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Certain actions of finite abelian groups on
higher dimensional noncommutative tori
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Abstract. We study matrix type actions of finite abelian groups on simple higher dimen-
sional noncommutative tori. For a given dimension d and a finite abelian group G, we apply
a certain function to detect whether there is a simple noncommutative d-torus which admits
such an action of G. For possible cases, we construct all such actions of GG, and compute the
K-theory of the resulting crossed products. We also give a necessary and sufficient condition
of G under which the resulting crossed product is an AF algebra.

1. INTRODUCTION

The ordinary torus T? 2 R?/Z? admits an action of SLy(Z) through matrix
multiplication. This action can be generalized to one on an arbitrary rotation
algebra [1, 13]. For a given real number 6, let Ay denote the rotation algebra
associated with # and u and v the unitaries that generate Ay. Then the action
a: SLy(Z) — Aut(Ap) is defined by requiring

aa(u) = e™y°  aa(v) =e

a b

A= (c d) .
The restriction of the action « to finite subgroups of SLy(Z) that act on irra-
tional rotation algebras have been systematically studied in [2]. It is known
that a finite subgroup F' of SL2(Z) is necessarily isomorphic to Zj, with
k = 2,3,4 or 6, see [8]. The main theorems of [2] show that each resulting
crossed product Ag X Zj is an AF algebra for k£ = 2,3,4 and 6 and an irra-
tional angle 6. Also, for each k, the Ky-group Ko(Ag x Zi) and its image under
the induced map of the unique tracial state of Ag x Z; has been calculated,
which indicates that Ay x Zj, is isomorphic to Ay x Zy if and only if k = k'
and § = +6’ mod Z [2, Theorem 0.1]. Then they show that higher dimensional
noncommutative tori admit flip actions of Zs, and for simple ones the crossed
products are all AF algebras [2, Theorem 6.6].

7ibdf UbUd ’

where we assume
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As stated in the paper, the proof of the above results breaks into the fol-
lowing three steps.

(1) Computation of the K-theory of the crossed product.

(2) Proof that the crossed product satisfies the Universal Coefficient The-
orem.

(3) Proof that the action has the tracial Rokhlin property.

The proof of step (2) and (3) is general enough so that it is also effective for
higher dimensional cases. Hence, it is possible to generalize the above results
to higher dimensional noncommutative tori if one obtains a proper realization
of some finite groups, a proper generalization of the action o and a way to
compute the K-theory of the crossed products. Jeong and Lee [3] manage to
obtain new results in this way. For a given real d x d skew symmetric matrix
© = (6;;), a higher dimensional noncommutative torus associated with © is
the C*-algebra generated by unitaries uq, us, ..., uq such that

u;u; = exp(2mif;; )uju;.

Jeong and Lee [3] realize the higher dimensional noncommutative tori as twisted
group C*-algebras and consider a proper definition generalizing the action «,
for which they use the terminology “canonical actions”. Throughout this paper
we are interested in actions of this type and call it “matrix type actions”. They
realize a given cyclic group as a subgroup of GL4(Z) generated by the com-
panion matrix of a properly chosen cyclotomic polynomial, and study matrix
type actions of the cyclic group on simple higher dimensional noncommutative
tori for certain dimensions. To compute the K-groups of the crossed product,
Jeong and Lee [3] firstly apply [2, Lemma 2.1] and [9, Theorem 4.1] to write
the crossed product in terms of another twisted group C*-algebra. Then to
compute its K-theory, it is the same to compute the K-theory of untwisted
group C*-algebra according to [2, Theorem 0.3]. Finally, by [6, Theorem 0.1]
they manage to obtain the desired K-groups. They also show that if the di-
mension d and the order n satisfies some extra condition, there is a simple
noncommutative d-torus on which Z, acts but the Ki-group of the crossed
product is not trivial [3, Theorem 3.6].

Based on these results, we study matrix type actions of finite abelian groups
on simple higher dimensional noncommutative tori. By combining the tensor
structure of higher dimensional noncommutative tori and the realization in
[3] for cyclic groups and actions, we realize a class of matrix type actions of
nontrivial finite cyclic groups. For a given dimension d, by known results
on finite cyclic subgroups of GL4(Z), we apply a certain function to detect
whether we can realize the action of the cyclic group of order n on a simple
noncommutative d-torus. This function, denoted by W, is defined by

W(n) — EEZI(pZ - 1)p?71 - 1) p(il = 2)
S (i — psi otherwise,
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where primes p; and powers e; come from the prime factorization of n. More-
over, we describe the condition under which the crossed product is an AF
algebra. The precise statement is as the following.

Theorem 1.1 (Theorems 3.1 and 3.3). For a given dimension d and an order
n > 2, there is a matriz type action of Z,, on a simple noncommutative d-torus
Ao if either d — W(n) > 1 or d — W(n) = 0. Considering the actions we
realized, the resulting crossed product Ag X Z,, is an AT algebra. It is an AF
algebra if and only if d—W (n) =0, and n admits either of the following prime
factorization forms:

(1) 2F395¢ with k #1,0<j <2 and 0 <i <1,

(2) 23j5iplel with0<j <2 and 0<i<1 and p; > 5 a prime,

(3) 2375 with 0 < j < 2,

(4) 2375% with 0 <i < 1.

Throughout this paper we usually assume the dimension of a noncommuta-
tive torus is greater than 1, since there is no 1-dimensional noncommutative
torus. Also, we usually suppose the order of the finite cyclic group is greater
than 2, since the flip action, namely, the matrix type action of Zs on a higher
dimensional noncommutative torus has already been studied and is special in
a sense we explain later in Section 3.

We subsequently generalize the function W for finite abelian groups by
defining for a finite cyclic group Z,,

W(n), n#2,

W(Z,) = {27 ne2

and for a finite abelian group G,

1 !
W(G) = min{ Z W(Zn,,) ‘ G = H Zr,, for some l}.
m=1 m=1

With the generalized function W, we detect and realize actions of finite abelian
groups in a similar fashion as in Theorem 1.1.

