended pe-
riodically outside of the interval (—L, L]. Then, we shall apply the linear
interpolation, introduced in [Dh], which gives a second order approximation
of this integral in At as well as in An (see in Chapter 5 of [Dh] for the
convergence proof). Let us briefly recall here this interpolation.

Let |.| denote the Gaussian brackets, i.e. |y] is the largest integer less than
or equal to y € R. Then, the approximation reads

At

(5.1.13) / SV (xj, mpe PV dr & (INTChar 5v> (4, k)
0
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= a0 (o | B ar) - (o B o)
an(1-p0) [ o+ o) v o= |50
_ Atp(k){v( {mﬂe —BAt J) <j ”k;AiAt }

ear(i=p) [V G+ [ ) v (- [3])]

with the interpolation weights

. 1 ¢ —BAt _ _BAt
(5.1.14)  p(k) = k—[ke=PAT] [1 + gazle 1)] , k> |ke P2
1 ) k= Ufe_ﬂAtJ

for all k = —M(1)M.

Thus, summarizing all the comments (5.1.2)-(5.1.13), starting with w,, we
have for the time step ¢, — t,, + At the following

5.1 Numerical algorithm.

1. for each point z; of the z-grid, given in (5.1.5), compute the Fourier
coeflicients

wn(x]’ - 2M ZM+1 Wn xj’ zakvl’ k=—-M+ 1(1)M7

by using the FFT-algorithm. Here we should choose M equal to a
power of 2 in order to take advantage of the FF'T calculation. Then,
set Wy, (z;, —M) = Wy, (z;, M);

2. solve (5.1.6) with homogeneous boundary conditions on the z-grid

(5.1.5);

3. apply the cubic spline interpolation, given in (5.1.11), for the charac-
teristics tracing;

4. calculate the integral (5.1.12) via the linear interpolation given in

(5.1.13)-(5.1.14);

5. evaluate the discretized version of (5.1.7)-(5.1.8):
(5.1.15)
Wy 1 (), k) = w3 (25, k) GXP{

g

g e M D)= (INT gy 5V>(j,k:)}
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6. and finally, transform back the Fourier coefficients

M
Waye k) = D (e e k= M L1,
I=—M+1
where (! (x;, k) is an approximation of the value u(z;, vg, t, + At) of
the solution of (5.1.1).

5.2 Remark. It should be noted that the Algorithm 5.1 preserves the con-
servation of the total mass in (5.1.1),

L p7/a
(5.1.16) M(t) = // w(z,v,t)dvdz,
—LJ—7/a

which is analytically preserved. This is due to the periodicity in  and v,
and the skew-symmetry of ©. After discretization, the total mass M at time
t,, is defined as

Nz—1
(5.1.17) Mo = A5 i, 0).

J=0

Therefore, since 19 = 0, we have from (5.1.15) with & = 0:

or e
Moy = Ar— Z W1 (25, 0)
27 ]\]7;01
= A0TE N (e, 0) exp { = i(INT g0 9V (5,0) |
a
= A:v: jzo Wy (z5,0)
- M,

5.1.1 Numerical test of Algorithm 5.1 with V =0

In this subsection we test the Algorithm 5.1 without potential, i.e. we ap-
proximate the solution of the equation

(5.1.18) u, = o00iu+ BO,(vu),  t>0,
u(t=0) = w,.

In particular, we want to illustrate how the calculated solution behaves for
different grid refinements in v and in the Fourier variable 7. The reason to
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consider V' =0 in (5.1.1) is, that we can exactly calculate the steady state
of the equation (5.1.18) in the Fourier space with respect to v (cf. (5.1.19)).
This leads to suitable numerical tests for the accuracy and stability of our
algorithm.

Since the equation (5.1.18) is autonomous with respect to the z-variable, let
x be fixed in the sequel. The discrete steady state of the Fourier transformed
version of equation (5.1.18)

(5.1.19) iy = —on’i— Bndy,i, a(n,t=0) = w,(n),
is given by
(5.1.20) loo (k) = n(0) exp{ - %ng}, k= —M(1)M.