Theorem 1.2 (Theorem 3.9). For a given dimension d and a finite abelian
subgroup G < GL4(Z), with d—W(G) > 1 or d—W(G) = 0, there is a matriz
type action of G on a simple noncommutative d-torus Ag. Considering the
action we realized, the resulting crossed product Ag X G is an AT algebra. It is
an AF algebra if and only if d—W (G) = 0 and, if we write G as G = anzl Zn,,
so that

W(G) = Z W(an)v
m=1

each n,, admits either of the following prime factorization forms:
(1) 28375" with k #1,0<j <2 and 0 <i <1,
(2) 2375'p; with0<j <2 and0<i<1 andp; > 5 a prime,
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(3) 2375 with 0 < j < 2,
(4) 2395¢ with 0 <1 < 1.

As a corollary of Theorem 1.2, Corollary 3.10 states that the only possibility
of a finite abelian group F acting on an irrational rotation algebra is when
F = Zi, where k = 2,3,4 and 6. In Section 3 we prove the above theorems
and discuss related results.

Then we find out that the function W contains more information as the
following theorem indicates.

Theorem 1.3 (Theorem 4.5). For a given dimension d and an order n > 2
with d — W (n) = 1, there is no matriz type action of Z, on a simple noncom-
mutative torus.

In Section 4 we prove this theorem. A corollary shows that the only matrix
type action on a simple 3-dimensional noncommutative torus is the flip action
of ZQ.

In Section 5 we deal with general matrix type actions of Z, on simple
noncommutative d-tori with d = W(n). Under an additional assumption for
the generator matrix of Z,,, we show that the classification result of the crossed
products of these matrix type actions is similar to that of the special actions
we realized in Theorem 1.1.

2. PRELIMINARIES

For a second-countable locally compact Hausdorff topological group G with
its modular function Ag: G — (0,+00) and a Borel 2-cocycle w € Z%(G, T),
we define the associated reduced (resp. full) twisted group C*-algebra, denoted
by C#(G,w) (resp. C*(G,w)), in the following way. Regard L!(G) as a vector
space, and equip it with the twisted convolution given by

f o glt) = /G F(8)g(s~ (s, s~ 1t) ds

and the involution given by

Fr@t) = Ac(t w(t, t=) f(E ).

Then LY(G,w) := (L(G), *u, *) becomes a x-algebra which is called the twisted
convolution algebra. To consider nondegenerate representations of L*(G, w), we
turn to a twisted analog of unitary representations of G. An w-representation
of G on a Hilbert space H is a Borel map V: G — U(H) such that

V)V (s) = wl(t, s)V(ts),

where U(H) stands for the unitary group of H endowed with the strong op-
erator topology. For example, we define L, : G — U(L*(Q)), the regular w-
representation of G, by

Lo (s)E(t) = w(s, s H)E(s™ 1)
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for any ¢ € L?(G). Any w-representation V: G — U(H) induces a representa-
tion 7: LY(G,w) — B(H) given by

w(f) = /G F(5)V(s) ds

for any f € L'(G,w). Then 7 is a contractive *-homomorphism. For simplicity
of notation, let V still denote the representation 7w that V' induces. Hence, we
define the reduced twisted group C*-algebra as

C*(G,w) = Lo (LG, w)).

Moreover, every nondegenerate representation of L!(G,w) is induced by an w-
representation of G. We can see this by taking a norm one approximate identity
in L'(G,w). Thus, we obtain the universal representation , of L!'(G,w), and
define the full twisted group C*-algebra as

C*(G,w) = m, (LY G, w)).

Note that C*(G,w) has the universal property for w-representations and the
s-homomorphism L, : C*(G,w) — C}(G,w) is surjective. The reduced and
full twisted group C*-algebras coincide if G is amenable.

We realize higher dimensional noncommutative tori as twisted group C*-
algebras. For a given dimension d, take G = Z%. Throughout this paper we
denote by 74(R) the set of all d x d skew symmetric real matrices. For a matrix
O = (6;5) € Ta(R), let the induced 2-cocycle we: Z% x Z¢ — T be given by

we (,y) = exp(wi(Oz,y))

for z,y € Z%. Then Ag := C*(Z% we) is called a noncommutative d-torus.
Since Z¢ is discrete and amenable, there is no difference if we view Ag as
C*(Z%, w) up to isomorphism. Let e;, with i = 1,...,d, denote the standard
basis of Z¢, and le: Z¢ — U((?(Z?)) the regular we-representation. Then we
have

Ao = O*(Zd,w@) = C’*{l@(ei) li=1,...,d},

where each lg(e;) is a unitary and they satisfy the commuting relations
lo(ei)lo(ej) = weolei, ej)?lale;)lo(e;) = exp(2mib;i)le(e;)lo(e;).

This is clearly a d-dimensional generalization of the rotation algebras.

By definition, Ag is isomorphic to C(T¢), the ordinary d-torus, if © is the
zero d X d matrix. But this is not of our interests since it is not simple. We
list some notions and facts related to simplicity.

Definition 2.1. A matrix © € 74(R) is said to be nondegenerate if whenever
r € 7% satisfies exp(27i(Ox,y)) = 1 for all y € Z%, we have z = 0.

Theorem 2.2 ([10, Theorem 1.9]). For a matriz © € Tq(R), the noncommau-
tative d-torus Ae is simple if and only if © is nondegenerate. Moreover, if Ao
is simple, then it has a unique tracial state.
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Theorem 2.3 ([10, Theorems 3.5 and 3.8]). Let © € Ty4(R) be nondegenerate
with d > 2. Then Ao is a simple AT algebra with real rank zero, and has
tracial rank zero.

Proposition 2.4. For matrices ©; € Tg,(R),i=1,...,m, set® := @, 6, €
Ta(R), where d := %" d;. Then © is nondegenerate if and only if each ©; is
nondegenerate.