Starting with a Gaussian distribution function, centered at v = 1, the pic-
tures in Figure 5.1 give a first impression about the time evolution of this
equation in the v-variable, as well as in the Fourier space variable 7, ap-
proximated by Algorithm 5.1 with V' = 0. The discretization and problem
parameters are given on the top of the pictures.

Parameter B = 0.04, 6 = 0.1, dt = 0.1 and ve[-5,5] with M =128 Parameter § = 0.04, 5 = 0.1, dt = 0.1 and ne[-80.425,80.425] with M =128
15 T T T T T T T T
T T T T T T

09F
=1
o8l t=100

0.7

0.6

L) m)
8

u (v)

- 05

(1)
(Fu)m.b; (F,
o

04

0.3

Figure 5.1: Time evolution of equation (5.1.19) in v, and in the Fourier
variable 7

Us denotes the discrete Fourier transform of (5.1.20) from 7 back to v, which
is a Gaussian distribution as well.

Starting with the same initial data as in Figure 5.1, the next Figure 5.2
illustrates the discrete L2-difference of the approximated solution after ”long”
time to U, when using different interval lengths Z in v, and different number
of grid points M. It can be seen that the length of the v-interval plays a crucial
role in the accuracy of the numerical algorithm 5.1, since it affects the grid
resolution in the Fourier variable 7 (see definition of Az in (5.1.10)). Even for
a small number of grid points we obtain ”good” accuracy for larger interval
length, i.e. "bad” resolution in the v-space.
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Parameter = 0.04, 6 = 0.1, and dt = 0.1 after T = 2000 time steps

200)-u |1,
»

[lu(t

/ac[5,200] M e[15,250]

Figure 5.2: [*-error to steady state at ¢ = 200, depending on
interval length 7/a and number of grid points M

5.2 The convection-diffusion equation in
space direction
In the split step (4.1.3) in the space direction = € [—L, L] we have to ap-

proximate the solution of the following convection-diffusion equation with
periodic boundary conditions:

(5.2.1)
Uy = —VUz + QUgy, t >0,

S

u(z,v,t=0) = wn+%(x,v),
u(—=L,v,t) = wu(L,v,t), t >0,
ug(—L,v,t) = wu.(L,v,t), t>0,

o

o =3
~— ~— ~— ~—

where v € R is fixed. This shall be solved using a finite difference scheme
of Crank-Nicolson-type, which is unconditionally stable and second order
accurate in time and space (cf. [Stri]). In the sequel we use the grids
introduced in (5.1.5), (5.1.9), and the time grid ¢,, = nAt, n € N. Let v;, be a
fixed velocity for some k = —M (1) M, and w,,+1(j, vx) denote the approximate
value of w(zx;, vy, t, + At) = u(z;, vy, At).

Then, the difference scheme for solving the splitting step (5.2.1) reads
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wn+1(j7 Uk) - wnJr%(j? Uk)

(5.2.2) < -
wn+1(j + 17 Uk) - 2wn+1(j7 Uk) + wn+1(j - 17 Uk)
= «
2(Az)?
. Wn1(J + 1, vk) — wipa (J — 1, 01)
F 4Ax
Wy 1 (7 + 1 ve) = 2w, 1 (J; vk) + w1 (7 — 1, 0p)
a
2(Az)?
wnJr% (.7 + 17 Uk) - wnJr% (.7 - 17”1@)
T 4A\zx ’
for j = 1(1)N, — 2, with the periodic boundary conditions
(5.2.3) Wnt1(0,vk) = wWpp1 (Ve — 2, vg),
(5.2.4) Wpi1(Ny — Livg) = wpi1(1, vg).

Because of the periodicity in x the total mass is conserved,

Mo = My = M,

Parameter v =1, = 0.03, dt = 0.1, and xe[-1,1] with N =201
5.
4.5
t=0
a4l
3.5
3k
=
_ 8
2 os5p
15
=
oL
1.5
1k
t=12 t=56
t=oc0
051 / //74 ,/
0 Il Il Il Il Il Il Il Il J
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 5.3: Initial data and its time evolution under (5.2.1)

Let us consider the z-interval [—1, 1] with Az = 0.01. Starting with a Gaus-
sian, centered at x = —0.78, Figure 5.3 shows its time evolution under (5.2.1),
and the steady state (in red color), which is constant in x and given by

) M Az .
(5.2.5)  Uoo(z;) = 5 = 5 wnJr%(l,'Uk), Jj = 0(1)N, — 1.
1=0
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The discretization and problem parameters are given on the top of the pic-
tures.

The accuracy with respect to the space step Ax of the above difference scheme
(5.2.2) is well-known in the literature (cf. for instance [Stri, GR]). Hence,
we want to illustrate the L?-error behaviour according to the choice of the
diffusion coefficient . For "small” a we would have a singularly perturbed
parabolic equation (cf. [RST, GR] for details on this class of problems). In
this case a more involved difference scheme with artificial diffusion has to be
applied, for instance an [ljin-scheme (cf. [GR, Al, DMS]). For instance,
for a fixed « in (5.2.2) the maximum principle will be violated for large |v|.
However, this will play an underpart since the cutoff-intervals in v will be
chosen relatively small in our simulations.

The next Figure 5.4 illustrates exactly the above discussion. It shows the
error after "long” time of the presented difference scheme (5.2.2) (on the
interval [—1,1]) to the steady state in the discrete L?-norm, for different dif-
fusion parameters o € [0.01,0.25] and convection parameters v € [—10, 10].
The relatively high error peaks close to |v| = 10, @ = 0.01, are caused by
the violation of the maximum principle (cf. Chapter 6.4 of [Stri| for further
details).

Parameter dx = 0.01, xe[-1,1] and dt = 0.05 after T = 2000 time steps

%
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Tt e e s S
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o
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ve[-10,10] 0.05 2e[0.01,0.25]

Figure 5.4: [*-error to the steady state at ¢ = 100, depending on
convection coefficient v and diffusion coefficient «
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5.3 The linear WFP equation with V' =0

In this section we shall approximate the solution of the linear parabolic
Wigner-Fokker-Planck equation

(5.3.1) w4+ vw, = B(vw), + oWy + AWy, t>0,

by the presented splitting scheme (5.1.1) and (5.2.1), consisting in applying
the Algorithm 5.1 with V' = 0 and the difference scheme (5.2.2)-(5.2.4),
successively, for each time step t, = nAt, n € N.

5.3 Numerical algorithm. Let z; and v, be the phase-space discretiza-
tion given in (5.1.5), (5.1.9). Further, let w,(j, k) be the approximation of
w(x;, vg, t,). Then, advancing in time from ¢, to t,41 = t, + At we have to

apply:

I: Algorithm 5.1 to calculate numerically w,, 11 Since no potential is used,
the items 2. and 4. of Algorithm 5.1) are not needed.

IT: solve the linear system of equations arising from the finite difference
scheme in (5.2.2) with the periodic boundary conditions (5.2.3)-(5.2.4),
to calculate the new approximate solution w,, 1.

Initial data

-0 1 X

Figure 5.5: Initial Gaussian centered at x = —0.78 and v = 1

5.4 Numerical test. We consider a starting Gaussian, centered at x =
—0.78 and v = 1 (Figure 5.5) and the following parameters:
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e system parameters: § = 0.04, 0 = 0.1, a = 0.03.
e z-space: x € [—1,1], Az =0.01, i.e. N, =201 grid points.
e v-space: v € [—10,10], Av = 0.078125, i.e. M = 128 grid points.

e time step dt = 0.05.