Proof. Tt suffices to show the case when m = 2. Suppose ©1 and O3 are both
nondegenerate. For z = (21, 22) € Z¢ with exp(27i(Ox,y)) = 1 for all y € Z,
by taking y; € Z% x {0} and y2 € {0} x Z92, we obtain exp(27i(©;z;,y;)) = 1
for all y; € 7% where j = 1,2. Then, by nondegeneracy of ©; and O, we
obtain z = (x1,x2) =0, i.e., © is nondegenerate.
Conversely, suppose © is nondegenerate. Suppose z; € Z% is such that
exp(2mi(©1z1,y1)) =1
for all y; € Z%. Consider x = (z1,0) € Z¢ and compute that
exp(2mi{Ox, y)) = exp(27i(O121,y1)) =1

for all y € Z?. Thus, 2; = 0, by definition. Similarly, we also have x5 = 0.
Therefore, ©®; and ©5 are both nondegenerate. O

We now discuss a kind of actions on noncommutative tori. Let Ag denote
a noncommutative d-torus. The definition of these actions does not require
simplicity of Ag. We view Ag as a C*-subalgebra of B(¢2(Z%)) through the
regular we-representation lg : £*(Z%, we) — B((*(Z%)).
A matrix A € GL4(Z) defines a unitary u in B(¢2(Z%)) by
ua(z) = §(A™'x)
for ¢ € £2(Z%) and x € Z?. The unitary u4 defines an automorphism Adu, €
Aut(B(¢?(Z%))). Then we have an action denoted by
Adu,: GLg(Z) — Aut(B(¢%(Z))).
For Ae = C*{le(e;) | i = 1,...,d} = span{le(x) | = € Z%}, we have the
formula
(1) Adua(le(2)E(y) = la-1yrea-1 (Az)(y)
for ¢ € (2(Z%) and y € Z?. Thus, for A € GL4(Z) such that © = (A~1)OA™L,
the restriction of Ad w4 is an automorphism of Ag. Putting
Go :={A € GL4(Z)| © = A'OA},
we obtain an action
Adue: Go — Aut(Ag).

This is a generalization of the action of SLy(Z) on a rotation algebra Ajg.
Particularly, we have Gg = SL2(Z) when d = 2. We are especially interested
in such actions of some subgroup G of Gg on Ag, and in the remainder of this
paper, we name these actions matriz type actions.
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Theorem 2.5 ([2, Theorem 0.1)). Let F be any of the finite subgroups Zs, Z3,
74,76 C SLo(Z) with generators as the following:

(o)== (3 3=
(G )= (G F)-=

Let 0 € R\Q. Then the crossed product Ag x F is an AF algebra. For all
0 € R, we have

Ko(Ag % Zo) =275, Ko(Ap % Zs) = 78,

Ko(.Ag X Z4) = Zg, KQ(.A@ X Zg) =~ Zlo.

For F =7, k =2,3,4,6, the image of Ko(Ag X F) under the unique canonical
tracial state of Ag x F' is equal to %(Z +70). As a consequence, Ag X Zy, is
isomorphic to Ag: X Zy if and only if k = k' and 6 = +60" mod Z.

These are results on matrix type actions on irrational rotation algebras.
Moreover, for the flip action of Zs on higher dimensional noncommutative
tori, the following result is known.

Theorem 2.6 ([2, Theorem 6.6]). Let © be a nondegenerate real d x d skew
symmetric matriz. Let @: Zo — Aut(Ae) be the flip action. Then Ag X Zs is
an AF algebra.

The tracial Rokhlin property for finite group actions on C*-algebras is intro-
duced by Phillips in [10]. It is an important property of actions on C*-algebras.

Proposition 2.7. Let © € T3(R) be nondegenerate with d > 2. Then for any
finite subgroup G < Go, the matriz type action

Adue: G — Aut(Ae)
has the tracial Rokhlin property.

Proof. Let T denote the unique tracial state of Ag according to Theorem 2.2,
and 7,: Ao — B(H.) the GNS representation associated with 7. Write
(Adua)” for the automorphism of 7,(Ag)” determined by Adus. Due to
[2, Theorem 5.5], the matrix type action Ad ue: G — Aut(Ag) has the tracial
Rokhlin property if and only if (Adu4)”is an outer automorphism of 7, (Ag)”
for any A € G\{I}, where I stands for the d x d identity matrix.

For any A = (a;;) € G\{I}, by (1), we have

Ad uA(l@ (el)) = l@(Aei) = pl@(el)““l@ (eg)““ ---lo (ed)aid,

where p € T. There exists an integer k such that (ag1, ags,. .., ard) # e, since
A # I. Thus, by [2, Lemma 5.10], the automorphism (Adwua4)” is outer and
we complete the proof. O

The crossed products associated with actions having the tracial Rokhlin
property preserve many C*-algebraic properties. For example:
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Proposition 2.8. Let a: G — Aut(Ag) be an action of a finite group G on a
simple noncommutative torus Ao such that o has the tracial Rokhlin property.
Then the crossed product Ag Xo G is also simple, with a unique tracial state
and has tracial rank zero.

Proof. Tt is straight-forward by Theorem 2.3, [11, Corollary 1.6] and [11, The-
orem 2.6] that Ag %, G is simple and has tracial rank zero.

The crossed product Ag X, G has a unique tracial state due to [2, Propo-
sition 5.7]. O

Under the assumption of Proposition 2.7, we can apply Proposition 2.8 to
the resulting crossed product, denoted by Ag x G for short. Moreover, it
follows from [3, Proposition 3.1] that Ag x G satisfies the Universal Coefficient
Theorem. Hence, the resulting crossed products are classifiable and we may
apply the following theorems.

Theorem 2.9 ([7, Theorem 5.2]). Let A and B be two unital separable simple
nuclear C*-algebras with tracial topological rank zero which satisfy the Uni-
versal Coefficient Theorem. Then A =2 B if and only if they have isomorphic
Elliott invariants, that is,

(KO(A)v KO(A)Jrv [1.4]7 Kl(A)) = (KO(B)v KO(B)Jra [1B]a Kl(B))

Proposition 2.10 ([10, Proposition 3.7]). Let A be a simple infinite-dimen-
stonal separable unital nuclear C*-algebra with tracial rank zero which satisfies
the Universal Coefficient Theorem. Then A is a simple AH algebra with real
rank zero and no dimension growth. If K.(A) is torsion-free, A is an AT
algebra. If, in addition, K1(A) =0, then A is an AF algebra.

We now review the results of Jeong and Lee in [3]. They apply companion
matrices and cyclotomic polynomials to realize matrix type actions of finite
cyclic groups on simple higher dimensional noncommutative tori.

To be precise, recall that for a given integer n, the value of Euler’s totient
function ¢ on n is defined by

dp(n)=HkeZ|1<k<n,ged(k,n)=1}|

Then let d be the dimension of some simple noncommutative torus, and n the
order of some finite cyclic group with d = ¢(n). The nth cyclotomic polynomial
®,, () is defined by

D, (x) = H (x — exp(Zm'%)) = Zaimi.