The Figures 5.6-5.7 give the time evolution of the initial data under the
equation (5.3.1). The snapshots have been taken after 10, 30 and 50 time
steps, respectively. Starting with a positive mean velocity, at ¢t = 0.5 (Fig.
5.6) the initial Gaussian has been transported further into the considered
domain. Moreover, the action of the diffusion operators in x and v are
clearly illustrated.

o =0.03 with W = 128, nx = 201, dt = 0.05

Parameter p =004, o= 01, o =0.03 with M =128, nx =201, dt = 0.05

Parameter = 004, 5=0.1

Figure 5.6: Time evolution of initial data in Fig. 5.5 under (5.3.1), at t = 0.5

The next pictures at ¢ = 1.5 and ¢ = 2.5 (Fig. 5.7) show the strong effect of
diffusion, particularly in v, as well as the effect of using periodic boundary
conditions in z. The outgoing parts of the wave at * = 1 reenter into the
domain at x = —1.

The solution is converging (as t — o0) to the discrete steady state, whose
Fourier coefficients are given by (cf. (5.1.20)-(5.2.5))

Az e o
- 2
5 wy(1,0) exp{ — _2ﬁ nk},

=0

(5.3.2) Dol k) =

for all k = —M(1)M, j = 0(1)N, — 1. The steady state is shown in Figure
2.8.

The time decay of the approximated solution to the steady state is illustrated
in Figure 5.9a) in the discrete L2-norm, and in Figure 5.9b) in terms of the
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Parameter ( =0.04, o = 0.1, 0. =0.03 with M = 128, nx = 201, dt = 0.05

wi(1.5x.¥)

4 02 0 2 04 06 08 1
X

Parameter f=0.04, o = 0.1, = = 0.03 with M = 128, nx = 201, at = 0.05

Parameter fi = 0.04, o= 0.1, 0. = 0.03 with M= 128 nx =201, dt = 0.05

W255V)

Figure 5.7: Time evolution of initial data in Fig. 5.5 under (5.3.1), at t = 1.5
and t = 2.5

Parameter [i =0.04, =01, & =0.03with M = 128 nx = 201, &t =0.05

Parameter =0.04, o = 0.1, « = 0.03 with M = 128, = 201, &t = 0.05

Figure 5.8: Steady state of the equation (5.3.1)

discrete quadratic relative entropy. The discrete quadratic relative entropy
of w with respect to wy, is defined as the discrete version of (cf. [AU])

b3 o) - [ e ),

Woo Woo (T, V)

The Figure 5.9b) clearly shows the expected exponential decay to the equi-
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librium of the approximated solution. After 3000 time steps effects of the
phase-space discretization become visible.

B =0.04,6=0.1, 0= 0.03 on [-1,1]x[-10,10] with M = 128, nx = 201, dt = 0.05 p=0.04,0=0.1, =0.03 on [-1,1]x[-10,10] with M = 128, nx = 201, dt = 0.05

e((w(t)-w_)w_)

Ihw)-w_l,

L L L L
0 50 100 150 0 50 100 150
t l: t
a/ /

Figure 5.9: Time decay of the [?-error (a), and the discrete quadratic relative
entropy (b) w.r.t. to steady state (in logarithmic scale)

Starting again with the same initial data (cf. Fig. 5.5), Figure 5.10 gives an
impression of the discrete L2-error to the steady state after "long” time, and
for different number of grid points M in v, as well as different refinements
Az of the z-discretization.

Parameter B = 0.04, 6 = 0.1, o = 0.03, on [-1,1]x[-10,-10], dt = 0.1 and 800 time steps

500

dxe[0.01,0.1] 0 o M <[15,225.5]

Figure 5.10: [?-error to the steady state at ¢ = 80, depending on
M and Ax
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5.4 The linear WFP equation with a bandgap
potential

The aim of this section is to approximate the solution of the linear Wigner-
Fokker-Planck equation

(5.4.1) ow +vw, = L(ow), + oWy, + Wy, — O[Va|w, t >0,

with a given constant-in-time potential V3. Convergence results of the semi-
discretization in time of this equation via the splitting scheme (4.1.1)-(4.1.3)
have been presented in Section 4.5.

The used algorithm consists in applying the two splitting steps (5.1.1) and
(5.2.1), successively. Summarizing the detailed description of this steps, given
in the Sections 5.1 and 5.2, yields the following algorithm for each time step
t, = nAt, n € N.

5.5 Numerical algorithm. Let x; and v;, be the phase-space discretization
given in (5.1.5), (5.1.9). Further, let w,(j, k) be the approximated value of
w(xj, vy, t,). Then, moving in time from ¢, to t,11 = t, + At we have to
apply:

I: Algorithm 5.1 to calculate numerically w,, 11 Since the potential Vj is
given, no Poisson-coupling (item 2. in Algorithm 5.1) is needed.

IT: solve the linear system of equations arising from the finite difference
scheme in (5.2.2) with the periodic boundary conditions (5.2.3)-(5.2.4),
to calculate the new approximate solution w,, ;.

5.4.1 Single barrier potential

In the following test example we consider the tunneling of a wave packet,
shown in Figure 5.11, again as a Gaussian distribution (centered at x = —0.78
and v = 1, and "mainly” localized in the (z < 0,v > 0)-quadrant), through
a simple potential barrier. The barrier can be thought of as the difference
in the bandgap for different materials (see [Ri91]). It is modeled here by
a bandgap potential V. The ion—background D is chosen constant equal to
zero. The Figures 5.12-5.14 show the time evolution of the initial wave packet
with the following test parameters.

5.6 Numerical test.

e system parameters: § = 0.04, 0 = 0.1, a = 0.03.

e r-space: x € [—1,1], Az = 0.01, i.e. N, =201 grid points.
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e v-space: v € [—5,5], Av = 0.078125, i.e. M = 64 grid points.
e time step dt = 0.05.

e single step, constant-in-time potential Vz on [—0.2,0.2] with height

(

Figure 5.11: Initial Gaussian distribution and the single barrier potential
with width = 0.4 and height = 20

Initial data
Initial data

-0.8 0.6 -0.4 02 o 0.2 04 0. 0.8 1

Note that, for reasons of a better presentation, the height of the potential
Vg is scaled to the maximum norm of the solution in each time step. Al-
though the convergence analysis in Section 4.5 has been done for ”smooth”
potentials, we are using here a step potential for reasons of simplicity.

Parameter f =004, a =01, o =D‘DB with M = 64, nz =201, dt = 0.05

w(0.05.x,v); Vg(x)

08 06 04 02 02 04 08 08

Figure 5.12: Time evolution of the Wigner function under the effect of a
single barrier potential with width = 0.4 and height = 20, at ¢ = 0.05
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Parameter [i=0.04, 5= 01, o = 0.03 with M = 64, mx = 201, dt = 0.05

w(0.15,5.v): Viglx)

X

Parameter fi=0.04, o= 0.1, o =0.03 with M =84, nx = 201, ct = 0.05
Parameter § = 0.04, o =01, « = 0.03 with M =64, nx =201, dt = 0.05

W0.2.%.v): Vglx)
o
]

Figure 5.13: Time evolution of the Wigner function under the effect of a
single barrier potential with width = 0.4 and height = 20, at ¢ = 0.15, and
t=0.2

Due to the starting position (v > 0), the initial wave is subject to transport
against the potential barrier. Already after one time step, at ¢ = 0.05 (Fig.
5.12), it can be seen that parts of the wave with low kinetic energy (small
v) have been reflected from the barrier and carried into the (z < 0,v < 0)-
quadrant. In the next pictures at ¢ = 0.15 and ¢ = 0.20 (Fig. 5.13) we see
that the parts of the wave with relatively high kinetic energy (big v > 0)
are ”struggling” to reach the barrier. The parts reflected into the (v < 0)-
halfplane are transported out of the domain at x = —1. They reappear on
the other side at x = 1, due to the periodic boundary conditions.