0<k<n i=0
ged(k,n)=1

®,,(z) is known to be a monic polynomial of degree d = ¢(n) with integer
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coefficients. Thus, set

0 0 O 0 —ag
1 0 0 0 —-a
01 0 0 —ao

Cn = 9
00 0 o 0 —ag—2
00 0 -+ 1 —ag—

which is the companion matrix of ®,(x). Then C,, is in GL4(Z) of order n.

Theorem 2.11 ([3, Theorem 4.2]). Letn > 3 and d := ¢(n). Then there exist
simple d-dimensional tori on which the group Z, = (Cy,) acts canonically.

We remark that in this theorem the “canonical action” is what we called the
matrix type action. We use their method of realization as a building block to
obtain more matrix type actions. To compute the K-theory of the associated
crossed product of such action, we need the following theorem.

Theorem 2.12 ([6, Theorem 0.1]). Let n,d € N. Consider the extension of
groups
15724 5 72% 31y Zp — T — 1
such that the conjugation action o of Z, on Z% is free outside of the origin
0 Z% Then Ko(C*(Z* x4 Zyn)) =2 Z°° for some so € Z and
K (C*(Z% x4 7)) = 77,

where 51 =Y 1~ 1"1{2((/\2Pr1 ZNZn). Ifn is even, sy = 0. If n > 2 is prime
- 2n 1 _(n—1)2

andd=mn —1, then s; = 5

Jeong and Lee [3] apply this method and obtain the following theorem which
indicates that for certain dimension d and order n, the resulting crossed product
is not an AF algebra.

Theorem 2.13 ([3, Theorem 3.6]). Letn > 7 be an odd integer and d := ¢(n).
Consider the extension of groups 1 — Z¢ — 7% x4 Ly, — Ly — 1 with Z,, =
(Cp). If2d > n+5, then
K1 (C*(Z4 %14 7)) # 0.
We denote by 9t the smallest subcategory of the category of separable C*-
algebras, which contains separable Type I algebras and is closed under taking

ideals, quotients, extensions, inductive limits, stable isomorphisms and crossed
products by Z and R. Then the following theorem holds.

Theorem 2.14 ([12, Kiinneth theorem]). Let A and B be C*-algebras with A
in M. Then there is a natural short exact sequence

0 K. (A) ® K.(B) % K,(A® B) 2 Tor(K,(A), K.(B)) — 0.

The sequence is Zo-graded with dega = 1, degf8 = 1, where K, ® K, and
Tor(K, ® K,) are given degree p+ q for p,q € Zs.
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3. REALIZATION OF FINITE ABELIAN GROUPS ACTING ON
NONCOMMUTATIVE d-TORI

In this section we discuss a special realization of matrix type actions of finite
abelian groups on noncommutative tori.

For given skew symmetric real matrices ©; and ©2, there is an isomorphism
between Ag, ® Ae, and Ag, where © = ©1 @ O4 denotes the direct sum of O,
and ©2. Suppose G; and Gy are finite subgroups of Gg, and Ge, respectively,
and consider matrix type actions of G; on Ag,, and of Gy on Ag,. Since
the product group G = G; x G2 is a subgroup of Gg, the product action
provides us a matrix type action of G on Ag. The crossed product Ag x G
is isomorphic to (Ae, % G1) ® (Ae, X G2) via the isomorphism defined by
mapping (a ® b, (g, h)) to (a,g) @ (b, h).

We combine this observation with Theorem 2.11 to realize more matrix type
actions on higher dimensional noncommutative tori. To start, it is necessary
to find out the possible finite cyclic subgroups of GL4(Z), since Gg lives in it.

Let d denote the dimension of Ag, n the order of the finite cyclic group,
and n = H§:1 ps* the prime factorization of n, where the prime numbers p; are
subject to the condition p; < -+ < p;. Then, according to [5, Theorem 2.7],
there is an element in GL4(Z) of order n if and only if W(n) < d, where the
function W is defined by

Winy = { 2 @ = DpE T =1 B =2,
' EE:l(pi - 1)pfiil, otherwise.

Thus, there are finitely many candidates for n as a possible order of a finite
cyclic subgroup of GL4(Z). Let ¢ denote Euler’s totient function. For n
with ¢(n) = d, Theorem 2.11 enables us to find a simple noncommutative
d-torus Ag, namely, to figure out a nondegenerate ©, and to realize a matrix
type action of Z, on Ag. Moreover, it gives a formula for the K-theory
K. (Ao X Z,), with which we can tell whether Ag % Z,, is AF or not. However,
this argument does not work for n with ¢(n) # d, particularly when d is odd.
We provide a way to realize matrix type actions of cyclic groups for these cases
and study the resulting crossed products.

Theorem 3.1. For a given dimenston d and an order n > 2, there is a matrizc
type action of Zp on a simple noncommutative d-torus Ag if either d—W (n) >
1 ord—W(n) = 0. Considering the matriz type action we realized, the resulting
crossed product Ag X Z,, is an AT algebra.

Proof. Let n = szlpfi still denote the prime factorization of n with p; <

- < pg. According to [5, Theorem 2.7], we can assume W (n) < d. Then
we split up our proof into two cases: pi' # 2 or p{' = 2, since the definition
of W differs. If p{* # 2, using the companion matrix, we construct a d; x d;
matrix A; of order p', where d; = (p; — 1)p¢~*. Note that in this case
o) = (pi — 1)pfi_1 holds, which guarantees our construction. Then set
B :=@!_, A;, which is a W(n) x W(n) matrix with W (n) < d.
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By Theorem 2.11, for each i, we can find nondegenerate ©; in Ty, (R) such
that (A;) = Ze: acts on Ae,.

Ifd—W(n)>1,set A:= B® Ij_w(), which is a d x d matrix of order n.
Find a nondegenerate ©¢ and set

t
0= (6_91@) ® O,

which is nondegenerate as well. Then we have an action of (A) = Z,, on Ag.
Moreover, by our former discussion, one may check the following isomorphism:
t
Ao X Z,, = (®(A@i X pri )) ® Aeg,-
i=1

To compute the K-groups of the crossed product, we apply the Kiinneth
theorem in [12], as stated in Theorem 2.14.

Firstly, by [3, Proposition 3.4], each Ae, % Z,¢: is an AT algebra, and so
is Ag,. Since C(T) ® F is separable and of Type I, where F' stands for a
finite-dimensional C*-algebra, every Ae, x Z,e: and Ag, are in M. Secondly,
by [3, Remark 3.2] and [6, Theorem 0.1], we know that for each 1,

K.(Ao, X Zyei) = K (CHZY % Lyei,@o,) = K (CH(ZY X Zyei)),

which is torsion-free.
Then, by applying the Kiinneth theorem, we obtain

t
K. (Ao X Z,) = (®K*(A@i ” zp;i)) ® K, (Ae, )-
=1

The crossed product Ag x Z,, satisfies the Universal Coefficient Theorem [3,
Proposition 3.1]. As we have already stated before, Ag XZ,, is then classifiable.
Thus, under this realization, the crossed product Ag % Z, is an AT algebra,
since K, (Ae % Zy,) is torsion-free.

If d — W(n) = 0, the situation is essentially the same. Instead we set
A=B= @le A;, which is a d x d matrix of order n. Then set

@::(@@i),

which is nondegenerate. Thus, we have an action of (A) = Z,, on Ag. We also

obtain )

Ao % Zy = Q) (Ao, X Zyei),
i=1
and again the Kiinneth theorem gives

t
(2) K.(Ao % Zy) = Q) K.(Ao, X Zye:).

i=1
It follows from Proposition 2.10 that Ag x Z,, is an AT algebra.
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If pi* = 2, we apply the argument for proving the first case to the order %.
Thus, we construct a d; X d; matrix A; of order p;*, where d; = (p; — l)pffl for
i=2,...,t. Since W(n) = W(5), the matrix B := @f:z A;isaW(n)x W(n)
matrix with W(n) < d, and of order 3.

Again we can find nondegenerate 0; in Ty, (R) such that (A;) acts on A,
fori=2...,t. fd—W(n)=d-W(5)>1,set A:= B® Ij_w(), which

is a d X d matrix of order Z. It is possible to find a nondegenerate Oy, since

5.
d—W(n) > 1. Then set

t
0 = (i@@i)@@o,

which is nondegenerate. Since
(—A)'O(—A) = A'0A =0,
we have an action of (—A) = Z,, on Ag. However, in this case, we write Z,, as

Do =2 H Zoei ) X 7
n P; 2pj];
2<i<t

i#£j
where 2 < j < t. Thus, instead of A, we consider A(;) as a generator of Z,,
where A(;) is defined by

A0 - 0 0 0 0

0 A -~ 0 0 0 0
Ajy=10 0 - -4 0 o0 o |,

0 0 -~ 0 0 A 0

0 0 - 0 0 0 Iiwm

where 1 < j <t. Then we consider actions of Z,, = (A(j)> on Ag.
Similarly, we have

Ao X Zn & ( R (e, x zpfi)) ® (Ao, % Zyyes) ® Ay,
2<i<t ’
=
where 2 < j <t. By the Kiinneth theorem, K, (Ao % Z,) is the tensor of K,

of each factor.
It is similar when d — W(n) =d — W (%) = 0, and the K-theory becomes

K.(Ae X Zy) = ( X K.(Ao, » Zp;i)) ® K.(Ae, X Zy,e),

2<i<t
i£]
where 2 < j < t. Proposition 2.10 still assures us that the crossed product
Ao X Z, is an AT algebra. |
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Note that in the preceding proof, we factor K.(Ag % Z,) into “smaller
blocks”, by the Kiinneth formula. Thus, combining with known results, we
can obtain more information of K,(Ag % Z,,) and further classification results
about Ag X Z,.

Definition 3.2. A natural number n is said to be of form 3.2 if n admits
either of the following prime factorization forms:
(1) 2F375° with k #1,0<j <2and 0 <i <1,
(2) 23j5iplel with0<j<2and 0<i<1andp; >5 a prime,
(3) 2375¢ with 0 < j < 2,
(4) 2375% with 0 <i < 1.
Theorem 3.3. The crossed product Ag X Z,, in the preceding proof is an AF
algebra if and only if d — W(n) =0, and n is of form 3.2.
Proof. If d—W(n) > 1, the K;-group K;(Ae % Z,) # 0 does not vanish, since
we have e
Ko(Ao,) = K1 (Ae,) = 22" "1,
Hence, Ag % Z,, is not an AF-algebra according to Proposition 2.10.
If d — W(n) =0, by (2), we deduce that K;(Ae x Z,) = 0 if and only if
Ki(Ae, x Z,e:) = 0 for each i.
We now turn our attention to each Ae, X Z, i The group K;(Ae, X Z,e )
is not trivial if p; is an odd prime and subject to the condition

i’ (pi —2) =5,
according to [3, Theorem 3.6]. Therefore, if Ki(Ae, % Z,e) = 0, then p;* i
necessarily 3,32, 5 or 2¢, where & > 1. To compute the K 1-groups, we apply
[6, Theorem 0.1], as stated in Theorem 2.12.
It follows from Theorem 2.12 that the K;-group vanishes if p$* = 3,5 or 2,
where k > 1. In the following we check the case when p;* = 32. The theorem
enables us to merely compute s; given by

s1= vl (N Z9)%) + 1 (N 29)%) + vk (N 29)%).

We obtain rkz (A" Z6)%) = 0, since the action is free outside the origin 0 € Z°.
According to our realization, the cyclic group Zg is realized by A in GLg(Z),
where

0 000 0 —ap

10 0 0 0 —a

a_lo 1000 -0

“]0 0 1 0 0 —as

00 01 0 —ay

00 0 0 1 —as

and
> 1
_ ky — o -
Dy(z) = H (x—¢ )—Zazm,(—exp(%’zg).
0<k<9 =0
ged(k,9)=1
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Write A = Q~*diag(¢, (2, ¢*,¢5,(7,¢®)Q, for some Q € GLg(C). Notice that
x is a fixed point of A acting on /\3Z if and only if Qz is a fixed point of
diag(¢,¢%,¢*,¢5%,¢7,¢®) acting on /\3 QZ. Then for 1 < i < j < k < 6,
suppose
diag(¢,¢%, ¢4 ¢ (T PleiNej Aer, = e Aej Aey.