In the pictures of Figure 5.14 the part with the highest energy has tunneled
through the potential barrier, loosing energy in the barrier area and gaining
it back after the barrier, because of the conservation of the physical total
energy. Due to periodic boundary conditions, wave packets on the (x > 0)-
halfplane are moving against the barrier from the other side. At ¢ = 0.6 one
sees the onset of a concentration of mass around v = 0.
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Parameter [ =0.04, 0 =01, « =0.03 with M = 64, nx =201, dt = 0.05

W(0.BX ) Vglx)

W(0.95,x.v); Vglx)

Parameter p = 0.04, o= 0.1, o =0.03 with M =64, nx =201, dt=0.05

08 08 04 -0. 04 08 08 1

%

Parameter = 0.04, o =0.1. « = 0.03 with M = 64, n% = 201, dt = 0.05

Figure 5.14: Time evolution of the Wigner function under the effect of a
single barrier potential with width = 0.4 and height = 20, at ¢ = 0.6 and

t=0.95

This evolution converges to the calculated numerical equilibrium, which is

given approximately in Figure 5.15.

Pasameter P = 0.04, @ = 0.1, o = 0.03 with M = 64, mx = 201, dt = 0.05

WiZB0 VIV ()

Parameter p = 0.04, 6 = 0.1, a = 0.03 with M = 64, nx = 201, dt = 0.05, after 5000 time steps
5 T T Y T T T T

y

2
iy

-08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
x

Figure 5.15: Wigner function under the effect of a single barrier potential
with width = 0.4 and height = 20, after "long” time t = 250

For a better illustration of this process and, in particular of the numerical
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steady state, in Figure 5.16 the time evolution of the density n[w], and its
steady state are given.

Let us remark here that, although the L?-convergence analysis in Section 4.5
does not ensure the definition of density of the Wigner function, the discrete
definition over finite interval in v is possible.

Parameter p = 0.04, 6 = 0.1, o = 0.03 with M = 64, nx = 201, dt = 0.05 Parameter § = 0.04, 6 = 0.1, o = 0.03 with M = 64, nx = 201, dt = 0.05
3 T T T T T T T T T 0.166 T T T T T T T T T

0.164 1

0.162

0.16

n[w](250,x)

0.158

t=095
0.156

0.154

0.152
-1

Figure 5.16: Time evolution of density of the Wigner function and its ap-
proximate steady state under the effect of a single barrier potential

5.4.2 The tunneling effect

In this subsection we consider the time evolution of the Wigner function un-
der the barrier effect of a ”"very strong” potential. For the classical counter-
part, the Vlasov(-Poisson) equation and/or Vlasov(-Poisson)-Fokker-Planck
equation (cf. [MRS, Sc]), it is well-known that, when the potential height
exceeds the kinetic energy of the wave packet, no tunneling is possible. Then,
the wave packet is totally reflected (cf [MRS]) by the potential barrier.

The aim of the next numerical test is to illustrate, what happens when the
potential is so strong that, in the classical case, we would not expect any
barrier crossing of the wave packet. It shall turn out, that the wave parts
with the highest kinetic energy will still tunnel through the barrier which is
a typical quantum effect.

5.7 Numerical test.
e system parameters: § = 0.04, 0 = 0.1, a = 0.03.
e z-space: x € [—1,1], Az = 0.01, i.e. N, =201 grid points.

e v-space: v € [—5,5], Av = 0.078125, i.e. M = 64 grid points.



Chapter 5. Implementation and simulations 137

e time step dt = 0.05.

e single step, constant-in-time potential Vp on [—0.2,0.2] with height
= 200.

The potential is chosen so high, that in the considered domain v € [—5,5],
the potential energy would be much higher then the kinetic energy. We use
here the same initial data as in Figure 5.11. The next Figures 5.17-5.18
show the time evolution of the Wigner function under the effect of the given
potential. Note here again that, for reasons of visualization, the height of
the potential Vp is scaled to the maximum norm of the solution in each time
step.