It is equivalent to the following statement: There is a way to pick three num-
bers in 1,2,4,5,7,8 such that the sum of them can be divided by 9, which is
impossible. Thus, we obtain

k(A 28)™) =o.

Similarly, we also obtain

5 z
rkz((/\ ZG) 9) =0.
Hence, when p{* = 32, we obtain a matrix type action of Zg on a simple
noncommutative 6-torus Ao/ and

Kl(.A@/ bell Zg) = 0,

in other words the crossed product Ag/ X Zg is an AF algebra.

Let us leave the case when d—W (n) = 1 to the next section. To complete the
proof, we discuss the case in which the given dimension d and order n are such
that W (n) < d, and with p§* = 2 in the prime factorization of n = [['_, p¢.
Recall that by the proof of Theorem 3.1, we have

Ao X Ly, =2 ( ® (Ao, x pri )) ® (.A@j X ng;j) ® Ag,,
2<i<t
i#]

where 2 < j <t. By the Kiinneth theorem, K, (Ao % Z,) is the tensor of K,
of each factor. Again the part of K,(Aeg,) forces Ki(Ae x Z,) # 0, which
indicates that Ag % Z, is not an AF algebra.

If d—W(n) =d—W(%) =0, there is a similar isomorphism for the crossed
product Ag % Z,,, and its K-theory becomes

K, (Ao % Z,) & ( R K.(As, » zp;i)) ® K.(Ao, % Zy,:),
2<i<t
i#]
where 2 < j <t. Since K;(Ae; X ng;ji) vanishes according to Theorem 2.12,
the crossed product Ae x Zj, is then an AF algebra exactly when 5 admits
a form of 375'p}!, where j, i and ¢; are all nonnegative integers with j < 2,
1 < 1. Note that if either j or 7 is 0, the prime number p; could be 3 or 5,

respectively. Otherwise p; is prime number greater than 5. g

Corollary 3.4. For an even dimension d and an order n, there is a matrix
type action of Z,, on a simple noncommutative d-torus if and only if

W(n) <d.

Proof. Since W(n) is always even when n > 3. O
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Let us consider a similar realization of matrix type actions of finite abelian
groups. The following two propositions enable us to deal with products of
finitely many matrix type actions, and obtain classification results by comput-
ing the K,-groups of the resulting crossed products.

Proposition 3.5. Fori = 1,2, suppose the simple noncommutative torus Ae,
admits a matriz type action «;: G; — Aut(Ae,). Then the product action

a1 Qaz: G X G — Aut(Ael ®A@2)
has the tracial Rokhlin property.

Proof. By [2, Theorem 5.5], it is equivalent to showing (a1 (g1) ® az(g2))” is
outer for any (¢1,92) # (1g,, la,)-

Let 7; denote the unique tracial state of Ag,. Then 7 ® 75 is the unique
tracial state on Ae, ® Ag,. Also we denote by

77,0 Ao, = B(H~,)
the GNS representation associated with 7;,. Then the GNS representation of
Ao, ® Aeg, associated with 71 ® 7o is unitarily equivalent to 7, ® m,,. Since
(7T7'1 (A91) & Try (A92 ))” =T (“491 )H & Ty (“492 )/I7
to show (a1 ® a2)” is outer, it is then sufficient to show
041(91)" ® g (92)” Py (Ael)” & Tr, (-’492)// — 7y (-’491)// & Tr, (AGQ)”

is an outer automorphism for any (g1,92) # (1, Lla,)-

Assume on the contrary ai(g1)” ® aa(g2)” is inner. Then, by [4, Theo-
rem 13.1.16], it is equivalent to both of ay(g1)” and az(g2)” are inner. Then,
by Proposition 2.7 and [2, Theorem 5.5], it means g; = 1¢, and g2 = 1g,. The
contradiction shows that a1 (g1)” ® as(g2)” is outer. O

Proposition 3.6. Under the assumption of Proposition 3.5, put o = a1 ® aa,
O =090, and G = G1 X Ga. Then Ag Xy G satisfies the Universal
Coefficient Theorem.

Proof. Suppose that the dimension of Ag is d, thus Ae = C*(Z%, we). It is
routine to verify that the following formula holds:
welg-x,g-y) =welx,y) foral ge G, and all z,y € Z°.
Hence, by [2, Lemma 2.1], there exists a cocycle ©g € Z2(Z? x G, T) such that
Ag X G = C*(Zd X G,we).
Since Z¢ x G is a closed subgroup of R x G and amenable, we complete the

proof by [2, Corollary 6.2]. O

For a finite abelian group G, we may generalize our method to construct such
actions of G on noncommutative tori. By the structure theorem for finitely
generated abelian groups, we write G as a product group of several finite
cyclic groups. Each one acts on a noncommutative torus via our construction
of matrix type actions. Then the product action of them is an action of G on
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a noncommutative torus. We can also generalize the function W to detect the
dimension cost for realizing the action. However, the definition of W should be
modified for the following reason. Let G be the group Zy. Then G acts on an
irrational rotation algebra though W (2) = 0. In other words, the dimension
cost for realizing a matrix type action of G = Zy on some noncommutative
torus is 2 though W(2) = 0.

Definition 3.7. For a cyclic group Z,, the function W is given by
W(n), n#2,
2, n=2.

Definition 3.8. Let G be a finite abelian group. By the structure theorem
for finite abelian groups, we have

S
G H Zp:@ ,
i=1

where p; < --- < p, are primes and e; < e;11 whenever p; = p;y1.
The function W of G is given by

! 1
W(G) = min{ Z W(Zy,,) ‘ G= H Zr,, for some l}.
m=1 m=1

Theorem 3.9. For a given dimension d and a finite abelian subgroup G of
GL4(Z) with d — W (G) > 1 or d — W(G) = 0, there is a matriz type action
of G on a simple noncommutative d-torus Ag. Considering the matriz type
action we realized, the crossed product Ag x G is an AT algebra. It is an AF
algebra if and only if d — W(G) = 0 and, if we write G as G = an:l Ln,
such that

m

W(G) =Y W(Zn,),
m=1
each Ny, is then of form 3.2.

Proof. By definition we can write G as G = an:l Z,,, so that

W(G) =) W(Z,).
m=1

Since d—W (Z,,,) > 1 or d—W (Z,,,,) = 0 for all m, it follows from Theorem 3.1
that for each m, there is a simple noncommutative torus Ag,, that admits a
matrix type action of Z,, . Note that Ag,, is necessarily chosen to be an
irrational rotation algebra if n,, = 2. Then by the tensor product argument,
similar in Section 3, we obtain a simple noncommutative d-torus A4g and a
matrix type action of G on it.

The rest of the proof is similar to that of Theorem 3.1. O

Corollary 3.10. The only matrix type actions of finite abelian group on irra-
tional rotation algebras are by cyclic groups Zy,, where k = 2,3,4 and 6.
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Proof. Note that in the current case the dimension d is 2. Let G be a finite
abelian group. Suppose that there is a matrix type action of G on an irrational
rotation algebra. By definition, the value of the function W is always greater
than or equal to 2. Thus, W(G) = 2 holds according to Theorem 3.9. Again, by
the definition of the function, W we have G = Zj where k = 2,3,4 and 6. O

4. THE CASE d — W (n) =1 AND ACTIONS ON ODD-DIMENSIONAL
NONCOMMUTATIVE TORI

Let us study the remaining problem of the last section, that is, the case
in which the given dimension d and the order n = H’;:l p;* > 2 with primes
p1 < --- < p are such that d — W(n) = 1. We start our discussion again from
a characterization of a matrix A € GL4(Z) that is of order n. Eventually we
will show that there is a matrix @ € GL4(Q) such that

A 0 - 0 0
0 A, --- 0 O
(3) A=QAQ =1 = . ],
0 O A; 0
0 0 0 =1
for some matrices Ay, As, ..., A;.

Proposition 4.1. Let B be a matriz in GL4(Z). Suppose n = p' with the
prime power p # 2 orn = 2p' with the prime p # 2. If the minimal polynomial
of B is ®,(x), then the size of the matrix B cannot be ¢(n) + 1.

Proof. Suppose n = p! with p # 2. Since @, () is an irreducible factor of
27! — 1 (over Q), we have BP' = I and this is true for no lower power of B.

Hence, the order of B is p'. There exist divisors n; of p! for i = 1,2,...,s,
with lem(ny,na, ..., ns) = p!, such that B is similar over Q to a matrix of the
form

B, 0 - 0

0 By -~ 0

0 0 --- B,
where the minimal polynomial for B; is ®,,, (z) for i = 1,2,..., s (see the proof

of [5, Theorem 2.7]). Suppose the size of B is ¢(p') + 1. Since p' # 2, we have
the inequalities

W) =op) <D dn) < o' +1,
i=1
according to [5, Lemma 2.8]. Because lem(ny,na, ..., ns) = p', there must exist
some ig such that p' = n;, and hence ¢(p') = @(n;, ). By definition, ¢(p™) > 2
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for any positive integer m, since p # 2. The inequalities then compel B to be
similar over QQ to a matrix of the form

Y

But this is impossible since the minimal polynomial of the above matrix is not
., (z) but @, (x)(x —1).

The rest of the proof follows by the same argument, considering the fact
that ¢(2) = 1, ®3(x) = z+1 and —1 is not a root of ®,(x), where n = 2! with
1 #1 or n = 2p! with the prime p # 2. O

Now we are ready to prove the characterization (3) of the matrix A.

Proposition 4.2. Let the positive integers d and n = Hﬁzlpfi > 2 with
primes p1 < -+ < p; be such that d — W (n) = 1. Then a matriz A € GL4(Z)
that is of order n is of the form (3) for some Q € GL4(Q).

Proof. Similarly, to the argument in the proof of Proposition 4.1, there exist

divisors n; of n for i = 1,2,..., s, with lem(ny, ne,...,ns) = n, such that A is
similar over Q to a matrix of the form

A, 0 - 0

0 Ay --- 0

0 0 - A,
where the minimal polynomial for A; is ®,,,(x) fori = 1,2,...,s (see the proof

of [5, Theorem 2.7]). According to [5, Lemma 2.8], we have the inequalities
W(n) < Zqﬁ(m) <d=W(n)+1
i=1

For each i, there exists j such that p;" appears in the prime factorization of n;
and hence ¢(p;*) < ¢(n;). Hence, the inequalities force that:

(1) If p; # 2, then ¢(p;’) = ¢(n;) and n; = p;* or 2p;*.
(2) If p; =2 and e; # 1, then ¢(p;’) = ¢(n;) and n; = p;* = 2%.
Then the proof is completed by the following case study:

(1) If p1 # 2, then s = ¢t + 1. Renumbering if necessary, we have n; = p;’
fori=1,2,...,t and ny, = 1.

(2) If pr = 2 with e; # 1, then s = ¢t + 1. Renumbering if necessary, we
have ng =1 or 2 and A, = +1.

(3) If pi* = 2, then s = t. There are two possibilities. If there exists
some ¢ such that n, = 2p;’, then we have ny, = 1 or 2 and A, = +£1.
Otherwise ny, = 2 and Ag = —1.

We draw the conclusion with the help of Proposition 4.1. O
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Definition 4.3 ([3, Notation 4.1]). For a matrix A € GL4(Z), define
Toa(R) = {0 € Ta(R) | © = A'©A}.

Ta.a(R) is then the set of all skew symmetric matrices © such that the non-
commutative torus Ag admits the matrix type action of the group (A).

It is straight-forward to check that 73 A(R) = T3 o-1a0(R) = Q" Ta,a(R)Q.
The following proposition characterizes the set 7g a(R).

Proposition 4.4. The matriz © € T4 a(R) has the following form:
e 0
o= (3 o)
for some ©" € Ty_1(R).

Proof. Since A is of the form shown in (3), we write © as a (t +1) x (¢t + 1)
block matrix as follows:

©11 O - Oy O
©21 Oz -+ Oy b
0= ": : D :
©un O - Oy b
0, —0y - —0, 0

Note that 6; is a d;-dimensional vector. By A’©A = ©, we obtain
AlG; = +0;, i=1,2,... t.

The construction of each A; shows that A; does not have an eigenvalue +1,
hence 6; = 0. That is to say O is of the following form:

e 0
°=(5 9
for some O € Ty_1(R). O

We are now ready to prove the main theorem of this section.