Parameter f=0.04, o =01, ¢« =0.03 with M = 84, nx = 201, dt = 0.05 Parameter f =0.04, ¢ =

wi(0.15.X.V); Vig(x)
o

Figure 5.17: Wigner function under the effect of a very high (= 200) single
barrier potential, at t = 0.15

Figure 5.17 shows, that already after three time steps (at ¢t = 0.15), most of
the initial wave has been reflected into the (z < 0,v < 0)-quadrant.

Three time steps later, at t = 0.3, we see that almost the entire wave has
been reflected, carried out of the domain at x+ = —1 and entering back at
x = 1, because of the periodic boundary conditions. But we also detect parts
with big velocities which are moving to the potential barrier. The picture
at t = 0.95 clearly shows that most of the wave packets are concentrated
around (—1,0) and (1, 0). This is due to the non-local repulsion of a quantum
potential and the v-diffusion and -friction. The numerically calculated steady
state is given in Figure 5.19, and its contour lines point up the quantum
tunneling effect at big |v|-values.
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Parameter [ =0.04, 5 =

0.03 with M = 64, nx = 201, ot = 0.05
Parameter f=0.04, 7 =0.1, jth M = 64, nx = 201, &t = 0.05

wW(0.3.x.v); Vglx)

Parameter [2 = 0.04,

w(0.951.%). Vg(x)

Figure 5.18: Wigner function under the effect of a very high (= 200) single
barrier potential, at ¢t = 0.3 and ¢t = 0.95

Parameter ! = 0.04, 7 = 0.1, o = 0.03 with M = 64, nx = 201, dt = 0.05 Parameter B = 0.04, ¢ = 0.1, = 0.03 with M = 64, nx = 201, dt = 0.05
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Figure 5.19: Wigner function and its contour lines after "long” time ¢ = 250
(steady state)
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Figure 5.20: Time evolution of density of the Wigner function under the
effect a very high (= 200) single barrier potential

5.5 A Wigner-Poisson-Fokker-Planck simula-
tion

In this section we shall present the numerical approximation of the entire
nonlinear WPFP system, coupled with the Poisson equation via the self-
consistent potential. The used numerical method consists in applying the two
splitting steps (5.1.1) and (5.2.1), successively. For each time step t, = nAt,
n € N the following algorithm yields.

5.8 Numerical algorithm. Let x; and v;, be the phase-space discretization
given in (5.1.5), (5.1.9). Further, let w,(j, k) be the approximated value of
w(xj, vy, t,). Then, moving in time from ¢, to t,11 = t, + At we have to

apply:

I: the complete Algorithm 5.1 to calculate n[w,], to solve the Poisson
equation for V[w,], with homogeneous Dirichlet boundary conditions,
by using the explicit difference scheme in (5.1.6), and then calculate
numerically w, 1 as done in detail in Section 5.1;

II: solve the linear system arising from the finite difference scheme in
(5.2.2) with the periodic boundary conditions (5.2.3)-(5.2.4), to cal-
culate the new approximate solution w,1.

The time evolution of the Wigner function under the effect of the self-
consistent Poisson potential is simulated and shown in Figure 5.21.

As we can see from Figure 5.21 the effect of the self-consistent potential V[w]
is relatively modest, and the pictures are quite similar to those of Figures
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Figure 5.21: Time evolution of the Wigner function under the effect of Pois-
son potential, at t =0.5,t=1.5and t =2.5

5.6-5.7. In Figure 5.22 the numerically calculated steady state is presented.
Its contour lines show a small detraction in v at around x = 0 in comparison
with the steady state given in Figure 5.8.

The time evolution of the density n[w] and the self-consistent potential V' [w]
are illustrated in Figure 5.23, and their numerical steady states are given in
Figure 5.24.
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Figure 5.22: Wigner function and its contour lines after "long” time ¢ = 250
(steady state)

Parameter § = 0.04, 6 = 0.1, « = 0.03 with M = 64, nx = 201, dt = 0.05
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Figure 5.23: Time evolution of the density and self-consistent Poisson poten-
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