Theorem 4.5. For a given dimension d and an order n > 2 with d—W(n) =1,
there is mo matriz type action of Z, on a simple noncommutative torus.

Proof. Let A denote a generator of Z,,. Then there is a matrix @ € GL4(Q)
such that (3) holds. For any matrix type action of Z,, on a noncommutative
d-torus Ae, we have © € Tg a(R) = Tg.0-120(R) = Q'Tga(R)Q. Therefore,
according to Proposition 4.4, there exists some ©' € T;_1(R) such that

vo0-(3 1)

The right-hand side is apparently degenerate. It then follows from [10, Lem-
ma 1.8] that © is degenerate as well. Thus, the noncommutative torus Ag is
not simple. O
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Corollary 4.6. For a given dimension d and order n, there is a matriz type
action of Z, on a simple noncommutative d-torus Aeg if and only if either
d—W(n)>1ord—W(n)=0.

Corollary 4.7. For a given dimension d > 3 which is odd and an order n,
there is a matriz type action of Z, on a simple noncommutative d-torus if
and only if there is a matriz type action of Z, on a simple noncommutative
(d — 3)-torus.

Proof. Notice that d — W(n) is an odd integer. Then, by Corollary 4.6 and
Corollary 3.4, we draw the conclusion. g

Note that Theorem 4.5 is a generalization of [3, Theorem 5.2], shown by the
following example.

Example 4.8. Consider a matrix type action of Z,, on a simple 3-dimensional
noncommutative torus. It follows from Theorem 4.5 and the fact that W(n)
is always even that d — W(n) = 3. Thus, n = 2 necessarily holds. In other
words, the only matrix type action of a nontrivial finite cyclic group on a simple
3-dimensional torus is the flip action by Zs as stated in [3, Theorem 5.2].

5. GENERAL MATRIX TYPE ACTIONS OF CYCLIC GROUPS ON
SIMPLE HIGHER DIMENSIONAL NONCOMMUTATIVE TORI

In this section we give some partial results on general matrix type actions.
As discussed in Section 3, the function W surely describes our special real-
ization of matrix type actions of finite abelian groups quite well. But for
general ones, it is limited. For instance, suppose n = 2Fp with k& > 3 and
the prime number p > 5. Let d = ¢(n). It follows from the definition that
d=¢(n) =2 (p—-1) > Wn)+1 =214+ (p—1)+ 1. According to
Theorem 3.1 and Theorem 3.3, the crossed product of the matrix type action
of Z, on the simple noncommutative d-torus Ag we realized is not an AF
algebra. However, we can apply the method of Jeong and Lee directly and
obtain another matrix type action of Z,, = (C,,) on some simple noncommuta-
tive d-torus. As a consequence of Theorem 2.12, this time the resulting crossed
product is an AF algebra. This is because the generator matrix of Z,, becomes
different.

Although it is limited, the function W still indicates the least dimension to
realize a matrix type action of some finite abelian group. Let us now remove
the conditions for d and n in the last paragraph and suppose that there is a
general matrix type action of Z,, on a simple noncommutative d-torus Ag for
some O with d = W(n). Let A denote the matrix in GL4(Z) that generates Z,.
There exist divisors n; of n for i = 1,2,...,s, with lem(ni,n2,...,ns) = n,
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and a matrix @ € GL4(Q) such that

A0 - 0
0 Ay -+ 0
(4) QAQ'=A=1| . . s
0 0 --- A,
where the minimal polynomial for A; is ®,,,(z) for i = 1,2,..., s (see the proof

of [5, Theorem 2.7]). If we further assume that the matrix @ is in GL4(Z), then
the following theorem holds. It shows that the characterization of the crossed
product of this general matrix type action is similar to that of the action we
realized in Chapter 3.

Theorem 5.1. Suppose there is a matrix type action of Z, on a simple non-
commutative d-torus Ag with d—W (n) = 0. Assume that there exists a matriz
Q € GL4(Z) such that (4) holds. Then the crossed product Ag X Z,, is an AT
algebra. It is an AF algebra if and only if each n; in (4) is either even, 3, 5,
or 9.

Proof. According to [5, Lemma 2.8], we have the inequalities

Wn) <3 6(ni) < d=Wn).

i=1

Let n = Hle p;* be the prime factorization of n. The above equality forces
that either of the following is true:
(1) if pi* # 2, renumbering if necessary, we have s = ¢ and n;, = p;* or
2p5t for i =1,2,...,¢t,
(2) if p{* = 2, renumbering if necessary, we have s = t — 1 and n; = p;\}'
or n; = 2p; i
It also forces the size of A; to be exactly ¢(n;) for each i, which indicates that
the characteristic polynomial of A4; coincides its minimal polynomial ®,,,(x).
The eigenvalues of each A; and hence of A are roots of @, (z), none of which
are integers, since n; # 1 or 2 for all 4. This fact enables us to mimic the proof
of [3, Theorem 4.2] to find for each ¢ a nondegenerate ©; such that there is a
matrix type action of (A;) on the simple noncommutative torus Ag,. Inspired
by the discussion in Section 3, we consider the product action of Z,, = (A) on
R, Ae,. Let (Q:_, Aeo,) Xa Z, denote the resulting crossed product. The
Kiinneth formula gives

IQ((@A@) XAZn) %’éK*(A@i X Ly )-

i=1
As mentioned in [3, Remark 3.2], it follows from [2, Theorem 0.3] that

K1<<®.A61) XA Zn> = Kl(C*(Zd XA Zn)), 1= ()’1
=1
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Note that we denote by Z% x, Z, the semi-direct product of the conjugation
action of Z, on Z% determined by A. Similarly, we also have

Ki(Ae % Zy,) = K;(C*(Z% x4 Z,)), i=0,1.

Since there exists a matrix @ € GLg4(Z) such that (4) holds, the semi-direct
product Z% x4 Z, is isomorphic to Z® xx Z,. Therefore, we can apply the
Kiinneth formula to compute K;(Ag X Z,,), that is, we have

K.(Ao » Zn) = (R K.(Ae, % Ln,).

i=1

Note that the conjugation action of Z,,, on Z#(") is free outside of origin. This
guarantees us to apply Theorem 2.12. The fact that K;(Ae % Z,) = 0 if and
only if K1(Ae, X Zy,) = 0 for each i then concludes the proof. O
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